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PREFACE TO VOLUME I1

HE subjects included in this volume are those which are

usually read after simple quadratic equations as far

as the exponential and logarithmic series. A few changes

in order are made, the remainder theorem and simple partial

fractions being introduced at an carlier stage than usual,

‘while the chapter on the theory and practice of logarithis
follows *hat on indices.

I'he complete proof of the logarithmic series is beyond
the scope of this book; but, with this exception, the theory
of the subject is, 1 hope, sufficicntly discussed as regards real
and commensurable quantitics.  Scveral difficult theorems,
and especially those on permutations and combinations,
are preceded and illustrated by corresponding numerical
cxamples ; and, if desired, the latter may be used teinporarily
mstead of the formal proofs.

The application of graphs is confined to the illustrations
which they atford of the methods of solving simultancous
cquations and the theory of quadratic equations and ex-
pressions. In the solution of simultaneous quadratic
equations, they are especially useful, as they serve to
show the geometrical meaning of every step in the process
employed.

CHARLES DAVISON.

BIRMINGHAM,

November, 1908.

NOTE

*«* Sections, articles and exercises preceded by an asterisk
may be omitted on the first reading.
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CHAPTER XVIL

FQUATIONS OF A HIGITER DEGREE THAN THE SECOND.

170. In this chapter will be considered certain equations
of a higher degree than the sccond, which may be solved like
quadratics, or the solution of which depends upon the solution of
quadratic equations.

Liwample 1. Solve the equation z* + 22% — 15a*= 0,

2t + 22— 152% =0,
oo (@ + 20— 15) =0,
Soat(x—-3) (z+ 5)=0,

.« the roots are 0, 0, 3 and —5.

Lwample 2. Solve the equation a®—az*—4x+4=0.
P —a'—4z+4=0,
S (e—1)—4 (x-1)=0,
S (w=1)(2*~4)=0,
So(@=-1) (v - 2)(x+ 2)=0,

»~ the roots are 1, 2 and -2,

Example 3. Solve the cquation at - 1022+ 9 =0,
- 1027+ 9=0,
S (P=9) (27~ 1) =0,
S (z=3)(x+38)(x~1)(x+1)=0,
‘. the roots are 3, — 3, 1 and - 1.
D. A. 1L 1
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. , 18
Lzxample 4. Solve the equation z* + — = 11,
&

18
w’-t—{;,:ll,
Soat =11+ 18=0,
S (@ -9)(2*—-2)=0,
S (2= 3) (= + 3) (2 —W/2) (+ /2) =0,
*. the roots are 3, —3, \/2 and ~ /2.
Lixample 5. Solve the cquation (2* — 4x)* — 17 (x* — 4x) — 84=0.

(2 — 4x)* — 17 (2" — 4x) -84 =0,

S (@t =4 —21) (2 — 4w + 4) =0,

S (=T)(+3)(z— 2)*=0,

o the roots are 7, — 3, 2 and 2

2
Ezample 6. Solve the equation (a: + g) -2 (:1: + g) = 35.
2
(w+§> _2 (;c+§)-35=0,
x z
oo (x+9-—7> (m+§+5)=0,
x x

S (22— Ta + 6) (2 + bx + 6) =0,
S (®-6)(x=1) (@ +2)(x+3)=0,
.. the roots are 6, 1, — 2 and —3.
171. The solution of equaivions like the preceding may

sometimes be simplified by making ase of a subsidiury unknown
quantity, as in the following examples.

Ezample 7. Solve the equation

2
(x+§>-—2 x+§>=35.
@ @€
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Put = +£= ¥, 8o that the equation becomes
¥ —2y—35=0,
or (y=")w+5)=0,
the roots of which are 7 and ~ 5.
. 6
(l) X + ;: = 7,
S =T +6=0,
So (X=6)(w=1)=0,
the roots of which are 6 and 1.
(ii) x + iy 5,
Sooat+ b+ 6=0,
S (e 2) (e + 3)=0,
the roots of which are — 2 and —3.

*. the roots of the given equation are 6, 1, — 2 und - 3.

Lxample 8. Solve the equation

a2 6x—-9 9
oot T T
a3
Pug Co_9~%
6c—9 1
so that & =y
and the equation becomes
1
Y+ fy- -2= 0,
or y—2y+1=0,
or (y—1)*=0,

the roots of which are 1 and 1.
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S =06 -9,
.ot~ 6+ 9 =0,
S (e-3) =0,
the roots of which are 3 and 3.
(i) the second root of ¥ leads to the same results,
. the roots of the given equation are 3, 3, 3 and 5.

Example 9.  Solve the equation
o, | 1
T+ ;} x4 ; =4,

Put 1

T+ - =19
==Y

80 that 234+ 2 4 .l) =13
x

1
and therefore x? + = ¥ -2,

and the equation becomes

Yy -2-y—-4=0,
or ¥—-y-06=0,
or y-3)(+2=0.
the roots of which are 3 and — 2.

. 1
(l) I+;:=3,

the roots of which are

3+./9-4
Pryo ot

.
- d)
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(i) P

S22+ 1=0,
o (e 1) =0,
the roots of which are.1 and-l.

.. the roots of the given equation are

=11, 4 (3 +.4/5) and L (3 -, /D)

Ixercises 137.

Solve the equations:

1. 2*-02*+ 4z =0, 2. 2*~022+ 92 =0,
3. B+T+122=0. 4, x*=4at
5. 32+ 5a?=0. 6. 2'=102"+252%=0,
7. B=a?—x+1=0, 8. 2-2=a-20"%
9. 42°+8x2—x-2=0. 10. 227+ 3x?— 8z — 12~ 0.
11, «'-52+4=0. 12. at-172°+16=0.
13, a*—02*+8=0, 14, 2*—06s*+5=0.
15, &% +20 213, 16, at+2-3,
@ @

-3 iz -1 1

17. T T@_3 18 3~+a§=l.

19. (2 + 22)2— 15 (2* + 22) = 0,

20, (22 + 20) =8 (a2 + 22) = 0.

2. (2*-2)-8(x’-2)+12=0.

22, (a?—2z)'— 14 (2% — 2) — 15 = 0.
23, (P+ax+1)P-4(@+x-1)-5=0,
24, (@®—2) (P~x-14)+24 =0.

95, (a4 32) («* + 32— 14) + 40 =0,
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2 2
26, (m-?).—.l, o7, (m+i‘)-9<m+f)+2o=o.
« z @
28, (m—§>2—4( _§>=5.
« x
29, 2*—a%t-of+a?=0, 30, at+a’?=a%? + 0%t
31. a’+£;=a’+£.—). 32. o -5+ bx—1=0.

33. (x+3)(x—4) (x—5)=00.
34, 62+ (b—x)*=5(5 + ) (b +2x).

) a? 20 -1 a?+3x+1 B

35. —2—;:1 + ———_-.'1:2 =2. 30. = .;l,'2+3$+ 1 =6.
2 -1 2z +1 1 1

317. mj‘a-(wﬁ?= 4, 38. a)’+;§-—4 w+5> +6=0.

39. @+ -2 -1)-2=0.

10. a,“+ly—5(m+1>+8=0.
& x

41, z(z+3)(x+4)(x+7)+36=0.
42, (z+1)(x+2)(x+4)(x+5)=4.
43. (22-1)(2-1)Cx~T)(z-3)=9.
44, 16(x+1)(x+2)(@+3)(x+4)=9.



CHAPTER XVIII

QUADRATIC EQUATIONS: PROBLEMS.

172, The problems worked below involve the solution of
quadratic equations, each of which has two roots. The method
of translating the wording of the problem into an equation is the
same as in the problems which lead to simple equations, but the
meaning of the double solution, or the inapplicability of one
solution, should be noticed in every case.

Example 1. Divide 12 into two parts so that their product
may be 32.
Let « be one part and 12 —2 the other,
then @ (12 —x) =32,
S B2—-12+32=0,
S (e—4) (- 8)=0,
the roots of which are 4 and 8,
If 2 = 4, then 12— =8, and if =8, then 12 —-2=4.

.. both values of « lead to the same solution of the problem,
namely, that the parts are 4 and 8.

Example 2. One number exceeds another by 4 and their
product is 32; find the numbers.
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Let 2 and =+ 4 be the numbers,
Soox(x+4) =32,
S +4x-32=0,
So(-4)(z+8)=0,
the roots of which arc 4 and - 8.
Ifa=4,thenz+4=8 and if x=-8, thenx+4=—4,
.. if negative solutions be permitted, the problem admits of
two solutions, the numbers being either 4 and 8, or — 8 and — 4.

Example 3. Ono side of a rectangle is 3 ins. longer than the
other, and the area is 270 sq. ins.; find the dimensions of the
rectangle.

Let x+3ins. be the length, and « ins. the width, of the
rectangle, then
(z+ 3) x =270,
S 2t +3x—-270 =0,
oo (2—-15) (2 +18)=0,
the roots of which are 15 and — 18,
Ifx =15, then £ + 3=18, and if 2=~ 18, then z + 3 =-15.
The latter pair of values satisfy the equation which is the
statement of the problem, but they are inapplicable to the
problem itsclf. The reason of the appearance of this cxtraneous
solution is that the equation is moro general than the problem,
the equation stating that two numbers differing by 3 have their
product oqual to 270,

The required dimensions of the rectangle are thereforo 18 ins,
and 15 ins.

Ezxample 4. A man, riding at a uniform rate between two
places 60 miles apart, finds that, if he had ridden two miles
an hour faster, he would have accomplished the journey in
one hour less; at what rate does he ride?
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Let the man’s speed be x miles an hour, then the time he
takes to ride 60 miles is :;(—) hrs, If his speed were = + 2 miles an
60
x+32
than the other, the equation corresponding to the problem is
60 60

= z33h
vo 60c +120=60x + o + 2,
Soat+22-120=0,
S (—10) (e +12) =0,
the roots of which are 10 and - 12.

.. he rides at 10 miles an hour, the negative solution being
inapplicable.

hour, the time would be

hrs. But, this being one hour less

Lizample 5. A poulterer bought a certain number of turkeys
for £5; four of them having died, he sold each of tho remaining
turkeys for ls. 6d. wmore than he gave for it, thereby gaining
4s. on the whole; how many turkeys did he buy?

Let « be the number of turkeys, so that vhe cost price of each
100 ...
was — shillings.
x
e sold @ — 4 turkeys for 104 shillings.

.". the selling price of each was ;044

shillings, which is 1s. 6d.

more than the cost price.
101 _100 3
Cx—-4 =z 2
208z = 200z — 800 + 3z (x — 4),
& 322~ 202 — 800 = 0,
s (2 - 20) (3z + 40) =0,
the roots of which are 20 and —13}.

.. the number of turkeys bought was 20, the negative and
fractional root being inapplicable.
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Example 6. Find the price of photographs a dozen when,
if two more be given for £1, the price is lowered 6s. a dozen.

Let xs. be the original price of 12 photographs and z— 6s. the
price when lowered.

.. the cost of 1 photograph is -1—23. in the first case and

xl—;ﬁs in the second case.
s the number that can be bought for 20s. is -2-012 or 2—:9
12
o
in the first case and 20 or 240
x—6 z—6
12
But the latter number is 2 more than the former,
. 240 240
S =— 4+ 2,
xz—6

S 240z = 2402 — 1440 + 22 (x— 6),
o =62 720=0,
. (#—30) (x+24) =0,
the roots of which are 30 and — 24.
*. the original price of the photographs was 30s a dozen,
the negative root being inapplicable.
Ezxample 7. Find the number which exceeds its square root
by 42.
Let  be the number, then
x— \Jz =42,
Sox— Jx—-42=0,
o (Jo=T) (o + 6) =0,
Jo Az=T or —6,
and x=49 or 36.

.*. the number is either 49 or 36, the former of which exceeds
its positive root by 42, and the latter its negative root by 42.
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Exercises 138.

1. Two numbers are such that one is twice the other and
their product is 288; find the numbers.

2. Find the number which is equal to 16 times its reciprocal.

3. What number is % of its reciprocal ?

4. The sum of a number and of 6 timos its reciprocal is
equal to 5; find the number,

5. The sum of the squares of two consecutive numbers is 41;
find the numbers.

6. Find two numbers, one of which is three-fifths of the
other, so that the difference of their squares may be 16.

7. There are three numbers, the second of which is twice the
first and the third twice the second ; if the sum of their squares
be 525, tind the numbers,

8. Find two numbers differing by 6, the product of which
is 160.

9. The difference between the cubes of two consecutive even
numbers is 488 ; find the numbers.

10. Divide 60 into two parts so that their product may
be 864.

11. A number consisting of three digits, each digit being
the same, is 37 times the square of any digit; find the number.

12, The sum of the squares of three consecutive odd numbers
is 5555 ; find the numbers.

13. The length of a room exceeds its width by 2 ft.; if the
area of the floor be 168 sq. ft., find the dimensions of the room.

14. The sides of a rectangle are 20 and 12 feet; what is
the width of the border which must be added all round so that
‘the whole area may be 384 sq. ft.}
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15. The glass of a picturc-frame is 18 ins. long and 12 ins.
wide ; if the area of the frame be equal to that of the glass, find
the width of the frame.

16. The hypotenuse of a right-angled triangle is 91 ft. long,
and the longer of the other two sides exceeds the shorter by
49 ft.; find the sides.

17. The number of eggs which can be bought for 1s. is equal
to the number of pence which 27 eggs cost ; how many eggs can
be bought for 127

18. The number of fives-balls which can be bought for £1 is
equal to the number of shillings in the cost of 125 balls; how
many can be bought for £11

19. A certain number consists of two digits; the tens’ digit
is double of the units’ digit, and if the digits Lo inverted, the
product of the number thus formed and the original number is
2268 ; find the number.

20. ¢ The square root of half the number of a swarm of bees
is gone to a shrub of jasmin, and so are eight-ninths of the whole
swarm; a female is buzzing to one remaining male, that is
humming within a lotus, in which he is confined, having heen
allured to it by its fragrance at night. Say, lovely woman,
the number of bees,”

21. A man travelled 105 miles, and then found that, if
he had not travelled so fast by two miles an hour, he would have
been six hours longer in performing the same journey; find
his rate of travelling.

22. The forewheel of a carriage makes six revolutions more
than the hind-wheel in 120 yards, and the circumfercnce of the
one is a yard less than that of the other ; find the circumference
of each.

93. If the price of coals were to fall 3s. per ton, £17 would
purchase 3 tons more than at present; what is the present price
per ton
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24. A walks faster than B by one mile an hour; they start
together for a town distant 28 miles; if A arrive 2 hrs. 20 mins,
before B, at what rates do they walk

25. Two men, A and B, travel along a road 180 wmiles long in
opposite directions, starting simultaneously from the ends of the
road; A travels 6 miles a day wmoroe than B, and the number
of miles travelled each day by B is equal to double the number of
days before they mecet; find the number of miles which each
travels in one day.

26. A person rents some land for £48 ; he cultivates 8 acres
himself, and subletting the rest for 1§s. per acre more than
he pays, reccives in rent £54 a ycar; find the number of acres.

27. A man buys a certain number of acres of land for
£1600; by selling it at £92 an acre, he gains as much as he gave
for 3 acres; how many acres did he buy?

28. The price of photographs is raised 3s. per dozen, and
<ustomers conscquently receive seven less than before for a
guinea; what are the prices charged?

29. What is the price of eggs a dozen when two less in
a shilling’s worth raises the price 1d. a dozen?

30. Find the price of eggs per score when ten more in half-a-
crown’s worth lowers the price 1s. 3d. per hundred.

31. Find two consecutive numbers such that the difference
of their squares is 9 more than six times the square root of
the smaller.

32, The sum of the square and the cube of a certain number
is equal to nine times the next higher number; what is the
number {

33. A manufacturer paid £640 to 36 employés, some men
and some women ; each man received as many pounds as there
wera women, and each woman as many pounds as there were
men ; how many men and how many women were theref
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34. A traveller starts from A towards B at 12 o’clock, and
unother starts at the same time from B towards A ; they meet at
2 o'clock, at 24 miles from A, and tlie one arrives at A while
the other is still 20 wiles from B; what is the distance between
Aand B}

MISCELLANEOUS EXERCISES.

Exercises 139.
1. Divide the product of &* — 5xy + 6y* and 2 — 4y by = - 2y.

2. Two men receive the same sumn; if one were to receive
15s. more and the other 9s. less, the former would receive three
times as much as the othor ; what sum did each receive $

3. Find the m.op, of 92° + 5x—2 and 27a® — 452* —16.
4. Simplify
3a 2a 2a® — 3ab
2a+6bt3a—0p " @0 "

5. Simplify
a*(b+c)+b*(c+a)+c(a+b)+2abe

a+b
6. Solve the equations
§_1=2’ é+.6.=10.
T Yy z Yy

7. Tind a fraction such that, when its numerator is increased
by 8, the value of the fraction becomes 2, and if the denominator
be doubled its value becomes £.

8. Find the square root of

1 s 1
B2 —53)-1.

9. Solve the equation
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+10.  Solve the equation
3a + 2= 3ax + 2, +
11. Solve the equation
= 292%+ 100 =0,

12. If the price of wine be raised 3s. per dozen, three bottles
less are bought for £5. 17s. than before; what was the original
price per dozen i

Exercises 140.
1. A is three times as old as B; in 12 years he will be only
twice as old; when was B born §
2. TFind the factors of
a? — 3a — b*+ 3b.
3. Find the n.c.r. of
b — 3xt — 22® - 62? - 3z~ 3 and 3x*+a%—- 2
4. Simplify

156°

P-2-20 F+z-12 28

b. Simplify
)<!+l+1)—x1z(l+l+-l)
eramray) (C+o+o)-mz (Gt nta):

6. Solve the equations

9 7 2
x

8. Find the square root of
1

1 ’ l)~
a‘+é-6(x+5‘-)+15(w’+w, 20.
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9. Solve the equation
L
x xz+4
10. Solve the equation
a+1 x+1

— ———+a+1=0.
xz a

11. Solve the equation a* —2z*~ 152°=0,

12. A bicyclist, having ridden 72 miles and stopped an hour
on the way, finds that, if he had ridden faster by one mile an hour,
and stopped two hours on the way, he would have accomplished
the journey in tho same time. At what rate did he ride?

-1
-

Exercises 141.

Solve the equations :

L %1-1?3_——?+3m=18§.

2. -{%‘—g—2y=2, %%'}-y+«=g§-.

3. 3z+y—2=0, 4x+3y+2=15, 2x+4y+32=25.
S!:-’-:I/:éﬁl(i‘l bx+c‘1/—_-.bj,t€.

abec abe

5 z+10 10 _11

) -5 a6

6. G+1)a?—(B*+d+1)x+b=0.

7 158 _ 3

: z+1 -2 x-5

8. o+ 4a® — 322 =0,

9. - 122*+ 27 =0.

10. (2 + 42)* — 17 (2* + 4x) + 60 =0,

11. b’x’+%:= 0% + 1.

12, (x—4) + (w—B)* = 31 {(@ - 4) — (= - 5)%}.



CHAPTER XIX.
GRAPHS OF QUADRATIC EQUATIONS.

173. The method of drawing the graphs of simple equations
has been explained in Chapter VIII. In the more complicated
graphs which correspond to quadratic equations the same general
method is followed, ie. a number of points are found the co-
ordinates of which satisfy the given equation. In particular
cases, however, the work may be shortened, as shown in the
following examples.

Ezxample 1. Draw the graph of the equation
o = 4y.

The term containing y being of the first degree, the equation
is written in the form
y =1

It will be noticed that :

(i) Whether = be positive or negative, }2? is positive, and
therefore y is always positive, i.e. the curve lies entirely above
the axis of z;

(ii) If « be given values which are equal in magnitude but
opposite in sign, the value of y is the same; e.g. y=4 when
z=+4 and when v =~4;

(iii) To an infinitely great value of  (positive or negative)
there corresponds an infinitely great value of y, i.e. the graph is
unlimited in two directions.

D, A. 11, 2
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Giving different integral values to = from 0 to 7 (say), we
have the following pairs of values of x and y:
z 0 1 23 45 6 7
y 0 2 1 22 4 62 9 122..,
and the same values of y for corresponding negative values
of x

] T 1T
) EEEEy
HEL /
\
wT /0 N X
s N
‘/.
\
\
i %
7 Y
ul
Fig. 10.

From these values of the coordinates we obtain the graph
represented by the continuous curve in fig. 10, a curve which is
called a parabola.

Example 2. Draw the graph of the equation 2*=—4y.
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The cquation being written in the form y=-—1a? it will be
noticed that :

(i) Whether z be positive or negative, —}a* or y is always
negative, i.e. the curve lies entirely below the axis of z;

(ii) If xbe given values which are equal in magnitude but
opposite in sign, the value of y is the same;

(iii) The graph is unlimited in two directions, The graph is
represented by the dotted curve in fig. 10.

Exercises 142.

Draw the graphs of the following equations:
1. a?=3yand 2?=-3y.
2. y'=b5xand y'=-bx.
3. y=2"-8x+12, y=2"-8x+16, and y =2~ 8x+ 20,
4 y=a'-4z+8and y=6x—-a*-4.
6. by=a*-8x+13.
174. In the following examples the graphs are confined

within finite limits in all directions, i.e. they are closed curves,
such as the circle (Example 3) or ellipse (Example 4).

Lxample 3. Draw the graph of the equation a* + y*=100.
The equation may be written
y*=100 -2 or =100 - g7,
or y=+./(100 —2*) or =4+ ,/(100- 3.
It will be noticed that :

(i) Since 100 —z* must be positive, x cannot be less than
—10 or greater than + 10, and similarly y cannot be less than
—10 or greater than +10;

(ii) If = be given values, which are equal in magnitude but
opposite in sign, the values of y are the same; e.g. ¥y =+ 6 when
=28 and when z = -8,

22
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Giving different integral values to # from z =0 to z= 10, we
have the following pairs of values of x and y:

0 1 2 38 4 b

@
y +10 +99 +98 +95 92 £87
x 6 7 8 9 10

y +80 +71 +60 +44 0

and the same values of y for corresponding negative valuas
of z.

| Y
E‘ i ‘
/|
\

{ \
g’ 0 x|
\\ ]

N\
/
\\ A
Fig. 11.

From these values of the coordinates we obtain the graph
represented in fig. 11, which is obviously a circle,

Eaxample 4. Draw the graph of the equation
922 + 16y°= 576.
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The equation may be written

576 — 923 576 — 1643
. a_ 22
Y'=—g— or @ § ’
or y=%1J(64-a") or x=1%./(36-37).

It will be noticed that :

(i) Since 64 —a? and 36 — 7 must be positive, @ is not less
than — 8 and not greater than + 8, while y is not less than —6
and not greater than + 6.

(i) If « be given values, which are ¢cqual in magnitude but
opposite in sign, the values of y are the sume; e.g. y=+1 /48
when « = + 4 and when z=—4.

,V/ \.\\\
’ o]
~3 //
= P
Y
Tig. 12.

Giving different integral values to z from z=0 to z=8, we
have the following pairs of values of = and y:

z 0 1 2 3 4 5 6 T 8

y +6 +59 +58 +56 +£52 +47 +40 +29 0
and the same values of y for corresponding negative values
of x.

From these values of the coordinates we obtain the graph
represented in fig. 12, a curve which is called an ellipss.
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Example 5. Draw the graph of the equation
o+ ay+ 1y =48,
The equation may be written
P+ey+at—-48=0 or a®~xy+y*—-48=0,
— ,;7___4 .9__48 —u+ 2_4 1__48
or y= TN . @=48)} o _—yrJly 5 (- 48)}

or y- tf;_iiliz_(.ﬁé_—ﬁ} or zo—YE J{32<64 -

It will be noticed that:

Since 64 — 2 and 64 — y® must be positive, z is not less than
—8 and not greater than + 8, while y is not less than —8 and not
greater than + 8.

| /I
\'\
™~
/ ~N
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o’ [¢)
\ \
N
N /
A )4
. 7
Fig. 18.

Giving different integral values to x from =0 to =8, we
have the following pairs of values of « and /{3 (64 —a?)}:
x 0 1 2 3 4 5 6 7 8
J{8 (64-2%} 139 137 134 129 120 108 92 65 0
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and therefore the following pairs of values of & and y:
z 0 1 2 3 4 b 6 7 8
y +69 +63 +57 +49 +40 +29 +16 -02 -4
-73 =77 =79 -80 -79 -76 —-67 -4
and also '
z -1 -2 -3 -4 -5 -6 -7 -8
¥y +73 +77 +79 +80 +79 +76 +67 +4
—-63 —bB7T —49 —40 29 -16 +02 +4
From these values of the coordinates, we obtain the graph
represented in fig. 13, an ellipse with its greatest length inclined
to the axis of .

Exercises 143.

Draw the graphs of the following equations:

1. o+ y?=064. 2. a®+3%=236.
3. P+y'-1l4x=0. 4. 162 + 25y* = 1600,
5. 362 + 2547 = 900. 6. +ay+y="T.

7. @—ay+yt=3.
175. Example 6. Draw the graph of the equation zy =5.

It will be noticed that:

(i) Since the product of @ and y is positive,  and y must be
of the same sign ; i.e. the graph is confined to the right angles in
which & and y are both positive and both negative;

(i) Writing the equation in the form
Y _5 or x= 5
y=z =5

as z increases numerically, ¥ decreases numerically, and, when z
is indefinitely great, y is indefinitely small ; also, when y incrcases
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numerically, « decreases numerically, and, when y is indefinitely
great, « is indefinitely small ; ie. in both directions the graph
approaches indefinitely closely to the axes of = and y.

ki
/ \
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| N~
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Fig. 14.

Giving x the values ‘5, 1, 2, 3, ..., 10, we have the following
pairs of values of « and y:

« 5 12 3 4 5 6 7 8 9 10

y 10 5 25 17 12 10 08 07 06 06 06
and the same values of y with their signs changed for correspond-
ing negative values of x.

From these values of the coordinates, we obtain the graph
represented by the continuous curve in fig. 14, a curve which is
called a hyperbola.
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Example 7. Draw the graph of the equation 2y =— 5,

It will Le noticed that -

(i) Since the product of x and y is negative,  and y must
be of different signs, i.e. the graph is confined to the right angles

in which « is positive and y negative, and in which & is negative
and y positive ;

(ii) In both directions, the curve approaches indefinitely
closely to the axes of 2 and v.
Giving « the values ‘5, 1, 2, 3, ..., 10, we have the following
pairs of values of z and y:
x b 1 2 3 4 b
y =10 -5 =26 -17 -12 -10
z 6 7 8 9 10
y -08 -07 -06 -06 -0
and the same values of y with their signs changed for correspond-

ing negative values of x.

From these values of the coordinates, we obtain the graph
represented by the dotted curve in fig. 14.

176. Der. 25. If, as either coordinate increases indefinitely
in numerical value, the graph approach indefinitely closely to a
certain line, the line is called an asymptote of the graph.

Thus, in Examples 6 and 7 (fig. 14), the axes of x and y are
. asymptotes.
177. Example 8. Draw the graph of the equation
ot —yt=5.
Writing the equation in the form
yP=a'-5 or *=4y+5,

or y=+J(@*—b) or =1 /(¥ +5)
it will be noticed that:
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(i) Since 2*—5 must be positive,  cannot have any value
lying between — ,/5 and + /5, i.e. between — 22 and + 2:2; and,
since y*+ D must be positive, ¥ can have any value whatever,
either positive or negative ;

(ii) If x be given values, which are equal in magnitude but
opposite in sign, the values of y are the same; c.g. y=+2, when
x=+3 or when x=-3;

(ili) When « is indefinitely great, y, and therefore also @ + y,
is indefinitely great, and therefore, since

(@—y)(z+y)=5,
-y is indefinitely small,

1 Y B l
N . 7]
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Fig. 15.

Giving different integral values to = from z=8 to £=9 in
the equation y =+ ./(x?— 5), we have the following pairs of values
ofxand y:

3 4 5 6 7 8 9
y +2 +33 +4b6 +£56 +66 +77 +88...
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and the same values of y for corresponding negative values
of @

From these values of the coordinates, we obtain the graph
represented in fig. 15, a curve which is again a hypcrbola.

In fig. 15, let the broken lines 0@, 0Q’ represcnt the graphs
of y =« and y = — x respectively. From any point N in Oz draw
NPQ perpendicular to Oz, cutting the graph of the equation
2*—y*=5 in P and that of the equation y=2z in @ Then,
if ON=z, we have PN=y, QN==, and thercfore PQ=x~y.
Thus, when z increases indcfinitely, PQ decreases indefinitely,
i.e. the graph of the equation a*—3*=25 approaches indefinitely
closely to the graph of the equation y=x. Similarly, it may be
shown that it approaches indefinitely closely to the graph of the
equation y =—a. Thus, the lines y = and y = -« are asymptotes
to the graph of the equation 2* —y?= 5.

Exercises 144.

Draw the graphs of the following equations:

1. xy=12 2. zy=38and oy =-3.
3. #*-y*=6andy’'—a'=6, 4, aP-zy- 2
d ay-y=1L 6, wy—y =12

7. 22" - 3ay = 20,



CHAPTER XX.

THEORY OF QUADRATIC EQUATIONS
AND QUADRATIC EXPRESSIONS.

178. The roots of the equation az®+bx+c=0 are real and
different, real and equal, or imaginury and different, according as
b3 18 greater than, equal to, or less than 4ac*

The roots of the equation ax®+ bz + ¢ = 0 are

- b + ,~/(1)3 - 4“0)
2a

If b*> 4ac, then b* - 4ac is positive, and the roots are real and
different.

If 8 = 4ac, then b°— 4ac is zero, and the roots are real and
equal.

If b®<4ac, then b*—4dac is negative, and the roots are
imaginary and different.

179. Der. 26. The expression b*—4ac is called the dis-
eriminant of the equation aa®+bx+c¢=0.

Thus, the roots of the equation are real and different, real and
equal, or imaginary and different, according as the discriminant
is positive, zero, or negative.

* Before beginning this theorem, the reader should refer to the examples
worked out in Art. 168.
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180. EHxzample 1. What is the nature of the roots of the
equations
(i) 222°+9z+3=0, (ii) 42— 20z + 25=0,
(iii) 3a?+ 22+ 5=0, (iv) 22—8z+m=01%
(i) The discriminant is 92—4.2. 3 or 81 - 24 or 57,
.. the roots are real and different.
(ii) The discriminant is 20*—4. 4. 25 or 400~ 400 or 0,
.. the roots are real and equal.
(ili) The discriminant is 2°—4.3.5 or 4 - 60 or - 56,
.". the roots are imaginary and different.
(iv) The discriminant is 64 — 4m or 4 (16 —m), which is
positive if m be < 16, zero if m = 16, and negative if m be > 16:
.. the roots are real and different, real and equal, or imaginary

and different, according as m is less than, equal to, or greater
than, 16.
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\ [
Ly
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Fig. 16.

These cases are illustrated by the accompanying curves
(fig. 16), which represent respectively the exppemsjoRg |
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(@) «—8x+12, (0) «*~8xz+ 16,
(¢) a*—8x+20.

The first expression is equal to zero for the values 2 and 6, or
the roots of the equation 2* -~ 8x+12 =0 are 2 and 6, i.e. are real
and diflerent. The second is equal to zero for the values 4 and 4
of @, or the roots of the equation a*~8x+16=0 are 4 and 4,
i.e. are real and equal. The third expression is never equal to
zero, i.e. the roots of the equation a? — 8z + 20 = 0 are imaginary
and different.

Bzample 2. For what values of m aro the roots of the follow-
ing equations equal ?
(1) 222+ 3z+m=0,
(i) 42+ (1 +m)x+ 9=0.
(i) The roots of the equation 22* + 3z +m = 0 arc equal if
31-4.2.m=0,
ie. if m=1%.

(if) The roots of the cquation 4a*+(1+m)x+9=0 are

equal if
(1+m)—4.4.9=0,

ie. if m?+ 2m - 143 =0,
ie. if (m-11)(m+13)=0,
ie. if m=11 or —-13.

Another method of working these examples should be noticed.

If the roots of the equation 22*+3z+m=0, or a*+ %E + %‘ =0,

be equal, the factors of 2* + %— +3 must be equal, i.e. 23+ %ff + ’;

2
must be a square, and therefore % (3) 2 9, or 8m =9,

or m=13,
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Exercises 145.

-

Find the discriminants of the following equations:

1. 22°+5x+1=0. 2. 4x*~122+9=0.
3. 42*—3x+2=0, 4, 2522+ 30x+9=0. .
D, 3x*+2x—-4=0, 6. 622~2+5=0.

Determine the nature of the roots of the following equations:

7. 2°+6x+4=0. 8. 2°-Tx+10=0.
9. x2*+8z+16=0. 10. a*-10x+25=0.
11. 22-6x+7=0. 12. 2°+3z+6=0.
13, 32*-Tx-2=0. 14, 42+ 2+ 11=0.
15, 222 -3x+5=0. 16. 42* - 28z +49=0.
17. 92— 302+ 25=0. 18. 22°4x+5=0.
19. 32— 8xz=0. 20. 6x*~b5x—25=0.
For what values of m are the roots of the following equations
equal}
2l. Z+6x+m=0, 22. 2*-8x+m=0.
23. 2Z+max+9=0. 24, *+max+25=0.
25. ma?+ 10z + 25 =0. 26. ma*+40x+16=0.
27. 3x*+ 22+ m=0. 28. 42-x2-3m=0.
29. ma*+bx+3=0, -30. 2ma?+3x-1=0.
3l. 3ma?+4x-1=0. 32. 2*+(2-m)x+25=0.

33. P+(B+m)x+16=0. 34, 422+ (1-m)xz+25=0.
35. 92*+(3+2m)x+49=0.

181. The sum of the roots of the equation aa®+bx+c=0 s
equal to -—%, and the product of the roots to 2.
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The roots of the equation aa® + bz +¢ = 0 are
=b+ ,/(6* - dac) and —-b— J(0*- 4ao).
2a 20

~ sum of roots =

—b+ /(0= dac) —b— /(b* — 4ac)

-%
T %a

b

a!

2a

b+ J(B— dac)} = b~ J(B - dac)}

and product of roots =

4a?

_ (b= (5~ dac)

_dac
T 4a?

[

= -,

4a?

Exercises 146. (Vivd Voce.)

State the sum and product of the roots of the following
equations :

1.

© N oo

11.
13.
15.
17.
19,

2 —Tex+4=0.

22+ 11z +5=0.
2+ bx—6=0,

2-11a~ 7=0,
20~ 3z +5=0.
222+ Tz +6=0.
Ta? —6x—4=0.
b+ —-1=0,

6 + 22 + 3 = 0.
82® + 2x - 3=0.

[

10.
12,
14.
16.
18.
20.

2?~br+6=0,

2+8x+7=0.

'+ 4x—8=0.

22-102-10=0.
32— 4x+3=0.
322+ 1lz+5=0.
4ot - b~ 3 =0.
22+ 22 -3 =0.
422 - bz +T=0.
102? - Bx—2=0.
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Given one of the roots of the following equations, state the
other root :

21. 2+ mx+20=0, one root 4.

22. P+mxr+12=0, ” 3.
23. 2’+mx—-15=0, » b.
24, P+mxr—24=0, " 2.
25. 2’+mx+16=0, » - 8.
26. 2*+mx+18=0, » - 3.
27. 2+ mx-32=0, ” - 8.
28. 2+ mx—40=0, » - b.
29. ?-8r+m=0, » b.
30. «*-1lle+m=0, " 8.
3. 2+7z+m=0, 2,
82. 22+ 10z+m =0, ” 4,
33. «22~12z+m =0, » -2
34, 22—4xz+m=0, ' -1.

35, 2?+b5x+m=0, " -3
36. 22+ 10z+m=0, ' -1

182. FEzample 3. Find the sum of the squares of the roots

of the equation
2 - 3x 4+ 1=0.

Let a and 3 denote the roots of the equation 22* -3z + 1=0,

then
o+fB=4% and of=4%.
Now a+ = (a+ B) -2
s
=14,

Ecample 4. Find the square of the difference of the roots of

the equation
3a* + 4 - 2=0,

D. A. 1L 3
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We have a+fB=-4, af=-%.
Now (@-B)=(a+p)—4ef
._18+B
=7tz
40
=
=44,

Example 5. Tind the sum of the cubes of the roots of the
equation

40— 2x -5 =0,
We have a+f=%, af=-1%.

Now @+ 3=(a+B)(c?-aB + )
=(a +f){(a+B)— 3af}
=3(E+%)
=2

Example 6. 1f o and B denote the roots of the equation
4 -2+ 2 =0,
find the value of (e +2B) (20 + B).
We have at+f=% aB=4}.

Now, (« + 2B) (2a + B) = 2a? + Baf + 2
=2(a?+ 203 + %) + af}
=2(a+B)"+qf
=2.{5+%
=8,

Example 7. Show that 1 is a root of the equation
(b=c)a?+(c~a)x+a-b=0,
and find the other root.
If =1, the expression
(6—c) a (c=a)r+a-b
is equal to b-c+ec—a+a—4, or zero,
# & 1lis a root of the equation
G-c)*+(c-a)x+a—-b=0.
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Now, the product of the roots is equal to Z_‘I: .
- -b

S h i a'——'+ 2 .
the other rootlsb___c 1, orb_o

Exercises 147.

1. If one root of the equation & + mx + 48 =0 be 6, find the
other root and also m.
2. If one root of the equation a? — 72 + m =0 be 5, find the
other root and also m.
3. If one root of the equation 2x* —max +56 =0 be 8, find
the other root and also m.
. 4. If one root of the equation 3z* + bx~2m =0 be }, find
the other root and also m.

Find the sum of the squares of the roots of the following
equations, and test the results of the first two by solving the
equations and squaring the roots so found :

5. a*—4x+4=0. 6. 2*+2x-8=0.
7. 222—4x+3 =0, 8 222+4x-3=0.
9. 22°—-3x-1=0. 10. 322-6x+2=0.
11. 32°-2x+5=0. 12, 42 ~32-1=0,
13. b6a?+3x+2=0. 14, b2 —4x—-3=0.

Find the square of the difference of the roots of the following
equations, and test the results of the first two:

15, #*-3x+2=0. 16. o*+4x+3=0,
17. 222 -32+1=0. 18. 22*+5z+3=0.
19. 22*—42-5=0. 20. 3x*—bx—2=0.
21. 32®-6x+2=0, 22. 42+ bx—-2=0.
23. ba’—dx—-2=0. 24, T2+ z+1=0.

3—-2
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Find the sum of the cubes of the roots of the following
equations, and test the results of the first two:
©?—4x+3=0.
22%—4x+3=0.
2+ T2z-1=0.
3 -bx—1=0.
4a? 4+ 22—-3=0.

25.
27.
29.
31
33.

26, 2*+Tx+6=0.
28. 2x*+5x+2=0.
30. 32-Tx+2=0.
32, bat— x-2=0.

34, 6= 2%=0.

If a and 8 be the roots of the following equations, find the

value of :

35.

36.

37,

38.

39.
40.
41.
42.
43.
44.

+
— I

<+
l

=

-+

|~

— B B— R

1.1

st g
(22 +B) (@ +2B),
(22 + B) (a + 2B),
(22— B) (a - 2B),
(22~ B)(a~28),
(Ba +B) (a +3B),
(3a—B) (a - 3B)

24+ 5x+4=0,
B2+ 2x-06=0.
, 32 +2x-1=0.

2 -bx+6=0.

22— 24+2=0,
20*~bx+1=0.
322 +22~1=0.
62— 3x—2=0.
32— 4x+5=0.
22 + T — 3 =0.

183. Ezample 8. Find the equations whose roots are
(i) 5and 3, (ii) § and —§, (iii) 3+ ./2.

(i) The equation whose roots are b and 3 is
(2~b) (x—-3)=0,
-8z +15=0.

<r
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(ii) The equation whose roots are £ and — 4 is
(x=3)(@+%)=0,
or Bz - 2) bz + 4) =0,
or 152 + 22 ~8=0.
(iii) The equation whose roots are 3 + ,/2 and 3 - /2 is
(@=3-/2)(x—-3+ J2)=0,
or (x-3y-2=0,
or 2 —6x+7=0.
Example 9. Find the equation whose roots are the .squares
of the sum and difference of’the roots of the equation
20* —x-3=0.
We have a+fB=%, af=-3.
" (@+BP=}, (a-BP=}+6=28,
the equation whose roots are (a + 8)* and (a — 8)? is
(-1 (=-%)=0,
or (4 - 1) (4z - 25) =0,
or 162 — 1042 + 25 = 0.
Example 10. Find the equation whose roots are the squares
of the roots of the equation
32+ 2z -5 =0.
We have a+fB=-% af=-3.
The equation whose roots are a® and 3 is

(@) (&~ =0,

or -z (a + )+ a3 =0.
Now a4 fi=(a+f)~2a8=§+32=0},
and a’B":%&,

. the required equation is
- 3x+ 35 =0,
or 922 — 342+ 256=0,
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It will be noticed that in Example 9 the roots of the re-
quired equation can be expressed in terms of a+ 8 and 8. In
Example 10 this is not the case, but the coefficient of « and the
term without @ can be so expressed.

Exercises 148,

Find the equations whose roots are

L 42 2. 3,3 3. 5,-6.
4 -2,7. 5. —3,-b. 6. —4,-T.
7. 0,5. 8. 0,-8. 9. 1%
10. 1, -1%. 1. —4,-2. 12 1§, -1},
13. 24, —2%. 14 -3, -13, 15 1%.2
16. 1,3 17. 3+ /1. 18, 6+ /3.
TLEN R E

If o, B be the roots of the following equations, find the
equations whose roots are

21, a+p, af; 22*+3x+1=0.
1 1

2. g pi F-dveT=0

23, a+p, ﬂﬁ, 3% — 4o -2 =0,

24 1.1 s 32 +8x-4=0

. ;+E, —B, X =0V,
+ 2

95. “23 “%, 347 4 95— 4= 0.

26. '+, oB; 2+bxr+3=0
21. (a+B), (a—p)?; 22°—2—-5=0,
28. (a+B) (a—p); 4a®+2x—3=0.
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29. al,+—g,;, ;_1%.2; 42 - 22+ 3 =0,
30. o*+ P &*B; @*—-3x+1=0.
31 ;1-,+ %, 5%—3;
32. 2a+fB, a+28; 20+ Tx+4=0.
33. 2a+fB, a+2B; 5x*-2w—4=0.
34, 3a+pB, a+3B; 2 —4x—-1=0.
35, 3a+2B, 2a+33; a*-Tex+3=0.
Find the equations whose roots are the squares of the roots of
the following equations, and test the results of the first two;

2?+2x+2=0,

36. 2??—6c+8=0. 37. 2+ Tz+12=0,
38. 22°+4x-5=0. 39. 22~ 3x— 4=0.
40. 32 -Ta+1=0. 41. 32— 4x- 5=0.
42, bHxr*+3x+3=0. 43. 422+ - 1=0.
44. 102*-5x—-2=0. 45, ba?—10z—- 2=0.

46. Find the equation whose roots are the sum and product
of the reciprocals of the roots of the equation
222~ 3w +4=0.
47. Find the equation whose roots are the square of the sum,
and the sum of the squares, of the roots of the equation
22+ Tx+T7=0.
48. Find the equation whose roots are the squares of the sum
and difference of the roots of the equation
3~ Te+2=0.
49. Find the equation whose roots are the reciprocals of
the roots of the equation
4~ 22 +5=0.
- 50. Find the equation whose roots are the squares of the
sreciprocals of the roots of the equation
@+ Te~1=0.
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184. Ezample 11. Find the condition that one root of the
equation aa® + bx + ¢ =0 mway be doublo the other.

Let the roots be 2a and a, then

[
20+ a=—~ and 2a.a=;,

. b\* ¢
- —-3;) = e

S 202 = Yac.

Exercises 149,

1. Find the condition that one root of the equation
ar’ + bx+c=0
may be three times the other.
2. Tind the condition that one root of the equation
E+pr+q=0
may bo five times the other.
Find the value of m if one root of the equation:
3. '+ 6x+m=0 be double the other.
4. 2'+mir+20=0 be five times the other.

b. ma®—-106x+3 =0 be three times the other, and also find
the roots.

6. 2z'-mx +9=0 may be double the other, and also find
the roots.

18B. The cxpression ax+bx+c is equal to a(z - a)(z— fB),
_ =b+ J(? —dac)
“ 2a ’

where



184-187] QUADRATIC EQUATIONS AND EXPRESSIONS 41

—=b— /(6*~4ac)

and B = %

a,z"+6:c+c=a<x’+g)-w+£)
a a

=alw’~(a+f3)x+af}
=a(x—a)(x-p)

186. 4 quadratic equation has two, and only two, roots.
The expression ax+ bz +¢ can bo resolved into the factors

T—a) (ac—,B),
: B=

Now, a is constant, and therefore the expression axz®+bwc+¢
can only vanish when one of the factors —a, = - 8 vanishes;
i.e. the roots of the equation aa?+ bz +c¢=0 are the roots, and-
the only roots, of the equations

z—a=0 and z-B=0.

But, an equation of the first degree has one, and only one, root;

—b+ (B4

where a=—=y
2a

-b- J(b’ 4ac)

‘. a quadratic equation has two, and only two, roots.

187. Ezample 12. If x be real, show that (i) the least
valuc of the expression #? — 4z + 8 is 4, and (ii) the greatest value
of the expression 6z — 2?—4 is &

(i) @~da+8=a'-4x+4+4
=(x-2)*+4.
Now, if = be real, (x—2)° is always positive, whether z be
positive or negative, and its least value is zero, when z=2;
.’ the least value of the expression «* —4x + 8 is 4.
(ii) bzx—a’—4=—(2*—6z+4)

= — (2*— 6z + 9 - 5)
=b—(x-3)"
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Now, if « be real, (- 3)? is always positive, whether x be
positive or negative, and its least value is 0, when =3

*. the greatest value of the expression 6x —x*— 4 is 5.

These results are illustrated by the graphs of the given
expressions (fig. 17).

1Y
1 [
\ / Y
B / \
0 ES o/ \
[ \
\
Q) Fig. 17. i)

Another method of working the last two examples should be
noticed.

Let o ~4dx+8=y,
Soxt—4x+8—-y=0.
Since x is real, 4?-4 (8 —y) is positive or zero,
S 4-8+y is positive or zero,

A y—4 is positive or zero.

Sy < 4, ie the least value of a?— 4z + 8 is 4.
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Again, let br—a*—4 =y,
So-br+d+y=0,
Since @ is real, 6%—4 (4 +y) is positive or zero,
S 9—-d—y is positive or zero,
55—y  is positive or zero.
» y > b, ie. the greatest value of 6x—x*— 4 is 5.
*188. ZExample 13. If the following expressions be positive,

(i) 2* - b5z + 6 cannot lie between 2 and 3, and (ii) Gx—x*—8
is not less than 2 and not greater than 4.

(i) a?—b5x+6=(x—-2)(x-3).
If <2, x-2 is negative and &~ 3 is negative, and their
product is positive.
If >3, x—2 is positive and x -3 is positive, and their
product is positive.
If £>2 and <3, 2~ 2 is positive and = — 3 negative, and
their product is negative.
oo if & -5z +6 be positive, it can have no value between
2 and 3.
(i) 6bx—2"-8=(x—2)(4-=).
If x<2, -2 is negative and 4—a positive, and their
product is negative.
If >4, -2 is positive and 4—a negative, and their
product is negative,
If > 2 and < 4, £~ 2 is positive and 4 — x positive, and their
product is positive.
» if 6x—a’—-8 be positive, its least value is 2 and its
greatest is 4.

These results are illustrated by the following graphs (fig. 18).
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mE
\ /
\__ /
e Y
0 T 0 7
AREAN
/ \
] )
7
) Fig. 18. (i)

*189. FExample 14. If x be real, show that x:;:z;—fg

cannot lie between 8 and 12

* ~4x - 20
Lot —ao7 Y
St —4dp-- 20 =2y - Ty,
Stz (d+y)+Ty—-20=0.
Since «x is real,
(4+y)*— 4 (Ty - 20) is positive or zero,
s y*—20y + 96 is positivo or zero,
» (y—8) (y - 12) is positive or zero.
.. y cannot lie between 8 and 12.
The graph of the expression is shown in fig. 19.

P-x+1.
Example 15. If x be real, show that ol ® not less

than } and not greater than 3.
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1 1 1¥ ]
I b
L
Vv
4
L4
/]
/]
/| [o]
Fig. 19.
2?—z+1
Let drzsl P

Soet—z+l=2y+ay + Y5
S B(l-y)-z(l+y)+1-y=0.

Since « is real,

(1 +y)*—4 (1 —y)* is positive or zero;
S 142y +9—4 + 8y — 4y is positive or zero;
o 10y — 3 — 337 is positive or zero;
oo 8y*~10y + 3 is negative or zero,
o (3y = 1) (y — 3) is negative or zero;

. y is not less than } and not greater than 3.
The graph of the expression is shown in fig. 20.
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y

o 7

Fig. 20.

B

Exercises 150.
Find the least value of

1. 2*~6x+13. 2. 2*+ 10z + 32

3. 22+ 6x+5b. 4 35 +2x+2
Find the greatest value of

6. 2+2x—at 6. —8—6x-a2

7. 3+ 6x-22% 8. 1-6x-5a2

9. The roots of the equation 2?+ 8z + @ = 0 arc real if a 3> 16.
10. The roots of the cquation #*+ 4z + 6—a =0 are real if a> 2.

11. The roots of the equation ax®+ 62—a=0 are rcal what
ever be the value of a.

12. If the roots of the equation ax?+ 2z +a =0 be real, then
a} land 4 1.

13. If the roots of the equation #® + (a — 4) x+ 9 =0 be real,
a cannot have any value between — 2 and 10.

14. If the roots of the equation 2*+a’=8xz+6a be real,
gshow that ¢ > 8 and 4 -2.

15. If = be real, show that :c+‘—l- can have no value between
—~2and 2.

16. Ifx be real, show that x— é can have any value whatever.
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17. If # be real, show that 1 cannot be greater
Cl+z+a?
than §.
18. If x be real, prove that
between — 3 and 1.
19. If x be real, show that

2~ 3x+3
oo B cannot have any value

2x—-T
GA Gy p A0 have no real
value between {4 and 1.

20. Prove that the greatest and least values of

62 — 222 + 21

5a® — 18z + 17
are 1} and 1, corresponding to the values 1 and 2 of =.
21. If x be real, show that x’—:)g%-B_G%? can have no posi-

tive value less than 100.

*190. If the equations
a? +bx+c=0, ax®+ 20’2+’ =0
have a common root, then
(ca’ — da)?= (b’ - ¥'c) (ab' — a'b).
Let a be the common root, so that
aa’+ba+¢ =0,
a'a?+ba+c =0,

2 ) 1
h e =
then b —be¢ ca—ca ab —a'd’
. g bd=bc and a__ca'—-c'a.
e VT —ab’ Tab'—a'b’

. fea'—ca\' b -be
o (ab’—a’b) T ab'—a'b’

& (ca' = ca) = (b — b'c) (ab' —a'B).
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191, Fwumple 16. If o and B denote the roots of the
equation ax®+ bz +c=0, find the equation whose roots are
a+2 and B+ 2

We have a+/3=-—g and aB:S.

The equation whose roots are « + 2 and 8+ 2 is

(x=a+2)(z-B+2)=0,

or B—(a+B+4)x+af +2(a+B)+4=0,
2
or x’-(—é+4>x+g—:§+4=0,
a a a
or ax®+(b— 4a)x+¢—20 + 4a=0.

