Theoretical, Numerical, and Semi-Analytical Treatment of
Different Variants of Non-Linear Coagulation Equations

THESIS

Submitted in partial fulfillment of the requirements

for the degree of

DOCTOR OF PHILOSOPHY
by

SONALI KAUSHIK
ID No. 2018PHXF0023P

under the supervision of

Prof. Rajesh Kumar

BIRLA INSTITUTE OF TECHNOLOGY & SCIENCE PILANI
PILANI - 333031, India

2023



BIRLA INSTITUTE OF TECHNOLOGY AND SCIENCE, PILANI

CERTIFICATE

This is to certify that the thesis titled “Theoretical, Numerical, and Semi-Analytical
Treatment of Different Variants of Non-Linear Coagulation Equations” sub-
mitted by Ms. Sonali Kaushik, ID No. 2018PHXF0023P for award of Ph.D. of the

Institute embodies original work done by her under my supervision.

Designation: Associate Professor

Date: 18 May 2023



Acknowledgments

First, I would like to start with a beautiful saying by Indian mathematician Aryabhatta-
“Life is a math equation, in order to gain the most, you have to know how to convert

negatives into positives”.

I thank my supervisor, Prof. Rajesh Kumar, whose calmness and expertise were pivotal
in pursuing my research work and completing my thesis compilation. His extremely
observant feedback, constant support, and fruitful discussions enabled me to become a

calmer open-minded researcher and sharpen my mental strength.

I extend my sincere gratitude to Vice-Chancellor Prof. V. Ramgopal Rao and Director
Prof. Sudhirkumar Barai, BITS Pilani, Pilani Campus, for providing a peaceful envi-
ronment to complete my thesis work. I also thank Prof. Shamik Chakraborty, Associate
Dean, AGSRD, and Prof. Ashish Tiwari for his continuous support as the DRC con-
vener. I express my heartiest thanks to my DAC members, Dr. Sangita Yadav and Dr.
Gaurav Dwivedi, Assistant Professors, Department of Mathematics, BITS Pilani, Pilani

Campus, for providing invaluable suggestions for my Ph.D. thesis.

I am grateful to Prof. Balram Dubey (former HoD), Prof. Bhupendra Kumar Sharma
(former HoD), and present HoD, Prof. Devendra Kumar, for providing me with all the

necessary research facilities and a healthy working environment.

I acknowledge all the faculty members of the Mathematics Department, BITS Pilani,
Pilani Campus, for their direct and indirect encouragement, support, and guidance

during the entire journey of my doctoral work.

I thankfully acknowledge Prof. Fernando Pestana da Costa, Professor, IST, Lisbon,
for providing valuable inputs for some of the theoretical results in this work. Having
collaborated with him, I learned a lot from his expert comments, and the constructive
discussions helped me polish my understanding of discrete models. I also thank Prof.
Ankik Kumar Giri, Associate Professor, IIT Roorkee, for his constant encouragement
and guidance during my Ph.D. My sincere regards go to the esteemed examiners for
providing precise feedback and for offering a substantial intellectual rationale for the

contents of the thesis.

The credit also goes to all my colleagues, staff, and dear friends whose constant support
and motivation in all crucial moments made this journey joyful. I will never forget the
wonderful time I spent with my dear friends Barkha, Kapil, Sugandha, Komal, Pallav,
Swati, Deepak, Shilpa, and helpful juniors Sanjiv, Gourav, Umesh, Saddam, and Shweta.



Acknowledgements vi

My heartiest appreciation goes to my family, whose blessings and motivation helped me
with my humble academic achievements. I would like to thank my grandparents, Mr.
Anand Prakash Sharma and Mrs. Kailashvati Devi Sharma, for providing a happy and
satisfying childhood. I thank my parents, Mr. Man Mohan Kaushik and Mrs. Mamta
Rani Kaushik, for their unconditional love and for inspiring me to commence my Ph.D.
journey. My father, a Lecturer, is my life coach, and his beautiful Hindi stories and
poems have upskilled my emotional quotient. Being a mathematics Lecturer herself,
my mother is my first teacher and has taught me the importance of discipline. I am
very much thankful to my brother, Er. Bhaskar Kaushik for fun-filled discussions and
reverse psychology motivation which has inspired me to challenge my mental abilities.
I thank my best friend and husband, Mr. Saurav Mitra for always cheering me up
in adverse situations, and tolerating my flare for storytelling. This work would not
have been possible without my parents, supervisor, and teachers’ endless support and
encouragement. In the end, I thankfully acknowledge everyone who contributed directly

or indirectly to the completion of this thesis work.

Place: Pilani ~

Date: 18/05/2023 Sonali Kaushik



Abstract

This thesis mainly focuses on the coagulation equations such as the Safronov-Dubovski
coagulation equation (SDCE) and Smoluchowski’s coagulation equation which are rele-
vant to astrophysics, particle physics, and other fields of sciences. The SDCE includes
two major events: coagulation followed by collision. There are various examples of
the phenomena explained by SDCE, namely, the formation of the protoplanetary disk
around a star, the collision of asteroids, and the development of Saturn’s rings. The
real-world problems caused by particle coagulation such as the health hazards of sand
and dust storms, nano-metal dust explosions, and the impact on glacier mass as a result
of volcanic dust accumulation. Smoluchowski’s equation has a diverse range of appli-
cations, such as in the field of biopharmaceuticals, the financial sector, aerosol science,

and marine sciences.

The thesis initially investigates the theoretical, numerical, and steady-state behavior of
the SDCE. The theoretical analysis deals with the establishment of existence, unique-
ness, and mass conservation results for the SDCE for the unbounded kernel of the form
min{i, j}V;; < (i+j) V i,j7 > 1. For the existence part, Helly’s selection theorem is
implemented and Gronwall’s lemma is used to establish the uniqueness. Moreover, it is
also shown that the obtained unique solution is mass conserving. Further, the definition
of the kernel is extended to V; ; < (i +j) V ¢,7 > 1, and the global existence, density
conservation of the solutions are discussed. In addition, the existence and density con-
servation results are also examined in the case of a non-conservative approximation of
the finite-dimensional system for both the above-mentioned parameters. Furthermore,
the differentiability of the solution is proved for the generalized class V;; < (i* + j¢),

0 < a < 1 which contains the above kernel. Finally, the uniqueness of solution is estab-

lished for the coagulation kernel of the type V; ; < min{:", j7} such that 0 <n <2.

After the theoretical analysis, the steady-state behavior of SDCE is investigated for the
parameters V;; = Cy (P57 4+ i7j8) when 0 < 8 <y < 1,Vi,j € N, Cy € Rt. By
assuming the boundedness of the second moment and that the solution is differentiable,
the existence of a unique steady-state solution is established. Since the model is non-
linear and analytical solutions are not available for such cases, numerical simulations are
performed to justify the theoretical findings. Four different test cases are considered by
taking physically relevant kernels such as V;; = 2, (i + j), 8i1/2j1/2 and 2ij along with
various initial conditions. It is observed that when the number of equations is increased,

the oscillations arise, but settle down when time progresses, confirming the presence of
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steady-state.

The thesis further deals with the introduction of a novel semi-analytical technique called
the optimized decomposition method (ODM) to compute solutions of Smoluchowski’s
coagulation equation and 1D Burgers’ equation. Further, it focuses on developing a
technique based on ODM suitable to solve two and three-dimensional systems. The
series solutions computed using ODM are shown to converge to the exact solution and
the theoretical error bounds are obtained. In the case of the coagulation equation, the
theoretical results are validated using numerical examples for scientifically relevant ag-
gregation kernels for which the exact solutions are available. Additionally, the ODM
approximated results are compared with the solutions obtained using the Adomian de-
composition method (ADM). The novel method is found to be superior to ADM for
the examples considered and thus established as an improved and efficient method for
solving Smoluchowski’s equation. In the case of 1D Burgers’ equation, it is shown that
ODM enjoys better estimates than ADM. In most cases, it is observed that the series
solution converges towards the exact solution. Moreover, in all the examples, the pro-

posed method is shown to provide good accuracy with the exact solutions.

Finally, the thesis deals with implementing a Laplace transform approach based on ODM
called the Laplace optimized decomposition method (LODM) to solve Smoluchowski’s
coagulation equation. In addition, the Laplace Adomian decomposition method (LADM)
is applied to the fragmentation equation and solution expressions are obtained. The con-
vergence analysis is also conducted to obtain the error bound for the omitted terms in
both cases. Several numerical test cases are also presented to validate our theoretical
findings. In the case of the coagulation problem, LODM solutions are also compared
with the finite volume method results. Furthermore, the closed-form solutions are ob-
tained in all the cases for the fragmentation equation. The methods are found to be

highly accurate to solve these partial integro-differential equations.
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Chapter 1

Introduction

“Since Newton, mankind has come to realize that the laws of physics are always expressed

in the language of differential equations” -Steven Strogatz.

Particles may change their properties in a system due to various physical, chemical,
or biological factors. The processes such as coagulation, fragmentation, growth, and
nucleation are part of a population balance equation (PBE). The model has several
applications in modeling real-world phenomena including milling process [1], protein
filament division [2], fluidized bed wet granulation [3], fibrin clot formation [4] and co-
agulation of magnetic nanoflowers in biofluids [5], among many others (see [6] for a
detailed survey on applications). Aggregation or coagulation is a process where two or
more particles combine together to form a larger particle (as shown in Figure 1.1(a)).
Here, the total number of particles decreases while the total mass remains conserved.
In a fragmentation or breakage process, particles break into two or more fragments due
to the external forces or collision between the particles (see Figure 1.1(b)). The total
number of particles in a fragmentation process increases while the total mass remains
constant. In a growth process, the particles grow when the molecular matter is added
to the surface of a particle (as shown in Figure 1.1(c)). Growth has no effect on the
number of particles but the total volume increases. The formation of a new particle by
condensation or crystallization is called nucleation and has a significant effect on the
total number of particles but less on the total volume (see Figure 1.1(d)).

This thesis mainly focuses on the different variants of coagulation equations relevant
to particle physics and astrophysics, i.e., Smoluchowski’s coagulation and the Safronov-
Dubovski coagulation equation (SDCE). Smoluchowski’s equation has a diverse range of
applications, such as in the field of bio-pharmaceuticals [7], financial sector [8], aerosol
science [9], marine sciences [10]. The SDCE includes two major events, collision fol-

lowed by coagulation. There are various examples of the phenomenon explained by

1
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SDCE, namely, the collision of asteroids [11], formation of Saturn’s rings [12], formation
of protoplanetary disc around a newly formed star [13]. There are several real-world
problems caused by particle coagulation such as the health hazards of sand and dust
storms [14], the analysis of nano-metal dust explosions [15], and the impact on glacier
mass as a result of volcanic dust accumulation [16]. This thesis deals with the theoreti-
cal, numerical, and steady-state analysis of the SDCE. In addition, the semi-analytical
approaches for solving the pure coagulation as well as the fragmentation equations are

discussed. The following objectives are fulfilled in this thesis:

‘.\ o® o A8 :..

7 % e o

9
J
B o9 A+B A B ..
(a) Coagulation (b) Fragmentation
Y N . °
9 P =
non-particulate  particle ‘
matter
(c) Growth (d) Nucleation

FIiGUurE 1.1: Particulate processes

1.1 Objectives of Thesis

1. To prove the existence, uniqueness, and mass conservation in case of the conser-

vative as well as non-conservative finite dimensional systems for the unbounded

. (i+7)
4 S min{ig)

coagulation kernel V; Y i,5 > 1 for the Safronov-Dubovski coagulation

equation.

2. To establish the existence and differentiability of mass-conserving solutions for the

Safronov-Dubovski coagulation equation when V; ; < (i +j) V i, € N.
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3. To study the steady-state behavior of solution theoretically and numerically for
the Safronov-Dubovski coagulation equation in case of constant, sum, and product
kernels, i.e., Vij =2, (i+7), 8i%/%j1/2 & 2ij Vi, j > 1.

4. To implement the novel efficient semi-analytical technique called the optimized
decomposition method (ODM) to solve Smoluchowski’s coagulation equation for
the parameters V(z,y) = 1, (z+y), zy and to extend the method to solve the 2D

and 3D Burgers equations.

5. To conduct a novel convergence analysis for the series solution computed using
Laplace optimized decomposition method (LODM) and Laplace Adomian decom-
position method (LADM) for Smoluchowski’s coagulation and pure fragmentation

equations, respectively.

1.2 Requisite Models

In this section, we shall describe the models that are discussed in the thesis starting with
the non-linear coagulation equations, i.e., the Safronov-Dubovski coagulation equation

and Smoluchowski’s coagulation equation, which are at the center of our analysis.

1.2.1 Safronov-Dubovski Coagulation Equation

The Safronov-Dubovski coagulation equation (SDCE) is the discrete version of a coagu-
lation model, proposed in astrophysics by Oort et al. [17] in 1946 to describe the process
of aggregation of protoplanetary bodies. It was then written in a more amenable form
by Safronov [18] in 1972. Hence, it was named Oort-Hulst-Safronov (OHS) coagulation

equation and is given by

o0

Ouf (1) = —0, (f(m) /OxyV(x,y)f(t,y)dy>—f(t,x> | vty 0

for t € (0,00) and € RT. The kernel, V(x,y) is non-negative, symmetric, and defines
the rate of coagulation of particles. The first term on the right-hand side of the above
equation describes the formation of clusters of size x from smaller clusters. The sec-
ond term deals with the disappearance of clusters of size x by sedimentation on larger
clusters. SDCE is a particular case of a two-parameter family of discrete coagulation
models introduced by Dubovski [19] where a link with OHS is highlighted. The SDCE,

an infinite system of ordinary differential equations that has been studied by various
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authors [19-21] is written as

%

= fi- 1 Z]V 1]f] Z]Vij ZV]fZ fj (1'2)

(%) (i7) (442

for t € [0,00), 7,7 € N and with the initial condition

fi0)=f) = 0. (1.3)

Here, f;(t) is the concentration of particles of size i at time ¢ and V; ; is the intensity rate
of collisions when particles of sizes ¢ and j collide to form a particle of size (i + j) and
is called the coagulation kernel. It is assumed to be symmetric, i.e, V; ; = V;; and non-
negative, i.e., V; ; > 0. SDCE describes the evolution of a disperse system (like clouds,
interstellar gases, etc) where the binary collision of particles of masses img and jmo,
1 > j leads to the merging of the smaller particles to a bigger particle in the following
way: A collision of an i-mer and a j-mer yields fragmentation of j-mer into j-monomers.
Note that my is the mass of the tiniest particle in the system. Each of these j-monomers
combines to a different i-mer and therefore, gives j new (i 4+ 1)-mers from one collision
event. The underlying dynamics of the equation are explained in a simplified way in
Figure 1.2. The terms, in order of their presence in the equation, explain the following
scenarios: (i) merging of an (i — 1)-mer and a dust particle (monomer) to generate
a cluster of mass img, (ii) removal of i-mers from the system due to the creation of
particles with mass bigger than img, and (iii) breaking of an i-mer into monomers and
combining with different j-mers.

There are various physical properties of the solution that can be investigated with the
help of its moments, which are also extremely useful tools to handle related mathematical

problems. The 7" moment of a solution f = (f;) of (1.2) is defined by

)

M (f(1) = M (t) ==Y i fi(t). (1.4)

i=1

Putting r = 0 gives the zeroth moment, denoted as Mj(t), which determines the total
number of particles in the system, per unit volume. Taking r = 1 in (1.4) we get the
first moment M (¢), which can be physically interpreted as the mass of the system per
unit volume. We expect the mass to be a conserved quantity, i.e., M;(t) = M;(0), for
kernels with slowly increasing rate of coagulation. Though the physical relevance of the
second moment has not been much discussed in the literature, it can be interpreted as

the energy dissipated in the process [22].
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3-mer

3-mer 5-mer 3 monomers
(a) Step 1 (b) Step 2
3 new 6-mers
(c) Step 3

F1GURE 1.2: An example of the dynamics of Safronov-Dubovski coagulation equation
1.2.2 Coagulation and Fragmentation Equations

Smoluchowski [23] in 1917, proposed the infinite set of the non-linear differential equa-

tions for coagulation based on the Brownian motion of particles as

dug(t) 132 N
S =5 ; @i, jui—j (t)u;(t) — ; aijui(t)u;(t).

Here, u;(t), i > 1 are the densities of particles of discrete size i at time t and a;; is
the coagulation kernel. It is non-negative and symmetric, i.e., a;; > 0 and a;; = a;; V
i,7 > 1. The continuous version of this equation was given by Miiller [24] in 1928 as

8uf9t£ 2o % /Ox al — y,y)u(t, > — y)ult,y)dy — u(t,z) /0°° a(z,y)u(t,y)dy.  (1.5)

Here, u(t, z) denotes the number of particles of size z > 0 at time ¢ > 0. Similar to the
discrete case, the kernel a is non-negative and symmetric, i.e., a(z,y) = a(y,z). The
first term on the right-hand side of the above equation describes the creation of particles
of size x when two particles of masses x — y and y collide. The second integral shows

the disappearance of particles of size x after colliding with any particle of size y. The
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pure breakage equation is written as

ou

0 = [ sttt vy - o(aute,n), w6

where the first expression on the right side defines the breakage of a particle of size y > x
to generate a particle of size x and the second one is symbolic of the death of a particle
with size x when it breaks. The term ¢(x) is the selection function that describes the
rate at which particles of size x are selected to break. The breakage function b(zx,y) for
a given y > 0 gives the size distribution of particle sizes 2 € (0,y) resulting from the

breakage of a particle of size y. The breakage function has the following properties
y _ Yy
[ e =N ad [Cabeis =y ye©00),
0 0

where N (y) defines the total number of fragments of y.

1.2.3 Burgers Equation

The Burgers equation (BE) is a fundamental partial differential equation in the turbu-
lence model [25], fluid mechanics [26] and has applications in various areas of applied
mathematics such as gas dynamics, traffic flow, non-linear acoustics, and cancer growth
modelling (see studies [27-30] and references cited therein for details). Owing to the
real-world applications of the equation, it piques interest to explore new and efficient
methods to solve Burgers equation. The equation explains the following scenario: con-
sider a viscous fluid having an initial speed wy(x), passing through an ideal pipe with
negligible diameter. Then, the rate of change in the distance travelled by the fluid along
the pipe at each point (%) as time passes is described by the Burgers equation (BE)
[25, 31] written as

8711:) . waw _ 1962
ot 0z 012

S5

N

+ f(2,1), (1.7)

with the initial data
w(x,0) = wp(x). (1.8)

In 1995, Esipov [32] introduced the system of two-dimensional BE expressed as

ow +waw +an _ A<a2w N a%)

ot 0% o) 932 092 )’
%era@w%:ﬂ(a%er) (1.9)
ot = 0% 0y o2 092 )’ '
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with the initial values

713(@,:1;,0) :fl(i.vg% @(@’@70) :fQ(jjag)v (110)

UA}(ja ya tA) = gl(:pa y7£)7 @(ia gvtA) = gZ(i‘a ?)75) (111)

Consider 3D Burgers equation, see [33]

— (&, 9, 2,1) = (1.12)

o A(a% 0% a%)
ot ’

oz “V\ oz T T o

together with the initial condition w(z,7,2,0) = g%(a?,g,z‘). The explanation of the

TABLE 1.1: Nomenclature

Parameter Description Dimension

X spatial coordinates [L]

t time [T

v kinematic viscosity [L2T~Y

R, Reynold’s number Dimensionless
w(X, 1) unknown velocity functions (LT
Wwo(X) initial speed [LT~1]
f(&, 1) non-homogenous term [LT—2]

quantities involved in the above equations is part of the TABLE 1.1. The governing
equations (1.7), (1.9), and (1.12) are converted to dimensionless form by defining the

variables

1 W — Wy f
, v=—-—— c¢c=—— and f=<
_ -2
121 wo [

t=

)

— P>

T

)

where 1 and k are the reference length and time scales, respectively. The dimensionless

Burgers equations, which are the main focus of this work, are then represented in the

following forms:
ow ow 0w
it L —y— t 1.1
ot +w8x oy +fat), (1.13)
with the initial data
w(z,0) = wo(z), (1.14)



Chapter 1. Introduction 3

for the single variable and for the two variables, it is expressed as

ow ow ow <62w 82w)
ov — ’

ov v v (0 0% (1.15)
ot Ox oy  \o2Z  oy?)’ '
with the initial values
QU(J?,y,O) :fl('rvy)a v(x,y,()) :fQ(xay)v V(x,y) S (116)
and boundary values
w(x7 y7 t) = gl(x7 y7 t)? U('/I;7 y7 t) - g2(aj7 y? t)? v(x7 y) E 8‘D7 (1'17)

where 0D is the boundary of D = {(z,y) : z,y € [a,b]}, v = R%; The values fi(z,y)
and g;(x,y,t) are assumed to be smooth enough and satisfy the conditions g;(z,y,0) =
fi(x,y) so that the coupled equations (1.15)-(1.17) admit a smooth solution. The 3D

Burgers equation can be written in dimensionless form as

2 2 2
0“w 0w 811))7 (1.18)

Qw(m zt)—wa—w—ku + +
ot Y &Y =Was 92 " 0y? | 022

together with the initial condition w(x,y, z,0) = ¢(x,y, z). The equations (1.13), (1.15),
and (1.18) become the inviscid BE when v = 0 and viscous BE for v = 1. Furthermore,
if the viscous term is not included, i.e., inviscid case, the equations are hyperbolic, and

if included, the equations are of parabolic type.

1.3 Kernels

In this section, we list a few important coagulation parameters:

Sum Kernel

The sum kernel, see Figure 1.3 (i), is given by

Vi = (i + ). (1.19)
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Brownian Kernel

The Brownian coagulation kernel, with continuum regime, is plotted in Figure 1.3 (ii)

and is described by
Vig = (04311907 +57179) (1.20)

),

Through Figure 1.3 (ii), we can see that for smaller-sized particles, the interaction is low

(iv)

FIGURE 1.3: Sum kernel and Brownian kernel

but as the size of the particle keeps on increasing, the interaction between the particles
increases. The reason for this kind of behavior is characterized by the multiplicative

nature of the kernel.

Shear Kernel

The Shear kernel, with a non-linear velocity profile, is shown in Figure 1.4 (i) and is
defined by
Vig = (V% + j13. (1.21)

)

Gravitational Kernel

The gravitational kernel (see Figure 1.4 (ii)), which explains gravitational settling with

particles larger than ~ 50 pm, is described by

‘/i,j — (7:1/3 +j1/3)2|i1/3 _j1/3‘- (122)
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FIGURE 1.4: Shear kernel and gravitational kernel

Diffusion Kernel

It explains the controlled growth of supported metal crystallites and is given by, see
Figure 1.5
Vi = (%3 4 j%/3), (1.23)

)

All the above kernels can be defined in continuous settings accordingly. Some breakage

FIGURE 1.5: Diffusion kernel

. . 2
and selection functions are defined by b(x,y) = %, ?725, %”é, 47””; and ¢(x) = x, 2% 23, 24,

respectively.

1.4 Applications

There are various applications of the above-mentioned coagulation-fragmentation equa-

tions, which include the following;:
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Protoplanetary Disk

A protoplanetary disk is a rotating circumstellar disk of dense gas and ‘dust’ surrounding
a young newly formed star, as shown in Figure 1.6(a). It is formed by the coagulation of
larger particles in space with ‘dust’(the smallest particle in the system). The formation
of this protoplanetary disk can be explained through the Coagulation-Disintegration
model [13]. In 2011, Rolf Olsen presented pictures of a protoplanetary disk around the

star S-pictoris as shown in Figure 1.6(a).

(a) Protoplanetary disk around a star

(¢) Schooling of fish (d) Rouleaux formations

FIGURE 1.6: Some applications of coagulation processes

Asteroid Collision

In space, the asteroids collide with each other and also with other planets, as shown in
Figure 1.6(b). Recent news about the collision of a 150 km asteroid with Earth could
have been the reason for the coagulation of so much dust that it resulted in the ice age,

and climate variation between Antarctica and the equator (see [34]).


https://scitechdaily.com/gigantic-collision-in-the-asteroid-belt-boosted-biodiversity-on-earth/
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Schooling of Fish

Fish form groups due to social reasons, which is called shoaling. If this group moves in
the same direction, then it is called ’schooling’ as shown in Figure 1.6(c). In [10], Niwa

et al. explained this behavior using Smoluchowski’s coagulation equation.

Rouleaux Formations

Rouleaux (singular is rouleau) are stacks or aggregations of red blood cells (RBCs)
that form because of the unique discoid shape of the cells in vertebrates as shown in
Figure 1.6(d). The flat surface of the discoid RBCs gives them a large surface area to
make contact with and stick to each other; thus forming a rouleau. They occur when
the plasma protein concentration is high, and, because of them, the ESR (erythrocyte
sedimentation rate) is also increased. This is a nonspecific indicator of the presence of

disease.

1.5 Existing Literature

Let us now provide the literature survey for each of the models considered in this thesis.

1.5.1 Safronov-Dubovski Coagulation Equation

In 2003, Lachowicz et al. [35] showed the relation between the Smoluchowski coagulation
(1.5) and the OHS coagulation equations (1.1). They proved the existence of solutions
when V(z,y) € VVZTJCOO([O, 0)?) and 9,V (z,y) > —a, in particular, for V(z,y) < (1 +
x)(1+y), V(z,y) < G(1+z+y). The authors have also provided the results for gelation
in finite time, i.e. Ty < 400 by taking V(z,y) < (1 +z)(1 +y) and V(z,y) > A(xy)%,
A € (1,2]. In 2005, Laurencot [36] discussed the convergence to the self-similar solutions

of Eq. (1.1) with constant kernel and extended the results for multiplicative kernel

V(z,y) = zy,

in 2006 [37]. Another interesting result in this direction is found in [38] where the authors
proved the existence of self-similar profiles with a finite first moment for the additive

kernel, i.e.,

V(.T,y) :xk"i'y)\v )\:(Oal)
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Bagland [21] established the existence of a solution for the SDCE in case of the bounded
kernel
Vij

lim =0.
Jj—o0 ]

In 2014, Davidson [20] has proved the global existence for an unbounded kernel of the

type
h.
jVij <M, j<i and V;; <Cyhsh; suchthat — — 0.
(3

1/2 and the uniqueness of the

The author discussed the mass conservation when h; < ¢
solution for the bounded kernel, i.e., 0 < V;; < Cy,Cy € RT. This equation has not

been explored much and hence is the focus of our analysis in this thesis.

1.5.2 Coagulation and Fragmentation Equations

Several researchers have studied the global existence, mass-conservation, uniqueness,
and self-similar solutions for the coagulation (1.5) and fragmentation equations (1.6)
(see [39-48] and the references therein for details). In general, it is not easy to find a
solution for the aggregation and breakage problems considering physical kernels. There-
fore, numerical and semi-analytical methods are used to find the solution numerically
and in analytic approximate forms, respectively. It is proven that the FVM is more
suitable for solving such a model due to the conservative formulation of the equation.
Filbet and Laurencot [49] were the first to develop such a numerical scheme in 2004 for
solving coagulation and binary breakage problem. Further, Bourgade et al. [50] dis-
cussed the convergence of finite volume approximated solution towards a weak solution
of the continuous problem in weighted L' space under the condition that kernels are lo-
cally bounded. Several articles are available on the consistency and convergence analysis
of FVM for solving such non-linear models, see [51, 52] and further citations for more
details. The semi-analytical approaches do not rely on nonphysical assumptions like
discretization, linearization, estimating the initial term, or a set of basis functions, they
allow us to solve both linear and non-linear initial and boundary value problems. These
methods are widely used to calculate series approximated solutions for the coagulation
equation (1.5) which include the Laplace decomposition method [53], tensor decompo-
sition [54], HPM [55, 56], Laplace-variational iteration method (LVIM) [57], ADM [58],
VIM [59]. HPM was used in [55] to obtain the series solution for (1.5) for a(z,y) = 1,
a(z,y) = zy with ug(z) = e~ %, (e"*/x), respectively. Kaur et al. [56] analyzed the
convergence of series solution computed using HPM for the Eq. (1.5) considering two

additional coagulation kernels namely sum and Ruckenstein kernel, i.e.,

a(z,y) = (z+y), (@ +y*?3),



Chapter 1. Introduction 14

with initial value up(x) = e™*. The authors in [56] also dealt with the breakage problem

(1.6) using HPM for the parameters

o(x) =z% blz,y) = % <§>0¢ 2 V1<a<?2 with up(z)=e*0(x—1). (1.24)
Hammouch and Toufika [57] established that the Laplace-variational iteration method
(LVIM) is more efficient compared to HPM for the problem (1.5). The other homo-
topy methods are also among the popular ones to analyze the series solutions of (1.5),
namely, HAM, optimal homotopy asymptotic method (OHAM), and the homotopy anal-
ysis transform method (HATM) (see [60, 61]). Singh et al. [58] implemented ADM for
a(z,y) =1, (z +y),zy with u(0,2) =e™® <. and

T

4 2
d)(:l;‘) = $3’I4) b(ﬂU,y) = 3%5 ig with UO(-T) =e ”. (125)
y oy

Hasseine et al. [59] established the comparison between the semi-analytical solutions
obtained using VIM, HPM, and ADM for a(z,y) = zy with ug = e~ *. Hasseine et
al. [62] implemented VIM and ADM for the breakage equation (1.6) when a = 1,2
in (1.24). The authors in [59] analyzed three semi-analytical methods namely VIM,
HPM, and ADM for the parameters same as in (1.24) and product coagulation kernel
with ug(z) = e™*. In [63], ADM solution is compared with a collocation method result
for ¢(x) = z and 22 for up(x) = we~®. The authors in [64] used ADM and HPM to
compute the series solutions for a kernel relevant in milling processes (see [65]), i.e,
o(x) ==z, blx,y) = % Very recently in 2022, the authors [66] have used HAM to
obtain the solutions for the Ruckenstein kernel for Eq. (1.5) and for the parameters as
in (1.24) for Eq. (1.6) along with parameters same as in (1.25). A method suggested by
Odibat [67, 68] in 2020, known as ODM, was implemented on the non-linear ODEs and
PDEs. The fundamental aspect of the ODM is the linear approximation of the nonlinear
operator, which is used to decompose the solution into series form.

It has been shown in recent works [69-71] that the addition of the Laplace transformation
on the ADM approach (LADM) provided better accuracy than ADM. In 2022, Beghami
et al. [72] developed a new series solution method based on ODM called the Laplace
optimized decomposition method (LODM) to solve the system of partial differential

equations of fractional order with great accuracy.

