Chapter 6

A parameter-uniform implicit scheme for two-
parameter singularly perturbed parabolic prob-

lems

6.1 Introduction

A parameter-uniform implicit scheme for two-parameter singularly perturbed bound-
ary value problems is constructed. Sharp bounds on the solution derivatives are given.
The solution is also decomposed into the sum of regular and singular components
and the bounds on the derivatives of these components which are used in the conver-
gence analysis are also given. The finite difference scheme on a predefined Shishkin
mesh is used to discretize the system of ordinary differential equations in the spatial
direction obtained by means of the Crank-Nicolson scheme on an equidistant mesh
in the temporal direction. Through rigorous analysis, the theoretical results for two
different cases: Case I. 81/822 — 0 as & — 0, and Case II. 822/81 —0as g —0
which show that the method is convergent irrespective of the size of the parameters
€1, & are provided. The order of accuracy in the first and second cases are shown as
O((At)> +N~'(InN)?) and &((At)> +N~2(InN)?) respectively. Two test problems

are encountered to verify the computational results with theoretical results.

6.2 The Continuous Problem: Preliminaries and a Pri-

ori Estimates

Consider the rectangular domain R = Q x A where Q = (0, 1), A = (0, T]. The bound-
ary of the domainis I'=T;UIl', U, where I'; = {(0,7) |0 <t < T}, I, ={(x,0) |0 <
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x<l1}andI', ={(1,r) | 0 <t < T} are the left, bottom and the right boundaries of
R. In this chapter, our aim is to find y(x,t) € C*?(R) of the following two-parameter

singularly perturbed parabolic problems on the rectangular domain R

82

J d
Ly(e.t) = =5+ 5% +ealen e —blx )y = flxr), (u0) €R,
(6.1a)
l//(x, 0) = l[/b(x) only, (6.1b)
v(0,¢) = y(t) on T, (6.1¢)
y(l,1) =y, (t) on T, (6.1d)

where €1, & are two small parameters lying in (0,1]. To ensure the existence and

uniqueness of the solution of the problem (6.1) the following assumptions are made

e The functions a(x,7), b(x,t), f(x,t) in Rand y;(t), y,(t), Wp(x) on I are bounded
and twice continuously differentiable.

e a(x,t) >a* >0, b(x,t) >b*>0, (x,)€ER.

e The initial function satisfies the compatibility conditions at the corner points of

the domain.

The summary of the chapter is as follows. Some a priori estimates on the solu-
tion of the continuous problem are given in Section 6.2. In particular, the bounds of
the solution and the minimum principle are given. By decomposing the solution into
the smooth and singular components the sharper bounds for the layer components
are given for both the cases. In Section 6.3, the temporal discretization by means
of the Crank-Nicolson scheme with uniform step size At is given and the global er-
ror estimate is obtained. Moreover, the system of ODEs obtained in this section is
discretized on Shishkin mesh. The main result on the convergence of the proposed
method is proved in Section 6.4 followed by the numerical experiments and the dis-
cussion on the results in Section 6.5. Finally, some concluding remarks and future
considerations are also mentioned in the last Section 6.6.

Some a priori estimates, like minimum principle, stability estimate, solution deriva-
tives bounds are established. The proof of the following lemma is standard and is

similar to the proof of the maximum principle given in [129].
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Lemma 6.2.1. Let ® € C*(R) N C%(R) be non-negative on T and L® is non-positive

in the interior of R. Then, ® is non-negative throughout R.

Lemma 6.2.2. The parameter-uniform estimate on W (x,t) is given by

wile < v+ L%

Proof. Tt is easy to verify that the barrier functions IT* (x,#) = ||| + M2 ”j I7lle v(x,1)
are non-negative on I'. Also, at an interior point (x,z) of R

LIT (x,1) {nwn i ”R] £ Ly() < b [ Wile— | Flle£f < —[fll g f <O.

The proof is completed by using the minimum principle. [

Now we decompose the solution y of the problem (6.1) into the regular and sin-
gular components (in both cases), which will be used in the error analysis. Case 1.

€/ 822 — 0 as & — 0. In this case, the decomposition is as follows:
y=U+V+W,

where the regular component U and the left and right singular components V and W
satisfy the following BVP.

LU = f, (0,¢), U(1,t) chosen suitably, andU (x,0) = yj(x),

LV =0, V(0,t)=wy(r)—U(0,t) —W(0,t), V(1,7)chosen suitably,
V(x,0) =0,

LW =0, (0,¢) chosen suitably, W(1,7) = y,(r) —U(1,1) =V (1,1),
W(x,0)=0.

Lemma 6.2.3. The layer components V, W satisfy the following bounds:

|V (x,2)] < Cexp((—a*e/e1)x),
(W (x,1)| < Cexp((—b*/&2)(1 —x)).

