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ABSTRACT

The characteristics of non-integer-order derivatives and integrals are discovered using frac-
tional calculus. This topic has grown in popularity and relevance over the past few decades
because of its use in several engineering sectors, including bioscience, finance, signal pro-
cessing, viscoelasticity, and technology. The fundamental advantage of fractional derivatives
over typical integer-order derivatives is that they consider memory and heredity aspects of
different processes. On the other hand, such considerations are not taken into account. Thus,
the properties of fractional derivatives inspired us to investigate and solve time-fractional
partial differential equations. In most cases, an exact solution of the time-fractional partial
differential equation is difficult to obtain; hence, an approximation or numerical solution is

necessary to understand the behavior of such fractional equations.

In Chapter 1, we have given a basic overview of fractional calculus. Some fundamental
features and definitions related to fractional derivatives have also been presented. A literature
survey also includes the most recent findings and contributions in theory and methodology

about our current study activity. A brief introduction to the subsequent chapters is provided.

Chapter 2 presents a numerical approach for a class of time-fractional convection-reaction-
diffusion problems with a time lag. In the Caputo notion, time-fractional derivatives are
examined. The numerical strategy uses Crank and Nicolson’s discretization technique in the
temporal direction and spline functions with a tension factor in the spatial direction. The
scheme is conditionally stable, according to the Von-Neumann stability analysis. In addition,
the Fourier series is used to offer a thorough convergence analysis. Two numerical test

problems are addressed to validate the suggested numerical scheme’s efficacy.

The third chapter concerns constructing and analyzing a higher-order stable numerical
approximation for the time fractional Kuramoto-Sivashinsky (K-S) problem, a fourth-order
nonlinear equation. In the studied issue, the fractional derivative of order y € (0,1) is
taken into Caputo meaning and approximated using the L1 — 2 technique. To estimate the
derivatives and solve the problem in space, the discretization technique employs quintic
B-spline functions. We produced unconditional stability findings and rate of accuracy

convergence O(h? + k?), where h and k represent the space and time step sizes, respectively.



We have also seen that the linearized form of the K-S equation leads to O(h? + k37)
accuracy. The current method is also quite successful for solving the time-fractional Burgers
equation. We demonstrated that the current strategy outperforms the L1 scheme with the
exact computing cost for many linear and nonlinear problems with classical and fractional

time derivatives.

The fourth chapter seeks a dependable numerical approach for solving the Allen-Cahn
equation using the Caputo time-fractional derivative. The technique of fractional derivative
semi-discretization utilizing second-order finite differences is presented first. The cubic
B-spline collocation approach is applied to obtain a complete discretization. The conditional
stability and convergence of the proposed technique are demonstrated. The method’s efficiency
is proven using numerical examples from two test issues. A numerical study validates the

effectiveness of the methodology and the method’s continuous accuracy.

Chapter 5 uses the generalized time-fractional Fisher’s equation to illustrate the system’s
dynamics. The study of appropriate numerical techniques for this problem has significant
scientific and practical significance. In that vein, this study offers a high-order numerical
approach for the generalized time-fractional Fisher’s equation and its design and analysis.
The time-fractional derivative is computed in the Caputo sense and approximated via Euler
backward discretization. To linearize the problem, the quasilinearization approach is em-
ployed, and then a compact finite difference scheme is proposed for discretizing the equation
in the space direction. Our numerical technique is O(k*~® + h*) convergent, where h and
k are stepped sizes in the spatial and temporal directions, respectively. Three issues are
quantitatively tested using the suggested strategy, and the results show that the proposed

method is appropriate for solving this problem.

The predictor-corrector method (PCM) is investigated in Chapter 6 to solve a nonlinear,
two-dimensional fractional-order predator-prey model. This model’s carrying capacity is
one. The fractional order derivative (MABC derivative) resides above the modified Atangana-
Baleanu fractional derivative in the Caputo sense. PCM has an edge over other approaches
because of its smoothness and speed of implementation. The computational results correspond
to two methods reported by Srivastava et al. . In [1], HPSTM, and HASTM, the computational

results are graphed for various derivative values to show the variance of carnivore and pursued



populations.
In Chapter 7, we have discussed the conclusion of the thesis work and future dimensions
in the numerical solutions of fractional partial differential equations and fractional order

systems.
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Chapter 1

Introduction

1.1 Fractional Calculus

Fractional calculus was developed in the 18th century by mathematicians such as Joseph
Fourier and Augustin-Louis Cauchy. However, in the twentieth century, fractional calculus
achieved widespread acceptance and began to be studied methodically. Fractional calculus,
also known as fractional differentiation and integration or calculus of fractions, is a field of
mathematics that extends the principles of differentiation and integration to non-integer or
fractional orders. It is a sophisticated and adaptable mathematical instrument with applications
in physics, engineering, economics, biology, and signal processing. The conventional calculus
of Isaac Newton and Gottfried Wilhelm Leibniz concerns integer orders of differentiation and
integration. Fractional calculus extends these ideas by allowing non-integer orders like 1/2,
3/4, or any other real or complex number. This addition enables describing and evaluating
phenomena with complicated behavior, memory effects, and non-local interactions, which
integer-order calculus frequently needs to address. There are two basic procedures in fractional
calculus: fractional differentiation and fractional integration. Fractional differentiation extends
integration to fractional orders by generalizing the notion of obtaining the nth derivative of
a function. These processes have many applications, including long-term memory models,

fractals, viscoelastic materials, and power-law systems.
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Though fractional calculus has a long history and is as old as classical calculus, people
only applied it to the problems arising in science and engineering for a short time. However,
with its wide applications, fractional calculus began to attract the increasing attention of
researchers and scientists in the last few decades. In 1695, Leibnitz devised both the notations
L f(z) and [ f(x)dx; then L' Hospital asked Leibnitz, “What is the meaning of the notation

% (x) forn = 1/2 ?” In a September 30, 1695 letter, Leibniz wrote to L’Hospital, “This
is an apparent paradox from which useful consequences will be drawn one day.” After this,
several prominent mathematicians, including Riemann and Liouville, were the first to lay the
foundation of fractional calculus. The first book published in 1974 by Oldham and Spanier
[2] is solely devoted to fractional calculus. They have observed that the derivatives and
integrals of fractional orders are more valuable than the integer derivatives and integrals. It
motivates them towards the fundamental mathematical properties of the fractional differential
and integral operators and the applications of arbitrary order operators. Later, several authors,
such as Kilbas ef al. [3], Li and Zeng [4], Miller and Ross [5], and Podlubny [6], published
several books on the theory and applications of fractional integrals and derivatives. For
a good survey paper on applying fractional derivatives in modern mechanics, the readers
are referred to [7]. Fractional calculus has proven its efficiency and aptitude to simulate
anomalous behavior in several disciplines of science, engineering, and finance during the
previous two decades. Many fractional calculus applications have emerged in recent years,
some of which are listed below. Important phenomena in different areas like physics [8, 9],
control theory [10], fluid mechanics [11, 12], chemistry and biology [13—-15], and quantum
mechanics [16] are modeled using the fractional order differential equations. For many more
applications, we refer to [17-28]. Without using fractional calculus, one cannot model these
problems appropriately. As a result, the theories and applications of the fractional differential
and integral operators are well established, and their applicability to the problems arising
in the areas mentioned above is being considered extensively. It has been shown that the
fractional-order models are better than the integer models for complex systems with memory
and genetic effects. The problems with fractional derivatives are mainly classified into two

categories, namely, space-fractional and time-fractional.

Fractional calculus has been used in a variety of domains, including:

2
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Physics: It models anomalous diffusion, non-Newtonian fluids, and electrical circuits

with fractal geometries.

Engineering: Fractional calculus is used in control systems, signal processing, and

investigating materials with memory qualities.

Biology: It aids in simulating biological systems with long-term memory, such as

disease propagation and population dynamics.

Economics: Its applications include financial market simulation, stochastic process

simulation, and time series analysis.

Medicine: Fractional calculus is applied to describe physiological processes having

memory effects, such as blood flow and medication dispersion.

Geophysics: It is employed in analyzing seismic signals and the fractal features of

geological formations.

To summarize, fractional calculus is a solid mathematical device that extends classical

calculus principles to non-integer orders, enabling us to better comprehend and describe

complicated events in various scientific and engineering areas. It has become an essential

aspect of mathematical analysis and has significantly influenced many fields of study and

technology.

1.2 Standard fractional models

* Fractional conservation of mass: A fractional conservation of mass equation is
required to simulate fluid flow when the control volume is not big enough in comparison
to the scale of heterogeneity and when the flux inside the control volume is nonlinear,
as detailed by Wheatcraft and Meerschaert [29]. The fractional conservation of mass
equation for fluid flow is given in the linked publication as follows:

9p

—0 (V7 i0) = T(y + 1) Az 70 (0, + ¢dy,) 5t



Chapter 1

where v is fractional-flux, ¢ is porosity, o is fluid density, d is the coefficient of
compressibility for the porous medium, and §,, is the coefficient of compressibility of

the water.

* Electrochemical Analysis: A voltage is provided at an electrode surface to force
electron transport between the electrode and substrate while examining the redox
behavior of a substrate in solution. The current generated as a result of the electron
transfer is measured. The concentration of substrate at the electrode surface affects
the current. Fick’s law states that more substrate diffuses to the electrode when the
substrate is used. Taking the Laplace transform of Fick’s second law results in the
following ordinary second-order differential equation in dimensionless form:

d2

WV(QC,S) =sV(x,s).
x

Its solution V (i, s) has a half-power dependency on s. Considering the derivative
of V(x, s) and then applying the inverse Laplace transform provides the following

relationship:
1

%V(x,t) = %V(gj,t).
It connects the concentration of substrates at the outermost layer of the electrode to
the electrical current. In electrochemical kinetics, this relationship is used to deduce
mechanistic behavior. It has been used to investigate the dimerization rate of substrates

during electrochemical reduction[30].

* Groundwater flow problem: [31] discussed various groundwater flow issues utilizing
the notion of derivative with fractional order in 2013-2014. The traditional Darcy
law is generalized in these works by considering the water flow as a function of the
piezometric head’s non-integer-order derivative. This generalized law and the law of

conservation of mass are then utilized to develop a new groundwater flow equation.

* Fractional advection-dispersion equation: This equation has proved helpful in sim-
ulating contaminant transport in heterogeneous porous media [18]. Atangana and

Kilicman expanded the fractional advection-dispersion equation to a variable-order

4
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equation. The hydrodynamic dispersion equation was expanded in their work by em-
ploying the idea of a variational order derivative. The Crank-Nicolson technique was
used to solve the modified problem numerically. The modified equation’s stability
and convergence in numerical simulations show that it is more trustworthy than equa-
tions with constant fractional and integer derivatives in forecasting the movement of

pollutants in deformable aquifers [32].

Time-space fractional diffusion equation models: Fractional-order diffusion equation
models may accurately describe anomalous diffusion processes in complicated media.
The time derivative represents long-term heavy tail decay, while the spatial derivative
represents diffusion nonlocality. The governing equation for time-space fractional
diffusion is as follows:

D 5

The variable-order fractional derivative is a simple modification of the fractional deriva-
tive in which ~ and 9 are converted into y(z, t) and 0(x, t). References may be obtained

for its uses in anomalous diffusion modeling [32].

PID controllers: The degrees of freedom of PID controllers can be increased by
generalizing them to employ fractional orders. The revised equation linking the control

variable v(t) to a measured error value e(¢) is as follows:
v(t) = Pe(t) 4+ ID; "e(t) + CD’e(t),

where v and ¢ are positive fractional orders and P, I, and C' are all non-negative, denote

the coefficients for the proportional, integral, and derivative terms, respectively [33].

Acoustical wave equations for complex media: Acoustic wave propagation in com-
plex media, such as biological tissue, often indicates attenuation following a frequency
power law. See Holm & Nésholm (2011) [33] citeHolm and its sources. Such models
are connected to the widely accepted idea that numerous relaxation events cause atten-
uation in complex media. This connection is discussed further in Nidsholm & Holm

(2011) [34] and the survey study [35], as well as the acoustic attenuation article. For a
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work comparing fractional wave equations that represent power-law attenuation, see

Holm & Nisholm (2013) [36].

* Fractional Schrodinger equation in quantum theory: The fractional Schrodinger

equation, a fundamental equation of fractional quantum mechanics, has the following

form[37]:
0 t 7
ih wg;’ ) =D, (—77J2A)g Y(r,t) + V(r, t)(r,t),
where, A = g—; = ;—;2 + % + ... is the Laplace operator, [, is a scale constant,
1 2

and the operator (—h?A)?/? is the 3-dimensional fractional quantum Riesz derivative

defined by

1 iy
(2ﬂ_h)3/d3pehp p"¢(p, ).

The index -y in the fractional Schrodinger equation is the Levy index, 1 < v < 2.

(~h*A)3y(r,1) =

* Variable-order fractional Schrodinger equation:

The variable-order fractional Schrodinger equation has been used to study fractional

quantum phenomena as a natural generalization of the fractional Schrédinger equation

[38].
OO
o (=R*A) 2 (e, t) + V(e H)(r, t),
where A = g—; = 5—; + g—; + ... is the Laplace operator and the operator (—A2A)° t)/2
1 2

is the variable-order fractional quantum Riesz derivative.

1.3 Preliminaries

Some of the critical mathematical definitions that will be utilized throughout this study
are briefly presented in this section. Calculus, as we all know, is widely renowned for its
integration and differentiation of ideas. Fractional integration and fractional differentiation
are utilized in fractional calculus. To explain fractional integration, the Riemann-Liouville
integral is utilized. However, many other forms of fractional derivatives may be used to
describe fractional differentiation. In most cases, these definitions are different. Every

formulation, however, is motivated by the need to retain the features of classical calculus.
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Definition 1.3.1 (Caputo fractional derivative). [3] The Caputo fractional derivative of order
7 (denoted by § D]) of w(t) is defined as

1 t (n)
/ v (2+1ds> n—1<y<n,neN
Cprw(t)y = Tn=7)Jo (t=s)

w™(t), y=neN

Definition 1.3.2 (Riemann-Liouville derivative). [3] The Riemann-Liouville derivative (de-
noted by F* D} ) of order v of w(t) is defined as
T dr [t
——n/ %ds, n—1<y<nneN
BLpig(t) = { Tn =) dt" Jo (t—s)7
w™(t), v=n€eN,

where 1" represents the gamma function and defined for a complex number z with non-negative

real part as

F(z):/ e 't dt.
0

Definition 1.3.3 (Riemann-Liouville fractional integral). /3] The definition of the Riemann-

Liouville fractional integral of order v € (0, 1) is given by

I w(t) =

Lo
W/()(t_S) w(s)ds,

where w(t) is real-valued function on |0, 1].

Definition 1.3.4 (The Mittag-Leffler function). [39] The Mittag-Leffler function in two

parameters E, ,(.) for v € R and a matrix A € R™*™ are defined respectively, by

)

- T
EpqlT) = Zm, p>0,¢>0,

Ai

gpvq(A) = Z F(—

: , p>0,q>0,
— I'(pi +q)

if ¢ = 1, this function called one parameter Mittag-Leffler function E,(.)

7
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Definition 1.3.5 (The Atangana-Baleanu fractional derivative). [39] The Atangana-Baleanu
fractional derivative of Caputo sense (ABC derivative) of fractional order v € (0,1) is
described for w(t) € H*(0,T).

ABC Doy (1) = NO) /Ot W'(s)E, <_L(t - s)”) ds,

C1—n 1—~

where H'(0,T) is a space of square-integrable functions and is defined as
H'Y(0,T) = {w(t) € L*(0,T)|w'(t) € L*(0,T)},
and N (v) is a normalization function with N(0) = N(1) = 1.

Definition 1.3.6 (The modified Atangana-Baleanu fractional derivative). [39] The modified
Atangana-Baleanu fractional derivative of Caputo meaning (MABC derivative) of order

v € (0,1) is determined for w(t) € L(0,T) and given by

MABC Dy 1) :%77) {w(t) —&, <_ . j 7t”/) w(0)

t

_T%ﬁ O@_Sy4aw<—T%;@—sﬁ>w@ﬁh}

Definition 1.3.7 (The generalization of the modified Atangana-Baleanu fractional derivative).
[39] The MABC derivative of order v € (n — 1,n), n € N is defined for w(t) € L'(0,T)
and given by

MABC DY (t) iv_@; [w("_l)(t) - & (— - 5755) w™1(0)

where v =n+ 6 — 1.

Definition 1.3.8 (The formula of pointwise error and the order of convergence). The double
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mesh principle to determine the errors in Lo, and Lo—norms as follows:

N,'L‘-,A]t J— . /VJ ~2]
ELMt = max < max |y — yy >,

1<n<M; \1<m<N,—1
Ny—1
N, M, j ~2j
E = max | Ax E (Y — a1 )2,
1<n<M; 1
m=

where ?]j and i];j are the numerical solutions obtained by using (N, + 1,M; + 1) and
(2N, + 1,2M; + 1) points, respectively. We can also compute the corresponding orders of

convergence using the formula

E Nz, My
Ng, My __ q _
qu = logz m 5 q = 27 Q.
q

1.4 Fractional partial differential equation

In mathematics, PDEs are generally used to quantitatively solve physical and other issues
involving the functions of numerous variables, such as heat or sound propagation, fluid
movement, and eddy currents. A FPDE is a PDE that incorporates fractional derivatives of
non-integer order. Its significant benefit is the nonlocality of a fractional derivative over an
integer-order derivative. The former offers a mechanism for the internalization of memory as
well as hereditary aspects of numerous events. FPDEs occur in diverse regions of science
and engineering, such as physics, rheology, biology, control theory, viscoelasticity, systems
identification, signal processing, and electrochemistry [2, 5, 6, 40—44]. Fractional partial
differential equations (FPDEs) are a kind of partial differential equation (PDE) that involves
fractional derivatives. While traditional PDEs use integer-order derivatives to explain the
behavior of functions, FPDEs use non-integer fractional-order derivatives. These equations
have acquired popularity in various scientific and technical domains due to their ability to
represent complicated behavior in systems with memory and anomalous diffusion. There are
several definitions of fractional derivatives, the most prominent being Riemann-Liouville and
Caputo derivatives. The chosen definition has a significant influence on the characteristics

and solutions of the resulting FPDEs. A general version of a fractional partial differential
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equation can be stated as:

E{u(x7t)} = f(a:,t),

where L is a fractional differential operator, u(x,t) denotes the unknown function, and f(x, 1)
denotes a forcing or source term. Under the suitable boundary and beginning conditions, the
solution u(z, t) is sought.

Some essential considerations while working with FPDEs:

* Non-local behavior: Non-local behavior is introduced by fractional derivatives, which
implies that the derivative at a location depends on the function throughout a range of

values rather than only at the point itself.

* Memory and Heredity effect: FPDEs may represent systems with memory effects, in
which a system’s current behavior is determined by its prior history over a continuous

time period.

* Anomalous diffusion: FPDEs are frequently used to represent anomalous diffusion
processes in which the diffusion is described by a power-law behavior rather than a

straightforward diffusion equation.

* Numerical methods: Numerical solutions to FPDEs can be complicated, and special-
ized numerical approaches are sometimes required. FPDEs can be solved using finite

difference, finite element, collocation methods, and spectral approaches.

* Applications: FPDEs are employed in various disciplines, including physics, engineer-
ing, biology, and finance. They are instrumental in characterizing occurrences where

traditional integer-order derivatives are insufficient.

FPDEs are mainly of two types: linear and nonlinear. The following FPDEs form the

foundation of this thesis and aid in investigating additional FPDEs.
* The fractional partial differential equation with a time delay.
* Time-fractional nonlinear Kuramoto-Sivashinsky.

* Fractional order Allen-Cahn equation.
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* Generalized time-fractional Fisher’s equation.

1.5 Fractional order system

A fractional-order system can be defined as a dynamical system that may be described by
a fractional differential equation, including non-integer-order derivatives in the domains of
dynamical systems and control theory. These types of systems are considered to exhibit
fractional dynamics. Derivatives and integrals of fractional orders are often employed to
explain things with power-law nonlocality, power-law long-range dependency, or fractal
features. Fractional-order systems are essential for understanding the abnormal behavior of
dynamical systems in physics, electrochemistry, biology, viscoelasticity, and chaotic systems.

A fractional-order system, commonly called a fractional-order control system, is a form
of dynamic system characterized by fractional-order differential equations. These systems
are distinguished by non-integer-order derivatives or integrals in their mathematical models,
frequently expressed by a fractional exponent. In contrast to traditional control systems,
which employ integer-order differential equations, fractional-order systems can capture more
complicated and non-integer behaviors commonly found in real-world systems. Engineering,
physics, biology, and finance are the domains where fractional-order systems are used. Some

of the significant traits and characteristics of fractional-order systems are:

* Fractional-order dynamics, Memory and heredity: Fractional derivatives, or in-
tegrals, formulate equations for fractional-order systems. Because they can model
memory effects and long-term dependencies, these non-integer orders enable more
flexible and diverse system behavior modeling. Memory in fractional-order systems
extends beyond that of standard integer-order systems. The system’s present behavior

is heavily impacted by its previous states.

* Complex dynamics: Complex phenomena like power-law interactions, fractal patterns,
and non-exponential decay or growth can be seen in fractional-order systems. These

characteristics are frequently used to define real-world situations more precisely.

* Control and optimization: Various systems are regulated and stabilized using fractional-

order controllers. They benefit from better transient responsiveness, resilience, and the
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capacity to deal with systems with unknown parameters.

* Challenges: Because non-integer derivatives and integrals are involved, fractional-order
systems can be more challenging to analyze and regulate than integer-order systems.
Unique approaches and tools, such as fractional calculus, are utilized to overcome these

1Ssues.

Because of their capacity to more correctly describe and regulate complicated, nonlinear,
and memory-dependent systems, fractional-order systems have attracted interest and focus in
recent years. Researchers and engineers continue investigating their applications and creating
tools and methods for adequately understanding and regulating these systems.

Fractional differentiation and integration have been utilized in various burning fields of
mathematics, with a tremendous increase in developing further and modern models. In the
literature, different fractional order differential operators possess Caputo, Caputo-Fabrizio,
Riemann-Liouville, and Atangana-Baleanu, etc. [45—-47]. Fractional-order differential equa-
tions exist as one of the additional favored instruments; they support complex dynamic
systems from various domains. These contain electrochemistry [48], electricity [49], me-
chanics [50], economy [51], biology [52], and epidemiology [53]. Since fractional order
derivatives have integer orders, fractional order differential equations are an abstraction of
ordinary differential equations (ODEs). Systems modeled with fractional-order differential
equations demonstrate real-life spectacles more accurately. Modeling with fractional-order
derivatives describes the real-life system’s behavior, and these are also helpful in analyzing
the dynamical approaches. In modeling biological and physical procedures with longer-range
interactivity, fractional differential equations are more appropriate than ordinary ones in
time and space. Using fractional derivatives highlights the inherent non-local characteristic
whereby the future state is contingent upon the current state and all previously recorded
states. The systems with fractional derivatives that are multiplied together eventually become
systems with integer-order derivatives. Thus, fractional calculus naturally results in various
attachments, including the non-local nature of fractional derivative operators, an improved
degree of freedom, a vast stability province, and maximal utilization of information. In

the case of fractional order models, the majority of these characteristics and consequences
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only manifest. The latter fractional order derivative is successfully utilized in nearly all
experimental models, with particular mention of various directions of computational biology.
In 2018, Evirgen and Yavuz [54] examined an alternative method for a nonlinear optimization
problem, and Yavuz [55] examined a unique recursive approximation for nonlinear problems
containing the Caputo-Fabrizio derivative. In their paper [56], Ghanbari and Cattani describe
mutualistic predation in Lotka-Volterra models. A novel variable-order fractional tumor
model is presented with an ideal control by Sweilam et al. [57]. In their study, Danane
et al. [58] investigated the fractional model that describes the dynamics of the hepatitis B
viral infection. Baleanu er al. [59] offered an unexplored fractional model of human life
utilizing the Caputo-Fabrizio fractional derivative established on the exponential kernel—a
novel fractional SIRS-SI malaria model transmission delivered by Kumar ez al. [60]. In
2020, Singh et al. [61] conducted a study on the fractional fish farm system linked to the
Mittag-Leffler-type kernel. The readers can be directed to [62, 63] for additional practical
models concerning fractional order derivatives.

The following fractional order system forms the foundation of this thesis and aids in

investigating additional fractional order systems.

* A two-dimensional predator-prey model of fractional order with one carrying capacity

1.6 Finite difference schemes for Caputo fractional deriva-

tive
The fractional derivative is discretized in finite difference methods for numerical solutions

of fractional partial differential equations. Three fundamental discretizations of the Caputo

fractional derivative are used as follows:

e The central difference scheme for Caputo fractional derivative.
* L1 scheme for Caputo fractional derivative.

e L1 — 2 scheme for Caputo fractional derivative.

Let 0 < v < 1 be an order of fractional derivative, then the central difference scheme has

second-order accuracy, the L1 scheme has (2 — ) order accuracy, and the L1 — 2 scheme
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has (3 — ~) order accuracy. We will study these schemes in detail in the upcoming chapters.
The L1 formula is constructed through a sequentially linear interpolation estimate for the
integrand function for each very small interval. L1 — 2 scheme is a modification of L1 scheme

(see [64] for more details).

1.7 Quasilinearization

The quasilinearization approach is a generalized Newton-Raphson technique for functional
equations. If there is convergence at all, it converges quadratically to the exact solution, and it
has monotone convergence. Let us consider nonlinear second-order differential the equation

is as follows:
u'(z) = f(z,u(x)), a<x<b (1.7.1)

with the boundary conditions

Choose an initial approximation u,(x) of the function u(x), it may be ug(z) = «, for
a < x < b. Using the Taylor series, the function f can now be expanded around the function

uo(x). Consider
fl@ u(@)) = fx,uo(x)) + (u(x) — uo(@)) ful, uo(x)), (1.7.2)
where second and higher-order terms are ignored. Using (1.7.2) in (1.7.1), we get
u'(x) = f(x, uo(w)) + (u(x) = uo(2)) fulz, uo(x)). (1.7.3)

Solving (1.7.3) for u(z), call it u;(x) and expand (1.7.1) about u; ()

u'(x) = fla,u(x)) + (u(z) — ur(x)) fulz, ur (x)), (1.7.4)
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we obtain a third approximation for u(x), call it uy(x). Assume the problem converges and
continue the procedure to obtain the desired accuracy. The recurrence relationship is of the

form

Wl (2) = F(@un (@) + (s (@) = wn (@) fule, e (a)), (1.7.5)

where u,(x) is known and can be used for obtaining w,,1(x). Equation (1.7.5) is always a

linear differential equation and boundary conditions are

Urp1(a) = a,  upqq(b) = 5. (1.7.6)

Now consider the nonlinear second-order differential equation of the form

u'(z) = f(z,u(z), ' (x)). (1.7.7)

Here, the first derivative, v’ (x) can be considered as another function and (1.7.7) can analo-

gously be expressed as

U () =f (2, un(2), up (2)) + (U () — un(2) ful, up(2), 0, (7))

+ (U1 () = () fur (2, 0 (), i ()

with the same boundary conditions

U1 (a) =, Upt1 (b) = 57

where f,, is differentiation of f with respect to w.
Similarly, one can follow the same procedure for higher-order nonlinear differential

equations to obtain the recurrence relation.

1.8 Numerical Methods to solve FPDEs

In several scientific and technical domains, numerical techniques for solving fractional

partial differential equations (FPDEs) are becoming increasingly significant. Because FPDEs

15



Chapter 1

incorporate non-integer-order derivatives, they are more challenging to solve than ordinary

PDEs. Here are some of the most common numerical approaches for solving FPDEs:

* Finite Difference Method (FDM): FDM is a simple and frequently used discretization
technique for FPDEs. It makes use of finite difference approximations to approximate
fractional derivatives. The fractional derivatives of Caputo or Riemann-Liouville can be
discretized and solved using the usual time-stepping methods. For Riemann-Liouville

derivatives, the Griinwald-Letnikov discretization is widely utilized.

* Fractional Finite Element Method (FEM): Another prominent approach for resolving
FPDEs is FEM. It entails breaking down the issue domain into elements and building an
algebraic equation system. Traditional FEM is adapted to handle fractional derivatives,

utilizing weak formulations and variational techniques in fractional FEM.

* Fractional Finite Volume Method (FVM): FVM is a method for discretizing FPDEs
that divides the domain into control volumes. Fractional FVM, like FEM, introduces

fractional derivatives into the balance equations.

