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Abstract

Singular integral equations have various applications in several basic fields of engineering mechanics
like elasticity, plasticity, and aerodynamics etc. Many crack problems occurring in the field of fracture
mechanics such as thermoelastic stress problems around an arbitrary number of arbitrarily-located planar
cracks are reducible into singular integral equations or their system. In this thesis, we consider the numerical
solution of two kind of singular integral equations. Firstly, the singular integral equations of first kind with
Cauchy kernel and the system of these equations. Secondly, the hypersingular integral equations of first

kind and their system.

Singular integral equations (SIEs) with Cauchy kernel play a vital role in studying many problems of
aerodynamics, fracture mechanics, neutron transport, wave propagation etc. System of Cauchy singular in-
tegral equations also have great importance as various problems occur in the field of aerodynamics, queuing
system analysis, electrocardiology, elasticity theory etc., can be formulated as system of Cauchy singular
integral equations. The analytic solution of such equations as well as for their system, are known when
these equations are dominant equations. But these analytic solutions are of limited use as it is a nontrivial
task to use it practically due to the presence of singularity in the known solutions itself. Therefore, there is

a necessity to find their approximate solutions.

Analogous to Cauchy singular integral equations, the hypersingular integral equations as well as their
system are equally important. Several problems occurring in the field of aerodynamics, aeronautics, inter-
ference or interaction problems such as wing-tail surfaces problem etc., are reducible into hypersingular
integral equations or their system. Similar to Cauchy singular integral equations, in case of hypersingu-
lar integral equations also, the analytical solution of these equations and their system are known only for
dominant equations. Further, there are many real world problems such as crack problems occurring in the
field of fracture mechanics which may not be always reducible as dominant equations. This is one of the
reason why there is a need to develop numerical methods. Although, various methods are available to find
the approximate solution of Cauchy and hypersingular integral equations. However, search for numerical
methods which are better than the available methods in some sense, is always there. Hence, we propose
numerical methods to find the approximate solution of Cauchy singular integral equations, hypersingular

integral equations and their systems. The proposed methods converts the singular integral equations into a



system of linear algebraic equations which can be solved easily. The convergence of sequence of approxi-
mate solutions is proved for both kind of singular integral equations considered in this thesis. The derived
convergence helps to obtain theoretical error bound for the error between the exact and approximate solu-
tions. Hadamard conditions of well-posedness are also established for each of the system of linear algebraic
equations which is obtained as a result of approximation of corresponding singular integral equations and

their systems. Finally, all the derived theoretical results are validated with the help of numerical examples.



Contents

[Acknowledgements| iii
[Abstract vi
[List of Figures| viii
[List of Tables| ix
(List of Acronyms and Symbols | xi
(I_Introduction| 1
[1.1 Background and objective| . . . . ... .. ... ... ... .. 1
[LLT Basic definitions and theorem| . . . . . . . . . . ... ... ... .. ... ... 4

(L2 Outlineof the thesis| . . . . . . . . . . . . . . . . 5

2 Numerical solution of Cauchy singular integral equations | 7
RI TIntroduction] . . . . . . . . . .. 7
[2.2 Method of solution for CSIEsover [—1, 1]. . . . . ... ... ... ... ... ...... 8
2.3 Erroranalysis| . . . . . .. 9

[2.3.1 Well-posedness| . . . . . . ... .. . 12
[2.3.2  Existence and uniqueness of solution for the linear system| . . . . . . ... .. .. 13
2.4 lllustrative examples| . . . . . . . . ... 14
2.5 CSIEsoverthehalt-linel. . . . . . . . . .. 17
2.6 Method of solution for CSIEs over [0,00) . . . . . . .. .. v v 18
[2.7  Application of the method to an antiplane shearcrack| . . . . . ... ... ... ... ... 19

[3  Numerical solution of system of Cauchy singular integral equations| 22
3.1 Introduction] . . . . . . . . L 22
[3.2  Method for solution of the problem|. . . . . . . .. ... ... ... o000, 23

(3.3 Error Analysis|. . . . . . .. 26




[3.3.1 Functionspaces|. . . . . . . . . . . . .. e
[3.3.2  Well-posedness of the problems| . . . . . ... ... ... ... . .........
[3.3.3  Convergence analysis and errorbound, . . . . . ... ... ... o000,
[3.3.4  Invertibility of coefficient matrix of system of linear algebraic equations| . . . . . .
(3.4 Illustrative examples| . . . . . . . . . . L

{4  Numerical solution of hypersingular integral equations|

M.l Introductionl . . . . . . . . ..
.2 Method of solution to the problem| . . . . . . .. ... .. ... .. ... ... ...
.3 Convergence analysis and Errorbound | . . . . . ... ... ... oo 0000
@.3.1 Function Spaces| . . . . . . . . . . . .. e
432 FErrorBound . ... .. ...
#.3.3  Well-posedness of linear system |. . . . .. .. ... ... ... .. ... ...
@.3.4  Existence and uniqueness of solution to linear system|. . . . . . . . ... ... ..
.4 Ilustrative examples| . . . . . . . . ..

[S Numerical solution of system of hypersingular integral equations|

[5.3  Error analysis|

[5.3.1 Functionspaces|. . . . . . . . . . . . .. e

[5.3.2  Convergence analysis|. . . . . . . . . ... L L

[5.3.3  Problemiswell-posed . . ... ... ... .. .. ... ..

[5.3.4  Solvability of system of linear algebraic equations| . . . . .. ... ... ... ..

[5.4  Application| .

[5.5 [Illustrative numerical examples| . . . . . . . . .. ... . o L oo

[6__Conclusion and future workl

6.1 Conclusionl .

[List of published and communicated work related tothesis] . . . . . .. ... ... ... ....

[Biodata of the Supervisor|

[List of publications|

viil

27
28
32
33
36

42
42
43
44
44
46
48
49
50

54
54
55
59
59
60
64
65
68
69

79
79
79

81
81

82
82

85



List of Figures

P1

Comparison of approximate solution for different values of n 1n case of Example 2.1| . . .

o)

Comparison of exact solution and approximate solutions in case of Example 2.2| . . . . . .

n3

Comparison of approximate solution for different values of n 1n case of Example 2.3 . . .

na

A semi-infinite straight crack perpendicular to the bimaterial interface] . . . . . . . . . ..

31

Comparison of exact solution with approximate solutions of Example 3.1.| . . . . . . . ..

B2

Comparison of approximate solutions for different values of n 1n case of Example 3.2

A1

Comparison of exact solution with approximate solutions of Example4.1) . . . .. . . ..

%)

Comparison of exact solution with approximate solutions of Example 4.2, . . . . ... ..

A3

Comparison of exact solution with approximate solutions of Example 4.3 . . . . . .. ..

51

Comparison of exact solution with approximate solutions of Example 5.1} . . . . . . . ..

52

Comparison of approximate solutions for different values of n 1n case of Example 5.2 . . .

53

Comparison of approximate solutions for different values of n 1n case of Example 5.3| . . .

15
16
16
20



List of Tables

[2.1 'The theoretical error bound 1n case of Example 2.1 for different valuesofn| . . . . . . .. 14
[2.2  The actual error and theoretical error bound in case of Example 2.2 for different values of n| 15
[2.3  'The theoretical error bound 1n case of Example 2.3 for different valuesotn| . . . . . . .. 15
[2.4  Stress intensity factor for different materials|. . . . . . .. .. ... oL 20
[3.1 'The actual error and theoretical error bound 1n case of Example 3.1 for different values of n| 37
[3.2  The theoretical error bound 1n case of Example 3.2 for different valuesofn| . . . . . . .. 37
4.1 Details of obtained numerical results for different n in case of Example 4.1 . . . . . . .. 50
4.2 Details of obtained numerical results for different n 1n case of Example 4.2 . . . . . . .. 52
4.3 Details of obtained numerical results for different n 1n case of Example 4.3] . . . . . . .. 52
[5.1 'The actual error and theoretical error bound for various values of n for Example 5.1} . . . . 71
[5.2  'The theoretical error bound for various values of n for Example 5.2} . . . . ... ... .. 71
[5.3  The theoretical error bound for various values of n for Example 5.3} . . . ... ... ... 73




List of Acronyms and Symbols

List of Acronyms

SIEs : Singular integral equations

CSIEs : Cauchy singular integral equations
HSIEs : Hypersingular integral equations
CPV : Cauchy principal value

HFP : Hadamard finite part

List of Symbols
V : For all

€ : Belongs to

(2
>~ : Sum over i
i=0

det( - ) : Determinant of a matrix

[ - ]* : Transpose of matrix

f : Integral with Cauchy kernel

f : Integral with hyper kernel

n : Integer

I'; : Smooth simple arc in the complex plane with no common points and each is of finite length
A, : Parametrization for each arc I';

C % 2(—1,1) : Space of functions which are Holder continuous on the interval (—1,1) with the

exponent ) < a < 1



LIST OF ACRONYMS AND SYMBOLS Xii

C b (=1,1) : Space of functions whose first derivatives are Holder continuous on the interval
(—1,1) with the exponent 0 < o < 1

R™! : Real vector space having (n + 1)-tuples of real numbers
C"*! . Complex vector space having (n + 1)-tuples of complex numbers
R : Set of real numbers
C : Set of complex numbers
L?[—1,1] : Hilbert Space of all square integrable functions over [—1, 1]
| - 172 : Norm with respect to L? space
(-,-)12 : Inner product with respect to L? space
M" : Hilbert space (In case of CSIEs over [—1,1])
[ |l ,ter - Norm with respect to M “I space
(*;+) e : Inner product with respect to M I space
M"™ : Hilbert space (In case of HSIEs)
| - l,,m : Norm with respect to M " space
(*;+),n : Inner product with respect to M " space
[es

M ] : Hilbert space (In case of system of CSIEs for single CSIE)

fes]
I| - HM[CS] : Norm with respect to M space

[es]
(-, ~>M[cs] : Inner product with respect to M space
M" . Hilbert space (In case of system of HSIEs for single HSIE)
| - |I,,s : Norm with respect to M "I space
(-, ) ohel  Inner product with respect to M el space

MJ[VCS] : Hilbert space (In case of system of CSIEs)

|l s : Norm with respect to M"“* space
I pectto 11" sp

(-, .>MI[53] : Inner product with respect to M][VCS] space



LIST OF ACRONYMS AND SYMBOLS xiil

L12V ! : Hilbert space (In case of system of CSIEs)

. s} : Norm with respect to > ! space
-1, p ~  SP
N

. [es]
(-, -)L2 ) : Inner product with respect to L2~ space
N

[hs]

M, : Hilbert space (In case of system of HSIEs)

| -1 ;ins1 : Norm with respect to M " space
N
(-, .)Mxm] : Inner product with respect to M][Vhs] space

L}QV " : Hilbert space (In case of system of HSIEs)

[ - HL2 ms) : Norm with respect to LJQ\, [hs] space
N

. [hs]
(-, '>L?\r s+ Inner product with respect to L~ space

N x(n+1)

VAP
N’ [es]

: Vector space in case of system of CSIEs

ZE\’;S}, X[Nh:](nH) : Vector space in case of system of HSIEs

(1), €7 (t) : Unknown functions over [—1, 1] for CSIEs
() : Unknown functions over [0, co) for CSIEs
" (t), €"(t) : Unknown functions over [—1, 1] for HSIEs

& (1), &' (t) : Approximate solutions in case of CSIEs

( )s f*[h]( t) : Approximate solutions in case of HSIEs

(@) = (@), o) (@), e (@)T el (@) = (0, (@), 9, (@), ., ()T Matrix

of unknown function in case system of CSIEs

w La]( ) w* cs]( ) (?ﬁfn [es] (t), w;n [es] (t), o 71/};% [es] (t))T,
o) = ¢t lt) = (¢r (1), 0 (@), .., ¢* *l(#))T : Matrix of unknown function in case
system of CSIEs

0 w) = (@), 0, (@), (@)L () = (0,0, 0, (1), - M ()T Matrix

of unknown function in case system of HSIEs



LIST OF ACRONYMS AND SYMBOLS Xiv

¢ () =) = (07,0, 0, M), wr, M 0)
0" (1) ~ o hsl(4) = (o7 (sl (1), o hsl(4), ... o ksl ($))T : Matrix of unknown function in case
system of HSIEs

~

9 (z, 1), K (2, t), K" (2,t) : Kernel in CSIEs over [—1, 1], [0, co) and HSIEs respectively
¢ (2), ¢" () - Known function in CSIEs and HSIEs respectively

nj[cs]( ), gj[«”] (), gj[-hsl (x), g;’;f], k;[f] (x,1), pZLS] (x,t) : Known function in system of CSIEs and HSIEs

respectively
D;CS] (t) : N x N matrix of functions where N is number of equations in system of CSIEs

9" (2) = (9" (2), (), .., gis] ())T : N x 1 matrix of known functions where N is number of

equations in system of CSIEs

9" (@) = (9" (@), 9, (@) g @) S @) = (£ @), ) @)y £y @) N x 1 ma

trices of known functions where N is number of equations in system of HSIEs

e Alel [h]

a;,a;,a; (j=0,1,2,--- n): Unknown constant coefficient in CSIEs ovre [—1, 1], [0, 00) and
HSIEs respectively
ag.c,j], " . Unknown constant coefficient in case of system of CSIEs and and in case of system of

HSIEs respectrvely

[hs]

RY. R RY. R

respectively

: Residual error in CSIEs, HSIEs, system of CSIEs and system of HSIEs

A b[ > Q : Constants in case of CSIEs

(2 rq

(k]

d;

[h]

, brq , g[h] : Constants in case of HSIEs

s b, I ¢! : Constants in case of system of CSIEs

[hs

dihs], bf;s], ¢ : Constants in case of system of HSIEs

s9 kY 0,9 P R, Operators (In case of CSIEs [—1, 1])

cs]

S Q. P, Rl P i, Q” Operators (In case of system of CSIEs [—1, 1])

[h]

Qn [h], Rn[h]: Operators (In case of HSIEs )

[hs] [hs] [hs

K[hs] i K K[hs K [hs] S[hs] , S[hs] ; Qn[hs] i Pn
system of HSIEs )

, Rn[hs], PI’; [hs] Q" Operators (In case of



LIST OF ACRONYMS AND SYMBOLS XV

(1] [n]

) pled pld e sles]  plesl  Alesl  Alesl  fules] 4 [h] Alhsl Alhs] ks ~lhs]  [hs]
A,B ,B ,G A ,p0,D ,C ,E A ,B D CTVET, G, AT

Matrices

h
B, ¢

x,v, z,t : Independent variables
e;(t); j=0,1,...,n: Orthonormalized Legendre polynomial of degree j
E = span{e;(t)}i—,

u(t), o(t), wi(t), wo(t), 0(z) hiz,y), ) v (@), 8 (2), v (@), v (@), o (2), v(y), h(2),
A;(z,t) : Functions

@ ald [ les] _ [hs]
N LG, e Constants
M, My : Mediums

vy, vy The Poisson’s ratios for mediums My and M, respectively



Chapter 1

Introduction

1.1 Background and objective

For more than 20 years, a substantial demand has been increased for the use of singular integral equa-
tions in various fields of science [25 139} 192,195,196, 120, |128]] and engineering like fluid dynamics [[10, 56],
elasticity [27,193], electric field [[110]], acoustic waves [33]], fracture mechanics [[16], aeronautics [41], elec-
tromagnetic [[133]] etc. The singular integral equations act as a convenient tool for the solution of most of the
problems arising in above mentioned fields such as electromagnetic waves reflection problem [50] through
irregular medium interface, interference or interaction problems [7], stationary linear problem of ideal fluid
flow around a finite span wing [10], problem of finding the distribution of stresses around a Griffith crack

[83]], electromagnetic scattering problems [[107] through an orthotropic medium etc.

Various type of singular integral equations are available in literature such as logarithmic singular in-
tegral equation [13]], Abel’s singular integral equations [121], Cauchy singular integral equations [42],
hypersingular integral equations [83] etc. The singular integral equations with Abel’s kernel were first en-
countered by Abel [[83]] in 1825 during the determination of the shape of the curve at the given end points
along which a particle moves under the influence of gravity alone in a given interval of time. In 1963,
Peters [103] has used the solution of Abel’s integral equation, to derive the analytic solution of Cauchy
singular integral equations (CSIEs) for the case when the equations contains only singular integral, that is,
k(x,t) = 0 in equation . In this thesis, we focus exclusively on Cauchy and hypersingular Fredholm

integral equations of the form respectively

][_1 u(t) dt+/_l ko, u(t)dt = g(x), |z |<1, (1.1)

| (t—x) 1

and

7[ utt) dt+/_ k(z, u(t)dt = g(z), |z |< 1, (1.2)

o (t—x)? 1
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where k(z,t) is a known Holder continuous function over [—1,1] x [—1, 1], g(x) is a known Holder con-

tinuous function over the interval [—1, 1] and u(t) is an unknown function to be determined.

If the kernel k(z, ¢) = 0 in equations and (1.2)), then these are known as dominant [43] equations.
In equation (I.1), the integral appearing on left hand side is having a singularity at ¢ = = and it does not
exist as a Riemann integral since the integrand becomes unbounded at ¢ = x. Further, this integral does
not exist as an improper integral too, but if we consider in the sense of Cauchy principal value (CPV), the

integral does exist.

The investigations of Cauchy singular integral equations by various mathematicians such as Gakhov
[39]], Muskhelishvili [92]], Vekua [[127], Ivanov [54]], Pogorzelski [106], Elliott [29] etc., have had a huge
impact on the further development of the general theory of singular integral equations. These equations
have many applications in various fields of science [87,(92} 193] and engineering such as aerodynamics [70],
fracture mechanics [32], potential theory [18], electromagnetic [107] etc. The system of these equations
is equally important due to their occurrence during the formulation of many boundary value problems of
science and engineering (31,132, [/0, 92]. A complete treatment of the analytical methods for the solution
of CSIEs is given by Gakhov [39] and Muskhelishvilli [92]. Although, an analytic solution for CSIEs of
first kind having only dominant part is derived by Peters [[105] in 1963, with the aid of solution of Abel’s
integral equation, but it is not always attainable due to the presence of singularity in the solution itself.
Therefore, researchers have been investigating various numerical methods to find their approximate solu-
tion. For instance, Eshkuvatov et al. [33]] have proposed an efficient approximate method for solving the
Cauchy type singular integral equation of the first kind over a finite interval with the help of Chebyshev
polynomials of the first kind, second kind, third kind and fourth kind. Kim used inverse method [63] to find
approximate solution of CSIEs. Gong has used Galerkin method [46l], Mandal [81] and Junghanns [57]]
have used collocation method etc., to find the approximate solution of CSIEs. Despite of the availability
of various numerical methods, construction and justification of new numerical schemes to find the approx-
imate solution of CSIEs, is still a topic of considerable interest. Also, in last few years, researchers have
proposed various new methods to find the approximate solution of CSIEs such as fast multipole method
[130], reproducing kernel Hilbert space (RKHS) method [28], collocation technique based on Bernstein
polynomials [115] etc., to get numerical solution of Cauchy singular integral equations. For system of
Cauchy type singular integral equations, Bonis and Laurita [26] have proposed a quadrature method and
Turhan [125] has used Chebyshev polynomial based method for the solution of the system of Cauchy type

singular integral equations.

