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ABSTRACT

This thesis develops and analyzes the virtual element method (VEM) and mixed VEM for

parabolic integro-differential equations (PIDEs), focusing on both the semi-discrete and
fully discrete cases. The fully discrete scheme employs the left rectangular rule for integral
term discretization and the backward Euler method for time derivative approximation.

To handle the integral term within the VEM framework, the Ritz-Volterra (R.V.)
projection is introduced, and its estimates are derived. With the help of R.V. projection,
optimal error estimates are derived for both the semi-discrete and fully-discrete cases.
Numerical experiments are conducted to confirm the convergence rates for both singular
and weakly singular kernels. Additionally, experiments are performed with local mesh
refinements to demonstrate the practical utility of VEMs. These refinements are essential
for reducing the overall computational cost, a capability often limited in conforming finite
element methods (FEMs). Furthermore, the results illustrate VEM’s ability to handle
hanging nodes, which eventually helps in the local refining of the mesh, i.e., one can have
finer mesh around the singular point and coarser mesh in the rest of the domain.

As far as mixed VEM for PIDE is concerned, there are two formulations, each offering
unique advantages. One formulation includes a resolvent kernel, while the other does
not. A new mixed projection is introduced for each formulation to handle integral terms
effectively. This approach results in optimal a priori error estimates of order O(h**1) for
the velocity and pressure, where h is the mesh size and £ is the degree of the polynomial.
Furthermore, a step-by-step analysis is proposed for the super convergence of the discrete
solution of order O(h**2). The fully discrete case is also analyzed to achieve O(7) in
time. Several computational experiments are discussed to validate the computational
efficiency of the proposed schemes and to support the theoretical conclusions. Using
various numerical experiments, we demonstrate the advantages of each formulation.

An analysis is presented for VEM with non-smooth initial data. Through the repeated
application of integration by parts and using regularity results, we establish estimates of

the intermediate projection solely in terms of the initial data in L2. Moreover, with the help



of the estimates of the intermediate projection, optimal error estimates were established
for the semi-discreet case.

For the mixed VEM with non-smooth initial data, analysis has been presented for
the two formulations. By using a new projection that includes a memory component,
applying energy arguments, and employing an integral operator iteratively, this research
establishes optimal L?-error estimates for both pressure and velocity. These findings
provide a thorough analysis of the VEM, covering both formulations.

Finally, the possible extensions with scope for future investigations are discussed in

the concluding Chapter.
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Chapter 1

Introduction

»»

”Solving partial differential equations is like navigating the intricate paths of reality

- Vladimir Arnold

We see partial differential equations (PDEs) everywhere; more or less, every physical,
chemical, or even biological phenomenon can be represented in terms of PDEs. They
are the core topics in multi-variable calculus and are used to describe the evolution
of gases in fluid dynamics [1], the formation of galaxies [2], the nature of quantum
mechanics (Schrodinger’s Equations) [3], gravitation [4], heat transfer [5] etc. Unlike
traditional PDEs, which solely involve derivatives of a function with respect to time and
space, parabolic integro-differential equations (PIDEs) extend the framework by including
integral operators. These integral terms account for memory effects or history-dependent
behavior in the system. They generally occur in demonstrating specific physical processes
in which memory effects are considered. For instance, these equations appeared in solving
the electrical circuit problems that govern the Kirchhoff voltage laws [6], for a disease
spread by the dispersal of infectious individuals [7], heat flow in material with memory [8]
and many more. There are several significant methods for finding the solution of PDE;
some of the analytical techniques include separation of variables, method of characteristic,

variation of parameters, etc., whereas some numerical methods are: finite element method
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(FEM), finite volume method (FVM), finite difference method (FDM), boundary element
method (BEM), discontinuous Galerkin (DG) method, hybridized discontinuous Galerkin
(HDG) method, virtual element method (VEM), etc.

1.1 Model Problem

The focus of this thesis is on developing VEMs for the linear PIDE (1.1.1) [9] defined on
a bounded polygon domain D C R, having 9D as the boundary; furthermore, the interval

(0, T'] represents a finite time span. Find u(x, t) such that
t
w(x,t) + Au(ax, t) —/ B(t, s)u(x, s)ds = f(x,t) (x,t) € Dx (0,T7], (1.1.1)
0
subjects to the homogenous boundary conditions:
u(x,t) =0 (x,t) € 0D x[0,T],
and initial data:

u(x,0) =ug(x) « €D,

where u; = ‘g? ; A and B(¢, s) are second-order elliptic operators of the form:

0 0
we B g (i) e
and

2

]B%(t,s):—zaixj(b”(wts )—I—Zb a:ts —|—b0(a:ts)f

ij=1

For our analysis, we require the following assumptions on the operators A, B(¢, s) and the

function f:

* the operator A is positive-definite,
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* all the coefficients of A are real-valued, bounded, and smooth, along with a(x) >

ap > 0and ag(x) > 0 forall x € D,

* the coefficients of B(Z, s) and their derivative with respect to ¢ and s are real-valued,

bounded and smooth,
* The function f is real-valued and smooth enough.

Under these assumptions, the well-posedness of (1.1.1) and the continuous solution u

regularity is reported in [10].

1.2 Background and Motivation

Addressing widespread PDEs across various disciplines enables us to analyze and un-
derstand a diverse array of physical and mathematical phenomena. Discovering exact or
analytical solutions to PDEs poses a significant challenge in many real-world scenarios,
which is why pursuing solutions on a consistent discretized mesh remains a highly active
field of study. FEM is highly favored as one of the widely adopted numerical methods
for addressing PDE-related challenges due to its manifold benefits. The core idea behind
FEM is to approximate the behavior of a continuous system by discretizing it into a finite
number of elements, typically triangles or quadrilaterals in two dimensions and tetrahedra
or hexahedra in three dimensions. It comes out to be a system of linear or non-linear
equations. After applying the boundary conditions, the resulting system of equations is

solved numerically, often using iterative techniques. Some of the advantages of FEM are:

* FEM can provide highly accurate solutions when the mesh is refined. By increasing
the mesh density, the accuracy of the solution can be improved, making it suitable

for high-precision simulations.

* Localized approximations in discretized problems result in sparse equation systems,

leading to efficient storage and faster computation.

* Itis also possible to implement higher-order elements in the model.

3
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* As various finite elements are available for the discretizing domain, it becomes

easier to model complex geometries and irregular shapes.

Boundary conditions can be easily incorporated in FEM.

FEM allows for adaptive mesh refinement, meaning that more elements can be
concentrated in areas of interest while reducing the mesh density in less critical

regions. This adaptability enhances the efficiency and accuracy of the analysis.

Availability of a large number of computer software packages and literature makes

FEM a versatile and powerful numerical method.

In recent years, there has been an increasing demand for the use of meshes containing
general polygonal elements. Employing polygonal meshes provides several advantages
over relying solely on triangular or quadrilateral meshes. These advantages include simpli-
fying the partitioning of domains with complex geometries and reducing the complexity
of adaptive mesh refinement. Various methods have been proposed over the years to
form polygonal/polyhedral finite elements, such as the Voronoi cell finite element method
(VCFEM), polygonal finite element method (PFEM), hybrid polygonal element method
(HPEM), n-sided polygonal smoothed finite element method (nSFEM), polygonal scaled
boundary FEM (PSBFEM), etc., for more details see [11] and reference within.

One of the challenges encountered when constructing polygonal finite elements lies in
creating interpolation functions, which extend into the element’s interior. In the article [12],
the mimetic finite difference (MFD) method for polygonal meshes is introduced, which
demonstrates the efficiency of MFD in solving problems involving polygonal meshes
as it relies solely on the surface representation of discrete unknowns. Notably, this
approach was effective even for meshes containing degenerate and non-convex polygonal
elements. Since no extension of basis functions inside the mesh elements is required,
practical implementation of the MFD method is simple for polygonal meshes. It has been
established that incorporating degrees of freedom (dof) into trial/test functions located

within the elements would significantly enhance the simplicity of the method, even if the

4
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functions are not always polynomials. Considering this, the MFD method was extended
and reintroduced under the name ‘virtual element method’ (VEM) [13]. The finite element
spaces considered in this work are virtual in the sense that basis functions are not explicitly
required to implement the method. The scientific community’s interest in VEMs has grown
due to the fact that the convergence analysis of these methods can be incorporated into the
well-established framework of finite element methods documented in the literature. Other
interesting features of these methods are admitting hanging nodes in the mesh generation,
avoiding explicit constructions of nodal basis functions, handling complicated domains,
and allowing higher-order polynomials, which in turn improve the accuracy and suitability
to work with convex and non-convex polygonal meshes. The local virtual element spaces
are defined over an element or polygon consisting of polynomial and non-polynomial
functions. One of the most appealing characteristics of these methods is that the discrete
bilinear forms that appeared in the discrete formulations can be computed directly with the
help of the degrees of freedom only (without using the basis functions as done in the case
of finite element methods). In contrast with finite element formulation, virtual element
discretization requires two projection operators: One is L?- projection (I1?), and the other
is energy projection (IIY), which is defined in the next section. The involvement of these
operators makes the convergence analysis more challenging. The advantages of the virtual

element method can be summarized as follows:

* VEM can be interpreted as a generalization of the FEM that allows the use of general

polygonal and polyhedral meshes.

* By carefully choosing dof and introducing a novel formulation corresponding to
the stiffness and mass matrices, VEM avoids the need for explicit integration of the

basis function.

* The trial and test functions on each element contain the polynomials plus other

functions that generally are not polynomials.

* VEM provides more freedom in local refinement (hanging nodes are manageable).

5
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We stress that the applications of VEMs have not yet been explored in terms of the
numerical solution of PIDEs. In view of the computational advantages mentioned herein,
we intend to employ VEM for a class of PIDEs and rigorously study their convergence
behavior. The mathematical ideas developed here to obtain the optimal convergence
analysis results can be used while dealing with the virtual discretization of more applicable
problems, such as to solve the electrical circuit problems that govern the Kirchhoff voltage
laws [6], for a disease spread by the dispersal of infectious individuals [7], heat flow in
material with memory [8]. Furthermore, for the two formulations of mixed FEM [14, 15],
only the semi-discrete case is discussed, but the fully-discrete case has not been explored
yet to the best of our knowledge. So, we attempt to develop and analyze the mixed VEM
scheme for these formulations and verify the theoretical results with the help of several
numerical experiments. When dealing with non-smooth initial data, the analysis takes a
different and more intricate path compared to the one for smooth initial data; here, we
attempt to develop and analyze VEM for PIDE with the non-smooth initial data. We believe
the present study can be considered a Bridgestone for studying mathematical/physical

models governed by integral-differential equations.

1.3 Literature Review

VEM was first introduced for elliptic problems to explain the essential features of this
method and show it as the ultimate evolution of MFD [13]. The challenge of formulating
MFD arising from the absence of trial functions within the element’s interior has led to
its generalization and subsequent reintroduction as the VEM. The method is designed in
such a way that it enables the construction of high-order approximation spaces, which may
include an arbitrary degree of global regularity [16] on meshes consisting of very general
polygonal (or polyhedral) elements.

Since its beginning, the VEM has been applied to a variety of problems, such as elliptic
problem [17-19], Stokes equation [20,21], plate bending problems [22], linear parabolic
and hyperbolic problems [5,23], convection dominated diffusion equation [24,25], Navier-

Stokes equation [26] and so on. A posteriori error estimates are derived and employed for

6
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adaptive analysis [27,28]. The VEM has also been extended to semilinear and non-linear

problems; see [26,29-31].

In the context of the mixed VEM, its first introduction can be traced back to the
work presented in [32]. The primary objective of this article was to provide a straight-
forward and introductory presentation of extending the VEM framework to discretize
H(div)-conforming vector fields. The mixed VEM has been developed for many prob-
lems; for example, for elliptic problem [32,33], for the pseudo-stress-velocity formulation
of the Stokes problem [34], for quasi-Newtonian Stokes flows [35]. The mixed VEMs
for Brinkman and non-linear Brinkman problems were studied in [36,37], respectively.
Moreover, the mixed VEMs for the buckling problem of Kirchhoff plate [38], the Lapla-
cian eigenvalue problem [39], and for the wormhole propagation, arising in petroleum

engineering [40] were proposed.

As far as PIDEs are concerned, a range of methods has been developed to acquire
numerical solutions for (1.1.1), such as FEM [14, 15, 41-45], FDM [46, 47], mixed
FEM [14,15,48], FVM [49], least-square Galerkin method [50], hp-local discontinuous
Galerkin method [51], and He’s variational iteration method [52]. Further, by extending
these ideas in [9,45,53-55], fully-discrete schemes were proposed in which discretization
of time is implemented via implicit finite difference schemes. To simplify the problems
with integral terms, R.V. projection was introduced in [45,56]. The maximum norm
estimates for R.V. projections to some time-dependent problems were presented in [57]. To
establish connections with existing literature on PIDEs, we initially review the conventional
FEM [58] to provide a meaningful context for our results:

Classical Finite Element Method:

Consider the following PIDE (1.3.1):

u(x,t) — V- (a(a:)Vu(wJ) - /Otb(w;t, S)Vu(:c,s)ds)

= f(z,t) (x,t) € D x (0,71, (1.3.1)
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with the boundary condition:
u(z,t) =0 (=x,t) € 9D x (0,7,
and initial condition:
u(x,0) =ug(x) xe€D.

To derive a variational formulation of (1.3.1) we multiply(1.3.1) by a test function Y,
which is assumed to vanish on the boundary 0D, see [59] and by integrate using Green’s

formula (i.e., integration by parts) to arrive at:

t
(1) + (a(@) V. ), V)~ [ (blait.5)Vule, ) V)ds
0
=(£,x) ¥x € Hy(D), (1.3.2a)
along with the initial condition u(x, 0) = wu (). For numerical solution purposes, let’s
assume that we are provided with a family S, of finite-dimensional subspaces of H; (D).

We require that the following inequality holds for all v in H} N H*, where 1 < s < r

(r > 2 1is a predetermined integer):
min{{[v — x|| + al|Vo = Vx|[} < Ch7[|v],.
XESh
The semi-discrete FEM that we shall study is: Find uy, : (0,7] — S}, such that:

t
(s, x0) + (a(@) Vun (@, £), Vxn) — / (b(@s 1, 5)Vun(w, 5), Vxn)ds
0
=(fixn) Yxn€Sh (1.3.3)
with initial condition u;(0) = 0. Now, (1.3.3) gives a system of initial value problem,

and by solving that, we can find the numerical solution. For the mixed FEM applied to

PIDE, see [14,15,42,43,48]. The mixed formulation described in [14] is as follows:
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Introduce o (x, t) as:
t
o(xz,t) = a(x)Vu(zx,t) — / b(z;t, s)Vu(x, s)ds, (1.3.4)
0

and rewrite (1.3.1) as:

u(x,t) — V- -o(xz,t) = f(x,t). (1.3.5)

Consider the space V = H(div; D) and Q = L*(D) and the corresponding discrete spaces
V;, and Qy, having property V - V), C Qy,. Since a(z) > 0, assuming pu(z) = a ' (z),
(1.3.4) becomes:

Vu(zx,t) = p(z)o(x,t) +/0 R(x;t, s)u(r)o(x, s)ds, (1.3.6)

where R(x;t, s) is the resolvent kernel of u(x)b(x;t, s), see [14,60,61] and satisfy the

following:
t
R(z;t,s) = p(x)b(x;t, s) +/ p(x)b(z;t, 2)R(x; z,s)dz  t > s> 0. (1.3.7)

By denoting K(z;t, s) = R(x;t, s)u(x), define variational formulation as: Find (u, o) €
Q x YV such that:
(Ut,(b)_(VO',Qb):(f,(b) V¢EQ7

¢ (1.3.8)
(o, x) + /0 (K(t,s)o(s),x)ds + (V- -x,u) =0 Vx eV.

Now, the mixed discrete formulation reads as: Find (uy, op) € Qp, X V), such that:

(ung, on) — (V- on, on) = (f, dn) Vou € Q,
t (1.3.9)
(oh, Xn) +/0 (Kn(t,s)on(s), xn)ds + (V- xn,un) =0 Vxp € V.

The other formulation corresponding to mixed FEM for PIDE as defined in [15], which

avoided the use of the resolvent kernel and is characterized by:
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Assuming yu(z) = a~*(z), (1.3.4) becomes:
t
Vu(x,t) = p(x)o(x,t) —i—/ bo(z;t, s)Vu(z, s)ds,
0

where p(z)b(z;t, s) = bo(x;t, s), then the variational formulation reads: Find (u, o) €

Q x V such that:

(ur, ) = (V-0,0) = (f,¢) Vo€ Q, (1.3.10a)
(o x) + (u, V- x) = /0 ((bo(w; 1, 5)u(s),V - x) + (Vbo(w:t, s)u(s), x))ds

—0 VYxeV. (1.3.10b)

The discrete formulation corresponding to (1.3.10a) is: Find (up, op) € Qp X V), such

that:

(uh,t7 ¢h) - (V *Oh, ¢h) = (f7 ¢h) v¢h € Qh7
(Hon, xn) + (un, V - xn)

- /Ot((bo(x;t, s)un(s), V- xn) + (Vbo(; 1, s)un(s), xn))ds = 0 Vxn € V.

For the PIDEs with non-smooth initial data, there have been very few articles: Semi-
discrete FEM for PIDEs has been discussed in [62] for the case of a homogenous equation
with non-smooth initial data. An alternate approach to a priori error estimates for the semi-
discrete Galerkin approximation to a PIDE with non-smooth initial data was proposed and
analyzed [63]. Energy type arguments and the duality technique were used to obtain an >
error estimate of order O(hTZ) when the given initial data is only in L? [64]. Fully-discrete
FEM scheme with a backward Euler method for discretization in time has been proposed
and analyzed when the initial data is in H} [65] and in L? [66]. A new mixed FEM for
PIDE with non-smooth initial data has been discussed in [67] with three field formulations.
Using the resolvent kernel, the semi-discrete case has been discussed in [14, 15] for the

smooth and non-smooth initial data. As we can see from the literature, VEM and mixed

10
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VEM in the context of PIDE are still unexplored. Here, we’re trying to develop VEM and

mixed VEM approaches that can handle PIDEs, whether the initial data is smooth or not.

1.4 Objectives of the Thesis

Based on the existing literature and the gap in the research direction, the following

objectives are proposed and accomplished:

* To develop and analyze the semi-discrete scheme of the VEM and mixed VEM for
PIDE with smooth initial data.

* To develop and analyze the fully-discrete scheme of the VEM and mixed VEM for

PIDE with smooth initial data.

* To analyze the super convergence behavior of the discrete solution in mixed VEM

for the smooth initial data.

* To validate the theoretical findings of the above-mentioned objective with the nu-

merical experiments.
* To develop and analyze VEM for PIDE with non-smooth initial data.

* To develop and analyze mixed VEM for PIDE with non-smooth initial data.

1.5 Preliminaries

This section introduces preliminaries that will be frequently used throughout the thesis.

1.5.1 Function Spaces

We shall make use of the following spaces frequently, see [68, 69]:
1. Polynomial Spaces: P (D) is the set consisting of polynomials of degree < k in D.

2. LP Spaces: LP spaces, also known as Lebesgue spaces, are mathematical function

spaces used to assess the behavior and characteristics of functions in terms of their

11
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integrability. For 1 < p < oco; LP(D) contains measurable functions ¢ : D — R

such that / |o(x)|Pde < oo, whereas the LP-norm is given by:
D

lellio) = ( /D \go(w)|pda;>; |

The following inclusion is valid for a bounded domain D and 1 < p < g < o0
LY(D) C L*(D).
For % = é + L, where r > 0, we have:

1
@]l o0y < meas (D)~ ||@]| La(p)-

The proof follows from Holder inequality.

3. C}(D) consists of continuous functions having compact support and possesses

continuous first-order derivatives.
4. C°(D) consists of continuous functions.

5. Sobolev Spaces: Sobolev spaces are function spaces that contain functions with
certain degrees of weak derivatives. For natural number m > 1 and a real number n;

1 < n < oo, we establish the space W™ " (D) using an iterative approach as:

* The space W""(D) is defined as:
W™ (D) ={¢ € L"(D),D € L"(D) for all |a| < m}

A multi-index « is an N-tuple of non-negative integers. Thus, o = (avq, -+, )

where the «; are all non-negative integers. We define

N
lal =3 _a
i=1

12
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a __ 01 anN
X —Il "'ZEN

olel
= a1 an
Ox{™* - - - 0z

for r = (x1, 19, - -, xy) € RY

DO&

* The space VVO1 " referred as the space which contains all the functions of 1",

with homogenous boundary condition.
 Moreover, when n = 2, we denote W™?(D) = H™(D).

We write commonly (-, ) and || - || to indicate the L? inner product and norm. As

usual, | - [;p and || - ||sp denote the H*(D) semi-norm and norm respectively.
6. H(div;D) = {x € (L*(D))? : div x € L*(D)}.

7. H(rot; D) = {x € (L*(D))* : rot x € L*(D)}, where rot x for x = (x1,X2) is

defined as:

Ix2 Oxa
rotx =—— —

Ox dy

8. L"(0,T,H*(D)) forn > 1 and s > 1 with the standard modification for n = oo is
defined as:

L"(0,T,H*(D)) = {u(x,t) € H(D) fora.e. t € (0,7 and

([ oo " oo,

L™(0,T, L*(D)) = {u(x,t) € L*(D) fora.e. t € (0,T] and

T 1/n
(/ ||u<-,t>||’zzw)dt) < o},

T 1/n
L7(0,7,H*(D)) = ( / [Ju(-, t)ll?,pdt) :
0

13
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[ulloo.rm5()) = sup |u(-t)|ls,p,
0<t<T

P [ul, )2y

T l/n
Huumo,T,Lz(D»:(/ Hu(-,tmzz(mdt) ez = su
0 0<t<T

Moreover, V = H(div;D) and Q = L*(D). When no confusion can occur, the

indication of the domain D will be omitted.

1.5.2 Standard Inequalities

Throughout this study, we shall make use of the following inequalities frequently: [70]

1. Cauchy-Schwarz inequality:

For v and p as the two real-valued functions within an inner product space, then:

(vl < vl

2. Young’s inequality:

For a,b > 0 and € > 0, we have:

b<a +
a —+ —.
— 2¢ 2

3. Holder’s inequality:
For 7,7 > 1, such that % + % = 1 then for all measurable real valued functions w

and v, we have:

w2y < Nwllzsy 9]l )-

4. Poincaré inequality:

For p > 1,and ¢ € W, ?(D), it holds:

lellzeoy < ClIVe o).

14
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1.5.3 Gronwall’s Lemma
Now, we present Gronwall’s lemmas, which will be used frequently in the analysis:

Lemma 1.5.1. Let g(t), f(t) be continuous function and h(t) be non-negative continuous

function on ty < t < T and satisfy:

ft) <g(t)+ /ttf(s)h(s)ds fort € [ty, 7).

Then, we have:

ft) <g(t) + /tg(s)h(s)exp (/: h(r)dr) ds fort € [ty, T].

to
For more details, see [71].

Lemma 1.5.2. (Discrete version of Gronwall’s lemma): If {(.}, {7.} and {6,} are

nonnegative sequences and satisfy:
n—1
G <+ Z@‘Cj, forn > 0.
§=0

Then, we have:
n—1 n—1
G < Yn + Zvj@-exp ( Z 5k> forn > 0.
J=0 k=j+1
For more details about discrete Gronwall’s lemma, see [72].

1.5.4 Virtual Element Subdivision

We assume {Z}, }, to be the sequence of decomposition of D into star-shaped sub-polygons
KK, whereas KK, is the set of edges e of Z;. The vertices of each polygon K are designated
by v;(i = 1,-- -, Nx) with Nk as the number of vertices in polygon K. Along with this, we
postulate that for each element K, there exists a 0 > 0 such that K is star-shaped from

every point of the disc Dy, with radius dxhg (hi represents the element K’s diameter),

15
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while h. represents the edge e’s length, of the element K and fulfills h, > dxhk. While
considering this decomposition {Z}, },, we assume dx > dy > 0 for some Jy independent
of K and Z;. The largest diameter of Z;’s elements is h, as is customary.

Degrees of Freedom:

Here, we introduce dof, which we shall use in our subsequent Chapters.

1. Degrees of Freedom for Confirming Virtual Element Method
We present the well-defined collection of operators (D;)?_, from VMK (1.5.1) into

R,Vve f/k“K:

D, : the value of v at the Nx vertices of K;

D, : for k > 1, value of v at the k-1 distinct internal points on each of the edges e
of IK;

1
Ds . for k > 1, all internal moments K / v(x)mg_o(x) de, Vmy_o(x), where
K

IK

my_o(x) are scaled monomials upto degree k — 2.

The first two sets of dof are the ones that define the boundary. They determine the
unique value of v on the boundary of polygon K, and the third one is the internal

dof.

2. Degrees of Freedom for Mixed Virtual Element Method The discrete bilinear
forms in spaces V;*(K)(1.5.4) and Q% (K) can be computed via dof. For the space

Q’g, we are considering the scaled monomials on each element K as dof:

(5522 (52)) s

K K
1 T — Tk Y — Yeg T — Tek 2 T — ek Y — Yex Y — Yeg
’ hxi ’ hxk ’ hk ’ hk hk ’ hk

for k = 2 and in a similar way for the higher value of k. For the local space V;*(IK),

we present the well-defined collection of operators as dof, see [17]:

16
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. /x -nqrdy for each edge e of the element K, V¢, € Px(e),

e

* / X Gr—1dx, Vgi_1 € VPk(]K),
K

. / X - grdx, Vgi- € L*(K) orthogonal of VP, (K) in (P (K))2.
K

Scaled Monomials:
We denote Mj,(K) as the set of scaled monomials of degree less than or equal to & such
that:

M (K) = {mp : 0 < |B] < k},

where 3 indicates a multi-index in two dimensions; 8 = (31, 52) with the usual notation

= 01 + Da. Ifx = T1,T9 ,thenazﬁzxﬁleQ,
|/3’ 6 6 ) 1 2

where ... = (T, Yer ) 18 the centroid and hk be the diameter of K. For more details,
see [19].
1.5.5 Virtual Element Spaces and Local Projection

Here, we introduce discrete spaces and local projections that we shall use in our subsequent

Chapters.

1. Virtual Element Space and Projections:

We describe the augmented local space VHK [17], for all K as:

Vi = {v € HY(K) : Av € Py(K), v € C°(0K) : vl € Py(e) Ve C 9K},
(1.5.1)

where, {e}.cox represents the collection of polygon K's edges.

Now, consider the operator H,Y : VMK — P, (K), as defined by Da Veiga [19], for

17
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every v € f/k“K (1.5.1):
(Vo V(IR0 =)y = 0 Vpi € Pi(K). (1.5.2)

To deal with constant, we need to add one more term, i.e. Fp : f/k‘K — Py(K)
defined for v € ‘N/k\K:
P (Hkvv — v) =0.

Here, we are choosing

Nk
NLKZU(UZ') k= 17
=1

L
K]

PO/U =
vdx k>1.

T

Define L2-operators IT{ and IT9, for every v € Vix and v € (Vjx)? respectively,
with the following orthogonality condition:

(p, v — v)ox =0, Vpi € Pp(K), (1.5.3a)
(pr, v —v)ox =0, Vpr € (Px(K))% (1.5.3b)

On Vk|K, the polynomial I/ v can be calculated solely by utilizing the values of the
operators (D;)3_, calculated on v, see 1.5.4. Now, we are all set to create our virtual

local space:

Wiz = {w & Vs [ (Mfw)ade = [ wade Vg € Pu(X)/Bra(),
K K
where P, (K)/P;_»(K) denotes the polynomials of degree & living on K that are
L?-orthogonal to all polynomials of degree k-2 on K. Moreover, the space Wy, x
satisfies following properties:
(i) Pr(K) C Wik.

(ii) The function ITY v can be simply calculated with the help of dof (D1-D3) of

v,Vv €& Wk,K~

18
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(iii) The function IT{v can be simply calculated from the dof (D1-D3) of v, V

v E Wk,K-

(iv) The function ITY ;v can be simply calculated from the dof (D1-D3) of v, V
v E Wk,K-

It is now possible to create the global discrete space as in traditional finite element

methods:

= {w S Hé(D) WK € WkJKVK € Ih}

2. Mixed Virtual Element Spaces and Projections:

We define the local space [33]:

VIH(K) = {x € H(div; K) N H(rot; K) : x - m|. € Py(e)Ve € IK, Ls4)
(1.5.
V- x € Pr(K) and, rot x € Pr_1(K) for & > 0},

where P_; (KK) = {0}. For our analysis, we define the global discrete spaces as:

Vi={xeV: xxeVFK) VKinZ,}, (1.5.5)
Qr ={qe L*(D): qx € Px(K) VKinZ,}. (1.5.6)

To define discrete variational formulation, we make use of the L?-projection operators
denoted by TIY : @ — Q¥(1.5.6) and TI? : V — V/*(1.5.5), and defined for ¢ € Q and
X € V as:

/ (¢ —)g)pedx =0 Vp, € Py(K), VK €I,
K

/ (x — Ix)prdz =0 Vpg € (Pr(K))?, VK € T,
K
I1) and IT) satisfies the following estimates, see [17]:

g — gl < CR7lgle,  |Ix —TRxllo < CR[x], 0<r<k+1.  (1.57)
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Now, define “Fortin” operator I/ : (H'(D))? — V}* through the dof of the space V}* as:

. /(X —TI'x) - nqedy = 0 for each edge ¢, Vg € Pp(K),

e

. / (x — H,fx) - gg_1dx =0 for each element K, Vg1 € VP, (K),
K

. / (x —IIf x) - girdz = 0 for each element K, Vgi- € L?*(K) orthogonal of
K
VPk_H(]K> in (Pk(K>>2

1} satisfy the following properties and estimates:

V- -III'x =1V - x, (1.5.8)
Ix — I xllo < CR|x|r, IV - (x — I x)|lo < CH7IV - X/,
0<r<k+1. (1.5.9)

For more details about Hﬁ , we refer to [73].

