APPENDIX A

A.1 Concavity of I1; in P*l and ¢ and I, in P, and @
Differentiating Eq. (3.2) wrt P; and a, yields,
82H1 3 82H1 3 82H1 3 82H1 3

=2e, =-n, = = A.l
P oa” " aep, oPoa A
For (2en—y*)>0,
9, 9l 9%, 9°11, (2%, )
<0, —1'1<0,and ! L L1 =(2en—7%)>0 A2
P> 0a> P’ oa’ (aaaPl] ( en-y ) (A2)
Differentiating Eq. (3.9) wrt P, and 6, yields,
2 2 2 2 2
anzz:_ 2e 772 ’81122:_2"77/“/2‘2/ _g’aHZZBHZZ n 5 (A+eV,v)
oP; (2e77—7/ ) 260 (2e77—7/ ) 0P, OJP,00 (2e77—7/ )
(A.3)

For (2en—y*)>0 and [24“(2e77—y2)—n(ﬂ—evzv)2J>0,

9°I1 9°I1
22 <0, 22 <0, - -
oP; 26 P} 36

>
9T 31, —[g;;j =pelen-7)-na-evyyy >0

(A.4)
A.2 Variation of 1, IT 5, P, @', P, and 6 wrt nand ¢
Differentiating ", a”, P*, P*;, II'5, and IT| in Egs. (3.14), (3.6), (3.12), (3.4), (3.15) and
(3.5) wrt 7 and wrt ¢, yield,

99" _ 20y’ (A—eV,v)[A—e(v, +V,)]

. ) (A.5)
N |ptlen-y)-nla-ev,y)]
oo’ __tertpslen—y2)-n(a-evy) [+ ¢ (a-eviv) fla-e(v, +V, )] (A.6)
o7 b¢en—y?)-na-evP ]
oP, y? (ﬂ—eVzv)(/l+eV2V)[A—€(V1 +V, )

_ i (A7)
on dpseen-y2)-n(a-ev,v)]
op, Ly A+ y?)(A—ev,y)+der* |[A—e(v, +V,)]

. 2 (A8)
on 2622 e -2 )-n(a-ev,v )]
o, Oy [A—e(v, +V,)f (A.9)

m [2;(2e77— v )-n(i-ev,v)? ]2
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oI, 8e2 ¢y A—e(v, +V,)f

M pclen-r)-na-evw) T o
00" 2m(2en-y*)(A-evv)[A—e(v, +V,)]

W flen-y)-na-evw) | o
de”  miile=1)+eVv|(A-ev,y)[a—e(v, +V,)]

i’ bsen-y*)-na-ev,y) | e
o, 2(2en—7?)(A+eV,y)(A—eVyy)[A=e(V, +V,)] A13)
9¢ beeen—y?)-nla-evy) |

P, 2mA-evv)A—e(V, +V,) A+ (A +eVyv)en—y?)

2 psen-y2)-n(a-ev)| e
al, _ n’(A-evyy)’[A-e(v, +V, )] (A15)
o aptlen-y)-nla-evy) |

A, 168’7 2en—y A-eV,v) [a—e(V, +V,)]

T psleen-y2)-n(a-ev,v) | o
A.3 Concavity of IIjin &, and 6"
Differentiating Eq. (3.38) wrt « and 6, yield,

O'I,  (2en-y?) O, [235—(/1—6‘/2‘/)2] JO°11;, 9T,

oa> 2 06° 2e 9da dae 2 V)

(A.17)

For (2en-7")>0, l2eg“—(l—eV2V)2J>0, (A-eV,v)>0, and

[¢en-7*)-nla-ev,y)]>0,
O’M, 9,  0°’I, 9, [aznj

<0, <0,
o’ 06* da’ 96? 00

2
J = [¢Cen-r*)-n(a-ev)]>0
(A.18)
A.4 Variation of H*j, P, a, P yand 6 wrt nand ¢

Differentiating 6, a’, P*;, and IT in Egs. (3.43), (3.41), (3.39) and (3.44) wrt  and wrt
yield,
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08" _ 472 (ﬂ—eVZV)[A—e(Vl +V, )]