1.5.3 Burgers Equation

Due to the vast range of applicability of these equations in natural world phenomena,
many researchers have contributed to their numerical and theoretical analysis. From the

numerical point of view, Zhang and Wang [73] introduced a compact predictor-corrector
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finite difference scheme for the viscous 1D BE. In [74], the authors used the finite volume
method for the non-linear advective terms in (1.13) by the fifth-order weighted upwind
compact scheme. In 2021, the article [75] focused on computing the numerical solutions
of the 1D Burgers equation by calculating Chebyshev polynomials and using the tau
spectral method. In 2022, the authors [76] applied Lax—Friedrichs, and Lax—Wendroff
schemes to obtain the numerical solutions of the inviscid 1D BE. An efficient technique
such as Lucas polynomials coupled with the finite difference method is implemented
on the one and two-dimensional time-fractional Burgers equation [77]. There are other
approaches that can be used to solve the Burgers equation such as the Mittag-Leffler
kernel approach [78], using nonlocal symmetries arising from the inverse potential system
[79], and the quadratic-linear schemes [80]. In the case of the 2D Burgers problem
(1.15), recently in 2022, Hussein and Kashkool [81] presented a continuous and discrete-
time weak Galerkin finite element scheme for the coupled problem while Zhang et al.
[82] developed a high-order implicit weighted compact non-linear scheme. In [83], two-
dimensional BE (1.15) is solved using Lucas and Fibonacci polynomials by converting
the equation into algebraic equations. In addition to the above approaches, the finite
difference method and the method of lines are also used to compute the numerical

solution of (1.15) (see [84, 85] and the references cited in the papers).

However, the above investigations require physical changes such as linearization, dis-
cretization, and theoretical assumptions related to non-linearities. To avoid these issues,
the researchers make use of semi-analytical methods that do not require complicated dis-
cretization and assumptions on the parameters. During the last several decades, many
authors have studied solutions to the 1D BE using various methodologies, including
Backlund transformation [86], Elzaki transformation, homotopy perturbation method
(HPM) [87], the tanh method [88], the sine cosine method [89], and the Laplace transfor-
mation method [90]. There are other semi-analytical schemes implemented on fractional
Burgers equation such as HPM [91], optimal perturbation iteration method [92], and
the energy boundary function method [93]. Further, Asmouh et al. [94] developed a
higher-order isogeometric modified method of characteristics for the 2D BE (1.15) which
is a very efficient method for the coupled problem and the authors established it using
several test cases. The other methods that are implemented on (1.15) are the homotopy
analysis method [95], the variational iteration technique [96, 97], the discrete Adomian
decomposition method [98] and the Adomian-Padé technique [99]. For a more detailed
review of the several methods applied to the Burgers equation, we refer the readers to

the review paper [100].
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1.6 Plan of Thesis

This thesis deals with the theoretical, numerical, and steady-state analysis of the Safronov-
Dubovski coagulation equation (1.2). In addition, the semi-analytical approaches for
solving the pure coagulation (1.5) as well as fragmentation equations (1.6) are discussed.

In the following, a summary of each chapter in the thesis is presented:

Chapter 2 presents the existence, uniqueness, and mass conservation of the solution of
the Safronov-Dubovski coagulation equation (1.2)- (1.3) in the case of an unbounded
kernel of the type V;; < m(li:g)ﬁ for every i,j € N. Helly’s selection theorem and the
contraction mapping theorem are pivotal for establishing these results. The existence

and mass conservation are dealt with for both the conservative and non-conservative

finite dimensional systems.

In Chapter 3, we extend the definition of the kernel to V;; < (i + j) for all i,j > 1,
i.e., the sum kernel and establish the existence and mass conservation results for the
conservative as well as non-conservative approximations to the infinite system of ODEs
(1.2). In this case, we prove the differentiability of the solution and the conditions under
which all solutions conserve density. The differentiability results are established for the
generalized class V; ; < (i®+j%), where 0 < o < 1 and the boundedness of the (a + 1)
moment is pivotal in establishing that the solution is first-order differentiable and the

derivative is continuous.

The numerical and steady-state analysis of SDCE (1.2)- (1.3) for standard physical pa-
rameters such as the constant, sum, and product kernel, i.e., V; ; =2, (i+7), 8il/241/2,
and 2ij V i,7 > 1 are discussed in Chapter 4. In addition, we investigate the oscillatory
behavior of the solutions for these parameters. Due to the complexity of the expres-
sions in the equation, a novel moment method is found to be most suitable to study
steady-state behavior. In light of these expressions, the explicit fourth-order Runge-
Kutta method is implemented to compute the numerical solutions which are compared

with the analytical solutions calculated using the method of moments.

The aim of Chapter 5 is the development and implementation of a novel semi-analytical
approach called the optimized decomposition method (ODM) to solve the non-linear
Smoluchowski’s coagulation problem (1.5) and its novel extension to the system of PDEs
for solving 2D (1.15) and 3D viscous Burgers’ equations (1.18). Also, we study the con-

vergence analysis for the series solutions obtained using ODM and compute the error
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estimates. The applications of ODM to calculate the series solutions of one-dimensional
inviscid and viscous Burgers equations are also part of this chapter. The results for
Smoluchowski’s equation and 1D Burgers equation are compared to the existing Ado-
mian decomposition method (ADM) and the scheme gives nice accuracy with the exact
solution. The proposed method is implemented to solve the two and three dimensional

Burgers equations and the technique proved to be very efficient.

In the final Chapter 6, Laplace transform-based methods called the Laplace optimized
decomposition method (LODM) and Laplace Adomian decomposition method (LADM)
are applied to the pure coagulation (1.5) and fragmentation (1.6) equations, respectively.
A novel convergence analysis for the approximated solutions is conducted to obtain the
theoretical error estimates for the two methods. The schemes are found to be highly
efficient and accurate to solve these problems by comparing the numerical simulations

with the available exact solutions or the error between the approximate results.

In the end, some conclusions and future works are summarized.



Chapter 2

Existence, Uniqueness, and Mass

Conservation for Safronov-Dubovski

Coagulation Equation !

The Safronov-Dubovski coagulation equation is given by

—fz— Z]V ljf] Z]V,]fj Zvufz f] (2-1)
for t € [0,00), i,7 > 1 and with initial datum

fi(0) = fin. (2.2)

Here, f;(t) is the concentration of particles of size i at time ¢t and V;; is the intensity
rate of collisions when particles of sizes i and j collide to form a particle of size (i + j)
and is called the coagulation kernel. It is assumed to be symmetric, i.e, V; ; = V;; and
non-negative, i.e., V; ; > 0. Our main aim in this work is to derive the existence, mass
conservation, and uniqueness results for the unbounded kernel of the form min{i, j}V; ; <
(i+j) Vi,j € N. The parameters which are covered under the umbrella of the said
kernel are V; ; = i72/34j72/3 ¥ 4,7 > 1 which explains the "Diffusion-controlled growth
of supported metal crystallites’ (see [101]), V;; = i'79 =% + %17 and V;; = (i +
T (if)%, where a > 1.

The chapter is organized as follows: Section 2.1 defines basic definitions and theorems
that are relevant for chapters 2, 3, and 4. In Section 2.2, the finite-dimensional system

is presented along with the statement and proofs of various lemmas that are required

! A considerable part of this chapter is published in Acta Applicandae Mathematicae, 179(1), 1-21,
2022.

19
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to exemplify the major developments of the work. Section 2.3 has two subsections, first
one investigates the existence of the solution while the mass-conserving properties of
the solution are dealt with in the other subsection. Section 2.4 explores the uniqueness
of the solution f;(t). The existence and density conservation for the non-conservative

approximation of the Egs. (2.1)-(2.2) are analyzed in the last section, Section 2.5.

2.1 Preliminaries

Definition 2.1. (see [[102], Definition 4.18]) For a function f : X — Y with metric
spaces (X,d;) and (Y,da), f is called uniformly continuous if for every real number
€ > 0, there exists a real number § > 0 such that for every z,y € X with dy(x,y) < ¢,
we have da(f(z), f(y)) <.

Definition 2.2. (see [103]) For a function f : X — Y with metric spaces (X,d;) and
(Y,dz), f is called Lipshitz continuous if there exists a real constant K > 0 such that,
Ve, y € X,

da(f (), f(y)) < Kdu(z,y).

Such K is called Lipshitz constant for f and f is called K— Lipshitz.

Definition 2.3. (see [[104], page 108]) Let, (X, d) be a metric space and I be an interval
in the real line R. A function f : I — X is absolutely continuous on I if for every positive
number €, there is a positive number ¢ such that whenever a finite sequence of disjoint

sub-intervals (z, ) of I with zy, <y, € I satisfies >, (yr — x) < 9, then
Zd(f(yk), flzp)) <e.
k

Remark 2.4. Note here that every absolute continuous function (over a compact interval)
is uniformly continuous and therefore continuous. Every (globally) Lipshitz continuous

function is absolutely continuous.

Definition 2.5. (see [[102], Definition 7.19]) A sequence {f, : R — R} of func-

tions is wniformly bounded if there exists a constant C' > 0, such that V n, we have
super|fn(2)|< C.

Definition 2.6. (see [[105], page 137-139]) The total variation of the complex-valued

measure p is the set function

ul(B) =sup > [|u(A)], VE,
P AeP

where the sum is taken over all the partitions P of a measurable set F into a countable

number of disjoint measurable subsets.
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Definition 2.7. (see [[102], Definition 9.22]) A contraction mapping on a metric space
(M, d) is a function f from M to itself with the property that there is some real number
0<k<lsothatV z,ye M,

d(f(x), f(y)) < kd(z,y).

Remark 2.8. It is worth noting that every contraction mapping is Lipshitz continuous

and hence uniformly continuous.

Definition 2.9. (see, [46])

(a) Let p € [1,00). A sequence (fy,) in L,(£2) converges weakly to f (written as f, — f)

in L,(Q) i
tin [ fu0)p(e) du(e) = [ fa)o(e) dute)
for all ¢ € Ly, where ¢ = co when p =1 and ¢ = % when p € (1, 00).

(b) A sequence (f,) in Lo () converges * weakly to f (written as f, — f) in Luo ()
if
tin [ fu0)e(e) dute) = [ fa)o(e) dute)
Q Q

n—0o0

for all ¢ € L1(2).

Lemma 2.10. (see [106]) Gronwall’s Lemma: Assume f : [0,T] — R is a bounded
non-negative measurable function, g : [0,T] — R is a non-negative integrable function
and k > 0 is a constant with the property that f(t) < k + fg g(s)f(s)ds, then

oy <wes ([ tg(s)ds).

Lemma 2.11. (see [[107], page 468]) Let V1,92 € L1(S2) be such that 91 < Y2 a.e. Then,
the set K = {f € L1(Q) : Y1 < f <9y a.e.} is compact in weak topology o (L1, Leo).

Lemma 2.12. (see [[107], page 468]) Let (fn) be a bounded sequence in L1(S2) such
that [, fn converges to a finite limit £(A), for every measurable set A C Q. Then, there
exists some f € L1(Q) such that f, — f.

Lemma 2.13. (see [[107], page 125]) Let (f,) be a sequence in L1(Q2) with |Q|< oo and
f € Li(Q). Then, the following properties are equivalent:

(a) fo— fino(L, Lso)
(b) [olful< C and [ frn— [ f, Vo CQ, w measurable and |w|< oo.

Lemma 2.14. (see [[107], page 125]) Let (fr) be a sequence of functions in L1(S2) with
|Q|= o0 and f(z) € L1(2) such that
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(a) fn>0 Vnand f>0 ae onf,

(b) Jofn— Jo f:

(c) [ fn—= [, [ Yw CQ, wmeasurable and |w|< co.

Then, fn, — f in L1(Q) with respect to the weak topology o(L1, Lso).

Theorem 2.15. (see [[108]) Picard Lindeldf theorem: Consider the initial value problem
(IVP),
v =ftyt),  ylto) = o,

and suppose, f is Lipshitz continuous in y and continuous in t, then for some ¢ > 0,

there exists a unique solution y(t) to the IVP on the interval [ty — €, to + €].

Theorem 2.16. (see [102]) Helly’s selection theorem: Let, U be an open subset in R
and let fr, : U — R,n € N be a sequence of functions. Suppose that:

(a) {fn} has uniformly bounded total variation on any W that is compactly embedded
in U. That is, for all sets W C U with compact closure W C U,

dfn

sup (fulusg 152 sy ) <o

where the derivative is taken in sense of tempered distributions.

(b) {fn} is uniformly bounded at a point, i.e., for some t € U, {fn(t)iln € N} CR is a

bounded set.

Then 3 a subsequence fp, .k € N of {fn} and a function f: U — R locally of bounded
variation, such that fy, converges to f pointwise and {f,} converges to f locally in L,

i.e., for all W compactly embedded in U,

k—o00

fim [ 1 (o) = f@)ldz =0

Theorem 2.17. (see [[102], Theorem 9.23]) Contraction Mapping Theorem: Let, (X, d)
be a non-empty complete metric space with a contraction mapping T : X — X. Then,
T admits a unique fixed point x* in X. Furthermore, x* can be found as follows: start
with an arbitrary element xg € X and define a sequence (xp)nen by xn = T(xp—1) for
n > 1, then z, = x* as n — oco. The theorem is also known as the Banach fized point

theorem.

Theorem 2.18. (see [109]) Lebesgue Dominated Convergence Theorem: Suppose g is
Lebesgue integrable on E and the sequence of functions {f,} are such that | f,(z)|< g(x)



Chapter 2. Existence, Uniqueness, and Mass Conservation for Safronov-Dubovski
Coagulation Equation 23

a.e. on E for alln € N and {f,} converges pointwise to f a.e. on E, then f is Lebesgue

integrable on E and

lim fndw—/ fdx.
E E

n—oo

In the weak compactness sense, the properties of Lq spaces differ from properties of
L,, 1 <p < oo, spaces. In particular, L; being non-reflexive, its unit ball is not weakly
compact. Kakutani’s theorem [[107], Theorem 3.17] and the reflexivity of L,(Q), p €
(1,00), see [[107], Theorem 4.10] warrant that any bounded sequence in L,(2) has a
subsequence that converges weakly in L,(2). The bounded sets of L; do not play an
important role with respect to the weak topology of L; space because L; is not reflexive.
In the following, the Dunford-Pettis theorem provides an important characterization of
weakly compact sets in L. The weak compactness argument in L; space is used to
prove the existence of a weak solution to the age/size-structured population models, see
[43, 110-114].

Theorem 2.19. (see [115]) De La Vallée Poussin Theorem: Let F be a subset of L(12).
The following two statements are equivalent:

(a) F is uniformly integrable.

(b) F is a bounded subset of L'(Q2) and there exists a convex function v € C*([0,00)])

such that v(0) = +/(0) = 0, v is a concave function, v'(r) > 0 if r > 0,lim, 1)

T

lim, 007/ (r) = 00, and sup ez o (| f])du < co.
Example 2.1. (See [[107], page 122]) Consider the sequence (g,) of functions in L1(0,1)

and defined by gn(x) = ne~"*. Then,
(a) gn — 0 a.e.
(b) gn is bounded.
(¢) gn = O strongly.
(d) gn - 0 weakly o(L1, Loo).
Example 2.2. (See [[107], page 122]) Consider the sequence (fy) of functions in L,(0,1), 1 <
p < 0o, and defined by f,(x) = n'/Pe"*. Then,
(a) fn—0 a.e.
(b) fn is bounded.
(¢) fn -+ 0 strongly.
(d) fn — 0 weakly o(Ly, Lq), where % + % =1.

Example 2.3. (See [[116], page 181]) Let X = L1([0,27]). Then, the sequence fn(z) =

sinnx converges weakly to 0 in L1([0, 27]).
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2.2 Finite Dimensional System and Required Results

Let us now proceed to establish our findings: consider the weighted ¢; space of real

sequences,
X ={z=(2) : [|2]|< o0},

with the norm defined by

lzll= D Kklel, (2.3)
k=1

such that (X, ||-||) is a Banach space. The solution of the Safronov-Dubovski coagulation

equation when min{i, j}jV;; < (i + j) is defined to be in the space
t={zeX:2>0}

Definition 2.20. Solution: The solution f = (f;) of the equation (2.1) on [0,7") where
0 < T < oois a function f:[0,7) — X such that

1. For every i, f; € C([0,T)) and

sup [ f(t)[|< oc.
tel0,T)

2. ForieNandV t€[0,7)
/ Zv”fj )ds < oo.
3. Foralliand V¢t e [0,7)
t ’i
t) = fi(0)+/0 fi—l(s) JV 1,5f5(s Z]VJf] ZV,sz (s)f5(s
J=

where A is a non-linear operator.

The 74, moment is defined by

[e.e]
M () = 37 fi(e). (2.5)

i=1
In order to study the infinite system of ordinary differential equations, it is customary
to convert the existing system into a finite system and further take the limit of the finite

system to crawl our way up to the infinite one. The finite-dimensional system for the
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equation (2.1) is given below as

n—1
df o
dTl =7 ==Viaft = A _ Vi, (2.6)
=1
o i—1 i n—1
dftl =10 =fic1 Y dVienifi — £ > iViifi — > Viifils, (2.7)
=1 =1 =i
when 2 <7<mn—1 and
df n—1
==t D Vel (2:8)
=1

with the initial condition
fi(0)=f2>0, forl1<i<n. (2.9)

The finite-dimensional system (2.6)-(2.9) will be examined to extend the results for the
infinite-dimensional Safronov-Dubovski equation. To check whether the truncation is
suitable for an aggregation system, i.e., obeys the dissipation law, we shall compute the
rate of change in the zeroth moment. For this, take

dMn d - n = 16} o o o o o o
dto :@E:ﬁ; () == E fi=R+fh+fst ot ot fiath
i=1 i=1

1 n—1 1 2 n—1
= =AD iVigti— A Viifi | + | AD iViiti— f2 Y iVeiti— f2 > Vot
=1 =1 =1

Jj=1 Jj=2

n—3 n—2 n—1
ot [ faos D iVasgfi = a2 Y dVa-aifi = fa2 Y Vaoaifi
=1

j=1 j=n—2

n—2 n—1 n—1 n—1
| fa2 D iVaasfi = Far D iVergli— D FaVacrgli |+ [ a1 D iVa1ifs

7=1 Jj=1 Jj=n—1 J=1
On simplifying the above expression, one can obtain

n—1ln—1

dM}
=2 Viilify.
i=1 j=i
Hence,
dMy
— <0. 2.10
T (2.10)

Thus, the number of particles in the truncated system decreases, serving us right to use
this finite-dimensional system. Further, it is important to derive the ry, moment for

detailed analysis of the salient components, that is, the first and the second moments.
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Using the definition (2.5), the rate of change in the truncated ry, moment is defined as

follows
dMF(f) .
dt § f i § ng i

where g; is a non-negative sequence. Putting the values of f? in the above equation

yields
dM(f) _
n o le]Vl,]fj leVJf] + 92 le]Vl,]f] f2ZJV2,gf] f2ZV2,jf]
Jj=1 7=2
2 3 n—1
tgs | f2D iVagli—fs > iVagfi— f3 > Vafy |+
=1 =1 =3

n—2 n—1 n—1 n—1
tgn1 | Fa2 Y iVa2sfi = far D iVarili = Fact Y Vargfi | +gnfa1 Y iVa-1,f5

j=1 j=1 j=n—1 j=1

Thus . -
dt() => (9is1—gi ZJV,szfj AR (2.11)

i=1 =1 i=1 j=i

Below some important lemmas are stated and proved that are required to achieve the

main outcomes of this work.

Lemma 2.21. The system of equations (2.6 - 2.9) has a unique solution for the kernel
min{t, j}Vi; < (i +j) and fi(t) >0, witht >0, 1 <i<n and

n n

S ifit) =Y _ifi(0), e, M) = M0). (2.12)

=1 i=1

Proof. The existence and uniqueness of local solutions to (2.6)—(2.9) is an easy conse-
quence of the Picard-Lindel6f Theorem 2.15 since the RHS of each of (2.6)-(2.8) is a
polynomial (as a function of the components f; of the solution vector f = f;(-). The
non-negativity of the solutions can be proved by the standard procedure of adding a
positive € to the right-hand side of all equations and, being f° = (f7) the corresponding
solution. If f¢ satisfy, for some to > 0, f(to) > 0 and f;(to) = 0 for some j € {1,...,n},
then % f3(to) > 0, and thus the solution is non-negative for ¢ > t¢. Passing to the limit
e — 0 proves the result (see [117, Theorem III-4-5]). The relation (2.12) follows by
putting » = 1 and g; = ¢ in (2.11). Finally, the Lipschitz continuity of the RHS of
(2.6)—(2.8) follows from the non-negativity of the solution and the bound

t) <i™'y ifi(0)
=1
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In addition to this, we can also establish the Lipschitz continuity by proving that the
non-linear operator A defined in (8) is a contraction mapping (proved in Section 2.4).
Thus, the global existence and uniqueness of the finite-dimensional system (2.6)—(2.9)
hold by using the Picard-Lindel6f Theorem 2.15. O

As in [118], let us define the terms X (t) and ], (¢) where m > 1 as
=Y gifl'(t), (2.13)

and for the particular value of g; = 4, it is

n

am(t) =Y if(t). (2.14)
Following (2.11), z9"(¢) can be defined by
i n—1n—1
Z Z]V,gf £+ mfm Z GVmergfi = D> iVigfrfr. (2,15
i=m j=1 i=m j=t

Assume 2m < n and putting g; = i when m < i < 2m and ¢g; = 2m when 2m+1<i<n

in (2.13) give us the expression for ¢ (¢) as

2m n
D) +2m D [P = an(t) (2.16)
i=m 1=2m+1

and therefore,
2m
> i (t) + 2m Z FM(E) = ap (D). (2.17)
i=m 1=2m+1

Expanding and simplifying the above equation reduces to

2m—1 7
g (t) = mfp_ 1Zyvm L Z £ )Zy‘vz-,jf;l(t)
2m n—1
=D Vi () — 2m Z ZVJf” ) fM(E), (2.18)
i=m j=1 1=2m+1 j=1
which can be further written as
' (t) = Z]Vm 15f7 ( )+ZAi,jVi,jfZl(t)f}’(t)

+ZBJV,sz +chgv,]f1 () F1 (1),
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where, A; ; = j when i > m,j < m, B;; = —t when ¢ < 2m,j > 2m and C; ; = —2m,
when i > 2m, j > 2m. Now, for the proof of existence result, the introduction of another

term D)! (t) is required which is defined by

n
Dy (t) = e " | D if(t) + (2m + 2)MP(0)?] . (2.19)
i=m
The following lemma will be useful in the application of Helly’s selection theorem for

the sequence " = {f'} later on.

Lemma 2.22. Let, min{i,j}V;; < (i +j), 4,7 > 1 and Dy, (t) is defined in (2.19).

Then,
dDp (t)
dt

< 0. (2.20)

Proof. Differentiating (2.19) both sides with respect to ¢ and using (2.14) and (2.15)

yield
an(t) n—1 1 m—1 n—1n—1
s = D D Vi IO O A min () D Vi1 7 () = Y Y Vi (O] (#)
i=m j=1 7j=1 t=m j=1
—e MDY af(t) + (2m + 2)M7(0)?
Z S VOO + mf Z IVm-13 £ (1) = (2m + 2) M7 (0)*
i=m j=1
Putting the bounds for the kernel V; ; gives us
dD" (t) n—1 1 m—1
e e | Y DAL +mfr o (8) ) (m =1+ ) f7 (1) = (2m + 2)M(0)?
i:m Jj=1 Jj=1
i ] m—1
<et ZZQ@]f" V7 (@) +2mf 4 ( fi (@) — (2m + 2) M7 (0)?
_z m j=1 ]:1

! [2M7(0)? + 2mM{(0) — (2m + 2) M (0)?] .

This completes the proof of Lemma 2.22 as

4Dz, (1)

<0.
a —
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Now, all the necessary information is gathered to proceed with the main outcomes of
the chapter, i.e., the global existence result for (2.1)-(2.2) considering the conservative

as well as the non-conservative truncations.

2.3 Existence and Mass Conservation

When an equation has the capability of governing a particular phenomenon, it creates
immense opportunities for its mathematical analysis. The first step of this analysis is the
existence theory which answers the most relevant question, does this equation possesses
a solution, and under what conditions it exists? The result depends on various factors,
space that is taken into consideration, the defined norm, and the domain of dependence in
terms of space as well as time. As far as the existing theory is concerned, here it is for an
equation governed by the collision of particles followed by the coagulation of monomers
with other particles. So, the existence of solutions should also be affected by the rate of
interaction between particles, i.e., the physical kernel V; ; and the initial concentration
of particles, f(0). In this section, the global existence theorem, the corollary to the
existence theorem, and the density conservation result are discussed for the equation
(2.1).

2.3.1 Existence

In the following theorem, the existence result is stated and discussed.

Theorem 2.23. Let, f(0) € X, 32, 4| f;(0)|< 0o and the kernel V ; satisfy min{i, j}V; ; <
(i+7),Vi,j € NT, then 3 a solution f of (2.1) on RT U{0}.

Proof. The truncated system (2.6 - 2.9) has a unique solution by Lemma 2.21 and

n n

S iff )y =Y ifi(0) Vt>0.
i=1 i=1
Consider f™(t) € X* if f*(t) = f*(t) when 1 <i <n and f"(¢t) =0 when i > n and it
implies that
1@< 1£0)] and 0 < f7'(t) < i™*|foll. (2.21)

By Lemma 2.22 and Eqn (2.12) for each m, the functions D} (.) are of uniformly bounded

variation on [0,00). Hence, by Helly’s selection theorem, 3 a subsequence ‘D)’ of D},

such that

D] (t) = Dp(t) as n— oo for each t >0,
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for some D,,, of bounded variation. By the definition of D (t), we obtain the following

expression for f](t)

ft) =" e [D(t) — Dy (1)] + 20 MT(0)*

It follows that there exists a subsequence * f”’ of f™ and functions f; : [0,00) — R each

of bounded variation on every compact subset of [0,00) such that
frt) = fi(t) as n— oo for each ¢>0.

Thus,
fit) =20 and |[f(£)[[< [|f(O)]]. (2.22)

Our goal is to prove that this limit function f is a solution of the initial value problem
(2.1)-(2.2), i.e., fulfills the conditions in Definition 2.20. This will be done by passing
to the limit n — oo in the integrated version of the truncated problem (2.6-2.9). To do
this, and also to satisfy condition 2 in Definition 2.20, we need to prove that, for every
fixed i € N, T > 0, and € > 0, there exists m and Ny, with Ny > m > 4, such that, for
all n > Ny,

T
/ xp (H)dt < e. (2.23)
0
In order to prove this, let us integrate (2.15) in [0, ¢] which yields

n—1 =1 m—1 n—1n—1

T (t) = 27, (0) +/0 DO Vi) mbn1 Y Vi fi = > > Vi [ (s)ff(s) | ds

i=m j=1 Jj=1 i=m j=1
t [2m—1 1 .
:x"m(0)+/ Z Zjv,yfz Z Zjvufz *(s) | ds
0 i=m j=1 i=2m j=1
t ‘ m—1
+/ Z Z]V:sz )+mfm 1 Z]Vm 17jfj ds
0 1=2m+1 j=1 =
2m n—1
_/ ZZZVJJC” )£ (s Z ZZVJ]‘% )f1(s) | ds.
0 t=m j=i i=2m~+1 j=1

Using (2.18), one can write

(1) = 2 (0) + /0 g (s)ds + /O ZZyv,Jf” )fi(s Z Zjv,Jf" )f1(s) | ds

1=2m j=1 1=2m+1 j=1

t
—/0 Z sz,]f” )fI'(s) — 2m Z Zv,]f” )1 (s) | ds.

=2m+1 j=t 1=2m+1 j=1
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Simplification of the fourth term of the above equation yields

n—1 ) n—1
DD Vi) = Y ZJVJf” VI (s Z Z FVig i1 () £(s)
i=2m+1 j=1 i—2m+1] 1 1= 2m+1j 2m+1
= Z Zjvdfn fn Z Z]V,]fn fn )
i= 2m+1] 1 Jj=2m+1 i=j
= Z ngﬂf" )£ (s Z szﬂfn )1 (s). (2.24)
1=2m+1 j=1 1=2m+1 j=1

Using (2.24) in the expansion of z],(t) gives us

t t 2m 7
£ (8) = 2 (0) + /0 oo (s)ds + /0 SO Vi fr()fEGs) | ds

i=2m j=1

t
+/0 S S urenecm S S Vrene |4 @)

i=2m+1 j=1 =2m+1 j=1

By (2.21), (2.22), and the pointwise convergence of f]* to f; we conclude that, for all
t € [0,T], Ve > 0,¥p > Al 3N - vn > N,

0 p—1
D@ = O = Y1) — filt \+Z|f" @ <5 Jr*Hfo\|<<‘5
=1 =1

which allows us to let n — oo in the definition of ¢}, (¢) in (2.16), getting, for all ¢ € [0, T]

2m [ee]
Z Zfz +2m Z fz = Qm ) < Z ifi(t)v (2'26)
i=m 1=2m+1 i=m

so that
lim ¢n(t) =0, |gm(t)|< constant, t e [0,T].

m—o0

Therefore, given € > 0, 3 M, Ny with Ny > M such that for all m > M,n > Ny,n >

2m + 1, one can write
T
/ £2()dt < e, (2.27)
0

and
n

am(0) =Y ifi(0) <e. (2.28)

i=m
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By applying (2.27) and (2.28) in the equation of z}, (¢) for ¢ € [0, 7] yield

t 2m 7
(1) < 2 + /0 SO ST Vi) £ () | ds

1=2m j=1
t n—1 2m n—1 -1
X S ege s Y Y ) ) s
0 \i=2m+1j=1 i=2m+1 j=i

Putting jV; ; < (i + j) when j <4 and iV ; < (i 4 j) when ¢ < j in the above equation
simplify to

%

t 2m
(1) < 2 + /O S S+ D)) | ds

i=2m j=1
t n—1 2m n—1 n-1 (Z+])
X Yiranrenermm 3 S S o) | ds
0 \i=2m+1 =1 i=2m41 j=i
t n ) n  2m n n—1
S N DI SETACTIORS DY SETHOTAC RIS 99 SETHOTAC) P
i=m j=1 i=m j=1 i=m j=i

One can easily compute using (2.21)

(1) §2€—|—/0 (4l £ O[5, (s) + 4ml| f(0) |27, (5)) ds.

Thanks to Gronwall’s lemma to get
2 (1) < ke, (2.29)
where k1 = ¢(T, || f(0)||), which gives that
t
/ l‘?/[dt < k1T€.
0

Since, f*(t) is pointwise convergent to f;(t), the above expression entails

/T io: ifi(t)dt <e.
0 i=m

When V; ; < miif{i,j}’ the following holds

/Timfj(t)dt <oo Vi (2.30)
0

j=1
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For any n > [, t € [0,T), one can write

¢ i1 i !
f(t) = £i(0) - /0 Fila(8) D dViergff = £1(s) D dVis 7 (s) = £7() D_ Vi £7(s)
j=1 j=1 j=i
¢ i—1
SUEOHROL [ | 12206 X iVieas = 120 Z]V,]f Zv,Jf
j=1
Now, letting [ — oo and further using (2.14) and the equations (2.28) and (2.29), one
can obtain
" i—1 i o0
fi'(t) — £i(0) — /0 fita(s) Zsz‘—l,jff — fi'(s) Zj‘/%,jf]n(s) — fi'(s) ZVi,ijn(S)
j=1 j=1 j=i
t
<zy(t)+e+ / zo(s)ds < € + 2kqe.
0
Taking n — oo yields
¢ i1 i o0
fi(t) = £i(0) —/0 Firr ()Y dVicrgfy = fi(s) > dVigfi(s) = fi(s) > Vijfi(s) | ds
j=1 j=1 j=i
< (14 2ky)e.
Using the arbitrariness of ¢, the solution f;(t) can be defined as
+ i—1
+ /0 Fir(s) S Vi f — fils Zyv,ﬂz ZV,]f]
j=1
0

Below an important result of strong convergence of subsequence f™* to the solution f is
established.

