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Abstract 

Safety and security of the pilot and the vehicle are of paramount importance during typical air 

combat/defense missions. This essentially translates to requiring the vehicle to be able to perform 

various complex maneuvers. Controlling the motion of the vehicle during such maneuvers becomes 

challenging as the flight dynamics becomes significantly nonlinear and the aerodynamics may also 

become both nonlinear and uncertain. The problem gets compounded when the center of gravity 

(c.g.) of the aircraft gets deviated from the body centerline due to asymmetric distribution/release of 

stores, structural wing damage, uneven fuel consumption etc. causing coupling in the dynamics and 

hence further nonlinearity. Control design to enable the aircraft to perform low alpha (negligible 

aerodynamic nonlinearity and uncertainty) as well as high alpha (large aerodynamic nonlinearity and 

uncertainty) autonomous maneuvers under such predominantly lateral c.g. uncertainty is not 

adequately addressed in the literature and the present thesis is aimed at filling this gap.  

First, low alpha maneuvers are considered and a robust linear control such as LQR and a nonlinear 

control such as backstepping are tried and either of them is found to fail to properly execute some 

relevant lateral maneuvers in the face of significant lateral c.g. uncertainties. To overcome the 

problem, first an ad-hoc model-based two-step adaptive backstepping control is proposed to 

automatically adapt to the unknown c.g. position through an adaptation law. Thereafter, for further 

performance enhancement, a strict feedback form is derived from the asymmetric equations of 

motion under lateral c.g. offset and a novel adaptive backstepping control is designed after 

identifying and retaining useful system nonlinearities. In either case, asymptotic stability of the 

closed loop system is mathematically established. As an additional novel finding, the adaptation law 

is shown to accurately estimate the actual c.g. position in either case.  

Next, the focus is shifted to high alpha maneuvers. Because of the additional uncertainty issue with 

the high alpha maneuvers, a fast-sliding mode control is combined with the second step of the ad-

hoc model-based two-step adaptive backstepping control. Thereafter, for a less conservative control 

design, the asymmetric dynamics based adaptive backstepping formulation is considered and in a 

novel way, two sliding mode controls are combined with each of the two individual steps. Asymptotic 

stability is mathematically proved in both the cases. Both the proposed hybrid controls are shown to 

be able to successfully mitigate the c.g. uncertainty issue when validated against some benchmark 

high alpha maneuvers with the second scheme yielding better performance. Hardware in loop 

simulations are also performed to establish the real time viability of all the proposed controls.   
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Chapter 1 

Introduction and Literature Review 

 

1.1 Background 

      Controlling the motion of an air vehicle is a challenging task not only because of the availability 

of full six degrees of freedom (translating in three linear dimensions and rotating in three angular 

dimensions) in the motion, but also due to complex aerodynamic interactions [1]. Therefore, stability 

and control are the linchpin of any such vehicle and many of the mission objectives are naturally 

dependent on the flight control systems. Advancements in control engineering have led to the 

development of highly advanced control systems that have greatly enhanced the capabilities of such 

vehicles. 

The history of fighter aircraft dates back to the early 20th century, when military strategists 

recognized the need for specialized aircraft that could engage in aerial combat and provide air 

superiority over the battlefield. During World War I, fighter aircraft were used primarily for 

reconnaissance and aerial observation, but as the war progressed, they became more specialized and 

were equipped with machine guns and other weapons. The first aircraft to be designed specifically 

for air-to-air combat was the Fokker Eindecker, which entered services in 1915 [2]. The outbreak of 
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World War II in 1930s and 1940s and parallel developments in the field of linear control theory saw 

a further evolution in fighter aircraft technology, with fighter planes such as the Messerschmitt Bf 

109, the Spitfire, and the P-51 Mustang becoming legendary for their role in air combat [3]. During 

the war, fighter aircraft were used not only for combat but also for escort missions. Gain scheduled 

linear controllers could meet the reasonable mission demands from the fighter aircraft of those times. 

Linearization of the dynamics led to separation of the complete six degrees of freedom equations of 

motion into longitudinal and lateral-directional parts thereby simplifying various flight control 

problems to great extents and allowing for linear control techniques to be applied effectively. Such 

controls were extensively used in aircraft such as the F-86 Sabre, the MiG-15, and the F-4 Phantom 

II [4]. Later, after the end of cold war, during 1990s interests in sophisticated aircraft flight control 

continued with the emergence of various sophisticated robust, nonlinear control design techniques. 

Enhanced stability and maneuverability derived out of such advanced control lead to the development 

of the F/A-18 and the Su-30 Flanker which became the dominant aircraft in many air forces around 

the world. Overall, the advancements in control engineering have greatly improved the capabilities 

of fighter aircraft and have made them more effective in a wide range of missions and they also 

helped to make the aircraft safer for the pilots. The early 2000s marked the introduction of armed 

unmanned aerial vehicles (UAVs). UAVs have become integral to modern military operations, used 

for everything from surveillance and reconnaissance to targeted strikes and electronic warfare [5]. 

This trend of making the aircraft safer and more effective in increasingly complex warfare situations 

continues even today. 

Therefore, the capabilities of the present-day fighter aircraft are not only limited to their firepower 

alone but also to their high speed, extreme maneuverability and the agility to execute large number 

of rapid and complex maneuvers autonomously. Such complex flight conditions invariably lead to 

trigonometric nonlinearities and inertial and kinematic coupling [6]. Moreover, the maneuver 

demands sometimes force the vehicles to operate in the high angle of attack regions i.e. regions 
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beyond the stall limit. The nonlinear and uncertain aerodynamics in these regions make the control 

task even more challenging. On top of that, the control surfaces are position, rate, and bandwidth 

constrained. All these factors combine to make the flight control problem a formidable one. 

1.2 Literature Review 

In this section, we lay out the background and related literature pertaining to the work done in this 

thesis is presented. It covers the reported literature that motivated us to carry out this research work. 

It is a well-established fact that stability and control are the linchpins of any aerospace vehicle, and 

therefore we start with reviewing the previous work from a control design perspective. 

In general, well-established linear control techniques are predominantly used to design a flight 

control system. Various design methods, such as proportional-integral-derivative (PID) control, pole 

placement, H-infinity control, Linear quadratic regulator (LQR) design, optimal control, etc. [7-11], 

have been used for flight control of linear aircraft models in the past. It is beyond doubt that linear 

controllers are easy to implement and provide adequate performance under normal operating 

conditions. In this approach, the system is linearized around a finite set of trim points in the flight 

envelope and a specifically tuned controller for each of them is designed. In other words, the flight 

envelope is discretized into a desired number of operating points, and a single independent controller 

is developed for each one [12-14]. As the flight configuration changes, the appropriate control law 

needs to be loaded. This limits this approach to specific areas of the flight envelope due to a finite 

number of linearization points and thus limits the domain of stability. In order to circumvent these 

limitations, nonlinear control techniques become unavoidable. The standard approach for flight 

control design for nonlinear systems is gain scheduling. In this approach, a linear approximation of 

dynamic equations at several important operating points within the flight envelope is achieved. 

Depending on these points, linear controllers are designed and then combined continuously as the 

vehicle flies from one operating point to another [15,16]. Due to linearization, the actual system 
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performance and stability can be significantly different from the design results due to the 

approximated nonlinearities. With the rapid development of high-performance computational 

computers, sensor technology, and integrated electronic devices, nonlinear flight control design 

methods are expected to provide a control system with high precision and reliability. Thus, the 

investigation and development of advanced control methods for nonlinear aircraft flight dynamics 

have been addressed considerably by the aerospace control community but are by no means 

complete. 

Instead of gain-fitting and interpolating between several operation points, the application of a 

variable-gain optimal output feedback control design methodology is proposed in [17,18] where the 

feedback gains are continuously calculated and scheduled as a function of the state variables. In the 

approach in [18], the feedback gains are calculated and scheduled by minimizing a cost function that 

is dependent on attack angle and surface deflections. The approach is not fully effective and robust 

for short-period mode control due to the computational cost and convergence of the associated 

constrained optimization problem. 

Nonlinear dynamic inversion (NDI) in [19-24] for flight control system design has been proposed to 

eliminate the drawbacks of gain-scheduling-based design. [20] uses assumptions in which 

aerodynamic force coefficients and moment coefficients are nonlinear functions of the angle of 

attack, sideslip angle, and thrust coefficient but linear functions of the elevator, aileron, and rudder. 

The motion equations can be rewritten as a triangular system of general form and then a nonlinear 

dynamic inverse controller is generated and proven valid over the entire flight envelope. The main 

limitation of NDI based controller in application to flight control problems is its dependence on a 

precise knowledge of the aerodynamic coefficients, which is not easy to have in high angle of attack 

regions as the flow separation is a very complex aerodynamic phenomenon. To compensate this 

deficiency of NDI, in [25] an adaptive neural network-based NDI control design is proposed. As an 

alternate to the proposal in [25], some researchers proposed gain scheduled linear H∞ based control 
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as reported in [26, 27]. Many researchers also combined H∞ or mu-synthesis or probabilistic robust 

control techniques with NDI controllers to make the overall closed loop system more robust [28-30]. 

A better approach of NDI design for full nonlinear flight control is presented in [23, 24] which uses 

the fact that control surface deflections do not directly affect slow dynamics. Therefore, control 

systems are designed separately for slow-state variable dynamics and fast-state variable dynamics. 

With the designed fast-state controller, a separate and approximate inversion procedure is carried out 

to design the slow-state controller for slow-state variable dynamics. The achieved slow-state control 

system outputs are used as commands for the controller augmenting the fast-state variable dynamics. 

A justification of the reliability of the proposed algorithm is confirmed analytically using the 

longitudinal dynamics. A general disadvantage of the NDI approach that prevents the popular 

adoption of the method for nonlinear flight systems is the poor robustness of NDI-based control 

design, i.e., system parameters of the aircraft dynamics are included and essentially inverted in the 

control law. Therefore, the aircraft model used for control design needs to be accurate in order to 

achieve good performance and stability of the system. 

In past, many researchers have addressed backstepping control (BSC) design [31-36]. The concept 

of backstepping design was introduced for the first time in [31,32] and has been a motivation for 

exploring new directions in control design for nonlinear dynamic systems. The backstepping control 

design is seen as a recursive design process that breaks a design problem on the full system down to 

a sequence of sub-problems on lower-order systems. Considering each lower-order system with a 

control Lyapunov function (CLF) and paying attention to the interaction between the various 

subsystems makes the design of a stabilizing controller modular and easier. The advantages of 

backstepping control are a stability guarantee, avoidance of dynamic nonlinearity cancellation, wide 

applicability for a class of nonlinear dynamic systems, and elimination of the requirement for the 

designed system to appear linear, as noted in [31, 36]. Applications of the backstepping design 

approach for nonlinear flight control have been considered by many researchers in [37-42]. An online 
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approximation-based backstepping control approach for advanced flight vehicles is presented in [37] 

in which the control law is designed using three feedback loops with an online approximation of the 

aerodynamic force and moment coefficient functions. The approach maintains stability (in the sense 

of Lyapunov) of the online function approximation process in the presence of magnitude, rate, and 

bandwidth limitations on the intermediate states and the surfaces. [40] shows how the equations of 

motion for aircraft are restructured in linear strict-feedback form, and then backstepping control 

design and adaptive gain scheduling are employed to achieve full envelope flight control. The 

research in [42] assumes aerodynamic forces and moments as a linear function of attack angle, pitch 

angle, and elevator. Then backstepping control design is applied to the aircraft model in strict-

feedback form. The new contribution is that the aerodynamic parameters of the aircraft are 

approximated by nominal values and error models and then a parameter adaptive scheme using a 

multilayer neural network is employed to improve the performance and stability of the aircraft. 

Limitations of these approaches in [40, 42] are the assumptions of linear-like behavior for the design 

model used for generating the control law. These above works have not yet addressed in a significant 

way the robustness and adaptive issues in flight control of nonlinear dynamic systems.  

One of the most important ingredients needed for achieving reliable flight is flight safety. Flight 

safety may be violated when an aircraft meets unforeseen circumstances. Therefore, an advanced 

control method that can guarantee stability in the presence of these unforeseen flight conditions is 

needed. Adaptive control has been believed to be a strong candidate to achieve this goal with the 

potential to improve flight safety. In the context of the underlying dynamic model, most of the non-

normal flight conditions can be directly mapped into parametric uncertainties, and adaptive control 

is the theoretical discipline that was developed with the aim of maintaining stability against 

parametric uncertainties. Therefore, an adaptation-based reconfigurable flight controller is believed 

to maintain satisfactory performance under unforeseen changes in the system dynamics. Adaptive 

control theory itself has been extensively studied over the past three decades, with its basic 
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performance and robustness properties currently well understood [43-46]. With promising features, 

such as stability against parametric uncertainties, adaptive control theory has been studied 

extensively in the context of adaptive flight control systems too after the 2000s and its potential has 

been verified both theoretically and numerically. More recently, there has been significant interest 

[47-49] and success in applying adaptive methods to flight. In [50,51] the adaptive backstepping 

control technique is discussed for controlling the longitudinal flight dynamics of UAV with thrust 

saturation. Most of the work available in the literature is for control of longitudinal dynamics only 

and very few works in the literature can be traced for control of lateral/directional dynamics. Control 

design for lateral/directional dynamics is more challenging because of coupling between roll and 

yaw dynamics. Though [52] consider adaptive backstepping control of UAV for lateral/directional 

dynamics, they design two separate controllers for sideslip and roll rate under uncertainty in 

aerodynamic coefficients. 

Sliding mode is another popular nonlinear control design technique applied in many flight control 

problems [53-55]. It is inherently robust, in particular to parametric uncertainties [56]. In [57], 

Sliding mode based robust flight path control of aircraft using two-time scale design approach was 

proposed. [58] considered a MIMO adaptive sliding mode controller for the longitudinal dynamics 

of a generic hypersonic air vehicle. In [59] a sliding mode controller was designed for controlling 

angle of attack and velocity by using the modal decomposition into short-period and phugoid 

approximations. In [60] researchers designed sliding mode controllers for three different maneuvers 

namely minimum radius level turn, velocity vector roll and spin recovery maneuvers. All the works 

reported so far in the literature are carried out for symmetric aircraft only i.e. aircraft with their center 

of gravity (c.g.) located in the plane of symmetry coinciding with the origin of the body frame.  

The problem becomes even more challenging when unbalanced payload deployment or release, 

unbalanced fuel consumption or structural damage etc. contribute to lateral mass asymmetry further 

complicating the problem. As the center of gravity (c.g.) of the aircraft drifts away significantly from 
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Figure 1.1. Source of c.g. variation: (a) asymmetric mass distribution (b) partial structural damage 

the fuselage centerline leading to further coupling between the longitudinal and the lateral/directional 

channels. This important issue has been taken up recently by some researchers and have reported 

some works on modeling and control design for asymmetric aircraft. In [61] asymmetric c.g. issue 

in aircraft dynamics for an asymmetric aircraft is first modeled.  Soon after, [62-64] carried out some 

further work on control of asymmetric aircraft.  Works on modeling the aerodynamics of an 

asymmetric aircraft were carried out in [65-67].  However, their focus was on civil aircraft; hence, 

the control objectives were limited to securing steady level flight condition only.  Recently, a few 

works were reported in the context of fighter aircraft performing drastic maneuvers under lateral c.g. 

offset where, it is shown that even robust nonlinear controllers would fail to automatically execute 

these demanding maneuvers if the lateral c.g. variation was completely ignored. To overcome this 

challenge, they designed controllers presuming the actual c.g. information of the aircraft to be known 

to the controller at every time step. However, in reality, it is rather impractical to assume the exact 

c.g. information to be available at every time step [68,69]. To gain insensitivity to both matched and 

unmatched uncertainties and disturbances backstepping and sliding mode controls are combined in 

the literature in various application domains [70-78]. However, herein, SMC is integrated in the final 
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step of the backstepping control only. To handle the flight control problem with uncertainties and 

external disturbances, recently some researchers reported disturbance observer based design [79-81]. 

However, this approach requires an additional controller which further increases the complexity and 

computational burden. These gaps present opportunities for further investigation and form the 

foundation for the research objectives outlined in the subsequent section/chapter. The subsequent 

chapters will elaborate on the research design, methodology, and findings that build upon the insights 

gained from the literature review. 

 

Figure 1.2. Aircraft body reference frame and c.g. position 

1.3 Research Gap 

Researchers have been applying nonlinear, robust, and adaptive (classical and intelligent) control 

design techniques to various flight control problems over the last few decades now. Over the last ten-

fifteen years, considerable amount of research has been carried out on controls of aircraft having 

geometric asymmetry due to lateral c.g. movements and partial structural damage. However, most of 

these efforts were confined to civil aircraft within the framework of steady level flight conditions 

only. A few works were reported in the literature in the context of fighter aircraft performing complex 

maneuvers under lateral c.g. variations also; however, therein, it was presumed that the actual c.g. 

position of the aircraft was known to the controller. In reality, it is rather impractical to assume the 

exact c.g. information to be available at every time step. To bridge this gap, the present investigation 
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is aimed at offering some automatic control solutions so that a fighter aircraft undergoing significant 

and unknown lateral variations of c.g. position can still execute some useful maneuvers and complete 

its intended mission. 

1.4 Research Objectives of the Thesis 

In regard to the previous section's discussion, the objectives of the thesis can be succinctly 

summarized as follows: 

 To investigate the effects of lateral mass asymmetry arising from the asymmetrical release 

of onboard stores on closed-loop performance while executing some standard low alpha 

maneuvers and offer a practical solution by designing an adaptive backstepping control 

based on an ad-hoc representation of the flight dynamics of the asymmetric aircraft. 

 To explore if further maneuver performance enhancement can be achieved through a more 

accurate representation of the asymmetric flight dynamics and design of adaptive 

backstepping control scheme based on this improved model. 

 To further investigate the effects of lateral mass asymmetry on closed-loop performance 

while performing some high alpha maneuvers. Since in the high alpha regime, the 

aerodynamic data contain significant uncertainty, therefore, to explore the possibility of 

robustness enhancement of the backstepping control through hybridization with sliding 

mode control. 

 To explore if further maneuver performance enhancement and mitigation of c.g. uncertainty 

can be achieved through a more accurate representation of the asymmetric flight dynamics 

and design of the adaptive backstepping sliding mode hybrid control based on this improved 

representation. 
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1.5 Contributions of the Thesis 

The present thesis encompasses a comprehensive investigation of an asymmetric aircraft performing 

both low and high angle of attack autonomous maneuvers. Robust nonlinear control design to 

mitigate the adverse effects of asymmetry on such maneuver performance is addressed in detail. The 

main contributions and novel elements of the thesis are summarized below. 

 Ineffectiveness of robust linear control (LQR) and nonlinear control (Backstepping) to 

perform low alpha lateral maneuvers in the face of lateral c.g. uncertainty is established. 

   An ad-hoc modelling approach is adopted to convert the asymmetric dynamics to strict 

feedback and c.g. affine form to make backstepping control design possible. Thereafter, a 

two-step adaptive backstepping control is designed to automatically adapt to the unknown 

c.g. position through an adaptation law. 

 In order to obtain a more accurate model (as opposed to the ad-hoc model), the strict 

feedback and c.g. affine form is also shown to be obtainable from the asymmetric equations 

of motion neglecting second order terms of c.g. offset. Useful system nonlinearities are also 

identified and retained in backstepping control for a less conservative control design.  

  It is proved that the adaptation law can accurately estimates the actual c.g. position for the 

low alpha maneuvers in either of the above two cases. 

 For high alpha maneuvers, first a fast sliding mode control is combined with the second step 

of the ad-hoc model based adaptive backstepping control to mitigate the effects of model 

simplifications and aerodynamic uncertainties. Asymptotic stability of the proposed hybrid 

control is proved from first principle through a novel interval matrix analysis. 

 The asymmetric model based adaptive backstepping formulation is also extended to high 

alpha maneuvers. In a novel way, two sliding mode controllers are combined with the two 
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individual steps of backstepping design and further performance improvement is achieved. 

 Along with MATLAB simulations, hardware in loop simulations are also performed to 

establish the real time viability of the proposed controls in all the above mentioned cases. 

1.6 Key Assumptions of the Thesis 

In order to make the analysis tractable, the following reasonable assumption are made in the present 

investigation. 

 The aircraft is considered to be a rigid body which means that any two points on or within 

the airframe remain fixed with respect to each other. This assumption is valid as fighter 

aircraft are smaller and structurally more compact than civil aircraft, the flexible modes are 

negligible [82, 83]. 

 Effects of rotating parts such as the engine fan on the aircraft dynamics is neglected. 

 The aircraft is assumed to be equipped with thrust vectoring capabilities in both horizontal 

and vertical planes. 

 All the aerodynamic and thrust control effectors are assumed to be constrained by position 

and rate saturation limits. 

 All the control effectors are assumed to be described by first order stable dynamics. 

 All the state variables are assumed to be measured and the measurements are assumed to be 

perfect or noise free. 

1.7 Layout of the Thesis 

The thesis is divided into six chapters. Throughout the thesis to cover the entire spectrum of air 

vehicle low alpha maneuvers are carried on Aerosonde UAV while the high alpha maneuvers are 
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carried on F-18 HARV fighter aircraft. The main contributions are covered in the second, third, fourth 

and fifth chapters, the present i.e. first chapter introduces the thesis and the sixth one concludes the 

same. 

In Chapter 2, first the nominal lateral/directional dynamics of a fixed wing Aerosonde UAV is framed 

into strict feedback form and then the block backstepping approach is used to design the controller 

to execute low alpha namely horizontal turn and aileron roll maneuvers under no lateral c.g. variation. 

Thereafter, an adaptive block backstepping controller is designed to adapt to uncertainty in lateral 

c.g. position considering an ad-hoc model of the asymmetric dynamics.  

Chapter 3 starts with an approximation made for the complex 6-degree-of-freedom equations of 

motion, accounting for the asymmetric center of gravity position. These equations were then 

transformed into a strict feedback form, enabling the use of a two-step adaptive backstepping control 

design. Subsequently, an adaptation law was employed to estimate the lateral center of gravity 

position, allowing the unmanned aerial vehicle (UAV) to execute low alpha namely horizontal turn 

and aileron roll maneuvers automatically. The proposed adaptive scheme is validated and compared 

against the same two maneuvers with an approach used in Chapter 2, that utilized an ad-hoc model 

of the asymmetric equations of motion. 

In Chapter 4, first the aircraft flight dynamics under predominantly lateral c.g. movement, is 

expressed in a block strict feedback form considering an ad-hoc model of dynamics and thereafter 

an adaptive backstepping controller is proposed to adapt to the c.g. variations. To alleviate the model 

uncertainty caused by this model approximation and to provide robustness to aerodynamic 

uncertainties in high-alpha regions, a sliding mode control is further integrated with the adaptive 

backstepping control law. To validate the proposed control scheme, the high-alpha maneuvers namely 

cobra and Herbst maneuvers are implemented in simulation for the F18-HARV aircraft. 

In Chapter 5, first it is shown that the highly coupled six degrees of freedom dynamics arising because 
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of c.g. offset can be expressed in block strict feedback form under some reasonable model 

simplifications. Thereafter, a two-step adaptive backstepping control is designed using an adaptation 

law to explicitly adapt to the c.g. position. To provide robustness to the model simplifications as well 

as to aerodynamic uncertainties, a fast sliding mode control is integrated with each of the steps of the 

backstepping control and the asymptotic stability of the overall closed loop system is proved using 

the Lyapunov approach. In support of the efficacy of the proposed control strategy, simulation results 

are presented for two benchmark high-alpha maneuvers cobra and Herbst for the F18-HARV. 

Chapter 6 concludes the thesis with concluding remarks and recommendations for further extensions 

of the present work. Real time implementability of the proposed controls are also verified through 

hardware in loop simulations and these simulation results along with the complete datasets of the 

aircraft considered in the present work are provided in the Appendices. 

 

 

  

 



   

  
 

 

 

 

 

Chapter 2 

Adaptive Backstepping Control for Low Alpha Lateral 

Maneuvers   

 

2.1 Introduction 

In modern aerial combat scenarios, the demand for extreme maneuverability in aircraft is paramount 

for both operational effectiveness and pilot survivability. Moreover, achieving and maintaining 

control of aircraft executing maneuver is itself a complex task.  This complexity is further 

compounded by various factors such as unbalanced payload distribution, fuel consumption, structural 

damage, and other unforeseen events, all of which can cause the aircraft's center of gravity to shift 

significantly away from its nominal position along the fuselage centerline. However, in the present 

thesis lateral shift in c.g. position arising from asymmetrical release of payload is taken into 

consideration. 

When the center of gravity deviates, the aircraft's stability and controllability are compromised, 

posing a serious threat to both the vehicle and the pilot. In such scenarios, the ability of the aircraft 

to execute maneuvers effectively becomes crucial for survival. However, designing a robust 

controller capable of handling these nonlinear dynamics is a formidable challenge. The design of 
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such a controller requires a deep understanding of the complex interactions between aerodynamic 

forces, propulsion systems, and control surfaces. These interactions give rise to complex, nonlinear 

relationships that must be carefully considered to develop control systems capable of accurately 

capturing and responding to the aircraft's behavior in real-time. After a comprehensive literature 

survey, it is now appropriate to address how the sudden unknown lateral center of gravity (c.g.) 

movement affects maneuver performance to enhance overall aircraft survivability in combat 

scenarios. 

Several control methods have been used over time to study the trajectory tracking control problem 

for UAVs. Linear control techniques like the Linear Quadratic Regulator (LQR) [84] and the 

proportional-integral-derivative (PID) approach have been used for UAVs flight problem [85, 86]. 

These studies, however, did not examine the effects of uncertainties in further detail, making them 

ineffective for most real-life applications. Nonlinear control approaches have been explored and used 

in the recent past to strengthen stability and widen the region of operation of the control schemes.  

The approach of feedback linearization [19, 87, 88], which relies on the cancellation of all 

nonlinearities to convert a nonlinear system into a system with linear dynamics, is the one that is 

used frequently among the classical nonlinear control techniques. However, the major limitation of 

the method comes from the requirement of a complete knowledge of the nonlinearities present in the 

plant. This makes it susceptible to parametric uncertainty and modeling errors. In the case of flight 

control systems, in addition to this, the method relies on the two-time scale separation of angular and 

angular rate dynamics [89, 90]. Another popular nonlinear control algorithm that relies neither on the 

complete cancellation of the nonlinear dynamics nor on the two-time scale separation principle is the 

backstepping algorithm [36, 91]. Viewing some of the states as virtual control inputs offers a method 

for iteratively designing a controller. The backstepping design is often made adaptive to enhance the 

closed-loop system's robustness [37,41]. Therefore, in the present case, adaptive backstepping 

control approach is considered. 
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The outline of the chapter is as follows. The second section gives an introduction of the problem and 

the same is formulated for low alpha maneuvers. Divided into four subsections, in the third section 

linear control technique design for a symmetric fixed wing Aerosonde UAV is discussed first and 

then the control is formulated utilizing the LQR technique. The same control technique is extended 

for lateral c.g. variations as well. The fourth section discusses the necessity of nonlinear control 

implementation and the block backstepping control technique is implemented first for symmetric 

case and the same is extended again for asymmetric situation as well. Fifth section focusses on ad-

hoc formulation with unknown shift in c.g. position and estimation of lateral c.g. position using an 

adaptation law within an adaptive backstepping control design framework. Section six concludes the 

chapter with a brief prelude to the next chapters. 

2.2 Problem formulation and System Dynamics for Low Alpha Lateral Maneuvers 

In this section, the 6- degree of freedom (6-DOF) dynamics is formulated aimed at executing standard 

low-alpha maneuver namely horizontal turn and aileron roll. To achieve these maneuvers, external 

inputs provide appropriate time profiles of angular variables. Subsequently, the closed-loop 

controller generates the requisite commands for control surface deflection. The standard symmetric 

equations of motion in body axes, as described in [92], with conventional notation, are utilized for 

this purpose. 

[
𝑢
𝑣̇
𝑤̇

̇
] = [

−𝑞𝑤 + 𝑟𝑣
−𝑟𝑢 + 𝑝𝑤
−𝑝𝑣 + 𝑞𝑢

] +
1

𝑚
[

−𝑚𝑔𝑠𝑖𝑛𝜃 + 𝑞̅𝑆𝐶𝑋 + 𝑇𝑋
𝑚𝑔𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙 + 𝑞̅𝑆𝐶𝑌
𝑚𝑔𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙 + 𝑞̅𝑆𝐶𝑍

]              (2.1) 

where, 𝑇𝑋 =
1

2
𝑆𝑝𝑟𝑜𝑝𝐶𝑝𝑟𝑜𝑝((𝐾𝑚𝑜𝑡𝑜𝑟𝛿𝑇)

2 − 𝑉2) is the thrust model of the UAV [93]. 

[

𝐼𝑥𝑥 0 −𝐼𝑥𝑧
0 𝐼𝑦𝑦 0

−𝐼𝑥𝑧 0 𝐼𝑧𝑧

] [
𝑝̇
𝑞̇
𝑟̇
] = [

(𝐼𝑦𝑦 − 𝐼𝑧𝑧)𝑞𝑟 + 𝐼𝑥𝑧𝑝𝑞

(𝐼𝑧𝑧 − 𝐼𝑥𝑥)𝑟𝑝 + 𝐼𝑥𝑧(𝑟
2 − 𝑝2)

(𝐼𝑥𝑥 − 𝐼𝑦𝑦)𝑝𝑞 − 𝐼𝑥𝑧𝑞𝑟

] + [

𝑞̅𝑆𝑏𝐶𝑙
𝑞̅𝑆𝑐̅𝐶𝑚
𝑞̅𝑆𝑏𝐶𝑛

]                       (2.2) 
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[

𝜙̇

𝜃̇
𝜓̇

] = [

1 𝑠𝑖𝑛𝜙𝑡𝑎𝑛𝜃 𝑐𝑜𝑠𝜙𝑡𝑎𝑛𝜃
0 𝑐𝑜𝑠𝜙 −𝑠𝑖𝑛𝜙
0 𝑠𝑖𝑛𝜙 𝑐𝑜𝑠𝜙𝑠𝑒𝑐𝜃

] [
𝑝
𝑞
𝑟
]                           (2.3) 

Now (𝑣, 𝜙, 𝑝, 𝑟) ∈ ℝ4 is the state vector associated with the lateral/directional dynamics. The 

equations of motion of the UAV’s lateral/directional dynamics are given by 

𝑣̇ = −𝑟𝑢 + 𝑝𝑤 +
1

𝑚
(𝑚𝑔𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙 + 𝑞̅𝑆𝐶𝑌)              (2.4) 

𝜙̇ = 𝑝 + 𝑞𝑠𝑖𝑛𝜙𝑡𝑎𝑛𝜃 + 𝑟𝑐𝑜𝑠𝜙𝑡𝑎𝑛𝜃               (2.5) 

𝑝̇ = (𝑐1𝑟𝑞 + 𝑐2𝑝𝑞) + 𝑐3𝑞̅𝑆𝑏𝐶𝑙 + 𝑐4𝑞̅𝑆𝑏𝐶𝑛              (2.6) 

𝑟̇ = (𝑐8𝑝𝑞 − 𝑐2𝑟𝑞) + 𝑐4𝑞̅𝑆𝑏𝐶𝑙 + 𝑐9𝑞̅𝑆𝑏𝐶𝑛              (2.7) 

where, 𝑐1 = (𝐼𝑦 − 𝐼𝑧)𝐼𝑧 − 𝐼𝑥𝑧
2 ∆⁄ , 𝑐2 = (𝐼𝑥 − 𝐼𝑦 + 𝐼𝑧) 𝐼𝑥𝑧 ∆,⁄ 𝑐3 = 𝐼𝑧 ∆, 𝑐4 = 𝐼𝑥𝑧 ∆,⁄⁄ 𝑐8 = (𝐼𝑥 −

𝐼𝑦)𝐼𝑥 + 𝐼𝑥𝑧
2 ∆⁄ , 𝑐9 = 𝐼𝑥 ∆⁄   with ∆= 𝐼𝑥𝐼𝑧 − 𝐼𝑥𝑧

2  

Under the assumption that α and β remain small throughout the maneuver, total velocity and the 

longitudinal variables remain nearly constant at their initial steady wing level trim values, in Eq. 

(2.4) control is ignored since the control surface deflections produce only considerable moments and 

not force [69]. Eqs. (2.4) – (2.7) can be modified as 

𝜙̇ = 𝑝 + 𝑟𝑡𝑎𝑛𝛼𝑡𝑐𝑜𝑠𝜙                 (2.8) 

𝛽̇ = −𝑟 + 𝑝𝑡𝑎𝑛𝛼𝑡 +
𝑔

𝑉
𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝛼𝑡 +

𝑞̅𝑆𝐶𝑌𝛽𝛽

𝑚𝑉
                                                                                        (2.9) 

𝑝̇ = 𝑐3𝑞̅𝑆𝑏𝐶𝑙 + 𝑐4𝑞̅𝑆𝑏𝐶𝑛              (2.10) 

𝑟̇ = 𝑐4𝑞̅𝑆𝑏𝐶𝑙 + 𝑐9𝑞̅𝑆𝑏𝐶𝑛              (2.11) 

where 𝛼𝑡 is the trim angle of attack and 𝑉 is the trim velocity. 
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2.3 LQR based Linear Control Design for the Nominal System 

In the realm of Unmanned Aerial Vehicles (UAVs) in this chapter, our prime objective is to 

investigate how variations in lateral center of gravity (c.g.) position affect performance of low alpha 

lateral maneuvers. Among various low alpha lateral maneuvers, we have considered two significant 

maneuvers to elucidate this, the horizontal turn (banks the aircraft to one side to initiate a turn while 

maintaining a steady altitude in a short span) and the aileron roll maneuver (aircraft executing a full 

360° revolution about its longitudinal axis.). In low alpha region, the aerodynamics are fairly linear. 

Therefore, linear control techniques should be applied first and tested.  

Since the present problem involves model uncertainty due to c.g. variations, the LQR is considered 

as the preferred linear control tool because of its excellent robustness property. Its fundamentals, 

which are briefly outlined in the subsequent subsection, serve as a crucial backbone for ensuring the 

UAV's stability and performance during these dynamic maneuvers. 

2.3.1 A Brief Overview of LQR Theory [84] 

The Linear Quadratic Regulator (LQR) is a control technique used in engineering and control theory 

to design optimal control systems for linear dynamical systems subject to quadratic costs. It's 

particularly useful for systems where the dynamics can be modeled linearly and the performance 

criterion is expressed as a quadratic function of the system's state and control inputs. 

Here's an overview of LQR control process: 

Consider a continuous-time linear time-invariant (LTI) system described by the state-space 

equations: 

𝑥̇(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡)               (2.12) 

𝑦(𝑡) = 𝐶𝑥(𝑡) + 𝐷𝑢(𝑡)               (2.13) 
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where: 

 𝑥(𝑡) is the state vector of size 𝑛 × 1  

 𝑢(𝑡) is the control input of size 𝑚 × 1  

 𝑦(𝑡) is the output vector of size 𝑝 × 1  

 𝐴 is the 𝑛 × 𝑛 system dynamics matrix. 

 𝐵 is the 𝑛 ×𝑚 control input matrix. 

 𝐶 is the 𝑝 × 𝑛 output matrix. 

 𝐷 is the 𝑝 ×𝑚 feedforward matrix. 

The goal is to design a control law of the form: 

𝑢(𝑡) = −𝐾𝑥(𝑡)                (2.14) 

where 𝐾 is the feedback gain matrix, such that it minimizes the following cost function: 

𝐽 = ∫ (𝑥𝑇(𝑡)𝑄𝑥(𝑡) + 𝑢𝑇(𝑡)𝑅𝑢(𝑡))𝑑𝑡
∞

0
             (2.15) 

where: 

 𝑄 is the state weighting matrix, a positive semi-definite matrix of size 𝑛 × 𝑛. 

 𝑅 is the control input weighting matrix, a positive definite matrix of size 𝑚 ×𝑚. 

The solution to the LQR problem involves solving the continuous-time algebraic Riccati equation: 

𝐴𝑇𝑃 + 𝑃𝐴 − 𝑃𝐵𝑅−1𝐵𝑇𝑃 + 𝑄 = 0             (2.16) 

where 𝑃 is the solution to the Riccati equation, a positive definite matrix of size 𝑛 × 𝑛.  

Once 𝑃 is found, the optimal feedback gain matrix 𝐾 can be computed as: 



Chapter 2 

 

  

 

21 
 

𝐾 = −𝑅−1𝐵𝑇𝑃                 (2.17) 

The optimal control law 𝑢(𝑡) = −𝐾𝑥(𝑡) minimizes the cost function  𝐽 over an infinite time horizon. 

Overall, the Linear Quadratic Regulator is a versatile and widely used technique for designing 

optimal feedback controllers. It is a robust linear control technique that can handle uncertainties and 

disturbances. The LQR achieves infinite gain margin and a minimum phase margin of 60𝑜. Since the 

main concern of the present problem is system uncertainty in a low alpha maneuver, the excellent 

robustness property of LQR algorithm makes it an automatic choice.  

2.3.2 Control Formulation and Design 

In this sub-section, the main objective is to reframe the tracking problem into a regulator problem, 

enabling it to be effectively addressed through LQR-based control design. Aim is to autonomously 

execute the intended lateral maneuver when aircraft is symmetric along fuselage centerline. The 

desired time profiles for 𝑥1 i.e. 𝜙 (roll angle) and 𝛽 (sideslip angle) are fed externally as reference 

inputs and the controller generates 𝒖 i.e. the control surface deflection commands in a closed loop 

manner as shown in Figure 2.1. The formulation and analysis of the controller is discussed below.  