Proof. The proof can be done by following the approach given in [105]. ]
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The bounds for the smooth and singular components are given by the following

theorem.

Theorem 6.2.1. For the non-negative integers i, j satisfying 0 <i+3j < 4, the com-

ponents in case I satisfy the following bounds.

iy 1
aﬂ&1R§C<“+@V&) )

aiJer
oxioti R
aiJer )
= = =~ < C 71-
Ixion || =%

<C(er/g),

Proof. The proof can be done by following the approach given in [131]. [

Case II. 822 /€1 — 0 as g — 0. In this case, the decomposition is as follows:
V=x+Z,
where the regular and singular components ¥ and Z, respectively satisfy

Lx=/f, x(0,t), x(1,t)chosen suitably,
LZ = 0; Z(Ovt) = ll/l(t) _%(07I)7 Z(lvt) = Wr(f) _X(lat)'

Lemma 6.2.4. For some 0 < 0 < 1/2, the layer component satisfies

Z(x,0)] < Cexp (=7 er) %), x€[0,9],
Z(x,1)] < Cexp ((—v/70'/er) (1-2)), x€[1-8,1),

b(x,t
where the constant Y is given by Y = min (x,1) .
(x)er | a(x,1)

Proof. The proof can be done by following the approach given in [105]. [

The bounds on the derivatives of the smooth and singular components are given

by the following theorem.
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Theorem 6.2.2. For the non-negative integers i, j satisfying 0 < i+ 3j < 4, the com-
ponents in Case 11 satisfy the following bounds.

Iy (i-3)/2
2l <c (1 e ) ,
’ FRET R S
9"z —if2
— | <Cg "'".
‘ oxioti R !
Proof. The proof can be done by following the approach given in [131]. [

6.3 The Proposed Scheme

Based on the Crank-Nicolson method an implicit numerical scheme to solve (6.1) is
introduced in this section. The following uniform mesh AY in the temporal direction

is obtained by dividing the time interval [0, 7] into M partitions each of width Ar
A ={t,=nAt: n=0,1,... M, At =L}
Then on Q x AM problem (6.1) is semi-discretized as follows

DY () + e (Y)Y 4 a0 ()2 — b () Y2 = (),
xe, 0<n<M—1,
YN 0) = W (tar1), Y (1) = Yoltay1), 0<n<M-—1,
o) =w(x), xeQ,

where Y"*!(x) is the approximation of y(x,t,11) at (n+ 1)-th time level, D; is the
n+1 n
backward difference operator, v't1/2(x) = w, and a1 (x) = a(x,t,4 1), 0" (x) =

b(x,tys1), 71 (x) = f(x,t,11). Rewriting the above equation as

LY"™ 1 (x) = g(x,t,41), xeQ, 0<n<M-1,
Y 0) = yi(tnr1), Y™ (1) = Wiltas1), 0<n<M-—1, (6.2)
Yo%) =wp(x), x€Q,
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where the operator L is given by

. g d? al(x) d (x)
p=aL a_ i
a2 TR Ty o T2
and
€ an+1 X dn-i—l X
i) = 70 D)) -l Py + L5 ),
2
n+1 __ pn+l “
I (x)=b (x)+At’
2
dn—|—l — bl’H—l _ =
() = "+ (5) ——

Depending on the values of €| and &, in Case L i.e., £/ 822 — 0 as & — 0, the solution

of (6.2) can be decomposed as

Yn+1(x) — Un+l(x) + Vn+l(x) + WnJrl(x) :
———

Solution Regular component  Left singular component ~ Right singular component

while in Case II i.e., 822 /€1 — 0 as g — 0, the solution decomposition is as given

below

Yn+1(x) — xn+1(x) + Zn+1(x)

Solution Regular component ~ Singular component

The bounds for these smooth and singular components are given same as given in
Theorems 6.2.1 and 6.2.2. The operator L in (6.2) satisfies the following minimum

principle.

Lemma 6.3.1 (Minimum Principle). Let ®"71(0) >0, ®"*1(1) > 0 and L®"*! (x) <
0 for all x € Q then &' (x) > 0 for all x € Q.

Proof. For contrary suppose for some & € Q, ®"+1(&) = min,cq ®"*!(x) < 0. Then,

i,(I)n—H(é) _ %(Cpn+l)xx(§) +£261n+;(€) (q)n—i_l)x(g) - %Cbn_‘—l(é) >0,

as "1 (&) > 0. Hence, the proof is completed. 0

The following lemma estimates the local truncation error 7,4 in the temporal

semi-discretization (6.2).
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Lemma 6.3.2. The local error T, satisfy
[Tl < C(A7).