_ ) (A.19)
N |¢en-y*)-n(a-evy)]
aa*:_§ﬂ%ﬂ—WNA—4W+VJHR§—Q;€%VYJ (A20)
on [cCen-7?)-n(a-ev,y)]
00" __nl2en—p*)(A—evyv)[a-ely, +V, ) (A21)
of ¢en—y?)-n(a-ev,v)]
oa _ ny(A-ev,v) [A_e(vl +V2)2] (A.22)
o [tlen—y)-n(a-evv)]
o' _ r{len-7*)ed —(a-evy) [+ |2 —(ev,v) |} [a-e(v, +V, )] (A.23)
an 2622 (en—y?)-n(a-evyy) |
0P _n(A-ev,y)v,vlen—r*)+ Ml[A—e(le +V,)] (A.24)
9¢ ¢Cen—y?)-n(a-ev,v)]
aHj — ;272 [A_e(vl +Vz)] . (A.25)
o oltlen-y?)-n(a-evy)]
anj:_nufenv)M—d%+Vsz (A.26)
o 2l¢len-y)-n(a-ev,y]
A.5 Proof of Lemma 3.1
61> 6 i, on simplification results in;
(,+0,)  Oh, ﬂ
A—eVy) A= V. +V,
n(/i—evzv)[A—e(Vl W, )] . 77( e V)[ e( +V, + 0 + R
lzg’(zen -7 )—7](/1—6V2V)2 J 12;(26’77 -y )_77(/1_6‘/2")2 J
(A.27)
which is true since e{ (S2 *0, ) + Oh, j >0
0 2R

Similarly P2 < P 2. simplifies to;

A A+A6, .
—%[v1 —v,(1+ve; )< %—%{vl —v,(1+ve; )-

A+A6;
2e

(s,+0,) 0On,
0 2R

(A.28)
and is true if [{(2e77— 7 )—n/i(/i—evzv)] >0.
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Similarly a’i>a’n simplifies to;

7/[A+/191* _e(vl +PZI)] S 7[A+/191*1 _e(vl +Pz%ju)]
2en—y? 2en—y*

¢ Cen—y2)+n(a-eviv)’|

[24’(2e77— a )—n(/l—evzv)zj

Similarly Pi>Piu simplifies to;

(A.29)

and is true if

A+705: +/191* +(V1 +P2T1)> A+70571 +/191*1 + (Vl +P2*;11)
2e 2 2e 2

and is true if (2e77—72)[ﬂn(/l—eVzv)—é’(2e77—72)]> 0.

(A.30)

A.6 Proof of Lemma 3.2

61> 6 u,on simplification results in;

n(A-eVyy)[A-elv, +V,)] ”(l_evzv)[A_e[Vl i +3ﬂ

[24’(2e77 — 7 )-n(A-eV,v)? J g lZé’(Ze?] -y )—n(ﬁ—eVzv)zj

(A.31)

L . O
which is true since e— > 0.

Similarly P2, > P">.u simplifies to;

1 A1 A+AG, 1 .\ 0
—E[V1 v, (1+ve))]> %—E(Vl v, (1+ve], )+51] (A.32)

A+A6,
2e

and is true if [(2en—y?)+neV,v(A—eV,v)|> 0.

Similarly &1 >a"m simplifies to;

x ; &
7[A+/19; _€(V1 +P2*;1 )] § V|:A+/19m e(v1 +P2’”[ + 0 ]:|

2en—y? 2en—y*
B¢en—y2)-nla-evy)]
2¢en—y?)-n(a-evy) |

Similarly P"\;> P"1.u simplifies to;

(A.33)

>0

and is true if

A+ya +20° V,+P),) A+yx, + 16, « 0
n, ) +( 1 2,1)> Yy 1 +1(V1 +P +_1j (A.34)
2e 2 2e 2 Q
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and is true if [p(A—eV,v)3A-eV,v)-2¢(Ben—2)|> 0.