1.6 Organization of the Thesis

Following the clarification of the main objective and contributions of the thesis, this
section provides a brief summary of the chapter-wise roadmap. The thesis comprises a
total of seven chapters. Chapter 1 includes the motivation behind our work, important
preliminaries, a literature survey, and objectives of the thesis.

Chapter 2 develops and analyzes a virtual element scheme for the spatial discretization
of PIDEs combined with backward Euler’s scheme for temporal discretization. We derive
optimal a priori error estimates for both the semi-discrete and fully-discrete cases using
R.V. and L? projection operators. Several numerical experiments are being presented to
confirm the computational efficiency of the proposed scheme and validate the theoretical
findings. To demonstrate the real application of VEMs, we conduct numerical experiments
with local mesh refinements and show that errors can be reduced efficiently by using

hanging nodes. The results of this chapter have been published in [74].

20
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Chapter 3 presents mixed VEM for semi-discrete and fully-discrete cases. The formu-
lation in this chapter uses the concept of a resolvent kernel. By defining the mixed R.V.
projection, optimal error estimates are established for the two unknowns. Along with that,
the super convergence of the discrete solution is analyzed. Several numerical experiments
are presented to support the theoretical findings. Along with that, we also show that if
we don’t know the explicit formulation of the resolvent kernel, we can get the optimal
convergence by truncating the resolvent kernel series after a few steps.

Chapter 4 develops and analyzes the new mixed VEM for the semi-discrete and fully-
discrete cases without using a resolvent kernel. We define the new mixed intermediate
projection and establish the optimal convergence for the two unknowns. Super convergence
of the discrete solution is also proposed. With the help of numerical experiments, we show
that this formulation is more generalized in the sense that it can be applied to a wider range
of applications.

Chapter 5 deals with the confirming VEM applied to PIDEs for the semi-discrete case
when the initial data is non-smooth. We define the intermediate projection and find out the
intermediate projection’s estimates in terms of non-smooth initial data. By the repetitive
use of the integral operator, error estimates are established in the case when the initial data
is non-smooth.

Chapter 6 presents and analyzes two distinctive approaches to the mixed VEM applied
to PIDEs with non-smooth initial data. In the first part of the chapter, we introduce and
analyze a mixed virtual element scheme for PIDE that eliminates the need for the resolvent
operator. Through the introduction of a novel projection involving a memory term, coupled
with the application of energy arguments and the repeated use of an integral operator, this
study establishes optimal L*-error estimates for the two unknowns p and o . Furthermore,
optimal error estimates are derived for the standard mixed formulation with a resolvent
kernel. The chapter offers a comprehensive analysis of the VEM, encompassing both
formulations.

Finally, in Chapter 7, we present some critical assessments of our results and discuss

possible extensions and also scope for future problems.
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Virtual Element Method for Parabolic

Integro-Differential Equations!

In this chapter, we develop and analyze a conforming virtual element scheme for the
spatial discretization of PIDEs combined with backward Euler’s scheme for temporal
discretization. For deriving optimal error estimates, we introduce a projection operator (in
literature, known as R.V. projection) that contains the memory term. In contrast with finite
element formulation, virtual element discretization requires two projection operators: One
is L?— projection (Hz) and energy projection (Hkv), defined in (1.5.2) and (1.5.3a). The
involvement of these operators makes the convergence analysis more challenging. In this
chapter, a sophisticated analysis is carried out to establish the optimal convergence rates for
the proposed fully and semi-discrete schemes in the L? and H! norms. The mathematical
ideas developed here to obtain the optimal convergence analysis results can be used while
dealing with the virtual discretization of more applicable problems. Moreover, in order to
show the real application of VEMs, numerical experiments are conducted with local mesh

refinements, which are necessary to reduce the overall computational cost but may not be

I'The substantial part of this chapter has been published in the following publication:
S Yadav, M Suthar, and S Kumar “A Conforming Virtual Element Method for Parabolic Integro-Differential
Equations”, Computational Methods in Applied Mathematics https://doi.org/10.1515/cmam-2023-0061
(2023).
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possible in the context of conforming FEMs. In this chapter, we focus on the following

linear PIDE (1.1.1) defined on D C R?. Find u(z, t) such that:
t
(@, t) + Au(a, t) — / B(t, s)u(w, s)ds = f(z,t) (,6)€Dx (0.T], (2.0.1
0
along with the homogenous boundary condition and initial data u(x, 0) = uo(x), where

B(t, s)u(x,t) := =V - (b(x; t, s)Vu(x, t)) + by (x; t, s) - Vu(zx, t) + bo(x; t, s)u(x, t),
Au(z,t) == =V - (a(x)Vu(zx,t)) + ao(x)u(z, t).

Now, by multiplying the suitable test function, the variational form corresponds to (2.0.1)

read as follows. Find u € L2(0,T; H} (D)) such that,
(g, v + A, v) — /0 Bl su(s),0)ds = (f.0) T (0.T], Vo e HAD), (202)
with u(a, 0) = ug(a) and
A, v) = /D (@) V(e t) - Vo) + ag(@)u(@, (@) de,  (2.03a)

B(t,s;u,v) = /D [b(x;t, s)Vu(z, s) - Vo(x) + by (x; ¢, s) - Vu(z, s)v(x)

+bo(x; t, s)u(ex, s)v(x)] de. (2.0.3b)

2.1 VEM Semi-discrete Formulation

Defining local counterparts of bilinear forms in (2.0.3a)-(2.0.3b) as:

A(u,v) = Z A% (u,v)  forall u,v €V,

KeTy,

B(t,s;u,v) := Z BX(t, s;u,v)  forallu,v €V,

KeTp,
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where

A¥(u,v) = /K(a(a:)Vu(az,t) -Vo(x) + ap(x)u(x, t)v(x))de,

BX(t, s;u,v) = /K(b(a:; t,s)Vu(z,s) - Vo(x) + by (x;t, s) - Vu(zx, s)v(x)

+ bo(; t, s)u(x, s)v(x))dx.
The semi-discrete approximation to the problem (2.0.1) can be constructed as:
t
M (Un,e, vn) + An(tn, v) — / Bi(t, s;un(s),vn)ds = (fu(t), vn) Yo, € Wy, (2.1.1)
0

along with the initial data u;,(0) = w0, where uy, o will be defined later in the proof of

Theorem-2.2.3. The above discrete bilinear forms are computable and defined for all

Ph, qn € Wy as:
w(Onan) == > my(onan),  Anlpnan) == > Ax (o, an),
KeTh KeTy,
B (t, s;pn: qn) : ZB (t, 85 Pns qn)-
KeTh

The local discrete bilinear forms on every element K € 7, are defined for any vy, w;, €

Wik (see [17]) as below:

ARG Wik x W = R, BE(, )t Wi x Wik — R,
my ()t Wi X Wik — R,
my (v, wy) = (M0, 0wy )ox + ST — ) vy, (I — 1) wy),
Al (v, wy) = A(a(m)ﬂ2_1VUh I Vwndx + ag(2)1_ v 10wy, )dee
+ S5 (L = IR Jo, (1 = T Jwn, ),
BE(t, 8308, wp) i= /K(b(:c; t, )II)_ Vo, - I} Vwy, + by(x;t,s) - I, Vo, Ilhw,

+ bo(x; t, $)IIY o I1Y_ jwy,)dee.
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The stability term ng : Wik X Wi x — R should be build in such a way that, 3 «,, o,

independent of h with 0 < o, < o™ and satisfy the following:
. a™(vn, vp) < Sy(vp,vn) < a*a(vn,vn) Yoy, € ker ITY . (2.1.2)

where

a® (v, wy) = /(a(m)Hg_IVvh MY Vwydz
K

One of the possible choices of Si (-, -) and SP(-, -) are:

Ndof
St (vn, wn) :==hi; Y~ dof;(vy)dof; (w), (2.1.3)
=1
Naor
St (vn, wy) ==a Y _ dof;(vy)dof; (wy,), (2.1.4)
=1

or more precisely
So (I =TI Yo, (T = T Ywp) = @((1 — I Jow, (1 — T Jwp).

where Ngyof is the number of degrees of freedom (dof), dof; is the operator that selects the
ith dof, and a is some positive constant approximation of the coefficients a(x) (e.g., local
averages), for more details, we refer to [24,27].

First, we note that Vw;,, € W}, x, we have:
IV (v = T wn)[5.5 > Vo — T Vo [§ - (2.1.5)

Now, we proceed to establish the coercivity AKX (-, -). Under the assumption that ag(z) > 0

Vx € D and in view of (2.1.2) and (2.1.5), the following holds

.Aﬂ,f(vh, vy) > (a(x)II)_,Vuy, H271Vvh)0,K + a*aK((I — Hkv)vh, (I — Hkv)vh)

+ (ao(a:)Hg_lvh, H2—10h>
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> min(1, o) eo (|| T, Vor |2 + | Von — VIV v ]|2 %)

g Ca*

Von[§ - (2.1.6)

With the help of discrete inner product my, (v, wy, ), we define the following induced L?

norm on Wj,.

||Ph||i = mp(pn,pr)  Von € Wh.

For the right-hand side, we assume f € L?(0,T; L?*(D)) and define: f,(-,t) = II) (-, ¢)
for a.e. t € (0,7). The discrete forms my (-, ) and AX(-, ) satisfy the following two

conditions:

* k-consistency

Vpk - ]P)k(K) and V Wy € Wk,]K
my (P, wn) = (Pr, Wh)ox;

* stability

there exist positive constants m,, m" independent of %, such that V v, € W},

My (U, Vp )0k < my (vp, ) < m*(vp, V)oK -

Lemma 2.1.1. Let K € Ty, for smooth vector-valued function by and smooth scalar-

valued functions p and q, the following holds true:

(b1 - Vp,q)ox — (by - II_, Vp, 11} q)ox < Chlplix|qlix

with C' to be a constant depending on b;.

Proof. By the definition of I}, and TI_,, we observe

(bl -Vp, C])O,K - (bl : H2_1VP, H2_1C])0,K
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= (by-Vp—T9_ (b1 -Vp),q —T)_q)ox + (Vp —TI)_ Vp,b1(q —T1_,q))ox
— (Vp—TIY_,Vp,byg — II}_,(b19))ox
< Chlby - Vplloxlglix + Ch||Vplloxlg¢lix + Ch||Vpllox|gbi|ix

< Chlpliklglik-

Below, we state two lemmas, proof of which follows from [17].

Lemma 2.1.2. For K € Ty, let all the coefficients and p, q be smooth scalar or vector-

valued functions on K. Then,

Aﬂff(p> q) - AK(p7 Q) S Cao,a‘pyl,K’q‘l,Ka

Blﬂf(ta S P, Q) - BK(tv S D, Q) < Cb,bmbl |p|1,K|Q|17K'

Lemma 2.1.3. (Consistency) For K € Ty, p to be sufficiently regular and for all q, € W,
it holds

Aﬂf(ﬂgp, Qh> - AK(nga Qh) < Ca,aohk||p||k+1,K|gh|1,]Ka

Bi(t, s, 0p, qn) — B(t, s;11%p, q1) < Cb,bo,blhk”p||k+1,11<’%|1,ﬂ<-

Lemma 2.1.4. For K € Ty, let p; be the interpolant of p € H?*(K) then for all g, € Wy,
it holds

AH}f(QMPl) - AK(QiupI) < Oa,aoh|q}z|1,K||p||2,K-

Proof. By using the properties of T} projection, we can write:

(all)_ Vg, 11, Vpr)ox — (aVan, Vpr)ox
= (aVay — II)_1(aVay), Vor — II_, Vpr)ox — (Van — Mo Van, a(Vpr — Iy Vpr)ox

+ (Van — 11)_Van, aVp; — 9_,(aVpr))ox
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< CIVarllox(IVpr = I_Vpillox + [|[aVpr — I (aVpr)]lox)
< Clanhx(IVpr — ) Vpllox + laVpr —II)_, (aVp)|lox)
< Clahx(IVpr — Vp+ Vp =11}, Vpllox + [[aVpr —aVp +aVp — Y, (aVp)|ox)

< Chlgn|xllpll2 - 2.1.7)
Similarly, we can write

(a0l _1qn, T3 _1pr) — (aogn, pr) < Chlgnh xlpll2x- (2.1.8)
Using (2.1.7) and (2.1.8) we arrive at:

Af(qn, p1) — A%(qn, pr) < Chlgn|xl|pllax + Se (I — T )gn, (I — I )pr)

< Chlgnl1kllpll2x-

(2.1.9)

2.2 Ritz-Volterra Projection

For the optimal error analysis, we need to define a new projection with a memory term
called the R.V. projection, R" : H} (D) — W), fort € .J, where J = (0, T as the solution
Yy, € Wy

¢ ¢
An(RMu,vp) — / Bi(t, s; R"u(s), vy)ds = A(u, vp,) — / B(t, s;u(s),vs)ds. (2.2.1)
0 0

Below, we present the estimates for the R.V. projection.

Theorem 2.2.1. Iffor each t, u(t) € H*1(D) NL*(0,T, H**1(D)),then there is a unique
function Rhu(t) € Wy, fort € J satisfying (2.2.1) and the following estimate:

IR u(t)—u(t)|+h| R u(t)—u(t)]y < Ch* (Hu(t)llkﬂ +/O Hu<3)Hk+ld5> , (222

where C' depends on the coefficients.
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Proof. We use the result explained in [75] for the existence and uniqueness of R"u.

Considering a function u; in W), which is interpolant of w, and satisfies
dofn(ul) = dofn(u) n = 1, teey Ndof,

where dof,, (+) indicates the operator which relate the nth degree of freedom to each smooth
enough function. Ny, stands for the number of degrees of freedom. The following

approximation is satisfied by the interpolant function u;:
lu — urllog + hlu —urlix < CR* M ulpyy VK € Ty,  for details see [13].
Let Dj, = R"u — u;. By using coercivity of Ay (-, -), we arrive at:

Dy|3 < Au(Dy, Dy)

Ca,

= Ah(RhU, Dh) — Ah(U], Dh)
Using the definition of R.V. Projection (2.2.1):

Ca,[Dalt < [A(u, Dp) — An(ur, Dy)]

t t
— {/ B(t, s;u(s),Dy)ds — / By(t,s; R'u(s), Dy)ds| . (2.2.3)
0 0
Let’s take a closer look at the first term on the right-hand side of (2.2.3):

A(u, Dh) — Ah(UI, Dh) = A(u —uy, Dh) + A(u] — ng, Dh) — Ah(uj — ng, Dh)

+ A(Iu, Dy,) — Ap (1w, Dy,). (2.2.4)
Using Lemma 2.1.2 and Lemma 2.1.3, we can bound right-hand side of (2.2.4) as below:

A(u, Dy) = Anur, D) < C(lu = urh + [u = TRuly + h*|lullys1) | Drh

< Chk”“HkH’th-
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For the second term in the sum on the right-hand side of (2.2.3), we proceed as:

/Ot By (t, s; R'u(s), Dy)ds — /OtB(t, s;u(s), Dy)ds
— /Ot[Bh(t, s; Rhu(s) —uy, D) — B(t, s; (u—ur)(s),Dr) + Bp(t, s; (uy — ng)(s),Dh)

— B(t, s; (uy — Iu)(s), Dy) + Bu(t, s;0u(s), Dy) — B(t, s; u(s), Dy)]ds.
Again, using Lemma 2.1.2 and Lemma 2.1.3

/Ot Bi(t, s; R"u(s), Dy)ds — /Ot B(t, s;u(s), Dy)ds
<€ [ (R = a1l + 10 = ) IPals + (o~ T i
+h* [[u(s)[[k+11Dal1) ds

t
< C/ (IDn(s)l + h*[lu(s)llx+1)|Palds.
0

Combining all these terms, we obtain:

t
Duh < C (hk||u||k+1 + [0l + |Dh<s>|1>ds) .
0

Use of Gronwall’s lemma, followed by a triangle inequality, yields:

t
(Rhu—uly < OBt (||U||k+1 -/ ||u<s>||k+1ds) .
0

The duality approach will be used to demonstrate the L? error estimate. Let ¢ € H?*(D) N

Hg (D), with D to be convex and bounded, be the solution of

-V - (aVo)+ayp=p; inD ¢=0 ondD, (2.2.5)
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where p = R"u — u and it satisfies the following estimate:

6]l < Cllpl|-

Using (2.2.5), we obtain:
ol = Alp, ¢ — ¢1) + Alp, é1). (2.2.6)

The first term in the right-hand side of (2.2.6) can be simplified as:

A(p7¢_¢1) :A(Rhu_u7¢_¢l)
< |R"u — ul1h|¢l,

< 0 (ullos + [ u(olends) o]
The second term on the right-hand side of (2.2.6) can be simplified as:
Alp, ¢1) = A(R"u —u, ¢1) = A(R"u, ér) — Au, ¢1).
Using the definition of R.V. projection (2.2.1):

A(ﬂv ¢I) = (A<Rhu7 ¢I) - Ah(Rhuv ¢I))

t
+ (/ (Bu(t, s; RMu(s), ¢r) — B(t, s;u(s), ¢1))ds> . (2.2.7)
0
The first term on the right-hand side of (2.2.7) can be rewritten as:

A(RMu, ¢1) — Ap(R"u, ¢1)
= A(R"u — ur, ¢1) — Ap(R'"w — up, 1) + A(uy — Mo, ¢1) — Ap(up — Tu, ér)
+ A(IRu, ¢1) — An(Tu, é1), (2.2.8)

where all the terms on the right-hand side of (2.2.8) can be simplified with the help of
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Lemma 2.1.4. So,
A(R"u, ¢1) = An(R"u, ¢1) < ChIDylullpll + Chlur — TRuli||pll + Ch* |y [ ol
< 00 (ulhos + [ (o)) o)
The second term on the right-hand side of (2.2.7) can be estimated as:
[ Battss Rhats). 60 - Bt suts), o)
= /Ot[Bh(t, s; R"u(s), dr) — B(t, s; R"u(s), é1) — B(t, s; (u — R"u)(s), ¢r)lds

= /0 [Bi(t, s; R'u(s), ¢r) — (B(t, s; R'u(s), ¢r) — B(t, s; (u — R"u)(s), o1 — ¢)
— B(t, s; (u — R"u)(s), ¢)]ds

so(M“AWw@mmwf[wm@h+w@mw)ww

Combining all these terms, applying Gronwall’s inequality, and using s < ¢, we obtain:

t
lp()] < Ch* (HquH +/ HU(S)HkHds) :
0

Theorem 2.2.2. Under all the assumptions of Theorem 2.2.1 and u; € H*"1(D), where

uy and (R"u), be the time derivative of u and R"u, we have the following estimates:

I(RMu(t))e — ue(B)]] + hI(Ru(t))e — u(t)s
< Ch*! <Hut(t)|!k+1 + () |k +/O Hu<s)Hk+ldS> :

where the constant C' depends on coefficients.
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Proof. Differentiating (2.2.1) with respect to ¢t we get:

t
Ah((Rhu)tv ’Uh)_Bh(tv t; Rh“v Uh) + / Bh,t(tv S; Rh“? Uh)ds
0

t
= Aluyon) = Blt.tow, ) + [ Bt s m)ds,
0

whereas we define the bilinear form B;(¢, s; v, w) as:

Bi(t, s;v,w) = Z BE(t, s;0,w),

KeTs,
ob(x, t Oby(x,t Obg(x,t

BE(t, s;0,w) = MVU,VIU + Obi(@.1,5) - Vo, w + Mv,w .

ot 0K ot 0K ot 0K
The bilinear form By, (¢, s; py, qx) is defined as:

Bua(t, sipnsan) = > Bicy(t, sipn,an)  Vpn, an € W, (2.2.9)
KeTs,
where,
ob(z,t Oby(x, t
Bfi(t, S5 Up, Wh) ::/ (%HQAVU}L ) Vwy, + W I Vo IDw,
K

L Oy(w.,5)

ot Hglvhﬂglwh> dx  Vop,w, € Wik.

The proof is similar to the proof of the previous theorem. [

Theorem 2.2.3. Let u and uy, be the solution of continuous problem (2.0.2) and semi-
discrete formulation (2.1.1), respectively. Assuming f,u,u; € L>(0,T, H***(D)) N
L*(0,T, H**Y(D)), ug € H*1(D) with up, o = ul, then:

T
(-, ) — up (-, £)][2 < Ch2EHD (lluOnzﬂ a2, + / ¢<s>d8)’
where (s) = |£(8)2n + lu(s $)Zn + s 8) 2.5

Proof. Let us set
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uh("t> - u(7t) = (uh('at) - Rhu(at)) + (Rhu<7t) - u(>t)) = 9(7t> + p(7t)
We set uy, o = u}, as an interpolate of the beginning data u, we get:

10C, O < llun(-,0) = uoll + [ Rru(-, 0) — uoll
< [lug — uoll + | Rutuo — uoll

< OR"|ug]| g1 (2.2.10)

We already have the estimates for p(-,¢). Now to deal with 6(-,¢), we use (2.1.1) and
(2.2.1) as:

mh(Qt(-,t),vh) +Ah( ( ) Uh) /tBh(t S; 9( ) h)dS

= (00 = (Alul 00 /Btsu o0)ds ) = (R 1) 0.
= (fu(, ), on) = ma((R™ )i (-, ), vn) = ((F (), 0n) — (il 1), vn))
= (fa(8)svn) — (f(-,8), vn) — (mh((Rhu)t('at) n) — (w5 1), vn))
< CRFM G ) el onl) + Z (- Jox — miy (RMu)i(-,t), vp))
KETy
= Chk“‘f(' )|kt [|vn]|
+ 3 ((ug(,t) = T (- 1), vn)o — miy (RMw)e(-, t) — Tug (-, 1), vn))

KeTy,

< CHHIF GO llonll + llueC )l omll) + 1T (- £) = (BMa)o (- 1)l [om]

< O (|f<-,t>|k+1 e )t + e, 8ot + / ||u<-,s>||k+1ds) fonll
0

So, we have:

mn(00(-1 1), v) + An (0 1), vn) — /tBh(t,s;H(-,s),vh)ds

t
< O <|f<-,t>|k+1 ol + Ol + [ s>||k+1ds) fonll
0

(2.2.11)
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Since, 0(-,t) € W,. Put v, = 6(-,t) in (2.2.11), we get:

mn(04(-, 1), 00 1)) + An(0(-, 1), 0(-. ) —/0 Bu(t, 5: 0(-, ), 0(-, 1))ds
< opt (|f<-,t>|k+1 s + Dl + [ ||u<-,s>||k+1ds) 19C,0)]
— 10, 1))l

where

I(-,t) =Ch**! (!f(nf)lk+1-+Ikut(,t)Hk+1-+IYU(wt)Hk+1-+-j€ \hLOaS)Hk+1ds> :

We can write

1d

a0, 6),001)) = 5 (60,600 1)) = 5 % 100 ).

From the coercivity of A (-, -), we get:

IW()M 0GBl + ca.

9(7t)|% < I(’t)”Q(’t)H +/0 Bh(t>$;9("3)70('>t))d$'

From the L? norm || - || equivalence with the norm || - ||, we apply Young’s inequality for

suitable €, €; > 0, and then integrate the above equation to get:

t
160 6)12 + o / 6, 5)|2ds

2 € ' L2 “lecs)l? b ) 2
< 16(-, 0)[I* + (I(-;8))"ds + ds + ¢, 10(-, 5)lidsd=.
2 Jo 0 2e o Jo

Now,

min(L, c,,) (6, 0)]” + / 6(-,5)[2ds)
< 0.0+ 5 [ s max (e ) ([ocooass [ [ o sasas ).
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Applying Gronwall’s lemma, we obtain:
t t
100 8)]12 + / re<-,s>\%sc(ue<-,ow+ / <I<-,s>>2ds),

16, )I1* < ¢ (16, 0]

t
+h2(’““)/0 (1G9 + luaC ) g + s )R + Tllu, $)llk) dS)-

Using a triangle inequality, (2.2.10) and ¢ < 7" we arrive at:

T
lu(-,t) = un(, )| < CRZFY (HuOHiH + luC D)l +/0 w(S)d8> :

where ¢(s) = [ (-, $) [k + lul 9)lE 0 + llus( 9l —

Theorem 2.2.4. Under the assumption of the previous theorem, the following estimates

hold true:
T
Jun(-,t) — (- )[] < Ch* (IIUOIIiH + flul Ol +/ @D(S)dS) -
0
Proof. Put vy, = 6, in (2.2.11), and use Young’s inequality to arrive at:

mh(et('at)>9t('>t))+Ah(9('at)79t('>t))_/0 Bi(t, 5;0(:,5), 0:(- 1))ds = I(-, 1) [[6:(-, ),

dloC, bt

t
m*||0t(-,t)||2+qi ! §/ By(t,s;0(-,5),0:(-,t))ds+1(-,t)||0:(-,t)]. (2.2.12)
0

2 dt

Use Young’s inequality in (2.2.12) and then integrate from O to ‘¢’,

/m*||9 I + Ca, 9;-,t)|1
< w—l—/ot (I;mj) ds +/ / Br(s,z0(,2),0(-, s))dzds.  (2.2.13)
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Now, by changing the order of integration in (2.2.13), we get:

My 2 Cas |9<7t)‘%
[ B+ =

where B, s is defined as in (2.2.9). Since we have assumed the coefficients of B and B, are
smooth and bounded, the terms on the right-hand side of the above equation are bounded.

Now, by using Young’s inequality, we arrive at:

My 2 Ca |8< 7t)‘1
[ o+ 2
cal0C.0)F [ U(,s))°
<—
< el [ gk el )||1+C/y|9 \2ds,
e T Q)2 t
0P < o 0(,0)|1+/ (I(3)) ds+Ce// 16(-, s)||2ds.
2 0 Qm* 0

Applying Gronwall’s lemma, followed by a triangle inequality, ¢ < 7" and the fact that

16(-,0)|1 < Ch¥||uo]| g1, it follows:

T
un(+8) — u(- D < (nuonzﬂ a0l + [ ¢<s>ds) |

2.3 Fully-discrete Scheme

The error produced by a fully-discrete scheme has two ingredients in theory: the error
caused by spatial discretization, which is dependent on h, and the error caused by time
discretization, which is dependent on time phase size 7.

Now, we discretize our problem in time. To discretize in time, we use the Euler
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backward process. We divide our time interval into N distinct points that are evenly

spaced, let t,, = n7 and the sequence {U,, } be generated as:
Up ~ up(-,t,), n=0,1,2,.... N,

T=T/N.

We use the left rectangular rule for the partitioning of the integral term and any function

g(t), this rule is defined as:

/0 ' g(s)ds ~ Tig(tj).

Therefore, the fully-discrete scheme is defined as:

n—1

U,—U,_
mp (%77}}1) +Ah(Umvh) - ZTBh(tmtj;Ujvvh) = <fh(tn)avh>' (2.3.1)

J=0

Theorem 2.3.1. Let u(-,t,,) and U, be the solution of continuous problem (2.0.2) and fully-
discrete formulation (2.3.1) at time t = t,, respectively. Assuming f € L>(0, T, H**1(D)),
uy € L=(0,T, L*(D))NLY(0, T, L*(D)), u,u; € L*°(0,T, H**1(D))NL(0, T, H* (D))

and ug € H*(D) with Uy = ul, then¥n = 1,2, - -, N, we have:

1Un = (-, t) | < O + 7).

Proof. As in the previous theorem:
Unp —u(-t,) = (Up, — R'u(-,t,)) + (R"u(-, t,) — u(-,t,)) =: 0™ + p™.

The term p™ can be restricted by earlier arguments. By using eq. (2.0.2), (2.2.1) and
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(2.3.1), we get for all v, € Wj:

o — enfl n—1 )
mp, (—ﬂih) + A (0", vp) — TZBh(tmtﬁejavh)

T -
j=0

= [t o = s tadoanl]+ [t ) — (T = T o) ]

T

+

tn n—1
/ By (tn, s; RMu(-, s),vp)ds — T Z By, (tn, tj; RMu(-, 57), Uh)] , (2.3.2)
0

§=0
where the first term in right-hand side of (2.3.2) can be simplified as:

<fh('7tn)’vh> - <f<'>tn)7vh> < Chk—i_l‘f('atn)‘kJrlHUhH’

= I'[[onll;

where I7 = Ch**| f(-,t,)|rs1. The second term in the right-hand side of (2.3.2) can be
simplified as:

(ue(-s tn), vn) — M ( T
— Z <(ut(-,tn),vh)o,n< —mys (RhU(.’tn) - Rhu<.’tn1)’vh))

Rhu(-,t,) — Rhu(- t,_1) )
, Un

TwamU@ml>H%mwwum%1»wa
o (Tet) — e ty) Bt = Bult)
(e s )
< (Ju— (Moot
2l ) = s tnr)) = TR(a( ) =l o))

F T tn) = u( tan)) = (Rl t) — RhU(utn—l))\I) [[on ]
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where

|15 S% (s tn) = (u( tn) =l tna))

tn
[ (e e s + [ ) s ds)
tn—1

We can deal with the third term in the right-hand side of (2.3.2) as see [76]:

n—1

tn
/ Bi(tn, s; R"u(-, s),vp)ds — TZBh(tn, tis Riu(e, §7),on) < Ionls,
0 =

tn
where I} = Chr (ﬁ/@ (o, )i + ps )]s + ful-, )|y + |us<~,s>|1>ds).

