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Abstract

The arithmetic of elliptic curves has played a crucial role in understanding various
classical questions in number theory and arithmetic geometry. In the last few decades,
breakthroughs have been made towards solving the congruent number problem using the
arithmetic of elliptic curves. The congruent number problem relates to giving a complete
description of positive integers that can occur as the areas of rational right triangles. A
complete answer to the congruent number problem is still unknown. It is well known in
the literature that the existence of congruent numbers is equivalent to the existence of
rational points of infinite order on a certain class of elliptic curves known as the congruent
number elliptic curves. The works of Goins and Maddox generalized the congruent number
problem for rational triangles, known as Heron triangles, through the positivity of rank of
a certain class of elliptic curves, known as Heronian elliptic curves.

As of yet, there is no effective way to compute the rank of an elliptic curve. However,
for a positive integer m, the study of m-Selmer groups helps to understand the structure
of rational points on elliptic curves and, hence, the rank. Selmer groups are finite and
effectively computable and act as an upper bound for the rank of an elliptic curve.
Heath-Brown studied the structure of 2-Selmer groups for congruent number elliptic curves,
which was fundamental to the understanding of the rank of that class of elliptic curves.
Unlike the congruent number elliptic curves, there is comparatively little in the literature
regarding the study of 2-Selmer groups of Heronian elliptic curves associated with Heron
triangles.

The main focus of the thesis is to analyze the structure of 2-Selmer groups for different
classes of Heronian elliptic curves using the method of 2-descent on elliptic curves. This,
in turn, provides a better estimate of the ranks of those curves, which is crucial for
understanding the numbers occurring as the area of Heron triangles with certain angles.
As a consequence of computing 2-Selmer groups, we also delve into the 2-part of the
Shafarevich-Tate groups for some of these classes of Heronian elliptic curves through
the class number divisibility criteria of certain number fields and solutions to certain
Diophantine equations. We provide numerical evidence for each of the studied classes of

Heronian elliptic curves at the end of each section.
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A positive integer n is called a congruent number if it is the area of a right triangle, with
all of its sides’ lengths being rational numbers. Given a positive integer n, the celebrated
congruent number problem asks when n is a congruent number. A Heron triangle is a
triangle with rational sides and rational area. The problem of determining when a positive
integer n appears as the area of a Heron triangle is a direct generalization of the congruent
number problem. The main aim of this thesis is to look into the rank computation of
a special class of elliptic curves, known as the Heronian elliptic curves, associated with
Heron triangles. This is essential in identifying a positive integer n as the area of a Heron
triangle with a given angle.

The quest for understanding congruent numbers has inspired mathematicians for more
than a thousand years (see 6], [28]). Works of Fibonacci, Fermat, and Euler made a
significant contribution in describing these numbers (see [4], [11]). Fibonacci showed
that 5 and 7 are congruent numbers and claimed 1 is not a congruent number. Fermat’s
idea (see [6]) of infinite descent proved that 1 is not a congruent number, and hence, the
possibility of a congruent number being a perfect square was discarded.

The congruent number problem eventually boils down to whether the rank of a special
type of elliptic curve, known as the congruent number elliptic curve, is positive, in the

following way (see [28|, Chapter 1, Proposition 18):

Result 1.0.1. A positive integer n is a congruent number if and only if the rank of the
elliptic curve over Q

3

E,:y*=2° —n*r = 2(x —n)(z +n) (1.0.1)

is at least one. In (1.0.1), E,, denotes the congruent number elliptic curve.

The rank of an elliptic curve, also known as the Mordell-Weil rank, is discussed in detail
in the next chapter. It denotes the size of the group of all rational points of the elliptic
curve. There is no effective algorithm for finding the rank of elliptic curves yet. Using the
equivalent criterion of the congruent number problem involving the congruent number
elliptic curve, Heegner proved in [22] that n = 2p are congruent numbers for every n with
p = 3 (mod 8). He proved that the congruent number elliptic curves are isogenous to
modular curves X;(32) and then used the theory of complex multiplication to construct a
non-torsion point in Q(v/—2p). Monsky extended Heegner’s method in [38] and showed
that primes p = 5,7 (mod 8) are congruent numbers. The Birch and Swinnerton-Dyer
conjecture (see |28]) predicts that a positive integer n is a congruent number if n = 5,6 or
7 (mod 8). This is because the sign of the functional equation depends on the equivalence
class of n (mod 8) and under these conditions, the L—function of F,, must vanish at s = 1

(see [28], Chapter 2, Proposition 12). In a recent work, Tian generalized this to a class of
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highly composite numbers (see [51]) and proved that for any given integer k > 0, there are
infinitely many square-free congruent numbers with exactly & + 1 odd prime divisors in
each residue class of 5, 6 and 7 (mod 8). Jaap Top and Noriko Yui did a detailed survey
on the congruent number problem and its variants in [52]. One of the most important
results regarding the congruent number problem is due to J. Tunnell [53] in 1983. It

relates the congruent number problem to the Diophantine equations.

Result 1.0.2. [Tunnell, 1983]: Let n be a square free congruent number. Define A,,, B,,, C,,, D,,

as follows:
Ap = #{(2,y,2) € 2% | n = 22* + y* + 3227},
Bn = #{(I,y,z) € Zg | n = 21'2 + y2 + 822},
Cn = #{(xaya Z) € Zg ’ n = 8«%'2 + 23/2 + 6422},
D, = #{(z,y,2) € Z* | n = 82® + 2y* + 162°}.
Then:

A, =B,/2 if n is odd; and
C, =D, /2 if n is even.

If the Birch-Swinnerton Dyer conjecture is true, the converse of Tunnell’s aforementioned
result is also true. But the Birch-Swinnerton Dyer conjecture is still an open problem:;
hence, the complete description of congruent numbers is still unknown.

Like the congruent number problem, many open problems involving elliptic curves are
dependent on finding the rank of the elliptic curves. As mentioned earlier, there is no
known effective algorithm for rank computation. Initially, Neron had conjectured that the
rank of the set of rational points on an elliptic curve is bounded (see [43]). Finding elliptic
curves with high ranks is an area of immense interest in number theory. Elliptic curves with
rank of four were found in 1945, with rank of seven in 1975, twelve in 1982, and twenty-
eight in 2006. Andrej Dujella maintains a database for elliptic curves with high ranks in
https://web.math.pmf.unizg.hr/ duje/tors/rankhist.html. At present, the largest known
rank of an elliptic curve is twenty-eight, found by Noam Elkies. Another source for data
about elliptic curves is due to J. Cremona (https://wstein.org/Tables/cremona/INDEX. html).
Due to the difficulties in finding ranks of elliptic curves over rational numbers, mathemati-
cians began looking into the rational numbers “locally,” i.e., by their degree of p-divisibility,

effectively clubbing together numbers with the same remainder modulo p™. This technique
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had the benefit of the operation structure being finite. Working out this analysis for every
prime p and then collectively putting it together as a global solution for @O, one can embed
E(Q)/mE(Q) into a group known as m-Selmer group. F(Q)/mE(Q) contains information
about the Mordell-Weil group E(Q) of an elliptic curve E. Hence, the m-Selmer group
gives an upper bound for the size of the Mordell-Weil group. Noting that F(Q) denotes
the Mordell-Weil group of E over Q, and r(£/Q) the corresponding Mordell-Weil rank, a

full p-descent method (see [46], Proposition X.4) generates an exact sequence

0 — E(Q)/pE(Q) — Sel,(E/Q) — HL(E/Q)[p] = 0.

Here, Sel,(E/Q) denotes the p-Selmer group and II(E/Q) denotes the Shafarevich-
Tate group. The importance of the Selmer and the Shafarevich-Tate group in the rank
computation follows from the aforementioned p-descent exact sequence, as r(E/Q) =
sp(£/Q) — dimg, III(E/Q)[p] where s,(E£/Q) = dimg,Sel,(£/Q) — dimg, £(Q)[p] denotes
the p-Selmer rank of E.

Due to Cassels-Tate pairing (see [5]), the finiteness of the p-primary part of III(E/Q)[p™]
would imply that III(E/Q)[p] has even F, dimension, hence s,(E/Q) and r(E/Q) have
the same parity. The finiteness of III(E/Q)[p>] implies the p-Selmer rank one conjecture
which states that r(E/Q) = 1 whenever s,(E/Q) = 1. This conjecture has been verified
for p > 5 under certain assumptions (see [56], [54], [47]).

Very little is known about the p-Selmer rank one conjecture for p = 2 even though the
computation of a full 2-descent is easiest in practice and provides as yet the best tool to
compute r(E/Q). There has been a growing interest in the 2-Selmer group computation for
different families of elliptic curves, as evidenced by the works of Klagsbrun-Mazur-Rubin
in [26], |27], and the work of Mazur-Rubin in [35].

The method of descent is used in theory and in practice to find the rank of elliptic curves.
However, the method is not always successful. There are examples due to Shafarevich-
Tate and Ulmer for elliptic curves over function fields [F,(¢) with arbitrarily large ranks.
Recently in ([43]), Park, Poonen, Voight, and Wood gave a heuristic model for elliptic
curve ranks that indicates that ranks are bounded. Moreover, it says there are finitely
many elliptic curves over Q having rank > 22. The current record of known rank for a
class of infinitely many elliptic curves is nineteen, constructed by Noam Elkies.

We shall define the Selmer group in the next chapter explicitly. The Selmer groups of
an arbitrarily large order are known. In a series of works by Heath-Brown in [19], [20],
congruent number elliptic curves with large 2-Selmer groups were discussed in detail.

A generalization to the congruent number problem questions for a given positive rational

number n, whether a rational triangle [a, b, ¢] exists with area n with some given angle
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f. One can immediately see that the congruent number problem is a special case with
6 = m/2. Heron of Alexandria was the first who related the number n occurring as
the area of a rational triangle and the sides of a rational triangle by the formula n =

b
V/s(s —a)(s — b)(s — ¢) where s represents semiperimeter, i.e., s = %, in the first

century. In his honor, rational triangles are known as Heron triangles. In [17], the work
of Goins and Maddox gave a correspondence analogous to the correspondence between
congruent numbers and congruent number elliptic curves. Their correspondence was
between the numbers occurring as the area of Heron triangles and the rational points on

specific elliptic curves associated with such numbers. Their main result was as follows.

Result 1.0.3. |Goins and Maddox, 2006]: A positive integer n can be expressed as the area
of a triangle with rational sides if and only if for some nonzero rational number 7 the
elliptic curve

E..:y*=z(x—n7)(v+ntt)

)

0
has a rational point that is not of order 2, where 7 = tan 3 Such elliptic curves £, are
called Heronian elliptic curves. Moreover, n is a congruent number if and only if we can

choose 7 = 1.

Given any integer n, the existence of infinitely many Heron triangles with the area n was
studied in [17], [44]. Buchholz and Rathbun proved in [1] the existence of infinitely many
Heron triangles with two rational medians. Later in 2], Buchholz and Stingley studied
eight elliptic curves associated with Heron triangles with two rational medians and showed
that none of them can have three rational medians. A Heron triangle with three rational
medians is called a perfect triangle and it is a longstanding conjecture that such triangles
do not exist. Peng and Zhang [40],[41] showed the existence of infinitely many classes of
isosceles Heron triangles whose sides are triangular numbers and infinitely many isosceles
Heron triangles whose sides are polygonal numbers. In a recent work, Das, Juyal, and
Moody [9] showed the existence of infinitely many Heron triangles and integer rhombuses
with common area and perimeter using the arithmetic of elliptic curves. In [12]|, Dujella
and Peral showed the existence of elliptic curves of ranks three, four, and five associated
with Heron triangles and found examples of elliptic curves over Q with ranks nine and ten.
Recently, Matilde and Oliver [33] extended the idea of Heron triangles from the Euclidean
plane to the hyperbolic plane. They showed a one-one correspondence between Heron
triangles with area n and rational points on the corresponding curve. In [18], Halbeisen
and Hungerbiihler showed the existence of elliptic curves of rank at least two associated
with Heron triangles. They modified a few results of Goins and Maddox and related the

existence of a Heron triangle to an integral solution of certain Diophantine equations.
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We enlist the different objectives of this thesis below which mainly involve the computation
of the explicit group structure of the 2-Selmer group for Heronian elliptic curves associated

with different types of Heron triangles.

1. Mordell-Weil rank computation of the Heronian elliptic curves associated with Heron
triangles with specific angles and odd area n of the form n? + 1 = 2¢ for a prime
number ¢. Such numbers famously appear in Landau’s problems (see [42]). A

complete group structure of the 2-Selmer group of those elliptic curves.

2. Mordell-Weil rank computation of the Heronian elliptic curves associated with Heron
triangles with specific angles and even area. A complete group structure of the

2-Selmer group of those elliptic curves.

3. Correspondence between the existence of Heron triangles and the solvability of

Diophantine equations associated with those Heron triangles.

4. Correspondence between the order of the 2-part of the Shafarevich-Tate group of a
certain class of Heronian elliptic curves and the solvability of certain Diophantine

equations.

The organization of the thesis is done in the following manner.

Chapter 2 includes the necessary background of the arithmetic of elliptic curves, most
notably, the structure of the Selmer and the Shafarevich-Tate groups, along with a brief

description of known results on Heronian elliptic curves.

In Chapter 3, we look into the arithmetic of the Heronian elliptic curves associated with
the Heron triangles of odd area. We first consider the case when n is a prime p such
that p = 3,5,7 (mod 8). The latter part of this chapter includes a generalization of
the previous result in terms of arbitrary square-free odd integers n, with an explicit
computation of the 2-Selmer group using the complete 2-descent method. This chapter’s

work has been published /accepted in [16], [8].

Chapter 4 describes the arithmetic of Heronian elliptic curves representing the Heron
triangles with even area. The beginning of the chapter deals with the 2-Selmer group
structure of a special type of Heron triangle with area 2™. Later in the chapter, we
generalize the result for arbitrary even integers. The initial part of this chapter has been
published in [7]. The later part of the work mentioned in this chapter is communicated

and currently under review and the last part is accepted in [§].
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Chapter 5 deals with a one-one correspondence between the solvability of certain Dio-
phantine equations and the existence of Heron triangles using the Mordell-Weil rank. We
then highlight the 2-Selmer group structure of Heronian elliptic curves of prime area p = 1
(mod 8) which were left out in Chapter 3. This was due to the possible existence of a
non-trivial Shafarevich-Tate group which depends on the solvability of a certain class of

Diophantine equations. A part of this chapter’s work has been published in [16].

Chapter 6 states a few results connecting the work in this thesis and several works available
in the literature. It mentions the limitations of the work clearly and then describes the

future scope of further work related to the results presented in this thesis.



Chapter 2

Background
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This chapter introduces the necessary preliminaries of the topics covered in the thesis. It
primarily gives a short background detail on the elliptic curve over number fields, the
primary focus of the thesis. We first recall some notions and results about the classification

of finite abelian groups (see [14] as a reference). We start with the definition of a p-group.

Definition 2.1. Let p be a prime. A group G is called p-group if every element of G is of

order p* for some k > 0.
Theorem 2.2. A finite group is a p-group if and only if its order is a power of p.

Definition 2.3. A group G is finitely generated if there is a finite subset A C G such

that G = (A) i.e., every g € (G, can be written as g = Zkigi where g; € A k; € Z.
i=1

Definition 2.4. For each 0 < r € Z, let Z" = 7Z x ... X Z be the direct product of r
copies of Z, where we take Z° = 1. The group Z" is a free abelian group of rank r.
We can now state the following theorem regarding the group structure of finitely generated

groups.

Theorem 2.5 (Fundamental theorem of Finitely generated abelian groups). Every finitely

generated abelian group G is isomorphic to a direct product of cyclic groups in the form
7" x Zp? X Zp;2 X ... X Zp;k

where the p; are primes, not necessarily distinct, and the r; are positive integers. The
direct product is unique except for the possible rearrangement of the factors; that is, the

number of factors Z is unique and the prime powers p;' are unique.

A sequence of groups A, B and C' and group homomorphisms «, and 5 such that
A% BS C
is called exact at B if im a = ker 5.

Definition 2.6. A short exact sequence of groups is a sequence of groups and group
homomorphisms
0-A%BL0=0

which is exact at A, B, and C. That means « is one-one, [ is onto, and im « = ker 8. In

a general setup, an exact sequence can have many terms:

a 3 QAn—1
A1 —1)A2 —2>A3...An_1 ———)An
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and it must be exact at each A; for 1 < i < n. Exact sequences can also be of infinite

length.

2.1 Number Fields

Throughout this thesis, we consider elliptic curves over rational numbers. But most of the
properties of an elliptic curve hold true for number fields also. A number field is a finite
extension of Q. We use [39] as a reference for this section.

A field extension L/K is a pair of fields with K C L. In other words, L is a K-vector
space, and the number [L : K] = dimgL is called the degree of the field extension L]/K.

The extension L/K is said to be finite if the degree of the extension is finite.
Definition 2.7. A finite extension K/Q is called a number field.

Definition 2.8. Let K be a number field. An algebraic integer is an element o € K such
that there is some monic polynomial f € Z[z] with f(a) = 0. We write Ok for the set of

algebraic integers in K.
Example 2.1. If K = Q(i), then Ok = Zli].

For K = @(\/3) where d € Z, d # 0,1, and d is square-free, it is well-known that

ZIVd), d#1 (mod 4).
Z[%(H\/Em, d=1 (mod4).

Ok =

One can easily observe that if K is a number field, then K = Q(«) for some algebraic
integer a. The following result gives the number of distinct embeddings a number field

can possess in C.

Theorem 2.9. Let K be a number field of degree n. Then there are exactly n distinct
embeddings o; : K — C, (i =1,2,3,...,n). The element o;() = o are all the distinct

zeros in C of the minimal polynomial of o over Q.
The following result now describes the structure of the unit group O3 of O.

Theorem 2.10. O}, is a finitely generated abelian group of rank r + s — 1 where r is the

number of real embeddings of K and 2s is the number of non-real complex embeddings.
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Definition 2.11. Let K be a number field of degree n and let o1,09,...0, be the
embeddings K — C. Then for any o € K, the norm is

Ng(a) = Hgi(@),

and the trace is .

Ti(e) =) ai(a).

i=1
It is well known that unique factorization does not hold for the elements of the ring of
integers of a number field. However, the unique factorization of nonzero ideals into prime

ideals does hold. To see this, we introduce the notion of fractional ideal first.

Definition 2.12. A fractional ideal of O is a subset I C K satisfying the following:
(7) I is an abelian group under addition;

(13) I C I for every x € Ok;

(i) there exists some nonzero y € Ok such that yI C O.

There is a group structure on the set of fractional ideals of O. The following theorem

tells us that the prime factorization in Ok is unique if all the ideals of Ok are principal.

Theorem 2.13. The non-zero fractional ideals of Ok form an abelian group under
multiplication. Moreover, every non-zero ideal of O can be written as a product of prime

ideals, uniquely up to the order of the factors.

Let I(Ok) denote the collection of all nonzero fractional ideals of O, and P(Of) denotes
the collection of all nonzero principal fractional ideals of (Of). It can be noted that P(O)

is a subgroup of I(O).

Definition 2.14. The ideal class group for a number field K is the quotient group
1(0k)/P(Ox).

It is well known that the ideal class group of a number field is a finite group. The class
number of a number field K, denoted by h(K), is defined as the order of the ideal class
group of K.

We note that if O itself is a principal ideal domain, then the ideal class group is the
trivial group, and vice versa. One can loosely interpret the class number of a number field

to be a measure of how far Ok is from being a principal ideal domain.

Definition 2.15. A prime number p is said to be ramified in a number field K if the

prime ideal factorization

() =0k = pi" ... 0
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has some e; greater than 1. If every e; equals 1, we say p is unramified in K.

Theorem 2.16 (Hilbert’s Class Field). (/39/, Proposition (6.9)) The Hilbert class field E
of a number field K is the maximal unramified abelian extension of K. Its degree over K
equals the class number of K, and Gal(E/K) is canonically isomorphic to the ideal class

group of K.

We can use this fact to show the existence of an unramified abelian extension of degree n

of a number field K is equivalent to the class number A(K) =0 (mod n).

2.2 Elliptic Curves

We now introduce the necessary details regarding the group structure of elliptic curves
over number fields. Most of the results mentioned here are well-known. For notations and

references, we have followed [46].

Definition 2.17. An elliptic curve over a number field K is a smooth projective curve
(defined over K) of genus one with a distinguished K-rational point. Equivalently, an
elliptic curve is an abelian variety of dimension one.

For a field with char(K) # 2 or 3, an elliptic curve E/K can be defined by a short

Weierstrass equation
E:y* =2+ Az + B with A, B € K, with A # 0.

The smoothness of an elliptic curve is equivalent to the non-vanishing of the discriminant,
A = —(4A3 + 27B?), of an elliptic curve.

Definition 2.18. Let E : y*> = f(z) be an elliptic curve over K. The set of K-rational
points on E is the set {(x,y) € K x K | y?> = f(x)}. This set is denoted by E(K).
We note that although the curves are represented with affine coordinates, in the variables

x and y, in the projective coordinates, the curve looks like
E:y*z =2 + Av2® + B2°.

To specify an elliptic curve, we not only need an equation defining the curve but also a
distinguished rational point, which acts as the group’s identity. For curves in Weierstrass
form, the point O := (0 : 1: 0) acts as the distinguished point, the unique point on the
curve F that lies on the line z = 0 at infinity. If 2 = 0 then z = 0 and we may assume

y = 1 after scaling the projective point (0 :y :0) by 1 = y. We note that x = z = 0 gives
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y # 0, since (0: 0 :0) is (by definition) not a projective point. Every point P # O on
the curve E thus has a nonzero z-coordinate which we can scale to be 1, and we use the
notation P = (g, vo) := (Zo : Yo : 1) to denote these affine points.

Given distinct points P, Q) € E(K), P * () denotes the third point of intersection between
the curve and the line passing through P and (). Note that Px Q € F(K). P+ Q is
defined to be the reflection of P % () about the z-axis. P * P is defined to be the third
intersection point of F with the line tangent to £ at P (which is well-defined for every P
because F is non-singular). As before, the reflection of P % P about the z-axis defines
P + P. With this +, the set E(K) forms an abelian group, and O acts as the identity

element.

Theorem 2.19 (Mordell Theorem). Let E/Q be an elliptic curve. Then the group E(Q)
1s finitely generated.

So by Theorem 2.5, E(Q) =2 Z" & E(Q)ors- T is called the rank of the elliptic curve. The
result stands true even if Q is replaced by any arbitrary number field K. The subgroup of
points of finite order having coordinates in K are denoted by E(K );ps-

Theorem 2.20 (Mordell-Weil Theorem). Let E be an elliptic curve over a number
field K, then the set of K-rational points E(K) is finitely generated abelian group. i.e.
E(K)=27Z" & E(K)rs-

Theorem 2.21. ([}6], Theorem I11.2.3) Let ¢ : Cy — Cy be a morphism of curves. Then

¢ 1s either constant or subjective.

Let C1/K and Cy/K be curves and let ¢ : C; — Cy be a nonconstant rational map defined

over K. Then composition with ¢ induces an injection of function fields fixing K,

9" K(Cy) = K(Ch), ¢"f = fo¢.

Definition 2.22. Let ¢ : ¢ — (5 be a map of curves defined over K. If ¢ is constant,
we define the degree of ¢ to be 0. Otherwise we say that ¢ is a finite map and deg ¢ =

[(K(Ch) : ¢*K(Cy)].

Theorem 2.23. ([;,6], Theorem II. 2.4.1) Let Cy and Cy be smooth curves and let

¢ : Cy — Cs be a map of degree one. Then ¢ is an isomorphism.
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Let E[m] = {P € E(K) | mP = O} refer the set of m—torsion points. It can be shown
that (see [46], Proposition V'1.6.1),

E[m| = Z/mZ x Z]mZ.

Definition 2.24. The divisor group of a curve C' is the free abelian group generated by
the points of C' denoted by Div(C'). Thus a divisor D € Div(C) is a formal sum

D=>" np(P)

pPecC

where np € Z and n, = 0 for all but finitely many P € C. The degree of D is defined by

deg D = an.