A.7 Proof of Lemma 3.3
6 1>6w,on simplification results in;
(0] S, +0 h
n(A—ev,v) A—e[V1+V2+1+( 2 2)+Q 2j
n(A-ev,v)[a—eV, +V,)] S Q 0] 2R

l2§'(2e77 -y )—n(ﬂ—eVzv)zj [24’(2e77 -y )—n(ﬂ—eVzv)zj

(A.35)
o, (S,+0 h
which is true since e —1+( 2 2)+Q 2150
0 0 2R
Similarly P2 > P 2w simplifies to;
A+ 10 N A+ A6 .y 0, (S,+0 h
L Ly v (4ve )]s A4 L VI—V2(1+V¢9,V)+—‘—( . +0,)_Oh,
e 2 2e 2 0 0 2R

(A.36)

and is true if

(g J [¢Cen—y*)+neviv(a=ev,y)] {(Sz +0,), thJ
Q) [sl2en—y?)-n(a-evy)] 0 2R

2en—y?)-n(a-evw)]

Similarly &';>a v simplifies to;

, 0
A+26,, —€¢ V,+P,, +—-
A+ 20" —elv + P V|: v (1 2.1v ]}
7/[ + A0, e( T 2,1)]> Q (A37)

2en-y* 2en-y?

and is true if (2€277_72) 5 >0
L@en-72 )-n(a-ev,y)]

Similarly P"\;> P"1m simplifies to;

A+ya +20, V,+P,) A+ya, +16, .
yo, + A0, + ( S ) > P * 40y, -i'l (Vl +P, +&j (A.38)
2e 2 2e 2 Q

and is true if

an(a-ev,v)-¢l2en—y?) -0

Ran(a-ev,y)-¢(2en-y?)]

0,\ B¢ en—y*)+nevivia-ev,v)] ((s,+0,) on,
(QJ l2§’(2e77—72)—77(1—eV2V)2J +{ 0 +2RJ
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A.8 Proof of Lemma 3.4

* * . . e . .
6 vi> 6 vir , on simplification results in;

h
n(A-ev,v) A—{V1 +V, + ©,+0, +Sz)+ 2 ZJ
U(ﬂ—eVzV)[A—e(Vl +V, )] S Q 2R
K @en—7?)-n(a-ev,v)] K Cen—7?)-n(a-ev,v)’]
(A.39)
h
which is true since e 0,+5,+0,) + 2k >0
0, 2R
Similarly &'/ >a v simplifies to;
;/{A +16,, - e[V1 +V, (1 +Vv6,, )] } .
2en—y°
(A.40)
. ; h
Y| A+ 26, —e V, +V,(1+V6;, )+ 0,+0,+5,) Q"
2en—-y o, 2R
L2
and is true if (22677 4 ) 1> 0
K @en—7?)-n(a-ev,v))
Similarly P"i;> P"1.m simplifies to;
A+ya, + 16, N [Vl +V, (1 +v6,, )] .
2¢ 2 (A41)
A+ Y0y + A6y, _l_l 4 +V2(1+V9;1”)+ (01 +0, +Sz)+ Q,h,
2 2 0, 2R

(=1 Cen -y )+240-eviy)]
K @en—72)-n(a-ev,v)]

and is true if

230



APPENDIX B
B.1 Proof of Positive Definiteness of Hessain Matrix of TRC(M,N,Q,6) in Q and 6

The determinant of Hessain matrix can be calculated as

0*TRC(M,N,Q,6) azTRC(M,N,Q,0)_(82TRC(M,N,Q,9)J2 :(@jz[@_l} 0

20 06> 0006 2 iq
(B.1)

where
2

d TRC(aAg,ZN,Q,é’)Zgw (B.2)
, .

P} TRC(;V;;N,Q,@):%>O (B.3)
2

0’TRC(M,N.Q.6) _gND _ (B.4)

0006 2

The Hessain matrix is positive and TRC(M, N, Q, 6)is convex with respect to Q and 6.