The hypersingular integral equations (HSIEs) which are defined in equation (I.2) are as important as
CSIEs due to their significant role in different areas of applied science and engineering [[/0]. In equation
(1.2)), the definition of CPV for the integral, having the factor ﬁ, fails to exist due to the higher singular-
ity. Hence, to handle this kind of singularity, in 1952, the French mathematician Hadamard [48]] introduced
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the concept of finite-part integral. The Hadamard finite part integral (HFP) is used to define those inte-
grals where even CPV integral does not exist. The concept of finite-part integrals was firstly introduced by
Hadamard [48], but after many years later, for the evaluation of finite-part singular integrals, in 1975, Kutt
[69]] has proposed some numerical formulas. Later in 1983, Golberg [43] has studied the convergence of
several algorithms for solving finite-part singular integrals. Kaya and Erdogan [60, 61] have explored com-
plicated problems of elasticity as well as fracture mechanics which are reducible to the solution of hypersin-
gular integral equations and their system. The hypersingular integral equations are becoming increasingly
important due to their applications in various fields such as fluid mechanics [103l], fracture mechanics [[86]
and acoustics [[77]], etc. The HSIEs also play an important role in studying many problems. For instance,
the problem of circulation distribution of a finite span wing [8}, I88] which arises in the theory of incom-
pressible flow and the problem of electromagnetic scattering by three-dimensional anisotropic media [[114]
etc., are formulated as HSIEs. Further, many boundary value problems, in particular, the reformulation
of the exterior Neumann problem in scattering theory [3] leads to hypersingular equation or their system.
Martin [85] has given a plenty of application areas such as acoustics, potential theory, elastostatics and
hydrodynamics where the hypersingular integral equations quite naturally occur. These HSIEs arise during
the formulation of various problems appearing in the field of applied mathematics, mathematical physics,
engineering [S) 20} 22]] etc., have been explored by many researchers using different analytical methods
and approximation techniques. For instance, complex variable function method [14], boundary element
method [64]], polynomial approximation [99]], modified Adomian decomposition [/9], etc. But search for
the methods to find their approximate solution which give better results in some sense as compare to already
exist methods, is still a topic of exposition for many researchers. For last few years, various new numerical
methods have been proposed such as Legendre multiwavelets [[104] method, modified homotopy pertur-
bation method [34], best mean-square approximation method [2]], piecewise linear approximations [[118]
etc., to find the approximate solution of HSIEs. Recently, Kostenko [65]] has proposed a numerical method
which includes regularization of operators, interpolation polynomials and quadrature formulas to find the
approximate solution of system of HSIEs of second kind. Similar to Cauchy singular integral equations, the
analytic solution of hypersingular integral equations is also available for the case when the equations are
having only dominant part, that is, when the kernel k(x, t) is identically zero. However, this available ana-
lytic solution practically is of limited use since the operations involved in calculations of analytic solution
can rarely be carried out exactly due to the presence of singularity. Also, there are many physical problems
which are formulated as singular integral equations [19, 21, 36] in which the kernel is not identically zero.
Therefore, it is required to find their approximate solution. Although, as we have mentioned above that
various methods are available to find the approximate solution of hypersingular integral equations. How-
ever, search for better methods than available methods in some sense, is still an interesting as well as a
challenging topic to explore. Also, the literature on numerical methods to find the approximate solution

for the system of singular integral equations of first kind is still scarce. In this thesis, we propose residual
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based Galerkin method with Legendre polynomial as basis function to find the approximate solution of
CSIEs, HSIEs and their systems. We show the convergence of sequence of approximate solutions, which
are obtained with the aid of our proposed method, to the exact solution. Moreover, we also validate all the

derived theoretical results with the help of numerical examples.

1.1.1 Basic definitions and theorem

In this section, we define some useful definitions and important results [49, [73]] which are essential in

order to understand the error analysis of the proposed method of solution.

Definition 1.1.1. Legendre polynomial: The n'" degree Legendre polynomials over the interval [—1, 1]

are defined as
1 d"

- onn! din

P, (t) (t* —1)", (1.3)

where n is a non-negative integer.

Definition 1.1.2. Orthogonal property of Legendre polynomials: The orthogonal property of Legendre
polynomials over the interval [—1, 1] makes them very useful and it can be stated as follows: let p,_ (¢) and

p,, (t) be Legendre polynomials of degree m and n respectively, then we have

/ o (O, ()t — { 0 Hmzn, (1.4)

1 Sl if m =n,

where m, n are non-negative integers.

Definition 1.1.3. Holder continuous function: A Holder continous [92] function u(t) is the function

which satisfies the following condition:
|u) —u(z) |[<clt - |V {2 e Qu), (L.5)

where ¢ denotes a non-negative real constant, « is an exponent of Holder condition such that 0 < a < 1

and €(u) stands for the domain of the function w.

Definition 1.1.4. Cauchy principal value (CPV): If u(t) € C%*(—1, 1), then

1 1 T—e€ 1
CPV/ ﬂdt:][ 0 gy i (/ ﬂdw/ Mdt), (1.6)
L t—= L4 t—x =0t \J_; t—= il —

where |z| < 1and C%(—1, 1) is the space of functions which are Holder continuous on the interval (—1, 1)

with the exponent 0 < o < 1.

The function u(t) needs to be a Holder continuous function over the interval (—1, 1). This requirement

of Holder continuity is necessary in order to ensure the existence of Cauchy principal value [[17] of integral

equation (T.6).
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Definition 1.1.5. Hadamard finite-part integral (HFP): The HFP definition defined below is given by
Monogato [88] which is a simplified form of the definition of Hadamard finite part integral [48]. For the
function u(t) € C'*(—1, 1), the Hadamard finite part integral is defined as

e [ 10y [0 (i) vt

L (t—x)? | (t — )

1 1
—u(x)[l_x+H—x], |z |< 1, (1.7)

l1—=x
1+«

— /() log

where C'1*(—1, 1) stands for the space of functions whose first derivatives are Holder continuous on
the interval (—1, 1) with the exponent 0 < o < 1. The requirement that the function u(t) € C**(—1,1),
is necessary in order to regularized hypersingular integrals [17] appearing in equation (1.7). Few more

properties of finite-part integral can be found in [89].

Definition 1.1.6. Well-posedness conditions by Hadmard: A mathematical problem is called well-posed

(in the sense of Hadmard [48, [122]) if it satisfies the following conditions:
1. it has a solution (existence).
2. the solution is unique (uniqueness).

3. the solution depends continuously on given input data (stability).

Theorem 1.1.1. Bounded inverse theorem: Let Hi, Hy be two Hilbert spaces and T : Hy — Hs be a
bijective bounded linear operator. Then the inverse linear map T ' : Hy — H is also bounded (for proof
of the theorem, please refer [65]).

1.2 Outline of the thesis

The thesis is structured as follows: In Chapter 2, we propose a residual based Galerkin method to
find the approximate solution of Cauchy singular integral equations with index zero over the finite interval
[—1,1]. The test examples are given for illustration of proposed numerical method. The convergence of
sequence of approximate solutions of CSIEs, is shown. Further, the error bound is derived as well as verified
in all the numerical examples.

In Chapter 3, the problem of finding numerical solution for a system of Cauchy type singular integral
equations of first kind with index zero, is considered. A residual based Galerkin method is proposed with
Legendre polynomials as basis functions to find its numerical solution. The theoretical error bound is
derived which can be used to obtain any desired accuracy in the approximate solution of system of Cauchy
singular integral equations. The convergence of sequence of approximate solutions to the exact solution of
system of CSIEs is proved. The derived theoretical error bound is also validated with the help of numerical

examples.
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Chapter 4 proposes a residual based Galerkin method with Legendre polynomials as a basis func-
tions to find the approximate solution of hypersingular integral equations. The convergence of sequence
of approximate solutions is proved and error bound is obtained theoretically. The validation of all derived
theoretical results and implementation of proposed method is also shown with the aid of numerical illustra-
tions.

In Chapter S, we propose a residual based Galerkin method to calculate approximate solution for
system of hypersingular integral equations which occurs quite naturally during the formulation of many
problems of applied science and engineering. The convergence of sequence of the approximate solutions
is proved which helps to derive theoretical error bound for the error between the exact and approximate
solution. An application of the proposed method in finding numerical solution of hypersingular integral
equation over curves is also shown. Finally, the derived theoretical error bound is numerically calculated
and validated with the help of numerical examples.

Chapter 6 concludes my research work described in this thesis as well as gives the direction for future
work in the field of singular integral equations.

We have used Wolfram Mathematica 11.0 for all the numerical calculations.



Chapter 2

Numerical solution of Cauchy singular integral

equations

2.1 Introduction

Singular integral equations (SIEs) with Cauchy kernel occur frequently in mixed boundary value prob-
lems for partial differential equations. The stationary linear problem of ideal fluid flow around a finite span
wing is reducible to Cauchy singular integral equation (see [10] and the references therein). An interest-
ing and comprehensive survey of applications of SIEs can be found in [25} [128]]. It is worth noting that
the methods of exact and approximate solutions of SIEs have been still a challenging problem for the re-
search community. In this chapter, we consider the numerical solution of Cauchy singular integral equations
(CSIEs) of first kind

! XM (1) g [e] ()
][ dt — / K@, 0x (1)t = g% (@), | 2 < 1, @.1)
- -1

1 t—x

with the boundary conditions

. 0 iff—1,
() = { l 2.2)

unbounded ift = —1,

where ' (t) is unknown function. The functions ¢/ (z) and &' (z,t) are known real valued Holder con-
tinuous over the interval [—1, 1] and [—1, 1] x [—1, 1] respectively. The first integral in equation( is
understood to be exist in the sense of CPV. Also, the function X[C] (t) is assumed to be a Holder continuous
in order to ensure the existence [17] of Cauchy principal value. The Cauchy singular integral equations
have many applications in the field of aerodynamics [70], fracture mechanics [32], neutron transport [|87]]
etc. CSIEs are also widely used in many areas of mathematical physics such as potential theory [18]], elas-
ticity problems as well as electromagnetic scattering [[134]. The numerical methods which are developed
for one-dimensional Cauchy type singular integral equations include: Galerkin’s method [9, [116]], colloca-

tion method [81], quadrature method [62, |123], inverse method [63], Sinc approximations [1] etc. In this
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chapter, we propose a residual based Galerkin’s method using Legendre polynomial as basis function to

find the numerical solution of equation (2.1).

2.2 Method of solution for CSIEs over [—1, 1]

In order to find the approximate solution of Cauchy singular integral equation (2.I), we write the

unknown function [42] as

CPA Sl
0 =[50, 23

where £ (¢) is an unknown function of ¢ € [—1, 1]. Now using equation (2.3) in equation (2.1), we obtain

b1t 6 c] [c] ]
][_1 1+tt—x / Jdt =g (z),[ = < 1. (2.4)

We approximate the function & . (t) by orthonormalized Legendre polynomials as follows:

e )= a e, 2.5)

=0
where {e;(t) }7_, denotes the set of (n + 1) orthonormalized Legendre polynomials on [—1, 1] and ag«c] j =
0,1,2,...,n are unknown constant coefficients.

To get the the values of unknown coefficients ag«cl, we use residual based Galerkin’s method. On using
the above approximation for & (¢) in equation (2.4), the residual error R (z,a.",a\",a.’, ..., a'") will be

sy Wg Wy s Uy
©, [ (e 1— 5* <t
R (x,ay,ay ,0q ..., = & (tdt —g , <1.
gl = [T [ ), 2]
(2.6)
In Galerkin’s method, this residual error R'(z, a([;],a[lp],aép], . a:]) is assumed to be orthogonal to the
space spanned by orthonormal polynomials {e;(x)}}_,, that is, we have
[e] [e] e ] le]
(R (v,a, ,a, ,a, ,..,a ),e)r=0,Vj=012-- n 2.7)

From equation (2.7)), we get a system of (n+ 1) linear algebraic equations in (n+ 1) unknowns. The explicit

form of equation (2.7) is as follows:

n c] 1_ [c
/1][1@/1%_“_ t)eq(x dtdx—/ /1”1—#75 t)er(t)eq(z )dtdx)

:/ g (m)eq(x)dx, g=20,1,2,.
—1

(2.8)
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where

/1 —1 1 c]
/ ][ 1+tl’—t 6q dtdl‘—/ / ]_+t 6"' 6‘1( )dtdl‘ rq= 07 ) ,...,TL7

gq :/ g x)%(m)d% q_07172
—1

Finally, the system (2.8)) can be written in matrix form as

B9 A — gAY = G[C], (2.9)
where
w b o by , 9,
Bf] _ B[c]T7 B _ b[lé b[n] b[li ’ A aif] ’ a“ — 9? . (2.10)
gy g n o~

After solving the system (2.9) which is obtained as a result of approximation of equation (2.4), we get the
values of a;; j = 0,1,2,...,n. Now, finally substituting the values of a;; j = 0,1,2,...,n, in equation
(2.3), we get the approximate solution of equation (2.4) and hence, for equation (2.1)).

This completes the description of proposed method which we use to find the approximate solution of
equation (2.)).
2.3 Error analysis

In this section, we show the convergence of sequence of approximate solutions in L? space and we
also derive the error bound for the error between the exact and approximate solution. We write the equation
(2-4) in operator form

(8" = KN (@) = ¢"(2), |x|< 1. 2.11)

In the above equation 1b the operators S “ and K' are defined as

[c]
][ 1-t¢ )dt (2.12)

1l+tt—z

1
(2) = / ,/%k[”(x,t)gm(t)dt. (2.13)
-1
// ,/1_t (,t))thdx<oo. (2.14)

Now we define the function space L*[—1, 1] as

We assume that



2.3. Error analysis 10

1
L*[-1,1] = {u [-1L,1] - R: / (u(t))dt < oo}. (2.15)

-1
The space defined above is a Hilbert space of all square integrable functions over the interval [—1, 1] with

the following norm ||.||2, and inner product (., .) >

e = (/_1 (u(t))2dt>1/2, for u(t) € L7, (2.16)

1

(o) pe = /_ u(to(t)dt, for u(t),olt) € L2 @.17)

1

We define another function space say, M “I"such that

00
c]

M = {u(t) € L* Y (d; ), e:). < o0}, (2.18)

=0

where d; = \/ S (5%¢;,e;)7,. Following results [12], the function 5 ¢;(x) is a polynomial of degree at

the most of ¢ and therefore, dic] V ¢ will be a finite number. This space M “Iisa subspace of L? space which

is made into a Hilbert space with respect to the following norm || - ||, i and inner product (-, -)
2 [e]
o P0="> () (u, e5)72, foru(t) € M", (2.19)
=0
N2 ‘
(u,0) 0 = D (A7) (uy e (v, e e, foru(t), o(t) € M (2.20)
i=0
[e] — ex(x) —
Let v, (x) = d[c , then || v}’ [ = 1.

This set {v; ()}22, forms complete orthonormal basis for the Hilbert space M that is, if u € M

then we have

= (u, v, e (@), (2.21)
k=0
Now with the aid of results in [[12]], we obtain
Sen(w) =Y o) eilx), (2.22)

where the coefficients 0426] = (S . ens€i)r2, ©=0,1,2,... n. Using the above result 1} the operator
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S M = L2, can be extended as a bounded linear operator and defined as

SUEN @) =D (€ ), Y (Sei ey he(n) € L1, 1]. (2.23)
i=0 Jj=0

Using the orthogonal property of Legendre polynomial, we find the norm of operator S .

[d] .[e] = []\2, .[e]
IS 7= D (di) (€ eia =l € 10 - (2.24)

=0

Therefore, using equation (2.24)), we obtain
| S ||=1. (2.25)

Also, the operator 5™ from M — L? is one-one and onto [42]]. Hence, the operator (S )1 : L2 — M"
exists as a bounded linear operator by using Bounded Inverse Theorem [68]]. This operator (S [C])*l 1s
defined as

(e%] [c]
(S 1€ (z) = Z (€ (x), Qz(x)>L2 (2. 2.26)
Using the above definition (2.26)), we find the norm of linear operator S~!
(S =1 2.27)

The equation 1| has a unique solution if and only if the operator (S 9K [c]) has a bounded inverse.
We assume that this condition holds on from now on. We consider the mapping Qf : L? — L? which is
defined as

n

Qu (@) =D (€7 e reei(n), (2.28)

i=0
where Qf is the operator of orthogonal projection and n is the degree of orthonormalized Legendre poly-
nomial. With the aid of equation (2.7)), we obtain

Qi (8" = KDg @) - g (@) =o0. (2.29)

Since the function & «ld (x) defined in equation 1) is a polynomial. Therefore, with the help of the
formulas given in [12], the function S 5;;[6] () will be a polynomial and by the definition of operator Q[,f],

we obtain

Q876 (@) = 876" (@), (230

and hence, the equation (2.29) becomes
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S[C] 5:[6] (23) _ Q:]K[C] SZ[CI (x) _ Q:]g[d ($> (231)

Since the operator (S [C])_1 is bounded and the operator K s compact due to the condition defined in
equation |b and therefore, for all n > ny, the operator (S[C] — QS]K [C])_1 exists as a bounded linear
operator [45]. Hence, the equation (2.31)) has a unique solution which is defined as

@) = (8" - K)'Qg" (a) (2.32)
From equations (2.T1)) and (2.32)), for all n > n,, we have
@) -6 @) = (8" = QKD (0@ - Q@) + K@) - QUK W) @33

Now taking M “I norm on both the sides of equation |b we obtain

[e] [e] 7 Alel\ — [e] [e] [c]
v SHST = Q" KT) Il g™ = Qg llre

IS = QKT E (@) - QK

] g
& =&

T @) e (2.34)

Due the compactness of operator K, we have | K — QK™ |,2— 0asn — oo [43]. Also,

¢ = Q¢ ||;2— 0asn — oco. Therefore || & — &' |*)— 0asn — oco. Further, it is noticed

n

that if ¢/ € M, then we have

el el
1€ N2l & [l e - (2.35)

On using equation (2.35) in equation (2.34)), we finally obtain

e el 5 lel\ CHEPNE®

2 < (ST =Qn K) g —Qug
g el L]\ — ] I CIENE

HST =Qu KT KT (2) = Q K€ () lre - (2.36)

[e] le]
(R

|2

Hence, the convergence of sequence of approximate solutions {&*' () }°2, to the exact solution £ () in
L? space is proved. Also, the right hand side of equation (2.36)) is an error bound for the error between the

exact solution £ () and the approximate solution &' ().

2.3.1 Well-posedness

In this subsection, we verify the Hadamard well-posedness of problem (2.31)). The existence the oper-
ator (S - Qn[c] K" )~! which is already shown above, implies that the problem ll has a solution. We
now show the uniqueness of the solution to the problem (2.3T)) with the aid of principle of contradiction.