Definition 2.25. Let C be a smooth curve and let f € K(C)*. Then we can associate to
f the divisor,

div(f) = Z ordp(f)(P).

PeC
where K (C') denotes the function field of C over K.
Weil-Pairing: Let T € E[m]. There is a function f € K(E) satisfying

div(f) = m(T) — m(0).
Taking T" € E to be a point with [m]|T” = T, there is a function g € K (F) satisfying

div(g) = [m]*(T) = [m]"(0) = Y (I"+R) —(R).

ReE[m)|

Then there is a pairing
em : Elm] x E[m] = pp,
by setting
g X +29)
9(X)
where X € E is any point such that g(X + ) and g(X) are both defined and nonzero

en(S,T) =

(i1, denotes the group of m'h root of unity). This pairing is called the Weil e, -pairing,

which we use in later sections to briefly sketch the proof of Complete 2-Descent.
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Proposition 2.26. ([/6]/, Proposition I1.8.1): The Weil e,,-pairing has the following
properties:
(1) It is bilinear:

em(S1+ 52, T) = e, (S1,T)en (S, T),

em(Sa Tl + TQ) = em(Sa Tl)em(‘s’7 TQ)

(13) It is alternating:
em(T,T) = 1.

so in particular, ,(S,T) = e, (T, S)~ .
(7i1) It is non-degenerate:
If €,(S,T) =1 for all S € E[m], then T = O.
(1) It is Galois invariant:
em(S,T)” = en(S°,T7) forall o€ Gg k.

(v) It is compatible:

Cmm' (S, T) = e, ([m']S,T) for all S € Elmm'] and T € E[m)].

We recall a few notions from p-adic valuation that will be needed in later topics.
Definition 2.27. For all z,y € Z, a valuation v : Z — Z U {oo} satisfies following;
(i) v(zy) = v(z) + v(y).
(i) v(z +y) = min{v(z),v(y)}-
(iii) v(0) = oo.

Definition 2.28. For a fixed prime number p € Z, and x € Z — {0}, v,(x) is the unique
non-negative integer which satisfies x = p*®u with v € Z and p { u.

For z € Q where x = a/b, v,(z) = v,(a) — v,(b).

Definition 2.29. On a field K, an absolute value is a function | | : K — R > 0 such that
(i) x| =0 < =0,

(i) |y = Jz]lyl, and

(éi1) o +y| <[]+ |y]
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Definition 2.30. Let (K| |) be a field with an absolute value. A completion of (K| |) is
an absolute-valued field (L, | |;) which is complete as a metric space and has the property
that there is some embedding ¢ : K — L with the image of K dense and |z| = |i(z)|. for
r € K.

Minimal Weierstrass equation

Let E/K be an elliptic curve given by a Weierstrass equation y? = 2% + ax + b. We say
that a Weierstrass equation is minimal if @ and b belong to R = {x € K : v(z) > 0} the
ring of integers of K and v(a) < 4 or v(b) < 6 (this is equivalent to v(A) being minimal).

Theorem 2.31. (Lutz-Nagell) If E/Q has minimal Weierstrass equation and P = (z,y) €
E(Q)iors then x,y € Z and either y = 0 or y*|D where D denotes the discriminant of the

curve.

Let p € Z be a prime, E be an elliptic curve over QQ in minimal Weierstrass form. Then
the reduction of £ modulo p is the (possibly singular) Weierstrass curve over F,. E(F,)

denotes the group of F,, rational points of £ modulo p.

Definition 2.32. Let p € Z prime, and E be an elliptic curve over Q in minimal
Weierstrass form. Then F is said to have a good reduction at p if £ is non-singular.

Otherwise, £ has a bad reduction at p.

Theorem 2.33. ([406], Proposition VII.3.1.) Let p be a prime such that E has a good
reduction at p. Let ¢ : E(Q)ors — E(F,) be given by O — O and (x,y) — (Z,7). Then ¢

is a one-one homomorphism, and thus E(Q)os is isomorphic to a subgroup of E(F,).

Corollary 2.34. The order of E(Q)iers divides the order of E(F,) for every prime p with

good reduction.

Theorem 2.35 (Mazur’s theorem:). (/46/, Theorem VIII.7.5) Let E be an elliptic curve
defined over Q. The possible torsion subgroups of E(Q) are:

(i) Z/NZ, where 1 < N <10, or N = 12.
(i) /27 x Z.J2NZ, where N = 1,2,3,4.

The Mordell-Weil theorem is vast in nature. It tells us that a finite set is enough to
describe the whole structure of rational points on an elliptic curve. One can see the size
of E(K)/mE(K) as a measure of how large E(K) is compared to mFE(K). The difficulty
is finding the inverse of the multiplication by [m] map in F(K). Without the loss of

generality, one can assume E[m| C E(K) for the next few results.
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Definition 2.36. The Kummer pairing
k:E(K) x Gg/ — E[m]

is defined as follows. Let P € F(K) and choose any point ) € E(K) satisfying [m]Q = P.
Then k(P,0) = Q7 — Q.

We enlist some of the fundamental properties of the Kummer pairing below.

Proposition 2.37. (/6] Proposition VIII.1.2) Let k : E(K) x Gg/x — E[m] is a
Kummer pairing. Then

(i) The Kummer pairing is well-defined.

(ii) The Kummer pairing is bilinear.

(iii) The kernel of the Kummer pairing on the left is mE(K).

(w) The kernel of the Kummer pairing on the right is G 1, where L = K(Im]™'E(K))
is the composition of all fields K(Q) as Q ranges over the points in E(K) satisfying
mlQ € B(K).

Hence, the Kummer pairing induces a perfect bilinear pairing
E(K)/mE(K) x Grjx — Elm], where L = K([m]"'E(K)).

The above proposition tells us that the finiteness of E(K)/mE(K) (which can be proved,

is equivalent to the finiteness of the extension L/K.

Proposition 2.38. ([46], Proposition VIII.1.5.) Let L = K([m]"*E(K)) be the field as
defined above.
i) The extension L/K is abelian and has exponent m i.e. the Galois group G is abelian

and every element of Gk has order dividing m.
i) Let S = {v € M} : E has bad reduction at v} U {v € My : v(m) # 0} U M?.

The following proposition proves that the field extension L/K satisfying the conditions in

the above proposition is a finite extension.

Proposition 2.39. (/46/, Proposition VIII.1.6.) Let K be a number field, S C My be a
finite set of places containing M3, and m > 2 be an integer. Let L/K be the mazimal
abelian extension of K having exponent m that is unramified outside of S. Then L/ K is

a finite extension.

One can use the results of Proposition 2.37, Proposition 2.38, and Proposition 2.39 above

to prove the following theorem, known as the Weak Mordell-Weil Theorem. For the brevity
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of this thesis, we also include a brief sketch of the proof of the Weak Mordell-Weil theorem

and its relation to the Mordell-Weil theorem and m-Selmer group.

Theorem 2.40. (Weak Mordell-Weil Theorem)([}6], Theorem VIII.1.1.) Let K be a
number field, E/K be an elliptic curve, and m > 2 be an integer. Then

E(K)/mE(K)
1S a finite group.

Proof. The perfect pairing at the end of the Proposition 2.37 shows that E(K)/mE(K)
is finite if and only if G,k is finite where L = K ([m] ' E(K)). Proposition 2.38 ensures
that L has certain properties, and Proposition 2.39 implies that any extension L of K

having these properties is a finite extension, hence Gz is finite. This concludes the proof
of the Weak Mordell-Weil Theorem. O]

Remark 1: We note that the Kummer pairing induces an injection
E(K)/mE(K) — Hom(Gr/k, E[m)).

While it is possible to compute the group Hom(G/x, E[m]) explicitly, the crucial question
that remains is of which of those elements come from points of F(K)/mFE(K). This last
question currently has no effective solution, and what makes the Mordell-Weil theorem
ineffective in practice. For this reason, one introduces the concept of the m-Selmer
group, where F(K)/mE(K) will be injected into a smaller group, and the cokernel of the
corresponding map will be explored. The following theorem shows that if the generators of
E(K)/mE(K) are known, one can effectively find the generators of E(K). This highlights
that the only ineffectiveness in the above proof is finding generators of E(K)/mE(K).

Theorem 2.41 (Descent Theorem). ([46/, VIII.3.1.) Let A be an abelian group. Suppose
that there exist a height function h : A — R with the following three properties:
(i) Let Q € A. There is a constant Cy, depending on A and @Q, such that

h(P+Q) < 2h(P)+C, ¥Ype A

(i) There are an integer m > 2 and a constant Co, depending on A, such that

h(mp) > m*h(P) —Cy V P € A.
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(i1i) For every constant Cs, the set {P € A: h(P) < C3} is finite.
Suppose further that for the integer m in (ii), the quotient group A/mA is finite then A is
finitely generated.

Proof. Choose a finite set S = @1, Q2,...Q, € A to represent the finitely many cosets in
A/mA, and let P € A be an arbitrary element. Reminiscent of the Euclidean algorithm,
let us begin by writing

P=mP + Q;,

Py =mP, + Q,,

Pn—l :mPn—l—an

For any index 7, we have

1
W(Py) < —(h(mP,) + Ca) from (i)
1
= W(h(Pj—l —Qi;) + Ca)
1
< W(Qh(Pj_l + C} + Cy) from (i)
where C] is the maximum of the constants from (i) for Q € {—Q1, —Q>,...,—Q,}. Using
this inequality,
2 \" 1 2 4 on-t
2\" Cl+ Cy
— | hP)+ =
= (m2> (P) m? — 2

1 1
< 2—nh(P) + E(C{ + Cy) since m > 2.

1
= h(P,) <1+ 5(0{ + (Cy), for sufficiently large n

As P is a linear combination of P, and Q)1,Q>,...,Q,,

P=m"P, + ij_lQij.
1
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It implies that every P € A is a linear combination of the points in the set

[@0Q2 QI U{Q €A K@) <1+ 5(Ci+ o).

From (iii), it is a finite set. This concludes the proof. O

2.3 Galois Group Cohomology

We give a brief overview of Galois cohomology groups which will be essential in defining the
Selmer and Shafarevich-Tate groups later. We refer to (|46], Appendix B) for a detailed

discussion.

Definition 2.42. Let G be a group. A G—module is a pair (M, G) consisting of an
abelian group M together with a G— action that preserves its abelian structure, i.e. for

all 0 € G and all m,m’ € M,o(m +m')) =om + om/'.

We note that ¢ € G defines an automorphism of M, so that the G—action defines a
homomorphism G — Aut(M), generalizing the notion of a representation and agreeing
with the definition of a module over the group ring Z[G]. For example, if L/K is a finite
Galois extension with G = Gal(L/K), an elliptic curve E(L) is naturally a G—module,
with the action given by applying a field automorphism.

Definition 2.43. For a G—module M, the Oth cohomology group is the fixed set by

G: H(G,M):= M® ={m € M|Vo € G, gm = m}.

Definition 2.44. A crossed homomorphism is a map f : G — M such that Vo,7 €
G, floT) = f(o) + o f(7).

Definition 2.45. A crossed homomorphism is called principal if it is of the form Vo €

G, f(o) = om — m, for some m € M.

Definition 2.46. For a G—module M, the first cohomology group is (roughly) the set of
crossed homomorphisms that aren’t principal. More precisely,
L crossed homomorphisms
HY (G, M) := —— .
principal crossed homomorphisms
satisfies f(1) = f(1-1) = f(1) + f(1) = f(1) = 0. Sums and differences of crossed

(resp. principal) homomorphisms are crossed (resp. principal), and observe that H'(G, M)

Note that any crossed homomorphism

is an abelian group.
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Example 2.2. If G acts on M trivially, then H*(G,M) = MY = M. The crossed
homomorphisms “uncross:” f(o1) = f(o) + f(7), and principal crossed homomorphisms
vanish: f(o) =om —m = 0.

Therefore H'(G, M) = Hom(G, M).

2.4 Selmer and Shafarevich-Tate Group

We can now introduce the notion of Selmer and Shafarevich-Tate group to inject E(K)/mE(K)
into a smaller group. From Definition 2.36, we know there exists a pairing k : F(K) x
Gr/x — E[m] such that k(P,0) = Q7 — Q, where Q € E(K) such that [m]|Q = P.

From Proposition 2.37, we know that the kernel of k is mE(K). Hence, one may view the

map k as a homomorphism
op : E(K)/mE(K) — Hom(G g, E[m]),

op(P)(c) =k(P,0).
E[m] C E(K) implies that the group of m-th roots of unity p,, C K* which follows from
the basic properties of Weil Pairing

em : Elm] x E[m] — pn,

mentioned in Proposition 2.26. Since p,,, C K*, Hilbert’s Theorem 90 ([14], (17.3)) asserts
that every homomorphism Gz, — pn, has the form o — %g for some B € K* such that

g™ € K*. In other words, there is an isomorphism
5[{ : K*/(K*)m — HOID(G[(/K,ILLm),

_Z
E

for § as mentioned above. We now describe the theoretical version of the m-descent

o (b)(o)

method through the following theorem.

Theorem 2.47 ([46], Theorem X.1.1.). With notations as mentioned above,

(1) There is a bilinear pairing b: E(K)/mE(K) — K*/(K*)™ satisfying e,(0g(P),T) =
O (b(P,T)).

(73) The pairing in (1) is nondegenerate on the left.

(1ii) Let S C M be the union of the set of infinite places, the set of finite primes at which
E has bad reduction and the set of finite primes dividing m. Then the image of the pairing
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in (i) lies in the following subgroup of K*/(K*)™:
K(S,m)={be K*/(K*)™: v(b) =0 (mod m) for allv & S}.

(tv) The pairing in (i) may be computed as follows. for each T € E[m], choose functions
fr,gr € K(E) such that

div( fr) = m(T) = m(O) and fr - [m] = g3

Then for any point P # T, b(P,T) = fr(P) (mod (K*)™). For P =T, one can compute
b(T,T) using linearity.

Remark 2: Theorem 2.47 provides formulas for the computation of the Mordell-Weil
group. This is because it can be shown that K(S,m) in (zii) is a finite group (|46],
VIII.1.6). Secondly, the functions fr in (iv) are also quite easy to compute ([46], [X.8.1),
even for large values of m (we only focus on m = 2 here). Now the pairing in () is
nondegenerate on the left implies that to compute E(K)/mE(K), one only needs to do
the following.

Fix two generators T} and Ty for E[m|. For each of the finitely many pairs (b, by) €
K(S,m) x K(S,m) check whether the simultaneous equations

bizt" = fr, (P) and byz3" = fr,(P)

have a solution (P, z1, 20) € E(K) x K* x K*. One can be even more explicit by expressing
the function fr in terms of Weirstrass coordinates x and y. This reduces the problem into

finding a solution (x,y, z1,22) € K x K x K* x K* satisfying
y2 + a2y + asy = x>+ a2x2 + asx + ag,

blzin:fT(x>y)a bZZgl:sz(xay>'

The above equations define a new curve, called a homogeneous space, which we define later.
The problem of calculating E(K)/mE(K) now reduces to the existence or non-existence
of a single rational point on each of an explicitly given finite set of curves. Many of these
curves immediately get discarded from consideration due to the lack of any local solution
and, hence, no rational solution. The problem arises when there is a homogeneous space
having points defined over every completion K, yet having no K-rational points, which
we discuss later on.

For m = 2, we now give a detailed working description of the method 2-descent below.
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Proposition 2.48 (Complete 2-Descent). ([/6], Proposition X.1.4.) Let E/K be an

elliptic curve given by a Weierstrass equation
v = (z —a)(z — as)(x — a3)

with ay,aq,a3 € K. Let S C Mg, be the finite set of places containing all Archimedean
places, the set of finite places at which E has bad reduction, and the set of finite places
dividing 2. Further let

K(S,2)={bc K*/(K*)*:v(b) =0 (mod 2) for all v € Mg\S}.
Then, there is an injective homomorphism

B: E(K)/2E(K) — K(S,2) x K(5,2)

defined by
(
(x —ay,x — ay) if © # ay,as,
aL—a
! Saal_GQ ifx:ab
_ ap — a2
B(may) - Qs — a3 )
as — aq, if v = as
a2 — ay
\(1,1) if v = o0, e, if (z,y) =0,

Let (by,by) € K(S,2) x K(S,2) be a pair that is not the image of one of the three points
0, (a1,0), (az,0).Then (b1, by) is the image of a point P = (x,y) € E(K)/2E(K) if and

only if the equations

2 2
blzl — b22’2 = as — aqy,

blzf — b1b2z§ =das — aq,
have a solution (z1,z9,23) € K* x K* x K. If such a solution exists, then we can take
P = (z,y) = (b127 + a1, b1baz12023).
We now formally define the homogeneous spaces mentioned after Theorem 2.47.

Definition 2.49. Let C'/K be a smooth projective curve. The isomorphism group of C is
the group of K-isomorphism from C to itself. It is denoted by Isom(C) and its subgroup

containing isomorphisms defined over K is denoted by Isomg (C').
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Definition 2.50. A twist of C/K is a smooth curve C’/K that is isomorphic to C' over
K. Two twists, C; and Cs, are equivalent if they are isomorphic over K. The set of twists
of C/K, modulo K-isomorphism, is denoted by Twist(C'/K).

The following result shows that there is a bijection between Twist(C'/K') and the elements
of the cohomology set H'(G g 5, Isom(C')).

Theorem 2.51 ([46], Theorem X.2.2). Let C/K be a smooth projective curve. For
each twist C'/K of C/K, choose a K-isomorphism ¢ : C' — C and define a map
& = @79t € Isom(C)-the automorphism group of C. (a) The map & is a 1-cocycle, i.e.

§or = (60)7—57' for all o,7 € GK/K'

The associated cohomology class in H' (G g i, Isom(C)) is denoted by {&}.
(b) The cohomology class {£} is determined by the K— isomorphism class of C' and is

independent of the choice of ¢. We thus obtain a natural map
Twist(C/K) — H (G g, Isom(C)).

(c) The map in (b) is a bijection. In other words, the twists of C/ K, up to K— isomorphism,

are in one-to-one correspondence with the elements of cohomology set Hl(Gf(/K, Isom(C)).

Remark 3: The group Isom(C) is often non-abelian, and definitely so when C' is an
elliptic curve. Hence, H'(G /i 1som(C)) in Theorem 2.51 is generally a pointed set, not
a group. This makes one look into a Gz, g-invariant subgroup A of Isom(C')) such that

H'(Gg/k, A) is a group.

Definition 2.52. A homogeneous space for F'/K is a smooth curve C'/K together with a
simply transitive algebraic group action of E on C' defined over K, i.e. it is a pair (C,v),
v:(C x E — (' is a morphism over K satisfying the following properties:

(i) v(p,O)=p VpeC.

(i) v(v(p, P),Q) =v(p,P+Q) Ype Cand P,Q € E.

(iii) There exists a unique P € E satisfying v(p, P) = ¢, ¥V p,q € C. The following result

shows that a homogeneous space a special case of twists on a curve.

Proposition 2.53 ([46], Proposition X.3.2). Let E/K be an elliptic curve and let C'/K
be a homogeneous space for E/K. Fix a point py € C and define a map

6:E—C, 6(P)=po+P.
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(i) The map 0 is an isomorphism defined over K(py). In Particular, the curve C'/K is a
twist of E/K.
(i) for allp € C and all P € E,

p+P=00"(p) +P).

(note: The first + is the action of E on C while the second + is addition on E.)
(#ii) For all p,q € C,
g—p=0"(q) - 07" (p).

(iv) The subtraction map
v:CxC—E, vgp)=q—0p

1s a morphism and is defined over K.

Definition 2.54. Let C/K and C'/K be two homogeneous spaces. They are said to be
equivalent if there exists an isomorphism ¢ : C' — C” over K such that ¢(p+P) = ¢(p)+ P
for all p € C' and all P € E. The equivalence class containing F/K, acting on itself by
translation, is called the trivial class. The collection of equivalence classes of homogeneous
spaces for F/K is called the Weil -Chatlet group for E/K and is denoted by WC(E/K).

Proposition 2.55. ([46/, Proposition X.3.3.) A homogeneous space C/K for E/K is in
the trivial class if and only if C(K) is not the empty set.

The above proposition indicates that the triviality of homogeneous space, i.e., being in the
equivalence class containing F /K, is equivalent to answering the Diophantine equation
question of whether the given curve has any rational points. The following result identifies
the Weil-Chatelet group WC'(E/K) with a certain cohomology group, which helps solve

the Diophantine problems mentioned above.

Theorem 2.56. (//6], Theorem X.3.6.) There is a bijection WC(E/K) — H' (G, E)
in the following way. Choose any point p € C, and then define the map {C/K} — {o —
p” —p}.

The above theorem helps to identify the WC(FE/K) with the cohomology group. Let
E, E’ be elliptic curves defined over K. We consider the isogeny [m| : E — E over K.

Then, there is an exact sequence of G /x-modules

0 —= E[m] E-"-FE——>0.
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Considering Galois cohomology, one can now obtain the long exact sequence

0 —— E(K)[m] E(K) E(K) — HYGg k., Elm]) —= HY(Gg i, E)lm] —0
which yields the following short exact sequence
0 —= E(K)/mE(K) —= H'(Ggx, Elm]) —= H'(Gg i, E)[m] —=0.

After considering the above sequence locally for each v € Mg, the following commutative

diagram can be obtained.

0 0

E(K)/m(E(K)) HYGg ), E[m]) HY(Gg i, E)[m]

| | |

0 — [, B(K,)/m(E(Ky) — I, H(Gg, k., Elm]) — 1, H(Gg, k, E)[m] —0

Definition 2.57. The m-Selmer group of E/K is the subgroup of HI(G[(/K, E[m]) defined by

Sely(E/K) = ker {Hl(GK/K, Elm)) — [[H" Gk, k., E)} ,

and is finite. The group is effectively computable, certainly in theory and often in practice. The
Shafarevich-Tate group of E/K is the subgroup of Hl(GK/K, E) defined by

M(E/K) = ker { H\(G g i, B)) — T1, H (G i, ) }

III(E/K) is the collection of elements of WC'(E/K) that becomes trivial in all completions of
K. In other words, III(E/K) consists of all homogeneous spaces of E, up to equivalence, which
have points everywhere locally. The group HHI(E/K) is conjecturally finite. We conclude this
subsection with the following exact sequence between the m-Selmer group and the m-part of the

Shafarevich Tate group of an elliptic curve.
0 — E(K)/mE(K) — Sel,(E/K) — UI(E/K)[m] — 0.

Remark 4: We will compute the above groups when m = 2, called the 2-Selmer group and 2
-part of the Shafarevich-Tate group. As defined in the introduction, 2-Selmer rank of E(K) be
s92(E/K) = dimg,Selay(E/K) — dimp, E(K)[2]. Let E/K be an elliptic curve with E[2] C E(K),
let S C M be the set of places mentioned in Proposition 2.38 and let K (.S, 2) be as in Proposition
2.48. We choose a basis for E[2] and use it to identify E[2] with uz X p2 as Gk -modules.
Then

H'Y(Gg/x, E[2];S) = K(S,2) x K(5,2),
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where this map uses the isomorphism K*/(K*)Q%Hl(Gk/K,,uz). The homogeneous space
associated to a pair (by,by) € K(S,2) x K(S,2) is the curve in P? give by the equations in
Proposition 2.48,

2 2 2 2 2 2
C :b1zi — bazs = (ea —e1)zy, , bi1zi — bibezs = (e3 — e1)z;.

We need to check whether C(K,) # ¢ for any pair (b1, bs) and any absolute value v € S to
compute the Sela(E/K).

We finish this section with the following results of Hasse, which gives a bound for the number of

solutions of an elliptic curve over finite fields. This result is often used in literature and, indeed,

in this thesis to compute the 2-Selmer rank of an elliptic curve.

Theorem 2.58. (Hasse). Let E be an elliptic curve over Fy. Then there exist complex numbers
a and B with |a| = |B| = \/q such that for each k € N, #E(F ) =1 +qF — ok — gF.

Corollary 2.59. (Hasse). For an elliptic curve E over Fy, |[#E(F,) —1 —q| <2,/q.