* Method of Lines (MOL): MOL is a technique for discretizing spatial derivatives,
resulting in an ordinary differential equation (ODE) system. The temporal evolution of

the issue can then be handled using numerical ODE solvers.

* Spectral Methods: The solution is expanded regarding orthogonal basis functions,
such as Chebyshev or Legendre polynomials. In the spectrum domain, fractional
derivatives may be determined analytically, which may be more efficient for particular

tasks.

* Laplace Transform Method: This approach transforms the FPDE into a system of
ODE in the Laplace domain. After solving the issue in the Laplace domain, the answer

in the time domain is obtained using an inverse Laplace transform.

* Adomian Decomposition Method (ADM): ADM is a series-based, non-iterative
approach for solving FPDEs. It decomposes the issue into components and iteratively

finds approximations for each component.
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* Numerical Inversion of Laplace Transforms: Some approaches concentrate on
efficiently inverting Laplace transforms, a critical step in solving FPDEs. The Gaver-

Stehfest algorithm, as well as other numerical inversion methods, can be employed.

* Fractional Integral Equations: Some FPDEs may be turned into fractional integral
equations, which can then be solved using different integral equation numerical methods,

such as the method of moments.

* Meshless Methods: Meshless approaches like the Radial Basis Function (RBF) do not
need a set grid or mesh. By including fractional derivatives, they may be used to solve

FPDEs.

* Finite Difference Time-Domain (FDTD) Method: The FDTD approach in electro-
magnetic simulations may be expanded to accommodate fractional derivatives to tackle

fractional electromagnetic field issues.

The selection of the preferred approach is based on the specific characteristics of the FPDE,
the field of application, and the computational resources at hand. When deciding on the
best solution for a specific situation, examining various methods’ accuracy, stability, and
efficiency is critical. Additionally, software libraries and packages may be provided to aid in
implementing these approaches.

Approximate solutions to fractional partial differential equations have been presented
using numerical approaches. Many numerical methods have been established in the literature
to solve fractional partial differential equations. Fourier techniques, energy estimates, the
matrix eigenvalue approach, and mathematical induction are some of the conceptually analyt-
ical methods. The prominent numerical approaches for solving fractional partial differential
equations are finite difference methods and series approximation methods. In [65], Wang
devised a fourth-order compact finite difference approach for solving convection-diffusion
wave equations with variable coefficients. Using the explicit finite difference approach, Yuste
and Acedo [66] investigated the fractional diffusion equation. See also [67, 68]. The finite
element method is also useful for solving fractional partial differential equations. It has been

discovered that while finite element techniques allow for high-order precision, they have a
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higher computational cost and depend more on mesh quality. Here are several articles that
use the finite element approach. To obtain a solution to the fractional Bloch-Torrey equation,
Dehghan and Abbaszadeh [69] employed finite difference techniques concerning temporal
discretization and the Galerkin finite element approach for spatial discretization. To examine
the multi-term time-fractional diffusion problem, Jin et al. [70] devised a numerical technique
based on the Galerkin finite element method. Jiang and Ma [71] devised a finite element
approach of high order for solving time fractional partial differential equations. For more
study, readers can see [72, 73].

The numerical methods listed below form the basis of this thesis and help investigate

further fractional-order partial differential equations.
 Tension spline collocation method
* Quintic B-spline collocation method
* Cubic B-spline collocation method
* The compact finite difference scheme

To examine the fractional diffusion problem, Baseri et al. [74] developed a collocation
approach. For the collocation approach, they used a rational Chebyshev function in the
temporal direction and shifted Chebyshev polynomials in the spatial direction. The authors
of [75] solved the fractional diffusion and diffusion-wave equations using the collocation
method using a cubic B-spline basis function. Nagy considers the time fractional nonlinear
Klein-Gordon equation in [76] using the Sinc-Chebyshev collocation method. Zhou and
Xu [77] investigated the time fractional diffusion-wave equation using the second kind of
Chebyshev wavelet collocation technique. Pirkhedri and Javadi [78] used the Sinc-Haar
collocation method to solve the time-fractional diffusion problem. The suggested approach is

highly successful because of its high computing speed and exponential convergence rate.

1.9 The thesis Aims and Objectives

We only studied the solution in one spatial dimension in this thesis, but this study suggests

developing numerical approaches for solving time-fractional PDEs. It will aid in developing
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more efficient (less computationally intensive) ways for approximating the Caputo fractional
derivatives while preserving accuracy. These approximation approaches will be coupled with
the various spatial discretization methods outlined in the preceding section to help solve

time-fractional PDEs more effectively. The benefits of such an approach are:

* The numerical approaches are more beneficial when the analytical technique is either

unavailable or hard to assess.

e It will aid in the development of more computationally efficient approaches as well as

the reduction of computing effort.

The objectives of this thesis are presented below and are based on numerical analysis for

linear and nonlinear fractional partial differential equations.

* To provide innovative, precise numerical techniques for solving linear and nonlinear

fractional partial differential equations.

* To look for a more efficient method of approximating fractional derivatives while

maintaining accuracy.

* To determine various numerical systems’ accuracy, convergence, and stability.

1.10 Overview of the Thesis

This thesis has been organized as follows: Chapter 2 suggests a second-order numerical
scheme for the time-fractional partial differential equations with a time delay. Chapter
3 gives a higher-order stable numerical approximation for the time-fractional nonlinear
Kuramoto-Sivashinsky equation based on quintic B-spline. Chapter 4 offers a collocation-
based numerical simulation of the fractional-order Allen-Cahn equation. Chapter 5 delivers a
high-order numerical technique for generalized time-fractional Fisher’s equation. Chapter 6

offered a numerical method for solving the fractional-order predator-prey model.

Remark 1.10.1. Throughout all Chapters, we take C' as a positive generic constant that takes

different values at different places.

19






Chapter 2

A second-order numerical scheme for the
time-fractional partial differential

equations with a time delay

This work proposes a numerical scheme for a class of time-fractional convection-reaction-
diffusion problems with a time lag. The time-fractional derivative is considered in the Caputo
sense. The numerical method comprises the discretization technique given by Crank and
Nicolson in the temporal direction, and spline functions with a tension factor are used in
the spatial direction. Through the Von-Neumann stability analysis, the scheme is shown to
be conditionally stable. Moreover, a rigorous convergence analysis is presented through the
Fourier series. Two test problems are solved numerically to verify the effectiveness of the

proposed numerical scheme.

2.1 Literature survey

In contrast to partial differential equations (PDEs), the physical problems for which the evolu-

tion depends not only on the present state of the system but also on the history are modeled

R. Choudhary, S. Singh, D. Kumar, A second-order numerical scheme for the time-fractional partial
differential equations with a time delay, Comput. Appl. Math., 41 (2022), 114.
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by delay partial differential equations (DPDEs) and time-fractional delay partial differential
equations (TF-DPDEs). Often, in systems with subdiffusive processes, the future state is
determined by their history, and delay terms must be addressed despite the whole history
being considered by the fractional differential equations (FDEs). These equations frequently
arise in many areas of science and engineering, such as time to maturity and incubation
time, delayed feedback, time to transport, and the time lag for getting information. The
three well-known derivatives of fractional order are widely used in the literature, namely, the
Caputo derivative, the Riemann-Liouville derivative, and the Griinwald-Letnikov derivative.
However, recently, two new fractional derivatives, namely, the Atangana-Baleanu-Caputo
derivative [79] and the Caputo-Fabrizio derivative [80], have been introduced. For reference,

we define the Caputo and Riemann-Liouville derivatives as follows:

Fractional partial differential equations (FPDEs) are those where a fractional derivative
replaces the classical derivative. Because of the precise and powerful descriptions of a large
variety of natural phenomena, many mathematicians and scientists are analyzing FPDEs with
delay analytically as well as numerically [81-88]. The models containing the time delay
can be seen in the automatic control systems [89, 90], random walk [91], and modeling HIV
infection of C'D4* T-cells [81, 92, 93]. An extensive study of delay differential equations
(DDE's) in the context of ordinary differential equations (ODEs) can be seen in [94-98] and
the references therein. Furthermore, the analytical solutions, including the spectral methods
and the integral transform methods such as Laplace transforms, and Mellin transforms for
FPDEs, can be seen in [3, 99—103]. On the other hand, the DPDEs and TF-DPDEs are less
explored than DDEs and FPDEs.

Because the evolution of a dependent variable of TE-DPDEs at any time ¢ not only depends
on its value at ¢t — 7 (for some time delay 7) but also depends on all previous solutions. It
is a difficult task to solve TF-PDEs with delay effectively and accurately. However, some
analytical methods have been investigated to solve these problems. For instance, to obtain
the actual solution to the TF-DPDEs, Prakash et al. [104] proposed the invariant subspace
approach. For a detailed discussion on the asymptotic properties of the solution to DDEs,
the readers are referred to [105, 106] whereas the existence of solutions is presented in [107].

Moreover, the stability bounds on the solution for the class of fractional delay difference
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equations (FDDEs) can be found in [108—110]. For the finite-time stability of robotic systems
where a time delay appears in P D7 fractional control system, the readers are referred to
[89, 111]. As a consequence, we look for numerical methods for TF-DPDEs. Some numerical
methods have also been developed for these problems; for instance, for a numerical scheme for
space-fractional diffusion equations with a delay in time, the readers are referred to Hao et al.
[93]. They have used the Taylor series expansion to linearize the nonlinear term and weighted
shifted Griinwald-Letnikov formula to approximate the space-fractional derivative. Rihan
[112] extended the # method to solve the TF-DPDEs of parabolic type in the Caputo sense.
To test the BIBO stability of the system of TF-DDEs, Hwang, and Cheng [110] presented an
effective numerical algorithm based on Cauchy’s integral theorem. Mohebbi [87] constructed
an efficient numerical method to solve the TF-DPDEs of convection-reaction-diffusion type
with a nonlinear source term. The Chebyshev spectral collocation method and second-order
finite difference approximations are used in spatial and temporal directions. Sakara et al.
[85] presented a homotopy perturbation method for nonlinear TF-DPDEs. Zhang et al. [84]
proposed a linearized compact finite difference method (FDM) for the semilinear TF-DPDE:s.
The compact finite difference approximation is used to discretize the spatial derivative, and
the temporal derivative is discretized using the L; approximation. Through rigorous analysis,

the method is shown as fourth-order convergent in space and of order (2 — ) in time.

In this work, we consider the following TF-PDE with a time lag:

0%y(x,t) dy(x,1)

ED7y(et) = L vl ) o,y 1) = —d(a, Oyt = 7) + f(,),

(2.1.1a)

for all (z,t) € ©® = 2 x A = (0,1) x (0,%F], with the following interval and boundary
conditions

y(z,t) = Yy, t), (a,t) €[0,1] x [—7,0], (2.1.1b)

y(0,8) = (), y(1,t) = ¢u(t), t€[0,%F], (2.1.1c)

where the fractional derivative of order v € (0,1) is estimated in the Caputo sense. A
hybrid scheme and a compact FDM have been investigated in [113, 114] for the classical

integer order DPDE:s that is the simplified form of the equation (2.1.1) for v = 1. Several
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numerical schemes have been developed (for v = 2) when (2.1.1) is equivalent to the wave
equation with delay, see e.g. [86, 88, 115]. Du et al. [116] developed a high-order difference
method for the fractional diffusion-wave equation associated with v € (1,2) in (2.1.1) with
constant coefficients and without the convective term. Li et al. [117] investigates a linearized
FDM for the problem similar to (2.1.1) without the reaction term and non-linear source term.
First, the original problem is transformed into an equivalent semi-linear fractional delay
reaction-diffusion equation. Then, they used the central finite difference formula for the space
derivative and L; approximation for the Caputo derivative. Finally, the inverse exponential

recovery method is used to obtain the numerical solution.

2.2 Discretization of the problem

2.2.1 The time semi-discretization

To discretize the time domain, we use an equidistant mesh. Let A* = {—7 =t_, <t_;,1 <
... <t_y <ty =0} be the partition of [—7, 0] divided into k sub-intervals using step size
At = 7/k. Then, using the mesh size At, we discretize [0, T] into M; = T /At sub-intervals

and denote by A, the collection of all nodal points of the domain [0, T]. Then
M =0=ty<ti<...<tp=7<...<ty_1 <ty =T}

Now we semi-discretize the problem (2.1.1) on At as

a2g(xa tn+;) aﬂ(x, tn—Q—l)
g @ ) el )Y (s ) = —d(@ )P (@ )

87g($, tn+l)
+ f(8 ) =

o
(2.2.1a)
forn=1,2,..., M, — 1 with
Y(x, tnsr) = V(2 tusr), for (x,t,.1) €10,1] x AF, (2.2.1b)
J(0,tn1) = Yiltns1), (1 tas1) = Upltngr), tagr € AM, (2.2.1¢)
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where i represents the approximate solution to the problem (2.1.1). We approximate

@ tnt1/2) o (@, t,11/2) using the following approach:

PRt o [ et b = 5)
T (e I
e [ o] (v -
T g [ o] (e ) a-2) o
i fe e rotan]((neg)ai-e) e
i () [ () ) e
RS e () 200 e
i fe [Farrouan] (i) a-e) e
- T A Z - |(rmie3) (i %>]
ST Z [(” o 2) (i %> OUa™)
T AR A e P G
Thus, we get
e = T T

+ F(zl—v) (Alt),y En; [ 7] [(n—i+g>17— (n—z’+%)11

3] [ CEETd MY RS I TRV
! ! O((At)*™). (2.2.2)

T
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Leto = ﬁ@ and w; = (j + %)1_7 — (- %)l_w, so that Y"1 w; = (n1 + %)1_7 -

(%) s Substituting o and w; into (2.2.2), we get

DG, turryo) N - T
T =0 |w1y + izl(wnﬂ»l - wnfz)y - wngo + 21—_7 + Rl + RQ;
where
Rt Ro= — S w020 + — L oqan
TRy & ['(2—-~y)2' '
Letj =n —1-+1, then
Ryt Ry— — _zn:wo«m)?’v) + Lo
TRy | 21
R VA R A A |
= = = —| = At)*
oy () —(3) o)
1 1\
= = At)7
e () ouen
1 te 1\ ,
= L A7
ra(aita) O0an)
< C(At)?
Thus, we have the following approximation at (x, ¢, +%)
n—1 ~n+l _ ~n

DY(w,tny1)2)
oty

e E(O)

=0 [wlgn + (wn—i-i-l - wn—z)yﬂ - wnyﬂ +
i=1

(2.2.3)

2.2.2 The spatial discretization

Let 2Ve = {0 =2p <1 <...< N, 1 <y, = 1} be the partition of [0, 1] divided into
N, sub-intervals each of width Az = N% Let the function S(z,t, ) belongs to the class
C?[0, 1], which gives interpolation of y(z,t) at the mesh point (x,,, t,), where § is termed
as tension factor. As 6 — 0 the function S(z, ¢, d) is turned to be parametric cubic spline in

[0, 1]. Let S, be an approximation of y obtained by the segment of the functions passing
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through the points (z,,,S,) and (2,41, S),,,1). Ford > 0, Sz (z, t,, ) satisfies the following

differential equation in the sub-interval [,,, T/, 1]

S/ (x,tn,0) — 08x (2, t0,0) =[S (2, tn,0) — 0S8 (T tny )| (a1 — )/ Az
+ [SH(@mi1s tn, 0) — 0Sr (a1, tn, 0)](x — x) /A,

(2.2.4)
with the following interpolation conditions
Se(@mstn,0) = Ypy Se(Tmi1, tn, 0) = Ui (2.2.5)
The function derivative y”(x,,, t,) has the spline derivative approximation given by
S (Tmytn, 0) = M(xp, tn) , Se(Tmits tn, 8) = M(@pi1, ). (2.2.6)
The solution of (2.2.4) with the interpolatory conditions (2.2.5) can be written as
Sp(x,t,,0) ZVQ(S?T:E}E;/) [M” 41 sinh @A;fm) + M sinh 1/(1:%;—1’)}
B [ - )+ (o )]
(2.2.7)
Rewrite the equation (2.2.7) as follows
S, 6) = pgr + AU + (A2) [g() M1 + g (DM ]/, (22.8)

where 1 = (2 — ) /A2, i = 1 — i, v = Ax/6, g(p) = s;ﬁl(é’y")) — u. Differentiating (2.2.8)

and let x — z,, to get

/ 1 ~n ~n Az v n VCOSh(V) n
Sl tn 0) = S (=T )+—5 [(Sinh( ] )M 7 (1 W) Mm}'
(2.29)
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Similarly, we proceed for the interval [x,,_1, x,,], to obtain

1 Ax v v cosh(v)
Si(x,tn, 0) = — (U —Un — |(1- " — -1 ml
F($m7 ) Azr (ym ym—1)+ 2 |:< sinh(u)) m—1 + ( Siﬂh(V) ) Mm:|
(2.2.10)
The first derivative of S;(x,t,,d) is continuous at z = z,, s0 S.(x,,, t,,0) = S.(z;, s, 0)
form=1,2,... N, —1,n=1,2,..., M, which gives
1

Moy + Mo+ aMi s = 0 [Tt = 20 + U] » (2.2.11)

where o = (1= ) 8= 3 (458! 1) Using (2.2.3), the equation (2.2.1a) (at

(m, t,)) can be written as

B (@m)ﬁl + @m)ﬁl) 4t/ ((gx)ﬁl + (gx)nerl) 1 ntl/2 (ggl + @TnH)

2 2 " 2
n—k n+l-k i+l on
_ omt12 [(Ym t Ym n+1/2 Ym  —YUm
=—d" (—2 ) + I o (—21_7
n—1
-0 [w@ﬁl + Z(wn,iﬂ — W)Yy, — wng]?n] : (2.2.12)
=1

Now, on replacing the second order derivative in (2.2.12) by the tension spline function

defined as

(Yuo)™ = 8" (T, tn) = M2 + O((Ax)?), (2.2.13)
we get
n n n—1 ~n ~n
i=1
4y ((gx)ﬁz + (gx)ﬁl) 42 (@sz + yNgfl>
2 2
+ drrl/? <—?7:'le +2‘77’T7L’+1k) — frl/2 L gnl/2, (2.2.14)

Rewriting (2.2.11) at (n + 1)-th time-level as

n n n 1 ~n ~n ~n
aMmtll + BMerl + aMmeFll = (AQT)? [ymtll - 2ym+1 + ymill] M= 1a 2a ) Nz - 17
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n=01,..., M —1.
(2.2.15)

On adding (2.2.11) and (2.2.15), we get

n n+1 n n n n+1
N MP o+ MY 5 M+ M +a M2+ ML
2 2 2
L [+ Tmn gty T Vet
Ax)? 2 m.oIm 2 '
(Ax)

(2.2.16)

A use of (2.2.14) in (2.2.16) yields

o bfntll/2 . 077711—};11/2 /anm—l—l/Q 1 . abnm—i;ll/Z . 5 o . C:Ln+1/2
27 2Ax 2 Ar 2002 | | 2(An) 21— T 2

bn+1/2 Cn+1/2 b%+1/2 1
o < 4 m-+1 m+1 I B

~n+1
m+1

1Az 2(Ax)?
|: Oébn+1/2

21— i 2Ax * 2

O‘bnnj;ll/2 n 1 i
o0Azx | (Ax)z)Um

o . b:zntll/Z czj_11/2 N anm+1/2 . 1
— (8% —_
2= 2Ax 2 1Az 2(Ax)?

Y 2 N abn{? I . o OYE
J— J— a J— J—
217 2 o0Ax  (Ax)z)Um 217~ 2Az 2
ﬁsz-l/z N 1
4Ax 2(Ax

m—1

2Ax

-~-n

Ym—1 +

)2} gﬁz+1 — 0wy (agrnbzq + By, + O@Zzﬂ) + owy, (OZZA/?nq + 5?721 + aﬂ%+1)

n—1
~ 1
-0 Z(wn—qH — Wn—q) (O, 1 + BUL + alryi) — 5 {O‘ mi Ume1 "+ Ym1)
q=1

B 4 ) ©ad R mﬁ

(@t B afy ) T, 21D

m

where T = a2 4 gAY 4 a%nmfl/ ®. We assume that Y." is the approximate
solution of ¥ and omitting the truncation error from (2.2.17), we find the following numerical

scheme for (2.1.1)

[ ( o b:zntll/2 . C%t11/2> ﬁbnm+1/2 1

1Az 2(Ax)?

n+1/2 n+1/2
el ab,,” ] o Cm
5=~ 9As 5 Yo+ [ +a ( + )

m-l 2Ax 21—y 2
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n+1/2 n+1/2 n+1/2 n+1/2
_ abm-i'l + 1 Yn+1 + o o + bm+1 + Cn+1 + Bbm / i 1 n+1
20 (Az)2|T™ 21-7  2Ax 2 4Ax  2(Ax)2| ™
pu b:LnJr_11/2 cz;l»_ll/Q 56%4-1/2 1 . ab;Jr_11/2
=\ "2ar 2 )T aas T 2(Ax)? Yot 1~ A,
Y A i N by ? _ by I Y b B cnt?
21— 2 2Ax (Az)2| ™ 2t=v  2Ax 2

BorL/2 1
- + ]YWZH —owy (a4 BYr +aY,r )

4Ax 2(Ax)?
n—1

+ow, (@Y 4+ BY ) +aYm 1) =0 Y (Wngi1 — Wnyg) (@Yl | + BY,L + Yl )
q=1

Lr o n _ _
= 5 [adn P V) 4 B AT Y+ ad O v

n (a ,’::11/2+5f;+1/2+af;f/2), m=12. No—1, n=01 .. M~-1,

(2.2.18a)
with the interval and boundary conditions
Y =p(m,tn), 0<m<N, —k<n<O0, (2.2.18b)
Yot = (tnsr), YT =U(ths), 0<n< M, — 1. (2.2.18¢)
Let
E(m,n) =« (21—7 B bgilf * CZ:;I/Q> a anmg;ﬂ a Q(Alx)z,
G(m,n) =« (2;‘_7 + bgnzf + 677%11/2) + /Binm;;ﬂ _ 2(A11:)2’ (2.2.19)

then we can write the system (2.2.18) in matrix form as

AC™ = B,
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with the coefficient matrix

E(2,n) F(2,n) G(2,n)

E(N, —2,n) F(N,—2,n) G(N,—2,n)

0 E(N,—1,n) F(N,—1,n)
L J (N, —1)x (Nz—1)

2.3 Local truncation error

To find the local truncation error ‘Z” of the proposed scheme, we replace M

M’ and

m—1°

M by Pl O, and y’”“ , respectively in (2.2.11), to get

ox2 ° Ox2 °

. 82 gn 1 82 :’Jn
(ITL — m— m
Q +5 5

m 0x?

P B
o 92 (Ax)? [t = 20 + Tia] +O((A2)P), p > 0.

Using Taylor series expansion for g, _, and y;, ; in term of g, and its derivatives, we get

A oy 1\ oty AR oSyn
B, = (o)) G A0 (o - 35 ) FEHA0! (55 - 15 ) FE+O(A),
(2.3.1)
It is clear from (2.3.1) that for suitable arbitrary values of « (v # 1/12) and 3 such that
n+1/2

2a+ 8 =1, the value of p = 2 is 2. Now, from (2.2.12) the local truncation error R,

9;{7L+1/2 _ ~n S o Ao y;}jl @:}1
m =0 WYy, + Z(wn—z—l—l Wn—i) Uy — Wy, + T oty
i=1

+ prt1/2 ((gﬂﬁ):’]ﬁ + (gxyHl) + /2 (ym + yn+1>

2 " 2

1/2 k+yn+1k 1/2 1/2
g (BB s o

= O((Az)* + (At)?).
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n+1/2
m

Thus, the local truncation error ¥ in (2.2.17) is given by

:szrl/Q _ Oﬁ{g:ll/z + 59%%1/2 + 049‘{’;111/2

n—1 ' @"n-ﬁ-l o gn
= —Q0 | WY1 T (wn—z’+1 - wnfi)gtm—l - wng?n—l + m_12177 e
i=1
B n—1 ) gn-i—l _ gn
— ﬂO’ wlgfn + (wn—i-i-l - wn—i)@qm - wn@?n + W
L i=1
[ L ; 0 Uit = Upa
— Qo wlg];’;“ + Z(wn—i+1 - wn—i)gzm—i-l — WnYpy1 t - 21—7m
L i=1
-bn+1/2 (?790)21—1 + (gx)%—i_—ll n+1/2 777?@—1 + @?ntll dn+1/2 ?7:711_—161 + 721—11_16
+a|b L N A T L
L 2 2 2
+ 5 -bn+1/2 (@z)% + @I)ﬁzﬂ) + Cn+1/2 <i/vfn + g?n+l) B dn+1/2 (w)]

L -bn+1/2 (Ue)1 + Wa)mis nr1/2 (Umes + Umih POARTE Ui+ Ui "
@ |Vm+1 9 + Cmt1 5 Gy 9

(@M 4 BME 2 4 aMEL) 4 (a2 4 8050 4 a7
= (20 + B)(O(Ax)? + O(At)?)
< C((Ax)* + (At)?). (2.3.2)

2.4 Stability analysis

In this section, we will discuss the stability of the numerical scheme (2.2.18) using the Von

Neumann stability method. We write the numerical scheme in the following form

E(m,n)Y 5y + F(m, )Yt + G(m, )Yl = Ex(m,n)Y_y + Fi(m,n)Yy,

+ Gi(m,n)Y  —owy (aYy_, + BY +aYr, ) + ow, (aYe_ + BY, + Y )

n—1 B
1 n _ _
—0 Y (Wnmger = wasg) (Vi + BYE - aY) = 5 Jad, PO 1Y)
g=1 L

BT Y + ad WP (VT V)

+(a Zﬂ%ﬂfﬁ”ﬂaﬂfﬁ), m=12. No—1, n=0,1, .. M—1,
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where
p bn+1/2 Cn+1/2 6bn+1/2 1
E _ m—1  ~m-—1
mn) =l 55+ 55, > ) T aar T aaa
n+1/2 n n+1/2
YCIR JRNL e GPY (R AR ) L G
’ 2Ax 21=7 2 2Ax (Ax)?’
n+1/2 n+1/2 n+1/2
Gl(m n) - a a o bm-i—l o Cm+1 o ﬂbm / + 1
’ 21=7  2Ax 2 4Ax 2(Ax)?’

Let Ym” be the approximate solution of the system (2.2.18) and & = Y, — YHZ. The error

equation of (2.4.1) is

E(m,n)&5 + F(m,n)& " + G(m, n)&ty = Ev(m,n)&,, _y + Fi(m,n)&, + Gi(m,n)é,

—ouwy (a m 1T ﬁf% + 055214-1) + an(afgn—1 + 6521 + afgﬂ-l)

n—

1
— 0 (Wn—g1 — Wn—q) (€1 + BEL + &l 1)

=1
|:CY "+1/2(§n+1 k )+6dn+1/2<£n+1 k g;—k) _i_adnm-:ll/?(gsl—:ll k g;i-kl)} ’

L)

S i~

=1,2,...,N,—1, n=0,1,..., M —1, (2.4.2)

along with the conditions

& =E&v, =0,n=0,1,...,M,.

The grid functions

n xm—%<x<xm+%,m:1,2,...,NI—1,

)= "

0, 0<az<forl-£<z<l,
have the following Fourier series expansion

Z g 2(2]71'1’)’ n—0,1>""Mt’

]7—00
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where

1
= / f"(x)e*mj”)dx.
0

Using Parseval’s identity in Ls—norm, we find

Nz—1 1 fe'e)

2= 3" Aaenf? = / e@Pdr= 3 1CG)P.
m=1

j=—o00

According to the above analysis, we can assume that

E;L@ _ CneiGmAx

Y

where ¢ = v/—1 and 6 is wave number, then from (2.4.2)

E(m, n)CnJrlez'@(m—l)Ax + F(m, n)€n+1eiemAx + G(m, n)<n+1e¢0(m+1)Ax
= F <7n7 n)cneiB(m—l)Ax + R (m7 n)cnewmAx Gy (m7 n)cnew(m—i-l)Ax
— owy (agneiG(m—l)Al‘ + BCneié’mAac + agneié’(m—‘rl)Ax)

+ ow, (acﬂeiQ(m—l)Az + 6Coei6mAz + agoeie(m-i-l)Am)
n—1

o O,Z N wn—q) (agqeiO(m—l)Aa: + cheiGmAz + acqeie(m-l-l)Aa:)
9=

1 |: n+1/2 Cn+1 k z@(m 1)Ax+Cn k z@(m 1) Am) +6dn+1/2(<n+1 k szAx+Cn k z@mAw)]

_ %adnmtrllﬂ(Cn+1—kew(m+1)Az + Cn—keiﬁ(m-i-l)Am)‘ (2.4.3)

idmAx

Dividing both sides by e , we obtain

€n+1 [E(m7 n)e—ié’Az + F(ma n) + G(mv n)eiGAz] = Cn |:E1 (m7 n)e—ié’Az + Fl (’TTL, n)

+ G1(m, n)ewm] —ow (" (ae‘iem + [+ aei‘%“’) + ow,° (ae—wm + B+ aei%x)

— 0> (Wn_gp1 — Wng)C? (e + B+ A7)
q=1

= S ) (ady e AT g g2 — adp A (244)

l\JI»—\
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After simplification forn = 0,1, ...,k — 1, we get the following form
n—1
n U1 — wlU n U
"= (T) ¢~ (q}_:l(wn_q+1 — Wn—g)C? + wnC0> : (2.4.52)

and forn =k, k+1,..., M; — 1, we have

n—1
Cn+1 = (le_T;wlU) gn - Ug2 (Z(wn—q-i-l - wn—Q)Cq + wnC())

g=1

1 ) )
- W(C"H*’c +¢"M (adﬁ_ﬂ/ Pem0AT L Bl o dtY QeZMx) . (2.4.5b)
2

where
U = o(2acos(0Azx) + B),

Uy = E1(m, n)e_i(’m“j + Fi(m,n) + G1(m, n)ewm,

Uy = E(m,n)e” % + F(m,n) + G(m,n)e?>".