Ezample 17, 1f one of the cquations
2+2(2a-b)+ab=0,
@+ x(4a—b)+3a2=0
have equal roots, so has the other.
The condition that the roots of the first equation may be

equal is
(2a — b)* = 4ab,

or 40— Bab+ 0*=0.
The condition that the roots of the second equation may be

equal is
(4a - b)*=12d%,

or 4a’— 8ab + b*=0.
Hence, if one equation have equal roots, so has the other,

*Exercises 151.

1. If the roots of the equation 24*—-3z+m =0 be equal,
what are they?

2. If the roots of the equation 4a? + mz + 25 =0 be equal,
what are they?
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@
3. If a, B be the roots of the equation 2* — 8x + m = 0, what
value must m have so that a? + 32 may be equal to 4017

4. If 3x—2y be u factor of ma®— 1lxy + 6y% what is the
value of m 9

6. Find the condition that the roots of the equation

u® +bx +¢=0

may be such that m times one root is equal to » times the other.

6 If o, B be the roots of the equation

2-(1+a)xz+i(l+a*+a*)=0,

then o + B2=a?

7. One root of the equation

(c+a—-20)®+(a+b~2c)x+b+c—2a=0

is 1, what is the other?

8. For what values of m are the roots of the equation
@m-1)?+(1+m)x+1=0 cqual?

9. For what values of m are the roots of the equation
12 (m+2)2*~12(2m—1)2—38m — 11=0 equal}

10. Show that the roots of the equation

(x—a)(x—0)—-A"=0

are real if a, b and A be real.

11. Show that the roots of the equation

(% —m) (x — n) = mnz®

are real if m and n be real. .

12. If a and b be real, the roots of

1 1 1
stavatars "

are real.

13. If the roots of the equation

(db-c)a*+(c—a)x+(a—b)=0
be equal, prove that $6=a + c.
D. A. IL l, 4
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’ 14. Find the values of m if the roots of the equation
B +(m-4)x—(m+1)*=0
be equal in magnitude and opposite in sign, and find the roots.
15. Prove that the roots of the equation

Brbr+c=0
are rational if b=k +% .

where b, ¢, & are rational quantities.
16. If a, B be the roots of the equation
ax® + bz + ¢ =0,
find the equation whose roots are

a B

B and =

17. If a, B be the roots of the equation
ax*+bxr+c=0,

find the equation whose roots are

a B
Py ey

18. If a, B be the roots of the equation
ax? + bz +¢c=0,

a
(a + %) (B + B.) .
19. Find the condition that the roots of the equation
@’ +x+ =0
mnay be the squares of the roots of the equation
ax*+bx+c=0.
20. Find the value of m if the sum of the roots of the equation
26+ (1 +m)xz+3=0
be equal to the sum of the roots of the equation
3a® - br+4=0

find the value of
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21. Find the values of m if the sum of the roots of the

equation
- (m+4)x+3m?=0

be equal to the product of the roots of the equation
2a* + Tmx + m* = 0.

22. Tf a, B be the roots of the equation

ax’+ bz +¢=0,
find the equation whose roots are
1+ % , 1+ g—
23. If o, B8 be the roots of the equation
ax®+br+¢=0,
find the equation whose roots are
2B—~a, 2a-f.
24. If a, B be the roots of the equation
22 + 3 —6=0,
find the equation whose roots are
at+l, f+1
25. If a, B be the roots of the equation
3x?—4x -3 =0,
find the equation whose roots are
3a-2, 3B-2,

26. If a, B bo the roots of the equation
ax®+2bx +¢=0,
tind the equation whose roots are
a’+1, B+1
27. If a, B be the roots of the equation
@?+ax+b=0,
express the roots of the equation
P -az+ah=0
in terms of a and B. 49
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28. If the roots of the equation #*+ Px + ¢=0 be a, 3, and
the roots of the equation *+ p.c + Q= 0 be v, §, find the roots of
tho equation «?+px + ¢ = 0 in terms of a, 3, y, 8.

29. If one of the equations

B+ (a+20)x—30=0, #*+(a+4l)x+ab=0
have equal roots, so has the other.

30. 1If one of the equations

2+ (2a-d)z+a*=0, 40*+4(a—2b)x+a +36*=0
have equal roots, so has the other.

31. Show that the roots of one of the equations

16’2 - 8a’c + 6* =0, 4a%® + 40% +6*=0
must be imaginary.
32. Show that the roots of one of the equations
o+ 2ar+a(a+20)=0, 422 +4(a+2)x+a’+40*=0
must be imaginary.

33. Aand B attempt the same quadratic equation; A, after
reducing and dividing by the coeflicient of a?, gets the coefficient
of # wrong, and finds the roots to be 2 and 6; B gets the
term without  wrong and finds the roots to be 2 and - 9 ; find
the correct roots.

34. A and B attempt the same quadratic equation; A, after
reducing and dividing by the coefficient of % gets the term with-
out z wrong and finds the roots to be 2 and 6; B gets the
coefficient of « wrong and finds the roots to Le 1 and 15; find
the correct roots.

35. Find whether the roots of the equation

F+2(p+g)e+2(p'+¢")=0
are real or imaginary.

36, If the roots of the equation

q”.c‘+(p’—2q)a:+q+l-—%’=0
be equal, then p? = 4¢.
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37. If 2>a> 0, prove that the equation
(z+3)(1-az)~(1 +a)(x+3)=2
has no real roots.
38. Form the quadratic cquation the sum of whose roots is
3, and the sum of the cubes of whose roots is 7.
39. Find the condition that the roots of the equation

ax?+ 20z +¢=0
should differ by unity.

40. If ax®+ bx + ¢ vanish for three different values of x, show
that a, b, ¢ must all vanish.

41. In a certain quadratic equation, the coefficients of x*
and « are 1 and 2 respectively, and the addition of 8 to each of
the roots changes the sign but not the magnitude of the third
term ; find the original equation, and the coefficient of & in the
transformed equation.

42. If a be a positive quantity and % a real quantity, show
that a real value of 2 can be found which will make = — l,;

equal to any real quantity.
43. For what values of A is
42 — 10zy + 10y® + A (32 — 102y + 33%)
a complete square ?
44, If (x+b)(x+c)+(x+c)(x+a)+(x+a)(x+b) be a
complete square, show that a =b =c.
45. If the roots of the equation

(1 g+ )a:’+p(1+q)m+q(q 1)+

be equal, then p*=4q.
o — be
Sz —b—c
47. Find within what limits the expression a®+ 2px + ¢
must lie for real values of a.

46. Show that —— hms no real value between b and ¢.
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48. If the equations ax® + bz + ¢ =0, a’2?+b% +¢'=0 have
a common root, find that root.
49. Solve the equations
2848 + Tlz + 46 =0 and 322 + 20z — 25 =0,
it being given that they have a common root.

50. Solve the equations
662 — 1572 + 85 =0, 126a*— 2432 +115=0,
it being given that they have a common root.

51. The equations x’+ax+b=0, 2*+axr+¢=0 cannot
have a common root if & and ¢ be unequal.

52. If the equations a*+ar+b=0, 2* +bx+a=0 have a
root in common, then either a=56 or a +b+1=0.

53. If 2>+ pxr+q¢ and a?—gr—p have a common factor,
then 1 —p+¢=0: what is their r.cm?

54. Find the value of m when the equations #® + @ + m =0,
a?+mx+1=0 have one, and only one, root in common; and
find the roots of both equations,

55. If one root of the equation a2+ 2x+m=0be double
one root of the equation 2* + z+ 1 =0, find the value of m.

56. The equations a'—2ax+b=0, a®*~2bx+a=0 have a
common root if 4a +4b+1=0.

57. Show that one of the roots of the equation aa® + bz +c=0
will be double one of the roots of the equation cz®+ bz + a =0 if
either ¢=2a or 2a +¢=+5,/2.

58. If ax® +bx+¢=0, bex®+cax+aub=0 have a common
root, and if @ +& + ¢ =0, prove that b*(a— c)* = u’?(a—b) (b-c).

69. 1f 4z +3y =120, find the greatest value which zy can
have.

M 60. If a, b, ¢ be given real quantities, prove that the least

possible value of
3.3
2+ TS j (4 c-a) is Fa+boo)(ate—)



CHAPTER XXL

SIMULTANEOUS EQUATIONS, OF A HIGIIER DEGREE
THAN THE FIRST.

192. A complete quadratic equation in 2 and y contains
terms in 2% xy, »% x and y, and a term without = or y. Two
complete equations of this form do not as a rule admit of
solution by elementary methods, and we shall therefore consider
only the following types of equations, which may be solved by
methods within the range of this book :

L ax+by=c, l? +may+ny+px+qy+r=0,

II.  az’+ by + ey’ = d, I2® + mxy + ny* = p.

ITI. a*+y’=a, xxy=>

IV, ar+by=c, Iz +mxy+n=0.

V. #+d%+yf=a Sray+y’=b

As a general rule, the “method of substitution” is used in

solving simultaneous quadratics. The mode of solving each type
will be explained by means of one or two examples, and, as far
as possible, every step in the solution will be illustrated by
means of appropriate graphs.

Tyre I

av + by =c, la* + mxy + ny* + pr+ gy +r=0.
193. In this type, one equation is of the first degree, and
the other of the second degree, in # and y. The method consists
in finding one of the unknown quantities, say y, in terms of the
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other x, and substituting this value in the second equation,
which will then become a quadratic in @ Since, for each root
of this quadratic, there is a corresponding value of y, it follows
that every equation of this type must have two solutions.

194. Ezample 1. Solve the equations
y~x=2, @+ y*=100.

y-==9, M
«* + y*=100. 2)
From (1), we have y=x+2

Substituting in (2), we get
2+ (i + 2)* = 100,
S 222+ 42 - 96 =0,
S+ 22-48=0,
s (2~ 6)(x+8)=0,
the roots of which are 6 and — 8,
From (1), we have
ifx=6, then y=6+2=38,
fx=-8, theny=-8+2=-6;

.~ the solutions are

as=6} and w=—8}
y=8 y=—6 :

195. Drawing the graphs of the equations, as in fig. 21, we
have the straight line corresponding to equation (1) and the
circle PQR to equation (2). The points P, @, in which the
straight line cuts the circle are those whose coordinates 6, 8 and
— 8, — 6, satisfy the given equations simultaneously.

A difficulty is sometimes experienced in understanding why
the values of = (6 and 8) are substituted in equation (1) and not
in equation (2). The reason will be seen from the diagram.
The line & =6, for instance, is PR, and this cuts the circle in
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two points P and R, of which only the former lies on the straight
line PQ represented by equation (1), as well as on the circle
represented by equation (2).

L1 e (U]
DG
S

N©) ]

/ \

[ \
A [9) [4

/

\ /

\‘\ L1+
A
Fig. 21.

196. Ezample 2. Solve the equations
4x + 3y =50, x*+ y* =100,
4x + 3y = 50, 1)
@+ =100, )

From (1) we have y= 50;“’.

Substituting in (2), we get
— 4y
a + (50 - 4ay’ 5 do) 100,

S 92 + 2500 — 4002 + 1622 — 900 =0,
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oo 2522 — 4002 + 1600 =0,
s =160+ 64=0,
s (z-8p=0,
the roots of which are 8 and 8.

From (1) we have,

if z=8, then y=50;32=6,
.~ the solutions are
=8 and a:=8}
y=6} "Cy=6J
(1)
L1 -
> ~Y
N \Y
2 P
{ \ NS
7/ W
/ \
® =
\ /
\
Q
\‘\\ ot -
K
Fig. 2.

197. Drawing the graphs, as in fig. 22, we have the straight
line SPT corresponding to equation (1) and the circle PQR to
equation (2). The points in which the straight line cuts the
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circle are coincident, and the meaning of the equal pairs of roots
is that the straight line represented by equation (1) touches the
circle represented by equation (2).
198. Example 3. Solve the equations
z-y=1, *~y'=b.

z—-y=1, (1)
a;’—y’=5. (2>
‘We have
x’—y"=5=5.1=5(x-?/)1
S (@=y) (e +y=5)=0, ®)
soz=y, (4)
or z=b-y. ®
@M ==1.

Substituting in (2), we get
y-y'=5
which leads to a pair of infinite roots,
(i) x=5-y.
Substituting in (2), we get
25-10y + 3 —y*=5,
o —10y=— 20,
Soy=2
Soa=0-2=3,
. the solutions are

z= 3} and a pair of infinite roots.
y=2

199. The meaning of the pair of infinite roots will be seen
from the graphs in fig. 23. Here, tho graphs of (1) and (2),
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represented by continuous lines, intersect in the point (3, 2),
where they are cut by the line
z=5-y. “4)
The line x=y (5)
is an asymptote to the curve (2), and therefore the graph of (1),
which is parallel to this asymptote, does not meet the curve at a
finite distance from the origin.

'~
7
7

N
N
7]
£

SN

S \
21/ T N
u Y
Fig. 23.
Since the line &=y does not intersect the curve #*—22=5
in any points at a finite distance from the origin, it follows that
the equations

x-y=0, 2—3=b

are satisfied by no finite values of x and y.
It will be noticed that the method used in Exawple 3 is
different from that used in Examples 1 and 2. If the latter

were used, we should have
r=y+1,
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and Sy 2y +1-g2=5,

or 2y=+4 or y=2,

and thus we should lose sight of the pair of infinite roots.
The same objection applies to tho following method.
By division, we get

x+y=25,
which, with the equation

Ty = 1)
gives =3, y=2

Exercises 152.

Solve the equations :

1. w+y=8, xy=15. 2. x+y=13, ay=30.
3. x+y=T1, ay+18=0. 4 z-y=8 &+y'=40.
5. x+y=1, ;,*“%:—%' 6. P+yt=z+y=2.

7. y-2x=06, 4z*-3xy = 16. 8. x-2y=1, 3xy—-y*=8.
9. 3x+4y=2, 2xy+5y'=1.

10, y+3x=1, 3a*—ay~2x—y="5.

11, &—axy+y*=13, 226—~y=2"5.

12. 2x-3y="7, 3xy+242+4=0.

13. 2z -Ty=-—1, 3a*-bay =128.

14. bx-3y=-22, g+—1§=—%.

15, Yy+z=x(zv+y), c—y=2.

16. Zsy=at+ley=3. 11 dw—by=1=3sy-5(@+y)
18, :—c-;::lo, g—:,f+3%=58.

..
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19, &2—y'=21, 2+y="T.
20. 4a® - 9y* =160, 2z - 3y = 20.
5, 162 30y 4z Gy
9 25 '3
22, P4ay-2y+4r+3y=6=x+2y
23, av+by=a+b xy=1 24, 2ax-dy=a? bry=d

25. z(y+1l)=y(@+1l)=a(z+1).
Tyee IL

ax’ + by + ey’ =d, [+ mzy +nyt=p.

200. In this type, the equations are both homogeneous
and of the second degree in x and.y. The method consists in
deducing from the given equations a single equation in a?, zy,
and ¥ ouly, from which we obtain two values of y in terms of «,
and substituting each value in turn in ono of the given equations.
Since each of the quadratic equations thus obtained gives two
values of &, it follows that every equation of this type must
have four solutions. Occasionally, as in Example 5, two of these
solutions are infinite. The reason for this will be evident from
the corresponding graphs.

201" Ezample 4. Solve the equations
20 - 3wy =20, xy — 2y =2,
227 — 3ay = 20, (1)
ny - 292, (@)
S 2(2a° - 3zy) = 20 (wy — 23",
<o 22 — 3xy = 10zy — 2037,

S 22~ 13xy + 202 =0, 3)
oo (x—4y) (22 -by) =0,
S w=4y, (4)

or w=4y. (5)
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(i) &T= 4y.
Substituting in (2)

4y' - 2y =2,
Soyt=1
Soy=+1

Substituting in (4), we have
when y=1, then =4,
when y=—-1, then x= -4,
i) w=1y.
Substituting in (2),

3y -2"=2,
Soyi=4,
Loy=x2

Substituting in (5), we have
when y=2, thenx =15,
when y = — 2, then x=~ .
‘. the solutions are

=4 z=-4 z=5 1m=—5}
y:l}’ y=—~l}’ y=2},an( y==-2J'

202. It is clear that all the values of x and y which satisfy
equations (1) and (2) simultaneously, and no others, wmust also
satisfy

2 (22 - 3wy) = 2. 20,
or 2 (2~ 3zy) = (wy — 2y°) 20,
since 2 =ay — 2¢4* by (2), i.e. must satisfy (3). In other words,
all the points of intersection of the graphs of (1) and (2) must
also lic on the graph of (3). But this latter graph consists of the
two straight lines (4) and (5), since all values of # and y which
make x ~ 4y or 2z - 5y equal to zero and no others satisfy (3).

Hence, the process of solution corresponds to finding the
ocoordinates of the points which are common to the line (4) and
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either of the curves (1) and (2), and to the line (B) and either of
the curves (1) and (2). In fig. 24, the continuous lines (1) and
(2) are the graphs of the given equations, and the broken lines
(4) and (5) are the graphs of the corresponding equations.

JT T
% p—
n |
1]
, .
[ _ Zaicl
7 N T A
ol == - T T .
E T A P T
L _(4) 4=k i Y
#; /"—/ ] 3
5] ]-- N
Nepd / :
A1)
[
]l‘\
JiL
11
Fig. 24.

203. Example 5. Solve the equations
P?-xy=2, wy—y*=1L
2-ay=2, 1)
wy-y'=1 @
We have, as in the preceding example,
@' =y =2 (xy — )

S &= 3wy + 2= 0, &)}
S (o= 2y) (w-y) =0,
S =2y, 4)

or z=y. (5)
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(i) x==2y.
Substituting in (2),

-y'=1,
Ty=1,
Soy=t L

Substituting in (4),
when y=1, thenx=2,
when y=-1, then x=-2,
(i) z=y.
Substituting in (2),
y'-y=1,
which leads to two pairs of infinite roots.

. the solutions are

x =2 x=—2 . . .
g }, } and two pairs of infinite roots.

y=1J" y=-1
! g }
L
; ! { 57
4 T 1'5 T )l // ﬁ)—
) A
§a
4 A . 72»_
] ;/ - -1
i / [ /’/’ e
T 17 [
x| 12 A% ) @
- - dl /’ /
e "’ \. 4 ,’ I
@ i
’/l
e i
| Yl

D. A. 1L Fig. 25. 5
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204. The meaning of the two pairs of infinite roots will be
evident from the graphs in fig. 25. Here, the graphs of equations
(1) and (2), represented by the continuous lines, intersect in the
points (2, 1) and (= 2, — 1), where they are cut by the line

z =2y 4)

The lino x=y ®)
does not meet either of the curves (1) and (2) at a finite distance
from the origin.

205. Example 6. Solve the equations

2+ y? =25, oy =12
22 + % = 25, (1)
xy - 12. @)

These equations may be solved as in Example 4, but it is
usual to adopt the following method.

We have 2y = 24,
So 2+ 2xy + 32 = 49,
and @ —2xy+yt=1,
Sozty=+1,
and z—y=+1
w+_1/=7} z+y= 7} r+y=-T x+y=—1T
» ’ ) and
z—y=1 rx—y=—1 T-y= 1} w—y:—l}’
S 20=8 20=06 2e=-—6 d 22 =—8
2y=6}’ 2y=8}’ 29 =—8} an 2y=—6}'

.*. the solutions are

a:=4} m=3} x=-3 dz=—4
y=3J" y=4 ’y=—4}an y=—3}'

206. The graphs of the given equations are represented by
the continuous lines in fig. 26. Instead of finding directly the
coordinates of the points in which the curves cut one another,
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the process corresponds to finding the points of intersection of
cither of the lines (3) and (4) with either of the lines (3) and (6).

c+y="1, (3)
z+y=-T, (4)
r—-y=1, (5)
x—y=-1 (6)
L1 BERERNE/E [
- [ l i
l (3] | (5)
L | NEA I
L R RS
T ) A ]
&) LN
HER o R
17 = n
’&:’H N l | /_L_O /4 \‘ _’J._;‘
"] N A 7 < ]
o 0 S
517 e .
L \ 1T ]
STl -
| —
| [ Y] ]
Fig. 2_6.

Exercises 153.

Solve the cquations:
L 2+ 2xy+y2=36, o ~2xy +y'=4
2. 2+y'=20, zy=8. 3. DP+y'=34, ay=-15
4. a®+2xy+ y* =100, xy = 21.
b—2
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23.

24.
25.

ELEMENTARY ALGEBRA

y'— 4wy =0, 4a2®+ 15xy =64,
22 — 2y =0, xy+y° = 40.
- 22y =0, & +by®=45.

2’ -bry=0, x*—3xy + 2y*=18.
P+yt=5, a’—y*=Jay.

2? + Jay =45, y?—ay = 4.
2+ day=3, y-axy=4.

@+ daxy=8, Yr—axy=-1
?+ay=15, xy-y*=2.

a* +ay =10, 22y —~y°= 3.

a® + 3zy = 18, wy - 2y*= 1.

2 +4day =35, 2ay—16y* = L.
P +ory=15, a’ —ay =3.
o+ xy =90, xy + y*=10.

223 + 3y = — 10, 3y*+ 2wy =8.

62° + 3ay — 18y* = 20, 3.2+ by ~ 8.

a2y =3, ay—2y*=1.

1 1 1 2 1
P‘Q'ga:ﬁ, F'l"{.y-f-y*’r-g.

1 2 3 1
BT
o+ 3wy + 2y* = 3a — b, &~ y* = 2b.
@ +yt=c, (ux —by) =c*(a*+b%).

= L.

Tyree III.

2ty=-a xty=>~

[cHAP. XX1

207. ZEzample 7. Solve the equations &*— =7, z-y=1.

-'L"—y’=7,
x-y=1

M
(2)
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2 -y=T(z-y),
S E-y) (FEray+yt) - T(w-y) =0,

S (@—y) (@@ ray+yi-T)=0, (3)
- =Y ()
or ray+y’ =T, )

i) ==
Substituting in (1),
ST,
which leads to a pair of infinite roots.
(ii) +ay+y’=T.
From (2), we have
x=y+1,
S+ DAy (y+ ) +9°=1,
S 3+ 3y —-6=0,
Syt y-2=0,
S y-Dy+2)=0,
Soy=1lor -2
Substituting in (2),
when ¥ =1, then z=2,
when y =— 2, then z=-1,
.". the solutions are

z=2 } ) v=-2 } and a pair of infinite roots.
y= 1 Yy=- 1

208. In fig. 27, the graph of (1) is tho continuous curve,
and the graph of (2) is the continuous straight line. Hence,
instead of finding dircctly the coordinates of the points in which
these lines cut one another, we find the coordinates of the points
in which the straight line (2) cuts the curve (5) and the straight
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line (4), the curves (4) and (5) being indicated by broken lines.
Since the lines (2) and (4) are parallel, we thus get a pair of
infinite roots.

| Y

R

Al)
/ (o)

/
Y/
/
4

“—(2)

yl

Fig. 27.

Exercises 154.
Solve the equations :
1. 2+4=35 z+y=>5. 2. 2-f=T z-y=1,
. z+y=T7, P+ =91 4. 2* - yP=386, x—y=2
b. P+y*=28 a'—wy+y’=".
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B4y =126, & — oy + y* =21
-y =506, o’ +xy +y* =28,

F+axy+yt=93, o —y" =279,
2z —y="5, 8x*—y*=065.

10. 27 +4° =341, Sw+y=11L

© N>

Tyee 1V.
ax + by =¢, L&y + mxy + n=0.

209. In this type, one equation is of the first degree, aud
the other a quadratic in xy. The method consists in replacing
the latter by two simple equations in xy, and then solving each
of these with the equation of the first degree in x and y, as in
examples belonging to Type I. Since each pair of equations
has two solutions, it follows that the given equations have four
solutions.

210. Ezample 8. Solve the equations
z+y=4, 2y + 22y —15=0.
z+y=4, )
a4 Jwy — 15 = 0, )
From (2), we have
(@y — 3) (zy +5) = 0,

. xy =3, (3)
or xy =—0. 4)
From (1) we have y=4-=z
Substituting in (3),
dr— o= 3,

S B—4x+3=0,
S (=-3)(@—1)=0,
the roots of which are 3 and 1.
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Substituting in (1), we have
when =3, theny =1,
when x =1, then y = 3.
(ii) xy=->5.

From (1) we have
y= 4{-z
Substituting in (4),
dr—a*=-5,

S -4x~-5=0,
. (2~ 5) (x+1)=0,
the roots of which are 5 and - 1.
Substituting in (1), we have
when x=5,. theny=-1,
when z=—1, then y=>.

.. the solutions are

r=3) z=1 2= 5 and w=—1
211. In fig. 28, the continuous straight line is the graph of
equation (1), and the continuous curves (3) and (4) the graph of
equation (2). Hence, the method of solution is to find the

coordinates of the points of intersection of the line (1) with the
curves (3) and (4) separately.

212. Ezample 9. Solve the equations
z+y=0, 2%+ 2y -156=0.

z+y=0, m
2y + 2xy - 15=0. 2)

As in the preceding example, we have
xy =3, &)

or xy=-b. (4)
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() xy=3.
From (1) we have
Yy=—%
Soo—at=3,
St +3=0,
the roots of which are imaginary.
(i) @y =-5. )
From (1) we have
Yy=-2
Joo—at=-5,

Sort=-0= O,
& (o= 3 J5) (e + /5) =0,
the roots of which are /b and ~ /5.

73
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Substituting in (1) or (4), we have
when 2=, /5, then y =- /5,
when & =~ /5, then y= /.

.. the solutions are

:i_ 52 } , ;:- :'//g } , and two pairs of imaginary roots,

213. In fig. 28, the broken straight line is the graph of
x+y=0, and the continuous curves as before the graph of
equation (2). The broken line cuts the graph of ay=-5in
two points (4/5, — /3) and (— /5, /), while it does not cut the
graph of xy =3, or it may be said to cut the latter in two
imaginary points.

Tyre V.
?+ P ryt=a, DPray +9y7=b

214. Dividing
o+ 2y +yt by & +ay+ o

we obtain
L Fxy + 37,
and therefore

z’imy+y”=g.

This equation with the second of the given equations may be
solved as in Type II.

215. Kxample 10. Solve the equations
P+2y +yt =21, BPray+yP=T.
2+ Pyt + oyt =21, (¢))
Pray+y=T. 2)
Dividing, we have :
P-ay+y=3. (3)
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Adding and subtracting (2) and (3), we get
2a* + 2y = 10,

or o+ =0,
and ‘3:;‘3/::4,
S+ 2ay +yt= 9,
and e =2wy+ =1,
Soe+y=+3,
and x—-y=+1
L x+y=3 z+y= 3} x+y=-3 r+y=—3
a:——y:l}’ x—y:—l}’ T—y= l} and m-—y:—l}’
=4 2r =2 Qx=-12 Ir=-4
21=2}’2y=4}’2y=—4}‘md2y=—2}'

‘. the solutions are

x=2} r=1 z=-1 and x=—2
y=1J’ y=‘~’}’ 3/=-2} 1/=—l}'

216. Thus, as in Example 6, instead of finding directly the
coordinates of the points in which the given curves cut one
another, the process corresponds to finding the points of inter-
section of either of the lines -

z+y=3 and 2 +y=-3
with either of the lines '
z-y=1and 2-y=-1.

Exercises 155.
Solve the equations:
1. 2% -ldzy+45=0, x +y=6.
2. z+y=8, 2%+ 192 = 28uxy.
3 x+y=17, "+ 240y +180=0.
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z+y =10, 2’ + 3xy = 504.

'y + Dy +18=0, x+y=2.

2%y + by =84, x +y =8.
d+aty+yt =273 a’—axy +y*=13.
?+atl+yt=38, P-ay+y’=1
Bray+y2=19, o+ 22 + 4 =133

e e S

10. +2%+y'=16, @ +ay+y’=4.
11. 2 +2%2+9y* =91, 2=y +1=13.
12, a*+ 2%+ =T41, 2+ xy + = 39.

* MiSCELLANEOUS EQUATIONS,

217. [Example 11. Solve the equations
L+ +rr-y=22 x+y=0.
P?+yi+e-y=22, (1)
x+y=6. (%)
Put x + y=u, x—y=wv, so that
u? + 0 =2 (2 + 37,
and the equations become
3 (w'+17) + v =22, 3)
u = 0. 4)
Substituting for » in (3), this equation becomes
36 + v*+ 20 =44,
S v+ 20-8=0,
o (0-2)(0+4)=0,
the roots of which are 2 and — 4.

Soxtry=06)  at+y= 6
:v—y:—-f.’} and x_y=_4}f
2a:=8} d 20 = 2}

2y=4) "M% 9y=10J"
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.. the solutions arc

x=4 r=1
} and }.

y=2 y=9
Lzample 12. Solve the equations 2?+y*=10, x —ay+y=1.
2% + y* = 10, (1)
x—ay+y=1 (2)
Putting = +y=u, xy=v, the equations become
'~ 2v=10, (3)
and u—-v=1. (1)

Substituting u—~1 for » in (3), wo geb
w=2(u-1)=10,
or ul—2u—-8=0,
or (u—4)(u+2)=0,
the roots of which are 4 and — 2.
(i) «w+y=4, giving by (4)
v=ay=23.
(ii) z+y=-2, giving by (4)

v=xy=-—3.
.*. the solutions are

z=3} z=1 z=—3} ]z= l}
.’/=1 'y=3}’3/= 1 ang _7/=—3 .

Exercises 156.

Solve the equations:

P+ +x—y=36, z+y=8.
a*+yl+a+y=18, zy=6.
B+yl-w—-y=8 xy-z—y=1

x y O
J=§, ;1‘1/:8,

Ll A

y =
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5. oy +wy®=290, «® +y*=20.
6. x*—4dy=y+4e=2L
7. 2+ 3uy—1y'-S(x+y)=0, 32— 2ay+y* + 11 (x+y)=0.
ozt + 1
8. x+y=3, -;—:‘:'7=9.
9. P-ay+y’=4 w+y=1
43 202
0. Ca¥ .9 Ly 1.1
/A z y 4

11, a*+92=13, 2w—wy+2y=4.

12, &*+ay+y*="T, xy(x+y)=6.

13, *—ay—2y—x—y=0h, 3F~Tey+2-3x+y=1L
14, @*+9*+w—y=6, ay+x—y=3.

15, 2*+4y*+Tx+ 14y=12, ay+6=0,

16, =*+9¢*+ 3o~ 9y =128, xy=4.

17, (z+ 2y + 2z —y)*=85, xwy=4.

18. (x+y)—(x—y)*=352, «(y+5)=143.

19, 2f+y=3, x+y*=3.

20. @+ +ay(@+y)=20, (®+5)*+ (y+5)"=80

2. ProBLEMS,

218. Ezample 13. Two lawns, one square and the other
rectangular, each contain 400 sq. yds.; the perimeter of the
rectangular lawn is one-fourth greater than that of the other;
find its dimensions.

Let  yds. and y yds. be the lengths of the sides of the
rectangular lawn,

Now, the area of the square lawn being 400 sq. yds., the
length of one side is 20 yds., and therefore the perimeter is
80 yds., so that the perimeter of the rectangle is

80+ }.80, or 100, yds,,
so 2 + 2y = 100,
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or x+y =00,
and xy = 400,
. (50 —x) =400,
. 22— 50x + 400 = 0,
o (2~ 40) (z-10) =0,
the roots of which are 40 and 10,
If =40, then y=10;
if x=10, then y - 40.

.. the rectangular lawn is 40 yds. long and 10 yds. wide.

79

Example 14. A farmer sold 7 oxen and 12 cows for £250,
and he sold 3 more oxen for £50 than he did cows for £30; find

the price of each.

Let £a be the price of an ox, and £y that of a cow ; then

Tz + 12y = 250.

N
Again, number of oxen sold for £50 is '—);(-_), and number of

cows sold for £30 is -E;B; but the former number is greater

than the latter by 3,

50 = 3—0-+ 3,
z ¥y
S 90y = 30 + Sy
50 — 12
But oo 250 — 12y

7 T

9250 — )
<o 60y =30 x 2?9_7__1_23/ + 3y x "

. 350y = 7500 — 360y + 750y — 364%,
- 363°— 40y — 7500 =0,
& 9%~ 10y — 1875 = 0,
o (y-15) (9y + 125) =0,
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the roots of which are 15 and — 13§, the latter being inapplicable
as it is both negative and fractional.

250 - 180
Now, when y=15, = ) i‘:ﬁé_ =10,

.. he sold cach ox for £10 and each cow for £15.

Exercises 157.

1. What two numbers have their sum 23 and the difference
of their squares 691

2. The difference of the reciprocals of two numbers is 2 and
the difference of the squares of the reciprocals is 6; find the
numbers.

3. The area of an oblong room is 221 sq. ft. and its perimeter
is 60 ft.; find its length and breadth.

4. The hypotenuse of a right-angled triangle is 4 ft. less
than the sum of tho sides, and tho area is 30 sq. ft.; find the
sides.

5. The diagonal of a rectangle is 130 ft. and its area is 4032
sq. ft.; find the lengths of its sides.

6. Divide 1 into two fractions such that the sum of their
cubes is }.

7. The sum of the cubes of two numbers is 18 times their
product, and the sum of the numbers is 12; find the numbers.

8. Find a number of two digits such that, if it be divided by
the product of its digits, the quotient is 2, and if 27 be added to
the number the order of the digits is reversed.

9. Find two numbers such that the sum of their squares
exceeds twice their product by 9, and the difference of their
squares is 51.
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10. A number consisting of two digits has one decimal
place; the difference of the squares of the digits is 20, and if
the digits be reversed the sum of the number thus obtained
and the original number is 11; find the number.

11. A rectangular plot of ground measures 42 acres and its
diagonal is 1243 yds. long; what are its sides?

12. The perimeter of a rectangular field of 36 acres is
2498 yds.; find its length and width.

13. The sum of two numbers multiplied by the greater is
84 ; their diflerence multiplied by the less is 10; find the
numbers.

14. The product of two numbers is 75, and the quotient of
the sum divided by the difference is four times the quotient of
the difference divided by the sum; find the numbers.

15. A number of two digits is less than the sum of the
squares of the digits by 14, but exceeds twice the product of
the digits by 2; find the number.

16. A, B, C bicycle between two places, B rides 2 miles an
hour faster than A, and C rides at the rate of 15 miles an hour;
B starts 1 hour after A, and C 1 hour after B, and they all reach
their destination together; find the distance between the two
places, and the rates of riding of A and B.

17. A wine merchant sold 8 dozen of claret and 6 dozen of
sherry for £31; he sold of sherry 2 dozen more for £10 than he
did of claret for £4; find the price per dozen of each.

18. A man, being asked his age, answered “ If you multiply
my two digits together, the number formed will be my age 22
years ago, and if you add all the digits of the two ages you will
have one-third of my present age”; how old is he?

19. 100 yds. of palisading surround a space in the shape of
a rectangle with semi-circular ends and containing 546 sq. yds ;
find the width and extreme length of the enclosure. (= =3%.)
D. A. IL 6
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20. The area of a rectangular picce of carpet is 168 sq. ft.;
that of another, the dimensions of which are 3 ft. and 2 ft. longer
than those of the former, is 238 sq. ft.; find the length and
breadth of the carpets.

21. A rectangular piece of carpet has an area of 315 sq. ft.;
if a piece be taken off so as to reduce its width by 3 ft., the
remaining area is 1% of what it would have been had its length
been reduced by 3 ft.; what arc its dimensions ?

22. The sides of three cubes have equal differences, and
their sum is 15 ins.; the total volume of the three is 495 c. ins.;
find the dimensions and the volumes.

23. A merchant gained as many sovereigns on a certain
quantity of coal as there were shillings in the cost price of a ton,
or pence in the retail price of a cwt.; how many tons did he sell

*3. SminmuLTaNEous Quapratic EQuaTioNs, ETC.,
WITH THREE UNKNOWNS.

219. The following examples illustrate somo of the methods
of obtaining solutions of these equations.

LEzxample 16. Solve the equations yz=0, zzx=3, xy=2.

Yy = 6, (1)
R = 3, (2)
Ty = 2. (3)

Multiply (1) and (2),

SoowyP =18,
Dividing by (3),
S 22=9,
Sooz=43,
If 2=8, then y=2 and z=1,

if z=—3, then y=~2 and o=~1.
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*. the solutions are

xrx=1 r=-1
y=2} and y:—i.’} .
z=—-3

2=

Example 16.  Solve the equations
ay =15, xz=5, y*+22=10.

wy =15,
xz = 5,
_'I/’ +22=10.
Dividing (1) by (2), we have
3;/ =3 or y= 3%.
Substituting in (3),
927 + 2* = 10,

Sod=1or z=+1,
If =1, then y=3 and =35,
if :=-1, then y=-3 and z=-5.

z="0 z=-b
y=3} and y=—3]>.

z=—1

the solutions are

z=1
Example 17. Solve the equations
x(y+2)=12, y(z+a)=6, 2(x+y)=10.
The equations may be written.
zy + 2z =12,

yz+ay= 6,

2z + yz =10,
Subtracting (2) from (3),

Y ore—-oy =4,

S 222 =16, 2xy =38,
Sozx=8, wy =4,

M
()

1
2
®)

83
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Similarly, it may be shown that yz=2,

L ® Yy 2
os I=I=§=m, say.
Substituting in (1),
Sodm(m+2m)=12 or m*=1 or m=+1.

r=4 r=—4
y:l} and y=-—1}.
z=2 2

2=—a
Example 18.  Solve the equations

‘. the solutions are

Yrzm=3, Fray=3, yz=1.

Yy +aw=3, ¢))
2 +axy=3, 2)
yz =1 3)

Subtracting (2) from (1), we have
Y —2—x(y—-2)=0,
S (-2 (y+z—x)=0,
LYy=20rx=y+2
(i) y =12 then (3) becomes
yi=1, or y=+1,
If y=1, then2=1, and l+2x=3 or 2=2,
if y=—1, then 2==1 and 1~2=3 or x=-2,
(ii) z=y+2 Adding (1) and (2),
Sy ta(y+2)=6,
Soyte Rt (y+2)2=6,
oYty t=3.
But yz=1 by (3),
S (y+2)?=4 and (y—2)*=0,
S y=2=1, =2 and y=2z=~1, 2=~2,
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.’ the solutions are

x=2 r=-2 x=2 r=—2
y:l}, y:-—l}, y=l},a,nd yz_l},
z=1 z=-1 z=1 z=-1
Example 19. Solve the equations

c+y+z=1, @?+y*+2° =21, yz=8.

c+y+2z=1, (1)
2 +yt+2t=21, (2)
yz=38. 3)

From (2),
Y+ at=21 -2

Squaring (1)

- by (3)

¥+ 2yz + 22 =49 — 14w + 27,

YV +22+16=49 - 14z +a?
Y +2°=33 - ldx +4?,
O 22— 142+ 33 =21 —a*
S 2ut— 142 4+ 12=0,

S B2-Txe+6=0,
S (e—1)(2—6)=0,
the roots of which are 1 and 6.

() It x=1,

or

. y+2=06 and y2=38,
Soy=4, 2=2, and y=2, z=4.
(ii) If =6, then y+2=1 and yx=8, which leads to
imaginary roots,

.. the real solutions are
=1 x=1
y=4} and y=2}.
z2=2

z=4
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Ezxample 20. Solve the equations
T+y+z=4, 2’ +y°+2°=14, P+ y*+22=34.
(T+y+2)=a+y" +2*+ 2 (yz + 2@ + xy),
S 16=14 + 2 (yz + 22 + ),
Soyrtztay=1,
(T+y+2P=2+9y+ 22+ 3 (y% + y2* + 2%¢ + 22 + 2% + xy”) + Gayz,
S 64=34+3(x+y+2) (yz + 2z + xy) — Swyz,
5o 30=12 1-3xyz,
.. xyz=-—0,
Now, &, y, = arc roots of the equation
(A -2) A —1) (\=2) =0,

or NN (z+y+2)+A(yz+2x+ay)—xyz=0,
or N4+ A+6=0,
or (A+1)(A*=5A+6)=0,
or (A+1)(A=2)(A=3)=0,

the roots of which are —1, 2 and 3,

.. the solutions are

z=-1, z=-1} = 2) z= 2y w= 31 = 3
y= 2}, y= 3}, y==1., y= 3}, y==1} and y= 2}.

z= 3) 2= 2 = z=—1) 2z= 2} g=-1

Exercises 158.

Solve the equations :

L y2=4 22=2 ay=2.

2 (e+y)(x+2)=30, (y+2)(y+x)=18, (2+x)(z+y) =15
3. zy=8, az=4, y*+2°=0.

4. ay=2, yz=8, a®+az+2*=21

b. 3% =36, =232, afy=12.
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10.
11.

12.
13.
14.
15.
16.
17.

19.
20.
21.
22.
23.
24,

SIMULTANEOUS QUADRATIC EQUATIONS, EIC.

y? =175, za* = 20, xy*=18.

xyz = 231, xyw = 420, yzw = 1540, xzw = 660.
ay=8—y, xz=24-2, y2=12.
x(y+2)=3, ylz+x)=4, z(x+y)=3.
= =108, y2* =18z, 2z = 3ya?
z(y+2)=14, y(@—2)=50, x+y—-2=15.
z+y=2="2xy, i—?—l;zl.

2 (y+2)=64, Pr+x)=7, xyz=12
z+y+z=4, ay=1, B+’ +2*=6.
c+y—2z=2 a?+y +2=0, 2uy=4.
x+y+:=0, @+y'+22=14, yz=
xy=2 x+y+2=19, £+ +2*=133.
x-y-z2=4, &'+ 32— 2'=88, xy=20.
B+yz=0, Y+azx=3, 2+ay=3.

2@ +y*+2) =3 (x+y+2)=12, 2*=4uxy.

WCryt+?=14, yrraw+ay=11, y2+zx-ay=-1

y+2+yz=11, 2+x+2¢=7, x+y+axy =0
x+y+z2=5, B*+1f+27=11, 2 +3°+2°=20.

yzr=a’, zw=>0% xy=c’

(x+y+3)=0a, y@+y+z)=04 3@ +y+z)=c

87



*CHAPTER XXIL

THE REMAINDER THEOREM AND INDETERMINATE
COEFFICIENTS.

1. ReMAINDER Turores.

220. If the expression
az” + bz 't eatt+ ... + ke +1
be divided by @ — a, the remai;w,’er 18
aa®+ba" '+ ca® 2+ ...+ ka+ L

Let the quotient be denoted by @ and the remainder by R,

so that
ar"+bx" '+t + . +hkr+l=Q(x—a)+ R

Now, since the divisor is of the first degree in x, R does not
contain « and therefore does not change when w is changed.
Put a for x in this equation, then, if Q become @

ao® +ba* P4 ca® 4 .. +ha+l=Q (a—a)+R
=R,

.'. the remainder is obtained by substituting e for « in the given
expression,

This theorem is known as the Remainder Theorem.

221. (i) If a be a root of the cquation

ax™ + ba™ ! 4 cx 34 ...+ kx+ =0,
then @ — a 18 a factor of the expression
ax® + ba" "t + a4+ ...+ kx + I,
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and (ii) conversely, if @ — a be a factor of this expression, then a is
a root of the corresponding equation.
(i) Since a is a root of the given equation,
Jooaat+0at M4 cat o+ ka+1=0,
Soaxt bttt e 34 L+ ket l= Q(z—a),
or z —a is a factor of this expression.
(ii) Since x — a is a factor of this expression,
Sooart + bt et L+ ke + U =Q(n—a)
.'. the remainder, or

aa" +ba™ 14 ca™ 4 ... +ka 4!,
is zero,

i.e. a is a root of the equation
ax® + ba™ + ca" ..+ ke +1=0.
222. If n be integral, (i) a® - o™ is divisible by x — a whether
n be odd or even, and by x + a 1f n be even; (ii) 2" +a™ is divisible
by & +a if n be odd, and i8 never divisible by x — a.
(i) Since a™— a* is zero,
. z"—a" is divisible by = —a, whether n be odd or even.
Since (—a)" —a™ is zero when = is even,
S. x—q" is divisible by - (- @) or z+a, when n is even,
(ii) Since (—a)* + a* is zero when = is odd,
s @™ +a is divisible by o — (—a) or z+ a, when = is odd.
Since a® + a" is never zero,
~. @+ a" is never divisible by - a.

223. Zzampls 1. Find the remainder when
o — 3a? + b — 7 is divided by =z~ 2.

S

The remainder is
22-3.22+56.2-7 or 8-12+10-7 or - 1.
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Example 2. Find the remainder when
2® + 62 + b — 12 is divided by x + 3.
The divisor may be written « — (- 3), thus the remainder is
(-3 +6(=3)+5(-3)—12, or =27 +54~16-12, or 0.
Lzxample 3. I'ind the value of m if
at + mat — 4 — 6
be divisible by x - 3.
Since a#+ ma® — 4o — 6 is divisible by xz— 3, the remainder is

zero,
G 3 em. 3 -4.3-6=0,

S Im=-814+12+46=-063,

Sem==1,

Exercises 159.

Find the remainder when ;

I. 2*+4x+5 is divided by -1,
S5a— T + 3 is divided by = — 5.
a? — 3u? — 18x + 40 is divided by x—2,
2 + 4z + 3 is divided by z + 2.
& + 22% - 4z - 3 is divided by = + 5.
&~ bx + 2 is divided by 3z - 1.
22° + 2? + 4x + 4 is divided by 2z - 3.
@ +a* — 22 + 1 is divided by 2z + 3.

9. Prove that the remainder left when a* + 7z + 3 is divided
by 2~1 is the same as that left when «*— 6z + 7 is divided by
z—2.

10. Is &+ 2¢*— Tz — 6 divisible by z - 21
11. Is 2af—ba®+ T —1 divisible by x~ 11

® NS o
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12. If 2* + ax - 4 be divisible by @ - 1, what is the value of al

13. If x+2 divide 2 + 42® + 9z + @ exactly, what is the
value of a?

14, What value of @ will make 4a*—122° + aa®— 6z + |
divisible by 2z~ 11
224. Example 4. Find the factors of
8+ 2% — T + 4.,
By trial, it is seen that

P+2.17-7.1+4
is equal to zero,

s ®—1is a factor of &® + 28 — T + 4.
The other factor is found by division to be *+ 3z - 4,
S+ 20T+ d=(x—- 1)y (x+4).
Example 5. Solve the equation
2~ 927 + 26z — 24 = 0.
By trial, it is seen that
20-9.22426.2-24=8-36+52-24=0,
. x—21is a factor of &* — 9x® + 26x — 24.
The other factor is found by division to be
- Te+12.
. the given equation becomes
(®=2) (@ ~3)(x—4)=0,
‘. the roots are 2, 3 and 4.

Exercises 160.
Find the factors of
l. *~06s+1lz—6. 2. ¥+22-11x-12
3. a2+ 92% + 20 + 24. 4 20+ 3257-1.
6. o'+ 20— 1327 - 142 + 24, 6. xt+5a% + b - bz~ 6,
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Solve the equations :
7. o~ 3u* -6z + 8 =0, given one root 1.
8. 2+ 4x*— Tx-10=0, given one root —1.
9. &*-222-uw+2=0. 10. «*-32+2=0,
11. #-4*+x+6=0. 12, #+a*-8x-12=0.

225. Der. 27. An expression which is unchanged when
any two of its letters are interchanged is called a symmetrical
expression.

Thus, @+ b, a +b+c¢, a*+b*+¢c? be+ ca+ ab, ete., are symme-
trical expressions. The complete symmetrical expression of the
first degree in @, b, ¢ is L.(a + b + ¢), that of the second degree is
L(a*+ 0 +¢®) + M (be + ca + ab), and that of the third degree is

L(a®+ 8+ c®) + M (b% + bc® + c*u + ca® + a*b + al?) + Nabe,
where L, M, N are numerical factors.

Der. 28. An expression which is changed in sign, but is
otherwise unchanged, when any two of its letters are inter-
changed is called an alternating expression.

Thus, b—c¢, (b—c¢)(c—a)(a ~b), etc., are alternating expres-
sions.

226. If one symmetrical expression be divided by another,
it is evident that the quotient is also symmetrical ; and, if one
alternating expression be divided by another, that the quotient
is symmetrical.

Thus, a®+ b* is a symmetrical expression of the third degree,
and a+b one of the first degree, and the quotient must be a
symmetrical expression of the second degree, for it is unchanged
if @ and b be interchanged. In order to find it, put

a’+ b =(a +b) {L (a® + b*) + Mab}.

Since this is an identity, it is true for all values of a and b,
and therefore when a=1, b=0, in which case

1=1.(t.1) or L=1,
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Next, put a=1, b=1, then
1+1=2{L(1+1)+Mm. 1},
S 2L+4M=1or M=-1,
S @+ 8= (a+b) (a* - ab + b?).
Again, a®—0® is an alternating expression of the third degree,
and @ — b one of the first degree, and, if @ and b be interchanged,

the quotient is unchanged in sign and is therefore a symmetrical
expression of the second degree. In order to find it, put

a® - 0% = (a —b) {L (¢® + 0°) + Mabd},
Pat ¢=1,5=0,then 1=1.(L.1)orL=1
Next, put a=2,6=1,
WR-P=2-1){L(4+ 1)+ M. 2}
SoBL+2M =T or M =1,
o'~ b =(a—b)(a®+ ab + b?).
In the latter case, it should be noticed that different values

must be given to a and b, for if both were put equal to unity,
both sides of the equation would vanish.

227. Though not a consequence of the Remainder Theorem,
the following example illustrates the methods used in this
chapter.

Example 6. Expand (a + b)%

Since (a + b)* is the product of four symmetrical and homo-
geneous expressions each of the first degree, its expansion is a
gymmetrical and homogeneous expression of the fourth degree.
Thus, we may write

(@ +b)=1(a' + b*) + M (a® + ab®) + Na®b%
Put a=1, 5=0, then 1 =L,
Put a=06=1, then
16 = 2L + 2M + N,
or 2M + N =14,
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Put ¢ =1, b=~ 1, then
0=2L-2M+N,
. OM- N=2,
“ AM =16, 2N =12,
" M=4 N=6,
S (a4 D) = at + 4a7h + 6a%D® + 4ad + B,
228. Ezample 7. Find the factors of
a*(b—c) + *(c —a) + c*(a—D).
Put b = ¢, then the expression becomes
¢t(c—a)+c*(a—c),
which is equal to zero.
~. b—cis a factor of the expression.
Similarly, ¢ ~ a and a — b aro factors,
S (b—c)(c—a)(a-0b) is a factor.
This expression is of the third degree in a, b, ¢, and the

given expression is also of the third degree, so that the only
other factor is numerical. Let

a(b-c)+l¥(c-a)+c'(a-b)=L(b~c)(c—a)(a—Db)
To find L, put a=2, b=1, ¢=0, then
4+(-2)=L.1.(-2).1,
S 2=-32Lor L==-1,
Soa'(b-c)+bi(c-a)+ct(a-b)=—(b—c)(c~a)(x-D]).
The value of L may also be determined as follows: The
coetlicient of a?b in the given expression is + 1, and that of a?b
in (b-¢)(c—a)(a—-b)is —1, for the only term containing a?} is
formed by the product b (- a) (a);
oo b==1,
Exampls 8. Tind the factors of
a’(b-c)+0*(c—a) +¢* (a—b).
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Tt may be shown, as in the previous example, that
(b-0) (e—a) (a~ 1)
is a factor. Now, this is an alternating expression of the third
degree in a, b, ¢, and the given expression is one of the fourth
degree; thus, the remaining factor must be a symmetrical ex-
pression of the first degree in a, b, ¢, say L(a+b+¢); or
A b-c)+b(c—a)+P(a—b)y=L(a+b+c)(b—c)(c—a)(a-D)

Put a=2, b=1, ¢=0,

S84 (-2)=L.3.1.(=2).1, or L=-1,

walb-c)+ V¥ (c—a)+f(a-b) .

