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Abstract

The study of graphs associated with algebraic structures is a well-studied research
area and has attracted considerable attention of various researchers. Indeed, re-
search in this direction aims to expose the relationship between algebra and graph
theory. This thesis aims to understand the connections between the algebraic
structures (rings or semigroups) and their associated graphs. The center of at-
tention of this thesis is to explore the cozero-divisor graphs, upper ideal-relation
graphs, left ideal-relation graphs of rings and intersection ideal graphs, inclusion

ideal graphs of semigroups.

The cozero-divisor graph I(R) of the ring R has been studied extensively in
the literature. To contribute further on cozero-divisor graphs, this thesis provides
a closed-form formula to compute the Wiener index of the cozero-divisor graph of
an arbitrary commutative ring with unity. As an application, the Wiener index
of the cozero-divisor graph of various classes of rings, namely: reduced ring, ring
of integers modulo n, the product of the rings of integers modulo n, has been
determined. Moreover, the Laplacian spectrum, Laplacian spectral radius, ver-
tex connectivity and algebraic connectivity of the I''(Z,,) have been investigated.
This thesis has introduced and studied the upper ideal-relation I';/(R) of a ring
R. Moving forward, the topological graph-theoretic properties of I'y;(R) such as
planarity, outerplanarity, toroidality, bitoroidality and projective planar etc., have

also been explored. All non-local commutative rings are determined precisely such



vi ABSTRACT

that T'y(R) has genus (and crosscap) at most two. Algebraic properties of the
rings R have been investigated if the graph I'y(R) is perfect, bipartite, Eulerian,
complete, and vice-versa. Other than the forbidden graph classes of I'y/(R), this
thesis also established various graph-theoretic properties, namely: the metric di-
mension, the strong metric dimension, vertex connectivity, Hamiltonicity, of the
upper ideal-relation graph of certain rings.

Other part of the thesis is devoted to the study of the intersection ideal graph
['(S) and the inclusion ideal graph Zn(S) of a semigroup S. After ascertaining
the connectedness of I'(S) and Zn(S), the semigroups S, such that the diameter
of I'(S) is two, have been characterized in terms of their ideals. It is ascertained
that if S is a completely simple semigroup, then I'(S) is weakly perfect. For an
arbitrary semigroup S, an upper bound of the chromatic number of I'(S) has
been obtained. Further, various graph invariants of Zn(S) including perfectness,
planarity, girth etc. are discussed. Moreover, a necessary and sufficient condition
on a semigroup S with n minimal left ideals such that the clique number of Zn(95) is
n, is determined. For a completely simple semigroup S with n minimal left ideals,
this thesis reveals graph-theoretic invariants including the independence number,
matching number and the Wiener index of Zn(S). The information on ideals of
S such that its associated graph Zn(S) is bipartite, triangulated, edge-transitive,
retract of a Cayley graph etc., has been exposed.

Additionally, all the automorphisms of these graphs (except cozero-divisor

graph) associated to certain class of rings and semigroups have been investigated.
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Introduction

Algebraic graph theory is a branch of mathematics which provides connections
between algebra and graph theory. Other sub-branch of algebraic graph theory
is the spectral graph theory which emphasizes on the study of spectra of matri-
ces (adjacency matrix or Laplacian matrix) associated with graphs. One of the
broad research problem in graph theory is the study of graphs associated with
algebraic structures. In past few decades, this problem has been investigated by
researchers in three aspects: (i) study of graph-theoretic invariants (ii) classifi-
cation of algebraic structures using its associated graph-theoretic invariants (iii)

interconnections between algebraic structures and their associated graphs.

The study of graphs associated with algebraic structures is a large research
area and has attracted considerable attention of various researchers. In this direc-
tion, widely studied graphs are Cayley graphs of groups and zero-divisor graphs
of rings. Initially, the Cayley graphs were introduced as a generic theoretical
tool to anaylze the symmetric interconnection networks. Moreover, the symme-
try of Cayley graphs of groups provide various applications (see Cooperman et al.
[1990]). Commuting graph of a group plays an important role to classify finite
simple groups (cf. Aschbacher [2000]). Besides this, Beck [1988] introduced the
notion of the zero-divisor graph associated with commutative ring. This graph
best illustrates the properties of the set of zero-divisors of a commutative ring.

