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PREFACE.

DurinG the last few years many exceilent treatises have been published
on Structural Engineering, the majority of which are principally
devoted to a consideration of the subject from the purely theoretical
point of view, whilst a few others treat the subject mainly with regard
to the practical arrangement of structural details. The subject is one
of 8o wide a range that it is manifestly impossible to attempt anything
like a comprehensive survey of structures generally in a single volume.
Between the theoretical computation of the loads and stresses in a
structure and the evolution of a satisfactory practical design which
shall have due regard to the exigencies of practical construction, there
exists a gap which may only be bridgetf by considerable practical
experience and knowledge of shop methods.

The Authors have endeavoured in the present volume to deal with
the design of the more ordinary and commonly occurring structures
from both points of view, and whilst necessarily stating the main outlines
of theory involved, have extended the application of such theory to the
practical design of a considerable vaiiety of structures and structural
details of everyday occurrence. The consideration of higher structures,
such as rigid and two-hinged metal arches, suspension bridges, and
structures of particular or unique character, has been intentionally
omitted in order to make room for such examples as will be of interest
to the majority of readers. It has been considered desirable to include
a short summary of the properties of structural materials and weights
of details in order that these may be readily available for reference in
one volume, and the chapter on materials i8 not intended to supply
other than a very brief compendium of the properties of materials. An
extended acquaintance with these is very necessary to the structural
designer, ang such information in detail is readily accessible in treatises
on msterials.

Wherever possible, numerical data and arithmetical, in preference
to analytical, methods have been adopted, and the use of mathematical
formule has been avoided where not absolutely necessary. Although
this treatment may occasionally result in slightly more protracted
methods of calculation, the Authors are convinced, after many years of
both practical and teaching experience, that it will rendcr the subject
matter more accessible to the greatest number of readers. The majority
of practical designers have neither the time nor opportunity for
acquiring an advanced knowledge of mathematics, and whilst not
decrying its desirability, an acquaintance with higher mathematics is
not necessary to the design of most ordinary structures. A thorough
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understanding of the elastic beam theory s necessary, and this, it 18
hoped, hts been stated in the fullest and simplest manner. The
consideration of column strength has been treated a little more fully
than is customary in works on Structural Engineering, and the Authors
are particularly indebted to Mr. J. M. Moncrieff, M.Inst.C.E., for
ermission to make free use of the matter contained in his exhaustive
investigation on this subject. Points relative to the design of bridges
have been frequently alluded to and several bridge details illustrated ;
but as bridge design constitutes an extensive subject in itself, those
portions relating to it in the present volume are only intended to be
introductory. A brief section is devoted to tall building construction,
and for more detailed information readers may be referred to the many
excellent American treatises on this subject. It had been intended to
include a short notice of simple reinforced concrete structures, but
as these are already fully dealt with in specialized works and the
subject is rapidly attaining such large proportions, such notice has
been omitted through lack of space for adequate treatment. Masonry
structures and types of engineering masonry, which are inseparably
associated, have been given particular attention and several applied
designs carefully worked out.

It is hoped the information contained in the work may prove of
general utility to both draughtsmen and students, and although not
exclusively compiled for the use of students, it will be found practically
to cover the present syllabus of both the Ordinary and Honours Grade
Examinations in Structural Engineering leld by the City and Guilds
of London Institute, whilst it will also be of valuable assistance to
those preparing for the Associate Membership Examination of the
Institution of Civil Engineers, and the B.Eng. degree of London
University.

The Authors desire to acknowledge their indebtedness to Messrs.
R. A. Skelton & Co. and Messrs. Mellowes & Co., Ltd., for information
kindly supplied respecting broad-flanced beams and glazing ; to Messrs.
J. M. Moncrieff and E. Sandeman, MM.Inst.C.E., Professor T. Claxton
Fidler, M.Inst.C.E., Mr. E. H. Stone, M.Am.Soc.C.E. ; to the Engineer-
ing Standards Committee ; and to the Minutes of Proceedings of the Inst.
C.E., the Transactions of the American Soc. C.E., the Memoires of the
French Soc. C.E., The Engineer, Engineering, Annales des Ponits et
Chaussées, La Revue Technigue, and other journals, frequent refercnces
to which have been annotated.

J. H.

SHEFFIELD, August, 1911. W. H.

PREFACE TO SECOND EDITION.

THE first edition has been carefully revised, some of the illustrations
re-drawn to a larger scale, and the table of equivalent distributed loads
on railway bridges, on page 35, revised to meet the increased weights
of present-day locomotives.

J. H.

SBEFFIELD, January, 1914, W. H,
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PREFACE TO THIRD EDITION.

ThE second edition has been revised and enlarged by the addition of
new matter relating to beams, roofs, and stresses in lattice girders,
including inclined girders. A new chapter has been added on simple
influence lines, the principles of which have been explained by reference
to several numerical examples which it is hoped will provide a useful
introduction to the study of this important subject.

J. H.
SHEFFIELD, February, 1924. W. H.

PREFACE TO FOURTH EDITION

THE third edition has been revised and new matter relating to
cements and concrete has been added. References to British
Standard Sections have been corrected to agree with the new
standard sections. The Authors desire to acknowledge their
indebtedness to Messrs. G. and T. Earle (1925), Ltd., Mr. J. E.
Worsdale, B.Sc., the Cement Marketing Co., Ltd., the Lafarge
Aluminous Cement Co., Ltd.,, and the Engineering Standards
Committee for valuable information kindly supplied.

J. H.
W. H.
SHEFFIELD,
May, 1928,

PREFACE TO FIFTH EDITION

THE fourth edition has been revised and, in response to many requests,
several new chapters on Reinforced Concrete have been added. In
these the Authors have followed the original intention of the book by
treating of general principles, and within the space available, illustrating
their application by numerous examples of the more commonly occur-
ring structures. The matter in this new section on Reinforced Concrete
has been compiled with regard to the  Code of Practice for Reinforced
Concrete >’ drawn up by the Reinforced Concrete Structures Committee
appointed by the Department of Scientific and Industrial Research
and published in 1934.

The Authors desire to acknowledge their indebtedness to H.M.
Stationery Office, Mr. W. L. Scott, M.Inst.C.E., Dr. W. H. Glanville,
the Inst.C.E., the Am.Soc.C.E., Sir Cyril Kirkpatrick, M.Inst.C.E.,
Messrs. T. W. Ward Ltd., and to other authorities mentioned in the
text for permission to include much valuable information.

J. H.
W. H.
SHEFFIELD,
March, 1946,
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CHAPTER I
MATERIALS.

Stone.—The principal engineering structures for which stone is
employed are masonry dams, piers, abutments and wing-walls for
bridges, arches and retaining walls, The essential characteristics of
stone for such works are durability, weight, and resistance to com-
pression. In selecting suitable stone, the following general properties
should receive consideration.

Durability~—Durability depends principally upon hardness, chemical
composition and relative fineness of grain, and is very essential in
masonry structures, since they are exposed to more or less severe
atmospheric influences, or are permanently or intermittently submerged
in water.

Weight—The stability of structures such as dams, retaining walls,
and lofty piers, is dependent on the weight of the material used, whilst
in the case of ordinary walls and arches weight is not of such .para-
mount importance.

Resistance to Compression.—All masonry structures being subject to
compressive stress, it is necessary that the material should possess an
adequate resistunce to compression, especially in the case of massive
and lofty structures. Masonry is not employed under conditions
where any considerable tensile stress will be developed. Hardness
frequently decides the adoption or rejection of a stone which might
otherwise be employed, on account of excessive expense in working.

Porosity.—Porosity is undesirable, since it contributes to rapid
weathering and reduced resistance to compression. Very porous stones
are especially liable to be affected by frost.

The following aids to judgment with regard to the above properties
will be found useful. The best method of ascertaining the durability
of a proposed stone is by an inspection of existing structures built of
the same stone. Failing this, a careful examination should be made
of the weather-resisting qualities of an exposed face of the quarry
which has been undisturbed for a considerable length of time. The
weight and resistance to compression are obtained by applying suitable
tests, and figures relating to these will be found below. In all
important works, special tests should be made of the actual stone
em(floyed. A suitable stone should exhibit on a clean fracture, a dense
and finely grained structure free from earthy matter. The porosity
of stone may be tested by immersing a dry sample in water and noting
the volume of water absorbed, at the same time observing the effect on
the clearness of the water, since this affords an indication of the

1 B



2 STRUCTURAL ENGINEERING

amount of soft earthy matter contained in the stone. The principal
classes of stone employed in structural work are Granite, Limestone
and Sandstone.

Granite.—Granite is the most durable stone employed in con-
struction, but its hardness and expense of working restrict its use to
very exposed stractures and those subject to the heaviest stresses.
Ordinary granite is composed of quartz, felspar and mica. Quartz is
silicon oxide, and practically indestructible. Felspar is a mixture of
silicates of alumina, soda, potash, or lime. It is much less durable
than quartz. Its colour varying from grey to red gives the distinctive
colour to the different varieties of granite. Mica is formed of sili-
cates of alumina and other earths crystallized in thin lamina which
readily split on weathering. It is the least durable constituent of the
granite. Syenitic granites contain hornblende in addition to the above
constituents. Hornblende is a silicate of lime and magnesia, is very
hard and durable, and imparts a dark green colour to the granite.
Syenitic granites are tougher and more compact than ordinary granite,
but their scarcity makes the cost too great for general use. It is
largely employed for ornamental purposes on account of the high
polish it will take. An excess of iron in granite decreases its dura-
bility, and care should be exercised to select material without this
impurity. The iron is easily detected when the granite is exposed to
air, dark uneven patches of discoloration due to iron oxide forming
on the surface. Its weight varies from 160 to 190 pounds per cubic
foot, and the crushing load from 600 to 1200 tons per square foot. It
absorbs a very small percentage of water.

Limestone.—Limestone is very varied in composition and physical
characteristics, and includes all stones having carbonate of lime for
the principal constituent. Some varieties bave a crystalline structure,
whilst others are composed entirely of shells and fossils cemented
together. Marble is the hardest and most compact limestone, but is
ouly used for decorative purposes. Other limestones make good build-
ing material, but care must be taken to select fine even-grained stone
containing no sand-cracks or vents. It is easily worked, and forms a
good evenly coloured surface. Its weight varies from 120 to 170
pounds per cubic foot, and the crushing resistance from 90 to H00 tons
per square foot. It is less durable than granite or sandstone, and
absorbs a relatively large percentage of water. It should always be
laid on its natural bed when building, and it is preferable to allow it to
season before using to free it from guarry sap or moisture it contains
when quarried.

Bandstone.—As its name implies, sandstone has for its chief con-
stituent sand, cemented together by various substances, and it is
largely upon the nature of the cementing material that the quality of
the stone depends, since the silica forming the sand is extremely
durable. 'The best cementing material is probably silicic acid, but
most sandstones have carbonate of lime, iron, alumina, or magnesia as
part of the cementing medium. Inselecting sandstone, u recent fracture,
if examined through a lens, should be sharp and clean with grains of
a uniform size, well cemented together. Its weight should be at least
130 pounds per cubic foot, and it should not absorb more than 5 per
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cent. of its own weight of water when immersed for 24 hours. Sand-
stone is used for all the best ashlar work. The most important
variety for heavy engineering works is termed gri/, from the formation
in which it occurs. It has a coarse-grained structure, is very strong,
hard, and durable, and is obtainable in very large blocks. For lighter
work freesfone is used, being more easily worked.

TaBLE 1.—PROPERTIES OF STONES.

@ Crushing weight Percentage
‘c‘llll)‘lgchf%&%r pe’rssquﬁre fogw. i;bz‘zg."isgigo:t
|
Granites— 1bs, tons, per cent.
Peterhead . . . . . . . 165 800 to 1200 025
Cornish . . . . . . . . 162 - —_
Guernsey . . . . . . . . 187 950 —
Killiney (Dublin) . . . . . 171 690 —_
Sandstones—
Craigleith . . . . . . . . 140 860 36
Bramley Fall . . . . . . 182 240 37
Darley Top . . . . . . . 139 520 34
Grinshill Freestone . . . . . l 122 210 78
Red Mansfield . . . . . . 143 600 45
White Manstield . . . . . 140 460 50
Limestones—
Bath . . . . . . . . . 123 97 75
Portland Whithed . . . . . 132 205 75

Bricks. —Bricks are manufactured from clay, sometimes mixed with
other earths, by moulding the clay to the required size and shape and
burning it in xilns. The quality of bricks depends upon the nature
and proportions of the constituents of the clay, and the heat to which
they are subjected in the kilns. A small juantity of lime, very finely
disseminated through the clay, is advantageous, as it assists vitrification
when burning ; but if in lumps, on being burnt, it is converted into
quicklime, which, on exposure to damp, sets up a slaking action with
consequent expansion and liability to split the bricks. The proportion
of iron contained in the clay influences the colour of the brick, which
may vary between yellow, red, blue, or black. Dricks should be burnt
until vitrification is just commencing. The characteristics of good
bricks are, freedom from flaws, cracks, quicklime, and salt; they
should be of uniform colour, shape, and dimensions, and when struck
should give a clear ringing sound. The absorption of water is a good
indication of the quality of the brick. No brick should absorb more
than one-sixth its own weight of water.

A test often included in specifications is to place a saturated brick in
a temperature of 20° F., and subject it to a load of 836 lbs. per square
inch. If there are any signs of injury, such bricks are liable to be
rapidly disintegrated by frost, and should be rejected.

There are many qualities of bricks, but the kinds most generally
employed in first-class engineering structures, are Staffordshire blue
bricks and the finer qualities of red bricks known as stock bricks.
Blue brick has a glazed surface, making it almost impervious to water,
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is very durable, and has a high compressive resistance. It is used for
the face of works in contact with water, for piers and abutments of
bridges, retaining walls, and tunnels. Stock bricks are usually employed
for the interior portions of works. The crushing resistance of Stafford-
shire blue bricks varies between 0°9 and 2'8 tons per square inch, that
of stock bricks about 1 ton per square inch. The compressive stress
on bricks should never approach the crushing resistance, as the masonry,
of which they form part, is, as a structure, much weaker than the
individual bricks.

The weight and size of bricks vary according to the locality of
manufacture, a size frequently adopted being 9 ins. X 44 ins. X 3 ins.,
and weight about 9 lbs.

When used in curved structures such as small arches, bricks should
always be tapered to the radius of the curve, to allow a uniform thick-
ness of mortar in the joints, and ensure an even bearing.

Specification for Brickwork.—The bricks to be laid in the bond
specified with joints not exceeding } inch in thickness. Every course
to be thoroughly flushed up with mortar, and the bricks well wetted
before laying. The work to be substantial, with neat and workman-
like appearance on the face. Heading joints to be truly vertically over
each other, and the horizontal joints perfectly straight and regular.
Any cutting to be neatly done. Archesto be turned in half-brick rings
with bond courses every five feet through the arch. No batts to be
used, except where absolutely necessary. All joints to be neatly struck
and drawn, and arch rings to be carefully kept in true curves. Special
care to be taken in laying the different rings in arched work exceeding
9 inches in thickness, so that on easing the centering, the separate rings
shall fully bear on each other throughout the whole length of the arch.
If any lower ring settles away from an upper ring, so a3 to cause a ring
joint to open, such joint shall not be pointed or stopped, excepting with
permission of the engineet or the clerk-of-works, and any such defective
rings are, if desired, to be entirely rebuilt. No bricks to be laid in
frosty weather, and newly executed work to be adequately covered over
at night. Circular work of less than three feet radius to be executed
with special radius bricks.

Lime.—Lime is obtained by heating limestone to redness in kilns.
This process, termed calcination, converts the limestone into quicklime,
which on being slaked with water, either by sprinkling or immersion
(the former is better), forms calcium hydrate. This substance, when
mixed with sand and water, and left to dry, changes into a solid mass
which is practically again limestone. The chemical action which takes
place is as follows :—

Limestone = CaCo,
., (Carbonate of lime)
by calcining = Ca0 + CO,~>
(Quickiime) (Carbon dinxide)

on slaking, Ca0 + H,0 = CaH,0,
(Water) (Calclum hydrate)
on setting, CaH,0, + CO, = CaCO, 4+ H,0—>

_ Where the limestone is composed almost wholly of carbonate of
lime, the resuliing quicklime, called fal or air-lime, will only harden
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in air, and unless used with a suitable sand, only the exposed por-
tions will set in reasonable time. Limestones containing clay, when
burnt form hydraulic lime, which has the property of setting more or
less rapidly under water or in damp situations. Such limes are said to
be feebly or strongly hydraulic according as the mortar of which they
form the active ingredient, sets slowly or rapidly under water.

CLASSIFICATION OF HYDRAULIC LIMES.

Per cent.

Class. of clay.

Setting under water.

Feebly hydraulic . | 5t012 | Firm in 15 to 20 days. In 12 months hard as
soap. Dissolves with great difficulty.
Ordinarily hydraulic | 15 to 20 | Resists pressure of finger in 6 to 8 days. In
12 months hard as soft stone.

Strongly hydraulic . | 20 to 30 | Firm in 20 hours. Hard in 2 to 4 days. In
6 months may be worked like a hard lime-
stone.

In the preparation of mortar, sand is added to the lime to prevent
excessive shrinkage and to save cost, but in no way affects the mixture
chemically. Sharp, clean, gritty sand should be used. The proportions
of lime and sand may be varied, but the following give good results
for ordinary purposes: 2-4 parts of sand to 1 part pure slaked lime,
and 1'8 parts of sand to 1 part of hydraulic lime.

Cement.—Cement is similar to the best hydraulic lime, but possesses
stronger hydraulic properties. There are two classes of cements—natural
and artificial. Natural cements are obtained by calcining naturally
occurring limestones which are found to produce cement. Roman
cement manufactured from nodules found ir the London Clay is perhaps
the best known natural cement. Having no great ultimate strength, it is
unsuitable for use in heavy structures, and its use is confined to temporary
work where quick setting is of great importance.

Portland Cement.—Portland Cement is the most widely used con-
structional material at the present time. It is the vital constituent of
concrete which has largely superseded masonry and brickwork for heavy
engineering works and all forms of construction capable of execution
in reinforced concrete. The great bulk of Portland Cement is manu-
factured by calcining in rotary kilus an intimate mixture of suitable
quantities of chalk and clay very finely ground and mixed with water
to a milky consistency. The product of the fusion of this slurry, known
a8 clinker, when finely groung. constitutes the Portland Cement of com-
merce. A brief outline of the various stages in the manufacture as
practised in one of the most modern plants is here given.

Chalk is excavated on a large scaqe by steam diggers and railed to
gyratory crushers capable of reducing 200 tons of stone per hour to
4-inch gange. The crushed chalk passes to a rotary screen with 8-inch
holes, the tailings from which are re-crushed by a jaw crusher. The
crushed chalk is then elevated and charged into a reinforced concrete
8ilo of 8000 tons capacity. Thesilo discharges into a set of combination
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tube mills 32 feet long by 6 feet in diameter divided into three com-
partments, two of which contain forged steel balls and the third, flint
pebbles. In these the chalk, mixed with water, is 8o finely ground as
to leave a residue of not more than 10 per cent. on a 180 X 180 mesh
sieve. The chalk slurry from the tube mills is next delivered into a
circular reinforced concrete tank 66 ft. in diameter and 11 ft. deep,
holding about 1500 tons of slurry and furnished with an electrically
driven stirring mechanism of the sun and planet type. By this means
the slurry is continuously agitated and the solid matter prevented from
sinking to the bottom. The slurry tank discharges to a sump from
which the slurry is lifted to an automatic measuring machine which
passes forward exactly the desired quantity in any given time. From
the measuring machine the slurry gravitates down an inclined shoot in
an even film, to octagonal wash mills 20 ft. wide provided with rotary
stirrers. At this stage the clay is added to the chalk slurry by tipping
it down the same shoot as that down which the slurry is flowing. The
clay is weighed previously to mixing with the chalk slurry. The
combined chalk and clay slurry after mixing and stirring in the wash
mills is strained through gratings to a sump, from which it is lifted to
reinforced concrete triple mixers, each measuring 40 ft. long by 20 ft.
wide by 10 ft. deep, and provided with three sets of rotary stirring
arms. From these mixers samples are continually taken for analysis, and
any adjustments in the proportion of the ingredients are made prior to
the slurry passing forward to the slurry grinding tube mills. In the
slurry grinding tube mills, each 20 ft. long by 5 ft.diameter, the slurry
is so finely ground that, when dried and pulverized, 95 per cent. will
pass through a standard sieve of 180 holes to the lineal inch. These
tube mills discharge into a small tank with motor-driven stirring arms
which forms the sump of the slurry pumps. The slurry pumps deliver
the slurry to the feeding platform of the rotary kilns, and also into a set
of storage silos of capacity sufficient to supply slurry to the kilns for
from 4 to 5 days running in the event of casual stoppage of the supply
of raw materials ‘or breakdown of the grinding and mixing plant, since
the kilns necessarily run continuously for long periods. In the storage
silos, which are riveted steel tanks 50 ft. high and 28 ft. diameter, the
slurry is kept agitated by blowing air at about 25 lbs. per square inch
pressure upwards through the slurry for short periods at intervals.

The rotary kilns, 200 ft. to 250 ft. long and 9 ft. to 10 ft. in
diameter, are of riveted steel plates lined with refractory brick. They
are supported at an inclination of 1 in 20 by four cast-steel tyres
running on rollers and driven through reduction gearing at the rate of
about one-half to two revolutions per minute. The output of clinker
from one such kiln averages between 7 and 8 tons per hour. The
slurry from the yumps is delivered into a feed tank, from which it is
measured by a scoop wheel into a trough which discharges into the
feed spout leading into the upper end of the rotary kiln. A tell-tale on
the firing platform indicates whether the feeding mechanism is operating
satisfactorily or not. At the lower end of the rotary kiln pulverized coal,
previously dried in revolving cylinders, is blown through the firing
nozzle in the hood covering the end of the kiln and an intense flame
plays axially into the kiln. The action inside the kiln is as follows :
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As the slurry flows down the inclined rotating barrel, the water is first
evaj’orated, and as it passes further down the kiln the calcium carbonate
is decomposed by the more intense heat and its carbonic acid gas
liberated. The lime is then free to combine with the silica and alumina
of the clay, which chemical combination takes place in the burning or
clinkering zone at a temperature of between 1306° and 1400° C., calcium
silicates and aluminates being formed. The calcined product or clinker,
in the form of greenish-black granules about the size of marbles, falls
from the kiln into a rotating cylindrical cooler through which air is
drawn. This air, heated by contact with the red-hot clinker, is sub-
sequently passed into the kiln, where it contributes to the combustion
of the coal.

The clinker falls on to a conveyor, which delivers it to silos cone
structed over the cement grinding mills. At this stage a small percentage
of gypsum is added for regulating the setting time of the cement. The
clinker i8 finally ground in combination tube mills similar to those
already described, to a degree of fineness such that 5 per cent. only
remains on a standard 180 X 180 mesh sieve. The ground cement is
then conveyed to store, from which it is drawn to automatic weighing
and bag-filling machines.

Bulking of Cement and Influence of Fine Grinding on Weight
and Strength.—By bulking is meant the change in apparent volume due
to increased fineness of grinding. A cubic foot of cement carefully
measured i8 found to be of very variable weight dependent upon its
degree of fineness. The finer the grinding the less is the weight per
cubic foot. The increase in bulk of a given weight of cement with
finer grinding is attributed to the cushioning action of air. The
British Standard Specification for Portland Cement (1925) requires that
the residue on a 180 X 180 sieve shall not exceed 10 per cent. after
15 minutes’ sifting. Table 2 shows the influence of fine grinding on
the weight per cubic foot. The specific gravity of cement varies
between 3:05 and 3-15.

TaBLE 2.—INFLUENCE OF FINE GRINDING ON WEIGHT OF CEMENT
(J. E. WORSDALE).

o Actual weight per Weight per cubic Suggested agreed
Lg:‘;’&;‘ ;1':2“" ot cubic foot. | | foot based on uniform 1 ﬂg?g'e I‘:r v:gight,
. Measured dry. volume of paste. | per cubic foot.

per cent. ‘, 1bs. 1bs. Ibs.

10 ‘ 90 900 90

6 855 86-5 87

3 825 834 84

1 1 806 80'2 81

The bulking of cement has an important bearing on the quantity
to be specified for making concrete, since if the cement be measured by
volume, the actual weight employed will be very variable dependent
upon the degree of fineness of grinding. For this reason it is preferable
to specify the weight of cement to be mixed with stated volumes of
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coarse and fine aggregate. Fineness of grinding also influences the
strength of cement. If cement having a residue of 10 per cent. on a
180 X 180 sieve is considered to weigh 90 lbs. per cubic foot, then for
every one per cent. reduction in residue the weight will be reduced
approximately 1} per cent. On the other hand, for equal weights of
cement made into concrete, one per cent. reduction in residue will
increase the strength of the concrete by the amounts shown in Table 3.

TABLE 8.—INFLUENCE OF FINE GRINDING ON STRENGTH OF CONCRETE
(J. E. WORSDALE).

7 days. | 28 days. |3 mont,hs.l 1 year.

|
il
]

Based on tests at age of

2% l 2 13 1%

Perocentage increase in concrete strength

Tests.—The tensile strength of cement is ascertained by making
tests on briquettes of standard shape and dimensions. The B.S.8.,!
. 1925, requires the average tensile strength of
e i itting six briquettes of the form shown in Fig. 1 to
be not less than 600 lbs. per square inch, the
tests being made seven days after gauging.
The briquettes are to be kept in a damp atmo-
sphere for 24 hours after gauging, then removed
from the moulds and submerged in clean fresh
water at a temperature of between 58° and
64° F. antil the time for testing. All of the
well-established brands of cement will be found
to comply easily with the above specification,
most being well above it.

The B.8.8. also requires that six briquettes
made from a mixture of one part of cement to
three parts by weight. of standard (Leighton

Fi6. 1. Buzzard) sand shall show the following average

tensile strengths : Seven days after gauging,

;lot liss than 325 Ibs. per square inch, and 28 days after gauging. not
ess than

Breaking strength at 7 days +

'
1
~
L)
N

-—-2
!
&
RPLA /S

Cross Section 11

10,000
Brkg. strength at 7 days

Le Chatelier Test.—The soundness of cement is determined by the
Le Chatelier test.* The apparatus, illustrated in Fig. 2, consists of a
small split cylinder of spring brass, to which are attached two indicators.
The cylinder is filled with cement gauged under the conditions of the
B.8.8., and placed ander water for 24 hours. It is then removed from
the water and the distance between the ends of the indicators accurately

Ibs. per s8q. in.

! Reproduced by permission of the Engineering Standards Committee, from
Report No. 13, revigos 1925, gineering
2 Re uced from Report No. 12, revised 1925. British Standard Specifi-
%ation 't:ere Portland Cement. By permission of the Engineering Standards
ommittee,
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measured. The mould is again immersed in cold water, which is brought
to boiling-point and kept boiling for six hours. After allowing the
mould to cool the distance between the
indicators i3 again measured. The expansion
should not exceed 10 millimétres after 24
hours’ previous aération of the cement, nor
5 millimétres after 7 days’ aération.

Time of Setting.—The time of setting is
determined by the aid of the Vicat needle
apparatus. For the method of making the
test the reader i8 referred to the B.S.S.
The initial setting time of normal setting
cemenit should not be less than 80 minutes
and the final setting time not more than 10
hours. For quick-setting cement the initial
setting time should not be less than 5 minutes
and the final getting time not more than 30
minutes.

Rapid Hardening Cements.—The im- o

|
i
|
i
|
|
!
g
!
!
;
|
i
ol

L——-——————/G.‘Snn —_———_————

portance of speed in constructional concrete -
work has created a demand for Portland —
cements possessing quick - hardening pro- Fic. 2.

perties. The advantages will be obvious.

Concrete roads may be opened to traffic after two or three days,
shuttering may be removed from reinforced concrete members in a few
days, and concrete piles driven in from two to seven days after
moulding instead of requiring curing for several weeks. In general,
this class of cements possesses superior strength to ordinary Portland
cement, and chus makes for economy in weight. Quick-hardening
cements should not be confused with those quick-setting cements which
have to be used with great speed and placed n siu within a few
minutes, as, for instance, Roman cement. A considerable number of
such cements are now on the market, some of the widest known being
Ciment Fondu, Ferrocrete, and Tunnelite.

Ciment Fondu.—This cement, introduced in 1918, is often referred
to as an aluminous cement. It will be seen from Table 5, its con-
stitution differs considerably from that of normal Portland cement, in
that it contains a much larger percentage of alumina and much less lime
and silica, the resulting chemical action on hydrating producing an
essential crystalline structure of aluminate of lime in place of silicate
of lime, which structure matures and hardens in a much shorter time
than a structure mainly siliceous. Ciment Fondu is not quick setting,
its setting time being longer than that of Portland cement. It possesses
greatly increased strength and develops considerable heat during setting,
thus being advantageous for use in frosty weather. Since it contains
no free lime it is more permanently retentive of colouring matter.

Ferrocrete.—Ferrocrete is a rapid-hardening cement having a final
setbing time a little less than that of ordinary Portland cement, and
thus allows ample time for placing concrete in position before settin
has appreciably progressed. In about four days concrete made wihﬁ
Ferrocrete attains approximately the same compressive strength as does

B2
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Portland cement concrete in 28 days. Also, in two days, Ferrocrete
mixed with three parts of sand develops a considerably greater tensile
strength than that required by the B.S.8. in 28 days, these results
being well substantiated by independent testing authorities. It is
obviously of great advantage in reducing the amount of shuttering
required on extensive works, its superior strength permits of leaner
mixes of concrete being used for equal strength with ordinary Portland
cement concrete, precast units may be lifted and moved earlier, piles
driven in a few days and concrete structures generally loaded much earlier.

Table 4 gives representative results of tensile tests on 8 to 1 sand
and cement briquettes at various ages.

TaBLE 4.—TENSILE TESTS oF SAND AND CEMENT BRIQUETTES.

Lbs. per square inch. 3 sand to 1 cement
Age. 1 day. 2 days. i 8 days. ‘ 5 days i 7 days. | 28 days.
S i H |
Portland cement . . . 220 340 480 520 550 622
Ferrocrete. . . . . 312 516 583 611 688 718
Ditto . . .. 425 525 585 635 680 700
Ciment Fondu . . . 475 518 546 569 580 618

TABLE 5. —REPRESENTATIVE ANALYSES OF VARIOUS CEMENTS.

0] , ()
oment, | Ferrocrete. | CGonent coment.
per cent, per cent, per cent. per cent.

Insoluble residue . . . . 045 012 080 —

Silica . . . . . . . 21-17 20-58 7-80 2548
Alumina . . . . . . . 679 6:06 36:23 10-30
Ironoxide . . . . . . 2:65 2:82 817 744
Lime . . . . . . . . 64-22 64-56 41-97 44-54
Magnesia C e e 1-10 1-25 047 2:92
Sulphuric anhydride . 1-48 1-90 022 2:61
Sulphur (as sulphide) . . — — 011 —_—
Alkalies and Loss . . . . 066 1-21 } 081 —
Lioss on ignition. . . 1-48 1-50 { 3-68
Titanium oxide . . . . . — — 392 —
Other constituents . . . . — — — 1-46

Concrete.— Concrete is formed by mixing together suitable pro-
portions of broken stone or gravel, sand, cement and water. The
mortar formed by the sand and cement is called the matriz. The larger
material constitutrs the aggregate. The sand and aggregate should be
clean, and where great strength is required the aggregate should consist
of hard material. The stone is better specified as coarss aggregate and
the sand as fine aggregate. To secure the best results the stone should
be well graded in size between specified limits so that the smaller pieces
help to fill the relatively large voids which would otherwise obtain if
the stone were of uniform size.

In Fig. 3 the whole of the voids in stone of sensibly uniform size is
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filled with mortar. In Fig. 4, where stone of two screened sizes is used,
more of the voids are occupied by solid material ; and in Fig. 5, where
the stone is well graded, the maximum density is obtained with the
minimum quantity of cement. For concrete in mass the stone may
be from 24 inches downwards, but for reinforced concrete slabs and
members generally, § inch is usunally specified as the maximum size of
coarse aggregate to ensure thorough filling between the reinforcement.
For massive concrete work, rubble or cyclopean concrete is used (see

Fie. 8.

page 379). The sand should also be graded from } inch down, the larger
proportion passing a i-inch mesh. Fine dust should be rigorously
excluded from both stonc and sand. It is a source of weakness, as it
has no body to which the cement can adhere. 'The object of grading
is to reduce the percentage of voids as far as possible, as the purpose
Sfor which cement 13 added is lo act as a binding material and not to fill
the voids. :

Proportions for Concrete.—The careful proportioning of the con-
stituents of concrete for a given purpose is a considerable subject in
itself, but for most ordinary purposes the following method may be
followed. The percentage voids of large and small aggregate should
be known. For the large aggregate the percentage voids may be found
by filling a tank of known capacity with the previously soaked aggregate
and measuring the quantity of water required to fill up the tank. In
estimating the voids in sand this method is not so satisfactory owin,
to the difficulty of releasing all the air between the closely packe
grains. The specific gravity of the sand is preferably taken and the
voids calculated therefrom.

The proportions are usually specified by volume, taking the cement
volume a8 unity. Thus 1: 2 : 4 indicates 1 part by volume of cement,
2 parts of fine aggregate, and 4 parts of coarse aggregate, and is known
a8 6 to 1 concrete. The voids of the large aggregate represent the
minimum volume of mortar required to form a dense concrete if perfect
mixing could be ensured and no wastage of cement occurred between
mixing and laying, but the volume of mortar should exceed by about
20 per cent. the volume of the voids in the coarse aggregate to ensure
thorough soundness. Since the percentage voids of most aggregates
range from about 80 to 45 (see Table 6), this quantity of excess mortar
will represent from 6 to 9 per cent. of the total volume of the aggregate,
including its voids. The quality of the concrete may be varied by
using different proportions of sand to cement, a larger proportion of
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sand making a weaker but less expensive concrete. Table 6 gives the
approximate percentage of voids to be expected in various aggregates,
but where doubt exists these should be actually measured.

TABLE 6.— PERCENTAGE VOIDS IN AGGREGATES.

Material. ’ Size. Per cent. of voids.
i
Granite chippings . . §in. 47'8
Crushed sandstone . . $in, 444
Sandstone . o 2 in, 42'5
Limestone Coe 8 in. to 1in, 410
Sandstone . . . . 1in. to } in, 39-3
Limestone . . . .| 1}in.to §in. 385
Broken brick . . 1% in, 885
Thames ballast . | 1lin, to fy in. 875
Trent sand . . | "4 in. down. 373
Round pebbles . I 8} in. to 1} in, 870
Thames ballast . { 1} in. to § in, 853
Gravel . | §in.to}in, 348
Sand . | $in. down. 80-0
Gravel . . . . ., ) 1 in, to } in. 27-8
Mixed gravel and sand. | — 232

ExaMPLE 1.—To find the relative quantities of dry materials to be
used of coarse aggregate having 45 per cent. vouds and fine aggregate or
sand having 30 per ceni. voids, the mortar to be 1 of cement to 2 of sand
and to be 20 per cent. in excess of the voids of the large aggregate.

Let £ = volume of cement ; 2z = volume of sand.

. 30 3z
Volume of sand voids = 00 X 2r = 5
. 3
Excess of cement over sand voids = z — »5 = g}
Volume of mortar = 2z + 2—; = ]_i_z
. £ 100 12z
Hence, volume of voids of large aggregate should = 120X 5 = 2z,

100 . . 100
and volume of large aggregate = = X its voids = 45 X2 =4z

The required proportions by volume are therefore 1: 2 : 44,

The volume of concrete resulting will be the volume of the large
aggregate including voids + 20 per cent. of its voids = 4'44z + X% of
2r = 4'84z.

The volume of ingredients before mixing = z 4+ 2z + 4'44z = 7-44z.

Hence for 100 cuo. ft. of concrete in m'tu'-z-i‘-1 X 100 = 15872 cub. ft.

484
of dry ingredients would be required, assuming no waste in mixing and
transporting. A slightly richer mix would be desirable if watertight-
ness was a special consideration.
While it is still a general practice to specify the proportions by
volume, it should be remembered that a cubic foot of cement may
contain a very variable weight of cement according as it is loosely
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measured or well shaken down. The degree of fineness also affects the
weight as shown in Table 2. For these reasons it is preferable to
specify the weight of cement to be used with stated volumes of aggregate.
lﬁc‘ly E. Worsdale has recently proposed a new specification for the
proportions of concrete as followg: *“The proportions of coarse and
fine aggregates shall be 5 cub. ft. of coarse aggregate and 2} cub. ft. of
fine aggregate to 1 cwt. sack of cement.” These proportions are based
on & cement having a fineness which just complies with the British
Standard Specification, but for cements having fineness given below, the
quantities of aggregates may be increased according to the following
schedule : —

| Increased proportions of aggregate
per cwt. of cement.
Cement residue on

180 x 180 sieve.
Coarse. Fine.
T percemt.
perse 017 0-08
3 085 017
1 056 027

Such a specification ensures the proper quantity of cement being
employed. Taking one cubic foot of cement equal to 90 1bs., one cwt.
would be the equivalent of practically 11 cub. ft., and a specified mix of
1 cwt. of cement to 2} cub. ft. of fine and 5 cub. ft. of coarse aggregate
is equivalent to % cwt., or one cabic foot of cement actually weighin,
90 ﬂ)s to 2 cub. ft. of fine and 4 cub. ft. of coarse aggregate. Specifi
in this way, the proportions in Example 1, above, would be—

1 cub. ft. X 11 =1 cwt. of cement,

2 w X li = 24 cub. ft. of fine aggregate,
and 444 ,, X 13 =555 cub. ft. of coarse aggregate.

Slump Test for Consistency.—The consistency of concrete is readily
ascertained by the Slump Test. A sample from the mix is filled in
three layers, with a pricker, into a truncated conical metal mould 12 in.
high, 8 ins. base ang 4 ins. top diameter. The mould is then lifted and
the slump or settlement of the concrete measured. A slump of } in.
to 1 in. represents concrete of “ Normal Consistency.” Slumps of 3 in.
to 1 in., 8 in. to 4 in. and 5 in. to 6 in. represent consistencies suitable
for machine-finished roads, heavy reinforced sections and thin vertical
reinforced sections respectively.

Compressive Tests for Concrete.—Compression tests, which are
more representative of the strength of concrete as generally used, are
usually made on 6-in. cubes for small aggregate up to 1-in. and 9-in.
or 12-in. cubes for larger aggregates. The cubes should be accurately
shaped and cast in metal moulds. They are removed from the moulds
in 24 hours and kept immersed in water at 60° F., or they may be
exposed to the weather under damp cloths, at the site where the concrete
is to be used, until ready for testing. The following table gives typical

results of compressive tests on concrete made with different cements ab
various ages :—
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COMPRESSIVE STRENGTH OF CONCRETE. 6-IN. CUBES.

Lbs. per square inch.
Age. .
1 day. 2 days. 7 days. 28 days. 1 year.

Portland Cement.

1:13:8 . . . 1850 3940 5050 7729

1:2:4., . . . 1550 8190 4490 6173

1:24:5 . . . 1170 2860 3460 5582

1:8:6. . . . 840 1900 2540
Ferrocrete

1:13:8 . . . 38470 67C0 8240

1:2:4. . . . 3000 6020 7850

1:24:56 . . . 2290 4560 5200

1:8:6. . . . 1350 3400 4080
Ciment Fondu

1:2:4. . . . 8000 8810

1:514 PN r 6258 7642 ‘ 8160 11,200

Asphalte.—Asphalte is used to a great extent in engineering works
for damp-proof courses, and layers in masonry and metal bridges, roads,
roofs, etc. It is a combination of bitumen and calcareous matter,
naturally or artificially combined. The natural asphaltes are usually
found as limestones saturated with 8 to 12 per cent. of bitumen. In
preparing such asphalte for use, the rock i3 ground to a powder, mixed
with sand or grit and heated with mineral tar. (Coal-tar should not
be used, being brittle, easily crushed, and readily softened under heat.)
The mastic, a3 the mixture is then called, is laid in sifu as a thick
liquid. If the natural rock contains a large percentage of bitumen it
may be laid, after grinding and heating, as a powder, in which case it
must be thoroughly rammed, whilst hot, 8o as to form one solid mass.

The proportion of grit in the mastic will vary according to the
purpose for which the asphalte is to be used.

For roofs, lining of tanks, etc. . . 2 of grit to 18 of asphalte.

,» flooring, footways, etc. . . . 2 . 16 ”

Timber.—The uses of timber in engineering structures may be
classified as follows :—

1. For marine works.

2. ,, exposed structures other than marine works.