For stability of numerical scheme (2.2.18), we prove that [¢""!| < |¢°| by use of mathematical

induction. For n = 0, (2.4.5a) yields

1= (B ) «

_ (2ccos(9Az) + B) (355 — owr) + (1 — cos(AAz))(—X1) — Xo — iX3sin(0Ax) 9
(2accos(0Az) + B) (3% ) + (1 — cos(0Az))(X;) + X5 + i X3 sin(6Az)
|(2cccos(0AZ) + B) (5% — owr) + (1 — cos(0Az))(—X1) — Xo| + Xz sin(6Az) 9

|(2accos(0AZ) + B) (7%) + (1 — cos(0AT))(X1) + Xz + i X3 sin(0Az)|
= R|¢°),

where

(Az)2 "~ 2Az ™1 2Ax Y

B 1y | acos(0Ax)

1/2 1/2
Xo = §Cm + T(Cn"{—l + Cn"{—i-l)?

1
Xi = g+ bt = 2
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54 1 o 1/2 a1/2 Q 1/2 @ 172
— I plz Ty _— B =

|(2cccos(0AZ) + B) (5% — owr) — (1 — cos(0Az)) X1 — Xo| + X5 sin(6Ax)
|(2cccos(0AZ) + B) (7%) + (1 — cos(0Az)) X1 + X5 + i X3 sin(0Az)|

X +

To show that R < 1, we consider two cases.

Case 1. If (2cvcos(0Az) + ) (5% — ow;) — (1 —cos(AAz)) X1 — X5 > 0. Then R < 1

gives,

|(2cccos(0AZ) + B) (5% — owr) — (1 — cos(0Az)) X1 — Xo| + X3 sin(6Az) .
|(2cccos(0AT) + B) (7%5) + (1 — cos(0Az)) X1 + X5 + iXzsin(0Az)|

which gives

(2acos(fAx) + B) ( d

21-7

- awl) — (1 = cos(0Az)) X1 — X5

ag
217

< (2accos(0Az) + ) < ) + (1 — cos(AAZ)) X7 + Xo,
if and only if

(2acos(fAx) + B) (cwr) + 2(1 — cos(6Az)) X, + 2X, > 0,

which is true for all § and Ax.

Case 2. If (2a cos(0Ax) + ) (3% — ow:) — (1 —cos(#Az)) X1 — X5 < 0. Then R < 1

gives

|(2cccos(0AT) + B) (755 — owr) — (1 — cos(0Az)) X1 — X5| + X3 sin(fAxz) -
|(2cccos(0AZ) + B) (5%) + (1 — cos(0Az)) X1 + Xo + iXzsin(fAz)|

which gives

—(2accos(0Ax) + ) (2;7—_7 - 0w1> + (1 — cos(fAz)) X + X

< (2acos(0Az) + ) <2f%> + (1 = cos(AAT)) X1 + Xo,
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which conclude that wy < 3=, true for all values of 7. Now we assume that
17| < [¢°], for j =2,3,...,n. (2.4.6)

We will prove that (2.4.6) holds for j = n 4 1. The equation (2.4.5a) yields

et \Up —w U] +wi|U|\ | o
< (1=l g
(2cccos(0Az) + B) (7% — owr) — (1 — cos(0Az)) X1 — X, — iX3sin(AAx)

(2cccos(0Az) + B) (%) + (1 — cos(0Az)) X, + Xs + iX;3sin(Az)
N ow; (2a cos(0Ax) + ) 0]
|(2ccos(0Az) + B) (7%5) + (1 — cos(0Az)) X1 + X, + iX3sin(fAx)|
|(2cccos(0AZ) + B) (755 — owr) — (1 — cos(0Az)) X1 — Xo| + Xysin(0Az)
|(2accos(0Az) + B) (52) + (1 — cos(0Az)) X1 + X5 + iX5sin(0Az)| <
N ow; (2a cos(0Ax) + B) o).
|(2ccos(0Az) + B) (7%5) + (1 — cos(0Az)) Xy + X, + iX3sin(fAx)|

1¢°]

<

Again, there arise two cases.

Case 1. If (2ccos(9Az) + B) (3% — ow1) — (1 — cos(0Az)) X — X > 0, then

(2cccos(0Az) + B) (%) — (1 — cos(0Az)) Xy — X5 + X3 sin(0Az)
|(2cccos(0AZ) + B) (7%5) + (1 — cos(0Az)) X1 + X5 + i X3 sin(fAz)|

< |¢°).

1¢°]

(" <

[\]
=
|
2

Case 2. If (2ccos(0Az) + ) (3% — owy) — (1 — cos(0Az)) X, — X, < 0, then

—(2accos(0Az) + B) (3% — 20wy) + (1 — cos(0Az)) X1 + Xs + X;sin(fAz)

0
|(2a cos(0Ax) + () (%) + (1 — cos(fAz)) X7 + Xo + X5 Sin(QAa:)‘ 1<

¢ <

Now for [¢" 1] < [¢Y], we have

—(2acos(0Az) + B) (35 — 20w;) + (1 — cos(0Az)) X1 + X5 + X;sin(Az)
|(2accos(0AZ) + B) (7%) + (1 — cos(Az)) X1 + X5 + i X3 sin(0Az)|

— i
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that gives

—(2accos(0Az) + ) ( - 20w1) + (1 — cos(AAz)) X1 + X5

21—
< (2a cos(0Az) + B) (

ag
217

) + (1 — cos(0A)) X1 + Xo.

Last inequality holds true when 5— > w; or 37 > .Nowforn=Fk,k+1,...,M; — 1, the

equation (2.4.5b) becomes

|Us|

(2ccos(0Az) + B) (355 — owy) — (1 — cos(0Az)) Xy — X5 — iX;3sin(fAx)
(2cccos(9Az) + B) (%) + (1 — cos(0Az)) X1 + Xo + iX;3sin(Az)

owi (2 cos(0Az) + B) + |adPe= 00T 4 gantt/? adnmtrllﬂe’eml

|(2accos(0Az) + B) (5%) + (1 — cos(0AT)) X1 + X5 + i X5 sin(0Ax)

n+1/2 _i0Ax n+1/2 n+1/2 i0Ax
|Cn+1| < <|U1—w1U|+w1|U|—|—|adm_1/ e AT + fdy, / _O‘dm+1/ el?s |> KO‘

1¢°]

‘ICOI-

It is clear from previous analysis and mathematical induction that as Az, At — 0, [("T!] <
|C°| for eachn = 0,1,..., M; — 1. Hence, the numerical scheme (2.2.18) is conditionally

stable with the condition 37 > 3.

2.5 convergence analysis

To prove the convergence of the numerical scheme (2.2.18), we assume

E' =7 —Y" m=0,1,..., N, n=0,1,..., M, (2.5.1)

m m?

From (2.2.17) and (2.2.18), we obtain
E(m,n)EX + F(m,n)EXN™ + G(m,n)EMY = Ey(m,n)EL_, + Fi(m,n)E},
+ Gi(m,n)E}, . — ow; (aE),_y + BEL + aEl ) + ow, (aEy_, + BEY, + aEy, )
n—1
-7 Z Wn—q+1 — Wn—g) (OéEglfl + BE;, + aEan)
9=
1 " 2/ m n— n n n— n+1/2/ -n n—
-3 [a FUR(ErHE L Ry 4 gdr VR (BRHE 4 ERRY o adl P (B k+Em+’§)]
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+ (a9 + g2 4 0 @52)

along with the conditions

E} = E} =0, and E), =0,

where
IRH2) < 02 < O((Az)? + (AL)?). (2.5.3)
The grid functions
E. xm—% <x<xm+%,m:1,2,...,Nm—1,
E"(x) =
0, O0<z<A&orl-42<z<l,
and
n+1/2 Az Az — _
%n+1/2<$): m T, Tm— S < T <Tmt+F,m=12... N, —1,
0, ngg%orl—%gxgl,

have the following Fourier series expansions

E'(@) = > X", n=0,1,..., My,
j=—00
and
%n+1/2<x) _ Z Tn+1/2(j)ei(2j7rl‘)’ n=20,1,..., M,
Jj=—00

respectively, where
1
Xn<.7) _ / En(x)efz‘@jmc)dx’
0

and

1
Tn+1/2(j):/ mn+1/2(x>efi(2jm:)dx.
0
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Using Parseval’s identity in Ls—norm, we find

Ny—1 1 o
B3 =) AolBy[* = / EM@)Pde = > G, 254
m=1 0 j=—0o0
and
N.—1 1 &
o2 = 30 Adip R = [P = 30 RG)E @59)
m=1 Jj=—00
Now, we assume that
Egl _ XneiQmAxy (256)
and
9:{n7n+1/2 _ rn+1/26i9mﬁﬂv’ (257)

where # = 27j. Using equations (2.5.2) and (2.5.6) in (2.5.7) forn = 0,1,...,k — 1, we

have

n U—wiUy\ , U ! Urnti/?
= (P e - (Z(wn_q+1 SN +wnx°> F 2T sy

O'UQ
g=1

andforn =k, k+1,..., M, — 1, we have

. Uy —wU\ , U [
X" = <IT> X U, (Z(wan — W)X’ + wnXo)

qg=1
1 n+l-k n—k n+1/2 _idAx nt1/2 n41/2 i0Az Uyntl/2
B 2_[]2(X . +X ) <C¥dm71 € +Bdm+ /2 aderl € > + o'U2
(2.5.8b)

Proposition 2.5.1. There exist a positive constant C such that | x"*'| < (14+CAt)"Hr1/2| n =
0,1,..., M, —1.

Proof. Clearly \° = x°(j) = 0 (as E° = 0). From the convergence of the series on

the right-hand side of the equation (2.5.5), there exists a positive constant C' such that
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[Pt 2 < OAtrY?, n=0,1,..., M; — 1. From (2.5.3) and (2.5.5), we get
[97F12|y = C((Az)? + (A1)?), n=0,1,..., M, — 1,

by the use of mathematical induction, for n = 0, we have

(2a cos(O(Ax)) + B)ri/?
20 cos(0(Ax)) + B) (5a557) + (1 — cos(0(Ax))) X1 + X, + i X3 sin(0(Ax))

X'l =
(
< OAtr?) < (14 CA)|r/2).
Now assuming that
IX°] < (1+ CADP 2|, p=2,3,...,n, (2.5.9)
we will prove that (2.5.9) is true for p = n + 1. Equation (2.5.8a) yields

|U1 — U}lU‘ + U)l‘U|
|Us|

mwwg( )u+cmWWW

N (2a cos(0Ax) + B)rt/?
(2accos(0Az) + B) (%) + (1 — cos(0Az)) X1 + Xo + iX3sin(fAz) |’

based on proof of stability, it can be easily proven that
" < (1 + CAY)" Y2 forn = 0,1,... k — 1.

Forn =k, k+1,..., M; — 1, equation (2.5.8b) yields

|Us|

N (2a cos(0AT) + B)r/?
(2accos(0AZ) + B) (5%) + (1 — cos(0Az)) X1 + X + iX;3sin(0Az)

n+1/2 _igAx n+1/2 n+1/2 i0Ax
] < <|U1—w1U|+w1|U|—i—|adm_1 e + Bdm " —ad,, [ {"e |) (14 CAL)|r2]

Similarly, as in the stability, we can prove that

" < (14 CA)" Y rY? forn =k ok —1,..., M, — 1.
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Hence, by the mathematical induction we can say that [x"| < (1 + CA¢)"|r!/?2

1,2,..., M, N

| forn =

Theorem 2.5.1. The numerical scheme (2.2.18) is convergent and the solution satisfies
g — Y|l < C((Az)* + (At)?), m =1,2,..., Ny, n=1,2,..., M,

where C' is a positive constant independent of Ax and At.

Proof. From equations (2.5.4) and (2.5.5) and proposition (2.5.1), we obtain
[|E™|2 < (14 CADM|RY?||y < Ce A ((Az)? + (A, n=1,2,..., M,
then
1E"]]s < C((Az)* + (At)*), n = 1,2,..., M,

Thus, the numerical scheme (2.2.18) is second-order convergent. O]

2.6 Numerical Illustrations

In this section, the efficiency and effectiveness of the proposed technique are demonstrated
by implementing our numerical method on two test examples for the TF-DPDEs. The exact
solutions to these problems are not available, so we employ the double mesh principle to
determine the errors in L., and Lo,—norms. We also compute the corresponding orders of
convergence using definition 1.3.8. We consider the following TF-DPDEs with 7 = 1 and

suitable interval and boundary conditions.

Example 2.6.1.

OCDZy — Yo + (2 — xQ)ym +ay=y(x, t—7)+ 107526775(1‘ — 902), (x,t) € (0,1) x (0,2],

Uy(z,t) = 0, Yy(t) =0, ¥, (t) = 0.
Example 2.6.2.

OCD;*y — Yoz + €Y + (2 + 1)t + Dy = y(z,t — 7) + 102 (22 — 2?),
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(1) € (0,1) x (0, 2], ¢y, ) = 0, ti(t) = 0, ¢p(t) = 0.

Replacing the 7y order fractional derivative with the first-order integer derivative, we define

the following problem

Y — Yoz + 0(x, )y, + c(x, t)y(x,t) = —d(z, t)y(z, t — 7) + f(2,1), (2.6.1)

where b(z,t), c(x,t), d(x,t), f(z,t), and the interval and boundary conditions are the same
as defined in Examples 2.6.1 and 2.6.2.

We have shown the errors in Ly and L, norms for different values of -, in Tables 2.1 and
2.3, for Examples 2.6.1 and 2.6.2, respectively. From these tables, it can be observed that as
we increase [V, and M, the errors decrease and are in good agreement with the theoretical
results. It confirms our theoretical estimates that the suggested scheme is second-order
convergent. From Tables 2.2 and 2.4 one can observe that the errors in L, and L., norms for
Examples 2.6.1 and 2.6.2 approach to the errors for the problem (2.6.1) as v approaches 1.
In Figures 1 and 4, we portray the numerical solution profiles of Examples 2.6.1 and 2.6.2,
respectively, for different values of . Figures 2 and 5 exhibit the graphs of the numerical
solutions of Examples 2.6.1 and 2.6.2 at different time levels. Keeping v fixed, Figures 3
(v = 0.9) and 6 (7 = 0.8) show the decrease in the error when we increase the number of

points in both directions.

Remark 2.6.1. To draw the Figures 1, 2, 4, and 5, we have used N, = M; = 64.

2.7 Concluding Remarks

This chapter suggests a numerical method comprising a Crank-Nicolson scheme with tension
spline for TF-DPDEs. The Caputo fractional derivative is used to discretize the fractional-
order time derivative. Using the Fourier series analysis, the method is proved to be condi-
tionally stable. Moreover, through rigorous analysis, the method is shown as a second-order
convergent for arbitrary suitable choices of « (o # 1/12) and 3 with 2a+ 3 = 1. The method
is easy to apply to the problem (2.1.1) and can easily be manipulated in MATLAB software.

Numerical examples demonstrate the effectiveness and adaptability of the suggested method.
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Table 2.1: Ly and L, errors, and respective orders of convergence for Example 2.6.1

Number of grid points
v Norms N,=16 Np=32 Np=64 Np=128 Np=256
M:=16 M,=32 M,=64 M,=128 M,=256
0.2 Loy 1.3267e — 04 3.3053e — 05 8.2474e — 06 2.0583e — 06 5.1364e — 07
2.0050 2.0028 2.0025 2.0026
Lo 1.8951e — 04 4.7303e — 05 1.1806e — 05 2.9472e — 06 7.3548e — 07
2.0023 2.0024 2.0021 2.0026
0.4 Ly 1.3441e — 04 3.3361le — 05 8.2804e — 06 2.0516e — 06 5.0684e — 07
2.0104 2.0104 2.0130 2.0171
Lo 1.9222e — 04 4.7819e — 05 1.1871le — 05 2.9427e —06 7.2719e — 07
2.0071 2.0101 2.0122 2.0167
0.6 Loy 1.3624e — 04 3.3525e — 05 8.2014e — 06 1.9837e¢ — 06 4.7076e — 07
2.0228 2.0313 2.0477 2.0751
Lo  1.9512e — 04 4.8151e —05 1.1787e — 05 2.8537e —06 6.7834e — 07
2.0187 2.0304 2.0463 2.0728
0.8 Ly 1.3928¢ — 04 3.3929¢ — 05 8.1226e — 06 1.876le — 06 5.2160e — 07
2.0374 2.0625 2.1142 1.8467
Lo 1.9977e — 04 4.8835¢ — 05 1.1707e — 05 2.7112e — 06 7.4798e — 07
2.0324 2.0605 2.1104 1.8579

s = = =
g2 8 = 2 2
8 8 =2 =8 =

Numerical Solution
=
E 2

Numerical Solution
=
3

0 )
0 g2 03 g4 u‘é—ym

Space

b~v=0.9

0 g 125 ime
e L

e !
015

Figure 1: Numerical solution for Example 2.6.1 for different values of ~.
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Figure 2: Graph of numerical solution for Example 2.6.1 at different time levels.
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Figure 3: Absolute error for Example 2.6.1.

Table 2.2: Comparison of Ly and L, errors between Example 2.6.1 and problem (2.6.1)

Number of grid points

P Norms No=16 No=32 N,=64 Np=128 N5 =256
M¢=16 My =32 My =64 M;=128 My =256
0.9 Lo 1.4242e — 04 3.4795e — 05 8.3520e — 06 1.9282e — 06 5.2170e — 07
Lo 2.0443e — 04 5.0111e — 05 1.2044e — 05 2.7879e — 06 7.4758e — 07
0.95 Lo 1.4483e — 04 3.5645e — 05 8.6711le — 06 2.0539e — 06 4.5867e — 07
Loo 2.0797e — 04 5.1331e — 05 1.2498e — 05 2.9655e — 06 6.6511e — 07
0.99 Lo 1.4734e — 04 3.6640e — 05 9.0948e — 06 2.2434e — 06 5.4591e — 07
Lo 2.1164e — 04 5.2747e — 05 1.3096e — 05 3.2325e — 06 7.8718e — 07
0.999 Lo 1.4800e — 04 3.6912e — 05 9.2170e — 06 2.3008e — 06 5.7358e — 07
Lo 2.1259e — 04 5.3133e — 05 1.3270e — 05 3.3134e — 06 8.2609e — 07
Error for (2.6.1) Lo 1.4807e — 04 3.6944e — 05 9.2313e — 06 2.3075e — 06 5.7686e — 07
Loo 2.1270e — 04 5.3178e — 05 1.3291e — 05 3.3230e — 06 8.3072e — 07
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Figure 4: Numerical solution for Example 2.6.2 for different values of .

Table 2.3: Ly and L, errors, and respective orders of convergence for Example 2.6.2

Number of grid points

~ Norms N,=16 N,=32 N, =64 Ny=128 N, =256
M;=16 M;=32 M =64 M;=128 M;=256
0.2 Ly 29711e — 04 7.3928¢ — 05 1.8478e — 05 4.6247¢ — 06 1.1581e — 06
2.0068 2.0003 1.99984 1.9976
Lo 5.098le — 04 1.2674e — 04 3.1686e — 05 7.9297e — 06 1.9846e — 06
2.0081 2.0000 1.9985 1.9984
0.4 Lo 3.0021e — 04 7.5004e — 05 1.8847e¢ — 05 4.7512¢ — 06 1.2015e — 06
2.0009 1.9926 1.9880 1.9835
Lo  5.1291e — 04 1.2785¢ — 04 3.2107e — 05 8.0725¢ — 06 2.0342¢ — 06
2.0043 1.9935 1.9918 1.9886
0.6 Ly 3.0453e — 04 7.6757e¢ — 05 1.9566e — 05 5.0474e — 06 1.3232e — 06
1.9882 1.9719 1.9547 1.9315
Lo 5.1731le — 04 1.2970e — 04 3.2937¢ — 05 8.4153e — 06 2.1767e¢ — 06
1.9959 1.9774 1.9686 1.9509
0.8 Lo 3.0740e — 04 7.8291e — 05 2.0832e — 05 5.4693¢ — 06 1.6242¢ — 06
1.9732 1.9100 1.9294 1.7516
Lo  5.1996e — 04 1.3144e — 04 3.3870e — 05 8.9166e — 06 2.4352¢ — 06
1.9840 1.9563 1.9254 1.8725
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Table 2.4: Comparison of Ly and L, errors between Example 2.6.2 and problem (2.6.1)

Number of grid points
~ Norms No=16 Ny=32 Ny=64 Np=128 Ny=256
M;=16 My=32 M;=64 M;=128 M;=256
0.9 T3 3.0553¢ — 04 7.7633¢ — 05 2.0176¢ — 05 5.4251c — 06 T.5731c — 06
Loo 5.1757e — 04 1.3058e — 04 3.3620e — 05 8.8625¢ — 06 2.4413e — 07
0.95 Lo 3.0278e — 04 7.6379¢ — 05 1.9605¢ — 05 5.1654¢ — 06 1.4239¢ — 06
Loo 5.1432¢ — 04 1.2904¢ — 04 3.2942¢ — 05 8.5509¢ — 06 2.2979¢ — 07
0.99 Lo 2.9943e — 04 7.4708e — 05 1.8784e — 05 4.7614e — 06 1.2242e — 06
Loo 5.1033e — 04 1.2713e — 04 3.1960e — 05 8.0674e — 06 2.0570e — 07
0.999 Lo 2.9850¢ — 04 7.4230¢ — 05 1.8545¢ — 05 4.6416¢ — 06 1.1638¢ — 06
Loo 5.0925¢ — 04 1.2658e — 04 3.1672e — 05 7.9235¢ — 06 1.9851e — 07
Error for (2.6.1) Lo 2.9839¢ — 04 7.4175¢ — 05 1.8517¢ — 05 4.6276e — 06 1.1568¢ — 06
Loo 5.0913¢ — 04 1.2651e — 04 3.1639¢ — 05 7.9067¢ — 06 1.9768¢ — 07
0% 0% :
+ t=05 + 105
0t 1 0t 1
= 1210 +t=10
S0 1 051 1
] ~tz15 0 t=15
2 3
9 02r 1 o 02r 1
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o8 1 Qotst 1
T
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3
Z o1t 1 3ur 1
005 1 005 4
0 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 1
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Figure 5: Graph of numerical solution for Example 2.6.2 at different time levels.
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Figure 6: Absolute error for Example 2.6.2.
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The proposed technique can be extended to the nonlinear TF-DPDEs and systems of FPDE:s.
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A higher-order stable numerical
approximation for time-fractional
non-linear Kuramoto-Sivashinsky

equation based on quintic 3-spline

This chapter deals with designing and analyzing a higher-order stable numerical approxi-
mation for the time fractional Kuramoto-Sivashinsky (K-S) equation, which is a fourth-order
non-linear equation. The fractional derivative of order y € (0, 1) present in the considered
problem is taken into Caputo sense and approximated using the L1 — 2 scheme. In the
space direction, the discretization process uses quintic B-spline functions to approximate the
derivatives and the problem’s solution. We have established unconditional stability results
and convergence of rate of accuracy O(h? + k?), where h and k denote the space and time
step sizes, respectively. We have also noted that the linearized version of the K-S equation
leads the rate of accuracy to O(h? + k37Y). The present approach is also highly effective

for the time-fractional Burgers equation. We have shown that the current approach provides

R. Choudhary, D. Kumar, Numerical solution of linear time-fractional Kuramoto-Sivashinsky equation via
quintic B-splines, Int. J. Comput. Math. , (2023), 1-20.
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better accuracy than the L1 scheme with the same computational cost for several linear and

nonlinear problems with classical and fractional time derivatives.

3.1 Literature survey

Nonlinear fractional order problems with nonlocal structures are frequent in several fields
of engineering, physics, and applied mathematics. Analytical prospects of nonlinear prob-
lems like global wellposedness, local dynamics of periodic solutions, chaotic behavior, and
nonlinear stability require a strong hypothesis, which is necessary for qualitative analysis of
the problems. This is because highly accurate convergent approximations of the nonlocal
problems are only sometimes straightforward when the nonlinearity appears in space. One can
look into the complications involved in dealing with the existence and stability of symmetry-
breaking bifurcations of solitons of vortex-soliton solutions and fractional NV soliton solutions
for nonlinear problems like fractional nonlinear Schrodinger equation, generalized time-
fractional Benjamin Bona Mohany Burgers’ equation, in the articles [118—121]. In the present
work, we deal with the approximations of a nonlinear evolutionary Kuramoto-Sivashinsky
(KS) equation which appears in the long waves from the interface between two viscous fluids,
in unstable drift waves inside plasmas [122], etc. This equation is closely linked with the
nonlinear KdV equation [123], which demonstrates the thin film dynamics down a wall,

moving from the vertical to the horizontal side [124].

KS equation is a fourth-order nonlinear time-dependent PDE involving a second-order
derivative that is accountable for instability at large scales, a fourth-order derivative in space
that leads to damping at small scales, and a nonlinear term that stabilizes the problem by
transferring energy from large to towards small scales. We consider the time derivative of
the KS equation to be nonlocal so that the global behavior of the solution can be detected
in practice. The present approach will also follow the standard KS equation where the time

derivative is not of fractional order.

In the present work, we consider the following nonlinear Kuramoto-Sivashinsky (KS)

equation with the Caputo type time fractional derivative of order y € (0, 1)

DY u(s, t)4+ai(s, t)u(s, t)us(s, t)+as(s, (s, t) Fas(s, t)usss(s, ) = g(s,t), (3.1.1a)
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defined on (0, 1) x (0, 7] with the set of boundary conditions (BCs)

U(O,t) = fO(t)7 u<17t) = fl(t)u

(3.1.1b)
us(0,t) = 0, ug(1,t) =0,
or
u(0,t) = fo(t), u(l,t) = fi(t),
(0,2) = fo(t), u(1,t) = f1(t) Gil1o)
uss(0,1) = 0, ugs(1,8) =0,
for 0 < ¢t < T, and the initial condition (IC)
u(s,0) = ¢(s), 0 <s < 1. (3.1.1d)

ai(s,t), as(s,t), and as(s,t) are real-valued functions of s and ¢, as(s,t) and as(s,t) are
connected to the growth of linear stability and surface tension [125], respectively. We have
assumed that aq (s, t), as(s,t), az(s,t), f(s,1), ¢o(s), fo(t), and fi(t) are sufficiently smooth
functions. When a3(s, t) is zero, the surface tension term is terminated, and the Equation
(3.1.1a) is reduced to the time-fractional Burger’s equation. For Burger’s equation involving
classical time derivative, solutions based on traveling waves are well defined. However, in the
absence of dispersive effects, complex dynamical behaviors like spatiotemporal chaos [126]
appear when the term a3(s, t) is present and is not large enough. The linear version of the

above time fractional problem will be of the following form

gD?u(s,t)—i—al(s,t)us(s,t)—l—ag(&t)uss(s,t)—i—ag(s,t)ussss(s,t) =g(s,t), (s,t) € (0,1)x(0,T7,
(3.1.2)
with the same set of BCs ((3.1.1b) or (3.1.1¢)) and IC ((3.1.1d)).