More generally, For smooth projective curves defined over I, the Hasse-Weil bound relates to

the following result.

Theorem 2.60. (Hasse-Weil bound) For a smooth projective curve C' of genus g,

[#C(Fy) —q—1] < 29\/q.

2.5 Heronian Elliptic Curves

We have already formally defined the Heron triangle and the Heronian elliptic curves in the
previous chapter. We now look into some of the already established results regarding these types
of curves. For more details of the results in this section, one can see [17], [52]. We start with an

example.

35 17
Example 2.3. n =1 is the area of a rational triangle with sides (57 3’ €> However, we have

seen in the first chapter that 1 is not a congruent number.

The following table in [17] gives us the explicit transformation from a Heron triangle to a Heronian
elliptic curve and vice versa.

The following result, which is part of a work done by Goins and Maddox (see [17]), relates the area

of isosceles Heron triangles and the congruent numbers, along with some more characterizations.

Result 2.5.1. Fix a positive integer n. Then the following are equivalent:

(i) n is the area of an isosceles triangle.
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TABLE 2.1: Transformation between Heron triangle and Heronian elliptic curve

Triangle to Curve Curve to Triangle
n=+/s(s—a)(s—b)(s—c) | Brn=9y>=z(x—n7)(x+nrt)
dn Y

o . a P —
(a+b)?2—c2 T
2 bZ
X = —(a+ci b:n(T—l—T‘l)g
T 72 T2
y:a(a+c) b C:(m +n?)
4 y

(i) 2n is a congruent number.

(iii) Er, has a rational point of order 4 for some nonzero rational 7.

If there is a rational point that is not of order 2, then the Mordell-Weil group of the congruent
number elliptic curve is infinite. However, in the case of Heronian elliptic curves, the existence of
points of order different from 2 will not necessarily ensure the Mordell-Weil group is infinite. For
example, such a situation arises when the triangle is an isosceles Heron triangle. We conclude
this section by collecting a few observations about congruent number elliptic curves and Heronian

elliptic curves.

TABLE 2.2: An analogy between Heronian elliptic curves and congruent number elliptic

curves
Heronian elliptic curve congruent number elliptic curve
E.n y* =z(x —n7)(z +ntt) *=x(x —n)(z+n)
A 16n*(T + 712 64n?
Eiors | Z)27 X Z)27Z or 7./27. X ZL]AZ 7]27 X 7./27
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In this chapter, we look into the Mordell-Weil group structure of the Heronian elliptic curves
associated with the Heron triangles of odd areas. This section primarily includes explicit 2-descent
methods for different Heronian elliptic curves to look into their corresponding 2-Selmer ranks,
which act as an upper bound of the Mordell-Weil ranks. We start with the particular case when
the area of the Heron triangle under consideration is an odd prime and then generalize the result

later in this chapter.

3.1 A Special Case of n =p # 1 (mod 8) :

Given any integer n, the existence of infinitely many Heron triangles with the area n has been
studied in [17], [44]. The question becomes interesting when we fix an angle 6 and study the
associated Heronian elliptic curve, its rank, and Selmer rank, which, as mentioned before, acts
as an upper bound for Mordell-Weil rank and is certainly computable in theory and often in
practice. We first consider the case of Heronian elliptic curves associated with the Heron triangles
with area n =p =3,5,7 (mod 8). We first state the following result regarding the rank of the
aforementioned Heron triangles. We prove the result in the upcoming sections via a complete
2-descent. Throughout this chapter, we denote a Heronian elliptic curve associated with a Heron

triangle of area n and one of the angles 6 such that tang =r7,by F.

Theorem 3.1. Let p be a prime such that p> + 1 = 2q for a prime q. Then the Heronian elliptic
curve E : y? = x(z — 1)(x + p?) associated with Heron triangles of area p and T = p~1 for one of
the angles 0 has rank zero for n = p =5 (mod 8). Hence, there exists no Heron triangle with
area p and an angle 0 such that tan & = %. Moreover, E has rank at most one if n =p = 3,7

2
_1
(mod 8) and T = .

Assuming the finiteness of the Shafarevich-Tate group, we give the precise rank for the cases
p = 3,7 (mod 8) in the later part of this chapter. We start with a brief introduction to this set
of Heron triangles. We first recall that the Heronian elliptic curve associated with the Heron

triangle of area n and an angle 6 is
E:y?*=x(x—n7)(z+nr )

where 7 denotes tan g. Now we can identify the Heronian elliptic curve with the given set of

Heron triangles in Theorem 3.1 as

E:y?=x(x—1)(z+p?) with 7 =p~ L.

Throughout this section, we consider 7 = p~!. Let S be the set consisting of all finite places at

which E has bad reductions, infinite places, and the prime 2. By the method of 2-descent, as
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explained in Proposition 2.48, there exists an injective homomorphism 3 such that

f: EQ)/2E(Q) — Q(S5,2) x Q(S,2)

defined by
(
(r,z—1) ifx+#0,1,
(-1,-1) ifx=0,
B(x,y) =
(1,2q) ifrx=1,
k(1, 1) if P=0,
where

Q(5,2) = {b € Q*/(Q*)*: vy(b) = 0 (mod 2) for I # 2,p,q}
= {£1,42,4+p, £q, £2p, £2q, +pq, £2pq} ,

and O denotes the point of infinity [0, 1, 0] in the projective plane that acts as the identity element
in the group E(Q). Moreover, if (b1, b2) € Q(S,2) xQ(S,2) is a pair that is not in the image of one
of the three points O, (0,0), (1,0), then (b1, b2) is the image of a point P = (z,y) € E(Q)/2E(Q)

if and only if the equations

bzl — bozd =1, (3.1.1)
blz% - blbgzg = —p2, (3.1.2)

have a solution (z1, 22, 23) € Q* x Q* x Q. If (21, 22, 23) is solution to the equations (3.1.1) and
(3.1.2), then the pre-image P = (z,y) € E(Q) of a point (b1, b2) under the map b is given by
x = b2} and y = bybyz1zoz3. We note that # F(Q)/2E(Q) = 22+7(F/Q) | where r(E/Q) is the
Mordell-Weil rank of F.

Remark 5: The brief plan for the proof of Theorem 3.1 is as follows. We first show that the
torsion group of the elliptic curve mentioned in the theorem is isomorphic to Z/27Z x 7Z./27. We
note that the existence of a Q-rational (simply rational) solution for the homogeneous space
corresponding to (b1, b2), defined by (3.1.1) and (3.1.2), identifies them inside the trivial class in
the Weil-chatelet group. The method adopted for finding such (b1, b2) is as follows.

(7) First, narrow down the choices of (b1,b2) for which the corresponding homogeneous spaces
given by (3.1.1) and (3.1.2) have rational solutions. This is done by carefully removing (b1, b2)
with corresponding homogeneous space missing local solutions for some prime p. In the case
n =p=>5 (mod 8), a method like this essentially removes all possible pairs of (b1, b2), which from
the Proposition 2.48 then implies E(Q)/2FE(Q) only contains the four torsion points, implying

the rank of the elliptic curve to be exactly zero.
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(7i) For the case n = p = 3,7 (mod 8), only one (b1,b2) = (1,¢) remains that can not be
removed by the calculation mentioned above. This (b1, by) remains a possible element for the
2-Selmer group (if one could show the local solutions exist for the corresponding homogeneous
spaces at every prime), or for the Mordell-Weil group (in case the rational solution exist for the
corresponding homogeneous space). As we fail to compute that, we stop at giving the upper
bound for the Mordell-Weil rank as one in this case.

Remark 6: We also note that the idea behind the calculation of various Selmer groups in this
chapter and later chapters depends heavily on the process mentioned above. With different curves
and more general n with arbitrary prime factors, the calculation varies significantly, sometimes
(in Chapter 5) involving methods from the ring of integers of ideal class groups. Still, the general

idea remains very similar to the one mentioned above.

3.1.1 Computing the Torsion Group of F :

Here, we explicitly discuss a method for computing the torsion group of elliptic curves. We
note that for an elliptic curve given by an equation of the form y? = 2® + Az + B, one may
consider the set E (F,) of points on the curve with coordinates in [F,,. For such points, we have

the following result (see [46], Section VII.3, Proposition 3.1):

Theorem 3.2. Let E/Q be an elliptic curve and p be a prime of good reduction. Then E(Q)qors
injects into E(F).

By applying the above theorem with several small primes which do not divide A, one can get an
effective bound on the size of the torsion subgroup. We first note that for E : y? = x(x—1)(z+p?),
A = 64p*q®. Now for p # 3, we reduce E : 3> = z(x—1)(z+p?) to E (mod 3) while simultaneously
noticing the fact ¢ # 0 (mod 3), we find that |E(F3)| = 4. Since E[2] € F(Q)tors and E(Q)tors
injects into E(F3) for any elliptic curve E, one can see that E(Q)iors = E[2] whenever p # 3. On
the other hand, For p = 3 a similar approach shows that E(Q)ors = Z/27 x 7Z/27Z. Hence we

obtain the following isomorphism:

E(Q)tors = Z/27 x 7.)21.

3.1.2 Bounding the Mordell-Weil Rank of E for p # 1 (mod 8) :

We begin with the following result regarding the modifications of the equations (3.1.1) and (3.1.2),

which help us to look into nonzero integer solutions of equations rather than nonzero rationals.

Lemma 3.3. Let (by,b2) € Q(S,2) x Q(S,2) be a pair that is not in the image of points of
E(Q)tors- Then (b1,b2) is the image of a point P = (z,y) € E(Q)/2E(Q) if and only if the
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equations

bird — bors = 52, (3.1.3)
birf — bibori = —p*s?, (3.1.4)

have a solution (ri,ra,73,8) € Z* X Z* X Z* x Z* with ged(rs,s) =1, i € {1,2,3}.

Proof. Assume z; = Q where r;, s; € Z and ged(r;, s;) = 1 for i € {1,2,3}. The result follows
immediately if one azéumes ged(by, s1) = ged(ba, s2) = ged(bibg, s3) = 1 in addition. In case
the additional assumption of ged(by, s1) = ged(ba, s2) = ged(b1be, s3) = 1 is not true, a simple
calculation for each of the three cases here will yield to a contradiction. We show proof for one of
those three cases; the other two follow a similar approach toward their solution. If ged(by,s1) # 1
then there exists a prime number ¢; such that ¢;]b and t1|s;. Now, from (3.1.1), we have rs3 = 0
(mod 1) as by is square-free. This in turn implies that so =0 (mod t1) as ged(r1, s1) = 1 and
ti|s1. If t1 1 by, then blr%s% is divisible by an odd power of ¢; whereas bg?’%s% + s%sg is divisible
by an even power of t1, a contradiction because b17?s3 = bor3s? + s2s3. Similarly if ¢;|b2, then an
odd power of 1 divides blr%s% — bgr%s% whereas an even power of ¢; divides s%s%, a contradiction

again. O

In total there are 256 different possibilities of (b1, b2) € Q(S,2) x Q(S,2). We now show that it
is sufficient to focus only on 16 of those pairs. Before we state our next result, for the sake of

brevity, we will assume A is the image of the set F(Q)tors under the map 3, that is,

A= {(_17 _1)7 (1a 2Q)’ (1a 1)7 (_17 _ZQ)}'

Lemma 3.4. Suppose (b1,b2) € Q(S,2) x Q(S,2) such that (b1, bs) is the image of a point in the
group E(Q)/2E(Q). Then

(i) biby > 0.

(7i) by is odd.

(zit) If (b1, b2) € Im(B) modulo A, then b; € {1,p,q,pq} fori=1,2.

Proof. Let us assume b1by < 0. If by > 0 and ba < 0 then (3.1.4) implies 0 < blr%—blbgrg = —p?s?,
a contradiction. Similarly if b; < 0 and by > 0 then (3.1.3) implies s? = b17r? — bor3 < 0, a
contradiction again. This immediately proves (7).

We now show that b; has to be odd. Since p is an odd prime, from (3.1.4) one can get
p?s? = b1bor3 — b1r? =0 (mod 2) which implies s =0 (mod 2) if by is even. Then from (3.1.3)
we get, bir? — bors = s = 0 (mod 4), which implies by = by = 0 (mod 2). This is because
ged(ry,s) =1 = ged(ra, s) and s =0 (mod 2). So, r1 =72 =1 (mod 2). Now from (3.1.4) we
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get,

byr? = bybyr — p®s®> = 0 (mod 4) and hence r; = 0 (mod 2)

as by is square-free. This is a contradiction as otherwise 71 = 0 = 1 (mod 2). Hence, by # 0
(mod 2) and the assertion of part (ii) holds.

Now for part (iii), using the fact that 5 is a homomorphism, we can immediately say that
any pair (by,b2) belongs to Im(3) if and only if (b, b2) X (a1,a2) = (a1b1,azbz) € Im(3) where
(a1,a2) € A. Hence without the loss of generality, one can only focus on examining the possibility
of (b1,b2) € Im(B) where both b; and by belong to Im(8)/A = {1,p,q,pq}. This proves the

statement of part (ii7). O

We now systematically look into the rest of the sixteen possibilities for (b1, by) as potential image

points under the map . The next result shows there will be only one point to be concerned with.

Lemma 3.5. Let (b1, b2) be a pair such that b; € {1,p,q,pq} fori=1,2. If (b1,b2) # (1,q) then
(b1,b2) & Im(5) whenever p =5 (mod 8).

Proof. Suppose ged(by,by) # 1 for some (b1,by) € Im(B). Then ged(by, be) is p,q or pg. If p
divides ged(by,b2) then s = 0 (mod p) from (3.1.3). Also from (3.1.4), one can observe that
bibar? — p?s® = bir? = 0 (mod p?). Hence, r1 = 0 (mod p) as by is square-free. This leads us
to a contradiction as then p divides ged(ry,s) = 1. So (b1,b2) & Im(p) if ged(by,b2) = p or
pg. A very similar argument proves that ¢ cannot also divide ged(by,be) if (b1, b2) € Im(f). So
(b1,b2) € Im(B) implies that ged(b,b2) = 1. Now we are left with eight possible pairs of (b1, b2),
Le, (1,p),(1,9),(1,pq), (p, 1), (p,q),(q,1), (¢q,p) and (pg, 1) (ignoring (b, b2) = (1,1) which is the
image of O under the map f3).

If (b1, b2) = (1,pq) € Im(B) then from (3.1.4), one gets that pgr — p?s> =r? =0 (mod p). But

2 a contradiction as ged(r1,s) = 1. So (1, pq) € Im(B).

then (3.1.3) implies p divides 77 —pgr3 = s
A very similar argument shows that (pg, 1) & Im(f3) either.

Now (p,q) € Im(B) implies pri — pgr3 = —p*s® from (3.1.4). This implies that 2r = 2¢r} = r3
(mod p), hence either (%) =1lorr =r3 =0 (mod p). But (%) = —1 as p =5 (mod 8).
Also from (3.1.3), r; = 0 (mod p) implies —qr? = s? (mod p). Multiplying both sides by 2,
we get 3 = —2s% (mod p) as 2¢ = p? + 1. This implies that either 7 = s = 0 (mod p) or
(772) = 1. But (7?2) =—1lasp=5 (mod 8). Hence r3 = s =0 (mod p), a contradiction again
as ged(re, s) = 1. So, (p,q) & Im(B).

If (¢,p) € Im(B), then from (3.1.4), we have ¢r? — pgr3 = —p?s? which implies 72 = 0 (mod p).
This leads to a contradiction because from (3.1.3), s?> = qr? — pr2 implies s = 0 (mod p), hence
p divides both r1 and s. So (q,p) & Im(p).

Now, we are left with only four possible image points for the homomorphism 3. Those points are
(p,1) (1,p),(g,1) and (1,q).

(q,1) & Im(3) because otherwise s = 0 (mod ¢) from (3.1.4) and then ro = 0 (mod ¢) from (3.1.3).
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This leads to a contradiction as ged(ra,s) = 1. Now (1, p) € Im(f) implies that r; =0 (mod p)
from (3.1.4). Then from (3.1.3), one can observe that r? — pr3 = s3 =0 (mod p), hence s =0
(mod p), a contradiction, as (r1,s) = 1. Similarly (p,1) € Im(83) implies pr — r3 = 2¢s* which
implies pr? =73 (mod ¢) from (3.1.3) and (3.1.4). This leads to a contradiction if ro = 73 # 0
(mod q) as (g) #£ 1 from the Gauss’ quadratic reciprocity law and the fact p? + 1 = 2¢. But if
ro =73 =0 (mod ¢), then again from the above equation, 2¢s*> = pr3 — r3 = 0 (mod ¢*) which
implies s = 0 (mod ¢), a contradiction as ged(rg, s) = 1. Hence (1,p), (p,1) € Im(8) and the

result follows. O

We have excluded the possibility of every non-trivial pair (by,b2) being in the image of the
homomorphism [, apart from the point (1,¢). The following lemma now essentially proves
Theorem 3.1 for p =5 (mod 8).

Lemma 3.6. If p =5 (mod 8) then (1,q) ¢ Im(pB).

Proof. From (3.1.3) and (3.1.4) we know that if (1, ¢) € Im(f), then

ri—qry = s, (3.1.5)

i —qri = —p°s’, (3.1.6)

for some (11, 7r2,73,8) € Z* X Z* X Z* x Z*. From (3.1.6), we get that either (%) =lorri=r3=0
(mod p). But p =5 (mod 8) and 2¢ = p? + 1 implies that (%) # 1 and hence r1 = r3 =0
(mod p). But from (3.1.5), 1 = 0 (mod p) implies either (_7‘1) =1 (modp)orrg =s=0

(mod p), a contradiction in either way as (%) # 1 and ged(re, s) = 1. Hence (1,¢q) € Im(B). O

For p = 3,7 (mod 8), we first observe that the same proof for p =5 (mod 8) works, except for
the image points (b1, b2) = (1,q), (p,q) and (p,1) where we have used the fact p =5 (mod 8).
We now prove the main result by noticing that two of those three points can not appear as image

points even for the cases p = 3,7 (mod 8).

Proof of Theorem 3.1: We can now conclude the proof of Theorem 3.1 by proving that (p, q), (p, 1) &
Im(B) if p = 3 (mod 4). First, let us suppose that p = 3 (mod 8). Then (p,q) ¢ Im(5) as

(p,q) € Im(B) implies pr? — pgr? = —p?s? from (3.1.4). This implies that 2r} = 2¢r? = 2
(mod p), hence either <%) =1lorr =r3 =0 (modp), a contradiction in both cases as
(%) = —1 whenever p =3 (mod 8) and 1 =73 =0 (mod p) implies that —p?s? = 0 (mod p?)
from (3.1.4) which consequentially implies s = 0 (mod p), a contradiction as ged(r1,s) = 1. Sim-
ilarly, when p = 7 (mod 8), from (3.1.3), one gets 72 = —2s% (mod p) which implies ro = s =0
(mod p) or (%) = 1, contradiction either way as gcd(ra,s) = 1 and (_72) =—1whenp="7
(mod 8). Hence (p,q) ¢ Im(B) if p =3 (mod 4).
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Now (p,1) € Im(B) implies that pr? — r3 = s? from (3.1.3). This in turn implies r = —s>

(mod p). Hence either (%) =1lorry =s=0 (mod p), a contradiction either way as p = 3
(mod 4) and ged(re,s) = 1. Hence (p,1) € Im(5) when p =3 (mod 4). This implies (1, q) is the
only possible image point (modulo the image of the torsion group). Using Lemma 3.6, we can

now conclude the proof. O

It is now evident that the rank of the elliptic curve E(Q) is zero when p = 5 (mod 8). The
torsion group is Z/27 x Z/27 or Z/27 x Z/AZ, triangle being isosceles in the latter case. So
unlike the non-congruent numbers, we need to consider other orientations of the triangle and see
the rank of corresponding elliptic curves to conclude that there is no Heron triangle.

For the case of non-isosceles Heron triangle, we note that the torsion group of (E)iprs =
{(0,0),(0,1), (0, —p?), 0} and have one-one correspondence between sides of the triangle and
points y #£ 0 on the elliptic curve. So above argument tells us that we do not have a non-isosceles
Heron triangle.

For the isosceles triangle case, we know if p is the area of an isosceles Heron triangle, then 2p is a
congruent number(see [17]). But 2p is the non-congruent number when p =5 (mod 8) (see [15]).
This implies p can not be an area of an isosceles Heron triangle. Hence there is no Heron triangle

1
with area p and an angle 6 such that 7 = — for p =5 (mod 8).
b

TABLE 3.1: Examples for area p = 3,5,7 (mod 8), 7 = % with p?> + 1 = 2¢ and
corresponding rank distribution

p|p(mod8) | ¢ |r(E/Q)| p |p (modS8) q r(E£/Q)
3 3 5 1 131 3 8581 1
5 5 13 0 139 3 9661 1
11 3 61 1 199 7 19801 1
19 3 181 1 271 7 36721 1
29 5 421 0 379 3 71821 1
59 3 1741 1 571 3 163021 1
61 5 1861 0 631 7 199081 1
71 7 2521 1 739 3 273061 1

We note that we have not included the case p = 1 (mod 8) here. This is because we discuss
in detail the 2-Selmer group structure and the 2-part of the Shafarevich-Tate group of the
corresponding Heronian elliptic curves through the solvability of certain Diophantine equations
in Chapter 5.2. We enlist a few examples above of the curve E : y? = x(x — 1)(z + p?). The rank
is verified at http://magma.maths.usyd.edu.au/calc/.
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3.2 A Generalization

Now we give an explicit group structure for the 2-Selmer group of Heronian elliptic curve
E :y? = z(z — 1)(z + n?) associated with a Heron triangle of area n with 6 as an angle such
that 7 = tang =n"! and n? 4+ 1 = 2¢ for some prime ¢. For positive integers k and n, we define
Qpn=#{p :n=0 (mod p) and p =k (mod 8)}. We now state the main result of this section

below.

Theorem 3.7. For a square-free integer n such that n> +1 = 2q for some prime q, let E :
y? = z(z — 1)(x + n?) denote the Heronian elliptic curve associated with the non-isosceles Heron
triangle of area n and an angle 6 such that tan(g) =n~L. Then,

(i) Sely(E/Q) = (Z/2Z)1 "+ if Q5,, = 0.

Qg Q —
(Ql,n+ a,n( 25,71, 1)

(ii) Seb(E/Q) = (2/22) ) a5 £0

We note that the above results can be used as a tool to compute the Heronian elliptic curve with
arbitrarily large 2-Selmer rank. This is because the 2-Selmer rank here is directly related to the

number of prime factors of n of the form 1,5 modulo 8.

3.2.1 Bounding the 2-Selmer Rank of F :

Let n = [[, p; where p;’s are distinct odd primes. Then, we define

Q(S,2) = {b € Q*/(Q*)? : v(b) = 0 (mod 2) for all primes [ ¢ S}
= (£2, +p;, +q: 22 =pl = =1).

As described in the previous section, by the method of 2-descent (2.48), there exists an injective

homomorphism

B:EQ)/2E(Q) — Q(S,2) x Q(S,2)
defined by
x,r—1) ifx#0,1,

~1,-1) ifz=0,

(
,3(1'73/): (
(1,2q) frx=1,
(

1,1) if z = o0, ie.,if (z,y) =0,

If (b1,b2) € Q(S,2) x Q(S5,2) is a pair that is not in the image of one of the three points
0,(0,0),(1,0), then (b1, ba) is the image of a point P = (z,y) € E(Q)/2E(Q) if and only if the
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equations

bz} — bozd =1, (3.2.1)
blzf - blbgz§ = —TL2, (3.2.2)

have a solution (21, 29, 2z3) € Q* x Q* x Q. As mentioned previously, under the 2-descent method,
each element (b1, b2) in Sely(E/Q) corresponds to the homogeneous space given by (3.2.1) and
(3.2.2) with local solutions everywhere.

b1, by are square-free integers whose only prime factors are 2, ¢ and prime factors of n. The image
of E(Q)tors under the 2-descent map is {(1,1), (1,2q), (—1,—1),(—1,—2¢)} . We start with the

following result regarding [-adic solutions of the homogeneous space given by (3.2.1) and (3.2.2).