Let us assume that the system (2.31) has two distinct solutions say y, and y,. Then we have

Sy (z) — Q. Ky (2) = Q"¢ (), (2.37)
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and
Sy, () — Qn Ky, () = Q. ¢ (). (2.38)

Taking the difference of equations (2.37)) and (2.38)), we obtain

(5" = Q" K" (y, () - y,(x)) = 0. (2.39)

In Section it is already proved that the operator (S @ Qnm K" )~ ! exists as a bounded linear operator.
Therefore on applying the inverse operator (S — @,/ K'¥)~* on both the sides of equation (2.39), we get

() = g(2), | [< L. (2.40)

The above equation (2.40) contradicts our assumption. Hence, the problem (2.31)) has a unique so-
lution. Also, the boundedness of the inverse operator (S — @, K'?)~! implies the continuity of
(5" — Q," K'")=1. This means that a small change in the given data will lead to a small change in
the solution. Hence, the boundedness of the operator (.S - QHMK [C])*1 proves that the solution depends
continuously on given data. Since the problem (2.31)) satisfies all the conditions of well-posedness therefore

it is a well-posed problem.

2.3.2 Existence and uniqueness of solution for the linear system

In this subsection, we show the existence and uniqueness of solution for linear system @) which
is obtained after applying the proposed method to the equation (2.1). We start the proof by defining the
prolongation operator [43] P, : R**! — E as follows:

n

PG =3¢ ) ue,(2) € B, (2.41)

J=0

where R™"! is a real vector space [67] having (n + 1)-tuples of real numbers as its vectors, £ =

span{e;(z)}7_, and G is same as defined in equation (2.10). Now using the definition of orthogonal

projection (),,, we obtain
n

QS]g[C] (33) _ Z<g[C], €j>L2 ej (x) (242)

=0

From equations (2.41)) and (2.42)), we have
PG =@, ¢ (), ¢ eL?, G er™, |2|<1. (2.43)

We further define a restriction operator [45]] an : B — R as follows:

R, (@) = (2" e 2y (€2 e )as (€2 e, ) 2)T € R (2.44)
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where the function 5;2[6] (x) is same as defined in equation 1' On using the orthogonal property of
Legendre polynomials in equation (2.5), we get

a; = (€ eV, §=0,1,...,n. (2.45)

n

Therefore, from equations (2.44) and (2.45]), we obtain

R, (x) = A", (2.46)

n

where the matrix A is same as defined in equation li Since system li has a unique solution

¢ () due to the existence of bounded linear operator (5™ —Q,,"" K')~!. Therefore, from equation (2.46),

n

the solution A" of system (2.9) exists uniquely. This completes the proof of existence and uniqueness of

solution for system of linear algebraic equation (2.9).

2.4 [Illustrative examples

In this section, we find the approximate solution of numerical examples by using the proposed method
discussed in Section 2.2

Example 2.1 Consider the Cauchy singular integral equation

L= 1 1=t el 1
S T 2 — 2 () dt = — (ze® — Jy(1)> 5 2.47
][_1 1 +tt—= 2/_1\/1+t(x e ) w(m N +7x>’ 247

where J;(1) is Bessel function of first kind of order one. The exact solution of the above problem is not

known. We find its approximate solution by using the method described in Section2.2] It is clear from
Figure [2.1]that as n is increasing, the approximate solutions are coming closer to each other this shows that

the error between the approximate solution and the exact solutions is keep on decreasing.

Table 2.1: The theoretical error bound in case of Example 2.1 for different values of n

Degree of Legendre polynomial  Error bound for ||€ — 2|

n=1 1.21436

n=2 1.19832

n=3 2.51361 x 10"
n=4 2.51042 x 10~*
n=>5 1.5630 x 10~*
n=>0 1.2961 x 10~°
n="7 9.22537 x 1077

n=2~8 5.75069 x 1078
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Further, it can be seen from Table[2.1] that the error bound is decreasing as n is increasing which indicates

that the sequence of approximate solutions is converging to the exact solution.

Table 2.2: The actual error and theoretical error bound in case of Example 2.2 for different values of n

el

12 Error bound for ||¢ — ¢+

Degree of Legendre polynomial Actual error ||£ g ¢

n L2
n=1 1.00668 3.58307
n =2 2.40175 x 1071 1.62093
n=3 2.10905 x 101 1.02621
n=4 0 0
Table 2.3: The theoretical error bound in case of Example 2.3 for different values of n
Degree of Legendre polynomial Error bound for ||£ g 5;‘1[4 12
n=1 1.66512
n = 6.33927 x 101
n=3 3.47631 x 1071
n = 3.05371 x 1072
n=>5 1.75190 x 1072
n = 2.09064 x 10~*
n=71 1.19283 x 107°
n=2~a 1.00000 x 10~8
3 e
g - TEEEEsss
g-05 TSNS TTso oL i
= o A ]
-? n=3
g - m=5 \\
e} n==06 Al
_E -2 - =T \\ )
z —n=2_8 ‘\
£ 25 1
s 2 ‘ ‘ ‘
< - -05 0 05 1
Figure 2.1: Comparison of approximate solution for different values of n in case of Example 2.1
Example 2.2 Consider the singular integral equation with Cauchy kernel
][1 Lot (1) gy 2 /1 \/ Lo 7t(1+ H(1+1)% (t)at ! (5179+4 5 +7 3+97x4> (2.48)
——=dt—— — T = —| ——+4r -5z x . (2.
g V1I+tt—x S5J_ 4 V14t m\ 40 20
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1

The exact solution of this problem is y!9(z) = 5
m

1
1+2x

— X

16

3 2
( — 120+ 2 + % + 7x4>. Figure shows

that the approximate solution is the exact solution for n = 4. It is also shown in Table [2.2] that actual error

satisfies the error bound which is calculated by using equation (2.36).

-10.5

-11.5

-12

-12.5

-=T

- -n
n

wW N =

Comparison of exact and approximate solutions

Figure 2.2: Comparison of exact solution and approximate solutions in case of Example 2.2
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Figure 2.3: Comparison of approximate solution for different values of n in case of Example 2.3

Example 2.3 Consider a Cauchy singular integral equation

1—t [c]
1-te (M),
14+tt—=x

f,

1 [t 1- : 1
3 /1 1—+zx(1 + t)g[ ](t)dt = <x — 52 + 7:103) sin x.

(2.49)

The exact solution of Example 2.3 is not known. We find its approximate solution by proposed method
and the results are detailed in Table[2.3] Figure 2.3|shows that the approximate solutions are getting closer
to each other as n is increasing which verifies the results (2.36). Table 2.3 implies that the sequence of

approximate solutions is converging to the exact solution .
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2.5 CSIEs over the half-line

In this section, we show that the numerical method described in Section [2.2] can be used to find the
approximate solution of Cauchy singular integral equations over the half-line. These kind of equations occur
quite naturally in the field of fracture mechanics [S1, 91]]. Also, the singular integral equation with Cauchy
kernel over the half-line arises during the formulation of boundary value problems such as the problems
occurring in the field of fracture mechanics [112]], quantum mechanics [100], aerodynamics [124]], flow and
heat transfer theory [126] etc. The general theory related to these kind of singular integral equations can be
found in [35,139]. Our main objective in this section is to determine an approximate solution for a Cauchy

singular integral equation of the form

][OO o) dz — /00 h(z,y)0(z)dz = f(y), 0 <y < oo, (2.50)
o 7Y 0

where é(z) 1s Holder continuous [39] unknown function which vanishes at infinity and becomes unbounded
at zero. The functions f(y) and h(z,y) are known real valued Holder continuous over the interval [0, c0)
and [0, 00) x [0, 00) respectively. The first integral in equation is understood in the sense of Cauchy
principal value [35] (CPV) which is defined as

0 ) © ) y—€ ) © )
CPV/ 6(2) dz :][ 6(2) dz = lim / 6(2) dz +/ &dz ,0<y<oo.  (2.51)
o 7Y o 7Y e—0F 0 £=Y y+e 7 Y

In order to ensure the existence of CPV, the unknown function is assumed to be Hoélder Continuous [[39]]
function over the interval (0, c0). The analytic solution of equation (2.50) can be obtained (for details see

chapter 14 of Mushkelishvili [92]]). However, the analytic solution even if it is derived, will be of limited
practical value, since the operations involved in such calculations, can rarely be carried out exactly. Hence,
it is required to find its approximate solution. Also, various numerical methods to find the approximate
solution of Cauchy singular integral equation over finite interval are available such as Galerkin’s method
[L17, 129], collocation method [38]], quadrature method [S3]], inverse method [63]], real variable method
[[15], Sinc approximations [1] etc. However, the numerical methods to find the approximate solution of
Cauchy singular integral equation over the half-line is still scarce. To the best of our knowledge only
few methods are available which use different kind of quadrature rules such as interpolation quadrature on
Chebyshev nodes [108, [109], Gauss-Jacobi [91]], Gauss and Radau-Laguerre quadrature rules [52]] to find
the approximate solution of Cauchy singular integral equation over the half-line. The quadrature methods,
in principle, are confined to the second kind equations [66]. Therefore, we propose a numerical method
which can be used to find the approximate solution of singular integral equations of the first kind. This
method first transform the singular integral equation over the half-line into a singular integral equation with

Cauchy kernel over a finite interval [—1, 1]. Then we use the numerical method explained in Section [2.2{to
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find the approximate solution of equation (2.50).

2.6 Method of solution for CSIEs over |0, co0)

In order to find the approximate solution of equation (2.50)), we start with the following transformation

1 14y 1 14t 1+
= z = — =
z—y (Q+2)(z—y) 142 107

T (2.52)

14t
We use the above transformation (2.52) in equation (2.50) and write the unknown function )2[ (t) = 6( i )

—t
which vanishes at ¢ = 1 and becomes unbounded at { = —1, as
NG 1 —1 0
t) =4/ —— t 2.53
we obtain
1-1 f[c / 1— (2, 1) g /1 £7()
Ydt =g (z) — ——dt,| x |< 1. 2.54
Fsla- [\ i)~ [ S=anr <1 Qs
) Ale] ) . ~ ] 2%(11‘; ii_x) . 1+
In the above equation (2.54), £ (¢) is an unknown function, & (x,t) = (1—15)2”” and g(x) = f(l )
— —x

Finally, we transformed the Cauchy singular integral equation (2.50) over the half-line into the Cauchy
singular integral equation (2.54) over the interval [—1, 1]. We assume that

/ / \/: ' ,t)>2dtdx<oo. (2.55)

We approximate the function é . (t) by orthonormalized Legendre polynomials as follows:

n

N~ (1) =D ei(s), (2.56)

j=0

where {e;(s)}_, denotes the set of (n+1) orthonormalized Legendre polynomials on [—1, 1] and a; b=

0,1,2,...,n are unknown constant coefficients. Now in order to get the approximate solution of equation
(2.54), we proceed in the same way as in Section [2.2] with the residual error

1 _ A*[c] 1 2le] 1 —
N N I RN I 1L —1t & 9(t) / £ (1) / 1—t- .
R Z, a , @ y ooy O = — = dt+ dt— —k’[c} wyt :;,[C] t dt
SERENE ) ][1 I+t t—w Vi VT e 06s

—§%(x), |z <1, (2.57)
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Also, since we are using residual based Galerkin’s method which is described in Section[2.2] we have

<R[C] <x7 dO[Cla &1[617&2[C]7 ceey dn[C])7 €j>L2 = 07 vj = 07 17 27 sy N (258)

This equation (2.58)) gives a system of linear algebraic equations of order (n + 1) X (n + 1). The matrix

form of (2.38) is

Alel Al Al
BYAY = &, (2.59)
where
2 e] e 2l e Ald]
b 00 b 01 on
2 e] 2l 2 e] A L] Al
~ [l AT Al by by o by, Alel a, Al 91
B, =B |, B, = . ' _ ) , A = ) , G = i , (2.60)
2 e] 2l 2 [e] e Ald]
b n0 b nl b nn an n

N S
/1/1”1—1—25]{ (x,t)e,(t)e,(x dtdm+// dtdm r,g=20,1,2,...,n
1

2.7 Application of the method to an antiplane shear crack

In this problem, there are two elastic mediums M and M5 shown with florescent green and blue color
in the Figure [2.4] The semi-infinite crack is lying in the medium M/, and the crack is perpendicular to the
interface of mediums M7 and M,. Further, the crack is at the distance h from the interface. The constants
11, 4o represent the shear moduli and while 14, v, represent the Poisson’s ratios for mediums M; and M,

respectively.

This problem [30} 51]] results finally in the form of singular integral equation

1 [ (2 M (z
—][ ﬁd'zl +/ (1) Az = fily), h <y < oo, (2.61)
TJh 21— Y1 2 el

where h is the distance of one crack end from the interface, fl (y1) represents the known shear stress along
1 —

the crack edges and A is a constant given by \ = 1—|——m’ m=""n problem (2.61), we take h =

m K1

3 1
and fi(y1) = —. We now transform the interval [1, oo] to the interval [0, co] by substituting 21 = 2 + 1,

1
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Y1 = y + 1, in equation (2.6I)) and we obtain
L[~ x(2) /°° A (2) -1
- X2 dz = L0 <y < oo, 2.62
w]{ Z=y 0o zty+2 (1+y) Y (2.62)

where x(z) = 0(z + 1).

Y

Figure 2.4: A semi-infinite straight crack perpendicular to the bimaterial interface

Table 2.4: Stress intensity factor for different materials

M, M, m k* from Chapter 2  k* from Ref. [51]]
Aluminum Aluminum 1 0.531 0.531
Rigid Aluminum 0 0.634 0.632
Epoxy Aluminum 23.077 0.503 0.503
1

Aluminum Epoxy 0.615 0.618

23.077

Now we implement the proposed method described in Section [2.6] to solve the above singular integral
equation and calculate the stress intensity factor at the crack tip (0,0). The stress intensity factor
[51] can be calculated by the formula k* = 1/2x(0), where X(0) is the solution of the singular integral
equation (2.62)) at = = 0. We obtained the stress intensity factors given in Table [2.4] when we approximate
X(z) by the Legendre polynomial of degree 3 while the results shown in the last column of the table have

been obtained by using Radu-Chebyshev method [51]] with at least 5 node points.

Conclusion

In this chapter, we have considered the Cauchy singular integral equations over the interval [—1, 1]. A

residual based Galerkin’s method using Legendre polynomial as a basis function is proposed in order to get
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the numerical solution of CSIEs over the finite interval. This method converts the singular integral equation
into a system of linear equations which is easily solvable. The existence and uniqueness of solution for
the system of linear algebraic equations, which is obtained as a result of approximation of Cauchy singular
integral equation over the intervals, are shown. The convergence of sequence of approximate solutions to
the exact solution is proved and the error bound is also obtained. The derived theoretical error bound is also

verified with the help of numerical examples which indicates the good behavior of the proposed method.



Chapter 3

Numerical solution of system of Cauchy

singular integral equations

3.1 Introduction

System of Cauchy singular integral equations occur naturally in physics and engineering during the
formulation of many boundary value problems containing different geometric singularities. Many crack
problems in the field of fracture mechanics are formulated as system of Cauchy singular integral equations
using Green’s function [97]]. For instance, in T-stress problem [71] near the tips of a cruciform crack with
unequal arms, the system of Cauchy type singular integral equations arise naturally. Also, it can be obtained
by the decomposition of two dimensional Cauchy singular integral equation over a curve in complex plane
[94]]. Problems in the field of aerodynamics [70, [73]], queuing system analysis [24], electrocardiology [38],
elasticity theory [/4, 193] are modeled as system of CSIEs.

In this chapter, a numerical method to solve the following system of Cauchy singular integral equations

(ERI)

1 611 612 cee 611\1 90[1081(25) gECS] (x)
f 521 Bzz s /82N 90[;5] (t) 1 _ gLCS] (:L')

Czl<, (3.1)

-1

Byi Bz - Bun ()

is proposed. In system (3.1), the coefficients (;;; ¢, 7 = 1,2,...,N are known real constants and

gj[,cs] (x); 7=1,2,..., N, are known complex valued Holder continuous functions over the interval [—1, 1].
The functions gpi”sl (t); j =1,2,..., N, are unknown complex valued functions which vanish at ¢ = 1 and
become unbounded at ¢ = —1. The singular integral appearing in each equation of system (3.1) is under-

stood in the sense of Cauchy principal value (CPV). Also, each unknown function cpi_cﬂ (t); 7=1,2,...,N,
is assumed to be Holder continuous in order to ensure the [[17] existence of CPV. In system @, each

Cauchy equation is of index zero [42]. These equations are well studied [42, 59, [7393]]. They play a vital
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role in the study of mixed boundary value problems for partial differential equations [93]] and have many
applications in the field of aerodynamics [[70], fracture mechanics [32], neutron transport [87] etc. Singular
integral equations can also be used to determine the existence of travelling-wave solutions [[131} (131} [132]
of particular reaction-convection-diffusion equations [40]. The numerical methods developed for these kind
of singular integral equations include: Galerkin’s method [[11}1116}117,129], collocation method [58}111],
quadrature-collocation method [[123], Nystrom method [37], inverse method [63]], real variable method [15],
Sinc approximations [1]. However, the literature on numerical methods to find the solution of system of
Cauchy type singular integral equations is still scarce. Although, the basic work related to this kind of sys-
tem can be found in [93}1127/]]. Bonis and Laurita [26] proposed a quadrature method for system of Cauchy
type singular integral equations. Turhan [[125]] used Chebyshev polynomial based method for the solution
of the system of Cauchy type singular integral equations of the first kind. The analytic solution (3.3) for
one-dimensional Cauchy type singular integral (3.2)) is well known [42]. We use this solution to derive the
analytic solution for system (3.1)) in Section [3.2] But still it is of limited use in practical situations. Since
it is not possible to solve the singular integral on the right side of equation (3.4) for every choice of n[cs}( t)
due to the presence of singularity. Therefore, it is required to go for numerical solution for system (3.I).
Hence, we propose a residual based Galerkin’s method for solving the system (3.1]) of Cauchy type singu-
lar integral equations. The error analysis of the proposed numerical method is also derived and validated

through numerical examples.