==(b—c)(c—a)(a—-"b)(a+D+c)

Example 9. TFind the factors of

a*(h—c)+b'(c—a)+c(a-D).

As hefore, (b—c)(c—a)(a—0b) is a factor, and since this is
an alternating cxpression of the third degree, and the given
expression one of the fifth degree, the remaining factor must be
a symmetrical expression of the second degree, say

L (a® + 8% + ¢%) + M (bc + ca + ab),
so0 that
at(b—c)+b'(c—a)+c'(a—10)
=(b—c)(e—a)(a-b){L(a’+b"+¢* + M (b + ca + ab)}.
Put a=2, b=1, ¢=0, then
16 +(~2)=1.(=2).1(5L +2M),
o BL+2M =T
Next, put a=1,b=~1, ¢=0, then
“l1-1l=(-1)(-1).2.2L-m),
LL-M=-1,
S O=-9orLl=-1land M==1,
coatd-c)+bi(c—a)+ct(a-10)
=—(b=c)(c—a)(a—Db)(a®+ b+ ¢+ be + ca + ab).
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Exercises 161.

1. Prove that
a(b+c-a)l+b(c+a—b)l+c(a+b~c)
+(b+c—a)(c+a-0)(a+d—c)=4abe
2. Prove that
b-cyf+(@c-a)Y+(a=-bp=3(b-c)(c—a)(a—0b).
3. Prove that
z(y+2)+y(z+a)+2(z+y)—dayz=(y+2) (2 + ) (2+y).
-~ 4. Prove that b + ¢ is a factor of
(be + ca + ab) (a + b + ¢) — abe,
and find the other factors.
* b. Given that a + b+ ¢ is a factor of a® + i* + &* — 3abe, find
the other factor.

Find the factors of :
6. (a+b+c)—(a+b—c).
7. be(b—c)+ca(c—a)+ab(a—b).
8. a(®®-c)+b(c*—a’) +c(a®—b).
9. (y+2)yz+(z+x)2xw+ (2 +y)ay + 2oya
#10. (z+y+2P-a’—y -2
11. be (b —c?) + ca(c* — a®) + ab (a® - 1?).
+12.  Prove that
a(b—clP+b(c—ay+c(a—bpP=(b—c)(c—a)(a-b)(a+d+c)
* 13. Prove that )
aB-)+b(F-a’)+c(*~b)=(b-c)(c—a)(a-b)(a+b+c)
* 14. Find the factors of
(a+b+ef—(b+e)—(c+a)-(a+b) +at+b* + et
15. Prove that (b—c)®+(c—a)®+(a—b)® is divisible by
(b-c)(c-a)(a—b), and find the other factor.
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16.

REMAINDER THEOREM

Prove that (x +y + 2)* —2* — y® — * is divisible by
(v +2) (z +z) (x + y),

and find the other factor.

17.

Show that (y — z) (z — x) (x — ) is a factor of

Byt + %t + S - 2ty — Y - 2N,

and find the other factor.
Find the factors of :

18.
19.
20.
21.
22.

23.

a* (0*=¢%) + 0* (*— a?) + ¢® (a® - b?). v
a(b*=c') +b(ct ~a') +c(a*—b%).
@ (b —¢*) + U (c® — a®) + ¢ (a® - bB%).
0% (U2 - ¢*) + c*a* (¢ — a?) + a?b? (a® — b7),
a(l®—c®) +b(c®—a’) +c(a®—b°).
Prove that the difference of the expressions
ax® +ba? + cx +d and am®+bdbm? +om +d

is divisible by  —m, and write down the quotient.

24. Prove that (x — 1)? is a common factor of
ne"t'—(n+1)2"+1 and 2~ nzx+n-1,
Simplify .

25 . be . ca . ab

N IO M CE T R (= T e
26 a2 2 N cl

" @t @-0 B-ab-a T@ma) (=t
97 1 1 1

Ca@ -t @t EE-aG-a) tce=a)(s=8)"
28 Y2 (Y - 2%) + 222 (2 — &°) + 2y (o~ yj)

' y7(y—2) 2 (z—x) +ay (2 —y)
929, (y-20+ -2+ @=-y)

(y=oP+(e-ap+ @)

D. A, IL 7

97
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30. If f(x) denote any expression involving x, and be
divided by (x— a) (x — b), the remainder being Az + p, show that
aL @S0  _Y(a)—af ()
T a-p KT ’

b—a

2. INDETERMINATE COEFFICIENTS.

229. If two expressions involving x and each containing
a finite number of terms be equal for all valucs of x, the coefficients
of the same powers of « in the two expressions are equal.

Let ax® + b2™™ + ... + ha® + kx + [ be equal to
Azt + b+ + R+ K+l
for all values of z; to show that
a=da, b=0, ..., h=Nl, k=k, and I=0.
Since the expressions are equal,
(a-a)a" + (b-b)a* '+ ... +(h-A)?+ (k- k)2 +1-T
is equal to zero for all values of .
Put =0, then {~0'=0, or =1
Dividing by «, the expression reduces to
(a—a)a* '+ (b—0)a"t+ ...+ (h—-R)z+k-¥
which is equal to zero for all values of =.

Put =0, then k-4 =0 or k=K

Similarly, h=hk, ..., b=b,a=d.

Cor. If one expression be of Jower dimensions than the
other, then the coefficients of all higher powers of z in the other
are equal to zero.

230. Ezample 10. Find the values of A and B when

A(z—2)+B(x+3)

is equal to 10z for all values of .
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Since A(x—2)+B(z+ 3)=10a,
& A+B=10 and - 2A +3B=0,
. 5B=20 or B=4 and A=6.
Another, and generally briefer, method is to put 2=~ 3, then
A(-5)=—30 or A=6;
again, put z = 2, then
B.65=20 or B=4.
Example 11. If x*—2z+3 be a factor of o*—4a%+ Az + B,
find A and B.
Leta:‘—4m’+Ax+B=(z’—2m+3)(x’+)\m+g)
.—_x4+m»(x-2)+xﬂ(3-2x+§)+m(3x—2—3‘3)+a

Equating the coeflicients of o*, 2 and x in the two expres-
sions, we have

8 28
A-2=0, 3-2\ + §=—4 and 3K—~§=A,
B 2B
SoA=2, 3—4+§=_4, e__§=A’

. B=-=9, A=6+6=12.
The values of A and B may also be found by division as
follows:

o —2x+ 3 )t -4 + Az + B (2 + 22 -3
x — 22 + 322
20 ~Tz*+ Az + B
22° — 427 + 6

-3+(A—- 6)xz+8B
- 3a? + 6x-9
x(A-12)+B+9

Since the remainder is zero for all values of 2, we have
A=12 B==9,
-3
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Ezample 12. If ax® + 3ba® + 3cx + d be divisible by
ax® + 2bx + ¢,

the former expression is a perfect cube and the latter a perfect
square.

Let az“+3b:v’+3cx+d=(ax’+2bm+c)(x+%l),

t)
then 3b=2b+a7d and 30=c+“—¢l:—c-l,

ad bd

S b=— and ¢c=—,
c c

s be=ad and ¢*=bd.
Equating values of « from these equations, we have

be ¢ -
‘;— -b- or b = ac,
S ax?+ 20z + ¢ is a perfect square,
2 ,3
Again, since  ¢= ¢ and d= be_ Ii, ,
a a a
3b 3c d)
’

oo aar‘+3bm’+3cz+d=a<x’+—m‘-’+—z+»
a a a

2
=a(a:’+3l—’z:’+3b,a:+b’)
a

E’ ;s ’
b\3
=a(:c+~) ,
a,

Exercises 162.

which is a perfect cube,

1. IfA(z—2)+B(x-3)=1for all values of , find A and B.

2 If (z+1)(x+2)+A(x+3)+B=2* for all values of «,
find A and B.

3. If A(z+a)+B(z+b) ==z for all values of «, find A and B.
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4 IfA(x-2)"+B(x—2)(x+3)+C(x+3)=>50 for all values
of , find A, B and C.

5. If

A(x—2)(x-3)+B(x—=3)(w-1)+C(x—1)(x—2)=2w+6
for all values of @, tind A, B and C.

6. If (x+a)=ao+Ax"+ B+ C for all values of z, find A, B
and C
7 TFind A, B, G, s0 that A(n—1)*+B(n—2)*+ C(n—3)*=n*
for all values of n.
8. Determine A, B and C so that
(x—a)(x-b)(@—c)+A(x—a)(x—b)+B(x—a)+C
may be identically equal to &

9. Find A and B so that the coefficients of #* and 2* in the
product of &+ + 1 and a® + Aa? + Bx + C may be zero.

10. Show that 5a? + 19x + 18 can be put in the form
l(x-2)(x=3)+m(@x-3)(x=1)+n(c—-1)(x-2),

and find , m and n. -

11. What values of a will make 6x'—52®—~292%+22+a
exactly divisible by 3a? + 2z —41

12. Find the values of @ and b for which «* + ax® + bz + 3 is
exactly divisible by «*— 7% + 1.

13. Find a value of « for which the expression

o+ 10zt + 302° + 3207 + 1220 — 4

is divisible by #? + 3z + 1.

14. Find b and ¢ in order that o + 1 may be divisible by

2+ bx + e

15. If o®+pw+gq be a factor of &* +aa® + b + ¢, prove that

vg+c=aq and ¢*+cp =bq.
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16. Find the condition that
ada® - * (bd + ak) —x (dc - bh) + /'
may be exactly divisible by ax® - bz —c.
17. Find the value of ¢ in order that
o+ 3x+c¢ and 2’—bx+ 2
may have a common factor.

18. If @ be not zero, what value must @ have in order that
*~x—a and a?+x—a may have a common factor? What is
the m.c.r. ?

19. The H.C.F. of aa®+ba* +¢ and ax® + bx + d is an expres-
sion of the first degree in w, prove that act + bed + d*=0.

20. If & + 8aPy + by + 24ay® + Yy be the square of
ax® + 4xy + 3y°,
find the values of @ and b.
21. Find the relations between a, b, ¢, d in order that
o+ ax + bt +cx+ d

may be a perfect square.
22. If ax®+ ba? + cx + d be a perfect cube, then
b*=3ac and = 3bd.

23. Show that there is only one value of & which makes
@ + 3cz’ + 2c*x + Hc® equal to the cube of @ + ¢ and find it.

24, Assuming

l+¢

1m=1 +a,a7+a,m'+a,a:’+...,

find, without dividing, the values of a,, a;, @5 .e..
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3. ParriaL Fracrions.

23l. If a and & be unequal, then
A B A(@+b)+B(x+a)
z+a x+b  (z+a)(x+b)
(A+B)x +Ab+ Ba
T (@+a)(m+b)
Pz + @
T (x+a)(x+b)’
where A+ B=P and Ab + Ba=Q.
These two equations give A and B in terms of P, @, @ and b;
hence it is always possible to resolve a fraction of the form
Pz + Q
(x+a)(x+b)
into the sum of two partial fractions of the form
A *
z+a Y ZT0
Similarly, it may be shown that, if a, b and ¢ be all different,
a fraction of the form

_ PP+Qz+R
(z+a)(x+b)(x+c)’
can always be resolved into the sum of three partial fractions of

the form
A B (o]

s and .
z+a’ x+b x+e

* To find A and B from the equations
A+B=P and Ab+Ba=Q,

we have Aa+Ba=Pa and Ab+ Bb=Pb,
~ A(a-b)=Pa-Q and B (a—b)=Q-Pb,
or A=—F:‘i:Q and B=9-:—E'—b.
a-b a-b

Now, if Pa — Q were equal to zero, we should have
Aa+Ba=Ab+Ba or Aa=Ab or a=b.
Similarly if Q — Pb were equal to zero, we should have a=b.
Hence, since a and b are unequal, the values of A and B are always
Asterminate.
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If the numerator be of the same dimensions in x as the de-
nominator, or of higher dimensions, the fraction can be reduced
by division into an integral part and a fractional part of the
above form.

In the following examples, the factors of the denominator are
all of the first degree in x and are all different. Fractions in
which the factors of the denominator are of the second or a
higher degree in x, or in which one or wmore of the factors are
repeated, are beyond the scope of this book.

. Sr—4 . e
232. Example13. Resolve @@ into partial fractions.
bx—4 A B
Let (m—2)(x+1~)=m—2+m+l’
S hr—4=A(x+1)+B(x—2), 1)

S A+B=5 and A—-2B=—4,
. 3B=9 or B=3 and A=2,

.. the given fraction is equal to
2 3
z-2 z+1

Another, and generally simpler, inethod of determining A and

B is to put, first, £ =2 in equation (1),
S 10-4=A.3 0or A=2,
and next x=-1,
S -b—-4=8B(-1-2) or B=3.
?+a’+3x-13

(x—1)(2-2)(x+3)

Dividing the numerator by the denominator, the fraction
reduces to

Example 14. Resolve into partial fractions,

1+ 2+ 10x-19
(x=1)(z~2)(x+3)"
o+ 10z — 19 A B (o}

Let

@-D(@-2(@+3) -1 z-2 z+3’

ot +100-19=A(x—2)(x+ 3)+B (x+3)(w-1)+C(x—-1)(z—2).
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Putting = equal successively to 1, 2 and — 3 in this equation,
we have
1+10-19=A(=-1).4 or A=2,
4+20-19-B.5.1 or B=1,
9-30-19=C(-4)(-5) or C=~2.
. the given fraction is equal to
2 1 2

14 o —
r-1 x-2 z+3

Exercises 163.

Resolve into partial fractions :

1 1 g, _ 2w-3
@+ (@+2) " @=D)(z-2)"

. 3 ]

S L 1. (z+1)(2x+ 1)

5 135_—1 6 2+ 2x -5

T Qe ) (x-2)" T -3z 2

7 3(x+2) g, ow+llz+ll

T A (x4 4)(r+3) " (x4 ) (x+2)(x+3)"

9 2t + 1 10 G — 222+ 18
(-1)(z-2)(x-3)" T (-1 (z-2)(z=3)

n . &-lie 1o, S@rx+l
12 = 1) (z - 2) @-1)(a2-4)

13, THAmaTEeD 14 i

(x+1)(=+2) C(e-1)(x-2)(z-3)"



CHAPTER XXIIL
INDICES.

233. A power has been detined (art. 7) as a product con-
sisting of the same factor repeated, and an indewx as a figure or
letter which indicates the number of times the factor occurs in
the power. Using this definition, it has been shown (art. 30)
that, if m and n be positive integers,

a™ x 4" = am-t-l,
and consequently that
a™+a®=a™" or a"l;m according as m is > or < n.

234. The above definition of un index applies only to the
case in which the index is a positive integer. A fractional index
and a negative index have not yet been defined, and we are at
liberty to define them in any way we please, provided the new
definition include the other as a particular case, or provided both
satisfy a common law. We shall assume then that the Index
Law

a™ x a® = ag™*"
holds whether m and » be positive or negative, integral or frac-
tional, and deduce from this relation the meaning: (i) of a™
m

when m is a positive integer, (ii) of a®, when m and n are
positive integers, i.e. when the index is a commensurable fractiony
(iii) of o’ and (iv) of a™™ when m is either an integer or a com-
mensurable fraction.
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235. To find the meaning of a™, when m is a positive
tnteger.
By the Index Law, we have
axaxax..tom factors =g ti+it-tom tenos
=a",
Hence, if m be a positive integer, a™ is the product of m
factors each equal to a.
236. Ezample 1. Find the meaning of a?.
By the Index Law, we have
ad xqd attd_ a',
5ot = Ja.
Example 2.  Find the meaning of a3,
By the Index Law, we have
ad x af x af = d+E+E_ g,
codb= oat.
Again, a¥ < at = uf,
R

Exercises 164.

Deduce from the Index Law the meaning of :
L & 2 et 3 oh 4 & 5 Wb

6. ab 7. ai. 8. al. 9. «f. 10 ok
1

237. To find the meaning of a*.

By ti#® Index Law, we have

1011 1.1,1
= - o ~+=4 -+ ..to » terms
anxa® xa"x .. to n factors=a®» 7 ®

=al
1
. ar=1%/a.

Thus, o} = Ya, ath = Wa, eto.
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238. 7o find the meaning of a*.
By the Index Law, we have

[cHAP. XXI1I

m ”n m m m
arx a®x atx ... Lo n factors = a5+;+’£+"'m" forms
=u™,
m
oar = Ma™,
Again,
1011

ax a® x a® x ... to m factors = a
m

=a",

-

m
Soar= (a;)"‘.

Thus, of = a® = (a*)’, ab = §at = (a%)‘, etc.

239. Ezample 3. Simplify Ja x 3a®+ 8/a".

Ja x Yo+ ,‘;’/a":aé xab - ad
=at+i-}

Exercises 165.

Express with radical signs :
1L & 2 & s

ok
6. al 7. db 8. -l— 1
a

1 +] +~l-+...tA)mtermo
n n»

5 ag.
1

10. —.

al
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Express with fractional indices :
1. Ja. 12, 3Ya. 13, ¥a® 14. Ja* 15 3/at.
16. Jab 17. Yo 18. 3/—“‘ 19. yla—, 20. z/—la-g

Find the values of :

o1 4% 22, ob 23 asb 24 gh 25 o7d

26. 16 27, sk 28 278 20 161 30, 3%

Simplify, expressing the results with fractional indices :
31. atxal. 32, adxal. 33. afxad. 34 adxals,
35. aBxaf 36, atxabxab 37 adxad 38 aExak
39. axal. 40. axatxat. 41 adiat 42 G3idd
43. af+at. 44 df-a 45. ot ol 46, ab:al
47. ab-ab 48 Bt 49. ad.ad. 50, aBab

Simplify and express with fractional indices:

6l. .Jax ¥ax ¥a. 52. {/a® x 5/a’.
63. 3/a‘x Ja®x 8/d’. b4, . Ja*x 3o’ + uat = ab.
b5, Ya' x 8a+ b = uf,
240. To find the meaning of a°.
By the Index Law, we have
a™ x a° = g™+ = g™,
Soat=at+a™=1.

241. To find the meaning of a~™, when m is an integer or a
commensurable fraction.

By the Index Law, we have

A" xgP=a" ™=a'= 1’

1
o G'"=a—i.
1 _ 1
Thus, a":a’, a !:—% - 3;‘, eto.

a
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242. LExample 4. Express with positive indices
3atz—?
5y251"
Satx? PRED SR |
-Ey—,l;:l_f}a .9—5?/ .3
3a® b
= X5
3atd
bty

=

Example 5. Find the value of l—";‘_ '

~§A "'i= ﬁ.-- 1
27816 27 -1—6}

=278 x 16!
=9x8
=72
Fzampls 6. Simplify 4263 x 3a-95-1 = 6a—25— %,
4a¥08 x 306+ 60863 =2 (e xar 0 E) BB x b1 5 D)

=9q3 -2+ -1+3

= 2alb°

=2a.

Exercises 186.

Express with positive indices :

1. a™ 2. a. 3. ot 4 a-1
5. a=} 6 2. 1. 3a~t 8 A
a
1 a'b 2y 2a%2?
9- —_—a 10. ‘-":i- ll. ;:i-b—” 12. W.

oy
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Find the values of :

111

13. 4~ 14 8-} 15 48, 16. 25~%.
1 1 1
17. o7—%. 18, —. 19, — . 20 —.
g8~ % 25~ 8 16-%
2 5 7" 9—%
21, -, 22, ——. 23. . 24. .
644 364 32-% 273
Simplify, expressing the results with positive indices:
25. ai x a—*. 26. axa"?}. 27. a®xas
28. a?*xa”t. 29. axa~} xa,*. 30. 2af x 34— %,
31. balx2a-%. 32 ab ¥xa-1s. 33 agzixa'"ka:'f.
3¢. 2atx4a—EF 35 abiai 36. a=1:a-t,
37. a~ .4 38. 4af:2a-3 39 pyriagn

40. 3ads—3-6a—%p-1%
243. Example 7. Multiply

at+2-32"% by a¥-2434- %

a‘}+2—-3a"}
a§—2+3a"’§

a +2a§—3

-2 _44+ 6a—?

+3+ 6a—3_9qm

. —4+12a~ ¥ _9q

Example 8. Divide

a+2a865 —11a363 + 65 by ob — 263
ad - 263 ) a+ 20383 — 11a363 + 66 (ak + 4ad s - 3%

a-2a80%

4a¥8} 114388 1 62
40833 — 8adpd
~ 3a%p8 £ 68
— 3a3s8 68
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Exercises 167.

Multiply
1. atist by at -1}, 2. of-adad+dl by ad + b,
3. xz+l+a! by -1+t 4 R | by at—af—1.
5. a+2b+1 by at~2+a—t
6. a—3af +3485 -1 by a8 — 23 + 1.

Divide
7. z-y by x{’-&yi’. 8. at-p—% by at-b-3%
9. @+1+zxz?bya-1+a,

10. «*—y~? by x’}+y"§.
1. a+3a38% + 30383 + b by b+ 83,
12. x§+m§y“§+g/‘3 by a:g—x-,‘fg/"&+y_g.
244. To prove that (a™)* =a™, when m and n are either

positive or megative integers or commensurable fractions.

Let m be ecither a positive or a negative integer or commen-
surable fraction.

(i) Let = be a positive integer.
Then (@™ =a™ x a™ x a™ x ... to n factors
= qmtm+m+..to n terms

— a"\ll.
(ii) Let » be a positive commensurable fraction, say 7—9,

where p and ¢ are positive integers.

Then (@™)* = (™) = 7/(a™)
= Y/(a™), by case (i),
=a7

= a""l.
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(iii) Let » be negative and either an integer or commen-
surable fraction, say —7.

Then (a™)" = (a" )y "= (a"‘)"
by case (i) or (ii),

mr’

=a ™ =q" - — a™™,

245. Example 9. Simplify [(a“’)'é] -3,
(@}~ 8=[a#)~4
=al
Example 10. Simplify (a72)? x (ag)“ + (ag)“.
(a8 x (ﬁ)—‘ + (aﬁ)"‘ =a%xad+a*
—ag-8-814
=a "

1

= —
al

Exercises 168.

Simplify, expressing with positive indices:

1 (a9t 2. (a¥)

3. (z%"% 4. [P

5. (N 6. [(=h¥=.

7. Y[BY2S@)}]. 8. (2} x ()

9. (9% x ()% 10. (&)} = (@)}

1. (a9 ¥+ (@93 12. (2% x (2} x ()3,

13. (@ x @) dx@) L 14 (@ <@+ @

15. (a.'-")"" x (a¥)*~% x (a*)*~¥, 16, a? + (a®)®
D. A, IL 8
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246. 7o prove that (ab)®=a"b", when n s positive or
negative, an integer or a commensurable fraction.

(i) Let n be a positive integer.

Then (ab)" = (ab) x (ab) x (ud) x ... to n factors
=axbxaxbxaxbx...
=(axaxax..ton factors) x (b x b x b x ... to n factors),

=a™b",

” - . )
(ii) Let » be a positive commensurable fraction, say r

where p and ¢ are positive integers.

Then [(ab)*]?= [(ab)g]" = (ab)?, by art. 244,
=aPb?, by case (i).

[ 4 2 4
Also, [a"d"]1=[a%b9]?=(a) x (b2)% by cusc (i),
= PP,
s (ab)" = amb,

(iii) Let m be negative, and either an integer or a commen-
surable fraction, say —r.

Then (ad)* = (ab)~"= =@y b)'
1 . . e
= s by caso (i) or (ii),
1 1 .
= ? X b—' =a b
a"b"

Cos. <9-)"= @



246, 247] INDICES 115
, N 64 \3
247. Exzample 11. Find the value of <T):’)) .
o4yg_ b (youy
(125) T 1258 (Y126
/l't
= —5—2
16
= -
Example 12. Simplify (¥4 ~1)-n,
(Ao hvo @y g8
=a"%x

Y
@’
Ezample 13.  Simplify #/[ab?/(abc?)).
Y[a2b/(abe)] - [a*b? (aber) 3R,
= [azmn15 bécg]i,
= [ag bg (;g]i’
=abbscf,

Exercises 169.
Find the value of :

L ()% 2 ()74 8 (rdoo)
4 5. (yin) R

Simplify :
6. (adyp 7. (Z:)” 8. (@ds-dy
9. (aly )y 10. @@y~ Pl
11. (‘;}:)’ 12. @ ishs,
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13. (%%)i 14. (16245~ 4. -
15. (akbgcf)'n, 16, (a2 + (a%)2.

17. (@)t x @2y~ tp 18, 3/(a’®) x J(ab).

19. Y(@b)+ @b, 20, Y[athY(atbe))

21. (adb-+ab)t 22, (ab=1c)} x (a?bre-")}

3. {(adydyaryEatp 24, [adod (@ 461~ ¥4
3. ,f/(a,"()gcé) x bb x (ci‘li'a’) -3,

248. Ezample 14. Simplify
a~bt o anh
T )~ Yo
ot} ab= b o bt B
T YT 10" gt
CadmTHES1 - §-34
=a’!
-1
7
Example 15.  Find the square root of
4af —dab + 18- 6 d 4 0u" 1
2a3)4a’ —4ad + 18- 603 + 928 (263 -1+ 3473
44}
4a§—1)—4a5+13—6a"§+9a"3
—4ad 4+ 1
4a§—2+3a‘§)12-6a_§+ 948
12-6a~%+ 941

. square root is 2a5-1+32"3.
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Ezample 16. Find the value of & — 6z, when = = 28 + 28,

@ —6z=(28+2dp 623+ 2h)
=@y 30t 30 @+ @Yy-628+ 2}
=243.08+h 13 08+, 0 ¢ (28, 2}
=4+3.2843. 28 12 62t 2}
=4+6.2846.22 12628+ 2}
=6.

Exercises 170.

Simplify :

b 8-b ,0-2
1. "‘:Az___a a . 2. ab. 2b od ob ootk

3. Y x l’/a’xa—!‘-:-ai. 4. (16 “abs- ') *.

S8la™ éb“
xP+9\p ol ~9q _1 _.L
5 (—:zT ) * (_Z!T—?) - 6, {(a,"l) mim+1,
/[ s (g2 el Cnge i
T. W™+ (@) 8
9. {ab’(ab’)é(a’b‘)}}t 10. {(a?xb?) ~3 x(,,"? o h )é}-'-u

1 1

1. <“"l'”"">"""x m/a,
anan

12. { \s/ ("i‘:’) | / (S{% )},
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Multiply

13. ot} —ab+ati? by P51 W 173

14, afvd —aboch + 08 ek by aBvd +adodcd 4 ol

15. af + b8+ 2 — b8 — cad — ool by ab + 83 4.

16. %aé ~1a¥+ }a«l by 2ad+ ot - .;-a*.

17. Find the continued product of

94t — 3aw‘}, 32" %+ 2:6—5, 4a¥ad £ 9o
18. Simplify:
(E T ) YL . . Vo~ B, BUL. Y. By JY. )

Divide

19. o+ 4y by a:%y"} +2+ 228,

20. a—a+4datal — 4a2ad by o+ 2atad —a?,

21, af—alb+abt-2:207 408 by of —abd+ato ok

22, af — ba?yd + 102358 — 102y + 5adyd o8

by z— 2w{’y§ + yg.

Find the square root of :

23. of+9:" k16, 24, o?+2%+3+% V4ot

25. at+4af—2a-1243 4 9.

26. 4x%a~?*—12xa!+ 25 — 24x~'a + 162~%2

27. at— 40’68 + 4a8b8 + 24588 — 4adid + a3,

28. a'+2a1 (30 +b 0+ 4(1-0)
Simplify :
3§+3§+1+3§-3§+1

29,
341 31
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30. (‘?’)i (;)s 31 wg/‘& -2&3 + w’-’y
6% + ( wyi —xéy
39 %~ ﬁ—Zy al*+1—y=‘
3—-3y§+4y§—4y )
33 @ —Tab + 1623 12
TRV Y
wl— 3a8 0t + 2ab a,’bé + ato
34. x -
a i )
35 (-2 ) (@ +a) + (x+27) (27— T,")

(x+277) + (2 + %)

1+ 4954e 90 —12.% + 9a® .
in

1-tad 46— dad s

36. Express the square root of

its simplest form.

37. Divide the product of a3 — a3} — 263 und 248 — a3} - 53
by 2a% - 32364 — 288,

38. TFind the coeflicients of @ and 2® in the product of
o péx’ + 2p:c§ — 3p*}m + 2;1’1:é + p'l} and (acé - pé)’.

39, Tf x=28- 2‘*, prove that 2x° + 6z =3.

40. If m=a® n=0a¥ and a'=(m¥n®)*", show that ayz=1.

41. If a=ay?, b=ay"!, ¢ =xy"", prove that

al~Thr-PcP-1= 1,

e 1o
o=

alv—l
Qi

42. If a®=b¥=c% and V*=ac, prove that

43. If a¥=y" prove that (J)-'/-a.” ‘,

4. Simplify [1-{1-(1-2%)"" }-x}-é.
45. Solve the equation 23/x + 22~ L



CHAPTER XXIV.

LOGARITHMS.

249. Der. 29. If a®=m, then = is called the logarithm of
m to the base a.

Thus, since

2¢ =16, 4 is the logarithm of 16 to the base 2.

4* = 64, 3 ” 64 w  on 4
10? = 100, 2, " 100 w o 10
10® = 100000, 5 " 100000 ,, ,, 10.
107 = {5=-1, -1 " " 11 w10
107 = yy5 =001, -3 " 001 » n 10

Exercises 171. (Vivd Voce.)

State :
1. log, 4. 2. log,8. 3. log, 9.
4. log, 25. b. log,, 10. 6. log,32.

. log, 16. 8. log, 216. 9. logy, 1000.
10. log, 36. 11, log, 2. 12. log, 27.
13. log, 49. 14. log, 7. 15. log, 125.
16, log, 81. 17. log, 64. 18. log, 256.

19. log, 343. 20. log, 81. 21.  log,, 100.
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22, log, 3. 23.  log,, 10000. 24. log, 729.

25. log, b. 26. log, . 27. log, 64.

28. log, 9. 29. log, ¢y 30. log, 1.

31. log, 4. 32, log, 512. 33.  log, ¢

34. log, ‘01. 35. log, 3. 36. logsyip

37. log, "0001. 38. log; gl 39. log,, "000001.
40. log, 4.

250. The logarithm of m to the base a is written log, m.
Thus, if a®=m, then log, m = z.

From the results of the previous article, we have
log, 16 = 4,
log, 64 =3,
log,, 100 = 2,
log,, 100000 = 5,
logy 1 =—1,
log,, 001 =—3.
If the base be omitted in the present chapter, it may always
be assumed to be 10. Thus, log 100 is assumed to be log;, 100.

Exercises 172. (Vivd Voce.)

Transform the following into equations of the form a*=m:

1. log,8=3. 2. log,9=2. 3. log,64=3.
4. log,64=2. 5. log,64=6. 6. log,10=1.
. log, 1000 =3. 8. log, 125=3. 9. log,32=5.
10. log,81=4. 11. log,01=-2. 12. log, 4 =—1.

13. log, 10000=4. 14. log,}=-2. 16. logi}=-1
16. logygy=—3. 17. logyyfy=~4 18. log, 001 =-3.
19. logygfr=-2. 20. log,l=-1
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251. Example 1. Find (i) log, 8, (ii) logy 81, (iii) logye "001.

(i) Let log,8 ==,
then 4= =8,
S(2)F=28
S2® =28
S 22=3 or z=18.
(i) Tet logy 81 ==,
then 27® =81,
.o. (33)2 = 3‘,
S 3= 3,

S 8x=4 or z=11=13333....
(iii) Let log,g ‘001 = =,

then 1007 = 001 = 15
& (1097 =107,
o 102=107",

So 2=-3 or =~ 1.

Ezxercises 173.
Find :
1. log,16. 2. log, 27. 3. log, 64, 4. log,, 10.
5. log,8. 6. log, . 7. log, 3 8. logs vr-
9. logi 3. 10.  logi 1%
252. Construction of a simple table of logarithms. The
general method of calculating logarithms to any basc is explained
in Chapter xxx1v. The logarithms of a few numbers may, how-

ever, be found easily by arithmetic. In this article, logarithms to
the base 10 will alone be considered.

For instance, the square root of 10 may be shown to be
3:16227766..., or, to four places of decimals, 3:1623;
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ie. 103 = 3-1623 or log,, 31623 is } or 5000,
Again, the fourth root of 10, or the square root of 3-16227766, is
1-7782794, and therefore
log 1-7783 is } or -2500.
In the same way, from the 8th and 16th roots of 10, we find that
log 1'3335 is } or ‘1250,
log 1'1648 is {4 or 0625,
Now,
101 = 108 x 1075 = 13335 x 1-1548 = 15399,

101% = 10% x 101% = 1-7783 x 11548 = 2:0535,
and so on; i.c. log 1-5399 = & = "1875,
log 2:0535 = i = 3125,
and so on.
Proceeding in this way as far as 10‘113, we obtain the following
table of logarithms to the base 10 (a table which the reader
should calculate for himself).

Number Logarithm
1-15648 ‘0625
1-3335 1250
1-5399 *1875
17783 2500
2-:0535 3125
2:3714 3750
2:7384 4375
3:1623 5000
36517 5625
42170 6250
4-5697 ‘6875
56234 ‘7500
6-4938 8125
7-4989 8750
8:6590 9375

10:0000 10000
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253. (i) The logarithm of the base itself is unity, and
(i) the logarithm of unity to any base is zero.
Let a be the base.
(i) Since a'=a,
& logaa=1.
(ii) Since a*=1,
s log, 1=0,

254. The logarithm of the product of two or more numbers is
equal to the sum of the logarithms of the factors.

Let the numbers be m and », and let «, y be their logarithms
to the base a, so that

m=a* n=aY,
.. mn=a*xa¥=a"ty,
*. log, mn =2z + y = log, m + log, n.
Again, log, mnp = log, mn + log, p
=log, m + log, n + log, p,

and similarly, for any number of factors.

255. Ezample 2. Multiply 1'7783 by 2-3714 to 4 places
of decimals (see table on p. 375).
log (17783 x 2:3714) = log 17783 + log 2-3714
= 2500
+ 3760
= 6250
= log 4-2170,
o 147783 x 2:3714 = 42170,
Ezample 3. Find the square of 16399 to 4 places of
decimals.
log (1-6399 x 1:56399) = log 1'5399 + log 1-5399
="1875 x 2
= 3750
=log 2:3714,
+ the square of 15399 is 2-3714.



253-259] LOGARITHMS 125

258. The logarithm of the quotient of one number divided by
another 18 equal to the logarithm of the former diminished by the
logarithm of the latter.

Let the dividend be m and the divisor n, and let z, y be their
logarithms to the base a, so that

m:=a% n=a,

aﬂ
= — =% y'

=z -y =log, m—log, n

257. Example 4. Divide 6-4938 by 3:6517 to 4 places of

decimals.
log (6-4938 + 3-6517) =log 6-4938 — log 3:6517
8125
- 5625
2500
log 17783,
. 64938 + 36517 = 1-7783.

258. The logarithm of any power of a number i3 equal to the
logarithm of the number multiplied by the index.

Let m be the number, » the index, and let = be the logarithm
of m to the base a, so that

L]

I

m - a®
Somt = (0F) =a",
m" =rx=r.log, m.

s log,

259. Fwxample 5. Find the 5th power of 1-5399 to 4 places
of decimals.
log (16399)* =5.log 1-5399
1875 x b
=log 8:6596,

o (1°5399)¢ =8-6596.

[}
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Example 6. Find the Tth root of 7:4989 to 4 places of
decimals,

log (7-4989)} = 1 x log 74989
8750 + 7

= 1250

=log 1-3335,
& UT4989 = 13334

I

Exercises 174.

Find, with the aid of the table of logarithms on p. 123, the
values of :

1. 11548 x 1-7783. 2. 31623 x 2:0535.

3. 42170x2-3714. 4. (1-3335)%

6. (20535) 6. (1-7783)"

7. T7-4989-+4-8697. 8. 10+=3:6517.

9. 64398-1-7783. 10. Thesquare root of 4:2170.
11. The cube root of 5:6234. 12. 'The fifth root of 8-6596.

13. (5-6234)%,

260. Der. 30. Tho integral part of the logarithm of a
number is called its characteristic, and the decimal part its
mantissa.

261. It has been shown that

log 1-5399 = -1875.

Now, 15-399 = 1-5399 x 10,
& log 156399 =log 15399 + log 10
=1876 +1
=1-1876.
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Again, 15399 = 16399 x 1000,
< log 15399 =log 1-5399 +log 10*
='1875+ 3. log 10
=3-1875.
Also, 015399 = 15399 + 100,
< log 015399 =log 1-6399 — log 10°
=-1875~2.log 10

=2-1875,
where 2:1875 stands for — 2 + 1875,
L&stly, 00015399 = 1:5399 + 10000,

< log 00015399 = log 15399 — log 10*
I =-1876 -4 . log 10
=14-1875.

Thus, if 15399 be multiplied or divided by some power of 10
(i.e. if the number so obtained consist of the same succession of
significant figures), the logarithms of such numbers have the same
mantissa as the logarithmn of 1:5399.

Again, the characteristics of log 1-6399, log15-399 and
log 15399 are respectively 0, 1 and 3; ie in each case the
charncteristic is one less than the number of digits in the integral
part of the number. Also, the characteristics of log 015399 and
log 00015399 are respectively 2 and 4; i.e. in each case the
characteristic is negative and numerically one greater than the
number of ciphers before the first significant tigure.

262. 7o prove that (i) in the logarithm of a number contain-
ing n + 1 digits, the characteristic is n, and (ii) in the logarithm of
a decimal containing n ciphers before the first significant figure,
the characteristic 18 — (n + 1).

Since log1 =0 and log 10 =1, it follows that the logarithm
of any number between 1 and 10 must lie between 0 and 1,
i.e. its characteristic is zero.
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Let N be any number between 1 and 10, and let m be its
logarithm, 8o that m is a decimal. Then, if n be any integer,
positive or ncgative,

log (N x 10™) =log N + log 10°
=m+n.log 10
=m+mn,
ie. tho characteristic of log (N x 10") is n, and, whatever be the
value of n, the mantissa is the same, namely, m.

(i) Now, N is a number consisting of 1 digit, Nx 10 of
2 digits, N x 10 of 3 digits, ..., N x 10" of =+ 1 digits.

Hence, if the integral part of a number contain » + 1 digits,
the characteristic of its logarithm is n.

(if) Again, in Nx 10-! there is no cipher before the first
significant figure, in N x 10~* there is one such cipher, in N x 10~*
- there are 2 ciphers, ..., and in N x 10-(*+) there are n ciphers,

Hence, if a decimal contain » ciphers before the first significant
figure, the characteristic of its logarithm is — (n+1).

Exercises 175. (Vivd Voce.)

What is the characteristic of the logarithm of ;

1. 27, 2. 352. 3. 96 4. 8527.
b, 6734 6. 27481 7. 32 8. 52730.
9. -276l 10. -00452. 11. -079. 12.  -00062.

13. -8324. 14. -00835. 15. 371+4. 16. -06295.
17. 7015-2. 18. 572000. 19. -2918. 20. -000853.

Given log 3:6517 = 5625, what are the logarithms of :
21. 36517. 22. 36517, 23. 0036517,
24. 36517. 25. 36517,
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Given log 8:6596 = ‘9375, what are the logarithms of :
26. -086596. 27, 86596. 28. 86-596.
29. -00086596. 30. 8659600.

Given log 5'6234 = ‘7500, what are the logarithms of :

3l. 5623+4. 32. 56234 33. 56-234,
34, -0056234. 35. 562340.

Given log 2-0535 = 3125, what are the logarithms of :
36. 20-535. 37. -020535. 38, 20035,
39. -20535. 40. -000020535.

263. 7o prove that log, m = log, m + log, b
Let log, m = z and log, i = ¥, so that

m=a®=10,
z
Sooa¥ = b,
x
. V- log, 5,

S y=x+logd,
= log, mo=log, m + log, b
Thus, if the logarithms of m and b to the base a be known, the
logarithm of m to the base b can be determined by multiplying
the logarithm of m to the base a by the reciprocal of the
logarithm of & to the base a.
264. 70 prove that logya x log,b=1.

This may be proved by putting m =a in the result of the
previous article, or as follows :

Let logya=a and log, b=y,
80 that a=0% and b=a,
and therefore a = (a¥)" =a",
Soxy=1,
i« log, a x log, b =1.

D. A, 1L -
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APPLICATIONS OF LOGARITHMS TO ARITHMETIC.

265. The present section contains a few illustrations of
the application of logarithms to problems of arithmetic and
mensuration, They are adapted for working with tables of
logarithms calculated to 4 decimal places.

Example 7. Find the value of 471 x 3-7*+ 8-76° to 3 places
of decimals.
Let =471 x 3°7*+ 876,
then log u =2-6730 + *5682 x 2 — 9425 x 3
=246730
+1-1364 —2-8275
=3-8094
- 28275
= 9819,
Soou=959L
Example 8. TFind the amount of £475 in 6 years at 3 per cent.
compound interest (to the nearest pound).

In1year, £1 amounts to (1 + y35) £,
w o»n £Q+1d5) »  » Q+e)+(+130) 180 £
=(1+x30)" £
. in 2 years £1 » w (1+15o) £,
S ind ” » ”» » (1 + T%’U)‘ £,
s.in6 ”» ”» Y » (1 + T%U)“ £
e ” ” £475 ” ” 475 x (%8’%)‘ £'

Let A be this amount,
log A=1log 475 + 6 (log 103 — log 100)
=26767 + (20128 -2) x 6
=2-6767
+ 0768
= 27535,
oo A=£567.
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Exampls 9. The volume of a cube is 4372 c. ins., find the
length of an edge.

Let % be tho length of an edge in inches,

Find :

PR ol o

10.
11
12
13.
14.
15.
16.
17.
18.
19,

20.

o ou=(4372)8,
A logw=26407 x }
= ‘8802,
S =709 ins.

Exercises 176.

53 x 64. 2. 156 x 27 x -32 (1 place).
87 x 22 + 29, 4. 124 x27+53 (2 places).
258 x ‘719 -+ -526 (4 places).

2413 + 57 + 132 (4 places).

17 x 25 x 27 x ‘018 (3 places).

2:421 x 1-907 + 263 (2 places).

Square of 1-573 (3 places).

Cube of 7:58 (1 place).

5th power of 2:17 (2 places).

9th power of 1:027 (3 places).

Cube root of 357-2 (3 places).

4th root of 2719 (3 places).

10th root of 83-4 (3 places).

3:5%x 2:1*x 1-2¢ (1 place).

26® x 84¢+91° (1 place).

2:5317 + 1:297 + 9:26° (6 places).

112 x 212 (2 places).

1243 x 8-278 + 6:19% (3 places).
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21. Tind the simple intorest on £325 at 4} per cent. for 3}
years.
22, Tind the simple interest on £85 at 4 per cent. for 7 years.

23. Find the amount at compound interest of £1 at 5 per
cent. for 10 years.

24. Find the compound interest on £55 at 4 per cent.
for 8 ycars.

25. In how many years will a sum of money double itself
at b per cent. compound interest ?

26. In how many years will a sum of money double itself
at 4 per cent. compound interest

27. If the death-rate in a town of 8341 inhabitants be 17-2
per 1000 per year, how many persons die in a year

28. A man invests £1340 in 3} per cent. stock at 101};
find his interest to the nearest pound.

29. Find the cost of carpeting a room 24 ft. long and 19 ft.
wide with carpet 2§ ft. wide at 3s. 11d. a yard,

30. Find the volume of a rectangular solid 3 ft. 5 ins. long,
2ft. 11 ins. wide and I ft. 7 ins. high.

31. Find the length of the side of a square which contains
42-72 5q. inms.

32. Find the length of the edge of a cube which contains
1574 c. ins.

33. The arca of a triangle whose sides are a, b, ¢ and semi-
perimeter s is \/[s(8 —a) (s - 0) (8 —c)]; tind the area of a triangle
whose sides are 17, 11 and 9ins.

34. The area of a rectangle which is twice as long as it is wide
is 21} sq. ft.; find the lengths of the sides.

36. A piate of motal 144 ins. long, 4-8 ins, wide and 3-6 ins,
thick is melted down and cast into a solid cube; find the edge of
the cube.
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36. The surface of a sphere of radius » is 4wr?, where
7=23'142; find that of a sphero of radius 645 ins.

37. Tind the radius of a sphere, the surface of which contains
3214 sq. ins.
38. The volume of a sphers of radius r is 4mr%, where

7=23142; find the volume of a spherc of radius 2135 ins.

39. Find the radius of a sphere, the volume of which is
1027 c. ins.

40. Tind the surface of a cube, the volume of which is
1204 c. ins.

41. Find the surface of a sphere, the volume of which is
524 c. ins.

42.  The radius of the circumcircle of a triangle, the sides of
which are a, b, ¢ and the semi-perimeter 8, is

abe+ 4, /[s(s—a)(s-b) (s—¢)];

find that of a triangle the sides of which are 14, 11 and 9 ins.
long.



CHAPTER XXV.

SURDS.

266. Dgr. 31. A root of a number which cannot be
expressed as a commensurable fraction is called a surd or
irrational quantity.

Thus, ,/3, ¥/4 and /10 are surds, but ,/4, 3/27 and #/16 are
not surds, for they can be expressed as rational quantities.

Degr. 32. Surds are of the same order when the same roots
are taken.

Thus ,/8 and ,/24 are surds of the same order.

Drr. 33. A quadratic surd or surd of the second order is
one in which the square root of a number is taken; a cubic
surd or surd of the third order one in which the cube root is
taken; and a surd of the nth order one in which the nth root is
taken.

Thus, /b is a quadratic surd, 3/12 a cubic surd, and #10 a
surd of the fourth order.

Dxr. 34. Similar or like surds are those which contain the
game irrational factor.

Thus, ,/2 and 5,/2 are similar surds; so also are 33/4
and 88/4.



266, 267] SURDS 135

Every quadratic surd possesses two values, equal numerically,
but opposite in sign. Thus, the square root of 5 is either + /5
or —,/5. We shall, however, confine ourselves throughout this
chapter and the next to the principal or positive root only, and
consider that ,/2, for instance, is +1-414....

267. The following properties of surds result from first
principles or from the theory of indices:

(i) A rational quantity may be expressed in the form of

a surd, e.g.
e ok 2=,/4=38=416=...

(if) Sum or difference of surds of the same order. We
have

3./2+2,/2=b,/2, 4./3-./3=33, aJx+bjr=(atbd)/x.

(iii) Product or quotient of surds of the same order.

1 1 1 11 ;!
Since a® x b = (ab)” and an + bn = (7))7" it follows that
J3x 2= /6, JB+ . 2= §=J4=2, 43 x32=12,/6,

2~/3+4J2=1}\/g, Ya x /b = 2ab, g/a-rg/b:(/%"_
So also
4,/2=/16x /2= /32, 33/3= 327 x 3/3=38l.

(iv) Product or quotient of surds of different orders.
'We have
J2xY3= Y x Y= Y8 x 9= Y712,

5+ 4/10 = 425 + 4/10= ;/f-g - \'/g,
Ma x Mb="a™ x PYH™ ="/ (a"b™).
(v) Simplification of surds. We have
J32= 16 x J2=4,/2,
$/81 = 3/27 x 3/3=33/3,
(@) = J(ad®) x J(ab) = a?b./(ab).
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Exercises 177. (Tivd Voce.)

Express in the form of quadratic surds:

1. 4 2. 3. 0. 4. 12

Express in the form of cubic surds:

5. 2 6. 3. 7. 5. 8. 10.

Express as single surds :

[cHAP. XXV

9. 2/2+.J2  10. 3/3-2/3. 1l. 5Y3+7Y3.
12. 445245, 13, J5x /2 14, J7 x /3.
15, 35x 36 16. 45 x 42 17. /6= /2

18. ,/10+ /5. 19. Y6+ Y3. 20. §/12+ 8/4.
Simplify :

21. /8. 22, J12.

23. .J18 24, /32,

25.  3/16. 26. 3/54,

27, 324 28, ¥(a'l®).

29.  Y(=). 30.  5/(a%).

3l (J2+1)(J2-1) 32 (2+./2)(2-42).
33. (3+./3)(3—./3). 34, (5=./0)(5 + /6).

35, (7-./5) (7 + J5).
268. Example 1. Simplify:

() /63— .32+,/98—/28; (i) /15 x./4b+,/12;

(i) /8 x Y4.

(i) 63 —./32+ /08— ,/28=-3/7 —4,/2+7,/2-2,/7

=JT+3,/2

(i) W15 /45 /12 =,/5x /3 x 3,/5+2,/3

=5x3x,/3+2,/3
=74
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(i) /8 x Y4 =2/64x 44 =2/256
=16
=4

Example 2. Arrango in descending order of magnitude ,/2,
Y3 and g/6.
NE=U8 ¥B3=US Y=Y/,
*. order is Y3, J2, §6.

Exercises 178.
Simplify :

1. ./1250. 2. 2,/720, 3. /8 4+./18—,/50.
J12 -8 + /18- /3. 5. /98 + /32~ ,/200.
24 + /04— J96 + /6.

J128-2,/50 + /72~ /18,

ST = J14T + /50 + 3,/12 - 3,/18.
J(@Bx) + J(18z) + . /(502).

10. a/(a%) + b,/(V%) + ¢ /(c*z).

1L b(a) + J(@) =2 J(ah)

12. /6 x /12 x /I8 13, 5,/32 x /48 x 2,/54.
14, /7 x . /14 x /28 x ,/216.

15. /28 % /35 x /45— /147 x JT5.

16. /12 x ,/50+ /24, 17. /98+ /12 + ,/54.
18. .J2x 34 19. 34 x /8.

20. 3/3x./3x Y9 2. /2x 32 x 83

22.  Which is the greater 2,/3 or 3,/21

23. Which is the greater 3,/5 or 4,/31

24. Which is the greater 33/2 or 23/7%

© PN
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25. Which is the greater /5 or $/10%
26. Arrange in ascending order of magnitude
5.3, 6,/2, 4,/5.
27. Arrange in descending order of magnitude
b, 2,/7, 4¥/3.

269. ZErample 3. Express with rational denominators:

) 6 . 4 1
(@) Wk (ii) NEEWE (iii) NEEW T

O 5= =248
@ L5+ (5 YY)
=2 (5= o+~ 5-2
=5 (V5 +/2).
1 o WJB3+14+ )2 M3+ 2+ 1

(iii) B+ 1 (P31 (J2p 31T+ 2/5-2
_ABt2+1 (U3+./2+1)(Y3-1)
T2(U3+1) 2(3-1)
3+J6+.J3 N3-42-1

=1(2-J2+J6).

Exercises 179.

Express with rational denominators:

1 2 10 9 *‘1 3 2

S T L S - G b -
4 8 5 1 6 3+./5
LT+ 2 OB+ 2 B+ 2

JT+ /2 2,/3+3,/2 3/5~4,/2
7‘J2' 8. R TSN I 9. 7:/@‘“:5\}3
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11 1 5 5
NCES RN IS & T
12, oL N3 W

VN RN, TS SV
13. _?_"_/..2_. — ._-4_5/_2 + - ‘_5./.6_.._ .

