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Abstract

Very little is known about different phases of strongly interacting mat-

ter governed by quantum chromodynamics (QCD). The known nuclei

of elements in the periodic table at normal conditions occupy merely

a point in QCD phase space. The quest now is to find what form the

quark-gluon matter takes in different density and temperature condi-

tions. Can we probe such a matter in experiments? Can we character-

ize a bulk, colored medium from first principles and find its properties?

At large temperatures and densities, we expect first the nucleons, viz.

protons and neutrons, to get free and then further ahead quarks be-

ing deconfined from nucleons. A free quark state is believed to have

existed in the early universe before the formation of stable nucleons.

We also expect a dense quark-gluon medium to exist inside the neu-

tron star. Both of these systems are inaccessible to probe. However, a

quark-gluon plasma (QGP) state could also form briefly after heavy-ion

collision experiments. And this could be confirmed by systematically

analyzing the difference in observed particles and their distributions in

collider experiments and those from scaled-up proton-proton collisions

where we do not expect QGP formation. Such comparison provides us

with experimental signatures of such a state forming. However, this

is just half the proof. What we also need is to reproduce these ex-

perimental signatures independently from the first principles, which is

challenging. An overview of quark-gluon plasma and its signatures is

provided in chapter 1.

The first problem presented in this thesis is bottomonium suppression

in Pb-Pb collisions at CERN LHC energies whose background is cov-

ered in chapter 2. Suppressed Quarkonia production is a prominent

signature of hot quark medium formation. A bound state of heavy

quark and heavy anti-quark matter is called quarkonia. The idea is

that while traversing the deconfined state of the quark-gluon medium,

the quarkonia will dissociate and will be produced lesser in number.

Experiments do observe such suppression. We first introduce the po-

tential non-relativistic QCD (pNRQCD), which is the effective field

theory for quarkonia in QGP, along with quark anti-quark bound state
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potential as well as the origin of various effects which affect this bound

state. We then go on to calculate these effects for the system at 2.76

TeV and 5.02 TeV energies. The background quark-gluon plasma is

modeled as a (3+1)-dimensional hydrodynamic medium with Lattice

QCD EoS. The effects considered are the dissociation of color singlet

state on the absorption of an ultrasoft medium gluon into a color dou-

blet state. The formation of the bound state will be affected by the

screening of color charges in the medium and also by collisions with

medium partons. Both of these effects are also considered. We also

take into account the suppression effects in mediums where no QGP

is expected. These are called cold nuclear matter effects of which nu-

clear shadowing is considered here. We produce a quantity equivalent

to experimentally measured suppression factor called nuclear modifi-

cation factor as a function of transverse momentum, centrality, and

rapidity. The theoretical results qualitatively explain the experimen-

tally measured suppression results. One way of characterizing QGP

would be the reproduction of multiple signatures simultaneously from

a single coherent formalism. This first study presented in chapter 3

is an important step in this direction.

The second problem, addressed in chapter 5 of this thesis, is about

finding the smallest size of QGP in peripheral symmetric heavy-ion

collision. We have convincing signatures of QGP formation in nucleus-

nucleus collisions. However, over the years, with increasing energy of

collisions, QGP formation in small systems viz. in nucleus-proton and

high multiplicity proton-proton is also speculated. But these systems

are also the systems in which cold nuclear matter plays a significant

role in producing QGP-like signatures that are not due to QGP. This

could be a serious problem because in quarkonia suppression one uses

proton-proton collisions as reference. Hence it is important to find the

smallest system size of heavy-ion collision that could be characterized

as QGP. The prerequisites of this study are covered in chapter 4.

Viscous hydrodynamics has been unreasonably effective in explaining

the QGP stage in heavy-ion collision. Neither the system achieves

local equilibrium nor pressure isotropization. Hence one calls it hy-

drodynamization rather than hydrodynamics, which essentially means

that the second-order hydrodynamics theory is adequate to model the
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QGP stage. The analytical structure of relativistic viscous hydrody-

namics has a pole that does not vanish in the limit of a small wave

number called the non-hydrodynamic mode. It turns out that this non-

hydrodynamic mode is controlled by a second-order transport coeffi-

cient called shear relaxation time. We exploit this fact and produce the

elliptic flow of the Pb-Pb and Au-Au system to find the smallest size

that could hydrodynamize.
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Chapter 1

Introduction to quark-gluon

plasma

Any physical interaction in nature in any phenomena at any scale or energy

manifests as just one of the four fundamental forces. Electromagnetism first took

a coherent classical form in classical Maxwell’s equations (1862) and then later

as quantum electrodynamics (QED) (1950s). The nuclear decay process alluded

to the discovery of weak interaction (1933). The strong interaction governing

the bound state of quarks was explained by quantum chromodynamics (QCD)

(1970s). The framework of all the above three fundamental interactions is quantum

field theory. In which each type of particle is an excitation of the underlying

quantum field. For energies higher than roughly 246 GeV, electromagnetism and

weak interaction combine into a single force [1–3]. This unification, whose idea

first came up in (1967) [4], has been formulated into electroweak theory. These

electroweak and strong interactions are put together in the Standard Model of

particle physics, which has been one of the most remarkable achievements of the

last century. However, general relativity’s gravitation has stayed aloof from this

picture. Moreover, the standard model is inadequate to explain neutrinos with

masses and baryonic asymmetry among many other phenomena. Hence certainly,

the standard model is lacking, and there is a need to branch out of it to a more

comprehensive framework. But before that, there is a need to get a good hold of
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1.1. Quantum chromodynamics

QCD itself, which has been elusive due to difficulties involved in probing quark

matter experimentally. On the theoretical front, QCD poses a challenge in the

non-perturbative regime, even with Lattice QCD. Recently some progress has been

made in figuring out a few of the approximate features of the QCD phase diagram,

but there is a lot to be done.

1.1 Quantum chromodynamics

Figure 1.1: Particles in Standard Model with the blue line indicating a particle’s
or a group of particle’s interaction with other particles or itself/themselves. All
gauge bosons except photon (below Schwinger limit) interacts among themselves.
Neutrinos interact in the Standard Model only through weak interactions and are
massless. Image source [5].

Fermions are half-odd-integer spin particles. Quarks are fermions with frac-

tional electric charge as well as possessing color charge of strong interaction. There

are three kinds of color charges, which are named red, green, and blue. Anti quarks

carry the polar opposites of these, which are anti-red, anti-green, and anti-blue.

So far, we know that quarks come in 6 flavors, up, down, strange, charm, bottom,

and top. The historical account of the quark’s discovery is quite interesting. In

1964 quarks were hypothesized to be the constituents of hadrons, independently

by Murray Gell-Mann and George Zweig. Until then, hadrons were considered to

be the fundamental particles with no internal structure. Nevertheless, after just
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Chapter 1: Introduction to quark-gluon plasma

four years, the existence of quarks was confirmed in a deep inelastic scattering ex-

periment at the Stanford Linear Accelerator Center (SLAC). But quarks have not

been seen in an isolated state. This is because the strong force between two quarks

stays constant with an increase in separation between them. This is contrary to

the electromagnetic force, which has an inverse relation with the separation of

charges. This phenomenon is called color confinement and is peculiar to QCD.

If one attempts to separate two quarks by applying energy, the process results in

pair production of a new set of quark anti-quark pairs, forming color singlet states

with original quarks. The color singlet states are hadrons(mesons or baryons),

also called color-neutral states. However, above certain temperature/pressure, the

kinetic energy of constituent quarks should overcome confinement.

In quantum field theory, the motion of a free fermion of rest mass, m is given

by the Dirac equation,

(iγµ∂µ −m)ψ(x) = 0 (1.1)

Here, ψ(x) is the Dirac field, also called Dirac spinor and γµ = {γ0, γ1, γ2, γ3} are

the gamma or Dirac matrices. This equation is obtained by solving the Euler-

Lagrange equation with the Lagrangian density:

LD = ψ(x) iγµ∂µψ(x)−mψ(x)ψ(x), (1.2)

where, ψ(x) ≡ ψ†γ0 is the adjoint Dirac field.

In electromagnetism, we found that the electric charge is always conserved.

From Noether’s theorem we know that for every global symmetry in the system,

there is a conserved quantity. The QED Lagrangian is unaffected by phase trans-

formation in a fermionic field of the kind, ψ(x)→ eiαψ(x) and ψ(x)→ e−iα ψ(x).

If α is chosen as a real number, then this symmetry of Lagrangian is global. And

this results in conserved electromagnetic current and charge. But if we allow the α

parameter to be coordinate-dependant, then the symmetry is localized. And then

we additionally need to introduce a gauge covariant derivative in the Lagrangian,

∂µ → Dµ ≡ ∂µ+ieAµ, in order to keep the Lagrangian invariant. Here Aµ is called

a gauge field, which in this case is the photon field. The gauge boson is the photon

here, the excitation of the photon field. The parameter α could be considered the

single element matrix of the unitary, U(1) group, governing the gauge symmetry

in QED. Theories which have such local symmetries are called gauge theories.

QCD is a non-abelian gauge theory or often called Yang-Mills theory, after the
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1.1. Quantum chromodynamics

names of its discoverers [6] coupled minimally to the quarks. The non-Abelian

gauge group associated with QCD is SU(Nc), and the corresponding charge is

called ‘color’. The quark flavors belong to the fundamental representation of this

gauge group, SU(Nc), and have dimension Nc = 3, which is the number of colors

any given quark can possess. The color interaction mediating gauge boson here are

the massless gluons, which transform like connections in the adjoint representation

of dimension N2
c − 1 = 8. Hence QCD has eight kinds of gluons. Their lie algebra

is given as:

[
λa, λb

]
= 2i

8∑
c=1

fabc λc, (1.3)

where λc are 3×3 traceless Hermitian matrices called “Gell-Mann matrices” which

are closed under multiplication and are given as:

λ8 =
1√
3

1 0 0

0 1 0

0 0 −2

 ; λ7 =

0 0 0

0 0 −i
0 i 0

 ; λ6 =

0 0 0

0 0 1

0 1 0

 ;

λ5 =

0 0 −i
0 0 0

i 0 0

 ; λ4 =

0 0 1

0 0 0

1 0 0

 ; λ3 =

1 0 0

0 −1 0

0 0 0

 ;

λ2 =

0 −i 0

i 0 0

0 0 0

 ; λ1 =

0 1 0

1 0 0

0 0 0

 (1.4)

In the commutation relation of Eq. (1.3) above, fabc are called the structure

constants, which are anti-symmetric in all three indices, given as

f 458 = f 678 =

√
3

2
; f 123 = 1

f 257 = f 147 = f 165 = f 246 = f 376 = f 345 =
1

2
fabc = 0 for all other combination of indices. (1.5)

There are two kinds of SU(3) gauge symmetries in QCD. The first SU(3) sym-

metry is of color charge between quarks. What it means is that the color charges
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Chapter 1: Introduction to quark-gluon plasma

do not distinguish between quark flavors. The second approximate SU(3) sym-

metry is among the 3 lightest quark flavors, viz. up, down and strange. Due to

this symmetry, these three quarks could be interchanged in a process as there is

a small relative difference in their rest masses. The QCD Lagrangian density is

given as,

LQCD = −1

4
Gµν
a G

a
µν +

∑
f

ψf (iγ
µDµ −mf )ψf , (1.6)

where f is the quark flavour index (f = u, d, c, s, t, b) and Ga
µν is the Yang-Mills

field strength tensor given as:

Ga
µν = ∂µA

a
ν − ∂νAaµ − gfabcAbµAcν . (1.7)

Dµ in Eq. (1.6), is the gauge-covariant derivative which couples the quark field

(ψf ) to the gluon fields (Aaµ) with a coupling strength g through the infinitesimal

SU(3) generators T a = 1
2
λa in the fundamental representation as,

Dµ = ∂µ + igAaµT
a (1.8)

where a = 1 . . . 8 and the repeated color index is implicitly summed.

1.1.1 Running coupling constant, asymptotic freedom, and

quark confinement

In classical field theory, like electrodynamics, the force between charges is of

the form F = ke
q1q2
r2 , where ke is the coupling constant deciding the strength of

the interaction. In quantum field theory, the coupling arises in the Lagrangian

as the coefficient of the gauge field in the gauge covariant derivative. The QCD

coupling constant depends on the energy scale (µ) at which we are probing the

coupling. This is why we refer to the strong interaction coupling as ”running of the

coupling,” and is explained with the renormalization group. The renormalization

group is a more general concept that describes any kind of scale variation in a

physical system. From our present understanding, we cannot observe an isolated

elementary particle like an electron or quark. This bare particles are an excitation

of the elementary quantum field, which we can write in a Lagrangian. But bare

particles are not identical to the ones detected in experiments. The observed real

particles are called dressed or clothed particles which are surrounded by a cloud
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1.1. Quantum chromodynamics

Figure 1.2: Measurements of the Running coupling constant of QCD as a function
of scale Q obtained by using the CT10 next-to-leading order PDF set [7]. The solid
line and the uncertainty band are obtained by evolving the calculated coupling with
reference as Z-boson mass, αs(mZ). The values are calculated for 2-loop 5-flavor
RGEs. Image source [7].

or sea of virtual particles lying off shell.

The renormalization exhibits a transformation group that transfers quantities

from the bare terms to the dressed terms. In other words, the virtual quark sea

forms a notional covering induced by the renormalization group. We encounter

divergent loop integrals while quantizing a theory. As QCD is a renormalizable

theory, there are finite superficially divergent amplitudes, and these divergences

can be eliminated by replacing bare parameters of the QCD Lagrangian ( i.e., the

bare coupling and fermion masses) with the renormalized parameters measured

at an arbitrary scale, µ, referred to as the renormalization scale. Assuming we

know the strong coupling constant αs ≡ g2

4π
at an energy scale Q2, the required

renormalization group equation (RGE) that gives the energy dependence can be

derived from Callan-Symanzik equation. Considering massless fermions, the RGE
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Chapter 1: Introduction to quark-gluon plasma

for strong coupling constant is given as,

Q2 ∂

∂Q2
αs(Q

2) = β
(
αs(Q

2)
)
, (1.9)

where Q = |q|, and q is four-momentum exchanged in the process. The β function

of QCD on the right-hand side can be computed perturbatively by finding the

relevant Green functions and, generally, expressed as a series in terms of coupling.

β = −2αs

(
αs
4π
β0 +

α2
s

(4π)2
β1 + . . .

)
. (1.10)

The QCD β function depends on the renormalization scheme used and also on

the gauge. But in a mass-independent regularization scheme like MS (minimal

subtraction) scheme, the β-function is also gauge-independent [8, 9]. The first

coefficient for the one-loop case is given as [10, 11]

β0 =

[
11

3
CA −

2

3
nf

]
, (1.11)

where nf is the number of quark flavors that, at a given energy scale, can be con-

sidered to be massless. We approximate the RGE (Eq. (1.9)) using the truncating

the β-function expansion to leading order term, to obtain:

αs(Q
2) =

αs(µ
2)

1 + β0
αs(µ2)
π

log Q2

µ2

, (1.12)

where µ is an arbitrary reference scale. We define the QCD scale, ΛQCD as the

scale at which the coupling αs(ΛQCD) diverges, which breaks down the perturbation

theory. At the leading order, we have,

αs(µ) =
2π

β0 log µ
ΛQCD

. (1.13)

We can trust the perturbative expansion of QCD only when Q � ΛQCD. As

g(ΛQCD) ∼ 1, one can say that for Q� ΛQCD the theory is coupled strongly (con-

finement), and for Q� ΛQCD it is weakly coupled (asymptotic freedom). It is due

to this confinement principle that any attempt to split a hadron never produces

an isolated quark but more hadrons in color-neutral states.
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1.1. Quantum chromodynamics

1.1.2 Quark-Gluon plasma

T

µB

m
u,d
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Tpc
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Figure 1.3: (Left) A sketch of QCD phases in the space of net-baryon chemical
potential (µB), temperature (T), and light quark masses (mu,d). Image source [12].
Hypothesized QCD phase diagram as the temperature of the bulk QCD matter
plotted as a function of net chemical potential. Image source [13]. See text for
details.

Any attempt to break a hadron (baryon or meson) by supplying energy leads

to the production of more quark anti-quark pairs which participate in producing

new color neutral states. This is the essence of the quark confinement principle we

mentioned in the previous section. But if the high temperature and/or high-density

medium conditions are maintained for sufficient duration, the hadrons would melt

into a soup of quarks and gluons called Quark-Gluon Plasma (QGP), the idea

of which first took shape in late 1970s [14, 15].

Fig. (1.3)(right) shows the speculative phase diagram of strongly interacting

matter in the space of temperature and net-chemical potential. This diagram is

the backplane of the 3D phase diagram of QCD shown in the Fig. (1.3)(left).

This 3D phase diagram has physical strange quark mass but varying light quark

masses. Quark masses are the experimental inputs in QCD theory. The front

plane of the 3D phase diagram corresponds to zero light quark masses and con-

sists of a second-order transition curve (red line) meeting the first-order transition

curve (solid black line) at the tri-critical point (magenta dot). A tri-critical point

is defined as a point at which 3 distinct coexisting phases become identical. The

other end of the second-order transition line in the zero light quark mass plane
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Chapter 1: Introduction to quark-gluon plasma

meets the temperature axis at the critical point (red dot). A critical point is the

one at which 2 distinct coexisting phases become identical. The blue curve is the

locus of second-order order transition points meeting the plane of physical light

quark masses at the critical endpoint (blue dot), marks as Tcep on the temperature

axis.

We are yet to locate the critical endpoint, as can be seen by the patch in

Fig. (1.3)(right). The net baryon chemical potential axis could be understood as

the baryon density axis. Low µB corresponds to medium when the number of

baryons and anti-baryons are almost equal. With increasing µB, the system has

more baryons than anti-baryons. Near zero µB-T value, we have the QCD vacuum.

Critical point and pseudo-critical point temperatures are sometimes interchange-

ably used in literature, and the region between extending up to the critical endpoint

is referred to as crossover. In Fig. (1.3)(right) region under crossover, critical end-

point and first-order phase transition line are occupied by hadron gas. It is the

region where quarks are still confined to hadrons. Furthermore, the unbounded re-

gion above it is all QGP. At large µB and low temperature, a color superconductor

state is predicted. The core of neutron stars could also be placed somewhere in the

large µB and low-temperature region. The lower end of the small green line on the

µB axis corresponds to regular nuclear matter. All nuclei of the periodic table lie

on this single point. This small green line marks the nucleon gas-to-liquid phase

transition. Various collision experiments are and will be attempting to probe a

range of µB marks as corresponding bands at the top region of the plot. LHC

collisions correspond to a small patch at low µB and high-temperature region of

this phase diagrams as shown.

The largest portion of the speculative phase diagram of the QCD is occupied by

this QGP [16, 17]. This phase supposedly existed in the early universe for a short

time around the quark epoch before the formation of baryonic matter. The only

accessible laboratory for probing this state is high-energy collision experiments,

where quark matter could exist as a transient stage. So far, the experimental

findings indicate the formation of an inviscid medium [18, 19]. A theoretical lower

limit for the shear viscosity to entropy density ratio (η/s) of strongly interacting

matter has been known for a while [20]. However, the estimation of such low η/s

for quark matter in heavy-ion collisions has become possible only recently using

lattice QCD [21], and Bayesian parameter estimation methods [22].
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1.2. Stages of high energy collision

1.2 Stages of high energy collision

Figure 1.4: Overview of various stages of relativistic heavy-ion collision with typical
time scales. Image source [23].

What makes this problem of characterizing QGP so difficult is the sheer

complexity of the system. In high-energy collisions, the only variables in our con-

trol are particle species and the energy of the collision. All the rest has to be

inferred indirectly from the observables. Predicting the transport and thermo-

dynamic properties of a medium formed in the collision by analyzing patterns

in the produced particle yields is a scrupulous task. Hence, modeling of such a

complex system can only be dealt phenomenologically [24]. Fig. (1.4) shows the

big picture of high energy heavy-ion collisions which emerged from the interplay

of theoretical, experimental, and phenomenological progress over the last decade.

Right at the moment of collision, from what we expect, partons in the partic-

ipating nucleons from the Lorentz contracted nuclei strongly interact with each

other producing a region of coherent chromoelectric and chromomagnetic fields

called glasma. These fields evolve, and the deposited energy is highly inhomoge-

neous. The fireball expands until it reaches close-to-equilibrium, and this stage is

referred to as pre-equilibrium, and it lasts for about 1 fm/c [25, 26]. The use of

low-order hydrodynamics as the next stage of collision is purely motivated by its

phenomenological success in explaining soft sector experimental observables. The

duration for which this stage lasts in LHC and RHIC is around 5-10 fm/c. This

stage is dominated by QGP and it continues until the system has cooled enough

for hadronization to begin. Hadronization is the stage where quarks combine into

color neutron hadrons (baryons and mesons) which are then detected. This is a

relatively simple yet compelling picture of the complete evolution of the fireball.

The unreasonable success of this description is what, for now, allows us to keep

using it. However, the actual physical dynamics need not have such a distinct
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Chapter 1: Introduction to quark-gluon plasma

separation between stages, which we explain next.