3.2 Method for solution of the problem

For one-dimensional case of Cauchy type singular integral equation of first kind

1 [es]
t cs
][ 20y 0" (x), |2 < 1, (3.2)

-1 t—x

with boundary conditions: ¢! (1) = 0 and " (~1) is unbounded. The analytical solution [42] of equation

(3.2) is given by

[cs}

[es] 1—=x 1+tg
t. 3.3
1 (z) = 1+x][ \/1—tt—:c (3-3)

Extending the above analytic solution for system of Cauchy type singular integral equations of first kind

(3-1)), we obtain

137
o () 1 1—2 14t

[es]
= S 34

[cs]
#x (2) £ \/%ZNTS’dt
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det(D") (1))

es]
det(8" )
matrix which is obtained from matrix

where n][-cs](t) = ; j=1,2,..., N, det(-) denotes determinant of a matrix, Dj[-cs] (t)isan N x N

6[651 _ le ﬁQQ : 521\/ , (35)

ﬁNl ﬁNZ BNN

by replacing the jth

column of 8" with (¢ (2), g (), .., gj[is] (2))T and the superscript 7" is used to
denote the transpose of a matrix throughout the chapter. Now since the analytical solution (3.4)) is of limited
use as discussed in Section [3.1] therefore we propose a numerical method to find the approximate solution
of system (3.1)). But we can still take benefit of the known form of analytical solution (3.4) in finding the
numerical solution. That is, each of the unknown functions goi,cs] (t), j = 1,2,..., N, in the system 1|

can be written [42] as

W t), j=1,2,...,N, (3.6)

[es]
2, )= 1+t .

where each wj[_“] (t), j = 1,2,..., N, is an unknown function of ¢ € [—1,1]. Using equation li the
system (3.1)) becomes

v By Bu . B O () 9" (2)
[es] [es]
][ e v O \/—1_t L@ 3.7)
Do : l+tt—z :
T\ Bu B - Bun () 9" ()

In operator form, the system (3.7) becomes

$“87 T (@) = ¢ (), Ja] < 1, (3.8)

where $"” is a linear integral operator defined by

[es]
S ][ 1ot ¢ ()dt, (3.9)

t—x

[CS] CS CS cs .
the matrix §  is already defined in equation lb and ¢“"(z) = (¢""(2), g ](x),...,g[ '())T is an

1 2

N x 1 matrix. Now the unknown function 1" (£) = (1,1°(¢), v, 1(2), . L0 ()T in system (3.7) is

approximated as

() () = (o @), @, )T (3.10)
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where

o et Zajk, en(t), Vj=1,2,... N, (3.11)

and {ey(t)}7_, denotes the set of n+ 1 orthonormalized Legendre polynomials on [—1, 1]. In order to solve
the system (3.1)) or its equivalent form (3.7), a residual based Galerkin’s method is used. The residual error

is defined as

R (e gl g les]  [es] les] les]  les] [es] les]y
(X3 Q10 5 Apq s ey Qppy Qg s Gop seevyUopsee 3 ANGy Ny - - s ANp) =
R (e ) gl les] [es] [es] s les] [es] [es]
L (mrayy ,ayy .Gy, g gy s Gy s gy Oy - - -5 Oy
R (e g gl les]  [es] [es] les] les] [es] [es]
s (Tiay a1, Ay 5 Aoy 5 Aoy sy Gy e G, Gy - - - Gy
, (3.12)
R[cs] . [es] [es] [es] X [es] [es] [es] X . [es] [es] [es]
N (@agg agy Gy, g 5 Gy e Gy s ANy Oy - - Gy
where
[es] [es] [es] [es] [es] [es] [es] [es] [es] [es]
R, (a0, ay, ,...,aln;azo o1 5oy oy se e ANy ANy« - -y ONp) (3.13)
(&)
Z 1— @W* [ ]( )d fes]
t _ J
for 7 = 1,2,...,N, 1s assumed to be orthogonal to the finite dimensional vector space F =

span {ex(t)}}_,- Therefore, we have

R[cs] . [es] [es] [es] . [es] [es] [es] . . [es] [es] [es]
( (T3a00 A17 5y Qppy i Qog s Qg seevyUop e NGy Ny - - s ANp)

N 1 * [cs]
:E, ][ . ]tlix dt—gj[_](a:),ek(x))Lz:0,‘v’k::0,1,...,n;‘v’jzl,Z,...,N, (3.14)

where ()2 represents the inner product in L?[—1,1] space. This will result into a linear system of
N x (n + 1) equations in N x (n + 1) unknowns ag-c,j]; j=1,2,...,N; k = 0,1,...,n. The explicit

expression for the system of linear algebraic equations is given by

cs] te
dtd
o [ e

:/ 9" ()e, (x)dx,r = 0,1,2,...,n,i=1,2,3,...,N. (3.15)
—1

kO]l
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Now we define

[ 1_t
bt = /][ \/ e e k=012 .n r=012..  .n
—1J-1 ].‘l‘t t—ﬂf

[es]

= (g7 e, i=1,2,3,...,N, r=0,1,2,3,...,n

Finally, the above system in matrix form becomes

[es] les) T [es] [es]
b ®B  wvecA =wvecG (3.16)
where

[es] [es] [es] [es] [es] [es] [es] [es] [es]

10 a’u e in 10 11 Tt in boo b01 Tt bOn
a[cs] a[cs] a[cs] [es] g[cs] [es] b[cs] b[cs] b[cs]

[es] 20 21 ce 2n [es] 20 21 te 2n [es] 10 11 te in

A =1 7 Sl =1 T T . ,Bo=| . .
[es] [es] [es] [es] [es] [es] A [es] [es] [es]

aNO aNl e aNn gNO gNl e g gNn bnO bnl e bnn

. [CS] . . . . cs cs
and the matrix 5 is same as defined in equation 1i In equation (3.16), vec A" and vec G are

column vectors [47] of order N x (n + 1) which are defined as

[es] [es]
Al Gl
[CS] A[;s] CS] G[;S]
vec A ] , vec G : : (3.17)
[es] [es]
AN GN
where A[ G[;g j=1,2,..., N, stands for the j"* column of matrices A’ and G'” respectively. We can
further write equation (3.16) as
Dl = g (3.18)

~ [cs [cs] cs T Nles cs ~lcs cs
where D' = 6 ® B , " = vec Al ], B = vee G and symbol ® stands for the Kronecker

[es] es)T ) . .
product [47] of matrices §  and B""" . The above linear system (3.18)) of algebraic equations can be

solved easily.

3.3 Error Analysis

In this section, firstly we define the suitable function spaces which will be used for error analysis of our
proposed numerical method. Then we prove the well-posedness in the sense of Hadamard for the problem
(3.1) as well as for the system of linear algebraic equations which is obtained as a result of approximation of

problem (3.1). We also show the convergence of sequence of approximate solutions to the exact solution and
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[es]

obtain the rate of convergence in L2, norm. Finally, we derive the error bound for the error Hw[“] (x) —

(o fes] | ;2 1ess Which occurs as a result of approximation of solution of system 1} Also, we show that
N

whenever the known function in system (3.1)) is in the form of a polynomial, the approximate solution is an

exact solution.

3.3.1 Function spaces

In this subsection, we initialize the error analysis by defining the space L?V [es]

2190 _ fu(e) = (un (@), us(@), ooy un (@) 2 uj(x) € L2=1,1]; j=1,2,..., N}, (3.19)
which is a Hilbert space equipped with the following norm || - ||, s and inner product (-, -) 5 fes)
N N
fes]
115 o= Z iy 172 foru(z) € L, (3.20)
1 X ,
<u U L2 [es] = N Z UJ,U] L2 [es] fOf u( ) (l‘) € LN 5 (3,21)

where L?[—1,1] = {u; : [-1,1] = C: f_ll w;(z)u;(z)de < oo, j =1,2,..., N} is a Hilbert Space of all
complex valued functions which are square integrable in the interval [—1, 1] equipped with the norm || - [|2,

and inner product (., .),, s defined as
N

1
||u]||i2 = / luj(z)*dx for uj(z) € L*; j =1,2,...,N, (3.22)
-1

1
(uj, vj) :/ uj(z)vj(z)dw foruj(z), vj(z) € L*; j=1,2,...,N. (3.23)

1

Now let us consider the set of functions

[es] sl ] QL&
M, ={u(z)eL? ZZ |(uj, ex) 2] < 00}, (3.24)
j:l k=0
where
[es]
u(r) = (ui(x), us(), .., un (@)’ € L foruy(x) € L*[~1,1], (3.25)
A" =18 er, e) ol (3.26)

=0



3.3. Error Analysis 28

[es] . C . . . . .
The set M is a subspace of L2 which is made into a Hilbert space with the following norm || - HM[CS] and
N
inner product (-, ~>M[cs] defined as

N
1 & [es)
[ ||L[cs} == > N uj wa[cs] foru(z) € M, (3.27)
N j=1
1 & s
<u,v>M[cs] =% Z<Uj,vj>M[cs] for u(z),v(r) € M, (3.28)
N =1
fes]
where M denotes a subspace of L?[—1, 1] such that
[es] >
= {u;(x) € L* Y (d" ) (uy, ex) 2 |* < 00}, (3.29)
k=0

esl\g - . . . les] . .
and (dEC ])2 is defined in equation (3.26|). This subspace M  is a Hilbert space with respect to the norm

|| sy and inner product (-, -) s which are defined as
M M

i cs [es]
s 12 o= D (")l en) 2l for uy(x) € M (330)
k=0
> _— fes]
uj,v] Z 2(u,, en)r2 (v, ep) o for uj(z), vi(z) € M. (3.31)
k=0

3.3.2 Well-posedness of the problems

In this subsection, we show that system of Cauchy singular integral equations (3.1 as well as the
system of linear algebraic equations obtained from its approximation are well-posed in the spaces defined
above. Now operating the integral operator S e (defined in equation ) on the orthonormalized Legendre
polynomials of degree 0, 1, ..., n, we get [[12] the following results:

[es]

S

eo(r) = —mep(x),

[es] —7THpOH€ZB—€£E
S 61(1’)— |:H n H 0( ) 1( ) )

fes) B 3 po |l 3lpl _
§ey(x) = w[ 00 F 3 e @) — el

[es]

5 en(x) = ZC"[CS] e;(x); where the coefficients ci[csl =(S ‘en, ez, 1=0,1,2,....n

=0
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where p, (2), ex(z), k =0,1,...,n, are Legendre polynomial and orthonormalized Legendre polynomials

e ()

fcs]
dy,

. les] . cs
basis for the space M, i.e. ifu; € M ], then we have

[es]

5= 1, these {vk[“] > , form complete orthonormal

respectively. We define v; () = |

"

o0

uj = Z(uj,vk[cs]> ] vk[cs](x). (3.32)

M
k=0

[es]

With the help of equation (3.32), we can extend the operator S : Mi! — L?  as a bounded linear

operator which can be defined as

§87 M @) = §9" (a), (333)

where
87 () = 6 (2): 6" (@) = (01 (2), 657 (@), .., o (2) € M, | (3.34)
S6 () = (8165 (1), M (@), .., S )T e 12 (335)
S[CS]¢;CS](:U): 3 ;" in e, ) reei(x) € L?[—1,1]. (3.36)

Now using equation 1i the norm of the bounded linear operator S <l is

[cs] cs] [es] [es] [es] .
IS I72= Z(dk V1@ en)izl” =l 65 |2 e, forj =1,2,..., N. (3.37)
k=0

Hence, using equation (3.37), we obtain

[es]

IS

|= (3.38)

[es]

. [es] [es] .
Also, the mapping S" * from M, — LJZV is one-one and onto [42]].

[es]

es es] . .
Hence, by using Theorem|1.1.1} the operator (S[ ])_1 : LJQV — M, exists as a bounded linear operator

and can be defined as

[es]

(S)7'0" (@) = ((S") 716V (@), (SN 716y @), (8T MO (@) € M,

where

o) [es]
(S0 @) = 3 Mek(@, (3.39)



3.3. Error Analysis 30

[e.9]

[es]\ [es] [es] [es]\ [es] .
1S 5 12 =D _(d (ST ey en) 2, forj = 1,2, N. (3.40)
=0

Using equation (3.39) in equation (3.40), we obtain

[es]
]\4[(‘g Z’ L2‘2 _H ¢

| (5 Ler”

]

2, forj=1,2,...,N. (3.41)

Hence, using the above equation |i the norm for the bounded linear operator (S el )~ Lis
[cs
s =1 (3.42)

. les] . . .. .
We assume that the matrix 5  in system 1} is a non-singular and well-conditioned matrix. Hence, the
. es . [es] . .
existence of the operator (5'’)~! and the matrix (3 )~! show the existence of solution to the system lb
The solution of the system (3.8)) is

[es]

V@)= ) ST e @), x |< 1. (3.43)

Now we will show the uniqueness of solution of the problem (3.8) by the principle of contradiction. If

possible, suppose the problem (3.8)) has two solutions w; () and ws(x), then both should satisfy equation

(B8 i.e.
[es]

S8 wy(z) = ¢ (@), |z |< 1, (3.44)

[es]

§ 8w (x) = ¢ (2), | = | < 1. (3.45)

Now from equations (3.44) and (3.43]), we obtain

[es]

(wi(x) —we(z)) =0,z |< 1. (3.46)

[es]

S

[es]

Operating (8 )~*(5" ")~ on both sides of equation (3.46), we get

wi(z) = we(z),| z |< 1. (3.47)

Hence, the equation (3.47) proves the uniqueness of solution of equation (3.8). Also, the inverse operator
cs . . . [CS . . . ..

(S e )~!is a bounded linear operator and the matrix 3 is assumed to exist as nonsingular well-conditioned

matrix, which show the stability [66] of the problem. Since the problem (3.8)) satisfies all the three condi-

tions, therefore we have proved that the problem (3.8)), is a well-posed problem.
. fes] fos] s o
Consider the mapping Qz[ b L}zV — Lfv , where QZ[ "is an operator of orthogonal projection defined

as follows:

[es] [es

Q0 (@) = (@9 (1), Qu "y (@), Q0N (0) (3.48)



3.3. Error Analysis 31

where

n

QH[CS]¢;CS] (:E) = Z<¢;€S]7ek>LQek(CE)7 j = 17 27 ER N7 (349)

k=0
and n is the degree of orthonormalized Legendre polynomial by which ¢;(x), j = 1,2,..., N is approxi-
mated. Substituting equation (3.33) in equation (3.8)), we get

S (2) = ¢ (2); where ¢ () e M, ¢*(x) € L2 . (3.50)
Then it follows from equation (3.14)

Q1 (8™ ¢ (@) — g (2)) = 0, (3.51)

where

SM@%@“Uz@ﬁ%ﬁ%Mwwmwﬂw?
¢ l(a Zﬂﬂw el2), j=1,2,...,N, (3.52)
wm[cs (x); i=1,2,..., N, are defined in equation({3.11J).
Using the fact that

Q" gl (1) = § gt N (), (3.53)

equation (3.5T)) becomes
Sgrled(z)y = g (). (3.54)

Now using the existence of operator (S oo )~! which is defined in equation 1i we can say that the system
(3.54) has a unique solution which is

¢r (@) = (5 1Q g (). (3.55)

Using equation (3.33)), we obtain

[es]

g lz) = ($° QR g (). (3.56)

[es]

Further, the matrix (8 )~ is assumed to exist, therefore we obtain

[es]

o) = (8 ) NS g (). (3.57)
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Also, operator (S e )~! exist as bounded linear operator, this fact ensures the stability [66] of system 1b
Hence, the problem (3.54) is also a well-posed problem.

3.3.3 Convergence analysis and error bound

In this subsection, we show the convergence of sequence of approximate solutions. We also derive the

error bound for the error between approximate and exact solution of system (3.I). From equations (3.50)

and (3.54)), we get
S @ () — 71 (@) = ¢ (@) — Q26 (). (3.58)

Using equations (3.33) and (3.52) in equation (3.58), we obtain

[es] [es]

S8 @ (@) — (@) = ¢ (@) — @ g (). (3.59)

[es]

Let (3 )~! exists, then equation (3.59), becomes

[es]

@) @) = (8 ) S G (@) — Q1 (). (3.60)

Taking norm on both the sides of equation (3.60), we get

[es] «[cs [es] _ [es]\ [es] n[cs] [es]
I = <8 ) IS g™ — Qg

N

[es]

[es] [es]
Here ||(8 )~!|| denotes the matrix norm which can be calculated by using [p((8 )17 (8

)2,

where p((3 ) )~!) = max|)| defines the spectral radius [43] of the matrix (B[CS] )~! such that )\ is an eigen-

value of the matrix (3 : )~1. Using equation (3.42)), the equation (3.61) becomes

CS

[CS] CS [es] _ [es] [(‘9
| e <l 8 ) g - @ lga e - (3.62)
N

. [es] _ [es] [es]  [es]
Since [|(8 )7l <ocand |lg7 — Q% g

12 les) CONVETEES o ZEro as n — oo, we get
N

[ =) e = Oasn — oo, (3.63)
N
cs [es] cs cs .
In fact, for all ¢[ e M .+ » We have ||1p[ ! ] < ||¢[ ] el therefore the equations (3.62)) and (3.63
become "
[es] CS [es] xlcs [es] _ [es]
197 =N e e <™ =] e < )T g = Q) g lla e, (3:64)
N N
[es] cs [es] * cs
K% ubm<ww = s — Oasn — oo, (3.65)

N
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[es]

* 2 [es]
Hence, the sequence of approximate solutions {t)*'“’}>° ; converges to the exact solution w in L7

norm.

3.3.4 Invertibility of coefficient matrix of system of linear algebraic equations

In this subsection, we show that the linear system (3.18)), which is obtained after applying the proposed
method described in Section [3.2]to system of Cauchy singular integral equation (3.)), has a unique solution.

For this, we first define the vector space as

N x(n+1) [es] [es]

LG g et j=1,2,... N}, (3.66)

= {vec G = (G, ,G, ;

[es]

where C"*! denotes a complex vector space [67] having (n + 1)-tuples of complex numbers as its vectors,
vec G is same as defined in equation (3.17) and G,"” = ((g;cs]7€0>L2, (gj[.cs],q)Lz, . <g][-”],en>Lz)T, j=
1,2,...,N.