 

Figure 2.1. Closed loop diagram of LQR control scheme 

The Eqs. (2.8) – (2.11) provided in the previous section exhibit nonlinearity, prompting the 

application of small-disturbance theory to linearize them. According to this theory, all variables can 

be substituted with a reference value plus a perturbation, as outlined in [92]. 
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𝑣 = 𝑣0 + Δ𝑣;   𝑝 = 𝑝0 + Δ𝑝;   𝑟 = 𝑟0 + Δ𝑟; 

𝑌 = 𝑌0 + Δ𝑌;   𝐿 = 𝐿0 + Δ𝐿;   𝑁 = 𝑁0 + Δ𝑁; 

𝜙 = 𝜙0 + Δ𝜙;   𝜓 = 𝜓0 + Δ𝜓;   𝛿𝑎 = 𝛿𝑎0 + Δ𝛿𝑎;  

𝛿𝑟 = 𝛿𝑟0 + Δ𝛿𝑟;               (2.18) 

For steady level flight,  

𝑣0 = 0;  𝑝0 = 0;  𝑟0 = 0  𝑌0 = 0;  𝐿0 = 0;   

𝑁 = 0;  𝜙0 = 0; 𝜓0 = 0;             𝛿𝑎0 = 0; 𝛿𝑟0 = 0;                                        (2.19) 

On substituting Eqs. (2.18) in Eqs. (2.8) – (2.11), we get  

(𝜙̇0 + Δ𝜙)̇ = (𝑝0 + Δ𝑝) + (𝑟0 + Δ𝑟)𝑡𝑎𝑛𝛼𝑡𝑐𝑜𝑠(𝜙0 + Δ𝜙)          (2.20) 

(𝛽̇0 + Δ𝛽̇) = −(𝑟0 + Δ𝑟) + (𝑝0 + Δ𝑝)𝑡𝑎𝑛𝛼𝑡 +
𝑔

𝑉
𝑠𝑖𝑛(𝜙0 + Δ𝜙)𝑐𝑜𝑠𝛼𝑡 +

𝑞̅𝑆

𝑚𝑉
[CYβ(β0 + Δβ) +

                        𝐶𝑌𝑝
(𝑝0+Δ𝑝)𝑏

2𝑉
+ 𝐶𝑌𝑟

(𝑟0+Δ𝑟)𝑏

2𝑉
]                                                                                              (2.21)                                                                       

(𝑝̇0 + Δ𝑝̇) = 𝑐3𝑞̅𝑆𝑏[Clβ(β0 + Δβ) + 𝐶𝑙𝑝
(𝑝0+Δ𝑝)𝑏

2𝑉
+ 𝐶𝑙𝑟

(𝑟0+Δ𝑟)𝑏

2𝑉
+ 𝐶𝑙𝛿𝑎(𝛿𝑎0 + Δ𝛿𝑎) + 𝐶𝑙𝛿𝑟(𝛿𝑟0 +

                          Δ𝛿𝑟)] + 𝑐4𝑞̅𝑆𝑏[Cnβ(β0 + Δβ) + 𝐶𝑛𝑝
(𝑝0+Δ𝑝)𝑏

2𝑉
+ 𝐶𝑛𝑟

(𝑟0+Δ𝑟)𝑏

2𝑉
+ 𝐶𝑛𝛿𝑎(𝛿𝑎0 + Δ𝛿𝑎) +

                          𝐶𝑛𝛿𝑟(𝛿𝑟0 + Δ𝛿𝑟)]              (2.22) 

(𝑟̇0 + Δ𝑟̇) = 𝑐4𝑞̅𝑆𝑏[Clβ(β0 + Δβ) + 𝐶𝑙𝑝
(𝑝0+Δ𝑝)𝑏

2𝑉
+ 𝐶𝑙𝑟

(𝑟0+Δ𝑟)𝑏

2𝑉
+ 𝐶𝑙𝛿𝑎(𝛿𝑎0 + Δ𝛿𝑎) + 𝐶𝑙𝛿𝑟(𝛿𝑟0 +

                         Δ𝛿𝑟)] + 𝑐9𝑞̅𝑆𝑏[Cnβ(β0 + Δβ) + 𝐶𝑛𝑝
(𝑝0+Δ𝑝)𝑏

2𝑉
+ 𝐶𝑛𝑟

(𝑟0+Δ𝑟)𝑏

2𝑉
+ 𝐶𝑛𝛿𝑎(𝛿𝑎0 + Δ𝛿𝑎) +

                          𝐶𝑛𝛿𝑟(𝛿𝑟0 + Δ𝛿𝑟)]              (2.23) 

Now utilizing the condition laid down in Eq. (2.19) in Eqs. (2.20) – (2.23), we get 

Δ𝜙̇ = Δ𝑝 + Δ𝑟𝑡𝑎𝑛𝛼𝑡               (2.24) 

Δ𝛽̇ = −Δ𝑟 + Δ𝑝𝑡𝑎𝑛𝛼𝑡 +
𝑔

𝑉
Δ𝜙𝑐𝑜𝑠𝛼𝑡 +

𝑞̅𝑆

𝑚𝑉
(CYβΔβ + 𝐶𝑌𝑝

Δ𝑝𝑏

2𝑉
+ 𝐶𝑌𝑟

Δr𝑏

2𝑉
)                                          (2.25) 

Δ𝑝̇ = 𝑐3𝑞̅𝑆𝑏(ClβΔβ + 𝐶𝑙𝑝
Δ𝑝𝑏

2𝑉
+ 𝐶𝑙𝑟

Δr𝑏

2𝑉
+ 𝐶𝑙𝛿𝑎Δ𝛿𝑎 + 𝐶𝑙𝛿𝑟Δ𝛿𝑟) +   



Chapter 2 

 

  

 

23 
 

        𝑐4𝑞̅𝑆𝑏(CnβΔβ + 𝐶𝑛𝑝
Δ𝑝𝑏

2𝑉
+ 𝐶𝑛𝑟

Δr𝑏

2𝑉
+ 𝐶𝑛𝛿𝑎Δ𝛿𝑎 + 𝐶𝑛𝛿𝑟Δ𝛿𝑟)                      (2.26) 

Δ𝑟̇ = 𝑐4𝑞̅𝑆𝑏(ClβΔβ + 𝐶𝑙𝑝
Δ𝑝𝑏

2𝑉
+ 𝐶𝑙𝑟

Δr𝑏

2𝑉
+ 𝐶𝑙𝛿𝑎Δ𝛿𝑎 + 𝐶𝑙𝛿𝑟Δ𝛿𝑟) +   

        𝑐9𝑞̅𝑆𝑏(CnβΔβ + 𝐶𝑛𝑝
Δ𝑝𝑏

2𝑉
+ 𝐶𝑛𝑟

Δr𝑏

2𝑉
+ 𝐶𝑛𝛿𝑎Δ𝛿𝑎 + 𝐶𝑛𝛿𝑟Δ𝛿𝑟)                      (2.27) 

The linearized model of aircraft in the state space form of lateral dynamics is given by 

[
 
 
 
Δ𝜙̇

Δ𝛽̇
Δ𝑝̇
Δ𝑟̇ ]
 
 
 
=

[
 
 
 
 
 
 
 

0 0 1 𝑡𝑎𝑛𝛼𝑡
𝑔

𝑉
𝑐𝑜𝑠𝛼𝑡

𝑞̅𝑆𝐶𝑌𝛽

𝑚𝑉
𝑡𝑎𝑛𝛼𝑡 +

𝐶𝑌𝑝𝑏𝑞̅𝑆

2𝑚𝑉2
−1 +

𝐶𝑌𝑟𝑏𝑞̅𝑆

2𝑚𝑉2

0 𝑞̅𝑆𝑏(𝑐3𝐶𝑙𝛽 + 𝑐4𝐶𝑛𝛽)
𝑞̅𝑆𝑏2

2𝑉
(𝑐3𝐶𝑙𝑝 + 𝑐4𝐶𝑛𝑝)

𝑞̅𝑆𝑏2

2𝑉
(𝑐3𝐶𝑙𝑟 + 𝑐4𝐶𝑛𝑟)

0 𝑞̅𝑆𝑏(𝑐4𝐶𝑙𝛽 + 𝑐9𝐶𝑛𝛽)
𝑞̅𝑆𝑏2

2𝑉
(𝑐4𝐶𝑙𝑝 + 𝑐9𝐶𝑛𝑝)

𝑞̅𝑆𝑏2

2𝑉
(𝑐4𝐶𝑙𝑟 + 𝑐9𝐶𝑛𝑟)]

 
 
 
 
 
 
 

[

Δ𝜙
Δ𝛽
Δ𝑝
Δ𝑟

] 

                        +

[
 
 
 

0 0
0 0

𝑞̅𝑆𝑏(𝑐3𝐶𝑙𝛿𝑎 + 𝑐4𝐶𝑛𝛿𝑎) 𝑞̅𝑆𝑏(𝑐3𝐶𝑙𝛿𝑟 + 𝑐4𝐶𝑛𝛿𝑟)

𝑞̅𝑆𝑏(𝑐4𝐶𝑙𝛿𝑎 + 𝑐9𝐶𝑛𝛿𝑎) 𝑞̅𝑆𝑏(𝑐4𝐶𝑙𝛿𝑟 + 𝑐9𝐶𝑛𝛿𝑟)

 

]
 
 
 

[
Δ𝛿𝑎
Δ𝛿𝑟

]                     (2.28) 

From the above Eq. (2.28) it is evident that to control four state variables we have only two available 

control surface deflection elements. Hence, to resolve this issue, the above equation is converted into 

second order equations in 𝜙 and 𝛽 to make it amenable to LQR design as follows: 

From Eq. (2.28) we can write, 

[
Δ𝜙̇

Δ𝛽̇
] = [

0 0
𝑔

𝑉
𝑐𝑜𝑠𝛼𝑡

𝑞̅𝑆𝐶𝑌𝛽

𝑚𝑉

] [
Δ𝜙
Δ𝛽
] + [

1 𝑡𝑎𝑛𝛼𝑡

𝑡𝑎𝑛𝛼𝑡 +
𝐶𝑌𝑝𝑏𝑞̅𝑆

2𝑉𝑚𝑉
−1+

𝐶𝑌𝑟𝑏𝑞̅𝑆

2𝑉𝑚𝑉

] [
Δ𝑝
Δ𝑟
]                                      (2.29)                   

[
Δ𝑝̇
Δ𝑟̇
] = [

0 𝑞̅𝑆𝑏(𝑐3𝐶𝑙𝛽 + 𝑐4𝐶𝑛𝛽)

0 𝑞̅𝑆𝑏(𝑐4𝐶𝑙𝛽 + 𝑐9𝐶𝑛𝛽)
] [
Δ𝜙
Δ𝛽
] + [

𝑞̅𝑆𝑏2

2𝑉
(𝑐3𝐶𝑙𝑝 + 𝑐4𝐶𝑛𝑝)

𝑞̅𝑆𝑏2

2𝑉
(𝑐3𝐶𝑙𝑟 + 𝑐4𝐶𝑛𝑟)

𝑞̅𝑆𝑏2

2𝑉
(𝑐4𝐶𝑙𝑝 + 𝑐9𝐶𝑛𝑝)

𝑞̅𝑆𝑏2

2𝑉
(𝑐4𝐶𝑙𝑟 + 𝑐9𝐶𝑛𝑟)

] [
Δ𝑝
Δ𝑟
] +

               [
𝑞̅𝑆𝑏(𝑐3𝐶𝑙𝛿𝑎 + 𝑐4𝐶𝑛𝛿𝑎) 𝑞̅𝑆𝑏(𝑐3𝐶𝑙𝛿𝑟 + 𝑐4𝐶𝑛𝛿𝑟)

𝑞̅𝑆𝑏(𝑐4𝐶𝑙𝛿𝑎 + 𝑐9𝐶𝑛𝛿𝑎) 𝑞̅𝑆𝑏(𝑐4𝐶𝑙𝛿𝑟 + 𝑐9𝐶𝑛𝛿𝑟)
] [
Δδa
Δδr

]           (2.30) 

From Eq. (2.29), [
Δ𝑝
Δ𝑟
] is extracted as  
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[
Δ𝑝
Δ𝑟
] = [

1 𝑡𝑎𝑛𝛼𝑡

𝑡𝑎𝑛𝛼𝑡 +
𝐶𝑌𝑝𝑏𝑞̅𝑆

2𝑉𝑚𝑉
−1 +

𝐶𝑌𝑟𝑏𝑞̅𝑆

2𝑉𝑚𝑉

]

−1

[
Δ𝜙̇

Δ𝛽̇ −
𝑔

𝑉
𝑐𝑜𝑠𝛼𝑡Δ𝜙 −

𝑞̅𝑆𝐶𝑌𝛽

𝑚𝑉
Δ𝛽
]           (2.31) 

[
Δ𝜙̈

Δ𝛽̈
] = [

0 0
𝑔

𝑉
𝑐𝑜𝑠𝛼𝑡

𝑞̅𝑆𝐶𝑌𝛽

𝑚𝑉

] [
Δ𝜙̇

Δ𝛽̇
] + [

1 𝑡𝑎𝑛𝛼𝑡

𝑡𝑎𝑛𝛼𝑡 +
𝐶𝑌𝑝𝑏𝑞̅𝑆

2𝑉𝑚𝑉
−1 +

𝐶𝑌𝑟𝑏𝑞̅𝑆

2𝑉𝑚𝑉

] [
Δ𝑝̇
Δ𝑟̇
]         (2.32) 

On substituting Eq. (2.29) and Eq. (2.30) in Eq. (2.32) can be finally expressed in the form 

Δ𝜙̈ = 𝑎11Δ𝜙 + 𝑎12Δ𝜙̇ + 𝑎13Δ𝛽 + 𝑎14Δ𝛽̇ + 𝑏11 Δ𝛿𝑎 + 𝑏12 Δ𝛿𝑟                      (2.33) 

Δ𝛽̈ = 𝑎21Δ𝜙 + 𝑎22Δ𝜙̇ + 𝑎23Δ𝛽 + 𝑎23Δ𝛽̇ + 𝑏21 Δ𝛿𝑎 + 𝑏22 Δ𝛿𝑟          (2.34) 

where 𝑎𝑖𝑗 and 𝑏𝑖𝑗 are constants. Since the equilibrium values of 𝜙, 𝛽 and 𝛿𝑎, 𝛿𝑟 are all zero for steady 

wing-level flight, Δ𝜙 = 𝜙, Δ𝛽 = 𝛽, Δ𝛿𝑎 = 𝛿𝑎, Δ𝛿𝑟 = 𝛿𝑟. Therefore, 

𝜙̈ = 𝑎11𝜙 + 𝑎12𝜙̇ + 𝑎13𝛽 + 𝑎14𝛽̇ + 𝑏11𝛿𝑎 + 𝑏12𝛿𝑟                                   (2.35) 

𝛽̈ = 𝑎21𝜙 + 𝑎22𝜙̇ + 𝑎23𝛽 + 𝑎23𝛽̇ + 𝑏21𝛿𝑎 + 𝑏22𝛿𝑟                       (2.36) 

To convert the tracking problem into a regulator problem, let us define the errors as follows: 

𝑒𝜙 = 𝜙 − 𝜙𝑑 and 𝑒̇𝜙 = 𝜙̇ − 𝜙̇𝑑              (2.37) 

𝑒𝛽 = 𝛽 − 𝛽𝑑 and 𝑒̇𝛽 = 𝛽̇ − 𝛽̇𝑑                          (2.38) 

Substituting Eq. (2.37) in Eq. (2.35) we get, 

𝑒̈𝜙 = 𝑎11𝑒𝜙 + 𝑎12𝑒̇𝜙 + 𝑎13𝑒𝛽 + 𝑎14𝑒̇𝛽 + 𝑏11𝛿𝑎 + 𝑏12𝛿𝑟 + 𝑎11𝜙𝑑 + 𝑎12𝜙̇𝑑 + 𝑎13 𝛽𝑑 + 

           𝑎14𝛽̇𝑑 − 𝜙̈𝑑                                        (2.39) 

𝑒̈𝜙 = 𝑎11𝑒𝜙 + 𝑎12𝑒̇𝜙 + 𝑎13𝑒𝛽 + 𝑎14𝑒̇𝛽 + 𝑏11𝛿𝑎 + 𝑏12𝛿𝑟 + 𝑓1(𝑡)          (2.40) 

where  

𝑓1(𝑡) = 𝑎11𝜙𝑑 + 𝑎12𝜙̇𝑑 + 𝑎13 𝛽𝑑 + 𝑎14𝛽̇𝑑 − 𝜙̈𝑑           (2.41) 

Similarly, 

𝑒̈𝛽 = 𝑎21𝑒𝜙 + 𝑎22𝑒̇𝜙 + 𝑎23𝑒𝛽 + 𝑎14𝑒̇𝛽 + 𝑏21𝛿𝑎 + 𝑏22𝛿𝑟 + 𝑎21𝜙𝑑 + 𝑎22𝜙̇𝑑 + 𝑎23 𝛽𝑑 + 

           𝑎24𝛽̇𝑑 + 𝛽̈𝑑                                                    (2.42) 

𝑒̈𝛽 = 𝑎21𝑒𝜙 + 𝑎22𝑒̇𝜙 + 𝑎23𝑒𝛽 + 𝑎14𝑒̇𝛽 + 𝑏21𝛿𝑎 + 𝑏22𝛿𝑟 + 𝑓2(𝑡)          (2.43) 
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where  

𝑓2(𝑡) = 𝑎21𝜙𝑑 + 𝑎22𝜙̇𝑑 + 𝑎23 𝛽𝑑 + 𝑎24𝛽̇𝑑 + 𝛽̈𝑑           (2.44) 

Letting 𝑥1 = 𝑒𝜙, 𝑥2 = 𝑒̇𝜙, 𝑥3 = 𝑒𝛽, 𝑥4 = 𝑒̇𝛽 and  𝑢1 = 𝑏11𝛿𝑎 + 𝑏12𝛿𝑟 + 𝑓1(𝑡), 𝑢2 = 𝑏21𝛿𝑎 +

𝑏22𝛿𝑟 + 𝑓2(𝑡), Eqs (2.40) and (2.43) can be expressed as 

[

𝑥1̇
𝑥̇2
𝑥̇3
𝑥̇4

] = [

0 1 0 0
𝑎11 𝑎12 𝑎13 𝑎14
0 0 0 1
𝑎21 𝑎22 𝑎23 𝑎24

] [

𝑥1
𝑥2
𝑥3
𝑥4

] + [

0 0
1 0
0 0
0 1

 ] [
𝑢1
𝑢2
]               (2.45) 

Now, considering the dynamics given by Eq. (2.45), 𝑢1(𝑡) and 𝑢2(𝑡) can be generated from LQR 

algorithm. Since 

[
𝑢1
𝑢2
] = [

𝑏11 𝑏12
𝑏21 𝑏22

] [
𝛿𝑎
𝛿𝑟
] + [

𝑓1(𝑡)

𝑓2(𝑡)
]                 (2.46) 

the final control surface deflection commands can be obtained as 

[
𝛿𝑎
𝛿𝑟
] = [

𝑏11 𝑏12
𝑏21 𝑏22

]
−1

[
𝑢1 − 𝑓1(𝑡)

𝑢2 − 𝑓2(𝑡)
]                   (2.47) 

LQR is a controller that is alike to pole placement method, but instead of computing the controller 

gain matrix based on the selected pole locations, it is calculated by minimizing the cost functional 

𝐽 = ∫ (𝑥𝑇𝑄𝑥 + 𝑢𝑇𝑅𝑢)𝑑𝑡
∞

0
  where 𝑄 is the weighing function of states and 𝑅 is the weighing function 

of the control variables. 𝑄 and 𝑅, are normally treated as tuning parameters. 

 

2.3.3 Simulation Results and Performance Analysis 

In this sub-section, low alpha maneuvers namely the horizontal turn maneuver and the aileron roll 

maneuvers are implemented using LQR control technique as formulated in the previous subsection 

when the c.g. of aircraft is at the reference point in the plane of symmetry. To perform the horizontal 

turn maneuver using LQR control design approach, a bell-shaped curve for desired roll angle (φ) 

profile as shown in Figure 2.2 is generated as 𝜙𝑑(𝑡) =
1

1+|
𝑡−𝑐

𝑎
|
2𝑏 the value of a, b, and c are set with 
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trial and error and listed in Table 2.1 keeping sideslip angle (β) zero. A maneuver duration of 18𝑠 

starting at 𝑡 = 0 is considered with the initial trim at a velocity of 20𝑚/𝑠 at an altitude of 1000𝑚. 

The trajectory, time evolution of relevant variables and the profiles of the control signals are shown 

in Figure 2.4. Similarly, for aileron roll maneuver, a sigmoid function for desired roll angle (φ) profile 

as shown in Figure 2.2 is taken into consideration while keeping sideslip angle (β) zero. The UAV is 

commanded to execute two full rotation about its body x-axis in 4𝑠. Initial trim conditions are kept 

at the same values as considered for horizontal turn maneuver. The time evolution of relevant 

variables and the profiles of control signals for aileron roll maneuver are shown in Figure 2.5. On 

substituting the values of various aerodynamics and geometric parameters as given in Appendix-C 

[93], the error dynamics given by Eq. (2.45) is 

[

𝑥1̇
𝑥̇2
𝑥̇3
𝑥̇4

] = [

0 1 0 0
2 −7.315 −36.6 −4.168
0 0 0 1
2.72 0.20 −59.21 −6.125

] [

𝑥1
𝑥2
𝑥3
𝑥4

] + [

0 0
1 0
0 0
0 1

 ] [
𝑢1
𝑢2
]         (2.48) 

LQR for above Eq. (2.48) will give 𝑢1(𝑡) and 𝑢2(𝑡).  

Now,  [
𝑢1
𝑢2
] = [

39.56 43.78
−6.915 13.256

] [
𝛿𝑎
𝛿𝑟
] + [

𝑓1(𝑡)

𝑓2(𝑡)
]            (2.49) 

hence [
𝛿𝑎
𝛿𝑟
] = [

39.56 43.78
−6.915 13.256

]
−1

[
𝑢1 − 𝑓1(𝑡)

𝑢2 − 𝑓2(𝑡)
]           (2.50) 

Various controller parameters such as Q, R and K are listed in Table 2.2.  

     

Figure 2.2. Time profiles of reference signals for Horizontal turn and Aileron roll maneuver 
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Table 2.1: Desired reference signal parameters: Horizontal turn maneuver 

Reference signal 𝒂 𝒃 𝒄 

Roll Angle (𝜙) 6 5 9 

 

 

 

 

Figure 2.3. Time evolution of states and controls for horizontal turn maneuver when c.g. at 

nominal position: LQR design approach  
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.  

 

Figure 2.4. Time evolution of states and controls for aileron roll maneuver when c.g. at nominal 

position: LQR design approach  

 

Table 2.2: LQR controller parameters 

Maneuver 𝑸 𝑹 Controller gain matrix 𝑲 

Horizontal 

turn 
[

1 0 0 0
0 0.1 0 0
0 0 0.1 0
0 0 0 0.1

] [
0.2 0
0 0.1

] [
67.0331 7.7252 −16.5118 −2.2863
−36.7360 −4.5726 14.8027 7.8315

] 

Aileron 

roll 
[

10 0 0 0
0 0.1 0 0
0 0 0.01 0
0 0 0 0.01

] [
0.001 0
0 0.002

] [
99.1795 11.2361 −18.5499 −3.5505
−14.2350 −1.7520 4.1753 1.5797

] 
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In Figure 2.4, the results clearly showcase outstanding performance during the horizontal turn 

maneuver, with the commanded and actual profiles nearly overlapping, and aileron and rudder 

deflections well within their limits. Altitude and velocity variations are minimal, reflecting a good 

tracking capability. This commendable tracking performance is also observed during the aileron roll 

maneuver, as illustrated in Figure 2.5.  

 

 

 

Figure 2.5. Time evolution of states and controls for horizontal turn maneuver under lateral c.g. 

variation: LQR design approach  
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Figure 2.6. Time evolution of states and controls for aileron roll maneuver under lateral c.g. 

variation: LQR design approach  

 

 

However, when the same controller is subjected to the asymmetric conditions, the horizontal turn 

maneuver could not be performed at all, whereas, for the aileron roll maneuver, the closed-loop 

system experiences a noticeable decline in maneuver performance as evident from Figures 2.5 and 

2.6. To simulate the asymmetric dynamics, the c.g. of the UAV is assumed to move laterally on either 

side of the fuselage centerline. It is assumed that the UAV carries a single store of 1.5 𝑘𝑔 (which is 

10% of the mass of the UAV and the store combined) mounted either on the starboard side (referred 

to as Asym+) or on the port side (referred to as Asym-) half of the semispan away from the body 

centerline. This gives rise to a lateral c.g. movement of  ±7.0 𝑐𝑚. The UAV is assumed to be initially 
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trimmed at the same conditions as considered before. The aerodynamic control surfaces are assumed 

to have saturation limits (values given in Appendix-C). The failure of a robust linear control 

technique such as the LQR to successfully mitigate the c.g. uncertainty issue prompts us to try a 

nonlinear control law, which is discussed next. 

 

2.4 Backstepping based Nonlinear Control Design for the Nominal System 

The previous section highlights a limitation of linear control techniques in adequately handling 

maneuvers when the center of gravity deviates from its nominal position due to various reasons such 

as uneven fuel consumption, asymmetric payload distribution or release, structural damage, etc. This 

inadequacy necessitates the implementation of nonlinear control techniques to automatically execute 

such maneuvers. To investigate the effects of lateral c.g. variations on lateral maneuvers, let us first 

consider the nominal or symmetric case. The same two lateral maneuvers namely horizontal turn and 

aileron roll maneuvers are analyzed in the same manner as in the previous section.  

In this context, a well-established nonlinear control technique capable of effectively handling 

nonlinear dynamics is employed. Specifically, the backstepping control law is chosen as unlike the 

nonlinear dynamic inversion technique, it does not have to rely on two time scale separation principle 

when applied to flight control problems [41,111]. In the subsequent subsection, the basics of 

backstepping control are briefly reviewed. 

2.4.1 A Brief Overview of Backstepping Control [94] 

Backstepping, as an energy-based method, emerges as a potent tool in tackling the control challenges 

posed by nonlinear systems. Rooted in Lyapunov theory, it offers a versatile approach to control 

design. A key strength lies in its unique ability to decompose the control problem of an nth order 

system into n numbers of first order interconnected system. The general idea behind backstepping 
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control is to transform the original nonlinear system into a series of subsystems, and then design 

controllers for each subsystem. The control law is constructed in a recursive manner, starting from 

the final state of the system and working backward toward the initial state. This recursive approach 

of the backstepping often serves as an advantageous feature during the design of control law for 

complicated nonlinear dynamic systems. 

However, the ordinary integral backstepping method relies on the assumption that the system 

conforms to a strict feedback structure, typically found in single-input single-output (SISO) nonlinear 

systems. But, when dealing with multivariable control problems, it is common to encounter systems 

that do not fit into strict feedback or semi-strict feedback (i.e., lower triangular) form. Consequently, 

applying the integral backstepping approach directly becomes impractical for devising control laws 

in multiple-input multiple-output (MIMO) systems. This limitation prompts the need for alternative 

strategies. One such effective approach is the block backstepping technique, which offers a solution 

for addressing control challenges in diverse nonlinear MIMO systems. 

Here is an overview of the block backstepping control algorithm: 

Let 𝒙𝟏̇ = 𝒇𝟏(𝒙𝟏) + 𝐺1(𝒙𝟏)𝒙𝟐              (2.51) 

be the highest-order dynamics of the system, where 𝒙𝟏 represents the states that are being regulated, 

𝒇𝟏(𝒙𝟏) represents the nominal dynamics, and 𝐺1(𝒙𝟏) represents the control input influence matrix. 

To ensure asymptotic convergence of 𝒙𝟏, the desired profile for the virtual control is computed as 

𝒙𝟐𝒅 = (𝐺1)
−𝟏 (−𝒇𝟏 − 𝐾1𝒙𝟏)                    (2.52) 

Now, considering the next highest-order dynamics as 

𝒙𝟐̇ = 𝒇𝟐(𝒙) + 𝐺2(𝒙) 𝒖               (2.53) 

the final control 𝒖 can be computed as 
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𝒖 = (𝐺2)
−1(−𝒇𝟐 − 𝐾2𝒆𝟐 − 𝐺1

𝑇𝒙𝟏 + 𝒙̇𝟐𝒅)                (2.54) 

to ensure asymptotic convergence of both of 𝒙𝟏 and 𝒆𝟐 where 𝒆𝟐 = 𝒙𝟐 − 𝒙𝟐𝒅 is the error in the 

virtual control.  

Backstepping control finds extensive use in controlling highly nonlinear systems, such as those 

encountered in robotics, aerospace, and many other engineering domains. . It is a powerful tool in 

the control engineer's toolkit for addressing challenging nonlinear control problems. However, its 

successful application requires accurate knowledge of the system dynamics. 

2.4.2 Control Formulation and Design 

In this sub-section, the coupled aircraft equations of motion are converted to strict feedback form to 

make it amenable to backstepping based control design. The formulation is aimed to autonomously 

execute the intended lateral maneuver when aircraft is symmetric along fuselage centerline. For 

carrying out such maneuvers, suitable time profiles of appropriate angular variables are fed externally 

as reference input in same manner as in previous section, and the closed loop controller then 

generates the necessary control surface deflection commands as shown in Figure 2.7. The detailed 

analysis of the proposed controller is discussed below. 

 

Figure 2.7. Closed loop diagram of backstepping control scheme 

From Eqs. (2.8) - (2.11), angular and angular rate dynamics can be separated as  
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[
𝜙̇

𝛽̇
] = [

0
𝑔

𝑉
𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝛼𝑡 +

𝑞̅𝑆𝐶𝑌(𝛽)

𝑚𝑉

] + [
1 𝑡𝑎𝑛𝛼𝑡𝑐𝑜𝑠𝜙

𝑡𝑎𝑛𝛼𝑡 −1
] [
𝑝
𝑟
]                       (2.55) 

[
𝑝̇
𝑟̇
] = [

𝑐3 𝑐4
𝑐4 𝑐9

] [
𝑞̅𝑆𝑏(𝐶𝑙𝛽𝛽 + 𝐶𝑙𝑝

𝑝𝑏

2𝑉
+ 𝐶𝑙𝑟

𝑟𝑏

2𝑉
) 

𝑞̅𝑆𝑏(𝐶𝑛𝛽𝛽 + 𝐶𝑛𝑝
𝑝𝑏

2𝑉
+ 𝐶𝑛𝑟

𝑟𝑏

2𝑉
)
] + 𝑞̅𝑆𝑏 [

𝑐3 𝑐4
𝑐4 𝑐9

] [
𝐶𝑙𝛿𝑎 𝐶𝑙𝛿𝑟
𝐶𝑛𝛿𝑎 𝐶𝑛𝛿𝑟

] [
𝛿𝑎
𝛿𝑟
]                    (2.56) 

Let 𝑥1 = [
𝜙
𝛽
], and 𝑥2 = [

𝑝
𝑟
] be the virtual control, and 𝑢 = [

𝛿𝑎
𝛿𝑟
] be the actual control variables. 

Therefore, Eqs. (2.55) and (2.56) can be represented in the general block strict feedback form  

 𝒙𝟏̇ = 𝒇𝟏(𝒙𝟏) + 𝐺1(𝒙𝟏)𝒙𝟐              (2.57) 

 𝒙𝟐̇ = 𝒇𝟐(𝑥) + 𝐺2𝒖                           (2.58) 

where 𝒇𝟏, 𝒇𝟐 are 2 × 1 vector valued functions and 𝐺1, 𝐺2 are 2 × 2 matrices and all these are known 

at every time step from the assumption of availability of full state feedback. 

Introducing error variables  𝒆𝟏 and 𝒆𝟐 as 𝒆𝟏 = 𝒙𝟏 − 𝒙𝟏𝒅 and 𝒆𝟐 = 𝒙𝟐 − 𝒙𝟐𝒅 where 𝒙𝟏𝒅 and 𝒙𝟐𝒅 are 

the desired trajectories of 𝒙𝟏 and 𝒙𝟐, the dynamic equation of 𝒆𝟏 is given by  

𝒆𝟏̇ = 𝒙𝟏̇ − 𝒙̇𝟏𝒅 = 𝒇𝟏(𝒙𝟏) + 𝐺1(𝒙𝟏)𝒙𝟐 − 𝒙̇𝟏𝒅                        (2.59) 

Let the Lyapunov function for the dynamics given by Eq. (2.59) be 

𝑉1 =
1

2
𝒆𝟏
𝑻𝒆𝟏                            (2.60) 

On differentiating Eq. (2.60) 

 𝑉̇1 = 𝒆𝟏
𝑻𝒆̇𝟏 = 𝒆𝟏

𝑻[𝒇𝟏 + 𝐺1𝒙𝟐 − 𝒙̇𝟏𝒅]                                     (2.61) 

Let, 𝒇𝟏 + 𝐺1𝒙𝟐 − 𝒙̇𝟏𝒅 = −𝐾1𝒆𝟏                                (2.62) 

where 𝐾1 is a constant positive definite matrix. 

𝑉̇1 = −𝒆𝟏
𝑻𝐾1𝒆𝟏 < 0                            (2.63) 
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From Eq. (2.62), the desired profile for the virtual control is computed as 

𝒙𝟐𝒅 = (𝐺1)
−1(−𝐾1𝒆𝟏 + 𝒙̇𝟏𝒅 − 𝒇𝟏)                         (2.64) 

The Lyapunov function for the complete dynamics is chosen as 

𝑉2 =
1

2
𝒆𝟏
𝑻𝒆𝟏 +

1

2
𝒆𝟐
𝑻𝒆𝟐                                       (2.65) 

Therefore, 

 𝑉̇2 = 𝒆𝟏
𝑻𝒆̇𝟏 + 𝒆𝟐

𝑻𝒆̇𝟐 = 𝒆𝟏
𝑻[𝒇𝟏 + 𝐺1𝒆𝟐 + 𝐺1𝒙𝟐𝒅 − 𝒙̇𝟏𝒅] + 𝒆𝟐

𝑻𝒆̇𝟐                                              (2.66) 

Substituting Eq. (2.64) in Eq. (2.66),    

𝑉̇2 = −𝒆𝟏
𝑻𝐾1𝒆𝟏 + 𝒆𝟏

𝑻𝐺1𝒆𝟐 + 𝒆𝟐
𝑻𝒆̇𝟐                         (2.67) 

Let, 𝒆̇𝟐 = −𝐾2𝒆𝟐 − 𝐺1
𝑇𝒆𝟏                                             (2.68) 

where 𝐾2 is a constant positive definite matrix. This leads to 

𝑉̇2 = −𝒆𝟏
𝑻𝐾1𝒆𝟏 − 𝒆𝟐

𝑻𝐾2𝒆𝟐 < 0                          (2.69) 

Substituting Eq. (2.68) in Eq. (2.58), the final control input is computed as 

𝑢 = (𝐺2)
−1(−𝒇𝟐 − 𝐾2𝒆𝟐 − 𝐺1

𝑇𝒆𝟏 + 𝒙̇𝟐𝒅)                                        (2.70) 

where 𝒙̇𝟐𝒅 is computed from Eq. (2.64). 

2.4.3 Simulation Results and Performance Analysis 

In this sub-section, low alpha maneuvers namely the horizontal turn maneuver and the aileron roll 

maneuvers are implemented using backstepping control technique as formulated in the previous 

subsection when the c.g. of aircraft is at the reference point in the plane of symmetry. Let this control 

approach be called nominal backstepping scheme. Both the maneuvers are considered under the 
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same initial trim condition as in previous section. The trajectory, time evolution of relevant variables 

and the profiles of the control signals of horizontal turn and aileron roll maneuvers are shown in 

Figure 2.8 and Figure 2.9 respectively. Various controller parameters as tuned through trial and error 

are listed in Table 2.3. Aerodynamic and geometric data of the UAV are summarized in the 

Appendix-C for the sake of ready reference. 

 

 

 

Figure 2.8. Time evolution of states and controls for horizontal turn maneuver when c.g. at 

nominal position: Backstepping design approach 
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Figure 2.9. Time evolution of states and controls for aileron roll maneuver maneuver when c.g. at 

nominal position: Backstepping design approach 

From Figure 2.8 it is evident that an excellent performance for horizontal turn maneuver is achieved 

with the flight taking exact turn of 1800 within 90m turn radius and good tracking result is obtained 

as commanded and actual profiles are almost overlapping with each other with aileron and rudder 

deflections well within their saturation limits. Variations in altitude and total velocity are also 

negligible. Similarly, excellent tracking performance within control surface deflection saturation 

limit is also obtained for aileron roll maneuver as depicted in Figure 2.9. However, when the same 

controller is retained in the asymmetric situation, again, the performance of the closed loop system 

undergoes significant degradation as it is easily noticeable in both the maneuvers as represented in 
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Figures 2.10 and 2.11. In fact, the controller completely fails to execute the horizontal turn maneuver. 

To mitigate this performance degradation under lateral c.g. movement, an adaptive backstepping 

control scheme based on an ad-hoc representation of the asymmetric dynamics is proposed in the 

next section. 

 

  

 

 

Figure 2.10. Time evolution of states and controls for horizontal turn maneuver under lateral c.g. 

variation: Backstepping design approach  
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Figure 2.11. Time evolution of states and controls for aileron roll maneuver under lateral c.g. 

variation: Backstepping design approach  

 

 

Table 2.3: Backstepping controller parameters 

 

 

 

 

 

Maneuver 𝑲𝟏   𝑲𝟐 

Horizontal turn [
15 0
0 10

] [
10 0
0 5

] 

Aileron roll [
15 0
0 20

] [
18 0
0 10

] 
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2.5 Adaptive Block Backstepping Control Design under Lateral C.G. Uncertainty 

It can be observed from the simulation results in the previous section that when the c.g. of the vehicle 

vary in the lateral direction from the plane of symmetry, the backstepping control itself is not robust 

enough to handle the c.g. variation caused by various reasons such as uneven fuel consumption, 

asymmetric payload distribution or release, structural damage, etc. The lateral c.g., shift causes loss 

of geometric symmetry of the vehicle, leading to complex coupled nonlinear flight dynamics that are 

extremely challenging from control design perspectives especially when attempting some fast lateral 

maneuvers.  

To address this challenge, our focus shifts in this section towards making the backstepping controller 

adaptive. This adaptability ensures that the controller can effectively handle maneuvers even in the 

presence of realistic uncertainty regarding the lateral c.g. location. By making the backstepping 

controller adaptive, we aim to maintain maneuver performance without experiencing degradation 

due to unpredictable shifts in c.g. position.  

2.5.1 Problem Formulation and System Dynamics 

In this sub-section, we turn our focus to make backstepping controller adaptive when the entire mass 

of the UAV is displaced by specific distances, denoted as 𝑥𝑐𝑚, 𝑦𝑐𝑚, and 𝑧𝑐𝑚, relative to its initial 

nominal position. The body frame's origin remains fixed in the primary nominal position within the 

plane of symmetry. As we primarily concentrate on lateral c.g. movements, hence we assume that 

𝑥𝑐𝑚 and 𝑧𝑐𝑚 are both zero. Since a c.g. offset will predominantly generate a rolling moment, an 

additional rolling moment due to gravity term is added to the standard rotational dynamics. The 

rotational kinematics part remains unchanged. This leads to the modified equations of motion as 

given below by Eqs. (2.71) and (2.72). The second term on the right-hand side of Eq. (2.72) 

represents the extra rolling moment due to gravity. 
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[
𝜙̇

𝛽̇
] = [

0
𝑔

𝑉
𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝛼𝑡 +

𝑞̅𝑆𝐶𝑌(𝛽)

𝑚𝑉

] + [
1 𝑡𝑎𝑛𝛼𝑡𝑐𝑜𝑠𝜙

𝑡𝑎𝑛𝛼𝑡 −1
] [
𝑝
𝑟
]                       (2.71) 

[
𝑝̇
𝑟̇
] = [

𝑐3 𝑐4
𝑐4 𝑐9

] [
𝑞̅𝑆𝑏(𝐶𝑙𝛽𝛽 + 𝐶𝑙𝑝

𝑝𝑏

2𝑉
+ 𝐶𝑙𝑟

𝑟𝑏

2𝑉
) 

𝑞̅𝑆𝑏(𝐶𝑛𝛽𝛽 + 𝐶𝑛𝑝
𝑝𝑏

2𝑉
+ 𝐶𝑛𝑟

𝑟𝑏

2𝑉
)
] + [

𝑐3 𝑐4
𝑐4 𝑐9

] [
𝑚𝑔𝑐𝑜𝑠𝛼𝑡𝑐𝑜𝑠𝜙 
𝑚𝑔𝑠𝑖𝑛𝛼𝑡

] 𝑦𝑐𝑚 +

             𝑞̅𝑆𝑏 [
𝑐3 𝑐4
𝑐4 𝑐9

] [
𝐶𝑙𝛿𝑎 𝐶𝑙𝛿𝑟
𝐶𝑛𝛿𝑎 𝐶𝑛𝛿𝑟

] [
𝛿𝑎
𝛿𝑟
]                                                                                     (2.72) 

Continuing with the established notations from the preceding section, we can articulate the revised 

lateral and directional dynamics as  

𝒙𝟏̇ = 𝒇𝟏(𝒙𝟏) + 𝐺1(𝒙𝟏)𝒙𝟐                                 (2.73) 

𝒙𝟐̇ = 𝒇𝟐(𝑥) + 𝑨(𝒙)𝜎 + 𝐺2𝒖                                                                       (2.74) 

where σ is the unknown/uncertain parameter (𝑦𝑐𝑚 here), 𝒇𝟏, 𝒇𝟐, 𝑨 are 2 × 1 vector valued functions 

and 𝐺1, 𝐺2 are 2 × 2 matrices and all these are known at every time step from the assumption of 

availability of full state feedback. 

2.5.2 Control Design and Stability Analysis 

 

Figure 2.12 Closed loop diagram of adaptive backstepping control scheme 

In this sub-section an adaptive backstepping control is formulated to autonomously execute the 

intended lateral maneuver under unknown lateral c.g. movement on either side of the fuselage 
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centerline.  Referring to Eqs. (2.73) and (2.74), the desired time profiles for 𝒙𝟏 i.e. 𝜙 and 𝛽 are fed 

externally as reference inputs and the controller generates 𝒖 i.e. the control surface deflection 

commands in a closed loop manner as shown in Figure 2.12. The detailed stability analysis of the 

proposed controller is discussed below.  

Let us introduce the error state variables 𝒆𝟏 and 𝒆𝟐 as follows: 

𝒆𝟏 = 𝒙𝟏 − 𝒙𝟏𝒅                                                            (2.75) 

𝒆𝟐 = 𝒙𝟐 − 𝒙𝟐𝒅                                                         (2.76) 

where 𝒙𝟏𝒅 and 𝒙𝟐𝒅 are the desired trajectories of 𝒙𝟏 and 𝒙𝟐. 

The dynamic equations of the error states are given as follows: 

𝒆𝟏̇ = 𝒙𝟏̇ − 𝒙̇𝟏𝒅 = 𝒇𝟏(𝒙𝟏) + 𝐺1(𝒙𝟏)𝒙𝟐 − 𝒙̇𝟏𝒅                                                    (2.77) 

The Lyapunov function for the 𝒙𝟏 dynamics assuming 𝒙𝟐 to be the virtual control as 

𝑉1 =
1

2
𝒆𝟏
𝑻𝒆𝟏                                                                                         (2.78) 

𝑉̇1 = 𝒆𝟏
𝑻𝒆̇𝟏                            (2.79) 

𝑉̇1 = 𝒆𝟏
𝑻[𝒇𝟏 + 𝐺1𝒙𝟐 − 𝒙̇𝟏𝒅]                          (2.80) 

Let us choose 

𝒇𝟏 + 𝐺1𝒙𝟐 − 𝒙̇𝟏𝒅 = −𝐾1𝒆𝟏                                                        (2.81) 

where 𝐾1 is a constant positive definite matrix. Substituting (2.81) in (2.80), we get 

𝑉̇1 = 𝒆𝟏
𝑻(−𝐾1𝒆𝟏)               (2.82) 

𝑉̇1 = −𝒆𝟏
𝑻𝐾11𝒆𝟏 < 0               (2.83) 
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Now, from Eq. (2.81),  

𝐺1𝒙𝟐 = −𝐾1𝒆𝟏 + 𝒙̇𝟏𝒅 − 𝑓1                                                                           (2.84) 

From here, the desired value of 𝒙𝟐 is obtained as  

𝒙𝟐𝒅 = (𝐺1)
−1(−𝐾1𝒆𝟏 + 𝒙̇𝟏𝒅 − 𝒇𝟏)                            (2.85) 

The Lyapunov function for the complete dynamics is chosen as 

𝑉2 =
1

2
𝒆𝟏
𝑻𝒆𝟏 +

1

2
𝒆𝟐
𝑻𝒆𝟐 +

1

2
𝜎̃𝑇𝐾3𝜎̃                                                                                     (2.86) 

where 𝜎̃ = 𝜎 − 𝜎̂ is the error in parameter estimation and 𝐾3 is the adaptation gain. 

𝑉̇2 = 𝒆𝟏
𝑻𝒆̇𝟏 + 𝒆𝟐

𝑻𝒆̇𝟐 + 𝜎̃
𝑇𝐾3𝜎̇̃                                       (2.87) 

𝑉̇2 = 𝒆𝟏
𝑻[𝒇𝟏 + 𝐺1𝒙𝟐 − 𝒙̇𝟏𝒅] + 𝒆𝟐

𝑻𝒆̇𝟐 + 𝜎̃
𝑇𝐾3𝜎̇̃                                                                              (2.88) 

 𝑉̇2 = 𝒆𝟏
𝑻[𝒇𝟏 + 𝐺1𝒆𝟐 + 𝐺1𝒙𝟐𝒅 − 𝒙̇𝟏𝒅] + 𝒆𝟐

𝑻𝒆̇𝟐 + 𝜎̃
𝑇𝐾3𝜎̇̃                                                           (2.89) 

Substituting Eq. (2.85) in Eq. (2.89),    

 𝑉̇2 = 𝒆𝟏
𝑻[𝒇𝟏 + 𝐺1𝒆𝟐 − 𝐾1𝒆𝟏 + 𝒙̇𝟏𝒅 − 𝒇𝟏 − 𝒙̇𝟏𝒅] + 𝒆𝟐

𝑻𝒆̇𝟐 + 𝜎̃
𝑇𝐾3𝜎̇̃         (2.90) 

 𝑉̇2 = −𝒆𝟏
𝑻𝐾1𝒆𝟏 + 𝒆𝟏

𝑻𝐺1𝒆𝟐 + 𝒆𝟐
𝑻𝒆̇𝟐 + 𝜎̃

𝑇𝐾3𝜎̇̃                                    (2.91) 

Let us choose 

 𝒆̇𝟐 = −𝐾2𝒆𝟐 − 𝐺1
𝑇𝒆𝟏                                                         (2.92) 

where 𝐾2 is a constant positive definite matrix 

Now from Eq. (2.92), 

𝒙̇𝟐 = −𝐾2𝒆𝟐 − 𝐺1
𝑇𝒆𝟏 + 𝒙̇𝟐𝒅                                                  (2.93) 

𝒇𝟐 + 𝑨𝜎 + 𝐺2𝒖 = −𝐾2𝒆𝟐 − 𝐺1
𝑇𝒆𝟏 + 𝒙̇𝟐𝒅                                    (2.94) 
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Since 𝜎 is not known, using its estimate in Eq. (2.94), the final control input is computed as 

𝒖 = (𝐺2)
−1(−𝒇𝟐 − 𝑨𝜎̂ − 𝐾2𝒆𝟐 − 𝐺1

𝑇𝒆𝟏 + 𝒙̇𝟐𝒅)                                                     (2.95) 

Now, 𝑉̇2 = 𝒆𝟏
𝑻𝒆̇𝟏 + 𝒆𝟐

𝑻𝒆̇𝟐 + 𝜎̃
𝑇𝐾3𝜎̇̃                                     (2.96) 

𝑉̇2 = 𝒆𝟏
𝑻(𝐺1𝒆𝟐 − 𝐾1𝒆𝟏) + 𝒆𝟐

𝑻(𝑥̇2 − 𝒙̇𝟐𝒅) + 𝜎̃
𝑇𝐾3𝜎̇̃           (2.97) 

𝑉̇2 = 𝒆𝟏
𝑻𝐺1𝒆𝟐 − 𝒆𝟏

𝑻𝐾1𝒆𝟏 + 𝒆𝟐
𝑻(𝒙̇𝟐 − 𝒙̇𝟐𝒅) + 𝜎̃

𝑇𝐾3𝜎̇̃                                                                       (2.98) 

𝑉̇2 = 𝒆𝟏
𝑻𝐺1𝒆𝟐 − 𝒆𝟏

𝑻𝐾1𝒆𝟏 + 𝒆𝟐
𝑻(𝒇𝟐 +𝑨𝜎 − 𝒇𝟐 − 𝑨𝜎̂ − 𝐾2𝒆𝟐 − 𝐺1

𝑇𝒆𝟏 + 𝒙̇𝟐𝒅 − 𝒙̇𝟐𝒅) + 𝜎̃
𝑇𝐾3𝜎̇̃  

                                         (2.99) 

𝑉̇2 = −𝒆𝟏
𝑻𝐾11𝒆𝟏 + 𝒆𝟐

𝑻𝑨𝜎 − 𝒆𝟐
𝑻𝑨(𝜎 − 𝜎̃) − 𝒆𝟐

𝑻𝐾2𝒆𝟐 + 𝜎̃
𝑇𝐾3𝜎̇̃                                                            (2.100) 

𝑉̇2 = −𝒆𝟏
𝑻𝐾11𝒆𝟏 + 𝒆𝟐

𝑻𝑨𝜎 − 𝒆𝟐
𝑻𝑨𝜎 + 𝒆𝟐

𝑻𝑨𝜎̃ − 𝒆𝟐
𝑻𝐾2𝒆𝟐 + 𝜎̃

𝑇𝐾3𝜎̇̃                                               (2.101) 

𝑉̇2 = −𝒆𝟏
𝑻𝐾1𝒆𝟏 − 𝒆𝟐

𝑻𝐾2𝒆𝟐 + 𝒆𝟐
𝑻𝑨𝜎̃ + 𝜎̃𝑇𝐾3𝜎̇̃                      (2.102) 

Now, to ensure   

𝑉̇2 = −𝒆𝟏
𝑻𝐾1𝒆𝟏 − 𝒆𝟐

𝑻𝐾2𝒆𝟐 ≤ 0                        (2.103) 

the following condition must be satisfied 

𝒆𝟐
𝑻𝑨𝜎̃ + 𝜎̃𝑇𝐾3𝜎̇̃ = 0                             (2.104) 

Assuming σ to be constant, and since the term 𝒆𝟐
𝑻𝑨𝜎̃ is scalar, replacing it by its transpose, Eq. (2.104) 

reduces to the final adaptation law 

 𝜎̇̂ = 𝐾3
−1𝑨𝑻𝒆𝟐                          (2.105) 

Eq. (2.95) gives the final control input where𝒙𝟐𝒅 is given by Eq. (2.85) and 𝜎̂ is given by Eq. (2.105). 