Now, put v, = 0" 2.3.2) to arrive at:

(S LSS Y
2 T T o

n—1
< Cs (TZ 6111671 + (17 + I3)[167]] + I;?|9"|1> -
7=0

0"y

Using Young’s inequality on the first term in the right-hand side of the above equation,
followed by the kickback argument, gives us the following:

167112 — (16" otz = iz L e vilgn L rnlan
- +10"i <C TZIQ 1+ T+ )0 + 116" | -
j=0

Multiplying by 7 and summing over n from 1 to m, with 1 < m < N yields:

1™ 1* + TZ 6”7

Y (I + 1)) +TZI”\9"11 +TZTZ|0J|1] . (23.3)
n=1 n=1

<|0¢,0))*+C

Define the left-hand side as £}, and 0,y = maxo<,<pmE; for M < N, and using the
Holder’s inequality for the third term on the right-hand side of the above equation, then:

M M
o < C IO, 0|03+ 7Y (I7 + 13)0%, + ( > (1) ) 52, +TZ<5

n=1 n=1
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Dividing both sides by : , we may replace M by m, and then usmg discrete Gronwall S

inequality, gives us the required result. All these terms 7 Z I, r Z L, r Z (I3)? can

=1 =1 =1

be simplified as:

7Y 1| SR flx

T
T L <C <7HuttllL1(o,T,L2<D>>+hk+1/ (||Us('a3)||k+1+||U('73)Hk+1)d3>,
0

m 3 T

(TZU@?) = (/ (D (ur, )21 + Nl IE0) + a9 + s 9)

i=1 0

Applying a triangle inequality along with Theorem 2.2.1 completes the rest of the proof.
]

Below, we state the theorem which provides the optimal estimates for |U,, — u(-,t,)|;. The

proof is similar to the proof of Theorem 2.3.1.

Theorem 2.3.2. Under the assumption of the previous theorem, the following estimates
hold true:
U — u(-,tn)]1 < O(RF 4 7). (2.3.4)

2.4 Numerical Experiments

In this section, we carry out different numerical examples to justify the performance of
the proposed virtual element scheme for the linear integro-differential problem (2.0.1).
For simplicity, in all experiments, we consider the domain D to be the unit square in R?.
To support our theoretical findings, we verified the convergence rates for both singular
and weakly singular kernels. It is well known that hanging nodes can be easily managed
in the context of VEM. Hence, this particular feature would allow us local refinement,
1.e., one can have finer mesh around the singular point and coarser mesh in the rest of the
domain. Considering this point, we present our numerical experiments with adaptive mesh

refinement and obtain accurate numerical solutions for problems that have sharp changes
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at some particular points. We have also compared numerical solutions for uniform and
adaptive mesh refinement. We stress that local refinement would not be an easy task while
working with classical finite element schemes. Therefore, VEMs are more suitable when

local mesh refinement is mandatory, for instance, at singular points. We use the backward

1
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0.5

0.4

0.3

02

01

0

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

{b) Concave Mesh

Figure 2.1: The representation of mesh employed in this study.

Euler approach for time discretization coupled with VEM discretization to tackle the

fully-discrete problem for the polygonal mesh sequences introduced in Figure.2.1.

2.4.1 Uniform Mesh Refinement

Example 2.4.1. Consider the linear parabolic integro-differential equation (2.0.1), with
variable coefficients a(x), ap(z), b(z;t,s), bi(z;t,s), bo(x;t, s), in which the load term
f, the boundary data, and the beginning data uq are all determined based on the exact

solution.

u(z,t) = t(z — %) (y — y?). (2.4.1)

Example 2.4.2. (Weakly-Singular Kernel) Consider the linear parabolic integro-differential
equation (2.0.1),with coefficients a(z) = ao(z) = 1 and b(x;t,s) = (t — s)"*%e® and
by (z;t,s) = bo(z;t,s) = 0; in which the load term f, the boundary data, and the

beginning data uq are all determined based on the exact solution.

u(z,t) = e 'z —2%)(y — y?). (2.4.2)
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Figure 2.2: The left panel shows the initial domain with only five elements; the right panel
shows the approximate solution at this domain.

2.4.2 Adaptive Mesh Refinement

Here, we show that for some problems that have sharp changes at some particular point, it
is advisable to use an adaptive mesh rather than a uniform mesh; it gives better accuracy

and saves run time for code. Here we have considered the solution as

u(z, t) = te”100E—1/DTH=1/2)%) (2.4.3)

11

and this solution has a sharp peak at (3, 5). So, rather than doing the uniform refinement,

we take advantage of the fact that hanging nodes can be dealt with easily in VEM, so we

go for non-uniform refinement around (%, %), and by comparing the results in uniform and
adaptive mesh, we can see that adaptive mesh refinement has less H '-error as compared
to the uniform refinement for a particular 7 and h. Figure2.2 shows the approximate
solution at the initial mesh with 5 elements, whereas Figure2.3 shows the solution after 25
iterations. Figure2.4 depicts the solution for uniform refinement and the comparison of
H'-error for adaptive and uniform mesh refinement. Convergence Curves

Figure 2.5 and Figure 2.6 depict the errors for Example 2.4.1 and Example 2.4.2, respec-

tively. It is evident that our theoretical estimates are well according to our numerical
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Figure 2.3: The left panel shows the adaptive domain (finer mesh at (%, %)), the right panel
shows the approximate solution at this domain.

H' —error

0.8+ \
06}

04r

—

0.2 . . . . . n
0 200 400 600 800 1000 1200 1400 1600
102 03 04 05 06 07 08 09 ndof

Figure 2.4: The left panel shows the approximate solution at uniform mesh; the right panel
shows the comparison of the error in adaptive and uniform mesh

results.

2.5 Conclusion

In this Chapter, we develop and analyze the confirming VEM for PIDE on polygonal
meshes. We establish the L? and H'-error estimates of order O(h*!) and O(h*) re-
spectively, for the semi-discrete case. Using the left-rectangular rule for partitioning the

integral term and the backward Euler’s method for the time derivative approximation, the
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Figure 2.5: The left panel shows the order of convergence for £ = 1 and k£ = 2; the right

panel shows the L2-error and H'-error for k = 1, in case of Example 2.4.1.
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Figure 2.6: The left panel shows the order of convergence for £ = 1 and k& = 2; the right

panel shows the L2-error and H'-error for k = 1, in case of Example 2.4.2.

error of order O(h**1 + 7) and O(h* + 7) are established. Furthermore, to demonstrate

the practical application of VEMs, numerical experiments are carried out involving local

mesh refinements with hanging nodes, a technique essential for minimizing computational

expenses but one that may not be feasible within the framework of conforming FEMs.

46



Chapter 3

Mixed Virtual Element Method for

Linear Parabolic Integro-Differential

Equations I

In this chapter, we develop and analyze a mixed virtual element scheme for the spatial
discretization of parabolic integro-differential equations combined with backward Euler’s
scheme for temporal discretization. Our focus lies in the exploration of PIDEs of the form
given by (1.3.1).

One of our concerns in (1.3.1) is to determine the flux or velocity in addition to the
pressure; the typical Galerkin method yields a loss of precision because it is estimated from
the approximated solution via post-processing. The mixed methods, on the other hand,
provide a direct estimate of this physical quantity and lead to locally conservative solutions.
Another advantage of using a mixed technique here is the ability to introduce one more
unknown of physical importance, which may be computed directly without adding any

new sources of error. Here, we introduce o (x, t), defined by (1.3.4) then, (1.3.1) can be

IThe substantial part of this chapter has been communicated as follows: M Suthar, and S Yadav,
“Mixed Virtual Element Method for Linear Parabolic Integro-Differential Equations”, International Journal
of Numerical Analysis and Modeling (Accepted).
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written as in the form of (1.3.5). The meaning of this independent variable ‘o’ is velocity
field while discussing flow in porous media, whereas (1.3.5) expresses a mass balance in
any subdomain of D, see [14]. So, the mixed formulation for this setting simultaneously
approximates the pressure and the velocity field while maintaining the underlying local
mass conservation. Since there is an integral term in (1.3.4) which involves Vu, we
introduce a new kernel known as the resolvent kernel to deal with this integral term.
Although determining the resolvent kernel for a given kernel may be challenging, but
computationally, this approach proves significantly more efficient. This is evident when
comparing it to the formulation outlined in [15], which involves two terms under the
integral sign and hence requires N x /N times more computation of a matrix. Additionally,
in the 3-field formulation discussed in [48], the system of equations is considerably larger
than the system arising from this formulation. Hence, whenever the resolvent kernel is
available, utilizing this formulation yields computational cost cutting. Furthermore, if the
resolvent kernel turns out to be a series, we can truncate the series and get the desired
result. This chapter implements the mixed VEM method on (1.3.1) and presents several

significant contributions, which are outlined as follows:

* To tackle the integral term, an approach involving a novel projection with a memory
term (referred to as mixed R.V. projection) is introduced, which helps in achieving

the optimal convergence of order O(h**1) for both the unknowns.

* A fully discretized scheme is put forth, utilizing the backward Euler’s method for
temporal derivative and the left rectangular rule for the discretization of the integral

term.

* The analysis is performed to show the super convergence of the discrete solution,

which has been verified with the different numerical experiments.

* Theoretical results have been validated through the implementation of numerical

experiments.
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3.1 The Continuous and Mixed VEM Semi-discrete For-

mulation

One of the possible ways of finding a resolvent kernel R(t,s) defined by (1.3.6) and
(1.3.7), for any kernel K (¢, s) is:

R(t,s) =Y Kult,s),

m=1

where K,,(t, s) is given by:
t
Ki(t.s) = K(ts); Kn(t,s) = / K(t, ) Ko 1 (2, 8)dz. G.1.1)

The smoothness and boundedness of the resolvent kernel are derived from the smoothness
and boundedness of a1 (z)b(z;t, s). For further details, please see [61]. The mixed VEM

formulation corresponding to (1.3.8) reads as: Find (uy, o) € QF x V¥ such that:

(uni, ¢n) = (V- on,0n) = (f,0n) You € Qr,
: (3.1.2)
an(oh, Xn) +/ Kn(t, s;on(s), xn)ds + (V- xn.un) =0 Vxy € Vi,
0

The discrete bilinear forms in (3.1.2) are defined Vz;,, x5, € th as:

an(zn,xn) = > ap(znxn),  Kult,siznxn) = Y Ki(t s 2, xn),

KeZy, KeZy,

whereas the bilinear forms al(-,-) : VF(K) x VF(K) — R and KX(-,-) : VFK) x

VFE(K) — R, on every element K € Z,, are defined as:

ay (I, qn) := (uII0L,, T10qn)ox + S5((I — TV, (I — ) qr)  Vin, qn € ViF(K),

Kty s; 1, qn) == (K(t, s)IIL, gy )ox - Vin, gn € ViF(K).
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The stability term SE : V/*(KK) x V}*(IK) — R should be constructed in such a way that,

3 p4, ¥ independent of h with 0 < p, < p* and satisfies the following:
u*ak(lh,lh) < SéK(lh,lh) < ,u*a]K(lh,lh) Vi, € th(]K)

One of the possible choices of Si(-, -) is:
Nyot
Se (I =)y, (I = T)my,) == p|E| Y _ dof; (I, — TIL,)dof; (my, — TIimy,),

i=1

where /1 is some positive constant approximation of the coefficients 1(z) [77]. Moreover,

3 w1, o > 0, such that:

an(Xn, Xn) >t llxal? and |an(zn, xn)| < pallzalllixnll Vxn € ViF. (3.1.3)

For more details about Si and its properties, see [13,77].

3.2 Error Analysis for the Semi-discrete Case
Lemma 3.2.1. For K € T, let the coefficients pu(x) and IC(z; t, s) be smooth scaler-valued

functions in D and p be smooth vector-valued function and x;, € V;F(IK). Then,

ap (TIp, x1) — (LILP, Xn)ox < Cuhk+1|p’k+l7K|Xh|07lKa

Kn(t,s; Ip, xn) — (K(t, )LD, Xn)ox < Cch™ ' |plesx | Xn]ox (3.2.1)

Proof. Letly,, x1, be vector-valued functions in V;*(IK). Then, by using the properties of

I1), we arrive at:

ap (b, xn) — (i, Xn)o.x
= (pulp — Hg(ﬂlh>7 Xh — H2Xh)0,]K + (I — Hilh, UXh — Hg(,uxh))o’]K
— (bn = TR, (X — Tx) o + So (1 = T, (I = T)xa).  (3.2.2)
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Now, put I;, = II9p in (3.2.2) and using the properties of ITY, last three terms becomes

zero and we arrive at:

a%<H2p7 Xh) - (Mﬂgp, Xh)o,]K Scuhk—i_l‘p’kJrl,E{’Xh’O,]K-

Using the similar arguments, we can also prove (3.2.1). [

3.2.1 Mixed Ritz Volterra Projection
For the formulation described in (1.3.8) and (3.1.2), we can now derive the optimal error
estimates for both the semi-discrete and fully-discrete cases, and for that, we need to deal
with the memory term. Therefore, we introduce a new projection here with the memory
term known as mixed R.V. projection. Given (p(t),o(t)) € Q x V for t € (0,7, define
mixed R.V. projection (p(t),a(t)) € QF x V¥, as:
t
an(0, Xn) + / Kn(t,s;0(s), xn)ds + (V- xn, @)
0
t
—(n0) + [ (Kt s)o(s))ds + (V- xau) oo €V, G2
0

(V-(o—6),6n) =0 Vo, € Q.

Since (3.2.3) is a linear system. To prove the existence and uniqueness of the mixed R.V.
projection, it is sufficient to prove that the associated homogenous system (3.2.4a)-(3.2.4b)

has only a trivial solution.

t
an (6, Xn) +/ Kn(t,s;6(s), xn)ds + (V- xn, D) =0 VYxn €V}, (3.2.4a)
0

(V-6,0n) =0 Vo, € QF. (3.2.4b)

Put ¢, = V - 6 in (3.2.4b) to arrive at V - = 0. Substitute x; = o in (3.2.4a) and by

using (3.1.3), we arrive at the following:

t
MWWS—/KN@&@ﬁM&
0
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t
l6] < C / 16 (s)lds.

Using Gronwall’s lemma, we have ||&|| = 0. Now, we use the in f-sup condition men-

tioned in [33], [32], which is:

33 > 0 such that inf sup M

>[5 >0.
02k vevr lallollollv

So,
~ v : 9 D ~ t ~
18] < ¢ sup XD < <||a|| ; / ||a<s>||ds) .

veEVF ”Xh”V

We arrive at ||p|| = 0. Hence, p = 0 and & = 0. Below, we present the estimates for R.V.

projection.

Theorem 3.2.1. Under the assumptions H.1-H.3, o and u € L*°(0,T, H**(D)), J a
unique solution (ii,5) € QF x V¥, which satisfies (3.2.3). Furthermore, the following

estimates hold true:

t
o —&| < ChFH! (|a]k+1 +/ |0'(5)]k+1d5) : (3.2.5)
0

t
Hu — ﬁH < Chk+1 (|U|k+1 + |U’k+1 +/ |0'(S)’k+1d8) . (326)
0

Proof. In order to prove (3.2.5) and (3.2.6), we proceed by considering ¥ = o — &,
Vv, =fo —07,0=u—1,and 7, = I0u — @ € QF . Now, By the definition of the

mixed R.V. projection (3.2.3):

an(Yn,Xn) +/0 KCu(t, 8;9n(s), xn)ds
= (V-xn,t—u)+ (/0 Kn(t, s;IT; o (s), xn)ds —/0 (K(t, S)U(S)aXh)dS)
+ (ah(l'[fa', xn) — (Ho, xn)) - (3.2.7)

52



Chapter 3

For solving the third term in the right-hand side of (3.2.7), we use Lemma 3.2.1, (3.1.3)

and Cauchy-Schwarz inequality as:

an(Iy o, xn) — (1o, X1)
= ap(j o — Mo, xn) + an(Iyo, xi) — (ulo — o), xn) — (uIl}o, xn)
< C(lo - e || + | — M|l + h**o|k) | xall
[ By using (1.5.7) and (1.5.9) |
< ChF Yo |psrlIxnll- (3.2.8)

In a similar manner, one can address the solution of the second term on the right-hand
side of equation (3.2.7) as:

t t t
/ Ko (t, 5: TIE o (), xeu)ds — / (Kt )0 (s), x)ds < CH* x| / 10(5) 415,
0 0 0
(3.2.9)
By using (3.2.3), (3.2.8), (3.2.9), I1¥, ||V - 4p4|| = 0 and by considering x;, = ¥y, in

(3.2.7), we arrive at the following:
t t
an(Wn, n) < CHM! (|‘7|k+1 +/ |‘7(5)|k+1d8> ]| —/ KCu(t, s;9n(s), ¥)ds.
0 0

Use of boundedness of ICp, (¢, s; -, -) see [61], coercivity of a (¢, ¥5,) and (3.1.3), followed

by Gronwall’s lemma, yields:

t
[hnl| < CHFH (’U’k+1 +/ |0‘(S)’k+1ds) :
0
Now, the use of triangle inequality completes the proof of (3.2.5):

¢
9] < CRF (|0'|k+1 —|—/ |0'(s)|k+1ds) : (3.2.10)
0

To prove (3.2.6), we proceed by using the definition of mixed R.V. projection (3.2.3) as:

(19, xn) + (V- xn, 1) = F(xn) Yxn € Vi,
(V-9,¢,) =0 Vo, € QF,

(3.2.11)
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where

t t
-7:<Xh) = a’h(&7 Xh> - (/J“&7 Xh) + / Kh(tv 55 &(8)7 Xh)ds - / (K<t7 8)0(8)7 Xh)ds'
0 0
(3.2.12)
Let ¢ € H*(D) N H} (D), with D to be convex and bounded, be the solution of the dual

problem:
V- (aV&) =1, =0 ondD. (3.2.13)

and satisfy the following regularity condition:

€112 < {7l (3.2.14)

Consider ® = aV¢, then (3.2.13) satisfies:

(3.2.15)
—(V-®,0) = (m,¢) VoeQ.
Now, put ¢ = 73, in (3.2.15) to get:
I70]* = (70, =V - (I} aV§))
= (u9, 11} (aV§)) — F(IT} (aVE)) [By using (3.2.11)]. (3.2.16)

Now, from (3.2.12), we can rewrite F (IT} (aV¢)) as:

F(IIF (av¢))

— (6 — Mo I (aVE)) — (u(& — Ter), TIE (aVE)))
+ (an(TMor I (aVE)) — (4TT0r, I (aVE))) — ( JREROIE! H£<avs>>)
i ( / Kilt, 51 (5 — TIor)(s). TIF (aV€))ds — / (K(t, 5)(5 — T (s). Hz’(avs)))

+ (/o Kn(t,s; I o(s), I} (aVE))ds —/0 (K(t,s)II o(s), I, (aV{))ds) .
(3.2.17)
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The first and fourth terms on the right-hand side of (3.2.17) can be simplified in a similar
way as (3.2.2). We apply Lemma 3.2.1 to deal with the second and last terms, whereas we
use Cauchy-Schwarz inequality and (3.2.10) for the third term. Therefore, we arrive at the

following:
t
F(II} (aVE)) < ChMH! <|a|k+1+ / |a<s>|k+1ds) €], (3.2.18)
0

whereas »
(19,11, (aVE)) < C|19[[I€]]1- (3.2.19)

Using (3.2.18), (3.2.19), (3.2.10) and (3.2.14) in (3.2.16), we arrive at:

t
7]l < CR* (\a|k+1 +/ ya(s)|k+1ds) . (3.2.20)
0

We get our desired estimates using a triangle inequality and (1.5.7). 0

3.2.2 Super Convergence Property of Mixed Ritz Volterra Projection

As evident from the equation (3.2.20), it is clear that 7, exhibits convergence of order
O(h¥1). We can enhance the convergence order of 7, by utilizing the dual norm approach,

resulting in an order of O(h**2). This can be shown by rewriting (3.2.16) as:

I17all* = (09,11 (aVE) — aVE) + (V- 9,T1¢ — €) — FIL(aVE)).  (3.2.21)

Now, by using (1.5.7) and (1.5.9) , we arrive at:

(19,105, (aVE) — aVE) < Ch|FI[I]2, , (3.2.22)
(V- 9,119 — €) < CR2||V - ]||€]]2- (3.2.23)

Now, (3.2.17), can be rewritten as:

F(IL; (aV))

= (an(6 — Mo, 10} (aVE)) — (u(6 — M}o), I} (aVE)))
+ (an(I0, 105 (aVE)) — (pIT}o, I} (aVE)))
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+ (/Ot Kn(t, s (& — 0o)(s), TIE (aVE))ds — /Ot(/qt, 5)(& — o) (s), Hf(avﬁ)))
([ e sttt 1f @0 - [ (Kt o)), 10 a9

- / (K(t, 5)(9)(s), TIE (aVE) — aVE) — / (K(t, 5)(9)(s), aVE).

For the last term in the right-hand side of (3.2.24), we use the dual norm approach,
whereas all the remaining terms can be solved similarly to (3.2.17) by considering the

higher regularity of &, i.e., ||£]|2 as:
F((II;; (aVeE))

t t
<0 (loler+ [ loleads) I+ [ 196)1-lavel G220
0 0

The term in the (3.2.22) can be bounded by using (3.2.10) and for (3.2.23), we proceed
as:

V-9 =(V-9,V- (0 —}0))
<|IV-9IV- (o —IT}0).

Now,

|V -9 < Ch*|V - o (3.2.25)

For the estimate of ||[9¥]|_; in (3.2.24), let 3z € (H'(D))?, then:

(n9, 2) = an(o, M) — (uo, IR s¢) +/0 Kn(o(s), I s)ds — /0 (Ko (s), Ipse)ds

t
+ (u?, 3¢ — T 3¢) — / (K9(s), pse)ds — (V - IR, 7).
0

Solving all these terms and using Gronwall’s lemma, we get the following:

t
||’l9”_1 S Chk+2 (’U|k+1 +/ |0'(8)|k+1d8) + ||7'hH (3226)
0
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Using (3.2.26), (3.2.24), (3.2.23) and (3.2.25) in (3.2.21) followed by Gronwall’s lemma:
t
ITI0u — @] < Ch**2 (|0'\k+1 + |V ol +/ \U(s)|k+1ds> .
0

To prove the super convergence of qu — Uy, We must estimate qut — ;. First, we

differentiate (3.2.3) and then follow the similar steps as above; we get the following:

t
Imnell < O+ (mml IV ot o+ [ ol +19 a<s>rk>ds) .
0

Lemma 3.2.2. Under all the assumptions of Theorem 3.2.1and oy, u; € L>(0, T, H*™(D)),
where u;, oy and Uy, o, be the time derivative of u, o and u, o respectively, the following

estimates hold true:

t
low — &l < I+ (ratrm T ol + / |a<s>rk+1ds) | (3.227)
0

t
Jug — || < CHFH (!ut\k+l+|at\k+1+!alk+l+ / !a(s)lkﬂds). (3.2.28)
0

Theorem 3.2.2. Let u, o and uy, oy, be the solution of continuous problem (1.3.8) and
semi-discrete formulation (3.1.2), respectively. Under all the assumptions of Lemma 3.2.2,

the following estimates hold true:

T
o=l < € (IGO0 + 1250 (Ju2 o + oo+ [ aas) ), 6229
0

T
o —ou||> < C (Hﬁrh(-,o)u2 + ChAFHD (\aizﬂ +/ g(s)ds)) , (3.2.30)
0

where g(s) = \Ut(5)|i+1 + ’at(s)’Z—&-l + "7(5)’%4-1'

Proof. Writing u — u, = 0+ o, and o — o, = 9 + 9y, where g, = (& — uy) and
¥, = (6 — o},). Since, we already have the estimates of ||o|| and ||?||, we need to find

||on|| and || ||. Use (1.3.8) and (3.1.2) to have the error equation as:

(ues dn) — (Ung, n) — (V- (0 —04),én) =0 Voy, € QF, (3.2.31a)
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mem—wwmxw+éKﬁﬁﬁd@xw—KMtawﬁhmM%

= (V-xnun—u) VYxn€VF.  (3.231b)
Again rewrite (3.2.31a) and (3.2.31b) as:

(ont, on) — (V- O, on) = — (01, Pn), (3.2.32a)

t
an(Fn, xn) + / Kn(t, s;94(8), xn)ds + (V- xn, 0on) = 0. (3.2.32b)
0

Putting ¢, = o5 in (3.2.32a) and x;, = ¥, in (3.2.32b), then adding these equations, we
get:
t
(Ont> 0n) + an(Vn, 9n) = — (01, 0n) — / ICh(t, 5:91(s), 9p)ds.
0

By utilizing (3.1.3), along with the Cauchy-Schwarz inequality, Young’s inequality, and

employing the Kickback argument, we reach at the following result:

1d

t
50 lonll” + Couy i |190* < Celloel? + Collonll” + C/C/ [94(s)|]?ds.  (3.2.33)
0

Integrating (3.2.33) from O to ¢, and then using Gronwall’s lemma, we get:

t t
H&W+AHm@W@sc(mmmW+An&@Ww)

t
ansc@@umW+WW”Ag@w)

Now, using a triangle inequality and (3.2.6):

t
|m—mWsc(mmmw%wﬂ“”@%H+w@H+Ag@w§>.

For the proof of (3.2.30), differentiate (3.2.32b), and then put x;, = 9, and, ¢, = g5+ in
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(3.2.32a) to get:

t
(onts ont) + an(Ont, V) + Kp(t, t; 94, 9y) — / kni(t,s;9n(s), 9n)ds = — (01, 0nt)
0

m d

2
londl? + 5=

t
[9al1 < Cill9al + Ci 9] [ 194(5)ds + Clll + Colonal*
0

Using the Kickback argument followed by the integration from O to ¢, we arrive at the

following:

/0 lon.s(s)[I*ds + |[9a]* < C (Hﬁh(-’O)H”/O (19n()1” + llex(s)1) dS)-

Now, using Gronwall’s lemma:

o7 < € (1000 + [ lae)lFas).

Using a triangle inequality and (3.2.5), we arrive at:

t
o — 0’h||2 <C (||'l9h('>0)||2 + Ch* (|‘7|i+1 +/ Q(S)ds)) .
0
O]

Remark 3.2.1. The estimate (3.2.29) and (3.2.30) involve the term g, (+,0) and 9,(-,0)
respectively. We need to choose up(-,0) and oy(-,0) in such a way that op(-,0) and

95 (+,0) is of O(hFH1).

3.2.3 Super Convergence Analysis of the Discrete Solution
Theorem 3.2.3. Let u and uy, be the solution of continuous problem (1.3.8) and semi-
discrete formulation (3.1.2), respectively. In accordance with all the presumptions outlined
in Theorem 3.2.2, the following assertion remains valid:

ITTu — unl| < O(R*2).
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Proof. As shown in Section 3.2.2, the convergence of 7, can be extended to O(h**2).

Here, we analyze the super convergence properties of [19u — u;, by considering
0 _ 170 S _.
Myu —up, = u —a +u —up =: 7 + On.

Since we know the estimate of 75, (3.2.21) so, our aim is to find the estimate for g;, and for
that, we proceed by using the fact that ¢;, € Q% and V - x;, € P(K) and use the definition

of T1Y projection, we write (1.3.8) and (3.1.2)as:

(e, ¢n) — (tngs dn) — (V- (0 — o), én) =0 Vo, € Qf, (3.2.34)
(1o, xn) — an(on, Xn) +/0 [(K(t, s)o(s), xn) — Kn(t, s;0n(s), xn)]ds

= (up — Mu, V- xn) V¥xn € VF. (3.2.35)
Rewriting (3.2.34) and (3.2.35) as:

(Onts &) — (V- O, 1) = = (Vny, d4), (3.2.36a)

t
an(Ons xn) + / K (9(5), x0)ds + (V- X 04) = 0. (3.2.36b)
0

Put ¢, = 04 in (3.2.36a) and x;, = ¥}, in (3.2.36b), followed by the similar steps as in

Theorem 3.2.2, we get:

lonll> <C|lon (-, 0)|?

t
+Ch2(’“+2)/0 (loe()iss + |V - o) + V- o(s)lk + |o(s) k) ds.

3.3 Fully-discrete Scheme

The error produced by a fully-discrete scheme has two ingredients in theory: the error
caused by spatial discretization, which is dependent on h, and the error caused by the time

discretization, which is dependent on time step size 7.

60



Chapter 3

Now, we discretize our problem in time. To discretize in time, we use the Euler
backward process. Divide the time interval into NV distinct points that are evenly spaced,

let t,, = n7 and the sequence {U,, } and {0, } be generated as:
Un%uh('atn)a O'n%Uh(',tn), n:071727"'7N7

T=T/N.