Note from the definition (1.3.1), the problem (3.1.1a) is nonlocal as time evolves. The
approximation of this integral requires the storage of previous time information and hence
increases the computational cost. In addition, this problem will behave like the Navier Stokes

equation as the coefficient a3 becomes small. In this case, the solution will have a large
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front, varying in time (see, e.g., [127] for steady-state case). These time-varying solutions are
challenging to detect if one uses standard approaches—the time fractional KS equation has
all of these features in its dynamics. Correspondingly, the convergence of the approximations
of this problem requires stepwise mathematical analysis, and the numerical approximations

must detect those fronts, too.

In the present context, qualitative analysis, including the wellposedness of the KS equation,
is well established in the literature. One can look into [128] for the existence and uniqueness
of the modified versions of the KS equation. In the case of the ill-posed backward time KS
equation, a regularization approach is necessary [129] and can be adapted using the concepts
of control theory. The qualitative properties like the local dynamics of periodic traveling wave
solutions and nonlinear stabilities are analyzed in [123]. An asymptotic analysis of the KS
equation appearing in oscillatory core annular flow and the effect of background oscillations
on the steady-state version of the KS equation and its chaotic states, time-periodic states, and
nonlinear dispersive states are visible in [130]. Spectral and nonlinear modulational stabilities
for the periodic solutions of the KS equation based on small perturbations are established
in [131]. Spectral methods are also introduced for this equation in [132]. In the context of
the nonlinear stochastic KS equation, surface roughness due to the multiple time and length

scales can also be controlled periodically [133].

Numerical approximations of nonlinear problems are complicated and require linearization
techniques to transform them into a system of algebraic equations (see [134, 135]). One
can use low-order accurate upwind schemes when the time derivative is not of fractional
form. In this case, several numerical approximation methods are available in the context
of the KS equation. Spectral collocation methods based on Chebyshev approximations for
higher order derivatives can be seen in [136] where the lower order derivative terms are
approximated by integrating the higher order derivative approximations. Pseudo-spectral
methods [126] in space with implicit explicit backward difference formula in time can also
be used to obtain higher order accuracy for the KS equation. Collocation methods are also
used in space based on polynomial scaling functions in [137] where the authors have used
the Crank-Nicolson scheme [138] in time. Method of lines using radial basis functions are

also considered for computational experiments of generalized KS equation in [139]. Compact
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implicit schemes [140] on variable meshes are analyzed to deal with quasilinear biharmonic
equations and KS equations with the time derivative of nonfractional order. In the context of
linear problems, spline collocations are generally used to obtain higher-order approximations
in space. For several types of KS equations and reduced Burgers equations, it is observed
that the quintic B-spline [134] and exponential modified cubic B-spline [141], can detect
the original solution behavior experimentally. However, these methods deal with local time
behavior, and a rigorous mathematical convergence analysis behind the experiments is not

available here.

For fractional differential equations, the wellposedness properties and the smoothness of
the solution depend on the fractional derivative type and its order in the differential model.
This observation can be made from [142, 143] for Caputo-type fractional problems and in
[144] during approximations of variable order fractional systems. Fast numerical schemes for
stochastic differential equations with Riemann Liouville-type fractional derivatives are also
obtained in [145]. For time fractional problems, the reduced system of algebraic equations will
not be tridiagonal, leading to higher computational costs. This cost increases for the system of
problems, especially when the nonlinearity appears in space [127]. One can look into [146]
on how to reduce the computational cost for the system of problems. In this chapter, we aim
to obtain the space-time higher-order accurate approximations using a suitable linearization
approach that maintains the higher-order accuracy in space and time. We consider the quintic
B-spline approximation to obtain the higher order accuracy in space. Note that the definition
(1.3.1) involves a weakly singular kernel, in addition to a differential term, which can be
approximated by L1 discretization. This approximation leads to an order of accuracy between
(1,2) if the fractional order v lies in (0,1). In this work, we have considered a L1 — 2
approximation of the time derivative, which leads to the order of accuracy between (2, 3) in

time when v € (0, 1).
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3.2 Construction of numerical approximation

3.2.1 Time semi-discretization

For this, we consider a partition {2, of the time interval [0, 7] satisfying {2, = {0 = ¢, <
t1 < -+ < ty,—1 < ty, = T} with equidistant points ¢; = jk, j = 0,1,..., M;, where
k = T /M,. For the rest of the numerical analysis, we consider the boundary condition (3.1.1b)

as the similar analysis follows for (3.1.1a), (3.1.1d) with the boundary condition (3.1.1c¢).

Notion of L1 — 2 scheme: We start the discussion by defining the widely used L1
discretization [2] on a non-uniform mesh to approximate the time-fractional derivative (1.3.1)

att:tj:

J t
c u(z,t,) —ulx,t,_ 1)/Z d¢ A
DYu(s, t;) E L S
0 Diuls, ril—vy t—t (=0 +r

=1 z—1

where t7 is the local truncation error (LTE). For the uniform mesh, the LTE is proved to be of
O(k*7Y) (see [147, 148] for details). Therefore, the L1 approximation for Equation (1.3.1) at

a nodal point ¢; on the time mesh (2, is

t,) —u(z,t,_q) b= dc
CDY . u xZ, z—1 / .
0 tu(ga 1 _ Z t,—t,_ t._1 (tj o C)y

z=1

Now the sole idea of the .1 — 2 scheme consists of approximating the partial derivative
du(s,¢)
9¢

imation uses the theory of linear interpolation and, for [t,_1,t,], z > 2, the derivatives are

in two different ways in different partitions. In the subinterval [to, 1], the approx-

approximated by quadratic interpolation. The process provides a modification in the L1
formula by adding a correction term with LTE of O(k37Y) (see [64] for more details). By the

use of this L1 — 2 scheme, the Caputo time-fractional derivative §' D, u(s, t) is discretized as

, Y e
S DY u(s,t;) :F(Q m— [w%’u(s, t;) = > (wi, ; —wi  Ju(s ty,) —w] ju(s,to)
n=1
+tl, j=1,2,..., M, (3.2.1)
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where the truncation error r{ is of O(k*7Y). The coefficients appear in the Equation (3.2.1)

are given by [64]

)
by + ¢, n=0,

wy =1, forj=1,andforj>2 wy=qp +c¥ ¢’ ,, 1<n<j—2 (322

y . .
\b}’l—cn_l, n=j—1

In Equation (3.2.2)
b=mnm+1)"Y—n"Y, 0<n<j—1,
and
1
o= gy D7 = o] =Sl + DY 4], 0<n < -2

The following properties of the above constants will be used for stability analysis of the
discrete problem. For 0 <y < 1,bY and w) (0 <n < j—1, j > 3) satisfy (see [64])
by>0,n>0, b _,>b n>1,
wy > [wil], wy >0, n#0,
j—1
wi >w) > >w g, w)>w), and Y w)=j".
n=0
Using Equation (3.2.1) and denoting u(s, t;) as u/(s), at t = ¢; for j = 1,2,..., M,, the
semi-discrete form of given nonlinear KS equation (3.1.1a)-(3.1.1b) and (3.1.1d) can be

expressed as

_ Jj—1
P [06) = )y = w0 e) = i) + ) )l
n=1
+ab(s)ul (s) + aj(s)ul (s) = ¢’(s) + O(K* ), 0 < s < 1, (3.2.3a)
with the BCs
w(0) = f], wi(1) = f], (3.2.3b)
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and

(1) =0, (3.2.3¢)

and the IC
u’(s) = ¢(s), 0 < s < 1. (3.2.3d)

We consider linearization of the term u/(s)u?(s) in Equation (3.2.3a) as follows [149]

(0 (s)ul (5))PHH = (! ()" (w7 ()P + (w71 ()P (ul(s) T = (/" (s)ul " (s))”
p=0,1,2,..., (3.2.4)

where p denotes the number of iterations. The truncation error of O(k?) will be obtained in
this process (see [149] for details). The initial guess (u)° is chosen in such a manner that
the IC and BCs of (3.2.3) are satisfied. Putting this linearization from (3.2.4) in (3.2.3a) and

rearrangement of the terms, provides

[Awg -+ af () (ud ™ (5))7)(w ()" + af () (W (5))P (ul(5)"* + aj(s) (ulo ()"

J—1

+ aj(s) (e ()P = ¢ (s) + A [Z(w}nl —w_,) (" (s))P A wi (u’(s) P
+al(s) (W)l 8P+ Th, 0 < s <1, 0<j <M, (3.2.5)

For simplicity, we denote (u’(s))?*™ and (u/(s))? by @’(s) and u*/(s), respectively. On

simplification of (3.2.5), we get

[Awg + af (s)u ™ () (5) + af (s)u™ ™ (s)Ul(s) + a3(s)ils () + a4 ()W oss (5)
=¢'(s) +A{Z(w}n1 —w)_,)u"(s) +wf_@(s)| + af(s)u " (s)ul " (s) + T,

where A = r( and T is truncation error given by

2

|Te| < Cak™nBB—72 — Cok?) (3.2.7)
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where Cj is a constant, which depends only on u. Equation (3.2.6) is the time semi-discretize
form of Equation (3.1.1a), which, at each time level, is an ordinary differential equation that
will be further discretized in a way so that higher order convergence is obtained in space for

the proposed spline collocation technique.

3.2.2 Spatial discretization

To discretize the Equation (3.2.6) with BCs (3.2.3b)-(3.2.3c) and IC (3.2.3d) in space, we use
a collocation approach by quintic 3-spline basis functions. We create a uniform partition
[Ty, of space interval [0, 1] such that [Ty, = {0 = s9 < 1 < -+ < sy._1 < sy, = 1} with
mesh points s; = ih, i = 0,1,..., N, and step size h = 1/N,. First, we consider a space
Ssvs = {7(s)|7(s) € C*0,1]}. Using the results of [150], the basis for quintic 3-spline

functions B;(s) (—2 < i < N + 2) are given as

(s — si_3), 5 € [8i-3,5-2),
(5 —si3) — 60(s — 5i-2), s € [si-2,5i-1),
( ) ) +15@(s = si-1), 5 € [si-1,8),
Bi(s) = 75 0 (5103 = 8) = 6@(si42 — 8) + 15@(s:41 — ), 5 € [si,8001),  (-28)
(Sits —8) — 6@(sit2 — ), S € [Sit1, Sita),
( ), s € [Sita; Sit3),

0, otherwise,

where @(s) = s°. To describe the quintic B-spline functions, we suggest 5 points on each
side of the partition ITV: as s_5 < s_4 < 5.3 < 5.9 < 51 < spand sy, < Sy, 11 < SN, 42 <
SN.43 < SN.44 < Sn,u5. It is straightforward to check that {3;(s) f\;fg forms a basis on
1V (see [151]). The values of each 3;(s) and its first four derivatives are provided in Table

3.1. We will employ these quintic 3B-spline functions to approximate s, tss, ts and u at

the time level ¢ = ¢;.
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Table 3.1: Values of 3;(s), Bi(s), B/ (s), B (s) and B!"(s) at the node points

Nodal points
Functions Si_o Si—1 S; Sit1 Sito Otherwise
B,(s) 1 26 66 26 1 0
/ 5 50 50 5
231‘ (5 ) h n 0 ~h 7 0
20 40 120 40 20
B(s) 7 72 — 72 7 0
B omo om0 mom
120 480 720 480 120
3" (s) i 3 i g7 0
We desire an approximation of @ (s) as
No+2
I(s) = > €lBy(s), (3.2.9)
i=—2

where unknown scalars €/’s depend on time which will be evaluated from the BCs and the
collocation structure of the problem. Employing the quintic spline functions from (3.2.8) at

nodal points s;, we find

U (s;) = @1,, 4 26€, | + 66¢ + 26¢) | + @/ ,, (3.2.10a)
Ul(s;) = 2(%2 +10¢7,, —10€) | — @ ), (3.2.10b)
U (i) = 22 (€], +2€], — 6€] +2€]_, +a],), (3.2.10¢)
Ul (s:) = 22 (€, —2¢,, +2¢]_ , —¢_,), (3.2.10d)
Ul(si) = 1,3 ! (€L, — A€l | +6€] —4¢]_, + ). (3.2.10e)

Using the above expressions in the semi-discrete Equation (3.2.6), we get following system
of algebraic equations

(P! — Ql + RI + 8))¢]_, + (26P] — 10Q] +2R] — 45/ )@g‘_l

+ (66 — 6R] + 65/)€) + (26P! +10Q) + 2R} — 4S/)¢l, |
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+ Pj+Q7+Rj+87 g ——pj,z’——O,l,...,NS,j——1,2,...,Mt, (3.2.11a)
7 () 7 7 1+2 7
where

Pl = A + al (st (s1), ©F = al () (50),

7 S h
20 120
Ri = 5@(si) S = Sras(s),
. . jil o~ ~
o =g + A[ (w]_pyy = w]_ U (s3) +w] U (i) | + aq(si)u ™ (si)u? ™ (si).
n=1

The above notations are defined before (3.2.6). Now, in terms of quintic splines, the BCs

((3.2.3b) and (3.2.3c)) are expressed as

U (s0) = €, + 26€7 | + 66€) + 26€] + €} = f1, (3.2.11b)
U (sn,) =@y, + 26 | +66€% +26€% | +C) o= fi, (3.2.11c)
and
Ul (sg) = —€7, —10€7 , 4+ 10¢] + ¢} =0, (3.2.11d)
Ul(sn,) =~ _, — 10€% | +10€) ., + €} ,, =0. (3.2.11e)

On eliminating ¢/ ,, @’ |, %SH, and @g'vsﬂ from the system (3.2.11b)-(3.2.11e) and
substituting in (3.2.11a), we obtain an (/N; + 1) x (Vs + 1) penta-diagonal system of algebraic
equations

AXT = 27, (3.2.12)
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where
Ay Ay Ay 0 0 0
Ay Ay Azz Ay 0 0
@ v v 0
A= pj qf r{ vf yf )
0 pjvs—z qgvs—z 7”5\/5—2 Ugvs—Q yg\fs—Q
0 0 Ay, n,—2 AN, N,—1 Ay, N, An, N+1
i 0 0 0 An, 11,81 AN, +1.N, 2[NS+1,NS+1_
(3.2.13)
¢ 8¢5 + (506 — 4b/2) f3
i 8¢l —plfi/2
Xi=| ¢ |, 2= o . (3.2.14)
<lI5\&—1 8@3\/571 - Z/{vsqff/z
| @, | 8, + (Bu, — v, /2)1

The elements of the matrix A are given by

Ay = 330p) — 33¢7 + 8rd, Uyy = 260p], — 1847 + 8vl, Uys = 18p) — ¢ + 8y,
Wy = —33p] + 8q], py = —18p] + 871, Uys = —p| + 8v], Upy = 8y,
Ay, No—2 = 8Py, Un,Nem1 = 8, 1 — U, 1> ANy, = 8k, — 18yh s,
Ay, N+ = 8%,y — 33yhy 1, Un,1n,—1 = 8Py, — vy, + 18y,
Uy, +1,n, = 8qi, — 1804, + 260y, Un,+1.n,+1 = 8y, — 3303, + 3304,
Pl =P —Q +RI+ 8/, ¢/ =26P) —10Q] + 2R} — 487, r! = 66P) — 6R! + 65/,

= 26P) +10Q] + 3R] —4S], gl =P} + Q} 4RI + S,
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For initial time level j = 0, we determine (€7, €",..., €} _,,€% ) from the IC U'(s;) =
¢(s;). For this, we use BCs U%(sq) = 0, U (s, ) = 0, U (s0) = 0, and U°,(sy,) = 0. After

all these implementations, we obtain the required system ZX? = Z° having unknowns X,

where
54 60 6 0 0 0
oL 135 105 g an (s0)
1 26 66 26 1 0 ¢! B(s1)
7= 1 26 66 26 1 , X=1 @ |, 2= ¢(s)
0 1 26 66 26 1 e, P(sn,-1)
0 0 1 1% B 10 | x| | o(sn.) |
0 0 0 6 60 54

The corresponding numerical algorithm for the proposed approximation is given below:

Algorithm 1 Algorithm of Present Collocation Approach

Require: Fractional order (y), A, Step sizes in Time and Space: (k and h, respectively), The
number of partitions in time and space (M; and Ny, respectively)
Ensure: Approximate Solution: L{f
Define the matrix Z at initial time level
Calculate unknown XY initially.
forj =1: M, do
Consider the unknowns (€7)Y=*2 from (3.2.9)
Calculate p, ¢/, 7/, v, y, ¢! from (3.2.13)
Calculate the matrix 2 and column vector Z7 from (3.2.13) and (3.2.14)
Find X7 from (3.2.12)

Find the approximate solution U as defined in Equation (3.2.10a)

3.3 Stability Analysis

In this province, we utilize the Von-Neumann procedure to test the stability of the present

approach (3.2.11). To study this, we represent the discretized scheme in the subsequent
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formation

PLe L+l € ) e+ vin@inJrl + ym@m+2 =g, + A[ (W] —wi ) (€

+26€5, | + 66€7, +26€7, ) + €] o)+ w) (€5, +26€;,_; + 66€,, + 268, +C, )

+ @ (5 () U (sp), m=0,1,..., Ny, j=1,2,..., M,. (3.3.1)

Suppose that @jm be the perturbed solution of (3.2.11a), then the perturbation A/, = @{n - @J

satisfies
j—1

pjm o+ q] )\j 1t 7’] )\j +v) )\m—i-l + ym)\m—i-Q = A[Z(w}/nl - w}/fn) (/\%—2
n=1

+ 26X\, + 66X, 4+ 267, 1 4+ Al o) + w)_ (A, o + 26X, + 66X), + 26X, 1 + A) o) |,

m=0,1,...,Ng, 7 =1,2,..., M, (3.3.2)
along with the requirements
Ny=Ny =0,j=0,1,...,M,.
For the primary investigation, let us suppose that
N = cleitmh,
where i = v/—1 and @ is a wave number. Then, after simplification, (3.3.2) leads to

Cj(p]m —229h+qm _19h+rg;1+v] z@h_l_ym 21911 [ZC '_n>(€—2i9h

+ 2667 4 66 + 26e" + %) 4w [ (O(e7H 4 26" + 66 + 267" 4 20M) ||
7—1

j: 1727"'7Mt~ (333)
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For stability investigation of the procedure presented in (3.2.11), we prove that |¢7] < |¢°| by

mathematical induction. For ;7 = 1, Equation (3.3.3) yields
CL(pL e 2i0h gl om0k y L | o)L ibh L o2i0RY _ \gy 0 (o=2i0h | 96=i0h | 661 26eith 1 (20N,
and as for j = 1, w} = 1, we have

¢! ((73; — QL +RE +S)e ¥ 1 (26P), —10Q}, + 2R} — 4S8} )e "
+ (667, — 6RL, + 6SL) + (267, + 1095, + 2R. — 48} )e "+

= (Ph, + Op, + RE, + 851)621'9’1) A (e 4 266" 4 66 + 26¢™" + ). (3.3.4)

After simplification, Equation (3.3.4) gives

_ [A(2cos(20h) + 52 cos(0h) + 66)] 9]

¢l = A(2 cos(20h) + 52 cos(6h) + 66)C°
V(KL +(L],)?
(3.3.5)

KL +iLL,

where

KL =Pl (2cos(20h) + 52 cos(0h) + 66) + RL (2 cos(20h) + 4 cos(6h) — 6)
+ 8 (2 cos(20h) — 8 cos(6h) + 6),
L = Q! (2sin(20h) + 20sin(0h)).

After some simplifications, Replacing the values of P!, Rl and S! as h — 0 in Equation
(3.3.5), we obtain
<1< (3.3.6)

Now let us assume the following before we proceed with mathematical induction

1€ < [¢°], forn =2,3,...,5 — 1. (3.3.7)
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To confirm, (3.3.7) holds true for n = j, let us take Equation (3.3.3) in the simplified form

A [22—11 ("(w}lnfl — w;yfn) + w}YflCO (2 cos(20h) + 52 cos(Oh) + 66)

J| — - -
<l K + L
<Awg(2 cos(20h) 4+ 52 cos(6h) + 66) 0]

N V(K2 + ()2

where

K, = P? (2cos(20h) + 52 cos(0h) + 66) + R, (2 cos(20h) + 4 cos(0h) — 6)
+ &7 (2 cos(20h) — 8cos(6h) + 6),
LI = Qi (2sin(20h) + 20sin(0h)).

Replacing the values of P/, R/, and S/, and taking i — 0 we acquire
I < |0, j=1,2,..., M.
Therefore, the numerical scheme (3.2.11) is shown to be unconditionally stable.

3.4 Convergence analysis

Lemma 3.4.1. The quintic B-spline functions B_5(s), B_1(s), Bo($), ..., Bn.+1(8), B, 12(s)

satisfy the inequality
No+2

ST Bi(s)| <186, 0<s<1.

i=—2

Proof. Note that
Ny+2

> Bi(s) <186, 0<s<1.

i=—2
At a mesh point s = s,,; B,,(s,) is nonzero at five mesh points s,,_o, S;,—1, Sn, Snt+1, and Sy, 42.

Therefore,

Ng+2

Y 1Bi(sa)l = 1Bu-a(sa)l + 1Bam1(s0)] 4 1Balsn)] + 1Buri (s0)] + [Bura(sn)]

i=—2
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=1+26+066+26+1=120.

If s is not a mesh point, then

Ny+2
D 1Bis) = 1Bus ()] + 1Bua(s)] +1Bu-1 ()] +1Bu(5)] + [Brsa (5)] + [ Brsa(s)]
1=—2

<1+26+66+ 66+ 26+ 1= 186.
Thus, the result is proved. ]

Lemma 3.4.2. If V(s) denote the unique quintic B-spline interpolant of u’(s) € C°(0, 1] at
time t = t;, then from [152, 153], we have

o

for positive constants c,,.

an
osn

(W( ) — (s )H <c,h " n=0,1,2,3,4,

Theorem 3.4.1. IfUf (s) be the quintic B-spline based approximation of u’(s) € C%0,1] at
time t = t;, then

1047 (s) =@ (5) oo < CH?,

holds for some positive constant C' and sufficiently small h.

No+2

Proof. 1f Z/{J Z @/ B;(s) be the quintic B-spline approximation of %/ (s), which is
1=—2

the exact solution of the semi-discrete problem (3.2.6) at the ;" time level, and V’(s) =

No+2

Z DJ ) exist for the unique quintic B-spline interpolant. Now we want an estimate of
i=—2

U7 (5) — W (5)]| oo as
1247 (5) — W (5) [l oo < U7 (5) — VI (5) oo + [V (5) — W (5)]|c-

We have

LU (s) =[Awy + af (s)ul? ™ ()} (s) + al (s~ (s)UL (s) + ah(s)UL, (s)
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+ aé(s)zjgsss(s)a
LU (s) = V' (s)) = (Awg + ar(s, j)u" 7 (s)) (U (s) = VI (s)) + af (s)u™ ™" (s) U (s)
= VI(s)) + aj(s) (U (5) = Viy(5)) + a3(5) Ulsus(5) = Visols))-

(3.4.1)
Using Lemma 3.4.2, we get
L@ (s) = V()] < [Awg + as(s, 5)u? ™ (s)] coh® + |a] (s)u™3 ™ (s)]e: h°
+ |aj(s)]eah® + a3 (s)|esh
<K h?, (3.4.2)

where

K, = |Aw] + a{(s)u:jfl(s)’ coh® + |a}(8)u =1 (s)|e1h® + |ad(s)|cah® + |ag(s)|ca.

‘We have

LU (s) =AXT j=1,2,... M,
and

LVI(s)=uY7, j=1,2,..., M,
where

Y = (D}, Di,.... Dy _,,Dy.)

Note that the matrix A is strictly diagonally dominant, which implies the invertibility of 2.

Now from Equation (3.4.2), we have
X7 = Voo < || U K112 (3.4.3)
Let po, p1, - .., pn, are row sums of A at each time level and given by

po = 480R} + 840Q),
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p1 = 900P] +60Q) — 60R] — 6057,
pi = 120P7, 2 <i < N, —2,
pn.—1 = 900P% _, — 60Q% _; — 60RY _, — 60S% _,,
py. = 480RY,, + 8409 .

Then, as a consequence

11
Ao < = < —, (3.4.4)
p ol

where p = min{po, p1,. - ., pn. }. Now, we substitute Equation (3.4.4) into (3.4.3), to get

: ; Kh?
17 = Voo < ——. (3.4.5)
ol
Using Lemma 3.4.1 in Equation (3.4.5), it follows
No+2 No+2
~ , > , , > , : 186 K, h?
147 (5) = V(s)low = || D (€] = D)Bils)|| < | Bils)| 47 = V|0 < va
i=—2 o li=—2
(3.4.6)
and application of Lemma 3.4.2 gives
[V(s) = @ (s)|loo < coh®. (3.4.7)
With the use of triangle inequality
147 (s) — @ (5)lloo < (U7 (5) = V7 () ]low + 1V (5) = W (5) |
and on adding equation (3.4.6) and (3.4.7), we deduce that
[U47(s) = @ (s)l| < OB,
where C' = coh?* + %. Hence, the theorem is proved. O]

Theorem 3.4.2. Let U(s, t) and u(s, t) denote B-spline approximation and exact solution of
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(3.1.1), resp.. Then, the proposed approximation satisfies the following convergence result
lu = Ulloe < C(1* + k).
Following the approach for the nonlinear problems, the order of convergence for the linear

problems (using (3.2.3a)) is given by the following results.

Lemma 3.4.3. [fU(s) denote the unique quintic B-spline interpolant of v/ (s) € C°|0, 1],
then from [152, 153], we have

dsm

H 0 (Z/{j(s) — ﬂj(s)> H <c,h " n=0,1,2,3,4,

for positive constants c,,.

Theorem 3.4.3. If U (s) be the quintic B-spline approximation of i (s) € C°[0, 1], then
|47 (5) = @ (s)]lo0 < CH?,

holds for positive constant C' and sufficient small h.

Proof. The proof follows similar steps to the nonlinear KS equation. 0
Theorem 3.4.4. Let U(s, t) and u(s, t) denote B-spline approximation and exact solution of
(3.1.2), resp. Then, the proposed approximation holds the following convergence result

Ju— Ul < C(H + 1),

Remark 3.4.1. For the Burgers’ equation (putting a}(s) = 0 in Theorem 3.4.1) analysis

remains same and the estimate |U?(s) — @ (s)||os < Ch* holds.

3.5 Experimental Evidences

Now, we consider several types of nonlinear and linear problems for experimental evidence
in favor of our theory. It will be easier to check the performance of our proposed approach

if the exact solution is known. In general, the exact solutions to fractional problems are
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more complex. Hence, for the problems with time-varying layers, we check the performance
based on the available works for problems with classical time derivatives, as a limiting
case of fractional order time derivatives. There are four types of problems considered here-
Linear time fractional problem, Time fractional KS equation, Burgers equation with fractional
derivative in time, and Classical KS equation with integer order derivative in time. The present

approach provides higher-order convergence in all of the above cases.

The error estimates are calculated using the double mesh principle in the L, and Ly-norms.

The respective order of convergence is computed by using the definition 1.3.8

In all the tables, we provide CPU time to show the performance of the proposed technique.

All computational results are obtained using MATLAB R2021 on Intel Core 17 (9th Gen).

Example 3.5.1. Let us first check the effectiveness of the proposed approach for the linear

problem
D) u(s,t) + 2ug(s,t) + 4ug (8, 1) + Ussss (5, 1) = g(s,1),  (s,t) € (0,1) x (0,1],
with the BCs

uw(0,t) =0, u(l,t) =0, t € [0,1],

uss(0,t) =0, ugs(1,t) =0, t € [0,1],

and the IC
u(s,0)=0,0<s<1.

Source term g(s,t) is calculated using the exact solution u(s,t) = t** sin(7s).

Example 3.5.2. Next, consider the Caputo-type time fractional KS equation with constant

coefficients-

D) u(s,t) + 2u(s, t)ug(s, 1) + dugs(s, 1) + ugss(s, 1) = g(s,1), (s,t) € (0,1) x (0,1],
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with the BCs

uw(0,t) =0, u(l,t) =0, t € [0,1],

us(0,t) =0, us(1,¢) =0, t € [0,1],

and the IC
u(s,0)=0,0<s<1.

Source term g(s,t) is calculated using the exact solution u(s,t) = s*(s* — 3s% 4+ 25 — L)it.

Example 3.5.3. Now, we consider the following Caputo-type time fractional variable coeffi-

cient nonlinear KS equation
thyu(s, 1)+ su(s, t)us(s,t) + sugs(s,t) + ussss(s, ) = g(s,t), (s,t) € (0,1) x (0,1],
with the BCs

u(0,t) =0, u(1,t) =0, t € [0,1],

(0, 1) = 0, ugy(1,¢) =0, t € [0, 1],

and the IC
u(s,0)=0,0<s<1.