2.3.1.1 Corollary to Existence Theorem

Corollary 2.24. Let f™ be the corresponding pointwise convergent subsequence of so-
lutions to the finite-dimensional system (2.6 — 2.9). Then, f™ — f in X uniformly on

compact subsets of [0,00).

ds

ds

ds.
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Proof. To prove the above result, first we show that f;"(¢) — fi(t) for each ¢ uniformly

on the compact subsets of [0,00). For this, it is sufficient to prove that for each m > 1
m—1
2 (t) = et [Mf(t) = af() + 4M1"(0)2] ,
i=1

converges to zp,(t) = e™* [Ml () = o hifi(t) 4+ 4M,y (0)2} uniformly on compact sub-
sets of [0,7"). This follows by the pointwise convergence of 2% (t) to zp,(t) and

dzpt (t)
dt

<0, n>M, tel0,T],

where the second equation follows from the results by Lemma 2.21 and Lemma 2.22.

Let, K C [0,00) be compact and ¢, — ¢ in K, then

i 177 ()= Jin 37 ) = i 3 i80m) = B8 = 1O
which ensures
£ = Lf1]-
Therefore
™ = f,
in C(K, X). O

To move further, in the following subsection, the mass conservation of the Safronov-

Dubovski coagulation equation is discussed.

2.3.2 Density Conservation

Another interesting phenomenon to discuss for the equation (2.1) is the rate of change
of the mass in the system. The total mass of the system may or may not be conserved,
i.e., there might be certain situations in which the initial mass of the system is greater
than the mass at any time during the process. Therefore in this subsection, the mass for

the Safronov-Dubovski coagulation equation is investigated for the kernel V; ; satisfying
Vi< (i+4)

J = mingij}°

Theorem 2.25. Let f;(t) be the solution of (2.1) when V;; < m(z?;g;?j}’ then the total

mass of the system remains conserved, i.e.,

[e.9] o0

D ifi(t) =Y _ifi(0) or Mi(t) = My(0), (2.31)

i=1 i=1
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when t € [0, 00).

Proof. Following (2.29), it is given that for n > m
xm () < ke,

which implies that

n

> ifl < ke (2.32)

i=m
Letting n — oo and using the convergence of f™* — f entails

[e.9]

> ifi < ke (2.33)

=m

If f7*(t) := 0 when i > n, it yields for n > m

00 m—1 n n 00
DA = fO)] < DD PR = L) DO+ Y ifit)+ Y ifi(t). (2.34)
i=1 =1 i=m i=m i=n

Using (2.32) and (2.33) in (2.34), one can achieve

00 m—1
DA — W) < | DDA = filt)| + 2k
i=1 i=1
Taking n — oo followed by using
D i) =) ifi0),
i=1 i=1
on lhs of the above equation, it reduces to
D i (fi(0) = fi(t))| < 2kae.
i=1
As ¢ is arbitrary, the desired result is obtained. O

Finally, the uniqueness result is developed in the following section.

2.4 Uniqueness

When an equation has a unique solution, it becomes more relevant and trustworthy for

calculating the analytical solutions and comparing them with the numerical solutions.
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The statement and proof of uniqueness result are given through the following theorem.

Theorem 2.26. Let, f;(t) be a solution of the equation (2.1) with V;; being the co-
agulation kernel such that min{i, j}V;; < (i + j) Vi,j € N and initial mass M;(0) =
Yooy i£i(0) < oo, then the solution fi(t) is unique.

Proof. To prove the uniqueness theorem, the continuity and the non-negativity of f;(t)
when min{i, j}V;; < (i + j) are required. The non-negativity of f;(t) follows from
(2.22), and the continuity follows from the existence theorem. Let f;(t) and g;(¢) be two
solutions of the Safronov-Dubovski coagulation equation with the same initial condition,
ie.,

fi(0) = g:(0). (2.35)

Considering h(t) as
Z\fz 9i

where f;(t) is given by the equation (2.4). Then,

7

/ fia( Zv (s Zv,ﬂf] ZV,JfZ $)1;(s)ds

%

—g:(0) — /gzl ZV 1,7795(s) + gi(s ZV,]JQJ )+Z‘/i7j9i(5)gj(5)d3

j=i

h(t) =

Using the equation (2.35), replacing i — 1 by ¢’ and then taking i" — 4 in the first and

fourth sums, the above equation becomes,

t)szZ; /0 fi(S)z;jVi,jfj(S)—gi(S)z;JVi,jgj(S) ds

) ¢ 00
+Z;/0 szjgi(s)gj(s)_V;,jfi(s)fj(s) ds| .

Putting min{s, j}V; ; < (i + j) in the equation above yields,

h(t)é/o DD G+ Dlgils) = fil9)llg;(s) + fis HZZH'JL% )+ fi(s)llgs(s) — fi(s)| | ds

i=1 j=1 i=1 j=1

# [  E2ae) - il + s S50

=1 j=1 =1 j=1

|§/z )+ fi(s)llg;(s) — fi(s)| | ds.
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Using symmetry in the first and the fourth sums lead to,

h(t)S/O ZZ%IQZ i(5)llg(s) + f(s ‘*ZZ%’% ) + fi(9)llg;(s) = f5(s)| | ds

=1 j=1 =1 j=1

+/0 ZZ]\gz (s)llg;(s) + fi(s \+ZZ|gz )+ fi(3)llgi(s) — fi(s)] | ds.

=1 j=1 =1 j=1

Thus, using the definition of norm and the definition of h(t), one can write,

W) < / 611f + gllh(s)ds

which, by using Theorem 2.25, reduces to

h(t) < 12M7(0) / th(s)ds.
0

Hence, equation (2.22), the continuity of f;(¢f) and the Gronwall’s lemma ensure that
h(t) =0 for 0 <t < T, which implies that f;(¢) = g;(t) Viand V0 <t < T. Since T is

arbitrary, this shows that the solution is unique. ]

2.5 Non-Conservative Truncation

In this section, we explore a more realistic interpretation of our problem (2.1)-(2.2),
through the analysis of a finite-dimensional system that does not conserve mass. We
establish the global existence and density conservation of a solution to (2.1)-(2.2) using
the results on the non-conservative truncation. Such a type of analysis is conducted by

several researchers (see [101] [119], [120] and references therein).

Required Results

Here, in this subsection, we present an approximating system of equations that do not
conserve the first moment. The system is hence called non-conservative and is defined

as
dfi

dt

=F"(f), for 1 <i<mn, (2.36)
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FI(f) ==Vinfi — 1D _ Vil (2.37)
7j=1
i—1 7 n
FMf) = ficr Y Viorgli = £ > dVisli — £ Y _Viglj, for2<i<n—1, (2.38)
j=1 j=1 j=i
n—1
FR(f) = fo1>  iVa15fi (2.39)
j=1

with the initial conditions
fi(0)=f>0, for1<i<n. (2.40)

We compute the i moment of the solution of the finite-dimensional system which aids

in computing its zeroth and first moments.

Lemma 2.27. Let f = (fi)ief1,...n} be a solution of (2.36)-(2.39) defined in an open

interval I containing 0. Let g = (g;) be a real sequence. Then

dM™ n—1 i n—1 n
dtg - Z‘giﬂ - 9i|zj‘/i,jfifj - Z ZgiVi,jfifj- (2.41)
i=1 j=1 i=1 j=i

Proof. Using the expressions (2.37)—(2.39), one can obtain

AM™ n n n—1
dtg = aF(f) = 91(—‘/1,1f12 - fi Zvl,jfj) + 9n (fnfl Zjanl,jfj)

i=1 Jj=1 J=1
I I

n—1 i—1 7 n

+) g (fi—l S iVicrili— EY _iVigti— fY V%,jfj) -
=2 =1 =1 =i
111

To obtain the desired result, some simple but careful computations are required. One
can proceed as follows: expand III for each ¢, then combine the first term in I and the
first term in 1114, where IT1I, k =1,2,---,(n—1) denotes sub-brackets of IT1. Further,
merge the second term of 111} with the first term of 115 and the second term of 1115
with the first term of I173. Finally, combine I and the second term of I11, ). O

The rate of change in the number of particles of the finite-dimensional system can be

calculated by putting g; = 1 in (2.41) and the non-negativity of f;, f; and V; ; yield

n n—1 n

dM .
dto :;Fi :_ZZVi,jfifj <0

i=1 j=i
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and thus Mg(t) < Mg(0) Vvt € I N {t > 0} which ensures that the above-mentioned

truncation is valid. Taking g1 = in (2.41), we obtain

7 n—1 n
AT zzwfzzjvafzf] S by
=1 j=1 =1 j=1

Now, adding and subtracting some terms, changing the order of summation, and replac-

ing ¢ <+ j in the second term, it is easy to see that

del ®) _ Z]menfj <0, (2.42)

7=1

which means that solutions to the truncated system do not conserve mass, i.e.,
F'(t) < M{*(0), for any t. (2.43)

When the approximating system does not conserve the first moment, the global existence
of the solution is established by the application of Helly’s theorem (see [121]) to { f/*(¢)}.
The theorem requires us to prove that the truncated solution is of locally bounded total
variation and uniformly bounded at a point. This is achieved by the application of
Lemma 2.30, discussed later on. In addition to this, we make use of the refined version
of De la Vallée- Poussin theorem (see [115, 119]), which ensures that if f? is in weighted

L' space, there exists a non-negative convex function v € G where

G = {y e Yo, oo))ﬂVVllocoo(O o0) : v(0) = 0,4'(0) > 0,+" is concave and Tlggopygnm =00
satisfying certain properties given by the following proposition.
Proposition 2.28. Let, i,j > 1 and v € G, then the following holds true
0< (i +1) (i) < BT 127(;)1; 2v().
Proof. The proof is provided in Lemma A.2 in [122]. O

Now, the results which will be useful in proving the existence are presented below.

Lemma 2.29. Consider T € (0,00), t € [0,T] and v € G,

D A < QT)  and (2.44)
=1
n—1 n
og/0 S v @Vig W 2(R) | dh < Q(T), (2.45)
=1 j=1
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where Q(T) depends only on (1), || fo]| and My(0).

Proof. Using g; = (i) in the equation (2.41) leads to

ZV Ofit Z'v i)} /(Zlv (i+1)— \ZJV,]JZ nzlznjv Vi f(h ()>dh.

=1 j=1
(2.46)

Since y(k) and f* for k = i, j are non-negative, the above expression simplifies to

Zv )£ <Zv )+ /(Z\MH erf" 77(h) ) d.

Using Proposition 2.28, replacing jV; ; < (i + j) will give us

n—1 1

/ (323716 + 19(1) + 2927 () 17 (h) ) dh

i=1 j=1
(i)f?+/0< T) + Qo(T Zv )17 () ) dh.

where Q1(T") = 2v(1)Mp(0)(Mo(0) + 3| foll) and Q2(T) = 4Mp(0). Finally, an applica-
tion of Gronwall’s inequality proves (2.44) where Q(T') = Y ", (z)f0+Q1 ; (eTQ2(T) — 1),
Combining (2.44) and (2.46) leads to

Zv (0 fi'(¢ S

M:ﬂM:

IN

1

-
Il

n—1 n
/ (ZZv Vi £ () F2(h )) ah < Q(T),

=1 j=1
which establishes (2.45). O

Lemma 2.30. Consider T € (0,00), i € N. The following result holds true for a
constant Q(T) which depends on ||fo|| and T:

sup / ‘—’dh Q(T). (2.47)

0<t<T

Proof. Using the equations (2.36) and (2.38) provide

/)dfn dh</( Zi]v LR )

:/Ot(z g h)ém,jfﬂhw Fi(

< 6|[fol| Mo(0) T

Z]V,an ‘
WS Vi)
j=i

WS Vi 0|
j=i
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Also, the absolute values of the equations (2.37) and (2.39) can easily be shown bounded
by 2||fol |2+l fol| Mo(0) and 2|| fo||Mqo(0), respectively, which completes the proof of the

lemma. O

Existence

This section is devoted to proving the global existence of a solution for the problem

(2.1)-(2.2) using the existing results for the non-conservative truncation.

Theorem 2.31. Consider f € Xt and V;; < m(é:%i)g} Vi, j. Suppose that fI'(t) and

f2 are the solution and initial condition of the non-conservative approzimation (2.36)-
(2.39), then there exists a solution of the discrete OHS equation (2.1)-(2.2) in R*.

Proof. Let, (E, o, M) be a measure space with £ =N, o = {S: S C N} and the measure
M defined by
S

€S
Since, f0 € X T, we get z — 2 € LY(E, 0, M). Then by the refined version of De la Vallée-
Poussin theorem, there exists a function 79 € G such that 2z — v(z) € LY(E,0, M)

meaning that

> %) f < . (2.48)
=1

Using the equation (2.43) and Lemma 2.30, the sequence is locally bounded and abso-
lutely continuous in (0,7") for every i > 1 and T € (0,00). Thus, by Helly’s theorem,
there exists a subsequence of {f/'} denoted as { f;"} and a sequence {f;} of functions of

locally bounded variation such that

lim f” = fi(t), Vi >1,t > 0. (2.49)

n—o0

Also, if we let f]' =0 when i > n,

£ (#)]1= szz < szm < lfoll (2.50)
=1
which, followed by the use of (2.49) gives the non-negativity of the solution f;(t). Further,
since, vy € G, equation (2.48) and Lemma 2.29 yield the following

Tn—1 n

S <QT) & 0< / S° S 0 Vis () fE(R)dR < Q(T),  (2.51)
=1

=1 j=1
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for every n > 2,t € [0,T] where T' € [0,00). If we take T € (0,00) and m > 2, then

using the above equation (2.51) and the non-negativity of v(i) give us
m Tm—1 m
SO & 0 [T S Vi < QD). (252
=1 =1 j=i
Using (2.49), passing the limit as n — oo in equation (2.51) and m — oo in (2.52) yield
00 T o0 o0
S A0 <QT) & 0= [ S @V A < Q). (253)
i=1

=1 j=1

Following on the lines of [123], the application of (2.50), (2.53), the definition of the
kernel and the properties of 7 confirm the Definition 2.20(2) as

T ©C
/ > Vijfi(h)dh < oo. (2.54)
(N
Now, by the definition of V; ; and Eqn. (2.50), we have

ZVi,jfZlf;‘L < 2[| fol|[Mo(0).

j=i

Further, using (2.49) followed by the Lebesgue-dominated convergence theorem, the
following holds

n—oo

lim (Z Vi £ A7 = S Vigfid;) (hydh =0, (2.55)
j=i
The relations, (2.49), (2.43), (2.50) and (2.55) lead to the fulfilment of Definition 2.4(3).

Consequently using (2.54), the Definition 2.4(1) follows, hence establishing the existence
result for the problem (2.1)-(2.2) in R*. O

Density Conservation

Here, density conservation is demonstrated for the non-mass conserving truncation by

the following result.

Theorem 2.32. Let V;; < m(lil—z]} for all natural numbers i and j. Let f = (f;) € X

be a solution of the Safronov-Dubovski equation (2.1) satisfying all the conditions of
Theorem 2.31. Additionally, if

Vnj — 0 as n— oo for every j €[1,(n—1)], (2.56)
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holds, then the solution is density conserving satisfying

D ifi(t) =Y if:(0). (2.57)

i=1 1=1

Proof. To establish density conservation, let us consider

\Zm S| =0 X i - (S X ko) @

Now, writing the equation (2.42) as

D ifi0) =D ifr )+ > iff(t ZJV,afn ) f11 (). (2.59)
i=1 i=1 i=m+1

Using (2.59) in (2.58), one can obtain

‘szz Zfz( )‘ = Z fz( ) fzn(t)‘ —+ Z Zfz(t) + Z Zfzn(t) + Z Zfz(o)
=1 =1 i=m+1 i=m+1 i=n+1
) Z Vi F1 () ‘ (2.60)
j=1

Before passing the limit n — oo, the boundedness of the last expression in the above

equation needs to be dealt with and is given as

n—1
0> Va7 (0)] < 201 fol Mo (0).
j=1

Further, having (2.56), (2.49) and then passing the limit in (2.60) provide

2i £ (t)70(i)
e )

n—0o0

lim ’szl zfi(O)‘ <
1

1=

Hence, the first result given in equation (2.53), and the properties of vy lead to our

claim. =



Chapter 3

Theoretical Analysis of
Safronov-Dubovski Coagulation

Equation for Sum Kernel !

Let us define the Safronov-Dubovski coagulation equation for ¢ € [0,00) and i € N as

df(;fft) :5i22fi 1 Z‘]V lvjfj Z]VJf] Z‘/ijz f] (31)

where 0p = 1 if P is true, and zero otherwise. The Eqn.(3.1) deals with the change

in concentration of i-clusters, and, consequently, the focus of our study is the qualita-
tive behavior of f;(t) to the initial value problems defined by this system with initial

conditions

fi(0) = foi = 0. (3.2)

In this chapter, we study the existence of mass-conserving solutions to the initial value
problem (3.1)-(3.2) with rate kernels satisfying V;; < (i + j), Vi,j € N, and initial
condition with finite initial mass. To establish the regularity of the solutions, we need to
consider a balance between a more restrictive class of kernels V; ; <i%+j¢, for a € [0, 1],
Vi,j € N, and initial condition with some finite higher moment. The uniqueness result
is also established for a restrictive class of kernels, i.e., V; ; < Cy min{i", j7},0 < n < 2,
Vi,j € N, Cyy € RT. The boundedness of a higher moment in finite time played a

significant role in proving uniqueness.

LA considerable part of this chapter is accepted in Portugaliae Mathematica

45
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Let us now define some basic notations and notions that are needed throughout. Similar

to Chapter 2, the set of finite mass sequences and the norm are defined by
o0
X ={z= () : [Jzl|< o0}, with [[z][:=) klzl, (3.3)
k=1

where (X, ||-||) is a Banach space. For analysis, we often consider the non-negative cone
Xt ={f=(fi) e X: fi >0} (3.4)

Further, we shall need to define the solution of (3.1)-(3.2) and is written as:

Definition 3.1. The solution f = (f;) of the initial value problem (3.1)—(3.2) on [0,7)
where 0 < T' < 00, is a function f : [0,7) — X+ with the following properties

(a) Vi, f; is continuous,
(b) fg > 521 Vijfi(s)ds < oo for every i and V 0 <t < T,

(c) ViandVO<t<T

: i-1 i o0
fi(t) = foi +/0 (5122]2;1 S iVicrifi— £Y iVigli— Y V%,jfj) (s)ds, (3.5)
= =1

j=i

where dp = 1 if P is true, and is zero otherwise.

The chapter is organized into six sections. The Section 3.1 discusses the preliminary
results required to establish the main results of the work. Section 3.2 deals with the
existence of the solution and its corollary. Further, in Section 3.3, density conservation
is shown for all the solutions of the given equation and the regularity result is proved in
Section 3.4. Furthermore, the statement and proof of the uniqueness theorem are part
of Section 3.5. Finally, in Section 3.6, the qualitative behavior of the solution in case of

the non-conservative truncation is discussed.

3.1 A Finite-Dimensional Truncation

Our general approach in this work is similar to the one in the previous chapter which is
considering a finite n-dimensional truncation of (3.1) and, after obtaining appropriate a
priori estimates for its solutions, passing to the limit n — co and getting corresponding
results for (3.1). In this section, we introduce a truncated system of the SDCE and

study some useful results about the moments of its solutions. The finite n-dimensional
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truncated system for the equation (3.1) that we shall consider corresponds to assuming
that no particles with a size larger than n can exist initially or be formed by the dynamics.

Thus, for the phase variable f = (f1, fa,..., fn) the system is

Z—“}: = f'(f), for 1 <i<mn, (3.6)
where
n—1
) = =Viafi = f ZVLjfj (3.7)
j=1

i—1 7 n—1
) = Fia Y iViewfi = £ iVigli = fi Y Vigfj, for2<i<n—1, (3.8)

=1 i=1 j=i

n—1
FE) = o Y dVa1g ks (3.9)

J=1

From what is stated above the initial conditions of interest are
fi(0)=f>0,  for1<i<n. (3.10)

It can be observed here that we have truncated the last sum up to n — 1, not n. This is
done to make sure that the truncation conserves mass which will be beneficial in proving
the existence result. The solutions to (3.6)—(3.10) exist and are unique which can be
proved using the fact that the right side contains polynomials and the Picard-Lindel6f
theorem. The solutions are also non-negative, established by the addition of positive € to
the right part of all equations. Now, if f¢ satisfies f£(t9) > 0 for some ¢ty € R — {0} and
f5(to) = 0 for every j € {1,...,n}, then %f;(to) > 0. Finally, taking ¢ — 0 gives the
non-negativity (see [117, Theorem I11-4-5]). In the analysis of coagulation-type systems,
estimating the time evolution of moments of solution is of paramount importance. For
the truncated system, and in a way analogous to the r! moments, we consider the

quantities

M(t) = gifilt), (3.11)
i=1

where g = (g;) is a non-negative sequence. The following result on the evolution of M, i

will be relevant:

Lemma 3.2. Let f = (fi)ieq1,..n} be a solution of (3.6)—(3.10) defined in an open

interval I containing 0. Let g = (g;) be a real sequence. Then

dM™ n—1n—1 ‘ .
5= DD (igjen — ig; — gV fif;. (3.12)

i=1 j=i
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Proof. The proof follows on the same lines of proof of the Eq. (2.5). O

Now, for g, := (i¥), consider the simplified notation My := Mg . It is clear from (3.12)

that, for all t € I,
dMg'(1)
dt
and thus M{J(t) < M} (0), for all t € I N {t > 0}. This a priori bound implies that

non-negative solutions of the truncated systems (3.6)—(3.9) are globally defined forward

<0 (3.13)

in time, i.e., I D [0, +00). Taking g = g1 in (3.12), we immediately conclude that, for all

t
dM{'(t)

dt

which means that solutions to the truncated system conserve mass. For further reference,

=0, (3.14)

this is stated in the next lemma.

Lemma 3.3. Solutions to Cauchy problems for the truncated systems (3.6)—(3.9) are

globally defined forward in time and mass conserving, i.e.,

MP(t) = MP(0), VYt > 0. (3.15)

For the existence proof let us consider z!,(t) defined as in [118] by

n

() = 3 ifr ), (3.16)
where f" = (ff,..., f/) is a solution of the n-dimensional truncated system (3.6)—(3.9).

From these expressions, we immediately obtain

n n—1 1 m—1 n—1n—1
) (S i 3 Vs - Y X Vil )0, (37
i=m j=1 j=1 i=m j=1

Assume now 2m < n and consider the function ¢, (-) defined by

2m

an(t) =Y _iff +2m Y (3.18)
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where, again f"* = (f{',..., f}) is a solution of the n-dimensional truncated system.

Then, after a few algebraic manipulations, we get

n 2m
dqzizt(t) Z an +2m Z fn

i=m 1=2m+1
m—1 2m—1 A
=mfr ()Y Vi1 7 Z £ Vi £e)
j=1 j=1
2m n—1
=D D Vi P (t) - 2m Z ZVHL (3.19)
i=m j=i i=2m+1 j=i

Finally, so that we can take n — oo (or, eventually, only on a subsequence ny — ),

we make use of the following lemma.

Lemma 3.4. Take fo = (fo;) € X and, for each n € N, consider the point fij € X*
defined by fi' = (fo1, fo2,-- - fon,0,0,...) and let it be identified with the point of R"
obtained by discarding the j** components, for j > n. Let f be the solution of the
n-dimensional truncated system (3.6)~(3.9) when V;; < (i + j) with initial condition
f™(0) = f§ such that (3.15) holds, then f™ is relatively compact in C([0,T7).

Proof. Using the truncated system (3.7-3.9) and mass conservation of this system (see

(3.15)), it can be shown that 3 a constant C' > 0 such that Vn >i>1,

d TL
sup (f" ’ i D < CM;(0)>.
>0
Thus, Ascoli theorem gives the intended result. O

Now, we have gathered all the required information to proceed with the existence results.

3.2 Existence Result for the Cauchy Problem

We can now prove the existence of global solutions for the Cauchy problem (3.1)—(3.2).

Theorem 3.5. Let, V;; be nonnegative, symmetric for the exchange of i with j, and
satisfy V; j < (i+7), V4,4, and let fo = (foi) € X+, M1(0) < co. Then, 3 a non-negative
solution of (3.1)—(3.2) defined globally.

Proof. Let n be an arbitrarily fixed positive integer and let f3§ be defined as in the

statement of Lemma 3.4. As we stated above, following (3.10), the initial value problem
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(3.6)—(3.10) has a unique solution, f" = (f")i<i<n, which is globally defined, non-
negative and, by Lemma 3.3, density conserving. By defining f/'(t) = 0 when i > n we

can consider f™(t) as an element of X for all ¢, and thus

I @ON= D iff @) = > iff () = ifgi = ifos <> ifos = Ifoll.  (3.20)

i=1 i=1 i=1 i=1 i=1
By Lemma 3.4 and (3.15) for each i, 3 a subsequence of f™ (not relabelled) & a function
fi :[0,00) — R, which are of bounded variation on each subset of [0, c0), such that f](t)

converges to f;(t) as n approaches oo, for every t € R*. Thus V ¢ > 0,

fit) 20 and |[f(B)]|I< || /oll (3.21)

Our goal is to prove that this limit function f is a mild solution of the initial value
problem (3.1)—(3.2), i.e., fulfills the conditions in Definition 3.1. This will be done by
passing to the limit n — oo in the integrated version of the truncated problem (3.6)—
(3.10), namely

t 7—1 n—1
70 = fo+ | ( () Vi £ s ZJV,gf" fﬁ<s>2w,jfﬁ<s>)ds
j=1 =i

(3.22)
To do this, and also to satisfy condition (b) in Definition 3.1, we need to prove that, for
every fixed 1 € N, T' > 0, and € > 0, there exists m and ng, with ng > m > ¢, such that,

for all n > ny,
T
/ 27 (4)dt < e, (3.23)
0

where ], is defined in (3.16). This can be achieved by integrating (3.17) in [0,¢] and
using (3.19) as

3 m—1
2 (t) = 2l / (szv,m M) b mfn S Vs

i=m j=1 Jj=1

n—1n—1
B iw,jff(s)ff(8)>ds
i=m j=i
t A
— a7 (0) + g () — g (0) + /0 <f2m me,Jf S S L) -

1=2m+1 j=1

n—1 n— n—1 n—1
S S W) 2m S SV ) )

1=2m+1 j=i 2m+1 j=1
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Some algebraic manipulations of the second double sum above provide

n—1 % n—1
DBEDIFIATHOVAOENDY ZJng" )7 (s Z Zng,zf” )7 (5).
1=2m+1 j=1 1=2m+1 j=1 i=2m+1 j=1

Substituting this into the above expression for z7,(t) gives
n—1 2m

T (0) = (0) + ()~ )+ [ ( SN Vi) 7 (s) +

i=2m j=1

n—1 n—1
+2m > Z%jff(s)f}l(s))ds. (3.24)

i=2m+1 j=i

By (3.20), (3.21), and the pointwise convergence of f/* to f; we conclude that, for all
€1[0,T], Ve > 0,Vp > @,Hno such that Vn > ng,

oo p—1
SO = Hi®)] = Y1) — filt \+Z|f" )] <3 +*Hf0||<5
i=1 =1

that enables us to take n — oo in the definition of ¢’ (¢) in (3.18) and yields

2m 00
g (D)n = o0 > ifi(t) +2m Z fit) = aqm(t) <> ifi(t), (3.25)
i=m i=2m+1 i=m

and so limy, 00 ¢ (t) = 0 and |g,, ()| < || fol|, for all ¢ € [0, T]. Therefore, Ve > 0, IM, ng
with ng > M, such that, Vm > M, n > ngand n > 2m + 1,

(3.26)

CO\H

qm () <

and
€. (3.27)

By (3.26), (3.27), and using the assumption V; ; < (i+j) we can estimate the right-hand
side of (3.24) as follows (redefining)

n—1 2m n—1 n-1
g [(( S Siiranenem X Y anene )i

1=2m j=1 1=2m+1 j=1i

<c+ / (2 23 S S niif?(S)f?(S)>ds

=2m j=1 1=2m+1 j=1

Y N O SIE) SICERS SED ST I
0 j=1 i=m J=t

=m

t
S€+6Hfo||/ z
0
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Hence, thanks to Gronwall’s lemma, we get, for all ¢ € [0, 77,
xp () < ke (3.28)

where k; = SI150lIT which implies that Ve > 0,3M, ng with ng > M, such that, Vm > M,
n>ngand n > 2m + 1,

t
/ xp(s)ds < ek T, forallte[0,T]. (3.29)
0

Since, f!'(t) is point-wise convergent to f;(t), the above expression entails that, for all

€ > 0, there exists M such that, for all m > M, we have

/ szz t)dt < e.

Hence, when V; ; < (i + j) for all i > 1,

T 00
/0 > Vifi(t)dt < o, (3.30)
j=1

thus establishing (b) in Definition 3.1. Now, for every fixed i, take n > i sufficiently
large and for any ¢ such that i < £ <n — 1, write (3.22) as

t
ﬁ@—ﬁ@—%( E)VLJ"JW Zhwﬁ Eﬁwﬁ ))ds
tnl

AZmﬂw<mMml

Jj=0+1

Thus, from (3.29), for all € > 0, there exists M such that, for all £+ 1 > M and all n
sufficiently large, the right-hand side can be bounded above by 2¢|| fo||k17. Considering
that each sum on the left-hand side has a fixed and finite number of terms, that f]"(s) —
fj(s) pointwise as n — oo, and each of the three terms inside the integral is bounded
by 2|/ fol|?, we can use the dominated convergence theorem and take n — oo to conclude

that, for every € > 0, there exists M such that, for all £ > M, we have

fz'(t)_fi(o)_/ (fz 1 Z]V l,jf] fz Z]V,]fj ZV,]f] )

S 2€Hf0||k1T.

Hence, by the arbitrariness of €, we can let £ — oo and conclude that f = (f;) satisfy

(3.5), which completes the proof. O
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Next, we establish that the subsequence f™* of solutions to the truncated system which
converges to the solution f of (3.1)-(3.2) actually does so in the strong topology of X,

uniformly for ¢ in compact subsets of [0, c0).

Corollary 3.6. Let f™ be the pointwise convergent subsequence of solutions to (3.8 —

3.10). Then, f™ — f in X uniformly on compact subsets of [0,00).

Proof. To prove this, we prove that f;"*(t) — f;(t) for each i uniformly on the compact
subsets of [0,00). For this, let nx be n and for each I < m

m—1
20 (t) = et [M{‘(t) — Z if7(t) + (2m + 2)Mf(0)2] : (3.31)
=1
Now, differentiating (3.31) gives
dan() o lampe) S 0] | nion2
n=e [ o7 ;z 7 et | M) ;zfi (t) + (2m + 2) M7 (0)
(3.32)
where
d m—1 m—2 1 m—1n—1 m—1
o Z U =D D Vi F] = D0 D iVigfI T = = D D iVl
i=1 j=1 i=1 j=i j=1
(3.33)

Using the above expression, Lemma 3.3 and V; ; < (i+7) V 4,7 in (3.32), one can obtain

d m—1n—1 m—1
AN D+ j(m =14 4)f} = 2M7(0)* — 2mM7(0)
=1 j=1 Jj=1

Some simplifications guarantee that

dzp (1)
dt

<0, n>m, tel0,T].