Define 0,0" = w and the left rectangular rule for the partitioning of the integral

term for any function ®(t) as:

/O Cd(s)ds ~ 7Y @),

Therefore, the fully-discrete scheme is defined as:

(Bt 0] = (V- 0n) = (06,
n—1 3.3.1)

an(on, Xn) + 7> Ki(tn,ti305,xn) + (V- X, Un) = 0.
=0

Theorem 3.3.1. Let u(-,t,) and U, be the solution of continuous problem (1.3.8) and
fully-discrete formulation (3.3.1) at time t = t,, respectively. In accordance with all
the presumptions outlined in Theorem 3.2.2 and uy € L*(0,T, L*(D)), the following

assertion remains valid:

U —u(, )| <O +7), ¥n=1,2--- N,

lon — ()| OB +7) ¥n=1,2,--- N.

Proof. Let us write,

Up —u(-,tn) = Uy — al-,t,) + 4l tn) — ul-,t,) =: o + 0",
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o, —o(t,) =0,—oc(t,) +a(-t,) —o(,t,) =9 +9"

Since, we know the estimates for ¢" and 9", we need to find || ¢}|| and ||9}|| and for that,

we proceed by rewriting (3.3.1) and using (1.3.8) as:

(0:0hs dn) — (V- Oy, dn) = (wi(- ) — Oa", o) (3.3.2a)
n—1
ah(027 Xh) + 7 Z ’Ch(tna tj; 19?17 Xh) + (V * Xh QZ)
=0
tn n—1
- (th7u(7tn) u( 7tn)> +/ (]C(th)a.(S)?Xh)dS_TZICh(tnat]7o-('7tj>7Xh>
0 o,
+ (uo (-, tn), xn) — an(a (-, tn), Xn)- (3.3.2b)

Add (3.3.2a) and (3.3.2b), after putting ¢, = o and X, = ¥}, and then use the definition
of mixed R.V. projection to obtain:
(Oroh, 0}) + an(93,95) + 7> Ki(tn, t399,97)

j=0

tn n—1 B
= / Kn(tn, 5:6(s), 00)ds — 7> Kp(tn,t536(,1;),07) + (w(-tn) — 0", gf) -
0 Jy

Using (3.1.3) and boundedness of K (t,,;; -, -), we arrive at:

1 n||2 _ n—11|2 n __ . n—1}2
_<”th| lon |l + loh — o | )4'#1”192”2
2 T T
n—1 '
< (If, 0p) + (I3, 97) + Cr Y |97 ]93], (33.3)
§=0

where

([{La QZ) = (ut('a tn) - 3tan7 QZ)

<([Jue(cs tn) = O™ || + [| O™ — D™ | gr
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So,

tn hk—H tn
(17, 0p) <C (/ [[ue(s)]|ds + / (lue($) k1 + loe(s) k1 + |o(8) k1
tn—1

th—1 T

- |a<z>1k+ldz>ds) ezl (334
0

where the term (13, 9}) can be solved as:

tn n—1
(2, 97) :/ Kot 5 5(5), 9)ds — 73 Kt 153 6 1), 97)
0 —
tn a !
< CT/ 9 (Kl 5:5(s), 97)ds
0 aS

<1 [ (1669 = ()l + o) + 1) = )]+ () Das 5]
<07 [Tl + o)l + 1 (o) + (o)

+/ lo(2)|ks1dz))ds|| 9% ]| (3.3.5)
0

Using (3.3.4) and (3.3.5) in (3.3.3), we get the following:

1 ||QZ||2 - ||QZ_1||2 2
1971
2 ( + pa |9y ]

<c ((Z B0+ [ U@+ ol + 1 (o)l + \at<s>\k+l>>ds> |97

tn hk+1 tn
T ( / e (s) s + / (te()lest + loo(8) s + 1o ()
tn—1

tn—1 T

o [tz 1)

Applying Young’s inequality and subsequently employing the Kickback argument leads us

to the following:

1 Qn 2 _ anl 2 .
_ (H hH 7_” h || +01H7-9h”2

2
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nol , ) , p2k+1)
<Ca(r 1o 7 [ s+ [ (04 [ o) as
n—1

7=0

tn
+72/ Qo ()12 + llow()IP + RED (o (s)2. + |at<s>|i+1>>d3) - 039
0

Multiplying (3.3.6) by 27 and summing from 1 to m, with 1 < m < N gives:

loi'lI* +27C1 Y (19711

< llo(-,0 ||2+20< ZZII%‘/‘ ||2+TZ||@h||2+T / (lo()I* + lloe(s)*)ds

T T T
T / ()]s + h20+D) / g(s)ds + T2 / <|a<s>|i+1+|at<s>|z+1>ds).
0 0 0

Using Gronwall’s lemma and replacing m by n, we get our desired result:
lehll < O™ + 7).

For the estimate of 19}, we proceed by rewriting (3.3.2b) as:
n—1 '
an (9, xn) + 7> _Kntn, 199, x0) + (V- X0, 01

J=0

/ Kn(tn,s;(s), xn ds—TZICht tiso(t;), xn) (3.3.7)

Again considering (3.3.7) at time step ¢t = t,,_;, we obtain:

n—2

an (9 ) + 7> Kn(taot,t399,x0) + (V- Xno g )
=0
tn—1 n—2
=/ Kn(tn-1,56(s),xn)ds — 7> Kn(tn-1,t536(t;), xn). (3.3.8)
0 s
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Now, subtracting (3.3.8) from(3.3.7), and then dividing by 7, we arrive at:

n—1 n—2
an (09, xn) + Y Knlta ;99 x0) = > Kn(tuo1,t;:99,x0) + (V- X0, 0i)
j=0 Jj=0

Ny

(/Otn Kn(tn,s;0(s), xn)ds — 7 i Kn(tn, ;0 (), Xh)>

J=0

1 tn_1 ) n—2 .
_ = (/ Kn(tn—1,s;6(s),xn)ds — TZICh(tnl,tj;a(tj),Xh)> ) (3.3.9)
0 =y

T

Put ¢, = 5tg’,ﬁj in (3.3.2a) and x;, = 9} in (3.3.9) and then add, we obtain:

n—1 n—
10sgn|I* + an (007, 95) + ) Knltn, t;; 99, 9%) — Z Kn(tn-1,t;;9;, 9%)
Jj=0 j
= (I7,0,0}) + </ Kn(tn,s;6(s), 97 )ds —TZ/Ch ot 0“))

n—2

L[ [ N i
— = / Kn(tn-1,s;6(s),97)ds — T Z Kn(tn-1,tj;6(t;),9%)
7\ Jo =

= 1
where
_ tn h2k+2
1r.0a) < €. (+ [ uato)as + 1 / (969 + [ loIads) ds)
n—1
+ Co|Oap]. (3.3.11)
and

(1, 97) = (/Ot K (t, 5;6(s), ) s—TZ/ch tsty: 6(2;), 19")>

7=0

(/ K (tn1,5;6(s),97) ds—TZlCh oty t )19"))
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tn—1
_ / (K (b 5: (), 97) — Kn(tu_1, 5 6(s), 97)) ds
0
n—2
— 7Y (Kiltn,tj; 6(t;),03) = Kn(ta-1,1;; 5(t;),97))
=0
]tn
+ Kn(tn, s;6(s),97)ds — TKh(tn, tn1, 6 (tn-1),9}),

tn—1

tn—1 tn
<7 [ e Kneltae s oo ds 47 [ |kt s, 99 s
0 0s ’ tn_t |08
where t,+ € (tn_1,1n).
1 n n
;(I?Mlﬁh)
tn—1 8 tn a
<o [ Kt s 00| as+ [ S0kt 00)| ds
0 ds ’ s
tn—1 tn
<7 [T eI a7 [ (e + ol
tn—1
th—1 s
# et [ (1o @)t + o)t + [ o Rads ) ds
0 0
tn S
w7 (o)t + o)t + [ ot ads ) ds+ [0717)
tn—1 0
(3.3.12)

Put (3.3.11) and (3.3.12) in (3.3.10), to arrive at:

B 297 2 191171 2
"atQZ’|2+ﬂ1(|| hH “ h H )

2T
n—2
S -7 Z ICh,t(tn*u tj) 7-9?17 /'-92) - ICh(tna tn—l; 792_17 "92) + ¢ (”5tQZ||2 + ||/l92||2
7=0
h2k+2 tn s )
e [ (o4 [ o) as
tn—1 0
tn—1 tn
+ 72/0 (lo () + llo(s)1*)ds + T/ (Il ()1 + lloe(s)[*)ds
tn—1

th—1 s
4 72p2(kt1) /0 <|o'(s)|iJrl + |0't(s)|2+1 +/0 |0'(z)|z+1dz) ds
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tn S
#r [ (ool + 1240 (1o0) s + oo + [l ) ) ds)
th—1 0
(3.3.13)

Multiplying (3.3.13) by 27, using kickback argument and then summing from n = 1 to m,

we obtain:

m T
1931 <Cir Y 19711 + Co (Wh(-, 0)[I* + TQ/O (luee ()1 + o ()I* + llore(s)]*)ds

n=1

T
+h2k+2/ g(s)ds).
0

By using Gronwall’s lemma, we may replace m by n to get our desired estimate:

19511 < O + 7).

3.4 Numerical Results

Within this section, we are set to conduct numerical experiments aimed at validating the
effectiveness of the introduced mixed virtual element scheme for the PIDE (1.3.1). Our
investigation encompasses two distinct mesh types: a quadrilateral mesh and a hexagonal
mesh, as illustrated in Figure 3.1. Here, we consider the domain D the unit square in R,
Before presenting the numerical results, it is important for us to have a better understanding
of both the spaces, dofs, and how bilinear forms can be computed on these spaces. All the
discrete forms are already explained in Section-3.1. In (3.3.1), the bilinear forms (U,,, ¢3,)
and (f(t,), ¢r) involves multiplication with polynomials so, can be done by using any
quadrature rule of appropriate order, whereas for the discrete forms a? (-, -), KF(-,-) and
(V -0, ¢n)E, dofs of VF(E) will be needed (as defined in section-3.1). For more details
about the implementation, we refer to [77]. We use the backward Euler approach for time

discretization coupled with mixed VEM discretization to tackle the fully-discrete problem
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for the polygonal mesh sequences.

Remark 3.4.1. From Remark 6.3 of [32], we can see that the lowest order Raviart Thomas

element can be constructed for k = 0 with the usual convention P_,(E) = 0.

Example 3.4.1. Consider the linear PIDE (1.3.1) , with coefficients a(x) = 1 + z,

b(x;t,s) = (1+x)e™*), exact solution u(x,t) = t sin(27x) sin(2my) whereas K(z;t, s) =

e2(t—s)
14x

. Notably, the load term f, boundary data, and initial data uq are all determined

using the exact solution as a reference point.

Example 3.4.2. Consider the linear PIDE (1.3.1) , with cofficients a(zx) = 1 + z,

24-cos(t)

K(z;t,s) = (%) e®=2). Notably, the load term f, boundary data, and initial

b(x;t,s) = (1+x) <2+Cos(s)>, exact solution u(z,t) = te®(x — 2?) sin(27wy) whereas

data uq are all determined using the exact solution as a reference point.

Now, we present a numerical example showing that even if we don’t know the explicit
form of a resolvent kernel, our formulation still works by truncating the series of resolvent
kernel after a few steps. In Example 3.4.3, the resolvent kernel comes out to be in a series,
so here, we have considered the first five terms of the resolvent kernel and find out that

numerical results are still in accordance with the theoretical results.

Example 3.4.3. Consider the linear PIDE (1.3.1), with coefficients a(x) = 1, b(z;t,s) =
ts, exact solution u(z,t) = t(x — z*)(y — y?). Here K(x;t, s) is approximated by the first
five terms of the series generated using (3.1.1). Notably, the load term f, boundary data,

and initial data ug are all determined using the exact solution as a reference point.

Fig. 3.3 and 3.4 depicts the order of convergence for both u;, and o, for Example 3.4.1 in
case of k = 1,2 and 3 on quadrilateral and hexagonal mesh respectively. Both the figures
show that these orders of convergence are accomplished in perfect accordance with theory,
while Fig. 3.5 shows the super convergence results for both Example 3.4.1 and Example
3.4.2 in the case of k=1, 2, and 3 on the quadrilateral mesh whereas in Fig 3.6 shows

the order of convergence for Example 3.4.2 on the quadrilateral mesh. Fig 3.7 shows the
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convergence corresponding to Example 3.4.3. From all the figures, we can see that our

theory is well according to our numerical results.

Remark 3.4.2. Whenever we are unable to find the explicit form of the resolvent kernel,
we can use the first few terms of the series to achieve the optimal order of convergence, as

shown in Example 3.4.3.
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Figure 3.3: Order of convergence for Example 3.4.1 on the quadrilateral mesh.
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Figure 3.4: Order of convergence for Example 3.4.1 on the hexagonal mesh.
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L*-error for o, L*-error for uy,
T T

12

& IPerror for k=1 P ot for k= 1
—+— L-error for k =2 o IPerrorfork=2
11 | —%— L*-error for k =3 4 11 |—#— L*error for k =3

0r 0r

—log(error)
—log(error)

7r 7 3
1

6 6

1

5 2 5r 2
1

4 4

3 . . . . . 3 . . . . .

1 12 14 16 18 2 2.2 1 12 14 16 18 2 2.2

Figure 3.6: Order of convergence for Example 3.4.2 on the quadrilateral mesh.
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Figure 3.7: Order of convergence for Example 3.4.3 on the quadrilateral mesh in case of
k=1, 2 and 3.

3.5 Conclusions

Considering the advantages of VEM and mixed methods, we applied a mixed VEM
approach to address both the semi-discrete and fully-discrete schemes to solve the PIDE
(1.3.1). In this chapter, we have introduced a novel projection known as mixed R.V.
projection, which helps in handling the integral term. The semi-discrete scheme and error
estimates presented in this work align with those obtained in the previous study [78].
This research marks a significant contribution to the literature [14,61,78] only with semi-
discrete formulation, while here, we represent the first comprehensive examination of

the fully-discrete scheme within this formulation. Furthermore, a step-by-step analysis
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L*-error
8 [—&— Example 1: L’-error for p; '
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Figure 3.8: Order of convergence for Example 1 and Example 2 on the Voronoi mesh in
case of k=0.

is proposed for the super convergence of the discrete solution of order O(h**+2). Several
computational experiments on different polygonal meshes are discussed to validate the

proposed scheme’s computational efficiency and support the theoretical conclusions.
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Mixed Virtual Element Method for
Integro-Differential Equations of
Parabolic type without Resolvent

Kernel!

This chapter presents and analyzes a new mixed virtual element approach for discretizing
PIDE:s (1.3.1) in a bounded domain of R?, complemented by the backward Euler scheme
for temporal discretization. It focuses on the variational formulation that avoids the use
of a resolvent kernel. As discussed in the previous chapter, the integral term in equation
(1.3.4) relies on Vu; we adopt an approach in our formulation that prevents the necessity
of having u in H'. One possible strategy involves the introduction of a resolvent kernel,
although it should be noted that deriving a resolvent kernel for a specific problem may
not be an easy task. Since this is the case, we use the formulation described by [15].

Ziwen Jiang [15] introduced this formulation (1.3.10a) so that we can avoid the use of a

I'The substantial part of this chapter has been published as follows:
M Suthar, S Yadav, and S Kumar, “Mixed Virtual Element Method for Integro-Differential Equations of
Parabolic Type.” Journal of Applied Mathematics and Computing, https://doi.org/10.1007/s12190-024-
02066-8.
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resolvent kernel. This article explains the existence and uniqueness of the semi-discrete
solution corresponding to the (4.1.1) and mixed intermediate projection. By finding out
the estimates of mixed intermediate projection, it establishes optimal error estimates for
not only the variables v and o but also with the temporal derivative u; and V - o.

While it’s worth noting that, because of the one extra term under the integral sign, this
formulation may have a longer computation time compared to the one described in [14],
but this is more generalized in the sense that it has a wide range of applications, even when
it is tough to find the resolvent kernel, we can go with this formulation and can achieve the
required convergence (demonstrated with the help of numerical experiment). This work

presents several significant contributions, which are outlined as follows:

* To tackle the integral term, an approach involving a novel projection with a memory
term referred to as mixed intermediate projection is introduced, which helps in

achieving the optimal convergence of order O(h**1) for both the unknowns.

* A fully discretized scheme is put forth, utilizing the backward Euler’s method for
temporal derivative and the left rectangular rule for the discretization of the integral

term.

* The analysis is performed to show the super convergence of the discrete solution,

which has been verified with the different numerical experiments.
 Several different numerical experiments on different meshes have been conducted

to validate our theoretical findings.

4.1 The Continuous and Semi-discrete Formulation

The mixed VEM discrete formulation corresponding to (1.3.10a) reads as: Find (o7, up) €

ViE x QF such that:

(ung, &n) — (V- on,on) = (f, dn) Von € wa

an(on, Xn) + (un, V- Xn) — /o (bo(; t, 8)un(s), V - xn)ds
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¢
—/ (Vbo(z;t, 8)up(s), oxs)ds =0 ¥x, € V¥, (4.1.1)
0

The bilinear form ay,(+, -) and its properties are discussed in Section 3.1. Now, we provide

a lemma regarding the consistency of the bilinear form aX (-, -).

Lemma 4.1.1. For K € T, let the coefficients ji(x) be smooth scaler-valued function in

D and p be any smooth vector-valued function and x;, € V¥ (K). Then,
ajy (TP, xn) — (IR, Xn)ox < Cuh™ M plesaxlxallox-

Proof. Let 1y, X1 be vector valued functions in V;*(KK). By the definition of aj (-, -) and

I19 projection, it is easy to note that:

a]ff(lh, xn) — (i, Xh)O,]K
= (ulp, — I (pdn), xn — Txn)ox + (b — Tobn, ixn — T (pixen) Jo i
— (U — T, p(xen — ) o + Se((I =TI, (I —TY)xn).  (4.1.2)

Now, put I, = II%p in (4.1.2) and using the properties of I1?, last three terms becomes
p k g prop

zero, then by using (1.5.7), we get:

ay (Tp, xn) — (0P, xn)ox < Coh™ Pl x| Xnllox-

4.2 Error Analysis for the Semi-discrete Case

For the formulation described in (1.3.10a) and (4.1.1), we now derive the optimal error
estimates for both the semi-discrete and fully-discrete cases. So, to deal with the memory
term, we define a new projection here with the memory term known as mixed intermediate

projection.
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4.2.1 Mixed Intermediate Projection
Mixed intermediate projection is defined as: (.#Va, #%u) : (0,T] — V;¥ x QF such that:

an(IV o, xn) — (no, xn) + (I —u, V- xp)
— [ (Ol t.5)72u(). 9 30 + (st )7 %u(s). W) s
+ /Ot((bo(a:; t,s)u(s), V- xn) + (Vbg(z;t, s)u(s), xn))ds =0 Vxu € V¥, (4.2.1a)

(V- (o —IVa),¢n) =0 Ve, € QF, (4.2.1b)

along with the suitable choice of (.#Va(0), #%u(0)) € V¥ x QF.

Theorem 4.2.1. If o and v € L>(0, T, H**1(D)), then 3 a unique pair (S o, %u) €
ViE x QF satisfying (4.2.1b). Also, the following estimates hold true:

t
lo — 7Ve| < O <|0'(t)|k+1 + / (lu(s)|pr1 + |a<s>|k+1)ds) : 4.2.2)
0

t
0

Proof. To establish the proofs of (4.2.2) and (4.2.3), we utilize the definition of the mixed
intermediate projection given by (4.2.1b). By considering ¥, = IIf o — ¥V € V¥,

n=u— F%  and v, = u — F% € QF, we proceed as:
O@=0c—-9"c=0-T] 0+ ¥,
From the definition of mixed intermediate projection (4.2.1b), we observe:

an(¥n, Xn)

= [an (X} o, xn) — (o, xn)] + (L %u —u, V - x3)

+ /0 ((bo(=; . 5) (u — I %u)(s), V - xn)ds
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- /0 ((Vbo(wst, )7 Qu(s), Iixn) — (Vbo(xst, s)u(s), xn))ds. (4.2.4)

To deal with the first expression on the right-hand side of (4.2.4), we proceed as follows:

an(TIIy o, xn) — (1o, Xn)
= ap(Il} o — Mo, x1) + an(IT)o, x1) — (o — Mo), xn) — (Lo, x1)
<C(|lo - e + |} o — Io| + Ao |r)|xnll

< CL* o[l xall-
While the last term on the right-hand side of equation (4.2.4) can be resolved as follows:

[ (1,150, ) (Wit syts) ) s
< [ (Tt = ) 6) s + [ (Vo )uts). T — s
< /Ot(Vbo(w; t, s)(fQu —u)(s), ngh)ds
+ /Ot(Vbo(az; t,s)u(s) — ITY(Vbo(x: t, s)u(s)), i xn — xn)ds

t
< CVbo/ (la ()l + 25 us) k) dslIxnll- (4.2.5)
0

Put x;, = ¥, in (4.2.4) and using (3.1.3), boundedness of by(x;t, s) and the fact that

|V - ¥,|| = 0, to arrive at the following:

t t
[ < (ch (|a|k+1+ / |u<s>|k+1ds)+ / r|uh<s>|rds) 1. @26
0 0

By using the triangle inequality, we obtain the following:

t t
|e] < crth (\a|k+1+ / ru<s>|k+1ds>+ [ las. @2
0 0

Now, for the proof of (4.2.3), we use the duality argument along with the definition of
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mixed intermediate projection (4.2.1b) as:

(1O, x1) + (V- xnvn) = F(xn) Yxn € Vi,
(V-©,¢,) =0 Vg, € Q},

where

Flxn) = an(#V o, x0) — (7Y 7, xn) — / (bo(a; . 5) (7% — u)(s), V - xa)ds

—/0 ((Vbo(zx; t, s)fQu(s),ngh) — (Vbo(x; t, s)u(s), xn))ds.

Let w € H?(D) N H}(D), with D to be convex and bounded, be the solution of the

following dual problem:
-V (aVw)=v, inD; w=0 ondD. (4.2.8)

and satisfy the following regularity condition ||w||2 < ||||. Consider @ = aVw, then the

mixed variational formulation corresponding to (4.2.8) is; Find (®,w) € V x Q such that:

(u®,x)+ (w,V-x)=0 Vx eV,

(4.2.9)
—(V-®,9) = (., ¢) Vo€ Q.
Now, put ¢ = v, in (4.2.9), to arrive at:
[val* = (w4, =V - (I aVw))
= (u®, I} (aVw)) — F(IIf (aVw)). (4.2.10)

Now, we rewrite F (I (aVw)) as:

F (I (aVw))

=ap(FV o — Mo, I} (aVw)) — (u(F" o — Me), IIf (aVw)) + a, (e, TIf (aVw))
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— (o, TIf (aVw)) — /0 (bo(z; t, 8)(F YU — TTu + 10w — u)(s), V - TIf (aVw))ds
- / (Vho(a; 1, 5)( %u — u)(s), TL(TIE (aVw)))ds

— /0 (Vbo(z; t, s)u(s) — o (Vbo(x; t, s)u(s)), MY (TIf (aVw)) — IIf, (aVw))ds.

Using Lemma 4.1.1, the estimates of Hg (1.5.7), and boundedness of by(x;t, s), we arrive

at the following:

F(IL (aVw))|

t t
SO(H%HWH (|a|k+1+ / |u<s>|k+1ds)+ / ||uh<s>||>ds) Il @2.11)
0 0

Now, using (4.2.6) and (4.2.11) in (4.2.10) followed by Gronwall’s lemma, we have:

t
lvn|| < ChF+1 <|0'|k+1 +/ |u(s)|ds) ) 4.2.12)
0

Using (4.2.12), the estimates of I1? (1.5.7) and the triangle inequality, we achieve (4.2.3).
Now, substitute (4.2.12) in (4.2.7) to achieve (4.2.2). ]

Theorem 4.2.2. Under all the assumptions of Theorem4.2.1 and o, u; € L*°(0,T, H*"1(D)),
where u;, o, and Z 9, 7V o, be the time derivative of u, o and .9 %u, ZV o respectively,

the following estimates hold true:

lor — 7V ol < Ch* (|oljar + 9(1))

lus — ]| < CH (|0 + [l + 9(2) (4.2.13)

t
where g(t) = |o |1 + [u(t) k11 +/ (lo(s)lk41 + |u(s)]k1)ds.
0

Theorem 4.2.3. Let u, o and uy, o}, be the solution of continuous problem (1.3.10a) and
semi-discrete formulation (4.1.1) , respectively. Under all the assumptions of Theorem

4.2.2, we have the following:
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lu = un]l* < C(|lmn (-, 0)|?

t
1 [ ale) s+ o) + ) + ()0 )ds).
(4.2.14)

lo = anll* < CIO(, 0)[I* + Tl (-, 0|

t
1 [l s+l o) s+ o) s + (o) 1))

(4.2.15)

Proof. Writingu —up =u — 99U+ 99U —u, =n+n,ando — o, =0 — Vo +
IV — o, = O + Oy, Since, we already have the estimates for ||7|| and ||©||, our goal

is to determine ||7,,|| and ||®}||. To proceed, we use (1.3.10a) and (4.1.1) to obtain:
(ur = ung, dn) = (V- (0 —on), 1) =0 Y5, € Qj, (4.2.16)
t
(1720 = (120 + (0= 0, ¥ 20) = [ (bt )= ) (51,7 20
0

—/0 ((Vbo(z; t, s)u(s), xn) — (Vbo(@;t, s)un(s), Iixa))ds = 0 Vxu € V.

(4.2.17)

Rewriting (4.2.16) and (4.2.17) as:
(Uh,n ¢h) - (v : ®h7 ¢h) = _(nb ¢h>7 (4218)

t
an(®On, xn) + Mn, V- Xn) — / (bo(x;t, s)nu(s), V - xn)ds
0
t
- [ (et (o). Wxa)ds =0, (4.2.19)
0

t
Putting ¢y, = 1, — / I (bo(x; , s)nn(s))ds in (4.2.18) and x;, = Oy, in (4.2.19), then
0

adding the equations, we get:

1(©4,01) + (1ssmn) = [ (Vhu(ast o)) IR,
. (nt,nh - t Hi(b(b(zc;t,s>nh<s>>h<s>>ds> " (n / 0 a1 8)nh(8))d8) .
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Using (1.5.7) and differentiation by parts, we arrive at:

Ld||nn?
o [|©y° + ST

= — {nh,Hg(bg(w;t,t)nh) +/0 Hg(b()’t(:n;t,s)nh(s))ds} +/0 (Vbo(z; t, s)nn(s), TINO},)ds

+ (o [ Wttt pm)as ) = (o= [ WG opmo)as).

Using Young’s inequality followed by a kickback argument, we arrive at the following:

ldth‘P
2 dt

=0 (Il + [ Tt = i) + 5 (. [ 000t shon(os )

Ca1,e||®h||2 +

By integrating from O to ¢ coupled with Young’s inequality and kickback argument:

t
lna (- OI* < C (Ilnh(-,O)ll2 +/ (llm(s)11* + ||nt(8)||2)d5) :
0
Applying Gronwall’s lemma, the resulting expression obtained is as follows:

Ia (- I < C(lInal-, 01
t
+ hPE /0 (Jue(s)isr + loe(8) i + lu(s)isr + lo(s)[i)ds).
Using the triangle inequality, we complete the proof of (4.2.14). For the proof of (4.2.15),

differentiate (4.2.19), and then put x;, = O and, ¢, = nus — N (bo(x;t, t)n,) —
t
/ I1) (b +(x; ¢, 8)nn(s))ds in (4.2.18) and then add, to achieve:
0

(Mhts nz) — (Vho(; ¢, £)ms (), TIRO,) + ap (O, O)

=@Mm%@mmmm+/HWMammwmﬁ

0

t
4 / (Vbou (s £, 8)mn (s), TIO,)ds
0
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t
- (ntanh,t - H%(bo(w;t,t)nh) —/ Hg(bo,t(w%taS)Ph)d3> .
0

Using Young’s inequality followed by a Kickback argument, we arrive at:

O[ld

clmallP + 25

t
l@2 < ¢ (nnhw + [ o)1+ @l + umn?) .

By integration form O to ¢ and using Gronwall’s lemma:

l@u(. 07 < C (n@h(',ow + [P+ th(8)|!2)d8) .

Using a triangle inequality and (1.5.7), we arrive at the following:

lo = anll* < CUIO(, 0)[I* + Tl (-, 0) |

t
+ hPEEY / (Jue(s)lksr + 1oe(5) [fsr + lu(s)isr + 1o (8)[511)ds).
0
Hence, it completes the proof. [

Remark 4.2.1. The estimate (4.2.14) and (4.2.15) involve the term ny,(-,0) and © (-, 0)
respectively. To achieve the optimal convergence, we need to choose uy(-,0) and o(+,0)

in such a way that n,(-,0) and ©y(-,0) is of O(h*+1).

4.2.2 Super Convergence Analysis of the Discrete Solution

As evident from the equation (4.2.12), it is clear that 1/, exhibits convergence of order
O(h**1). We can potentially enhance the convergence order of v, by utilizing the dual

norm approach, resulting in an order of O(h*+2).

