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PREFACE

This book is a revision and enlargement of the Principles of
Electrical Measurements, and is written for those who have
passcd one year of college physics and desire further knowledge
regarding clectrical and magnetic matters. It can be used as a
guide in laboratory work, but it is more than a laboratory man-
ual. The principles involved are amply treated, and the reader
is led to reason out the relations between the various quantities
rather than to memorize a formula. The student is urged to
learn the facts from his own observations, and direct information
is often replaced by a suggestion as to how the knowledge can be
obtained.

The time bas certainly come when the electron theory of
clectrical phenomena should be presented to all students of
physics and electrical engineering. Regarding the clectron tubes
used in radio communication, for instance, there is no doubt that
the stream of electrons through the tube continues as an electron
current through the connecting wires. This point of view has
been taken throughout the book and electrical currents are con-
sidered as the flow of eclectrons along the circuit. This is in
accordance with the ideas of modern Physics, and it adds a
concreteness to the subject that is especially helpful in the
class room.

The book is arranged on the progressive system. The simpler
and more fundamental parts of the subject are taken up in the
first chapters, and in the first part of each chapter, while the more
difficult measurements and the methods involving more extended
knowledge are reserved until the student has attained greater
proficicncy. For example, Chapter I shows how to measure
current, resistance, electromotive force, and power, by ammeter
and voltmeter methods. For an clementary course in Elec-
trical Measurements nothing could be better than this series of
simple expcriments, well understood. They bring out the
fundamental relations with a minimum of apparatus to confuse
the mind; and they are not out of place at the beginning of a more

extended course that contemplates using the entire book.
v



vi PREFACE

The strict definitions that establish the magnitudes of the
various electrical units are the condensed statements of a very
intimate knowledge of the subject. They are introduced, there-
fore, after the reader has obtained a considerable acquain-
tance with the various clectrical quantities through use and
measurement.

Graphical methods have been introduced freely for the solution
of inductance and capacitance bridges. They are used to
supplement rather than replace the analytical methods, and they
give a clear insight into the relations of the currents and electro-
motive forees in the various circuits. By placing these in a
separate chapter they can be studied cither before or after the
other methods.

The Leeds & Northrup Co., the Weston Electrical Instrument
Co., and the General Radio C'o., have generously furnished mate-
rial for some of the illustrations.

ArtHur WHITMORE SMITI.

UNIvERsITY OF MICHIGAN
July, 1924,
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ELECTRICAL MEASUREMENTS IN
THEORY AND APPLICATION

INTRODUCTION

UNITS AND DEFINITIONS

1. Electrons.—The atoms of all substances are complicated
structures, consisting of electrons and protons. The hydrogen
atom consists of one clectron, which is the smallest electrical
charge (negative) that has cver been found, and a nucleus of one
proton, which likewise is the smallest positive charge that has
been isolated. -The atoms of other elements contain a larger
number of electrons and protons. In certain kinds of atoms some
of the electrons can circulate from atom to atom, while in other
atoms each electron is confined rather closely to its own atom.
A substance composed of atoms of the former kind is an electric
conductor. If the atoms are of the latter kind, the substance is
an insulator.

The electrons in a conductor are moving in every direction.
When, in addition to this motion, there is a drift of the electrons
along the conductor, this is called an “electron current.”

2. Electronic Charge.—When a piece of glassisrubbed with silk
some of the clectrons are removed from the glass and are added
to the silk. Just how this is done is not yet fully understood,
but that does not alter the fact. As water poured upon the
ground tends to return to the ocean, so the electrons tend to
return to their former state of level equilibrium. The reason
they do not do so at once is because it is almost impossible for
them to move through silk or glass, whereas they can move
readily through copper or other metals.

It has long been the custom to call this condition of the glass
“positive” electrification, and the complementary condition
of the silk ‘““negative’ electrification. In accordance with this
established nomenclature, electrons are ‘“negative.”

Since an electron is negative, the addition of an electron to a
neutral body will give it a negative charge. The addition of more

1



2 ELECTRICAL MEASUREMENTS

electrons would increase this negative charge. The natural
unit in which to express the magnitude of any charge would be
the electron, but this is too small. The practical unit is defined
in another way (see Art. 8).

The protons are not readily transferred from one body to
another, and the usual method of obtaining a positive charge on a
body is to remove some of its electrons. The body from which
the electrons are taken will be left with a positive charge.

3. Electron Current.—Bodies in which the electrons can freely
move from one part to another are called “electrical conductors.”
If electrons are added or removed at one point of a conductor
there is a movement of the electrons in the conductor to reestab-
lish equilibrium. This flow of the electrons constitutes an
electron current.

When a plate of zinc is placed in a solution of zinc sulphate
there is a strong tendency for zinc ions to go into solution,
leaving electrons on the zinc plate. On the other hand, when
a copper plate is placed in a copper sulphate solution there is
a great tendency for electrons in the plate to join the copper
ions to form atoms of copper. The direction of these effects
is noted here without stopping to consider why they are so.
When these two arrangements are brought together, as in the
Daniell cell, and the two plates are connected by a wire, the
electrons on the zinc plate flow along the wire to the copper plate,
where they meet the copper that is being deposited. In the
solution positive and negative ions travel between the electrodes.
Thus there is a circulation of electrons through the circuit.

The number of electrons in a copper wire is many times greater
than the number of atoms of copper. These electrons are in
motion within the atoms, and a comparatively small drifting of a
few of these electrons along the copper wire is sufficient to
make an electron current. The wire becomes heated, and the
space surrounding the wire becomes a magnetic field.

4. Electric Current.—The appearance of a magnetic field
around a wire has been known for over a century (since Oersted’s
experiment, 1821) and has been ascribed to an electric current
in the wire. The nature of this current was unknown but a
given direction was assigned to it in accordance with the magnetic
field surrounding it. The current was said to flow in the direc-
tion that a righthanded screw advances when turned in the
positive direction of the magnetic field.



INTRODUCTION 3

It is now known that a current is a drifting of electrons along
the wire, and, since the electrons are negative in sign, they move
in the opposite direction to that formerly assigned to the positive
electric current.

In order to understand the language used in the older books,
it is still useful to retain some of the old terms and to speak some-
times of the positive direction of an clectric current. If the
motion of the electrons is to be indicated, we can speak of
the electron current without any confusion of terms. Since
clectrons are negative, either way of speaking results in the
same meaning.

6. Unit of Current.—In practical measurements the electron
current is measured in international amperes. It is not possible
to preserve a current for a standard, so the unit is defined in terms
of the amount of silver deposited by such a current under carefully
specified conditions.

One international ampere is the amount of current that, flowing
steadily through a solution of silver nitrate in water, will deposit
silver at the rate of 0.00111800 of a gram per second.

This unit of current is used in clectrical measurements, and
ammeters are calibrated to read international amperes. It is
the legal unit of current in the United States and many other
countries. It is intended to be equal to the true ampere! defined
from the c.G.s. unit of current, and it differs from the latter by
only a few parts in 100,000. In all except the most precise
measurements, the two units can be considered identical.?

6. Unit of Resistance.—The amount of current that flows from
a given battery is determined by the resistance of the electric
circuit. The unit of resistance that is used in electrical measure-
ments is the international ohm. Standard ohms can be made and
preserved in the form of mercury columns held in glass tubes.

An international ohm 1is the resistance of a uniform column of
mercury al the temperature of melting ice, 106.300 cm. in length,
and weighing 14.4521 grams.

Coils of wire which have been compared with such mercury
ohms are very useful as secondary standards.

The international ohm is the legal standard of resistance in
the United States and many other countries. It is as near to

1 See Art. 230.

2 One international ampere = 0.9999; (10~! c.¢.s.) ampere. See GLAZE-
BROOK, ‘‘ Dictionary of Physics,” vol. 2, p. 950.
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the value of the ohm! derived from the c.c.s. unit of resistance as
could be determined at the time of the London Conference in
1908. It is now known to be slightly larger,? but the difference
does not affect ordinary measurements,

7. Unit of Electromotive Force.—Using Ohm’s law, an inter-
national volt is equal to the electric difference of potential between
the two terminals of an international ohm when it is carrying one
international ampere.

Comparing this with the E.M.Fr. of a Weston standard cell,
the latter is found to be 1.0183 international volts at 20° C.
Knowing thus the value of its E.M.F., it is often more convenient
to use a Weston cell and a known resistance for the measurement
of a current in international amperes than to set up a silver
voltameter.3

8. International Coulomb.—Unit quantity of electrons, for
practical measurements, is the quantity flowing across a given
cross section of an electric circuit each second when the current
is constant and equal to one international ampere. This quantity
is called one international coulomb.

9. International Watt.—The unit of power is the rate of expen-
diture of energy represented by one international ampere flowing
through a difference of potential of one international volt. This
amount of power is called one international watt.

10. International Joule.—The unit of energy is the international
joule, which is the energy expended each second when the power
is one international watt.

11. Common Usage.—Inasmuch as these international units
are commonly used in most electrical measurements, it is not
necessary to repeat the word ‘‘international” each time, and
when the terms ‘“ampere,” “volt,” “ohm,” ete. are used, it is
to be understood that the name refers to the value defined above,
unless there is a distinct statement to the contrary.

1 See Art. 235.

2 One international ohm = 1.0005; (10° c.¢.8.) ohms. See GLAZEBROOK,
‘“ Dictionary of Physics,” vol. 2, p. 950.

3 Because the international ohm is slightly too large, the international volt
is also too large. One international volt = 1.0004, (108 c.u.8.) volts.



CHAPTER 1
AMMETER AND VOLTMETER METHODS

12, Hot Wire Ammeter.—When an electron current flows
through a wire, one of the most noticeable effects is that the wire
becomes warmed. The direct result of this is an increase in
the length of the wire. It thus becomes possible to measure
the value of the current in terms of the change in length of
such a wire, and some ammeters are constructed on this principle.

13. The Weston Ammeter.—[n addition to heating the wire,
the current produces a magnetic effect in the surrounding
space. This is manifest by its action upon a magnetic needle
near it, or by the force which the wire itself experiences when
in the magnetic field of a magnet or another current. A cur-
rent is not attracted by a magnet, but the wire carrying the
current is urged sidewise across the magnetic flux (lines of force)
near it.! From this it follows that a loop of wire carrying a
current will tend to twrn in a definite direction when it is in a
magnetic field.

In the Weston ammeter the current passes through a coil
of many turns of fine wire wound on a rectangular form. This
coil is mounted on jewcled bearings and can turn in the mag-
netic field between the poles of a strong permanent magnet.
It is held in a definite position by a spiral spring at either end.
When a current is passed through the coil, the wires parallel
to the axis are urged sidewise across the magnetic flux between
the poles of the permancnt magnet, and the coil turns until the
torque of the springs is sufficient to balance the couple due to
the forces between the current and the magnetic field. A
pointer attached to the coil moves over the scale and indicates
the angle turned through; the scale is not graduated in degrees,
but in terms of the current required to produce the deflec-
tion. The scale is thus direct reading and gives the value of
the current in amperes.

1 This effect furnishes the basis for defining the value of unit current
(see Art. 230), and the precise relation between the current and the force

acting upon the wire is fully worked out in Chap. XI.
5
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In ammeters for measuring large currents, a low-resistance
shunt is placed in parallel with the moving coil to allow only
a moderate current through the latter. The scale is then
graduated to read the value of the large total current
through both the coil and its shunt. This arrangement
is entirely similar, in principle, to the voltmeter and shunt
described in Art. 32, the moving coil system acting as a sensitive
voltmeter.

14. The Weston Voltmeter.—The construction of a volt-
meter is the same as an ammeter, except that, instead of having
a shunt in parallel with the moving coil, there is a high resistance
in series with the coil. The current which will then flow through
the instrument depends upon the k.M.¥. applied to the terminals
of this resistance, and the numbers written on the scale are not
the values of the currents in the coil, but are the corresponding
values of the fall of potential over the resistance of the voltmeter.
Therefore, it is sometimes said that a voltmeter is really only a
sensitive ammeter measuring the current through a fixed high
resistance; while an ammeter is really only a sensitive voltmeter
measuring the fall of potential over a low resistance.

16. Laws of Electron Currents—Use of an Ammeter.—The
Weston ammeter is a good and accurate instrument for the
measurement of electron current. It is a very delicate and sen-
sitive instrument and must always be handled with care.
Mechanical shocks or jars will injure the jeweled bearings,
and too large a current through it will wrench the movable
coil and bend the delicate pointer, even if the instrument is
not burned out thereby.

When it is desired to use the ammeter for the measurement
of current it is connected in series with the rest of the circuit,
and therefore the entire current passes through the instrument.
Great care should always be exercised never to allow a larger
current to flow through an ammeter than it is intended to
carry. It is always best to have a key in the circuit and, while
keeping the eye on the needle of the ammeter, tap the key
gently, thus closing it for a fraction of a second only. If the
needle does not move very far, the key can be held down for a
longer time, and if it is then seen that the needle will remain
on the scale, the key can be held down until the needle comes
to rest. Back of the needle is a strip of mirror, and by placing
the eye in such a position that the image of the needle is hidden
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by the needle itself, the error due to parallax in reading the
scale can be avoided.

The scales of these instruments are graduated to read the
current directly in amperes. Sometimes the pointer does not
stand at the zero of the scale when no current is flowing. When
this is the case, the position of rest should be carefully noted
and the observed reading corrected accordingly.

For this exercise join a dry cell, a coil of several ohms resis-
tance, a key, and the ammeter in series, that is, one after the
other to form a single and continuous circuit.

The electrons flow from the negative, or zine, pole of the cell
out into the external circuit. In order vo read properly, the
ammeter should be connected into the circuit so that the electrons

o Y e E e B

1
T e om0
™ A
F1a. 1.—Resistances in series. Fia. 2.—Resistances Ry and R: in
parallel.

will enter it at the post marked -- and leave the ammeter at
the post marked 4. Measure and record the value of the current
at different points along this circuit, to determine whether the
current has the same value throughout its path or whether it is
smaller after passing through the resistances. Next add the
remaining coils to the circuit, keeping them all in series, and note
the value of the current at the same points as before. State in
your own words the effect of adding resistance to the circuit.

Remove one of the coils and connect it in parallel with one
of those still remaining in the circuit, 7.e., so that the current in
the main circuit will divide, a part going through each of the
two coils in parallel. Measure the part of the current through
cach coil; also the main current. Could you have foretold
the value of the latter without measuring it?

This exercise should show that the only thing in common to
coils in series is the value of the current passing through them.
For this reason an ammeter is always joined in series with the
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circuit in which the value of the current is desired. Record
the readings of the ammeter in a neat tabular form similar to
the following:

To MEASURE THE CURRENT ALONG AN ELEcTRIC CIRCUIT

Ammeter Ammeter Point at which
. Current .
zero reading current is measured

16. Difference of Potential, E.M.F., Fall of Potential.—The
difference of potential between two points is that difference in
condition which produces an electron current from one point
to the other as soon as they are connected by a conductor.
Every battery or other electric generator possesses a certain
power of maintaining a difference of potential between its
terminals, and, therefore, a power of driving a continuous current.
This difference of potential produced by a cell or other generator,
and which may be considered as the cause of the current, is
called “electromotive force.” It must be remembered that this
quantity is not a force at all, and, in order to avoid using the
word ““force,” it is commonly called “ E.M.Fr.”

When a current flows through a conductor, there is a difference
of potential between any two points on the conductor. This
difference of potential is greater the further apart the points
are taken, and as the change is gradual, it is usually called a
“fall of potential.” It might also be called a ‘rise of potential,”
since, when following the electron current through a resistance,
one is lead to points that are more strongly + in potential.
It can always be expressed by the formula RI, where R is the
resistance of the conductor, or conductors, under consideration.

This apparent duplication of names may at first appear
unnecessary, but the corresponding ideas are quite distinct and
the correct use of the proper term will add conciseness to one’s
thinking and speaking. Thus we have the £.M.F. of a battery;
the fall of potential along a conductor; and the more general
and broader term, difference of potential, which includes both
of the above asg well as some others for which no special names
are used.



AMMETER AND VOLTMETER METHODS 9

17. Fall of Potential inan Electrical Circuit. Useof a Voltmeter.
The Weston voltmeter is a good and accurate instrument for
the measurement of a fall of potential. It is a very delicate
and sensitive instrument and must always be handled with
care. Mechanical shocks or jars will injure the jeweled bear-
ings, and too large a current through it will wrench the movable
coil and bend the delicate pointer, even if the E.M.F. is not
much larger than that intended to be measured by the instrument.

Since a voltmeter is always used to measure the difference of
potential between two points, it is not put into the circuit like an
ammeter, but the two binding posts of the voltmeter are con-
nected directly to the two points whose difference of potential
is desired. The voltmeter thus forms a shunt circuit between
the two points. There is a current through the voltmeter
proportional to the diffecrence of potential between the two
points to which it is joined. This current passing through
the movable coil of the instrument deflects the pointer over
the scale, but the latter is graduated to read, not the current,
but the number of volts between the two binding posts of the
voltmeter. In some instruments there is a strip of mirror
placed below the needle. When

the eye is so placed that the image @
of the needle is hidden by the

needle itself, the reading can be
taken without the error due to 4 m
parallax. Sometimes the pointer

does not stand at the zero of the

scale when there is no current

through theinstrument. When this rE"F

is the case, the position of rest should

be carcfully noted and the observed Y1 3-—0""'1‘]*“321‘;“" for a volt-
reading corrccted accordingly. '

For this exercise join a cell, two coils of several ohms resis-
tance, and a key, in series. With the voltmeter measure the
fall of potential over each coil, also over both together. Add a
third coil and measure the fall of potential over each; also over all.
Note where these last readings are the same as before and where
they are different. Add a sccond cell and repeat the above
readings. Note changes.

Join two of the coils in parallel, thus forming a divided circuit
and allowing a part of the current to flow through each branch

K e

|+
l%
Ba
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(see Fig. 2). Measure the fall of potential over each branch.
Add a third coil in parallel with the other two and again measure
the fall of potential over each.

This exercise should show, especially in connection with
the preceding one, that the only thing common to several circuits
in parallel is that each one has the same fall of potential. Hence
a voltmeter is always joined in parallel with the coil, the fall of
potential over which is desired. The voltmeter indicates the fall
of potential over itself; and if it forms one of the parallel circuits,
the fall of potential over each one is the same as that indicated
by the voltmeter.

Record the voltmeter readings as below:

FaLL or PotenTiAL IN AN Erectric Circuir

Voltineter
Fall of Position of
potential voltmeter

Zero l Reading

e

18. Ohm’s Law.—The electron current that flows through any
conductor is directly proportional to the potential difference be-
tween its terminals. This statement was first formulated in
1827 by Dr. Ohm, as the result of many experiments and measure-
ments, and it is known as Ohm’s law. It is usually written

V = RI - ’=RV”

where V denotes the potential difference over the circuit through
which is flowing the current, I. The factor R is called the
resistance of the conductor, and its value depends only upon
the dimensions and material of the wire and its temperature.
It is entirely independent of V and I.

This relation holds equally well whether the entire circuit
is considered or whether only a portion of such circuit is taken.
In the former case the law states that the current through the
circuit is equal to the total E.M.F. in the circuit divided by
the resistance of the entire circuit, including that of the battery
and the connecting wires. When applied to a single conductor,



AMMETER AND VOLTMETER METHODS 11

AB, the law states that the current flowing through the con-
ductor is equal to the fall of potential between A and B divided
by the resistance, A B.

To determine the resistance of a conductor, it is then only
necessary to measure with an ammeter the current flowing through
it, and with a voltmeter measure the diffcrence of potential be-
tween its terminals. In case the current is at all variable, the
two instruments must be read at the same time, for Ohm’s law
applies only to simultaneous values of the current and voltage.

19. Measurement of Resistance by Ammeter and Voltmeter.
First Method.—Join the conductor whose resistance, R, is to be
measured, in series with an am-
meter, Am, a key, a battery, and @
sufficient auxiliary resistance to
keep the current from being too
large. The electron current should L2 T Amv
leave the ammeter at the post
marked +. Keeping the eye fixed

on the needle of the ammeter, close T I-l 4 + Rb
K ———I
Ba

the key for a fraction of a second.
If the deflection is in the right direc- Fic. 4—To measure a small resis-
tion, and is not toolarge, the key can tance, R.

be closed again and the value of the current read from the scale
of the ammeter. Should the current be too large, the auxiliary
resistance can be increased until the current is reduced to the
desired value.

To measure the fall of potential over the conductor, its two
terminals are joined to the binding posts of the voltmeter, by
means of additional wires. That terminal of the resistance at
which the electron current leaves should be joined to the volt-
meter post marked +. Close the key for an instant as before,
keeping the eye on the voltmeter needle, and if the deflection isin
the right direction and not too large, the reading of the volt-
meter can be taken.

Now close the key and record simultancous readings of the
ammeter and the voltmeter. Do this several times, changing the
current slightly by mecans of the auxiliary resistance before
each set of readings. Compute the resistance of R from each
set of readings by means of the formula

Vv

R='—I—’
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where V and I are the voltmeter and ammeter readings, cor-
rected for the zero readings. The mean of these results will be
the approximate value of the resistance.

A more exact value of R can be obtained by correcting the
current as measured by the ammeter for the small current, 7,
which flows through the voltmeter. The current through R
is, strictly, not I, but I —¢. This gives then,

V.
-3 -

The value of the current, 7, through the voltmeter can be com-
puted. If the resistance of the voltmeter is S ohms,

R =

20. Measurement of Resistance by Ammeter and Voltmeter.
Second Method.—This method differs from the first method by
the position of the voltmeter. In the first method the ammeter
measured both the current through R and the small current

through the voltmeter, and
m therefore its readings were
U somewhat too high.

If the connections are made
as shown in the figure, this
error is avoided, as the cur-
rent now passing through R
is strictly the same as that
measured by the ammeter.
The voltmeter, however, now
—T e Rh measures the fall of potential

K II I M— over both R and the am-

Ba meter, and therefore the
F16. 5.~-To measure a large resistance, K. .
resistances of both are meas-
ured together. The resistance of R is then found by subtracting
the resistance of the ammeter from the measured amount. The
formula then becomes

|4
R = 7~ A,
where A is the resistance of the ammeter.
This correction is easily made and therefore this is the prefer-
able method, except for very small resistances.
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Measure the resistance of two coils and check results by
also measuring them in series and in parallel. The measured
resistances should be compared with the values computed
from the formula—for series, & = R, + R, and for parallel,

R\R,
R R+ R
Record the readings as follows:

To MFEASURE THE RESISTANCE OF

Resistance
Coil Ammeter Voltmeter
measured | reading reading

}{ Corrected

i :
| ‘

21. Graphical Solution for Resistances in Parallel.—The
equivalent resistance of two resistances in parallel is easily

determined by a simple geometrical construction. Let two
lines, a and b, be drawn at right

angles to a base line, PQ, and at \\

a convenient distance, m, apart. \\

Let the lengths of these lines AN

represent  the two resistances a N7

on a convenient scale. Join the AN b

top of cach line to the bottom /// AN

of the other, as shown by the , /// ¢ n AN Q
dotted lines. Trom the inter- PSS —— m————— s

section of these diagonals draw Fia. 6.—The resistance of a and b in
the line ¢, also perpendicular to paralicl is shown by e.
the base line. The length of ¢ gives the equivalent resistance
of the parallel circuits on the same scale that was used in drawing
a and b.

This is casily shown. TFrom similar triangles,

C _ n
a m
and also
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from which
_ab
=33

This diagram will thus show quickly the effect of connecting
any two resistances in parallel.

22. Comparison of the Two Methods.—In cach of the pre-
ceding methods for measuring resistance by means of an ammeter
and a voltmeter, it is necessary to apply a correction to the
observed readings in order to obtain the true value of the
resistance being measured. It is the object of this section to
inquire under what conditions these corrections are a minimum.
In order to compare the two correction terms with each other,
they will both be expressed in the form of factors by which the
observed values are multiplied to obtain the true values.

In the first method the correction is applied to the ammeter
reading, the true current through K being I’ — 7. The true
value of the resistance is, then,

R = L Ve v K
D = R ‘(D N 78
r-5 (i-pg) 1-%
where S is the resistance of the voltmeter, and R’ is written
70
for 7 the uncorrected value of R.

In the second method the value of R is given by
e
R = ‘1 -4 =R -4 = R'(1- If)
where A is the resistance of the ammeter, and R’ is written®
for the uncorrected value of R in this method.

In the first method the correction factor is nearly unity when
the resistance being measured is small. Other things being equal,
a voltmeter having a high resistance, S, is better than a low-
resistance instrument. In the second method the correction
factor is near unity when the resistance being measured is
large. The smaller the resistance of the ammeter the better.
Either method, thus corrected, should give the correct resistance
of R.

23. To Find the Best Arrangement for Measuring Resistance
with an Ammeter and a Voltmeter.—The division point between
large and small resistances is not evident. In fact, it depends
upon the resistances of the ammeter and the voltmeter that are
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’
being used. The corrections differ from unity by %— and —I%,,
respectively, and at this division point ncither of the corrections
is very large, and it is nearly true to write

R =R'"=R
and
E _ 4
S R
The division point is, then, at
R = \/AS.

For resistances smaller than this, the first method has the
smaller correction. For larger resistances, the second method

102

100 2 i [ Iy 10 ohms
T T -

8econd Mcethod

8-

Per Cent

o4

2k

Fra. 7.—Showing the errors in the uncorrected values given by the two methods
of measuring resistance.

should be used. Whether the correction is applied or not, it
should always be made as small as possible. If the proper
method is selected, the correction will almost never be as large
as 1 per cent.

The curves in Fig. 7 show the factor by which R’, or R",
must be multiplied to give the true resistance when using a
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200-ohm voltmeter and a 0.02-ohm ammeter. It is seen that
with a resistance of 2 ohms the corrections are equally large for
each method, one giving uncorrected results that are 1 per cent
too high, and the uncorrected results of the other being 1 per
cent too low.

In measurements of this kind a larger error may be introduced
by neglecting the temperature of the wire that is being measured.
The resistance of a copper wire increases about 2 per cent for
each 5° C. rise in temperature, and, unless the temperature is
known more closely than 2°, there is not much use in measuring
the resistance closer than 1 per cent.

24. Internal Resistance of a Battery.—The internal resistance
of a battery can be measured by the ammeter and voltmeter
method as readily as any other resistance. Let r donote the
resistance within the cell, and R the resistance of the external
circuit. The current, I, that will flow through this circuit, when
the key is closed, is

E
T R4

where F is the E.m.r. of the battery.
Solving this for r gives

E—-IR k- F
= __I— = - --I'—*"" (A)

I

where E’ is written for I, the fall of potential over the external
circuit.

If the value of R is known, the ammeter can be omitted,
and the value of the current determined from the relation
I = f{ Equation (A) then becomes
E— B
o
E’ can be measured with a voltmeter. The determination of
E is not so simple, but an approximate value can be obtained
when the voltmeter is connected directly to the cell, and no other
current is flowing through the battery. This reading of the volt-
meter will not be much less than F if r is smaller than 1 ohm.
When r is larger than this, the following method is better.

26. Measurement of a Resistance Containing an E.M.F.—
The resistance of a circuit in which there is also an E.M.F. can be
measured without knowing the value of this E.M.r. This prob-

r=~R (B)
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lem might be the measurement of the internal resistance of a
battery, as in the preceding article, or it might be the determina-
tion of the resistance of a metallic circuit containing one or more
EM.F's. If sufficient current can be drawn from the circuit, 1o
other battery is required.

The cell, or resistance to be measured, is joined in series with
a variable resistance, a key, and an ammeter, as shown in Fig. 8.
A voltmeter is joined in parallel with the resistance and key.
When the key is closed, the cur-

rent drawn from the cell is Ba
I E '
== e — ) r
R+
where R’ is the combined resis-
tance of R and the voltmeter in
parallel, and 7’ includes not only
the resistance of the battery but = R
also that of the ammeter. Clear-
ing of fractions,
E=RI+7I.
The voltmeter measures R'I, Vi +
and, denoting this by K,
E =F + r'l. (1\) T16. 8.—To measure the internal re-

sistance of the eell, Ba.

When the key is open, there is
a small current flowing through the ammeter and the voltmeter.
The value of this current is

E

= —

A + r
where S denotes the resistance of the voltmeter. This relation
may be written

1

E = 8Si 4+ 1.

The voltmeter measures the part S7, which is the fall of potential
over its own resistance. The part »'7 is the fall of potential in
the cell and the ammeter, and is negligible only when ' is very
small. 1f V is this voltmeter reading

E=V 4+ (B)
Equating the two values of E in Eqs. (A) and (B) gives
V +r'i=E +1r1I,
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from which
V — F
/ _— —- -—
S (9]
Thus it is not necessary to measure the e.M.F. of the battery.
E’ and I are simultaneous readings of the voltmeter and the amme-
ter with the key closed. V and 7 are the corresponding readings
taken as soon as possible after the key is opened. It is not neces-
sary to correct these readings for the zero error of the instruments,
since only differences are used in Eq. (C). Stated in words, this
result is
D
Resistance = Change in I OlLlltl‘(lI I)Ljf(’rence
Change in Current

which is another form for Ohm’s law.

Since the resistance, A, of the ammeter was included in 7/,
it must now be subtracted from the computed result to obtain
the resistance, r, of the battery alone. Thus,

r=r" —A.

The observations can be recorded as follows:

INTERNAL RESISTANCE OF................ CELL
Am. zero = Vm. zero = Am. re smtun(( =
Key closed @ Key open

Kind of cell R

|
| N
| ,

F’ 1 T r

|
i

|

|

i
s ,w,l,‘,- e e e P A e

i

|

i

[

26. Relation between Available E.M.F. and Current.—
Ohm'’s law, when applied to a complete circuit, gives the relation
K
T=wyv

or,
E=RI+Ir=FE +1Ir. (A)
The term Ir is the fall of potential over the internal resis-
tance of the cell. RI is the fall of potential over the entire
external part of the circuit, and is often denoted by the single
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symbol E’. Various names have been applied to this term
E’, such as ‘.‘t/ermmal E.M.F.,” “terminal potential difference,”
““pole potential,” “available k.M., ete. It is that part of the

total E.M.F. of the cell that is available for doing useful worl.
Its value, from Eq. (A), is

L' =FE —Ir, (B)
and from this it appears that the available e.m.¥. is less as the
current becomes larger.

The battery, or k.m.r. to be
examined, is joined to a
variable resistance, R, and an
ammeter in series. By using

various values of R the cur- l
rent can be varied through- I,
out its possible range, the Ba

values being read from the
ammeter. A voltmeter joined J“
to the poles of the battery K
gives the corresponding
values of FE’. The key R Am +
should be kept closed as
little as possible to avoid Fra. 9.—To measure the available
unnecessary polarization of E.mr. corresponding  to the current
thC l)attery. drawn from the battery, Ba.

The observations can be recorded as follows:

RELATION HE']"\\'EHN AvAriLABLE E.M.F. AND CURRENT FOR A..... CELL
- ‘ e ,1 '
Ammeter i Voltmeter
R O, ,AA" 1 e E
Zero l Reading Zero 1 Reading
]

From the values of E’ and I plot a curve, as in Fig. 10. The
currents should have been chosen so that the plotted points will
be well distributed along this curve. The curve shows that the
available E.M.F. continually decreascs as more current is drawn
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from the source, and it will decrcase to zero if the current is
sufficiently increcased. This is true whether the current is
supplied by a battery, a dynamo, or any other source, but it is not
always safe to allow this current to flow if its value would be
too large.

For the sake of comparison, curves should be drawn for
different types of cells using at least one cell of low internal
resistance.  Determine from
— a the curves the maximum cur-

rent which cach cell can fur-
nish. Find one reason why

an ammeter should not be
joined to the poles of a cell,

as is done with a voltmeter.

L 27. Maximum Currentfrom
a Battery.—The current from

Fis. 10.- --Relation between the avail- .
able E.LF and the current drawn from a, & given lm‘t‘t’(“‘ry (lC[)C[l(lS upon
a low-resistance battery, and b, u high- the resistance in the circuit,
resistance battery. and by Ohm’s law is
K
TR+

£

1

The smaller the resistance of the circuit, the larger the current.
The limit comes when the external resistance K has been reduced
to zero, and then

is the maximum current that can be drawn from the battery.

With a storage battery, or a dynamo, where r is very
small, this maximum current may be dangerously large. No
attempt should ever be made to measure this current without
first knowing approximately what its value may be, or else start-
ing with considerable resistance, I, in the external circuit and
cautiously reducing it while the ammeter is watched as the
current increases. A single storage cell with internal resistance
r = 0.001 ohm will supply over 1,000 amperes on short circuit.
If the ammeter is designed to measure as large a current as this,
it will not be injured. But it would be rather hard on the cell,
and ruinous to an ammeter of smaller range.

28. Useful Power from a Cell.—Elcctrical power is measured
by the product EI, where I denotes the current and E the fall
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of potential over the circuit in which the power is being
expended. The unit of power is the watt, one watt being the
product of one volt by one ampere.

When a battery is furnishing a current, the total powur
expended is supplied by the chemical reactions within the cell.
Part of this power is expended in the external circuit where it
may be used in running motors or doing other useful work.
The remainder is spent within the cell and only goes to warm-
ing the contents of the battery. In some cases the greater
part of the cnergy is thus wasted within the cell.

I1a. 11, Mceasurement of power.

The object of this experiment is to measure the power in the
external circuit when various currents are flowing. The cell
is joined in scries with an ammeter and a resistance which
will carry the largest current that may be used. A voltmeter
measures the fall of potential. Probably there will be found
a point beyond which the useful power decreases even though
the current is made larger. Since the current is proportional
to the amount of chemicals used up in the cell, it will be
well to express the results as a function of the current.
This is best done by means of a curve, using values of the
current for abscisse and the corresponding values of power for
the ordinates.

Plot also the curve showing the total power, EI, supplied
by the cell. The ratio of the ordinates of these two curves,
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that is, the ratio of the useful power to the total power, gives
the efficiency of the cell.

The efficiency can also be plotted as a curve on the same
sheet with the other two curves.

H &
8 &
& Q°
3
AR y
100%
\‘?'Q
ey,
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N\
N
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60% \“\ %",
\\ {’6 8,
N &
AN .
N LY
A N
0 Current

F1a. 12.—Power from a battery.

Record the observations as follows:

UseruL POWER FROM A.............. CeLL
Ammeter Voltmeter
R 1 w
El
= E'I
Zcro Reading Zcro Reading
|

T T 1]

Problem.—How much power is expended in an ammeter of 0.01-ohm resis-
tance if it is connected to a storage battery of 10 volts and 0.01-ohm

internal resistance? Why is it best not to try the actual experiment
in the laboratory?

29. Maximum Amount of Available Power.—The amount of
available power corresponding to a given current, OC, is shown
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graphically in Fig. 13 by the area of the rectangle OABC, whose
sides are corresponding values of E’ and I. When I is small, the
area of this rectangle is small, increasing as I increases. After
a certain point, E’ decreases faster than I increases, and the re.-
tangle decreases to zero. Plotting the areas of the rectangles
(=W) against the corres-
ponding values of the cur-
rent gives the curve of
available power, Fig. 12.
At the point where the
power, W, is a maximum,
the curve between W and I
becomes parallel to the
I-axis, and in the notation

I
of the calculus,
F16. 13.—Showing the amount of available
M =0 power W corresponding to a given current
dl (=00).
The relation between W and I is
W = E'I,

where both E’ and I are variables. Substituting for E’ its value
in terms of I from Eq. (B), Art. 26, gives

W = EI — I?%,
and the derivative of this is

dW |

ar = E — 2Ir.

For a maximum value of W, this expression is equal to zero,
which is the case when the current is

E
I=9
When the current has this value, the battery is delivering more
power than when the current is larger or smaller. Since, for this
current, the resistance of the entire circuit is 2r, and that of the
battery is r, it follows that the resistance of the external circuit is
also equal to r. Therefore the power delivered by the cell is a
maximum when the external resistance is equal to the internal
resistance. In the case of power from a distant source delivered
over a long line, all of the resistance up to the point where the
power is delivered should be counted as “internal’’ resistance.
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30. Why a Voltmeter Does Not Measure the Full E.M.F. of a
Battery.—When a cell, B, is joined to a voltmeter, the reading
of the latter strictly does not give the k.m.F. of the cell. This
discrepancy is small for cells of low internal resistance, but in
many cases it cannot be neglected. If the resistance of the
voltmeter is S, and that of the cell is r,
then by Ohm’s law the small current
through the cell and voltmeter is

PR
S + r
= E| Irom this the x.M.F. of the cell is
K )
'z E = 8i +ri,

F1c. 14.—A voltmeter does
not measure the full e.M.F. where Si is the fall of potential over
of a battery. . o . .

the external circuit, in this case the volt-
meter. Sincea voltmeter measuresonly the fall of potential overits
own resistance, the reading of the voltmeter is not If, but Si, which
is less than E by the amount 2.  When 7 is sinall, this term can
be neglected, but not otherwise, unless i can be made very small.

In case r is known, a correction may be added to the voltmeter
reading to obtain the value of E. Writing the above equation
in the form

E=Si(1+ ) =F+ 5 F

it is seen that the last term can be added to the voltmeter reading,
E’, to obtain the full value of E.

31. How a Voltmeter Can Be Made to Read the Full E.M.F.
of a Battery.—In this method no current is taken from the battery,
and therefore its full E.M.r. can be measured. The battery,
B, is connected to a voltmeter as in Fig. 15, and then a second
circuit is formed, consisting of the voltmeter, another battery,
Ba, larger than B, and a variable resistance, .

Since there is no key in this sccond circuit, the voltmeter stands
deflected and its reading, V, indicates the difference of potential
between its terminals. When the key, K, is closed, the current
through it may be cither in one direction or in the opposite
direction, or it may be zero, depending upon the value of V.
If V is small, the current through K will be in the direction deter-
mined by the cell, B, and the voltmeter will carry the combined
current, I + ¢. If the potential difference, V, is large, it will
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causc a current to flow through the cell, B, in opposition to its
E.M.F., E. In this case the main current, 7, from the battery, Ba,
divides at the voltmeter and flows through the two branches in
parallel, just as though B were not present, except that the current
in the lower branch is smaller than it would be with B absent.

If 7 denotes the value of this reverse current through B, the
voltmeter current is I — 7. The change in the voltmeter current
from I to I 4 ¢, or to I — ¢, when the key is

closed, will cause a change in the voltmeter I{-It—

reading, and no other ammeter is needed to tell Ba

the direction of the current through B. 1
Since the current through I can he in either

direction, there is one point when this current @

will be zero.  This will be when the tendency
for the current to flow through B and K, due + i
to the potential difference, V, across the volt- Kt———l
meter, is just balanced by the tendency for the B
current to flow in the other direction due to F“‘t'hz'r”m—“'l;f’ mesure
E. TFor this case of no change in the voltmeter T
deflection when K is opencd or closed, there is no current through
B,and £ = V. Thevalucof E cannow be read from the voltmeter.
Measure in this way the r.mM.r. of several cells and com-
pare the results obtained in each case with the readings of
the voltmeter when used alone.
The readings may be recorded as follows:

{1

Name of cell —_ I

With aux. battery

Voltmeter readings '
Alone “

32. Measurement of Current by a Voltmeter and Shunt.—
When a current, I, flows through a resistance, R, the fall of
potential over R is E = IR, which is in accordance with Ohm’s
law and the definition of the term “fall of potential,” In Art. 19
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both # and I were measured and the value of £ was then com-
puted. When R is known, the experiment can be reversed and
by measuring £ the value of I can be computed. Thus a volt-
meter may be used to measure currents in place of an ammeter.
The arrangement is shown in Fig. 16.

Usually the resistance that would be suitable for this
purpose is less than an ohm. Therefore any variation in the
position of the voltmeter connections at a and b would cause
considerable change in the resistance between these points. It

is best to have these connections

m soldered fast, and let the voltmeter
\__/ connections be made at the auxiliary

points a’ and b’, where a little re-
sistance, more or less, in the volt-
d b meter circuit will be inappreciable.
B Such shunts are often made
-——rl\/\/\/\—b having a resistance of 0.1, 0.01,
F1u. 16.—Measurement of current. 0.001, or less, of an ohm. The
current is then 10, 100, 1000, or
more, times the voltmeter rcading. This principle is also used
in the construction of ammeters for measuring large currents.
The greater part of the current is carried by a shunt of low
resistance, while the delicate moving coil carries only a small
current and thus in reality acts as a sensitive voltmeter. The
numbers on the scale, however, instead of reading volts, are
made to give the corres-
ponding values of the Vm
currents passing through
the instrument.

33. Potential Divider.
It is often necessary to
use only a part of the Q
given E.M.F. This may
be because a large E.M.F. T’ e
is to be measured by a byl
low-reading instrument, Fie. 17.—Showing the use of a potential
or it may be that a small divider, AB.
fraction of a volt is required for use in some experiment. For
this purpose, the source, E, is joined to a resistance, A B, which is
large enough not to draw too much current from E, or to become
overheated itself. C is a sliding contact that can be moved from
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A to B, dividing the resistance in two parts, P and Q. The
fall of potential between A and C is

P

V = PI = P+0

The internal resistance of the battery is here considered
negligible in comparison with the large resistance of P + Q.
In case it is not negligible, it should be included as a part of Q,
or else E should denote the fall of potential over AB.

A resistance, AB, which can be thus divided in various ratios
is called a “‘potential divider.” The £.M.¥., E, is divided into two
parts, PI and QI, and by moving C, PI can be made any desired
fraction of E.

The same effect can be obtainad by using two resistance boxes
for P and Q. By changing the ratio of the resistances in P and
Q, the fall of potential across AC can be varied.

34. To Use a Potential Divider.—Join the ends of a sliding
rheostat to a constant ©.M.F. Connect a voltmeter to the sliding
contact and to one end of the rheostat. Observe how the reading
of the voltmeter varies as the sliding contact is moved from one
end to the other. Note that moving the sliding contact does not
affect the amount of current that is drawn from the battery, as
would be the case when the rheostat is used as a variable
resistance.

In the same way the potential difference between A and C
can be used wherever a fraction of the E.M.F. of £ is desired.

36. Measurement of a High Resistance by a Voltmeter
Alone.—This method is a modification of the ammeter and
voltmeter method for the measurement of
moderate resistances, and it is based on the " @
fact that a voltmeterisreally a very sensitive
ammeter. It can be used as an ammeter
whenever the high resistance in series with
the moving coil will not interfere with the 1t
desired measurement of current. 1"Ba.

The voltmeter is joined in series with a Ft'& h}:;‘;':;:mﬂi’_’s}‘;fe
battery and the high resistance, H, to be
measured. In this way the voltmeter serves as an ammeter to
measure the current through the circuit. The reading, V, of
the voltmeter gives the fall of potential over its own resistance,
S, or, in symbols,

E.

V = 8i.
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Considering the entire circuit, the value of the current is given
by the expression

i= o E
H+ S
Eliminating 7 from these two equations and solving for H gives
n=stE-V

Vv

The value of E, the E.M.F. of the battery, is casily measured
by the same voltmeter by connecting it directly to the battery.
A key arranged to short-circuit the high resistance will readily
change the voltmeter from its position as an ammeter to that
of a voltmeter.

When the e.M.F. of the source is too large to be measured
by the voltmeter, or for any other reason cannot be determined,
the resistance can still be measured. In the circuit shown in
Fig. 18, the current is

_ VY _ B
"SR T HES

Now add a large known resistance, R, in series with I/ and the
voltmeter. Then the current through the circuit will be
. Vv’ E
’

1 = — = ,_—77._.

S I+ 8+
Dividing one equation by the other gives
V I+ S+ R

[ =

and
_ V(S + R) - VS
n = Vv — v

The observations can be recorded as follows:

To MEASURE THE RESISTANCE OF..........

Vm. zero = Vm. resgist. =...... ohms

Name of object measured l Vv ] E R

A

A S e e
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36. Time Test of a Cell.—The time test of a cell is designed
to show how well the cell can maintain a current, how effec-
tive is the action of the depolarizer, and the rapidity and extent
of the recovery of the cell when the current ceases. Such
test usually continues for an hour, and the results may best
be shown graphically by means of curves. These curves should
show the value of the k.M.F. of the cell at each instant during
the test; the available E.m.r.; the current; and the internal
resistance of the cell. After maintaining the current for an hour,
the circuit is opened and the cell allowed to recover. The
curves should show the rate and extent of ihis recovery.

Of course it is evident that such a continued test may prove
rather severe for cells intended for only a few minutes’ use at
one time. On the other hand, cells which make a good showing
under the test might not be the best for long-continued service.
Nevertheless, such a test gives the most information regarding
the behavior of the cell that can be obtained in the short space
of 2 hours.

The set-up for making a time test is the same as that for
measuring the internal resistance of the cell, save that the
battery circuit remains closed all the time, except when it is
opened for an instant to measurc the E.M.F. of the cell. With
the proper preparation beforchand it is not difficult to observe
all the necessary data and record it in a neat and convenient form.

Readings should be taken once a minute Practice in doing
this should be obtained by measuring the e.m.r. of the cell
before any current is drawn from it. When ready to commence
the test proper, the circuit is closed through 5 or 10 ohms, or
about as much resistance as the internal resistance of the cell,
and as soon thereafter as possible the first reading for the avail-
able E.M.F. is taken. One minute later the circuit is opened
just long cnough to take a reading of the E.mM.F. of the cell.
Thus every 2 minutes the available E.m.r. is recorded and
on the intermediate minutes the value of the total E.M.F. is
measured.

From these data two curves are plotted—one showing the
variation in the E.M.F. of the cell during the test, and the other
showing the same with respect to the available B.M.r. The
internal resistance is computed at 5-minute intervals, the values
of E and E’ being taken from the curves., The current is com-
puted from the values of R and the available E.M.F.
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After the first hour of the test the battery key is changed
so as to keep the circuit open, except for an instant each minute
when it is closed long enough to read the voltmeter. Since the
voltmeter draws some current from the cell, and as it is sometimes
difficult to obtain simultaneous readings of the ammeter and
voltmeter at the instant desired, more accurate results are possible
when the measurements are made by the condenser and ballistic
galvanometer methods described in the next chapter. The
keys can be worked by hand and if proper care is exercised good
results may be expected. Better results may be obtained by
using a special battery testing key or a pendulum apparatus
which will close and open the keys in precisely the same manner
each time.

During the second hour the battery will recover from the
effects of polarization, more or less completely, and at the end
of the 2-hour test the value of E should be about the same
as at the beginning. The recovery curve may be plotted back-
ward across the sheet containing the other curves, thus showing
very clearly the extent of the recovery.

The observations may be recorded as below.

TiME TEST OF A........ CeELL

Time of day
hour minute




CHAPTER 1I

BALLISTIC GALVANOMETER AND CONDENSER
METHODS

37. A Voltmeter Without Current.—The voltmeters discussed
in Chap. I are essentially nothing but sensitive ammeters with a
fixed resistance in series with the inoving coil. Each one draws
some current from the source whose E.M.F. is being measured;
in most cases this is immaterial, but sometimes even a small
current changes the g.m.F. that it is desired to measure.

In the present chapter we are to consider a voltmeter that
draws no current, and thercfore, is free from the last objection.
In a sense, then, this will be more like a real voltmeter, but a more
important consideration is that the condenser methods do not
change the potential diffcrences that are being measured. It
will also be possible to measure values of E.M.F. that do not exist
long enough to read on a voltmeter.

This chapter might appropriately be combined with Chap. X,
but it is introduced here because the manipulation of these
methods is very simple, and
with a little precaution there
is not much danger of injuring
valuable apparatus through

the inexperience of the inves- 5
tigator. Articles 188-194 +
should be read for a more

complete understanding of the E

use of condensers — Il }

+
. 42 .
38. Capacntance. The use Fia. 19.—Electrons leave B and accu-

of this term has been growing mulate on A until the difference of poten-
{n favor, anq with 1:,hls spelling tt',ll?(: ;\;zel:;?ome as large as the E.M.F. of
it stands with resistance and

inductance in expressing a property of a conductor. It means
precisely the same as the older term ‘‘capacity,” and it has the
advantage that it does not suggest the misleading notion “all it
can hold.” A

31
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When two insulated conductors, A and B, Fig. 19, are connected
together through a battery, a current of clectrons will flow out
of one conductor, through the battery, and into the other con-
ductor until the difference of potential thus produced is sufficient
to balance the k.M.¥. of the battery. If the battery is increased,
more clectrons will flow from the first conductor to the other,
and the only limit to the quantity of electrons that can thus be
taken away from one conductor and added to another is the limit
of the .M.¥. of the battery and the completeness of the insulation
of the conductors.

When the conductors are near together, the clectrons that are
transferred from one conductor to the other are still so near to
the place from which they started that, in effect, they partially
neutralize the lack of electrons in the conductor they have left.
This allows more clectrons to be transferred before the £.m.r. of
the battery is balanced.

An arrangement of conductors whereby a greater number
of electrons can be transferred by a given r.m.F. than would be
possible with the conductors separated is called a “ condenser.”

39. Condensers.—In order to make the capacitance as large
as possible, condensers are constructed with broad sheets of tin
foil placed as near as possible to other similar sheets. Actual
contact is prevented by thin layers of mica, glass, or paraffined
paper. Large capacitances are formed
by building up alternate sheets of tin
foil and diclectric, every other sheet
of tin foil being connected to one ter-
F16. 20.—The tin foil plates of minal post, and the intermediate ones

a condenser. to the other terminal (I'ig. 20).

The best condensers and those intended for standards are made
with thin sheets of mica as insulation between the sheets of tin
foil. Very good condensers are made with paper insulation, the
whole pressed firmly together and boiled in paraffine until all the
air and moisture has been expelled, when the whole is allowed
to solidify.

40. Meaning of a Charge ‘“Q” in a Condenser.—A charge
“@Q” in a condenser means that there is a charge of —@ coulombs
on one set of plates, and an equal, though positive, charge of
+@Q coulombs on the other set of plates. The discharge of the
condenser consists of the electrons, —@, flowing through the dis-
charging circuit to the other set of plates and thus supplying the
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lack of electrons, +@Q, thereon. The surplus of electrons on one
conductor is sometimes called a ‘‘negative charge of electricity,”
and corresponding to this the other conductor, which has lost
the electrons, is said to possess a ‘“ positive charge of electricity.”
As explained elsewhere, this flow of clectrons is an electron cur-
rent, and the direction of the electron flow is the negative
direction of the electric current.

The positive charge, consisting of protons, is in the nuclei of
the atoms and these cannot move without taking the atoms with
them. There is no flow of atoms along a copper wire.

41. Unit Capacitance.—The larger the arca of tin foil in a con-
denser and the nearer the sheets are to each other, the greater
will be the number of electrons transferred by a given E.M.F.,
E. If the electrons are measured in coulombs;! the quantity, @,
transferred from one set of plates to the other is

Q=CE,

where C denotes the capacitance of the condenser expressed in
units of such magnitude as will make this a true equation.

In the international units the unit of capacitance is the inter-
national farad, which is the capacitance of a condenser thatis charged
to a potential difference of one international volt by one international

coulomb. The capacitance of a condenser, C = % is thus
4
measured by the number of coulombs per volt required to charge

1t.

The farad is far too large a capacitance for ordinary use,
and it is customary to express capacitances in terms of a smaller
unit, the microfarad, which, as its name indicates, is one-millionth
of a farad.

1 The quantity of electricity represented by one electron is inconceivably
small, yet its value has been accurately measured (Millikan, ““ The Electron,”
p. 119), and found to be

e = 15.92 X 1072 coulombs.

If ordinary eclectrical charges were measured by counting the number
of electrons that are thus collected together, the resulting numbers would
be inconveniently large. If the electrons constituting a negative charge of
one coulomb were placed in a row, 40,000 in cach millimeter, the line would
reach from the earth to the sun.

Therefore, instead of counting the individual electrons, we shall count
6.281 X 108 of them at each clip and express the result in coulombs.



34 ELECTRICAL MEASUREMENTS

Problem.—A 3-microfarad paraffined paper condenser is about 1 ft. square
and an inch in thickness. How large a pile of such condensers would

have a capacitance of 1 farad? A 30 ft. cube?
How large a pile would it take to have a capacitance of 1 c.a.s.
electromagnetic unit? A 6 mile cube?

Note..—The capacitance of asolid metal sphere of 1 cm. radius is
one C.G.S. electrostatic unit, whenitisfarfrom all other conductors.

42. Ballistic Galvanometer.—A ballistic galvanometer is
one in which the moving system, whether coil or magnet, is
made comparatively heavy and massive so that it will swing
slowly. Such a galvanometer is designed to measure, not
steady currents like an ammeter, but transient currents which
may exist for only a very small fraction of a second. Indeed,
the duration is so short that it is customary not to speak of them
at all as currents, but only to consider the total quantity of elec-
trons that has passed.

Thus there are two reasons for having a slow-moving gal-
vanometer. In the first place, it is most sensitive when in
the position of rest and therefore should not turn appreciably
from this position before all the clectrons have been able to flow
through the galvanometer and exert their full effect in turning the
coil. In the second place, the coil gives one kick and then
settles back to the position of rest again and the only thing
that can be measured is the maximum deflection which it attains.
Therefore it must move slowly enough to enable one to read the
deflection at the end of its swing.

43. Damping of a Galvanometer. Critical Damping.—After
the galvanometer has given its deflection, the very fact that the
moving system is massive, and at the same time can move freely,
which is essential for a good ballistic galvanometer, makes it
very slow in coming to rest again. It will swing back and forth
many times until its energy has been used up in friction against
the air, and in other ways, when it will finally settle down at rest.
That the swings decrease at all is due to the damping of the
motion, as this effect of friction, etc., is called.

If the damping is increased, as would be the case if the coil
were surrounded with oil, the swings would decrease more
rapidly and the coil would quickly come to rest. Such damping
might be so great that there would be no swings, and the coil
would slowly creep back to the position of rest, possibly taking
longer to do so than when it is allowed to swing freely.



BALLISTIC GALVANOMETER AND CONDENSER METHODS 35

Thus it is seen that there is some intermediate value of the
damping that would allow the coil to swing back to rest not too
slowly, and yet bring it to rest without its swinging to the other
side. This value of the damping is called critical damping, and
with this damping the coil is brought to rest in the minimum time.

The most convenient way to increase the damping of a ballistic
galvanometer is to join its terminals by a key or a low resistance,
as shown at S, Fig. 21. Due to the motion of the coil in a strong
magnetic field, an induced current will low through S, when
closed, and the supply of energy in the coil is quickly dissipated
as heat by the electric current in the wire. Often S is a resistance
adjusted to such a value as to give critical damping. The galva-
nometer can then be used once a minute, or oftener if desired.

The effect of the shunt in reducing the deflections is discussed
in the next chapter.

44, Use of Ballistic Galvanometer and Condenser.—When
the poles of a battery are joined to the plates of a condenser,
the latter becomes charged, as ex-
plained above. The amount of this
charge depends upon the E.m.F., E, of
the battery and the capacitance, C, of
the condenser, being given by the =
relation S

Q=CE

When the condenser is connected to —_—
a ballistic galvanometer, the charge, :—»-»-':
Q, in the condenser passes through C—
the galvanometer and produces a de-
flection, d, the relation being,

Q = kd,
where k is the constant of the
galvanometer.

If this operation has been carefully arranged so that there has
been no leakage of the charge elsewhere, it is evident that the quan-
tity that has been discharged through the galvanometeris the same
quantity that was put into the condenser by thebattery. That is,

CE = kd.

This is a very useful relation, since it can be used to com-
pare the value of any one of the factors involved when the
other three are known or can be measured.

B

'|B

Fia. 21.—Use of a condenser.
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The best arrangement for using a ballistic galvanometer
with a condenser is shown in the figure, where G represents
the galvanometer, C the condenser, with the batteryat B. These
are connected through the key as shown. Note that the tongue
of the key is connected to the condenser, and to the condenser only.
This precaution is necessary in order that by no possibility can the
battery ever be joined directly to the galvanometer. Arranged
as shown, when the key is depressed the condenser is joined to the
battery and becomes charged. When the key is raised, the
condenser is joined to the galvanometer and the charge passes
through it, producing a deflection.

46. To Determine the Constant of a Ballistic Galvanometer.—
For small deflections, the maximum swing is proportional to
the quantity of clectrons passed through the galvanometer,
and the proportionality factor is called the constant of the galva-
nometer. It is determined by discharging through the galva-
nometer a known quantity and noting the resulting deflection.

Then Q = kd,

where k is the desired constant. Knowing k for a galvanometer,
any other quantity of electrons can be measured by sending
it through the galvanometer and noting the corresponding
deflection.

The galvanometer, condenser, and battery are connected as
shown in Iig. 21. The scale and telescope should be adjusted
so that both the divisions and the numbers on the scalc are
distinctly seen in the telescope. The eyepiece must be focused
on the cross-hair of the telescope, which should appear very
clearly defined. When focusing the telescope upon the image
of the scale as seen reflected from the mirror of the galva-
nometer, it must be remembered that the image is not on the
surface of the mirror, but lies as far back of the mirror as the
scale is in front of it.

After the sct-up has been tried and found to work correctly
with an old dry cell for B, a standard cell whose E.M.F. is much
more exactly known may be substituted for it. Ten independent
determinations of d should be made, and the mean value used in
the computation for k. If the scale is movable, it will be neces-
sary to measure the distance of the scale from the mirror of the
galvanometer and compute the value of d for a standard distance
of 1 meter.
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The relation given in Art. 44 is
CE = kd.

In the present case the condenser used must be one of known
capacitance. Likewise, £ must bc known as exactly as the value
of k is desired. And d is measured. Hence the computed
value of k is

CE
=
If the value of C is given in microfarads, k will be expressed
in microcoulombs per scale division. A microcoulomb is one-
millionth of a coulomb and is the quantity of clectrons that
is represented by a current of one ampere flowing for one-mil-
lionth of a second.

The observations can be recorded as follows:

k

CGialvanometer
Deflection for
o o cflection fo ¢ P k

; scale at 1 meter
Zero | Reading | Defleetion

46. Comparison of E.M.Fs. by the Condenser Method.—The
arrangement of a condenser with a ballistic galvanometer
may be conveniently used to
measurc the E.M.r. of a bat- ( . )
tery, or any other difference ¢ -
of potential. It thus serves
as a voltmeter, and has an
advantage over the ordinary 3% e ——

voltmeter, in that it mecas-
ures the total E.M.r. of the

1|

battery, no matter what the B
internal resistance of the latter Fia. 22.—To measure the E.M.F. of B.
may be.

The set-up is arranged as shown in Fig. 22. When the key
is depressed, the condenser is charged, and by raising the key
it is discharged through the galvanometer. It is immaterial
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whether the key works this way or whether the condenser is
charged when the key is up and is discharged by depressing the
key. It is absolutely necessary, however, that the tongue of
the key be joined to the condenser, as is shown in Fig. 22.

When the battery is connected to the condenser, a current flows
until the difference of potential between the two sets of condenser
plates is equal to the E.M.¥. of the battery. When this current is
flowing, the available E.M.F. (see Art. 26) is only

E =F—1Ir

but as the charge in the condenser increases, the current flowing
through the battery becomes less and less, and when it reaches
zero

E' = E.

The final difference of potential impressed on the condenser is
equal, therefore, to the total .M.F. of the battery, and thus this
E.M.F. can be measured.

The final charge in the condenser is

Q = CE = kd.
Solving this for E gives
k

E=C

d.

The factor (If, can be determined by using a cell of known

E.M.F., E,, and observing the corresponding deflection, d,. Then,

, _ K k_ =,
Ea = ‘C“,da or -Cy- = d.
8o that, finally,
E,
E = P d.

Having determined this coefficient of d once for all, the
E.M.F. of any cell can be measured quickly and easily by observing
the corresponding deflection of the galvanometer.

Inasmuch as the reading must be caught quickly at the end
of the swing, it will be best to take several trials and use the mean
deflection for coinputing the value of E. The readings may be
recorded as follows:
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Galvanometer
Name of Mean k| BMEF
cell deflection | ¢ of
Zero Reading | Deflection : cell

47. Comparison of Capacitances by Direct Deflection.—The
same arrangement described above, and shown in Fig. 22, can
be used equally well for the measurcment of the capacitance of a
condenser. It is only necessary to go through the experiment
as before, and observe the galvanometer deflection with the first
condenser, for which

CE = kd.

Now, replacing the condenser by another one, but using the
same battery and everything elsc the same as before, the relation
becomes

C'E = kd',

where d’ is the galvanomecter deflection when the condenser of
capacitance C’ is used. Dividing the second equation by the
first gives ,

w o_ @

“=Cy
If C is a known capacitance then the value of C’ can be deter-
mined as exactly as the flings d and d’ can be measured. Each
of these should be taken several times, and the mean values used
in the computation.

48. Internal Resistance of a Battery by the Condenser Method.
The condenser method offers a convenient and elegant means
for determining the internal resistance of a cell, the principal
advantage being the wide range of resistances that can be mea-
sured, and the short time that the cell must be in use. In the
ammeter-voltmeter method a considerable current must often-
times be drawn from the cell and for a period long enough to read
both instruments. Such readings seldom can be repeated, for,
owing to polarization, the cell does not return to its original
condition.
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The set-up for using the condenser method is shown in the
figure. When K. is closed, a current flows through R and the
cell, the value of which is

E

I'=w%v
where r is the internal resistance of the battery. This gives
r = R E*—*E,'Ii'ﬂ (A)

where E’ is written for RI, the external fall of potential. If
R is known, it only remains to measure £ and E’.

(o)
\J

|
B

F1a. 23.—To measure the resistance of B,

When K, is depressed, the condenser is charged to the B.m.¥.,
E, of the cell. This e.M.F. is measured by the deflection of the
galvanometer when K is raised, the relation being

E = -gd.