In ultra-relativistic heavy ion collisions, a fireball at extremely high temperature and energy
density is produced. Very soon after the collision, the fireball equilibrates to a QGP and then
expands and cools down. Eventually the plasma goes through a phase transition when it
reaches a critical temperature (Tc). After the transition, no more free quarks and gluons exist
but form a gas of hadrons. At the end of the phase transition, the chemical composition of
hadron gas is fixed, which means that the abundances of each hadron species is determined.
This moment called chemical freeze-out is occurring for a temperature noted Tch (in fact,
assuming that different species can freeze at different temperatures means that several values
of Tch need to be considered). Just after chemical freeze-out, the hadron gas is still dense
enough so hadrons can interact depending on their elastic cross-sections. These interactions
stop at a moment called kinetic freeze-out. Once kinetic freeze-out happened, hadrons are
flying without interacting until they reach the detectors assembled to measure precisely each
of them. Figure 1 shows this process visually.

The production of hadrons can be very successfully described by statistical thermal mod-
els [1]. Such models rely on a thermodynamical description of the number of hadrons pro-
duced: the main parameters are the overall volume of the fireball, its temperature as well as
chemical potentials when the formalism used is corresponding to grand canonical ensemble.
By measuring the yields of hadrons (the average number of each species produced per event)
and comparing them with the values predicted by the model, we infer an estimate of the
chemical freeze-out temperature Tch [1]. It is important to note that the critical temperature
calculated by lattice QCD is 155±9 MeV and provides a baseline [2]. Temperatures already
extracted with thermal statistical studies for central Pb-Pb collisions in the center of mass
energy per nucleon pair of

√
sNN = 2.76 TeV measured at the Large Hadron Collider are

156 MeV and they are very consistent with lattice QCD calculations [3].
In this paper, a thermal model called THERMUS [4] is applied for the first time to Pb-

Pb collisions at
√
sNN = 5.02 TeV which is the highest energy ever reached for heavy-ion
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Figure 1: The evolution of QGP

2

Figure 1.5: Spacetime diagram of a collision event marked with various stages and
temperatures. Image source [27]. See text for details.

Fig. (1.5) provides a bit more detailed overview of the heavy-ion collision.

We have no direct probe to investigate the initial stage of collision. Photons are

produced in almost every stage of collision, but distinguishing between them is

challenging. Quarkonia could potentially act as initial state observables as they

are produced right after the early hard scattering stage. The hydrodynamic stage

is modeled only for light quarks with an appropriate equation of state. However,

there could also be heavy-light quarks, including any other resonances which can

form at that system temperature. Each particle species can hadronize at different

temperatures. Hence we need not have hadronization at sharp one instant. But

instead, we would have a mixed phase as shown in Fig. (1.5). The pseudo-critical

temperature (Tpc) should occur in this mixed region. The currently agreed upon

value of Tpc for QGP computed by Lattice QCD collaborations is roughly 156

MeV [28–30]. Once hadronized, the particles will still undergo inelastic collisions

among themselves, which could alter their species. This point is called chemical

freezeout, and the corresponding temperature is marked as Tch. Resonance decay

could happen before this point. Beyond this point, the hadron gas cools further

and gets dilute enough that even elastic collision also stops marking the kinetic
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1.3. Signatures of quark-gluon plasma in high energy collision

freezeout (Tfo) point. The particles from this surface are captured in the detectors.

The most abundant species are the lightest and stable ones, viz. pions, kaons, and

protons.

1.3 Signatures of quark-gluon plasma in high en-

ergy collision

The medium created in high energy collision doesn’t last beyond 20 fm/c and

has a small spatial extent of a nuclear volume before it hadronizes into particles

that decay into stable particles to be detected. Hence, the best we can do is to find

the nature of the medium created to find correlations and patterns in the particles

detected. Below we briefly discuss the indirect signatures that strongly indicate

the formation of a thermalized quark-gluon medium. These signatures also help

us deduce the properties of such a medium.

1.3.1 Jet quenching

The initial hard scattering at the point of collision produces hadrons through

strong interactions, often resulting in a collimated cluster of final hadrons re-

ferred to as jets. Jets have been found in e+e−, proton anti-proton [31, 32] and

lepton-proton [33] collisions as well, and their production rates are calculable in

perturbative QCD [34]. This higher-order jet-production perturbative QCD cal-

culations have become a standard tool for studies such as finding running coupling

constant [35] and Higgs boson searches [36]. The phenomenon where the energetic

partons in a jet lose their momentum due to interaction with the QGP medium is

called jet quenching [37]. Perturbative QCD jet calculations for proton-proton col-

lisions have shown agreement with experimental data [38]. Consider a jet parton

propagating with multiple interactions with thermal partons in the thermalized

medium. It will lose energy and result in transverse momentum broadening and

suppression of final jet hadron spectra. The energy loss of partons is propor-

tional to jet transport coefficient [39], which is the averaged transverse momentum

broadening normalized to the unit length of propagation

q̂a =
∑
b,(cd)

ˆ
dq2
⊥
dσab→cd
dq2
⊥

ρbq
2
⊥ (1.14)
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where index a is for jet parton colliding with medium parton of index b to produce

partrons c and d, governed by the partonic scattering cross section σab→cd. ρb is

the local density of medium parton inclusive of degeneracy and degrees of freedom

and q⊥ is the parton transverse momentum.

1.3.2 Collective flow

Figure 1.6: Origin of collectivity. (Left) The overlap region of the two nuclei in
the non-central collision produces spatial anisotropy in the fireball. (Right) The
resulting anisotropy in the momentum space. The dotted lines represent surfaces
of constant pressure. These lines are closer along the reaction plane, indicating
larger pressure. Image source [40].

The hadrons produced in the final stage of high-energy collisions possess

a certain collective flow. By collective flow, we mean that the hadrons detected

across different pseudorapidity and azimuthal angles are correlated to some extent.

Jean-Yves Ollitrault in 1992 predicted that such flow in high energy collisions could

shed some light on properties of hot and dense quark matter [41]. Unlike in the

case of weakly interacting gas, where the azimuthal distribution of particles would

be isotropic. The azimuthally anisotropic distribution of particles after freezeout

reflects the existence of spatial fluctuations in earlier stages. To find the collective

flow, we expand the azimuthal dependence of the invariant yield of particles in the

Fourier space relative to the reaction plane [42].

E
d3N

d3p
=

1

2π

d2N

dy pT dpT

(
1 +

∞∑
n=1

2 vn cos[n(φ−ΨRP )]
)
, (1.15)

where the reaction plane(ΨR) is spanned by the impact parameter vector and

the beam axis (z-axis). E is the particle energy with transverse momentum–pT
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1.3. Signatures of quark-gluon plasma in high energy collision

detected at an azimuthal angle of φ with respect to the lab x-axis. y is the rapidity.

The nth harmonic coefficient, vn = 〈cos[n(φ−ΨRP )]〉, are theoretical equivalent of

the experimentally observable quantity. Only the cosine term is considered in the

Fourier distribution because the sine terms vanish due to symmetry with respect

to the event plane. In the modern picture, collective flow is modeled by considering

a single particle azimuthal probability distribution, P (φ), which fluctuates from

event to event [43] and is given as,

P (φ) =
∞∑

n=−∞

Vn e
−inφ. (1.16)

Here, Vn = vn e
inΨRP is a complex Fourier flow coefficient whose magnitude(vn) and

phase(ΨRP ) fluctuate from event to event. This modern definition is convenient

for finding multiparticle correlations between vn and ΨRP . If QGP is fluid-like, the

collective flow would primarily be of hydrodynamic origin. But flow could also arise

due to some other effects like correlations among particles in jets, resonance decay,

and vacuum QCD effects like partonic bremsstrahlung, interference, etc., which

occurs mainly at very low multiplicities [44]. All these contributors are referred

to as non-flow effects and are not related to the event plane [45]. To extract

true hydrodynamic flow, various observables have been devised, viz., symmetric

cumulants and correlations between the magnitudes or phases of the complex flow

in different harmonics. Furthermore, various phenomenological models can obtain

observables that match the experimental data [46, 47]. However, the detection of

flow in small systems has further complicated the already difficult situation.

1.3.3 Quarkonia suppression

A bound state of heavy quark-antiquark (c,b,t) is referred to as quarkonium to

describe which a nonrelativistic Schrödinger equation with phenomenological po-

tential suffices. The heavy quark anti-quark pair forms in the early hard scattering

stage of collision could form a bound state and evolve in the medium before it de-

cays into lighter particles at freezeout. The bound state could dissociate in the

hot medium of quarks and gluons, resulting in lesser production when compared to

the scaled-up production in proton-proton collisions. Cornell potential developed

in the 1970s has been widely used to model the quarkonia bound state is given as

V (r) = −4

3

αs
r

+ σ r, (1.17)
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Chapter 1: Introduction to quark-gluon plasma

where αs and σ are the running coupling constant and the QCD string tension,

respectively. The first term in the potential is the coulombic part effective at

short distances. The factor of 4/3 originates from the the color charge factor i.e.
(N2

c−1)
2Nc

= 4
3

for Nc = 3. The second term is the long-distance linear confining part.

There are various mechanisms through which dissociation could happen in QGP.

Some of these are gluonic dissociation, collisional damping, and color screening.

There are ways in which dissociation could happen even if there were no such

medium as QGP but just a multi-parton scattering environment. These effects

are collectively called the cold nuclear matter effects. We will look at quarkonia

suppression in detail in the next few chapters.

1.3.4 Direct photons

From what we know so far, in almost all stages of the collision, there exist

processes for generating photons. If detected and identified, these photons could

potentially tell us a lot about the mechanisms generating them and the environ-

ment around them. In general, photons at high transverse momentum (pT > 4

GeV/c) are the probes of QCD hard scattering, whereas, at low pT , they are

generated via multi-particle production. The study of photons in collisions was

first suggested in 1975 by Escobar [48], and in 1976 by Farrar-Frautschi [49], and

Feinberg [50].

Collisions

Direct Decay
,...

0
,Kη,0

πStable hadrons: 

Prompt

Hard scatt.

Pre­equilib.

Thermal

QGP

Hadron gas

Other

Jet­medium

Jet
Bremsstr.

Fragm.

Hadron
Bremsstr.

Resonance
decay

Figure 1.7: Various terminologies used for real photons produced in heavy-ion
collision depending upon different mechanisms in which they are generated. Image
source [51].

As photons are color neutral, they have a larger mean free path in the high-

density hadronic medium and deconfined quark matter. This allows them to escape
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1.3. Signatures of quark-gluon plasma in high energy collision

the interaction region mostly unaltered. The real photons produced before the

freeze-out stage of the collision are termed direct photons. These are produced

due to processes other than hadron decay (e.g., π0 → γγ) and were considered to

have a significant contribution from equilibrating QGP. Their number is usually

smaller than the photons arising from the decay of final state hadrons, like η,π0,

etc. These hadron decay photons are interesting in their own right, but they also

act as a difficult-to-subtract background for the direct photon. In Fig. (1.7), we

see the hierarchy of photon generation in heavy ion collisions. Direct photons

are categorized depending on the processes in which they are generated. Photons

generated from initial hard scattering are mostly explained with pQCD processes

like annihilation (qq̄ → gγ) and Compton scattering (gq → qγ). These are called

prompt direct photons as they carry information about nuclear partons. The

other category is of low pT direct photon called thermal, which tells us about the

temperature and collective evolution of the system. Earlier motivations were to

gain access to the initial temperature of the system by considering direct photons

as thermal radiation. And later on, the theoretical tools were developed to extract

additional information on the initial condition, viscosity, and the effect of large

even though the short-lived magnetic field, from the study of direct photons, [51].

Theoretical calculations have been struggling to explain all direct photon spectra

and flow coefficients simultaneously, unlike hadrons. These problems have been

termed “direct photon puzzle”. At present, photons study at high pT has helped us

understand initial geometry. However, extraction of initial system temperature and

estimation of QGP properties from low pT direct photons has not been satisfactory.

Direct photon’s role in the initial collision state and the supposedly produced

magnetic field is still under investigation.

1.3.5 Strangeness enhancement

A nucleon consists of up and down quarks, whose masses are 2.2 MeV/c2 and 4.7

MeV/c2, respectively. Being lightest, these two quarks are abundantly produced

in high energy collisions than the strange quarks, which have a relatively large

mass of 96 MeV/c2. In the lowest order, there are two channels for strange quark

production, viz. quark fusion(qq̄ → ss̄) and gluon fusion ( gg → ss̄). Johann

Rafelski and Berndt Müller (1982) found that strange quark production is domi-

nated by gluon fusion [54, 55]. Furthermore, the contribution from quark fusion

is less than gluon fusion by almost an order of magnitude [56]. Johann Rafelski

also found that the QGP lifetime has to be sufficiently large to maintain the tem-
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Chapter 1: Introduction to quark-gluon plasma

Figure 1.8: Transverse momentum integrated yields of Kaon (black), Lambda
(blue), Xi (green) and Omega (red) particles scaled to pion yields as a function of
〈dNch/dη〉 at midrapidity [52]. For each particle species, the data points seem to
lie on the respective particle species curve irrespective of the collision system or
energy of collision. Image source [53].

perature, T > 2ms, for the chemical equilibrium abundance of strange quarks to

be equivalent to that of light quarks. The QGP lifetime monotonically increases

with number of participating nucleons (NPART) or system size. This equilibrium

state of up, down, strange quarks, and gluons continue till freezeout. And af-

ter hadronization hence produces an abundance of strange hadrons compared to

scaled-up proton-proton collision strangeness yields. Detection of abundant forma-

tion of multi-strange baryons like Omega [Ω(sss)] and Xi [Ξ(uss/dss)] and their

anti-particles strengthened the claim of QGP formation. As gluon fusion is more

conducive in high-energy partonic medium, we expect enhancement of strangeness

in QGP. The first experimental measurement was made by the CERN WA97 ex-

periment and later by the STAR experiment by the RHIC facility, followed by

CERN LHC. And recently, ALICE measurements have confirmed strangeness en-

hancement even in proton-nucleus, and high multiplicity proton-proton collision

[52]. This measurement could help in finding the onset of deconfinement in small
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1.3. Signatures of quark-gluon plasma in high energy collision

systems, which is an actively studied problem. Fig. (1.8) shows relative yields

of four strange hadrons varying with charged particle multiplicity pseudorapidity

density. The results obtained for Pb-Pb, p-Pb, p-p, and collisions for different

energies appear to lie on the same curve for each strange hadron. This means that

the relative production of strange particles across all systems does not depend on

collision energy but is driven by 〈dNch/dη〉. This is an important recent discovery.

Hence strangeness enhancement has become a prominent and well-tested indicator

of QGP formation.
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Chapter 2

Theoretical framework of

quarkonia suppression

In this chapter, the prerequisites for the bottomonium suppression study are

explained. Firstly, the effective theory of quarkonium in QGP, the energy scales

relevant to this system, and the corresponding degrees of freedom are described.

This is followed by the theoretical framework of medium effects that influence

quarkonium production in QGP, which are color screening, gluonic dissociation,

and collisional damping. The non-QGP effect of shadowing is also explained.

2.1 Quarkonia effective theory: potential non-

relativistic QCD (pNRQCD)

While describing a lot of physical phenomena, we encounter different energy/

momentum scales often differing by orders of magnitude, e.g. in hydrogen atoms,

these scales are proton mass (in MeV), electron mass (in KeV), and binding energy

(in eV). The idea behind constructing an effective field theory (EFT) is to build

a suitable approximation of the full theory, which works well only at a given

energy/momentum scale, assuming that the physics at one scale is not sensitive

to the details of the dynamics at the other. Effectively, we can eliminate the
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2.1. Quarkonia effective theory: potential non-relativistic QCD
(pNRQCD)

contribution of very large or very small scales from consideration to a specific

scale of interest by sending it to infinity or zero, respectively. Furthermore, by

considering subsequent terms in the expansion in the ratio of small to large scale,

the range of accuracy of the theory can be systematically improved. This concept

of EFT was first introduced in the context of chiral dynamics by Weinberg [57].

For a detailed review on heavy quark EFT, we refer to [58–60]. For bound states

involving at least one heavy quark, we need a non-relativistic (NR)EFT from QCD,

where heavy quark mass will play the role of a large energy scale that needs to be

integrated out. Some examples of such EFT are Heavy Quark Effective Theory [61,

62] for heavy-light bound states and Non-Relativistic QCD (NRQCD) [63–65] for

heavy quarkonia states. Typical scales associated with bound states are mass (m)

of quark, momentum (mv), and binding energy (mv2), where v is the quark’s

relative velocity. And for non-relativistic system (v << 1), these scales follow

the hierarchy, m >> mv >> mv2. These scales are referred to as hard (m),

soft (mv) and ultrasoft (mv2). To consider suppression of quarkonia in a hot

medium, we could narrow down our focus to only the ultrasoft scale of binding

energy by integrating out the soft scale from NRQCD, which reduces it to another

EFT called potential NRQCD (pNRQCD).

There is an intrinsic scale in QCD, ΛQCD, which is the only dimensionful pa-

rameter of pure QCD. QCD scale is different for the number of flavors into con-

sideration.At energy scales, E � ΛQCD only, we have an acceptable perturbative

expansion. We need to consider the position of ΛQCD scale with respective to

ultrasoft scale. We will assume for heavy quark, m � ΛQCD. From NRQCD,

integrating out the degrees of freedom associated with the soft scale (|~p|= mv)

requires us to have |~p | � ΛQCD. Furthermore, if we have |~p | � E & ΛQCD, then

we have a weakly coupled pNRQCD. The degrees of freedom at which pNRQCD

operates are ultrasoft gluons, heavy quark color singlet, and color octet states. It

turns out that the color singlet potential is attractive. Hence it could exist either

as an unbound or bound state. Whereas the color octet potential is repulsive,

hence the transition of color singlet state to color octet state could in inferred as

dissociation of quarkonium.

Table 2.1: Energy scales relevant for the dynamics quarkonium in QGP medium.
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Chapter 2: Theoretical framework of quarkonia suppression

QCD scale ΛQCD

hard scale m

soft scale mv ∼ 〈1/r〉
ultra soft scale E ∼ mv2

Debye mass mD

temperature T

The pNRQCD action is given as [66] :

SpNRQCD = SA +

ˆ
dτd3rd3R

[
Oa†(Dτ +H8)Oa + S†(∂τ +H1)S

+
g√
2Nc

~r ~Ea(S†Oa +Oa†S) +
g

2
~r ~EaOb†Ocdabc

]
. (2.1)

Here,

SA is the gauge sector part of the QCD action,

S and O are the singlet and octet fields,
~Ea is the chromoelectric field,

~r and ~R are the relative motion and center of mass coordinates,

dabc is the symmetric structure constants in the anti-commutation relation of the

generators infinitesimal SU(Nc) group:

{T a, T b} =
δab

Nc

+ dabcT c, (2.2)

where H1 and H8 are the singlet and octet Hamiltonians, respectively.

2.2 Quarkonium potential

Using Hard Thermal Loop resumed perturbation theory, Mikko Laine et al. [67]

derived a static potential between heavy quark and heavy anti-quark at finite

temperature in Minkowski time as,
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2.3. Hot matter effects

V (r,mD) =
σ

mD

(1− e−mDr)− αeff

(
mD +

e−mDr

r

)
−iαeffT

ˆ ∞
0

dz 2z

(1 + z2)2

(
1− sin(mDrz)

mDrz

)
, (2.3)

where

αeff = 4αSs /3,

r is the separation between heavy quark and heavy anti-quark,

σ is the string tension, whose value is 0.192 GeV2

mD is the Debye mass of the thermal medium found perturbation theory in the

hard thermal loop approximation as:

mD = T

√
4παTs

(
Nc
3

+
Nf
6

)
here, Nc = 3 and Nf = 3 are the number of color charges and the number of flavors,

respectively, αTs = αs(2πT ) is the hard scale coupling constant. This potential is

valid in the regime T� 1/r & mD [68].

2.3 Hot matter effects

In this section, we look at the hot matter effects, which are the mechanisms

assisting the dissociation of quarkonium in the QGP medium. It is due to these

effects that the suppression in quarkonia is expected in heavy ion collisions. These

effects must be accounted for while calculating the yield of the quarkonia reso-

nances at the freezeout. The effects we are considering are color screening, colli-

sional damping, and gluonic dissociation.

2.3.1 Gluonic dissociation

In the pNRQCD action (2.1), the ultrasoft scale processes are given by the

interaction terms, which are given by the dipole interaction at the lowest order as

g√
2Nc

~r ~Ea(S†Oa +Oa†S). (2.4)

This term describes a color singlet state of bb̄ transitioning to a color octet state

through interaction with an ultrasoft gluon. The color octet potential is repulsive.
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Chapter 2: Theoretical framework of quarkonia suppression

Figure 2.1: Self-energy diagram of a heavy quarkonium. The single and double
lines are the representatives of the color singlet and doublet propagators. The
singlet state on the right emits an ultrasoft gluon (curly lines) and transitions into a
color doublet state at the chromoelectric dipole vertex (dot), which then transitions
back after reabsorbing the same soft gluon. In the case of the quarkonium in QGP,
the soft gluon is facilitated by the plasma medium. Image source [66].

Hence this process corresponds to the dissociation of bb̄. In the position space

singlet and octet fields propagators are given as

Sfi = RfiS
r
fi,

Oab
fi = δabRfiO

r
fi,

(2.5)

where Rfi is the center of mass frame (CM) propagator and Srfi, O
r
fi are relative

motion coordinate frame (RM) propagators, describing propagation from ~xb,i, ~xb̄,i

at time ti to ~xb,f , ~xb̄,f respectively at time tf .