3. ,, parts of structures under cover.

4. ,, paving.

For the first three classes strength and durability are essential, and
for the last hardness is the chief quality required. All timber structures
situated in sea-water are subject to the attacks of sea-worms, which
bore into most varieties of timber, and reduce or entirely destroy its
strength. For such situations the most suitable timbers are greenheart
or jarrah, as these timbers contain an oil which renders them to some
extent immune from the attacks of sea-worms. For the second class
the timber is usually preserved from weathering by creosoting or other
means, which is unnecessary for the third class.



MATERIALS 15

Selection of Timber.—The selection of timber should be entrusted
only to a thoroughly experienced person, as the quality can only be
judged after much personal experience. For all the main members of
structures the heartwood only should be used, the outer portions, or
sapwood, being inferior in strength and durability. The annual rings
should be regular, close, and narrow. Darkness of colour is generally
a good indication of strength. When freshly cut, the timber should
have a sweet smell ; a disagreeable smcll usually betokens decay. The
surface should be firm and bright when planed, and when sawn the
teeth of the saw should not be clogged. Knots should not be large,
numerous, or loose.

Classification of Timber according to Size.—Timber is converted from
the logs or balks to commercial sizes by different methods of sawing,
depending upon the uses to which the timber is to be put.

The usual sizes of timber employed in engineering construction are
the following :—

Whole or square timber 9 in. x 9 in. to 18 in. X 18 in.

Half timber . . . . 9in. x 4} in. to 18 in. X 9 in.

Planks . . . . . . 11in.to 18 in. wide by 3 in. to 6 in. thick
Deals . . . . . . 9in. wide by 2 in. to 4 in. thick

Battens . . . . . . 4}in. to 7 in. wide by £ in. to 3 in. thick.

Varieties of Timber.—Tor engineering purposes the following are the
most generally used timbers :—

Pine, Ballic, sometimes known as red or yellow fir, consists of
alternate hard and soft rings. It has a strong resinous odour, is easily
worked, but is not nearly so durable as some of the harder timbers.
The best varieties are those in which the annual rings do not exceed
15 in. in thickness, and contain little resinous matter. In seasoning
the maximum shrinkage is ;5th part of its original width.

Sizes obtainable.—Balks 10 to 16 in. scuare, 18 to 45 ft. long.

Deals 2 to 5 in. thick, 9 in. wide, 18 to 50 ft. long.

Uses.—Decking, temporary work, or in positions where there is
little or no stress.

American Red or Yellow Pine, is clean, free from defects, and easily
worked, but is weaker and less durable than Baltic pine.

Nizes.—Balks 10 to 18 in. square, 16 to 50 ft. long.

Deals 2 to 5 in. thick, 9 in. wide, 16 to 50 ft. long.

Uses.—Similar to Baltic pine.

Pitch Pine, obtained from the southern states of America, is a
timber very largely employed in engineering works on account of its
strength and dum{ility. It is very hard and heavy, and contains a
large proportion of sapwood full of resin. It is liable to cupshakes,
will not take paint, and is very hard to work.

Sizes.—Balks 10 to 18 in. square, 20 ft. to nearly 80 ft. long.

Deals 3 to 5 in. thick, 10 to 15 in. wide, 20 to 45 ft. long.

Uses.—For the heaviest timber structures, where strength and
durability are essential. The long lengths in which it is obtainable
make it very suitable for piles. _ .

Oak, English, is the most durable of northern latitude timber. It
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is very strong, hard, tough, and elastic. Contains gallic acid, which
increases its durability, but corrodes any iron penetrating the timber.

Uses.—It is too expensive for use in general engineering works,
and .isdonly employed where extreme strength and durability are
required.

4 Oak, American, is similar in many respects to English, but is inferior
in strength and durability. It is sound, hard, tough, elastic, and
shrinks little in seasoning.

Sizes.—Balks 12 to 28 in. square, 25 to 40 ft. long.

Uses.—Similar to English oak.

Greenheart is probably the strongest timber in use. It is dark
green to black in colour, and obtainable only from the northern part
of South America. It has a fine straight grain, is very hard and
heavy, has an enormous crushing resistance, and contains an oil which
resists, to a great extent, the attacks of sea-worms. It is very apt to
split and splinter, and care must be taken when working it.

Sizes.—It is imported rough in logs 12 to 24 in. square, and up to
70 ft. in length.

Uses.—For piles, dock gates, jetties, and all marine structures.

Beech is black, brown, or white in coleur, is light, hard, compact,
not hard to work, and is durable if kept constantly either wet or dry,
but if alternately wet and dry it quickly rots.

Use.—For piles and sleepers.

Elm possesses great strength and tonghness. It has a close fibrous
grain, warps, and is difficult to work. It should be used when freshly
cut, and kept continually under water.

Uses.—For piles and fenders.

TABLE 7.—WEIGHT AND STRENGTH OF TIMBER.

Welgh Reah:tl.:;;:e toicms}x- i Hreakl;ag load at
X e er ng in direction o
Timber (seasonrd). cubllzc "hgn lgfpln in tun: ;lwr gﬁ:rtnml "0 ;alq"u ;";
square inch. ft. spun.
Ibs. ' 1bs,
Pine, Dantzig . . . . . . 36 31 — 400 to 700
», American Red . . . . 84 21 — 390 to 570
,, » Yellow . . . 30 18 — 470
s, Pitech . . . . . . . 42 to 48 30 — 350 to 500
Oak, English . . . . . . 48 to 60 29 45 500 ,, 750
,, American . . . . . . 54 81 — 500 ,, 7
Greenheart . . . . . . . 60 to 70 58 68 900 ,, 1500
Beech . . . . . . . . 43 to 53 84 42 550 ,, 700
Em . . . . . . . .. 36 26 46 850 ,, 450
Teak . . . . . . . . . 41 to 55 23 54 600 ,, 700
Jarrah . . . . . . . . 60 to 63 32 — 500 ,, 650

Teak has a dark brown colour, is light, but very strong and stiff.
It contains a resinous oil, which makes it very durable, and able to
resist the attacks of ants. It is easily worked, but splinters.

Sizes.—Balks 12 to 15 in. square, 23 to 40 ft. long.

Uses.—Used to a great extent in shipbuilding for backing armour,
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a8 the oil it contains does not corrode iron. It is also used for decking
and structures liable to the attacks of ants.

Jarrah.—A red Australian timber, with a close wavy grain. It is
very durable, and contains an acid which partially resists sea-worms
and ants. It is full of resin, brittle, liable to cupshakes, and shrinks
and warps in the sun.

Sizes.—Balks 11 to 24 in. square, 20 to 40 ft. long.

Uses.—Similar to greenheart. It is also used to a large extent for
wood pavement.

Where two values are given in the above table for the crushing
resistance, the first is for timber moderately dry, and the second for
thoroughly seasoned timber. Timber when wet does not possess nearly
the same strength as when thoroughly dried.

Shearing Strength.—The shearing resistance of timber is ve
variable, and few reliable experiments have been made to ascertain sug;
resistance. Rankine says the shearing strength along the grain is
practically the same as the tensile strength across the grain. The
following are approximate shearing values along the grain :—

Oak, elm, ash, birch . . . . . over 1000 lbs. per sq. in.
Sycamore, Cuban pine. . 5y 600 ” s
Norway pine, white pine, spruce . 5 400 » »
English oak trenails, across the grain ,, 4000 " ”

Decay of Timber.—Dry rot is caused by the confinement of gases,
produced by warmth and stagnant air, around timber. The fungus
thus produced feeds upon the wood, and reduces it to a powder. The
rot will spread to any wood in the vicinity. Unseasoned timber is
more liable to dry rot than seasoned. Thorough seasoning, ventilation
and protection from dampness are the best precautions against dry rot.
Wet rot is the decomposition of wood by chemical action through being
kept in a wet state. It is not infecticus excepting through actual
contact. Thorough seasoning and preserving by painting, creosoting,
ete., will prevent wet rot.

Destruction of Timber—All marine timber structures are liable to be
destroyed by sea-worms, chief amongst which is the Teredo. By
employing greenheart or jarrah the action of the sea-worms is to some
extent prevented.  Other Erecaut,ions adopted are, covering, after
tarring, of all timber below high-water level, with sheet zinc or copper,
or studding the whole surface with scupper nails. Where timber is
liable to be attacked by white ants, teak, jarrah, or other ant-resisting
timber should be selected for use.

Seasoning.—The object of seasoning is to expel any sap there may
be remaining in the timber. Natural seasoning is performed by
stacking balks in layers, under cover, and allowing a free circulation of
air to pass around each balk. This process requires a considerable
time, taking between three and twenty-six months, according to the
description of the timber and the sizes under treatment:. Water
seasoning reduces the time occupied. By this method the timber is
placed under water, preferably in a stream, for a fortnight, after which
it is stacked under cover and allowed to thoroughly dry. Whilst under
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water the sap is diluted and carried away, thus reducing the time
required to season when stacked.

Dessicating is seasoning the timber by enclosing it in a chamber and
circulating hot air around it. This method reduces the time required
for seasoning, but care mnust be taken that the heat is not sufficient to
cause the timber to split. This method of seasoning is unsuitable for
large balks.

Seasoning reduces the weight of timber by 20 per cent. to 33
per cent

Preservation of Timber.—The most effective means of preserving
timber is, after thoroughly seasoning, to fill up the pores so as to
exclude all moisture from penetrating below the surface. Many
processes for accomplishing this have been adopted, but the most
successful is that of creosoting.

Crevsoting.—By this process the timber is thoroughly impregnated
with dead oil of coal tar. Two methods of accomplishing this are in
use. The older method consists of placing the timber, after seasoning,
in an airtight cylinder, exhausting the air and then admitting the
creosoting oil, at a temperature of 120° F. and 170 lbs. per square
inch pressure. After muintaining the pressure for a short time, the
oil is removed from the cylinder and the timber allowed to dry. By
this treatment up to 20 lbs. of creosote per cubic foot of timber can
be injected.

A second method, known as the Rueping process, has latterly been
ext,ensiveg adopted in America. After placing the seasoned timber in
the cylinder, the air pressure is increased to 75 lbs. per square inch,
and whilst at that pressure the cylinder is filled with creosote. The
pressure is then gradually increased to 150 lbs. per square inch, and
allowed to remain at such pressure for 15 minutes, after which the
pressure is reduced to that of the atmosphere and the creosote drained
from the cylinder. The air in the cells of the timber, having been
compressed to 150 lbs. per square inch, expands and forces any surplus
creosote from the cells. To remove any oil from around the outside of
the pores a vacuum of 22 inches is created. The total operation
requires about 4§ hours. By this treatment about 5 Ibs. of creosote
per cubic foot of timber is sufficient to preserve the timber against
decay in ordinary situations.

The amount of creosote required per cubic foot of timber will vary
according to the nature of the timber and the proportion of sapwood
in the piece.

Boucherie's Process consists of forcing copper sulphate along the
fibres until the timber is thoroughly impregnated, and is very successful
in preventing dry rot ; but if the timber be exposed to the action of
water the salt i8 d'wolved and carried away. It has not the power to
repel the attacks of white ants or sea-worms.

Kyan's Process.—Bichloride of mercury is, by this process, injected
into the pores of the timber. To some extent it prevents destruction
by ants and sea-worms, and 18 effective against dry rot, but 18 now
seldom employed.

Metals.—The metals ozﬁreatest use in comstruction are cast iron,
wrought iron, and steel. being derived from iron ore, iron forms
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the chief constituent of each. The iron in the ore is in chemical
combination with other materials, which are partially removed by
smelting. The iron after smelting is known as pig éron. Cast iron 18
manufactured directly from suitable pig iron by remelting and running
the molten metal into moulds. Wrought iron is made from pig iron
by processes termed refining, puddling, and rolling. There are a
number of methods of converting iron into steel, the chief being the
Bessemer, Siemens, and Siemens-Martin processes. The description
of the processes of manufacture cannot be entered into here, but may
be found in works on metallurgy.

The chief difference in the chemical composition of the three metals
is the proportion of carbon contained by each. The following table
gives typical percentages of carbon and other impurities in the metals.

TABLE 8.—ANALYSES OF IRON AND STEEL.

Wrcught iron.

‘ Cast fron. l Steel.
- SV ‘ — !

‘ Per cent. | Per cent. Per cent.
Carbon . .1 20te60 | 0to025 0'15t0 18
Silicon . 02 to 2:0 032 0015
Phosphorus . o 0038 0004 0041
Manganese . I 0013 | trace 0683
Sulphur . y 0014 | 0114 | 0035

The carbon in cast iron exists partly in the state of a mechanical
mixture, when it is visible as black specks in the mass and gives the
iron a dark grey colour, and partly as an element in the chemical
ccmpound.  Free carbon makes the metal softer and more adaptable
for casting. When chemically combined, carbon imparts strength and
brittleness to the iron.

The chief differences of physical properties are shown in the
following table.

TasLe 9.—PaYSICAL PROPERTIES OF IRON AND STEEL.

Cast fron,

Ilard.
Brittle.
Fusible.

Wrought iron,

\ Steel.
|

Soft.

Malleable.

Ductile.

Forgeable.
Tenacious.

Weldable.

Medium to hard.

Fusible when con-
taining a high per-
centage of carbon.

Malleable.

Ductile.

Highly elastic.

Temperable.

Weldable.

Cast Iron.—The use of cast iron for constructional purposes has
diminished to a very great extent in recent years owing to the improved
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methods of manufacturing wrought iron and steel. Its use is now
restricted to columns, bed plates, cylinders, and similar members that
are subject to purely compressive stress,

Ultimate strength of cast iron—

Tension . . . . 7to 11 tons per square inch.
Compression . . . 35to60 "
Shear . . . . . 8to138 ” ’

The transverse strength is often specified in preference to the com-
pressive and tensional strengths, Test pieces, cast on the main casting
and afterwards removed, are tested by supporting them as beams and
aplYlying central loads. A usual specification for such tests is as
follows: Test pieces to be 2 inches deep, 1 inch wide and 3 feet
6 inches long, and placed on supports 3 feet apart. The central
breaking load to be not less than 28 cwts., and the deflection to be at
least & inch.

The very marked difference between the strength in tension and
compression makes it unsuitable for girders, and although formerly
used for such, the practice is now discontinued. The cost of production
and the high compressive resistance of cast iron render it an economical
material for nse in compression members subject to steady dead loads,
but it is liable to fracture under sudden severe shocks. Grey iron, in
which there is a large percentage of free carbon, should be used for
casting. Columns should always be cast in a vertical position to ensure
a uniform density of metal, and to allow air bubbles and scoriz to rise
to the head and be removed. In casting hollow columns the core is
more easily adjusted and kept in position by the above method than if
the column were cast in a horizontal position. Castings should be
clean, sound, and free from cinders, air holes, and blisters. Wavy
surfaces on castings indicate unequal shrinkage and want of uniformity
in the texture of the iron. Filled-up flaws can be detected by tapping
on the faces ; a dull sound is given out by the filling.

The uncertainty of obtaining perfectly sound castings necessitates o
high margin of safety being adopted.

Wrought Iron.—Wrought iron has a fibrous structure, and, compared
with cast iron, is soft and ductile. Its quality depends, in a great
measure, upon the rolling process it has undergone. The best quality
is produced by repeating the process of piling, welding, and rolling some
three or four times.

Strength.—To ascertain the strength of wrought iron, samples
should be cut from each rolling and tested in tension, noting the
ultimate stress mer'square inch, the elastic limit, the percentage elonga-
tion, and the percentage reduction of area at fracture. The usual
requirements for strength are given in the following table :—
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TABLE 10.—TENSILE STRENGTH OF WROUGHT IRON.

Ul‘g‘:m’:&%“m Elongation per cent,
tons. per cent.
Round or square bars . 28 to 24 20 to 50
Flat bars . . . . . 22 ,, 28 25 ,, 45
Angleiron . . . . 22 ,, 28 25 ,, 45
TorHiron . . . . 20 ,, 22 10 ,, 45
Plate{g"'in lengthways . 18 ,, 22 10 ,, 20
Crossways . 17,19 5, 12
Sheet grain lengthways 20 ,, 22 10 ,, 20
,» CrOSSWaYs . 18 ,, 19 5, 12

The percentage elongation is a measure of the ductility of the
material. It is usual to specify bending tests in addition to the tensile
tests, and Table 11 shows the bending tests required by the Admiralty
for two qualities of wrought-iron plates.

TasrLE 11.—BexDING TESTS ForR WROUGHT IRON.

Augle through which plates must bend without cracking.
I'lates. Hot, Cold. .
Thickness
l.:::f:\:g:ﬁk 1 inch. 4 inch. $ inch. 1 inch,
degrees. degrees. degrees. degrees. degrees,
B.B. grain lengthways 125 15 25 35 70
B.B. grain orossways . 90 5 10 15 30
B. grain lengthways . 90 10 20 30 65
B. grain crossways . 60 - 5 10 20

Rivets should bend double when cold without showing any signs
of fracture. Angles, tees, and channels should bend, whilst hot, to the
following shapes without fracture, Fig. 6.

O Q Q@ o

Anglas
Tees. Channel

Market Forms.—Sheet iron, so called when the thickness does not
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exceed No. 4, B.W.G. (0-239 inch), is little used in engineering
consttuction.

Corrugated sheels are made by passing the sheets between grooved
rollers, after which they are usually galvanized, i.e. coated with zinc,
to preserve them from rusting. The widths of the corrugations or
flutes are made 8, 4, or 5 inches. The width of sheet is specified in
terms of the number and width of the corrugations; thus a 10/8 inch
sheet would cover a net width of 2 feet 6 inches when laid, the actual
width of the sheet being a little more to allow for side lap. The usual
sizes employed range from 18 B.W.G. to 22 B.W.G. in thickness. The
maximum ordinary length of sheet is 10 feet.

TABLE 12.—DIMENSIONS OF CORRUGATED SHEETS.

Thickness B.W.G. ‘l Thickness in inches. | Widths of sheets,

No. 16 0-065 5/5", 6/5"

s 17 0-058 5/5", 6/5"

18 0049 ) 55" 6/57, 6/4", T/4",
, 19 0042 8/3", 10/3"

» 20 0035 " " " "
s 0032 } 6/4", T/4", 8/3", 10/3
, 22 0028

voo3 0025 ; "

24 0022 8/3", 10/3

» 26 0018

Plates.—The ordinary sizes are as follows: Thickness, } inch
to 1 inch; width, 1 foot to 4 feet; length, up to 15 feet. The
superficial area of a sheet must not exceed 30 square feet, nor the weight
be more than 4 cwts. Larger sheets are obtainable, but are charged
extra. Plates of less width than 12 inches are known as flafs. Flats
can be readily obtained up to 25 fect in length.

Round and square bars are rolled in sizes from 3 inches to 6 inches
in diameter or side.

Wrought iron L, T, and H sections are obtainable, but are now
very little used in engineering structures. The sizes are similar to
those specified for mild steel.

Steel.—For all important structural works steel is the metal almost
exclusively used. The two chief varieties for such work are cast and
mild steel. The former is used for all important castings, and although
possessing many of the characteristics of cast iron, it is much superior
In strength, uniformity of texture, and as a material from which sound
castings may be produced.

Mild Steel.—For structural purposes the sizes of rolled sections,
strength and methods of testing have been standardized by the British
Engineering Standards Committee and published in specification form,
which 18 generally adopted for structural works.
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Strength.—

TABLE 13.—TENSILE STRENGTH OF STEEL.

Ultimate tensile

strength per Elastic limit. Elongation,
square inch,

. tons, tous,
Mild steel . . . 28 to 32 17 to 18 20 per cent. in 8 in.
Cast steel (annealed) | 80 to 40 15 to 17 10 to 20 per cent. in 10 in.
Rivet steel . . . 26 to 30 15 to 17 25 per cent.

Bending tests for mild steel. Test pieces, not less than 14 inches
wide, should withstand without facture, being doubled over until the
internal radius is not greater than 1} times the thickness of the test
piece. Rivet shanks should withstand without fracture, being bent
over, when cold, until the two parts of the shank touch.

Rolled Sections.— /'lats.—Sections obtainable :—

Width, # inch to 12 inches ; thickness, { inch to 2 inches.
Maximum ordinary length, 40 feet.

Plates are rolled to maximum width, length, or area. The following

table shows the maximum dimensions for a few thicknesses of plates.

Thickness. ! Length. Width. | Area.
—_— e I

inches. feet. inches. sq. ft.

) 14 48 48

26 72 100

g 36 81 200

: 44 81 200

3 44 81 220

1 44 81 175

11 44 81 135

1} 44 81 115

As the width multiplied by the length must not exceed the maximum
area, plates cannot possess both the maximum length and maximum
width.

Chequered Plates—The maximum dimensions for chequered plates
will be found in the following table.

Thickness on plain, Length. Width, Area,

inches. feet. inches. 8q. ft.
% 20 52 52
! 25 54 54
i 25 55 64
) 25 55 64
3 25 b5 60
{ 20 b4 50
i 20 52 48
1 20 52 38




94 STRUCTURAL ENGINEERING

Buckled plates are made in sizes 8 feet to 5 feet square, the camber
varying between 2 and 8 inches. The thicknesses are } inch to % inch,
rising by fsths.

Stamped Steel Troughing.—The sizes of troughing will be found in
Table 15. The maximum dimensions of troughing stamped from
single plates are 4 inch thick, 18 inches deep, and 86 feet long.

Round bars may be obtained up to 6 inches in diameter, the
maximum length up to 1§ inches diameter being 60 feet. The maximum
length rapidly decreases for larger sections, 15 feet being the maximum
for 8 inches diameter and over. The sections of angles, tees, joists,
channels, zeds, and rails have been standardized, and the full lists,
published by the Engineering Standards Committee, should be con-
sulted. The maximum ordinary length for all the above sections is
40 feet. Some of the standard sections are used to a greater extent
than others, and consequently such sections are rolled more frequently,
and are easier to obtain at short notice. Rolling lists specifying these
gections are to be obtained from the makers. The weight per foot
length cannot be exactly adhered to by the rollers, and they reserve
the right to supply material within the limits of 2% per cent. under or
over the specified weights. Lengths beyond the ordinary maximum
may be obtained on payment of special “extras.” Extras are also
charged for any workmanship, such as cutting to dead lengths,
bevelling, etc.

The following references to the publications of the British Engineer-
ing Standards Association, 28, Victoria Street, London, S.W.1, will be
found useful. The number is the official number of the Standard,
and the year is the date of the latest issue to 1945.

Nos. 4, 4a and 6—1945. Dimensions and Properties of Rolled Sections.
No. 9—1941. Bull Head Railway Rails.
,» 12—1940. Ordinary Portland and Rapid Hardening Portland
Cement.
., 16—1941. Steel for Bridges, etc., and general Building Con-
struction, Structural. '
,, 63—1939. 8ize of Road Stone and Chippings.
,» 16—1943. Tars for Road purposes.
,, 144—1941. Coal Tar Creosote for the preservation of Timber.
,, 163—1941. Girder Bridges. Parts 1 and 2, Materials and Work-
manship. Parts 3, 4, and 5, Loads and Stresses,
Details of Construction and Erection.
., 163—1930. Appendix I. Tables of Unit Loadings for Railways
and Highways.
,,» 185—1938. Rolled Steel Bars and Hard Drawn Steel Wire for
Concrete Reinforcement.
,, 858—1939. ‘Best Yorkshire ” Wrought Iron.
,, 817—1939. Foamed Blast Furnace Slag for Concrete Aggregate.
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LOADS AND WORKING STRESSES.

Dead and Live Load.—General Considerations.—The load on a struc-
ture may be divided broadly into two classes—the dead load, and what
is usually termed live load. ~The dead load comprises the weight of the
structure itself, which is constantly imposed. The live load would
perhaps better be defined as incidental or intermittent load. It com-
prises all load which is applied to and removed from the structure at
intervals. The live load may be of very varied character. In the case
of bridges it consists of the weight of rolling traffic, such as trains or
road vehicles, together with pedestrian traffic and wind pressure. On
roofs the principal live load is that due to wind pressure ; on crane
girders, the weight of the traveller, together with the load lifted
increased by accelerating force ; on columns, wind pressure combined
with intermittent loads in cases where the columns support girders
subject to live loads. It will be noted that all structures in the open
are subject to wind pressure. Whilst the character of the dead load is
that of an unchangeable static load, that of the live load is very varied
on different structures. Thus the live Joad imposed on a short bridge
girder during the passage of a train at high speed differs greatly from
the very gradually applied pressure as the tide rises against the gates of
a dock entrance, or the still more slowly increasing pressure behind a
dam as the reservoir gradually fills with water. Both these latter are,
however, examples of live load, although their effect on the structure is
much less intense than in the former case.

The dead load may be conveniently divided into two portions, one
comprising the weight of the main girders or frames of the structure,
and the other including the accessory parts of the structure necessary
for giving it the desired utility. The weight of the main girders of
a bridge, the principals of a roof, and the wain columns and girders of
a framed building, are examples of the first subdivision, whilst the weight
of the flooring, permanent way or pavement, roof covering, etc., repre-
sents the second subdivision. In commencing to design any structure,
it i8 neccssary to make as careful an estimate as possible of the dead
weight of the structure itsclf, and it is obvious the exact weight of a
structure is indeterminable until the structure has been completely
designed. The nominal amount of live load for which a structure is
to be designed is generally fairly accurately known, although owing to
the varied character of different live loads, their effect as regards the
stress brought into action is often a debatable point. Of the dead load,
the weight of the accessory parts of 2: structure is very closely estimable,
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but the weight of such portions as main girders, roof principals, etc.,
may only be approximately estimated, and the closeness of agreement
between such estimated weight and the final weight of the structure as
designed, will determine whether the design is suitable or otherwise.
Frequently a re-calculation of the structure becomes necessary, owing to
the final weight considerably exceeding the estimated weight. This
matter constitutes one of the principal difficulties in design, and the
difficulty increases with the magnitude of structure and lack of precedent.
Ip & small structure exposed to the action of a considerable live load,
o very close estimate of the dead weight of the structure is of relatively
little importance, since by far the greater proportion of the stress will
be ca by the live load. In a very large stracture, the bulk of the
stress will be caused by the dead load, and it is important to estimate
more accurately the probable weight of such a structurc before com-
mencing its design. Unfortunately, the probable weight of large
structures is always more difficult to forecast, since fewer precedents
exist for purposes of comparison, and much greater judgment and
experience are essential, on account of the greater complexity of the
structure.

Innumerable formule have been devised, which aim at giving the
robable weight of main girders, roof principals, piers, etc., but such
?ormulae can only furnish a general guide to be supplemented by careful
judgment, since the assumptions on which they are based are seldom
realized in the particular structure under consideration. Many such
formule are framed on records of the weight of existing structures
similar to the type under consideration, and where ample precedent
exists the formulee will naturally be more reliable. Formule, however,
are less reliable for the larger and more uncommon types of structures,
and it will be realized from the above remarks that considerable experi-
ence and judgment are absolutely necessary to undertaking the design
of large and important structures.

Dead Load.—Table 14 gives the weight of the various kinds of
masonry and materials employed in structural work.

TABLE 14.—WEIGHT oF VARIOUS MATERIALS.

Material. g:ig:l:l::nfgz‘
Masonry.
Granite ashlar masonry in cement mortar . . . . . . . 165
Freestone ashlar . - e e e e 145
Limestone rubble ,, ' e e e e 1568
Freestone rubble  ,, " e e e+« . .| 122t0188
Blue brickwork » " e e e e 147
Red brickwork " » e e e e e 122
Concrete.
Rubble concrete in masonrydams . . . . ., , ., . .| 140to162
Coke breeze concrete (1 to 6) . 95
Ballast concrete . . . . . . . . . . ., . | 140
Clinker concrete (1,2,4) . . . . . ., . . . . . . 112
Cement conerete (1to5) . . . ., . ., . . . . . | 130
Granolithic conerete (1t02) . . . . . ., . . , | | 138
Reinforced concrete, including average reinforcement ., . . 156
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TABLE 14.—WEIGHT oF VARIOUS MATERIALS—continued.

Materiale,

Ballast (Dry).

Limestone, 85 per cent. voids
40

” ” "

1 45 ”

Sandstone, 85 "
4

” ” "

45

" ) » . . . . . . . . .
Broken slag 24 inc’hes, co'ntu.ining about 85 per cent voids .

Gravel . . .

Miscellaneous.

Slag, solid
Sand, damp .

s dry . .
York paving flag!

Granite paving (Penmaenmawr)

Asphalte ,
Timber.
Elm . .

Red pine and spruce fir
American yellow pine .
Larch. . . . .
Oak (English)

,» (American) .

Teak . . . .
Greenheart .

Pitch pine . . . .
Jarrah (wood pavement)

Iron and Steel.

Cast iron .
Wrought iron
Mild steel
Cast steel .

Glass.

Flint . . . .
Plate and sheet .

Fresh water
Sea water

Weight in 1bs.
per cubic foot

110
102

94

79
95 to 100
90

150
118

154
172
150

36
30 to 44

31 to 35
48 to 60

41 to 55
60 to 70
42 to 48
60 to 63

448
480
490
492

187
169
62'5
64-125

Dead Load on Bridges.—In estimating the dead load on railway
bridges, the permanent way may be conveniently bulked as so much
per foot run. The following detail weights may be taken as repre-
sentative for the standard gauge of 4 feet 8% inches.

Sleepers, 9 ft. x 10 in. X 5 in. at 40 lbs. per cub. ft. = 125 lbs.

each. Chairs, 52 lbs.

Rails, 86 or 100 Ibs. per yard.

Fishplates, 32

lbs. per pair. Fishplate bolts, 5 Ibs. per set of four. Spikes, 3 1b.

each.
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Weight of 30 feet of single track—

1bs.
20 yards of rail at 86 1bs. . . . . . . . . 1720
11 sleepers (pine)at 1251bs. . . . . . . 1375
22 chairsat 521bs. . . . . . . . . . . 1144
22 keys at 50 lbs. per cub. ft. . . . . . . 68
2 pairs fishplatesat 82 1bs. . . . . . . . 64
2 sets fishplate boltsat 51bs. . . . . . . 10
22 sets spikes and trenails at 4 1bs. . . . . 88

4469

Say 2 tons per 80 feet of single track, or {% ton per foot run, = say 150
lbs. per foot run. With 100-lb. rails and suitably heavier chairs and
fast,ennial‘]ﬁs = 166 lbs. per ft. run.

«~—Raslway ratls weighing 85, 86, and 100 lbs. per yard are in
general use for main-line traffic, usually in 46 or 60 feet lengths.

Tramway Rails—The following are” in use. South Liondon, 102
Ibs. per yard. Newcastle, 101. Leeds, 100. Birkenhead, 100. For
purposes of preliminary estimate, 105 lbs. per yard may be taken.

Ballast and Pavement.—These weights are stated in Table 14.
The mean width of ballast may be taken as 12 feet for asingle track,
23 feet for double track, and 45 fecet for quadruple track, for standard
gauge. The average depth of ballast used is 18 to 19 inches, the lower
9 inches, called pavement, consisting of larger stones roughly hand
packed, leaving 9 to 10 inches of gravel or broken stone ballast above
to the upper level of sleecpers. On the Great Central Co.’s main line,
the quantity laid per mile of double track is 7500 cubic yards. The
lower layer of pavement is not laid on bridges.

Flooring.—The flooring of railway bridges consists of flat or buckled
plates on cross-girders and rail-bearers, or one of the many types of
troughing. For highway bridges, troughing levelled up with concrete,
or jack arches turned between cross-girders, are most suitable. Table 15
gives the weight of various floor details.

TasLk 15.—WEIGHT or BrIpgk FrLoor DETAILS.

Detai Lon 5o
setail,
g ol

Flat Steel Plates.

Per thickness of finch ., . . . 51
Buckled Plates. Rise 2 to 3 inches.

$inchthick . . . . . . . . . . . . . . . .. 10-3

- » e e e e e e e e e e e e e e e 154

P ” Ce e e e e e e e e e e e e e 205

Troughing. Lap-join.ed as Fig. 7, including rivets.
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TABLE 15.—WEIGHT oF BRIDGE FLOOR DETAILS—continued.
| Welght.
Detail, Lbs. per
sq. ft,
1 foot 8 inch pitch, 6 inches deep{f inch thick . * ;gﬁ
8 ” 11" . . 23.56
2 ” 0 ”» ” 7; ”» ” { :" :: 31'15
-6
2,6, ,10 , ,ff» . A
2,8, .12, ,{l o8
2 ”" 10 " " 14 ” » { ” ” gg:g?
Butt-jointed as Fig. 8
2 feet 0 inch pitch, 74 inches deep{ § inch thick . . . 3278
” ” . . . 2 |
2,6, L0 , .{i» pri
. ” -4
2 ” 8 ” ” 12 ” ” {? :’ . 32'92
Y K
2 " 10 " " 14 " " { ” » . i 32.%
" ’
( . 29-03
R S 5999
5 ” " 37.97
2 ” 8 " i l" " ” { » " 47.18
Fra. 9.
2 feet 0 inch pitch, 74 inches deep, § inch plate, § inch straps 84-00
2 » 6 ” » 10 " ” ” 3463
2 ” 8 11} " 12 ” " ” 34‘98
2 ” 10 " ”» 14 ”" ” " 35.%
8 »” 0 ” ” 16 » ”» . 9y 85'18
3, 0, »y 16 " 4 inch plate, § inch straps . . 4547
4 , 6 , » 18 » with double straps top and
bottom, § inch thick . . .| 5548
» » » with double str:gs top and
bottom, § inch thick . .| 6861
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TABLE 15.—WEIGHT OF BRIDGE FLOOR DFTAILS—continued,
t

Weight
Datail. Lbe.&er
8q.
Arched troughing as Fig. 10.
koem-- L .
- |
' T LN
| D |
=1 t
F1a. 10,
1 foot 9 inch pitch, 9 inches deep,}inch thick . . . . . .| 2081
2 " 0 ” ” 10 " ” l ” ) . . . . . . 2060
2 ” 3 ” " 12 ” ” Isd ) ’” . . . . . . 25-67
2 ’ 6 I I 12 ”» ” 3 ”» ”» . . . . . N 29-53
2 ” 6 " ”" 15 ” N il),} » ”» . . . . . . 24'48
2 » 6 ”» i 15 ” ” i ” ”» . . . . . . 33-:00

Weight of Cross-girders.—In railway bridges with framed floors,
consisting of cross-girders, rail-bearers, and plate flooring, the most
economical spacing of cross-girders is from 7 ft. to 8 ft. 'The growing
practice of building locomotives with small wheels close together, tends
to a closer spacing in the near future. With these spacings, cross-
girders for double-track railway bridges are usually 26 fu. to 27 ft.
long, and 2 ft. 3 in. to 2 ft. 6 in. deep. Adopting these proportions,
the weight of one cross-girder may be taken as 2:25 tons. For single-
track bridges with cross-girders 14 ft. to 15 ft. long, and 15 in. to
18 in, deep, the weight of one cross-girder may be taken as 05 ton.
Cross-girders between main braced girders with wide bays will be much
heavier, and an independent estimate is necessary. Cross-girders for
highway bridges will be appreciably lighter for the same spans, but
owing to the variable character of the traffic and width of highway
bridges, a preliminary estimate is necessary in each case.

Rail-bearers.—Rail-bearers 7 ft. to 8 ft. long may be estimated at
700 1bs. to 900 Ibs. each.

Jack arching is usually 9 inches to 18} inches thick of brickwork,
and its weight is readily estimated.

Weight of Main Girders.—Plate Girders. The probable weight of
main plate girders, provided the depth is about one-tenth the span,
may be fairly closely obtained from the following formule. Whenever
reliable information may be obtained as to the weight of well-designed
existing girders of the same span, similarly loaded, such records are
preferable to results calculated from formnle.

W = Total distributed or equivalent distributed load carried by
one girder, exclusive of its own weight. L = Span in feet.

robable weight of plate girders. Depth about ; span.
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From 20 ft. to 40 ft. span = v—%%(oi tony,

WxI
, 40ft , 60ft. =V—5§T‘ y

W x1
b 60 ft 100t b = sao w

Plate girders are seldom employed beyond 100 ft. span.
Probable weight of lattice girders. Depth about § span.

From 20 ft. to 50 ft. span = WB(>)<0L tons
WxL
. DOft., 90ft =——5§-‘0— .
W x L
s 90ft.,,120ft. ,, = 30 7

The weights of lattice girders of larger span should be carefully
estimated in detail, having regard to the probable stresses coming upon
the various members. The weight of main lattice girders is more
inflnenced by variations in arrangement of detail than is that of plate
girders.

Weight of Rolled Steel Section Bars.—Table 16 gives the weight per
foot run of the most commonly used rolled sections in mild steel. Full
lists of these are published in wost section books.

TaBLE 16.—WEIGHT OF ROLLED STFEL SECTION BaRs.

Equal Angles. i Unequal Angles.
Size. Weight 1bs. per foot. ‘ Size. Weight 1bs. per fout.
o o om0
Xb X 1992 .
4 x4 x 1 14:46 g§ gl o }gg;
4 x4 x4 12:75 4%3 b )
81 x 81 x } 11:05 X 11-05
3 x8 ><§ 7-18 T T -
2i X 2} x 4 589 CHANNELS,
2] x 2f X % 4-45 "—*“;)' Tm 0T
——— [ 17X 4 44-34
15x 4 36-37
12 x 4 31-33
Tozs 12 % 8 2525
——- e — - 10x38 24-46
in. in in 9x38 2227
6 x 4x} 16:22 8x8 20-21
6 x 3x 1458 7% 8 18-28
5 x 4x 14-51 Tx8 1422
sREG ) ER | g | i
8 .
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The weights of several sizes of rolled sections are given on pages 147-
150, together with other properties of those sections.

TaABLE 17.—WEIGHT oF BoLts, NUTS, AND RIVET-HEADS.

Weight in lbs. of
Diameter.
1 inch length of bols, | "¢ Bexsgonal hut | One equare uut snd | 19 rivet.heads.

in.
i 0-0813 0057 0071 —

00556 0-185 0169 417
; 00869 0-261 03380 815
i — — - 1085
i 01252 0-450 0570 1408
] — — —_ 17-90
i 01708 0720 090 22:86
IH - — — 27-50
1 02225 1-07 135 33-38
1} — -— —_ 4758
1} 08476 2:09 2:63 65'19
1 05066 361 455 —
1 06815 570 720 —
2 0-8901 8:56 10-80 —

In estimating the weight of riveted work, an allowance of from
2 per cent. to 5 per cent. of the weight of the structure is usually made,
depending on the class of work, to cover the weight of rivet-heads.
Such allowance is usually excessive, and is really intended to cover the
wastage of drilling and punching the holes.

o/  Dead Load on Roofs.— Principals. The probable weight of roof
principals of ordinary V-types may be fairly estimated from the follow-
ing formule :—

W = Weight of one principal in 1bs. 1. = Span in feet. D = Dis-
tance apart of principals in feet.

For roofs with heavy covering, W = I DL (1 +
” m medium s W= DL (1 + TL§
” ’ light 9 W= H DL (1 + TLE)

]zl

Purling and Common Rafters consist of angle, zed, or joist section if
of steel, or rectangular sections if timber. The weights of the former
are given above. The weight of timber members may be estimated on
a basis of 35 lbs. to 40 lbs. per cubic foot.

Roof Coveri.igs.— Boarding 1 inch thick, 3 1bs. to 3} Ibs. per square
foot.

Slating.—The usual sizes and weights of slates used for roofing are
given in Table 18, for slates laid with 8-inch lap and nailed near the
centre. A square of slating is 100 square feet, and a nominal 1000 of
slates containg 1200.



LOADS AND WORKING STRESSES 33

TABLE 18.—S12ES AND WEIGHT OF SLATES.

T 8q. foot

Area covered by

. Wei
Size. 1200 slates, u;srho;}):umcm
in, in. squarcs. 1bs.
Doubles . . . . . 183 X 6 25 825
Ladies . . . . . 16 X 8 475 80
Countesses . . . . 20 x 10 70 80
Duchesses . . . . 24 x 12 100 85

Gluzing.—The weight of glass such as used for roof covering is
14 ozs. per square foot for each i inch in thickness. The sheets are
usually 2 feet wide and { inch thick, and weigh 83 lbs. per square foot.
Glazing Bars.—A large number of patent bars are in use. The
following table of the weights of Messrs. Mellowes and Co.’s “ Eclipse
glazing bars will afford a guide in estimating the weight of this detail.