When a current is drawn from the cell, the potential difference

between a and b is

E' =E —Ir = RI.

If the condenser is now charged from this potential difference, the
relation is

v/___/‘_: ’
E —Cd.
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Substituting thesc expressions in Eq. (A) gives

d—d

oA (B)
1t is best to use a value of /£ that will make d’ about half as

large as d; thus neither d’ nor d — d’ need be too small for

accurate measurement.

When using this method it is necessary to keep K closed only
long enough to depress and raise K;. With
skill, this interval can be reduced to less
than a sccond when the keys are worked
by hand. If conditions requirc that the
current be drawn from the cell for a shorter
time than this, a special testing key can be
used.

49. Special Battery Testing Switch.—
A useful switch for making different con-
nections quickly is shown in Fig. 24. In
the diagram of Fig. 25 this switch is shown with the various con-
tact points joined to the battery, galvanometer, condenser, and
resistance.  When thus connected it takes the place of K, and
K, in the arrangement of Fig. 23. By turning the brushes over

r=~R

Fi.. 24.

Fi1a. 25.—Diagram for the rotary switch and connections for measuring internal
resistance.

the contacts in a clockwise direction, the galvanometer gives the
deflection, d’. When the brushes move over the same contacts,
but in the opposite direction, the galvanometer gives d,  Current
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is drawn from the battery only while the brushes are moving over
the central contacts, and measurements can be duplicated more
easily than when separate keys are used. When many measure-
ments are required, the ease and rapidity of obtaining the read-
ings is a desirable feature of this arrangement.

60. Measurement of Insulation Resistance.—A ballistic gal-
vanometer can be used to advantage in the measurement of
extremely high resistances. Usually such resistances need not
be determined with great accuracy, but the order of magnitude
is required. Resistances up to a few megohms, for example,
the insulation of the electric wiring of a building from the water
pipes, can be measured by a voltmeter, as explained in Art. 35.
Larger resistances, such as the insulation of the coils from the
frame of an electric motor, can be measured by the ammeter-
voltmeter method (Art. 20), using a sensitive galvanometer in
place of the ammeter.

But the current through the highest resistances, such as the
insulation of electric cables, or the resistance between the plates
of a good condenser, is too small to be observed, even with a
sensitive galvanometer. True, its value can be computed, but
it is usually called a ‘“leakage’ current. It is then necessary
to use one of the following methods.

61. Insulation Resistance by Leakage.—This method is used
when the resistance to be measured is so large that the current
which it is possible to pass through it is too small to be measured
by a sensitive galvanometer. The method consists, in brief, in
letting the current flow into a con-
denser for a sufficient time, and then

discharging the accumulated quantity

I:R:l through a ballistic galvanometer.
The set-up is arranged as shown in
K ) | Fig. 26, where R denotes the large
| resistance to be measured. A battery
F1e. 26.—To measure a resis- Of sufficient .M.F., E, supplies the cur-
tance of many megohms.  yent which flows through R and grad-
ually charges the condenser, C. When a sufficient charge is accu-
mulated it is discharged through the galvanometer by closing the
key, K. The other key, K’, is for damping the swings of the
galvanometer and bringing it to rest, and it should be kept closed
all the time that the galvanometer is not being observed through

the telescope.

K’ c
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At any instant during the time the current is flowing, the fall

of potential over R is
RI =E -V, (1

where V is the difference of potential across the condenser.

In this method it is assumed that the condenser has con-
siderable capacitance, and that the charging is discontinued be-
fore V has reached an appreciable part of E. If the experi-
ment is not worked in this way, the following discussion does
not apply.

At the start, and as long as V can be neglected in comparison
with E, the current through R is, from (1),

L
I'=p 2)
If this current flows into the condenser for ¢ seconds, the
accumulated charge is .
' Q =1, (3)

and when the condenser is discharged through the galvanometer,
there is a deflection, or fling, of d scale divisions, such that

Q = kd. (4)
Thus the current is
kd
I = Mt_’
and, from (2),
R - E _ K
1 kd

Determination of the Constant.—The ‘‘constant,” k, of the gal-
vanometer can be determined by the method described in Art.
45, giving

E'C’
k = ffd, )
where E’, C’, and d’ denote the particular values used in this
determination of the constant.

If the same battery is used in finding the constant as in the
experiment proper, E = E’, and the absolute value of the
E.M.F. employed does not enter into the computation. Then

t d

62. Comparison of High Resistances.—If the value of one high
resistance is known, then other resistances of the same order of
magnitude can be directly compared with it, and this can be done
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without knowing the constant of the galvanometer or the capacit-
ance of any condenser.

Suppose another resistance, Ri, is substituted for R in the
set-up shown by Fig. 26, and the current allowed to leak through
it into the condenser as before.

In the first case.

tF
k=i
and now
_tLE
Igy = ]\(?;’

where ¢, and d; denote the observations when the current was
leaking through I?,.
Eliminating £ and k by division gives
> tl(l
]\1 = R m;;
where, as in the preceding article, it is supposed that V can be
neglected in comparison with E. In the following article it
appears that this approximate value of R, becomes more nearly
correct as d and d, are more nearly equal to each other.
63. The More Exact Formula.—In Art. 51 an assumption was
made which is not quite true. It was there supposed that the
leakage current remained constant, as shown by curve I, Tig. 27.

1
Q
L
% ®
4 , F] q
5 1 ©
o
Time Time
F1G. 27.—The current flowing into Fra. 28.—The charge in a condenser
a condenser decreases with time, as  increases with time, but more and more
shown by the curve <. slowly as shown by curve gq.

From this assumption it followed that the charge collected in the
condenser increased directly with the time the current is flowing
or Q = It, as shown by curve Q, Fig. 28. As a matter of fact,
the current becomes less and less as the condenser becomes charged,
as shown by curve 4, Fig. 27. The corresponding charge
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collected in the condenser is shown by curve ¢, Fig. 28. At
the beginning there is not much difference between @ and gq,
and it is seen that the method above is approximately true when
t is a small part of the time required to half charge the condenser.

In order to make a satisfactory measurement, it is necessary
to collect a sufficient quantity in the condenser to give a measur-
able deflection when it is discharged through the galvanometer.
Likewise, the time allowed for the collection of this quantity
cannot be determined with accuracy if it is too short. Either,
or both, of these conditions may make it desirable to allow the
current to flow for a longer period, and thus render it no longer
permissible to negleet the increasing value of V.

Taking these conditions into account leads to the following
considerations. The current flowing into the condenser at any
instant is

PRl 4
R ’
or, in terms of g, the charge in the condenser,

_a
'_d(l_ » 7‘(7'
YCa T ok

Y

since ¢ = CV.
Separating the variables for integration puts this in the form
—dq —dt

G-q¢- KC
where Q is written for EC. This Q is the charge in the condenser,
C, when it is joined directly to . Integrating this equation gives

_t L
log (Q —q) = RO + K,

where K is the constant of integration.
At the start, when both ¢ and q are zero, this equation gives
log Q@ = K.
After ¢’ seconds, when ¢’ has collected in the condenser,
_t’
— ’ —_ ——
log @ — ¢) = 7 + K.
Subtracting the latter from the former gives the change during ¢/
seconds.
Q ¢

logm = I_{(/T
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Hence the value of R is

v t
R = S

C log Q—Q_—q 2.303 C'logis Td—_d“
where d, and d’ are the deflections when the quantities @ and ¢
are discharged through the galvanometer.

64. Insulation Resistance of a Cable.—Let a measured length
of the cable be coiled up and placed in a tank of water to give
contact over the outside surface if there is not a lead covering.

)

F16. 29.—To measure the insulation resistance, R, of a length of a cable.

Each end of the cable should extend out of the water or sheath
for some distance, and must be kept thoroughly dry. A few
turns of bare copper wire are tightly wound around the cable
near the middle of this dry portion of the insulation and connect-
ed to the common point between the condenser and the battery,
as shown in Fig. 29. This guard wire serves to intercept any
current that may be leaking along the surface of the insulation.
Connection is made to the water by means of a wire of the same
kind as that in the cable, to avoid voltaic effects. The wires
connecting R to C and the key should be well insulated from the
table and from all places where a charge can leak across. As far
as possible, they should be stiff enough to stand in the air.
Where necessary, they can be supported on blocks of sulphur.
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The determination consists, then, in allowing the leakage cur-
rent to flow into the condenser long enough (¢’ seconds) to give a
fair charge, ¢/, which, when discharged through the galvanometer,
will give a deflection, d’. When R is short-circuited and the
condenser charged directly from E, the charge is @, giving a
deflection, d. For best results ¢’ should be about half of Q.

Owing to dielectric absorbtion of the charge, the first values
of R will be too small.  In reporting any value of R, the duration
of the test should also be stated.

B6. Insulation Resistance by Loss of Charge.—If the high
resistance has also considerable capacitance, it will not be neces-
sary to use a separatc condenser. Thus, if it is required to
measure the insulation of a condenser
or a long cable, the arrangement will
be as shown in Fig. 30, where CR rep-
resents the condenser of capacitance C
and resistance K. Upon closing K,
with K’ also closed, the condenser is
charged to the full potential difference ¥ic. 30.—To measure the re-
of the battery. When the key is sistance of a condenscr.
opened, the charge @ begins to leak away through the high
resistance R. At the start, and before the charge in the con-
denser has been appreciably reduced by the leakage, the current
through R is,

I=5

This current will reduce the original charge in the condenser by
the amount

q = It
in ¢ seconds, where ¢ is not too great to consider the current
constant during this interval. This loss of charge can be deter-

mined by recharging the condenser through the galvanometer
to the original differcnce of potential. Then, as before,

q = kd, and I = —I\ti],
from which
E Et td
B=q~m~Ca

where E cancels out if the same battery is used to determine k.
At the beginning of this test the values of R will usually
be too low because of the effect of ‘“absorption,” by which a part
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of the charge disappears. This reduces the charge in the con-
denser just as though it had leaked out. The true value of the
resistance will be obtained only after several hours, in some
cases several days, but if a first test is being made, it is well to
determine the value of R at intervals of a few minutes. A curve
plotted with the time of day for absciss@ and the corresponding
values of R for ordinates will show this variation and indicate
the maximum value of the insulation resistance.

A resistance not having any capacitance can be measured by
this method by adding a condenser in parallel withit. Butinsuch
a case the arrangement shown in Fig. 26 would be preferable.

66. A More Exact Formula for the Loss of Charge Method.—
As in the previous case, the current leaking out of C can be con-

sidered constant only as an
/-o\ approximation for a short por-
U tion of the discharge. For more
precise results it will be neces-
—C sary joo take accour.xt of the de-

< | Se— creasing value of this current.
W As the charge in the con-
B denser leaks away, the potential
difference across the condenser

|& decrcases and finally becomes
i

) zero. Let V denote the value
Fio. 31.—The charge in the con- Of this potential difference at

denser can leak away through the the time ¢.

Th -
high resistance. R. © current flow

v ing through R at this instant is
1= B Since this current is supplied from the charge in the

condenser, it is measured by the rate of decrease of this charge,

. __dg_V ¢
or =& TRTCR
since V = _qé,

Separating the variables for integration,
dg _ —dt
q CR

and performing the integration gives

—t
log ¢ = trTB (A)
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where ¢ is the charge remaining in the condenser after the charge
has been leaking out for ¢ seconds.

At the start, when ¢t = 0, ¢ = Q, and putting these values in
(A) gives for the value of the constant of integration, B,

log Q = B.

If ¢’ denotes the quantity that has leaked out of the condenser

in ¢’ seconds, then
¢=0Q—-q
and
log (@ = ¢) = o +log Q.
Solving this for I gives
t, t,

B=my = e
(/ ]ng@r - q, 2«30:5 (» ]()gl() CTO‘:_T
where d, and d’ arc the deflections when Q and ¢’ are discharged
through the galvanometer.

67. To Reduce the Effect of Absorption.—One difficulty in
measuring the leakage resistance of a cable or a condenser arises
from the absorption of the charge by the diclectric. (See Art.
193.) This may be avoided in part by first charging the condenser
and allowing it to leak for a period of ¢, scconds. The remaining
charge, q,,1s then discharged through a ballistic galvanometer and
the deflection, d;, observed. Then recharge and allow the charge
to leak away for a longer period, ¢y, say twice as long. For the
first period,

t
log 1 = R + B,
and for the second,
- Tb
The difference is
@ _ b
log -~ =~
and
potfe=t _ - - (B)
C log %t 9303 C logo 5
q2 ds

An electrometer can be used in place of the galvanometer,
and it has the advantage that the loss of charge can be observed
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continuously. By taking readings at definite times, the curve of
discharge can be plotted. The effect of dielectric absorption
of the charge is shown by the variation of this curve from the one
plotted from Eq. (A). Any two points of this curve can be used
in Eq. (B) to obtain the value of R.



CHAPTER III
THE CURRENT GALVANOMETER

68. Two Types of Galvanometers.—A galvanometer is
a delicate and sensitive instrument for the measurement of
small electric currents. All galvanometers consist of two
essential parts—a coil of wire through which can flow the current
to be measured, and a permanent stcel magnet. In some
galvanometers the coil is comparatively large and is rigidly fixed
to the frame of the instrument, while the magnet is a small
piece of steel suspended lightly by a fiber of untwisted silk or of
quartz. In other galvanometers the arrangement is reversed.
The coil is made as light as possible and is suspended by
a thin strip of phosphor bronze betwcen the poles of a large
and strong magnet which often forms the body of the instrument.
In either style the movable portion is made to turn as easily as
possible, the amount of turning being measured by the mirror,
scale, and telescope method.

There are two ways of using a galvanometer. A transient
current, like the discharge of a condenser, will produce a fling
or kick of the galvanometer after which it will settle back to the
original position. FKvidently the only thing that can be measured
in this case is the maximum fling. But if the current is steady,
the galvanometer will settle down at a deflected position, and
the deflection, as the distance of this position on the scale from
the position of rest is called, measures the current.

69. Figure of Merit. (a) By Direct Deflection.—Most galva-
nometers are so constructed that, for small angles at least,
the deflection is directly proportional to the current. That is,

I =Fd.

This proportionality factor, F, is called the ‘““figure of merit”
of the galvanometer, and it is defined as the current per scale
diviston (1 mm.) that will deflect the galvanometer. The
figure of merit of most galvanometers is smaller than one hundred-
millionth of an ampere per millimeter.

51
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Inesmuch as the deflection will vary with the distance of the
scale from the mirror, this distance should be made 1 meter.
If for any reason the scale is at a different distance, the observed

deflection must be corrected to what it, would
have been had the scale been at the standard
distance.
| In order to determine the figure of merit,
R it is necessary to send a small known current

through the galvanometer and observe the
K.L steady deflection it produces. The method

a B|, | can be understood by reference to Fig. 32.
' The galvanometer is joined in series with a
\V_m/ battery, a large resistance, and a key. When

Fio. 82— To dote the key is closed, the current flowing through
mine. the ﬁg(:,(,f ‘i the circuit, and thereforc through the gal-

merit of G. vanometer, is, by Ohm’s law,
P
Tg+r+R

where E denotes the E.M.F. of the battery, and ¢, r, R, the resis-
tances of the galvanometer, battery, and R, respectively. If this
current produces a steady deflection of d scale divisions (mm.),
the figure of merit is F = ;

By using a voltmeter to measure directly the fall of potential
between a and b, the current, ¢, will be given by

PR
RE+yg
where V is the voltmeter reading. Then
=V
(R+g)d

Thus, by the use of the voltmeter, the somewhat uncertain
E.M.F. of the cell is replaced by the definitec voltmeter reading,
and the unknown resistance of the cell does not appear in the
equations. Of course V and d must be simultaneous values,
and it is understood that d is the steady deflection produced by
the steady current, <.

60. Figure of Merit. (b) By Potential Divider Mecthod.—With a
sensitive galvanometer it is usually not possible to make R large
enough to use the simple method. It isthen most convenient to
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use a value for £ which is only a small fraction of the E.M.F. of the
cell. This can be done by the potential divider method shown in
Fig.33. The fall of potential betweena and b is now PI instead of
E, and both P and I can be made as small as necessary. For
most galvanometers it is
convenient to make P + Q

= 1,000 ohms, and R about
100,000 ohms.
The current from the I3 R

battery divides at a, one

part, ¢, going through the

galvanometer, another part, ‘% P 7 o B

I, through P, and the third

part flows through the volt- I 7\

meter. The fall of potential \V_"‘/

from a to b across P is the. —=K L1

same as through R and the )

galvanometer, or Rt T peont e, 2.
PI = (R + g)i, 1)

where ¢ is the resistance of the galvanomcter.
The current through @ is I 4 i, and the fall of potential
from a to ¢, which is mmeasured by the voltmeter, is

PI +QUI +72) =V. 2)
Eliminating [ between Eqgs. (1) and (2), and solving for ¢,
PV

TRHPEFFPQ
The figure of merit is, then,
I = . I)Y__ . 1 .
P+ QR+g) +01Qd
Usually the term PQ can be omitted in comparison with
QR, since P is much less than R, and by keeping P small, the
error thus introduced may be made less than the error in reading
the voltmeter or the galvanometer deflection. It is always a
wise precaution not to connect the battery into the circuit until
after the rest of the set-up is completed and has been carefully
examined to make sure that no unintended connections have
been made.
Record the observations as follows:
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To DeTerMINE THE F1GURE oF MERIT oF GALVANOMETER No..

Zero Reading | Deflection R Q F

T 'm

A

At the start, P should be set very much smaller than Q,
perhaps P = 1, and Q= 1,000, so that the first deflection of the
galvanometer will not be too large. When this has been tried, P
can be increased enough to give a deflection of 100 or 200 mm.

61. Current Sensitivity of a Galvanometer.—The figure of
merit expresses the sensitivity of a galvanometer in the old way.
The smaller the figure of merit the more sensitive is the galva-
nometer. It is especially useful when the galvanometer is used
to measure a small current, for then

1 = Fd.

The more modern practice is to express the sensitivity as the
deflection, D, that is (or would be) produced on a scale at one
meter distance by a current of 1 microampere (= 0.000,001
ampere). This deflection is not observed directly, but is com-
puted, like F, from the observations in the above experiment.
This gives

pe 1 _(PHQR+g9+PQ,
10°F 108 PV

62. Megohm Sensitivity.—The sensitiveness of a galvanometer
is often expressed in megohms (millions of ohms). This means
the number of megohms that can be placed in series with the
galvanometer to give a deflection of one scale division per volt
of the applied E.M.F. Evidently this number is the same as D.
In some respects this is a better way of expressing the sensitivity.
A value of D = 5,000, for example, is the result of a computation
and could not be actually observed, while it would be possible
to place D megohms in series with the galvanometer and obtain
a deflection of one millimeter when one volt is applied.

63. Voltage Sensitivity.—For some purposes it is necessary to
know the sensitiveness of a galvanometer to differences of
potential applied to its terminals. This will depend largely
upon the resistance of the galvanometer, as a small resistance
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will allow a larger current to flow. The voltage sensitivity is
expressed in volts per scale division, and is given by the product
of the figure of merit and the resistance of the galvanometer.

64. The Best Galvanometer.—The best galvanometer to use
for a particular purpose depends upon the special requirements.
When the same current is passed through several galvanometers
in series, the one that gives the largest deflection is the most
sensitive for current measurements. Probably this one could
have been picked out from the fact that it has the highest resis-
tance because it is wound with many turns of fine wire. If the
same galvanometers are joined in paraliel and connected to
a difference of potential of a few microvolts, probably a very
different galvanometer will now show the largest deflection.
This one will have a low resistance, and it will be sensitive for
voltage measurements, provided that the source can supply the
current required.

For many purposes a galvanometer may be ‘“too good.” If
the current to be measured is not extremely minute, the deflec-
tionmay be too large to measure on thescale. Extreme sensitive-
ness is often obtained by using a very fine suspension fiber. This
makes the period long and the zero, or resting point, is not as defi-
nite as it is with a stiffer suspension.

For most purposes a galvanometer with D about 100 scale
divisions per microampere, and ¢ about 100 ohms, is satisfactory.
The suspension should be strong enough to withstand moderate
jars. The moving parts should have sufficient clearance to allow
the use of the instrument without too tedious a process of leveling
it. The interior should be easily accessible.

66. Factor of Merit.—When the sensitiveness of a galvanom-
eter is expressed in terms of the deflection, D, at a distance of
1,000 scale divisions, due to a current of one microampere, this
sensitiveness can be increased by using a weaker suspension wire
or by winding more turns of wire on the coil, without making any
real improvement in the design of the galvanometer. In order
to make a fair comparison of different galvanometers, it is neces-
sary to take these differences into account.

To make this comparison it is usual to reduce the observed
deflection, D, to what it would be if the period of the galvanometer
were 10 seconds and the resistance 1 ohm. It is found that D
varies as T2 and about as g*$, where T denotes the period of the
galvanometer and g is its resistance.
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The sensitiveness, thus modified, is called the “factor of
merit’’ of the galvanometer. Thus,

3¢
Factor of Merit = (EY(}) D
T/ \g

The unit of this quantity is not named. The unit of a similar
quantity in which the reference period is taken as one second
has been called a “D’Arson.”
66. The Common Shunt.—When the current to be measured
by any instrument is larger than the range of the scale, the latter
can be increased to almost any desired
m extent by placing a shunt in parallel with
\c:'/ the instrument, as shown in Fig. 34. The
I-1
—

shunt and instrument thus form two
branches of a divided circuit and the cur-
o AN /N 5 rent  through one branch is directly
s measured. Knowing the current in this
T’ branch, the total current can be computed.
Thus let G denote the galvanometer or
ammeter, and S the shunt. The fall of
potential through the galvanometer from
M to N is equal to the fall of potential through the shunt
between the same points, or

F1a. 34.—Use of a
shunt.

ig = (I — 17)s,

where g denotes the resistance of the galvanometer and s that of
the shunt. This gives for the value of the main current

[=ifts
S

67. The Multiplying Power of a Shunt.—The factor, 9—{—3:

by which the current measured by the galvanometer must be
multiplied to give the total current in the main circuit is called
the ‘““multiplying power” of the shunt. In order that this
factor may be expressed in convenient round numbers, 10, 100,
1,000, etc., it is necessary to have a series of shunts carefully

. 11 1 .
adjusted to, 9’99 999’ etc., of the resistance of the galvanometer,

Such shunts will not have the same multiplying power
when used with a galvanometer of different resistance, and
-therefore can be used advantageously only with the galvanom-
eter for which they were made. Placing a shunt in parallel with
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a galvanometer reduces the total resistance of the circuit, and
therefore the current measured by the galvanometer times the
multiplying power of the shunt does not give the value of the
original current, but the value of the new main current. Some-
times an extra resistance of 0.9g, 0.99¢g, or 0.999g, is inserted to
keep the total resistance of the circuit constant.

When the galvanometer is used ballistically, these shunt
ratios are not the same as for steady currents because of the
varying amounts of damping produced.

68. The Universal Shunt.—The universal shunt is so called
because it can be used with any galvanometer and its shunt

(o) ()
N

&,

< § ~ 1,000 ohms———————

0 001

BI ~<~———————8<= Bhunt Resistance———> L By

N

Fiu. 35. -Diagram illustrating the universal shunt.

ratios will be the same. 'This arrangement is shown in Fig. 35.
The total resistance, shown in the figure as 1,000 ohms, is con-
nected as a permanent shunt on the galvanometer. The current
to be measured is passed through only a part of this shunt,
shown as 10 ohms in the figure, the remaining 990 ohms acting
merely as resistance in series with the galvanometer.

The expression for the multiplying power of a universal shunt
may be derived as follows: Let g denote the resistance of the
galvanometer, S the total resistance of the shunt, and s the por-
tion of S corresponding to a common shunt and which carries
that part of the current not flowing through the galvanometer.
The fall of potential over the galvanometer and the part of S
that is in series with the galvanometer is equal to the fall of
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potential over the part s. Let I denote the value of the main
current, and 7 the current through the galvanometer. Then

tlg+ S —9))=U—1) s
or

I=1 g+8S
s

For this form of shunt, therefore, the multiplying power is
inversely as s, since ¢ + S remains constant while s varies. For
this reason, a shunt of this type can be used for different instru-
ments, and the deflections of cach will be proportional to the
values of s for the same value of the main current. That is,
the shunt will have the same series of multiplying powers for
every galvanometer.

69. Arrangement of the Universal Shunt.—Any ordinary
resistance box having a traveling plug for making a third connec-
tion at any intermediate point can be used as a universal shunt
for any galvanometer. For all values the shunt ratios are very
accurate, since all the coils are even ohms and can be adjusted
much more precisely than in the case of common shunts. Dif-
ferences in temperature between the galvanometer and shunt
produce no error, but should remain constant while measurements
are being made.

The change produced in the resistance of the total circuit
is not as easily determined as for a common shunt. Indeed,
the resistance is frequently greater with the shunt than when
the galvanometer is used alone. In many kinds of work it is
not essential that the resistance shall be constant or even known.
Where it must be known, it can be determined for the galvanom-
eter and its shunt combined as readily as for the galvanometer
alone. .

Shunts are marked with the numbers 0.1, 0.01, 0.001, imply-
ing the fractions of the current which they pass through the
galvanometer. It is evident that when the universal shunt is
used at the point marked 1, the galvanometer is not quite as
sensitive as with no shunt connected. If Sis several times g, this
slight reduction in the sensitiveness is of small moment. The
essential thing is that when the shunt is set at 0.1, 0.01, ete.,
the same total current will giver deflections 0.1, 0.01, etc., as
large as with the shunt set at 1. And this arrangement of
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the galvanometer shunts is especially useful because a given
series of shunts will have the same relative multiplying powers
when used with any galvanometer. Since the damping is
constant, the shunt ratios remain the same when the galvanom-
eter is used ballistically.

Deflection of the Galvanometer

Reslasance in the 8hunt

Fi1a. 36.—Shows the relation between the galvanometer deflection and the
resistance in the shunt. With the same total current for each deflection, the
straight-line curve for the universal shunt shows that the galvanometer deflec-
tion is proportional to the resistance in the shunt.

The curve for the common shunt shows the deflections of the same galvanometer
with the same total current when common shunts of different resistances are
used. For small values of the shunt, the deflections increase rapidly as the
shunt is made larger. The larger deflections are not changed much by inereas-
ing the resistance of the shunt.

The advantage of the universal shunt is evident.

70. To Measure the Multiplying Power of a Shunt. Test of a
Shunt Box.—The effect of a shunt in increasing the amount of
current that can be measured by a galvanometer can be deter-
mined experimentally for the actual conditions of using the shunt.

Let us consider the case of a steady current, I, lowing through
the circuit and dividing between the galvanometer and its shunt.
The galvanometer will give a steady deflection, d, due to the
current, 7, through it. Then

i = Fd,

where F is the figure of merit of the galvanometer alone.
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Without changing the deflection or the current in any way, let
us, secondly, think of the combined galvanometer and shunt as a
single instrument. The total current, I, passes through this
instrument and the deflection is d. Then

I = F'd,
where F’ is the figure of merit of the combined galvanometer
and shunt.

The multiplying power, m, of a shunt is the ratio of the main
current to the current through the galvanometer. This gives

T _Fd_
4  Fd F

Thus, by determining the values of F and F’, the multiplying
power of a shunt can be obtained. Or, if m is known, the value
of F’' can be computed (=mF). This measured value of m

_9ts,
S

should be compared with the computed value, m

when possible.

In the same manner, all of the shunts in the shunt box should
be tested, and the multiplying power of each one determined.
The results should be compared with the values stamped on
the shunt box, and also with the computed values as deter-
mined by the relative resistances of the galvanometer and the
shunt.

When using the shunts of lowest resistance, it may be better
to determine the figure of merit by the direct deflection method,
Art. 59. The scale deflection should be about the same for
each shunt.

71. Resistance of Galvanometer by Half Deflection. (a)
Resistance in Series.—In some of the foregoing exercises it
is necessary to know the resistance of the galvanometer as it
has been used, either alone or combined with a shunt. If
this is unknown, it can be determined with a fair degrec of
accuracy by the method of half deflection.

Let the galvanometer be connected to a source of potential
difference that is small enough to keep the deflection on the scale
with no additional resistance in series with the galvanometer.
Then add enough resistance, R, in series with the galvanometer
to make the deflection exactly one-half of its former value.
This means that the current has been reduced to half its former
value and therefore the resistance, R + g, in the galvanometer
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circuit has now been made twice as much as when the galva-
nometer was used alone. That is,

R4+g=2 or g =R.

To avoid the errors arising from thermal currents, ete., it
is best to reverse the battery and repeat the measurements,
taking the mean of the two results as the correct value of g.

72. Resistance of a Galvanometer by Half Deflection. (b)
Resistance in Parallel.—When the resistance of the galvanom-
eter is low, or a small E.M.F.
is not readily available, the
galvanometer may Lbe placed "
in series with a very large it
resistance and sufficient £.M.F.
to give a fairly large deflec-
tion. Then let a resistance T‘ R
box be joined in parallel
with the galvanometer,
and the resistance varied
until the deflection is just P Q
half of its former value.
The current is now divided
between the galvanometer and ——=k 5}8“
its shunt, ha,lf of the orlgmal Fru. 37.—Resistance of a galvanometer.
current flowing through the When S = g, i, = bgi.
galvanometer and the rest
through the shunt. If the main current is unchanged, this means
that the current is equally divided between the galvanometer
and its shunt. From this it follows that the resistance of the
galvanometer is equal to the resistance of the shunt.

It is true that the addition of the shunt has reduced the
resistance of this portion of the circuit, but as this is only
a small part of the total resistance in the battery circuit, the
main current in the second case, and which is divided between
the galvanometer and the shunt, will be larger than the current
in the first case by less than can be read on the galvanometer
scale. - This point can be tested by placing the shunt resistance
in series with the galvanometer and noting whether it produces an
appreciable effect in reducing the deflection.

N

Problem.—Let the student give a mathematical proof that g = S.
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73. Making an Ammeter.—An interesting way to use a gal-
vanometer is to construct a direct-reading ammeter with the
galvanometer as the moving element. The problem is to set up
the galvanometer with a suitable shunt, and other resistances, so
that when a current of 1
H ampere (or other assigned
amount) is passed through

‘ the arrangement the galvano-
meter will stand deflected

— 100 divisions.
I S=.01 abm If there is available a
Fra. 58.—An ammeter built up with & known resistance of 0.01 ohm,
galvanometer and shunt. it would make a useful shunt
to carry most of the current that is to be measured. This low
resistance should have permanent current and potential
terminals, as shown in Fig. 91. If the galvanometer is con-
nected to the potential terminals, the current will divide be-
tween the two parallel circuits, most of it flowing through
the low resistance of the shunt and a small part of it, ¢, flowing

through the galvanometer.
From the law of shunts,
1=0%8; 0ty

S S

where d’ is the desired deflection corresponding to the main
current, I.
Since F and s are already fixed, the galvanometer resistance

should be
_Is
R
where the last term, s, is probably insignificantly small. If
the galvanometer resistance is less than this, it can be increased
by adding in series sufficient resistance, H, to give the desired
amount.

If F has been determined accurately, the galvanometer should
show a deflection of d’ divisions when the main current is I
amperes. If this check is satisfactory, it gives confidence that
by changing H and s the galvanometer can be set to measure any
other desired range of current.

74. To Make a Voltmeter.—A very excellent voltmeter can
be made with a galvanometer and a high resistance of 100,000
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ohms or more. The idea of a voltmeter is an instrument that
will measure E.M.F. without destroying or changing what it is
trying to measure. Therefore, the less the current that is drawn
from the battery, or other source, the

better, since this will allow the available /g\
E.M.F. at the terminals to be nearer the %

value of the full E.Mm.F.
Suppose the problem is to make a volt-

meter that will read 100 divisions per

volt. The current through the galvano-
meter will be, then, :
i = 100F. 1 ;
But the current that will flow through g
the high resistance, H, and the galvano-
meter in serics, when connected to an l
E.M.F. of 1 volt, is Ae B
F1a. 39.- -A voltmeter
g = 1~__ built up with a galva-
H + q nometer and a high re-
sistance.

Probably g can be neglected in comparison with H.

If ¢/ is larger than ¢, and H cannot be increased to make i’ = 1,
it will be necessary to use a shunt on the galvanometer whose
multiplying power is
" g+s,

s

m =

The resistance of a shunt having this multiplying power is
o= 9.
ST m-1

Of course s cannot be computed any closer than g is known.
Hence the importance of knowing g is evident. Since the galva-
nometer coil is of copper wire, which changes with temperature,
the value of g should be determined at the time it is used.

The voltmeter thus built can be compared with a Weston
voltmeter. When both voltmeters are in parallel with each other
they should read the same.

To show the advantage of a high-resistance voltmeter, it
can be used to measurc the r.M.rs. of several old dry cells.
After this is done, the same cells can be measured with a Weston
voltmeter. The latter will be found to give results that are too
low.
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76. Differential Galvanometer.—A differential galvanometer
has two independent coils, as nearly alike as possible. A current
passed through cither one will produce a deflection, and if the
current flows through both coils in series, the deflection is due
to the effect of both coils acting together. If the effect of the
current in one coil acting alone is to produce a deflection in onc
direction, and the effect of a current in the other coil is to produce
a deflection in the other direction, the effect of both coils acting
together will be the difference of the two, and the resulting
deflection will be smaller than for cither coil alone. If the coils
have been carcfully made, and adjusted so that the magnetic
effect of each upon the needle is the same, then no deflection will
be produced by equal currents flowing through the two coils in
opposite directions, for the effect of one coil is just neutralized by
the other. Usually this balance is not exact, and a final adjust-
ment is required before using the galvanometer, and since it is
impossible to have the coils exactly alike, the two currents will
not be equal for a balance.

Calling the current through one coil I’, and that through
the other I, the relation between them would be

I' = al", 1)

where n is a constant whose value is about unity.
To compare two resistances, R and X, they are joined in
parallel with each other, as shown in the figure. In series with
each is one coil of the galvanometer.
° ° A resistance, P, is placed in series
" with the battery in order to keep

the current from being excessive.
b

- The galvanometer is adjusted as
x P R | follows. R and X are shortcircuited
by inserting all of the plugs, or other-

TBa wise. This is better than removing

.E them from the circuit, as no change

1. 40—Use of the differon- in connections will be required wl}en

tisl galvanometer, AB. they are to be used. On now closing

the key, the current through the gal-

vanometer coils will depend only upon their relative resistances,

and probably these are not such as will give a balance. Let a

resistance, r, be now added to the side having too large a
current and adjusted to give a balance. Then, from (1),
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|4 Vv
AT"BF¥Y )
where A and B are the resistances of the two coils, and V is
the fall of potential between a and b.
Inserting R and X, and adjusting R till a balance is again
obtained, gives, from (1),
Vv’ |74
AFRE- "BINFX (3)
where V' is the new value of V.
Exchanging R with X and readjusting R again to balance
gives
V// V/I 4
AFXX " "BFnH+R @)
where R’ and V'’ are the slightly changed values of B and V.
Dividing (2) by (3) gives

A+R_B+nrn+ X,

A~ (B+r)
Clearing of fractions and solving for X,
;- _RB+71)
Similarly, from (2) and (4)
. R'A
X=pyr ©

Multiplying (5) and (6) and extracting the square root,
X = VRR'.

The value of X is thus a mean proportional between the
values of R required to give the two balances. If these values
are nearly equal, no appreciable error is made by taking X as
the arithmetical mean. In case a change of 1 ohm in R produces
a readable deflection, the tenths of ohms can be obtained by
interpolation. )

76. The Weston Ohmmeter.—The principle of the differential
galvanometer is utilized in the Weston ohmmeter, shown in Figs.
41 (a) and 41(b). This instrument reads directly in ohms the
value of the resistance that is connected between the binding
posts marked XX. The moving coil of the ohmmeter has two
windings, as indicated by A and B in the diagram of Fig. 41(a).
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A current through one of these windings tends to deflect the
pointer up the scale, while a current through the other winding
tends to deflect the pointer down the scale. With two equal cur-
ents, the action of one is balanced by the effect of the other and

the needle stands unde-

An A

~ AR,
b~ A AN AN -

X

flected at zero on the scale.
When resistance is added
in scries with the second
coil the current is lessened
and the pointer moves up
the scale, due to the undi-
minished effect of the cur-
rent in the first coil.

Like any voltmeter, the
reading depends upon the

F1a. 41(a).—Connections of a Weston voltage of the battery that
ohmmeter. A and B indicate the differ-

ential windings on the moving coil.

The 18 used. The ohmmeter

resistance to be measured is connected shown in Fig. 41(b) is

at XX.

designed to operate on two

dry cells. Within the instrument is a standard resistance, S,
equal to the amount measured by the full scale deflection.

With the movable plug in the
position shown in Fig. 41(b),
this standard resistance is con-
nected across XX, and when
the key is depressed, the
pointer should stand at the
top of the scale. In case it
does not, the instrument is
quickly adjusted by changing
the position of a magnetic
shunt with respect to the pole
pieces of the permanent
magnet. In this way any
variation in the voltage of the
battery is compensated, and
the scale readings are inde-

F1a. 41(b).—The Weston ohmmaeter.

pendent of the actual current through the instrument. The
middle hole is merely a place tostand the plug. When placed
in the hole “100,” the plug short-circuits 50 ohms, and therefore
50 ohms must be connected across XX to give the zero reading.
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In this position of the plug the scale reads from 50 to 100 ohms.
Other ranges measure up to 2,000 or 3,000 ohms.

77. Differential Galvanometer in Shunt.—The differential
galvanometer is even more useful in the comparison of two low
resistances. In this case each of the galvanometer coils is used as
a sensitive voltmeter to measure the fall of potential over a resis-
tance. If the fall of potential over each of the two resistances is
the same when they are in serics, the resistances must be equal.

The galvanometer coils should be of high resistance, say
several thousand ohms. This means that they will have a
great many turns of (copper)
wire, which will make the
galvanometer sensitive to
small currents. Therefore
only a little current will be
shunted from the low resis-
tances that are being com-
pared.

For this comparison it is
necessal.'y to h&VC':L standard I'1G. 42.—Differential galvanometer, AB,
low resistance which can be in shuntwith & and X.
varied by small steps. This
is joined in series with the unknown resistance X, as shown
in Fig. 42. Some additional resistance, P, is placed in the
battery circuit to keep the current from being too large. The
two coils of the galvanometer are connected as shown.

To adjust the galvanometer, the two coils are connected
together in parallel and both shunted across the same low resis-
tance. Lach coil will now have the same fall of potential and the
galvanometer should give no deflection. In case there is a deflec-
tion, the current through one of the coils must be reduced by
adding some resistance, r, in series with this coil until the deflec-
tion is brought to zero. This will make the resistances of the two
shunts unequal, but the deflection will be zero when each shunt
has the same fall of potential.

When connected as shown in Fig. 42, a balance will be obtained
when R has been adjusted to equal the value of X, provided that
the current through cach is the same. In general, this will not
be the case, for, by introducing r, the shunt currents are not the
same. Therefore a balance is obtained when the resistance of X
with its shunt equals the resistance of R with its shunt. That is,
when,
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XB _ RA
X+B E+4

A second balance is obtained by exchanging X and R, and
readjusting the value of the latter to R’ for zero deflection.
Then,

RB XA
R+B - X+4

Dividing the first of these equations by the second gives

XK'+ B) _E(X+4)
R(X+B) XR+A)
or
X,)g = _(X___*___A),,(X'_t_B2 = 1, very nearl
RR™ (R+A) (R +B) ~ > Yoynrem

Even in the extreme case of A = 1,000 and B = 2,000 with
X = 1 ohm, this ratio differs from unity by only about 0.0002,
and the difference is correspondingly less when A and B are
more nearly equal.

Therefore,

X = VRER'.



CHAPTER 1V
THE WHEATSTONE BRIDGE

78. The Wheatstone Bridge.—The Wheatstone bridge consists,
essentially, of two circuits in parallel and through which an electric
current can flow. Let these circuits be represented by ABD
and ACD, Fig. 43, and let the currents through the two branches
be denoted by I and I'. Since the fall of potential from A to
D is the same whichever path is considered, there must be a

~¥ |2

K |{

F16. 43.—Principle of the Wheatstone Bridge.

point, C, on one circuit which has the same potential as any
chosen point, B, on the other. If one terminal of a galvanometer
is joined to B and the other terminal is moved along ACD, the
galvanometer will indicate zero deflection when the point C
has been found. Since B and C have the same potential, the fall
of potential from A to B is the same as from A to C, or, in terms
of the currents and resistances,

IP = I'Q,
where P and @ are the resistances of AB and AC, respectively.
Similarly, for the other part of the circuits

IR = I'X.
69
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Dividing one equation by the other eliminates the unknown
currents and gives
P Q

kR X
as the relationship of the resistances when the bridge is bal-
anced. In the usual method of using the Wheatstone bridge
three of these resistances are known and the value of the fourth
is easily computed from the above relation as soon as a balance
is obtained.

79. The Slide Wire Bridge—Simple Method.—The Wheat-
stone bridge principle is used in several forms of apparatus

Q)
NEECE

A B

F1G. 44, - “The simple slide wire bridge.

for the measurement of resistance. The simplest of these is
the slide wire bridge as shown in Fig. 44. The unknown resis-
tance which is to be measured is placed at X, while at R is the
known resistance, usually a box of coils. The branch ACD
consists of a single uniform wire, usually 1 meter in length,
stretched alongside or over a graduated scale. This wire should
be of a high-resistance alloy. The balance is obtained by moving
the contact, C, along the wire until a point is found for which
the deflection of the galvanometer is zero when K’ and K are
closed. This contact should not be scraped along the wire, but
always raised, moved to the new point, and then gently but firmly
pressed into contact with the wire. Neither should it be used
for a key, as the continual tapping will dent the wire and destroy
its uniformity. The two keys, K’ and K, are both combined
into a single successive contact key, often called a Wheatstone
bridge key, in which one motion of the hand will first close the
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battery key, and then, after the currents have been established,
will close the galvanometer circuit. The need of such a key is
very evident when there is self-inductance in X.
When the point C has been located, we have, as in the preced-
ing article,
zl’ = apl,

where a is the length of the bridge wire from A to C, and p is
the resistance per unit length of this wire. z denotes the value
of the resistance of X. Similarly,

RI' = bpl,

where b is the length of the bridge wire from C to D. In this
discussion the resistances of the heavy straps are neglected and
A and D are considered as being at the ends of the bridge wire.
Dividing the first equation by the second gives

X a

R b
Thus the ratio of the unknown resistance to R is given by the
ratio of the two lengths into which the bridge wire is divided by
the balance point.
This relation can be expressed in terms of a single length,
a, by writing
b=c¢c—a,

where ¢ denotes the total length of the bridge wire. Then

a a
r=Re =R 0=
if the total length of the bridge wire is 1,000 mm.
Measure in this way the resistances of two or more coils.
Also, measure the same coils when joined in series and compare

the result with the computed value,
R =R + R".

When two coils are joined in parallel, the measured resistance
should fulfil the relation,

1

] 1
R

1
"Rt R
Problems

1. Exchange the positions of the battery and the galvanometer and then
deduce the formula for z, as ahove.
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2. Prove that for three resistances in series

R =R+ R;+ R,
and in parallel
) R\R:R, .
R\R: + R:Rs + R:R:

8. Deduce the corresponding expressions for five resistances.

80. Calibration of the Slide Wire Bridge.—In deducing the
formula for the slide wire bridge it was assumed that the bridge
wire was divided into 1,000 parts of equal resistance, and that
the readings obtained from the
scale corresponded to these divi-
sions. To make sure that the scale
readings do thus correspond to the
bridge wire, it is necessary to
calibrate the wire, that is, to
determine experimentally what
F1a. 45.—Calibration of the sim- readings on the scale correspond

ple bridge. to the 1,000 equiresistance points
on the wire.

Two well-adjusted resistance boxes are inserted in the two back
openings of the bridge, and the battery and galvanometer con-
nected in the usual manner. Only the battery key is needed in
this calibration, as good resistance boxes are non-inductive.
Closing the galvanometer key often gives a small deflection due
to thermal E.m.rs., and this deflection interferes with the
determination of the balance point. It is better, therefore, to
keep the galvanometer circuit closed, and observe the deflection
when the battery circuit is opened and closed. If now, for
example, 500 ohms are put in each box, the balance point will be
at the middle of the bridge wire and this should be at the point
marked 500 on the scale. If it is not, but falls a distance, f,
below 500, then f is the correction which must be added to the
observed reading to obtain the true reading. Since there may be
thermal currents in the galvanometer circuit, this value of f
should be computed from the mean of two readings, one taken
with the battery current direct and the other taken with the
battery reversed.

In the same way the true location of the points 100, 200,
300, 400, 500, 600, 700, 800, and 900 can be found. It will be
found convenient to keep the sum of P and @ always constant
at 1,000 ohms.

R =
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Finally, a calibration curve is drawn, with the readings of
the scale for abscissz and the corresponding corrections for
ordinates. The corrections for any point on the scale can then
be read directly from the curve. The corrected readings are
thus expressed in thousandths of the total bridge wire, including
all the resistance of straps, conncctions, etc., between the two
points where the battery is attached.

CALIBRATION OF BRIpGE No. ——

1)

Q

Scale readings 1
|

'

Battery
direct

Battery 1

Mecan

True
reading

Cor.

reversed |

81. Double Method of Using the Slide Wire Bridge.—In the
simple method above, only a single balance point was obtained,
and the value of the unknown resistance was computed from the
relation,

x a

R - VIK)T)”(JN—M u’
where a denotes the reading on the scale at the point of balance,
and is assumed to be the length of one portion of the bridge wire.
The measurement of resistance will be more precise if x and
R are exchanged with each other, without, however, changing
the value of either one, and a new balance point determined.
This second balance point will be, say, at a’ on the scale, and
r 1,000 — a
R= @
Combining these two equations by the addition of proportions,
x _ 1,000 + (a —a’) _ 1,000 + d
R~ 1,000 — (a —a’) 1,000 — d
in which the actual values of @ and @’ do not appear, but only
their difference. Thus all questions regarding the starting
point of the scale or the wire are climinated, and if d is small,
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any error made in its determination will have only a small
effect upon the value of z as computed from this equation.

82. Advantages of the Double Method.—When it is desired
to use the slide wire bridge with some degree of precision, several
precautions are necessary in order to avoid the principal errors.
Prominent among these are the effects due to thermal E.M.F.
in the galvanometer circuit, to balance which it is necessary to
set the sliding contact on the wire at a point somewhat to one
side of the true balance point to obtain zero deflection of the
galvanometer. If the scale is displaced endwise with respect to
the wire, or if the index from which the readings are taken is not
exactly in line with the point at which contact is made on the
wire, the effect is much the same.

Let a’ denote the observed reading on the scale, and a’ + f
the true balance point, where f denotes the displacement of the
reading due to the causes noted above. The actual value of f
is unknown, but it is constant in amount and sign, at least while
one set of readings is being taken. For a balance of the bridge
with z and R in the positions shown in Fig. 44, we have

x a +f

R c— @+
where ¢ is the total length of the bridge wire expressed in the
same uniis as @’ and f~—usually in millimeters.
Exchanging x and R gives a new balance at ¢”/, and
z _ ¢~ @ +f)
E- "' +f
Combining these two expressions by the addition of proportions
gives
x _ct+(@—a’') _c+d

R ¢c—@W—-4d") ¢c—d

It is seen that f has been eliminated by this double method
and the only measured quantity appearing in the final expres-
sion is d, the length of the wire between the two observed balance
points. The value of ¢ should be determined by the method
given in Art. 99, as this may be greater than the meter of bridge
wire because of the added resistance of the copper straps and
the connections at each end of the wire. The ‘“bridge wire”
really includes all of the resistance from A to D. However, if d
is small, a slight uncertainty in the value of ¢ will produce a
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negligible error in the computed value of z. This means that

R should be taken as near to the value of x as is convenient.
83. The Best Position of Balance. (a) Simple Bridge.—The

formula deduced in Art. 79 for the value of a resistance measured

by the simple slide wire bridge is

a

r=R .
c—a

(A)

Suppose that the value of a can be read to within +h mm. of its
true value. This uncertainty will be the same at one part of the
scale as at any other, but its effect in the formula depends upon
the value of a.  Using a value of a that is un«ertain by -+ h gives

a+h

R @an

=z %/ (B)
where f denotes the corresponding error introduced into =z.
It is required to find the value of « that will make the effect of +h
as small as possible.

Subtracting (A) from (B) leaves

a+h a _ + he
=R (c_——(aﬁirj ¢ — 7(71) =R (c—aF h)c—a) ©
While the uncertainty A cannot be neglected in computing the
value of z, in finding the small quantity f it is near enough to
call ¢ ¥ h = ¢. Then,
he
[ =R (D)
In the notation of the calculus, the same result is obtained.
When h is small, f corresponds to dr and k to da. Differentiating
(A) gives

J_dx c

h— da " (c — a)?
the same as before. But the actual error made in finding the
value of z is not of as much importance as the relative error. It
is evident that an error of 1 ohm in a total of 10 ohms is a very
different thing from an error of 1 ohm in 1,000 ohms. The rela-
tive error is the ratio of the actual error to the total quantity
measured. Thus from (A) and (D) the relative error, e, is

S c

‘T T e—aa
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From this it appears that even the relative error is not the
same for the same error in reading, but it depends upon the
value of a. Examining this expression for & minimum value of e,

de  —c(c — 2a)
da ~ ((c — a)a)?
This is satisfied if (¢ — 2a) = 0.

Thus in reading the value of a, a given error (say 1 mm.)
will produce the least effect on the computed value of x when
the balance point comes at
the middle of the bridge
wire.

While this error is
smallest at the middle of
the bridge wire, it is not
much greater when the
balance falls at any point
on the middle third of the
scale. Figure 46 shows
how rapidly this error in-
creases when the balance
point is near either end of
. : \ the bridge wire.

0 Bt nane M (b) Double Method.—The

Fig. 46.—An uncertainty of 1 mm. in above discussion applies to
estimating the value of a produces less thesimpleslide wire bridge.
f‘(l;;.:;:illcnoa; zll:ferll)rtil(];;(lzalance point is near the When the double method

is used, the formula for
the resistance being measured is

'
4= 1000 + (@ = a")

1,000 — (@ = a”)
as deduced in Art. 80.
Writing this as

h =0.

Relative Error
"

T

L

-
w
-

r=R-—-"
c— 2z
it can be shown in the same way that a given error in measuring
2 will have the least effect upon the computed value of x when
2z = 0, that is, when both a’ and a’’ are at the middle of the
bridge wire. In this case

f_dr_p 2
h‘— 2 R(C—z)"



THE WHEATSTONE BRIDGE 77

and
e=h, . 2% _ 2h |
c—2)(ct+2z) -2
which evidently is & minimum when z = 0.
84. Sources of Error in Using the Slide Wire Bridge.—

These may be summarized as

1. Errors in setting, due to:

a. Thermal currents.

b. Contact maker not in line with index.

¢. Non-uniform wire or scale.

d. Ends of wire and scale not coincident.
2. Errors in reading.

e. The position of balance.

J. True value of R, loose plugs, ete.

The effect of a and b can be eliminated by using the double
method, as explained in Art. 82.

The only way to avoid the effect of ¢ or d is by calibration
of the bridge wire and correcting all readings.

The error in reading the position of the index after a balance
has been found is often greater than the uncertainty of the
setting. In the preceding section it was shown that this error,
which is about the same for all parts of the scale, has the least
effect on the computed value of x when the reading is near the
middle of the bridge wire.

The error in the resistance coils of a good box is very small.
However, the value of KB read from the box and used in com-
putations may be very different from the actual resistance of
the experiment. If some of the plugs are loose, or make poor
contact because of dirt or corrosion, the resistance may be
considerably increased. Moreover, the resistance actually used
in the bridge includes all the connections and lead wires
used to join the box to the bridge. In the same way the resis-
tance measuréd includes the lead wires and connections.

86. The Wheatstone Bridge Box.—In the slide wire form
of the Wheatstone bridge the balance is obtained by locating
a certain point on the wire, and the accuracy of the measure-
ment depends upon the accuracy with which the lengths of
the two portions of the wire can be measured. In the Wheat-
stone bridge box the wire is replaced by a few accurately adjusted
resistance coils. Thus, while the number of ratios that can be
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employed is less than ten, the values of these few ratios are
precise, even when the ratio is far from unity. The usual
arrangement is to make P and @ (Fig. 43) the two ratio arms
with the unknown resistance in X and obtain the balance of the
bridge by adjusting the resistance of R. The value of the
unknown is then given by the usual relation
. Q
X =R P
and is known as accurately as are the values of P, @, and R.
In a common form of the Wheatstone bridge box, P and @
each contain 1-, 10-, 100-, and 1,000-ohm coils, thus giving ratios

o W 1
Fia. 47.—Diagram of a decade Wheatstone bridge box.

of 1,000, 100, 10, 1, 0.1, 0.01, 0.001. The rheostat arm, R, can
be varied by 1-ohm steps from 0 to 11,110 ohms. This gives
a range of measurement of unknown resistances from 0.001
to 11,110,000 ohms. In using such a bridge it is best first to set
the ratio arms equal, say to 1,000 ohms each, and obtain an
approximate value of the unknown resistance. Then change
the ratio to such a value that R may be given in four figures.
This will give the resistance of the unknown to four significant
figures also.
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A more convenient form is the decade bridge. The rheostat
arm is arranged on the decade plan with one plug for each
decade. The resistance in this arm is indicated by the position
of the plugs, which always remain in the box. The ratio arms
consist of a single series of coils of 1-, 10-, 100-, 1,000-, 1,000-, 10,000-
ohms, but any coil can be used in either arm (but of course the
same coil cannot be used in both arms at the same time). The
connections not visible are clearly indicated by lines drawn on
the top of the box. The diffcrent parts should be carefully
compared with the diagram of Fig. 42, Art. 77, and the points
A, B, C, D located before attempting to use the box. The resis-
tance to be measured is joined to the posts marked X, the battery,
and the galvanometer as shown, with a key in each circuit—
preferably a successive contact key.

86. To Use a Wheatstone Bridge Box.—When starting to
obtain a balance, the ratio arms are each set at 1,000 ohms
and an approximate value of the resistance determined. This
is done by shunting the galvanometer with the smallest shunt
available, and with R set at 1 ohm the keys are quickly tapped
and the direction of the deflection noted. The key should
not be held down long enough to cause a large deflection, as the
direction can be seen from a small one just as well and with
less danger to the galvanometer. Next, B is set at 9,000
ohms and the key tapped. Usually this deflection will be
in the opposite direction. If it is not, try zero and infinity.
Knowing that the value of X lies between 1 and 9,000, say,
this range is divided by next trying 100 ohms, and if X is less
than this, try 10 ohms. Suppose X is between 10 and 100.
This range is divided by trying 50, and so on until it is reduced
to a single ohm. Let us suppose that X is found to be between
68 and 69 ohms. Then the ratio arms are changed so as to make
R come 6,800 or 6,900. The exact value for a balance is deter-
mined by continuing the same process and is found, say, when
R is 6,874 ohms. This example then gives X = 68.74 ohms.

If the best balance, obtained with no shunt on the galvanom-
eter, still gives some deflection, the next figure for X can be
obtained by interpolation, but this is not usually required. If
greater accuracy is desired, it is necessary to make a second
measurement with the battery current reversed through the
bridge. This will reverse some of the errors, and especially
the effect of thermal currents in the galvanometer branch, The
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mean of these two measurements will then be nearer the true
value of X than either one alone.

Measure the resistance of several coils and check the results
by measuring their resistance when joined in series and parallel.
If some of these coils have an iron core, notice the effect of first
closing the galvanometer key and then closing the battery key.
Remember that the formula for this method was deduced on the
assumption that all of the currents were steady, and that there
was no current through the galvanometer.

The bridge balances can be recorded as follows:

Object measured

plQ|Rx

o

87. The Per Cent Bridge.—A very useful and convenient
form of the Wheatstone bridge is the arrangement shown in Fig.
48. When it is desired to compare coils that are nearly equal
to each other, the ratio of the unknown resistance to the standard
resistance is often more desired than the actual value of the un-
known resistance. In the per cent bridge the coils are arranged

so that the dial readings give

= Q directly the ratio of the un-
# known resistance to the re-
e sistance that it 1is being

Q ¢ compared with.
As shown in Fig. 48, one
of the ratio arms of the
B:[ K. bridge is a fixed resistance of
I 1,000 ohms. The other ratio
F16. 48.—The direct-reading per cent arm consists of a fixed re-

bridge. . . .

sistance of 950 ohms in series
with P, which is a dial resistance box of tens, units, and
tenths of ohms. When z and R are equal, it will require 50
ohms in P to give a balance. Mark this setting of P as 100 per
cent. If z is 1 per cent larger than R, it will require another 10
ohms in P, and this setting can be marked 101 per cent; 70
ohms would correspond to 102 per cent, etc. If the setting of P
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for a balance is 76.1 ohms, it indicates that z is 102.61 per cent
of R. If the index on the first dial can be set to read ‘20’ when
it stands at 70 ohms, the last three figures, 261, can be read
directly from the box. The range of this bridge is from 95 to 105
per cent. By increasing the ratio arms to 10,000 ohms each, the
setting of P can be read to thousandths of 1 per cent. If lead
wires are nceded to connect z to the bridge, the lead wires for
R should be made of the same resistance.

88. Location of Faults.—By a fault on a telephone, electric
light, or other line, is meant any trouble by which the insula-
tion of the line is impaired, or which interferes with the proper
working of the line. The principal kinds of faults are named
as follows:

A ground is an electrical connection more or less completed
between the line and the earth. In the case of a cable any
connection from one of the wires to the lead covering of the
cable consitutes a ground.

A cross is an electrical connection between two wires.

An open is a break in the line.

In testing for a fault it is first necessary to determine in
which of these classes the given trouble belongs. A testing
circuit is made by conncecting a battery in series with a volt-
meter or other current indicator. The faulty line is then picked
out from among the good ones by onc of the methods outlined
below.

Test for Grounds.—The test to find grounded wires can be
made at any point along the line. The battery side of the test-

7 o

F1a. 49.—Picking out the grounded wire.

ing circuit just described is connected to the ground, and the
wire from the voltmeter side is brought into contact successively
with each wire to be examined. When the grounded wire is
reached, the battery circuit is completed through the earth, and
this will be indicated by the deflection of the voltmeter.
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Tests of this kind made with alternating current are often
unreliable because of the capacitance of the line.

Test for Opens.—Before testing for opens, the distant ends
of the wires are joined together and grounded. The test is

b X 4/; |Ba

m

F1a. 50.—Picking out the broken line.

applied at the near end, using the testing circuit in the manner
just described. As ecach wire is tried, the voltmeter will indi-
cate the ground which has been placed on the other end, unless
the line is open at some intermediate point. If the line is
broken, the pointer of the voltmeter will remain at rest, show-
ing that there is no clectrical connection through that wire.

Test for Crosses—In testing for crosses, the ncar ends of
all the wires are connected together and to one end of the test-
ing circuit. The wires are then disconnected one at a time,
and the free end joined to the other end of the testing circuit.

1 B
4 < m——v 2

L

Fia. H1.—Picking out the crossed lines.

A movement of the voltmeter pointer shows that the wire being
tested is crossed with one of the other wires. If there is no
indication of a cross, the wire is laid at one side and the test
continued with other wires until all the good wires have been
removed, and only crossed wires remain.

In case there are several sets of crossed wires among those
remaining, the near ends of all the crossed wires should be
separated. Then connecting them, one at a time, to the battery
side of the testing circuit, touch cach of the other wires in succes-
sion with the wire from the voltmeter. A deflection indicates
that the line touched is crossed with the one joined to the battery.

Of course, the wires must not be connected at the other end,

or through any switchboard, as this would give the test for a
Cross.
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89. Methods for Locating Faults.—The usual methods for
locating faults in a telephonc line or cable are based on the princi-
ples of the simple slide wire bridge. The following methods
are illustrative examples of this kind of measurement and show
the general mode of procedure. They are called loop tests,
because the wire being tested is joined to a good wire, thus
forming a long loop out on one wire and back on the other.

In case the line is open so it cannot be used as one arm of
a Wheatstone bridge, the position of the break can be located
by comparing the capacitance of the line out to the break with
the capacitance of a similar linc whose length is known.

90. The Murray Loop.—In the Murray loop method the
grounded wire is joined to one end of a slide wirc bridge, as

B( T,

Fra. 52.— Locating the position of the ground, F.

shown at A, Tig. 52. A second wire of the same length and
resistance and similar to the first, but frec from faults, 1s joined
at D to the other end of the bridge. These two wires arc joined
together at the far end of the line, thus forming the loop. This
loop is divided into two portions by the fault at #, which in the
figure is assumed to be a ground.  These two parts form two arms
of a1 Wheatstone bridge, the other two being formed by the bridge
wire, ACD. It is usually best to conneet the galvanometer and
battery in the position indicated, the battery connection at F
being made through the carth.

Let C indicate the balance point. Let p denote the resis-
tance of 1 mm. of the bridge wire, and p’ the resistance of unit
length of the wire forming the loop. Then, by the principle of
the Wheatstone bridge for a balance,

apl = bpl’ = (¢ — a) pl’,
where ¢ (= a + b) denotes the whole length of the bridge wire,

and a is the reading on the bridge scale, measured from the
end connected to the faulty wire. Similarly,

dp'l = 2L — d) p'l’,
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from which
d=2L%
c

where d is the distance to the fault and L is the length of the
faulty wire.

This determination can be checked by exchanging the good
and faulty wires in the arms of the bridge. This change requires
a slight modification in the formula used in solving for d.

91. Fisher’s Method.—It sometimes happens that no good
wire like the grounded one can be obtained. It is still possible
to locate the fault, provided only that two good wires can be
obtained, the only requisite being that they extend from the
bridge to the far end of the faulty wire.