We further define another vector space Zgjs] as

2 = (2" = (2" 2 e V2 € B, j=1,2,..., N}, (3.67)

N 1 772 PN

. [es] N Xx(n+1) [es]
— n n .
where I/ = span{e,(z)};-,. Now consider the operator P\~ : X, — 7, as

[es] ~[es] [es]

P (ee GV = (B,G, BGE L BT GENT, (3.68)

N

where the operator Pn[cs] : C"*! — E denotes the prolongation operator [45]] and defined as

n

PG =3 g e pew) € B, j=0,1,...,N. (3.69)

J
=0

We now take the orthogonal projection of function ¢ (z) € L2

Qg () = (Q7 g (), Qg (x), ., Qg ()T (3.70)

In equation Ih the operator Qf] denotes the orthogonal projection onto the finite dimensional vector

space E = span{e,(z)}!, and defined as
fes]fes] [es)
Qn"g, (@)= (9" ) e (0). (3.71)

With the aid of equations (3.69) and (3.71)), we obtain

[es]

[es] [es] [es]
Q, 9;: (vr)=PFP, G,

Vi Vi 7] y =y

., N. (3.72)
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Also, from equations (3.68)), (3.70) and (3.72), we have

n [es] [(‘e] TL[C [es]
Q" () =P (vecG ). (3.73)
Now we further define an operator R" Zf] — XEZ;(HH) as

[es] [es]

1 = (R, IR,

[es]

R g R, zp* e, (3.74)

where the operator R,,"” : E — C™! denotes restriction operator [43]] and defined as

[cs

Y 1 = (e, (07 1 ey e, (0 e ) 0)T € C (3.75)

J

where ¥ ls] is same as defined in equation (3.11). Using orthogonal property of Legendre polynomials in
equation (3.11)), we get

[081

— (", el eV, i=0,1,....,n, j=1,2,...,N. (3.76)

Using the above equation (3.76)), the value of AE«CS] (™ column of matrix A“”) is

[es] * |Cs * |Ccs * |cs .
A7 = (W e, (0 ey (0 e ) )T, =12, N (3.77)

From equations (3.75) and (3.77)), we obtain

vee A = Rr 1 yrled, (3.78)

where vec A’ and R e (0 les] are already defined in equations (3.17) and (3.74) respectively. Since the

existence and uniqueness of the solution * les] of system tb are already shown in subsection
Hence, the equation 1D implies that the solution vec A" of system li also exists uniquely. Now

using the value of 1)* [°s] from equation |i in equation li we obtain

[es] [es]

vee A = BT (57 H(S" ) 1Qy g (). (3.79)

On using equations (3.73) and (3.79), we get

[es]

vee A = R o (B )_1(5[65])_11312‘[65] (vec G[CS]). (3.80)
We can rewrite equation (3.80) as
C'[CS] i Rn [es] [es] -1 [es]\ —1 nles] [es]
=R, (B ) (S )P (veeG ). (3.81)
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[cs]

— E"’ defined in equation (3.18)

. Hence, the matrix D" is invertible [119].

equation (3.81) implies that the solution ™ of the system D"’C

exists uniquely for every given B e XNX )

Theorem 3.3.1. Consider a system of Cauchy type singular integral equations
[es] A[cs [es]
18" 0 @) = 5 (), Ja < 1, det(8) #0, (3.82)

[CS] cs cS
where f and S [ ]@/)[ ](x) are defined in equations (lZSI) and (@) respectively,
9 N2) = (67 @), 857 (), ..., g% (x)T such that each QJ[.CS](x) is a polynomial of degree m;; j =

1,2,...,N. If each unknown function w][-cs] (x); 7 = 1,2,-, N, is approximated as in equation (3.11) by

the orthonormalized Legendre polynomials of degree n = max{m,, m,,...,m,}, then the approximate

solution of equation (3.82)) is an exact solution.

Proof. The residual error in equation (3.82) is

7870 @) 57 @),

where

0 (@) ) = o, @), vr ), @) (3.83)

Now with the aid of equation (3.14), its orthogonal projection ()", “! Which is defined in equation (3.48)),

we get

Qs () — (@) = 0, (3.84)

Now using equations (3.82)) and (3.84), we obtain
S8 (@) - (88w () = 5 @) - @9 (@), (385)

CcSs [CS] AlCS .
Since functions 53 * ] (2) and ¢ () both are polynomials, therefore, we have

[es]

QZ [cs](S 6 w x[cs] ( )) S[es]ﬁlcs] w: [cs] (:L’),

e e e (3.86)
Qy g ()= g (2).
From the above results mentioned in equation (3.86)), equation (3.85) becomes
cs [es] cs
S[ ]ﬁ (¢[ ](x) o w:[cs}(x)) -0, (3.87)

[es]

Now using the existence of the operator (S e )~! and the matrix (3 )~!, equation (3.87) becomes

w[CS] ($) . w:[cs] ([L’) = 0. (3.88)
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Hence, the approximate solution is the exact solution. 0

3.4 [Illustrative examples

In this section, numerical solution of some test examples using method of solution is discussed.

Example 3.1 Consider the following system of Cauchy type singular integral equations

1000 [ (¢ 10 /1 (¢ o

T 1 t — X T -1 t —
500 [1 () 200 11 (1) o] (3.89)
—][ ! dt + ][ 2 dt =g, (z),
T ), t—=x T ), t—x 2
where 2670425 34916124  792327x% 176122 53511
[es] 8 7 6 X T X T T
— 990z + 108927 + 9372% — _ —
9, (v) v eI e % 1000~ 2000 ' 250 4000
53929 89712% 11904725  163961z* 27919823 3087322
— = 1+4(9902® — 118927 — — —
2000 “( . o 0 T T10 "0 625 10000

69533z 1130501 )

4000 - 40000
244725 _ 8607x* 73523 _ 172532% 29541z 14701

[es] 8 7 6
— —3002° + 33027 + 2152° — —
g, (x) T osta A alow 10 100 T8 5000 T 4000 1000
14622° 941921  275492% 18322 7957z 57853
(30025 — 38027 — 19725 _ _ _ )
“( & v S T 250 00 2000 T 1000

Using equation (3.4)), the exact solution in this case is given by

s T—z[, o7 3125 8325 7867z* 18914® 14717722 441z 3969
(@)= Vita [x ~ 10 20 71000 " 10000 ~ 100000 ~ 1000000 © 400000 © 500000
. Z( S o’ N 1612°  492° 343! . 240123 . 16566322  9r 567 )]

5 100 250 400 50000 ' 1000000 3125 62500/J

[cs]( ) [1—=x [ 8 z7 L 1925 672  11129z* i 2923 . 45122 9x 63

xT) = —x — — — — _

e 1+ 10 10 500 10000 800 2000 4000 5000
2T 18928 2132°  2727z* 321323 133922 97z 42 >]

* Z<$ 10 100 i 1000 * 2500 25000 6250 N 6250 * 3125

On applying the method of solution described in Section we obtain the approximate solutions )" fes] (x)
forn = 1,2,...,8. The actual error || — (N fest)) 12 1] and the corresponding theoretical error bound
are calculated by using equation (3.64) for different values of n. The results detailed in Table [3.1 show the
good behavior of our proposed numerical method as the actual error in the approximate solution satisfies
[es)

the derived theoretical error bound for different values of n. It is also observed from Table [3.1|that ||) " —

(0 les] I 72 less — 0 asm — oo which verifies our theoretical claim of convergence mentioned in equation
N

(3.63).
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Table 3.1: The actual error and theoretical error bound in case of Example 3.1 for different values of n

Degree of Actual error Error bound for
[es] « [es] %
Legendre polynomial [[¢  —¢* [es] | 12 le v —o* [es] I 12 (e

n=1 0.14219 2.63021
n=2 0.14211 1.96229
n=3 0.13718 1.34228
n=4 0.09658 0.85279
n=2>7 0.08276 0.52128
n==~6 0.05990 0.28566
n="17 0.05104 0.11371
n=2~8 0 0

Table 3.2: The theoretical error bound in case of Example 3.2 for different values of n

Degree of Legendre polynomial Error bound for ||1D[CS] — les])| 12 les)
N

n=1 6.92480
n= 5.18346
n= 3.58536
n=4 2.19992
n= 1.25032
n==06 0.63041
n= 0.28904
n= 0.11840
n= 0.04362

Figures 3.1.(a), 3.1.(b), show the comparison of real and imaginary part of the exact solution of 1, fes] (x)
with corresponding real and imaginary part of approximate solution 7 fes] (x) forn = 1,2,...,8. And,
the comparison of real and imaginary part of the exact solution of v, fes] () with corresponding real and
imaginary part of approximate solution [es] (x) forn = 1,2,...,8, is shown in Figures 3.1.(c), 3.1.(d).
Further, it can be observed in all the Figures 3.1.(a), 3.1.(b), 3.1.(c), 3.1.(d) as the value of n increases,

[es]

the sequence of approximate solutions converges to the exact solution with respect to LJQv norm. This

example also verifies the Theorem [3.3.1]
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Example 3.2 Consider the following system of Cauchy type singular integral equations

1 [es] 1 [es] 1 [es]
t t t cs
6][ 2 Wy 10][ () )dt+40][ 2 D g gy,
—1 t — -1 t — X -1 _— 1
1 les] 1 les] 1 les]
t t t cSs
10][ £ 0y 50][ £ 0y 30][ 2 Wy ey (3.90)
4 t—x Gtz | t—x 2
1 [es] 1 [es] [es]
t t t cSs
20][ 2 Wy 10][ () )dt+25][ P B gy — o),
4 t—x 4 t—z 4 t—x 3
where
gics] (z) = € +icos(5x),
gics] (z) =i (72" +1)¢
g;s] (z) = (902® + 452° + 1) + iz™
Using equation (3.4)), the analytical solution for the above problem is given by
][ 14+t ngcs
SO[;S] <x> 1 1 xXr 1 ‘T‘ i t[C: y
[es] o - 7]2
A it , 391
90[263]() 1+a ][ 1—tt—x -91)
v, (z) \/m el
][ 1—tt—=x
where
e, 655 7655 19¢% 17 17410 21 L. 3% 19
t) = - oS - cos(Bt
Mo = 5 T o6s T a6 268 T\ 268 536" 536 536 )
sl 998 995 Tet 11 [ 110 91 . 137 7
H=-—" - M5 4 2 cos(5t
Mo ()= =30 " 968 536 1340 T\ 1310 T 536 536 536 <00
fes] 4518 4515 9e¥ 1 10 49 - 9 7edt
)=—— — S — M5 4 cos(5t) — .
)=~ ~ T3 Taes me T T a0t ¢ T 268 <) T 3o

For the Example 3.2, although the analytic solution is known but the above analytical solution is of limited

use as described in Section @ Therefore, we solve Example 3.2 by the numerical method described in

Section [3.2] However, in this case it is not possible to calculate the actual error between the approximate

and exact solution, since the available solution (3.91)) has no explicit form. But the error bound can be
calculated by using the equation (3.64) for different values of n which is of great importance. As the

error bound decreases to zero with the increase in value of n, it implies that the sequence of approximate

solutions is converging to the exact solution and the same is reflected from the results detailed in Table[3.2]
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- nea -
02 n=5 2=

Comparison of exact and approximatesolutions
Comparison of exact and approximate solutions

(a) Comparison of Re[v, [l (2)] with (b) Comparison of Irn i), [°)(2)] with
Rely;, 1*I(x)] Im[y;, ()]

0.2 7
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Comparison of exact and approximatesolutions
Comparison of exact and approximate solutions

(¢) Comparison of Re[t),°*)(2)] with (d) Comparison of Irn i), ) (2)] with
Rely;, *I(x)] Im[y;, ()]

Figure 3.1: Comparison of exact solution with approximate solutions of Example 3.1.

Approximate solutions for different values of n.
Approximate solutions for differentvalues of n

(a) Comparison of approximate solutions (b) Comparison of approximate solutions

Re[y* 1)(x)] Impr 1) ()]
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(¢) Comparison of approximate solutions (d) Comparison of approximate solutions

Rel[y: ()] Impy 1) ()]

Ssel
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2222

Approximate solutions for different values of
Approximate solutions for different values of 7
~

(e) Comparison of approximate solutions (f) Comparison of approximate solutions

Rel[y: 1)(x)] Imp 1) ()]

Figure 3.2: Comparison of approximate solutions for different values of n in case of Example 3.2.

The comparison of real and imaginary part of the approximate solutions of " [es] (x)forn=1,2,...,9,1is
shown in Figures 3.2.(a), 3.2.(b). Similarly, Figures 3.2.(c), 3.2.(d); 3.2.(e), 3.2.(f) show the comparison of
real and imaginary part of the approximate solutions of 7 el (), vr les] () respectively forn = 1,2, ..., 9.
Conclusion

In this chapter, we have proposed a Legendre polynomial based numerical method to find the approx-
imate solution of system of Cauchy type singular integral equations of first kind with zero index. The
proposed method converts the system of integral equations into a linear system of algebraic equations. It is
shown theoretically and numerically that the proposed method gives the exact solution for the systems hav-
ing known functions in the form of polynomial. The well-posedness conditions in the sense of Hadamard
are verified for the system of Cauchy singular integral equations as well as for the system of linear algebraic

equations which is obtained after applying the proposed method to the system of singular integral equations
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with Cauchy kernel. Further, the derived theoretical error bound is verified with the aid of numerical exam-

ples which implies the good behavior of our proposed numerical method.



Chapter 4

Numerical solution of hypersingular integral

equations

4.1 Introduction

Hypersingular integral equations has great importance in the field of aeronautics [7, (70, [72}84]]. These
singular integral equations occur during the formulation of interference or interaction problems such as
wing and tail surfaces problem, pairs or collections of wings (biplanes or cascades) problems [7]. These
hypersingular integral equations also appeared during the mathematical modeling of vortex wakes behind
aircraft at altitude, near the ground at the time of takeoff and landing operations [41]. Many two dimensional
problems of aerodynamics can be modeled as singular integral equation such as for an inviscid incompress-
ible fluid flow past a rectangular airfoil problem reduces into a hypersingular integral equation [[10]. Apart
from problems of aeronautics, the problems of electromagnetic scattering [41l], acoustics [53], fluid dy-
namics [113l], electromagnetic diffraction [[1335]], elasticity [27] and fracture mechanics [[16] are modeled as
hypersingular integral equations. In early nineties, Parsons and Martin [[102] used hypersingular integral
equation to study the problem of water wave scattering. Further, these equations for crack problems in the
field of fracture mechanics [, 20, [22]] have been explored by many researchers. Many analytical methods
and numerical methods such as complex variable function method [14], boundary element method [[64],
polynomial approximation method [16, 78} 80], reproducing kernel method [23]], piecewise linear approx-
imations on a nonuniform grid [118] for solving singular integral equations have been already explored.
However, in order to solve hypersingular integral equations, search for a method which is easy to under-
stand, easy to implement, providing high accuracy, converging fast and numerically stable is always there.
In this article, we propose a residual based Galerkin’s method with Legendre polynomial as basis function
to find the approximate solution of hypersingular integral equations. The hypersingular integral equations

occur during the formulation of many boundary value problems of practical interest are of the form

by " (1) - [n] (n]
7[ dt —/ k™ (x,t)x (t)dt =g (x), |z] <1, 4.1)
-1

o (E—x)?
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with " (1) = 0. The functions ¢" () and k" (z,t) are known real valued Holder continuous over the
interval [—1,1] and [-1, 1] x [—1, 1] respectively. x"" () is an unknown function defined over the interval
[—1,1]. The first integral in equation is understood to be exist in the sense of Hadamard finite part
integral. Also, the unknown function X[h] (x) is assumed to have the Holder continuous derivative of first

order which is required in order to ensure the existence of finite-part integral [85]].

4.2 Method of solution to the problem

A function x"'(t) defined over the interval [-1,1] in equation (4.1) with x"(£1) = 0 can be repre-
sented [44]] as follows:

") = V1= 2" (@), (4.2)

where ¢"(#) is an unknown function defined over the interval € [—1,1]. Using equation (4.2) in equation

@.1), we obtain
7[ & (t)vi—t

Now we approximate the function & . (t) by orthonormalized Legendre polynomials as follows:

[h

HQ / VI= Bk (2,06 (0t = g" (@), Jo] < 1. (43)

) =gt = a)ei(t), (4.4)

J=0

where {e;(t)}7_, denotes the set of (n + 1) orthonormalized Legendre polynomials on [—1, 1] and a;-h]; Jj=

1,2,...,n, are unknown constant coefficients.
On using the approximation defined in equation 1} for & " (t) in equation lb the residual error
(1] (b (][] [y - )
R (z,a, ,a, ,a, ,...,a, ) is as follows:

R" (2,a" ", . a™) 7[ & t v tdt—/ VI=2" (@, 0" @dt — ¢ (), || < 1.
—ZL’

» Yo 0 2 FRRRD] n
4.5)
In Galerkin’s method, this residual error R" (x, a([] : , a[lh] , a[;], ey a:l]) is assumed to be orthogonal to the
space spanned by orthonormal polynomials, say E' = span{e;(z) o, that is, we have
(n) (o h () () .
(R (7,0, ,a, ,a, ,..,a ),e)r=0,¥j=012...n. (4.6)

Using equation (.5) for j = 0, 1,2, ..., n, equation (4.6) becomes

7[ 5 t_\/l—tht_/ [h] ()ﬂdt— [hl( )7€0>L2:07

JZ
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t—x

(SO [ 06 o TP (), =0
................................................................................. @)

In order to evaluate smgular 1ntegral in each integral equation of system (4.7), we use the results of [61]

(see formula (35) of reference [61]]) and we get a linear system of order (n+ 1) x (n+ 1). The above system

@7) can be written in matrix form as

BT 4 — B A" = " (4.8)
where
b B o D, a, 9y
B _ T g _ bﬁ:ff COS N P I B R P
S

b[’”m:/l (7[11 <—\M2€7"<t)dt—/lk (z,t)en(t )\/ﬁdt)eq( Ydz, r, ¢=0,1,2,...,n,

1 (t —x)? 1

1
g([lh] = / g[h] (x)eq(x)dz, ¢=0,1,2,...,n
-1

Now we solve the linear system which gives the value of unknown coefficients a;.h]; 7=0,12 ... n.
The substitution of these a;h] values in equation 1} provides the approximate solution of equation lb and
hence, for equation (#.T). This completes the description of proposed method use to find the approximate
solution of equation (..

4.3 Convergence analysis and Error bound
In this section, we show that sequence {5;;”” 1>, converges to the exact solution fj;[h] (x) in L space
and we derive the error bound.
4.3.1 Function Spaces
We initialize this subsection by defining function spaces in which the error analysis analysis of numer-
1

ical method takes place. L’[—1,1] = {u(t) : [-1,1] = R : / (u(t))?dt < oo} is a Hilbert space of all
-1
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square integrable real functions over the interval [—1, 1], equipped with the norm || - ||3, and inner product
(.,.)r2 defined as

()12 :(/_ (u(t))zdt)l/Qforu(t)GLQ[—l,l], (4.10)

1

(11, v) 12 :/_1 w(B)o(t)dt for u(t), v(t) € L2[—1,1]. @.11)

1

Now we define the set of functions

M" ={u(t) € L' (d]") (u,e;)72 < o0}, (4.12)
7=0
where
[h)
@) =1 8"e; I e, (4.13)
V1—1t?
s"e; :7[ (t)dt. 4.14
@g(ZE) . (t _x)ge]( ) ( )
The set M" is a subspace of L? space which is made into a Hilbert space with the following norm || - | e
and inner product (., .) ,
S 2 (n]
Fwl m=">(d;) (u,e;)72 foru(t) € M, (4.15)
7=0
> 2
(u,v) m = Z (d;.h]) (u,ej)r2(v,e;) 2 foru(t), v(t) € Mm" (4.16)
=0
where d;h] is same as defined in equation (4.13). Let v, (z) = e’“[(,ff), then || v, || ym= 1. This set
k

{v,[:](x)}zozo forms complete orthonormal basis for the Hilbert space M, that is, if u € M"', then we have

= Z u vk M[h]Uk (x) 4.17)

k=0

Now operating the operator S " defined in equation 1i on orthonormalized Legendre polynomials
e;(z); 5 =0,1,2,...,n and using the results of [61] (see formula (35) of reference [61]), we obtain:

s" ep(x) = —mep(x),
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S"e; (x) = —2mey (),

S[h]en(:c) = Z ci[h]ei(:c); where ¢, = (S[h]en, €)2,1=0,1,2,...,n. (4.18)
i=0
4.3.2 Error Bound
With the help of equation li we can extend the operator S

operator defined as

h 2 .
" 5 L’ as a bounded linear

00 J
UM @) =3 (e ) 2 Y (8 ey e 2en(w) € LT[-1,1]. (4.19)

j=0 i=0

Using equation 1i we find the norm of bounded linear operator S "

o0

[h] _[h] (h]\2 , [A] [h]
1S 7= D (d; ) (€ e)ze =11 € 112 m - (4.20)

J=0

Hence, using equation (4.20), we obtain
Is"™ fI=1. @21)

Moreover, the mapping .S " M™ — L”is one-one and onto. Therefore, following Bounded Inverse Theorem
defined in Theorem |1.1.1} the operator (S W)‘1 . L — M"™ exists as a bounded linear operator which is
defined as

00 [h]
(Sm)_lf[h] () = Z (€ ($)7€j(95)>L2 e;(z). (4.22)

Now, with the aid of equation li we calculate the norm for linear operator (.S . )7t

hl\ —

)

[h]

1(S™) 7" @) [l m=Il€" () |2 - (4.23)

Finally, using the above equation li the norm of bounded operator (.S " )~ Lis
(8™ = 1. (4.24)

Now we consider the mapping Qn[h] . L” — L, where Qn[h] is an orthogonal projection operator which is
n

defined as Qu"€" (@) = D" ) e (), (425

=0
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where n is the degree of orthonormalized Legendre polynomial by which & " (x) is approximated. After
defining all the operators and function spaces, we can finally estimate the error bound for the error which
occurs in approximating the exact solution of equation (#.I)) by taking its projection from Hilbert space onto
a vector space spanned by the orthonormalized Legendre polynomials, say £/ = span{e;(r)}}_,. Writing

equation lb in an operator equation from the spaces M "o L?