TaBLE 19.—WEIGHT OF GLAZING BARS.

s " ) 'eight in 1bs. per foot
“ Fclipse ” bar. Beurh;%r;:ﬁ::res of Weight l:un. p
fr. in.
No. 7 6 0 2:796
» 8 76 3-202
» 9 8 6 3-578
w 9a 9 3 3906
» 10 10 0 4-906

The standard spacing of these bars is 241 inches.
Corrugated Sheeting.—These sheets are rolled of such sizes that the
side lap is about 1 inch, whilst the end lap is generally made 6 inches.
Allowing for these laps, Table 20 gives the weight per square foot for
various gauges. :

TaBLE 20.—WEIGHT OF CORRUGATED SHEETING.

Thickness B.W.G. 18 20 22 24 26

Weight in lbs. per square foot,
including laps . o e e

278 | 220 . 180 | 149 | 112

Galvanized Fittings for Corruyated Sheets.—The weight of fittings
per 100 square feet of roof surface may be taken as 12°6 lbs. if the
sheets are attached to steel purlins by hook-bolts, and 76 Ibs. if screwed
to timber purlins.

Galvanized Ridging and Lourre Blades—Ridging weighs from 1 Ib.
to 8 1bs. per foot run for girths of from 10 inches to 86 inches, and
thicknesses of from No. 26 to No. 16 B.W.G.; Louvre Blades, from
2:5 to 5 lbs. per foot run for each blade of 11 inches girth, aud thick-
nesses of from 7% inch to § inch.

_Stamped Steel Guiters usually vary from 7% inch to 1 inch thick, and
weigh from 9 lbs. to 25 lbs. per foot run according to section.

¢
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Lead for flashing and covering flats usually weighs from 5 to 7 lIbs.
per square foot, and allowing for laps, rolls, and nails, may be taken
at 58 to 8D 1bs. per square foot.

Zinc.—The thickness of zinc sheeting follows the zinc gauge,
ranging from Nos. 9 to 16, and corresponding closely with Nos. 27, 25,
etc., to 19 of the B.W.G. respectively. Nos. 15 and 16 are generally
used for roofing. 'The sheets are 7 feet to 8 feet long by 2 feet
8 inches to 3 feet wide. Allowing for laps, the weight is 1} to 13 lbs.
per square foot.

Asphalte—The thickness and weight of asphalte laid on floors and
roof flats is given in Table 21.

TABLE 21.—WEIGHT OF ASPHALTE ON FLoOPS AND ROOFS.

Thickness. Wt. 1bs. per sq. ft.

inch.

Roof flats and bridge floors . . . . . . 2 R
Goods warehouse floors . . . . . . . 1} 153
Railway platforms . . . . . . . . . 1 12}
Waterproofing backs of arches . . . . . 3

In laying asphalte and waterproof coating, care should be taken to
give the finished surface a good fall to ensure proper drainage.

Snow.—The snow load accumulates slowly, and may be treated as
dead load. 5 lbs. per square foot of covered area is usually assumed in
England.

Dead Load on Floors.—Floors being of very varied construction, no
general weight per square foot may be cited. The type of floor being
decided, its weight per square foot may be readily estimated in detail
jy reference to the preceding tables.
¢ Live Load.—Live Load on Floors. The live load on floors of
different classes may be assumed as equivalent to the following dead
loads :— (See also page 579.) )

TFor dwelling-houses, hotels, and hos-
pitals . . . . . . . . . .
For schools, assembly halls, offices, and

retailshops . . . . . . . . . 110to1301bs, ,, ”
For warehouse buildings . . . . . 200to0 250 lbs.

Machine shop floors are examples where especially heavy loading
may occur. Usually the lighter classes of machine tools only are placed
on upper floors, heavier machinery requiring special foundations being
necessarily placed in the basement. e1‘he type of machines to be em-
ployed will determine tle weight for which the floor is to be designed.
The load on such floors is less uniformly distributed than on ordinary
floors, and solid and rigid types should be adopted to ensure the best
distribution of the locally concentrated loads to the girders beneath.

Live Load on Bridges.—The intensity of the live load on railway
bridges is governed by the type of locomotives in use. These actually
impose heavy concentrated rolling loads upon the various members,
such loads depending on the weight of engine and tender and spacing

60 to 70 lbs. per square foot.

” ”»
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of axles. Two methods of treating the rolling load are in general use.
1. The concentrated load method, in which the bending moments and
shearing forces due to the actual concentrated loads at known spacings
are considered. 2. The equivalent distributed load method, in which
the system of actual concentrated loads is replaced by a distributed load
of uniform intensity which will create the same maximum bending
moment at any point on the span, as that caused by any position of
the concentrated axle loads. The former method is generally adopted
in American, and the latter in English practice.

Equivalent Distributed Load on Main Girders.—Fig. 11 shows the
loads and axle spacings of two of the heaviest locomotives at present in

L.N E.R(G.N.R) N2 1470.

Tons (7-05 20 20 20 154 132 1495 147 1345

sWl - 1 ) . e el e e A
40" : ! : | A : '8 8" 564
jgo 63 56Tl 7’5" 78T 1 gs 9" 557 5’7 55" isst ]
- >
S R. (L.S.W.R) LORD NELSON.
Tons. 2155 2065 2065 2065 283 28-4

 —— — A,

. L & L i . - N
P T WA
:40}176270!70!80 | 23 !66260=66i50i

] 1 | !
Fia. 11.

use, in this country. Ia Table 22 are given eqﬁivu]ent uniformly dis-
tributed loads for present-day British locomotives (1928), for spans
ranging from 10 to 200 feet. -

TABLE 22.—EQUIVALENT DISTRIBUTED 1.0ADS ON RAILWAY BRIDGES.

Equivalent distributed load in tons per foot run for siugle line of way.

Span in feet, | For bending. For shear. Span in feet. For bending, I For shear.
10 4:40 5:80 90 {211 | o288
15 360 506 100 208 | 233
20 3-25 450 110 2:06 2-29
25 304 408 120 2:04 2:27
30 2:90 373 130 2:08 1 294
35 2-75 3-46 140 2:02 ! 2-21
40 2:62 325 150 201 . 219
45 2:54 309 160 2:00 2:16
50 246 2:04 170 1-99 2-14
60 2-30 2:70 180 1-97 2:12
70 2:20 2:54 190 1-96 2:10
80 214 2:45 200 195 2:09
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In Table 22, the loads in the columns headed “ For bending " are
to be used for determining the sectional areas of flanges, and those in
the golumns headed “ For shear ” are to be used for determining sectional

of webs of plate girders or web members of braced girders.

For larger spans, the live load is generally taken as that due to
the heaviest type of mineral or freight train, preceded by two of the
heaviest type of locomotives. The weight of a train made up of high
capacity wagons, or wagons loaded with boilers, girders, machinery,
etc., falls not far short of the weight of a train of engines. An
equivalent load of 1'5 tons per foot run fora single line of way probably
covers the effect of such a train for spans exceeding 200 feet. Spans
up to about 210 feet would be practically covered by three large
engines and tenders.

Live Load on Cross-Girders.—Cross-girders, however closely spaced,
have each in turn to carry the heaviest axle load, which is usually that on
the driving axle, or 20 to 21 tons per axle in present English practice.
As the distance between the two most heavily loaded axles is usually
from 5 to 8 feet, any closer spacing of the cross-girders is wasteful.
Cross-girders between lattice main girders are usually at wider spacing
than 8 feet, and in such cases the maximum ioads will be equal to the
maximum reactions due to the rail-bearers or stringers when these are
most heavily loaded.

Live Load on Troughing.—With continuous trough flooring, it is
impossible for a single trough to carry the full load of the heaviest
axle, since the continuity of the floor causes the load to be distributed
over several trough sections to right and left of the load. The extent
of this distribution depends on the relative rigidity of rails and trough-
ing, but the maximum load coming upon any one trough will not
exceed one-half the actual axle load and may be as low as one-third.

Live Load on Rail-Bearers.—On short rail-bearers from 5 to 8 feet
span, the maximum live load will be the load on the heaviest axle when
at the centre of span. Longer rail-bearers will accommodate two,
three, or more axles simultaneously, and the worst position of such
a;:g loads for creating bending moment will determine the maximum
loading.

Live Load on Highway Bridges.—This, whilst not so intense as on
railway bridges, is very variable. Table 23 gives particulars of special
loads on highway bridges. For ordinary wheeled traffic over bridges
exempt from the special loads in Table 28, an equivalent distributed
load of 130 lbs. per square foot of roadway should cover the require-
ments. For Fedestrian traffic on footpaths, 120 1bs. per square foot is
a sufficient allowance.’

Wind Load.—The question as to the magnitude of wind pressure
and its mode of act.on on structures is one on which great uncertainty
still exists. The following facts, however, appear to be satisfactorily
established.

1. That exceptionally high intensities of pressure only prevail over
local and relatively small areas, and that the greater the area exposed
to the wind, the less will be the average pressure on such area. From

1 For further information on rolling loads, see Mins. Proceedings Inst. C.E.,
vol. clviii. p. 828; vol. exli. p. 2; vol, clviii, p. 880; vol. clxi. p. 261 ; vol, ceii. p. 868,
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extended records of wind pressure obtained at the site of the Forth
Bridge, the average pressure upon a board 20 feet by 15 feet was gene-
rally only two-thirds of the pressure upon a small wind-gange of 13
square feet arca, both in moderate and high winds.

2. The total or effective pressure against thin flat plates is consider-
ably greater than the pressure calculated by multiplying the exposed
windward area by the wind pressure per square foot acting on the
windward face. This is due to the creation of a partial vacaum or
negative pressure behind the plate, caused by the suction effect of the
eddies set up by the resistance of the sharp edges to the free passage of
the wind current. Thus, taking the effective wind pressure on a thin
square plate as 100, the total pressure upon a cube presenting the same
area to the wind is represented by 80, and on » prism having a length
double that of the cube, by 72. The suction effect, therefore, rapidly
diminishes as the length of the obstacle in the direction of the wind
current increases. Roughly speaking, from 1 to 1 of the total effective
pressure on an exposed area of thin plating is due to the negative
pressure on the leeward side, and 2 to 2 to the positive pressure on the
windward side. The exact ratio in any particular case varies, however,
with the shape of the exposed surface.! This has a direct bearing on
the effective pressure on the windward side of a V roof. The sharper
the angle at the ridge, the greater will be the negative pressure on the
leeward side, with consequent greater effective pressure than on roofs of
flatter slope.

3. The extent to which one plate surface will shelter another similar
one placed parallel with, and to leeward of the first, is actually very
small, unless the two surfaces are relatively close together. Thus the
windward girder of a bridge or the windward face of a lattice pier
offers little protection to the leeward girder or face. In the case of a
bridge with main plate girders and a continuous floor, the pressure
against the leeward girder will no doubt be less than on the windward
girder, but such reduction is less than is frequently assumed. Experi-
ments on square and rectangular plates show that the maximum shield-
ing effect occurs when the plates are separated by a distance of about
14 times their least cross dimension, and that the shielding effect of
long rectangular plates is considerably less than that of circular plates.

4. Results de«fuced from the overturning of railway rolling stock
show the mean side pressure to have varied from 26 to 34 lbs. per
square foot, and, excepting in the case of structurcs in abnormally
exposed situations, it is unlikely that any considerable area is ever
exposed to & much higher positive mean pressure than 35 lbs. per square
foot. Much higher pressures have been recorded by wind-gauges in
which the pressure is registered by the deflection of a spring, but such
pressures may be, :nd probably are, due to the dynamic effect of a
sudden gust of wind blowing for a very short period. At the rame time
it should be remembered that a wind pressure of 30 lbs. per square
foot applied suddenly will deflect the spring of a wind-gauge to the
same extent as a steadily applied pressure of 60 lbs. per square foot,
provided the sudden gust last long enough to produce a complete vibra-
tion of the spring. In a similar manner, a bridge or tall building will

' Mins. Proceedings Inst. C.E., vol. clvi. p. 78,
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gossess a time period of vibration depending upon its mass, which will,
owever, be much longer than that of a light spring. If, then, a
sudden gust of wind prevail long enough to deflect a bridge or building
laterally through the full extent of its vibration, the stress produced
will be that due to the higher pressure as recorded by the spring-
loaded indicator of the wind-gauge.

5. The pressure of wind increases with the height above the ground,
so that the upper portions of lofty buildings, chimneys, piers, and
bridge girders are exposed to higher wind pressures than the lower
portions, which are further often sheltered by neighbouring buildings.

6. The pressure on convex surfaces is much less, and on concave
surfaces greater than on flat surfaces presenting the same projected
area to the direction of the wind current. Thus, on the area of a
circular chimney as seen in elevation, the effective wind pressure is only
about half the actual pressure which would act on a thin flat surface of
similar outline and area.

Intensity of Wind-Pressure on Structures.—In the case of bridges, it
is generally assumed that no train will be traversing a bridge when the
wind pressure exceeds 30 to 35 lbs. per square foot, whilst a maximum
pressure of 45 to 50 lbs. may act on the structure when unloaded. The
area of the bridge exposed to the higher pressure will be from once to
about three times the area as seen in elevation, depending on the type
of construction. Thus a tubular girder with continuous roof and floor
will expose the elevational area only, a plate girder bridge from once to
twice that area, the degree of shelter afforded by the leeward girdaer
depending largely on the width of the bridge. A large bridge with
double lattice girders may expose an effective area equal to three times
the elevational area, or even more if the main girders be very broad.
The lower pressure of 30 lbs. per square foot will act on the effective
area of the windward girder, and on the train considered as a continuous
screen, the upper edge being 12 feet 6 inches and the lower edge 2 feet
6 inches above the rails. In the latter case the train will largely shelter
the leeward girder, and the wind pressure will only act to any consider-
able extent on that portion of it (if any) projecting above the train.
The wind pressure on a moving train is, of course, to be considered as
a rolling load, since it travels with the train.

The suction effect previously referred to is most active in the case
of lattice-work structures which present a series of thin plate surfaces
to the wind. On tall buildings which have considerable depth in the
direction of the wind, the maximum effective pressure will be from 2 to
3 of that assumed for open-work structures, or about 85 to 38 lbs. per
square foot, whilst the larger area makes it still less probable that the
mean pressure will actually reach this figure. The usual allowance for
tall buildings and roof structures will be stated subsequently.

Further, it is obvious that judgment must be exercised in adopting
a suitable maximum wind pressure for a given structure. The lower
portions of many buildings, low roofs, etc., are often almost completely
sheltered by neighbouring and higher buildings, whilst for others in
lofty and more exposed situations the effect of the maximum wind
pressure must necessarily be considered.
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WOR'KING STRESSES AND SECTIONAL AREA OF MEMBERS.

General Considerations.—After making a careful estimate of the
load to be borne by a structure, the stresses in the various members
due to such load are next calculated. The methods of deducing the
stresses in the various members of structures due to specified loads
are considered in subsequent chapters. The sectional area of ecach
member then depends Srimarily on the magnitude of the stress
occurring in it, having due regard to & suitable disposition of the
material in the section according as the member is subject to tension,
compression, bending, etc., or to more than one of these actions com-
bined. In arranging the disposition of material in the cross-section,
further regard must be paid to convenience of making joints and con-
nections with neighbouring members and deduction of area occupied by
rivet-holes in the case of tension members. These features arc fully
considered later, and at present attention is directed to the determi-
nation of the actual sectional area.

The working stress in any member is understood to be the actual
maximum stress in tons per square inch created in the member under
the most unfavourable conditions of loading. The principal difficult
lies in determining at all accurately the actual mazimum stress whic
takes place in any member. In cases where the stress is entirely due
to a perfectly dead load, no doubt exists as to the value of the maximum
stress, and a relatively high working stress may safely be employed in
proportioning the sectional area. Examples of purely d load
stresses in actual practice are, however, rare, and the maximum stresses
in the members of practical structures are generally due to the com-
bined effect of both dead and live loading. That portion of the stress
due to the dead load may be very closely estimated, whilst that caused
by the live load is in many cases a very indefinite quantity, dependin
on the variable character and mode of application of the live loac%,
examples of which have already been mentioned. It is a well-
established fact that the actual momentary stress due to a suddenly
applied live load may be double that due to the same amount of static
or dead load. But between a suddenly applied and a very gradually
applied live load, there exists a series of infinite gradations, each of
which must be considered on its own icular merits. The additional
stress caused in such cases, over and above that due to the nominal
amount of the live load, i8 commonly referred to as dynamic stress or
stress due to #mpact, and there is little doubt that the time period of
application of the live load is the principal factor in determining the
magnitude of the dynamic stress created.

Further, it appears from the results of numerous experiments that
a great number of rejetitions of fluctuating stress in a member exer-
cises a more deteriorating effect on the material than a static stress of
equal maximum intensity. These facts obviously have a specially
important bearing on the design of members of bridges which are
most subject to frequent and rapidly applied fluctuations of load. It
is evident, therefore, in fixing tge working stress, that regard should
be paid to the range of stress, or difference between maximum and
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minimum stress in a member as well as the time period of application
of the live load. The character of live loads and degree of suddenness
of their application sre so varied that a proper estimate of the pro-
bable dynamic effect, and therefore the actual maximum stress caused,
becomes a more or less complex matter. Many riles have been pro-
posed for making allowance for the above-mentioned influences in
designing the sectional area of members, and suome of the principal of
these will now be stated. It may be mentioned, however, that the
present state of exact knowledge on this question is far from complete,
whilst useful investigation is much retarded by the difficulty of making
reliable experiments.

» Factor of Safety.—Formerly the working stress was deduced by

+ dividing the ultimate or breaking strength of the material by 4, 5, 6,
etc., according to the reduction considered suitable for the character
of the load, and in cases where a fairly reliable estimate of the dynamic
effect of the live load is possible, this method used by persons pos-
sessing sound judgment and experience may produce satisfactory
results. Its abuse lies in its indiscriminate application to all or any
cases of live loading. It is necessary that the working stress be kept
safely within the minimum elastic limit of the material in order to avoid
permanent strain or set. For average mild steel, such as employed in
general structural work, the ultimate strength varies from 27 to 32
tons per square inch, and the elastic limit from about 14 tons per
square inch upwards, the latter being a niore variable quantity than the
u(}t,imat.e strength. The actual working stress should therefore not exceed
9, or at most 10 tons per square inch, in order to leave a reascnably safe
margin a8 regards the elastic limit. These figures correspond to a’
factor of safety of 8 with respect to the ultimate strength.

For purely dead loads, that is where the actual maximum stress is
very closely estimable, a working stress of 9 tons per square inch for
mild steei may be safely adopted for tension members, and 8 tons per
square inch for compression members, excepting where the length of
the latter necessitates a reduction in accordance with the liability to
fail by buckling. .

From the results of experiments on members subjected to fluctu-
ating stresses the following general deductions are made.

1. That a factor of safety of 44 should be employed when the
stress fluctuates between the maximum value and zero.

2. That a factor of safety of 9 should be employed when the stress
fluctuates between a certain amount of compressivn and a similar
amount of tension. This case would be met by trebling the nominal
live load stress and using a factor of safety of 3, as for a dead
load.

Case 2 probably represents the extreme effect of a variable load,
and between it and the case of a purely dead load there are numberless
others in which the ratio of dead to live load stress may have any
value. Taking these deductions as a basis, therefore, the factor of
safety for members subject to maximum and minimum stresses of the
same kind will vary between 8 and 4'5, and for members subject to
maximum and minimum stresses of opposife kinds the factor of safety
will vary between 4'5 and 9. The value chosen in any particnlar case

o2
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will depend grincipally on the extent to which the live or dead load
stress preponderates.

Most'of the formule devised for determining the sectional area or
working stress of a member, or what is practically the same thing—
the factor of safety to be employed, provide in effect, a sliding factor
of safety dependent upon the relative values of the nominal or apparent
maximum and minimum stresses, whilst some take into account the
degree of suddenness of application of the live load.

Wohler's Experiments.—The following results were deduced from
a number of experiments made by Herr Wohler with a view to ascer-
taining the effect on the strength of materials when subjected to
known alternations of stress repeated until fracture ensued. The
material was found to break under a stress considerably less than that
which it would withstand when the load was applied steadily under
normal conditions of testing. The apparent loss of ultimate strength
also varied according to the difference between the maxzimum and
minimum stresses applied.! Broadly stated the actual results were as
follows :—If ¢ = breaking stress due to a steadily applied load with no
variation (usually called the static breaking stress), then under a large
number of applications of load varying between zero and w, the
material eventually broke under the load » when the apparent stress

caused was equal to ;i, or the strength of the material was apparently

reduced by one-half. Under the repeated application of a load varying
between +v and —v, that is between a certain compression and the
same amount of tension, the material eventually broke under the

load » when the apparent stress caused was equal to ;‘i‘ corresponding

with an apparent reduction in strength of two-thirds.

Launhardt-Weyrauch Formula.—This formula was devised to
express the reduced ultimate strength of a member when subject to
alternating nominal or apparent maximum and minimum stresses, as
indicated by the results of Wohler’s experiments,

Let Max. 8 and Min. 8 = the higher and lower apparent stresses to
which the member is subjected ; ¢ = static breaking stress of the
material in tons per square inch; P = the reduced breaking stress in
tons per square inch due to the fluctuating load. Then—

. _Min. 8
P= 5t(l +4 Max. 8

To apply this to purposes of design, the suitable working stress p
tons per square inch Is obtained by dividing the breaking stress P by
a factor of safety of 3, whence—

Min. 8
p=#(1+4 yur's

Taking ¢ for mild steel = 27 tons, and for wrought iron = 21 tons
per square inch—

! For a detailed discussion of the results of these experiments, see 4 Practical
Treatise on Bridje Construction, by T. Claxton Fidler.
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p=6(1+ 1 oo 2 tor mild stee
and = 4'66(1 +13 %ﬂi;—g) for wrought iron.

If Max. 8 and Min. S be of opposite kinds, Min. 8 will be denoted
a8 a negalive stress, and the formula becomes—

Min. 8
=60~ 3y s

ExaMpLE 2.—The mazimum and minimum stresses in a mild steel
member are respectively 47 and 22 tons of tension. Determine the net
sectional area.

Working stress = 6(1 4 } - 22) = 7'1 tons per square inch, and net
gectional area = 73 = 635 square inches.

ExaMPLE 3.—T'he maximum and minimum stresses being respectively
47 tons fension and 10 tons compression, to determine the met sectional
area.

Here the minimum stress of 10 tons is negative. Working

stress = 6(1 — 4 - 12) = 5°35 tons per square inch, and net sectional
47 .
area = o3 = 8'8 square inches.

Relatively few members are actually allowed to suffer reversals of
stress, a counter-brace being usually provided to take up the reversed
stress, when the principal member is then subject to a stress fluctuatin
between Max. S and zero. The working stress then equals 6(1 + 0
= 6 tons per square inch, and the factor of safety = 21 = 4°5.

Where Max. S =Min. 8, but is of opposite kind, the working
stress = 6(1 — 4) = 3 tons per square inch, and the factor of
safety = 4 = 9, as previously mentioned.

The apparently reduced breaking strength of the material when
subjected to alternating stresses is considered by some authorities to be
due to a deteriorated condition of the material to which the term
Jatigue has been applied, and the results of the Wohler tests are
generally ascribed to some such condition of the material. It will be
noticed that the Launhardt-Weyrauch formula, being based on the
results of Wohler's tests, makes allowance for the so-called fatigue of
the material, but does not allow for the dynamic or impact eftect of the
load, since the suddenness of application of the load does not enter into
the results deduced from the tests.

Modified Launhardt Formula.—The following modified form of
this formula is in use in America :—

p= 3'34(1 + %:—2.:"2) for wrought iron

the lower resulting value for p being assumed to cover the effects of
both * fatigne ” and impact.
Whether it is necessary to make a separate allowance for the effects
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of “fatigue” and dynamic stress is a much-debated question. Prof.
T. Claxton Fidler advances cogent reasons for supposing that the
~e)fect,s of “fatigue” and dynamic action are one and the same.!

Y Fidler's Dynamic Formula.—The following formula has been
proposed by Prof. T. Claxton Fidler for determining the sectional area
of members. It makes allowance for the dynamic effect of the
fluctuating load in a manner stated briefly as follows. If a member
be subject to an ivitial stress of, say, 2 tons per square inch due to the
dead load, the sudden application of a further load such as would
create an additional 3 tons of stress if applied very gradually, may
cause a momentary or dynamic increase of stress of 2 X 8 = 6 tons per
square inch, thus creating an actual maximum stress of 2 + 6 = 8 tons
per square inch. Similarly, the sudden application of a stress equal to
one-half the breaking strength of the material muy readily account for
the failure of a bar by the creation of a dynamic stress equal to the
breaking stress. This is, broadly speaking, the line of argument by
which the results of Wohler’s tests may be explained by reference to the
dynamic theory of stress, and, assuming this action to take place, the
material does not undergo any actual reduction of breaking strength,
but fails at its normal static breaking stress, simply because that stress
is momentarily created by the suddenness of application of the load.

If Max. g and Min. S represent as before, the maximum and
minimum stresses to which the member is subjected, the dynamic
increment of stress = w = Max. 8 — Min. 8.

Hence the actual maximum stress to be provided for in designing
the sectional area = mominal maximum stress + increment = Max. S
+ w ; and for mild steel tension members—

. Max. .
Net sectional area = -— 9~ Square inches

For compressive members not liable to buckle—
Max. 8 + w
7

Gross sectional area = square 1nches.

For members subject to alternating stresses of opposite kinds,
Min. S will be negative, and »w = Max. 8 — (— Min. 8) = Max. 8

+ Min. 8.
For wrought-iron tension members—

: Max. S+ w
Net sectional area = e
and for wrought-iron compression members—
: Max. S +w
Gross sectional area = —535

Prof. Fidler recommends that in all cases where the increment w is
applied instantaneously, or practically so, its full value = Max. 8
~ Min. 8, is to be added to the nominal Max. S. This will be the case in

! Bridge Construction, T. C. Fidler, pp. 248 ef seg.
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web members of girders, cross-girders and longitudinals, whilst in the
case of the flanges of main girders exceeding 100 feet span, s.e. in which
an appreciable period of time elapses between minimum and maximum
loading, w is to be taken

Max. S — Min. 8

-
=

This i8, of course, a purely arbitrary allowance, but at the same time
reasonable. The formula used in this manner becomes very elastic,
and may obviously be applied generally, by varying « in accordance
with the time period of loading, but such modification must depend
entirely on the judgment of the designer.

EXAMPLE 4.—Required the sectional area for a mild steel member in
which the stress allernates rapidly from 50 tons of tension to 18 tons of
tenston.

w =50 — 18 = 32 tons

50 + 82
9

and sectional area = == = 9°1 square inches.

ExAMPLE 5.—The mazimum siress in a mild steel strut is 57 tons of
compression and the minimum stress 12 tons of tension. Required the
sectional area exclusive of consideration of buckling lendency.

Here, & = 57 4 12 = 69 tons, and if the change from minimum to
maximum loading take place instantaneously, the actual maximum
stress to be designed for = 57 4 69 = 126 tons, whence—

sectional area = 13% = 18 square inches.

¥ Btone's “Range” Formula!—The following formula has been
proposed by Mr. E. H. Stone, M.Inst.C.E. Briefly, this formula
takes into account, separately, what is defined as the immediate effect
and the cumulative effect of the moving load. Quoting from the
author’s original paper, the immediate effect is “ observable every time
a train traverses a bridge, due to the sudden and violent manner in
which the load is applied—irregularities in the track, peculiarities of the
engine, or other causes.” The cumulative effect is ““an effect produced
in course of time by repeated loading and unloading.” The object of
the inquiry was to establish a co-efficient to be applied to the nominal
moving load, which should express its total effect on the members of
the structure in terms of effective or equivalent fixed load.

1. The “immediate ” effect of the moving load, as compared with
that due to the same amount of static or fixed load, is deduced from
experiments, information regarding which is given in the paper above
referred to.

2. The * cumulative ” effect of the moving load, as compared with
that due to the same amount of fixed load, is deduced from Wahler’s
experiments. The *immediate” and “cumulative” effects are then
combined in & rational manner to give the total effect of the moving
load, as compared with that of an equivalent amount of fixed load.
The results for mild steel are given in Table 24.

! Transactions Am. Soc. C.E., vol. 41, pp. 467 to 558,
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TaBLE 24.—WORKING SrrESSES FOR MILp STEEL BY RANGE
ForMuLA—Safe Working Stress = 9 — (5 x R?).

Nominal lvad. Effective load. ,{‘;‘;’,‘,‘ﬂ‘,‘,“;‘;ﬂ;‘;‘:a
Co-efficient —_

to obtain Permissible stress.
Composition of eo?"::’:lfl:n Composition of Tons per sy. fu.

‘Total nominal load. load in g Total effective load. o

inal terms of effective — --

Dueto | Dueto

load. Fixed | Moving fixed load. load. Fixed Moving | nominal| effective
loud. load. load. load. load. load.

tons. tons. tons. tons. tons. tns.

100 0 100 22500 | 2250000 0 225:0000 | 400 | 9-00
100 25 | 975 | 21478 | 211'9105 2:5 | 2094105 | 425 | 900
100 5 95 2-:0585 2005575 5 1955575 | 449 | 900
100 10 90 19091 181°8190 10 171°8190 | 4'95 | 900
100 15 85 1-7889 167°0505 15 152:0565 | 539 | 900
100 20 80 1:6897 1551760 20 1851760 | 580 | 900
100 25 75 16061 145°4575 25 1204575 | 6'19 | 9-00
100 30 70 1-5344 137°4080 30 107-4080 6-52 900
100 833 | 666 | 14918 | 1327866 | 3833 | 994533 | 6 9-00
100 35 65 1-4719 130'6735 35 956735 6'%9 900
100 40 60 1'4167 1250020 40 850020 | 720 | 900
100 45 55 1-3673 1202015 45 752015 | 7'49 | 900
100 50 50 13226 116°1300 50 66:1300 | 7'75 | 900
100 55 45 1-2817 112'6765 55 576765 | 799 | 900
100 60 40 1-2439 1097560 60 497560 | 820 | 900
100 65 35 1-2086 107°3010 65 42-3010 | 839 | 900
100 | 666 | 333 | 11974 | 1065800 | 66:6 | 3991383 | 844 | 900
100 70 380 11754 105°'2620 70 35:2620 | 855 | 900
100 75 25 1-1439 103'5975 75 285975 | 8 9-00
100 80 20 11186 | 1022720 | 80 22:3720 | 880 | 900
100 85 15 1-0844 101-2660 85 162660 | 889 | 900
100 90 10 1-0559 100°'5590 90 10-5590 | 895 | 900
100 95 5 1-0278 100°'1390 95 51890 | 899 | 900
100 | 100 0 1-0000 1000000 | 100 00000 | 900 ; 900

i
]
|
|

“It is found by experiment, as might have been expected, that the
co-efficient representing the extra effect of the moving load on a girder
(or on a member of a bridge truss) is a variable quantity depending on
the relative amount of fixed load and moving load in the total load,
being greatest where the proportion of moving load in the total load is
comparatively high.”

he first column of Table 24 represents the total nominal load or
stress in the member, due to both fixed and moving load, expressed as
100 per cent. The second and third columns give the percentage of
nominal stress due to fixed and moving load respectively. The fourth
column contains the deduced co-efficients by which the nominal stress
due to moving load is to be multiplied in order to give effective or
equivalent fixed load stress. The values in the fifth column are obtained
by multiplying the percentages in column 3 by the co-efficients in
column 4, and adding the percentages in column 2, and express the
equivalent stress due to the total nominal load in terms of fixed or
dead load stress. Columns 6 and 7 show the composition of this
equivalent stress, that is, the proportion of it due to the effect of the
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fixed load, and that due to the effect of the moving load. Since the
values in column 5 represent equivalent fixed load stress, a uniform
working stress of 9 tons per square inch may be adopted in every
instance, and the sectional area may be computed on the total effective
load at 9 tons per square inch, or on the total nominal load at some
reduced number of tons per square inch. The reduced working stress
to be adopted in any particular case

total nominal load

= 9tons X total effective load

Thus, for a member having a total nominal stress of 100 tons, 30 tons
being due to dead load, and 70 tons to moving load, the equivalent
dead load stress from column 5 = 137-408, and sectional area
1374 . o s .
=~ = 1527 square inches. If, however, it is desired to calculate
the sectional area with respect to the total nominal stress of 100 tons,
_]_‘_0_0 f 9 =655t
i37.4 Of 9 =650 tons
per square inch, which is found in column 8, and sectional area
= Glg—g = 1527 square inches as before. It may be noted that for
the same example, the sectional area by the Launhardt formula would
be 145 square inches, and by Claxton Fidler’s formula, 18-9 square
inches. ,
The other values in column 8 are deduced similarly, and the table
exhibits at a glance the unit working stress to be adopted for a given
nominal total stress, of which the percentage composition is known.
A formula giving the working stress is readily obtained by plotting
the curve showing the relation between the working stresses of column 8
and the corresponding varying percentages of fixed and moving load
constituting the total nominal load. This curve being slightly modified
to allow for a reasonable amount of shock and jarring on lighter
members subject to considerable variation of stress, the formuia
eventually deduced is a8 follows—

the reduced working stress to be employed =

Let R = proportionate range of stress
Stress due to moving load Range of stress

= Fixed load stress + moving load stress ~  Total stress

Then safe working stress per square inch
=9 — 5R? for mild steel
and = 7 — 4R® for wrought iron.

EXAMPLE 6.—A mild steel member ds subject to a tensile stress of
b7 tons, due to moving and fired load combined, and 18 fons of tension,
due to fired load alone. Required the sectional area by the Range formula.

Stress due to moving load = 57 — 18 = 39 tons. Hence, ratio
R =% =0684.

W’orking stress = 9 — 5 X (0'684)* = 6'66 tons per square inch,
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. total nominal load 57 N
and nct sectional area = ———————= -,, = 8D square
. working stress 666
inches.

The working stress may also be taken from Table 24, thus—
Percentage of fixed load stress = 13 x 100 = 816
From Table 24—

Working stress for 30 per cent. fixed load = 655

”» ” 33’}; ”» ” =678
’ , 316 ” is practically the mean of
these two values, or
666 tons per square

inch.

& ExaMpLe 7.—A mild steel member is subject to a fived load stress of
40 tons of tension, and alternations of 30 tons of tension and 30 tons of
compresswn caused by a moving load. 1o deduce the sectional area.

Here maximum tensile stress = 40 + 30 = 70 tons. When the
moving load stress of 30 tons compression comes into operation, 30 of
the 40 tons tension due to the fixed load is neuntralized, leaving a
‘“residual fixed load stress” of 10 tons of tension. The range of
stress is thercfore 60 tons, whilst the *‘total stress” = stress due to
moving load + residnal fixed load stress at the instant the maximum
tensile stress of 70 tons is in operation, = G0 4 10 = 70 tons. It is
to be noticed that 60 of the 70 tons of maximum stress is really due to
the action of the moving load, and that for the moment, only 10 of the
40 tons tension originally due to the fizxed load is in operation as fired
lvad stress.

Hence, @ R={=086
and working stress = 9 — 5 x (086)* = 53 tons per square inch

~1

whence sectional area = ;— = 132 square inches.

3

The above treatment of cases of fluctuating stresses is recommended
by Mr. Stone as being the most reasonable, and employed in this
manner, the “range” formula becomes applicable to all cuses of
loading.

ExaMPLE 8.—A mild steel member is subject to a fired load stress of
20 tons compression, and a moving load stress which alternates between
80 tons of compression and 40 fons of tension.

In this case the maximum compression = 20 + 80 = 100 tons.
At the~instant the 40 tons of tension is created by the action of the
moving load, the whole 20 tons compression originally due to the
fixed load, is more than ueutralized, and the effect due to the weight
of the structure itself here constitutes moving load effect, since it is
applied and removed each time the moving load cowmes into action.
The “residual fized load stress™ is therefore zero, and * total stress”
= range of stress + residual fixed load stress = 120 + 0 = 120 tons.
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range of stress _
total stress becomes = 1, for all cases

where actual reversal of stress takes place.

Hence tbe ratio R =

-, Working stress =9 — 5 x 12 =4 tons per square inch, and
sectional area = 13° = 80 square inches.

The three formule cited are representative of those in general use,
which in one form or another may be relegated to one of the above
types. It should be noticed that in every case a factor of safety of 8
is uniformly employed on the *equivalent dead load ™ stress, whilst on
the “ nominal maximum stress ” a variable factor of safety results from
using one or other of the formule.

Impact Formuls.—In the case of members of railway bridge
girders, the probable additional stresses caused by the rolling load
over and above those arrived at by calculating the stresses due to the
various stalic positions of the load, are usually computed by the aid ,of
one of the many suggested Impact formule. The principal causes of
impact stress are unbalanced driving wheels of locomotives, uneven
track, wheel tyres worn out of truth, pitching and rolling of engines,
rapidity of application of load and deflection of cross beams and
longitudinals. The term * impact " is understood to include all effects of
the rolling load which create stresses in excess of the computed static
stresses. .

It is manifestly impossible to express by a formula the combined
effect of 80 many complex factors, and the present state of exact know-
ledge of this question is far from complete. With track and rolling
stock in good condition, the chief causes of impact are unbalanced
rotating parts and speed of load. At best, since an accurate estimate
is impossible, it is desirable to make an allowance known to be on the
safe side, and most of the impact formule in general use probably
accomplish this end.

Pencoyd Formula, proposed by Mr. C. C. Schneider, Past President
of the Am. Soc. C. E.

300
I=p300%8
where S = stress due to rolling load considered at rest in the position
which causes the maximum stress in the member under consideration ;
L = length in feet of that portion of the span which the load has
traversed to reach that position from the point where it first began to
produce stress in the member; I = the stress to be added to S to

. L300 “j
allow for impact. The fraction L5300 8 known as the “impact

coefficient.” This formula, although widely used, probably gives results
slightly too low for short spans up to about 70 feet on which impact
is most severe, and too great for large spans exceeding about 200 feet.

American Railway Engineering Association Formula.—This
formula has been suggested following the results of observations on
forty-six spans up to 500 feet at speeds varying from 10 to 70 milen
per hour.
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1
‘ 1= 1__*__-LT x S
20000
Prof. Turneaure suggests a modification of this formula by employing
the constant 80,000 instead of 20,000.

_Waddell’s Formula.—Mr. J. A. L. Waddell, the eminent American
bridge engineer, has proposed the following formula—

_ 165
~ aL + 150

where I, L, and S have the same significance as above and n = the
number of tracks carried by the bridge. For highway bridges, this
formula is modified as follows—

[=_ 100
nL 4+ 200

in which n = total width of roadway and sidewalks divided by 20.

The following are the conclusions arrived at and published by the
Committee of the American Railway Engineering Association in con-
nection with the observations above referred to.l

“(1) With track in good condition the chief cause of impact was
found to be the unbalanced drivers of the locomotive. Such inequalities
of track as existed on the structures tested were of little influence on
impact on girder flanges and main truss members of spans exceeding
60 to 75 feet in length.

“(2) When the rate of rotation of the locomotive drivers corresponds
to the rate of vibration of the loaded structure, cumulative vibration is
caused, which is the principal factor in producing impact in long spans.
The speed of the train which produces this cumulative vibration is called
the ¢ critical speed.’ A speed in excess of the critical speed, as well as
a speed below the critical speed, will cause vibrations of less amplitude
than those caused at or near the critical speed.

“(3) The longer the span length the slower is the critical speed ;
and therefore the maximum impact on long spans will occur at slower
speeds than on short spans.

“(4) For short spans, such that the critical speed is not reached
by the moving train, the impact percentage tends to be constant so far
as the effect of the counter-balance is concerned, but the effect of rough
track and wheels becomes of greater importance for such spans.

¢(5) The impact as determined by extensometer measurements on
flanges and chord members of trusses is somewhat greater than the
;ercentages determined from measurements of deflection, but both values

ollow the same general law.

%{6) The maximu.n impact on web members (excepting hip vertical:3
occurs under the same conditions which cause maximum impact on cho!
members, and the percentages of impact for the two classes of members
are practically the same,

(7) The impact on stringers is about the same as on plate-girder

xS

xS

! American Railway Engineering Association, Bulletin No, 125, 1910,
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spans of the same length, and the impact on floor oeams and hip
verticals is about the same as on plate girders of a span length equal
to two panels.

“ (Sf The maximum impact percentage as determined by these tests
is closely given by the formula

100
I=—T
* 50000
in which I =impact percentage, and L = span length in fee.

“(9) The effect of differences of design was most noticeable with
respect to differences in the bridge floors. An elastic floor, such as
furnished by long ties (sleepers) supported on widely spaced stringers,
or a ballasted floor, gave smoother curves than were obtained with more
rigid floors. The results clearly indicated a cushioning effect with
respect to impact due to open joints, rough wheels, and similar causes,
This cushioning effect was noticed on stringers, floor beams, hip verticals,
and short span girders.