Since 𝑉2̇ in Eq. (2.103) is positive semi definite, there is no guarantee that the estimation error in the 

estimate of the uncertain parameter will converge to zero.  
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Remark 1: The following theorem is used to prove asymptotic stability of the closed loop system. 

Theorem 2.1 [95, 96]: For nonlinear non autonomous system. If there exist a positive definite 

Lyapunov function 𝑉(𝑥) and that its derivative 𝑉̇(𝑥, 𝑡) is negative semi definite. For any initial 

condition 𝑥(𝑡 = 0) = 𝑥0 define the domain Ω0 = {𝑥|𝑉(𝑥) ≤ 𝑉(𝑥0)}. Since, Lyapunov derivative is 

negative semi definite, it is clear that trajectories are bounded and contained within the domain Ω0. 

Now, define the domain Ω𝑒 = {𝑥|𝑉̇(𝑥, 𝑡) = 0} and Ω𝑖 = {𝑥|𝑉̇(𝑥, 𝑡) ≡ 0}. Then if any of the 

assumptions A or B holds, all limit points of the bounded trajectory 𝑥(𝑡) belong to the domain Ω𝑓 =

Ω0 ∩ Ω𝑒. In particular; limit points that are also equilibrium points of 𝑥(𝑡) belong to Ω𝑓 = Ω0 ∩ Ω𝑖. 

(A) |𝑓(𝑥(𝑡), 𝑡)| is bounded for any bounded 𝑥. Or 

(B) | ∫ 𝑓(𝑥(𝜏), 𝜏)𝑑𝜏|
𝑏

𝑎
 is bounded for any finite time interval 𝑐 = 𝑏 − 𝑎. 

where 𝑥̇ = 𝑓(𝑥(𝑡), 𝑡) represents the system dynamics. 

Substituting the controls in the system dynamics, the error dynamics can be expressed as 

𝒆̇𝟏 = 𝐺1𝒆𝟐 − 𝐾1𝒆𝟏                         (2.106) 

𝒆̇𝟐 = 𝑨𝜎̃ − 𝐾2𝒆𝟐 − 𝐺1
𝑇𝒆𝟏            (2.107) 

And from Eq. (2.105), 

𝜎̇̃ = −
1

𝐾3
 (𝑨𝑻𝒆𝟐)                         (2.108) 

Clearly, in the present problem, Condition (A) of Theorem 2.1 holds (referring to the dynamics given 

by Eqs. (2.71) and (2.73)). The main contribution of the new invariance principle i.e. Theorem 2.1 is 

consideration of 𝑉̇ ≡ 0 instead of merely 𝑉̇ = 0. Now, from Eq. (2.103), 𝑉̇2 ≡ 0 implies that 𝒆𝟏 ≡ 𝟎 

and 𝒆𝟐 ≡ 𝟎. This, in turn, implies that 𝒆̇𝟏 = 𝟎 and 𝒆̇𝟐 = 𝟎 implying asymptotic stability of the 

tracking errors 𝒆𝟏 and 𝒆𝟐. Further, under this condition, Eqs. (2.106) - (2.108) now reduce to  
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𝒆̇1 = 𝟎                            (2.109) 

𝒆̇2 = 𝑨𝜎̃                (2.110) 

𝜎̇̃ = 0                            (2.111) 

It can be further concluded from Theorem 2.1 that if the condition  lim
𝑡→∞

𝑨 = 𝟎 is satisfied, then 

lim
𝑡→∞

𝜎̃ ≠ 0 i.e. 𝜎̃ will converge to some nonzero constant value. On the other hand, if lim
𝑡→∞

𝑨 ≠ 0 is o 

then lim
𝑡→∞

𝜎̃ = 0.  

Since it is already established that the lateral dynamics is asymptotically stable, therefore, lim
𝑡→∞

 𝑝 =

0 and lim
𝑡→∞

 𝑟 = 0. However, lim
𝑡→∞

𝑨 ≠ 𝟎. Since the longitudinal dynamics is assumed to remain 

unaffected during the maneuver, it can be safely assumed that the aircraft will retain longitudinal trim 

post maneuver. Therefore, lim
𝑡→∞

𝑨 = [
𝑐3 𝑐4
𝑐4 𝑐9

] [
𝑚𝑔 𝑐𝑜𝑠𝛼𝑡  𝑐𝑜𝑠𝜙 

𝑚𝑔 𝑠𝑖𝑛𝛼𝑡
] ≠ 𝟎. This proves the asymptotic 

stability of the parameter estimation error (i.e. 𝜎̃) as well along with the errors in states. 

2.5.3 Simulation Results and Discussions 

To validate the adaptive backstepping control, the same amount of lateral c.g. movement as 

considered previously (±7.0 𝑐𝑚) is considered again. A large number of Monte Carlo runs are 

performed considering lateral c.g. position randomly in the range [−7 𝑐𝑚, 7 𝑐𝑚] and nearly identical 

maneuver performance is observed in each run. However, plots for the extreme ends on both sides 

corresponding to 𝑦𝑐𝑚 = ±7.0 𝑐𝑚 are shown for the sake of brevity. The ad-hoc model is considered 

for the controller design only; the exact equations of motion under laterally asymmetric c.g. positions 

are taken into consideration when simulating the 6-DOF dynamics (refer to Figure 2.12).  
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Figure 2.13. Time evolution of states and controls for horizontal turn maneuver under lateral c.g. 

shift: Adaptive backstepping design approach  
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Figure 2.14. Time evolution of states and controls for aileron roll maneuver under lateral c.g. shift: 

Adaptive backstepping design approach 

Horizontal turn and aileron roll maneuvers are considered under the same initial trim condition as in 

previous cases. However, due to the asymmetry there will arise a small sideslip angle in the initial 

trim. The maneuver performance corresponding to the above mentioned two cases of c.g. locations 

are illustrated in Figures 2.13 and 2.14. It is clearly observed from Figures 2.13 and 2.14 that the 

nominal maneuver performance is almost completely recovered by the adaptive backstepping 

controller. As theoretically established, 𝑦̂𝑐𝑚 also asymptotically converged to the actual 𝑦𝑐𝑚 in either 

case. Excellent tracking of the φ and β profiles are also achieved and the longitudinal variables also 

remained near their initial trim values. Various controller parameters which are tuned from trial and 

error are listed in Table 2.4. 
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Table 2.4: Adaptive backstepping controller parameters 

 

 

 

 

2.6 Conclusion  

The practical problem of controlling the lateral/directional flight of a fixed wing UAV under 

considerable lateral c.g. uncertainty was addressed in this chapter. First the linear control technique 

namely LQR is implemented. However, under lateral c.g. variation results shows it is inadequate in 

handling such cases. This inadequacy necessitates the implementation of nonlinear control 

techniques. For implementing nonlinear control technique the dynamics was formulated in strict 

feedback form for the nominal c.g. position and a block backstepping controller was designed to 

execute a horizontal turn and an aileron roll maneuver. It was demonstrated that the control 

performance deteriorated significantly when the same nonlinear controller was used under lateral 

c.g. variations. To regain the lost performance, thereafter, an adaptive backstepping controller was 

formulated considering a simplified dynamical model of the UAV for lateral c.g. offset. The c.g. 

position of the UAV was estimated online using an adaptation law and stability of the proposed 

control scheme was established using the Lyapunov stability approach. Furthermore, the analysis 

presumed that the UAV would operate within the low angle of attack region exclusively. 

Consequently, uncertainties associated with aerodynamic coefficients were deemed negligible for 

this specific investigation. This issue is undertaken in next chapter once the UAV or the aircraft is 

made to operate in the high angle of attack regions along with lateral c.g. movements. 

 

Maneuver 𝑲𝟏   𝑲𝟐 𝑲𝟑 

Horizontal turn [
18 0
0 35

] [
10 0
0 5

] 0.01 

Aileron roll [
30 0
0 5

] [
35 0
0 5

] 0.001 
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Chapter 3 

Robust Adaptive Backstepping Control for High Alpha 

Maneuvers  

 

3.1 Introduction 

In the realm of modern aerial combat, agility is paramount for gaining air superiority. The previous 

discussion centered on how c.g. shifts affect low angles of attack (AOA) maneuvers. To 

comprehensively understand the aircraft's capabilities across its operational spectrum, it's imperative 

to now explore how lateral c.g. movements influence specific high-angle-of-attack maneuvers. 

Unlike low AOA maneuvers, where lateral c.g. movements were the primary focus and assumed to 

be restricted to the 𝑦 direction only, high AOA maneuvers introduce complexities as lateral c.g. shifts 

affect the aircraft's c.g. position across all three axes. As it is established in the previous chapter that 

the robust linear control technique was not able to handle lateral c.g. movement which compel us to 

go for robust nonlinear control scheme. In particular, adaptive backstepping (ABS) control algorithm 

is applied therein to execute maneuver in presence of lateral c.g. movement with the aim to adapt to 

the c.g. uncertainty.   Unlike low alpha maneuver, aerodynamic uncertainty in high alpha maneuver 

is profound. This calls for further robustness enhancement of the adaptive backstepping controller.  
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Among the available robust scheme for nonlinear uncertain systems, sliding mode control (SMC) is 

widely used due to its attractive property of fast response and robustness to exogenous disturbances 

and plant parametric uncertainties [55, 97, 98]. Moreover, it has been applied to various nonlinear 

flight control problems also [53, 54, 60, 99]. Inspired from this, in the present chapter, a hybrid 

control law is established where the adaptive backstepping technique is further robustified with a fast 

sliding mode algorithm. Backstepping and sliding mode controls are combined in the literature in 

various application domains to gain insensitivity to both matched and unmatched uncertainties and 

disturbances [70-78]. However, the present approach to handle a part of the uncertainty, which can 

be modeled in terms of an uncertain parameter (the c.g. position in the present work), with the help 

of an adaptive backstepping algorithm and the remaining lumped uncertainties and disturbances with 

the help of a sliding mode algorithm is a completely novel approach. Also, in the available literature, 

mostly the sliding mode control part is made adaptive where the upper bound on the disturbance is 

estimated; whereas here the backstepping part is made adaptive where the c.g. position is estimated 

with an adaptation law. Further, most of the available works in the literature has a part of the dynamics 

in the simple 𝒙̇𝟏 = 𝒙𝟐 form, while in the present problem the same part is in the form 𝒙̇𝟏 = 𝒇𝟏(𝒙𝟏) +

𝐺1(𝒙𝟏)𝒙𝟐 leading to increased complexities in mathematical proof for stability. A comprehensive 

stability analysis of the proposed controller is carried out using Lyapunov method and sufficient 

conditions for guaranteed closed loop stability are also derived. Thereafter, asymptotic convergence 

is proved using Barbalat’s lemma. To validate the proposed control, the F18-HARV fighter aircraft 

is considered as its aerodynamic dataset is available in the open domain [60, 100] and a standard 

high-alpha cobra and Herbst maneuver which are regarded as benchmarks for maneuverability and 

agility of modern-day fighter aircraft is implemented in simulation. 

The outline of the chapter is as follows. The second section presents the problem formulation, while 

the third section starts with brief introduction of sliding mode control and thereafter gives the design 
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and stability analysis of the proposed hybrid adaptive backstepping sliding mode control. Simulation 

results obtained by applying proposed control technique are presented in the fourth section with a 

comparison against a standard adaptive sliding mode control. Section five concludes the chapter with 

a brief prelude to the next chapter. 

3.2 System Dynamics for High Alpha Maneuvers under Lateral C.G. Uncertainty 

In this section, the aircraft dynamics is expressed in strict feedback form so as to make it amenable 

to the proposed backstepping based sliding mode control scheme under lateral center of gravity 

uncertainty. Further, the formulation is aimed at executing some standard high-alpha maneuver. For 

executing such maneuvers, the angle of attack, angle of sideslip and bank angle profiles are supplied 

externally and the closed loop controller generates the required moments about the three body axes 

[68, 101]. The moment commands are then converted to the control surface deflection commands 

through a control allocation method such as the matrix pseudoinverse [102].  However, when the c.g. 

of the aircraft undergoes arbitrary movements the standard equations of motion get modified. The 

complete 6-degree of freedom (DOF) equations of motion of an aircraft when the c.g. of the aircraft 

assumes an arbitrary position are given in the body frame as [61, 68] 

[
 
 
 
 
 
 

1 0 0 0 𝑧𝑐𝑚 −𝑦𝑐𝑚
0 1 0 −𝑧𝑐𝑚 0 𝑥𝑐𝑚
0 0 1 𝑦𝑐𝑚 −𝑥𝑐𝑚 0

0 −𝑚𝑧𝑐𝑚 𝑚𝑦𝑐𝑚 𝐼𝑥𝑥
′ −𝐼𝑥𝑦

′ −𝐼𝑥𝑧
′

𝑚𝑧𝑐𝑚 0 −𝑚𝑥𝑐𝑚 −𝐼𝑥𝑦
′ 𝐼𝑦𝑦

′ −𝐼𝑦𝑧
′

−𝑚𝑦𝑐𝑚 𝑚𝑥𝑐𝑚 0 −𝐼𝑥𝑧
′ −𝐼𝑦𝑧

′ 𝐼𝑧𝑧
′ ]
 
 
 
 
 
 

[
 
 
 
 
 
𝑢̇
𝑣̇
𝑤̇
𝑝̇
𝑞̇
𝑟̇ ]
 
 
 
 
 

=

[
 
 
 
 
 
 

−𝑞𝑤 + 𝑟𝑣
−𝑟𝑢 + 𝑝𝑤
−𝑝𝑣 + 𝑞𝑢

𝐼𝑥𝑧
′ 𝑝𝑞 + (𝐼𝑦𝑦

′ − 𝐼𝑧𝑧
′ )𝑞𝑟 − 𝐼𝑥𝑦

′ 𝑟𝑝 + 𝐼𝑦𝑧
′ (𝑞2 − 𝑟2)

𝐼𝑥𝑦
′ 𝑞𝑟 + (𝐼𝑧𝑧

′ − 𝐼𝑥𝑥
′ )𝑟𝑝 − 𝐼𝑦𝑧

′ 𝑝𝑞 + 𝐼𝑥𝑧
′ (𝑟2 − 𝑝2)

𝐼𝑦𝑧
′ 𝑟𝑝 + (𝐼𝑥𝑥

′ − 𝐼𝑦𝑦
′ )𝑝𝑞 − 𝐼𝑥𝑧

′ 𝑞𝑟 + 𝐼𝑥𝑦
′ (𝑝2 − 𝑞2)]

 
 
 
 
 
 

+ 

                    

[
 
 
 
 
 
 
(𝑞2 + 𝑟2)𝑥𝑐𝑚 − 𝑝𝑞𝑦𝑐𝑚 − 𝑟𝑝𝑧𝑐𝑚
(𝑟2 + 𝑝2)𝑦𝑐𝑚 − 𝑝𝑞𝑥𝑐𝑚 − 𝑞𝑟𝑧𝑐𝑚
(𝑝2 + 𝑞2)𝑧𝑐𝑚 − 𝑟𝑝𝑥𝑐𝑚 − 𝑞𝑟𝑦𝑐𝑚

𝑚(𝑞𝑢 − 𝑝𝑣)𝑦𝑐𝑚 +𝑚(𝑟𝑢 − 𝑝𝑤)𝑧𝑐𝑚
𝑚(𝑝𝑣 − 𝑞𝑢)𝑥𝑐𝑚 +𝑚(𝑟𝑣 − 𝑞𝑤)𝑧𝑐𝑚
𝑚(𝑝𝑤 − 𝑟𝑢)𝑥𝑐𝑚 +𝑚(𝑞𝑤 − 𝑟𝑣)𝑦𝑐𝑚]

 
 
 
 
 
 

+

[
 
 
 
 
 

−𝑔𝑠𝑖𝑛𝜃
𝑔𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙
𝑔𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙

−𝑧𝑐𝑚𝑚𝑔𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙 + 𝑦𝑐𝑚𝑚𝑔𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙
−𝑧𝑐𝑚𝑚𝑔𝑠𝑖𝑛𝜃 − 𝑥𝑐𝑚𝑚𝑔𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙
𝑦𝑐𝑚𝑚𝑔𝑠𝑖𝑛𝜃 + 𝑥𝑐𝑚𝑚𝑔𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙 ]

 
 
 
 
 

+

[
 
 
 
 
 
 
 
𝐹𝑥

𝑚
𝐹𝑦

𝑚
𝐹𝑧

𝑚

𝑀𝑥

𝑀𝑦

𝑀𝑧]
 
 
 
 
 
 
 

           (3.1) 

where (𝑥𝑐𝑚, 𝑦𝑐𝑚, 𝑧𝑐𝑚) is the actual c.g. position w.r.t. the nominal c.g position or the origin of the    



Chapter 3   

 

54 
 

body/wind frame and 𝐼′ = [

𝐼𝑥𝑥
′  −𝐼𝑥𝑦

′ −𝐼𝑥𝑧
′

−𝐼𝑥𝑦
′ 𝐼𝑦𝑦

′ −𝐼𝑦𝑧
′

−𝐼𝑥𝑧
′ −𝐼𝑦𝑧

′ 𝐼𝑧𝑧
′

] is the new inertia matrix. Extracting the translational 

and rotational dynamics parts from Eq. (3.1) yields,  

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

                                                                                                                                                         

                                       

[𝑢 𝑣 𝑤
]
=
−
𝐴 𝑚
(
1 𝑚

 𝐴
2
+
𝐼′
)−

1

{    

𝐴
[−
𝑞
𝑤
+
𝑟𝑣
+
( 𝑞

2
+
𝑟
2
) 𝑥
𝑐
𝑚
−
𝑝
𝑞
𝑦 𝑐
𝑚
−
𝑟𝑝
𝑧 𝑐
𝑚

−
𝑟𝑢
+
𝑝
𝑤
−
𝑝
𝑞
𝑥
𝑐
𝑚
+
( 𝑟
2
+
𝑝
2
) 𝑦
𝑐
𝑚
−
𝑞
𝑟𝑧
𝑐
𝑚

−
𝑝
𝑣
+
𝑞
𝑢
−
𝑟𝑝
𝑥
𝑐
𝑚
−
𝑞
𝑟𝑦
𝑐
𝑚
+
( 𝑝
2
+
𝑞
2
) 𝑧
𝑐𝑚

]
+
𝐴

[     
−
𝑔
𝑠𝑖
𝑛
𝜃
+
1 𝑚
( 𝑞
𝑆
𝐶
𝑋
+
𝑇 𝑥
)

𝑔
𝑐𝑜
𝑠𝜃
𝑠𝑖
𝑛
𝜙
+
1 𝑚
(𝑞
𝑆
𝐶
𝑌
+
𝑇 𝑦
)

𝑔
𝑐𝑜
𝑠𝜃
𝑐𝑜
𝑠𝜙
+
1 𝑚
( 𝑞
𝑆
𝐶
𝑍
+
𝑇 𝑧
) ]     

+
 

[

𝐼 𝑥
𝑧′
𝑝
𝑞
+
(𝐼
𝑦
𝑦
′
−
𝐼 𝑧
𝑧′
)𝑞
𝑟
−
𝐼 𝑥
𝑦′
𝑟𝑝
+
𝐼 𝑦
𝑧
′
( 𝑞
2
−
𝑟
2
)
+
𝑚
( 𝑞
𝑢
−
𝑝
𝑣
) 𝑦
𝑐𝑚
+
𝑚
( 𝑟
𝑢
−
𝑝
𝑤
) 𝑧
𝑐𝑚

𝐼 𝑥
𝑦′
𝑞
𝑟
+
( 𝐼
𝑧
𝑧′
−
𝐼 𝑥
𝑥′
) 𝑟
𝑝
−
𝐼 𝑦
𝑧
′
𝑝
𝑞
+
𝐼 𝑥
𝑧′
( 𝑟
2
−
𝑝
2
)
+
𝑚
( 𝑝
𝑣
−
𝑞
𝑢
) 𝑥
𝑐
𝑚
+
𝑚
( 𝑟
𝑣
−
𝑞
𝑤
) 𝑧
𝑐
𝑚

𝐼 𝑦
𝑧
′
𝑟𝑝
+
(𝐼
𝑥
𝑥′
−
𝐼 𝑦
𝑦
′
)𝑝
𝑞
−
𝐼 𝑥
𝑧′
𝑞
𝑟
+
𝐼 𝑥
𝑦′
( 𝑝
2
−
𝑞
2
)
+
𝑚
( 𝑝
𝑤
−
𝑟𝑢
) 𝑥
𝑐
𝑚
+
𝑚
( 𝑞
𝑤
−
𝑟𝑣
) 𝑦
𝑐
𝑚

]
+

  

  
[−
𝑧 𝑐
𝑚
𝑚
𝑔
𝑐𝑜
𝑠𝜃
𝑠𝑖
𝑛
𝜙
+
𝑦 𝑐
𝑚
𝑚
𝑔
𝑐𝑜
𝑠𝜃
𝑐𝑜
𝑠𝜙

+
𝑞
𝑆
𝑏
𝐶
𝑙
+
𝑀
𝑇
𝑋

−
𝑧 𝑐
𝑚
𝑚
𝑔
𝑠𝑖
𝑛
𝜃
−
𝑥
𝑐
𝑚
𝑚
𝑔
𝑐𝑜
𝑠𝜃
𝑐𝑜
𝑠𝜙

+
𝑞
𝑆
𝑐̅𝐶

𝑚
+
𝑀
𝑇
𝑌

 
𝑦 𝑐
𝑚
𝑚
𝑔
𝑠𝑖
𝑛
𝜃
+
𝑥
𝑐
𝑚
𝑚
𝑔
𝑐𝑜
𝑠𝜃
𝑠𝑖
𝑛
𝜙
+
𝑞
𝑆
𝑏
𝐶
𝑛
+
𝑀
𝑇
𝑍

]

}        

+
 

 [−
𝑞
𝑤
+
𝑟𝑣
+
( 𝑞
2
+
𝑟
2
) 𝑥
𝑐
𝑚
−
𝑝
𝑞
𝑦 𝑐
𝑚
−
𝑟𝑝
𝑧 𝑐
𝑚

−
𝑟𝑢
+
𝑝
𝑤
−
𝑝
𝑞
𝑥
𝑐
𝑚
+
( 𝑟
2
+
𝑝
2
) 𝑦
𝑐
𝑚
−
𝑞
𝑟𝑧
𝑐
𝑚

−
𝑝
𝑣
+
𝑞
𝑢
−
𝑟𝑝
𝑥
𝑐
𝑚
−
𝑞
𝑟𝑦
𝑐
𝑚
+
( 𝑝
2
+
𝑞
2
) 𝑧
𝑐𝑚

]
+

[    
−
𝑔
𝑠𝑖
𝑛
𝜃
+

1 𝑚
( 𝑞
𝑆
𝐶
𝑋
+
𝑇 𝑥
)

𝑔
𝑐𝑜
𝑠𝜃
𝑠𝑖
𝑛
𝜙
+

1 𝑚
(𝑞
𝑆
𝐶
𝑌
+
𝑇 𝑦
)

𝑔
𝑐𝑜
𝑠𝜃
𝑐𝑜
𝑠𝜙

+
1 𝑚
( 𝑞
𝑆
𝐶
𝑍
+
𝑇 𝑧
) ]    

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   

 
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

(3
.2

) 
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(
1 𝑚

 𝐴
2
+
𝐼′
)
[𝑝 𝑞 𝑟
]
=
𝐴
[−
𝑞
𝑤
+
𝑟𝑣
+
( 𝑞
2
+
𝑟
2
) 𝑥
𝑐
𝑚
−
𝑝
𝑞
𝑦 𝑐
𝑚
−
𝑟𝑝
𝑧 𝑐
𝑚

−
𝑟𝑢
+
𝑝
𝑤
−
𝑝
𝑞
𝑥
𝑐
𝑚
+
( 𝑟
2
+
𝑝
2
) 𝑦
𝑐
𝑚
−
𝑞
𝑟𝑧
𝑐
𝑚

−
𝑝
𝑣
+
𝑞
𝑢
−
𝑟𝑝
𝑥
𝑐
𝑚
−
𝑞
𝑟𝑦
𝑐
𝑚
+
( 𝑝
2
+
𝑞
2
) 𝑧
𝑐𝑚

]
+
𝐴

[     
−
𝑔
𝑠𝑖
𝑛
𝜃
+
1 𝑚
(𝑞
𝑆
𝐶
𝑋
+
𝑇 𝑥
)

𝑔
𝑐𝑜
𝑠𝜃
𝑠𝑖
𝑛
𝜙
+
1 𝑚
(𝑞
𝑆
𝐶
𝑌
+
𝑇 𝑦
)

𝑔
𝑐𝑜
𝑠𝜃
𝑐𝑜
𝑠𝜙

+
1 𝑚
(𝑞
𝑆
𝐶
𝑍
+
𝑇 𝑧
) ]     

+
 

[

𝐼 𝑥
𝑧′
𝑝
𝑞
+
(𝐼
𝑦
𝑦
′
−
𝐼 𝑧
𝑧′
)𝑞
𝑟
−
𝐼 𝑥
𝑦′
𝑟𝑝
+
𝐼 𝑦
𝑧
′
( 𝑞
2
−
𝑟
2
)
+
𝑚
( 𝑞
𝑢
−
𝑝
𝑣
) 𝑦
𝑐
𝑚
+
𝑚
( 𝑟
𝑢
−
𝑝
𝑤
) 𝑧
𝑐
𝑚

𝐼 𝑥
𝑦′
𝑞
𝑟
+
( 𝐼
𝑧
𝑧′
−
𝐼 𝑥
𝑥′
) 𝑟
𝑝
−
𝐼 𝑦
𝑧
′
𝑝
𝑞
+
𝐼 𝑥
𝑧′
( 𝑟
2
−
𝑝
2
)
+
𝑚
( 𝑝
𝑣
−
𝑞
𝑢
) 𝑥
𝑐
𝑚
+
𝑚
( 𝑟
𝑣
−
𝑞
𝑤
) 𝑧
𝑐
𝑚

𝐼 𝑦
𝑧
′
𝑟𝑝
+
(𝐼
𝑥
𝑥′
−
𝐼 𝑦
𝑦
′
)𝑝
𝑞
−
𝐼 𝑥
𝑧′
𝑞
𝑟
+
𝐼 𝑥
𝑦′
( 𝑝
2
−
𝑞
2
)
+
𝑚
( 𝑝
𝑤
−
𝑟𝑢
) 𝑥
𝑐
𝑚
+
𝑚
( 𝑞
𝑤
−
𝑟𝑣
) 𝑦
𝑐
𝑚

]
+

 

 [−
𝑧 𝑐
𝑚
𝑚
𝑔
𝑐𝑜
𝑠𝜃
𝑠𝑖
𝑛
𝜙
+
𝑦 𝑐
𝑚
𝑚
𝑔
𝑐𝑜
𝑠𝜃
𝑐𝑜
𝑠𝜙
+
𝑞
𝑆
𝑏
𝐶
𝑙
+
𝑀
𝑇
𝑋

−
𝑧 𝑐
𝑚
𝑚
𝑔
𝑠𝑖
𝑛
𝜃
−
𝑥
𝑐
𝑚
𝑚
𝑔
𝑐𝑜
𝑠𝜃
𝑐𝑜
𝑠𝜙
+
𝑞
𝑆
𝑐̅𝐶

𝑚
+
𝑀
𝑇
𝑌

 
𝑦 𝑐
𝑚
𝑚
𝑔
𝑠𝑖
𝑛
𝜃
+
𝑥
𝑐
𝑚
𝑚
𝑔
𝑐𝑜
𝑠𝜃
𝑠𝑖
𝑛
𝜙
+
𝑞
𝑆
𝑏
𝐶
𝑛
+
𝑀
𝑇
𝑍

] 
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
(3

.3
) 
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where 𝐴 ≜ [

0 𝑚𝑧𝑐𝑚 −𝑚𝑦𝑐𝑚
−𝑚𝑧𝑐𝑚 0 𝑚𝑥𝑐𝑚
𝑚𝑦𝑐𝑚 −𝑚𝑥𝑐𝑚 0

]. 

Clearly, Eq. (3.2) and Eq. (3.3) are not in strict feedback form, a prerequisite condition to apply 

backstepping control. Hence, backstepping control cannot be directly applied to system dynamics 

represented by Eq. (3.2) and Eq. (3.3). 

In order to design backstepping control, system dynamics are now modeled in strict feedback form 

by applying the concept of ad-hoc modelling.  

As, 𝛼̇ − 𝛽̇ − 𝜇̇ equations are largely kinematic in nature. Therefore, these equations may safely be 

considered to remain nearly unchanged under c.g. movements. They are given by Eq. (3.5) in wind 

frame under further assumptions that the trigonometric nonlinearities involving the thrust vectors 

(i.e. δptv, δytv) are small and control surface deflections produce only moments and no force [92]. It 

is proposed in the literature that an additional moment due to gravity term can be added to the angular 

rate dynamics to represent the asymmetric dynamics reasonably accurately [68]. Following this 

approach, the rotational dynamics under c.g. variations can be modeled in ad-hoc manner and 

expressed by Eq. (3.6). 

[𝐼] = [

𝐼𝑥𝑥 0 −𝐼𝑥𝑧
0 𝐼𝑦𝑦 0

−𝐼𝑥𝑧 0 𝐼𝑧𝑧

] is the inertia matrix and the control surface deflection dependent terms are 

collected in [𝑀𝑥𝑐 𝑀𝑦𝑐  𝑀𝑧𝑐]
𝑇

 as 

[

𝑀𝑥𝑐
𝑀𝑦𝑐
𝑀𝑧𝑐

] = [

𝑞̅𝑆𝑏𝐶𝑙𝛿𝑎 𝑞̅𝑆𝑏𝐶𝑙𝛿𝑒 𝑞̅𝑆𝑏𝐶𝑙𝛿𝑟 0 −𝑙𝑧𝛿𝑇𝑇

0 𝑞̅𝑆𝑐̅𝐶𝑚𝛿𝑒 0 −𝑙𝑥𝛿𝑇𝑇 0

𝑞̅𝑆𝑏𝐶𝑛𝛿𝑎 𝑞̅𝑆𝑏𝐶𝑛𝛿𝑒 𝑞̅𝑆𝑏𝐶𝑛𝛿𝑟 0 −𝑙𝑥𝛿𝑇𝑇
]

[
 
 
 
 
𝛿𝑎
𝛿𝑒
𝛿𝑟
𝛿𝑝𝑡𝑣
𝛿𝑦𝑡𝑣]

 
 
 
 

                               (3.4) 

where 𝑙𝑥 , 𝑙𝑧 denote the location of the engine nozzle from the origin of the body frame, 𝛿𝑇 denotes 

throttle setting and 𝑇 is the gross engines thrust.  
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[𝛼 𝛽 𝜇
]
=

 [    
𝑔 𝑉
𝑠𝑒
𝑐𝛽
𝑐𝑜
𝑠𝜇

 𝑐
𝑜
𝑠𝛾
+

1

𝑚
𝑉
(−
𝑠𝑒
𝑐𝛽

 𝑞
𝑆
𝐶
𝐿
𝛼
−
𝑠𝑒
𝑐𝛽

 𝛿
𝑇
𝑇

 𝑠
𝑖𝑛
𝛼
)

𝑔 𝑉
𝑠𝑖
𝑛
𝜇

 𝑐
𝑜
𝑠𝛾
+

1

𝑚
𝑉
(𝑞
𝑆
𝐶
𝑌
𝛽
𝛽
−
𝛿
𝑇
𝑇
𝑐𝑜
𝑠𝛼

 𝑠
𝑖𝑛
𝛽
)

−
𝑔 𝑉
𝑡𝑎
𝑛
𝛽

 𝑐
𝑜
𝑠𝜇

 𝑐
𝑜
𝑠𝛾
+

1

𝑚
𝑉
(𝑡
𝑎
𝑛
𝛾

 𝑐
𝑜
𝑠𝜇

 𝑞
𝑆
𝐶
𝑌
𝛽
𝛽
−
𝑡𝑎
𝑛
𝛾

 𝑐
𝑜
𝑠𝜇

 𝛿
𝑇
𝑇
𝑐𝑜
𝑠𝛼

 𝑠
𝑖𝑛
𝛽
+
(𝑡
𝑎
𝑛
𝛽
+
𝑠𝑖
𝑛
𝜇

 𝑡
𝑎
𝑛
𝛾
)𝑞
𝑆
𝐶
𝐿
𝛼
+
(𝑡
𝑎
𝑛
𝛽
+
𝑠𝑖
𝑛
𝜇

 𝑡
𝑎
𝑛
𝛾
)𝛿
𝑇
𝑇

 𝑠
𝑖𝑛
𝛼

 )
]     +

 

   
   

   
   

   
   

   
   

[    
−
𝑐𝑜
𝑠𝛼

 𝑡
𝑎
𝑛
𝛽

1
−

1

𝑚
𝑉
𝑠𝑒
𝑐𝛽

 𝑞
𝑆
𝐶
𝐿
𝑞

𝑐
̅

2
𝑉

 
−
𝑠𝑖
𝑛
𝛼

 𝑡
𝑎
𝑛
𝛽

𝑠𝑖
𝑛
𝛼
+

1

𝑚
𝑉
𝑞
𝑆
𝐶
𝑌
𝑝

𝑏 2
𝑉

 
0

−
𝑐𝑜
𝑠𝛼
+

1

𝑚
𝑉
𝑞
𝑆
𝐶
𝑌
𝑟

𝑏 2
𝑉

 

𝑐
𝑜
𝑠𝛼

𝑐
𝑜
𝑠𝛽
+

1

𝑚
𝑉
𝑡𝑎
𝑛
𝛾

 𝑐
𝑜
𝑠𝜇

 𝑞
𝑆
𝐶
𝑌
𝑝

𝑏 2
𝑉

 
   

   
1

𝑚
𝑉
(𝑡
𝑎
𝑛
𝛽
+
𝑠𝑖
𝑛
𝜇

 𝑡
𝑎
𝑛
𝛾
)𝑞
𝑆
𝐶
𝐿
𝑞

𝑐
̅

2
𝑉

 
   

   
𝑠𝑖
𝑛
𝛼

𝑐
𝑜
𝑠𝛽
+

1

𝑚
𝑉
𝑡𝑎
𝑛
𝛾

 𝑐
𝑜
𝑠𝜇

 𝑞
𝑆
𝐶
𝑌
𝑟

𝑏 2
𝑉
]    

[𝑝 𝑞 𝑟
] 
   
   
   
   
   
   
   
   
   
  (

3
.5

) 

[𝑝 𝑞 𝑟

]
=
[ 𝐼
]−
1

[     
𝑞
𝑟(
𝐼 𝑦
𝑦
−
𝐼 𝑧
𝑧
)
+
𝑝
𝑞
𝐼 𝑥
𝑧
+
𝑞
𝑆
𝑏
(𝐶
𝑙𝛽
𝛽
+
𝐶
𝑙𝑝

𝑝
𝑏

2
𝑉
+
𝐶
𝑙𝑟

𝑟𝑏 2
𝑉
)

𝑝
𝑟
( 𝐼
𝑧
𝑧
−
𝐼 𝑥
𝑥
)
+
𝐼 𝑥
𝑧
( 𝑟
2
−
𝑝
2
)
−
𝑙 𝑧
𝛿
𝑇
𝑇
+
𝑞
𝑆
𝑐̅(
𝐶
𝑚
+
𝐶
𝑚
𝑞

𝑞
𝑐̅

2
𝑉
)

𝑝
𝑞
(𝐼
𝑥
𝑥
−
𝐼 𝑦
𝑦

 )
−
𝑞
𝑟𝐼
𝑥
𝑧
+
𝑞
𝑆
𝑏
(𝐶
𝑛
𝛽
𝛽
+
𝐶
𝑛
𝑝

𝑝
𝑏

2
𝑉
+
𝐶
𝑛
𝑟

𝑟𝑏 2
𝑉
)
]     

+
 

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   

 [
𝐼]
−
1
[

0
𝑚
𝑔
𝑐𝑜
𝑠𝜃
𝑐𝑜
𝑠𝜙

−
𝑚
𝑔
𝑐𝑜
𝑠𝜃
𝑠𝑖
𝑛
𝜙

−
𝑚
𝑔
𝑐𝑜
𝑠𝜃
𝑐𝑜
𝑠
𝜙

0
−
𝑚
𝑔
𝑠𝑖
𝑛
𝜃

𝑚
𝑔
𝑐𝑜
𝑠𝜃
𝑠𝑖
𝑛
𝜙

𝑚
𝑔
𝑠𝑖
𝑛
𝜃

0
]
[𝑥
𝑐𝑚 𝑦 𝑐
𝑚

𝑧 𝑐
𝑚

]
+
[ 𝐼
]−
1
[𝑀

𝑥
𝑐

𝑀
𝑦
𝑐

𝑀
𝑧
𝑐

]
+
[ 𝐼
]−
1
[𝑑

1

𝑑
2

𝑑
3

] 
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

 (
3

.6
) 
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where (𝑥𝑐𝑚, 𝑦𝑐𝑚, 𝑧𝑐𝑚) is the actual c.g. position w.r.t. the origin of the body/wind frame and 

[𝑑1 𝑑2 𝑑3]
𝑇 denotes a vector representing the error incurred due to the approximate 

representation of the c.g. shifted dynamics along with the matched external disturbances. Therefore, 

the final system dynamics i.e. Eqs. (3.5) and (3.6) can be expressed respectively as     

𝒙̇𝟏 = 𝒇1(𝒙𝟏) + 𝐺1(𝒙𝟏)𝒙𝟐               (3.7) 

𝒙̇𝟐 = 𝒇𝟐(𝒙) + 𝐴(𝒙)𝝈 + 𝐺2𝒖 + 𝒅              (3.8) 

where 𝝈 is the uncertain/unknown c.g. position [𝑥𝑐𝑚  𝑦𝑐𝑚  𝑧𝑐𝑚]
𝑇 which can be estimated online in 

an adaptive backstepping setting. It can be noted that Eqs. (3.7) and (3.8) are now in strict feedback 

form. To nullify the effects of the disturbance 𝒅, a sliding mode control is combined with the adaptive 

backstepping control in the present work. The complete closed loop scheme is depicted in Fig. 3.1.  

 

Figure 3.1. Block diagram of the overall closed loop system 

3.3 Adaptive Backstepping Sliding Mode Control Design 

To investigate the effects of lateral c.g. variation on a fighter aircraft performing high alpha 

maneuvers, this section addresses the control design issues for an asymmetric aircraft. For this 

purpose, two well-known high alpha maneuvers, Cobra, and Herbst, are considered. In the Herbst 

maneuver, the aircraft is made to quickly reverse direction or change heading during aerial combat. 
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The maneuver involves a combination of yaw, pitch, and roll to rapidly change the aircraft's 

orientation while maintaining energy and speed. The Herbst maneuver in aviation is a high-

performance maneuver used to outmaneuver opponents and gain tactical advantage in aerial 

engagements. It is considered a standard maneuver for evaluating the agility and maneuverability of 

an aerial vehicle. In the cobra maneuver, the aircraft pitches up rapidly to a near-vertical angle of 

attack while maintaining its forward velocity. This causes the aircraft to briefly stand on its tail in a 

vertical position before quickly returning to level flight. The nose of the aircraft points upward, while 

the aircraft's velocity vector remains mostly forward. As both are high AOA maneuvers, aerodynamic 

as well as thrust vectoring control is available. This calls for nonlinear control implementation for 

carrying out such maneuvers automatically. In the subsequent subsection, the basics of sliding mode 

control are briefly reviewed to provide context and understanding for its application in addressing 

the nonlinear dynamics of the aircraft during high alpha maneuvers. 

3.3.1 A Brief Overview of Sliding Mode Control [56, 107] 

Sliding mode control (SMC) is a nonlinear control method used to regulate the behavior of dynamical 

systems which is derived from the variable structure systems (VSS) theory recognized as one of the 

popular and powerful control tools. Its popularity comes from the robustness feature, which 

eliminates the burden of the necessity of system parameters required for accurate modeling. The 

main idea behind SMC is to force the system states to make a motion on a predefined sliding surface 

using discontinuous control, which switches between two different system structures. When a system 

is in the sliding mode, its state trajectory coincides with the sliding line, which depends neither on 

the system parameters nor on the disturbance; rather, it depends only on the sliding coefficient. In 

such a case, the order of the controlled system is reduced by one leading to simplification in the 

design and decoupling of the state variable dynamics [78]. Despite these attractive advantages, the 
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SMC method suffers from chattering. Since chattering is the major obstacle in the practical 

implementation of SMC, its effects should be reduced to acceptable level. Here's an overview 

Consider the following nonlinear system: 

𝑥̇(𝑡) = 𝑓(𝑥, 𝑡) + 𝑔(𝑥, 𝑡)𝑢(𝑡)                                                                                                    (3.9) 

where 𝑥̇(𝑡) represents the derivative of the state variable vector 𝑥(𝑡), 𝑓(𝑥, 𝑡) and 𝑔(𝑥, 𝑡) are 

continuous function depending on 𝑥(𝑡) and time 𝑡 and 𝑢(𝑡) represents control input vector 

The discontinuous control switching between two different system structures is designed as 

𝑢(𝑡) =  {
𝑢+(𝑡) 𝑖𝑓 𝑆(𝑥) > 0

𝑢−(𝑡) 𝑖𝑓 𝑆(𝑥) < 0
                                                                                                  (3.10) 

where 𝑢+(𝑡) and 𝑢−(𝑡) are two distinct control inputs and 𝑆(𝑥) is the sliding surface 

The control input in Eq. (3.10) should be designed such that the state variables reach to the sliding 

surface, move along this surface, and keep the movement on the surface. When the surface is reached, 

the sliding surface function should satisfy 𝑆(𝑥) = 0 and, in such a case, the sliding mode exists. The 

necessary and sufficient condition that ensures the existence condition for the system in Eq. (3.9) is 

given by  

 𝑆(𝑥) 𝑆̇(𝑥) < 0                                                                                                    (3.11) 

The main objective of SMC is to force the state variables onto the sliding surface. Hence, the control 

input should be designed carefully to ensure the above objective. One well-known method is the 

equivalent control, which is derived by imposing 𝑆(𝑥) = 𝑆̇(𝑥) = 0 and solving for control input 

Hence, the derivative of the sliding surface function on the surface can be written as 

𝑆̇(𝑡) =
𝜕𝑆

𝜕𝑥
𝑓(𝑥, 𝑡) +

𝜕𝑆

𝜕𝑥
𝑔(𝑥, 𝑡)𝑢𝑒𝑞(𝑡) = 0                                                                         (3.12) 

Assuming that 
𝜕𝑆

𝜕𝑥
𝑔(𝑥, 𝑡) ≠ 0 and solving 𝑢𝑒𝑞(𝑡) from Eq. (3.12) yields 
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𝑢𝑒𝑞(𝑡) = − [
𝜕𝑆

𝜕𝑥
𝑔(𝑥, 𝑡)]

−1 𝜕𝑆

𝜕𝑥
𝑓(𝑥, 𝑡)                                                                         (3.13) 

Clearly, the equivalent control requires knowledge of 𝑓(𝑥, 𝑡) and 𝑔(𝑥, 𝑡). On the other hand, the 

constant rate reaching law method, which is widely used as an alternative to the equivalent control, 

can be derived from 

𝑆̇(𝑡) = −𝐾𝑠𝑖𝑔𝑛(𝑆(𝑥))                                                                                       (3.14) 

where 𝐾 is the parameter that determines the rate of convergence. However, the use of the sign 

function leads to chattering, which is not desired in practical applications. To reduce chattering, a 

boundary layer can be introduced around the sliding surface. Overall, sliding mode control is a 

powerful technique for achieving robust and stable control in nonlinear systems, particularly those 

subject to uncertainties and disturbances.  