Hence, 27%,(t) = 2 (t) uniformly on compact subsets of [0,7") where
m—1
om(t) = e7" [ My(t) = Y ifi(t) + (2m + 2)M;(0)?

i=1

Let, K C [0,00) be compact and ¢, — ¢ in K, then

lim || f"(t,)]|= nli_)rgoZiff(tn) = ifi(t) = | £@)]

n—oo
i=1 i=1

which ensures that || f™||— || f] in C(K, X). O
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3.3 All Solutions Conserve Density

In this section, we prove that under the assumption on the rate coefficients we have been

using, all solutions of (3.1)-(3.2) conserve density.

Let f = (f;) € X be a solution of (3.5) in [0, T]. Multiplying equation (3.5) by g; and

adding from i = 1 to n, we have, after some algebraic manipulations, for all ¢ € [0, T},
n n t noon
D gifit) = > gifoi = /0 > (igiv1 — dgi — 9)Vii fi(s) £5(s)ds
i=1 i=1 i=1 j=i
t n oo t n
- /0 D00 gViifis)fi(s)ds — / Gn1fn(8) D iVaifi(s)ds. (3.34)
j=1

j=1i=n+1 0

We start by observing that, taking g; =4 in (3.34) concludes that

Zifi(t) < Zifoz' < foll;

=1 i=1

and, as this inequality is valid for all n, we can take the limit as n — oo and conclude
the a priori bound || f(¢)||< || foll- We now use (3.34) to prove that, under the assumed

conditions on V; ;, all solutions conserve density.

Theorem 3.7. Let V; j < (i+j) for alli and j. Let f = (f;) € X T be a solution of the
Safronov-Dubovski equation (3.1). Then the total density of f is constant.

Proof. Let A € N be fixed, and consider the sequence (ng) € £ defined by
gt =iNA, (3.35)
where a A b = min{a, b}. Then

—A on{(i,j): A<i<jy

IA

n}?

A J
0 on {(i,j):1<i<A—landi<j<n},

. A . A
J9iv1 —I19 — 95 =
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and (3.34) becomes, for n > A,
Zgz filt) Zgz foi= (3.36)
= / Azzvzjfz f] ds (337)
j=Ai=A
-/ (Z S Vs A Y S V() s (338)
j=1li=n+1 j=A+1i=n+1
/ Afnl(s Z]V ifi(s (3.39)
We first estimate the term in (3.37):
AZZWJJ < AZf]szz +AZJngfz
j=Ai=A 1=A i=
s 1.jijz'fz~ FAY LY i,
=4t i=a j=A  i=a’
<2 ijj Zz’fi
<2nyJszi. (3.40)

i=A

Thus, f € Xt implies that (3.40) converges to zero as A — oco. Furthermore, since

(3.40) is bounded above by 2||fo||?, the dominated convergence theorem implies that,
for all € > 0 there exists Ag such that, for all n > A > A the absolute value of (3.37) is
smaller than £. Consider now (3.38). For the first double sum, observe that for n > A,

A 0 A
Z > iViififi <k Z Zfz+212fg Z fi
j=1i=n+1 j=1 i=n+1 i=n+1
<l 3 ZfﬁZJQfg : S i
i=n+1 nA i=n+1
<Al Y ifi+ AHZm S if
i=n+1 i=n+1
< |l foll Z ifi + 11 foll Z ifi
i=n+1 i=n+1
<25l Y ifi

i=n-+1

(3.41)
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For the second double sum in (3.38) we have a similar estimate:

A Z Z Vijlifi <A Z [ Z ifi+ A Z it Z fi

j=A+1i=n+1 j=A+1  i=n+1 j=A+1 i=n+1
A n o0 n 1 o0
S——= Y ify D> it A Y ifi—— Y if;
A+1 . , n+1.
j=A+1 i=n+1 j=A+1 i=n+1
o A o
<lfoll 3 ifi+ Aol i
i=n-+1 i=n-+1
x
<2|foll D ifi- (3.42)
i1=n—+1

Thus, by (3.41) and (3.42), we conclude that the integrand function in (3.38) is bounded
by 4| fo||> and converges pointwise to zero as n — oo, for each fixed A. Hence, again by
the dominated convergence theorem, we conclude that, as previously, for all € > 0, there
exists Ag such that, for all n > Ay, the absolute value of the integral (3.38) is smaller

than £. Finally, let us consider (3.39)

Afn Y GVaifi < Afa Y d(n+5)f;
j=1 =1
<24nfn > jf;
j=1
< 2|/ fol| Anfo. (3.43)

Clearly, for each fixed A, (3.43) converges to zero as n — oo and it is bounded above by
Al fo|l?, and so the dominated convergence theorem implies that, for every ¢ > 0, there
exits Ag = Ap(e) such that, for any fixed A > Ay, there exists ng = ng(e, A) such that,

for all n > ng Vv A, the absolute value of (3.39) is smaller than .

To estimate (3.36) observe that, for every n > A, we can write

n n A A n n
gt fut) =gl foi| = D ifit) =D ifos| —A| D it = D foils
i=1 i=1 i=1 i=1 i=A+1 i=A+1
and thus,
A A oo oo n n
D ifit) =Y ifoi| < Y ifit)+ Y ifoi+ D g filt) =Y g foi| . (3.44)
i=1 i=1 i=A+1 i=A+1 i=1 i=1

Now, for every & > 0 there exists Ag such that, for all A > Ay, each of the first two sums
in the right-hand side of (3.44) can be made smaller than £, and since the estimates of

(3.37)-(3.39) obtained previously allow us to have the last term in the right-hand side
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of (3.44) is smaller than 2, we conclude that

A A

S ifit) =Y ifoi| <e

=1 i=1

Ve > 0, E|A0 VA > Ao,

which proves the result. O

3.4 Differentiability

This section is devoted to proving that the solution of the S-D model is first-order
differentiable if the rate coefficients satisfy V;; < i® + j* for o € [0, 1]. This requires
the boundedness of («+ 1)-moments of the solutions and an invariance result, which are

proved below in Lemma 3.8 and Theorem 3.9, respectively.

Lemma 3.8. Let the non-negative kernel V; ; satisfy V; ; < 1%+ j¢, for alli,j > 1, and
for some fited 0 < a < 1. For any T € (0,00), let f be a solution to (3.1)-(3.2) in [0,T]
with initial condition fo € Xt. If the (a+1)-moment of fo, Mi1a(fo), is bounded, then
the (o + 1)-moment of f(t) is also bounded for all t € [0,T].

Proof. Let f = (f;) be a solution of (3.1)-(3.2) in [0,7] with initial condition fy. B
(3.5) adding the components from i = 1 to n, we have, for all ¢ € [0, 7],

S0 /ZZ”%]% ) fis >ds+/<n+11+afn Z]V,Jfa

11 =1 j=1

_ZlH% /ZZ (i + 1)1 — 5V Vi fi(s) f(s)ds.  (3.45)

=1 j=1

Due to the non-negativity of solutions, (3.45) implies that

ZilJrafz‘(t) < ZilJroszi —I—/ ZZ Z + 1 Ite _ 1+a) i,jfi(s)fj(s)ds‘ (346)
i=1 =1

=1 j=1

Since € [0,1] and 5 > 1 we have (i + 1)1+ — i1+ < (1 4+ a)i® + (1';?)01, and so,

1+ oo .., n (1+ a)ajHa

G+ D =TV < (L4 @)ji® + (1 @) 740 4 i 2l ,
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from where, using > ; ifi(s) < | fol|, we obtain

DN G+ D) = GtV fi(s) £i(s)

i=1 j=1
< 2+ aall P L1+ @)@+ 3 4 i)
=1
< Hf0||2+5||f0\|ii1+afz‘(8)
=1
which, upon substitution in (3.46), gives
iil+afi(t) S zn:ihrafm‘ + {1 foll*T + /Ot 5Hf0’\i:il+afi(3)d3-
=1 =1 =1

Hence, by Gronwall’s lemma, we conclude that, for all ¢t € [0,7] and n > 1,

St < (00 fos + T ol )
i=1 i=1
< (Miya(fo) + Tl folP)e? oI, (3.47)

where the inequality (3.47) is due to the assumption about the boundedness of the
(1 + a)-moment of the initial condition fy. Since the right-hand side of (3.47) does not
depend on n we conclude that the same is valid in the limit n — oo, which proves the

result. O

An important result regarding the evaluation of the higher moments of the solution is

analyzed here.

Theorem 3.9. Assume (g;) be a real-valued non-negative sequence such that g; =
O(i®). Let f be a solution of (3.1) when Vi j < i®+j%, a € [0, 1] under the assumption
that Ma+1(fo) is bounded on some interval [0,T), for 0 <T < oco. Let 0 <t <ty <T.
If the following hypotheses hold

(H)
ty O i
| S i = a0V £y s < o (3.48)
Lo=1 j=1
(H2) |

Z Z 9iViifi(s)fj(s)ds < oo (3.49)

1 =1 j=1
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then, for every m € N,

00 o) ty OO %
Z 9ifi(t2) — Zgifi(tl) :/t SN Ggivr — dgi — 95) Vi fi(s) f5(s)ds

1 j=m j=1

1)
+5m22/
t1

1)

m—1
+ 5m22/ Gm fm—1(5) Z JVin—1,jfi(s)ds
t1 j=1

oo m—1

SN oViifis) fi(s)ds (3.50)

i=m j=1

where dp = 1 if P holds, and is equal to zero otherwise.

Proof. Take positive integers m < n. Multiplying each equation in (3.5) by g¢; and

summing over ¢ from m to n, we obtain

n n to M i
> gifilta) = > gifi(tr) :/t SO (igiv1 —dgi — gi)Visfi(s)fi(s)ds  (3.51)
i=m i=m 1 j=m j=1

n m-—1

to
b / SOS g5Vi fils) 5 (s)ds (3.52)
1 4=m j=1
ts ’ m—1
b /t gnfrr(9) 3 JViorgfy(s)ds  (3.53)
1 j=1
ty M 00
- / S5 gVisfils)f(s)ds (3.54)
Y j=m j=n+1
to n
_ /t g1 fa(5) S Vo 5(5)ds. (3.55)
1 j=1

We need to prove that, as n — oo, the integrals in (3.54) and (3.55) converge to zero,
and the other integrals converge to the corresponding ones on the right-hand side of
(3.50).

Using (H2) by interchanging the order of summation and replacing ¢ for j and then

following (a) in Definition 3.1, one can obtain

ty M 00

lim SN giVifi(s)fi(s)ds =0 (3.56)

n—oo J; )
L 4=mj=n+1
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which proves the convergence of (3.54) to zero. With g; = 1 we can write (3.51)-(3.55)

as follows
to o om—1
Zfz t2) — > _ filt) / ZZ Vijfi(s)fi(s d8+5m>2/ YD Vijfi(s)fi(s)ds
= j=1 1 j=m =1

+6m22 2fm 1 Z]Vm ].,jf] / Z Z V,]fz f] ds

t1 = m j=n+1

s) ZjVn,jfj(s)ds
j=1

Further, thanks to relation (H2) and the fact that g; = O(j*T!), the last two integrals

in the above expression tend to zero as n — oco. Therefore,

co m—1

to
Z filt2) Z fi(t) / > Z Vi) Fi(s) (s ds+6m>2/ SO Vi fils) i (s)ds
t= m j=1 1 i=m j=1
m—1
+ Om>2 fm 1( Z 3Vin—1,jf;(s)ds. (3.57)
t1 j=1
For p = 1,2, consider,
lgni1l D filty) < Cln+1)*T1 > fi(ty)
i=n+1 i=n+1
<C DY ity
i=n+1
for C € R™ and thus Lemma 3.8 guarantees that
lim [gns1| Y filty) =0. (3.58)

i=n-+1

Replacing m by n + 1 in (3.57), multiplying both sides by g1, letting n — oo, and
using (H2) together with (3.58) confirms that

to n
/t Ini1fn(8) D 3V fi(s)ds — 0. (3.59)

j=1

By Definition 3.1, the boundedness of f;(t), (H1) and (H2), we conclude that

ta M oo 1
|3 S simnm g Vis i) ihds > [ 30D Gaier o) Vi i) 5 5)ds
1= m j=1 t = =m j=1

(3.60)
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and

n m—1 oo m—1

12) to
m>2/ Z Zgj 53 fi(s) fi(s )ds—>5m>2/ Z Zgj\/i,jfi(s)fj(s)ds. (3.61)

1zmj1 1zm]l

Thus, using Definition 3.1 together with equations (3.56), (3.59)-(3.61) and the bounded

convergence theorem, the result follows. O

Finally, the following proposition is discussed which is essential in showing that the

solution of SDCE is first-order differentiable.

Proposition 3.10. Let {V;;}ijen be non-negative and V;; < i* 4+ 74, 0 < a < 1.
Let f = (fi) be a solution on some interval [0,T], where 0 < T < oo, of the equa-
tion (3.1) with initial condition fo and having bounded My41(fo). Then, the series
22‘:1 JVig i) fi(t) and 3772, Vi fi(t) fi(t) are absolutely continuous on the compact
sub-intervals of [0,T7.

Proof. Let, (g;) satisfy the conditions in the statement of Theorem 3.9. For (H1) to hold,

proving the boundedness of the series Y .2, Z; 1J(git1 — 9:)Vi; fi(t) f;(t) is enough.
Using the fact that g;11 — g; = O(i%), we have the following

ZZ] gz—i-l ,jflf] < ZZC]Z V,]flf]

i=1 j=1 i=1j=1
co 1
<IN G + ) i <ZZC i fif
i=1 j=1 i=1 j=1

for C' being some positive constant. Hence, by Lemma 3.8 and Section 3.3, one can
obtain '
DY " i(gir1 — 9i)Vi fifi < 2CNaya Mi(0). (3.62)
i=1 j=1

Thus, (H1) holds true. Further, to establish the relation (H2), consider the expression,

Z Zg] sz fj < Z Z C 2041 e a+1]f’ifj

=1 j=1 =1 j=1

< 2CNo41M1(0)

which is finite by Lemma 3.8. Therefore, all hypotheses of Theorem 3.9 are satisfied
for any t1,t2 € [0,7). Hence, considering m = 1 for ¢t € [0,T"), equation (3.50) implies
the uniform convergence of the series Y .o, ¢; fi(t). Since, the series Z;‘:l JVijf(t) is
bounded by this series, as jV; ; = O(i j*+1) when j < i, we conclude the uniform conver-

gence of 3 5=1JVi; fj(t). Now, the boundedness of f;(t) ensures the absolute continuity
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of Z;-:l 3Vii fi (@) fi(t). Also, the series 322, V; ; f5(¢) is bounded by > 772, g; f;(t), which
yields its uniform convergence. Finally, the boundedness of f;(¢) gives the desired re-
sult. O

The Definition 3.1 (a), hypotheses (H1) — (H2) of Theorem 3.9 and Proposition 3.10

ensure that the solution f is differentiable in the classical sense in [0, T'[.

3.5 Uniqueness

In this section, we discuss the uniqueness of solutions for the SDCE for a restrictive class
of kernels. It should be mentioned here that it was not easy to deal with V; ; < Cy (i+j)

Vi, j, so the kernel was restricted to establish uniqueness.

Theorem 3.11. Let, the kernel V; ; < (i+j) only when j < i, and V; j < Cy min{i"7, j7},0 <
n <2 wvalid Vi,j € N, Cy € R*. If the Lemma 3.8 holds, then the equations (3.1)-(3.2)

have a unique solution in X .

Proof. We shall use an approach that revolves around defining a function (say u(t))
that is a difference of two solutions of the equation (3.1) (let f; and p;), both satisfying
the initial condition (3.2). Furthermore, it makes use of the properties of the signum

function such as

o (P1) (C(t))%t) — dCD],

e (P2) (a)(b) = (ab) and |a|= a(a) for any real numbers a, b.

Our goal here is to use Gronwall’s lemma to the function wu(t) to reach at the required

Z (1) — pi(t)] = Z\uxm. (3.63)

=1

result. Define

Using the expression of the equation (3.1), we obtain

i1 i 00
duazlit) _ <5i>2fi—l(t) ZjVi—l,jfj(t) — fi(t) Zj‘/@jfj(t) Z mei(t)fj(t)>
_ ( i>2pi-1( Z]V 1,jpi(t Z]V,jpj ZVJpZ p;(t >



Chapter 3. Theoretical Analysis of Safronov-Dubovski Coagulation Equation for Sum
Kernel 63

Multiplying both sides by (u;(t)) and then using (P1), the above equation reduces to

D) = (i) (f Z]V L) Zjvjf] Zijz Vit )
i—1
—(uz'(t))<5izzm—1(t)ZJV Lt Zavm Zv,gpz ot )
j=1

Further, integrating both sides, using u(0) = 0 and summing over ¢ from 1 to oo yield

i—1

/Zuz <i>2fi—1(h)ZJV 13 fi(h ZJVufJ ZV,sz > dh
j=1
i—1

- Zuz (mpimZm1,jpj<h>—pi<h>§jm,jpj<h>—Zw,,-m(h)p ) )a.
J=1 7=1 Jj=t

Replacing 7 — 1 by ¢/, then changing ' by 4 in the first and fourth sums and finally using

(fi fi = pipi)(t) = (fiuj + pjwi)(t),

simplify to

t oo i
/0 <Z < ui+1) (9521 ZJV” fiug + pjui)) — (Ui)(ZjW,j(fi uj + pju;))
j=1

7j=1

.
[y

2 Vij(fiuj + pj Uz)))) (h)dh.

Using (P1) and (P2), one can obtain the following expression

wi< [ ((iii%j(\%lfﬂr il ) - (iim,ﬂwow ot )

i=1 j=1 =1 j=1
(X vistw)us i+ il ) ) ) hhan
i=1 j=i

Now, canceling the second and fourth expressions and estimating the summations will

give us

/ ( ZZaVzﬂuﬂfﬁzzvﬂuﬂﬁ)

=1 j=1 i=1 j=1
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Finally, inserting the value of V; ;, we write

i < [ (22&’@ Dl 4SS Gty ﬁ-)(h)dh.

i=1 j=1 i=1 j=i
The application of Lemma 3.8 for o = 1 leads to
t
u(t) < / (4M2 + CVMQ)U(h)dh
0
The application of Gronwall’s lemma enables us to have u(t) = 0 which implies that

fi(t) = pi(t) V0 <t <T. Since, T is arbitrary, we get uniqueness of f;(¢). O

3.6 Non-Conservative Truncation

Required Results

Here, in this subsection, we present an approximating system of equations that do not
conserve the first moment. The system is hence called non-conservative and is defined
same as in equations (2.37)-(2.40)]. We compute the i moment of the solution of the

finite-dimensional system defined as

dpmrn ol i n—1 n
dtg - Z‘giﬂ - gi‘zjvi,jfz’fj - Z Zgi‘/%,jfz‘fj- (3.64)
i=1 j=1 i=1 j=i

which aids in computing its zeroth and first moments and can be followed from Lemma

2.21

When the approximating system does not conserve the first moment, the global existence

of the solution is established by the application of Helly’s theorem (see [121]) to { f/*(¢)}.

The theorem requires us to prove that the truncated solution is of locally bounded total
variation and uniformly bounded at a point. This is achieved by the application of
Lemma 3.14, discussed later on. In addition to this, we make use of the refined version

of De la Vallée- Poussin theorem (see [115, 119]), which ensures that if £ is in weighted

L' space, there exists a non-negative convex function v € G where

G:={ye C’l([O,oo))ﬂWI’OO(O, o0) : y(0) = 0,4'(0) > 0,+" is concave and lim v(r) = 00},

loc r—oo T

satisfying certain properties given by the following proposition.
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Proposition 3.12. Let, i,5 > 1 and v € G, then the following holds true

(3i + 1)y(1) +29()

Proof. The proof can be adapted from Lemma A.2 in [122]. O

Now, the results which will be useful in proving the existence are presented below.

Lemma 3.13. Consider T € (0,00), t € [0,T] and v € G and V; ; < (i + j) Vi,j > 1,

then we have
n

YA <QT)  and (3.65)
i=1
n—1 n

/ (ZZV Vi fi' () f5 (h )) dh < Q(T), (3.66)
=1 j=1

where Q(T) depends only on (1), ]| fol|| and My(0).

Proof. Using g; = (i) in the equation (3.64) leads to

n n n—1 n
> oA = DA / (Zw (i+1)- IZJV,gf” 1 0)=Y2 A0 Vig £ (h) £ (k) ) db.
i=1 i=1 i=1 j=i

(3.67)

Since y(k) and f* for k = i, j are non-negative, the above expression simplifies to

zn:’Y(i)fz‘n(t) < Zn: / (Zh (i+1) |Z:jVJfZ ))
i=1

=1

Using Proposition 3.12, replacing V; ; < (i 4 j) will give us

S ) < A0 / (n UG+ 10 + 2R S (1)) an
=1 i=1 i=1 j=1
gzn:fy(i)f?Jr/t( 1)+ Q2T Zv i) fi'(h )
i=1 0

where Q) = 21()Mo(0)(Mo(0)+ 31l a2 Qu(1) =4l Finlly  spplication
of Gronwall’s inequality proves (3.65) where Q(T) = Y"1, v(i) f? +3 Q T ( TQ:T) — 1).
Combining (3.65) and (3.67) leads to

/(sz Vi fr(h) £ (h >)dh<Q<T>,

=1 j=1

which establishes (3.66). O
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Lemma 3.14. Consider T € (0,00), i € N. The following result holds true for a
constant Q(T) which depends on ||fo|| and T:

sup / ‘—’dh Q(T). (3.68)

0<t<T

Proof. Using the equations (2.36) and (2.38) yield
i—1 i

[ an < [ (s S viorasp ] + 5200 3 vissy @] + | 520
=1 =1

_ /Ot(Q " h)iljvi,jfy(h)h 4 h>ivmfa“ (1)) an
j= =

< 4| folPT + 2| foll Mo (0) T

Also, the absolute values of the equations (2.37) and (2.39) can easily be shown bounded
by 2|| foll?+|] fol| Mo(0) and 2|| fo||?, respectively, which completes the proof of the lemma.
0

Existence

This section is devoted to prove the global existence of a solution for non-conservative

truncation.

Theorem 3.15. Consider f € X+ and V; ; < (i+j) Vi,j. Suppose that fI'(t) and f are
the solution and initial condition of the non-conservative approximation (2.36)-(2.39),
then there exists a solution of the discrete OHS equation (3.1)-(3.2) in RT.

Proof. The proof follows the same pattern and the same bounds are obtained in the case

of the considered kernel as in Chapter 2 [Theorem 2.31]. O

Density Conservation
Here, density conservation is demonstrated for the non-mass conserving truncation by
the following result.

Theorem 3.16. Let V; ; < (i + j) for all natural numbers i and j. Let f = (f;) € X*
be a solution of the Safronov-Dubovski equation (3.1) satisfying all the conditions of
Theorem 3.15. Additionally, if

Vnj =0 as n— oo for every j €[1,(n—1)], (3.69)

> Vig 7 (m)|)an
j=i
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holds, then the solution is density conserving satisfying

> ifi(t) = Y _ifi(0). (3.70)

i=1 1=1

Proof. To establish density conservation, let us consider

\Zm S| = |+ X i - (T4 X ko) 67

Now, writing the equation (2.42) as

D ifi0) =D ifr )+ > iff(t ZJV,afn ) f11 (). (3.72)
i=1 i=1 i=m+1

Using (3.72) in (3.71), one can obtain

‘szz Zfz( )‘ = Z fz( ) fzn(t)‘ —+ Z Zfz(t) + Z Zfzn(t) + Z Zfz(o)
=1 =1 i=m+1 i=m+1 i=n+1
) Zjvn,jf;l(t) ‘ (3.73)
j=1

Before passing the limit n — oo, the boundedness of the last expression in the above

equation needs to be dealt with and is given as

n—1
0> iVasl} (0)] < 2015l
j=1

Further, having (3.69), then passing the limit in (3.73) and using (2.49) provide

2i £ (1) 70 (i)
e )

n—0o0

lim ’szl zfi(O)‘ <
1

1=

Hence, the first result is given in equation (2.53), and the properties of 7 lead to

accomplishing our claim. d



Chapter 4

Steady-State Solution for
Safronov-Dubovski Coagulation

Equation'

Let us consider the SDCE written as

B0 v s Zmej (4.1
dfz( ) _
= fi 1Zyv 1ifi - szJV,]fg szV,Jfg (4.2)
7=1 j=t
with the initial datum as
fi(0) = fin, Vix>1. (4.3)

The chapter attempts to understand the steady-state behavior of the solutions of SDCE
for the coagulation kernel V; ; = Cy(iPj7+i7j8) when0 <3<~y <1,Vi,jeEN, Cy €
R*. The kernel covers a wide variety of physical parameters including the constant,
sum, and product kernels. The theoretical investigation into the existence of the unique
steady-state is carried out for these kernels. The solutions for the equation (4.1)-(4.2)
are numerically plotted to ensure steady-state behavior. The motivation for this work
comes from the steady-state analysis done by Wattis [13] on the discrete coagulation-
disintegration model developed in 2012 and the work by Ghosh et al. [124] where the

same analysis was investigated for the continuous coagulation-fragmentation equation.

The chapter is organized in the following order. Section 4.1 includes the characterization

of the steady-state solution while in Section 4.2, the existence and uniqueness results

!The work in this chapter is published in Int. J. of Dynamical Systems and Differential Equations,
13(2), 144-163, 2023.
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are discussed. Finally, some numerical observations and verification of theoretical results

are reported in Section 4.3.

4.1 Characterization of Steady-State

The steady state refers to a phase in the dynamics of the system wherein the solution
does not change with time. The steady state for the system that we are concerned
with, would mean that the concentration of the particles in the system does not vary as
time changes. This section is devoted to such an analysis for the Safrononv-Dubovski
coagulation equation (4.1)-(4.3) when the rate of collision between the particles is given

by the following general classes of the kernel,
Vij=Cv(@®j"+ %), 0< <y <L (4.4)
By using the above expression for Vj ;, the equations (4.1)-(4.2) simplify to

df1(t)
dt

= —20v f1(t)* = Cv fi(t Z 77+ 5 (4.5)
J=1

dfz = fialt Zc (=127 4+ G =157 fj(t)—fi(t)in (#57 +057) (1)

J=1

- fi(t)ZCv (Zﬂﬁ +ﬂjﬂ) £i(t), i>1. (4.6)
j=i
Now, the steady-state solution will be the one when the left part of the equation (4.6)
will tend to zero (assuming that f;(¢) is differentiable). Rearranging the terms in the
above expression, one can easily obtain the value of f;(t). For the sake of notations, let
us denote this solution as ¢;, which yields the following equation
Y (G =D+ (- 177 ¢ .

¢ = Ci_1 i i 7> 2.

(#0325 7 ey 7 Yoy P ey P 5 ey + i Y05, Pey) B
(@7)

To analyze the steady-state solution, we adopt an approach that involves defining some

summation terms in the equation, which will enable easy retrieval of the explicit ex-
pression of the steady-state solution. The summations in the denominator are defined

as

7
L, = Zj%j, a<?2 (4.8)
j=1
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and
o0

Upy=> ', b<2. (4.9)

j=i
The aforementioned sums are finite as a consequence of the assumption that the second

moment is bounded and expressed as

o0
My =Y i%c <K, (4.10)
=1

where K € RT. Based on the equations (4.8)-(4.9), (4.7) can be written as

S (6= DEH 4 (= 1)) ¢
(iﬁLnyrl + Z"YL/3+1 + Z'BU,Y + i'yUﬁ)

C; = Ci—1 ) > 2. (411)
For theoretical and numerical analysis, we shall assume ¢; = f1(0) > 0. For any 3, > 0,
i > 2,and j > 1, the numerator consists of two summands and the denominator involves
the finite quantities. Hence, we can define a nonlinear operator A as

S (= 1P - 17

(18 Lyq1 + 7Ly + iU, + i7Up)

A(C),L = Ci—1 s ) > 2, (412)

such that A :l;; — l1; (proved later) where the norm on [ ; is defined as

o
2= izl vy <1 (4.13)
=1

4.2 Existence and Uniqueness of Steady-State

In this section, we apply the contraction mapping theorem to prove that there exists a
unique fixed point of the operator A. For this, we shall first prove that A maps [1; to

itself. For this, we show
|| A(c) — c1]|< b, where [c1 —b,c1 + b].

We have,

oo

14(c) =l :ZW

=2

S

Z; LG =18 4 (= 1) e ¢
(L4198 + Lgy11Y + iU, + i7Up)
> - 1)[3]7“ + (i = 1757 e

Lytr+ Lpta1 + Uy + Up)

wlog let

B <.
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Replacing (i — 1) by ¢/, then taking i’ +» ¢ and using (i + 1)7 < (i + 1), one can easily

obtain

S S+ D+ )eic

Alc) — al| <
|| () 1||_ (L7+1+L5+1+UW+U5)

Further, changing the order of integration and ¢ <> j yields

Dty 2252 205 + D)jicic; - AML(0)Uqy 1
(Ly41+ Lot + Uy +Up) = (Lygr + L1 + Uy +Up)

14(¢) —all <

So, we obtain the condition on b, L,, Uy as

4M;(0)Uy41
b(Ly41 + Lpyr + Uy + Up)

<L (4.14)

Now, we shall proceed towards proving that A is a contraction mapping in the following

theorem.

Theorem 4.1. Let the steady-state solution ¢; > 0 YV i > 1 and the following condition
4Ufy+1 < L7+1 + Lﬁ_,_l + U»y + Uﬁ, (4.15)

holds where Uy41, Lyt1, Lg11,Uy as well as Ug can be derived from (4.8)-(4.9). Then

A is a contraction mapping.

Proof. The result is established by applying the contraction mapping theorem to the
operator A. For this, we prove that A : l;; — l1; is a contraction mapping with respect
to the norm defined in (4.13). Consider, ¢; and d; be two solutions satisfying the equation
(4.7) such that ¢; = d; and hence, we get

7j=1

|A(e)—A(d)]|= \01—d1|+Zﬂ

ST (= 1P (= 1) ey — YT (= 1P A (0= 1) di oy d;

(Ly4118 + L4197 +iPU, + 17Up)

Now, let us assume wlog that 5 <~ which simplifies the above equation to

7j=1
7 (Lyy1 + Lgr + Uy + Up)

(2 = 1P 4 (i — 1) e — SN = )P 4 (i — )78 Ydi—1d; '

[1A(c) \<Z

(afc)(ber);(aJrc)(bfd)

Using the formula, ab — cd = , one can obtain

Sy i Y (= P (= 1)) ey — dical ey + dylHeion + dial[ej — dj]

Ac) — A(d)||I<
14(e) (@)ll< 20 (L1 + L1 + Uy + Up)

. S1+ S22+ S35+ .5,
.2(L’Y+1 + Lpy1 + Uy + UB).

(4.16)

|.
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Let us analyze these terms one by one. For the first term .57,

z 1 i—1
i—1)P7 ey — ¢ +d; acl
E i J 1( ) J |Z; 1~ di- 1” J | < Ziy ‘W+1|C'_1fdi_1||0j+dj|
i=1 j=1

7

ZZ (i —1)7jlcim1 — di—a| |cj + dj.