Proof. Using Taylor’s theorem, we have

At (Ar)? 3
W(xa tn-i-l) = W(xvtn+1/2) + ?Wt(x>tn+l/2) + 8 Wll(xv ln—H/Z) + 0((At) )7
At 1)?
W) = Y(5i1/2) ~ S b 2) + Y1 j2) + OL(A)Y)

On subtracting, it gives

V(X thy1) — W(x,ty)
At

= i (%, tup1/2) +O((A1)?)

= &1 Yxx (x, fn+1/2) +&a (X,fn+1/2) Yy (x, fn+1/2)
—b (X, tai1/2) W (X1t 2) — f (Xtag12) +O((A1)?),

where a (x,1,115) = w +O((At)?), etc. So, we can see that the local error

is the solution of

LT, = O((A1)*), T41(0) = o1 (1) = 0.
Hence, by using the minimum principle we get the required result. ]
Lemma 6.3.3. The global error E,, is estimated as

IE,|| < C(Ar)?, 0<n<M.

Proof. The contribution of the truncation errors and using local error estimate given

in Lemma 6.3.2 gives the required estimate. O]

The solutions 1Mp(x) < 0 and 1 (x) > 0 of the characteristic equation
£1A%(x) 4+ &a(x)A (x) — c(x) =0,
characterize the layer behavior of the solution. More precisely,

I xren[gﬁ]no(X), and iy xréféﬂ]m(x)’
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describe the boundary layer width and the rate at which the solution decay/rise in the
layer region. Due to the presence of the boundary layers, one can not achieve the
uniform convergence on an equidistant mesh. Therefore, the method is applied to a
mesh which is dense in layer regions. Let N > 4 be the number of mesh intervals used.
To construct the mesh the interval [0, 1] is divided into three sub-intervals Q| = [0, o],
Q) = (01,1 —0,), and Q3 = (1 — 07, 1] where the transition parameters o} and o, are
defined as

) {1 lnN} ) {1 lnN}
O)=min{ —,— ¢, O =ming —, — ..
4" Ho 4" W
In Case I, we have taken Ly = a*&, /€|, 41 = y/&, while in Case II, we have taken

Lo = +/a*y/€e1, and Uy = \/a*y/€;. We define the fitted piecewise-uniform mesh
QN = {x;}V as

(4
xo, it =01,
N 4
2(l—o01—02) (. N . . N 3N
X; = G]—f—T l—Z s lf I—Z—f—l,...,T,
4 3N 3N

and the mesh spacing is given by

4 4 N
H :ﬂ, if i=1,2,...,—,
N 4
2(1—0)—0 N 3N
hi=xi—xi_1= HZZTI”, if i:Z—}-l,...,T,
4o 3N
\H3:72, if =" 41N

Note that in Case I, the values of ¢} and o> are different while in Case II, the width
of both boundary layers are of same order and so we have 6| = 0,. Also, the mesh is
uniform when 6] = 0, = 1 /4 otherwise, the mesh is dense in layer regions. The fitted-
piecewise-uniform mesh R¥™ on R is then defined as the tensor product QY x AM.
The boundary points I'V'™ on R¥'M are given by IV = RVM AT, Introducing the

operators

hi—H i

I

D' ==
1

Y
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where ; = " +h’+ L, the full discretization of (6.2) on R¥M is given by

LN (x) =8(x), xeQV, (6.3)
OSHSM—I, |

V(xo) = Wi(tar1), Wiw) = Wr(tar1),

where ¥/(x;) is the approximation of Y”*!(x;) and the operator .Z" is defined as

n+1 cn+1

~ £ ~ a o~
N :53153111%—82 5 D y— 5V

Moreover, the function g(x;) is given by

n+1¢...
) = )~ L2 () - 2T Doy + L

dn—i—l (xi)

Y (x;).

Lemma 6.3.4. The following are the bounds on an arbitrary mesh and uniform mesh

respectively

(LY = L) y| < Clerhi|y|s+ &hillal|yl]o),
(LN —L) y| < Ceh®|yls + &xhl|all|wl2).