Ganesan [1964] examines the structure of ring and demonstrates when it has a
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INTRODUCTION

finite number of zero-divisors. Anderson and Livingston [1999] discusses an al-
ternative proof of the theorem given by Ganesan [1964]. It was proved that the
ring R is finite or an integral domain if and only if the set of vertices of zero-
divisor graph is finite. The zero-divisor graph of a commutative ring is also used
as a input model in frequency assignment problem (cf. Radha and Rilwan [2021]).
Frequency assignment problem is mathematical optimization techniques used in
wireless communication. Moreover, random intersection graphs have several appli-
cations, including secure wireless communication, social networks, cryptanalysis,
circuit design, recommender systems, and clustering (cf. Zhao et al. [2015]). Mo-
tivated by certain applications of graphs associated with the algebraic structures,
numerous authors defined and studied various graphs related to algebraic objects.
To name a few: cozero-divisor graphs (Afkhami and Khashyarmanesh [2011]),
co-maximal graphs (Sharma and Bhatwadekar [1995]), ideal-relation graphs (Ma
and Wong [2016]), intersection graphs (Bosdk [1964]) and inclusion ideal graph
(Akbari, Habibi, Majidinya and Manaviyat [2014]). This directs us to investigate
the interconnections between algebraic structures (rings and semigroups) and their
associated graphs. This thesis aims to study the cozero-divisor graphs, upper ideal-
relation graphs, left ideal-relation graphs associated to rings and the intersection

ideal graphs, inclusion ideal graphs of semigroups.

The notion of dual of zero-divisor graph is referred as the cozero-divisor graph
and it is introduced by Afkhami and Khashyarmanesh [2011]. They studied the
basic graph-theoretic properties including completeness, girth, clique number etc.
of the cozero-divisor graphs of rings and also discussed the relation between the
zero-divisor graph and the cozero-divisor graph. Afkhami and Khashyarmanesh
[2012] characterize all commutative non-local rings whose cozero-divisor graphs
are forest, star, double-star, or unicyclic. Moreover, the basic properties of the

complement of the cozero-divisor graph have been investigated. Afkhami and



Khashyarmanesh [2013] studied the relation between the cozero-divisor graph and
the co-maximal graph of commutative rings. They have shown that if the vertex
set of the co-maximal graph is the set of all non-zero non-unit elements of the
ring R, then the co-maximal graph is a spanning subgraph of the cozero-divisor
graph of ring R. Akbari and Khojasteh [2013] studied the independence number,
domination number, and the maximum degree of the cozero-divisor graph and
classified the rings when these parameters are finite. The diameter of the cozero-
divisor graph of polynomial rings and rings of power series have been studied by
Akbari, Alizadeh and Khojasteh [2014]. They have characterized the commutative
ring whose cozero-divisor graph is forest. Further, Akbari and Khojasteh [2014]
generalized the result of Afkhami and Khashyarmanesh [2012] and classified all
commutative rings whose cozero-divisor graphs are unicyclic and obtained the
girth of the cozero-divisor graph of a ring R. Further, they characterized all
commutative rings whose cozero-divisor graph has maximum degree 3. Afkhami
[2014] extended the cozero-divisor graph to the non-commutative ring and studied
the cozero-divisor graph of matrix rings. Kavitha and Kala [2017] determined
all non-local finite commutative rings whose cozero-divisor graph has genus one.
Later, Paknejad and Erfanian [2017] characterized all Artinian rings with claw-
free or triangle-free cozero-divisor graphs. They also investigated all Artinian
rings whose cozero-divisor graphs are Cy-free. Mallika and Kala [2017] classified
all finite non-local commutative rings whose cozero-divisor graph has crosscap
at most two. They also characterized all finite non-local commutative rings for
which the cozero-divisor graph has outerplanarity index two. Bakhtyiari et al.
[2020] studied the chromatic number and the clique number of the cozero-divisor
graph of commutative von Neumann regular ring. Moreover, they proved that
the cozero-divisor graph of von Neumann regular ring with finite clique number

is perfect. Barati and Afkhami [2020] provided the full characterization of the



INTRODUCTION

cozero-divisor graph concerning their planar and outerplanar indices. Recently,
Nikandish et al. [2021] have calculated the metric dimension and the strong metric
dimension of the cozero-divisor graphs of non-local commutative rings. Moreover,
they discussed the metric dimension of the cozero-divisor graph of an Artinian ring

whose maximal ideals are principal.