Lemma 3.8. Let (21, 29, 23) be a solution to the homogeneous space given by equations (3.2.1)
and (3.2.2). Then for each prime | < oo and all i € {1,2,3}, either vi(z;) > 0 or vi(z) = —k for

some positive integer k.

Proof. Let z; = I¥iu;, where k; € Z and u; € Z} for i = {1,2,3}. Then v(z;) = k; for all
i€ {1,2,3).

Suppose k1 < 0. Then from (3.2.1) one can get that

brui — byuzl? k2 k1) = =2k,
If ko > ki, then [? must divide by, a contradiction as b; is square-free. Hence ko < ki < 0. Now

if ko < k1 < 0 then again from (3.2.1) we get

bugPF17R) — pyud = 1722,

which implies {?> must divide by, a contradiction again. Hence if k; < 0, then we have k1 = ko =
—k < 0 for some integer k. For ko < 0, one similarly gets k1 = ko = —k < 0.
From (3.2.2), we have

bru? — biboud(2ks=k) — _p2 . =2k

If k1 < 0 and ks > kq, then [? must divide by, a contradiction as before. Hence ks < k; < 0 if

k1 < 0. For k3 < k1 < 0, we can rewrite the above equation as

brudl?Fr=ks) _pippu? = —n? . 172, (3.2.3)

which implies [? must divide bybo, i.e., I = 2,p; or q. If | = p;, then from (3.2.3) we arrive at
the contradiction that p? divides biby whereas by and by are square-free. For [ = 2 and ¢, one
can notice from (3.2.2) that if k3 < —2, then [® divides b1by, a contradiction again. This in

turn implies k3 = —1 and hence ki > 0 which contradicts the assumption that k; < 0. Hence
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k1 <0 = k3 =k;.

Now, suppose k3 < 0. If k&1 < 0, then from the previous part we already established ki = ko =
ks = —k for some positive integer k. So without loss of generality, we can assume k; > ks.
If k3 < k1 and k3 < 0, then as mentioned previously in this proof, one can get that bibs = 0
(mod [2) and [ = 2 or q. Now we subtract (3.2.2) from (3.2.1) and observe that

brbou2 — boudl2k2=ks) — 94 [72ks,

If ko > ks, we get a contradiction that [ divides biby for | = 2,q. Therefore, ky < k3 < 0
but then by the first part, k1 = ko < k3, a contradiction to the assumption k; > k3. Hence
ks <0 = k; = k3. Together, now we obtain k1 = ke = k3 = —k < 0 for some integer k if
k1 <0or ke <O0or ks <O. O

Noting that we will only look into possible (b1, b2) € Sela(E/Q)/Im(E(Q)tors) under the 2-descent
map, without loss of generality, we fix the following observations.

i) by > 0,by > 0 always (due to [ = c0).

ii) by is odd.

Lemma 3.9. Let (b1, b2) € Selo(E/Q). Then for an arbitrary prime p,
(i) by =0 (mod p) = p=1,5 (mod 8).
(73) by € {1,q}. Moreover, n =0 (mod p), p="5 (mod 8) = (1,q) &€ Sel(E/Q).

(ii7) The number of prime factors of by of the form 8k + 5 must always be even.

Proof. We begin with noticing that by #Z 0 (mod ¢). Otherwise, from (3.2.2) and (3.2.1),
vg(2) >0 = —n? =0 (mod q) and, vy(z;) = —k = by =0 (mod ¢?), contradiction in each
case. This implies no g-adic solution for the homogeneous space associated with (b1, b2) when ¢
divides by.

A very similar argument as above shows that b; is odd if (b1,b2) € Sela(E/Q). As otherwise,
vo(z;) > 0 implies 2 divides —n? from (3.2.2) and vs(z;) = —k leads to by as even from (3.2.1),
both contradictions from our assumptions of n and bs.

We now note that by # 0 (mod p) if p divides n. If v,(z;) > 0 then subtracting (3.2.2) from
(3.2.1), one can get 2¢ = 0 (mod p), a contradiction. Otherwise, from (3.2.2), we get that p?
divides by, a contradiction. This, along with the assumptions above, narrows down the choices of
by € {1,q}.

Now b; =0 (mod p) implies p divides n. We note that possible elements of Sela(£/Q) now looks
like (b1, 1) or (b1, q).

If p=3,7 (mod 8), we notice that the homogeneous space corresponding to (b1, 1) has no p-adic
solution. This is because if p = 3,7 (mod 8) then depending on v,(z;), from (3.2.1), either
(_—1) =1, or by =0 (mod p), contradiction either way.

P
Now for homogeneous spaces corresponding to (b1, q), we first note that v,(z;)) = -k = ¢=0
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(mod p), a contradiction. For v,(z;) > 0, subtracting (3.2.2) from (3.2.1), we get that (772) =1
which implies p # 7 (mod 8). For p = 3 (mod 8), we note that (
(3.2.1). This concludes the proof of part (i).

% = —1 which contradicts
To conclude the proof of part (i7), we show that whenever n has a prime factor p =5 (mod 8), the
homogeneous space for (1, ¢) has no p-adic solution. From (3.2.2), we get (%) =1, a contradiction
as (%) = —1 here.

For part (iii), we notice that the only possible element in the 2-Selmer group is of the form (bq, 1)
with p = 1,5 (mod 8) its only prime divisors where p varies over all divisors of n. For p =5
(mod 8), we note that (g) = —1 whereas (%) = 1 whenever p =1 (mod 8). Noting that only
factors of by are now primes p = 1,5 (mod 8), one can get that (%1) = 1 if there are even number
of factors of 5 (mod 8), else (%) = —1. The result now follows from (3.2.1) and (3.2.2), observing
the fact that (%1) = 1 is a necessary condition for the homogeneous space corresponding to (b1, 1)

to have a g-adic solution. O

3.2.2 Everywhere Local Solution

We prove that the homogeneous spaces corresponding to (p,1) and (1, ¢q) have local solutions
everywhere where p is any prime factor of n such that p =1 (mod 8) . We use Hensel’s lemma
to lift a simple root of a polynomial f(x) modulo a prime [ to a solution for f(x) in Z;. Let C be
the homogeneous space given by (3.2.1) and (3.2.2) corresponding to the pairs (p,1) and (1, q).
An application of smoothness of C, the degree-genus formula, and the Hasse-Weil bound give the
following.

(1) For 1 > 5, 1 #t where t = 1,5 (mod 8) and ¢ divides n, C' is a homogeneous space of genus
1 corresponding to (p,1) or (p1p2,1) with #C(F;) > 1+1—2v1 > 2 where p=1 (mod 8) ,
p1=p2 =5 (mod 8).

(13) For I > 5, | # t where t = 1,3 (mod 8) and ¢ divides n, C' is a homogeneous space of genus 1
corresponding to (1,¢) then #C(F;) > 1+1—2V1 > 2.

Hensel’s lemma implies that the homogeneous spaces mentioned above have [-adic solution for
all the primes [ mentioned above. This reduces the problem to finding local solutions for only

finitely many primes.

Lemma 3.10. Let n be a squarefree integer such that n> + 1 = 2q for a prime q. Then for each
prime factor, p of n, p=1 (mod 8), the homogeneous spaces corresponding to (p,1) have local

solutions everywhere for [ < oco.

Proof. As mentioned above, we need only to show local solutions exist for [ = 2,3 and t where
t=1,5 (mod 8) is a prime that divides n. Fixing two of the three variables z1, z2, 23, we present
a set of simple roots for the system of equations (3.2.1) and (3.2.2) modulo [ using Lemma 3.8
that can be lifted to Q; using Hensel’s lemma.

For [ = 2, z; = 1 is a simple root modulo 8 to the system of equations pz} — 1 = 22k and
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z%flzf"—Q'Q%forkZZ.
P

For | = 3, z; = 1 is a simple root modulo 3 to the system of equations pz? — 1 = 3% and

2 —1= —"Tf - 3% when p = 1 (mod 3). When p = 2 (mod 3), one can see that z; = 1 is a
simple root modulo 3 to the simultaneous equations pz? — 1 =1 and 27 — 0 = —”Tf.
For I =t,t=1,5 (mod 8) and t divides n, 29 = a such that a®> = —1 (mod p) is a simple root

modulo p for equations p-0? — 22 = 1 and p - 0% — 22 = 2¢. This concludes the proof. O

In a very similar way to that of Lemma 3.10, we can prove the following result for (p;p2, 1) where

pi =5 (mod 8). We only observe that pyjps =1 (mod 8) in this case.

Lemma 3.11. Let n be a squarefree integer such that n®> + 1 = 2q for a prime q. Then if exist,
for any two prime factors p1 and py of n, p; = 5 (mod 8),i = 1,2, the homogeneous spaces

corresponding to (pi1p2, 1) have local solutions everywhere for I < oco.

Lemma 3.12. The homogeneous space corresponding to (1,q) € Selo(E/Q) if n has no prime
factor of the form 8k + 5.

Proof. We have already established in Lemma 3.9 that if n has a prime divisor of the form 5
modulo 8, then (1,q) € Sela(E/Q).

For | = 2, we notice n Z 1 (mod 8) implies ¢ =5 (mod 8). For homogeneous space associated
to (1,q), this implies z; = 1 is a simple root to z% —q-12=2%and 22 —¢-12 = —n? - 22. Now
n=1 (mod 8) = ¢=1 (mod 8). We can immediately now see that z; = 1 is a simple root
modulo 8 of the simultaneous equations z% —q=2% and z% —q=—-n? 2% for k > 2.

For [ = 3, we first note that ¢ =1 (mod 3) always. Then z; = 1 is a simple root to the system
of equations 2z — q- 12 = 3%¢ and 22 —q-12=-n?. 32k,

For [ = t, where t = 1,3 (mod 8) is prime, ¢ divides n, we note that (%q) = (_72) = 1. Now we

can see that 25 = a is a simple root to the equations 0> — ¢z3 = 1 and 0% — 23 = 2 where a* = —2

(mod t). This concludes the proof. O

We are now in a position to restrict the size of the 2-Selmer group Sely(E/Q). The proof requires

the results obtained in earlier sections.

Proof of Theorem 3.7. From Lemma 3.12, we know that (1,¢q) € Selo(E/Q) if n has no prime
factor of the form 5 modulo 8. From the group structure of the 2-Selmer group, Lemma 3.9 and
Lemma 3.10, we can see that Sela(E/Q) = ((pi, 1), (1,q)) where p; =1 (mod 8) vary over all the
prime factors of n. This proves part (i) of Theorem 3.7.

From Lemma 3.9, we know (1, ¢q) ¢ Selo(E/Q) if n has a prime factor of the form 8k + 5. Hence
Lemma 3.10 and Lemma 3.11 imply Selo(E/Q) = ((pi, 1), (tit;, 1)) where p; varies over all the
prime factors of n of the form 8k + 1 and ¢; # t; varies over all the prime factors of n of the form

8k + 5. Because there are M ways to choose distinct ¢;,¢;, the result follows. O
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Remark 7: Using the above result, we get that Selo(E/Q) = 1 for p = 3,7 (mod 8). Hence,

using the finiteness of the Shafarevich-Tate group, which implies that r(E/Q) has the same

parity as the p—Selmer rank for a prime number p, we can conclude that r(E/Q) is exactly one.
Hence II1[2] is trivial. For p =5 (mod 8), we have seen r(E/Q) = 0 and Sela(£/Q) = 0 hence
II1]2] is trivial for this also.

We list odd integers n below with the 2-Selmer ranks of corresponding Heronian elliptic curve E

associated with the non-isosceles Heron triangle. The tables are verified using MAGMA [34] and

SAGE [49].

TABLE 3.2: Examples for odd area n, 7 = % with n? + 1 = 2¢ and corresponding

2-Selmer rank

n q 2- Selmer Rank of Generators
3 5 1 (1,5)
5 13 0 -
71 2521 1 (1, 2521)
3-5 113 0 -
3-5-7-11 667013 0 -
5-11-13 255613 1 (65,1)
5-17 3613 1 (17,1)
17-23 76441 2 (17,1),(1, 76441)
7-11-13 501001 0 -
3-5-7-11-19 | 240791513 0 -
5-13-3 19013 1 (65,1)
17-73 770041 3 (17,1),(73,1),(1,77041)
17-41-97 2285488441 4 (17,1),(41,1),(97,1),(1, 2285488441)
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This chapter consists of the arithmetic of the Heronian elliptic curves associated with triangles
with even area. First, we study a special case of triangles with area n = 2"p where p denotes a
prime number. Consequently, we construct a family of infinitely many Heronian elliptic curves
of rank 1 arising from Heron triangles. Assuming the finiteness of the Shafarevich-Tate group,
we then explicitly produce a separate family of infinitely many Heronian elliptic curves with
2-Selmer rank lying between 1 and 3. Then we generalize the result and analyze the 2-Selmer
ranks of the generalized Heronian elliptic curves. We conclude this chapter with the construction

of a large class of Heronian elliptic curves with arbitrarily large 2-Selmer ranks.

4.1 Heron Triangles of Area 2"p, and 7 = 2" :

For a prime p, and an arbitrary positive integer m, in this section, we consider Heronian elliptic
curves associated with triangles of area 2™p and one of the angles 6 such that 7 = tang =2™M.

The main result regarding this class of Heronian elliptic curves is as follows.

Theorem 4.1. Let p be a prime congruent to 7 modulo 8 and ¢ = 4™ + 1 be a prime such that
(g) = 1. Then, the 2-Selmer rank of the Heronian elliptic curve

E:y? =z(x —4"p)(z + p) (4.1.1)

is 1 when m = 1. In the case m > 2, the 2-Selmer rank of E lies between 1 and 3.

4.1.1 The 2-Selmer Group :

We can identify the Heronian elliptic curve E given by (4.1.1) with a Heron triangle of area
2™p and an angle 0 such that 7 = tang = 2™, The discriminant of the elliptic curve E is
16 -42™ . pb . ¢2. Let S be the set consisting of all finite places at which E has bad reduction, the
infinite places and the prime 2, i.e., S = {p, ¢, 2, co}. We define

Q(S,2) = {b € Q*/(Q*)? : vy(b) = 0 (mod 2) for all primes [ ¢ S}
= {1, £2, £p, +q, +2p, £2q, £pq, +2pq}.

By the method of 2-descent (2.48), there exists an injective homomorphism

B: E(Q)/2E(Q) — Q(S,2) x Q(5,2)
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defined by

x,x—4"p) if x #0,4™p,

1. — ifr =
Bz, y) L) reeh

I
~ o~ o~

P,q) if z = 4™p,
1) if v = o0, e, if (z,y) = O.

The homogeneous space for this curve is

bz} — boz2 = 4™p, (4.1.2)
512% — blbzzg = —p. (4.1.3)

4.1.2 Local Solutions for the Homogeneous Spaces :

In this section, we examine the properties of the l-adic solutions for (4.1.2) and (4.1.3) that are
associated with the 2-Selmer group. In a later section, we use these properties to bound the size

of the 2-Selmer group. We first prove the following result for all odd primes I.

Lemma 4.2. Suppose (4.1.2) and (4.1.3) have a solution (z1,z2,23) € Q; x Q; x Q; for any odd
prime . If vi(z;) < 0 for any one i € {1,2}, then vi(z1) = vi(22) = vi(23) = —k < 0 for some

integer k.

Proof. Let z; = *iu;, where k; € Z and u; € Z; for i = {1,2,3}. Then v(z) = k; for all
i€ {1,2,3).

Suppose k1 < 0. Then from (4.1.2) one can get that
bruf — byuzl*F2k1) = gmp =2k,

If ko > k1, then [ must divide by, a contradiction as by is square-free. Hence ko < k1 < 0. Now

if k2 < k1 < 0 then again from (4.1.2) we get
brufPFk2) — pyud = 4mpi—2ke,

which implies [ must divide by, a contradiction again. Hence if k; < 0, then we have ki = ko =
—k < 0 for some integer k. For ky < 0, one similarly gets k1 = ko = —k < 0.
From (4.1.3), we have

bruf — bybouzl® ks —h) = —p=2h1.
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If k; < 0 and k3 > kq, then [? must divide by, a contradiction as before. Hence k3 < k; < 0 if

k1 < 0. For k3 < k1 < 0, we can rewrite the above equation as
brudl?F=ks) _ pipyul = —pl=2ks, (4.1.4)

which implies 12 must divide bybs, i.e., [ = p or q as [ is odd. If [ = p, then from (4.1.4) we arrive
at the contradiction that p3 divides biby whereas by and by are square-free. For | = ¢, we subtract
(4.1.3) from (4.1.2) and observe that

b1b2U§ - bQU%lz(kQ_kii) — pql_2k3,

If ko > k3, we get a contradiction that ¢® divides byby. Therefore, ky < k3 < 0 but then by the
first part, k1 = ko < k3. Together, we obtain k1 = ko = ks = —k < 0 for some integer k if k1 <0
or ko < 0. ]

Lemma 4.3. Suppose equations (4.1.2) and (4.1.3) have a solution (z1, z2,23) € Q2 X Q2 X Qs.
If biba =2 (mod 4), then va(z1) = v2(z2) = v2(23) = —k < 0.

Proof. Let z; = 2¥iu;, where k; € Z and u; € Z3 for i = {1,2,3}. Then va(2;) = k; for all
i={1,2,3).

When k1 < 0, the argument in the first part of the proof of Lemma 4.2 also yields k1 = ko = —k < 0
and k3 < k1. From (4.1.4), we can also conclude that k1 = k3 as [? { b1by for [ = 2 in this case.
If k&1 > 0, then k3 > 0 in (4.1.4) implies 2 divides p, a contradiction. If k3 < 0 < k1, then reducing
(4.1.4) modulo 4 implies bjbe = 0 (mod 4), a contradiction again.

If by is even, one can show that k1 # 0 by a similar argument. If by is even and k; = 0, then

ko > 0 (resp. ko2 < 0) in (4.1.2) implies that 4 divides bibs (resp. be2), a contradiction. O

4.1.3 Bounding the Size of the 2-Selmer Group :

We now bound the size of the 2-Selmer group of the Heronian elliptic curves given by (4.1.1).
The 2-Selmer group Sely(E/Q) consists of those pairs (by,b2) in Q(S,2) x Q(S,2) for which
equations (4.1.2) and (4.1.3) have an [-adic solution at every place | of Q. We now limit the size
of Sely(F/Q) by ruling out local solutions for certain pairs (b1, by) by exploiting the results of

the previous section.

Lemma 4.4. Let (by,b2) € Q(S,2) x Q(S,2). Then

(i) The corresponding homogeneous space will have no l-adic solution for the case | = oo if
biba < 0.

(7i) If byby =2 (mod 4), the corresponding homogeneous space will not have 2-adic solutions.
(ii7) If by = 0 (mod q), then the corresponding homogeneous space will not have any q-adic

solution.



Chapter 4. Heronian Elliptic Curves Associated to Triangles of Even Area 47

Proof. (i) Let the homogeneous space corresponding to (b1, bs) € Q(S,2) x Q(S,2) have real
solutions. Then b; > 0 and by < 0 implies —p > 0 in (4.1.3), which is absurd. Similarly,
b1 < 0 and by > 0 implies 4™p < 0 in (4.1.2), which is absurd. Thus, the homogeneous space
corresponding to (b1, b2) has no l-adic solutions for [ = oo if byby < 0.

(77) Let bibg =2 (mod 4). Then va(z1) = v2(22) = —k < 0 for some integer k from Lemma 4.3.

Hence (4.1.2) can be written as
biuf — bou3 = 4™p - 2%F,

which implies that b; and by have the same parity, and it contradicts b1by = 2 (mod 4).
(#4i) Let us assume by =0 (mod ¢). Then one of vy(21) or vy(z3) has to be negative in (4.1.3). If
vg(21) < 0, then from Lemma 4.2, we have vy(z1) = vg(22) = v4(23) = —k < 0 for some integer k.

Subtracting (4.1.3) from (4.1.2), we get

bibauj — byus = pg®* T,
where z; = u;qg™" for u; € Zy and i € {1,2,3}. This implies that b =0 (mod ¢). From (4.1.3),

one can now deduce that

2k

blu% — blbgug =—p¢*" = by =0 (mod q2),

a contradiction. For the case v4(23) < 0, if additionally one of v,y(2;) < 0 for ¢ € {1,2}, we are
back to the previous case due to Lemma 4.2.

So we now suppose vy(23) < 0 and vg(z;) > 0 for i € {1,2}. Then from (4.1.3), one can
immediately observe b1by = 0 (mod ¢?) == by = 0 (mod q) too. From (4.1.2), this in turn

implies that 4"p =0 (mod ¢), a contradiction again. Hence the result follows. O

With the help of Lemma 4.3 and from the fact that the torsion points (0,0), (4™,0), (—p,0) and
O under the map 3 are

A={(-1,-p), (p,9), (—=p,—pq), (1, 1)},

we can now solely focus on the seven pairs

(L,p), (1,9), (1,pq), (2,2), (2,2p), (2,29), (2,2pq).

Every other pair (b1, b2) will either belong to the same coset of one of those seven points in the
torsion group Im(/3)/A or the corresponding homogeneous space will not yield local solutions for
at least one place [ by Lemma 4.3, and consequently will not have rational solutions either. The

following result narrows down the possible pairs from seven to three.
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Lemma 4.5. There are no p-adic solutions to the homogeneous spaces corresponding to (1,p),

(1,pq), (2,2p) and (2,2pq).

Proof. First we prove the result for the case (b1,b2) = (1,p). A very similar proof can also be
carried out for the case (b1,b2) = (1,pq).

If vp(21) > 0 then assuming z; = pZ; one can get the following from (4.1.2).
P’ —p2s =4"p = —25 =4™ (mod p)

which implies that (_71) = 1, a contradiction as p =7 (mod ).

Now wv,(2z1) = 0 implies v,(22) < 0 from (4.1.2), which in turn implies v,(z1) < 0 from Lemma
4.2, a contradiction.

If vp(21) < O then from Lemma 4.2, v,(21) = vp(22) = —k < 0 for some integer k. Assuming

z; = wip~ ¥ for i € {1,2}, (4.1.2) yields u? — pu? = 4™p?**1 — 41 =0 (mod p), a contradiction.

We now deal with the pair (2,2p), the argument being similar for (2,2pq). From (4.1.2) one can
see that if v,(22) > 0 then vy(21) > 0. Now vp(21) > 0 implies (7?2) =1, a contradiction as p =7
(mod 8). If v,(22) < 0, then v,(22) = vy(21) = —k < 0 for some integer k. Assuming 2z; = u;p”

where u; € Zj for i € {1,2,3}, one can now observe from (4.1.2) that
2uf — 2pu3 = 4™p** T — u; =0 (mod p),
a contradiction again. Hence the result follows. O

We can reduce the possibilities for (b1, b2) further down from three to one if 2 is not a quadratic

residue modulo ¢, i.e., ¢ = 5.

Lemma 4.6. Suppose m = 1, i.e., ¢ = 5. Then the homogeneous spaces corresponding to

(b1,b2) € {(2,2),(2,2q)} will not have g-adic solution.

Proof: First consider (b1,b2) = (2,2). Subtracting (4.1.3) from (4.1.2) we get

4z§ — 223 = 5p.
This implies either zo = 23 = 0 (mod 5) or (%) = 1, the latter being an immediate contradiction.
If 22 = z3 = 0 (mod 5), (4.1.3) implies 22? = —p (mod 5), which is a contradiction again as
(£) = 1 but (%) = —1. Hence the result follows for (b1, b2) = (2,2). For the case (b1, b2) = (2,2q)
the result follows from (4.1.2)

227 — 1025 =4p = 228 =4p (mod 5).

This in turn implies (%) =1, a contradiction. ([
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Lemma 4.7. Equations (4.1.2) and (4.1.3) have a local solution in Q; for every prime l for
(b1,b2) = (1,9).