Proof. Taylor series expansion gives
2 n
VXt 1t 1) = WX tagt) + hin W (X tagr) + illf,/(xi,frwrl) + %W///(Xiafnﬂ)
4
ht—H

o v ) o, (64)

, W3
V(X1 1) = W(Xistys1) — W (Xistgsr) + Elv/l(xhtnﬂ) - g"l’m(xi,tnﬂ)

W
+ oV lt) o (65)
Equation (6.4) gives
Xi+1,1 — Xi,t
Dy y(xiytyi1) = LALZR ”*2) Vit 1)
i+1
hivy 12+l "
_l//(xntn—i-l)‘f‘—\}// X,,I,H_])—f—Tl// (xiatn—i—l)
h3

(6.6)

il ll/( )(.Xi,ln+1)+"‘ P

+24
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and Equation (6.5) gives
— Xi,In - Xi—1,In
D,y (xi,thy1) = Vil 1) hl.l/( Lyft1)
1
h; h? n’
= V' (istni1) = SV istn) + LW (i tng1) = ﬁ‘l/(“) (%Xistn1)
+ e (6.7)
or
- / hi hiz " h? 4)
D, l//(xiatn+1)_l//(xiytnqtl):_a‘l/(xi7tn+1)+g‘lfj (X tnt) = 2 W (st )
(6.8)
On subtracting (6.7) from (6.6),
+ — hi+1+hi 1" hzz—i—l _hz2 1"
Dx lll(xiatn+1) _Dx V/(xiythrl) - TW (xi;thrl) + TV}J (xi7tn+1)
m o +h
hiv1—h;
=i Y (Xi,tht1) + %.V/”(xi»tn—o—l)
1
W2, | +h? — hih;
( el l : _H) ‘I’(4)(xi;fn+1)+"';
12 i
and so,
hiv1—h;
8 (xistug1) — W' (xis 1) = %‘/’m(xi»tnﬂ)
iy +hi — hihig
= PR Ly ) o (6.9)
Now
A €]
(LY = L)y (xistns1) = > (82w (xistug1) = W (xisty1))
anJrl X 3
+e 2( )(Dx W (istnr1) = ¥ (i, 1)) (6.10)

Use of (6.8) and (6.9) on arbitrary and uniform mesh gives the required result. ]
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6.4 Parameter Uniform Convergence Analysis

Before proving the main result on the convergence of the proposed method we give

some basic properties satisfy by the operator V.

Lemma 6.4.1. Assume that ®(xy) > 0,®(xy) > 0 and LN®(x;) < 0 for all x; € QN
then &D(xi) > 0 for all x; € QV.

Proof. If ®(g;) = min, v ®(x;) < 0 for some g; € QN then

. e . an—H )~ cn—H D
2V(g) = L 80(g) + e W Drd(g) - L Wa(g)

_ & [ @gie) —Plgr)  Plai) —P(gi1)

2; hi hi
a(q) (D(g)—P(gi1) | gz

€ — D(qg;

e h; 7 2l

> 0,

which contradicts the hypothesis and hence the proof is completed. ]

Lemma 6.4.2. Any mesh function &D(x) which vanishes at the boundary points satis-

fies
’%(xi) < max | LVD(x;)|, xi € QV.
x,-EQN
Proof. For the barrier functions W= (x;) = max, cqv | £V @ (x;)| £ P(x;), we have
W (xg) = max | ZVD(x;)| £ P(x) = max |.LVD(x;)| >0,
x;€QN x€QN
W (xy) = max [ LVD(x;)| £ P(xy) = max | LVD(x;)| > 0.
xiEQN xiEQN
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Also, at the intermediate points

NYE(x) = 2N {max LNP(x;)

x,EQN

Cn+1 (Xi)

= ——— max
X[GQN

:I:&)(x,-)}

VD (x;)| + LND(x;)

— 1 n+1/.. 2
= 2([) <xl)+At) max

xiGQN
< -b* 1
— — | max
o 2 Al xiGQN

<- ‘,%N%(xi) + VP (x)

LN(x)| £ LVD(x;)

LND(x) |+ LNVND(x;)

<0.

An application of Lemma 6.4.1 yields the required result. [

We shall now prove the convergence of the proposed scheme for both cases sepa-
rately.

Analysis for Case I (g;/ 822 — 0 as & — 0). In this case, we decompose the
solution y; of (6.3) into the regular and singular components as

~— ~—~ ~—
Solution ~ Regular component  Left singular component ~ Right singular component

where the regular component U; satisfies the following in-homogeneous problem
LNU =g(x) in RVM Uy = U™ (x;) on TV M,
and the singular components V; and W, satisfy the following homogeneous problem
NV, =0inRVM V= V"+1(xi) on VM,
YW =0in RYM W, =W (x;) on TVM,
Thus, the nodal error is given by
Vint1 = Wi top1) = Wi = (U () = U) + (V" () = Vi) + (W () — W),

Furthermore, the bounds for the singular components are given by the following the-

orem.
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Theorem 6.4.1. The bounds on the components are given as

Vol <C,

Y

(1+wh) ™", Wy <c.