(1] [h]\ ~[h] (7] (]

~ K" (2) =g (2), g (1) €L’ ¢

[n] [n]

(S (x)e M, (4.26)

where the operator S "'is same as defined in equation 1b and we define the operator K ™

is as follows:
1
K" () = / VI= 25" (@, 0" (. 4.27)
—1

The operator K "o M™ = L* defined in equation li will be a compact operator with the following

assumption:
1,1 ”
/ / (V1 -2k (x,t)*dtdr < oco. (4.28)
—1J-1

The equation li has a unique solution if and only if the inverse of the operator (.S MoK [h]) exists as a
bounded linear operator. We assume that the bounded linear operator (.S e )~! exists. From equation

#.6), we have

6" (@)~ 9" (@) = 0. (4.29)

Since the function 5" 5,’;[h] (x) is a polynomial therefore following the definition of operator Qn[h], we get
Qu"8" 6" @) = 576" (@), (430)

Using the above fact, equation (.29) becomes

h]

S[h] f;[h] (IL’) . Qn[h]K[h] gz[h] (.Z‘) _ Qn[ g[h] (.Z‘) 4.31)

Since the operator .S "™ has a bounded inverse and the operator K " s compact due to the condition lb
therefore, for all n arbitrarily large, say n > ng , (S - Qn[h]K [h})*l exists as a bounded linear operator

[45]]. Hence, equation (#.37)) has a unique solution, which is as follows:

[h] [l [A]

") = (8" — 0" K

) Q, (). (4.32)



4.3. Convergence analysis and Error bound 48

Now from equations {#.26) and (.32)), we have

[n] [h] o -]

@) - " @) = (5" - QK" (0" @) - 9" (@) + K@) - QK" (@) @33)

Taking norm of both the sides of equation (4.33)), we obtain

Bl 3 ] 0] ] i n)
€™ =& Lm<I (S =@ K )7 g —Qn g™ Il

3 ] 0l [l 1n) ] 00

H (ST =Qu KT K7E (2) = Qn K¢

[h]

(@) |2 - (4.34)

Due to the assumption defined in equation li the operator S "is a Hilbert-Schmidt operator [45]

and hence, | K" — Q," K" |;2— 0asn — oco. Also, we have || ¢ =" g" | ;2= 0asn — ooc.
Thus, we get || £ — &'

& HM[h]—>OaS7”L—>OO.

Further, due to the fact that if £ e ™ , then we have

[h] [h]
1€ =<l € |l 0 - (4.35)

On using equation ({.35), the equation (#.34]) can be written as follows:

[n] (1] (1] [h] o -[h]\ — (1] [n]
1€ =& <5 —Qu K) 7 g —Qug 12

[h] [n] 7 -[h]y — (1] (h] 7 -[h] A[n]
+ (ST = @Qu KT)INEE () = Qn K¢ (2) |2 (4.36)
Also, the sequence {5;';“"] 1>, converges to the exact solution in L” space
|€" =™ 2= 0asn — oo (4.37)

(1] .
Hence, the convergence of the sequence {£" }°° , is shown.

4.3.3 Well-posedness of linear system

In this subsection, we show that the problem (4.32) is a well-posed problem in the sense of Hadamard.
The problem has a solution, this is due to the existence of inverse operator (.S - QZL K" )~! which
is already proved in previous section. In order to prove the uniqueness of solution to the problem (4.32), we
use principle of contradiction. If possible suppose that problem (#.32) has two distinct solutions say y, and

y,. Then we obtain

(1]

"y, () — QN K"y, (x) = Qy 9" (=), (4.38)

and
[h]

Sy, () — QN K"y, (x) = Q) g™ (). (4.39)
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From equations ({#.38) and (.39), we get
(8" = Q) K"y, (z) — y,(2)) = 0. (4.40)

Since the operator (S " QS’] K" )~! exists as a bounded linear operator, then from equation 1@' we get

yl(‘r) = yQ(x)7 | x ‘< L. (4.41)

Equation {#.41) contradicts our assumption. Hence, we have proved that solution to the problem (4.32)
exists uniquely. Moreover, the continuity of the inverse operator (.S - Q: K" )~! indicates that a small
change in the given data will produce a small change in the solution. As it shown that the problem (.32)

satisfies all the well-posedness conditions therefore it is a well-posed problem.

4.3.4 Existence and uniqueness of solution to linear system

This subsection shows that the solution of the linear system (4.8) which is obtained after using the
method described in Section[d.2] to the equation (4.I)), has a unique solution. We start the proof by defining
the prolongation operator [45]] P,[Lh] : R"! — F as follows:

PrG" =3 " e)) e, () € B, (4.42)

L
=0
where R""! is a real vector space [67] whose elements are (n + 1)-tuples of real numbers, £ =
span{e;(t)}_, and G" s already defined in equation lmi Now from the definition of orthogonal projec-

tion QZL] , we get

n

Qg ()= (9" ¢,) e (@), (4.43)

=0
Following equations (.42)) and (.43)), we have

[h]

PrG" = QMg (@), ¢" () e L’ G eR™, |z|<1. (4.44)

Further, we define a restriction operator [45]] Rn[h] . E — R™*1 as follows:
[(h] 1] (1] (1] 1] n
R, gn (IE) = (<€n (x)7€O>L27<€n (I),61>L2,...<€n (x)7€n>L2)T eR +1’ (4.45)

(x) is already defined in equation (4.4). On using the orthogonal property of Leg-

endre polynomials in equation (#.4)), we get

where the function & -

n

a; =" (x),e,) 2, 5=0,1,...,n. (4.46)

n

Therefore, from equations (#.43) and (4.46)), we obtain
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[h]

R, e () = A", (4.47)

n

where the matrix A" is already defined in equation . Since bounded linear operator (S " QL}Z 'K )t
exists which is already shown in Section This existence of the operator (SW - QZI 'K [h])_l implies
that S;Z[h] (x) also exists uniquely. Therefore, from equation lb the solution A" of system exists

uniquely for every given G " Also, the inverse of matrix Bih] exist [119].

4.4 Illustrative examples
This section shows the efficiency of our proposed numerical method and verification of the theoretical
results obtained in Section{f.3] with the help of numerical illustrations.

Example 4.1 Consider the following equation [23]:

8
S ()Vl—thtJr/ e Mdt—w< 8z° +1§7x—1> |z < 1. (4.48)

o (=)

This problem has an exact solution & " (r) = 1+ 223. We find the approximate solution with the aid of

proposed method.
Table 4.1: Details of obtained numerical results for different n in case of Example 4.1

n  Actual Error (In L? norm) Error bound

1 0.46595 9.29106
2 0.46595 9.29106
3 0 0

It can been seen from Table {.1] that the approximate solution obtained by implementing the method dis-

cussed in Section[4.2]is identical to the exact solution at just n = 3.

n=1
—n=2
-n=3
— Ezact

05+ |

Comparison of exact and approximate solutions
T
L

Figure 4.1: Comparison of exact solution with approximate solutions of Example 4.1
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Comparison of exact and approximate solutions

Figure 4.2: Comparison of exact solution with approximate solutions of Example 4.2

n

g

z L= =<
= --" ~
2 - ]
20 EemRsT

2
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=] _-" _9

7 2k ”4 - n= -
% -7 n=3

% P - n=4

3 v ek i
9 4 n=>5

3 n==6

© -n=T

3]

g 6 -n=38 7
bl

s — =9

o n=10

o -8 N
3 -n=11

E -n=12

2 40l — Ezact i
E-lO ‘ ) |

Q

O 1 0.5 0.5 1

T

Figure 4.3: Comparison of exact solution with approximate solutions of Example 4.3

Although Chen [23]] also solved this problem up to n = 25 by using method of reproducing kernel, but his
method did not give the exact solution. In Figure {f.T] the exact solution is compared with the approximate
solutions for different values of n. Further, it can be seen from the Figure .| that the exact and approximate
solutions coincides. The actual error is also calculated for Example 4.1 with respect to L* norm and detailed
in Table d.1] These actual error lies under the error bound which is obtained by using equation (#.34).

Example 4.2 We consider another singular integral equation:

V1—1¢2 1-— t2 t
7[ ¢ t dt+/ ¢ XPEH2) (@), o] < 1, (4.49)
— )
where ¢"'(z) = —2z + 62 — 62° + 5 exp(x)[>(1) — 2 exp(x)I3(1), and I, I3 are modified Bessel

3z

16 — 23 4 2° is the exact solution.

functions of first kind of order two and three respectively. ¢ () =
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Table 4.2: Details of obtained numerical results for different n in case of Example 4.2

n  Actual Error (In L? norm) Error bound
1 0.06481 1.43228
2 0.06480 1.43183
3 0.05688 1.31111
4 0.05687 1.31110
5 2.19155 x 10714 1.19141 x 10710
The numerical results for actual error and error bound are detailed in Table d.2] For n = 1,2,...,5, the

comparison between approximate solutions and exact solution is shown in Figure 4.2] Further the figure

shows the convergence of sequence of approximate solutions to the exact one.

Table 4.3: Details of obtained numerical results for different n in case of Example 4.3

n  Actual Error (In L? norm) Error bound
1 0.38064 8.84521

2 0.37161 8.74921

3 0.37160 8.74689

4 0.28343 7.76302

5 0.27503 7.64867

6 0.25688 7.24213

7 0.25274 7.15094

8 0.00570 0.19899

9 0.00564 0.19739
10 0.00054 0.02196
11 0.00049 0.02053
12 5.95198 x 10716 1.07677 x 10710

Example 4.3 Consider one more hypersingular integral equation:

lvi-# /1 (z+ 22" (VT =P [

—————dt dt = 1 4.50

7[ t—:c . 36 + 12 mg (@), fal <1, (4.50)

where
[h]( ) 1326099 1469711672063« . 845735312  147015541588722 . 8457353122 n 11552723
€Tr) = —_ —
655360 7864320 3201/2 7864320 3201/2 10240
49537272*  88851x® 53945578 n 757127 . 145323928 n 3272°  1793z21°
16384 2560 10240 320 5120 64 256

451 n 1885212
16 128
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The exact solution of this example is

!
640
— 95229 4 45210 4 15021 — 7259512).

6" (#) =1 (= 262 + 450 + 451007 — 72508 — 222582 + 26802° + 380002° — 200027 — 202527°

Table [.3] shows all the obtained numerical results for Example 4.3. It is clear from Table [4.3] that the error
is decreasing with the increase in the value of n which verifies the result (4.37). The approximate solutions
forn =1,2,...,12 are compared with the exact solution in Figure[d.3] And, it can be seen from the Figure
[.3] that the exact solution coincides with the approximate solution. The actual error is also calculated for
Example 4.3 with respect to norm in L” and it is shown in Table |4.3|that the actual error is lying with in the
error bound which follows from our result defined by equation (4.36).

Conclusion

A residual based Galerkin’s method is proposed to find the numerical solution of hypersingular integral
equation of first kind. The method converts the singular integral equation with hyper kernel into a linear
system. This system can be solved easily. The existence and uniqueness of solution of linear system which
is obtained as a result of approximation of the exact solution of equation (4.1)), are shown. The convergence
of sequence of approximate solutions to the exact solution, is proved in L space. The error bound for the
error in approximate and exact solution of equation (4.1) is also derived. Moreover, the good behavior of
the proposed method can be seen as all numerical illustrations verify our theoretical claim such as actual

error lies within the theoretical error bound and sequence of approximate solutions is convergent.



Chapter 5

Numerical solution of system of hypersingular

integral equations

5.1 Introduction

Many boundary value problems of applied mathematics, mathematical physics, engineering etc., can
be modeled as system of hypersingular integral equation (HSIE). For instance, crack problems arise in the
field of fracture mechanics [6, /6], thermoelastic stress problems around an arbitrary number of arbitrarily-
located planar cracks [4]] are formulated as system of HSIEs. Also, two-dimensional hypersingular integral
equations over a curve in complex plane like water scattering problems [[73], curved crack problems [19, [21]]
can be decomposed into a system of HSIEs. The hypersingular integral equations in one dimensional occurs
frequently in the field of electromagnetic scattering [90], acoustics [S3], aerodynamics [[/0], elasticity [27]
and fracture mechanics [[16l]. The numerical methods to find the approximate solution of these equations are
extensively available in literature such as reproducing kernel method [23]], quadrature method [[101], com-
plex variable function method [[14], boundary element method [64], polynomial approximation [78, 180, 82].
However, the literature on numerical methods to find the approximate solution of system of hypersingular
integral equations of first kind is still scarce. Therefore, there is a great need to develop more numerical
methods. In this chapter, we propose residual based Galerkin’s method with Legendre polynomial as basis
function to find the approximate solution of system of HSIEs. In many known physical problems of prac-
tical interest [6, 19, 36] the system of hypersingular integral equations (HSIEs) of first kind occurs in the

following form:
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1 1 N X )
s 1 s s s s
7[ N IO Bt k) k@ | e |
(t — ) : . : : : :
_1 S S S S S
e(t) Kol () K (s t) kK (1) 0
[hs]
()
[hs]
a
_ 9, -( ) | 5.1

| « |< 1, with boundary condition ¢,"I(+1) = 0,7 = 1,2,...,N. ¢,"I(z), j = 1,2,..., N, is an
unknown complex valued functions defined over the interval [—1, 1]. In system (5.1)), the functions k[:] (x,t)
, 0,0 =1,2,... N, gihs], j=1,2,..., N, are known complex valued Holder continuous functions defined
over the interval [—1, 1] x[—1, 1] and [—1, 1] respectively. In the above system each HSIE is understood

in the sense of Hadamard finite-part integral (HFP). Also, in order to ensure the existence of HFP each

unknown function ¢ [s] (x),7=1,2,...,N,is assumed to have the first derivative to be Holder continuous
[85]. The analytical solution of system Ib for the case when the functions kz_w] (x,t) = 0, Vy,i =
1,2,..., N, can be obtained by extending the analytic solution of HISE in one dimension [83] as follows:
Yo
1 s t—x
— t)In dt
[hs) ™ / g, ( 1—zt++/(1—12)(1—22)
¢ ](x) T [hs] Y
18 l 1S 1 t_z
S . / RO Py e ey L (5.2)
[hs] :
(z) !
N l [hs] t—x
L gy (t)In 1-at+/(1-12)(1—22) di

Firstly, the above analytic solution is for a particular case of more general form (5.1I). Secondly, it is of
limited use as it is not possible to solve equation for every choice of g;hs] (t) due to the presence of
singularity in the solution. Further, the analytical solution of more general form where k[j] (z,t) #0
,Vj,0=1,2,..., N, is not known. Therefore, in this chapter we propose a numerical method to find its

approximate solution.

5.2 Numerical method

In this section, we describe the numerical method to find an approximate solution of the system (5.1).
In order to find the approximate solution, we replace each [44] unknown function ¢, [hs) (t), 7=1,2,..., N,
in the system (5.1)) as follows:

(qu[hs](t) — 1= t2wj[h8]<t)7 ] — 1’27 . 7N’ (53)
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where each 1), hsl(t), j = 1,2,..., N, is an unknown function of ¢ € [—1,1]. Using equation 1i the
system (5.1)) becomes

[hs} (t)

7[\/1—152 %M(t) P
t—1x)2 :

(5.4)
[hs] [hs] [hs] s [hs]
S S s hs s
_/m k21 (:T,t) k22 ('x,t) kQN (.l‘,t> ¢2[.}(t) dt — gz (x)
—1 [hs] [Rs] [hs] * s [hs]
In operator form equation (5.4)) can be written as
(8" = K" pll(z) = ¢ (2), (5.5)
where »
¢, ") (x) 9, ](93
[hs] T hs T
O I IR e (5.6)
* S [hs]
yr () 9y (@)
S[hs] O O K[hs] K[hs] K[hs]
T 11 12 U 1N
[hs] [hs] [hs] [hs]
S[hs] _ Q S. . ? , K[hs] _ K?l K?z ... . K?N ’ (5.7)
é O S[.hs] KEhS] K£h5] K'[hS]
T N1 N2 T NN
the symbol O denotes the zero operator and .S UK []h] are linear integral operators defined as
B V1 t2 [hs]
§" Ny 19l (o 7[ w ()dt, j=1,2,...,N, (5.8)

Jt

K 19 (g / VI= 28" (@, ), ")t ji=1,2,...,N. (5.9)
Now we approximate the unknown function ), [hs]( ) in system 1] as

el ()~ i (@) = (7 Pol(), g7 o), ot ol ()T, (5.10)
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where

b)) M) = 3 age (@) Vi = 1,2, N, .11

jn

and {e,(x)}!, denotes the set of (n + 1) orthonormalized Legendre polynomials on [—1, 1]. In order to
solve the system (5.1) or its equivalent system (5.5), we use residual based Galerkin’s method. We define

the residual error as

[hs] . [hs] [hs] [hs] . [hs] [hs] [hs] . . [hs] [hs] [hs]
R (I,CLIO ,CLll ,...,aln ,CL20 ,a21 7...,a/2n ,...,CLNO,CLNl,...,CLNn) —
R (e g1 el (hs]  [hs] [hs] (hs]  [hs] [hs] [hs]
Co(@rayy L agy Ay, Gy Ay s Oy s G AN - - -5 Gy
R[hS] . _[hs] [hs] [hs]  [hs] [hs] [hs] | . _[hs] [hs] [hs]
, (Tayy ,aq) ... 0y, 50y 0y e Oy s Gy ANy - - -5 Oy
) , (5.12)
7?/[h.s] i [hs] [hs] [hs] . [hs] [hs] [hs] X . [hs] [hs] [hs]
N (T3ayg ,ayy Ay, g s Gy ey Gy 5 G Ay - e Ay
where
/ 2 hs
[hs] . [hs] [hs] [hs] . [hs] [hs] [hs] . . [hs] [hs] [hs] ! 1 - t ¢jn[ ](t)
Rj (xaalovall7'”7a1n7a207a217"'7a2n7“'7aN07aN17"'7aNn> = (t—ZL‘)2 dt
-1