“(10) The effect of design upon impact percentage for main truss
members was not sufficiently marked to enable conclusions to be drawn.
The impact Eercentage here considered refers to variations in the axial
stresses in the members, and does not relate to vibrations of members
themselves.

“(11) The impact due to the rapid application of a load, assuming
smooth track and balanced loads, is found to be, from both theoretical
and experimental grounds, of no practical importance.

“(12) The impact caused by balanced compound and electric loco-
motives was very small, and the vibrations caused under the loads were
not cumulative.

“(18) The effect of rough and flat wheels was distinctly noticeable
on floor beams, but not on truss members, Large impact was, however,
cuu:(eid in several cases by heavily loaded freight cars moving at high
speeds.”
¥ For further usefnl information on this subject, reference may be
made to a paper “On Impact Coefficients for Railway Girders” and
the accompanying discussion thereon, by C. W. Anderson, M.Inst.C.E.,
published in volume cc. of the Minules of Proceedings of the Inst. C.K,



CHAPTER III

BENDING MOMENT AND SHEARING FORCE.

Bending Moment.—Suppose the beam in Fig. 12 to be fixed at A and
loaded with 2 tons at the free end E, then the load multiplied by its
distance from A is called the moment

B f'————2%m  of the load about A. Since the effect of
1 this moment is to cause bending of the
%A o &€ beam, the moment is further called the

e bending moment at A. Its value =2
' tons x 12 feet = 24 foot-tons.

Since the bending moment equals
load x distance, the bending moment
at B distant 9 feet from E =2 x 9 =18
foot-tons. Similarly at C, the bending

la
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]
'

1
:
'
U
G M

!
8
|
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H moment = 2 X 6 = 12 foot-tons, at

! D=2x8=6 foottons, and at E

T =2 x 0=0. Plotting these values

K N L below a horizontal line, ae, the points
ki, 12, so obtained lie on the straight line ef,

which is such that the vertical depths
between it and ae represent the bending moments at corresponding
points along the beam. The figure aef is called the bending moment
diagram for the beam. In this case, having obtained point f, the
diagram might have been completed by joining f to e, without calcu-
lating the bending moment for any intermediate points. It will be
seen that as represents the length of the beam to any convenient scale,
which however has no connection with the scale to which the bending
moments are plotted. For instance, if a¢ be made 3 inches and af
2 inches, the scale for distance along the beam would be 4 feet to
1 inch, and for the bending moments, 12 foot-fons to 1 inch. The
practical value of a bending-moment diagram is to enable the bending
moment to be scaled off for any point along the beam, the diagram
being usually readily drawn after calculating the moment at a few
points only.

Bhearing Force.—Apart from the bending action, the load has
another effect on the beam as indicated at A, Fig. 18. This is the
tendency to shear the beam vertically at any section such as A or B.
Such an effect is due to vertical shearing force. In this case it is equal
in amount to 2 tons at every vertical section along the beam, The
shearing force is represented diagrammatically below the bending
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moment diagram in Fig. 12, where GH again represents the span and
GK is made equal to 2 tons to scale. Bthe depth of the rectangle
GHLK is a measure of the shearing force at any p

section of the beam. (

Relation between Bending Moment and Shear-
ing Force—The following relation always exisis
between the bending moment and shearing force
at any section of a beam. The area of the
shearing-force diagram, between the free end of Fio. 18.
the beam and any vertical section, equals the
bending moment at that section. Thus in Fig. 12 the area of the
rectangle GHLK, between the free end H and the vertical section
GK = GH x GK = 12 feet x 2 tons = 24 foot-tons, which was the
value obtained for the bending moment af. Again, considering
section C, the area of the shearing-force diagram between H and M is
the rectangle MHLN, which = 6 feet x 2 tons = 12 foot-tons, the
bending moment previously obtained for section C.

A beam such as the above, having one end fixed and the other free,
is called a cantilever. The bending moment in this case, if expressed
in general terms = W1 foot-tons, where W = the load and ! = span.

Cantilever carrying any number of Concentrated Loads.— uppose
the cantilever in Fig. 14 to be 30 feet long and to carry loads as indi-
cated. The bending moment at D s e S/one
is nothing. At C the bending lj._a’_.,._ 12—t 10" —]
moment = 5 tons X 10 feet =50 «

foot-tons, which is plotted on the ””’aA B C D
bending-moment diagramatcc'. At \a b N ‘7
B there is the combined bending 7 s
moment, due to 5 tons acting at a 1 S rg

leverage of 22 feet, and 6 tonsata

leverage of 12 feet. Hence— 8 s
Bending moment at B =5

X 22 4+ 6 X 12 = 182 foot-tons, J‘

which is plotted at b¥'.

The bending moment at A f
=5 X 3046 %208 x 8 =334 foot- 2
}

e’

tons, which is plotted at aa’. The
diagram is completed by joining
ints &, ¥, ¢, d by straight lines. Fi6. 14.
ote that the inclination of the
boundary line a'd'¢d changes under each goinb of application of the
loads. If the loads were very numerous and close together, the broken
line @'b'c’'d would approximate to a curve.

The shearing force between ) and C is 5 tons. Between C and B
it is angmented by the additional load of 6 tons, giving 5 4 6 = 11 tons,
and between B and A this 11 tons is further augmented by the load
of 8 tons, giving 54 6 + 8 =19 tons. The construction of the
shearing-force diagram is indicated in the lower figure.

Cantilever carrying a Uniformly Distributed Load.—A distributed
load is any load which is applied continuously along the whole length of
a beam- In practice the majority of distributed loads to be considered

e 77 4
ﬁ.‘!l:
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are uniformly distributed loads ; that is, each foot length of the beam
carries an equal amount of load, such, for example, as a beam supporting
a wall of uniform height. The dead weight of the beam itself, if of
uniform section, is also a uniform load.
Suppose the cantilever in Fig. 15 to be 16 feet long, and to carry
a load of 2 tons per foot run. The bending moment at A will be the
same a8 if the whole load were con-
18" 5 centrated at its centre of gravity. The
W total load = 16 x 2 = 32 tons, and its
| X X centre of gravity is situated at the
middle of its length; that is, 8 feet
from A. The bending moment at A
therefore = 32 x 8 = 256 foot-tons.
At the section B, the portion of the
load creating bending moment is that
distributed over the 12 feet length BE,
having its centre of gravity distant
6 feet from B.

.. bending moment at B

=32 — f—— 256 ——

\ = (12 x 2) tons x 6 fect
c} ~':\..\5 = 144 foot-tons.
Fic. 15. Similarly, at section C, the bending

moment = (8 X 2) tons X 4 feet = 64
foot-tons, and at section D the bending moment = (4 X 2)tons x 2 feet
=16 foot-tons. At E the moment is 0. These values are plotted as
before at ad’, b¥', etc.

If, instead of considering only four sections of the beam, a ver
great number were taken and the resulting bending moments plotted,
the points so obtained would be found to lie on an even curve passing
through a'd'¢d'e, which in this case is a semi-parabola tangent to the
horizontal line ae at . Knowing this to be so, it is only necessary to
calcnlate the bending moment at A and to fit in the curve by the

a b ¢ d e geometrical contraction shown in Fig. 16. Set
out aa' = 256 ft.-tons to scale and ae = 16 ft.

s Z+a’| toscale. Divide ae into any number of equal
parts and ad' into the same number of equal
3 parts. Draw verticals through a, b, ¢, and d,
/ and join ¢ to points 1, 2, 3 on aa'. The inter-
sections of e1 with ', 62 with ¢¢', and ¢3 with
Fia. 16. dd', give points ¥, ¢, &', through which a free

curve ig gt?awn. More frequent points on the

curve may be obtained by dividing ae and a4’ into a greater number of
parts.
The shearing fo_ce is nothing at the free end E, and incrcases by 2
tons for each foot length of the cantilever from E to A, so that at D it
i84 X 2=8tons, at C,8 X 2 = 16 tons, at B, 24 tons, and at A, 32
tons. The 8.F. diagram is therefore the triangle in the lower figure.
Note the relation between the two diagrams. The area of the S.F.

. 16 x 8
diagram between the free end g_\and centre of beam = ;( = 64

2
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ft.-tons, or the value of the B.M. obtained for section C. Expressed in

wl?
general terms, the B.M. at the fixed end = %, where w = load per

foot run and ! = span in feet.

Beam supported at both Ends and carrying a Concentrated Load
at the Centre.—Suppose the beam in Fig. 17 to be 50 feet span, and
loaded at the centre with 8 tons. 8 Py
Obviously half the load will be carried bt 1 )
by each support, giving rise to equal , Y

<4

upward reactions of 4 toms, If the
beam were inverted it would be similar
to a balanced cantilever supported at
the centre and having each end loaded
with 4 tons. The B.M. at the centre
therefore = 4 tons x 25 ft. = 100 ft.-

e

tons, or % load x 4 span. In this case

the beam bends with its concave side o x

uppermost, whereas in the cantilevers *4

previously considered the bending took  © -4 e
flaoe with the concave side downwards. . F
t is customary to distinguish between Fia. 17.

these two kinds of bending action by

designating the bending in Fig. 18, A as positive, and Fig. 18, B as
negative. Diagrams of positive bending moments are plotted above the
horizontal line representing the span, and negative

A + .
moments below. %\\J—:,_é
The shearing force from the left-hand abut- Z
% 8 -
|

ment to the centre of the beam is 4 tons acting A\
upwards on the left of any section such ag A, g ———
Fig. 17, and downwards on the right of such Fic. 18
section. At the centre of the beam the upward T
shear of 4 tons is more than neutralized by the downward acting load
of 8 tons, 80 that the shear now acts downicards on the left of ang
section B, to the right of the centre and wpicards on the right of suc
section. As the relative direction of the shear reverses at the centre, it
is customary to designate the shearing force from the left abutment
to the centre of the beam as positive, and from the centre to the right
abutment as negative. From the centre to the right abutment the
vertical shear of 4 tons acts downwards on the left of every section,
until af the abutment it is neutralized by the upward reaction of 4
tous and becomes reduced to zero. This is shown on the S.F. diagram
by plotting CD = 4 tons above the horizontal line CE, and EF = 4
tons below CE, and completing the diagram as shown. It should
be noted that, immediately under the load (in this case at the centre
of the beam), the diagram exhibits a positive shear of 4 toms and
a negative shear of 4 tons, so the actual resultant shear is + 4 — 4
= 0. This zero shear only exists at the central vertical section of the
beam, and, according to the diagram, it suddenly increases to the full
value of 4 tons on sections immediately to the right or left of the centre.
This state of shear only exists on the assumption that the load is applied
ut a single point on the beam, a condition impossible of realization in
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actual %r;ctice, since all loads must have an appreciable area of bearing
on the beams supporting them. As this point frequently gives rise to
some difficulty In correctly interpreting the meaning of shear force
diagrams, a reference to the following practical example will render it
more clear. Suppose the load of 8 tons in Fig. 19 to be applied by a
rolled joist having flanges 8 inches wide. The bearing area on the
beam AB is now 8 inches wide instead of being a single point, and the
“ concentrated " load of 8 tons is actually a distributed load of 1 ton
per inch run over the central 8 inches of the length of AB. From
abutment A to the left-hand edge of the lower flange of the joist,
the shear is + 4 tons as before. At 1 inch in from the edge of the
flange, a downward load of 1 ton has been applied, reducing the shear
to 4+ 3 tons. At 2 inches in, the shear is further reduced by another
ton, and equals 4 2 tons; at 3 inches it is reduced to + 1 ton, and
at the centre to zero. At 5 inches from the left-hand edge of
flange, 5 tons of downward acting load having been applied, the
shear is +4 — 5 = — 1 ton; at 6 inches it is + 4 —6 = — 2 tons, etc.

8 /ons \ I
A , ic BY
40—+ A

Fig. 19. ~ Fia. 20.

Thus the shear is really gradually decreased from + 4 tons at the
left-hand edge of bearing to — 4 at the right-hand edge, and cannot
change abruptly as implied by the vertical steps on S.F. diagrams for
concentrated loads as usnally drawn. The same is true for the bearing
surfaces on the supports, the shear increasing gradually from C to D
over the horizontal bearing of 8".

Beam supported at both Ends and carrying a Concentrated Load
at any Point.—Suppore the beam AB in Fig. 20 to be 40 ft. span, and
to carry a concentrated load of 10 tons at 24 feet from A. The reaction
at B (usually denoted R,) is found by taking moments about the
opposite end A of th. beam. Thus—

R, x 40' = 10 tons x 24’
s R, =10 x 34 = 6 tons.

The reaction R, at A must be the difference between the total load and
R,,or 10 — 6 = 4 tons. The BM. at C =6 tons x 16 ft. = 96 ft.-
tons, which enables the B.M. diagram to be plotted. The B.M. at C
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may also be obtained by working from the reaction at A. Thus 4 tons
X 24 ft. = 96 ft.-tons as before. The S.F. is + 4 tons from A to C,
and — 6 tons from C to B, and the diagram is plotted as shown. The
reactions at A and B are always inversjy proportional to the segments
into which the span is divided by the load point C. Thus 1¢ of 10 tons
gives R,. the reaction at the opposits end to the 16 ft. segment, and 2%
of 10 tons gives R,. By remewbering this rule, the reactions may
readily be written down from a simple inspection of the position of the
load. Note.—The areas of the positive and negative portions of the
S.F. diagram for any beam are always equal, since each is a measure of
the B.M. at the same point.

Beam supported at both Ends and carrying any number of Con-
centrated Loads.—Suppose the beam in Fig. 21 to be 80 ft. span and
to carry loads as indicated. ,

Reaction R, = 18of 10tons 6# , & /6 , o [5ihes

8% of 16 tons + 53 of 6 tons 5 [%° 60
=24 10+ 4} = 16} toms.

Ry =6+ 16410 — 16} = 15} [T
tons. %A
BM. at E=Ryx 16 ft. 7

= 154 X 16 = 248 ft.-tons.

Considering section D, the
reaction Ry tends to bend the
length DB upwards, whilst the
intermediate load of 10 tons
acting at a leverage of 50 ft.
-~ 16 ft. =384 ft., tends to
hold down the length DB, and '
the B.M. at D will = R, x 50 _+/:;—L'—'
ft. — 10 tons X 34 ft. = 15} X :
X 50 — 340 = 435 ft.-tous. =

The Bending Moment at C
is most readily obtained from
R, X 20ft. = 16} x 20 = 330
ft.-tons. The sawe result will be obtained if calculated from the oppo-
site end B of the beam. Thus B.M. at C = Ry x 60 — 10 x 44 — 16
X 10 = 330 ft.-tons as before. Plotting 330, 435 and 248 ft.-tons
beneath C, D and E respectively, the B.M. diagram is obtained.

For the S.F. diagram, the shear from A to C = 416} tons. At C
it is reduced by 6 tons, giving + 16} — 6 = +10} tons, the shear from
C to D. From D to E, the 8.F. = + 10§ — 16 = — 5} tons, and
from E to B, —5} — 10 = — 15} tons, which checks with the reaction
of 15} tons at B.

Beam supported at both Ends and carrying a uniformly distri-
buted Load over the Whole Span.—Suppose the beam AB in Fig. 22
to be 60 ft. span, and to carry a load of 1} tons per foot run. R, and
Ry each equal half the total load =} x 60 x 14 = 45 tons. The
upward B.M. at O = 45 tons X 80 ft. = 1850 ft.-tons. The downward
B.M. at C is due to the load of 45 tons, extending over CB, which may
be supposed concentrated at its centre of gravity distant 15 ft. from C.

S BM. at C =45 x 80 — 45 X 15 = 675 ft.-tons.

Fia. 21,
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If the B.M. be calculated for several intermediate points between
B and .C in a similar manner to that adopted for the cantilever in
Fig. 15, the plotted values will be

g7 found to range themselves on a

ﬁambola passing throngh abe.
ence make ¢m = 675 ft.-tons, and

draw in each half of the curve by
the geometrical method previously
given. (It may be mentioned here
thatall B.M. diagrams for uniformly
distributed loeﬁsm are bounded by
parabolic curves, and that diagrams
for concentrated loads are bounded
by straight lines.) The shearing
force at each abutment is equal to
the reaction of 45 tons, and de-
creases uniformly to zero at the
Fia. 22. middle of the span. Expressed in
general terms the B.M. at the centre

= % »  and ! having the same significance as before.
Beam supported at both Ends, and carrying a uniformly distributed
Load over a Portion of the Span.—Suppose the beam in Fig. 23 to

i i E
! H !
' ! % :
] H [ '
s ! Al 4 NS !
: 7, Q i E !
! ! o ! ' ]
: 5 SR ?
) : i ' :
: : l I }
a 7 miy 19 6
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r X ; p i :
-4 0% T~ ~32 |

Fig. 28.

be 100 ft. span, and to carry a load of 2 tons per foot run over a
length of 40 ft. as indicated. The reactions at A and B are the
same as if the tofal load were concentrated at the centre of gravity
of the distributed load on CD. Total load = 40 X 2 = 80 tons.
< Ry =L% of 80 = 48 tons, and R, = 32 tons. The B.M. at M,
supposing the load to be concentrated at M, would be 32 tons
X 60 ft. = 1920 ft.-tons, and triangle aeb, obtained by making
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ms = 1920 ft.-tons, would be the B.M. diagram. Project C and D to
c and @ respectively. Join ¢ to d, cutting me in k. Bisect eh in k. of
and dg are the bending moments at C and D, whether the load be all
concentrated at M, or distributed between C and D. Since the load is
actually distributed over CD and not concentrated at M, as above
supposed, the boundary of the required diagram from ¢ to d will be
a parabolic curve passing through ckd. The curve is drawn by the
same method as in Fig. 16, but is oblique, instead of rectangular, as
shown in the inset. The boundary of the diagram for the whole span
is then ackdb. This may be verified by calculating the moments at C,
M, and D. Thus—

B.M. at C =48 x 20 = 960 ft.-tons.
’ D=2382 x40 =1280 ,,
w M =232 x 60— (20ft. x 2 tons) X 10 = 1520 ft.-tons.

These values will be found to agree with the scaled moments ¢f, dg, and
km. The shearing force from A to C equals the reaction at A, 48 tons.
From C towards D it diminishes at the rate of 2 tons per foot, so that
at 24 fv. from C the 8.F.is zero. It further diminishes to —32 tons at
D, and remains constant from D to B. The maximum B.M. occurs ai
P, 44 ft. from A, and vertically above p, where the S.F. diagram cuts
the horizontal base line, and 1s given by the area of the shear force
diagram between either end of the beam and point p.

~. Max. B.M. = area rect. grst + area triangle pgt
=48 X 20 + } X 48 X 24 = 1536 ft.-tons,

which should correspond with the maximum scaled moment zy.

Note.—The following is a
special case of the above when
the load extends from one abut-
ment partly over the span,
Fig. 24.

Taking the same span with
a load of 2 tons per ft. run, ex-
tending 70 ft. from A, the
same construction  applies.
Ry = &5 0of (70 x 2)= 91 tons,
and R, = 140 — 91 = 49 tons.

B.M. at M, supposing the
load concentrated = 49 x 65
= 3185 ft.-tons. Make me
= 3185 to scale. Join ae and
be. Project D to d. Join ad,
bisect ek in k and draw the
parabola akd.

The shearing force is + 91
tons at A, diminishing to zero
at P, distant 455 ft. from A,
and further diminishing to — 49 tons at D, then remaining constant
from D to B. The maximum B.M. occurs at P, and is given by area
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of triangle prs = § X 91 x 455 = 20704 ft.-tons, which should corre-
spond with the scaled moment zy.

The bending moment on girders carrying concentrated loads consists
. 12 Ions of two portions—that due to

, " the dead weight of the girder,
l”? 5 usually considered as a distri-
- : ; buted load, and that due to the
A co—2 _E B concentrated loads. In drawing
i 7 the diagram of moments, it is
convenient first to construct
separate diagrams for the dis-
tributed and concentrated
loads, and then to combine
them in order to obtain the
total B.M. diagram. The
following example illustrates
this method. Suppose the
girder in Fig. 256 weighs 025

' ton per foot-run, and carries
I ~+.05 ! concentrated loads as indi-
-”4 cated.
1605 The B.M. at the middle of
the span due to the weight
of the girder

wl _ 025 x 60 X 60

b 3 = 1125 ft.-tons.

Make mc = 112-5 ft.-tons to scale, and draw the parabola ach. The
reaction at A due to the concentrated loads at D and E = 2] x 6
+18x 12=57 tons. Ry =18 — 57 = 12-3 tons. B.M. at D due
to the concentrated loads alone = 57 X 83 = 188°1 ft.-tons. B.M. at
E =123 x 15 = 1845 ft.-tons. Make df = 188‘1,and ey = 1845 ft.-
tons to the same scale as used for mc. Join afyb.

The total B.M. at E = ek + eg = ¢p.
” ” D =dh + df = dg.
” ” M=m0+mn=mr.

Other points between a and 7 and & and p may be found similarly, and
will lie on the curved boundary lines ag, ¢p, and pb, which complete the
total B.M. diagram.

For the S.F. diagram, the total reaction at A =57 tons +
3(60 x 1) = 13'2 tons, which equals the 8.F. at A. From A to D the
&F. diminishes at _che rate of 025 ton per foot, and therefore
immediately to the left of D equals +132 — (33 x 0:25) = 4495
tons. The load at D further reduces it by 6 tons, so that immediately
to the right of D the 8.F. = + 495 — 6:0 = —105 tons. From D
to E it is reduced by a 12-ft. length of the distribnted load of 1 ton per
ft., and immediately to left of E the 8.F. = —1:05 — (12 x 0:25)
= =405 tons. Immediately to right of E the 8.F. = —4:05 — 120
= —16'05 tons, which is still further reduced between E and B by
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(15 x 0°25) = 375 tons, giving —16'05 — 875 = =198 tons, which
checks with the reaction at B.

Bending Moment and Shear Force Diagrams for Balanced Canti-
levers.—In applying the cantilever principle to bridges, one or other
of the two arrangements in Fig. 26 is adopted.

Fig. 26, A, shows the elevation of a cantilever bridge in which a
single cantilever girder, GH, rests on two piers at P and Q, whilst the
outer ends GP and HQ of the girder project beyond the piers. The
two remaining openings KG and HIL. are each bridged by an indepen-
dent girder, one end of which rests on an abutment and the other on one
of the projecting arms of the cantilever. The condition of loading in
this case is as shown in the lower diagram, where the ends ¢ and A
of the projecting arms each carry a concentraled load equal to one-half

\ : | |
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that on the independent girders, whilst the cantilever girder GH further
supports its own weight together with the live load placed upon it.

In Fig. 26, B, two cantilever girders CD and EF are employed,
each supported at the centre by piers P and Q. The central opening
DE is bridged over by an independent girder resting on the cantilever
arms at D and E. The tendency of the weight of this central girder to
overbalance the cantilevers is counteracted by suitable balance weights
or “kentledge ” applied at theends C and F. The condition of loading
of the cantilevers CD and EF is then as shown in the lower diagram,
where the arms d and ¢ each carry one-half of the weight W of the
central girder DE, and the opposite arms ¢ and f each carry a similar
amount of balance weight.

The method of drawing the B.M. and S.F. diugrams for the
cantilever in case A is as follows. In this example the dead load
alone will be considered. Suppose the bridge to have the dimensions
indicated in Fig. 26, A, and the dead load to be 2 tons per foot run.
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The weight of one of the detached spans KG or HL is 300 x 2 = 600
tons. One half this weight is concentrated on each end G and H of
the cantilever, whilst the whole length of 820 ft. is further loaded with
2 tons per foot run.

In Fig. 27 the BM. at P and Q due to the concentrated loads
alone = 300 X 160 = 48,000 ft.-tons. Set off pr and ¢s each = 48,000
ft.-tons to scale. The B.M. at P and Q due to the distributed load on
the overhanging arms GP and QH = (160 x 2) x 80 ft. = 25,600 ft.-
tons. Set off pa and ¢b each = 25,600 ft.-tons to the same scale as pr
and ¢s. Since both these moments are acting simultaneously, the two
diagrams gpa and gpr require combining in the same manner as in Fig.
25, by adding together their vertical depths at several points. The
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carve g¢ is the result, and the curve 4v will be similar. The total
moment at P or Q = —48,000 ~25,600 = ~78,600 ft.-tons = pt.
The total load on the girder GH = 300 + 800 + (820 x 2) = 2240
tons. Since this load is symmetrically disposed, one-half or 1120 tons
will be borne by each of the piers P an({)oa. Considering the right-
hand half MH, the unward reaction at Q = 1120 tons. To obtain the
B.M. at M the middle of the span, take moments about M. The
downward acting moments = 300 tons x 410 ft. = 128,000 ft.-tons due
to the concentrated load at H + (410 x 2)tons X 205 ft. (the distance
of the c.g. of the distributed load on MH, from M) = 291,100 ft.-tons,
The upward acting moment = 1120 tons x 250 ft. = 280,000 ft.-tons,
The downward acting moment being the greater, the resultant moment
at M= — 291,100 + 280,000 = — 11,100 ft.-tons. Set off «us =
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11,100 ft.-tons, below the horizontal (since negative), and draw a parabola
through points ¢, 7, und ». The complete B.M. diagram for the
cantilever is then the figure gfnvh, the moments being measured
vertically below gh.

The S.F. immediately to the right of G is — 800 tons. From G to
P a further downward load of (160 x 2) tons is to be subtracted,
giving —300 — 820 = — 620 tons immediately to the left of pier P.
At P an upward force of + 1120 tons is applied, giving — 620 + 1120
= + 500 tons immediately to the right of P. Between P and M this
is gradually diminished by the downward acting load of (250 X 2) tons,
giving + 500 — 500 = 0 at M. Similarly the shearing force falls to
— 500 tons immediately to the left of Q, becomes — 500 4+ 1120
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= + 620 tons to the right of Q, and falls to + 620 — 820 = 4 800
tons immediately to the left of H, finally becoming = + 800 — 800 = 0,
at H, the point of application of the concentrated load of 300 tons.
Note that the area cdkf of the shear-force diagram between the free end
of the girder and the section over the pier P, equals the B.M. at P.

Thus area cdef = 300 X 160 = 48,000 ft.-tons,
160
area ofk = 820 X - = 25,600 ,,

giving area cdkf = 73,600 ft.-tons, the value previously deduced for the
B.M. at P.

Considering next the cantilevers in Fig. 26, B, their outline is
reproduced in Fig. 28. Suppose the bridge to carry a dead load of
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4 tons per foot run. The weight of the detached central girder = 200 x 4
= 800 tons. One-half this weight, or 400 tons, is applied as a con-
centrated load at D and E, and will require a balancing weight or
downward pull applied by mcans of anchor ties at each of the points
Cand F.

The B.M. at P due to this concentrated load of 400 tons = 400 X
400" = 160,000 ft.-tons. Set off pr = 160,000 ft.-tons and join ¢r and
dr. The distributed load between C and P = 400 X 4 = 1600 tons,
and its moment about P considering it concentrated at its c.g., 200 ft.
from P = 1600 x 200 =820,000 ft.-tons. Set off ps = 320,000 ft.-tons,
and draw the semi-parabolas s and ds. Combining the two diagrams
as before, the resulting curves are cm and ¢dm. The maximum B.M. at
P =pr 4+ ps=160,000 + 320,000 = 480,000 ft.-tons of negative moment.
A similar diagram efn will, of course, obtain for the cantilever EF. For
the shearing force, the total load on one pier = 400 (balance weight)
+ (800 x 4) distributed weight + 400 (half-weight of detached span)
= 4000 tons = the upward reaction at P. Below C, set off — 400
tons. Between C and P a further downward acting load of (400 X 4)
tons gives a total negative shear of —400 — 1600 = — 2000 tons. The
upward reaction of + 4000 tons converts this to + 2000 tons, which
again diminishes to + 400 tons at D.

Cantilever Girder with Unsymmetrical Load.—Taking the dimen-
sions of the cantilever bridge in Fig. 26, A, suppose the right-hand
half of the bridge to carry an additional uniformly distributed load of
2 tons per foot run. This would correspond fairly closely with the case
of two trains extending from the middle point M to the right-hand
abutment. The left-hand detached span KG weighs 600 tons as before,
g0 that the end G of the arm PG carries a concentrated load of 300
tons. The right-hand detached span HL, together with its additional
load of 2 tons per ft. run, now weighs 1200 tons, so that the end H of
the arm QH carries a concentrated load of 600 tons. The cantilever
girder GH also carries a load of 2 tons per foot, run from G to M, and a
load of 4 tons per foot run from M to H. These loads are indicated in
Fig. 29. The loading being unsymmetrical, the reactions at P and Q
will no longer be equal. To obtain the reaction at Q, take moments
about the point P,

Rq X 5004300 X 160"+ 320 X 80'=500 X 125"+ 600 X 660"+ 1640 X 455,

from which Rq = 22622 tons. The total load on the cantilever = 800
+ 600 + (410 X 2) + (410 x 4) = 3360 tons.

.. Reaction Rp = 3860 — 2262°2 = 1097°8 tons.

The B.M. at P due to the concentrated load of 300 tons at G
= 300 X 160" = 48,000 ft.-tons. Set off pr = 48,000 ft.-tons and
join gr. The B.M. at P due to the distributed load of 2 tons per foot
extending over the arm GIP = 320 x 80' = 25,600 ft.-tons. Set off
pa = 25,600 ft.-tons and draw the semi-parabola ga. Combining ga
and gr the resultant curve gt is obtained, the negative moment at the

ier P being = pa + pr = pt, or 25,600 + 48,000 = 78,600 ft.-tons.
his portion of the diagram is identical with that in Fig. 27, since
the loading on the arm PG has not been altered.
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Proceeding similarly for the arm QH, the B.M. at Q due to the
concentrated load of 600 tons at H =600 x 160" =96,000 ft.-tons.
This is set off to scale at ¢s and ks joined. The B.M. at Q due
to the distributed load of 4 tons per foot run extending from Q to
H =640 x 80'=51,200 ft.-tons. This is set off to scale at gb, and
the semi-parabola drawn from b to k. Combining kb and ks, the
curve hv is obtained, the negative moment at the pier Q being
=gb + g8 =qv, or 96,000 + 51,200 =147,200 ft.-tons. The moments
between P and Q will be represented by parabolic curves in and nv.
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If the position of point » on these curves, midway between P and
Q, be determined, the parabolas may be drawn geometrically through
points ¢, n,and v. The B.M. at M, calculating from the left-hand side,
= — (300 x 410’ + 820 % 205’) acting downwards + 1097-8 x 250
(the moment of R, acting upwards)= -16,650 ft.-tons negative
moment. Set of mn =16,650 ft.-tons and draw the parabolas tnv.
The complete diagram of moments is then bounded by gtnvk. Note
that if the moment at M had been positive, mn would have been set
off above the horizontal gh, and the parabolas tnv would cut gh and
project above it.
D
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The shearing force at G = — 300 tons
immediately to left of P = — 300 — (160 X 2) = — 620 tons

" right of P = — 620 + 10978 = + 4778 ”

at M = + 4778 — (250 X 2) = — 222,
" left of Q = — 222 — (250 x 4) = — 10222 ,,
" rightof Q = — 10222 + 22622 = + 1240  ,,

and at H = + 1240 — (160 x 4) = + 600

”

which agrees with the concentrated load at the end of the arm QH.
The maximum negative moments occur at the piers where the shear
force diagram crosses the horizontal line. The minimum negative
moment between P and Q occurs at X, vertically over the point where
the shear force diagram crosses the horizontal a little to the left of M,
and equals zy to scale. Its value may also be obtained from the area
of the shear force diagram between G and X. Thus PX scaled or
calculated from the 8.F. diagram = 238'9 feet. Then—
Negative area from G to P (dotted shading) = — 300 -;‘62»0 X 160
= — 73,600 ft.-tons.
Positive area from P to X (full shading) = + § x 477'8 x 2389
= 4 57,0732 ft.-tons.
~ Minimum negative moment at X = — 73,600 + 57,073'2
= — 16,5268 ft.-tons.

Bending Moment and 8hearing Force Diagrams for Rolling Loads.
"—The following simple cases of rolling loads will illustrate the methods
of drawing the B.M. and 8.F. diagrams for concentrated loads which,
rolling over a span, successively occupy a number of different positions
upon it. Such cases occur when a locomotive crosses a bridggoe, or a
crane traveller moves from one position to another on the crane girders.
The concentrated loads are the weights supported by the various axles
and wheels. The intervals between the loads remain constant, dependent
upon the design of the locomotive or crane, etc. The treatment of
rolling loads will be best understood by considering first the case of a
single concentrated load rolling over a span.

Beam supported at both Ends and carrying a Single Concentrated
Rolling Load.—Suppose the beam in Fig. 30 to be 60 feet span, and
the load 6 tons. Divide the span into, say, six equal intervals of
10 feet, by lines I, II, IIT, IV, V. These indicate five successive
positions of the load, and by calculating the B.M. for each position,
five values will be obtained, which being plotted and connected by a
curve, will give a diagram showing the B.M. for all intermediate
positions of the load. Thus-

Load at I, R, = 5 tons, and BM. at I =5 x 10 = 50 ft.-tons.

This is plotted to scale at 1 — 1’ on the B.M. diagram, and a1y is the
B.M. diagram for the load standing at position I on the beam. Load
at II, R, =4 tons, and BM. at II =4 x 20 =80 ft.-tons, Plot
2 ~ 2" =80 ft.-tons. Load at III, R, =3 tons, and B.M. at III
=8 X 30 = 90 ft.-tons, plotted at 3 — 8. Load at IV, R, = 2 tons
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B.M. at IV =2 x 40 = 80 ft.-tons, plotted at 4 — 4. Load at V,
Ri=1ton. B.M.at V=1 x 50 = 50 ft.-tons, plotted at 5 — 5'.
The curve connecting these five points and the ends of the span
includes all the possible B.M. diagrams for the load occupying any
position on the span, and its height above the base line b at any point
therefore gives the B.M. at the instant the rolling load passes that
particular point. The curve is a parabola, so that it is only necessary
to calculate the B.M. 8 — 3’ when the load is at the centre, and then
draw in a parabola through the points a3's. The triangular diagram

Fia. 80.

a3'b is obviously the same as that for a load at rest on the centre of a
beam, a8 in Fig. 17, and the height 8 — 3’ of the parabola in this case

is therefore equal to YZ—I The parabola here is not to be confused with

the parabola showing the B.M. for a disfribufed load at rest. Here, the
parabola is the enclosing curve of a lar%e number of individual triangular
diagrams, and has no connexion whatever with the diagram for a
distributed load.

The shearing force diagram is shown in the lower figure. With
the load immediately to the right of point A, the whole 6 tons is
carried by the abutment A, giving a shear of + 6 tons at A, and nothing



68 STRUCTURAL ENGINEERING

at B. With the load at I, the shear at A equals the reaction of 5 tons,
and at B it equals — 1 ton, the diagram for this position being indicated
by the thin full line. With the load at II, the shear at A = + 4 tons,
and at B = — 2 tons, indicated by the long-dotted line. At position III,
the shear at A = 4 3 tons, and at B, — 3 tons, the diagram being
shown by the heavy full line. With the load at IV the shear diagram
is as shown by the chain-dotted line, and at V by the short-dotted
line. The lines CD and EF, enclosing all the possible shear diagrams
as the load changes its position, give the maximum 'gositive and
negative shearing forces for every position of the load. The shearing
forces are scaled off above or below the horizontal base line ED according
as the shear to left or 7ight of the load is required, and not by scaling
the distance between CD and EF, which is of course everywhere equal
to 6 tons.

The following distinction between B.M. and S.F. diagrams for
stationary and rolling loads should be carefully noted. For a stationary
load the diagrams indicate the B.M. and 8.F. existing simultaneously
at every point along the beam due to the particular position of the
load, which position is permanent. The rolling load diagrams are in
every case enveloping diagrams, such that the particular B.M. or S.F.
diagram consequent upon any specified position of the rolling load may
be readily obtained from them by projection. Thus in Fig. 30, the
parabola @1'2'3'4'5'0 does not mean that moments =1 -1, 2 -2,
3 — 3, etc., exist simultaneously, but that when the load is in position
I, the bending moment at section I =1 — 1, at section II =72, at
section III = 83, and at section IV = m4. Similarly when the load is
in position IV, the B.M. at section IV =4 — 4, but at section II the
B.M. = r2,not 2 — 2. With load at V, the B.M. at section V=5 - 5,
and at section IIl = s3. With regard to the shearing force, when the
load is in position IV, the shearing force diagram is as shown by the
chain-dotted line, obtained by projecting point IV on to the lines CD
and EF, and ruling in the horizontals through + 2 and — 4. Thus
for this position of the load the shear from A to IV is constant and
= + 2 tons, whilst from IV to B it is constant and = — 4 tons.

In order to ascertain the B.M. at any point on a beam due to a
concentrated rolling load at any other point, the following simple
method obtains. Suppose, in Fig. 80, the load to be at position 1V,
and the B.M. is required at II and III. Project point IV on to the
enveloping parabola, and join 4' to a, cutting verticals through II and
and III in ~ and ¢. The vertical heights 2r and 3¢ give the required
moments at sections II and IIT respectively. The application of this
method will be necessary in constructing the diagrams for two or more
rolling loads.

Beam supf)orted at both Ends and carrying Two Unequal Con-
centrated Rolling Loads at a Constant Distance apart.—Suppose the
beam in Fig. 31 to be 50 feet span, the loads 5 tons and 10 toms
separated by a distance of 10 feet, and that they roll over the span
from left to right with the 5 ton load leading. Such a case represents,
for instance, the passage of a 15-ton traction engine over a 50-foot span.
Consider the loa£; a8 occupying a number of successive positions. In
the figure, ten positions distant 5 feet apart have been taken.
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The corresponding positions of the two loads for each 10 ft. of the
gpan are indicated by circles of distinctive lining. When two concen-
trated loads roll over a span, the maximum B.M. is found to occur
ander the heavier load for certain positions of the loads, but under the
lighter load for certain other positions. It is consequently necessary
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to trace out the bending moments which occur beneath each load, two
distinet curves being obtained, an inspection of which at once indicates
the positions of the loads which give rise to the maximum moments,
as also the value of the moments. First draw the two parabolas ach

and a5b, representing the moments due to each load rolling over the
0 % 5o
span separately. For the 10 tons load, me = 11() = 125 ft.-tons,

D Ho
and for the 5 tons load mb = ’—-3(4-9— = 624 ft.-tons. Next consider the
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loads approaching the span from the left hand. The 5 tons load rolls
over the first interval of 10 ft. before the 10 tons load reaches the
span. The arc a2 therefore constitutes the curve of moments under
the smaller axle for the interval A II. As the smaller load passes
beyond section I the larger load also rolls on to the span and causes
additional B.M. at the section occupied by the smaller load. When
the smaller load is at section III, the B.M. at TII due to its own
weight = 3. The larger load is then at section I, 10 {t. behind. Here,
it alone creates a moment = fy. Joining ¢ to b, the height ek cut off
on the vertical through III (the position of the leading load) gives the
additional moment at section III due to the 10 tons load at section I.
The total moment at section III due to doth loads then = e3 + eh.
Making 8% = ¢k, ek represents this total moment, and the curve is
sketched from 2 to £&. When the smaller load arrives at section 1V,
the moment due to its own weight alone =o0{. The moment at
section II, ten feet behind, due to the larger load = /n. Joining 7 to
b, the height o4 cut off on the vertical through IV gives the additional
moment at IV due to the 10 tons load at II. Making 4p = o4, p gives
another point on the curve. Repeating the construction for the
remaining sections, m5 = moment due to smaller load at V, and mg the
additional moment at V due to larger load at III. Adding m5 and myq,
point r is obtained, and so on. The curve a2kprb shown by the heavy
dotted line indicates the bending moments which occur under the
smaller load during the complete transit of both the loads across the span.

A similar construction is now made for ascertaining the moments
which occur under the larger load. If the loads be assumed to run
back over the span from right to left, the larger one leading, the
construction is identical, but i8 worked in the reverse direction. Thus
for the first 10 ft. from B to VIII, only the 10 tons load is on the
span, and the curve from & to s gives its moments. When the larger
load arrives at VII, its own moment = tu and the moment of the
smaller load at IX = 29. Joining 9 to a, {w is the additional moment
at VII due to the smaller load at IX, which being added to tw at wc
gives another point along the curve from s. Repeating the construc-
tion, the curve bszyza, shown by the heavy full line, indicates the
bending moments under the heavier load during the transit of the two
loads. The two curves intersect at E, and it is at once seen that the
maximam moment occurs under the 10 tons load from a to E ; but from
E to b, the greater moments occur under the 5 tons load as shown by
the dotted curve from E to b falling outside the full curve Esb. The
complete curve of maximum moments is therefore azEb. If the loads
are free to pass over the span in the reverse direction, that is from left
to right with the X rger load leading, the curve azEb would be reversed
left for right, when the branch to the right of the centre line mM
would be similar to the left-hand branch azM. This will generally
be the case in practice.