First make connections as in Fig. 52, using onc of the good
wires, H, Fig. 53, to complete the loop with the faulty wire.
Then, as before,

dp’ .
L—z;?—_*_ [Ipu'

wherc Hp"' is the resistance of the good wire.

(4)

a
C

B L F )] 0

F1a. 53.—Finding the relative resistance of the two lines.

Next use the other good wire, J, to connect the battery to the
far end of the line as shown in Fig. 53 and obtain a second balance.
The ground at F will make no difference if there is not a second

ground at some other point. In this case, if a’ is the reading,

a’ Ly’

T T Ly ¥ oy (B)
From (A) and (B),
a _d _sa

where, as before, d is the distance to the fault and L is the length
of the faulty wire.
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92. Location of a Cross.—The methods for locating a cross
are similar to those just given for locating a ground. The only
difference is that instead of connecting the battery to F by
means of the earth, as shown in Fig. 52, the connection is now
made by means of the wire which is crossed with the line AB.

F1G. 54.—Locating the position of the cross, EF.

The balance point is found the same as before, and the distance
to the fault computed by the formulas given above. Figure 54
shows the Murray loop for locating the cross EF between the
lines L and H. Of course the location of the cross could have
been made equally well by using line H in the bridge in the
place of L.

93. Location of a Cross. Wires Unlike.—In case the lines
L and L’ are unlike, it will be necessary to use another line, J,
as shown in Fig. 55 and obtain a

. N G
second balance as in the preceding
method, Art. 91. The distance to 5 L ﬁﬁ
the cross is then given by the formula ~ /,, =) T
K a
d = L%, derived as before. e Y =]
a K

94. The Varley LOOp Test.—It is Fia. 55.- Locating the posi-

often convenient to make the test for tion of across when the wires
. are all unlike.

fault location by the use of a Wheat-
stone bridge box or a portable testing set, instead of using the
slide wire bridge. In the Varley loop method the far end of
the grounded wire is connected to a good wire, and the circuit
or loop thus formed is connected into the Wheatstone bridge
as the unknown arm. This arrangement is shown in Fig. 56.
The usual balance of the bridge gives the resistance, S, of this
complete loop.
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If now the battery connection is changed from D to the ground,
which, in effect, means that the battery is connected at F, and
the bridge again balanced, the relation is

S — a P

R+z-¢@ ="

L S / P

L7 LO

l/_ R Q
1

'———_—_/ 1—_—_

Fi1a. 56.—Varley loop method for locating the ground at I, using a Wheatstone
bridge box (Fig. 57).
where x is the resistance of the line from the bridge out to the
ground at F, and A is written for the ratio of the arms P and Q.
Usually A4 is 0.1 or 0.01. This gives
LS — AR
/ 14+ 4

Knowing the number of ohms per meter or the ohms per mile
for this wire, the distance out to F is readily computed (by divi-
sion). In case both of the wires forming the loop are alike, the
distance from the bridge end of the line to the ground at F is

x
([ = S [4,
where L is the total length of the loop. In practice this method is
readily applied, as it requires only two balances of the bridge
testing set, and a simple computation gives the distance, d.

In locating the position of a cross between two wires, the only
difference in procedure is that the battery is connected to the
line that is crossed with the one being tested, instcad of being
connected to the ground.

96. The Fault Finder.—Inasmuch as the meter slide wire
bridge is awkward to use, except on a laboratory table, the
essential parts are arranged in a compact box for field use.

One form of such a portable testing set is shown in Fig. 57.
The ratio arms of the bridge are varied by turning the left hand
dial, and the other four dials control the known resistance, R.
The resistance to be measured is connected to the large bind-
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ing posts at the front of the box. The battery and galva-
nometer are contained within the box.

This testing set is not only a portable Wheatstone bridge,
but, by means of the knife switches at the left, the connections
can be quickly changed for the Murray or Varley loop methods.

F1a. 57.—Portable testing set.

96. Location of Opens.—When one of the lines is broken,
it will not be possible to use it for one arm of a Wheatstone
bridge. If the line is one of a pair, it may have sufficient
capacitance to be measured. The simplest way is to charge one
piece of the broken wire and discharge it through a ballistic
galvanometer. This deflection is compared with the deflection
obtained when a known length of a similar wire is charged and
discharged in the same way. Then

/
d = IJ(‘(i,;’

Usually a more exact determination can be made by the
bridge method (Art. 195). Let ac and ef represent the two
wires of a pair, of which ac is broken at the point b. A similar
pair is shown by mn and hj. The line mn and the part bc of the
broken line are joined to the non-inductive resistances R’ and R,
as shown. The other wires of these pairs, and the remainder of
the broken wire, are joined to the ground. An induction coil, I,
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or some other sources of alternating E.M.r., is used to charge the
lines through the resistances. When the latter are adjusted to
give a minimum sound in the telephone T,

>

3
~

F1a. 58.—Finding the distance out to the break at b.

97. Resistance - of Electrolytes.—When a current flows
through an electrolyte it is accompanied by a separation of
the substance in solution. The negative ions move in the
same direction as the electron current, while the positive ions
travel in the opposite direction, each being liberated at the elec-
trodes. In general, this action causes polarization, which tends

Fra. 59.—Resistance of an eclectrolyte.

to oppose the flow of current. In order, therefore, to measure
the resistance of an electrolyte, it is necessary to employ an
alternating current. This can be most readily obtained from
a small induction coil.

The electrolyte is placed in a suitable cell, and made the
fourth arm of a Wheatstone bridge, the induction coil being used
in place of the usual battery. The resistance of the electrolyte
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can then be determined by the Wheatstone bridge method in the
usual way, and when the bridge is balanced,

r o= R%-

Since an alternating current is employed, this balance can
be found by means of a telephone receiver connected in the
usual place for a galvanometer. For purposes of instruction,
the best form of cell for holding the electrolyte is a cylindrical
tube with a circular electrode closing each end. The resis-
tance measured by the bridge is then the resistance of the elec-
trolyte between the two clectrodes, and knowing the resistance of
this column of the electrolyte, the resistivity, s, of the solution
can be calculated the same as for metallic conductors, or,

§ = 7’“].;7
where A is the cross-section of the tube containing the solution
and L is the distance between the electrodes.

The conductivity of the solution, ¢, is the reciprocal of this, or

1 _ IJ
==

Since the resistance of an electrolyte, or, more strictly, its
conductivity, depends upon the amount of the substance in
solution—that is, upon the number of ions per cubic centi-
meter—if we wish to compare the conductivities of different
electrolytes it is nccessary to express the concentrations in
terms of the number of ions per cubic centimeter. This is
usually stated in terms of the number of gram-molecules of
substance that are dissolved in one liter of the solution. For
the purpose of this experiment it is necessary to express the
concentrations in terms of the number of gram-molecules in one
cubic centimeter of the solution. The molecular conductivity,
u, of an electrolyte is then defined as the conductivity per gram-
molecule of salt contained in each cubic centimeter of solution.

¢ _ 1 L _ bL
BZm ™ ms ™ mrd ~ amRA
where m = number of gram-molecules in one cubic 2entimeter of
the solution.
The most intercsting application of the conductivity of
solutions is the knowledge it gives regarding the degree of disso-

ciation of the dissolved substance. The conductivity of an
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electrolyte is due entirely to the ions it contains and is directly
proportional to the number of ions per cubic centimeter. Most
salts are completely dissociated in very dilute solutions, and
therefore the molecular conduectivity of such solutions is not
increased by further dilution. Call this value go. Then if u
denotes the molecular conductivity of a more concentrated solu-
tion of the same salt, the relative dissociation in the solution is

Fxpress results by means of a curve, using values of u for ordi-

. 1 .

nates and the corresponding values of ~ (= number of cubic
m

centimeters containing one gram-molecule) as abscisse,



CHAPTER V
THE WHEATSTONE BRIDGE (Continued)

98. The Slide Wire Bridge with Extensions.—The measure-
ment of resistances by the slide wire bridge can be made with
more precision by using a longer bridge wire. The uncertainty
in locating the balance points probably will be about the same,
but since the distance, a’ — a’’, between the two balance points
is increased, the percentage error will be less,

As it would be inconvenient to have the apparatus much
over a meter in length, and as only the middle portion of the
bridge wire is used in
making careful measure-

. —
ments, the effective length [{:t ‘_—\
of the bridge wire is in- - rK
. . m m’’|
creased by adding a resis- ii ﬁ L-l
tance at each end. These e =t b -
extensions may consist of "j
known lengths of wire a (1‘: 3

similar to that used for the
bridge wire—or any two
equal resistances may be used and their equivalent lengths
determined experimentally by the method shown below. The
meter of wire provided with a scale then becomes only a short
portion along the middle of the total length of the bridge wire.
While this arrangement makes possible a greater precision of
measurement, it also lessens the range of the bridge, as only those
balances which fall on this limited section of the wire can be read.

The extensions are placed in the outside openings on the
back of the bridge, between the ends of the bridge wire and
the battery connections. They should be nearly equal. Let
m’ and m’’ denote the number of millimeters of bridge wire having
the same resistances as each extension, respectively, and let L
denote the total length of the bridge wire including both of its
extensions.

I"tc. 60, Bridge with extensions, m’ and m’’.

91
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With the resistance, =, to be measured, and the known resis-
tance, R, in the middle openings of the bridge, as shown in Fig. 60,
the first balance point is found. The reading on the scale at this
point will be called a’. Then

a_:__'m’+a’_ m’ + a' . )
R m"+bvV L —m+ad)
Exchanging the positions of x and R, and calling the scale
reading at the new balance point a”/,
x L —(m'+a")
R - ?Il, + aII (2)
And by addition of proportions, .
z _LA(@=-d)_L+d 3)
R L—(@—-d") L—d

It is evident that this arrangement reduces the range of the
bridge, for only those values of x can be measured which are
near enough equal to R to give balance points on the scale. But
what is lost in range is more than made up in the greater
precision of measurement.

Dividing out the fraction in (3) gives

z d d? d?

E—1+2Z+2L—2+2E,+' 4)
All the terms after the second are negligible if d is small in
comparison with L, so that

=R+ 2R%- (5)
The only part of x, then, which is measured by the bridge is the
second term, and a small error in it will only slightly affect the
computed value of z.

99. To Find the Length of the Bridge Wire with Its Extensions.
The total length of the bridge wire, including the extensions
at each end, can be determined as follows. A good resistance
box, P, is used in place of the unknown resistance, z, shown in
the figure of the preceding section. Then with both extensions
connected in the bridge, the values of P and R are adjusted
to bring the balance point near one end of thescale. Leta’denote
this scale reading, corrected if necessary by the calibration curve
for this wire when used as a simple bridge. Then

P m + a _ m’+a”

+ m +c+ m’ L
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where ¢ denotes the original length and L the total length of the
bridge wire.
Exchanging P and R, the balance falls near the other end of
the wire and
R m 4+ a’ ’.

P+ R L

By subtraction,
P—-R a’ — a”

= -——

P¥R ™~ I
whence
— pA:{_R ’ . Il\
L= PR (@' --a").

This method may also be used to determine whether there is
any extra resistance in the straps and connections at the ends of
the usual meter of bridge wire.

Notice that the value of L can be determined only as accurately
as the distance, d = a’ — a”/, can be measured. Therefore, this
distance should be as long as can be conveniently measured on the
scale, say 85 or 90 em. The reason for making d small in Art. 98
does not apply here.

Problem.—In calibrating a bridge wire it was found that for P = 100, and
@ = 900 ohms, the balance point fell at 95 on the scale; while for P =
900 and @ = 100 the balance point was at 903. What is the effective
length of the bridge wire? Ans. L = 1,010 mm.

100. To Calibrate the Slide Wire Bridge with Extensions.—
The formula deduced for this method in Lq. (5) above works
very well as long as x and R are nearly equal; but several
errors may occur in its use, the principal of which are:

1. Using a wrong value for L.

2. Neglecting all the terms containing d in powers higher
than the first.

3. Errors in the determination of d, due to non-uniform bridge
wire, scale errors, etc.

The method of calibration described below corrects for all of
these errors at once by finding a correction to be added to the

observed value of d, which will give to (1 + 22) the true value

of

<l
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With the bridge set up as shown in Fig. 60, with the exten-
sions in place, and two good resistance boxes, P and @, in place
of x and R, we have

P=q(1+%") (A)
and solving for d’ gives

) (B)

T 29 :

This is the value that d’ must have in order that (A) shall
give the correct values of the resistances being measured.

Starting with P and @ each 1,000 ohms, the value of d should
be zero. Then increasing P by successive small steps, the corre-
sponding observed values of d can be determined. These
observed values of d will not agree with the values of d’ com-
puted from Eq. (B) above, and therefore if used in Eq. (A), will
not give the correct values for PP. This is because of the errors
noted above. It is, therefore, necessary to add to the observed
length of bridge wire, d, a certain amount, £, such that

d~+h =d

and this corrected value, d’, should be used in Eq. (5) above.

In the present case where P and @ are known, the values of
d’ are computed from Iq. (B), while the corresponding values
3 of d are observed on the bridge wire.

The differences give the values of h,

and a calibration curve can be drawn,

as shown, which will give the correction

d to be used at each point. The correc-

o tion increases rapidly with d, owing

Fra. 61.—Cualibration to the increasing importance of the
curve. second error noted above.

In case d is not zero when P and @ are nominally equal, it
means that one is really a little larger than the other. Let d,
denote this value of d. This can be reduced to zero by adjusting
the value of Q; or, if it is more convenient, d, may be subtracted
from each value of d throughout this calibration, as a sort of zero
correction.
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The readings may be recorded as below:

To CaLiBRATE Bripck No. . ... With ExTensions No. .... anNp No. ...

N , ’ d d’ h
I Q a @ =a — " Eq (B) =d' — d

101. Measurement of Resistance by Carey Foster’s Method.—
One of the most exact methods for comparing two resistances is
the one devised by Prof. Carey Foster of IKingland. The Wheat-
stone bridge is arranged in the same manner as was used for the
slide wire bridge with extensions, except that now the extensions
become the resistances to be compared.

Fia. 62. ~Carcy Foster bridge, comparing B and S,

Thus, in the figure, let S be the resistance that is to be com-
pared with 2. These two are placed in the bridge as shown,
being connected together by the bridge wire. The other arms
of the bridge, P and @, become merely ratio coils and may
have any value, although they must be necarly cqual to cach
other in order that the balance may fall on the bridge wire,
and for the most sensitive arrangement all the arms of a Wheat-
stone bridge should be nearly equal. For the greatest accuracy,
R and S should each be in a constant-temperature oil bath.

Let the balance point be found by moving the contact, C,
along the wire until a point is reached for which there is no
deflection of the galvanometer. Let a’ be the scale reading
at this point. It is immaterial whether this scale extends the
entire length of the bridge wire or not.
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Now let R and S be exchanged with each other. This will
make no difference in the total length of the extended bridge
wire, ACD. But if the resistance of S is less than that of R,
the new balance point will not fall at the same point as before,
for it will be necessary to add to S enough of the bridge wire to
make the part AC the same as before. The resistance of AC
in the first instance is

' r
R+ dp _P+QT'
After £ and S have been exchanged, the resistance of AC’ is
D

S+ a'p = 5T,

where T denotes the total resistance of ACD. Equating these
two expressions,

R4ap=8+dDp,
and
S=R — (a"" — a)p,

where p is the resistance per unit length of the bridge wire.

102. Correction for Lead Wires or Other Connections.—
If either S or R is connected to the bridge by wires or other
connections, the resistance of these wires will be included in the
measured values. If S and R denote the values of these resis-
tances, exclusive of the lead wires, the last equation above should
be written

S+s=R+4+r— (" —d)p,
where ¢ and r denote the resistances of the connections.

If S and R can be removed or short-circuited, leaving only the
connections, a second pair of balances will give

s =r — (az — a)p.
Subtracting this from the first equation gives
S=R—[@@" —a)— (g —a)lp
R —{ —d)p
where d, and d; are the differences in the balance points in the
two cases.
103. The Carey Foster Bridge.—One form of the Carey Foster

bridge is shown in Fig. 63. Three separate bridge wires are
provided to give a choice in the value of p that can be used. The
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coil holder consists of a hard rubber base, upon which are
mounted massive copper bars for holding the resistance under
test and the comparison resistance, and for connecting these
resistances with the other parts of the bridge. There is also a

Fr1a. 63.—Carey Foster bridge, showing the coil-holder and commutator.

commutating device for interchanging the standard and the coil
under comparison. Connection to the bridge wire is made
by two large flexible copper cables.

104. To Determine the Value of p.—The resistance per unit
length of bridge wire can be readily determined by the same
arrangement as shown above. Let R and S be two resistances
that are nominally cqual. When the two balances are obtained,

S =R - (a" — a)p,
as shown above.
Now let S be shunted by a rather large resistance, P, so as to
give a small but definite change in this resistance. Then

SP
NP =R — (a2 — ay)p,

where a, and a; are the new balance points. By subtraction,

SP

S-5+p

= [((lz —a) — (2" = a')]P
and
S2
PEW+ P = d)
The resistances S and R should be well known, but extreine

accuracy is not essential in order to obtain a fair degree of
accuracy in the values of p.
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105. Comparison of Two Nearly Equal Resistances by Sub-
stitution.—The Wheatstone bridge box, described in Art. 85, is a
fairly accurate instrument for the measurement of resistance. Its
accuracy is limited by the accuracy of its own coils and the
uncertainty in the connections to the unknown resistance. It is
possible, however, to use such a box for measurements that are
more accurate than its own coils.

Thus, suppose that we wish to measure a resistance that is
slightly less than 100 ohms, and there is available a standard
100-ohm coil whose resistance is accurately known. With the
unknown resistance connected in the Wheatstone bridge, the
lIatter is balanced as exactly as possible.  If the best balance is not
exact, the deflection of the galvanometer is carefully observed
and recorded. Then, without changing the bridge or moving
any of the plugs, the standard resistance, 8, is substituted in
place of the unknown resistance, X. If the key is now closed, the
bridge will be found uubalanced, because, as we have supposed in
this case, Sis larger than X.  When this is found to be the case, a
high resistance box, R, is connccted in parallel with S and the
resistance adjusted until the galvanometer gives the same deflec-
tion as was observed for the best balance with X. Then the com-
bined resistance of S and £ must now be equal to X, or

- SE__ g (, _ N )
S+ R S+ R
The actual values of the other arms of the bridge are thus
immaterial.
An uncertainty in the resistance of the shunt, I, will only

X

. S _
affect the value of the fraction S + Ry’ which is small compared

with 1. When X is necarly equal to S, thus requiring a large
value of R to balance the bridge, the uncertainty due to R will
be slight.

In case the unknown resistance is larger than the standard, the
shunt should be applied to it. Then

XR SR

S = ‘—X- + R‘ and X = E—?

108. Precise Comparison of Two Resistances.—The last
method leads directly to a method for the accurate comparison
of two resistances that are nearly equal.
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Let the two resistances to be compared form two arms, S and R,
of a Wheatstone bridge. The other arms may be two resistances,
A and B, of about the same nominal resistance as S. The more
nearly A = B = S the better, but the exact values do not enter
in the measurement. The

bridge is balanced by adjust- P
ing one or both of the high-

resistance shunts, P and Q, S 7,
that arc in parallel with I and

S respectively. When £ is C)

not closely equal to S, the

A
balance may be obtained by K
the use of only one of the B o
shunts. If 1 is only slightly /\*3‘4

larger than S, the value of @
necessary to give a balance L_
would be very high, and i
possibly beyond the range of _ .

. . " Fra. 64.—The balance is obtained by
any available resistance box. adjusting the shunts, P and Q.
In this case a moderate resis-
tance can be used in P, making the resistance of this arm equal to
R
S+ P
It will then be possible to obtain a balance by adjusting Q,
giving for the resistance of B and @ the value

_ RQ
TR+Q
When the bridge is thus balanced we have
A S,

B~ R/

K B
x |

l\"

R,

. A .
where the ratio pisa constant but unknown quantity nearly

equal to unity.

For the next step the resistances A and B are interchanged
with each other without altering the rest of the bridge. This, in
general, will upset the balance of the bridge, but the latter can be
restored by readjusting the shunts to new values, P’ and Q’.
We will now have

A R,
BTS
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where
_ RQ ] v _Lg!)__'
B=prg " Sy

Equating this to the former cxpression for g eliminates this

unknown ratio, giving
S\ Rg
R~ S,
or

QU (S +P)S+P)

In computing the value of this factor it is permissible to use
the nominal values of S and R, since these are added to the large
resistances P and Q.

The advantages of this method are apparent when it is seen
that all uncertainty in the ratio of the arms A and B is completely
eliminated, and, since P and @ enter in both numerator and
denominator, the uncertainties in their values will have only a
slight effecct on the result. Of course, the usual precautions
against thermal E.M.rs. and changes in temperature should be
observed.

In some cases it is better to use the shunts on the rutio arms

R_ PR )
S

of the bridge, thus varying the ratio to equal —]SE

107. Measurement of Low Resistance.—It is often necessary
to measure a small resistance, either in the form of a short length
of a metal rod or a coil of low resistance. The determination of
the resistivity of a metal usually requires the accurate measure-
ment of a bar of the material.

The usual forms of the Wheatstone bridge arc not well adapted
for the measurement of such very small resistances. This is
because of the uncertain resistances of the contacts and connec-
tions by which the small resistance is joined into the bridge.
If the measured resistance is small, it is evident that a small
contact resistance may introduce a relatively large uncertainty
in the computed result.

108. Millivoltmeter and Ammeter Method.—If a sensitive
millivoltmeter is available, the resistance of a sample piece of
wire, M N, Fig. 65, can be measured by the ammeter-voltmeter
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method. Asshown in Fig. 65, the voltmeter measures the fall of
potential between m and n. Since the main current does not
pass through the contacts at m and n, the resistance of these
contacts will not affect the fall of potential between m and n.
These contact resistances are,

in fact, a portion of the volt /v;\

meter circuit and therefore, U

are negligible. The resistance z} v
measured by this method is, m n
then, the resistance of that [ N

portion of the wire between

m and n.
109. Four-terminal Resis- \/WV‘__'M‘__

tances.—If it is desired to
preserve this particular
sample, mn, Fig. 65, as a fixed
and constant resistance, the potential wires at m and n should
be soldered to the main wire, MN, at m and n. Then each time
it is employed the same resistance, mn, will be used. The volt-
meter is disconneccted at x and y, and the current circuit is

I'1G. 65.-——Measurement of mn by the
ammeter-voltmeter method.

F16. 66.— Variable low-resistance standard.

broken at M and N. All contact resistances in the measured
portion of the wire are thus eliminated. Such fixed resistances
are called “four-terminal resistances.” Standards of low resis-
tance arc always thus provided with four terminals, two for
current terminals and two for potential terminals.
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110. Low-resistance Standard.—An external view of a stand-
ard of low resistance is shown in Fig. 66, and the diagram of
connections is given in Fig. 67. AB s a heavy piece of resistance
metal of uniform cross-section and uniform resistance per unit
of length; CD is another piece of resistance metal of smaller cross-
section, and the two are joined together by a heavy copper bar,
AC, into which both are silver soldered; LL are the current ter-
minals and PP are the potential terminals. The resistance of
AB between the marks 0 and 100 on the secale, S, is 0.001 ohm.

o ’ < I < S (=3 >z 8 =)

P ’ £ SN < \s\JSs be AV -OL

Olz

Fra. 67 -Diagram of a variable standard low resistance.

From the point 1 on the resistance, CD, to 0 on AB is also
0.001 ohm, from 2 to 0 is 0.002 and so on, and from 9 to 100 is
the total resistance of 0.01 ohm. The slider, M, moves along the
resistance, A B, and its position is read on the scale, S, which is
subdivided into 100 equal parts and can be read by a vernier to
thousandths. Subdivided in this way the resistance between
the tap-off points, PP, may have any value from 0.000001 to
0.01 ohm by steps of 0.000001 ohm.

There is a binding post on the bar, AC, which makes it possible
to use AB separately. On account of its large current-carrying
capacity, this bar is a very satisfactory standard resistance for
measuring current by the potentiometer method.

111. The Kelvin Double Bridge.—While low resistances can be
measured by the use of a millivoltmeter and an ammeter, the
accuracy of the determination is limited by the accuracy with
which the deflections of the instruments can be read. The best
and most precise method for the measurement of low resistances
is that of the Kelvin double bridge. This is a modification of the
Wheatstone bridge, and being a null method, the results do not
depend upon the readings of any instrument.
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The general arrangement is shown in Fig. 68. The resistance
to be measured is shown by X, with current terminals at M and
N, and potential terminals at 2 and y. R is the standard low
resistance with current terminals, S and 7', and potential terminals,
v and 2. R and X are joined at J with as good connection as
practicable and, together with P and @, constitute the arms of a
Wheatstone bridge. In the ordinary Wheatstone bridge the

B K
xr
{ Ii A NNAN
TI'1G. 68.—-Diagram of the Kelvin double bridge.

galvanometer is connected between D and F, but in the present
case the resistance of the connection at J cannot be neglected
in comparison with X or E. If the galvanometer could be
connected at a point, F, which divides the resistance, J, of the
connections from m to s in the same ratio as X and R, then the
resistance of J will not interfere with the comparison of X and
. This it is impossible to do, but the same thing, in effect, is
accomplished by the use of the potential divider, ab. Since
ab is in parallel with J, there is some point, E, having the same
potential as F, and when the galvanometer is joined to E the
effect is the same as though the connection were made at the
corresponding point, F. By adjusting P and @, a value can be
found for which there is zero deflection of the galvanometer.
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For this condition of balance, £ and D will be at the same poten-
tial, and the fall of potential from n to D is equal to the fall from
n to E. Writing out this equation gives

PI' = XI + ai.
Similarly, for the branches D¢ and Et,
QU = RI + b,

By division,

i
p_Xta

Let the ratio, ', be denoted by r, for short. Then
o J
I J+a+b

r.

Evidently » will be a small number, and its smallness will depend
upon the smallness of the joint resistance, J. Then

pP_X+a
Q R+0br
and
X=g(R+br)—ar
P P a
=t 3)
If g = g, this last term vanishes. In case the equality is not

precise, the effect of this term is made less by making r as small
as possible. This means that the connection MJS, Fig. 68,
should have as low a resistance as possible.

112. Adjustment of the Ratios.—The ratio ‘; can be made

D
equal to g by slightly adjusting the value of a. Opening the
joint at J makes a Wheatstone bridge which will balance when
P_X+ea
Q R+

X and R arc usually small in comparison with a and b, and also
are in the same ratio, so that the balance expressed by this
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equation can be made perfect by adjusting the value of a or b.
a
b
do not appear in the final value for X.

D
In this way - can be made to equal %x and then a, b, and J

When g is set at 10* the result is given by the direct reading

of R with the decimal point moved k places.

113. Advantages of the Kelvin Bridge.—Low resistances can
also be measured by the potentiometer method. (Sce Art. 144.)
With the Kelvin bridge, however, an absolutely steady current
is not essential, and the result is given by a simple computation
from a single direet reading.

If, for any reason, it is necessary to use long wires to connect
the bridge to the potential terininals of the low resistance, it will
probably be better to use the potentiometer method.

Fic. 69.—Student’s Kelvin bridge.

114. Student’s Kelvin Bridge.—The student’s Kelvin bridge
is a simplified instrument for making low-resistance measure-
ments and for teaching the principles of these measurements.
It consists of a 0.01-ohm calibrated variable standard of resis-
tance, a sct of double ratio coils with three different multiplying
ratios, and a pair of current and potential contacts for the sample
to be measured. It has, therefore, three ranges: 0 to 0.001 ohm,
0 to 0.01 ohm, and 0 to 0.1 ohm. It is designed for measuring
samples about 18 in. long, and up to 34 in. in diameter, but binding
posts are provided for connecting to any four-terminal resistance.

As small a current should be used as will give the necessary
sensitivity, and not more than 20 amperes should be passed
through the standard resistance. Excessive current will heat the
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wire and its resistance will be increased. The zero reading of the
galvanometer should be observed after the galvanometer has been
connected to the bridge, to eliminate the effect of any thermal
E.M.F. that may be present. Place both ratio plugs at the same
value (marked 10, 1, or 0.1), close the battery circuit, and
balance the galvanometer by moving the contact on the standard
slide wire resistance. The maximum accuracy is obtained when

TEST wiRt
1009 <100
m:§ &:zoo .
2 3
'eoo
10
o I

STANDARD

1001

Fri. 70.-~Diagram of connections.

the contact is at the upper end of the slide wire, and thercfore a
ratio value should be used that will bring the balance point as
high as possible. The value of the unknown resistance, X, is
obtained from the formula
. P
X =R Q’

. . P
where R is the reading on the scale, and the values of 0 are

stamped b‘o*en the ratio blocks.

116. JPéfinite Relation between Resistance and Temperatlre.
When the resistance of a wire is measured at different tem-
peratures it is found to have different values. Usually the
resistance increases as the temperature rises. At cach definite
temperature, however, there is a definite resistance for each wire,
and if corresponding values of resistance and temperature are
plotted, the result will be a smooth curve which is not far from a
straight line.

In the case of alloys the change in resistance is very much
less than it is for the pure metals, and in at least one case the
resistance actually decreases with an increase of temperature.

Let LMNP, Fig. 71, represent the relation between resistance
and temperature for a given coil. Suppose the portion M N has
been experimentally determined and plotted. If this limited
part of the curve is nearly a straight line, the relation between
the resistance, R, and the temperature, 7, is easily expressed, as
is shown below.
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116. The Indicated Temperature of Zero Resistance.—Let
the straight line M N, Fig. 71, be extended back until it meets the
axis of temperature at Z. The point Z gives the indicated tem-
perature of zero resistance for this portion of the curve, and this
point is useful in computing the value of the resistance at any

Resistance

R,
Rl
|
P - o |1 th ]
z T, T,
Temperature

Fia. 71. The relation between resistance and temperature. Over the
observed range, M.V, the resistance is proportional to the temperature above
the point Z. .

temperature between t, and t;. For this purpose it is convenient
to count the temperature from Z as zero. Thus,'if ¢ degrees
Centigrade is the temperature of M on the Centigrade scale, 1t
will be ¢, — T, = T, degrees above Z, where T, denotes the position
of Z on the same scale. Likewise, the temperature of N will be
to — T, = T2 degrees above Z.

Let R, and R denote the resistances of a coil at T, and T»
degrees above Z.  Then, from the similar right angled triangles,

ZM and MN,

R, Ry— Ry ‘ .
Nl i s = the slope of the line.
Solving this for the value of T, gives
_—

S
Thus it is not necessary actually to extend the line back
to Z, since this point is readily determined by computation.
Both R, and s are obtained from the known portion, MN, of the
curve, and the indicated temperature of zero resistance is then
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T, degrees below the temperature at which the resistance is R,
ohms.

117. Determination of the Indicated Zero Point.—In this
experiment several coils of different metals are arranged in
an oil bath where the temperature can be raised as desired.
A very convenient arrangement is to use an eclectric water
heater to hold the oil bath. With a suitable resistance in series
this can be easily warmed and maintained at the desired tem-
peratures. Starting at room temperature, the resistance of
cach coil is carcfully determined. A Wheatstone bridge box
gives a convenient and accurate method for resistances having
large temperature coefficients like copper and iron.  For alloys
like German silver and manganin it is better to use a more delicate
method, such as the Carcy Foster bridge.

After the resistances of the coils have been obtained at
room temperature, the bath is warmed 10° or 15° and when things
have become steady at the new temperature the resistances
are again measured. In the same way the resistances are deter-
mined at five or six different temperatures, and the results plotted
as a temperature-resistance curve for each coil.

The temperature at which this portion of the curve indicates
that the resistance of a given coil would be zero is determined by
calculation, as shown above. In this computation it is best to
use corresponding values of resistance and temperature that are
read from the curve, and which are, therefore, less liable to error
than are single observations.

Thus if the chosen points on the curve correspond to tempera-
tures of 20° and 90° C., the slope of the line is

Rty — Ry
70

and

Rso.

S

T20 =

The indicated temperature of zero resistance is, then,
200 - Tg(; = Tz

on the Centigrade scale.

These formulas take no account of the change in dimensions
with change of temperature and therefore apply to the conductor
as a whole.
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INDICATED TEMPERATURES OF ZERO RESISTANCE IN THE RANGE 0 1o 100° C.

.o T,

Metal | (Centigrade) l Metal (Centigrade)

U R ) . IS
Aluminum. .. ........ —236 | Lead................ —243
Brass................ — 556 ‘il\hmgnnin..,.... ...y —40,000
Copper. . ............ —234 | Platinum... . ...... —273
German silver. . .. .. .. —3,200 Silver. ...... ... —250
Gold................ —272 Tungsten. .. .. ....... —196
Iron (pure)........... —160 Zinc...... ... .. ... —249
Mereury ..... ... .. -1,100 Platinoid....... ... —4,500

It is to be noted that these values of T, imply nothing regarding
the behavior of these metals at very low temperatures.  This is
merely a very simple way of expressing the slope of the tempera-
ture-resistance curve in the region where it has been studied.

118. Use of the Indicated Zero.——Knowing the resistance, R, of
a conductor at a temperature T, degrees above the indicated
temperature of zero resistance, it is a simple matter to find its
resistance, R, at any other temperature, T. Since ZMN is a
straight line,

T~ T
The proportion shown in this equation is very convenient and
can be used in many ways. It is especially useful when the
change in resistance is large.

R _R

Problems

1. What is the resistance at 100° C. of & coil of copper wire that is 13.46 ohms
at 30° C.?  The indicated zero for copper is —234° C.
334
Ans. Ry = ;;L X 13.46 = 17.02 ohms.
2. What is the resistance at 100° C. of a coil of copper wire that is 13.46 ohms
at 30° C. if ayo = 0.00394?
Solution.—First find the resistance at 20° Ct.  Then, using this value,
find the resistance at 100° C.
e 14000394 (100 — 20)
Ruoo = 1346 11 0.00394 30 — 20)
8. How much resistance is there in a coil of copper wire that increases 1 ohm
per 1° C.?
4. What is the resistance at 50° C. of a coil of platinoid wire that is 40 ohms
at 10° C.? The indicated temperature of zero resistance for platinoid is
—4,500° C. Ans. 40.4 ohms.

= 17.02 ohms.
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6. What is the resistance at 100° C. of a coil of iron wire that is 10 ohms at
20° C.? Ans. 14.44 ohms.
6. A certain electrical machine should not be allowed to run hotter than
70° C. The resistance of a copper coil embedded in the machine can be
measured as the temperature rises. How large can this resistance be
allowed to become if it is 15 ohms at 20° C.? Ans. 17.95 ohms.

119. Resistance Thermometer.—Oftentimes it is impossible
to use a mercurcy thermometer in some situation where the
temperature is desired. This may be an inaccessible part of
some machine or a distant place in a factory. If a coil of copper
or platinum wire can be used and its resistance measured, the
temperature can be determined from the relation above.

One of the best methods for measuring temperatures that
are either too high or too low for the use of mercury is to measure
the resistance of a fine platinum wire, and then read the tempera-
ture from the resistance-temperature curve. In fact, tempera-
tures can be measured more exactly with a platinum-resistance
thermometer than with a mercury thermometer, even at ordi-
nary temperatures.

120. Temperature Coefficient of Resistance.—The change of
resistance with temperature is often expressed in another way.
From

Ry _ IR
7'1 - r]v
it follows that
T
R =R, T,

Clearing of fractions by performing this division gives

1 v
R =R|1+ (T = T |
R|(1 + (llt)
where ¢ is written for the temperature difference, T-T,, and a,

. 1 .- .
is written for T The coefficient, a,, is called the temperature
1

coefficient of resistance.

This formula is convenient to use in computing a small change
in resistance corresponding to a small change, {, in temperature.
Note that a; is the reciprocal of the temperature, T4, above the
indicated zero point, for which the resistance is R,.

121. Second-degree Relation.—In case a straight line cannot
represent the resistance of a coil with sufficient accuracy, a curve
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showing this relation can be used. In this case all first-degree
equations are likewise insufficicnt and it is then necessary to use a
second-degree equation to approximate more closely to the
actual resistance-temperature curve. Usually this is written
in the form

R = Ro(l + at + bt2),

where a and b are coefficients to be determined.

122. Temperature Coefficient of Copper.—The effect of a small
amount of other clements alloyed with copper not only appears
in the decreased conductivity of the metal, but the temperature
coefficient is also decreased in the same ratio. Hard drawing
the metal has a similar effect. The temperature coefficient of a
sample of copper wire, expressed in terms of the resistance at
20° C., is given by multiplying the number expressing the per
cent conductivity by 0.00394.1

The table below gives a few values for copper furnished for
clectrical purposes and for the temperature range 10 to 100° C.

| Indicated temperature
Per cent conductivity | Uy of zero resistance
(Centigrade)
R ——— I
101 0 00398 —231.3
100 0.00394 —233.8
99 0.00390 —236.4
98 0.00386 —239.1
97 0.00382 —241.8
06 0.00378 —244.6

1 Bull. Bureau of Standards, vol. 7, p. 83.



CHAPTER VI
POTENTIOMETER AND STANDARD CELL METHODS

123. The Point Principle. Kirchhoff’s First Law.—When a
steady electron current is flowing in a circuit, the number of
electrons arriving at any point on the conductor each sccond is
the same as the number leaving the same point in the same time.
This must be so since there is no accumulation of electrons at
any place in the circuit when the potential is unchanging. When
two currents unite and flow together in a single conductor, the
resultant current is the sum of the two currents for the same
reason.

The point principle can be extended to any number of currents
meeting in a common junction. If all currents flowing to the
point are considered positive, and all cur-
rents flowing from the point are considered
negative, then when the currents have
reached their steady values the algebraic
sum of all the currents meeting at the point
must be zero, since it is not possible for
clectrons to accumulate indefinitely at any
FIG. 72— Currents mect. point. The same is true when the cur.rcnts

ing at O. are not steady, provided that there is no
capacitance at the point considered.

Thus, in Fig. 72,
+I =1, + 1, —1,=0.

124. Potential Differences.—Any hill may be called up, or
down, according to the direction in which one is going. If, after
traversing several paths, onc returns to the starting point, there
will have been as much downhill as uphill in the entire journey.

If going uphill is called positive and downhill is called
negative, the total height, up and down, that one has gone in the
entire journey is zero when the journey ends at the starting point.

In this sense, then, let us notice that when we follow a strcam

downhill, that is, in the direction in which the water flows, our
112
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final position is lower than that at which we started, and our
change in level is negative.

The word “level” is commonly used when speaking of points
on the ground. Two points are at the same level when water
will not flow from one to the other, when it is free to do so. They
are still at the same level when the water is absent.

The word “potential” is used to express the same idea in
clectrical phenomena. Two points are at the same potential
when clectrons will not flow from one to the other, when they are
free to do so. There is a difference of potential between two
points when electrons will flow from one to the other when a con-
ductor is provided. There will still be a difference of potential
between these points if the conductor is absent,.

126. The Circuit Principle. Kirchhoff’s Second Law.—An
electrical circuit is any path along which a current can flow.
It requires but little extension of this idea to include any path
whatever that can be traced.  The circuit exists whether a cur-
rent flows along it or not.

Let us consider a network of conductors, with cells of various
1.M.Fs. in the different branches of this network. ILet us pick out
any path we choose through the network. The currents may,
or may not, follow the circuit that we have selected. If we
imagine ourselves to start at any point on this path, and to follow
the circuit through the conductors back to the starting point, we
shall have found various ups and downs in potential, but the
total change in potential for the entire circuit will be zero.  This
is so because the circuit began and ended at the same point, and
therefore at the same potential.

Briefly, then, the cireuit prineiple states that the sum of all
the potential differences in a complete circuit is zero.

In making this sum ecach potential difference must be counted
with its proper sign.  There is no confusion here, for whether we
think of the electron current or the electrie current, the ups and
downs along the circuit are identical. In accordance with the
usual meaning of the + and — signs, the positive pole of a battery
is at a higher potential than the negative pole.  Thercfore, when
we pass along the circuit cach r.m.r. (of a battery or other
source) that we encounter is counted as positive when we go up
the potential difference, and negative when we pass down the
potential difference, i.e., in the direction in which the electrons
are urged by the k.m.r.
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The same rule applies when we are passing along a resistance.
The only uncertainty is in finding which end of the resistance
is at the higher potential. If we can follow an electron current,
I, through a resistance, R, we know that we are going to points
of higher potential, because the electrons always tend to rise to
the points of highest potential. In this case our change in poten-
tial has been +RI. On the other hand, when we are going along
a resistance, R, against the electron current, I, we are going down
towards points of lower potential and our change in potential
is —RI. It often simplifies the problem to determine first
which end of each RI is positive, and mark it 4+ as in Iig. 73,
and mark the lower end —. Then, when the circuit is being
traced, it is easy to see whether one is going towards points of
higher or lower potential.

If we had chosen to speak in terms of the electric current
considered as flowing downhill from points of higher to points of
lower potential, we would have found the same ups and downs in
potential. The same end of R would be marked 4, and when we
follow the electric current through a resistance to the other end
the change of potential is —RI, the same as before.

126. Illustrations of the Circuit Principle. For a Simple
Circuit.—Consider a circuit consisting of a cell, E, joined in
series with a resistance, R. Starting at A, Fig. 73, and going
around the circuit counterclockwise, we have a fall of potential
RI in the part, AB. In passing from B on to thestarting point, A,
there is the further resistance, r, of the battery, and therefore a
further fall of potential of rI. Betwecen B and A there is also
the E.M.F. of the battery, and since we are passing, in this case,
from the negative side to the positive side, there is a rise of +F
volts.

The sum of the potential differences in the circuit is, then,
—RI — I +E = 0.

For the Wheatstone Bridge.—When the bridge is balanced,
no current flows through the galvanometer. Then writing down
the potential differences for the circuit A BCA gives

Pr —Qr’ =0,
since there is no E.M.F. in this circuit and no fall of potential
in the galvanometer branch, BC.

Similarly, for the circuit BDCB

RI' — SI" = 0.
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Eliminating the I’ and I” gives the relation
PS = QR.

T

Fra. 73. Fra. 71.

Typical circuits.  The arrows indicate the direetion of the electron currents.

127. Further Illustration of the Circuit Principle.—Let us
consider the case shown in Fig. 75, which shows a single net,
or circuit, from a network of conductors through which currents
are flowing. We will assume that the electron currents flow as
indicated by the arrows; should the value of any current be found
negative in the final solution, it will mean simply that the actual
clectron current flows in the opposite direction.

Starting at any point we please, say D, and tracing out the
circuit in either direction, say D.F.A.B.C.D., we can express
the differences of potential over each branch in terms of the resis-
tances and E.M.Fs.  Since the electron current is taken as flowing
from D to F, D must have the lower potential, and therefore as
we trace out the path from D to F, we are moving to points of
higher potential. Since D was the starting point, and has a
potential indicated by V,, the potential of F is given by

Vb = V4 + I€4i4.
In the next portion, FA, of the circuit that is being traced,
there is a further rise of potential, RgZ5, and, in addition, there
is the rise of potential, E5, as we pass through the cell from the

negative to the positive electrode. Therefore the potential
of Ais

Vi= Vs + Rits + Ey + 745,
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where r; denotes the internal resistance of the battery. In this
resistance there is a fall of potential of the same sign and nature
as though the resistance r; were outside of the battery and in
series with it. (Sce Art. 25.) FEs denotes the total E.M.F. of
the battery as measured by the condenser method or by the
potentiometer.

Fra. 75.—Showing the electron currents and the potential differences in one
loop of a network of conductors.

In the next branch the electron current is flowing in the direc-
tion opposite to that in which we are tracing the circuit; therefore
B must be at a lower potential than 4, and

Vo=V, — Rty
In the same way the potential of C is still lower, and
Vi =V, — Raia — Ez — 14,
because there is a drop in potential as we pass through E; in addi-
tion to the fall along the conductors.

As we return to the starting point along the branch CD we find

both a fall and a rise of potential, giving for D
Vi=Vys — Ryis + E;3 — 1413,
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since the cell in this branch is set so that we pass through it
from the negative to the positive electrode. It is to be observed
that the sign to be given £ has nothing to do with the direction
in which the current is supposed to be flowing through the cell.
In such a network of conductors and cells it may often happen
that the current will low through some of the cells in the direction
opposite to that in which it would flow if such cells were acting
alone.

It is also to he noticed that the direction of the current has
nothing to do with the direction in which we choose to follow
a given path. In fact, it does not matter if there is no current
whatever in some portions of the path that we trace out.

Substituting in the last equation the value of Vy from the
preceding equation, and the same for Vo, Vy, ete., gives

V4 = V4 + 11’454 '+' Il),r,l, + E;, + Tf,i:, - 1{12'1 - Ifziz
- Ez - Tziz - R;;’I:;, + E3 - T3i3
or,
1641:4 + R(,i{, + E{, + Ts,l.:, bl Il’rﬂ'l - ]‘)ziz — Ez

—_ 7‘21.2 — 1{31.3 + Ea -_ Ts?:;; = 0.

Thus if we write down the value of cach rise and fall of potential
as we come to it in following along any path whatsoever, the
sum must be zero when we have again reached the point from
which we started.

128. The Divided Circuit Principle.—This is a corollary, or
modification, of the circuit principle. A divided circuit implies
that therc are two or more paths from one point, A, to another
point, B. Since the paths start at the same point, and end at
another point, the total difference of potential between A and B
is the same along one path as along any other. Counting cach
potential difference with its proper sign as given above, the sum
of all the potential differences along one path from A to B is cqual
to the sum along the sccond path from the same starting point
to the same ending point.

129. The Potentiometer Method.—The most precise and ele-
gant method for measuring an r.Mm.r. is that known as the
potentiometer method. One great advantage of this method is
that no current is drawn from the k.M.¥. that is being measured.
Being a null method, it is capable of greater sensitiveness and
precision than any method that depends upon the reading of a
deflection of a galvanometer or other instrument. The principle
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employed will be readily understood by referring to Fig. 76.
AD represents a meter wire and scale similar to a slide wire
bridge but of much higher resistance. The ends of this wire are
connected to the battery, B, the .M.F. of which is greater than
that of any cell to be measured. C is the sliding contact, and
any fraction of the fall of potential along the wire from zero to
the full amount can be included between A and €. The points,
A and C, are also connected through a

"‘I’(—L@_.L’ parallel circuit containing the gal-
TE vanometer, a key, and the cell whose

A 3 D y.mv., E, is to be measured.
qi'}ﬁ' By moving C along AD a point can

be found for which there is zero de-
Fre. 76. - Slide wire potentio- — flection of the galvanometer when K
meter. is closed. Let @’ be the distance from
A to this point; the fall of potential along this portion of the
wire is a’p?, where p is the resistance of unit length of the wire
and ¢ is the current flowing through it from the battery at B.
Writing down the various potential differences in the galvano-
meter circuit, from C through E, ¢, K, to A, and back to C again,
gives, for the case of a balance,
E —d'pi =0,
since, in this case, there is no current, and, therefore, no fall of
potential, in the resistance of the galvanometer and the cell.
Now let another cell, whose x.mM.r., E”, we may suppose is
larger than E’, be substituted for E. In order to obtain a
balance and zero deflection, it will be neccessary to move C
nearer to D. Let a’ be the reading of this position. Then, as
before,
E" —a"pr = 0.

Eliminating p? from these equations gives

14 1 g
I’VN

a

al/

E =

If E"” is known, E’ can be computed from this proportion,
. . E" . .
being simply a constant (7) times the scale reading, a’. By

making the wire 2 meters in length and adjusting the current to
give a fall of potential of just two volts between A and D, the
millimeter scale becomes direct reading, 1 mm. corresponding to 1
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millivolt. With this arrangement the E.M.F. of any cell can be
read from the scale as soon as the galvanometer balance is
obtained.

130. The Resistance Box Potentiometer.—In the resistance
box potentiometer the wire AD of the preceding section is
replaced by two similar and well-adjusted resistance boxes; and
instead of actually moving C
along the wire, resistance is
transferred from AC to CD
by changing the plugs while =1
keeping the total resistance :E-[L :]l.-h
unchanged. [

The arrangement is shown
in Fig. 77. The cell to be x
measured is placed at K,
where it is in series with a "
sensitive galvanometer, a high ] Q
resistance, IR, a key, and a L
resistance box R. Through B
the latter can be passed a i B
small and constant current . by . ‘
from the battery, B. In Art. T4 77 \r{’::':"::]':’("'l‘)(ti:\""'“ np with
31 this R was the voltmeter,
and the current through it was varied until the fall of potential,
R7, just balanced the r.M.F. of the cell. In the potentiometer
method the current is kept constant and R is varied. Further-
more,the galvanometer is a more sensitive indicator of when the
balance has been secured.

The rest of the set-up consists of a constant e.Mm.r. battery,
B, for supplying the constant current, and a resistance box,
P, which should be identical with R for convenience. The
resistance used in both P and R should be kept equal to the
total amount of one box; and if the boxes are alike it is very easy
to keep the sum at this value.

Set up and test the arrangement, using first an old cell for K
so as not to endanger a valuable standard by an accident or
wrong conncction. Keeping B + P at the total amount in one
box, a balance should be obtained without much difficulty.
When it is certain that everything is working correctly the
cells to be measured may be substituted for the cell at E.

A
&/

[
L=l

P
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For zero deflection of the galvanometer
E = Ri, (1)

where 7 is the current from the auxiliary battery, B.

When the known e.m.F., E’ of another cell has been balanced
by the proper adjustment of R, this relation may be expressed in
the same way as before,

! = R4 (2)

Since both E’ and R’ are known, this equation determines the
value of the current 7 as

N
t = If,’ (3)

and if the current has been kept constant while 2 was varied,
by also varying P so as to keep (P> 4+ R) constant, and the bat-
tery, B, has not changed, then this value of 7 can be used for
the value of the current in (1), giving

-
E=1 (1)

which expresses the E.M.F. of the cell to be measured in terms
of known quantities.

131. A Direct-reading Resistance Box Potentiometer.—
It is more satisfactory to read the value of the measured r.Mm.F.
directly from the setting of the potentiometer than to make the
computation indicated above. This can be done by adjusting
the current through R and P to the proper value. When

i
Y

1= [ 0.00010000 _ampere
the computation consists merely in moving the decimal point
four places to the left. This can be done as follows:

Set & = 10,000 E’, where E’is numerically equal to the E.m.F.
of the standard cell at its present temperature. Set P at its
complementary value in order that later it will be convenient
to keep P + R constant. This, in general, will not give a balance,
but another resistance, @, Fig. 77, may be introduced into
the main circuit and adjusted to give the balance. Leaving
Q at this value, the cell at E is replaced by one whose E.M.F.
is desired and the balance obtained by adjusting B and P,
keeping their sum constant as before.
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The E.M.F. of this cell is

E == volts,

where I is the resistance required for a balance.
The readings can be arranged as below:

POTENTIOMETER MEASUREMENTS

Name of cell ‘ R

AN B N N Y A

NSNS NIN NS NSNININ SN INLNINININ SN SN AN INNTNS NS

132. Standard Cells.—In all measurements of k.M.r. with
the potentiometer it is ncecessary to have a known E.M.F. which
can be used as explained in Art. 130 (£’, Eq. (4)), to standardize
the value of the current through the potentiometer. Such a
known E.M.F. is furnished by a standard cell, which is a primary
battery set up in accordance with definite specifications so that
it will possess a definite E.M.r. Such a cell is used as a standard
of ¥.M.F., and is never expected to furnish a current. Since the
E.M.F. of a cell depends upon the materials used in its construc-
tion, and not at all upon its size, standard cells are made small,
both for economy of materials and for convenience in handling
them.

133. The Weston Normal Cell.—The Weston normal cell
was devised by Ilidward Weston. It has been the subject
of much study and investigation, so that now it is possible for
investigators in different parts of the world to set up such cells
and know that they will have the same E.M.¥. to within less than
a ten-thousandth of a volt. In order to attain such accuracy, it is
necessary that the cells be set up in strict accordance with the
specifications, using only the purest materials.

The cell is usually set up in an H-shaped glass vessel having
dimensions of a few centimeters. At the bottom of one leg is
placed pure mercury to form the positive eclectrode of the cell.
Conncction to this is made by a fine platinum wire sealed into
the glass, the inner end being completely covered by the mercury.
At the bottom of the other leg there is placed, similarly, some
cadmium amalgam which, when warm, can be poured in like
the mercury and then hardens as it cools. A second platinum
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wire through the glass at the bottom of the leg makes electrical
connection with this electrode. The electrolyte is a saturated
solution of cadmium sulphate, containing crystals of cadmium
sulphate in order to keep the solution saturated at all times.
The mercury clectrode is protected from contamination by the
cadmium in this solution by a thick layer of a paste consisting
mainly of mercurous sulphate. Cadmium ions from the solution
coming through this paste form cadmium sulphate, and only
mercury ions pass on and come into contact with themercury
electrode. This paste is thus an efficient depolarizer.

The E.M.F. of a Weston normal cell that has been sct up in
accordance with the specifications is

E, = 1.01830 — 0.0000406 (¢ — 20° C.)
— 0.00000095 (¢t — 20° C.)2 4 0.00000001 (¢ — 20° C.)3.

This temperature formula was recommended by the London
International Confercnce on Electrical Units in 1908, and the
value, 1.01830 international volts, was found by the Interna-
tional Scientific Committee after an exhaustive series of
measurements.

134. The Weston Unsaturated Standard Cell.—The Weston
normal cell described above is seldom used in ordinary cleetrical
measurements. When it is kept at a constant temperature its
E.M.F. is constant and definitely known, but it is not always con-
venient to maintain a constant temperature chamber.

A considerable part of this temperature variation is due to
the change in concentration as more or less of the crystals of
cadmium sulphate dissolve. By omitting the crystals the elec-
trolyte is unsaturated and remains at a constant concentration.
Consequently, the £.M.¥. changes very slightly with the tempera-
ture. The temperature coefficient is usually less than 0.000005
volt per degree centigrade and is almost invariably negative in
sign. For most purposes the E.M.F. of the cell can be considered
as constant for ordinary changes in room temperature. This
modified form of cell is, thercfore, more suitable for ordinary
laboratory use, although it is necessary to determine the E.M.F.
of each cell that is made.

The construction of this Weston standard cell is illustrated
in Fig. 78. The materials forming the electrodes are held in place
by porcelain retainers provided with cotton packing. The cell
is sealed to prevent leakage and evaporation.
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To preserve the constancy of a standard cell, it should not be
subjected to temperatures below 4° or above 40° C. If by chance
it is subjected to extreme temperatures, it should be set aside for
a month at a practically constant temperature. It will probably
then be nearly back to its original 1.M.¥.

PROTECTING
COVER

s
WAX

CORK

CADMIUM

SULPNATE }
SOLUTION ; ; PORCELAIN
Cd 50, ; ‘ ETAINER

MERCUROUS
SULPHATE
Hg, 80,

Fra. 78.—Construction of the Weston unsaturated type standard cell.

136. Use of a Standard Cell.—No current greater than 0.0001
ampere should ever be permitted to pass through a standard
cell, and then only for a moment. A standard cell should never
be connected to a voltmeter. The internal resistance is high,
and thercfore it would not be possible for it to furnish much cur-
rent. In fact, any appreciable current drawn from the cell
would polarize it somewhat, thereby decreasing its E.M.F. by an
unknown amount and thus destroying the only value which the
cell possesses. The depolarizer tends to restore the E.M.F. to its
original value, but the time required depends upon the amount
of polarization.

Standard cells may be used to charge condensers to a known
difference of potential, for in this case there is no steady cur-
rent drawn from the cell and the transient current is not sufficient
to cause an appreciable polarization. When used in connection
with a potentiometer, the cell should always be placed in series
with a sensitive galvanometer. If it is necessary to reduce
the deflection, this should be done by means of a high resistance
in series with the cell, instead of a shunt on the galvanometer
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which would still allow the large current to flow through the
standard cell. When using the galvanometer, the key should
be lightly and quickly tapped so as to give a deflection of only a
centimeter or two. This will indicate the direction of the current
as clearly as a larger deflection and does not injure the standard
cell.

136. The Student’s Potentiometer.—For purposes of instruc-
tion the three-box potentiometer just described cnables one to see
clearly all parts of the set-up, and, as has been shown, it is con-
venient to use. But if one has many measurcments of E.M.F.

Fi1a. 79.—Student’s potentiometer.

to make, the mere changing of the resistances to obtain the
balances becomes a laborious task. It is then desirable to
have a quicker and simpler way of varying the resistances.

In the student’s potentiometer shown in Fig. 79 and the
diagram Fig. 80, the resistances corresponding to the slide wire
of Fig. 76 are arranged in two dials. Moving the sliding contacts
over these dials corresponds to moving the ends, A and C, of the
galvanometer circuit along the slide wire of Fig. 76. For accu-
racy and compactness, the greater part of the resistance consists
of 22 resistance coils of 100 ohms each. These are adjusted to be
like one another to within one-twenty-fifth of an ohm. In series
with these coils is a circular slide wire which also has a resis-
tance of 100 ohms. When the current is adjusted to 0.001000
ampere, by an auxiliary rheostat, the fall of potential over each
coil is 0.1 volt. The galvanometer circuit, containing the stand-
ard cell or the E.M.F. to be measured, is conneccted to the two
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sliding contacts by means of the binding posts marked + and —,
Fig. 80. The left-hand dial moves in steps of 0.1 volt. The
final balance is obtained by turning the right-hand dial over the
slide wire, which is graduated in thousandths of a volt.

VOLTS

1312112

F1a. 81.—Type K potentiometer.

Although this reading is marked ““volts,” it is evident that this
is so only when the proper current is flowing through the coils.
This current can be supplied by two new dry cells, and after a
balance has been obtained with a dry cell in the galvanometer
circuit a standard cell can be used, to make sure that the
arrangement is working properly, and the main current adjusted
to the value that will make the potentiometer direct reading, as
explained in Art. 131.
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137. The Potentiometer.—A more elaborate form of poten-
tiometer is shown in Fig. 81 and the electrical connections are
shown in Fig. 82. The essential part of the instrument consists
of 15 5-ohm coils, AD, adjusted to equality to a high degree of
accuracy, connected in series, and having in series with them an
extended wire, DB, the resistance of which from 0 to 1,000 on its
scale (the entire scale reading from 0 to 1,110), is also 5 ohms.
A contact point M, is arranged so that it can make contact

Fi1g. 82.—Diagram of the clectrical circuits in the potentiometer shown in
Fig. 81.

between any two of the 5-ohm coils, and a contact point, M’,
so that it can make contact at any point on the extended wire,
DB. Current from the battery, W, flows through these resis-
tances and by means of the regulating rheostat, I, it is so adjusted
as to be exactly one-fiftieth of an ampere. The fall of potential
across any one of the coils, AD, is consequently one-tenth of a
volt, and that across the extended wire, DB, is 0.11 volt. By
placing the contact point, M’, at zero and by moving the contact,
M, the fall of potential between M and M’ may be varied by
steps of one-tenth of a volt, from 0 up to 1.5 volts. By moving
the contact point, M’, along the wire, the fall of potential between
M and M’ may be varied in infinitesimal steps. In making
measurements, the unknown E.Mm.¥. is introduced in series with a
galvanometer between the points M and M’ and in opposition to
the fall of potential along AB. The contact points, M and M’,
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are then adjusted until the galvanometer shows that no current is
flowing when the value of the unknown E.M.F. can be read from
the position of the points, M and M’. In the diagram, Fig. 82,
the unknown k.M.r. is introduced at the binding posts marked
“r.M.F.”, and the galvanometer at the point GA. When the key
I, is depressed, the circuit is closed through a high resistance;
when key R, is closed, the circuit is closed through a lower resis-
tance, and when key R, is closed the circuit is closed through
zero resistance. The purpose of keys R, and R, is to protect
the galvanometer against excessive deflections when the opposing
E.M.Fs. are not approximately balanced.

138. Quick Method of Applying the Standard Cell.—The
known E.M.r.—in practice, the standard cell-—-may be connected
across one portion of AB, and the current adjusted, as deseribed
above; and the unknown potential difference may be balanced
against the fall of potential in another portion of AB. The con-
nections for accomplishing this with a single galvanometer are
shown in Fig. 82. At the point 0.5 on the series of resistance,
AD, a wire is permanently attached which leads to one point of
the double-throw switch, U. Between A and O there is a series
of 19 resistances with a sliding contact, T. The resistance
between 0.5 and A is exactly that which corresponds with the
E.M.F. of 1 volt, and that between A and 1.0166 a sufficient addi-
tion to make the resistance between 0.5 and this point correspond
to an E.M.F. of 1.0166 volts. At this point there is connected in
the circuit a small circular slide wire with a movable contact
point, 7', through which connection to the standard cell is made.
The slide wire has a resistance value such that a practically con-
tinuous variation in the standard cell circuit of voltages from
1.0166 to 1.0194 can be obtained. This range corresponds
with the variations in different cadmium cells and the circuits
are so connected that the two points, 7' and 0.5, may be
thrown in series with the galvanometer and the keys, Ri, R,,
and Ry. In this circuit are also the two binding posts marked
“Standard Cell,” to which the standard cell is to be connected.
To adjust the current to onc-fiftieth of an ampere, throw over the
double-throw switch, U, to the position indicated by the dotted
lines. Set the point T to correspond with the k.M.r. of the
standard cell and regulate R until the galvanometer shows no
deflection. The unknown k.M.F. may then be measured as before
with the contact points, M and M’, the double-throw switch
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having been placed in the position indicated by the full lines.
After a balance has been obtained, the current may be checked
by simply changing the position of U and touching the contact
key, Ro. A galvanometer balance shows that no change has
occurred. A slight deflection calls for a slight readjustment of I
and a corresponding readjusment of M’.