Theorem 4.2.4. Let u and uy, be the solution of continuous problem (1.3.10a) and semi-
discrete formulation (4.1.1) , respectively. Under all the assumptions of Theorem 4.2.3,
the following holds:

ITI0w — uy || < O(KFT). (4.2.20)
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Proof. Rewriting (4.2.10) as:

[a]* =(1©, I (aVw)) — F(IL; (aVw))
=(u®,IIf (aVw) — aVw) — F(IIf (aVw)) + (V- O, T{w — w)
<Cl®|[[wll2 + h*[IV - O wll> + F(IT5 (aVw))), (4.2.21)

where F (T (aVw)) can be solved as:

F(Iy; (aVw))
= (ap(FV o — o, IIf (aVw)) — (u(.#Y o — TI0a), IIf (aVw))

+ay (o, I (aVw)) — (pdo, I (aVw)))
— (/0 (bo(x;t, 8)(F%u — u)(s),V - Hf(an))ds)
— (/0 ((Vho(z; t, 5).#u(s), IYITIE (aVw)) — (Vbo(x; t, s)u(s),Hf(an)))ds)

— [+ IT+III. (4.2.22)

The initial expression on the right-hand side of equation (4.2.22) can be addressed by

using (4.1.2) in the following manner:

1] < C(|7" o — e + h* o i) [T (TTL (aVw)) — TI; (aVw) |

t
< OhF*? (|0"k+1 —|—/ (|u(s)|ks+1 + \a’(s)]kﬂ)ds) l|lw||2- (4.2.23)
0

The second term on the right-hand side of (4.2.22) can be solved by using I1° projection

of by(x; t, s) onto space of piecewise constant functions; for more details, see [79]:

11| < /0 (bo(z; t,s) — %b(x; t, s) (I “u — u)(s), V - IIj, (aVw))
+ (% (z; t, s) (I u — T10u)(s), V - TI (aVw)))ds

t
< C’/ (h|bo(8)]1.00]| -7 %u — ul| + ||val])ds||w]|2- (4.2.24)
0
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The third expression on the right-hand side of equation (4.2.22) can be solved in a similar

way as (4.2.5) as:
t
|[I11] = / ((Vho(z; t, 8)7%u(s), IIf (aVw)) — (Vbo(z;t, s)u(s), IIf (aVw)))ds
° t
< C/ (2 u(s) e + valD ]l (4.2.25)
0
Putting (4.2.23), (4.2.24), (4.2.25) in (4.2.22), we arrive at:
t
F(Hy (aVw)) < C(h*2|o | + h’“”/ (lu(s)|r+1 + [o(s)|r41) s
0

t
+ / o (s) 1) ]l (4.2.26)
0

To derive an estimate for V - ®, we follow the following procedure:

IV-©|*=(V-0,V- (¢ —1I}0))
<|V-O[|V- (o —1I;0)|
|V - O < Ch*|V - ol (4.2.27)

Now, using (4.2.2), (4.2.26) and (4.2.27) in (4.2.21) followed by Gronwall’s lemma, we

arrive at:

t
ol < 05 (I + (9ol [ Q9o +o6hands) . @229
0

To prove the super convergence, we must estimate [19u; — .# u;. By following the similar

steps as above, we get the following:

lonell < CH*2 (ol + [V - ol + [ |ir + [l

+/0 (lo($)lk+1 + [uls) ki1 + [V - o (s)])ds). (4.2.29)

Now, we need to estimate [1% — uy, = %u — #9u + F9u — uj, = vy, + 1. Since, we
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have the estimate of v, from(4.2.28), we need to estimate 7, in terms of v,. For that, we

use the properties of Hg operator to rewrite (4.2.18) and (4.2.19) as:

(nh,tv ¢h) - (v : @ha gbh) = _(Vh,t7 ¢h)7 (4230)

t
ah(ghuxh)+(77h7v'xh)_/ (bo(; 2, 5)1n (), V - Xn)ds
0
t
—/ (Vbo(z; t, s)nn(s), I xp)ds = 0. (4.2.31)
0

t
Put ¢, = n, — [ To(bo(x;t, 8)nu(s))ds in (4.2.30) and x;, = ©, in (4.2.31) and then
adding the two eqlations to arrive at:

t
an(®n, On) + (Mnt, M) — / (Vbo(z;t, 8)nn(s), IOy )ds
0

=~ (o= [ 0t o) + (e [ oG mo)ds).

Now, using the similar steps as in Theorem 4.2.3, we arrive at:

nmmMPsc@mumW+Amm@W+mm@wm§.

Applying Gronwall’s lemma and using (4.2.29), the resulting expression obtained is as

follows:

t
s (I < CCllmn (-, 0)II* + hQ('““)/O (lo(s)in + [uls)lin + loe(s) i

+ Vo ()i + V- ouls)liga)ds).

Hence, we get our desired estimate. L]

4.3 Fully-discrete Scheme

The error produced by a fully-discrete scheme has two ingredients in theory: the error
caused by spatial discretization, which is dependent on h, and the error caused by the time
discretization, which is dependent on time phase size 7.

Now, we discretize our problem in time. To discretize in time, we use the Euler
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backward process. Divide the time interval into N distinct points that are evenly spaced,

let t,, = n7 and the sequence {U,, } and {0, } be generated as:

Un%uh('vtn)v a-nza-h(th)v TL:O,l,2,...,N,

T=T/N.
The fully-discrete scheme is defined as:

OU", 1) — (V- 0ny On) = (f (5 10), &n),

an(@n Xn) + (Un, V- x0) = 7 D ((bo(tns )05, V - Xn) + (Vo (s £5)Uj, TR xR)) = 0.
=0
43.1)

Define =(vy(ty, s), ¢(s)), for any function y(t, s)¢(s) as:

E(y(tn, 8),0(s)) = (/0 nv(tn,é’)sﬂ(é’)ds - Tiv(tn,tj)w(tj)>

— (/0 " Y(tn_1,8)p(s)ds — Ti7(tn—7tj>90(tj)> '

Now, by using Taylor’s remainder theorem, we arrive at the following:

E((tn, 8), (s))
_ (T /O " %(tn*,s)go(s)ds—TQZ%(tn*ytj)SO(tj))

tn
+ (/ V(tn, s)p(s)ds — Ty(tn,tn_l)go(tn_l)) for some t,,« € (t,_1,t,)

SOt so(e))|ds) @32

tn—1 ln 8
< 72/ ds) + (7'/
( 0 tn—1 85

Theorem 4.3.1. Let u(-,t,) and U, be the solution of continuous problem (1.3.10a) and

£ Cultar,9)(5)

fully-discrete formulation (4.3.1) at time t = t,,, respectively. In accordance with all the
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presumptions outlined in Theorem 4.2.3 and vy, € L*(0,T; L*(D)), the following remains
valid:

HUn_u(atn)H SO(hk+1+T), Vn:1,2,~~-,N,

lon —a(t)|| <K OMR +7) ¥n=1,2,--- N.

Proof. For the proof,

Up—u(-,ty) =U, — fQu(~, tn) + fQu(~,tn) —u(-,ty) =1 np + 0",

o,—0o(t,) =0, — fva(-,tn) + fva'(-,tn) —o(,t,) = O} + 0"

Since we know the estimates for " and ©", we need to find ||n}'|| and ||®}|| and for that,

we proceed by rewriting (4.3.1) and using the definition of mixed intermediate projection,

to obtain:

Qi dn) — (V- O dn) = (ue(-, tn) — I " ) (4.3.3)

an(©, xn) + (Vbo(tn, tj)ni, IT)x1))

+ (nlﬁ + /0 (boft, 5).7%uls))ds — Ti(bo(tmtj)nf; +bo(tn, )7 “u(t;)), V - Xh)

=0
n—1 t
=7 ((Vbo(tn,t;)7%u, TI0x4)) —/ (Vbo(tn, 8)FQu(s), T )ds. (4.3.4)
J=0 0
tn n—1 ‘
Put x, = ©} and ¢, = 7} + / I (bo(tn, )7 u(s))ds — TZ(Hg(bo(tn,tj)ni) +
0

=0
I19 (bo(tn, )7 “u(t;))) in (4.3.4) and (4.3.3) respectively and then add, to arrive at:

n—1
(Ot i) + an(©3, ©5) = 7 3 _(Vbo(tu, 1)), TROY)
=0
n—1 ' tn
= (ut(-, tn) — 07" P — 1 Z I (bo (tn, )1 ) + / I19 (bo (¢, s)ﬂ%ﬂs))ds)
=0 0
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- (ut( o) — 07" TZHk (Do(tn, t;)-7 ul(t )))
7=0
tn n—1
— / (Vbo(tn, s) I u(s), TINOT) — 7Y (Vbo(ty,t;)#u, TT,0O7)
0 0

Jj=

+ (@U}?a T z_: Hg(bo(tn, t])ni) - /O n Hg(b()(tm S)jQU(S))dS>

§=0
n—1
+ (MZJZH%(%(%%M QU(tj))) : (4.3.5)
§=0
n—1 '
The last term in the right-hand side of (4.3.5) can be solved by writing R} = 7 Zﬂg(bo (tn,t j)ni )—
i=0
tn n—1 !
/ (b0t )7 %u(s))ds + 7 5 19 (b (ta, 15).7u(t;)), as:
0 s
Rn7 ny __ RTL—I) n—1 N
O, RY) = (( 1) 5_ 1 5T )) (atRl, 1), (4.3.6)

where the term (9, R}, ") can be solved by using (4.3.2) and Taylor remainder theorem

as:

(atR?7 77]?_1)
n—2
= <T > TR (b0 (tng, t)m5) + (b0 (tn, b1y ), 772_1>
7=0
+ (E (o (tn, 8)-F “uls))), mi ")

n—2 t
ml 0
S (TZH bOt n17 nhanh )+T/ %
0
J

tn
e+
tn—1

So, (4.3.6) can be written as:

(IR (bo,e(tas, 8) Cu(s))) | dsllny |

AT bo(tn, 5).%u(s)))

s~ 1||) for te, s € (s ).

(atngv Ryll)
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Rn,nn _ Rnfljnnfl n—2 ) . .
g(( L) =R )N o (ST 00 £ ) +

-
tn
+ T/
0
tn
o
tn—1
Using (4.3.7), (3.1.3) in (4.3.5) and boundedness of Vb, we arrive at:

L (e =l ,
5 (PR oy

n—1 tn
<c (mn (unzu 3l +T/0

tn
/
n—2

n—1
+7 2 IO+ 7 > (ot t5)m) i ~") + ™
=0

7=0
tn
+ (7’/
0
tn a
<
tn—1

= (I (bo(tn, 5)-7 Pu(s)))
where 7' = (ut — athu") i

J=0

9 (10bo (b 5).7u(s))

= sl |

AT bo(tn, 5).7%u(s)))

dSIInZ_lll) . 437

& 0ol 9)-5%(s)))

)

(BT, 1) — (R’f_l,nﬁ_l))

T

0
%(Vbo(tn, ). I u(s))

|©71ds + (

Q(Hg(bo7t(tn*,s)JQu(s))) ds

0s
ds, n;’il)) :

Using Young’s inequality followed by the kickback argument, we arrive at:

L (Il )P n
3 (PHEZ T o e

0s

2

0 119 (bo(tn, 8)-7 “u(s)))

P
2ds>.

n—1 tn
<C (T [l 1%+l 1+ N~ 1 + !If?!\2+72/0
0

N ((R’f»n;’})—(R?‘l,nZ‘l)) +Tz/t”
0

T
tn
+7’/
tn—l

<

2
ds

O (00 (bo (b 5).7%u(5)))

S

2 tn
ds + 7'2/
0

0 (Vby(tn, s)I“u(s))

Q(Hi(bo(tm 5).7%u(s))) »

O0s

&9

ds
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Multiplying the above equation by 27 and sum fromn = 1--- N, we arrive at the following:

lni 1% + 27ca, Z 15l
¢ (Ilnh( I+ TZ Ik 1I* + TZ IE 1 + Ca IRY NP + Cey Iy 11

n=1 n=1

+T3Z/ (’ (T2 (b (£, 8)F Qu(s)))| + ‘%(Vb()(tms)jczu(s))
T Z/ (’ SR (o (s, 5)7 Puls))) 2) ds

2
+T2Z/ ds).
tn—1

Using the kickback argument followed by Gronwall’s lemma, we have:

2

2
>ds

HO (bo(tn, 5)F“u(s)))

2

I |!2<C(th H2+TZHI”\|2+T / (0t 5) 7)) s

2 T

0
d 2 —
S—|—7’/Oa

S

. /0 ‘%(Hg(bo,t(tn*,s)fQu(S))) (Tho(t, ).9%u(s))

2
ds) ,

(4.3.8)
where
N N
Y IR <Oy (llw( tn) = 0u|* + | — 9,720 |?)
= n=1
C N tn 2 tn 2
-7 Z ((/ (s — tn—l)uttds) + (/ (uy — JQut)(s)ds)) >
n=1 tn—1 tn—1
tn
=¢ / (72 [lus(s)[Pds + O(R**+V) by using (4.2.13)),  (4.3.9)
0
and

2

(bo(tn, 8)Iu(s))| ds

T
A2
0 |0s
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< Cr? / (17%u(s)]| + [.7%s(s) )ds

SCTQ/O (17 %u = w)(s)[| + u(s)[ + 11(7 %us = uls))(s)] + Ips(s))ds

2

%(boyt(tn*, 5).#%(s))| ds and

T
Similarly, we can bound the remaining terms 72 /
0

T 2
o
0

ds of (4.3.8), and then using (4.2.3), we arrive at:

0
(bt 5)7%u(s))

I |12 < (R*EHD 4 72).

Now, the use of triangle inequality completes the proof of |7 ||.

To obtain the estimate of ®}, we begin by examining equation (4.3.4) at the time step

t = t,—1. Then, by subtracting and dividing by 7, we arrive at the following expression:

a (5 ha Xh)
B n—1 . n—2 . 1
+ ( il = > bo(tn, t) + > bo(tn1, ;)75 + —=(bo(tn, s).7 “u(s)), V - Xh)
j=0 j=0
n—1 ' n—2 '
= (vbO(tna t])nim Hth) - (VbO(tnfla t])nim Hth)
§j=0 j=0
1 _
;(:(Vbo( > 8)Fu(s)), TIx4). (4.3.10)
n—1 ' n—2 '
Put x, = O and ¢y, = Oy — > T (bo(tn, £;)m)) + > TR (bo(tar, t)m))
§=0 j=0

—Z2(I1%(bo(tn, 5)-#“u(s))) in (4.3.10) and (4.3.3) respectively and then add to arrive at

the following:

an (0,07, 0}) + (Omy, Omyy)
n—2

<C ((Vbo(tn,tn DL TIROR) + 7Y (Vbo(tay, )i, TIROT)
j=0
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n—1

J=0

fn= a 3 n—2 ‘
“/0 55 (Vbou(tar, )7 %u(s)) | ds|[ TS5 - (ams,an(bo(tnl,mnz))
7=0

(Vbo(t,, s)ﬂQu(s))

L
4, |05

n—1 n—2
I_
+ <f?,8tn2—2(ﬂk(bo b t))) + > (T (bo(tn1, 5)175)) — :(Hg(bo(tnas)fQU(S))»
7=0

J=0

1
IR + (Gt 2L 0,95 u(s)

for some ¢, tps € (tn-1,1n).

Now, using Young’s inequality followed by the kickback argument, we have:

en 2 @n 112
Ccu,e (H ” 27|_| || ) +C€/1Hat77}?’|2

2

ds

n—2 o
. n—1 a
<C (T 12+ Nl =12+ O 1 + (117 )1 + 72 /0 ‘%(VbOt(tn*vs)ﬂQu(s)

=0
2
ds) .

2

4 ds

(11 boy (. 5).7%u(s)

2 tn
ds + 7'/ 9
¢, |05

Multiplying the above equation by 27 and sum from n = 1 to NV, we get:

tn—1
+7‘2/
0

0
— Q
1 aS(Vbo(zfn, s) I “u(s)

(T (Bo(tn, )7 Yu(s)))

N n-2 N
ley|*<c < Y ||77h!|2+72 ORI + 7> [H7?
n=1 j=0 n=1
2 a 2
+T3Z/ (‘ (Vbo,(t n*,s)JQ (s)| + ‘%(Ho(bgt( nl,s)fQ (s))) )ds

2

+ '%(Hi(bo(tm s)-7%u(s)))

r Z/tn | (’ (Vbo(tn, 5).7u(s))

Use of (4.3.9) and (4.3.8) followed by Gronwall’s lemma completes the proof of [|67[|. [
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4.4 Numerical Results

In this section, we carry out a numerical example to justify the performance of the proposed
mixed virtual element scheme for the linear parabolic integro-differential problem (1.1.1)
on the square mesh in Figure 3.1. Here, we consider the domain D the unit square in R
We use the backward Euler approach for time discretization coupled with Mixed VEM
discretization to tackle the fully-discrete problem for the mesh sequences introduced in

Figure 3.1.

Example 4.4.1. Consider the linear PIDE (1.1.1), with coefficients a(x) = 1 + =,
b(x;t,s) = (1 + x)e'*. Notably, the load term f, boundary data, and initial data

ug are all determined using the exact solution as a reference point:
u(x,t) = te' sin 27 sin 27y,

Example 4.4.2. Consider the linear PIDE (1.1.1), with coefficients a(x) = 1 + z,
b(x;t,s) = (1 — x?)ts. Notably, the load term f, boundary data, and initial data

ug are all determined using the exact solution as a reference point:

u(e, t) = t(x — 2%)(y — y°).

Example 4.4.3. Consider the linear PIDE (1.1.1), with coefficients a(x) = 1, b(x;t, s) =
10e~10002%5* - Niotably, the load term f, boundary data, and initial data uo are all deter-

mined using the exact solution as a reference point:

u(e,t) =t — 2%)(y — ).

With the help of this example, we can show that this formulation is more generalized in
the sense that it is applicable to a wider range of problems satisfying the assumptions
outlined in the Introduction. Here, in this example, the challenge lies in determining a

resolvent kernel because manual integration of each function is not possible due to the
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unavailability of anti-derivatives. In this example, we can compute the first two terms
of the series of the resolvent kernel, and if we terminate the series at this point, even
after further discretization, the error comes out to be constant without further reduction,
as shown in Figure 4.5. But comparatively, if we go with the formulation (1.3.10a), we
are getting an appropriate order of convergence. Although this formulation takes more
computation time but it is more effective for a vast range of examples. Fig. 4.1 and 4.2
depict the order of convergence for both u;, and o, for Example 4.4.1 in case of k = 1,2
and 3 on quadrilateral and hexagonal mesh respectively. Both the figures show that these
orders of convergence are accomplished in perfect accordance with theory, while Fig. 4.3
shows the superconvergence results for both Example 4.4.1 and Example 2 in the case of
k=1, 2, and 3 on the quadrilateral mesh whereas in Fig 4.4 shows the order of convergence
for Example 4.4.2 on the quadrilateral mesh. From all the figures, we can see that our
theory matches our numerical results well.

L?- error for a),
11 T

L?- error for uy
or for k= 1 '
or for k=2

—&— LP-error for k = 1 12
——+— L*-error for k =2

—— L?-error for k=3

10

10

log(error)
log(error)

1 12 1.4 16 18 2 2.2 1

. . . . .
1.2 1.4 16 18 2 22
—log(h)

—log(h)

Figure 4.1: Order of convergence for Example 4.4.1 on the quadrilateral mesh in case of
k=1,2 and 3 with 7 = 1.1e — 04.
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L?- error for gy, 12- error for u,
—&— Lerror for k = | r r r —&— L%error for k=1 !

L = ——+— Lerror for k=2
—%— L-error for k=3

log(error)
o

0.6 0.8 1 12 1.4 1.6 18 0.8 1 12 14 16 18

Figure 4.2: Order of convergence for Example 4.4.1 on the hexagonal mesh in case of
k=1,2and 3 with 7 = 1.6e — 04.

L2 error for M) u — u,
— o Lemorfork=1
—+— L*error for k=2
11 |—*— L*-error for k=3

12

L?- error for T{ u — u,

or k= 2
—— L*-error for k=3

18

17
0r
16
151

14

log(error)
[e]

log(error)

13r

12r

11r

10

1 12 14 16 18 2 22

—log(h) 1 12 14 16 18 2

_laalh)

Figure 4.3: Order of convergence for IT0u — uy, in case of k=1, 2 and 3 on the quadrilateral
mesh with 7 = 1.1e — 04.. The left panel corresponds to Example 4.4.1 , and the right
panel corresponds to Example 4.4.2 .

4.5 Conclusions

Considering the advantages of VEM and mixed methods, we applied a mixed VEM ap-
proach to address both the semi-discrete and fully-discrete cases of the PIDE (1.1.1). In
this chapter, we have introduced a novel projection, the mixed intermediate projection,
which helps in handling the integral term. Significantly, this work represents the first
instance in the literature [15] where the fully-discrete case has been thoroughly examined

for this formulation. Furthermore, a step-by-step analysis is proposed for the supercon-
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L%- error for oy,
:

log(error)

T

11 3
10F
9r 1
2
8l
7t . . . . . 1
1.2 1.4 1.6 1.8 2 22

17

16|

15|

log(error)

12|
11

10|

L?- error for u,
:

14 |

13]

12 14 16 18 2

[BONERY

Figure 4.4: Order of convergence for Example 4.4.2 on the quadrilateral mesh in case of

k=1,2 and 3 with 7 = 1.1e — 04..

s %104 L?- error for uy
—&— k= 1 without resolvent kernel[ ' j
——+— k= 2 without resolvent kernel
7 [—%— = 3 without resolvent kernel ]
&k = 1 with resolvent kernel
——+— k= 2 with resolvent kernel
6|~k = 3 with resolvent kernel 1
5l ]
S
£4r 1
5
3l ]
ol ]
1k ]
0
0.2

0.8

15

14

13

L#- error for uy,
—&— k= L without resolvent kernel j
——+— & = 2 without resolvent kernel
—s%— = 3 without resolvent kernel
—&— k= 1 with resolvent kernel
——+— k= 2 with resolvent kernel
——%— k= 3 with resolvent kernel

0.2 0.4 0.6 0.8 1 1.2 1.4
log(h)

16

Figure 4.5: Order of convergence for Example 4.4.2 on the quadrilateral mesh in case of

k=1,2 and 3 with 7 = 1.1e — 04..

vergence of the discrete solution of order O(h**2). Several computational experiments

are discussed to validate the proposed scheme’s computational efficiency and support the

theoretical conclusions.
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Virtual Element Method for Parabolic
Integro-Differential Equations with

Non-smooth Initial Data

In Chapter 2, we analyzed the PIDE with smooth initial data, specifically when ug €
H*+1(D). The focus of the current chapter is to extend this analysis to cases where
the initial data is less smooth, specifically when ug € L?*(D) but not in H'(D). In this
Chapter, we focus on developing virtual element methods for the following linear parabolic

integro-differential equation defined on 2 C R?. Find u(x, ) such that

u(x,t) — V- (a(:c)Vu(a:,t)) —/0 (b(z;t, s)Vu(zx, s)) ds=0 (x,t) € Qx(0,T],
u(zx,t) =0 (x,t) € 0Q x (0,71,

u(x,0) =up(x) x €.
(5.0.1)
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Now, by multiplying the suitable test function, the variational form corresponds to (5.0.1)

read as follows. Find u € L?(0,T; H}(£2)) such that:

¢
(ug, v) + o (u,v) — / B(t,s;u(s),v)ds=0 te(0,T], Yve Hy), (50.2)
0

u(+,0) = ug,

where

o (u,v) = (a(x)Vu(z,t), Vo(x)), B(t,s;u,v) = (b(x;t,s)Vu(xz,t), Vo(x)).

Defining local counterparts of bilinear forms in (5.0.2):

o (u,v):= Z " (u,v) Yu,v €V,

KeIZy,

B(t, s;u,v) = Z BE(t, s;u,0) Yu,v €V,

KeZy,

where

™ (u,v) ::/Ka(m)Vu(m,t)-Vv(m)dw, BE(t, 53U, ) ::/Kb(:v;t,s)Vu(m,s)-VU(m)dm.

For deriving optimal error estimates, we introduce a new projection known as intermediate
projection (") that contains the memory term. We employ an iterative process wherein

we repeatedly apply the integral operator to obtain estimations for the integration of
the intermediate projection denoted as I"u. Using these estimations of ["u, we further
derive estimations for /"u. By combining regularity outcomes and intermediate projection

estimations, we establish precise error estimates at an optimal order of O(h%*t™1).

5.1 The Discrete Formulation

After introducing the global virtual space W), the semi-discrete approximation to the

problem (5.0.1) can be constructed as:
t
mp(Unt, vn) + 2 (up, vp) — / B (t, s;up(s),vp)ds =0 Vo, € W, (5.1.1)
0
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up(0) = upp,

where uj, o will be defined later in the proof of Theorem 2.2.3 and the above discrete
bilinear forms are computable and defined for all p,,, ¢, € W}, as

n(Onean) = mpnsan),  S(onsan) = ) (pn an),

KeZy KeZy,

’% <t787phJQh Z % t S ph7Qh>

KeZy

The bilinear forms on every element K € 7, are defined for any vy, wy, € Wy, x (see [17])

as below:
%K(-,'):Wk,Kka,K%R, %;‘f( ) WkKXWkK—)]R mh( ) WkKXWkK%R

My (Un, wp) = (s, Mws o + ST (T = TR)va, (I — TR)ws),
A (v, wy) = /K(a(a:)Hg_IVvh I Vwy)dx + Sg((1 — T Yop, (I — T Yws, ),
BE(t, 530, wp) = / (b(z; t, $)IIY_, Vy, - 1), Vw,d.
K
The stability term S%If : Wik X Wik — R should be build in such a way that, 3 a,, o,
independent of A with 0 < a,, < o* and satisfy the following:

Qar @™ (Vg 03) < Sg (v, vp) < @ a®(vp,vn) Yoy, € ker IT) .

where SE(-, ) and ST(, -) is defined in (2.1.3) and (2.1.4). Now, we proceed to establish

the coercivity (-, -):

,gafhK(vh, vp) > (a(w)H%lVUh, H271Vvh)o,K + a**aK((I — HZ)vh, (I — Hkv)vh)

> min(L, ) oo (| Voul§ ¢ + [Von = VIR vgl[g )

- CO(**

Vonlgx- (5.1.2)
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Below, we state two lemmas, proof of which follows from [17].

Lemma 5.1.1. Let u be a solution of the PIDE (5.0.1) and uy € L% Then the following
estimates hold fort € (0,T] and j € {1,2}:

t
(i) tHU(t)H?Jr/O sllus(s)|*ds < Clluo|”,

@) I + [ )l < Cluol?
Gii) (t) s + eu(t)ls < o]l

(iv) thu®)l2 < Cluo]|

() Ju(®)]; < CE D) Jug.

Lemma 5.1.2. For K € 7, let all the coefficients and p, q be smooth scalar or vector-

valued functions on K. Then,

2, (p.q) — F(p,q) < Cogalplixldlix,

@E(t, S D, Q) - @K(t, S D, Q) < Cb,bmbl |p|1,K|Q|1,K-

Proof. Proof of this lemma follows from [74]. ]

Lemma 5.1.3. For K € I, let the coefficients a(x) and b(x; t, s) be smooth scalar-valued

function in D and p be any smooth scaler-valued function. Then,

Ay (0p, qn) — & (Ip, qn) < Caht™|Ipllks1lgnlrx,
By (t,5;100p, qn) — B (t, ;1p, qn) < Coh¥||pllisrlan|1x.
Proof. Proof of this lemma follows from [74]. OJ

Our approach relies on an energy-based argument coupled with the repeated application of

a time-integral operator defined for any function g(t):
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To derive the optimal error estimates, first, we need to define a projection new projection
with a memory term called the intermediate projection (5.2.1). Since we need the estimates
of intermediate projection for uq € L. For that, we first find out the estimates for the p,

where p = I —a
5.2 Intermediate Projection
Define intermediate projection I : H}(Q) — W), for t € J, where J = (0, T}, as the
solution:
t
ﬂh(lhua Uh)_ / '%h(ta 53 Ihu(s), Uh)ds
0

t
= o (u,vp) —/ B(t,s;u(s),vp)ds Vv, € Wy, (5.2.1)
0

By employing integration by parts, we rewrite (5.2.1) as:

ot tu,n) — (0. t0(0) )~ [ Bt afs) )

—_

t —_—
= o), (I"u,vy) — (%’h(t,t; Ihu(t), vy,) —/ %’M(t,s;]hu(s),vh)ds) . (522
0

The bilinear form %,(t, s; v, w) is defined as:

ob(x,t,s)

B(t,s;v,w) == ( 5
s

Vo, Vw) Yo, w € Hy (),
and the discrete bilinear form %, (¢, s; py, qn) is defined as:

Bt 5 0n) = Y By (t,5:00,01)  Vpn, an € W,

KeZy

where,

‘%;If,s(tv S5 Uh, wh) ::/

K

ob(x; t, s)
0s

H271Vvh . H21th> dx Vv, wp, € Wik.