3.3.2 Control Design and Stability Analysis 

Backstepping-based sliding mode control is a sophisticated control strategy used in nonlinear control 

systems to achieve robust performance in the presence of uncertainties and disturbances. It combines 

the principles of backstepping control and sliding mode control to design a controller that drives the 

system states onto a predefined sliding surface. 

In this sub-section a backstepping based sliding mode control is formulated to execute explicit high-

alpha maneuvers, the desired smooth time profiles for 𝛼, 𝛽 and 𝜇 (i.e. 𝒙𝟏𝒅) are normally fed 

externally as reference inputs [68, 69] as shown in Fig. 3.1. The aircraft flight dynamics is assumed 

to be in the form as given by Eqs. (3.7) and (3.8) in the previous sub-section. The proposed 

backstepping based sliding mode controller design methodology and its stability proof is discussed 

below 
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The tracking error variables 𝒆𝟏 and 𝒆𝟐 are defined as 𝒆𝟏 = 𝒙𝟏 − 𝒙𝟏𝒅 and 𝒆𝟐 = 𝒙𝟐 − 𝒙𝟐𝒅 where,  𝒙𝟏𝒅 

and 𝒙𝟐𝒅 are the desired profiles of 𝒙𝟏 and 𝒙𝟐 respectively. Therefore,  

𝒆̇𝟏 = 𝒇𝟏 + 𝐺1𝒙𝟐 − 𝒙̇𝟏𝒅                (3.15) 

Choosing the Lyapunov function for the 𝒆𝟏 dynamics as 

𝑉1 =
1

2
𝒆𝟏
𝑇𝒆𝟏                 (3.16) 

and on differentiation 

𝑉̇1 = 𝒆𝟏
𝑇(𝒇𝟏 + 𝐺1𝒙𝟐 − 𝒙̇𝟏𝒅 )               (3.17) 

Let 

 𝒇𝟏 + 𝐺1𝒙𝟐 − 𝒙̇𝟏𝒅  = −𝐾1𝒆𝟏              (3.18) 

where 𝐾1 = 𝑑𝑖𝑎𝑔 (𝑘11, 𝑘22, 𝑘33) is chosen as a constant positive definite matrix to render 𝑉̇1 

negative definite.  

Therefore, from Eq. (3.18), the desired profile for the virtual control 𝒙𝟐 is obtained as  

𝒙𝟐𝒅 = 𝐺1
−1(−𝐾1𝒆𝟏 − 𝒇𝟏 + 𝒙̇𝟏𝒅)                 (3.19) 

The Lyapunov function for the complete dynamics is now chosen as 

𝑉2 = 
1

2
𝒆𝟏
𝑇𝒆𝟏 + 

1

2
𝑺𝟏
𝑇𝑺𝟏 + 

1

2
𝝈̃𝑇𝐾2𝝈̃                         (3.20) 

where 𝑺𝟏 = 𝟎 is the sliding surface (chosen as a function of the tracking error 𝒆𝟐) and 𝝈̃ = 𝝈 − 𝝈̂ is 

the parameter estimation error. 𝐾2 = 𝑑𝑖𝑎𝑔 (𝑘211, 𝑘222, 𝑘233) is the adaptation gain chosen as a 

constant positive definite diagonal matrix. To achieve fast convergence, a nonlinear sliding surface 

𝑺𝟏 = [𝑆𝑝, 𝑆𝑞 , 𝑆𝑟]
𝑇
= 𝟎 is chosen element wise as 
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𝑆𝑝 = 𝑛11𝑒𝑝 +𝑚11|𝑒𝑝|
𝑎1
𝑠𝑔𝑛(𝑒𝑝); 𝑆𝑞 = 𝑛22𝑒𝑞 +𝑚22|𝑒𝑞|

𝑎1
𝑠𝑔𝑛(𝑒𝑞);  𝑆𝑟 = 𝑛33𝑒𝑟 +𝑚33|𝑒𝑟|

𝑎1𝑠𝑔𝑛(𝑒𝑟)          

                                         (3.21) 

The above three Eqs. in (3.21) can be expressed in a compact form as  

𝑺𝟏 = 𝑁1𝒆𝟐 +𝑀1𝑠𝑖𝑔(𝒆𝟐)
𝑎1               (3.22) 

where, 𝑁1 = 𝑑𝑖𝑎𝑔 (𝑛11, 𝑛22 , 𝑛33) and 𝑀1 = 𝑑𝑖𝑎𝑔 (𝑚11 , 𝑚22 ,𝑚33) are constant positive definite 

matrices and 𝑎1 is positive constant (>1). 

𝑠𝑖𝑔(𝒆𝟐)
𝑎1  ≜  [|𝑒𝑝|

𝑎1𝑠𝑔𝑛(𝑒𝑝)      |𝑒𝑞|
𝑎1𝑠𝑔𝑛(𝑒𝑞)      |𝑒𝑟|

𝑎1𝑠𝑔𝑛(𝑒𝑟)]
𝑇
         (3.23) 

Now from Eq. (3.20), 

𝑉̇2 = 𝒆𝟏
𝑇𝒆̇𝟏 + 𝑺𝟏

𝑇𝑺̇𝟏 + 𝝈̃
𝑇𝐾2𝝈̇̃                    (3.24) 

Substituting 𝒆̇𝟏 from (3.15), computing 𝑺̇𝟏 from (3.22) and letting 𝝈̇̃ = −𝝈̇̂,   

𝑉̇2 = 𝒆𝟏
𝑇(𝒇𝟏 + 𝐺1𝒙𝟐 − 𝒙̇𝟏𝒅) + 𝑺𝟏

𝑇(𝑁1𝒆̇𝟐 +𝑀1𝑎1|𝒆𝟐|
𝑎1−1 𝒆̇𝟐) − 𝝈̃

𝑇𝐾2𝝈̇̂           (3.25) 

Now defining 

𝐹3(𝒆𝟐) ≜ 𝑁1 +𝑀1𝑎1𝑑𝑖𝑎𝑔(|𝒆𝟐|
𝑎1−1 )                  (3.26) 

and substituting in Eq. (3.25), 

𝑉̇2 = 𝒆𝟏
𝑇[𝒇𝟏 + 𝐺1(𝒆𝟐 + 𝒙𝟐𝒅) − 𝒙̇𝟏𝒅] + 𝑺𝟏

𝑇[𝐹3(𝒆𝟐) 𝒆̇𝟐] − 𝝈̃
𝑇𝐾2𝝈̇̂                (3.27) 

Since 𝒆𝟐 = 𝒙𝟐 − 𝒙𝟐𝒅,   

𝒆̇𝟐 = 𝒇𝟐 + 𝐴𝝈 + 𝐺2𝒖 + 𝒅 − 𝒙̇𝟐𝒅              (3.28) 

Substituting Eqs. (3.19) and (3.28) in Eq. (3.27), 𝑉̇2 reduces to 

𝑉̇2 = 𝒆𝟏
𝑇(𝐺1𝒆𝟐 − 𝐾1𝒆𝟏) + 𝑺𝟏

𝑇[𝐹3(𝒆𝟐)(𝒇𝟐 + 𝐴𝝈 + 𝐺2𝒖 + 𝒅 − 𝒙̇𝟐𝒅)] − 𝝈̃
𝑇𝐾2𝝈̇̂                     (3.29) 

Further substituting 𝝈 = 𝝈̃ + 𝝈̂  
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𝑉̇2 = −𝒆𝟏
𝑇𝐾1𝒆𝟏 + 𝒆𝟏

𝑇𝐺1𝒆𝟐 + 𝑺𝟏
𝑇[𝐹3(𝒆𝟐)(𝒇𝟐 + 𝐴𝝈̂ + 𝐺2𝒖 + 𝒅 − 𝒙̇𝟐𝒅)] − 𝝈̃

𝑇(𝐾2𝝈̇̂ − 𝐴
𝑇𝐹3

𝑇(𝒆𝟐)𝑺𝟏)          

                                                                                                                                                      (3.30)           

Choosing the adaptation law as 

𝝈̇̂ = 𝐾2
−1𝐴𝑇𝐹3

𝑇(𝒆𝟐) 𝑺𝟏                (3.31) 

equation (3.30) reduces to 

𝑉̇2 = −𝒆𝟏
𝑇𝐾1𝒆𝟏 + 𝒆𝟏

𝑇𝐺1𝒆𝟐 + 𝑺𝟏
𝑇[𝐹3(𝒆𝟐)(𝒇𝟐 + 𝐴𝝈̂ + 𝐺2𝒖 + 𝒅 − 𝒙̇𝟐𝒅)]         (3.32) 

Considering a fast reaching law for the sliding mode control for a faster convergence rate,  

𝑺̇𝟏 = −𝐻1𝑺𝟏 −𝐻1𝑠𝑔𝑛(𝑺𝟏)              (3.33) 

where 𝐻1 = 𝑑𝑖𝑎𝑔 (𝜂11 , 𝜂22 , 𝜂33) is a constant positive definite matrix. Now, designing the control 

law as 

𝒖 = (𝐹3(𝒆𝟐) 𝐺2)
−1 [𝐹3(𝒆𝟐)(−𝒇𝟐 − 𝐴𝝈̂ + 𝒙̇𝟐𝒅) − 𝐻1𝑺𝟏 − 𝐹3(𝒆𝟐)𝐻1𝑠𝑔𝑛(𝑺𝟏)]         (3.34) 

Eq. (3.32) reduces to 

𝑉̇2 = −𝒆𝟏
𝑇𝐾1𝒆𝟏 + 𝒆𝟏

𝑇𝐺1𝒆𝟐 − 𝑺𝟏
𝑇𝐻1𝑺𝟏 − 𝑺𝟏

𝑇 𝐹3(𝒆𝟐)[ 𝐻1 𝑠𝑔𝑛(𝑺𝟏) − 𝒅]         (3.35) 

Setting the constant matrix 𝐻1 higher than the upper bound of 𝒅, and observing that 𝐹3(𝒆𝟐) is a 

positive quantity,  

𝑉̇2 ≤ −𝒆𝟏
𝑇𝐾1𝒆𝟏 + 𝒆𝟏

𝑇𝐺1𝒆𝟐 − 𝑺𝟏
𝑇𝐻1𝑺𝟏              (3.36) 

Introducing a variable 𝒄 = 𝑀1|𝒆𝟐|
𝑎1 𝑠𝑔𝑛(𝒆𝟐), 𝑺𝟏 can be expressed as 𝑺𝟏 = 𝑁1𝒆𝟐 + 𝒄. Therefore,  

𝑉̇2 ≤ −𝒆𝟏
𝑇𝐾1𝒆𝟏 + 𝒆𝟏

𝑇𝐺1𝒆𝟐 − (𝑁1𝒆𝟐 + 𝒄)
𝑇𝐻1(𝑁1𝒆𝟐 + 𝒄)                     (3.37) 

Now, except the second term all other terms on the right hand side of Eq. (3.37) are negative definite. 

Adding and subtracting the term 𝒆𝟐
𝑇𝑁1𝒄 in Eq. (3.37), 
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𝑉̇2 ≤ −𝒆𝟏
𝑇𝐾1𝒆𝟏 + 𝒆𝟏

𝑇𝐺1𝒆𝟐 − (𝑁1𝒆𝟐 + 𝒄)
𝑇𝐻1(𝑁1𝒆𝟐 + 𝒄) + 𝒆𝟐

𝑇𝑁1𝒄 − 𝒆𝟐
𝑇𝑁1𝒄         (3.38) 

Expanding the last term −𝒆𝟐
𝑇𝑁1𝒄 into its elements,  

𝑉̇2 ≤ −𝒆𝟏
𝑇𝐾1𝒆𝟏 + 𝒆𝟏

𝑇𝐺1𝒆𝟐 − (𝑁1𝒆𝟐 + 𝒄)
𝑇𝐻1(𝑁1𝒆𝟐 + 𝒄) + 𝒆𝟐

𝑇𝑁1𝒄 −𝑛11𝑚11|𝑒𝑝|
𝑎1+1 −

𝑛22𝑚22|𝑒𝑞|
𝑎1+1

− 𝑛33𝑚33|𝑒𝑟|
𝑎1+1                (3.39) 

The first four terms of the right-hand side of Eq. (3.39) can be expressed in the form −𝒛𝑇𝑄𝒛 where  

𝒛𝑇𝑄𝒛 = [𝒆𝟏
𝑇 𝒆𝟐

𝑇 𝒄𝑻] 

[
 
 
 
 𝐾1   −

1

2
𝐺1 0

−
1

2
𝐺1
𝑇   𝑁1

2𝐻1    𝑁1𝐻1 −
𝑁1

2

0   𝑁1𝐻1 −
𝑁1

2
𝐻1 ]

 
 
 
 

 [
𝒆𝟏
𝒆𝟐
𝒄
]                     (3.40) 

Therefore, Eq. (3.39) can be simplified to 

𝑉̇2 ≤ −𝒛
𝑇𝑄𝒛 −𝑛11𝑚11|𝑒𝑝|

𝑎1+1 − 𝑛22𝑚22|𝑒𝑞|
𝑎1+1 − 𝑛33𝑚33|𝑒𝑟|

𝑎1+1              (3.41) 

Clearly,  𝑉̇2 ≤ 0 and therefore, 𝒛 (i.e. 𝒆𝟏, 𝒆𝟐 and 𝑺𝟏) is bounded if and only if the 𝑄 matrix in Eq. 

(3.41) is positive definite. Therefore, conditions for positive definiteness of 𝑄 are derived next.      

Remark 1: Referring to Eqs. (3.5) and (3.7), the matrix 𝐺1 can be expressed as 

𝐺1 =

[
 
 
 
 −𝑐𝑜𝑠𝛼 𝑡𝑎𝑛𝛽 (1 −

𝜌𝑆𝑐𝐶̅𝐿𝑞

4𝑚 𝑐𝑜𝑠𝛽
) −𝑠𝑖𝑛𝛼 𝑡𝑎𝑛𝛽

(𝑠𝑖𝑛𝛼 +
𝜌𝑆𝑏𝐶𝑌𝑝

4𝑚
) 0 (−𝑐𝑜𝑠𝛼 +

𝜌𝑠𝑏𝐶𝑌𝑟

4𝑚
)

(𝑐𝑜𝑠𝛼 𝑠𝑒𝑐𝛽 +
𝑡𝑎𝑛𝛾 𝑐𝑜𝑠𝜇 𝜌𝑆𝑏𝐶𝑌𝑝

4𝑚
)       (

(𝑡𝑎𝑛𝛽+𝑠𝑖𝑛𝜇 𝑡𝑎𝑛𝛾)𝜌𝑆𝑐̅𝐶𝐿𝑞

4𝑚
)       (𝑠𝑖𝑛𝛼 𝑠𝑒𝑐𝛽 +

𝑡𝑎𝑛𝛾 𝑐𝑜𝑠𝜇 𝜌𝑆𝑏𝐶𝑌𝑟

4𝑚
)]
 
 
 
 

  

      (3.42) 

Now the terms containing 
1

4 𝑚
 in Eq. (3.42) can be safely neglected as the mass of the aircraft 𝑚 is 

very high (~104 kg) compared to the other terms. Also, the term 𝑡𝑎𝑛 𝛾 does not go beyond the range 

3 to 4 as the flight path angle 𝛾 usually does not go beyond 70-75o even for very drastic high-alpha 

maneuvers such as the Herbst [103]. Further, 𝛽 is also kept small and therefore 𝑡𝑎𝑛 𝛽 is also very 
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small. Therefore, the matrix Q in Eq. (3.40) can be simplified to the following form after 

substituting 𝐾1, 𝑁1, 𝐻1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                                                                                                                       

 

𝑄
=

[                  
𝑘
1
1

0
0

𝑐𝑜
𝑠𝛼
𝑡𝑎
𝑛
𝛽

2
−
1 2

 
𝑠𝑖
𝑛
𝛼
𝑡𝑎
𝑛
𝛽

2
0

0
0

0
𝑘
2
2

0
−
𝑠𝑖
𝑛
𝛼

2
 

0
𝑐𝑜
𝑠𝛼 2

0
0

0

0
0

𝑘
3
3

−
𝑐𝑜
𝑠𝛼
𝑠𝑒
𝑐𝛽

2
0

−
𝑠𝑖
𝑛
𝛼
𝑠𝑒
𝑐𝛽

2
0

0
0

𝑐𝑜
𝑠𝛼
𝑡𝑎
𝑛
𝛽

2
−
𝑠𝑖
𝑛
𝛼

2
  

−
( 𝑐
𝑜
𝑠𝛼
𝑠𝑒
𝑐𝛽
)

2
𝑛
1
1
2
𝜂
1
1

0
0

𝑛
1
1
𝜂
1
1
−
𝑛
1
1

2
0

0

−
1 2

 
0

0
0

𝑛
2
2
2
𝜂
2
2

0
0

𝑛
2
2
𝜂
2
2
−
𝑛
2
2

2
0

𝑠𝑖
𝑛
𝛼
𝑡𝑎
𝑛
𝛽

2

𝑐𝑜
𝑠𝛼 2

−
𝑠𝑖
𝑛
𝛼
𝑠𝑒
𝑐𝛽

2
0

0
𝑛
3
3
2
𝜂
3
3

0
0

𝑛
3
3
𝜂
3
3
−
𝑛
3
3

2

0
0

0
𝑛
1
1
𝜂
1
1
−
𝑛
1
1

2
0

0
𝜂
1
1

0
0

0
0

0
0

𝑛
2
2
𝜂
2
2
−
𝑛
2
2

2
0

0
𝜂
2
2

0

0
0

0
0

0
𝑛
3
3
𝜂
3
3
−
𝑛
3
3

2
0

0
𝜂
3
3

]                   

   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
   
(3
.4
3
) 
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Theorem 3.1: The 9 × 9  𝑄 matrix given by Eq. (3.43) is positive definite if and only if   

𝜂11, 𝜂22, 𝜂33 >
1

4
                  (3.44) 

and the following 3 × 3  matrix is positive definite 

[

4𝑘11 − 𝑎1𝑎(𝑐𝑜𝑠𝛼 𝑡𝑎𝑛𝛽)
2 − 𝑎2𝑎 − 𝑎3𝑎(𝑠𝑖𝑛𝛼 𝑡𝑎𝑛𝛽)

2 (𝑎1𝑎 − 𝑎3𝑎)𝑐𝑜𝑠𝛼 𝑡𝑎𝑛𝛽 𝑠𝑖𝑛𝛼 𝑎1𝑎 cos
2𝛼 𝑡𝑎𝑛𝛽 𝑠𝑒𝑐𝛽 + 𝑎3𝑎𝑠𝑖𝑛

2𝛼 𝑡𝑎𝑛𝛽 𝑠𝑒𝑐𝛽  

(𝑎1𝑎 − 𝑎3𝑎)𝑐𝑜𝑠𝛼 𝑡𝑎𝑛𝛽 𝑠𝑖𝑛𝛼 4𝑘22 − (𝑎1𝑎 sin
2 𝛼 + 𝑎3𝑎 cos

2 𝛼) −(𝑎1𝑎 − 𝑎3𝑎)𝑠𝑖𝑛𝛼 𝑐𝑜𝑠𝛼 𝑠𝑒𝑐𝛽

𝑎1𝑎 cos
2𝛼 𝑡𝑎𝑛𝛽 𝑠𝑒𝑐𝛽 + 𝑎3𝑎𝑠𝑖𝑛

2𝛼 𝑡𝑎𝑛𝛽 𝑠𝑒𝑐𝛽  −(𝑎1𝑎 − 𝑎3𝑎)𝑠𝑖𝑛𝛼 𝑐𝑜𝑠𝛼 𝑠𝑒𝑐𝛽 4𝑘33 − 𝑎1𝑎(𝑐𝑜𝑠𝛼 𝑠𝑒𝑐𝛽)
2 − 𝑎3𝑎(𝑠𝑖𝑛𝛼 𝑠𝑒𝑐𝛽)

2

]

                    (3.45) 

where 𝑎1𝑎 ≜
4𝜂11

4𝑛11
2 𝜂11−𝑛11

2  , 𝑎2𝑎 ≜
4𝜂22

4𝑛22
2 𝜂22−𝑛22

2  , 𝑎3𝑎 ≜
4𝜂33

4𝑛33
2 𝜂33−𝑛33

2  . 

𝑷𝒓𝒐𝒐𝒇: The following lemma is needed to prove Theorem 3.1.  

Lemma 1: According to Schur Complement method [104] for any block symmetric matrix of the 

form 𝑄 = [
𝐴 𝐵
𝐵𝑇 𝐶

], if C is invertible, then 𝑄 ≥ 0 if and only if 𝐶 ≥ 0 and 𝐴 − 𝐵𝐶−1𝐵𝑇 ≥ 0.   

Partitioning the 𝑄 matrix as shown in Eq. (3.43), 𝐴, 𝐵, 𝐶 are given by 

𝐴 = 𝐾1 = [

𝑘11 0 0
0 𝑘22 0
0 0 𝑘33

]              (3.46) 

𝐵 =
1

2
[
𝑐𝑜𝑠𝛼 𝑡𝑎𝑛𝛽 −1 𝑠𝑖𝑛𝛼 𝑡𝑎𝑛𝛽    0  0  0
−𝑠𝑖𝑛𝛼    0 𝑐𝑜𝑠𝛼    0  0  0

−𝑐𝑜𝑠𝛼 𝑠𝑒𝑐𝛽    0 −𝑠𝑖𝑛𝛼 𝑠𝑒𝑐𝛽    0  0  0
]                      (3.47) 

𝐶 =

[
 
 
 
 
 
 
 
 𝑛11

2 𝜂11 0 0 𝑛11𝜂11 −
𝑛11

2
 0 0

0 𝑛22
2 𝜂22 0 0 𝑛22𝜂22 −

𝑛22

2
 0

0 0 𝑛33
2 𝜂33 0 0 𝑛33𝜂33 −

𝑛33

2

𝑛11𝜂11 −
𝑛11

2
 0 0 𝜂11 0 0

0 𝑛22𝜂22 −
𝑛22

2
 0 0 𝜂22 0

0 0 𝑛33𝜂33 −
𝑛33

2
0 0 𝜂33 ]

 
 
 
 
 
 
 
 

                              

                                                                                                                                                                     (3.48) 
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Clearly, 𝐶 is also a block symmetric matrix of the form [
𝑋 𝑌
𝑌𝑇 𝑍

] with 𝑋, 𝑌, 𝑍 all being 3 × 3 diagonal 

matrices. Therefore, applying Lemma 1 once more, 𝐶 ≥ 0 if and only if  𝑍 = 𝑑𝑖𝑎𝑔 (𝜂11 , 𝜂22 ,

𝜂33) > 0 and 𝑋 − 𝑌𝑍−1𝑌𝑇 ≥ 0. The condition 𝑍 > 0 is already satisfied since 𝜂11, 𝜂22, 𝜂33 are 

positive constants. For the condition 𝑋 − 𝑌𝑍−1𝑌𝑇 ≥ 0 to be satisfied, substituting the corresponding 

expressions of 𝑋, 𝑌, 𝑍 yields, 

𝑑𝑖𝑎𝑔 [𝑛11
2 𝜂11 −

1

𝜂11
(𝑛11𝜂11 −

𝑛11

2
)
2

, 𝑛22
2 𝜂22 −

1

𝜂22
(𝑛22𝜂22 −

𝑛22

2
)
2

, 𝑛33
2 𝜂33 −

1

𝜂33
(𝑛33𝜂33 −

𝑛33

2
)
2
] > 0          

                                                                                                                                                      (3.49)  

which, on further simplification, reduces to   

𝜂11, 𝜂22, 𝜂33 >
1

4
               (3.50) 

Condition (3.50) ensures that  𝐶 ≥ 0. Now for the condition 𝐴 − 𝐵𝐶−1𝐵𝑇 ≥ 0, 𝐶−1 can be computed 

using the Matrix Inversion Lemma [105] as 

𝐶−1 =

[
 
 
 
 
 𝑑𝑖𝑎𝑔 (

4𝜂11
4𝑛11

2 𝜂11 − 𝑛11
2 ,

4𝜂22
4𝑛22

2 𝜂22 − 𝑛22
2 ,

4𝜂33
4𝑛33

2 𝜂33 − 𝑛33
2 )   𝑑𝑖𝑎𝑔 (

2(1 − 2𝜂11)

4𝑛11𝜂11 − 𝑛11
,

2(1 − 2𝜂22)

4𝑛22𝜂22 − 𝑛22
,

2(1 − 2𝜂33)

4𝑛33𝜂33 − 𝑛33
)

𝑑𝑖𝑎𝑔 (
2(1 − 2𝜂11)

4𝑛11𝜂11 − 𝑛11
,

2(1 − 2𝜂22)

4𝑛22𝜂22 − 𝑛22
,

2(1 − 2𝜂33)

4𝑛33𝜂33 − 𝑛33
) 𝑑𝑖𝑎𝑔 (

4𝜂11
4𝜂11 − 1

,
4𝜂22

4𝜂22 − 1
,

4𝜂33
4𝜂33 − 1

)
]
 
 
 
 
 

 

Denoting 

𝐶−1 ≜ [

𝑑𝑖𝑎𝑔 (𝑎1𝑎, 𝑎2𝑎 , 𝑎3𝑎)    𝑑𝑖𝑎𝑔 (𝑏1𝑎, 𝑏2𝑎, 𝑏3𝑎)

𝑑𝑖𝑎𝑔 (𝑏1𝑎, 𝑏2𝑎, 𝑏3𝑎) 𝑑𝑖𝑎𝑔 (𝑐1𝑎 𝑐2𝑎 𝑐3𝑎)
]                                (3.51) 

and substituting 𝐴, 𝐵, 𝐶−1 from (3.46), (3.47) and (3.51) respectively results in the following 

inequality for the condition 𝐴 − 𝐵𝐶−1𝐵𝑇 ≥ 0  

[

4𝑘11 − 𝑎1𝑎(𝑐𝑜𝑠𝛼 𝑡𝑎𝑛𝛽)
2 − 𝑎2𝑎 − 𝑎3𝑎(𝑠𝑖𝑛𝛼 𝑡𝑎𝑛𝛽)

2 (𝑎1𝑎 − 𝑎3𝑎)𝑐𝑜𝑠𝛼 𝑡𝑎𝑛𝛽 𝑠𝑖𝑛𝛼 𝑎1𝑎 cos
2𝛼 𝑡𝑎𝑛𝛽 𝑠𝑒𝑐𝛽 + 𝑎3𝑎𝑠𝑖𝑛

2𝛼 𝑡𝑎𝑛𝛽 𝑠𝑒𝑐𝛽  

(𝑎1𝑎 − 𝑎3𝑎)𝑐𝑜𝑠𝛼 𝑡𝑎𝑛𝛽 𝑠𝑖𝑛𝛼 4𝑘22 − (𝑎1𝑎 sin
2 𝛼 + 𝑎3𝑎 cos

2 𝛼) −(𝑎1𝑎 − 𝑎3𝑎) 𝑠𝑖𝑛𝛼 𝑐𝑜𝑠𝛼 𝑠𝑒𝑐𝛽

𝑎1𝑎 cos
2𝛼 𝑡𝑎𝑛𝛽 𝑠𝑒𝑐𝛽 + 𝑎3𝑎𝑠𝑖𝑛

2𝛼 𝑡𝑎𝑛𝛽 𝑠𝑒𝑐𝛽  −(𝑎1𝑎 − 𝑎3𝑎)𝑠𝑖𝑛𝛼 𝑐𝑜𝑠𝛼 𝑠𝑒𝑐𝛽 4𝑘33 − 𝑎1𝑎(𝑐𝑜𝑠𝛼 𝑠𝑒𝑐𝛽)
2 − 𝑎3𝑎(𝑠𝑖𝑛𝛼 𝑠𝑒𝑐𝛽)

2

]   >

0                                                                                                                                                                                                               (3.52) 
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Remark 2: It is evident that the condition in Eq. (3.52) is state (i.e. angle of attack and the angle of 

sideslip) dependent. Therefore, the condition is further simplified in the following proposition 

considering realistic ranges for these two state variables.  

 As inequality (3.52) involves 𝛼 and 𝛽 dependent terms, maximum possible range of variations in 

their values are considered to establish stability. For F18-HARV, the aircraft considered in the present 

study, aerodynamic data are available over the 𝛼 range of -14o to +90o. Moreover, for the standard 

high alpha maneuvers, usually 𝛽 is commanded to remain zero. It is observed from the literature [66, 

99] that even under feasible system uncertainties and external disturbances 𝛽 remains well within 

±15o. Therefore, considering 𝛽 ∈ [−15o, +15o] and 𝛼 ∈ [−14o, +90o], and considering the worst 

case variations in the elements of the matrix in (3.58) the following condition involving an interval 

matrix can be arrived at 

[

4𝑘11 − (𝑎1𝑎 + 𝑎3𝑎) [0, 0.07] − 𝑎2𝑎 (𝑎1𝑎 − 𝑎3𝑎) [−0.13, 0.13] (𝑎1𝑎 + 𝑎3𝑎) [−0.27, 0.27]

(𝑎1𝑎 − 𝑎3𝑎) [−0.13, 0.13] 4𝑘22 − (𝑎1𝑎 + 𝑎3𝑎)[0, 1] −(𝑎1𝑎 − 𝑎3𝑎) [−0.26, 0.52]

(𝑎1𝑎 + 𝑎3𝑎) [−0.27, 0.27] −(𝑎1𝑎 − 𝑎3𝑎) [−0.26 , 0.52] 4𝑘33 − (𝑎1𝑎 + 𝑎3𝑎) [0, 1.07]

] > 0     

      (3.53) 

Clearly, for the above condition to hold 

4𝑘11 − (𝑎1𝑎 + 𝑎3𝑎) [0, 0.07] − 𝑎2𝑎 > 0                         (3.54) 

|
4𝑘11 − (𝑎1𝑎 + 𝑎3𝑎) [0, 0.07] − 𝑎2𝑎 (𝑎1𝑎 − 𝑎3𝑎) [−0.13,0.13]

(𝑎1𝑎 − 𝑎3𝑎) [−0.13,0.13] 4𝑘22 − (𝑎1𝑎 + 𝑎3𝑎)[0, 1]
| > 0                                  (3.55) 

|

4𝑘11 − (𝑎1𝑎 + 𝑎3𝑎) [0, 0.07] − 𝑎2𝑎 (𝑎1𝑎 − 𝑎3𝑎) [−0.13, 0.13] (𝑎1𝑎 + 𝑎3𝑎) [−0.27, 0.27]

(𝑎1𝑎 − 𝑎3𝑎) [−0.13, 0.13] 4𝑘22 − (𝑎1𝑎 + 𝑎3𝑎)[0, 1] −(𝑎1𝑎 − 𝑎3𝑎) [−0.26, 0.52]

(𝑎1𝑎 + 𝑎3𝑎) [−0.27, 0.27] −(𝑎1𝑎 − 𝑎3𝑎) [−0.26, 0.52] 4𝑘33 − (𝑎1𝑎 + 𝑎3𝑎) [0, 1.07]

| > 0                                                                                                                                                        

      (3.56) 

Now applying the interval arithmetic formulas [106] such as: 

If [𝑥1, 𝑦1] and [𝑥2, 𝑦2] are bounded, nonempty, real intervals, then  
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[𝑥1, 𝑥2] + [𝑦1, 𝑦2] = [𝑥1 + 𝑦1, 𝑥2 + 𝑦2]             

[𝑥1, 𝑥2] − [𝑦1, 𝑦2]  = [𝑥1 − 𝑦2, 𝑥2 − 𝑦1]             

[𝑥1, 𝑥2] [𝑦1, 𝑦2]  = [min(𝑍) ,max(𝑍)]  where 𝑍 = {𝑥1𝑦1, 𝑥1𝑦2, 𝑥2𝑦1, 𝑥2𝑦2}  

and considering the worst case scenarios i.e. upper limit for negative terms and lower limits for 

positive terms, the above three inequalities are simplified one by one as 

First Condition  

𝑘11 >
1

4
{0.07(𝑎1𝑎 + 𝑎3𝑎) + 𝑎2𝑎}                                                  (3.57) 

Second Condition 

{4𝑘11 − (𝑎1𝑎 + 𝑎3𝑎) [0, 0.07] − 𝑎2𝑎}{4𝑘22 − (𝑎1𝑎 + 𝑎3𝑎)[0, 1]} − {(𝑎1𝑎 − 𝑎3𝑎) [−0.13, 0.13]}
2 > 0   

      (3.58) 

On expanding Eq. (3.58), we get  

16𝑘11𝑘22 − 4𝑘11(𝑎1𝑎 + 𝑎3𝑎)[0,1] − 4𝑘22(𝑎1𝑎 + 𝑎3𝑎)[0,0.07] + (𝑎1𝑎 + 𝑎3𝑎)[0,0.07](𝑎1𝑎 + 𝑎3𝑎)[0,1] −  

4𝑘22𝑎2𝑎 + 𝑎2𝑎(𝑎1𝑎 + 𝑎3𝑎)[0,1]− {(𝑎1𝑎 − 𝑎3𝑎) [−0.13, 0.13]}
2 > 0                                                         (3.59) 

Now, applying interval arithmetic and considering the worst case scenarios i.e. upper limit for 

negative terms and lower limits for positive terms, the Eq. (3.59) reduces to 

16𝑘11𝑘22 − 4𝑘11(𝑎1𝑎 + 𝑎3𝑎) − 4𝑘22(𝑎1𝑎 + 𝑎3𝑎)(0.07) − 4𝑘22𝑎2 − (𝑎1𝑎 − 𝑎3𝑎)
2(0.169) > 0              (3.60) 

Further rearranging Eq. (3.60) leads to 

𝑘22{4𝑘11 − (𝑎1𝑎 + 𝑎3𝑎)0.07 − 𝑎2𝑎} > 𝑘11(𝑎1𝑎 + 𝑎3𝑎) + (𝑎1𝑎 − 𝑎3𝑎)
20.0423                                 (3.61) 

Third Condition 

{4𝑘11 − (𝑎1𝑎 + 𝑎3𝑎) [0, 0.07] − 𝑎2𝑎}{(4𝑘22 − (𝑎1𝑎 + 𝑎3𝑎)[0, 1])(4𝑘33 − (𝑎1𝑎 + 𝑎3𝑎)[0, 1.07]) − (𝑎1𝑎 −

𝑎3𝑎)
2 [−0.26, 0.52]} − {(𝑎1𝑎 − 𝑎3𝑎) [−0.13, 0.13]}{((𝑎1𝑎 − 𝑎3𝑎) [−0.13, 0.13])(4𝑘33 − (𝑎1𝑎 +
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𝑎3𝑎) [0, 1.07]) − ((𝑎1𝑎 + 𝑎3𝑎) [−0.27, 0.27])(−(𝑎1𝑎 − 𝑎3𝑎) [−0.26, 0.52])} + {((𝑎1𝑎 +

𝑎3𝑎) [−0.27, 0.27])}{((𝑎1𝑎 − 𝑎3𝑎) [−0.13, 0.13])(−(𝑎1𝑎 − 𝑎3𝑎) [−0.26, 0.52]) − ((4𝑘22 − (𝑎1𝑎 +

𝑎3𝑎)[0, 1])(𝑎1𝑎 + 𝑎3𝑎) [−0.27, 0.27])} > 0             (3.62) 

On expanding Eq. (3.62), we get  

64𝑘11𝑘22𝑘33 − 16𝑘11𝑘22(𝑎1𝑎 + 𝑎3𝑎)[0,1.07] − 16𝑘11𝑘33(𝑎1𝑎 + 𝑎3𝑎)[0,1] + 4𝑘11(𝑎1𝑎 + 𝑎3𝑎)[0,1](𝑎1𝑎 +

𝑎3𝑎)[0,1.07] − 4𝑘11(𝑎1𝑎 − 𝑎3𝑎)
2[−0.26,0.52]2 − 16𝑘22𝑘33(𝑎1𝑎 + 𝑎3𝑎)[0,0.07] + 4𝑘22(𝑎1𝑎 +

𝑎3𝑎)[0,1.07](𝑎1𝑎 + 𝑎3𝑎)[0,1.07] + 4𝑘33(𝑎1𝑎 + 𝑎3𝑎)[0,1](𝑎1𝑎 + 𝑎3𝑎)[0,0.07] − (𝑎1𝑎 +

𝑎3𝑎)[0.0.07](𝑎1𝑎 + 𝑎3𝑎)[0,1.07](𝑎1𝑎 + 𝑎3𝑎)[0,0.07] + (𝑎1𝑎 + 𝑎3𝑎)[0,0.07](𝑎1𝑎 − 𝑎3𝑎)
2[−0.26,0.52]2 −

16𝑘22𝑘33𝑎2𝑎 + 4𝑘22𝑎2𝑎(𝑎1𝑎 + 𝑎3𝑎)[0,1.07] + 4𝑘33𝑎2𝑎(𝑎1𝑎 + 𝑎3𝑎)[0,1] − 𝑎2𝑎(𝑎1𝑎 + 𝑎3𝑎)[0,1] +

𝑎2𝑎(𝑎1𝑎 − 𝑎3𝑎)
2[−0.26,0.52]2 − 4𝑘33(𝑎1𝑎 − 𝑎3𝑎)[−0.13,0.13](𝑎1𝑎 − 𝑎3𝑎)[−0.13,0.13] + (𝑎1𝑎 −

𝑎3𝑎)[−0.13,0.13](𝑎1𝑎 − 𝑎3𝑎)[−0.13,0.13](𝑎1𝑎 + 𝑎3𝑎)[0,1.07] − (𝑎1𝑎 − 𝑎3𝑎)[−0.13,0.13](𝑎1𝑎 +

𝑎3𝑎)[−0.27,0.27](𝑎1𝑎 − 𝑎3𝑎)[−0.26,0.52] − (𝑎1𝑎 + 𝑎3𝑎)[−0.27,0.27](𝑎1𝑎 − 𝑎3𝑎)[−0.13,0.13](𝑎1𝑎 −

𝑎3𝑎)[−0.26,0.52] − 4𝑘22(𝑎1𝑎 + 𝑎3𝑎)[−0.27,0.27](𝑎1𝑎 − 𝑎3𝑎)[−0.27,0.27] + (𝑎1𝑎 +

𝑎3𝑎)[−0.27,0.27](𝑎1𝑎 + 𝑎3𝑎)[0,1](𝑎1𝑎 + 𝑎3𝑎)[−0.27,0.27] > 0                                                  (3.63) 

Now, applying interval arithmetic and considering the worst case scenarios i.e. upper limit for 

negative terms and lower limits for positive terms, the Eq. (3.63) reduces to 

64𝑘11𝑘22𝑘33 − 16𝑘11𝑘22(𝑎1𝑎 + 𝑎3𝑎)(1.07) − 16𝑘11𝑘33(𝑎1𝑎 + 𝑎3𝑎) − 4𝑘11(𝑎1𝑎 − 𝑎3𝑎)
2(0.27) −

16𝑘22𝑘33(𝑎1𝑎 + 𝑎3𝑎)(0.07) − (𝑎1𝑎 + 𝑎3𝑎)
3(0.07)2(1.07) − 16𝑘22𝑘33𝑎2𝑎 − 𝑎2𝑎(𝑎1𝑎 + 𝑎3𝑎)

2(1.07) +

𝑎2𝑎(𝑎1𝑎 − 𝑎3𝑎)
2(0.06) − 4𝑘33(𝑎1𝑎 − 𝑎3𝑎)

2(0.169) − (𝑎1𝑎 − 𝑎3𝑎)
2(0.13)(0.52)(𝑎1𝑎 + 𝑎3𝑎)(0.27) −

(𝑎1𝑎 + 𝑎3𝑎)(0.27)(𝑎1𝑎 − 𝑎3𝑎)
2(0.13)(0.52) − 4𝑘22𝑎2𝑎(𝑎1𝑎 + 𝑎3𝑎)

2(0.27)2 > 0         (3.64) 

Further rearrangement of Eq. (3.64) leads to 

𝑘33{16𝑘11𝑘22 − 4𝑘11(𝑎1𝑎 + 𝑎3𝑎) − 4𝑘22(𝑎1𝑎 + 𝑎3𝑎)0.07 − 4𝑘22𝑎2𝑎 − (𝑎1𝑎 − 𝑎3𝑎)
20.169} > 

  4𝑘11𝑘22(𝑎1𝑎 + 𝑎3𝑎)1.07 + (𝑎1𝑎 − 𝑎3𝑎)
2{𝑘110.27 − 𝑎2𝑎0.0150 − 0.0423 + 2(𝑎1𝑎 +

𝑎3𝑎)0.0046} +      (𝑎1𝑎 + 𝑎3𝑎)
2{𝑘220.0729 + (𝑎1𝑎 + 𝑎3𝑎)0.0013 + 𝑎2𝑎0.2675}                      (3.65) 
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Remark 3: The design parameters 𝑎1𝑎 , 𝑎2𝑎, 𝑎3𝑎 are dependent on the elements of the matrices 𝐻1 

and 𝑁1; therefore, they should be chosen first (𝐻1 further satisfying the conditions in Eq. (3.44)) and 

thereafter the elements of the matrix 𝐾1 should be designed so that the inequalities given by Eq. 

(3.57), Eq. (3.61), and Eq. (3.65) are satisfied.   

Remark 4: Equation (3.41) establishes negative semi-definiteness of 𝑉̇2. Therefore, Barbalat’s 

lemma can now be invoked to investigate asymptotic stability of the origin. Integrating Eq. (3.41),   

∫ (𝒛𝑇(𝜏)𝑄𝒛(𝜏)+𝑛11𝑚11|𝑒𝑝(𝜏)|
𝑎1+1

+ 𝑛22𝑚22|𝑒𝑞(𝜏)|
𝑎1+1

+ 𝑛33𝑚33|𝑒𝑟(𝜏)|
𝑎1+1) 𝑑𝜏

∞

0

≤ −∫ 𝑉̇2(𝜏)𝑑𝜏
∞

0

 

                          = 𝑉2(0) − 𝑉2(∞) < ∞                              (3.66) 

Because lim
𝑡→∞

∫ (𝒛𝑇(𝜏)𝑄𝒛(𝜏)+𝑛11𝑚11|𝑒𝑝(𝜏)|
𝑎1+1

+ 𝑛22𝑚22|𝑒𝑞(𝜏)|
𝑎1+1

+ 𝑛33𝑚33|𝑒𝑟(𝜏)|
𝑎1+1 ) 𝑑𝜏

𝑡

0
 is 

bounded, according to Barbalat’s lemma [56, 107] it can be concluded that  

lim
𝑡→∞

(𝒛𝑇(𝜏)𝑄𝒛(𝜏)+𝑛11𝑚11|𝑒𝑝(𝜏)|
𝑎1+1

+ 𝑛22𝑚22|𝑒𝑞(𝜏)|
𝑎1+1

+ 𝑛33𝑚33|𝑒𝑟(𝜏)|
𝑎1+1) = 0                          (3.67) 

In other words, 𝒛 (i.e. 𝒆𝟏, 𝒆𝟐 and 𝑺𝟏) converges to zero asymptotically. Therefore, the proposed 

controller guarantees asymptotic stability of 𝒛. 