S3+A6 0 B+ /27 2+ /3
14 5a/3-3J2+2,/6 51

3J6+5 02 °

1
Jo+J3- 2
3+2,/5
T=/3+./5"

1 1 1
1+ 2+ B3 T BB IR+ .3

1
M sy L

10.

o

16. 17.

18.

19.

20. ____“/_3.‘_._““ —_— ~/3A- 4 _._._iﬁ_,-_.
3+ B+ ST SBT3 JT+SB=5
P L
S35 =T
270. A quadratic surd cannot be equal to the sum or
difference of a rational gquantity and a quadratic surd.
If possible, let Ja=z+ Jy
where « is rational and ,/a and ,/y are surds,
Sooa=22+y+ 2, /y,
a—a*—
A N =—‘Q;’—“y;
i.e. a quadratic surd is equal to a rational quantity, which is
impossible ;
.. a quadratic surd is not equal to the sum or difference of
a rational quantity and a quadratic surd.
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27.. IS a+ Jb=2+ Jy, where a and x are rational and
Jb and Jy are surds, then a=x and /b= Jy.

Let a=x+m,
then z+m+ Jo=x+, [y
or m+ /b= /y,

which is impossible, unless m = 0, in which case @ =z and thero-

fore Jb = /y.

272. If J@+ JU)y = Jz+ .y,
then Wia =0 =z - Jy.
Sinco NICEINDEINEEING

Soa+ Jh=a+y+ 2, /(xy),
Soa=xz+y and J0=2,/(xy),
Soa—Jb=x+y -2, /(xy),
S fla= )=z -y
9273. Example 4. TFind the square root of
(i) 30+ 10,5, (i) 57-12./15.
(i) Let J(B0+10,/5)= Jx + [y,
. 30+ 10,/5 =z +y+ 2/(xy),
S z+y=30 and 2 /(zy) = 10./5,
S (e —y)=(m+y)® - 4wy =900 - 500 = 400,
Sooa—y=20,
S 2x=50 and 2y=10, or x=2) and y =05,
< W(30+10,/5) =5 + /5.
() Let 57— 12/15) = Ja-
SBT=-12 /15 =z + y - 2/ (xy),
S xz+y=57 and 2. /(zy) =12/15,
S (z—y)* = (o +y) — 4oy = 3249 — 2160 = 1089,
L x-y =33,
S 20=90 and 2y=24, or x=4b and y=12,
S (BT =12,/15) = /45 — J12=38,/5-2,/3.



271-273) SURDS 141

Example 5. Simplify :
G) Y2+ 3+ JT-473;
(i) 1+ 12— y2-/3-./5-2./6.
() Let  J-43)= o
sothat x+y=T7, 2/(xy) =43 and (x—y)'=49-48=1,
S 2x=8, 2y=6 or z=4, y=3,

Iy BT 4 y3=IT 31 2= o= /4

=2

(i) Let  J(5-2J6)=Jz—yn
so that x+y="0, 2,/(zy)=2,/6 and (x—y)*=25~-24=1,
S 2w=6, 2y=4 or x=3, y=2,
Y4122 - /3= J(5-2./6)
=14+2/3-./2-/3~-J3+ .2
=1,

Exercises 180.

Find the square root of :

1. 4+, /12 2. 7+2./10. 3. 28-5,/12.
4 49-20/6. 5. 57T+928/2 6 69+28./5.
7. 27-12./5. 8. 1206+ 72./3. 9. 103-20,/21.
10. 3-./5. 11. 9 /77,

Simplify :

12, /(19 + 83)+ J(19-83). 13 J6-JIT-12/2.

J3— 2
AV i)
15, 14,842~ /27~ /124 /76— J(19+6,/2).

16, J(3+./8)+ /(8- \/5)
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17.  Prove that
SO0 +6,/12) + ,/(9./6 — 6,/12) =2./216.
18.  Simplify
J10+2./5 o~/10 2./5
(=5 BYe sy
19. Find the square root of 2—z—-2/1—w
20. Find the square root of 3z —1 + 2,/(22* + x —6).
274. If m+  /n be a root of the equation ax’+ bx+c=0,

where a, b, ¢ are rational, then m— fn i3 also a root of the
equation.

Since m + /n is a root of the equation ax® +bx +¢ =0,
a(m+,fnp+b(m+ . /n)+c=0,
so am?+an + 2am,fn+bm + b fn+c=0,
Sooamt4an+ bm o+ o+ \/n (2am + b) =0,
Soam+an+bm +e=0 and /n (2am +1) =0,
Sooamt+an+bm + ¢ — /n (2am + b) =0,
Soa(mP=2myn+n) +b(m— Jn)+c=0,
oa(m— ) +b(m—, /u)+c=0,

*. m— \/n is also a root of the equation ax®+ bx + ¢ =0.

Exercises 18l1.
1. Simplify
3420 — /27 + 6,/75 — 4 ¥/3375,

given Jb=2236, ,/3=1732.
2. Simplify
( l-~/m>; J 1-—,\/.'17)
l+,,/§: NZVARNE N N
1
3. It a+—=./3
1

prove thab a+ = 0.



273, 274 SURDS 143

4. Find the value of

(w+ a)’_ k2
X —u, 30"

when z=a(l+2,/3)
5. Find the value of 2+ 3xy+y*
b2 o2
when SUh=2 YT s
6. Find the value of (2 + 2y + 3*) + (& —wy + ¥°)
W3+l NEED
when ShBS YT EET
7. Tind the value of 27z + 482* — 8a*,
when =1 (J/21-3).
8. If g=x,/(1+ ) +yJ/(1 +a7),

prove that JA+2) =ay+ /(1 +27) J(1 +3).
9. Prove that A/ — /3 + 3+ 8744 3=2.
N3+ N2 NEEN
RSV RN, TNy
11. Find the product of
N2+ /3, N2+ N25 /3, \/2+~/2:-*:/2:-:/?3, \/2—:—«/2-“/5;75
12. Divide 15(a~0b) + 16,/(ab) by 3./a +5,/b.
13. Find the square root of 6 +2,/2 + 2,/3 + 2,/6.
14. If 2+ ,/3 be a root of 2* — 4x+m =0, find m.
15. If J(z+a+b)+ J(z+c+d)= J(z+a—-c)+ J(x-b+d)
then b+c=0.
Solve the equations:
16. a*+ 22?3z -6 =0, given one root ,/3.
17, #—622+Tx+4=0, , , , .J2+1
18 -8 -T2 +Tx+2=0, ,, , JO+2

10. Simplify




275.

CHAPTER XXVIL

IRRATIONAL EQUATIONS.

Der. 35. An irrational equation is one which

contains one or woro irrational terms,

We shall suppose :
(i) That all such irrational terms are real, i.e. that in the
term ,/x only positive values of z aro admissible, and, in /(3 - 2),
only negative values of x or positive values 3> 3;
(ii) That the positive value of the square root is taken,
Le. that /9 =+ 3, and that, when x=1, J(x+ 3) = 2.

Exercises 182.

Find the square of :

1
4.
T.
9.
11
13.
15.
17.

Jz+5. 2 Jz-3. 3. 6-,/z
JE+1)+2. 5. J@-1)-3. 6. 2Jz+l.
3-2./x 8. 1-2/(-1).

J2(z+1)+5. 10. 7-V3(=-2).

JE+ 1)+ Ja 12, Jx - J(z-1)

NE+2)+ Jz+1). 14 /(2% +3) - J(x~2)
J(4z +5) + J(2z~ 3). 16. 2 /(z+1)=,/(z—-1).
3Jx— J(x-1). 18. 3/(2x+1)+2,./(3x-1).
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276. FExample 1. Solve the equation

g+e-3=09,
z+z—3=09,
S Ne=3=9—-a,

Squaring both sides,
S 2—3=81-18z+ a2,
S 2? =192+ 84=0,
o @-T) (x=12) =0,
the roots of which are 7 and 12.
Ifx="7 thenz+/z-3=T7T+2=09.
If =12, then z+ A/z—3 =12 + 3 = 15.
.". the required root is 7.

The double value of 2 thus found is due to the squaring of
both sides of the equation

Jr—3=9 -2

The same result, namely, 2?— 19z + 84 =0, would also have been
obtained if the equation had been

—Nz-3=9-z,
or z—-z-3=9,
a root of which is clearly 12.

Example 2. Solve the equation

Jm+5+,/a:=l.
Neib+ Jz=1,

S NoEb=1— /.
Squaring both sides,
Soz+b=1+2-2,/x,
==2,/z

. 2ee
v 10
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Squaring both sides, 4=z
Putting @ =4 in the given equation, we have
Noib+ Jo=J9+ J4=3+2=5.
.. the given equation is not satisfied by any value of z, the
reason being that « must be positive in order that /= may be
real, so that
Nz+5>,/5>1.

Ezample 3. Solve the equation Jeib- Je=1.
No+b— Je=1.
o Nzeh=14+ o
Squaring both sides,
z+d=1+x+2,/x,

W 4=2,/x,
. 2=,/
Squaring both sides, 41=u.

Putting = 4 in the given equation, we have
Je¥b - Jo=,/9- J4=8-2=1
‘. the required root is 4.
Example 4. Solve the equation /z + 1 + v/2z + 3 =b.
Jor1+/22+3=5.
Squaring both sides,
2+1+2+3+2(r+ 1)@z +3) =25,
v 2J(@+ 1) (22 + 3) =21 - 3a.
Squaring both sides,
4 (22° + Dz + 3) = 441 — 1262+ 92,
Sooat - 146z + 429 =0,
S (@-3) (- 143) =0,
the roots of which are 3 and 143.
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If =3, Nz+l+/2+3=/4+,/9=5.
If x=143, Je+l+J/2z+3= /144 + ,/289=12+17=29.
. the required root is 5.

Example 5. Solve the equation V2 (22— 3) =z + 1+ V3z-2.
JI25 T8y = o s T+ 370,
codr-6=x+1+3x—2+2/(+ )3z - 2),

So=b=243 v -2,
5 25=4 (3% +2-2),
S 1222 + 40— 33 =0,

S (@ =3) (bx+ 11) =0,

the roots of which are 1} and — 1§.

If & = 1}, then &/2 (22=3) =0
and Vo l+/35-2= /24 + 24
If £=— 1§, then /2 (22— 3) is imaginary.

.. the given equation has no root.

Example 6. Solve the equation /2 + 5—+/22—4= 22+ 1 - /x.
Jw+5—J2m~4=J2w+f—Jm,
z+5+22—4-2/(+5) Cz—4)=2z+1+2-2J3z+ 1)z,
o J@E B =0 =G 1) 3,
S 207+ 62 — 20 = 222 + x,

. bdx =20,
. x=4.
If =4, then W/z+5-2x—4=,/9-,/4=3-2=1,
and Nox+1- Jr=,/9- . /4=3-2=1

‘. th ired root is 4.
e required root is 10_2
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Exercises 183.

Solve the equations :

1.
4.
6.
8.
10.
12.
14.
16.
17.
18.
19,
20.
21.
22.
23.
24.

25.

26.
27.
28.
29.
30.

31
32.
33.

x + \fx = 6. 2. x- Jr=6. 3. Naz+b+ea=T.

N2z +2=0. 5. z—z+ll=1
2¢+ Nz +1=8. 7. No+T=Jz+1
No—2% =, jz-2. 9. Nz+9=2/z-3.

NeiT=3Jx—b. 11. Ne+rd+z—d=4
Je-b+NzsT=6. 13. N2 +6-az—1=2.
MOz B=3Jz+4-2 15. Nz+i+az-3=T.
NZ¥2+ Jo-3=a3z+ 4

Nz =3+ Wz + 8= 22+ 30.
N2z—1+ 32+ 1=n0z+4.

N+ T+2c=9+ bz +4=0.
N2(@2zx-1)=Nz+2+3x+1

N3z + 4—n22+ 3=A10(z+1).

J8;;=2 3+w—Jm.

No+ 4+ 2z — 4 = WJdz + b.

@-1)Ji—z=2.
1+:c_ l-a:_3
1-z T+ 2°

N2+ 3-N3x—b=Niz-3-Jr+ 1
Je+Vz+5=nr+12+Jz-3.
N+ 9+ Ve+1=nz+16+ /o
Noe—T+/z—6=Nz+6+z-0.
Nz =1)(z—2)+ J(x—4) (z—5) = /8.
5\/g+7\/§=22§.

Nova+ Jorb=a=b

N/a+$+ Ja—x_b
Jarz—Aa-z
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277. Ezample 7. Solve the equation
@~ 55+ 16— 5z~ bz + 10=0.

Put % —bx+10=y,
s0 that -5z +16=y"+6,
and the equation becomes

y¥+6-5y=0

or (¥y-2)(y-3)=0,
the roots of which are 2 and 3.

@) N =br+10=2,

S -5+ 10 =4,
Joar—bx+6=0,
S (@~2)(z—3)=0.
(i) NaA Z 5z +10=3,
S B-Dzx+10=09,
Soet—-bx+1=0,
2,§[21 and 5—2~/21.
Exzample 8. Solve the equation
20+ 8z~ 2l + dx—4 =9,
Put Ny dz—d=y,
so that 22"+ 8z—8=2y and 22°+8z - 9= 2y~ 1,
and the equation becomes

‘. the roots are 2, 3, s

2~-1-y=0

or (-1 (2y+1)=0,
the roots of which are 1 and —}.

(i) N s lz—d=1,

S Brdr—-4=1,
oo B+ 4x-b=0,
S (2=1) (@ +5)=0.
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(ii) The roots corresponding to
Nad v dn—4=—}

do not satisfy the given equation, for here the negative value of
the square root is taken.

.. the roots are 1 and -5 *,

Exercises 184.

Soive the equations:

L 22-10z+ 31 —=5/a"= 10x + 25 =0.
23 + 52— 8727 + bz + 2+ 17=0.
2 (z—1) + 222~ T+ 6 = 5z - .
a?— 2% + 6/2F = 2w + 6 =21,
@+ 3=2J2" "2+ 2+ %
2 —bx+2+ e —Bx+22=0,
5a? + 11z — 12J/(z + 4) (b — 9) = 36.
@+ 3z + 4/23 + 32— 3 =48,
2+ dx+ 2/ F dz+ 11=13.
B+ To—8=n/208+ ldz+2.

(z+ 1)"=a:+3\/3a:’+ 3r—11.

© ® NS oA

e
o =]

627~ 10z + 6 — 5/322 — bz + 2 =0.

P
w

13. 273+ —2m—d=x+9.
14, =+ Jx’—ax¥b’=%+b.

* The values of z arising from the value —~ 4 of y are ~2+3.,/33, and it
will be found that these satisfy the equation

2724+ 8r +/ 2l + 4z - 4=9,
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MISCELLANEOUS EXERCISES.

Exercises 185.

1. Write down all the numbers between 20 and 50 which are

included in the general expression 6n + 5.
v 2. Divide (x4 y)*+ (W* —¥°)* + (x —y)* by 32* + y*

3. Find the factors of a* -3* ~ (x — y)*.

4. Find the factors of «® — 14u* + 49 — 36.

5, Ifux +é =9, express «* +;13 and 2® + ;{11 in terms of Y.

6. Prove that if the square of any odd number be divided by
8, the remainder is 1.

7. lfa+b==x a—b=y, express a®*—® in terms of = and y.
Hence, find the value of 50022 - 49982

8. TFind the squarc root of (x + 1) (z+2) (z +3) (x + 4) + 1.

9. What value of x will make the product of 3 — 8z and
3x + 4 equal to the product of 6« + 11 and 3 — 4zt

10. If a* + 1 - kx? vanish when z = q, show that it vanishes

also when « is equal to ! or—g@or—-—.
a a
11. Divide of — 22 - 42 + 62— 223 by o —dut iy

L 3\4 b:})s (aé‘)”(b:‘f)’
12, Simplify (@) (%) NN
@) @ (b oo

Exercises 186.
1. What is the nature of the roots of the equations
(i) 22— 122 +36=0, (i) 2%+ 52=0, (iii) 22°~3z+4 =01

2. Prove, without solving, that the positive root of the
rquation 2?— 8z -8=0 is greater than 8,
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8. One root of the equation 3a?—2x=m is 4; what is the
other root, and what is the value of m?

4. If the roots of the equation 4a*+ (2 +m)x+ 25 =0 be
equal, find the value of m.

5. Find the sum of the cubes of the roots of the equation
2t —2—2=0,
6. If a, B be the roots of the equation &'+ 7z —1=0, find

the equation whose roots are a + 8 and —%
a

7. Find the equation whose roots are the squares of the
roots of the equation 3z*—10z + 2=0.

8. If one root of the equation 3x? + 4z +2m =0 be double
the other, find the value of m.

9. Find the equation whose roots are each equal to the sum
of the reciprocals of the roots of the equation ax* + bz + ¢ =0.

10. If o, B8 be the roots of the equation axz®+ bz + ¢ =0, find

1- 1-8
the equation whose roots are 1—— and T8

11. The difference of the roots of an equation is 3 and the
product of the roots is 54 ; find the equation.

12. Find the maximum value of 23 —4x*—12z, and the
minimum value of a®— 10x + 27.

Exercises 187.

1. What is the remainder when a* + 32 — 20z + 5 is divided
by (i) - 4, (ii) =+ 41

2. If a*—ax+4 be divisible by x — 2, what is the value of a}

3. Find the factors of &® + 22 -~ Tz + 4.

4. Prove that ax® + ba* + ca® + c&® + bz + a is divisible by 2 + 1.

5. Show that (2z—y—2)(2y—2%—x)— 9wy is divisible by
T+y+2
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6. TFind the factors of
y+2) (y—2+(z+2) (2—2) + (v +y) (@-y)"
a?(b-c)+ b (¢c—a)+c*(a-0b)
at(b-c)+b*(c—a)+c(a—b)
8. Prove that
at(h?—c?) + b4 (c* —a®) + ¢t (a®—b?
a(2 (b —c)) + b’((c - a))+ c”((a —-b) )=(b+ o) (e +a) (@+B).
9. If log 108=20334 and log24=1-3802, find log2 and
log 3.

7. Simplify

10—~z . - .
10. Resolve @5 @-T) into partial fractions.
11. If 2+ px +q be divisible by &* + ax + b, find the values of
p and ¢ in terms of a and b.

12. If one root of the equation &~ 3a* —5x* + 9z — 2 =0 be
2 + /3, find all the roots.

Exercises 188.

Solve the equations:

1. 3—5:4{'.

2. aa'-cx=a'%—ac’ 3. a*-202"+64=0.
4. (P*+x)*—26(2"+a)+120=0.

5. (w+1)(x—2)(x+5)(x—6)=60.

6. 2?+4y*-3x+y=67, x—2y=1L

7. w+y=3, 2?+y'=60b.

8. 32+ axy=06, dwy—y'=3.

9. a4a’yP+yt=T4]1, &F—zy +y* =10,

8 L8
I+ Jo 1= Jz
11. V2% +9-x—-4=wNz+1.
12. @'~ 3w+ 6=3,/(x* - Sa+4).

10.
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RATIO, PROPORTION AND VARIATION.

1. Ramo.

278. Der. 36. The ratio of one quantity a to another b is
the quotient of a by b.

The ratio of a to b is written a:58. The quantities a, b are
called the terms of the ratio, the former being called the ante-
cedent, and the latter the consequent, of the ratio.

From the above definition, it follows that the ratio @:b is
% . P = » We have

Also, since 5=
a:b=am:bm;

measured by the fraction

i.e. if both terms of a ratio be multiplied or divided by the same
number, tho ratio is unaltered.

Thus, 2:3=3%x12:4x12=8:9.
279. [Lzample 1. Find the valuc or values of the ratio
@y, if (i) 3a= by, (ii) 2 — Tay + 3= 0.
(1) 3z = by.
Divide both sides by 3y,

then =g or z:y="5:3.

@iy
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(ii) 26 — Ty + 33 = 0.
o (2x —:'/) (a: - 3y) =0

or (3_1)6_3)_.:0'
y 2/ \s
.". the values of the ratio x :y are § and 3.

Example 2. What number must be added to each term of
the ratio 3 : 7 to make the ratio equal to 2: 31

Let z be the number ;

3+x 2

then m=3:
S99+ 3c=14 4 22,

. x=0).

Example 3. Two numbers are in the ratio of 3:5; if 6
be added to each term, the ratio becomes 5:7; what are the
numbers ¢

Let the numbers be 3x and bz ;

then 3x+6=§
Sx+6 7’
S 21z + 42 = 25z + 30,
S ~dr=-12,
S x=3,

*. the numbers ure 9 and 15.

Lzample 4. At present A’s age is to B's in the ratio of
3:2; in 15 years’ time they will be in the ratio of 4:3; find
their ages.

Let A’s age be 3a ycars and B’s 2z years,

3z+15 4

Then 9z+16 3’
S 92+ 45 = 8z + 60,

S e=195,

5. A’s ago is 45 years and B’s 30 years,
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8.
9.

ELEMENTARY ALGEBRA

Exercises 189,

If 3z = by, what is the ratio of  to g?¢
1f 62 = 9y, what is the ratio of = to y1

If -2%55 = g, what is the ratio of  to y 1
gg%gg = %, what is the ratio of z to y 1

Find the ratio of « to y from the equation
9x? - by + 2y = 0.
Find the ratio of « to y from the equation
2a% — Jzy + 1032 =0.
3+ 2y .
-y

Find the value of the ratio

fe:y=

[cHAP. XXVI1

3:2

Ifa:b5=>5: 4, find the value of the ratio a®—?:a’+ 0

r+a x—a
zT—a

Find the value of

+ —— when x:a=,/5.
x+a

10. What number must be added to each terra of the ratio
3: b to make it equal to 3:4?

11.

12.

‘What number must be taken from each term of the
ratio 17:19 to make it equal to 2:31

Find a number which, when subtracted from each term
of the ratio 9: 13, will make it equal to 13:9.

13. Two numbers are in the ratio 7 : 4 and their difference is
27 ; find the numbers.
14. Find two numbers in the ratio 7 : 11, such that, if 3 be
added to each, they may be in the ratio 2 : 3.

15. Two numbers are in the ratio 2:3, and, if 9 be added to
each, they are in the ratio 3:4; find the numbers.
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16. Two numbers are in the ratio 3 :5, but if 10 be taken
from the greater and added to the smaller, the ratio is reversed ;
find the numbers.

17. Find two numbers which differ by 7 whose ratio becomes
1:2 when 6 is subtracted from each.

18. Find two numbers whose difference is 7, and which are
such that the ratio of their sum to the sum of their squares
is 1:25.

19. At present the ratio of B’s age to A’s age is §:2, but, in
30 years’ time, the ratio will be 35:23; find their ages.

20. The perimeter of a right-angled triangle is six times as
long as the shortest side; what is the ratio of the two sides
containing it?

280. Der. 37. A ratio is said to be one of greater in-
equality, of equality, or of less snequality, according as the
antecedent is greater than, equal to, or less than, the consequent.

Thus, 7: 5 is a ratio of greater inequality, b : 5 one of equality,
and 3 :5 one of less inequality.

281. If the same quantity be added to both terms of a ratio,
the ratio i3 increased or diminished according as it is one of less or
greater inequality.

Let a:b be the ratio and « the quantity added to both its

terms ; then a+z_a={)_(a+a;)_a(b+x)

b+z" b b(+a)  °
bx — ax
TE+a)
_z(b-a)
b(b+ax)’

Hence, a + 2 : b + x is greater or less than & :3 according as b —a
is positive or negative, i.e. as @ is <or> b, ie. as the ratio is
one of less or greater inequality.
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282. [f the same quantity be subtracted from both terms of a
ratio, the ralio 18 increased or diminished according as it is one of
greater or less inequality.

Tet a:b be the ratio and z the quantity subtracted from
both its terms; then
bla—x)—a(d-—-x)
b(h—x) !
_ar —bx
ATk
_z (a-1b)
b(b—=x)"
Hence, if 2 < b, @ — x :b — x is greater or less than a : b according

as @—b is positive or negative, ie. according as a is greater
or less than b, i.c. as the ratio is one of greater or less inequality.

a-z a _
b—xz b

*283. [fax+by+cz=0and adx+by+c'2=0, then
z Yy oz
b —bc ca' —ca ab—a'b’

az +by+cz=0,

ar+ by +c2=0,
& (ad’—a'c)x + (b’ - b'e) y =0,

<o z(ed' —c'a)=y(be - bc),

o Y
b —Ve eca —da’
Again, (ab’ —a'b)x+(b'c—bc)z=0,
s (ab' —a'b)x= (b’ —b'c)z,
L L
T b =be ab’-a'b’
x y 2

° = =
‘b ~be ca'—ca ab-ad’
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*284. Lrample 5. Solve the equations

z+y+2=0, 2rx+y+42=0, 2*+3°+2:* =14,

z+y+2=0,
2e+y+42=0,

. ®_ Yy =
41 2-4 12
oY 2
Soz=ly= oy =m sy,

Soxz=3m, y=-2m, z=-m
Substituting in the 3rd cquation, we have
Om? + 4m? + m?= 14,

JomP=1orm=+1.
.". the solutions are

¢ Exercises 190.

Find the ratios of z, y, » from the equations:
1. 2z+y+52=0, z—y+2=0.

22-y-2=0, bx—y—32=0,

x+3y-0z=4w-2y-Ts=30-y—3a

[

©

vty 2z- 3y _ :c+2y+5.,

5. z+y+2=0, a’z+ by +cz =
Solve the equations :

€T

6. =g, P+t =13,

oot

159
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g 322 —2y - Tz + 4z =
-1 y-3 =z-b6_ ,

8. 5= 1 5 =y -

9, 8x+y-2=0, 2-by+2=0, a?+2y?=3.

10. 2z +y=22 92—-Tx=0y, «*+y*+2°=216.

*285. If the ratios 2, :—;, .—;., e be all equal, then cach is
equal to
1
pat + qc” + re" + )"
pb™ +qd* + 7/ + ...
a ¢ e
Let E=-(—i=].=...=7n,
80 that a=bm, c=dm, e=fm, ...,

coat= bnmn, " = dnmn’ et = ./'nm’n’ .
. pa® = pb™"m®, gc* =qd™m®, re®=1r/"m" ...,
Soopat+get + re® + .. =(pbt + gd® + /™ + .. )m",

1
. <pa" +qc” +re” + . >"

ee M=

b+ qdP s L
Second proof. Let

e_°_°_
b = d -'f ..... m,
so that a=bm, c=dm, e=fm, ...,
then
: 1
Pat+grA Tt . ) Pbm® + gdmm® + 7f"m® + . )n
bﬂ+qdﬂ+7:f“+ = pb"+q7¢l"‘-¢'-7:;/‘+...
1
= (m”);,

=M.
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Cor. 1. If n=1,
__“___f:f: ])a+qr+'r_'r’+
then b d S T pbrqd S+
Cor. 2. 1If also p=g=r=..=1,
then e_c°c_°¢_.  _dtetet ...
b d ST T brd+SfH

Cor. 3. TIf ratios %, 2 ;., cers ;—cbe unequal, % being the

greatest zmdlzc the least, then

atctet ... +k is <% and >/_f
brd+f+...+L b 7

Since g_2 ¢ 2 ¢ 2 /f<f

! PV AT FT I
a a a (/]
=E,l) 5 d, 8<Z.ﬁ ceey k(—b—.l.

.

. a+c+e+...+k< ~(b+d+f+ . +1),

a+c+e+ ... +lt< a
T b+d+fH .+l b
Similarly, it may be shown that

*286. FExample 6. If
3x+2y =+%

3 2
then each ratio is equal to 7::;— Gy.
3z + 2y z+°J p(3x+2y)+q(x+2_/)
3 2 3p +2¢
~Bprz+2(p+q)y
3p +2¢

D. A. 1L 1
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Let p and g be chosen so that
Sp+g=T7, p+q=3,

or Ip=4or p=2, ¢=L
.. each ratio is equal to 7‘”; Gy.

*Exercises 191,

1. Divide a into two parts in the ratio of b to ¢.

2. It 2 5> E’ prove tbat poy 1% at n; or <’}Z—f—7%wz, according as

m is > or <n, all the letters denoting positive quantities.

3. If z:y=a:a-b, show that the ratio of 2®—axy +5® to
a®— ab + b* can be expressed in terms of the ratio of = to a alone.

11 1 1 1 1
4, Ifx+y+z=0,and(3+—°)a:+<;+;>g/+(a+z)z=o,
find the ratio z:y:2.

5. Show that the ratio @:b is the square of the ratio
a+c:b+e if ?=ad

. 6. What value must be given to the integer z so that ,/2
x+4

shall lie between—;— and -—?
7. Ifb—l-=—m——— ™ show that I+ m +n=0.
—¢ ¢c—-a a-b
8 If £ _-_ Y ___°*

b+c~a c+a-b a+bd-¢c’
then (P-cz+(c—a)y+(a-0)z=0.
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a ¢ e la +me+ne ., . .
9. If a7 be unequal, then Ty md + nf is intermediate
between the greatest and least of these fractions.
a ¢ e
10, If 33" 7

prove that each of these ratios is equal to
30a + 15¢ + be
306 + 16d + bf"
2 _ B2 __ a3 272 4 a2
1. 18% b'—c'_a'-b+¢
a—c a+c

fraction in terms of c.

, find the value of either

12. If a b b—e-o=a’
a+d
prove that each = m.
Sx+4y-62_ bz +6y—1Tz
13. If 3 = 8 ’
bhen each = w
B .

14 T b:c+cy___ e +ay _ ax + by
b+c—a c+a-b a+b-—c
denominator vanishes, show that either x=yora=b=ec.

, and no numerator or

br—ay cx-az z+y

= = then will each of these
cy-az by-ax x+z

15. If

)
} x
fractions = 7’ unless b+¢=0.

16. Prove that if the three fractions
22-3y 2~y =x+3z
32+y ' z-x’ 2y-3z

be all equal, each is also equal to s, and hence show that either

x=yoryx=x+y.
11—2
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r __ 9 __T
7. If —be B —ca c*—ab’
a b ¢
rove that - = = .
P pi-gr g'-rp r—pg
xw—--—— = y = ol
18 If a+2+c 2a+b-¢ da—4b+c’
th a _ b _ ¢
en z+%+z x+y—z do—4dy+s’
19. If yC—zB=zA—acc'
ye—zb  za—xc
show that each is equal to 8 - yA .
wb—ya

20. Having given
2a-b-e  2b-c-a
z+a-b-c z+b-c-a’

show that each fraction is equal to 3 and also to

2
Ze—a-b
x+c—a—>b"
ad—be ac - bd
A I e—bt—c+d a=b_dse
then each is equal to a_-tgz_c_-oil.

[cHAP. XXVIT

22. A woman buys apples at = a penny and as many pears at
y a penny ; she sells them all at (x +y) for 24. and loses 4 per

cent. ; find the ratio of « to ¥.

23. If ar+by+cz=0 and a'r+b% +c%=0

, show that

a*z + b% + ¢® cannot vanish unless two of the quantities g, b, ¢

be equal.
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2. ProportiON.

287. Dgr. 38. Quantities ave said to be in proportion if the
ratios of successive pairs be cqual.

Thus, a, 0, ¢, d are in proportion if

a:b=c:d, ie. if

?

(SRS
&la

and a, b, ¢, d, ¢, f are in proportion if
c e
a7

Drr. 39. If four quantities a, b, ¢, d be in proportion, the
quantities @ and d are called the extremes, and 6 and c¢ the
means; also the quantity d is called the fourth proportional
to a, b, c.

a:b=c:d=e:f, ie. if%:

Der. 40. Quantities are said to be in continued proportion if
the ratios of the first to the second, the second to the third, etc.,
be all equal.

Thus, a, b, ¢ are in continued proportion if

b

L] . o O
a:b=b:c ie. 1f3—;.

Dzr. 41. If three quantities a, b, ¢ be in continued proportion,
the quantity & is called the mean proportional between a and c;
and also the quantity ¢ is called the third proportional to aand b.

288. If four quantities be 'inr proportion, the product of the
extremes 18 equal to the product of the means; and conversely.
(i) Let a, b, ¢, d be four quantities in proportion;

a ¢
then 5= a

Multiply both sides by b4d,
then ad = be.



166 ELEMENTARY ALGEBRA [coar. xxviI

(ii) Let ad = be.
Divide both sides by b&d,
then % = f-t'

ie. a, b, ¢, d are in proportion.

Cor. If three quantities a, b, ¢ be in continued proportion,
then b*=ac; also, if 4*=ac, then a, b, ¢ are in continued pro-
portion.

289. Ifa:b=c:d, then
(i) a:e=b:d; (i) b:a=d:c; (i) a+d:b=c+d:d;
(iv) a-b:b=c-d:d; (v) a+dbia-b=c+d:c-d.

Since a:b=c:d,
sSad =be.

(i) Divide both sides by cd,

%z%, ie a:c=b:d.
(i) Also 1+%=1+§, '

o %=%l’ ie b:a=d:e
(i) F+1=241,

o (_1_-1:-__b=_c__-£_¢_l’ ie. a+b:b=c+d:d.

@iv) 3-1=2-1,
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a+b a-b o+d c-d
) 5785 T4 T Ta
:———}Z =£—+_%l, ie. a+b:a-b=c+d:c—d.
290. FEzample 7. What number must be subtracted from
each of the numbers 8, 10, 13, 17, so that the remainders may
be in proportion ?

Let = be the number,
then 8-2:10-2=13-2:17—=,
S (8-x)(17 —2) = (10 = z) (13 — ),
S 136 — 25z 4+ 22 = 130 — 23z + «?,
0. —2.’11:—-6,
Sox=3.

3
Example 8. 1f a:b=c:d, then a’+b’:% =c’+d’:g.

a
Let —;g=m, 8o that a = bm, ¢ =dm,

b d
LA+ PPt BP(mP+l) mPel
CTE T T om . tm . m
Fy b
d+d’ dmP+d? d*(m*+1) mi+1
und d & dwmd | m
d d

2 ¢
ORPT I TP .l
Sooad+ b b—c’+d3.d.
Example 9. 1If a:b=5:c, then a*+ab:6*=0+lc:c%
Let %:%:m, so that a =bm, b=cm,
. @ +ab _ bBm’+bm
I T o
B+bc ml+tm
& c
Soar+ab: =0+ bo: A

=m+m,

and

=m?+m,
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Lrample 10. If 2a+b6:26a~b=2c+d:2c—d, then a:db=c:d.
Since 20+0:20-b=2¢c+d:2—d,
S (2a+0) (2c—d)=(2a-b) (2c+d),
o 4ac + 2c - 2ad — bd = 4ac — 2be¢ + 2ad - bd,

s 4be=4ad,
s be=ad,
Soazb=c:d.

Exercises 192.

1. Tind a fourth proportional to (i) 3, 4, 9; (ii) 16, 12, 4;
(i) 15, 12, 8; (iv) a*, «*b, ab.

2. Tind a third proportional te (i) 25, 20; (i) 6, 10;
(iil) 44, 6; (iv) (a=-0)% a*-0%

3. Find a mean proportional to (i) 3, 12; (i) 9, 16;
(iii) 9, 6%; (iv) @b, ad®

4. Tind x when:

() :7=4:8; (ii) 5:2=6:5; (iii) 12:5==:2.
5, If 2z+1:2+4=3:2, find x,
6. If x+1, 2+ 3, z+7 be in continued proportion, find «.

7. What number added to the numbers 6, 8, 10, 13 will
make the sums proportional §

8. 'What number subtracted from each of the numbers 10,
11, 14, 16 will make the remainders proportionals?
If a:b=c:d, prove that

9. 3a+4c:Ba+4c=23b+4d:5b+4d.

10. a®+c:6°+d*=ac:bd.

1. a*+b:a’-b=c*+d*:c®~d% -

12, ab:cd=a*+b*:c*+d3

13. a:c=4Ya'+0*: Yob+ db
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14, a*@:0*d® =d® +: 0° + d"
15. 3a®+ ab + 26%: 3a® — 20% = 3¢® + ed + 2d%: 3¢* - 22,
16. a*+c?: b4 di=a + ¢t Vo +dh
If a:b=5:¢c, prove that
17, a-b:b—c=b:c
18. a:ec=a*+8*: 0%+
19. a*+ab+0*:®+bc+c*=a:c.
If a:b=c:d=c¢:f, prove that
20. a*:b?=ce-df.
21, e+ba-b=ct+dic-d=e+frec—-f.
22, ace:bdf=a*+c*+6*:0° +d® + /7
23. If a:b=b:c=c:d, prove that
a:d=a*:0"and a+b:c+d=a*:0%

24. If 20+ 3b:2¢+ 3d = 3a—4b: 3c ~ 4d, prove that

a:b=c:d.
25, If 10a+b:10c + d=12a + b:12¢ + d, show that
a:b=c:d.

26. If(a+b+c+d){a-b-c+d)=(u~b+c-d)(@a+b-c—d),
prove that a:b=c:d.

21, If ea+b-2c:a-b+2c=2a+2b-c: 2 —~2b+e¢, then
will either a=0 or ¢=0.

28, If x+y:x-y=x+2:x~2 then either x=0 or y ==

29. Find a number such that its excess over 8 bears the
same ratio to its excess over 9 as the number itself does to its
excess over 2.

30. Find three numbers in continued proportion whose sum
is 7, and such that the extremes togethcr exceed by 25 the
double of the mean.
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291. Example 11. If ma+nc: pa+qc=mb+nd: pb+ qd,
then either a:b=c:d or m:n=p:q.
Since ma + nc: pa + gc =mb + nd : pb + ¢d,
~o (ma + ne) (pb + gd) = (pa + ge) (mb + nd),
s mpab + npbe + mgad + nqed = mpab + mqbe + npad + ngcd,
<o be (np — mg) = ad (np — mg),
s (be—ad) (np — mg) =0,
. either ad="bc or mqg=mnp,

.. either a:b=c:d or m:n=p:q.

Example 12. A cask, holding 10 gallons, is filled with wine
and water in the ratio of 3:2; if a certain number of gallons be
drawn off and replaced by water, the ratio of wine to water in
the new mixture is 2:3; how many gallons were drawn off }

Let = gallons of the first mixture be drawn off, then 3—;

gallons of wine and 2?::: gallons of water are drawn off. These
are replaced by x gallons of water; so that number of gallons of

wine in the new mixture is g 10 - %?f', and nurmber of gallons of

.2 2x
water is 5.10-—3—

+,

. 3 3z .
o 6——5—.4+-—5—-—2.3,

S 30-32:20+3x=2:3,
So 3(30 — 3x) =2 (20 + 3x),
So =9z — 6z =40 - 90,
oo = 15z = - 50,
o= 3%:

. 3% gallons are drawn off from the first mixture.
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Exercises 193.

1. If a:d=(a+x)*: (b+x)’ prove that a? = ab.

2, If a+b:b+c=c+d:d+a, prove that either a=c or
a+b+c+d=0.
3. If a:b=x—2y:y+ 2z, prove that :y=a+ 26:b— 2a.
4. If (a®+ 6%+ %) (& + y* + 2*) = (ax + by + cz)?, show that
zia=y:b=2z:c
6. If ay-bw:c=cr—az:b=>bz—cy:a, then either z, y, z
are proportional to a, b, ¢ or a?+ 6%+ =0,
6. Find z if 27:2%=8:1.
7. If 2:3=y:4=2:5, prove that each of these ratios is
equal to 3a®— 2’y + y'z: 4 (a® + ) + 2%

8. If four quantities be proportional, and the second be a
mean proportional between the third and fourth, then the third
is a mean proportional betwecn the first and second.

9. If a, B be the roots of the equation (x+ a)(z+b)=c?
prove that a+a:a+b=8+b6:8+a.

10. Find three numbers in continued proportion, whose sum
is 13, and sum of their squares 91.

11. If 2=+ prove that

Y—24+T12—T+Y=C—Y+2:2+Yy+2

12. If @, b, ¢, d be in proportion, prove that the sum of the
extremes is greater than the sum of the means.

13. If a+bd:c+d=a:c, and a>b, then a—c>b-d.

14, 1If a,b, c, d be unequal, show that a+b, b+c, c+d, d+a
cannot be in continued proportion. '

15. The length and breadth of a room are as 3:2, and if
3 ft. be added to each the new area of the floor is to the old as
35:27; find the dimensions of the room.
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16. A cask is filled with wine and water mixed together in
the ratio of 5:3; if 16 gallons of the mixture be drawn off and
the cask filled up with water, the ratio becomes 3:5; how many
gallons does the cask hold 4

17. Two casks, A aud B, contain mixtures of wine and water,
A in the ratio of 8: 3, and B in the ratio of §:1; in what ratio
must liquid be drawn from each cask to give a mixture in the
ratio of 4: 119

18. Two casks, A and B, are filled with two kinds of sherry,
mixed, in the cask A in the ratio 2:7, and in the cask B in the
ratio 1:5; what quantity must be taken from each to form a
mixture which shall consist of 2 gallons of the first kind and
9 gallons of the second kind?

3. VARriaTioN.

292. Drr. 42. A quantity z 1s said to vary directly (or to
vary) as another quantity y, when the ratio of the measurc of z
to the measure of y is constant.

DEr. 43. A quantity z is said to vary inversely as another
quantity y, when x varies as the reciprocal of 7.

Thus, the area of a ficld mowed in a given time varies as the
number of men employed; while the time required to mow a
field of given area varies inversely as the number of men
employed.

The symbol « is used to denote “varies as.”

293. If x vary as y, then x 18 equal to y multiplied by
a constant quantity; and, conversely, i/’ & =my, where m 3 a
constant quantity, then x varies as y.

(i) Since x varies as y,

.. the ratio z:y is constant; let it equal m,

@
Soo—=1m,

Soox=my.
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(if) Conversely, if = =my, where m is constant,
m —-—
i m,
i.e. the ratio z: y is constant,
L ey,
294. Der. 44. A quantity z is said to vary jointly as two

other quantities y und z when x varies as the product yz.

Der. 45. A quantity « is said to vary directly as y and
wnversely as z when x varies as g

If a man walk with uniform velocity of » miles an hour, the
number of miles (s) that he walks in ¢ hours is given by the
cquation 8= ¢, from which we have

Q=

~ | ®

Thus, the distancc he walks varies jointly as his velocity and the
time for which he walks ; while his velocity varies dnecbly as the
distance and inversely as the time.

295. If x vary as y when 2z is constant, and vary as z
when y 18 constant, then x varies as yz when both y and z vary.

Let z=m.yz; then we have to show that m does not change
when y and 2 change.
Since e y, when z is constant,
.. mz is constant with respect to y.
But z does not change when y changes,
. m is constant with respect to y.
Again, since z e z, when y is constant,
.. my is constant with respect to z,
.. m is constant with respect to z as well as with respect to g,

S ey,
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296. Example 13. If y 2’ and if y = 32 when = = 4, find
the value of ¥y when = 5.
Since y o a?,
”. y=ma?® where m is constant.
Since y =32, when x=4,
S 32=m.16, or m=2,
oy =22
Hence, when z = b,
y=2.25=50.
EBxample 14. If xocy’2® and y o 282% then x varies as a
certain power of y only.
Since x o 72 and y « 2%%,
s z=my’2' and y=nz*2% where m and n are constants.

S =miyt8 =miys . n%”
o=y,
n
fa= (D)
@ o g,

Example 16, If x vary as the sum of two quantities, one
of which varies as ¢ and the other as #; and if z =104 when
t=2, and =500 when ¢=5, find « when ¢=10.

Let & =mt +nt?, where m and n are constants;
then 104 =2m + 4n,
and 500 =5m + 26n,
o m+2rn=>52 and m+ bn=100,
s n=48 or n=16 and m=>52~32=20,
S =20 + 1623
Hence, if ¢t=10, x=200 + 1600 = 1800.
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Example 16. A man spends on charitable objects an amount
which varies as the square of his income; if he spend £35 more
when his income is £1200 than when it is £900, find his
charitable expenditure in each case.

Let his income be £, and his charitable expenditure with
this income £ma?® where m is constant, then

m (1200)? = m (900)* + 35,
35
(1200 — 900) (1200 + 900)”
_ 8 1 1
~300.2100 ~ 60.300 — 18000

Hence, if his income be £1200, his charitable expenditure is

S M=

£1—2-%’8-6102—9—° or £80. If his income be £900, his charitable
. . 900 x 900
expenditure is £--1§6070“ or £45.

Example 17. 1f a+b < a-b when a and b both vary, then
a?+ b < ab.

Let a+b=m(a-"D), where m is constant, then

a* + 2ab + b7 = m? (a® - 2ab + %),
So (@48 (mP=1) = 2ab(m2+ 1),
2(m*+1)
mi-1

So at+ b2 ab.

RS ab,

Exercises 194.

1. If yxcx, and y =4 when 2= 2, find the value of y when
z=05.

2. 1If y vary inversely as =, and y =5 when x =2, find the
value of ¥ when z = 20.

3. If xecyz, and =24 when y=38, z=2, find the value
of # when y=4, z=3.
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4. If xccyz, and =12 when y=2, z=3, find the value of
y when =18, z=9.

5. If « vary directly as ¥ and inversely as z, and if =8
when y =4, 2 =3, find the value of  when y=5, z=2.

6. If za—.%z and if =10 when y=2, 2=25, t=1, find the
value of z when y=2, 2=12, ¢=2,

7. If ta:]wg, and ¢=224 when p =28 and v =16, what is
the value of ¢ when p =32, v=251

8 If zxcy+z and if 1, 2, 3 be simultaneous values of
x, ¥, z; find the value of 2 whenx =1, y=4.

9. If zo (x+2) (y+3) and be equal to 4 when =3, y=§;
find the value of z when =5, y=3.

10. If the square of  vary as the cube of ¥, and =2 when
y =3, find the relation betwecn « and y.

11. If the cube of x vary as the square of y +1, and z=4
when y =3, find the relation between z and y.

12. If y*«<a’-a? and =0 when y =0, express y in terms
of x.

13. If x vary inverscly as y, and y vary inversely as z, show
that z o z.

14, If 2= ;—g, and w e ‘%, and 2* < y, show that z e /7.
15. If A « B?, while B }/C and C < D find the relation
between A and D.

16, If i —}/ vary inversely as « — ¥, prove that «® + 3% = xy.

17. The time required to mow a field varies directly as its
area and inversely as the number of men employed ; if 10 men
mow a field of 15 acres in 3 days, how many men will be
required to mow a field of 12 acres in 4 days}
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18. The volume of a cylinder varies as the area of the base
and the height jointly ; if the volume of one cylinder be to that of
asecond as 11: 8, and the height of the first to that of the second
as 3 : 4, and if the base of the first have an area of 165 sq. yds.,
what is the area of the base of the second?

19. The volume of a right circular cone varies jointly as its
height and the square of the radius of its base ; if the volume of
a cone 7 ft. high with a base of radius 3 ft. be 66 c. ft., find that
of a cone twice as high standing on a base with radius half as
large as the other.

20. The volume of a sphere varies as the cube of its radius;
find the radius of a single sphere formed by melting together
three spheres of radii 6, 8 and 10 ins.

21. A hollow sphere of metal weighs % of a solid sphere of
the same substance and radius; compare the inner and outer
radii.

22. The space described by a moving point varies as the sum
of two quantities, one of which varies as the time and the other
as the square of the time; in 5 seconds it describes 500 ft., and
in 6 seconds 672 ft.; how far will it go in 10 seconds?

23. If = vary as the sum of two quantities, and «? vary as
the sum of their squares, then a? will also vary as their product.
24. If x, y, 2 be variable, but their sum constant, and if
(z -y +2) (x +y —2) vary as y=z, prove that y + 2 — x varies as yz.

25. 1If z vary as (z +a) (y + ) and be equal to % (a+ b)* when
x=b, y=a, show that 2=2(a +0)* when x=a + 26, y =2a +b.

26. If x vary as the sum of the cubes of y and z, the sum of
which is constant, find the value of & when y= 2, it being given
that =3 when y =3, 2=3.

27. If 2z be equal to the sum of two quantities, one of which
is constant and the other varies jointly as # and y, and if y=5
when « and z each equal 2, and =9 when y and 2z each equal 10,
find the value of 2 when z and y each equal b.

D, A. IL 12
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28. If y be the sum of two numbers, of which the first varies
directly, and the second inversely, as x, and if y=7 when x=2

and y=—1 when x=1, show that y =5z - g

29. The pressure of wind on a plane surface varies jointly as
the area of the surface and the square of the wind’s velocity; the
pressure on & 8q. ft. is 11b, when the wind is moving at the rate
of 15 miles an hour; find the velocity of the wind when the
pressure on & sq. yd. is 16 lbs.

30. Determine the resistance of the air to a projectile 16 ins.
in diameter at a velocity of 1500 ft. per sec., supposing the
resistance of the air to vary as the square of the diameter and
the cube of the velocity ; given that the resistance of the air to a
projectile 1in. in diameter at a velocity of 1000 ft. per sec. is
2} lbs. weight.



CHAPTER XXVIIL

SERIES : ARITHMETICAL AND GEOMETRICAL
PROGRESSIONS.

297. Der. 46. An expression in which each term is formed
by means of a definite law from one or more of the preceding
terms is called a series.

In some cases, a series is also called a progression.

DEr. 47. An infinite series is one in which the number of
terms is infinite.

In this chapter, we shall consider two important series known
as arithmetical and geometrical progressions; in the next chapter
& third series known as harmonical progression and a few simple
series formed according to different laws.

1. ARITHMETICAL PROGRESSION.

+

298. Duxr. 48. An arithmetical progression is a series in
which each term is formed from the preceding by adding to it a
constant quantity.

This quantity is called the common difference, and it is
obtained by subtracting any term of the series from the mext
succeeding term.
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An arithmetical progression is generally denoted, for brevity,
by A.P.
The following are examples of series in A.p.:
L, 2, 3 4 5 ..,
L 3 5 7, 9 .,
9, 6 3, 0 -3, ..
2%, 14, 0, —11, -24, ..,
the common diflerences of these series being respectively, 1, 2,
-3 and —13.
V299, To Jind the nth term of an A.P., of which the first term
s a and the common difference d.

The first term being a, the second term is a +d, the third
a + 2d, the fourth a + 3d, etec.

Now, the coefficient of & in the first term is 0, and in each
succeeding term increases by 1, so that the coeflicient of d in any
term is one less than the number of the term, i.e. the coefficient
of d in the nth term is n-1,

.. the nth term is a+ (n - 1) d.

300. Ezamplel. Find
(i) the 20th term of the series 1, 3, 5, ...,
(ii) the 100th term of the series 9, 6, 3, ....
(i) Here a=1, d=3-1=2,
.~ thg 20th term is 1+(20-1).2=1 + 38=39.
(ii) Here a=9, d=6-9=-3,
.- the 100th term is
9+(100-1)(—3)=9-99.3=9- 297=—288.
301. If the last of a series of » terms in A.p. be denoted

by I, we have
l=a+(n—-1)d.
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Thus, if any three of the four quantities a, d, I, n be known,
the fourth can be found from this equation. In Example 1,
a, d and n are given or can be found by inspection, and I is
determined from the equation.

The following examples illustrate cases in which a different
set of three quantities is given.

Example 2. 'Which term of the series 3, 6, 9, ... is 9991

Let 999 be the nth term,
then (since a= 3, d=3, {=999),

999 =3 +(n—-1)3=3n,
. n=333.

Example 3. If 14 be the first term and — 30 the 23rd term
of an A.p., what is the common difference ?

Let d be the common difference,

then —-30=14+(23-1)d,
. 22d =—44,
Sod==2

Example 4. If the 8th term of an A.r. be 50 and the 21st
term be 115, find the 50th term.