Theorem 5.2.1. For u(t) € H} N H? t > 0, with an initial condition uy € L?, then there
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exists a positive constant C' that is not dependent on the parameter h, and under these

conditions, the following estimates are valid:

| Tu(t) — at)]| + h|Tru(t) — a(t)]s < Ch2[luo|. (5.2.3)

Proof. Write p = I'u — T, + 1% — 4 = &, + 1% — 4, where TT? is defined by using
(1.5.3a) and satisfies (1.5.7). By integrating (5.2.2) from O to ¢, we arrive at:

ﬂ(ﬁ,vh)—/ot (,%ms 5:1(5), vn) / B.(s, 2 (2), vh)dz> ds

- ¢
= ), (I"u, vp) —/ <%h( ), Un) / B - (s ( ),vh)dz) ds.
0
5.2.4)

Now, we proceed by using coricivty of «7,(+,-) (5.1.2) as:

CQ**

onl?

< (00 0n) = (T, b) — (113, 6
¢ — A~
- [ma, 5n) — (1%, 8h)] . [ / (93(5, s111(), 8n) — Ba(s, 5; IMu(s), 5h)) ds}
0
/ / W(2),00) — B (s, 2 IMu(2), Sh)) dzds. (5.2.5)

The first term on the right-hand side of (5.2.5) can be solved as:

o (11, 0n) — (100, 05) = o7 (it — 1141, 05) + o (1101, 64) — 74,117, 0,
< (|6 — 04|y + h?||a))2)|6n]:  (By using Lemma 5.1.3)

< Chlluol||6n];  (By using Lemma 5.1.1). (5.2.6)

The second term on the right-hand side of (5.2.5) can be solved as:
t —_— N
/ <%(S7 55 ( ) 5h) ‘%h(sa 53 ]hu(s>76h)> ds
0
t — ~
= / (%(s, s; (4 — I (s), 0p) — Br(s, s; (Ihu — T120)(s), O)
0
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+B(s, 5, 11%(s), 0n) — Bu(s, s; 1%(s), 5}1)) ds
t
< [ (la=axs) + B(s)l + (s ) dsfo
0
(By using the boundedness of b(x; ¢, s) and Lemma 5.1.3)

t
< C/ <hHu0H + \5h(s)\1> ds|on|1  (By using Lemma 5.1.1). (5.2.7)
0

The third term on the right-hand side of (5.2.5) can be solved by considering the bounded-

ness of bs(x; ¢, s) and by following similar arguments as above:

t S o .
/ / (%’Z(s, z30(2),0n) — B (s, 2 IMu(z), 5h)) dzds
o Jo . A A
gc//ﬁ@Mﬂ+m@m%MM%h (5.2.8)
o Jo

By using (5.2.6),(5.2.7),(5.2.8) in (5.2.5) and the fact that t < T', we arrive at:

t t S t
5ﬁsm(Mﬂ+/mmw+//nwww+/w@0wm.
0 0 0 0

Now, by using the boundedness of ¢ and applying Gronwall’s inequality, we arrive at:

ca**

onl1 < Cihl|ug|.

Ca**

The application of the triangle’s inequality completes the proof:
Thu — 4|, < Chljuol|. (5.2.9)
For the L? estimate, we follow the duality argument. Let ¢ € H*(Q) N HJ () be the

solution of

—V - (aV¢)=p; inQ ¢=0 ondQ, (5.2.10)

where p = Ihu— and, satisfies the estimate: ||¢||s < C||p||. Using (5.2.10), we arrive at:

161> = < (b, ¢ — ¢1) + A (p, d1).- (5.2.11)
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The first term in the right-hand side of (5.2.11) can be solved as:

A (p, ¢ — ¢r) = A (I"u — 1, ¢ — ¢r)
< Ch|Thu — |62
< Ch*|luo|| Il

The second term in the right-hand side of (5.2.11) can be solved by using (5.2.4), as:
”Q{(ﬁ7 ¢[)
— — o t
- |:'Q/<Ihu7 9251) - ”Q{h([hu7 ¢]>i| + [‘@h(sa S5 IhU(S), ¢[) - / [%(87 S5 fb(S), ¢])] ds
0

t s o
+/ / (%’Z(s, z,0(2), 1) — B (s, z; IMu(z), ¢[)d2> dzds. (5.2.12)
0 Jo

Now, to solve the first term on the right-hand side of the (5.2.12), we proceed as:

o (I, 6r) — ety (T, 6r) = o (TP — 113, 6r) — (TP — 11, o)
<C(h|onhllpll + p*[luoll[|All)  (By using Lemma 5.1.3)

<CR*||uoll|lpll (By using (5.2.9)). (5.2.13)

The second term on the right-hand side of (5.2.12) can be estimated as:

/Ot (ggh(s, s 1hu(s), ¢r) — B(s, s;1(s), ¢I)> ds
= [ 18005500, 1) = B, 5T, 6r) = B, (0~ T s
= [0, T, ) = (B0, ), 00) = 80,5 (= T 5, 61—
— Bs,5; (i — ['u)(s), 0)]ds

t
< C [ @2l + 1l + 1)) sl 5214
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By similar arguments, we can solve the third term on the right-hand side of (5.2.12) and

arrive at:

/Ot /Os (%}Z(s, 2,0(2), ¢1) — B (5, 2 ﬂ(z), gbl)) dzds

t s
<o [ [ @l + o) + 1N deaslil. 5219
0 JO

Using (5.2.13), (5.2.14), (5.2.15), in (5.2.12), and then put (5.2.12) in (5.2.11), followed
by the use of Gronwall’s lemma, we arrive at:

t t s
nmzcmommf/wwm+//mewQ.
0 0 0

Now, by using the fact that ¢ < 7', we arrive at:

1Al < Ch2|Juoll.

]

Theorem 5.2.2. For u(t) € H} N H? t > 0, with an initial condition uy € L?, then there
exists a positive constant C' that is not dependent on the parameter h, and under these

conditions, the following estimates are valid:

17Mu(t) — w()|| + bl u(t) — u(t)]; < Ch* | ug|. (5.2.16)

Proof. We write p = ["u — u = §, + 1% — u, where &, = I"u — I1%u. and now proceed

by using the coercivity of o7 (-, -) as:

Snls < ,(On, 6n)

Ca**

= JZ{h(IhU, (5}1) — %(ng, 5h)

Now, by using (5.2.2), we arrive at:

—_—

onl3 < [ (0, 00) = h(u, )] — | B(L 150, 60) — Bt 1 T, 6y)

CQ’**
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t —_—
+/ (%’At,s;ﬂ(s),%) — B s(t, S;Ihu(s),éh)> ds. (5.2.17)
0

The first term on the right-hand side of (5.2.17) can be solved as:
sz(u, 5h) — %(ng, 6h> = d(u — ng, (Sh) —+ %(H%u, 6h> — vah<H2U, (Sh)
< C(Ju — MQuly + R?||ul|2)|0x];  (By using Lemma 5.1.3)

< Cht Yuo|||6nly  (By using Lemma 5.1.1), (5.2.18)

whereas the second and third terms on the right-hand side of (5.2.17) can be solved by

following the similar arguments as in (5.2.7):

—_

Byt 100, 6) — Bt L1, 03) < Chlluoll|dnlr,  (5.2.19)
t —_—
/ (%;(t, 5:0(3), 0n) — By, 5 TMu(s), 5h)) ds < Chlluo|||ou)r.  (5.2.20)
0

Putting (5.2.18), (5.2.19) and (5.2.20) in (5.2.17) followed by the triangle inequality, we
get our required estimate:

lpl1 < Cht™luol.

The duality approach will be used to demonstrate the L? error estimate. Let ¢ € H*(2) N
H; (€2) be the solution of

—V-(aVo)=p;, inQ ¢=0 ond, (5.2.21)

and it satisfies the estimate: ||¢||2 < C||p||. Using (5.2.21), we arrive at:

pll> = < (p, ¢ — é1) + A (p, b1). (5.2.22)

The first term in the right-hand side of (5.2.22) can be solved as:

A (p, ¢ — o) = A (I"u —u, ¢ — ¢r)
< Ch|["u — ull1]|¢]|2

< CR*tH|uol||| pll- (5.2.23)
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The second term on the right-hand side of (5.2.22) can be solved by using (5.2.2) as:
,,Q{(p, ¢I) - ,Qf([hu7 ¢I) - %(U, ¢I)
= (d([hu7 ¢I) - ﬂh(Ih”Lh ¢I>) - [‘%<t7 tv fb, ¢1> - c%h(t7 t7 ﬂ? ¢I):|

t —_—
+ / (%s(t, s:11(s), 61) — Bis(t, s; TMu(s), @)) ds, (5.2.24)
0
where the first term on the right-hand side of (5.2.24) can be solved as:

%([hu7 (bl) - @{h(jhuﬂ ¢1)
= o (I"u = Mu, ¢r) — 4, (I"u — u, ¢r) + o (u, ¢r) — ,(Iu, ¢r)

< Ch?t H|ug|||lp|l ( By using Lemma 5.1.1). (5.2.25)

The second and third terms on the right-hand side of (5.2.24) can be solved by following
the similar arguments as in (5.2.19) and (5.2.20):

Bt 0, 61) — Bult,t; 10w, 05) < CHuolllpll,  (5.2.26)
t —
/ (2.t 5:(5), 61) = Brolt, 5 Tuls), 60) ) ds < CR ool (5:227)
0

Now, using (5.2.23), (5.2.24), (5.2.25) , (5.2.26), (5.2.27) in (5.2.22), we get our desired
estimate:

loll < Ch*t o]

Theorem 5.2.3. For u(t) € Hy N H?, t > 0, with an initial condition ug € L?, and u; be
the time derivative of u, then there exists a positive constant C' that is not dependent on

the parameter h, and under these conditions, the following estimates are valid:

1) (t) — ws (8)]] + Rl (I"0)e(t) — w(t)]y < CRA2|ug|)- (5.2.28)
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Proof. Differentiating (5.2.1) with respect to ¢t we get:

t
A (I"u)y, vp) — By (t, t; Iu, o) —i—/ By i(t, 55 1"u(s), vy)ds
0

t
= s o) = Bt tw, ) + [ Bl siu(s),vi)ds,
0

where A(t,t; vy, wy) and By(t, s; vy, wy,) are defined as:

ob(z,t, )

B(t,t;on, wy) = (b(x, t,t)Vur, V),  Bi(t,s;vp, wy) = ( o

Vvh, th) .

B (t, s;up,vp) and By (t,t; up, vy,) are the discrete bilinear forms corresponding to
By (t, s;up, vy) and HB(t, t; up, vy) respectively defined using T19_, projection. The proof

is similar to the previous theorem arguments. [

5.3 Error Estimates

Now, we prove some lemmas, and for that, we proceed by integrating (5.3.15) as:

mh(e('a t)v vh) + ‘Q{h(é(v t)? Uh)

= ((u(-,t),vn) — mp((I"u) (-, t),v8)) + | Pn(s,s; 0(s), vn)ds

t s
— / / B, - (s, 2; é(z), vy )dzds. (5.3.1)
0o Jo

Again integrating (5.3.1) form O to ¢, we get:

(0, 6), 0n) + 4 (6(-, 1), vn)

(), ) — (T, 1), o) /%hs 5:0(s), vp)ds

—2/ / B, (2 é vh)dzds—i-/ / / Bz (2, T ,é()vh)dezds
o Jo Jo

(5.3.2)
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Lemma 5.3.1. Let 6 and 0 satisfies (5.3.1) and (5.3.2) respectively, then 3 a positive

constant C, such that the following estimates hold true:

1017 + / 18(s) 2ds < Ch%uo |2, (5.33)

/ 10(s)12ds + 102 < Ch*]Juo]> (5.3.4)
0

Proof. By putting v, = 6(¢) in (5.3.2), we arrive at:

1d = 9 2
S IO + . 00
2 — 2 t 2 2
< <<a(7t)79(t)) — Mp <[hu(7t)70(t)>) + ,@h(&S;Q(S),Q(t))dS
0
~ ~ t S z ~ ~
9 / / By (=, 2 0(2), 0(t))d=ds + / By (2, 70(2), O(8))dr' d=ds.
o Jo Jo
(5.3.5)
The first term on the right-hand side of the (5.3.5) can be solved as:
(-, 0,00)) = i (T 1), 61 )
_ ; N K (Th )
= % ((at0.9),, - i (Tat-.0))
KEI}L
= 7 0 N E (Thul- ) — % )
— ((u( )~ 1),0) —mi (Tu(1) Hku(,t),6’>)
KeZ,
< O (llalls + lluol)) 6]l By using (5.2.3)
< OB lus 1)) (5.3.6)

By the use of (5.3.6), Cauchy Schwarz inequality in (5.3.5) followed by the use of kickback

argument, we can rewrite (5.3.5) as:

s>

<
dt

DN | —

(t)ll2+lé(t)lfSC(h“IIuOIIQdSHW O+ /Ié 2ds>- (5.3.7)
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Now, integrating (5.3.7) from O to ¢, we arrive at:

16612 + /\e |ds<C(h4/ o ds+/ 16(s)]12 + // 10(2) yldzds).

The use of Gronwall’s inequality completes the proof:

oo+ [ 106 ds < Ontul®

For the proof of (5.3.4), we proceed by putting v, = 0(t) in (5.3.2) as:

~
~

a Ca,, d
16(-, )] + TEW('J)F

= (@€, 0).00)) = mu (Thul-1),0(0)) ) + B (1.4:6(1).0(1))
L4 (_ Ot%’h(s,s;é( ), 6(t )ds+2/ / By (2, % 0(2), 0(1))dzds

dt
t s z N N
+ / / B (2, 750(7), 0(t ))dT'dZdS)
o Jo Jo
t ~ ~ t s ~ ~
-2 ,%hvs(s,s;é(s),é’(t)(t))ds—/ / PBh.s:(s,2;0(2),0(t))dzds.  (5.3.8)
0 o Jo

Following the similar step as in (5.3.6) for the first term on the right-hand side of (5.3.8)

and then integrating (5.3.8) from O to ¢, followed by an application of Cauchy-Schwarz

inequality, we arrive at:

t ~ ~
/|ye(s)||2ds+|e ylgc(h‘l/ o ds+/ 10(s) )
0

Use of (5.3.3) completes the proof:

t ~
/ 10(s)[1*ds + [0(t)[; < Ch't|uol|*.
0

Lemma 5.3.2. Let 6 and 0 satisfies (5.3.1) and (5.3.2) respectively, then 3 a positive
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constant C, such that the following estimates hold true:

t
tH9H2+/ s|0(s)[Tds < Ch*tluoll?, (5.3.9)
0

t
/ s2[|0(s)[1Pds 4 2[0(2)[7 < Ch't||uol>. (5.3.10)
0

Proof. Put vy, = t0(t) in (5.3.1), we arrive at:

tmn(6(- 1), 0(t)) + t.h(0(-, ), 6(t))
=t ((U(ut),é(t)) - mh((lhu)(»t),é(t))) + t/o B(s,5;0(s),0())ds
—t/t / B (s,72,0(2),0(t))dzds. (5.3.11)

Now, rewriting (5.3.11) as:

1d
2 dt

= ¢ (1), 600)) = mal () (), 00)) + 1617 + Bl 1:0(1), 6

~ t s ~
—2t/ By (5, 5:0(s) 9)ds+t/ / Byoa(s,2:0(2), 0)dzds.  (5.3.12)
0 0

—(tI01*) + ca.. |61}

The first term on the right-hand side of the above equation follows as:

< Ch?t(||lulls + ¢t Y|uo|)||f]] By using (5.2.16)
< Ch?|Juo|||d]] By using (5.1.1). (5.3.13)

Now, integrating (5.3.12) from O to ¢, and then the using (5.3.13) and Cauchy Schwarz
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inequality completes the proof:
~ t ~
t)|6]? —i—/ s|0(s)[2ds < Ch*||uol*.
0

Proof of the other follows from [63]. ]

Theorem 5.3.1. Let u and uy, be the solution of (5.0.2) and (5.1.1) respectively, Then
there exists a positive constant C, independent of h such that the following estimate holds

true:

| — up| < Ch2t|ugl|. (5.3.14)

Proof. Write u—uy, = u— I"u+ I"u—uy; =: p+0. We already have the p(-, ) estimates.
Now to deal with (-, t), we use (5.0.2) and (5.1.1), along with the intermediate projection

(5.2.1) to arrive at:

mp(0:(+ 1), vn) + 4 (0(:, 1), vn) _/o P (t,5;0(, 5), vn)ds

= ((ue(+, 1), vp) — mh((lhu)t(-,t),vh)). (5.3.15)

Put v, = t30 in (5.3.15), we get:

1d
5@(753”9”2) + Ca, B|0)

3 t
s5*WW+ﬁmmwxm—m«ﬂwwwﬁ»+#/¥%mawaww
0
Integrating the above equation with respect to time form O to ¢, we have:

t3||9||2+20a**/0 S10(-, 5)[2ds
< [setotsas+ [ [ om0, 005
T (/0 s*((us(+, ), 0(-, 8)) = mh((fhu)s(wS),Q(-,S)))dS) . (5.3.16)
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To solve (/0 3 ((us(-,5),0(-,8)) — mu((I"u) (-, s),&(',s)))ds), we proceed as:
(ut('vt)’e('vt)) - mh((lhu)t('7t)70<'7t))
- ((ut<'7t)79( t))OK - mh(<]h ) ( ))0(7t)))
= D (el t) = Mue (-, 1), 0(t) o — my (I"uw)e(-t) — (-, 1), 0(, 1))

< C(R*[lue(c, )l + [TRue (-, ) = (") H)IDNOC )]
< Ot |lug||||0(-,t)||  (By using Lemma 5.1.1).

Now,
t
19,66, ,9) = m (P, 9), 00 5)ds
0
t
<Cn [ sluol 66 5) s
0
t
< C(h4t|\uon—|—/ sQHG(-,s)Hst) (By using Young’s inequality). (5.3.17)
0

So, (5.3.16) can be rewritten by using (5.3.17) as:

t
CIOF + 2., [ S,

<C <h4t||u 12 + / s2[16(-, s)| ds+/ / 5B (s, 2, 0(-, 2), 9(-,3))dzds)

_C<h4t||uo||2 / 216, )|Pds + / S Bu(5,5,0(,5), 00 5))ds
—/Ots?’@h,s(s,s;é(, ds+/ / BBy n(5,2,0(-,2),0(-, 5))d=ds.

Now, using Young’s inequality and kickback argument:

t t A
t)10]* +/0 s°10(-, s)[1ds < C (h47f||u(al|2 +/0 (110, s)II* + s10(s)[7 + IQ(S)Ide) :

113



Chapter 5

By using (5.3.3), (5.3.9) and (5.3.10), we arrive at:
t
ElolP + [ 6, 9)lds < Chitlu
0
So,
10,0 < CR*tHJuo|.

Use of the triangle inequality and (5.2.16) completes the proof of (5.3.14):

lu = unll < CR* ™ uo]|-

5.4 Conclusion

In this Chapter, we develop and analyze the confirming VEM for PIDE with non-smooth
initial data. Our approach involves iteratively applying the integral operator to derive
estimates for the integration of the intermediate projection denoted as I"u. With the help
of estimates of ﬂ, we derived the estimates of I"u. Through a combination of regularity

results and intermediate projection estimates, we establish optimal error estimates on the

order of O(h?t™1).
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Two Mixed Virtual Element
Formulations for Parabolic
Integro-Differential Equations with

Nonsmooth Initial Data!

6.1 Introduction

This chapter presents and analyzes the two mixed virtual element formulations applied
to linear PIDEs (1.1.1) with f = 0, with non-smooth initial data i.e. uo € L?(D) and not
in H'(D). Along with the assumptions defined in Chapter 1, we consider the coefficient
b(x;t,s) and its higher-order derivatives up to the second order, with respect to the
variables ¢ and s, are real-valued, bounded and, and smooth. In cases where the initial data
exhibits sufficient smoothness, the corresponding solution possesses certain regularities.

However, when dealing with non-smooth initial data, such as uq € L*(D), the solution to

I'The substantial part of this chapter has been communicated as follows:
M Suthar, and S Yadav, “Two Mixed Virtual Element Formulations for Parabolic Integro-Differential
Equations with Nonsmooth Initial Data” (Communicated).
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(1.1.1) will no longer have the regularity observed in its parabolic counterpart, as detailed
in [62], because of this higher value of k& will not help us in higher convergence, so we
consider k=1 only for the non-smooth initial data. This means that the memory term
plays a dominant role in these systems since it memorizes the singularities developed at ¢
= 0. Consequently, in such instances, the smoothness results presented in [74] become
inapplicable. Hence, we require a different approach for the non-smooth analysis. As we
know, we can proceed with two different formulations, one without a resolvent kernel
(6.1.1a)-(6.1.1b) and one with a resolvent kernel (6.1.2) given by Find (o, p) : (0,7] —
V x Q such that:

(ug,¢) — (V- 0,0) =0 Vo € Q, (6.1.12)

(o x) + (u, V- x) = /0 ((bo(; 2, 5)u(s), V- x) + (Vbo(2: 1, s)u(s), x))ds

=0 Vx eV, (6.1.1b)

and

(ug, ) — (V-0o,0) =0 Vo€ Q,
‘ (6.1.2)
(1o x) + / (K(t,5)o (), x)ds + (V- xou) =0 Wx € V.

The discrete formulation corresponding to (6.1.1a)-(6.1.1b) and (6.1.2) is given by Find

(up, o) € QF x Vi such that:

(uh,ta ¢h> - (v *Oh, ¢h> =0 v¢h S Ql;:w
an(on Xn) + (un, V- x01) — / (bo(: t, $)ur(s), V - x3)ds 6.13)
0

t
/ (Vbo(z;t, s)uh(s),ngh)ds =0 Vx, € th.
0
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and

(np, &n) — (V- o, dn) =0 Vo € QF,
: (6.1.4)
ah(a'h, Xh) + / ICh(t, S; O'h(S), Xh)ds + (V . Xh,uh) =0 \V/Xh & th,
0

The treatment of PIDEs with non-smooth initial data remains unexplored within the context
of the VEM. While the literature has addressed the non-smooth analysis of the formulation
(6.1.2) for the FEM [14], the discussion on non-smooth analysis for the formulation

(6.1.1a)-(6.1.1Db) is absent, even in the context of FEM.
1. For the formulation (6.1.1a)-(6.1.1b), our contributions are as follows:

* To tackle the integral term, a projection with the memory term (referred to
as mixed intermediate projection) is introduced, which helps in achieving the

optimal convergence of order O(h?t~!) for the unknown w.

* By the repeated use of the integral operator and the properties of L2- projection
and Fortin operator, optimal error estimate is obtained for the unknown o of

order O(ht™1).

* Our primary contribution in this paper is to provide a comprehensive analysis
of the VEM, and that holds true for FEM also, for the formulation presented in
(6.1.1a). Significantly, this analysis addresses a void in the current literature, as

there is a notable absence of any chapter, including those related to the FEM.
2. For the formulation (6.1.2), our contributions are as follows:

* To tackle the integral term, a projection with the memory term (referred to as
mixed Ritz-Volterra projection) is introduced, which helps in achieving the

optimal convergence of order O(h?t~1) for the unknown w.

* By the repeated use of the integral operator and the properties of L>- projection
and Fortin operator, the optimal error estimate is obtained for the unknown o

of order O(ht™1).
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3. Moreover, we aim to provide a comprehensive VEM analysis for both formulations.
Due to the presence of the term (by(x;t, s)u(s),V - x) within the integral, the

analysis of this formulation becomes complicated.

6.2 Mixed Virtual Element Formulation without Resol-

vent Kernel

Lemma 6.2.1. Let (u, o) be the solution of (6.1.1a)-(6.1.1b)and uy € L?(D); Then the
following estimates hold for t € (0,T) and j € {1,2}:

t
L. tlld(t)||2+/0 sllus(s)[|*ds < Clluol?,

2

>

2. 2 lu(t)]? + / ' loy(s)Pds < Cllug
3. (@) o+ tlu(t)ll2 < Clluol,

4. ur(t)ll; < CtOFD g

5.V -5 < Cllug-

Proof. Differentiate both (6.1.1a) and (6.1.1b) with respect to the variable ¢ to obtain the

following:

(pu, ®) — (V-0,,¢) =0 Yo € Q(6.2.1a)
d t
(no, x) + (w, V- x) — T </0 (bo(x; t, s)u(s),V - X)ds)
d

t
- (/ (Vbo(x;t,s)u(s),x)ds) =0 Vx € V(6.2.1b)
0

dt
Combine the resulting expressions and apply Young’s inequality to complete the proof of

t
1. Substitute ¢ = ¢ <ut — % (/ bo(x;t, s)u(s)ds)> and x = t%o; into (6.2.1a) and
0

(6.2.1b), respectively. Combine the resulting expressions and apply Young’s inequality to

t
Substitute ¢ = ¢ (ut _ 4 (/ (bo(x; t, s)u(s))ds)) in (6.1.1a) and x = to in (6.2.1b).
0

complete the proof of 2. For the proofs of 3, 4 and 5 please refer to [14]. [
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Now, we proceed to establish optimal error estimates. This necessitates addressing the
memory term, for which we introduce a novel projection known as the mixed intermediate

projection.

6.2.1 Mixed Intermediate Projection

Define .# % as in (4.2.1a) and (4.2.1b). To estimate ||u; — .#?u|| and ||u — #Qu]|, our

primary emphasis will be on deriving the estimate for ||u — . Qu||.

Theorem 6.2.1. For u(t) € Hj(D) N H*(D), where t > 0, and with an initial condition
ug € L*(D), there exists a positive constant C' independent of the parameter h, under

which the following estimate holds true:

[a(t) — 7ut)]| + h|G(t) — 7V a(t)]| < Ch|Juo]. (6.2.2)

Proof. Consider

©=0-9"c=0-1Ilc+¥, where¥, =II''c - .7 o cV},

ni=u—I% =u—Tu+wv, wherev,:=0u— 7% € Q}.

First we prove that V - ¥, = (),
IV - @ = (V- (o — 5V0), V- )
=(V-(Iyo —0),V-¥,) +(V-(0 - 7"0),V ¥,
=M[)Y(V-0)—V-0,V-¥,) Using(1.5.8)and (4.2.1b)

In a similar way, we can prove that V - \Tlh = 0. Now, we define the dual problem:

—V - (aV&) =A inD; £=0 ondD, (6.2.3)

which satisfy the following regularity condition [|£||s < ||A]|. Consider ® = aV¢, then
the mixed variational formulation corresponding to (6.2.3) is; Find (®,¢£) € V x Q such

that:
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(u®,x) +(EV-x)=0 VxeV,

(6.2.4)

Our aim is to determine ||7;||. To achieve this, we integrate and rewrite (4.2.1a) and
(4.2.1b) as follows:

(N(:), Xn) + (V- Xn, Un) = ﬁ(xh) Vxn € th,
(V- (:), on) =0 Vg, € Qy, (6.2.5)

where

Flxn) = ah(?‘/\a, Xn) — (Mﬁ, Xn) — /0 /05 (bo(z; s, 2) (I U — u)(2), V - xn) dzds
_ /O /05 ((Vbo(w; s, Z)JQu(Z), I x:) — (Vho(x; s, 2)u(z), Xh)) dzds.

Consider the dual problem (6.2.4) along with A = 7. Substitute ¢ = 7, into (6.2.4), leads

to the following:

[Pa]I* = (7, =V - (I aV¢))
= (1©, 10} (aV¢)) — F (ITf (aV¥))
= (1©, 10}, (aV¢) — aVe) — F (IIf (aVE)) + (V- ©,T1)¢ — )
< C (nI®Iligll + K2V - Bligll + F (TF (a¥¢)) ) (6.2.6)

where F (ITE (aV¢)) can be solved as:
F(IF (aVE))
— (w7 ~ 5, TIf (aV€)) — (1(# Vo — TE), TIf (aVE))

+ay (I3, 117 (aV€)) — (uI}, TIf (aVE)))

(/ / bo(@:5,2)(S % — u)(2), V - I (aVE)) dzds)
_ </O /0 ((Vbo(; s, 2)7 Pu(z), IR}, (aVE)) — (Vbo(x; s, 2)u(z), I}, (aVE))) dzds>
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=1+ 11+111, (6.2.7)

where
1= (a(#Vo ~ &, T (aVE)) — (u(FV o — T5), I (aVE))
+a,(I)e, IO}, (aVE)) — (uIT)o, IO}, (aV¥)))

7= (/ / bo(: 5, 2) u—u)(z),v.nﬁ(av@)dzds),

m:( /0 /0 ((Vbo(w;s,z)ﬁu(z),ng(nf(avg»—(Vbo(x;s,z)u(z),nf(avg)))dzds).