3.4 Simulation Validation and Performance Analysis 

To validate the proposed control scheme, high-alpha cobra and Herbst maneuver is considered for 

the F18-HARV aircraft. The geometric and mass properties of the aircraft along with the control 

surface characteristics and the aerodynamic coefficients can be found in [60, 100] and for the sake 

of ready reference is also given in Appendix-C. Three cases of c.g. positions are considered for the 

simulation studies. First the c.g. is assumed to be at the nominal position and thereafter at laterally 

shifted positions on both port (denoted as Asym(-)) and starboard sides (denoted as Asym(+))  and 

the controller performances in each of the three situations are compared. It is assumed that the aircraft 
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is initially trimmed at an altitude of 2000 𝑚 and at a velocity of 150 𝑚/𝑠 before initiating the 

maneuver. To simulate a significant c.g. variation, the aircraft is assumed to carry a single store 

weighing 800 𝑘𝑔 housed first on the starboard side and thereafter on the port side under the wing at 

a lateral distance of one third of the semispan from the fuselage centerline. Along the x- and z- body 

axes, the store is assumed to be at 0.45 𝑚 downward from the local horizontal plane and 0.5 𝑚 along 

the nose from the nominal c.g. position or the origin of the body reference frame respectively. These 

would cause the aircraft c.g. to shift to the location [2.3 ± 8.8  2.1]𝑇 𝑐𝑚 with respect to the origin 

of the body frame. The 6-DOF aircraft dynamics is simulated considering the exact asymmetric 

equations of motion under c.g. offset as shown in Eq. (3.1). Further, along with the c.g. variations, 

the aerodynamic coefficients are also assumed to be uncertain with a  ±30% uncertainty band about 

their nominal values.  Large number of Monte Carlo runs are performed taking aerodynamic 

coefficients randomly within this band and almost identical maneuver performance is observed in 

each run. However, the results corresponding to only three sample runs (one each for maximum c.g 

variations denoted as Asym(+) and Asym(-)  and one without any c.g variation denoted as Sym) are 

presented in the figures below for the sake of brevity. Also, a tanh function is used instead of signum 

function to reduce chattering. Numerical simulations are performed using the standard fourth order 

Runge-Kutta method.   

To perform cobra maneuver, the aircraft is pitched up to a high value and then quickly brought back 

to the initial pitch to achieve a sudden and drastic drop in forward velocity [68, 69]. Therefore, a 

smooth bell-shaped curve for desired angle of attack (𝛼) profile as shown in Fig. 3.2 are generated 

as  𝛼𝑑 =
1

1+|
𝑡−𝑐

𝑎
|
2𝑏 the value of a, b, and c are set with trial and error and listed in Table 3.1 and is fed 

to the controller (where peak value of desired 𝛼 is taken to about 60o). Bank angle (𝜇), and sideslip 

angle (𝛽) are commanded at their initial trim values i.e. zero throughout the maneuver. The total 

maneuver duration is considered to be 6𝑠 initiated at 𝑡 = 0. To enhance the thrust vector control 
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power, throttle is increased to 50% in an open loop manner over the maneuver duration. Figures 3.3 

and 3.4 depict the time evolutions of various states, c.g. estimates, sliding surfaces corresponding to 

the aforementioned three cases of c.g. locations and the control surface deflections respectively 

Figure 3.3 shows that the desired 𝛼, 𝛽, 𝜇 profiles are very closely tracked. As expected in cobra 

maneuver, the aircraft pitches up to a maximum of 90o and its velocity nearly halves in about 4𝑠. 

Control surface deflections are also found to remain largely within their respective saturation limits. 

It is also observed in Figures 3.3 and 3.4 that the responses corresponding to all the three cases of 

c.g. positions are almost completely overlapping. This clearly demonstrates excellent robustness of 

the proposed controller to the c.g. and aerodynamic uncertainties.   

To perform the Herbst maneuver, the aircraft is first taken to a high angle of attack value and then a 

velocity vector roll is initiated [68, 103]. Therefore, bell-shaped curves for 𝛼 and 𝜇 commands as 

shown in Fig.3.5. are generated same as in cobra maneuver the value of a, b, and c are set with trial 

and error and listed in Table 3.2 keeping 𝛽 at the initial trim value.  The total maneuver duration of 

18𝑠 is considered initiating the maneuver at 𝑡 = 0. Bank angle command is increased from the initial 

trim value after 3𝑠. Figures 3.6 and 3.7 shows the time evolutions of the states and the controls. 

Figure 3.6 clearly manifests excellent tracking performance as well as robustness of the proposed 

closed loop scheme since responses for all the situations are nearly overlapping. The ground track of 

the trajectories do not show any significant variations either. From Fig. 3.7 it is readily observed that 

the controls remained largely within their saturation limits. For pitch and yaw thrust vectors position 

and rate limit values are considered to be ±20 𝑑𝑒𝑔 and ±80 𝑑𝑒𝑔/𝑠 respectively. Other control 

surface properties are given in Appendix-C. Throttle is increased in an open loop manner during the 

maneuver. A stable first order throttle dynamics is considered. Various controller parameters designed 

satisfying the set of conditions as given in Eqs. (3.57), (3.61), and (3.65) are listed in Table 3.3.  
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For c.g. estimates and actual c.g. positions (i.e. 𝝈̂ and 𝝈), however, the results corresponding to only 

three sample runs (one each for maximum c.g variations denoted as Asym(+) and Asym(-) along 

positive and negative y- directions respectively and one without any c.g variation denoted as Sym) 

are presented for the sake of brevity for both the maneuver. It is clearly observed that the error in c.g 

estimate i.e. 𝝈̃ does not converge to zero. The asymptotic stability proof as presented through 

Barbalat’s lemma in Remark 4 in Section 3.3.2, guarantees asymptotic convergence of the tracking 

error vector 𝒆𝟏  and the sliding surface vector 𝑺𝟏, but does not guarantee asymptotic convergence of  

𝝈̃; 𝝈̃ is guaranteed to remain only bounded as established from negative semi-definiteness of the 

Lyapunov function 𝑉2. The inexact estimate  𝝈̂ will impact the controller output 𝒖 as evident from 

Eq. (3.34), and therefore, will have some effect on the transient response of the tracking error 𝒆𝟏. 

However, the steady state value of 𝒆𝟏 will remain zero as mathematically guaranteed from Barbalat’s 

lemma. Figure 3.3(d) and 3.6(h) also shows the asymptotically convergent nature of the sliding 

surface vector 𝑺𝟏. 

 

Table 3.1: Desired reference signal parameters: Cobra maneuver 

Reference signal 𝒂 𝒃 𝒄 

Angle of attack (𝛼) 1.5 1 3 

 

 

Figure 3.2. Time evolution of desired reference signal: Cobra maneuver 
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Figure 3.3. Ground track, time evolution of states, sliding surfaces and c.g. position: Cobra 

maneuver (c.g. at nominal as well as shifted position) 

 

Figure 3.4. Time evolution of control deflections: Cobra maneuver (c.g. at nominal as well as 

shifted position) 
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Table 3.2: Desired reference signal parameters: Herbst maneuver 

Reference signal 𝒂 𝒃 𝒄 

Angle of attack (𝛼) 7 4 9 

Bank angle (𝜇) 5 3 10.5 

 

 

 

Figure 3.5. Time evolution of desired reference signal: Herbst maneuver 

 

Table 3.3: Controller parameters 

 

Maneuver 𝑲𝟏   𝑵𝟏 𝑴𝟏 𝒂𝟏 𝑯𝟏 𝑲𝟐 

Cobra 
[
12 0 0
0 4 0
0 0 3

] [
7 0 0
0 4 0
0 0 1

] [
1 0 0
0 0.2 0
0 0 4

] 
2 

[
3 0 0
0 1 0
0 0 0.8

] [
30 0 0
0 50 0
0 0 25

] 

Herbst 
[
8 0 0
0 10 0
0 0 3

] [
7 0 0
0 4 0
0 0 1

] [
1 0 0
0 0.2 0
0 0 4

] 
2 

[
2 0 0
0 1 0
0 0 0.8

] [
25 0 0
0 140 0
0 0 60

] 
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Figure 3.6. Ground track, time evolution of states, sliding surfaces and c.g. position: Herbst 

maneuver (c.g. at nominal as well as shifted position)  
 

Figure 3.7. Time evolution of control deflections: Herbst maneuver (c.g. at nominal as well as 

shifted position) 
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3.5 Comparison with a Standard Adaptive Sliding Mode Control 

To further demonstrate the efficacy of the proposed ABSMC control, the results are now compared 

against a standard Adaptive Sliding Mode Control (ASMC). A standard ASMC control is not directly 

applicable to the system dynamics described by Eqs. (3.7) and (3.8) as control input 𝒖 is not directly 

appearing in Eq. (3.7). To make it amenable to SMC design Eq. (3.7) can be approximated, if the 

angle of attack and the sideslip angle remain small, as  

 [

𝜇̇
𝛼̇
−𝛽̇

] = [
𝑝
𝑞
𝑟
] + [

𝑑𝜇
𝑑𝛼
𝑑𝛽

]               (3.68) 

where [𝑑𝜇 𝑑𝛼 𝑑𝛽]𝑇  represents a lumped uncertainty which will evidently be particularly 

significant when the aircraft moves into high angle of attack regions. Under this simplification, 

defining  𝒙𝟏𝟏 = [𝜇 𝛼 −𝛽]𝑇, Eqs. (3.7) and (3.8) can now be combined in the form of a second 

order nonlinear dynamics given by the generic form 

𝒙̈𝟏𝟏 = 𝒇𝟐(𝒙) + 𝐺2𝒖 + 𝒅1               (3.69) 

It is needless to emphasize that the lumped uncertainty 𝒅𝟏 is now much higher than the 𝒅 as 

considered thus far. Eq. (3.69) is amenable to an adaptive sliding mode control design where the 

unknown upper bound of 𝒅𝟏 (denoted as say, 𝑫𝟏) can be estimated through an adaptation law in the 

line of [108]. Defining the tracking error 𝒆𝟏𝟏 = 𝒙𝟏𝟏 − 𝒙𝟏𝟏𝒅, the sliding surface and reaching law can 

be chosen in similar lines as considered in Section 3.3 as 

𝑺𝟏 = 𝒆̇𝟏𝟏 +𝑁1𝒆𝟏𝟏 +𝑀1𝑠𝑖𝑔(𝒆𝟏𝟏)
𝑎1                          (3.70) 

𝑺̇𝟏 = −𝐻1𝑺𝟏 − 𝑫̂𝟏𝑠𝑔𝑛(𝑺𝟏)                          (3.71) 

ASMC control design can be carried out in the same line as described in Section 3.3.2 with a 

Lyapunov function 
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𝑉 =
1

2
𝑺𝟏
𝑇𝑺𝟏 + 

1

2
𝑫̃1

𝑇
𝐾2𝑫̃1                            (3.72) 

It can be shown in the same line as previously that  

𝑉̇ ≤  −𝑺𝟏
𝑇𝐻1𝑺𝟏 ≤ 0               (3.73) 

Thus, the stability is proved. Asymptotic stability can be proved applying Barbalat’s lemma in the 

same way as done in Section 3.3.2. The control and adaptation laws are given by 

𝒖 = 𝐺2
−1 [−𝒇𝟐 + 𝒙̈𝟏𝟏𝒅 − 𝐹3(𝒆𝟏𝟏)𝒆̇𝟏𝟏 −𝐻1𝑺𝟏 − 𝑫̂𝟏𝑠𝑔𝑛 (𝑺𝟏)                            (3.74) 

𝑫̇̂𝟏 = 𝐾2
−1|𝑺𝟏|                              (3.75) 

Since the representation of the system dynamics got changed, the various controller parameters are 

tuned afresh and are listed in Table 3.4. The maneuver performance under the standard ASMC control 

is shown in Fig. 3.8 and Fig. 3.9 for the three c.g. positions namely Sym, Asym(+) and Asym(-) for 

both cobra and Herbst maneuver respectively. Figure 3.8 and 3.9 clearly shows that the cobra and 

Herbst maneuver could not be performed properly under the degree of lateral c.g. variations 

considered in the present work. Comparison of Fig.3.8 with Fig. 3.6 and Fig. 3.9 with Fig. 3.7 reveals 

clear and significant performance and robustness improvement in the proposed ABSMC control 

scheme as compared to the ASMC scheme.  

Table 3.4: ASMC Controller parameters 

 

 

 

 

 

Maneuver 𝑵𝟏 𝑴𝟏 𝒂𝟏 𝑯𝟏 𝑲𝟐 

Cobra 
[
3 0 0
0 4 0
0 0 1

] [
1 0 0
0 0.2 0
0 0 4

] 
2 

[
0.5 0 0
0 2.5 0
0 0 3.8

] [
25 0 0
0 140 0
0 0 60

] 

Herbst 
[
4 0 0
0 2 0
0 0 1

] [
1 0 0
0 0.2 0
0 0 4

] 
2 

[
2.5 0 0
0 1 0
0 0 3

] [
25 0 0
0 140 0
0 0 60

] 
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Figure 3.8. Time evolution of tracking errors, relevant states and controls under ASMC control: 

Cobra maneuver 
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Figure 3.9. Ground track and time evolution of tracking errors, relevant states and controls under 

ASMC control: Herbst maneuver 
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3.6 Conclusion  

The novel and challenging problem of controlling an aircraft performing autonomous high-𝛼 

rmaneuver under significant lateral center of gravity uncertainties was addressed in this chapter. For 

controller design purpose under asymmetric c.g. position, the aircraft flight dynamics was first 

simplified and expressed in block strict feedback form. A multivariable adaptive backstepping 

control law was then proposed so that the aircraft flight could be controlled even under arbitrary and 

unknown c.g. variations. To mitigate the model uncertainty arising from the approximate 

representation of the off-nominal c.g. dynamics, a fast-sliding mode control was combined with the 

adaptive backstepping control law. The sliding mode controller was also meant to handle the 

parametric uncertainties in the aerodynamic coefficients of the aircraft occurring in the high angle of 

attack regions. A detailed stability analysis of the proposed control scheme was presented and 

conditions on the controller parameters were derived using the Lyapunov approach. Thereafter, the 

proposed controller was validated against a popular high-alpha cobra and Herbst maneuver 

considering the F18-HARV aircraft under significant c.g. movements on either side of the fuselage 

centerline as well as moderate uncertainties in the aerodynamic dataset. Results demonstrated the 

effectiveness of the proposed controller in retaining nearly the same level of maneuver performance 

under the c.g. and aerodynamic uncertainties. Moreover, the results were compared with a standard 

adaptive sliding mode control-based scheme and it was observed that the proposed adaptive 

backstepping and sliding mode hybrid control was able to produce considerably superior maneuver 

performance. The work is further extended in the next chapter by modifying the asymmetric 

dynamics and making control design less conservative. 
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Chapter 4 

Asymmetric Dynamics based Adaptive Backstepping 

Control for Low Alpha Lateral Maneuvers   

 

4.1 Introduction 

In the previous two chapters, for executing low as well as high alpha maneuver under c.g. shift 

scenario, the asymmetric equations of motion were described in an ad-hoc manner by simply adding 

an extra rolling moment due to gravity term to the standard symmetric equations of motion to 

mathematically represent the lateral c.g. offset scenario. The present chapter analyzes that the highly 

coupled 6-DOF equations of motion resulting from lateral c.g. offset can be rearranged, simplified 

and cast in the required strict feedback form while attempting some specific low alpha lateral 

maneuvers without resorting to any heuristic ad-hoc method as already discussed in detail in previous 

chapter(s). The c.g. position can be cast as an adaptable parameter which can be estimated through 

an adaptation law in an adaptive backstepping setting. However, in the formulation, it is observed 

that the adaptable parameter appears in both steps of the two-step backstepping design. The works 
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reported in the literature normally have the adaptable parameter appearing only in the final step of 

the backstepping design [109, 110]. Therefore, in the present chapter, in a novel way, both the steps 

are made adaptive. Further, it is detected that the dynamics in both the steps contain some nonlinear 

terms which are favorable from the point of view of stability. Therefore, these terms are retained in 

designing the backstepping control law. This is another novel contribution of the present chapter as 

the available literature where backstepping control is applied to flight control problems, these 

favorable terms are also cancelled by the controller [41, 111]. Retention of useful nonlinearities has 

the obvious advantage of resulting in a less conservative control. Asymptotic stability of the overall 

closed loop system is established using Lyapunov’s direct method and the new developments in 

LaSalle’s invariance principle [95, 96]. Both tracking errors and the estimation error in the adaptable 

parameter are proved to remain asymptotically stable. Establishing asymptotic convergence of the 

parameter estimate, which is the lateral c.g. position in the present problem, is of particular 

significance since it also allows for accurate online estimation of the actual c.g. position of the vehicle 

through the proposed adaptation law.  

Overall, this chapter contributes novel insights and methodologies in adaptive control, particularly 

in handling coupled nonlinear dynamics with adaptive parameters appearing in multiple steps of the 

backstepping process, and demonstrates the benefits of retaining useful nonlinearities in the control 

design. 

The outline of the chapter is as follows. The second section gives an introduction of the problem and 

the same is formulated for low alpha maneuvers. Third section discusses the design and stability 

analysis of the proposed adaptive backstepping control. Simulation results obtained by applying 

proposed control technique is presented in fourth section. The effectiveness of the proposed control 

scheme is validated by comparing it with ad-hoc model-based control technique. Section five 

concludes the chapter with a brief prelude to the next chapters. 
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4.2 Asymmetric Dynamics based Modelling for Low Alpha Lateral Maneuvers 

In this section, the highly coupled 6-DOF dynamics under lateral c.g. offset is cast in block strict 

feedback form which is essential for a multivariable adaptive backstepping control design. The 

present work focuses particularly on lateral maneuvers. For carrying out such maneuvers, suitable 

time profiles of appropriate angular variables are supplied externally and the closed loop controller 

then generates the necessary control surface deflection commands [68].  When an aircraft's c.g. 

moves to an arbitrary position (𝑥𝑐𝑚, 𝑦𝑐𝑚, 𝑧𝑐𝑚) w.r.t. the nominal c.g position or the origin of the 

body/wind frame, the complete 6-DOF equations of motion are given in the body frame by [61, 68] 

[
 
 
 
 
 
 

1 0 0 0 𝑧𝑐𝑚 −𝑦𝑐𝑚
0 1 0 −𝑧𝑐𝑚 0 𝑥𝑐𝑚
0 0 1 𝑦𝑐𝑚 −𝑥𝑐𝑚 0

0 −𝑚𝑧𝑐𝑚 𝑚𝑦𝑐𝑚 𝐼𝑥𝑥
′ −𝐼𝑥𝑦

′ −𝐼𝑥𝑧
′

𝑚𝑧𝑐𝑚 0 −𝑚𝑥𝑐𝑚 −𝐼𝑥𝑦
′ 𝐼𝑦𝑦

′ −𝐼𝑦𝑧
′

−𝑚𝑦𝑐𝑚 𝑚𝑥𝑐𝑚 0 −𝐼𝑥𝑧
′ −𝐼𝑦𝑧

′ 𝐼𝑧𝑧
′ ]
 
 
 
 
 
 

[
 
 
 
 
 
𝑢̇
𝑣̇
𝑤̇
𝑝̇
𝑞̇
𝑟̇ ]
 
 
 
 
 

=

[
 
 
 
 
 
 

−𝑞𝑤 + 𝑟𝑣
−𝑟𝑢 + 𝑝𝑤
−𝑝𝑣 + 𝑞𝑢

𝐼𝑥𝑧
′ 𝑝𝑞 + (𝐼𝑦𝑦

′ − 𝐼𝑧𝑧
′ )𝑞𝑟 − 𝐼𝑥𝑦

′ 𝑟𝑝 + 𝐼𝑦𝑧
′ (𝑞2 − 𝑟2)

𝐼𝑥𝑦
′ 𝑞𝑟 + (𝐼𝑧𝑧

′ − 𝐼𝑥𝑥
′ )𝑟𝑝 − 𝐼𝑦𝑧

′ 𝑝𝑞 + 𝐼𝑥𝑧
′ (𝑟2 − 𝑝2)

𝐼𝑦𝑧
′ 𝑟𝑝 + (𝐼𝑥𝑥

′ − 𝐼𝑦𝑦
′ )𝑝𝑞 − 𝐼𝑥𝑧

′ 𝑞𝑟 + 𝐼𝑥𝑦
′ (𝑝2 − 𝑞2)]

 
 
 
 
 
 

+  

                         

[
 
 
 
 
 
 
(𝑞2 + 𝑟2)𝑥𝑐𝑚 − 𝑝𝑞𝑦𝑐𝑚 − 𝑟𝑝𝑧𝑐𝑚
(𝑟2 + 𝑝2)𝑦𝑐𝑚 − 𝑝𝑞𝑥𝑐𝑚 − 𝑞𝑟𝑧𝑐𝑚
(𝑝2 + 𝑞2)𝑧𝑐𝑚 − 𝑟𝑝𝑥𝑐𝑚 − 𝑞𝑟𝑦𝑐𝑚

𝑚(𝑞𝑢 − 𝑝𝑣)𝑦𝑐𝑚 +𝑚(𝑟𝑢 − 𝑝𝑤)𝑧𝑐𝑚
𝑚(𝑝𝑣 − 𝑞𝑢)𝑥𝑐𝑚 +𝑚(𝑟𝑣 − 𝑞𝑤)𝑧𝑐𝑚
𝑚(𝑝𝑤 − 𝑟𝑢)𝑥𝑐𝑚 +𝑚(𝑞𝑤 − 𝑟𝑣)𝑦𝑐𝑚]

 
 
 
 
 
 

+

[
 
 
 
 
 

−𝑔𝑠𝑖𝑛𝜃
𝑔𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙
𝑔𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙

−𝑧𝑐𝑚𝑚𝑔𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙 + 𝑦𝑐𝑚𝑚𝑔𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙
−𝑧𝑐𝑚𝑚𝑔𝑠𝑖𝑛𝜃 − 𝑥𝑐𝑚𝑚𝑔𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙
𝑦𝑐𝑚𝑚𝑔𝑠𝑖𝑛𝜃 + 𝑥𝑐𝑚𝑚𝑔𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙 ]

 
 
 
 
 

+

[
 
 
 
 
 
 
 
𝐹𝑥

𝑚
𝐹𝑦

𝑚
𝐹𝑧

𝑚

𝑀𝑥

𝑀𝑦

𝑀𝑧 ]
 
 
 
 
 
 
 

          (4.1) 

where 𝐼 = [

𝐼𝑥𝑥 0 −𝐼𝑥𝑧
0 𝐼𝑦𝑦 0

−𝐼𝑥𝑧 0 𝐼𝑧𝑧

] is the nominal inertia matrix and 𝐼′ = [

𝐼𝑥𝑥
′  −𝐼𝑥𝑦

′ −𝐼𝑥𝑧
′

−𝐼𝑥𝑦
′ 𝐼𝑦𝑦

′ −𝐼𝑦𝑧
′

−𝐼𝑥𝑧
′ −𝐼𝑦𝑧

′ 𝐼𝑧𝑧
′

] is the 

new inertia matrix under c.g. offset. In the present investigation since the focus is on lateral c.g. 

movement, therefore, 𝑥𝑐𝑚 and 𝑧𝑐𝑚 are assumed to be zero. As a result, the asymmetric equations of 

motion given by Eq. (4.1) simplifies to 

[
 
 
 
 
 

1 0 0 0 0 −𝑦𝑐𝑚
0 1 0 0 0 0
0 0 1 𝑦𝑐𝑚 0 0

0 0 𝑚𝑦𝑐𝑚 𝐼𝑥𝑥
′ 0 −𝐼𝑥𝑧

0 0 0 0 𝐼𝑦𝑦 0

−𝑚𝑦𝑐𝑚 0 0 −𝐼𝑥𝑧 0 𝐼𝑧𝑧
′ ]
 
 
 
 
 

[
 
 
 
 
 
𝑢̇
𝑣̇
𝑤̇
𝑝̇
𝑞̇
𝑟̇ ]
 
 
 
 
 

=

[
 
 
 
 
 
 

−𝑞𝑤 + 𝑟𝑣
−𝑟𝑢 + 𝑝𝑤
−𝑝𝑣 + 𝑞𝑢

𝐼𝑥𝑧𝑝𝑞 + (𝐼𝑦𝑦 − 𝐼𝑧𝑧
′ )𝑞𝑟

(𝐼𝑧𝑧 − 𝐼𝑥𝑥)𝑟𝑝 + 𝐼𝑥𝑧(𝑟
2 − 𝑝2)

(𝐼𝑥𝑥
′ − 𝐼𝑦𝑦)𝑝𝑞 − 𝐼𝑥𝑧𝑞𝑟 ]

 
 
 
 
 
 

+

[
 
 
 
 
 

−𝑝𝑞𝑦𝑐𝑚
(𝑟2 + 𝑝2)𝑦𝑐𝑚
−𝑞𝑟𝑦𝑐𝑚

𝑚(𝑞𝑢 − 𝑝𝑣)𝑦𝑐𝑚
0

𝑚(𝑞𝑤 − 𝑟𝑣)𝑦𝑐𝑚]
 
 
 
 
 

+ 
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     + 

[
 
 
 
 
 

−𝑔𝑠𝑖𝑛𝜃
𝑔𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙
𝑔𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙

𝑦𝑐𝑚𝑚𝑔𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙
0

𝑦𝑐𝑚𝑚𝑔𝑠𝑖𝑛𝜃 ]
 
 
 
 
 

+

[
 
 
 
 
 
 
 
𝐹𝑥

𝑚
𝐹𝑦

𝑚
𝐹𝑧

𝑚

𝑀𝑥

𝑀𝑦

𝑀𝑧]
 
 
 
 
 
 
 

                              (4.2) 

From equation (4.2),  

𝑢̇ − 𝑦𝑐𝑚𝑟̇ = −𝑞𝑤 + 𝑟𝑣 − 𝑝𝑞𝑦𝑐𝑚 − 𝑔𝑠𝑖𝑛𝜃 +
𝐹𝑥

𝑚
                                                            (4.3) 

𝑤̇ + 𝑦𝑐𝑚𝑝̇ = −𝑝𝑣 + 𝑞𝑢 − 𝑞𝑟𝑦𝑐𝑚 + 𝑔𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙 +
𝐹𝑧

𝑚
                                                   (4.4)   

𝑚𝑦𝑐𝑚𝑤̇ + 𝐼𝑥𝑥
′ 𝑝̇ − 𝐼𝑥𝑧𝑟̇ = 𝐼𝑥𝑧𝑝𝑞 + (𝐼𝑦𝑦 − 𝐼𝑧𝑧

′ )𝑞𝑟 + 𝑚(𝑞𝑢 − 𝑝𝑣)𝑦𝑐𝑚 + 𝑦𝑐𝑚𝑚𝑔𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙 +𝑀𝑥  

                          (4.5) 

−𝑚𝑦𝑐𝑚𝑢̇ − 𝐼𝑥𝑧𝑝̇ + 𝐼𝑧𝑧
′ 𝑟̇ = (𝐼𝑥𝑥

′ − 𝐼𝑦𝑦)𝑝𝑞 − 𝐼𝑥𝑧𝑞𝑟 + 𝑚(𝑞𝑤 − 𝑟𝑣)𝑦𝑐𝑚+𝑦𝑐𝑚𝑚𝑔𝑠𝑖𝑛𝜃 +𝑀𝑧  

                          (4.6) 

Now, multiplying Eq. (4.3) with −𝑚𝑦𝑐𝑚 and Eq. (4.4) with 𝑚𝑦𝑐𝑚 

−𝑚𝑦𝑐𝑚𝑢̇ + 𝑚𝑦𝑐𝑚
2 𝑟̇ = −𝑚(−𝑞𝑤 + 𝑟𝑣)𝑦𝑐𝑚 +𝑚𝑦𝑐𝑚

2 𝑝𝑞 + 𝑦𝑐𝑚𝑚𝑔𝑠𝑖𝑛𝜃 + 𝑦𝑐𝑚𝐹𝑥                       (4.7)    

𝑚𝑦𝑐𝑚𝑤̇ + 𝑚𝑦𝑐𝑚
2 𝑝̇ = 𝑚(−𝑝𝑣 + 𝑞𝑢)𝑦𝑐𝑚 −𝑚𝑦𝑐𝑚

2 𝑞𝑟 + 𝑦𝑐𝑚𝑚𝑔𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙 + 𝑦𝑐𝑚𝐹𝑧                           (4.8)       

From Eqs. (4.5) and (4.6) and Eqs. (4.7) and (4.8) eliminating 𝑢̇ and 𝑤̇, the lateral-directional angular 

dynamics can be expressed as   

(𝐼𝑥𝑥
′ −𝑚𝑦𝑐𝑚

2 ) 𝑝̇ − 𝐼𝑥𝑧 𝑟̇ = (𝐼𝑦𝑦 − 𝐼𝑧𝑧
′ )𝑞𝑟 + 𝐼𝑥𝑧𝑝𝑞 +𝑚𝑦𝑐𝑚

2 𝑞𝑟 +𝑀𝑥 − 𝑦𝑐𝑚𝐹𝑧          (4.9) 

−𝐼𝑥𝑧 𝑝̇ + (𝐼𝑧𝑧
′ −𝑚𝑦𝑐𝑚

2 ) 𝑟̇ = (𝐼𝑥𝑥
′ − 𝐼𝑦𝑦)𝑝𝑞 − 𝐼𝑥𝑧𝑞𝑟 − 𝑚𝑦𝑐𝑚

2 𝑝𝑞 +𝑀𝑧 + 𝑦𝑐𝑚𝐹𝑥        (4.10) 

For carrying out a lateral maneuver, a desired roll angle (𝜙) profile is supplied externally keeping 

the desired sideslip angle (𝛽) at zero [101]. Therefore, the system dynamics is required to be 

expressed in terms of the state variables 𝜙, 𝛽 and the lateral-directional body rates 𝑝, 𝑟. The roll angle 

dynamics is given by [92] 
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𝜙̇ = 𝑝 + 𝑞𝑠𝑖𝑛𝜙𝑡𝑎𝑛𝜃 + 𝑟𝑐𝑜𝑠𝜙𝑡𝑎𝑛𝜃                         (4.11) 

and side velocity component can be extracted from Eq. (4.2) as 

𝑣̇ = −𝑟𝑢 + 𝑝𝑤 + (𝑟2 + 𝑝2)𝑦𝑐𝑚 + 𝑔𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙 +
𝐹𝑦

𝑚
                                               (4.12) 

Assuming α and β to remain small throughout the maneuver and the total velocity and the 

longitudinal variables to remain nearly constant at their initial steady wings level trim values, Eqs. 

(4.11) and (4.12) modifies to 

𝜙̇ = 𝑝 + 𝑟𝑡𝑎𝑛𝛼𝑡𝑐𝑜𝑠𝜙               (4.13) 

𝛽̇ = −𝑟 + 𝑝𝑡𝑎𝑛𝛼𝑡 + (𝑟
2 + 𝑝2)

𝑦𝑐𝑚

𝑉
+
𝑔

𝑉
𝑠𝑖𝑛𝜙𝑐𝑜𝑠𝛼𝑡 +

𝑞̅𝑆𝐶𝑌(𝛽)

𝑚𝑉
                                                                    (4.14) 

where 𝛼𝑡 is the trim angle of attack and 𝑉 is the trim velocity. Eqs. (4.13) and (4.14) can be expressed 

in compact form as 

[
𝜙̇

𝛽̇
] = [

0
𝑔

𝑉
 𝑠𝑖𝑛𝜙 𝑐𝑜𝑠𝛼𝑡 +

𝑞̅𝑆𝐶𝑌(𝛽)

𝑚𝑉

] + [
0

𝑟2+𝑝2

𝑉

] 𝑦𝑐𝑚 + [
1 𝑡𝑎𝑛𝛼𝑡  𝑐𝑜𝑠𝜙

𝑡𝑎𝑛𝛼𝑡 −1
] [
𝑝
𝑟
]         (4.15) 

Further, assuming pitch rate 𝑞 to be zero, angular rate dynamics from Eqs. (4.9) and (4.10) can be 

expressed as 

[
(𝐼𝑥𝑥
′ −𝑚𝑦𝑐𝑚

2 ) −𝐼𝑥𝑧
−𝐼𝑥𝑧 (𝐼𝑧𝑧

′ −𝑚𝑦𝑐𝑚
2 )

] [
𝑝̇
𝑟̇
] = [

𝑀𝑥  
𝑀𝑧
] + [

−𝑦𝑐𝑚𝐹𝑧
𝑦𝑐𝑚𝐹𝑥

]                       (4.16) 

Since 𝑦𝑐𝑚 is small, the changes in inertia due to c.g. shift can be safely ignored in Eq. (4.16). 

Therefore (after substituting 𝑀𝑥 and 𝑀𝑧), 

[
𝐼𝑥𝑥 −𝐼𝑥𝑧
−𝐼𝑥𝑧 𝐼𝑧𝑧

] [
𝑝̇
𝑟̇
] = [

𝑞̅𝑆𝑏 (𝐶𝑙𝛽𝛽 + 𝐶𝑙𝑝
𝑝𝑏

2𝑉
+ 𝐶𝑙𝑟

𝑟𝑏

2𝑉
)

𝑞̅𝑆𝑏 (𝐶𝑛𝛽𝛽 + 𝐶𝑛𝑝
𝑝𝑏

2𝑉
+ 𝐶𝑛𝑟

𝑟𝑏

2𝑉
)

] + [
−𝐹𝑧
𝐹𝑥
] 𝑦𝑐𝑚 + [

𝑞̅𝑆𝑏𝐶𝑙𝛿𝑎 𝑞̅𝑆𝑏𝐶𝑙𝛿𝑟
𝑞̅𝑆𝑏𝐶𝑛𝛿𝑎 𝑞̅𝑆𝑏𝐶𝑛𝛿𝑟

] [
𝛿𝑎
𝛿𝑟
] 

      (4.17) 
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[
𝑝̇
𝑟̇
] = [

𝐼𝑥𝑥 −𝐼𝑥𝑧
−𝐼𝑥𝑧 𝐼𝑧𝑧

]
−1

[
𝑞̅𝑆𝑏(𝐶𝑙𝛽𝛽 + 𝐶𝑙𝑝

𝑝𝑏

2𝑉
+ 𝐶𝑙𝑟

𝑟𝑏

2𝑉
) 

𝑞̅𝑆𝑏(𝐶𝑛𝛽𝛽 + 𝐶𝑛𝑝
𝑝𝑏

2𝑉
+ 𝐶𝑛𝑟

𝑟𝑏

2𝑉
)
] + [

𝐼𝑥𝑥 −𝐼𝑥𝑧
−𝐼𝑥𝑧 𝐼𝑧𝑧

]
−1

[
−𝐹𝑧
𝐹𝑥
] 𝑦𝑐𝑚 +

            [
𝐼𝑥𝑥 −𝐼𝑥𝑧
−𝐼𝑥𝑧 𝐼𝑧𝑧

]
−1

[
𝑞̅𝑆𝑏𝐶𝑙𝛿𝑎 𝑞̅𝑆𝑏𝐶𝑙𝛿𝑟
𝑞̅𝑆𝑏𝐶𝑛𝛿𝑎 𝑞̅𝑆𝑏𝐶𝑛𝛿𝑟

] [
𝛿𝑎
𝛿𝑟
]                       (4.18)                                                                                                                                                                      

Since control surface deflections do not contribute significantly to force, they can be ignored in force 

components 𝐹𝑥 and 𝐹𝑧 in the above equation. Therefore, 𝐹𝑥 and 𝐹𝑧 are state dependent terms given by   

𝐹𝑥 ≈ 𝑞̅𝑆 [(𝐶𝐿0 + 𝐶𝐿𝛼𝛼 + 𝐶𝐿𝑞
𝑞𝑐̅

2𝑉
) 𝑠𝑖𝑛𝛼 − (𝐶𝐷0 + 𝐶𝐷0𝛼 + 𝐶𝐷𝑞

𝑞𝑐̅

2𝑉
+ 𝐶𝐷𝑝

𝑏𝑝

2𝑉
) 𝑐𝑜𝑠𝛼 𝑐𝑜𝑠𝛽 − (𝐶𝑌0 +

          𝐶𝑌𝛽 + 𝐶𝑌𝑝
𝑏𝑝

2𝑉
+ 𝐶𝑌𝑟

𝑏𝑟

2𝑉
) 𝑐𝑜𝑠𝛼 𝑠𝑖𝑛𝛽] + 𝑇𝑥                                                                                                   (4.19) 

𝐹𝑧 ≈ 𝑞̅𝑆 [−(𝐶𝐷0 + 𝐶𝐷0𝛼 + 𝐶𝐷𝑞
𝑞𝑐̅

2𝑉
+ 𝐶𝐷𝑝

𝑏𝑝

2𝑉
) 𝑠𝑖𝑛𝛼 𝑐𝑜𝑠𝛽 − (𝐶𝑌0 + 𝐶𝑌𝛽 + 𝐶𝑌𝑝

𝑏𝑝

2𝑉
+

         𝐶𝑌𝑟
𝑏𝑟

2𝑉
) 𝑠𝑖𝑛𝛼 𝑠𝑖𝑛𝛽 − (𝐶𝐿0 + 𝐶𝐿𝛼𝛼 + 𝐶𝐿𝑞

𝑞𝑐̅

2𝑉
) 𝑐𝑜𝑠𝛼]                                                            (4.20) 

Usually the aerodynamic coefficients 𝐶𝑌𝛽, 𝐶𝑙𝑝 and 𝐶𝑛𝑟 are negative and the same is true with the 

aerodynamic dataset of present UAV as given in the Appendix-C. Therefore, referring to Eq. (4.15) 

the term 
𝑞̅𝑆𝐶𝑌(𝛽)

𝑚𝑉
 and in Eq. (4.20) the term 𝑞̅𝑆𝑏𝐶𝑙𝑝

𝑝𝑏

2𝑉
 and 𝑞̅𝑆𝑏𝐶𝑛𝑟

𝑟𝑏

2𝑉
 are favorable terms as far as 

stability is concerned and, therefore, should be retained. It is further noted that [𝐼]−1 is positive 

definite. Therefore, we can separate the unfavorable and favorable terms in Eqs. (4.15) and (4.20) as 

[
𝜙̇

𝛽̇
] = [

0
𝑔

𝑉
 𝑠𝑖𝑛𝜙 𝑐𝑜𝑠𝛼𝑡

] + [
0 0

0
𝑞̅𝑆𝐶𝑌𝛽

𝑚𝑉

] [
𝜙
𝛽
] + [

0
𝑟2+𝑝2

𝑉

] 𝑦𝑐𝑚 + [
1 𝑡𝑎𝑛𝛼𝑡  𝑐𝑜𝑠𝜙

𝑡𝑎𝑛𝛼𝑡 −1
] [
𝑝
𝑟
]        (4.21) 

[
𝑝̇
𝑟̇
] = [

𝐼𝑥𝑥 −𝐼𝑥𝑧
−𝐼𝑥𝑧 𝐼𝑧𝑧

]
−1

[
𝑞̅𝑆𝑏(𝐶𝑙𝛽𝛽 + 𝐶𝑙𝑟

𝑟𝑏

2𝑉
) 

𝑞̅𝑆𝑏(𝐶𝑛𝛽𝛽 + 𝐶𝑛𝑝
𝑝𝑏

2𝑉
)
] + [

𝐼𝑥𝑥 −𝐼𝑥𝑧
−𝐼𝑥𝑧 𝐼𝑧𝑧

]
−1

[
𝑞̅𝑆𝑏𝐶𝑙𝑝

𝑏

2𝑉
0

0 𝑞̅𝑆𝑏𝐶𝑛𝑟
𝑏

2𝑉

] [
𝑝
𝑟
] +

            [
𝐼𝑥𝑥 −𝐼𝑥𝑧
−𝐼𝑥𝑧 𝐼𝑧𝑧

]
−1

[
−𝐹𝑧
𝐹𝑥
] 𝑦𝑐𝑚 + [

𝐼𝑥𝑥 −𝐼𝑥𝑧
−𝐼𝑥𝑧 𝐼𝑧𝑧

]
−1

[
𝑞̅𝑆𝑏𝐶𝑙𝛿𝑎 𝑞̅𝑆𝑏𝐶𝑙𝛿𝑟
𝑞̅𝑆𝑏𝐶𝑛𝛿𝑎 𝑞̅𝑆𝑏𝐶𝑛𝛿𝑟

] [
𝛿𝑎
𝛿𝑟
]                           (4.22)                                                                                              
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Now defining 𝒙𝟏 = [𝜙 𝛽]𝑇, the virtual control 𝒙𝟐 = [𝑝 𝑟]𝑇 and the control signal 𝒖 =

[𝛿𝑎 𝛿𝑟]
𝑇, the asymmetric flight dynamics described by Eqs. (4.21) and (4.22) can be expressed in 

strict feedback form   

𝒙̇𝟏 = 𝒇𝟏𝟏 + 𝐹12𝒙𝟏 + 𝒇𝟏𝟑 𝜎 + 𝐺1𝒙𝟐             (4.23) 

𝒙̇𝟐 = 𝒇𝟐𝟏 + 𝐹22𝒙𝟐 + 𝒇𝟐𝟑 𝜎 + 𝐺2𝒖                                                (4.24)                                                                                                    

where  𝜎 is the uncertain/unknown c.g. position 𝑦𝑐𝑚 from the origin of the body frame which can be 

estimated through a suitable adaptation law. Further, 𝒇𝟏𝟏, 𝒇𝟏𝟑, 𝒇𝟐𝟏, 𝒇𝟐𝟑 are 2 × 1 vector valued 

functions and 𝐹12, 𝐹22, 𝐺1, 𝐺2 are 2 × 2 matrices and all these are known at every time step from the 

assumption of availability of full state feedback. Moreover, 𝐹12, 𝐹22 are negative semidefinite 

matrices representing the favorable nonlinearities. 

4.3 An Efficient Adaptive Backstepping Control 

 

Figure 4.1. Block diagram of the proposed closed loop system 

In this section, an efficient adaptive backstepping control (EABSC) is proposed to autonomously 

execute the intended lateral maneuver under significant lateral c.g. variations considering the system 

dynamics as formulated in the previous section.  Referring to Eq. (4.23) and Eq.(4.24), the desired 

time profiles for 𝒙𝟏 are fed externally as reference inputs and the controller generates 𝒖 i.e. the 
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control surface deflection commands in a closed loop manner under the assumption of availability 

of state feedback. The shift in c.g. position, 𝜎 is assumed to be unknown and made adaptive through 

a suitable adaptation law. Since the control explicitly retains useful nonlinearities, resulting in a less 

conservative control, the name EABSC is coined. The complete closed loop scheme is illustrated in 

Figure 4.1. The detailed stability analysis of the proposed controller is discussed below. 

Let the errors in the states  𝒙𝟏 and 𝒙𝟐 be defined as 𝒆𝟏 = 𝒙𝟏 − 𝒙𝟏𝒅 and 𝒆𝟐 = 𝒙𝟐 − 𝒙𝟐𝒅 where,  𝒙𝟏𝒅 

and 𝒙𝟐𝒅 are the desired trajectories of 𝒙𝟏 and 𝒙𝟐 respectively. Therefore,  

𝒆̇𝟏 = 𝒙̇𝟏 − 𝒙̇𝟏𝒅 = 𝒇𝟏𝟏 + 𝐹12𝒙𝟏 + 𝒇𝟏𝟑 𝜎 + 𝐺1𝒙𝟐 − 𝒙̇𝟏𝒅             (4.25) 

𝒆̇𝟐 = 𝒙̇𝟐 − 𝒙̇𝟐𝒅 = 𝒇𝟐𝟏 + 𝐹22𝒙𝟐 + 𝒇𝟐𝟑 𝜎 + 𝐺2𝒖 − 𝒙̇𝟐𝒅                      (4.26)    

Let the Lyapunov function for the dynamics given by Eq. (4.25) be 

𝑉1 =
1

2
𝒆𝟏
𝑻𝒆𝟏                                                                                                                                                                            (4.27)      

Therefore, on differentiation and on substitution of Eq. (4.25), 

𝑉̇1 = 𝒆𝟏
𝑻[𝒇𝟏𝟏 + 𝐹12𝒙𝟏 + 𝒇𝟏𝟑 𝜎 + 𝐺1𝒙𝟐 − 𝒙̇𝟏𝒅]            (4.28) 

Let us choose, 

 𝒇𝟏𝟏 + 𝒇𝟏𝟑 𝜎̂ + 𝐺1𝒙𝟐 − 𝒙̇𝟏𝒅 + 𝐹12𝒙𝟏𝒅 = −𝐾1𝒆𝟏                  (4.29)                                  

where 𝐾1 = 𝑑𝑖𝑎𝑔 (𝑘11, 𝑘12) is chosen as constant positive definite matrix and 𝜎̂ is the estimate of 

the unknown parameter 𝜎.  This will ensure stability of the 𝒆𝟏 dynamics when 𝜎̂ tends to 𝜎 as we get 

𝑉̇1 = 𝒆𝟏
𝑻[𝐹12𝒆𝟏 − 𝐾1𝒆𝟏] < 0               (4.30) 

From Eq. (4.29), the desired profile for the virtual control 𝒙𝟐 can be obtained as  

𝒙𝟐𝒅 = 𝐺1
−1(−𝐾1𝒆𝟏 − 𝒇𝟏𝟏 − 𝒇𝟏𝟑 𝜎̂ + 𝒙̇𝟏𝒅 − 𝐹12𝒙𝟏𝒅)                            (4.31) 
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The Lyapunov function for the complete dynamics is now chosen as 

𝑉2 = 
1

2
𝒆𝟏
𝑇𝒆𝟏 +

1

2
𝒆𝟐
𝑻𝒆𝟐 + 

1

2
𝐾3𝜎̃

2                                                                                      (4.32) 

where 𝜎̃ is the parameter estimation error and 𝐾3 is a constant positive adaptation gain. 