Let a be the first term and d the common difference, then
(since the 8th term is @ + 7d, etc.),
a+7d=>50 and a + 20d =115,
». 13d =65 or d =5,
s a=b0-35=15. N
. the bOth term =15+ 49.5 =15 + 245
= 260.
Example 5. How many numbers between 1000 and 2000 are
divisible by 71
Let n be the number of such numbers. A



182/ ELEMENTARY ALGEBRA [cHAP. xXVIII

The first number above 1000 that is divisible by 7 is 1001,
and the last number less than 2000 that is divisible by 7 is
1995.

o 1995 =1001 + (n—1)7,

. Tn=1995-1001 +7 = 2002 - 1001
=1001,
S m=143.

302. If the last term of an A.P. be {, and the common
difference d, it is evident that the second term from the end is
l-d, the third term from the end /- 2d, and, as in art. 299,
that the nth term from the end is - (n—1)d.

Example 6. Find the 14th term from the end of the series
2, 6, 10, ... 86.

The 14th term from the cnd =86 —(14-1).4=86-13.4
=86 -52=34.

Exercises 195.

jind the following terms:
1. 10th term of the series 3, 5, 7, ....

2. 2lst , . , 10, 14, 18, ...
3. 15th ,, . - . 14, 12, 10, ...
4. 32nd , . =4, =2 0, ...
5. 100th , .1, B 9, .
c. 48th , . 202, 3 ..
7. 18th , R N T Y S
8. 20th , , 38, 36, 34, ...
9. 45th , . 8% 9, 9%, ..

10. 50th , ., , 7% 9%, 113, ...
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j‘nd the nth term of the following series:

1. 1,2 3, .. 12. 2, 4, 6, ...
13. 1,3, 5, ... 14. 4,7, 10, ...
15. 20, 18, 16, .... 16. 3a -2, 4a—3b, 5a—4b, ....

,aiV hich term of the series:

17. 7, 10, 13, ... is 431 18. 84, 80, 76, ... is 0%

19. 5, 10, 15, ... is 1000000 %

20. 194, 18, 16}, ... is —181

21. 75, 72, 69, ... is 9, and which is -9?

22. If the first term of an A.P. be 14 and the 20th term 128,
what is the common difference }

23. If the first term of an A.p. be 58 and the 26th term - 17,
what is the common difference ¢

24, TIf the second term of an A.P. be —19 and the 50th term
101, what is the common difference?

25. What is the first term of an A.Pp. in which the 14th term
is 51 and the common difference 31

26. What is the first term of an A.P. in which the 43rd term
is 51 and the 44th term 451

27. The second term of an A.p. is 14 and the 12th term is
44 ; find the 22nd term.

28. The 11th term of an A.p. is 42 and the 22nd term is
-42; find the 35th term.

29. The 15th term of an A.p. is — 40 and the 31st term is 40;
find the 23rd term.

30. The 12th term of an A.P. is 13} and the 17th term is
174 ; find the 8th term.

31. The 6th term of an a.p. m,A—O‘sqd the 13th term is — 4;
which term is —40 1
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32. The 11th term of an A.p. is —8 and the 29th term is 4 ;
which term is 18 ¢

33. How many odd numbers are there between 80 and 2204

34. How many numbers divisible by 3 are there between 40
and 3401

35. How many numbers divisible by 8 are there between
900 and 17001

36. The sum of the 10th and 32nd terms of an A.Pp. is 176,
and the 13th term is 48 ; find the 20th term.

37. The sum of the 10th and 25th terms of an A.p. is 47,
and the sum of the 5th and 16th terms is 33 ; find the first term
and the common difference.

38. The sum of the 10th and the 24th terms of an aA.». is 34,
and the difference between the 8th and 22nd terms is 21; find
the series.

39. TFind the 15th term from the end of the series 7, 10, 13,
oesy 103

40. TFind the sum of the 12th term from the beginning and
the 12th term from the end of the series 48, 464, 45, ..., 3.

41. If 7 and 43 be the first and last of 13 numbers in a.P.,
find the middle term.

42, If 16 and 76 be the first and last of 16 numbers in A.p.,
find the two middle terms.

43. The 15th, 45th and nth terms of an A.p. are 33, 153 and
217 respectively ; find n.

44. Show that (a —b)?, a®+ % and (a+ b)* are in A.P.

45. If 3a + 2b, a+ 4b and x + 66 be in A.P., tind the value of .

803. To find the sum of n terms of an A.». of which the first
term 8 a and the common difference d.

Let 8 be the sum of n terms,
then s=a+(@+d)+(a+2d) + ...+ (a+r—1.d)+...

+({-2a)+(l-d) +1,
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also s=l+(0-d)+(1-2d) + ... + -7 =1.d)+...
+(@+2d)+(a+d)+a.
S2=(a+l)+(@+l)+(a+l)+ .. ton terms=n(a +]);
..oom
. s=§(a+l).
But I=a+(n-1)d,

g{2a+('n—1) d}.

304. Example 7. Tind the sum of the series:
(i) 14+17+20 + ... to 40 terms,
(ii) 98+94+90+ ... to 50 terms.

() 8=4°{2.14+(40-1).3}=20 (28+117)
=20 . 145 = 2900.

() 8=52{2.98+(50—1) (- 4)} = 52 (196 — 196) = 0.

Ezxample 8. Find the sum: (i) of the first » numbers, (ii) of
the first » odd numbers.

@) s=3{2.1+(n-1).L=jn(n+1).

e 8=

() e=5{2.1+(n-1).2}=7. m=n

e o o+ *
S
o ¢ & 4
; ! |

PP Y . ;
[ R— B - . -—---0' ?'

[ — ¥ N TR Sw— |

The last case is illustrated in the accompanying diagram,
which shows that 1 +3 +5+7+9=0%
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Exzample 9. How many terms of the series 21 + 18 + 15 + ...
have their sum equal to 66 1%

Let n be the number of terms;
then 66:%7'{2.21+(n-1)(— 3%,

S 132=n(42—-3n+3),
o 3n?— 45m + 132 =0,
~15n+ 44 =0,
S (n—4)(n-11)=0,
" n=4or 11,

The first four terms of the series are 21, 18, 15, 12, the sum
of which is 66. The next 7 terms are 9, 6, 3, 0, — 3, =6, — 9, the
sum of which is 0. Thus, the sum of 4 terms, and the sum of 11
terms, both amount to 66.

Example 10. Find the sum of all the numbers less than 1000
which are divisible by 3.

Let » be the number of such numbers, the first of which is 3
and the last 999;

then  999=3+(n—1).3=3n,
- on=2333,
L 8=23219. 3+ (333-1).3) - 233 (6+996)
=333 (3 + 498) = 333 . 501
= 166833,

Exercises 196.

Find the sum of the series whose first and last terms and
number of terms are:'; ;. "

1. 14, 50; 10. 2. 31 75; 40. 3. 2,100; 50.

4. 5,71; 36. b. 48}, 20; 18. 6. « 53, —13%; 24.
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Find the sum of the series:
1+2+3+ ... to 100 terms.
1+3+5+...to 40 terms.
10+ 14 + 18+ ... to 24 terms.
10. 60+57 + 54 + ... to 41 terms.
11. 104 +109+114 +... to 70 terms.
12. 5+ 11 +17 + ... to 23 terms.
13. 8+4+0+... to 32 terms.
14. 101 +99+97 + ... to 101 terms.
15. 2+3}+5+... to 51 terms.
16. —9-71—-6—... to 13 terms.
17 33 +23+ 13+ ...to 15 terms.
18. 16+ 14 + 11} + ... to 14 terms.
19, 8+73+63+ ... to 19 terms.
20. —43 -4} -53—... to 17 terms.
2l. 1+}-3—...t09 terms.
22. 131+114+97+... to 15 terms.
23. Find the sum (i) of & terms, (ii) of 16 terms, of the
series 20, 18, 16, ....
Sum to n terms the-series :
24, 2-3-3-11_ ..,
25. 13+13f+2L0 +..
26. (p+1)+(p+3)+(p+5)+ ...
27. (a) + (26) + (4D —a) + (66 — 2a) + ....
n-1 n-2 =n-3

28. + +
n n n

29. (a+b)+(a®+0)+(a—0)+....
30. Show that
3.(1+3+5+...+99)=101+103+105+ ... +199.

© ® N
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31. How many terms of the series 24 + 28 + 32 + ... amount
to 124019

32. How many terms of the series 32 + 28 + 24 + ... amount
to 120!

33. How many terms of the series - 16 — 14 - 12 — ...
amount to 09

34, How many terms of the series 23 + 19 + 15 + ... must be
taken in order that the sum may be 124

35. How many terms of the series 1 + 13 + 24 + ... must be
taken to make 61417

36. The first term of an a.P. is 1} and the 6th term is — 1} ;
find the sum of 12 terms.

37. The third term of an A.p. is 17 and the 13th term is 87 ;
find the sum of 19 terms.

38. The sum of 12 terms of an A.». is 522, and the common
difference is — 1; find the first term.

39. The sum of 7 terms in A.P. is 28 and the common differ-
ence is 3 ; find the series. .

40. If the first term of an A.P. be 2 and the sum of 8 terms
100, find the common difference.

41. If the 4th term of an A.p. be 35 and the sum of 12 terms
be 670, find the common difference.

42. The sum of 5 terms in A.p. is 10, and the sum of 17
terms is — 17 ; find the series.

43. The sum of 20 terms of an A.P. is 365, and the sum of
30 terms is 7724 ; find the sum of 15 terms.

44. The first and third terms of an A.p. are 22 and 14; how
many terms must be taken so that the sum may be 641

45. In an A.P., the first term is 3 and the last term 27, also
the sum of the terms is 495 ; how many terms are there

46. Find the sum of all the odd numbers less than 1000.
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47. Find the sum of all the numbers between 100 and 200
that are divisible by 3.

48. Find the sum of all the numbers between 1000 and
3000 that are divisible by 7.

49. 7Find the sum of all the numbers less than 1000 whose
units’ digit is 5.

50. Find the sum of all the numbers less than 200 which are
odd multiples of 7.

305. Drr. 49. If three terms be in A. p., the middle term is
called the arithmetic mean between the ftirst and third.

Der. 50. If any number of terms be in A.p., the intermediate
terms are called the arithmetic means between the first and last.

306. If A be the arithmstic mean belwesn two quantities
x and y, then A=4 (x + y).
Since z, A, y are in A.P.
SoA-—z=y—A;
S 2A=x+y or A=%(x+y)
307. Exzample 11. Insert 12 arithmetic means between 15
and b4.

Let d be the common difference, then, since there are 12
means and two end terms, 54 is the 14th term of the a.p. of
which the first is 15 and the common difference d.

S 04=16+(14-1)d,
s 13d=39 or d=3,
.. the means are 18, 21, 24, ..., b1

Exercises 197.

Find the arithmetic means of the following quantities:
1. 7,21 2. 16, 24. 3. 15, 30.
4, 42,85 5. 2a-0b, 4a+ bb. 6. Tx+4y, 3z- 6y.
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7. If 0, A, B, C be four points iu order on a straight line
such that B bisects AC, and if OA be 6 ins,, and OC 24 ins., long,
find OB.

8. Insert 6 arithmetic means between 1 and 29.

9. Insert 10 arithmetic means between 13 and 291,

10. Insert 7 arithmetic means between 3 and 18.

11. Insert 3 arithmetic means between 1} and —£.

12. Insert 9 arithmetic means between 4a + 56 and 5 — 6a.

13. Insert 24 arithmetic means between 15 and 165, and
find their sum.

14. Insert 100 arithmetic means between 48 and — 255, and
find their sum.

15. a, b, c are three numbers in A.Pp. ; if = be the arithmetic
mean of a and b, and y that of b and c, show that a, =, b, y, c are
in A.P.

308. If the number of terms in an a.P. be odd, the equa-
tions may be simplified by taking @ for the middle term. Thus,
the sum of 3 terms ¢~d, a, a+d is 3a, and the sum of their
squares (a—d)%, a* (a+d)* is 3a®+ 2d?% the terms in d and ad
/(‘lisa.ppearing.

hi’ivample 12. The sum of 3 numbers in A.P. is 27, and the
sum of their squares is 275; find the numbers.

Let the numbers be a —d, a, a+d,

then (a—d) +a+(a+d)=27,

and (a-d)*+a*+ (a+d)*=275;
s 3a=27,

and 3a? + 2d*= 275;

S a=9and 3.81+2d%= 275,
S 2d%=275— 243 = 32,
S d=t4,
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.. the numbers are 5, 9, 13 ; the value — 4 for d giving the same
numbers in the opposite order.

’*'Is'wample 13. The first, middle and last terms of an odd
number of terms in A.p. are also in A.P,

Let a be the middle term, d the common difference, and
2m + 1 the number of terms; then, since there are m terms on
each side of the middle term, the middle term is the (m + 1)th.

.. the first term = a — md, and the last term = a + md.

Now, a—(a—md)=md and (a+md)—a=md,
. the first, middle and last terms are in A.p., the common
difference being md.

Example 14. Sum to n terms the series whose nth term is
3n - 5.

The first term (which is obtained by puttingn=1)is 3.1-56
or — 2,

.". the sum of » terms = g (-2+3n-5)= 1 (3n—1T).

Or thus: Sum to n terms
=(3.1-5)+(3.2-5)+(3.3-5)+...+(3.n-5)
=3(1+2+3+...+n)-bn
=3..n(n+1)-5n=}n(3n-17).

FExample 15. Find the series whose sum to n terms is

an®— bn. 7

Let x be the first term and y the common difference,

n
7
=an®-bn,

J. sum to » terms =5 {2z + (n— 1) y} =42y + §n (2z - y)
& dy=a and z—Ly=-b,
S y=2 and z=a-),

% the series is@—b, 3a—b, ba—b, ...
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J Ewample 16.  The series of natural numbers, beginning with
unity, is divided into groups of which the first contains 1, the
second 2, the third 3, and so on; prove that the sum of the
numbers in the nth group is §n (n?+ 1),

The number of terms in the first » ~1 groups is

1+2+43+...42-1 or ¥(n-1)n,
. . . nl—n
. the first term in the nth group is 5+ 1.

*. the sum of the numbers in the nth group

=g{2(’f221’+1)+(n—1).1}

=g(n’—n+2+n-l)

=jin(n?+ 1).

Exercises 198.

1. Ifa, b, ¢ be in A. ., then ma, mb, mc are also in A.P.

2. If @, b, ¢ be in A. ., show that 2a— 3b, 26— 3¢ and 3b— 4¢
are also in A, p.

3. Ifa b cbein A.p., then b+¢, c+a, a+b are also in A.p.

4 Ifa,bc,dbein ap,thena+d=b+e.

5. If the third term of an A.P. be 5 and the 15th (and last)
be — 13, find the middle term.

6. The sum of 21 terms in A.P. is 63; find the 11th term.

7. Prove that if any even number of terms of the series
1, 3, 5, ... be taken, the sum of the second half is three times the
sum of the first half.

8. The sum of the 5th and 15th terms of an A.P. is equal to
the sum of the first and last terms; how many terms are there?
If it be further known that the middle term is 16, what is the
sum of the a.». 1
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9. Show that the sum of the cubes of four numbers in a.p.
is always divisible by the sum of the numbers. '

10. The sum of 10 terms of an a. p. is 285, and the sum of the
next 10 terms is 585 ; find the sum of the next group of 10 terms.

11.  If », the number of terms of an A.r., be odd, the sum of
-the terms is n times the middle tern.

12. Ifa:b=b:c, then loga, log b, logc are in a.P.

13. Sum the series whose rth term is 37 + 2 to » terms.

14. 'The sum of the first 3 terms of an A.»r. is 9, and the sum
of the next 3 terms is 27 ; find the series.

15. The sum of 5 numbers in A.p. is 10, and the sum of
their squares is 60; find the numbers.

16. Show that the sum of the first » odd numbers is to tlm
sum of the first » even numbers as n to n + 1,

17. Insert 4 arithmetic means between a and b, and show
that the sum of their squares is equal to % (3a?+ 4ab + 36%).

18. 300 trees are planted regularly in rows in the shape of
an isosceles triangle, and the numbers in successive rows diminish
by one; how many trces arc there in the row which forms the
base of the triangle ?

19. Find the sum of all the numbers in the tirst thousand
which are not divisible by 3.

20. 1If a, b, c, d be in A.P. prove that ad <be.

21. The last term of an A.p. is 10 times the first, and the last
but one is equal to the sum of the fourth und fifth; find the
number of terms, and show that the common ditference is equal
to the first term.

22. The first and last of 46 terms are — b and 25 respectively;
find the two middle terms.

93. Tho middle term of an A.p. of 21 terms is 13, and the
sum of the terms that follow it is 13 times the sum of the terms
that precede it ; find the series.

D. A. 1L 13



194 ELEMENTARY ALGEBRA [CHAP. XXVIIL

24. A man arranges to pay off a debt of £3600 by 40 annual
instalments, which form an arithmetic series; when 30 of the
instalments are paid, he dies, leaving a third of the debt unpaid ;
find the value of the first and second instalments,

25. The (n+ 1)th term of a serics is p —gn ; prove that the
sum of the first 2z + 1 terms is (p —g¢n) (2n + 1).

26. If the sum of n, terms of an A.P. be equal to the sum of
n, terms, show that the number =, + n, depends only on the ratio
of the first term to the common difference.

27. The nth term of an A.p. is } (3n—1); find the first term,
the common difference and the sum of = terms.

28. Find the sum of the square roots of all odd numbers
between 100 and 10000 which are perfect squares.

29. The sum of » terms of an a.p. is always n (n +2); find
the common difference.

30. The sum of n terms of an A.P. is always n—n?; find the
nth term.

31. The sum of n terms of an A.». is n (a — b)* + n’ab; find
the series.

82, If in an A.p. the pth term be ¢ and the gth term be p,
prove that the (p + ¢)th term vanishes.

33. If the mth term of an A.r. be p and the nth term be ¢,
find the sum of m — n terms.

84, If the mth term of an A.P. be n,and the nth term be m,
how many terms must be taken so as to give the sum
t(m+n)(m+n-1)1}

35. Find the condition that in an A.p. the sum of any two

terms whatever may form a term of the same series.
36, If —I;Z—c, c—_l:—&, ;_‘—:_——b— be in A.P., then a? 0% ¢* are also
in AP
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37. Show that the sums of successive groups of n terms of
an A.P. are in A.P.

38. Find the sum of all the numbers in the first thousand
which are not divisible by either 2 or 5.

39. The common difference of 4 numbers in A.p. is 2 and
their product is 156009 ; find them.

40. Two arithmetical progressions, each of » terms, have for
their first term and common difference a, b and 8, a respectively,
where a and b are the roots of the equation «*— px + ¢=0; prove
that the sums of the series are the roots of the equation in =

42-2n(n+ 1) pz +n*{2(n~-1)p* + (n—3)* ¢} =0.

41. If three positive integers g, b, ¢ be respectively the pth,
qth, rth, terms of an A. p., then will p, ¢, r be the ath, bth, cth terms
of another a.Pp.; tind the relation between the common differences
of the two series.

42. The sum of the first  integers is a number composed of
three equal figures ; find .

43. If s, be the sum of the first » terms of an A.p. of
common difference &, show that S, —2S,,,+ S,,,=b.

44. 1f s,, Sy, Ss, be the sums of any A.P. to n, 2n, 3n terms,
respectively, prove that Sy, =3 (S, — S,)-

45. 1f s, 8,, 85, ... be the sums of m arithmetic series, each
to n terms, the first terms being 1, 2, 3, ... respectively, and the
common differences 1, 3, b, ... respectively, show that

8 + 85+ 83+ oo + 8, = Finn (mn + 1),

46. If the sum of the first p terms of an A.p. be zero, the

sum of the next ¢ terms is —______a}(,p "'1‘1) q.
47. If g, c%be unequal fractions, prove that g%; cannot be

their arithmetic mean unless b =d.
48. If the roots of the equation (b —c)a®+ (c —a)x + (a —b)=0
be equal, show that g, b, ¢ are in a.P.

132
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2. GEOMETRICAL PROGRESSION.

309. Der. 5l. A geometrical progression is a scries in
which each term is formed from the preceding by multiplying it
by a constant quantity.

This quantity is called the common ratio or common factor,
and it is obtained by dividing any term of the series by the next
preceding term.

A geometrical progression is generally denoted, for brevity,
by 6.k

The following are examples of scries in G.P.:

1, 2, 4, 8, 16, ...,
1, 3, 9, 27, 81, ..,
32, 16, 8, 4, 2, ...,
27, — 18, 12, -8, 5%, ...;
the common ratio of these series being respectively 2, 3, 3 and — §.

310. To find the nth term of a G.P. of which the first term
s a and the common ratio r.

The first term being a, the second term is ar, the third a3,
the fourth as?, etc.

Now, the index of 7 in the first term is 0, and in each succeed-
ing term increases by 1 ;
.". the index of r in any term is one less than the number of the
term, i.e. the index of r in the nth term is n —1.

.. the nth term is ar",

311. Ezample 17. Find (i) the 9th term of the series 1, 2,
4, 8, ...; (ii) the 8th term of the series 27, -~ 18, 12, -8, ....

(i) Here a=1, r=%=2,
o the 9th term is 1.28=162= 256.
~18

(ii) Here a= 27’ "=-W-=—.§.’
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.. the 8th term is . o ,
27 ('§)=—§§7‘i=-§7=' s ="lgp

312, If wedenote the last term of a series of n terms in c.P.
by {, we have the equation [ = ar"-!,

Thus, if any three of the four quantities a, 7, /, n be known,
the fourth is given by this equation. In Example 17, @, » and n
are given or can be found by inspection, and ¢ is determined
from the equation.

The following examples illustrate cases in which a different set
of three quantities is given.

Example 18. 1f 18 be the first term and % the fourth term of
a G.P., find the common ratio,

Let » be the common ratio,

then 2=18.7
= gl
or=i.

Example 19. 1f 40 be tho third term and 160 the fifth term
of a a.p., find the series.
Lct a be the first term and » the common ratio,
then ar? = 40,
and art= 160,
S 12=160 + 40 =4,
Jor=+2,
and a=40+4-10,
. the scries is 10, + 20, 40, + 80, 160, + ....
Example 20. Which term of the series 5, 10, 20, ... is 3201
Let 320 be the nth term,

then 320 =5.2"1,
So 21204 = 2‘,
Jo m—1=86,

and n=T1.
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313. If the last term of a 6.P. be /, and the common ratio 7,

it is evident that the second term from the end is ;l'-, the third

from the end is ;l—,, and, as in art. 310, that the nth term from the

)
end is e

Exercises 199.

Find the following terms :

10th term of the series 1, 2, 4, ....

8th term of the series 2, 6, 18, ....

10th term of the series }, -4, 1, ....
bth term of the series 36, 12, 4, ....

9th term of the series 40, — 20, 10, ....
7th term of the series 9, 6, 4, ....

6th term of the series 1, §, %, ...,

11th term of the series 4, 6, 9, ....

. 6th term of the series 40, — 30, 221, ...,
10. 7th term of the series 100, 80, 64, ....
11, 12th term of the series 1 + 2z + 4% + 82 + ...,

PP e T ooreo

Find the nth term of the following serics:
F12. (a-0b)% a®~ 0% (@ +b), weee
13. 1, 2z, 3o, 4o ...
M T4z 2+a2% 3+4% ..,

15.  The 6th term of a a.p. is §, and the Oth term is % ; find
the first two terms of the series.

16. The 7th and 8th terms of a 6.p. are 4 and —8; find the
3rd and 4th terms.
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17. The 4th term of a a.p. is 64, and the 5th term is 128;
find the series,

18. The third term of a a.p. is 45, and the 5th term is 405;
find the 8th term.

19.  Which term of the series 625, 125, 25, ... is g3 !

20. Which term of the series 36, 24, 16, ... is 4§21

314. To find the sum of n terms of a a.». ¢f which the first
term 1s a and the common ratio r.

Let 8 be the sum of n terms,
then s=a+ar+ar+... +ar"?+art?
and er= ar+ar’+... +ar™ 4+ ar;

. 8—-sr=a-—ar"
Sos(l-r)=a(l-r"),

g= 2127 ol D)
-7 r—1

.o

315. Ezample 21. Find the sum of the series:
(i) 1+2+4+8+... to 8 terms.
(i) 9-6+4-2%+... to 6 terms.

3 __
@ s=2Z=D o 12561255

3T
() o= 2L EH o

Example 22. In the series 1, &, v}y, vouo, ---» find the
sum of (i) 2 terms, (ii) 5 terms, and (iii) 10 terms.

.

~ 7102

i) #=—t= P01 =11,
-1
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1
1-5

(i) #=—F =2 (1-00001) = 11111
-1
]

.. "Fﬁ 10

(i) 8= = X (1- 0000000001) = 111111111,
-

Thus, as the number of terms increases, the suin approaches
more and more nearly to 32 or 1-1.

316. 7o find the limit of the sum of an infinite number of
terms of a G.P. of which the first term is a and the common ratio r,
r being less than unity.

Let 8 be the number of terms,

a(l-1") a a
then 8= - L. )
' 15 T157 " 1<
Now, = being less than 1, it follows that +® dcercases as n
increases. Let a

"=
then loga-log (1 —7)+nlogr=loge,
., _loge-loga+log(l-r),
T -~ logr ?
‘. ———7™ can be made less than any quantity ¢ however small,

l -7
by making n greater than the value given by the above equa.tlon,

that is, the limit of the sum of an infinite number of terms is —1—-—

317. Example 23. Tind the sum of an infinite number of
terms of the series:
(i) 8,4,21,... (i) 81,-27,9,-3,....
81 81.3 243

(i) 8=1_8_%=16. (il) 0:1—:—F¥)= —4—-—:-—4—-:60%.




315-317] GEOMETRICAL, PROGRESSION

Exercises 200.

Find the sum of the series :

1. 1+2+4+... to 8 terms.

2. 2+46+18+... to 7 terms.

3. 8+4+2+ ... to10 terms.

4. S81+27+9+... to9 terms.

5. 2-1+4—... to8 terms.

6. 1445 +y35+... to 6 terms,
7. J%—3+1-..t012 terms.

8 1-3+f—-%L+.. to0 terms.
9. $+3+1+... to8terms.

10. 1§+11+4+... to 10 terns.
Find the sum of n terms of the series:
11, 13 +45+ 133 +.... 12 2-4+3-2+....
13. i-}+3-.... 14 3+4+3+....
15, x+ 222+ 42+ 8 + ...

201

16, Sum the series (1-05) + (1-05)* + (1:05) +... + (1-05)", it

being given that (1-05)¥= 179586 nearly.

\ . a b a b @ b
17. Sumtozntcrmsg—§+§7_8~l+m_729

18. Sum to n terms (@ + ) + (a® - 0*) + (@ - b)* + ...

+ .0

Find the sum to infinity of the scries:

19, T+3+%+.... 20. 1-%+3-....
21, 1+3+3+... 22, 3-2+4%-....
23. 48-36+27—.... 24, 3G+ -
25. 96+72+54+...

2+ 1 1

26.

+1+

S-1tTTpty
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27. Find the sum of § terms in 6.p., the second term being 5
and the fifth 625.

28. The first term of a @.P. is @ and the second b; find the
sum of n terms,

318. Der. 52. If three terms be in 6.p., the middle term is
called the geometric mean between the first and third.

Dzr. 53. If any number of terms be in a.p., the intermediate
terms are called the geometric means between the first and last.

319. If G be the geometric mean between two quantities x and
y, then G = N/xy.

Since z, G, y are in ..,

=

3O

G'
S Gl=ay,
o G = ‘s/'l—'_g;

Cor. Thus, the mean proportional between any two numbers
is also their geometric mean and vice versi.

\4’20. Example 24. Insert 3 geometric means between 3
and 48

Let r be the common ratio, then, since there are 3 means and
2 end terms, 48 is the bth term of the a.P. of which the first term
is 3 and the common ratio r;

48=3.m1
S =16 or P =4,
Sor=+42;

. the means are 6, 12 and 24, or - 6, 12 and — 24,

Example 25. The arithmetic mean between two numbers is
6%, and the geometric mean is 6 ; find the numbers.
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Let x and y be the numbers,

then Tty 64 and Nzy=6.

2
" xz+y=13 and zy =36,
the roots of which are

x=4} mdwzg}
y=9] M y=4’

*. the numbers are 4 and 9.

Exercises 201.

Find the geometric means of :

4, 16. 2. 9,16 3. 4,25,
a*h, ab'. 5. 62, 24ats

Insert 2 geometric means between 1 and — 1.
Insert 5 geometric means between 4 and 256.

Ingert 4 geometric means between 9 and .

g B R

Tnsert 5 geometric means between § and 10}.

10. Insert 3 geometric means between 4133 and 2.

11. Insert 3 geometric means between a* and b%*.

12. Find the geometricmean between a + b and a*—a*h—ab®+ 5>

13. Find the geometric mean between the pth and gth terms
of a .p.

14. TInsert 5 geometric means between 5 and 320, and find
their sum.

156. The product of two numbers and their geometric mean is
216, find the geometric mean.

16. Show that the geometric mean of the 1st and 9th terms
of the arithmetic series 4, 8, 12, ... is § of the geometric mean of
the 2nd and 8th terms.
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17. The arithmetic mean between two numbers is 5, and
the geometric mean is 4 ; find the numbers.

18. The geometric mean of two numbers is greater than one
of them by 8, and less than the other by 24 ; find the numbers.

321. If the number of terms in a 6.7, be odd, the equations
may sometimes be simplitied by taking a for the middle term.

a .
Thus, the product of the three terms oI and ar is a’.

* /Example 26. The sum of three numbers in G.p. is 43}, and
their product is 1000 ; find the numbers.

Let the numbers be% a and ar,

then g+a+ar=43}
a
and ;.a.ar:a’:lOOO.
Sooa=10,

1 130
o 10 (;+1+r>=-3—,
S larar?=23
S 3r-10r+3=0, -
S (r=3)(3r=1)=0,
the roots of which are 3 and §.
.. the numbers are 3}, 10 and 30.
Example 27. The first, middle and last terms of an odd
number of terms in G.p. are also in G.p.

Let a be the middle term,  the common ratio, and 2m + 1 the
number of terms; then, since there are m terms on each side of
the middle term, the middle term is the (m + 1)th.

‘. the first term is r—(f" and the last term ar™.
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a
- - R
NO\V, a—‘;ﬁ-‘-— ?

and ar™ +a ="

.. the first, middle and last terms are in ¢.r., the common
ratio being ™.

Lxample 28. Find an infinite a.p. in which each term is
10 times the sum of all the terms that follow it.

Let @ be any term, and r the common ratio. Then, since the

next term after @ is ar, the sum of the terms that follow a is
ar

1-#"
ar
a:lO.T—_—r.
S 1—r=10r
Sor= G

. the series beginning with a is @, {;a, t11a, ...,

Example 29. Sum to n terms the scries whose nth term is

1
n—1+§;_—l.

Let 8 be the sum of n terms,
then s=1+2+3+...+n—(1+1+1+... ton terms)

1 1 1 1
+I +§+§]+"‘+2_n—1
1
1 — =
t)‘
=%n(n+1)—n+ “1
1-3
1 1
=—2-'n(n—l)+2—§;_—i.

Ezample 30. Show that the product of any odd number (n)
of consecutive terms of a G.P. is equal to the nth term power of
the «iddle term.
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Let @ be the middle term and » the common ratio, and let
n=2m+ 1, where m is zero or a positive integer, so that the
middle term is the (m + 1)th, and therefore the first term is

4% and the last ar™; then, the product of the series of terws

a a

a
8;,—". Ty T G.ar. ... ar™ !, ar™
7 r

= @™+ = g",

Exercises 202.

1. Find the sum to n terms of the scries whose »th term is
Qr4s,

2. Sum to 12 terms
(200 + 2) + (205 — 4) + (210 + 8) + (215 — 16) + (220 + 32) +....
3. Sum z +a, 2+ 3a, &* + Ha, ... to n terms.
4. Sum to n terms
A+2)+(2+2)+B+2)+(4+29+ ...
5. Sum to n terms the series whose nth term iz 1 + 2n + 3™
6. Find the condition that the sum of an infinite number of

terms of the series
1 b b \?
e’ (r:z) T
may be obtained.
7. What is the number which must be added to each of the
numbers 20, 50 and 100, so that the results may be in G.p. %

8. Ifa, b, ¢, d be four quantities in a.P., then ad = be.

9. Two terms are taken equidistant from the beginning and
end of a geometric series ; prove that their product is constant.

10. Show that in every .. in which the common ratio is 3,
the arithmetic mean between the 2nd and 4th terms is 5 times
the 2nd term.
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11. 1If a, b, ¢ be positive quantities in G.p., prove that
a*+c’> 20

12. The difference of two numbers is 32, and the arithmetic
mean exceeds the geometric mean by 8; find the numbers.

13. TFind an infinite G.p. in which each term is n times the
sum of all that follow it.

14. The first two terms of an infinite a.p. are together equal
to 1, and every term is twice the sum of all the terms that follow
it; find the series.

15. The sum of three numbers in G.p. is 126, and their
product is 13824 ; find the numbers.

16. Divide 183 into three parts in a.p., such that the sum of
the first and third is 2;% times the second.

17. The continued product of three numbers in @.p. is 512,
and the sum of the products of them in pairs is 224 ; find the
numbers.

18. Ifa,«, y, bbein AP, and ¢ 2, y, d* in G.p., show that
a+b=cd(c+d).

19. If a, b, ¢, d be in 6.P., prove that a + d> b +c, unless
a+b be negative.

20. If a, b, ¢ bein A.r. and x, y, 2 in G.P., then

xby°2® = 2oy 2",

21. How many terms of the series 1+ 5+ (§)*+... must be
taken so that the sum may exceed 3969 (log 2 = 30103).

22. 1If r be positive, and
l+r+72+..t00) (L+p+p*+...t00)=(1+rp+rip*+...to ),
show that p must be negative and that  must be less than §, or
vice versi.

23. If z=1l+a+a’+... to w, y=1+6+0+... to o,

273 _ Y
prove that 1+ab+a™+... to e b
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24. In any o.p. of an odd number of terms, prove that the
sum of the extremes is numerically greater than twice the middle
term.

25. The sum of an A.P. of 11 terws is equal to the square of
the 6th term, and the 4th, 7th and 11th terms are in G.r.; find
the series.

26. If A be the arithmetic mean, and G the geometric mean
between x and y, find the ratio of z to y, if A:G=13:5.

27.  Find two nummbers whose difference is 12, and of which
the arithmetic mean bears to the geometric mean the ratio 5:4.

28. Between each two consecutive terms of a series con-
sisting of the squares of numbers in A.r. a geometric mean is
inserted ; show that cach term in the original series is an
arithmetic mean between the inserted terms adjacent to it.

29. The sum of the first and fourth terms of a a.p. is 13, and
of the first four terms 25; find tho series.

30. Find the least number of terms for which the sum of
1+1}+ 15+ 183+ ... exceeds 3996 (log 2=-30103).

31. If s, be the sum of » terms of the series a, ar, ar? ...
find the value of S, + S,+S;+...+8S,.

32. If P be the product of n terms in 6.r. of which the first
is @ and the last {, show that P?=(al)"

ma + nb

33. Find m and n in terms of « and b, so that -
m+n

may be the arithmetic mean between m and = and the geometric
mean between a and b.

34. If s be the sum of an odd number of terms of a series in
G.P., and & the sum of the serics in which the signs of alternate
terms are changed; prove that the sum of the squares of the
terms will be equal to +ss’, the upper or lower sign being taken
according as the signs of the even or odd terms are changed.

35. If [, m, n, r be in G.»., prove that
((+m+n+rP=(C+m)+(n+7)+2(m+n)



*CHAPTER XXIX,

SERIES, CONT.: HARMONICAL PROGRESSION AND
MISCELLANEOUS SERIES.

3. HarmoNicaL PROGRESSION.

322. DEer. 54. A harmonical progression is a series in which
every three consecutive terms, a, b, ¢ are such that
ac=a—-b:b—c.
A harmonical progression is generally denoted, for brevity,
by H.P.

323. The reciprocals of quantities in W.P. are tiv A.P.
Let a, b, ¢ be three quantities in H.p.,
then a:c=a~-b:b-c,
Soalb—c)y=c(a-1b)
Dividing both sides by abe, we get
1 1

1.1
¢c b b a

111

ie.~, 7,78 are in A.P.
324. No formula can be given for the sum of any number
of terms in B.p. If, however, the common difference of the cor-
responding A.P. be very small compared with the first term of the
A.P., it will be seen (art. 391, Example 10) that an expression for

the sum can be determined.
D. A. IL 14
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325. Example 1. The numbers 1, £, £ are in H.P., find the
4th and 5th terms of the n.p.

The numbers 1, £, 3 are in A.p.
. the common difference of the corresponding a.p. is 1,
*. the 4th and 5th terms of the a.r. are I and §,
*. the 4th and 5th terms of the m.r. are  and §.
Example % The first two terms of an 1.p. are a and b, find
the nth term.

The common difference of the corresponding A.P. is %—-

Q=

a—b

or —.
ab

.. the nth term of the a.p. is

%+(n—l)a(;b:b+(n —-a]b)(a—b)
(n=hHa-(n-2)b
= - .

.+ the nth term of the 1.p. is

ab
n=-Da-(n-2)b"

Exercises 203.

1. TFind the third term of an 11.p, of which the first two are
2 and 14.

2. TFind the 5th and 7th terms of the n.p. of which } and }
are the first and third.

3. Find the 5th term of the m.p. 2, 3, ....
4. Continue the mw.p. 15, 20, 30, for two terms,

5. Continue the m.P. 2§, 1}, 1}, for two terms on both
sides.
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8. Which term of the 1.p. 1, 3,3, ... is — }*
7. Which term of the B.P. 2, 1}, ¥, ... is %1

8. The 1st term of an H.p. is 1 and the 6th term is {; find
the 3rd term.

9. The 4th term of an m.P. i8 1 and the 10th term is §; find
the first three terws.

10. The 3rd term of an .p. is 2 and the 8th term is ¥; find
the 10th term.

11. The 7th and 8th terms of an 11.p. are § and % ; find the
sum of the first three terms.

A% Find the mr. of which 17} is the first and 1% the
9th term.
328. Der. 55. If three terms be in m.p., the middle term is
called the harmonic mean betwecn the first and third.
Dgr. 56. If any nunber of terms be in 1.p., the intermediate

terms are called the harmonic means between the first and last.

327. If H be the harmonic mean belween two quuntities x and

y, then H=—g'3:—z-.
z+y

Since z, H, y are in IL.P,

W11 1m~einA1>
.e ;,ﬁ,a P,
.1 1711 1N gy
T TV ERY
H 2\r gy ey’
R
xz+y

328. If A, G and H be the arithmetic, geometric and harmonic
means between two quantities, then (i) G 18 the geometric mean of A
and H, and (ii) A, G and H are in descending order of magnitude.

142
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If « and y be the two quantities,

@+ — 2
then -—2—3, G= «/a:y, H=E—+i;-.
G) AH="0Y 2 oo,

\/// 2 Tw+y
#. A, G, H are in G.P.
@) A-c=237—Jay
=%(w+y—2~/xy)
=} (Jz— \/y)*, which is positive.
S A>G.
Also AH =G,
S H<G,

.. A, G, H are in descending order of magnitude.

329. Ezample 3. Insert 3 harmonic means between }
and 13. > .
Let d be the common difference of the corresponding A.p., of
which the first term is 1} and the 5th is §,
then 2=1}+4d,
o Ad=3-g=- g,
. ——3
Sod=—y4
.. the arithmetic means are 13, 15, 13,
.. the harmonic means are 1§, 1§, &.

Ezample &) If G be the geometric mean between two
quantities,  and y, show that the ratio of the arithmetic and
harmonic means of z and G is equal to the ratio of the arithmetic
and harmonic means of G and .

Let a, & be the arithmetic and harmonic means of  and G,
o/, k' those of G and y, then

=xy’
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also a_z+G 226G _(z+G)' o'+ 22G + G’
A~ 2 Tz+G 4xc 426G
_PH2Gray w+2G+y
B 42G T 46
- +2G + =
Similarly, }, = LZG——

S ath=a'h.

Exercises 204.

Find the harmonic means of :

4, 6. 2. 10, 20. 3 L0

5, 2%. 5. 14, 10.

Insert two harmonic means between } and 1.
Insert two harmonic means between 2 and 3.

Insert three harmonic means between 6 and 11.

© X N oo

Insert five harmonic means between 2 and 7.
V}OA Find the sum of the first and last of five harmonic means
inserted between 2} and 1.
J. Find the first and last of » harmonic means inserted
between z and .
12. The harmonic mean between two numbers, one of which
is double the other, is 22 ; find the numbers.
13. The arithmetic mean between two numbers is 4 and the
harmonic mean is 3 ; tind the numbers.
14. The geowmetric mean between two numbers is 4 and the
harmonic mean is 31 ; find the numbers.
¥, Find two numbers whose arithmetic mean exceeds their
geometric mean by 2, and whose harmonic mean is one-fifth of the
larger number.
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330. Example 5. If the mth term of a harmonic series be

. m
s, and the nth term be m, prove that the rth term is —,—_’—L .

Let a, d be the first term and common difference of the
corresponding A.p.; then

=a+(m—-1)d and ;L=a+(n—1)d.

1 1 m—n
Somen)d= -~ —= ——,
n m mn
. 1
R =
mn’
. 1 m-1 1
ee =~~~ ——— = —,
n mn 200

. rth term of the A.pr. is

1 r—1 r

mmn mn mn

‘. rth term of the m.p. is 1—'%7—1

HKxample 6. To each of three terms of a geometric series, the
second of the three i is added ; show that the sums are in H.p.

Let a, b, ¢ be zmy three terms in G.p. 80 that *=uc; then
a+b, 2b, b+c are the required sums.

Now 2(@at0)(b+c) o, ab+b+ac+b
! (@+b)+(b+c)  “" a+2b+ec
_g W+ 2 +be
- a+2b+¢
= 92b,

<+ 2b is the harmonic mean of a +b and b + ¢
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Exercises 205.

1. Continue for two terms each of the series: (i) 4, - §, - 2;
(i) b, -4, &5 (i) §, - ¢, -

2. Show that the numbers 1, — 2, 4 may be arranged in aA.v,,
G.r. and 1L.P.

3. Find the equation whose roots are the arithmetic and
harmonic means of the roots of the equation #*—pz + ¢ =0.

4. 'The arithmetic mean between two numbers is 6} and the
geometric mean is 6 ; {ind the harmonic mean.

5. The arithwetic mean between two numbers is 17, and the
harmonic mean is 13,% ; find the geometric mean.

@. If the arithmetic incan between two numbers be 1, show
that the harmonic mcean is the square of the geomctric mean.

7. What number must be taken from each of the numbers
13, 15, 19, so that the remainders may be in w.p. 1

8 If a®=¢P=2" and a, y, z be in G.P., then will q, b, ¢ Lo
in H.P. )

9. If a be the arithmetic mean between b and ¢, & the
geometric mean between a and ¢, prove that ¢ is the harmonie
mean between e and b.

10. If the mth term of an m.p. be n, and the nth term bLe m,

mn

prove that the (m + n)th term is .
m+n

11, TIf the arithmetic mean of two numbers exceed the
geometric mean by 2} and the geometric mean exceed the

bharmonic mean by 2, find the numbers.
12, If z, , 2 be in m.r, find in its simplest form the
geometric mean between x—g and z — ‘7—{

- &

13, If a, b, ¢, d be in n.p., show that a +d> b +¢.
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14. 1f P, @, R be the pth, gth, rth terms of an u.p., then
QR(g—7)+RP(r-p)+PQ(p-¢)=0.
15. If a, b, ¢ be in 1.P., then 2a—b, b, 2¢— b are in G.».
16. If a, b, ¢ be in H.P.,, then @, a —c, a—b and ¢, c—a,
c¢—b, are also in H.P.

17. If a, b, ¢ be in n.r, then ¢ -b—, °

— are also
b+c’c+a’a+b

in H.P,
18. If A be the rth term when 2n —1 arithmetic means are
inserted between a and b, and H the rth term when the same

. . A b .
number of harmonic means is inserted, prove that 2th s

independent of the values of » and r

19. Ifa, b, c,dbein AP, a,¢ f,dincr., and g, g, din
I.P., prove that ad = ef = bl = cg.

20. If the arithmetic, geometric and harmonic means between
two quantities be A, G, H and if X be the arithmetic mean between
G and H, Y the geometric mean between H and A, and Z the
harmonic mean between A and G, prove that X, Y, Z are in G.P.

21. Between two quantities A and B a harmonic mean H is
inserted ; between A and H, and between H and B geometric
means G, and G, are inserted, and it is found that G;, H and G,
are in A.P.; find the ratio of A to B.

22. If x—a, y—a,z—a be in 6.r., prove that twice y—a is
the harmonic mean between y —x and y —z.

23. Three numbers in H.P. are such that the product of the
first two is equal to the third, and the sum of the squares of
the first two is less than three times the third by 5; find the
numbers.

24. If 2p and 3¢ be the pth and gth terms of an u.r., prove
that the (p + ¢)th term is 6 (p ~g).

25. If—1-+l=—1——+ —l-—,then either b=a+cor a, b, ¢ are
a ¢ b-a b-c¢c ’
in H.P.
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4. MISCELLANEOUS SERIES,

L. 331.  To find the sum of the squares of the first n integers.
Let s=17+ 22+ 3%+ ... + n’.
Since (n+1yP=n*+3n*+3n+1,
we have (n+1P-n*=3n*+3n+1.
Also, putting in succession n -1 for n, we get
n—-(rn=1P=3(n-12+3(n-1)+1,
(n-1P-(n-2P=3 (n-2+3(n-2)+1,

..............................

3-92-3.243.24+1,

—-1°=3.17+3.1+1
*. by addition,

(n+1P-T=35+3(1+2+3+...+0) +n.

S WP+ 3+ 3n=35+3.- (71,2+ ]) n,

So 68 =21+ 60+ 6n—3n®—-3n—2n
=2+ 3n+ n=n(2n*+ 3n + 1).
SoS=3n(n+1)(2n+ 1)
% 832. 7% find the sum of the cubes of the first n integers.
Let S=1"+2"+ 3%+ ...+
Since (n+1)=n*+4n"+ 6n* + 4n + 1,
we have (n+1)—nt=4n"+6n+4n+ 1.
Also, putting in succession n—1 for n, we get
n-(n-1)y¥=4n-1P+6(n-12+4(n-1)+1,
(r—1)-(n-20=4(n-2l+6(n-2)+4(n-2)+1,

.......................................

H-20=4.224+6.2"+4.2+1,
2-1'=4.1"+6.1"+4.1+1;
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by addition,
(m+1)-1=48+n(n+1)2n+1)+2n(n+1)+n,
4S =14+ 403 + Or® + 40— 203 - 30l —n — 203~ 2n —m
=n+20° + n?
=n?(n+ 1),
s=int(n+l)Y={in(n+DA
Hence, the sum of the cubes of the first » integers is equal to
the square of the sum of the first » integers.

333. Lzample 7. TVind the sum of the squares of the first
n odd numbers.
Let =124+ 3"+5°+... + 2n—1)2
Then s=1"+2'+3*+4*+ ...+ (2n—1)*+(2n)*
— {24+ 424 6%+ ... 4+ (2n)}
=142+ 3+ 42+ o+ (2 — 1)+ (2n)?

—4 (12427 + 3+ ..+ 0P
=3.20Cn+)(dn+1)~dn(n+1)(2n+1)
=hn(Zn+ 1) (dn+1-2. 0 +1)
=in(2n+1) (2n-1)
=4n (4n*-1).

334. 1o find the sum of n terms of the series
a+(@a+d)r+(a+20)r*+(a+36)r+....
Let S=a+(a+b)r+(@+2b)r+ ...+ (@+n—1.0)r"
then sr= ar+(a+b) P+..+(@+n—2.b)r 1
+(a+n—1.b)m
. S(l=r)=a+br+br?+. .+ = (a+n—1.6)r™
=a+br(1—r"“)
i-r
_a(l-n)+br(1-r*Y)—(a+n—-1.0)r"+(@a+n—1.b)r""
B -7 ’
_a—(a-b)yr-(a+nb)r™+(a+n—1.b)r"+
- T= '

—(@a+n—-1.b)r

S 8
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If » be less than 1, the sum of an infinitc number of terms is
therefore
a=(a-b)r
(I—=r)? °
335. 1 find the sum of n terms of the series

1.2.34+42.3.4+3.4.5+....
Let

$§=1.2.3+42.3.4+43.4.5+...4n(n+1)(n+2)
and

§=1.2.3.4+2.3.4.5+...+n(n+1)(n+2) (n+3),
also

§' = 1.2.3.4+..+(n=-1)n(n+1)(n+2)

+n(n+1)(n+2)(n+3)
. by subtraction,

0=1.2.3.4+2.3.4.(h-1)+3.4.5.(6—2)+ ...
+nn+1)(n+2)(n+3-n-1)
—n(n+1)(n+2)(n+3)
=4(1.2.3+42.3.4+3.4.5+...+n.n+1.n+2)

—n(n+1)(n+2)(+3
=4S—n(n+1)(n+2)(n+3). (m+1)(n+2)(n+3)

s=in(n+1)(n+2)(n+3)

336. T find the sum of n terms of the serics
1 1 1

PERCRE R S T O R S

SR SR SO . S

L2037 2.3 47 30T Tn(n ) (n+ 2)’
and

LSS !

ST 3t s At TR ma )T i D (nt D)’
also

S’ = __1__.‘.‘.._1__ ._._..___._l

= rata 3t D)

1
. +(n+l)(n+2)'
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. by subtraction,

ol (1 _ 1) 1 1)
_5—(f"2' 2.3 _<§.—§ 3.4/

-—

1 l ) 1
n.n+ 1 'n+ln+" (n+1)(n+2)
l_ 3-1 4—2_
27 1.2.379.83.4

n+2—-n N 1
nn+1)(n+2) (n+1)(n+2)

1
2 T ) (n+2)”
1

] s
’ 212 (+1)(n+2)
Hence, the sum of an infinite number of terms is }.
337. FExample 8. Find the sum of n terms
1.2+2.3+3.4+...+n(n+1)
Let §=1.2+2.3+3.4+...+n(n+1)
Now, since n (n + 1) = #? + n, it follows that
1.2=1"+1, 2.3=22+2, 3.4=3"+3, etc.
S 8=+ D)+ (22 +2)+(BP+3)+...+ (WP +n)
=(1*+22+3+...+0)+ (1 + 2+ 3 +...+n)
=in(n+1)(2n+1)+3n(n+1)
=3n(n+1)(2n+1+3)

=¢n(n+1)(n+2)
Example 9. Find the sum of
1,1, 1 1
12723 34 D)
1 1 1 1
Let  8=13+33*34* " *am+D)
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1 1 1

Now, Smcen(’n+1)::a—zm'n.+l

, 1t follows that

1.27 172" 237273 3.4° 371

S_(l__l 11 1 1) 1 1)

“\173 +<§ 3>+<§‘Z * (;“m
1

=l--0

Example 10. Find the series whose sum to » terms is %
The rth term = (sum of  terms) — (sum of - 1 terms)
=r—(r-1P=3"-3r+1
SoIstterm=3-3+1=1,
2ndterm=3.4-3.2+1=17,
3rd term=3.9-3.3+1=19.
s the series is 1, 7, 19, ..., (322 = 3» + 1),....