139. Galvanometers for Use with a Potentiometer.—The
function of a galvanometer in connection with a potentiometer is
that of an indicator of absence of current, and, consequently, of
absence of potential difference at its terminals. It is essential,
therefore, that it should respond readily, by a deflection, when a
slight, potential difference exists.

When the total resistance of the circuit containing the galvano-
meter is relatively low, a small unbalanced potential difference
will produce a larger current than the same potential difference
when the total resistance is high. In the former case, which
represents conditions in ordinary voltage and current measure-
ments, and in thermocouple work, the instrument should have a
good microvolt sensitivity; while in the latter, representing the
conditions met with in many of the potential measurements of
physical chemistry, an instrument of high current sensitivity is

desirable. At the same time, the
) internal resistance and external eritical
damping resistance, in the first
instance, should be low; in the
second, these values should be cor-
respondingly higher.

140. A Direct-reading Potentio-
meter without a Standard Cell.—A
dircct-reading potentiometer which
dispenses with both the fragile
standard cell and the delicate gal-

:IIIIlB vanometer can be readily built up,

] L using a voltmeter of suitable range
.ml":dj"f:;f 't‘; ‘;‘;L‘(;"“;;r’b:t;; to recad the E.M.F. t0 be .mcasured.
the .m.F. of E. The arrangement is very simple and

the measurements are as accurate as
the voltmeter (calibrated) can be read.

The voltmeter is connected to the slider of a wire rheostat or
potential divider so that it can be made to read at any point of its
scale. The cell or other E.M.F. to be measured is placed at E,




POTENTIOMETER AND STANDARD CELL METHODS 129

Fig. 83. When the key is closed, the potential differences in the
upper circuit are

E—ir—-V =0,
where V is the voltage across the voltmeter.

When the key is open, the voltmeter stands deflected, due
to the current, I, flowing through it from the working battery.
When the key is closed, the current through the voltmeter is
I + 1, the sign depending upon the relative values of E and V.
Due to this change in the voltmeter current, the pointer will
move from V towards the value of K, and the potential divider
should be varied to change V in the direction indicated by this
motion of the pointer. By adjusting V' until this motion is
reduced to zero, and therefore ¢ = 0, we have

E=17V.

The voltmeter reading that remains unchanged by opening and
closing the key gives, therefore, the value of the r.m.r. that is
being measured. This voltineter-potentiometer is especially
useful in locations where laboratory facilities are not readily
available.

141, Calibration of a Voltmeter by the Potentiometer Method.
A low-reading voltmeter can be readily calibrated by the
potentiometer method deseribed in Art. 130 above. The
voltmeter is connected to the sliding part of a potential divider
so that the pointer of the voltmeter can be brought to any desired
place on the scale. The resistance of the potential divider should
be a few hundred ohms, or enough to draw only a small current
from the battery so that the voltage will remain fairly constant.
The voltmeter, while still connected with its battery, is also
inserted in the galvanometer circuit of the potentiometer in place
of the standard cell. There will thus be two electric circuits,
each with its own battery; one battery, W, supplying the current
through the potential divider and the voltmeter, while the
potentiometer current through P and Q comes from the battery
B. The galvanometer circuit connects these two circuits, and
the current through it may be in either direction, or made zero
by adjusting the resistance in P.

Writing the equation for the potential differences in the circuit
through the galvanometer and the voltmeter, before a balance
has been obtained, gives

SUI + i) — RG — ') +Gi’ =0,
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where S is the resistance of the voltmeter. For no current
through the galvanometer this equation becomes

SI = R'i,

where R’ is the value of R that gives the balance.

Vm R
P —
\_S/ 1
. Direct.reading
Potentiometer

Potential Divider

='M= w (__’~ =M’B

F1a. 84.—Calibration of the millivoltmeter Vm.

The value of the constant current, 7, is determined by using
a cell of known E.M.r. in the same manner as explained in
Art. 130 (Eq. (3)). The voltmeter, with its battery, is removed
from the galvanometer circuit by leaving K’ open, and the stand-
ard cell is inserted in the same circuit by using the key K as
shown in Fig. 84. The resistance in R is now adjusted to a new
value R’ to give no current through the galvan meter. Then,

E = R,
since, by keeping R + P constant, the current is the same as
before. Therefore,
R/
R"u’
and this is what the voltmeter should read. If the voltmeter
reading is V, the correction to be applied is

’
c=el _vy.

Sl =E

142. The Calibration Curve.—The correction curve should be
drawn with the observed voltmeter readings for abscisse and
the corresponding corrections for ordinates.



PGTENTIOMETER AND STANDARD CELL METHODS 131

In order to show the corrections clearly, they will be plotted
on a magnified scale. This will mean that any uncertainty, say
0.01 volt, will affect the ordinates much more than the abscisse.
The points for the calibration curve should be plotted. then, not

"
a
k}
1
2
S
(4]
Voltmoter Readings
Fra. 85.—The uncertainties in the measured values of the corrections can

be indicated by the lengths to which the observed values ave drawn out by the
magnified vertical scale.
as dots, but as short vertical lines whose lengths will show the
magnified uncertainty in the corrections when they are plotted
on this scale. A line that passes across each of these short lines
gives the calibration curve. If the position of this curve is not
sufficiently definite, additional points should be located.

143. Measurement of Voltages Greater Than about 2 Volts.—
Inasmuch as most direct-reading potentiometers are designed

MAXIMUM VOLTAGE "ns 230
MULTIPLY BY S0 100

+© - -

—O

POTENTIOMETER
F1a. 86.—Diagram of a volt box.

to measure voltages up to 1.5 or 2 volts, it is necessary to use
a volt box when higher voltages arc measured. The volt box isa
particular form of potential divider which is connected to the
large voltage to be measured. A definite fraction of this voltage
is then measured by the potentiometer.

The connections of a volt box are shown in Fig. 86. Any
voltage up to 230 volts can be applied to the total resistance



132 ELECTRICAL MEASUREMENTS

of 40,000 ohms. The fall of potential over 400 ohms of this
resistance can be measured with a potentiometer, and 100 times
this value gives the voltage that is applied to the box.

It is evident that a small current is drawn from the source, and
therefore a volt box can be used to measure only those voltages
that are not altered by this current.

With the aid of such a volt box, a high-reading voltmeter can be
calibrated up to 230 volts with a potentiometer. By increasing
the resistance and the insulation, the range of a volt box can be
extended to measure several thousand volts.

144. Comparison of Resistances by the Potentiometer.—One
of the accurate methods for comparing two resistances, par-
ticularly when these are not very large, is by mecans of a

()
\&J

e 7L

1
I
| '
Y ‘
R
Direct-reading
T Potentiometer

Q r

i -

Firs. 87.—Comparison of the resistances, S and 7',

potentiometer. The two resistances to be compared are joined
together in series with a battery and sufficient other resistance to
insure a steady current. This current should not be large enough
to change the resistances by heating them. Other things being
equal, it is desirable to have the fall of potential over cach resis-
tance about 1volt. Letthetworesistancesbedenoted by Sand T';
then the fall of potential over each will be SI and T'I, respectively.

The actual measurements are very simple. With the poten-
tiometer set up as used for the comparison of r.M.Fs., the fall of
potential over each resistance is measured. Let the readings on
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the potentiometer be R’ and R’’, respectively. Then from the
conditions of balance,

TI = R% and SI = R,

where ¢ denotes the current through the potentiometer resistances.

From this it follows at once that

R/

R

and this relation can be determined as accurately as the poten-
tiometer measurcments can be made.

145. Direct Comparison of an Unknown Voltage with a
Standard Cell.—It is not always necessary to have a potentio-
meter in order to use a standard cell for precise measurements.
Often it is desirable to have a single balance give a direct compari-
son of the voltage measured and the E.M.F. of the standard cell.
The two following methods illustrate this use of a standard cell.

146. Calibration of a Voltmeter. Dirided Potential Method.-—
The voltmeter is joined to a storage battery or other source
which will maintain the deflection steady at the point it is desired
to calibrate. If the voltmeter is direet reading, it should read
the difference of potential between its own binding posts. To
calibrate the seale, then, it is only necessary to measure this saine
difference of potential by some precise method and compare this
measured value with the reading of
the voltmeter.

In parallel with the voltmeter is
joined a circuit consisting of two
resistance boxes, A and B, and in
parallel with A is a circuit containing
the galvanometer, a standard cell, a
high resistance, and a key. It is best
to have about 1,000 ohms in A and B
together for each volt read by the

T=3S8

voltmeter. A preliminary caleulation slqu IIH
will give the resistance which should L

. . Fra. 88.- Calibration of the
be placed in each A and B to give a voltmeter, Vm.

fall of potential over A about equal to

the E.M.F. of the standard cell. When these approximate resis-
tances have been placed in A and B, the key, K, can be quickly
and cautiously tapped and the dircction of the deflection noted.
In using a standard cell in this way, as little current as possible
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should be allowed to flow through it. Even a slight polarization
will lower its E.M.F. by an unknown amount and then it can no
longer be called a ‘‘standard” cell. Furthermore, nothing is
gained by deflecting the galvanometer ‘“‘off the scale,” as a
deflection of a centimeter or two takes less time and is fully as
definite as the larger deflection. The high resistance is inserted
for this very protection of the ccll and therefore is better than a
shunt on the galvanometer.

By adjusting the values of A and B the galvanometer deflec-
tion can be reduced to zero. The high resistance can be short-
circuited for the final balance if the deflections are small.  When
thus balanced, the potential differences in the circuit through the
voltmeter and 4 and B are

Ai + Bi — SI =0,

where SI is the fall of potential over the voltmeter, and is what
should be indicated on its scale.
Similarly, for the circuit through the standard cell

Ai = E.
Eliminating 7 by division,
. A+ B
SI =E 2_ :
If V is the reading of the voltmeter, then
V4+c¢=SI,
and the correction to be applied at this point is
c=SI —-V.

The computations can be greatly reduced if A is kept at
the value A = 1,000E, Thus if the E.M.r. of the standard
cell is 1.018 volts at the temperature of the room, A would
then be set at 1,018 ohms and all of the adjustment made by
changing B. The values of SI are then given directly by the
sum of 4 and B divided by 1,000.

Other points on the scale can be obtained by using a differ-
ent number of cells in the main battery, or, if the voltmeter
is low reading, by adding some resistance in series with the
battery. If the battery cannot be divided into a sufficient
number of steps, a useful method is to join across the battery
terminals a high-resistance rheostat and connect the voltmeter
to one terminal and to the sliding contact. Any desired volt-
age can then be obtained up to the maximum of the battery



POTENTIOMETER AND STANDARD CELL METHODS 135

by simply sliding the movable contact along the rheostat. It
is evident that this method cannot be used to calibrate points
below the E.M.F. of the standard cell.

A calibration curve should be plotted, with voltmeter read-
ings as abscisse and the corresponding corrections as ordi-
nates. If there is a ‘‘zero correction’”’ because the needle
does not indicate zero correctly, such correction should be made
before computing the calibration corrections.

147. A More Convenient Method.—In case the voltmeter
reading can be varied continuously, or by very small steps,
either by means of a sliding rheostat as shown in Fig. 88, or by
means of a resistance box in series with the battery, it will be
found more expeditious to set A and Bat the values corresponding
to a given voltage, and then by varying the rheostat to bring the
voltmeter to this voltage, the balance being indicated by the
galvanometer the same as before. The voltmeter reading should
give this same voltage; if it does not, the discrepancy is the

correction which must be applied to the voltmeter reading at
this point.



CHAPTER VII
MEASUREMENT OF CURRENT

148. Galvanometers.—The D’Arsonval type of galvanometer
consists of a moving coil suspended between the poles of a
permanent magnet something like the arrangement in an
ammeter, but greater sensitiveness is sccured by using a long,
fine strip of phosphor bronze for the suspension in place of
the jewel bearings. Such a galvanometer measures very small
currents and is useful in measurements where the current is
small or is made zero in the final adjustment. It can be used
to measure larger currents by using a low-resistance shunt, as
in the ammeter; and it will serve as a voltmeter when used in
series with a high resistance.

Since the scale from which is read the deflection of the galva-
nometer usually is divided into millimeters, it will be necessary to
calibrate it in order to read the value of the current. A set-up
for determining the figure of merit can be used (see Fig. 33) and
deflections corresponding to different values of the current can
be observed. A curve can then be plotted between deflections
and currents, and from this curve can be read the value of the
current corresponding to any deflection.

149. The Tangent Galvanometer.—In the instruments here-
tofore described it has been supposed that the scale was gradu-
ated to read the value of the current directly in amperes, or
that it could be calibrated so to rcad. But nothing has been
said as to how the value of a current can be expressed in terms
of the ampere as defined in Art. 230. The tangent galvanometer
furnishes the means for establishing the value of a current in
terms of the c.c.s. unit. The method is readily understood and
formerly was the principal method for determining the absolute
value of a current. Other methods (see Arts. 153-157) now
offer more precise measurements, but the tangent galvanometer
is as accurate as it ever was and it still holds sufficient historical

interest to warrant its description.
136



MEASUREMENT OF CURRENT 137

The tangent galvanometer consists of a coil of relatively small
cross-section and large diameter. At the center is a short magne-
tic needle, suspended by a fine silk or quartz fiber and carrying
cither a long pointer or a mirror for use with a telescope and scale.
‘When hanging freely, the needle will point north and south in the
magnetic meridian. The large coil should stand vertically in
this same meridian. When a current is passed through the coil,
the magnetic field at the center of the coil due
to this current will be dirccted cast and west.
The resultant field due to the combination of
this field with the original field, H, of the carth
will be in a direction intermediate hetween the
two and making an angle 6, say, with the direc-
tion of the latter. The needle, when free to  Fra. 89. — Re-
turn, will take up this resultant direction; there- sultant of two

. . ] magnetic fields.
fore the angle 8 is determined by observing the
change in the scale rcading when the needle is deflected.
The intensity of the magnetic field at the center of a coil of
n turns is, from Chap. XI (sce Art. 231).
1 = 27l ",
)’
where 7 is the mean radius of the coil.

Since the coil of the tangent galvanometer is so placed that
H’ is at right angles to the earth’s field, /1, the angle which the
resultant of these two makes with the latter is given by the
expression,

4

' 2xln
tan 0 = 7= i
whence,
Hr
= —2';"L tan 0.

where I denotes the value of the current in c.G.s. units and 6
is the corresponding deflection of the needle.

150. The Coulometer.—Another cffect of the current is mani-
fest when it passes through an electrolyte, such as a solution of
copper sulphate in water. Copper is deposited upon the elec-
trode at which electrons are supplicd by the current through
the metallic conductors—one atom of copper (divalent) being
deposited for each two clectrons in the current. The mass of
copper deposited is thus a very precise measurc of the quantity
of electrons that have passed along the circuit. With proper
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precautions this gives a good method for measuring current, and,
indeed, the value of the international ampere is fixed in terms
of the amount of silver deposited per second in a silver nitrate
solution.

When the copper coulometer is used, the clectrodes should be
of copper, the best form being obtained by winding a meter of
large copper wire into a loose spiral that will just fit inside the
glass jar containing the solution. Another spiral wound smaller
and suspended within the first one serves as the cathode. All of
the copper surface should be clean and never touched with the
fingers. When ready to be used, the current should be passed
through the coulometer for a sufficient time to deposit a uniform
layer of new copper upon the smaller spiral, which is always
used for the cathode. During this preliminary run, the current
should be adjusted to the value it is desired to measure.

As soon as the current is stopped the spiral cathode is removed
from the solution and thoroughly rinsed in distilled water, then
dipped in alcohol to remove the water. The alcohol evaporates
readily when the coil is gently swung in warm air. When
completely dry, the cathode is carefully weighed.

When ready to begin the run, the cathode is placed in position
in the solution, and at a given moment the circuit is closed, thus
starting the current at a known time. The current should be
maintained as constant as possible for an hour and then stopped
at another known time. The cathode is removed, washed,
dried, and weighed as before. The gain in weight gives the
amount of copper deposited, from which the average value of
the current can be computed. Since 1 coulomb will deposit
0.0003283 gram of copper, the current is given by the expression,

M
I = et ]
0.0003283¢
where M denotes the mass of copper deposited in ¢ seconds.

161. The Silver Voltameter.!'—In accordance with the deci-

sions of the London Conference, the silver voltameter is to be

1 It would seem more appropriate to call this instrument the silver coulo-
meter, since it actually measures a deposit of silver which is proportional
to the number of coulombs passing through it. But the Electrical Congress
at Iondon in 1908 officially adopted the word ‘‘voltameter’” because of its
derivation from ‘‘volta-electro-meter” used by Faraday in 1834, and this
name was used by the Congress in the specifications for the measurement of
the international ampere. It has no connection with a voltmeter, or a
voltammeter. For deposits of other metals the name ‘‘coulometer” is
generally used.
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used to measure the international ampere. In connection with
the international ohm it may also be used to measure international
volts.

The silver voltameter is not suited to ordinary measurements
of current, but in the hands of a physicist who has specialized
in its use very precise results can be obtained. Since it is not
possible to preserve an electric current, the results of the voltam-
eter measurements are usually expressed in terms of the E.M.F.
of a Weston normal cell. The Weston cell can be used later with
a standard resistance to establish a known current.

In the standard form of the silver voltameter the cathode is
a bowl of platinum of from 125 to 400 cm.? capacity. The anode
should be of pure silver, and it should be coated with electrolytic
silver. It should be as large as can conveniently be used in the
bowl. The electrolyte consists of a solution of pure silver nitrate
in distilled water, having 15 to 20 grams of silver nitrate in each
100 c¢m.? of the solution.

The current during a deposit should be maintained constant
at a value not over 1 ampere and for a period of an hour or
longer. The deposit should be firm and erystalline, and free from
striations. The slime that forms on the anode must be kept from
the cathode. Porcelain porous pots of fine quality surrounding
the anode are sometimes used for this purpose. Filter paper or
silk should never be allowed to come in contact with the electrolyte.!

162. A Simple Voltameter.—A voltameter of small cost has
been devised by the Bureau of Standards.? The cathode is a
small sheet of platinum rolled into a cylindrical form. The
weight of platinum is about 10 grams. This is placed within a
larger cylinder of silver which serves as the anode. Below
the cathode is a glass tray which can be removed from the solu-
tion with the cathode. The whole is arranged within a glass
dish that holds the electrolyte. The smaller amount of platinum
makes it less expensive than the standard form, but the deposit
is concentrated on a smaller area and the accuracy is slightly less
perhaps by a few hundredths of 1 per cent.

153. Measurement of Current by Means of a Standard Cell.—
Although the silver voltameter is the legal standard for the
measurement of current, its use is practically limited to reference

! For further description of the silver voltameter and its use see Bull.

Bureau of Standards, vol. 13, p. 500, etc.
t See Bull. Bureau of Standards, vol. 10, pp. 529-530.
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measurements of primary standardization. The potentiometer
method is more convenient, and in the hands of the ordinary user
it is more accurate, because it depends only on the measurements
of a resistance and a difference of potential, both of which can be
determined with a very high degree of precision. In this method
the current, I, is passed through a four-terminal resistance, R,
of an ohm or less, the value of which is accurately known.
The resulting fall of potential, RI, is then measured with the
potentiometer in terms of a standard cell, the u.Mm.r. of which
is expressed in terms of the Weston normal cell, taken as 1.01830
international volts at 20° C. (sce Art. 133). Since this value was
determined from an exhaustive series of comparisons with the
silver voltameter, the measurement of a current in terms of a
standard cell amounts to a measurement in terms of the silver
voltameter.

In the method described below the measurements are expressed
in terms of a standard cell, cither by the regular potentiometer
method (Art. 137) or by a direct comparison similar to the
method for ealibrating a voltmeter (Art. 146).

—— AAMANAN—|1

Fia. 90.—Diagram showing the four- Fia. 91.—Current-carrying re-
terminal resistance, AB, connected into sistance; 0.00002 ohm for cur-
the circuit. rents from 500 to 2,000 amperes.

164. Standard Resistances for Carrying Current.—When a
low resistance is used, the question of contact resistance at the
connections becomes important and such a resistance is usually
provided with potential terminals. This arrangement is shown
diagrammatically in Fig. 90. MN is a low resistance with
potential terminals permanently attached at A and B. When
a current I is flowing through this resistance, the fall of potential
between m and n is unaffected by any contact resistance at M or
N. And if very little or no current is taken through m and n,
resistance at these points has little or no cffect on the measured
fall of potential.
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It is evident, then, that the only useful resistance in this
arrangement is that of the main circuit between A and B, where
the potential terminals are connected, and it is the resistance of
this portion that is marked on standard resistances of this type.
The potential terminals are clearly seen in Fig. 91.

These four-terminal resistances cannot be added in series or in
parallel. They can be measured and used with a potentiometer
or with the Kelvin bridge.

H.RJ
+T
+ ko
Dlr.:rl-und;g
Potentiometer
m
Q P
w B
ifij— ! lll
+
Fia. 92.—Calibration of the ammeter, Am.

166. Calibration of an Ammeter. Potentiometer Method.—For
the calibration of an ammeter, the instrument is joined in series
with a standard resistance. The same current must, therefore,
pass through them both. Its amount is determined by measuring
the fall of potential over the standard resistance and this value is
compared with the reading of the ammeter. The difference is
the ammeter correction. The arrangement is shown in Fig. 92.

The ammeter is connected in scries with a storage battery,
a variable rheostat, and the known low resistance, C, which
should be a standard manganin resistance provided with perma-
nent potential terminals. The fall of potential over the latter
is measured by the potentiometer in the usual way. The best
results are obtained when this is about 1 volt. By means of the
keys, K’ and K, either C or the standard cell, E, can be used in the
galvanometer circuit. In the latter case, when a balance has
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been obtained by adjusting I until there is no deflection of the
galvanometer,

E = R4.
When the coil, C, carrying a current, I, has been substituted for
the standard cell and a balance obtained by readjusting R to
some new value, R, we have,

CI = R'"s.

From which
J
C R

This value for the current is compared with the ammeter
reading, I, and the corresponding correction is

C—_—I"IA.

A calibration curve should be drawn, using the observed
ammeter readings as abscisse® and the corresponding correc-
tions for ordinates.

166. A Potentiometer Reading Directly in Amperes.—By
adjusting the auxiliary resistance, @, in the battery circuit so
that when the potentiometer is balanced against the standard

cell, the reading is R’ = I0,000%’, the potentiometer becomes

direct readingin amperes, and the true value of the current flowing
through the ammeter can be read directly from the setting of the
potentiometer.

167. Calibration of an Ammeter. Divided Potential Method.—
In this method the same arrangement that was used above to
calibrate the voltmeter is now used to
measure the fall of potential over the
standard resistance that carries the
current to be measured.

The current from a storage battery
flows in series through the ammeter,

T @ ~ the standard resistance, K, and an
adjustable resistance,r. In parallel
I'M"'M—_—' with B is a circuit of much higher
resistance and consisting of two well-
adjusted resistance boxes. In parallel
with one of these is the galvanometer with a standard cell and
a high resistance of about 10,000 ohms to prevent too great a
current through the standard cell.

r

Fia. 93.—Calibration of the
ammeter, Am.
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Let the currents through the ammeter, standard resistance,
B, and the galvanometer be denoted by I, I’, 7, and ¢’ respectively.
When the galvanometer shows zero deflection,

E, = As.
At the same time the circuit ABR gives
RI'’ = (A + B) 1.
Solving for the current in R,
p-EAtB
R A
Since I = I' + ¢, we have, finally,
E, A+B+R

=242 T

It is evident that if A is kept at some round number, say
5,000, and the adjustment made by varying B, the computa-
tions will be much simplified.

If the rcading of the ammeter is I 4, then

IA + Cc = I,
and the correction to be added to this reading is
c=1— IA.
CALIBRATION OF AMMETER No. ....
Am, zero = E, = at °C. R =
Ammeter g Standard cell Resistances
I i Correc-
[ i tion

Reading | Corrected | Temp.

T T

168. The Kelvin Balance.—The Kelvin balance is an accurate
semi-portable instrument for the measurement of current.
There are six flat coils placed horizontally and through which
the current passes in series. Two of these are carried on a
balanced beam, one at either end, while above and below each
of these movable coils is one of the fixed coils. The diagram
shows the relative positions of the coils. The movable coil,
cd, is shown in a vertical section through a diameter, while the
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dotted lines indicate the magnetic field in the same plane due to
the fixed coils, ab and ¢f. It will be seen that at ¢ the field is
horizontal and directed to the right. If the electron current in
the coil cd is flowing out of the paper at ¢, then this portion of
the circuit will be urged downward. At the other side of the

Fi1a. 94.—Coils of the Kelvin balance.

coil the direction of the field is to the left, and the electron cur-
rent at d is flowing into the paper. Hence this side of the coil
will also be urged downward. The same is true for all parts of
the coil, cd, and therefore the coil as a whole is urged downward
with a force proportional to the product of the current it carries
and the density of the magnetic flux in which it moves (see Art.
231). The latter is proportional to the current in the fixed coils;
therefore the downward pull is proportional to the square of the
current through the coils. The action at the other end of the
balance is the same, but the direction of the current through
the coils is such that the movable coil, 77, is urged upward. Thus
this effect is added to the other.

To restore the balance, a sliding weight is drawn along a gradu-
ated beam until the movable coils again stand in their original
position midway between the fixed coils. This position is indi-
cated by a short scale at the end of the beam, over which moves a
pointer. The position of the weight on the beam is read from
a scale of equal divisions, and, as shown above, this is propor-
tional to the square of the current. To obtain the value of the
current in amperes, the square root of this reading is multiplied
by the constant corresponding to the particular weight used.
There are four such weights and the constants are 0.5, 1, 2,
and 4, respectively, for most balances. In the centi-ampere
balance the result will then be given in centi-amperes.

One other matter must be noticed. When the sliding weight
is placed on the beam at the zero end of the scale it is necessary
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to place an equal counterpoise in the pan at the other end. If
this does not establish a complete balance, there is a small brass
flag carried by the moving system which can be turned so as to
throw more weight to one side or the other as may be required
to restore the balance.

169. Calibration of a Kelvin Balance.—The weights that
accompany a Kelvin balance are adjusted to give the correct
value of the current when the corresponding constants are used.
If for any reason it is desired to check the readings of the balance
more closely, the scale can be calibrated by means of a potenti-
ometerand a standard Weston cell. The arrangement is the same
as that used for the calibration of an ammeter and shown in
Fig. 92 above.

In casc the corrections arc nearly proportional to the readings
on the uniform scale, it may be desirable to change the mass of
the sliding weights.

160. The Electrodynamometer.—The ec-lec’’tro-dy’’na-mom’-
e-ter is an instrument for measuring currents. It consists
essentially of two vertical coils,
one fixed in place, and the other
free to turn about the vertical axis
common to both coils. Sometimes
the movable coil is outside the
other, as in the Siemens type; in
other forms the movable coil is
within the fixed coil. In ecither
case, when a current flows through
the movable coil it tends to turn
in the same manner as the coil of
a D’Arsonval galvanometer. But
in the eclectrodynamometer the
magnetic field is not due to a per-
manent steel magnet, but is pro-
duced by the current flowing in
the fixed coil. Thus the deflec-
tion depends upon the current, I,
in the fixed coil as well as upon
the current, 7, in the movable coil; and the resulting deflection
is given by

Fra. 95.—Siemens electrodyna-
mometer.

il = AD,
where A? is a constant including all the factors relating to the
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size and form of the coils, etc., and also including the restor-
ing couple of the suspension.
If the same current flows through both coils in series,

I* = A*D and I = A+\/D.

In the Siemens electrodynamometer the coil is brought back
to its initial position by the torsion of a helical spring. D is the
number of divisions of the scale which measures the amount
of this torsion.

When a coil carrying a current is suspended in a magnetic
field, e.g., the earth’s field, it tends to turn so as to add its magne-
tic field to the other. If the electrodynamometer is set in such
a position that the earth’s field is added to its own, evidently
the deflection will be increased by a corresponding amount. If
the two fields were opposed to each other, the deflection would
be lessened. This effect can be eliminated by turning the instru-
ment so that the plane of the movable coil is east and west.

161. Calibration of an Electrodynamometer.—In order to
use an electrodynamometer for the measurement of a current,
it is necessary to know the value of the constant, A, or, what
is better, to have a calibration curve. Such a curve is obtained
by joining the instrument in series with a calibrated ammeter or a
Kelvin balance, and observing corresponding readings on the
two instruments when carrying the same current. The curve
is carefully plotted, using currents as ordinates and the corre-
sponding deflections for abscisse. This gives a horizontal
parabola passing through the origin, and from this curve the
value of the current corresponding to any deflection can be
read. With such a curve, the dynamometer becomes a direct-
reading ammeter. The deflection is independent of the direc-
tion of the current through the instrument, and therefore it
can be used with alternating currents as well as with direct
currents. Reversing the direction of the current through one
coil only, however, will reverse the direction of the deflection.



CHAPTER VIII
MEASUREMENT OF POWER

162. The measurement of electrical power usually resolves
itself into the simultaneous measurement of E.M.¥. and current.
As stated in Art. 9, the unit of power is the watt, and is the
power expended by a current of on¢ ampere under a potential
difference of one volt. In Art. 28, therc was given a simple
method for measuring the power expended in a circuit by the
current from a battery, using an ammeter and a voltmeter.
A single instrument combining in itself the functions of both an
ammeter and a voltmeter is called a wattmeter. With such an
instrument the power may be read directly from a single scale,
in the same way as the currentisread from the scale of an ammeter.

163. The Use of an Electrodynamometer for the Measure-
ment of Power.—An ammeter and a voltmeter connected as
shown in Fig. 96 (a) for the measurement of a resistance will
give at the same time the power expended in R. Let B denote
the source of the current. The voltmeter, Vm, measures the
fall of potential, E, between the terminals, while the ammeter,
Am, gives the value of the current. The product, EI = W,
gives the power in watts.

This result can be expressed in a different form. If in place
of a direct-reading voltmeter there had been a large resistance
of S ohms in series with a mil-ammeter for measuring the current,
1, through it, then

E=28i;, and W = Sil.

In this form it is scen that the measurcment of power implies
the product of two currents; and in Art. 160 it was seen that an
electrodynamometer is an instrument for measuring the product
of two currents. Therefore, an electrodynamometer can be
used as a wattmeter if it is connected into the circuit in the proper
manner for this purpose.

Let R, Fig. 96 (c), be the circuit in which the power is to be
measured. The low-resistance coil, a, of the wattmeter, W, is

147
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connected in series with K as was the ammeter of Fig. 96 (a).
The other coil, v, is joined in series with a resistance of several
hundred ohms to form a shunt circuit of high resistance, and
this is connected in the place of the voltmeter to measure the
fall of potential over R and a. Let ¢ denote the value of
the current through this shunt circuit, and S its resistance. The

1
1

Jne

(a)

Fra. 96. - Measurement of power.

fall of potential is then Si, as in Fig. 96 (b). This current,
7, through one coil of the instrument, together with the main
current, I, through the other coil, will produce a deflection, D,
proportional to the product of the two currents. From the
equation of the electrodynamometer,
il = AD,
where A is the same constant that was previously determined.
Since the power being expended in I is W = SiI, we now
have
W = SiI = SA%D.

If the constant of the instrument is known, then SA 2 becomes
the factor for reducing the scale readings to watts. In case this
factor is unity, as it can be made by adjusting the value of
S, the wattmeter is said to be direct reading.

It may be that the value of A is not known, but instead there
is a calibration curve for the instrument when used as an electro-
dynamometer. In this case the value of A2D can be obtained
directly from the curve, for it is the square of the current I’
which would produce the same deflection, D.

Thus the power expended in R is

W = SI'?%,
where S is the resistance of the shunt circuit and I’ is not any
real current, but it is the current which gave the same deflection
when the instrument was used as an electrodynamometer and the
value of which can be obtained from the calibration curve.
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164. The Weston Wattmeter.—The Weston wattmeter con-
sists, essentially, of a moving coil electrodynamometer. The
fixed coil is wound in two sections on a long cylindrical tube,
within and between which is the movable coil. The latter is
wound with fine wire upon a very short section of a cylindrical
tube of somewhat smaller diameter than the fixed coil, and
supported on pivots so that it can readily turn about its vertical
-diameter. Attached to the movable coil is a long light pointer
which moves over a graduated scale.

In the position of rest the axis of the movable coil makes an
angle of about 45 deg. with the axis of the fixed coil. When
deflected so that the pointer is at the middle of the scale, the
two coils are at right angles. At the extreme end of the scale
the coil stands at 45 deg. on the other side of the symmetrical
position. This gives a fairly uniform scale over its entire
length. A spiral spring brings the coil to the zero position
and provides the torque necessary to balance the electrodynamic
couple due to the currents in the two coils.

In addition to the main fixed coil there is another fixed coil
of fine wire and having the same number of turns as the other, so
that a current sent through one coil and back through the other
will produce no magnetic field at the place of the movable coil.
It is then possible to compensate for the effect of the shunt
current passing through the series coil, for the shunt current can
be lead back through this sccond coil and thus be made to neu-
tralize its action upon the movable coil.  When it is desired not
to use the compensation coil it is replaced by an equal resistance,
this conneetion being brought out to a third binding post.

In the wattmeter reading up to 150 watts, the resistance of
the series coil is 0.3 ohm, and that of the shunt circuit is 2,600
ohms. The compensation winding is about 3 ohms.

166. Comparison of a Wattmeter with an Ammeter and a
Voltmeter.—The reading of a wattmeter can be compared with
the power measurcd by an ammeter and a voltmeter, provided
that the latter instruments are conneeted to measure precisely
the same power as the wattmeter. This means, for the uncom-
pensated wattmeter, that the current through the series coil of
the wattmeter must be measured by the ammeter, and the
voltmeter must be connected so as to measure the same fall
of potential as the shunt coil of the wattmeter.
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This is accomplished by the connections shown in Fig. 97.
The power thus measured is not that expended in R alone, but
it includes the power expended in the voltmeter and in the
shunt circuit of the wattmeter. But since both instruments

R

—\/\/\/\/\/\/\_
o

3
000000°
00,

Eom

F1a. 97.—Comparison of a wattmeter, W, with an ammeter and a voltmeter.

measure this same power, the reading of the wattmeter should

agree with the product of the readings from the ammeter and

voltmeter.

If the wattmeter is compensated so that the power measured
by it does not include the power expended in
its own shunt circuit, then the ammeter must

@ be connected so as not to measure this shunt
am current. But as it is not possible to con-

x{iv nect the ammeter and voltmeter so as not to

—to[o]e — measure the power expended in one or the

Fia. 98, other of them, the best arrangement will be to
join the voltmeter in parallel with R as shown

in Fig. 98. The power measured by the ammeter and voltmeter
will be that expended in both R and the voltmeter; that measured
by the wattmeter will be greater than this by the amount of power
expended in the ammeter. The latter can be computed from the
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formula 712, and added to the product of the readings from the
ammeter and voltmeter. With this slight correction the watt-
meter reading should equal V1.

166. Power Expended in a Rheostat. (a) When Carrying a
Constant Current.—The object of this exercise is to give the
student some personal experience in the measurement of power
and in the careful use of a variable rheostat.

In this first part a variable resistance is Ly
joined in series with a large E.M.F. and con- W[,,_ ,,;]
siderable other resistance, so that the varia- 1F
tions in r will not materially change the value

y chang S

of the current through the circuit. Ii desired,

this variable resistance may include an  Fia. 99.—Measure-
ammeter, and the current may be kept monpof the power ex-
always at the same value. pendedimn

The wattmeter is connected to r as shown in Fig. 99, and
readings of the power expended in the rheostat are taken for the
entire range of the resistance. If the values of the latter are
not known, they can be measured by one of the methods pre-
viously given. A curve should be drawn, using the resistances
in the rheostat as abscisse and the corresponding amounts of
power as ordinates. The report should contain a discussion
explaining why this curve comes out with the form it has.

(b) When under Constant Voltage—1In this part of the exercise
the arrangement is much the same as before, except that the
high 1.M.F. is replaced by a few cells of a storage battery, and r
is now the only resistance in the circuit. Starting with the
largest values of r, readings of the wattmeter are taken and
plotted as before. It will not be safe to reduce r to zero, and
readings should be continued only for current values that are not
too large for the apparatus used. This portion of the report
should give a discussion of what would probably happen if the
rheostat were reduced to zero.

167. Efficiency of Electric Lamps.—An interesting exercise,
and one that furnishes considerable information, is the determina-
tion of the efficiency of various types of electric lamps. By
means of a wattmeter, the amount of electrical energy supplied
to the lamp is readily measured. The light that the lamp fur-
nishes can be measured by a photometer. The efficiency of the
lamp is expressed as the ratio of the candle power of the lamp to
the electrical power expended, and is given as so many ‘‘candles
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per watt.” Thus the efficiency is not an abstract ratio, as in
most cases, because it is not possible to measure light in watts.
But this does not prevent a satisfactory comparison of different
lamps.

Any good form of photometer can be used to measure the
candle power of the lamp being examined. If none is at hand,
a simple form can be made by standing some object in front
of a white screen. The standard light and the one being mea-
sured will each cast a shadow of the object on the screen, and by
varying the distance of one of the lights from the screen, the
intensities of the two shadows can be made equal. The intensities
of the two lights are then to each other as the squares of their
respective distances from the screen.

If a number of different kinds of lamps are available, it is
instructive to measure the efficiency of each one. Tungsten
lamps can be compared with carbon lamps, and lamps that
have been in use for a long time can be compared with new
lamps of the same kind. It is also interesting to determine the
cfficiency of the same lamp when burned at different voltages,
and it is well to plot a curve with efficiencies as ordinates with
the corresponding voltages for abscissee. Incidentally, the curve
showing the variation of candle power with voltage canbe plotted.

168. Measurement of Power in Terms of a Standard Cell.—
In the preceding chapters there have been given methods for
measuring either a current or a difference of potential in terms
of the £.M.F. of a standard cell. By combining two of these
methods it is possible to measure power in like manner, and
this is especially useful when it is desired to know accurately
the value of a given amount of power. For example, in some
methods of calorimetry it is necessary to have supplied a known
amount of heat. Often the actual amount is not essential, but,
whatever it is, it must be known to a high degree of accuracy.
In such cases it is convenient to generate the heat by an elec-
tric current flowing through a resistance coil, and then to mea-
sure the electrical power expended in terms of a standard cell
of known E.M.F. This means the measurement of both the cur-
rent and the fall of potential, as the resistance of the coil usually
cannot be accurately determined under the conditions of actual
use.

One convenient arrangement, which is capable of wide varia-
tion in the amount of power that can be measured, is shown in the
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figure. The heating coil in which the power is expended is
denoted by H. Inserieswith thisis a coil, C, of sufficient current-
carrying capacity not to be heated by the current through it.
There is also a variable resistance, 7, by which the current can be
brought to any desired value. The
current through C is measured by ' K
the method for calibrating an
ammeter (sece Art. 157) and the fall
of potential over II is measured
by the method for calibrating a
voltmeter (sece Art. 146).

The standard cell is joined in
serics with a sensitive galvanometer
and a high resistance. The circuit
thus formed is connected to the
middle of a double-throw switch, S. A I'MIM_B——
One end of this switch is connected F16. 100. — Measurement o f
to B, which is a portion of a shunt power expended in H in terms of
around /{. By adjusting A and B, *standard cell, E.
the fall of potential over the latter can be made equal to the
E.M.F. of the standard cell, as shown by no deflection of the
galvanometer when the key, K, is closed. The total fall of
potential over H is, then,

p_A+B
- B

E.,.

In the same way there is a shunt circuit, PQ, in parallel with
C, and the part @ is joined to the other end of the double-throw
switch. When the switch is thrown to this side, P and Q can be
adjusted to give no deflection of the galvanometer when the key
is closed. This means that the fall of potential over Q has been
made the same as the k.M.F. of the standard cell, and the total
fall over C is computed as shown above for If. This, divided
by the resistance, C, gives the current through C as

;o EP+Q
¢ Q

A little consideration will show that the main current through
the battery is larger than I by the amount of current that flows
through the shunt circuit, PQ; and the current through H is
smaller than the main current by the amount of current that
flows through the shunt, AB. If Q is set equal to B, then, since
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the fall of potential over each is the same, the currents through
these two shunts will be equal. Therefore the current through
H will be equal to the current through C. The power expended
in H is, then,
E* (A + B)(P + Q)
W=VI= R R
when the two shunt currents have thus been made equal.
169. Calibration of a Non-compensated Wattmeter.—The
wattmeter in this case may be an electrodynamometer with
two separate coils, or it may be the regular Weston wattmeter

Fi1. 101.—Calibration of the wattmeter, W,

used without the compensation coil. The series coil of the
wattmeter is connected in series with a resistance, 11, in which
can be expended the power measured by the wattmeter. There
is also in series a standard resistance, C, whose value is accu-
rately known and which has sufficient current-carrying capa-
city not to be heated by the currents used in the calibration.
A variable resistance, r, and a storage battery, 2, complete the
main circuit. The shunt coil, ab, of the wattmeter is connected
in parallel with H. Two accurate resistances, A and B, arc
also connected in parallel with H. The power measured by
the wattmeter is then the total power expended in H, the
wattmeter shunt circuit, and the circuit consisting of A and B.
This power is the product of the current through these three
in parallel and the potential difference between m and n. Each
of these quantities is determined by the potentiometer.
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The potentiometer is represented by the three resistances,
P, @, and R. Across P is joined the galvanometer and stand-

ard cell in the usual way. When P has been adjusted for a
balance,

E

I

iP, or i='

where E is the E.M.F. of the standard cell and 7 is the steady
constant current that is flowing through the main circuit of
the potentiometer.

To determine the value of the current through the standard
resistance, wires are brought from the teiminals of C to the
double-throw switch, S. When this switch is thrown up and K’
is closed, C is connected into the galvanometer circuit in the
place of the standard cell. Readjusting the potentiometer for
a new balance, P’, gives

ic = ipr = 2
1)
and, hence,
EP’

I'="cp

To determine the fall of potential over H, the double-throw
switch is thrown down, thus connecting the resistance, A, into
the galvanometer circuit. Let i’ denote the value of the small
shunt current flowing through A and B. Then, adjusting the
potentiometer for a balance,

P!
A = {P" = LP—r

where P’ is the new reading of the potentiometer. The fall

. . A+ B .
of potential over both A and B i ~}— times as large, or,

_ EP" A+ B
I A
and this is the same as the fall of potential over 1.
The power measured by the wattmeter is, then,
E2P'P'" A+ B
[ — V4 i
W =VI PO A
If the reading of the wattmeter is W, the correction to be added
to this reading is

v

=W —W,
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Different readings of the wattmeter are secured by chang-
ing the current through H. A calibration curve can be plotted,
using the readings of the wattmeter as absciss®e and the corre-
sponding corrections for ordinates.

170. Calibration of a Compensated Wattmeter.—For this
purpose a potentiometer may be used, as in the preceding
method, but as this instrument is not always at hand, a method
using resistance boxes is given here. The principal difference
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Fra. 102.—Calibration of the wattmeter, W.

between the compensated wattmeter and the uncompensated onc
is that the former measures only the power expended in the
circuit to which it is attached, while the latter measures, in addi-
tion to this, the power expended in its own shunt circuit.

Thus let W, Fig. 102, represent the wattmeter connected
in the circuit to messure the power expended in H and C to-
gether. C is a standard resistance for use in the measurement
of the current, and H is sufficient other resistance to give the
required amount of power. As the power expended in the
shunt coil is not measured by the wattmeter, it should not be mea-~
sured by the standard cell; therefore C is placed inside, next to H.
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The calibration circuit consists of four resistance boxes,
P, Q, R, and S, joined in series with a battery of a few volts
sufficient to maintain a small constant current through the
circuit. This circuit is joined through the galvanometer to the
standard cell and to the wattmeter circuit in three places, as
shown, each connection being provided with a key. When finally
balanced, no current flows through any of these connections.

The measurements arc made as follows: First P is set at
some convenient value, say 1,000 ohms, and some of the remain-
ing resistances are then changed until there is no deflection of
the galvanometer upon closing the key, K;. This fixes the
total resistance of this circuit and it is thercafter kept constant
at this amount. The fall of potential over C should be a little
larger than the E.M.r. of the standard cell. It will then require
a little more resistance added to P to give no deflection when
the key, K, is used. This is added by varying @ and S, keeping
their sum constant, until there is no deflection of the galva-
nometer upon closing the key, K,. This balance measures the
value of the current through C, for

IC=iP + Q) = P+ Q)

and, therefore,
[_EPHQ

c P

This is the effective current actuating the wattmeter.

The fall of potential over CH is measured in the same way.
This will be greater than that over C alone, therefore for a
balance it will require a resistance greater than P + Q. The
resistance R is now varied, keeping R + S constant, until there
is no deflection of the galvanometer upon closing K;. The fall
of potential over CIH is then the same as that over the three
resistances, P, Q, and R. That is,

VP Q4 R) =+ Q+ R

The power measured by the wattmeter is, then,

12
W—y1 < BCHQP+ Q4 R)
])2(,
If the reading of the wattmeter is W, the correction to be added
to this reading is

c=W —-W.
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In case V is too large to be measured directly as here shown,
there may be placed a shunt, AB, around H as shown in the
preceding method and the potential fall over A alone measured.
The total full of potential over H is then readily computed.
The addition of this shunt will make no difference in the watt-
meter, since H with its shunt now replaces II alone and the
wattmeter measures whatever power is expended in either
arrangement.

171. Calibration of a High-reading Wattmeter.—A high-
reading wattmeter is one that measures large amounts of
power. In calibrating such a wattmeter it is often impossible,

Fra. 103.-—Calibration of the wattmeter, W.

and usually it is inconvenient, to expend sufficient power to bring
the reading up to the high values indicated on the scale. But
this is not necessary, for all that is required is that there shall be a
large current through the series coil and a small current at high
voltage through the shunt circuit. By using different batteries to
supply these two currents, there need be no great expenditure of
energy. As shown in the figure, the battery, B, consisting of
one or two large storage battery cells, supplies a large current
through the series coil of the wattmeter and the low standard
resistance, C. The latter should be of such a value that the fall
of potential over it will be a volt or less in order that this may be
readily measured by the potentiometer. Since the resistance of
the shunt circuit is large, it will require a large number of cells
in the battery, B’, but these cells can be small, as only a small
current will be needed. In parallel with this circuit is placed
another high-resistance circuit, AB, so divided that the fall of
potential over the portion A shall be about 1 volt. The calibra-
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tion is then the same as given above for the case of an uncom-
pensated wattmeter, and the wattmeter should read the product
of the current through C and the voltage across A and B.

If the reading of the wattmeter is W, the correction to be
added to this reading is

c=VI - W.
In making this calibration it is best to have the currents

through the wattmeter about the same as will be used when the
instrument is measuring power.



CHAPTER IX
ELECTRON TUBES

172. Electron Emission.—It has been stated in earlier chapters
that a current is a stream of electrons along the wire. Evidence
of such a stream of electrons is afforded by the phenomena within
an electron tube. When a hot filament is used in a vacuum tube
with a cold electrode it is possible to pass an electron current
through the vacuum space from the hot filament to the cold
electrode by an E.M.F. that maintains the filament a few volts
more negative than the cold electrode. When both electrodes
are cold, the vacuum makes a very good insulator.

It has been shown by experimental investigation that the
particles passing through the vacuum from the hot filament to
the cold electrode have the same mass and carry the same charge
as the electrons that are found in many other phenonema.
That is, each one has a mass that is only 1{ g50 of the mass of
an atom of hydrogen, while the charge carried by each one is
equal to the charge carried by each atom of hydrogen in electro-
lysis. The supply of these clectrons seems to be inexhaustible
and is vastly greater than could have been supplied by the
filament itself. The electrons, therefore, must have been
supplied to the filament by flowing in through the colder metal
connections, and as there is no accumulation of electrons on the
cold electrode in the vacuum tube, they must have been able to
flow away over the connecting wires. Tested with an ammeter,
these wires are found to carry an electric current, the negative
direction of which is the direction taken by the electrons as they
pass along the wire on their way back from the cold electrode to
the hot filament. If the battery between the cold electrode and
the hot filament is reversed, no current passes through the
circuit, since no electrons can leave the surface of the cold
electrode.

173. Electron Tubes.—As usually seen at the present time, an
electron tube contains three essential parts. The filament is
similar to the filament of an ordinary electric light bulb, but

160
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shorter and of less resistance, so that it is lighted by a low-
voltage battery. In some tubes the tungsten filament contains a
small amount of thorium, and an abundant emission of electrons
is obtained at a temperature below red heat. -

Surrounding the filament, and a short distance from it, is
a thin metal sheath called the plate. This is provided with an
outside terminal, and, together with the filament, constitutes a
two-clectrode tube. In most tubes, however, there is a network
of fine wires surrounding the filament and about midway between
the filament and the plate. From its form this is called the grid.
The grid is well insulated from both the filament and the plate,
and it has its own outside terminal. Such a tube is called a
three-clectrode electron tube and has the familiar four prongs
projecting from its base for the external connections. In general
appearance an electron tube resembles an electric light bulb, and
the pressure within the tube is reduced to a very good vacuum.
Because of this fact these tubes are often called vacuum tubes.

174. Diagram of an Electron Tube.—In the diagrammatic
representation of an electron tube the arrangement shown in
Fig. 104 is used. The filament is shown by the narrow loop,
FF, the 4+ and — signs indicating the direction in which the
heating current passes through the filament. The battery, of a
few cells, that supplies this heating current is commonly called
the “ A’ battery.

The vertical line, P, at the right-hand side of the figure repre-
sents the plate, taken as being at right angles to the plane of
the paper. In reality, of course, this
sheath surrounds the filament equally on
all sides.

The wavy line, @, represents the grid
of fine wires between the filament and the
plate. In an actual tube the connections
to the plate and to the grid are placed in
the base near the filament connections. In
the figure these are shown at the side
and top of the diagram to avoid confusion
in the drawing. The circle around the
whole indicates that these elements are enclosed within the glass
bulb of the clectron tube.

The potential of the plate is usually reckoned from the negative
terminal of the filament, and the battery that supplies this

Fia. 104.
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voltage is commonly called the “B’’ battery. If a battery is
used to give a definite potential to the grid, it is called the “C”’
battery.

176, Effect of Temperature upon Electron Emission.—As
already suggested, electrons are more readily emitted from the
filament when it is hot than when cold. This relation between

the electron current and the temperature can be investigated
with an arrangement as shown in Fig. 105.

G
| \»
I i .._'L_+
Rh -
| \4 —
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P =
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Tt =
IIII.H Am =
A N— =
F1a. 105.—The plate current, 1, is increased by increasing the temperature of the
filament.

The filament is heated by a current from the “ A" battery of a
few storage cells. The current, I, can be varied by the rheostat,
Rh, and measured by the ammeter, Am. The temperature of the
filament can be taken as being proportional to I2.

From the plate is a circuit through the “B’’ battery of 20 to
100 volts, a key, and the galvanometer, and leading to the
negative end of the filament. If the “B’’ battery is connected
80 as to drive electrons from the plate to the filament, no current
flows, even with the filament heated to incandescence. With the
+ end of “B’” connected to the plate, a current is readily
obtained, and it may be necessary to use a shunt with the galva-
nometer. In using 100 volts with a galvanometer, great care
must be exercised to make sure that there will be no leakage
current from any part of the battery to the galvanometer. The
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connection from the + terminal to the plate should be
especially well insulated from the rest of the arrangement.
Keeping the voltage of the “B’’ battery constant, and starting
with a small current through the filament from the “ A’ battery,
observe the growth of the “plate current,” 7, that flows through
the tube as the filament is heated more and more. Since this
current flows across the space from the filament to the plate,

Plate Current

Tempcraturo of the Filament

¥F1a. 106.—7The plate current increases very rapidly as the filament-heating current
ix increased.

it is sometimes called the “space current.” This relation can be
shown by a curve between corresponding values of I? and <.
(See Fig. 106.)

Similar curves can be determined for several different values
of the “B” battery voltage. If ¢ seems to reach a maximum
value as I is increased, it is not because of any lack of electrons
but because the potential gradient! near the filament is not
sufficient to overbalance the effect of the space charge.

176. The Space Charge.—As pointed out above, current does
not pass through the tube when the plate is connected to the nega-
tive end of the “B” battery. If the negative potential of the
plate is due to a static charge of electrons upon it, the effect is
the same, and any electrons in the ncighborhood are urged back
towards the filament. The negative charge need not even be on
a metal plate in order to produce this modification of the potential

1 The term “potential gradient’ denotes the fall of potential per centi-
meter, and it is measured in volts per centimeter.



164 ELECTRICAL MEASUREMENTS

gradient between the plate and the filament, and every electron
in the space around the filament, whether stationary or moving
in the current from the filament to the plate, produces something
of this effect.

When the effect of the negative charge of the electrons in the
space around the filament is considered, the electrons concerned
are referred to collectively as the space charge. The electron

P

F1G. 107.-—~The potential gradient is uniform between two parallel plates. A
space charge changes this, as is indicated by the dotted lines.

current is most concentrated near the filament and it is here that
the effect of the space charge is most marked. When there is a
large emission of electrons, the space charge around the filament
may be sufficient to act like a negative potential on the plate
and prevent a further increase of the electron current from the
filament.

When a difference of potential is appliecd to two parallel
plates, as P and F, Fig. 107, this can be represented as a uniform
fall of potential across the space from one plate to the other.
But a cloud of electrons in this space will lower the potential of
this region so that the actual fall of potential is no longer uniform,
but is more like.the dotted line in Fig. 107. The larger the
number of electrons the greater is this effect, until the condition
is reached in which there is no rise in potential near F, and there
would be no tendency for electrons to move from F towards P.
This would prevent the continued increase of the current.
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In the electron tube the case is similar to the parallel plates,
but it is not as simple. The filament and sheath are more nearly
like two concentric cylinders. The fall of potential across the
space between two concentric cylinders is not uniform, but it is
logarithmic, as shown in Fig. 108. Since the surface of the fila-
ment is very small, the density of the clectrons near it is large

Plate

Filament

Fra. 108.~~Most of the potential difference hetween a wire and a concentric
cylinder is near the wire. But a space charge may greatly modify ‘this
distribution.

and the effect of this large negative charge necar the filament
reduces the potential gradient in this region, as explained above,
in spite of the large gradient of the normal distribution of the
potential, and it may cven reverse the direction of the fall of
potential, as shown in Fig. 108.

A larger voltage for the “B’’ battery will give a steeper poten-
tial gradient throughout the space between the filament and the
plate, and this will give sufficient rise of potential around the
filament to carry a larger strecam of clectrons. This is shown
in Fig. 106 by the larger final values of the plate current.

177. Relation of the Plate Current to the Plate Voltage.—
The current through the plate circuit depends to some extent
upon the voltage of the B’ battery. Asthisvoltage is increased
the current becomes larger, until a point is reached where a
further increase in voltage does not increase the current. The
actual value of this saturation current depends upon the tempera-
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ture of the filament. As the supply of electrons becomes more
abundant, the approach of the saturation value of the current
is less marked, but the final value of the current is larger.
Figure 109 shows curves for several different temperatures of the
filament. The normal current for
this filament is 1.00 ampere, and
with this heating the saturation
value of the plate current is not
reached with 80 volts. However,
with a current of 0.80 ampere
through the filament, the plate
current reaches its saturation value
at 40 volts, and does not increase
as the voltage is further increased.

178. The Electron Tube as a
Rectifier.—As indicated in Art.
172, the stream of electrons can
pass through the tube in only one
direction. When an alternating
E.M.F. is used in the plate circuit
I = 0.8 in the place of the “B’ battery
there will be current through the
circuit whenever the .M.r. is in the
proper direction, but there will be

Fra. 109.—'1’he.relation between 1 current during the other half
the plate current, 7p, and the E.M.¥.
of the “B" battery, V, for five Of the cycle. The current that
different  temperatures  of the flows, then, will be in one direction
filament. . .

only, but it is not a steady

current. It is more nearly like the positive loops of an alter-
nating current separated by intervals of zero current. The
English name of “valves” for these tubes indicates this
rectifying property. This variable direct current is not desirable
where a steady current is required, but it is suitable for some
purposes and it is often useful when no other source of direct
current is available. By rectifying a high-voltage alternating
current, it is possible to obtain a high-voltage direct-current
source. A modification known as the ‘“‘tungar rectifier’is
used for charging storage batteries.

179. The Grid.—The effect of the space charge around the
filament in reducing the electron current has been noted in Art.
176. By placing a grid of fine wires near the filament, the

ip
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potential of this region can be varied at will. When the grid
is given a negative potential with respect to the filament, the
effect of the space charge is increased, and this may be carried so
far as practically to stop the electron current. On the other hand,
by making the grid positive with respect to the filament, the
effect of the space charge can be neutralized, or even overbalanced,
thus giving an increased potential gradient near the filament
and a greater acceleration to the clectrons in this region.

ip

_Vg +Vﬂ

Fra. 110.---Characteristic curves of a three-clectrode tube for different plate
voltages.

The clectron tube with such a grid serves as a very useful
relay in an electric circuit. By merely applying a voltage to the
grid, involving very little expenditure of power, the current
through the plate circuit can be varied considerably. Since this
plate current is driven by the high-voltage ‘“B’” battery, the
variation in power is correspondingly greater. The response of
the plate current is very prompt and the tube thus acts as an
inertialess relay.

180. Static Characteristic of a Three-electrode Tube.—The
variation that is produced in the plate current by changing the
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potential of the grid is shown by the curve KGJ in Fig. 110.
The “B’’ battery is supposed to have maintained a constant
voltage, V,, in the plate circuit for all points on this curve.
Such a curve is called the “static characteristic curve” for the
electron tube and it shows the steady value of the plate current
for any given set of steady values of the grid and plate voltages.
While the tube is not ordinarily used in this manner, curves
obtained in this way are useful in showing what effects may be
expected in the tube when these voltage values are varied in any
manner.

ip

Rh.
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Fi1c¢. 111.—An arrangement for the determination of the characteristie curve of
the eleetron tube.

The arrangement for the experimental determination of the
static characteristic curve is shown in Fig. 111. The “A”
and “B’ batteries are connected in the usual way. With a
sliding potential divider, ED, connected as shown in the figure,
the grid can be maintained at any desired voltage. The potential
of the grid is usually compared with the potential of the negative
end of the filament, and this value is measured by the voltmeter,
Vm. For negative grid voltages, the battery “C” is reversed.
The current through the plate circuit is measured by the galva-
nometer as before. Plotting corresponding values of the grid
voltage, V,, and the plate current, 7,, gives one of the curves
shown in Fig. 110. If the plate had been maintained at a
different potential, by using a different value for the “B?”
battery voltage, V,, a similar characteristic curve would have been

obtained but shifted to the right or left, as shown by the curves
of Fig. 110.
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181. The Surface Characteristic.—The total characteristic of
an electron tube involves more factors than can be represented
by a single curve, or even by a series of such curves, although a
person who is familiar with these curves can read much informa-
tion from a set of curves like those shown in Fig. 110. It is not
as easy, however, to see how the current increases through the
values OF, OG, and OH, as V, is increased as it is to refer to
the 7,-V, curve of Fig. 109 for I, = 1.00 ampere. In fact, the
latter curve can be considered as being drawn on a plane through
OH and perpendicular to the plane of the paper in Fig. 110. If
the entire scries of both sets of mutually perpendicular curves
were drawn, the result would be a surface. The curves shown in
Figs. 109 and 110are theintersections of thissurface with different
vertical planes.

Such a surface can be constructed in the form of a plaster model.
A series of small holes are drilled in a smooth board 1 em. apart
each way, dividing the board into squares. Kach row of holes
in one direction is marked with a value of V, from zero to the
maximum that is used. The rows of holes in the cross-direction
are marked with the values of V, letting the zero line be through
the center of the board. Along one row of holes, set a series of
vertical wires of lengths to represent the values of 7,.  The tops of
these wires will make a curve like one of those in Figs. 109 or 110.
When all the rows are filled with vertical wires, their tops will
indicate the characteristic surface corresponding to the filament
temperature that was maintained while these currents were being
measured. To make the surface more apparent, the whole group
of wires can be filled up with plaster of Paris, smoothed off even
with the tops of the wires. The whole series of characteristic
curves can be drawn on this surface by connecting the ends of the
wires in each row for which V, has a constant value. Such a
surface is useful in giving a complete survey of the action of
the tube with a given filament temperature. A series of such
surfaces will represent the characteristics for different tempera-
tures of the filament.

It will be found that a certain limited part of these surfaces
contains the most desirable characteristics for the principal uses
of an electron tube. In drawing a single characteristic curve,
a person familiar with the general form of these surfaces will
chose such values of V,, V,, and I, as will place the curve through
this most favorable region.
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182. Voltage Amplification.—Since the B’ battery maintains
the plate at a constant potential, at first sight there would seem
to be no possibility of voltage amplification. One meaning that
may be given to this term is illustrated in the curves of Fig. 110.
With a plate voltage of 60 volts, and the grid connected to the
negative end of the filament, the plate current of a few milli-
amperes is represented by OG. This current can be increased
to OH by increasing the plate potential to 100 volts, or, with-
out changing V,, the current can be increased to this same value
by increasing the potential of the grid by the amount ON (= §
or 6 volts), giving the value JN as the new plate current. In
this case the application of a few volts on the grid has produced
as great a change in the current as could be given by an addi-
tional 40 volts in the plate circuit.

In the same way the current could be reduced to OF by reducing
the plate voltage to 25 volts. Or, without changing the plate
voltage, the current can be reduced to KM by giving the grid a
negative potential of a few volts (= OM).

183. Amplification Constant.—It was shown above that a
change, V,, in the grid potential is equivalent to a much larger
change, V,, in the plate potential. This is expressed by the
relation

a AV, = AV,

or,
AV,
= av,

This ratio, a, is called the voltage amplification constant for
the tube. Referring to the model of the surface characteristic,
a is the ratio of the slope of the surface in the direction of V, to
the slope in the direction of V,. The value of a is not constant
for all values of V,, but it is nearly constant for the voltages
commonly employed.