Jj=i+1

Proof. The proof can be done by following the approach given in [105]. ]

Lemma 6.4.3. The error bound for the regular component is given by

HU"+1 () -0l <cn2
QN

Proof. Using the classical argument, we obtain

2N (U o) =) | = |20 )~ 8)
= | LNU (%) — g (xiytar1) + 8 (xistar1) — ()]
= | LU (i) — LU () + g (xistns1) — 8(7) |
< |20 () = LU ()| + g (s 1) — 8(x0)|
6.11)
Now, we have

n+1

g(xl-)—g(xi,tn+1)—%(52)’n( )= (V")) + €25 *) (DyY"(x) — (Y")x(x1))

= (&N -L)Y"(x;), (usingEgq. (6.10))

and so, (6.11) gives
‘,%N (U"+1 (x) — 17,-) ) < |(LN = B) U ()| + | (2N = £) Y ()|
Using Lemma 6.3.4 which gives

‘.,%N <Un+1(xi) - 6{) ) < C] (81N72]Un+1|4—|—82N71Ha|HUn+1|2)
+Co (aaN Y|4+ &N la|Y"2)
<CN2
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Thus, an application of Lemma 6.4.2 gives

HU"JA(X,’)—[Z’ SCNiz. O]
ON

Lemma 6.4.4. The error bound for the left singular component is given by

Proof. In the case 01 = 0, = 1 /4, we have & /€ < CInN and so using the classical

< CN'(InN)2.

VIH—I (xi) _ ‘/l o

argument, we obtain

‘gN (VnJrl(xl) >‘ ‘gNVnJrl xz O‘
=[(LN -L)v*(x)]
< C(a1h® |V ()|, + &kl [V (x0),)
< CN~2.

On the other hand, in the latter case 67 = 0, < 1/4, for x; € [0,07) the classical

argument as used above gives

<C(aHi V"™ ()|, + &2Hi |lal| [V (x)],)

‘D%N (V”H(xi) V) ‘4

< C(e1otN V" (x)|, + &200N al[ [V (x)],)

8
< Z2N"'InN.
€

Now consider ®(x) =C (N~'+N~'InN(oy —x)(&,/€1)). Then
VNG = — ("D + Ce2 /e (N InN)) ‘ZN (V”“(x,) V) ’
An application of the discrete minimum principle yields

‘V”*' (x) = Vi =C (N1 + (NN (01 — xi) (82 /1))

<C(N"'"+(N"'InN)oi(er/e1))
< CN“!(InN)2. 6.12)
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Furthermore, for x; € [o7, 1], we have

Vi

Vn+1(xi)_‘~/i‘ < ‘Vn+l(xi)|_’_

Using Theorem 6.4.1, we get

Ve <C 14N ) .

Now the inequality In(1+x) > x(1 —x/2) for x =4N~'InN gives )‘7, <CN~!', Vx; €
[o1,1]. Also,
|V”+1(x,-)‘ < Cexp(—(a*&y/€1)xi)
< Cexp(—(a*&y/€1)01)
<CcN.
Hence, for x; € [07, 1]
V”+1(xi)—\~/,-‘ <cN ! (6.13)
Finally, on combining (6.12) and (6.13), we get
’V"+1(xi)—\~/,~H9N <CN~'(InN)2, ¥x; € QY. O

Lemma 6.4.5. The error bound for the right singular component is given by
HW”+1 (%) —VT/,H <CN“'InN.
QN

Proof. For the uniform mesh, the proof is similar as for the left singular component.

In the second case 01,0, < 1/4 forx; € [0,1 — 07), we have

< (W )|+ |

‘WnJrl (xi> _ ﬁ/l .
Using Theorem 6.4.1, we obtain

‘W3N/4’ <C(1+4N"'InN) VA4
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Now for x =4N~!InN the inequality In(1+x) > x(1 —x/2) gives ’VT/I <CN~ ' Vx; €
[0,1—03). Also,
W (xi)| < Cexp(—(b"/€2)(1 —xi))
< Cexp(—(b"/&)02)
<CN 2.
Hence, for x; € [0,1 — 07)
‘W”H(x,-) Wi <en . (6.14)

Now for x; € [1 — 03, 1], the classical argument gives
N (W () = W) | < € (enH3 (W ()], + e2Hs ] [W ()],
< C(e1aN W' (xi) |, + &N al| [W"H (xi)|,)
<CN 'InN. (6.15)
Finally, on combining (6.14) and (6.15), we get

HW’IH(X:') W

<CN 'InN. O
QN

Analysis for Case II (822 /€1 — 0 as € — 0). In this case, we decompose the
solution y; of (6.3) as

%=%+Z

where ¥; and Z; (the regular and singular components respectively) satisfy the follow-

ing inhomogeneous and homogeneous problems respectively
XN% = g(x;) in RN’M, xXi= xn+1 (x;) on FN’M,

gNZ,' =01in RN’M, Zi = Zn+] (x,-) on FN’M.