Now from Eq. (4.32), 

𝑉̇2 = 𝒆𝟏
𝑇𝒆̇𝟏 + 𝒆𝟐

𝑇𝒆̇𝟐 + 𝐾3 𝜎̃𝜎̇̃                                                                                                                                           (4.33) 

Substituting corresponding expressions of 𝒆̇𝟏, 𝒆̇𝟐 into Eq. (4.33), 

𝑉̇2 = 𝒆𝟏
𝑻[𝒇𝟏𝟏 + 𝐹12𝒆𝟏 + 𝐹12𝒙𝟏𝒅 + 𝒇𝟏𝟑 𝜎 + 𝐺1𝒙𝟐𝒅 + 𝐺1𝒆𝟐 − 𝒙̇𝟏𝒅] + 𝒆𝟐

𝑇[𝒇𝟐𝟏 + 𝐹22𝒆𝟐 + 𝐹22𝒙𝟐𝒅 +

𝒇𝟐𝟑 𝜎 + 𝐺2𝒖 − 𝒙̇𝟐𝒅] − 𝐾3𝜎̃ 𝜎̇̂               (4.34) 

Substituting 𝒙𝟐𝒅 from Eq. (4.31) into Eq. (4.34) 

𝑉̇2 = −𝒆𝟏
𝑻𝐾1𝒆𝟏 + 𝒆𝟏

𝑻𝐺1𝒆𝟐 + 𝒆𝟏
𝑻𝐹12𝒆𝟏 + 𝒆𝟐

𝑻[𝒇𝟐𝟏 + 𝐹22𝒆𝟐 + 𝐹22𝐺1
−1(−𝐾1𝒆𝟏 − 𝒇𝟏𝟏 − 𝒇𝟏𝟑 𝜎̂ +

𝒙̇𝟏𝒅 − 𝐹12𝒙𝟏𝒅)  + 𝒇𝟐𝟑 𝜎̂ + 𝐺2𝒖 − 𝒙̇𝟐𝒅] − 𝜎̃(𝐾3𝜎̇̂ − 𝒇𝟏𝟑
𝑻  𝒆𝟏 − 𝒇𝟐𝟑

𝑻  𝒆𝟐)                                                   (4.35) 

Now, designing the control law as 

𝒖 = 𝐺2
−1[−𝐺1

𝑇𝒆𝟏 − 𝒇𝟐𝟏 − 𝒇𝟐𝟑 𝜎̂ + 𝒙̇𝟐𝒅 − 𝐾2𝒆𝟐 − 𝐹22𝐺1
−1(−𝐾1𝒆𝟏 − 𝒇𝟏𝟏 − 𝒇𝟏𝟑 𝜎̂ + 𝒙̇𝟏𝒅 −

𝐹12𝒙𝟏𝒅)]                    (4.36) 

where 𝐾2 = 𝑑𝑖𝑎𝑔 (𝑘21, 𝑘22) is a constant positive definite matrix and the adaptation law as,  

 𝜎̇̂ =
1

𝐾3
 (𝒇𝟏𝟑

𝑻  𝒆𝟏 + 𝒇𝟐𝟑
𝑻  𝒆𝟐)              (4.37) 

Eq. (4.35) reduces to 

𝑉̇2 ≤ −𝒆𝟏
𝑻𝐾1𝒆𝟏 − 𝒆𝟐

𝑻𝐾2𝒆𝟐 + 𝒆𝟏
𝑻𝐹12𝒆𝟏 + 𝒆𝟐

𝑻𝐹22𝒆𝟐                                                                                             (4.38) 

Since 𝐹12 and 𝐹22 are negative semidefinite matrices, Eq. (4.38) can be further simplified to 
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𝑉̇2 ≤ −𝒆𝟏
𝑻𝐾1𝒆𝟏 − 𝒆𝟐

𝑻𝐾2𝒆𝟐                                                                                                                                              (4.39) 

Clearly, 𝑉̇2 is negative semidefinite guaranteeing boundedness of the tracking error vectors 𝒆𝟏 and 

𝒆𝟐. The control signal from Eq. (4.36) can also be expressed as 

𝒖 = 𝐺2
−1(−𝐺1

𝑇𝒆𝟏 − 𝒇𝟐𝟏 − 𝒇𝟐𝟑 𝜎̂ + 𝒙̇𝟐𝒅 − 𝐾2𝒆𝟐 − 𝐹22 𝒙𝟐𝒅)             (4.40) 

Remark 1: In the similar line of Theorem 2.1 as stated in chapter 2 is now used to prove asymptotic 

stability of the closed loop system. 

Substituting Eqs. (4.31) and (4.36) in Eqs. (4.25) and (4.26), the error dynamics can be expressed as 

𝒆̇𝟏 = 𝐺1𝒆𝟐 − 𝐾1𝒆𝟏 + 𝒇𝟏𝟑𝜎̃ + 𝐹12𝒆𝟏                         (4.41) 

𝒆̇𝟐 = 𝒇𝟐𝟑𝜎̃ − 𝐾2𝒆𝟐 − 𝐺1
𝑇𝒆𝟏 + 𝐹22𝒆𝟐                         (4.42) 

And from Eq. (4.37), 

𝜎̇̃ = −
1

𝐾3
 (𝒇𝟏𝟑

𝑻 𝒆𝟏 + 𝒇𝟐𝟑
𝑻 𝒆𝟐)              (4.43) 

Clearly, in the present problem, condition A of Theorem 4.1 holds (referring to the dynamics given 

by Eqs. (4.15) and (4.23)). The main contribution of the new invariance principle i.e. Theorem 4.1 is 

consideration of 𝑉̇ ≡ 0 instead of merely 𝑉̇ = 0. Now, from equation (4.39), 𝑉̇2 ≡ 0 implies that 

𝒆𝟏 ≡ 𝟎 and 𝒆𝟐 ≡ 𝟎. This, in turn, implies that 𝒆̇𝟏 = 𝟎 and 𝒆̇𝟐 = 𝟎 implying asymptotic stability of 

the tracking errors 𝒆𝟏 and 𝒆𝟐. Further, under this condition, Eqs. (4.41) - (4.43) now reduce to  

𝒇𝟏𝟑𝜎̃ = 𝟎                 (4.44) 

𝒇𝟐𝟑𝜎̃ = 𝟎                             (4.45) 

𝜎̇̃ = 0                  (4.46) 
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It can be further concluded from Theorem 4.1 that if both of the conditions  lim
𝑡→∞

𝒇𝟏𝟑 = 𝟎 and 

lim
𝑡→∞

𝒇𝟐𝟑 = 𝟎 are satisfied, then lim
𝑡→∞

𝜎̃ ≠ 0 i.e. 𝜎̃ will converge to some nonzero constant value. On 

the other hand, if either of  lim
𝑡→∞

𝒇𝟏𝟑 or lim
𝑡→∞

𝒇𝟐𝟑 is nonzero then lim
𝑡→∞

𝜎̃ = 0.  

From Eqs. (4.15) and (4.23), 𝒇𝟏𝟑 = [
0

𝑟2+𝑝2

𝑉

]. Since it is already established that the lateral dynamics 

is asymptotically stable, therefore, lim
𝑡→∞

 𝑝 = 0 and lim
𝑡→∞

 𝑟 = 0. As a result, lim
𝑡→∞

𝒇𝟏𝟑 = 𝟎. However, 

lim
𝑡→∞

𝒇𝟐𝟑 ≠ 𝟎 as evident from the following. 

From Eqs. (4.18) and (4.24), 𝒇𝟐𝟑 = [
𝐼𝑥𝑥 0
0 𝐼𝑧𝑧

]
−1

[
−𝐹𝑧
𝐹𝑥
] where 𝐹𝑧 and 𝐹𝑥 contain aerodynamic and 

propulsive components of forces as per Eqs. (4.19) and (4.20). Since the longitudinal dynamics is 

assumed to remain unaffected during the maneuver, it can be safely assumed that the aircraft will 

retain longitudinal trim post maneuver. Now, under the longitudinal trim condition, 𝑭𝑔𝑟𝑎𝑣𝑖𝑡𝑦 +

𝑭𝑎𝑒𝑟𝑜𝑑𝑦𝑛𝑎𝑚𝑖𝑐 + 𝑭𝑝𝑟𝑜𝑝𝑢𝑙𝑠𝑖𝑜𝑛 = 𝟎. Therefore, lim
𝑡→∞

 (𝑭𝑎𝑒𝑟𝑜𝑑𝑦𝑛𝑎𝑚𝑖𝑐 + 𝑭𝑝𝑟𝑜𝑝𝑢𝑙𝑠𝑖𝑜𝑛) ≠ 𝟎 implying 

lim
𝑡→∞

𝒇𝟐𝟑 ≠ 𝟎. This proves the asymptotic stability of the estimation error (i.e. 𝜎̃) as well. 

4.4 Simulation Results and Discussions 

In this section, the coordinated horizontal turn and aileron maneuver is simulated in MATLAB 

environment for the Aerosonde UAV to validate the effectiveness of the proposed control scheme. 

To perform the maneuver, c.g. is assumed to move laterally on either side of the fuselage centerline. 

To simulate the c.g. offset conditions, it is assumed that the UAV carries a single store of 1.5 𝑘𝑔 

(which is 10% of the mass of the UAV and the store combined) mounted either on the starboard side 

(referred to as Asym+) or on the port side (referred to as Asym-) half of the semispan away from the 

body centerline. This gives rise to a c.g. movement of  ±7.0 𝑐𝑚. Further, the vehicle is assumed to 

have an initial trimmed flight at an altitude of 1000 𝑚, with a velocity of 20 𝑚/𝑠. A large number 
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of Monte Carlo runs are performed considering lateral c.g. position randomly in the range 

[−7 𝑐𝑚, 7 𝑐𝑚] and nearly identical maneuver performance is observed in each run. However, plots 

for the extreme ends on both sides corresponding to 𝑦𝑐𝑚 = ±7.0 𝑐𝑚 are shown for the sake of 

brevity. The exact equations of motion under laterally asymmetric c.g. positions, which are 

enumerated in Eq. (4.2), are taken into consideration when simulating the 6-DOF dynamics (refer to 

Fig. 4.1). The aerodynamic control surfaces are assumed to have saturation limits and availability of 

state feedback is also assumed. 

To perform a coordinated horizontal turn maneuver, a smooth bell-shaped curve for desired roll angle 

profile (𝜙𝑑) is considered keeping desired sideslip angle (𝛽𝑑) at the initial trim value throughout the 

maneuver. The total maneuver duration is taken to be 18𝑠 starting at 𝑡 = 0. Figure 4.2 depicts the 

ground track, time evolutions of various states, c.g. estimates and the control surface deflection 

profiles corresponding to the above mentioned two cases of c.g. locations. Clearly, these results 

reveal high robustness to lateral c.g. variations and excellent tracking performance as the desired 

profiles and actual variables are nearly identical for all different c.g. positions. The estimate of c.g. 

is also found to converge to the actual c.g. position as predicted mathematically. Moreover, it was 

observed from Figure 4.2 that control surface deflections remained well within their respective 

saturation limits. Various controller parameters tuned through trial and error are listed in Table 4.1. 

 

Table 4.1: Adaptive backstepping controller parameters 

 

 

 

 

Maneuver 𝑲𝟏   𝑲𝟐 𝑲𝟑 

Horizontal turn [
18 0
0 35

] [
10 0
0 5

] 0.01 

Aileron roll [
30 0
0 5

] [
35 0
0 5

] 0.001 
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Figure 4.2. Ground track, time profile of states, c.g. position and control deflections 
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In a similar way, for aileron roll maneuver, a sigmoid function for desired roll angle (𝜙𝑑) profile is 

taken into consideration ensuring sideslip angle (𝛽𝑑) remains at initial trim value. The UAV is 

directed to execute two full rotations about its body x-axis in 4s starting at 𝑡 = 0. Initial trim 

conditions are kept the same as considered for horizontal turn maneuver. Figure 4.3 shows the time 

evolutions of various states, c.g. estimates and the control surface deflections. The results obtained 

demonstrate the system's robustness against lateral c.g. variations, showcasing excellent tracking 

performance as the actual variables almost overlap with the desired profiles. The c.g. position 

estimate converges to the actual c.g. position as well.  

 

 

 

Figure 4.3. Time profile of states, c.g. position and control deflections: Aileron roll maneuver   
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Figure 4.4. Ground track, time profile of states, arbitrary c.g. position and control deflections: 

Horizontal turn maneuver 
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To provide a more comprehensive validation of the proposed control scheme, a scenario is also 

examined where the lateral center of gravity position undergoes arbitrary multiple step changes 

during the maneuver and the results are presented in Figures 4.4 and 4.5. It is evident from these two 

sets of figures that the same level of tracking and maneuver performance is achieved under this 

situation too. 

  

 

Figure 4.5. Time profile of states, arbitrary c.g. position and control deflections: Aileron roll 

maneuver 

4.5 Comparison with the Control Proposed in Chapter 2 

As discussed earlier in detail in Chapter 2, that a lateral c.g. offset issue can also be tackled by 

considering an ad-hoc dynamics where simply a moment due to gravity term is added to the 

symmetric 6-DOF dynamics. Therefore, tracking performance under the proposed controller is 

compared against the same under the ad-hoc model-based control and the proposed controller is 
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found to give significantly improved control performance. The standard ITAE, IAE, ITSE and ISE 

performance index values are compared and tabulated in Table 4.2. These indices are calculated for 

each of the three errors components 𝑒𝜙, 𝑒𝛽 and 𝜎̃ (i.e. tracking errors in roll angle, sideslip angle and 

error in c.g. estimate) separately and then added up; E.g., 𝐼𝑇𝐴𝐸 = ∫ 𝑡 (|𝑒𝜙| + |𝑒𝛽| + |𝜎̃|) 𝑑𝑡
∞

0
 (other 

indices are also calculated in a similar manner). Units of 𝑒𝜙, 𝑒𝛽 are considered to be 𝑟𝑎𝑑𝑖𝑎𝑛 and that 

of 𝜎̃ is considered to be 𝑚𝑒𝑡𝑒𝑟 in computing the entries of Tables 4.2 and 4.3. These three error 

profiles are also compared in Figures 4.6 and 4.7. Clearly, Table 4.2 and Tables 4.3 and Figures 4.6 

and 4.7 show performance improvement substantiating the superiority and the significantly less 

conservative nature of the present control.   

System dynamics considered for the ad-hoc model-based control design (obtained from Chapter 2) 

are summarized below in Eqs. (4.47) - (4.50) for ready reference. These equations are parallel to the 

Eqs. (4.21) - (4.24), which represent the approximate model of the asymmetric dynamics. 

[
𝜙̇

𝛽̇
] = [

0
𝑔

𝑉
 𝑠𝑖𝑛𝜙 𝑐𝑜𝑠𝛼𝑡 +

𝑞̅𝑆𝐶𝑌(𝛽)

𝑚𝑉

] + [
1 𝑡𝑎𝑛𝛼𝑡  𝑐𝑜𝑠𝜙

𝑡𝑎𝑛𝛼𝑡 −1
] [
𝑝
𝑟
]          (4.47) 

[
𝑝̇
𝑟̇
] = [

𝐼𝑥𝑥 −𝐼𝑥𝑧
−𝐼𝑥𝑧 𝐼𝑧𝑧

]
−1

[
𝑞̅𝑆𝑏(𝐶𝑙𝛽𝛽 + 𝐶𝑙𝑝

𝑝𝑏

2𝑉
+ 𝐶𝑙𝑟

𝑟𝑏

2𝑉
) 

𝑞̅𝑆𝑏(𝐶𝑛𝛽𝛽 + 𝐶𝑛𝑝
𝑝𝑏

2𝑉
+ 𝐶𝑛𝑟

𝑟𝑏

2𝑉
)
] +

      [
𝐼𝑥𝑥 −𝐼𝑥𝑧
−𝐼𝑥𝑧 𝐼𝑧𝑧

]
−1

[
𝑚𝑔 𝑐𝑜𝑠𝛼𝑡  𝑐𝑜𝑠𝜙
𝑚𝑔 𝑠𝑖𝑛𝛼𝑡  

] 𝑦𝑐𝑚 + [
𝐼𝑥𝑥 −𝐼𝑥𝑧
−𝐼𝑥𝑧 𝐼𝑧𝑧

]
−1

[
𝑞̅𝑆𝑏 𝐶𝑙𝛿𝑎 𝑞̅𝑆𝑏 𝐶𝑙𝛿𝑟
𝑞̅𝑆𝑏 𝐶𝑛𝛿𝑎 𝑞̅𝑆𝑏 𝐶𝑛𝛿𝑟

] [
𝛿𝑎
𝛿𝑟
]     (4.48) 

Equations (4.47) and (4.48) can be expressed in generic vector-matrix forms as 

𝒙̇𝟏 = 𝒇𝟏 + 𝐺1𝒙𝟐                               (4.49) 

𝒙̇𝟐 = 𝒇𝟐 + 𝒇𝟑 𝜎 + 𝐺2𝒖                                                                                                                                         (4.50) 

The control and adaptation laws as formulated for this ad-hoc model-based control are given by 

𝒖 = 𝐺2
−1[−𝐺1

𝑇𝒆𝟏 − 𝒇𝟏 − 𝒇𝟑 𝜎̂ + 𝒙̇𝟐𝒅 − 𝐾2𝒆𝟐]                           (4.51) 



Chapter 4 

 

  

 

104 
 

𝒙𝟐𝒅 = 𝐺1
−1(−𝐾1𝒆𝟏 − 𝒇𝟏 + 𝒙̇𝟏𝒅)                             (4.52) 

𝜎̇̂ =
1

𝐾3
 𝒇𝟑
𝑻 𝒆𝟐                                        (4.53) 

Eqs. (4.51), (4.52) and (4.53) are comparable to equations (4.40), (4.31) and (4.37) respectively as 

the latter set describe the control and adaptation laws proposed in the present work. It is needless to 

mention that, for comparison purpose, the same control parameters, as listed in Table 4.1, are used 

for both the ad-hoc model-based control and the proposed control. 

  

Figure 4.6. Tracking errors in Ad-hoc and Approximate (Proposed) model-based controls: 

Horizontal turn maneuver 

 

 

Figure 4.7. Tracking errors in Ad-hoc and Approximate (Proposed) model-based controls: Aileron 

roll maneuver 
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Table 4.2: Comparison of different performance indices: Horizontal turn maneuver 

Model Case ITAE IAE ITSE ISE 

Ad-hoc 

[Chapter 2] 

Asym(-) 7.2981 0.6354 0.1569 1.51 × 10-2 

Asym(+) 6.4789 0.5690 0.1277 1.26 × 10-2 

Approximate 

(Proposed) 

Asym(-) 0.8026 0.0860 0.0014 5.95 × 10-4 

Asym(+) 0.7580 0.0808 0.0014 5.81 × 10-4 

 

Table 4.3: Comparison of different performance indices: Aileron roll maneuver 

Model Case IAE ITAE ISE ITSE 

Ad-hoc 

[Chapter 2] 

Asym(-) 0.4945 2.6839 1.597× 10-2 0.0678 

Asym(+) 0.5651 2.8995 2.72 × 10-2 0.0882 

Approximate 

(Proposed) 

Asym(-) 0.1045 0.3039 2.05 × 10-3 0.0015 

Asym(+) 0.1186 0.3249 2.57 × 10-3 0.0022 

 

4.6 Conclusion  

This chapter addressed the challenging problem of designing robust nonlinear controller for 

executing lateral/directional maneuvers with a fixed wing UAV having significant unknown lateral 

c.g. movements. First, the highly coupled 6-DOF equations of motion under asymmetric c.g. position 

was approximated and cast in strict feedback form making it appropriate for a two-step adaptive 

backstepping control design where the lateral c.g. position could be estimated from an adaptation 

law. An adaptive backstepping control law retaining the useful nonlinearities in the dynamics was 

then proposed so that the UAV could perform the maneuvers automatically. The asymptotic stability 

of the proposed control was established using Lyapunov’s method and new invariance principle. The 

proposed controller was found to yield very good maneuver performance and high insensitivity to 

lateral c.g. perturbation while performing two maneuvers - horizontal turn maneuver and aileron roll 
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considering the Aerosonde UAV. The proposed control scheme was also found to outperform an ad-

hoc model based adaptive backstepping control scheme which is discussed in detail in chapter 2. It 

can be emphasized that the work can be easily extended to fighter aircraft or other airborne vehicles 

and to longitudinal maneuvers also. This issue is undertaken in next chapter once the UAV or the 

aircraft is made to operate in the high angle of attack regions along with lateral c.g. movements.    

 



   

  
 

 

 

 

 

 

Chapter 5 

Asymmetric Dynamics based Robust Adaptive 

Backstepping Control for High Alpha Maneuvers  

 

5.1 Introduction 

The previous chapter demonstrated that the complex 6-DOF equations of motion, under asymmetric 

center of gravity (c.g.) positions, can be approximated and reformulated into a strict feedback 

structure. This makes it suitable for a two-step adaptive backstepping control design, where the 

lateral c.g. position can be estimated through an adaptation law. Additionally, it was shown that an 

adaptive backstepping control law, which preserves useful nonlinearities in the dynamics, can 

autonomously execute maneuvers. However, in previous chapter the focus is on how c.g. shifts affect 

low-angle-of-attack (AOA) maneuvers. The present chapter investigates how c.g. movements impact 

specific high-angle-of-attack maneuvers. 

In the present chapter, the first objective is to cast the off-c.g. equations of motion in the strict 

feedback form. It was proved that the coupled longitudinal and lateral/directional dynamics under 
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c.g. offset can also be cast in block strict feedback form under some reasonable assumptions such as 

neglecting the second order terms involving c.g. shifts (retaining the first order terms) and assuming 

the lateral c.g. movements to affect largely the rotational dynamics and not the translational 

dynamics. The final mathematical model turned out to be expressible in the form  𝒙̇𝟏 = 𝒙𝟐 + 𝒅𝟏 and  

𝒙̇𝟐 = 𝒇(𝒙) + 𝐴(𝒙)𝝈 + 𝐺𝒖 + 𝒅𝟐 where the vector  𝝈 is the c.g. shift from the nominal c.g. location. 

Since the equation is in affine form of 𝝈, it becomes amenable to a two-step adaptive backstepping 

framework where 𝝈 can be estimated through an adaptation law. It was further observed that the 

model simplifications led to two additive exogenous disturbance inputs of  𝒅1 and 𝒅𝟐 in the 

individual steps of the backstepping design calling for further robustification of the proposed 

adaptive backstepping control. It is needless to emphasize that the uncertainties in the aerodynamic 

coefficients at high angles of attack will further increase the magnitudes of these exogenous 

disturbances. Further, it is also observed that the nonlinear term 𝒇(𝒙) in the dynamics contains both 

favorable and unfavorable nonlinearities. Therefore, in the present chapter, the backstepping 

controller is designed in such a way that the favorable nonlinearities are explicitly retained (instead 

of cancelling them) in the same manner as in chapter 4, so that a less conservative control is achieved. 

As already emphasized, this is a novel addition since the works available on backstepping method 

applied to aircraft flight control problems such as [41, 111] do not retain the useful nonlinearities.  

It has already been discussed in detail in chapter 3, for nonlinear uncertain system, sliding mode 

control (SMC) is widely used due to its various attractive properties. Using sliding mode in both the 

steps of the backstepping control is a novel situation as faced in the present problem. A 

comprehensive asymptotic stability analysis of the proposed hybrid controller is carried out using 

Lyapunov direct method and Barbalat’s lemma. Two high-alpha maneuvers namely cobra and 

Herbst, are simulated in MATLAB and it is shown that almost identical maneuver performance is 

obtained over a wide range of lateral c.g. uncertainties on either side of the body centerline as well 

as under considerable aerodynamic uncertainties. 
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The outline of the chapter is as follows. The detailed mathematical modeling to represent the off c.g 

dynamics in strict feedback form is presented in second section. Third section describes the proposed 

adaptive backstepping adaptive sliding mode hybrid control law and its asymptotic stability proof. 

Simulation results are given in fourth section to validate the proposed control scheme against two 

benchmark post stall maneuvers and finally conclusions are drawn in section five. 

 

5.2 Asymmetric Dynamics based Modelling for High Alpha Maneuvers 

In this section, the coupled aircraft equations of motion under c.g. offset are converted to strict 

feedback form to make it amenable to backstepping based control design. The formulation is aimed 

at autonomously performing high alpha maneuvers such as cobra and Herbst, for which, usually the 

desired angle of attack (𝛼), angle of sideslip (𝛽) and bank angle (𝜇) time-profiles are supplied 

externally and the closed loop controller generates the required moments about the three body axes 

[68]. This requires the dynamics in terms of the state variables 𝛼, 𝛽, 𝜇 and the body rates 𝑝, 𝑞, 𝑟 to be 

extracted from the complete set of equations. The complete 6-degree of freedom (DOF) equations of 

motion when the c.g. of the aircraft assumes an arbitrary position (𝑥𝑐𝑚, 𝑦𝑐𝑚, 𝑧𝑐𝑚) from the nominal 

c.g position or the origin of the body/wind frame are given by [63, 69] 

[
 
 
 
 
 
 

1 0 0 0 𝑧𝑐𝑚 −𝑦𝑐𝑚
0 1 0 −𝑧𝑐𝑚 0 𝑥𝑐𝑚
0 0 1 𝑦𝑐𝑚 −𝑥𝑐𝑚 0

0 −𝑚𝑧𝑐𝑚 𝑚𝑦𝑐𝑚 𝐼𝑥𝑥
′ −𝐼𝑥𝑦

′ −𝐼𝑥𝑧
′

𝑚𝑧𝑐𝑚 0 −𝑚𝑥𝑐𝑚 −𝐼𝑥𝑦
′ 𝐼𝑦𝑦

′ −𝐼𝑦𝑧
′

−𝑚𝑦𝑐𝑚 𝑚𝑥𝑐𝑚 0 −𝐼𝑥𝑧
′ −𝐼𝑦𝑧

′ 𝐼𝑧𝑧
′ ]
 
 
 
 
 
 

[
 
 
 
 
 
𝑢̇
𝑣̇
𝑤̇
𝑝̇
𝑞̇
𝑟̇ ]
 
 
 
 
 

=

[
 
 
 
 
 
 

−𝑞𝑤 + 𝑟𝑣
−𝑟𝑢 + 𝑝𝑤
−𝑝𝑣 + 𝑞𝑢

𝐼𝑥𝑧
′ 𝑝𝑞 + (𝐼𝑦𝑦

′ − 𝐼𝑧𝑧
′ )𝑞𝑟 − 𝐼𝑥𝑦

′ 𝑟𝑝 + 𝐼𝑦𝑧
′ (𝑞2 − 𝑟2)

𝐼𝑥𝑦
′ 𝑞𝑟 + (𝐼𝑧𝑧

′ − 𝐼𝑥𝑥
′ )𝑟𝑝 − 𝐼𝑦𝑧

′ 𝑝𝑞 + 𝐼𝑥𝑧
′ (𝑟2 − 𝑝2)

𝐼𝑦𝑧
′ 𝑟𝑝 + (𝐼𝑥𝑥

′ − 𝐼𝑦𝑦
′ )𝑝𝑞 − 𝐼𝑥𝑧

′ 𝑞𝑟 + 𝐼𝑥𝑦
′ (𝑝2 − 𝑞2)]

 
 
 
 
 
 

+  

                         

[
 
 
 
 
 
 
(𝑞2 + 𝑟2)𝑥𝑐𝑚 − 𝑝𝑞𝑦𝑐𝑚 − 𝑟𝑝𝑧𝑐𝑚
(𝑟2 + 𝑝2)𝑦𝑐𝑚 − 𝑝𝑞𝑥𝑐𝑚 − 𝑞𝑟𝑧𝑐𝑚
(𝑝2 + 𝑞2)𝑧𝑐𝑚 − 𝑟𝑝𝑥𝑐𝑚 − 𝑞𝑟𝑦𝑐𝑚

𝑚(𝑞𝑢 − 𝑝𝑣)𝑦𝑐𝑚 +𝑚(𝑟𝑢 − 𝑝𝑤)𝑧𝑐𝑚
𝑚(𝑝𝑣 − 𝑞𝑢)𝑥𝑐𝑚 +𝑚(𝑟𝑣 − 𝑞𝑤)𝑧𝑐𝑚
𝑚(𝑝𝑤 − 𝑟𝑢)𝑥𝑐𝑚 +𝑚(𝑞𝑤 − 𝑟𝑣)𝑦𝑐𝑚]

 
 
 
 
 
 

+

[
 
 
 
 
 

−𝑔𝑠𝑖𝑛𝜃
𝑔𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙
𝑔𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙

−𝑧𝑐𝑚𝑚𝑔𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙 + 𝑦𝑐𝑚𝑚𝑔𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙
−𝑧𝑐𝑚𝑚𝑔𝑠𝑖𝑛𝜃 − 𝑥𝑐𝑚𝑚𝑔𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙
𝑦𝑐𝑚𝑚𝑔𝑠𝑖𝑛𝜃 + 𝑥𝑐𝑚𝑚𝑔𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙 ]

 
 
 
 
 

+

[
 
 
 
 
 
 
 
𝐹𝑥

𝑚
𝐹𝑦

𝑚
𝐹𝑧

𝑚

𝑀𝑥

𝑀𝑦

𝑀𝑧 ]
 
 
 
 
 
 
 

          (5.1) 
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where  𝐼′ = [

𝐼𝑥𝑥
′  −𝐼𝑥𝑦

′ −𝐼𝑥𝑧
′

−𝐼𝑥𝑦
′ 𝐼𝑦𝑦

′ −𝐼𝑦𝑧
′

−𝐼𝑥𝑧
′ −𝐼𝑦𝑧

′ 𝐼𝑧𝑧
′

] is the modified inertia matrix (modified because of c.g. shift). 

Eliminating the translational dynamics part (i.e. 𝑢̇, 𝑣̇, 𝑤̇ equations) from Eq. (5.1), the rotational 

dynamics can be extracted as 

(
1

𝑚
 𝐴2 + 𝐼′) [

𝑝̇
𝑞̇
𝑟̇

] = −𝐴 [

−𝑞𝑤 + 𝑟𝑣 + (𝑞2 + 𝑟2)𝑥𝑐𝑚 − 𝑝𝑞𝑦𝑐𝑚 − 𝑟𝑝𝑧𝑐𝑚
−𝑟𝑢 + 𝑝𝑤 − 𝑝𝑞𝑥𝑐𝑚 + (𝑟

2 + 𝑝2)𝑦𝑐𝑚 − 𝑞𝑟𝑧𝑐𝑚
−𝑝𝑣 + 𝑞𝑢 − 𝑟𝑝𝑥𝑐𝑚 − 𝑞𝑟𝑦𝑐𝑚 + (𝑝

2 + 𝑞2)𝑧𝑐𝑚

] − 𝐴

[
 
 
 
 −𝑔𝑠𝑖𝑛𝜃 +

1

𝑚
(𝑞̅𝑆𝐶𝑋 + 𝑇𝑥)

𝑔𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙 +
1

𝑚
(𝑞̅𝑆𝐶𝑌 + 𝑇𝑦)

𝑔𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙 +
1

𝑚
(𝑞̅𝑆𝐶𝑍 + 𝑇𝑧)]

 
 
 
 

+

                                    [

𝐼𝑥𝑧
′ 𝑝𝑞 + (𝐼𝑦𝑦

′ − 𝐼𝑧𝑧
′ )𝑞𝑟 − 𝐼𝑥𝑦

′ 𝑟𝑝 + 𝐼𝑦𝑧
′ (𝑞2 − 𝑟2) + 𝑚(𝑞𝑢 − 𝑝𝑣)𝑦𝑐𝑚 +𝑚(𝑟𝑢 − 𝑝𝑤)𝑧𝑐𝑚

𝐼𝑥𝑦
′ 𝑞𝑟 + (𝐼𝑧𝑧

′ − 𝐼𝑥𝑥
′ )𝑟𝑝 − 𝐼𝑦𝑧

′ 𝑝𝑞 + 𝐼𝑥𝑧
′ (𝑟2 − 𝑝2) + 𝑚(𝑝𝑣 − 𝑞𝑢)𝑥𝑐𝑚 +𝑚(𝑟𝑣 − 𝑞𝑤)𝑧𝑐𝑚

𝐼𝑦𝑧
′ 𝑟𝑝 + (𝐼𝑥𝑥

′ − 𝐼𝑦𝑦
′ )𝑝𝑞 − 𝐼𝑥𝑧

′ 𝑞𝑟 + 𝐼𝑥𝑦
′ (𝑝2 − 𝑞2) + 𝑚(𝑝𝑤 − 𝑟𝑢)𝑥𝑐𝑚 +𝑚(𝑞𝑤 − 𝑟𝑣)𝑦𝑐𝑚

] +

                                    [

−𝑧𝑐𝑚𝑚𝑔𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙 + 𝑦𝑐𝑚𝑚𝑔𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙 + 𝑞̅𝑆𝑏𝐶𝑙 +𝑀𝑇𝑋

−𝑧𝑐𝑚𝑚𝑔𝑠𝑖𝑛𝜃 − 𝑥𝑐𝑚𝑚𝑔𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙 + 𝑞̅𝑆𝑐̅𝐶𝑚 +𝑀𝑇𝑌  
𝑦𝑐𝑚𝑚𝑔𝑠𝑖𝑛𝜃 + 𝑥𝑐𝑚𝑚𝑔𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙 + 𝑞̅𝑆𝑏𝐶𝑛 +𝑀𝑇𝑍

]                                                                (5.2)                                                     

where as in Chapter 3,  𝐴 ≜ [

0 −𝑚𝑧𝑐𝑚   𝑚𝑦𝑐𝑚
 𝑚𝑧𝑐𝑚 0 −𝑚𝑥𝑐𝑚
−𝑚𝑦𝑐𝑚   𝑚𝑥𝑐𝑚 0

].  

In Eq.(5.2), thrust components are given by 𝑇𝑥 = 𝛿𝑇  𝑇 𝑐𝑜𝑠𝛿𝑝𝑡𝑣  cosδytv, 𝑇𝑦 = 𝛿𝑇 𝑇 𝑠𝑖𝑛𝛿𝑦𝑡𝑣, 𝑇𝑧 =

−𝛿𝑇 𝑇 𝑠𝑖𝑛𝛿𝑝𝑡𝑣  cosδytv  and moments due to thrust are given by 𝑀𝑇𝑋 = −𝑙𝑧𝛿𝑇𝑇𝑠𝑖𝑛𝛿𝑦𝑡𝑣, 𝑀𝑇𝑌 =

−𝑙𝑧𝛿𝑇𝑇𝑐𝑜𝑠𝛿𝑝𝑡𝑣𝑐𝑜𝑠𝛿𝑦𝑡𝑣 − 𝑙𝑥𝛿𝑇𝑇𝑠𝑖𝑛𝛿𝑝𝑡𝑣𝑐𝑜𝑠𝛿𝑦𝑡𝑣, 𝑀𝑇𝑍 = −𝑙𝑥𝛿𝑇𝑇𝑠𝑖𝑛𝛿𝑦𝑡𝑣, with 𝛿𝑝𝑡𝑣 , 𝛿𝑦𝑡𝑣 being the 

thrust vectoring angles in the pitch and yaw planes respectively, 𝛿𝑇 the throttle setting, 𝑇 the gross 

engine thrust and 𝑙𝑥 , 𝑙𝑧 denoting the distances of the engine nozzle from the origin of the body frame 

along the x- and z- body axes respectively. Now, a predominantly lateral c.g. variation will not have 

significant impact on the translational dynamics. Further, the 𝛼̇ − 𝛽̇ − 𝜇̇ equations are largely 

kinematic in nature. Therefore, these equations may be considered to remain nearly unchanged under 

c.g. movements. The standard equations (i.e. for no c.g. offset) for 𝛼̇ − 𝛽̇ − 𝜇̇ are given in Eq. (5.3) 

below in wind frame under further assumption that the trigonometric nonlinearities involving thrust 

vector angles (i.e. δptv, δytv) are negligible and control surface deflections produce only moments 

and no force [92].  
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[𝛼 𝛽 𝜇
]
=

 [     
𝑔 𝑉
𝑠𝑒
𝑐𝛽
𝑐𝑜
𝑠𝜇

 𝑐
𝑜
𝑠𝛾
+

1 𝑚
𝑉
(−
𝑠𝑒
𝑐𝛽

 𝑞
𝑆
𝐶
𝐿
𝛼
−
𝑠𝑒
𝑐𝛽

 𝛿
𝑇
𝑇

 𝑠
𝑖𝑛
𝛼
)

𝑔 𝑉
𝑠𝑖
𝑛
𝜇

 𝑐
𝑜
𝑠𝛾
+

1 𝑚
𝑉
(𝑞
𝑆
𝐶
𝑌
𝛽
𝛽
−
𝛿
𝑇
𝑇
𝑐𝑜
𝑠𝛼

 𝑠
𝑖𝑛
𝛽
)

−
𝑔 𝑉
𝑡𝑎
𝑛
𝛽

 𝑐
𝑜
𝑠𝜇

 𝑐
𝑜
𝑠𝛾
+

1 𝑚
𝑉
(𝑡
𝑎
𝑛
𝛾

 𝑐
𝑜
𝑠𝜇

 𝑞
𝑆
𝐶
𝑌
𝛽
𝛽
−
𝑡𝑎
𝑛
𝛾

 𝑐
𝑜
𝑠𝜇

 𝛿
𝑇
𝑇
𝑐𝑜
𝑠𝛼

 𝑠
𝑖𝑛
𝛽
+
(𝑡
𝑎
𝑛
𝛽
+
𝑠𝑖
𝑛
𝜇

 𝑡
𝑎
𝑛
𝛾
)𝑞
𝑆
𝐶
𝐿
𝛼
+
(𝑡
𝑎
𝑛
𝛽
+
𝑠𝑖
𝑛
𝜇

 𝑡
𝑎
𝑛
𝛾
)𝛿

𝑇
𝑇

 𝑠
𝑖𝑛
𝛼

 )
]      

+

[    
−
𝑐𝑜
𝑠𝛼

 𝑡
𝑎
𝑛
𝛽

1
−

1

𝑚
𝑉
𝑠𝑒
𝑐𝛽

 𝑞
𝑆
𝐶
𝐿
𝑞

𝑐
̅

2
𝑉

 
−
𝑠𝑖
𝑛
𝛼

 𝑡
𝑎
𝑛
𝛽

𝑠𝑖
𝑛
𝛼
+

1

𝑚
𝑉
𝑞
𝑆
𝐶
𝑌
𝑝

𝑏 2
𝑉

 
0

−
𝑐𝑜
𝑠𝛼
+

1

𝑚
𝑉
𝑞
𝑆
𝐶
𝑌
𝑟

𝑏 2
𝑉

 

𝑐
𝑜
𝑠𝛼

𝑐
𝑜
𝑠𝛽
+

1

𝑚
𝑉
𝑡𝑎
𝑛
𝛾

 𝑐
𝑜
𝑠𝜇

 𝑞
𝑆
𝐶
𝑌
𝑝

𝑏 2
𝑉

 
   

   
1

𝑚
𝑉
(𝑡
𝑎
𝑛
𝛽
+
𝑠𝑖
𝑛
𝜇

 𝑡
𝑎
𝑛
𝛾
)𝑞
𝑆
𝐶
𝐿
𝑞

𝑐
̅

2
𝑉

 
   

   
𝑠𝑖
𝑛
𝛼

𝑐
𝑜
𝑠𝛽
+

1

𝑚
𝑉
𝑡𝑎
𝑛
𝛾

 𝑐
𝑜
𝑠𝜇

 𝑞
𝑆
𝐶
𝑌
𝑟

𝑏 2
𝑉
]    

[𝑝 𝑞 𝑟
] 

  
  

 (
5

.3
) 
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If the angle of attack and the sideslip angle are assumed to remain small, Eq. (5.3) can be drastically 

simplified to   

 [

𝜇̇
𝛼̇
−𝛽̇

] = [
𝑝
𝑞
𝑟
] + [

𝑑𝜇
𝑑𝛼
𝑑𝛽

]                                                     (5.4) 

where the vector [𝑑𝜇 𝑑𝛼 𝑑𝛽]𝑇  represents a lumped disturbance which captures the effects of 

modelling approximations. Clearly, the disturbance term will be particularly significant when the 

aircraft moves into high angle of attack regions. Now, substituting the matrix 𝐴 on the right-hand 

side of Eq. (5.2) and also denoting  𝐼′′ ≜
1

𝑚
 𝐴2 + 𝐼′ 

[𝐼′′] [
𝑝̇
𝑞̇
𝑟̇

] = 

             [

0 𝑚𝑧𝑐𝑚 −𝑚𝑦𝑐𝑚
−𝑚𝑧𝑐𝑚 0 𝑚𝑥𝑐𝑚
𝑚𝑦𝑐𝑚 −𝑚𝑥𝑐𝑚 0

] [

−𝑞𝑤 + 𝑟𝑣 + (𝑞2 + 𝑟2)𝑥𝑐𝑚 − 𝑝𝑞𝑦𝑐𝑚 − 𝑟𝑝𝑧𝑐𝑚
−𝑟𝑢 + 𝑝𝑤 − 𝑝𝑞𝑥𝑐𝑚 + (𝑟

2 + 𝑝2)𝑦𝑐𝑚 − 𝑞𝑟𝑧𝑐𝑚
−𝑝𝑣 + 𝑞𝑢 − 𝑟𝑝𝑥𝑐𝑚 − 𝑞𝑟𝑦𝑐𝑚 + (𝑝

2 + 𝑞2)𝑧𝑐𝑚

] + 

             [

0 𝑚𝑧𝑐𝑚 −𝑚𝑦𝑐𝑚
−𝑚𝑧𝑐𝑚 0 𝑚𝑥𝑐𝑚
𝑚𝑦𝑐𝑚 −𝑚𝑥𝑐𝑚 0

]

[
 
 
 
 −𝑔𝑠𝑖𝑛𝜃 +

1

𝑚
(𝑞̅𝑆𝐶𝑋 + 𝑇𝑥)

𝑔𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙 +
1

𝑚
(𝑞̅𝑆𝐶𝑌 + 𝑇𝑦)

𝑔𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙 +
1

𝑚
(𝑞̅𝑆𝐶𝑍 + 𝑇𝑧)]

 
 
 
 