If the two loads be added together and considered ae a single
concentrated load of 15 tons, the outermost curve aLib would represent
the bending moments due to such a load rolling over the span. Its

. 15 % 50 . .
central height mL = ———= 187} ft.-tons. The height of this
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curve will not greatly exceed the height Pz of the actual curve of
moments, provided the distance between the two loads is small compared
with the span. In that case the curve aLb is sometimes substituted
for t}i& real curve of moments having two halves each similar
to azM.

The 8.F. diagrams are drawn in the lower figure corresponding to
the positions II, IV, VI, VIII and B of the smaller load, the same
type of line being employed as used for the circles denoting the
positions of the loads in the upper figure. With the larger load at A
and the smaller at II, the reaction and therefore the shear at A = 10
tons X 3 of 5tons = 4 14 tons. The S.F. diagram for this position
is indicated by the chain-dotted lines. HF = 4 14 tons, which
immediately to the right of A is reduced by 10 tons, giving + 4 tons,
which remains constant between A and II. At IT the shear is further
reduced by 5 tons, giving + 4 — 5 = — 1 ton, which remains constant
from II to B. The other diagrams will be readily traced, remembering
that the shear at A is, in every case, equal to the reaction at the
support due to any position of the loads. Thus taking smaller load at
VIII and larger at VI, indicated by the heavy line, the shear at A
= 29 of 10 tons + 13 of 5 tons = + 5 tons, which is constant from A to
VI, then reduced by 10 tons, giving — 5 tons up to VIII, where it is
again reduced by 5 tons, giving — 10 tons from VIII to B. The lines
FRG and HSK enclosing all the possible shear diagrams complete the
figure. It should be noticed that the boundary lines are broken at R
and S distant 10 ft. or the load interval from the ends of the span..
Also that if KS and FR be produced to meet the horizontal base line
HG in points C and D respectively, the points C and D fall at distances
of 6% and 3} ft. respectively from H and G. These distances are the
segments into which the load interval of 10 ft. is divided by the centre
of gravity of the two loads, and the loads are indicated by circles in
the lower figure, in positions for projecting the points C and D on to
the base line. It will be seen the loads are in the reverse position to
that in which they were supposed to cross the span. The shear force
diagram may be expeditiously drawn by setting off the reactions HF
and GK, placing the loads in the positions indicated and projecting the
centres of gravity X and Y to C and D respectively. By joining FD
and RG, KC and SH, the complete diagram is obtained without
drawing the individual shear diagrams. The end shears are unequal,
being + 14 and —13 tons, since the loads are unequal. If, however,
the loads may cross the span in the reverse order, the shear force
diagram would be inverted. In such a case, which commonly occurs in
practice, the larger portion of the shear diagram—here, the upper
portion—would be employed on each side of the horizontal base line HG.

If X and Y be projected to T and W on the base line ab of the
B.M. diagram, these points coincide with the ends of the parabolas
aEW and TEb. The vertical centre lines of these parabolas, on which
the maximum moments under each load are measured, are therefore
displaced 1% ft. and 31 ft. respectively to left and right of the centre
line mM of the span. The maximum moment under the 10 tons load
f= Pz =168'3 ft.-tons and under the 5 tons load = QJ = 140'8
t.-tons.
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Beam supported at Both Ends and ocarrying Two Equal Con-
centrated Rolling Loads at a Constant Distance Apart.—This is a
special case of the last example. In Fig. 32 a span of 50 feet is taken
with two equal loads of 10 tons each, separated by a distance of 20 feet.
The construction is similar to that in Fig. 81. The parabola ach is

10 : 50 = 125 ft.-tons. This serves for both

first drawn having mc =

Fia. 82.

loads, since they are equal, and takes the place of curves a5b and ach
in Fig. 81. Acsuming the loads to roll over from left to right, the
curve a4 gives the moments under the leading load before the following
load comes on to the span. With leading load at m and follow-
ing load at d, the additional moment = me = ¢f, giving the total
moment = mf. Other Eoints g, h, and % are obtained similarly, and
the curve atghb gives the maximum moments under the leading load.
The curve alng, giving the moments under the following load, will be



BENDING MOMENT AND SHEARING FORCE 73

similar and equal since the loads are equal. The total moments for
either direction of transit are given by the curve alnfgkb. The outer-

,
most curve aLb, having mL = 20 : 50 = 250 ft.-tons, indicates the

moments which would result from adding the two loads, and treating
them as a single concentrated load of 20 tons, which in this case
would be inadmissible, since mL greatly exceeds the actual maximum
bending moment, rn or 8¢ = 160 ft.-tons. This is due to the load
interval of 20 feet being so large relatively to the span. For the
shearing force diagram, the maximum end shears will occur when one
load is just over the abutment, and the other slightly more than 20 feet
along the span, so that FH and GK each = 10 tons + 33 of 10 tons
= 16 tons. Placing the loads in the extreme positions, with centres of
gravity at X and Y, points C and D are obtained by projection and the
boundaries FRG antf0 HSK of the shear force diagram determined.
Note that if GR and HS be produced to the opposite abutments, they
cut off heights representing +10 and — 10 tons respectively.

The preceding method becomes very tedious if the number of axle
loads exceeds four or five, and the following construction is applicable
to any number of concentrated loads, or to a system of concentrated
and distributed loads combined. Fig. 33 shows the application of the
method to the case of the Atlantic engine and tender, indicated by the
axle loads in Fig. 33, rolling over a span of 60 feet. AB represents
the span of 60 feet, and w,, w,, wy . . . ws the positions of the axle
loads when the engine is standing with the leading bogie axle over the
right-band abutment B. Multiplying each load by its distance from A,
the following moments are obtained :—

w, X 60 feet 0 inches 85 x 60 =510 ft-tons= Aa

Wq X 53 9 9 [} = 8H X 53'75 = 4568 1) = ab
wy;x48 , 6 , =18 x 485 =873 w =k
w,x 41 ,, 8 ,, =18 X 4166 =750 y =cd
wyx 8 , 8 , =13 X 3366=4376 , =de
wex 24 ,, 7, =110 x2458=2827 , =¢f
w,x18 ,, 1 , =145x1808=2622 , =fy
wex 11 ,, 7 ,, =15 X 11'08=1787 , =gh

These values are set off to any convenient scale on the vertical line
Al and AB joined. The total length A% represents the upward
moment about A, of the reaction at B, due to all the loads i1n the
position indicated. ~Consequently, any intermediate ordinate as ki
represents the moment of the reaction at B about t_he point k. Next,
join aB, project w, to m on aB and join dm. Project w;to n on bm
and join cn, and w, to o on ¢n and join do. Repeating this construction
until the last load w, has been utilized, the broken line Bmnopgrsh is
obtained, which is such that the vertical ordinates intercepted between
it and the base line 4B give the bending moments at any point of the
span for the axle loads in the given position. This may be proved
as follows :—

Ah = total reaction at B x AB, ..t = Ry x Bz, since triangles
BAh and Bat are similar.
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Aa =w, X AB, ..«em = u, x Bz, since triangles BAa and Brm
are similar.

But mt = ot — 2m = Ry X Bz (upward moment) — w;, x Bz (down-
ward moment) = bending moment at section z.

Similarly at any section ¥, %/ = upward moment Ry x B¥, and
kq = sum of downward moments of w,, w,, w, . . . ws about &, whence
kl — kg = ¢l = bending moment at %.

The moments under each axle for this position of the loads are
transferred to the horizontal base line XY in Fig. 84, being indicated
by the full line. (The vertical scale of moments for Fig. 84 is twice
that of Fig. 83.) If now the loads be supposed to roll backward from
B towards A, or what amounts to the same thing, the span AB be
supposed to move forward towards the right, the loads meantime
remaining stationary, a new position A;B, of the span may be assumed
10 feet (or other convenient distance) in advance of AB. The vertical
ordinates between A,srqponmBB, and the new base line A,B, now give
the bending moments under the various axles for this new position of
the loads. These are also transferred to the common base line XY,
being indicated by the single chain-dotted line corresponding with
A;B,. Other positions of the span, A,B,, A;B; . . . A;B,, each 10 feet
in advance of the preceding one, are taken, and the bending moments
transferred to XY, Fig. 34, the resulting moment diagrams being
indicated by similar lining to that adopted for the corresponding base
lines in Fig. 33. By moving the span to the lef¢ of the loads it may
readily be ascertained if any greater moments are created than those '
already plotted in Fig. 34. In this case no greater moments occur
than those plotted, and the maximum moments are those indicated by
the outer limits of the overlapping diagrams of Fig. 84. If an envelop-
ing parabola XLY be drawn just including these diagrams, such a
parabola will constitute the B.M. diagram due to a certain distributed
load of w tons per foot run which may be substituted for the actual axle
loads considered. The central height LM of this parabola scales 900
ft.-tons.

Hence wh = w x 60 x 60 _ 900, .. w = 2 tons.
8 8
That is, the equivalent distributed load for this type of locomotive for
a span of 60 feet is 2 tons per foot run.

The equivalent distributed load which will create at least the same
shearing force as the concentrated axle loads when placed in any position
on the span will be somewhat higher than that deduced from the
bending moments. Since, however, the shear force diagram for any
position of the axles is simply constructed, the maximum shear at any
point of the span is easily obtained after one or two trials.

When the load consists of a number of concentrated axle loads
followed by a distributed load of given intensity, the following
modification of the construction in Fig. 38 is to be observed.

In Fig. 85 four axle loads of 16 tons each are followed, after a
10 feet interval, by a distributed load of 1'G tons per foot rum, the span
being 50 feet. Placing the leading axle over B, the preceding con-
struction is repeated, but the distributed load is first treated as a load
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of 25 X 1'6 = 40 tons, concentrated at its centre of gravity, 12'5 feet
from A. The resulting B.M. diagram is then abed . . . B. Project
C to c on bd, and join ac. Since the load between A and C is actually
distributed, bisect be in m, and draw in a parabolic arc through. ame.
The required B.M. diagram is then amed . . . B, which is utilized
after the manner of Fig. 38, for determining the varying moments
as the loads roll back from B towards A. The remainder of the
construction being similar to that of the last example is here omitted.
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Beam supported at both Ends, and carrying a uniformly dis-
tributed Rolling Load.—This case is one which occurs very frequently
in practice, corresponding closely with that of the passage of a train
over a bridge span. A widely followed mode of procedure in such
cases is to substitute for the actual loads on the different axles of the
train, a uniform load per foot run sufficiently large to cause at least the
same bending moments at every point of the span as would be caused
by the concentrated axle loads. This materially reduces the labour
involved in drawing out the curves of moments by the method just
described, by substituting one parabola enveloping the several curves
obtained by the for ner construction.

In Fig. 36, a span of 50 feet is taken with a load of one ton per
foot run advancing over the span from left to right. When the
load covers the length A-I, the B.M. diagram is a1b. As the load
successively covers the lengths A-II, A-III, and A-IV, the corre-
sponding moment diagrams are a2b, 486, and a4b. These diagrams
are obtained by the method shown in Fig. 24. When the load
covers the whole span from A to B, the B.M. diagram becomes
the parabola ach, having a central height mc =1 x 1 x 50 x 50

S00

Fic. 35.
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= 812'5 ft.-tons. The bending moment therefore gradually increases
as the load advances and the maximum moments occur when the span
is fully loaded, their value then being the same as for a stationary load
of the same intensity covering the whole span. The B.M. remains
constant so long as the moving load covers the whole span, but
gradually diminishes as the tail end of the load rolls off towards B.
With AI only covered by the load (10 tons), the reactions at A
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and B are respectively 9 tons and 1 ton, and the shear force diagram
is obtained by drawing a horizontal through —1 as far as vertical
section I, and then an inclined line upwards to + 9. (See Fig. 24.)
In the upper figure the sectional shading showing the positions to
which the head of the load has advanced is drawn in distinctive lines
corresponding with those representing the B.M. and S.F. for those
positions. With load from A to II (20 tons), the reactions at A and B
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are respectively 16 and 4 tons, and the corresponding S.F. diagram is
shown by the horizontal through — 4, and inclined line to + 16.
The three remaining diagrams from — 9 to + 21, — 16 to + 24, and
— 25 to + 25 will readily be traced from the reactions in a similar
manner. The curve PS enveloping these five diagrams will include all
other possible shear diagrams for any intermediate positions of the load.
Its outline is a semi-parabola touching the base line PR at P, since the
depths 1, 4, 9, 16, and 25 at equal horizontal intervals equal the
squares of the numbers 1, 2, 3, 4, 5. A similar curve, QR, indicates
the shearing force as the tail end of the load rolls of the span from A
to B, or as the load rolls on to the span from B towards A. The four
intermediate diagrams in this case are omitted. It will be seen that
the shearing force diagram may be rapidly drawn by setting off PQ
and RS, each equal to half the total load required to cover the whole
spaxi; 0a:;ind inserting the semi-parabolas P8 and QR by the geometrical
method.

Continuous Beams.—A beam or girder is said to be continuous
when it bridges over more than one span, and rests on one or more
intermediate supports in addition to the two end supports. A con-
tinuous beam bends in the manner shown in Fig. 37. From A to a

A 4 _C Q B
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R b | g 6§
Fic. 37.

certain point P, the upper surface is concave and in compression whilst
the lower surface is convex and in tension. From P to Q the cur-
vature and bending are reversed, the upper portion being in tension
and the lower in compression. At Q another reversal of bending takes
place, with a corresponding change in the character of the stresses.
The points P and Q are known as points of contra-flexure, and at these
points the bending moment 1is nothing. The position of these points
depends on the character of the loading and section of beam. The
continuous beam ACB is equivalent to a system of two simple beams
ap and ¢b, and a cantilever pg, as indicated in the Jower figure, the
points P and Q being projected to p and g, fixing the lengths of the
equivalent beams and cantilever. The stresses in the lower combi-
nation of simple beams are then identical with those in the continnous
girder alone. It is apparent from the lower figure that the pressures
on the various supports differ considerably from those which would
obtain if the two openings were spanned by separate beams with an
interval at C. Thus, if the load be supposed uniformly distributed
from A to B, the support at A will carry half the load on the length
AP, and the support at B will carry half the load on the length
QB. The central support will carry the whole of the load on PQ,
together with the remaining halves of the loads on AP and QB. In
the case of two independent spans AC and BC, the central support
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would carry just half the total load from A to B, and each ¢nd support
one quarter of the total load. The central support beneath the con-
tinuous beam thus carries a greater proportion of the total load than
if supporting two simple beams only. When the positions of the

ints of contra-flexure are determined, the B.M. at any section of the

am, and the pressures on the supports, may readily be deduced by
;‘eference to the equivalent system of simple beams and canti-
evers.

The following solutions, which illustrate typical cases, are based
on the assumptions that the supports are all at the same level and
the beam of uniform cross-section. They are therefore strictly appli-
cable to rectangular timber beams, rolled sections used as beams, and
plate girders of uniform section, whilst the results will be approzi-
mately correct for the generality of plate girders. The exact solution
for beams of very variable section is considerably involved, and beyond
the scope of this work. It should be distinctly remembered that a slight
subsidence in one or another of the supports of a continuous girder may
considerably modify the bending moment, and consequently the stress, at
any section. Thus in Fig. 37, lowering of the central support C
would throw more of the load on the end supports A and B and
shorten the length of the convex portion PQ. The lengths ap and b¢
of the equivalent simple beams would be thereby increased with a
corresponding increase in the bending moment upon them. Conversely,
subsidence of A or B or both, would increase the pressure on C and_
cause the points P’ and Q to move outwards from the centre, with a
corresponding increase in the bending moment at the centre of the
cantilever pg. Variation in the loading further causes alteration in the
pi)sitions of the points P and Q, and therefore in the bending moment
also.

In Fig. 88, if the span BC carry a much heavier load than the span
AQC, the effect is to cause relatively large deflection of BC and to spring
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up the length AC. The points of contraflexure P and Q would then
move towards the left and the equivalent system of simple beams and
cantilever be as shown at apgb, with correspondingly modified bending
moments. Such action takes place in the case of a continuous girder
bridge with the live or rolling load advancing from one end support.
If P" denote the previous position of P when the girder was symmetri-
cally loaded, it will be seen that the upper and lower flanges of the
girder between P and P’ undergo reversal of stress. In Fig. 87 the
upper flange from A to P is in compression under symmetrical loading,
w%ilst, in Fig. 88, a portion of this flange, P}, is now in tension under
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the unsymmetrical load. The stress in the lower flange between P and
P’ 18 also reversed from tension to compression.

For the above reasons, continuous girders are not very frequently
adopted, especially for moving loads. The reversal of stress over a
certain length of the girder may be suitably provided for, but a
relatively slight alteration in the level of the supports, after erection,
gives rise to unknown and possibly dangerous stresses. Several bridges,
in fact, originally erected as continuous girders have, on account of
une%llml subsidence in the piers, been cut through in the neighbourhood
of the points of contra-flexure and so converted into actual simple
beams and cantilevers, the stresses in which are independent of slight
differences in level of the supports.' As will be seen, however, a
continuous girder is more economical of material than several indepen-
dent spans together aggregating the same length, since the continuous
girder under similar loading is subject to less bending moment and may
therefore be designed of lighter section. It further possesses certain
advantages relative to ease of erection in lofty situations, which, however,
cannot be here considered in detail.

Characteristic Points of Bending Moment Diagrams.—The bending
moments on continuous beams of uniform section may be readily
determined after finding what are

called the characteristic points of
« F\ . the simple bending moment dia-

grams for each span considered in-

X AB G dependently. These characteristic
A s points are obtained as follows. In
Fig. 89 let AB represent the span,

A €E O F 8 and the parabola ACB the B.M.
Fia. 89. diagram due to a uniformly dis-

tributed load. Divide the span AB
into three equal parts in points E and F, and at these points erect
perpendiculars EP and FQ. The height of points P and Q above the
base line AB is fixed by the condition that the moment of the area
ACB about one end of the span shall equal the moment of the rectangle
AKHB about the same point, or area ACB x AZ—B = area AKHB x é;l}

AB _ . . . . .
,,~ being a common factor, may, in this case, be eliminated, leaving

area ACB = area AKHB, and this condition is sufficient for fixing the
heights of P and Q in all cases where the B.M. diagram is symmetrical
about the vertical centre line, since G and @', the centres of gravity of
areas ACB and AKHB will both fall on CD, and the moment arm for

each area will equal }2]—3-, or the half span. In the case of the parabola—

Area ACB = 2 CD x AB, and area AKHB = EP x AB
S EPXAB=%2CDx AB,or EP=FQ =%CD

The characteristic points for a parabolic diagram are therefore
! Mins. Proceedings Inst. C. E., vol. clxii. p. 245.
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obtained by erecting perpendiculars at each 1 of the span, and cutting
off a height equal to ﬁhe central height of the parabola.

In Fig. 40, ACB is the B.M. diagram for a concentrated load at the
centre of span AB. The triangular area ACB, and the rectangle AKHB,
will obviously be equalized by drawing KH ab half the height CD.
The characteristic points P and Q are therefore here situated at one-
half the central height CD above the base. Fig. 41 illustrates another

c K [}
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Fia. 40. Fia. 41.

symmetrical case. The span AB is 20 feet, and equal loads of 6 tons
are carried at 4-feet distances from each end. actions at A and B
each equal 6 tons, and moments CK and DH = 6 x 4 = 24 ft.-tons,
AKHB being the B.M. diagram. Its area, measured by the scales used
for distance and bending moments, = AD x DH = 16 x 24 = 384.
The height of the rectangle of equal area on base AB = 3% =192
units on the B.M. scale. Marking E and F at the one-third points of
the span, the characteristic points are located at P and Q. -

Characteristic Points for Unsymmetrical Bending Moment
Diagrams.—In Fig. 42, AB = 30 feet, and a concentrated load of
15 tons is applied at D, distant 6 c

feet from B. .
Ry,=35 of 10 =3 tons, the /
bending moment at D =3 x 24 /

=72 ft.-tons, and the B.M. dia-

gram is the triangle ACB, having T p/
its centre of gravity at G, such that ) °.'
MG =1 MC. The moment of / '
area ABC will now be greater v u{ bt
about the end A of the span than je--eec-- 8= =mmmmm sh-em g m = of
about B, and the characteristic Fia. 42,

points will no longer be at the

same height above AB. Taking moments about A, and calling H
the height of the rectangle, having the same moment about A as the

triangle ACB— 4 o0 ABC x 18' = H x 30’ x 15
or 39—32(‘72— x 18 = H x 450
whence H = 482
which fixes the height of the characteristic point Q. Taking moments
about B, and calling 4 the height of the rectangle of equal moment—
WXT 12= b x 450

whence & = 288

/

N
[

o ~--X -}
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which fixes the height of the characteristic point P. Any unsymmetrical
B.M. diagram may be treated in a similar wanner.

Method of using the Characteristic Points for determining the
Bending Moment on Continuous @irders.— General Example.—A girder
is continuous over three spans of 30, 40, and 30 feet, and carries a load
of 2 tons per foot run over the first span, and 1-5 tons per foot run
over the second and third spans. To draw the B.M. and S.F. diagrams
and determine the points of contra-flexure and pressures on the
supports.

In Fig. 48 set ont the spans AB, BC, and CD to scale, and upon
them draw the B.M. diagrams for the stated loads, assuming the spans

i

fo———227 o eteps e 9 e - 28 ———eie- 8o} &
A B T 1 C.
NA [ ! R

. i R | o
™~ >~ i
X R

»

<0
- —

Fic. 48.

to be bridged by three independent girders instead of one continuous

girder. The central bending moments for the three spans are
respectively—

2 x 30 x 30 1°5 X 40 X 40 _

8 = 225 ft.-tons, ekl 300 ft.-tons
15
and —i)%w= 16875 ft.-tons. These values are set off to a

convenient scale at ab, cd, and ¢f, and the parabolas A4B, BdC, Cf D,
drawn through them. Next mark the characteristic points of each
Ksmbola by ﬁividing each span into three equal parts, and making the

eights of 1 and 2 = 2 ab, 3 and 4 =% cd,and 5 and 6 = § ¢f. If the
ouler ends of the girder rest freely on the supports at A and B, no
further use is made of the extreme characteristic points 1 and 6, which
may be disregarded. Commencing at A, a series of straight lines, AB',
B'C, C'D, require to be drawn, such that any two lines as AB/, B'C,
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meeting over the intermediate support B, will pass at vertical distances
above or below the characteristic point 2 and below or above the charac-
teristic point 3, which are in inverse ratio to the adjacent spans AB and
BC. Similarly the lines B'C' and C'D must pass at vertical distances
above or below the characteristic point 4 and bclow or above the charac-
teristic point 5, which are in inverse ratio to the adjacent spans BC and
CD, and the closing line C'D must terminate at D.  Obviously only one
possible system of lines will fultil these conditions, and their directions
are easily located after one or two trials. A trial system of lines is
indicated at Aghk, which does not fulfil the above conditions, since ik
fails to close on D. The initial line Ay evidently passes at too great a
vertical distance above 2, so that by tentatively lowering Ag the correct
directions AB'C’'D) are ultimately obtained. If the spans adjacent to an
intermediate support be equal, the vertical distances between the trial
lines and the characteristic points on opposite sides of that support
must also be equal. It should be noted that any two lines meeting
over an intermediate support mwst pass on opposite sides of the two
characteristic points adjacent to that support, but that it is immaterial
whether they pass above or below either the right- or left-hand point.
A line is occasionally found to pass through one of the characteristic
points, in which case, the vertical interval being nothing, the succeeding
line beyond the next support must pass through the corresponding
adjacent characteristic point.

The broken line AB'C'D so found, constitutes a new base line from
which to measure the bending moments which actually obtain for thé
continuous girder. The points p;, p,, ps, ps, where this new base line
intersects the parabolic diagrams, determine the positions of the points
of contra-flexure, and projecting them to P, Py, P; and P, on A1, their
horizontal distances apart may be scaled off. These are indicated in
the lower figure, which also shows the manner in which the continuous
girder may be divided into an equivalent system of simple beams and
cantilevers. The vertically shaded portions of the upper figure indicate
the bending moments on the continuous girder, the full lines denoting
positive moments, and the dotted, negative moments. At the points of
contra-flexure, the B.M. is of course zero, which necessitates these points
being made the points of junction between the simple beams and canti-
levers in the lower figure. The pressures on the supports A, B, C,and D
are readily deduced from the lengths of the cantilever and simnple girder
spans. Thus—

Pressure on

”

load on AP, =1 x 227 x 2 = 22'7 tons.

oad on AP, 4 load on PP, + 1 load on P,P,
TH(T3x2)+ (9 X 1'5) + (3 X 28 X 1'5)
‘05 tons.

ad on P,P; + load on P,P, + % load on P,D
28 X 1'5) + (16 X 1'5) + (3 X 22 X 15)
H tons.

load on P,D =1 x 22 x 1'5 = 16'5 tons.
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The sum of these pressures, 165 tons, of course equals the total load
on the beam. The continuous girder deflects in the manner shown by
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the curved line VW. The shearing force diagram readily follows from
a consideration of the loads and pressures on supports. Note that the
inclined lines indicating the shear force cut the base line XY beneath
the central points of the equivalent girders AP,, P,P, and P,D, where
the shear is zero, and the positive B.M. a maximum.

A few special cases may be noticed. !
tinuous over two equal spans, AB and BC, and carries & uniform load

In Fig. 44 a beam is con-
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of w tons per foot}2 run throughout. The parabolas A®B and BdC
having ab = cd = 1%, represent the moments for the spans considered

independently. The characteristic points adjacent to the support B are
2 and 8. AB' and B'C are the only possible lines fulfilling the conditions
above mentioned, and they must obviously pass through the points 2
and 3. Butsince 22 = % ab, and A2' = § AB, 22’ also = § BB, whence
BB’ = ab, or the negative I;Z.M. over the pier B is equal in amount to
1—%- at the centre of either span considered
independently. The points of contra-flexure, p, p, evidently occur at
3 1 from A and C, since pP will then = 2 BB/, and ep = 1 BB, which

the positive moment of
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Fig. 45
in a parabola is the condition for ¢ to be situated halfway between
and B. Hence the pressure on each end support A and C = } of

=3wl,and on B=2 wl+ 1 wl+ 3 wl=11 wl, or the central



BENDING MOMENT AND SHEARING FORCE 85

support carries 3} times the load on each end support. The equivalent
system of two simple beams and a cantilever is shown below.

Fig. 45 shows the moment diagram for three equal spans of I feet,
bridged by a continuous girder carrying a uniform load of w tons per
foot, from which the indicated pressures on the supports may be
deduced as shown.

A useful practical application occurs in the case of an open trough-
shaped conduit for carrying a canal, or a continuous pipe line conveying
water supply over several spans. Fig. 46 shows the character of the
moment diagram where six equal spans are involved.

Fia. 46.

EXAMPLE 9.—A girder 13 42 feel long and 13 supported on walls at
either end and by a column at the centre. At 6 ft. intervals it carries
rolled joists, each of which imposes a floor load of 7 tons on the girder.
Required the B.M. diagram for the girder and the pressures on the
supports. Fig. 47.
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Regarding the span AB as independent,
R, = 7(i%+.,—"i+§"‘7 =9 tons.
B.M. at D =9 x 6 = 54 ft.-tons.
BM.at E=9 x12-7 X 6 = 66 ft.-tons.
BM.at F=9Xx18~7 x12 =7 X 6 =36 ft.-tons.

These are plotted at Dd, Es, and Ff, giving AdefB as the moment
diagram for an independent girder between A and B. Since the ends
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A and C &re free, only the characteristic points adjacent to B are
required, and the loading being symmetrical, these will be situated at
the same height above AC. Set off BP = } AB. The diagram AdefB
i divided up into constituent rectangles and triangles by the full lines,
and the sum of the moments of these areas about A will equal the
moment of the whole diagram about A. The individual centres of
gravity are located and marked by the small circles.

Moment of A ADd about A = ‘liiﬁ X 4= 648

3 2
” Adeg ” =() )E)ldxl(): 360
3
. Aef = f?_;Z,,_Q X 14 = 1260
. OfFB , =% ?f;'ﬁ X 19 = 1026
» rect. DEgd =6x 54 x 9=2016
»w » EEfh =6 X 56 x 15 = 3240
.. Mt. of Adef B about A = 9450 units.

For the height H of the rectangle on AB having the same moment
about A, 21 X H x Z! = 9450, whence H = 42°85. Cut off Pp = 42:85
units on the B.M. scale employed when p is the characteristic point
required. Since the diagram is symmetrical, the new base line will be
obtained by joining A to p and producing to B'. The maximum B.M.
is obviously BB’ = 1} x Pp = 1} x 42:85 = 643 ft.-tons, and is nega-
tive, that is, the upper flange will be in tension and the lower in com-
pression over the support B. The points of contra-flexure are at S, S,
distant 15 ft. 8 in. from A or C. The lower figure shows the equivalent
system of simple beams and cantilever, and from the positions of,tb,e
two 7 ton loads which rest on sc, the reactionat C = %;'Sgr, of 7+ i?b—,%—,
of 7 =595 tons. A similar reaction exists at A, whence pressure on
central column = total load — pressureson Aand C = 42 — 11'9 = 301
tons.

The S8.F. diagram readily follows from the pressures, each step
scaling 7 tons.

Fixed Beams.—A beam or girder is said to be fized at the ends
when it is so firmly built in or anchored down that a tangent, AB,
Fig. 48, to the curve of the bent beam at A is horizontal. In order to
realize this condition it is evident there must be a sufficiently large
downward pressure or pull P applied to the portion AC of the beam,
a3 will create a reversed bending moment capable of balancing that
caused at A by the loads on the beam. The holding down force P may
be applied by the weight of masonry in the wall above AC, or by
anchor rods taken down to a sunitable depth. If, in the lower figure,
P’ be not sufficient to create the same amount of moment as would
exist at A’ if the beam were actually fized, the end of the beam will tilt
up to some extent and bend as shown at A'C’, when the tangent A'B’ to
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the curve at A’ will no longer be horizontal, and the beam will not
fulfil the condition of fixity of ends. In this case the point of contra-
flexure, which previously was »
located at p, wil{) move to some ¢ _jia 8 N
int p' nearer to A, and the
M. at A’ will be reduced to . " . A
that which P is capable of pro- ‘34 8’ S
ducing when acting at the V3
leverage P'A’.  This will be Fia. 48.
accompanied by a correspond-
ingly Increased B.M. at the centre of the beam. A little consideration
will show the fallacy of assuming a beam to be fired at the ends, simply
because it is apparently firmly built into a wall at either end.
In Fig. 48 suppose the beam to carry a central load of 2 tons over a
span of 20 feet. The B.M. at A, if the beam be actually fized, will be
‘-t;—l=—~———2 X820 = 5 ft.-tons or 60 inch-tons. If the beam project, say,

18 inches into the wgll and be fixed by the weight of brickwork resting

on AC, then P x -, must = 60 inch-tons, or P = 63 tons. Assuming

a breadth of flange of 12 inches, the bearing area from A to C = 1}
square feet, and the height & of the column of brickwork resting on
this area and weighing 62 tons, will be given by 2 x 1'6 X A% = 62
tons, whence & = 89 feet. This is supposing the column of brickwork
to actually rest on the end of the beam, whereas a portion of it would
Erobably be supported by the bond in the wall. Assuming a reasonable

eight of wall above AC, say 30 feet, the beam would require to be
firmly built in for a minimum distance of 2 feet 7 inches at each end,
in order to realize fixed conditions, still supposing the weight of the
30 feet of brickwork to be wholly resting on AC. Probably the
majority of so-called fired beams fall far short cf the required degree of
fixation, with the result that if calculated as fixed beams they may be
stressed to nearly double the intensity intended in their design. The
moment of the holding-down force P about A, or P x 3 CA, in Fig. 48,
is called the moment of fixation, and the B.M. on the beam section at
A cannot exceed this moment of fixation. Consequently no beam or
girder should be assumed as having fixed ends, unless the actual
pressure upon the built-in or anchored-down ends is definitely known
to be equal to that required to produce the necessary moment of fixation
for balancing the Bl\'(ll due to the loading under consideration. Rela-
tively few girders in practice are intentionally designed as fixed beams,
Where it is necessary to fiz the end of a girder, the necessary fixing
moment is provided by properly loading the end of the girder with a
definite balance weight, or by attaching to it anchor ties capable of
exerting a predetermined downward pull.

The bending moments on fixed beams of uniform section are readily
determined after locating the positions of the characteristic points of
the B.M. diagram for the beam considered as simply supported. The
straight line drawn through the two characteristic points constitutes the
new base line above and below which to measure the positive and
negative moments on the fixed beam.
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Fig. 49 illustrates the case of a fixed beam of span feetl with a central
concentrated load W. The triangle ACB of height = ‘—X—is the moment
diagram for the simPIy supported beam. The height of the character-
istic points p, p, = \XrCD’ and joining these by EF the moment at the

centre is $ CD=+ 8 whilst EA = FB = — ng is the moment at the

fixed ends. The points of contra-flexure are 8, 8, distant i from each

end of the span. The fixed beam AB is equivalent to two fixed

cantilevers as and sb with a simply supported span ss carried between
them, as shown in the lower figure.

c
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4+ Y : > + Y A D : 8!
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f } Ne2r{ |
“Na s C Y )\ {—---—- -~
Fia. 49. Fic. 50.

Fig. 50 gives the diagram. of moments for a fixed beam of span !
feet carrying a uniform load of w tons per foot run. The parabola ACB

having CD = %E ft.-tons, has the characteristic points p, p, at a height
above AB =32CD. The central B.M. on the fixed beam =3 CD

o r
=3ix %— =+ %, and the end moments AE and BF are each
=-3X t%p = - 110—222 ft.-tons. The length @s may be found as

follows :—

The bending moment at
the centre of the independent
w X ss*  wl

Span $s =g~ = 37, whence

38 = —-l—§ = 0'578l. .. as and

sb together = 0°422! and as
v = 8b = 02111
For any case of unsym-
Fia, 5L metrical loading the same con-
struction holds. " Thus in Fig.
51, the fixed beam AB of 20 feet span carries a concentrated load
of 5 tons at C, distant 8 ft. from B. R, = 5 of 5 = 2 tons, and the
moment CD for the beam simply supported = 2x12 = 24 ft.-tons.
For the characteristic points—
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4

Moment of A ADC about A = 1—2——>:—?~ X 8 =1152
., ABDC , =28 "224 X 142 = 1408

Se s A ADB = 2560

For the height H of rectangle on AB having the same moment
about A, H x 20 x 2 = 2560, . H = 12'8. Mark P and Q at one-
third the span and make Pp = 128 units on the B.M. scale.

Similarly, moment of A ADC about B = 1~2->2<_2i1 x 12 = 1728
| ” ABDC , = 8)(__2_2_4 x by = 512
»  OADB -, = 2240

For the height / of rectangle on AB having the same moment about
B, & x 20 x 2% = 2240. .. A=11'2 units. Make Qg =11-2 and
join the characteristic points p and g. EgpF is the new base line for
moments giving &8 maximum E‘ositive moment DM beneath the load and
ne%abive moments EA and FB at A and B respectively. The equi-
valent system of two cantilevers and a simple beam is shown at
assb.

Beams fixed at One End and supported at the Other.—These are
not of much practical interest. Fig. 52 shows the B.M. diagram for a
beam fixed at A and supported at B carrying a distributed load of w -
tons per foot run, and Fig. 53, the same beam with a concentrated load

c
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Fia. 52, Fia. 53.

of W tons at the centre. In these cases, the characteristic point
adjacent to the freely supported end B is neglected, since the B.M. at
this end is zero. The new base line BC is therefore drawn from B
through the characteristic point p adjacent to the fixed end. The beam
AB is, in each case, equivalent to a cantilever as and supported beam sb
with one point of contra-flexure at S.

Beam fixed at Both Ends and continuous over Intermediate
Supports.—Fig. 54 represents a beam 50 ft. long fixed at each end and
;npporwd at 20 feet from one end, carrying a load of 2 tons per
oot run.
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The central heights of the parabolas ADB and BEC are given by
2 x 30° 2 x 20° .
g ='225 ft.-tons and g = 100 ft.-tons respectively.
_ The position of the new base line FGH is obtained by drawing two
lines through the characteristic points p and ¢ sdjacent to the fixed ends
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A and C, meeting at G vertically over B and passing below ' and above
¢, so that

pm 20

gn 30
Projecting down the four points of contra-flexure, the equivalent
gystem consists of three cantilevers as,, 5.3, and 8¢ and two supported
beams s,s, and s,5,. The negative moment AF is the maxinum, scaling
166 ft.-tons.!

' For a demonstration of the proof of the method of characteristic points, seo
A Practical Treatise on Bridge Construction, by T. Claxton Fidler, M.Inst.C.E.



CHAPTER 1IV.
BEAMS.

Moment of Resistance.—Vertical forces acting on a horizontal beam
produce a bending action in the beam. At any cross-section the bend-
ing action is proportional to the bending moment.

Suppose a loaded beam, Fig. 55, to be hinged at the centre. The
bending action would tend to close the portion between P and C and

Fic. 5.

open the lower portion P to T. If a block of material be placed at X
and a tic at Y to prevent movement about the hinge, it is evident that
the block at X would be compressed and the tie at Y stretched. Equi-
librium having been established, the bending moment at the section
must be equal to the moment of the forces in she block and tie about
the hinge at P,
Let C = compression in the block,
T = tension in the tie.

Then the moment of these forces about P

=Txy+Cxz
= the bending moment on the section,

If the beam be made continuous, the material at the vertical section
through P would be subject to stresses similar to those in the block and
tie. All the material above some horizontal
plane, such as that passing through P, would ¢
be in compression and all below that plane R
in tension. Let the small arrows in Fig. 56
represent the stresses in the material at the P
vertical section CPT,and R, and R, the
resultants of the compressive and tensile R,
stresses. Since all the forces causing bending T!
must act normally to the horizontal plane F1a. 56.
through P, the only forces acting parallel
to that plane are the forces R; and R,, which must therefore be equal

9

-—— ¢ -~
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to produce equilibrium. The bending moment at the section CPT will
therefore be e%ual to the moment of the couple R, X ¥ or R: x y.
The moment of this couple is a measure of the strength of the beam
at the section and is known as the moment of resistance.

Suppose the block abde, Fig. 57, be compressed to efhg. The ug?er
edge of is decreased in length to a greater extent than the lower edge
gh, and as the stress must be proportional to the decrease of length, the
stress at ef is greater than the stress at gh. The decrease in length is

roportional to the distances of the edges ¢b and ¢d from the point P.
herefore the stresses must also be proportional to the distances from
P. If the block had extended from P to C no alteration of length

i = P
P % "
d ) =X mratvill
N F== % A
' i
' )} H ?’ %
0l = i
EX) =3----4
<-=- b - -~
Fic. 57. FiG. 58.

would have occurred at P, demonstrating that the material at P is not
subject to any bending stress, whilst the maximum change in length
and therefore the greatest stress occurs at C. In a similar manner it
may be shown that the tensile stress below P varies from nothing at P
to a maximum at T, and at any point in the section is proportional to
the distance of that point from P.

At every vertical section of the beam there is some point P where
there is no direct stress. The plane containing all such points is known
as the newtral plane.

DPosition of the Neutral Azis.—The intersection of the neutral plane
with any cross-section of a beam is termed the neutral axis of the cross-
section. Let Fig. 58 represent the cross-section of a rectangular beam
divided into horizontal layers. If the intensity of compressive stress at
the upper surface (usually called the skin stress) = f,, and the intensity
of tensile stress at the lower surface = f,, then the average intensities
of stress in the layers above the neutral axis NA will be

=l i}
Ve j‘ya’ ek Y.

Let a = sectional area of each layer.
Then the total stresses in the separate layers above NA
= g c'./_s, af; ¥

LA af
Yo " Y. f?/a

and the total compression above the neutral axis

)

= ";/,‘;(“.Vs tap+ ... tay)
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Similarly, the total tension below the neutral axis
= f(ay’,, +ay:+ ... +ay)

Since total tension must equal total compression

;yﬁ"(ayw ayy ... +ay) = :yf‘(ay’s+ay'7 co tayy)
But f-’ = 'ﬁ
Yo Ye

Saggtay, ... fap=ays+ayy ..+ oy,

or the sum of the moments of the areas in tension is equal to the snm
of the moments of the areas in compression. This is the condition for
the neutral axis passing through tge centre of gravity of the cross-
section. So long as the moduli of elasticity of the material in tension
and compression be the same, the neutral axis must always paes through
the centre of gravity of the cross-section whatever be its shape

Moment of Resistance.—The stress in the top layer, Fig. 58, was

shown to be = aj;i./“.