Proof. A twist of a smooth projective curve C'/Q is a smooth curve C’/Q that is isomorphic
to C over Q (see [46], Section X.2). We use Hensel’s lemma to show that for (b1,b2) = (1,¢),
equations (4.1.2) and (4.1.3) have a local solution in Q; for every place I. Every homogeneous
space of E' is a twist of E (see [46], Proposition 3.2). First we consider | > 5, [ # g. Suppose C
is the homogeneous space given by (4.1.2) and (4.1.3) corresponding to the pair (1,¢). Then C' is

a twist of F, and in particular, it has genus 1. By the Hasse-Weil bound, we have
#C(F) > 14+1-2V1 > 2 for [ >5, | #q.

We can choose a solution (21, 22, z3) € F; x F; x F; such that not all three of them are zero modulo
I. Now 21 = 25 = 0 (mod I) implies [? divides 4™p, a contradiction. Similarly, z; = 23 = 0
(mod [) implies —p = 0 (mod [?), contradiction again. One can now suitably choose two of 21, 22
and z3 to convert equations (4.1.2) and (4.1.3) into one single equation of one variable with a

simple root over IF;. That common solution can then be lifted to Q; via Hensel’s lemma.

For | = ¢, one can notice that there exists a 0 (mod ¢) such that —p = a? (mod ¢). This in
turn shows that equations (4.1.2) and (4.1.3) has a simple root z; = a modulo ¢ and hence can
be lifted to a solution in Z, via Hensel’s lemma. We also note that any initial choice of integers

for z9 and z3 will not affect the above choice of z; to work in this case.

For [ = 3, first let us observe that ¢ =2 (mod 3) always. If p =1 (mod 3), choose zo = 0 and
z3 = 1. Then 2z? = 4™p =1 (mod 3) from the first equation and 2? = ¢ —p =1 (mod 3) from
the second equation. Hence z; £ 0 (mod 3) is a solution that can be lifted by Hensel’s lemma.
If p=2 (mod 3), choose 25 = 1,23 = 0. Then 22 = ¢+ 4™p =1 (mod 3) from the first equation
and 22 = —p =1 (mod 3) from the second equation. Hence z; Z 0 (mod 3) is a solution that

can be lifted by Hensel’s lemma.

Finally for the case | = 2, choose z9 = 1 and z3 = 0. For m = 1, this turns (4.1.2) and (4.1.3)

into the following;

22 —522=4p=28=4 (mod 8), (4.1.5)
22 —522=-p=1 (mod8). (4.1.6)

In both the cases we now have 2?2 = 1 (mod 8) which by Hensel’s lemma can be lifted to Q.

Similarly for m > 2, one can immediately observe that 22 = 1 (mod 8) again, and hence can be

lifted similarly to Q2 via Hensel’s lemma. Hence proved. O
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Proof of Theorem 4.1. Lemma 4.4 and Lemma 4.5 establish that there are at most three distinct
homogeneous spaces with possible local solutions at every prime [ < co. This concludes that the
2-Selmer rank of E lies between 0 and 3. Lemma 4.7 ensures the existence of one homogeneous
space with local solutions for all prime [ < oo. These three lemmas conclude that the 2-Selmer
rank of E lies between 1 and 3. For ¢ = 5, Lemma 4.6 implies that there is at most one
homogeneous space with everywhere local solution, and hence, with Lemma 4.7, this proves that

the 2-Selmer rank is exactly 1 for ¢ = 5, concluding the proof of Theorem 4.1. O

4.1.4 The Mordell-Weil Rank and 2-Part of Shafarevich-Tate
Group:

Assuming the finiteness of the Shafarevich-Tate group, one can immediately note that Theorem

4.1 has the following consequence.

Corollary 4.8. The Mordell-Weil rank of the elliptic curve E given by (4.1.1) is at most 1 when
m = 1. Moreover, if we assume the finiteness of the Shafarevich-Tate group III(E/Q), then the
rank of E(Q) is exactly 1 and the 2-part of II(E/Q) is trivial.

Proof: We have seen that the 2-Selmer group has rank 1 in the previous section when g = 5.
By the exact sequence (2.54), it follows that either £(Q) has rank 0 or III(E/Q)[2] = 0. If we
assume the finiteness of III(E/Q) as predicted by Shafarevich, then III(£/Q) must have square
order by Cassels-Tate pairing (see [3|). Therefore, III(E/Q)[2] has to be 0 i.e. the Mordell-Weil
rank of E is 1. O

With the help of Theorem 4.1 and Corollary 4.8, we can now state the following regarding the

existence of infinitely many Heron triangles of a certain type.

Corollary 4.9. There exist infinitely many primes p congruent to 7 modulo 8 such that 2p is the

area of infinitely many Heron triangles with one angle 0 given by tang = 2.

Proof: For ¢ = 5 we have infinitely many primes p = 7 (mod 8) such that (g) = 1 by Dirichlet’s
theorem on primes in arithmetic progression. This ensures the existence of a Heronian elliptic
curve E as in Theorem 4.1 with a rank of exactly 1, for each such prime p (Theorem 4.1 and
Corollary 4.8). This is equivalent to the existence of infinitely many Heron triangles with area 2p
and one angle ¢ such that 7 = tang = 2 due to the work of Goins and Maddox in [17] for each

such prime p. This concludes the proof. O

We now include a list of Heronian elliptic curves satisfying the properties mentioned in the
Theorem 4.1 with the corresponding rank, 2-Selmer rank, and Shafarevich-Tate group in the

table below. The computations have been done in Magma [34| and SageMath [49] software.
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TABLE 4.1: Examples for area n = 2™p,7 = 2™ with 4™ + 1 = ¢ and corresponding
rank distribution

p | q|r(E/Q) | s(E) | HI(E/QR2]| p | ¢ | r(E/Q) s2(E) I(E/Q)[2]
31 |5 1 1 trivial 47 | 17 0 2 no information
71 |5 1 1 trivial 127 | 17 2 2 trivial

79 |5 1 1 trivial 151 | 17 0 no information | no information
151 | 5 1 1 trivial 191 | 17 0 2 no information
191 | 5 1 1 trivial 223 | 17 0 2 no information
199 | 5 1 1 trivial 239 | 17 0 2 no information

4.2 Heron Triangles of Area 2"n and 7 =n :

As a generalization to the triangle considered above, we focus on Heron triangles of area 2™ - n
for square-free odd integer n and with one of the angles 6 such that 7 = tan% = n. The Heronian
elliptic curve E : y? = x(x — 2™n?)(z + 2™) is associated with such triangles. Let S denote the
set consisting of all finite places at which E has bad reductions, infinite places, and prime 2. We
define

Q(S,2) = {b € Q*/(Q*)? : v(b) = 0 (mod 2) for all primes | ¢ S}
= (£2, £p;, £q)

where n = p1ps...py, is a square-free odd number such that n? + 1 = 2¢ for some prime ¢. By the

method of 2-descent (2.48), there exists an injective homomorphism
B : E(Q)/2E(Q) — Q(S5,2) x Q(S,2)

defined by

z,x —2™mn?) if  # 0,2™n?,

Blx,y) =
200m) '9¢) if x = 2"n?2,

(
(—1,-2°(m) if 2 =0,
(
(

1,1) if x = o0, ie., if (z,y) = O,

where O is the fixed base point and §(m) = 0 for even m and §(m) = 1 otherwise. If (b1, b2)
is a pair which is not in the image of O, (0,0), (2™n2,0), then (by, b2) is the image of a point
P = (z,y) € E(Q)/2E(Q) if and only if the equations

bzt — bozs = 2™ . n?, (4.2.1)
blz% — bleZ?% = _2m7 (4.2.2)
blbgz§ — bgzg == 2m+1 - q (423)
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have a solution (21, 22, 23) € Q* x Q* x Q. We note that (4.2.3) is obtained by subtracting (4.2.2)
from (4.2.1) and is only included here due to its use later in this section. Throughout the work, b
denotes all possible products of the prime factors of n. By p, we denote an arbitrary factor of n,

unless otherwise mentioned. The main results of this work are now as follows;

Theorem 4.10. Let E : y?> = z(z — 2™n?)(z + 2™) be the elliptic curve corresponding to
non-isosceles Heron triangles of area 2™ - n and one of the angles 0 such that T = tan% =n. We
assume n = p1po..pi as a square-free odd number and n® + 1 = 2q for some prime number q.
Then for odd m,

((2,2)) ifpi =43 (mod8),g=1 (mod 8),
Selr(E) =140 if pi=+3 (mod 8),¢g=5 (mod 8),
((b,b),(2b,0),(2,2)) ifpi==+1l (mod8),g=1 (mod 8),

foralli € {1,2,...,k}, where (b,b) € Sela(E) implies b =1 (mod 8) and (2b,b) € Selr(E) implies
b=7 (mod 8).

We note that the case of p; = £1 (mod 8), ¢ =5 (mod 8) is not included above, since ("?1) =

7

(%) (p%) = ¢ =1 (mod 8). The result for even m is as follows.

Theorem 4.11. Let E : y? = z(z — 2™n?)(x + 2™) be the Heronian elliptic curve as mentioned
above. Then for even m, Selh(E) = ((b,b),(1,2)) where

(7) (b,b) € Selr(F) = b= =+1 (mod 8).

(73) (1,2) € Sel(E) implies every prime factor of n is of the form £1 modulo 8.

4.2.1 Local Solution to the Homogeneous Spaces :

We focus on [-adic solutions that are not in Z;, i.e. t; < 0 for all ¢ = 1,2,3. We start with the

following result relating ¢; and ts.
Lemma 4.12. Suppose (4.2.1) and (4.2.2) have a solution (z1,z2,23) € Q; x Q; x Q; for any

prime l. If vi(z;) <0 for any one i € {1,2}, then vi(z1) = vi(22) = —t < 0 for some integer t.

Proof. With the notations above, for t; < 0, (4.2.1) implies by - u§ — by - u3 - [2(ta—t1) — om 2,
[728t — by =0 (mod [?) if t5 > t1, a contradiction as b; is square-free. Hence ty < t; < 0.

Now if t3 < t; < 0 then again from (4.2.1) one gets
by-uf - P01 —py g =2 n? e

which implies {? must divide by, a contradiction again. Hence if t; < 0, then we have t; =ty =

—t < 0 for some integer t. For ty < 0, one similarly gets t; = to = —t < 0. O
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The following result gives a correspondence between v;(z1) and v;(z3) for all primes [.

Lemma 4.13. Suppose (4.2.1) and (4.2.2) have a solution (z1,z2,23) € Q; x Q; x Q; for any
prime I. Then vi(z1) <0 = v(23) = v(z1) = —t < 0.

Proof. For t; <0, from (4.2.2), we have
by - u? — byby - u - 2B70) = _gm =20

If t3 > t1, then (% must divide by, a contradiction. Hence t3 < t; < 0. Now for t3 < t; < 0, one

can see from above that
by-u? - 1P0mt) by ud = —2m .2 (4.2.4)

which implies [? must divide b1bo, i.e., I = 2,p or ¢ where p denotes any of the primes that divide
n. Noting by, be are square-free, one can get that t3 < —2 = by1by =0 (mod 13), a contradiction
from the above equation. Hence, t3 = —1, but then t3 < t; = t; > 0, contradiction again as

t1 < 0. Together, now we obtain t; =t3 = —t < 0if t; <O0. O

Lemma 4.14. Suppose (4.2.1) and (4.2.2) have a solution (z1,z2,23) € Q; x Q; x Q; for any
prime l. If p denotes an arbitrary prime factor of n, then

(i) For all primes | # p, vi(23) < 0 = wvi(z3) = vi(21). The same conclusion holds true for
I = p also if biby Z 0 (mod p?).

(ii) For 1 =p, biba =0 (mod p?), and v;(z3) < 0, either vj(23) = —1 and vi(z1) = vi(22) = 0, or
v(z3) = v(z1) = -t <O0.

Proof. (i) For v(z3) = t3 < 0, from (4.2.2), we get
by-u? - 1P0mt) by w2 = —9m .72,

Hence t; > t3 implies [? divides biby i.e. | = 2,p or ¢q. | = 2 will imply 23 divides bibs, a
contradiction. For | = ¢, from (4.2.3), we again get ¢* divides bybs if to > t3, a contradiction.
Hence ty <t3 <0 == to = t; < t3 from Lemma 4.12. Now t; < t3 = b; =0 (mod [?) from
(4.2.2), a contradiction. Hence t3 <0 = t3 =t; = —t < 0. This proves the first part of the
result.

(ii) For the second part, [ = p,bibs = 0 (mod p?), and ¢; > t3 will imply t3 = —1 from (4.2.2),
and hence ¢; > 0. This, in turn, will also imply to > 0. As v,(2™-n?) = 2, one can easily observe
that t1,to > 0 = t; =t3 =0 from (4.2.1). Hence for [ = p and ¢; > t3 implies t3 = —1, and
tiy =t =0. Forl=pand t; <t3 <0 = t; <0, and hence from Lemma 4.13, we conclude
t1 = t3. This concludes the proof. O
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The following result discusses the non-existence of [-adic solutions for different homogeneous
spaces and different /. This, in turn, makes the upper bound of the size of Sely(F) smaller.
Without loss of generality, we assume by # 0 (mod ¢), as (2°0™),2¢) belongs in the image of the
E(Q)ors under the 2-descent map [3.

Lemma 4.15. Let (b1, b2) € Q(S,2) x Q(S,2). Then

(i) The corresponding homogeneous space has no l-adic solution for the case | = oo if bibe < 0.
(ii) If by = 0 (mod q), then the corresponding homogeneous space has no q-adic solution.

(7i1) The homogeneous space corresponding to (bi,ba) has no p-adic solution if byby =0 (mod p)
but biby Z 0 (mod p?).

Proof. (i) Let the homogeneous space corresponding to (b1,b2) € Q(S,2) x Q(S,2) has real
solutions. Then b > 0 and by < 0 implies —2™ > 0 in (4.2.2), which is absurd. Similarly,
b1 < 0 and by > 0 implies 2™ - n? < 0 in (4.2.1), a contradiction. Thus, the homogeneous space
corresponding to (b1, b2) has no [-adic solutions for [ = oo if byby < 0.

(7) Let us assume by = 0 (mod ¢). From (4.2.3), we notice that vy(2;) <0 = by =0 (mod q),
a contradiction. Now for v,(z;) > 0, (4.2.2) will imply that —2™ =0 (mod ¢), a contradiction
again. Hence the result follows.

(79) Assuming by =0 (mod p), we get by # 0 (mod p) from the given condition. If v,(z;) <0,
from (4.2.1), we get by - u2 = 0 (mod p) where uy € Zy, a contradiction. Hence vp(z;) > 0,
but then (4.2.2) implies —2™ = 0 (mod p), a contradiction. The case by = 0 (mod p), by Z 0

(mod p) can be done in a similar manner. O

4.2.2 Size of the 2-Selmer Group When m is an Odd Integer :

We start this section under the assumption m is odd. From Lemma 4.15, it is evident that
(b,b), (20,0), (b,2b), (2b, 2b) are the only possible elements of Sely(E) where b runs over all possible

square-free combinations of prime factors of n and 1.

Lemma 4.16. Let (b1, b2) € Q(S,2) x Q(S,2). Then
(1) The homogeneous spaces corresponding to (2b,b) and (b, 2b) have no 2-adic solutions if b # 7
(mod 8). The homogeneous space corresponding to (2b,2b) has no 2-adic solution if b # 1
(mod 8).

(ii) For p = £3 (mod 8), the homogeneous spaces corresponding to (b,b), (2b,b), (b,2b) and
(2b,2b) have no p-adic solutions where p is any prime factor of b.

(

i1i) For ¢ =5 (mod 8), the homogeneous space corresponding to (2,2) has no g-adic solution.

Proof. (i) For the case (2b,b), one can immediately observe va(z;) > 0, as otherwise b = 0

(mod 2) from (4.2.1). For va(z;) > 0, looking into the parity of va(z;) from (4.2.1) and (4.2.3),
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we get va(z1) = 251 and va(z0) = L. Using (4.2.1), this, in turn, implies
b-u?—2b-us=b—-2b=n>=1 (mod8) = b=7 (mod 8).

For the case (b, 2b), in a similar way, we note that from (4.2.1) and (4.2.2), va(22) = 251 = vy(23).
From (4.2.3), we can now observe that b* - u3 —b-u3 =2¢ = V> —b=2 (mod 8) = b=7
(mod 8). Hence the result follows.

Now for the case (2b,2b), v2(z;) < 0 = 2b-u} =0 (mod 4) from (4.2.2), a contradiction.
Hence va(z;) > 0 for all i = 1,2,3. Now from (4.2.2) and (4.2.3), one can immediately observe
that vo(21) = va(23) = Z5L, which in turn, implies b-uf —2b* - ud = -1 = b=1 (mod 8)
from (4.2.2). Hence the result follows.

(ii) For all the four types of pairs, in this case, one can first note from Lemma 4.14 that
vp(z3) = —1, and vp(z1) = vp(22) = 0, as otherwise from (4.2.2), either 2™ = 0 (mod p) or
b=0 (mod p?). Now from (4.2.3), for (b,b) and (2b, 2b), we get (%ﬁ) = 1, a contradiction as
n?+1=2¢ = (%) = 1 whereas m is odd, and (%) =—1asp=43 (mod 8).

For (2b,b) and (b, 2b), noting again that v,(z3) = —1, and vp(21) = vp(22) = 0, one gets (%) =1
from (4.2.1), a contradiction again as p = +3 (mod 8). Hence the result follows.

(iii) For (2,2), from (4.2.3), we obtain vy(z;) > 0 = 2™ =0 (mod q), v,(22) = v,(23) =
0 = (%) = 1 contradiction both the time. Also, one can trivially observe from (4.2.3) that
vp(22) = 0 if and only if vp(23) = 0. Hence vy(2;) < 0 for all ¢ € {1,2,3}, and from Lemma 4.12,

one now gets (%) = 1, a contradiction when ¢ =5 (mod ). O

4.2.3 Size of 2-Selmer Group When m is Even :

We focus on the elliptic curve E and its corresponding 2-Selmer group Sels(E) with the assumption
m is an even integer in this section. From Lemma 4.14 and Lemma 4.15, it is again evident that
{(b,b), (b,2b), (2b,b), (2b,2b)} are the only possible elements in Sels(FE).

Lemma 4.17. Let (b1, b2) € Q(S,2) x Q(S,2). Then

(i) The homogeneous spaces corresponding to (2b,b) and (2b,2b) have no 2-adic solutions.

(7i) If p # £1 (mod 8) and n =0 (mod p), then the homogeneous spaces corresponding to (b, 2b)
has no p-adic solutions.

(7it) The homogeneous space corresponding to (b,b) has no 2-adic solution if b Z £1 (mod 8).

Proof. (i) For | = 2 and (b1,b2) = (2b,b), it is evident from Lemma 4.12 and Lemma 4.13
that ve(z;) > 0 for the homogeneous space described by (4.2.1) and (4.2.2). Noting that m is
even and comparing the parity of the exponent of 2 on both sides of (4.2.1) and (4.2.3), we get
v2(23) = va(22) = %. From (4.2.3), we now get 2b- uj —b-u3 =2¢ = b=2 (mod 8), hence a
contradiction and the result then follows for the case (b1,b2) = (2b,).

For the case (b1, b2) = (2b,2b) a similar method shows from (4.2.2) and (4.2.3) that va(22) =
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2 v9(zg) = Z52. From (4.2.3), one can now get 2b = 7 (mod 8), a contradiction. Hence the
result follows.

(7) We first prove the case when b = 0 (mod p). If v,(z;) > 0 for all ¢, then from (4.2.2)
for (b1,b2) = (b,2b), one can observe that 2™ = 0 (mod p), a contradiction. Similarly if
vp(2;) = —t < 0 for all i, again from (4.2.2), one can see b-u? = 0 (mod p?), a contradiction.
From Lemma 4.14, now the only remaining case is vp(23) = —1, and vp(21) = vp(22) = 0. Noting
m is even, from (4.2.2), this implies (%) =1 = p=+1 (mod 8).

Now for the case when p # 1 (mod 8) divides n but not b, one can immediately observe that
vp(2z;) > 0 as otherwise (%) = 1 from (4.2.1), a contradiction if p # £+1 (mod 8). Now for

vp(2z;) > 0, from (4.2.1), we get that vp(22) =0 = vp(21) =0 = (%) = 1, a contradiction.

Hence vp(22) > 0 which implies v,(z1) > 0 and that leads to vp(z3) = 0. Now from (4.2.3), we get
2
20% - ul —2b- 25 =2™.2¢ = b*-ui=2""1 (modp) — () =1
p

The result now follows as 2 is a quadratic non-residue modulo p here.
(i7i) For homogeneous space corresponding to (b,b), if va(z;) < 0 in (4.2.1) and (4.2.2), then from
(4.2.2), it is evident that b =1 (mod 8). Otherwise, for the case va(z;) > 0, from (4.2.3), one can

notice that
v(29) = va(23) = b?-ui—b-ui=2¢or0=20r0 (mod8).

This implies b = £1 (mod 8), and the result follows. O

4.2.4 Everywhere Local Solution :

We now look into concluding the computation of the 2-Selmer rank for £. The following result

focuses on the homogeneous spaces with local solutions everywhere.

Lemma 4.18. Equations (4.2.1) and (4.2.2) have a local solution in Q; for every prime l for
(b1,b2) = (2,2) when m is odd, ¢ =1 (mod 8).

Proof. The Jacobian of the intersection of (4.2.1) and (4.2.2) for (2,2) is

4. Z1 —4 . Z9 0

4- 21 0 -8 Z3
which one can easily observe has rank 2 whenever | # 2,p, g where p = £1 (mod 8), ¢ = 1
(mod 8). Hence except for those I’s, the topological genus becomes the same as the arithmetic
genus, which is 1 by the degree-genus formula, and Hasse-Weil bound for a genus one curve can

be used for all but finitely many primes. For small primes [ = 2,3 and for [ = p, ¢ we check

directly for the local solutions.
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Forl # p,q, 1 > 5, using Hasse bound we choose a solution (z1, 22, z3) € F;xF; xF; such that not all

2 = l=pa

three of them are zero modulo I. Now z; = 23 = 0 (mod [) implies I? divides 2™ -n
contradiction. Similarly, z; = 23 =0 (mod [) implies —2™ =0 (mod I) = [ = 2, contradiction
again. One can now suitably choose two of z1, z9 and 23 to convert equations (4.2.1) and (4.2.2)
into one single equation of one variable with a simple root over F;. That common solution can
then be lifted to Q; via Hensel’s lemma.

For | = 2, we first note that any solution (z1, 22, 23) of (4.2.1) and (4.2.3) implies v9(z1) =

v9(23) = ™1, Using these we convert the equations (4.2.1) and (4.2.2) into the following;

uf — 23 =n?

uf —2ul = —1.

Fixing zo = 0 and ug = 1, one can see that u? = 1 (mod 8) is a solution to the above equations
and can be lifted to Zy via Hensel’s lemma. Multiplying both sides by 2" then gives rise to a
solution of (4.2.1) and (4.2.2) in Zs.

For [ = 3, if n =0 (mod 3), fixing zo = 23 = 1 gives rise to z; Z 0 (mod 3) as a solution to
(4.2.1) and (4.2.2), that can be lifted to Z3 via Hensel’s lemma. If 3 does not divide n, fixing
z9 =0 and z3 = 1 implies z; Z 0 (mod 3) is a solution that Hensel’s lemma can again lift.

For | = p = +1 (mod 8), instead of looking for p-adic solution of (4.2.1) and (4.2.2), we focus on
equations (4.2.2) and (4.2.3). Fixing z; = 22 = 0, and noting that (%) =1, one can choose z3
such that 22 = 2™~2 (mod p), as a solution that can be lifted to Z, via Hensel’s lemma.

For [ = ¢=1 (mod 8), a very similar argument as for [ = p, shows that z; = 2o = 0 gives rise to
23 as a solution such that 22 = —2™~! (mod g), that can lifted to Z, via Hensel’s lemma. This

concludes the proof. O

The following result now completely determines the 2-Selmer group of E for odd integer m when

all the prime factors of n is of the form +1 modulo 8.

Lemma 4.19. Let p; = +1 (mod 8) for all i € {1,2,....k}. Then for odd m, the equations
(4.2.1) and (4.2.2) have a local solution in Q; for

(i) every prime | for (by,by) = (b,b), when b =1 (mod 8).