+ 

           [

𝐼𝑥𝑧
′ 𝑝𝑞 + (𝐼𝑦𝑦

′ − 𝐼𝑧𝑧
′ )𝑞𝑟 − 𝐼𝑥𝑦

′ 𝑟𝑝 + 𝐼𝑦𝑧
′ (𝑞2 − 𝑟2) +𝑚(𝑞𝑢 − 𝑝𝑣)𝑦𝑐𝑚 +𝑚(𝑟𝑢 − 𝑝𝑤)𝑧𝑐𝑚

𝐼𝑥𝑦
′ 𝑞𝑟 + (𝐼𝑧𝑧

′ − 𝐼𝑥𝑥
′ )𝑟𝑝 − 𝐼𝑦𝑧

′ 𝑝𝑞 + 𝐼𝑥𝑧
′ (𝑟2 − 𝑝2) + 𝑚(𝑝𝑣 − 𝑞𝑢)𝑥𝑐𝑚 +𝑚(𝑟𝑣 − 𝑞𝑤)𝑧𝑐𝑚

𝐼𝑦𝑧
′ 𝑟𝑝 + (𝐼𝑥𝑥

′ − 𝐼𝑦𝑦
′ )𝑝𝑞 − 𝐼𝑥𝑧

′ 𝑞𝑟 + 𝐼𝑥𝑦
′ (𝑝2 − 𝑞2) +𝑚(𝑝𝑤 − 𝑟𝑢)𝑥𝑐𝑚 +𝑚(𝑞𝑤 − 𝑟𝑣)𝑦𝑐𝑚

] + 

           [

−𝑧𝑐𝑚𝑚𝑔𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙 + 𝑦𝑐𝑚𝑚𝑔𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙 + 𝑞̅𝑆𝑏𝐶𝑙 +𝑀𝑇𝑋

−𝑧𝑐𝑚𝑚𝑔𝑠𝑖𝑛𝜃 − 𝑥𝑐𝑚𝑚𝑔𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙 + 𝑞̅𝑆𝑐̅𝐶𝑚 +𝑀𝑇𝑌 
𝑦𝑐𝑚𝑚𝑔𝑠𝑖𝑛𝜃 + 𝑥𝑐𝑚𝑚𝑔𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙 + 𝑞̅𝑆𝑏𝐶𝑛 +𝑀𝑇𝑍

]                                                             (5.5) 

 

Carrying out the multiplications on the right-hand side, Eq. (5.5) takes the form 
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[ 𝐼
′′
]
[𝑝 𝑞 𝑟

]
=
[

−
𝑟𝑢
𝑚
𝑧 𝑐
𝑚
+
𝑝
𝑤
𝑚
𝑧 𝑐
𝑚
−
𝑝
𝑞
𝑚
𝑧 𝑐
𝑚
𝑥
𝑐
𝑚
+
( 𝑟
2
+
𝑝
2
) 𝑚
𝑧 𝑐
𝑚
𝑦 𝑐
𝑚
−
𝑞
𝑟𝑚
𝑧 𝑐
𝑚2
+
𝑝
𝑣
𝑚
𝑦 𝑐
𝑚
−
𝑞
𝑢
𝑚
𝑦 𝑐
𝑚
+
𝑟𝑝
𝑚
𝑦 𝑐
𝑚
𝑥
𝑐𝑚
+
𝑞
𝑟𝑚
𝑦 𝑐
𝑚2
−
( 𝑝

2
+
𝑞
2
) 𝑚
𝑦 𝑐
𝑚
𝑧 𝑐
𝑚

𝑞
𝑤
𝑚
𝑧 𝑐
𝑚
−
𝑟𝑣
𝑚
𝑧 𝑐
𝑚
−
( 𝑞

2
+
𝑟
2
) 𝑚
𝑧 𝑐
𝑚
𝑥
𝑐𝑚
+
𝑝
𝑞
𝑚
𝑧 𝑐
𝑚
𝑦 𝑐
𝑚
+
𝑟𝑝
𝑚
𝑧 𝑐
𝑚2
−
𝑝
𝑣
𝑚
𝑥
𝑐𝑚
+
𝑞
𝑢
𝑚
𝑥
𝑐𝑚
−
𝑟𝑝
𝑚
𝑥
𝑐𝑚2
−
𝑞
𝑟𝑚
𝑥
𝑐𝑚
𝑦 𝑐
𝑚
+
( 𝑝

2
+
𝑞
2
) 𝑚
𝑥
𝑐𝑚
𝑧 𝑐
𝑚

−
𝑞
𝑤
𝑚
𝑦 𝑐
𝑚
+
𝑟𝑣
𝑚
𝑦 𝑐
𝑚
+
( 𝑞

2
+
𝑟
2
) 𝑚
𝑦 𝑐
𝑚
𝑥
𝑐𝑚
−
𝑝
𝑞
𝑚
𝑦 𝑐
𝑚2
−
𝑟𝑝
𝑚
𝑦 𝑐
𝑚
𝑧 𝑐
𝑚
+
𝑟𝑢
𝑚
𝑥
𝑐𝑚
−
𝑝
𝑤
𝑚
𝑥
𝑐𝑚
+
𝑝
𝑞
𝑚
𝑥
𝑐𝑚2
−
( 𝑟
2
+
𝑝
2
) 𝑚
𝑥
𝑐𝑚
𝑦 𝑐
𝑚
+
𝑞
𝑟𝑚
𝑥
𝑐𝑚
𝑧 𝑐
𝑚

]
+

 

[𝑧 𝑐
𝑚
𝑚
𝑔
𝑐𝑜
𝑠𝜃
𝑠𝑖
𝑛
𝜙
+
𝑧 𝑐
𝑚
(𝑞
𝑆
𝐶
𝑌
+
𝑇 𝑦
)
−
𝑦 𝑐
𝑚
𝑚
𝑔

 𝑐
𝑜
𝑠𝜃
𝑐𝑜
𝑠𝜙

−
𝑦 𝑐
𝑚
(𝑞
𝑆
𝐶
𝑍
+
𝑇 𝑧
)

𝑧 𝑐
𝑚
𝑚
𝑔
𝑠𝑖
𝑛
𝜃
−
𝑧 𝑐
𝑚
( 𝑞
𝑆
𝐶
𝑋
+
𝑇 𝑥
)
+
𝑥
𝑐𝑚
𝑚
𝑔
𝑐𝑜
𝑠𝜃
𝑐𝑜
𝑠𝜙

+
𝑥
𝑐𝑚
(𝑞
𝑆
𝐶
𝑍
+
𝑇 𝑧
)

𝑦 𝑐
𝑚
𝑚
𝑔
𝑠𝑖
𝑛
𝜃
+
𝑦 𝑐
𝑚
( 𝑞
𝑆
𝐶
𝑋
+
𝑇 𝑥
)
−
𝑥
𝑐𝑚
𝑚
𝑔
𝑐𝑜
𝑠𝜃
𝑠𝑖
𝑛
𝜙
−
𝑥
𝑐𝑚
(𝑞
𝑆
𝐶
𝑌
+
𝑇 𝑦
)

]
   

   
[−
𝑧 𝑐
𝑚
𝑚
𝑔
𝑐𝑜
𝑠𝜃
𝑠𝑖
𝑛
𝜙
+
𝑦 𝑐
𝑚
𝑚
𝑔
𝑐𝑜
𝑠𝜃
𝑐𝑜
𝑠𝜙

+
𝑞
𝑆
𝑏
𝐶
𝑙
+
𝑀
𝑇
𝑋

−
𝑧 𝑐
𝑚
𝑚
𝑔
𝑠𝑖
𝑛
𝜃
−
𝑥
𝑐𝑚
𝑚
𝑔
𝑐𝑜
𝑠𝜃
𝑐𝑜
𝑠𝜙

+
𝑞
𝑆
𝑐̅𝐶

𝑚
+
𝑀
𝑇
𝑌

 
𝑦 𝑐
𝑚
𝑚
𝑔
𝑠𝑖
𝑛
𝜃
+
𝑥
𝑐𝑚
𝑚
𝑔
𝑐𝑜
𝑠𝜃
𝑠𝑖
𝑛
𝜙
+
𝑞
𝑆
𝑏
𝐶
𝑛
+
𝑀
𝑇
𝑍

]
+

  
  

 

[

𝐼 𝑥
𝑧′
𝑝
𝑞
+
(𝐼
𝑦
𝑦′
−
𝐼 𝑧
𝑧′
)𝑞
𝑟
−
𝐼 𝑥
𝑦′
𝑟𝑝
+
𝐼 𝑦
𝑧′
( 𝑞

2
−
𝑟
2
)
+
𝑚
( 𝑞
𝑢
−
𝑝
𝑣
) 𝑦
𝑐𝑚
+
𝑚
( 𝑟
𝑢
−
𝑝
𝑤
) 𝑧
𝑐𝑚

𝐼 𝑥
𝑦′
𝑞
𝑟
+
( 𝐼
𝑧
𝑧′
−
𝐼 𝑥
𝑥′
) 𝑟
𝑝
−
𝐼 𝑦
𝑧′
𝑝
𝑞
+
𝐼 𝑥
𝑧′
( 𝑟
2
−
𝑝
2
)
+
𝑚
( 𝑝
𝑣
−
𝑞
𝑢
) 𝑥
𝑐𝑚
+
𝑚
( 𝑟
𝑣
−
𝑞
𝑤
) 𝑧
𝑐𝑚

𝐼 𝑦
𝑧′
𝑟𝑝
+
(𝐼
𝑥
𝑥′
−
𝐼 𝑦
𝑦′
)𝑝
𝑞
−
𝐼 𝑥
𝑧′
𝑞
𝑟
+
𝐼 𝑥
𝑦′
( 𝑝

2
−
𝑞
2
)
+
𝑚
( 𝑝
𝑤
−
𝑟𝑢
) 𝑥
𝑐𝑚
+
𝑚
( 𝑞
𝑤
−
𝑟𝑣
) 𝑦
𝑐𝑚

] 
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

 (
5

.6
) 
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Since the c.g. shift would be typically a small fraction of one 𝑚𝑒𝑡𝑟𝑒; therefore, their second order 

terms in the first term on the right-hand side of Eq. (5.6) can be neglected. Further, adding the second 

and third terms on the right-hand side of Eq. (5.6)  

[𝐼′′] [
𝑝̇
𝑞̇
𝑟̇

] = [

−𝑟𝑢𝑚𝑧𝑐𝑚 + 𝑝𝑤𝑚𝑧𝑐𝑚 + 𝑝𝑣𝑚𝑦𝑐𝑚 − 𝑞𝑢𝑚𝑦𝑐𝑚
𝑞𝑤𝑚𝑧𝑐𝑚 − 𝑟𝑣𝑚𝑧𝑐𝑚 − 𝑝𝑣𝑚𝑥𝑐𝑚 + 𝑞𝑢𝑚𝑥𝑐𝑚
−𝑞𝑤𝑚𝑦𝑐𝑚 + 𝑟𝑣𝑚𝑦𝑐𝑚 + 𝑟𝑢𝑚𝑥𝑐𝑚 − 𝑝𝑤𝑚𝑥𝑐𝑚

] +

      [

𝑧𝑐𝑚(𝑞̅𝑆𝐶𝑌 + 𝑇𝑦) − 𝑦𝑐𝑚(𝑞̅𝑆𝐶𝑍 + 𝑇𝑧) + 𝑞̅𝑆𝑏𝐶𝑙 +𝑀𝑇𝑋

−𝑧𝑐𝑚(𝑞̅𝑆𝐶𝑋 + 𝑇𝑥) + 𝑥𝑐𝑚(𝑞̅𝑆𝐶𝑍 + 𝑇𝑧) + 𝑞̅𝑆𝑐̅𝐶𝑚 +𝑀𝑇𝑌

𝑦𝑐𝑚(𝑞̅𝑆𝐶𝑋 + 𝑇𝑥) − 𝑥𝑐𝑚(𝑞̅𝑆𝐶𝑌 + 𝑇𝑦) + 𝑞̅𝑆𝑏𝐶𝑛 +𝑀𝑇𝑍

] +  

      [

𝐼𝑥𝑧
′ 𝑝𝑞 + (𝐼𝑦𝑦

′ − 𝐼𝑧𝑧
′ )𝑞𝑟 − 𝐼𝑥𝑦

′ 𝑟𝑝 + 𝐼𝑦𝑧
′ (𝑞2 − 𝑟2) + 𝑚(𝑞𝑢 − 𝑝𝑣)𝑦𝑐𝑚 +𝑚(𝑟𝑢 − 𝑝𝑤)𝑧𝑐𝑚

𝐼𝑥𝑦
′ 𝑞𝑟 + (𝐼𝑧𝑧

′ − 𝐼𝑥𝑥
′ )𝑟𝑝 − 𝐼𝑦𝑧

′ 𝑝𝑞 + 𝐼𝑥𝑧
′ (𝑟2 − 𝑝2) + 𝑚(𝑝𝑣 − 𝑞𝑢)𝑥𝑐𝑚 +𝑚(𝑟𝑣 − 𝑞𝑤)𝑧𝑐𝑚

𝐼𝑦𝑧
′ 𝑟𝑝 + (𝐼𝑥𝑥

′ − 𝐼𝑦𝑦
′ )𝑝𝑞 − 𝐼𝑥𝑧

′ 𝑞𝑟 + 𝐼𝑥𝑦
′ (𝑝2 − 𝑞2) +𝑚(𝑝𝑤 − 𝑟𝑢)𝑥𝑐𝑚 +𝑚(𝑞𝑤 − 𝑟𝑣)𝑦𝑐𝑚

]   (5.7)  

On further rearrangement of the right-hand side of Eq. (5.7), 

[𝐼′′] [
𝑝̇
𝑞̇
𝑟̇

] = [

𝐼𝑥𝑧
′ 𝑝𝑞 + (𝐼𝑦𝑦

′ − 𝐼𝑧𝑧
′ )𝑞𝑟 − 𝐼𝑥𝑦

′ 𝑟𝑝 + 𝐼𝑦𝑧
′ (𝑞2 − 𝑟2)

𝐼𝑥𝑦
′ 𝑞𝑟 + (𝐼𝑧𝑧

′ − 𝐼𝑥𝑥
′ )𝑟𝑝 − 𝐼𝑦𝑧

′ 𝑝𝑞 + 𝐼𝑥𝑧
′ (𝑟2 − 𝑝2)

𝐼𝑦𝑧
′ 𝑟𝑝 + (𝐼𝑥𝑥

′ − 𝐼𝑦𝑦
′ )𝑝𝑞 − 𝐼𝑥𝑧

′ 𝑞𝑟 + 𝐼𝑥𝑦
′ (𝑝2 − 𝑞2)

] +

         [

0 −(𝑞̅𝑆𝐶𝑍 + 𝑇𝑍) (𝑞̅𝑆𝐶𝑌 + 𝑇𝑦)

(𝑞̅𝑆𝐶𝑍 + 𝑇𝑍) 0 −(𝑞̅𝑆𝐶𝑋 + 𝑇𝑥)

−(𝑞̅𝑆𝐶𝑌 + 𝑇𝑦) (𝑞̅𝑆𝐶𝑋 + 𝑇𝑥) 0

] [

𝑥𝑐𝑚
𝑦𝑐𝑚
𝑧𝑐𝑚

] + [

𝑞̅𝑆𝑏𝐶𝑙 +𝑀𝑇𝑋

𝑞̅𝑆𝑐̅𝐶𝑚 +𝑀𝑇𝑌

𝑞̅𝑆𝑏𝐶𝑛 +𝑀𝑇𝑍

]                    (5.8)  

Since [𝐼′′]−1 can be expressed as [𝐼′′]−1 = [𝐼]−1 + Δ where 𝐼 = [

𝐼𝑥𝑥 0 −𝐼𝑥𝑧
0 𝐼𝑦𝑦 0

−𝐼𝑥𝑧 0 𝐼𝑧𝑧

]  is the nominal 

inertia matrix (before c.g. movement), the term Δ will give rise to an additive uncertainty in Eq. (5.8). 

Further, in the first term on the right-hand side of Eq. (5.8), the change in the inertia terms due to c.g. 

movements may also be ignored. These ignored inertia terms will add to the additive uncertainty 

term appearing in Eq. (5.8). Therefore, Eq. (5.8) can be simplified as  
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[
𝑝̇
𝑞̇
𝑟̇
] = [𝐼]−1 [

𝐼𝑥𝑧𝑝𝑞 + (𝐼𝑦𝑦 − 𝐼𝑧𝑧)𝑞𝑟

(𝐼𝑧𝑧 − 𝐼𝑥𝑥)𝑟𝑝 + 𝐼𝑥𝑧(𝑟
2 − 𝑝2)

(𝐼𝑥𝑥 − 𝐼𝑦𝑦)𝑝𝑞 − 𝐼𝑥𝑧𝑞𝑟

] +

[𝐼]−1 [

0 −(𝑞̅𝑆𝐶𝑍 + 𝑇𝑍) (𝑞̅𝑆𝐶𝑌 + 𝑇𝑦)

(𝑞̅𝑆𝐶𝑍 + 𝑇𝑍) 0 −(𝑞̅𝑆𝐶𝑋 + 𝑇𝑥)

−(𝑞̅𝑆𝐶𝑌 + 𝑇𝑦) (𝑞̅𝑆𝐶𝑋 + 𝑇𝑥) 0

] [

𝑥𝑐𝑚
𝑦𝑐𝑚
𝑧𝑐𝑚

] + [𝐼]−1 [

𝑞̅𝑆𝑏𝐶𝑙 +𝑀𝑇𝑋

𝑞̅𝑆𝑐̅𝐶𝑚 +𝑀𝑇𝑌

𝑞̅𝑆𝑏𝐶𝑛 +𝑀𝑇𝑍

] + [

𝑑𝑝
𝑑𝑞
𝑑𝑟

]      (5.9)                                                                                                                                                  

where [𝑑𝑝 𝑑𝑞 𝑑𝑟]𝑇 denotes the lumped disturbance vector capturing the matched model 

uncertainties and external disturbances. Since control surface deflections do not contribute 

significantly to force, they are customarily ignored for control design purposes in force components 

in the equations of motion. Therefore, in Eq. (5.9), the terms  (𝑞̅𝑆𝐶𝑋 + 𝑇𝑥), (𝑞̅𝑆𝐶𝑦 + 𝑇𝑦) and 

(𝑞̅𝑆𝐶𝑧 + 𝑇𝑧) are state dependent and control independent. On the other hand, the external moment 

term [𝑞̅𝑆𝑏𝐶𝑙 +𝑀𝑇𝑋 𝑞̅𝑆𝑐̅𝐶𝑚 +𝑀𝑇𝑌 𝑞̅𝑆𝑏𝐶𝑛 +𝑀𝑇𝑍]
𝑇 in Eq. (5.9) has both state and control 

surface deflection dependent components given respectively by 

[

𝑀𝑥𝑠
𝑀𝑦𝑠
𝑀𝑧𝑠

] =

[
 
 
 
 𝑞̅𝑆𝑏(𝐶𝑙𝛽𝛽 + 𝐶𝑙𝑝

𝑝𝑏

2𝑉
+ 𝐶𝑙𝑟

𝑟𝑏

2𝑉
) 

𝑞̅𝑆𝑐̅(𝐶𝑚 + 𝐶𝑚𝑞
𝑞𝑐̅

2𝑉
) − 𝑙𝑧𝛿𝑇𝑇

𝑞̅𝑆𝑏(𝐶𝑛𝛽𝛽 + 𝐶𝑛𝑝
𝑝𝑏

2𝑉
+ 𝐶𝑛𝑟

𝑟𝑏

2𝑉
)]
 
 
 
 

                         (5.10) 

[

𝑀𝑥𝑐
𝑀𝑦𝑐
𝑀𝑧𝑐

] = [

𝑞̅𝑆𝑏𝐶𝑙𝛿𝑎 𝑞̅𝑆𝑏𝐶𝑙𝛿𝑒 𝑞̅𝑆𝑏𝐶𝑙𝛿𝑟 0 −𝑙𝑧𝛿𝑇𝑇

0 𝑞̅𝑆𝑐̅𝐶𝑚𝛿𝑒 0 −𝑙𝑥𝛿𝑇𝑇 0

𝑞̅𝑆𝑏𝐶𝑛𝛿𝑎 𝑞̅𝑆𝑏𝐶𝑛𝛿𝑒 𝑞̅𝑆𝑏𝐶𝑛𝛿𝑟 0 −𝑙𝑥𝛿𝑇𝑇

]

[
 
 
 
 
𝛿𝑎
𝛿𝑒
𝛿𝑟
𝛿𝑝𝑡𝑣
𝛿𝑦𝑡𝑣]

 
 
 
 

                      (5.11) 

Therefore, combining the state dependent terms together, Eq. (5.9) finally reduces to 

[
𝑝̇
𝑞̇
𝑟̇

] = [𝐼]−1 [

𝐼𝑥𝑧𝑝𝑞 + (𝐼𝑦𝑦 − 𝐼𝑧𝑧)𝑞𝑟 +𝑀𝑥𝑠

(𝐼𝑧𝑧 − 𝐼𝑥𝑥)𝑟𝑝 + 𝐼𝑥𝑧(𝑟
2 − 𝑝2) +𝑀𝑦𝑠

(𝐼𝑥𝑥 − 𝐼𝑦𝑦)𝑝𝑞 − 𝐼𝑥𝑧𝑞𝑟 +𝑀𝑧𝑠

] +

       [𝐼]−1 [

0 −(𝑞̅𝑆𝐶𝑍 + 𝑇𝑍) (𝑞̅𝑆𝐶𝑌 + 𝑇𝑦)

(𝑞̅𝑆𝐶𝑍 + 𝑇𝑍) 0 −(𝑞̅𝑆𝐶𝑋 + 𝑇𝑥)

−(𝑞̅𝑆𝐶𝑌 + 𝑇𝑦) (𝑞̅𝑆𝐶𝑋 + 𝑇𝑥) 0

] [

𝑥𝑐𝑚
𝑦𝑐𝑚
𝑧𝑐𝑚

] + [𝐼]−1 [

𝑀𝑥𝑐

𝑀𝑦𝑐

𝑀𝑧𝑐

] + [

𝑑𝑝
𝑑𝑞
𝑑𝑟

]      (5.12)    
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Now, it is observed from the aerodynamic dataset of F-18 HARV [19] that 𝐶𝑙𝑝 and 𝐶𝑛𝑟 are negative 

over the entire 𝛼 range. Therefore, referring to Eq. (5.10), the term 𝐶𝑙𝑝
𝑝𝑏

2𝑉
  in 𝑀𝑥𝑠 and the term 𝐶𝑛𝑟

𝑟𝑏

2𝑉
  

in 𝑀𝑧𝑠 are useful as far as stability is concerned and hence should be retained. It is further noted that 

[𝐼]−1 is positive definite. Therefore, we can separate the unfavorable and favorable terms in Eq. 

(5.12) as 

[
𝑝̇
𝑞̇
𝑟̇

]  =   [𝐼]−1

[
 
 
 
 𝐼𝑥𝑧𝑝𝑞 + (𝐼𝑦𝑦 − 𝐼𝑧𝑧)𝑞𝑟 + 𝑞̅𝑆𝑏 (𝐶𝑙𝛽𝛽 + 𝐶𝑙𝑟

𝑟𝑏

2𝑉
)

(𝐼𝑧𝑧 − 𝐼𝑥𝑥)𝑟𝑝 + 𝐼𝑥𝑧(𝑟
2 − 𝑝2) + 𝑞̅𝑆𝑐̅ (𝐶𝑚 + 𝐶𝑚𝑞

𝑞𝑐̅

2𝑉
) − 𝑙𝑧𝛿𝑇𝑇

(𝐼𝑥𝑥 − 𝐼𝑦𝑦)𝑝𝑞 − 𝐼𝑥𝑧𝑞𝑟 + 𝑞̅𝑆𝑏 (𝐶𝑛𝛽𝛽 + 𝐶𝑛𝑝
𝑝𝑏

2𝑉
) ]

 
 
 
 

+

[𝐼]−1 [

𝑞̅𝑆𝑏𝐶𝑙𝑝
𝑏

2𝑉
0 0

0 0 0

0 0 𝑞̅𝑆𝑏𝐶𝑛𝑟
𝑏

2𝑉

] [
𝑝
𝑞
𝑟
] + [𝐼]−1 [

0 −(𝑞̅𝑆𝐶𝑍 + 𝑇𝑍) (𝑞̅𝑆𝐶𝑌 + 𝑇𝑦)

(𝑞̅𝑆𝐶𝑍 + 𝑇𝑍) 0 −(𝑞̅𝑆𝐶𝑋 + 𝑇𝑥)

−(𝑞̅𝑆𝐶𝑌 + 𝑇𝑦) (𝑞̅𝑆𝐶𝑋 + 𝑇𝑥) 0

] [

𝑥𝑐𝑚
𝑦𝑐𝑚
𝑧𝑐𝑚

] +

[𝐼]−1 [

𝑀𝑥𝑐

𝑀𝑦𝑐

𝑀𝑧𝑐

] + [

𝑑𝑝
𝑑𝑞
𝑑𝑟

]                                                                                                                  (5.13)                                                                                                      

Now, defining  𝒙𝟏 = [𝜇 𝛼 −𝛽]𝑇, the virtual control 𝒙𝟐 = [𝑝 𝑞 𝑟]𝑇 and the control signal 𝒖 =

[𝑀𝑥𝑐 𝑀𝑦𝑐 𝑀𝑧𝑐]𝑇, Eqs. (5.4) and (5.13) can be expressed in the generic vector-matrix form as  

𝒙̇𝟏 = 𝒙𝟐 + 𝒅𝟏                 (5.14) 

𝒙̇𝟐 = 𝒇𝟏(𝒙) + 𝑭𝟐𝒙𝟐 +𝑨(𝒙)𝝈 + 𝑮𝒖 + 𝒅𝟏 + 𝒅𝟐                         (5.15) 

where the 3 × 3 matrix 𝐹2 represents the favorable nonlinearity (clearly, 𝐹2 is a negative semidefinite 

matrix) and 𝝈 is the uncertain/unknown c.g. position [𝑥𝑐𝑚  𝑦𝑐𝑚  𝑧𝑐𝑚]
𝑇 from the origin of the body 

frame. It is readily observed that Eqs. (14) and (15) are in strict feedback form making the system 

dynamics suitable for a two-step backstepping control design with the term 𝝈 being estimated in an 

adaptive backstepping setting. However, since both Eqs. (14) and (15) contain exogenous disturbance 

terms, we propose to integrate sliding mode control with both the steps of the backstepping design 

for robustness enhancement. Further, the sliding mode controls are made adaptive assuming the 
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upper bounds of the disturbances 𝒅𝟏 and 𝒅𝟐  (denoted as 𝑫𝟏 and 𝑫𝟐 respectively) to be unknown. It 

is needless to emphasize that 𝒅𝟐 will be particularly higher in high alpha regions due to aerodynamic 

uncertainties. It may be noted that throttle is controlled manually in an open loop manner during the 

maneuver period to further strengthen the thrust vector controls. The complete closed loop system is 

depicted in Figure 5.1.  

 

5.3 Adaptive Backstepping Adaptive Sliding Mode Hybrid Control 

In this section, an adaptive backstepping based adaptive fast sliding mode control (ABAFSMC) is 

proposed to autonomously execute high alpha maneuvers under unknown c.g. variations considering 

the aircraft flight dynamics given by Eqs. (5.14) and (5.15) as derived in the previous section. As 

shown in Figure 5.1, the desired time profiles for 𝒙𝟏 (i.e. 𝜇, 𝛼 and −𝛽) are fed externally as reference 

inputs and the controller generates the commanded moment vector 𝒖 in a closed loop manner under 

the assumption of state feedback. The moment command as generated by the controller can be 

converted to the control surface deflection commands through the matrix pseudoinverse method 

applied to Eq. (5.11). 

 

 

Figure 5.1.  Block diagram of the overall closed loop system 
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Let the errors in the states  𝒙𝟏 and 𝒙𝟐 be defined as 𝒆𝟏 = 𝒙𝟏 − 𝒙𝟏𝒅 and 𝒆𝟐 = 𝒙𝟐 − 𝒙𝟐𝒅 with 𝒙𝟏𝒅 and 

𝒙𝟐𝒅 being the desired trajectories of 𝒙𝟏 and 𝒙𝟐 respectively,    

𝒆̇𝟏 = 𝒙̇𝟏 − 𝒙̇𝟏𝒅 = 𝒙𝟐 + 𝒅𝟏 − 𝒙̇𝟏𝒅                           (5.16) 

Choosing the Lyapunov function for the error dynamics given by Eq. (5.16) as 

𝑉1 =
1

2
𝑺𝟏
𝑇𝑺𝟏                (5.17) 

where the sliding surface  𝑺𝟏 is given as 

𝑺𝟏 = 𝐾1∫ 𝒆𝟏𝑑𝑡 + 𝒆𝟏                 (5.18) 

with  𝐾1 = 𝑑𝑖𝑎𝑔 (𝑘11, 𝑘12,   𝑘13) being constant positive definite matrix 

Differentiating 𝑉1 w.r.t. time 

𝑉̇1 = 𝑺𝟏
𝑇𝑺̇𝟏                                  (5.19) 

𝑉̇1 = 𝑺𝟏
𝑇(𝐾1𝒆𝟏 + 𝒆̇𝟏) = 𝑺𝟏

𝑇(𝐾1𝒆𝟏 + 𝒙𝟐 + 𝒅𝟏 − 𝒙̇𝟏𝒅 )                       (5.20) 

For faster convergence, a fast reaching law is chosen having both linear and power rate terms as 

𝑺̇𝟏 = −𝐻1𝑺𝟏 − 𝑫̂𝟏𝑠𝑔𝑛 (𝑺𝟏) − 𝐿1𝑠𝑖𝑔(𝑺𝟏)
𝑏1 = 𝐾1𝒆𝟏 + 𝒙𝟐 + 𝒅𝟏 − 𝒙̇𝟏𝒅                                 (5.21) 

with 𝐻1 = 𝑑𝑖𝑎𝑔 (ℎ11, ℎ12,   ℎ13), and 𝐿1 = 𝑑𝑖𝑎𝑔 (𝑙11, 𝑙12,   𝑙13),    being constant positive definite 

matrices and 𝑠𝑖𝑔(𝑺𝟏)
𝑏1  ≜  [|𝑆𝜇|

𝑏1𝑠𝑔𝑛(𝑆𝜇)     |𝑆𝛼|
𝑏1𝑠𝑔𝑛(𝑆𝛼)     |𝑆𝛽|

𝑏1𝑠𝑔𝑛(𝑆𝛽)]
𝑇

where 𝑏1 is 

positive constants. Further, 𝑫𝟏 is 3 × 1 vectors representing constant but unknown upper bounds of 

the disturbances 𝒅𝟏. The desired profile of 𝒙𝟐 is computed from 

Now from Eq. (5.21), if the desired profile for the virtual control is designed as 

𝒙𝟐𝒅 = −𝐻1𝑺𝟏 − 𝑫̂𝟏𝑠𝑔𝑛 (𝑺𝟏) − 𝐿1𝑠𝑖𝑔(𝑺𝟏)
𝑏1 − 𝐾1𝒆𝟏 + 𝒙̇𝟏𝒅                                   (5.22) 

then under the condition that 𝒙𝟐 = 𝒙𝟐𝒅 or 𝒆𝟐 = 𝟎,  𝑉̇1 reduces to 
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𝑉̇1 = −𝑺𝟏
𝑇𝐻1𝑺𝟏 − 𝑺𝟏

𝑇𝐿1𝑠𝑖𝑔(𝑺𝟏)
𝑏1 − 𝑺𝟏

𝑇(𝑫̂𝟏𝑠𝑔𝑛(𝑺𝟏) − 𝒅𝟏)           (5.23) 

Now defining 𝑫̃𝟏 = 𝑫𝟏 − 𝑫̂𝟏,  Eq. (5.23) reduces to 

 𝑉̇1 = −𝑺𝟏
𝑇𝐻1𝑺𝟏 − 𝑺𝟏

𝑇𝐿1𝑠𝑖𝑔(𝑺𝟏)
𝑏1 − 𝑺𝟏

𝑇(𝑫𝟏𝑠𝑔𝑛(𝑺𝟏) − 𝒅𝟏) + |𝑺𝟏|
𝑇𝑫̃𝟏         (5.24) 

Clearly, 𝑉̇1 < 0 under the condition |𝑺𝟏| = 𝟎. 

For the second step in the backstepping design, considering a composite Lyapunov function for the 

complete dynamics as 

𝑉2 = 
1

2
𝑺𝟏
𝑇𝑺𝟏 +

1

2
𝑺𝟐
𝑇𝑺𝟐 +

1

2
𝝈̃𝑇𝐾2𝝈̃ +

𝟏

𝟐
𝑫̃𝟏
𝑻𝐾3𝑫̃𝟏 +

𝟏

𝟐
𝑫̃𝟐
𝑻𝐾4𝑫̃𝟐                                     (5.25) 

where 𝝈̃ = 𝝈 − 𝝈̂ and 𝑫̃𝟐 = 𝑫𝟐 − 𝑫̂𝟐 are the estimation error vectors and 𝐾2, 𝐾3, 𝐾4 are adaptation 

gains and the sliding surface  𝑺𝟐 = 𝟎 is chosen as 

𝑺𝟐 = 𝑺𝟏 +𝑁𝒆𝟐.               (5.26) 

On differentiation of Eq. (5.25) w.r.t. time, 

𝑉̇2 = 𝑉̇1 + 𝑉̇21 − 𝝈̃
𝑻𝐾2𝝈̇̂ − 𝑫̃𝟏

𝑻𝐾3𝑫̇̂𝟏 − 𝑫̃𝟐
𝑻𝐾4𝑫̇̂𝟐                        (5.27) 

where, 𝑉̇1 = 𝑺𝟏
𝑻𝑺̇𝟏 and 𝑉̇21 = 𝑺𝟐

𝑻𝑺̇𝟐. 

For the sake of brevity, the terms 𝑉̇1 and 𝑉̇21on the right-hand side in Eq. (5.27) are analyzed 

individually. 

Substituting 𝒙𝟐𝒅 from Eq. (5.22) into Eq. (5.20) and also noting that 𝒙𝟐 = 𝒆𝟐 + 𝒙𝟐𝒅, and 𝑫̂𝟏 = 𝑫𝟏 −

𝑫̃𝟏, Eq. (5.20) reduces to 

𝑉̇1 = 𝑺𝟏
𝑇(𝐾1𝒆𝟏 + 𝑒2 + 𝒙𝟐𝒅 + 𝒅𝟏 − 𝒙̇𝟏𝒅 )             (5.28) 

𝑉̇1 = −𝑺𝟏
𝑇𝐻1𝑺𝟏 + 𝑺𝟏

𝑻𝒆𝟐 − 𝑺𝟏
𝑇𝐿1𝑠𝑖𝑔(𝑺𝟏)

𝑏1 − 𝑺𝟏
𝑻(𝑫𝟏𝑠𝑔𝑛(𝑆1) − 𝒅𝟏) + |𝑺𝟏|

𝑇𝑫̃𝟏                      (5.29) 

which implies 
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𝑉̇1 ≤ −𝑺𝟏
𝑇𝐻1𝑺𝟏 + 𝑺𝟏

𝑻𝒆𝟐 − 𝑺𝟏
𝑇𝐿1𝑠𝑖𝑔(𝑺𝟏)

𝑏1 + |𝑺𝟏|
𝑇𝑫̃𝟏           (5.30)  

Now differentiating 𝒆𝟐 w.r.t. time, 

𝒆̇𝟐 = 𝒙̇𝟐 − 𝒙̇𝟐𝒅 = 𝒇𝟏 + 𝐹2𝒙𝟐 + 𝐴𝝈 + 𝐺𝒖 + 𝒅𝟏 + 𝒅𝟐 − 𝒙̇𝟐𝒅           (5.31) 

Using the equations of 𝑺̇𝟏 and 𝒆̇𝟐,  

𝑉̇21 = 𝑺𝟐
𝑻𝑺̇𝟐 = 𝑺𝟐

𝑻(𝑺̇𝟏 +𝑁𝒆̇𝟐)                (5.32) 

      = 𝑺𝟐
𝑻(𝐾1𝒆𝟏 + 𝒙𝟐 + 𝒅𝟏 − 𝒙̇𝟏𝒅 +𝑁(𝒇𝟏 + 𝐹2𝒙𝟐 + 𝐴𝝈 + 𝐺𝒖 + 𝒅𝟏 + 𝒅𝟐 − 𝒙̇𝟐𝒅 ))       (5.33) 

Further substituting 𝒙𝟐 = 𝒆𝟐 + 𝒙𝟐𝒅 and  𝝈 = 𝝈̃ + 𝝈̂, 

𝑉̇21 = 𝑺𝟐
𝑻(𝐾1𝒆𝟏 + 𝒆𝟐 + 𝒙𝟐𝒅 + 𝒅𝟏 − 𝒙̇𝟏𝒅 +𝑁(𝒇𝟏 + 𝐹2(𝒆𝟐 + 𝒙𝟐𝒅) + 𝐴𝝈̂ + 𝐺𝒖 + 𝒅𝟏 + 𝒅𝟐 −

𝒙̇𝟐𝒅 )) + 𝑺𝟐
𝑻𝑁𝐴𝝈̃                                                                                                                                               (5.34) 

Substituting 𝒙𝟐𝒅  from Eq. (5.22) and noting that 𝒆𝟐 = 𝑁
−1(𝑺𝟐 − 𝑺𝟏) from Eq. (5.26), Eq. (5.34) 

reduces to 

𝑉̇21 = 𝑺𝟐
𝑻(𝒆𝟐 −𝐻1𝑺𝟏 − 𝑫̂𝟏𝑠𝑔𝑛(𝑺𝟏) − 𝑺𝟏

𝑇𝐿1𝑠𝑖𝑔(𝑺𝟏)
𝑏1 + 𝒅𝟏 +𝑁(𝒇𝟏 + 𝐹2𝒙𝟐𝒅 + 𝐴𝝈̂ + 𝐺𝒖 + 𝒅𝟏 +

𝒅𝟐 − 𝒙̇𝟐𝒅 ) + 𝐹2𝑺𝟐 − 𝐹2𝑺𝟏) + 𝑺𝟐
𝑻𝑁𝐴𝝈̃                                                  (5.35) 

Let us consider another fast-reaching law combining linear and power rate terms [116] for 𝑺𝟐 as  

𝑺̇𝟐 = −𝑫̂1𝑠𝑔𝑛(𝑺𝟐) − 𝐻2𝑺𝟐 −𝑁(𝑫̂𝟏 + 𝑫̂𝟐)𝑠𝑔𝑛(𝑺𝟐) − 𝐿2𝑠𝑖𝑔(𝑺𝟐)
𝑏2         (5.36) 

with 𝐻2 = 𝑑𝑖𝑎𝑔 (ℎ21, ℎ22,   ℎ23) and 𝐿2 = 𝑑𝑖𝑎𝑔 (𝑙21, 𝑙22,   𝑙23) are constant positive definite 

matrices and  𝑠𝑖𝑔(𝑺𝟐)
𝑏2  ≜  [|𝑆𝑝|

𝑏2𝑠𝑔𝑛(𝑆𝑝)    |𝑆𝑞|
𝑏2𝑠𝑔𝑛(𝑆𝑞)    |𝑆𝑟|

𝑏2𝑠𝑔𝑛(𝑆𝑟)]
𝑇

where 𝑏2 is positive 

constants.  𝑫𝟏 and 𝑫𝟐 are 3 × 1 vectors representing constant but unknown upper bounds of the 

disturbances 𝒅𝟏 and 𝒅𝟐 respectively. 