Ideals play a vital role in the development of algebraic structures (rings and
semigroups). Thus, it would be interesting to study graphs associated with the
ideals of algebraic structures. The graphs associated to ideals, viz. inclusion
ideal graphs (Akbari, Habibi, Majidinya and Manaviyat [2015]), intersection ideal
graphs (Chakrabarty et al. [2009]), ideal-relation graphs (Ma and Wong [2016]),
co-maximal ideal graphs (Ye and Wu [2012]) etc., of rings have been studied in the
literature. Motivated by the study of graphs associated to ideals, in this thesis,
we define and study the upper ideal-relation graph of rings.

Frucht [1939] proved that all groups can be viewed as the automorphism group
of a connected graph. The symmetries of a graph are described by its automor-
phism group. In general, automorphism groups are important for studying sizeable
graphs since these symmetries allow to simplify and understand the behavior of a
graph. However, the determination of the full automorphism group is a challenging
problem in algebraic graph theory. The automorphisms of the zero-divisor graphs
over the matrix rings attracted a lot of attention by various researchers (see, Ma
et al. [2016]; Ou et al. [2020]; Wang [2016]; Wong et al. [2014]; Zhou et al. [2017b]).
Also, Xu et al. [2022] determined all the automorphisms of the intersection graph
of ideals over matrix rings. Automorphisms of the total graph over matrix rings
are also characterized (see, Wang et al. [2020]; Zhou et al. [2017a]). Further, Wang
et al. [2017] characterized the automorphisms of the co-maximal ideal graph over
matrix ring. Ma and Wong [2016] introduced the ideal-relation graph and discuss

all the automorphisms of ideal-relation graph on n x n upper triangular matrices



over a finite field F,.

The intersection graph of a semigroup was introduced by Bosék [1964]. The
intersection subsemigroup graph I'(S) of a semigroup S is a simple undirected graph
whose vertex set is the collection of proper subsemigroups of S and two distinct
vertices A and B are adjacent if and only if AN B # (). Bosdk [1964] proved that
if S is a nondenumerable semigroup or a periodic semigroup with more than two
elements, then the graph I'(S) is connected. Bosék then raised the following open
problem: Does there exists a semigroup with more than two elements whose graph
is disconnected? Lin [1969], answered the problem posed by Bosdk, in a negative
manner and proved that every semigroup with more than two elements has a
connected graph. Also, Pondélicek [1967] proved that the diameter of a semigroup
with more than two elements does not exceed three. Inspired by the work of
Bosdk [1964], the intersection graph of groups was studied by Csakény and Polldk
[1969] and then they proved that there is an edge between two proper subgroups
if they have at least two elements common. Further, Zelinka [1975] continued
this work for finite abelian groups. Shen [2010] characterized all finite groups
whose intersection graphs are disconnected. The groups whose intersection graphs
of normal subgroups are connected, complete, forests or bipartite are classified
by Jafari and Rad [2013]. Tamizh Chelvam and Sattanathan [2012] continued
the seminal paper of Csakany and Pollak to introduce the subgroup intersection
graph of a finite group G. Further, Ma [2016] proved that the diameter of the
intersection graph of a finite non-abelian simple group has an upper bound 28.
Chakrabarty et al. [2009] introduced the notion of intersection ideal graph of rings.
The intersection ideal graph I'(R) of a ring R is an undirected simple graph whose
vertex set is the collection of non-trivial left ideals of R and two distinct vertices I
and J are adjacent if and only if I N J # {0}. They characterized the rings R for