Further, replacing ¢ — 1 by i’ and then i’ — 4 and some simplifications lead to

ZZﬂ e — dil |ej + dj.

Using the positivity of the steady state solution, the above equation reduces to
S1 < 2U 41]|c —d|]. (4.17)

Now, the second sum S5 can be evaluated as

1 i . ..
s L= 175 ey — dical fej + d i 2= V- 1)75iP|cio1 — dial|ej + dj|
2= ZZ B = i? 7

which can be further made easier as

Sy < ZZZW('L — ]_)’7]"61‘,1 — difl‘ |Cj + d]|

=1 j=1

<2Us 41 |l — d||- (4.18)

Further, consider the term S3 which is written as

>oie 1ZWZZ 1( 1857 e + dia] |c; — dj iiﬂ

Ss = 7 7+ \ci—1+di—1| |c;j—d;]|.

i=1 j=1

Using the symmetricity of the summation on the right side of the inequality yields

(e.) o
ZZ (i — 1) eisy + dimt |ej — dj|.

Changing the order of variables in the above expression, letting i — 1 = ¢’ and then

replacing 7 = 7, one can easily obtain

oo o0
S3 <Y Y i e+ dil e — dj| < 2Uyua e — d]|. (4.19)
j=1i=j
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Finally, S4 can be interpreted as

ST = 1) ey 4 dia| [ej — dj

54—227 ‘7 3

S (= 1)75(i = 1)Pleiy + dica| |ej — dj
-y Jj=
S Z B
i—1
Y (=1 e+ dial |ej — dy|

'&8 T

<.
Il
—

1

7

.

i (Z — 1)’Y+1‘Ci_1 + di—l‘ ‘Cj — dj‘.

o,

<.
Il
-

=1

Furthermore, after some simple computations and changing the order of variables, the

above can be rewritten as

| AN

o [o.¢]
ZZ DY ey +dioi] |ej — dj|

20,41 |Jc — dl. (4.20)

IN

Substituting all the relations (4.17)-(4.20) in the main expression (4.16), one gets

8Uy+1
(Ly+1 + Lg1 + Uy + Up)

14(c) = Ald)lI= 5 |le —dl|.

Following the condition (4.15) stated in Theorem 4.1 above implies that the non-linear
operator A : l;; — l1; has a contraction mapping. Since 1 ; is a complete metric space,
the contraction mapping theorem states the operator A has only one fixed point, and

therefore, the steady-state solution ¢; is unique for any b > M;(0). O

The result proved above depends solely on the fact that the condition (4.15) holds. For
this condition, the values of the terms U,41, Ly41, Lg41, U, and Ug are needed which
require the values of the solution f;(¢). The discrete OHS equation is a coupled system

due to the term

> Cv (5 + IS, 0<B<y <1

and can be converted to a non-coupled system by altering it as

1—1
Z ST Cvlf + 50 £ £().
j=1 j=1

Thus, using the above expression, the computations for calculating the solutions f;(t)

involve the zeroth and first moments, but not explicitly. The expression of f;(¢) also
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involves the solutions up to f;—1(t). The presence of these moments creates various

problems while evaluating f;(t) as we have

ahi(t) i1 i o0
th = fica > iViengfi = i) iVigli— £ Y Viili | ().

=1 =1 j=i

Now, if we put V; ; = Cy (constant kernel), then

dfi(t)
dt

i—1 i i—1
=Cv | fic1 > ifi— £ ifi—=Mofi+ £: > f5 | ().

j=1 j=1 j=1
Since, (4.1)-(4.2) is a coagulation equation, it is obvious from the article [20] that My (t) <
My(0). Hence, the exact solution is not easily tractable. Furthermore, for the sum kernel,

ie., Vij =Cy(i+ j), the expression is written as

dfi(t)
dt

= Zw—lﬂﬁ 1fi — Z]Hyfzf] Moif; — lez+zcvz+yfzfj (t).

Jj=1 Jj=1 Jj=1

The above term involves the zeroth and the first moments, where even if M (t) is assumed
to be constant, the presence of My(t) makes it difficult to obtain the explicit value of

the exact solution. For the product kernel V; ; = Cyij, the solution appears as

" 1 ; i1
fdit) —Cy | fia Z(z —1)j%f — fi szf] — Myif; + szUf] (t).
j=1 Jj=1 J=1

Now, the loss of mass for this kernel is registered in [125], i.e., Mi(t) < M;(0), and
therefore, the exact solution cannot be obtained. Finally, for any kernel with 0 < 8 <

v < 1, the two expressions given as

D iPf) and > 5T
=1 =1

are clearly bounded by M;(t). We have explored some analytical methods to establish a
comparison with the numerical solutions. The method of moments (MOM) was used to
calculate the analytical solutions for all the cases and it was observed that the scheme
is unable to calculate the general value of f;(t). So, the authors decided to compute
the value of f; and then use it to calculate the higher f/s. However, the calculations in
MATLAB® (dsolve) show that in case of Vi j = 2, £;(0) = (1/2)" and V; ; = 2ij, f:(0) =
e*lz, the values of f, are not real. In addition, for V; ; = (i + j) and f;(0) = e, the
value of fs was reported to be ‘empty’. Therefore, in absence of the exact solutions, the

analytical values of f; for each case are compared with that of its numerical counterparts
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in Figures 4.1(d), 4.4(c), and 4.7(c). The numerical solutions show nice accuracy with the
analytical ones for all the examples and the plots can be further improved by increasing

the value of N.

4.3 Numerical Results

In this section, we consider four different test cases of numerical examples to verify the
theoretical observations. The solutions f;(t) are evaluated using the fourth-order explicit
Runge-Kutta method (ODE45) in MATLAB®. The examples presented below discuss
the properties of the solution when constant, sum and product kernels are taken. The

analysis also includes the type of kernels discussed by Davidson [20].

Test Case 1: Constant Kernel

Putting # = 0, v = 0, Cy = 1 in (4.4), the kernel V;; = 2 is obtained. The other
parameters used in the computations are initial condition f;(0) = % and ¢; = 0.5:
Figure 4.1 presents the concentration plots for the constant kernel V; ; = 2 with Figure
4.1(a) depicting the normalized solution with respect to (wrt) size when 1 < N < 50
at various time durations. The Figures 4.1(b) and 4.1(c) show the plots of normalized
solutions wrt time when t € [0,60] and log-linear plot of the concentration when t €
[0, 100], respectively. The analytical value of f; is compared with the numerical solution
in Figure 4.1(d) for N = 20 and it is visualized that they are in good agreement with
each other. In all the figures, we can see as time increases, the concentration of the
particles decreases. The Figures 4.2(a) and 4.2(b) represent the condition (4.15) plot
which confirms the steady-state and the normalized moments of the non-normalized
solution, respectively. The presence of a steady-state solution is visualized in Figure
4.3. The Figure 4.3(b) depicts the plot of the normalized f;(t) when N € [1,500].
Interestingly, it can be seen that oscillations start to appear as the value of N exceeds
=~ 320, but as the value of ¢ increases, the oscillations start to relax and a steady state
is reached. The Figures 4.3(c) and 4.3(d) are the flag-bearers for the case N € [1,1000]
and since, this case is computationally very expensive, the calculations are done only up
to t = 200. The said figures show that for the same values of N, as time progresses (from
t = 100 to t = 200), the oscillations start to settle and the authors are imperative that
the concentration will reach the steady state when the value of ¢ is increased further.
In addition to this, in Table 4.1, values of Mj(t) are summarized for three different initial
conditions. It is observed that when N = 100, very mild differences in the numerical
values are obtained for all the three cases (a), (b),(c) when ¢ = 100 and ¢ = 1000.

Moreover, for large values of N, for instance, N = 500, this similarity is observed for



Chapter 4. Steady-State Solution for Safronov-Dubovski Coagulation Equation 77

a large time scales. Hence, it is certain that the steady-state behavior of the SDCE is

achieved.
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FIGURE 4.2: Condition (4.15) plot and normalized moments for V; ; = 2

Test Case 2: Sum Kernel

Considering f = 0, v = 1, Cy = 1 leads to the sum kernel V;; = (i + j). The initial
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FIGURE 4.3: Steady-state solution for V; ; = 2

condition f;(0) = e* is taken along with ¢; = 1/e:

The Figure (4.4) presents the normalized solutions at various time durations for N =
80,100; a log-log plot of the non-normalized solution and comparison of analytical
(MOM) f; with the numerical one for N = 100. It is clear that the numerical so-
lution provides good accuracy with the analytical one. Figure 4.5(a) proves that the
condition (4.15) holds for the sum kernel which guarantees the uniqueness of a steady-
state solution. The normalized moments displayed in Figure 4.5(b) indicates that they
also tend to reach steady-state. The normalized concentration plots in the Figures 4.6(b)
and 4.6(c) show that the oscillations start to appear near N ~ 100 and as the value of
N is increased up to 500, the oscillations become more prominent for lower ¢ but as time
increases, the oscillations start to fade out.

It should be noted that similar results are observed for the initial condition f;(0) = % as
well. Also, the qualitative behavior of the concentration with respect to size is similar to
the previous case and therefore, plots are omitted here. Further, the values of the second
moment are computed which aids in evaluating the numerical bound for it. Again, it is

evident from Table 4.2 that the values of the second moment are almost similar for small
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N after a certain point in time. For large N, the time taken by the system to achieve a
certain level of energy is different for every initial condition. For example, f;(0) = e~*
takes maximum time (t=1000) to reach the approximate value 0.5, which is estimated

at t = 300 for the other two initial conditions, see Table 4.2.
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Test Case 3: Product Kernel

Now, we consider the product kernel which is given by 8 =1, v = 1, Cy = 1, i.e.,
Vi; = 2ij. Consider the initial condition as f;(0) = e~ with ¢; = 1/2.73:

The normalized solutions for N = 30, 50 and log-linear plot for N = 100 are provided at
different times in Figures 4.7(a) and 4.7(b), respectively. The analytical and numerical
values for f; are shown to be overlapping with each other in Figure 4.7(c). Similar to
the previous cases, the same observation follows for the condition 4.15 and the moments
that can be visualized through Figure 4.8. The steady-state behavior of the solution is
presented in the Figure 4.9(a) when N € [1,30]. We observe from the Figures 4.9(b)
and 4.9(c), that oscillations start to appear for a very low value of N ~ 50 but only for
small t. We would like to mention that in the case of this kernel, the time steps also
have a significant role in displaying the oscillatory behavior. One can visualize from
these figures the damping behavior of the oscillations by increasing the number of time
steps even for a large value of N. Similar to the previous cases, Table 4.3 summarizes

the values of Mjy(t) for various initial conditions.

Test Case 4: Putting 8 = 1/2, v = 1/2, Cy = 4 in (4.4), we obtain V;; = 8i/251/2.
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The initial condition is taken f;(0)
to be equal to fi(t), i.e., c; =1/2:

— o

and the steady-state solution at ¢ = 1 is assumed

A similar type of kernel was discussed by Davidson [20] mentioned in Section 1. The

normalized concentration plot of f;(¢) for N € [1,100] and its log-log plot for N = 100
with ¢ € [0,100] are shown in the Figures 4.10(a) and 4.10(b), respectively. Also, the
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condition 4.15 holds and the normalized moments show steady-state behavior, see Figure
4.11. Figure 4.12(a) displays the steady-state solutions for different values of N and ¢
while the oscillatory behavior are summarized in Figures 4.12(b) and 4.12(c). The
oscillations arise around N == 250 for all values of ¢ as can be observed through Figure
4.12(b). It is worth pointing out that this nature is present only at lower values of ¢ but
when ¢ is increased up to 100, the steady-state is visible, see Figure 4.12(c). However,
some oscillations can be seen at lower values of N (see Figure 4.12(b)), but when the
value of N is increased, the solutions become stationary. The numerical simulations for
M>(t) are reported in Table 4.4. Note that the computational time for Test cases 3 and
4 is more as compared to Test cases 1 and 2 due to high coagulation rates. Moreover, as
expected, this leads to reaching steady-state conditions earlier. We also observe that the
second moment Ms(t) is a decreasing function of time for a particular value of N and
a constant K (7T') can be found for every initial condition such that the second moment
satisfies (4.10).
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TABLE 4.1: Values of My (¢) for different initial conditions for Test Case 1

IC N t My(t)
et 100 0 38.045
100 17.476
1000 1.715
500 0 185.196
100 438.827
1000 43.218
e 100 0 36.494
100 17.589
1000 1.727
500 0 183.646
100 440.250
1000 43.270
1/2¢ 100 0 55.000
100 17.342
1000 1.705
500 0 255
100 436.514
1000 43.072
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TABLE 4.2: Values of M5(t) for different initial conditions for Test Case 2

IC N t My (t)
1/2¢ 100 0 55.000
100 508
1000 015
300 0 155
100 1.594
300 556
e 100 0 36.494
100 523
1000 051
300 0 110.070
100 1.628
300 539
1000 196
e 100 0 38.045
100 515
1000 051
300 0 111.620
100 1.618
1000 536
1500 105
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TABLE 4.3: Values of M»(t) for different initial conditions for Test Case 3

IC N t My(t)
e’ 50 0 18.1005
50 2472

70 1760

70 0 25.4581

50 .3453

70 2470

e 50 0 19.6505
50 2472

70 1764

70 0 27.6081

50 .3451

70 2467

1/2° 50 0 30.000
50 2413

70 1765

70 0 40.000

50 .3451

70 2470
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TABLE 4.4: Values of M»(t) for different initial conditions for Test Case 4

IC N t My(t)
1/2¢ 100 0 55.000
100 1.633
1000 163
300 0 155
100 9.075
1000 905
e 100 0 36.494
100 1.642
1000 164
300 0 110.070
100 9.085
1000 913
e 100 0 38.045
100 1.636
1000 163
300 0 111.620
100 9.073
1000 907




Chapter 5

A Novel Optimized Decomposition
Method for Smoluchowski’s Coagulation
and Multi-Dimensional Burgers

Equations'

In this chapter, we focus on the continuous version of Smoluchowski’s equation modeling
coagulation phenomenon [24] and the multi-dimensional Burgers equation [25, 32, 33].
Let us recall the coagulation equation which is written as

ou(t,z) 1

= /Om a(z —y,y)ult,z — y)u(t,y)dy — u(t, z) /OOO a(z,y)u(t,y)dy,  (5.1)

for z € R* :=]0, 00[,t € [0, 00 and with initial datum
u(0,2) = ugp(z) > 0. (5.2)

The one-dimensional Burgers equation [25, 31] is written as

ou @ B 0%u

Eﬂbax _VW_Ff(xvt)a (5.3)

with the initial data
u(x,0) = ug(x). (5.4)

!This work is published in Journal of Computational and Applied Mathematics, 419, 114710, 2023
and Mathematics and Computers in Simulation, 208, 326-350, 2023
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The system of two-dimensional Burgers equation [32] is expressed as

%4_ @+ @ 1 [(0%u  O%*u
ot " “or "oy T R. ’

TR \0a? T o

ov n ov N ov 1 (0% n 0%v (5.5)
—tu—Fv—== |5+ .
ot Ox Oy Re \0x%2 0y2)’
with the initial values
U(LU,y,O) :fl(xuy)v U(‘T’y70) :fQ(J"’y)a V(l‘,y) €D (56)
and boundary values
u($7yat) :gl(xayat)a U(.%,y,t) 292(%2/775)» V(l‘,y) € 8D7 (57)
and the three-dimensional BE [33] is defined as
gu—ugu—i—y 8—2u+a—2u+8—2u (5.8)
ot Ox Ox2 Oy? 022 )" ’

Recently, an article by Obidat [67] pointed out some demerits of the Adomian decom-
position method (ADM) such as slow convergence [126] and inability to deal with the
boundary conditions [127]. To overcome these issues, the author [67] introduced a new
optimized decomposition method (ODM) for solving non-linear ordinary and partial
differential equations and showed using numerical examples that ODM is much more ef-
ficient than ADM. Further, in [68], the ODM has been used to evaluate the approximated

solutions for the second-order differential equations.

Therefore, it would be interesting to implement the ODM to compute the series solutions
for the famous partial differential equation such as Burgers equation and integro-partial
differential equations, in particular, the coagulation equation, and conduct a compara-
tive analysis with the existing ADM [58]. So, this chapter is an attempt to introduce
this method for the equations (5.1) and (5.3) and analyze the results theoretically and
numerically. Additionally, as seen in the literature, the semi-analytical methods are
known to be extended to multi-dimensional problems, it piques interest to develop the
extension of ODM to compute the series solutions for the two and three-dimensional

coupled Burgers equations.

We have considered several numerical examples and it is observed that ODM gives
better agreement with the exact solution as compared to the well-established Adomian
decomposition method (ADM) provided in [128] for all the cases considered for 1D
Burgers equation. It is shown that the series solutions are convergent to the exact

solutions in most of the cases. Moreover, by taking finite term approximations, the
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numerical simulations are in excellent agreement with the analytical solutions for all the
cases of 2D and 3D problems. Interestingly, ODM is able to obtain the series solution for
a two-dimensional case where exact solution is not available and is validated by numerical
results. In addition, the results for the coagulation equation are validated using several
test cases including a(z,y) = 1l,a(z,y) = (v + y),a(z,y) = zy with u(0,z2) = e *.
Further, the comparison with the approximated solutions computed using ADM is shown

to justify the novelty of the technique.

The chapter is organized as follows: Section 5.1 includes the preliminaries for ODM. The
application of ODM to the coagulation equation, the theoretical results related to the
convergence analysis, and the numerical examples are presented in Section 5.2. Section
5.3 presents the implementation of ODM to the one-dimensional Burgers equation along
with the theoretical error estimates. The extension of ODM to the system of PDEs
and its application to the two-dimensional BE are part of Section 5.4 and Section 5.5,
respectively. The last Section 5.6 depicts the numerical test cases for one, two, and

three-dimensional test cases and establishes the accuracy of the proposed method.

5.1 Optimized Decomposition Method: Preliminaries

Consider the equation of the type

AUt @) = Mlu(t, z)), (5.9)
ot
with the initial condition as given in (5.2) and where M is a non-linear operator in w.

The solution of the above equation is written as

u(t,z) = ug(z) + L7 (M[u(t,z)]), (5.10)
where £7! is the inverse operator of £ = %. The main idea of this method revolves
around obtaining a linear approximation to the non-linear problem. As in [67], under
the assumption that the non-linear function F' (%u, u) = %u — M u] can be linearized
by a first-order Taylor series expansion at ¢ = 0, the linear approximation to F can be

obtained as

ot ot
where
oM
= — . A1
0= (511)
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The above approximation leads us to a linear operator R defined as
Rlu(t,z)] = M[u(t,z)] — C(x)u(t, z),
which is not easily invertible. Thanks to [67], the solution
oo
u(t,z) = u(t,z) (5.12)
k=0

and the coefficients wuy(t, z) are determined by TABLE 5.1

TABLE 5.1: Table of the coefficients for ODM

uo(t, ) uo(x)
ui(t, z) L7 (Qo(t,x))
ua(t, x) L7 (Q1(t,x) — C(z)ui(t, z))
g1 (t, x) L7V (Qu(t,x) — Ox)(up(t,z) —up_1(t, ), k>2

where - -
Qilt,2) = o [M <Z 0’ui(t,x)>] : (5.13)
1=0 6=0
and . .
M [Z ug(t, x)] = Qul(t2). (5.14)
k=0 k=0

The following proposition discusses the condition required for the convergence of this
method.

Proposition 5.1. Let the coefficients of the series solution be determined by TABLE
5.1 and the series > oo qur(t,x) is convergent then u(t,z) is the solution of equation
(5.9).

Proof. Given that

> ug(t,x) = ug(x) + L7 (Qg(t, ) 4 [Q1(t, ) — C(z)uyi (t, z)] + [Qa(t, z) — C(x)

k=0

(ug(t,z) —ur(t,z))] + ... + [Qn-1(t,z) — C(z)(up—1(t,x) — up—a(t,z))] + .. ) .

Simplifying the above equation followed by using the convergence of the series Y _p- j ui(, z)

which ensures that limy_, ur = 0, we get

> et ) = uo(w) + L7 Y Qult.a) ).
k=0 k=0
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The equation (5.14) and w(t,z) = > 72 uk(t, ) yield

u(t, ) = uo(x) + L1 <M[i ug(t, w)} ),
k=0

and so Llu(t,z)] = Mu(t,x)]. Hence, u(t, z) is the solution of (5.9). O

Remark 5.2. Note that the iterative scheme for ODM reduces to ADM if C(z) = 0.
Also, let us define the coefficients and the n-term series solutions for ADM as v (t, )

and ¥, (t, x), respectively, where 1, (¢, z) is given as
Un(t, ) =Y op(t, ). (5.15)
k=0

Remark 5.3. As explained in [67], ODM is an optimized method in the sense that the
approximation R[u] = %u — C(z)u is the best linear approximation to F (%u, u) near

t =0, i.e, near the initial data u(0, x).

5.2 ODM Implementation for Coagulation Equation

In this section, the general expression for the n-term series solution is provided for the

coagulation equation (5.1). For this, define the non-linear operator M as

Mu(t.0)] = 5 [ alo = pauttz =~ putt. iy~ ult.o) [ alzpult iy 6.6

then using Leibnitz rule (differentiating wrt wu(t,z)), we obtain

1

Cla) =3 | ale=yupu.is— [ atwyyuto.niy (517)

Having (5.16) and (5.17), the linear operator R becomes

R{U(t, JJ)] = % /Om a(CC -y, y)U(t, T — y)u(t, y)dy o u(t, x) /Ooo a(x’ y)u(t’ y)dy
_ (% /09” a(r —y,y)u(0,y)dy — /OOO a(z,y)u(0, y)dy>u(t, ).

Setting k = 0 in (5.13) and using (5.16), the term Q) is written as

o0

Qlt,2) = (; | ete = wputta =~ oty — wit.z) [

a(a:, y)“()(ta y)dy> )
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so that,

1 x o0
it ) = £ (2 | ate = uott.o = puott. iy — wolt.#) [ e, p)ue, y)dy> .
0 0
(5.18)
Further, k£ = 1 in (5.13) yields

Ql(t> x) = % /Ox a(:r - Y Z/) (UO(t, L= y)ul (t7 y) + ul(t7 T — y)uo(t> y))dy

- /Ooo a(x,y) (uo(t, x)ui(t,y) + ui(t, x)uo(t, y))dy,

which using (5.17), gives

up(t,o) = L7 (; [ ot =) (salto = )+ 2 = )t ) )

_ /Ooo a(z,y) (uo(t, x)uy(t,y) +ui(t, v)uo(t, y))dy

o0

—u1(t, x)(% /Ox a(z —y,y)u(0,y)dy —/0 a(ﬂ%y)U(O,y)dy))- (5.19)

Finally, for £ > 2 and only when i + j = k, we have

k

1 T k 00 k
Quit.) =5 [ alo =y (Dt —0) Y uslen)dy— [ atw) (Y uwttn) Y us(e.n)d
0 i=0 =0 0 i=0 =0
and
1 e k k
wpsr(t,a) = L7 ( | ate = p) (X wltr -~ ) > wslt))ay
0 i=0 j=0
o k k
_ /O a(x,y)(zui(t,x)Zuj(t,y))dy—C(x)[uk(t,@—uk1(7:,9;)}). (5.20)
=0 j=0

Hence, the n-term series solution for (5.1) becomes

on(t,x) == Zuk(t,x) =up(z) + L7 (Qo(t,:):) +[Q1(t, ) — C(x)ui(t, z)] + [Q2(t, ) — C(x)
k=0
(uQ(tv x) —u <t7 .%'))] +.F [Qn—Q(tv ‘T) - C(.’L‘)(un_g(t, 1‘) - un—?)(tv 1‘))]

+ @t 2) = C2) (un1 (L, 2) — un—a(t, w))])-
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Simplifying the above equation enables us to have

On(t,z) :=uo(z) + L™ 1<ZQk 1(t,z) — C(x )un_l(t,x))

w)+ L 1(M (s (t, ) C’(az)un_l(t,x))

)+ L7t (M(nzluk ' :c)) — O(@)un_1(t, m)).
k=0

5.2.1 Convergence Analysis
Consider the Banach space B = (C([0,T]) : L'[0,00), ||-||) with the norm defined as

|lul]|=sup /Oo|u(s,x)|d:v < 00, (5.21)
s€[0,7]J0
and D = {u € B : ||u|]|< 2L}, where L > 1/2. Using the expression of solution from
(5.10) and the definition of function M from (5.16), the equation (5.1) is expressed in
the following form
u = Au, (5.22)

where A : B — B is a non-linear operator defined by
Au = ug(x) + L7 (MTu(t, x)]). (5.23)

Now, taking into account the recursive scheme for (5.1) and using (5.23), the n-term

series solution becomes

t
On = App_1 _/0 C(x)up—1(s,z)ds. (5.24)

To establish our main findings in Theorem 5.5 below, the following theorem is required
which states an important result regarding the contraction mapping of the operator A.
The result plays a significant role in proving that the sequence {¢, } is a Cauchy sequence

which finally proves that the series solution converges towards the exact solution.

Theorem 5.4. Let the operator A be defined in (5.23) such that a(x,y) =1,V x,y €
(0,00). Then A : D — D is a contraction map, i.e., ||Au — Au*||< d|lu — u*||, V
u,u* € D if

6 = Texp(2TL)|||uo||+2TL* + 2TL) < 1

holds, where L > 1/2.
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Proof. To establish the contraction mapping of A, the above equation can be written in

the following equivalent form

ilu(t. ) expl (a1 0] = 5 exolH et [ ate = yduttsa = puct )iy,

ot
t o]
H(g;,t,u):// a(z, y)u(s, y)dyds.
0 JO

Thus the equivalent operator A is given by

where,

Au = ug(z) exp[—H(x,t,u)]—i—% /Ot exp[H (z,s,u)—H (x,t,u)] /Ox a(x—y,y)u(z—y, s)u(s,y)dyds,
(5.25)

where A maps D to itself. Let, u,u* € D and define W(z,s,t) = exp[H(z,s,u) —

H(z,t,u)] —exp[H(z,s,u*) — H(z,t,u")], then

Au— Au = ug(2)W (2,0, 1) + % /Ot <W(x7 5.1) /Oxu(s, v y)u(s,y)dy) ds

_ % /Ot (exp[H(x, syu*) — H(:c,t,u*)]>

(/Ox u*(z =y, s)(u(y, s) — u*(y, s))dy + /Ox u(y, s)(u(r —y,s) —u(r -y, 8))dy> ds.
(5.26)

We shall now obtain a bound on W(x,0,t) and W (z, s,t) as

oo [ [ attvis] e[ - [ [ o]
o[- // ] (1 - o - // i+ [ [ o] )

<exp[// Tydydr](t—s)Hu—u ||, using 1—exp[—z| <z, Vz

W (a, 5,8)| =

< texp[2tL]|lu — u*||.
Now, using the definition of norm (5.21), the Eqn. (5.26), one be easily expressed as
- - t 71 5
u | < texpieclfu = ol (ol [ (S0Pl )
<texp[2tL]||u — u*||(||uo||[+2tL? + 2tL) < T exp[2T L](||uo||+2TL? + 2TL)||u — u*||.

If 6 = T exp[2TL](||uo||+2TL? 4+ 2TL) < 1, then A is a contraction mapping on D, and
so is A. O
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Theorem 5.5. Let the coefficients of the series solution for the coagulation equation
(5.1) be determined by the equations (5.18)-(5.20) and ¢, be the n-term series solution
defined by (5.24). Then, ¢, converges to the exact solution u with

577’1
1-46

[lu = éml|< [uall, (5.27)

if the following conditions hold

(A1) § = Texp(2TL)[||uo||[+2TL? + 2TL] < 1, where L > 1/2, and ||u1||< 2L.

(A2) ||tm—1 — Up—qy1)||< &, for 0 <1 < (m — 1) where e = L such that p > 1.

(A3) C(z) € L™(B,||o) where || is the essential supremum norm, i.e., |C(z)|< k
for some k € RT.

Proof. Following (5.24), consider

t t
[|pn — dml|= HAgbnq —/ C(x)up—1(s,z)ds — Adm—1 +/ C(x)um,l(s,a:)dsH.
0 0
The triangle inequality gives us
t
= o 11401 = Abmal ]| [ CC@) (tr1(5,2) = 15,0 ]
Theorem 5.4 yield
t
= bl < bligms = bl +]] | CCa) (wia(s,2) = s (3,0 ] .

Putting n = m + 1 in the above expression, using (A2), and further simplifications lead

to

Pm+1 — Emll < 6l[dm — dm—1[|+et|C ()]
t t
= 5‘ ‘Aqﬁm_l — / C(x)um—1(s,z)ds — App—2 — / C(x)um_Q(s,x)dsH + et|C(2) |
0 0

< 5(8l16m-1 — Small+2tC(@) s ) +£t|C(@)]oc

< 5m”¢1 _¢0H+6tk) (1+(5+52+_“+5m—1) )
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Now,

|6n = dml| < ||dm+1 — dml[+|Pmi2 = dmial[+- - + [[¢n — Pl
< [0™]|¢1 — dol|+etk (L+5+ 6% +...+ 6™ 1)]
+ [0 g1 — o |+eth (1 + 6+ 6% +...+6™)]
o [0 o1 — gol|Heth (L+6+6%+...+6"7%)]
= (6m+6m+1+...+5”_1) [|p1 — ool
+etk[(1+04+64 ...+ N+ 1 +5+0%+...+6™)

T € o . R A |

_ o —omm (L—0m) | (1—mth) (1 -6
_1—_5|\¢1—¢0||+5tk[ 1—s + =3 +"'+ﬁ

For a suitable tp and thanks to (A1), the above expression becomes

om €t0k‘
— <

(n—m). (5.28)

1
mP

Since, % < 1, using (A1), we have ||¢y, — ¢, ||< 2L. Thus, 3 a ¢ such that lim, o ¢, =
¢ and so u =Y ;7 up = lim, o ¢, = ¢, which is the exact solution of (5.22). Finally,

Finally, using (A2) and # < the above expression converges to zero as m — oo.

fixing m and letting n — oo in the equation (5.28), we obtain the theoretical error bound
(5.27). O]

5.2.2 Numerical Examples

This section includes the implementation of ODM for several test cases of coagula-
tion equation (5.1) considering three different kernels, i.e., constant (a(z,y) = 1), sum
(a(z,y) = z+y) and product (a(x,y) = xy) with the initial condition up(x) = e™*. The
calculations of the approximated solutions and other requisite computations are done
with the help of MATHEMATICA®. To establish the accuracy of ODM, the series
solution is compared with the available exact solution for concentration and moments.
Further, the ODM results are also compared with the findings of ADM proposed in [58]
and it is shown through graphs and tables of errors that ODM enjoys better estimates
than ADM.