184. Determination of the Amplification Constant.—While
the value of the amplification constant, a, can be obtained from
the curves of Fig. 110 when these are accurately drawn to
scale, this only gives its value for steady conditions. Electron
tubes are commonly used with rapid changes in voltage, and it is
desirable to make a direct determination of a under conditions
resembling those that obtain in the use of the tube. This can be
done with the arrangement shown in Fig. 112, in which a small
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alternating voltage is introduced into the grid circuit and at the
same time enough alternating voltage is added to the plate
battery to keep the current from changing.

By means of the steady voltages from the batteries A, B and
C, the electron tube can be set at any desired point on the charac-
teristic curve, or surface. A small alternating current can be

-+

S

Fra. 112.—The arrangement for the direct determination of the voltage amplifi-
cation constant.

passed through the non-inductive resistances, ¢ and p. These
resistances should not be large enough to incrcase materially the
resistances of the grid and plate circuits, and for the same reason
a low-resistance telephone receiver, 7', should be used.

By tracing out the connections, it will be seen that when the
alternating current, ¢/, is lowing from M to N, the fall of potential
gt’, is added to the voltage of the “C’”’ battery. This tends to
increase the plate current. At the same time, the fall of potential,
pi’, is subtracted from the voltage of the “B’’ battery, and this
tends to decrease the current. When these two effects are
balanced, there is no change in the plate current, and no sound is
heard in the telephone receiver, T. The amplification constant
is, then,

for this point on the characteristic.
By changing the voltage of one of the batteries, the value of
a for the new conditions can be determined in the same way.
186. The Electron Tube as a Relay.—One of the important
uses of an electron tube is that of a relay, in which the plate
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current is made to reproduce all of the variations of the original
current. Along the middle portion of the characteristic curve,
the relation between V, and 1, is very nearly linear. Therefore,
when V, is made to vary in any given manner, the plate current,
1p, will vary in the same manner and reproduce the same changes.
For example, if a weak telephone current is transformed to a
higher voltage (and a stillsmaller current), and this voltage applied
to the grid of the electron tube, the plate current will respond
with the same variations and much greater power. When the
changes in V, are large enough to extend beyond the linear part
of the curve, the plate current is no longer proportional to the
applied voltage, and the resulting wave form is distorted from the
original.

186. Radio Communication.—FElectron tubes are used exten-
sively in radio communication, both as detectors and asamplifiers,
but it is beyond the design of this book to discuss the various cir-
cuits that are used. To understand how the results are obtained
requires at least an elementary knowledge of alternating currents
and the effects of inductance and capacitance upon such currents.
These subjects are treated in the following chapters, and after
the last page has been read it will be easier to understand the
following article on the action of an electron tube as a generator of
alternating currents. This topic is introduced here because the
device may be employed as a source of high-frequency alternating
current for use in some of the measurements of capacitance and
inductance that are described in the following chapters.

187. The Electron Tube as an Alternating-current Generator.—
In studying the effects of inductance and capacitance, and in
using alternating currents for bridge measurements, it is desirable
to have a frequency of about 1,000 cycles per second. This is
not readily obtained from alternating-current dynamos, but such
a current can be obtained with the arrangement shown in Fig.
113. The grid of the electron tube is connected to the resonance
circuit, CL, which contains the proper amounts of inductance
and capacitance to resonate freely at the desired frequency.
When the resonance current is oscillating through C and L,
the potential of the grid is raised and lowered with every surge
of the charge in and out of the condenser. This will impress the
same variations on the current in the plate circuit, but this current
is still a direct current. In this circuit is placed the primary
of a telephone transformer, the secondary of which becomes




ELECTRON TUBES 173

a source of alternating current of the frequency of the variations
in the plate current. In order to maintain the oscillations in
the resonance circuit, CL, the plate current also passes through
a coil, Q, which is inductively coupled with L, and in the sense
that will tend to increase the oscillations in CL. For a 1,000-

QUGN
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Fi1a. 113.-—An electron tube generator for supplying audio frequeney alternating
current from the terminals of S,

cycle current it has been found suitable to use the coils of a
small, bell-ringing transtormer for L and @, taking the 110-volt
winding for L and the 14-volt winding for Q. A small “grid”
condenser of 0.005 mf. is used for C. A H-watt tube is satisfac-
tory and 200 volts can be used for the plate battery. Such a
generator will begin to oscillate as soon as the circuits are closed
and will continue as long as the proper filamen current is
maintained.



CHAPTER X
MEASUREMENT OF CAPACITANCE

188. Standard Condensers.—Mica condensers of a few tenths
of a microfarad are often assembled in a box for convenient use.
When the capacitances have been adjusted to the given values,
such condensers serve as useful standards. TFigure 114 shows

0.1 0z 02 . ob N
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Fia. 114.

the arrangement of the brass blocks on the hard rubber top of a
box containing four condensers. Each condenser is permanently
connected to two of these metal blocks. The longer blocks at
either side are connection pieces to the binding posts, A and B.
By means of plugs, one or more of the condensers can be con-
nected to these long blocks and thus to the binding posts. With
two plugs inserted as shown in the figure, the condenser of 0.2

7.

l Tenths
Microfarad

Fra. 115.

mf. is connected to A and B. When the four condensers are all
connected in parallel, the capacitance is 1 mf. When they are all
used in series, the combined capacitance is 145 mf. In this box
the different condensers are permanently connected together.
The top of another condenser box is shown in Fig. 115. The
terminals of each condenser are connected to an independent
174



MEASUREMENT OF CAPACITANCE 175

pair of squarc blocks, cach of which is marked with the capaci-
tance of the condenser. Thus, the two blocks marked “1”
are the terminals of a condenser having a capitance of 0.1 mf.
The long bars are for connections. With four plugs inserted as
shown in Fig. 115, the condenser having a capacitance of 0.2
mf. is connected to the binding posts, C and D. By mcans of
plugs, the four condensers can be placed in parallel or in series
as desired. Thus, two additional plugs placed at a and b will
join the 0.5-mf. section in parallel with the 0.2 mf. already con-
nected, giving a capacitance of 0.7 mf. connected to C and D.

189. Condensers in Parallel.—When two condensers are
connccted, individually, to the same E.M.F., each one, of course,
becomes charged to this difference of potential. The total
charge is

Q=0 +Q,=CFE+ C.E = CE,

where @, and Q. arc the charges in cach condenser. This
combination acts, then, like a single condenser whose capacitance
is
C=0C +C,
Hence,
Law I.—The combined capacitance of several condensers in
parallel is equal to the sum of the separate capacitances.

oLy, G v, =2y,
1 2 3 4
I;CB{b _:E}—"——g;

+,‘,|E
1

F1G6. 116.—Condensers in parallel. Fic. 117.—Condensers in series.

190. Condensers in Series.—If the condensers are joined in
series, as shown in Fig. 117, it is cvident that the difference of
potential over cach condenser is only a part of the total E.m.F.
of the battery. Xach of the condensers will have the same
charge, for, being joined in scries, all of the electrons that leave
one sct of plates in C; must go to the adjoining set of plates in
C,, if the intermediate parts are well insulated. This is shown
more fully below.

When a series of condensers are connected to a battery of
E.M.F. = F, as shown in Fig. 117, electrons are urged along the
battery circuit from a, through the battery, to d. Whatever
may be the number or the capacitances of the condensers in series,
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this flow of electrons will continue until the potential difference
between a and d has reached the full value of E.

The intermediate portions of the condensers consist of a
series of insulated sections of conductors. In each of these sec-
tions the electrons will distribute themselves so as to make the
whole section at a uniform potential. The large accumulation of
electrons at d tends to make everything in that neighborhood at
a negative potential, including the C; end of the section C;C,.
In the attempt to keep this section at a level potential, the elec-
trons will flow from the C; end to the C: end. To do this and to
neutralize the effect of the charge of ¢; clectrons in C5 will require
that another group of ¢; electrons move out of the other set of
plates of the condenser Cj, thus leaving them with a ‘““positive”
charge, and making the total charge on both sets of plates in this
condenser equal to zcro.

In the next insulated section the clectrons will likewise move
80 as to keep all parts at the same potential level, and this will
result in the same number as before moving from C;to C,. Thus
there has been the same number of electrons moving along each
section of the circuit, and each condenser has the same charge.!

The capacitance between cach condenser as a whole and the
surrounding conductors and walls of the room is usually insignifi-
cant. In case it is not, the charges due to such capacitances are
added to those discussed above.

191. Equivalent Capacitance of Condensers in Series.—The
potential differences across each condenser, Fig. 117, respectively

will be

_Q
VizVe= O,
Ve —Vy = (?‘

C,
V,'j bl V4 = '(:G

1 This condition is well illustrated by a water analogy, in which a long
trough is divided into a number of sections by several transverse partitions.
When the half-filled trough stands on the table, the water is at the same level
throughout. But when one end of the trough is raised a few inches, the
water must flow along each section of the trough in order to remain level.
Evidently it cannot all be at the same level, and at each dam there is a
difference of level. The sum of these differences is equal to the total
difference in level between the two ends.
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Adding these equations gives
Vi—Vi=0Q (‘ + by 1_) _Q
C, " Cy " Oy C

Hence the equivalent capacitance, €, of the combination is
given by the relation

1 1 1 1
cTa e ey

The resulting capacitance, €, is smaller, therefore, than the
smallest capacitance in the series.

Law I1.-—When several condensers are connecled in series, the
Jjoent capacitance is the reciprocai of the sum of the reciprocals of
the several capacitances.

This is similar to the law for resistances in parallel.

192. Comparison of Capacitances by Direct Deflection.—When
a condenser of capacitance € farads is charged to a potential
difference of K volts, the quantity it contains is

Q = CE, coulombs (1)
If this quantity is discharged through a G
ballistic galvanometer, giving a fling of d mm. |
as measured on the scale, we have l c— t&
Q = Id. (2) B
Combining (1) and (2) gives
]\.
. =" d. 3
P 3)
Now if the same experiment is repeated, using the same
battery and galvanometer, but with another condenser of
capacitance €y we have

,\.

(y| = 1’1‘ dy (4)
and from (3) C,=C '}{1" 3)

If C is a known capacitance, then the value of C'; can be deter-
mined as exactly as the flings d and d, can be mecasured. Each
of these should be taken several times and the mean values used
in the computation.

193. Study of Residual Discharges.—When a condenser
or a cable is charged for a long time and then discharged, it is
nearly always found that the quantity of ecleetricity obtained
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from the condenser on discharge is less than the total amount of
the original charge. The remainder of the original charge is
said to be “absorbed,” meaning thereby that this charge remains
in the condenser after the plates have been brought to the same
potential, but not specifying the manner in which it is retained.
After a short interval of time a portion of this absorbed charge
is released and can be discharged by again joining the two plates
of the condenser; and this is termed

a ‘““residual discharge.” Several such

residual discharges can be obtained

from ordinary condensers and a great

s many from a poor condenser.
This phenomenon depends upon the
_ b, material composing the dielectric be-
[:—CJ k tween the plates of the condenser,
g

and is the more marked the greater
the heterogencity of the dielectric.
In case the dielectric is air, or a sheet

cut from a crystal of quartz or iceland
L"Et spar (i.e., a homogeneous substance),
there is no residual discharge. The
charge which is thus absorbed and
can be recovered later should not be confused with any leakage
there may be through the condenser.

To make a short study of residual discharges proceed as
follows: Charge a paraffined paper condenser from six or
eight cells for 3 minutes. When ready to begin observations
on residual discharges disconneet the battery from the condenser
and thoroughly discharge the latter by throwing the switch, S,
to the other side for 5 seconds and then leaving it open. Wait
1 minute and again discharge the condenser—this time through
the galvanometer—and observe the deflection. The key, K,
is supposed to remain closed on the lower contact shown in Fig.
119. Probably this would be the upper contact on the actual
key. Pressing the key to the other contact joins the condenser
to the galvanometer. Discharge the condenser through the gal-
vanometer at minute intervals for half an hour. Express the
results in the form of a curve using time for abscisse and the
sum of all previous discharges for ordinates. In somec instances
the sum of the residual discharges is greater than the original
discharge. Repeat, charging the condenser for 15 minutes in

Fig. 119.
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order to observe the effect of the time of charging upon the
amount of the residual charge.

194. Charging a Condenser through a Resistance.—When a
condenser is connected in series with a resistance and a battery,
a current flows until the potential difference across the condenser
equals the .M.F. of the battery. The initial value of thiscurrent,
as well as the time required to charge the condenser, depends
upon the amount of resistance in the circuit.

C

-
Ell

F1a. 120.—Charging a condenser through a resistance.

Figure 120 shows such a circuit, where R represents the total
resistance, including that of the battery. Writing down the
potential differences in this circuit gives

0 — Ri— 2=
I i) ¢ 0
or, expressing the current in terms of the charge,
, dq q _
E—-R i 0.

In order to separate the variables, ¢ and ¢, this can be written
in the form

—dg_ _ —dt

EC — ¢ RC
Integrating this gives
\ral — t
1()g (h(/ —_ (1) = 72-(7

where B denotes the constant of integration. Rewriting this in
the exponential form, we have

+ B,

B ="'
EC —qg=¢ e *°
If ¢ is measured from the instant that the circuit is closed,
when ¢ = 0, then when ¢ = 0, this equation becomes
EC = ¢°
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and, since this is a constant, it always has this value. We now
have
7=Q — Q™"

where Q is written for EC, this being the maximum value of gq,
and the final charge in the condenser.

1 |
0 0.001 0.002 Seconds

Fre. 101.-—Increase of the charge in a 1-mf. condenser when charged through
1,000 ohms.

Figure 121 shows the increase in the charge of o 1-nf. condenser
when it is charged through 1,000 ohms. A larger k.m.r. will
give a larger final charge, but the same time will be required to
bring the charge to half of its final value.

195. Bridge Method for Comparing Two Capacitances.—
This is a null method and therefore capable of more exact measure-
ments than the preceding. The two
B condensers are placed in two arms of

¢ % a Wheatstone bridge set-up, as shown
° ®\D v in Fig. 122.

/ K When the key is depressed, both
C: condensers become charged to the
full potential difference of K, and the
Fia. 122.—DBridge method.  points A, B, and C all come to the
same potential. If no charge passes
through the galvanometer, then C, is charged through R, and C;
through R;. During the very short interval that is required to
charge. the condensers there will be transient currents through
R, and R, and perhaps in the galvanometer also.

A

ce%E
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By working the charge and discharge key quickly, the de-
flection of the galvanometer may be checked even when R, and
R, are far from a balance. The galvanometer should be thus
protected.

Writing the equation for the potential differences in the circuit
BACB at any instant while the condensers are being charged
gives

Rﬂ'l + Ll%?l - Ifgiz - Lo(h?

. di

di . ..
where L, (;tlr cte., are the k.M.Fs. due to sclf-induction in the

corresponding branches. The left-hand side of E is taken as
positive. 1If i denotes the eleetrie current flowing from 4 to
B, the point A is at the higher potential.  If the electron current
flowing from B to A is denoted by i;, A is still at the higher
potential, and 1q. (A) is written the same as before.

196. Integration of Eq. (A).—The quantities appearing in kq.
(A) are not directly measurable. The ballistic galvanometer, G,
measures the total quantity of clectrons passing through it, and
this quantity is expressed as

Q= |dq= fz'd(,
where dq is the quantity transferred by the current, 7, in the

interval, dt. This suggests that Eq. (A) can be solved by integ-
ration, as follows:

Jridas + [Lidiy = [Rdgy = [Ludic + [6dq + [Lai = o,

where dq, is written for ¢,dt, ete.  Performing the integration thus
indicated gives the general equation
Riqy + Lais — Roqs — Luis + Gq + Li = B.

At the beginning, before any of the currents have had time to
start, 7, 71, and 7y, are each equal to zero. The quantities ¢, q,
and ¢, likewisc are each cqual to zero at the start. Therefore B,
the constant of integration, has the value zero.

At the end, after things have reached a steady condition,
i, i1, and 72 are zcro again.  Therefore, when this steady state has
been reached, the general equation above reduces to

R\Q: — R:Q: + GQ =0,

where @, is the value of ¢, at this time, and denotes the total
quantity that has passed through R, since the key was closed.
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As no currents are flowing, this value does not change further,
however much longer the key may be held closed. In the same
way, @ and @ are the final values of ¢ and g¢;.

197. Conditions for a Balance.—It is to be noticed that no
deflection of the galvanometer does not mean no current through
it, as there may be currents through it in both directions before
the condensers are fully charged. But zero deflection means
that as many electrons have passed through the galvanometer in
one direction as in the other, and that, taking account of signs, the
total quantity through the galvanometer has been zero. Hence,
when R, and R. are adjusted so that opening or closing K pro-
duces no deflection of the galvanometer, Q@ = 0.

Then
R.Q: = R,Q.

But, since no charge passed through the galvanometer,
Q1 = CIE and Qz = CzE.

Substituting these values gives
. Ry
01 = (, 2 ’I'E*l

The resistances, R, and R; should be large, 5,000 ohms or
more, so that the fall of potential produced by the small charging
currents may be appreciable. While self-inductance in these
arms does not affect the result, as scen by the preceding integra-
tion, a large amount of inductance may render it more difficult
to determine when a balance has heen reached.

Make several determinations of each unknown capacitance by
using various values for R, and finding the corresponding values
of Rs. Check results by measuring the capacitance of the con-
densers when joined in series and in parallel.

The observations can be recorded in a form like the following:

To MEASURE THE CAPACITANCE OF...... .....

RZ l ('2 l ("I

198. Potential Changes in the Bridge.—To understand what is
taking place in the bridge circuits during the short interval in
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which currents are flowing, let us consider the changes in potential
occurring at the points A, B, C, and D, Fig. 122. To be defi-
nite, let us suppose that the key, K, is on its upper contact, con-
necting D and A, and that the negative (right-hand) side of E is
grounded, thus maintaining it at the potential of the earth.

Current

Time
T1a. 123.—~The currents through I, and K. decrease to zero in a short time.

Before K is depressed, the entire bridge is at a uniform potential
equal to that of the positive terminal of the battery, E. When K
is depressed, D drops at once to the potential of the earth (and that

q2
q
° 1
2
&
Time
Fi1a. 124.— The charges in the condensers inerease and finally reach constant

values.

of the negative side of E), to which it is thus connected. At the
first instant there are no charges in the condensers, and therefore
- no potential differences across them. Therefore the potentials of
B and C will also drop with that of D, and the full £.M.F. of the
battery is impressed upon I, and ;. This determines the initial
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values of the currents through these resistances. As the con-
densers become charged, the currents fall to zero, as shown
in Fig. 123. Since these currents flow into the condensers, the
charges increase as shown in Fig, 124.

Potential

D

o Time
Fi1ag. 125.—These curves show the change in potential of the points A, B, C, D,

in the bridge of Fig. 122, after the key is depressed.  For a balanee, the curves
for B and (" must coincide.

The potentials of the points B and C rise as the condensers
become charged, because the potential of D remains constant
and the difference of potential across cach condenser is propor-
tional to its charge. (See Fig. 125.) Since the galvanometer is
connected across BC, zero deflection indicates that B and C are
at the same potential (on the average), and thus for a balance
the two curves must coincide (if they are exponential).

Had any other point been selected as the grounded one, the
corresponding curve would have been a straight line at zero
potential, but the relative difference between the various curves
would be the same as before.

199. Comparison of Capacitances by Gott's Method.—This is
another bridge method and differs in arrangement from the
preceding only by having the galvanometer and battery inter-
changed. In the bridge method the balance is obtained for the
conditions which exist during the charging, or the discharging,
of the condensers. In the present method the capacitances of
the condensers are compared after everything has reached the
steady and permanent condition.

The arrangement is shown in Fig. 126. When the battery
key, K’, is closed the two condensers in series are charged to the
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difference of potential between A and D. The point B, between
the two condensers, has a potential intermediate between that
of A and D. The measurement consists in adjusting R, and R,
until C, on the upper circuit, has the same potential as B in pre-
cisely the same way as in the measurcment of resistance by the
Wheatstone bridge method. When
this adjustment is correct, there will
be no deflection of the galvanometer
upon closing K”'.

Since the condensers are joined in
series, each one must contain the same
charge. The point B is insulated as
long as K’ remains open, and there-
fore whatever charge appears on one
condenser must have come from the
other one. Morcover, for a balance, the closing of K’ produces
no deflection of the galvanometer, 7.e., there is no change in the
charges on the conductors joined at B.

Writing out the equations for the potential differences in the
circuits BACB and DBCD gives

Fra. 126.— Gott's method.

b _po 9 _ Rpi=
C R =0 and e Ry = 0,

from which
R

It should be noted that closing K’ brings B to the potential
of C, whether there is a balance or not. A second closing of K’
can produce no deflection. It is neceessary, therefore, to dis-
charge the condensers completely after cach closing of K''. This
can be most quickly done by opening K’ before opening K.

If one of the condensers has considerable absorption or leakage,
it will seriously influence the results, for after some of the charge
has leaked away it is no longer truc to say that the charges in
the two condensers are equal.  The effect of this souree of error
is reduced by closing K’ as soon as possible after closing K'.
When the resistances By and R: are free from inductance and
capacitance it is allowable to omit K’ from Fig. 126 and
observe the deflections of the galvanometer when K’ is closed
or opened.

The observations can be recorded in the same form as used
for the preceding experiment.
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For this method Fig. 127 shows the way the potentials of dif-
ferent points in the bridge change after closing the key. It is seen
that each point reaches its final potential at once and remains

there till the key is opened.
A 200. Comparison of Capa-

citances by the Method of

Mixtures.—This method was

Potential

d devised by Lord Kelvin to

c avoid some of the difficulties

in the preceding methods.

D [t is especially applicable to

o Time cases where the two capac-

Fie. 127.—Showing the potentials of itances are very dissimilar,
four, Ipite on b il f HIE 20 .0, it the_capacitance of o
For a balance, the curves for B and ¢ long cable is to be compared
coincide. with that of a standard con-
denser. The method consists in charging the condensers to
such potentials that each will contain the same quantity. They
are then discharged, the one into the other, and the charges

allowed to mix. If the charges are not equal, the difference

7
1 ) S
|
C ’ i * ‘ C2

it
RS
SL
Ky J

Fra. 128.--Method of mixtures.

will remain in the condensers and is later discharged through
the galvanometer.

The arrangements and connections are shown in Fig. 128.
Two moderately high resistance boxes, R, and R, are joined
in series with a battery of a few cells. A small current, ¢, is
allowed to flow continuously through R; and R,, thus maintain-
ing across R, a steady potential difference,

V1 = If;i,
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and across R a potential difference,
Vz = 1{21:.

The condenser to be measured is connected in parallel with
R, through the double-pole, double-throw switch 8. It is thus
charged to the potential difference of Ri¢ volts, and therefore
receives a charge,

Q1 = C\lﬂl‘i.

At the same time the known condenser is conneeted in parallel
with 12, by the other side of the switch. The charge it receives
is

Qz = Czl\’gl

By opening S, these condensers are disconnected from I, and
R2, but each condenser still retains its charge.  When S is closed
on the other side, each of the condensers discharges into the other,
and the clectrons constituting the negative charge of one condenser
thus “mix’ with the positive charge of the other condenser.
If the charges in the two condensers are equal, one will just bal-
ance the other, and there will be no resultant charge in either
condenser. In case the charge in one condenserislarger than that
in the other, a part of this charge will be left after the “ mixing,”
part of it being in each condenser.

By closing the tapping key, K, the condensers can be dis-
charged through the ballistic galvanometer. If there is zero
deflection, it shows that there was no charge remaining after
the mixing, and therefore

QI=Q2

This condition can be obtained by varying R;, and, therefore,
@1, until zero deflection is obtained. Then,
Cllﬁli = (»’2R2‘I:
or,
Ry
1 = 00 Tk
C, R
201. Absolute Capacitance of a Condenser.—The comparison
of one capacitance with another, as shown in Art. 192, is a simple
matter, but it is more difficult to measure accurately the capaci-
tance of a condenser independently of any known capacitance.
One method that has been used employs a tuning fork to operate
the key, K, of Fig. 118. If the condenser can be fully charged and
discharged n times each sccond, the rapid succession of charges
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through the galvanometer will produce a steady deflection equal
to the deflection for an equivalent steady current of

1= nQ
and this can be measured as exactly as the deflection can be
read. Then

Fd = nQ = nCE

and
_Fd,

nk
where E is the .M.F. of the charging battery and F is the figure
of merit of the galvanometer.

202. Absolute Capacitance by the Wheatstone Bridge Method.
From the preceding method it appears that the condenser and
its vibrating key are equiva-
lent to a resistance of

K 1
e

C

It is possible, therefore, to use
this arrangement as one arm
of a Wheatstone bridge, Fig.
129, and obtain a steady
balance in the usual way.
To a first approximation,

R T

T nN PR

T

il
ll' I

Al

Fre. 129.—Absolute capacitance of a (
condenser. A motor-driven commutator
connects ¢, first to a, and then to b,

) A closer examination will
alternately, n times each second.

show that the zero deflection
of the galvanometer is due to the resultant action of a steady
current in one direction and the intermittent charges in the
other direction. Taking into account the entire cffect, the
complete formula is

52
o8 | ' mEEEeTTE
nPl S N
("+ sty o)+ RS F IF“J;"(J)')

The proper choice of the resistances that are used is important.

The use of storage batteries will make r small, and by setting

101 .
% = -1-00778—“ or less, the factor in brackets can be made nearly

equal to unity.
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It is also essential that the condenser shall be fully charged
each time the contact is closed, and this requires a low resistance
in the charging circuit. With S = 100, P = 1,000, ¢ = 20,
r = 6, and B = 100,000, the condenser will reach its full charge
in less than 0.001 second.!

After obtaining a balance of the bridge, the condenser should
be disconnected and a second balance obtained to determine
the capacitance of the connections and other metal parts in
this arm of the bridge. The change in capacitance is the capaci-
tance of the condenser.

203. Constant Speed.—The value of w that enters in the
formula above can be accurately determined from the speed of
the commutator that makes the condenser connections. In
the method as used at the Bureau of Standards, this commutator
was driven by an electric motor that was hand-controlled by a
carbon rheostat in the armature circuit. The slightest variation
in speed would deflect the galvanometer one way or the other.
By controlling the speed of the driving motor so that the galva-
nometer was kept at or close to zero, and measuring on a chrono-
graph the total number of revolutions for several minutes, the
value of n can be found as accurately as may be required.

This combination of a Wheatstone bridge and condenser can
be used as an auxiliary apparatus for holding the speed of a
motor steady in other situations where a uniform angular velocity
.is required.

! For the complete discussion of this method and the description of the
special commutator used to charge and discharge the condenser, see Bulletin
of the Bureau of Standards, vol. 1, p. 153.



CHAPTER XI
FUNDAMENTAL MAGNETIC AND ELECTRICAL UNITS

204. C.G.S. Units.—Magnetic measurements are made in
c.G.s. (centimeter, gram, second) units. It is appropriate,
therefore, to consider now the basis and development of this
system of magnetic and electrical units. The set of electrical
units that is based upon the magnctic units is called the c.a.s.
electromagnetic system of units, and all of the common units,
such as ohm, ampere, volt, cte., are based upon these units.

There is another set of electrical units that is used in electro-
static measurements. In this system the fundamental unit is
determined by the repulsion of two similar charges of electricity.
These units constitute the c.a.s. electrostatic system of units.
In the present treatment, these units are not further considered.

206. The Magnetic Circuit.—The idea of the magnetic circuit
was carly introduced in the study of magnetism. If the region
around a wire carrying an clectrie current is investigated with the
aid of a magnetic needle, it will be found that, although the
needle is strongly acted upon, neither pole is attracted towards
the wire carrying the current. A little investigation, however,
will show that a magnetic pole is urged along a path encircling
the current and returning to the starting point.

If the wire is wound into a helix, forming a solenoid, the
pole is urged along the inside of the solenoid from one end to the
other, and then back to the starting point along a continuation of
its path through the surrounding space. It is natural, therefore,
to associate the idea of a magnetic circuit with the phenomena of
magnetism.

Similar paths can be traced through the region around a per-
manent magnet, but in this case the test pole cannot be carried
through the magnet itself, and other methods of measurement are
necessary to show that the paths are continuous through the
magnetized steel. There is no limit to the number of such
paths that can be traced with a magnetic pole, and therefore this
number has no special significance. The whole sheaf of paths

190
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that can be traced in any given case maps out the magnetic
circuit for that case.

206. Magnetic Flux.—The bundle of lines showing the various
paths that can be traced around a magnet or current indicates a
real physical condition of the surrounding medium. This is
made evident when this region is investigated with a wire whose
ends are connected to a ballistic galvanometer. When such a
wire is moved across these lines, it causes a deflection of the
galvanometer. The quickness with which the wire is moved
makes no difference, but if the wire is moved across a greater
area, the galvanometer deflection is correspondingly increased.

Quantities which are thus measured with reference to an area
are called ‘fluxes,” and in this case the wire is said to cut across
the “magnetic flux.”

If the test wire is moved along the direction of these lines
of flux, there is no deflection of the galvanometer, and nothing in
this direction is discovered.

Magnetic flux is detected, then, by the deflection of the
galvanometer, and the magnitude of this deflection may be taken
as an indication of the total flux cut by the wire. It does not
matter whether the wire is moved across the flux, or the flux is
moved across the wire—the effect on the galvanometer is the
same in either case.

The presence of magnetic flux can be shown in another way.
If instead of using a simple wire connected to a galvanometer, we
were to use a wire carrying an clectric current, the wire will be
found to experience a force urging it sidewise across the magnetic
flux. Because of this force on a wire carrying a current, it will
require work to push the wire across the flux, and the amount of
this work will depend upon how much flux the wire is pushed
across. There is no tendency for the wire to move along the lines
of flux, and such a wire is not attracted by a magnctic pole.

The magnetic flux is always continuous and forms a closed
circuit with itself, like the electric current. At one part it may
be spread out over a large cross-section and at another part
of the circuit be confined within narrow limits, but the total
amount of magnetic flux is the same for each cross-section of
the circuit.

The unit of magnetic flux is called a “maxwell.”” This name
was adopted by the International Electrical Congress at Paris
in 1900.
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It will be shown later that whenever magnetic flux is cut by
a wire an E.M.F. is produced in the wire. The international volt
being the unit of k.M.F. that is used in practical measurements,
the corresponding unit of magnetic flux is an international max-
well having such a value that when 100,000,000 international
maxwells are cut each second at a uniform rate the induced
voltage is one international volt. '

The relation between these units and the fundamental c.a.s.
units is shown in this chapter.

207. Representation of Magnetic Flux.—Since the magnetic
flux is continuous throughout the magnetic circuit, such a

Fra. 130. Fic. 131.

F1e. 130.—Magnetic flux in a magnetic circuit of wood or air. The three
lines represent a magnetic flux of 3 maxwells due to a M.M.F. of 12 gilberts.
(See Fig. 132.) The flux has a greater density where the circuit is narrow.

Fis. 131.—Magnectic flux in a circuit of iron. The 20 lines represent a mag-
netic flux of 20 maxwells due toa M.mM.¥. of 12 gilberts.  (Sce Fig. 132.) In
comparison with Fig. 130, this should show 2,000 maxwells or more, butitisnot
possible actually to draw all of the lines in this small figure.

circuit may be thought of as divided lengthwise into a number of
parallel circuits so that there will be 1 maxwell of magnetic
flux in each strand of this divided circuit. Such strands have
been called “tubes of induction’”’ or “lines of force.” Perhaps
it is better to speak of the “magnetic flux,” and to think of these
lines as merely a pictorial representation of the flux. Such
representation is useful in showing how the flux passes continu-
ously from one medium into another with no change in amount at
the boundary. The total flux in a given circuit can be shown by
the total number of these strands or lines.

Figures 130 and 131 represent the magnetic flux in two circuits
of different material, but having the same size and subjected to
the same magnetizing effect of the electric current. The total
flux as well as the flux density is much greater in the iron ring.
If the wire connected to a ballistic galvanometer could be made to
cut across this flux, there would be a much greater deflection for
the iron ring than for the wooden one. Since the wire cannot be
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moved through the iron, the same effect is obtained by reversing
the direction of the flux while the wire remainsstationary. Half of
the galvanometer deflection then measures the flux.

208. Arrows of Magnetomotive Force. The Downhillness
of a Magnetic Circuit.—If a magnetic pole had been used in the
investigation of the magnetic field instead of the wire carrying
a current, a very different condition would have been found. It
would have taken no work to move the pole across the magnetic
flux. The pole will be urged along the lines of flux, and it will
require work to push it in the opposite direction. This means
that there is a magnetic gradient in the direction of these lines.
Suppose that a unit magnetic pole is pushed up this magnetic

Fia. 132.—The arrows show the amount and distribution of the m.M.F. for a
circuit of either iron or wood. The mM.M.F. depends solely upon the number of
ampere-turns of the magnetizing current, and is independent of the material of
the magnetie circuit.

gradient for a distance sufficient to require the expenditure of
1 erg of work. Mark the end of this distance by an arrowhead
on the line that is being followed. Let another erg be expended
in carrying forward the unit pole, and another arrowhead placed
on the line to indicate the position that has been reached. Let
this process be continued for the complete circuit, marking the
expenditure of cach erg with an arrowhead. The total work to
carry the pole around the complete circuit is given by the total
number of these arrowhcads. The magnetic quantity that is
thus measured by the work per unit pole is called the ‘“magneto-
motive force.” This name is often abbreviated to the initials
M.M.F. The c.a.s. unit of magnetomotive foree is called a “gil-
bert.”” The arrowheads are spaced, then, 1 gilbert apart and the
distribution of this M.m.¥. is vividly shown by the distribution of
the arrowhcads along the circuit. The total M.M.F. is given by
the number of these arrows along the circuit.

209. M.M.F. in a Divided Circuit.—The use of arrows to show
the distribution of m.M.F. along the magnetic circuit presupposes
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that it is possible to carry a magnetic pole along the lines of
flux. In case the flux passes through solid materials, like wood
or iron, it will not be possible to follow it with an actual steel
magnet, and the amount of M.M.F. distributed over this portion
of the circuit must be determined by an indirect method.

Let us consider two parallel branches of a magnetic circuit,
dividing at the point 4, IFig. 133, and joining again at the point B.
Let (7 denote the number of unitsof M.m.r. between A and B, This

Fi1a. 133.—A ring of iron magnetized by three turns of current. The arrows
indicate a M.M.F. of 9 gilberts, and show how this is distributed. Between
A and B the M.M.F. along one path is the same as along any other path.

will be the same for cach path because A (and likewise B) hasa
definite magnetic potential, or level, and the difference between
these two potentials can have only a single value, provided that
no electric current is included between these different paths. If
this difference is (¢ gilberts, there will be ( arrows along the path
AmB, and likewise G arrows along the path AnB. This con-
sideration determines how the flux will divide between the two
branches.

If one of these paths, say AnB, Fig. 133, is in air, it will be
possible to carry a magnetic pole along it, and thus determine
the value of G. This, then, will also be the m.m.F. along AmB.

210. Reluctance.—The amount of magnetic flux due to a
given M.M.F. in a circuit is determined by the magnetic resistance,
or reluctance, as it is called, of the circuit. The reluctance of a
given circuit depends upon the dimensions of the circuit in
much the same way, e.g., as electrical resistance. That is, a
portion of a circuit L cm. in length and having a constant cross-
section of A sq. cm. has a reluctance i times as large as a portion
1 cm. long and 1 sq. cm. in cross-section. A circuit that does not
have a constant cross-section can be considered as a series of
circuits having lengths dL,, dL;, etc., and cross-sections A,
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A., etc. The total reluctance is then the sum of the reluctances
of these various portions of the circuit.

The rcluctance of a circuit also depends upon the material
of which it is composed. Iron in its various forms is one of
the best conductors of magnetic flux. Most other substances are
rather poor conductors, but there are no insulators of magnetic
flux.!

Even when a magnetic circuit is made largely of iron, the
magnetic flux does not follow the iron exclusively, but there is
some flux which finds a path through the air. It is extremely
difficult to build a circuit, cven of soft iron, in which all of the
flux will follow the iron path. If two paths arc open to the magne-
tic flux it will divide just as an electric current would do between
two wires in parallel. The total reluctance of a circuit includes
the effect of the reluctance of such parallel leakage paths.

In the case of iron and similar magnetic substances, there is a
difference, too, between electric resistance and magnetic reluc-
tance inasmuch as the former is constant for all ranges of current,
while the value of the reluctance of a magnetic circuit depends
upon the amount of magnetic flux through it, being greater for
very small or very large values of the magnetic flux than it is for
moderate values.

The c.¢.s. unit of reluctance is called an “oersted.”

211. Law of the Magnetic Circuit.—The relation between
the amount of magnetic flux, and the applied M.M.F. can be
expressed in a form quite similar to Ohm’s law for an electric
circuit. Thus the law of the magnetic circuit can be written

. Magn 0tt
Magnetic Flux = - agnetomotive Force
Reluctance

This law can be applied to a complete circuit or to a limited
portion of a magnetic circuit; and it holds true for circuits of any
material, with one exception. TFor substances that show mag-
netic hysteresis, such as iron, steel, nickel, etc., this law is appli-
cable only when the substance is being magnetized by a M.M.F.
which is greater than any M.M.F. that has been used since the
substance was unmagnetized.

1 Tn somewhat the same way there are no insulators of the electric flux
between the oppositely charged plates, e.g., of a condenser.
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MAGNETIC UNITS

Thus far we have been speaking familiarly of the various
magnetic units, and now we can understand the definitions that
fix the magnitude of each unit.

212. Action between Magnets.—Everyone who handles mag-
nets discovers that they will attract or repel other magnets and
that this effect is connected with certain parts, called “poles.”
These poles are not located at points, but occupy considerable
regions. However, a long steel wire, with an iron ball at each
end, makes a magnet which acts as though its poles were at the
centers of the balls. The repulsive force between two such
north-secking, ball-shaped poles, m and m’, is given by Coulomb’s
experiment as

P kmr:&’
r
where the distance. r, from center to center, is a large distance
compared with the dimensions of either pole.

213. Unit Pole.—Without understanding just why one pole
repels another, this relation can be used to define the value of a
unit pole. IFor simplicity, the poles m and m’ should be measured
in units of such magnitude that the proportionality factor, k, is
made unity.

Such a unit pole is defined as follows:

Definition.—A unit magnetic pole 1s one of such strength that
when placed one centimeter from an equal pole in racuum it will
be repelled with a force of one dyne.

Of course, this definition supposes that these poles are at points
1 em. from ecach other. When this cannot be done, it is neces-
sary to consider the integrated effect of each part of one pole
upon every part of the other. The definition, however, serves as
well in either case.

214. Magnetomotive Force. (/.-—Magnetomotive force is
measured by the work per unit pole required to carry a mag-
netic pole along the magnetic circuit. The unit of M.M.F. is called
a “gilbert,” and is defined as follows:

Definition.—A gilbert is the M.M.F. belween two points in a
magnetic circutt when one erg per unit pole is required to carry a
magnetic pole from one point to the other.

It is not always necessary actually to take the unit pole around
the circuit, for if we know enough about the circuit it will be
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possible to compute the number of ergs of work that would be
required to carry the pole along the given path, and thus to deter-
mine the value of the M.M.F.

216. Magnetic Intensity. H.—The gradient of M.M.F. at any
point, or the M.m.F. per centimeter, is called the ‘‘magnetic
intensity’’ at that place.

From the relation between force and work, it follows that the
magnetic intensity is measured by the force per unit pole that would
be experienced by a magnetic pole.

The magnetic intensity is measured, then, in gilberts per
centimeter, and the letter I/ is commoniy used to denote this
quantity.

This is expressed by the equation

« . .
I = :”{ gilberts per centimeter,

where dL is the distance over which the M.M.F. is dG.

The name “gauss’ for unit intensity was adopted by the
International Electric (fongress at Paris in 1900, one gauss being
a magnetic intensity of one gilbert per centimeter.!

Definition.——A gauss is the intensity of a magnetic field in which
a magnetic pole experiences a force of one dyne per unit pole.

216. Arrows per Centimeter.---Where the arrows are close
together in the representation of M.Mm.r., there the magnetic
intensity, 71, is great; where they are far
apart, If is less. The value of /1 at any point
of the circuit is given by the number of arrows
per centimeterat that point. /1 thusmeasures
the downhillness, or the magnetie gradient,
of the circuit. This value may change
abruptly where the circuit passes from one
medium into another, as from iron into air, Fie. 134.— This
although a wire and ballistic galvanometer :ﬁg:vsort“;:.mfgft’iil:"‘;
would show that the magnetic flux is the circuit half of steel
same in cach medium. ;‘)‘e‘;'nll’c‘;{)l‘;fl:(l)‘l‘i more

It is thus seen that a unit magnetic pole can
be used to investigate certain properties of a magnetic field.
The work required to carry it along a given path measures

! The name ‘“‘gauss” is sometimes used to denote a flux-density of one
maxwell per square centimeter, but this does not seem to have been the
intention of the Paris Conference.
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the mM.M.F. along that path, and the force that it experiences at
any point measures the magnetic intensity, H, at that point.

217. Reluctance. R.—The unit of reluctance is conveniently
taken as the remaining quantity to be independently defined.
Therefore the reluctance of a centimeter cube of vacuum is chosen
as a standard, and this is taken as unity. This unit of reluctance
is called an ““oersted.”

Definition.—An oersted is a reluctance equal to the reluctance of
a centimeter cube of vacuum, measured from one face to the face
opposite. A piece of vacuum dL cm. long and dA cm.* tn cross-

dL
section will have a reluctance of dA oersteds.

218. Magnetic Flux. ¢.— The value of a maxwell follows from
the law of the magnetic circuit:

Definition.—A mazwell is the flux that exists in a magnetic
circuit where the M.M.F. s one gilbert per oersted.

219. Flux Density. B.—The term ‘“flux density’ denotes the
amount of flux per square centimeter. Its value is given by the
equation

d .
B = -dz- maxwells per square centimeter

where dA is the arca over which the flux d¢ is distributed.
There is no name for the unit of flux density. Irom the meaning
of the term we have the following definition:

Definition.—A uniformly distributed flux of one maxwell per
square centimeter normal to the direction of the flux is a flux density
of unity.

220. Permeability.— The reluctance of a magnetic circuit
depends upon the naturc of the material of which the circuit is
made, in the same way that the resistance of an electric circuit
depends on the conductivity of the metal of which it is made.
The amount of reluctance in a given magnetic circuit is directly
proportional to the length of this circuit, and it is inversely pro-
portional to the cross-section of the circuit. If the medium is
other than vacuum, the effect of the material is expressed by an
appropriate factor which measures the ability of the substance
to carry magnetic flux. This ability is called its ‘‘ permeability,”’
and its value is denoted by u. The unit of permeability has no
name. A magnetic circuit of large permeability will have a
correspondingly small reluctance.
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Expressed in symbols, then, the reluctance of a circuit is
R = oersteds,

where L denotes the length of the circuit having a cross-section of
A sq. em.! The factor u corresponds to the conductivity in the
expression for electrical resistance.

The law of the magnetic circuit can now be written

221. Relation between B and /7 in a Medium.—For a portion
of the magnetic circuit, over which the values of B and H are
sensibly constant, the magnetic flux is ¢ = Ba, and the M.M.F.
over this portion is Hl, where [ is the length and a is the cross-
section of the portion considered. Therefore the law of the
magnetic circuit can be written for this portion as

Ba = ”~I’
l
pa
which simplifies at once to
B = ul.

The last relation is very generally used in expressing the
magnetic properties of different substances, and it gives a ready
means for determining the value of u when both B and H can
be measured.

222. Permeability of Vacuum.—As a consequence of the defi-
nition of unit reluctance, u has the value of unity for vacuum.
In this case the flux density (B lines per square centimeter)
is numerically equal to the magnetic intensity (H arrows per
centimeter), but this does not mean that they are quantities of
the same nature in a vacuum any more than the current is the
same thing as the voltage in an electric circuit of unit resistance.

223. Relative Permeability.—Another way in which the term
“permeability”’ is sometimes used is to compare the amount of
magnetic flux in two media. For example, if the flux density

LIf the circuit is not uniform in cross-section or material, it can be con-
sidered as a series of uniform sections, and

L'. _I_lﬂ +_£’I_ +etc.

R =ﬂ1An u2dz ' psds
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is B; in a certain circuit consisting of iron, and if the flux density
is B, for the same circuit when the iron is replaced by air, then,
B:
B, M
where u' is the relative permeability of iron as compared with air.

The relative permeability, being the ratio of two similar
quantities, is an abstract number. This is not the case with the
permeability, u, which is the ratio of quantities, B and H, that
are dissimilar in nature.

224. Intrinsic Magnetization.—The magnetic flux through a
magnetized circuit may be considered as the sum of two super-
imposed parts—one portion due to the current in the magnetizing
solenoid, and a second part due to the electronic Mm.M.r. within
the substance.

If the magnetizing solenoid were in vacuum, there would be
some flux through it, and

Ign = UA)I[, (1)

where the subseripts refer to the values in vacuum. When a
magnetic substance is within the solenoid, the total flux density
is this Bo, plus the flux density, B, that is contributed by the
substance. Thus

B = By, + B,. (2)

When /7 is made larger and larger the value of B continues to
increase due to the part By,. The part, 53;, scems to reach
a definite limit for each substance, which is reached when all
of the movable electronic orbits, or whatever parts are free to
turn, arc oriented as ncarly as possible into alignment with
the applied M.M.F.

226. Intensity of Magnetization.—In the older theory of
magnetism more emphasis was laid on magnets and poles, and
the intrinsic magnetization was expressed in terms of magnetic
poles. If we consider a long bar uniformly magnetized length-
wise, with all of the flux entering and leaving the bar at its ends
only, the ends of the bar will be magnetic poles with one unit
pole for each 4r maxwells of flux. The magnetic pole strength
over each end of the bar is then

B
= in 3)

™
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units poles per square centimeter measured normal to the direc-
tion of the flux. If the bar is cut across at any place, the same
value of the pole strength will appear. This quantity, I, is
called the “intensity of magnetization.” It should be noted that
this is not magnetic intensity, H.

A more generalized conception of this quantity is obtained
from the following considerations. If a bar of uniformly magne-
tized steel of length, dIL, and cross-section, dA, with pole strength,
m, is placed in a magnetic field of intensity, H, the maximum
couple exerted by the field is

T = mHdL = IdA dL-If = 1 X Volume X H
or,
T

T I X Volume @)

Hence the intensity of magnetization, I, for a given piccee of
material is given by the maximum couple per cubic centimeter
that would be exerted by a unit magnetic field.

226. Susceptibility.—The susceptibility, «, of a substance is
the ratio of the intensity of magnetization, I, to the value of H
necessary to produce it, or

I

k= 51 5)

There is a simple relation between « and u for a substance in a
given magnetic condition. Substituting in Eq. (2) Art. 224,
the values of the different flux densities with the aid of Egs. (1),
(3), and (5), gives '
wH = poll 4 4wkll
or
U= po + -tk (6)
227. Effect of the Ends of a Bar. —When a closed iron ring is
magnetized, the ecircuit is uniform and each part offers equal
reluctance. This uniformity is disturbed if an air gap is cut
across the ring, and this disturbance is deseribed in two very
different ways. In the language of the magnetic circuit it is
said that the reluctance of this part of the circuit has been greatly
increased by the introduction of the air gap in place of the iron.
In the language of magnetic poles it is said that the ends of the
iron have become magnetic poles, and these poles introduce a
new sct of magnetic intensities, [, opposed to I and tending to
demagnetize theiron. The effect of magnetic flux passing through
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the surface of iron and air, and thus producing poles on the
surface, is the same as though these poles were absent and
equal poles on the ends of external steel magnets were brought
up to the same position. This shows the difficulty of studying
the magnetic propertics of straight bars, or other forms of open
magnetic circuits.

228. Electronic M.M.F.—In the usual consideration of the
subject of the magnetic flux through a medium, such as iron,
it has been supposed that the large amount of flux through the
circuit is due to the high permeability of the iron. The modern
conception of atomic structure indicates that even the interior
of atoms is as empty as the solar system, with a few electrons
circulating in orbits through this space. There is little, then,
even in solid iron, that can be considered as having the nature of
a substance uniformly distributed and completely filling the space
it occupies. And this leads to a modification of the former
notion regarding the reason for the large flux through iron.

If we are to think of a magnetic circuit, even when made of
solid iron, as being practically as empty of any ‘“medium’ as
vacuum itself, then the reluctance of such a circuit must be
practically the same as the reluctance of a circuit of vacuum
of the same length and cross-section as the actual circuit.

Rewriting the law of the magnetic circuit as

the denominator indicates this larg(;r reluctance. The u’ cancels
the numerical part of x4 in R, but does not change the ‘“dimen-

!
. [J.L . .
sions,”’ so u’'R (= A B rceluctance, expressed in oersteds.
7

The numerator, u'G is a correspondingly increased M.M.F.
due to the equivalent amperc-turns that are added by electrons
moving in their orbits.

The effect of the atoms and electrons in a magnetic substance
may then be looked upon as increasing the cffective M.M.F. to
u' times the M.M.F. that is applied by the external electron current.
This would be the case if some of the electronic orbits were turned
8o that the electrons traversed them in the same sense that the
electrons in the magnetizing current flow along the electric circuit.
Professor Ewing has recently made an atomic model in which an
inner group of clectrons can turn into alignment with the electron
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current in the magnetizing coil, and thus increase the resultant
M.M.F. by many fold.

This conception of the effect of iron in increasing the magnetic
flux does not involve any change in the relation between B and H
as given above. B will still express the flux density in maxwells
per square centimeter, and /I, expressed in gilberts per centi-
meter, will continue to be the magnetic gradient, or intensity,
along the circuit due to the applied m.m.r. The electrons in
their orbits add their effect, giving a total magnetic intensity
whose value is

I, = i,
where ' is the relative permeability of the substance compared
with vacuum.

While the atoms of all elements have electrons circulating in
orbits, in only a few substances is it possible for any of the
orbits to change into alignment with the external current and
produce the marked effect shown by iron, nickel, ete.

ELECTRICAL UNITS

229, Work to Move an Electron Current across Magnetic
Flux.—Experiment shows that it requires work to move a wire
carrying a current so as to cut across magnetic flux, or to move
magnetic flux across an electric current. The amount of this
work is proportional to the number of maxwells of magnetic flux
that cut across the conductor, and it does not matter whether
this flux is spread out or concentrated. The work also is pro-
portional to the amount of current flowing in the wire.

These facts are simply expressed by the relation

W = kel,

where k is a proportionality factor that depends upon the unit
in which the current is measured.

230. Unit Current.—The electromagnetic units of electrical
quantities are so called because they are based on the magnetic
units. The unit of electron current is a current of such amount
that & will be unity in the expression, W = k¢I. This leads to
the following:

Definition.—Unit current 1s flowing in a conductor when it
requires one erg lo move the conductor across one mazwell of mag-
“netic flux.
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This c.G.s. unit of current has no name, although it is some-
times called an ab-ampere. When the current is measured with
this unit we have

W = ¢l.

The ampere is one-tenth of this current.

231. Force on an Electron Current.—The relation between
force and work enables us to find the force acting on a conductor
when carrying an electron current in a magnetic field. Let us
consider a straight wire, L em. long and carrying a constant
current of I c.G.s. units, or ab-amperes. When this wire is
moved sidewise a short distance, ds, across a flux of d¢, the work
required is

Fds = dW = Id¢
where F is the force on the wire.
From this
F=1%_1.9 _p,
ds Lds
where B denotes the flux density normal to L and F.

This force is used in many practical ways for the measurement
of current in ammeters, galvanometers, and similar instruments,
and for the turning of electric motors, ete.

When the flux density is uniform, there is little difficulty in
determining the meaning of B. In more complicated cases the
value for B is found by considering a slight movement of the
conductor. If in moving over a small arca, Lds, the conductor
cuts d¢ maxwells, then the value of B is

d¢
B = Lav

232. Unit Quantity.—The definition of unit quantity of elec-
trons follows at once from the definition of unit current:

Definition.—Unit quantity of electrons is the quantity transferred
by unit current in one second.

This unit quantity is 3 X 10'° times larger than the clectro-
static unit of quantity.

233. Resistance.—When an electron current is flowing through
a circuit, it requires a continual expenditure of energy to main-
tain the current. This energy appears in the form of heat
in the conductor carrying the current. The amount of heat
thus generated depends upon the amount of current flowing
through the conductor, the time that it flows, and upon a property
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of the conductor called its resistance. By wusing different
currents and different conductors it has been found that the
amount of heat produced in a given conductor is proportional to
the square of the current, so that, if W denotes this amount of
heat energy measured in ergs,

W = RI% ergs,
where R denotes the resistance of the conductor and ¢ the time
that the current, I, is flowing. Of course, the resistance must
be measured in units of such magnitude as to make this
expression a true equation. This leads at cnce to the following
definition:

Definition.—Unit resistance is that resistance tn which one erg
of heat is produced each second by the passage of unit current.

234. Unit Potential Difference.—Ilaving now defined the unit
of current and the unit of resistance, the value to be chosen for
the unit difference of potential follows from Ohm’s law:!

Definition.—Untt potential difference is the difference of potential
over unit resistance when carrying unit current.

Since £ = RI, and Q = It{, from the preceding decfinitions,
the amount of energy expended in a conductor when carrying a
current may be expressed as )

W = RI% = EQ,
where @ denotes the total quantity of electrons that has passed
through the conductor. This gives another way of stating the
value of unit potential difference, viz.,

CororLrary.—Unit difference of potential is that difference
of potential through which 1 erg can raise a unit quantity of
clectrons.

236. The Practical Units. The Ohm.—The unit of resistance
just defined is inconveniently small (because an erg is so small)
and, therefore, for practical use a multiple unit, 1,000,000,000
times as large, is used. This larger unit is called an “ohm.”

The Ampere.—In the same way, the unit of current defined
above turns out to be too large for convenience in practical
measurements, and, therefore, the “ampere” is defined as being
one-tenth of the c.a.s. unit.

The Volt—Having now defined the ampere and the ohm, it
follows that the practical unit for difference of potential is
the difference of potential that, steadily applied to a conductor whose

1See Art. 18.
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resistance is one ohm, will produce a current of one ampere. This
unit is called a “volt.” Evidently it is 100,000,000 c.c.s. units.

The Coulomb.—Having the ampere for the practical unit
of current, it follows that the corresponding unit of quantity
is the quantity transferred by one ampere in one second. This
unit is called a “coulomb.”

The Watt.—The power expended in maintaining one ampere
under a potential difference of one volt is called a ‘“watt.”

The Joule.—The work done each second by one watt is called
a ‘““joule.” This is the work that will transfer one coulomb
through a potential difference of one volt.

236. Concrete Examples of These Units.—These definitions
of the electrical units do not furnish, directly, any standards
for use in making actual measurements. Therefore the most
careful investigations have been made to determine the tan-
gible values of these units as defined above, in order to express
them in terms of definite concrete quantities. From the very
nature of the case, such determinations never can express the
exact values of the units, but they have been determined much
closer than is ever required in ordinary measurements. At a
conference of scientific delegates, which met in London, Oct. 12,
1908, the following resolutions were adopted. These resolutions
stated the concrete values of the fundamental units in accordance
with the best and latest opinion of the scientific men of the world.

237. The Conference on Electrical Units and Standards.
London, 1908.

RESOLUTIONS

I. The Conference agrees that as heretofore the magnitudes of the
fundamental electric units shall be determined on the electromagnetic
system of measurement with reference to the centimeter as the unit
of length, the gram as the unit of mass, and the second as the unit of
time.

These fundamental units are (1) the Ohm, the unit of electric resistance
which has the value of 1,000,000,000 in terms of the centimeter and
second; (2) the Ampere, the unit of electric current which has the value
one-tenth (0.1) in terms of the centimeter, gram, and second; (3) the
Volt, the unit of electromotive force which has the value 100,000,000
in terms of the centimeter, the gram, and the sccond; (4) the Watt, the
unit of power, which has the value 10,000,000 in terms of the centimeter,
the gram, and the second.
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II. As a system of units representing the above and sufficiently near
to them to be adopted for the purpose of electrical measurements and
as a basis for legislation, the Conference recommends the adoption of
the International Ohm, the International Ampere, and the International
Volt, defined according to the following definitions.

III. The Ohm is the first Primary Unit.

IV. The International Ohm is defined as the resistance of a specified
column of mercury.

V. The International Ohm is the resistance offered to an unvarying
clectric current by a column of mercury at the temperature of melting
ice, 14.4521 grams in mass, of a constant cross-scctional arca and of a
length of 106.300 em.

To determine the resistance of a 2olumn of mereury in terms of the
International Ohm, the procedure to be followed shall be that set out
in specification I, attached! to these resolutions.

VI. The Ampere is the second Primary Unit.

VII. The International Ampereis the unvaryingeleetric current which,
when passed through a solution of nitrate of silver in water, in accordance
with the specification 11, attached?! to these resolutions, deposits silver
at the rate of 0.00111800 of a gram per second.

VIII. The International Volt is the clectrical pressure which, when
steadily applicd to a conductor whose resistance is one International
Ohm, will produce a current of one International Ampere.

IX. The International Watt is the energy expended per second by an
unvarying clectric current of one International Ampere under an electric
pressure of one International Volt.

The Conference recommends the use of the Weston Normal Cell as
a convenient method of measuring both electromotive force and current,
and when set up under the conditions specified in schedule C may be
taken, provisionally, as having, at a temperature of 20° C., an E.M.F.
of 1.0184 volts. (1.0183 since Jan. 1, 1911.) '

In cases in which it is not desired to set up the Standards provided
in the resolutions above, the Conference recommends the following as
working methods for the realization of the International Ohm, the
Ampcre, and the Volt.

1. For the International Ohm.

The use of copies, constructed of suitable material and of suitable
form and verified from time to time, of the International Ohm, its
multiples and submultiples.

2. For the International Ampere.

(a) The measurement of current by the aid of a current balance
standardized by comparison with a silver voltameter.

1 Elec. Review, vol. 63, p. 738, 1908.
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(b) The use of a Weston Normal Cell whose electromotive force has
been determined in terms of the International Ohm and International
Ampere, and of a resistance of known value in International Ohms,

3. For the International Volt.

(@) A comparison with the difference of electrical potential between
the ends of a coil of resistance of known value in International Ohms,
when carrying a current of known value in International Amperes.

(b) The use of a Weston Normal Cell whose electromotive foree has
been determined in terms of the International Ohm and the International
Ampcre.

237(a). C.G.S. and Practical Units.—The following table
shows the relative values of the electromagnetic c.g.s. units and
the clectrostatic c.g.s. units in terms of the practical units.

RELATIONS BETWEEN DIFFERENT SYsTEMS oF UNITS

| |
| Number of c¢.G.s. units in one ' .
. . . i Number of clec-
i practical unit

. Lo " trostatic units in
Practical unit - ‘
| | ' one electromag-

Electromagnetic 1 Electrostatic netic unit
Ampere. ......... 10t 3 X 10° v
Ohm............. 10° 15 X 10-11 :_2
Volt............. 108 14 X 1072 i
Farad............ 10-* 9 X 101 v?
Watt............. 107 (ergs) 107 (ergs) 1
Henry............ 10° g X 10711 32

v = 2,9986 X 10'° ¢entimeters per second



CHAPTER XII
MEASUREMENT OF MAGNETIC FLUX AND M.M.F.

238. Induced E.M.F.—When work or energy is measured in
clectrical units the gencral expression is

dW = Kldt ergs,

and this relation furnishes the means for defining the unit of
E.M.F. This unit must be of such a magnitude that this equation
will be a true cquality. One way of doing this was given in
Art. 234.  Another way of saying the saume thing follows from the
discussion of the work to move a current across a magnetic field.

Consider a current, I, flowing in a wire which is allowed to
move across a magnetic flux, doing work thereby. For simplic-
ity, let us suppose that the current is maintained constant by
varying the u.Mm.¥. of the source, if necessary.  Then,

dW = EIdt = (¢/ + e)Idt
= RI*dt + eldt,

where the first term is the energy used in merely keeping the
current flowing through the circuit, whether the wire movesor
not. If any other work is done, it is included in the part

dW = eldt,

where € is the extra £.M.F. that is required to keep the current
constant while the wire is moving.

It was shown in Art. 230 that the work done by a current
moving across a magnetic flux is

dW = Idé¢.

Fquating these two expressions for the same amount of work
gives
edl = d¢
from which
_d¢
=
209

€
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This e is the extra E.M.F. that is required to keep the current
constant when the wire is moving. Therefore the motion of
the wire must have resulted in the production of an E.M.F. equal
to € in the wire, because it is necessary to add e in order to
keep constant the total B.M.F. in the circuit.

The E.M.¥. induced in the wire is, therefore, equal and opposite
to ¢, viz.,

_ _ _dqs .
e = € = i C.G.8. units
d¢
= —10-% X
10 di volts.

Since this expression is independent of the value of the current
in the wire, e will have the same value when I is zero. There-
fore, when a wire carrying no current is moved across a magnetic
flux there is induced in it an k.m.r. of this amount, and if the
circuit is closed, this will cause a current toflow. Thedirection of
this current will be opposite to that of the constant current, I,
considered above.

Definition.—One c.G.8. unit of E.M.F. s the E.M.F. induced in a
conductor when it is cutting across magnetic flur at the rate of
one mazxwell per second.

This is not a second definition, because hoth here and in Art.
234 the unit of potential difference is defined in terms of the erg.
Here the erg is expended in pushing a current across a magnetic
flux. There it was expended in heating the conductor. Both
ways of saying it lead to the same unit of r.m.r. Which one
is the more convenient depends upon the use that is required of it.