The initial expression I on the right-hand side of equation (6.2.7) can be addressed by

using (4.1.2) in the following manner:

1| < C(|#V e — LRG| + hle|) TR (I (aVE)) — IO (aVE) |
<C (hH\T!hH + h2|\u0|]) l¢lls [Using Lemma 6.2.1]. 6.2.8)

For the second term on the right-hand side of equation (6.2.7), we proceed as follows:

1= [ (o570 =), - 11 (@)
. /0 (bOZ(w; 5,2) (7 — 0)(2),V - ng(avg)) dz) ds
<o [ (1l + 1+ [ 025+ 130G de ) dslelle - [Using (1.57)
<o (Wil + [ 11ds) el ©29)

The third term on the right-hand side of equation (6.2.7) can be resolved through integration

by parts as follows:

II11]

= [ ((Vtn(ass. ) 70us). T (@99)) = (Thn(as 5. 5)0(5). T (@V)) ) ds
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[ (95,1 7%00) YOI V) — (P 5, 2)0). T (@) s
= [ (o557~ 1)), TTE a9 s
- /Ot /0 (ngz(m;s,z)(ﬁt - a)(z),ng(nf<av5))) dz=ds
-/ Vol 5, 9)is) — T(Vbo(as 5, 9)as)), TTE (7€) — TIE (av€)ds
/ / (Vbo.(z; 5, 2)u(2) — IL(Vbo. (z; 5, 2)U(2)), I (I}, (aVE)) — IO, (aVE)) dzds
< Corym, / (1) + B2f(s)]2) dslg |

t
<C (hthuoH +/ ||ﬁh(s)||d5) €]l [Using Lemma 6.2.1]. (6.2.10)
0
Using (6.2.8)-(6.2.10) in (6.2.7), we arrive at the following:
R R t
FOLE@ve) < € (M@l + 1l + [ 190)ds) el 6210
0

To derive an estimate for |V - ©||, we proceed as follows:

|V - ®||2 (V- @V (6 -IIlo)+ V- (IT ha—,ﬂva))
<|V-O||V- (6 -1a)| [Using(6.2.5)
V-8 <C|v-a|

< Cllug|| [Using Lemma 6.2.1]. (6.2.12)

Now, substitute (6.2.11), (6.2.12) in (6.2.6) , and use Gronwall’s lemma to arrive at the
following:

7l < € (W21l + IO (6:2.13)

From the definition of mixed intermediate projection (4.2.1a), we observe:

an(¥h, xn) = lan(M} o, xn) — (1o, xn)] + (I U — u, V - x)
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t

(bo(z;t, 8)(u— F9)(s),V - x1) ds

t

[(Vbo(z;t, ). %u(s), TLxy) — (Vbo(; ¢, s)u(s), xn)] ds.

(6.2.14)

+

Nc\

To estimate || 7 »||, we proceed by integrating (6.2.14) as:

an(Wn, x2) = lan (MG, x2) — (1, x0)] + (Fu =T,V - x1)

n) —
(/ / (bows 5, 2)(u = F2u)(2), V- x) dzds)
( / (Vbo(x; 5, 2).7%u(2), Tixn) = (Vo (s 5, 2)u(2), X)) dzds),

(6.2.15)

+

S— 3

To deal with the first expression on the right-hand side of (6.2.15), we use Lemma 6.2.1
to arrive at the following:

ah<H£a-7Xh) — (1o, Xn)
= ap(Uj 6 — )5, xn) — (16 —}5), xn) + an (1136, xn) — (11130, X1)
< O(|e —e| + |TIf 6 — )& || + h|&|1)|xxl [Using (3.1.3) and Lemma 4.1.1]

< Chl|ugll||xr] [Using (1.5.7) and Lemma 6.2.1]. (6.2.16)

The last term on the right-hand side of equation (6.2.15) can be resolved in a similar
manner as in equation (6.2.10), resulting in:

/O /Os ((Vbo(z; 5, 2)7u(z), I)xs) — (Vbo(z; 8, 2)u(2), xn)) dzds

t
<c (h%uuou +/ Hah(s)uds> henll 6.2.17)
0

Substitute x;, = ¥, into (6.2.15), then utilize (3.1.3), (6.2.16), (6.2.17), and V - ¥}, = 0
to obtain:

t
l[Bal? < € (Wl + el + [ (o)l ) 18l
0
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Use of the triangle inequality along with (1.5.9) in the above equation gives us the
following:

- t
!@HSC@MN+/H%@MQ- 62.18)
0

Put (6.2.13) in (6.2.18) followed by the use of Gronwall’s lemma gives us the following:

18| < Chljugl. (6.2.19)

Use of (6.2.19) in (6.2.13) yields:
170l < Ch?||uo|- (6.2.20)
L]

Theorem 6.2.2. For u(t) € H}(D) N H?*(D), where t > 0, and with an initial condition
ug € L*(D), there exists a positive constant C independent of the parameter h, under

which the following estimates hold:

lu(t) = FCu)l| + hllo(t) = 7V a@®)] < Ch* [luoll. (6.2.21)

Proof. For the proof of ||¥,|

, we proceed by using (6.2.14). For the first and last expres-
sion on the right-hand side of (6.2.14), we follow a similar approach as in (6.2.16) and

(6.2.10) and arrive at the following:

an(Xj o, xn) — (o, xn) < Cht ™ luo||Ixall, (6.2.22)
¢
/ [(Vbo(x;t, S)JQu(s), ngh) — (Vbo(z;t, s)u(s), xn)lds
0

t
sc(mmwwwmn+/um@mw)MML 62.23)
0

Substitute x, = ¥, into (6.2.14), then utilize (3.1.3), (6.2.22), (6.2.23), the boundedness

of by(x;t, s), and the fact that V - ¥, = 0, to obtain the following:

t
nwmsc(M*mm+hwmnwmm+/nm@w@). (6.2.24)
0
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Use of the triangle inequality, (6.2.20) and (1.5.9) in the above equation to arrive at the

following:

18] < Cht™ugll. (6.2.25)
For the estimate of |||, we rewrite (4.2.1a) and (4.2.1b) as:

(1O, xn) + (V- xn.vn) = F(xn) Yxn € Vi,
(v ' @7¢h) =0 VQh S Qia
where

Flx) = an(7 o x0) — (1Y 0, x0) — / (bo(a; t, 5) (7% — u)(s), V - x)ds

—/0 ((Vho(x; t,8) I %u(s), TLoxs) — (Vho(a; L, s)u(s), xn))ds.

Now, consider the dual problem (6.2.3) with A = 14, and then put ¢ = v, in (6.2.4), to

arrive at the following:

lvall* = (1©, 11} (aVE)) — F(IT; (aV§))
< C (hl®lligllz + p*V - ©][|¢]l2 + F (I (aVE))) - (6.2.26)

The term F(IIF (aV¢)) can be solved as:

F(IIf (aVE))
= (an(#Y o — Mo, TIf (aVE)) — (u(5 o — Mo ), II} (aVE))
+ap (o, I (aVE)) — (uIT}o, TIf (aV¢)))

([ st )72 06, ¥ 11f (v
- ( | (Fhnlait,).7u(s) TR (@T9) — (T 5)u(s), T (076)) ds)

=IV+V+VI, (6.2.27)
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where
IV = (an(# o - W, TE(aVE)) — (u(#" o — o), TTE(aVe))
(Mo, TIE (V) — (uTT00r, TTE (aVE))
V= ( [ttt )5 v Hf(avé))ds) |

VI— (/0 ((Vbo(m:t, 5).9 Pu(s), HY(IIF (aVE)) — (Vho(w: t, s)u(s), TIf (aVE))) dS) :

The initial expression on the right-hand side of equation (6.2.27) can be addressed by

using (4.1.2) in the following manner:

V| < C (|7 o — o + hlo|) (1L (aVE)) - I (aVE) |
< OR*t Hug||||€]l2 [Using (6.2.24) and Lemma 6.2.1]. (6.2.28)

The second and the third term on the right-hand side of the (6.2.27) can be solved by
using integration by parts and proceed in a similar manner as (6.2.9) and (6.2.10):

V] < Ch?|uo|[|€]l2, (6.2.29)
(VI < Ch?||uo | ||€]]2- (6.2.30)

For the estimate of V - ©, we proceed in a similar way as (6.2.12) and use Lemma 6.2.1
to arrive at the following:

IV -8l < Ot~ ugl|. (6.2.31)

Now, using (6.2.27)-(6.2.31) in (6.2.26) to achieve:

lvall < CR*tH|uoll.

Use of the triangle inequality and (1.5.7) completes the proof:

Inll < Ch*t"|uo].

126



Chapter 6

]

Theorem 6.2.3. For u(t) € H(D) N H?(D), t > 0, with an initial condition uy € L*(D),
then there exists a positive constant C that is not dependent on the parameter h, and under

these conditions, the following estimates are valid:
|ue(t) — U (t)|| + hl|oy(t) — Vo, (t)]| < Ch*2||ugl. (6.2.32)
Proof. For the proof of (6.2.32), we differentiate (6.2.14) to achieve:

an(Chs, xn) = (an(@If o4, xn) — (o, xn)) + (bo(x;t, ) (uw — FU)(t), V - xn)
+ (I —u, V- xp) — /0 (bop(@: 1, 5) (1 — 72u)(s), V - xn)ds
— ((Vho(ast,1).7%u(t), TIixs) — (Vbo(x: t, t)u(t), xn))

[ (Voutrit, o) #9uls), ) = (Touast s)uts). ) ds.
Now, we follow the similar arguments as in Theorem 6.2.2 to achieve:
1©]] < Cht™?|luo.
For the estimate of v, ;, differentiate (4.2.1a)-(4.2.1b) to obtain:

(1O, xn) + (V- Xy vie) = Fi(xn)  Yxn € ViF,
(V : ®t7 ¢h> - O vq}l S QZ:

where

Filxn) = an(I o, x0) — (1Y o0, xn) — (bo(; £,8) (S —u) (), V - xn)
+ /o (bor(;t, ) (I %u — u)(s), V - x1)ds
— ((Vbo(; t, 1) Qu(t), TI0x) — (Vbo(x; t, t)u(t), Xn))
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+/0 ((Vboi(; t, ). Puls), pxn) — (Vboy(; L, s)u(s), xn)) ds.

Consider the dual problem (6.2.3) with A = v}, and proceed as in Theorem 6.2.2 to
complete the proof of (6.2.32). O

6.2.2 A prior Error Estimates

Writing u — uy, = (u — fQu) + (fQu - uh) =n+n,and o — o), = (0' — JVO') +
(#Vo — o1,) =: © + ©),. Since, we already have the estimates for ||| and [|© ||, our
goal is to determine ||| and ||©]|. To proceed, we use (6.1.1a)-(6.1.1b)and (6.1.3) to

obtain:

(Mt &) — (V- Op, dn) = — (e, b)), (6.2.33a)

(O xn) + (1, V - xn) = / (bo(a: . 5)(5), V - X)ds

t
+ / (Vbo(z; t, s)nn(s), TLx s ) ds. (6.2.33b)
0

Integrate (6.2.33a) and (6.2.33b) from O to ¢ to obtain:
(s 1) — (V- O, b1) = — (1, én), (6.2.342)
an(On, Xn) + (7, V - x0) = ((bol@:t, )7 V- 30) + (Vho(@:t, )7 Tix))
t
+ 2/ ((boS(w;s,S)ﬁh(S),V - Xn) + (Vbos(w;s,S)ﬁh(S),Hixh)> ds
0

t S
- / / (oo 5,220, 7 - x0) + (Vb @, 2)7(2). ) ) s = 0,
0 0

(6.2.34b)

Again integrating (6.2.34a) and (6.2.34b) to obtain:

(s 6n) — (V- O ) = —(7, ). (6.2.350)

~ t
on(@n30) + (51 20 = [ (ol 5,979, ¥ - x0) + (Tl s o) (5): i) ) ds
0
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t s
2 [ [ (o2 200020 ¥ - x0) + (Thoslas 2,221, TE)) s
0 JO
t s z - -
- / / / ((borar(: 2, 20 (=), ¥ - X0) + (Tborar (@3 2, 2 (), i) ) d='dzds = 0.
0o Jo JO

(6.2.35b)

6.2.3 Error Estimates for u — uy,

First, we prove some lemmas that will be used subsequently to prove ||u — wuy||:

Lemma 6.2.2. Let 1), and ;)A\h satisfy (6.2.34b) and (6.2.35b), then there exists a positive

constant C, such that the following estimates hold true:

t ~
Hﬁh(t)\|2+/0 1©(s)lI*ds < Ch*t|uoll?, (6.2.36)

t ~
/ 70 (8)|I2ds + [|@n (1) [|* < Ch*||uol?. (6.2.37)
0

t
Proof. Put x, = @h and ¢p, = nh / 119 (bo(x; s s)nh(s))ds

+2/ / 119 (bo. (x; 2, 2 nh dzds—/ / / 19 (bo.ro (5 2 z)nh( "))dz'dzds in (6.2.35b)

and (6.2.35a) and to arrive at the following:

@»
@»

h)
—— (35 [ e s +2 [ [ Mooz, ) s

w (5[ [ o2 s
(e [ Wntass s =2 [ [ 0220 ) s
///Hk(bozz(m 2, )i, (2 ))dzdzds)

t s
/ (VbOZ s(x; 2, 2 )nh( ", HkGh)dz'dzds
0 Jo

t

(M, M) + an(Oy,

+

\c\/—\

(Vbo(zc s, s)nh( ), Ho@h ds — 2/ / Vb, (x; 2 z)nh( ), Ho@h)dzds.
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Employ (3.1.3), apply Young’s inequality, consider the boundedness of ¢, and subsequently

utilize the kickback argument to rewrite the above equation as:
d =0 A 12 2 2 =12 i~ 2
Al + 18017 < 0 (1P + 1B + 13+ [ Ruto)1as).
0

By integrating the above equation from O to ¢ and then applying Gronwall’s lemma, we
obtain the following:

N t o~ t
911"+ [ 1©n(s)[Pds < C [ ([[7i(s)
0 0

[+ 117 (s)1I7) ds.

Use of (6.2.2) gives us the following:

t o~ t
Bl + / r|@h<s>||2dsso(h4t||uo||2+ / ||ﬁh<s>||2) s, (6.2.38)

—~ t —~
Put ¢y, = 7 — 1T (bo (2, 1)70,) + 2/ I (bos (s 5, )7, (5))ds
0

t s ~
— / / 09 (bo.-(x; 5, 2)1),(2))dzds and x;, = O, in (6.2.35a) and (6.2.34b) to arrive at
0o Jo

the following:

(7]l + an(©s, 6h)

= (1,00 2 | 3G, s+ [ [ 0,22tz
— (7, 7 — T (bo (s 8, 1)7y) + 2 / I (b 5, ) (5)) s
-/ t / T (bo (5 5, 2)7(2))dads) + (Vho(as 1, 6)7,, TIZO,)

t -~ t s ~
—2/ (Vb()s(m;s,s)ﬁh(s),ﬂg(ah)ds+/ / (Vbo-o (3 8, 2)0,(2), IO}, )dzds.
0 0 Jo

Employ (3.1.3), apply Young’s inequality, consider the boundedness of ¢, and subsequently
utilize the kickback argument to rewrite the above equation as:

o d

~ 12
|7 |7 + > i

—~ o~ t
184 < C (IIﬁIF =l + 187+ [ ||ﬁh<s>||2ds) .
0
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By integrating the above equation from O to ¢ and then applying Gronwall’s lemma, we

obtain the following:

/Ot|!ﬁh(s)||2ds+||(f)h(s)”2 < C/Ot (Hﬁ(S)HQJr ”%h(S)HQ) s

Use of (6.2.2) and (6.2.38) followed by Gronwall’s lemma completes the proof of (6.2.37).
Use of (6.2.37) in (6.2.38) completes the proof of (6.2.36). OJ

Lemma 6.2.3. Let ny, and @h satisfy (6.2.33b) and (6.2.34a), then there exists a positive

constant C, such that the following estimates hold true:

t
21O ()1 + tlI7n ()]1* +/ s° [l (s)[*ds < Ch%uo|*.
0

t
Proof. Put ¢, = > (77h — / Hg(bo(m;t,s)nh(s))ds) and x;, = t20©}, in (6.2.34a) and
0
(6.2.33b) to arrive at the following:

£+ 2L 12@

2 dt
§4%ﬁm—/fm%@m@m@ﬂa+ﬂQm/%m%@m$m@M%

0 0

t
+ tah(@h, @h) + t2 / (Vbo(ﬂ:, t, s)nh(s), Hg@h)ds
0
Using (3.1.3), Young’s inequality and integration by parts gives us the following:

1
Elmnll” + 7@752”@ 12

~ o~

< tap(©®y, ©y) — (77, nn — T (bo(z; t, 1)1 (1)) +/0 I19 (bos (x; 1, s)ﬁh(s))ds>
#2 (m Tl 07000 ~ [ 0t ) (9) s )
( (z:t, )T (t) — /0 t Vbos(x; £, 8)7h(s)ds, Hgéh) . (6.2.39)
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t
Now, put ¢, =t (ﬁh — 19 (bo(x; ¢, 1)7,) + 2/ 119 (bos (5 5, 5)7,(5))ds
0
t s R -
—/ / I19 (bo... (x; s, z)ﬁh(z))dzds> and x;, = 10y, in (6.2.34a) and (6.2.34b) and use
0

d . P ~ . .
the fact %t(nh’ M) = (Mh, M) + 2t(nn, 1) to arrive at the following:

1d
2 dt

t —~ o~
< t(Vbo(m;t,t)ﬁh,Hz(ah) —2t/ (Vbos(z; 5, 5)1),,(5), 10O}, )ds
0
+t/ / (Vbo,.(x; s z)nh( ), HkG)h Ydzds +t (nh,/ / Hk bo..(x; s z)nh( ))dzds)
¢
ot (Gt 7) — 2 [ 10 a7 5
0

—t||7]|* — —thHQ + tan(©y, ©y)

t
—t (n, i~ Mol .7) +2 | T00ns (o s>ﬁh<s>>ds)
0

t s R
+1 (n,/ / 119 (bo.- (x; 5, z)ﬁh(z))dzds) i (6.2.40)
o Jo

Add (6.2.39) and (6.2.40) to arrive at:

Oél
2 dt

< S + taall @l = (o ~ Mtn(ait 00 +

1d
— 11Ol + 5

—¢ 2 t2 2
2t 7817+ =17 |

D+ [ st i)ds)
2 (nh,ng(bo(w;t,t)ﬁh(t)) /0 I (o £, )7 s )
P2 (Vbo(a:; £ () — /O b (@£, 5)(5)ds. ng@h>
+H(Vbo(z; t, )7, TIVO),) — 2t /0 t(vz)()s(m; s,8)1, (), TI2©},)ds
—l—t/ot /OS(VbOZZ(a:;s,z)%h(z),ﬂg(:)h)dzds

t s ~
T (nh, [ [ ot z)ﬁh<z>>dzds)
0 0

~ t ~
+1 (nh, T (bo(; ¢, £)7),) — 2/ ITj (bos (25 5, S)ﬁh(S))dS)
0
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~
~

t
—t <n, = 01,07+ 2 [ (a5, s>nh<s>>ds)
0

bt (n, /O t /0 T (b (5, zﬁh(z))dzds) |

Employ (3.1.3), apply Young’s inequality, consider the boundedness of ¢, and subsequently

utilize the kickback argument to rewrite the above equation as:

CRNGIP + Sl + ]
t t
<0 (Pl + 1P + P+ 21802 + [ olds+ [ Iolk
0 0
t s
v [ [ pass)
0 0

By integrating the above equation from O to ¢ and then applying Gronwall’s lemma, we

obtain the following:
N t
[1©n1* + t]n|? +/ s||nn(s)[*ds
0
t
< [ (I + Il + [ + 1761 ds.
0
Using Lemma 6.2.2 and (6.2.21), we obtain:
R t
10n)1* + ¢l +/ 8%l (s)[1*ds < Ch't[|uo|*.
0

]

Theorem 6.2.4. Let (u, o) and (uy, o) satisfy (6.1.1a)-(6.1.1b) and (6.1.3), respectively.
Then, there exists a positive constant C' independent of the h such that for t € (0,T], the

following estimate holds true:
lu(t) — un(®)]] < CR*E uoll-

t
Proof. By substituting ¢, = t3 (77h — / 19 (bo(x; t, s)nn(s)) ds) into (6.2.33a) and
0
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Xn = 30, into (6.2.33b), and then adding them together, gives us:

(e, mn) + an(©p, Oy)

=0 (o= [ W lait n(s) s ) + 2 [ (Tt (o). 1O
#0 (me I (bo: £, () ).

0

Using (3.1.3), we rewrite the above equation as:

—_

d,
2di
<3
=3

2 + ant O,
t
2 — £ (nt,nh / H2<b0<w;t,s>nh<s>>ds)
0
t t
8 [ (Tt (o). 10 s + 1 (nh,t, [ty ds) .
0

0

(6.2.41)
As we know
jt (t3 <nh, /0 T (bo(: 1, 5)n(5) d5>)
_ (W /0 O (b (a1, s)nh(s)d8)>
38 (an 0 00.00) — | 000,505
10 (o s ) + b 03.06) = | bt () ).
(6.2.42)

Using (6.2.42) in (6.2.41), we arrive at the following:

1d
2 dt

t
< §t2||77h||2 — (nnnh — T03 (bo (s £, )70 ) (t) +/ Hg(bOS(m§t>S>ﬁh<3))d3)
0

— (Eml*) + aat’]|©n*
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4+ (Vbo(:n; £ )T (1), TI0O),) — /0 (Vhou(@: £, )7 (5). ng@h)ds)
+2 (1 (bt — [ 00t )05 )
— 3t? (Uhaﬂg(bo(fﬂ;t,t)ﬁh(t)) - /Otﬂg(b(]s(a:;t, S)ﬁh(s))d5>

— ¢ <nh7 I (bo (a; £, ) (£)) + TI3 (boe (223 £, )7 (1)) —/0 117 (Do gs (5 2, S)ﬁh(s))ds) :

Using Young’s inequality followed by the kickback argument and integration from O to ¢,

we arrive at the following:

t
tme+/SW@wwws
0

t S t
SC(A@W%@W+¢M$W“W%@W+§AIW@WW@B+§AH%@W%>
Using (6.2.32), Lemma 6.2.2 and Lemma 6.2.3, we arrive at the following:
t
A +/ $*|®n(s)]1*ds < Cht[|ugl*.
0

Now, using the triangle inequality, (6.2.21) in the above equation completes the proof. [

6.2.4 Estimates for o(t) — o,(t)

In this subsection, we present the analysis to obtain the L?- error estimate for the approxi-

mation of o.

cr—ah:(a—l'[fa)jt(ﬂfa—ah) =: ™ + Ty,

u—uh:(u—ng)+(H2u—uh) =: (¢ + (.

Using (6.1.1a), (6.1.1b)and (6.1.3) along with the properties of 19 and IT." in the follow-
ing manner:

(Cups On) — (V- won, d0) =0 Vo, € QF, (6.2.43a)
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(no, xn) — an(IL o, xn) + (Cry V- X1) — / (bo(z; t, s)(u —up)(s), V - xn)ds
0
+ an(@n, Xn) — / ((Vbo(a;t, s)u(s), xn) — (Vbo(@; t, s)un(s), Ixn)) ds
0
=0 Vx,eVF (6.2.43b)

Integrating (6.2.43a) and (6.2.43b) from O to ¢ to arrive at the following:

(Chytn) — (V -0, 00) =0 Vo € QF, (6.2.44a)
(48, %) — an(TIEG, x) + (G V - x0) — / (bo(a: 5, 5)(@ — @) (3), V - x)ds
0
) bo.(x; s, 2)(u — 1, , V- dzd
+/0 /0 (bo-(x; s, 2)(w — up)(2) Xn)dzds
- / (Vbo(@: 5, 8)i(s). Xn) — (Vho(a: s, 8)iin(s), TLxn)) d + an(En. x)s
0

t S
T / / (Vbou(@: 5, 2)(=), x0) — (Vbos (@; 5, 2)in (=), Tlx)) deds = 0 Vs € Vi
0 0

(6.2.44b)

Differentiate (6.2.43b) with respect to ¢ to arrive at the following:

(1o, xn) — an(Ty o0, Xn) + (Gris V- x) — (bo(@; t,8) (u — un) (), V - x)

— [ st = )57 s

+an(w@n g, xn) — ((Vho(z; t, t)u(t), xn) — (Vbo(z; T, t)un(t), T X))

- /0 (Thou(s £, 5)u(s), x0) — (Tbou(@: £, $)un(s), T0x)) ds — 0 g € Vi
(6.2.45)

First, we establish several lemmas that will be utilized later in the proof of ||o(t) — o7, (1)]|:

Lemma 6.2.4. Let T}, and Zh satisfies (6.2.44a) and (6.2.44b), then there exists a positive

constant C, such that the following estimates hold true:

t
I ()1 +/0 120 (s)[1*ds < Ch*t]|uol|*.
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t t s

Proof. Put ¢, = (, — /Hg(bo(w;s,s)(ﬂ — up)(s))ds —|—/ /Hg(b(]z(w;s,z)(ﬁ —
0 0o Jo

un)(2))dzds and x;, = o, into (6.2.44a) and (6.2.44b), and then add to arrive at the

following:

1d
2dt

< (an(I1)T, @) — (no, @)))

(o [ 20ntass.)@ =6t — [ [ 00213 — )2 s

(Gl + s [

/ ((Vbo(a: s, s)u(s), @) — (Vbo(m;s,s)ﬁh(s),ﬂg(ah)) ds

/ / (Vhow (@ 5, 2)(2), 5n) — (Vhow (@ 5, 2)n(2), TI(55)) deds.

By using (3.1.3), (1.5.9), (1.5.7), Lemma 4.1.1, Young’s inequality, and then applying the

kickback argument, we arrive at the following:

d, -~ —
EHCEH2 + ||lnl?

t
o ((1ms — 512+ Ife g+ gl + [ (nla)E + 1Ge)IF) as)

+ ((h,/otﬂg(bo(m;s,s)(ﬂ—ﬂh)(s))ds—/Dt/osﬂg(b()z(:c;s,z)(a—ﬂh)(z))dzds)>.

Integrating form O to ¢ to arrive at the following:

t
12 + / CABIE

<o (Wl + [ G + A (669, [ Mt 2)@ ~ ) )t
_ /0 /0 10 (bo o (2, /) (7 — i) (2 dz’dz) ds)

< 0 (Wl + (6o, [ Mbu(eso, )@~ ) o)

0

_/Ot /0 ng(boz(m;s,z)(a—ah)(z»dzds)
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- [ (66 mntess @6 - [ Miontass, - ma: ) ds)

By applying Young’s inequality, followed by the kickback argument, and then utilizing

Gronwall’s lemma, we arrive at the following:
R t
Gl + [ (s)IPds < Chtuo]
0

O

Lemma 6.2.5. Let T}, and (y, satisfies (6.2.44a) and (6.2.43b), then there exists a positive

constant C, such that the following estimates hold true:

t
ALl +/ slIGh(s)[*ds < Ch*t|uo*.
0

t
Proof. Put ¢, =t ((h - / 19 (bo(x; t, 8) (u — up)(s)) ds) and x;, = t©o, in (6.2.44a)
0
and (6.2.43b) and add to arrive at the following:

1d
2, L@ = 2
G + 5 2 (IEll)
1 . ! L
< gl ¢ (G (ot @ - T)(0) ~ [ (o (ait. )@ - D)) )
0
t
+t (an(TIf 0, ) — (nor, @) — ¢ (Vbo<a:; £ Yat) - / (Vhos(: t, 5)ii(s)ds, ) ds)
0
t
+t (Vbo(:lz;t, t)uy(t) — / (Vbos (2; t, s)ip(s)ds, 1L} (zoy)) ds) :
0
Using Young’s inequality, Lemma 4.1.1, Lemma 6.2.1 followed by the kickback argument,

we arrive at the following:
el + Lielal?)
dt
t
<c (nan? AP + GIP + ehall + ¢ / (ICI? + IG)E + A ()]3) ds
0

+t* ([ — o* + 1L, 0 — ILo||* + h¥|of;)) .

138



Chapter 6

By integrating from O to ¢ and applying Lemma 6.2.4 along with the boundedness of ¢,

and subsequently employing Gronwall’s lemma, we obtain the following:
t
1l + [ s6u(s)IPds < Crlul
0

]

Lemma 6.2.6. Let ©o), and (), satisfies (6.2.43a) and (6.2.43b), then there exists a positive

constant C, such that the following estimates hold true:

t
CIGIE+ [ len()Pds < Chtu]
0

t
Proof. Substitute ¢, = t* (Ch — / 119 (bo (3 t, 5) (u — uh)(s))ds) and x;, = t*woy, into
0
(6.2.43a) and (6.2.43b) and then add. By applying Young’s inequality and then utilizing
the kickback argument, we arrive at the following:
L21602) + 2on?
dt

< C (thall? + ¢ (Mo - ol + [T o — o |2 + A2l + 1012 + 1G + h2) il

142 /Ot (HE(S)HQ + 1[G (s)]? + h2!|ﬁ(5)\|§> ds + t* (Ch,t, /Otﬂz(bo(:v; t,s)(u— uh)(s))ds)) .
(6.2.46)

As we know

(7 (o [ mntast - mienas) )

= (G [ 009 = )5
+2t (Ch, T (bo (s £, 1) (@ — ) (1)) — /OtHZ(bos(m; t,s)(u— ﬁh)(S))dS>
+ 1 (Cn, I (Do (s 1) (w — up) () + I (boe (3 £, £) (T — W) (2)))
— ¢ (gh, /O t I (bo s (3 2, 8) (U — ah)(s))ds> : (6.2.47)
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Using (6.2.47) in (6.2.46) along with the Lemma 6.2.4, Lemma 6.2.5, Young’s inequality,

and the kickback argument, we arrive at the following:

d 2 2 2 2
= ClGII) + ]z
< C (tlIGull* + h*[luol
+% (t2 (@,Hi(bo(a:;t,t)(a—ah)(t))—/0Hg(bOS(a;;t, s)(a—ah)(s))ds)>>_

Integrating the above equation from O to ¢. Then, apply Lemma 6.2.4 and Lemma 6.2.5,

followed by the utilization of Gronwall’s lemma, yields the following:
t
2| Gull? +/ s*|lwn(s)|*ds < Ch*t|luol|*.
0
[

Theorem 6.2.5. Let (u, o) and (uy, o) satisfy (6.1.1a)-(6.1.1b)and (6.1.3), respectively.
Then, there exists a positive constant C' independent of the h such that for t € (0,T), the

following estimate holds true:
lor(t) = on(t)]| < Cht™*luoll.

t
Proof. Put ¢y, = t3Cp,, — 13 (bo(@; ¢, ) (uw — up)(t)) — / 109 (boy (3 8, 5) (u — up) (s)) ds
0
and x;, = t>=o), into (6.2.43a) and (6.2.45), and then add to arrive at the following:

PGl + 5 (o)
< (G G(ait, 0= ) 0) + [ Moot 5)(u = ) 6)ds) + 5 (@l
+ t3 (ah(Hfat, Wh) — (,U,O't, wh) + (Vb()(w, t, t)u(t), wh) - (Vbo(iﬂ, t, t)uh(t), Hg(wh)))

+ t3/0 ((VbOt(fB; t,s)u(s), won) — (Vbo(x; t, s)up(s), Hg(wh)) ds.