Example 5.1. Consider the case of constant aggregation, i.e., a(x,y) = 1 with ug(z) =

—X

e~*. The exact solution in this case is given in [129] as

4 2x

u(t,x) = PRI _ 2z

e 2+t
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Using the equations (5.16), (5.17) and (5.18-5.20), one gets

1 1
C(z) = §(sinh(x) — cosh(z)) — 3 up(x) =e™ 7,

te " (z — 2)
ulh ) ="

672xt2 —x42 5

e—3T43 e 243 5 3 e 242 3 e~
ug(t,x) = 2373!(—2 +x)+ 533 (8 — 8z + %) + (—1)°3! 2373!(—2 +x)+ (—1)°2! 5331 (—2+x)

e ® 4 9

+ 5331 (z° + 25z — 10x“ — 29/2),

e—4xt4 9 5 5

ug(t, o) = W(_Q + ) + 9e*(—32(—2 + ) + t(23 — 20z + 2z7)) + 9¢“*(—16(4 — 62 + x*)+

tau(—101 + 138z — 262% + 22%)) + €3*(=72(15 — 20z + 42?)
+ (1073 — 2511z + 149422 — 30023 + 182%))).

As we proceed further, the coefficients become more complex but thanks to MATHEMATICA®©,

higher terms can be computed using the equation (5.20).

0.5
0.2}
00f= — ER
g 7‘_,7_ g 0.0 7;’“
w 021 Uy T Us =
£ E
5 -04f U U 5 03 ul us
g g —
S -osf us S " s
-Lor —uy — u
~0.8F — Uy ug 3 7
T U4 ug
-0} -15
0 2 4 6 8 10 0 2 4 6 8 10
Size Size
(a) Coeflicients plot at t =1 (b) Coefficients plot at ¢t = 1.5

FI1GURE 5.1: ODM coefficients plot for Example 5.1

Figure 5.1(a) and Figure 5.1(b) graphically depict the coefficients u(t,z) of ODM for
k=1,2,...,8att = 1 and t = 1.5, respectively. These coefficients plot help in
deciding which n to choose to compute the non-negative approximate solution ¢y, (¢, x).
For instance, at t = 1, the most negative value contribution is from wuq(¢,x) but the
positive value contribution from us(t, z) and us(t, ) can not surpass this negative value.
Further, it is easy to see that uy (¢, x) and us(¢, x) are again negative, but the addition of
the positive value of ug(t, ) gives the non-negative 6-term solution ¢g(¢,x) as the first
desired non-negative solution whose value is interestingly close to the exact solution

u(t,x). By following Singh et al. [58], Figure 5.2 shows the plot of the coefficients for
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FIGURE 5.2: ADM coeflicients plot for Example 5.1

the approximate series solutions computed using ADM at ¢t = 1 and t = 1.5. These
coefficients are denoted by vi(t,z) and it can be observed that v (¢, x) is negative for
odd values of k£ while positive for even values of k for both values of ¢. This leads to the

negative of ¥ (t, z) for odd k, which is not the case for the ODM coefficients for any k.

0.6[F

0.5F

Concentration
Concentration

FIGURE 5.3: Series solutions using ODM at ¢ = 1 and ¢ = 1.5 for Example 5.1

To see these finite term solutions ¢, and v, for various values of n, the comparison with
the exact number density is provided at time ¢t = 1 and ¢t = 1.5 for ODM in Figure 5.3 and
ADM in Figure 5.4. One can also visualize the decreasing behavior of the concentration
(u, ¢, and 1hy,) as size increases which confirms the aggregation of particles. In addition
to this, Figure 5.3 depicts that as time increases from ¢ = 1 to ¢ = 1.5, concentration
value reduces. It is evident from Figure 5.5 that the 8-term solution g by ADM and
6-term solution ¢ by ODM are close to the exact solution u(t,z) at t = 1. Further, at
t = 1.5, 114 is nearest to u(t,z) whereas only 8-term solution ¢g is required to get the

same accuracy with the exact solution. This indicates the advantage of using ODM over
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FIGURE 5.4: Series solutions using ADM at ¢t = 1 and ¢t = 1.5 for Example 5.1
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(a) Comparison of ¥s(t, ), ¢s(t,z) and u(t,z) at (b) Comparison of ¥14(t, z), ¢s(t,x) and u(t, z) at
t=1 t=1.5

F1cUure 5.5: Comparison of ODM, ADM and exact number density at ¢ = 1 and
t = 1.5 for Example 5.1

ADM. Moving further, the efficacy of the two methods is also compared by calculating
the moments of the approximated solutions and comparing them with the moments of

the exact solution. The r** moment of the exact solution is defined as
o
umact () — / st 2)da, (5.29)
0
while for the ODM and ADM approximated solutions, it is given by

WP = [T ot it = [ avaes 530
0 0

respectively. These moments are relevant physical quantities with zeroth moment (ob-
tained by putting » = 0 in (5.29)) being the total number of clusters and the first moment
(r =11in (5.29)) gives the total mass (volume) of the system. Putting r = 2 gives the



Chapter 5. A Novel Optimized Decomposition Method for Smoluchowski’s Coagulation

and Multi-Dimensional Burgers Equations 102
140*\\\ I — llOE)I(act 1.0007 _ .
S ADM
0.9f \\ Hos 1 0998t
= . ODM - — e
15) \ Hos ]
g 0.8f 1 g 0996 | — 1 gADM
= S
= 07 1 = H1,8°PM
= = 0994
5 <
N 0.6 1
0.992f
05
. . . ; 0.990t, , , , , g
0.0 0.5 1.0 15 20 0.0 02 0.4 0.6 08 1.0
Time Time
(a) Zeroth moment (b) First moment

FIGURE 5.6: Moments comparison: ODM, ADM, and exact solutions for Example 5.1
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FIGURE 5.7: Second-moment comparison: ODM, ADM and exact solutions for Exam-
ple 5.1

second moment which is defined as the energy dissipated by the system [22]. In Figure
5.6, the zeroth and first moments are computed using 8-term series solutions of ODM
and ADM and the results are compared with the exact moments. It is well known that
the number of particles in a coagulation system has a decreasing trend and is justified
by the moments plotted in Figure 5.6(a). However, it is visualized here that ué?M (t)
starts to get away from pf®e(t) approximately around t = 1 whereas ,ugg)M (t) gives
nice accuracy. Since Figure 5.5 concludes that ¢g is closest to the exact solution u at
t = 1.5, it is imperative that ODM will give the best approximation, but the method is
performing well even when time is increased up to t = 2. The first and second moments
using approximated solutions ¢g and g are compared with the corresponding exact
moments in Figures 5.6(b) and 5.7. The increasing nature of the second moment plot,
as time progresses, shows that more energy is dissipated with time. This is due to the
formation of bigger particles due to the coagulation process. It needs to be mentioned

here that for i = 1,2, ,uggDM(t) and ufg)M(t) estimate p*2¢(t) very well.

%
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FI1GURE 5.8: Absolute error plots for ODM and ADM series solutions for Example 5.1

TABLE 5.2: Comparison of numerical errors in computing approximate solutions using
ADM and ODM for Eqn (5.1) with parameters as given in Example 5.1

n 2 3 4 5 6 8
ADM at t=0.5 0.023 0.006 0.002 45x10* 12x10* 83x10°6

ODM att=0.5 0.054 0.014  0.007 0.002 4.6 x107* 3.6 x 107°

ADM at t =1 0.149  0.082  0.044 0.024 0.013 0.004
ODM at t =1 0.178 0.086  0.036 0.015 0.008 0.003
ADM att=15 0.428 0.353 0.287 0.231 0.184 0.115
ODMatt=15 0.328 0.230 0.010 0.075 0.060 0.027
ADM at t =2 0.882 0972 1.054 1.131 1.200 1.332
ODM at t =2 0.517 0441 0.286 0.295 0.245 0.166

The novelty of ODM can also be justified by looking at 3D plots in Figure 5.8 which
provides the absolute error between the exact and the approximated number density
computed using 8-term series solutions for both the methods. We also summarize the
numerical errors associated with the ADM and ODM at ¢t = 0.5, t = 1, t = 1.5, and
t =2 in TABLE 5.2. These errors are computed by dividing the interval [0, 10] into N
sub-intervals [x;_1 /2, ;41/2],4 = 1(1)N. Each interval is represented by the mid-point

Ti—1/2FTit1/2
2

T; = and the error is computed using the following rule

N
Error = Z &8 — w;lhy, (5.31)
=1
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where & = &,(t,z;) and u; = u(t, ;) are the series and exact solutions with step size
hi =i 12— 12 All the computations are done by considering N = 100 and h; = 0.1
V i. The table clearly shows that the error for ADM is less than ODM when ¢ = 0.5.
But when the value of t is increased which is a more realistic scenario, the error for
ODM is seen to be lower than the error associated with the ADM. There is a significant
difference in the error for ODM and ADM at ¢t = 2 which claims the superiority of the
novel method. Furthermore, TABLE 5.3 presents the order of convergence at ¢t = 2 and
it indicates that ADM has a slower rate of convergence than ODM. Although, as h tends

to 0, the order of convergence for both methods approaches 1.

TABLE 5.3: Order of convergence using ADM and ODM at ¢t = 2 for Eqn (5.1) with
parameters as given in Example 5.1.

h ADM ODM
0.5
0.38 0.92
0.25
0.63 1
(0.25)/2
0.82 1
(0.25)/4
0.89 1
(0.25)/8

Example 5.2. The computation of ODM series solution for the aggregation parameter

T

a(xz,y) = (z + y) with exponential initial value ug(z) = e™* is done and the simulation

results are compared with the exact solution defined in [150] as

e texp(z(e™ —2))I1 (2zV1 —e7?)
V1 —et .

u(t,x) =

Following equations (5.16), (5.17) and (5.18-5.20) give us

C(x) = %$(Sinh(x) —cosh(z) —1) =1, wug(z)=¢€"",
it z) = %te_m(az(l‘ _9)—9),
ua(t, z) = 27147526*2%; (%22 + 3)((z — 6)x + 6) +3((x — 2)z — 2)),

usg(t,x) = %th*Sx (=72¢" (2% — 22 — 2)(z + €”(z + 2) + t(12((z — 2)z — 2)2%)))

+ e (222 (z(x(20% — 172 + 2) + 144) — 84) — 177) — 180)

1
+ %tSe_ngxQeI(xS — 922 + 9z).
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Figure 5.9 shows the comparison of the exact concentration with the approximated 10-
term series solutions obtained by using ODM and ADM. In addition, it also presents the
comparison between the exact and numerically approximated zeroth moment. Since the
aggregation rate is more than the constant rate, it is seen that less number of particles
are left at the end of the process. The number obtained after ¢ = 1 is approximately
the same as in the previous case after ¢ = 2. The plots of the first and second moments
considering ¢19 and 1¢ are shown in Figure 5.10 along with the analytical moments. It
is observed that ODM predicts all the moments better than ADM. The absolute errors
for both the techniques in computing the series solutions using 10-terms are depicted

in Figure 5.11. Again, one can see that ODM enjoys better estimates as compared to
ADM.

Concentration
Zeroth Moment

0.0 02 04 0.6 08 1.0
Size Time

(a) Comparison of approximated and exact concen- (b) Zeroth moment
tration

FI1GURE 5.9: Comparison of solutions and zeroth moment for Example 5.2

R 'ulExact 1401 J— ’quxact
15 — p1,10"PM 1 10f — p,10%PM
-
S ool
g 1,10°PM g 100 H2,10°PM
g 5 gl
§ 10F s 80
= '% 60
B Q
~ st O 40r
%)
201
0.0 02 04 0.6 0.8 1.0 0.0 02 0.4 0.6 0.8 1.0
Time Time
(a) First moment (b) Second moment

FI1GURE 5.10: Moments comparison: ODM, ADM and exact solutions, for Example,
5.2
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FI1GURE 5.11: Absolute error plots for ODM and ADM series solutions for Example
5.2

TABLE 5.4: Comparison of numerical errors for ADM and ODM with parameters as
given in Example 5.2.

n 6 7 8 9 10 11

ADM at t=0.5 0.003 0.002 0.001 0.0009 0.0006 0.0004

ODM at t =0.5 0.008 0.0075 0.004 0.0043 0.002 0.002

ADMatt=1 0.226 0.352 0.500 0.593 0.808  1.187

ODMatt=1 0.196 0.317 0.281 0.436 0367  0.449

Additionally, the numerical errors at ¢ = 0.5 and ¢ = 1 are given in TABLE 5.4 which
proves that ODM is a better method to obtain an approximate solution for the Eq. (5.1)
having sum aggregation rate. It is worth mentioning that the order of convergence, in

this case, has similar observations as in the previous example.

Example 5.3. Now, consider the case of product kernel a(x,y) = xy with initial data
uo(x) = e~*. For this case, the analytic number density is provided in [129] as
o0 k,.3k
thx
t _ o lz—x .
ult,z) = e kZ_OF(ZkJrQ)(kJrl)!
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FIGURE 5.12: Series solutions for n = 3,4,5 using ODM and ADM at ¢t = 0.5 for
Example 5.3
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FIGURE 5.13: Absolute error plots for ODM and ADM series solutions for Example
5.3

Using the equations (5.16), (5.17) and the recursive scheme from equations (5.18-5.20)

yield
Cl) = % @+ 2 —1)], uole)=ec,

ui(t,z) = %te_zx (z* —12),

ug(t,z) = %Oth_%m (15 (e” — 1) (z + 2) (z° — 12) + e“z (2* — 602 + 360))

us(t, ) = IZB;ZO (28(—1 + )(2 + 2) (= 1542 + ) (—12 + 2%) + €*(—=90(—12 + 22))))
+ if);z) (28(—1 + €®)2(2 + 2)(—360 + 2(180 + (30 — 45z + 2%))))
+ f;‘;;:; (—1680(264 + (240 + (120 + (38 + 52)))))
+ %(443520 — 866251 + 20160z

+ 2*(=10080 + 2*(—3360 + 2*(3696 + x*(56 — 148z + x%)))))).
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Figure 5.12 represents the approximate solutions ¢, and 1, when n = 3,4 and 5. Similar
to the previous examples, we notice a similar trend for concentration and moments. It is
unequivocal that the ODM series solution provides a better approximation than ADM.
It is mentioned in [58] that ADM needs 8-term solution to get a good agreement with
the exact solution. However, here one can notice that ODM needs only 5 terms. Moving
further, the absolute errors in computing ODM series solution (¢5) and ADM solution
(15) are presented in Figure 5.13 which clearly claims the superiority of ODM over ADM.
The TABLE 5.5 depicts the comparison of error (defined in (5.31) with N = 1000 and
hi = 0.01) values for the ADM and ODM for different values of n. Again, it is noticed
that the errors for ODM are lower than the errors of the solution computed using ADM.
Note that, in this case as well, both ODM and ADM provide first-order convergence but
the values due to ODM are slightly closer to 1 as compared to ADM which shows the
superiority of ODM. The following Remark 5.6 presents some important observations
regarding the advantage of the method.

TABLE 5.5: Numerical errors in computing approximated solutions using ADM and
ODM at t = 0.5 with parameters as given in Example 5.3.

n 3 4 5
ADM 0.175 0.221 0.220
ODM 0.123 0.144 0.086

Remark 5.6. It is important to note that in the case of constant and sum kernels, when
the value of t is increased, error values using ODM are significantly lower than ADM.
However, for the product kernel, where the rate of aggregation is highest among all, the

ODM gives better results even at lower values of ¢.

5.3 ODM Implementation for 1D Burgers Equation

In order to understand the implementation of ODM for the one-dimensional Burgers

equation, we shall first define a non-linear operator M as

Mw(z,t)] = fwg—w (5.32)

and as a result, it gives

Owg s
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Using (5.32) and (5.33), the operator R can be written as

Riwe, ) = 02 4 (290 o (7)) oo
w(@, t)] = ~wa- 5y T Wo % c(x,t).

The definition of Qx(x,t) from equation (5.13) and M from (5.32), the following can be

obtained

Owg(z,t
Qol, 1) = () 2200
so that,
¢ Owp(z,t) 0?
_ N ot L, 0 _ 34
wi (2, 1) /0 (= wolee. ) ™0 0 1))t (5.34)
For k > 1, we have
k k
Qr(z,t) = —Zwi(x,t)zwja(j’t), only when i+ j =k,
i=0 =0
to give
wa(z,t) = L1 (Ql(a:,t) - C(:c)wl(x,t)), (5.35)
and for k > 2,

2

Wi (2,8) = L7 Qu (e, ) + u;;zwkl(m, t) - C(x) <wk(x, £) — w1 (z, t))]. (5.36)

Convergence Analysis

Consider the Hilbert space H = L?((a, ) x [0,7T]) with the set of applications:- w :

(o, B) x [0,T] — R with
/ w?(z, 8)dsdt < oo.
(,8)%[0,T]

Writing the Burgers equation in the operator form gives

9w ow

B[’LU] = I/W — wa?’

(5.37)

where B : H — H is an operator in H. Now, taking into account the recursive scheme,

the n-term series solution ¢, := Y, _, wg(z,t) becomes

t
b = w0+ A1 /0 O()wn1(z, 5)ds, (5.38)
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where A : H — H := £~ 1(B). The result below plays a significant role in proving that
the sequence {¢,} is a Cauchy sequence which finally establishes that the series solution

converges towards the exact solution.

Theorem 5.7. The following is true for the operator B:

(H1) (B(w) — B(v),w —v) > k||lw —v||?, k> 0,Yw,v € H.

(H2) for any M > 0, there exists a constant C(M) > 0 such that for w,v € H, with
[lw||< M, ||v||< M, we have (B(w) — B(v),w —v) < C(M)||w — v||||w]|, for every
we H.

Proof. The proof of this theorem can be followed from (Section 6, Theorem 1 [131]). O

Theorem 5.8. Consider A be an operator from a Hilbert space H to H and the truncated
series solution be defined by the Eq. (5.38). Then the series solution converges to the

5m—1 +5m
l|[w — ¢m||< (1_5>le”7 (5.39)

exact solution w with

if

(A1) 30 <6 <1 such that || Alwo + w1 + . .. + wi]||< §||Alwo + w1 + . .. + wi_1]||, with
Alwo] = wy (see [132]).

(A2) {w,} is a Cauchy sequence, i.e., for any n > m, ||w, — wy||< &, where e = L

such that p > 1.

(A3) C(xz) € L*(H,|"|~) where |-|~ is the essential supremum norm, i.e., |C(z)|< k
for some k € RT.

Proof. Following (5.38), consider

t t
60 = mll=|[ 4601 = [ Cloln-a(e,5)ds = Admos + [ Clawnr(a, s
0 0
The triangle inequality gives us
t
= 6l < 141 = Abuuall+]] | Cl@) (wra(e.5) = wa(o. ) ]

Theorem 5.7 and assumption (A1) yield

t
16 — dml| < 8||Alwo + wi + . . wna)||+6]| Afwo + w1 + . ..wm_2]|y+H /O O(x) (wn_1(z, 8) — win_1(z, ) dsH

< (o 5m—1)Hw1|y+H /Ot C(x) (wn_1(x, 8) — wWm—1(z, 5)) ds‘ ]
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Using (A2) and (A3) lead to
| fr — || < (771 4+ 6™ 1) |Jwr | |+tke.

Putting n = m + 1 in the above expression and further simplifications provide
dma1 — dml] < (6™ + 6™ 1) | |wy || +tke.

Now,

|6 — Gmll < ldm+1 — Sml|+||@mt2 — Pmall+- . + ||dn — Pn1l]
< (0™ + 6™ ) ey || the] + [(0™FL + 6™) ey || £the] + . .. + [(677 + 672 |Juwn || +-the]
=[5 4 2(6™ 4+ 6™ L 677 2) + 677 |wy ||+ the(n — m)
B <5m—1(1 _gnmmy g1 — gremely

T 5 )HwﬂH—tke(n—m).

For a suitable ty and thanks to (A1), the above expression becomes

5m—1 + §m

60 = < (S p =5 ) ull+etokn — m). (5.40)

Finally, using (A2) and # < #, the above expression converges to zero as m — oo.
Thus, 3 a ¢ such that lim,_ .. ¢, = ¢ and so w = ZZOZO wi = limy, o0 ¢, = ¢, Which is

the exact solution of the Burgers equation. Finally, fixing m and letting n — oo in the

equation (5.40), we obtain the theoretical error bound (5.39). O

5.4 Extension of ODM to System of PDEs

Consider the non-linear system of PDEs of the type (5.5)

15, 2 0?2

aw(x,y,t} - V@w(az,y,t} + l/ain’lU(l’,y,t) + Ml[w(:z,y,t),v(x,y,t)],

D sy t) = v (@, ) + 1Pty 8) + Mafeo(, ), (g, 8, (541)
atv x’:y’ - V8x2v x’:y’ y8y2v $7y7 2 w z’ y? 7U :E’ y? b .

with the initial conditions mentioned in (5.6). The solution of the above equation is

formulated as

_ 0? 0?
wlent) = o)+ £ (gt + vyl nt) + Mafue,s.0),0(0,0:0]).

0? 0?

U(%%t) = fQ(xa y) + ‘C_l <Vaxgv(xv yat) + Vaiygv(xﬁ%ﬂ + M2[w($7yat)v U(%l/i)]) )
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for £~ being the inverse operator of £ = %. Under the assumptions that the non-linear

functions

o ok 0 0*w 0*w
F<atw,ax2w, ay2w7w> = aw—VW—VW—M]_[w,U],
o 0 0 0% 0%
— —_— —_— = — — _— _— M
¢ (at“’ 92"’ ay2”’”> o’ " Vo Vo Melwvl

can be linearized by a first-order Taylor series expansions at t = 0, the linear approxi-
mation to ' and GG can be obtained as

0 > 0 0w 0%w
F | —w,wep,Wyy,w | = —w —v—s5 —v—7> — Ci(x,y)w,
<at 9y t y ( )

0 9% 0%

0
G <8tv,vm,vyy,v> ~ av — 1/7 — 1/7 — Cy(z,y)v,

where we define C; for i = 1,2 as

OM;
ow

Ci(z,y) = (5.42)

t=0

Using the implicit differentiation rule, we obtain

oM;  (OM; Oiw n OM; @
or  \ ow Ox ov ox )’
oM;  (OM; 8710 n OM; @
oy \ Ow dy ov dy )

Solving the above two equations yield

(5.43)

and

(5.44)

provided that
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The above approximation leads us to the linear operators R and S that are defined as

R[w<x7 yvt)] - Ml [w(x,y,t)] - Cl(wvy)w(xa yat)7
S[v(w,y,t)] = Mg[v(ac,y,t)] - C’Q(:r,y)v(x,y,t),

which are not easily invertible. Let us define the solutions as
:L' Y, Zwk x,y,t a :U y,t ka x,y,t (545)

and the coefficients wg(x,y,t), vk(x,y,t) are determined by the TABLES 5.6 and 5.7,
TABLE 5.6: Table of the coefficients for w(zx,y,t)
wo(l',y,t) fl(xvy)
92 2
wi(,y,1) 74 (v o, y,t) + vigruwo(@,y,6) + Qo(w,y,1))
_ 2 2 2 2
ws(w,yt) L (v + uginwl + Q1) @y, ) — (v + vy + Calw,y)) wi(z,y,1))
2 2

w1 (x,y,t) L7 (( aiwk +vy ka + Qk> (V% + V%Q + Cl(x,y)) (wy, — wk._l)) , k>2

TABLE 5.7: Table of the coefficients for v(x,y,t)

Uo(l’,y,t) fZ(xvy)
2 2
’Ul(l', Y, t) [’71 (V%UO(‘Ta Y, t) + V%UO(xa Y, t) + PO(‘ra Y, t))
2 2 2 2
vo(wyt) L (v v+ P) (@y.t) - (v + v + Calwy)) ni(w.1))

_ 2 2 2 2
Opr1(z,y,t) L7 ((Vé%ka%-vézka%-f%> —-(Vé%f%-vézf%-CE(x,y)>(Uk—-vk—l) , k>2

where
1 dk r
Qk(x7y>t) = EW Ml Z wz z y’ Ze U’L € yv )
' i=0 0=0
1 d b
Pk:($7y7t) = EW M2 Z wz z y7 ZGZU’L x ya )
' i=0 0=0
with
ZQk(xvyvt) - [ wk(x,y,t), ka(l:?y)t)] ) (546)
k=0 k=0 k=0
ZPk(IE,y,t) = M2 [Z U/k(x,y, t),ka(:c,y,t)] . (547)
k=0 k=0 k=0

In the following proposition, the condition required for the convergence of the method

is provided.
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Proposition 5.9. Let the coefficients of the series solution be determined by TABLES
5.6 and 5.7 and the series Y oo wi(x,y,t) and Y oo, vk(z,y,t) are convergent then
w(z,y,t) and v(xz,y,t) are the solutions of the system (5.41).

Proof. Given that

> 2 2
Zwk(l',y,t) = fl(x7y) + ‘C_l <V88x2 + Vaay2<w0($7y7t)> + Q()(l',y,t))
k=0

+ Eil ([Q1<x7 Y, t) - C1 ('CC’ y)wl (x’ Y, t)])

0? 0?
+ 'C_l |:Q2(xa Y, t) + Val‘z + Vayg (wl(x’yvt)) - Cl(CC, y)(ZUQ(.’E,y’t) - w1(1:7y)t)):|
0? 0?
T+ +£_1 |:Qn—1(x7yvt) + V6x2 + Vayg (wn_g(:c,y,t)) - 02('%'7 y)(wn—l(x7yat) - wn—Q(xa yvt)):| IERE

By simplifying the above equation and using the convergence of the series Y - wi(z, v, t)

which guarantees that limg ., wi = 0, one has
kzowk(mvyut):fl(m’y)+£ kzo [Vaxzwk(l‘7y’t)+V8:E2wk(‘r’y7t)+Qk(x’y’t):| .

The equation (5.46) and u(z,y,t) = > oo, wi(x,y,t) provide
w(m, yat) - fl(x7y) +L V@ [;)Wk<l',y,t):| + V@ [l;)wk($ayvt):|

+ E_l (Ml [Z’wk(l‘, Y, t), Z ’Uk;(fl?, Y, t)}) s
k=0 k=0

and so
2 62

0
[«['(U(l‘,y,t)] = V@w(x,y,t) + V67y2w($,y,t) + Ml[U)(ZL‘, y,t),U(ZL', Y, t)]

Similarly, we can prove using TABLE 5.7 and (5.47) that

2 2

0 0
£[U($>y7t)] = V@’U(.’L’,y,t) + Vain’U(.%', y?t) + Mg[w(ﬂf, y,t),?](.l‘, yat)]'

Hence, w(z,y,t) and v(x,y,t) are the solutions of the equation (5.41). O
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5.5 ODM Implementation for 2D Burgers Equation

In order to extend the optimized decomposition method for a two-dimensional problem,

we shall define two nonlinear functions M7 and M5 as

ow ow
Mi|w,v] = —w— — v—, 5.48
o] = —wgl o3 (5.48)
and 5 5
v v
Molw,v] = —w— —v—. 5.49
o] = —wg - v (5.49)
Using (5.43) leads to
ow\2/0 92 0 0?2 0 ow dw O 92 0
oM _ (303 — w( BB — o) G + G el w(B) B + (B
ow (Qudv _ duwdv) )
ox dy Oy Oz
2 52 2
8]\42 . _%%% B w(gzg)% B U(adxgy)gz + (g;) (Biw) +w(8y61)69& +U(%)@
- ow 9 ow 9
ow (Zede - guo)
Similarly, using (5.44), the following can be obtained
92w\ 9 ow 0 02w 02w ow dw O 0
oMy —w(G#) gy — (52)%(52) — v(Ze) 52 + (G ) 52 + G e 5 + v(58) 52
0 (220w _ Duwdn) )
oxr Jy oxr dy
2 2 2 2
oMy _ _w(%)% - %%% _”(aaa;ay)ay +w(3(2/8x)gz + (%Z) (92) +U(2T,g)gl;

Ov Jw Ow Qv
O (ax oy ox ay)

Finally, the equation (5.42) yields

2 2 2 2
_(M)Q(%)_w()(aa;%ﬂ)%_v (8 wo)8v0+8w08w08v0+ (6 ’wo)%_i_ 0(8 wo)%lg)

Oy Oz0y Oy Oz Oydzx/ Ox Oy?
(a’wo 8’1}0 dw() 87)() )

ox Oy oy Oz

92wo \ Ow OJwg Owg Ov, ow
- wo(Gy2) G + G G G+ o (G) e

ox

(5.50)
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and
Owg Ovg 9 fod o) 9?2 0 Ovg\2/0 9?2 o 9?2 o)
oy ERERG —wo(Gn B — w(F) 5+ (52 + uo GG + oG G
2(,y) = (M%_M%)
oxr Oy oy Oz
9 0 dwg dvg O 9?2 0 92 0 Ovg\2/ 0 9? 0
—wo(5z2) 9y — 9y ax oy — Volamay) By T wolgyas) T + (5y) (F) + w5 ) 5y
+ (20 Dw0 _ Do O
or Oy or Oy
(5.51)
provided that 90 8 S0
v Ow w Jv
——— — —— #0. (5.52)
Oxr 0y Oz Oy

Now, for v = R%’ the coefficients for wy(x,y,t) and vg(z,y,t) can be determined from
the TABLES 5.6 and 5.7, respectively.

5.6 Numerical Examples for Burgers Equation

The section deals with some numerical examples to establish the applicability and accu-
racy of ODM to calculate the series solutions for the multi-dimensional Burgers equa-
tions. In the case of 1D problem, we have considered three test cases for inviscid BE,
one for inviscid non-homogenous BE, and two for viscous Burgers equation where the
exact solutions are available. In all the cases, it is established that ODM outperforms
the solution proposed by ADM provided in [128]. The second subsection includes two
test cases for the viscous 2D and generalized 2D BE. We have also dealt with a case of

viscous 3D Burgers equation. All the computations and requisite calculations are done
with the help of MATHEMATICA®.

One Dimensional Case

Example 5.4. Consider the inviscid Burgers equation

ow ow
e + wa =0, (5.53)

with w(z,0) = wo(x) =ax +0b, a #0 and b € R. The exact solution is derived in [128]

as b
axr +

t) = . .54

wle,t) = T (5.54)
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Using (5.33) and the equations (5.34)-(5.36) give the value of C(x) and the first ten
terms by ODM as

1
C(z) = —a, wo(z,t) =ax+b, wi(z,t)=—at(ax +0b), wa(z,t)= §a2t2(ax +b),

1 1
ws(z,t) = —§a2t2(at —1)(ax +b), wa(z,t)= ﬁa3t3(9at —8)(azx +b),

1 1
ws(z,t) = —1—2()a3t3(at(39at —55) 4+ 20)(ax +b), we(z,t) = %a4t4(at(21at —32) +10)(ax + b),
444 Alat — 2) —
wr() = _a't*(at(9at(4lat — 77) + 392) — 70)(ax + b),
1680
a’t®(at(3at(2427at — 5072) + 9296) — 1344)(ax + b)
a®t®(at(3at(3at(671at — 1599) + 3784) — 3472) + 336)(ax + b)
wo(@, ) = 40320 ’
a%t% (at(3at(at(16623at — 43720) + 38790) — 38080) + 2800)(ax + b)
wio(@;t) = 403200 '

Let us denote the ODM series solution by ¢, (z,t) which is given as

on(t,x) = Zwk(t,x) = wo(x,t) + wy(z,t) + waz,t) + ws(x,t) + wy(z, t) + ws(z,t) + ...

k=0
L oo L oo
= (ax +b) + (—at(ax + b)) + iat(aas—l—b) + —§at(at—1)(a:n—|—b)
1 1
- ﬂa3t3(9at — 8)(aw +b) — ma3t3(at(39at —55) +20)(az +b) + ...
_ _ Loog 1oo) (liss 1335 133
—(ax+b)[1 at+<2at +2at 2at 3at 6at +...