Source term g(s, t) is calculated using the exact solution u(s,t) = t*sin(7s).

Example 3.5.4. Now let us consider the effectiveness of the present approach for Burgers’

equation
§DYu(s, t)+exp(—20t)u(s, t)us(s, t)+(14+1008)ug (s, 1) = g(s,t), (s,t) € (0,1)x(0,1],
with the set of BCs

u(0,t) =0, u(l,t) =0, t € [0,1],

us(0,t) =0, us(1,t) =0, t € 0,1],
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and the IC
u(s,0)=0,0<s <1

Source term g(s,t) is calculated using the exact solution u(s,t) = s3(1 — s)3t%.

In general, the exact solution of the time-fractional nonlinear KS model is challenging
to find out. Hence, motivated by the examples given in [134, 141] involving classical time
derivatives, we took the time fractional KS equation in Example 3.5.5, whose solution will

approach the time-varying layer originated to function as  approaches 1.

Example 3.5.5. Consider the time fractional nonlinear KS equation
SDYu(s,t) +u(s, t)us(s,t) + (5, 1) + Ussss(5,1) = 0, (s,t) € (=30,30) x (0,4],

with the BCs

(

u(—30,t) =b+ 12 %g{—-9mnﬁmk4—30-mv-xon-+11tanh%klc—3o—-MV-x0»},
0<t<4,
u(30,t) = b+ 124/13 { — 9tanh(k; (30 — btY — x0)) + 11 tanh®(ky (30 — btY — xo))} :

0<t<d4,

Uss(—30,1) = 0, uss(30,¢) =0, 0 < t < 4,

and the IC

15 /11
u(s,0) =b+ oV 1o [ — 9tanh(ky(s — 20)) + 11 tanh®(ky (s — 20)) |, —30 < s < 30,

where b =5, k| = %,/%, ro = —12.

The exact solution of Example 3.5.5 is unavailable. So, the double mesh principle [127]
is used to compute the errors. Note that the solution at the initial time level has a sharp layer

phenomenon that moves as time evolves. To compare the accurateness in terms of sharp layer
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phenomena at the j-th time level, we calculate the Global Relative Error (GRE) as follows

> U(sisty) = U(szi, )]

GRE = —° -
ZU(Si, t])

The following problem (at which time fractional derivative is substituted by 1st-order
integer derivative) is considered to compare the results for the case when <y approaches 1 in

the problem (3.1.1):
ug(s,t) + ar(s, )u(s, t)us(s,t) + as(s, )uss(s,t) + az(s, t)ussss(s, ) = g(s,t), (3.5.1)

where a4 (s,t), as(s,t), as(s,t), g(s,t), and the IC and BCs take the same values as de-
fined in Examples 3.5.2 and 3.5.3. Here, we use the Crank-Nicolson scheme for temporal

discretization to maintain the temporal accuracy to the second order.

Now, we explain the experimental evidence in favor of our theory. In Tables 3.3 and
3.7, we present the outcomes of ENs-Me Mt oM ‘g Ne.Mi a1ong with CPU time. It is
easy to observe from tabulated results that the proposed numerical scheme provides second-
order accuracy in space and time. The fractional order derivative increases the algorithm’s
complexity, but the proposed method handles this very well, and less computational time
supports this analogy. We wanted to note that the computational time increases for time
fractional problems compared to problems with classical time derivatives, as fractional
derivatives involve integral approximations involving past data. In both the norms, we obtain
good results matching theoretical claims. In addition, we produce the linear problem (3.5.1)
to give an experimental comparison with the Examples 3.5.2 and 3.5.3 when y approaches 1.
It is evident from Tables 3.5 and 3.8 that the obtained results are close. The comparison of
CPU times for both the problems (Time fractional KS Equation (3.1.1) and KS equation with
classical time derivative (3.5.1)) justify the memory property of fractional derivatives, which
uses additional storage of the system. Note that the computational cost for problems with
classical time derivatives is lower than the cost for evaluating fractional time derivatives due

to their nonlocal nature since the solutions at previous time levels need to be used to compute
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the solution at present.

To show the better effectiveness of the present methodology based on the .1 — 2 scheme,
we provide a comparison between L1 and L1 — 2 scheme in Table 3.6, which proves that
the proposed scheme has a better rate of accuracy than L1 scheme. In addition, it should
also be pointed out from this table that the higher order accuracy of the L1 — 2 scheme than
the L1 scheme has been obtained with a similar computational cost. The present approach
also performs well for the second-order Burgers’ equation as given in Example 3.5.4 by
putting as(s,t) = 0. For the second-order problems, quintic 8-splines provide fourth-order
convergent results in space, and it is confirmed through Table 3.10 (see Remark 3.4.1). Tables
3.2, 3.4, and 3.9 confirm the quadratic accuracy in space and time separately by fixing the
space (or time) steps and varying time (or space) steps, respectively. These tables confirm the
accuracy of O(h? + k?) in both directions for the nonlinear KS equation and O(h? + k37Y)

for the linear KS equation.

Graphically, one can observe that the approximate solutions of Examples 3.5.2 ( Fig. 1)
and 3.5.3 (Fig. 4) match with the exact one. The analytical and numerical solutions show
a good match and can be confirmed by comparing them in a single plot (see Figures 3.2a
and 3.5a). As the time step changes from the initial level to ¢ = 1, the solution changes
accordingly, and in support of this argument, we plot Figs. 3.2b and 3.5b. Error plots (Fig. 3)

are provided to demonstrate the error distribution at the nodal points.

Table 3.11 shows that the relative error associated with Example 3.5.5, evaluated by the
double mesh principle, is negligible. In addition, the movement of layer behaviors is also
visible in time for fractional order KS equations (refer to Fig. 6). This points out that the
present approach can detect the sharpness of the layers. Furthermore, the boundary conditions
involving derivatives are also satisfied as the solution is locally constant in a neighborhood of
the boundaries. Note from Figure 6 that the present methodology works perfectly well when
the fractional order v approaches 1, as it matches with the exact solution given in [134, 141]

forv = 1.
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Table 3.2: Errors and order of convergence in spatial and time directions, for example, 3.5.1
in L., norm

Spatial direction (taking M; = 1000)

Time direction (taking Ny = 1000)

vy Ny Error Order M, Error Order

0.5 4 7.8758¢ — 02 1.9400 4 2.3888e — 03 2.1215
8  2.0525e — 02 1.9848 8  5.4895e — 04 2.2906
16 5.1857e — 03 1.9961 16 1.1220e — 04 2.3508
32 1.2999¢ — 03 - 32 2.1996e — 05 -

0.8 4 7.7095¢ — 02 1.9420 4 6.4762e — 03 1.8989
8  2.0065e¢ — 02 1.9854 8 1.7366e — 03 2.0257
16 5.0674e — 03 1.9963 16 4.2649¢ — 04 2.2350
32 1.2701le — 03 - 32 9.0598e — 05 -

Table 3.3: Errors, orders of convergence, and CPU time (in sec.) for Example 3.5.2 for
different time fractional orders y

Norms N,=10 N5=20 N,=40 N.=80 N,=160
Mz=20 My=40 M;=80 Mz=160 M;=320
vy =0.3 Lo 1.5603e — 09 3.5878¢ — 10 7.7052e — 11 1.7191e — 11 4.0055e — 12
2.1207 2.2192 2.1642 2.1016 -
Lo 9.9903e — 10 2.0688e¢ — 10 4.3001le — 11 9.3373e — 12 8.2604e — 13
2.2717 2.2664 2.2033 2.1564 -
CPU Time 0.05768 0.2037 0.3330 2.1311 16.0248
vy=0.5 Lo 4.2850e — 09 8.6035¢ — 10 1.7254e — 10 3.4642¢ — 11 7.3038e — 12
2.3163 2.3180 2.3163 2.2458 -
Ly 2.7858¢ — 09 5.5512¢ — 10 1.0740e — 10 2.0904e — 11  9.0548e — 12
2.3272 2.3698 2.3611 2.3086 -
CPU Time 0.0559 0.0840 0.3420 2.1214 16.1246
vy =0.8 Lo 1.8388¢ — 08 4.2561e — 09 9.5043e — 10 2.0983e — 10 5.0390e — 11
2.1112 2.1629 2.1794 2.0580 -
Lo 1.2157e — 08 2.8081e — 09 6.2613e — 10 1.3803e — 10 3.1675e — 11
2.1141 2.1651 2.1815 2.1236 -
CPU Time 0.0623 0.0906 0.3514 2.3903 17.0300
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Table 3.4: Errors and orders of convergence in spatial and temporal directions for Example
3.5.2in L, norm

Spatial direction (taking M; = 512)

Time direction (taking Ny = 1024)

Y N Error Rate M, Error Rate

0.5 4 3.2790e — 09 2.1121 4 5.4353e — 07 2.2211
8  7.5845e — 10 2.0303 8 1.3440e — 07 2.2349
16 1.8567¢ — 10 2.0253 16 3.1851le — 08 2.1038
32 4.5612e — 11 - 32 7.4516e — 09 -

0.8 4 2.7564e — 08 2.0878 4 1.8495e — 07 2.0158
8 6.4841e — 09 2.0145 8  3.9669¢ — 08 2.0771
16 1.6048e — 09 1.9693 16 8.4273e — 09 2.0957
32 4.0983e — 10 - 32 1.9606e — 09 -

Table 3.5: Comparison of errors, orders of convergence, and CPU time (in sec.) for Example
3.5.2 (as y approaches 1) with Problem (3.5.1)

N,=10 N.=20 N,=40 N,=80 N,=160
M=20 My=40 M=80 M=160 M;=320
Yy=09 29339 — 08 7.2312e — 09 1.7215e — 09 4.0527e — 10 9.9665e¢ — 11
2.0205 2.0706 2.0867 2.0237 -
CPU Time 0.0641 0.0981 0.3319 2.1556 16.3124
Yy =095 3.6933e — 08 9.4043e — 09 2.3143e — 09 5.6346e — 10 1.3772e — 10
1.9735 2.0227 2.0382 2.0326 -
CPU Time 0.0523 0.0837 0.3249 2.1110 16.0089
Yy =099 4.4329¢e — 08 1.1590e — 08 2.9297e — 09 7.3329¢ — 10 1.8407e — 10
1.9354 1.9841 1.9983 1.9941 -
CPU Time 0.0661 0.0959 0.3393 2.1030 16.1969
Y =0.999 4.6179¢ — 08 1.2146e — 08 3.0890e — 09 7.7790e — 10 1.9558e — 10
1.9268 1.9753 1.9895 1.9918 -
CPU Time 0.0652 0.0943 0.3444 2.1421 16.2448
y=1 1.2166e — 08 3.1440e — 09 7.9259e¢ — 10 1.9863e — 10 5.1888e — 11
1.9522 1.9880 1.9965 1.9366 -
CPU Time 0.0690 0.0863 0.0780 0.1192 0.7122
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Table 3.6: Comparison of errors, orders of convergence, and CPU time (in sec.) in L1 and
L1 — 2 schemes for Example 3.5.2

Ns=10 No=20 Ns=40 N5=80 Ns=160
M;=20 M;=40 M;=80 M;=160 M;=320
vy=0.5
L1 scheme 6.5708e — 08 2.5054e — 08 9.1877e — 09 3.3256e — 09 1.1936e — 09
1.3910 1.4473 1.4661 1.4783 -
CPU Time 0.0681 0.0989 0.3348 2.1385 16.0070
L1 —2scheme 4.2850e — 09 8.6035¢ — 10 1.7254e — 10 3.4642¢ — 11 7.3038e — 12
2.3163 2.3180 2.3163 2.2458 -
CPU Time 0.0559 0.0840 0.3420 2.1214 16.1246
v =20.9
L1 scheme 4.4770e — 07  2.1955e — 07 1.0426e — 07 4.9126e — 08  2.2992e¢ — 08
1.0280 1.0744 1.0856 1.0954 -
CPU Time 0.0619 0.0879 0.3228 2.0858 15.9919
L1 —2scheme 2.9339¢ — 08 7.2312¢ — 09 1.7215e — 09 4.0527¢ — 10 9.9665¢ — 11
2.0205 2.0706 2.0867 2.0237 -
CPU Time 0.0641 0.0981 0.3319 2.1556 16.3124

001+

on

0,005~

Numerical Solut

a Numerical solution

001-

0,005~

Exact Solution

0,005+

b Exact solution

Figure 1: Surface plots of exact and numerical solutions for Example 3.5.2 by taking N, = 80,
M; = 160,y = 0.5.
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Figure 2: Plots of exact and numerical solutions at different time levels for Example 3.5.2 by
taking Ny = My = 80,y = 0.75.

0

Numerical Error

a Example 3.5.2 b Example 3.5.3

Figure 3: Error plots of numerical solution by taking Ny = M, = 80,y = 0.5.
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Table 3.7: Errors, orders of convergence, and CPU time (in sec.) for Example 3.5.3 for
different time fractional orders y

Norms N,=10 Ns=20 No=40 N,=80 N,=160
M;=20 M;=40 M;=80 M;=160 M,;=320
v =0.3 Loo 8.6359¢ — 03 2.1680e — 03 5.4275e¢ — 04 1.3576e — 04 3.3946e — 05
1.9940 1.9980 1.9992 1.9997 -
Lo 6.1079¢ — 03 1.5334e — 03 3.8388¢ — 04 9.6022e¢ — 05 2.4010e — 05
1.9939 1.9980 1.9992 1.9997 -
CPU Time 0.0568 0.0838 0.3207 2.1108 16.0575
Yy=05 Lo  8.5769¢ —03 2.1537¢ —03 5.3932¢ — 04 1.3493e — 04 3.3743¢ — 05
1.9936 1.9976 1.9989 1.9996 -
Lo 6.0661e — 03 1.5233e — 03 3.8146e — 04 9.5436e — 05 2.3867e — 05
1.9936 1.9976 1.9989 1.9996 -
CPU Time 0.0619 0.0846 0.3159 2.0585 15.8550
vy=0.8 Lo 84195 — 03 2.1149¢ — 03 5.2990e — 04 1.3266e — 04 3.3195e¢ — 05
1.9931 1.9968 1.9980 1.9987 -
Lo 5.9548¢ — 03  1.4959¢ — 03  3.7480e — 04 9.3827¢ — 05 2.3479¢ — 05
1.9930 1.9968 1.9980 1.9987 -
CPU Time 0.1197 0.0898 0.3266 2.1134 16.0571

Numerical Solution

I

a Numerical solution

= =

Exacat Solution

b Exact solution

Figure 4: Surface plots of exact and numerical solutions for Example 3.5.3 by taking N, = 80,

M, = 160,y = 0.5.

77



Chapter 3

Table 3.8: Comparison of Errors, orders of convergence, and CPU time (in sec.) for Example
3.5.3 (v approaches to 1) with the problem (3.5.1)

N,=10 Ny=20 N,=40 N,=80 N,=160
M;=20 My=40 M;=80 M=160 M;=320
Yy=0.9 83315e - 03 2.0920e — 03 5.2406e — 04 1.3118e —04 3.2827e¢ — 05
1.9937 1.9971 1.9982 1.9986 -
CPU Time 0.0763 0.1074 0.3434 2.1038 16.5623
Yy =0.95 82765 — 03 2.077le —03 5.2013e — 04 1.3016e —04 3.2562e — 05
1.9945 1.9976 1.9986 1.9990 -
CPU Time 0.0585 0.0862 0.3316 2.1320 16.035357
Yy =0.99 82258ec —03 2.063le —03 5.1633e —04 1.2914e —04 3.2292e — 05
1.9953 1.9984 1.9994 1.9997 -
CPU Time 0.0813 0.1090 0.3498 2.1222 16.1849
vy =0.999 8.2135e — 03 2.0596e — 03 5.1537e — 04 1.2888e — 04 3.2222¢ — 05
1.9956 1.9987 1.9996 1.9999 -
CPU Time 0.0785 0.1062 0.3426 2.1352 16.1141
y=1 8.3218¢ — 03 2.0861e — 03 5.2188¢ — 04 1.3049¢ — 04 3.2622e¢ — 05
1.9961 1.9990 1.9998 2.0000 -
CPU Time 0.1026 0.0688 0.0786 0.1435 0.7781

Table 3.9: Errors and orders of convergence in spatial and time directions for Example 3.5.3

in L, norm

Spatial direction (taking M, = 1024)

Time direction (taking N, = 1024)

vy N Error Rate M, Error Rate

0.5 4 5.2053e — 02 1.9746 4 7.5669e — 02 2.1896
8 1.3244e — 02 1.9937 8 1.6587e — 02 2.0581
16 3.3255e — 03 1.9984 16 3.9832e — 03 2.0915
32 8.3230e — 04 - 32 9.3463e — 04 -

0.8 4 5.1507e — 02 1.9753 4 7.4675e — 02 2.0384
8 1.3099¢ — 02 1.9939 8 1.8179% — 02 2.0836
16 3.2887e — 03 1.9984 16 4.2890e — 03 2.1010
32 8.2308e — 04 - 32 9.9976e — 04 -
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Figure 5: Plots of exact and numerical solutions for Example 3.5.3 by taking Ny = M, = 80,
v = 0.75.

Table 3.10: Spatial errors, orders of convergence, and CPU time (in sec.) in L., norm for
Example 3.5.4 by taking M, = 64 and different values of y

N, =38 N, =16 Ny =32 N, =64 Ny =128
Yy=06 2.5356e —05 1.6903e —06 1.0897e —07 6.8933e —09 4.2262¢ — 10
3.9070 3.9553 3.9826 4.0278 -
CPU Time 0.1997 0.3069 0.5336 0.9916 2.0981

Yy=08 2.5394e — 05 1.6928¢ — 06 1.0903e —07 6.8430e —09 3.9223e — 10
3.9070 3.9566 3.9940 4.1249 -
CPU Time 0.2065 0.3149 0.5380 1.0114 2.0787

Y =095 2.5427e — 05 1.6948e — 06 1.0895e — 07 6.7295e — 09 3.3087e — 10
3.9072 3.9594 4.0170 4.3462 -
CPU Time 0.2081 0.3073 0.5256 0.9780 2.0861
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Table 3.11: Comparison of GRE at different time levels for Example 3.5.5 taking M; = 100

and different fractional orders y

Time

N, = 200

N = 300

N, =400

0.5

1

4.5169e — 06
3.7078e — 06
3.7047e — 06
4.2209e — 06

1.9995e — 06
1.6410e — 06
1.6395e — 06
1.8690e — 06

1.1224e — 06
9.2107e — 07
9.2035¢ — 07
1.0493e — 06

0.8

2.1890e — 05
6.3637e¢ — 06
3.0069¢ — 06
2.2302e — 06

9.7642¢ — 06
2.8375e — 06
1.3394e — 06
9.9078e — 07

5.4943e — 06
1.5968e — 06
7.5383e — 07
5.5788e — 07

0.99

1.4469¢ — 04
1.9996e — 04
2.4510e — 04
2.9015e — 04

6.4436e — 05
8.9104e — 05
1.0944e — 04
1.2948e — 04

3.6411e — 05
5.0228e — 05
6.1629¢ — 05
7.2939e — 05

0.999

1.5276e — 04
2.2107e — 04
2.8232e — 04
3.4440e — 04

6.8299¢ — 05
9.9406e — 05
1.2626e — 04
1.5373e — 04

3.8451e — 05
5.5847e¢ — 05
7.1144e — 05
8.6633e — 05

1 (Problem (3.5.1))

= W N WD R WN R WDND WD

1.6279¢ — 04
2.3549¢e — 04
3.0055e — 04
3.6829¢ — 04

7.2669e — 05
1.0493e — 04
1.3399¢ — 04
1.6391e — 04

4.0953e — 05
5.9247e¢ — 05
7.5558¢ — 05
9.2450e — 05
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Figure 6: Layer movements in time for Example 3.5.5.

3.6 Conclusions

In the present work, we have proposed a highly accurate numerical approximation for Caputo-
type time-fractional fourth-order nonlinear KS equation with several experimental observa-
tions in favor of our theory. The current L1 — 2 approximation in the temporal direction
provides a better order of accuracy in time with the same computational cost as for the
L1 approximation in the time direction. The space derivatives are approximated based on
the quintic B-spline polynomials to maintain quadratic convergence in space. The present
approach can also be used for linear problems as well as for Burgers equations, on which it
leads to fourth-order accuracy in space. We have provided a concrete convergence analysis

favoring our theory and experimental evidence.
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Chapter 4

Collocation-based numerical simulation of

fractional order Allen-Cahn equation

4.1 Introduction

This chapter looks for a reliable numerical technique to solve the Allen-Cahn equation using
the Caputo time-fractional derivative. The fractional derivative semi-discretization approach
using finite differences of the second order is shown first. The cubic B-spline collocation
method is used to get a full discretization. We prove the conditional stability and convergence
of the suggested approach. The technique’s effectiveness is demonstrated with numerical
examples using two test problems. Numerical analysis confirms the approach’s efficiency and

the method’s continued correctness.

4.2 Literature survey

In demand to represent nonlinear physical marvels, acquiring exact solutions for nonlinear
FPDE:s is one of the numerous significant factors. Newly, several techniques have been

involved in getting precise solutions of nonlinear FPDEs in the literature, such as the fractional

R. Choudhary, D. Kumar, Collocation-based numerical simulation of fractional order Allen—Cahn equation,
J. Math. Chem. , (2023), https://doi.org/10.1007/s10910-023-01525-0.
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sub-equation, the exp-function, the G’/ G-expansion, first integral and Lie symmetry approach

[154-159].

The phase-field models drew significant concentration in the domain of phase transitions
[160]. The Allen-Cahn and Cahn-Hilliard models are the essential phase-field PDEs models.
The Allen-Cahn equation (ACE) occurs in the motion of phase boundaries in crystalline
solids[161], a mixture of two incompressible fluids[162], nucleation of solids[163], and
vesicle membranes[164]. It also appears in numerous scientific applications such as mathe-
matical biology, quantum mechanics, and plasma physics. In the literature, many researchers
concentrated on analytical solutions of the time-fractional ACE. Esen et al. [165] presented
the homotopy analysis method (HAM) to obtain the approximate analytical solutions of time-
fractional damped Burger and ACE. Tariq and Akram [160] developed new exact analytical
solutions for time-fractional ACE and time-fractional Phi-4 equation using the Tanh approach.
Tascan and Bekir [166] employed the first integral method to assemble the ACE traveling
wave solutions. In [167] Wazwaz offered the tanh-coth approach to emanate solitons and kink
solutions for some of the famous nonlinear parabolic PDEs such as Newell-Whitehead equa-
tion, ACE, Fisher’s equation, Fitz-Hugh-Nagumo equation, and the Burgers-Fisher equation.
Jafari et al. [168] investigated the identical solution of space-time fractional order ACE by
employing a fractional subdiffusion approach. In [169], Zhai et al. used a robust explicit oper-
ator splitting spectral method to decode the nonlocal fractional order ACE. Akagi et al. [170]
examined the presence and essence of weak explanations for the fractional order ACE, Cahn-
Hilliard equation, and absorbent medium equations. Liu et al. [171] studied a space-time
fractional ACE and employed a fast Galerkin finite element technique to solve this equation.
Huang and Stynes [172] presented optimal H! spatial convergence of a fully discrete finite
element method for the time-fractional ACE. Ji ef al. [173] suggested time-stepping methods
for the time-fractional ACE with Caputo’s derivative. Liu et al. [174] presented two accurate
and efficient linear techniques for the time-fractional Cahn-Hilliard and ACE with known
nonlinear bulk potential. Some numerical methods have also been invented for this problem,
such as Hou et al. [175] found the numerical solution using the finite difference in temporal
direction and the Crank-Nicolson method in spatial direction for space-fractional ACEs. Sakar

et al. [176] suggested a numerical method established on the iterative reproducing kernel
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method (IRKM) to examine the approximate solution of time-fractional ACE. With the finite-
difference technique and the Fourier spectral method, Liu et al. [177] offered a numerical
approach to decode time-fractional ACEs in one and two space dimensions. In 2018, Inc
et al. [178] analyzed Lie symmetries and reduction for explicit resolutions, convergence
investigation to the time-fractional ACE and time-fractional Klein-Gordon (KG) equations,
and the fractional order derivative is taken Riemann-Liouville. Khalid et al. [179] proposed a
collocation technique established on redefined cubic B-spline processes and finite difference

method to examine the approximate explanation of time-fractional ACE.

In this work, we examine the following time-fractional ACE:

O*v(y,t)

SJD;{/U<Z/7 t) - ayg

+ (0(y.1)° —v(y,t) = g(y.t), y € (0,1), t € (0, T), (4.2.1a)
subject to the boundary conditions
v(0,t) = (1), v(l,t) = D.(t), t €[0,7], (4.2.1b)

and the initial condition

v(y,0) = Po(y), y € [0,1], (4.2.1c)

where ®;(t), ®,(t), and ®(y) are presumed continuous functions with continuous first-order
derivative. For compatible conditions, we assume that ®;(0) = ®((0) and ¢,.(0) = Py(1).

The derivative of fractional order v € (0, 1) is accepted in the Caputo sence.

In this chapter, first, we employ the quasilinearization method to linearize the equation
(4.2.1a). Then, we operate a cubic B-spline (CBS) function on the linearized equation
for the numerical solution of time-fractional ACE. The Crank-Nicolson formula is used
for discretizing the Caputo time-fractional derivative, whereas CBS functions are used to
discretize spatial derivatives. Some nonlinear partial differential equations have also been
solved using the CBS function. For example, Jiwari [180] employed modified CBS differential
quadrature techniques in spatial direction for decoding hyperbolic partial differential equations.
Mittal and Dahiya [181] operated the CBS differential quadrature approach for the numerical

solution of the three-dimensional telegraphic equation. Mittal and Jain [182] employed the
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cubic B-splines collocation technique for cracking nonlinear parabolic partial differential
equations. Shukla and Tamsir [183] operated an extended, modified CBS algorithm for
nonlinear Fisher’s reaction-diffusion equation. Ramos et al. [184] used a CBS method to
solve nonlinear partial differential equations. Jiwari ef al. [185] developed a numerical
technique established on trigonometric CBS functions for the numerical solution of nonlinear
parabolic problems.

Following is how we structured this chapter: The Crank-Nicolson approach is used in
Section 2 to semi-discretize the problem (4.2.1). To discretize spatial derivatives, CBS is
also adopted in this province. After enforcing the wholly discretized method, we are given
a system with \V;, + 1 unknowns at a specific time level. The stability analysis described in
Section 3 ensures conditional stability. In Section 4, the suggested method is subjected to
a thorough convergence study. By using a tabular examination of the suggested numerical
examples, Section 5 validates the theoretical estimations. The study’s future dimensions are

discussed in Section 6, where we offer some concluding reflections.

4.3 Methodology

4.3.1 Temporal discretization

For a positive integer M, let Y** be the partition of the interval [0, 7] described by T =

{tm|tm = mk, 0 < m < M;} where k = /\%t is temporal step size. The semi-discretized

form of equation (4.2.1) at the (m + %) -th time-level is given by

87:’7<y7 thrl) 825<y7 thrl) ~ ~
L o (0 b)) = Wt 1) = 9 g2,

ot oy?
m=0,1,2,... M; — 1, (4.3.1a)
subject to the boundary conditions
5(0,tm+1) = (I)l(tm+1)7 f’l\j(l,tm+1) = ®'r(tm+1>7 m = O, 1, e Mt — 1, (431b)
and the initial condition
:J(yvtO) = (I)O(y)v yE [07 1] (4310)
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Iv(y,t)

To approximate == at (y, &, 1), if U € C*([0,1],[0,T]) then we make use of the follow-

ing formula

V(Y tms1/2) 1 5
oty (2 —7) k"

1 1
[(2—~)20

+ O(K*™). 4.3.2)

Let p = ra—y5» and @, = p((r +1/2)'77 = (2 = 1/2)'77), so that S @, = p((l +
)177_ 11—

5 5 ). On substituting p and o, into (4.3.2), we get

0 (y, t, . m_l Fmtl _gm
% = v + ;(wm_jJrl — W ])v — wmv + p< 21— ) + R+ Ro,
where
Ri+ Ry = ; iw ; O(k‘?’_”) + ; L O(k?’_”)
- & L2 —y)2= '

Let? =m — j 4+ 1, then

R+ Ry, = m _—Zwl k;3 ”) O(k3 v)]

S (S
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Thus, we get the following approximation of % at (y,t,, +%)

(’,&’m—ﬁ—l _ ’,l‘)’m)

21—

(Y, timy1/2)

e + O(K?).

m—1

=m0 + Z Timjil — Tmj )V — Wy 0° + p
7j=1

(4.3.3)

The resulting semi-discretized version of equation (4.3.1a) is obtained by using the approxi-

mation (4.3.3) in (4.3.1a) at the (m + 3)-th time level.