Its moment about the neutral axis

= afYe
_aﬂycxy’
.

P
= QY
1. Ys

The total moment of the stresses above the neutral axis will therefore

= ;j'(ay,,” +ayp’+ .o ey o0 . . 0L (1)
Moment of the stresses below the neutral axis
= '17,”"( aygdt+ayr+ ot ay®d . . . L L0 (2

The moment of resistance of the section is equal to the sum of the
expressions (1) and (2) when the layers are taken infinitely thin. It
will be seen that the portions of the expressions in the brackets are the
sums of all the small areas multiplied by the square of their distances
from the neutral axis. The moment of resistance may therefore be
written—

Sum of all the smgll

areas multiplied by .
M.R. = (the square of their)x — skin stress : (3)

distances from the distance of skin from N.A.

neutral axis

In sections symmetrical about the neutral axis the skin stress in
tension will be equal to the skin stress in compression, but for
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unsymmetrical sections these stresses will not be equal. In unsym-
metrical gections, the skin stress, in the above expression, is that of
tension or compression, according as the denominator is the distance
from the neutral axis, of the skin subject to the stress adopted.

Moment of Inertia.—For any section, the sum of all the small areas
into which the section may be divided, multiplied by the square of
their distances from the neutral axis, is termed the moment of inertia
of the section, and is usually denoted by the letter I. The expression
(8) may then be written—

MR. = moment of inertia X skin stress
) distance of skin from N.A.

=1l=1t
Ye Y.
The bending moment being equal to the moment of resistance,

BM. =1l =1/
?/c yt

The value of I is dependent on the distribution of the material
about the axis considered. The calculation of the moment of inertia
involves the use of the calcalus, and it is not pro-
posed to give here the mathematical proof. The
formule for a number of simple cases will be found
e in Table 25, and from them I, for most ordinary
sections, may be calculated.

The following graphical method of obtaining
I will prove the accuracy of the formulse given for
rectangles.

To find the moment of inertia of the rectangle
ABCD, Fig. 59, about the side AB. Consider a

Fie. 59. very thin horizontal strip ae of the rectangle at a
distance y from AB and of area l.
I of the strip = Iy2 :
I for a similar strip at CD = ld®
If the area [ be reduced to 7, so that

o
-
]

)
o

]
)
)
)

D> N

fommmmo e =

>1
©

=i
r=1
then I = Iy

If each horizontal strip of the rectangle be reduced in the same
ratio, ¢.e. the square of its d;stance from A , the sum of all such reduced
areas multiplied by 4 will be the moment of inertia about AB.

Since the strips sre very thin the length may be taken to represent
the area. The reduced length of ae will

—awx?
-—aex‘—i-.

2
=bxZ
o

= qc
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The reduced lengths
22
f!/ = ll X ‘:»/;2
hk=bx ¥
d*

Taking a large number of strips and joining the extremities %, g, ¢,
etc., the %)ints k,g,c, will be found to lie on a parabola passing through
A and D. The moment of inertia will then be equal to the area
CDcgkA multiplied by @® The area of the parabolic segment DgAB

= 2bd
3
The ¢ inertia area’ CDcgkA will therefore

Let the dimensions of the rectangle be—
b=1¢", d=12"
Then I about the side AB

To obtain the moment of inertia about the neutral axis N.A.
Treating each half of the rectangle by the above graphic method,
two inertia areas, shown shaded, Fig. 60, are

. . a f--4--+
obtained, the area of each being 13- ¥
2 H
I for each half = %bg X (g) d
= Lbd? N-r{—r—— —A
For the whole rectangle H %
oL b '
I=2x TZZ I —
- ba? Fia. 60.
12

Again, let b = ¢" and d = 12".
Then the moment of inertia of the rectangle about N.A,

=
12
=0 X212 _ g6yins
12
ExAMPLE 10.—7T0 find the moment of inertia of a rolled beam
section.
Let the section be 12" x 6" X 3" metal with parallel sides, Fig. G1.
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Since the section is symmetrical the neutral axis will be situated 6 in.
from the top and bottom.

The moment of inertia may be obtained by either of the following
methods : —

(1) Calculate the moment of inertia for the rectangle 12" x 6" and
subtract the moments of inertia of the two rectangles b, x d,.

(2) Calculate separately and add together the moments of inertia of
the two flanges and the web.

By the first method—
M.I. =T of 12" x 6" rectangle — 2 (I of 11" x 22" rectangle)
IR
12 12
= B6x 12 2x 28 x 11

[ V)
= 25896 in.}
To find the moment of inertia by the second methed it will be

necessary to consider the moment of inertia of a section about an axis
other than that passing through its centre of gravity.

| 1 I

1 ! d

] ! z

Lo d | G

2 | N — - —Lra

| : |

! i 4 x—}—-—-— - X
1 d

| ! | ra

| | 4 4

4 _t

b
Fig. 61. F1a. 62.

Moment of inertia of a section about any azis XX parallel to the aris
through its centre of gravity G, Fig. 62.
It has already been proved that for a rectangle :—

bd?®

I about axis throngh the centre of gravity = ﬁ
da
I about one side = e

In Fig. 62 let the axis XX be parallel to and distant R from the
neutral axis.

Treating the rectangle as composed of two rectangles, one above
and one below the axis XX, the sum of the moments of inertia of such
rectangles about XX will be the moment of inertia of the whole
rectangle about XX.
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For the rectangle above the axis XX—

b(‘; + R)3

XX =
For the lower rectangle
d ]
L)
ey
For the whole rectangle

(2+RY H%-RY
,xxz(w; ), G-

() (2w

_bd g
=3 + JdR)
bd?
=5 + baR?
But b x d = urea of whole rectangle
3
and ?j =1 of rectangle about the axis through its

centre of gravity.

Therefore the moment of inertia of the rectangle about the axis
XX is equal to its moment of inertia about the axis through its centre
of gravity plus the area of the rectangle multiplied by the distance
between the axes squared—

Inx = Ie + AR?

This is true for all sections whatever may be the shape.

Returning to Example 10, second method. I of section = I of
web + I of two flanges. As the neutral axis passes through the centre
of gravity of the web, the moment of inertia of the web

i _yxar
127 12
= 5546 in.*

From the above proof the moment of inertia of eack flange

6" 1)s
= _~1><2_(,_)_ +6" x 3" x (63)°

= 9925 in.*
The total moment of inertia for the section

= 55'46 + (2 X 99:25)
= 25396 in.*
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This result agrees with that of the preceding method.

The above method demonstrates the small resistance which the web
offers to the bending action. It was shown on p. 92 that the
moment of resistance was proportional to the moment of inertia,
therefore the proportion of the resistance to bending exerted by the

5546

s

web will be sr500 O with an area = 5 = 091 of that of the flanges,
25396
, , 5546
its resistance as compared with that of the flanges is only lT;s_.'; = 028,

Hence it is desirable that the material which has to resist the bending
action be placed, within practical limits, as far from the neutral axis as
ssible.
Modulus of Section.—It has already been proved that

MR =/

R=7

f, the skin stress, is dependent only on the material of which the beam is
composed, but 1 and y are wholly dependent on the shape of the cross-

. .
section of the beam. The quantity 78 known as the modilus of the

section, and is a relative measure of the strength of a section. The
moment of resistance may then be written—

M.R. = skin stress X modulus of section

For sections symmetrical about the neutral axis the modulus of
section is equal to the moment of inertia divided by half the depth of
the section. Thus for a rectangular section

yz(!
2
ll(lf’
LT _ 12
..Z—-g;-_d_
2
bd?

Thf modulus of section may be found graphically by the following
method.

Graphical Method of obtuining the Modulus of Section.—Consider
a very thin layer, AB, in the flange of the beam section, Fig. 63, at a
distance ¥, from the neutral axis. If the intensity of skin stress be

equal to f, the intensity of stress on the layer AB =/ x?-!/ll

If the area of the strip =/
total stress on the layer = l/;i‘



BEAMS 99

If the area ¢ be reduced in the ratio of ’{]’

on the layer be considered to be distributed over the area !, the
intensity of stress on ' will

to I, and the total stress

— L
—y)(l,
PR
= [ =
L
l?/

Reducing the area of all horizontal layers of the section in the ratio
of their distances from the neutral axis divided by y, an area for the
whole section will be obtained on which the

intensity of stress is equal to f. The modulus S LM D
R . a Py
of section will then be equal to the moment AN _S=¢=7—+/18:
of that area about the neutral axis. FA 96|
Draw a base line parallel to the neutral axis \g Y 7
and at a distance » from it. Project the ex- Sl A '
tremities of cach layer on to the base line and Nt ] d___i_A__,?_
join the points thus obtained to any point (say €

the centre of gravity of the section) on the
neutral axis. Then the area of the layer
between such lines will be the reduced area
required. The projections of the ends of the
layer AB on the base line are the points C >
and 1. Join C and D to K. The area ab Fie. 63.
between the lines CE and DE is the area required.
In the triangles CDE and «bE

ab:CD:iy 1y
soab=CD x ¥
y
But CD = AB
sab=ABx ¥
Y
The area of equal stress intensity, called the modulus figure, for the
upper half will be CfcEdgD.

Let its area = A, and its centre of gravity be distant ¢, from the
neutral axis. Then the total stress on the portion above the neutral

axis—
=A,f
Moment about the neutral axis—
=dA,f

Since the section is symmetrical the moment of the stress in the
lower portion is equal to the moment of the stress in the upper
portion.
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Therefore the total moment of resistance of the whole section

' = 2,A, f
But MR. = fZ
soho=2d0 A

If D be the distance between the centres of gravity of the upper and

#r lower modulus figures
'f"—f"' '"'?"" Z = DA,
H ] . .
, E N S For sections symmetrical about the neutral
H ! N I % axis
: “’0/3' § yl E D = 2d1
6 | \ Vo
! ! ‘ ! 1  Since the total stresses above and below
i _i_ N A . i the neutral axis are equal, the area of the
N '—f—ﬁ' modulus figure below the neutral axis must
1 sesz/{AIN ¥ 14, be equal to the area of the modulus figure
i LR yi  above the neutral axis.
£ AN

Modulus Figure for Sections wunsym-

1
), metrical about the Neutral Aris.—Insections

1l [T !
0/ A

40{: / '.": N\ such as the tee, Fig. 64, the centre of
Y, 1 \: gravity falls nearer to the lower surface

—'-¥———-J—L-——\j;— than the uiper, and consequently the in-
tensity of skin stress at the lower surface
Frc. 64. will be less than at the upper.

Let f, = intensity of skin stress at the lower surface.
y = distance of lower surface from the neutral axis.
Je = intensity of skin stress at the upper surface.
# = distance of upper surface from neutral axis.

=rY
Thenf, = /.2

Two modulus figures may be drawn for the section, one having an
intensity equal to f, and the other an intensity equal to f,

The construction of the modulus figure for the upper skin stress, i.e.
J. is shown in Fig. 64.

The base line for the upper portion is in the ﬁlane of the upper skin
where the stress = f,, but for the lower portion the base line geing set,
out at a distance y, below the neutral axis (i.e. where the stress would
equal f;), falls below the section. All layers below the neutral axis
must be projected on to the lower base line and joined to the point
selected on the neutra' axis. The shaded area is the modulus figure for
the seotion.

Let the shaded area above the neutral axis = A.

Then total stress above nentral axis = f,A

Let d, = distance of centre of gravity of upper shaded area from NA
dy = » » ” lower ”» ”
D= d] + da
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Then the moment of resistance of the section
=ch(d1 + dz)
=f.AD

Construction for Modulus Figure having an Intensity of Stress equal
to f, Fig. 65.—The intensity of stress f, occurs at a distance y below
the neutral axis, therefore at a distance
y above the neutral axis the intensity
will also be f,, The base line for the
upper portion is therefore drawn through
the plane ¢f. As the intensity of stress
in the material above this base line is
greater than f,, the area aefb must be
increased. For any layer above the base
line, say ab, project on to the base line
in e and f; join e and f to a point on the Fis. 65.
ncutral axis and produce these lines to cut
the horizontal through ab in ¢ and . Then the length c¢d will be
the increased length of ab required. ¥or all layers between the base
lines proceed as in the former construction.

Let A, = area of each portion of the modulus figure

D, = distance between centres of gravity of shaded areas

=d +d,
Then M.R. = A,D, f,

Knowing the bending moment at a vertical section of a Leam, the
suitability of the cross-section for resisting it may be determined.

Bending moment = moment of resistance

= fAD
or =fAD,

If either quantity f,AD or f,A,D, be less than the bending moment
(after inserting a suitable value for f, or f,) the cross-section is not
strong enough to safely support the load on the beam and must be
increased. For beams composed of mild steel which has an equal
strength in tension and compression, it is only necessary to construct
the modulus figure for the larger intensity f,, as failure must occur
where the material is the more highly stressed. For cast iron and
other materials where the strength in tension does not equal the
strength in compression, both the maximum intensities f, and f,
produced by the bending moment, must be calculated and compared
with the allowable safe intensities for the material employed.

ExampLE 11.—70 find the moment of resistance of @ 4" x ¢" x 3" T
with parallel sides, Fig. 64.

The distance of the centre of gravity of the section from the lower
edge

— moment of all layers about lower edge

total area of section
A XY x "+ 5 x 3" x 8"
41! x ‘ill + 5&" x %II
= 1'987"
Therefore y (Fig. 64) = 1-987"
% =6 — 1'987 = 1:013"
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Construct the modulus figure as in Fig. 64. Then the area of the
figure aboye the neutral axis

= area of shaded triangle.
n ., 4013
=3"x —5—
= 1003 8q. in.
Distance d, of centre of gravity above the neutral axis NA
=2x 4013
= 2675"
Moment of triangle about neutral axis
= 1003 x 2:675
= 268 in.?
The modulus area below the neatral axis must equal the area above
= 1003 sq. in.
The centre of gravity of the lower area may be found by calculation

or by cutting out the figure in cardboard and suspending from two
points.

In the enlarged Fig. 66,

1-987 .
= i, DY
AB =4 x s = 198 in,

1-487
+013
Area ABDC = L(’f_jlflﬁ x 4

Length CD = 1 x = 148 in.

:
A
I
»

L

iy
2]

= 0'865 sq. in,
Mo o— L 1437
Length 1?[ =} x 4013
[ O 1 R Area of triangle

FiG. 66. OEF = 0:185 x 1487 x §
= 0138 s8q. in.

P
>

= 0'18) in.

~

P
Kk

Total area below the neutral axis
= 0'865 4+ 0'138 = 1'008 &q. in.

which corresponds with the area obtained for the upper portion.
Distance of centre of gravity of triangle OEF below neutral axis

=2 x 1487 = 0'991 in.
Moment of triangle OEF about neutral axis
= 0138 x 0991 = 0187 in.?
Distance of centre of gravity of ABDC below CD
148 4+ 2 x 1'98 .
= ban vy = 027 in
Distance of centre of gravity of ABDC from nentral axis
= 027 4+ 1'487 = 1'757 in.
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Moment of ABDC about neutral axis
= 1757 x 0'865 = 152 in.’
and distance d, of centre of gravity of the lower modulus figure from
the neutral axis
- 152 4+ 0°137
1003
Moment of lower modulus figure about neutral axis
= 1'52 + 0°187 = 1:657 in.?
Then moment of resistance of the section
= £(1'657 + 2'68)
="4:337 f,
or =f{1003 X (1'65 + 2'675)}
= $337 f,

ExaMPLE 12.—What distributed load will @ T 4" X 6" X " support
over @ span of 6 feet, the working stress (maxtmum skin stress) not fo
exceed 7 tons per square inch ?

(1) When the 4 in. leg is horizontal.

From the previous example

M.R. = 4337 f,
=4337T x 7
= 30359 inch-tons.

= 1'65 in.

Let w = tons per foot run supported by the beam.
Maximum bending moment

_wl

S

X6y ons
o ft.

= LZ(_;M = 54 inch-tons.

Note.—The moment of resistance being expressed in inches and
tons, the bending moment must also be expressed in those terms.

Then B.M. = M.R.
Hdw = 30°30H9
w = 0551 ton per foot run.
%2) When the 4 in. leg is vertical.
he modulus of section may be readily calculated since the neutral
axis passes through the centres of gravity of both rectangles forming

the T.
M x@)y x4
I= e+ 1
= 272
272 = 136
M.R. = 1'36 X 7 = 952 inch-tons.

Modulus of section = 7 =
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The bending moment will be the same as above

‘ B.M. = M.R.
54w = 9-52
w = 0176 ton per foot run.

Massing up of Sections.—The resistance to bending of a section
depends only on the disposition of the material normally to the neutral
T axis and not to its relative position along the
axis. Sections of inconvenient shape, such as the
b — channel of Fig. 67, are massed together along
b i the neutral axis before constructing the modulus
figure.

Construction of Modulus Figure for a Ra:l
Section.—The centre of gravity of the section,
... JIt ... . Fig. 68, is most readily found by cutting out the
T §§ section in good quality cardboard, suspending it

Fi. 67.  from two points and finding where the verticals
through those points intersect. The centres of
gravity for the modulus figures may also be found in this way.

For any horizontal layer, say 4,~4,, proiect the extremities on to the
base line in IV, IV. Join IV, IV to a point in the neutral axis, such
lines cutting the layer 4,~4, in 4, 4. Then the points 4, 4 will be on
the boundary of the modulus figure. The areas of the modulus figures
are obtained by the aid of a planimeter or calculated by the aid of
squared tracing paper. The rail section in the figure is a 100-1bs. rail
drawn full size, and the modulus works out 1146 inch units.

TaBLE 25.—MOMENTS OF INERTIA AND MODULI OF SECTIONS.

Moment of fnertia about | Modulus of section
Sectlon. axis XX. [ abont XX.
e - ]
¥
6 BD? BD?
x T 12 6
T g
T
b BD*
i 8
xt x
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Conti Moment of inertia about Moudulis of section
\ Sectivn. . axis XX. i ab ut XX.
BD? - ba? BD® - bd?
12 6D
|
: "6[;' = 00491D" | "g = 0:0982D?
|
= D = :
f - -
|
n(D* - dY (D' = dY)
64 8D
|
— SO DR R,
BD? BD?
36 24
BD*
12 -
L X
0 BD?
i 4 -
t
“« B -
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Shear.—When any system of forces acts on a beam it produces a
vertical shearing action which tends to shear the beam in vertical
planes, as in Fig. 69, A. The bending 7
action creates differences of stress in the
horizontal layers of the beam and
thereby produces a horizontal shearing
action Eetween the layers. If the
beam were composed of a number of
separate plates, they would elide upon
each other as in Fig. 69, B. In solid
beams the tendency for the layers to
slide upon each other is resisted by the shear stress in the material.

The method of calculating the vertical shearing force at any vertical
section of a beam has been explained in Chapter III.

In Fig. 70 consider the equilibrium of a portion of a beam acdb
lying between two vertical sections very close together. The horizontal
forces acting on it are, the horizontal stress on ac caused by the bend-
ing, the horizontal stress on bd acting in the opposite direction, and the

ay 10 ]

i L L N A
. poteoe 4 N

.u,}* |
al & :
FiG. 70.

!
L
{

shear stress on ¢d, which is equal to the difference of the horizontal
stresseson ac and bd. The horizontal stress above ¢'c’ at the section aa’ is
equal to the area of the modulus figure above ¢'c’ multiplied by the skin
stress f at that section.

I

But BM., = y f
o f =BM., x %
Similarly at the section b4’ the skin stress £, will be
fi=BM, x %

Let A, be the area of the modulus figure above ¢'¢. Then the
difference of stress at the sections aa’ and 5%’

=A1(f-fl)
——A,%(B.M.,,-—B.M.b). R O

Let @, = areca of & thin horizontal strip distant y, from the neutral
axis.
The area of the modulus figure for this strip

[/
= ol
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Let A, be the sum of all such areas between a and ¢;

then A1 = I:Z?
Yy

The moment of the area @, about the neutral axis = a,y,

The total area of the section between @ and ¢ = A = 3¢,
and its moment about the neutral axis = 3a,y, i

Let Y be the distance of the centre of gravity of this ares from the
neutral axis.

Then A XY = Say,
Also A S,
AxY 2ayy,
from which A= AxY
Y
The total shear along cd will therefore
AxY
=27=(BM., - BM,) from (1)

Let the width of section c'¢’ = w ;
Then the infensity of shear on the plane cd

—f = AxY BM.,-BM,
Tw dz

In the limit B.M., ~ BM,, = d (B.M.).
But the total vertical shear 8 on any section

_d(BM.)
T dz
AYS

Therefore =7 P €3]

_Consider a small reclangular prism of material in a loaded beam
(Fig. 71). The load and reaction produce shear stresses, acting in
opposite directions on two vertical sides of

the prism.

2 - o establish equilibrium there must be
% si_Jis another couple acting on the horizontal faces.
&; Let the total vertical stress = 8

| w5 horizontal , =8,
g Eiie il[ Let the intensity of vertical stress = s
A RELEE S ' " horizontal ,, =3,
Then Sbh = S,d
Fia. 71 swdb = 8,wbd

S8 =3

That is, the intensity of horizontal shear on the material must be
equal to the intensity of vertical shear.
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Therefore the intensity of vertical shear at any point in the section
of a beam must
—r _AYS
T
Intensity of Vertical Shear Stress on a Rectangular Beam Section.—To
find the intensity at the neutral axis.

1
A = area of section above NA = -bzi
Y = distance of centre of gravity of area above NA

from the NA =g

w=2b
b
1=
cp_bd _d 1 12
L= XIS XXy
_3.8
T2 bd

S . . .
But L the mean intensity of shear on the section ; therefore the

intensity at the neutral axis is one and a half times the mean intensity.
Let the section of the beam be 10” x 6” and the vertical shear be 10
tons.
Then the mean shear intensity
_ 10
T10%6
Intensity at the neutral axis

= 0'166 ton per sq. in.

=1 x 0°166 ton per g(. in.
= 0"2) ton per sq. in. X
N_

By calculating the values of f, for
a number of other planes and 1E)lot,t,ing
them to a vertical line as in Fig. 72,
a diagram of shear intensity for the
section is obtained. The bounding
curve will be a parabola.

Distribution of Shear Stress in a Beam Section (Fig. 73).—The
stresses at & number of horizontal planes may be calculated by the
above formula and the values plotted to a vertical line, or the values
nay be found from the modulus of section.

It Las already been proved that

Y
A= éy_’ whence A = A,{,—

Substituting this in the expression
AYS
wl
A8
“w'T
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The quantity ="i§ is constant for any particular vertical section.
Therefore the intensity of shear stress on any horizontal plane is pro-
portional to the area A, of the portion of the modulus figure above
that plane divided by the width of the section at the plane. At any
plane cd, Fig. 73, the intensity will be equal to the shaded modulus

area divided by the width ¢4 and multiplied by the constant 1/-I§ . The

A | B8 X

NN .

Fia. 73.

intensity diagram may be constructed by calculating a series of values
of f, by the above method and plotting tiem to the line z.

The diagram demonstrates (1) the small intensity of shear stress in
the flanges (section lined on the diagram), and (2) the almost even
distribution of stress over the web area. The maximum intensity = GK;
the mean intensity over the whole section = GH. When designing
beams with deep webs, the resistance to shear offered by the flanges is
usually neglected, and the web designed to resist the whole shearing
sction.
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ExamMpLE 13.-=To find the pitch of rivets in the flanges of « plaled
gurder (Fig. 74).

Let the section of the girder be, one 18” X 7" rolled beam with onc
12" x &' plate riveted to each i %
flange. Span of girder = 24 feet. .ﬁﬁ- o=y
Load = 48 tons distributed. -

The maximum vertical shear [
will occur at the supports, and | |
be equal to 24 tons. m57izs s I
Shear intensity at the hori- Beam. || |

l

zontal plane between the plates
and rolled beam

i
_j = AYS —h o=

wl

where A = sectional area of plate.
Y = distance of centre of gravity of platz from N.A.
S = total vertical shear on section.
I = moment of inertia of section.

w has two values

= width of plate when calculating the intensity in the plate.
= ' flange of beam  , ’ ’ joist.

Suppose the shear intensity along the plane under consideration to
remain constant for a horizontal length of 12 inches. The total shear
for this length would then be equal to the shear intensity multiplied by
the area of the plane.

Area for 12 inches length = w x 12.

Total shear stress for 12 inches length

c o g AYS
=/, X 12w = o X 12w

I

9:04 tons.

Let the rivets be I inch diameter.

Resistance to single shear of one rivet = 3 tons.

Number of rivets required per foot length

904
=_"=3
3 01

Four rivets would therefore be used, and being in pairs the pitch
would be 6 inches.

The shear decreases to nothing at the centre of span, and therefore
the pitch required would increase to a maximum at the centre of the
span. It is not advisable, however, to make the pitch of nvets in
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such girders more than 6 inches, to avoid local buckling of plate, 8o a
uniform pitch would be kept throughout the full length of the girder.

Nore.—If the bearing resistance of the rivets be less than the
shearing resistance, the bearing resistance must be used in the above
calculation in place of the shearing resistance.

Types of Beams.—Where long spans have to be bridged beams of
correspondingly deep sections are necessary. Such beams will take the
form of lattice or plate girders and the methods of design of these will
be treated in subsequent chapters. The present chapter will be restricted
to comparatively short span beams of practically constant section
throughout their length.

Timber Beams are necessarily restricted to rectangular cross
sections, as the material does not lend itself to the shaping of other
forms as does steel or cast iron. Knowing the bending moments and
shearing forces to be resisted a suitable rectangular section can be
directly determined by equating the moment of resistance to the
bending moment.

Bending moment = moment of resistance

= modulus of section X skin stress

h)2

= lﬁe—g@‘l{}g@ ?}1@)" X skin stress
The depth will usually be made some suitable fraction of the span (sce
subsequent discussion in this chapter on ratio of depth to span), the
skin stress will be a known quantity depeuding on the kind of timber
used, leaving the breadth the only unknown factor in the foregoing
equation. In the following table the ultimate skin stresses for the
more commonly used timbers are given. A factor of safety snitable to
the conditions under which the beam is employed must be used in con-
junction with these valuee to determine the safe skin stress for insertion
in the above equation.

Timber. . Ultimate skin stress. * Timber. Ultimate skin stress.
| cwta. persq. in, . cwis, per 8q. in,
Ash, English . . | 114 | Spruce . . . 78
Ash, American . ' 96 i| Osak, English. . 100
Birch . . 102 /| Pine, yellow . . 70
Beech. . . .. 90 ‘ s, red. . . 72
Deal . . . .| 84 » Memel. . 72
Em . . . .| 60 » pitch . . 96
Greenheart . . | 174 Teak . . . . 132

Steel Beams, with their advantages of additional strength and
equal resistance in both tension and compression, are now adopted
throughout structural work in preference to the cast and wrought iron
beams formerly in use. The great variety of forms into which steel is
rolled and the ease Jf riveting together combinations of these forms,
presents the designer with a wide range from which to select the com-

ition of his beam. Single joists or channels, where suitable to the
oading conditions, make economical beams and lend themselves to
simple and efficient connections. In cases where a wide bearing is
required to support the loading, as in the case of lintels carrying
thick walls over door or window opeuings, two or more joists can be
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placed side by side a8 at («), Fig. 744, and connected together at
intervals by distance pieces or separators.

T

cl D/s;qnce
(@) " (b) (c) (d) (e)

Fia. T4a.

The strength of such a beam is equal to the strength of one joist
multiplied by the number of joistsin the section. The cast-iron distance
pieces in no way affect the strength and are provided only to prevent
relative motion of the joists.

Where a single section is inadequate to resist the bending moment a
combination of sections, examples of which are shown in Fig. 744, (3)
to (¢), can often be advantageously employed. (0)is formed by riveting
together a joist and two or more plates. Care must be taken when
designing such scctions to provide a suitable depth for the span of the
beam and also adequate shearing resistance in the web. (¢) having a
double web is suitable for comparatively short spans with heavy loading
where a high shearing resistance is required. It has the disadvantage
that the surfaces between the webs are inaccessible for painting after
erection. In beams of this type only three rows
of rivets can be driven in each flange, leaving an
undesirable width between plate and joist loose.
This objection is overcome in types () and (),
where one or two channels are substituted for one
or both joists.

Variations of strength can be obtained by
adding to the number of plates, joists or channels.
The flange plates nced only extend along part of
the length of the beam as required by the vary-
ing bending moment. The method of determin-
ing the required lengths of flange plates is ex-
plained in Chapter VI. when considering the
similar case of flange plates for the plate girders.
The riveting of these compound girders must
confortn to the shear requirements as already explained, and to prevent’
buckling of the plates and liability of corrosion between adjacent
surfaces the pitch of the rivets should in no case exceed six inches.

In calculating the moment of resistance of compound beam
sections labour is saved by using the tables of properties of the
standard rolled sections issued by the Engineering Standards Committee
and generally to be found in the handbooks published by the leading
structural contractors. The following table together with Fig, 75
shows the usual method of tabulation.

Fia. 75.
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1 2 3 4 L] 6 7 8 9 10
' —— B
Size. 'Standurd thlcknoss.’ Radil. . 'Uentre of gravity.
Ref Weight |, lonal
No. per foot Sectlonal | e
and code word. w | 8res, a.

AXB t ts l " g Cz Cy

Z.BS.B. 1. n. in. in. | i, in, | Ib.
Abscession | 8 x 13 | 0160 0'248‘0‘260 0180 | 400

11 12 13 ’ 14 15 ’ 16 17
Moments of inertia. Radii of gyration. Mome.its of resistance.
' [ B.S.B
T ‘ No.
Ie \ Iy ir : iy R, ! Ry
e , e s —————— e e e - s — I
in.* | in.* ' in : in. in.* in.” |
1657 | 0124 1187 = 03825 11106 ' 0165 ! 1
i ! | b

In column 1 the code word and reference number for use when
ordering the section are given. Columns 2 to 10 contain the physical
properties of the section. In columns 11 and 12 are given the moments
of inertia about the axes X-X and Y-Y. In ascertaining the strength
of a beam section to resist certain forces, the moment of inertia used
will be that about the axis normal to the forces. The least moment of
inertia of a section is also required in column calculations. Columns
15 and 16 are here called moments of resistance. This term must not
be confused with the moment of resistance defined in this chapter as
being the modulus of section multiplied by the skin stress. The
tabular value headed Moment of Resistance is actually the modulus of

. I .
the section, or —. The values are again given about both axes.

To use the above table to find what uniformly distributed load the
3" x 13" beam would support over a span of L feet, the web of the
section to be vertical.

BM.=MR. xf
Let f = 7 tons per square inch,
Then PEXT2 1105 % 7
_ 5156

<@ ="13 tons per foot run.

L2
Note.—When using the formula 1?{ care must be taken to

express L in the correct units. If w be given, as is usnal, in tons per
foot run, the total load on the beam will be equal to wL tons where L

wl X Ll
8

isin feet. The bending moment in inch-tons will be where L
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is the span in inches. Or taking L throughout in feet the formula
. wlix 12
must be writben —- =

Columns 13 and 14 contain the radii of gyration. This property

and its use will be explained in Chapter V. . 2
ExaMpLE 14.—70 find the modulus of sechon ~1
for a compound beam. |

Let the beam be composed of one 20" x 78" % . ...
rolled beam and two 12" x &' plates riveted t0 ' geom
the rolled beam by % in. diameter rivets (Fig. xi_._.—. A x
76). 12§ ales.
Neglecting for the present the effect of the
rivets. .
The moment of inertia of the rolled beam § rmes
about the horizontal axis, from the tables -m—
Iy = 1671291 FiG. 76.

Moment of inertia for the plates—
Iy =2(I, + ARY)
o 12 X (7:" * " 5
= 3(“"12 M 1 x g x (10{’5)2)
= 15957 in.*
Total Iy for the section

= 1671-291 + 15957
= 3266991 in.*

The rivets in the flanges are staggered, so that not more than two
rivets appear at uny cross-section. If the rivet in the compression
flange cowmpletely fills up the hole, the total area of the compression
flange is not affected, but the liability of having rivets imperfectly
fitted makes it advisable, to ensure safety, tu deduct the area of the
holes from the flange area when calculating the strength of the section.
It is apparent that the holes through the tension flange will reduce the
strength of that flange and must be taken into consideration. The
moment of inertia for the section will therefore be 3266:991 — I, of
two rivet holes.

For Z in. rivets the holes are drilled 1§ in. diameter.

The mean thickness of the flanges, from the tables, = 101 in., and
may be taken to represent the mean length of the rivet in the beam.
The total length of the rivet will be 1:01 4 0 625 = 1'63) in.

Area of cross-section of hole = 1635 x 12 = 153 sq. in.

. . 3
I of 2 rivet holes = z{wi%@ + 158 x (9-8)}

= 294567 in.*
I of section = 3266991 — 294:567

= 2972424
. I 2972424
Modulus of section = ; = 108

= 27975 in.
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Note.—Rivet holes, if not symmetrically placed, will change the
position of the centre of gravity of the section, and therefore the posi-
tion of the neutral axis. In such cases the tables are of little benefit.

Ratio of Depth to Span of Beams.—When selecting the form of a
beam section due consideration must be paid to the depth, as it is upon
this property of the section that the deflection of the beam depends.
The allowable deflection varies with the class of work and is measured
in terms of the span. The ratio of deflection to span for first-class
bridge work is as low a8 1 to 2,000, whilst for small girders and rolled
steel joists in ordinary buildings the ratio may be as highas 1 in 400.

From Table 27, page 8083, it will be seen that the maximum deflec-
tion of a beam of constant cross section

WL3
=0—EI—........(1)

where ¢ is a factor varying with the methods of loading and end
conditions of the beam. Since the bending moment = moment of
resistance

W@_f_[

¢y

or Wi =ﬁﬂ
Yy

Substituting for Wi in equation (1):

. . ,L3f
maximum deflection = ¢¢’ —
Ey
L3f
Wy (2)

For beams symmetrical about the neatral axisy = g, where D is the

depth of the section.
For such beams the maximum deflection
2L2
NA=a :—E-[_)[ e e e e e (3)
The values of ¢ are given in Tuble 27 and those of ¢’ in Chapter III.

As an example take the case of a cantilever with a concentrated load at
its outward end.

= say @

Then ¢c=%and /=1
therefore a=cxc=31%x1=3%
Other values of a:
cantilever with uniformly distributed load . . , . . a=1
beam simply supported at ends, and central load . . . a= i;
" " » ” distributed load . . a = &

48

To find the depth of a mild steel beam centrally loaded, if the ratio
of deflection to span must not exceed 1 to 1000, the working stress to
be 7 tons per square inch, and E to be 18,000 tons.
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=4 Y
&=4"gp
_é.. =a .2,/.._1_‘_
L ED
2x70L
To0s = 3. ]—.—335(—0 ‘D
SD_ 1
LT 17
t.e. the depth must be equal to 17711_57 of the span, or if the span be 100

feet the depth must be—
= 100
11-57

The following table gives the ratios of D to L for mild steel beams
for various ratios of deflection to span—

= 865 feet.

f has been assumed = 7 tons per square inch
» = 13,500 tons.

TABLE 26.—RATIOS OF DEPTH TO SPAN OF MILD STEEL BEAMS.

Ratios of deflection to span.
Deflection 1t0400 | 1to600 | 1to1000 | 1to 1500
formula.
Ratios of L
e B IUNRPYY, - I S T S S I S
— By 7 48 2:9 1-2
..... —L ——— _ jl_, ;l_ _1_ *1 _{4
%. = | 2"t | 96 | &4 9 | 26
i as 1T 1 1|1 1
E._._. L .._._j' Ey 29 19 116 7
A= 5. fP_’ ._1_ 1 -.1., i
P u 23 154 3 62

The values of % for beams irregularly loaded will lie between those

given for a single concentrated load at the centre, and a uniformly dis-
tributed load.

The values of ]I—::for other values of fand E, say f, and E,, may be

SE
JE;

Flange Width.—Long beams unsupported laterally may deflect hori-
zontally an undesirable amount due to the action of lateral wind or
centrifugal loading if sufficient lateral stiffness is not provided. Such
stiffness depends chiefly on the flange width, and since, in the majority
of cases, the necessary stiffness cannot be theoretically determined. &

obtained by multiplying the ratios by
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generally ado%t:d practical rule is to make the flange width at least #5 of
the spacing ‘between lateral supports. Usually - secondary members,
flooring joists, etc., will act as lateral supports at short intervals along
the beam, in which case the necessary flange width to resist the primary
bending moment will be in excess of the above practical requirements.

" Connections.—In all framed structures the different members are
fastened together by means of angles, plates, etc., and conmecting
rivets or bolts. The available methods of connection will in some
cases determine the best cross-section of members to be employed.
The duty of a connection is to transmit forces from one member of a
structure to another, and all connections must receive the same care in
design as the members themselves.

The simplest method of connecting beams is to allow one beam to
rest on the flange of another and bolt them securely through the
flanges. Such a connection is shown in Fig. 77, A. If there are two
beams in line resting on the main girder, it is usual to fasten them
together by means of fish plates in the webs. This increases the lateral
stiffness of the beams and reduces the tendency to twist. Tapered washers
should be placed under the heads and nuts of all bolts having a bearing

I
= —

| i
|| @00 | g c b

Fia. 7.

on the inside faces of beam flanges, otherwise only & very small part of
the head or nut will be bearing on the flange. It is not always con-
venient to allow the secondary beams to rest on the top flange of the
main beam, and in such cases web connections have to be employed.
Fig 77, B, shows the connection of a comparatively small beam to a
larger beam. An angle or tee riveted to the web of the main beam
forms a bracket on which the small beam rests, and to increase the
stiffness of the connection cleats are bolted to the webs. Figs. 77,
C, D, show other connections where the beams are equal or nearly
80 in depth. Although unusual, the lower flange of a beam is some-
times joggled, 80 a8 to rest upon the tapered portion of the inain beam
flinge (Fig. 77, D). Th.s method is costly, and does not greatly increase
the efficiency of the connection. The angle connections between the
webs of rolled beams, and the number and spacing of rivets in them
have been standardized, and may be found in any maker’s section book.
When using such standard connections, the strength of the rivets
or bolts should be checked to ensure that the strength is at least equal
to the shearing force at the connection. Bolts or rivets in such con-
nections may fail either by shearing or crushing. The shearin

strength of a rivet is equal to the area of its cross-section multiplieg
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by the shearing strength of the material. For rivet stecl the shearing
strength is 21 to 22 tons per square inch, and factors of safety of from
4 to 6 are usually adopted, giving a working stress of 4 to 5 tons per
square inch. A rivet 18 said to be in single shear when for failure of
the connection to occur, it is only necessary to shear the rivet at one
section, a8 at @ (Fig. 78). For the joint to fail in Fig.

78, b, the rivet must be sheared along two planes, or is

said to be in double shear. Although the area of material

sheared at b is twice that sheared at a, the strength of

a rivet in double shear is found, in practice, to te less

than twice the strength of a rivet in single shear. The

strength of a rivet in double shear is from 1% to 13 times

the strength of the rivet in single shear, and in the

following calculations will be assumed as 1} times the 4 <
strength in single shear. Fia. 78.

Let d = diameter of rivet in inches.

[, = safe shearing stress of material in tons per square inch.
S = vertical shear at conuection in tons.

Then the strength of a rivet in single shear = E(F/}
T
” ” 9 double y = % ‘1 (’2/:

Let n = number of rivets in single shear required to transmit the
shearing force S.

1_ 7_" 2

Then 8= '1(‘ 4df.)
or n= 4S—
T wdy,

If ' = number of rivets required in double shear

‘Il':%( 4S =4 N

xdf,) ” * wd¥,

The resistance to crushing offered by a rivet is equal to the
crushing (or bearing) resistance of the material multiplied by the area
of the rivet normal to the force. The safe bearing resistance of rivet
steel is from 7 to 10 tons, say 8 tons per square inch.

Let ¢ = thickness of plate bearing on rivet,

Jf, = bearing stress of material.