= (ax +b) [1fat+a2t2fa3t3+...}.

az+b
1+4at

|at|< 1. For the numerical comparisons, in the later part, the Adomian coefficients are

taken from the article [128] and the series solution by ADM is denoted by v, (z,t).

when

It is easy to see that the above series converges to the exact solution w(z,t) =

Figures 5.14(a) and 5.14(c) depict the plots of the series solution of 3 terms computed
using ODM and ADM, respectively, and the exact solution is presented in Figure 5.14(b)
for comparison. The simulations clearly show that however, the range for both the series
solutions is the same as the exact solution, the ODM solution displays more similarities
with the exact solution. This claim is strengthened by the relative error plots of the
series solutions in Figure 5.15. We noticed that the error corresponding to ¢s3 is very low
and has decreasing behavior for a large time while in the case of ADM, it is observed
that the behavior is increasing. Finally, the absolute error for 3 and 10 terms of both
ODM and ADM at a fixed value of x and ¢ € [0, 1] are plotted in Figure 5.16 which
establishes the superiority of ODM by noticing that after a certain point of time, the

error via ADM starts blowing up.
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In addition, we have provided TABLE 5.8 which shows the numerical errors in calculating
the series solutions for ODM and ADM for different values of n. The error is computed
by dividing the interval [a,b] into N sub-intervals [x;_1/2,%;41/2],4 = 1(1)N. Each

interval is represented by the mid-point x; = w Define error for ODM as

N
Error := Z g, — w|h, (5.55)
i=1

and similarly replacing ¢, by ! gives error for ADM. For this case, let h; = 1. From
the TABLE 5.8, one can easily see the advantage of using ODM over ADM as error

decreases very rapidly in ODM for increasing values of n.

2 0.0

(a) ODM solution of 3 terms (b) Exact solution

(c) ADM solution of 3 terms

F1GURE 5.14: Comparison of ODM and ADM series solutions when a,b = 1, = from
—3 to 2 and ¢ from 0 to 1 for Example 5.4

Example 5.5. The example deals with computing the series solution of the inviscid 1D
BE (5.53) with initial speed wo(z) = ax?, a # 0 and its comparison with the exact speed
which is presented in [128] as

(2atx 4+ 1) — Vdatx + 1

w(z,t) = 572 . (5.56)
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0.021
Relative Error
0

) 0.0 2 0.0

(a) Relative error for ¢3 (b) Relative error for i3

FIGURE 5.15: Relative errors for ODM and ADM series solutions of three terms for

Example 5.4
151 A 15
— ADM — ADM
— ODM — ODM
1 1
8 101 A E 10
Ly Ly
=) =)
@ o
E E
5} =]
B 05 -g 051
< <
0.0 00
0.‘0 0‘.2 0.‘4 0‘.5 0.‘8 1‘.0 0‘0 0‘.2 0‘4 0‘.5 0‘8 1‘.0
Time Time
(a) Absolute error for ¢3 and 93 at z = 2 (b) Absolute error for ¢19 and 119 at z = 2

FIGURE 5.16: Absolute errors for ODM and ADM series solutions of three and ten
terms at x = 2 for Example 5.4

TABLE 5.8: Numerical errors in computing approximate solutions using ADM and
ODM for Example 5.4 at time ¢t = 0.5

n 3 5 7 10 15 20
ADM 0375 0.093 0.023 0.003  0.0009 0.0008
ODM 0.187 0.002 0.0025 0.0004 2.9 x10~" 7.9x 10

Again, using (5.33) and the equations (5.34)-(5.36) yield the following first few terms of
the series solution as
C(x) = —3azx, wo(x,t) =ax?, wi(z,t) = —2atx3, wo(x,t) = 2a3t%x",
w(z,t) = 3a®t*21(1 — 2atx), wy(z,t) = o325 (13atz — 5),
1
ws(x,t) = —5a4t3x5(atw‘(177at$ —100) + 15), we(x,t) = %a5t4$6(4atw(154atx — 89) + 45),

1
wy(z,t) = %a5t4:v6(at:p(2ataz(1731 — 2564atx) — 711) + 45).
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Here, the value of ODM series solution leads to

On(t,x) = Zwk(t,x) =wo(z,t) + wi(z,t) + wa(x,t) + ws(x,t) + wa(z, t) + ws(x,t)
k=0

+ we(z,t) +wr(x,t). ..
= az® — 2a%tx3 + (20322 + 3a3t%2t) — (6at32° 4 5attP2d + 3a't3aP)
+ (135125 4 20a°t 2 4 9a5t125) + . ..

= az? — 2d%tz> + 5a>t?2t — 14a* t32® + 42a°t% 25 + .. ..

We noticed that the above series converges to the exact solution if we expand the series

of /14 4z and put z = atx. The series solutions of 5 terms computed using ODM and

0.6 0.6

(a) ODM series solution of 5 terms (b) Exact solution

(c) ADM series solution of 5 terms

F1GURE 5.17: Comparison of ODM and ADM series solutions when a = 1, x from
—0.35 to 0.60 and ¢ from 0 to 0.7 for Example 5.5

ADM along with the exact solution are visualized in Figure 5.17. The plots indicate
that the ODM solution has the same range as the exact solution, whereas the solution
obtained using ADM shows little similarity with the exact one. Figure 5.18 further

confirms our assertion that the solution by ODM is stable and in excellent agreement
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with the exact one while ADM overpredicts the results even by taking more terms in
the approximated series solution. Additionally, by using formula (5.55) with h; = 0.1,
the numerical errors in computing the series solutions for ODM and ADM for different
values of n are provided in TABLE 5.9. The table depicts that the errors in ADM are not
only higher than the errors in ODM but the values keep on increasing as n progresses.

Thus, indicating the superiority of ODM over ADM.

0.05

Erro

(©) |w— ¢l (d) |w — o]

FIGURE 5.18: Errors for ODM and ADM series solutions of five and seven terms for
Example 5.5

TABLE 5.9: Numerical errors in computing approximate solutions using ADM and
ODM at t = 0.7, for Example, 5.5

n 3 5 7 10 15 20
ADM 0.032 0.034 0.044 0.085 0.4 2.3
ODM 0.018 0.012 0.0095 0.0070 0.005 0.004
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Example 5.6. Consider again the same equation (5.53) but with wo(z) = Z;”j_rg, a,c#0

for which the exact solution is given in [128] as

—/(at +d + )2 —4t(ax +b) +at +d + =

t) =
u(z, 1 -~

(5.57)

Thanks to (5.33) and the equations (5.34)-(5.36), the term C(z) and the solution coef-

ficients are computed as

2¢2 (ax+b
(az +b) ( (cm(+d)3) - (ca?iim) clax +b) a
Of) = - d) (—a c(az+b) (cx+d)? cx+d
(CCL‘ + ) <C$+d o (cx+d)2>

t(ax + b)(bc — ad) t2(az + b)(bc — ad)?
w1($,t): (CI+d)3 ’ wQ(xvt): 2(C$+d)5 )

t*(az + b)(be — ad)(2acx — ad + 3bc) (—adt + bet + (cx + d)?)
/wS(xa t) == 7 )

2(cz +d)
_ 1 _ 3 2(2(2 2 2 _ 2 2

wy(z,t) = i 1 d)9(bc ad)t’ (az + b) (8(cz + d)? (a® (’z® — dedx + d°) + 6abe(cx — d) + 6b%c?))

+ t(be — ad) (a® (6c*2* — 1dcdx + 3d®) + 2abe(13cx — 10d) + 23b*¢?) .

(a) Relative error for ¢4 (b) Relative error for 14

FIGURE 5.20: Relative errors for ODM and ADM series solutions of four terms for
Example 5.6

Figures 5.19(a) and 5.19(c) show the numerical simulations of the series solution by
taking 4 terms using ODM and ADM, respectively and the exact solution is presented
in Figure 5.19(b) for comparison. The figures depict that the ADM solution does not
have the same range as the exact solution, whereas the solution obtained using ODM
shows a very similar plot. The novelties of ODM over ADM can also be visualized by
looking at the relative errors considering 4 term series solutions in Figure 5.20. The

TABLE 5.10 depicts the comparison of the order of convergence for the approximated
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(c¢) ADM series solution of 4 terms

Ficure 5.19: Comparison of ODM and ADM series solutions of four terms when
a,b,c=1,d=2, z from —0.40 to 4 and ¢ from 0 to 3 for Example 5.6

solutions for n = 10 computed using ADM and ODM at ¢t = 2, and clearly establishes
ODM as a superior method to ADM.

TABLE 5.10: Comparison of the order of convergence for ten terms of ADM and ODM
approximated solution at ¢ = 2, for Example, 5.6

h ADM ODM
0.5
0.77 ~1
0.25
0.88 ~1
(0.25)/2
0.90 ~1

(0.25)/4
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Example 5.7. Let us now consider a case of non-homogenous inviscid BE given as

ow 8711)

o T, = flz,t), (5.58)

with f(x,t) = —sin(x +t) —sin(2x + 2t) /2 and initial condition wo(z) = cosx for which

the exact solution is presented in [133] as

w(z,t) = cos(x + t). (5.59)

The ODM coefficients can be computed by taking wo(z,t) = wo(z) + fg f(z,t)dt, and

the rest of the coefficients are expressed in the same way as in TABLE 5.1. So, we get

wo(x,t) = cos(x + t) + (cos(2z 4 2t) — cos2z)/4, C(x) =sin(t + z) — cos(t + x) cot(t + ),
1 3
wy(x,t) = g(— cos(t — x) + 2cosx + 2 cos 2z — 2 cos 3z — g cos 4x — cos(t + x) — 2 cos(2t + 2x))

1
+ 6—4(—8 cos(3t + 3z) — cos(4t + 4x) + 4(t sin(4x) + cos(2(t + 2x)) + 6 cos(t + 3z))),

and so on. Here, the expression for wi(z,t) is too complicated and contains some terms
common with wp(z,t) in the opposite sign. So, when we add wq(z,t) and wi(z,t), the
only term left in wq(z,t) is cos(z + t) which is the exact solution. The other terms in
w1 (x,t) make a balance with values in wy(z,t) and ws(x,t) and thus we arrive at the
exact solution. Another way to compute the coefficients is if we take wo(z,t) = cos(x+t)

so that we have

)

wy(x,t) = L7 (= sin(x + t) — sin(2z + 2t)/2 + sin(t + x) cos(t + z)) = 0,
Wk(x,t) =Y

k> 2.

So, the initial condition gives us the exact solution. It needs to be mentioned here that
the same value of the coefficients are obtained via ADM in [128] and therefore, the

numerical comparisons are omitted here.
Example 5.8. Let us now consider the viscous Burgers equation

ow ow 0*w

it =y 5.60

ot w az 922 (5.60)
with w(z,0) = ax + b. The exact solution for this problem is presented in [128] and is
written as

w(z,t) = (ax +b)/(1 + at). (5.61)
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Using (5.33) and the equations (5.34)-(5.36) give the coefficients as

1
C(z) = —a, wo(z,t) =ax+0b, wi(z,t)=—at(ax +b), wa(x,t)= §a2t2(ax +b),
1 1
wz(x,t) = —§a2t2(at —1)(ax +b), wa(x,t)= ﬁa3t3(9at —8)(ax + b).
These coefficients are exactly the same as in Example 5.4. This is due to the initial

condition considered whose second derivative is zero.

Example 5.9. The example deals with computing the approximate solutions for the
viscous Burgers equation (5.60) satisfying wo(x) = x — 2/(x + ¢). The solution for this
problem is expressed in the Appendix of [133] as

2
u(z,t) = z

- . 5.62
t x+ct ( )

The term C(z) and the first two terms are calculated as

4(r— 2
+z 2 2
C(.’L‘) = ( - ) - D) _17 wO(l'vt) =T = ’
(c+x)3(ﬁ+1> (c+x) c+x

(t—1)*z(c+z)—2)((c+2)*+6)
et ) (et 02 1)

wl(a:,t):(t—l)< 2c )2—37), ws(,1) =

(c+z

By following the same formula as in previous examples, it should be mentioned here that
the higher-order coefficients can be computed using (5.34)-(5.36) and MATHEMATICA®©
but due to the complexity in their nature, they are omitted here. Figure 5.21 shows the
error plots for series solutions ¢4 and 14 which indicates that ADM shows a larger value
of negative error. The novelty of ODM is established by looking at the absolute errors

when time is increased up to t = 2.5 presented in Figure 5.22.

(a) w— ¢ (b) w — b4

FIGURE 5.21: Error for ODM and ADM series solutions of four terms for Example 5.9
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— ADM
— ODM

Absolute Error

FIGURE 5.22: Error for ODM and ADM series solutions of four terms at x = 2 for
Example 5.9

In the following subsection, we discuss two test cases for the 2D Burgers equation to
show the implementation of ODM defined in Section 4, and the simulations are compared

with the available analytical solutions.

Two Dimensional Case

Example 5.10. Let us compute the series solution of the two-dimensional viscous Burg-
ers equation obtained by putting v = 1 in (5.41) with f1(z,y) = z+y and fo(z,y) = x—y.

The ezact solution for the equation is presented in [96] as

—2tr+x+y
1-2t2 7

_ 2tyt+xz—y

v,y t) = — 0 (5.63)

w(z,y,t) =
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The equations (5.50), (5.51) and the TABLES 5.6, 5.7 yield the following expressions
for Cl($7y)a 02($7y)7 Uk(l’,y,t) and Uk(l’,y,t) upto k =7 as

( ) 02(5["’ y) =0,
wy(z,y,t) = —2tx,  vi(z,y,t) = —2ty,

(JZ Y, ) Y, UQ(:E?y?t) :2t2($—y),
Wyl 0) = SR(3— A0 +31),  wale,u,0) = 2w — 6y),
walz, y, ) = %(—2)753@(3; ST +3y), vy t) = %t?’((llt ) — 14ty),

1 1
ws(x,y,t) = —B# ((69t> — 60t + 20) = + 10t(3 — 8t)y),  vs(z,y,t) = 1—5t4(36tx — 113ty + 10y),

1
we(z,y,t) = Et4(2t(15 — 59t)x + 3(3t(49t — 30) + 20)y),
1
ve(2,y,t) = Et4((t(3111t —102) + 15)x + 3t(10 — 157t)y),
1
wr(z,y,t) = E154((1&((2597 — 2710t)t — 1197) + 210)x + £(¢(3931¢ — 2100) + 420)y),

1
vr(z,y,t) = ﬁ#’)( (3(677t — 70)z + (924 — 5420t)y) — 105y).

Let us denote the semi-analytical solutions for w(z,y,t) and v(z,y,t) by ¢n(z,y,t) and

Yn(z,y,t), respectively, as

n

n
bn(@,y,t) = Y wi(,y,),  Pa(e,y,t) =Y vr(,y,1).
k=0 k=0
The series solutions using ODM by taking five terms (¢5) and seven terms (¢7) at t = 0.1
and t = 0.5, respectively, are provided in the Figure 5.23 for w(z,y,t) and in Figure
5.24 for v(z,y,t). It is clearly visible that the numerical simulations are in excellent
agreement with the exact solutions. The promising outcomes of ODM can be visualized
by looking at the absolute error plots in Figures 5.25 and 5.26. In addition to the

absolute errors, the numerical errors in computing the series solutions ¢, and ,, are
depicted through TABLE 5.11 and defined as

Errorgy, = [y, — willp,  Brrory = ||y, — villp. (5.64)

Here F stands for the Frobenius norm.

TABLE 5.11: Numerical errors in computing approximate solutions using ODM for
Example 5.10

n 5 7 10
én (W) 0.004 0.005 6.01 x 1076
Y (V) 0.0275 0.014 0.007
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(a) w(z,y,t) at ¢ =0.1

(d) ¢7 at t =05

F1cURE 5.23: Comparison of ODM series solutions with exact solutions at t = 0.1 and
t =0.5 when R, =1, z € [0.1,0.5] and y € [0.1,0.5] for Example 5.10

Example 5.11. The series solution of the two-dimensional viscous Burgers equation
obtained by putting v = 1 in (5.41) with fi(z,y) = 2%y and fo(z,y) = y>x with no exact

solution are presented in this example.

By following the equations (5.50), (5.51) and the TABLES 5.6, 5.7, the expressions for
Cy(z,y), Ca(z,y), wi(x,y,t) and vg(x,y,t) up to k = 3 are obtained as

—4x3y3 _ 4xy2 4:1:33/3 _ m4y2 5y2
Cl($7y) = 3$2y2 - 31’22/2 ) CQ(xay) = —41'3/ - ?7
wl(m’y’t) =t (% - 31}'3y2> ’ Ul(l’,y,t) =t (% - 3$2y3> )
2 (240025 — 32* — (23 —4) y + (1502 (23 — 4) — 1) 224>

1
va(2,y,t) = ﬁﬁy (18002%y® + 2% (3 — 750y*) + 5y — 3y?) ,



Chapter 5. A Nowel Optimized Decomposition Method for Smoluchowski’s Coagulation
129

and Multi-Dimensional Burgers Equations

(a) v(z,y,t) at t = 0.1 (b) ¥5 at t =0.1 (c) v(z,y,t) at t =0.5

(d) 7 at t =05

FIGURE 5.24: Comparison of ODM series solutions with exact solutions at ¢ = 0.1 and
t =0.5 when R, =1, z € [0.1,0.5] and y € [0.1,0.5] for Example 5.10

0.00008 ¢ v

Absolu.86006 T

000004t 4
000002} 4

(b) |w— ¢7| at t =0.5

(a) |w—¢s| at t =10.1

FI1GURE 5.25: Absolute errors in ODM series solutions for computing w in Example

5.10
w3z, y,t) = — 1 BrTy? — 35t3x6 3 305t3x5 4 t3a® 4 5t3x4 54 4t3:c4 2, 121832y i 52153:63 3
T L A T L R )T N L S R 2700 g Y
23y? 58 5 5 4 Ay 32?2 8.4 2 5 Br  By? 1, -,
. il . . FO RIS !
9700 675 C Y Tt 225 00 Y Tt Y T 7500 Ters 2t Y
3223 1 t2y
42048 — 222202 4 — 202y — | q2p,2 TV
T T o0 TV 500" Y T 60" Y T e
1354 83345 15336 2332 1 3.2 7 2324 1323 29
A %% e i _ 95t 24 — i
vs(,y,8) = — Gty — Y Ty optaty” - 25Ty gty + gty o
1, 5 303%°

By3 3y t3y 234, 99295 1,99
_ _ 6t o4 242y —
R AR L T L 100

225z 180 7500 2
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Absolut9 8601 |
510708
014

(a) [v— 5| at t = 0.1 (b) v — 7| at t = 0.5

FIGURE 5.26: Absolute errors in ODM series solutions for computing v in Example
5.10

The other coefficients are too complex to include here but can be computed using MATH-
EMATICA. Figures 5.27(a)-5.27(c) depict the absolute errors among 3, 4, 5, and 6-term
truncated solutions in calculating w at ¢ = 0.1. They show a constant decrease in the
error values, which indicates the convergence of the ODM series solution towards the
exact solution. The decreasing behavior of the absolute errors of these truncated solu-
tions in computing the value of v is represented in Figures 5.28(a)-5.28(c). This depicts
that our proposed method ODM can provide solution for problems where an analytical

solution is not available.

Three Dimensional Case

In this section, we shall extend ODM to a viscous 3D Burgers equation.

Example 5.12. Consider the viscous Burgers equation (5.8) together with the initial

condition w(z,y,z,0) = x + y + 2z and the exact solution is given in [13]] as

w(z,y,z,t) = W (5.65)
Here,
0%wo (x,y,2,t)
. ow B oM _ wO(xayazvt)OaT awo(:v,y,z,t)
Mw]=wo—,  Clz) =5~ - GINENER) T o :

By using the following TABLE 5.12, one can obtain the series solution for 3D Burgers

equation. The values Qx(x,y, z,t) are defined as:
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/
0.004
Absolute Ek003

0.002

0.1

(a) |¢4—¢3| at t =0.1 (b) |¢5—¢4| at t =0.1

0.0006§

Absolute &68{) 4

(C) |¢6 — ¢5‘ at t =0.1

F1GURE 5.27: Absolute errors in ODM series solutions for computing w when x €
[0.1,0.9] and y € [0.1,0.5] in Example 5.11

TABLE 5.12: Table of the coeflicients for w(z,y, z,t)

wo(%%zat) (ZII Y, %, 0)
wi(z,y, 2,t) £ ( wo(x, Y, 2,1) + Sywo(w,y, 2, 1) +Qo(:1: y,2,1)
w2(x7y7z7t) £_1 ((W’wl + le + Ql) (x,y,z t) - (W taz T C( )> wl( 73/72775))

wr1(2, Y, 2, 1) £t ((aa—;warg—;waer) - ( 5.7 T 3y2 +C(z )) Wk, — Wg—1 ) k>2

(5.66)

1 a5 i
=0

6=0
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Absolute Error

00010¢

0.1
(c) |6 — 5| at t =0.1

FicURE 5.28: Absolute errors in ODM series solutions for computing v when x €

0.1

,0.9] and y € [0.1,0.5] in Example 5.11

The value of C'(z) and the coefficients are computed as

Clx)=1, wo(z,y,21) =
wa(z,y, z,t) =
wy(z,y,2,t) =
ws(z,y, 2,t) =
we(x,y, z,t) =

U)7(l‘, Y, z, t) =

(x+y+2), wlzyzt)=tlx+y+z),
12 12 3
§($+y+2)7 w3($7y727t)=§($+y+z)+5($+y+z),

3 9t4

g(az+y+z)+ﬂ(a:+y+z),

¢ 114t 13t

gty )+ @ty t2)+—(r+y+2),

3t 16t° 21¢°

o @ty +2)+ (@t y +2) + (2t y o+ 2),

tt ( 39217 693t 3697
—24w+y+z)+—1680(w+y+z)+ 20 (x+y+z)+—1680(w+y+z).
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Thus, the series solution is obtained by

2 1 VAR S

ot 11¢* 3ttt
+(x+y+2) ﬂ—i_ﬂ—i_ﬂ—i_ﬂ + ...

=(@+y+2)[l+t+2+ +t1+ .. ]

_ (zty+z)
-t -

which converges to the exact solution w(z,y, z,t) =

(a) ODM solution of seven terms (b) Exact solution at for z =0
for z=0

(c) ODM solution of seven terms (d) Exact solution at for z =1
for z=1

FIGURE 5.29: ODM series solution of seven terms at ¢ = 0.5 for z,y from 0 to 1 and
z=0,1 for Example 5.12

(¢) lw—¢s|att=01forz=1 (d) lw—¢7| at t=0.5for z =1

F1GURE 5.30: Absolute error in ODM series solution for z,y from 0 to 1 and z =0, 1
for Example 5.12
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To compare the numerical results for a three-dimensional equation, we fix two values of
z,i.e., z =0 and z = 1. It is observed that only 3 terms of the ODM series solution
are needed to give an excellent similarity with the exact solution at ¢ = 0.1 for both
z = 0,1 and when the value of ¢ is increased, adding four extra terms gives us the desired
behavior as the exact one. The absolute errors for both ¢ = 0.1 and ¢t = 0.5 for z =0, 1

justify the accuracy of the ODM approximated solutions with exact.



Chapter 6

Laplace Transform Based
Semi-Analytical Techniques for Pure
Coagulation and Fragmentation

Equations'

The focus of this chapter is the introduction of the Laplace optimized decomposition
method (LODM) and Laplace Adomian decomposition method (LADM) to solve the

coagulation equation

augi’ 28 % /Ox Kz —y,y)ul@ -y, uly, t)dy — /OOO K(z,y)u(z, t)u(y, t)dy, (6.1)

and fragmentation equation

WD~ [ e sputy oty — 6(a)u ), 62)

respectively, where u : J — R where J = |0, 00[x[0,T] and initial datum
u(x,0) = up(z) > 0. (6.3)

It has been shown in recent works [69-71] that the addition of the Laplace transforma-
tion on the ADM approach (LADM) provides better accuracy than ADM for solving
fractional differential and Volterra integral equations. In 2022, Beghami et al. [72]
developed a new series solution method based on ODM called the Laplace optimized
decomposition method (LODM) to solve the system of partial differential equations of
fractional order with great accuracy. Therefore, this study aims to solve the coagulation

and fragmentation population balance equations using LODM and LADM, respectively.

IThis chapter is under revision in Mathematical Methods in Applied Sciences.

135
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The advantage of using the Laplace transform-based techniques is the presence of an
extra time multiplier while computing the theoretical error bound which leads to lower
values of error for lower ¢t. Several numerical examples of coagulation and fragmentation
problems are taken to validate the theoretical findings. It is shown that the scheme

shows nice agreement with the analytical solutions.

The rest part of the chapter is organized as follows. In Section 6.1, the fundamental idea
of LODM is described for the general non-linear problems and then discussed for the
coagulation equation. Further, the theoretical convergence results are part of Section
6.2. Section 6.3 deals with the numerical implementations of LODM for Eq. (6.1) and
LADM for Eq. (6.2) and the simulations are presented in the form of figures and tables.

6.1 Laplace Optimized Decomposition Method: Prelimi-

naries

The concept of LODM for integro-partial differential equations is developed in this

section. The following general non-linear differential equation is taken into consideration:
Lu(z,t) = Ru(x,t) + Nu(x,t) + h(x,t), (6.4)

with initial condition
u(z,0) = f(x), (6.5)

where L := % is linear differential operator, R is the linear operator, N is a non-linear
differential operator and h(z,t) is source term. Now, the procedure of LODM for the

equation (6.4) is discussed in the following steps:

Step 1: Taking Laplace transform of Eq. (6.4) and using the differentiation property of

Laplace transform, we acquire:
1 1 1
Llu(x,t)] = @) + —L[Ru(z,t)] + —L[Nu(z,t)] + —L[h(x,)]. (6.6)
p p p p
Step 2: In terms of infinite series, LODM provides the following solution:

u(z,t) = Zuk(x,t), (6.7)
k=0



Chapter 6. Laplace Transform Based Semi-Analytical Techniques for Pure Coagulation
and Fragmentation FEquations 137

and the nonlinear terms can be written as follows:
o0
k=0

where Aj, k > 0 are referred as Adomian polynomials and can be computed as

given below

1 dF
Ak(xa t) =

= W (6.9)

k
N (Z 0'u;(z, t)) ]
i=0

Now, to illustrate the core idea of ODM (see [67]), we take a linear approximation

0=0

of the related nonlinear function. Consider,
F[Lu, Ru, Nu] = Lu — Ru — Nu,

as linear operators by linearizing the non-linear term by the first-order Taylor

series expansion at t = 0 as follows:
F[Lu, Ru, Nu] ~ Lu — Ru — C(x)u,

where the function C(x) is defined as

0N

t=0

(6.10)

Step 3: The component functions wug(x,t),k > 0 will be determined by the help of the

following iteration formula

,

Lluo(z,t)] =2 4 1[n(a, 1))

Lluy(z,t)] = JL[Ao(z,1) + Ruo(z,1)]

Llug(z,t)] = JL[(Ai(2,t) + Rui (2, 1)) — (R + C(a))ur(z,1)]

Lluir(z,8)] = LL[(Ag(2,t) + Rug(x,1)) — (R + C(2)) (ug (2, t) — up—1(2,1))], k> 2.
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Step 4: The required recursive relation is provided by applying the inverse Laplace trans-

form to the equation generated in Step 3, as shown below

uo(z,t) =L _% +12[h(z, t)]]

up(z, 1) =L -%E[Ao(x, t) + Rug(x, t)]}

ug(z,t)  =L71 -%E[(fh(:c, t) + Rui(z,t)) — (R + C(z))us(z, t)]]

upir(m,t) =L71 -%ﬁ[(Ak(x, t) + Rug(z,t)) — (R + C(z)) (up(z,t) — up_1(z, t))]] . k>2.

(6.11)

Finally, if 77 jug(z,t) converges then u(z,t) = >, uk(z,t) is the solution of
the problem (6.4). Hence

u(z,t) = gz, t) + L1 BE [R <§;0 uk(ac,t)> + g)Ak(x,t)H (6.12)

such that

g(z,t) = f(z) + L1 [;E[h(x, t)]] .

Remark 6.1. Comparing the expression (6.4) with the coagulation equation (6.1), one

can observe that

ou(z,t)
ot

Lu(z,t) =
and
Nu(et) = 5 [ K= pute = piutudy — [ Kaute,duts. .

Thus the coefficients of LODM for Eq. (6.1), with the help of relation (6.10) reduce to
the following:

UO(‘rat) =L -uoj(;m):|
u(z,t) =L ;E[Ao(%t)]}
- (6.13)
UQ(JZ, t) = ﬁ_l %»C[Al (377 t) - C(x)ul (‘T? t)]]
upr1(w,t) = L1 %,C[(Ak(:c,t) — C(z)(ug(z,t) — uk_l(a:,t))]], k> 2,

where A} s are given by (6.9) and the truncated series solution of the problem is deter-

mined by the sum ¢, (z,t) == > p_ug(x,t).
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Remark 6.2. Comparing equation (6.2) to the Eq. (6.4), we observe that

ou(z,t)

Lu(z,t) = 5

h(z,t) =0, f(x)=u(z,0), Nu(z,t)=0, C(z)=0,
and -
Rua,t) = [ blap)uly 19()dy — 6(o)u(a, 1)

It is worth mentioning that LODM reduces to LADM when C(x) = 0. In light of this,
the coefficients for LADM for Eq. (6.2) are defined as

wie.t) = oot [m2],
(6.14)
up1(w,t) =L71 ;}L’[Ruk(x,t)]], k> 0.

As mentioned, the truncated series solution of the problem (6.2) is given by the sum

Un(z,t) == p_guk(z,t).

The next part of the work deals with the theoretical convergence results for the coagula-
tion and fragmentation problems. The theorems present the error bounds for the series

solutions obtained using the approximate methods.

6.2 Theoretical Convergence Results

6.2.1 Coagulation Problem

In order to analyze the convergence result, we need to define the space X = (C([0,T]) :

L0, 00), ||]]|) with the norm

|lul|l= sup/ lu(z, s)|dz < oo, (6.15)
sef0,7]Jo

and D = {u € X : ||u]|< 2L}. Thanks to the values of the operators from Remark 6.1
and the Eq. (6.6), one can easily define the coagulation equation (6.1) in the operator
form as

u = Nu, (6.16)

where

Nu = ug(z) + Nu,
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and

Nu= 1 Ll)c [Nu]] , (6.17)

such that A, A/, N : X — X are non-linear operators where Nu is the right-hand side
of Eq. (6.1). Taking into account the Eq. (6.13) and using (6.1), (6.8), and (6.17), we

have the n-term series solution defined as
bn =Nop_1 — [tC(x)|Nty_1. (6.18)

We shall now state and prove our main convergence result below:

Theorem 6.3. When the coefficients ux(x,t) be determined by (6.13) and ¢, be defined
by (6.18). Then, ¢, converges to u with

Amfl
1-A

lu = dml|< Aflur|[+Tk|[ur — uol|(A + 1), (6.19)

when

(Alggg) K(z,y) =1, A = (T)?exp(2TL)|||uo||[+2TL* + 2TL] < 1, where L > 1/2, and
|lua|[< L.