which the graph I'(R) is connected and obtained several necessary and sufficient
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conditions on a ring R such that I'(R) is complete. Jafari and Rad [2010] studied
the planarity of the intersection ideal graphs I'(R) of a commutative ring R with
unity. The domination number of I'(R) has been obtained by Jafari and Rad
[2011]. Akbari et al. [2013] classified all the rings whose intersection graphs of
ideals are not connected and also determined all rings whose clique number is
finite. Rad et al. [2014] discussed the intersection graphs of ideals of the direct
product of rings. Das [2017] characterized the positive integer n for which the
intersection graph of ideals of 7Z, is perfect. Moreover, we refer the reader to
Alraqad [2022] and references therein for the graded case. For some more research
work on the intersection graph, we refer readers to Ahmadi and Taeri [2016];
Akbari, Heydari and Maghasedi [2015]; Akbari and Nikandish [2014]; Haghi and
Ashrafi [2017]; Kayacan [2018]; Kayacan and Yaraneri [2015]; Laison and Qing
[2010]; Rad and Jafari [2011]; Shahsavari and Khosravi [2017]; Xu et al. [2022] and

references therein.

Akbari, Habibi, Majidinya and Manaviyat [2014] have introduced the notion
of inclusion ideal graph associated with ring structure. The incluston ideal graph
In(R) of a ring R is an undirected simple graph whose vertex set is the collection
of non-trivial left ideals of R and two distinct non-trivial left ideals I and J are
adjacent if and only if either I C J or J C I. Further, Akbari, Habibi, Majidinya
and Manaviyat [2015] have studied various graph invariants including connected-
ness, perfectness, diameter and the girth of Zn(R). It was shown that Zn(R) is
disconnected if and only if R = Ms(D) or Dy X D, for some division rings, D, D;
and Dy. The subspace inclusion graph Zn(V) associated with vector space V has
been studied by Das [2016]. The subspace inclusion graph on a finite-dimensional
vector space V is undirected simple graph whose vertices are all non-trivial proper
subspaces of V and two distinct non-trivial proper subspaces W; and W, are ad-

jacent if and only if W, C Wy or Wy C Wy, Das [2016] has studied the diameter,



girth, clique number and chromatic number of Zn(V). Moreover, other graph in-
variants, namely: perfectness and planarity of Zn(V), have been studied by Das
[2018]. Also, for a 3-dimensional vector space it was shown that Zn(V) is bipartite,
vertex transitive, edge transitive and has a perfect matching. Wong et al. [2018]
have proved the following conjectures proposed by Das: If V is a 3-dimensional

vector space over a finite field F, with ¢ elements, then
(1) the domination number of Zn(V) is 2q.
(2) In(V) is distance regular.

The problem to determine the independence number of vector space V when the

base field is finite is solved by Ma and Wang [2018]. Further, the automorphism

group of Zn(V) was obtained by Wang and Wong [2019]. Analogously, the sub-

group inclusion graph of a group G, denoted by Zn(G), has been studied by Devi

and Rajkumar [2016]. They classified the finite groups whose inclusion graph is

complete, bipartite, tree, star, path, cycle, disconnected and claw-free. Ou et al.

[2019] determined the diameter of Zn(G) when G is nilpotent group and character-

ized the independent dominating sets as well as automorphism group of Zn(Z,).
Motivated with the research work presented earlier, in this thesis, we study

the cozero-divisor graphs, upper ideal-relation graphs, left ideal-relation graphs

of rings and intersection ideal graphs, inclusion ideal graphs of semigroups. The

thesis has been arranged in the following chapters.

Chapter 1: Background

Chapter 2: The Cozero-divisor Graph of a Commutative Ring

Chapter 3: The Upper Ideal-Relation Graphs of Rings

Chapter 4: The Left Ideal-Relation Graph over Full Matrix Ring

Chapter 5: Graphs on Semigroups

Chapter 6: Conclusion and Future Research Work



INTRODUCTION

Chapter 1: This chapter contains all the basic definitions, results and notations

which are required to understand the subsequent chapters of the thesis.