The nodal error is given by

Vi =V ) — = (0 () - 20) + (Z"“ (x;) —Z-) .
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Theorem 6.4.2. The bounds on the singular component are given by

i

Zi| < CH (1 —I—‘LL1/’ZJ‘)_1 , Z()‘ <C, ZN‘ <C.
j=1
Proof. The proof can be done by following the approach given in [105]. ]

Lemma 6.4.6. The error bound for the regular component is given by
|2 (xi) = Zif| v S CNT2.

Proof. Using the bounds for ¥, the proof is similar as Lemma 6.4.3. ]

Lemma 6.4.7. The error bound for the singular component is given by

Proof. We consider the uniform mesh and the non-uniform meshes separately. For

7 () _Z,‘

< CN~%(InN)>.
QN

the uniform mesh i.e., in the case 6] = 0, = 1/4 the classical argument yields

‘XN (Zn+l(xl_) _Zi> _ }gNZn—i-l(xi) —O|
— }(XN—IA,) Zn+1(xi)|
<C(aN 2" (x)|, + &N all |2 (x)],)

< CN2(InN)>.

In the latter case depending on the mesh spacing, a different argument is used to obtain

the error estimate. For x; € [01,1 — 01|, we have

Z

ZnJrl(xi) —Z‘ < ‘Zn+1(xi)| +

Now using Theorem 6.4.2, we obtain

Zua| <c((L+anv 1wy ™Y
2| =< )
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Now for x = 4N~!InN the inequality In(1+4x) > x(1 —x/2) gives |Z;| <CN 72, Vx; €

[Gl, 1— Gl]. Also,

2 ()| < Cexp ((—v/70" 21 )
< Cexp ((—W) c1)

<CN2.

Hence for x; € [01,1 — 01|, we obtain

7" (x)) —Zi| <CN 2. (6.16)

Now if x; € [0, 01), then

<

‘gN (Zn+1(xi) —Z)

(81H12 |Zn+l(xi) ‘4 + & H; HaH }ZnJrl(X,‘) ’2)

IN

C
C (e16iN (2" (xi) [, + &200N " al| |27 () |)
C

< CN~%(InN)>.

Thus using Lemma 6.4.2, we get the following estimate

7" (x)) —Zj| <CN2(InN)?.

Similar bound can be obtained for the interval [1 — o7, 1]. Hence,

Theorem 6.4.3. The solution y(x,t) of the continuous problem and the solution Y; of

7 (x;) —ZHQN < CN“2(InN)2, ¥x; € QY. O

the fully discretized scheme satisfy the following parameter-uniform error estimate

sup  [|y(xi,t,) — Wil = sup (max (max\w(xi,rn)—%\»
0<eg,6k1 0<g,6k1 n l
((Ar)>+N~'(InN)?), Casel,

<C
((Ar)*+N~%(InN)?), Case II.

Proof. The proof follows from the triangle inequality and Lemmas 6.3.3, 6.4.3, 6.4.4,
6.4.5,6.4.6 and 6.4.7. O]
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6.5 Numerical Illustrations

The unavailability of the exact/analytical solution to the test problems suggest us to
use the double mesh principle [8] to check the accuracy of the method in terms of
the maximum absolute errors. For each € and &, the maximum absolute error is

calculated as

N.M ~ION2M  ~NM
Cep e, — MaxX (m?x Vi - V’fv D ’
where W M and 1'/72211\’ 2 are the numerical solutions on RV and R2V:2M respectively.
Note that the value of 67 and o, are different in the case of N and 2N mesh intervals
in the spatial direction, and so the comparison of the solutions using the double mesh

RZN:2M g obtained

principle will not be accurate. To overcome this issue, a fine mesh
by the mesh RVM by using the interpolation. The parameters uniform point-wise error

. . . . N.M -
is estimated by taking the maximum of ¢¢ "¢, over several values of € and & i.e.,

N.M
€N’M = max 681’ &
€.,&

N.M .
Moreover, the order of convergence pg,’¢, and the parameters-uniform order of con-

vergence pV'M of the proposed method are calculated as

M eNM
NM €1, NM _ ’
Pee, =108y | —yap | > and p77 = log, (eZN,2M> :

£1,&2

Example 6.5.1.
Iy(x1)  Py(xr)
T 9T ox
W(X,O) =1 _x27 0 <x< 17
w(0,0) =1+1, y(1,1)=0,0<r < 1.

dy(x,1)

- =-—x*—1 R
Byl = =1, (xr) €R

+&(1+x)
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Example 6.5.2.
dy(x,r)  Iy(x1) Iy (x,1)
- o1 + & 0x2 +82(1—|—xt)T—(l+t)l//(x,t)

= —exp(—1)(x+1),(x,1) ER,
y(x,0) =sin(zx), 0 <x <1,
w(0,6) =0, y(1,1)=0,0<r<1.