B.2 Proof of Positive Definiteness of Hessain Matrix of TRC;(M,N,Q,6) in Q and 6

The determinant of Hessain matrix can be calculated as

9°TRC.(M,N,Q,6) °TRC (M ,N,Q,6) _(BZTRCS (M,N,Q,e)j2 ~

a 2 802 a 39
0 Q (B.5)
(gNDJz on, (S+Aa,M) |
2 iq AN
where
2
0°TRC,(M.N.Q.6) _2D(S+A,M) (B.6)
20’ NQ®
, )
0’TRC,(M,N,0.6) _iq _, (B.7)
06? 6’
2
0*TRC,(M,N,0.0) _gND _ (B.8)

0006 2

J2DAh, (S+A,M)

iq AN

—1|>0and then

2
D
The Hessain matrix is positive when (g];’ j {

TRC, (M, N,Q, 9) is convex with respect to Q and 6.
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B.3 Proof of Positive Definiteness of Hessain Matrix of TRCy(Q,0) in Q and 6

The determinant of Hessain matrix can be calculated as

d°TRC,(Q,6) 3°TRC, (0, 6) _[aZTRCb (0, ¢9)J2 _ (gNDJT\/ZDA, (h, + gND8) B

aQZ 00? 0008 2 q
(B.9)
where
2
0 TRacQ,, 2(Q, 9): 2221, -0 (B.10)
s .
d TRaCls,;z(Qﬂ):%>0 (B.11)
2
9°TRC,(Q.6) _ gND 0 (B.12)
0006 2

J2DA, (h, + gNDO)
iq

—1|>0and

2
The Hessain matrix is positive when (8];@}{

then7RC, (0,0)is convex with respect to Q and 6.

B.4 Proof of Positive Definiteness of Hessain Matrix of TRCy(Q,4,6) and TRC(M,N,4,6)
in Q and 0

The determinant of Hessain matrix can be calculated as

2
9’TRC,(Q.4.6,) °TRC,(0.1.6,) [azTRc,, (0.4.6, )j _

00’ ae,f 0006,
2 (B.13)
(ﬂgNDj J2DA, (h, + AgND@,) »
2 iq
where
2
0°TRC,(0.4.6,) _2DA, (B.14)
90> 0’
, .
a TRCb(Q’ﬂ“’ab):ﬂ>0 (BlS)
067 6,
2
0’TRC,(0.4,6,) _ AND _ (B.16)

9006, 2
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2
2DA, (h. + AgND@
The Hessain matrix is positive when (ﬂg;VDJ {\/ i ~ 8 ) —1} >0 and
iq
then7RC, (0, 0, )is convex with respect to Q and .
The determinant of Hessain matrix can be calculated as
0*TRC (M,N,,0) 3°TRC ,(M,N, A, 9)_[82TRCS (M,N,2,6)) B
90° 96’ 3006 -
Q , (B.17)
(1-A)gND 2D(h, + AgND#8,) (S+A, M) »
2 A, igN

where
0°’TRC,(M,N,A,6) 2D(S+A,M

J( 2 )_2D( L N (B.18)

o1y, NQ
0°’TRC,(M,N, 2,6

i x )_ 4 50 (B.19)

06 6

0’TRC ,(M,N, 2,6 -

A )_(-=A)gND (B.20)

0000 2
The Hessain matrix is positive when

2
- 2D(h, +AgND@O,) (S+A M
{(I ﬂz)gND} {\/ ( : Ag ”)( . ]C; )—1 > 0 and then TRCS(M,N,}L,H)is convex
, iq

with respect to Q and 6.

B.5 Proof of Positive Definiteness of Hessain Matrix of TRC(Q,m,0,S,L) in Q, 6 and S.