The CM coordinates are introduced as follows:

~Rf =
1

2
(~xb,f + ~xb̄,f ) ; ~Ri =

1

2
(~xb,i + ~xb̄,i), (2.6)

and the RM coordinates are introduced as:

~rf = ~xb,f − ~xb̄,f ; ~rf = ~xb,i − ~xb̄,i, (2.7)

Now, the CM propagator can be expressed as

Rfi =

ˆ
d3Q

(2π)3
e
iQ(~Rf−~Ri)−i

~Q2t
4mb , (2.8)

where, t = tf − ti. The CM propagator in the infinite mass limit approaches a

δ-function,

Rfi =→ δ3(~Rf − ~Ri) provided mb →∞ (2.9)

The RM propagator for singlet and octet states in terms of Schrödinger wave
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2.3. Hot matter effects

function are given respectively as [66]:

Srfi =
∞∑
n=l

n−1∑
l=0

l∑
m=−l

ψnlm(~rf )ψ
∗
nlm(~ri)e

−iEnlt + continuum states, (2.10)

Or
fi =

∞∑
l=0

l∑
m=−l

ˆ ∞
0

dq χqlm (~rf ) χ
∗
qlm (~ri) e

−i q
2t
mb . (2.11)

We now make an ansatz that for the octet state, the wavefunction can be factorized

into the angular part and radial part as

χql(~r) =
hql(r)

r
Ylm(φ, θ), (2.12)

For these wave functions, we consider normalization using the following complete-

ness relation,
∞∑
l=0

l∑
m=−l

ˆ ∞
0

dq χ∗qlm(~r′)χqlm(~r) = δ3(~r − ~r′). (2.13)

The correction in the singlet propagator up to the first order in g2 is due to due

the singlet-octet dipole vertex term as given by

S1−8
fi = − ig2

2Nc

ˆ tf

ti

dx0dy0

ˆ
d3x d3ySrfyy

iδabOr
yxx

jSrxi,

˙

ˆ
d3Y d3X Rfy

(
∂x0∂y0∆ab

ij (y0 − x0, ~Y − ~X)
)
RyxRxi, (2.14)

where g is calculated at the ultra soft energy scale and ∆ab
ij (y0− x0, ~Y − ~X) is the

ultra soft gluon propagator given as

∆ab
ij (x) = iδabδij

ˆ
dkd̃k

(
Θ(−x0)e−ikx + Θ(x0)eikx

)
, (2.15)

with dkd̃k = d3k/(2π)3/(2|~k|). For calculating the gluonic dissociation cross sec-

tion, we first find the contribution of self-energy, Σ, because of the singlet to octet

transition as

−iΣnlm(~P )V t e
−i( ~P2

4mb
+Enl)t =

ˆ
d3rfd

3Rfd
3rid

3Rie
−i ~P ~Rfψ∗nlm(~rf )S

1−8
fi ψnlm(~ri)e

i ~P ~Ri .

(2.16)
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Using δ3(0) = V and doing spacial part integration, we get

Σnlm =
iCFg

2

t

∞∑
l′=0

l′∑
m′=−l′

ˆ tf

ti

dy0

ˆ y0

ti

dx0

ˆ
d3Q dq dkd̃k ~k2|〈nlm|~̂r|ql′m′〉|2

(2.17)

˙ δ3(~k + ~Q− ~P )(eiΣ
+
E(y0−x0) + eiΣ

−
E(y0−x0)), (2.18)

where,

Σ±E =
~P 2 − ~Q2

4mb

± |k|+Enl −
q2

mb

. (2.19)

As t →∞,

Σnlm = iCFg
2

∞∑
l′=0

l′∑
m′=−l′

ˆ
dq dkd̃k ~k2|〈nlm|~̂r|ql′m′〉|2

(
i

Σ+
E + i0+

− i

Σ−E − i0+

)
,

(2.20)

where ~P = ~Q + ~k. For the singlet to octet transition as shown in Fig. (2.1) and

given as process bb̄1 → bb̄8 + g. The width Γdiss for this process in the rest frame

of singlet state bb̄1 is given as

Γdiss,nl =
1

2l + 1

l∑
m=−l

2 Im(Σ) (2.21)

Γdiss,nl =
2πCFg

2

2l + 1

l∑
m=−l

∞∑
l′=0

l′∑
m′=−l′

ˆ
dq dkd̃k ~k2|〈nlm|~̂r|ql′m′〉|2δ(Σ−E). (2.22)

Looking at Σ−E in the rest frame of singlet, where ~P = 0, we notice that the

δ-function in Eq. (2.19) leads to

Σ−E = |~k|−
~k2

4mb

+ Enl −
q2

mb

≈ |~k|+Enl −
q2

mb

. (2.23)

This approximation holds as |~k|∼ mbg
4 for the ultrasoft gluons. The relation

between width, Γdiss and cross section is given by

Γdiss,nl = (N2
c − 1)Nc

ˆ
d3k

(2π)3
σdiss,nl(Eg), (2.24)

with Eg = |~k|. The factor (N2
c − 1)Nc comes from adding the various outgoing
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gluon species and the octet state colors.

Inverting the above equation and using the Eq. (2.22), we the cross section as

σdiss,nl(Eg) =
2π2αnlEg

(2l + 1)N2
c

l∑
m=−l

∞∑
l′=0

l′∑
m′=−l′

ˆ ∞
0

dq|〈nlm|~̂r|ql′m′〉|2δ
(
Eg +Enl −

q2

mb

)
.

(2.25)

Rewriting this equation as:

σdiss,nl(Eg) =
π2αnlEg
N2
c

√
mb

Eg + Enl

∑
l′,m′,m

|~I ql′m′nlm |2
2l + 1

, (2.26)

where,

~I ql
′m′

nlm =

ˆ
d3xψ∗nlm(~r)~rχql′m′(~r). (2.27)

Evaluating the integral by inserting the spherical harmonics, the above equation

then reduces to:

σdiss,nl(Eg) =
π2αnlEg
N2
c

√
mb

Eg + Enl

(l + 1)|Jq,l+1
nl |2+l|Jq,l−1

nl |2
2l + 1

(2.28)

where,

Jq,l
′

nl =

ˆ ∞
0

dr r g∗nl(r) hqi′(r). (2.29)

These results for cross-section and decay width are valid at zero temperature.

To calculate finite temperature decay from these expressions, we need a gluon

distribution function as a weight for gluonic dissociation cross-section, for which

we use the Bose-Einstein distribution,

Γdiss,nl(T ) =
gd

2π2

ˆ ∞
0

dEg E
2
g σdiss,nl(Eg)

eEg/T − 1
, (2.30)

where, gd is the degrees of freedom of gluons.

2.3.2 Collisional damping

At finite temperature, the bb̄ bound state will experience scattering with medium

constituents, which could contribute to the dissociation width of the quarkonium.
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The dissociation due to this phenomenon is referred to as collisional dmping. The

imaginary part of the complex heavy quark anti-quark potential Vnl is responsible

for this effect. The dissociation width corresponding to collisional damping [69] is

calculated by taking the expectation value of the imaginary part of the complex

potential as:

Γdamp,nl =

ˆ
gnl(r)

† Im(V ) gnl(r) dr, (2.31)

where, gnl(r) is the singlet wavefunction of the bottomonium.

2.3.3 Color screening

Consider two electromagnetic charges placed at a distance r apart in vacuum

with the coulomb’s potential (−1/r) governing the force between them. If now the

same system is placed in vacuum, the potential between charges assumes Yukawa

form (−e−mEr/r), where the parameter mE is called the electric or Debye mass.

Both of these potential forms are depicted in Fig. (2.2)(left), showing shortening

of potential range between the opposite charges when placed in plasma when com-

pared to the vacuum case. This phenomenon is termed as Debye screening. An

analogous effect also exists for color charges in QGP and the corresponding effect

is called color screening.

Eq. (1.17) is the empirical relation for the potential between quark and anti-

quark. It has a coulombic part that dominates at small r and a linear part that

dictates the large r behavior as shown in Fig. (2.2)(right) with the grey and black

curve for the zero temperature. If system temperature is increased, the potential

strength decreases and at large r, potential goes flat. This signifies that a colored

bound state with a certain binding energy would be set free once the temperature

is increased above a certain value where the potential for that bound state goes flat.

After being produced in hard scattering, the heavy quarks (qq̄) traverse through

QGP, where the range of their potential is shortened due to color screening in the

plasma. A drifting quark anti-quark pair will form a bound state below a specific

medium temperature. One possibility is that due to the color screening effect, the

heavy quark anti-quark pair will drift apart from each other enough to not form a

quarkonium but, instead, a heavy-light bound state. This is one of the potential
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2.3. Hot matter effects

Figure 2.2: (Left) Comparison of Coulomb and Yukawa potentials. Image
source [70]. (Right) The plot of free energy of quark anti-quark pair, Fqq̄−T ln 9 in
the continuum limit, which is a quantity analogous to the potential between quark
and anti-quark pair with appropriate normalization convention. Image source [71].

causes of the reduced production of quarkonia. This quarkonia suppression due to

color screening was first proposed by Matsui and Satz in 1986 [72].

Consider the expanding fireball right after the collision, for which, at the mo-

ment, the largest temperature will lie at its center with surfaces of reducing tem-

peratures as we move away from the center. And these temperatures reduce as the

fireball evolves. Now consider production of a heavy quark pair, qq̄ at time t = 0

at a location (rQ, φQ) at mid-rapidity plane (η = 0) with energy, EQ =
√
m2
Q + p2

Q

and velocity, ~vQ = ~pQ/EQ. Let’s say the heavy quark pair forms quarkonia in

time tF = γQτF , where τF is the proper formation time and γQ = EQ/mQ is the

Lorentz factor. The quarkonia are unlikely to form in the region where the medium

temperature of greater than its dissociation temperature due to color screening.

The survival of quarkonia is more probable if it forms outside the surface of the

dissociation temperature of that particular quarkonia species. This condition can

be implemented with the condition |~rQ + ~vQtF |≥ rs, where rs is the radius of dis-

sociation temperature surface is approximated to be a sphere. On simplification,

this above condition takes the following form:

cos(φ) ≥ A, where, A =
(r2
s − r2)mQ − τ 2

F p
2
T/mQ

2 r τF pT
. (2.32)

Consider a radial probability distribution for the production of qq̄ pair in hard

29



Chapter 2: Theoretical framework of quarkonia suppression

scattering collisions at r as:

f(r) =

(
1− r2

R2
T

)
θ(RT − r), (2.33)

where RT is the maximum fireball radius for a given collision setting.

The net survival probability due to color screening becomes:

S(pT ) =

´ RT
0

r f(r) dr
´ φmax
φ−max

dφ

2π
´ RT

0
r f(r) dr

(2.34)

2.4 Cold nuclear matter effects

For calculating the nuclear modification factor (RAA), which is an experimental

observable used to infer suppression, we make a comparison of yields of nucleus-

nucleus collisions with scaled up proton-proton collisions. In the previous section,

we looked at the effects responsible for the dissociation of quarkonia due to the

presence of the QGP medium. In proton-nucleus collisions, there are mechanisms

that result in reduced production of quarkonia as compared to proton-proton col-

lision. Moreover, we expect these effects also to be present in nucleus-nucleus

collisions. These mechanisms are termed as cold nuclear matter (CNM) effects

and should be accounted for as they do not necessarily signify the formation of

a hot quark-gluon medium. In this section, among many such effects, we look at

nuclear shadowing. It is predicted [73] that due to nuclear shadowing accounts for

suppressed production of charmonium (J/ψ) and bottomonium (Υ) by a factor

of 20% and 10% respectively when evaluated for pPb collisions at the collisional

energy of 5 TeV.

2.4.1 Nuclear shadowing

Parton Distribution Functions (PDFs) F p∈A
i (x,Q2) are the momentum distribu-

tion functions of the partons within a free nucleon. The nuclear Parton Distribu-

tion Functions (nPDFs) F p
i (x,Q2) of a nucleon in the nucleus measured in Deep

Inelastic Scattering (DIS) experiments were found to be quite different from the

PDFs of a free nucleon, suggesting the presence of a nuclear effects [75, 76]. Fur-

thermore, the factorization theorem in perturbative QCD facilitates the calculation
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Figure 2.3: The ratio of nuclear parton distribution function to free parton dis-
tribution function ( RA

i = F p∈A
i (x,Q2)/F p

i (x,Q2) ) is plotted on the y-axis, as a
function of the Bjorken x variable on the x-axis. Bjorken x represents the frac-
tion of hadron momentum that parton caries. The smaller than unity feature of
RA
i is called small-x shadowing, responsible for nuclear shadowing effect. Image

source [74].

of hard scattering cross section using PDFs. This means that the quarkonia pro-

duction cross-section is related to PDFs of colliding species of particles. The cross

sections in DIS and fixed nuclear-target Drell–Yan (DY) process can be consis-

tently obtained for these nuclear effects by considering the modification of PDFs for

free partons and allowing Dokshitzer–Gribov–Lipatov–Altarelli–Parisi (DGLAP)

equation to carry out Q2 dependence [77–79]. The DGLAP or GLAP equations

of QCD describe the evolution of parton distribution functions for variation in

energy scales. The sets of global fits of these nPDFs measured in experiments

have been released, the most recent one of which is EPPS16 [80]. EPPS16 is the

set of next-to-leading order (NLO) nuclear PDFs obtained at high collisional en-

ergies for charged-lepton, proton, and deuteron, collisions with the nucleus. These

EPPS16 nPDF sets are used in our model as shadowing factors as a function of

atomic mass number A, Bjorken scaling x, and virtuality, Q2. Shadowing factors

parametrizes the modifications of the nucleon parton density distributions in the

nucleus. In our model, we need to calculate the shadowing effect as a function of

centrality or impact parameter using the method given in Ref. [81], where the au-
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thors calculated shadowing along the path traversed by parton inside the nucleus

by assuming shadowing being proportional to local Woods-Saxon nuclear density

ρA(~r, z) as:

Si(~r, x, A,Q2, z) = 1 +Nρ[S
i(x,A,Q2)− 1]

´
dz ρA(~r, z)´
dz ρA(0, z)

, (2.35)

where ρ is the woods-Saxon distribution which is taken as an approximation for

nuclear density distribution. ρA(0, z) is the density at the center of the nucleus.

And the normalization Nρ is selected such that above form of Si(x,A,Q2, ~r, z)

satisfies the following condition:

1

A

ˆ
d2rdzρA(s)Siρ(x,A, µ, ~r, z) = Si(x,A, µ), (2.36)

where s =
√
r2 + z2. The production cross section for quarkonia in proton-proton

collision is given using color evaporation model [82] as:

σpp =

ˆ
dx1dx2fg(x1, A,Q

2)fg(x2, B,Q
2)σgg−QQ̄(x1, x2, Q

2), (2.37)

where fg(x1, A,Q
2) are the parton distribution function of protons obtained from

CT14 [83] global analysis of experimental data. The production cross-section of

quarkonia in the nucleus-nucleus collision is obtained using:

σAB =

ˆ
dz1dz2dr

2dx1dx2f
i
g(x1, A,Q

2, r, z1)f jg (x2, B,Q
2, b−r, z2)σgg−QQ̄(x1, x2, Q

2).

(2.38)

Over the LHC’s measurable rapidity range, gg (gluon-gluon) processes dominate

quarkonium production. Hence the functions, f ig,f
j
g in the above equation are

obtained in terms of shadowing factors and gluon PDFs in a proton as follows:

f ig(x1, A,Q
2, r, z1) = ρA(s)Siρ(x1, A,Q

2, r, z1)fg(x1, Q
2), (2.39)

f jg (x2, B,Q
2, r, z2) = ρB(s)Sjρ(x2, B,Q

2, r, z2)fg(x2, Q
2). (2.40)

The shadowing correction to quarkonia production in AA collisions is calculated

as:
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Ssh(b, pT ) =
dσAA/dy

TAB(b)σpp/dy
, (2.41)

where TAB is the nuclear overlap function.
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Chapter 3

Bottomonium suppression in

Pb-Pb collisions at CERN LHC

energies

3.1 Introduction and literature review

Quarkonia suppression is one of the prominant signatures of QGP formation in

heavy-ion collisions. Quarkonia are the mesonic bound state of heavy quark and

heavy anti-quark, which are produced in the early stage of collision. They could

dissociate due to interaction with partons in the medium and would be detected

lesser in number relative to collision systems where we do not expect QGP, like at

low energies and in pp collisions [72]. In order to quantify this suppressed produc-

tion of quarkonium, an observables called as nuclear modification factor(RAA) is

measured in experiments. It is the quarkonia yield in heavy-ion collision divided

by the yield of the quarkonium in pp collision scaled by number of binary collisions,

Ncoll. Its value being less than one, greater than one and equal to one indicates

suppression, enhancement and no medium effect, respectively. Surprisingly, there

are effects which contribute to suppression but are not related to a thermalized

medium. These non-QGP effects originates from the conditions before the colli-
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sion and these should be accounted into the total suppression scheme [84]. These

non-QGP effects are sometimes also referred to as the cold nuclear matter (CNM)

effects. The RAA is measured over a wide range of collision energies and for dif-

ferent colliding nuclei as a function of centrality, Npart, transverse momentum, pT

and rapidity, y.

To model quarkonia suppression theoretically from first principles is a daunt-

ing task given the bulk, transient and complex nature of the system. Contem-

porary studies resort to phenomenological models to qualitatively reproduce RAA

data. Sequential suppression of different species of heavy quark bound states

could potentially act as thermometer of QGP [85]. Studies on heavy quark diffu-

sion has helped shed some light on properties of QGP using various semiclassical

approaches [86, 87]. Some progress has been made in the last decade to under-

stand quarkonia dynamics in a thermal medium using open quantum system and

pNRQCD [88–92]. Phenomenological models have been put forth to explain the

measured values of quarkonia suppression for a wide range of beam center of mass

energies and collision systems [93]. Few attempted explaining centrality and pT

dependencies of [94–96]. Moreover, even fewer predict all three dependencies (cen-

trality, pT and rapidity) of the suppression over a wide range of available center of

mass energies [97, 98].

In the previous study published in [Eur. Phys. J C 79, 147 (2019)], our group

had explained the pT and Npart dependence of RAA over a range of LHC energies.

It was based on the suppression due to color screening, gluonic dissociation, and

collisional damping under (1 + 1)-dimensional Bjorken’s expansion of the thermal-

ized medium. The net quarkonium yield was determined using a rate equation

that combines suppression and recombination due to correlated quark anti-quark

pairs. In the current study, we start with the initially produced bottomonia yields,

which evolve in (3 + 1)-dimensional hydrodynamic medium. This initial yield is

influenced by a CNM effect used here called “Shadowing”, which has been updated

for the newly available parton distribution functions and shadowing factors. The

bottomonium bound state, while drifting through QGP, could dissociate due to

gluonic dissociation, collisional damping, and color screening, which are adapted

to the (3 + 1)-dimensional hydrodynamic expansion. Color screening has been

streamlined by eliminating the need of assuming a pressure profile of collision. A

lattice QCD-based equation of state (EOS) from the Wuppertal-Budapest Col-
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laboration has been utilized. The input parameters for the hydrodynamics are

constrained using the transverse momenta and rapidity spectra for pions from the

ALICE experiment. And lastly, after considering the possibility of recombination

of correlated bottom quark and anti-quark pair, we find the final number of bot-

tomonia for the ground state and excited states [99]. We then find a quantity

called survival probability (Sp) which is theoretically equivalent to the experimen-

tally measured RAA. We determine this as a function of transverse momentum,

centrality, and rapidity at 2.76 TeV and 5.02 TeV energies and then compare with

the corresponding RAA values for Υ(1S) and Υ(2S) states. On comparison, we

find a reasonably well agreement between Sp and RAA at two LHC energies.

The arrangement of the topics in this chapter is as follows. In Sec. (3.2), we

briefly describe the (3 + 1)-dimensional hydrodynamics used to model the bulk of

medium using ECHO-QGP, followed by the quarkonia suppression formalism with

various effects incorporated explained in Sec. (3.2.2). Sec. (3.2.3) and Sec. (3.2.4)

present the quarkonia recombination mechanism and final yield of quarkonia, re-

spectively. And finally, in Sec. (3.3), we present the suppression results and dis-

cussion of two bottomonium states, Υ(1S) and Υ(2S).

3.2 Formalism

Here we describe formalism in brief. The suppression formalism, which has been

developed in our previous work [100], has been adapted for the (3+1)-dimensional

viscous hydrodynamics. More details about individual medium effects used can be

found in [101–103].

3.2.1 (3+1)-dimensional hydrodynamical expansion of the

medium

Hydrodynamics has been quite successful in explaining bulk observables from

ultra-relativistic heavy-ion collisions for a wide range of systems and energies [104–

107]. The agreement of hydrodynamical predictions with experimental results has

been taken as indirect evidence for the correctness of dynamics. Bjorken’s hydro-

dynamics assumes that the fireball expands only along the longitudinal direction

and is restricted to the plateau region of rapidity spectra (dN/dy vs y). This leads

to the key variables of dynamics, e.g. temperature, pressure, energy density, en-
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tropy density, to become an explicit function of proper time [108]. Thus, although

models based on Bjorken’s evolution are adequate to estimate the observables at

midrapidity, yet they are ineffective in providing the complete spacetime evolution

of the system. In order to simulate the true dynamics of a collision that holds up

expansion along the transverse directions and larger rapidities, one has to switch to

the complete (3 + 1)-dimensional hydrodynamics. ECHO-QGP is a FORTRAN-

based code to find the solutions of the conservation equations, dµN
µ = 0 and

dµT
µν = 0, where dµ is the covariant derivative, Nµ is the four current, and T µν

is the energy-momentum tensor. To solve these equations numerically in (3+1)-

dimensions with relativistic speeds and viscous conditions, Israel-Stewart’s second-

order formalism has been used in ECHO-QGP [109]. A Cooper-Frye prescription

handles the freeze-out stage, where the produced particles are assigned their mo-

menta at the constant temperature hypersurface. We vary the input parameters of

the ECHO-QGP so that the particle momentum spectra calculated here to match

with the measured spectra from experiments, as explained below. We mark the

end of the QGP phase at the value of proper time when the maximum temperature

of the system drops below the pseudo critical temperature, Tpc.