Table 6.1: Computational results for Example 6.5.1 for & = 279 and different values of
&.

Number of intervals N

& 32 64 128 256 512 1024

2710 9.58e-03 6.85e-03 3.55e-03 1.44e-03 4.86e-04 1.28e-04
0.48 0.95 1.30 1.57 1.92

2711 953e-03 6.81e-03 3.54e-03 1.44e-03 4.84e-04 1.28e-04
0.48 0.94 1.30 1.57 1.92

2712 9.50e-03 6.79e-03 3.53e-03 1.44e-03 4.83e-04 1.27e-04
0.48 0.94 1.29 1.58 1.93

2713 9.49e-03 6.78e-03 3.52e-03 1.43e-03 4.83e-04 1.27e-04
0.48 0.94 1.30 1.56 1.93

2714 948e-03 6.78¢-03 3.52e-03 1.43e-03 4.82e-04 1.27e-04
0.48 0.94 1.30 1.57 1.92

2715 9.48e-03 6.78e-03 3.52e-03 1.43e-03 4.82e-04 1.27e-04
0.48 0.95 1.30 1.57 1.92

2722 9.47e-03 6.77e-03 3.52e-03 1.43e-03 4.82e-04 1.27e-04
0.48 0.94 1.30 1.57 1.92

NM958¢-03 6.85e-03 3.55¢-03 1.44e-03 4.86e-04 1.28e-04
pVM 0.48 0.95 1.30 1.57 1.92
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Table 6.2: Computational results for Example 6.5.1 for & = 27! and different values of
£r.

Number of intervals N

€ 32 64 128 256 512 1024
2720 221e01 8.27e-02 4.12e-02 2.14e-02 1.15e-02 6.36e-03
1.42 1.00 0.95 0.90 0.85
2730 2.18e-01 1.21e-01 6.91e-02 3.87e-02 2.13e-02 1.16e-02
0.85 0.81 0.84 0.86 0.88
273 232e-01 1.29e-01 7.53e-02 4.30e-02 2.42e-02 1.34e-02
0.85 0.78 0.81 0.83 0.85
2738 288e-01 1.30e-01 7.57e-02 4.33e-02 2.44e-02 1.35e-02
1.15 0.78 0.81 0.83 0.85
2742 3.58e-01 1.37e-01 7.57e-02 4.33e-02 2.44e-02 1.35e-02
1.39 0.86 0.81 0.83 0.85
274 364e-01 1.49e-01 7.57e-02 4.33¢-02 2.44e-02 1.35e-02
1.29 0.98 0.81 0.83 0.85

VM 364e-01 1.49e-01 7.57e-02 4.33e-02 2.44e-02 1.35e-02
pNM 129 0.98 0.81 0.83 0.85
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Figure 6.1: Numerical solution profiles for Example 6.5.1 for (a) & = 2715 & =2"%(b)
& = 2_10, & = 28 (c)g = 2_17, & = 27 and (d) g = 2_14, & = 218,
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Figure 6.2: Numerical solution profiles for Example 6.5.1 for g; =274, &, =213,
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Table 6.3: Computational results for Example 6.5.2 for & = 27! and different values of
&.

Number of intervals N

& 32 64 128 256 512 1024
2710 129e-02 1.02e-02 5.49e-03 2.24e-03 7.44e-04 2.09e-04
0.34 0.89 1.29 1.59 1.83
2711 1.29e-02 1.02e-02 5.47e-03 2.24e-03 7.42e-04 2.10e-04
0.34 0.89 1.29 1.59 1.82
2712 128e-02 1.02e-02 5.46e-03 2.23e-03 7.4le-04 2.11e-04
0.33 0.90 1.29 1.59 1.81
2713 1.28e-02 1.01e-02 5.45e-03 2.23e-03 7.4le-04 2.11e-04
0.34 0.89 1.29 1.59 1.81
2714 128e-02 1.01e-02 5.45e-03 2.23e-03 7.40e-04 2.11e-04
0.34 0.89 1.29 1.59 1.81
2715 128e-02 1.0le-02 5.45e-03 2.23e-03 7.40e-04 2.11e-04
0.34 0.89 1.29 1.59 1.81

2722 1.28e-02 1.0l1e-02 5.44e-03 2.23e-03 7.40e-04 2.11e-04
0.34 0.89 1.29 1.59 1.81

VM 129e-02  1.02e-02 5.49e-03 2.24e-03 7.44e-04 2.11e-04
pVM 0.34 0.89 1.29 1.59 1.82
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Table 6.4: Computational results for Example 6.5.2 for & = 2! and different values of
£r.