N 1
- / VI=2k (@, 007 M @)de - g/ (@), j=1,2,... . N,
i=1 7 ~1
(5.13)

is assumed to be orthogonal to the vector space £ = span{e, (x)}}_,, which is of finite dimension. There-

fore, we have

[Rs] [Rs] [Rs] [Rs] [Rs] [hs] [Rs] [Rs] [hs] [Rs]
<RJ (513’,&10,(111,,aln,QQO,azl,,azn,7(1N0,aN1,,aNn),ek(x)>L2:O, (5.14)

Yk=0,1,....n, Yj=12,...,N,

where (-, )2 represents the inner product in L?[—1, 1] space. To solve the singular integrals appeared on
the right hand side of equation (5.13)), we use the Hadamard finite-part integral formulas (see equation (35)
in reference [61]). Finally, the system of integral equations results into a system of N X (n + 1) linear
algebraic equations in NV X (n + 1) unknowns which can be solved easily. The explicit expression for the

system of linear algebraic equations is as follows:

z)

:/‘ﬂﬂmq@ma r=01,2,...,n, j=1,2,3,...,N
-1

q=0 i=1

n . 1 1 1 —¢2 t n Y 1 1 s s
Sy [ f P P30 [ R 0l e
g ) — -1J-1
1

J



5.2. Numerical method 58

In order to write the above system (5.15)) in matrix form, we define

ey = €g(t)ey(x), ¢=0,1,2,...,n, r=0,1,2,....,n

it =" e, G=1,2,3,.. N, r=0,1,23,....n,

and

( 1 1
/1 /1 (— \/Wk[jw (I,t)éw)dtdx, i # 7,

o-Lhs] o

s Car

\/1—752 .
/(7[ oy /\/1—7:2/# (z, t))eqrdtdx i=j, i, j=1,23 .. N.
\J -1 _17

Therefore, the matrix form of system (5.13)) is given by

T

-Lhs] [hs] [hs] [hs]
K ®F vec A =wvecG (5.15)
where
- [hs] - [hs] - [hs] [hs] [hs] [hs]
Ku K12 e 1N 10 11 e in
O~ hs] O-[hs] O-hs] [hs] [hs] [hs]
p-lhs] K21 Kzz T KQN G[hS] . 20 21 o Jon
= A P - )
- [hs] - [hs] - hs] [hs] [hs] [hs]
KNl KNZ e KNN NO N1 e Nn
~ ~ ~ [Rs] [hs] [Rs]
€ €01 --- €y, 10 1 c. aln
é é é a/[hs] [hs] a[hs]
[hs] 10 11 1n [hs] 20 21 T 2n
E" =1 A =
é é é [Rs] [hs] a[hs]
n0 nl nn NO N1 e Nn

In equation li , vec A and vec G are vectors [47] of order N x (n + 1) which are defined as

A[lhs] G[lhs]
vee A™ = A%hS] , vec G - G%}LS] , (5.16)
AE\F;s] st]
where Ai_hs], Gi_hs], j = 1,2,..., N, denote the j* column of matrices A" and g™ respectively. The

equation (5.15)) can be further written as

O Sl (5.17)
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[hs] [hs]

where D™ = K ®Ehs] C[m — vec A", B

[47] of matrices K" and E™" . This linear system ([5.17) can be solved easily.

= vee G and symbol ® denotes the kronecker

5.3 Error analysis

In this section, we initiate the error analysis by defining suitable function spaces which are essential
for deriving error bound of error and showing the convergence of sequence of the approximate solutions
of system (5.1). We further show the well-posedness of system of linear algebraic equations obtained as
a result of approximation of system (5.1)). Finally, we prove that under certain condition, the approximate
solution of (]SLJ'[) is an exact solution. Further, it should be noted that the elements of the function space

hs
[hs] . .
[/12V and MN are in vectorial form.

5.3.1 Function spaces

) [hs]
The function space LJQV can be defined as

L7 = {u(@) = (@), ua(e), oo un (@) wy(a) € =11 j = L2 N} (518)

which is a Hilbert space with respect to the norm Il - | e

[hs]
Il w= NZHu HLz, for u(z) € L7, (5.19)
j=1

generated by the inner product ( )) L?v

[hs]

N
Zu v,) 2, foru(z),v(z) € L* (5.20)

where L*[—1,1] = {u, : [-1,1] = C: f_lluj(x)uj (r)dx < 00,j =1,2,..., N} is a Hilbert Space of all
complex valued functions which are Lebesgue square-integrable in the interval [—1, 1] with respect to the

norm || - [|7.
1 5 \ /2 9
|l = (f_l lu, ()| d:);) foru,(x) € L%, j=1,2,...,N, (5.21)
induced by the inner product
(u,,0,) 2 = [1,(u,(x)v,(x))dz, foru,(z), v,(x) € L% j=1,2,...,N. (5.22)
Now we consider the set of functions

[hs]

N oo
hs] 1 s
M = {u(x) e L} NE N (@ g e P < 0o}, (5.23)
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where
[hs]
u(z) = (u, (z),u,(2)(2), ..., uy(2)" € L ' , foru,(z) € L?, j=1,2,...,N, (5.24)
and .
=318 e e ol (5.25)
=0

The set M][Vhs] is a subspace of L3, which is a Hilbert space with respect to the norm || - ||

Mx”]
B
[ |2 = ZHU 2 ey, foru(z) € M, (5.26)
N
induced by inner product (-, ) in
N
1 N
hs
(u, M[hs] = NZ 5 U;) sl foru(w), v(r) € MJ[V ], (5.27)

where M is a subspace of L2[—1,1] and can be define in a similar manner as in [44} 98]

= {u,(x) € L* Y (dy")?|(u;,e,) .]* < o0}, (5.28)

k=0

h.s]

In the above equation each e, (¢) is a polynomial of degree k and [, is same as defined in equation (5.25).

This subspace M is a Hilbert space with respect to the norm || - [ gt
S [hs]
H uj HL[hS]: Z(dkh ) |< €k>L2‘27 for UJ(LE) € Mh ) (529)
k=0
induced by inner product (-, -)  in
(U, ;) n = Z(dﬁ:s]) (u;,e.)2(v;,€.) ., foru (z), v,(z) € M (5.30)
k=0

5.3.2 Convergence analysis

In this subsection, we show that the sequence of approximate solutions of system (5.1)) converges to
the exact solution in L3, space. With the aid of Hadamard finite-part integral formula (see equation (35) in

reference [61]), we obtain a polynomial
hs|

e, ()= ¢"e (), (5.31)
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where the coefficients ¢;"" = (5"

er(x)
l

eei)rz, ¢ = 0,1,2,....k, k = 0,1,2,...,n. If we define

[ns]

v, () =

that is, if ¢, hs) ¢ M™ | then we have

, then || vy ||p= 1, these {v}ihs] > o form complete orthonormal basis for the space B,

wj [hs Z w [hs [hs e U][:w] (CL’) (5.32)
k=0

. . s s [s] .
Using equation (5.31), we extend the operator st Ml[vh ' lev as a bounded linear operator

s R s s [hs]
$" " () = (59, M @), $" P (@), S M @) e 22 (533)
where
00 k
S[hs [hS] Z w'[}w] LZZ hS] € €, Lzei(x) EL2[_1’1]7 3207177]\[ (534)
k=0 =0
Since we have
[hs S S S y
15" el )12, = Zz? Pole) P = |2 g, forj=1,2,..., N, (5.35)
therefore, the norm of bounded linear operator s"™ is
Is™ ||=1. (5.36)

[hs]
N

. [hs) g lhsl . ... . . [hsly_1 |
Also, the mapping S — L7, is bijective. Using Theorem I.1.1} the inverse operator (STt

[hs hs . .
LJQV — M][V " exists as a bounded linear operator and defined as

(") 1" () = <(5[hs])_11/11[h5](x), (S" N1 (), (S™ 1¢N[h51(x)>T,
where 0o [hs]
(8™, i) = 30 S e () (5:37)
k=0 F

Therefore, we obtain the norm for the bounded linear operator (SM )~!as
[hs]
Is™)™ = 1. (5.38)

Now we assume that /1 — ¢2 k: (x, t), 7,i=0,1,2,..., N, are Lebesgue square-integrable functions of
xandt
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1 1
/ / V1= 22 /cZ?S] (z,1)?dtdz < oo, (5.39)

M L2 1s a compact operator. Further, with the help of suitable
[hs]

and therefore, the operator K" . M,

spaces defined in subsection [5.3.1} reconsider the operator equation ([5.5) from MJ[VhS] to [/12V

[hs] [hs] [hs] hs) [hs] g [hs] [hs]

(z) € M

N

" —K"" (z) = ¢"(2), ¢"(x) € L? (5.40)

) w

We also assume that the operator (S[hs] — KM) has a bounded inverse and hence, the system 1} has a

unique solution.

We now show the convergence of sequence of approximate solutions ¢* «[hs] (x) to the exact solution

[hs] g [l
Y (x) with respect to LN norm.

From the equation (5.14), we have

[hs] [hs] [hs]

Qn (8™ =K )M (z) — ¢ (2)) =0, (5.41)

hs]

[hs] . . . [ [hs]
where Q™" is an orthogonal projection from L2 to L?
N N N

[Rs]

Q""" (@) = (@, M (), Q,

[hs] [Rs]

G @), Qn b P ()T (5.42)

such that Qn[hs] is the orthogonal projection onto the finite dimensional vector space F = span{e,(x)},

and defined as

M 9 () = En:wj ] e )26, (). (5.43)

k=0

@n

Since the function w*[hs (x) defined in equation |b is a polynomial therefore with the aid of equation
li the function S P* hs](2) is also a polynomial.

Hence, by the definition of QZ el , we have

QS el () = §™ gl (), (5.44)

Now using the equation (5.44) in equation (5.4T)), we get

[hs] n [ha] [hs] hs)

S (x) - Q1 () = Mg (). (5.45)

Since the operator S™ has a bounded inverse and the operator K™ is compact, it is easy to see that for all

[hs Qn [hs]

n > ng, (S K" ) ! exists as a bounded linear operator [43]]. Hence, the equation (5.45) has a
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unique solution which is given by

[hs] he]

el (e) = (8" — QK" M " (). (5.46)

Now using equations (5.40) and (5.43)), for all n > ny we have

[hs] [hs]  [hs]

@)= @) = - @n K (6 @) - @i g @)K @) - K @),

Applying norm on both the sides of equation (5.47) with respect to M][VM} space, we obtain

[hs] «|hs [hs] n[hs] [hs]\ _ [hs] n [hs] [hs
[ =t < 1 (877 = QLK) g™ —Qn \L2 [hs)
[hs n [hs] [hs [hs] n [hs] [h.s
+ (S — Q% )HITK p(z) — Q% (@) ||, ma . (548)
N
Also, it is noticed that if (x) € M 1[\? J , we have the following relation
S [hs] S
" — gt n PR VR (5.49)

Using the above relation defined in equation (5.49), the equation (5.48) becomes

[hs] [hs] [hs] [hs] [hs

—Qr K
[hs] _Qn [h

— Iz pa <11 (8

+11(S

[hs]
I g™ - ||L2 "

K™~ (®"™ - @Ky

[hs] [hs]

[hs] - (5.50)

Ly
Due to the assumption given in equation (5.39), the operator K" is an Hilbert-Schmidt operator
[43]. Therefore, we obtain | K™ — o [hs]
Qn

N
oo. Now using equation (5.3), we define

K | ., ma— Oasn — oo. Also, we have || g[hs] _
Iy

[hs hs)

‘LQ ne— 0 as n — oo. Thus, from equation (5.50), we get || """ — YP* [hs} HL2 s —> 0asn —
N

[hs

(2) = V1 — 22" (), (5.51)

[hs] s S S
where o () = (0, (), p,(x),. .., 0,0 @), (5.52)

and the function w[hs] (x) is same as defined in equation li Similarly, we define
) = V1= a2y M(a), (5.53)

where
[hs]

(z) ~ ¢ "l (2) = (o Pl(), 1 (), .. 00 V@), (5.54)
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and the function )" (hs] s already defined in equation lb Now with the help of equations (5.51]) and
(5.53) we have

[Rs] % [hs
I =gt

n

[hs]SH V1— 22 HL2 [hs]
N

il e (5.55)
N

L2

Also, the above equation (5.55) and the fact that || " — (0 s )| ma— Oasn — oo proves that

N
mss— 0 asn — oo. Hence, the convergence of sequence of approximate solutions of

L

[hs] s
o™ =™,

system (5.1)) is shown
Moreover, using equations (5.50) and (5.53]), we obtain

* [hs] ’I’L }L.s s
Lo —@h I, ma <l VI=22 ||, wall (87 — QK" | 41, (5.56)
N N
MMVWﬂ:w[“—Q”S“HBWV+H®M—Qﬁ%@%w“mym.mmmmnaw,
N
the operator (S" -Q" "TK")=1 is bounded, || VT — 22 I, m1= 1.1547 and the sum of norms < |
N
e o [hs] e ’LQ | (K[hs] Q [hs] hS]) e HL2 [hs] ) appearing on right hand side of equation

@ is converging to 0asn — oo. Therefore, the right hand side of equation (5.56) will be a finite real
number and hence, it will be the error bound for the error || ¢ — ] HL2 [hs] -

5.3.3 Problem is well-posed

In this subsection, we show that the well-posedness of system of linear algebraic equations (5.43))

obtained as a result of approximation of system (5.1.

h.s]

With reference to subsection [5.3.2} the inverse operator (S"” — Q""" K"”)~! exists which implies that

the solution to the system (5.45)) exists. Now we prove the uniqueness of solution of system (5.45) by the
principle of contradiction. If possible, let w, and w, be the two distinct solutions of system (5.45]). Now

since wy (x) and wy(x) both are its solution, therefore we have

[hs] hs] [hs] [hs]

s"w, (z) — Q2 w,(z) = Q2" g" (), (5.57)

" w, () — Q2" K w, (x) = Q" " g" (@), (5.58)
From equations and (5.58)), we obtain

(8" = QK" (w, (2) = w,(2)) = 0,] | < 1. (5.59)

[hs]

Applying the operator ( -Qn K" )~! on both sides of equation (5.59), we get

w, (x) = w,(z),| z|< 1. (5.60)
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The above equation (5.60) proves the uniqueness of the solution of system (5.45). Also, the in-
[hs]

verse operator (S[hs] - Q K[hs])_l exists as a bounded linear operator which means that the operator

(S[hs] —Qr [hs]
N
the solution. Hence, the boundness of the operator (S[h — Q” el )~! confirms the stability [66] of the

K" )~! is continuous. Therefore, a small change in the given data reflects a small change in

problem. Hence, the problem (5.43) is a well-posed problem.

5.3.4 Solvability of system of linear algebraic equations

In this subsection, we show the linear system || is solvable (i.e. inverse of the matrix B exists). In

order to show the solvability of system, we define the vector space as

N x(n+1) [hs] [hs] [hs] [hs]

= fvec " =@, 6", .q, " " e, j=1,2,... N}, (5.61)

[hs] J

where C"*! is a complex vector space [67] having (n + 1)-tuple of complex numbers as its vectors,

[hs] . . . [hs] [hs] [hs] [hs] .
vec G is same as defined in equation (5.16) and G, = ((g; ,€,)r2,(g; ,€,)r2,-- -5 (g e, )e2) 5=
1,2,...,N.

We define another vector space ZE{}S] as
hs [hs] (hs] _[hs] (hsl\p . _[hs] .
2 = {27 = (2,2, ey ) €E j=12,...,N},, (5.62)
where E = span{e,(z)}™_,. Now consider the operator B,"" : X{Nh;(nﬂ) — 7l ag
P (vee "y = (RGBS 6, L R G T (5.63)
such that B,"" : C"*! = Eisa prolongation operator [45] and defined as
[hs] [hs] - [hs]
PG =Y (g, e he (@) €E, j=0,1,...,N. (5.64)
=0
We take the orthogonal projection of function g[hs] (v) € L%
n[hs [Rs] [Rs] hs] [Rs] [hs hs] hs]

such that Q,"" is the orthogonal projection onto the finite dimensional vector space E = span{e, (z)}™,

and defined as

09 (@) =3 Mg, e e (@) (360

k=0
Using equation (5.64) and the above equation (5.66), we obtain

[hs]  [Rs] [hs] [Rs]

G"™ j=1,2,... N. (5.67)

J

Qn (;L'):Pn

J
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From equations (5.63)), (5.63)) and (5.67), we have

hs) he] [hs]

nl n [hs]
Qy (z) = P2 (vee G, (5.68)
We now define operator R’ s ZECLS] —y CN(n+1) 4
Rz[hs]w [hs] __ (R he]w hs]’Rn[hS]d};‘n[h‘g] R hg]w* [hS) (5.69)

such that Rn[hs] : E — C"! is a restriction operator [43]] which is as follows:

hs]

wr = (g ey e, (0 e ) e, (0 M ey o) e €Y (5.70)

J J

where w* I'is same as defined in equation (5.10). Further, on applying the orthogonal property of Legen-

dre polynomials in equation (5.11)), we get

— e = 0,1, m, = 1,2, N, (5.71)

Using the above equation (5.71), the value of A;hs] (' column of matrix A™) is

[hs]

Aj = (W* [hs}aeo>L27<w%n[h8]761>L27"'7<w%n[h8]7en>L2)T7 J= 1727"'7N' (572)

n J J

From equations (5.70) and (5.72), we obtain

[hs]

vee A" = R yrlhel (5.73)

where vec A" and R o (0 [hs] are defined in equations (5.16) and (5.69)) respectively.
[s]

Since the solution w: of system (|5.45)) exist uniquely which is already proved in subsection m
Therefore, from equation , the solution vec A" of system 7)) also exists uniquely.

Now substituting the value of * <] from equatlon in system (| -i we obtain

vee A[hs] _ Rz [hs] (S[hs] . QZ[hS]K[hS ) 1@” [hs] hs]( ) (5.74)
On using equations (5.68) and (5.74), we get
vee A" = RY [hs]( e Q" - [hs])’lpj’j[hs] (vec G[hs]). (5.75)
The above equation ((5.75)) can be rewritten as
A [hs] . n [Rs] [hs n [hs] [hs] 1 n[hs] ~
¢ =R(S -Q) ) PR (5.76)
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From equation (5.76), we can say that the unique solution C""" of the system D"'C"" = E"” defined in

[::(nﬂ). Hence, the matrix D" is invertible [119].

equation (5.17) exists for every given E™ e X

Theorem 5.3.1. Consider the system of hypersingular integral equations

[hs] [hs]y | [hs] [hs]

S =K ) (2) = f (2), |2 < 1, (5.77)

where the operators S and K" are defined in equation . In the system (5.77)) if k[:] (x,t), Vj,1 =
1,2,..., N, are polynomial functions in x, t and £ (x) = (f[hs] (x), f;hs] (x),..., I[Vhs](x))T is such that

1

each f]_[hs] (x) is a polynomial of degree v;, j = 1,2,...,N. Then the approximate solution of equation
is an exact solution if we approximate each unknown function 1, [hs] (x), 5 = 1,2,--- /N, as in
equation by the orthonormalized Legendre polynomials of degree n = max{r,,r,,...,r,} and if
the degree of polynomial K}[T] (G [hs] () <n,¥j,i=1,2,...,N.