The equation of state (EOS) from Wuppertal-Budapest (WB) Collaboration [110]

replaces the earlier quasiparticle EOS [111]. WB EOS is spline interpolation with

the hadron Resonance Gas (HRG) EOS [112] for the hot and dense hadronic matter

after hadronization. WB EOS computed from the lattice QCD is a better choice

as the pseudo critical temperature range of QGP predicted by their analysis lies

close to the presently agreed upon value [113]. We ran the hydrodynamics code

for 11 values of the impact parameter covering the 0− 100% centrality range. We

chose the geometric Glauber initialization in ECHO-QGP [114]. A rapidity profile

of p−p collisions is also employed as an input. The two parameters characterizing

this profile are ∆s; which is the extension of the rapidity plateau, and ση; which

is the width of the Gaussian fall-off of the profile. Values for both of these param-

eters are varied until the shape of pions (π+) rapidity spectra matches with that

from the experimental pions rapidity spectra for the two mentioned LHC energies

as shown in Fig. (3.1) [115, 116]. The values of the relaxation time coefficient for

the viscosity of second order, τπ and the shear viscosity to entropy density ratio,

η/s are taken from [117, 118]. The thermalization time in the code is set for both

the energies viz. 2.76 TeV and 5.02 TeV at 0.20 fm/c [104, 117, 119]. The inelastic

nucleon-nucleon cross-section is taken as to be 61.8 mb and 70 mb for 2.76 TeV and

5.02 TeV, respectively [114]. Lattice QCD predicts the formation of a thermalized
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Figure 3.1: Pion(π+) rapidity spectra for the two mentioned LHC energies from
ALICE (symbols), normalized to their respective maxima for the most central
collision (with impact parameter, b) compared with those obtained from ECHO-
QGP (line).
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Figure 3.2: Pion(π+) pT spectra from experiments (symbols) compared with those
obtained from ECHO-QGP (lines) for the mentioned LHC energies and centralities.
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Figure 3.3: Pion(π+) elliptic flow from experiments (symbols) compared with those
obtained from ECHO-QGP (lines) for the mentioned LHC energies and centralities.

medium at energy density above 1.0 GeV/fm3 [120]. Initial energy density, which

goes as an input in ECHO-QGP, was at first calculated roughly using an approx-

imate relation ε0 = 1
AT τ0

J(y, η)dET
dy

involving overlap area, initial thermalization

time and the differential transverse energy [108, 121]. However, the peak values

of the pion pT -spectra for these values fall shorter than the experimental values.

Hence, we varied the initial energy density at each centrality such that the pions

pT -spectra from ECHO-QGP matches that from experiment values [122, 123]. The

comparison of the pion spectra at a few of these centralities is shown in Fig. (5.3).

The key parameters used in the ECHO-QGP hydrodynamics are summarized in

Table (3.1).

Table 3.1: The Key parameters used as input in ECHO-QGP.
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Parameters Values

Initialization Geometric Glauber

Equation of State WB EoS spline interpolated with HRG

Grid Size (fm) 30× 30× 30

Grid points 125× 125× 125

Relaxation time

for viscosity, τπ 3

η/s 0.1 ≈ 1.25 ×(1/4π)

tstart(fm/c) 0.2

For 2.76 TeV For 5.02 TeV

Extension of the rapidity

plateau in p-p collision 4 3.4

Width of the gaussian falloff

in pp collision, ση 1.5 1.7

σNN(mb) 61.8 70

The suppression formalism, described in the next section, requires the temper-

ature of the medium at different centralities and rapidities as a function of proper

time in the transverse plane, which are obtained from the ECHO-QGP. Calculation

of suppression at all transverse (x,y) points is computationally infeasible. Hence,

temperatures are integrated over the transverse plane at all centrality, rapidity,

and proper time with a Gaussian weight factor and are taken as an input in the

suppression formalism. The standard deviation of this Gaussian profile is varied

within a specific range which is explained in the results and discussion section.

3.2.2 Suppression mechanisms

The bottom quark anti-quark pair produced in the hard scattering of colliding

nuclei in the early stage of collision combines to form the bottomonia mesons.

These heavy-flavor mesons will drift in the medium, and their decay products

are eventually detected. During their time in the medium, these meson bound

states are affected by various medium dependant dissociation mechanisms like color

screening, collisional damping, and gluonic dissociation, which are individually

explained below along with the possible recombination due to correlated b − b̄

pairs and the non-medium effect of shadowing.
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Gluonic dissociation

Gluonic dissociation is referred to as the process where a bottomonium color

singlet state absorbs a soft gluon in the medium and gets excited to a color octet

state. The cross-section for this process is calculated as [124];

σdiss,nl(Eg) =
π2αusEg
N2
c

√
mq

Eg + Enl

(l + 1)|Jq,l+1
nl |2+l|Jq,l−1

nl |2
2l + 1

, (3.1)

where, Eg is the soft gluon energy, Enl is the eigenvalues corresponding to the

bottomonium wavefunction (gnl(r)), mq is bottom quark mass in GeV, Nc is the

number of color charges, αus = αs(mqα
2
s/2) ≈ 0.59 and

Jq,l
′

nl =

ˆ ∞
0

r g∗nl(r) hqi′(r) dr, (3.2)

where g∗nl and hqi′(r) are the singlet and octet wavefunction of bottomonium,

respectively, obtained after numerically solving the 3-dimensional Schrödinger’s

equation. We integrate the cross-section in Eq. (3) with Bose-Einstein distribution

as weight factor over gluon momentum to calculate the dissociation width due to

gluonic dissociation, i.e., Γgd,nl. The validity of the above cross-section assumes

T� 1/r, where T is the medium temperature, and r is the distance between quark

and antiquark[125]. This regime is different from the one for which collisional

damping holds, due to which our final results for T� 1/r may have less accuracy.

Collisional damping

We expect bottomonium to dissociate while it traverses through the plasma due

to the momentum transfer arising out of the collision. To account for this effect,

we use a potential non-relativistic QCD (pNRQCD) formalism which depends on

the imaginary part of the color potential between quark anti-quark pairs. The

complex potential between quark anti-quark pair located inside the QGP medium

as determined by Laine et al., [67] using effective field theory, is given as,

V (r,mD) =
σ

mD

(1− e−mDr)− αeff

(
mD +

e−mDr

r

)
−iαeffT

ˆ ∞
0

dz 2z

(1 + z2)2

(
1− sin(mDrz)

mDrz

)
, (3.3)

where,
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αeff = 4αSs /3,

σ is the string tension, whose value is 0.192 GeV2,

mD is the Debye mass which is expressed as;

mD = T

√
4παTs

(
Nc
3

+
Nf
6

)
.

Here, Nc and Nf are the number of color charges and number of flavors, respec-

tively. This potential is valid in the regime T� 1/r & mD [68]. We take the

expectation value of the imaginary part of this potential to get the dissociation

width corresponding to collisional damping [69] as,

Γdamp,nl(τ, pT , b) =

ˆ
gnl(r)

† Im(V ) gnl(r) dr, (3.4)

where, gnl(r) is the singlet wavefunction of the bottomonium.

In our previous work [100], the explicit τ dependence of gluonic dissociation

widths and collisional damping widths in Eq. (3.4) arose from the analytical ex-

pression for temperature, T (τ), obtained by solving Bjorken’s dynamics. We have

now replaced it with the tabulated temperature values from ECHO-QGP at each

centrality and rapidity integrated over the transverse plane for each bottomonium

state.

Color screening

Due to the presence of free color charges in QGP medium, the bottom quark and

anti-quark (b and b̄) experience a short-range Yukawa-type color charge potential

dependent on the medium temperature. As a consequence of this, the formation of

bound states in the medium is suppressed if the medium temperature goes beyond

a certain temperature (dissociation temperature). This phenomenon is called the

color screening [72] in an analogous way to the Debye charge screening in the quan-

tum electrodynamics plasma. Different bottomonia species take different times,

after the collision, to form the corresponding bottom anti-bottom bound states

termed as their respective formation times(τf ). Consider a screening region in the

fireball as a sphere with a screening radius(rs) defined for a bottomonium state

depending on its dissociation temperature(TD). Suppose a bb̄ quark pair forms at

the position ~rQ. Then it will likely form a bound state if it escapes the screening

region in time equal to its formation time. The condition for which could be given

by |~rQ +~vT τF |≥ rs, where ~vT is the transverse drift velocity of the heavy quark in
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the medium. Here τF is the vacuum formation time of bottomonium.

Considering the transverse motion of this bottomonium state, we can simplify

the above condition as;

cos(φ) ≥ Y ; where, Y =
[(r2

s − r2
Q)mQ − τfp2

T/mQ]

2rQτfpT
, (3.5)

where, mQ is the mass of the bottomonium state under consideration. Let us now

consider a transverse radial distribution of bb̄ produced after the hard scattering

as:

h(r) =

(
1− r2

R2
T

)
θ(RT − r). (3.6)

The quantity RT in the above equation is the maximum fireball radius obtained

for different centralities from Modified Glauber analysis [126].

The color screening survival probability is given by:

Scs(pT ) =
4

πR2
T

ˆ RT

0

dr r φmax(r)

(
1− r2

R2
T

)
, (3.7)

where φmax(r) is the maximum positive azimuthal angle allowed by the condition

in Eq. (3.5).

In our previous work [100], we equated an assumed pressure profile in the

transverse plane with the cooling law to obtain the screening time (time to drop

initial pressure to the pressure corresponding to the dissociation temperature).

Screening time is then equated to the bound state formation time (at the boundary

of the screening region) to obtain the screening radii [103]. Here we eliminated

the need for this assumption of pressure profile in the transverse plane by directly

finding the screening radii from the transverse temperature evolution using ECHO-

QGP. We take the minimum radius of the oval-shaped contour shown in Fig. (3.4)

as the screening radius at the evolution time equal to the formation time for a given

bottomonium species. The temperature contours are marked for the dissociation

temperature of all the bottomonium states at all centralities. The dissociation

temperature (TD) of different bottomonium states are borrowed from the analysis

given in [127].
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Figure 3.4: The transverse temperature profile for 2.76 TeV collisional energy in
ECHO-QGP at Npart = 130, rapidity = 1.44 at τ = 3.1 fm/c which is taken as
the formation time of Υ(3S). The region inside the contour of TD = 236 MeV for
Υ(3S) state depicts the screening region. As it is not for the most central collision,
the fireball cross section is oval-shaped.

CNM effect: Nuclear shadowing

The shadowing correction to RAA applied in our formalism is a modified version

of the similar work by R. Vogt [128]. We have replaced the shadowing factors used

for gluons from EPS09 [129] to the more recent EPPS16 [130]. The central fit set

is selected from various error sets in EPPS16. The parton distribution function

of gluons has been updated to CT14 [131] from the earlier PDFs CTEQ6 [132].

The contribution of suppression arising due to the shadowing effect is expressed

as [133]:

Ssh(pT , b) =
dσAA/dy

TAAdσpp/dy
. (3.8)

The shadowing effect influences the number of initially produced bottomonia(NQ).

Hence, the shadowing corrected the initial number of bottomonium is calculated

as N i
Q(τ0, b) = NQ(τ0, b)Ssh(pT , b).

3.2.3 Recombination mechanisms

We have incorporated the possibility of recombination of bb̄ due to de-excitation

from octet to singlet state with a gluon emission, even though it will be negligible
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for the case of bottomonium. We find the recombination cross-section in QGP

using detailed balance from gluonic dissociation cross-section as [134]

σf,nl =
48

36
σd,nl

(s−M2
nl)

2

s(s− 4mqmq̄)
, (3.9)

where s is the Mandelstan variable, Mnl, mq and mq̄ are the masses of bottomonia

states, bottom quark, and bottom anti-quark, respectively. We then define a

recombination factor as the thermal average of the product of the above cross-

section and relative velocity between b and b̄ as, ΓF,nl = 〈σf,nl vrel〉k.

3.2.4 Final number of bottomonium

Due to all of the above effects, the bottomonia can dissociate, or the correlated

bb̄ pair can recombine again into bound states. We assume that this interplay

of dissociation and recombination is governed by a simple first-order differential

equation given as [135];

dNQ(τ)

dτ
=

ΓF,nlNqNq̄

V (τ)
− ΓD,nlNQ, (3.10)

where, NQ is the bottomonia yield at a given value of proper time (τ). The first

and second terms on the right hand side of this equation correspond to the recom-

bination and dissociation terms, respectively. ΓF,nl and ΓD,nl are the corresponding

recombination and dissociation rates. Nq and Nq̄ are the number of heavy quark

and anti-quark produced in p−p collision. V (τ) is the instantaneous volume of

the expanding fireball.

The solution for the above first order differential equation under the approximation

that NQ < Nq,Nq̄ is given by,

NQ(τQGP , pT ) = ε(τQGP , pT )

[
NQ(τ0) +NqNq̄

ˆ τQGP

τ0

ΓF,nl(τ, pT )

V (τ) ε(τ, pT )
dτ

]
, (3.11)

where τQGP is the QGP lifetime and τ0 is the initial time at which we start hydro-

dynamics and which also marks the beginning of the QGP stage.

The first term inside the bracket on the right hand side in Eq. (2) is the bottomonia

produced at the initial hard scattering stage. NQ(τ0) is calculated as [136]:

NQ(τ0, b) = σNNQ TAA(b), (3.12)
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where σNNQ is the production cross-section of the bottomonium at a given collisional

energy. TAA(b) is the nuclear overlap function. V (τ) in Eq. (2) is volume of fireball

given by the formula;

V (τ) = τ0πR
2
T

(
τ0

τ

) 1
R
−1

, (3.13)

where, RT is the radius of colliding nuclei and R is the Reynold’s number.

ε(τ, pT ) in Eq. (2) is a suppression factor integrated cumulatively in τ values and

is given by:

ε(τ, pT ) = exp

(
−
ˆ τ

τ ′nl

ΓD,nl(τ
′, pT )dτ ′

)
. (3.14)

Eq. (2) also has a multiplicative suppression factor, which is integrated for the

complete QGP lifetime and is calculated as:

ε(τQGP , pT ) = exp

(
−
ˆ τQGP

τ ′nl

ΓD,nl(τ, pT )dτ

)
. (3.15)

In the above equation, τ ′nl is the time required for the formation of a given bot-

tomonium state within QGP.

We then calculate the ratio, S ′p = NQ/N i
Q referred to as the survival probability.

The color screening has been considered as an independent effect, and hence the

total survival probability is calculated as Sp = S ′p × Scs. We find this survival

probability for 5 bottomonia states which are Υ(1S), Υ(2S), χb0(1P ), χb0(2P )

and Υ(3S). A feed-down scheme dictates the total yield after all possible decays

from higher excited states [101]. The Survival probability(Sp) obtained after feed

down for Υ(1S) and Υ(2S) is plotted and compared with the respective RAA

obtained from experiments.

3.3 Results and discussions

Results have been generated for a centrality range of 0− 100%, transverse mo-

mentum range of 1 − 30 GeV/c, and rapidity range of |y|< 3.6, which covers the

ranges of experimentally available data from CMS and ALICE at both 2.76 TeV

and 5.02 TeV [137–140]. ALICE suppression data at forward rapidity comple-

ments well with the broader rapidity range of CMS data, especially for pT and

Npart dependence of Υ(2S) at
√
sNN = 5.02 TeV. The standard deviation (σT ) of

the Gaussian weight factor used for integrating temperatures from ECHO-QGP,
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Figure 3.5: Centrality dependence of suppression for Υ compared with measured
RAA at

√
sNN = 2.76 TeV.

Figure 3.6: Transverse momentum dependence of suppression for Υ compared with
measured RAA at

√
sNN = 2.76 TeV

as mentioned in Section (II-A) has been varied to obtain an uncertainty patch in

the theoretically calculated suppression results as shown in the figures. For 2.76

TeV the standard deviation value lies between 0.7 < σT < 2.8 and for 5.02 TeV,

it spans as 1.4 < σT < 3.9. Selecting σT greater than the upper limits for the

two energies makes the QGP lifetime, in peripheral collisions at extreme rapidity

values, smaller than the formation time of Υ(1S) and Υ(2S) states. Selecting

σT smaller than the lower limits undermines the temperatures at large x-y values

rendering the purpose of integration futile.

Fig. (3.5) depicts the centrality dependence of suppression for Υ(1S) and Υ(2S)

states at 2.76 TeV as calculated by our present model. The corresponding exper-

imental suppression data are shown for comparison. Our calculated values of the

survival probability for Υ(1S) lie very close to the CMS data and follow the trend
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Figure 3.7: Rapidity dependence of suppression for Υ compared with RAA at
√
sNN

= 2.76 TeV.

of ALICE data. Whereas for Υ(2S), our predicted values are slightly less sup-

pressed but mostly following the CMS data.

Figure 3.8: Centrality dependence of suppression for Υ compared with RAA at√
sNN = 5.02 TeV.

Fig. (3.6) shows the variation of our predicted values of suppression for Υ(1S)

and Υ(2S) with respect to the transverse momentum at the 2.76 TeV center of

mass energy. We find that the agreement among our calculated and measured

values for Υ(1S) are reasonably well. However, for Υ(2S), calculated suppression

is slightly lesser than the values from available data from CMS.

In Fig. (3.7), we have plotted our theoretical results of rapidity dependence

of Υ(1S) and Υ(2S) suppression along with the corresponding experimental data.

We find a quite reasonable agreement in the case of Υ(1S) then Υ(2S) within
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Figure 3.9: Transverse momentum dependence of suppression for Υ compared with
RAA at

√
sNN = 5.02 TeV.

Figure 3.10: Rapidity dependence of suppression for Υ compared with RAA at√
sNN = 5.02 TeV.

the uncertainty limit. Our predicted values show lesser suppression for Υ(2S) as

compared with the corresponding experimental data. This rapidity dependence

of suppression has become possible due to the interfacing of our earlier model

with the ECHO-QGP’s hydrodynamic expansion. Overall, for 2.76 TeV LHC cen-

ter of mass energy, we find good agreement between our calculated bottomonium

suppression values and the corresponding experimentally available data under the

theoretical and measured uncertainty limit.

Fig. (3.8) depicts the variation of survival probability for both the bottomo-

nium states with respect to the centrality at 5.02 TeV center of mass energy. The

measured values of suppression from ALICE and CMS data shown on the same

plot for comparison for Υ(1S) associated with the centrality dependence are quite

close to each other. We clearly see a quite good agreement from Fig. (3.8) between
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our predicted values and the measured ones for both the bottomonium states over

the whole centrality range. Since at 5.02 TeV LHC energy.

Transverse momentum dependence of the survival probability values are plotted

in Fig. (3.9) along with the measured values of RAA for both the bottomonium

states at 5.02 TeV, center of mass energy. The agreement for Υ(1S) state is

reasonably well, especially for low pT values, whereas for Υ(2S), the predicted

values are slightly less suppressed as compared to the CMS data.

Finally, rapidity dependent survival probability at 5.02 TeV energy is shown in

Fig. (3.10) for both the bottomonium states. Compared with the corresponding

experimental data, our results are close to the measured values for Υ(2S). For

Υ(1S), our calculated suppression is not following the trend of ALICE and CMS

data. We saw similar disagreement for the corresponding rapidity results at 2.76

TeV energy. These results might improve by further refining the input parameters

taken in ECHO-QGP. Thus a complete dependence of bottomonium suppression

for both the states spanning over two LHC energies has shown a convincing agree-

ment with the measured values.

3.4 Summary

We have used a quarkonia suppression formalism to explain bottomonium sup-

pression data at 2.76 TeV and 5.02 TeV LHC energies. ECHO-QGP has allowed us

to find (3 + 1)-dimensional evolution of the relevant physical quantities associated

with the medium formed just after the collisions. The temperatures at different

centralities and rapidities have been extracted from the ECHO-QGP and fed into

the suppression formalism. This facilitated us to include the rapidity dependence

of suppression in formalism. The experimental data on transverse momentum(pT )

and rapidity(y) spectra have been utilized to fix the input parameters of the hy-

drodynamics. We have used the EOS from the Wuppertal-Budapest collaboration,

which is computed from the first principle Lattice QCD. Modified color screening

formalism has been used with the newer dynamics eliminating the need to assume

a pressure profile for collisions in the transverse plane. The shadowing effect has

been updated with the recent gluon PDFs and shadowing factors.
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Relativistic viscous

hydrodynamics

Numerical simulations of relativistic hydrodynamics have been able to explain

and predict measured data from high energy collision experiments. And at the

same time, we have witnessed collision experiments pushing the development of

relativistic hydrodynamics as a formal theory and its algorithmic implementa-

tion in simulations. The initial goal of fluid dynamics in the field of high energy

physics had been to explain the low shear viscosity of quark-gluon matter and

to put constraints on it. However, over the years, the ongoing progress in the

field has opened up many new avenues, e.g., anisotropic fluid dynamics, hydro-

dynamics in small systems, the duality between fluid and gravity, contribution

non-hydrodynamic modes, quasi-normal modes in black holes, etc. With the ad-

vent of LIGO’s gravitational wave measurements, explaining neutron star mergers

are also being explored. Nevertheless, here, we focus on the evolution of out-of-

equilibrium hydrodynamics and its origin from microscopic theory in the limit.