Then the bearing resistance of one rivet = dtf, )
The number of rivets required to transmit the shearing force 8

The number of rivets required at a connection will be the larger
value of 7 in the expressions—
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. n= A8 if the rivets are in single shear

=,
' S

or n=%°wd”f, "
n S

and n =l'_1‘t7;

double ,,

In practice rivet holes are punched or drilled J in. larger in diameter
than the rivets, and on closing the rivets should fill up the holes, thus

i é;
“j-f ; +
oJpel !, fors
ogporTien hord
o rivels. -
ogbe |1 W FOTE
) - iT xw00 Hs --@--i
® )Q : Ecam.._@__i
:Ye i A @-;Z.
t —
s -
b2 2N +2i+
F1G. 79,

increasing the sectional area of
the rivets, but calculations for
shear should be based on the
original diameter of the rivets.
Bolt holes are drilled similarly,
unless specified to be a driving
fit, and there is always a little
uncertainty as to the number
really in action. For this reason
more than are theoretically
necessary are usually employed
ab connections.

ExavrrLe 15.—To find the
number of % in. bolts and rivets
required at the connection of @
24" x 7%" rolled steel beam sup-

porting a uniformly distributed load of 50 tons, to another beam of

similar dimensions.

The connecting angles to be riveted to the beam «, Fig. 79, and

bolted to the beam b.

The vertical shear at the connection is equal to the reaction, z.e.

25 tons.

The rivets being in double shear, the shearing resistance of one rivet

= 3nd?,
Let f, = 5 tons per square inch,

Then n

25
Srxex @Fxs= N6
The bearing resistance of one rivet = dff,

where ¢ = thickness of web = 0+6 inch.
Let f, = 8 tons per square inch,

R
Then n 25

)

=, = (say) 6
Ix06x8 (say)
The bolts through the web of beam & being in single shear, the

shearing resistance of one bolt

Therefore
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The bearing resistance of one bolt = dtf,

where ¢ = thickness of angle = } inch,

25
Therefore Ll v v (say) 8

The theoretical number of bolts required is therefore 9, but as 12
may be conveniently employed this number will be adopted to allow for
a number being out of action.

The shearing resistance of the angles may be taken to be equal to
the minimum area, 7.e. along a vertical section through the rivets or
bolts, multiplied by the resistance to shear of the material, although
this value will be somewhat small on account of the resistance offered
by the rivets or bolts to fracture at such a section.

In the above example the sectional area of the angles along the
vertical section through the rivets or bolts

=2(19% — 6 x 18) x ¥ = 13'875 8q. in.
The shearing resistance will therefore = 13-875 X 5 = 69'375 tons.

This is greatly in excess of the vertical shear, but the thickness of
angle cannot be much reduced, as such reduction would mean an in-
creased number of rivets required in bearing.

Joints in Tension Members.—Structural members subject to a purely
tensile stress are usually butt-jointed, with single or double covers at
the joints, as B and C, Fig. 80.
When only one cover is employed,
there is a tendency for the member
to bend near the joint, as at E. The
better construction is to employ two
covers at all such joints.

Failure of the joint may occur—

q

X ¢ ® @
(1) By shearing all the rivets to g |

either side of the joint.

(2; By crushing the rivets. : .
(3) By pulling apart the cover -l iL L__1
plate or plates along the weakest B E c A
section. Fia. 80.

(4) By tearing of the main plate.

Consider the joint Fig. 80, A.
Let ¢t = thickness of member.
th = ” cover plate or plates.
d = diameter of rivets.
d, = " ' holes.
J, = safe shearing intensity on rivet.
Hh=» beal‘lng ”» ”
w = width of member.
J. = safe tensile intensity on plates.
T = tension in member.

Then the shearing resistance of the rivets to either side of the
\4

|

Vao\
T

j{ {O-O}e

} N S

) -
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= 2((?1_" £,) for single cover

= 2(3d*xf,) for double covers.
The bearing resistance of the rivets to either side of the joint

= 2(dtf,) in member.
= 2(dt, /,) in single cover.
= 2(2dt,f,) in double covers.

The resistance of the cover plate or plates to tension along the
section a—a
= (w — 2d,)t,f, for single cover.
= 2(w — 2d,)1, f. for double covers.

The resistance of the member to tension along the section a-a
= (w — 2d\)tf:

The resistance in each of the above cases must be at least equal to
the tevsion in the member.

ExAMPLE 16.—A mild steel tension member is subject to « pull of 70
tons. Desiyn a suitable section for the member and also a butt joint with
double cover plates.

The intensity of tensile stress not to exceed 7 tons per sq. in.

' ’ bearing ’ 8

" v 2

” shear ” ” 9 ” ”
Double shear to be taken equal to 12 times single shear.
Adopting a rivet diameter of I inch.

The shearing resistance of one rivet = / tons.
The number of rivets required to either side of the joint

=10 =14
5
Let ¢t = thickness of member.
Then the bearing resistance of one rivet = Ixtx8

and for the bearing resistance of the rivets to be equal to the pull in
the member
(Z x t X 8)14 = 70 tons

from which ¢ = 3 inch, say J inch. .

Arranging the rivets as in Fig. 81, the weakest section at which
the member might fail would occur at either a—a or )—b. If the section
at a-a be assumed for the present as the weakest, let w = width of the
member,

Then (w — 18)2 x 7 = 70 tons,
from which w = 1427 inches, say 14} inches.

For failure to occur along the section b-b, the plate must be torn
along that section and the leading rivet sheared. The strength along
b-b will therefore

=(145—2X:{%)%X7+5
= 71'3 tons.
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The member is therefore strong enough along this section to resist
the pull.

he strength along the section c— is greater than along the section
b-b, since the reduction of plate area for the extra rivet in the section

a ,é .C .d e .
!'Jf T-’i TJI‘ TJ’f T’#‘

PSR |
ol , @@@e$@$:
HERCPEECEDE P
I  Nooee |
"

— Wa NN ]/?\ N AN /‘E‘\ T:j

Fia. 81.

c-¢ does not weaken that section to the same cxtent as the shearing
of the two extra rivets along 6-b increases the resistance to failure
along ¢c—~. For the same reasons failure would not take place by tearing
of the member along the sections d— or e—e.

The joint may fail by tearing the cover plates along e—e, or by the
crushing of the rivets in the covers.

Let t, = thickness of each cover.

The resistance to tearing of the covers along e—e must be equal to
the pull on the member, or

(14} — 4 x 18)24, X 7 =70 tons )
from which ¢, = 046, say 05 inch.

Since the combined thickness of the covers is greater than the
thickness of thc member, the bearing resistance of the rivets in the
covers will be greater than the bearing resistance in the member, and
failure would not occur by crushing of the rivets in the covers.

Examples of such joints applied to the ties of lattice girders will be
found in ¥l)"ig. 210.

Riveted Connections subject to Bending Stresses.—Suppose, in Fig. 82,

Fia. 82.

a cantilever L inches long to be loaded at its outward end with W tons;



124 STRUCTURAL ENGINEERING

Then the hending moment at the connection of the cantilever with its
support = WL inch-tons.
his bending moment tends to produce a rotation about a hori-
zontal axis perpendicular to X-X, and subjects the rivets along the
section Y-Y to a horizontal shearing stress, in addition to the vertical
stress due to the vertical shear at the section. The moment of the
horizontal shearing stresses in the rivets along Y-Y about the hori-
zontal axis through X-X, must equal the bending moment at the
section. The moment of inertia of rivet ¢ about the axis through
X-X =1, + aip,
where I, = moment of inertia of the rivet section about its longi-
tudinal axis.
a = urea of cross-section of rivet in shear.
y = distance of centre of cross-section of rivet from the axis.

Since I, is very small compared with ai? the moment of inertia

may be considered equal to ay’.
The sum of the moments of inertia of the system of rivets will

then—
= Zayt = a (* + y.°* + v, etc.)
=1
Let f, = maximum horizontal shear stress in outermost rivet.
y = distance of centre of that rivet from the axis.
Then the moment of resistance of the system of rivets

'I L3
=% ='§a(y’ + ¥ + v, ete.).

Therefore the bending moment at the section must
=BM. =J:‘y“a(?/2 + y* + v, ete.),

from which the maximum horizontal shearing stress in the rivets is
obtainable. The vertical shear will be equally distributed amongst the
rivets.

Let f, = the maximum intensity of horizontal stress.

Jf. = the intensity of vertical stress.

Then the maximum stress on the rivets will be the resultant of f,,
and f, = J /i /2 o

The bending moment also produces tension in the rivets above
X-X, in the other plane of the connection.

Then B.Il. = M.R. =%(y’ + 1 + ¥, ete.).
ExampLE 17.—Let the span of the cantilever be 5 feet, and the load

2 tons.
The bending moment at the connection

=5 x 12 X 2 = 120 inch-tons.
Assume a depth of 21 inches for the beam, and let it be connected
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by two angle irons to the support. The moment of resistance of the
seven rivets of § in. diameter along the section X-X, Fig. 83,

22 2 02
—fixax (P IEY)
Since the rivets are in double shear, the area a will be equal to
twice the area of the cross-section of a Z-in. rivet = 2 X 06 = 1-2
8q. in.
Then B.M. = M.R. to shearing. .
5 8% 4 6° + 92)
120=f, x 1* 9 2 T Y
SixX 12 x ( 5
& f, = 857 tons per sq. in.
Let f, = maximum intensity of bearing stress on the rivets.

@, = the bearing area of one rivet.
t = thickness of web plate.

Then @, =¢ x % in.

The moment of resistance to bearing of the line of rivets will
22 2 &
= fox o x (I

Let the thickness of the web plate = 3 in.
Then @, = 3 x 3 = 033 sq. in.
Again B.M. = M.R. to bearing

3% + 6% 4 92
120 = £, X 038 x 2(° + 0 + )
o fo = 129 tons per sq. in.
This is in excess of the safe bearing stress, und either more rivets
must be used or the web plate thickened to give a greater bearing area.
Suppose a second line of rivets be used, Fig. 83,

22 2 2 3)2 ay2 14
then MR. =/, x 038 x 2 r+b +9+(‘f) + &) +(’)z)

9
120 =f, X 14'48 R
120 . [eetife L )
and o= {445 = 828 tons persq. in. z ol :::,; Il
. olale®l
This stress would only occur on the two ||l ®T1%% 3 |
extreme rivets, and may be safely adopted. 2 :“é’_ :& 1
... The addition of the second row of rivets | [l ‘T~ }-®F
will decrease the horizontal shear stress in the —= T
outermost rivets to 2'36 tons per square inch. Y Y _X

The total maximum shear in the rivets Fiao. u3.

= 2'862 tons per 8q. in.
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The moment of resistance of the rivets along the lines Y-Y

2 2 g g2
=fixXaX 4(3_1'1%-.'" ")
B.M. = M.R. w2 L ae
120 = £, X 06 X 4(*__"‘_99_*‘_1)
s fe = 357 tons per sq. in.
r.e. the maximum tension on the rivets is much below the safe working
stress, and a reduced number might be safely adopted. Only the
rivets in the upper half of the connection are stressed under the bend-
ing action, the bearing of the back of the bracket against the column
relieving the rivets in the lower half of the longitudinal stress. All
the fourteen rivets are subject to a slight verticsl shear stress of mean
Ix0G : g = 024 ton per square inch, so that the actual
maximum intensity of stress will be slightly in excess of 357 tons per
square inch.

Exavyerr 18.—Design of Floor for Warehouse.—Suppose the out-
line in Fig. 84 be the plan of a floor of a warehouse for which a design
is required.

The first consideration is the
kind of floor to be adopted ;
g whether fireproof or not. It will
B be supposed that a fireproof floor
76 is not required, and an ordinary
timber floor supported on steel
beams i8 decided upon.

Let the estimated live load on
2 the floor be equivalent to a dead
load of 14 cwts. per square foot
of floorarea. The dead load may be
determined as the design proceeds.

A suitable covering for the floor
would 'be 1% in. flooring secured to
4 11" x 8" timber joists spaced at

1' 6" centres. The span of the floor
a joists will be determined by their
depth. For stiffness the span should
not exceed 10 times the depth ;
therefore the maximum span will be
10 x 11" = 9" 2", The arrangement shown in the figure makes the
maximum span 8' 0", or 86 times the depth of the joists.

Stress in Timber Floor Joists.—Each floor joist supports an area of
floor = 1§ x 8 = 12 8q. feet. Load on each joist—

intensity =

-

8 8" 8 g 8’76

Y
12— 2o —p— s2*
Q

.

6 a3 6 i3 6

Fi1c. 84.

Weight of flooring = 12 x ]]; X 35 = 52'5 lbs.
- 11 x 3
s one joist = 1‘2{7’5 X 8 X 35 = 625 ,,
Liveload = 12 x 1} x 112 =2016 ,,

Total distributed load = 21381 ,,
say = 19 cwts.
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Weight of timber has been taken as 35 Ibs, per cubic foot.

Max. BM.= ,{{gx
=19x112x 8 x 12
= 25,536 in.8-]bs.
Modulus of section of joist = El(——l{x——l—l
= 60D
Maximum stress in the timber = g;—’)loi}ﬁ =422 1bs. per &q. in.,

which gives a factor of safety of about 10. The timber joists in the
offset, bay having less span would be stressed to a less extent, but for
uniformity 11" x 3” joists would be adopted throughout.

Let the working stresses for the steel beams be—

J: (tension or compression) = 7 tons per s(q. in.
/. (shear intensity) not to exceed 3 tons per sq. in.

Primary Beams, a, 13 6" long.—The maximum loading for these
beams would be as shown in Fig. 85.

Reaction from each timber joist = 95 cwts.
Load at each bearing = 19 |,

Reactions = 855 ,,

Maximum B.M. (at centre)

X 675 — 19(1'5 + 3 + 45 + 6)
25 ft.-cwts.
75 in.-tons.

55
921
752

o
- o QO

175275
7
= 2504

The depth of the section is controlled by the allowable deflection,
which may be taken in this case 5 m s s e s e
a8 ;i of the span. The depth R R R R I
from Table 26 would require to ] ]
be about %; of the span, since the |,

Modulus of section required =

————————— 36 ~mmmmm e o]
loading approximates very nearly
to a distributed load. Fic. 85.
~. Min. depth = 18 X 12 _ -4

23

Referring to a list of properties of beam sections, it is found that an
8" x 6" x 35 lbs. section has a modulus of section 27-649, also a
10" x 5” x 80 lbs. section has a modulus of 29:137. The 10" x 5"
beam would be stiffer than the 8” X 6” beam and there would be a
saving in weight by adopting that section.

The dead load of the beam = 30 X 135 = 405 lbs.

Total reactions would then = 85'5 + 1'7 = 87°2 cwts.
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Allowing for this extra dead load the modulus of scction requirea
would be increased to 2551, but still remain below that of the beam.

Area of the web of beam = 0°36 x 8°8
= 3168 sq. in. .
Average shear on web = 872
o 3168 x 20
= 1'37 tons per sq. in.

The web is therefore strong enough to resist the shear.

Primary Beams, b, 12' 0" long (Fig. 86).—The load at each bear-
ing of joists will be as in the previous case = 19 cwts.

Reactions = 76 cwts.

Max. B.M. (at centre) = 76 X 6 —19 (075 + 2:25 + 375 + 525)
= 328 ft.-cwts.
= 136°8 in.-tons.
. . 136-8
Modulus of section required = =
= 1954

A beam 8" x 5" % 2802 lbs. section having a modulus equa! to
22:339 would be strong enough, but the difference in weight of an

. n o NN ) /’1“ 7464 1764 cwis.

91/6° 16| /6°| /6”| /67| 16°| 1’670 8! e | o | o

S N e W e

I 12 e o L -------- 32—
Fic. 86. Fic. 87.

8" x 5" and a 10" x 5" section is only 1-97 lbs. per foot, and so for
uniformity the 10" x 5" x 2999 lbs. section would be adopted.
Weight of beam = 3-2 cwts.
Total reactions = 77°6 cwts.
Shear on web = 12 tons per sq. in.
Beams, d (Fig. 87).—Reaction from each primary beam a = 872
cwts.

Load at each bearing = 1744 cwts.
Reactions = 261°6 cwts.

Max. B.M. (at centre) = 261°6 X 16 —174'4 x 8
= 27904 ft.-cwts.
=167424 in.-tons,

Modulus of sec.ion required = 167; 24 - 93918
. 32 x 12 . .
Min. depth = -~-2><:3— = 167 in., say 17 in.

No standard beam section has the required modulus. A broad
flanged beam 20” x 12" (nominal size) x 138 lbs. having & modulus of
section of 272 might be adopted.

Weight of beam = 1°97 tons.
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Bending moment at centre due to weight of beam

97 X 32 x 12 .
= 1——‘)7—x§2—x—1— = 9456 in.-tons.
Total B.M. at centre = 1674°24 + 94:56
= 17688 in.-tons.
17688 _,

Modulus of section required = —— = 527

The 20" x 12" beam is therefore strong enough to resist the bending.
Area of web = 16'5 X 0°76 = 12'54 sq. ins.

Total shear = 14065 tons.

Average shear on web = 1°1 tons per sq. in.

Beams, f (Fig. 88).—Reaction from each primary beam = 776 cwts.
Load at each connection = 1552

sse 155-2 552 cwhs
cwts. s’ | & | &8 | &
Reaction = 232°8 cwts. ( T T T
Max. B.M. (at centre) i 32— e -
=232'8 X 16 —-155'2 x 8 Fia. 88.
= 24832 ft.-cwts.
= 148992 in.-tons.
009
Modulus of section required = ! 487) 92 - 2126

Min. depth of beam = 17 in.

A 24" x 73" x 100 lbs. beam has a modulus = 221-231
Weight of beamn = 1'43 tons.
. 14 32 p
Mazx. B.M. due to weight of beam = 143 x 32 ; 83 x 12
= 6864 in.-tons.
Total max. B M. = 148992 4 6864
= 155856 in.-tons.
15HRH6

Modulus of section required = e = 222065
This is slightly in excess of the modulus of a 24" X 74" beam, but as
) 15585 .

the maximum stress would only be 2—2-1)—2—;—? = 7'04 tons per square inch,
this section may be adopted. Kio | BS54 cuk.

Total reactions = 12:355 tons. 8 | & | s | &

Area of web = 96 #q. ins. - I i 1

Average shear on web = 1'28 tons N 32" ~-— - -
per 8q. 1n. Fia. 89.

Beam, ¢ (Fig. 89) —
Reaction from each primary beam b = 776 cwts.
» ) » = 872 ,,

Load at each connection =164'8 ,,
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Reactions = 247-2 cwts.

Max. B.M. (at centre) = 2472 X 16 —164'8 X 8
= 26368 ft.-cwts.
= 1582-08 in.-tons.

. . 1582:08 _ oo
Modulus of section required = —)~~7——— = 22601

Min. depth = 17 in.
A broad flanged beam will again be suitable; 19" x 12" x 128 lbs

has a modulus of 244.
Weight of beam = 1'83 tons.

. b 2
Max. B.M. due to weight of beam = 188 x. 82 x 12

= 8784 in.-tons.

Total B M. = 1582:08 + 87-84
= 166992 in.-tons.
. . 166992
Modulus of section required = —=— = 23856
56 MS6 cah which is less than the modulus of the beam.
rs’ | 76 | 7e Total reactions = 13°27h tons.
i _Jr Area of web = 1035 sq.-in.
f-----2e's"--- - Average shear on web = 13 tons.
Fia. 90. Beams, g (Fig. 90).—

N
Load on floor joists in offset = 19 X T _ 17-8 cwts.

Total load on each primary beam = 17'8 X 8= 1424 cwts.
Weight of each primary beam = 1—2—13;—210 = 3'2 cwts,
. . 124 + 32
Reaction from each primary beam 142 ‘)‘t—-— = 72'8 cwts.
Load at each connection = 1456 cwts.
Reactions of beam g = 1456 cwts.
Max. B.M. due to loads (between loads) = 1456 X 7'5
= 1091°6 ft.-cwts.
= 654'96 in.-tons.
65496

I

Modulus of section required =

Say 18" x 7" X 75 1bs. with modulus of 127°7.
Weight of beam = 0°75 ton.

. oK
B.M. due to weight of beam = 075 X 282 p X 12
= 2581 in.-tons.
Total B.M. = 25°31 + 654'96
= ¢80°27 in.-tons.
Modulus of section required = 68027 _ 9718

bl
[

= 9300

-~

Total reactions = 7-655 tons.
Area of web = 88 sq. in.
Average shear on web = 0°87 ton per sq. in.
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Beam h (Fig. 91).—

Reaction from beam f = 12'35) tons. L2001 2000 hoas.
Reaction from beam g = 7:655 ,, ” i ) i 2’
Total load at connection = 2001 ,,  #------ - 36 ------ -}'

Reactions of beam 2 = 2001 ,,
Max. B.M. due to loads (between loads) = 20°01 X 12
= 24012 ft.-tons
= 288144 in.-tons.

. . *4
Modulus of section required = 288; t = 41164

Minimum depth = 20 %12 = g2y 19 in.

23

A compound girder, composed of two 20" x 71" rolled joists, with
one 16" x 3" plate riveted on each flange, has a modulus of 460.

Weight per foot length of girder = 252 lbs.

Total weight of beam = 4'05 tons.
100 x 36 x 12
3
218°7 in.-tons.
288144 4 218°7
3100°14 in.-tons.

Modulus of section required = AT00T 4499

-

B.M. due to weight of beam =

Total max. B.M

nnn

. 405
Total reactions = 20°01 + ":f) = 22°035 tons.
Area of webs = 216 sq. in.
Average shear on webs = 1'02 tons per sq. in.

Pitch of rivets in flanges.
Number of rivets required per foot (see Example 13)

_ 12AYS |

== R (R = 38 tons for " rivets)

12 % (16 x §) X 1047 x 22035
1888 X 3
= 19 rivets Z" diar.

As the pitch should preferably not exceed 6 inches, a 6-inch pitch’
will be adopted.

Connections.—To avoid having too great a depth of floor the beams
must be fastened together by web connections. A suitable arrange-
ment is shown in Figs. 92 and 93.

The theoretical requirements for resisting the shear only have been
exceeded to add lateral stability to the connections. For example, at
the connections of the beams f to the girder 4, the theoretical number
of § in. rivets in double shear required through the web of beams f
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_ vertical shear
resistance of one rivet

12:855
=33 = (say) 4 for shear.
12:355

For bearing = = (say) 4

8 X 06 X 075

. Number of rivets required through the web of girder 4 in single
shear

= for shear 13-385 _, (say) 6

22
. 12:355
= for bearmg-s-m = (say) 5

Fia. 98.

Bearing on Walls.—The length of bearing on walls should not be
less than the depth of the beam, and s minimum length of 8 inches
should be allowe«g for beams of less than 8 inches in depth. Suppose
stone templates be used under the ends of all beams resting on walls,
and the safe-bearing pressure on such templates be 15 tons per square
foot. Dividing the reactions of the beams by 15 will give the bearing
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area required, and again dividing by the flange width the required
length of bearing is obtained. In each case of the present example,
the length of bearing required by such calculation will be less than the
depth of the beam, and therefore the bearing lengths will be made
cqual to the depths of the beams.

Angle runners are riveted to the girder 4 for supporting the ends
of the timber joists. .

Beams under the Action of Non-parallel Forces.—In the foregoing
discussion on the resistance of beams all the loading forces have been
acting parallel to one axis of the beam section, but cases frequently
arise in which the forces are not all parallel, and the distribution of the
stress on the section is then materially altered from that in the
previously considered beams.

Suppose a beam, the section of which is shown in Fig. 934, be
simply supported at the ends and be acted upon by two forces F and F,
acting in the directions
indicated. The force F
deflects the beam in a A
downward direction and
produces compressive stress /
In the material along the Z ¢/
top side AB and tensile %
stress along the lower side c ‘D ¢ D D
CD. Likewise the force (a) (b) Q‘{C)
F; deflects the beam side-
ways, causing compressive Fie. 934.
stress along the side AC and tensile stress along the side BD. At the
corner A both forces create compressive stress, whilst at the corner B
the forces induce stresses of opposite sign. The maximum compressive
stress will evidently occur at A and be the suru of the stresses induced
by the two forces. The stress at B will be the algebraic sum of the
compressive and tensile stresses caused by the different forces and may
be either compressive or tensile, depending on the comparative
magnitudes of F and F; and the resistances of the section about its
vertical and horizontal axes. Similarly the maximum tensile stress will
occur ut the corner 1), and the stress at C may be found by summing the
compressive and tensile stresses as at B.

ExaMrrE.—A greenheart beam 14" deep, 6" wide and 10 feet span
18 simply supporled at the ends and loaded with a vertical load of 10 cuts.
per foot run and also @ horizontal load of 3 cwts. per fool run. Find the
factor of safety if the witimate skin stress of yreenheart be assumed equal to
174 cwts. per square inch.

Referring to Fig. 934, the vertical load corresponds to the force
F and the horizontal load to the force F,.

The maximum bending moment produced by ¥

_ 10 cwts. x 10 x 120 in.
8

F
2

)
7

2
The modulus of section resisting this bending = -(-;—-)-(6 142
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Therefore the maximum skin stress produced by F
~ 10 X 10 x 120, 6

8 6 x 142

By the same method of calculation the maximum skin stress pro-

3 x 10 X 120 6
duced by F, = 3 14';( 5=

The maximum stresses produced by the combined forces are :—
compressive at A = + 76 + 53 = + 12'9 cwts. per sq. in.

= t 7'6 cwts. per sq. in.

+ 53 cwts. per sq. in.

tensileat D = — 76 — 53 = — 1229 »
Factor of safety = il:% =135
The stress at B = 4 7'6 cwts. per sq. in. induced by F
”'__.f.’_'% ” ”» ”» Fl
23, ’ " Fand Fl
The stress at C = — 23 cwts. per sq. in.

The maximum shearing stresses at the ends of the beam are the
resultants of the stresses produced by the loadsseparately. The average
shearing stress at the ends in the foregoing example

_ V10243210« ~—-—1—,-
2 X

= 062 cwt. per sq. in.

The reactions at the ends of the beam have horizontal components

3 ewts. ¥ 10 . ..
= ———— =15 cwts., and provision must be made for these re-

)

actions in securing the ends against lateral displacement.

Where considerable horizontal loading of a beam occurs, as in the
above example, the necessary width of the beam should be determined
in a similar manner as for the depth, as explained on page 116.

The loading forces on beams may be inclined to the principal axes
of the section, as in the case of the dead load on the roof purlins in
Example 35 ; but such forces can be resolved into components normal to
the principal axes of the section and the components treated as separate
loads corresponding to the loads in the foregoing example.

Combined Benffing and Direct Stresses.—The weight of individual
members of framed structures, or loads imposed on such members
between the panel points, may produce considerable bending stresses in
the material in adé)i(;ion to the stresses resulting from the panel point
loading. With perfectly desizned connections the direct stresses arising
from the frame loacing are distributed equally over the cross section of
the member, but any bending stresses there may be will vary in
intensity and sign about the neutral axis of the section. Combining
the direct and bending stresses will result in producing a maximum
intensity of stress greater than the direct stress alone. The distribution
of stress on any cross section can be obtained by calculating separately
the bending and direct stresses and summing them algebraically.

The effect of secondary bending in compression members will be
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more fully treated in a subsequent chapter. In tension members
secondary bending stresses often restrict the length of such members,
and in some cases make it advisable to introduce redundant members to
reduce the effect of the bending action. (See example of roof principal,
page 335, in which such a member is employed from the ridge to the
middle tie.) : )

Improperly designed end connections are often a source of bending
in members that otherwise would be free from bending. For the stress
to be equally distributed over the cross section of a member of a frame,
the rivets in the end connections must be distributed symmetrically
about the line through the centre of gravity of the section.

F16. 938.

In Fig. 938 (a) the tension member T is connected to other
members of the frame by means of rivets and a junction plate C. The
calculated number of rivets required is, say, five. 1f disposed as in (a)
their combined resultant line of action falls to the right of the centre
line of the member and will produce a downward bending action and
resulting bending stresses in the member. The bending moment
produced is equal to the total force on the member as found from the
frame calculations multiplied by the eccentricity of the line of action of
the rivets from the centre line of the member. The bending stresses
can then be obtained as in previous beam examples, and the maximum
stress on the member derived by summing the direct and bending
stresses. If the rivets be redistributed as in (&) there will be no bend-
ing on the member, which will then have only the direct frame force to
resist.

Machine frames, crane hooks, etc., in which the member itself is not
straight throughout its length, are other examples in which secondary
bending stresses play an important part, and must be taken into con-
sideration when (fesiguing such structures.



CHAPTER V.

COLUMNS AND STRUTS.

STRUCTURAL members which are exposed to compressive stress in the
direction of their length are classed generally as columns or struts,
the term column, pillar, or stanchion being more usually applied to the
main uprights of framed buildings, whilst compression members of
girders and trusses are referred to as struts. The practical design of
compression members, especially those in which the length is great
compared with the cross-sectional dimensions, is relatively a more
difficult problem than is the case with the majority of structural
members, since theory does not furnish so reliable a guide and con-
siderable judgment and experience are very essential.

The mathematical theory regarding the strength of columns has
been ably and thoroughly developed by numerous investigators. It is
based, however, on various assumptions which are never realized in
practice, and the absence of one or more of these assumptions
materially affects the capability of resistance of the column. The
asslsumptions made in regard to the ideal or theoretical column are as
follow :—

1. Perfect straightness of the physical axis.

2. The load is considered as & purely compressive stress acting along
the axis of the column, or, in other words, centrally applied.

3. Uniformity of cross-section.

4. Uniform modulus of elasticity of the material of which the
column is constructed, throughout the whole length of the column and
over every part of any cross-section.

It is sufficiently difficult sensibly to realize these conditions in a
carefully prepared and mounted test column, whilst it is certain that
all practical columns and struts fail to comply with at least one and
usually more than one of these conditions. Considerable discrepancy,
therefore, exists between the theoretical strength of a column as
deduced from mathematical considerations and the practical strength
obtained by methods of testing, or from the observation of columns
which have failed in situ. It is important, however, to bear in mind
the above conditions, since the degree in which they are realized in any
particular column furnishes a valuable aid to judgment in deciding to
what extent the mathematical theory may be relied on.

The material employed and method of manufacture largely influence
the degree in which a practical column will tend to realize the above
conditions. No material, however carefully manufactured, is perfectly

136
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uniform in structure and elasticity, although a very high degree of
uniformity is realized by modern methods of manufacture in the case
of mild steel, and too much emphasis has frequently been laid upon
the variable nature of the material in accounting for the discrepancies
between theory and practice. In the case of wrought iron and mild
steel the effect of cold straightening is to locally strain the material
beyond the limit of elasticity, with the result that the stiffness of the
fibres overstrained in tension is considerably lowered as regards resist-
ance to compressive stress, and the fibres overstrained in compression
are affected similarly as regards their resistance to tensile stress. Per-
manent internal tensile and compressive stresses are thus set up in the
material, the effect of which is by no means insignificant. Conclusions
regarding the resistance of columns, deduced from experimental tests,
may further be materially affected by the previous history of the
material.  The following instances of the influence of history of
material have been given by the late Sir B. Baker in the case of
experiments carried out on solid mild steel columns, thirty diameters
in length, showing that the resistance varied according to previous
treatment, as follows :—

Tons per 8q. in.
Annealed . . . . . . . . . . 145
Previously stretched 10 per cent. . . 126
»  compressed 8 ’ .o.221
»” ” 9 » .. 289
Straightenedcold . . . . . . . 118

The general adoption of machine riveting in the case of built-up
members is another frequent cause of local initial stress, as well as of
initial curvature. The effect of riveting up an assemblage of plates
and bar sections is to cause the various bars to stretch and creep past
each other in different degrees. This is most marked where light and
heavy sections are adjacent to each other, the lighter sections being
more severely stretched during riveting than the heavy. In symmetrical
sections, the camber caused by riveting down one side of a long member
will be sensibly neutralized by riveting along the opposite side, so that
the finished member may be apparently straight, but the ultimate effect
will be the creation of initial local stress in the material. In the case
of unsymmetrical sections, permanen’ curvature or waviness in the
direction of length with unavoidable occasional twisting results from
the process of riveting, and these effects are difficult to minimize,
however carefully the work may be executed. Columns of cast iron or
cast steel are not subject to defects caused by riveting, but are influenced
by the usual hidden defects inherent to all castings, as well as by initial
stresses set up by unequal contraction. Hollow cast columns are espe-
cially liable to irregularity of cross-section due to the core gettin
slightly out of centre during casting, which defect will be more marke
if the column be cast in a horizontal or inclined position.

In Fig. 94, let AB represent a hollow circular column having
irregular horizontal cross-sections as indicated. The geomefrical axis
is the straight line AB, which, in the absence of defects of material
and irregularity of cross-section, would be assumed to be the true or

r?
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physical axis of the column. In such a case the line of application AB
of the load would coincide everywhere with the physical axis of the
column, and the resulting stress on every cross-
AP gection would be purely compressive, with no
o tendency to bend the column. Further, if the
physical axis of a long column were a perfectly
straight line, it would be possible to api)ly a
steadily increasing central load until the column
failed by direct crushing of the material. In
Fig. 94 the centres of gravity of the irregular
cross-sections occur at the points a, b, ¢, ete., and
these being transferred to their corresponding
positions &', ¥', ¢, on the clevation, the physical
axis of the column becomes the curved line
Ad b'¢ . .. B. This alteration in outline of the
physical axis is due only to the considered defects
of cross-section, but it will be borne in mind that
non-uniformity of elasticity of the material and
initial camber may still further modify the posi-
tions of points ', ¥, ¢, etc. The above defects
are, in any practical column, quite unknown
quantities, so that it is impossible to state with
accuracy to what extent the physical axis does or
does not coincide with the geometrical axis.
The resulting effect of this deviation of the
I1. 94. physical axis from the geometrical axis is that at
cross-section No. 1 there is acting a direct com-
pression = P, and also a bending moment = P x @'l. At cross-section
No. 2, a direct compression = P and a B.M. = P x 2, and so on. It
is the presence of this bending moment which determines the tendency
of the practical column to yield towards one side or the other, depending
on the outline of the physical axis. The points @, b, ¢, etc., may be
termed the centres of resistance of the various sections, being understood
to represent the points through which the resultant compression should
act in order to create uniform intensity of compression over the whole
cross-section, after making allowance for defects of form of cross-section
and variable elasticity of material. It follows that simple compression
on every cross-section of a column might only be ensured if the line of
action of the load coincided with the physical axis. Since, however,
the line of action of the load is a straight line and the physical axis
a curved or wavy line, it is practically impossible for any column not
to be subject to more or less bending moment at several sections
throughout its length.

Method of Application of Load.—In practice, relatively few
columns have the load centrally applied. In Fig. 95, A, a girder
carrying similar loads over two adjacent equal spans will impose a
resultant central load on the column. At (}3, two unequally {)oaded
girders connected to opposite sides of the same column will impose a
resultant load on the column, the line of action of which may be con-
giderably out of coincidence with the axis of the column. At C, the
load on a girder attached to one face of the column will impose a still
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more eccentric load. This may be modified, as at D, by employing
two girders, G, G, instead of one, and carrying them on brackets
placed centrally on opposite faces of the column. This arrangement,
although more satisfactory theorctically, is often inconvenient in

| l 1 ﬁL{ ;E GLILG

A B C
W/ 7//%//5%//7/ TN A
Fic. 95.

practice, since it multiplies and complicates the connections, and inter-
feres with the arrangement of other members meeting on the same
column. In the case of compound columns built up of two or three
girder sections with tie-plates or lattice bracing as at E, the line of
application of the load becomes more difficult to define. Such columns
generally carry vertical loads W, W,, and W, due respectively to roof
weight and the loads haundled by travelling cranes, whilst they are
further subject to bending moment caused by the horizontal wind
pressure P acting on the roof slope. The manner in which the
resultant load is shared by the three columus at any horizontal sec-
tion ss, will depend largely on the strength ana rigidity of the bracing.

A further small amount of additional bending moment is caused by
the deflection of the column itself. In Fig. 96, the straight line AB
represents the original axis of the
column before the imposition of the
load. If a load P be applied at a
small eccentricity e, the resulting B.M.
will be P x e, which will cause a
small deflection of the column indi-
cated by d. The ultimate B.M. at
the central section of the column,
after it has reached a state of equi-
librium, will then be P x (¢ + d). In
most practical cases, the deflection
being very small, the additional
moment P X d, due to that deflection,
maX be neglected. The jibs of cranes
and long horizontal or inclined struts in large bridge girders are
subject to additional deflection caused by their own weight, which still
further increases the B.M. upon them. Thus in Fig. 97 the straight
line AB represents the axis of a crane jib when in an unstrained
condition. An appreciable amount of sag will be caused by the dead

Fic. 97.
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weight of the jib, due to its inclined position, which will cause it to
assume some curved outline, as shown by the full line curve. When
lifting a weight W, the pressure on the jib due to the tensions W, W,
in the chain will augment the deflection, so that the axis of the jib
takes up some new position indicated by the dotted curve. A similar
action takes place in all horizontal and inclined structural members
subject to end thrust.

From the above remarks it will be apparent that the manner in
which the compressive load affects & column or strut is more complex
than is usually the case with tension members, and cannot be dismissed
by the assumption of a simple compressive stress acting at every
cross-section.

Methods of supporting or flxing the Ends of Columns.—Whilst
the above remarks apply to any column irrespective of the way in
which its ends are supported, the manner of support or attachment of
the ends of a column to adjacent members of a structure, greatly
influences the load that the column will safely carry. Four well-
defined methods of end support are easily recognized. These are
indicated diagrammatically in Fig. 98.

The column at A is said to be hinged or pin-ended, and under the
load deflects in asingle curve. B illustrates a fixed-ended column which
under the load is constrained to deflect in a
treble curve with points of contra-flexure at
P and Q. In column C the lower end is
fixed and the upper end hinged or rounded,
the deflection causing a double curvature
with one point of contra-flexure at P. In
cases A, B, and C the upper end of the
column i8 supposed to be situated vertically
over the lower end, and to be incapable of
lateral movement, so that on deflection the
upper end becomes slightly depressed along
the vertical line. Fig. 98, D, represents a
column fixed at the lower end, but free to
move laterally at the upper end when de-
flection under the load takes place. Such a
column will obviously bend in a single curve, and its behaviour will be
sensibly similar to one-half of the round-ended column at A, as may
be indicated by drawing in a similarly deflected lower half shown by
the dotted line.

In practice, so-called round-ended columns are constructed by
forming the ends to fit on round bearing pins or in hollow curved
sockets. Examples of these occur in crane jibs and in the struts of
pin-connected girders—a type very frequently adopted in American

ractice. With regard to “ pin-ended” columns, Mr. J. M. Moncrieff,

. Inst. C.E., remarks, *It is quite useless to theorise with the view
of showing their superiority to round or pivot ends, owing to the fact
that their behaviour under load, even in a testing machine, depends
very largely on the closeness of the fit between pin and hole, upon the
smoothness or otherwise of the bearing surfaces, upon the diameter of
the pin in relation to the radius of gyration (of the column section),
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and upon the presence, either accidental or premeditated, of a lubri-
cating medium.”’

In actual practice, a truly fixed-ended column seldom, if ever,
exists, Fixity of ends implies that the ends are so firmly held that, on
bending, the portions EP and FQ of the column in Fig. 98, B, remain
strictly tangent to the straight line EF. This is only possible where
the head and foot of the column are so rigidly held, or attached to-
adjoining portions of a structure, as to be absolutely immovable laterally
—a condition difficult to realize in experiments with a testing machine,
and still more difficult of realization in practical structures. The
nearest approach to a fixed-ended column in practice is probably
exemplified in the case of the lowermost portion of a heavy column in
a framed building. The foot i3 secured to a heavy foundation block
of concrete sunk a considerable distance into the carth, and the head
secured to relatively heavy and rigid girders supporting the first floor
of the building. Even this, however, is not a truly fixed-ended
column, since the girders, no matter how rigid they may be, must
deflect to some extent under their load, and so permit of slight move-
ment of the head of the column, whilst the whole building is subject
to lateral movement due to wind pressure. The appearance of a
column, either on a working drawing or in sifu frequently gives a very
false impression of its fixity. It is a commonly claimed advantage for
riveted connections in structural work that the compression members
are constrained to act as fixed-ended columns. This is in many cases
a quite erroneous assumption, since the degree of approximation to fixity
of ends depends entircly upon the relative stiffness of the column and
the other members of the structure attached to it, and the estimation
of this degree of fixity demands very careful consideration on the part
of the designer. The following two cases cited by Mr. Moncrieff are
instructive and suggestive. In Fig. 99, assumé a series of stiff gantry
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girders 2 ft. deep by 10 ft. span, riveted securely to the heads of
columns 30 ft. high, firmly braced together to preserve their verticality.
Assume also that the foundation blocks on which the columns rest are
very rigid, that the columns have large well-bolted bases, and that the
ratio of length to radius of gyration of these columnms is very large,
and the columns, therefore, slender in proportion. Then the impo-
sition of load on any span will cause deflection in the girder, and the
ends of the girder will deviate from the vertical to a slight degree, but
the relative stiffness of the girders themselves, as compared with the

! Transactions Am. Soc, C.E., vol. xlv. p. 858,
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column, being high, the approximation to ideal fixity of ends would,
practically speaking, be of a high degree.