Now, designing the control law as  
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𝒖 = (𝑁𝐺)−1[𝑁(−𝒇𝟏 − 𝐴 𝝈̂ + 𝒙̇𝟐𝒅 − 𝐹2𝒙𝟐𝒅) − 𝒆𝟐 +𝐻1𝑺𝟏 + 𝑫̂𝟏𝑠𝑔𝑛(𝑺𝟏) + 𝐿1𝑠𝑖𝑔 (𝑺𝟏)
𝑏1 +

                          𝐹2𝑺𝟏 − 𝑫̂𝟏𝑠𝑔𝑛(𝑺𝟐) − 𝐻2𝑺𝟐 −𝑁(𝑫̂𝟏 + 𝑫̂𝟐)𝑠𝑔𝑛(𝑺𝟐) − 𝐿2𝑠𝑖𝑔(𝑺𝟐)
𝑏2]                    (5.37) 

and further substituting 𝑫̂𝟏 = 𝑫𝟏 − 𝑫̃𝟏 and 𝑫̂𝟐 = 𝑫𝟐 − 𝑫̃𝟐 in Eq. (5.35) 

𝑉̇21 ≤ −𝑺𝟐
𝑻𝐻2𝑺𝟐 − 𝑺𝟐

𝑻𝐿2𝑠𝑖𝑔(𝑺𝟐)
𝑏2 − 𝑺𝟐

𝑻(𝑫𝟏𝑠𝑔𝑛(𝑺𝟐) − 𝒅𝟏) + 𝑺𝟐
𝑻𝑫̃𝟏𝑠𝑔𝑛(𝑺𝟐) −

            𝑺𝟐
𝑻𝑁(𝑫𝟏𝑠𝑔𝑛(𝑺𝟐) − 𝒅𝟏) + 𝑺𝟐

𝑻𝑁𝑫̃𝟏𝑠𝑔𝑛(𝑺𝟐) − 𝑺𝟐
𝑻𝑁(𝑫𝟐𝑠𝑔𝑛(𝑺𝟐) − 𝒅𝟐) + 𝑺𝟐

𝑻𝑁𝑫̃𝟐𝑠𝑔𝑛(𝑺𝟐) +

            𝑺𝟐
𝑻𝐹2𝑺𝟐 + 𝑺𝟐

𝑻𝑁𝐴𝝈̃                                                                                     (5.38) 

Finally, Eq. (5.38) reduces to 

𝑉̇21 ≤ −𝑺𝟐
𝑻𝐻2𝑺𝟐 − 𝑺𝟐

𝑻𝐿2𝑠𝑖𝑔(𝑺𝟐)
𝑏2 + 𝑺𝟐

𝑻𝐹2𝑺𝟐 + |𝑺𝟐|
𝑻𝑫̃𝟏 + |𝑺𝟐|

𝑻𝑁𝑫̃𝟏 + |𝑺𝟐|
𝑻𝑁𝑫̃𝟐 + 𝑺𝟐

𝑻𝑁𝐴𝝈̃                                                                

      (5.39) 

Substituting Eqs. (5.30) and (5.39) into Eq. (5.27), 

𝑉̇2 ≤ −𝑺𝟏
𝑇𝐻1𝑺𝟏 + 𝑺𝟏

𝑻𝒆𝟐 − 𝑺𝟏
𝑇𝐿1𝑠𝑖𝑔(𝑺𝟏)

𝑏1 − 𝑺𝟐
𝑻𝐻2𝑺𝟐 − 𝑺𝟐

𝑻𝐿2𝑠𝑖𝑔(𝑺𝟐)
𝑏2 + 𝑺𝟐

𝑻𝐹2𝑺𝟐 − 𝝈̃
𝑻(𝐾2𝝈̇̂ −

        𝐴𝑇𝑁𝑇𝑺𝟐) − 𝑫̃𝟐
𝑻(𝐾4𝑫̇̂𝟐 −𝑁

𝑇|𝑺𝟐|) − 𝑫̃𝟏
𝑻 (𝐾3𝑫̇̂𝟏 − |𝑺𝟏| − |𝑺𝟐| − 𝑁

𝑇|𝑺𝟏|)                               (5.40) 

Now, choosing the adaptation laws for 𝝈̂, 𝑫̂𝟏 and 𝑫̂𝟐 as  

𝝈̇̂ = 𝐾2
−1𝐴𝑇𝑁𝑇𝑺𝟐               (5.41) 

𝑫̇̂𝟏 = 𝐾3
−1(|𝑺𝟏| + |𝑺𝟐| + 𝑁

𝑇|𝑺𝟐|)              (5.42) 

𝑫̇̂𝟐 = 𝐾4
−1𝑁𝑇|𝑺𝟐|               (5.43) 

Eq. (5.40) reduces to 

𝑉̇2 ≤ −𝑺𝟏
𝑇𝐻1𝑺𝟏 + 𝑺𝟏

𝑇𝒆𝟐 − 𝑺𝟐
𝑇𝐻2𝑺𝟐 − 𝑺𝟏

𝑇𝐿1𝑠𝑖𝑔(𝑺𝟏)
𝑏1 − 𝑺𝟐

𝑇𝐿2𝑠𝑖𝑔(𝑺𝟐)
𝑏2 + 𝑺𝟐

𝑻𝐹2𝑺𝟐                      (5.44)                                                                   

Since 𝐹2 is negative semidefinite, so is the term 𝑺𝟐
𝑻𝐹2𝑺𝟐. Hence, Eq. (5.44) can be simplified to 

𝑉̇2 ≤ −𝑺𝟏
𝑇𝐻1𝑺𝟏 + 𝑺𝟏

𝑇𝒆𝟐 − 𝑺𝟐
𝑇𝐻2𝑺𝟐 − 𝑺𝟏

𝑇𝐿1𝑠𝑖𝑔(𝑺𝟏)
𝑏1 − 𝑺𝟐

𝑇𝐿2𝑠𝑖𝑔(𝑺𝟐)
𝑏2                                      (5.45)    
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On substitution of 𝑺𝟐 = 𝑺𝟏 +𝑁𝒆𝟐,  

𝑉̇2 ≤ −𝑺𝟏
𝑇𝐻1𝑺𝟏 + 𝑺𝟏

𝑇𝒆𝟐 − (𝑺𝟏 +𝑁𝒆𝟐)
𝑻𝐻2(𝑺𝟏 +𝑁𝒆𝟐) − 𝑺𝟏

𝑇𝐿1𝑠𝑖𝑔(𝑺𝟏)
𝑏1 − 𝑺𝟐

𝑇𝐿2𝑠𝑖𝑔(𝑺𝟐)
𝑏2  (5.46) 

Clearly, all the terms on the right-hand side of inequality (5.46) are negative definite except for the 

second term. However, the first three terms of the right-hand side can be expressed in the form 

−𝒛𝑇𝑄𝒛 where  

𝒛𝑇𝑄𝒛 = [𝑺𝟏
𝑇 𝒆𝟐

𝑇] [
𝐻1 +𝐻2 𝑁𝐻2  −

1

2

𝑁𝐻2  −
1

2
𝑁2𝐻2

] [
𝑺𝟏
𝒆𝟐
]                                                            (5.47) 

Therefore, the inequality in (5.46) can be finally expressed as 

𝑉̇2 ≤ −𝒛
𝑇𝑄𝒛− 𝑙11|𝑆𝜇|

𝑏1+1 
− 𝑙12|𝑆𝛼|

𝑏1+1 − 𝑙13|𝑆𝛽|
𝑏1+1 

− 𝑙21|𝑆𝑝|
𝑏2+1 

− 𝑙22|𝑆𝑞|
𝑏2+1 

− 𝑙23|𝑆𝑟|
𝑏2+1  

      (5.48)                                                                                 

Clearly, 𝑉̇2 ≤ 0 if the 𝑄 matrix in Eq. (5.48) is positive semidefinite. Substituting the corresponding 

expressions of 𝐻1, 𝐻2, 𝑁, the 𝑄 matrix is given by 

𝑄 =

[
 
 
 
 
 
 
 
 
 ℎ11 + ℎ21 0 0 𝑛11ℎ21 −

1

2
0 0

0 ℎ12 + ℎ22 0 0 𝑛12ℎ22 −
1

2
0

0 0 ℎ13 + ℎ23 0 0 𝑛13ℎ23 −
1

2

𝑛11ℎ21 −
1

2
0 0 𝑛11

2 ℎ21 0 0

0 𝑛12ℎ22 −
1

2
0 0 𝑛12

2 ℎ22 0

0 0 𝑛13ℎ23 −
1

2
0 0 𝑛13

2 ℎ23 ]
 
 
 
 
 
 
 
 
 

              (5.49)  

Lemma 1 The 6 × 6 𝑄 matrix given by Eq. (5.49) is positive semidefinite if and only if  

4𝑛11
2 ℎ11ℎ21 + 4𝑛11ℎ21 ≥ 1;  4𝑛12

2 ℎ12ℎ22 + 4𝑛12ℎ22 ≥ 1;  4𝑛13
2 ℎ13ℎ23 + 4𝑛13ℎ23 ≥ 1       (5.50)  

𝑷𝒓𝒐𝒐𝒇  As per the Schur complement method [104], for any block symmetric matrix 𝑄 of the form 

𝑄 = [
𝐴 𝐵
𝐵𝑇 𝐶

], if 𝐶 is invertible, then 𝑄 ≥ 0 if and only if 𝐶 ≥ 0 and 𝐴 − 𝐵𝐶−1𝐵𝑇 ≥ 0. Partitioning 
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the 𝑄 matrix as shown in Eq. (5.49), the condition 𝐶 ≥ 0 is already satisfied since 

𝑛11, 𝑛12, 𝑛13, ℎ21, ℎ22, ℎ23 are chosen to be positive constants. For the second condition, 

[

ℎ11 + ℎ21 0 0
0 ℎ12 + ℎ22 0
0 0 ℎ13 + ℎ23

] −

 

[
 
 
 
 𝑛11ℎ21 −

1

2
0 0

0 𝑛12ℎ22 −
1

2
0

0 0 𝑛13ℎ23 −
1

2]
 
 
 
 

[
 
 
 
 

1

𝑛11
2 ℎ21

0 0

0
1

𝑛12
2 ℎ22

0

0 0
1

𝑛13
2 ℎ23]

 
 
 
 

[
 
 
 
 𝑛11ℎ21 −

1

2
0 0

0 𝑛12ℎ22 −
1

2
0

0 0 𝑛13ℎ23 −
1

2]
 
 
 
 

≥ 0    

      (5.51) 

 which on expansion and simplification yields 4𝑛11
2 ℎ11ℎ21 + 4𝑛11ℎ21 ≥ 1, 4𝑛12

2 ℎ12ℎ22 +

4𝑛12ℎ22 ≥ 1, 4𝑛13
2 ℎ13ℎ23 + 4𝑛13ℎ23 ≥ 1. 

Remark 1 Since negative semi-definiteness of the composite Lyapunov function  𝑉̇2 is established 

through the preceding proposition and lemma, the 𝑺𝟏 and 𝑺𝟐 dynamics are stable, which in turn, 

implies stability of 𝒆𝟏 and 𝒆𝟐 dynamics. Now, Barbalat’s lemma can be applied in the line of [56, 

75, 107] to investigate asymptotic stability of the errors. Integrating both sides of inequality (5.48),  

∫ (𝒛𝑻(𝜏)𝑄𝒛(𝜏) + 𝑙11|𝑆𝜇(𝜏)|
𝑏1+1 + 𝑙12|𝑆𝛼(𝜏)|

𝑏1+1 + 𝑙13|𝑆𝛽(𝜏)|
𝑏1+1 + 𝑙21|𝑆𝑝(𝜏)|

𝑏2+1 +
∞

0

𝑙22|𝑆𝑞(𝜏)|
𝑏2+1 + 𝑙23|𝑆𝑟(𝜏)|

𝑏2+1 )𝑑𝜏 ≤  −∫ 𝑉̇2(𝜏)𝑑𝜏
∞

0
 =  𝑉2(0) − 𝑉2(∞)   <  ∞                      (5.52) 

As  lim
𝑡→∞

∫ (𝒛𝑻(𝜏)𝑄𝒛(𝜏) + 𝑙11|𝑆𝜇(𝜏)|
𝑏1+1 + 𝑙12|𝑆𝛼(𝜏)|

𝑏1+1 + 𝑙13|𝑆𝛽(𝜏)|
𝑏1+1 + 𝑙21|𝑆𝑝(𝜏)|

𝑏2+1 +
𝑡

0

𝑙22|𝑆𝑞(𝜏)|
𝑏2+1 

+ 𝑙23|𝑆𝑟(𝜏)|
𝑏2+1  ) 𝑑𝜏 is bounded, according to Barbalat’s lemma, it can be 

concluded that 

lim
𝑡→∞

∫ (𝒛𝑻(𝜏)𝑄𝒛(𝜏) + 𝑙11|𝑆𝜇(𝜏)|
𝑏1+1 + 𝑙12|𝑆𝛼(𝜏)|

𝑏1+1 + 𝑙13|𝑆𝛽(𝜏)|
𝑏1+1 + 𝑙21|𝑆𝑝(𝜏)|

𝑏2+1 +
𝑡

0

𝑙22|𝑆𝑞(𝜏)|
𝑏2+1 + 𝑙23|𝑆𝑟(𝜏)|

𝑏2+1  ) 𝑑𝜏 = 0                                                                                     (5.53)  
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In other words, the variables 𝒛, 𝑺𝟏, 𝑺𝟐 all converge to zero asymptotically. Clearly, asymptotic 

stability of the sliding surfaces, in turn, implies asymptotic stability of the tracking error variables 

 𝒆𝟏 and  𝒆𝟐.  

 

5.4 Simulation Results and Discussions 

To validate the proposed control, the same two high-alpha maneuvers as considered in Chapter-3 

namely cobra and Herbst are simulated for the F18-HARV aircraft. The same initial steady wings-

level trim conditions (at 2000 𝑚 altitude and 150 𝑚/𝑠 true air velocity) and the same extent of c.g. 

movements (i.e. [2.3  ± 8.8   2.1]𝑇 𝑐𝑚 along the three axes from the nominal location) are retained. 

Maneuver durations are also kept unchanged (6𝑠 for cobra and 18 𝑠 for Herbst). A 𝑡𝑎𝑛ℎ function is 

used in place of 𝑠𝑔𝑛 functions in the simulations to reduce chattering and to enhance the thrust vector 

control power, throttle is increased to 50% in an open loop manner over the maneuver duration.Along 

with the c.g. variation, the aerodynamic coefficients are also assumed to be uncertain within a 

uniform ±30% uncertainty band about their nominal values. As earlier, again several tens of Monte 

Carlo runs are performed considering random values of the aerodynamic coefficients from within the 

given uncertainty band and 𝑦𝑐𝑚 in the range ±8.8 𝑐𝑚 to test maneuver performance. Nearly identical 

performance is observed in each sample run; however, the results corresponding to only three cases 

one for no c.g. variation and one each for the two extreme lateral variations on either side of the body 

centerline are shown below. Various controller parameters which are tuned satisfying the set of 

conditions given in Eq. (5.51) are listed in Table 5.1 and Table 5.2..  

Figures 5.2 and 5.3 depict the time evolutions of various states, sliding surfaces corresponding to the 

aforementioned three cases of c.g. locations, c.g. estimates and the control deflections respectively. 

Figure 5.2 shows that the desired 𝛼, 𝛽, 𝜇 profiles are very closely tracked. As expected in cobra 

maneuver, the aircraft pitches up to a maximum of 90o and its velocity nearly halves in about 4𝑠. 
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Control surface deflections are also found to remain largely within their respective saturation limits. 

It is also observed in Figs. 5.2 and 5.3 that the responses corresponding to all the three cases of c.g. 

positions are almost completely overlapping. This clearly demonstrates the excellent robustness 

property of the proposed controller to the c.g. and aerodynamic uncertainties.   

Herbst maneuver results are shown in Figs. 5.4 and 5.5. In Fig. 5.4, the ground track of the trajectory 

reveals that the aircraft successfully performed a proper vertical plane turn. Good tracking 

performance and high insensitivity to c.g. perturbations are again observed from Figure 5.4 justifying 

the effectiveness of the proposed controller. Control deflections are again found to remain mostly 

within saturation limits as evident from Figure 5.5. 
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Figure 5.2. Time profile of states, sliding surface and c.g. position: Cobra maneuver   
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Figure 5.3. Time evolution of control deflections: Cobra maneuver 
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Figure 5.4. Ground track, time evolution of states, sliding surfaces and c.g. position: Herbst 

maneuver  

 

Figure 5.5. Time evolution of control deflections: Herbst maneuver 

 

It can be observed from both Figures. 5.2 (g, h) and 5.4 (i, j) that the error in c.g estimate i.e. 𝝈̃ does 

not converge to zero in either maneuver. This is because asymptotic stability as established from 

Barbalat’s lemma in Remark 1 in Section 5.3, guarantees asymptotic convergence of the sliding 

surface vectors 𝑺𝟏 and 𝑺𝟐 and the tracking error vectors 𝒆𝟏  and 𝒆𝟐; however, it does not guarantee 

asymptotic convergence of  𝝈̃; 𝝈̃ is guaranteed to remain only bounded as established from negative 

semi-definiteness of the time derivative of the composite Lyapunov function 𝑉2.  
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Table 5.1: Controller parameters 

 

Table 5.2: Controller parameters (contd…) 

 

 

 

 

To further demonstrate the effectiveness of the proposed control, a more generic situation is 

considered when lateral c.g. position is assumed to change in multiple steps during each of the 

maneuvers. Arbitrary 𝑦𝑐𝑚 time profiles are considered as shown in Figs. 5.6 and 5.7 (𝑥𝑐𝑚 and 𝑧𝑐𝑚 

are kept constant at the values considered in the previous cases). Tracking errors and some other 

relevant plots are shown and it is observed that the same maneuver performance is achieved in both 

of the maneuvers.       

 

𝑲𝟏   𝑯𝟏 𝑳𝟏 𝒃𝟏 𝑵 𝑲𝟐 

[
2 0 0
0 6 0
0 0 4

] [
1.4 0 0
0 2 0
0 0 3

] [
2.5 0 0
0 1 0
0 0 0.8

] 
0.5 

[
0.6 0 0
0 0.4 0
0 0 0.5

] [
20 0 0
0 12 0
0 0 15

] 

𝑲𝟑   𝑲𝟒 𝑯𝟐 𝒃𝟐 𝑳𝟐 

[
30 0 0
0 60 0
0 0 40

] [
15 0 0
0 30 0
0 0 20

] [
0.3 0 0
0 0.5 0
0 0 0.4

] 
0.9 

[
0.1 0 0
0 0.2 0
0 0 0.6

] 
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Figure 5.6. Time profile of states, arbitrary c.g. position and control deflections: Cobra maneuver 
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Figure 5.7. Ground track, time profile of states, arbitrary c.g. position and control deflections: 

Herbst maneuver 
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5.5 Comparison with the Control Proposed in Chapter 3 

As discussed earlier in detail in Chapter 3, that a lateral c.g. offset issue can also be tackled by 

considering an ad-hoc dynamics where simply a moment due to gravity term is added to the 

symmetric 6-DOF dynamics. Therefore, tracking performance under the proposed controller is 

compared against the same under the ad-hoc model-based control and the proposed controller is 

found to give significantly improved control performance. The standard ITAE, IAE, ITSE and ISE 

performance index values are compared and tabulated in Table 5.3 and 5.4. These indices are 

calculated for each of the three errors components 𝑒𝛼, 𝑒𝛽 and 𝑒𝜇  (i.e. tracking errors in angle of 

attack, sideslip angle and bank angle) separately and then added up; E.g., 𝐼𝑇𝐴𝐸 = ∫ 𝑡 (|𝑒𝛼| +
∞

0

|𝑒𝛽| + |𝑒𝜇|) 𝑑𝑡 (other indices are also calculated in a similar manner). Units of 𝑒𝛼, 𝑒𝛽 and 𝑒𝜇  are 

considered to be 𝑟𝑎𝑑𝑖𝑎𝑛 in computing the entries of Table 5.3. These three error profiles are also 

compared in Figures 5.4 and 5.5. Clearly, Table 5.3, Table 5.4 and Figures 5.6, 5.7 shows performance 

improvement substantiating the superiority and the significantly less conservative nature of the 

present control.  It is needless to mention that, for comparison purpose, the same control parameters, 

as listed in Table 5.1 and Table 5.2, are used for both the ad-hoc model-based control and the 

proposed control. 

  

Figure 5.8. Tracking errors in Ad-hoc and Approximate (Proposed) model-based controls: cobra 

maneuver 
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Figure 5.9. Tracking errors in Ad-hoc and Approximate (Proposed) model-based controls: Herbst 

maneuver 

 

Table 5.3: Comparison of different performance indices: cobra maneuver 

Model Case IAE ITAE ISE ITSE 

Ad-hoc 

[Chapter 3] 

Asym(-) 0.2645 3.7819 0.0014 0.0218 

Asym(+) 0.2498 3.5785 0.0013 0.0201 

Approximate 

(Proposed) 

Asym(-) 0.0840 1.1842 0.0002 0.0032 

Asym(+) 0.0792 1.0024 0.0002 0.0020 

 

 

Table 5.4: Comparison of different performance indices: Herbst maneuver 

Model Case IAE ITAE ISE ITSE 

Ad-hoc 

[Chapter 3] 

Asym(-) 0.8354 7.5125 0.0187 0.1754 

Asym(+) 0.7845 7.2748 0.0175 0.1712 

Approximate 

(Proposed) 

Asym(-) 0.5214 4.0684 0.0068 0.0514 

Asym(+) 0.5061 3.9214 0.0061 0.0491 
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5.6 Conclusion  

The novel and challenging problem of designing robust nonlinear controls for executing high angle 

of attack autonomous maneuvers with a fighter aircraft undergoing significant lateral c.g. 

uncertainties was addressed. Ignoring the second order terms of the c.g. shift from the nominal 

position, the highly coupled 6-DOF dynamics under asymmetric c.g. position was successfully cast 

in strict feedback form affine in c.g. position. This made it possible to design a two-step adaptive 

backstepping control which could automatically adapt to the unknown c.g. variations. Backstepping 

control, in turn, allowed for retention of useful nonlinearities in the dynamics thereby resulting in a 

less conservative control. The effects of neglecting the second order terms of the c.g. position in the 

equations of motion were shown to give rise to two lumped additive disturbances (along with other 

exogenous disturbances) in the two individual steps in the backstepping setting. To circumvent these 

disturbances, an adaptive fast sliding mode control was combined with each step of the baseline 

adaptive backstepping control. The upper bounds of the disturbances/uncertainties were assumed to 

be unknown and suitable adaptation laws were designed to estimate the c.g. position and these two 

upper bounds. Conditions on various controller parameters were derived from Lyapunov’s direct 

method ensuring asymptotic stability of the closed loop system. Performance of the proposed 

controller was validated against two demanding maneuvers cobra and Herbst considering the F18-

HARV aircraft. Simulation results showed nearly identical maneuver performance under significant 

lateral c.g. variations on either side of the fuselage centreline as well as under considerable 

aerodynamic uncertainties. The work can be easily extended to various other useful maneuvers.  
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Chapter 6 

Closing Comments 

 

6.1 Conclusion 

The impact of laterally asymmetric center of gravity (c.g.) movements in a fixed wing aircraft 

especially during demanding maneuvers was thoroughly investigated in the present thesis. While 

recent studies over the last decade or so examined asymmetric aircraft dynamics, they primarily 

focused on civil aircraft in trim flight states. Works on fighter aircraft executing specific maneuvers 

under such unfavorable conditions are very few. The present thesis was aimed at addressing this gap. 

Managing c.g. asymmetry in a fighter aircraft is crucial, as it enables deployment of non-identical 

pairs of stores, non-paired firing of stores, and eliminates the need for dummy stores thus avoiding a 

mass penalty. The automatic flight control system must be able to handle such scenarios, ensuring 

the aircraft can perform the necessary maneuvers to complete the mission successfully and prevent 

a potential aircraft loss and pilot ejection. In this regard, the present thesis offers some robust and 

adaptive nonlinear control solutions to successfully mitigate the significant system level uncertainty 

arising from predominantly lateral c.g. movements. Findings of the thesis are presented four main 

chapters namely Chapters 2-5.  
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First, the effects of lateral c.g. uncertainty on low angle of attack lateral maneuvers were investigated. 

Two standard lateral maneuvers such as horizontal turn maneuver and aileron roll maneuver were 

considered for benchmarking and the fixed wing Aerosonde UAV dataset was considered for carrying 

out the numerical validations.  Findings of this work were reported in Chapters 2 and 4. Initially, a 

robust linear control technique such as Linear Quadratic Regulator (LQR) was implemented. 

However, results showed that, despite its robustness, the LQR failed to mitigate the effects of lateral 

c.g. variations and the maneuvers could not be properly performed. Since the asymmetric c.g 

movements led to coupling between the lateral/directional and longitudinal dynamics causing 

enhanced system nonlinearities, therefore, next a standard nonlinear control algorithm namely the 

backstepping control was tried. Like the LQR, even though the backstepping control could execute 

the intended maneuvers for the nominal system, it also failed to execute them when the same 

controller was used under lateral c.g. variations. To overcome the shortcoming of the nominal 

backstepping control scheme, it was then proposed that the backstepping control be designed based 

on an ad-hoc representation of the coupled asymmetric aircraft equations of motion. The idea of this 

ad-hoc model was to represent the asymmetric dynamics by simply adding a moment due to gravity 

term (the c.g. moving away from the nominal reference point gave rise to this additional moment) to 

the standard nominal equations of motion. It was shown that this ad-hoc model was in strict feedback 

form and therefore amenable to backstepping design. Further, it was shown that the model was also 

affine in c.g. position and, therefore, an adaptive backstepping design was proposed where the actual 

c.g. position was estimated through an adaptation law. It was further mathematically proved that the 

c.g. estimation was accurate as the estimation error asymptotically converged to zero. Numerical 

simulations demonstrated that the nominal maneuver performance could be nearly completely 

recovered under c.g. variations on either side of the fuselage centerline.  

A further improvement on the findings of these investigations of Chapter 2 was attempted in Chapter 

4. Instead of the ad-hoc model, a more accurate model was derived, in a novel way, from the 
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asymmetric equations of motion under the reasonable simplifying assumption that the second order 

terms involving the shifts in c.g. position were negligible. It was shown that the derived model could 

also be cast in strict feedback form with affine c.g. position. Also, some favorable nonlinearities 

(from the perspectives of stability) were identified in the derived model. Thereafter, an adaptive 

backstepping control was proposed adapting to the c.g. position using this model and retaining the 

favorable nonlinearities. Again, asymptotic convergence of the c.g. estimate obtained from an 

adaptation law was theoretically established using LaSalle’s invariance principle. Due to the less 

conservative nature of this control scheme as compared to the ad-hoc model based adaptive 

backstepping scheme proposed in Chapter 2, significant improvement in maneuver performance and 

robustness to the c.g. uncertainty was observed through numerical simulations.    

To comprehensively address the effects of lateral c.g. uncertainty on aircraft flight dynamics and 

control, the more demanding high angle of attack maneuvers were investigated next and the findings 

were presented in Chapters 3 and 5 of the thesis. Two benchmark high alpha maneuvers cobra and 

Herbst were considered and the dataset of the F18-HARV aircraft (available in the open domain) was 

used for validation purposes. Since, the objective was to ensure a quick return of the aircraft under 

such unfavorable flight conditions, performing the Herbst maneuver which is basically a turn in the 

vertical plane (as opposed to the horizontal turn maneuver, which is a turn in the horizontal plane as 

the name suggests) was particularly emphasized on. In the high alpha regime, nonlinearities in the 

dynamics are much more pronounced due to aerodynamics and trigonometric nonlinearities, 

kinematic coupling etc. Asymmetric c.g. variations lead to even higher degrees of coupling and 

nonlinearities. Therefore, nonlinear control implementations become indispensable in this regime. 

Apart from gross nonlinearities, the dynamics also suffers significant uncertainties in the 

aerodynamic model because of flow separation. This called for considerable robustness 

enhancements of the closed loop nonlinear controls.  
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In Chapter 3, again the two-step adaptive backstepping control based on the ad-hoc model of the 

asymmetric dynamics was considered. However, a fast sliding mode control was combined in the 

second step for the necessary robustness enhancement. The main challenge and novelty of this work 

arose in the mathematical proof of stability, using Lypunov’s direct method, as the input matrix 

associated with the virtual control input in the first step of the backstepping design turned out to be 

state dependent. The proof was established using interval analysis and simulation results 

demonstrated that the proposed controller maintained nearly the same level of maneuver performance 

despite the c.g. and aerodynamic uncertainties. Furthermore, when compared with a standard 

adaptive sliding mode control scheme, the proposed hybrid control demonstrated significantly 

superior robustness.  

In line with the works on low alpha maneuvers, further performance improvement was attempted in 

high alpha maneuvers also and the details were presented in Chapter 5. The asymmetric dynamics 

were analyzed by ignoring second order terms of the c.g. shift from the nominal position and 

successfully converted to the required strict feedback form affine in c.g. position. This formulation 

led to the final model having one lumped disturbance term in each of the two individual steps of the 

adaptive backstepping setting. Therefore, as in Chapter 3, when sliding mode control was combined, 

it had to be combined in each of the two steps. This was a novel setting which, to the best of our 

knowledge, was not reported in the literature. Moreover, these two sliding mode controls were made 

adaptive estimating the unknown upper bounds of the two lumped disturbances. As in Chapter 4, 

again the favorable system nonlinearities were identified and retained in the proposed adaptive 

backstepping adaptive fast sliding mode hybrid control law and stability was proved from 

Lyapunov’s direct method. Simulation results validated the usefulness of the proposed hybrid control 

scheme as the maneuver performance and robustness improved considerablyfrom that obtained in 

Chapter 3. 
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Hardware in loop simulations were also performed in both the low and high alpha cases to establish 

the real time viability of all the proposed controls. These results were given in an appendix. 

 

6.2 Scope for Further Research 

The present thesis highlights several areas ripe for further exploration and enhancement. Some of 

them are suggested below. 

 Other sources of c.g shift introduce an additional layer of asymmetry to the aircraft. This 

heightened level of imbalance significantly amplifies the complexity of controlling and 

maneuvering the aircraft, adding an extra dimension of challenge. 

 Modifications to the sliding mode control algorithm to furthrr strengthen the system's 

robustness against lateral center of gravity variations may also be tried. 

 Hybridization of other nonlinear control techniques with the baseline adaptive backstepping 

control may be tried for further improvement in maneuver performance level.    

 The large numbers of control parameters may be optimally tuned using some recent 

evolutionary optimization algorithms. 

 Some Model Reference Adaptive Control (MRAC) schemes and their hybrids with Neuro-

control may also be explored.    

 The proposed controls may be extended to several other useful maneuvers. 
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Appendix-A: Real Time Simulation Results 

 

The proposed control scheme is validated on a real time simulator "OP4512" by Opal-RT. This 

simulator facilitates rapid control prototyping and real-time testing through a controller hardware-in-

the-loop (CHIL) platform. For the sake of brevity one each case (c.g. shift in either port side or star 

board side) of intended maneuvers as considered in chapters 4 and 5 is also validated on this CHIL 

platform. Figure A1 illustrates the CHIL experimental setup, while Figures A2-A5 presents the plots 

of relevant states, parameter and control efforts. It is needless to emphasize that the plots in Figures 

A2-A5 are identical to those in chapters 4 and 5.   

 

 

Figure A1. Complete work bench for real time CHIL Test 
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Figure A2. CHIL results for ground track, time profile of states, c.g. position and control 

deflections under positive c.g. shift: horizontal turn maneuver 

 (yellow line shows desired profile and green actual in plots (a), (b) and (d)) 
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Figure A3. CHIL results for time profile of states, c.g. position and control deflections under 

negative c.g. shift: aileron roll maneuver 

 (yellow line shows desired profile and green actual in plots (a), (b) and (c)) 
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Figure A4. CHIL results for time profile of states, c.g. position and control deflections under 

positive c.g. shift: cobra maneuver 

 (yellow line shows desired profile and green actual in plots (a), (b), (c), (e), (f), (g)) 
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Figure A5. CHIL results for ground track, time profile of states, c.g. position and control 

deflections under negative c.g. shift: Herbst maneuver 

 (yellow line shows desired profile and green actual in plots (a), (b), (c), (e), (f), (g)) 
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Appendix-B: A Review of Aircraft Dynamics 

 

Aircraft Equations of Motion [83, 92] 

 

Figure B1. Illustration of the inertial, body, and wind axis systems 

 

Figure B2. Illustration of the Euler angles and the aerodynamic angles 
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The standard six degree-of-freedom equations of motion of a rigid aircraft in body axes are as 

follows, 

𝑇𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝐷𝑦𝑛𝑎𝑚𝑖𝑐𝑠: [
𝑢̇
𝑣̇
𝑤̇
] = [

−𝑞𝑤 + 𝑟𝑣
−𝑟𝑢 + 𝑝𝑤
−𝑝𝑣 + 𝑞𝑢

] +
1

𝑚
[

−𝑚𝑔𝑠𝑖𝑛𝜃 + 𝑞̅𝑆𝐶𝑋 + 𝑇𝑋
𝑚𝑔𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙 + 𝑞̅𝑆𝐶𝑌 + 𝑇𝑌
𝑚𝑔𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙 + 𝑞̅𝑆𝐶𝑍 + 𝑇𝑍

] 

𝑅𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝐷𝑦𝑛𝑎𝑚𝑖𝑐𝑠: [

𝐼𝑥𝑥 0 −𝐼𝑥𝑧
0 𝐼𝑦𝑦 0

−𝐼𝑥𝑧 0 𝐼𝑧𝑧

] [
𝑝̇
𝑞̇
𝑟̇

] = [

(𝐼𝑦𝑦 − 𝐼𝑧𝑧)𝑞𝑟 + 𝐼𝑥𝑧𝑝𝑞

(𝐼𝑧𝑧 − 𝐼𝑥𝑥)𝑟𝑝 + 𝐼𝑥𝑧(𝑟
2 − 𝑝2)

(𝐼𝑥𝑥 − 𝐼𝑦𝑦)𝑝𝑞 − 𝐼𝑥𝑧𝑞𝑟

] + [

𝑞̅𝑆𝑏𝐶𝑙 +𝑀𝑇𝑋

𝑞̅𝑆𝑐̅𝐶𝑚 +𝑀𝑇𝑌

𝑞̅𝑆𝑏𝐶𝑛 +𝑀𝑇𝑍

] 

𝑇𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝐾𝑖𝑛𝑒𝑚𝑎𝑡𝑖𝑐𝑠: [
𝑋̇
𝑌̇
ℎ̇

] = [

𝑐𝑜𝑠𝜓𝑐𝑜𝑠𝜃 −𝑠𝑖𝑛𝜓𝑐𝑜𝑠𝜙 + 𝑐𝑜𝑠𝜓𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜙
𝑠𝑖𝑛𝜓𝑐𝑜𝑠𝜃 𝑐𝑜𝑠𝜓𝑐𝑜𝑠𝜙 + 𝑠𝑖𝑛𝜓𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜙
𝑠𝑖𝑛𝜃 −𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙

 

     

𝑠𝑖𝑛𝜓𝑠𝑖𝑛𝜙 + 𝑐𝑜𝑠𝜓𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜙
−𝑐𝑜𝑠𝜓𝑠𝑖𝑛𝜙 + 𝑠𝑖𝑛𝜓𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜙

−𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙
] [
𝑢
𝑣
𝑤
] 

𝑅𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝐾𝑖𝑛𝑒𝑚𝑎𝑡𝑖𝑐𝑠:  [

𝜙̇

𝜃̇
𝜓̇

] = [

1 𝑠𝑖𝑛𝜙𝑡𝑎𝑛𝜃 𝑐𝑜𝑠𝜙𝑡𝑎𝑛𝜃
0 𝑐𝑜𝑠𝜙 −𝑠𝑖𝑛𝜙
0 𝑠𝑖𝑛𝜙𝑠𝑒𝑐𝜃 𝑐𝑜𝑠𝜙𝑠𝑒𝑐𝜃

] [
𝑝
𝑞
𝑟
] 

 

In the wind frame, the 6-DOF dynamics is described by the following equations, 

𝑇𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝐷𝑦𝑛𝑎𝑚𝑖𝑐𝑠: [
𝑉̇
𝛼̇
𝛽̇

] =

[
 
 
 
 
 −𝑔𝑠𝑖𝑛𝛾 +

1

𝑚
𝐹𝑋
𝑤

𝑞 − 𝑝𝑐𝑜𝑠𝛼𝑡𝑎𝑛𝛽 − 𝑟𝑠𝑖𝑛𝛼𝑡𝑎𝑛𝛽 +
𝑔

𝑉
𝑠𝑒𝑐𝛽𝑐𝑜𝑠𝜇𝑐𝑜𝑠𝛾 +

1

𝑚𝑉
𝑠𝑒𝑐𝛽𝐹𝑍

𝑤

𝑝𝑠𝑖𝑛𝛼 − 𝑟𝑐𝑜𝑠𝛼 +
𝑔

𝑉
𝑠𝑖𝑛𝜇𝑐𝑜𝑠𝛾 +

1

𝑚𝑉
𝐹𝑌
𝑤

]
 
 
 
 
 

 

𝑅𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝐷𝑦𝑛𝑎𝑚𝑖𝑐𝑠: [

𝐼𝑥𝑥 0 −𝐼𝑥𝑧
0 𝐼𝑦𝑦 0

−𝐼𝑥𝑧 0 𝐼𝑧𝑧

] [
𝑝̇
𝑞̇
𝑟̇

] = [

(𝐼𝑦𝑦 − 𝐼𝑧𝑧)𝑞𝑟 + 𝐼𝑥𝑧𝑝𝑞

(𝐼𝑧𝑧 − 𝐼𝑥𝑥)𝑟𝑝 + 𝐼𝑥𝑧(𝑟
2 − 𝑝2)

(𝐼𝑥𝑥 − 𝐼𝑦𝑦)𝑝𝑞 − 𝐼𝑥𝑧𝑞𝑟

] + [

𝑞̅𝑆𝑏𝐶𝑙 +𝑀𝑇𝑋

𝑞̅𝑆𝑐̅𝐶𝑚 +𝑀𝑇𝑌

𝑞̅𝑆𝑏𝐶𝑛 +𝑀𝑇𝑍

] 

𝑇𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝐾𝑖𝑛𝑒𝑚𝑎𝑡𝑖𝑐𝑠:  [
𝑋̇
𝑌̇
ℎ̇

] = [
𝑉𝑐𝑜𝑠𝛾𝑐𝑜𝑠𝜒
𝑉𝑐𝑜𝑠𝛾𝑠𝑖𝑛𝜒
𝑉𝑠𝑖𝑛𝛾

] 
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𝑅𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝐾𝑖𝑛𝑒𝑚𝑎𝑡𝑖𝑐𝑠:  [
𝜇̇
𝛾̇
𝜒̇
] =

[
 
 
 
 𝑝𝑐𝑜𝑠𝛼𝑠𝑒𝑐𝛽 + 𝑟𝑠𝑖𝑛𝛼𝑠𝑒𝑐𝛽 −

𝑔

𝑉
𝑡𝑎𝑛𝛽𝑐𝑜𝑠𝜇𝑐𝑜𝑠𝛾

−
𝑔

𝑉
𝑐𝑜𝑠𝛾

0 ]
 
 
 
 

 

    +

[
 
 
 
 
1

𝑚𝑉
𝑡𝑎𝑛𝛾𝑐𝑜𝑠𝜇𝐹𝑌

𝑤 −
1

𝑚𝑉
(𝑡𝑎𝑛𝛽 + 𝑠𝑖𝑛𝜇𝑡𝑎𝑛𝛾)𝐹𝑍

𝑤

−
1

𝑚𝑉
𝑠𝑖𝑛𝜇𝐹𝑌

𝑤 −
1

𝑚𝑉
𝑐𝑜𝑠𝜇𝐹𝑍

𝑤

1

𝑚𝑉
𝑐𝑜𝑠𝜇𝑠𝑒𝑐𝛾𝐹𝑌

𝑤 −
1

𝑚𝑉
𝑠𝑖𝑛𝜇𝑠𝑒𝑐𝛾𝐹𝑍

𝑤
]
 
 
 
 

 

The relation between wind and body axis force components are as follows, 

[

𝐹𝑋
𝑤

𝐹𝑌
𝑤

𝐹𝑍
𝑤
] = [

−𝑞̅𝑆𝐶𝐷
𝑞̅𝑆𝐶𝑌
−𝑞̅𝑆𝐶𝐿

] + [
𝑐𝑜𝑠𝛼𝑐𝑜𝑠𝛽 𝑠𝑖𝑛𝛽 𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛽
−𝑐𝑜𝑠𝛼𝑠𝑖𝑛𝛽 𝑐𝑜𝑠𝛽 −𝑠𝑖𝑛𝛼𝑠𝑖𝑛𝛽
−𝑠𝑖𝑛𝛼 0 𝑐𝑜𝑠𝛼

] [

𝑇𝑋
𝑇𝑌
𝑇𝑍

] 

The linear velocity components in body and wind frames are inter-related as 

 [
𝑢
𝑣
𝑤
] = [

𝑉𝑐𝑜𝑠𝛼𝑐𝑜𝑠𝛽
𝑉𝑠𝑖𝑛𝛽

𝑉𝑠𝑖𝑛𝛼𝑐𝑜𝑠𝛽
] 

[
𝑉
𝛼
𝛽
] =

[
 
 
 
  √𝑢2 + 𝑣2 +𝑤2

tan−1 (
𝑤

𝑢
)

sin−1 (
𝑣

√𝑢2 + 𝑣2 + 𝑤2
)
]
 
 
 
 

 

Modern fighter aircraft are equipped with thrust vectoring capabilities in both pitch and yaw planes. 

If 𝑇 is the total engine thrust then its components along the three body axes due to thrust vectoring 

are given by 

[

𝑇𝑋
𝑇𝑌
𝑇𝑍

] = [

𝑇𝑐𝑜𝑠𝛿𝑝𝑡𝑣𝑐𝑜𝑠𝛿𝑦𝑡𝑣
𝑇𝑠𝑖𝑛𝛿𝑦𝑡𝑣

−𝑇𝑠𝑖𝑛𝛿𝑝𝑡𝑣𝑐𝑜𝑠𝛿𝑦𝑡𝑣

] 

If the engine nozzle to the c.g. of the aircraft distance are 𝑙𝑥 and 𝑙𝑧 along 𝑥𝑏 and 𝑧𝑏 body axes 

respectively then the moment due to thrust along the body axes are given by 

[

𝑀𝑇𝑋

𝑀𝑇𝑌

𝑀𝑇𝑍

] = [

𝑙𝑧𝑇𝑠𝑖𝑛𝛿𝑦𝑡𝑣
−𝑙𝑧𝑇𝑐𝑜𝑠𝛿𝑝𝑡𝑣𝑐𝑜𝑠𝛿𝑦𝑡𝑣 − 𝑙𝑥𝑇𝑠𝑖𝑛𝛿𝑝𝑡𝑣𝑐𝑜𝑠𝛿𝑦𝑡𝑣

−𝑙𝑥𝑇𝑠𝑖𝑛𝛿𝑦𝑡𝑣

] 
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The aerodynamic force and moment coefficients are usually given as follows, 

𝐶𝐿 = 𝐶𝐿0 + 𝐶𝐿𝛼𝛼 + 𝐶𝐿𝑞
𝑞𝑐̅

2𝑉
+ 𝐶𝐿𝛿𝑒𝛿𝑒 

𝐶𝐷 = 𝐶𝐷0 + 𝐶𝐷𝛼𝛼 + 𝐶𝐷𝑞
𝑞𝑐̅

2𝑉
+ 𝐶𝐷𝛿𝑒𝛿𝑒 

𝐶𝑌 = 𝐶𝑌0 + 𝐶𝑌𝛽𝛽 + 𝐶𝑌𝑝
𝑏𝑝

2𝑉
+ 𝐶𝑌𝑟

𝑏𝑟

2𝑉
+ 𝐶𝑌𝛿𝑎𝛿𝑎 + 𝐶𝑌𝛿𝑟𝛿𝑟    

𝐶𝑙 = 𝐶𝑙0 + 𝐶𝑙𝛽𝛽 + 𝐶𝑙𝑝
𝑝𝑏

2𝑉
+ 𝐶𝑙𝑟

𝑟𝑏

2𝑉
+ 𝐶𝑙𝛿𝑎𝛿𝑎 + 𝐶𝑙𝛿𝑒𝛿𝑒 + 𝐶𝑙𝑟𝛿𝑟 

𝐶𝑚 = 𝐶𝑚0 + 𝐶𝑚𝛼𝛼 + 𝐶𝑚𝑞
𝑞𝑐̅

2𝑉
+ 𝐶𝑚𝛿𝑒𝛿𝑒 

𝐶𝑛 = 𝐶𝑛0 + 𝐶𝑛𝛽𝛽 + 𝐶𝑛𝑝
𝑝𝑏

2𝑉
+ 𝐶𝑛𝑟

𝑟𝑏

2𝑉
+ 𝐶𝑛𝛿𝑎𝛿𝑎 + 𝐶𝑛𝛿𝑒𝛿𝑒 + 𝐶𝑛𝑟𝛿𝑟 
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Appendix-C: Aircraft Dataset 

 

C1. Aerosonde UAV Dataset 

 

Figure C1. Aerosonde UAV 

 

Parameter Value  Parameter Value 

𝑚 13.5 𝑘𝑔  𝐶𝑌0 0 

𝐼𝑥𝑥 0.8244 𝑘𝑔 −𝑚2  𝐶𝑙0 0 

𝐼𝑦𝑦 1.135 𝑘𝑔 −𝑚2  𝐶𝑛0 0 

𝐼𝑧𝑧 1.759 𝑘𝑔 −𝑚2  𝐶𝑌𝛽 −0.98 

𝐼𝑥𝑧 0.1204 𝑘𝑔 −𝑚2  𝐶𝑙𝛽 −0.12 

𝑆 0.55 𝑚2  𝐶𝑛𝛽 0.25 
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Parameter Value 

 

 Parameter Value 

𝑏 2.8956 𝑚  𝐶𝑌𝑝 0 

𝑐 0.18994 𝑚  𝐶𝑙𝑝 −0.26 

𝐶𝐿0 0.28  𝐶𝑛𝑝 0.022 

𝐶𝐷0 0.03  𝐶𝑌𝑟 0 

𝐶𝑚0
 −0.02338  𝐶𝑙𝑟 0.14 

𝐶𝐿𝛼 3.45  𝐶𝑛𝑟 −0.35 

𝐶𝐷𝛼 0.30  𝐶𝑌𝛿𝑎 0 

𝐶𝑚𝛼
 −0.38  𝐶𝑙𝛿𝑎 0.08 

𝐶𝐿𝑞 0  𝐶𝑛𝛿𝑎 0.06 

𝐶𝐷𝑞 0  𝐶𝑌𝛿𝑟 −0.17 

𝐶𝑚𝑞
 −3.6  𝐶𝑙𝛿𝑟 0.105 

𝐶𝐿𝛿𝑒 −0.36  𝐶𝑛𝛿𝑟 −0.032 

𝐶𝐷𝛿𝑒 0  𝛿𝑒 limit ±300 

𝐶𝑚𝛿𝑒
 −0.5  𝛿𝑎 limit ±200 

𝐶𝐷𝑝 0.0437  𝛿𝑟 limit ±300 

 

 

    

 

C2. F-18 HARV Dataset 

 

Figure C2. F18 HARV Aircraft 
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Geometric Data: 

Parameter                  Value   

𝑚           16375 𝑘𝑔  

          3.089 × 104 𝑘𝑔𝑚2  

          2.396 × 105 𝑘𝑔𝑚2  

          2.599 × 105 𝑘𝑔𝑚2  

         -3.124 × 103 𝑘𝑔𝑚2 

          37.16 𝑚2  

          11.40 𝑚  

            3. 51 𝑚 

  

𝐼𝑥𝑥   

𝐼𝑦𝑦   

𝐼𝑧𝑧   

𝐼𝑥𝑧   

𝑆   

𝑏 

𝑐̅ 

  

 

 

   

Control 

Surface 

 

Position limit (deg) Rate limit (deg/s) Dynamics Bandwidth 

     𝛿𝑎 (−35,35) ±100 1st order 10 Hz 

     𝛿𝑒 (−25,10) ±40 1st order 10 Hz 

     𝛿𝑟 (−30,30) ±82 1st order 10 Hz 

     𝛿𝑝𝑡𝑣 (−20,20) ±80 1st order 10 Hz 

    𝛿𝑦𝑡𝑣 (−20,20) ±80 1st order 10 Hz 

 

Aerodynamic Data: 

𝐶𝑌𝛿𝑒 = 0, 𝐶𝑙𝛿𝑒 = 0 
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