4.1 Zeroth order hydrodynamics : Ideal fluid

The local four-velocity of fluid, uµ ≡ γ(1, vi), denotes the hydrodynamic flow.

The hydrodynamic degrees of freedom are fluid four-velocity (uµ), metric tensor
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(gµν), and the Lorentz scalars – energy density (ε) and pressure (P ) – using which

we build the energy momentum tensor which is symmetric and transforms as a

tensor under transformation. Following the standard procedure of effective field

theories, we expand the charge current and the energy momentum tensor in powers

of spatial derivatives. To 0th order, it is given by the formula for ideal fluids:

Nµ
0 = n0u

µ,

T µν0 = ε0u
µuν − P0∆µν ,

(4.1)

where ∆µν is the projection operator which extracts the projection of the space-like

part of the tensor it is operated on, which is given as:

∆µν = gµν + uµuν (4.2)

This operator for an arbitrary gµν is orthogonal to the time-like velocity, ∆µνu
µ =

∆µνu
ν = 0 and it also satisfies the relation, ∆µν∆

ν
ρ = ∆µρ. And the thermody-

namic quantities under local equilibrium in Eq. (4.1) are defined as:

Conserved charge density : n0 = −uµNµ
0 ,

Pressure : P0 =
1

3
∆µνT

µν
0 ,

Energy density : e0 = uµuνT
µν
0 .

(4.3)

In the absence of external forces, the charge current and the energy momentum

tensor are conserved:

∂µN
µ
0 = 0, (4.4)

∂µT
µν
0 = 0. (4.5)

Here onwards, we consider the conservation of energy momentum tensor alone.

We find the projection of the conservation equation along a direction parallel and

perpendicular to the fluid four-velocity. The projection along the four-velocity is

given as:

uν∂µT
µν
(0) = uµ∂µε+ ε (∂µu

µ) + ε uνu
µ∂µu

ν − p uν∂µ∆µν ,

= (ε+ p)∂µu
µ + uµ∂µε = 0 , (4.6)
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where we used the identity uν∂µu
ν = 1

2
∂µ(uνu

ν) = 1
2
∂µ1 = 0. And the projection

of the direction perpendicular to four-velocity is,

∆α
ν∂µT

µν
(0) = ε uµ∆α

ν∂µu
ν −∆µα(∂µp) + p uµ∆α

ν∂µu
ν ,

= (ε+ p)uµ∂µu
α −∆µα∂µp = 0 . (4.7)

Where the covariant derivative (∂µ) is decomposed along its spacial direction ∇µ ≡
∆νµ∂ν and along temporal direction as D ≡ uµ∂µ.

Dε+ (ε+ p)∂µu
µ = 0 (4.8)

(ε+ p)Duα −∇αp = 0 . (4.9)

These two equations describe the ideal hydrodynamics.

4.2 Problem with ideal fluid dynamics

Ideal hydrodynamics ignore dissipation. The sound waves in ideal hydrodynam-

ics would persist for an arbitrarily long time without damping. The presence of

dissipation even outs the inhomogeneities in velocity, pressure, temperature, etc.,

due to the microscopic movement of fluid elements. Consider a system with con-

stant intrinsic variables like pressure, density and energy density, and velocity of

the volume elements as vy = vz = 0, vx ≡ vx(y) as shown in Fig. (4.1). This is a

homogeneous ideal fluid profile with velocity only along x direction, which varies

with the depth of the fluid. However, this flow profile is not real as the microscopic

fluid constituents moving along the y direction will transfer momentum along dif-

ferent layers of the fluid. This will make the velocity distribution profile more

uniform, and the fluid will not remain stationary. This kind of frictional effect

between fluid layers is characterized by dissipation.

To account for dissipation, one needs to add terms of gradients of hydrodynamic

variables to the equation. But in order to allow gradient expansion, the extra terms

added should be small. For hydrodynamics, quantities vary over the scale of fluid

elements larger than the actual microscopic constituents length scale, the mean

free path, imfp. We keep only those terms that are linear in the first gradient for

now. This way, we can make up an effective theory of hydrodynamics.
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x

y

Figure 4.1: Stationary ideal fluid flow with a velocity gradient along y-direction
is represented by thick yellow arrows. The thin blue arrows depict the flow of
microscopic fluid constituents, which can transfer momentum from x to y direction,
which will disrupt the stationary flow. Image source [141].

4.3 First order hydrodynamics : Navier-Stokes

theory

To derive second-order relativistic viscous hydrodynamics, we begin with the

fluid’s energy momentum tensor:

T µν = T µν0 + Πµν

= εuµuν − p∆µν + Πµν ,
(4.10)

where Πµν is the viscous stress tensor that stems from dissipation. For the ideal

fluid case, energy and charge density local fluxes are in the same direction, i.e.,

T µνuν = εuµ and Nµ = nuµ. But for the relativistic system, the presence of

dissipative currents leads to the separation of these two local fluxes. The Landau

frame ( T µνuν = εuµ) is where dissipation of energy does not appear explicitly

and is which chooses the flow direction of total energy flux. In Eckart frame

(Nµ = nuµ), one chooses the direction of total conserved charge flux. In the

Landau frame, the local rest frame is the frame where energy density is at rest,

and in the Eckart frame, the local rest frame is where charge density is at rest. As

the physics must be the same in either of these frames, one can show that heat

flow in one frame is related to charge diffusion in the other frame [142]. Here we

proceed with the Landau frame as we are not considering charge conservation.

Similar to the ideal fluid case, we project the energy momentum tensor con-
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servation equation, ∂µT
µν = 0 for the second order in the parallel and orthogonal

direction to four-velocity:

uν∂µT
µν = Dε+ (ε+ p)∂µu

µ + uν∂µΠµν = 0 ,

∆α
ν∂µT

µν = (ε+ p)Duα −∇αp+ ∆α
ν∂µΠµν = 0 . (4.11)

In the above expressions, we have directly used the projection terms for the ideal

part of T µν conservation equation from Eqs. (4.8) and (4.9). For the Πµν term

above, we can use the following simplification:

∂µ (uνΠ
µν) = uν∂µΠµν + Πµν 1

2

(
∂νuµ + ∂µuν

)
. (4.12)

Through the choice of frame, uµΠµν = 0, we lose the term on left hand side of

the above equation, and the term 1
2
(. . .) denote symmetrization, for which we

introduce a notation:

A(µBν) =
1

2
(AµBν + AνBµ) . (4.13)

Hence, the fundamental equations of relativistic fluid dynamics with viscosity are

Dε+ (ε+ p)∂µu
µ − Πµν∇(µuν) = 0 (4.14)

(ε+ p)Duα −∇αp+ ∆α
ν∂µΠµν = 0 . (4.15)

Different forms of Πµν will lead to different theories of viscous fluid dynamics. To

obtain the form of Πµν , we look at the 2nd law of thermodynamics, according to

which entropy always increases for a closed system. Entropy density is related to

energy density, temperature, and pressure by the following thermodynamic relation

at equilibrium at zero chemical potential:

Tds = dε ; ε+ p = Ts (4.16)

The covariant form of the second law of thermodynamics is given as:

∂µs
µ ≥ 0, (4.17)

sµ here is the entropy 4-current in equilibrium, sµ = suµ. Using the thermody-
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namic relations in Eq. (4.16), the second law could be rewritten as

∂µs
µ = Ds+ (s) ∂µu

µ

=
1

T
Dε+

(ε+ p

T

)
∂µu

µ

=
1

T
Πµν∇(µuν) ≥ 0 ,

(4.18)

where the simplification of the last line could easily be inferred from the Eq. (4.15).

It is customary to split Πµν into a traceless part πµν (that is , πµµ = 0) and a

remaining part which has a non-zero trace,

Πµν = πµν + ∆µνΠ . (4.19)

For the traceless part of ∇(µuν), we now use the following new notation,

∇〈µuν〉 = 2∇(µuν) −
2

3
∆µν∇αu

α (4.20)

Hence the second law of thermodynamics becomes:

∂µs
µ =

1

T
Πµν∇(µuν)

=
1

T
(πµν + ∆µνΠ)∇(µuν)

=
1

2T
πµν∇〈µuν〉 +

1

T
Π∇αu

α ≥ 0

(4.21)

One choice of viscous stress tensor parts in order to satisfy the above inequality is:

πµν = η∇〈µuν〉 , Π = ζ∇αu
α , η ≥ 0 , ζ ≥ 0 , (4.22)

With these choices, ∂µs
µ becomes a positive sum of squares. Eqs. (4.14), (4.15)

and (4.22) constitute the relativistic Navier-Stokes theory of hydrodynamics.

4.4 Causality violation in Navier-Stokes equa-

tion

We will now do a perturbation analysis of the Navier-Strokes equation. Consider

a small change in the energy density and fluid velocity of the system, which is at
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rest and in equilibrium:

uµ = (1,~0) + δuµ(t, x), ε = ε0 + δε(t, x), (4.23)

Here we assume a simplification in the perturbation that it only depends on just

x-coordinate. The time evolution of the system is given by Navier-Stokes theory.

Consider a particular direction in Eqs. (4.15) with α = y:

(ε+ p)Duy −∇yp+ ∆y
ν∂µΠµν = (ε0 + p0)∂tδu

y + ∂xΠ
xy + O(δ2) = 0(4.24)

The viscous stress tensor, Πµν of Eq. (4.19) with perturbations in its parts in

Eq. (4.22) reduces to:

Πxy = η (∇xuy +∇yux) +

(
ζ − 2

3
η

)
∆xy∇αu

α = −η0 ∂xδu
y + O(δ2) .

Using this, Πxy in Eq. (4.24), we obtain a diffusion-like evolution equation for the

variation in fluid velocity, δuy(t, x):

∂tδu
y − η0

ε0 + p0

∂2
xδu

y = O(δ2) . (4.25)

Consider a wave ansatz of mixed Laplace-Fourier kind to study different modes of

the diffusion process,

δuy(t, x) = e−ωt+ikxfω,k.

Using it in your diffusion equation, Eq. (4.25),
(
−ω + η0

ε0+p0
k2
)
fω,k = 0, we obtain

a dispersion relation,

ω =
η0

ε0 + p0

k2 , (4.26)

We can find an estimate of the diffusion speed for a mode with wavenumber k as,

vT (k) =
dω

dk
= 2

η0

ε0 + p0

k . (4.27)

Note that vT increases linearly with the wavenumber, which implies that with

large k, the diffusion speed can attend an indefinitely larger value, even exceeding

the speed of light, hinting violation of causality. This non-physical behavior of

the relativistic Navier-Stokes theory occurs only for modes with short wavelengths

(k � 1). And hydrodynamics is considered as an effective theory in the long
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wavelength limit (k → 0). To avoid the instabilities of solutions at high k modes,

there is a need to regulate the theory somehow.

One can regulate this theory in the following way. Instead of the Navier-Stokes

equation, consider the Maxwell-Cattaneo law [143, 144],

τπ∂tΠ
xy + Πxy = −η0∂xδu

y (4.28)

Here τπ is a coefficient called as relaxation time.

We calculate the dispersion relation again for the perturbation δuy with Eq. (4.28),

ω =
η0

ε0 + p0

k2

1− ωτπ
, (4.29)

In the hydrodynamics limit, ω, k → 0, we find the above relation coinciding with

the diffusion equation of Navier-Strokes theory. The mode propagation speed for

this modified dispersion relation is given as

vmax
T ≡ lim

k→∞

d|ω|
d k

=

√
η0

(ε0 + p0)τπ
, (4.30)

which is finite and less than 1 in the limit k � 1 unless τπ → 0.

Even though Maxwell-Cattaneo law is phenomenologically successful in restoring

causality in Navier-Stokes theory, it is still an unsatisfactory extension as Eq. (4.28)

does not originate from any first principle and has been introduced in an ad hoc

manner. .

4.5 Second order hydrodynamics : Müller Israel

Stewart theory

In Sec (4.3), for deriving the Navier-Stokes equation, we made use of entropy

current for the equilibrium case, sµ = suµ in the covariant second law of thermo-

dynamics, ∂µs
µ ≥ 0. For a viscous fluid, the system could be out of equilibrium

which would reflect in the entropy current expression. Ingo Müller [145], W. Israel

and J. Stewart [146] (MIS) suggested that a contribution from viscous stress tensor

to the entropy four current, which under the assumption that the deviations from

equilibrium are not so large, the entropy current is given as [147]:

sµ = suµ − β0

2T
uµΠ2 − β2

2T
uµπαβπ

αβ + O(Π3) , (4.31)
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where β0, β2 are coefficients quantifying the strength of respective terms in second-

order modifications of the entropy current. We follow the same procedure as we

did in Sec. (4.3) to obtain the second law of thermodynamics as:

∂µs
µ =

παβ

2T

(
∇〈αuβ〉 − παβTD

(
β2

T

)
− 2β2Dπαβ − β2παβ∂µu

µ

)
+

Π

T

(
∇αu

α − 1

2
Π TD

(
β0

T

)
− β0DΠ− 1

2
β0Π∂µu

µ

)
≥ 0 . (4.32)

The above inequality is guaranteed to be fulfilled if the viscous stress tensor parts

have the form:

παβ = η

(
∇〈αuβ〉 − παβTD

(
β2

T

)
− 2β2Dπαβ − β2παβ∂µu

µ

)
,

Π = ζ

(
∇αu

α − 1

2
Π TD

(
β0

T

)
− β0DΠ− 1

2
β0Π∂µu

µ

)
, (4.33)

where ζ is the bulk viscosity and η is the shear viscosity coefficient. In the limit of

β0, β2 → 0, Eq. (4.33) follows the Navier-Stokes equation. For finite values of β0

and β2, Eq. (4.33) contains terms with time derivatives of Π and παβ, which are in

a way similar to the Maxwell-Cattaneo law, Eq. (4.28) if we identify β2 = τπ
2η

and

β0 = τΠ
ζ

). The set of Eq. (4.14),(4.15) and (4.33) (and their variation) are called

as “Müller-Israel-Stewart” equations for the 2nd order fluid dynamics.

4.6 Hydrodynamics as a microscopic theory in

the limit

The dynamics of any self-interacting system that adheres to Lorentz symmetry

consists of excitations of fluid and non-fluid-like degrees of freedom. In the last

section, we saw the evolution of relativistic hydrodynamics from a traditional point

of view. Here we look at the origin of hydrodynamics with microscopic theory in a

limit. We will first look at a general procedure and the meaning of hydrodynamic

and non-hydrodynamic modes and we later derive the non-hydrodynamic mode

for MIS theory.
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4.6.1 Hydrodynamic and non-hydrodynamic modes

An essential criterion for dynamics to be explained with hydrodynamics is that

the microscopic description of the system should, at late stages, show quasi-

universal behavior in its evolution. This means that such a system would have

a reduction in the number of degrees of freedom accessible to the system, and it

eventually develops local thermodynamic equilibrium. For the phenomenological

application of hydrodynamics for high energy collisions, we start with the energy

momentum tensor, 〈T̂ µν〉, in a microscopic model. This tensor can be treated as an

operator for QFT applications. The following treatment of hydrodynamics can be

carried out for any out-of-equilibrium microscopic theory, e.g., QFT, AdS/CFT,

and Kinetic theory. We use the ”mostly plus” metric signature (−,+,+,+) in this

section. The simplest of states in microscopic theory can be described with linear

response theory, where we start a state in equilibrium and subject it to a small

perturbation.

T̂ µν = 〈T̂ µν〉eq + δ〈T̂ µν〉, (4.34)

where, 〈T̂ µν〉eq and δ〈T̂ µν〉 represents the equilibrium and deviation from equilib-

rium parts of the complete energy momentum tensor respectively. The perturba-

tions that we consider here are in the background metric gµν that directly couples

to T̂ µν . The perturbation (δgαβ(y)) in the flat spacetime metric (ηαβ) results in a

variation in the expectation value of T̂ µν , given as:

δ〈T̂ µν〉(x) = −1

2

ˆ
d4y Gµν, αβ

R (x0 − y0,x− y) δgαβ(y), (4.35)

where Gµν, αβ
R (x0 − y0,x − y) is the two point retarded correlator of the energy-

momentum tensor calculated considering a global thermal equilibrium state of

temperature T and is given as :

Gµν, αβ
R (x0 − y0, x− y) = −i θ(x0 − y0)〈[T̂ µν(x), T̂αβ(y)]〉T .

Gµν, αβ
R is also referred to as the linear response function in the formal theory.

We consider the retarded correlator here because the response follows the cause –

perturbation in metric. Eq. (4.35) in the Fourier space is:

δ〈T̂ µν〉(x) = −1

2

1

2(2π)4

ˆ
d3k

ˆ
dω e−i ω x

0+ik·xGµν, αβ
R (ω,k) δgαβ(ω,k), (4.36)

61



Chapter 4: Relativistic viscous hydrodynamics

where the momentum k and frequency ω are the Fourier-transformed arguments.

The frequency (ω) integral is over R and the momenta (k) integral is taken over R3.

The two point retarded correlator of the energy-momentum tensor can be decom-

posed into the addition of three independently evolving terms in the presence of

rotational symmetry of the thermal state [148]. For simplicity, assume that the

momentum along z-direction k = (0, 0, k) direction, then the three decoupled sets

of components give the following three modes/channels:

� scalar → δ〈T̂ 12〉)

� shear → δ〈T̂ 0a〉, δ〈T̂ 3a〉 for a = 1, 2

� sound → δ〈T̂ 00〉, δ〈T̂ 03〉, δ〈T̂ 33〉

When we take k = 0, or if we consider temperature to be zero, then all the three

channels stated above will coincide. The frequency (ω) integral in Eq. (4.36) can

Figure 4.2: The plot depicts a typical contour considered for solving the complex
frequency integral in Eq. (4.36) for a given value of k. The retarded correlator
is analytic in the upper quadrants of complex plane [141]. The singularities for
different microscopic theories could take the form of single poles or branch cuts of
the two point retarded correlator, Gµν, αβ

R (ω,k), in the lower half of the complex
plane. Such singular contributions could be called a mode. There could be finite
or infinite modes of a microscopic model. The modes nearest to the real axis are
dominant, and they are the least damped ones. Image source [149].

be evaluated as the contour integration in terms of the singularities of retarded

correlator as shown in Fig. (4.2) From studies based on free QFT [150] hologra-

phy [148, 151, 152] and kinetic theory [153], we expect in general singularities as
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4.6. Hydrodynamics as a microscopic theory in the limit

either single poles or as branch cuts, located symmetrically to the imaginary axis.

For a given value of frequency, ω = ωsing(k), the singularity at late times provides

a contribution of the form,

δ〈T̂ µν〉(x) ∼ e−i ωsing(k)x0+ik·x, (4.37)

where ωsing(k) is a complex frequency whose real part is responsible for the time os-

cillations while energy momentum tensor approaches to its equilibrium form. Such

singularities are called as hydrodynamic modes – an excitation of equilibrium

plasma. Furthermore, the imaginary part of ωsing(k) is called non-hydrodynamic

mode and is responsible for dissipation. These could be modeled as a solution

of linearized hydrodynamic equations. The time for equilibration for each of such

modes is proportional to 1/=[ωsing(k)] the ones for which =[ωsing(k)]→ 0 are long-

lived ones. Both the non-hydrodynamic and hydrodynamic modes are together

called as the collective modes of the system. In the case of the absence of con-

served charges, there are just two types of hydrodynamic modes, one occurring in

the sound channel and the other from the shear channel. The non-hydrodynamic

modes are also called transient modes as they are short-lived relative to the longest

timescale of 1/=[ωsing(k)].

For many causal systems, one can attempt to find the analytic structures of

the underlying microscopic theory as shown in Fig. (4.3). However, we know little

about the excitations in QCD at non-zero temperatures and at densities achieved

in high energy collisions. Finding the non-hydrodynamic modes of QGP through

experimental measurements could help us find the underlying dynamics of the

system. We cannot observe these modes directly from the collision, obviously,

but the non-hydrodynamic modes may leave some detectable signature on the

dynamical evolution of the system. This is feasible when the hydrodynamic mode is

well separated from the non-hydrodynamic mode, the latter of which is dominant.

Such a situation may occur in peripheral heavy-ion collisions and in small systems.

4.6.2 Non-hydrodynamic mode in MIS theory

The procedure of finding poles of retarded correlator varies between theories.

Here we motivate it for MIS theory. Eq. (4.35) for a classical system can be

reframed as follows to calculate the retarded potential by considering the variation
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Chapter 4: Relativistic viscous hydrodynamics

Figure 4.3: Analytic structure appearing in different microscopic models of fluids.
All self-interacting systems with Lorentz symmetry have hydrodynamic poles (blue
cross) in the long wavelength limit. The non-hydrodynamic sector varies among
theories and closely depicts the degrees of freedom of the underlying microscopic
theory. The goal is to determine the underlying QGP dynamics in high energy
collisions and their analytic structure. Image source [154]

of T µν with respect to the metric,

Gµν,γδ = −2
δT µν (g, t,x)

δgγδ

∣∣∣∣
g=Minkowski

. (4.38)

We first try finding the retarded correlator for the Navier-Stokes equation using

a variational approach [155]. Recall the energy momentum tensor for this theory

from Eq. (4.2), (4.10) and (4.19),

T µν = εuµuν − p(gµν + uµuν) + (πµν + Π). (4.39)

The small fluctuation in the metric δgµν will induce a fluctuation in ε and uµ as

δε and δuµ respectively around a constant background. Up to a linear order in

perturbation, we find,

δT µν = δεuµ0u
ν
0 +

(
c2
sδε+ δΠ

)
∆µν

0 + 2(ε0 + P0)δu(µu
ν)
0 + P0δg

µν + δπµν , (4.40)

where

δΠ = −ζδ∇ · u , δπµν = −ηδσµν . (4.41)
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4.6. Hydrodynamics as a microscopic theory in the limit

For the perturbation in metric, the condition uµuµ = −1 leads to u0 = 1+ δg00

2
.