(A2449) C(z) € L¥(X, |"|00), ||oo s the essential supremum norm, i.e., |C(z)|< k,k € RT
and kT ||u; — wol||< L/2.

Proof. In order to prove the above assertion, we shall adopt the following steps:

Step 1: We shall prove that the operator N : X — X is a contraction mapping, i.e.,
[|Nu— Nu*||[<d|lu—u*|| V uw,u* €D, §<1, (6.20)

when K(z,y) = 1, § = Texp(2TL)]||uo||+2TL? + 2TL] < 1, where L > 1/2 and
[luall< L.

Proof. Similarly as in [58], to prove the contraction mapping of N, Eq. (6.1) shall
be converted in an equivalent state (see [135]) with the help of the equivalent

operator N written as

Nu = up(z) exp[—H(m,t,u)]—i—;/O exp|H (z, s,u)—H (z,t,u)] /OIK(m—y,y)u(w—y,s)u(y,s)dyds,
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where,
t 0
et = [ [ Ky, s)dyds.
0o JO

The rest of the proof can be followed from Theorem 3.1 in [58]. O

Step 2: Then, we shall evince that employing (6.20) and definitions as well as basic prop-

erties of Laplace and inverse Laplace transforms, the operator N is a contraction

mapping, i.e.,
INu— Nu*||[< Allu —u*]] ¥V w,u* €D, A<, (6.21)
when A =0T

Proof. We have

Ny — Nu*|| = HL—1 [1 [E [Nu — Nu*]] } H

p
oy
— — e u— Nu s|dp
27 Jo P Jo

= sup / dx
s€[0,T7] 40

1 0o | ,ps oo 00
< — 6/ [eps[sup/ \Nu—Nu*|d:c]} ds|dp
2m Jo P Jo [0,77J0

1
St [6||uu*|uu
p
=0T ||u — u*||,
under the assumption that 67" < 1, the result (6.21) is proved. ]

Step 3: Finally, the authors indicate that the series solution ¢, is a Cauchy sequence under

the assumption (A244).

Proof. Following (6.18), consider

160 = bmll= | [N dn-1 = 1C@N 1 = Nt + tC@) Nt |
The triangle inequality gives us

180 = Sl < W1 = N[+ [tC (@) [Nttn—1 = Numa] ||

Using the result in Eq. (6.21), one can easily obtain

[ — bl < A[ml — bl ot — | t|c<x>|oo]
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Let n =m 4+ 1 in the preceding equation which yields

l|om+1 — Oml| < Alldm — dm—1|[+Al|m — Um—1]] t]C(2)]s0
- A‘ ‘/\Mm_l 102 N1 — N s + tC(m)Num_QH 4 Al — wm|] 1C()]|

< A(Allm-1 = dm-sl[+Alltn—1 = tmal| HC@) oo ) + Alltm = 1] () oo

< A™[[p1 — ol [+tkllur — uoll] + A™ k| [ur — uol|-

With the help of this, we get

Hdﬁn - ¢m” < H(Z)m—i-l - ¢m”+||¢m+2 - ¢m+1|‘+-'- + Hgbn - d)n—lH

< [Ammm — goll+thllur — woll] + Atk —uOH}
n [Wlwqx — ol ks — woll) + A™tk|[ur — uou]

S [A”_l[lmﬁl — ol l+tkllur — uoll] + A" 2tk]jur — uou]

- Am(l _ An—m) Am—l(l _ An—m)
= SR = aullthttus = woll| + S bkl .
Finally using (Alggg), one can obtain
Am—l
160 = bmll £ [l 478 w8 + 1) (6.22)

Now, using (A2444), the above expression converges to zero as m — oo. Hence, ¢,
is a Cauchy sequence. Also, using ||u1||< L, kT||u1 — up||< L/2, we can prove that
|lpn — PmlI< 2L. O

Therefore, there exists a ¢ so that lim,_,oc ¢ = ¢ which leads to u = Y 2 up =
lim,, o0 ¢p = ¢. In the end, fixing m and taking n — oo in the equation (6.22) lead to
the requisite result (6.19). O

6.2.2 Fragmentation Problem
Consider the Banach space X = (C([0,T]) : L'[0,00), ||||) endowed with the norm

||u||= sup/ eMu(x, s)|de for A e RY. (6.23)
se0,1]Jo
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The equation (6.2) can be written in the operator form as

u = Ru, (6.24)
where
Ru = up(z) + Ru,
and
Ru = uo(z) + £ [15 (Rul ] , (6.25)
p

such that R, R, R : X — X are linear operators where Ru is the right-hand side of (6.2).
Using the Eq. (6.14) and (6.2.2), the n-term series solution is computed as

Yy 1= 7~3¢n71~ (6.26)

The convergence result for the fragmentation equation is presented below:

Theorem 6.4. Let 1, be the truncated solution defined by (6.26). Then, 1), converges

to u with
m

— <
= IS T

[uall, (6.27)

if @ = e <1 and ||u]|< oo.

Proof. We shall adopt the following steps one by one in order to obtain our main result.

Step 1: The operator R is contractive, i.e.,

||Ru — Ru*||< p||lu — u*||, Vu, u* € X, (6.28)

with b(z,y) = c“;;1 where ¢ € RT,r = 1,2,... and ¢(z) < 2% where a > 1.
Finally, X is selected so that (eAy — 1) <1landp:= c% < 1.

Proof. The operator R can be expressed in the following equivalent form defined

by

3 1 [t o0

Ru = up(x) exp[—A(z,t)] + 5 /0 explA(z,s) — A(x, t)] /x o(y)b(z, y)uly, s)dyds,
(6.29)

where, A(z,t) = t¢(x). The outline of the proof can be followed from Theorem

2.1 in the article [58]. O

Step 2: The operator R is a contraction mapping such that

|Ru — Ru*||< ®|ju — u*||, Yu,u* € X, (6.30)
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when & = pT'.

Proof. 1t is certain that

|Ru — Ru*|| = Hﬁ‘l BE [RU]] -L [1[: [Ru*]] H

p
00 1 00 [gps oo
= sup / / [/ [e pS(Ru—Ru*)]ds]dp
s€[0,11 o 2rJo L p Jo

1 < ler? - S * Ax *
< — — e P*[sup e |Ru — Ru*|dz]|dt|dp
2 Jo | P Jo 0,710

= pT|u —u],

e>\£13

]dx

under the assumption that p7" < 1, the result (6.30) is proved. O

Step 3: Finally, the authors indicate that the series solution 1, is a Cauchy sequence.

Proof. 1t is given that

14n = 1= || Rt = Refrna |

Now, following the proof similarly as in Step 3 of Section 3.1 with C'(z) = 0, the above

assertion can be easily established. O

The completion of all the steps gives us the required result (6.27). O

6.3 Numerical Results

6.3.1 Coagulation Problem

In order to solve the aggregation equation (6.1), the fundamental LODM is applied in
this part. Three test cases of constant, sum, and product kernels are considered which
are useful for studying the early stages of coagulation, like in protein aggregation [7],
analyzing colloidal suspensions [136], and for studying coagulation behavior in predom-
inant particle size distributions, such as atmospheric aerosols [137]. The exponential
initial condition is taken into account due to the availability of the exact solutions for

the number density and moments in all the cases.
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Constant Kernel

Considering K (z,y) = 1in (6.1) and using Eq. (6.10) gives C(z) = 3 (sinh(z)—cosh(z)+

1) — 1. Following are the explicit form of the components for u/s:

ug =€ *, wup = %tef‘r(az —2), ug= étzefzx (e®(x—4)(z—1)+2—2),
u3 _ 1z (2t(x — 2) + 2" (t((z — 8)z + 8) — 6(z — 2)) + €** (¢ (2(z — 5)*x — 29) — 12(z — 2))).

96

Continuing in this manner, one can compute higher order terms of the series solution
with the help of MATHEMATICA®. The exact solution to this problem is provided in
[138] and given as

_ 2z
e t+2

u(z,t) = T

For numerical illustration, the exact solution and the truncated solution by LODM
taking the partial sum of seven-term of the series are plotted in Figure 6.1. It can
be seen that both solutions behave in a similar manner. In the beginning, there is a
high density of smaller particles, and as time goes on, this density decreases (see Figure
6.1(a)). The comparison between the exact and the series approximated solutions using
various terms (n = 3,5,7) at ¢ = 1 is shown in Figure 6.2, along with the absolute
error between the exact and seven-term truncated solutions. It can be seen that the
accuracy of predicted number density can be increased by using more terms in the series
approximated solution (see Figure 6.2(a)). To strengthen the novelty of the LODM,
number density using the 7-term approximate solution is also compared with the finite
volume approximated and exact solutions in Figure 6.3(a). The graph indicates that

LODM and FVM overlap the results with the precise ones.

Moving further, the efficacy of the method can be checked by calculating the moments of
the approximated solutions and comparing them with the moments of the exact solution.

The " moment of the exact solution is defined as

/LTE‘”“Ct(t):/ x"u(z, t)dx, (6.31)
0

while the approximated solutions using LODM, are given by
oo
() = / o (1) d. (6.32)
0

These moments are relevant physical quantities with zeroth moment (obtained by putting
r = 01n (6.31)) being the total number of clusters and the first moment (r = 1 in (6.31))

gives the total mass (volume) of the system. Putting r = 2 gives the second moment,
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defined as the energy dissipated by the system [22]. As expected, it is observed that the
series approximated solution conserves the total mass of the particles in the system and
hence, plots for the first moment are omitted here as well as in the next two examples.
Figure 6.3(b) represents the comparison of zeroth and second moments calculated via
LODM (u4,7), FVM (i, r) and exact (u;) solutions for i = 0 and 2, respectively. From

this figure, it is clearly visible that all the results are overlapping with each other.

Exact and LODM

(a) Exact solution (b) LODM solution

FIGURE 6.1: Number density for constant kernel

0.5¢ LODM

0.006} "
7 Absolute Error
0.00.

Concentration

Size 10

(a) LODM and exact solution (b) Absolute error.

FIGURE 6.2: Number density and absolute error for constant kernel

These numerical results are also validated by Tables 6.1-6.3 which present the values
of the theoretical error bound (6.19) for three different cases. In addition, these errors
are compared with the error bounds of ODM (5.27). Here, we have ||ug||= 1, ||u1]|=
Tollur —uol|= (14 %), |C(x)|< 1/2 for large x, ie., k =1/2.

Case 1 : Let L = 1.1.
Choosing T" = 0.2 provides from (A1) and (Alygy), that 6 = 0.6 < 1, and A =
0.1 < 1, respectively.
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(a) Number density comparison with FVM (b) Moments comparison with FVM

FIGURE 6.3: Number density and moments using LODM and FVM for constant kernel

We have, ||ui||=0.127 < 2L (for ODM) and
|lu1]|= 0.127 < L as well as kT'||u1 — uo||= 0.1 < L/2 (for LODM).

Case 2 : Let L = 2.
Selecting T'= 0.1 gives § = 0.33 < 1, and A =0.03 < 1
Now, ||u1||=0.063 < 2L (for ODM) and
[lu1]|= 0.063 < L as well as kT'||u1 — ug||=0.05 < L/2 (for LODM).

Case 3 : Let L =11.
Choosing T' = 0.03 such that we have § = 0.52 <1, A =0.02 < 1.
Here, ||u1||=0.019 < 2L (For ODM) and
[lu1]|= 0.019 < L and kT ||u; — up||= 0.015 < L/2 (for LODM).

Remark 6.5. It should be mentioned here that if we increase L (say up to L = 101,
we can select T' = 0.01 to get 6 = 15.6 £ 1, but A = .156 < 1 i.e., we can consider
higher value of T in case of LODM. In addition, in all cases above, it is observed that
we can consider T = 0.3,0.2,0.08, respectively, to obtain error estimates for LODM,
but we have calculated error values for the same T for comparison. In conclusion, the
significantly lower values of these errors (see [58]) for comparison) depict the excellent

accuracy of our method.

TABLE 6.1: Truncation error in computing approximate solution using ODM and
LODM for constant kernel for case 1

m ) 10 15 20 25 30

erroropy = 2.4 x1072  1.8x107% 1.4x107* 10°-5 81 x1077 6.2 x1078

errorLopm  3.2x107° 7.8 x10719 2 x107™  4.6x107¥ 1.1 x1072 2.8x10728
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TABLE 6.2: Truncation error in computing approximate solution using ODM and
LODM for constant kernel for case 2

m 5 10 15 20 25 30
eITOTODM 4 x1073 14 x107% 5.2 x107? 2 x107H 7.6 x1074 2.8 x10716
erroropm = 6.8 x1078 2.6 x1071% 9.8 x107% 3.8 x1073° 1.4 x10737 5.4 x107%

TABLE 6.3: Truncation error in computing approximate solution using ODM and
LODM for constant kernel for case 3

m 5 10 15 20 25 30
eITOrODM 1073 5 x107° 2 x1076 7.6 x107% 2.8 x107Y 10~10
error,opm = 9.3 x10719 8.4 x107Y 7.6 x107%® 6.8 x107%7 6.2 x107% 5.6 x107°°

Sum Kernel

If sum kernel is taken, i.e. K(z,y) = x + y, this leads to C(z) = —z + Sz (sinh(z) —

cosh(z) + 1) — 1 and the first few components of the solution are

1 1
ugp =€ %, wup = 51&6‘“”(362 —2r—2), wug= ﬂ1526_23”.76 (e*(2x + 3)(2* — 6z + 6) + 3(2* — 22 — 2)) ,

u3 :5—;6#@—390 <e2x (t(z(2z(z(x(x(2x — 17) + 2) + 144) — 84) — 177) — 180) — 72 (2* — 62 — 4))

+ 12t((z — 2)z — 2)2% + 8e“z(x(t(z((z — 9z — 3) +12) — 9(z — 2)) + 18)>,

and so on. According to [138], the exact solution to this problem is

e(eft_z)x_tll (2\/ 1-— e*%)
V1—etx ’

where I; is the modified Bessel function of the first kind. Figure 6.4 illustrates the

u(z,t) =

excellent agreement between the exact and truncated series solutions by using the partial
sum of the seventh term in the series. In Figure 6.5(a), the comparison of the analytical
and LODM solutions taking 3, 5, and 7 terms in series approximated solution is made
at t = 0.4. The number density experiences noise over time, which can be reduced by
including more terms in the series solution (see Figure 6.5(a)). Further, the absolute
error is plotted in Figure 6.5(b) at different time levels. It clearly shows that the absolute
error between exact and series approximated solutions is almost negligible for seven
terms. Similar to the previous example, here again, it is reported from Figure 6.6(a) that
the results for the number density obtained using LODM and FVM are very accurate

and comparable with the analytical one.
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In addition to this, the efficacy of the method can also be visualized from Figure 6.6(b),
which provides the comparison of the zeroth and second moments plot for LODM and
the FVM along with the exact moments. As expected, the figure demonstrates that
due to the coagulation process, there is a decrease in the total number of particles and
the values are very well predicted both by LODM and FVM. Further, it is visualized
here that the second moment is predicted better using LODM than FVM. It is worth
mentioning that both LODM and FVM yield total mass conservation.

Exact and LODM

(a) Exact solution (b) LODM solution

FIGURE 6.4: Number density for sum kernel

0.006 £
Absolute %rr(% 4
0.002;

0.000

Concentration

Size 10

(a) LODM and Exact solution (b) Absolute Error.

F1GURE 6.5: Number density and absolute error for sum kernel
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FIGURE 6.6: Number density and moments using LODM and FVM for sum kernel
Product Kernel

Let us consider the case of product kernel, i.e., K(x,y) = xy, then one can obtain

C(z) = _%e*x (e® — 1) (x + 2) and the components us are

up =e ¥, wup = ﬁxte*x (w2 — 12) ,

1
uy =——at2e 2% — 152% — 3022 + €® (—452° + 3022 + 181z — 360) + 180z + 360 |.
720

Similarly, one can compute higher iterations with the software MATHEMATICA®. The

exact solution to this problem is, see [129],

u(z,t) = e kzzo(k+1)!1“(2k+1)'

The Exact and truncated solutions for the density distribution function are plotted in
Figure 6.7. Similar outcomes are being pursued in this case, as was shown in the previous
cases. Both the LODM-based density distribution and the actual density distribution
plot exhibit identical behavior. A comparison between exact and LODM-based number
density functions (for n = 3,5 and 7) is carried out in Figure 6.8(a) at time ¢ = 0.4. It
is visible that as the term in the approximated series solution increases, the truncated
solution moves closer to the exact solution. In Figure 6.8(b), the absolute error is
presented between the exact and LODM-based number densities, taking the partial sum
of seven-term in the series approximation. The figure depicts that the error is almost
zero for a shorter time. However, the error grows as time passes, which can be reduced by
raising the series terms. Further, Figure 6.9(a) depicts the number density comparison of
FVM and LODM with the analytical solution and it clearly indicates that both methods

exhibit good agreement with the analytical concentration.
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Exact and LODM

(a) Exact solution

(b) LODM solution

FIGURE 6.7: Number density for product kernel
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(a) LODM and Exact solution
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(b) Absolute Error.

FIGURE 6.8: Number density and absolute error for product kernel
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(b) Moment comparison with FVM

FIGURE 6.9: Number density and moments using LODM and FVM for product kernel

Additionally, to verify the efficiency and accuracy of the method, zeroth and second

moments for the approximated number densities computed using LODM (7-term series

solution) and FVM are plotted in Figure 6.9(b) along with the exact ones. Both LODM
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and FVM provide exact agreement with the precise total number of particles. However,
for the second moment, LODM over-predicts the result as time progresses but it is still
found to be better than the findings via FVM. It should be mentioned here that for
higher rate of aggregation kernels, numerical schemes including FVM and fixed pivot
technique fail to predict the second moment, see [139, 140] and further citations. More-
over, considering a higher number of terms in the semi-analytical method (which is a
tedious task if not impossible to check), one can expect a better outcome. All of the

above results show the novelty of the proposed method to solve this non-linear problem.

6.3.2 Fragmentation Problem

Consider the fragmentation equation (6.2) with the initial condition u(z,0) = ug(z) > 0.
We have considered four different test cases in this section which include the binary
fragmentation kernel with linear and quadratic selection rates and the Austin kernel with
cubic selection rate. The other parameters are provided in the following subsections.

Interestingly, in all the cases, closed-form solutions are obtained using LADM.

Binary Fragmentation with Linear Selection Rate

Taking into account the fragmentation rate b(x,y) = %, selection rate ¢(x) = = and the

exponential initial condition ug(x) = e™*, the LODM iterations (6.14) will take the form

ug =e~ 7, u = —tz " te™® (x2 — 2x) ,
U :(21!)2t2x061 (m2 —4x + 2) , Uz = (31!)3#9’6:% (a:2 — 6x + 6) ,
and in general,
up = (_k:l!)kt":e_gcﬂvk_Q(a:2 —2kx+k(k—1)), k>0.
So, the n term truncated series solution is given by
by = zn:uk.(:c, £) = zn: (_1)kt];e!_%k_2 (22 — 2k + k(k — 1)). (6.33)
k=0 k=0

In order to get the closed-form solution, taking the limiting case of (6.33) leads to

lim 1, = lim En: S A (2% — 2kz + k(k — 1)) = (1 + )%~ 0T (6.34)
noo " noo prd k! ) :
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which is also the exact solution to the problem as provided in [141]. To validate the
theoretical results, we shall calculate the theoretical error bound which confirms the

efficacy of the method. For this, we have: u;(x,t) = te”*(2 — x), which gives

> T(1— 2\
fuili= swp [~ s = e = THEZ
s€[0,77 /0 (A—1)2

and we choose A = 0.2 and 0.1 that give two corresponding values of T = 0.015 and 0.0045
to compute the theoretical bound (6.27) which are presented in the following Table 6.4

as

TABLE 6.4: Theoretical error bound for binary fragmentation with linear selection rate

m 10 20 30 40 50

Error (A =0.2) 46x10722 15x107*  49x107%  16x1078 51 x 10719

Error (A=0.1) 53x1072" 63x107°  75x107™ 89x107% 1.1 x107'%

Binary Fragmentation with Quadratic Selection Rate

Considering the fragmentation rate b(x,y) = %, selection rate ¢(x) = 2% and initial data

uo(x) = e™*, the terms of the series solution (6.14) will be as

ug =%, up = —te “(a? — 2z — 2),

—1)2 —1)3
U9 :( 2') t?z2e" (x2 —4x — 4) , Uz = (3')t3x4e_m (332 — b6x — 6) )

u —ﬂtk k2= (22 _ Oy — 2k E>0
k= il T e (a? T ), > 0.

So, the partial sum of n terms of the series solution is

k
Yy = Zuk(x,t) = Z (_kll) thgp?k=2¢—2 (2? — 2kz — 2k). (6.35)
« k!

n n
k=0 k=

If we take limit n — oo then,
u(z,t) = lim ¥, (z,t) =(1+ 2t + th)e—(l—i-:ct)x’
n—oo

which is exactly the same as the analytical solution of the problem given in [141].
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Since, uj(z,t) = te™®(2 + 2z — x?), we have

2T (A2 — 2)\)

T (6.36)

o

||lui||= sup / $eM (2 4 22 — x?)dx =
s€[0,7] /0

By taking the parameters A = 0.2,0.1 and correspondingly 7" = 0.0015,0.0002, the

theoretical bound (6.27) is determined. These error bounds for different values of m are

summarized in Table 6.5 below as

TABLE 6.5: Theoretical error bound for binary fragmentation with quadratic selection
rate

m 10 20 30 40 50

Error(A =0.2) 6.9x 1073 22x107%2 72x107? 23 x107121 7.6 x 10715

Error(A=0.1) 55x107% 57x107 6x 107137 63 x 10718 6.6 x 10722

Binary Fragmentation, Linear Selection Rate with Dirac Delta Initial Con-

dition

Let us consider an interesting case of mono-disperse initial condition which is represented
by using Dirac Delta function as ug(z) = §(z — v) along with the fragmentation rate
b(x,y) = % and selection rate ¢(z) = x. Then for a particular value of v = 10, equation
(6.14) gives

up =d6(z — 10), up = (—tx)d(z — 10) + 2tH(10 — z),
(—tz)k (—tm)”“_1
k! (k—1)!

)k—2

t
2H(10 - )+

(5(1’—10)‘1‘ W

up = t2(10 — 2)H (10 — z),

for H(10 — x) being the unit step function. So, the n-term series is given by

no x k —tr k—1 —tr k—2
Un=Y (—tz) §(x — 10) + ((]:_)1)!2151{(10 —z)+ ((]:_)2)!752(10 —z)H(10 — ).

(6.37)
In order to get the closed-form solution, taking the limiting case of (6.37) leads to

n k
lim v, = lim Zﬂ

n—o0o n—o0 k!
k=0

(—tx)F1
& —1)!

(—tx)F—2

m#(lo —2)H(10 — 2),

§(z —10) + 2H(10 — z) +

=e " (§(z — 10) + (¢3(10 — x) + 2¢) H(10 — z)), (6.38)
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which implies that u(z,t) = e~ (§(z — 10) + (¢t*(10 — z) + 2t) H(10 — z)). Fortunately,
this is also the exact solution to the problem as provided in [141]. We would like to men-

tion here that these computations are possible for any v € R.

Austin Fragmentation Kernel, General Selection Rate with Exponential Ini-
tial Condition
Taking into account the fragmentation equation with general selection rate ¢(z) = =

and a physically relevant fragmentation kernel introduced by Austin as, see [142],

~y—1 1— n—1
<£7:;7 4 52)}771" )

b(z,y) = <

with initial condition ug(xz) = e™*. It is worth mentioning that the analytical solution to
the above problem is not available in the literature. Thanks to our series approximated
approach, in order to find the closed form solution, we take special case as a = 3, n = 2,
v =2 and £ = 0 which lead to b(x,y) = Z—% and ¢(z) = 2.

Following the procedure as in (6.14), the coefficients of the series solution are

ug =e %, up = —tze *(z? — 3z — 3),
—1)2 —1)3
up _! Ql)*?fzac‘le_z(ac2 —6x—6), uz= (3')t3w7€—x($2 — 9z —9),

—1)k
up = ka2 (22 gke k), k20

Hence, the partial sum of the n terms of the series solution is

n n

Wy, = Z up(x,t) = Z (_kl')kthngex (2® — 3kx — 3k) . (6.39)

k=0 k=0

Further, by taking the limit n — oo, we obtain

w(z,t) = lim o (z,t) = e % (3ta® + 3tw + 1) . (6.40)

n—o0

By Theorem 6.4, if ¢, (x,t) converges, it will converge to the exact solution of the
problem. Therefore, the limiting value of ¥, (x,t) must be the exact solution. We would
like to emphasize here that the closed-form solution is obtained for a particular parameter
case. However, if the problem is solvable, one can find the closed-form solution or an
approximate solution in the series form for different sets of parameter values by our

proposed algorithm.
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Concluding Remarks

This thesis work discussed in detail the theoretical, numerical, and semi-analytical ap-
proaches to deal with different forms of coagulation equations namely the Safronov-

Dubovski coagulation equation (SDCE) and Smoluchowski’s coagulation equation.

The theoretical analysis of the SDCE revolved around stating conditions for existence,
density conservation, uniqueness, and differentiability for unbounded kernels. Our first
aim was to discuss the global existence, uniqueness and density conservation of weak
solutions for the unbounded kernel of the form V;; < it for the SDCE. This
kernel contains V; ; = i~2/3 4 j=2/3 v 4 j > 1 which explains the 'Diffusion-controlled

growth of supported metal crystallites, and V; ; = il 4T ajl= and Vij = (i+
7)1 (ij)~%, where a > 1. The boundedness of the first moment and finiteness of the

first moment at an initial time were the only prerequisites to establish these results.

The second goal was to extend the definition of the parameter to the sum kernel V; ; <
(i + 7) and discuss the additional conditions under which all solutions conserve the
density in the case of SDCE. Further, the first-order differentiability of the solutions
was analyzed for the kernel V;; < ¢* + j¢ 0 < o < 1 which covers the sum kernel
under its umbrella. Since, it was not easy to deal with the sum coagulation parameter,
we analyzed the uniqueness of the solution for the kernel V;; < min{i", "} where
0 < n < 2. It was observed that these results are valid when (o + l)th moment was

bounded and its value at ¢ = 0 is finite.

The numerical counterpart investigated the existence and uniqueness of the steady-state
solution and its simulations considering up to bilinear growth rates for three initial data.
Therefore, our third objective was to analyze the steady-state behavior and numerically
analyze the solutions for the SDCE in the case of constant, sum, and product kernels,
e, Vi;i=2, (i+}]), 8il/2j1/2 & 2ij V4,7 > 1. All the results were established under
the assumptions that Ms(t) is bounded and the solution f;(t) is differentiable. In absence
of the availability of analytical solutions, results were justified by producing numerical
solutions, normalized moments, and steady-state solutions using three initial conditions
fi(0) = %, £i(0) = e~ and f;(0) = e=**. However, it was observed that the results were
replicated for taking any kernel and initial condition pair.

Interestingly, it was noticed that the oscillations arose as the value of N was increased
but only when the time was low; these oscillations seemed to relax as t progressed.

The oscillations appeared due to the fact that the large clusters become very efficient
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at merging with small ones. As monomers are added to the system, the typical size
remains fairly small until a small number of large clusters are generated. At this point,
large clusters grow very rapidly by absorbing the smaller clusters, producing a pulse of
mass through the space of cluster sizes. These large clusters are then removed by the
cutoff, resetting the system to a state with almost no particles, and the cycle repeats. In
the case of the product kernel, the aggregating system is open, so the oscillations might

arise due to input at small masses and sink at large masses.

In the fourth task, we explored a semi-analytical technique known as the optimized
decomposition method (ODM) to solve Smoluchowski’s coagulation equation. In order
to see the efficiency of this method to deal with multi-dimensional coagulation problems,
we initially developed its extension to solve the 2D and 3D Burgers’ equations. In
addition, the theoretical investigation into the convergence analysis was also carried out
for both the equations. It was observed that for the convergence of the series solution
to the exact solution, two additional assumptions were required, i.e., {u,} should be a
Cauchy sequence, and the parameter C(z) must be essentially bounded. In case of the
coagulation equation, the analysis included some numerical examples to establish the
application and novelty of this method over ADM considering various relevant kernels
with the exponential initial distribution. It was demonstrated that for the constant
kernel, ODM needed fewer terms as compared to ADM for a higher value of time. Also,
it predicted the behavior of the zeroth moment better than ADM. In the case of sum
kernel, ODM proved to be a more reliable method for estimating the number and mass of
particles in the system. Finally, we observed that ODM estimated the number density in
fewer terms than ADM and both absolute and numerical error values were significantly
lower than ADM for product kernel even for small values of time.

For the Burgers’ equation, several test cases dealing with the 1D, 2D, and 3D problems
were considered to establish the implementation of the method. In the case of 1D, the
results computed using ODM were compared with the existing method ADM and it was
observed that ODM proved to be a more promising method. Owing to the novelty of
ODM, the method was extended to two and three dimensions that aided in calculating
the approximate solutions of the 2D and 3D Burgers’ equations. Interestingly, we found
that ODM was able to compute the solution of a 2D Burgers’ equation with no exact
solution. It was visualized that the method shows excellent accuracy with the exact

solution in all the cases.

Lastly, a Laplace transform-based semi-analytical approach called the Laplace opti-
mized decomposition method (LODM) was implemented to compute the series solutions
of Smoluchowski’s coagulation equation. In addition to the coagulation equation, we

have discussed the approximate solution for the pure fragmentation equation using the
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Laplace Adomian decomposition method (LADM). We considered three cases of the co-
agulation parameters including the constant, sum, and product kernels with exponential
initial conditions. In addition, two examples of the fragmentation kernel (binary and
Austin) with three selection parameters (up to cubic) and two initial conditions (expo-
nential and mono-disperse) were analyzed.

It was observed that in the case of the fragmentation equation, we were able to compute
the closed-form solutions in all the test cases using LADM with a rate of convergence
faster than the existing ADM method. However, in the case of the coagulation equation,
the seven-term approximated solution computed using LODM gave excellent agreement
with the exact solution and was able to predict the moments with very nice accuracy in
all the cases.

The article also dealt with theoretical convergence results for both equations. It is note-
worthy that in both methods, the Laplace transform provided an advantage in getting
a time multiplier for the constant while establishing contraction mapping. Therefore,
the theoretical error bounds obtained for both LODM and LADM were significantly
improved. In conclusion, these methods proved to be very efficient in dealing with

non-linear as well as linear partial integro-differential equations.

Future Scope

Based on the work done in this thesis, the possible future scopes are as follows:

e To conduct the stability analysis for the Safronov-Dubovski coagulation equation.

e To develop coupled numerical and semi-analytical methods to solve coagulation

and breakage problems.

e To theoretically, numerically and semi-analytically analyze these coagulation prob-

lems in the presence of a little disturbance, i.e., the source term.

e To discuss existence and uniqueness as well as develop semi-analytical methods for

multi-dimensional aggregation and breakage problems.
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