Exercises 206.
Find the sum of :
1. 22+42+6%+ ... +(2n)% 2 P+44+6%+ ...+ (2n)
3. IP+34+5%+ ... +(2n—1).

4. 8 terms of the series of which the nth term is n (2~ 3n).

5. 1+2x+ 32"+ ... + na", proving that whenz =1 + %;, the
sum of the series is n?

1 1 1 n+1
1+2.§+3.2—,+4.§,+...+——§;—+...tooo.

6.

7. 1.3+3.5+5.7+... to n terms.
8. 1+3+6+...+4n(n+1).
9

1 1 1
179.3.472.3.0.5% 3 0.5.6% tonterms
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1 1 1
10. m+m+4‘5+...tow.
1 1 1
11. t—3+3—-—5+-5—.77-+... to n terma
1 1 1
9 T 4t 4_
12. 1.4+2.5+3.6+"'t’°°°'
13 1 +——1——+ + L
©1.3 3.6 (2n+l_)(2'77+3)'
1 1 1
14. m +'2—.'z +3—:—5+... to n terms.
15, 143+7+..+(w—n+1)
16 1.2+3 4+5.6+.., ton terms.
17 1.3+2.44+3.54+4.6+.., ton terms.
18, 1.5+2.6+3.7+... to n terms.
19. 2.124+4.3%°4+6.5%+... to » terms.
20, 1%.2+22.3+...+n'(n+1)
21, 1.22+2.3*+3.4%+ ... to n terms.
22. 2.4+5.9+8.14+... ton terms.
23. 1.2.3+2.3.5+3.4.7+4.5.9+ ... ton terms.
24, The sum of n terms of a series is n. 2" find the rth term.
9 —
25. Sum to n terms the scries whose rth term is »———r2r l.
26. Sum to m terms the series whose #th term is
r(r+1)(r+3).
27. Prove that the sum of n terms of the two series whose

rth terms are 4~ 37— 1 and 87+ 2r — 1, respectively, are to
one another as n—1 to 2n (r being > 1).

28.

Sum to n terms

n+2(n-1)+3(n-2)+4(n-3)+..+r(n—-r+1)+...
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29. Find the sum of

1.22+2.3(n-1)+3.4(n-2)+...+n(n+1)

30. Tind the sum of the 4th powers of the first » integers.

31. Sum to infinity 1 + 3z + 5% + T« + ... (x being <1).

32, TFind the value of 8 +s,+...+8,, where s, is the sum
of r terms of an A.r., whose first term is @ and common
difference b.

33. 1If a,, a,, @, a,, ... be in AP, show that

A+ T+ ... + @, T
may always be written in the form
A+ Bx + P! + Qu*?
1-%+a22 '

and find the values of A, B, P, @ when a,, g, and n are given.

34, Sum the inlinite scries
l+r+(l+a)rP+(l+a+a®)r*+...
35, It y=xx+4x'+ 7o'+ 102t +... to w0, (x<1), find # in
terms of y.
36. Sum to n terms 1? + 2% + 3%? + £*2° + ...



CHAPTER XXX.
MATHEMATICAL INDUCTION.

338. Formulae involving a quantity which is known to be
a positive integer may often be proved simply by the method of
mathematical induction. The method, which is illustrated in the
following examples, consists in showing: (i) that the formula
holds true for the smallest possible value of the integer; and
(ii) that, assuming it to hold true for some value n of the integer,
it also holds true for the next higher value, » + 1, of the integer.
Thus, knowing that the formula is true when = is, say, 1, it is also
true when n is 1 + 1 or 2, therefore when r is 2 + 1 or 3, therefore
when 7 is 4, and therefore when n is any integer. For instance,
in the second of the following examples, it is shown that, if &* — a®
be divisible by « - a, then 2™*1— g+ ig also divisible by z—a.
But 2" — a" is obviously divisible by x — a when n =1, therefore
it is divisible when n =2, therefore when n=3, and therefore
when n has any integral value.

In some cases, a formula is only true when = is either odd or
even, and in such cases the next higher value of nis n+2. Thus,
if &™ + o™ be divisible by z + @, it can be shown that 2™ + g™ is
divisible by « + @, but that #**! + a™* is not so divisible. Now,
" + a® is obviously divisible by « + @ when » =1, therefore it is
divisible when n =3, therefore when n =5, and so on; thus z" + a*
is divisible by # + @ when = is an odd number.
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339. FExumple1l. Prove, by induction, that the sum of » terms
in G.p. is ~a~£—-~————)- , where a is the first term and 7 the common
ratio.

Assume that

(™1
a+ar+m'2+...+ar"—‘:~—(——»] ),
r—
then
R ~ a (-1
atar+ar+. . +a Tt +art= a (0 1 )+a7‘"
r —
_« (r" =1+ ¥ — ")
o1
(L n+1_1)
S T

Thus, if the formula hold true for » terms, it also holds true for
n + 1 terms,

But it is obviously true when m =1, therefore when n =2,
therefore when n =3, and so on; and therefore universally.

Example 2. Prove, by induction, that " —a” is divisible by
x—a, when n is any integer.

Assume that 2" - a" i3 divisible by z ~ a,
then 't —a"l =g (2" - a") + xa® — a**?
=2z (2" —-a") + a® (- a).
Sz — g™t g also divisible by z-a
But «*—a" is divisible by @ —a when n=1, therefore when

n =2, therefore when =3, and so on; and therefore x”-a® is
divisible by # —a, when n is any integer.

Example 3. Prove, by induction, that 9" —8n + 1 is divisible
by 64.

Assume that 9" — 8n - 1 =M (64), where M (64) denotes some

multiple of 64,
D. A IL 15
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then 9" -8(n+1)~1=9(9"-8r—1)+T2n+9-8 (n+ 1) -1
=9. M (64) + 64n
= M (64).

Thus, if the result hold true for m, it also holds true for n + 1.

But it is obviously true when n =2, therefore when n =3,
therefore when n =4, and therefore universally.

Exercises 207.

Prove, by induction, that
1. The sum of the first » integers is §n (n + 1).
2. The sum of the first n odd numbers is n%

3. The sum ofgf terms in A.p. is 72—1' {20 + (n-1)d}.

4. The sum of the cubes of the first n integers is equal to the
square of the sum of the integers.
6. 1.2.8+2,3.4+3.4.5+... ton terms
o =in(n+1)(n+2)(n+3).
6. "+ a" is divisible by @ + «, if n be odd.
7. &"—a"is divisible by @ + @, if » be even. ,
8. a™(b—c)+10"(c—a)+c*(a—>b)is divisible by (b —¢) (¢ —a)
(a—1b).
9. (BB+1M)+(2°+2)+ (3 +3)+... tonterms=Jn (n+1).
16, (g + @+ ... +a,)=at+a+..+a,
+ 2e, 0, + 20,05 + ... + 2a 0, + 20504 + ... + 2a,_,a,.
11. = (n+1)(2n+ 1) is divisible by 6.
12. 3™+?—~8n—9 is divisible by 64 when = is a positive
integer.
13. (3n+1).7*—1 is divisible by 9 when = is a positive
integer.



CHAPTER XXXI.
PERMUTATIONS AND COMBINATIONS.

\ 340, Der. 57. The different orders in which a group of
things can be arranged, either all together or a certain number
together, are called their permutations.

Thus, the different permutations of the letters a, b, ¢ one at
a time are a, b, ¢; two at a time, ad, ac, ba, bec, ca, cb; all
together, abc, ach, bac, bca, cab, cba. )

The number of permutations of » things taken r at a time is
denoted by ,P,. Thus P, =3, ,P,=6, P, = 6.

341. Ezample 1. In how many ways can a chairman and
a secretary be elected from a committee of five, all the members
being supposed equally eligible for the posts?

Let the different members be represented by the letters
a, b, ¢ d, e .

The chairman may be chosen in 5 different ways.

If a be elected chairman, there are 4 men, b, ¢, d, ¢, left from
whom the zﬂcretm.ry may be chosen, i.e. the secretary may be
chosen in 4 ways. Similarly, if & be chosen chairman, the
secretary may be chosen in 4 ways. Thus, for each choice of
chairman, the secretary may be elected in 4 ways.

. the total number of ways of choosing both chairman and
secretary is b x 4 or 20,

15—2
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Example 2. In how many different ways can a peal of
5 bells be rung?

The first bell may be rung in 5 ways.

With each way of ringing the first bell, the second may be
rung in 4 ways.

.. number of ways of ringing the first two bells is 5. 4.

With each way of ringing the first two bells, the third may
be rung in 3 ways.

.. number of ways of ringing the first three bells is 5. 4. 3.

With each way of ringing the first three bells, the fourth may
be rung in 2 ways.

*. number of ways of ringing the first four bells is 5.4.3. 2.

With each way of ringing the first four bells, the tifth or last
may be rung in only 1 way.

.. number of ways of ringing the 5 bellsis 5.4.3.2. 1.

Exercises 208.

1. In how many ways can a cricket eleven choose a captain
and deputy captain ?

2. Find the number of permutations of the letters of the
word advise taken (i) 3 at a time, (ii) all together.

3. How many changes can be rung with 5 out of 8 bells,
and how many with the whole peal ?

4. TIn how many ways can the letters a, b, ¢, d, e be arranged
two at a time ; and in how many of these will a stagd first?

5. In how many ways can the letters a, b, ¢, d, ¢ f be
arranged 3 at a time; and in how many of these will (i) a, and
(ii) ab, stand first }

6. Find the number of permutations taken all together of
the letters of the word chance.
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Y 342. 7o find the number o permutations of n different things
taken 7 at a time.

First method. The first thing may be taken in n ways.

With each way of taking the first thing, the sccond may be
taken in » — 1 ways ;

~. the number of ways of taking the first two things is
n(n-1).

With each way of taking the first two things, the third may
be taken in n — 2 ways;

.. the number of ways of taking the first three things is
n(n-1)(n-2).

Now, for each additional thing taken, the number of things
that remain is diminished by one. Thus, the second term of the
last factor is always one less than the number of things taken;
so that, when » things are taken, the second tcrm of the last
factor is - 1.

S P=n(n-1)(n-2)...(n—-r-1)
=n{n-1)(n-2)...(n-r+1).

Second method. Let the n different things be represented by
the letters a;, a,, a3, ..., a,, and let the required number of
permutations be ,P,, so that the nummber of permutations of
n things taken # -1 at a time is ,P._,.

Take any permutation of »— 1 letters, say a,a,a; ... a,_,, and to
it add one of the remaining n—(r-1) or n—-r+1 letters a,,
@pyyy -y Gy In this way, we obtain permutations of r letters
in each of which a,q, ... a,_, stands first, and the number of such
permutationgy is n—r+ 1. If we do the same to each of the
2Pr_1 permutations of n things taken r —1 at a time, the total
number of permutations so formed will be ,P,_, x (n—7r+1).
But, as in these different permutations, each letter occupies
in its turn every place in the series, the number of permuta-
tions so formed must be ,P,.

o wPr=pPra x (n—r+1).

.
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Since this equation is true for all values of r not greater
than =, it is true when r—1 is substituted for », i.e,
aPro1=aProg X (m=1r=2) or P, x(n—7+2).
Similarly,
wPrea=uProg X (n —7—3) or P,y x (n—r+3),
and so on, until finally,
wPs = P2 x (= 2),
wPa=Pix(n=1)=nx(n-1)
Hence,
.P" M ﬁpf—l - ﬁPT—’ i ﬂP3 M ﬂPﬂ
= wPry nProg aProg e P x(m—r+ 1) (n—r+2) ... (n-1).n
CaPrEn@m-1)(n-2) . (n—r+1)
L{343. To find the number of permutations of n different things
caken all together.

We have
WPr=nn—-1)(n-2),  (n—r+1)
. aPa=n(n—-1)(n-2)...(n—n+1)
=n(r-1)(n-2)..3.2.1
344. Der.58. The continued product of the first » numbers
is called factorial n, and is denoted by the symbol lﬁ ornl

Exercises 209.

1. Find |3, |4 and |5.

Prove that
2 |8=8[7 and [10=90 8. 3. |8+|5=336.
1
4 |n=n|n-1land (n-1):|n—l=—u.
— |n-2

n? 1 1 4
5. 'nlﬁ=]n+ “"_7':. 6. E='—;‘:—§+Fl.
7. 1 |n=56|n—2, find n. T
8. Prove that [2n=2"|n.1.3.5...(2n-1).
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345. Example 4. Find the number of permutations taken
all together of the letters of the word essence. '

Let x be the required number of permutations.
Take any one of these = permutations, say
essence,
and in it change the three letters e into tliree new letters
ditlerent from one another and from all the rest, suy ¢, b, d, so
that the permutation becomes
assbned.

From this one permutation, the number of permutations that
can be formed by interchanging the three letters a, §, d in all
possible ways is [35

<. from all the = permutations, the number of permutations
that can be formed by interchanging the three letters a, 6, d in
all possible ways is z x | 3.

Take any one of these x x |3 permutations, say
assbncd,

and in it change the two letters s into two new letters different
from one another and from all the rest, say f, g, so that the
permutation becomes

afgbned
From this one permutation, the number of permutations that
can be formed by interchanging the two letters /; g in all possible
ways is |2;
.. from all the z x |3 permutations, the number of permuta-
tions that can be formed by interchanging the two letters £, g
in all possible ways is @ x |3 x | 2.

But the seven letters are now all different, and, as in the
different rearrangements each letter occupies in its turn every
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place in the series, the number of permutations so formed must

be | 7.
Jo T x L?_ X !2: LZ'
. |7
oo T= E@ .
% 346. To find the number of permutations of n letters taken
all toyether, there being p letters a, q letters b, r letters ¢, ete.
Let  be the required number of permutations,
In any one of these 2 permutations, say
aaa ... abbb ... bece ... cdef ...,

let the p letters @ be changed into p new letters different from
one another and from all tho rest, say a,, a,, a;, ..., 4, 50 that
the permutation becomes

a,0,a; ... a,bbb ... beee ... edof ...

From this one permutation, the number of permutations that
can be formed by interchunging the p letters ay, a,, g, ..., 6, in
all possible ways is |p;

<. from all the x permutations, the number of permutations
that can be formed by interchanging the p letters a,, oy, ag, ..., @,
in all possible ways is x x | p.

In any one of these z x | p permutations, say

a,a,ay ... apbbb ... bece ... cdef ...,

let the ¢ letters & be changed into ¢ new letters different from
one another and from all the rest, say b,, b,, b, ..., b, so that
the permutation becomes

@ Ug@y ... @pb by, .. Dycee .. cdef ...

From this one permutation, the number of permutations that
can be formed by interchanging the g letters b,, b, s, ..., b, in
all possible ways is |g;
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<. from all the « x | p permutations, the number of permuta-
tions that can be formed by interchanging the ¢ letters b, b,,
by, ..., by in all possible ways is  x U—)_ X ,_(l‘

Similarly, the number of permutations that can be formed by
changing the = letters ¢ into » new letters different from one
another and from all the rest is x x |7 x 2% |75 and so on,

But the » letters are now all different and, as in the different
rearrangements cach letter occupies every place in the series, the
number of permutations so formed must be [

:cx[_]lx le [:x...:L’rz.

[n
S m
2lg [z

347. Ezample 5. How many permutations can be formed
of the letters of the word sever¢ all together, each of which
beging with s and ends with e

Excluding these letters, there are 4 others, of which 2 are e
and the others diflerent.

The number of permutations of theso 4 letters is |4 +|2
or 12.

. the number of permutations which begin with ¢ and end
with e is 12.

Example 6. How many different permutations can be formed
of the word severe all together, in which the letters v and  do
not come together ?

Lxcluding the letters v and 7, there are 4 others, of which
3 are e.

Let the letters v and » be supposed joined together in the
order vr. Then the number of letters may be regarded as 5, of
which’ 3 are ¢ and the others are different. The number of
permutations of these 5 letters all together is |5+ |3 or 5.4
or 20.
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In any one of these 20 permutations, the letters » and = may
be rearranged in 2 ways.
*. the total number of ways in which v and r come together
is 20. 2 or 40.
But the total number of ways in which the 6 letters may be
arranged is |6 + |3 or 6.5. 4 or 120.

*. the total number of ways in which » and » do not come
together is 120 — 40 = 80.

Exercises 210.

1. Find the values of 4P;, 4Py, 1sP, and 4P,
2. Show that P, =P, x 3.

3. If ,p,=110, find n.

4. If ,P,=20n, find n

5. If \Py:nsoPs=5:12, find n.

Find the number of permutations taken all together of the
letters of the words:

6. Magnitude. 7. Manna.
8. Humourous. 9. ZTrinitarian.

10. Find the number of permutations taken all together of
the letters of the word monotone; how many of these will begin
and end with nf

11. Find the number of permutations taken all together of
the letters of the word orchid; how many of these will begin
with o, and how many will begin with o and end with d?

12. Find the number of permutations 4 at a time that can
be formed with the letters of the word portal; how many of
these will begin and end with vowels ¢
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13. How many numbers greater than 1000 can be formed
with the digits 1, 2, 3, 4, and how many of these will be greater
than 3000 §

14. How many numbers greater than 1000000 can be formed
with the digits 3, 3, 5,5, 7, 7, 71

15. How many numbers greater than 10000 can be formed
with the digits 1, 2, 3, 4, 01

16. In how many different ways can 4 Englishmen and
4 Awericans be arranged at a round tuble so that no two of the
same nation sit together{

17. In how many ways can a party of 6 ladies and 6 gentle-
men be seated at a round table, so that no two ladies sit
together

18. In how many different ways can the letters a, b, ¢, d be
arranged without letting b and ¢ come together }

19. Find the number of ways in which 8 books can be
arranged on one shelf so that two particular books shall never
come together.

20. In how many different ways can 4 flags of each of
6 different colours be hoisted in a vertical line?

21, In how many ways can a man distribute 5 votes
among 5 candidates, it being allowable to give more than one
vote to each?

22. In how many ways may 3 different books be given to
b persons, (i) if no person may have more than one book, (ii) if
he may have more than one?

23. In how many ways can 6 men and 5 women sit in a
row, so that men and women are seated alternately

24. Find the number of ways in which n differently coloured
beads can be (i) arranged in a line, (i) formed into a circle on a
table, and (iii) formed into a necklace.

25. If there be n objects, of which r are alike and the rest
unlike, prove that the number of ways in which they can be
arcanged in a row is (r+1)(r+2)...n.
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\ 348. Dgr 59. The different sets which can be formed
from a group of things, either all together or a certain number
together, are called their combinations.

Thus ab and ba, though different permutations, form only one
combination. The different combinations of the letters a, b, ¢,
one at a time, are a, 0, ¢; two at a time, are bc, ca, ub; all
together, abe.

The number of combinations of = things taken r at a time is
denoted by ,C,. Thus

€1=3, C;=3, ;Cp=1

"' 349. To find the number of combinations of m different
things taken r at a tine,

First method. Let ,C, denote the number of combinations
of n things taken r at a time.

Take any combination of 7 things. The number of permuta-
tions that can be formed by arranging these » things in all
possible orders is |r.

. the number of permutations that can bo formed from all
the ,,C, combinations is
#Cr % |7

But all the groups of r letters arranged in all possible orders
are the sawe as all the permutations of = things taken = at a
time. !

S nCr X |7 = 4P ™
,P,._ n(n=1)(n-2)...(n—r+1)
v B
nun-1)(n-2)...(r-r+1).(n=7)...3.2.1
B r-(r-7)...3.2.1

S uCp=!

=

L

rln-

i
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Second method (without assuming the formula for the number
of permutations of n things taken rat a time). Let ,C,_, denote
the number of combinations of n different things, cach containing
r—1 things. Tf to each of these combinations be added one of
the remaining n—(r-1) things, we obtain n—r+1 different
combinations each containing » things. But each combination
so obtained will be obtained 7 times over by the addition of each
of its » things to a previous group of »—1 things*. Thus the
total number of combinations of n things taken r at a time is

Thus 2Cr = uCpr_y %

Since this equation is true for all values of 7 not greater than n,
it is true when »—1 is substituted for 7, ie.

n-—-r+2
aCro1 = 4Cpog X I
n—r+3

Similarly wCros = nCp_g X g
and so on, until finally,

n—1
D)

4

2Ca=4Cy x
Hence, by maltiplication,

n—1 n-2 n-r+l
g Ty e

=n(n—l)(n—-")...(n—r+1).

oCr= ucl x

Cor. 1. The number of combinations of n things taken r at
a time so as always to include a particular thing is ,_,C,,, for
there are » — 1 things to be chosen to make up » and »—1 things
to choose from.

* For example, the combination abcd will be obtained by adding a to
bid, b to acd, ¢ to abd and d to abe.
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Cor. 2. The number of combinations of n things taken r at
a time B0 as always to exelude a particular thing is ,_,C,, for
there are r things to be chosen and n— 1 to chosse them from.

% 860. 7o prove that ,C,=,Cp_,.

First proof. With each way of taking r things out of =,
there is a group left of n—7 things;

*. the number of ways of taking » things out of n is the
same as the number of ways of leaving » —r things out of n;
e 2Cr=nCuer-
|»
'i n—-r’
[n |n

SR T e O I e T

2+ #Cr = nCror.

Second proof. #Cr =

L
W 851 70 prove that 4 ,C, = 4Cp_y + ,Cp.

The number of combinations of = things taken r at a time is
equal to the number which include a particular thing (namwely,
+Cro1) together with the number which exclude the same thing
(namely, ,C,);

" a41Cr =nCr_1 + 4Cs.

352. Example 8. Find the number of different sums that

can be formed with 2 sovereigns, 3 shillings and 4 pence.

(It should be noted that no one sum can be formed by a set
of any others. For iustance, if there had been 12 pence instead
of 4, the same sum would be formed by taking 1 shilling o
12 pence.:

Either 2 sovereigns, 1 sovereign or 0 sovereigns may be taken ;

.. 3 sums may be formed with the sovereigns only (counting
the case in which no sovereigns are taken),

With each way of choosing the sovereigns, either 3 shillings,
2 shillings, 1 shilling or 0 shillings may be taken ;
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». 3.4 sums may be formed with the sovereigns only and
shillings only (counting the case in which no sovereigns and no
whillings are taken).

With each way of choosing the sovereigns and shillings,
either 4 pence, 3 pence, 2 pence, 1 penny or O pence may be
taken ;

S. 3.4.5 sums may be formed with the sovereigns, shillings
and pence (counting the case in which no sovereigns, no shillings
and no pence are taken);

.. the total number of sums is 3.4.5-1 or 59.

$ 853, To find the number of different groups of things of
which p things are alike, q things are alike and different from the
rest, and r things are different from one another and from all the
rest.

Of the first group of things, either p, p—1,p-2,...,2,1 0r 0
may be taken ;

. p+1 groups may be formed from the first set (counting
the case in which none are taken).

With each way of choosing the first set of p things, either ¢,
g-1,9-2, ..., 2, 1 or O of the sccond set may be taken;

s (p+1)(g+1) groups may be formed with the first two
sets only (counting the case in which none of either set is taken).

With each way of choosing the first two sets of things, either
1 or 0 of the first of the = things may be taken ;

S (p+1)(g+1)2 groups may be formed (counting the case
in which none of either set is taken), and so on;

<« the total number of groupsis (p+1)(g+1)2" -1,

Exercises 211.

1. Find the valucs of 4C,, §Csy 15C¢, 1Cre
n—r+l

o~

2. Show that ,C, + ,Cp, =
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3. If ,,.Ci+.Co=11, find n.
4. If ,C:p-,Cs=5:3, find n

5. There are 12 points in a plane, no three of which are in a
straight line; how many lines can be drawn joining the points?

6. There are 20 stations on a railway; find the number of
tickets required so that a person may travel from any one station
to any other.

7. There are 15 points in a plane, no three of which are in
a straight line; how many triangles can be formed by joining
these points?

8. There are 10 points in a plane, no three of which are in a
straight line ; how many triangles can he formed by joining these
points, every such triangle having a vertex at a particular point?

9. How many triangles are in general formed by n straight
lines in a plane $

10. How many groups of 4 men can be selected from
12 men, so as always to include a particular man?

11. How many pickets of 5 men can be chosen from a group
of 20 men; and in how many of these will 2 particular men be
found $

12. Prove that ,,,Cr4y = 4Crir + 2. 4Cp + 1Cry-

13. In how many ways can a committee of 3 liberals and
3 conservatives be chosen from 10 liberals and 12 conservatives?

14. In how many ways may 12 be divided into 3 sets of 4}

15. Ta how many ways may 16 people be divided into
4 groups of 4 persons in each?

16. Of 15 men, 10 can row and cannot steer, and 5§ can
steer and cannot row ; find how many boats’ crews of 8 rowers
and a coxswain can be formed out of the 15 men.

17. How many combinations can be made of 6 things taken
any number at a time ?
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18. The number of permutations of m +n things taken
2 together is 56, and of m —=x things taken 2 together is 12;
find the number of combinations of m things n together.

19. Two points are taken on each side of a triangle, and the
6 points thus giveu are joined in every possible way ; how many
triangles are there in general in the resulting figure, when all the
lines in it are produced indefinitely ?

20. A certain council consists of a chairman, two vice-
chairmen, and 12 other members; how many different com-
mittees consisting of 6 members can be chosen, including always
the chairman and one of the vice-chairmen

21. Thenumber of combinations of n letters taken 5 together,
in which a, b, ¢ occur, is 21 ; find the number of combinations of
them taken 6 together in which a, b, ¢, d occur.

22. In how many ways could two ladies and two gentlemen
be chosen to make a set at tennis from a party of 6 ladies and
8 gentlemen ?

23. Prove that the total number of ways in which a sclection
can be made of n articles is 27~ 1.

24. The total number of combinations of n things of which
p are alike and the rest unlike is (p+1) 2*?—1.

25, How many different sums can be formed with 5
sovereigns, 3 half-crowns and 2 shillings?

26. How many different sums of moncy can be formed with
2 crowns, 1 florin and 2 shillings?

27. How many sums can be paid out of 3 pence, 2 sixpences,
5 shillings, 1 half-crown and 4 sovereigns?

*3654. FEzxample 9. Show that (C, is greatest when r=3
and that ;C, is greatest when =3 or 4.
We have the following table of values:
lcl CCI GCS Cc‘ GCG ch
6 15 30 15 6 1
1 © O O O G G
7

7 21 35 35 21
D. A. IL 16
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. C, is greatest when r=.% i.e. ¢, and ,C, is greatest when
r=3 or 4, 1ie 1 or T+l
h T2 2
(o *355. To prove (i) that ,C, at first continually increases
and afterwards continually decreases as r increases from 1 to n,

. n .
and (ii) that ,C, 18 greatest when r= 3 if n be even, and when

r:n:—l r nl if n be odd.

2 p

(i) We have
zn"(rc—l) (=7 +2) (n:i"' l)

nCr TR CEN
n{n-1)...(—r+2
and nCr-1= (1.2)....((741) )
. n—r+1 n+1
oo uCr=pCpoy % r —~—=nC,._lx<-—;--- 1)‘
n+1

Now, as r increases, the factor —1 decreases; but so

long as it is greater than unity ,C,>,C,;, Le. ,C, continually
increases as r increases; and, when Zz—:—l—l becomes less than
unity, then ,C,<,C,.,, ie. ,C, continually decreases. If
@%l-l:l, or n+1=2r, then ,C,=,C,_,; Le. there will be
two maximum values of ,C, if »n be odd, but only one if n be
even.

(ii) Let ,C, be that value which is not less than ,C,_, or
#Cr+y and is greater than all the other values.

c - -
Now nCr _n-r+l and ,,C”,=7_If__7_"
aCr-a r Cr r+1
and since aCr <€ nCroy OF ,Crypy,
n—r+l 1
ST ptana TR 4,

r n—r
Son—r+ldrandr+l<4n-r,
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S2rPpmn+land < -1,
.". the only values which 2r can have are n — 1, n and n + 1.
If n be even, then rzg .
n-1 n+l

If n be odd, then r=—;— or 5

356. Lrample 10. Twelve cards ure dealt to four persons,
find (i) how many different hands may be held by any one of
them, and (ii) in how wany ways the cards may be distributed
among the four.

(i) The number of diffcrent hands is the number of com-
binations of 12 things 3 at a time or 1«21—-1—2-1—51—0 or 220.

(ii) The first hand may be dealt in ,,C, ways, leaving 9 cards
to be dealt. With each way of dealing the tirst hand, the next
band may be dealt in (C; ways, leaving 6 cards to be dealt;

.. the first two hands may be dealt in ,,C; x ,C; ways,

With each way of dealing the first two hands, the third
band may be dealt in (C; ways, leaving 3 cards to be dealt;

.. the first three hands may be dealt in ;,Cy x 4Cg x (C; ways.

With each way of dealing the first three hands, the fourth
hand may be dealt in one way;

.. the total number of ways of distributing the cards is

12 9 6 12
JENCIRLIL
B e B @

Ezxample 11. There are m points in a plane, no three of
which are in a straight line, except p which are in a straight
line ; how many straight lines can be drawn joining them }

First solution. If no three of the » points were collinear,
the number of such lines would be }n (n—1).

If no three of the p points were collinear, the number of such
lires would be 4p(p—1). But one line can be drawn through

the p points,

or 369,600 ways.

16—2
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.'. the total number of lines joining the » points is
tn(m-1)-3p(p-1)+1L
Second solution. There are n—p points, no three of which
are in a straight line, and p which are in a straight line.
The number of lines that can be drawn joining the n—p
. points is §(n—p)(n—p—1).
Each of the p points can be joined to each one of the
n—p points in » —p ways.
*. all the p points can be joined to all the n — p points in
P (n—p) ways.
Also, one line can be drawn through the p points.

.". the total number of lines joining the n points is
t(r-p)(n—p-1)+pn-p)+1,

or (A =2np+p'—n+p)+mp—p*+1],
or (P —p'—n+p)+1],
or tn(n-1)—ip(p-1)+1.

Example 12, There are 10 white and 6 red balls in a bag;
in how many different ways may 6 balls be drawn out so that in
each drawing there may be at least 2 red balls?

The number of red balls that may be drawn out is either
2, 3,4,50r6.

Now, 2 red and 4 white balls may be drawn out in

&E 10.9.8.7
1.2 1.2.3.4

3 red and 3 white balls may be drawn out
6.5.4 y 10.9.8
1.2.37 1.2.3

4 red and 2 white balls may be drawn out
6.5 N 10.9
1.27 1.2

or 3150 ways;

or 2400 ways;
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b red and 1 white balls may be drawn out in
6 x 10 or 60 ways.
6 red and 0 white balls may be drawn out in 1 way.

.’ total number of ways is
3150 + 2400 +675+60+1 or 6286 ways.

*Example 13. Tind (i) the number of combinations, (ii) the
number of permutations,which can be made of the letters of the
word examination taken 4 together, -

The lettersareaatinnemo t

(i) We may take 2 pairs of similar letters, or one pair of
similar letters and 2 different letters, or 4 different letters.

2 pairs of similar letters out of 3 pairs may be chosen in
3 ways.

1 pair of similar letters out of 3 pairs and 2 different
letters out of 7 may be chosen in 3 x%—(-; or 63 ways.

4 different letters out of 8 may be chosen in l—;—-g—— or
70 ways.

.*. the total number of combinations is 3 + 63 + 70 or 136.

(ii) From each combination consisting of 2 pairs of similar

4
letters may be formed l_%l—ﬁ or 6 permutations. From each

combination consisting of one pair of similar letters and 2 dif-
4
ferent letters may be formed —%or 12 permutations. From

each combination consisting of four different letters may be
formed |4 or 24 permutations.

. total number of permutations is 3 x 6 +63x12+70x24
or 18 + 756 + 1680 or 2454.
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*Exercises 212.

1. Prove that the greatest number of combinations that
can be formed with 2n things, each combination containing the
same number of things, is double the greatest number that can
be formed with 22— 1 things.

2. How many numbers, expressed by five unequal digits,
have three of their digits taken from the first six, and the other
two from the last three, of the nine digits?

3. In how many ways can 5 ladies and 4 gentlemen sit at a
round table, so that no two gentlemen sit together?

4. Eight men are to form a boat’s crew, two of them can
only row on one side, and two on the other; how many crews
are possible?

b. From a company of 10, 5 are to be selected so as either
to exclude one particular person but include two others, or else
to include the person previously excluded but to exclude the
two who were previously included; in how many ways can
the selection be made?

6. In how many ways can 10 people be divided into two
groups of four and one group of two?

7. There are 8 letters, of which a certain number are alike,
and 336 different words can be formed out of them; how many
are alike?

8. How many different permutations can be made of the
letters of the word dividend, and how many of these will both
begin and end with vowels?

9. Eight men sit down to two tables at whist; how many
different sets of partners can be arranged?
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10. A purse contains a sovereign, a half-sovereign, a half-
crown, a florin, a shilling, a threepenny-picce and a penny; how
many different sums of money can be obtained by taking out four
of the coins?

11. How many numbers over 1000 can be made out of the
ficures 0, 0, 3, 5, 61

12. 26 persons are to travel by an omnibus which can carry
12 inside and 14 outside ; if 8 of them will not ride outside and
6 will not ride inside, in how many different ways can the party
travel

13. In the fully expanded product a*6™ (m being any integer),
find the number of different arrangements in which the 2 a’s are
(i) together, (ii) separated.

14. A cricket club consists of 13 members, of whom only
four can bowl; in how many ways can an eleven be chosen so as
to include at lcast two bowlers?

15. How many different pairs can be made out of 2n dif-
ferent things?

16. In how many different ways can an even number (2n) of
things be arranged in two equal groups?

17. Show that the number of ways in which pn things may

(L)

n things, or any number of the pn things.

be given to n persons is or n?® according as each person has

18. How many different arrangements are possible of the
letters of the word solace with the restriction that two vowels
must not be together?

19. How many different arrangements are possible of the
letters of the word palace with the restriction that two vowels
r.ust not be together$
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20. Prove that, with two dice, the number of throws is 21;
how many different throws can be made with three dice?

21. How many words of threc letters can be formed out of
5 vowels and 21 cousonants, each word to have a vowel between
two consonants, which may be the same letter repeated or dif-
ferent letters?

22. In how many ways can a committee of 5 be chosen from
7 liberals and 4 conservatives so as always to give a liberal
majority}

23. TFind the total number of combinations that can be made
with the letters of the word divide.

24. Tind the number of arrangements of three different
letters which can be formed out of the ten letters ¢ to z; g,
when it occurs, being always followed by w?

25. Y¥ind in how many ways 8 diflerent objects can be
arranged in a row, so that two given objects may bave one
object between them.

26. There are 2 points in a plane, no three of which are in
a straight line ; find the number of points of intersection of the
lines which join them in all possible ways,

27. There are n points in a plane, no three of which are in
a straight line, except p, which are in a straight line; how many
triangles can be formed by joining all the points?

28. There are p points in a straight line and ¢ points in a
parallel straight line ; how many triangles can be formed having
three of these points for vertices?

29. If there be n given points, of which p lie in one straight
line and ¢ on another, how many triangles can be formed with
their vertices at these points?
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30. Given 8 straight lines, 3 of which are parallel, and no
three are concurrent; how many diferent triangles do they
form?

31. There are 2n letters, of which 2 are a, 2 are b, and so
on; find how many different algebraical products can be formed,
in each of which the sum of the indices is 3.

32. In how many diffecrent ways may 10 plus signs and
4 minus signs be placed in a row, so that no two minus signs
may come together?

33. Show that, when all the numbers that can be formed of
the same four different digits is divided by the sum of the digits,
the quotient is 6666.

34. Prove that the number of different srrangements, three
together, of the letters of the word university is 528.

35. How many permutations are therc of the letters of the
word corridor, (1) all together, (ii) taken 4 at a time, 2 consonants
and 2 vowels, with the Jatter in the even places

36. How many words, consisting of 2 consonants and 2
vowels, can be formed from 20 consonants and 5 vowels, the
vowels not coming together?

37. Find the number of permutations of the letters of the
word nfinite; how many of them begin and end with a con-
sonant

38. How many diflerent words of two consonants and one
vowel can be formed from the letters in the word Woolwich ?

39. How many permutations can be formed from the letters
of the word terrace four at a time?

40. Find the number of different combinations of the letters
of the word zoology taken four at a time.

41. Find how many even numbers can be made up of the
nine digits, using them all for each number; how many of these
" #ill be multiples of four?
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42. How many different quadratic expressions, each con-
taining three terms, can be formed with the symbols 3, b, 8, «,
2% +, —, and no othersy Of these, how many can be resolved
into two real simple factors?

43. How many different combinations and permutations
may be formed of the letters of the word college taken four at
a time}

44. TIlow many combinations and permutations, each of four
letters, can be made from the letters of the word parabola?

45. Find the number of permutations, 5 together, that can
be made of the letters of the word convolvulus.

46. Show that eight differently coloured equilateral triangles
can be formed into a regular octahedron in 1680 diflerent ways,



CHAPTER XXXIL

BINOMIAL THEOREM: POSITIVE INTEGRAL INDEX.

357. We have seen that
(@ +b)* =a* + 2ab + b*,
and (a + by =a® + 3a*b + 3ab? + b°.
The object of the Binomial Theorem is to find the value of

(@ +0b)", and, in the present chapter, the case in which n is a
positive integer will alone be considered.

If n be a small positive integer, the expansion can be obtained
by continued multiplication, or, more simply, by the method
employed in the next example (see also art. 227).

358. Example 1. Expand (a +b)"

Since a + b is a symmetrical and homogeneous expression of
the first degree in a and b, it follows that (@ +b)® is a symmetri-
cal and homogeneous expression of the third degree in a and b,
and must therefore consist of terms in a*, a®, ab? and b* Since
it is symmetrical, the coefficients of a® and b° must be equal, and
so also those of a% and ab”.

Now (a+b)® is the product of three factors each equal
to a+b.

The term in a® is the product of the a’s in all the factors.

These can be selected in one way only. Thus, the coefficient of
a*, and therefore also of 0 is 1.
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The term in a?b is the product of the a’s in two factors and
the b in one. Now, two a’s can be chosen out of three, or one &
out of three, in 3 ways. Thus, the coefficient of a%, and there-
fore also of al? is 3.

S (@ +b) =a® + 3a%h + 3ab® + D%

359. 7o expand (a+ b)".

Since @+ b is a symmetrical and homogeneous expression of
the first degree in @ ard b, it follows that (a + )" is a symmetri-
cal and homogeneous expression of the mth degree in a and b.
Since its expansion is homogeneous, it must consist of terms such
as a® a""'b, a* %’ ... a*l™% ab™, and b Since it is sym-
metrical, the coefficients of a" and 0" must be equal, and so also
those of a”~1b and ab*~!, of a™~?H? and a?b™-? ete.

Now (a + b)" is the product of n factors each equal to a + &

The term in a" is the product of the a’s in all the factors.
These can be selected in one way only. Thus, the coefficient of
a”, and therefore also of %, is 1.

The term in a™*b is the product of the a’s in n—1 of the
factors and the b in one. Now, n—1 a’s can be chosen out of =,
or one b out of w, in ,C, or », ways. Thus, the coeflicient of
a™1b, and therefore also of ad™, is n.

The term in a™"b" is the product of the a’s in n—1r of the
factors and of the &’s in » of the factors. Now, n —r a’s can be
chosen out of #, or r b’s out of m, in ,C, ways. Thus, the coeti-
cient of a™~"d", and therefore also of "6, is ,C,.

Thus, (a + )" =a™+ ,C,a*1b + ,C,a" 38" + ...

+2Cr @O 4 L+ ,Ca?b 2 + ,Crab™t + 7

or =a"+na"10 + n(n;_D a1 + ...

- 2—(227—1) @’ 4+ na b + b

Cor. 1. Since the indices of b in successive terms are re-

spectively 0, 1, 2, 3, ..., n, it follows that the number of terms
in the expansion of (@ +b)"is n+ 1.
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Cor. 2. Since the expansion of (a+ )" is symmetrical with
respect to a and b, it follows that the coeflicients of a®" " and
a"b*" are cqual, i.e. that the coefficients of terms equidistant
from the beginning and end are equal.

360. Example 2. Expand (i) (a+b)°, (ii) (2a - 3b)%

29 h
() (a+bP=a®+bah+ ‘1’—_‘;‘ @b + {—; @b + Bab* + b°

=a®+ 5a‘b + 10a%6* + 10a*L3 + Habt + 1%,
@) (20 - 3b)'= (2a)+ 4 (2a)* ( - 3b)
+ 323 (- 302 + 4(20) (- 305+ (- 30)¢
= 16a* - 96a%b + 216a% — 216ab + 815*

|.361 1o Jind the (v + 1)th term in the expansion of (a + b)"

The index of b in any term is less thun the number of the
term by unity.

.". the index of b in the (r + 1)th term is ». Bat the sum of
the indices of a and b is n.

.. the index of @ is n—7.

Now the number of ways of choosing w —r a’s out of =, or
r b's out of n, is ,C,.

- n
+ ])th term =,C, . a™" b = L arrb.

{rlo=7

2. Example 3. Find (i) the 8th term of (a+ ), (ii) the

[}
middle term of (@ — 20)® and (iii) the term in «® in (22:2 - 5—1:'-7) .

(i) Bth term of (a + b) = 1,Ga%b = %59_'; &Y

=120a%8.
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(ii) Since there are 9 terms in the expansion of (a — 20)%,
there are 4 tcrms on cach side of the middle term, so that the
middle term is the Hth;

*. middle term of (@ —2b)® = ?—Z g -g at (— 20y = T0a*. 164
= 1120404

(iii) Let the term which contains 2* be the (r + 1)th,

which is
26-—' J12-- 290

=0 (22 ’"(“?‘““‘) A

61
S (1) 0, B,

3
Now, 12-3r=3 orr=3.

.% the required term is
23 6.5.4 8

ST Ty

== 20003

03
’\I

e

Exercises 213.

Expand : ‘
L 1+ 2. (a+bdf- 3. (1+2)%"

L (2a-3b% 5. (2:”;‘)“. 6. (I+ap+(l—ak
1. (a=b. 8 (I-zy. 9o (12
10. (2a-5). 11 (1+2)"t05 terms

12. (2a—5)" to 4 terms.
Find :
13. 114 14. 1-012 15. -94. 16. 99
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independent of .

Find :
17.  4th term of (1 + )% 18. 4th term of (1 — 2x)™.

b\¥ 3\8
19. 5th term of (‘.’.a + §> . 20. 3rd terwm of (23:"—- %> .

. 3 =\
21. 3rd term of (3a — 7b). 22. 9th term of (3 —3-> .

n
23,  8th term of (a - ?) . 24. Coefficient of * in (a — x)".

2)

FFind the middle term of
10
. (L+af. 20 (=- %’.) .2l (C+ian
28. (1 +ax)™
Find the two middle terms of
1\ m+1

29. (1 -ay. 30. (z + 5) . 31 (a—a)™.

Find the coetlicient of
l 11 l 8
32. &in <2a: - 5—) . 33. x'in (w - —) .
& x*

B\ b
34, zin(x’+g).

x

I\ o

35. Find the term in the expansion of (ac + ;) which is
36. Find ‘99" to 5 places of decimals.
37. Find the value of 9" to 4 places of decimals.
38. Find the coeflicient of #* in the expansion of (1 + z+x**
39. Find the coeflicient of * in the expansion of (1 +3z—a%)’.

40. Prove that the coefficient of 2" in the expansion of

(1 + z)"*1 is equal to the sun of the coefficients of ! and «" in
-.he expausion of (1 +z)"
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*363. 70 find the greatest cosfficient or cosfficients in the
expansion of (1 + )"
The coeflicient of the (r + 1)th term is ,C,.

Hence, if n be even, the greatest coefficient is that for which

r—=

ol 8

If n be odd, the greatest coefficients are those for which

nw—1 n+1
=g T3

*364. To find the greatest term or terms in the expansion of
(1 +a)m

Let the (r + 1)th term be not less than the rth term or the
(r + 2)th term.

Now (r+1)th term  ,C,.a" n—r+1

? rth term G, .t r
. (r+2)thterm_n—r_ﬁ+l I
** (r+ )th term 7+l 0 rrl2
L n=r+1 n—r
o o<1 and 7_+le>1,

S n—r+aedrand (n—-r)xPr+l,
So(n+l)zg (L+z)r and ne—1 3 (1 +a)r,

. (n+1)_:_z7 N |
S s Freal R

*365. Ezample 4. Find which is the greatest term in the
expansion of (1 + £)*
Let the greatest term be the (r + 1)th.
Now
(r+1)thterm ,C,.(3)” _10-7r+12 11-r 2
rth term G, (2 r 3 ¢ '3’




363-367] BINOMIAL THEOREM: POSITIVE INTEGRAL INDEX 257

and (r+2t:hterm-}_]__(1-_v-l)2 10-r 2
(r+ 1)th term r+l1 3T ,+1°3’
11-r 2 lO -7 2
Lt lend R,

5 22-2r 4 37 and 20-2r B 3r+3,
S br 3 22 and 417,
S br=20 or r=4;
. the 5th term is the greatest.

*366. We know that ,C,=,C,_,, where » has any value
from 1 to n — 1 inclusive. But the number of ways of taking all
of n things is equal to the number of ways of leaving none
behind, that is, unity, hence ,C, = ,C, = 1.

In the present and following articles, the symbol ¢, is used to
denote ,C,.

Now, since ¢,=1 and ¢, =¢,_,., it follows that we may write

(A+a)=co+ T+ 08 + e +Cpg T2+ Cp_y 21 + cp2™,

or (1+a)=cp+Cp 1@ +Chy @+ .o + €@ + ;"1 4 Cpax™.

*367. To prove that
(A) Gt +0+ . +6y=2%
(i) e—ci+c,— e +(=1)"cy=0,
‘ ) | 2n
(1) er+elf+el+ ... +c)= L’fl:?
(i) We have
(Q+a)=c+ 0@+ 6@ + ... +c 2™
Putz=1,
then W =Co+C +Cq+ ... +Cqe
(ii) In the same expansion, put z = -1,

then O=cy—c;+6— oot (= 1)y
D. A. IL 17
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(iii) We have
(1 +2)"=0p + €, + 2 + eou + Cp_o™% + Cpy ™! + 0, 77,
and (1 +&)®= ¢, + €y T+ Cp_o®® + ouv + G2 + @™ + co2
Now, coefficient of #* in the product of these two scries
=0 + e+ e+ o+ C,2
= coefficient of «® in the product of (1 + )" and (1 +z)", i.e

in the expansion of (1 + x)*
kS
Tl
*368. FExample 5. Prove that
Co+ Ca+ Cy + aee =0+ Cg + G5+ .0 = 273,
We have €—C +6—¢ +... =0,
o co+0 +c‘+ e =0t c""cu‘.' cee e
But (CotCat Gt vas)+(Cr+Cst 0y +...)=2"

3 .
So G Gt Cot wee =6y HCy+ G ...=—2~=2"".

Ezample 6. Prove that

1
Zo+ 2.3+ 90, %1 0.2 1y m1
n+l

(4 1) 2ot 2. D420 D020 B4 )

(n+l)n o (4Dn(n=1),,

=) 24 5 R 2 BT o
=1+(n+1).2+ ("+21>“.22+(”+I)L’é("'l)zu...-l
=(1+2 -

. 2 E! . E.’ _0_3 3’H~1_l
R s
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¢ xercises 214.

Find the greatest coefficient in the expansion of

I (I+a) 2. 1+
Find the greatest term in the expansion of
3. (1+4)™= 4. (1+3)" 5. (1+2.3)™

6. Provethate, +c¢, :¢,y=n+1:7
7. Show that
2n (2n — l) 2n (2n—-1) (2n-2)
2 E ’
- -2 3
={1ensnl o= b

+ 04—

R

1420+

Prove that
8. o +2+3c+... +nc,=n. 2%
9. c+2+3c,+ e t(R+1)cp=(n+2).2"7
10. ¢ —2¢+ 3¢ = ... —(=1)"nc, =0.
11, 2¢o+ ¢+ 2c,+ 63+ 2¢+ €5+ oo = 3. 2773,

l 21l+1__1
12. ¢ +ic+ica+.+

Arl T ael
13. (n+1)ep—ney+(n—-1)cg— e +(—1)%c,=0.
14, D¢+ ¢+ 32cs + ... +nPc=n(n+1). 2%

2
15, L2

CC,F 10+ CpCgt+ ooe + 010y = —'—-————-—W»
EL
[n+2[n-2"

17. ed=c?+ci—cd+ o + (=1)%¢c,2=0 if » be odd and

(—l) E-—L%-ﬁnbeevcn.

16, cpcy + €10y + CuCe + vov + Cy_oCp =

17—2
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3 |2n+l

¢! ¢t + o
gyt n+l—|n+l‘n+1'

18. ¢+

19. If yf+gP—byt—42+657+3y—1=0, and y=m+£,

2 -1
z—1'=0'

«prove that
20. Find the relation between n and r so that the coefficients
of the (2r + 3)th and (37 + 2)th terms of (1 +x)* may be equal.

21. If three successive coefficients in the expansion of (1+z)"
be 220, 495 and 792, find n.

22. If @, denote the coefficient of 2" in the expansion of
(1 —z)™-1, show that @,_; + Gy =0.

23. Show that
2n (2n—2)

(1-2) = (1 + &)™~ 2na (1 + &)™ 4 = B B(L+a) ...



CHAPTER XXXIIL

CONVERGENCY AND DIVERGENCY OF SERIES.

369. A series has been defined (art. 207) as an expression
in which each term is formed from one or more preceding terms
according to some definite law ; and an infinite series as one in
which the number of terms is infinite,

One of the simplest examples of an infinite series is the
ordinary geometric series

a, ar, ar’, ar?, ..., ar*’Y, ...
The sumn of such a series has been shown (art. 314) to be

a(l—r) or -2 ar®

1—-7 1-r 1-7¢'

Now, if » be equal to or greater than 1, the sum of an infinite
number of terms is infinitely great ; if » be less than 1, the sum

of an infinite number of terms tends to the limit T—g—;, since the
difference between the sum of » terms and the sum of an infinite
number of terms can be made less than any quantity we please
by making = large enough; and, lastly, if »=-1, the series
becomes a—a+a—a+a ..., and the sum of an infinite number
of terms, though finite, does not tend to a definite limit, for the
sum of an even number of terms is 0 while the sum of an odd
number of terms is a.
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370. Drr. 60. An infinite series is said to be convergent
when the sum of n terms can be made to differ from a finite
quantity by less than any quantity we please by making n large
enough.

Der. 61. An infinite series is said to be divergent when the

sum of n terms can be made greater than any finite quantity we
please by making » large enough.

Der. 62,  An infinite series is said to be oscillating when the
sum of % terms is finite, however great = may be, but does not
differ from a fixed quantity by less than any quantity we please
by making n large enough.

Thus, a geometric scries is convergent if the common ratio be
less than 1, divergent if the common ratio be greater than or
equal to 1, and oscillating if the cowmon ratio be equal to — 1.

Since the terms of an oscillating series must be alternately
positive and ncgative, it follows that, if the sum of » terms of a
series, in which the terms are all positive, be less than a given
finite quantity (however great = may be), then the series is
convergent.

As a general rule, the infinite scries will be expressed as
follows :

U+ Uy +Ug+ ees F UL+ .y
and, unless otherwise mentioned, it will be supposed that each
term of the series is positive.

The sum of = terms of such a series will be denoted by s,,
and the sum of an infinite number of terms by S or S _.

The following are some of the principal tests for determining
whether a series is convergent or divergent.

371, Test I. If every term of an infinite series be greater
than some finite quantity, however small, the series i divergent.