To calculate the retarded correlator in Eq. (4.38), the δε, δuµ, δπµν and δΠ terms

needs to be expanded to first order in perturbation source, δgµν . Perturbations

also enter in velocity gradient term through Christoffel symbols :

∇µu
ν = ∂µu

ν + Γνµλu
λ ; Γνµλ =

1

2
gνρ(∂µgρλ + ∂λgρµ − ∂ρgµλ). (4.42)

Calculating all of these terms is a tedious task hence we select a metric perturba-

tion along a specific direction as δgµν = δgµν(t, x3) which is equivalent to setting

the direction of wave vector k = ke3. With this choice and using Eq. (4.40) in

Eq. (4.38) we obtain the correlator which we Fourier transform as

Gµν,αβ
R (ω, k) = 2π

ˆ ∞
−∞

dt eωtGµν,αβ
R (t, k). (4.43)

The retarded correlator in momentum space are [141]:

G00,00(ω, k) = −2ε0 +
k2(ε0 + P0)

ω2 − c2
sk

2 + iωk2γs
,

G01,01(ω, k) = ε0 +
k2η

iω − γηk2
,

G12,12(ω, k) = P − iηω , (4.44)

where γη is the shear damping length and γs is the sound attenuation lengths given

as as

γη ≡
η

ε0 + P0

, γs =
4η

3(ε0 + P0)
+

ζ

(ε0 + P0)
. (4.45)

Results in Eqs.(4.44) are accurate only to the first order in k and ω as they were

obtained from 1st order Navier Stokes hydrodynamics. But our system of interest

is 2nd order hydrodynamics which is causal and satisfies the Maxwell-Cattaneo

relations for πµν and Π :

τπDπ
µν + πµν = −ησµν (4.46)

where σµν is called the shear flow tensor. Considering small perturbation in

Eq. (4.46) in momentum space gives us:

δπµν = −η δσµν

1− iωτπ
(4.47)
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We can replace the perturbed δπµν in Eq. (4.41) with the above one, and thus we

can obtain the correlator for second order hydrodynamics by replacing η → η
1−iωτπ

in Eq. (4.44). And hence the retarded correlator for the shear channel is given as:

G01,01(ω, k) = ε0 +
k2( η

1−iωτπ )

iω − ( γη
1−iωτπ )k2

(4.48)

(4.49)

G01,01(ω, k) = ε0 +
k2η

iω(1− iωτπ)− γηk2
. (4.50)

We finally find the poles of this correlator has two single poles located at,

ω+ =
−i+

√
4γηk2τπ − 1

2τπ
, ω− =

−i−
√

4γηk2τπ − 1

2τπ
. (4.51)

At k = 0, the pole ω+ vanishes. One of the features of Maxwell Cattaneo’s theory

is the emergence of new modes, which was not present in Navier Stoke’s theory,

which can be obtained by Taylor expanding ω− for k = 0 in Eq. (4.51),

ω−(k) ' − i

τπ
+ iγηk

2 + . . . (4.52)

According to this dispersion relation, this mode is over-damped, and it does not

vanish as k → 0. This limk→0 ω
− → (const) behavior is apparently not consistent

with the regime where gradient expansion applies, which requires both k and ω to

be small. This ω− mode is a non-hydrodynamic mode in the shear channel. The

working definition for a non-hydrodynamic mode is it being absent for Navier

Stokes theory. While this is a terrible way to define it, no suitable alternate def-

inition (and name) has come up yet. From Eq. (4.52), we could say that in the

leading order, the non-hydrodynamic mode is related to the shear re-

laxation time, τπ, of the MIS theory. The study of non-hydrodynamic modes

for various microscopic theories is still in its infancy, but recent studies suggest

that they are an unavoidable feature of theories and may offer insights into the

degrees of freedom of a given underlying microscopic theory under consideration.

Evaluating linearised hydrodynamics provided us with two-point correlations
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x

y

Figure 4.4: The thick arrows correspond to the shear mode of the inhomogeneous
velocity profile vx(y) of the flow of the medium. When the medium is in local
thermal equilibrium, the sound and shear modes generate fluctuations represented
by wiggly arrows. The propagation of these modes and the interaction between
them contribute to the generation of shear viscosity. Image source [141].

of T µν in equilibrium state and encountered modes that are freely propagating.

By analyzing the non-linearities of the hydrodynamic equation, the interaction

between modes could be found out. The correlations at equilibrium for the cur-

rent, Jµ and energy momentum tensor, T µν will be modified by these interactions

between modes. This will furthermore recast the transport coefficients σ, η, and ζ

from their initial values set in the first order hydrodynamics. In addition to equili-

bration due to momentum exchange between layers of fluid, as shown in Eq. (4.1),

the momenta are also transferred at a short wavelength than the length scale of

the flow inhomogeneity. These collective excitations are due to the sound and

shear channel non-hydrodynamics mode and the interaction between them and

are present even in thermal equilibrium. that of the inhomogeneous flow through

shear and sound mode collective excitations as shown in Fig. (4.4). Even in ther-

mal equilibrium, these collective excitations will be present, which will modify the

measured shear viscosity from the equilibrium two point correlation function due

to contribution from collective modes.
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Chapter 5

Finding the onset of

hydrodynamization using the

non-hydrodynamic mode

5.1 Introduction and literature review

The fact that baryons have internal structure directly leads to the notion that a

bulk medium of sub-nucleonic degrees of freedom should exist [156, 157]. An

energy density of about 0.7 GeV/fm3 is required to free up quarks from the

nucleons [158, 159]. We now have convincing signs from experiments at the

BNL Relativistic Heavy Ion Collider (RHIC) and the CERN Large Hadron Col-

lider(LHC) that indicate a deconfined state of quarks and gluons called quark-

gluon plasma (QGP) is formed for a sufficient distinguishable duration. Low-order

hydrodynamic constitutive relations apparently explain the experimental observ-

ables of such a dynamic system quite well, even though there is a sizable pressure

anisotropy. This applicability of low-order hydrodynamics has been referred to as

hydrodynamization,1, to distinguish it from local thermalization [160, 161]. Ex-

1In this study, we will refer to the applicability of low-order hydrodynamics as ”hydrody-
namization”, in accordance with its definition in Ref. [160].
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perimental confirmation of strangeness enhancement [162], elliptic flow [163] and

jet quenching [164, 165] as the early indicators was subsequently followed by con-

firmation of other signatures like quarkonia suppression. Efforts now are directed

towards quantitatively fixing the boundaries of various regions of Quantum Chro-

modynamics(QCD) phase diagram [166] and deducing the properties of QGP [167].

There are challenges involved in analytically solving non-perturbative QCD

making the proof of deconfinement intractable [168]. Hence the progress in model-

ing a medium of quarks and gluons from first principles has been limited. Lattice

QCD, even though computationally intensive, has been of help in understanding

deconfinement, and other low-density phenomena where the numerical sign prob-

lem does not affect the calculations [169, 170]. For now, phenomenological models

aided by lattice QCD seem to be the right approach in modeling such a complex

system. The use of hydrodynamics in modeling the transient QGP stage has been

quite surprising [171]. However, hydrodynamics as an effective theory for heavy-

ion collisions, has evolved tremendously, especially in the last two decades. For

an in-depth review of the hydrodynamics in heavy-ion collisions, please look up

Refs. [172–178]. Apart from the traditional conversation equation approach, hy-

drodynamics can also be derived as a microscopic theory in the limit e.g., starting

from kinetic theory or any QFT like QCD provided its dynamics show a quasi-

universality at a large time scale [176]. This microscopic theory approach also

helps in fixing the transport coefficients of the theory [173].

The energy momentum tensor for such a theory in a non-equilibrium state is

decomposed as;

T µν = 〈 ˆT µν〉eq + δ〈 ˆT µν〉, (5.1)

where the first and second term represents the equilibrium state of T µν and the

deviation from the equilibrium, respectively. Under linear response theory, the

second term can be expanded as;

δ〈 ˆT µν〉(x) = −1

2

ˆ
d4yGµν,αβ

R (x0 − y0,x− y)δgαβ(y), (5.2)

where, Gµν,αβ
R (x0−y0,x−y) is the retarded 2−point correlator of T µν . And δgαβ(y)

is a small perturbing term added to flat space-time metric. This correlator when

expressed in the Fourier space [Gµν,αβ
R (ω,k)], where ω is the angular frequency

and, k is the momentum, has singularities. The solution of the δ〈 ˆT µν〉(x) integral
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at late times has a contribution in terms of complex singular frequency in the

ω-plane;

ωsing = ωh + i ωnh (5.3)

where ωh is the real part of frequency at singularity corresponding to excitation

of equilibrium plasma, also called hydrodynamic mode frequency. ωnh is termed

as transient mode or non-hydrodynamic mode frequency and is associated with

the dissipative effects. The transient mode is responsible for the disruption of the

hydrodynamization process and is controlled with the relaxation time parameter

which sets the duration for which viscous effects remain active. These are called

the quasi-normal modes of out-of-equilibrium hydrodynamics, analogous to the

normal modes of oscillatory systems in classical mechanics.

Right after the collision of heavy ions, we have a non-equilibrium system of

partons for up to 1 fm/c. The fact that applying low-order hydrodynamics does not

require local thermalization or even pressure isotropy to show agreement with the

measurements [179] had been puzzling until we discovered that this evolution leads

to an attractor [180–183]. This attractor guides the system evolution to a late-time

universal trajectory even if initiated with a varied set of starting conditions [184].

The framework of hydrodynamics with initial conditions, followed by a hadron

after-burner, has been quite successfully used to explain experimental data ob-

tained from a wide range of systems [185, 186]. From most central to ultra-

peripheral collisions, the system size decreases monotonically. For constant col-

lisional energy, there should be a system size below which the QGP droplet will

cease to hydrodynamize [187] as illustrated in Fig (5.1). Aleksi Kurkela et al., [188]

has performed a flow analysis with kinetic theory leading to hydrodynamization

through a dimensionless physical quantity called opacity(γ̂) – a measure of trans-

verse system size in terms of the mean free path. As the opacity varies from 0

to 5, the system goes through 3 stages in this order:(a) non-QGP (particle-like)

stage, (b) intermediate transition stage, and (c) QGP (hydro-like) stage. Ulrich

Heinz and Moreland [189] have emphasized considering the multiplicity rapidity

density of charged particle – dN/dy along with HBT radii to quantify the smallest

QGP size. According to Romatschke [178], the large pT regime of flow is due to

the non-hydrodynamic mode, and this mode can be studied through the relaxation

time approach. He suggested that a large deviation of elliptic flow (v2) for a vari-

ation in shear relaxation time for lowering multiplicity could potentially indicate

a breakdown of low-order hydrodynamics. The last two of the above studies came
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Figure 5.1: The four domains of hadron production are separated by two thresh-
olds. Out of which the onset of deconfinement at low mass nuclei interactions is
questionable. Finding the presence of these thresholds and their location is the
aim. The present study deals with the onset at high

√
sN regime. Image source [27]

to the conclusion that this limit should be around or below dNch/dy ≈ 2.

The role of relaxation time has been previously analyzed for different settings

in hydrodynamics studies [190–194], including spatial and momentum eccentric-

ity, entropy and elliptic flow for varying relaxation times. However, the primary

focus of these studies was to find the range of τπ and other second-order transport

coefficients for which the observables were insensitive, which in turn meant that

the magnitude of the second-order gradient terms is smaller in comparison to those

of first-order gradient. In the present work, we check the sensitivity of observables

to shear relaxation time in ultra-peripheral collision systems to test the breakdown

of low-order hydrodynamics. In Sec. (5.2) we discuss the framework of the model

used. In Sec. 5.2.1, we state the initial condition and input parameters involved

in the model. Sec. (5.2.2) describes the observables obtained along with the ex-

perimental results in order to fix the centrality-related parameters. In Sec. (5.3),

we present the results of elliptic flow as a function of transverse momentum and

multiplicity rapidity density. And in Sec. (5.4), inferences are drawn based on

results obtained along with the possible improvement to this work.
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Figure 5.2: Energy density distribution as a function of transverse coordinate at
τ = 0.6 fm, midrapidity for 14 centrality classes of Au-Au IPGlasma runs at 200
GeV. The distribution for each centrality class has been superimposed for 400
IPGlasma events with different nucleon positions to account for event-by-event
fluctuations.

5.2 Formalism

Hydrodynamics is the collective dynamical evolution of a suitably sized bulk

medium adhering to the system’s symmetries. For the relativistic case, the conser-

vation laws take the form ∂µT
µν = 0 for energy momentum tensor and ∂µN

µ = 0

for the conserved charge. The local values of temperature, T (x), fluid velocity,

uµ(x), and chemical potential, µ(x) are chosen as hydrodynamic variables. For

ultra-relativistic collisions, where a negligible amount of participating nucleons

survive, the conservation equation for baryon number (∂µN
µ = 0) can be ignored.

The energy-momentum tensor can be decomposed as [199],

T µν = εuµuν + ∆µνP + (wµuν + wνuµ) + Πµν . (5.4)

Here, ε (energy density) and P (pressure) are scalar coefficients. wµ represents

the transverse vector coefficient. ∆µν ≡ gµν + uµuν is the projector operator

orthogonal to the fluid velocity(uµ) and gµν is the space-time metric. The above
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Figure 5.3: Pion(π+) pT -spectra generated (lines) for Au-Au at 200 GeV (left)
and Pb-Pb at 2.76 TeV (right) for mentioned centrality classes compared with the
corresponding PHENIX [195] and ALICE experimental results [196] (symbols).

73



Chapter 5: Finding the onset of hydrodynamization using the
non-hydrodynamic mode

Figure 5.4: Charged particle multiplicity rapidity spectra generated (lines) for Au-
Au 200 GeV (above) and Pb-Pb 2.76 TeV (below) as a function of the number
of participants compared with corresponding PHENIX[195] and ALICE[197, 198]
experimental data (error bars). The generated data points are labeled with the
midpoint of the centrality range in blue color.

expression without the Πµν term corresponds to 0th order ideal hydrodynamics.

The Πµν tensor is introduced to account for the dissipative effects and is further

decomposed as:

Πµν = πµν + ∆µνΠ. (5.5)

Π and πµν are the bulk and shear parts of the viscous stress tensor. The form of

the shear stress tensor(πµν) and bulk pressure(Π) are set up in accordance with the

covariant form of the second law of thermodynamics [172]. When we set entropy

4−current expression as sµ = suµ, where s is entropy density, we get;

πµν = ησµν and Π = ζ ∂µu
µ, (5.6)
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where η (shear viscosity) and ζ (bulk viscosity) are the transport coefficients. σµν

(shear tensor) is a traceless, transverse and symmetric tensor. This form of πµν and

Π leads to the 1st order, Navier–Stokes theory. When we introduce perturbations

in energy density and fluid velocity and evolve them, the diffusion speed obtained

from the dispersion relation has a form that can increase arbitrarily. This theoret-

ical formulation cannot be considered a satisfactory one if it violates causality. It

turns out that if the term (−τπuα∂απµν) is added in the expression of πµν above,

the resulting diffusion speed stays below the speed of light. The coefficient of this

newly added term, τπ is called relaxation time. But this is still a makeshift way to

restore causality in the system. A good 2nd order viscous hydrodynamics theory

at the very least should reduce to the Navier–Stokes equation in the limit of long

wavelengths, and must show causal signal propagation.

Müller [200], Israel and Stewart [201, 202](MIS) suggested modification of the

entropy 4−current expression used above to include the following term with a

viscous stress tensor:

sµ = suµ − β0

2T
uµΠ2 − β2

2T
uµπαβπ

αβ + O(Π3) (5.7)

where β0 and β2 are scalar coefficients. When we use this entropy 4−current in

covariant 2nd law of thermodynamics, the dissipative terms of energy momentum

tensor take the following forms [172]:

παβ = η

(
∇〈αuβ〉 − παβTuµ∂µ

(β2

T

)
− 2β2u

µ∂µπαβ − β2παβ∂µu
µ

)
, (5.8)

Π = ζ

(
∇αu

α − 1

2
Π T uµ∂µ

(β0

T

)
− β0u

µ∂µΠ− 1

2
β0Π∂µu

µ

)
, (5.9)

where, ∇µ = ∆αµ∂α and ∇〈αuβ〉 is a symbol to represent traceless symmetrization

of∇αu
β. A perturbative analysis with these newly obtained expressions leads to an

inherently causal system. There are a few variants of this theory [203], depending

on how many terms are kept in πµν and Π expression. The viscous hydrodynamics

code used for this study is based on MIS theory. BRSSS theory [204] is a more

comprehensive version of MIS hydrodynamics. A few 3rd order versions have also

been worked up [205, 206].
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Figure 5.5: Spatial eccentricity (red) and momentum space eccentricity (blue) for
the viscous case for Au-Au 200 GeV system (left) and Pb-Pb 2.76 TeV system
(right) for the two mentioned relaxation times at 50− 60% centrality.
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Figure 5.6: Pion mean pT as a function of centrality for Au-Au at 200 GeV and Pb-
Pb at 2.76 TeV. The corresponding experimental data for Pb-Pb from ALICE[197]
and for Au-Au from STAR[207] have systematic errorbars.

The second-order viscous hydrodynamics used for this study is a publicly avail-

able code1, ECHO-QGP [208, 209], based on MIS theory. It could be used in either

(2 + 1)-D or (3 + 1)-D settings and has been utilized for bulk medium evolution

in quarkonia suppression study [210]. Spacetime evolution of all T µν components

could be extracted at the output. A tabular lattice QCD equation of state by

Wuppertal-Budapest collaboration [211] has been utilized. In this equation of

state, the values for energy density(ε), speed of sound(cs), and pressure(P ) are

available starting with the temperature of 100 MeV. In order to get values be-

low this temperature we spline interpolated temperature dependencies of quanti-

ties mentioned above with the corresponding values from hadron resonance gas

model [212]. Dissipative corrections to the energy momentum tensor in ECHO-

QGP are introduced in the same way as stated in Eq. (5.5). Here the evolution of

the shear part of the viscous stress tensor is given by [208],

πµν = −η
(

2σµν +
4

3

τπ
η
dµu

µπµν +
τπ
η

∆µ
α∆ν

βDπ
αβ +

λ0

η
τπ(πµλΩν

λ + πνλΩµ
λ)

)
.(5.10)

Here, λ0 is a scalar coefficient and Ω is a traceless, anti-symmetric, transverse

1http://theory.fi.infn.it/echoqgp/index.php
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vorticity tensor. dµ is the covariant derivative given by dµu
ν = ∂µu

ν + Γνβµu
β,

where Γνβµ are the Christoffel symbols. D = uµdµ, is the comoving time derivative.

The evolution of the bulk part of the viscous stress tensor is given by;

Π = −ζ
(
dµu

µ +
τΠ

ζ
uαdαΠ +

4

3

τΠ

ζ
Π dµu

µ

)
. (5.11)

The values of the transport coefficients, τΠ, λ0, τπ, η, ζ are required for solving the

above two equations, which are obtained from the microscopic theory approach

to hydrodynamics. τΠ is the bulk viscosity relaxation time, which represents how

quickly the above 2nd order form of bulk pressure relaxes to its leading-order form

in Eq. (5.6). The above two equations are derived under the metric signature

choice of (−1,+1,+1,+1).

5.2.1 Input parameters

The form of relaxation time has been worked out for hydrodynamics beginning

from numerous microscopic theories, e.g., Boltzmann theory in the relativistic

limit [202, 213], weakly coupled QCD [214] and AdS/CFT [204, 215, 216]. In

ECHO-QGP, the relaxation time is introduced as:

τπ = τcoe
η

sT
. (5.12)

The coefficient, τcoe here controls the magnitude of shear relaxation time in

viscous hydrodynamics. In Sec. (5.3), we see the consequence of varying this pa-

rameter on elliptic flow coefficients for Pb-Pb and AuA-u collisions. A transverse

distribution of participating nucleons could serve as an initial condition for hy-

drodynamics. ECHO-QGP has an optical Glauber model as its default initial

condition which assumes independent linear trajectories of nucleons in nuclei that

are distributed according to Wood-Saxon distribution [217, 218]. Wood-Saxon

distribution has a smooth plateau for the nucleus which decays softly towards the

edges. Even though the Glauber model does not involve early-stage dynamics and

fluctuations of any kind, it is still a good approximation nonetheless.

IPGlasma [219, 220] is a more realistic initial condition that includes the dy-

namics beginning from the moment of collision. It is based on the color glass

condensate framework. The wavefunction of a nucleus or hadron at high energy

could be explained with the effective theory of color glass condensate [221, 222]. In

the IPGlasma model, the color charges inside the nucleons are Gaussian sampled
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and are taken as the source for gluon fields, which are then evolved using classical

Yang-Mills equations [219]. We have used the publicly available1 IPGlasma model

that describes a boost invariant (2+1)-D initial state. The energy density in the

transverse plane at τstart = 0.2 fm/c for Pb-Pb collision and τstart = 0.6 fm/c for

Au-Au collision has been taken as an input for ECHO-QGP. Fig.(5.2) shows the

initial energy densities for 14 centralities as a function of transverse coordinates

for Au-Au collision. We ran the [IPGlasma initial condition + ECHO-QGP hy-

drodynamics] framework for 14 centrality values, with more values near peripheral

collisions.