In Fig. 100, let the columns be spaced at 80 ft. centres, retaining
the same depth of girder, 2 ft., and merely increasing the girder
gsections to obtain the same value of working unit stress, while
increasing the radius of gyration of the columns to provide much
greater stiffness of column. Under these conditions the deflection of
the girder under load, and consequently the slope of the ends of the
girders where they are securely riveted to the column heads, would be
increased largely, and the columns would be subjected to heavy bending
stresses in addition to their direct load. These columns would be
much less heavily stressed if they had pin-joint connections to the
girders, and the apparent fixity of end given by a secure riveted
connection would actually be accompanied by severely prejudicial
secondary stresses.

A distinction requires to be drawn between * fizxed-ended” and
“ flat-ended "’ columnns. The assumption has generally been made that
these two types of columns act in an
identical manner, and formule giving the
permissible loads for both in one expres-
sion are frequently quoted. This is quite
erroneous, both theoretically and from
the evidence of practical tests. In the
case of a column with flat ends, that is,
in which the ends are merely kept in
contact with their bearing surfaces by
pressure, no tensile stress can be developed
at the ends, whilst with fixed ends a con-
siderable amount of tension may be
safely resisted. The two cases are illus-
trated in Fig. 101.

Fig. 101, A, represents a flat-ended
colomn in a deflected condition, such
that compressive stresses are set up at the
three sections, 1-1, 2-2, 3-8, of inten-
sities shown diagrammatically by the
shaded areas. So long as the stress on
the two end sections is entirely compres-
sive, the ends of the column will remain
in close contact with the bearing surfaces
apglying the load, and the column will
behave in exactly the same manner as a
fixed-ended column of similar dimensions.
In such a case any bolts or other fastenings employed with a view to
fixing the ends of the column will be quite inoperative. Fig. 101, B,
represents a fixed-ended column such that compressive stresses of intensity
ab are set up on the left-hand side of sections 1-1 and 3-3, and the riyht-
hand side of section 2-2, and tensile stresses of intensity cd on the right-
hand side of sections 1-1 and 3-3, and on the left-hand side of section
2-2. In this case the tension cd at section 2-2 will be resisted by the
material of the column, whilst the tensile stresses c¢d at sections 1-1

Fic. 101.
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and 3-3 will have to be resisted by the bolts or rivets which conuect
the column with neighbouring parts of the structure. If the con-
necting bolts on the right-hand side of sections 1-1 and 3-3 of
column B were cut through so as to transform the column into a flat-
ended column whilst under load, the deflection would immediately
increase and the column alter its curvature, as indicated by the dotted
lines. Any increase of the load in column A would attempt to set up a
state of stress similar to that in column B, but column A being flat-ended,
and therefore incapable of resisting tension at its ends, would deflect
or spring further towards the left hand in a similar manner to the
supposed case of column B with its end connections severed. A
flat-ended column, although apparently as strong as a fixed-ended
column, may actually be on the verge of failure by excessive deflec-
tion, if the load be of such a nature as to set np incipient tension
along one edge of the bearing surfaces. This point is clearly
evidenced by the results of tests of flat-ended columns made by Mr.
Christie.

In actual structures it is not customary to employ purely flat-ended
columns, bolts or rivets being invariably inserted to make connections
with the foundation and upper members of the structure. These,
however, are often employed more with a view to convenience in erec-
tion and to prevent lateral movement of the column, than to specifically
resist tensile stresses which, under certain conditions of loading, may
become very severe. It is important, therefore, in designing columns
on the assumption of fixed ends, to ensure the bolted or riveted con-
nections being sufficiently strong or numerous to resist the above-
mentioned tensile stress. Fig. 98, D, represents a type of column
which most commonly occurs in connection with roof designs.

Fig. 102, A, illustrates the case of a detached roof carried by
columns fixed to a substantial foundation at F, F. The columns carry
a vertical load, W, due
to the weight of the
roof, whilst their upper > T
ends are subject to ap- ! '

1 |

preciable horizontal

movement due to the A
wind pressure P. Fig.
102, B, is another ex- I
ample of this type of
column, supporting an Lﬁr r[‘i‘]
“umbrella” or island Fro. 102.

platform roof. In both

cases the columns deflect in a single curve.

From the preceding remarks it will be apparent that no column
in actual practice is ever subject to a uniform compressive stress per
square inch, since the bending action in combination with the direct
loading results in increasing the intensity of compression on the con-
cave or hollow side of the column and in decreasing the intensity of
compression on the convex side. Further, in cases where the bending
moment is large compared with the direct compression, the stress on
the convex side may be tensile instead of compressive. The maximum
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stress per square inch on the section of a column under given condi-
tions of loading may only be arrived at by a calculation of the bending
moment a8 well as the direct compression per square inch. Most of
the column formula in general use aim at giving the safe uniform com-
pression per square inch for columns of given dimensions and material.
‘Whilst this is the most convenient form in which to use such formule,
it should be remembered that the maximum stress on the material of
the column is usually considerably in excess of the uniform or average
stress exhibited by the formulse. Consideration will now be given to
some of the many formulz in common use.

Radius of @yration.—Before proceeding to these, it is necessary
to comprehend what is implied by the term Radius of Gyration of a
column section. If, for any column section, the moment of inertia
about any axis be divided by the sectional area, the square root of the
resulting quotient gives the radius of gyration about that axis. Or, if

I = moment of inertia A = sectional area
and r = radius of gyration r= \/ 1{

As an example consider the two sections shown in Fig. 103, A and
B. A isa girder section of 30 sq. in. area. Section B is a box-section
having the same over-all dimensions and also the same sectional area.

For section A, moment of inertia about axis Y —Y =167-5 in. units.

i ¢ s . —_ I(T?? .
Sectional area = 30 8q. in. .7 = 50 = 236 in.
For section B, moment of inertia about axis Y —Y =272'5 in. units.
2725
30

Whilst possessing the same sectional areas, section B has a decidedly
larger radius of gyration than section A. The increase in the radius

Sectional area = 30 sq. in. .. 7 = = 301 in.

S -....., of gyration of section B is evi-
r \_? . ’: _:‘ ¢ | dentl.y;' caused by the altered dis-
= p— T tribution of the web section, since

| o i, the flange section is the same for
A i B T both A and B. The radius of
x——{f — —— -4l ... ]l x gyration is thus seen to be de-
i 5 ; pendent on the shape of section or
i i o gisignl;gblo(;] e(;ft ) mat,en%z abq{llt tltl)g

' : ion. wi
— J-x L T obvious merely from an inspec-

Fic. 103, tion of the two sections that B
. would form a stiffer column than
A, provided equal lengths were taken, and it may be stated generally
that the radius of gyration of a section affords a relative measure of
its stiffness to resist a bending or “buckling” action such as occurs
in columns. In order to form an estimate of the actual stiffness of
a column, the length as well as the radius of gyration of the cross-
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section must be taken into account. Thus, if a column of section
B be twice the length of a column of section A, the former will be
less capable of supporting a given load than the latter, notwith-
standing its greater radius of gyration. In other words, the greater
length of column B rendering it more slender than column A, will
more than neutralize the advantage it possesses by reason of its
greater radius of gyration. If the length of a column be divided by

. . . . . .1
the radius of gyration of its cross-section, the resulting ratio 7 may be

regarded as a measure of its slendsrness. Thus, if a column of section A
be 15 ft. long, and one of section B be 30 ft. long, then

I _ 15%x12"
f lumn A S = =176
or column A, - 336 7
l_80x12 _
and for column B, e 119,

or column B is considerably more slender than A, and consequently
less capable of carrying so great a load. It will be seen presently that

the ratio ; constitutes an important term in all formule which aim at

giving the safe or breaking loads for columns.

In the above example the radii of gyration were calculated about
the axis Y-Y. They may also be calculated about the axis X-X, or, if
desired, about any other axis passing through the section. Considering
the axis X-X of section A, the distribution of material is plainly
different from that with regard to Y-Y. The moments of inertia
about X-X and Y-Y will therefore have different values, and since the
sectional area remains the same whatever axis be considered, the radius
of gyration will necessarily vary with the moment of inertia. Thus

Moment of inertia of section A about X —X = 690 in. units.
Sectional area = 30 s8q. in. .. r about X~-X = (—;?09 =48 in.

The previously calculated radius of gyration about Y-Y was 2-36",
and the significance of the two figures is that a column of section A is a
little more than four times as stiff to resist bending about the axis X-X
(or in the plane Y-Y), than about the axis Y-Y (or in the plane X-X).
If a column is equally free to spring or buckle towards one side or
another, it will naturally yield in that direction in which it is least stiff,
or, in other words, it will bend in the plane at right angles to the axis
about which its radius of gyration is least. Thus, columns A and B
would both more readily bend in the plans XX than in the plane YY,
since both have a smalfer radius of gyration about the azis Y-Y than
about X-X. The least value of the radius of gyration for any given
section is commonly referred to as the Least Radius simply. In many
column sections the axis about which the radius of gyration is least is
easily recognized at sight. Such sections as a circle, hollow circle,
square, etc., have the same radius of gyration about any axis passing
through the centre. In some built-up sections, notably box sections,
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as in Types 8 and 9, the radius of gyration may differ appreciably about
the axes X-X and Y-Y, and it is advisable to calculate both rather than
hastily assume the axis of least radius from inspection only. It will be
obvious that the most economical forms of colamn sections, so far as
load-bearing capacity is concerned, will be those having equal, or prac-
tically equal, radii of gyration about both principal axes. A built-up
section may generally be arranged to give this result, although practical
considerations, with regard to convenience of connections, sometimes
preclude the employment of such sections. The radii of gyration of
the elementary rolled sections will be found given in the list of Proper-
ties of British Standard Sections, as well as in most firms’ section books.
It should be noticed that equal angle sections have the least radius
about an axis X-X (Fig. 104) passing through the centre of gravity of
the cross-section, and that they will consequently bend most readily
cornerwise, or in the plane Y-Y.

The radius of gyration of compound or built-up sections is readily
calculated from the given properties of the elementary sections of which
they are composed.

ExAMPLE 19.—T0 calculate the radii of gyration of the section in
Fig. 105, about the ares X=X and Y-Y .

1. About X-X. Obtain from the section book the following

-|

<
R
X

Fia. 104.

properties for a 10" x 6" x 42 lbs. joist. Sectional area = 12-4 sq.

in. Moment of inertia about X-X = 212. Then

Mt. of inertia of two joists about X-X = 212 x 2 = 424
» ” two plates ,, ,, = {5 X 14(11° = 10°) = 386

Total I of section about X-X =810
Total sectional area = 2 X 14 X 4 4+ 2 x 124 = 38'8 sq.-in.
810
andrabont.X—X=\/§-878
2. About Y-Y. From section book,
Mt. of inertia of one joist about y—y = 22-9
Sy s one o Y-Y =229+ 124 x (83)* = 174'8
” » twojoists ,, ,, =1748 X2 = 349G
” s twoplates ,, | =& x1x 14 =2286

Total T about Y-Y = 578-2

5782 .
and 7 about Y-Y = '{,‘u—u = 386 in.

= 457 in.



The least radius is therefore about Y-Y and = 886 in.
the 7 in. spacing between the joists might be increased in order to make
the radius of gyration about Y-Y equal to that about X-X. The
necessary spacing to effect this will be readily found after one or two

trials.

The following tables give the sectional area and least radius of
gyration for the most useful types of built-up columns, the figures

COLUMNS AND STRUTS

applying in every case to new British Standard Sections.

Type 1.—One joist with two or four plates.

Two plates Four plates.
Size of
Size of joist. lates.
pla Seit;l::nl r YY Seﬁ:g'ml r YY.
in. in. T
9 X 7 x 50 1bs. 10 X & 2471 2:24 34-71 244
10X 8 X585 ,, 12 x 28-18 2:66 4018 2:92
12x 8 x 65 ,, 12 x 3112 2:59 4312 2:86
14x8x%x70 14 % § 3809 3:04 5559 3-39
16 X 6 X 50 ,, 12 x & 26:71 2:50 8871 2-83
18 x 8 X 80 ,, 14 % § 41-03 2:94 58-53 331
Type 2.—Two joists with two or four plates.
‘ Two plates.  Fonr plates.
Joista. D. Plates. . -
Area. |1, YY. . Area. r, YY.
m., T . B T
10 X 6 X 40 lbs. 14 X 8754 | 886 | 51:54 | 891
12x5 x30 ,, 6 12 x 2965 | 329 | 4165 | 334
14 x 54 x 40 ,, 7 14 x4 |8753| 882 | 5153 | 888
16 x6 x50 ,, 8% 16 x 4 | 4541 | 449 | 61-41| 4'53
18x8 x80 ,, 104 20 x 4 |67°05| 560 | 87-05 | 564
20 x 63 x 65 ,, 8% 16 x 4 |5424 4:50 | 70-24 | 4°63

Type 3.—Two joists with tie-plates or lattice bracing.

Joists.

b. Area. 7 YY.
in.
7 27-54 375
6 17'65 816
7 23-58 3:68
8 29:41 443
1 4705 552
8 38-24 4:45

If desired

Y

AL

Y
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Type 4~Three joists.

Two joists. : One jolst. \ Area. r YY.
v S — B
15><6 X 45 1bs,, 15><6><45 lbs. | 39-71 508
16X6 X50 ,, | 16X6x50 , | 4412 584
18x6 x55, |16X8XT75, | 5443 567
] 18x8 x80 ,, |16X8x75, | 6912 619
v 22x7 xT75, | 18x8x80, ' 6765 711
24%XT4x90 ,, ' 22xTXT5, | T499 811
Type 5.—Three joists.
Two joists. One joist 1 Area. r, YY. r, XX.
v i, -
6 5% 25 Ibs. | 185 x 32 lbs. l 9500 | — | 315
8x6x85 ,, | 15xX6 xd45 , | 3384896 —
X % 9XTX50 , | 16x6 x50 , | 4413 | 398 | —
9xTx50 ,, | 18x8 X80 | » | 5295 | — | 4-66
10x6x40 ,, | 20X6x65 ,, | 4266 | — | 504
3 12%8%65 . | 24x7¢«90 w641 t — \ 625
! |
Type 6.—One joist with two channels.
Channels. Joist. | Area, i 7YY
i I
Y S O — -
in. | in. . l |
12X 34 %2525 1bs. | 15X 6 X 45 lbs. | 2809 | 344
15%4 x86:37 ,, | 16X6 x50 ,, | 36:10 | 4-47
17x4 X44'34 , | 16X8 XT5 ,, | 4815 | 480
17x4 x44'34 ,, | 18X6 x55 ,, ! 4226 | 502
7 15x4 x36:87 ,. | 13x8 x80 ,, | 4492 | 413
Y 15x4 x36:37 , | 20X6§x65 , | 4051 | 425
Type 7.—Two channels with lattice bracing.
Channels, i Area I 7, YY.
o i’n’.w o ‘ in. ST
Tx8 x14221bs. | 3} 836 | 277
8x3 x1596 , | 3% 989 | 273
10x33x24:46 ,, | 44 1489 | 837
12X 84 %2923 ,, 634 1719 ‘[ 427
15x4° %8637 ,, 7 21-39 486
17x4 x44-34 9 2608 | 577
f
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Type 8.—~Two channels with two or four plates. Channel box-

section.

Channels.

in.

7x38
8x3
9x 3%
10x 34
12 x 34L
15x 4
17x4

Angles.

Plates.

in.
10x %
10x &
12x 4
12x 4
14><i
164
18x 4

] i
Web plates.

! in,
} 20x &

20 4
22 X
22 X
24 x 8
24 % §

Angles,

in.
33x8 X3
4 X8 X3
5 X8 x4
6 x4 X%
7 X3 X}
8 x4 x}§

i
i

?

Two

Area.

18-36
19-39
25'10
26 39
28-85
37-39
4408

D, |

|

Area.

12-00
13-09
1500
19°00
2468
2843

plates.

rnYY.

2-83
2:81
344
341
413
475
554

Type 9.—Built-up hox section.

Klange
plates.

in.
14x3
16x %
18x 4
18x 3
21 x 3
24X}

Four plates.

Areca.

28-36
29-39
3710
88-39
42-85
58-89
62-08

Area,

47-00
49-00
5500
6500
79-69
8344

7, YY.

2:85
2-84
8-45
343
4-10
471
545

7-11

Type 10.—Four angles back to back with lacing.

Type 11.—Lattice-box section.

side.

Angles.

in.

3 x3 x}
3§ X8y x3
4 x4 X3
5 %5 x4
6 x6 x}

24 % 24 X} i
1
|

6-93
844
18-00
15°00
19:00
2843

r, YY.

1-68
2-:00
2:68
292
8-63
4-09

L
<f ——o

Four angles with lacing on each

332

595
772
8:49
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Type 12— Gray ” column. KEight angles with tie-plates.

Angles. ‘ D l Area. 7 YY.
Y
in in.

"‘D-;ﬂr“*‘ 8 x2x 12 2000 3:66
I% % 84 X 24 x 14 29:00 423
N 4 x8 X 16 26:00 4
i 4 x4 xz 16 30-00 504

5 x5 X 20 3800 633
Y 6 x6 x§ | 20 5687 625

Type 13.—Broad-flanged beams used alone or with one plate on
each flange.

! With two plates.

Size of beam. Area. ‘lr, YY. -
) Plates. | Area. |7, YY.
Y b 7 R
in. ‘. 1in,
8} X 8} x 461bs. 1847 2110 | 9x4 | 2247 | 281
10} x10f x 64 ,, | 1869 | 260 12xg 3069 | 2:97
113§x1143x 81 ,, | 2387 | 8:01 | 14x § | 41:37 | 848
144 x11}3x101 » | 2968 296 | 16x 7 ! 5368 | 379
Y 1435 x 1144 <102 ,, | 30'11 294 | 18X} ‘ 57'11 | 4:16
15§ x114§x110 ,, | 8282  2:95 | 18§ | 5932 | 412
133 x 1133 x 122 ,, | 3587 ' 291 | 18x | 67:37 | 414
1984 x 1133 x185 ,, 3958 2:87 | 18x1 7558 | 414

~+ Type 14.—8olid circular section of diameter D.
D

D
Y r=1

Type 15.—Hollow circular section..

External diameter = D.
Internal ’ = d.

r=4JDr ¥ 2

. Type 16.—Solid rectangular or square section.

3
Yi\‘\g\\\ \'Emv r = 0-289D.

Euler's Formula. —Assuming the conditions for an ideal round-
ended column as enumerated at the commencement of this chapter,
the following formula may be established by mathematical reasoning.

If P =ultimate or crippling load in tons; E = Modulus of
elasticity of the material in tonms per square inch; I = length of
column in inches between centres of end bearings; and I = moment
of inertia of cross-section in inch units,
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_ =EI _ 9'87EI

I3 4

_ Substituting Ar* for I, where A = sectional area of column in square
inches and r = lcast radius of gyration in inches,

p = 98784
()

Lol . . .
The ratio 7» Dreviously noted, occurs in the denominator, and

. l
consequently the ultimate load P becomes smaller as 5 Or the slender-

ness of the column, increases. For any given material the value of B
is sensibly constant, and the formula may be written

A

P = constant X —=—,
G)

This formula forms the basis of most of the ‘ practical” formulz
intended to give the ultimate load on columns. Being based on the
assumption of an ideal column, it is not of much practical value, the
ultimate load as given by it representing the extreme outside limit of
load which a theoretically perfect column might withstand. By divid-
ing the ultimate load P by any desired factor of safety, as 3, 4, 5, ete.,
the corresponding safe load would be obtained. It is, further, more
convenient to express the safe load for a column in tons or pounds per

square_inch of sectional area, so that including the factor of safety
and dividing P by the sectional area A, Euler's formula becomes

=P = ﬁy, where p = rafe load in tons per square inch and
: (!
;

F = factor of safety. Taking E as 13,400 tons per square inch for mild
steel and a factor of safety I' = 4, the formula reduces to

_ s3000 = (L}

It will be noticed that for low values of ;l, the formula would give

L !
abnormally high values for p. Thus for a column for which ;= 8y

40, p would = 20°6 tons per square inch, which is of course quite outside
the practical range of load, since the elastic limit of the material would
be exceeded. The formula may therefore only be used practically up to

that value of ,-{ for which the safe working load p does not exceed the

safe crushing resistance of the material. If 63 tons per square inch be
fixed as the highest permissible value for p for mild steel columns, the
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corresponding value of ; is 70. The formula ceases then to have any
practical significance for columns in which the ratio of lengzth to least
radius of gyration is less than 70. If increasing values of ; beyond 70
be inserted and the corresponding values of p be worked out, the results
may be conveniently shown as in Fig. 106, by plotting values of ;{

7 I

NN \

”

y \\
g‘ s N Z,
9., N I P
N ‘
3
Q No
< &
S, &\
\\ N
y doz|
J) \\g—\‘
®c 20 40 60 80 wo 2o o | 160 180 200 220 240 260
RATIO £
>
Fia. 106.

horizontally and the corresponding values of p vertically. The result-
ing carve is marked No. 1.

Rankine’s Formula may be taken as typical of a large class of
¢ practical ” formul, many of which are based on the results of actual
tests of columns. It may be expressed as

S
2
1 + constant X ([-)
T

p=

where p = safe load in tons per square inch, f = crushing resistance in
tons per square inch divided by the factor of safety, ! and » being as
before. The constant in the denominator is variously modified accord-
ing to the conditions of end support. In this type of formula the safe
compression f tons per square inch which may be put on a very short
column is gradually reduced to p tons per square inch for longer

columns as the rat,io; increases. Assuming 27 tons per square inch as

the ultimate crushing resistance of very short columns of mild steel, and
adopting a factor of safety of 4 as before, the formula becomes

- 6:75
)
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a5 being the value of the constant for round-ended columns of mild
steel. The resulting values of p obtained from this formula are shown
by curve No. 2 in Fig. 106. The formule of Gordon, Claudel, Ritter,
and Christie belong to this class.

Straight-line Formul®.—These are a class of formulz which have
been devised to give approximate results to those above wentioned.

They include the first power instead of the square of the terin ; As
an example of these, the following may be taken

p= 62(1 - 0-004759

where p = safe load in tons per square inch for round-ended columns,
the factor of safety being 4 on the assumed ultimate strength of 27
tons for mild steel. The results of this formula are shown in Fig. 106,
by the straight line No 3. The object of the straight-line formula is to
obtain greater simplicity than is afforded by the various “ curved”
formule by avoiding the quadratic solutions which they necessitate.
It should be noticed, however, that the safe loads for columns of varying

/ . . .

7 cannot be correctly given by such formule. For the one in question,
. .1 -

the load becomes zero for a column having the ratio ;= 210, which is

. l
obviously incorrect. Fig. 106 shows that for ratios of _ betwecn 100

and 180, which include a fairly large proportion of practical columns,
the safe loads per square inch, whether calculated by Euler’s, Rankine’s,
or the straight-line formula, do not greatly differ. In selecting a
suitable column section, the length, total load and character of end
supports are known beforehand. The fype of cross-section desirable
will depend mainly upon total load and connections to be made with
the column. The method of selecting & suitable section of column by
the aid of the above formule will then be as follows.

ExXAMPLE 20.— Required a suitable boz section in mild steel, formed of
two channels and two plates, to carry a central load of 100 tons, the length
being 25 ft. and the ends considered rounded.

1. Using Euler's Formula.—Try No. 8 section of Type 8,

o _ anar b 300
r=344.0=25x12=300" "= ;=

A = 2510 sq. in.
From curve No. 1, the safe load per square inch for ;’ =87is 43

tons. Hence total safe load = 25°10 x 4*8 = 107'9 tons. No. 2 section
will be found too small, and No. 3 would be adopted.

2. Using Ranking's Formula.—The safe load per square inch for;[;

87

= 87 from No. 2 curve is 8°4 tons, and total safe load = 2510 x 3-4
= 858 tons. This section is therefore too small. Try No. 5 section of
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1_ 300
Type 8. 7= 413, ;= I8
practically 4:0 tons. A = 28:85 square inches, and total safe load
=28'85 X 4°0 = 1154 tons. As section No. 4 would be considerably
too light, No. 5 would be adopted. Note that this section has about 15
per cent. greater area than the one deduced by Euler’s formula.

3. Using the Straight-line Formula.—Try section No. 8, Type 8.

= 78, and safe load per square inch is

;= 87as before, and safe load per square inch from No. 3 line, Fig. 106,

= 3'0 tons. Hence total safe load = 2510 x 30 = 97°9 tons. That
is, the same section as indicated by Euler’s formula would be adopted
but with an apparently less margin of safety.

The above-mentioned formul® are open to the following objections.
Euler’s formula is based on the assumption of a theoretically perfect
column, a case never realized in practice. The Rankine
type of formulw are based generally on the results of
limited numbers of practical tests. Any formula to be of
general practical value should show agrecment, not only
with a very large number of reliable tests of varying
sections, but also tests covering a large range of ratios of
I to r, in addition to several tests at each ratio of ! to r.
Few, if any, of the formule in general use satisfactorily
approach these requirements. The straight-line formule
can only be regarded as rough approximations, especially
when employed over a wide range of ratios of { to r.

Fixed-ended Columns.—In Fig. 107,if ACDB represent
the axis of a perfectly fixed-ended column of uniform
section in a bent or deflected state, the portions AC and
BD, after bending, remain tangent to the vertical line
AB. The central portion CD is also tangent to a vertical
line at its middle point M. C and D are points of contra-
flexure, and at these points, therefore, no bending moment
exists. In order to constrain the column to conform to
these conditions there must be the same bending moment
existing at A, M, and B. The points C and ) must
therefore be sitnated midway along AM and BM re-
spectively, or, in other words, the central portion CD
which bends in a single curve will be equal to half the
total length AB of the fixed-ended column, and will
behave similarly to a round-ended column. Further,
the deflections AE, BF, and MN will all be equal. Stated generally, a
fixed-ended column will carry the same load and be subject to the
same bending moment, and consequently the same stress, as a round-
ended column of half the length and the same cross section. The
total central deflection MP, of the fixed-ended column AB, will, however,
be twice the deflection MN of the equivalent round-ended column CI),
under the same load.

The above statement must not be confused with the idra that a fized-
ended column will carry twice the load of a round-ended column of equal
length, which is, of course, quite erroneous.

Hence, in selecting a section for a fixed-ended column of given
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length, that section is employed which would be suitable for a round-
ended column of Aalf the length, after making reasonable allowance for
the extent to which the presumably fixed-ended column fails to realize
the conditions of absolute fixity.

Moncrieff’s Formula.—The most complete and reliable investigation
of the strength of columns is contained in a paper by Mr. J. M. Mon-
crieff, M.Inst.C.E., presented before the American Society of Civil
Engineers in 1900.! The reader is referred to the original work for a
complete account of the reasoning and deductions. The general outline
of the method of inquiry followed is indicated in the following pages.
Limited space prohibits giving more than a brief outline, but the
reader is strongly recommended to study the original communi-
cation. The underlying principles upon which. the reasoning is based
are—

1. That a perfectly centred column of perfect material and straight-
ness is probably never realized in practice ; and—

2, That the various disturbing influences preventing such
realization, each of which conduces to initial Ecnding, are all
capable, as regards their ultimate effect, of being represented
or covered by an equivalent small eccentricity of loading.

In order to apply this principle to the case of practical
columns under intentional and apparently central loads, the
suitable value to be assigned to the “ equivalent eccentricity ”
required to be carcfully determined. This value was finally
fixed after a careful analysis of the rccords of practically all
the really reliable tests of columns made in Europe and
America from 1840 down to date. In the course of this
analysis, the results of 1789 tests of ultimate strength of
columns of cast iron, wrought iron, steel, and timber were
carefully considered, so that the formulx deduced have the
merit of heing far more representative of practical strength
than any previously proposed. 1

In Fig. 108, AB represents the axis of a round-ended ~ g
column under the action of a load P applied at a small Fis. 108.
eccentricity e, A = The resulting central deflection of the
column from the vertical AB. ! = Length of column. It is easily
eatablished that

oo

ceemmmmmm— e &~ ---------’

Pre
A= R’E*‘:'%PF . .. . . . . (1)
where E = Modulus of elasticity of material and I = Moment of inertia
of cross-section.
The bending moment at the centre of the column then

Dot a) =X LA
Y Y

where f, is the stress per square inch caused by bending alone at a
distance y from the neutral axis of the cross-section. A = Area of

' «The Practical Column under Central or Eccentric Loads.” J.M. Moncrieff,
T'ransactions Am. Soc. C.K., vol. xlv. 1901,
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cross-section, and » = Radius of gyration in the direction in which the
column bends.
. P A e .
Rearranging f; = 1 - ‘(0"3* )?/, the positive sign denoting compres-
sion at the concave side of the column, and the negative sign tension at
the convex side. The direct compression on the column section, inde-

pendent of the eccentricity of loading, = f; = + g = the average load

per square inch on the sectional area of the column. Hence, the total

stress per square inch at opposite edges of the scction, due to both
bending and direct compression,

. P(e +4); P
=F=+ = + £ —
rh+fi= ¢ A + A

Substituting the value of A in equation (1)

(Y
s 48E—5f,(§)2

Using the + sign to determine the maximum compressive stress I
and transposing equation (2),

- 48E F. | . ‘
—N/k_ﬂ('f_-_)[f"‘",i NG

Similarly the — sign will determine the minimum stress F, at the
opposite edge of the section, which may or may not be tensile, according
as the tension due to bending exceeds, or does not exceed, the direct
compression. The suffix ¢ is only used conveniently, and does not
net.z:searily imply that F, is a tensile stress. Hence using the — sign
in (2), :

¢

1 _ T 48E pF e
;_\/m_:(;'_—'@m[ﬂ_l+£] e
r

The formule (1), (2), (3), and (4) are all general expressions ap-
plicable to round-ended columns of any given material and form of
section, and with any given value of eccentricity of loading probable

in practical work. For fixed-ended columns the value of 5 88 given by

formule (3) or (4) will be doubled. For flat-ended columns, f—_ will be

the same as given for fixed-ends up to the point where tension begins
to be developed at one edge of the end bearings. Since flat-ended
columns are incapable of resisting tensile stress, F, in equation (4) must
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be made = 0. For the ratio é at which tension begins to be developed
the formula then becomes—

/48E<1—y—f~’,

Lo A
we | -

r \/‘/d(-%-i-.))

l ..
Formule (8) and (4) give the relation between » the elasticity E of

C e e e ()

the material, the maximum fibre stress F, or F,. and the average load
per square inch, f;, on the.column section which will produce that

. . l
maximum fibre stress. Formula (5) gives the relation between ; and

the average load per square inch, f,, consistent with no tension being
set up in the material.

The use of equations (3) and (4) is as follows. Suppose that in a
given column section it is decided that a certain value of maximum
compressive stress I, or a certain value of minimum stress F,, is not to
be exceeded ; these values being inserted in the formul® together with

the values of K and %, corresponding with the material and the section
of column and eccentricity of loading adopted, the result gives at once

l . .
the value of - corresponding to f,, the average load per square inch.

It will be seen the formul® each contain the term ze, y and r depend

only on the form of section. e is the ‘‘equivalent eccentricity ” to be
allowed for covering the defects of material, straightness of axis, etc.,
in the actual practical column. By careful comparison of results given
by the formula with those of the numerous tests previously mentioned,

. . e *

Mr. Moncrieff found that by making J;; = 06, the formula expressed

very closely the strength of the weaker columns in the various series of
. Y

tests, whilst by making ‘1/75 = 015, the strength of the stronger columns

was fairly represented. Since the practical strength is actually repre-
sented by the weaker experimental results, it appeared advisable not to
employ a lower value than 0'6 for the term ”ﬁ) Adopting this value
and inserting suitable values for E and F,, and employing a factor of
safety of 8 for dead loads, the results of the formule when applied to
various materials are exhibited by the curves in Figs. 109, 110, 111,
and 112.

The average dead loads indicated by these curves correspond with
the following mazimum stresses per square inch and Moduli of Elas-
ticity for the various materials.
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[ Material, F¢, 1bs. per sq. in. E

Common cast iron. . 12,000 14,000,000
Wrought iron, of tensile strength 45000 to

50,000 1bs. per square inch . 18,000 28,000,000
Mild steel, of tensile strength, 60 000 to

70,000 1bs. per square inch . 24,000 80,000,000
Hard steel, of tensile strength "ot about

100,000 1bs. per square inch o 36,000 30,000,000
Yellow pine or pitch pine . . . . . 2,000 2,200,000
White pine . . Coe . . 1,300 1,400,000
French oak or Da.ntzlc oak . . 2,000 1,200,000

The curves, Fig. 110, for the loads on flat-ended columns are
identical with those for fixed-ended columns up to the point where
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tension begins to be developed, which occurs in the neighbourhood of
the ratio ;l'= 110. Beyond this point the resistance of the flat-ended
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column rapidly diminishes, as indicated by the sudden drop in the
curves.

In the original paper the factor of safety of 3 is alpplied to the
modulus of elasticity for reasons there fully explained. The use of the
factor of safety in this manner has an inappreciable influence on the
results of the formule when applied to short columns, while its effect
gradually increases with the length, ultimately affording a factor of
safety of 8 against failure by instability or buckling, in the case of
very long columns, and the factor of safety against ultimate strength is
fairly even between these extremes.

In making use of the curves plotted from the above formule, the
particular amount of “equivalent eccentricity * for which they provide
may be readily computed for any proposed column section. Thus
taking section No. 3, Type 8, the least radius r = 3'68” and y = 61"

1
Since% =06, 6—1*3?;)5 = 06, and ¢ = 1'3". The sectional area = 2353
8q. in. Taking a mild steel column of say 30 ft. = 360 in. length
with fixed ends,;‘ = %?3 = 98. From the curve for mild steel in Fig.
109, for fixed-ended columns, the safe dead load for this ratio = 12,500

. 23'53 x.12,500
Ibs. per square inch. Hence the total safe dead lead = 9940
=131 tons. That is to say, in imposing an ¢nfended central dead load
of 131 tons on this column, provision is made for a possible eccentricity
of 1-3 in. to cover defects of elasticity, cross-section, initial curvature of
axis and slight inaccuracies in erection.

Columns under intentionally Eccentric Loads.—In adapting the
formulx to cases where the load is intentionally applied at a known

eccentricity, it is necessary to add the value Zf = 0°6 as determined for

presumably centrally loaded columns, to the %nown value of gf a8
obtained from the intended eccentricity e and the dimensions and form

of sections which fix the values of y and . Formule (3) and (4) then

become—
t_ / 18E []_4‘__ e )]
T 5F. +f4{<1£ + 0’6) _ 5} f 1 2 + 0 b)J

a L= "B [¥1_1+”ﬁ+0“.
o A/"’Ft-f’.:{(";f:-+-()'(;)-+-5} a ( ’ ")_

where F, and F, are, as before, the maximum permissible working
stresses in compression and tension respectively. Inserting the previous
tabular values for E and F, and employing a factor of safety of 8, the

curves in Fig. 113 exhibit the relation between - and the average

working stress per square inch permissible for various degrees of eccen-
tricity of loading, in the case of mild steel columns with round ends.

a



162 STRUCTURAL ENGINEERING

Since the maximum compressive stress developed in u column of sym-
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beams are preferable as columns to

%. . ROUND ENDS.
Fic. 118.

RATIO

metrical section always ex-
ceeds the maximum tensile
stress, it is not necessary, in
the case of mild steel, to
use the formula containing
F. as F, may be taken, for
this material, under work-
ing loads, as equal to F,, the
permissible compressive
stress. In the case of cast
iron it will, of course, be
necessery to use both ex-
pressions, and to adopt
whichever gives the lower

value to the ratio ; for any

given load f,.

Practical  Considera-
tions in selecting a Type
of  Column. — Generally
speaking, the simplest forms
of cross-section are most
desirable.  The principal
practical consideration is
usually the number and
kind of connections to be
made with horizontal girders
or joists, and whether such
are to be attached on one or
two only, or on all four
faces of the column. In
this respect Types 1, 2, 6, 8,
9,12,and 13 are convenient
forms. Those columns with
the least amount of riveting
are cheaper, and less likely
to suffer distortion during
construction.

Single joist sections are
uneconomical as columns on
account of their small
radius of gyration as com-
pared with sectional ares,
and consequently weight,
but are widely used by
reason of their cheapness
and ease of making con-
nections.  Broad flange

the British Standard beams, the
additional width of flange giving them a considerably larger minimum
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radius of gyration, weight for weight, and more latitude for riveted con-
nections with girders. They are rolled in 36 sizes from H}” x 53" x 23
Ibs. per foot to 393" x 11{}" x 210 lbs. per ft." As a comparison,
the B.S.B., 16” x 8” x 75 lbs. has a minimum radius of gyration of
1°76". The B.F.B, 117" x 11” x 76 1bs. has a least radins of 2:81”".
Both have practically the sume weight and sectional area = 22 square
inches. Used as a fixed-ended column 25 ft. high, the

1 300
B.S.B. has - = 1-76 = 170, and safe load = 8400 lbs. per sq. in.
3(
the B.F.B. has; = 3—‘;01 = 108, . =12000

and the total safe loads would be 82'7 tons for the B.S.B. and 119-2
ti)ns Bfor the B.F.B., or 4 per cent. greater carrying power in favour of
the B.F.B.

In section Types 2, 3, 5, 6, 7, 8, and 9, the dimensions may readily
be modified, if desired, to give practically the same radius of gyration
about either axis. This is desirable in cases where a column is not
stiffened laterally in either direction by intermediate attachments.

. . L .
The use of long columns in which the ratio 7 1s very high, should

be avoided, since the working stress is very low, and the stiffness rela-
tively small. It is often advisable to employ a heavier section than
indicated in the case of very long columns in order to obtain necessary
stiffness, although at some sacrifice of economy on the score of
weight. Types 11, 12, 14, and 15 have the same radius of gyration in
any direction.

Types 3, 7, 10, 11, and 12, formed by bracing together two joists or
channels or four or eight angles by means of tie-plates at intervals, are
inferior to columns with continuous webs or close lattice bracing,
especially when required to carry eccentric loads or to withstand heavy
lateral wind pressures as in the case of tall buildings. Type 10 is very
generally used for struts of lattice bridge girders. Type 11 forms a
light and economical section for very long struts in horizontal or
inclined positions. These are subject to deflection due to their own
weight, which unavoidably sets up the initial bending so detrimental
to columns. It is therefore important to keep down the dead weight
of such members. Crane jibs and very long bridge struts are usually
of this type. T'ype 12, known as the “ Gray ™ column, is much favoured
in American practice. It is an economical section, easy to construct
and equally convenient for making connections with girders on all four
sides. The tic-plates should be closely spaced. This type is also used
with continuous plates between the pairs of angles, the column being
then much stronger.

Connections.—The usual connections required in the case of
columns are—

1. Columns to built-up plate girders.

2. Columns to joists or beam sections.

1 Handbook No. 18, Broad Flange Beams, R. A. Skelton & Co,
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3. Junctions in long columus where the cross-section is gradually
diminished' from bottom to top.

4. Bases and caps.

Very great variety of arrangement of these details naturally exists
on account of the large number of column sections available. In
designing connections the following general principles should be
attended to.

1. Simplicity of detail in order to minimize expense in shop work,
and admit of rapid and easy assemblage of parts at site.

2. Riveted or bolted connections of beams or girders to coclumns
must in every case provide adequate shearing and bearing resistance to
the vertical load to be carried.

3. The joints should be arranged with a view to providing the
greatest possible lateral rigidity for the columns as well as stiff end
connections for the girders, since the degree of lateral stability obtained
for intermediate points and heads of columns frequently decides
whether they may be considered as approximating to the strength of
fixed or round-ended columns. The capability of a structure to resist
horizontal wind pressure or racking action under live loads depends
entirely on the rjgidity of the connections of vertical with horizontal
members in cases where the character of the structure does not permit
of efficient diagonal bracing.

4. Horizontal members should be attached to columns with the
least possible amount of eccentricity in order to minimize the bending
action on the columns. Simply supporting the load on wide brackets
without at the same time firmly riveting or bolting to the face of the
column is to be avoided, although a well-fitted bracket, where space
allows, will largely contribute to lateral rigidity.

The following figures illustrate suitable types of connections between
joists or girders and columns, such a8 commonly occur in practice.
Bolts are indicated by black

T'”T'T T.-_ii—_- T circles and rivets by open
! circles. On ex<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>