239. Measurement of Magnetic Flux.—--Having seen above
that an E.M.F. is induced in a wire when the latter cuts across
a magnetic flux, it is at once evident that this offers a ready
means for the measurement of magnetic flux. As this E.M.F
exists only while the flux is being cut, it gives rise to a transient
current, the total quantity in which can be measured by a ballistic
galvanometer. If the galvanometer is connected to the wire
when it is moved across a magnetic flux, the quantity that passes
through the circuit during a short interval, dt, is
¢

I;f dt,

where ¢ is the u.M.F. acting in the circuit at the instant under
consideration. This consists of two parts—-the induced r.m.F.,

dQ = idt =
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d‘?’ due to the rate of cutting the magnetic flux that is being

measured, and the g.m.r.,, — L th’ due to the self-inductance, L,
of the circuit (see Art. 299). Therefore,
d¢ dy
=a ta
and
40 = 1d¢ dt — Ldi L.

R dt Rdt

The total quantity, @, passing through the galvanometer is
found by integrating this expression from a time, ¢, before any
flux is cut, until the time, ¢/, when the induced current has ceased
to flow through the galvanometer.

_ 1 L . d) IJI.
Q= pfido = fai=G =7+
At the start, and before any flux has been cut, Q, ¢, and ¢
are each zero. Hence the constant of integration, h, is zero
also. At the end, after the action has ceased, @ = @', ¢ = ¢/,
= 0, and

ro?
O =%

where Q" denotes the quantity of electrons that passed through the
galvanometer when the flux ¢’, was cut.

240. The Ballistic Galvanometer.—A ballistic galvanometer
is one designed to measure transient currents, or quantities of
electrons, like the induced current in a secondary coil or the
discharge of a condenser. The duration of the current is very
brief as compared with the period of the needle of the galva-
nometer, and thus the coil remains practically at rest until the
entire quantity has passed through it. It is impossible, therefore,
to obtain a steady deflection, but the galvanometer coil gives a
sudden throw and then settles down to the position of rest. The
extent of this throw gives a measure of the quantity that has
passed through the galvanometer; the greater the quantity the
greater the throw, the exact relation depending upon the galva-
nometer employed.

_These galvanometers are of two general types: (1) The magnet
may be fixed, and the coil suspended and movable; or, (2) the
magnet may be suspended and movable and the coil fixed.
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241. Correction for Damping.—Let 6,, 6;, 63, etc., be the
successive deflections of the galvanometer to the right and left
when it is allowed to swing freely after the discharge of the
condenser through it. It is observed that cach deflection is
less than the one before it by a certain constant ratio, so that

Zi = Zj = %: = cte. = f, say.

If these deflections are laid off as ordinates, cach one being

erccted at that point on the axis of absciss®e corresponding

Deflection

Time

1. 135.—Damping of a galvanometer.

to the time at which it was observed, they would appear as in
Fig. 135. Time is reckoned from the discharge of the condenser
and when the galvanometer coil begins to move. After half
of a single period the first throw, 6, is observed. The succeed-
ing deflections follow at equal intervals of a whole single period.
Knowing the value of f, any given deflection, say 8,, can be com-
puted from the later readings, since

01 = 02f = 03f2 = 04f3 = ¢te.

where the exponent of f in each case is equal to the number of
single periods between the desired and observed deflections.

Had there been no damping, all of these deflections would
have been larger, and each equal to 6, the value of which is
0 = 0.f
where the exponent of f is 14 because the interval between 6
and 6, is half of a single period.

Since
_ 91_92_01+02_81
i Sl Ml

the value of f is seen to be also given by the ratio of two con-
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secutive swings—a swing being the full amplitude from the
turning point at the right to the turning point at the left.
Using this value of f gives

6 = 01('?1)i = ]01
82
242. Closed Circuit Constant.—It thus appears from the above
discussion that a given impulse may not always produce the same
deflection, 6,, but if the damping is made greater, the observed

deflection is less. If k is the constant of the galvanometer with-
out damping, the equation should be written

Q = kjd,

where jd is the deflection of the galvanometer, corrected for
damping. In the present case where the galvanometer is con-
nected to a closed circuit of comparatively low resistance, R,
the damping is very great, often so great that the damping
factor cannot be determined in the usual way. But even so it
is found that the observed deflection is proportional to the quan-
tity of electrons that passed through the galvanometer, and kj
may be called the closed circuit constant.

243. Magnetic Ballistic Constant.—The flux cut by the gal-
vanometer circuit is, then, from Art. 239,

¢’ = RQ' = Rkjd = cd,

where ¢ is the combined constant, Rkj. This is called the
“magnetic ballistic constant,” and its value depends upon the
resistance of the galvanometer circuit as much as upon k or j.
244. Flux-turns.—If the wire cutting the flux is wound up
into a coil of n turns, and the flux, ¢, is cut by cach of these turns,
the galvanometer deflection will be n times as large, and we have

on = cd.

The product, ¢n, is called “flux-turns.” If the entire flux
does not pass through all of the turns, the “flux-turns” are the
summation of the amounts of flux cut by each turn of the coil.
This summation can be denoted by (en).

246. Flux from a Permanent Magnet.—The following exer-
cises will illustrate the manner in which magnetic flux is measured.
They may also serve to make clear some points that perhaps
have not been fully understood from merely reading the theory of
the subject. In regard to the second one, it is important that
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the facts be impartially observed and that a full and sufficient
reason therefor be thoroughly understood.

1. Place a coil of one turn about the middle of a bar magnet.
Note the deflection of the ballistic galvanometer when the
magnet is quickly withdrawn. Repeat, using two, three, five,
and ten turns. '

2. Does it make any difference whether the coil is drawn off
the north or the south end of the magnet?

3. Place the coil just off one end of the magnet and suddenly
withdraw the latter. Note the deflection. Repeat, moving
the coil instead of the magnet. Repeat again, moving the
coil at right angles to the magnet so as to ‘“cut” across the
magnetic flux. Is it true to say that the deflection depends
only upon the total change in the flux threading the coil, and
not at all upon the manner in which that change is produced?

246. To Find the Constant, c.—The constant, c, is readily
determined if a standard magnet is at hand. This is a steel
magnet the total flux through which is known. Call this &
maxwells. A coil of n’ turns is placed around the middle of
the magnet and connected to the galvanometer. When the
magnet is withdrawn, the flux, ®, is cut n’ times, and as before,

dn' = cd’,

from which,
dn’
C = —(if.

247. To Determine ¢, Using a Known Mutual Inductance.—
The magnetic ballistic constant, ¢, of the combined galvanometer
and its circuit, is most satisfactorily determined by means of a
known mutual inductance. This consists of two coils, either
wound upon the same spool or fixed in a definite relation to each
other. One of these coils, called the secondary, is placed in
the galvanometer circuit and the other, called the primary, may
be connected to a battery when it is to be used.

Let I, denote the current through the primary when the
circuit is closed. Then the flux-turns through the secondary
are M1, (see Art. 298), where M is the mutual inductance (c..s.)
of the given pair of coils, and is numerically equal to the flux
threading the secondary when unit (c.G.8.) current flows in the
primary. Each time the primary current, I,, is made or broken,
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the secondary is cut by this flux, causing a fling d, of the galva-
nometer, if the circuit of the latter is closed. The change in the
current should be such as to give a suitable deflection. This
gives the relation,

MI, = cd, or, c = —-1

The value of ¢ can be changed by changing the resistance in
the galvanometer circuit. Therefore, when the desired value has
been obtained, this resistance should not be altered. This may
require leaving the secondary coil of M cennected in the galva-
nometer circuit while the measurements of magnetic flux are being
made.

248. To Compute the Value of M.—In case it is not possible
to obtain a known mutual inductance, or to measure M by one
of the methods of Chap. XV1I, it is possible to compute the value
of M when the coils are wound in a simple form. Thus, let the
primary be a single layer of p turns per em. wound in a cylin-
drical tube that is long in comparison with its diameter. Let
the primary current be I c¢.¢.s. units. The magnetic intensity,
H, ncar the middle of this long solenoid is a little less than

I = dxpl,

which is the value for a very long solenoid.  The correction term
is found by considering the solid angles, w; and ws, subtended by
the ends of the solenoid from a point near the middle.

Thus, imagine a unit pole at this place. Of its total flux of
47 maxwells, the greater part will pass through the sides of the
solenoid, but (w; + w2) maxwells will pass out at the ends.
Consider the work (= ¢I) to move the unit pole 1 em. along the
axis of the solenoid, which is

W = HL = (47 — w1 — wa)plL,
giving

2
H=({dr —w — w)pl = 47r(1 - Q—dl—l-,_;)p],

1. . . .
where ;z is the ratio of the diameter to the length of the solenoid.

Let the sccondary coil of n turns be wound on a short cylinder
within and coaxial with the long solenoid.  The flux-turns through
this coil are

on = BAn = ullAn



216 ELECTRICAL MEASUREMENTS

and

I

where A is the cross-sectional area of the coil. The product An
can be considered as the total area enclosed by the secondary coil.

249. M.M.F. Due to a Current.—The most convenient way
to obtain a definite M.M.F. in a circuit is to link the circuit with
a number of turns of wire carrying an electric current, as indicated
in Fig. 133. Since the unit current has been defined in terms of
magnetic flux, and the gilbert is defined in terms of a unit mag-
netic pole, it follows that there is an intimate connection between
them. Aunit magnetic poleis never made or used in actual mea-
surements, but the idea of such a unit pole enables us toinvestigate
certain problems in a simple manner. The following articles
show the steps by which we can find the relation hetween the
M.M.F. and the current in a solenoid.

260. Flux from a Unit Pole.—A unit pole is the origin of a
certain amount of magnetic flux. This amount is independent
of the surrounding medium and can be determined from the
following considerations.

When a unit test pole is placed r em. from the unit pole in
question, in vacuum, the force of repulsion is

2
M = en _ 41r,u(1 - 2‘—2—2)’1)An,

I = ?rg?—l = 711 dynes.
This means that the magnetic intensity at this point is
I = % = rl~2 gilberts per centimeter.
The flux density is then
B = ull = :—2 maxwells per square centimeter,

since u = 1, for vacuum. From symmetry, the density would
be the same at each point over the surface of a sphere of radius r.
The area of such a sphere is

A = 4nr? square centimeters.
The total flux through this area is, then,

¢ = BA = :z X 4xr? = 4r maxwells,

and this flux all comes from the unit pole at the center of this
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sphere. The flux is the same amount when the pole is in any
other medium.!

261. Work to Carry a Unit Pole around a Current.—When a
magnetic pole is moved along any path that returns to the
starting point it will, in general, move against magnetic forces
in a part of the path, and with such forces in other portions of the
path. If, at the end, the pole is at rest in the same position
that it was at the beginning, the total work done is, in general,
zero. But if the path is so chosen that the pole is carried around
a current, the work is not zcro for the comnlete path.

Every current flows in a closed circuit. Imagine a unit pole
with its 47 maxwells of flux radiatingout to infinity. As this pole
is carried along a path that is linked with the circuit of the current,
and continucs on to the starting point, each one of these 4w
maxwells must cut across the current at some point. Therefore,
the work to carry a unit pole around a current I is

W = dxl ergs
when I is expressed in ab-amperes.  (Art. 230.)

! FLux FrROM A MacNETIC PoLE.—That the flux from a magnetic pole is
independent of the medium surrounding the pole is readily shown by a
consideration of the work done when a magnetie pole is carried through a
long solenoid.  Suppose, in the first instance, that the total flux from the
pole is ¢ maxwells and that the pole is carried through N turns of wire
carrying I units of current. The work done will be

W =¢ NI ergs.
If the pole is brought back along the same path, the whole amount of this
work is recovered. This is the case for air.

Suppose, again, that the solenoid is filled with a ferric chloride solution
and the same operation is repeated. Suppose that in this medium the
amount of flux from the same pole becomes ® maxwells. The work now
required to carry the pole through the solenoid will be

W' = a&NI ergs,
and this work is recovered when the pole is brought back.

Now suppose that one side of the solenoid is filled with air and the other
side is filled with the ferric chloride solution, and let the pole be carried
through the air and brought back through the solution. The work expended
is ¢ NI and the work recovered is ®N I, and the total work for the whole trip
is zero because the pole has not been carried around any electric current
(sec Art. 229).

Therefore ONI — oNI = 0.
and

¢ = b,

The flux from a pole is not changed, then, by altering the surrounding

medium.
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262. M.M.F. Due to a Solenoid.—Consider a current flow-
ing in a long, uniform helix or solenoid of many turns (=N)
of wire, and let a unit pole be carried down inside the solenoid
and brought back outside. The work done for the entire path is

W = 4xNI ergs,
and therefore the M.M.F. in this circuit is
M.M.F. = 47N gilberts.

The greater part of this M.M.F. is distributed along the portion
of the magnetic circuit that is within the solenoid.

When the current is measured in amperes, this value must be
divided by 10, giving

MM.F. = 04xNI' = 1.25TNI’ gilberts.
The produet, NI', is called “ampere-turns” and differs from
4 . .
M.M.F. by the constant factor of 18 = 1.257. It is evident that a

small current in a coil of many turns will produce the same
M.M.F. as a large current in a coil of few turns.

263. Magnetic Intensity within a Solenoid.—Since the mag-
netie intensity, H, is the gradient of the M.M.F. along the circuit,
we have

M.MLF, 4 N1 . .
H = 31—2—?— = TL— = 4mpl gilberts per centimeter,

where L is the length of the solenoid, and p is the number of turns
per centimeter.

This gives the value of I/ to the same degree of accuracy that
is implied by saying that the total M.M.F. is uniformly distributed
over the length, L. At the end of the solenoid, H has one-half
of this value, while near the middle of a long solenoid the
approximation is very close.

When the value of the current is expressed in amperes we have

H = 04rpl’ = 1.257pl’ gilberts per centimeter.

264. The Magnetic Intensity within a Ring Solenoid.—The
ring solenoid is a uniform spiral or helix of many turns of wire,
bent into a circle to make an endless spiral, as in the case of a
ring uniformly wound with N turns of wire. There is thus no
end effect. The magnetic flux is all within the solenoid and in
the direction of the length of the ring.
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In making the complete circuit along the ring, the path of
a magnetic pole will be linked with a total current of NI. The
M.M.F. for this circuit is, then,

M.M.F. = 47NI.

If the path is a symmetrical circle of radius, r, the magnetic
intensity will have the same value, H, at each point of the path.
The length of this path is L = 2xr, and, therefore,

=

where I’ is the value of the current in amperes. This shows that
the magnetic intensity is not constant across the section of the
ring, but varies inversely as r, being greater on the inner side of
the ring.

266. Measurement of M.M.F.—When a M.M.F. is due to elec-
tric currents, it is very easy to compute its value from the rela-
tion, M.M.F. = 4rNI, and direct measurement is not necessary.
But it is often desirable to measure m.m.Fs. which are not thus

M XN

Tra. 136.—The flexible solenoid, PQ, measures the M.M.F. between A and B.

easily computed; for example, an M.M.F. due to steel magnets,
or the part of a known m.m.r. that is distributed over a certain
portion of the circuit.

This direct measurement can be made! with a “ magnetic poten-
tiometer’’ consisting of a ballistic galvanometer and a flexible

1 Cuarrock, Phil. Mag., vol. 24, p. 94, 1887.
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tube wound over its entire length with a uniform solenoid that
serves as the test coil. Thus, if it is desired to measure the
M.M.F. between 4 and B, Fig. 136, the ends of this flexible solenoid
are placed at 4 and B. There will be some flux through some
of the turns of the test solenoid, and these flux-turns can be mea-
sured by reading the galvanometer deflection when the flux is
reversed, or when the ends of the solenoid are removed from AB
and then quickly brought together.

If the solenoid has a constant cross-section, a, and is uniformly
wound with p turns per centimeter, the flux-turns, d(en), for a
short length, ds, of the solenoid are

d(on) = Blapds,

where B’ denotes the component of the flux density parallel to
the axis of the solenoid at this place. The flux along the solenoid
is Ba, and this flux passes through pds turns.

Let H' denote the magnetic gradient (magnetic intensity)
along the solenoid. Then B’ = ull’, and,

d(en) = apull'ds = apud(.

The product H’ds is d@, the Mm.M.F. over ds, and the integral of
this expression along the solenoid gives the M.M.¥., (7, between
its ends. Thus, for the entire solenoid

(gn) = apud.

By bringing the ends of the solenoid quickly together, (7 is
reduced to zero and the corresponding change in the flux-turns
is measured by the deflection of the galvanometer, giving

(pn) = cd.
Therefore
c
G = ;l});; d = gll
The galvanometer deflection is thus proportional to the change in
M.M.F. between the ends of the solenoid.

266. To Determine the Constant, g.—To determine the value
of g, which is a constant for a given solenoid with its galva-
nometer, let the solenoid encircle a known current, I,, with the
two ends of the solenoid placed together, thus forming an endless
ring solenoid. Then

G = 4rxl, = ¢d,
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and
41!'11

= —

1
where I, is in c.G.s. units and d, is the galvanometer deflection
when I, is reduced to zero.

267. Units Used in Laboratory Magnetic Measurements.—
The units used in magnetic measurements are the gilbert, max-
well, oersted, etc., and the relations of these ¢.c.s. units to the
ampere and volt have been traced in the preceding chapters.
Inasmuch as the international ampere and the international volt
arc the values actually used in laboratory practice, it follows
that the magnetic measurements made in the laboratory will be
in terms of the international units. These are, therefore, stated
below.

268. International Magnetic Units. International (filbert.—
In Art. 252 it is shown that one ampere-turn is equivalent to a
M.M.F. of O.4r gilbert. Therefore, one international gilbert is

10 ., .
cqual to the m.M.r. produced by A international ampere-

turns.

International Mazwell.—When magnetic flux cuts across a
wire at a uniform rate, there is produced in the wire a steady
and constant B.M.¥. The motion is relative and it is immaterial
whether the flux or the wire is in motion. One international
maxwell is the amount of magnetic flux cutting across a con-
ductor each second when the induced r.m.r. is 108 interna-
tional volts.

International QOersted.—An international oersted is the reluc-
tance in which one international gilbert is required to produce a
flux of one international maxwell.!

1 In terms of these units, the permeability of vacuum is not exactly unity,
but is about 0.99944 (sce footnotes on pp. 3 and 4).



CHAPTER XIII
MAGNETIC TESTS OF IRON AND STEEL

269. Study of a Magnetic Circuit—Bar and Yoke.—The
bar and yoke apparatus consists of a heavy rectangle of iron,
through the center of which is the bar to be studied. This
bar is divided in the middle and the two ends surfaced to fit
well together. One half of the bar is fixed rigidly in place, while
the other half can be withdrawn by the handle, H. Around
the bar near the middle is a small bobbin on which is wound

N V2V VaVaVa aVa rimaViVaVaVerall -_-_—_:—@
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Frc. 137.—Bar and yoke.

the coil which is joined to the ballistic galvanometer.  When the
movable part of the bar is withdrawn, this bobbin flies out
to one side, thus carrying the coil into a region of no, or
very small, magnetic flux. Thus the deflection of the galva-
nometer shows the total flux through the bar before it was parted.

The magnetizing current is passed through the coils, FF,
which extend the entire length of the bar, save for the short
portion occupied by the bobbin at the middle. The bar is
thus subjected to a uniform magnetizing force throughout its
entire length. No magnetic poles are produced, since the flux
through the bar completes its circuit through the yoke, the
reluctance of which is small in comparison with that of the bar.
Thus the length of the magnetic circuit for all practical pur-
poses is equivalent to the length of the bar alone.

222
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Starting with a small current through the magnetizing coils,
the corresponding deflection of the galvanometer is determined.
Then the current is increased by small steps and the corre-
sponding deflections are noted, till the iron is /fully magnetized.
If the bar has been previously magnetized, it will be necessary
to demagnetize it before using it. This can be done by start-
ing with the largest current previously used and decreasing it
by steps, while at the same time it is slowly reversed in direc-
tion eight or ten times at each step.

260. Computation for M.M.F.-—The M.Mm.r. is readily com-
puted from the value of the current by the formula,

M.M.F. = 047NI’,

where I’ is the value of the current expressed in amperes.

261. Measurement of Magnetic Flux.—The magnetic flux
is measured by the deflection of the galvanometer, the latter
being directly proportional to the amount of flux cut by the
wires on the bobbin when it flics out from its position around
the bar. If ¢ denotes the total flux through the bar, and n
the number of turns of wire on the bobbin, the effect on the
galvanometer is the same as cutting a flux of ¢n with a single
wire. Therefore

éon = cd,

where d is the deflection in scale divisions, and ¢ is the magnetic
ballistic constant of the galvanometer expressed in flux-turns
per scale division. The actual flux through the bar is, then,

C
d)—ﬁ(]

262. Plotting the Results.—The results obtained from this
study of a magnetic circuit can best be shown by means of
curves. The first one may be plotted taking values of the
M.M.F. as the absciss@, and the corresponding values of magnetic
flux for the ordinates.

From the values of the flux and the M.M.F. compute the reluc-
tance of the bar for different values of the flux. Express the
results by means of a sccond curve, this time taking the flux for
absciss@ and using the corresponding values of the reluctance for
ordinates.

263. Flux Reversal.—The bar and yoke method is very useful
for purposes of illustration and instruction, since it is readily
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understood that the wire on the little bobbin cuts across the
magnetic flux when it is released by the withdrawal of the bar.
But the air gaps at the end of the bar and at the side where it
slides in the yoke introduce considerable reluctance into the
magnetic circuit, and therefore the magnetic flux is smaller
than it would be for a similar circuit containing no air gaps.
Such closed circuits are used in the methods described below,
and while it is not possible for the wire to cut across the flux,
yet when the flux is changed from one direction to the reverse
it is evident that the change in the flux through the coil has
been twice the original amount. In fact, if the bobbin in the
bar and yoke had remained around the bar while the magnetizing
current was reversed, the deflection of the galvanometer would
have been twice the amount that it was when the bar was
withdrawn.

264. The Ring Method.—While this isone of the older methods,
it still remains a standard method for determining the magnetic
propertics of iron or other magnetic material, and other meth-
ods are checked by comparing their results with those obtained
by the ring method. This is due to the simplicity and uni-
formity of the magnetic circuit. The ring has no ends and there
are no joints across which the flux must pass. When a ring is
wound with a uniform solenoid of p turns per centimeter, the
M.M.F. is uniformly distributed along the circuit, and if the
material is homogeneous, all of the flux follows the iron path.

From what has been said thus far it will be seen that
the magnetic flux cannot be measured directly. It is only the
change in the flur turns that affects the galvanometer; and the
value of the total flux must be inferred from such measure-
ments. The most usual change of flux is that produced by
reversing the magnetizing current. It is then assumed that the
flux is also reversed, and thercfore the change produced is
twice the total flux.

The experimental arrangement is shown in Fig. 138. The iron
ring is shown at Z, with the primary winding connected to the
reversing switch, S. The ammeter is placed on the battery side of
this switch so the current through it is not reversed. When 8 is
thrown over, the current through the primary winding is reversed,
thus changing the flux in the iron from ¢ in one direction to ¢
in the other direction—a change of 2¢. If the galvanometer
is connected to the test coil (key closed) when this change in
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flux occurs, there is a deflection, d, and, as shown before (Art. 243).
Changein Flux = 2¢n = 2BAn = cd,

where A is the cross-sectional area of the iron, and » is the number
of turns in the test coil. This coil should be wound closely

y ’ l
Fra. 138.—Arrangement for determining the normal magnetization curve for the
ring, Z.

about the iron so as to include a minimum amount of the flux
through the air.

The Flur Density.—In studying a given sample of iron or steel
we are usually not so much interested in the properties of the
particular picce under investigation as in the specific properties
of that grade of iron. The actual total magnetic flux, ¢ = BA,
depends as much upon the dimensions of the sample studied as
upon the quality of the iron, and thercfore the flux density,

B = ‘—: » is of greater importance than ¢.
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From the relation above, the value of the flux density is
cd
B =5an
All of these factors can be found and the numerical value of J
computed once for all. If it is possible to adjust the resistance
of the galvanometer circuit, it simplifies the computation to
make J = 100. The values of B can then be obtained as fast
as the deflections can be read and multiplied by J.
The Magnetic Intensity, H.—The value of the magnetic inten-
sity due to the current in the N turns of the primary winding is
NI
= - y

5r

= Jd.

11

where I’ is in amperes, and » is the mean radius of the iron ring.

266. The Iron Ring.—Since the primary turns are closer
together on the inside of the ring than on the outside, the
magnetic intensity, II, will not be uniform across the iron, but

will be greater near the inner side. This is also seen from the
NI

relation, H = By For this reason it is best to use a wide, thin
ring, shaped like a wagon tire, with a radial thickness less than
one-tenth (preferably one-twentieth) of the radius of the ring.!

If this ring is tested as a sample of a larger picce, the material
should be altered as little as possible in making the ring. It is
better to cut it out of a thick plate, but if it must be bent and
welded, it should be worked as little as possible. If welded or
cast, the outside scale should be taken off all around to about
one-eighth of an inch deep, so that the measured cross-section
shall represent homogeneous material. As working in the lathe
hardens the iron near the cut surfaces, the ring should be carefully
annealed in a furnace from which air is excluded, by packing the
ring in aluminum oxide.

If the ring is a new one that has not been magnetized since
it was annealed, the smallest currents may be used first to deter-
mine the virgin B-H curve. In this case great care must be
observed that at no time does the current exceed, even for an
instant, the value being used at the time. If the iron has been

previously magnetized it must be thoroughly demagnetized before
it is used.?

1 Bull. Bureau of Standards, vol. 5, p. 442.
2 See Art. 288.
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266. Correction for the Flux through the Air.—The flux
through the test coil consists mainly of the flux through the ring,
but there is always some flux through the air space surrounding
the iron and included within the test coil. Let the cross-sectional
area of the iron be denoted by A c¢m.? and that of the surrounding
air space by a cm.? The area of the test coil is then (A + a)
cm.2and the flux through this coil is

d) = BA + B()d,

where By denotes the value of the flux density in the air around
the iron. The flux density in the iron is
_ ¢ — Bua

B =

The value of By can be computed, since By = uoll, and pu, is
very nearly unity for air. Usually this correction is negligible,
but when high values of H are used, this correction should be
subtracted from the measured values of ¢ as shown above.

In case there is considerable air space between the iron and
the test coil, it is sometimes found convenient to place a small
auxiliary test coil in this space. By making

1.0
Boa'n' = Boan,

where a’ and r’ refer to the auxiliary coil, the flux-turns through
this coil can be made to neutralize the above corrcction.  When
the two test coils are in serics, the resultant measured by the
galvanometer is
¢n = BAn + Byan — Boa'n’ = BAn,
and
@
B = 4
267. Determination of the Magnetic Ballistic Constant.—
The value of ¢ is determined by the method shown above, using
a known mutual inductance. Since ¢ = RE, this value depends
upon the resistance in the galvanometer circuit. Therefore,
the secondary of this mutual inductance coil should be included
in the galvanometer circuit when the readings for B are taken.
It is then ready to use for the determination of the constant.
By disconnecting the primary of the ring from S, Fig. 138 and
connecting in its place the primary of the known inductance, M,
the same battery and ammeter can be used again. When a cur-
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rent, I, is reversed through p’¢’, giving a deflection, dy, the con-
stant is

2MI,
c == ’
(’1
as shown in Art. 247.
B
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Fra. 139(a).—Normal magnetization curves.

268. Normal Magnetization Curve.—The relation between
the corresponding values of the flux density, B, and the magnetic
gradient, or intensity, H, computed from the above measurements
are best shown by a normal magnetization curve. This curve
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will be similar to one of those shown in Fig. 139(a). It is seen
that the relation is not constant, but the flux density rises
quickly at first and then approaches a limiting value as H is
increased.

The observations for this curve can be taken in connection with
the process of demagnetization (see Art. 288). In this case the
largest values are measured first, and the points on the curve are
traced successively back towards the origin. Note that this
curve is the locus of the upper tips of a series of hysteresis loops
(see Art. 278).
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I'tg. 139(h).—-Permeability curves.

It will be noticed that this curve is very similar to the curve
showing the relation between ¢ and M.M.F. in a magnetic circuit
(see Art. 262). There is this difference, however, that while the
latter applies to a particular circutt, the normal magnetization
curve (B-H) applies to any circuit of this particular grade of iron.

269. Permeability Curve.—The qualitics of different grades
of iron are well shown by the permeability curves, in which values
of the permeability,

L=
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are plotted as ordinates, with the corresponding values of B for
absciss®e. Figure 139(b) shows the permeability curves corre-
sponding to the magnetization curves of Fig. 139(a). It will be
seen that the maxima of these curves correspond to the points
where lines through the origin are tangent to the magnetization
curves.

The premeability starts at a value of about 50 or 100, and,
after passing the maximum, decreases rapidly and then slowly to
a limiting value of unity. For the largest values of B that have
been measured, u is about 2.

270. Double Bar and Yoke.—Because of the difficulty of making
rings and the labor of carefully winding each one, many other
arrangements have been used in which the coils are wound on
permaunent forms that can be slipped over a bar or rod of iron.
In most cases the magnetic circuit is made as nearly as practicable
like that in the ring method.

[ Bar

—_————

[ Bar

a) Top Vi
End View (b) Top View

F1¢. 140.---Double bar and yoke, without the magnetizing coils,

In the double bar and yoke method, the magnetic circuit con-
sists of two massive yokes of Swedish iron, fitted to carry two
round bars of the iron or steel to be tested. When clamped
together the bars and yokes form a rectangular circuit, the bars
forming the longer sides. Over the entire length of cach baris a
brass spool on which are wound 300 turns of wire to carry the
current used to magnetize the iron. The joints where the bars
pass through the yokes are carefully fitted to avoid any unneces-
sary reluctance at these places. Thus the magnetic circuit con-
sists of the two bars and very little else, since the reluctance of
the yokes is small in comparison.

This method differs from Hopkinson’s bar and yoke in that
the bar cannot be pulled open to allow the test coil to fly out
and cut the flux it is desired to measure. Therefore the test
coil is wound around the middle of the bars, and the flux through
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the circuit is reversed by reversing the magnetizing current. This
gives twice the change of flux through the coil and therefore twice
the deflection that would be obtained by simply cutting the
flux once.

In making a test by this method the procedure is the same as
in the ring method just described. Of course, some error is
introduced by neglecting the reluctance of the yokes. This is
minimized by making the distance between the bars as short
as possible and still leaving room for the primary windings,
and also by placing the test coil near the middle of the bar. It
would improve matters to supply an appropriate M.M.F. at each
yoke, but this would increase by many times the labor of making
the test (see Art. 273).

271. Burrows’ Double Bar and Yoke.—In the double bar
and yoke method as used at the Bureau of Standards the effect
of the extra reluctance in the joints and yokes is balanced by
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F1a. 141.—Burrows’ double-yoke method.

extra current windings around the bars close to the yokes. In
case only one bar for testing is available, a second bar of similar
material is used. There are then three magnetizing circuits,
and the currents through these are adjusted to such values as
will give a uniform magnetic flux throughout the length of the
test bar.

The condition of uniformity along the test bar is determined
by the use of two test coils. One of these is wound around the
middle of the bar, under the primary winding, and each half of
the other coil is similarly placed about an inch from either end
of the bar. When these coils are connected in series with the
ballistic galvanometer and opposing each other, there will be no
deflection if all the flux passing through the middle section of the
bar continues in the bar to the ends. The current through
the extra end windings is adjusted until the flux is thus uniform
along the bar,
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In case the auxiliary bar is of different material, the magnetiz-
ing current around it is adjusted until the flux through it is the
same as that through the bar being tested. Thisequality is shown
by a third test coil placed around the middle of the auxiliary bar
and having the same number of turns and used in opposition to
the main test coil around the bar being tested. When the
flux has been made uniform throughout the circuit, its value is
measured by the galvanometer deflection as in the ring method.

272. The Fahy Permeameter.—This is an arrangement of a
yoke and the test bar in which all of the m.M.¥. is supplied by a
magnetizing coil around the yoke. This M.M.F. is used in part
over the yoke portion of the magnetic circuit and in part over the
bar to be tested. The distinctive feature of this method is the
measurement of the mM.M.r. acting on the bar by a magnetic
potential solenoid (sce Art. 255) arranged in parallel with the
bar. The deflection of a ballistic galvanometer connected to
this solenoid measures the Mm.M.F. when the latter is reversed.

Because of the uneven distribution of the magnetizing coils, the
flux does not have the same value along the circuit. The average
value of the flux through the bar is measured by the deflection
of a ballistic galvanometer as in the method of reversals, using
for the test coil a solenoid wound uniformly over the full length
of the bar. This method has the same simplicity as the ring
method in not requiring any adjustment or compensation of the
magnetizing current, and it has the further advantage that dif-
ferent test bars can be used without winding new coils.

273. Single Bar and Yoke.—Inasmuch as there are no magnetic
insulators by means of which the magnetic flux can be kept
within prescribed paths, there is more or less leakage of flux from
a magnetic circuit when the mM.m.F. is applied over only a part
of the circuit. The very great advantage of the ring method
lies in the fact that the M.M.F. is uniformly distributed along the
entire circuit, 7.e., it is distributed in the same way as the mag-
netic reluctance.

This principle has been used! in the single bar and yoke
method for testing short bars of steel. Iach end of the steel
bar is clamped into the C-shaped yoke of iron that completes
the circuit. A uniform winding of p turns per centimeter is
carried by a brass spool surrounding the bar. Another winding

VA, W. SmiTH, Phys. Rev., vol. 19, p. 424, 1922.
SmitH, CampBELL, and FINK, Phys. Rev., vol. 23, p. 377, 1924.
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covers the entire length of the yoke, with extra turns placed
over each of the joints. The current through each of these
windings can be adjusted independently so as to supply to each
portion of the circuit a M.mM.r. proportional to the reluctance
of that part. The magnetic intensity is then given by

II = 1.257pl,
and the corresponding value of the flux is measured by the

galvanometer deflection when both currents are simultaneously
reversed.

m T
il Bar I
e > o0 7 OO D2, /208)
Solenoid of Several End Tlatel
Thousand Turns tn‘ ohee
of Soft Iron

Magnetic Potentiometer

Yoke
Ira. 142.- Bar and yoke, giving a closed magnetie circuit.  The magnetic poten-
tiometer is shown, connected to the bar.

The condition of uniform distribution of M.M.¥. is determined
by a magnetic potential solenoid in parallel with the greater
portion of the bar, as shown in Fig. 142. (Sce also Art. 255.)
This solenoid consists of many layers of fine wire wound on a
spool having a non-magnetic core and with ends, m, n, of thick
plates of soft iron. These end plates extend far enough on one
side to be tightly clamped against the bar. The plates thus
make contact with the bar at points near its ends, and there is
the same difference of magnetic potential between them as there
is along the bar between these points.  This difference of poten-
tial is measured by the flux through the solenoid. The turns
of wire in the magnetizing coil that are displaced by these end
plates of the potential solenoid reaching through to the bar are
wound as near as possible to their proper place to keep the turns
per centimeter the same as for the rest of the bar.  This winding
is also continued over the rest of the bar up to the beginning of
the yoke.

When the M.M.F. is applied bit by bit along the circuit, with just
enough at cach place to carry the flux across that portion, there
is no resultant difference of potential between different points on
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the circuit. There will be, therefore, no tendency for flux to
pass through the parallel path of the magnetic potential solenoid,
and no deflection of the galvanometer upon reversal. By
adjusting the yoke current until the potential solenoid shows
no difference of magnetic potential over the bar, the flux is
made uniform along the bar and the M.M.F. necessary to maintain
this flux through each centimeter of the bar is just equal to
the M.M.F. supplied by the ampere-turns around that centimeter
length. This adjustment of the yoke current is made during
the process of demagnetization (see Art. 288) of the bar and
yoke from the larger current down to the new value to be used.

274. Fluxmeter-galvanometer.—In the measurements of mag-
netic flux it is necessary to read the deflection of a galva-
nometer, and with the usual ballistic galvanometer it requires
considerable expertness to read the scale just at the end of the
deflection. A galvanometer having a high ecritical damping
(Art. 43) resistance (70,000 ohms) is very greatly overdamped
on a low-resistance circuit, and the free motion of the coil may
be extremely slow. When magnetic flux is cutting the closed
galvanometer circuit, the deflection is quick and responsive, and
the galvanometer coil turns so as to cut out of the galvanometer
circuit as many flux-turns as are being cut into the circuit by
the external flux through the test coil. When the flux ceases to
change, the galvanometer coil stops moving and stands practi-
cally at rest. If the ending point of the deflection is ncar the
natural resting point of the galvanometer, there is very little
tendency for the scale reading to change after the flux has reached
its steady value, and the observation is taken under stationary
conditions.

275. Fluxmeters.—Portable instruments are made that will
measure the change in magnetic flux by the deflection of a pointer
moving over a scale graduated in maxwells. In appearance, one
resembles a sensitive voltmeter, but in principle it is simply an
overdamped ballistic galvanometer with the moving clement
suspended by an almost torsionless suspension so that the pointer
stands at any place on the scale. When flux is measured, the
pointer moves quickly from one position to another.

276. The Step-by-step Method.—This method is much like
the method of reversals, the only difference being that the
magnetizing current is not reversed to give the galvanometer
reading. Instead of this, the current is constantly maintained in
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one direction. When the current is first turned on, the iron is
magnetized to the corresponding amount, and if the galvanom-
eter circuit is closed, there will be a proportional deflection.
When the galvanometer has returned to its zero position the
current is suddenly increased to its next value. The corre-
sponding deflection of the galvanometer measures not the actual
magnetism of the ring, but the increase over the former amount.
In the same way the current is increased by steps until its
maximum value is reached, while each of the corresponding
deflections are carefully noted. The actual magnetism of the
ring at any stage is measured by the sum of all the deflections up

to that point. If this sum is denoted by Xd, the magnetic
induction is

_cld

B = nA

Since the ammeter in the primary circuit gives the total current
at any point, the expression for the magnetic force will be the
same as before,
47 N7
= o,

The H-B curve plotted from these values should be the same,
very closely, as that obtained by the ring method using reversals
of the current.

277. Hysteresis—Step-by-step Method.—In the step-by-step
method just described, great care was observed never to have a
larger current in the primary coil than that being used at the
time, and the magnetization curve was obtained by always
using increasing values of the current.

Suppose that after reaching the maximum, the current should
be decreased by steps, and the corresponding deflection noted.
Would the magnetization curve be retraced, or would a new
curve be obtained? As the current is slowly removed, it
would be found that the magnetization of the iron does not
decrease to its former values, and when the current is reduced
to zero there still remains a large amount of ‘“residual” mag-
netism. This return curve can be traced perfectly well by the
step-by-step method, and it is shown by the curve, AD, Fig. 143.

It will even require the application of a reversed magnetiz-
ing force, equal to CG, to reduce the magnetization to zero.
This value of H is called the coercive force of the iron. It is
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large for hard iron, and steel, but small for soft iron and silicon-
iron alloys. If the reversed field is increased to a value, CF,
equal to CE, the iron will be magnetized as strongly as before,
but in the opposite direction, and it will hold this magnetization
just as persistently as the other. If H is reduced to zero and
again increased to CE, the magnetization follows as shown by the
curve PJA. This lagging of the values of B behind the corre-
sponding changes in H is called hysteresis, from a Greek word
meaning ‘“‘to lag behind.,” The complete curve as thus drawn
between B and H is called a hysteresis curve.

d o ] L
Fra. 143.—Hysteresis curve for tool steel.

For the determination of a hysteresis curve by this method,
the set-up and manipulation would be the same as in the pre-
ceding experiment. And the results, plotted on a B-II dia-
gram, will give a curve similar to the one shown in Ifig. 143.

278. Hysteresis by Direct Deflection.—Referring to Fig. 143,
suppose that the iron has been carried around the cycle, ADPJA,
several times and left in the condition represented by the point
a. If, then, it is carried from a to P by a single step, the deflec-
tion of the galvanometer will measure the corresponding change
in the magnetic induction, represented by the ordinate, ab.
By carrying the iron around the cycle to the point a again,
this reading can be repeated as many times as desired, or, by
stopping at some other point near a, the corresponding ordi-
nate can be determined. Thus the curve, ADP, can be traced.
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Let the set-up be made as shown in Fig. 144, where Z is the
ring of iron to be studied. This iron is magnetized by a current
from a few cells of the storage battery. The resistance, R, is set
at the value which gives the maximum current that is desired.
S is an ordinary double-throw, two-pole switch which is made
into a reversing switch by the addition of two diagonal con-
nections. As shown in the figure, one of these diagonal con-

Co——

Fra. 144.—To determine the hysteresis curve for the ring, Z.

nections of S is formed by the adjustable rheostat, r, which can
be short-circuited by closing K. The rheostat 2 can be con-
nected to either end of the rheostat r by closing the switch, T, on
either point @ or point ¢. This introduces r into the battery
circuit when 8 is up, or down, respectively.

With T Closed on a.—When the switch, S, is thrown down, thus
connecting the primary of Z directly to the battery circuit, the
magnetic state of the iron is represented by the point, P, Fig.
143. When it is thrown up, the current through Z is reversed,
but the current will be smaller than before because the extra
resistance, r, is now in the circuit, and the iron will be brought to
some point as f on the curve JA. By closing K, the iron is
brought to 4, and when K is opened the iron comes to some
point as a, depending upon the setting of r. The resistance in
r must have been previously adjusted to the proper value in
order that the iron may be brought to the desired point when K
is opened. (In case r is adjusted after K is opened, the iron
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must be taken around the entire cycle several times before it is
certain that the point a is reached.)

The galvanometer is joined in series with the secondary coil
of the standard mutual inductance, M, a resistance box, Q,
and the few turns of wire forming the sccondary winding on
the ring. It is often convenient to use a shunt on the gal-
vanometer, adjusted to give ecritical damping. If S is now
thrown down, changing the value of I from +Ce to —CF, the
galvanometer deflection will measure the corresponding change
in B, indicated by ab, Tig. 143. In order to get back to the top
of the curve for another determination, S is thrown up, bringing
the iron to f on the lower curve. Then A is closed, thus earry-
ing the iron on to A. Opening K brings the iron to the point
on AD corresponding to the setting of r.

The cycle of operations is thus: (1) Throw S down, (2) throw
S up, (3) close K, (4) open K. The galvanometer is read dur-
ing the first operation.

With T Closed on ¢.—To locate points on the curve between
D and P requires a slight change in the relative positionof r.
This is effected by changing the connection at 7' from a to c.
Then when S is thrown up, the iron is always at A, Fig. 1.43,
and when thrown down, the current will be reversed but less
than its maximum value, because r is now in thecircuit. By
setting r at the proper value, the iron can be hrought to any
desired point between D and P. When K is closed, the iron is
carried on to P and the corresponding deflection of the gal-
vanometer gives the ordinate cd.

The cycle of operations is now: (1) Throw S up, (2) throw S
down, (3) close K, (4) open K. The galvanometer is read at
the time of the third operation.

In all of these measurements the iron is carried to P, and
thus the final magnetizing force is the maximum that has been
used. This is better than ending with a weak value of H,
because under weak fields the iron will not come to its final mag-
netization as promptly as under stronger fields.

The remaining portion of the curve, PJA, can be determined
in precisely the same way. With K and S set so that the iron
is at P, let the connections from S to the ring, Z, be interchanged.
This will carry the iron to A. By turning Fig. 143 bottom side
up, it will be seen that the curve PJA corresponds exactly with
the former curve ADP; and it can be traced by repeating the
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observations previously made, but the ordinates must now be
plotted from the line AN. Or, since the curves are the same,
the former set of ordinates can be used again for the second
portion of the curve.

The actual plotting of the curve AJP downward from the
line AN is often awkward, as usually AN does not coincide
with one of the main divisions of the cross-section paper. An
casier way is to lay a sccond piece of paper under the curve
ADP and fasten both together by two pins through 4 and P.
Several points along the path of the curve are pricked through
both papers with a needle point. The lower paperis then
placed over the curve, with the points A and P interchanged,
and fastened on the two pins. The intermediate points are
then pricked through onto the other sheet, thus outlining the
curve PJA.

279. Determination of the Values of B.—In this experiment
the change in the magnetic induction is not a reversal, but a
change from ea, Iig. 143, in one direction to eb in the other.
This gives a total change of ab, which may be denoted by the
symbol AB. The corresponding change in flux-turns in the
secondary circuit is ABAn, and this is measured by the gal-
vanometer deflection, the relation being

ABAn = ¢d. 1)
The change in the magnetic induction is then
¢
AI‘ = ;1[“L’l = '](], (2)

and this is plotted as the ordinate ab, Fig. 143, the values being
laid off from the axis, O//. After the curve is drawn, the true
axis, FE, is drawn through the middle of the figure.

280. The magnetic ballistic constant, ¢, may be determined
by means of a known mutual inductance, as in the previous
methods.  Irom Art. 247,

MI' = ¢,
where I’ is the change in the current through the primary of
the inductance M, measured in c.G.s. units. Since ¢ = JAn,
from (2), the deflection of the galvanometer for any desired
value of J is
, _ MI'
@ = JAn
Usually it is convenient to choose J = 100, and then adjust
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the resistance in series with the galvanometer until the deflection
is d’ for a change of I’ ¢.G.s. units of current in the primary of the
calibration coil.!

The secondary of this mutual induction must remain a part
of the galvanometer circuit, as shown at M, Fig. 144, since any
change of the resistance of this circuit will change the value of
the constant.

281. The values of the magnetic intensity, H, are determined
by the current, which may be read by an ammeter. Values
of H may then be computed as shown in Arts. 254 or 264. These
values are plotted along the axis FCE, with C as the origin.

282. Energy Loss through Hysteresis.—Since it requires a
reversed current to bring the magnetization of a ring or bar to
zero, there is always a considerable loss of energy when a piece
of iron is carricd through a cycle of magnetic changes. This
energy is represented by the area of the hysteresis loop, which
is narrow for wrought iron, while for cast iron it is large and broad.

The amount of cnergy thus transformed into heat can be
determined as follows: The work required to magnetize the
iron is partly lost as heat in the magnetizing solenoid. This is
the regular R:? loss. Another part is used in maintaining the
current against the induced k.M.F. duc to the newly formed mag-
netic field. This induced E.M.¥.

(14) A AV(IB
=N At~ dt
where A is the cross-section of the iron and N is the number of
turns in the magnetizing solenoid.

Since e is negative, i.e., opposed to the current, the positive

work required to maintain the current is

AN dB All
W= [ eidt = : _ Ay [Yolume g
47 49

since Hl = 4xN+.

1 Inasmuch as no current is used for the ring, Z, while the constant of the
galvanometer is being determined, the same battery, ammeter, and rheostats
can be used to furnish the current, I’ To make this change it is only
necessary to exchange the connections, pq, for p’q’, Fig. 144.

Since the zero position of a sensitive D’Arsonval galvanometer depends
upon the direction in which it was last deflected, all deflections should
be in one direction only, and therefore the constant must be determined
for deflections in this direction also. If greater accuracy is desired, the
scale should be calibrated by determining the value of J for deflections
throughout the range that will be used.
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For one complete cycle, f HdB is the area of the hysteresis

curve, measured in the units of H and B. This area, then,
gives the energy expended per cycle in each 12.57 cc. of iron.

283. Permanent Magnets.—Referring to the hystersis curve
for the bar and yoke, it is seen that the bar is still magnetized
after the current is stopped. The magnetic flux through the bar
completes its circuit through the heavy yoke, and outside the iron
there is little to indicate that it is magnetized. When the bar is
withdrawn from the yoke, it is in the same condition as before,
but now the flux must complete its circuit through the air and
there is plenty of evidence that the bar is magnetized. The bar
itself is a permanent magnet, and the ends where the flux enters
and leaves the iron are its poles.

284. Hysteresis Coefficient.—When the iron is carried through
a hysteresis cyele between larger values of B, the hysteresis
curve is higher and a little broader, but the area does not increase
quite as fast as B2 Experiment shows that over the usual range
of the flux density in transformers and electrical apparatus, i.e.,
from B = 1,000 to B = 12,000, the energy loss due to hysteresis
is proportional to about the 1.6 power of B. TFor most practical
purposcs the empirical relation,

W = oB!S ergs per cycle per cubic centimeter,
per cycle |

gives the hysteresis loss over this range with sufficient accuracy,
but above B = 15,000 the formula may be in error by 40 per cent.

The coefficient, %, is called the “coefficient of hysteresis’
and its value indicates the magnetic qualities of the steel. The
smaller this coefficient the smaller is the heat due to hysteresis
and the more suitable is the material for use in transformers, ete.

The value of the exponent of B varies between 1.4 and 1.8 for
different materials and for different ranges of the flux density.
If a different value of the exponent is used in the equation for
W above, it will require a different value for 5; and since no
value of the exponent will give the actual loss for any material
over the entire range of B, the usual value of 1.6 is always taken
in practice. The values of 9 are then comparable and serve as an
index to the characteristics of the different materials. The range
of values for this coefficicnt is shown in the table.
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HysTeERESIS COEFFICIENTS FOR VARIOUS STEELS

i
|
Material ) Material 7

-] - S
Best silicon steel..........| 0.0006 | Soft machine steel.......| 0.009
Silicon steel sheet. .. ... ... 0.0010 | Cast steel. ... ....... 0.012
Soft iron wire. ............| 0.0020 | Hard cast steel ..........| 0.025
Ordinary sheet iron. . ... .. 0 06040 | Hard tungsten steel..... .. 0 058

286. Elementary Magnets.—Over thirty years ago Iwing
explained the effects of magnetization by supposing the molecules
of iron were little magnets that could be arranged in a definite
direction by a sufficiently strong magnetic field. In a rotating
field the direction of the ficld changes gradually throughout the
cycle instead of decreasing to zero and then increasing in the
opposite direction. In a strong field, where the elementary
magnets are held in alignment with the field and all are turned
gradually and orderly, the hysteresis loss per eycle for a rotating
field is found to be only a small fraction of the hysteresis loss
per cycle due to the reversal of the magnetic ficld. Thisindicates
that the elementary magnet is free to be oriented inany direction.

Iron, while subjected to a magnetic field, has been examined?
by z-rays and it seems probable that the molecules or atoms of
iron are not turned around. The elementary magnet is more
probably a single electron or a small group of electrons that can
turn together within the structure of the atom. Ewing has a new
model illustrating this.?

286. Effect of Temperature.—When iron is warmed, it is usu-
ally more easily magnetized by small values of I/, but it does not
reach as high values of B for larger values of II. Above a red
heat the values of B are not much larger than for other substances.

In general, the hysteresis loss of energy per cycle diminishes
when the temperature increases.

287. Eddy Current Loss.—There is another cause of energy
loss in iron besides that due to magnetic hysteresis. This is the
heating by the electric currents that are induced in the solid
metal by the changing magnetic flux. This is reduced by using
thin sheects of iron or steel, but it cannot be wholly climinated.

! CompTON and RoGNLEY, Phys. Ren., vol. 16, p. 464, 1920.
2 Proc. Roy. Soc., Edinburgh., vol. 42, p. 97, 1922,
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The energy loss due to the eddy currents is proportional to the
squarc of the frequency of reversals, and for high frequencies
may exceed the loss due to hysteresis.

The total loss can be expressed as

W = af + bf?,

where f denotes the frequency. If W can be measured (by watt-
meter or calorimeter) for two different frequencies, the constants,
a and b, can be determined. The hysteresis loss, af, can then be
compared with the loss, bf?, due to the eddy currents.

288. Demagnetization of Iron.—Whc¢n a ring of iron has been
magnetized by a current and the current discontinued, the iron
still retains a large part of its magnetism, as shown by the point
D, Fig. 143. To wipe out the effeect of this magnetization
requires a process of demagnetization.

Simply removing the current has little effect. Reversing the
current. leaves the iron as strongly magnetized in the other
direction. If the current is reduced slightly (not over 10 per
cent), and the iron carried around the hysteresis cycle eight or
ten times with this reduced current, the final hysteresis loop will
be similar to the original loop, but a little smaller. The current
can then be reduced a little more and the iron carried around a
stiil smaller loop, and so on.

Many reversals are desirable but, having regard for the labor
and time involved, ten are approximately sufficient, especially if
they are slow! enough to allow the eddy currents to die away
between cach reversal.  This requires smaller steps and slower
reversals on the steep part of the B-I1 normal magnetization
curve. The allowable speed of reversals can be determined as
follows: Let ¢ be the number of seconds between one reversal
and the next. Then with the arrangement as in Fig. 137, let
the current be reversed, and ¢ seconds later close the galvanometer
key, K’. If there is any sign of a defleetion from the changing
flux, ¢ is too short, and the reversals should be made more
slowly. Alternating currents are useless except for fine wires
or very thin sheets of iron or steel.

289. Normal Magnetization Determination During Demag-
netization —-In this way the magnetization of the iron can be
decrcased a little at a time until it has been reduced as much
as desired. At any stage in the process, after reversals with

v8mrri, Demagnelization of iron, Phys. Rev., vol. 10, p. 284, 1917,



244 ELECTRICAL MEASUREMENTS

a current I, the iron is magnetized as strongly as though the
demagnetization had been completed and then the current, I,
applied and reversed a few times. It is, therefore, possible to
take the readings for a curve of normal magnetization during
the process of demagnetization, and with the saving of consid-
erable time and effort.

290. Magnetic ‘Poles.”—Inasmuch as magnetic “poles”
appear only at surfaces where magnetic flux passes from one
substance to another of different permeability, it should not be
necessary to use the idea of poles at all. Of course there are
many problems where the mathematical calculations are very
greatly simplified by considering the action of poles, but every
case of a piece of material turning or pointing in a certain direc-
tion is merely the effect of electronic currents tending to move
across the magnetic flux in their neighborhood in the same way
that the coil of a galvanometer turns because there is a force of

dF = BIdL

exerted on each element of the circuit, dL, tending to make it
move at right angles both to the direction of B and to its own
length.

The idea of a magnetic pole is simple and it has long been used.
The fundamental units of magnetism were defined in terms
of a ‘“unit magnetic pole’” and the idea may still be useful in
discussing the relations of magnetic quantities. The unit pole
stands for a bundle of 4r maxwells radiating from a point, and
the expression “unit pole” is a short way of describing such a
bundle of magnetic flux.



CHAPTER XIV
INDUCED ELECTROMOTIVE FORCE

291. Electromagnetic Induction.—When the current flowing
through a circuit is started or stopped, or changed in any man-
ner whatever, it is observed that other currents are set up in all
of the other closed circuits which are near the first one. If
some of these circuits are not closed, the tendency to produce a
current is present just the same, but, being open circuits, no
current results. In other words, an E.M.F. is induced in every
conductor near a circuit in which the current is varying If a
current in the sccond circuit is varying, there will be a corre-
sponding E.M.F. induced in the first circuit. This action is
called mutual induction.

QQ0>]

I'1a. 145.— Mutual induction.

292. Laws of Mutual Induction.—A very satisfactory study
of mutual induction can be made with a pair of coils and a
sensitive ballistic galvanometer, connected as shown in Fig. 145.
One of the coils is joined in series with a battery, an ammeter, a
key, and a rheostat, », for varying the current over a wide
range. This is called the ¢ primary circuit,” and whichever coil
is used in this circuit is called the ‘primary coil.” The other
coil, called the ‘“secondary,’” is connected in series with the galva-
nometer and a resistance box. In order that the current may
be varied without affecting the galvanometer when a reading is
not desired, a switch or key, K’, will be required in the secondary
circuit.

245
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It is also desirable to open the secondary circuit before making
the reverse change in the primary current, in order to avoid
deflecting the galvanometer to the other side of its resting point.
There may be a shift of the zero, or resting, point of the galva-
nometer after it has been deflected in the opposite direction. In
this case the first two or three readings in either direction should
be discarded. In taking a series of readings it is best to keep the
deflections in the same direction and never allow the galva-
nometer to swing across zero to the other side. If this precau-
tion is taken the zero position should be quite constant.

293. The Effect of Varying the Primary Current.—The
first part of this experiment is to study the relation between the
change in the primary current and the resulting deflection
of the galvanometer. The primary current is adjusted to such
a value that closing K, with K’ closed, of course, will give a
fairly large deflection. Note the effect of opening K''; .also
the effect of closing K’ first, and then closing K.

The actual value of the current has no effect upon the deflec-
tion, as this is the same when the current is changed from zero
to 1 ampere as when the change is from 4 to 5 amperes. If a
primary current of 1 ampere is reversed, the change in the current
is evidently 2 amperes, and the deflection will be twice as great
as for either making or breaking the circuit.

Law I.—The quantity of electrons flowing through the secondary
circutt depends directly upon the change produced in the primary
current.

To investigate this relation, the rheostat, r, is adjusted to give
the largest current that is to be used, and I and P are sct so as
to make the corresponding fling of the galvanometer as large
as can be conveniently measured. Starting with this current,
the deflection is read when the circuit is closed. The reverse
kick of the galvanometer is avoided by opening K’ as soon as
the reading is obtained, and then opening K”. This reading
should be repeated to make sure of consistent results. The
current should be kept flowing as little as possible to avoid
heating the coils—especially changing the resistance of the
secondary coil by warming it. The current is now reduced
about 10 per cent and another set of readings obtained, and
80 on until the current is reduced to zero.

If the scale readings are not proportional to the quantities of
electrons discharged through the galvanometer, it may be neces-
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sary to correct them by the use of a calibration curve. The
corrected readings are then plotted as ordinates against the
corresponding changes in the primary current. This should be a
straight linc passing through the origin, an represented by the
equation,

d = al, (1)

where a is the slope of the curve. The value of a depends upon
the number of turns of wire in the primary and secondary
coils, and it also contains as one factor the reciprocal of the resis-
tance of the seccondary cireuit.,

d

(0] I

Fi1a. 146.—d shows the quantity of electrons through a constant-resistance
secondary circuit when a primary current of I amperes is started or stopped.

294. The Effect of Varying the Secondary Resistance.—The
second part of the experiment deals with the effect of changing
the secondary circuit. Keeping the primary circuit constant,
so that there will be the same change in the current each time
the key is closed, a series of deflections are obtained by using
different resistances in the secondary circuit. At each step
two or three readings are taken in the same way as before. All
of the resistance in this circuit should be measured under the
conditions of the experiment, especially if the coil has been
warmed appreciably by the current in the adjacent primary.

The galvanometer should not be joined directly in series with
the rest of the circuit, for when the resistance of this circuit is
varied, it will alter the damping factor of the galvanometer, and
therefore its deflections will not be proportional to the quanti-
ties of electrons that are discharged through it. This trouble
can be avoided by using a constant damping shunt consisting
of two resistances, P and Q. P should be a few ohms, as many
as necessary, and P + @ sufficiently large to give criticaldamping
to the galvanometer, that is, as large as possible and still keep
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the swing of the mirror aperiodic. A universal shunt of the
proper resistance may be used for P + Q.
The total resistance of the secondary circuit is

RP=R+h+p,

where h denotes the resistance of the secondary coil, p the com-
bined resistance of the galvanometer and shunt, and R is the
additional resistance in the box, R.

1
d B

-

o’ o R
Fi1c. 147.—When a given primary current, Io, is started or stopped, the

quantity of electrons through the secondary circuit is inversely as the secondary
resistance.

It will be found that the deflections become larger as R’ is
made smaller by decreasing the resistance in I; and plotting

. . | S . .
the corrected deflections against V'L will give a straight line

passing through the origin, as in the first part. Inasmuch,
however, as R is the only observed part of R’, and h + p may

s . 1 . .
be unknown, it is more satisfactory to plot d as ordinates against

the corresponding values of R. This will give a straight line as
before, but not through the origin. Extending this back to the
axis of R, it will intersect it at a point A 4+ p ohms behind the
origin of R; hence this point is the origin of R’.
The relation between d and R’ is given, then, by the expression,
; - bR, or d= 5-11? @)
where R’ is the total resistance in the secondary circuit and
b is the slope of the line, O'B. The value of b depends upon the
number of turns in each of the coils, and it also contains as one
factor the constant value of the current which was made and
broken in the primary circuit when the deflections were observed.
Law I11.—The quantity of electrons flowing through the secondary
circutt varies inversely as the resistance of the circuzit.
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From these two relations it is seen that the complete expres-
sion for the relation between the deflection, the change in the

primary current, and the resistance of the secondary circuit
is

1
d = fRI’ (3)
where f is the proportionality factor. Evidently, 1‘% is the a

of Eq. (1), if R’ is the constant resistance of the secondary
circuit when curve A was determined. Likewise, fI is the

1 . . .
B of Eq. (2), if I denotes the change that was made in the primary

current when curve B was determined.

The ballistic galvanometer indicates the passage of a quan-
tity of electricity through it, and from the nature of the circuit
to which it is connected it is scen that this quantity does not
come from the discharge of a condenser, but represents the
passage of a transient current. And, furthermore, if there is a
current in the secondary circuit, there must be an E.M.F. causing
this current.

In Art. 238 it was shown that an E.M.F. is induced in a wire
which cuts across a magnetic flux. In the present case, as
well as in the experiments of the preceding chapter, the wire is
stationary while the flux cuts across it. When this wire is
wound into a coil of n turns, the flux cuts the wire in each turn,
thus inducing an E.M.F. in each turn.