The distribution of the nucleons in the nucleus and the distribution of color

charge inside nucleons are the key sources of initial state fluctuations in each col-

lision event. Observables in collider experiments are averaged over a large number

of collision events, to account for this event-by-event fluctuation. For both Au-Au

and Pb-Pb collision systems, we produce an initial state with 400 different sets of

nucleon positions that are then combined into one. The total inelastic nucleon-

nucleon cross section is set to 61.8 mb for Pb-Pb system and 42 mb for the Au-Au

system in both, IPGlasma and hydrodynamics, taken from Monte Carlo Glauber

analysis [223]. Shear viscosity to entropy density ratio(η/s) is taken as a constant,

0.1 (≈ 1.25 × 1
4π

) [158], which is above the theoretical minimum KSS limit [224].

Bulk viscosity has not been included in this study. The pseudo-critical temper-

ature, at which quarks to hadron phase transition occur, has been calculated by

various lattice QCD collaborations, is an input parameter. It is set to the recently

calculated value of 156 MeV [225]. Chemical freezeout is a point at which the in-

elastic scatterings cease to exist between produced hadrons. This point is decided

by the temperature, which in the present model is fixed at 150 MeV [226].

5.2.2 Fixing centrality parameters

Fig. (5.3) shows the pT spectra of pions(π+) produced for the two mentioned

collision systems along with corresponding experimentally measured pT spectra.

The generated spectra adequately comply with experimental values only in the

low pT regime, where the hydrodynamic mode operates. The energy density pro-

file plotted as a function of transverse coordinate from IPGlasma had to be scaled

before being used in hydrodynamics. Fig. (5.2) shows this scaled energy density

distribution. This fixed the energy density scaling parameter such that the pro-

1https://github.com/schenke/ipglasma
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duced pT spectra and the maxima of rapidity spectra(dN/dy) at each centrality

matches the corresponding experimental measured data for both collision systems.

Fig. (5.4) shows rapidity spectra normalized to Npart/2 as a function of Npart.

In addition to energy density scaling, the rapidity spectra had to be scaled to

match experimental results, as shown in Fig. (5.4). For the Au-Au system, charged

particle normalized rapidity spectra were scaled up by a factor of 2, whereas for

Pb-Pb system, this scaling was 6, and the corresponding scaling used for pions

was 3.6. We chose a centrality range spaced by 5% in peripheral collisions except

for the last centrality class, 90-100%. The impact parameter and Npart values for

all of these centrality ranges are taken from a Monte Carlo Glauber analysis [223].

The reason for taking more values towards the peripheral side was to capture fine

variations of flow for decreasing dN/dy as could be seen in Fig. (5.10) in Sec. 5.3.

However there was no experimental reference to set parameters for these in-between

centrality values for pT -spectra and dN/dy vs Npart plot. Hence, we selected two

values around each experimental centrality point starting from 60% as could be

seen in dN/dy vs Npart plot (Fig. 5.4). There was no experimental point at 90-

100% so we settled with just one extrapolated value which follows the trend of data.

The blue labels on data points in Fig. (5.4) are the mid-centrality value of that

data point. For calculating observables for charged particles, we have added the

corresponding values for the pions(π++π−), kaons(K++K−) and protons(p++p−)

since these are abundantly produced species in high energy collisions. Momentum

space eccentricity, which is the precursor of elliptic flow, can be calculated in terms

of T µν components as:

ep ≡
´
d2x⊥(T xx − T yy)´
d2x⊥(T xx + T yy)

. (5.13)

ECHO-QGP calculates this quantity for the ideal hydrodynamic case, which takes

the form:

ep ≡
´
d2x⊥ (uxux − uyuy) (ε+ P )´

d2x⊥[2P + (ε+ P ) (uxux + uyuy)]
(5.14)

To generate momentum eccentricity for the viscous case, we have modified the

above expression by adding the viscous component term, (πxx + πyy) to the inte-

grand in both numerator and denominator.

Fig. (5.5) shows spatial eccentricity(εc), and momentum space eccentricity(εp)
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for Au-Au and Pb-Pb collision, generated at 50− 60% centrality for the two men-

tioned shear relaxation times. Momentum anisotropy quantified by momentum

eccentricity increases at the expense of spatial anisotropy quantified by spatial

eccentricities along the evolution[171]. The variation in non-hydrodynamic mode

decay time seems to have a negligible effect on spatial eccentricity. The distinguish-

ing feature between the two systems is that the early time εc for Pb-Pb decreases

more rapidly than that for Au-Au collisions. Below the pseudo-critical tempera-

ture, the hadronic picture should emerge. Particles of various species are assigned

momentum according to Cooper–Frye scheme [227]. The resulting momentum

spectrum is then used to calculate the elliptic flow, v2 = 〈cos[2(φ−ΨRP)]〉, where

ΨRP is the reaction plane angle which acts as a reference plane and φ is the trans-

verse plane angle for a given particle with respect to the reaction plane.

Fig. (5.6) shows the average transverse momentum evolution as a function of

centrality. Results for the two values of shear relaxation time have been plotted

and compared with experimental values for pions. We notice, that the model show

agreement with experimental values for most of the centrality classes apart from

the peripheral ones. The values for Pb-Pb collisions had to be scaled up by a factor

of 1.3. This could be due to the underproduction of hadrons in the hydrodynamics

because the multiplicity has been used as the weight factor for calculating mean

pT .

5.3 Flow results and discussion

5.3.1 Elliptic flow results for Au-Au and Pb-Pb collision

systems

Romatschke [178] has put forth a quantitative test for the applicability of hy-

drodynamics by checking the sensitivity of certain observables (like elliptic flow)

to the non-hydrodynamic mode. The idea is that hydrodynamics can be used to

describe a system if the non-hydrodynamic mode is sub-dominant and there exists

a local rest frame. With QCD as the microscopic theory, the approximate trans-

verse momentum range of hydrodynamic mode is 3 to 7 GeV. Fig. (5.8) illustrates

this pT range where hydro and non-hydro modes operate.

This is what we have tried checking for Au-Au 200 GeV in Fig. (5.7) and for
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Figure 5.7: Pion(π+) elliptic flow coefficient(v2) as a function of transverse
momentum(pT ) for 14 centrality classes for Au-Au 200 GeV system obtained
with (IPGlasma+2Dhydro) set up along with experimentally measured elliptic
flow (blue) from PHENIX [228] for the relaxation/non-hydrodynamic mode decay
time, τπ = 3η/sT (green) and 12η/sT (red). The shaded area (yellow) highlights
the difference in flow due to variations in relaxation time.
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Figure 5.8: Experimental values of flow coefficients as a function of transverse
momentum. Plot taken from [178]. Phenomenological studies that make use of
viscous hydrodynamics have been able to explain flow experimental data only in
the low pT range. Beyond pT ≈ 4 GeV, the presence of a non-hydrodynamic mode
has been suggested.
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Figure 5.9: Pion(π+) elliptic flow coefficient as a function of transverse
momentum(pT ) for 14 centrality classes for Pb-Pb 2.76 TeV collision system ob-
tained with (IPGlasma+2Dhydro) setup along withe elliptic flow measured at
ALICE[229] (blue) for relaxation time τπ = 3η/sT (green) and 8η/sT (red). The
shaded area (violet) highlights the difference in flow due to variations in relaxation
time. See the text for an explanation.

Pb-Pb 2.76 TeV in Fig. (5.9). Peripheral collisions are the system of interest but

experimentally measured anisotropic flow results are only available up to 50-60%

centrality class. We hence presented the results for the complete centrality range.

In Fig. (5.7), for 0-5%, 5-10%, and 10-20% centralities, we see no separation be-

tween elliptic flow curves for non-hydrodynamic mode decay times, τπ = 3η/sT and

12η/sT . From 20-30% centrality class onwards we notice the separation between

these two flow curves to be increasing. Experimental data has been plotted just

for reference which shows our results are quite close to experimentally measured

flow results. The important point to notice is that along increasing centrality, the

point at which the two flow curves separate shifts towards lower pT values. This

means that with increasing centrality and decreasing system size, the hydrody-

namic mode is shrinking, and the non-hydrodynamic mode is getting dominant.

Hence in a way, we are witnessing the limit of applicability of low-order hydrody-

namics for decreasing system size at constant collisional energy(here, 200 GeV).

5.3.2 Elliptic flow results for varying shear relaxation time

Fig. (5.9) shows pT dependence of pion(π+) elliptic flow with complete centrality

range for τπ = 3η/sT and 8η/sT . We notice all the structures mentioned above for

Au-Au, 200 GeV system. We notice a better match between produced elliptic flow

and experimental data 10-20% onwards. We chose pions for this analysis because

they are the lightest of particle species produced and hence adequately represent

the bulk medium. One additional point to notice is, for 10 − 20% centrality in

Au-Au collisions and classes 0−5%, 5−10% in Pb-Pb collision system, our model

fails to reproduce the measured elliptic flow data.
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Figure 5.10: Un-normalized pT integrated elliptic flow of charged particles as a
function of Nch rapidity density for Au-Au 200 GeV (left) and Pb-Pb 2.76 TeV
(right) plotted for the two mentioned relaxation times. Data points are labeled by
the centrality values. The separation between the two curves is better seen for the
un-normalized elliptic flow than for the normalized one shown below.
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Figure 5.11: pT integrated elliptic flow in proton-proton collision at 7 TeV produced
using SONIC model, as a function of multiplicity pseudorapidity spectra for the
mentioned values of η/s and ζ/s. For η/s = 0.08 and ζ/s = 0 (blue), the elliptic
flow has an errorbar due to variation in shear relaxation or non-hydro mode decay
time, which increases in size for decreasing dN/dη. Plot taken from [178].

Fig. (5.11) depicts the criteria suggested by Romatschke to check the ap-

plicability of hydrodynamics. This figure shows charged particle’s elliptic flow as

a function of multiplicity pseudorapidity density for proton-proton collision. The

error bar depicts the abrupt change in flow due to variations in non-hydrodynamic

mode decay time. This abrupt change in elliptic flow is indicative of the break-

down of hydrodynamics, and it is seemingly happening at roughly dN/dη < 2 in

Fig. (5.11). We tried checking this feature in our (IPGlasma+2Dhydro) analysis

as shown in Figs. (5.12) and (5.10).

5.3.3 Transverse plane system evolution results

Fig. (5.10) presents the un-normalized pT integrated elliptic flow as a function

of multiplicity rapidity density(dN/dy). The data points from our analysis are

labeled by the centrality class in order to track the point at which flow changes

abruptly between the relaxation time curves. This is why we selected more central-

ity points in the peripheral collision side. We notice a steady increase in separation

between the two flow curves for both Au-Au and Pb-Pb systems which is in rea-

sonably close agreement with Romatschke’s work.

We also notice that the two relaxation time flow curves of the same centrality
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Figure 5.12: pT integrated elliptic flow of charged particles as a function of Nch

rapidity density for Au-Au 200 GeV (left) and Pb-Pb 2.76 TeV (right) plotted
for the two mentioned relaxation times. Data points are labeled by the centrality
values. See the text for an explanation.
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Figure 5.13: Temperature contours as a function of coordinate x and proper time
tau for Au-Au collisions at 200 GeV energy for decreasing impact parameter of
collision. The temperature contour which roughly marks the pseudo-critical tem-
perature is highlighted. We can notice the decreasing system size and correspond-
ing lifetimes. From Figs. (5.12) and (5.10), the abrupt separation between the two
flow curves begins roughly at the centrality bin 80-85%. One can qualitatively
associate the actual spacial extension of a system at this centrality bin with the
temperature contour of this centrality, and hence the smallest system size that can
hydrodynamize.
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do not have the same multiplicity rapidity density value (the x coordinate). This

would mean, that for an increase in relaxation time, flow shifts to a lower multi-

plicity value. We also notice that the flow for τπ = 3η/sT for both, Au-Au and

Pb-Pb systems, acquire negative values, which is also apparent from the elliptic

flow for 90-100% centrality class in Figs. (5.9) and (5.7).

Fig. (5.12) shows normalized pT integrated elliptic flow as a function of charged

particle multiplicity rapidity density(dN/dy) for peripheral collisions. We clearly

notice the sudden increase in the separation of flow curves for the two mentioned

relaxation times for both collision systems. But we don’t have a centrality reso-

lution good enough to decide the onset of hydrodynamization. An approximate

limit we can deduce from Fig. (5.12) is dN/dy ≈ 10 which is quite larger than

the prediction of dN/dη < 2 [179, 189]. However, if the hadron resonance gas to

de-confined quarks transition in high temperature regime is a crossover, we expect

to find a region where the analysis would be indecisive like what Aleksi Kurkela et

al. obtained [188, 230]. The problem lies in the absence of experimental reference

data to set the scaling parameter of IPGlasma for such high centrality classes.

5.4 Summary

In this study we analyze the non-hydrodynamic mode in an attempt to find

the onset of hydrodynamization in peripheral collision system of Au-Au and Pb-

Pb at 200 GeV and 2.76 TeV center of mass per energy nucleon, respectively.

We use the energy density profile from color glass condensate based IPGlasma

model as the initial condition in 2D ECHO-QGP which is a 2nd order viscous

hydrodynamic code based on MIS theory. pT spectra and multiplicity rapidity

density(dN/dy/(Npart/2)) as a function of Npart is used to constrain the centrality

scaling parameter of IPGlasma. Mean pT as a function of centrality, evolution of

spatial and momentum eccentricity has also been generated for both the systems.

The shear viscosity to entropy density ratio is set as η/s = 0.1 and bulk viscosity

has not been considered in this work. We study the variation in the strength of

non-hydrodynamic mode through the shear relaxation time, whose value is set to

(3− 12)η/sT for Au-Au system and (3− 8)η/sT for Pb-Pb system. Elliptic flow

generated as a function of pT is compared with 2nd anisotropic flow coefficient

from experiments for the above respective values of relaxation time, for all of the

14 centrality classes. Normalized and un-normalized pT integrated elliptic flow has
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been studied as a function of multiplicity rapidity density in peripheral collisions

especially.
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Chapter 6

Concluding discussion and

outlook

6.1 Study on bottomonium suppression

The problem of explaining bottomonium suppression comprehensively was ad-

dressed in Chapter 3. An attempt has been made to explain the nuclear modi-

fication factor with centrality (NPART), transverse momentum (pT ), and rapidity

(y) dependences at LHC energies of 2.76 TeV and 5.02 TeV. For this, the QGP

medium of light quarks was simulated with a (3 + 1)-dimensional hydrodynamics

as background for bottomonium. The temperatures at different centralities and

rapidities have been extracted from the ECHO-QGP and were used in the suppres-

sion formalism. The experimental data on transverse momentum(pT ), rapidity(y)

spectra, and elliptic flow of pions have been utilized to fix the input parameters of

the hydrodynamics. The equation of state used was from the Wuppertal-Budapest

Lattice QCD collaboration interpolated with Hadron Resonance Gas model EoS

for low temperatures. We considered the dissociation of bottomonium due to col-

lisional damping, gluonic dissociation, color screening, and shadowing effects. A

modified color screening formalism has been used, which eliminates the need to as-

sume a pressure profile for collisions in the transverse plane. The shadowing effect
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has been updated with the recent gluon PDFs and shadowing factors. Parameters

entering the model for quarkonia and hydrodynamics are based on previous stud-

ies in a similar context and are not varied freely. The uncertainty in temperature

integration from ECHO-QGP has translated into an uncertainty patch in the final

suppression results. Using this current framework of quarkonium suppression of

Υ(1S) and Υ(2S) based on color screening, gluonic dissociation, and collisional

damping with full (3+1)-dimensional hydrodynamics, we are able to explain all

three dependencies of measured quarkonium suppression namely, centrality, trans-

verse momentum, and rapidity at 2.76 TeV and 5.02 TeV for Pb-Pb collisions

with a reasonable agreement, although with some mismatch for Υ(1S) rapidity

dependent suppression.

6.2 Outlook

Looking ahead, it will be interesting to do an open heavy flavor mesons evolu-

tion study in the QGP medium with a formalism suited well for such heavy-light

mesons. We have also performed a study where we made a crude assumption of

using the quarkonia suppression formalism presented in Ref. [100] for open heavy

flavor with satisfactory results. A simultaneous study of open and hidden heavy

flavor will give a more reliable constraint on the model parameters since it will ac-

count for suppression for all heavy quarks bound states produced in the collisions.

Along with this, we would like to study the effect to supposedly present large mag-

netic fields in heavy-ion collisions on quarkonia transport, which we are trying to

do in our subsequent study. Considering the question of QGP in small systems,

it will be interesting to use this formalism for proton-nucleus collision and high

multiplicity proton-proton collision. Apart from this, it is important to quantify

the contribution of CNM and hot matter effects, especially in small systems.

6.3 Study on hydrodynamic applicablity

In the study presented in Chapter (5), we tried to address the pressing question

of how small the hot quark medium can get. With so many signatures pointing to

the formation of QGP in small systems, it has become crucial to find the onset of

QGP in high energy collisions as a function of system size and collisional energy.

And the presented study was a small attempt in this direction. From the results

obtained, we make the following concluding comments:
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� From pT dependence of elliptic flow across centralities for AuAu (in Fig.

5.7) and for Pb-Pb (in Fig. 5.9), we found that the shear relaxation time

does control the non-hydrodynamic mode of the system as predicted by P.

Romatschke. This inference was guided by the observation that the point

after which the flow for the two relaxation times separate sharply from each

other shifts to lower pT values for increasing centrality classes (or decreasing

system size at constant energy of collision).

� We later attempted testing the onset of hydrodynamization from charged

particle multiplicity rapidity density dependence of pT integrated elliptic

flow. We did notice an abrupt increase in flow for decreasing system size or

the number of participants, indicating increased dominance of non-hydrodynamic

mode and simultaneous breakdown of hydrodynamic description. However,

we could not resolve the dN/dy below the value of 10 enough to decide the

onset point quantitatively. But our analysis does serve as a proof of concept.

� We found a good agreement between the generated pT dependence of el-

liptic flow results and the measured flow data from PHENIX and ALICE

Collaborations for AuAu and PbPb systems, respectively, except near most

centrality of 10-20% class for AuAu collisions and of 0-5% and 5-10% class

for PbPb collisions.

6.4 Outlook

There is significant scope for improving this framework further by including an

after-burner stage that will incorporate hadron resonance decays and scattering,

which could affect the generated flow[231]. A more appropriate way of analyzing

flow is in the modern flow vector method, and also one should account for non-

flow effects, which become dominant at small multiplicities. It will be interesting

to compare the smallest fluid size with other equivalent methods in future work.

The initial state involvement could also be improved by using more components

of T µν in hydrodynamics [232, 233]. One can also switch to 3−D IPGlasma initial

condition [234]. Bulk viscosity has been kept at zero in this study. However, it does

play a significant role in evolution [235]. The relaxation times for bulk viscosity

could be independently analyzed. It will be interesting to see if elliptic flows of

different particle species diverge for decreasing rapidity spectra at different points.

If they do so, it will support the idea of a multiple-fluid scenario in heavy ion
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collision. This study could be extended to small and lower energy systems where

the net-baryon potential is non-zero, for which particle current conservation should

be included[236]. In a recent study, Plumberg et al. [237], conducted a causality

analysis of each fluid cell of hydrodynamics for its complete evolution. They found

causality being violated of non-hyperbolic(v2 < 0) and superluminal(v2 > c2)

types at early times in evolution. This violation is significantly reduced if a pre-

equilibrium stage like KøMPøST [238] is used. It will be interesting to see the

repercussions of such a study on the onset of hydrodynamization.
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suppression in Pb-Pb collision at
√
sNN =2.76 TeV

Quarkonium suppression in relativistic heavy-ion collisions is a prominent sig-

nature of the Quark-Gluon Plasma (QGP) formation [72]. There have been many

attempts to theoretically reproduce the suppression of quarkonia that has been ob-

served in heavy-ion collisions [239]. At energies greater than twice the rest masses

of heavy quarks, pair production happens due to hard scattering at the point of

collision. Some of these heavy quarks (anti-quarks) form quarkonia immediately,

and the rest drifts apart along with the medium. Most of these drifting heavy

quarks (anti-quarks) combine with lighter quarks (anti-quarks) to form heavy-

light mesons like D0, B0, etc. A suppression model has been developed over some

time by our group to explain quarkonia suppression. Here we employ this model

to reproduce open flavor suppression data with minor modifications. We usually

consider the simplified picture where the complete QGP hadronizes at a single

instance. This is not necessarily true. We could have different species of hadrons

forming at different times due to the crossover nature of phase transition. So,

we make an assumption here that D0, like heavy-light mesons, can form during

the evolution of QGP. Our present formulation is based on a model consisting

of suppression due to color screening, gluonic dissociation, along with collisional

damping. We estimate here the net D0 meson suppression in terms of survival

probability, which is a theoretically equivalent quantity for experimentally mea-
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sured Nuclear Modification Factor (RAA). We mainly concentrate here on the

centrality and transverse momentum dependence of RAA for D0 meson's suppres-

sion in Pb-Pb collisions at mid-rapidity. We compare the survival probability thus

obtained for D0 suppression with the corresponding experimentally measured RAA

at the LHC center of mass energy of 2.76 TeV. In the section below, we have given

a very brief overview of the precursor suppression model [100] followed by results.