P 1 ~m+1 1~m+1 ~m+1\3 1 om 1 m+1
(21—7_§>U ~otm HTRT =G v+§ 5% ’
m—1
— [wlv + Z Wm—j+1 — wm_j)ﬁj — wmﬁo
j=1
(4.3.4)

The quasilinearization technique used in (4.3.4) for nonlinear term (v mﬂ) is as follows

NJ=

~m i 1 ~m\i— ~m\i— ~m i :
(@72))? = S[=(@) ) + (@) @] =12,
where i stands for the number of iterations and let (v)" is the initial guess that satisfies the
initial and boundary conditions of the problem (4.2.1). We write the equation (4.3.4) at the i""

iteration as

(55 - ) T = @ + 5@ + (@Y = (5 + 5 )@
L@yt [wm'ﬁm)%_(wm_m )0 >l—wm@0>Z]

Now, we replace (0™)° by 2™ and (v™)"! by V™

4 1 m ~m+1 1~m+1 _ 14 1 ~m 1~m 1 m\3
(zl—v_z 2(v )> —3 =g )Tt ()

m—1

=1
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5(O,tm+1) = Cbl(tm+1), f’lj(].,tm+1> = Cbr(tm+1), m = O, ]., Ce ,Mt — 1. (437)

4.3.2 The spatial discretization: Cubic B-spline functions

For a positive integer \,, let TVv be the partition of [0, 1] described by TVv = {y,|y,, =
nh, 0 <n < N,} where h = A% is the spatial step size. Let B,,(y) are the cubic B-spline
functions defined on [0, 1], for forming cubic B-spline functions. We introduce four extra
nodal points y_1, y_» on the left side of the partition Y and YN, +1> YN, +2 on the right side
of the partition YNy, The functions B,,, n = —1,. .. , N, + 1 are describe as follows:

(

(Y — Yn—2)?, Yn—2 <Y < Yn_1,

h3 + 3h2(y - yn—l) + 3h(y - yn—1)2 - 3(y - yn—1)37 Yn—1 S Y S Yn,

1
Bu(y) = 75 1 h* + 310 (Yns1 — 9) + 30yt = 9)* = 3Wnr1 = 9)%, Yn <Y < Yns1,
(yn+2 - y)sv Yn+1 § Yy S Yn+2,
0, otherwise.
(4.3.8)

The definition shows that each B-spline is always zero and non-zero at three nodal points

(Table 4.1). The following table displays the numerical value of each 5,,(y) and its initial two

derivatives.
Table 4.1: Values of B3,,, and its derivatives at nodal locations
j=n—1 1=n j=n+1 Otherwise
B,.(y;) 1 4 1 0
B, (4;) 3/h 0 ~3/h 0
B (y;) 6/h2 —12/h2 6/h2 0

The set {B_1, By, ..., Bx;,, Bn,+1} spans a family of polynomials (B3(m)) of degree
less than or equal to three on each of the subintervals [y, y,+1] (see [186]). We seek an
approximation v(y, t,,) € Bs(m) to the solution v(y, ¢,,), which use these cubic B-spline

functions as follows
Ny+1

0y, tm) = D 01 Buly), (43.9)

n=-—1
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where ¢,"’s are the unknown time-dependent scalars. Using cubic spline functions for the
approximated function v (yy, t,,) = v(n, m) in equation (4.3.9) with its first two derivatives,
we get
(
'IA}(TL, m) = 57?—1 + 4677171 + 6771n+17
ho, (n,m) = —307 , + 307, (4.3.10)

h2dy,(n,m) = 66 | — 126™ + 64™, .

\

Using (4.3.10) in (4.3.6), we obtain following system of linear equations

prsmtt 4 Qremtt 4 prorit = o n=0,1,...,N,, m=0,1,...,.M; -1,

(4.3.11a)
with
S 4 40 £ 07 = @y(tyr), m=0,1,..., M, — 1, (4.3.11b)
SN 4O O = Dp(tr), m=0,1,..., M, — 1, (4.3.11c)
where
m p 3 3
P = T §(V(n, m))* — 7
m P 1 3 2
Qn (21’\/ _§+§(V(nvm)) ) +ﬁ7

Now on eliminating 6™, Land (Wﬁl from (4.3.11a)—(4.3.11c), we obtain following system

of linear equations

AC™H = B™,
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where
Qv —4r 0 0

e Qr P

P./\TZ,—l Q}?\}y—l Pj\n}y—l

i 0 0 Qj\”/y — 4PA"/;_
is a matrix of size (N, + 1) x (N, + 1) and
i 00" — Pu(tmsr) PG
oyt o1
crtl = | gl , B"= On
5}\n/j—11 PN, -1
m+1 mo m
_6/\@ 1 v, +1)x1 RS q)r(th)PMJ- (Ny+1)x1

4.4 The stability analysis

The Von-Neumann procedure-based stability study of the numerical approach (4.3.11) is
presented in this section. We describe the discretized approach in the following structure to

examine the stability.

1 maL
PRI+ Qa4 PO = RIS 4+ SPOm -+ RIOT + (Vi) + g

n “n—1

m—1
- W (5311 + 40, + 5211) - Z(wm—jﬂ — Win—j) (52}1 +447, + 5£+1)

Jj=1

+ @ (00 + 400 +00,1), n=0,1,...,N;, m=0,1,..., M, — 1, (44.1)

where
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The round-off error is given by

Pm'—*m—b—l Qm'—*m—i-l _‘_Pm'—*;n_:—ll Rmf—m _i_Smf—m_'_Rm ZI+1 wl( = +4 +Ezl+1)
- Z(wm—j-i-l — Win—j) (Eifl +4=), Eiz+1)

t @, (S 420 +20 ), n=0,1,...,N,, m=0,1,...,. M, — 1, (44.2)
along with the constraints
Sy =Z2§,=0,m=0,1,..., M,
Using the Fourier series expansion, the grid functions

BN oy —b<y<y.+in=12..N,—1,

0, 0<y<

[y

or 1—§§y§L

can be deduced into

where

Parseval’s identity in the Lo-norm deduces
Ny—1
=7 = Y == [ = 3

j=—00

From the preceding analysis, we can assume that

—m __ ,_m _ifnh
‘—‘n_ne ’
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where ¢ = y/—1 and 0 is a wave number. Then (4.4.2) gives

(Ua)y (Ua)y

n n

U™ — o U U o[
= (—( Ui )n’" - (Z(wm_qﬂ — T’ +wmn°> . (443)

g=1

where

(U = 2R" cos(0h) + S,
(Uz)n' = 2P cos(6h) + Q'
U =2cos(6h) + 4.

For stability of numerical method (4.3.11), we demonstrate that || < |1°| using mathe-

matical induction. For m = 0, (4.4.3) yields

i =| (Bee)

2R} cos(6h) + SY — w1 (2 cos(0h) + 4)
N |2PY cos(6h) + QY|

|!77°\-

Putting the values R, S°, P, and Q° after some simplification, we get

(st + 4 ) Conh) 2) + foston) — 1)

e (2—P— -1+ g(vnO)z) (cos(0h) +2) — 2 (cos(0h) — 1)‘ a

(2& (2—-3"7) + %) (cos(0h) + 2) + 2 (cos(h) — 1)‘

- '(?Lv -3+ %(Vr?)z) (cos(6h) +2) — 3 (cos(Oh) — 1)‘ n°].

< 1, we look at two situations.

(21pv (2—31“/)4-%) (cos(Gh)+2)+h%(cos(9h)—1)

(21‘07_;4_2(‘/79)2

To show '
‘ (cos(@h)+2)—h%(cos(9h)—l)
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Case 1. If (21@ (2—3"77) + %) (cos(0h) + 2) + 5 (cos(0h) — 1) > 0, then

21—

~(2-3"7) + %) (cos(0h) + 2) + 5 (cos(0h) — 1)‘

‘(ZL 3+ 3()’ )(Cos(eh) +2) — 3 (cos(h) - 1)‘ <1,
iff
(21/)7 (2—3'7) + %) (cos(Bh) +2) + 52 (cos(0h) — 1) < (21/)V B % N g(Vf)Q)
3

iff

(le—w (1-3"")+1- g(v;)ﬁ) (cos(0h) +2) + %(cos(@h) ~1)<o.

It is valid for all values of 8 and h.

Case 2. If (21”_7 (2-3"77) + %) (cos(0h) + 2) + 5(cos(0h) — 1) < 0, then

‘ (21‘17 (2 —377) + %) (cos(6h) + 2) + % (cos(6h) — 1)’ _

%+%(V£)2>(cos(9h)+2) (cos(Gh)—l)’ o
iff

— (2107(2 -3 + %) (cos(6h) + 2) — %(COS(Qh) —1)

< (21p_7 % + g(VO) )(cos(@h) +2) 2 (COS(@h) —1),
iff

< 21p7(3 37 — 2(1/7?)2) (cos(6h) +2) < 0.

It is valid for all values of # and h. Now assuming

<0’ j=2,3,...,m (4.4.4)
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We shall demonstrate that it is true for 7 = m + 1. The equation (4.4.3) yields

|77m+1| < |<U1)nm_w1U’+w1|U’ ’7]0|.
- [(U2)7]

n

Again, there are two cases.

Case 1. If (U)"" — wU > 0, then

((U1)5 — @ U| + =|U|

<1
(V)]
iff
(Ua)7
iff

(1 - g(vnmf) (cos(0h) + - (cos(8h) — 1) < 0,

2
which stands accurate for all 8 as h — 0.

Case 2. If (U;)"" — w U < 0, then

((U1)5 — @ Ul + =|U|

<1,
[eeryed
iff
—<U1>g + leU S 17
(Vo)
iff

_ (21p7 + %) (cos(0h) +2) — %(cos(@h) — 1) + 2wy (cos(6h) + 2)

< <2lp_7 - % + g(Vnm)Q) (cos(6h) +2) — %(cos(@h) - 1),

iff

2p 3 m
( ~ o P25 >2) (cos(0h) +2) <0,

2p 2p i 3,
(_21—7 51, 3 = 1) = 5 (V)7 ) (cos(0h) +2) < 0,
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( 2p (2- 3177) _ ;(Vnm)2> (cos(Oh) +2) <0,

_21_7
iff

1— 3

2—-3 720(:)3725.

On merging further outcomes, we have established that |n™ | < 0% form = 0,1,2,..., M;—

1 delivered % < 37. Therefore, the scheme is conditionally stable.

4.5 Convergence analysis

Lemma 4.5.1. The cubic B-spline will provide the following inequality functions
B_1(y), Bo(y), - - -, Bx,+1(y).

Ny+1
> IBu(y)l <10, ye[0,1].
n=—1
Proof. 1f y is a grid location i.e., y = ¥, then
Ny+1
> 1Balye)l = 1Broa(yr)| + 1B, (yo)| + [Bra(yr)| = 1 +4+ 1 =6.

n=—1

Further, at any point y € [y,_1, y,], we have

Ny+1
> 1B = Bra@)] + 1Broa ()] + [Be(y)] + 1B (y) < 1+4+4+1 = 10.
n=-—1

As aresult, we have Z/nviﬂ |B;(y)| < 10 for every y € [0, 1]. O

Theorem 4.5.1. Suppose that 1" (y) is the cubic B-spline approximation of the precise
solution v™ 1 (y) € C4([0,1]) of the problem (4.2.1) at the (m + 1)-th time level. Then, there

is a constant C that corresponds to
[0 (y) =™ ()] < OR™.

roof. Let ¥ y) = ,.(y) be the cubic B-spline approximation to the exact
P Let o™+! Nutl sm+1B (1) be the cubic B-spli imati h

n=—1"n
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solution v™*1(y) and V™ i(y) = ML §m+1B, (1)) be the unique cubic B-spline interpola-

n=—1"n

tion to the exact solution v™ 1 (y).

o™ ) = 5 ) < o) = V) + [ ) — V)l @S

With respect to 9! () and V"™ (y), a system of linear equations is

AC™ =B™ m=0,1,..., M, —1, 4.5.2)

AC™ =B™, m=0,1,...,. M, — 1, (4.5.3)
respectively, where

Cm+1 - (S(r)n—i-l’ 5;71—&-1’ R A}?\l/’y-’_—lh Sﬁjl)T’

and
B™ = ((0,m)=®(tmer) Py, 9(1,m), ..., o(n,m), ..., 6Ny —1,m), 9Ny, m) = (ts1 ) PRE )
Subtracting (4.5.3) from (4.5.2), we find

AC™T —C™Y) =B™—B™, m=0,1,..., M, —1, (4.5.4)

where

B™ — Bm :<p(07m> - @(Oam)7 p<1vm) - @(1,771), R @(Ny - 17m) - @(Ny - 17m)>
@(Nyam) - @(Nyvm»T'

Now, we can see that

. p 1\, ~ 1. ~
o) = 60 m0) = (525 + 5 )10 ) = Vs )]+ 3160 ) — Vs )

2
m—1
+ @07 = V4 Y @1 — @ [0, — V| + @l — V).
7j=1

(4.5.5)

96



Chapter 4

Using the result || (v (y) — 9™ (y))™)|| < ¢,h*™", v = 0, 1,2, given in [153], we obtain

21

m—1
. 1 1
||Bm — Bm” S( p -+ 5) Coh4 + ECQhQ + <w1 + Z ’wm—j—H — Wm_j| + wm) Coh4

j=1

<M h?, (4.5.6)

where M, = <21L7 + % + 2w1> coh?® + +%cz. The matrix A is invertible due to its rigorous

diagonal dominance; as a result, from (4.5.4), we derive

JCmHt = | < ATY[IB™ - B™|. (4.5.7)
Let the matrix A’s row sums be 0, 01, .., 0. Then
1 1
IA7Y| < . (4.5.8)
o]

where 0 = min{og, 01, ..., 0y, }. Thus, from (4.5.6), (4.5.7), and (4.5.8), we get

M h?

HCerl _ CerlH < .
o]

(4.5.9)

Now, using Equation (4.5.9) and Lemma 4.5.1, we get

Nt gan 10M; 7
[ )=V W)l = || 20 @0 = DB )| < | X Bulw)|IC™-C" ) < =2
n=-—1 n=-—1
Also, we have
[v™ (y) = V™ ()| < coh®.
Therefore, (4.5.1) gives
[ (y) — 0" (y)|| < CR?,
where C' = ¢oh? + 104 O

lo|

Theorem 4.5.2. The solution to the problem (4.2.1a)-(4.2.1c) using the numerical approach

(4.3.11) is second-order convergent.
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Proof. The relation (4.3.3) together with the theorem (4.5.1 gives the required result. L]

4.6 Numerical Simulation

This section tests the proposed method’s efficiency and accuracy (4.3.11) on two numerical
problems for time-fractional ACE. The orders of convergence and errors in distinct norms are
demonstrated in tables. As we deliver the exact solutions to both problems, we calculate the
error in the Lo and maximum norms by using the double mesh principle, and we calculate its

order of convergence employing the definition 1.3.8.
Example 4.6.1. We consider the time-fractional ACE

%yy?’t) + (u(y, 1) — v(y, 1) =<%

y € (0,1), t € (0,1],

SD]u(y,t) — + 72 — tg) cos(my) + t° cos®(my),

with the initial condition

v(y,0) =0, y €0,1],

and the boundary conditions
v(0,t) = t*, v(1,t) = —t* t € [0,1].

The exact solution to the problem is v(y, t) = t cos(y).

Example 4.6.2. We consider the time-fractional ACE

2eYt2

oy, 1)
F'@ =)

S Djv(y. -5

+(u(y, 1)) —v(y, t) = —2e¥t?+-(e1?)?, y € (0,1), t € (0,1],

with the initial condition

v(y,0) =0, y €[0,1],

and the boundary conditions

v(0,t) =12, v(1,t) = et?, t € [0,1].
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The exact solution of the problem is v(y, t) = et

In Tables 4.2—4.5 we displayed the pointwise errors in the L., and Ly norms over a range
of gamma values for Examples 4.6.1 and 4.6.2.These statistics show that the errors decrease
and are close to the theoretical results as the number of grid points increases in space and
time. It supports the second-order convergent nature of the suggested approach as predicted
by our theoretical study. Figures 1 and 4 depict the 3D numerical behavior of the solution to
the problem evaluated in Examples 4.6.1 and 4.6.2, respectively. The numerical solution at
different time levels (by taking different values of ¢,,, (m = M;/4, M;/2, 3M,/4, M,))
are displayed in Figures 2 and 5 for Examples 4.6.1 and 4.6.2, respectively. Figures 3 and
6 are drawn to study the error behavior of the present scheme for Examples 4.6.1 and 4.6.2,

respectively.

Table 4.2: Example 4.6.1: Pointwise errors and order of convergence for various values of the
~ norm in the L., norm

Quantity of nodal points overall
vy M, =16 M; =32 M, =64 My =128 M, =256
N, =10 N, =20 N, =40 N, =80 N, =160
04 137TE—-03 347E—04 884FE —05 224E—-05 5.68FE —06
1.9812 1.9728 1.9805 1.9795

0.6 139E—-03 358K —-04 930E—-05 243E—-05 6.48E —06
1.9571 1.9447 1.9363 1.9069

0.8 141F—-03 3.67E—-04 986E—05 273FE—05 T794E —06
1.9418 1.8961 1.8527 1.7817
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Table 4.3: Example 4.6.1: Pointwise errors and order of convergence for various values of the
~ norm in the Ls norm

Quantity of nodal points overall
0 M =16 M, =32 M, =64 M, =128 M, =256
N, =10 N, =20 N, =40 N, =80 N, = 160
04 997E—-04 252E—-04 6.35E—-05 161E—-05 4.08E — 06
1.9842 1.9886 1.9797 1.9804

0.6 141E—-03 259FE—-04 6.68£—05 1.75E—05 4.66L — 06
1.9633 1.9550 1.9325 1.9090

0.8 1.02E—-03 266FE—04 7.09E—-05 196FE—05 5.71E —06
1.9391 1.9076 1.8549 1.7793

Table 4.4: Example 4.6.2: Pointwise errors and order of convergence for various values of the
~ norm in the L., norm

Quantity of nodal points overall
0 M =16 M, =32 M, =64 M, =128 M, =256
N, =10 N, =20 N, =40 N, =80 N, = 160
0.4 8.00E—-03 199F —03 495E—04 123FE—-04 3.02E—05
2.0072 2.0073 2.0088 2.0260

0.6 7.75E—-03 190FE—-03 462E—-04 1.10E—-04 255E—05
2.0282 2.0400 2.0704 2.1089

0.8 T7.53E—-03 181F—03 422E-04 9.20FE—-05 2.66L —05
2.0567 2.1007 2.1975 1.7902
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Numerical solution

~ 5 4 03 02 U

: 0

| __
t 1 09 08 07 08 0
y

a N, =10, M; = 16 b N, = 40, M, = 64

Figure 1: Example 4.6.1: Numerical Solution for v = 0.8

Table 4.5: Example 4.6.2: Pointwise errors and order of convergence for various values of the
~ norm in the Ly norm

Quantity of nodal points overall
0 M, =16 M, =32 M, =64 M; =128 M, =256
N, =10 N, =20 N, =40 N, =80 N, =160
04 b583E—-03 144FE—-03 358K —04 886E—05 218FE—05
2.0174 2.0080 2.0146 2.0230

0.6 H5.62E—-03 137TE—-03 332E—-04 7.87E—-05 1.80F —05
2.0364 2.0449 2.0767 2.1284

08 544FE —-03 130E£—-03 299FE—-04 6.39E—-05 1.94F—05
2.0651 2.1203 2.2263 1.7198

4.7 Conclusion

This study presents a numerical technique for the time-fractional ACE, which combines the
Crank-Nicolson method with cubic B-splines. To discretize the issue, we use consistent
meshes in both directions. We have shown via thorough investigation that the offered strategy
is conditionally stable and delivers satisfactory results for v > log,(3/2) and second-order
convergent in every direction. Error estimates are given for the Ly and L., norms, despite the

Lo—-norm being used for error computation. The cubic B-spline technique is straightforward
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a N, =10, M, =16 b N, =40, M, =64

Figure 2: Numerical solution for Example 4.6.1 at distinct time levels for v = 0.8
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a N, =10, M, = 16 b N, =40, M, = 64

Figure 3: Absolute errors for Example 4.6.1 for v = 0.8
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P
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Numerical solution
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1

Numerical solution

a N, =10, M, =16 b N, =40, M, =64

Figure 4: Numerical solution for Example 4.6.2 for v = 0.4
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a N, =10, M, = 16

b N, =40, M, = 64

Figure 5: Numerical simulation for Example 4.6.2 at distinct time levels for v = 0.4
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a N, =10, M, = 16 b N, =40, M, = 64

Figure 6: Absolute error for v = 0.4 for Example 4.6.2

based on computational findings. Higher-order fractional partial differential equations could

not be solved using the cubic B-spline approach.
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Chapter 5

A high-order numerical technique for
generalized time-fractional Fisher’s

equation

5.1 Introduction

The generalized time-fractional Fisher’s equation is a substantial model for illustrating the
system’s dynamics. Studying effective numerical methods for this equation has considerable
scientific importance and application value. In that direction, this chapter presents the design
and analysis of a high-order numerical scheme for the generalized time-fractional Fisher’s
equation. The time-fractional derivative is taken in the Caputo sense and approximated
using Euler backward discretization. The quasilinearization technique is used to linearize
the problem, and then a compact finite difference scheme is considered for discretizing the
equation in the space direction. Our numerical method is convergent of O(k*~ + h*), where
h and k are stepped sizes in spatial and temporal directions, respectively. Three problems are
tested numerically by implementing the proposed technique, and the acquired results reveal

that the proposed method is suitable for solving this problem.

R. Choudhary, S. Singh, D. Kumar, A high-order numerical technique for generalized time-fractional
Fisher’s equation, Math. Methods Appl. Sci. , 46 (2023), 16050--16071.
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5.2 Literature survey

In recent years, most practical situations appearing in distinct fields of science have earned
a great deal of curiosity and are modeled through nonlinear fractional order differential
equations (FDEs). In mathematical modeling of these situations, the non-local property of the
fractional derivative gives an extra edge over integer-order differential equations. Fractional
derivatives deliver a unique mechanism for describing some phenomena with genetic and
memory effects and redefine the flaws of integer-order derivatives. Again, this is the most
substantial benefit of fractional-order systems compared to integer-order ones. Fractional
calculus is a generalization of conventional calculus and deals with integrals and derivatives of
arbitrary orders. The classical operators suggested by Leibniz more than three centuries ago
have been developed for fractional systems in various formats. A special kernel characterizes
each fractional operator’s properties and can be employed in various individual problems (see
[187]). Nonlinear partial differential equations (PDEs) are confronted in diverse domains
of science. The generalized Fisher’s equation [188] is highly significant for explaining
various mechanisms. This chapter considers the following generalized time-fractional Fisher’s

Equation (GTFFE):

SDYu(,t) — pittge(x,t) — pou(z,t) [1 — ul(x,t)] = F(x,t), (x,t) € (0,L£) x (0,7],

(5.2.1a)
subject to the initial condition
u(z,0) = go(z), € [0, L], (5.2.1b)
and the boundary conditions
w(0,t) = gi(t), u(L,t) = g,.(t), t € [0,T], (5.2.1¢)

where 0 < o < 1, uy and py are parameters, F'(z,t) is the source term, ¢ € Z* (set of
positive integers), and go(x), g;(t), and g,.(¢) are known functions. For compatible conditions,

we assume that g;(0) = go(0) and g,(0) = go(£). Taking o = 1 and ¢ = 1 in Equation

106



Chapter 5

(5.2.1), we get an integer-order PDE considered by Fisher to study the propagation dynamics
in the time-space direction of a virile gene in an infinite domain [189]. How a population
grows between two competing processes can be defined through this equation. The proposed
equation and its modified versions have appeared in flame propagation [190], neurophysiology
[191], chemical kinetics [192], branching Brownian motion process [193], and many more
areas (see [189] for the reference). Fisher’s equation has become the center of interest for
many researchers because of its widespread applications. Finding the exact solutions to
a large class of time-fractional PDEs takes time and effort. Therefore, several numerical
techniques are employed for approximating the solutions of Fisher’s equation and similar
problems. Gupta and Ray [194] proposed two reliable schemes based on Haar wavelets
and homotopy asymptotic method for solving Burger’s equation and GTFFE. Veeresha et
al. [195] applied the g-homotopy analysis transform method (g-HATM) to the nonlinear
Fishers’s equation. Qurashi ef al. [196] employed the residual power series technique by
using Maclaurin expansion to solve the TFFE of integer order. Some other methods like Haar
wavelets [197] and collocation using Jacobi wavelets [198], discontinuous local Galerkin
method [199], cubic B-spline collocation [189] are also used for numerical studies of TFFEs
of integer order. Recently, many articles came into existence for the numerical study of
GTFFEs, like Majeed et al. [200] used cubic B-spline collocation technique to extend the
previous study by adding source term and increasing the nonlinearity. They observed the
accuracy of O(72~*+ h?). Qin et al. [201] proposed their study based on explicit and implicit
difference schemes. They compared their results with the classical implicit difference scheme
and showed that calculation cost was reduced by 60% using the proposed technique. In
[202], Roul and Rohil presented a higher-order computational technique with an accuracy
of O(7? + h*), using L1 — 2 approximation for the time derivative and quintic B-splines for
spatial derivatives. From previously cited literature, it is evident that most work is proposed
for second-order accuracy in the spatial direction. In the proposed work, we intend to increase
the accuracy in spatial direction by implementing a compact finite difference scheme (CFDS)

(see [203, 204] for details).

The principal purpose of this work is to construct a higher-order (in space) effective

numerical technique for the numerical solution of GTFFE defined in (5.2.1). We have used
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the classical Euler backward technique to discretize the Caputo fractional derivative, while a
compact finite difference scheme makes the space derivative’s discretization. The nonlinearity
is managed by using the well-known quasilinearization technique. We also present the
computational time for the proposed method. To the author’s knowledge, the suggested
method has not been examined for the numerical study of the problem (5.2.1). This chapter is
summarized as follows: First, in Section 2, we discretize the time-fractional derivative and
apply quasilinearization to the considered problem. The time derivative shows the accuracy
of O(k*~*). Then, we derived the CFDS and some other estimates required for convergence
analysis. Section 3 deals with the convergence analysis, and we obtain the fourth-order
convergence in the spatial direction. In Section 4, we provide a stability analysis of the
proposed method. Three numerical experiments are executed in Section 5. We finish with a

brief conclusion of the outcomes in Section 6.

5.3 Discretization of the problem

5.3.1 Temporal discretization

We utilize the Euler backward method to discretize the time-fractional derivative § D%u(z, t).
For this, we split the time interval [0, 7] employing the uniform step size k = T /M,, where
M, are the number of subintervals. Let ¢, = nk,n =0, 1,2, ..., M, are the mesh points of

the interval [0, 7).

To discover the semidiscrete form of our problem, we rewrite the equation (5.2.1) at the
mesh point (z,¢,,1) as
0u(x, tpi1)

ot
z€(0,£),0<n< M —1, (5.3.1a)

- Mlﬂxw(xv tn+1) - /~52ﬁ($> tn-l-l) [1 - ﬁt](‘% tn—H)] = F(]}, tn+1)7

with the initial condition

u(z,0) = go(z), x € [0, L], (5.3.1b)
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and the boundary conditions
u(0,tn11) = gi(tni1), U(L tngr) = gr(tnyr), 0 <n < M; — 1, (5.3.1¢)

where u denotes the approximated solution at the (n + 1)-th time level. The Caputo time-
fractional derivative in Equation (5.3.1) can be matched at the time point ¢ = ¢,, using the
Euler backward method. Considering that the function u is three times differentiable, the

Taylor expansion for % for s € (t,,t,41) around ¢, is given as

du(x,s)  Ou(z,ty) 9*u(x, t,) 9
(r20) _ O t) g\ PTEL) (s g,

~ - 2~
_ U(z, tnpr) —ulw,t,)  10%u(z,tn) (tni1 + tn — 25) + O((s — t,)?). (5.3.2)

k 2 0t?
Since
ou(z,t,)  u(z,tpsr) —u(z,t,)  k 0%u(z,t,) 5
= — = O(k
o1 2 a o oW
therefore
_ 1 It O, s) ds
CDOL tn — / ?
o Diu@ ) = 55 | Ot (tns1 — 5)°
B 1 & /tj+1 du(zx, s) ds
I'l—a) =y ot (tns1 —9)°
Lyt SH) b g
(i —a) & G b (o)
1 _ a($,tj+1) — ’lj(i?,tj) 1 1— . 1—
— k « _ 1 [e3
F(l—a); k; it (n=i+l
—(n— 7)) + R (5.3.3)
1 " _ .
= T2 _a) jzo(u(w, ti) —u(z,ty))on; + R™M, (5.3.4)
; 1 l-a _ ;1-«
where 0; = (i+1) i ! and the truncation error R is given as
1 "L [ 10%u(ty) ds
ntl & R I (g t.—92 -
K I'(l-a) ]z:;/t] ( 2 o (a1 S)) (tnt1 —s)*
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1 DL [t — 2
=Ci|=—— / I s, (5.3.5)
[ra—a>§%H (tuer — 5)°

where Cj is a constant that depends only on .