Number of intervals N

€ 32 64 128 256 512 1024

2726 99]e-02 3.60e-02 1.84e-02 1.13e-02 7.84e-03 5.06e-03
1.46 0.97 0.70 0.53 0.63

2730 263e-01 1.36e-01 7.06e-02 3.70e-02 1.94e-02 1.01e-02
0.95 0.95 0.93 0.93 0.94

273 3.66e-01 1.86e-01 9.37e-02 4.70e-02 2.36e-02 1.18e-02
0.98 0.99 1.00 0.99 1.00

2738 376e-01 1.92e-01 9.70e-02 4.87e-02 2.44e-02 1.22e-02
0.97 0.99 0.99 1.00 1.00

2742 3.77e-01 1.93e-01 9.72e-02 4.88e-02 2.45e-02 1.22e-02
0.97 0.99 0.99 0.99 1.00

274 377e-01 1.93e-01 9.72e-02 4.88¢-02 2.45¢-02 1.22e-02
0.97 0.99 0.99 0.99 1.00

VM 377e-01  1.93e-01 9.72e-02 4.88e-02 2.45e-02 1.22e-02
pVM 0.97 0.99 0.99 0.99 1.00
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Figure 6.3: Numerical solution profiles for Example 6.5.2 (viewed from right) for (a) &) =
2_15, & = 26 (b) g = 2_10, & = 2-8 (c) g = 2_17, & = 277 and d) g = 2_14, & =

2718,
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Figure 6.5: Numerical solution profiles for Example 6.5.2 for g =274 g, = 2718,

To verify theoretical estimates, the numerical results are presented in this section.
For the test examples, the results are obtained on a wide range Z (€|, €;) of perturba-
tion parameters satisfying Case I or Case II and the mesh is of Shishkin type. Note that
the case o1, 0o > 1/4 occur for a small range Z (€1, &) of perturbation parameters,
and the uniform mesh is sufficient to obtain good accuracy. We performed our ex-
periments for both cases, in Case I, our problem is similar to the convection-diffusion
problem, while in Case II, it becomes similar to the reaction-diffusion problem. The
results presented in the Tables 6.1-6.4 confirm the error estimates when applied to
the Shishkin-type mesh. In Tables 6.1 and 6.3 for a fixed €, the maximum absolute
error becomes stable as € — 0. This shows that the method is &-uniform convergent.
The €;-uniform convergence is confirmed from Tables 6.2, 6.2 and 6.4 where for a

fixed &, the maximum absolute error becomes stable as &g — 0. The results presented



6.6. Conclusion 159

in Tables 6.1, 6.2, 6.3 and 6.4 are obtained by taking M = N, while, to show that
the dominating error is in the spatial direction the results presented in Table 6.2 are
obtained by taking M = N /2.

For both test problems, for different values of €, &, the physical phenomenon
of the solution are presented in the form of the surface plots (refer Figs. 6.1-6.4).
These graphs clearly indicate that for small perturbation parameters close to zero, the
solution of the test problems exhibit parabolic boundary layers at both lateral surfaces,
and the boundary layer width continuously depends on these parameters. The layer
phenomenon and the effect of €1, & can also be observed from the graphs for different

time levels (refer Figs. 6.2 and 6.5). To plot all the graphs, we have used M = N = 64.

6.6 Conclusion

To approximate the solution of two-parameter singularly perturbed parabolic prob-
lems, we have proposed an implicit numerical scheme on a Shishkin-type mesh. Rig-
orous convergence analysis for both cases €;/& — 0 as & — 0 and &5 /&; — 0 as
€1 — 0 are given separately. It has been shown that the proposed scheme is second-
order accurate in time in both cases while it is first-order and second-order accurate in
space in Case I and Case II, respectively. The effect of the parameters € and &, on the
solution behaviour is shown graphically. The very high gradients near both boundaries
x =0 and x = 1 can be noticed for small € and &. Also, we noticed that the numeri-
cal results presented in the tables meet the theoretical error bounds very well. For the
future reference, one can include the convergence analysis in the different norm like
energy norm, L; norm, and L, norm, etc (for the importance of the norms the readers
are referred to [132]). Moreover, depending on the method used, one may get dif-
ferent rate of convergence in different norms (see [104] for the reference, where it is
shown that the Galerkin method on a B-type mesh is first-order accurate in the energy
norm while it is second-order accurate in the maximum norm). One may also look
into the development of other types of layer-adapted meshes like Bakhvalov mesh,
Bakhvalov-Shishkin mesh, etc. An extension of the proposed scheme on the different
problems like higher-dimensional problems, the system of equations, etc. can also be

explored.