If every term be greater than a, then the sum of n terms is
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greater than na, which can be made greater than any finite
quantity by making n large enough.

Hence, the given series is divergent.

372. Test II. An infinite series is convergent if, after any

term, the ratio of each term to the preceding is less than some fixed
quantity which is itself less than unity.

Let the series, beginning at any term, be
Uy + Uy + Ug + voe + Uy + auey

and let each of the ratios u,: %, ug: ug, %,: %, ... be less than &,
where £ is itself less than unity.

Then 8= 1w, +uy+ Uy + Uy + cue

1 1
=7l,1(]+y._’+g§ 1&'.}.&%%} )
Uy Uy Uy Uy Uy Uy

< (l+k+2+B+..);

Le. <. :—.

1-k%
Hence, the given series is convergent.
373. Lzample 1. Show that the series

11,1 .1
L'E'B'E

+ aee

is convergenb,

1

Here u, = E and %y, = ;

. the test-ratio

3
+
— i

1 1

u’""‘:u':]r_‘_fl T+
which is equal to } when r=1, and is less than § for all other

values of 7;
.. the series is convergent.
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374. Test II1. An infinite series is divergent if, after any
term, the ratio of cach term to the preceding be greater than some
JSiwed quantity which ts itself greater than unity,

Let the series beginning at any term be

Uy + Uy + U + Uy + eaes
and let cach of the ratios w,:u,, w,:u,, u,:4,, ... be greater than
a quantity which is itself greater than unity.
Then Ug> Uy, Up> Uy > Uy aae)

S S > nu

. the scries is divergent.

375. KEazample 2. Show that the series
11 12, 18 |4
R e RN ) E- R
w @ oat ot
is divergent.
Here, the test-ratio u,.,, @ u, is
lr+1 |r  rs1
v w T T
Hence, for every term after that for which r+1 is just greater
. 1 Sy
than z, the test-ratio is greater than %, which is itself greater
than unity ;
o+ the series is divergent.
376. Test IV. If there be two infinite series, and if the

ratio of corresponding terms tn both series be always Jinite, then
the series are both convergent or both divergent.

Let the series be
Uy + Uy + Uy + Uy + o0
and Ty Uyt Vgt U+ eeey

and let the ratio w, : v, be finite for all values of r.
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Now, the ratio
Uy + Uyt U+ een 1V + Vg + Vg oee
lies between the greatest and least of the ratios
Uy iV, Up iUy, UsiVgy ey
and is therefore finite.

Thus, if the sum of one of the given series be finite, the other
is 8o also; if one be infinite, the other is so also;

2 the series are both convergent or both divergent.

Cor. 1. If each term of an infinite series be less than the
corresponding term of an infinite series which is known to be
convergent, the given series is also convergent.

Cor. 2. TIf each term of an infinite series be greater than
the corresponding term of an infiuite series which is known to be
divergent, the given series is also divergent.

377. Ezample 3. Show that the serics

1
it e

R | 1
VoreEte
(i) [1+|2+|3+...

is convergent,

is divergent.
(i) |3=2.3, which is >2% |4> 2}, and so on,

S<l+%+%a+ %+...,
which is a geometric series, in which the common ratio is less
than unity;
.'. the series is convergent.
(i) s>1+2+27+20+ .,
every term of which after the first is greater than unity ;

.. the series is divergent.
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378. Test V. An infinite series is convergent, if the signs
of the terms be alternately positive and negative, if each term be
numerically less than the preceding term, and if the nth term be
wnfinitely small when n 1 infinitely great.

Let the series be '

Uy = U+ Uy = Wy + Uy — U + v
Then 8 = (10 — 1) + (23— w) + (s — %) + ...0

But each of the quantities w;—wuy, uy—uy, uy—ttgy ... is

positive ;
~. 8 ig positive.
Again S =1y — (g — Ug) — (Uy — ) = vuuy
and each of the quantities u, —u,, 1, - uy, Ug— Uy, ... is positive ;
S S <u,.
Thus, the series is either convergent or oscillating.
Lastly,
S =8y = (Mpsy = Unya + Unps = Unps + .o1)y
and, as above, S-S, is numerically less than w,,,, which is
infinitely small when n is infinitely great;

.'. the series is convergent.

379. Example 4. Show that the series

-t b—%+...
is convergent.

The terms are alternately positive and negative, each term
being numerically less than the preceding, and the numerical
value of the nth term is o which is infinitely small when % is

infinitely great.
.% the series is convergent.
It will be seen, in art. 381, that the series
T+i+d+4+..,
which satisfies the above tests, with the exception of the first, is
divergent.
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380. In the next article, an important series is considered,
namely,
1 1 1 1
I;-i- ﬁ—P+ 354' '4-:-1‘,4-....
It should be noticed that the second and third tests are not
applicable in this case, for the test-ratio

P 1\
wa =g = (1= 1)
which becomes indefinitely nearly cqual to unity when # is made
very great. Thus, the ratio of the ( + 1)th term to the rth term
is not less than, or greater than, a quantity which is itself less
than, or greater than, unity.

38L. 7o show that the series

1 1 1

promtnt

YT REY
is convergent if p be greater thun unily, and divergent if p be equal
to or less than wnily.

(i) Let p be greater than unity. Tet the terms of the
series be divided into groups, so that the first group contains
1 term, the second 2, the third 4, the fourth 8, and so on.

Now, the first term is 1.

&
The sum of the next two terms is 2%—, + 31‘,, which is < él—, + 55

since 37 > 27,

. 2
1.6, <2—1-, or ;ﬁ:’lo

The sum of the next four terms is
1 1 1 1
R TN TR
1 1 1 1
rERP AR AT
1 1
4—‘,-_‘1 or -2—2-@:1-).

which is <

ie. or

<P
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1

Similarly, the sum of the next eight terms is <8—8, or &35

! d
or m ana so on.
. 1 1 1 1
S 8< +§ﬁ+m+2"§(ﬁ)+u-,
which is a geometrical progression in which the common ratio is
less than unity ;

.. the series is convergent (Test I'V.).

(if) Let p be equal to unity. Let the terms of the series be
divided into groups, so that the first group contains 1 term, the
second 1, the third 2, the fourth 4, the fifth 8, and so on.

The sum of the third group of terms is §+%, which is
>}+% or 4 and =0 on.

Ls>l4l+d+ien;

.. the series is divergent (Test 1.).

(iii) Let p be less than unity.

Then, since 2P <2, 3? <3, and so on,

S>1+3+4+1+.;

.*. the series is divergent (Test 1V.).

382. If the two infinite gertes
a+br+cx’+det+... and @' + b+ +d'ad + ...
be equal for all values of x for which both series are convergent, then
a=d, b=V, c=d, eto.

For all the values of @ for which the given series are con-

vergent, we have
(@a—a)+(b=0)z+(c—c)P+(d—-d)P?+..=0. (1)
Now, both series are convergent when z=0; hence, putting

« =0, we have
a—a'=0 or a=d.

s p-b)a+ (=) 2P+ (d—d) P+ .. =0,
soa[p-)+(o-c)a+(d—-d)a?+..]=0. (2
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Now, for all values of  for which the series (1) is convergent,

it follows that
G-V +(c—c)+(d~-d')z* + .

is convergent, and therefore that

G-0)+(e—cz+(d-d)2*+...

is convergent. Hence, by (2) we have, for all such values of =,

b=b)+(-c)x+(d—d)a+ ... =0,
" Hence, as before, b="¥,

and similarly c=¢, d=d, ete.

Exercises 215.

Determine whether the following series are convergent,
oscillating or divergent:

WERE I L

=
(2]
=

[
o
+
[l
+
[Zt)
+
ol
+
-~
g
+ [
o
+
]
~
+

o
il
+

[=2]
-
e o
+ -
|
oo
o
t o

+
|
(]
+ .
xS
-4
<
o -

o®
i e o
- +

+
83—

+
&
=

10.

I W
-
annt-

11 + -+ + eeee

Wi
+
(-]
S
o«
-
xR
(L]
'S
>
(=23
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12.

13.

15.
16.
17.

18.
20.

21.

22.

23.
25,
217,

28.

29.
30.
81

32.

ELEMENTARY ALGEBRA

|CHAP, XXX11I

4 5 6 T,
374.27°5.376.477
1 1 1 1 1 1 1 1
proatstpt: 14. prtatatgt e
1+ ! +—2——+——3-~+

F2TEB AL
1-4+3-%F+...
.31, 1
N AN NE IV U
1-2+4-F+... 19, 1-2+8-74
I T
2,4 .5
3tsetastsate
4.0 .6 .7,
b 62 7]3 E '
Toti+iz+ost - 24, 18848 3.1,
AR U RS R SR 26, Sr+iF+Ati+t ...
1—4+5—-2+....
1+ 1 1+

../2+2 2"/2+....

1 1 1

+ ey

T2.3%3 3443473
1422+ 3%+ 42+ ....

@ z? o x*

T2*s3%s.a 15
2 3

l+§3+33+z‘+u..



CHAPTER XZXXIV,

BINOMIAL THEOREM: ANY INDEX.

383. The object of this chapter is to prove that, if n be a
positive or negative integer or commensurable fraction,

n(fgl)wﬂ +n(n—-1)..l.:(n-—r+1)m,+

1+z)*=1+nx+

It is sufficient to prove the theorem for the binomial expres-
»
sion 1+, for (a + b)* may be written in the form a® ( 1+ 2) .

384. 7o prove that the series
1+m+n(n—1).’c’+ +n(n—1)_...(n-r+l)z'+m

B &

18 convergent if « be less than 1.

If w, denote thoe th term of the series, we have

u, n-r+1 n+1
._H'_l-_-_ m:( —1)%
Uy r r

(i) Let n be positive. When #>n + 1, the factor (ﬁ;l— 1>

S

is negative and numerically less than unity, and thus, if |z |<1,
the ratio w,/w, is numerically less than a quantity which is
itself less than unity. Moreover, if « be positive and r>n+1,
the ratio u,,,/u, is negative and the subsequent terms of the
series alternate in sign. If « be negative and r> = + 1, the ratio
Uy, /U, i3 positive and the subsequent terms are of the same sign.
Thus, if |2| <1, the series is convergent, in the former case by
Art. 378, in the latter case by Art. 372.

(i) Let n be negative. If » be numerically less than unity,

the factor <% +1

—l) is negative for all integral values of »

and numerically less than unity. If n= -1, the factor ("ﬁ;:__l _ 1)
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is equal to — 1. 1In both cases, if |x|<1, the series, as above, is
convergent. If » be numerically greater than unity, the factor

(n_+1[_ - l) is negative for all integral values of # and numerically

greater than unity; but, if {@|<1, the ratio u,,, /u, can, by taking
7 great enough, be made numerically less than a quantity which
is itself less than unity, and the series, us above, is convergent.

Thus, if || < 1, the series is convergent.
885. The following abbreviations will be used in proving
the binomial theorem.

Any function of a, i.e. any expression containing x, may be
denoted by f(x) or some similar form. Thus, if f(x) denote the
function 1+ 2z + 3a® + 4a°, then f(y) denotes the same function
of y, namely 1+2y+3y°+4y°, f (%) the same function of %,
namely

A M2 B

l+2k+3P+4k

S (- z) the same function of — 2, namely
142(=2)+3(—2)'+4(-2)® or 1-22+32"—42,
while f(0) denotes the same function of 0, namely
1+42.0+3.0+4.0 or 1.

Again, if m be positive or negative, integral or fractional,

m, will be used to denote the product of r factors
mm—1)(m-2)...(m-r+1);

so that if m be a positive integer, m, = ,,P,.

Also,

m.x(m—r)=m(m-1)...(m~r+1)(m—r)=m,_,,

*386. To prove by induction that, if r be a positive integer,
and m and n any quantities, positive or negative, integral or
Jractional,

r(r-1
(m+n)=my+r. mf-.nl+~(—B b My_sMg+ o + T M0y y 410y,
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Assume the result to be true for the value . Multiply both
sides of the equation by m +n — », so that

(m+n)x(m+n—r)=m.(m+n—r)+r.m_ nyx (m+n—7r)+...
cee + 2C, .My y x (M + 1 —7)

+ pCapr e MypgeyNyyy X (M + n—7)
+ e+ N x (M +n—7),
Now,
(m+n).x (m+n—7r)=(m+n)y,,

My X (M + 0= 7T) =My X (M—1T) + My X N =My + M1y,
rom_mx(mAn—r)=r.m_ (m—r+1) xny+r.menx(n-1)
=T MR+ T My Ry,
¢Co- My _ My (M An—7)=,C,. Mp_, X (M—1 +8) Ny +,C,. My_y0y % (n—38)

=¢Cy. My_ g 117+ ,Cy . My g Mgy

rCarr My g1y, (m+n—'r)=,c,“. Mg gy X (m"""' 8 +1>- N4y

+rCapre My gy Mgy (”‘ —8— 1)
=rCot1+ Mr_ g Mgy + rCpy1 My gy Mgyg,
N, X (M+n—7) =0, %X (N —7)+ Ny X M=y + N0y

o (7n+n)r+l='m’r+l+m'r”l(1 +Ir)+ o TNy Ty (rCn+rCn+l)+ vty
=My + (P + 1) 1m0y 4 it Cagy - My Mgy e + My
Thus, if the theorem be true for =, it is also true for »+1.
But, it is true when r=1, for (m+n),=m+n=m; +n,; hence

it is also true when r= 2, therefore when r=3, and so0 on; and
therefore when 7 is any positive integer.

387. If f(m) denote the series

1 +mla:+—"%"'m’+ vee + %’x’+ e

2

where © <1, to prove that

S(m) xf(n)x f(p) x ...=f(m+n+p+..)

D. A. IL 18
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Since
JS(n)=1 +m]x+?{;ljw"+ +%’w’ o
-
S@)=1+mnmax+ z“ P Ty
; 2 3
an

LN

2 Ir

and, since = < 1, each of these three series is a convergent series.
Now, coeflicient of « in the product of the series /(m) and

f(n) is

fm+n)y=14+(m+n)x+

mr My '”'1 Myg Ty .. ml M1 '"‘r
[ e S T T A A TR T S T
(m + 7),

which, by art. 386, is Hence, for all values of », the

coeflicient of 2" in the product of the series f(m) and f(n) is
equal to the coellicient of z" in the series f(m + n).

o S (m) x f(n)=f(m+n).
Similarly,

S (m) xf(n) x f(p)=f(m+m)xf(p)=f(m+n+p),
S Sy xf@r)xf(p)xo=f(m+n+p+ )
388. To prove the binomial theorem that

g ’nr
(1+a)= 1+n,x+Ex’+[§m’+ E_x'+....

(i) Let » be a positive commensurable fraction and equal

bo % where & and k are positive integers.

By the preceding theorem,

f(%) xf(%) xf(;%) x ... to & factors

h h h
f(k PtEt tokterms)
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h k
o [FG)]=rm=asan
sinco A is a positive integer,

: (l+w)%=f( )= 1+"+L]cz

. if = be a positive commensurable fraction,

(l+x)*=1 +n,m+ﬁgm’+...+&:c'+....

2 a
(ii) T.et n be a negative integer or commensurable fraction
and equal to —s.

Now, S (=5 xf () =f (s +8) =/ (0) =1,
. 11
A ION (e

since s is a positive integer or commensurable fraction,

S S(=8)=(1+2)
Clto)t=1+(-s)x+ (_:_a)(_é’"l)ma"_

.. if » be a negative integer or commensurable fraction,

(1+z)"-1+n,x+ e PR a:'+ N

2 r

389. 7o find the general term in the expansion of (1 + )™

The index of « in the (r + 1)th term is

. the (r + 1)th term is ~ar.

ke
890. ZExzample 1. Expand to five terms:
G (+a)f, @) (1-2)-% @) (1+220)5
18—2
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@) (1+ac) =1+ m+3—(—%@—l)w‘+ T L—% 2)
AGDE DG,

._1+§n:+22 m’+5,3'6-1:c‘ 5'3'1(—1)3:‘
=l+3x+3fat+ ot — ittt ...

(i) (1—a:"=1+(—3)(—-w)+gﬂl_~—23—_—1—)(-m)’

+ (—3) ("3'[§1) (—3_2) (*m)s + (“3)(—3_I)E3_2)(—3_3)(_w)4

+ .ee
3.4, 3.4.5, 3.4.5.6

BRRECAS vr LA WS A v S

=143z + 622+ 102° + 1524 + ...

i) (1+22)8=14 () 2+ TR (I:,%:_l_) (2a)?

(—Q)( _l:l)( T 2)(9 )3 ( 77)( 5 1)(— —2)<- - )(Qx)d .

=13x+35 3.5.7 3.5.7.9

E 2322 — E L% + ———2-‘—1;—.2‘#—...

=1~3x+222% 35,8 4+ 3184

/ Example 2. Find the (r + 1)th term in the expansion of
G) Q+o)f, @) (1-z @) (1+20)h
- 5 _
6 (+1)hterm=EE=DE 2& (Gor+l),,
Now the first three factors of the numerator of the coefficient
are positive and the rest negative,

5.3.1.1.3....(2r —

2|

o (r+ 1)th term = (—1)™%, N «"
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(i) (r+1)th terin
_(E3)E3-1D(=8-2) ... (=3-r+])

lr

(- ).

Now, there are ¢ factors equal to —1 in the numerator of the
coefficient and the same number in (—:xz)".

. _ o 3405, r(r+1)(r+2)
S (7 +1)th term = (- 1), TR ol

=% (r+1)(r+2)a"

(iii) (r + 1)th term

EHIEE B VIC PG s | J

|7
L 3.5.T.. (1),
=(-1Y. 1 rar
=(_1)r.3.5.7...(2r+1_)“,.

[z

Example 3. Ilind the first negative term in the expansion of
(1+x)b.

The first negative term is

:’,(%-1)(;';;2)(;—3)%.

7.4.1.(-2)
“Tep e

7
-54—3#|

Example 4. Find the value of 99 t0 6 places of decimals.
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99 = (100 - 1)t = 100 (1 - )
=10[ 14§ (- 3o+ i_(il_—;l) e b
I

18
=10[1-12 x 01—} x 0001 — & x 000001 —...]
=10 [1--005
~ 0000125
— -00000008...]

=10 [1 - 00501256...]
=10 x ‘9949874
= 9-94987.

Exercises 216.

Expand to b terms :

1. (1+a)b 2. (1+a)l 8. (1-a)?
4 (1-a) 5. (1—a) 6. (1+a)™
7. (1-2z)7% 8. (1-3x)73 9. (1-a%.
ol 94 3\8
R R UNCET R (Jx-%).
Find the

13. bth term of (1 +z)f. 14, d4th term of (1 + )},

15. 6th term of (1 +2z)}, 16, 6th term of (1 +2)-*,

17. 4th term of (1 - 2z)%. 18, 6th term of (1 — )4,
Find the (r + 1)th term of

19. (1+2x)% 20. (1-a)-, 2l (l-m)-

22. (L+a)™ 2. (1-o)% 24 (1-207R
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-b
95. (1-?2?) . % (1-m) 9. (1-m)¥

1 \m 1
28. (1 —na)n. 29, <1+1,> 30. (zv“-—%) ",

3
31. Find the 5th term in the expansion of (2.1:-—%') .

32.  Find the 8th term in the expansion of (@ — Q:n)’i’.
33. Expand (1- 3@)'3 to b terms, and write down the general
term.

34.  Expand (1- 4w)"g to  terms, aud show that the general

Cl2r+1
term 18 === a'.

([

35. Write down the first negative term in the expansion
of (1+a)t.

36. Write down the first negative terin in the expansion of

1 %2

(14"

37. Prove that every term in the expansion of (1 — w)é after
the first is negative.

38. Show that only two terms in the expausion of (1 —:c)ll?
are positive.

39. Prove that the coefficient of 2™ in the expansion of
(1 — x)=t+) i3 equal to the coefficient of 2" in the expansion of
(1 — z)~tm+n),

40. Find the value of  when the 4th term in the expansion
of (1+a)f is 5.

41. The coefficient of the 3rd term in the expansion of
(1 -=x)™is £; find n and the coeflicient of the 5th term.

42. Tind the value of 1013 to 6 places of decimals.
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43. Tind the value of 1044 to 7 places of decimals,
44. TFind the value of 3/3128 to 6 places of decimals.
45, Show that $/-875 = ‘97365 ncarly.

*391. Wwample 5. Find which are the greatest terms in the

expansion of
@ a+pt @ 0-p

(i) Let the (» + 1)th term be not less than any other.

F-r+1 6 z—r 6
T r+1°7 1

S 2T-6r<gTr and 21-62 P Tr+T,

13327 and 4 14,

L 13r=26 or r=2.

. the 3rd term is the greatest.

Then 41 and

(if) Let the (r + 1)th term be not less than any other. Then

~3-r+1 3. . —3-r 3. .
s numerically <4 1 and TITi’s numerically 3 1,
L 247 3 3+r 3
.o po .Z<t1 and m-z}l,

S 6+3r<d4r and 9+ 3r P dr+ 4,
JorP6 and 5,
Sor=58 or 6,
. the 6th and Tth terms are the greatest.

Example 6. Find the coeflicient of z* in the expansion of

1_5 a —za:"; and write down the coefficients of «* and &,
O -
b(1l-z) A B
Let T-2—62 1—32 1+%"’

oo B=bx=A(l+ 2x)+ B (1-3x)
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Put « =%, then 12 =A.§, or A=2,
Putz=—}, then 22=B(1+$), or B=3.

. 5(1-x) 2 3
CT-a-62 T-3x 1+2
=2(1-3z)"*+3 (1 + 2x)?
=2(1+3z+ 32 +...+3%"+ ...)

+3{1-22+222%+ ...+ (= 1)"2"am + ...},
. coeflicient of &®=2.3" + (- 1)" 3. 2",

coeflicient of 24 =2.3+3.2¢=2.81+3.16=162+ 48=210;
and coefficient of 2% =2,3°-3.2°=2.243-3.32= 486 -96=390.

Exzample 7. Find the coeflicient of «" in the expansion of
(1 +J)
(I=a)
(1+a)p
T=ap
=(1+2+2%) {l+3z+6+...+L(n+1)(n+2)x"+...}.
*ocoefficient of " =3n(n+1)+2. L (n-1)n+ 4 (n=2)(n-
=§(nP+n+ 20— 2n +n*—3n+ 2)
=3 (@n'—4n+2)=2n"¢2n+ L.
S coefficient of 2#=2.5°42.5+1=50-10+1=#5 6/
and coeflicient of  &7=2.77-2.7+1=98~14+1=85.

Example 8. In the expansion of 69;2, show that the

and write down the coefficients of 2° and a’.

=(1+2x+2%) (1 -2)*

coefficient of &® is zero, that the coefﬁclents of all lower powers of
z are positive, and of all higher powers of & negative.

5 — bx

== 6= 62 (1)

=(5—-6x)(1+2x+32?+...+n+1.2"+..).

*. coefficient of #"=5(n+1)—6n=5—n.
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.. coefficient of 2" is zero when n =5, is positive for values of
n <5, and negative for values of n> 5.

Example 9. 1If x be a small fraction, show that
(L+2)f (1- 200
1l -z
is equal to 1 + = approximately.
(1+o)t (1-22)t
l-=
=(l+2)} (1 =22)% (1 o)
=(l+3zx-3*+ .. )(l-z-32" - ) (1+z+2+...)
={l+z@F -+ (-i-3-D+..}(L+x+a’+...)
=(1-je—-3~ ) (l+z+a*+...)
=1+ {x + terms in 2* and higher powers of @
=1+ }x, approximately.
Ezxample 10. Find the sum of n terms of the w.p.
1 1 1
atb avbTars T
where b is so small compared with a that terms in 6% 0% ete. may
be neglected.

1 1 1
§= + o + oot

b 20\
a(1+;) a(l+; a(l-&-;)
-1 -1 =
=1[<1+é> -l-(1+—2—é +...+<1+'f—b> ]
a a a a

=l[l—é+l-—2—b+...+ l-ﬁb ,
a aQ a a

neglecting squares and higher powers of b,

SRy

=§%5[2a—(n+1)b].
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*Exercises 217.

1. Find the greatest term in the expansion of (1 + §)121 .

2. Find the greatest term in the expansion of (1 + i)’g.

3. Which is the greatest term in the expansion of (1 +4)-7%

4. Show that there are two terms in the expansion of
(1 -11[§,)—§ greater than all the others.

5. For what values of « is the series for (a + 290)"g convergent }

6. Find the coefficient of «® in the expansion of a+be in
Ptz
ascending powers of .
Find the coefficient of =" in the expansions of :
. 1+x+a? 1+
3 — -3 — "/
7. (1+ap(l-x)2 8. T=af " 9. (T o’
1-2\?
- -8 Sl
10. (a-z)@+z)" 1L (1 _?w) .

1-x)* . . .
12. Expand ~(—-—)— in a series of ascending powers of x;
l+z+o
and, if ¢, be the coefficient of 2" in this expansion, prove that
=0,  gp4y—agy, = 6.

2
13. Find the coefficient of z¢ when —— (L¥®"

1 -2 (1-22)t .

expanded in ascending powers of z.

14. Prove that the coefficient of «” in the expansion of

2-3z . .
Toor s ® 2*+ 1.
15. Expand in powers of x to three terms and find the
. . 4
coefficient of «* in D E=3)

1

16, Find the coefficient of «” in the expansion of =313
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17. Tind the (r + 1)th term in the expansion of

—m———-———z e
(1 -ax) (1 -da)
18. Find the coefficient of x™ in the expansion of (1+z—2a?)7

19. Expand each of the expressions (1 -+ &%)~ and
(1 =2—24%7"; and, if p,, g, be the coefficients of ™ in the two
series, show that 3¢, — pga = 2%+,
N +a)+ Y(1—x)?

20. If x be a small fraction, show that [ra+ l+2)

is very nearly equal to 1 — §x.
21. If x be a small fraction, show that

1-2)" 8-+ 2
(I-z)'-(1+x) 3

_2;
9
very nearly.

22. Show that three consecutive terms of the expansion of
(14 )™ can be in continued proportion only when n+1 =0.
23. If ¢, denote the middle term in the expansion of (1 + )™,
then
fgt b 4ty o= (1 —da) 4.



CHAPTER XXXV,

EXPONENTIAL AND LOGARITHMIC SERIES.

392. In the present chapter, we shall use the letter e to
denote the infinite series

1+l+1+1+ +1+
E @‘ E...E sece
1 1 1

Since the test-ratio u,,, 1%, = — +

10 Upyy 2 Uy Il r—1

the serics is convergent. This may also be shown in the following
manner :

Since [3=3.2>2,

11

ot it follows that

_1<.}_ .l_<
5% [
11 1

- e<l+1+-2-+—2—,+2-;+...+§;_—‘

Similarly, and so on.

90
+ ey

ie, <1+ or 3.

1
-3
Thus, e lies between 2 and 3.

The value of ¢ may be found to any number of decimal places
required by taking a sufficient number of terms.
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393. KEazammple 1. Find the value of ¢ to 4 places of
decimals.

Since —
L

=5 +3, and so on,

l'—(*~

So 6=

ot

b

166667
‘041667
‘008333
‘001400
000200
000025
000003

.........

+ 4+ 4+ + + + + + o+

e= 27183, to four places of decimals.
394. To prove that e is incommensurable.
If possible, let e be equal to a commensurable fra.ction 7 where
h and % are positive integers. Then
]—'_ 1+~ 1 + ~—l—— L
L l_ 172

Multiply both sides by |%, then

T eeer

. 1 1
h[k:_l:anmteger+k+l+(k+l)(/e+2)+
Now 1 + ! + 1 +
k+1 (k+1)(k+2) (k+1)(k+2)(k+3)
<1 + ! + ! +
E+1 (b+1p  (k+1)
1
< k+1

)

i’]._
|
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or }, which is a proper fraction.
v

oo
.. e cannot be of the form AR it is incommensuyrable.

895. 7o prove that the series
1 +a:+w2+£+ +w"
’,} ll_'} .oe 1_75, + oo
18 convergent for all values of .

The test-ratio w, ., 14, = — + —— = =

Hence, for all values of >z, the test-ratio is less than a
quantity which is itself less than unity;

.. the series is convergent.

396. If.f(m) denote the inﬁnite series

-
l+m+ s +...+ + ..
L |_ lr
to prove that

S (m) x f(n) xf(p)x .=f(m+n+p+..).
We have

r

Sf(m)= l+m+L lE-l-...+7|i+... o)
f(n)WIW’HL lls-1-...+7lia - &)
Flmen)=la(manys O (e )

12 |r+s
each of these three series being a convergent series.

The coeﬂicient of m™* in the product of the series in (1) and

LL

(2) is Now, the term in m'n* in the series in (3), being of
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7+ dimensions, can only occur in the expansion of the term
(m +mn)™**

|r+s

, and the cocflicient of m™»* in this expansion is
1 [r + s
e e L [rle
Thus, the coefficient of m™* in the product of the series (1)

and (2) is equal to the coefficient of m™»? in the expansion of the
different terms of the series in (3); and this is true for all values

of r and s.
S (m) x f(n)=f(m+n).

Again,
S(m) x f(n) x f(p) =f(m+n) xf(p)=f(m+n+p),
and, similarly,
S(m) x f(n) xf(p) x ... =f(m+n+p+..)
397. To prove the e:cpomntial theorem, that

av"
= 1+m+ +—~+ +eee
ERRT

(i) Let @« be a positive mteger.
In the equation

J(m)xf(n)xf(p)xe.=f(m+n+p+..)
put m=n=p=..=1, and let the number of the quantities

m, n, p, ... be z; then
S (O)F =/ ().

Now, f(1)= 1+|1_1 lg+[1:,1-+...+é+
L= f(a)

i x

l+ac'-z:+ +
= +l2 ‘l—3-+... ll‘+'".

. " . h
(ii) Let z be a positive commensurable fraction, % where

h and % are positive integers.
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Tetm=n=p=..= % , and let the number of the quantities

m, n, p, ... be k; then
h\7* /
AT~ ()
since A is a positive integer.

. B h Lo 1 /h\? 1 /h\"
. ek=f<l_c)=1 +/T: +,-§<~/;) +...+E</;) + .y
:z:"

Le=l vt o

L_ l_ T

(iii) Let  be a negative integer or commensurable fraction

+ e

and equal to ~ y.
Now f(—./) xf(/)—f(—Jw)-/(O)—l
1 by parts (i) aud (ii),

S Sy = f(y)
L “(Tf“)*
S e= l+x+L L E+

398. To prove that
o
a"==l+a:loga+]:(looa)’+. (loga) + ..
2\ve l_
Let a = ¢*, so that &k = log a,

Ic’:n" kT ar
then P=(f==l b+t e dT——+ s
“ TR

=1+mlogu+E(logu)"+. L(loga) + eans

"D, A IL 19
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399. FErample 2. Find the coefficient of 2™ in the ex-

pansions of
+ bx

(@) (a+bx)e, (i)
(1) (a+b.’l2)6°’ (a+bm)(1+x+i+" Lo m“" L )

. coefficient of

_a b _q_tbn
CEET b
@) = (@+ba)e

=(a+ba:){1 —-z+ —E+ ced (= 1) [::}
+(- 1)~E+...},

.. the coeficient of
a- bn

= (- ) =R

Example 3. Sum to infinity the series

1 2’ 3 4’
+
EANERT
The nth term of the series is
n? ” n-1 1 1 1

ERaN TS BT BT BT A Fe b

§= 1+<L L> (lll+|.lg>+(é+é>+

=1+-1~+1+—l—+ 1 +
IEMERE i e
1 1
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Exercises 218.

1. If & =2, show that every term in the expansion of
@ 2t
l+z+ < +

EANE
after the 8th is < -01.
2. Find the coefficient of 2° in the expansion of (1 + 2z + 2%) ¢~

voe

3. Find the coefficient of 2 in the expansion of (n - z) &".

4. Tind the coefficient of «" in the expansion of a:_ia‘;tf_x’.
5. Find the sum of ... to infinity.
2 L L
6. Expand ¢~® and show that
cret =1+ zﬂ +
2 l_ L EE
7. Show that
it IR N N P
2 " TTTRYR Brvl ™"
1 1 2 3
8. Prove that Z=E +-@+E+..-.
9. Show that the coefficient of 2" in the series
2 Y g .
1 a+bx (a+bx) +(a+bx) ise“b

li + B .es LZ Sl S E.
10. Show that
. 13 2 . ~
E + —1;2-‘ “ee t
11. Show that
: 1 1
3 3% ﬂ b3 +

I E'B I

+ ... to w0 =Dbe,

..tom =1+6"2,

19—-2
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400. To prove that the series

1,1 1
z-ga +§w'—...—(—-l) P

s convergent if e <—1 and P 1.

. g r
The test-ratio w,,,:u,= B bbb

Hence, if « be numerically less than 1, the series is convergent.

If =1, the series is 1 -3 +4 -} + ... which is convergent
(Art. 379).

If ¢ = -1, the series is — (1 + 3 + § + 1 +...) which is divergent
(Art. 381).

." the given series is convergent if x>—~1 and 3 1.
401. To prove the logarithmic series that
1,1

1 1
log (1 + ) =a:--2-.'c’+-3-ar‘-zw‘+ e — (= 1)‘.’-;a:”+

Wo have a¥=1+yloga+ éy’ (log @) + ....
Put a=1 +x,

v (L+ap=1eylog(1 +e)+ Jlog TFap+..

gl+yx+3{_(?/|§1)a:’+y(y—lé(y-g)m‘+...

Equating the coefficients of ¥ on both sides of this equation,
we have*
log(l+z)=a~322+ 2~ ....

* It should be noticed that the above reasoning forms an incomplete
proof of the theorem, for it is not shown that the second of the above series
for (1+z)V remains convergent when its terms are rearranged according to
powers of ¥ ; or that, if convergent, the limit towards which it converges is
the same as before.
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402. 7To prove that
. l+z 1.1 )
i) Iogl_w_2(m+§rz, A R

. m m-n 1 /m-n
(i) 10g;=2 m+n+3(m+'n) <m+n) ]

(i) We have
log (1+x)= m-%a?+z‘;a,’—1iw‘ +%w"—...,
log (1-—x)=—m—3‘5a:‘——,1,z“'—-i—-w‘—-}a:“-:...,

D oae i R A I,
10gif_2=1‘0‘g(1 +'x)—log(lfw);

=2(@+3i2+ 32t +..)

l+x m m-n
(ii) Put S =— OF M+ NT=M — ML, OF = —r
" ne + l?-

m m-n 1l/m-n\* 1/m-mn
clog—=2 —— +3( - +=(:— +... .
n m+n 3I\m+n D\m+mn

403. Ezample 4. Find log 2 to 4 pla.ces of decimals.

Put m=2, n=1, so bhat and

= 5
log 2 = 2[3 333+1%+; 317 ]
=2[333333... + & x 037037... + 1 x -004115..,
+3 x '000457... + § x “000051... + 4% x 000008 + .._]
=2 -333333
l. + 012346
+ 000823
l: -000065
-00000
=346573... x 2
= 6931....
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404. Having found log 2, we can find in succession log 3
(by putting m=3, n=2), log4, and so on. These logarithms
are all calculated to the base e. To obtain the logarithms of the
corresponding numbers to the base 10, we have by Art. 263,

log, m = log, m + log, b,

and therefore log,ym = log, m +log, 10
=log, m x 1
T log, 10"
1
= 43429...,
Now, fog, 10 43429

Thus, the logarithm of any number to the base 10 may be
found by multiplying the logarithm of the number to the base e
by -43429.

Exercises 219,

b x® x
1. Prove that log (1 + 3z + 2x?) =3z — %f + -ng_ - -]—1~+
2 Find the coeflicient of «" in the expansion of
log (1 + =+ 2% + a¥)
in powers of z, distinguishing the various cases which may arise.

3. If z<1, find the sum to infinity of the series of which the

m’l
n(n+l)

4. Show that the difference between log n and log (n +1)
diminishes as n increases,

6. Prove that

nth term is

2logn—Ilog (n + 1)—log(n—l)=’-§, + 5}7‘ + 3‘1‘;.:* oo
6. Prove that
1

L4
log (

(1-=)

l4a) T _ b2 92 132
Iz~ g3t st Tt
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7. Prove that the coefficient of z™ in the expansion of

log(1 +a+a*+...+a™ ") is either _m=l

1 .
or ~ according as
n is, or is not, a multiple of m.

8. Obtain the first four terms in the expansion of

23
log (l “ia a:)

in ascending powers of .
9. Find the coefficient of z" in the expansion of



CHAPTER XXXVL

MISCELLANEOUS GRAPHS.

405. Eaample 1. Draw the graph of the equation

x—1
Yy=—r7

xz-4°
Tt will be noticed that

(i) If x be negative, or if = be positive and <1, then z ~ 1
and x —4 are both negative, and thercfore y is positive; if z be
>1 and <4, then ® — 1 is positive and z— 4 is negative, and
therefore y is negative; and, if =>4, then both £~1 and ¢~ 4
are positive, and therefore y is positive.

(ii) If z be very nearly equal to, but less than, 4, then y is
negative and very great numerically; and, if = be very nearly
equal to, but greater than, 4, then y is positive and very great ;
i.e. the line =4 is an asymptote, such that, at a great distance
from Oz, the curve is below Oz on the left side of the asymptote,
and above it on the right.

(iii) If the equation be written in the form
_x—4+3 a:—4+ 3
TTz-4 Tz—4 z-4
3

=l

then, as « increases indefinitely, ;?-_Z diminishes indefinitely, and
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thus y can be made to differ from 1 by a quantity that is

indefinitely small; also, if @ be positive and > 4, ——?_—4 is positive

and y is > 1, and if = be negative, -—% is negative and yis <1;

i.e. the line y =1 is an asymptote, such that, at a great distance
from Oy, the curve is above the asymptote on the right side of Oy
and below it on the left.
Giving different values to « in the given equation, we have
the following pairs of values of x and y:
x -6 -2 0 1 2 3 35 46 b 6 7 10
y ‘7 5 2 0 -6 -2 -5 7 4 25 2 15
From these values of the coordinates, and from the above
inferences with regard to the asymptotes, we obtain the graph
represented in Fig. 29, a curve which is a re(,t,angular byperbola,
since the asymptotes are at right angles.

y

Fig. 29.
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406. LExample 2. Draw the graph of the equation

y___(a:+2)(a:—5!

xz-3

It will be noticed that

(i) If @ be negative and numerically > 2, then #+ 2, -3
and -8 are all negative and therefore y is negative; if
x>—2 and <3, then x+ 2 is positive and 2 —~3 and -5 are
negative, and therefore y is positive; if > 3 and <5, then + 2
and x—3 are positive and x—5 negative, and therefore y is
negative; and if > b, then x + 2, x— 3 and x—b are all positive,
and therefore y is positive.

(if) If x be very nearly equal to, but less than, 3, then y is
positive and very great; and, if @ be very nearly equal to, but
greater than, 3, then y is negative and very great numerically;
ie. the line =3 is an asymptote, such that, at a great distance
from Oz, the curve is above Ox on the left side of the asymptote,
and below it on the right. :

(ii}) If the equation be written in the form
@ —3x-10 _ 10

x—3 z-3’

then, as x increases indefinitely, ;1_93 diminishes indefinitely,
and thus y can be made to differ from a by a quantity that is

indefinitely small ; also, if # be positive and > 3, ;}% is positive,

and y is < ; and, if « be negative, 510—3 is negative and yis >x;
ie. the line y =« is an asymptote such that, at a great distance
from Oy, the curve is below the asymptote on the right side of Oy
and above it on the left.

Giving different values to x in the given equation, we have
the following pairs of values of « and y:
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r -8 -6 -4 -2-1 01 2 4 5 6 810
y =71 -49 ~26 0 15 33 6 12 -6 0 27 6 85
From these values of the coordinates, and from the above
inferences with regard to the asymptotes, we obtain the graph
represented in Fig. 30, a curve which is a hyperbola.

r- !-—~ y -
// T
o 1 [ Y4
v '
. / ’ /
A1/
7/ 2t
|k /
Ol
x’ . J
4 7 / T
A - [
X /
. |
|
i |
|
. Y [
Fig. 80.
407. Example 3. Draw the graph of the equation
_(z-1(=-5)

GULE
Tt will be noticed that
(i) If x be negative or positive and <1, y is positive; if
z>1 and <2, y is negative; if x> 2 and <4, y is positive; if
x> 4 and <b, y is negative; and, if > b, y is positive.
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(ii) The lines =2 and « =4 are asymptotes, such that, at a
great distance from Oz, the curve is below Ox on the left side of
the asymptote =2 and on the right side of the asymptote =4,
and above Ox on the right side of the asymptote =2 and on the
left side of the asymptote & = 4.

(iii) If the equation be written in the form
o #'—6z+b 3
Y= @ Gs+8  “F_6z+8’
it will be seen that the line y =1 is an asymptote such that, at a
great distance from Oy, the curve is below the asymptote on the
right side of Oy and above it on the left.

It is obvious that the curve cuts Oz at the points for which
z=1 and =5, and Oy at the point for which y='6. In order
to draw the curve accurately, the values of y corresponding to
each of the following values of & should also be found : — 6, — 4,
-2,16,18, 22, 2'5, 8, 35, 3'8, 42, 45, 5, 6, 8,

From these values of the coordinates, and from the above
inferences with regard to the asymptotes, we obtain the graph
represented in Fig. 31.

L
et |
——

Fig. 81
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408. Example 4. Draw the graph of the equation
_(@=1)(z-4)
Y= @=2)(e=5)’

It will be noticed that

(i) If x be negative or positive and <1, y is positive; if
z>1 and <2, y is negative; if > 2 and <4, y is positive; if
x> 4 and <5, y is negative ; and, if «> 5, y is positive.

(ii) The lines =2 and = = 5 are asymptotes, such that, at a

great distance from Oz, the curve is below Oz on the left side of
both asymptotes, and above Oz on the right side of both.

(iii) If the equation be written in the form
?—bx+4 2—-Tx+10+20-6

Y= e iz y10T  @-Tz+10
L1 w1044 2 4
s oar T il oy Ry pegrey [ 1

it will be seen that the line y =1 is an asymptote, such that, at a
great distance from Oy, the curve is above the asymptote on the
right side of Oy, and below it on the left.

It is obvious that the curve cuts Oz at the points for which
z=2 and =15, and Oy at the point for which y='3. In order
to draw the curve, the value of y corresponding to each of the
following values of « should be found: -8, ~6,-4,-2,-1,0,
1, 125, 1'5, 18, 3, 4, 4°5, 48, 55, 6, 8, 10.

From these values of the coordinates and from the above
inferences with regard to the asymptotes, we obtain the graph
represented in Fig. 32.

409. ZEzample 5. Draw the graph of the equation
y=z(@-1)@-2).

It will be noticed that

(i) If « be negative, then x, —1 and x — 2 are all negative
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Y

Y
Fig. 82.

and therefore @ (x - 1) (- 2) is negative; if »> 0 and <1, then
x is positive and -1 and 2—2 are negative, and therefore
xz(x—1)(x—2) is positive; if 2>1 and <2, then ¢ and x—~1
are positive and z— 2 negative, and therefore z (z—1) (z—2) is
negative; and, if > 2, then z, x—1 and z—2 are all positive,
and therefore & (x — 1) (z - 2) is positive ; i.e. since y? is positive
only for values of 2 between 0 and 1 or greater than 2, that no
part of the curve can lie to the left of Oy or in that part to the
right for which > 1 and <2.

(ii) For any value of x between 0 and 1 or greater than 2,
there is one value of 3 giving rise to two values of y that are
equal in magnitude and opposite in sign.

It is obvious that the curve cuts Oz at the points for which
=0, 2=1and x=2. In order to draw the curve, the values of
y corresponding to the following values of « should be found : -5,
25, 3, 4, 5, 6.

From these values of the coordinates and from the above
reasoning, we obtain the graph represented in Fig. 33.
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19
I8 /
/
/
/A
/
7 2] |
\
\\
EEREEN
\
] \
Y
Fig. 88.

410. Example 6. By means of the graph of the equation
2)(xz-5
o@D E=0)

z-3 '
find approximately the roots of the equation
a*—4x-T7=0.
Since P —4x-T7=0,

S r-32-10=2~3,
.'. the roots of the equation 2 — 42 — 7 =0 are the values of =

which make
(= +;2) (z;— 5) =1
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Now, the graph of the equation
(m +2) (z—5)
z—3
is given in Fig. 30, and the graph of the equation
y=1
is a line parallel to Oz and at unit distance from it on the

positive side. Hence, the values of = corresponding to the points
in which the two graphs intersect are those which make
m?———f(%———is—)=l or 2®— 40 -7=0,

From Fig. 30, it is evident that these roots are approximately
5-3 and - 1-3.

Exercises 220.

Draw the graphs of the following equations:

5 6 z+b
1. y’w——2' 2 y= -—2—3 3. y:——3
x—-4 x x+2
4. y=m. 5. ’y=§-;+—3. 6‘ y=2—-_x.
b 22 (x+3)(x—-3
7. y= prat 8 y= povny mat
0. o @=NE=8) o @D E—i)
’ P ) ) z-2 *
1. yor—rt 12. y=, 2+t
BRNCERICED) ERECERICED)
® rx—-3

_(z+1) (z+2) 16 _(z=5)(z-T)
T@=1)(x=2) " Y e+ 1) (z-9)

15.
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(+1)(@~4) (@=2)(@=5)
T Ta@-06) Y= @=1)(x-3)

_(22+1)(32-T) - 16
"=t @iD " O ¥ TTae

921, y=ab 22. y=(x-1)(z—3)(x~5).
23. y=(z-2)"(z—4). 2. y=a
5. y=(x—1) (-4 26. *=(x-1)(x—3) (@@-5)

1

>

17.

19.

27, yi=(z-2)"(z—4) 28.

29. Draw the graph of the equation y=m_’_%+__8 and

thence find approximately the roots of the equation
2+ bz +2=0.
(x+1)(x~- 3)
4—-z
thence find approximately the roots of the equation

B2 —-x—-T=0,

80. Draw the graph of the equation y=

(z=1)(z+ 7)
T %z+3
thence find approximately the roots of the equation

o+ 2-13=0.

81. Draw the graph of the equation y=

MISCELLANEOUS PROBLEMS.

1. If z=a(b—~c), y=b(c—a), 2=c(a—>b), prove that
o + 9 + 2* = Swyz.

1 1
© 2. If a.+;=,J3, prove that a‘+;§=0.
8. If a+bd+c=0, prove that a®—bc=b—ca=c*—ab.

4. Express 2(x—-y)(z—2)+2(y—2)(y-x) +2(2—y) (z—=),
as the sum of three squares.
D. A. I 20
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5. Express (i) (a®+5%) (c* +d*) as the sum of two squares,
and (ii) (z*-y*)(a®- %) as the difference of two squares.

6. Show that the value of (a®—bc) + (b — ca) + (c* — ab) is not
altered if the quantities a, b, ¢ be each increased or diminished by
the same amount.

7. Prove that

(a* + 8+ ¢%) (@ + b"% + ¢7)
= (a@ +bb' + ¢c')? + (be’ — b'c)? + (ca’ = c'a)? + (ab’ ~ a'b)’,
8. Find the value of
«*— 8y°+ 292° + 18wyz, when 2y=x+32 and 2=05,
P-xy+y? a*+3
Pray+yt 3at+l

1 1
9. Ifm=a+a, y=a=~, prove that

10. Prove that, if

b—-c¢ _c—a z_a—b
&= a y Y= ? T,

’
then zyz+x+y +2=0.

11. If a, b, n be positive integers, arrange in order of

magnitude
na (n+1)a na (n—-1)a
(n+1)d>  mb ’ (n-1)b" b

12, 1If
(@+0) (b+¢)(c+d)(d+a)=(a+b+c+d) (bed + cda + dab + abe),
then ac=bd.

1 1

1
13. Ifa:l_b, b=l—-o’ =T

14. Show that the value of a®+ b* + ¢® — 3abe is quadrupled if
b+c-a, c+a—>b, a+b—c be substituted respectively for g, b, c.

¢ prove that a =d.

15. Show that the expression
(a®+ B + &%) (& + y* +2") — (ax + by + c2)*
can never be negative whatever real values be given to the letters.
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16. Prove that the expression
(=t — 4a® + 8z — 4)?

T (@ - 2w+ 2
2

] 2-2

17. Show that the fourth power of any odd number when
diminished by 1 is divisible by 8,

18, Show that m (m—1) (m ~3)(m-6) is divisible by 8,
when m is an integer.

19. Show that the differcnce between the cube of a number
of two digits and the cube of the number formed by interchanging
the digits is divisible by 27.

20. If a+b+c=0, then a*+ %+ ¢*+ 2 (be + ca + ab)®

. 1 1 1 . e
21, Show that the expression F=stesatazs® positive,

is unaltered by the substitution of for a,

if @, 0,0 or b,¢a or ¢,a, b be in descending order of mag-
nitude,
22. Tind the B.C.P. of (z-y)’—a®+® and (x—y)'-2®+3°

23. If a and b denote two numbers which have no H.C.F.,
then a?+ 42 and a® — §? have no common factor unless it be 2.

(a=0)(c~d)

24, If (a————_ 3 (b—d)
bdoracisl-a

=z, then the result of iuterchanging

25, Show that the value of the expression
b2c? (2 - b?) + c?a? (a? - &) + a?b? (b°—a?)
(b+c)(c+a)(a+d)

is not altered if the quantities be each increased or diminished by
the same amount.

2. La+ =1 and y—-%zl, prove that xyz = 1,
“ y 20—2
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27. If (c—ap=2a(b+c) and d*-1*=2¢c(a +b), show that
a=b+ctd
28. If

m \? n \? 1 \* n \? I \? m \?
<m“‘r n) * (;Tz> * (zﬁ) = (rm) * (7;;‘7) * (zT m) '
show that two out of the three quantities {, 1, n must be equal.

1 1 1 1
29. Ifx+y+z=a,;+3—;+;=zand(g/+z)(z+w)(x+y)=c",
3

be
show that ayz= oy L

a? a? a?
30. If *=a-— 7 und y’=a—g, show that &= « ait
31. If , 9, 2, a, b, ¢, be all rcal and
B+ + 22+ a4+ 0+ =2 (ax + by + c2),
show that #=a, y=0, z=c.
32. Prove that bc (b +¢)* +ca (¢ + a)’ +ab (a + b)® is divisible
by a+ b+,
9 bl
R N =
z y =z wy'z
show that either @ =2z or =2z,
34. If 11 be taken from a certain intcger, we get the square

of a whole number, and if 24 be added to the same number, we
get tho square of the next higher whole number ; find the integer.

z+b xz+e .
35. If 778 "270 be satisfied by any value of x when

b+ C=B +¢, show that it is satisfied by all values of .

36. Find values of A, B (different from a, b) which will
render the equation
m(z+AP+n(w+BP=m@+u)+n(@+d)
an identity for all values of a.
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37. A woman buys eggs at = a penny and an equal number
at y a penny; sho sells the whole at the rate of @ +y for 2d.;
prove that, unless @ =y, she loses.

38. If
a*—-a™® 2
(@ )—E +a~? and F= “@+a
show that
P @)+ (y) F@F(y)

e e @ey "I FE+)= 1+¢(x)¢<¢>

39. Prove that ax®+bxy+cy? and ba?-2(a—c)axy—
cannot have a common factor unless the first be square.

40. If 2® + y* + ax® + by + cy® can be expressed as the product
of two real factors of the first and second degrees, prove that
either a+¢=06 or a=c=-0.