For a given value of L, we first obtain the Hessain matrix as follows:

[9°TRC(Q,L,m,0,S) 9°*TRC(Q,L,m,6,S) 9>TRC(Q,L,m,6,S)]
90> 9006 900S
9°TRC(Q,L,m,0,S) 0*TRC(Q,L,m,0,S) 9°TRC(Q,L,m,6,S)
00Q 00* oS
0°TRC(Q,L,m,0,8) 9°TRC(Q,L,m,6,S) o°TRC(Q,L,m,6,S)

9S00 0806 0S? |

(B.21)

For a fixed Le [L.,L. ], TRC(Q,m,6,L,S) is convex with respect to Q, 6, and S, since:

The first principal minor of H is

|H“|_2QD{A+S+{C +l 1c](b —-a, )H >0 (B.22)

m =
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The second principal minor of H is

2
gmD 1 D 2D .
|H22|:(Tj ” H(m(l—Fj—l+? rC,+rC, tQ+i,q, |>0 (B.23)

The third principal minor of H is

D ( D .
|H33|:—[ —1J|H22|>0 1f(

“1]>0 B.24
Q’m\i,q,m J B2

ISQSm
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APPENDIX C

C.1 Proof of Convergence of 2,

For i=1,2,....... M,

(C.1)

(C.2)

(C.3)

Substituting Eq. (C.3) in Eq. (C.2) yields

, w [, & [H,
};Lr})f(ﬂz)=;si Z—K>0, 1fiZ:1:sl. Z—K>0 (C.4)

lim f(4,)=—x« (C.5)
H, +7Q" R
’ 1 o 2 ni . . . .
f (ﬂz):——ZS <0 for all values of A,, which implies that f(4,) is a

257 (A +ny, + Ay, )

strictly decreasing function of /,. Hence an unique optimal solution for A, satisfying f(4,)=0

exists.

C.2 Proof of Convergence of T(n;)
For i=1,2,....... ,m,

A tny + A,s,

f(1)=Te(r)=17 (C.6)
H, + Q+R
n;
Substituting o; in Eq. (5.58) in Q; results in
i bn.

=i C.7
0 T (C.7)
Substituting A; in Eq. (5.57) and Q; in Eq. (C.7) in Eq. (C.6) yields
g(z)zjﬂl _ ni(laaiT;' +nivi +12Si) (Cg)

(Hi”iTi + iabini + TiRi )
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ni(nivi + ﬂzsi) <0 (C.9

limg(T, ) =—
lim g(7;) o
lim g(T;) = o (C.10)
. . 2
If ¢(T)=1+ n,(nv, + A5, Hin + R ) =i ai bin, >0 for all values of T;, which implies

(HiniTi +i,bin; + TR, )2
that g(T;) is a strictly increasing function of 7;. Since T; satisfying g(7;)=0 always exists, the

optimal solution for 7; satisfying f{7T;)=0 also always exists.
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APPENDIX D
D.1 Derivation of Average Finished Goods Inventory

Fig. D.1 shows the inventory level at any time t, with regard to the quantity manufactured and

the total inventory consumed.

A
IV Qf
meXs
(myg-1)x¢
3Xf
2Xf
Xf
| | | | R
Lf 2Lf 3Lf T1 (Il’lf- 1 )Lf Il’lfo t

< T 1 #!
< T »

Fig. D.1 Inventory build-up and lumpy demand

The level of finished goods inventory, Qft) at any time ¢ is the difference between the
manufactured quantity, Q,,(t) and shipping quantity, Q(¢). The average inventory per cycle,

Quvg. 1s expressed as (Sarker and Parija, 1996):

1 T 1 T T
Q. == [Q, ()1 = —[IQm (1) - [ 0, (t)dtj (D.1)
T 0 T 0 0
P, 0<r<T,
Qm(t)={PfT ; <t<Tl (D.2)
st | SIS
and
Q, = jx,, where jL, <t<(j+1)L,, for j=012,..,m, -1 (D.3)
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17 1|1 [ T
- = L
Fij(;)d;_T I[Pftdt+%|:Pf.7“1fdt —Ple(l 2Tj (D.4)

0
Substituting Ple = TDf,

T D
%J.Qm(t)dt:TD{l—ﬁj:Q{l—#} (D.5)

0 f

Similarly (Sarker and Parija, 1996),

1 T 1 mgLy 1 my -1 (j+1)Lf 1 my—1
—J.Qs(t)dtz— IQS(t)dt:—Z ijfdt :—Z(jfof)
T 0 T 0 T Jj=0 jL T j=0
! (D.6)
_ mf(mf —1)fof _ (mf —1)xf _ (mf —I)Qf
2T 2 2m,;
since m,L, =T and m,x, =Q,
Substituting Eqgs. (D.5) and (D.6) in Eq. (D.1), yield
D (m —1)Q :
—o |12 |V / D.7
Qavg Qf( 2Pf j 2mf ( )

o) zl{m X [I—ij+x } (D.8)
] s Pf !