Proof. The residual error for system (5.77) is defined as

[hs] [hs]

™ =Kyl (@) — £ (@), (5.78)

where the function ¢* [hs] (x) is same as defined in equation 1} Using equation li , We obtain

[Rs] [hs]

Qz[hs]((S[hs] _K ) ¢:[hs] (x) . f ([L’)) = 0. (579)

From equations (5.77)) and (5.79)), we obtain

[Rs] _ [Rs] [hs] hs) hs] [hs] hs] .[hs]

" = K" (@) - @2 "™ K"y wr(a)) = £ (@) - Q)

(@), (5.80)

since the function ¢* [hs] (x) is a polynomial therefore with the help of Hadamard finite-part integral formulas
(see equation (35) in reference [61]]), the function S Y* hs}(1) will be a polynomial.

Also, the functions kz_”](x, t),Vj,i =1,2,..., N and ¢ hs} (1) are polynomial, therefore the prod-
uct kzl] (z, )7, hsl(2) will be a polynomial. Hence, K" p* hsl(2) is also a polynomial. Applying the

definition of operator ()", "I as defined in equation (5.42)), we obtain

n sl qlhs) [hsl\ |« [hs [hs] hsly s [hs
Q" —K )y () = (87 - Ky M), (5.81)
Since the function f(x) is also a polynomial, therefore we have
n hs] plhs] [hs]
Q@) = £ ). (5.82)
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Therefore, using equations (5.81)) and (5.82), equation (5.80) becomes

hs] [Rs] [Rs]

" — K" @" (2) — v (2)) = 0. (5.83)

Since the operator (S"” — K"”)~1 exists, equation (5.83) becomes
(hs] * |hs
" (@) — (@) = 0. (5.84)

Therefore, the approximate solution is same as the exact solution. U

5.4 Application

In this section, we show an application of the proposed method for the solution of some hypersingular
integral equations on two-dimensional curves in the complex plane. This kind of hypersingluar integral
equation occurs quite naturally in crack problems in the field of fracture mechanics [[19} [21] where the two
dimensional curves are representing the shape of various cracks existing in the given material. Now we

consider the following hypersingular integral equation

v(y) Chs) s
i(y_z)zdy—h( ), z€T, (5.85)

N
where the integral is understood in the sense of HFP and is considered over the curve I' = | J I'; where each

I'; denotes smooth simple arc in the complex plane with no common points and each is dffinite length. In
the equation (5.83), the functions /(z) and v(y) are complex valued known and unknown functions defined
on the curve I respectively. We further use the notations v;(z) and h;(z) if z € T';, 7 = 1,2,..., N. Now
we rewrite the equation (5.85)) as

dy =hj(z), z€Ty, j=1,2,...,N. (5.86)

On introducing the parametrization A; for each arc I';
Fj y:AJ(t>, |t| <1, 5= 1,2,..., N,

the equation (5.86)) becomes
N
POAu(A®)
;7[_1 (Aa(t) — A, sdt = h;(Aj(x)), |of <1 (5.87)

On rewriting the last equation in a simpliﬁed form as

[hs
P; hs] _ Ihsl
7[ " dt+§ / (tydt =g (x), |z| <1, (5.88)
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where for 5,7 =1,2,..., N,

~

(AJ;(J"’ t) — Aj(x’ l‘))

3 j:Z,
hs A x’x — 2

Y

“_WN? A(E) # Ay (@),

) = R - A

J

If the function ¢ (z) = (gih’s] (1), g;hs] (2),..., gl[:s] ()T satisfies the condition || ¢"* — Qz[hs] " 2=

0asn — oo and kz[j] (x,t) satisfy the assumption (5.39)), then the system of HSIEs obtain from equation
(5.88) for j = 1,2,..., N, can be solved using the method proposed in Section 5.2}

5.5 Illustrative numerical examples

In this section, our aim is to validate the theoretical results derived in Section[5.3| with the help of test
examples.

Example 5.1 Let us consider the hypersingular system of integral equations

1 [hs] 1Ly ), [hsl(y 1l [hsl (¢
7[991 (t)dt—i—/ (3 + )y ()dt+/ G+ 2)es ()dt:gl(x),|m\<la

1 (t—x2)? 1 16 1 9
Patae™o L feM G- e
3 ! dt 7[ 2 dt / 4 2 dt = , 1, 5.89

where

(2) ( 2w — 4aT 4 78 9z 1752t N 93 N 1922 6049z 52169
T) =T\ — L2 — 44X _ — — _ — _
9 9 2 36 4 24 T 9216 73728

+ z( 98— ge7 - 292 + 32° — 50t 2’ 1012® 2387z N 18749>>

18 6 2 48 1536 73728/ )’
[hs] 2728 725 . 125z , 7922 6085 4003
% (x)zﬂ<_ 1 Ty T T Ty AT e T 5109 55296

4 1 "6 T w0 32 T 20480 28672

+,( 928 7+7x6 69z° bzt 21323 9322 10071z 13677))
l .

The exact solution of above problem is given by
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2 7 8 3 6
[hs] T 2x 8 T 4zt =z
— Vi1 T =i L
v, (2) x +2+4+x+x+2—|—9+221+x+x+4+9+2+x
N 2x8>)
9 Y
6 3.8 27 8

[hs] — 1 oz 2 T )
o, (v) x3+2+6+x+x+4+4+2 +4+l’+5+l‘—|—4+2

First we apply the proposed numerical method described in Section [5.2]to the system (5.89) having N = 2

coupled hypersingular equations, we obtain a sequence of approximated vector functions

* [hs] * [hs] . * [hs]
1) = ( o 19)(x) ) ( Re[p* Vl(z)] + iIm[p* " (2)] > n=1,2,....8

o3, (@) Rely;, V")) + il m[g, ") ()]

with N = 2 components, where n is the degree of a Legendre polynomial used for approximation. Further,

we will show that the above sequence of vector functions gofl[hs] (x) converges to the exact solution

() — ( e, () ) _ < Rel,” (@)) + il mlp,” (x) )
e, (@) Rel}" (@) + ilmlg} " (@)] )

of system (5.89) by showing each ¢~ Vw](m) converges to goi_hﬂ (x) respectively, ; = 1,2. Since each

@ [hs] (x) is a complex valued function of a real variable x, therefore the sequence 7 [hs] (x) is conver-

gent to go[hs]( ) if and only if the sequence of its corresponding real part Re[*, hsl(2)] — Re [(,05”] (x)] and
imaginary part Im[¢} hsl(z)] — 1 m[apihs] (x)], 7 =1, 2. The above can be summarized as follows:

Asn — oo, we get

[ (0 () { e, @) - fele!

(5.90)

* s s]
o1 (@) = 0, (2) = {

\

We computed the actual error || — [hS] |

2 ns) and the corresponding theoretical error bound by us-
ing equation (5.56) for different values of n and the details are shown in Table [5.1] for Example 5.1. The

actual error can never exceed the error bound and this fact is validated in Table @ Further, theoretically

we proved in equation (5.56) that ||o"" — ©* [hS}HL2 ms — 0 as n — oo and the same is observed in
N

Table The comparison of real and imaginary part of the exact solution of ¢, [**!(2) with correspond-

ing real and imaginary part of approximate solution ¢} [hs] (x) forn = 0,1,2,...,8, is shown in Figures
5.1(a), 5.1(b). Similarly, Figures 5.1(c), 5.1(d) show the comparison of real and imaginary part of the ex-
act solution of ¢, "*l(x) with corresponding real and imaginary part of approximate solution oy [s] (x) for
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n=0,1,2,...,8. Further, for each component ¢, [hs] (x),j = 1,2, it can be seen in all the Figures 5.1(a),
5.1(b), 5.1(c), 5.1(d) that as the value of n increases from 0 to 7, the real and imaginary part of approximate
solutions are getting closer to the respective real and imaginary part of exact solution. And, as soon as the
value of n becomes 8, the approximate solution overlaps the exact solution. Hence, due to the fact men-

tioned in equation 1| , Figure shows that the sequence of approximate solutions * [hs] (x) converges

to the exact solution " ().

Table 5.1: The actual error and theoretical error bound for various values of n for Example 5.1

Degree of Actual error Error bound for

Legendre polynomial HQP[hS] - [}LS}HLfv (hs] ||<,0[h51 - [hs]HL?V[hs]
n=1 1.21590 17.96830
n=2 0.67989 13.32240
n=3 0.26737 6.62679
n=4 0.14942 4.20855
n=> 0.03684 1.24737
n==06 0.01028 0.39426
n=71 0.00393 0.16759
n==~8 0 0

Table 5.2: The theoretical error bound for various values of n for Example 5.2

Degree of Legendre polynomial ~ Error bound for || — * "] [y

N
n=1 8.09776
n=2 5.38558
n=3 1.82725
n=4 0.25418
n=> 0.23657
n==06 0.08312
n="1 0.01463
n==~8 0.00292
n=9 0.00148

Example 5.2 Consider the following hypersingular integral equation over the curve

7€ (yvfyiydy =icos(iz), z € I, (5.91)
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where I' = I'; | J Iy such that 'y and I'y are two disjoint parabolas with the following parameterizations:

Dyiy = A(t)=t+i(t*—1), [t| <1,

1 i(t*—1

On following the procedure discussed in Section[5.4] we obtain the following system of HSIEs:

! ®, [Fs] (t) ! [hs] [hs] ! [hs] [hs] [hs]
dt [ Ko 0d+ [ K@ e Mo = o),
— —1

p (T —x)? -1
1 1 [hs] 1
[hs] s %) (t) [hs] s [hs]
/1 k, (), (¢)dt —1-7[1 (t2— x)th - /1 k,, (z, e, )t = gy (2), (5.92)
where
[hs] 1
lf Z, t = B )
w (@ 0) 1 — a2 =2zt — 12 +i(2x + 2t)
1 Y t xt
CR R Ralt R .
P12
1 xt Yy t
Wiy - BBt )
b21
[hs] 1
k €, t) = . )
2 ( ) 25 — 12 —2xt—t2+z(10x+ 10t)
[hs] _ 89401 | 44922 4wt 191¢2 z2¢2 t4 . 299z 3, 299t  z%t  at? 3
w (@,8) = —g t 55 — _%_30000+ﬁ_90000+2<_ﬁ+2x +m_%_ﬁ+m>7
[hs] _ 89401 191z2 zt xzt | 449t | z2¢? 4 | {299z z3 209t z%t  xt? 3
21 ( ’t> = —350000 — 30000 _ 90000 _ 30 T 150 +ﬁ_t +Z<m+m_ﬁ_ﬁ_%+2t >’

AN @)= (i — 22) cosiz — 2° + 1),

: . : 9
9" () = é (1+ 22?36) cos (% * (1305 )>'
Now we solve the system (5.92)) obtain from equation (5.91)) by using the method described in Section [5.2]
Similar to Example 5.1, we can obtain a sequence of approximate solutions ¢* [hs] (),n=0,1,2,3,.... In
contrast to Example 5.1, the exact solution is not known for Example 5.2. Therefore, we cannot calculate
the actual error which we calculated in Example 5.1. Hence, in order to show the convergence of sequence
of approximate solutions to exact solution, we numerically computed error bound for system (5.92) by using
equation (5.56) and the details are tabulated in Table [5.2] It can be noticed that the error bound decreases

with the increase in value of n which validates ||<,0[hs] — " [hs} ||L2 sy — 0 as n — oo. Figures 5.2(a)
N
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Table 5.3: The theoretical error bound for various values of n for Example 5.3

Degree of Legendre polynomial  Error bound for [|¢" — ©* [hs] HL2 [hs]

n= 4.17322
n= 1.89030
n 0.73065
n 0.24891
n 0.07662
n 0.02166
n= 0.00569
n = 0.00140
n= 0.00033
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Figure 5.1: Comparison of exact solution with approximate solutions of Example 5.1
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and 5.2(b) show the comparison of Re[p?} hsl ()] and I m[p?, ()] respectively forn = 0,1,2,...,9. Sim-

ilarly, Figures 5.2(c) and 5.2(d) show the comparison of Re[y

x [hs]
2n

(z)] and Im[p} hsl(2)] respectively

n =0,1,2,...,9. Further, it is noticed that the approximate solutions are coming closer to each other as

the value of n increases.
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Figure 5.2: Comparison of approximate solutions for different values of n in case of Example 5.2

Example 5.3 Consider the following hypersingular integral equation over the curve:

f%dy = e %)z eT.
r(y—=2)

(5.93)

Let us assume that I' = I’y | JT's | I's, where I'y, 'y and I's are disjoint arcs and have the following param-

eterizations:

2

1/t
Al 1t e [—1,1] —>A1(t) = 1—8<—+Zt> € Fl,

2

2

t 3
AgtG[—l,l]—>A2(t):t—l—z<———> EFQ,
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27
AgItE [—1,1]—>A3()—t+l<12+§> el's.

Following the procedure discussed in Section [5.4] we obtain the following system of HSIEs:

ARI0) Y e h Y in [ b h [he]
7[ WJF/ ki (2,0, S](t)d“r/ kyy (2,0, )dH/ by (@00, (0)dt = g, (2),
_ -1

p (t—2) -1

U ih Ihsl (4 L, thel(t) b U Ihsl 4 [hs]
1k21 (z,t)p, " (t)dt + = x)QdH 1k22 (z,t)pa(t)dt + 1’623 (z,t)p " (t)dt = g, (),
(5.94)

g s b Ihs) b hs) () s

-1 -1
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First we apply the proposed numerical method described in Section [5.2]to the system (5.94)) having N = 3
coupled hypersingular equations to obtain a sequence of approximated vector functions ¢* [hs] () which we

need to show that it converges to the exact solution go[hs] (x), that is, as n — oo, we have

(

ot Bol(z) — (7)) = {

[hs]

el (z) = 0" (1) = { o Ml(2) = p,)(2) = {

ox M) — o, ol(z) = {

\

where o (x) Re[gpi‘n[h‘ﬂ(:p) + ilm[cp*n [hs}(x)]
@) = | o @) | = | Re[: ")+ ilmlp: ")) |, n=0,1,2,3,...,
(z) Relp: V(x) + ilm[gz )(2)]

3n

h 0,1 (2) Relp,")(2)] + iIm[ip, "] ()]
o"@) = | @) | = | Relp,(@)] + ilmlp, ") (2)]
0,11 (2) Relp,™(2)] + iIm[p, 1"l (x)]

In contrast to Example 5.1 and Example 5.2, here we consider the resultant system (5.94) with N = 3
hypersingular coupled equations. Similar to Example 5.2, we calculated the error bound by using equa-
tion (5.56) and tabulated the details in Table [5.3] It can be observed from Table [5.3] that as the value of n

. . . . hs
increases, the error bound decreases which further implies || — * ]| Lo ) = 0asn — oo. The com-

N
parison of Re[p* [hs] (z)], Im[p? [hs] (7)], Re(p} [hs] (2)), Im[p? [hs] (x)], Re|pt [hs] (x)] and Im[gp; [hs] ()]

3n

is shown in Figures 5.3(a), 5.3(b), 5.3(c), 5.3(d), 5.3(e) and 5.3(f) respectively forn = 0,1,2,...,9. Also,

it is observed that as the value of n increases the approximate solutions are getting closer to each other.
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Figure 5.3: Comparison of approximate solutions for different values of n in case of Example 5.3

Conclusion

The Legendre polynomials based numerical method has been proposed to find an approximate solution

for the system of hypersingular integral equations of first kind. The proposed method reduces system of
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HSIEs to a system of linear algebraic equations for which the well-posedness conditions are proved in the
sense of Hadamard. The theoretically error bound is derived and convergence of sequence of approximate
solutions is proved. The error bound has been calculated numerically and convergence is shown for all the
test examples considered. The specific conditions under which proposed method provides exact solution are
also shown. Finally, the application of the proposed method is shown by finding the approximate solution

of hypersingular integral equation over a two-dimensional curve in complex plane.



Chapter 6

Conclusion and future work

Now we summarize the work presented in this thesis and will address some future possibilities in the

field of singular integral equations.

6.1 Conclusion
In this thesis, we have addressed two kinds of singular integral equations, they are Cauchy singular

integral equations and hypersingular integral equations. In Chapter 1, we have given the background
and the importance of singular integral equations in various areas which motivate us to do research on these
equations. We have also stated some basic definitions and theorems which we have used to obtain theoretical
results such as convergence analysis, well-posedness and error analysis of the proposed method. In Chapter
2, we have found the approximate solution for Cauchy singular integral equations over the finite interval
[—1,1] as well as over the half-line by residual based Galerkin’s method. An application of the proposed
method is also shown in this chapter by solving an antiplane shear crack problem. After this, in Chapter 3,
the same method is applied to find the approximate solution for system of Cauchy singular integral equations
of first kind. The error bound is obtained and the convergence of sequence of approximate solutions for
CSIEs as well as their system is also shown in their respective chapters. We have proposed a residual
based Galerkin’s method to find the approximate solution of hypersingular integral equations in Chapter
4. The well-posedness for the system of linear algebraic equations which is obtained after applying the
proposed method to the HSIEs, is shown. The convergence of sequence of approximate solutions is proved
and the error bound is derived. In Chapter 5, we solve the system of HSIEs with the aid of residual based
Galerkin’s method. The application of the method is also shown by decomposing a hypersingular integral
equation over the curve in a complex plane into a system of HSIEs. The well-posedness for the system
of linear algebraic equations and convergence of sequence of approximate solutions, are shown. The error
bound is also obtained. In all chapters, the validation of derived theoretical results is shown with the aid of

various numerical examples.

6.2 Future work

There are some fair possibilities to carry forward the research work presented in this thesis in the

following directions:
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e In our research, we have proposed residual Galerkin’s method to find the approximate solution for
system of Cauchy singular integral equations having each equation of index zero. The same method
can be proposed to solve the system of Cauchy singular integral equations of different indices such as
for index -1, 1 or mixed kind. Further, proving the convergence of sequence of approximate solutions

of system of CSIEs of different indices would be an interesting as well as a challenging future task.

o In this thesis, we have used our proposed method to find the approximate solution for system of CSIEs
and HSIEs over the finite interval. This work can be extended by proposing the residual Galerkin’s
method to find the approximate solution for system of CSIEs as well as for system of HSIEs over the

half-line or even over the plane.

e Further, obtaining the error bound, proving the convergence of sequence of approximate solutions for
system of CSIEs and for system of HSIEs over the half-line or even over the plane would be a very

interesting problem to be consider as a future work.
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