(ii) every prime l for (2b,b) when b =7 (mod 8) if g =1 (mod 8).

Proof. The method adopted to prove the result is similar to that used in the proof of Lemma 4.18.
Hence, we mostly provide direct solutions that can be lifted to l-adic rational numbers via Hensel’s
lemma. Like the previous case, we explicitly check the cases | = 2,3,¢, p = £1 (mod 8), and
the case ¢ = 1 (mod 8) if ¢ is of such form. For all other primes [, we use the Hasse-Weil bound
and can immediately observe that there exists a solution (z1, 22, 23) for homogeneous spaces
corresponding to both (b,b) and (2b,b) modulo [ such that z; = 22 =0 (mod l) or 21 =23 =0

(mod 1) is not possible. Hence can be lifted to Q; via Hensel’s lemma. We now start with the
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case (b,b).

(i) For I = 2, choosing va(z;) < 0, one can immediately see 27 = 1 (mod 8) is a solution if
z9 = z3 = 1 and hence can be lifted to Zs.

For [ = 3, we note that n # 0 (mod 3) in this case, and so is true for b. For b=1 (mod 3), we
look for solutions such that vy(z;) < 0. Fixing 29 = 23 = 1, one can see z; # 0 (mod 3) is then a
solution modulo 3 that can be lifted to Q3 via Hensel’s lemma. For b = 2 (mod 3), fixing z2 =0
and z3 = 1 gives rise to 21 Z 0 (mod 3), a solution that can again be lifted by Hensel’s lemma.
For | = p, where p varies over all prime factors of n, we start with noting (%) = 1 in this

case. We start with those primes p such that b = 0 (mod p). Using Lemma 4.14, we look for

solutions (21, 22, 23) such that v,(z3) = —1 and vp(21) = vp(22) = 0. Fixing 21 = 22 = 1, we get
2—2 . z§ = 2™. This z3 can be lifted to p-adic solutions using Hensel’s lemma.

Now for [ = p, such that p divides n but not b, noting that (%) =1, we observe that (0,0, z3) is
a solution for (4.2.2) and (4.2.3) where b?22 = 2™ (mod p). This solution can be lifted to Z,
using Hensel’s lemma.

For [ = g, we first note that ¢ = 5 (mod 8) implies the Jacobian described earlier has rank 2
and hence is already considered using Hasse-Weil bound. So ¢ =1 (mod 8), and (g) =1 here.
Now (z1,0,0) gives rise to a solution that can be lifted by Hensel’s lemma, where b - 25 = —2™
(mod ¢). This concludes the proof for the case (b1, b2) = (b, b).

(79) We now look into the case (b1, b2) = (2b,b) where b = —1 (mod 8). As above, we will only
focus on the primes [ = 2,3,p and ¢ where p = +1 (mod 8). ¢ = 1 (mod 8) is a necessary
condition in this case, as otherwise, the corresponding homogeneous space does not have any
g-adic solution from Lemma 4.16 and hence does not belong to Sela(E).

For [ = 2, we again notice that va(21) = va(22) — 1 = 1 which implies dividing both sides of
(4.2.1) and (4.2.2) by 2™, (21,1,0) is a solution modulo 8, where 22 =1 (mod 8), and hence can
be lifted to Q9 via Hensel’s lemma.

For [ = 3, we again note that n # 0 (mod 3), and hence so is b. For b = 1 (mod 3), fixing
z1 = 0 gives rise to 22,23 Z 0 (mod 3) as solutions that can be lifted. For b =2 (mod 3), Fixing
z9 =1,23 =0, we get z; Z0 (mod 3) as a solution that Hensel’s lemma can lift.

For | = p, when p = +1 (mod 8), p divides n but not b, fixing z; = z9 = 0, one can choose z3 such
that 6223 = 2™~! (mod p). If b = 0 (mod p), we look for the solution with v,(21) = v,(22) =
0,vp(23) = —1. Now fixing 21, 22 to any arbitrary values modulo p, one can see (21, 22, 23) is a
solution where ]I;—z <22 =2™"1 (mod p). The solution then can be lifted to Q, by Hensel’s lemma.
For [ = ¢=1 (mod 8), noting (g) =1 here, one can fix zo = z3 = 0 and get z; as a solution to
(4.2.1) and (4.2.2) such that b- 2{f = —2™ (mod ¢). This can be lifted to Q, via Hensel’s lemma.
This concludes the proof for this case. O

Now we focus on the 2-Selmer group Sela(E) of the elliptic curve E when m is an even integer.

Before proving the results below, we first note that b = +1 (mod 8) implies <g> =1 here.
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Lemma 4.20. Equations (4.2.1) and (4.2.2) have a local solution in Q; for every prime l for
(b1,b2) = (b,b) when m is even, b = £1 (mod 8).

Proof. The Jacobian of the intersection of (4.2.1) and (4.2.2) for (b,b) is

2021 —2b- 2z 0
<2b ) 0 —2b% - Zg)

For | ¢ {2,p,q}, the Jacobian has rank 2 modulo ! and hence represent a smooth curve of genus
one. Using Hasse-Weil bound for such [ > 5, one can guarantee the existence of at least two
solutions (z1, 22, z3) for (4.2.1) and (4.2.2) modulo [. It is now a simple observation that either of
z1=20=0 (mod ) or 21 = z3 =0 (mod [) implies | € {2,p, q}. Hence, the solutions can not
be pairwise zero. Fixing two of z1, zo and z3 suitably, now one can use Hensel’s lemma to lift the
solutions modulo [ to Q; for all such primes [.

For [ = 2, we start with the case b = 1 (mod 8). Fixing zo = 23 = 1 for va(2;) < 0, 22 =1
(mod 8) is a solution that can be lifted to Q2 by Hensel’s lemma. For b = —1 (mod 8), we first
observe from (4.2.1) and (4.2.3) that ' = va(22) = v2(23) < v2(21) is the only possibility in this
case for equations (4.2.1) and (4.2.2). Dividing both sides of (4.2.1) and (4.2.2) by 2™ then yields

in

b-zi—b-us=n*>=1 (mod 8),

b-22—b*-uf=—1=-1 (mod 8).

Fixing z; = 0 results in us = ug = 1 as solutions that can be lifted to Qo via Hensel’s lemma.
For [ =3 and b =1 (mod 3), one can note that fixing zo = 23 = 1 for v3(z;) < 0 gives rise to
z1 = 1 as a solution that can be lifted to Q3. Similarly for b = 2 (mod 3), if n # 0 (mod 3),
fixing z; = 0 leads to 22 = 23 = 1 as solutions that can be lifted. In case b =2 (mod 3) and
n =0 (mod 3), fixing zo = 1, 23 = 0 gives rise z; # 0 (mod 3) as a solution that can be lifted to
Zs.

For | = p where p divides b, it can be seen that fixing z; and 29 to any arbitrary values modulo p
and choosing z3 as the solution of Z—z -z3 = 2™ (mod p) gives the required solution of (4.2.1) and
(4.2.2) that can be lifted to Q) for vy(z1) = vp(22) = 0,vp(23) = —1. For I = p where p divides n
but not b, (0,0, z3) is a solution of (4.2.2) and (4.2.3), that can be lifted to Q, where z3 satisfies
b2 22 =2™ (mod p).

For | = ¢, fixing 29 = 23 = 0 in (4.2.1) and (4.2.2), we can see that (z1,0,0) is a solution that
can be lifted to Q, where b - 22 = —2™ (mod q). This follows from the fact (S) = 1. Now the

result follows. O

Lemma 4.21. Equations (4.2.1) and (4.2.2) have a local solution in Q; for every prime l for
(b1,b2) = (b,2b) when m is even, and the the prime factors of n are of the form £1 modulo 8.
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Proof. The Jacobian of the intersection of (4.2.1) and (4.2.2) for (b,b) is

2b-z1 —4b- 29 0

<2b ) 0 —4b* - 2:3)
Similar to the method used in Lemma 4.20, we note that for [ ¢ {2,p, ¢}, the Jacobian has rank
2 modulo 2 and hence represent a curve of genus one modulo such primes. Using the Hasse-Weil
bound, in a similar way, one can then notice the homogeneous space corresponding to (b, 2b)
represented by (4.2.1) and (4.2.1) has l-adic solution for all [ > 5 and [ # 2, p, q.
For I =2,b=1 (mod 8), we first note that 5 = va(21) < v2(22) is the only possibility. Dividing
both sides of (4.2.1) and (4.2.2) by 2™, we can see that (z1,0,1) where 22 = 1 (mod 8) is a
solution to the reduced equations and can be lifted to Qo by Hensel’s lemma. For b = —1
(mod 8), again one can note that % = va(z1) < v2(z3). This gives rise to (z1,1,0) as a solution
modulo 8 such that zf =1 (mod 8) and can be lifted to Zs.
For [ = 3, for z; # 0 (mod 3), we get (21,0,1) as solution modulo [ to (4.2.1) and (4.2.2) when
b =1 (mod 3) that can be lifted to Q3 via Hensel’s lemma. For b = 2 (mod 3), the solution
(21,1,0) with z; # 0 (mod 3) does the same thing.
Forl =p,if b =0 (mod p), then fixing z1, z3 to any arbitrary non-zero values modulo [, (21, 22, u3)

: . 2 _
becomes a solution for the case v;(z1) = vi(z2) = 0,v;(23) = —1 where ug satisfies ;’7 cud=2ml

(mod p). This happens as (%) = 1. Hensel’s lemma can lift the solution because after fixing
z1 and 29, usz becomes a simple root for equations (4.2.1) and (4.2.2). For the case when p
divides n but not b, (0,0, z3) is a solution to (4.2.2) and (4.2.3) that can be lifted to Q, where
202 - 22 = 2™ (mod p).

Now for | = ¢, noting that m is even and (g) =1, (21,0,0) is a solution modulo ¢ that can be
lifted to Q, where z; satisfies b- 2; = —2™ (mod ¢). This concludes the proof. O

4.2.5 Elliptic Curves with Arbitrarily Large 2-Selmer Rank :

Now we are in a position to prove Theorem 4.10 and Theorem 4.11. We note that these theorems
give rise to a construction of elliptic curves with arbitrarily high 2-Selmer ranks.

Proof of Theorem 4.10: From Lemma 4.16, one can immediately conclude that for p = 4+3
(mod 8), Sely(F) =0 if ¢ =5 (mod 8) and for ¢ =1 (mod 8), the 2-Selmer group can possibly
only be generated by (2,2) which was proved in Lemma 4.18.

For the case p = +1 (mod 8), from Lemma 4.16, one can identify (b, b) as only possible generators
of Sely(F) if ¢ =5 (mod 8) and b =1 (mod 8), the assertion later verified in Lemma 4.19. For
g = 1 (mod 8), again from Lemma 4.16, the possible elements of Sely(FE) are identified as
(2,2), (b,b), (2b,b), (b,2b), (2b,2b). In Lemma 4.19, the existence of (b,b), (2b,b) in the 2-Selmer
group is proved, which along with the existence of (2,2) € Sely(F) proved in Lemma 4.18, proves
the result of Theorem 4.22.
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TABLE 4.2: Examples for area 2™n,7 = n with n? + 1 = 2¢ when m is odd and
corresponding 2-Selmer rank

n m q 2-Selmer rank of Generators of Sely(E)
3 1,3,5 5 0 -
3-5 1,3,5 113 (2,2)
11-19 | 1,3,5 | 21841 (2,2)

3-5-11 | 1,3,5| 13613
3.5-13 | 1,3,5| 19013
79 1,3,5| 3121
17-23 | 1,3,5| 76441
7-17-31 [ 1,3,5 | 6804361

(2,2)", (79,2 - 79)°
(2,2), (34,34)*,(23,46)
(2,2), (17, 17), (14, 7), (62, 31)

= WO O ==
1

Proof of Theorem 4.11: From Lemma 4.17, we conclude that Sels(E) possibly only contain
(b,b) or (b,2b) when b = £1 (mod 8) if (b,b) € Sela(E), and every prime factors of b is of the
form +1 modulo 8 if (b, 2b) € Sely(E). Lemma 4.20 and Lemma 4.21 proves that Sela(E) contains
(b,0), (b,2b) by showing the existence of l-adic solution for all primes [. Now the result follows
from the observation that (1,2) = (b,b) - (b, 2b).

TABLE 4.3: Examples for area 2™n,7 = n with n? + 1 = 2¢ when m is even and
corresponding 2-Selmer rank

n m q 2-Selmer rank of £ Generators of Sely(E)
3 2,4,6 d 0 -
3-5 2,4,6 113 1 (3-5,3-5)*
11-19 2,4,6 21841 1 (11-19,11 - 19)*
3.5.11 |2,4,6| 13613 2 (15,15), (55, 55)
3-5-13 2,4,6 19013 2 (15,15), (65, 65)
71 2.4,6| 2521 2 (71,71), (1, 2)
79 2,4,6 | 3121 2 (79,79), (1, 2)°
17-23 | 2,4,6 | 76441 3 (17, 17)%, (23,23), (1, 2)
5.7-11.17 | 2,4,6 | 21418513 3 (7.7), (17, 17), (55, 55)
7-17-31 | 2,4,6 | 6804361 1 (7.7), (17, 17), (31, 31), (1, 2)

(b1, b2)* denotes the pairs that were verified via SAGEMATH and MAGMA. The run time for

the rest was too long to verify.

4.3 Heron Triangles of Area 2"n and 7 =2" :

Here, we look into the Selmer and Shafarevich-Tate group structure of the Heronian elliptic
curves associated with Heron triangles of area 2" - n for square-free odd n, and one of the angles

0 such that 7 = tang = 2™, The main result of this section is as follows.
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Theorem 4.22. Let E : y? = z(z — 4™n)(x + n) be a Heronian elliptic curve for n = pipa..pk,
where p; are primes congruent to 1 modulo 8. If (g—;) =1, and (T%) = —1, then the 2-Selmer
rank of E is k+1 for m > 3 and k for m = 2.

We prove the above result as a special case for triangles of area 2™ - n for square-free odd n.
For this reason, throughout this section, we consider the more general elliptic curve E : y? =

x(x — 4™n)(x + n) where n is only a square-free odd integer.

4.3.1 The 2-Selmer Group

We identify the elliptic curve E : y?> = x(x — 4™n)(z + n) with a Heron triangle of area 2"™n
and an angle 6 such that 7 = tang = 2. Moreover, in case the associated Heron triangles are
non-isosceles, it is known that E(Q)ies is isomorphic to Klein’s four group. The discriminant of
the elliptic curve E can be observed to be 16 - 4?™ . n6 . ¢> where ¢ = 4™ 4 1 is a prime number.
Let S be the set consisting of all finite places at which E has bad reduction, the infinite places,

and the prime 2. We define

Q(S,2) = {b € Q*/(Q*)?: vy(b) = 0 (mod 2) for all primes [ ¢ S} (4.3.1)
= <i27 :l:pzv :IZQ>7

where n = p1py...pk is a square-free odd number. By the method of 2-descent (2.48, there exists

an injective homomorphism
B: E(Q)/2E(Q) — Q(5,2) x Q(S,2)
defined by

2,2 —4™n) if z #£ 0,47,

B(x,y)

n,q) if x =4"n,

(
(—=1,—n) ifx =0,
(
(

1,1) if z = o0, ie.,if (x,y) =0,

corresponding homogeneous space is

b2} — byzd = 4™n, (4.3.2)
blz% - bleZg = —Nn, (4.3.3)
bibyz3 — bozs = ng. (4.3.4)

We note that (4.3.4) can be obtained by subtracting (4.3.3) from (4.3.2), and only mentioned

here because of its use in the later part of this work.
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We now examine the properties of the l-adic solutions for (4.3.2) and (4.3.3) that are associated

with the 2-Selmer group. We start with the following result for all finite primes I.

Lemma 4.23. Suppose (4.3.2) and (4.3.3) have a solution (z1,z2,23) € Q; x Q; x Q; for any
prime l. If vi(z;) <0 for any one i € {1,2}, then vi(z1) = vi(22) = —t < 0 for some integer t.

Proof. Let z; = l'u;, where t; € Z and u; € Zj for i = {1,2}. Then v;(z;) =t; for all i € {1,2}.
Suppose t; < 0. Then from (4.3.2) one can get that

brui — byuzl*(2=1) = g2,

If to > t1, then 12 must divide by, a contradiction as by is square-free. Hence ty < t; < 0. Now if

to < t1 < 0 then again from (4.3.2) we get
bruf P 7) — byl = 4™,

which implies [? must divide by, a contradiction again. Hence if t; < 0, then we have t; =ty =

—t < 0 for some integer t. For to < 0, one similarly gets t; = to = —t < 0. O

The following result gives a correspondence between v;(z1) and v;(z3) for all primes [.

Lemma 4.24. Suppose (4.3.2) and (4.3.3) have a solution (z1,z2,23) € Q; x Q; x Q; for any
prime I. Then vi(z1) <0 = v(23) = vi(21).

Proof. We start with the assumption that v;(z;) = ¢; for all i € {1,3}. For t; < 0, from (4.3.3),
we have

biu? — bibpu3l?3 =) = —p=2,

If t3 > t1, then [? must divide b1, a contradiction. Hence t3 < t; < 0. For t3 < t; < 0, we can

rewrite the above equation as
brudl?B=t) — pibyul = —nl= s, (4.3.5)

which implies 2 must divide biby, i.e., | = 2,p or ¢ where p denotes any of the prime p;’s. For
I = 2,p,q, we note that t3 < —2 == biby = 0 (mod [?), a contradiction from the above
equation. Hence, t3 = —1 if [ = 2,p,q, but then t3 < t; = t; > 0, contradiction again as
t1 < 0. Together, now we obtain t; =t3 = —t < 0if t; <O0. O

Lemma 4.25. Suppose (4.3.2) and (4.3.3) have a solution (z1,22,23) € Q; x Q; x Q; for any
prime . Then

(7) For all primes | # 2, vj(z3) < 0 = v(z3) = vi(21). The same conclusion holds true for
I =2 also if biby 0 (mod 4).
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(i3) Forl =2, biby =0 (mod 4), and vi(z3) < 0, either vi(z3) = —1 and v;(z1) = vi(22) >0, or

’1)1(23) = ’Ul(Zl).
Proof. Borrowing the same notation, for the case v;(z3) = t3 < 0, from (4.3.3), we observe that
brudl? =) — pibyul = —nl~ 2,

Hence t; > t3 implies [? divides biby i.e. | = 2,p; or g. As mentioned previously, | = p; will imply
13 divides b1bs, a contradiction. For [ = ¢, subtracting (4.3.3) from (4.3.2), we again get ¢° divides
b1bo, a contradiction if t9 > t3. Hence t3 <13 <0 = to =t1 <t3. Nowt1 <t3 = b =0
(mod 12), a contradiction. Hence t3 < 0 = t3 =t; = —t < 0. This proves the first part of the
result.

Il =2,b1bs =0 (mod 4), and t; > t3 will imply ¢35 = —1, and hence t; > 0. This, in turn, will
also imply to > 0. If ¢; # t9, it will then lead to a contradiction from (4.3.2), as va(b123 — baz3)
will be an odd number now whereas v3(4™n) will always be an even number. Hence | = 2 and
t1 > t3 implies t3 = —1, and t; =t > 0. For [ =2 and t; <t3 <0 = #; < 0, and hence from

Lemma 4.24, we conclude t; = t3. This concludes the proof. O

4.3.2 Bounding the Size of the 2-Selmer Group

We now bound the size of the general 2-Selmer group of the Heronian elliptic curve E : 3% =
x(z—4"n)(z+n). The 2-Selmer group Selz(E/Q) consists of those pairs (b1, b2) in Q(S5,2)xQ(S, 2)
for which equations (4.3.2) and (4.3.3) have an [-adic solution at every place | of Q. Before
proving Theorem 4.22, we define the following subgroup of Q(S5,2) x Q(S,2).

Notation: We define the the group Gg C Q(S5,2) x Q(S,2) as follows. For (b1,b2) € GE,
(i) bibe =0 (mod 2) = b1by =0 (mod 4) with % =mnorn+b; (mod ).
(1) biba Z 0 (mod 2) implies one of by = by = 1 (mod &), bibe = n (mod 4), and by = by =
—n,4 —n (mod 8) must hold true.
(iii) biba = 0 (mod p?) implies (%) = (7"/7’) and (M> = (7"(1/1’ )
biby Z 0 (mod p?), by =0 (mod p) implies ( L p) = (—p> and (;2 %).
biby #Z 0 (mod p?), by = 0 (mod p) implies ( P P

. b _ b _[=n
o (5)=1r(5)= (7).

We first prove the following general result binding the size of Sely(E/Q) for E : y? = z(z —

4™n)(x 4+ n) where n is a square-free odd integer. We use this result later in proving Theorem

4.22.

Lemma 4.26. Let (b1, b2) € Q(S,2) x Q(S,2). Then

(i) The corresponding homogeneous space will have no l-adic solution for the case | = oo if
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biby < 0.

(73) If biby = 2 (mod 4), the corresponding homogeneous space will not have 2-adic solutions.
(ii7) If biba = 0 (mod 4), the corresponding homogeneous space has no 2-adic solution if
% # n orn + by (mod 8). Moreover, for m = 2, and by = by (mod 8), if % Zn+b
(mod 8), the same conclusion holds.

(iv) If (%1) =% 1, then the corresponding homogeneous space will not have any q-adic solution.

Proof. (i) Let the homogeneous space corresponding to (b1, bs) € Q(S,2) x Q(S,2) have real
solutions. Then b; > 0 and by < 0 implies —n > 0 in (4.3.3), which is absurd. Similarly,
by < 0 and bz > 0 implies 4™n < 0 in (4.3.2), which is absurd. Thus, the homogeneous space
corresponding to (b1, b2) has no l-adic solutions for [ = oo if byby < 0.

(7i) For biby = 2 (mod 4), we start with the case by even and be odd. ve(z;)) < 0 = by =
0 (mod 2) from (4.3.2) and Lemma 4.25, a contradiction. Hence v2(z;) > 0 which in turn
implies v2(22) > 0 from (4.3.2). Then from (4.3.4), we get ng = bybez3 — bez3 =0 (mod 2), a
contradiction.

A very similar approach as above shows that ve(z;) > 0 and v2(z1) > 0 when b; is odd and by is
even. This in turn implies —n = blz% — b1b2z§ =0 (mod 2), a contradiction.

(7i1) For biba = 0 (mod 4), we prove that the only possibility is 0 < va(21) = v2(22) < m —
1,v2(z3) = —1. From Lemma 4.23, one can immediately notice from (4.3.3) that va(z;) < 0 for
all 7 € {1,2,3} is not possible. Now for the case va(z3) > 0, from (4.3.3), one gets that va(z1) >
0 = n =0 (mod 2), a contradiction. Hence, v2(z1) < 0, which in turn implies va(z3) < 0
from Lemma 4.24, a contradiction again. Hence vo(z3) = —1, and 0 < vo(21) = va(22) < m — 1.
Now the result follows from (4.3.3). Here, from (4.3.2) and (4.3.3), we also note that % =n
(mod 8) = wy(21) >1 = m >3 if by = by = (mod 8). This concludes the proof.

(tv) Let us first assume by = 0 (mod ¢). From (4.3.4), we notice that v4(z;) <0 = by =0
(mod ¢), a contradiction. Now for vy(z;) > 0, it is an immediate observation from (4.3.4) that
vg(22) > 0 which implies 4”n =0 (mod ¢) from (4.3.2), a contradiction. Hence by # 0 (mod q).
Now from (4.3.4) if vg(z;) < 0 or vg(z2) = v4(23) = 0, one gets (%) = 1. From (4.3.4),
vg(22) >0 <= v4(23) >0 = n =0 (mod q), a contradiction. Hence the result follows. [

We note that the torsion points (0,0),(4™,0),(—n,0) and O under the map  are A =
{(-1,-n), (n,q), (—n, —nq), (1,1)}. So without the loss of generality, we assume by # 0 (mod gq),
as (n,q) belongs to the image of the E(Q);ors. Hence we can now solely focus on the pairs of the
form (b1, b2) such that 2 and p are the only possible factors of b;’s where p varies over all prime
factors of n. We first start with the 2-adic solutions. We note that from Lemma 4.26, b1by is
either odd or 0 (mod 4).
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Lemma 4.27. Let (b1,b2) € Q(S,2) xQ(S,2). Then for biby odd and m > 2, if the corresponding
homogeneous space has 2-adic solution (z1, z2, z3) then one of the following conditions occurs.
(1) by = by =1 (mod 8).