41. Find the condition that a, b, ¢ may be the pth, gth and
rth terms of an a.p.

42. 1If s, be the sum of the first » terms of a a.p., find the
sum of the serics 8 + 8, + 83+ ... + 8,.

43. If g, x, y, b be iu AP, 4, p, ¢, b in G.P., i3 = +y greater
or less than p + ¢4

44. If the sum of » terms in A.P. be denoted by S,, prove that

m-n

8, — Sy =m Sata:

40. If T,=17+2"+ 3"+ ... +%? prove that
Tu=3Tni1+3Tasra— Taps==2.
46. Eliminate x, 3, 2z from the equations
r+y+z=a, P+y'+22=0% and yz+wiay=c
47. If T =q, Y._p 2
y+z Z+x z+y
be + ca + ab + 2abe = 1.

=b, =¢, prove that

48. Eliminate @, y from the equations
c+y=a, +yP=0, L+’ -
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49. Eliminate « from the equations
x’+$+3(m+£)=m, a:‘—a—;-3( -—é)zn.
50. If 2s=a+b+c, prove that
(i) S+(s—a)+(s8=b)+(s—c)=a’+b+c
(i) s(s—a)+s(3—0)+8(s—c)=5
(iii) a’(s—a)+ 0 (s-b)
+c(s—c)—4(3-a)(s—b) (s—c)=abe.
(i) (s—-a)’+(s—b)3-:(s—-c)’—3(s—a)(s—-b)(e—-c):l.
a® + % + ¢ — 3abe
V) -aP+(s=0y+(s—c)+3abc=s.
P R S S abe .
8—a s8—b s—c 8 s(s—a)(s—-b)(s—c)
51. Prove that the difference of the squares of any two odd

numbers is always divisible by 8; and by 24, if neither of the
numbers be divisible by 3.
+ b2. Prove that the difference between the cube of any
number whose units digit is 4 and the square of the next higher
odd number falls short of a multiple of 40 by 1.

53. If » be an odd number, show that (n*+3)(n’+7) is
divisible by 32.

64. If » be an odd number, prove that n*(n*—1)(n*~1) is
a multiple of 5760.

55. Prove that if the square of any number be divided by 3,
it cannot have a remainder 2.

[ S]]

b6. If m+y+z=% +% +%=1, prove that one of the quan-
tities z, y, or 2 must be equal to 1.

—_ 1
67. If 5+ y =3, show that the value of —,-——"’, is 4 or
"y

68. If m+}/=y+-.1—=il, then each is equal wz+}’.
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bz-cy cx—az a'y
b
60. If (a’+b’+c’)(w’+y‘+z’)=(aaa+by+cz)’, and a, b, ¢, =,
¥, % be all real, prove that z:a=y:b=2:c
61. If b2—cy=cx—az=ay-bx, then either z + y + z=0 and
a+b+ec=0,orz:a=y:b=2:c

69. If —ba ,provethat w:y:2=a:b:c

62. If ﬁ:a, ;%—.:c=b’ ;—:——g=c, show that
2 ¥ 2@

a—abec b—abc c—abe’

63. If ax + by + cz =0 and bex + cay + abz = 0, prove thst
a’x + 0%y + % + (be + ca + ab) (x + y +2) =0.
64, If x=cy+b2 y=az+cx, z=bx+ay, then
2 ¥y 2z
-2 1-8* 1-¢

65. If the equation z?+ px+q=0 have equal roots, prove
that one of the roots of the equation az®+p (a +b) x + ¢ (a +2b) ~0'
is equal to them, and find the other.

66. If the equations a?+ax+bc=0 and z'+bxr+ca=0
have a common root, show that their other roots satisfy the
equation a*+cx+ab=0.

67. Find the limits within which # must lie in order thab
ba? - 11z + 3
2 - 9z + 4

68. A horse can draw one-third of a ton of coal a certain
distance in a given time; if his load exceed this, the time he
takes is increased by a quantity proportional to the square of the
excess ; when his load is four-thirds of a ton, he takes four times
as long as at first; show that he is most efficient when his load
is two-thirds of a ton.

69. If a(b—-c)a?+b(c—a)ay+c(a~d)y* is a perfect
squerre, then a, 4, ¢ are in H.P.

may be less than unity.
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70. Tind the sum of the odd numbers less than 1000 which
are not divisible by 7.

71. How many numbers are there less than 1000 which
contain the digit 7 at least once

72. 1f m, ay, a,, ..., a,, n be in A.p. and m, hy, Ay, ..., By
be in H.P., prove that a,. A._,q = mn.

73. If the sum of a pair of numbers be =, find the sum of
all the harmonic means which can be inserted between all the
pairs of such numbers.

74. How many pieces are there in a complete set of dominoes
when the number of spots on each half of a piece ranges from

Oton?

75. Prove that the sum of all the products in a multiplication
table going up to » times n is {n*(n+1)%

76. Prove that the middle term in the expansion of
7
(z+1+1) is 393,
z

77. Eliminate 2, y, z from the equations

x Y z
—_—=a, ——— =0, —_—z 0,
Y+2z 2+ T+Y
78. If
-l-+-1-+ 1 =0, 1+1 ——!—=0, and —+—l—+1—-0.
a b a+x a ¢ a z Yy
then a+b+c=0.

79. Eliminate z, ¥, z from the equations
P-yr=a" yP-zm=0, P-zy=c, and z+y+s=0
80. FEliminate , m, n from the equations

@’ + Vo’ + 0P = dU + m + fn, al=bm=cn,

and Pam?+at=1.
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8l. If a=10+¢, show that
@+ 0+ ¢t + 2a° (b~ ¢)*=2bc (« + b) (a + c).
82. Prove that
(a® = be)® + (b* —ca)’ + (c* — ab)® — 3 (a® — be) (b* - ca) (c* — abd)
= (a® + 0* + ¢" ~ Babe)™.
1 1 1
4 +
Yy—2 - xT-Y
(y=3)= (-2 =(z -y
84. 1fax+y+2=0,show that
(y*~z+z————x +a,_:__—3/> (y———x +—L 4= )—9-.—0.

z y 2 -z 22— X-y

83. 1If ~ 0, prove that

85. If =b~¢, y=c—a, 2=a~0, prove that
o +y+7 Lyt . (:c“+y2+z’)’
—_— = ——»'3" R g"_’ .

86. If a+0+c=0, prove that
a+ b+t (a’ + b+ c’)'
2 B 2 )"
87. If a+b+¢=0, prove that
10 (a7 + "+ &) =T (a? + b* + ¢*) (a® + 0° + ¢°).

88. 'The duration of a railway journey varies directly as the
distance and inversely as the velocity ; the velocity varies directly
a8 the square of the quantity of coal used per mile and inversely
as the number of carriages in the train; in a journey of 25 miles
in half an hour with 18 carriages, 10 cwt. is required ; how much
coal will be consumed in a journey of 15 miles in 20 minutes
with 20 carriages

89. A, B, and C run a mile race at uniform speeds; A wins
by 160 yards, B comes in second, beating C by 7632 yards in
distance and by a quarter of a minute in time ; what is the pace
of eash
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90. A and B run a mile; in the first heat A gives B a start
of 20 yards and beats him by 30 seconds; in the second heat,
A gives B a start of 32 seconds and beats him by 9.5 yards; ab
what rate does A runf

91. A and B run a mile; when A gives B a start of 44 yards
he beats him by 51 seconds; when A gives B a start of 1 m. 15s.,
he is beaten by 88 yards; find the time in which each runs a
mile.

92. A starts from P to Q half an hour after B and overtakes
him midway between P and @, and arrives at @ at 2 p.m.; after
waiting 74 minutes at @, he returns and meets B in 10 minutes
more; at what time did each start from P

93. A can beat B by « yards in a 300 yards race, C can beat
B by « yards in a 200 yards race, while C can beat A by 9 yards
in a race of 594z yards ; find «.

94. A number consists of three digits, , ¥, 2, in ascending
order of magnitude from left to right; if either 108 or 189 be
added, the new number consists of the same digits as the original
number, only that no digit occupies its former place; prove that
o+2=2y.

95. If a number and its square root contain respectively p
and ¢ digits, show that Zp—4g+1=(- 1)~

96. If n be a positive integer, show that 3. 5%+ 4 94 g
divisible by 17.

97. If n be a positive integer, prove that n’ —n is divisible
by 42.

98. I sent cash to a grocer for a certain number of pounds
of sugar, at the rate of 71lbs. for 1s 13d., but before the order
reached him the price of sugar had risen, and the money was
sufficient only to buy a quantity less by 10} lbs. than that which
I had intended ; so I sent in addition 5s. 7}d. and received one-
fifth as much again as I had at first ordered ; find the number of
Ibs. ordered at first, the rise in price being less than }d. a 1b.
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99. A B and C start at the same time for a town & wiles
distant; A walks at a uniform rate of « miles an hour, and ¢
and B drive at a uniform rate of ¢ miles an hour; after a certain
time B dismounts and walks forward at the same rate as A, while
G returns to meet A; A mounts with C, and they enter the town
at the same time as B, C driving uniformly all the time; show

that the whole time of the journey is g. %i: hours.

du +

100. Three bells commenced tolling simultaneously, and
tolled at intervals of 25, 29 and 33 seconds respectively ; in less
than half an hour the first ceased, and the second and third
tolled 18 seconds and 21 seconds respectively after the cessation
of the first and then ceased ; how many times did each bell toll ?






ANSWERS.

Exercises 137.

0,1, 4.
0, -3, -4
0,0, —1%
L1, -1
t’y _{’) -2
1, -1,2 -2
2, -2, N/za '\/2-
2, -2, 3, -3
1, -1,3, -3
0, -2,3, -5
9, -1,3 -2
0, -1,1, -2
1, —4,2 —5.
2,2 1,4
a, —-a, 1, - L
1 1
a, 'a)('i! ";-
0,7 -1
L,1,1,1

1, -1, 14+4/2, 1 - /2.
-1, =6, =1, -6.
2,2,  (4+4/13), 3 (4—/13).

2.

4.

6.

8.
10.
12.
14.
16.
18.
20.
22.
24.
26.
28.
30.

32.

RS

ow
o 1o 8o

-

SR m P09
I T T
o

LN

..%.?' --t!o
g ®

[

z_

BE

S o= O
[ R |
R R e
o = 02
= (X
[ [ W
W o W [
L

13

1,2443,2-V3

0, 5, 8.
L1, -1, -1

,1,1,1L

17 1’ §(3+~/5)’ §(3—~/5).
-3, =3, —3+4/5, ~3=,/B.

-Zﬁ» "2§1 é("5+‘\/10)v ‘b(—5‘\/10)~

D. A I?

21
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1 3224
4 33

7. 5,10, 20.
0. 24, 36.

3. 14ft, 12
6. 35 ft., 84 ft.
19. 63

4 yds., 5 yds.

20.

8d.

3

60 miles.

1 2-Txy+124

10. 1,}(3a-2).

1. 12 years ago.

4 0O

7. - abe ﬂc
* Ta=b’a=b

10. -1, a®+a.

Exercises 138.

2 4

5. 4,8

8 16, 10.
11. 333.
14
17,
20. 72.
23. £1L.

18, 12 miles a day.

9s., 12s., a dozen.

28.
30. 1s. 3d.
33

Exercises 139,
2. 2ls.
5. (c+a)(b+c).

1
8. r‘—l—},-—.

11. 2 -25, —5.

Exercises 140,

(a~b)(a+b-3).
2 (x+y+2)

3 1
.@‘3—3&+;‘-2&.
11. 0,0,5, —3.

© o P

ELEMENTARY ALGEBRA

© o W

12,
15.
18.
21
24.
26.

3L

12,

12,

© oW

Q,
5, 3.
8, 10.

41, 43, 45.

3 ins.

50,

7 miles an hour.
4, 3 miles an hour.
32 acres,

16, 17.

16 men, 20 women; 20 men, 16 women

322 -3x+2.

1, 1L

4,7,
36s.

241,
2, 3.

N/89 —N/B'

8 miles an hour.
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Exercises 141.

b o

5. 2 1,L. 3 1,25 4 —, 2. 5 15 -4
ac’ ab

1
b,m. 7. 14,34 8 0,4, -8 9 3,-3,.3 -3
1,2 -5 -6 1L aq -a,%, -%. 12. 10,43, - 1.
Exercises 145.
17. 2. 0. 3. -23. 4. 0. 5. 52 6. -119.

real and diff, 8. real and diff. 9. real and equal.
real and equal. 11. imag. and diff. 12, imag. and diff.
real and diff. 14. imag. and diff 15. imag. and diff.
real and equal. 17. real and equal 18. imag. and diff.
real and diff. 20. realand diff.  "2L 9. 22. 16.
6, - 6. 24. 10, —-10. 25. L 26. 25. 27. L.

-&. 29 2%. 30 -1} 3L -1} 32 -812
5 -11. 34& -19,21.  35. 194, —22}.

Exercises 147,

8,-14 2 210 8 3},23 4 -28 9223 b 8
20. 7. L 8 7. 9 3} 10 25 1L -—29j.
1. 13 -3 14 13k 15 1. 16 4 17 4.
;.19 14 20 54 2L 1} 22 38%. 23 2.
-35.~ 2. 98 2. -217. 2. -1 28 -8}
- 48}, 30. 8%. 3L 6f. 32 &Y. 33 -1}
11. 35. -1} 36. 3. 37 10. 38 8.
1}. 40 13 4L 33. 42 3} 43 12 44 60

Exercises 148,

22— 62+8=0. 2. 22-6z+4+9=0. 3 2342-30=0.
%~ bz -14=0, 5. 24+8x415=0. 6. z3-+11x+28=0.
22— bx =0, 8. a?+48x=0. 9. 6a®-br+1=0.

2022 — 2~ 1=0. 11. 21424 26x+8=0. 12. 1223 - 2—20=0.
822 —2—36=0. 14 62%+132+6=0. 15. 22-2zx-1=0.
r?—=2z-2=0. 17. 22-6z42=0. 18. #2-122433=0,
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22 -52+5=0. 20. 252%- 60x+34=0. 21. 42%447-3=0,
2822- 11z 41=0, 23, 62?—-52-4=0. 24 42?-5x-6=0.

18224112~ 24=0. 26, 22-28r+4171=0.
1622 - 16824 41=0. 28 162t -56x+13=0.
81424 36z — 320=0. 30. 22-19x+18=0.
1622 —10x+1=0. 32. 2x24+21x+453=0.
9257° — 300 —12=0, 34 22-82+10=0.

23 - 3524297 =0 36. 22—-20x464=0.
28 —252+144 =0, 38. 4s2-362+25=0.
422 - 252+ 16=0. 40. 922-4324+1=0.
922 — 462+ 25=0. 42. 25224212 +9=0.
1622 -9z +41=0. 44, 10022 -652+4=0.
2522 —1200+4=0. 46, 822—102+3=0.
22—-84r4+1715=0. 48. 8122-666x+1225=0.
ba2~2x+44=0. 50, 2°=5lx+1=0.

Exercises 149,
3b?=16ac. 2. 5pt=36g. 3 8. 4 12 -12.
16; &, 2. 6. 9, ~9; 3, 1}; -3, ~1}.

Exercises 150.
4. 2 1 3. & 4 13 5. 3. 6 1
73. 8. 2t

Exercises 151.
3. 2. -2 3. 12 4 3. 5. mnble=(m+n)ca.

b+c—2a
T 8 1,5 9. -1,-3.
2 -2;3 -3ifm=2; 1, -1lifm=-2.
aca? — (b3- 2ac) & +ac=0. 17, 0%2%- 0%z +ca=0.
2 —9qc)d
@2, 19 pean W -4h. 2 4 -2
car?—4blx4-4b2=0. 23. a%2%+ abzx—2b% 4 9ac=0.
222~ 2~7=0. 25. 22-13=0.
a%:% -2 (a?+20%—ac) x+ (@ — c)2+452=0.
a(a+B), B(a+8). 2. %[7+8+~/{(7+3)’ 40B}}

-3, ~4. 34 3,6 35. Imaginary.
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38. 922-272420=0. 39, a?=4(b?-ac).

41, #+20-24=0, —14. 43. 3, -14. 47. g-p* and iofinity.
c{c—a

48, 6%&——7;%' 49. -14, —13; -1}, 8. 50, §,18; 5, 1.3,

83. (r+1)(a®-2-pg). 4 m=-2;1 -2;1,1,

59. 4. 59. 300,

Exercises 152,

1 53; 35 2. 9,4;4,9. 3. 9 —2; —-2,0.
4 6 -2;2 —6 5 2 -1; -1,2 6. 1,1; 1,1

7. -1,4; -8, —10. 8 3,1; -2}, —-18, 9. 2,-1; &, %
10. 1,-2; -1, 4 1L 1, -3; 4,3 12 2 -1; 21}, —f.

13, -4, =1; 45,173 14 —2,4; -263, —363.
15. 3,1;3, 1. 16 1,1;1,1 17. 4,350, -}.
18 3, -3;13, -4 19. 5, 2; a pair of infinite roots.

20. 7, —2; a pair of infinite roots.
21. 1}, §; a pair of infinite roots.

22, 1, 2; a pair of infinite roots. 23. 1,1; g, %.
a? a 2ad +1 1
24 a,z, “-é, ——b—. 25. ay Uy —‘“‘;—, "a'_'_—i.

Exercises 153,

(Nore. The answers to nos. 6, 18, 23, may be expressed more
simply when Chapter XXV, has been read.)

1 4,2;24; -4,-2; -2, -4 2 .4,2;2,4; -4,-2; -2, -4
3 5-3;-35;3 -5; -53. 4 7,3;37;~7,-3; -3, -1
5. 4,0; —4,0; 1,4; -1, —4, .
6. 0,./40; 0, —4/40; 6, 4; —6, —4.

7. 0,3;0, -3; 2.5, J5; =25, —./5.

8 0,3;0 -3; 648, W -5V, i

9 21; -2, -1;1,-2; -1,2

10. 74, —4; ~=74,%; 3,4; -3, -4

4 1 4
11 3, -1; —3,1; :/-3, :/5; -%, —:/_5.
4 1 4 1

12. 2,1; -2, -1; :/—3, \75; -73, —:/—So
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13.
14,

15.

16.

17.
19.

21.
22.

——

NP
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. . b 1 b 1
3,2; -—-3, —2;;7§ \T 7'2‘, —'\7§.

5 1 b 1
2,3; -2 , ~/«3, —/ %, -—:E.

12 1 12 1
&1; =3 -15 7750 70+ ~Ji0° T 70

56 1 56 1
5 %; =6, —4; J96° J96° T U96° T 796"
3,2; —3, —2; two pairs of infinite roots,
9,1; ~9, —1; two pairs of infinite roots.
5, —4; -5, 4; two pairs of infinite roots.
2, —3; -2, %; two pairs of infinite roots.
3,1, —3, —1; two pairs of infinite roots.
Ly, -1 -4 4,15 -4, - 1.
1,1; -1, -1, ;J]IQH\/J?: ’%\/1‘1) -J12.

atb a=b _at+b _a-b pairs of infinite roots.

V(@) J@a)' J@a) T JCa)’

ac be ac be

J@+ TJ@EER TT@E ) Y@

ac be ac

J@@ ) T J@F ) T J @0’ J@+ b

Exercises 154.

3,2;93. 2 21; -1, -2 3. 4,3;34
9,7; -7, -9. 5. 81;1,3 6. 51; 1,5,
4,2; -2, —4 8 7,4; -4, =17. 9. 2 -1; %, -4
2,5; 1%, 6.

Exercises 155.
5,1;1,5; 3,3; 3,3 2 6,2;26;4,4; 4,4
6,1;1,6; 10, -3; —3,10. 4 7,3;3,7;12 ~2; =2, 12
3,~1,—L3,1+J71 NT5 1=J7, 147,
7,15 1,7; 44428, 4—28; 4—4/28, 4+ 28
4,1;1,4; —4, -1; =1, —4.
,1;1,1; -1, -1; -1, -1
3,2;23; -3 -2; -2 -3 10. 2,0;0,2; -2,0; 0, -3
3, ~1; =3,1; 1, =3; —1,3,
5,2; 2,5; ~5 ~2; =2, -5,
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Exercises 156,

9,6; 5,3

3,2; 2, 3; —344/3, —3—3; —3-4/3, =3+ /3.

3,2; 9 8; —14+42, ~1=4/2, ~1=42, —1+J2
4,2;94; -2, —4; —4, -2

5,2;25; =5 —2; =2, —5.

3, -3; =7,7; 5,1, -1, -5.

0,0;0,0; 1, —=2; -2, —1514. 8 3,0;21
3, -3 -4, 1%

2,6; 6,12; 3+ 133, —3—A/33; —3—./33, —3+33.

=

52,3;2 —-3; -3,2.

31,251 —3 -3,1; 2 -3, 2

5 -2, ~1; two pairs of mﬁmte roots.

i -1, -25 V3, NEFIESVERE VLS

, =85 =6, 15 —§(=3+67), ~}(-8-4/67); —4(-3-407)

-

~

ww‘h'ww.-u—-
y-lr-t—‘l\‘)

-1 (=3+4/57)
41; -3, -1%; 2,2; -6, —§%.
4,1;1,4; -4, -1; -1, ~4. 18. 11,8,
%, =15 ~1,2; §(=1+4/13), §(-1+/13); § (=1-413),
3 (~1-y13).

3, =1; ~1,3; §(1+/39), §(1-/39); § (1 ~v/39), $(1+4/39).

Exercises 157.

13, 10. 2 21. 3. 17ft, 13 ft. 4 12ft, 6 ft.
126 ft.,82ft. 6 $,34. 7 84 8 36 9 10,7
64or46  1l. 1232 yds, 165 yds. 12 1089 yds., 160 yds.

7, 5. 14. 15,6. 15. 26.
60 miles, 10 and 12 miles an hour; or 7} m., 3 and 5 m. an hour,
£2, £2. 10s, 18. 7s. 19. 14 yds, 42 yds.

14 ft., 12 ft. ; 17 ft., 14 ft.; 18 ft., 9} ft.; 21 ft., 113 ft.
21 ft., 16 ft.
3 ins,, 6 ins,, 7 ins.; 27 c. ins,, 125 c. ins., 343 c. ins. 23. 30.

Exercises 158.

1,22; —1, -2, -2 2 4,21; —4, -2, ~1.
4,9,1; -4, -2, - L. 4 1,24; -1, -2, -4
2,3 4 6. 2385 7. 20,37 1L
3,26; -5 -2, -6. 9 1,%1; -1, -2, -L
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1,23; -1, -2, -3,
2,10, -3; 7,5, -3; —2,6, —12; =7, 10, - 12.
$,22. 13 41,3 14 1L,1,2 15 21,1;1,91
3,1,2;321;31,2; 321 17. 4,9,6; 9, 4, 6.
10,2, 4; -2, —10, 4.
1 3 3 1 3 3

2,1,1; -2, -1, -1; ;/—2’ —72') ":/‘2; —:'/é’ —J-_2’ :/—2'
1,1,2;1,1,2 21 3,21;23,1; -3 -2, -1; -2, -3, -1
1,2 3; -3, —4, -b. 23 31,1;1,3,1;1,1,3
be ca ab, be ca ab
("" T "c': ";» "7) P

a? b o

C V@@tbird) J@@+ o+ J@+ )

Exercises 159,

10. 2. 93 3 0 4 3 5 -88 6 f.
19. 8 2j. 128 13 10 14 13

Exercises 160.
(z—1) (z—~2) (x=3). 2. (z+1)(x+4)(x-3).
(z+2)(x+3) (x+4). 4 (2+1)2(22-1).

(#-1M{z—3) (z+2) (z+4). 6. (z-1)(a+1)(z+2)(z+3).
1,4 -2 8 -1,-5¢ 9 1,2 -1  10. 1,1, -2
-1,2,3 12 3, -2 -2

Exercises 161
c+a, a+b. 5. a?+d2+c¥—-bec—ca—abd. 6. 4c(a+bd)
—(b-¢)(c—a)(a-d). 8. (b-c)(c—a)(a-b).
F+2) (z+2) (T +y). 10. 3 (y+2)(z+2)(z+y).
—(b-c)(c—a)(a-Db) (@a+d+c). 14 12abe(a+b+c).
5 (a?+ b2+ ¢~ be — ca — ab). 16. 5(2%+y2+at+yz+sx+ay)
- (yz+ 2z +zy). 18. —(b-¢)(c~-a)(a—b) (bc+ca+ab).

(b—c) (c—a) (a—b) (a?+ b2+ 3+ be+ ca+ ab).
(b—c)(c—a)(a-Db)(bc+ca+abd).

=(b—¢)(c~a) (@a—Db) (b+c)(c+a)(a+Dd).

(b~ c¢)(c—a)(a—Db)(ad+ b3+ 3 +b% +be? + c?a + cal + a®b + abd + abo),
@ (2°+ ma-+m2)+b (x4+m)+c. 25, -1 26. 1.

%. 28.@+3)(8+$?Q¢+,’). 29. § (a2 +yB+et-yo—aw—ay)
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Exercises 162.
b a

1, -1 2. =317 3. “aTh ash* 4 2 -2 10.
4, -10, 6. 5. 3a, 3a7 o 7. 3, -3, 1.
a+b+te, a®4ab+b? ad 9. -1,0. 10. 21, —176, 60.
20. 12 -45 -14.  13. . 14 J2,1; -2, -1
J=ch. 17. -88oro. 18. 6, x-2. 20. 1,22
a®+8c=4ab, c*=a’d. 23. da
U S S

I+e’ (L4’  (T+ep’ (L+ep’ "

Exercises 163.

1 1 1 1 2 1
¥l z+2° 2 —1tz-3" 8 x—2+x+1
2 1 3 5 2 3
2x+1 z+1° 5. 27:-'-::—2' 6 1+x-l+x—2'

8 3 g L, 1 1
2(r+4) 4(x+3)° z+1 a+2 x+3
1 [»] 5 1 2 3
7-1 z-3tzo3 0. zq+zetiTs
2 . 1 5
3@@-0) " 4@+1) 6@-2)
15 11 5 1 1
YT Rl o) S Yr ) 18+l are

1 6 8l
AR Y s e R e B

Exercises 165.

Ja. 20 Yo 3 Ya . 4 Yur B Jad 6. Fat
! 1 1 1
:/a“. 8 \,/a . 9. \7&3. 10. E/**a". 11. aé.
& 13 o8 14 o 15 &) 16 &F 170 Gl
1 1 1
. 19. —. 20. —. 21. 2 22. 3 23. 5.
ot ok of
2 25. 3. 26. 2. 27. 4. 28. 9. 29. 8.
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30.
36.
41.
46.
51.

12,

18,
24

1
1
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13.
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8 31 o 32 o 33 a 84 o 35 ol

ad. 37. af1 38. df. 39. a8 40. ol
at. 42, aé. 43. ad, 4. at. 45. a3,
aTs, 47. o 48. i, 49. i 50, aYb.
af3, 52. aff. 53. ab 54 ab. 55. o,
Exercises 166.

1 1 1 1 1 2
. 2 . 8 =. 4 . b5 =. 6 =
a@ a ot ad at a
3 by aa?
T 8. dat, 9. jdd. 10. 2 1
2(12 3

=55 1B 4 p 1j 163 1T B

4 19. 125. 20. 4. 21. 32 22. 30. 23. 4.

L. 2. at. 2. ab. 27 @2 28 ot 29 1
6. 8L 104k 32 . 33 'if; 3 8.
Ze a%
@ % a 8. L. 3 o2 3% 40 ja
af Yy
Exercises 167.
a-b. 2. x4-a. 3. 224142-2 4 z—3.v§+ 1.
af—2at+a—1. 6. ag—5a§+10a—10a§+5a§—1.
o4 —y‘i‘. 8. a+a‘5b“§+b‘l. 9, 2+l142-1,
zg—zy‘§+x’}_1/“1—y‘&. 11, a¥+2ad0d+03.
.'Dg +x&y - %-{-y - %.
Exerciges 168.
o 21 3 as 4 5 oab e 1l
a !
8 # 9 # 10 4 11 ;—, 12, 20,

o
L 14, 1 15 1 16. o
o o
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Exercises 169,

4 2 92} 8 100. 4 41} 5 39%. 6zt
B

a? a? 25 &2
iy 8 . 9, =. 10. —. 11. .
b3 b Y K ¥
b3 1 2 1 .
»;. 13 m. 14. 876' 15. aﬁgg‘c‘o. 16. z12,
s 18 alh 10, YO 0 Sl 21 awe
ats
alch 23, 2 L 25. ab
b* [ ] d . a“&b&‘ . cJ
Exercises 170.
O N I . S S
ot
- 11, - b
am-2, 8 1 9. anZh? 10. %)%, 11. = 12. -
az
a?— a’%bé+ 2ab— a%b% + b2, 14. a'&bz-i-alfib%c%-{- bgcg.
a+bt+3-3adbke. 16, pa+ilab- frad-pad 4198t 1ad.
16a%— 8122 18, 2yz+ w42y —at-y2-23
2% yi - 2x§y’k+ 21:%3/2. 20. ab-24ist + 23,
a+adid-b 22. x§—3x~y&+3x”§g/§— 7. 23, ady3s-3,
4+ 142-1, 2. a+2d-3. 26. 2ra=1-344x-la.
@-2a303 rades. 28 a-tyz-0n 20, .ﬁe .30, 4
33-1
Aoyt 24gh R
ot + yi' 33/@ + 43/% ) 3a% — 828
3% (0t} :
bt (a—adid+b) 3. z-z-L 35, L3ed
a+2a§b§+4b l—zt

ad-88. 38 6% ep 4z 45 8,3
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Exercises 173.

1-3333 ... 2. 15, 3. 15 4 5. 5 5. 6. —b.
-5. 8 -13333.... 9. —25. 10. --5.

Exercises 174.

2:0535. 2. 6-4938. 3. 10. 4. 1°7783. 5. 86596.
10. 7. 1:5399. 8. 27384 9. 3'6517. 10 20536.
1-7783. 12, 1-56399. 13. 31623

Exercises 176,

3392. 2. 129°6. 3. 66 4 6317. 5. -3526.
*3207. 7. 2065, 8. 1765, 9. 2474. 10. 4355,
4812, 12. 1271 13. 7-096. 14, 7-221. 15, 1-556.
2352, 17. 140-2. 18. '006220. 19. 4852, 20. 2-412.
£51. 3s. 10d. 22.  £23. 16s. 23. £1.12s. Td.
£20. 5s. 5d. 25. 142 yrs. 26. 17°6 yrs. 27. 143
£46. 29. £11.18s. 2d. 30. 15 c. ft. 1350 c. ins,, nearly,
6'54ins. 32 540ins.  33. 44'6sq.ins. 34 O} ft., 3} ft.
629 ins. 36, 523 sq. ins. 37. 506 ins. 38. 4077 c. ins.
626ins. 40. 146-3sq.ins.  41. 3143sq.ins.  43. 7-003 ins.

Exercises 178.

25./2. 2. 24,/5. 3. o 4 J3+42. 5. J2
2.6. 7. V2 8. 4(J3-42). 9. 10.(22).
(a2+b24c?) . 1. o. 12. 36. 13. 2880.
168,/21. 15. 105. 16. 5. 17, f. 18. 292
2132, 2. 3.3. 21. 2. 22. 3./2. 23. 4.3,
297, 25, J5 26 642 543,45 21. 2J7, 493, 5.

Exercises 179.

3.2, 843,246, 2 J2+4+1. 3. 3(JH+1). 4 2(J7-2).
$(W5-42). 6. V5-=1. T }(9+2414). 8 3.2-248.

$(6+410). 10, 2. 1L 35. 12. o. 13. o
}(66+45 /2~ 38,/3— 25,/6). 15. }(2+42-V6).
25 (12=7J2+53 - J8B). 17. J10-/5+2,2-3.

14 34 5. 19. (2+J2+V6). 20, 14§.



b

SR I

© W © o

ANSWERS 329

Exercises 180.

V3+1 2. Jo+J3. 3. 5-3. 4 5-2,86.
7422 6. 7+2.5. 7. J16-243. 8. 6J2+346.
NGBS V11— 7
5.3 —=2/17. 10. VR 11. e 12. 8.
J2+1. 14. J3-J2. 15. 0. 16. J10. 18. 71
1-J(1=z). 20. J(2x-3)+a/(z+2)
Exercises 181.
B 2 Sl 4 L b3 615 T 18
2—4/2. 1. 1. 12. 5,/a-3./b. 13, 1+4.4J/2+V3.
1. 16. 3, —4/3, —-2. 17. V241, =241, 4.

VE+2, —J5+2, 1, —2.

Exercises 182.

r4+10/z+25. 2 r-6Jx+9. 3. 36-12/x+4a.
z+5+44/(z+1). 5. z+8-6/(x—1). 6. dr+4Jz+1.
9-12/x+4x. 8. 4r-3-4,/(z-1).

22427+ 1082 (@ +1). 10. 3z+43-14V3(z—2).

22+ 1424/ (2 +2). 12. 22-1-2/(22—-2).

22+ 3+ 2./ (22 43z + 2). 14, 3z+1-2,/(222—2-6).
62+2+24/(822 — 22—~ 15). 16. bx+3—-4./(22-1).
10z—1-6./(a?—z). 18. 302+5+12(6a2+z—1).

Exercises 183.
4, 2.9 3. 4. 4 -2, 5 b 6. 3 7 9

© 9 16 10 9. 1L 5 12 9 13 55
l12. 15 3 16 7. 17. 10. 18 5  19. No root.

No root. 21. -1 22. 1. 23. 5. 24. 3,3
3. 26. 3. 27. 4 28. 0. 29. 10. 30. 3,3

2ab
27, 25 32 -b B g

Exercises 184.

2,378 2. 1, —3}, }(-5+./209).. 3. 13,2
3, -1 5 1,1,1,1 6. 2 3. 7. 14, 5, —4, -7
4, -1. 9. 1, —5. 10. 3 (=7+/77).

4, -5, 3(~1£y21). 120 2, —},4,13. 13 p(2x.21)
0, a, 4 (a +~5a%~ 8ab).
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Exercigses 185.

23, 29, 35, 41, 47. 2. 2437 3. bxy(z—7)(2?—xy+y?).
(z=1)(x+1)(z-2)(z+2)(z-3)(x+3). 5. y*—3y, y°~5y"+5y.
9 1

3y (322 +y?), 300000018, 8. a%+bx+5.
9
z-ab. 12, %‘.

Exercises 188,

Real and equal, real and different, imaginary and different.
-3}, 40. 4. 18, —22. 5 1. 6. 212%+46zx-T7=0.

922~ 88v+4=0. 8 1. 9. cta?+2bex+5%=0.
(a=b+c)a?-2(a=c)z+a+b+c=0. 11, 2241524 54=0.
32, 2

Exercises 187.

37, 9. 2. 10. 3. (z-1)(z+4).
2(y-2)(e—2) (z-y) (xr+y+2). 7. a+b+e
i 2 1 3

3010, 4771, 10. 7_% + m - ;——-—- 1

ad— 2ab, a3b - b3, 12. 1, -2,2+V3,2-V3.

Exercises 188.

15 -3. 2 a,%’. 3.9 -924 -4 4 9 -3 4, -5

0,1,3(1+4129). 6. 7,3; —4f, -2%. T 7, —4; —4,7.

,3; -1, ~3; 2&’#) \/?; “2‘\/?7 ""\/‘?
5,2; 2,5; -5, -2; -2, —-5. 10. No root. 11. 8
0, 3; and two imaginary roota.

Exercises 189

5:3 2. 3:2. 3. 11:2 4 10:3. 5 2:1,1:2
2:1,5:2. 7. 13:4. 8 9:41. 9 3:1L 10. 3.
13, 12 22 13. 63,36 14 21,33 15 18, 27
15, 25. 17. 13, 20. 18. 21, 28. 19, 16, 40 yrs.
12 : 5.
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Exercises 190.
3:2:-1. 2. 2:1:3. 3 9:5:1. 4 110:15:17.

b2—c?:c—al:a’-0% 6. 3,2; -3, -2
—4, =5, —8; -4, =5, —G. 8 6,78; 21,19, 17.
L1,4; -1, -1, —4. 10. 3,4, 5.

Exercises 191.
ab  ac
ﬁ;, E——H. 4¢ a(b—c).b(c—a).c(a—b). 6. 7.
a 22 3:2, 2:3.

Exercises 192.

12, 3, 62, b1, 2. 16, 16%, 8, (a+h)
+6, £12, +7}, +a?’ 4 3%, 43, 4%. 5. 10. 6. 1.
2, 8 6 29. 16. 30. 4, -6,9.

Exercises 193.

3 -1 10. 9,31 16, 27 ft, 18 ft. 16. 4o.
11:24, 18. 3:8.

Exercises 194.
1. 2% 3 1L &1 5 15 6 I
500. 8 1 9. 2L 10, 20a?=4p3 1l S=d(y+1)
2
y3=z—2 (@-a%. 15 A<D. 17 6 18 9sq yds.

33 c. ft. 20. 12ins. 21. 1:2. 22. 1600 ft. 26. 4.
33. 29. 20 miles an hour.  30. 2160 lbs. weight.

Exercises 195.
21, 2 9. 3 -14 4 58 5 397. 6. 25}

-18;. 8 0. 9 373. 10. 933 1L = 12 2a
2n—1. 14. 3n+1. 15. 22—2n. 16. (n+2)a—(n+1)b.

13th. 18. 22nd. 19. 200000th. 20. 26th.
23rd, 29th. 22 6. 23 -3 24 2}.  925. 12
303 27. 74 98. -141%. 29. 0. 30. 10.
3lst. 32 50th. 33, 70. 34 100.  35. 100.

83, 37. 7,1 38 -7, -5}, —4,..; or 41,39}, 38, ...
6l. 40 51. 4l 95. 42 44,48 43 6L 45 —a
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Exercises 196.

320. 2. 2120, 3. 2550, 4 1368. 5. 6164,
- 90. 7. 5060. 8. 1600. 9, 1344. 10. o.
19355, 12. 1633. 13. -1728. 14 10L
20143. 16. 0. 17. =523, 18 33 19, o
—121f. 21 -15. 922 18, 23 80,80. 24 }n(13-5n).

An(Tn+17). 26, n(p+n).  21. jn{2b(n-1)-a(n-3)}
tn-1). 29 a(a®+b*)-n(n—3)ab. 3l 20. 32 512
17. 34 12 35. 12. 36. -213. 37. 1254
49. 39, -5 —2,1,.... 40.3 4L 5 42 3,2},9,...
217%. 44, 4dor8 45, 33. 46. 250000, 47. 4950.
571671, 49. 50000. 50. 1372.

Exercises 197.

14. 2. 20. 3. 22} 4 631 5. 3a+2b.
bz —g. 7. 15 ins. 8 5,9 13,17, 21, 25.
143, 16, 171, ..., 28. 10. 4%, 63, 8F, ..., 16}.
b U 12. 3a+5b, 2a+5b, ..., 5b—b5a.

21, 27, 33, ..., 169; 2160.  14. 45,42, 39, ..., =252; -10350.

Exercises 198,

-21. 6 3 8. 19, 304, 10. 8ss. 13. ln(3n47).
1,35, ... 15. ~2,0,2,4,6.

} (4a+b), 3 (32+2B), } (2a+3D), } (a+4b). 18. o4
333667. 21 10. 22 93,105,  23. =7, =5 -3, ...
£51,£53. 27. },3,fyn(3n+1). 28 2475. 29, 2.
2(1-mn). 3l. a?-ab+l% al+ab+b2 a?+3ab+02, ...
2{p(m-3n+1)+q(m+n-1). 34 m+n-1orm+n.
a+(p+qg-r—1)d=0. 38. 200000, 39. 17,19, 21, 23.
Reciprocal. 42. 36.

Exercises 199.

512. 2 4374 3. -128. 4 §. 5 f. 6 gb
A 8 SOME 9 -og 10 a0 IL soa
g—f—-—b’)‘_,. 13 namt, 14 niam 15 20,10,

}, -4 17.8,16,32,.... 18 +10935. 19. 9th. 20. 6th.
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Exercises 200.

965, 2. 2186 3. 15§3. 4 12149. 5 1.
JBIEE ) 7. -855. 8 k. 9. 213§3.

BARS,. 1L §@-1). 12, §{1 _(_1)%},

z(2mam - 1)

2efr{1.-(.-1)»%'}. 14 §<1-—) 15, 2
14917 nearly. 17. 3“ b (1 - :;%‘) 18. (a+b)3{ <a+ b) }
2. 20 3 2L 1; 22. 14, 2. 273. 2% 25

oo . bn—an
38:- 26. 4 + 3 \/3- 27- 781. 28- a-“;z—(b—_as .

Exercises 201.

£8. 2 #1238 +10. 4 +a¥ 5 +12%4
-1, L 7. 48,16, +32, 64, +128. 8 31,33
+13,9, +3, 4}, +63. 10. +338, 33, +21.

pta, .
+ abe, a?b?? +ab’c 12 + (22-02). 13. +ar 2 .

10, 20, 40, 80, 160, sum 310; =10, 20, =40, 80, — 160, sum -110.
6. 17. 8,2 18. 4, 36.

Exercises 202.

o
8(2n-1). 2. o 8 2D
n(n+1)+2(27-1). 5. n(n+2)+2(3“—-1) 6. a>2b

a a
25. 12 36, 4, 13. a, m, (—.n+1)2’ vew o
2,1 Py eeen 15. 6, 24, 96. 16. 48, 60, 75.
4,8, 16, 21. 2L 25. 6,7,8, ... 26. 25 or J.
4, 16. 29. 9%, 6§, 5%, ..., or 3§, 53, 6%, ... 30. 3l
a{rm*l—(n41)r+n} 33 2o 2aJb

(r-1) ) © Nat+wb' Jatab'

Exercises 203.
1 2 s 3. -6 4 60, .
0,8}, .y 1%, §- 6. 7th. 7.7th. 8 3. 9 213,13
1. 11. 4. 12. 174, 7, 43, .-
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Exercises 204

44, 2 131, 3 14 4 3} 5. 113. 6. 1,1
2t,24. 8 618,749, 94. 9 %, %4 4 5 10. 3.

(n+l)vy (r+1)ay g
x_l_uy ] "7&‘;’-3‘”. 12- 2, 4- 13. 6, 2. 14. 8, 2. 15- 9, 1.

Exercises 205.
-3} —43; 114, 2305 -4, -

2pat — (pi+ 49) 4+ 2pg =0, 4. 5y, 5. +15. 7 T
20, b. 12. 3y. 21 7X443 23 2,3,6; -3, =7, 21,

Exercises 206.

gn(n+1)(2n+1) 2. 2n2(n+1) 3. n?(2n?-1).
1-(n+1)a"+nan+?
~540. 5. oy . 6 4
dn(4n+6n-1). 8. in(n+1)(n+2).
1 1 n
10. 3. 11 CTYS R 12 3.

B 3@+ (@+2) (n+3)"

s ¥ 14 _nGnth) 15. yn(m+2).

tn(n+1)(4n-1). 17. }n(n+1)(2n4+7).

}n(n+1) (2n+13). 19. 3n(n+1)(6nt—2n-1).

fn@+1)(n+3)(Br+1) 21 n(n+l) (n+2) (3n45).

3n (1022 + 70— 1). 23. 3n(n+1)2(n+2). 24 (r+1)2r-i
3 n

3= a1 26. Fn(n+1) (n+42) (3n+13).
3n(n+1)(n+2). 29. &n(n+1)(n+2)(n+3).
25 (615 + 1578+ 1003 ), 31 (11;"-——5)—‘

3n(n+1)(Ba+n—1.b)
ao, 41— 2y, (n—1) ag—nay, (n—1)a, ~(n~2) a,
1-ar+ar? g5, WH1ENTZY+1
A-n(l-ar)’ ' 2(y-2) *
142-(n2—2n+3) 2"+ (202 —2n+1) 2+ L—pign+3
(1 -ap :




11.

16.
21.

ANSWERS 335

Exerciges 208.

1mo." 2 120, 720. 3. 6720,40320, °© 4 20, 4.
120, 20, 4. 6. 360.

Exercises 209.
6, 24, 120, 7 &

Exerciges 210,
120, 336, 132, 5040. 3. 11, 4. 6. 5 T 6. 262880.

30. 8. 30240. 9. 415800. 10. 3360, 120.
720, 120, 24. 12, 360, 24. 13. 24,12 14. 210,
96. 16. 144 17. 86400. 18. 12 19. 30240.
1296. 21. 3125, 22. 60, 125, 23. 86400.
7 n=1 3 [n=1.

Exerciges 211,
10, 66, 1365, 120. 3. 10 4. 10. 5. 66. 6. 380.

455 8. 36. 9. }n(n-1)(n-2) 10. 165.
15504, 816. 13, 26400. 14 [12/(Jay 15 [16/(|4)%
295, 17. 63, 18. 15, 19, 455. 20. 990.

16. 22. 420. 25. 71. 26. 11 27. 111,

Exercises 212.

7200. 3. 2880 4 6 5. 70. 3. [10/(|4n
5. 8. 3360, 360. 9. 315. 10. 35. 1. 72
495. 13. m+1,§m(m+1) 14 78 15. |2n/2~
|2n/(|»)p. 18 72. 19 36  20. 6. 21 2205
371. 23. 35. 24. 520. 25. 4320.
da+)n(n=1)(n-2). 21. }(n-p)ni+np+p’—3n—3p+2).
3pg (p+g-2).

trn(n-1)(n-2)-p(p-1)(p-2)-q(g-1)(¢g-2)]  80. 40.
in(n=1)(n+4). 32 330. 35 3360,21.  36. 22800.
3260, 720. 38, 78. 39. 270. 40. 15 4l 4|8,18|1.

4|8, 16|7. 43. 18, 270. 44. 30, 500. 45. 8220.
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Exercises 213.
L)
14424624 4a8 424 2.  ab+45ath+10a3b2 4+ 10a2b3 + 5ab* 4 bS.

14 10244022 4 8023 + 8024 4 3225,
16a4 ~ 96a3b +216a2b% — 216ab3 + 8164
3228 + 40t + 200%a% + baad + fwvat + 5 o°.
2(14+10224524). 7. ab—6a5b+ 15a4h? —20a3b3 + 15a2b4 — 6abb+- bs,
1-Tx+42122 3523+ 3024 — 2145 4 728 — 27,
1 - 12246022 - 16023 + 2402* — 19925 + 6425,
12847 — 224052 +168a822 — T0a%aS + 8t — 21 o225 4 G aa® — yhg o,
14122 +6623+2202% + 49524+ ... .
1024a! — 5120 +11520a8b2% ~ 156360a’b3 +... .
1-4641. 14. 1-030301. 15. 6561. 16. +970299.
8445, 18. -96043. 19. 7920u8b4. 20. 4032210,
250047a%% 22, fEa% 23 -3SEa. 24— 1264
20 |2
g8 120 [2r
2023, 26. 898 20y5, 27. IIOlwz‘ 28. ll‘ll"xn
l 2n+1 [22+1
- 3513, 3521, 30. m Py ’L’_"[”""l"'

l_ _ 1 .
[_‘_1 11 Bf_’ 32. 2640. 33. -=b56.
10a?. 35. | 2n/( [ﬁ)’. 36. -96060. 37. -4783.
16. 39. 145.

Exercises 214.
%70. 2. 462 3. 301§. 4, 4113, 6. |30/ (|35)%
4n—-5r—3=0. 21. 12

Exercises 215. - .
conv. 2. conv. 3. conv. 4 div. 5. conv.
osc. 7. div. 8. conv. 9. conv. 10. div. 11. conv.
div. 13. conv. 14. conv. 15. conv. 16. conv.

div, 18. conv. 19. osc. 20. conv. 21. div.
conv. 23. div. 24. conv. 25. conv. 26. div.
08C. 28. conv. 29. conv.

conv. if <1, div. if z=o0r > 1.

conv. if s<or=1, div. if x> 1. 32. conv.
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Exercises 216.

143z - 12?4 Jg2® = Bg vt + ...
1+§o+da?= fead+ 8t —~....

1- Yz 99 72— 43328 4 \LEE 24 —

l4z+ai+as4att.... 5. 14224322 +4284 524 +....
1-32+622=1023+1624~.... 1. l1+a+§22+§23+8E04+. ..
14224522+ 3225+ 13024+ ...

14320+ oA+ 3§20+ 81525+ ...
Ltpotatebtatt fyoiton. 1L S =200 D45
7,14 14 7
I§<l-;+—‘z‘—2-3—ﬁ—:‘3—5‘-.u)- 13. —r%-gx".
328, 15. —gab. 16. —218, 17. §ao
185808, 19. (-1)r-11-'—3;%(—2’—‘—32f 2. .
(rnar. 22 (-1 TENCED L gy 1—-2!(_2’ Do
3.{5_;7_:._@_71-_1)” 25, (r+l)(r+2)(r+3,(r+4)
Lf : 3.9r+s
n(n+1)(n+2)...(n+r-1) 10.7.4.2.5...(3r—-13)
Ir ar. 27 T ar
_qyp-1@=D(@n-1)..(r-1.2-1)
(=1 r a,
2n(2n—-1)(2n-2)...(2n—r+1)”
[r.or
A4n) (1+20)...(147r—1.7) 1
P T i+l
3J2 « 0y &
16384 ]gl. 34, 416“35_‘
BTk . _2:4.7...(3r=b)
1-22— 28— 429 —fah—...; —
1+ 62+ 3022 +1402%+63024+ .... 33, —ykgab.
— . 40. 2. 4L 3, &% -4 ol
107049876. 43. 1°0098534. 44 5°000960.
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Exercises 217.

3rd, 53. 2 lst, L 3. 8th, 9th. 5 s<ia
6, L£0p-90 7. 4(2r=1). 8. }(3ri+3r+2).
P

9. jr+l@EA+ar+s). 10 (-1rThL 1L (e
12. 1-324303 =324 4325 —... 13, 102§

1 R ar=br |

15, $+Yz+EFa0+..; 2(1—3,,:‘ S TSRS M | A 4

18, J{14+(=1y.2+} 19 l+z-a=.., 1+2+322+525+...

Exorcises 218.
2 M 8 0 4 (~M@—mbtn.n=1.9/|n. 5 e

Exercises 219,

3. . .
2. —;le n be a multiple of 4, —17; in other cases,

& 1+ %10g (1-2) 8 ~294 228~ 4z 4625 ...

1(1 wl
9. §{§.+(-l) QT'}'

Miscellaneous Problems.

(y—2+ (- 2P+ (2~ y)*.
(ac+bd)y+(ad — be)? or (uc - bd)2+ (ad +bc)?; (ar+by)? - (ay+bx)?
or (ax—by)?—(ay—bx):
na (n+1)a na (n=1)a
8. 250. 11 @b b GEDB b

_ (m~-n)a+2n0 2ma—(m-n)b
22 zy(x-y). 34 300. 36. pryrwm . Py .

o
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ar__(r"—l)—n(r—l)

a(g-r)+b(r-p)+c(p-9)=0. 42. (r—1y2
Greater. 46. a?=0b2+2% 48. a3+ 2c3=3ab
dodee e o2,

2a
#>-% and <§ or z>1 and <4. 70. 214713
271. 73 j(m-1) 74 }(n+1)(n+2)
2abc+ be+ca+ab=1. 79. al=bl=ct
atb?e? (be+ca + ab) = (% + c?a® + a2b?) (bod? + cae? + aby 2).
10 cwt. 89. 3562, 320, 306, yds. per min,
352 yds. per min. 91. 5 minps., 6 mins,
10 a.m., 9.30 p-m. 93. 3 yds.
105 lba. 100. 49, 43, 38.
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