A.1 (Precursor) Suppression formalism

The model employed here has been modified over the years and has been used

to analyze suppression data of quarkonia and its excited states from RHIC to LHC

for AA, and pA collision at various energies [100–102, 240]. Considering heavy

quark like charm being pair produced at the hard scattering of heavy-ion collision,

we model the quarkonia evolution in this system using the following rate equation

first proposed by Thews [135]:

ND0

dτ
=

ΓF,nlNcNū

V (τ)
− ΓD,nlND0 , (1)

where ND0 is the number of D0 at a given time. The first term on the right hand

side of the above equation is the formation term for the new meson. ΓF,nl is the

formation rate calculated in Sec. (A.2) below; Nc and Nū are the number of charm

quark and up anti-quark respectively available at the initial time. V (τ) is the

volume of fireball. The second term on the right hand side is the dissociation term

for D0, and ΓD,nl is the corresponding dissociation rate. This differential equation

could be solved under the approximation that ND0 < Nc,Nū. The solution is

expressed as:

ND0(τQGP , b, pT ) = ε(τQGP , b, pT )

[
ND0(τ0, b)

+NcNū

ˆ τQGP

τ0

ΓF,nl(τ, b, pT )

V (τ, b)ε(τ, b, pT )
dτ

]
, (2)

where, τQGP is the lifetime of QGP medium, ND0(τQGP , b, pT ) is the final number

of D0 produced. The initial number of D0 is calculated as:

ND0(τ0, b) = σNND0 TAA(b), (3)
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where, σ is the production cross section of D0 at 2.76 TeV [241]. TAA(b) is the

nuclear overlap function whose value is obtained from [242–244]. ε(τQGP , b, pT )

and ε(τ, b, pT ) in Eq. (2) above are the decay factors calculated as:

ε(τQGP , b, pT ) = exp

(
−
ˆ τQGP

τ ′nl

ΓD,nl(τ, b, pT )dτ

)
(4)

and

ε(τ, b, pT ) = exp

(
−
ˆ τ

τ ′nl

ΓD,nl(τ
′, b, pT )dτ ′

)
. (5)

Following is the temperature cooling equation from the Quasi Particle Model

(QPM) EOS that we used in our calculation [111]:

T (τ, b) = Tc

( Nβ

Nβ0

) 1
3

[( τ

τQGP

) 1
R
−1(

1 +
a

b′T 3
c

)
− a

b′T 3
c

] 1
3

(6)

The D0 dissociation and recombination mechanisms used in our formalism are

described briefly below.

Color screening

The screening of color charge, just as in the case of electromagnetic plasma, has

been long thought of as a reason for the dissociation of heavy meson [72]. The color

screening model used in the present work assumes that the pressure abruptly falls

at freeze-out. Within QGP, color charges are free, where screening can happen.

So we have a screening region where the effective temperature is greater than the

dissociation temperature of the meson of interest (here, D0). We have the pressure

profile for cooling as:

p(τ, r) = −c1 + c2
c2
s

τ (c2s+1)
+

4η

3τ

(c2
s + 1

c2
s − 1

)
+

c3

τ c2s
(7)

where, cs is the speed of sound and c1, c2, c3 are the constants determined using

following boundary conditions,

p(τi, r) = p(τi, 0)h(r) ; p(τs, r) = pQGP , (8)
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where, τi is the initial thermalization time, τs is the screening time, pQGP is the

QGP pressure inside the screening region and h(r) is the radial distribution func-

tion in the transverse direction given by,

h(r) =

(
1− r2

R2
T

)β

θ(RT − r) (9)

The c− ū pair present inside the screening region may escape this region provided

they have enough kinetic energy. They are near the boundary of this region,

which itself evolves with time. This restricts the allowed values of azimuthal angle

φmax(r) for the survival of D0. We find the survival probability, SD
0

c (pT , b) of D0 by

integrating over φmax(r), whose expression is given by equation (15) of Ref. [102].

Gluonic dissociation

On absorption of a soft gluon, a singlet state of D0 could excite to an octet state.

This is the principle behind the suppression of a meson due to gluonic dissociation.

The cross-section for dissociation is given by [124]:

σdiss,nl(Eg) =
π2αnlEg
NcNū

√
mb

Eg + Enl

(l + 1)|Jq,l+1
nl |2+l|Jq,l−1

nl |2
2l + 1

, (10)

where, Jq,l
′

nl =
´∞

0
drrg∗nl(r)hqi′(r) is the probability density. Here, g∗nl and hqi′(r)

are the singlet and octet wave functions of D0, respectively obtained by numeri-

cally solving Schrodinger’s equation.

We take the thermal average of the above cross-section over a modified Bose-

Einstein distribution to get the decay width Γgd,nl corresponding to gluonic disso-

ciation.

Collisional damping

Collisional damping is the dissociation of the bound state of quarks due to

collision with medium particles. We hence find the associated decay width given by

the expectation value of the imaginary part of effective quark-antiquark potential

in QGP [67]:

Γdamp,nl(τ, pT , b) =

ˆ
gnl(r)

†Im(V )gnl(r)dr, (11)
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where gnl(r) is the D0 singlet wavefunction.

Shadowing

Shadowing is a cold nuclear effect caused by multiple scattering of patrons. We

have used EPS09 parametrization to calculate shadowing for nuclei [245]. We find

suppression due to shadowing as:

Ssh(pT , b) =
dσAA/dy

TAAdσpp/dy
(12)

Shadowing effect influence the initial production of D0, hence we replace (3) by

shadowing corrected initial number of D0 given by;

N i
D0(τ0, b) = ND0(τ0, b)Ssh(pT , b). (13)

A.2 Recombination mechanism

We have considered the possibility of recombination of c − ū due to the de-

excitation of the octet to singlet state by emission of a gluon. We find the recom-

bination cross-section in QGP using detailed balance from the gluonic dissociation

cross-section as:

σf,nl =
48

36
σd,nl

(s−M2
nl)

2

s(s− 4mbmū)
, (14)

where, s is the Mandelstam variable, Mnl, mc and mū are the masses of D0, charm

quark and up anti-quark respectively. We then define the recombination factor,

ΓF,nl as the thermal average of the product of the above cross-section and relative

velocity between c− ū [100].

A.3 Survival probability

We combine the two decay widths obtained in Sec. A.1 and Sec. A.1 as follows:

ΓD,nl = Γdamp,nl + Γgd,nl. (15)

This ΓD,nl is used to calculate the decay factors (ε) in equation (4) and (5). On

numerically solving equation (2), we get the final number of D0 mesons. Using
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this, we calculate the survival probability due to shadowing, gluonic dissociation,

and collisional damping as:

SD
0

sgc =
N f
D0,nl(pT , b)

ND0,nl(τ0, b)
. (16)

We now combine this with the survival probability due to color screening of

Sec. A.1, as we have introduced it independently. Therefore, we write the final D0

survival probability as:

SP (pT , b) = SD
0

sgc(pT , b)S
D0

c (pT , b) (17)

We have calculated survival probability of D0 for two values of dissociation tem-

perature, TD as 1.5Tc and 2Tc, where Tc is 170 MeV. The experimental value

of prompt D0 nuclear modification factor (RAA) as a function of transverse mo-

mentum and centrality at
√
sNN = 2.76TeV is obtained from [241]. The model

requires cross-section for quark anti-quark pair formation as an input, which we

have calculated using the cross-section formula for the process (gg → qq̄) [246].

The formation time of D0 meson is also an unknown parameter. Therefore, we

have plotted the results for some specific values of formation times.
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Figure 1: The survival probability (SP ) of D0 meson is plotted and compared with
RAA as a function of centrality at mid-rapidity at TD = 1.5Tc.

In Figs. (1) and (2), we have plotted RAA versus NPART for TD = 255 MeV

and TD = 340 MeV respectively. The curve corresponding to τform = 1 fm shows

reasonable agreement with the suppression data. We see that curves with higher

values of τform stay mostly unchanged with an increase in dissociation temperature,

TD. The curves differ with dissociation temperature significantly only for τform =
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Figure 2: The survival probability (SP ) of D0 meson is plotted and compared with
RAA as a function of centrality at mid-rapidity at TD = 2Tc.
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Figure 3: The survival probability (SP ) of D0 meson RAA as a function of traverse
momentum at mid-rapidity at TD = 1.5Tc.

1.5 fm and τform = 1 fm. It suggests that if the dissociation temperature is lower,

then the meson is relatively weakly bound, which results in more D0 suppression.

For RAA versus pT plots in Figs. (3) and (4), our model predictions are showing

close agreement with the data points, but it fails to reproduce the pattern at

pT < 10GeV/c.

A.4 Summary

We found that our predicted values for centrality dependent suppression follow

the trend of data points. ForRAA versus pT , our model shows reasonable agreement

with the data, but only for transverse momentum greater than 10 GeV. These are
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Figure 4: The survival probability (SP ) of D0 meson RAA as a function of traverse
momentum at mid-rapidity at TD = 2Tc.

our preliminary results for open flavor D0 using the precursor suppression model.

There is a need to refine the parameters used and test this model with more open

flavor mesons like B0, D+, D±s , B0
s and B+

c .
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1330007 (2013). URL https://doi.org/10.1142/S0218301313300075

[74] A. Rothkopf, Phys. Rep. 858, 1 (2020). URL https://doi.org/10.1016/j.physrep.

2020.02.006

[75] J.J.e.a. Aubert, Phys. Lett. B 123(3), 275 (1983). URL https://doi.org/10.1016/

0370-2693(83)90437-9

[76] M. Arneodo, Phys. Rep. 240(5), 301 (1994). URL https://doi.org/10.1016/

0370-1573(94)90048-5

[77] L.L. Frankfurt, M.I. Strikman, S. Liuti, Phys. Rev. Lett. 65, 1725 (1990). URL https:

//doi.org/10.1103/PhysRevLett.65.1725

[78] K.J. Eskola, Nucl. Phys. B 400(1), 240 (1993). URL https://doi.org/10.1016/

0550-3213(93)90406-F

108

https://doi.org/10.1016/0378-4371(79)90223-1
https://doi.org/10.1016/0378-4371(79)90223-1
https://doi.org/10.1103/RevModPhys.77.1423
https://doi.org/10.1088/0034-4885/60/10/003
https://doi.org/10.1088/0034-4885/60/10/003
https://doi.org/10.1142/9789812773579_0004
https://doi.org/10.1016/0370-2693(89)90566-2
https://doi.org/10.1016/0370-2693(89)90566-2
https://doi.org/10.1016/0370-2693(90)91219-2
https://doi.org/10.1016/0370-2693(90)91219-2
https://doi.org/10.1103/PhysRevD.51.1125
https://doi.org/10.1103/PhysRevD.51.1125
https://doi.org/10.1103/PhysRevD.55.5853
https://doi.org/10.1103/PhysRevD.55.5853
https://doi.org/10.1016/0370-2693(86)91297-9
https://doi.org/10.1016/0370-2693(86)91297-9
https://doi.org/10.11588/heidok.00016266
http://dx.doi.org/10.1007/JHEP05(2013)130
https://doi.org/10.1016/j.nuclphysa.2012.02.003
https://doi.org/10.1016/j.nuclphysa.2012.02.003
https://en.wikipedia.org/wiki/File:Yukawa_coulomb_compare.svg
https://doi.org/10.1016/j.ppnp.2020.103823
https://doi.org/10.1016/j.ppnp.2020.103823
https://doi.org/10.1016/0370-2693(86)91404-8
https://doi.org/10.1016/0370-2693(86)91404-8
https://doi.org/10.1142/S0218301313300075
https://doi.org/10.1016/j.physrep.2020.02.006
https://doi.org/10.1016/j.physrep.2020.02.006
https://doi.org/10.1016/0370-2693(83)90437-9
https://doi.org/10.1016/0370-2693(83)90437-9
https://doi.org/10.1016/0370-1573(94)90048-5
https://doi.org/10.1016/0370-1573(94)90048-5
https://doi.org/10.1103/PhysRevLett.65.1725
https://doi.org/10.1103/PhysRevLett.65.1725
https://doi.org/10.1016/0550-3213(93)90406-F
https://doi.org/10.1016/0550-3213(93)90406-F


REFERENCES

[79] G. Altarelli, G. Parisi, Nucl. Phys. B 126(2), 298 (1977). URL https://doi.org/10.

1016/0550-3213(77)90384-4

[80] K.J. Eskola, P. Paakkinen, H. Paukkunen, C.A. Salgado, Eur. Phys. J. C 77(3), 1 (2017).

URL https://doi.org/10.1140/epjc/s10052-017-4725-9

[81] D. McGlinchey, A.D. Frawley, R. Vogt, Phys. Rev. C 87, 054910 (2013). URL https:

//doi.org/10.1103/PhysRevC.87.054910

[82] V. Emel’yanov, A. Khodinov, S.R. Klein, R. Vogt, Phys. Rev. Lett. 81, 1801 (1998). URL

https://doi.org/10.1103/PhysRevLett.81.1801

[83] T.J. Hou, S. Dulat, J. Gao, M. Guzzi, J. Huston, P. Nadolsky, C. Schmidt, J. Winter,

K. Xie, C.P. Yuan, J. High Energy Phys. 2018(2), 1 (2018). URL https://doi.org/10.

1007/JHEP02(2018)059

[84] R. Aaij, B. Adeva, M. Adinolfi, C. Adrover, A. Affolder, Z. Ajaltouni, J. Albrecht,

F. Alessio, M. Alexander, S. Ali, et al., J. High Energy Phys. 2014(2), 1 (2014). URL

https://doi.org/10.1007/JHEP02(2014)072

[85] N. Dutta, N. Borghini, Mod. Phys. Lett. A 30(37), 1550205 (2015). URL https://doi.

org/10.1142/S0217732315502053

[86] N. Brambilla, M.A. Escobedo, A. Vairo, P. Vander Griend, Phys. Rev. D 100, 054025

(2019). URL https://doi.org/10.1103/PhysRevD.100.054025

[87] X. Yao, T. Mehen, J. High Energy Phys. 2021(2), 1 (2021). URL https://doi.org/10.

1007/JHEP02(2021)062
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[149] W. Florkowski, M.P. Heller, M. Spaliński, Rep. Prog. Phys. 81(4), 046001 (2018). URL

https://doi.org/10.1088/1361-6633/aaa091

[150] S.A. Hartnoll, S.P. Kumar, J. High Energy Phys. 2005(12), 036 (2005). URL https:

//doi.org/10.1088/1126-6708/2005/12/036

[151] R.A. Janik, J. Jankowski, H. Soltanpanahi, J. High Energy Phys. 2016(6), 1 (2016). URL

https://doi.org/10.1007/JHEP06(2016)047

[152] S. Grozdanov, N. Kaplis, A.O. Starinets, J. High Energy Phys. 2016(7), 1 (2016). URL

https://doi.org/10.1007/JHEP07(2016)151

[153] P. Romatschke, Eur. Phys. J. C 76(6), 1 (2016). URL https://doi.org/10.1140/epjc/

s10052-016-4169-7

[154] A. Kurkela, U.A. Wiedemann, B. Wu, Eur. Phys. J. C 79(11), 1 (2019). URL https:

//doi.org/10.1140/epjc/s10052-019-7428-6

[155] P. Romatschke, U. Romatschke, Relativistic Fluid Dynamics In and Out of Equilibrium

And Applications to Relativistic Nuclear Collisions (Cambridge University Press, Cam-

bridge, England, UK, 2019). URL https://doi.org/10.1017/9781108651998

[156] E.V. Shuryak, Sov. Phys. - JETP (Engl. Transl.); (United States) 47, 212 (1978). URL

https://www.osti.gov/biblio/6583653

[157] E.V. Shuryak, Physics Reports 61(2), 71 (1980). URL https://doi.org/10.1016/

0370-1573(80)90105-2

[158] W. Busza, K. Rajagopal, W. Van Der Schee, Annual Review of Nuclear and Particle Science

68, 339 (2018). URL https://doi.org/10.1146/annurev-nucl-101917-020852

[159] F. Karsch, E. Laermann, A. Peikert, Nuclear Physics B 605(1-3), 579 (2001). URL https:

//doi.org/10.1016/S0550-3213(01)00200-0

112

https://doi.org/10.1016/j.physletb.2019.01.006
https://doi.org/10.1016/j.physletb.2018.11.067
https://doi.org/10.1088/1751-8113/45/47/473001
https://doi.org/10.1088/1751-8113/45/47/473001
https://doi.org/10.1088/1126-6708/2006/03/052
https://doi.org/10.1088/1126-6708/2006/03/052
https://doi.org/10.1098/rstl.1867.0004
https://doi.org/10.1098/rstl.1867.0004
https://doi.org/10.1007/978-3-642-11051-1_5
https://doi.org/10.1007/BF01326412
https://doi.org/10.1016/0003-4916(79)90130-1
https://doi.org/10.1016/0003-4916(79)90130-1
https://doi.org/10.1103/PhysRevC.69.034903
https://doi.org/10.1103/PhysRevC.69.034903
https://doi.org/10.1103/PhysRevD.72.086009
https://doi.org/10.1103/PhysRevD.72.086009
https://doi.org/10.1088/1361-6633/aaa091
https://doi.org/10.1088/1126-6708/2005/12/036
https://doi.org/10.1088/1126-6708/2005/12/036
https://doi.org/10.1007/JHEP06(2016)047
https://doi.org/10.1007/JHEP07(2016)151
https://doi.org/10.1140/epjc/s10052-016-4169-7
https://doi.org/10.1140/epjc/s10052-016-4169-7
https://doi.org/10.1140/epjc/s10052-019-7428-6
https://doi.org/10.1140/epjc/s10052-019-7428-6
https://doi.org/10.1017/9781108651998
https://www.osti.gov/biblio/6583653
https://doi.org/10.1016/0370-1573(80)90105-2
https://doi.org/10.1016/0370-1573(80)90105-2
https://doi.org/10.1146/annurev-nucl-101917-020852
https://doi.org/10.1016/S0550-3213(01)00200-0
https://doi.org/10.1016/S0550-3213(01)00200-0


REFERENCES

[160] J. Berges, M.P. Heller, A. Mazeliauskas, R. Venugopalan, Reviews of Modern Physics

93(3), 035003 (2021). URL https://doi.org/10.1103/RevModPhys.93.035003

[161] J. Casalderrey-Solana, M.P. Heller, D. Mateos, W. van der Schee, Phys. Rev. Lett. 112,

221602 (2014). URL https://doi.org/10.1103/PhysRevLett.112.221602

[162] J. Letessier, J. Rafelski, International Journal of Modern Physics E 9(02), 107 (2000).

URL https://doi.org/10.1142/S0218301300000076

[163] K. Ackermann, N. Adams, C. Adler, Z. Ahammed, S. Ahmad, C. Allgower, J. Amsbaugh,

M. Anderson, E. Anderssen, H. Arnesen, et al., Physical Review Letters 86(3), 402 (2001).

URL https://doi.org/10.1103/PhysRevLett.86.402

[164] K. Adcox, S.S. Adler, N.N. Ajitanand, Y. Akiba, J. Alexander, L. Aphecetche, Y. Arai,

S.H. Aronson, R. Averbeck, T.C. Awes, K.N. Barish, et al., Phys. Rev. Lett. 88, 022301

(2001). URL https://doi.org/10.1103/PhysRevLett.88.022301

[165] C. Adler, Z. Ahammed, C. Allgower, J. Amonett, B.D. Anderson, M. Anderson, G.S.

Averichev, J. Balewski, O. Barannikova, L.S. Barnby, J. Baudot, et al., Phys. Rev. Lett.

90, 082302 (2003). URL https://doi.org/10.1103/PhysRevLett.90.082302

[166] G. Odyniec, J. Phys. Conf. Ser. 455(1), 012037 (2013). DOI https://doi.org/10.1088/

1742-6596/455/1/012037

[167] J.E. Bernhard, J.S. Moreland, S.A. Bass, Nature Physics 15(11), 1113 (2019). URL https:

//doi.org/10.1038/s41567-019-0611-8

[168] T.Y. Wu, P.W. Hwang, Relativistic quantum mechanics and quantum fields (World Sci-

entific Publishing Company, 1991)

[169] C. Ratti, Reports on Progress in Physics 81(8), 084301 (2018). URL https://doi.org/

10.1088/1361-6633/aabb97

[170] A. Bazavov, T. Bhattacharya, C. DeTar, H.T. Ding, S. Gottlieb, R. Gupta, P. Hegde,

U. Heller, F. Karsch, E. Laermann, et al., Physical Review D 90(9), 094503 (2014). URL

https://doi.org/10.1103/PhysRevD.90.094503

[171] M. Luzum, P. Romatschke, Physical Review C 78(3), 034915 (2008). URL https://doi.

org/10.1103/PhysRevC.78.034915

[172] P. Romatschke. New developments in relativistic viscous hydrodynamics (2010). URL

http://dx.doi.org/10.1142/S0218301310014613

[173] P. Kovtun. Lectures on hydrodynamic fluctuations in relativistic theories (2012). URL

http://dx.doi.org/10.1088/1751-8113/45/47/473001

[174] S. Jeon, U. Heinz. Introduction to hydrodynamics (2015). URL https://doi.org/10.

1142/S0218301315300106

[175] A. Jaiswal, V. Roy. Relativistic hydrodynamics in heavy-ion collisions: general aspects

and recent developments (2016). URL http://dx.doi.org/10.1155/2016/9623034
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