By employing integration by parts, Lemma 4.1.1, Lemma 6.2.1, Young’s inequality
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followed by the kickback argument, we arrive at the following:

PGl + 5 o (@) <€ (£ (JCI? + NGl + 187 + 1G1P)
w el + [ (I + 1) ds
+ (| Te, — o + [T oy — Io || + h2[o]7)
+ECI +11CRl” + 2 luol?)
wit [ (IR + IGOIE + wae)R) as
+ 4 (312 + 161 + B4 @) )

Integrating from O to ¢, and then using Lemma 6.2.4, Lemma 6.2.5, and Lemma 6.2.6, we
arrive at the following:

t
/ S2|(T0py — upy)(s)||?ds + || T} o — op||* < Ch2t||uol?. (6.2.48)
0

Now, applying the triangle inequality along with (1.5.9), Lemma 6.2.1, and (6.2.48), we
arrive at the following:

lo(t) — an(®)]| < Cht™"luo].

This completes the proof of the theorem. [

Remark 6.2.1. Utilizing the triangle inequality along with Lemma 6.2.6 and (1.5.7), we
achieve an estimate of ||u — uy,|| < Cht™2 which is not optimal. That’s why introducing
the mixed intermediate projection is important, which helps to enhance the optimal
convergence order of ||u — uy|| to h*t~ 1.

Due to the non-smooth initial data imposing regularity constraints on the solution u,
the exact solution u can only be in H*(D), see [62]. And to achieve an order O(h*t=%/?)

, we require u € H?(D) which is not possible. Instead, sticking with the

for ||lo — oy,
mixed intermediate projection allowed us to attain an approximation of O(ht=3/?). But

for optimal convergence, we use the Fortin operator to achieve O(ht™!).
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6.3 Mixed Virtual Element Formulation Using Resolvent

Kernel

Lemma 6.3.1. Let (u, o) be the solution of (6.1.2) and ug € L*(D); Then the following
estimates hold fort € (0,T] and j € {1,2}:

t
1. tllu()|? + / sllus(s)Pds < Clluol.
0

2

1

2. Plu(0)]? +/Ot s%||us(s)[[3ds < Cllug
3. [u(@)]l2 + tlu(t)ll2 < Clluoll,
4. [lu(®)]; < Ct D Juo
5.1V - ol < Olluol|-
Proof. Proof of this follows from [14,63,67]. O

6.3.1 Mixed Ritz Volterra Projection

Below, we present the estimates for the mixed R.V. projection when the initial data is not

smooth.

Theorem 6.3.1. For u(t) € H}(D) N H*(D), where t > 0, and with an initial condition
ug € L?(D), there exists a positive constant C' independent of the parameter h, under

which the following estimates hold:
lu —all +hllo — || < Ch*tHlu. (6.3.1)
Proof. Consider

0 =0c—-6=0—-I,0+, wherey, =II}o—acV}

pr=u—t=u—u+r wherer, :=1I{u—ac Q.
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By the definition of the mixed R.V. projection (3.2.3), we have:

t

nn ) + [ Kol 9 (5)30)ds + (7 x07)
= (V- xp, Mu —u) + (/0 Kn(t, s;IIf o (s), xn)ds — /0 (K(t,s)o(s), Xh)ds)
+ (an(Mf o, x1) — (1o, xn)) 6.3.2)

(V- 4n, ¢p) = 0. (6.3.3)

Put x, = ¥y, in (6.3.2) and ¢, = 73, in (6.3.3), then subtract and use (3.1.3) to arrive at

the following:

o[l
< (an(TTE o) — (nor, on)) + ( | Kttt s - [ e s>a<s>,¢h>ds)

¢
+ (V- p, qu —u) — / Kn(t, s;¥n(s), ¥n)ds. (6.3.4)
0

The bound for the first term on the right-hand side of (6.3.4) follows from (6.2.22) whereas
the second term can be solved by using integration by parts and then proceed similarly to

(6.2.16):

/Ot Kn(t, 5 TIF o (), 4 )ds— /Ot(;c(t, s)o(s),Pn)ds
= (Kt T o (1) ) — (K(t, )5 (1), n) )
[ (Rt (). a) = (K151 s

<Ch (|a|1 N / |a<s>|1ds) nl

< Ch||luo||||¥pr|] [Using Lemma 6.3.1]. (6.3.5)

The fourth term on the right-hand side of (6.3.4) can be dealt with by using integration by
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parts as:

t

/ ’Ch(ta S; "ph(s)a ¢h>d$ = ]Ch<t7 t; {p\h(t)7 ¢h) - / Khs(ta S; ’(/b\h(S), ¢h)d5' (636)
0 0

Using the fact V - 1), = 0 along with (6.2.22), (6.3.5) and (6.3.6), we rewrite (6.3.4) as:

o~ t o~
H¢uwzc(mwwm+u¢wwyA\Wm@m¢§. 637

Substitute (6.3.19) in (6.3.7) followed by the use of the triangle inequality gives us the

following:

191 < Cht~uo]. (63.8)

Now, to achieve ||u — ||, we proceed by using the definition of mixed R.V. projection
(3.2.3) as:

(19, xn) + (V- xu, 1) = F(xn) Vxn € Vi,
(V-9,¢1) =0 Vg, € Q},

where

t t
f(Xh) = ah(&7 Xh) - (M&v Xh) + / ’Ch(tv S &(8)7 Xh)ds - / (IC(t, 8)0(8)7 Xh)ds‘
0 0
(6.3.9)
Consider the dual problem (6.2.3) with A = 7, and put ¢ = 7, in (6.2.4) to achieve:

I17l* = (7, =V - (I, aV€))

= (9, TIE (aV€) — aVE) + (V- 9,11 — €) — F(IIE(aVE)).  (63.10)

Now, by using (1.5.7) and (1.5.9) , we arrive at:

(19, 0, (aVE) — aVE) < ChB||€]2, (6.3.11)
(V9,106 — &) < CR?(|V - O[], (6.3.12)

144



Chapter 6

where V - 9 can be estimated in a similar way as (6.2.31). Now, (6.3.9), can be rewritten

F(IL, (aV¢))

= (an(& — Mo, T (aVE)) — (u(& — M), TTF (aV)))

+

Yo

ap (I, I} (aV€)) — (uIfo, II} (aVE)))

+

RS

Kl (& — TRG) (1), TT} (aV€))ds — (K(t,1)(& — T&)(1), T} (aVE))

t

|
N
o\,

K556 T16)(5) T V€ ds — [ 06,0090 ~ T33)(6). 11 (099 s
+ (Kn(t, ;IR (1), I} (aVE))ds — (K(t, ) I (t), I} (aVE))ds)

= ([ Fott g5 117 @O — [ .05 ). 11 (0905
(K(t,5)9(s), TI} (aVE) — aVE)ds — (K(t,1)D(t), aVE)

(Ks(t, $)9(s), aVE)ds.

By using the dual norm approach for the last term of the above equation and for all the
remaining terms, we use integration by parts and follow similar steps as in (6.2.27) to

arrive at the following:
t o~
L (av9) < ¢ (1l + [ 15611 ).
0
Now, using (6.3.26) and (6.3.27), we arrive at the following:
F(IL; (aVE)) < Ch*t ™ ugl|. (6.3.13)
Using (6.3.11)- (6.3.13) in (6.3.10) we arrive at the following:

17l < CR*uol.

Use of the above equation along with the triangle inequality and (6.3.8) completes the

proof of the (6.3.1). ]
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Theorem 6.3.2. For u(t) € H}(D) N H*(D), where t > 0, and with an initial condition
ug € L?(D), there exists a positive constant C independent of the parameter h, under

which the following estimates hold:

() — a(t)|| + hlla(t) — o ()] < Ch2tluo|, (6.3.14)
lus(t) — @ ()] + hlloe(t) — G ()] < CR* 2 uo]. (6.3.15)

Proof. To estimate szh |?, we integrate (6.3.2) and (6.3.3), and arrive at the following:

an(Bns x0) + / Ku(s, 51 Pn(s), x)ds — / / K5, 239 (=), X0 deds + (V- x7)
0 0 0
(Vo % — ) + ( / Kon(s, 5: T o (s), x0n)ds — / <K<s,sﬂs>,xh>ds)
0

</ / Kh(s, z; HhU' ), Xn)dzds —/ / s,zﬂz),xh)dzds)

( — (no, Xh)) (6.3.16)

(V- 9n, ¢n) = 0. 6.3.17)

Put x), = zzh and ¢, = 7, in (6.3.16) and (6.3.17) and subtract to arrive at the following:
o[ ? = (an(TE n) = (45, hn) ) + (V -y, 1130 — )
t — — t o~
([ Kt oo aas - [ 0050, wms)
0

— (/Ot /0S lChz(s,z;Hf (2) ’:,bh Ydzds —/ / ?,Z;h)dzds)

—/ ’Ch(sa'S;'%/Z’\h(S)v"’/Z’\h)ds"'/ / Kn:(5, 2 9n(2), Pn)dzds. (6.3.18)
0 0 Jo

Using the similar arguments as in (6.2.22), (6.3.5), (6.3.6), boundedness of ¢ < 7" and the
fact that V - 4,, (6.3.18) can be written as:

1%l < C (hnuon n / ||1Zh||ds) |
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The use of Gronwall’s lemma gives us the following:

[hn]| < Chl|uol]. (6.3.19)

Use of the triangle inequality, (6.3.19) and (1.5.9) gives us the following:

191 < Chlluol.

Now, we proceed by using the definition of mixed R.V. projection (3.2.3) as:
(19, xn) + (V- x0, %) = F(xn)  Yxn € Vi,
(V-9,61) =0 Y € Qf,

where

Floen) = an(B,x0) — (48 xn) + / (5,538 (5), xn)ds — / (K(s, )3 (s), xn)ds

);
//lChz 3 ), Xh dzds—// 2), Xn)dzds.

(6.3.20)
Consider (6.2.3) with A = 73, then put ¢ = 73, in (6.2.4) to arrive at the following:

F0ll? = (Fn, =V - (IFaVE))
= (9, IIE (aVE) — aVeE) + (V- 9,110 — €) — F(IE (aVE)).  (63.21)

Now, by using (1.5.7) and (1.5.9) , we arrive at:

(09, I (aVE) — aVE) < Chl|D]|||€]lo. (6.3.22)
(V- 9,106 — &) < CR?|V - O] [|¢]|.. (6.3.23)

where, ||V - 9 || can be estimated in a similar way to (6.2.12) as below:

IV - 9| < Clluo|- (6.3.24)
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Now, (6.3.20), can be rewritten as:
F(IT} (aVE))
= (@n(6 — 5. 11} (aVE) — (u(& — I3). 1] (aVE)))
+ (an (e, T; (aVE)) — (A7, T, (aVE)))
+ (/0 Kn(s. s; (6 — TG ) (s), I} (aVE) )ds — /O (K(s, 5)(& — II}5)(s), Hf(aVS))dS)

Ki:(s, 2 (& — T}&)(2), T} (aVE))dzds

+

ﬁo\é
S~ >—

(K.(s,2)(6 — ING)(2), TIE (aVE))dzds

+
VR

/Ot Ki(s, s; e (s), I0}, (aVE))ds — /Ot(iC(S’ ST (s), Hf(aV@)ds)

Kn.(s, z; I10a(2), I} (aVE))dzds

|
o\N
o\(;

+ /0 /OS(/cz(s,z)Hza(z),Hf (aVE))d=ds — /0 (K(5, 5)(B)(s), I (aVE) — aVE)ds
i /0 /OS(’C -(5,2)(9)(2), TIf (aV€) — aVE)dzds

- /O (K(s, 5)(9)(s),aVE)ds — /0 /0 S(/cz(s,z)(§>(z),avg)dzds. (6.3.25)

For the last two terms in the right-hand side of (6.3.25), we use the dual norm approach,

whereas all the remaining terms can be solved in a similar way to (6.2.27) as:
FL@ve) < o1 (180l + [ 16)has) el + [ 19]-sdslave]
0 0
t s
s [ [ 19 deds| v,
0o Jo

t
< CR[luolll]l2 + / 19| _ydsl|ave]s.
0

Now, we need to find the ||9]|_;, and for that, we proceed as by considering 3 €
(H'(D))*:

(1, %)
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= a(6,T1%3¢) — (u&, 1% 3) + /Ot Kn(s, s;6(s), TI%3¢)ds
—/%msﬁUImmw—W7mwnllf/%@@méwJQMM%
// 2)6(2), I%3¢)dzds + (0, 3¢ — T103¢) — /Ot(/cﬁ(s),ngx)ds
SCOW%WHWM+AHW$$¢%HMM

Using Gronwall’s lemma, we arrive at:

9] < C(h2||uoll + [[7nl)- (6.3.26)
Using (6.3.22)-(6.3.26) in (6.3.21), we have:
t
MMSC(WMN+A(WMM+WM@MQ)
An application of Gronwall’s lemma yields:

7l < Ch?|luoll. (6.3.27)
Now, using the triangle inequality, (1.5.7) and Lemma 6.3.1, we arrive at the following:
151l < Ch?[|uo-

The proof of (6.3.15) follows a similar argument to that of (6.3.14). L]

6.3.2 A prior Error-Estimates

Use (6.1.2) and (6.1.4) to have the error equation as:

(pnt, on) — (V- O, dn) = —(pr, dn), (6.3.28)

t
an(Pn, xXn) + / Kn(t, 8;94(8), xn)ds 4 (V - Xn, pn) = 0. (6.3.29)
0
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Integrate (6.3.28) and (6.3.29) and arrive at:

(ons 01) — (V- O, 1) = —(p, &), (6.3.30)

('19haXh) —i—’Ch(t t ﬁh / IChs 8 S, ﬁh ) xh)ds
0

/ / K- (s, 2; 19h (2), xn)dzds + (V - xn, pn) = 0. (6.3.31)

Again integrating (6.3.30) and (6.3.31) to get:

(Phs o) — (V- 'l//;h; dn) = —(p; dn), (6.3.32)

~ t ~ t s ~
an(Pn, xXn) + / Kn(s, 8;9n(s), xn)ds — 2/ / KChz(z, 2;91(2), xn)dzds
0 0o Jo

t s z ~ R
+/ / / Koo (2,25 90(2), xn)dz'dzds + (V - Xh, p) = 0. (6.3.33)
0 Jo Jo

Now, we present some lemmas, which will be used in the proof of ||u — wuy|.

Lemma 6.3.2. Let Z\h and ’511 satisfies (6.3.32) and (6.3.33), then there exists a positive

constant C, such that the following estimates hold true:

~ o=
Bl + [ 19a(5)Pds < Cn*tfus (6334
0
~ t
B + [ 117n(s)Pds < Chuo]? (6339)
0

Proof. Put ¢}, = z\h and x;, = 5h in (6.3.32) and (6.3.33) respectively, and add to achieve:

(s Pn) + a1 || 9] |*

(ﬁ,/ﬁh) / Kn(s,s; 19h ds+2/ / Kn(z, z; 19h 2), 19h)dzds

[ Rt Bz
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Using Young’s inequality, followed by the kickback argument, we arrive at the following:

d ~ ~ N ~ t ~ t 5~
ol + 19 < € (HpH2+ 15ull* + [ 19 (s)]1Pds +/0 i 194 (2)|*d2ds

/ | [ 1o \dzdzds)

Integrate the above equation from O to ¢, followed by the use of Gronwall’s lemma and
(6.3.14) completes the proof of (6.3.34).
Now, for the proof of (6.3.35), put ¢, = p, in (6.3.32) and x;, = 5h in (6.3.31) and add

to obtain:

~
~

o~ —~ t o~
LUBMIZ < =5, ) + Konlt, £ 9n(2), D) — 2 /0 K (s, 5: D (s), D) ds

t s ~ ~
+ / / Kh2(s,2;9,(2), 9y)dzds.
0o Jo

Using Young’s inequality and the kickback argument, we arrive at the following:

~ 2

R d = N = ¢
I3l + 51917 < € (131 + 193+ [ 1o 1Pas ).

Integrating the above equation form O to ¢ gives us the following:

/Ot 15n(s) | *ds + ||5h(s)ll2ds <C </Ot (||ﬁ(s)||2ds + |I5h(s)||2) ds) _

Use of Gronwall’s lemma and (6.3.14) completes the proof of (6.3.35). OJ

Lemma 6.3.3. Let py, pj, and 5}1 satisfies (6.3.30), (6.3.32) and (6.3.31), then there exists

a positive constant C, such that the following estimates hold true:

t
tl|pnl)? +/ s[|9n(s)|?ds < Ch*t||ug|?, (6.3.36)
0

t
21942 +/ s%(|pn(5)||2ds < CR | uol*. (6.3.37)
0

Proof. Put ¢, = tp, and x; = t@h in (6.3.30) and (6.3.31) and add to arrive at the
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following:

1d
2 dt

R 1. = ~ t = ~
(0. ) + 5|l — (1,1 Da(1), Do) + 2t/ Kns(s, 5: Dn(s), Dp)ds
0

—t[|nl|” + ]| 9|

t s ~
- t/ / Kh (8, 2;9,(2), Op)dzds.
o Jo

Using the Young’s inequality, kickback argument and then integrating from O to ¢ to arrive
at the following:

t
e+ [ slBalFds
0

t o~ s o~
sq/(m%+§wwww+wmw%Mw nmuww)@
0 0
Using (6.3.34) and (6.3.35), we arrive at the following:
t
Al + [ sI9ulds < Cntluo]”.
0

Now, put ¢, = t2p;, and xj, = 209}, in (6.3.30) and (6.3.29) to arrive at:

t
]l pnll* + t2an (O, 91) + tQ/ Kn(t, s:94(5), On)ds = —t*(p, pn).
0

d ~ o~ ~ o~ ~
Note that £<t2ah(’l9h, ’l9h)) = 2tah(19h, ﬁh) + t22ah(19h, ﬁh), hence:

12 2 ——t219
lonl? + 5 = (184 ]1)

<C (t||’l9h||2 — t(p, pr) + (£, £ 00(£), D) — 2K (t, 1 9n(t), 1)

¢ ~
tg/ Khss(t, s;ﬁh(s),'ﬂh)ds).
0

Using Young’s inequality, kickback argument and integrating from O to ¢ to arrive at the
following:

t t o~
tWWW+/me@W@s0/(ﬂm<MM+ﬁw<W+S/Ww uw)w
0 0
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Use of Gronwall’s lemma, (6.3.1), (6.3.36) and (6.3.34) completes the proof of (6.3.37).
O

Theorem 6.3.3. Let (u, o) and (uy,, oy,) satisfy (6.1.2) and (6.1.4), respectively. Then,
there exists a positive constant C' independent of the h such that for t € (0,T), the

following estimates are valid:

lu(t) — un()]| < CR* uol.

Proof. Consider

u — up = p+ pnp, where p, = u — uy,

o— oy, =19+ 19, where ¥, = 6 — oy},

Since, we already have the estimates of ||p|| and ||1}||, we need to find || p|| and || ]|. Put
én = t3p, and x;, = 39}, in (6.3.28) and (6.3.29) respectively, and then add to arrive at

the following:

t
(ot pr) + t2an(On, 94) + t3/ Kn(t,s;94(s),9n)ds = —t*(py, pr),

0
1d
57 Ellonl®) + [

3 ~ =
< 5152||Ph||2 — 3 (pe, pr) + Ik (190 (1), On) — 2K e(t, 8 90(5), )

t ~
+t3/ Khss(t, s;9,(s), 9p)ds.
0
Using Young’s inequality and then kickback arguments, we obtain:
d s 2 3 2 2 2, 44 T L N A 2
IR+ P10 = C (PlonlP + ol + S92 + B0+ [ Du(o)ds).
0

Now, integrate the above equation from O to ¢ to arrive at:

t
EllonlP+ [ ous)lds
0
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t ~ s o~
< C/ (S2||ph(5)\|2 + M ps(s)1* + 81 On(s) [ + *[[9n(s)]|* + Ilﬂh(2)||2dz) ds.
0 0

(6.3.38)

Use of (6.3.15), (6.3.34) and (6.3.37), yields:
ol < CR2Huol. (6.3.39)
Now, we use the triangle inequality, (6.3.1) and (6.3.39) to arrive at the following:
lu = wnll < CR* o]

]

Theorem 6.3.4. Let (u, o) and (uy, oy,) satisfy (6.1.2) and (6.1.4), respectively. Then,

there exists a positive constant C' independent of the h such that for t € (0,71,
lor(t) = on(®)]| < Cht™"luoll.
To prove this result, use similar arguments as in [14].

6.4 Conclusions

Given the advantages of both VEM and mixed methods, we used a mixed VEM approach to
tackle a linear PIDE with non-smooth initial data. This chapter explored two formulations
of the mixed VEM approach for the PIDE. We introduced two new projections, mixed
intermediate projection and mixed Ritz Volterra projection, which includes a memory term
and derived estimates for the same. By the repeated use of the integral operator, the Fortin
operator, and the properties of L? projection, we established the error estimates for the

two unknowns in both formulations.
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Conclusions

This chapter highlights the critical assessment of the outcomes, emphasizing the contribu-
tions made by this research and the methodologies employed to achieve them. Further, we

discuss the possible extensions and the scope for further investigations in this direction.

7.1 Crtical Review of the Results

In this thesis, we studied VEM and mixed VEM for PIDE. In contrast to the conventional
FEM, the suggested approach permits the presence of hanging nodes during mesh gener-
ation, eliminates the need for explicit construction of nodal basis functions, effectively
manages complicated domains, and allows higher-order polynomials. Consequently, these
features enhance accuracy and adaptability when dealing with convex and non-convex
polygonal meshes. Since this is the case where we don’t require the basis functions
explicitly, we need suitable projectors from the local VEM spaces to some polynomial
spaces to construct the element-by-element necessary local matrices.

In Chapter 2, we developed and analyzed the confirming VEM for linear PIDE with
smooth initial data. For the discrete formulation, we defined the local bilinear forms with
the help of IT? projection and discussed their consistency and stability. The analysis for the

semi-discrete and fully-discrete cases required the introduction of a new R.V. projection
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(2.2.1) to deal with the integral term. For the H' estimates (2.2.2) of R.V. projection,
we first split u — R"u into two parts, u — u! and u; — R"u, where the function u; is an

interpolant of u, in W)}, and satisfies

dOfn<U]) = dOfn(U,) n = 1, . Ndof,

where dof,,(-) indicates the operator which relates the nth degree of freedom to each
smooth enough function, and Ny stands for the number of degrees of freedom. Whereas
to find out the L? estimate (2.2.2) of R.V. projection, we used the dual problem: Let
¢ € H*(D) N H} (D), with D to be convex and bounded, be the solution of

-V - (aVo)+ap=p inD ¢=0 ondD,

where p = R'"u — u. We also estimated the time derivative of R.V. projection, and then by
using the (2.0.2) and (2.1.1) along with the R.V. estimates, we proved the optimal order of

convergence.

Then, we also studied the fully-discrete case(2.3.1), where the time derivative is
approximated by the backward Euler method and the integral term is dealt with the left
rectangular rule. Several numerical experiments (Section 2.4) are presented to confirm
the computational efficiency of the proposed scheme and validate the theoretical findings.
Moreover, in order to show the real application of VEMs, numerical experiments are
conducted with local mesh refinements (Fig.2.3), which are necessary to reduce the overall

computational cost but may not be possible in the context of conforming FEMs.

Chapter 3 developed and analyzed the mixed VEM for PIDE by using a resolvent
kernel. An aspect of our focus in (1.3.1) involves the determination of the flux or velocity
in conjunction with the pressure. The conventional Galerkin method tends to suffer
from reduced accuracy because it calculates this quantity through post-processing from
the approximated solution. In contrast, mixed methods offer a direct estimation of this

physical parameter, resulting in solutions that are locally conservative. Another benefit of
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employing a mixed approach in this context is the capability to introduce an additional
physically significant variable, which can be computed directly without introducing new

sources of error. We introduced o (¢, t), defined by (1.3.4) and and rewrite (1.3.1) as:

u(x,t) — V-o(x,t) = f(x,t).

Considering the computational advantages of the formulation described in [14], we ana-
lyzed this formulation for the semi-discrete (3.1.2) and fully-discrete case (3.3.1). To deal
with the integral term, mixed R.V. projection (3.2.3) is introduced. The time derivative
of mixed R.V. projection (3.2.27), (3.2.28) is also estimated along with the estimates of
mixed R.V. projection (3.2.5), (3.2.6). Semi-discrete error estimates are established by
using (1.3.8) and (3.1.2). Furthermore a step-by-step superconvergence of IT{u — uy, is

proved (Section 3.2.2).

A fully-discrete case has also been developed (3.3.1) and analyzed (Theorem 3.3.1)
for this formulation. We also conduct numerical experiments (Section 3.4) to validate the

effectiveness of the introduced mixed virtual element scheme for the PIDE.

In Chapter 4, we analyzed the mixed VEM for PIDE. This chapter focused on the
variational formulation that eliminates the need for a resolvent kernel. We adopt the
formulation outlined by [15]. It’s important to note that due to the additional term beneath
the integral, this formulation may take a longer computational time when compared to
the approach presented in [14]. Nevertheless, this formulation offers a broader scope
of applicability, even in cases where finding a resolvent kernel proves challenging. By
using this formulation, we can attain the necessary convergence, as illustrated through
numerical experiments. To deal with the integral term, we define a mixed Intermediate
projection (4.2.1b) and find out the estimates (Theorem 3.2.1) for the same. Then, semi-
discrete error estimates are derived by using (1.3.10a) and (4.1.1). Furthermore, the fully-
discrete case (4.3.1) has also been examined, and the error estimates have been derived.
We presented a systematic analysis that outlines the step-by-step process for achieving

super convergence (4.2.20) of the discrete solution, with an order of O(h**2). Several
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computational experiments are discussed to validate the proposed scheme’s computational
efficiency and support the theoretical conclusions.

In Chapter 5, we analyzed the VEM for the linear PIDE with the non-smooth initial
data. Chapter 2 focuses on establishing optimal error estimates for smooth initial data,
but for less regular initial data, a different analysis is required. For this, we first define an
Intermediate projection (5.2.1) with an integral term accordingly. By the repetitive use
of the integration by parts and some regularity results, we first derive the estimates for
u — ﬂ (5.2.3), and then by using this estimate, we derive the estimates (5.2.2) of the
Intermediate projection in terms of the initial data is in L?(D). Finally, we proved some
lemmas, which helped us to establish the optimal error estimates.

Chapter 6 explored two formulations of the mixed VEM approach for the PIDE. We
introduced two new projections, mixed Intermediate projection and mixed Ritz Volterra
projection, which includes a memory term and derived estimates for the same. By the
repeated use of the integral operator, the Fortin operator, and the properties of L? projection,

we established the error estimates for the two unknowns in both formulations.

7.2 Possible Extensions and Future Problems

* VEM for hyperbolic integro-differential equations: In Chapter 2, we developed and
analyzed the confirming VEM for linear PIDE. The results of this can be easily

extended to the hyperbolic integro-differential equations: Find u(x, t) such that

(@, t) — V- (a(@)Vu(z,t) — [3b(x;t,s)V  u(z,s)ds)
= f(z,t) (x,t) € D x (0,77,
u(xz,t) =0 (x,t) €0D x|0,T],

u(xz,0) =uo(x) xe€D,
(7.2.1)

* Mixed VEM for hyperbolic integro-differential equations: In Chapter 3 and Chapter
4, we developed and analyzed the mixed VEM for linear PIDE. The results of this

can be easily extended to the hyperbolic integro-differential equations (7.2.1). By
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introducing o (x, t), defined by (1.3.4) and rewrite (7.2.1) as:

u(x,t) — V- -o(x,t) = f(x,1).

» Fully-discrete case for the non-smooth data: In Chapter 5 and Chapter 6, we study
the VEM and mixed VEM for the linear PIDE with non-smooth initial data. Our

future work includes the extension of this for the fully-discrete case.

* Mixed VEM for strongly damped wave equation: We plan to introduce and analyze
mixed VEM for strongly damped wave equation defined on a domain D C R? such

that:
)
)
u(x,0) =up(x) x €D,
(2,0)
* Mixed VEM for weakly damped wave equation: We plan to introduce and analyze

mixed VEM for strongly damped wave equation defined on a domain D C R? such

that:

x,0) =ug(x) « €D,
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