Now, we have

1 n /tj+1 tj+1 + t]‘ o 28d8
M-a) 2 )y (an—sr

J

a3 DR =) = (=

<

2
+ G+ D= )T =+ 1= )]
2
k2704 _ A\2—a i 1 2—a
k,Qfa
_ 1 -« D) -« -1 -« —_9 l-a . 11—a
—F(2—a){(n+ ) T2+ (n—1)" Y+ (n—2) "+ 4 )
2k«
e 1 2—a
ke 1 1 1 1 1
= 7 +2n " — 1) —2) 7 41
To—a) {(n+ ) T 2n T+ (n—1)" Y+ (n—2) " 4 4 )
2
— 3= (n + 1)2—6“]. (5.3.6)
2
If we take S(n) = (n+1)' " *+2[n' "+ (n—1)'"*+(n—2)""+- -+11—a]—2 (n+1)*«,
—«
then the following lemma shows that S(n) is bounded for all n.
Lemma 5.3.1. Foralln > 1and o € (0,1),
[S(n)| < C,
where C' is a constant independent of o and n.
Proof. We can easily check that
Sn)=m+1)"*+2n" "+ (n =1+ (n =24+ 1T = (1)
-«

n
=D,
j=0

110



Chapter 5

where a; = (j + 1) + j17% — 22-[(j + 1)*7* — j27°]. To prove the result, we will prove
that 37, a; is convergent, which can be demonstrated by offering that |a;| < ﬁ% for large

enough 7. We have

1 11—« 2 1 22—«
(1+—,> 1o (1+—,) 1
J 2—« J

1

1+1+(1—a)- -
+ 1+ ( a)j+ o PR 0 3
(

Jaj| =51~

— jl—a

which implies that |S(n)| is bounded for all n > 1 and o € (0, 1). O

Using Lemma 5.3.1 and Equation (5.3.6) in Equation (5.3.5), we can find that

|Rn+1| S Cg(o>k2_a
< Ck* @, (5.3.7)

where C'is a constant. Thus, the approximation of § D®u(x,t) at (x,t,41) is

n

> ((w, tj) —ix, t;))on; + O(K*). (5.3.8)

=0

1

o Diu(w, tyy) = T2—a)

From Equations (5.3.8) and (5.3.1a), we have the following semi-discretized form of GTFFE

n

00U, tny1) — 0w (T, t0) — DU, £5)(0nj — Onji1)
j=1

['(2—7)
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- Nlﬂzz(x, tn+l> - MZa(xv tn-i-l) [1 - aq(x’tn+1>] = F(£B7 tn-i-l) + Rn+1'
(5.3.9)

5.3.2 The derivation of the compact finite difference scheme

For full discretization of Equation (5.3.9), we operate a compact finite difference scheme; first,
we split the spatial domain [0, £] into N, sub-intervals to get a partition of [0, £] of equidistant
mesh with the step size h = L/N,. Let z,,, = mh, m = 0,1,2,..., N, are the grid points of
the interval [0, £]. Let @, = w(zp, tn), m =0,1,2,..., N, n=0,1,2,..., M,, and here

we introduce some notations

~n 1 ~n ~n ~n ~n ~n ~n
633um = ﬁ(um—&-l - um—l)’ 63:“771 = ﬁ(um—l - 2um + um+1>7
1 - ~
Auzx(xm; tn) - E [uxx(xmfla tn) + 10uxx(xmu tn) + uww<xm+17 tn)] )

~ 1 ~ ~
Aul = E(u”m_l%—lOuZ—l—uﬁlH), m=12,....,N, —1, n=0,1,2,..., M,.
The following lemmas are helpful in the derivation of the compact finite difference scheme
whose proofs can be seen in [205] and [206], respectively.

Lemma 5.3.2. For0 < o < 1,

©0;>0,j=01,2 .. n,

n
* 00t Y (Onsj— On_jr1) = 00.

7=1
Lemma 5.3.3. Suppose v(z) € C®x,, 1, Tpni1] and Ty = Ty + hy Ty 1 = 1, — h. Then

1 1 ht
o3 [V @) + 100" (@) + 0" (@ )]= 75 [0(m1) = 20(@m) + 0(@mia)] = 550 (),

for some Ky, € (1, Ty1)-

112



Chapter 5

Now, the Equation (5.3.9) at the point (z,,, t, 1) gives

r2=7) (00 = D(2 = 7))ttt — 00 ZU On—j = On—j+1)

- :u’lua:a:(mma tn—H) + 2 ( n+1)q+1 F<xm7 tn—‘rl) + ,R’:LnJrl'
(5.3.10)

Making use of quasilinearization technique in Equation (5.3.10) for nonlinear term (%),
we get

(@) = (g + (@) @) — q(@,) )

i=1,2,... (5.3.11)

where i stands for the number of iterations and let (%)! is the initial guess that satisfies the

initial and boundary conditions. We write the Equation (5.3.10) at the (i + 1)™ iteration as

i+1
— (00 -TQ2 = D)t — o, S
INCEED) (o0 (2= )p2)tiy Oy, Zu On—j = On—ji1)

— 111 (U (T, tn1)) ™ 4 p2((q + 1) (@) ) (@)
= F(Zm, tng1) + R+ pag((ur) )"

(5.3.12)
Now, for simplicity we denote (u™ )" by U " and (u?)" by U to get
1 ~ I
2= (00 = (2 = 7)p) Ut — 0, Uy, — Z U (On—j — On—jt1)
— 11 Uaa (@, tsa) + pa(g + 1)(U) TR
= F(@p, tni1) + RET 4+ poq(U)T (5.3.13)

From Lemma 5.3.3, we can conclude that

ht 95U

Auzx(xma n+1) - 52U”+1 240 8 6( ms tn-‘rl)a Rm S (xm—laxm+1>-
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Operating A on the both sides of Equation (5.3.13), we find

(2 — rm+l 770 r7i o
F(Z—’y)A (00 ( V)u2)Un, U, ZUm(Un = On—j+1)

— U + pa(g + 1) AUR)LATR

= AF (2, tpy1) + pog AU 4 R (5.3.14)
where
+1 +1 nt o°U
R, = AR, +,u1240 o7 6( K, tnt1)
" " " ht 95U
(R L 10RE + REEL) +“1240 o — (R, tnt1)- (5.3.15)
From (5.3.7), we can find that
IR < (K 4 h?), (5.3.16)

where
1 86U

is independent of k£ and /. thus, we get the following numerical scheme

[ (r< - ) u2) + pa(q + 1)A<U;Z)q} A, — 0y = AFT g A(UR) ™

2—7
1 o
+ ———F—A [anﬁgn + > W (0p_j— Opj 1)] , (5.3.17a)
F(Z . ,7) ]Zl J 7+
with
i’ = go(xm), m=0,1,2,..., N,, (5.3.17b)
and
™t = gitnr), W = go(tasr), n=0,1,..., M, — 1. (5.3.17¢)
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In matrix form, this numerical scheme can be written as
S+l yn
BU =V",

where
d;H*l n+1 0

n+1 dn+1 n+1
2 2

n+1 n—+1 n+1
TN 2o AN o €N o

n+1 n+1
0 szfl szf |

is a matrix of size (N, — 1) x (N, — 1) and

iyt A — gitpa) 1
,a;l+1 Zngl
Uit = | goort , V= 2t :
ﬁr](/;rl—Q Z?L]ji2
,&n+1 Zn+1 —y (t >6n+1
L Ne =L (N, —1)x1 [“No—1 7 It ONe =1 (v, _1)x1
where
5 o 21 | Spag+1)
gt =2 (2, ) A 2D gy,
1 o (g+1)
n+1 _ 0 - o ﬂ H2\q A Un q
1 o +1
G _ M MA Y
n+1 n+1 n\q+1 1 ~0 - ~7J
Zp = .AFm + MQQA(Um) + mA opl,, + Z um(an,j - Un,jJrl) .

j=1
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5.4 Convergence Analysis

Let W = {w | w = (wp,wn,...,wy,), wg = 0, wy, = 0} be a grid function. For any

w,w" € W, we introduce the inner product and norms as follows

N;—1

(w,w"y = h z_: <6zwm+%> (
wh = |03 (bew,y) Tl

The following lemmas will be used for convergence analysis of the scheme (5.3.17).

Lemma 5.4.1. [207] For any w € W, it holds that

2
Sl < (w,w) < Jul?,

VL

oo < S,

L
lwl] < %lel-

Lemma 5.4.2. For any w € W, ||w|]? < %(w,w), and ||wl|%, < 2 (w,w).

Proof. This Lemma can easily be proved using Lemma 5.4.1. [
Lemma 5.4.3. [208] For any w,w' € W, it holds that

Nz

No—1
—h ﬂ;} ((ﬁwm) w, =h <5zwm_%> <5mwm7%) .

m=0

Lemma 5.4.4. [209] For any w € W, it holds that || Aw|]* < ||w]|?.

Lemma 5.4.5. Let {a;} and {b,} are two non negative sequences and K is a non negative
!

l
constant. If a; < K + Zbiai, [ >0, then a; < Kexp (Z bi> .

i=0 i=0
Proof. We have

l
a <K+ b, 1>0

=0
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! !
<K+ Z KCb; H(l +b;), (using sharp Gronwall’s inequality [210])
=0 i<j
l l

{Iﬂ1+@)—]1(y+@ﬁ

l
i=0 \i<j i+1<j

:;c+lc{ﬁ(1+bj)— f[ (1+bj)}

Jj=0 I+1<j

! !
= ICH(l +b;) < Kexp (Z bZ-) , (since 1+ b; < exp(b;)). O
>0 i=0

—K+K

Theorem 5.4.1. Let u(z,t) € C®2(]0, L] x [0,T]) be the solution of the problem (5.2.1),
and 0", be the solution of the difference scheme (5.3.17), and let EI" = u(x,, t,) — ul,. Then,

we have

IE"| < C(k** + 1Y), |E"| < C(R* +h%), 1<n< M,

Proof. Subtract Equation (5.3.17) from Equation (5.3.13) to get the following error equation
for the difference scheme (5.3.17)

__90  _ A

9
1 - .
+ — On—j — On—ji1)AE) + D%%H,
F(Q — 7) jzl( J J+1>

(5.4.1a)

with the errors at the initial time and boundaries
E% =0, m=0,1,...,N,, (5.4.1b)

and

Egtt =0, Ey' =0, n=0,1,..., M, — 1. (5.4.1¢c)

Multiplying Equation (5.4.1a) by —h(62E™*!) and summing up for m from 1 to N, — 1, we
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get

—hNZ[( 5 uz)+uz(q+1)«4( >]<AE““><62E”“> | 2B

Ny—1 n Np—1
- h Z Un—j . Un7j+1>(‘AEj ) 52En+1 —h Z %nJrl 52E:7L1+1>.

m=1 j=1

(5.4.2)

Let U =min{U}|m =1,2,..., N, — 1}, then

-1

Ny
B h{ (ma— B “2) Thale 1>A<U;L>q] (ABL ) B2EL) < —u||2E"|P

2= ’y) m=1
Nz—1 n N;—1
Z > (Onsi = Onm ) (AEL)(S2EL™) — h > (R (S2EH).
m=1 j=1 m=1

(5.4.3)

Now from Lemma 5.4.3

Ngp—1 Nz—1

—h Z AEn-H 52En+1 —h Z 12 En—Hl—|—10En+1+EgL—:_11)((5iE:]+l)

10 Nz—l Nz—1
= h— Oy En‘l‘l O ETL-H 52 Entl EnJr En+1

and we know that

E;Lq/+11 + En+1 — h252En+1 + 2E;1n+1’

thus
Nz—1 Ng—1 Ngz—1
—h Z AEn-H 52En+1 —h Z 5 En-H )(5 En+1 h Z 52En+1 52ETT7L%+1)
m=0 2
= <E"+1, E"H). 5.4.4)
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Similarly,

n

Nz—1 n
0 YN (Onj — on i AEL)(OZERT) = (0n—j — onji)(E"T E). (5.4.5)
m=1 j=1

7j=1
The inequality Y7 (0, j — 0yjr1) (E""" — E7), (E"*" — E7)) > 0 implies that

. 1 i o
D (Onj = o je)(E" EY) < 500 = o) (B BT 4 5> (o — 0w (B, EY)

Jj=1 J=1

DO =

n

< S(E LET + 5 Y (onj = on ) (B, EY),
=1
(5.4.6)
2
and the inequality 7 > """ < Ll R — w//LI(FQ%LC;,‘]“) > 0 implies that
No—1 M 1
—h R+ (2 ErH) < ~1 S2EMTH2 4 ——||Rn 1|2
3 ) < BB+ e
1
< M1’|5§En+1”2+ Q_HSRTH—IHQ' (5.4.7)
Ha

Substituting Equations (5.4.4), (5.4.5), (5.4.6), and (5.4.7) in Equation (5.4.3), we get

n

[ (QF(;_ fy). — M2> + p2(q + 1)«4(UZ*)‘1 <En+17 En+1> < %;(O—n—j _ Un—j+1)<Ej7 Ej>

1
I mn—i—l 2’
Sl

now with the use of Equation (5.3.16) and A = I'(2 — )

(1= 2Ap2) + 2Ap2(g + 1) AU, ) <En+17 En+1> < AZ(%—]‘ - Un—j+1><Ej7 Ej>
j=1

\ A
+ 2O 4 ) XEM BT <
o )% )= T 2vm) + Dvialg + DAY
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n o C?
[Zm_j o) (B B+ S g g2

= M1

here we use Lemma 5.4.5

) c:
(1= 2Xp2) + 2\ paa(q + 1)A(UR )7 iy

exp Z(Un—j — Onj1) (B, EY)

<En+17En+1> S (kQ—a + h4)2

j=1
A C?
< > k2—a + h4 2 00— Op
< T o)+ Dvala + DAT) Foo =)
< C*(K*™ + hh)2 (5.4.8)

Using Lemma 5.4.2, we obtain

IE"H < OB + 1Y), [[E" oo < C(R* + 1Y), .

5.5 Stability Analysis

The numerical scheme (5.3.17) is numerically stable if a small perturbation to the initial
solution gives a small perturbation in the numerical solution. Let {v2™[0 <m < N,, 0 <

n < M; — 1} be the solution of

(s — 4 + sl DAY [ A = a7 = AR+ pag AU

2—7
1 L
+—-A [anygl + vl (Op—j — Onj ], (5.5.1a)
F(2 — 7) Jz:l ( J ]+1>
with
0 = go(@m) +9°, m=0,1,2...,N,, (5.5.1b)
and
vt = gitpsr), v = gr(tpsn), n=10,1,..., M; — 1, (5.5.1¢c)

120



Chapter 5

where 10 is a small perturbation of go(z,,). Let

—v',m=0,1,2...,N,, n=0,1,..., M.

m?

Theorem 5.5.1. The numerical scheme (5.3.17a)-(5.3.17¢) is stable if the discrete numerical

solutions U™, satisfying (5.3.17) and V" satisfying (5.5.1) are such that ||e"*|| o < C|¢°]..

Proof. To find error equation for compact difference scheme (5.3.17), we subtract (5.3.17)

from (5.5.1)

n
+3 ey - an_m)] ,
j=1

(o))
[ — DAU™)| AT = 2 _n+1
|:<F(2 7) MQ) /1’2(q ) ( m) Em Mldxgm

(5.5.2a)

with
e =y m=0,1,2,..., N, (5.5.2b)

and
e =0, =0,n=0,1,..., M, — 1. (5.5.2¢)

Multiplying Equation (5.5.2a) by —h(62e"!) and summing up for m from 1 to N, — 1, to get

N;—1

- mz_:l { (ﬁ - H?) + p2(g + l)A(U;;)q} (A1) (52 H) =

N,—1 Ny—1 n
— b > (Sren) (02 — hm > A|:Un€?71 + > eh(on g — ou 1) | (Gep),
m=1 m=1 =1

which gives

Ngz—1

] (s ) + sl + DAWR)| X (e <

m=1
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Ng—1

Ny—1 n
1 J A
D N R e D D\ LERS SER R S| [EA0)
m=1 P2 =) m=1 j=1
(5.5.3)
Use of Equations (5.4.4) and (5.4.5) in (5.5.3) yields
go 1 " ;
- - 1 n \q n+l _n+tl < - o » j n+l
|: (F(Q _ ’7) MQ) +M2(Q+ )A(Um*) :|<€ € > = F(Q _ ’7) ]Zl(o-" J On J+1)<€ € >
On 0 _n+ly 52+ )12
+P(2—’}/)<€7€ > ,Ule =€ H :
(5.5.4)

Now the inequality Z(U"—f — i) (" = &%), (g™ — 7)) > 0 implies that
j=1

n

- 1 1 o
> (0 — O jr1)(e ™) < F(L—on)(e™™ &™) + 5 > (00— ongi)(el &),
j=1 j=1

and the inequality ((e"*! — £Y), (et — £%)) > 0 implies that
q y p

1
(€9, €™y < — (g™t gty 4 §<€O,€O>. (5.5.6)

N —

Substituting Equation (5.5.6) and (5.5.5) in Equation (5.5.4), and put A = I'(2 — ), we get

n

1 .
<€n-|—17 6n-|-1> + 5 Z(gn_j — Jn_j+1)<5]7 €]>

J=1

on "
+ 7(50750> — A [| 027,

(1 — M) + Apa(g + DAUR )| (g"H ety <

DN | —

or

|:<1 - 2)‘M2>+2)‘/~L2(Q+1)A(Uz*)q:| <En+17 €n+1> < Z(Un—j_an—j+1)<5j7 5j>+0n<507 ‘€O>7

J=1
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or

(0= 20+ 2 DA ) < 30y i) (e )
j=1

(5.5.7)
An application of Lemma 5.4.5 yields

[(1 = 2Mu2) + 2Mp2(q + 1>A(U7§LL*)Q} (", ") < oo(e”, €% exp(og — ;)

< oo (e”,e”) exp(1),

or

ety < 20 xp(1) (€°,9). (5.5.8)

n+1
€ = (1= 2haa) + 2\ag + DA )7 0

7

Again using Lemmas 5.4.1 and 5.4.2 in Equation (5.5.8), we get

3C

87’L+1 2 <
e+, < =2

<€n—i-17 €n+1> S

(19°10)?,

% g exp(1)
8 (1= 2\ pu2) + 2\ua(q + 1)A(UR )a

that is

le™ M oo < Cl¥°%1,

1)
. Co ac oo exp( . [
e \/ (1 —2X\u2) + 2\pua(q + 1)AUR )4

5.6 Numerical Illustrations and Applications

In this section, three test examples are taken to demonstrate the proposed method’s efficiency,
computational complexity, and accuracy. We calculate numerical solutions and tabulate for
various values of parameters i1, (42, and ov. We also portray the numerical solution graphically
to compare with the exact solution to represent the solution’s nature for varying the parametric
values. Using the double mesh principle, we find error estimates in L.,-norm, the respective

order of convergence is calculated by using the definition 1.3.8.
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In a specific direction (space or time), the order of convergence is calculated by

gN:n,]V[t gNngt
log (SQNZ,Mt> log (gNz,QMt>
dN‘L’:Mtyx — dML’yMtvt — .

log 2 ’ log 2

The CPU time is also measured to further investigate the technique’s performance. All
examples are coded by MATLAB R2021b and performed on Intel Core i7 (9th Gen) with a

memory of 16GB.

Example 5.6.1. First, we consider the problem (5.2.1) defined on (0, 1) x (0, 1] with F(z,t) =
tQ_a

2x2m — 21 (1+1%) — o (1 +12) (1 —(2?(1+ t2))q> with the initial and boundary
-«

conditions
u(z,0) = 2% x€10,1], u(0,t)=0, wu(l,t)=1+¢*t€]0,1].

The exact solution to this problem is u(x,t) = x?(1 + t2).

Example 5.6.2. Next, we consider the problem (5.2.1) defined on (0, 1) x (0, 1] with F(z,t) =

: I'(5/2 3 972 3 3 3 I
téa% sin <7ﬂx) +uq %t?’/z sin (gm) —pot?/? sin (%x) (1— <t3/2 sin (%x)) )

with the initial and boundary conditions
u(x,0) =0, z €[0,1], u(0,t)=0, u(l,t)=—t*%tc][0,1].

3
The exact solution to this problem is u(x,t) = t3/% sin (;36)

Example 5.6.3. Finally, we consider the problem (5.2.1) defined on (0,1) x (0,1] with
F(z,t) = tI'(a+2)(1—2?) cos(3mx)—pg (127m: sin(3rx)+(9r22?—9r?—2) COS(37T[E)) —

q
pat (1 — 2?) cos(3mx) (1 — <t1+a(1 — z?) cos(37ra;)) ) with the initial and boundary

conditions
u(z,0) =0, x €[0,1], u(0,t)=t** wu(l,t)=0,tc]0,1].

The exact solution to this problem is u(z,t) = t'**(1 — 2?) cos(3mx).
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In Table 5.1, we find ENeMe | ¢N="M: for different values of v and fixed ¢ = 3. It confirms
the order of convergence 2 — « in the temporal direction. The CPU time is also given for
each «, which is quite reasonable as the number of points increases. The similar analogy
one can see in Tables 5.4 and 5.7 for Examples 5.6.2 and 5.6.3, respectively (for different
values of j1; and p2). In Tables 5.2, 5.5, and 5.8, we provide pointwise errors and orders of
convergence in spatial direction for the same set of « values as in Tables 5.1, 5.4, and 5.7,
keeping M, = 160. The obtained numerical order of convergence agrees with the theoretical
one derived in convergence analysis. We also deliver the CPU time in the same tables, which
assures the computational efficiency of the proposed technique. Keeping « fixed and varying
the values of ¢, we get order of convergence 2 — « in Tables 5.3, 5.6, and 5.9.

To bring a clear sight of the real-time nature of the solution, the surface plots of the
numerical and exact solutions are given in Figures 1, 4, 7 for the Examples 5.6.1, 5.6.2, and
5.6.3, respectively. One can easily see that the surface plots of these solutions are almost
identical. We confirm this analogy by plotting the exact and numerical solutions at a fixed
time level in Figures 5.2b, 5.5b, and 5.8b. The solution changes with each time level as we
approach from lower to higher time levels. For this, we have drawn the numerical solution
at different time levels (see Figures 5.2a, 5.5a, and 5.8a). Contour plots and 3D views of
numerical solutions are provided for Examples 5.6.1 and 5.6.2 in Figures 3 and 6, respectively.

For Example, 5.6.3, Figure 9 shows how the solution changes with respect to a?

5.7 Conclusions

This chapter suggests a higher-order numerical technique in spatial direction for the gen-
eralized time-fractional Fisher’s equation with significantly less computational time. The
discretization process for the time-fractional derivative uses the standard Euler Backward
technique, while in the spatial direction, we employed CFDS. The proposed numerical scheme
solves the GTFFE very efficiently and produces accurate solutions with less computational
error for both directions. The graphical results reveal that the present approach for finding the
numerical solution of GTFFE agrees well with the exact solution. The tabular results strongly

confirm the theoretical aspects of orders of convergence in the spatial and temporal directions.
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Table 5.1: ENeMt | @N-Mt and CPU time (in sec.) for Example 5.6.1 taking ¢ = 3, j; =

Mo = 0.5
o N,=16 Np=32 N,=64 N,=128 N;=256
M¢=20 M=40 M¢=80 M¢=160 M=320
0.2 1.0983e — 03 3.1510e — 04 8.9685¢ — 05 2.5598e — 05 7.3675e — 06
1.2768 1.4886 1.8088 1.7968 -
CPU Time 0.0617 0.1031 0.4648 3.2660 25.1628
0.5 2.0294e — 03 6.8669¢ — 04 2.3369¢ — 04 8.0328e — 05 2.7829e — 05
1.5633 1.5551 1.5406 1.5293 -
CPU Time 0.0774 0.1069 0.4655 3.2648 25.1729
0.8 7.3508e — 03  3.1916e — 03 1.3826e — 03 6.0009¢ — 04 2.6073e — 04
1.2036 1.2069 1.2041 1.2026 -
CPU Time 0.0616 0.1022 0.4677 3.3133 25.0789
0.95 1.4228¢ — 02 6.9107e — 03 3.3369¢ — 03 1.6113e — 03 7.7815e — 04
1.0418 1.0503 1.0503 1.0501 -
CPU Time 0.0553 0.1045 0.4663 3.3770 25.3164

Table 5.2: Pointwise errors, CPU time (in sec.), and orders of convergence in space for

Example 5.6.1 taking ¢ = 3, i1 = s = 0.5

N,
o} 16 32 64 128 256
0.2 1.0500e — 08 6.7182e — 10 4.2503e — 11 2.6643e — 12 1.6689¢ — 13
3.9662 3.9824 3.9957 3.9968 -
CPU Time 1.2870 2.5457 5.0066 9.6239 19.9678
0.5 1.8176e — 08 1.1752e — 09 7.4135e — 11 4.6405e — 12 3.3107e — 13
3.9511 3.9866 3.9978 3.8091 -
CPU Time 1.2690 2.5128 4.9514 9.8175 19.8542
0.8 2.7406e — 07 2.7319e — 08 1.7580e — 09 1.1088e — 10 6.9803e — 12
3.3265 3.9579 3.9869 3.9896 -
CPU Time 1.2972 2.5399 4.9081 9.7731 20.0414
0.95 2.0146e — 06  1.3063e — 07 9.4002e — 09 6.038% — 10 3.8496e — 11
3.9469 3.7967 3.9603 3.9715 -
CPU Time 1.2667 24711 4.9423 9.8052 19.6993
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Table 5.3: ENeMe qNo:M: " and CPU time (in sec.) for Example 5.6.1 taking o = 0.7,

p1 = p2 =1
N,=16 N,=32 N,=64 N,=128 N;=256
My=20 M;y=40 My=80 My=160 M:=320
2 4.6149¢ — 03 1.8808¢ — 03 7.6294e¢ — 04 3.0951e — 04 1.2559¢ — 04
1.2950 1.3017 1.3016 1.3013 -
CPU Time 0.0575 0.1075 0.4659 3.3237 25.2550
4 4.9565¢ — 03  1.9269¢ — 03 7.6275¢ — 04 3.0467¢ — 04 1.2249¢ — 04
1.3630 1.3370 1.3240 1.3146 -
CPU Time 0.0571 0.1021 0.4755 3.3456 25.1361
5 5.0677e — 03 1.9091e — 03 7.7161le — 04 3.0355e — 04 1.2199¢ — 04
1.4084 1.3069 1.3459 1.3152 -
CPU Time 0.0557 0.1044 0.4642 3.2964 25.2418

K
00
QD
QR

%
5,

Numerical Solution

a Numerical solution

Exact Solution

b Exact solution

Figure 1: Surface plots of exact and numerical solutions for Example 5.6.1 by taking N, =

Mt:5O,a:0.8,q:3,and,u1:,u2:1.
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2 1.2
Bl =05 e — Numerical Solution
1]
W t=075
cul + Exact Solution
£
= t=10 0811
3
=12k c
b g
! 508
.g 0
008F ]
§ 04
2 06f
04F
02
02f
0 i | r‘; | | | | | | | |
0 01 02 0.3 04 X 05 06 07 08 09 1 0 01 02 03 04 x 05 06 07 08 09 1
a Numerical solution at different time levels b Exact and numerical solution at ¢ = 0.25

Figure 2: Plots of exact and numerical solutions for Example 5.6.1 by taking N, = M; = 64,
a=0.75,qg=3,and p; = ps = 1.