The total £.m.F. induced in the coil is, then,

_ 08,

where ¢ denotes the flux linked with the n turns of the coil.
This is the k.M.F¥. causing the current through the galvanometer
and the secondary circuit. In case the same flux does not pass
through each turn of the coil, the two factors, ¢ and n, of the
flux-turns cannot be separated, but this quantity, ¢n, must then
be considered as a summation extending to all the turns of the coil.
296. Meaning of Mutual Inductance.—The two coils, T and S,

Fig. 145, are similar to the primary and secondary windings on the
iron ring Z, Fig. 144, except that now the magnetic circuit is
wholly of air. The M.M.F. due to the current in T is 47 Ni’, and
this causes a flux,

_ 4xNY

~ "Reluctance’
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through this coil and the surrounding air. The portion, ¢, of
this flux passing through the n turns of coil S depends upon the
relative position of the two coils. Let p denote this fraction.
Then ¢ = p®, and the k.m.¥. induced in this coil by the change
in the primary current is

_d(p®n) _ d (4xNI\ _ 4rpNn Y
= pnm(A

LA W L e S LA 5
dt Rel. Reluctance dt (5)
Writing a single symbol for these various constants,
di’ .
c=M a’ (6)

where the coefficient, A1, is called the coeflicient of mutual induc-
tion, or simply the mutual inductance of the pair of coils.  This
equation indicates the units in which the mutual inductance,
M, should be measured.

Definition.—The c.c.s. unit of mutual inductance is the induc-
tance between two circuits so arranged that an E.M.F. of one c.G.s.
unit 1s produced in one of them when the inducing current in the
other changes at the rate of one c.a.s. unit of current per second.

296. Relation between the C.G.S. Unit and the Henry.—
When e is expressed in volts and ¢ in amperes, Eq. (6) is still
true if M is expressed in terms of the proper unit. This unit is
called a henry! and is defined as follows,

Definition.—One henry of mutual inductance s the induc-
tance between two circuits when an E.M.¥. of one volt is produced in
one of them when the inducing current in the other changes at the
rate of one ampere per second.

Since a volt is 108 c.¢.s. units and an ampere is 10~! ¢.G.s.
units, a henry becomes equal to 10° c.:.s. units of inductance.

297. Quantity Passing through the Secondary Circuit.—
When the current is started or stopped in the primary coil of a
mutual inductance, the B.M.¥. in the secondary rises quickly to a
maximum value and then subsides to zero. Iven the maximum
value is not constant for the same change in the primary current,
but depends upon how quickly the current is made to change.
Likewise, the secondary current is not definite either in amount
or duration. The one thing that is definite is the quantity of
clectrons, @, that passes along the secondary circuit when a
given change, I, is made in the primary current. This is the
same whether the current is changed quickly or slowly. '

1 Joseph Henry, American physicist, 1797-1878.
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Let e denote the instantaneous value of the £.M.F. induced in
the secondary coil at the time, {. Then, as shown above, the
E.M.F. induced in the secondary coil is

Expressed in terms of the current, 7, that flows in the secondary
circuit, this is
C = II) + [Jd*z
Equating these two values of e gives
di’ oo o dt
AI(H’- = lllv T L(?t
Integrating this equation with respect to the time,

q=Q
/]ll f]l’z(lt + ‘/deL = Iﬂf{lq + Lf(ll =
q 13

where the integration is extended from the time, ¢, before the
primary current begins to flow, till the time, ¢/, when the primary
current has reached its steady value, I, and the secondary current
has died away to zero.

Therefore,

MI = RQ, (M)
or, solving for the value of Q,
MI
Q="5 (8)

in ¢.G.s. units,

If I is expressed in amperes, R in ohms, and M in henrys, then
 will be given in coulombs.

298. Secondary Definition of Mutual Inductance.—The induced
E.M.F. has been expressed above in two different ways, »z.,

d di
—e=n ~dd;— and —e =M Qi
Equating these two values and integrating gives
on = MI,

where ¢n denotes the flux-turns in the secondary due to a steady
current, I, in the primary.
Solving for M gives

[ ="
M =75

This equation leads to a secondary definition of M that
is often useful, and it gives another view of mutual inductance.
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The mutual inductance of a pair of coils is measured by the flux-
turns through the secondary per unit of current in the primary.
This gives M in c.G.s. units.

299. Meaning of Self-inductance.—It is but a step from
considering the action of a current on an adjacent circuit to the
case of action upon the same circuit. If the second circuit
above were included as a part of the primary circuit, then the
induced E.M.F. would be in the same circuit as the inducing
current, and in a direction opposed to it. Furthermore, this
same kind of action would appear in every turn of the primary
coil, the current in each turn inducing an E.M.F. in each of the
other turns. The total E.M.r. induced in the circuit by the
inducing current is

di

e = —L(—l-t,

where the — sign means the same as before and L is a constant

depending upon the number of turns and the dimensions of the

circuit. It is called the *self-inductance’ of the cireuit and is
measured in henrys.

Definition.—One henry of self-inductance s the inductance in
a circuit when an E.M.F. of one volt 1s produced by the current
changing at the rate of one ampere per second.

There is also the c.a.s. unit of self-inductance. The henry
is 10° times the c.q.s. unit.

300. Secondary Definition of Self-inductance.—The induced
E.M.F. of self-induction is expressed by two different relations,
nz.,

de d

i
e= —ng and e= —L-d~’- (1)
Equating and integrating these expressions gives
LI = n¢, (2)
from which
i
L=~ (3)

This shows that the self-inductance of a coil is measured by the
number of flux-turns through it when carrying a current of one
C.G.8. unit.

For one henry there would be a billion maxwell turns when
an ampere flows in the wire.
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301. Effect of Iron in the Magnetic Circuit.—These definitions
of inductance presuppose that p is constant, and that ¢ is pro-
portional to the primary current. This is the case in air. When
iron is near the coils, the inductance is no longer constant, but is
different for each value of the current. From Egs. (1) above,

di _ d¢ _ dodi
Lo =4 ="& @
or
IJ = n;?’
which might be called the instantaneous value of the inductance.
When ¢ is proportional to ¢, this reduces to the second definition
given above, but this is not the case with iron in the magnetic

circuit. By referring to the magnetization curves for iron it is

seen that ? and ((iqub are not the same. In this case the value of
L varies from point to point as the current changes, and the two
forms of definitions give different values for the inductance for
the same value of the current, which, moreover, are not the same
for a decreasing current as for an increasing current. The choice
of the proper definition for any particular problem is decided by a
consideration of the attending circumstances.!

302. Starting and Stopping a Current.—When a constant
E.M.F., E, is applied to an inductive circuit, Fig. 148, the cur-
rent starts at the value zero and increases to its final steady
value. While the current is
thus increasing, there is in-
duced in the same wire an
E.M.F., the value of which is

@ . .
Fi1a. 148.—A circuit containing resis-

This E.M.F. isin the direction tance and inductance.
that will oppose the change
in the current. For an increasing current, it is directed in
opposition to the E.M.F. that is causing the current to flow.
When the current is decreasing, this induced E.M.F. helps to

maintain the current. It is then added to E, but it is still written

as —Lg—: because di is now negative and this makes the whole

e = —L

expression positive.

t STARLING, ‘‘ Electricity and Magnetism,” p. 302.
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Let R denote the resistance and L the self-inductance of a cir-
cuit to which E is applied. The sum of all the potential differ-
ences in the circuit is

| . di
This equation is often written in the form
v e di

which shows that while a part, 7, of the applied .M.F. is effec-
di
dv
to make the current increase. This equation is very important
in all discussions of varying currents.

303. Value of the Current.— Solving Iiq. (2) for the value of
the current at any instant after the steady k.M.r. has been applied
gives

tive in maintaining the current, 7, another part, +L ,,, is required

E-1%
dt
R S (1)
which is fully analogous to Ohm’s law for a steady current.
At the start, when the current is changing most rapidly,
the second term in the numerator is nearly equal to E. As the
current. approaches its final value, it changes more slowly, the
induced k.M.F. becomes less and less, and, finally, the steady

]

value of the current is 7 = 1:3

304. Dying Away of a Current.—Suppose that a steady cur-
rent has been flowing in a circuit when, suddenly, the battery,
or other source of E.M.F., is removed without breaking the
circuit or in any way changing its resistance or inductance.
Equation (3) now becomes

L, di
0=Ri+Ly (5)

iz

and the current thus left to itself dies away to zero, as is shown
by the following relations:
Rewriting (5) to separate the variables,
dv R
7= -—-Zdl. (6)
The integral of this is

. Rt
logi = -7 +¢ )
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or, in the exponential form,
Rt

i=Ce " (8)
The value of the constant of integration, C, is given by the fac
that at the start, when ¢ = 0, the current had the value I.

Putting these values in (8) gives I = C. Therefore (8)

becomes
_ Rt

i=1Ie - (9)

From this equation it appears that it is the self-inductance that
prevents the current from falling to zero immediately, and the
greater the self-inductance the more slewly will the current die
away. If it is desired to statc how rapidly the current decreases,
it is necessary to state how long it takes for the current to fall
to half value—or to some other definite fraction of its original
amount—since the value of ¢ from (9) will reach zero only after
an infinite time.

L

When ¢ has the value i the current equals f; or

2%@! and
this interval in which the current falls to 0.368 of its original
value is called the time constant of tle circuit.

306. Beginning of a Current.—When a circuit containing an
E.M.F. is closed, the current rises from zero to its final value at
a rate depending upon the self-inductance in the circuit. This
rate of increase can be found from the equation

C o di
K -—11’1+Ld—t'

Separating the variables gives this in the form
—di R
PR

17

the integral of which is

]()g(? —-1) = _ht + ¢,

L
or,
) Rt

The constant of integration is determined by the condition
E .
that when ¢ = 0, i = 0. Hence, C = R I, where I is the

final value of the current.



256 ELECTRICAL MEASUREMENTS

Therefore,
Rt

i=1—1T¢ L,
Here also it is seen that it is the sclf-inductance that keeps
the current from rising suddenly to its full value as soon as the
circuit is closed. The greater the self-inductance in comparison
with the resistance, the more slowly will the current rise, but
it never quite reaches its maximum value. Therefore in com-
paring different circuits it is necessary to compare the periods
taken for the currents to rise to half value—or to some other

definite fraction of the final steady values. When ¢ = ?Iéthe

current lacks el of its final value, and this period in which the

current rises to 0.632 of its maximum value is called the time
constant of the circuit.

Problems

1. Given a circuit in which the resistance is 10 ohms, and the self-inductance
is 0.01 henry, draw a curve showing the rise of the current for the first
0.004 of a second after applyipg a steady e.M.F. of 100 volts.

2. The above circuit is placed in parallel with a non-inductive resistance of
10 ohms, when the current in the main line is 20 amperes. Draw a curve
showing how the current dies away in the parallel circuits when the main
line switch is suddenly opened.

The logarithms which appear in the equations through the
process of integration are, of course, not the common logarithms
with the base 10, but are the natural logarithms with the base
e = 2.7184-. The following table will be useful in finding the
time at which the current will have a given fraction of its maxi-
mum value.

Example.—Suppose it is desired to find the time at which the
current in Problem 1 has risen to three-tenths of its maximum

Rt
value. In this case, then, ¢ Z = 0.3, and this value is found in
the first column of the table. In the last column is given the
value of the exponent, — sz = —1.204, which is the natural

logarithm of 0.3. Therefore,
L
r
This procedure is simpler than the computation to find the value
of the current at an arbitrarily chosen time.

t = 1.204,, = 0.001204 second.
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Stort TABLE or NaTuraL LOGARITHMS
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Natural logarithms

Number
SR Numerical value

€ L Tabular value _ Rt

L
0.90 9.895-10 -0.105
0.80 9.777-10 —-0.223
0.70 9.643-10 —0.357
0.60 9.489-10 —0.511
0.50 9.307-10 —0.693
0.40 9.084-10 —0.916
0.30 8.796-10 —1.204
0.20 8.391-10 —1.609
0.10 7.697-10 —2.303
0.07 7.341-10 —2.659
0.04 6.781-10 -3.219
0.01 5.395-10 —4.605




CHAPTER XV
MEASUREMENT OF SELF- AND MUTUAL INDUCTANCE

306. Effects of Variable Currents.—The inductance of a
circuit is not in evidence when steady currents are flowing.
It is only when the current is started or stopped, or made to
vary in some other way, that the effect of inductance is made
manifest and it is through the measurement of such effects that
the value of an inductance can be determined. In Chap. XVII
several methods are given for measuring inductance when the
current varies as a pure sine wave and the conditions for a
balance are determined by graphical methods. The conditions
for a balance can also be found by analytic methods, and for
currents that vary in any manner whatsoever. Even though
similar bridge arrangements may be considered in both methods,
it will be simpler to study the analytic
methods together in this chapter, and
bring the graphical methods together
in Chap. XVII.

307. Comparison of Two Self
Inductances.—The self-inductance of
a coil can be measured by the bridge
method, using variable currents. A

(o] , . .
Induction Coll Wheatstone bridge arrangement is set
2006000 up as shown in Fig. 149, with the coil

J to be measured as one arm of the
SII

bridge and a variable standard of self-

inductance inthe corresponding arm.

. The other two arms consist of two
Fia. 149.—Comparison of two . . . .

self inductances. noninductive resistance boxes which

can be adjusted to balance the bridge.

A galvanometer, G, and a battery, B, are connected in the

usual way with the double key, K’, K.
In order to use variable currents, the secondary of an induction
coil, or other source of alternating current, is connected to the

bridge at the same points as the battery, without disturbing the
258

B K"

—
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latter connections. The primary of this induction coil is con-
nected to the battery through the switch, S”. The same
battery can serve in both places, since it will not be needed in one
circuit while the other is being used. As an ordinary galva-
nometer is not deflected by an alternating current, a telephone
receiver is connected between B and C by the switch, S’. Thetwo
switches, S’ and S”, may well be the two blades of a double-
pole switch which will close both circuits by a single motion.

The induction coil should be enclosed in a well-padded box
to reduce the noise as much as possible. By listening at the
telephone receiver while the inductance »t the standard is varied,
the position for a minimum sound is readily determined. Before
recording the readings, the direct-current balance should again
be tried to make sure that the resistances have not changed while
the second balance was being made. The contacts in the
variable standard are not always constant, and perhaps other
changes may occur. A Wheatstone bridge can be balanced for
varying currents only when both the resistances and the induc-
tances are adjusted to the proper values.

The relation between the inductances and resistances which
will give this double balance may be found as follows: Writing
the instantancous values of the potential differences for the circuit
ABCA at any instant when the currents are 7 and ¢’ gives

Pi— R — L ng =0. (1)
Similarly, for BDCB
‘!
Qi — R — L ({}7 =0, (2)

since there is no current from B to C, as is indicated by no sound
in the telephone.

Transposing and dividing (1) by (2)

N
o ri-rir ! (i - PJ)_rp
L" Q- R . RN Q
Q(L 0 )
since the resistances are adjusted for a direct-current balance

R R
and therefore p = Q
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Thus for a balance with varying currents, the triple equation

L' "R P
I""R"~Q
must be satisfied.

This means that each of the inductive arms of the bridge
must be equally inductive, or, in other words, the henrys per
ohm must be the same for each arm in order to give a balance
with variable currents. All of this is on the supposition that
L’ is a constant, t.e., contains no iron or other magnetic sub-
stance. It is seen that the balance is independent of the
particular way in which the currents are made to vary.

In case no balance can be obtained within the range of the
standard, some non-inductive resistance may be added to the
more inductive of the two inductive arms. And by varying
this resistance several readings may be obtained on different
parts of the scale.

308. Grounding the Telephone.—Each time the current
changes in the inductance bridge, Fig. 149, there is a corresppnd-
ing change in the potentials of the various parts, and if these
parts have any capacitance there is also a change in their elec-
trostatic charges. The currents due to these varying charges
are usually too small to produce a noticeable effect in the arms of
the bridge, but if they pass through the telephone it may cause
an audible hum and make it impossible to secure silence when
the bridge is balanced. It is desirable, therefore, to have the
telephone receivers remain at the potential of the earth, and this
can be accomplished without actually connecting the telephone
to the ground.

Let a potential divider be connected from A to D, Fig. 149,
in parallel with the bridge and let the point b divide it in two

parts, p and ¢, having the ratio g Then if b is grounded, B

and the telephone will also be at the potential of the earth. By
connecting the telephone temporarily between b and B, the poten-

tial divider can be set so that Z = g If the arms, @ and R’, of

the bridge were interchanged it would require an inductance in
one part of the potential divider to make it similar to the path
ABD. This grounding device is shown in Fig. 184 for a capacl-
tance bridge.
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309. Potential Changes in the Bridge.—The potential changes
of the points 4, B, C, and D on the bridge of Fig. 150 immediately
after the closing or the opening of the battery key, K", can be
studied in the same way as was done in the case of the capacitanc:
bridge of Fig. 122. Such a study helps to give a clear idea of
what is going on in the bridge when the currents are changing,
and it is well worth while to think through the various changes
in potential when one point, A, B, or D, is grounded.

310. An Inductance Bridge.—An inductance bridge box is
made by Leeds and Northrup, and in general appearance

F1a. 150.—Diagram of the inductance bridge

resembles the Wheatstone bridge box made by the same firm.
The ratio arms are similar in the two boxes and each has a rheo-
stat arm, but as the actual resistance in this arm is immaterial
in the inductance bridge, the fine adjustment is made by two
small circular rheostats, each having many steps. The ratio
arms correspond to P and @ of Fig. 149, while the rheostat arm
of variable resistance is connected between the two inductance
coils as shown in Fig. 150. By means of a plug key, the galva-
nometer connection, C, may be joined to either C’ or C", thus
putting the resistance, R, in serics with either R’ or R’ as desired.
The resistance balance is easily made by varying R, after which
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the inductance balance is obtained by varying L’. The value
of the unknown inductance is, then,

= 9

where g is an integer power of 10.

311. Comparison of a Mutual Inductance with a Self Induc-
tance.—The preceding method gives also a very satisfactory
way of measuring the mutual inductance between two coils.
Call the self-inductances of the coils L,, and L,, and their
mutual inductance M. The r.Mm.F. induced in these coils
when connected in series and carrying a current ¢, is

di
™dt

di di di

di
LY A i 1-°0 —= , , IATY .
L + J[dt + L"dt + ‘)‘[dt (Im + I,, + ul‘[)dt.

. i, . .
But the coefficient of ;: is, by definition, the inductance

of the circuit, and if the two coils thus joined together in series
were made one arm of the bridge shown in Fig. 149, the induc-
tance measured by that method would be

Lo = L+ L, + 2M. (1)

If one of the coils were reversed, the e.M.r. induced in each
coil by the mutual inductance of the other would be reversed
also, and therefore the inductance measured by the bridge in
this case would be

L.=Ls,+ L, —2M. 2)
Subtracting (2) from (1) gives
IJ, - L,- = 11‘1.

Hence to determine the mutual inductance of a pair of coils
it is only neccessary to measure the self-inductance of both to-
gether when joined in secries—first with the coils direct, and
again with one of the coils reversed. One-fourth of the differ-
ence between the two inductances gives the value of the mutual
inductance.

312. Measurement of a Self Inductance by Means of a
Capacitance. Maxwell’'s Method.—In this method the self-
inductance to be measured is placed in one arm of a Wheat-
stone bridge, the other arms of which should be as free from
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inductance as possible. By closing the keys in the usual order,
the bridge can be balanced for steady currents giving the relation
PS = QR. (1)

But if the galvanometer key is closed first, there will be a large
deflection upon closing the battery key even though the bridge
is balanced for steady currents. This is because the current
through the inductive branch, ABD, Fig. 151, does not reach its
full value as quickly as the currgnt through the non-inductive
branch, AED, and, therefore, just at the start the fall of potential
over S is not as great as that over 2. This effect can be balanced
by a suitable inductance in P,
as was done in Art. 307 or by
placing a condenser in parallel
with 2, as shown in Fig. 151.
With the condenser so placed,
a large part of the current
through P, just at the start,
will flow into the condenser
and therefore the fall of
potential over R will not be as
large as it would be without
the condenser. If the ca-
pacitance of the condenser is  Fis. 1531.—Comparison of capacitance
of the proper amount, this and self inductance.
latter effect will just equal the effect of the coil in reducing the
current through S, and therefore the potentials of B and E will
rise together. In this case there will be no deflection of the gal-
vanometer, even though its key is closed first, and a telephone
or other current detector will indicate no current through the
branch, BE.

When such a balance has been obtained we can write for the
circuit BAEB at any one instant

dis

Qis + Ld[ —Pi,=0 2
and for DEBD
Ri —8Si:=0 3)
where
dg .

I —z+gi(CRi)=z'+CRZ—:: (4)

dt
since both the current, 7, through R, and ¢’ flowing into the con-
denser, are added together to make the current, 7,, through P.
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Substituting in (2) the value of 7; from (3) and ¢, from (4)
gives

Ry R di . di
QF‘FLS—EI—t—P(z-I—CRa =0
or
. di di
(PS — QR)! 4+ PCRS i LR ar (5)

But because of the direct-current balance (1) this reduces to

L = PS8C, (6)
and the bridge is balanced when S has the value required by
(6) in addition to the requirement of (1). Since PS = QR,

%= RC. But g is the ‘““time constant’” of the branch

AB, and RC is the ‘‘time constant of the branch ED. The
bridge is balanced for varying currents when these two time
constants are equal.

In practice, then, the bridge is first balanced for steady
currents. Then, with K, closed, the balance is tried by closing
and opening the battery key, K,. If the value of C is not just
right to give a balance with varying currents, and if it cannot be
varied, its effect can be varied by changing B. This will neces-
sitate a corresponding change in S and another trial with varying
currents until this double balance has been obtained. A tele-
phone can be used in place of the galvanometer for the second
balance if alternating currents are used. Or if the apparatus is
at hand, it is convenient to use the alternating-current generator
with a commutator on the same shaft for rectifying the galva-
nometer current. The 140 volts generated by the machine is
entirely too much to use directly on good resistance boxes. By
means of a transformer, the voltage can be reduced to 12 volts
and this can be used instead of the battery shown in Fig. 151.

PRACTICAL APPLICATIONS OF MAXWELL'S METHOD

313. Case A. Self Inductance Varied. Calibration of a
Variable Standard of Self-inductance—The double balance
required in the previous experiment makes the method long
and tedious. But if @ is a variable self-inductance, some value
of L can be found for each steady current balance. The method
is therefore very useful in the calibration of a variable self-
inductance.



MEASUREMENT OF SELF- AND MUTUAL INDUCTANCE 265

The operation of the calibration is simple. A direct-current
balance is obtained with values of P, S, and C which will give a
product equal to the value of L it is desired to calibrate. Then,
turning to alternating currents, the inductance is varied until 2.
balance is obtained. If L’ is the reading at this point, the
correction to be applied is

¢ =PSC - L'.

A calibration curve should be plotted between L’ as absciss®e
and the corresponding values of ¢ as ordinates.

314, Case B. Resistance Varied. Inductance of a Single
Coil.—In case the self-inductance to be measured is not vari-
able, but is a coil having a fixed and constant value for L, the
balance can readily be obtained as follows: Let R and S, Fig.
151, be two similar decade resistance boxes so that the resistances
of these two arms of the bridge can casily be kept equal to each
other. Start with some convenicnt value, such as £ = 8 =
1,000 ohms.

In order to obtain the direct-current balance, it will now
be necessary to make P = . Usually @ is not very large, and
if P is a resistance box the balance can be obtained only to the
nearest ohm. The final balance can be made by adjusting a
low-resistance rheostat in series with the coil and forming a
part of the arm, Q. The amount of resistance used from this
rheostat, as well as the resistance of the coil itself, need not be
known, but it is essential that the rheostat be non-inductive.

The battery and galvanometer are now replaced by an alter-
nating E.M.F. and a current detector. By varying R and S
together, thus keeping them equal, the alternating-current bal-
ance is readily found and the value of S giving this balance is
the one required in Eq. (6). If R and S are two similar decade
boxes, as specified above, they can be kept equal and the balance
found as easily as though a single resistance was varied. If
several independent determinations of L are required, a small
resistance may be added to Q each time and the measurements
repeated.

If it is desired to measure L when the coil is carrying a certain
constant current, P and R can be set equal to each other and the
direct-current balance obtained by adjusting S and Q. By main-
taining a constant alternating-current voltage at. AD, the current
through Q will remain constant while P and R are being adjusted
to give the alternating-current balance. This arrangement is
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especially desirable when the coil has an iron core, or whenever
the value of L depends upon the current through the coil.

315. Case C. Capacitance Varied.—If the capacitance of the
condenser C. can be changed by several small steps, it is often
convenient to obtain the alternating-current balance by vary-
ing the amount of capacitance in parallel with the resistance, &.
Changing the capacitance of C will have no effect on the resistances
of the bridge, and therefore if once in balance it will not be dis-
turbed by making the alternating-current balance.

If the steps are too large to give an exact balance with varying
currents, the two values nearest the balance can be tried and the
deflections noted. Then the value of the capacitance which
would give the exact balance can be determined by interpolation.
This value of C is to be used in Eq. (6) to compute the value of L.

316. Case D. Effect of Capacitance Varied.—Sometimes it is
necessary to measure the self-inductance of a coil with a con-

s
S
\D

1 ll =
[
— :
F1a. 152.— Arrangement for varying the effect of a condenser of fixed capacitance.

denser of fixed capacitance. In this case the effect of the capaci-
tance can be varied by putting the condenser in parallel with
R plus a part of P. Let P consist of two resistance boxes, T and
W, so arranged that, while the resistance in either may be varied,
yet the total resistance in both shall always be P. Let the
condenser be placed in parallel with B and W as shown in Fig.
152. When the balance has been obtained and no current flows
through the telephone, there will be the same current through R
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and W, and the condenser will be charged to the potential dif-
ference (R + W)i.

Writing the instantaneous potential differences for the circuit,
EAB, gives

Wi+ Tiy — Qiy — 1. ‘flit ~ 0, (1)
where
R/ N
11—z+2—z+(”—-2+(7(R+W)E—t~ 2)

Similarly for the circuit EDB,
Siy = Ri. 3)
Rewriting (1) in terms of a single current, 7, gives

e C e o dr R . R &
Wi+ Fi4 TCR + ”)(Il — Q;,z — L~5; i
At first sight this differential equation looks complicated, but a
particular solution is readily obtained. Tn reality there are only
two terms in the equation, one containing ¢ and the other con-

= 0.

taining (Z If the coeflicients of these two terms were zero, the
d

sum of the two terms would always be zero and the equation

would be satisfied whatever the values of ¢ and Z,; might be.
Setting these coeflicients equal to zero gives
. , I
o+ 1) - Q% =0
A

and
TC(R + W) — 1,1:; -0

as the conditions that must be fulfilled to give a balance. The
first of these is the usual Wheatstone bridge balance for resis-
tances, and the second condition is met when
me R+ W
L=crs 0
For the case when W = 0, this reduces to the formula in
Maxwell’s method, L = PSC.
An inspection of Fig. 152 shows that only the current through
T is modified by the condenser, and as T becomes smaller, the
effect of the condenser in balancing the inductance becomes less.
When this method is used, the first adjustment should be such
that the inductance of the coil is overbalanced by the condenser,
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that is, PSC should be larger than L. Then by varying T and W,

keeping their sum equal to gl_?,, a point will be found for which

S
there is no current through the telephone.
317. Anderson’s Method for Comparing a Self Inductance
with a Capacitance.—In Anderson’s modification of Maxwell’s
method, the effect of the condenser is varied without disturbing

F1a. 153.—Comparison of capacitance and self inductance.

the direct-current balance. The set-up differs from Maxwell’s
method by having a resistance, r, in series with the condenser,
and then connecting the galvanometer at F, Fig. 153, instead of
at E. This makes no difference with the steady current balance,
but with varying currents the effect of the condenser can be
varied by changing the value of r. The alternating-current
generator with its commutator for the galvanometer circuit
can be used to advantage.

When r has been adjusted to give no current through the
galvanometer branch, the potentials of B and F must always
remain equal. Then

PGy + ) + i = Qia + L0 o
where the currents are as shown in the figure. Similarly, for
the other branches

g=&, (2)
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and
Rii=ri+ L (3)
Substituting in (1) the values of 7, and 7, from (2) and (3) gives
g(ri+g)+(P+r)i=Q- ¢4 L dg

SC " SC dt
or
P Q\q Pr . L.
&%) ¢+ (g tP+r)i=ggh )
since
dg .
a s

Making use of the fact that PS = QR from the steady current
balance, (4) becomes

L = PSC 4+ rC(S + Q), 3)
which reduces to Maxwell’s value when r = 0.

318. Direct Comparison of Two Mutual Inductances.—Mutual
inductances are readily measured by comparing the E.M.Fs.
induced in their secondaries. If the current through the primary
coils is direct, the induced E.M.F. will appear at the make and
break of the circuit; while if alternating current is used, there
will be an alternating E.M.F. in the secondary.

In the direct comparison of two mutual inductances the two
primaries are joined in series and connected to the source of
current, preferably a low-voltage alter-
nating circuit. The two secondaries are
also joined in series, with the two in-
duced E.M.Fs. opposed to each other.
The coils should be placed far enough
apart to avoid any induction between
one primary and the other secondary.
This method requires a variable standard F10. 154.—Comparison

. of two equal mutual in-
of mutual inductance and a telephone, ductances.
or a galvanometer and a rotating com-
mutator, to indicate zero current in the secondary circuit. By
turning the movable coil of the standard until the E.M.F.
induced in it is just equal and opposite to that induced in the
secondary of the other pair of coils as shown by zero deflection
of the galvanometer, the value of the mutual inductance can be
read directly from the standard. Thisis evident from the follow-
ing considerations.




270 ELECTRICAL MEASUREMENTS

Writing the instantaneous values of the potential differences
for the complete secondary circuit when not in balance gives, at
any instant, ¢,

dl . di . du Al AL
M’di - R’l - L,dt -G — Lgat - M ’dt - R L'd = ,
where G and L, refer to the galvanometer.

For a balance ¢ = 0, and is constant.

Therefore,
M =M"

It thus appears that only mutual inductances of the same
value as the standard, that is, up to 10 millihenrys, can be mea-
sured by this method. However, the range can be extended by
adding to the variable standard another mutual inductance of
fixed value. This is done by joining the primaries in series and
also the secondaries, thus adding together the k.M.rs. induced in
the two secondaries.

319. Comparison of Two Unequal Mutual Inductances.—
Let M be a pair of coils whose mutual inductance is known and
M' another pair whose mutual inductance is desired. The
primaries of the two coils are joined in series with a battery and
key, the coils themselves being placed as far apart as possible
and at right angles to each other so
that each scondary will be influenced
only by its own primary. The two
secondaries are also joined in series with
two resistance boxes, and a galvanometer
is connected across from B to C. This is
not a Wheatstone bridge arrangement,
for the two E.M.rs. in the two secon-
daries act together and the current flows
Fra. 155.—Comparison of through the four arms in scries.

two mutual inductances. By properly adjusting B; and R,, the
galvanometer will give no deflection when K is opened or closed.
Writing the instantaneous values of the potential differences for
the circuit ABC, gives, at the instant ¢,

dI
ME-R LJ“‘RN«—'GZ—L
and for BDC
. di’”’ . di’ di”’
I e 4, _____ - ’ [, — o 4” ——— =
M dt — R L dt+(h +I"dt Rt I 0,
where L, denotes the inductance of the galvanometer circuit.

"dt
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Integrating each of these equations from the time when the
key is first closed and I = 0, to the time when the primary
current has reached its steady value, F = I,, gives

(R + R)q = MI,, and (R + Ro)¢" = M'I,,

if ¢', the integrated current through the galvanometer, is zero.
Dividing one equation by the other gives

M _ R+ Ry
M R 4+ R,
since ¢ = ¢/, when ¢’ = 0.

In this method the galvanometer current may be zero, but,
in general, it is the sum of two transient currents each of which
has an effect upon the galvanometer even when following one
another in a short interval of time. This produces an unsteadi-
ness of the galvanometer and renders an exact setting difficult,
if not impossible. In order that no current should pass through
the galvanometer, it is necessary that the potential difference
between B and C shall remain zero for each instant while the
primary current is changing, and this requires that the self-
inductance of each branch shall be proportional to the E.Mm.F.
induced in that part of the circuit.

Usually this is not the case, but it is not difficult to add some
self-inductance, L”, in the part of the circuit that is deficient
and thus fulfil this condition. The galvanometer will then
indicate a much closer balance, or it may be replaced by a
telephone, and an alternating current used in the primaries.

If the apparatus is at hand, the telephone may well be re-
placed by a galvanometer and rotating commutator, which
will reverse the galvanometer terminals as often as the alter-
nating current is reversed. This is more sensitive than the
telephone, but it can be used only where the instantaneous
galvanometer carrent is zero for a balance. In other words, this
arrangement indicates zero current. It could not be used in
the first arrangement where a balance was indicated by zero
value of the integrated current.

320. Measurement of a Large Mutual Inductance.—A mutual
inductance that is larger than the standard can be measured by
the arrangement shown in Fig. 156. When variable induc-
tometers of suitable range are available, the method is not so
laborious as might appear, because each of the three balances
is made independently.
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The primary coils of the standard and of the inductance to
be measured are connected in two arms of the bridge as shown.
A variable self-inductance, L', and a resistance, r, are included
with the primary of the larger mutual inductance. The non-

F1a. 156.— Measurement of a large mutual inductance, M’ with a small variable
standard, M.

inductive arms, P and @, are set at the ratio approximately
. M’
estimated for e

The first balance is made with direct currents by varying r
until
K _P
R Q

where R and R’ denote the total resistances in their respective
arms of the bridge.

The second balance is made with 1,000-cycle alternating
current by varying L’ until there is no current through the
telephone. Then

L’ + IJ,, _ ])
L  Q

(With sufficient skill and practice on the part of the operator
both of these balances can be obtained with the alternating
current, by adjusting r and L”” alternately until complete silence
is obtained.)
When thus balanced, the current will divide in the ratio
r_Q
I P
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The two secondaries are now connected in series with the tele-
phone and in opposition in each other, and the standard mutual
inductance varied to give a balance. Then

MI =MT

and
P
M —MQ-

321. Comparison of Mutual Inductances with Direct Currents.
When variable inductances and alternating currents are not
available, mutual inductances can be compared by the direct-

Wil \

Fra. 157.—Comparison of two mutual inductances using direct currents.

current method shown in Fig. 157. Each primary coil is con-
nected in a separate circuit with a rheostat for changing the
current and an ammeter for reading the value of the current. The
two secondaries are connected in opposition to each other and in
series with a ballistic galvanometer or a fluxmeter. The cur-
rents, I and I’, are adjusted to values inversely proportional
to the estimated values of the inductances, and the deflection of
the galvanometer is observed when the switch, S is opened.
For zero deflection,

MI = MT
when these values of the currents are read from the ammeters
just before the switch is opened.

For a more exact comparison of the currents, their ratio can be
determined by the potential divider, AB. P and Q are two accu-
rate resistances of an ohm or two and capable of carrying the cur-
rents. In parallel with the larger fall of potential is placed the
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shunt circuit, AB, which may consist of two good resistance
boxes. For zero deflection of G, the fall of potential over B will
be equal to that over Q. Then

P(I —17) = (A + B):

and
QI' = Bi,

which give

M T QA+B+P

322. Measurement of a Mutual Inductance in Terms of a

Known Capacitance. Carey Foster’s Method.—In this arrange-
ment, shown in Fig. 158, one pair of coils is replaced by acon-
denser, and the transient current from the secondary coil, S,
is balanced against the current that is charging the condenser, C.

F1a. 158.—Comparison of a capacitance and a mutual inductance.

If the condenser were removed, there would be a current from
S through R’ and the galvanometer each time the key in the
primary circuit is closed, and a current in the opposite direction
when the key is opened. With the condenser in place, this
current arrives at C just in time to charge the condenser, or to
help charge it. The final charge in the condenser is

Q=CXV=CRI, m

where I is the final steady current through R. The amount
of this charge is the same whether there is a current through
the galvanometer or not. By adjusting the resistance in R’,
the current through it can be made too small, too large, or
just sufficient to supply the charge in the condenser, the rest
of the charge coming directly through the galvanometer. When
there is no deflection of the galvanometer, the adjustment
is complete, and the arrangement is said to be balanced.
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Writing out the sum of the various potential differences in
the circuit through SR'G gives

dal di di’

Mdt La-t-—b+1f,)z+Gz +Lgdt

(2)
Integrating this between the limits of time, ¢/, just before K is
closed, to ¢/, when the primary current has reached its steady
value I, gives

MI - 8+ R)Q + Gg =0, (3)

where Q' is the total quantity that has passed through R’,
and ¢ is the quantity through the galvanometer. Then, @' +
g = (), the total charge in the condenser. But if the galva-
nometer deflection is zero, then ¢ = 0, and

I=(S+RNQ=(S+ R)CRI

from (1). Hence
M = (S + R)CR.

It is to be noted that the galvanometer current is not required
to be zero for a balance, and, in fact, it usually is not zero for
cach instant from ¢ to t". Zero deflection merely indicates
that the algebraic sum of the quantities passing through the
galvanometer is zero. Nevertheless, the more nearly the galva-
nometer currents are equal to zero at each instant the steadier
will be the zero deflection at the balance.

323. Modification of the Carey Foster Method.—In Art.
367 and Figs. 195 and 196 it is shown that there can be a balance
at cach instant, with zero current through the galvanometer.
This is accomplished by adding a resistance, N, in series with
the condenser. Then, for the condenser circuit, with the nota-
tion of I'ig. 158,

M+g—ku—o=0

or, by differentiation,

‘h+ A +Rg=a (A)
For the circuit through S,
(R + bﬁ+ﬂh—Mﬂ=0. (B)

dt
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Eliminating Sld—lt from (A) and (B) leaves

N+ R LNd 1 R' 4+ 8\. _
5 ~mat (g~ ) ="
This equation is satisfied for all values of ¢ and 3: when
N+R L
R M
and
1 _R’R+S
RC M
or when
M= (R + S)CR
and )
N=pgrlzM L - R.

M~ (R + 8)C

The first of these conditions is the same as was found in the
preceding article. The second condition gives the value of the
resistance that must be placed in series with the condenser to
give zero current through the galvanometer at all times.
convenient to obtain the final balance by varying the value of

the mutual inductance, M.



CHAPTER XVI
ALTERNATING CURRENTS

324. An alternating current is the same as any other electric
current, except that it flows in one direction for only a very
short time; it then reverses and flows in the other direction for
an equally short time. In ordinary lighting circuits there are
from 100 to 300 such reversals each second. In some other
cases there may be many millions of reversals each second.
While the current is flowing in one direction it is the same as
any other current of the same number of amperes. The only
peculiarity of an alternating current is that it is continually
being made to change. And just as a material body cannot
change its velocity from one direction to the opposite without
first slowing down to zero and then starting up in the other
direction, so the current cannot instantly change from its full
value in one direction to the full value in the other, but it requires
some time to die down to zero and then to build up in the opposite
direction. It does not have time to build up very far before it
must begin to decrease again, so there is never a time when the
current is not changing in amount. In fact, the value of the
current as it changes from one direction to the other and back
again goes through the same variations as the velocity of a pendu-
lum bob when swinging to and fro.

326. Tracing Alternating Current and E.M.F. Curves.—In
Chap. VII some methods were given for measuring the current
flowing through a circuit. The same arrangements can be used
to measure the value of an alternating current. Since the
balance point would vary rapidly up and down the slide wire
of the potentiometer, it will be necessary to add some mechanical
device that will close the galvanometer circuit for only an instant
at the particular time when the current has the value that it is
desired to measure. As the current will have the same value
60 (say) times in each second, the galvanometer circuit can be
closed 60 times each second, and this is often enough to produce a
steady deflection of the galvanometer when the potentiometer is

277
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not balanced. Thus the actual setting is made as easily as when
the current is steady.

Let AD represent the slide wire potentiometer, S the resistance
through which the alternating current is flowing, and M the
instantaneous contact maker which closes the galvanometer
circuit for a very short time once in each cycle. Let ¢ denote
the value of the alternating current at the instant the galva-

G
PR

__*’(”L»@
D ic,.—tu

F16. 159. Potentiometer for tracing alternating current curves,

nometer circuit is closed by Af. The fall of potential over S is
then Si, and if C is moved so that the fall of potential over AC
is the same as Si, there will be no deflection of the galvanometer.
Therefore the distance, AC, is proportional to the current, 7.

Now let the contact maker, M, be turned a few degrees so as
to close the circuit just a little later than before. The value
of the current at this point will be somewhat different, and its
value can be found by moving C along till a balance is again
obtained. In this way the values of the current for the com-
plete cycle can be determined, and a curve plotted showing
how the current varies with the time.

When the current reverses and the fall of potential over S is
in the other direction, ¢’ must be moved to the other side of A
to find a balance. Therefore AD’ is merely a second slide wire
potentiometer on which all negative values of the current can
be measured. In this manner the values of the current at
various instants corresponding to the different settings of M
can be measured. These should extend far enough to com-
plete at least one cycle, that is, until the readings begin to
repeat themselves. If the dynamo that is generating the cur-
rent has two poles, there will be one cycle for each revolution
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of the armature. If there are more poles, there will be as many
cycles in each revolution as there are pairs of poles. )

It is abhsolutely necessary that the instantaneous contact
maker, M, closes the galvanometer circuit at precisely the same
point in each cycle. The contact maker is, therefore, placed on
the dynamo shaft, but there is no electrical connection between
the two; but this insures that the contact maker will keep rigid
step with the current.

The curve for the alternating r.M.r. can be traced in the
same manner. Usually the full £.M.F. is too large to be measured
directly by the potentiometer, but by the fall of potential method,
as used in the method for calibrating a high-reading voltmeter,
any small portion of this .M.r. can be obtained. It is then only
a matter of increasing the scale to get the curve of the full
E.M.F. When the current and r.M.F. curves are both drawn on
the same sheet, the phase relation between them is clearly shown.

After tracing the curves for a current flowing through a
non-inductive resistance, it will be interesting to do the same
for a coil having a considerable inductance. This should show
the effect of inductance in making the current ‘‘lag behind the
EM.F.” If desired, the experiment can be further varied by
connecting a condenser in the circuit and finding the effect it
has upon the current and E.M.F. curves.

326. Instantaneous Values of the Current.—When an alternat-
ing current flows through a circuit, there are induced other
E.M.Fs. besides that impressed by the dynamo; and these extra
E.M.Fs. often have considerable influence in determining what
the resulting current shall be. As we have seen, Art. 299,

. . d
because of the fact that the current is changing at the rate of dlt
amperes per second, there will be induced in the circuit an E.M.F.
of — L d; volts. In order to maintain the current, 7, the dynamo
must furnish not only the E.M.F., R7, required by Ohm’s law,
but, in addition, must supply an E.mM:F. sufficient to counter-
balance, at each instant, this induced E.m.r. That is, the
dynamo must supply an E.M.F. whose value at any instant is

, di
e = Ri + L(Tt'

This is the general equation of any current varying in any
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manner whatsoever. Solving this equation for the current
gives
di
e — Lm,

R

which shows that the instantaneous value of the current
is given by the usual form for Ohm’s law—taking into account
all of the E.M.¥s. in the circuit at that instant.

327. Measurement of an Alternating Current.—Instruments,
are seldom made to give the instantaneous value of the current,
but they record some kind of an average value. Evidently,
the arithmetical average of the values of a current which is nega-
tive as much as it is positive would be zero and, therefore, such
an instrument as a galvanometer, or an ordinary ammeter, would
be useless for the measurement of an alternating current. But
an electrodynamometer, or the Kelvin balance, measures the
current equally well whichever way the current flows through it.

328. Relation of the Instrument Reading to the Instantaneous
Values of the Current.—When the current through an ammeter
has a definite steady value, the reading of the instrument depends
upon this value, but when the current is continually changing, the
effect on the moving system is some kind of an average. As
pointed out above, the average of an alternating current may be
zero, but even for a rectified current, which flows always in a
single direction, however much its value may vary, an ordinary
ammeter will never measure the maximum value, but it will indicate
an average value. In the case of an electrodynamometer this
average value is not the arithmetical average of the different
instantaneous values of the current because the effect on the
instrument depends upon the square of the current. The
reading of the electrodynamometer will therefore indicate the
average, or the mean value, of the squares of the instantaneous
values of the current.

The heating and power effects of an electric current are propor-
tional to the square of the current, and therefore the mean square
value measures the rate of heat production or the power developed
by a current. Therefore, the average square of the current is
the value usually required, and instruments giving these values
find the greatest use. If the average value or the maximum value
is required. either of these can be computed from the mean square
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value if the wave form is known. For a sine wave these relations
are simple and can be derived as shown below.

329. Average Value of a Sine Current.—The usual alternating
current follows closely the sine law, and its value at any instant
is given by the equation,

1 = I sin wt,
where I and w are constants.! To find the average ordinate of
the sine curve, it is only necessary to determine the area included
between the curve and the axis of abscisse, and divide this by
the length of the base. Then

L
. area ydzx
Average ordinate = — = yez,
base A

But for a sine curve,

¥ = a sin z.

x w
a . 2a
- sin rdrx - CoOS T = —
™ ™ n
0 0

0,6369 of maximum ordinate.

330. Effective, or Root Mean Square, Value of a Sine Current.
Inasmuch as the heating and power cffects of an electron
current, as well as the dynamometer readings, depend upon the
square of the values of the current, it is more useful to know
the average value of the square of the current than merely its
average value. This can be found in the same way as before.
Since the squares of negative quantities are positive, we are not
limited to half a period, but can extend the integration over the
whole period.

2*7 dx a? ° .
Mean square of y = / "2 = ~2/ sin? z dz.
0 T T 0

But, 2 sin? x = 1 — cos 2z, and
2x

o .
/ in? z de r  sin 2z
S = a— —— =
2
0 0 4

a‘l
Hence, mean square of y = 2 and the square root of the mean

Hence,

I
It

Average ordinate

square value of the current is 0.707 of the maximum value.

! In case the current cannot be represented by a single term, it can always
be expressed by a series of such terms,
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331. Definition of an Ampere of Alternating Current.—Since
an alternating current has no steady value, it is meaningless to
speak of an ampere of alternating current without having some
definite convention or definition. Naturally, an ampere of
alternating current should be able to produce as much heating
or other form of energy as an ampere of direct current. Inasmuch
as the power expended in an electric circuit is proportional to
the square of the current, the average value of 2 is of more practi-
cal importance than the average value of 7. The root mean
square value of the current furnishes, then, the basis for defining
the value of an alternating current.

If an electrodynamometer has been calibrated for direct
current it may be used to measure alternating current, and, by
definition, that amount of current which will give the same deflection
as one ampere of direct current is called one ampere of alternating
current.

332. Alternating-current Instruments.—Alternating-current
ammeters and voltmeters are calibrated to read the effective,
or R.M.$., value of the current because the power expended in a
circuit depends upon the square of the current. The heat
produced in a hot wire ammeter is evidently proportional to the
average square of the current, and the deflection of an electro-
dynamometer (Art. 160) likewise depends upon the average
squage of the current. Therefore, when such instruments are
calibrated to measure direct currents, if they are used to measure
alternating current they will indicate the square root of the
average square of the instantaneous values of the current. This
value is called the ‘“root mean square’ value. It is also called
the ““effective’’ value.

333. To Find What E.M.F. Is Required to Maintain a Given
Current in an Inductive Circuit.—Let an alternating current
flowing in a circuit containing both resistance and self-inductance
be given by the equation

¢ = I sin wt. 1)

It is required to find a similar expression for the x.m.¥. which
will maintain this current.
The general equation is
¢ = Ri + L%,
dt

1 See Art. 302.
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where R7 is the k.M.F. required to maintain the current through

the ohmic resistance, and L g: is the E.M.F. to balance the induced
E.MF.

Substituting the above value of the current gives
e = RI sin wt + Lwl cos wt. (2

A person who remembers a little trigonometry will recall that a
sine and a cosine term can be added, giving a result that has the
general form of
e =k sin (ot + a), 3)

where k and a are constants depending on the values of R, L,
and w.

The values of k and a can be determined in terms of R, L,
and w by expanding sin (wf + a) as follows:

sin (wt + a) = cos a sin wt + sin a cos wt “4)
or, more generally,
k sin (wt + a) =k cos a sin wt + k sin a cos wt, 5)

where k& is any common multiplier.

The right-hand side of this equation is seen to be similar
to the right-hand side of (2), and it is identical with it when
k and a have such values that

k cos a =RI, and k sin a = Lwl, (6)
that is, when
Lo

k=IVR 4+ L%, and a = tan"'ﬁ~ (7)

If the right-hand members of (2) and (5) are identical, the
left-hand membegs must also be equal when k£ and a have these
values. That is

e =k sin (ot + a)
= InN/R? + L%w? sin (ot + a). (8)

From this relation it appears that the mazimum value of

the impressed E.M.F., ¢, is

E = IR + L%, 9)
where I is the maximum value of the (sine wave) current.
Problem

Draw the curve representing the current as given in (1) for at least two
cycles. On the same axis draw the two components of the E.M.F. as
given by (2) and by addition obtain the curve for e.

The following constants may be used, R = 2ohms, I = 1 ampere,
w = 400, L = 0.01 henry.
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334. Graphical Solutions.—The term, RI sin wt, in (2) may be
represented by a line OA, Fig. 160. If this line is considered
as rotating counterclockwise with the angular velocity, w, its
vertical projection at any instant, ¢, gives a length, RI sin wt.

In the same way the term, Lwl cos w!, may be represented by
a line OB, which must be drawn 90 deg. ahead of 04, since cos wt
= sin (wf + 90 deg.). The value of e at any instant will be given
by the sum of the vertical projections of these two lines or, what is
the same thing, by the vertical projection of OC, which is the
geometrical sum of OA and OB.

From the figure it is evident that the length of OC is

IVR + L2?
and it is ahead of OA by the angle a = tan~! I;‘;

336. Components of E.M.F.—Figurc 160 shows the parallelo-
gram of E.M.Fs. The side OA represents the E.M.F. required to
keep the current flowing through the resistance, R. This is

[+
E
I
o A 4
RI (o]
F1a. 160.—Addition of two F1a. 161.—E.M.F. triangle.

harmonic quantities.

called the active, or power, component of the E.M.r. The side
OB represents the E.M.F. required to balance the induced r.M.F.
This is called the reactive component of the E.M.F. The geo-
metrical sum of these two gives the total r.mM.F. that must be
supplied to maintain the current, and it is called the impressed
E.M.F. Since OB = AC, the same values are shown by the E.m.F.
triangle, Fig. 161.

The angle of lag of the current behind the impressed .M.F.
is shown by the angle a. This may have any value from 0
to 90 deg. depending upon the amount of inductance in the circuit.

The Impedance Triangle.—If each side of Fig. 161 is divided
by the current, I, the result will be the triangle of resistance
and impedance as shown in Fig. 162.

The side R denotes the resistance, but this is not necessarily
the same as the direct-current resistance. It is the factor which,
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multiplied by the square of the current, will give the amount of
heat produced in the circuit.

The other side of the triangle, Lw, is called the ‘““reactance.”
It is also measured in ohms, but there is no loss of energy or pro-
duction of heat because of it. The hypotenuse is called the
“impedance.”

336. Components of Current.—In what
has been said above the current has been
the basis for reference, and the different
components of E.M.F. have been con-
sidered in their relation to the current
in the circuit. The same relations would

F1a. 162.—Impedanco have been obtained by starting from

triangle the impressed E.M.F. The current then
would be represented by two compo-
nents; the active component, I,, being in phase with the £.M.F.
impressed on the entire circuit, and the reactive component, I,
being in quadrature with this k. The resultant of these two
currents is I, Fig. 163, and o
is behind E by the phase a I,
angle, «, which is the same
as shown in Fig. 161. The
fact that these figures are 1
printed on the page at
different angles does not
affeet the relation between F1a. 163.—Relation between the E.M.F.
and the components of the current.
E and I.

The reactive component, I, of the current is sometimes
called the “wattless component,”” because on the average over the
whole cycle no power is required to maintain it. The power
that is expended to make the current increase during a part of
the cycle,is received back again when the current decreases in a
later part of the cycle.

337. Effective Values.—In all these diagrams, I denotes
the maximum value of the current and when so used the result
obtained for E will be the maximum value of the E.m.r. If
the ammeter reading is used for I, the same construction can
be used and the result will be the voltmeter reading value of E.
But in this case the diagram no longer has the significance
that was given it in Fig. 160, and it becomes merely a graphical
construction to reach a desired result.

[
>

E

AN
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338. Measurement of Impedance by Ammeter and Voltmeter.
From what has just been said it will be seen that the impedance
of a circuit is merely the ratio of the impressed r.M.F. to the
resulting current. To measure it, therefore, it is only necessary
to measure the voltage and current in precisely the same way
as the direct-current resistance is measured by an ammeter and
a voltmeter. The ratio gives the impedance or,

—IJ = Impedance = V/R? + L2

339. Self Inductance by the Impedance Method.—If the
values of R and « are known, this method gives a means for
computing the self-inductance, L, of the circuit. If the current
passes through n cycles per second, then w = 2mn.

The direct-current value may be used for R if the wire is not
too large, and if there are no closed circuits, or masses of metal
or iron in the vicinity.

In case heat is produced, or energy is otherwise expended,
outside of R, it will be necessary to determine one other quantity
before the impedance triangle can be drawn. This may take
the form either of finding the angle of lag of the current behind
the impressed E.M.F., or of determining the equivalent resistance
of the circuit—that is, the non-inductive resistance in which the
same amount of energy would be expended.

340. Impedance and Angle of Lag by the Three-voltmeter
Method.—In this method a non-inductive resistance capable

()
N

R
4 B c i
Vi

F1a. 164.—Three voltmeter method.

of carrying the current is placed in series with the impedance
to be measured. Three voltmeter readings are taken, as nearly
simultaneously as possible, to measure the voltage across the
resistance and the impedance and across both together. It is
best to use three voltmeters, as shown in Fig. 164, but if only
one is available it may be transferred quickly from one position to
another. If the voltmeter shunts an appreciable current from
the main circuit, two equivalent resistances should occupy the
places of the missing voltmeters.
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The voltmeter is readily transferred to the various positions
by means of two double-throw switches, S and T, as shown in
Fig. 165, where Vm denotes the voltmeter, and U and W are
resistances, each equal to the resistance of the voltmeter. With
both switches thrown to the right, the voltmeter is placed across

4 B

000000000 €

Fra. 165.—Switches for putting the voltmeter in three places.

AC, and measures the total voltage over both the impedance
and the non-inductive resistance. When both switches are
thrown to the left, the voltmeter is across BC, and measures
the voltage over the impedance alone. When the switch, S, is
thrown to the left and the switch, T, is to the right, the voltmeter

A

E, B D

F1a. 166.- --Determination of the angle of lag.

is across AB, and measures the voltage over the resistance, R,
only. The resistances, V and W, are simultaneously transferred
to the positions not occupied by the voltmeter.

Referring to Iig. 161 it will be seen that E,, the reading of the
voltmeter across BC, is the E.M.F. impressed upon the coil, and
it would be the hypotenuse of the corresponding k.M.F. triangle if
the other elements were known. In the same way, E; is the
hypotenuse of the E.M.F. triangle for the entire circuit, AC, while
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for the part AB in which there is no inductance the hypotenuse
coincides with the base of the triangle, and is measured by E,.

Combining these three E.M.Fs. gives the triangle, ABC, Fig.
166. Extending the side AB until it meets the perpendicular
from C gives the complete E.M.F¥. triangle for the entire circuit,
AC. The angle, DBC, gives the lag of the current behind E,,
and BDC is the £.M.F. triangle for the coil.

If the current is also known, either by direct measurement
or by computation if R is known, the impedance of the coil is
given by the relation

Impedance = ~Iz-

341. Determination of Equivalent Resistance.—Knowing the
value of one side of the impedance triangle and the angle, a,
the other sides are readily constructed. The base of this tri-
angle, R, gives the value of the equivalent resistance of the coil.

In a coil of fine wire, with no other conductors necar, this
resistance will be the same as that measured by a Wheatstone
bridge using direct current. In case there is a thick picce of
metal or other closed circuit in which the varying magnetic flux
from the coil can induce an eclectric current, it will result in
a larger value for B’. When the coil consists of thick wire, there
will be some eddy current circulating in this metal, thus increas-
ing the heating effect. This is equivalent to the current, I,
flowing through an increased resistance, which appears in the
increased value of R’ in the impedance triangle.

342. Wattmeter Determination of Equivalent Resistance.—
The equivalent resistance can also be determined by the use
of a wattmeter. From the definition of resistance as the property
of a circuit by which the electrical energy is transformed into
heat, we have

W = RI*.

The electrical power, W, can be measured with a wattmeter
and the current, I, with an alternating-current ammeter. Then,
w

R = 1_2
The effect of a solid iron core is greatly to increase this equiva-
lent resistance over the ohmic resistance of the coil as measured

by direct-current methods. The inductance is likewise increased.
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If the core consists of a bundle of fine iron wire, the increase of the
resistance is less, while the inductance is greater than with the
solid core.

343. Inductive Circuits in Series.—When two inductive
circuits are joined in series, the same current must, of course,
flow through them hoth. But, in general, the .m.F. over one
will not be in phase with that over the other, and therefore the

(o4
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F1a. 167.—Two inductive circuits in series.

total E.M.F. required to maintain the current will be less than
the sum of the two parts. This is readily seen from the figure.
A’'B’'C’ represents the two inductive circuits in series, and the
diagram ABC shows the E.m.r. triangles for each part, and
for the whole circuit. The triangle AN B is the .M.F. triangle for
the portion AB, and corresponds to Fig. 161 for the first part
of the circuit.

Similarly, the E.m.F. triangle for the part B'C’ is shown by
BMC, which is drawn in the position shown because the point
B in each triangle represents the one point, B’, between the two
parts of the circuit, and therefore it should occupy only one
position on the diagram. The total E.M.F. over the entire
circuit is given then by AC, while the E.m.F. triangle for the
entire circuit is found by completing the triangle AKC.

From this construction it is seen that the total resistance in
the circuit is the sum of the resistances of each part; and the
total inductance is the sum of the separate inductances. Of
course, the two parts are supposed to be far enough apart to
avoid mutual induction between them. The angle of lag of
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the current behind the impressed E.M.F. is intermediate between
the angles of lag in each part of the circuit considered separately,
and is given by

L'w

R

a = tan™!

Problems

1. Given two circuits in series, with R, = 18 ohms, L, = 0.01 henry,
R; = 4 ohms, L, = 0.02 henry, w = 400. Find the E.M.F. necessary to
maintain 10 amperes through the circuit; also the £.M.F. over each part.

Solution.—Draw to scale a figure similar to Fig. 167. Then use the
same scale to measure AC, AB, and BC.

2. Given the same circuit as above. What is the value of the current when
the impressed E.M.F. is 100 volts?

Solutton.—Draw the line AC to represent the value of E. At A con-

’

L .
struct the angle CAH = tan™! 7{‘,‘3’ as shown by the dotted lines,
Fig. 167. Extend A H to meet the perpendicular from C'at K. Then

AK
1= T’ where R’ = R, + R..
Solution.—Second method. Assume a value, I’, for the current and
find the corresponding value, E’, for the impressed k.M.¥. as above.

Then E’: 100:: I':1.

C

\

F16. 168.—The line NS, drawn parallel to K7, divides AK in the same ratio
as AT,

3. When the impressed E.M.F. is 200 volts, what is the B.M.F. over each part
of the above circuit?

Solution.—Draw the triangle KAC as before. Divide the side AK
in the ratio of the two resistances by laying off AS and ST to scale
and then drawing SN parallel to TK. In the same way the side
KC can be divided in the ratio of the two inductances. Through
the points M and N draw lines parallel to these sides; their intersec-
tion locates the position of B, Fig. 167. The values of AB and BC
can then be measured.
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344. Inductive Circuits in Parallel.—Iln the case of a divided
circuit having two or more inductances in parallel, it is much
more difficult to calculate what part of the current will pass
through each branch, and graphical methods become more use-
ful. The following example for
two inductive circuits in parallel
can, of course, be extended to as
many parallel circuits as desired.

Since each branch will have
the same impressed E.m.r., the
hypotenuse of each E.m.r.
triangle will be identical. Let
this be laid off to scale as shown
by AB, Tig. 169. Since cach
triangle is right-angled, it will
be inscribed within a semi-cirele
drawn on ADB as a diameter.
From the constants of the civcuit 1. 160, Inductive circuits in
the angle of lag in cach branch parallel.
can be determined. The base,

AN, of the first triangle can then be laid off, making this angle
with AB. The intersection of AN with the semicircle locates

the other corner of this triangle at N, and the line NB com-
AN

R,

pletes the other side. The value of the current is I, =

and is laid off in the direction AN.

Similarly, the triangle AAM B is laid out for the other branch,
and the value of the current determined. The resultant current
is the geometrical sumn, A7, of these two components, and it lags
behind the impressed £.m.¥. by the angle HAB.

The point /1, where the line AT cuts the semicircle, is the right-
angled corner of a new triangle, AHB, which represents the
resultant or equivalent effect of a single circuit which could
replace the two parallel circuits. The rmr. AH is R'I,
and IIB is L'wl, where R’ and L’ denote the values of the resis-
tance and the inductance of this equivalent circuit. These
values can be taken from the figure as accurately as the lines
can be measured.

Problems

1. Given a coil with R, = 22 ohms and L, = 0.03 henry, in parallel with a
second coil with R; = 8 ohms and L, = 0.03 henry. E = 100 volts, and
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» = 400. Find the values of the currents through each branch and in
the main circuit; also the equivalent resistance and the equivalent
inductance of the two coils in parallel, and the angle of lag of each current
behind the impressed E.M.F.

2. Same as Problem 1, but with L, = 0.

346. The E.M.F. Required to Maintain a Current in a Circuit
Having Capacitance and Resistance.—In a circuit having a
condenser in series with a resistance and an alternating E.M.F.,
the relation at any instant is

e = Ri + ;’ (1

where g is the difference of potential across the condenser of

capacitance C farads, when its charge is ¢ coulombs.

A —

R C

AN
QY

F16. 170.—Capacitance and resistance in series.

