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APPENDIX A 

A.1 Concavity of П1 in P
*

1 and α*
 and П2 in P2 and θ  

Differentiating Eq. (3.2) wrt P1 and α, yields, 
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Differentiating Eq. (3.9) wrt P2 and θ, yields, 
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A.2 Variation of П
*
1, П

*
2, P

*
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*
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  wrt η and ζ 

Differentiating θ
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*
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*
2, and П

*
1 in Eqs. (3.14), (3.6), (3.12), (3.4), (3.15) and 
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A.3 Concavity of Пj in α*
, and θ*

 

Differentiating Eq. (3.38) wrt α and θ, yield, 
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A.4 Variation of П
*

j, P
*
1, α

*
, P

*
2 and θ*

 wrt η and ζ 

Differentiating θ
*
, α

*
, P

*
1, and П

*
j in Eqs. (3.43), (3.41), (3.39) and (3.44) wrt η and wrt ζ, 

yield, 
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A.5 Proof of Lemma 3.1  

I
*θ > II

*θ , on simplification results in; 
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Similarly I
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A.6 Proof of Lemma 3.2  

I
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and is true if  ( ) ( )[ ] 02 22

2 >−+− νλνηγηζ eVeVe . 

 

Similarly I
*α > III

*α  simplifies to; 

 
( )[ ]

2

1*

,21

*

2

*

,21

*

22 γη

λθγ

γη

λθγ

−

















++−+

>
−

+−+

e

Q

O
PVeA

e

PVeA
IIIIII

II
   (A.33) 

 and is true if 
( ) ( )[ ]
( ) ( )[ ] 0
22

23
2

2

2

2

2

2

>
−−−

−−−

νληγηζ

νληγηζ

eVe

eVe
 

Similarly IP ,1
* > IIIP ,1

* simplifies to;  

( )








+++

++
>

+
+

++

Q

O
PV

e

APV

e

A
III

IIIIIIIII 1*

,21

***

,21
**

2

1

222

λθγαλθγα
  (A.34) 



 229 
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A.7 Proof of Lemma 3.3  
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which is true since 
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A.8 Proof of Lemma 3.4  
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APPENDIX B 

B.1 Proof of Positive Definiteness of Hessain Matrix  of TRC(M,N,Q,θ) in Q and θ 

The determinant of Hessain matrix can be calculated as 
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The Hessain matrix is positive and ( )θ,,, QNMTRC is convex with respect to Q and θ. 

 

B.2 Proof of Positive Definiteness of Hessain Matrix  of TRCs(M,N,Q,θ) in Q and θ 

The determinant of Hessain matrix can be calculated as 
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B.3 Proof of Positive Definiteness of Hessain Matrix  of TRCb(Q,θ) in Q and θ 

The determinant of Hessain matrix can be calculated as 
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The Hessain matrix is positive when 
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then ( )θ,QTRCb is convex with respect to Q and θ. 

 

B.4 Proof of Positive Definiteness of Hessain Matrix  of TRCb(Q,λ,θ) and TRCs(M,N,λ,θ) 

in Q and θ 

The determinant of Hessain matrix can be calculated as 
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The Hessain matrix is positive when 
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then ( )bb QTRC θ, is convex with respect to Q and θb. 

The determinant of Hessain matrix can be calculated as 
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The Hessain matrix is positive when 

( ) ( ) ( )
01

2

2

1
2

>











−

++







 −

iqN

MAS

A

gNDhDgND m

r

br θλλ
and then ( )θλ,,, NMTRC s

is convex 

with respect to Q and θ. 

 

B.5 Proof of Positive Definiteness of Hessain Matrix  of TRC(Q,m,θ,S,L) in Q, θ and S. 

For a given value of L, we first obtain the Hessain matrix as follows: 
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For a fixed [ ]1, −∈ ii LLL , TRC(Q,m,θ,L,S) is convex with respect to Q, θ, and S, since: 

The first principal minor of H is  
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The second principal minor of H is  
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The third principal minor of H is 

01 22233 >







−= H

mqi

D

mQ

D
H

ss

 if 01 >







−

mqi

D

ss

     (B.24) 



 235 

APPENDIX C 

C.1 Proof of Convergence of λ2 

For mi ,.......,2,1= , 
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The limiting values of f(λ2) and ni are 
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Substituting Eq. (C.3) in Eq. (C.2) yields 

( ) 0lim
1

2
02

>−=∑
=

→

m

i i

i
i

A

H
sf κλ

λ
,  if 0

1

>−∑
=

m

i i

i
i

A

H
s κ     (C.4) 

( ) κλ
λ

−=
∞→

2
2

lim f          (C.5) 

( )
( )

0
2

1
23

21

2

2 <
++

+
+

−=′ ∑
= iiii

i

ii
im

i

i
svnA

n

RQ
H

sf
λ

λ  for all values of λ2, which implies that f(λ2) is a 

strictly decreasing function of λ2. Hence an unique optimal solution for λ2 satisfying f(λ2)=0 

exists. 

 

C.2 Proof of Convergence of T(ni) 

For mi ,.......,2,1= ,  
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Substituting αi in Eq. (5.58) in Qi results in 
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Substituting Ai  in Eq. (5.57) and Qi in Eq. (C.7) in Eq. (C.6) yields 
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 for all values of Ti, which implies 

that g(Ti) is a strictly increasing function of Ti. Since Ti satisfying g(Ti)=0 always exists, the 

optimal solution for Ti satisfying f(Ti)=0 also always exists.  
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APPENDIX D 

D.1 Derivation of Average Finished Goods Inventory  

Fig. D.1 shows the inventory level at any time t, with regard to the quantity manufactured and 

the total inventory consumed. 

 

Fig. D.1 Inventory build-up and lumpy demand 
 

The level of finished goods inventory, Qf(t) at any time t is the difference between the 

manufactured quantity, Qm(t) and shipping quantity, Qs(t). The average inventory per cycle, 

Qavg, is expressed as (Sarker and Parija, 1996):  
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Substituting ff TDTP =1 , 
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Similarly (Sarker and Parija, 1996), 
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since TLm ff =  and fff Qxm =  

Substituting Eqs. (D.5) and (D.6) in Eq. (D.1), yield 
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D.2 Derivation of Average Finished Goods Inventory with Rework 

Fig. D.2 shows the inventory level at any time t, with regard to the quantity manufactured and 

the total inventory consumed. 

 

       Fig. D.2 Inventory build-up and lumpy demand with rework 
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The level of finished goods inventory, Qf(t) at any time t is the difference between the 

manufactured quantity, Qm(t) and shipping quantity, Qs(t). The average inventory per cycle, 

Qavg, is expressed as (Sarker and Parija, 1996):  
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and  

fs jxQ = , where ( ) ff LjtjL 1+≤≤ , for 1,......,2,1,0 −= fmj    (D.11) 
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Similarly (Sarker and Parija, 1996), 
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since TLm ff =  and fff Qxm =  

Substituting Eqs. (D.14) and (D.15) in Eq. (D.9), yield 
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D.3 Proof for Global Optimality of Total Cost 
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In this case, optimal solution exists for total cost function and total cost function attains a 

minimum value for the unique values (mf, no). 