o

Numerical Solution
] =
\\\\\\

0 01 02 03 04y 05 06 07 08 09 1

a 3D view of numerical solution b Contour plot of numerical solution

Figure 3: Plots of numerical solution for Example 5.6.1 by taking N, = M; = 32, a = 0.5,
q=2,and p; = s = 1.
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Table 5.4: ENeMe | qNa:Mt and CPU time (in sec.) for Example 5.6.2 taking ¢ = 3, ji; =

p2 =1
o N,=16 N,=32 Ny=64 N,=128 N,=256
M;=20 M;=40 M;=80 M;=160 M;=320
0.4 1.6392e¢ — 03 5.9534e — 04 2.1451e — 04 7.7025e — 05 2.7556e — 05
1.46142 1.4727 1.4776 1.4830 -
CPU Time 0.0776 0.1144 0.4828 3.2591 25.1628
0.6 4.5193e — 03 1.7498e — 03 6.7151le — 04 2.5688¢ — 04 9.8051e — 05
1.3689 1.3817 1.3863 1.3895 -
CPU Time 0.06730 0.1142 0.4647 3.2404 24.9058
0.8 1.2096e — 02 5.4119e¢ — 03  2.3959¢ — 03 1.0545e — 03 4.6247e — 04
1.1603 1.1756 1.1840 1.1891 -
CPU Time 0.0678 0.1132 0.4835 3.2275 24.8066
0.95 2.4003e — 02 1.1951e — 02 5.8852e¢ — 03 2.8796e — 03 1.4033e¢ — 03
1.0061 1.0220 1.0312 1.0370 -
CPU Time 0.0662 0.1114 0.4828 3.2591 24.9153

Table 5.5: Pointwise errors, CPU time (in sec.), and orders of convergence in space for
Example 5.6.2 taking ¢ = 3, i1 = o = 1

N,
o 16 32 64 128 256
0.4 1.3322e — 05 8.3713e — 07 5.2285e¢ — 08 3.2673e — 09 2.0420e — 10
3.9922 4.0010 4.0002 4.0000 -
CPU Time 1.2757 2.4868 4.9491 9.6267 19.5583
0.6 1.2194e — 05 7.6523e — 07 4.7795e — 08 2.9872e — 09 1.8671e — 10
3.9941 4.0010 4.000 3.9999 -
CPU Time 1.2747 2.4904 4.9083 9.7121 19.5783
0.8 1.0996e — 05 6.8916e — 07 4.3044e — 08 2.6912e — 09 1.6818e — 10
3.9960 4.0010 3.9995 4.0002 -
CPU Time 1.3470 2.6052 0.2264 10.7367 21.7518
0.95 1.0070e — 05 8.2341e — 07 5.9205e — 08 3.8047e — 09 2.4250e — 10
3.6123 3.7978 3.9599 3.9717 -
CPU Time 1.2863 2.5494 5.2532 10.6452 21.4630
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Table 5.6: ENe:Mt | @Na:Mt  and CPU time (in sec.) for Example 5.6.2 taking o = (.75, and
11 = po = 1 and different values of ¢

N,=16 Nyp=32 N, =64 Np=128 Ny=256
M=20 My=40 M =80 M=160 M;=320
5.6723e — 03  2.4734e — 03 1.0628¢ — 03 4.5410e — 04 1.9305e — 04
1.1974 1.2186 1.2268 1.2340 -
CPU Time 0.1019 0.1159 0.5342 3.5703 28.4285
4 5.6717e — 03 2.4748¢ — 03 1.0636e — 03 4.5444e — 04 1.9319e — 04
1.1965 1.2184 1.2268 1.2341 -
CPU Time 0.0646 0.1186 0.5323 3.5737 27.6741
) 5.7242e — 03 2.4747e — 03 1.0636e — 03 4.5445e — 04 1.9319e — 04
1.2098 1.2183 1.2268 1.2341 -
CPU Time 0.0862 0.1169 0.4753 3.3195 27.1765

Numerical Solution
Exact Solution

&

a Numerical solution b Exact solution

Figure 4: Surface plots of exact and numerical solutions for Example 5.6.2 by taking N, =
My =50, =0.8,q=2,and p; = ps = 1.
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15 0.15

1205
i P— 08|

— Numerical Solution
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+ Exact Solution

4 -~ =10
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o c
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05
0
4 | | | | | | | | \\\"'w. 5 | | | | | | | | |
0 01 02 03 04 yx 05 06 07 08 09 1 0 01 02 03 04 X 05 06 07 08 09 1
a Numerical solution at different time levels b Exact and numerical solution at ¢t = 0.25

Figure 5: Plots of exact and numerical solutions for Example 5.6.2 by taking N, = M, = 64,
a=0.75,qg=2,and 1 = py = 1.

merical Soolutlon
&

Ny

AL

04 05 0
0 g w02 8 Ry

a 3D view of numerical solution b Contour plot of numerical solution

Figure 6: Plots of numerical solutions for Example 5.6.2 by taking N, = M; = 32, a = 0.5,
q=2,and p; = ps = 1.
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Table 5.7: ENeMt | @Na-Mt and CPU time (in sec.) for Example 5.6.3 taking ¢ = 3, j; =

115 = 0.009
o N,=16 N,=32 N,=64 N,=128 N,=256
M=20 My=40 M=80 M¢=160 M=320
045  1.4650c — 03 5.6737c — 04 2.2164e — 04 8.4698¢ — 05 3.2081e — 05
1.3685 1.3561 1.3878 1.4006 -
CPUTime  0.0650 0.1126 0.4852 3.3066 25.2482
0.65  4.3849¢ — 03 1.684le — 03 6.7022¢ — 04 2.6451e — 04 1.0421e — 04
1.3806 1.3293 1.3413 1.3438 .
CPUTime  0.0699 0.1119 0.4833 3.2947 25.6117
0.85  1.3914e — 02 6.2904e — 03 2.8721e — 03 1.2982¢ — 03  5.8602¢ — 04
1.1453 1.1310 1.1456 1.1475 .
CPUTime  0.0672 0.1151 0.4752 3.3361 25.2517
0.99  2.8874e — 02 1.4412e — 02 7.2363¢ — 03 3.5986e — 03 1.7883¢ — 03
1.0025 0.9939 1.0078 1.0088 .
CPUTime  0.0653 0.1112 0.4876 3.3159 25.3494

Table 5.8: Pointwise errors, CPU time (in sec.), and orders of convergence in space for
Example 5.6.3 taking ¢ = 3, and p; = po = 0.009

N,
o} 16 32 64 128 256
0.45 2.1570e — 04 1.3307e — 05 8.3738e — 07 5.2292e — 08 3.2676e — 09
4.0188 3.9902 4.0012 4.0003 -
CPU Time 1.2697 2.4921 4.9558 9.8184 19.7032
0.65 1.8678e — 04 1.1524e — 05 7.2429e — 07 4.5230e — 08 2.8269¢ — 09
4.0186 3.9919 4.0012 4.0000 -
CPU Time 1.2981 2.5283 4.9520 9.7569 19.8107
0.85 1.5596e — 04  9.6220e — 06 6.0412e — 07 3.7726e — 08 2.3586e — 09
4.0187 3.9934 4.0012 3.9996 -
CPU Time 1.2946 2.5006 4.9340 9.7830 19.5258
0.99 1.3445e — 04  8.2950e — 06 5.2048e — 07 3.2503e — 08  2.0324e — 09
4.0187 3.9943 4.0012 3.9993 -
CPU Time 1.2833 2.5185 4.9685 9.6940 19.8018
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Table 5.9: &NeMe Ne:M: " and CPU time (in sec.) for Example 5.6.3 taking a = 0.75,
M1 = g = 0.009

N,=16 Np=32 Ny =64 Nyp=128 Ny=256
M=20 M;=40 M =80 M=160 M;=320
7.9444e — 03 3.3151e — 03 1.4104e — 03 5.9474e — 04 2.5052e¢ — 04
1.2609 1.2329 1.2458 1.2473 -
CPU Time 0.0595 0.1011 0.4597 3.2133 25.0561
4 7.9663e — 03 3.3220e — 03 1.4127¢ — 03 5.9549¢ — 04 2.5078e — 04
1.2619 1.2336 1.2463 1.2477 -
CPU Time 0.0546 0.1043 0.4567 3.2333 24.9164
5 7.9299¢ — 03 3.3212e — 03 1.4166e — 03 5.9828c — 04 2.5226e — 04
1.2556 1.2293 1.2435 1.2459 -
CPU Time 0.0594 0.1066 0.4760 3.2565 24.9839

=
o

Exact Solution

Numerical Solution
o

a Numerical solution b Exact solution

Figure 7: Surface plots of exact and numerical solutions for Example 5.6.3 by taking N, =
M, =50, =0.8,¢g=2,and p; = ps = 1.
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a Numerical solution at different time levels b Exact and numerical solution at ¢t = 0.25

Figure 8: Plots of exact and numerical solutions for Example 5.6.3 by taking N, = M; = 64,
a=0.75,q=2,and puy = s = 1.
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Figure 9: Plots of numerical solution of Example 5.6.3 for different values of « by taking
Nx:Mt:50,q:2,andu1 = o = 1.
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A numerical method for solving the

fractional-order predator-prey model

6.1 Introduction

This chapter explores the Predictor-Corrector Method (PCM) to solve a nonlinear two-
dimensional fractional-order predator-prey model with carrying capacity. The derivative of
fractional order abodes the modified Atangana-Baleanu fractional derivative of Caputo sense
(MABC derivative). Due to the smoothness and fast implementation, PCM is advantageous
over other methods. The computational outcomes match with two methods, the homotopy
perturbation Sumudu transform method (HPSTM) and the homotopy analysis Sumudu trans-
form method (HASTM), presented by Srivastava et al. in [1]. The computational results are
drawn graphically for different values of derivatives to illustrate the variations of carnivore

and chased populations.

6.2 Literature survey

In both ecology and biology, the dynamics of relationships between species are heavily
entwined. A predator is a species that consumes another species, and the species that is eaten
is referred to as prey. Bear and fish, tiger and cow, snake and mice, leopard and fox, fox and

rabbit, and more animals are examples of predator and prey species. The terms “predator”
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and “prey” are almost often used to refer to solely carnivorous animals. The same vision also
includes many plant species at the same time, such as a bear and a fruit, a grasshopper and
a leaf, a rabbit and a carrot, etc. Newly numerous mathematicians explain these relations
with the help of modeling, bringing into report the populations of species and ecosystem
situations that have evolved the increasing issue of analysis in diverse domains, particularly
biology. The Lotka-Volterra equation, developed in biological mathematics [211, 212], plays
a crucial part in creating a model for the population growth of biological organisms. It has
been determined that these equations, which include the interspecific rival, are necessary for
those involved in biology. These equations once more aid in understanding the effects of
competitive relationships between distinct species; see [213-216]. Freedman [217] studied
the famous classical model for predator-prey population and delivered it with the help of the
Gaussian system. Recent research by Raw ef al. [218] examined the effects of movement
within the head predator species population and the defense mechanism of a prey species. In
recent years, numerous scholars have published theoretical studies in biology and numerical

studies in mathematics on these dynamics (refer to [15, 219-221]).

To solve time-fractional problems, several scholars have employed the ABC derivative.
Akgul and Modanli have studied a third-order fractional differential equation with ABC
derivative [222]. Later, using the Atangana-Baleanu derivative to solve the advection-diffusion
equation, Tajadodi [223] proposed an approximation method based on Bernstein polynomials.
Additionally, several real-world issues with the ABC derivative have been outlined by Bas
and Ozarslan [224] and Gao et al. [225], where the macroeconomic model integrating ABC
fractional derivatives was looked into before the viral infection models for AIDS and Zika
were researched. However, after reading these articles, we learned that the ABC derivative
has a nonsingular kernel that we initialize problems with. For more information, see [226].

Therefore, our research uses the MABC derivative mentioned in [39].

In this chapter, we suppose a system of equations of fractional order with carrying capacity

Ki[1]

MABC DYo(t) = w(t) <a1 - %w(t)) — Brw(t) (1), (6.2.1a)
1
MABEDIo(t) = ¢(t)(—az + Baw(t)), t >0, (6.2.1b)

136



Chapter 6

with the initial-conditions
w(0) = p1, ¢(0) = po. (6.2.1c)

MABC 1yY
Here D,

symbolizes the modified Atanagana-Baleanu fractional derivative of order ~y
in the Caputo sense; 0 < v < 1, and a4, as, K1, B1, P2, i1, pt2 are positive constants. The
table provided in this document, namely Table 6.1, presents the physical interpretations of the

parameters and variables used in (6.2.1).

Table 6.1: The variables and parameters considered in the problem (6.2.1)

Variables/Parameter Description

w(t) The density of the prey population
o(t) The density of the predator population
o Prey’s intrinsic growth

Qo Predator’s growth rate

Ky Carrying capacity

Ioh Positive competition coefficient

Ba Positive competition coefficient

Only a few numerical schemes are available for [1], and there is no study where this model
was examined by the Predictor-Corrector method (PCM). This approach has established
efficiency in numerous practical applications [227-230]. To the best of our knowledge, to
analyze a two-dimensional, fractional-order predator-prey system with carrying capacity K1,
we use the PCM for the first time in this wor. Fractional-order nonlinear differential equa-
tions characterize the model under consideration. The strengths of the predator-prey model
presented in this study may be apprehended during this examination. This chapter explores
the Predictor-Corrector Method (PCM) to solve a The primary objective of this study is to
provide the PCM solution for the mathematical model represented by equation (6.2.1). The
equation (6.2.1) was previously solved using the homotopy perturbation Sumudu transform
method (HPSTM) [1], which offers a semi-analytical solution. The reproducing kernel Hilbert
space method (RKHSM) [231] also was used. The authors of [232] have presented a novel
approach in their study, wherein they propose using a fractional Bernstein series solution
form to address the fractional-order biological population model that incorporates a carrying

capacity.
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6.3 Preliminaries

Definition 6.3.1. Let f1(t), fo(t) : R — R are integrable functions, then their Laplace

convolution is given by

e = [ it = ) fals)ds, ¢ > 0.

Definition 6.3.2. The modified Atangana-Baleanu fractional integral of order v € (n —
1,n), n € Nis determined for w(t) € L'(0,T) and given by
1—96

MABY, 4\ _ RL pn—1
Lw(t) = N ) I w(t)+

5 RE ré+n—1 tn—l ) tn-l—é—l
=5 " wlt)=w) (F(n) * 1—5F(n+5)>]

where v =6 +n — 1.

Whenn =1

MAB[gw<t) _ ;\fz_’y’;’ w(t) + %Rngw(t) — w(O) (1 + ﬁf(;—ll» :|

Lemma 6.3.1. [39] Ifw™(t) € L'(0,00), and vy € (n—1,n), n €N; v =6 +n — 1. The

following equality holds
n—1 tk
MAB AR Da(t) = w(t) — 3w (0,
k=0

MABC DYMAB [7,)(#) = w(t) — w(0).

Whenn =1

MAB]”YMABCD'YW t) = w(t) — w(0 ’
0 0
MABC DyMAB 17,() = w(t) — w(0).
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6.4 Equilibrium Point Stability

To the stability of the system (6.2.1), it is sufficient to examine the stability of equilibrium

points of the system (6.2.1). To see the equilibrium points of the system of fractional order, let

() (01 = fhaln)) = (ot =o. 64.1)
P(t)(—ag + Baw(t)) = 0. (6.4.2)

From (6.4.1) and (6.4.2) equilibrium points of system (6.2.1) are £} = (0,0), £5 = (K1,0),
and £ = <%—§, % (1 — ﬁ)) Let us examine the stability of the system (6.2.1) at the
trivial equilibrium point £ = (0, 0). Thus, the variational matrix at trivial equilibrium point

E; = (0,0) is

(&3] 0
Al - ’
0 — Q9
eigenvalues of A; are \;(E}) = oy and A\o(EY) = —ay here A\ (E7}) is positive eigenvalue

of A;. Therefore, from Routh-Hurwitz conditions [233, 234] trivial equilibrium point £} =
(0, 0) is unstable.

Next, we examine the stability of the model (6.2.1) at the equilibrium point £} = (K7, 0).

Thus, the variational matrix at equilibrium point £ = (K7, 0) is
Ay — —Qq —p1 Ky ’
0 Kifs—az

eigenvalues of A, are \{(E3) = —aq and \y(E3) = K1 — s here A\{(E3) is negative
eigenvalue of A; and \o(E}) = K0y — g is negative if K10, < «y. Therefore, from
Routh-Hurwitz conditions [233, 234] equilibrium point £} = (0,0) is stable for system
(6.2.1) if and only if K155 < as.

Successively, we analyze the stability of the model (6.2.1) at the equilibrium point
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E; = (% N (1 — 2 )) Therefore, the variational matrix at equilibrium point £73 is

B2 B K152
—aian —Biaz
Ay = K12 B2
Bear _ ajap 0 ’
B1 K1p1

the eigenvalues of this matrix, delivered by the algebraic equation

2
det(As — NI) = A2 + ) [ 2122 L
et(As ) + (K152 + | 0,

are

2 2
_ oo [e5Ke D) _ _ a1a)
K152 + \/(K1ﬁ2) 4 (alaz K152)

2 i

Aio(E3) =

as oy, ap, K4 and (5 all are positive constants. When
s\’ a0
1002 105
—4 109 — > Z 0
<K152> < K152 ’
251e%)

2 2 2
(e 31e %) a1 Qg
> —4 | ajang — >0,
K1 (Kl/x) ( KB ) -

so the eigenvalues \; o(F75) are negative, which suggests that the solution w(t) = 0, ¢(t) =0

then

corresponding to the equilibrium point £ is globally asymptotically stable.

2 2
10 [e5YeS
—4 | g — <0,
(K152) ( e K152) B

then, the eigenvalues \; »(£3) has a negative real part, which suggests that the solution

When

w(t) = 0, ¢(t) = 0 corresponding to the equilibrium point £ is globally asymptotically

stable.

6.5 An explanation of the technique

In this province, we suggest the Predictor-Corrector method to obtain the approximate solution
of the two-dimensional predator-prey system of fractional order (6.2.1). To apply the predictor-

corrector method, we first discretize the time interval [0, 7] into /N subintervals with the use
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of equidistance mesh h = L. Let I = {¢;|j = 0,1,2,..., N} be the partition of the interval
[0, 7] and ; be the approximation of x(t;) i.e., x; = x(t;). Furthermore, let 2 represent the
approximation x(t;) after ¢ corrector actions, where x(t;) is the solution at ¢; of the general

initial value problem as pursued. Then

MABC DY (t) = F(t, (), 2(0) =20, 0 <y <1, 0 <t < T,

o(t) = zo + MABCLVF(t, 2(t))

xv+_—1PﬁJ@»+—%;MQTﬁw@D—F@wd(L+ . _ll_)]

N(y) 1 T—T(y+1)
o Y e e T Y v s a(s)) ds
= W%NW)PW’@»+1—7FWLA@ )" F(s,x(s)) d
gl t
— F(0,z) (1*IT7§TY§TFES)}' (6.5.1)

Therefore, the execution of corrector iterations for Predictor-Corrector is explained as follows:

i 1 -7 i— Y hY J i i
Ty = To + W [F(tj+1, xj+11) + Em{ kzo te 1 F (e, ) + F (E41, Ij+11)
v ti -
- F I+ —— =1,2,... 6.5.2
(0,1’0)( +1—"}/F(’}/+1)) }:|7 (7‘ ) &y 7@)7 ( )

- R
k=0

N(v) 1—yD(v+2)
oo+ 25 )
F(0,z0) (1 + =T+ 1) , (6.5.3)
where
]V—Fl_(]_’}/)(]—'_l)’ya 1fk:07

Pej+r =9 (G —k+2) T 4+ (G — k) =20 —k+ 1) if1<k<j (654

1, ifk=j+1,

\
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and

k1= +1—k)—(G—k), 0<k <. (6.5.5)
Here, :c? = xf 1 18 predictor approximation and x?ﬂ is the final approximation.
Theorem 6.5.1. [235] If0 < v < 1 and x € C?|0,T]. Then the approximation calculated by

the method (6.5.2) and (6.5.3) pleasures

1 — M
ax [o(t;) — ;] = O(h™),

where M = min{2,1 + Qv}.

Now, we execute this method for the fractional order system (6.2.1). We have
IT—v] = Qp
Wiy = p1 + W |:wj+11 (al - Kl ]+1> Prw; ]+1 ]+1
! i—1 A
+— 1 ’YF 2 {Zuk,yﬂ <wk (041 K1 ) ﬁlwk¢k> T Wi (041 - E ]+1)

ay tin
51Wy+1 ]-‘rl (Ml (041 Klﬂl) 51#1#2) ( +— 1—7F(7+ 1)) H7

i L= i i—
Pipq = Mo+ NG { A (—an + Bawiy)

gl hY
+——
1—~7T(y+2)

— (pa(—0vs + fopir)) (1 e 7%> H

J
{57 s () + 053} (s + i)
k=0

where
= [ + {w (061 > 5100] 1€Z5
J
1—~yr~y+1 {Z ”“( (O‘l__”k) ﬁl“’”bo)
k=0
(o (o gm) ne) (1 12 ) )
P { O (ant )+ Lh_{ S vugen (6h(—az + )
7 N(y) [ ’ 1=9Tly+2) Ui ™
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— (pa(—c2 + Bopnn)) (1 + ﬁ%) H ’

and the coefficients 1, j1 and v, ;1 are given by equations (6.5.4) and (6.5.5), respectively.

6.6 Numerical discussion and results

In this province, we propose the graphical analysis of the impact of the « derivative on
densities of the prey population density (w) and predator population density (¢) at various
times. The numerical investigation of a two-dimensional predator-prey system of fractional
order through PCM for different values of the fractional parameter v = 0.25, 0.50, 0.75,
and one is carried into account. The numerical results of the population density of prey
(w) and the population density of predator (¢) are given in Tables 6.2 and 6.3 at different
values of time ¢. In Figures 1 and 2, the effects of interpretations of parameter y on predator
and prey population density, respectively, have been investigated. Figure 1 clarifies that the
prey’s population dashingly declines with growing ¢ and decreasing . Figure 2 explains that
the predator’s population nattily grows with growing ¢ and declining ~y. Figure 3 illustrates
the relations of the predator and prey population for various values of 7y concerning time ¢.
In this portion, we carry the dimensionless parameters as a; = ay = 5/100, 5, = 4/100,
Po = 1/100, Ky = 20, p1; = 20, and o = 15. We can see that plots drowned with the help
of PCM match the plots given by HPSTM and HASTM, presented by Srivastava ef al. in [1].
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Table 6.2: Numerical results of the population density of prey

t v =10.25 v = 0.50 v =10.75 vy=1
0 20 20 20 20
0.01 16.4234 18.7045 19.5916 19.8803
0.02 15.8669 18.2011 19.3183 19.7612
0.03 15.5120 17.8273 19.0820 19.6427
0.04 15.2470 17.5206 18.8678 19.5248
0.05 15.0340 17.2564 18.6691 19.4075
0.1 14.3318 16.2734 17.8172 18.8298
0.2 13.5720 15.0180 16.4808 17.7182
0.3 13.1037 14.1519 15.4035 16.6636
0.4 12.7622 13.4808 14.4868 15.6644
0.5 12.4925 12.9308 13.6858 14.7188
0.6 12.2695 12.4643 12.9744 13.8249
0.7 12.0792 12.0593 12.3354 12.9807
0.8 11.9132 11.7019 11.7567 12.1842
0.9 11.7660 11.3822 11.2292 11.4334
1.0 11.6338 11.0934 10.7458 10.7263
Table 6.3: Numerical results of the population density of predator
t v =0.25 v =0.50 v =0.75 v=1
0 15 15 15 15
0.01 15.6342 15.2395 15.0763 15.0224
0.02 15.7241 15.3306 15.1271 15.0447
0.03 15.7798 15.3973 15.1708 15.0668
0.04 15.8204 15.4515 15.2102 15.0888
0.05 15.8524 15.4977 15.2467 15.1107
0.1 15.9539 15.6656 15.4012 15.2177
0.2 16.0553 15.8690 15.6370 15.4210
0.3 16.1129 16.0004 15.8200 15.6101
0.4 16.1521 16.0960 15.9696 15.7852
0.5 16.1813 16.1697 16.0949 15.9469
0.6 16.2042 16.2285 16.2011 16.0953
0.7 16.2228 16.2763 16.2919 16.2311
0.8 16.2382 16.3159 16.3697 16.3546
0.9 16.2513 16.3489 16.4365 16.4663
1.0 16.2625 16.3767 16.4938 16.5666
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Figure 3: Graphs of Prey population density and Predator population density
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6.7 Conclusion

In this chapter, we used PCM to analyze the explanations of a nonlinear predator-prey model
of fractional order. The derivative of fractional order is taken in the MABC sense. Several
graphs are drawn to observe the effect of v on the prey and predator population density. The

comparisons show that the results are aligned with HPSTM and HASTM.
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Conclusion and Future Scopes

This chapter summarizes the conclusions of the research work completed throughout the
thesis, emphasizing major points and innovations. Several concepts emerged throughout the
current examination that have the potential to expand the study further. We also noted the

possibility of subsequent research based on the outcomes of this investigation.

7.1 Description of the Submitted Research

A basic summary of fractional calculus and fraction-order partial differential equations is
presented first in this thesis. Then, we come to the numerical solutions of fractional partial
differential equations. This thesis aims to create numerical techniques for solving fractional
partial differential equations. The stability, convergence, and error estimation of proposed
schemes are presented in this work. There are numerical examples given to illustrate our

theoretical results.

We covered the fundamentals of fractional calculus in Chapter 1. Some essential charac-
teristics and definitions of fractional derivatives have also been provided. A literature review
also contains the most recent discoveries and theoretical and methodological contributions to
our research.

In Chapter 2, we propose a numerical technique for TF-DPDESs that combines the Crank-

Nicolson scheme and a tension spline. The Caputo fractional derivative is used to discretize

148



Chapter 7

the fractional-order time derivative. The approach is proven to be conditionally stable using
Fourier series analysis. Furthermore, careful analysis demonstrates that the approach is
second-order convergent for arbitrary acceptable selections of a (ov # 1/12), and /3, with
2a + B = 1. Numerical examples illustrate the efficacy and applicability of the proposed
strategy. The proposed approach may be extended to nonlinear TF-DPDEs and systems of
FPDEs.

In Chapter 3, we suggested a highly accurate numerical approximation for the Caputo-type
time-fractional fourth-order nonlinear KS problem, supported by multiple experimental data.
The current L1 — 2 temporal approximation gives a higher precision in time at the exact
computing cost as the L1 temporal approximation. The space derivatives are approximated
using quintic B-spline polynomials to preserve quadratic convergence in space. The current
method may also be applied to linear problems and Burgers equations, resulting in fourth-
order precision in space. We have offered a concrete convergence analysis to support our

theory and experimental data.

Chapter 4 describes a numerical methodology for time-fractional ACE that combines
the Crank-Nicolson method with cubic B-splines. We employ consistent meshes in both
directions to discretize the problem. By extensive examination, we demonstrated that the
proposed technique is conditionally stable and produces good results for v > logs(3/2) and
second-order convergent in all directions. Even though the L,—-norm is employed for error
computation, error estimates are provided for the L, and L., norms. The cubic B-spline
approach is based on computational results. The cubic B-spline technique could not solve

higher-order fractional partial differential equations.

Chapter 5 proposes a higher-order numerical approach in spatial direction for solving the
generalized time-fractional Fisher’s equation that requires much less computing time. The
usual Euler backward approach was used to discretize the time-fractional derivative, whereas
CFDS was used in the spatial direction. The numerical approach efficiently solves the GTFFE
and delivers correct solutions with low computational error. The graphical findings show that
the current method for determining the numerical solution of GTFFE is quite close to the
precise solution. The tabular data support the theoretical characteristics of the spatial and

temporal order of convergence.
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We utilized PCM to investigate the explanations of a nonlinear predator-prey model of
fractional order in Chapter 6. In the MABC meaning, the derivative of fractional order is
taken. Several graphs are generated to examine the influence of v on the density of prey and
predator populations. The results are consistent with HPSTM and HASTM, according to the

comparisons.

7.2 Future scope

We only studied the solution in one spatial dimension in this thesis, but this work might be
expanded to two or three dimensions. We also examined the time-fractional partial differential
equations; one can also solve space-fractional partial differential equations and time-space
fractional partial differential equations using these numerical techniques. One can derive
numerical techniques for these problems that will be more accurate. With the PCM method’s
help, one can numerically solve more fractional derivative models. The PCM method is easy
to implement, and one can explore many other techniques for different models given in the
literature survey. The author thinks fractional partial differential equations will become more
prominent and used in more study domains. Then, by providing high-precision numerical
computing tools, this thesis will aid in using and comprehending fractional partial differential

equations.
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