D.2 Derivation of Average Finished Goods Inventory with Rework
Fig. D.2 shows the inventory level at any time t, with regard to the quantity manufactured and

the total inventory consumed.

A
1(t) Qr

mMeXe
P (m-1)x; ’_r

Pr(1-Pg 3x;
2X¢

i 4

L¢ 2L 3L Tt Ty (meDL¢  melg

Y W
e
N

—
A 4

Fig. D.2 Inventory build-up and lumpy demand with rework

238



The level of finished goods inventory, Qft) at any time ¢ is the difference between the
manufactured quantity, Q,,(t) and shipping quantity, Q(¢). The average inventory per cycle,
Quvg, 1s expressed as (Sarker and Parija, 1996):

1 T T
Qug = J Q, () ;[IQm(r)dr— | Qs(f)dfj (D.9)
0 0
where
Pf(l—ﬁf)t, ( ) OStSTlfg
t_Tlfg
t , T, <t<T,
Qm() { ( IBf)Tlfg ( ( /Bf)ﬂfg)m:l 1fg
PT,,, T, <t<T
(D.10)
and
Q, = jx,, where jL, <t <(j+1)L,, for j=012,...m, —1 (D.11)
s B}

[ P(1= 8, e

T, _T
%J.an(t)dt:% +J. ﬂf 1fg ( ( IBf)T'lfg)H) dt (D.12)

0 Ty 1f 1fg

T
+ JPTlfdt

L Ty

1 1
J.Qm 1)dt = 2T f( :Bf lfg+TP(_ﬁf)Tlfg(Tlf_Tlfg)+

L b b, -8, )0, ), -1, e L, -1,

Substituting P, T;, =(1-B,)rD, =(1-8,)0,. P/(1,-T,,)=B,TD, =B,0, and

PT, =TD, =Q,

(D.13)

T

Q,D 2:6 o,D ) ﬂ 0.D D
Flo.0a=0-p) =4 -5,) %41—(1—@)]%@[1‘4

0 f f f

(D.14)
Similarly (Sarker and Parija, 1996),
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myLg

1 | 1 my -1 (j+1)Ly =
?J.Qs(t)dt b J.Qs(t)dt =7 [ ;L[fodf} T Z(foLf)

0 0 Jj=0 Jj=0

(D.15)
_ mf(mf —l)fof _ (mf —l)xf _ (mf —I)Qf

2T 2 2m

s
since m,L, =T and m,x, =Q,

Substituting Egs. (D.14) and (D.15) in Eq. (D.9), yield

_ . B2, D, _p ) B0, D, Dy
o=l , 2-5,) g PP 013
(mf_l)Qf
2m,
(D.16)
1 (l+ﬁj ﬁf)j }
Qe =7 ym x| 1- +x, (D.17)
¢ 2{ ! f{ P, s
_D,(n,K,+K,) mx,DH,
TC(mf,nO)_ m Xy ' 2 fno Py OB (D.18)
1 Df(1+ﬂf_ﬁ;) '
oV P s (Hy
f
D.3 Proof for Global Optimality of Total Cost
BTC(mf,nu) aTC(mf,nO)
om’ om ,on
H=\orcn, n,) arclm, .n,) (D.19)
anoamf on’
, =|PTCmen) 2D, (nKy+ K)o (D.20)
‘ am, ‘ m;xf
|8TC )aTC(mf,nO)_aTC( n0 aTC f,n0|
‘ amf on’ amfano onydm ‘
(D.21)

2DfH0(nOK0+KS)_ D,K, fofHo _2D}K H,
2 3 2 2 - 23
mn, fP; myx, 2fn;P, m;n, fP;
In this case, optimal solution exists for total cost function and total cost function attains a

minimum value for the unique values (mg, n,).
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