(i1) by = by = —n,4 —n (mod 8).

(13i) biba =n (mod 4).

Proof. (i) Assuming (21, 22, z3) is a solution, one can immediately observe that if va(z;) < 0 then
(4.3.2) and (4.3.3) imply by = by =1 (mod 8).

(7i) For va(z1) = v2(22) = 0 < v2(z3), by = be (mod 8) from (4.3.2) as m > 2. Now from (4.3.3),
one can get by = —n,4 —n (mod 8) which proves the result.

(7i7) Let us suppose that 0 < va(21) = v2(22) < m — 1 and v2(z3) = 0. Now (4.3.3) implies
biba —n = 0,4 (mod 8). For va(z1) = m = wva2(z2) > m and va(z3) = 0. From (4.3.3), one
can now obtain biby = n (mod 8) as m > 2. Similarly, va(z2) = m = b1be =n (mod 8) from
(4.3.4). O

We now look into the p-adic solutions of (4.3.2) and (4.3.3). Note that p runs over all prime

factors of n.

Lemma 4.28. Let (b1,b2) € Q(S,2) x Q(S5,2). Then
(i) if biba = 0 (mod p?), the corresponding homogeneous space has no p-adic solution if (%) =+

() (47 (3).

(44) zf bibe Z 0 (mod p?), by =0 (mod p), the corresponding homogeneous space has no p-adic

oo () # (3) o (42) # (3)

(ii7) if biby Z 0 (mod p?), by = 0 (mod p), the corresponding homogeneous space has no p-adic
solution zf( ) #1 or ( b2/p> #+ <”T{p).

Proof. (i) We first note that if b1by = 0 (mod p?), then from (4.3.2), either v,(z;) < 0 or
vp(21) = vp(22) = 0,vp(23) > 0. In either cases, from (4.3.3), it is now evident ( 1/p) )
Similarly, from (4.3.4), one can get (%) = (%q/p) Now the result follows.

(ii) For biby # 0 (mod p?), by = 0 (mod p), we first note that v,(z;) <0 = by =0 (mod p)

from (4.3.2), a contradiction. Now wvp(2;) > 0 implies v,(21) = vp(23) = 0 and v,(22) > 0 from

(4.3.2) and (4.3.4). Hence from (4.3.2), one can get (%) = (nT{p), whereas (4.3.4) implies

(%) = (mﬂp> together which then implies (%) = (%).

(ii7) For biby # 0 (mod p?), bo = 0 (mod p), in a similar way to the previous case one can show
that v,(2z;) > 0, which then implies v,(22) = vp(23) = 0 and v,(21) > 0. Now from (4.3.2),

we get <%2/p) = (nT{p), and from (4.3.3), we get, (%) = <nT{p). Together one then gets

(%) = 1. Hence the result follows. -

We are now in a position to prove the following general result regarding the size of Sela(E).
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Proposition 4.29. Let E : y?> = x(x — 4™n)(z +n) be the Heronian elliptic curve corresponding
to non-isosceles Heron triangles of area 2™ - n and one of the angles 6 such that T = tang =2™m,

where n = p1ps ... pg 1S a square-free odd number, ¢ = 4™ + 1 is a prime. Then for m > 2 and
n Z0 (mod 3), Sek(E) = Gg.

Proof. We have already established that Sely(E) C Gg through the Lemma 4.26, Lemma 4.27,
and Lemma 4.28. We now show that Gg C Sely(F). In that regard, we first note that the
Jacobian of the intersection of (4.3.2) and (4.3.3) for (b1, b2) is

2b1z1 —2bszo 0 (4.3.6)
2b1z1 0 —2b1b2Z3 o

which has rank 2 modulo any prime [ # 2,p, and [ = ¢ in case z9 = 23 =0 (mod ¢) = (%) =

<%”> Hence for I # 2, p, and for <%1) = (%”), l # q, the topological genus becomes the same
as the arithmetic genus, which is 1 by the degree-genus formula, and Hasse-Weil bound ensures
the existence of at least two sets of solutions modulo [ for all such primes [.

For | =2, (b1,b2) € Gg, we go case by case depending on the relations between by and be. We
start with the case b1by odd.

If by =by =1 (mod 8), (u,1,1) is a solution modulo 8 with uy =1 (mod 8), that can be lifted
to Q2 as a solution of (4.3.2) and (4.3.3) with va(z;) < 0 by Hensel’s lemma.

If b1b2 = n (mod 8), then one can immediately observe that (0,0, us3) is a solution to (4.3.3) and
(4.3.4) with u3 = 1 (mod 8), that can be lifted to Q2 as a solution with either v3(z1) = m or
va(z2) = m.

Ifby = by = —n,4—n (mod 8), (uy,1,0) is a solution to (4.3.2) and (4.3.3) with u? =1 (mod 8)
that can be lifted to Qo via Hensel’s lemma.

For b1by even, we have b1by =0 (mod 4) and % =mnorn+b; (mod 8). One can now see that
(0,0,u3) and (1,1,u3) are the respective solutions for the two cases with u3 =1 (mod 8) and
hence can be lifted to Qg for a solution with vy(z3) = —1.

Now for [ = 3, noting that n # 0 (mod 3), we enlist the solutions below that can be lifted to Q3
via Hensel’s lemma. For n =1 (mod 3), if by = b =1 (mod 3), (u, 1,1) is such a solution with
u? =1 (mod 3) that can be lifted for v3(2;) <0, if by = by =2 (mod 3), (0,1,u) is the required
solution, (u,0, 1) works for the case by =1 (mod 3),by =2 (mod 3), while (u, 1,0) works for the
case by =2 (mod 3),by =1 (mod 3). For n =2 (mod 3), if b = by =1 (mod 3), again (u,1,1)
works as a solution for v3(z;) <0, (u,0,1) works as a solution that can be lifted for by = by = 2
(mod 3), while if b =1 (mod 3),b2 =2 (mod 3), (u, 1,0) is a solution that can be lifted, and
for the case by =2 (mod 3),by =1 (mod 3), (0,1, u) is such a solution.

For | = p, bibo = 0 (mod p?) = (%) = (%/p> and (%) = (—an> as (b1,b2) € Gg.
Fixing zo = ug,23 = 1 such that %u% = —% (mod p), one can get z; = w; as a solution

that can be lifted to Q, where %u% = —3 (mod p). Otherwise, for by =0 (mod p), we have
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(%) = ("T{p> and (%) = (%). We first note that v,(22) > 0 always in this case, and hence

without loss of generality, one can solve (4.3.2) and (4.3.3) after dividing by p on both sides. Now

fixing z9 = 0, z3 = ug such that %u% = % (mod p), one can see z; = uy is a solution that can

be lifted by Hensel’s lemma for the modified equations, where %u% = 4an (mod p). For by =0

(mod p), one can similarly find a solution that can be lifted to Q, via Hensel’s lemma.
o
be lifted to Q, via Hensel’s lemma where bju? = —n (mod gq).

For | = ¢, we only focus on the case of (%) = ( ), and (u,0,0) becomes a solution that can
For any other primes [, the Hasse-Weil bound now guarantees one set of solutions (z1, 22, z3) of
(4.3.2) and (4.3.3) that does not satisfy z; = 20 =0 (mod [) or 21 = z3 (mod [). Fixing any two
of them suitably, the other one then can be lifted by Hensel’s lemma as an [-adic solution of

(4.3.2) and (4.3.3). This completes the proof. O

We now conclude this article with the proof of Theorem 4.22, which is a special case of the

general result in Proposition 4.29.

Proof of Theorem 4.22: Under the given assumptions, as (%1) = (%) =1, and (%) = -1,
one can see (by,by) € Gg = by = 1, or 2. Also it is evident here that if b1by Z 0 (mod 2),

then by = be = 1 (mod 8), and when b1bs = 0 (mod 4), then % =1 =n (mod 8). Hence
Selo(E) = Gg = ((1,pi),(2,2)) for m > 3. For m = 2, one can see from Lemma 4.26 that

((2,2)) <Selp(E) = 1= % =n+b; =3 (mod 8), a contradiction. Hence the result follows.

TABLE 4.4: Examples for area 2™n, 7 = 2™ with 4™ 4+ 1 = ¢ and corresponding 2-Selmer

rank

n q s9(E) Generators of Sely(F)
4173 17 2 (1, 41),(1,73)
41113 17 2 (1,41), (L,113)
4173 65537 | 3 (1, 41), (L1,73), (2,2)
A1-113 65537 | 3 (1,41), (1,113), (2,2)

113-137-313 | 65537 | 4 (1, 113), (1,137), (1,313), (2.2)
113-137-313-337 | 65537 | 5 | (1, 113), (1,137), (1,313), (1, 337), (2,2)

4.4 Heron Triangles of Even Area n and 7 = % :

In this section, we discuss the Heronian elliptic curve associated with the Heron triangles of even
area n such that n? + 1 = ¢ for a prime ¢, and one of the angles 6 with 7 = tang =n"!. For
positive integers k and n, we define Q0 ,, = #{p : n =0 (mod p) and p = k (mod 8)}. The

main result of this section is now the following.
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Theorem 4.30. For a square-free integer n such that n® + 1 = q for some prime q, let E : y? =
x(x — 1)(x + n?) be the Heronian elliptic curve associated with the non-isosceles Heron triangle
of area n and an angle 6 such that tan(%) =n~' . Then Sel(E/Q) = (7,/27) 17+ 5.n)

We again note that the above result can be used as a tool to compute the Heronian elliptic
curve with arbitrarily large 2-Selmer rank. This is because the 2-Selmer rank here is directly
related to the number of prime factors of n of the form 1,5 modulo 8. We first associate the
Heronian elliptic curve E in Theorem 4.30 with a Heron triangle of area n and an angle 8 such

that 7 = tang = % Assuming § = [[; ps, we define

Q(S,2) = {b € Q*/(Q*)? : vy(b) = 0 (mod 2) for all primes [ & S}
= (£2, £p;, £q:2° =p} =¢* =1).

By the method of 2-descent (2.48), there exists an injective homomorphism
B : EQ)/2E(Q) — Q(S,2) x Q(S,2)

defined by

x,x—1) ifz#0,1,

~1,-1) ifx=0,
B(x,y) =

1,q) ifx=1,
1

) if = o0, ie., if (z,y) = 0.

4.4.1 Bounding the 2-Selmer Rank :

We first look into the 2-Selmer group Sela(E/Q). As mentioned previously, under the 2-descent
method, each element (by, b2) in Sela(E/Q) corresponds to the following homogeneous space with

local solutions everywhere.

bz} — bozd =1, (4.4.1)
blzf — blbgzg = —’I’L2, (442)

such that (z1,29,23) € Q" x Q* x Q, by,be are square-free integers whose only prime fac-
tors are 2,q and prime factors of n. The image of F(Q)os under the 2-descent map is
{(1,1),(1,q9),(—-1,-1),(—=1,—q)} . We start with the following result regarding Il-adic solu-
tions of the homogeneous space given by equations (4.4.1) and (4.4.2). The proof is similar to

the previous chapter.
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Lemma 4.31. Let (21, 22, 23) be a solution to the homogeneous space given by equations (4.4.1)
and (4.4.2). Then for each prime | < oo and all i € {1,2,3}, either vi(z;) > 0 or vi(z;) = —k for

some positive integer k.

Proof. For i € {1,2}, v;(2;) < 0 immediately implies v;(z;) = —k for some positive integer k . If
vi(z3) < 0 and v;(z1) > vi(z3), then either from (4.4.2) or from subtracting (4.4.2) from (4.4.1),
we get [3 divides bibg, an absurdity. Hence v;(z1) < v;(23) < 0, and using the first case of the

proof, we conclude. O

Noting that we will only look into possible (b1, b)) € Sela(E/Q)/Im(E(Q)tors) under the 2-descent
map, without loss of generality, we fix the following observations.
1) by > 0,b2 > 0 always (due to [ = 00). 2) bp 0 (mod q).

Lemma 4.32. Let (b1,b2) € Sel(E/Q). Then by = 1 always and for an arbitrary prime p,
b1 =0 (mod p) = p=1,5 (mod 8) and p # q.

Proof. We first note that b; # 0 (mod ¢) here, and the proof is the same as in the n odd case.
Similarly, we can also see that if p is an odd prime that divides n, then by Z 0 (mod p).

We now notice that by is odd if (b, b2) € Sela(E/Q). One can trivially observe that ged(by,be) # 0
(mod 2). Now by is even either implies 2 divides ¢ when va(z;) > 0 or 2 divides b; when va(z;) = —k,
contradiction either way.

We have now established that b; # 0 (mod ¢) and by = 1 if (b1, b2) € Selo(E/Q).

From (4.4.1), it is evident that by =0 (mod p) = p =1,5 (mod 8). This is because (4.4.1)
implies (_?1) = 1 for the pair (b1,1). n? + 1 = ¢ implies ¢ = 5 (mod 8). Subtracting (4.4.2)
from (4.4.1) for homogeneous space corresponding to (2, 1), we get (%) = 1, a contradiction for
g =5 (mod 8). Hence the homogeneous space corresponding to (2,1) has no g-adic solution.

This concludes the proof. O

4.4.2 Everywhere Local Solution

We prove that the homogeneous spaces corresponding to (p, 1) has local solutions everywhere
where p is any prime factor of n such that p = 1,5 (mod 8) . We use Hensel’s lemma to lift a
simple root of a polynomial f(x) modulo a prime [ to a solution for f(z) in Z;. Let C be the
homogeneous space given by (4.4.1) and (4.4.2) corresponding to the pair (p,1). An application
of smoothness of C, the degree-genus formula, and the Hasse-Weil bound give the following.

For [ > 5, | # t where t = 1,5 (mod 8) and ¢ divides n, C' is a homogeneous space of genus 1
corresponding to (p,1) or (p1pe,1) with #C(F;) > 1+1—2v1 > 2 where p=1,5 (mod 8) .
Hensel’s lemma implies that the homogeneous spaces mentioned above have [-adic solution for
all the primes [ mentioned above. This reduces the problem to finding local solutions for only

finitely many primes.
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Lemma 4.33. Let n be a integer such that n> +1 = q for a prime q. Then for each prime factor,
p of n, p = 1,5 (mod 8), the homogeneous spaces corresponding to (p,1) have local solutions

everywhere for | < oo.

Proof. As mentioned above, we need only to show local solutions exist for [ = 2,3 and t where
t=1,5 (mod 8) is a prime that divides n. Fixing two of the three variables z1, z2, 23, we present
a set of simple roots for the system of equations (4.4.1) and (4.4.2) modulo [ using Lemma 4.31
that can be lifted to Q; using Hensel’s lemma.

For [ = 2, For p = 5 (mod 8), we note that z; = 1 is a simple root modulo 8 to the system
of equations pz? — 1 =22 and 22 — 1 = —%2 .22 For | = 3, z; = 1 is a simple root modulo 3
to the system of equations pz? — 1 = 3% and 22 — 1 = —”Tf - 3% when p = 1 (mod 3). When

p =2 (mod 3), one can see that z; = 1 is a simple root modulo 3 to the simultaneous equations

pz%—lzlandz%—O:—%
For I =t,t=1,5 (mod 8) and ¢ divides n, 2o = a such that a> = —1 (mod p) is a simple root
modulo p for equations p-0% — 23 = 1 and p- 0® — 22 = 2¢. This concludes the proof. O

We are now in a position to restrict the size of the 2-Selmer group Sely(E/Q). The proof requires

the results obtained in earlier sections.

Proof of Theorem 4.30. We observe that from Lemma 4.32, (b1, ba) € Sely(E/Q) implies (b1, b)) =
(p,1) such that p = 1,5 (mod 8) divides n are the only possibilities. In Lemma 4.33, we established
the homogeneous spaces corresponding to those pairs have local solutions everywhere; hence, the

result follows. O

We conclude this section with a table of examples that support the aforementioned result.

TABLE 4.5: Examples for area n,7 = % with n? + 1 = ¢ and corresponding 2-Selmer

rank
n q 2- Selmer Rank of E Generators
2 5 0 -

2-5 101 1 (5,1)
2-3-11 4357 0 -
2-5-13 16901 2 (5,1),(13,1)
2-7-29 164837 1 (29,1)
2-5-17 28901 2 (5,1),(17,1)

2-7-17-23 | 29964677 1 (17,1)
2-3-5-7-11| 5336101 1 (5,1)
2-3-5-7-13 | 7452901 2 (5,1),(13,1)
2-3-5-7-37 | 7452901 2 (5,1),(37,1)
2-3-5-7-41 | 74132101 2 (5,1), (41,1)
2-5-13-17 | 4884101 3 (5,1),(13,1),(17,1)
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Diophantine equations and their solvability have played a key role in Number theory. Un-
derstanding the solution of a certain Diophantine equation directly affects the arithmetic of
number-theoretic objects frequently. Sierpinsky had proved that the only positive solution (z,y, z)
to the non-linear Diophantine equation 3% +4Y = 5% is (2, 2,2) in [45]. Later, L. JeSmanowicz ex-
tended Sierpinsky’s result in [25] and conjectured that for fixed coprime integers m,n with m > n
and of different parity, the exponential Diophantine equation (m? —n?)* + (2mn)¥ = (m? + n?)?
has only one positive integer solution (2,2,2). Many particular cases of this conjecture have been
proved over the years in [10], [30], [32], [36], [37], and [50], including a non-coprimality case of
the Jesmanowicz conjecture. The works of Kramer and Luca in [29] showed a pathway regarding
understanding a Diophantine equation arising from Heron triangles. In [55], X. Yan showed
that for fixed coprime positive integers m and n with different parity, the Diophantine equation
(m? +n?)® + (2mn)?Y = (m + n)?* has no solution with y > 2. We show that the Diophantine
equation (22 + y2)? + (2pzy)? = 22 with ged(z,y) = 1 is solvable if and only if there exists a
Heron triangle with area p and an angle 6 such that 7 = tang = %. Hence, We conclude that
there is no solution to the aforementioned Diophantine equation when p = 1, 5 (mod 8) with the
help of Theorem 3.1 from the third chapter. Then, we generalize the result for the area being
any squarefree integer n and 7 = %
Pythagoras’ theorem enables us to see the existence of the right triangle with the area n is
equivalent to the solvability of Diophantine equation % + y? = 22 and % =n with z,y,z € Q.
p i.e., n is a congruent number if and only if the two equations
Y & 22 + 4% = 2% and :%y = n have solutions with z,y, z € Q.

x

5.1 Heron Triangle of Arean =1p :

We first establish a one-one correspondence between Heron triangles and the solvability of certain
Diophantine equations. The existence of such Heron triangles was already discussed in Chapter

3 via the algebraic rank computation of corresponding elliptic curves.

Theorem 5.1. For every fized odd prime p, there is a one-one correspondence between the
solvability of the Diophantine equation (z% + y?)? + (2pwy)? = 2 with ged(z,y) = 1 and the
existence of a Heron triangle with area p and an angle 0 such that tang = %. Hence, if p=>5

(mod 8), then (x2 + y2)? + (2pxy)? = 2% has no solution if p* + 1 = 2q for some prime q.

Proof: We first notice that both sin @ and cos @ will be rational. From the laws of sines and
cosines for a triangle, we get the following;
a’? + b — 2 2p 0 4p

= ———"——, sinf=—, tan- = ————. 1.1
o8 2ab " ab M2 (a+0b)2—c? (5:.1.1)
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1

From (5.1.1) and the fact that we have assumed tan% = 5o we arrived at the following conclusion;

(a+D0)* = c® +4p* = 2 + (2p)°. (5.1.2)
Also from (5.1.1) and the fact that sin? 6 4+ cos? @ = 1, we get the following;

<a2 + b2 — 02)2 N <2£

2
50 ab) = 1 which implies ab = 1 + p*. (5.1.3)

Equations (5.1.2) and (5.1.3) together implies that (a — b)? = (a + b)? — 4ab = ¢? — 4. Assuming

a—b=u= % and ¢ = w = %, where both the representations are in their lowest forms,
w? —4w? u? . .
we observe that —4—5—2 = -1, Since gcd(w% — 4w§,w%) = 1, we can write u% = w% and
w3 ua

u? = w? — 4w3 which then implies w} = u? + 4w3. From the fact that ged(w,ws) = 1, it

can be immediately seen wi, 2ws and uq are all pairwise coprime and they form a Pythagorean

primitive triplet. Hence, there exist integers m,n with m > n such that ged(m,n) = 1 and

uy = m? —n?, 2wy = 2mn and w; = m? + n?. This implies ¢ = % = % = 7+ -. Similarly
2

from the fact that (a — b)? = %, one can observe that a —b =" — *, under the assumption
2

a > b which implies that b = a — (%> — ). If b > a, one can change a — b suitably. Now from

(5.1.2), we know that (a + b)? = 4p* + ¢ = 4p* + (2 + 2)?, where replacing b as in the previous

m

line, we get the following;

w = m VO ) At mt otk (m +n?)? + Gpmn)?
: .

a =
2mn

This immediately gives us a solution to the Diophantine equation 22 = (22 + 32)2 + (2pry)? with

ged(z,y) = 1 in the form of

z = 2mna — (m? —n?), £ =m and y = n.

For the converse implication, we begin with the assumption that there exist positive integers x,y

and z such that ged(z,y) = 1 and 22 = (22 + 32)2 + (2pxy)?. Define

T _y T 4 Y)2 2
oy (G2 —1-4197%_%4_%% B r oy oz oy
a= = ,b=a—(——=)and c=—+ =.
2 2 Yy y
y_z

Then a, b, ¢ are all positive integers. Also, ab=1+p? and a — b = Now suppose we have

T y*
a triangle with sides a, b and ¢ and the angle 6 between the sides of the length a and b. Then by

the law of cosines,
a2+ —-c2 (a—b)?2-c2

2
p°—1
0: — 1:7
o8 2ab 2ab T 2

€ Q.

Similarly, from the formula of sinf = /1 — cos?6 we get, sinf = p;ﬁl = %. This implies

that the triangle have area %absin@ = p. Substituting the values of a,b and ¢ in terms of
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z,y and z and observing the fact that 22 = (22 4 y?)% + (2pxy)?, one can easily observe that

tan & = —38

3= e = % too. This concludes the proof of the statement. O

The following result looks into the solution of the Diophantine equation z? 4 y? + x2y? = p? for

some odd prime number p. The result follows directly from Theorem 5.1.

Corollary 5.2. For an odd prime p, there exists a Heron triangle with area p and an angle 6

such that tang = % whenever the Diophantine equation p*> = x? + y* + x%y? is solvable.

Proof: By the Pythagorean primitive element theorem, any solution (m,n,l) of (x? + 3?)? +
(2pxy)? = 22 with ged(m,n) = 1 implies that there exist co-prime natural numbers r and s such
that m? +n? = r2 — 52, 2pmn = 2prs and | = r2 + s2. Hence r = p and s = mn will be a possible
2 2n? = m? + n?%. This concludes the proof of the statement.

solution if r? — s> =p> —m

5.1.1 A Generalization

Observing the simple fact that we are not using any of the properties of prime p in the above

theorem, we generalize the result using the same technique.