If the current flowing through R, Fig. 170, and into the con-
denser is following the sine law, its value at any instant is

i =1 sin wt. 2

q=fidt=f[sinwldt=—l-cos wt. 3)
w

Putting this value in (1) gives

Then

. I
e = RI sin wt — Oy €08 wt 4)

. I .
RI sin wt + T 8in (wt — 90 deg.),
Since
— cos wt = 4 sin (vt — 90 deg).



ALTERNATING CURRENTS 293

This shows that the last term in (4) represents an E.M.F. that is
90 deg. behind the current.

Adding the two terms of (4) gives
e =k sin (wt — a), )

where k and a are new constants depending on the values of C,
R, and w.

Expanding sin (wt — a) gives
e =k cos a sin wt — k sin a cos wi. (6)
Comparing this with (4) it is scen that

e 1 1
b = P, = tan~'5A—
A 1\/1€ + it ind @ = tan RCo (7

Hence, from (5),

I T 1
- 2 s — tan-—1 .
e I \/R + (o2 sin (wt tan R(?'w)

The maximum value of ¢ is

o 2 ____1_-_
E=1 \/1.3 + o

If the resistance of the circuit is zero, the current flowing into
the condenser is
I = ECu,
where I and E may denote ecither the maximum values or the
effective values of the current and £.M.F.

o RI

J

4

7T ==D

F14. 171.—OD represents the resultant E.M.F. in a capacitance circuit.

346. Graphical Representation of the E.M.Fs. in a Circuit
Having Resistance and Capacitance.—The two terms of equation
(4) can be represented by two lines drawn at right angles, as was
done in Art. 334. The result will be different, however, for
after laying off OA, I'ig. 171, equal to RI, the other side, OB, must
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be drawn downward in order to represent the negative term in (4).
The geometrical sum of these two is

. 1
and this is behind OA by the angle

= & -1 ____.
a tan Rlo
The current is thus ahead of the impressed e.M.F. by the angle a.
The Triangle of £.M.Fs.—The triangle OAD shows the relation
of these E.M.Fs., and usually this part of Fig. 171 is all that need

F’ ¢ H
- /\/\/\/ :l'_
1 R ; ;

1 ¢y R, Ca

Fru. 172.- Two capacitance circuits in series.

be drawn. This triangle of E.M.Fs. corresponds to the similar

relation shown in Fig. 161. OA is called the active component

of the E.M.F., and AD is the reactive component. The resultant
of these, OD, is the impressed E.M.F.
F K

R\I

Crw

~
—_——

L

4
Fira. 173.—e.m.F. diagram for two capacitance circuits in series.

Impedance Triangle.-—Dividing each side of the E.M.F. triangle
by the value of the current, I, gives the corresponding impedance
triangle.

347. Two Condenser Circuits in Series.—The graphical con-
struction for two condenser circuits in series follows directly
from the construction of Fig. 171. The triangle FKG, Fig. 173,
represents the E.M.¥s, in the first part, F'G’, of the circuit. The
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corresponding triangle for G’H’ will be drawn as shown by GLH.
The total e.M.r. over the whole circuit is represented by the
resultant, FH. The two circuits thus act like a single circuit
of resistance, X = R, + R, and capacitance C, where

1 1 1

(o Cw ' Cw
Problems

1. Given the values of R,, R», C,, ('3, and w, find by a graphical construction
the E.M.F. required to maintain a current of I amperes. Also the k.M.F.
across each part of the circuit.

2. Given the values of C, I, w, and FE, what resistance is in the circuit?

Solution.—Lay off E as a diameter of a circle. Inscribe ?,Iw and
measure the value of RJ.

8. Given (", R, Ry, E\, E;, E, and w. Find ;.

4. Given Cy, Ry, ("3, Ry, E, and w. Yind the k.M.F. over each part of the

circuit.

. Same as Problem 4, but with B, = 0.

. Same as Problem 4, but with C, replaced with B = 0. Is this equivalent

to (', =0,or('; = ©?
348. Capacitance Circuits in Parallel.—The graphical solution
for two capacitance circuits in parallel is readily constructed.

Since the two circuits are in parallel, each one will be subjected

R, C,
I,
WAI
I
—
N | 1,
£y Ca 2

F1a. 174.—Two capacitance circuits in parallel.

[- -]

to the same impressed .m.r., E. lLet E be laid off to scale
along a straight line, as OA, Yig. 175, and at O construct the angle
AOB by laying off OK and KT proportional to R, and (711;’
respectively. Draw the straight line OT and extend it until it
intersects at B the circle drawn on OA as a diameter. OBA is
then the right-angled triangle representing the E.M.Fs. in the
first circuit, R;, C, Fig. 174. The current, I,, in this branch will
be in phase with OB, the active component of the E.M.F., and
it can be shown on this diagram as I,, laid off to an appropriate
scale along OB.
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In the same way the E.M.F. triangle for the other circuit, R,C.,
can be constructed within the same semicircle, as shown by ODA.
The current in this branch of the circuit is shown by I,.

F1a. 175.—E.M.F. and current dingram for two eapacitance circuits in parallel.

349. Equivalent Capacitance and Resistance.—The single
circuit that would be equivalent to the two parallel circuits of
Fig. 174 is easily determined. The current through such
an equivalent circuit is I, the resultant of I, and I,, and this
is shown by the diagonal of the parallelogram, OF. Extending OF
to the circle gives OH, which is the active component of the E.M.F.
in the equivalent circuit. The value of this E.M.F. is obtained
by measuring OH with the same scale that was used in laying off
OA. Inthesame way, the line I/ A gives the value of the reactive
component of the E.M.F.

Dividing the sides of this E.M.F. triangle, OI{A, by the value
of the resultant current, I, will give the corresponding tmpedance
triangle, the sides of which are the resistance and thereactance
of a single circuit that is equivalent to the two circuits in parallel.

Problems

1. Given the values of ('y, R\, 5, and R, for two circuits in parallel, draw
the graphical construction and find the values of the equivalent resis-
tance and capacitance.

2. Same as Problem 1, but with one of the circuits consisting of resistance
only.

8. Same as Problem 1, but with one of the circuits consisting of a condenser
only. .

Note.—Draw the E.M.F. triangle, OA B, with successively smaller values
assigned to R;, and observe the progressive changes as R, approaches
zero.

4. A condenser of capacitance C is connected in parallel with a resistance R.
Find the equivalent resistance and capacitance of the combination.
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360. Circuits Having Resistance, Inductance, and Capaci-
tance.—In a circuit having a condenser and a coil in series, there
will be three parts in the total .m.r. The instantaneous value
of the impressed E.M.F. is

i g

= RI sin wt 4+ Lwl cos wt — (;I; cos wt.

Fra. 176.—Resistance, self-inductance, and capacitance in series.

B
4\
Lwl
D
|
E I I
ngI—c—;;
a
>t
© RI 4
I
Cw
Y
B

Fru. 177.—E.M.F. diagram for a circuit containing resistance, sclf-inductance,
and capacitance in series.

There will thus be three components to be laid off in the vector
diagram, viz., RI asin Fig. 160 or Fig. 171, with LwI drawn 90 deg.

ahead of RI, as shown in Fig. 160, and (_,{To drawn 90 deg. behind

RI as was done in Fig. 171. This is shown in Fig. 177. These
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three vectors can be combined by obtaining the resultant of any
two, and then combining this resultant with the third one.

In Fig. 177 the Lol and L are first combined, giving a resultant,
Cw

Lol — C{Z’ which is combined with RI giving the final resultant,

OD. This is the maximum value of the impressed E.M.F. and
its value is given from Fig. 177 as

E=0D = I\/I%TEI—; _;52

In the case illustrated by Fig. 177, this resultant e.Mm.r. is
ahead of the current by the angle AOD, and the circuit behaves
like a slightly inductive circuit. Lvidently, there is a wide
range of possibilities in such a circuit, and the current may be

ahead or behind the impressed E.M.¥. according as (,lu-) or Lw has
the larger value.

361, Series Resonance in an Electrical Circuit.—In a circuit
containing a condenser in series with a low-resistance coil of
considerable inductance, the diagram of Fig. 177 will be modified
by having OA very short. For large values of w, the resultant,
OD, will be nearly equal to Lwl, while for small values of w,

. . 1 .
this resultant E.M.r. is nearly the same as Co At some inter-
mediate value of w we will have
1
Lol =
@ ('w
and for this condition the resultant k.Mm.F. is only
E = RI.

Thus when R is small, a small k.M.r. will maintain a large
current through the coil and condenser, with a correspondingly
large E.M.F. across cach. This does not imply the expenditure of
much power, because the current is so far out of phase with the
E.M.F. that the power factor (cos 0, see Art. 372) is nearly zero.
The circuit is said to be in resonance for this particular frequency,

n, (= 2% of the impressed E.M.F.

3562. Parallel Resonance.—Another arrangement that shows
electrical resonance consists of a condenser in parallel with a
self-inductance as shown in Fig. 178, The E.M.F. diagram for



ALTERNATING CURRENTS 299

this portion of the circuit is shown in Fig. 179. Let OA represent
to scale the value of the impressed E.M.F. between O’ and A’.
This, then, is the hypotenuse of the r.m.F. triangle for the coil,
the other sides of which are constructed with the aid of the
dotted circle. The current is in phase with Rl and is repre-
sented by the line OI.

—— 1
c 1

A

L 1
Q00000

Fra. 178.—Purallel resonance. Alternating current for which (‘Lw? =1, cannot
pass through this sifter.

The same E.M.F., K, is also impressed on the condenser, and
the E.M.F. triangle for this part of the circuit is constructed in
the upper half of the dotted circle. A small resistance, R, is
I, k

I

Fra. 179.—Parallel resonance with a eapacitance € and an inductance L.

indicated in series with the condenser, and the condenser current
is in phase with R.I,. When R, = 0, this current is 90 deg. ahead
of E. The resultant current in the main line is shown by I.

When the frequency of the impressed E.m.r. is low, most
of the current will flow through the coil. As the frequency
increases, the condenser current increases. At the same time
I, decreases, and this has a double effect. In the first place
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the resultant, I, comes nearer to OA; and in the second place, as
R,I, becomes less, it is more nearly in line with R.l,, which
results in a very small value for I. Thus for a certain frequency
the main current, I, is very small, while the current in the coil
and condenser is large. This is called parallel resonance. Since
only a small current is in phase with the impressed E.M.F., only
a small amount of power is expended.

This combination of inductance and capacitance can be looked
upon as an arrangement whereby a small main current is greatly
multiplied by resonance to give a large current in the coil and
condenser; or it may be considered as a sifter that will nearly
stop current of this particular frequency while letting currents
of all other frequencies pass through.

363. Frequency Sifters or Filters.—In making measurements
of inductances and capacitances it is often essential that the alter-
nating-current source shall supply a pure sine wave current. In
other words, the frequency of the current must have only a single
value, that of the fundamental, with all of the harmonics absent.
Even when the frequency does not enter in the measurement as
an explicit factor, a definite value is better, since the inductance
or the capacitance that is being measured may not have the same
value for different frequencies.

By means of a wave form filter or sifter, it is possible to pick
out or greatly amplify a single frequency while suppressing
the other frequencies that may be present. This is done by
resonating circuits similar to Fig. 178, in which the desired
frequency is selected and passed on to the bridge, usually by an
air-cored transformer, while presenting a high impedance to the
other frequencies.



CHAPTER XVII
ALTERNATING-CURRENT MEASUREMENTS

364. Sources of Alternating Current.—The alternating current
used for power and lighting has a frequency of about 60 cycles
per sccond (in some localities perhaps twice this). In alter-
nating-current measurcments requiring a current of several
amperes, the most practical source is such a power supply. For
more refined methods a higher frequency is desirable, for two
principal reasons. Inasmuch as the effects of inductance and
capacitance are due to the terms Lw and Cw, it is seen that these
quantities are more prominent when  has a large value. And if
a telephone receiver is used to determine the balance of a bridge,
the combination of ear and telephone is more sensitive to a
frequency of about 1,000 cycles per second (w = 6,000). For
frequencies of 1,000,000 per second, the effects of inductance
and capacitance are greatly incrcased, but this frequency is
inaudible.

In some instances specially designed dynamos have been built
with a large number of poles to
give a frequency of 1,000 or
2,000 cycles.

366. Microphone Hummer.—
A convenient, and not very
expensive generator is shown in
Fig. 180. This consists of an
clectrically driven tuning fork,
which maintains the constant
frequency of 1,000 cycles. The
interrupted direct current passes
through the primary of a trans-
former, the secondary of which is part of a circuit with sufficient
capacitance to resonate freely at the frequency of the tuning
fork. This resonance circuit is not joined directly to external
connections, as this might interfere with the resonance, but by
a second transformer the power can be taken for use with a

301

Fra. 180.—Microphone hummer.
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bridge or other apparatus. The output is about 0.06 watt (0.012
ampere at 5 volts), which is sufficient for many measurements.
When the bridge and telephone are used in a quiet room, very
satisfactory balances can be obtained.

v -Bu 77y
[— CoNoLVIER
IL
S sy E g I
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ZERO Low riENrT riron

F1a. 180(a).—Diagram of the clectrical circuits in the 1,000 cycle oscillator of
Fig. 180.

An ordinary small induction coil with an automatic vibrator
to interrupt the primary current can be used in some cases. The
wave form of the secondary current probably will contain several
harmonics, and it is more difficult to obtain complete silence in
the telephone at the balance point.

366 (a) High Frequency Gener-
ator.—This generator is driven
by a universal motor which can
be operated on 110 volts alter-
nating or direct current. Its
speed is maintained constant
to 14 per cent by means of a
governor which was developed
in connection with various
kinds of constant speed devices.
The wave form of this generator
is very symmetrical, although in a magnetic circuit containing
iron it is impossible entirely to eliminate harmonics. By means
of a suitable filter, a relatively pure sine wave can be obtained.
The governor is adjusted to hold the frequency at 1,000 cycles,

Fi1a. 180(b).—Constant speed high
frequency generator.
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and small adjustments in this frequency are possible by changing
the tension in the governor spring.

366 (b) Electron Tube Generator.—An electron tube can be
made to set up oscillating currents having a frequency that is
determined by the inductance and capacitance of the oscillating
circuit. The frequency can thus be adjusted to almost any
desired value, and such an arrangement has the advantage of
being entirely silent in operation (see Fig. 113), Art. 187

356. Alternating-current Detectors. Telephone Receivers.—
The ordinary galvanometer cannot be used to indicate the
balance of an alternating-current bridge, and most alternating-
current galvanometers lack sufficient sensitiveness for this
purpose. A telephone receiver is a very satisfactory instrument,
although it does not indicate which way the bridge should be
changed to approach nearer to the balanced condition. With a
headset of high-grade Baldwin or Brandes receivers a very small
alternating current can be detected.

Electron Tube Amplifiers—In Art. 182 it was shown that an
electron tube can be arranged to amplify the variations in a
current. By using such an arrangement between the bridge
and the telephone the balance can be set much closer. It may
even be desirable to use two amplifying tubes in series if the
balance point gives silence in the receivers when used alone.
With the two-stage amplifier used with the telephone receivers a
very definite setting of the bridge is possible. In making such a
setting the variable resistance, capacitance, or inductance should
be continuously variable and the setting varied back and forth
from one side of the balance point to the other until the point
of minimum sound is located. This cannot be done with the
plug form of resistance or condenser.!

.367. Comparison of Two Self Inductances. Cotls in Series.—
When two coils are placed in two adjacent arms of a Wheatstone
bridge it is possible so to adjust the values of the resistances and
the inductances that no current will flow through the galva-
nometer or telephone branch when an alternating £.m.¥. is applied
to the circuit. It is easy to see what is happening in each branch
of the bridge when alternating currents are flowing through them.
First let us consider the case where the two inductances to be
compared are connected in series, as indicated in Fig. 181.

! See further, TERRY, ‘‘ Advanced Laboratory Practice in Electricity and
Magnetism.”’
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The graphical representation of this part of the circuit is then
shown by the two E.M.F. triangles, AEC and CFD, Fig. 181(a).

The corresponding diagram for the non-inductive -circuit
A’B’D’ reduces to a straight line which begins at 4 and ends at
D, since this circuit is subjected to the same E.M.F. as A’C’D’.

Fig. 181.—Inductance bridge with L; and Lz in series.

This is shown by ABD. The E.M.F. impressed on the telephone
is shown by BC, provided the telephone current is negligible
compared with the currents through the other parts of the bridge.

D
S
A ~
3
o
)
B Ryl
c F
& 5
2
4 Ry I E A R\I E
(a) Unvalanced. (b) Balanced.

Fia. 181(a).—E.M.F. diagrams for the inductance bridge, with the coils in series.

In order to obtain no current through the telephone it is neces-
sary that B and C coincide. By increasing the value of L,, or
decreasing R, the point C can be brought onto theline AD. Then,
by varying R3, the point B can be moved along A D until it coincides
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with C, as shown in Fig. 181(a) b. Then from similar triangles

Li _Ri_ R
L. R. R,
If L, is variable, it is often convenient to set R;: R, = R3:R4by a
direct-current balance, or otherwise, and then with alternating
currents it is only necessary to vary L; to obtain a balance.
But this is not necessary. By varying R; with alternating cur-
rents, B can be moved along AD until it is somewhere nearly
opposite to C, Fig. 181(a) a. Then, by varying L,, C is brought
nearer to B. A further change of R, brings B nearer to C, and
after a few such adjustments, B and C are brought together.
From the construction of the figure it is scen that the effect
of a 1 per cent change in L, upon the position of C is greatest when
C is midway between A and D. Therefore, for the greatest
sensitiveness of the bridge the impedances of the arms should
be as nearly equal as practicable.
368. Comparison of Two Self-inductances. Coils in Parallel.
When the two inductances are placed in adjacent and parallel

-» K

F1a. 182.—Inductance bridge with L, and L. in parallel.

arms of the bridge, as shown in Fig. 182, there is a non-inductive
resistance in series with each coil. The diagram for the circuit
A'C’'D’ is shown by ACD, Fig. 183(a). The corresponding
diagram for A’B’D’ is shown by the diagram ABD. For no
E.M.F. on the telephone, B must be brought to coincide with C.
This can be done as in the previous case, by adjusting, first Ry,
and then Lg, until the minimum sound is given by the telephone.
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When B is brought to C, the two diagrams coincide throughout,
Fig. 183(b), and

It is often necessary to add some resistance to R, or R, in order
that the ratio of these resistances shall be the same as the ratio

D D
-
Ll 3
) =3 3
3l i
")
Riuh
Rshh B
d 3 A RyI, B R I,
RI, C Ry, R, C Raola
(a) Unbalanced. () Balanced.

F1a. 183.—E.M.F. diagrams for the inductance bridge, with the coils in parallel.

of the inductances. In other words, so that the E.M.F. diagrams
for the two inductances shall be similar triangles.

The most sensitive arrangement is, as before, when AC and
CD are nearly equal.

369. Comparison of Two Capacitances by Bridge Method.—
When the condensers are placed in two arms of the bridge with a
non-inductive resistance in series with each, as shown in Fig. 184,
the arrangement amounts to two circuits in parallel. The E.m.F.
triangles for these circuits are shown in Fig. 185, where E repre-
sents the £.M.¥. applied to the bridge. It is supposed that there
are no resistances in the condenser arms of the bridge. In this
case the points B and F represent the points B’ and F’ where the
telephone is connected. Since B and F are some distance apart
in Fig. 185, it means that a corresponding voltage is applied to
the telephone circuit. But by increasing R,, the point F will be
moved along the circle towards B, and, for the proper resistances,
F and B can be made to coincide. There will then be no current
through the telephone, and the bridge is said to be balanced.
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F1a. 184.—The capacitance bridge.

In this balanced condition the triangles ABD and AFD have
been made similar, so that

Rlll: R212

I I

Clw' ng

I

or,

Fia. 185.—e.m.F. diagram for the capacitance bridge. By decreasing R,, B is
brought nearer to F and for a balance the two triangles coincide.

From the figure it appears that a 1 per cent change in R, will
change the position of F by a greater amount when AF and FD
are equal than when they are widely different. Therefore, for

greatest sensitiveness, R, should be about equal to (71—0) .
2

360. Grounding the Bridge.—When a current flows through a
bridge the various parts of the apparatus are brought to different
potentials, as shown in Art. 198. If these parts have any electro-
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static capacitance between themselves and the surroundings, it
will require the addition of corresponding charges thus to change
the potentials. If any of these charges flow in through the
telephone receivers, perhaps to charge the receivers themselves,
there will not be silence when the bridge is balanced. Since the
observer is usually connected to the earth, the points of the
bridge connccted to the telephones should be at zero potential
also. If F’ were grounded, the potential of the telephone would
remain at zero, due to the addition of sufficient charges at this
point, but such additional charges are not desirable in the bridge.

The same effect can be obtained by joining another circuit,
A’H'D', in parallel with the bridge, as shown by the dotted part
of Fig. 184. This circuit is made similar to the bridge by setting
Ry =~ (',(;J with the aid of the teclephone receiver connected

temporarily between B’ and II’ after the bridge is approximately

F1a. 186.—Comparison of a capacitance, (', with a self-inductance, L.

balanced. The point /' is then grounded, and this keeps B’
and F’ at zero potential also, without the addition of extra
charges at these points.

Other bridges can be grounded in this manner by using a circuit
of resistance, inductance, and capacitance similar to the bridge
itself. In case it is desired to keep some other point of the
bridge at zero potential, the corresponding point on the auxiliary
circuit is grounded.

361. Comparison of an Inductance with a Capacitance.—
It is often very desirable to compare an inductance with a
standard condenser, and this is readily done with an alternating-
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current bridge. Inasmuch as the balance of the capacitance
bridge, as well as the balance of the inductance bridge, is obtained
by adjusting a resistance until B, Fig. 183(a) and Fig 185, is
made to coincide with C or F it is possible to arrange a bridge in
which a capacitance on one side is balanced by an inductance on
the other. In Maxwell’s method this is done by placing a resis-
tance in parallel with the condenser and using this combination
as one arm of the bridge. This makes it possible for currents of
any frequency to flow through the bridge.

In drawing the E.M.F. diagram it will be simplest to solve first
the parallel circuits hetween F' and D’, in Fig. 186 (see Art.
349). R’ and C’ denote the equivalent resistance and capaci-
tance of this arm of the bridge.

The currents I and I’ through R and C are shown in Fig. 187
in the usual way, the impressed E.M.F. over the branch F'D’
being represented by FD. The resultant current, I,, through
this branch is ahead of the E.M.F. impressed on this part of the
circuit by the angle a, where

I EC .
tana = = ,,_Fse = RCw (1)
R
///—_—-\\
7 RS ~\,
, ,/ ® \\
(A
4 // 7 Iy \
/ l: C w \
/ e \
F @ 1 !Cw £ RI \
fg‘——_———éf{_- b
145> |
1~
‘ 3
12
\a 2 }
S L St L
4 H

F1a. 187.—kE.M.F. diagram for the comparison of C and L. The dashed lines
show the condition when the bridge is unbalanced.

Since the non-inductive arm A'F’ carries this resultant current,

I,, the E.M.F. over this arm is in phase with I, as shown by AF.

The diagram for the inductive branch A’B’D’ presents no

difficulties. In general, it would be as shown by the dashed

lines ABD. For a balance of the bridge, L and Q must be varied
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to bring B into coincidence with F. This also means that J
falls at H and the diagram is shown by the full lines AHFD. The
phase angle HAF is equal to « and is given by

tan HAF = ¢ (@)

Q

when L and @ are the values that give the balance.
Comparing (1) and (2),

RCw = EQE
or L = RQC 3
Equating equal parts from the two diagrams gives
QI, = PI, cosa 4)
and
SI, = RI. (5)
Since I = I, cosa, dividing one equation by the other gives
Q_P
S R ©)

as a second relation that exists when the bridge is balanced.
If Q is not accurately known, its value is given by (6), and then
(3) becomes

L = PSC. @)

This method is conveniently used in the calibration of a variable
self-inductance. With the bridge set for the direct-current
balance (6), the inductance can be varied until the alternating
balance is obtained. This value of L is then given by (7).

362. Anderson’s Method for Comparing a Fixed Inductance
with a Standard Capacitance.—In Maxwell’s method, given
above, the final balance was obtained by varying the self-induc-
tance of the bridge arm, A’B’, which does not disturb the resis-
tance ratios. When L is fixed, it is not easy to obtain a balance,
and usually it is necessary first to obtain the direct-current bal-
ance, then try the alternating current, and repeat this process
until a value of PS is found that will give a balance for both the
direct and alternating current.

Anderson’s modification of this arrangement makes it possible
to adjust the conditions for a balance with alternating current
without disturbing the resistance arms of the bridge. This is
accomplished by adding a resistance, r, (Fig. 188), in series with
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the condenser, and then changing the telephone connection
from F’ to H’. The resistance balance is then left undisturbed
while the effect of the condenser is varied by changing r.

F1G. 188.—Anderson’s method for comparing fixed values of C and L.

The conditions in the unbalanced state are shown in Fig. 189
(a). The parallel branches between D’ and F’ give the E.M.F.
triangles DHF and DF, with the currents I’ and I; as shown.
Both of these currents flow through P, giving rise to PI’ and PI,,
the vector sum of which is AF. AJBD represents the E.M.Fs.
along A’'B’'D’. By varying r, the line DH can be brought to
coincide with DB. By varying S, BJ can be made to coincide
with /TE. When IT and B are together, there is silence in the
telephone.

When the bridge is balanced (Fig. 189(b)),

!

g o1
ST, = Co (1)
and
Lwl, = v’ + PI' + (EJ) (2)
From similar triangles,
II
(EJ) = QI*I‘;/‘E;, = QICo @A)

and rewriting (2) with the help of (1) and (3) gives
Lwl, = rSCwly + PSCwl, + QrCuwl,
from which
L = PSC + »C(S + Q).
When r = 0, this arrangement becomes the same as for
Maxwell’s method and B falls on F. For larger values of L
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the addition of r makes it possible to bring H coincident with
B. It is desirable, therefore, to set PSC a little below the expected
value of L and then adjust r to give the final balance.

e

(a) Unbalanced.

F
y RI
- */ ‘
A ! N
K
(b) Balanced.
<,
J
Fia. 189.—E.M.F. diagrams for Anderson's method for comparing fixed values
of C and L.

363. Comparison of Equal Mutual Inductances. Calibration
of a Variable Mutual Inductance.—The simplest way to compare
two mutual inductances that can be made equal to each other is
to connect them in series, with the two secondaries joined in
opposition to each other. When the same current flows through
the primary coils, the E.M.Fs. induced in the secondaries are
proportional to the mutual inductances of the coils. If the two
secondaries are joined in series with a telephone, or other
current detector, the secondary current is

i = MI — Mi,
K,




ALTERNATING-CURRENT MEASUREMENTS 313

where R, is the total impedance of the secondary circuit. If,
now, the mutual inductance of one of the coils can be varied
until the telephone shows by its silence that ¢ = 0, we have,

M =M.
A variable mutual inductance of unknown values can be

quickly and easily calibrated by this direct comparison with a
variable standard of similar range.

Fra. 190.-—-C'omparison of two mutual inductances that can be adjusted to
cquality.

Because of the directness and simplicity of this method,
it is less liable to errors than the more complicated arrangements.
Care must be exercised that there is no mutual inductance
between the primary of one pair of coils and the secondary of
the other pair, by keeping them far apart and at right angles
to each other.

When the two mutual inductances are not equal, it is often
possible to add one or more mutual inductances of known values
and thus bring the standard to the desired value. When the
difference is considerable, one of the following methods can be
used.

364. Comparison of Two Unequal Mutual Inductances.—
When it is not possible to balance one mutual inductance against
the other, as in the preceding method, they can be compared by
the arrangement shown in Fig. 191. The two secondaries are
joined in scries, helping each other, and connected to an external
circuit consisting of two resistance boxes in serics. The current
through this circuit is due to the combined E.M.Fs. of both coils.
This can also be thought of as one coil supplying the E.M.F.
needed to keep the current flowing through its part of the circuit
and the other k.M.r. being used to keep the current flowing
through the rest of the circuit. If these portions of the circuit
can be measured, the relative values of the E.M.Fs. are determined.



314 ELECTRICAL MEASUREMENTS

Since the two primaries are in series and carry the same current,
the E.M.Fs. induced in their secondaries will be in phase with
each other. When K is open, there is only a single current
through the secondary circuit. Hence, R;7 and Rt arc in phase
with each other, and Lwi with Liw? will be 90 deg. ahead of Ris.

s Q M,
R, 1\\ "
o 5 0T
ol
O

F16. 191.—Comparison of two unequal mutual inductances.

R, is the resistance
in both S and L,.

R: denotes the total resistance in Q and L.

The E.M.F. diagram for the secondary circuit is then as shown
in Fig. 192(a). Starting at A, the vector Ry is laid off hori-
zontally to the right, where R, denotes the total resistance from

r
YRt
s |5
B
D
A Ryt
\)\' ‘-
W 3,
[
(@) Unbalanced. (b) Balanced

F1a. 192.—E.m.F. diagrams for two mutual inductances in series.

A’ to B’. Lyt is 90 deg. ahead of Rsi and, therefore, is drawn
as DP. The E.M.F. required to keep ¢z flowing through this resis-
tance and inductance is shown by AP.

In general, the E.M.F., Mwl, induced in this coil is not AP,
but differs in both phase and amount, as shown by BP. The
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difference between A and B shows the k.M.F. across the telephone
circuit (with K open), and if this is not zero, the telephone
will sound when K is closed.

Whether balanced or not, the E.m.r., M wl, induced in the
other coil is in phase with M.wI and may well be represented
by BO, which is a continuation of PB. From O the vector R is

laid off parallel to R,?, and Lw? is drawn parallel to Lywi, ending
at A for the complete circuit.

F1a. 193.—Comparison of the self inductance, L, with the mutual inductance, M

By varying R, and L, the point A can be brought to coincide
with B. For this case no current will flow through a telephone
joined from A to B, and therefore this diagram, Fig. 192(b),
corresponds to the arrangement when there is silence in the
telephone. The two triangles are similar and give the relation

R M, L
R, M, L.

If R, and R, are very large resistances, a good balance can be
obtained even when L; and L, are neglected, but in arranging
the circuit it is best to fulfil this relation as nearly as possible.
For the best balance a variable self-inductance should be included
in the secondary circuit and adjusted as may be found neces-
sary to reduce the sound from the telephone.
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366. Comparison of the Mutual Inductance between Two
Coils with the Self Inductance of the Secondary.—A convenient,
method for measuring mutual inductance in terms of a self-
inductance is shown in Fig. 193. The self-inductance is placed
in one arm of the Wheatstone bridge, which ordinarily would
make it impossible to obtain a balance because of the E.M.F.,
Lwl, in this coil. In the present arrangement the main current
passes through the other coil, and this induces an E.m.F. of Mwl
in the first coil, A’C’. In case Mwl is just sufficient to balance
Lol,, the effect of the latter is neutralized and the coil behaves as
a non-inductive resistance. The bridge can then be balanced
without difficulty.

p
3
B .
~ Rl L)
3|3
L
SIy
=
Pl 1y i pI, |B  sI
P — A 3 1 D
Qn Q, C RI,
(@) Unbalanced. (b) Balanced.

F16. 194.—k.M.F. diagrams for comparing L and .M.

Figure 194 shows the e.M.F. diagrams for the balanced and the
unbalanced conditions, and (b) shows also that the condition for
a balance is

Lwl, = Mwl
in addition to the usual relation
P R
Q5

When M can be varied continuously by moving one coil with
respect to the other, the balance is easily obtained. The value
of M giving this balance is, then,

L _, R
I "R+ S

In case M cannot be varied, it is still possible to obtain a balance
by changing the current, I, through the primary coil. Ordi-
narily, this current is the total bridge current, I, 4+ I,, but

by using another resistance, W, in paralle] with the bridge the

M =1L
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current, I, can be increased without unbalancing the bridge.
Then

L, 1

I S, Q+S
1+ ) + B a

from the laws of parallel circuits.

366. Direct Measurement of a Small Self Inductance.—
In the measurement of the self-inductance of a coil by the
bridge method, the inductances and capacitances of the various
parts of the bridge and connections enter as unknown factors.
When L is small, this uncertainty may introduce considerable
error. By using the method given above (Art. 365), this error
can be reduced. When the balance has been obtained by varying
M, let the small inductance, L’, be added to L and placed so
that there will be no mutual inductance between it and either
of the original coils. A corresponding resistance can be added
to P to maintain the direct-current balance. It will now
require a larger value of M to give the alternating-current balance,
and the computed value of the sclf-inductance will be larger
than the former value by the amount L’.

367. Comparison of a Mutual Inductance with a Capacitance.
One of the most satisfactory methods for comparing a mutual
inductance with a standard condenser is a modification of the
Carey Foster method so that the arrangement remains balanced
at each instant. In this case alternating currents and a tele-
phone receiver can be used. The principal change is in the
addition of a resistance, N, in series with the condenser, as shown
in Fig. 195.

In this method the induced £.M.F. in the secondary of a pair of
coils is made to supply the varying charge in the condenser.
The main current divides at A’, the part I, passing through R,
and the other part, I, flowing through the condenser, C, the
resistances, N and 8, and the self-inductance, L. The resistance
of the secondary coil is included in the value of S, and N includes
whatever equivalent resistance there may be in the condenser.
At F' the currents unite and pass through P, the primary of the
mutual inductance, M.

The conditions in this circuit are shown by drawing the diagram
for the various E.M.Fs, taking these in order along the path
A'B'SF'A’. Starting with N, and laying off the voltage NI,
as shown in Fig. 196, the voltage over the condenser would be

M=1L
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drawn as HB. The voltage over S, which includes the fall of
potential in the secondary coil, is drawn parallel to NI, since
these are in phase, and LwI,, is 90 deg. ahead, as shown by @D.
There is also in this secondary coil the E.M.F. induced by the
primary current. This E.M.F. is in two parts, which are not in
phase with each other. The part of the current, I, that came
through S and L continues on through the primary coil and
induces in the secondary an E.M.F. of the amount.
e = M%‘ = Mwl, cos wt.

The maximum value of this E.M.F. is, then, MwI,, and since
it is a cosine term, it is cither in the same phase as Lwl,, or
directly opposite to Lwl,, according to the direction that I, flows
through the primary coil.

Fiu. 195.- Comparison of a capacitance with a mutual inductance.

The other component of the current, I,, also lows through the
primary coil and gives rise to an e.M.¥. of Mwl, in the secondary,
which differs by 90 deg. from RI,. Since I, is behind I, by the
angle o, Mwl, is behind Mwl, by the same angle.

Inasmuch as it is desired to obtain a balance, with no current
through the telephone circuit, it will be necessary to connect the
primary coil into the circuit in the direction that gives Mwl,
opposed to Lwl;, and Mwl, an angle « behind, as shown in the
figure by DJF. The current through R will be behind the conden-
ser current I,, and therefore RI, is represcnted by AF. As
shown above, AFJ is a right angle. For zero E.M.F. across the
telephone, it is seen that F must coincide with B. As N is
varied, the right-angled lines JFA swing about J as a pivot and



ALTERNATING-CURRENT MEASUREMENTS 319

F can be brought nearer to B. As S is varied, B is moved along
BQ and can be brought nearer to F. By adjusting first one and
then the other, B can be made to coincide with F and the tele-
phone shows this balance by silence.

When balanced, the angle « is equal to the angle 8 and, there-
fore, from these similar triangles,

M}D[z — ,_S__IIA_ = SCw = K‘t’
RI, ~ I/Co "7 R
or
b D
3 s
J
= A aN11 H 3
/ N
/ I 1Y ﬂ‘-
Co o
N
? B
¢ F ST, ¢
(@) Unbalanced, (b) Balanced.

Fra. 196.-—k.M.¥. diagrams for the comparison of C and M.

The value of N that is necessary for this balance can be
determined as follows: Ifrom the diagram

NI, _ Lol, — Mo,
RI, Mwl,
and
L-M
N =R e
If the rest of the circuit is well insulated it may improve the
balance to have the point F’ grounded.

368. Measurement of Frequency.—In most of the arrange-
ments for measuring inductance and capacitance the balance
does not depend upon the frequency of the alternating current
except in so far as the quantity being measured varies with the
frequency. There are a number of bridge methods, however,
in which the frequency is one of the quantities contributing to
the balance. When the other factors are known, these methods
can be used for the measurement of the frequency.
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Thus in Maxwell’s method an inductance in one arm is balanced
by a capacitance in the opposite arm of the bridge. The balance
could have been effected with the condenser in the same arm as

F1a. 197.—Frequency bridge.

the coil, as shown in Fig. 197, and with the other arms of non-
inductive resistances. This means that the inductance and the
capacitance must be adjusted to make the resultant effect of the

A PI; 5 A rry BRI D
RI, F SIy
! D
FI™ 51,
I, I
S Frres Lwl
Cw
Cw Lol
QL QN
(a) Unbalanced. (b) Balanced.

Fra. 198.—Ee.M.F. diagrams for the frequency bridge.

first arm non-inductive also. The diagrams for the unbalanced
and the balanced conditions are shown in Fig. 198, and are self-
explanatory.
For the balance
p— I‘
LNI] = —C_w’

from which
1

“TVIC
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and the bridge is not balanced for other frequencies. Therefore,
with a complex wave form, the harmonics will still be heard
in the telephone.

Since the frequency, n, is given by the relation,

w = 2mn,
its value is
1 .
2r/LC

A frequency bridge can thus be made with fixed resistances and
a variable self-inductance. In addition to the regular scale, the
inductance can be calibrated to read directly the value of the fre-
quency. By using a few fixed values of C, the use of the bridge
can be extended to a wide range of frequencies.



CHAPTER XVIII

CALIBRATION OF ALTERNATING-CURRENT INSTRU-
MENTS

369. Alternating-current Ammeters.—In the usual direct-
current ammeter the pointer moves up the scale to indicate the
value of the current only when the current flows through the
instrument in the proper direction. When the currentis reversed,
the moving coil tends to turn in the opposite direction, and
in some instruments the scale is extended on cach side of zero
so that current in either direction can be measured. When an
alternating current is passed through such an instrument the
pointer tends to deflect first to one side and then to the other,
but not being able to follow the reversals of the current, the resul-
tant effect is merely a vibration of the pointer in some position
near zero.

In other forms of instruments, such as the Kelvin balance
and the electrodynamometer, the reading is independent of the
direction in which the current flows through the instrument and
an alternating current will give a definite and steady reading. Of
course, this reading will not be the maximum value of the current,
nor will it be the arithmetical mean of the instantancous values.
Since the deflection of an electrodynamometer depends upon I?
(see Art. 160), the resultant deflection will be proportional to the
mean square value of the current (see Art. 330). As pointed
out above, this value represents the effect of an alternating cur-
rent for heating, lighting, or power purposes, and an ampere of
alternating current is defined (Art. 331) as that amount of alter-
nating current that will deflect an electrodynamometer to the
same reading as is given by one ampere of direct current.

Precision ammeters constructed on the electrodynamometer
principle are made by the Weston Electrical Instrument Company
(see Fig. 199). These ammeters work perfectly well with direct
current and they can be calibrated by means of a standard cell
and potentiometer (see Art. 155) to read the value of the cur-
rent in international amperes. When used with alternating

322
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currents, the reading will indicate the effective, or root mean
square, value of the current to the same degree of accuracy.
Alternating-current ammeters operating on the movable iron
principle do not read alike on alternating and direct curreunts.
These ammeters are calibrated by a direct comparison with an

F1a. 199.—Direct-current and alternating-current ammeter.

electrodynamometer standard ammeter that has been checked
against a standard cell with the potentiometer. The arrange-
ment for this comparison is shown in Fig. 200.

ClIO

Fia. 200.—Comparison of the ammeter, A with the standard ammeter, A,.

870. Alternating-current Voltmeters.—Having established
the value of an alternating-current ampere, the value of the
alternating-current volt follows directly from Ohm’s law. Volt-
meters are made on the electrodynamometer principle similarly
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to the ammeters, and these can be calibrated with direct-current
voltage by the potentiometer and standard cell method (see
Arts. 141 and 143). They will then measure alternating-current
voltage (root mean square values) in international volts.

Fi1a. 201.—Comparison of the voltmeter, V' with the standard voltmeter, V.

Alternating-current voltmeters operating on the movable
iron principle are calibrated by a direct comparison with a
calibrated voltmeter of the electrodynamometer type. This
comparison is made by connecting the two voltmeters in parallel
to the same potential divider, as shown in Fig. 201, and observing
simultaneous readings of the two instruments.

F1a. 202.—Interior of a wattmeter. Current through the fixed coils pro-
duces magnetic flux (perpendicular to the paper). Current in the movable
coil tends to move across this flux, and the motion of the coil is shown by the
attached pointer.

371. Alternating-current Wattmeters.—As shown in Art. 163,
an electrodynamometer can be used for the measurement of
power. If the high-resistance coil is used as a voltmeter to mea-
sure e, while the other coil carries the current, 7, the turning effect
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will be proportional to ei. Since the moving system has quite a
bit of inertia, it will average all the turning effects impressed

upon it and take up a position corresponding to the average
effect.

372. Alternating-current Power.—The power expended in an
alternating-current circuit at any instant is

W = ei watts,

where e and 7 are the values of the E.M.F. and current at this
instant. The average expenditure of power is, therefore, the
average value of this product. The relation of this average
power to the effective values of the current and voltage is readily
obtained for the case of sine wave currents. For this case

W = el = [E,sin (vt + a)] (I, sin wt),
where E, and I, denote the maximum values of e and 1.
Expanding this expression gives
W = E.I,(sin*w! cos a + sin wt cos wt sin a).
For a complete cycle, there is a negative product, sin wt cos wt,
to cancel each positive product, thus giving the last term an

average value of zero. The average value of sin? wf for one
cycle (see Art. 330) is

2x
5217;-/' sinfwt d(wl) = %r = 0.5
()

and therefore the average power is

W = 0.5 K1, cos a
0.707 E, X 0707 I, cos «
EI cos a

It

I

where E and I denote the effective values that would be indicated
by a voltmeter and an ammeter. The factor cos « is called the
power factor of the circuit.

373. Comparison of a Wattmeter with an Ammeter and a
Voltmeter.—When power is expended in a non-inductive circuit,
the value of cos a is unity and therefore

W = EI.

In this case the wattmeter can be compared directly with the
ammeter and voltmeter as was done in Art. 165 and Fig. 97.
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If the resistance in which the power is expended can be accu-
rately determined, the voltmeter can be omitted and the power
computed by the relation

W = RI2

374. Calibration of a Wattmeter on an Inductive Circuit.—
It is sometimes desirable to check the readings of a wattmeter
when it measures the power in an inductive circuit and therefore
when the voltage impressed on the shunt circuit of the wattmeter
is not in phase with the current through the main circuit.

—WW

QQ
00

U090
N
=
060000

F1a. 203.—Comparison of the wattmeter, W with the standard wattmeter, Wo.

The power expended in an inductive circuit is, as shown above,
W = EI cos a
and therefore it cannot be measured with an ammeter and a volt-
meter. If the inductive circuit has an alternating-current
resistance, however, (see Art. 341), that is unchanged from its
direct-current value, the power can be computed from
W = RI*®

and only the ammeter reading will be required. If the wattme-
ter is compensated so as not to measure the power expended in
its shunt circuit, the ammeter should be placed where it will not
include this shunt current in the measured value of I.

376. Comparison of a Wattmeter with a Standard Electro-
dynamometer Wattmeter.—A wattmeter that is carefully and
accurately constructed on the electrodynamometer principle
can be calibrated by one of the direct-current methods given in
Chap. VIII. It will then measure alternating-current power
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also and can be used as a standard wattmeter. Other wattmeters
can then be directly compared with this standard by connecting
both instruments so that each will measure the same power.
This arrangement is shown in Fig. 203.

376. Calibration of a Watt-hour Meter.—A watt-hour meter
measures the total energy that has passed through it, and this
requires a combination of a wattmeter and a time keeper. The
latter usually means some kind of running mechanism, the speed
of which at each instant is made proportional to the power heing
expended. A watt-hour meter can he calibrated by connecting
it with a standard wattmeter so that the same current and volt-
age affects cach, as shown in the arrangement of Fig. 201. By
maintaining the power constant for a measured period of time,
the total energy is given by the product of watts times hours,
and this product should be recorded on the dials of the watt-hour
meter. The time can be measured with a standard clock or
a good watch. Usually it will not be necessary to continue the
test long enough to observe the change in the dial readings, as
the rotations of the faster moving disk can be counted for a period
sufficient to determine the rate at which the meter is running.

UK
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Capacitance, absolute method, 187,
188
bridge method, 180
direct deflection, 39, 177
Gott’s method, 184
method of mixtures, 186
with mutual inductance, 317
graphical solution, 318
with self inductance, 308, 310
graphical solution, 309, 312
Capacitance circuits in parallel,
295
in series, 295
Capacity, 31
Carey Foster method comparing C
and M, 274
modification, 275
Carey Foster resistance bridge, 95,
96, 97
Characteristic curves, 167
static, 167
surface, 169
Charge, electronic, 1
in condenser, 38, 43
meaning, 32
positive, 33
space, 163
Circuit, complete, 113
electrical, 113
magnetic, 190
law of, 199
principle, 113
illustration, 114, 115, 117
Coefficient, hysteresis, 241
table, 242
Coefficient, temperature, 110
for copper, 111
Communication, radio, 172
Compensation winding of watt-
meter, 149
Components of current, 285
active, 285
reactive, 285
wattless, 285

INDEX

Components of E.M.F., 284
active, 284, 294
power, 284
reactive, 284, 294
Concentrations, 89
Condenser, 32
charge, 44
current, 44
discharge of, 32
laws, 175, 177
parallel, 175
series, 175
standard, 174
Condenser and ballistic galvano-
meter, 35
Condenser, charging through resis-
tance, 179
Condenser circuits in series, 294
in parallel, 295
Condenser method, measurement of
E.M.T., 37
Conductivity, 89
copper, 111
molecular, 89
Conductor, 1, 2
Conductors, network, 113
Constant, closed circuit, 213
galvanometer, 36, 43
magnetic ballistic, 213, 214, 227
by mutual inductance, 214
Constant of integration, 45
Constant speed, 189
Copper, 137
coulometer, 137
sulphate, 2, 137
tempcrature coefficient, 111
Correction factor, 14
minimum, 14
Coulomb, 33, 206
international, 4
micro, 37
Coulometer, 137
Critical damping, 34
Cross, 81
location, 85
test, 82
Current, ampere of alternating, 282
average value, 281
effective value, 281
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Current, instantaneous value, 279
root mean square value, 281
Current, beginning, 255
condenser, 44, 45
dying away, 254
electric, 2, 114, 160
electron, 2, 6, 114
force in magnetic field, 204
leakage, 47
maximum, 20
plate, 163
primary, 246
space, 163
starting and stopping, 253
transicnt, 34
unit, 3, 203
value of varying, 254
variable, effects of, 258
Current-carrying resistance, 140
Current galvanometer, 51
sensitivity, 54
Current measurement, 6, 138
by standard cell, 139, 141, 142
by voltmeter, 25
standard resistance for, 140
Curve, magnetization, 228
permeability, 229
Curves, tracing alternating current,

277
D

Damping of galvanometer, 34, 42
correction for, 212
critical, 34
Daniell cell, 2
D’Arson, 56
D’Arsonval galvanometer, 136
Deflection of moving coil, 145
Demagnetization of iron, 243
magnetization curve determined
during, 243
Detectors, alternating current, 303
Dielectric, 178
absorbtion, 47, 50
Difference of potential, 8
Differential galvanometer, 64, 67
Dimensions, temperature change,
108
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Discharge, residual, 177, 178
Dissociation, 89
relative, 90
Direct reading potentiometer, 120
Divided cireuit principle, 117
Divider, potential, 26, 53, 131
use of, 27
Double bar and yoke, 230
Double method, slide wire bridge, 73
advantages, 74
relative error, 76, 77
Downhillness of magnetic circuit,
193, 197
Dying away of a current, 255

E

E.M.F. (see electromotive force).
Effective values, 285
Efficiency of electric lamps, 151
Electric current, 2, 114, 160

circuit, 114
Electrical Congress, 191, 198, 206
Electrical units, 203
Electricity, 33
Electrification, 1
Electrodynamometer, 145

Siemens, 146

use, 147
Electrolyte, resistance, 88
Electromagnetic induction, 245
Electrometer, 49
Electromotive force, 8

available, 18

induced, 209

thermal, 74

unit, 4
Electron current, 2, 6, 114
Electron tubes, 160

amplifiers, 303

diagram, 161

generator, 172

rectifier, 166

relay, 171
Electronic M.M.F., 202
Electrons, 1, 160

emission, 160
Electrostatic unit, 34, 190
Ends of a bar, 201
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Energy loss through hysteresis, 240
Equivalent capacitance, 296
inductance, 291
resistance, 288, 296
wattmeter determination, 288
Error, in measuring resistance, 15
in using slide wire bridge, 77
relative, 75, 76
Extensions, slide wire bridge, 91, 92
Ewing, atomic model, 202

F

Fahy permeamecter, 232
Farad, 33
international, 33
micro, 33
Faults, location, 81-88
finder, 86, 87
Field, earth’s, 146
magnetic, 2, 5
Figure of merit, 51, 52
Filament, 160
Filter, frequency, 300
Filter paper, 139
Fisher loop, 84
Flux from a magnet, 213
from unit pole, 216
magnetic, 191, 198
measurement, 210, 223
representation, 192
reversal, 223
through air, 227
unit, 191, 198, 221
Flux-density, 198, 225
determination of, 239
Flux-meter, 234
galvanometer, 234
Flux-turns, 213
Focusing telescope, 36
Force on current, 204
Formula, more exact, 44, 48
Four-terminal resistance, 140, 141
Frequency measurement, 319
Frequency sifters or filters, 300

G

Galvanometer, 136
ballistic, 34, 35, 211

INDEX

Galvanometer, best, 56
current, 51
damping, 34
D’Arsonval, 136
differential, 64, 67
figure of merit, 51, 52
flux-meter, 234
for potentiometer, 128
made a voltmeter, 62, 63
made an ammeter, 62
resistance, 60, 61
tangent, 136
types, 51

Gauss, 197

Generator, electron tube, 172, 303
high frequency, 302

Gilbert, 193, 196
international, 221

Glass, 1

Gram-molecule, 89

Graphical solutions, 284
for circuit of R and C, 293
for circuit of R and L, 284
for circuit of R, L, and C in series,
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for resistance, 13

Grid, 161, 166

Ground, 81
location, 83, 84
test, 81

Grounding bridge telephone, 260,

306, 307
Guard wire, 46

H

Henry, 250
definition, 252
relation to c.g.s. unit, 250
High-frequency generator, 302
High resistance, 43
measurement, 27
High-resistance voltmeter, 63
Hot-wire ammeter, 5
Hummer, 301
Hydrogen, 160
Hysteresis, coefficient, 241
direct deflection, 236-240
energy loss, 240
step-by-step, 235
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Impedance, 284
measurement by ammeter and
voltmeter, 286
by three voltmeters, 286
triangle, 284, 294
Indicated temperature, 107
table, 109, 111
Indicated zero point, 108, 109
Induced E.M.F., 209, 245
Inductance bridge, 261, 304, 305
graphical solution, 304, 306
potential changes in, 261
Induction coil, 87
Induction, electromagnetic, 245
mutual, laws, 245
Inductive circuits in series, 289
in parallel, 291
Instantaneous values of current, 279
relation to instrument reading,

280
Instrument reading, relation to
instantaneous value of current,
280
Instruments,  alternating-current,
282

Insulation resistance, 42
by loss of charge, 47
cable, 46

Insulation, sulphur, 46

Insulator, 1

Integration, 181

Intensity, magnetic, 197
of magnetization, 200

International ampere, 3, 207
coulomb, 4
farad, 33
gilbert, 221
joule, 4
maxwell, 221
oersted, 221
ohm, 3, 207
volt, 4, 207
watt, 4, 207

Interpolation, 79

Iron, demagnetization, 243
effect of self inductance, 253

Iron ring, 226
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Joule, 206
international, 4

K

Kelvin bridge, 141
balance, 143, 146

Kelvin double bridge, 102
advantage, 105
students’, 105

Kirchhoff, first law, 112
second law, 113

L

Large voltage, 131
measurement, 131
Law, Ohm’s, 10, 18
Law of magnetic circuit, 195, 199
Laws of mutual induction, 245
Lead wires, 77, 81
correction, 96
Legal standard, 3
unit, 3
Location of faults, 81-88
Logarithms, 256
table, 257
London conference, 138
Loop method for locating faults, 83
Fisher, 84
Murray, 83
testing set, 87
Varley, 85
Loss, eddy current, 242
hysteresis, 240
Loss of charge, insulation resistance,
47
more exact formula, 48
Low resistance, 100
standard, 101, 102

M

Magnet, 196
elementary, 242
flux from, 213
permanent, 241
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Magnetic ballistic con
mination, 227, 239 "
Magnetic circuit, 190
law of, 195
representation, 192
study of, 222
Magnetic field, 2, 5
Magnetic flux, 191, 198
measurement, 210, 223
Magnetic intensity, 197, 226
determination of, 240
within ring solenoid, 218
within solenoid, 218
Magnetic poles, 244
Magnetic units, 196
Magnetization, 200
intensity, 200
intrinsic, 200
Magnetization curve, 228
Magnetomotive force, 193, 196
arrows, of, 193
computation for, 223
distribution, 193
due to a current, 216
due to a solenoid, 218
electronic, 202
gradient, 197
in divided circuit, 193
measurement of, 219
representation, 193, 194
unit, 193, 196, 221
Maximum current from a battery,
20
Maxwell, 191, 198
international, 221
Maxwell’s method,
and L, 262
practical applications, 264
Medium, relation of B and H, 199
Megohm, 54
sensitivity, 54
Merit, figure, 51, 52
factor, 55
Mica, 32
Microcoulomb, 37
Microfarad, 33
Microphone hummer, 301
Minimum corrections, 14
Model, atomic, 202

wt, deter-

comparing

INDEX

Model, plaster, for surface character-
istic, 169
Murray loop, 83
Mutual inductance, 250
Carey Foster method, 274
comparison by direct currents, 273
comparison of equal, 312
comparison of unequal, 313
graphical solution, 314
comparison with capacitance, 317
graphical solution, 318
comparison with self inductance,
262, 316
graphical solution, 316
definition, 250
direct comparison, 269
galvanometer, constant with, 214
meaning, 249
measurement, of a large, 271
secondary definition, 251
unequal values, 270
unit, 250
value computed, 215

N

Natural logarithms, 257

Negative, 113

Network of conductors, 113

Normal cell, Weston, 121, 207, 208

Normal magnetization curve, 228
determined during demagnetiza-

tion, 243
Nuclei of atoms, 33

(0]

Oersted, 195, 198
international, 221
Ohm, 4, 205, 206, 208

international, 3, 207
mercury, 207
Ohmmeter, Weston, 65, 66
Ohm’s law, 10, 18
Opens, 81
location, 87, 88
test, 82
Oscillator, 302



INDEX

Paraffine, 32
Parallax, 7
Parallel, condensers, 175
resistances, 9, 10, 13, 71, 72
resonance, 298
Per cent bridge, 80
Permanent magnets, 241
Permeability, 198
curve, 229
of vacuum, 199
relative, 199
Permeameter, Fahy, 232
Plaster of Paris, 169
model, 169
Plate, 161
current, 163
voltage, relation to plate current,
165
Point principle, 112
Polarization, 30, 39
Pole, magnetic, 224
unit, 196
Porcelain pots, 139
Positive, 113
Positive charge, 33
Potential, 8, 113
change in, 114
difference of, 8
fall of, 8, 10
Potential changes in
bridge, 182, 186
Potential difference, 112, 113
unit, 205
Potential divider, 26, 53, 131
use of, 27
Potential terminals, 141
Potentiometer, 112, 126
direct reading, 120, 128
galvanometer, 128
more convenient method, 135
resistance box, 119
resistances, 132
slide wire, 118
students’, 124
type K, 125
voltmeter calibration, 129
without standard cell, 128

capacitance
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Power, 21

alternating-current, 325

by electrodynamometer, 147

by standard cell, 152

by wattmeter, 149-159

in rheostat, 151

maximum, 22

measurement, 21, 147

total, 21, 22

useful, 20, 22, 23
Practical units, 205, 208
Primary current, 246
Principle, circuit, 113

divided circuit, 117

point, 112
Problems, 22, 34, 71-2, 93, 109, 256,

283, 290, 291, 295, 296

Protons, 1, 2, 33

Q

Quantity, 32, 33
unit, 204

R

Radio communication, 172
Reactance, 285
Relation between resistance and
temperature, 106
second degree, 110
Relative error, 75
Relay, electron tube, 171
Reluctance, 194, 195, 198
unit, 195, 198
Residual discharges, 177, 178
Resistanre, 204
battery, 16
by condenser method, 39
by ammeter and voltmeter, 11, 12
by Carey Foster method, 95
by differential galvanometer, 64,
67
by potentiometer, 132
by substitution, 98
charging condenser through, 179
containing an E.M.F., 16
electrolyte, 88
equivalent, 288
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Resistance, errors in measuring, 15
four-terminal, 101
galvanometer, half deflection, 60,
61
graphical solution, 13
high, 27, 43
insulation, 42
low, 100
precise comparison, 99
secondary, 247
shunt, 63
temperature, 106
temperature coefficient, 110
unit. 3, 205
wattmeter determination, 288
zero, 107
Resistance thermometer, 110
Resistivity, 89
Resolutions of Electrical Confer-
ence, 206-208
Resonance in electrical circuit, 298
parallel, 298
series, 298
Rheostat, power, in, 151
Ring, iron, 226
Ring method, 224

S

Second degree relation, 110
Secondary resistance, 247
circuit, 250
Self inductance, 252
by impedance method, 286
calibration of variable standard,
264
compared with capacitance, 262,
308
Anderson’s method, 268, 310
graphical solution, 309, 311
comparison of, 258, 303
definition, 252
effect of iron, 253
meaning, 252
measurement of a fixed value,
2656
secondary definition, 252
small, 317
unit, 252

INDEX

Sensitivity, current, 54
megohm, 54
voltage, 54
Series, condensers, 175
resistances, 7, 13, 71, 72
Series resonance, 298
Shunt, 6, 26
box, 57
test, 59
common, 56, 59
multiplying power, 56, 59, 60
resistance of, 63
universal, 57, 58, 59
use, 56, 57
Sifter, frequency, 300
Sign, negative, 113
positive, 113
proper, 113
Silk, 1, 139
Silver nitrate, 3, 207
Silver voltameter, 138, 139, 140
Single bar and yoke, 232, 233
Single method, slide wire bridge, 70
Slide wire bridge, 70
best position of balance, 75
calibration, 72, 77, 93
double method, 73, 76
extensions, 91
relative error, 75
simple method, 70
total length, 74
Solenoid, m.m.F. of, 218
magnetic intensity within, 218
Solutions, graphical, 284
Sources of alternating current, 301
Space charge, 163
current, 163
Speed, constant, 189
Standard, legal, 3
Standard cell, 121-123
calibrate ammeter, 141, 142
measurement of current, 139
measurement of power, 152-159
quick method, 127
use, 123
Standard condensers, 174
Standard low resistance, 101, 102
Standard resistance for carrying
current, 140
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Starting a current, 253

Static characteristic, 167

Step by step method, 234, 235
Stopping a current, 253

Students’ potentiometer, 124
Substitution, comparison of resis-

tances, 98
Sulphur, for insulation, 46
Sun, 33

Surface characteristic, 169
Susceptibility, 201
Switch for testing battery, 41
rotary, 41
Switches for putting voltmeter in
three places, 287

T

Tangent galvanometer, 136
Telephone, 88

grounding, 260
Telescope, focusing, 36
Temperature, effect on

emission, 162

effect on magnetization, 242

error due to, 16
Temperature-resistance relation, 106,

107

indicated, 107

zero resistance, 107
Thermal currents, 74, 77, 80
Thermommeter, resistance, 110
Three electrode tube, 167
Time test of a cell, 29
Tongue of key, 36, 38
Total length of bridge, 91, 92
Transient currents, 34
Types of galvanometers, 51

electron

U

Unit capacitance, 33
current, 3, 203
electromotive force, 4
legal, 3
potential difference, 205
quantity, 204
resistance, 3,205

Unit pole, 196
flux from, 216
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Units, C.G.S., 190
concrete, 206
electrical, 203
electromagnetic, 208
electrostatic, 190, 208
magnetic, 196
practical, 205
table of relations, 208
Units used in magnetic measume-
ments, 221
international magnetic, 221
Usage, common, 4
Use of standard cell, 123
Useful power, 20

A

Varley loop, 85
Volt, 4, 205, 206, 208
international, 4, 207
Volt box, 131
Voltage amplification, 170
Voltage sensitivity, 54
Voltameter, silver, 138
simple, 139
Voltmeter, alternating current, 323
calibration, 129, 133
for measurement of current, 25
for measurement of E.M.F., 24
high-reading, 132
high resistance. 63
idea, 63
making, 62, 63
Weston, 9
Voltmeter without current, 31

w

Watt, 206, 208
international, 4, 207
Watt-hour meter, 327
calibration, 327
Wattmeter, alternating current, 324
calibration on inductive circuit,
326
comparison with ammeter and
voltmeter, 149, 325
comparison with standard watt-
meter, 326
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Wattmeter, comper ated 156
high-reading, 158
non-compensate!, . 34
Weston, 149

Wattmeter determination of equiva-

lent resistance, 288

Weston ammeter, 5, 323
normal cell, 121, 139, 140, 207, 208
ohmmeter, 65, 66
standard cell, 122
voltmeter, 6, 9
wattmeter, 149

INDEX

Wheatstone bridge, 69
box, 77, 78
principle, 69
use, 79
Work to carry pole around current,
217

7

Zero point, 108
resistance, 107
use, 109

Zinc sulphate, 2