Theorem 5.3. For every squarefree integer n, there is a one-one correspondence between the

solvability of the Diophantine equation (2% + y*)? + (2nxy)? = 2% with ged(z,y) = 1 and the
1

existence of a Heron triangle with area n and an angle 6 such that tang =

Proof: From the laws of sines and cosines for a triangle, we get the following;

a?+b% -2 2n 0 4dn
f=——— sinf=—, tan- = ———. 5.14
o8 2ab S ab’ 2 (a+b)2—c? ( )
From (5.1.4) and the fact that we have assumed tang =1 we get;
(a+0)? = +4n% =+ (2n)2 (5.1.5)

Using (5.1.4) and the fact that sin? 6 + cos?# = 1, we get the following;

a? 4+ b? — c?\2 2n\ 2 C 2
(T) + (%) = 1 which implies ab =1 4 n*. (5.1.6)

Equations (5.1.5) and (5.1.6) together implies that (a — b)* = (a + b)? — 4ab = ¢* — 4. Assuming

a—b=u=%and c=w
u2

YL where both the representations are in their lowest forms,

e Wy’
2 2 2
wy —4w, u . .
we observe that ———=2 = —. Since ged(w? — 4w3, w3) = 1, we can write u2 = w2 and
2

2
u} = w} — 4w} which then implies w} = u? + 4w3. From the fact that ged(wi,ws) = 1, it
can be immediately seen wi, 2ws and uq are all pairwise coprime and they form a Pythagorean

primitive triplet. Hence, there exist integers m,k with m > k such that ged(m,k) = 1 and

m2+k2
mk

up = m? — k2, 2wy = 2mk and w; = m? + k2. This implies ¢ = % = =T+ % Similarly
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2

from the fact that (a — b)? = %, one can observe that a —b = 7" — %, under the assumption
2

a > b which implies that b = a — (7 — %) If b > a, one can change a — b suitably. Now from

(5.1.5), we know that (a+b)? = 4n? + ¢? = 4n? + (£ + %)2, where replacing b as in the previous

line, we get the following;

(5.1.7)

BomE RPN 2Ry BT T Gk
a= = '
2

2mk

This immediately gives us a solution to the Diophantine equation 22 = (22 + y?)? + (2nxy)? with

ged(z,y) = 1 in the form of
z=2mka — (m? — k?), 2 =m and y = k. (5.1.8)

For the converse implication, we begin with the assumption that there exist positive integers x, y

and z such that ged(z,y) = 1 and 22 = (22 + 3?)? 4 (2nwy)?. Define

z Y z Y¥)2 2
2Ty J(E+L244n T Yy =z
et ° vy =z _y =z zy7b:a_<§_g)and6:§+g_ (5.1.9)
2 2 y =z y oz

Then a, b, ¢ are all positive integers. Also, ab=1+n? and a — b= 4 — % Now suppose we have

a triangle with sides a,b and ¢ and the angle 6 between the sides of the length a and b. Then by

the law of cosines,

2 b2_2 _b2_2 2_1
(3059:a+ C:(a ) C+1—n

2ab 2ab C n241 €Q

Similarly, from the formula of sinf = /1 — cos? 6 we get, sinf = n%—il = 2@—75. This implies
that the triangle have area %absin@ = p. Substituting the values of a,b and ¢ in terms of
z,y and z and observing the fact that 22 = (22 + 3?)? 4+ (2n2y)?, one can easily observe that

0 _ 4n -1
tan 5 = @)= = n - ]

With the help of results in the previous chapters, we get the Heronian elliptic curves with positive
ranks. We conclude this section by enlisting examples for such Heron triangles and corresponding

solutions of Diophantine equations below.
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TABLE 5.1: Transformation between Heron triangle and solutions of Diophantine

equation
Sides to Solution Triplet Solution Triplet to Sides
xr Yy oz
w2’ +yP y oz ay
C= — = Qg = =
Wy Ty 2
2
a—b:ﬂ:x Y b — _(f_g>
Us Ty Yy x
. r Yy
adding u; and w, we get z and y c=—+=
Yy
z = 2zya — (% — y?)

TABLE 5.2: Examples of Heron triangles and solution of corresponding Diophantine

equation
n Point on elliptic curve Sides of triangle Solution triplet
3 (9, 36) [4,2, g] (2,1, 13)
| GBI | e
11 (%, %) {%, ?, %6011 (35,6,4789)
517 (%, 265614275> [% %, %] (264, 19, 855593)

5.2 The 2-Selmer group of E for p =1 (mod 8) :

We now look into the 2-part of the Shafarevich-Tate group of elliptic curves associated with the
Heron triangles with area p =1 (mod 8). We note that we have already discussed in detail the
Mordell-Weil group structure for similar Heronian elliptic curves in Chapter 3 , Section 3.1, when

p # 1 (mod 8). The main result of this section is as follows.

Theorem 5.4. Let E : y*> = z(z — 1)(x + p?) denote a Heronian elliptic curve associated

L where p =

with a Heron triangle of area p and one of the angles 0 such that tang = p-
1 (mod 8) is a prime, p*> + 1 = 2q for a prime q. Then r(E/Q) = 2 if the Diophantine
equation p(z? — py?)? — 42%y® = 22 has solution for odd integer z. Otherwise, r(E/Q) = 0, and

I(E/Q)[2] 2 Z/2Z x Z/2Z.
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5.2.1 Local Solutions for the Homogeneous Spaces

A background of the full 2-descent method for similar elliptic curves is elaborately described in
Chapter 3.1 for p # 1 (mod 8). For brevity, we include a brief background below for the case
p=1 (mod 8).

Let S be the set consisting of all finite places at which E has a bad reduction, the infinite places,
and the prime 2. We define

Q(S,2) = {b € Q*/(Q*)? : vy(b) = 0 (mod 2) for all primes [ ¢ S} (5.2.1)
= (£2, +p, £q).

If B denotes the 2-descent map, then from (2.48), we can say that

BE@hors) = {(1,1), (~1,~1), (1,29), (~1,~20)}. Moreover, if (bi,b2) € Q(S,2) x Q(S,2)
is a pair that is not in the image of one of the three points O, (0,0),(1,0) under 3, where
Q(S,2) = {£1, £2, +p, +q, +2p, +2q, £pq, +2pq}, then (b1, bs) is the image of a point P =
(z,y) € E(Q)/2E(Q) if and only if the equations

bizi — bozs =1, (5.2.2)
b 23 — bibyzs = —p?, (5.2.3)

have a solution (z1, 22, z3) € Q* x Q* x Q.

5.2.2 Bounding the Size of 2-Selmer Group of F

We are now in a position to look into the Selmer group structure of E for p =1 (mod 8). We

first prove the following result for all prime .

Lemma 5.5. Suppose (5.2.2) and (5.2.3) have a solution (z1,z9,23) € Q; x Q; x Q; for any
prime 1. If vi(z;) <0 for any one i € {1,2,3}, then vi(z1) = vi(22) = vi(z3) = —k < 0 for some

integer k.

Proof. Let z; = Fu;, where k; € Z and u; € Zy for i = {1,2,3}. Then v(z;) = k; for all
i€ {1,2,3).

Suppose k1 < 0. Then from (5.2.2) one can get that

bruf — byuzl? k2R = =2k,
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If ko > ki, then [? must divide by, a contradiction as b; is square-free. Hence ko < ki < 0. Now

if ko < k1 < 0 then again from (5.2.2) we get

brugPF17R) — byl = 1722,

which implies {?> must divide bo, a contradiction again. Hence if k; < 0, then we have ki = ko =
—k < 0 for some integer k. For ko < 0, one similarly gets k1 = ko = —k < 0.
From (5.2.3), we have

bru? — bybyud?ks=k) — _p2 =2k

If k1 < 0 and ks > k1, then [? must divide b1, a contradiction as before. Hence ks < k; < 0 if

k1 < 0. For k3 < k1 < 0, we can rewrite the above equation as
brul2Fi=ks) _ pipoud = —p? - 1723, (5.2.4)

which implies [2 must divide bybg, i.e., | = 2,p or q. If | = p, then from (5.2.4) we arrive at
the contradiction that p? divides biby whereas by and by are square-free. For [ = 2 and ¢, one
can notice from (5.2.3) that if k3 < —2, then [3 divides bybs, a contradiction again. This in
turn implies k3 = —1 and hence ki > 0 which contradicts the assumption that k; < 0. Hence
k1 <0 = k3 =k;.

Now, suppose k3 < 0. If k&1 < 0, then from the previous part we already established ki = ko =
ks = —k for some positive integer k. So without loss of generality, we can assume k; > ks.
If k3 < k1 and k3 < 0, then as mentioned previously in this proof, one can get that bibs = 0
(mod [2) and [ = 2 or q. Now we subtract (5.2.3) from (5.2.2) and observe that

biboud — boudl?k27hs) = 2q . |72ks,

If ko > ks, we get a contradiction that [3 divides biby for | = 2,q. Therefore, ky < k3 < 0
but then by the first part, k1 = ko < k3, a contradiction to the assumption k; > k3. Hence
ks <0 = k; = k3. Together, now we obtain ky = ko = k3 = —k < 0 for some integer k if
ki1 <O0or ke <O0or ks <O. O

We can now bound the size of the 2-Selmer group of the Heronian elliptic curve E for p = 1
(mod 8). Without loss of generality, we can only focus on the homogeneous spaces corresponding
to pairs (b1, b2) such that by > 0,b9 > 0 if bjbe > 0. This is because every pair (by,b2) such
that b1be > 0 will belong to the same coset of (—bj, —by) in the quotient group Im(3)/A where
A={(-1,-1),(1,2q9),(-1,—2q),(1,1)}. Using the exactly similar argument, without loss of
generality, we can only focus on the local solutions of the homogeneous spaces corresponding to
(b1, b2) such that b is odd.
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Lemma 5.6. Let (b1,b2) & {(1,1),(1,9),(p,1),(p,q)}. Then the corresponding homogeneous

space can not have local solutions for all primes | < co.

Proof. Let the homogeneous space corresponding to (b1, b2) € Q(S,2) x Q(S, 2) have real solutions.
Then b; > 0 and by < 0 implies —p? > 0 in (5.2.3), which is absurd. Similarly, b; < 0 and by > 0
implies 1 < 0 in (5.2.2), contradiction again. Thus, the homogeneous space corresponding to
(b1, b2) has no l-adic solutions for | = oo if b1be < 0.

If ged(b1,b2) =0 (mod p) and v,(2;) < 0 for any ¢ € {1,2, 3}, then from Lemma 5.5 and (5.2.3),
one can get p? divides by, a contradiction. If ged(by,be) = 0 (mod p) and v,(z;) > 0 for all
i € {1,2,3}, then from Lemma 5.5 and (5.2.2), one can get p divides 1, again a contradiction.
Hence ged(by,b2) # 0 (mod p). Now moreover, if p divides by then v,(z;) > 0 implies p divides
by or z; from (5.2.3), a contradiction as then either ged(b1,b2) =0 (mod p) or p divides 1 from
(5.2.2). If vy(2;) < 0, then also from Lemma 5.5 and (5.2.2), one gets p divides by, a contradiction
again.

If ¢ divides by, then from the equation bybez3 — ba23 = 2q, one get that ¢ divides by if v4(z3) > 0
and vg(z2) > 0. This, in turn, implies ¢ divides 1 from (5.2.2) and Lemma 5.5, a contradiction.
Otherwise, again from Lemma 5.5 and (5.2.2), one gets that ¢ divides be and hence from (5.2.3),
b1 =0 (mod ¢?), a contradiction.

We now show that for the existence of local solutions everywhere, b; needs to be odd always.
Otherwise, b; even and va(2;) < 0 implies that p?> = 0 (mod 2) from (5.2.3), a contradiction. Else,
from Lemma 5.5 and (5.2.2), one can see that b is even, a contradiction from the assumption
made above.

Now we can see for a homogeneous space corresponding to (by, by) to have local solution everywhere
by € {1,p} and by € {1, ¢}. O

5.2.3 Everywhere Local Solution :

Now we prove that the homogeneous spaces corresponding to (p, 1) and (1, ¢q) have local solutions

everywhere. We use Hensel’s lemma to lift a solution modulo a prime [ to a solution in Q.

Lemma 5.7. The homogeneous spaces corresponding to (p,1) and (1,q) have local solutions

everywhere for | < oco.

Proof. Suppose C' is the homogeneous space given by (5.2.2) and (5.2.3) corresponding to the
pair (p,1). Then C' is a twist of E. The Jacobian of the intersection of (5.2.2) and (5.2.3) for

(p,1) is
2021 —2- 2 0
2p - z1 0 —2p - 23
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one can easily observe has rank 2 whenever [ # 2, p, g. Hence except for those [’s, the topological
genus becomes the same as the arithmetic genus, which is 1 by the degree-genus formula. By the

Hasse-Weil bound, we have
H#OF) > 14+1—2V1 > 2 for 1 >5, 1 #p.

Hence, we can choose a solution (21, 22, 23) € F; x F; x F; such that not all three of them are zero
modulo I. Now 21 = 2o = 0 (mod 1) implies [? divides 1 from (5.2.2), a contradiction. Similarly,
21 = 23 =0 (mod [) implies —p = 0 (mod [?) from (5.2.3), contradiction again. Fixing two of
21,22 and z3, one can now convert equations (5.2.2) and (5.2.3) into a system of equations in
one variable with a simple root over IF;. That common solution can be lifted to Z; via Hensel’s
lemma.

For [ = p, we first notice that (_71) =1asp=1 (mod 8). Hence there exists a € Z such that
a? = —1 (mod p). Now fixing z; = 1 in equations (5.2.2) and (5.2.3), we can see that 2o = a and
23 = 1 are two simple roots of two single variable polynomials and hence can be lifted to Z,,.
For [ = g, we first note that p =1 (mod 8) = (%) = (%) = 1. Now fixing 21 = 23 = 1, one
can immediately notice that (1,a,1) where a® = p (mod q), is a solution modulo ¢ to (5.2.2) and
(5.2.3) with vy(2;) < 0 that can be lifted to Qg by Hensel’s lemma.

For [ = 3 and p = 1 (mod 3), using Lemma 5.5, we look into solutions for the equations
p2? — 22 = 3% and 22 — 22 = —p - 3%F in Z3. Fixing 2z; = 1, one can notice that 2o = z3 = 1
are two simple solutions and hence can be lifted to solution in Zg for the equations mentioned
above. Diving by 3%*, it gives rise to solutions in Q3 for equations (5.2.2) and (5.2.3). For p = 2
(mod 3), fixing zo = 1 and z3 = 0 in (5.2.2) and (5.2.3) respectively will give z; = 1 as a simple
solution modulo 3 and hence can be lifted to Z3 via Hensel’s lemma.

For the case [ = 2, just as in the beginning of the case | = 3, using Lemma 5.5, we find solutions
in Zy for the equations pz? — 22 = 2% and 27 — 22 = —p-22¥ such that k > 2. Fixing 2o = 23 = 1
gives rise to z; =1 (mod 8) as a solution modulo 8 to both those equations that can be lifted to
a solution in Zg. This ensures a solution for the homogeneous space corresponding to (p, 1) in
Q- also.

For the case (b1,b2) = (1,q), the proof follows a very similar way as in the case (b1,b2) = (p, 1).

For [ > 5,1 # p, q, the homogeneous spaces C' corresponding to (1,q) given by equations (5.2.2)
and (5.2.3) are of genus 1 and have solutions in F; by Hasse-Weil bound and can be lifted to Z;
via a similar argument used in the previous case.

2 =1 (mod q), fixing 2o = 23 = 0 in equations (5.2.2) and (5.2.3) gives

For | = ¢, because —p
z1 = 1 as a solution to the homogeneous space modulo ¢ that can be lifted to Z; via Hensel’s
lemma.

For [ = p, we give a solution for the case v,(z;) < 0. Because 2¢ =1 (mod p), one can notice
that fixing z; = 1 and then choosing zo = 1 and z3 = a is a solution that can be lifted to Z; via

Hensel’s lemma where a? = 2 (mod p).
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For the case | = 3, fixing z; = 1 and choosing z3 = z3 Z 0 (mod 3) gives rise to solutions for the
equations 22 — qz2 = 3%% and 27 — qz2 = —p? - 3?%. This solution can be lifted to Z; and then
give solution for (5.2.2) and (5.2.3) in Q; as mentioned in the previous part.

For the case | = 2, noticing the fact p =1 (mod 8) = ¢ =1 (mod 8), the proof follows the

same way with the same choice of solutions modulo 8 for the case (b1, b2) = (p,1). O

5.2.4 2-Part of the Shafarevich-Tate Group :

In this section, we cover the pairs (p,1) and (1,q). We use the fact that due to Hilbert’s class
field theorem, the existence of an unramified abelian extension of degree n of a number field
K is equivalent to the class number h(K) =0 (mod n). We are now in a position to prove the

following result.

Proof of Theorem 5.4: We start with the possibility of the homogeneous space corresponding to
(p,1) in HI(E/Q)[2]. Let z; = ¢ for i =1,2,3 is a rational solution set for equations (5.2.2) and
(5.2.3) where the rational numbers z; are in their lowest form i.e. ged(a;,d;) =1 for all i = 1,2, 3.
It can be shown easily that d? = d3 = d% = d? for some integer d. So now we have the following

three equations for the case (p,1);

pas — a3 = d?, (5.2.5)
pai — pa3 = —p* - &2, (5.2.6)
pa3 — a3 = 2q - d*. (5.2.7)

We first claim that d is even; hence, a; is odd for each i = 1,2,3. Otherwise, from (5.2.7), noticing
the fact that ¢ = 1 (mod 8), one can observe a3 — a3 = 2 (mod 8), a contradiction. From (5.2.6),
one can actually see that d? = a? — a3 =0 (mod 8) = d =0 (mod 4).

A straightforward calculation shows that there are no common odd prime factors of a; + as and
a1 — az. Assuming a; > 0 for all 1 = 1,2, 3, (5.2.6) then implies that one of the two possibilities

of a1 + a3 and a1 — a3 is

ay+az3=p-2"-m3, a; —az = —2" - m3

where m = mims is odd, n = ny + ny > 4 and d> = 2" - m?. The fact that a3 is odd and
2a3 = p-2™ -m3+2"2 -m3 now implies that either ag = p-2""2-m? +m3 or a3 = p-m?+2""2.. In
either way, az = 1 (mod 4). Same is true for the case when a;+a3 = 2™ -m?, a;—az = —p-2"2-m3.
Now if one defines a = ag + dy/p € Q(y/p), then from (5.2.6) we get Ny g(a) = ai where
K = Q(/p). Because ged(a1,a3) = 1 can be proved easily, one can also observe that ged(a, @) = 1
in Og, the ring of integers of K, where & = a3 — d,/p. This in turn implies that aOx = a? for
some ideal a which implies no finite primes except possibly primes above 2 ramifies in K(y/a)/K.

But a = a3 + d/p = 1 (mod 4) implies 2 also does not ramify in K(y/a)/K. It is also clear



Chapter 5. Diophantine Equation and Heron Triangle 83

that infinite primes also do not ramify in K(y/a)/K as K(y/a) C R. Hence from Hilbert’s
class field theorem, we can conclude that K = Q(,/p) has an even class number whenever the
homogeneous space corresponding to (p, 1) has a rational solution. But it is well known that the
class number of Q(,/p) is always odd [13]. Hence (p,1) € II(E/Q)[2] if v/a & Q(,/p). Assuming
the finiteness of III(E/Q), as predicted by Shafarevich, the order of the group must be square.
As (1, q) is the only other possibility, we conclude that (1,¢) € III(E/Q)[2] and hence conclude
that II(E/Q)[2] =2 Z/27 x Z/27Z if \/o & Q(/p).

Now /a € K = a = (z+yp)? = a3 = 2> +py* a} = (2* — py*)?, and d = 2uzy.
This, in turn, implies that a2 = p(2? — py?)? — 42252, a solution to the Diophantine equation
p(x? — py?)? — 42%y? = 22 for odd 2. This implies that the homogeneous space corresponding to

2_ 0,2 . .
(p, 1) has a rational solution <i($2xpy), ;—z, % . Hence the Mordell-Weil rank is at least
y zy’  2zy

one. Knowing the Selmer rank is two, we can then conclude that r(E/Q) = 2 and the 2-part of

the Shafarevich-Tate group is trivial. We note that even though the ring of integer O = Z]| 1+2\/15]7

2
o= (%) = a3 = %7’73’2 € 7Z = x,y both are even as p =1 (mod 8). Hence, without

the loss of generality, one can assume z,y as integers. This concludes the proof. O

TABLE 5.3: Examples for areap =1 (mod 8), 7 = % with p? 41 = 2¢ and corresponding
rank distribution

p | r(E/Q) | s2(E/Q) | HI(E/Q)[2]
09 0 2 (Z.]27,)?
49 0 2 (Z.]2Z,)?
521 0 2 (Z.]2Z)?
569 | 0 2 (Z,/27,)?
641 | 0 2 (Z]2Z)?

We provide a table of examples above in support of our result. Computations for the table have

been done in Magma software (see [34]).
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6.1 Limitations

1. The main theme of the thesis is to compute the 2-part of the Selmer group for Heronian
elliptic curves, which also helps to get an upper bound for the Mordell-Weil rank of the
curve. However, it does not give the exact value of the Mordell-Weil rank. Knowing the
2-part of the Shafarevich-Tate group helps in that regard. But as evident in the previous
chapters, that information came in a conditional way, mostly via class number divisibility
of certain number fields. Because of this, there are practical difficulties while dealing with

the Mordell-Weil group of different types of Heronian elliptic curves.

2. The 2-Selmer rank computation for congruent number elliptic curve was done extensively in
a series of works by Heath-Brown (see [19] and [20]). As an appendix to his works, Monsky
introduced a matrix whose rank is directly related to the 2-Selmer rank of an arbitrary
congruent number elliptic curve. This gave an alternative to the 2-descent method for
computing the 2-Selmer rank via an approach motivated by elementary linear algebra.

There is still a lack of similar results in the case of Heronian elliptic curves.

6.2 Future Perspectives

1. As mentioned in the introduction, Heegner [22] developed a method to conclude 2p is
congruent for certain numbers, and then Monsky and Tian [51]| generalized the results for
congruent numbers using Heegner’s method. This method can be used to construct rational
points, known as Heegner points, which turn out to be of infinite order on the modular
elliptic curves. Gross-Zagier and Kolyvagin made remarkable contributions towards BSD
conjecture using this method. So, using the Modularity theorem, one can look into the

construction of Heegner points on Heronian elliptic curves.

2. The class number divisibility problem is one of the contemporary problems in the field of
number theory. There are works available in literature by Soleng [48] and Lemmermayer
[31] where authors have used rational points of an elliptic curve with positive rank to
construct an unramified abelian extension of certain number fields. Hilbert class field
theorem then implies the class number of those number fields divisible by the degree of the
aforementioned unramified abelian extension. As we have already constructed Heronian
elliptic curves with positive ranks in the previous chapters, the class number divisibility

problem for number fields generated from points of those elliptic curves can be looked into.

3. Izadi, Farzali, Khoshnam, and Moody [24] extended the idea of Goins and Maddox to Heron
quadrilaterals. So, one can think of extending those ideas to generalize the connection

between n-polygon and elliptic curves and Diophantine equations.

4. Harron-Snowden [21| computed the density of elliptic curves associated with each of the

torsion subgroups classified by Mazur’s theorem. Then Im and Kim [23] extended those
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results to elliptic curves over number fields. Using the same method, the density of isosceles

Heron triangles can be looked into.

5. An algorithm to compute the Mordell-Weil rank of an elliptic curve is famously unavailable
in number theory. However, one can look into the possibility of the same for the subclass

of all Heronian elliptic curves.



Appendix A

MAGMA and SAGE Commands

1. Code for Mordell-Weil group information (MAGMA):
First, go to http://magma.maths.usyd.edu.au/calc/ and run the following code. Here,

a;’s denote the coefficients of an Elliptic curve in generalized Weierstrass form.
E:=EllipticCurve([a1, az, as, a4, ag));

E;

MordellWeilShalnformation(E);

time rank, gens, sha :=MordellWeilShalnformation(E : Shalnfo);

2. Code for Mordell-Weil group information (SAGE):
Go to http://www.sagemath.org, and run the following code.

sage:E=EllipticCurve([a, a2, a3, aq, ag])
sage: E
sage:E.rank()

sage:E.selmer rank()

3. Code for the Class number of Biquadratic number field Q(y/m, /n) (MAGMA):
R < X >:= PolynomialRing(Integers());
K := NumberField ([X? —m, X2 — n]:Abs);
K;
ClassNumber (K);

4. Code for quadratic fields Q(yv/m) (MAGMA):
R < X >:= PolynomialRing(Integers()); K := NumberField(X? — m);
K;
ClassNumber (K);
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