Chapter 2: The cozero-divisor graph I''(R) associated to a commutative ring R has
been explored by numerous researchers. In this chapter, we consider the Wiener
index of I'"(R), which is one of the important topological graph indices and it has
various applications. In this connection, we derive a closed-form formula of the
Wiener index of IV(R) of a finite commutative ring R (see Theorem 2.1.5). Using
this, we also obtained the Wiener index of cozero-divisor graph of few classes of
commutative rings, namely: product of the ring of integers modulo n (cf. Theorem
2.1.7), reduced ring (cf. Theorem 2.1.10) and ring of integers modulo n (see
Theorem 2.1.20). We study the Laplacian spectrum of I7(Z,). We investigate
the Laplacian spectral radius, algebraic connectivity of I'(Z,,) and characterized
the values of n for which the Laplacian spectral radius is equal to the order of
I"(Z,,) (see Proposition 2.3.3). Moreover, the values of n for which the algebraic
connectivity and the vertex connectivity of I(Z,) coincide are also described (see

Theorem 2.3.6).

The content of this chapter (Subsection 2.1.3, Section 2.3 and Section 2.2) is
published in journal “AKCE International Journal of Graphs and Combinatorics”,
Taylor & Francis. The remaining results of this chapter has been submitted for

publication.

Chapter 3: In this chapter, we define and study the notion of upper ideal-relation
graph 'y (R) associated to aring R. In order to investigate the algebraic properties
of aring R and the graph-theoretic properties of I';( R), first we obtained the girth,
minimum degree and the independence number of I'y(R). We classify all the finite
rings R such that the graph I'y(R) is Eulerian (see Theorem 3.1.15). We provide

a necessary and sufficient condition on R, in terms of the cardinality of their



principal ideals, such that the graph 'y (R) is bipartite (cf. Theorem 3.1.4), planar
(cf. Theorem 3.1.7) and outerplanar, respectively. We also obtained the metric
and the strong metric dimension of the graph I';;(R). We discuss the perfectness of
I'y(R) (cf. Theorem 3.3.6). We also investigated the topological aspects of ['y(R).
In this connection, we classify all the non-local commutative rings R for which
['y(R) has genus at most 2 (see Theorems 3.4.6 and 3.4.7). Also, we determine
precisely all the non-local commutative rings for which I';/(R) has crosscap at
most 2 (cf. Theorems 3.4.9 and 3.4.10). Along with this, we characterize all the
non-local commutative rings whose upper ideal-relation graphs are split graphs,
threshold graphs and cographs, respectively. Moreover, we have studied the upper
ideal-relation graph of the ring Z,,. In this direction, we classify all the values of n
for which the graph I'y(Z,,) is Hamiltonian (see Theorem 3.6.3). We determine the
vertex connectivity (cf. Theorem 3.6.5) and automorphism group (see Theorem
3.6.9) of I'yy(Zy,). We also investigated the Laplacian and the normalized Laplacian
spectrum of the upper ideal-relation graph of the ring Z,. Two research papers

containing the results of this chapter are submitted for publication.

Chapter 4: The automorphisms of graphs associated with rings attracted a lot of
attention of researchers. In order to reveal the significant structure of ideal-relation
graph on full matrix ring , we study the left ideal-relation graph of full matrix ring.
In this chapter, we obtained all the automorphisms of left ideal-relation graph over

full matrix ring. The content of this chapter is submitted for publication.

Chapter 5: In this chapter, we discuss the graph associated with ideals of semi-
groups, namely: the intersection ideal graph and the inclusion ideal graph of semi-
groups. First, we investigate the connectedness of I'(S) (cf. Theorems 5.1.1 and
5.1.3). We classify the semigroups S in terms of their ideals such that the di-

ameter of I'(S) is two (see Theorem 5.1.7). We obtain the domination number,
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independence number, girth and the strong metric dimension of I'(S). We have
also investigated the completeness, planarity and perfectness of I'(S). We show
that if S is a completely simple semigroup, then I'(S) is weakly perfect. Moreover,
for an arbitrary semigroup S, we give an upper bound of the chromatic number
of I'(S) (cf. Theorem 5.1.20). Finally, if S is the union of n minimal left ideals,
then we obtain the metric dimension (see Theorem 5.1.25) and the automorphism
group of T'(S) (cf. Theorem 5.1.28).

The results on I'(.S) of this chapter are published in the journal “Quasigroups
and Related Systems”.

Besides this, we study the algebraic properties of the semigroup S and graph-
theoretic properties of the inclusion ideal graph Zn(S), in particular, when S is
a completely simple semigroup. After ascertaining the connectedness of Zn(S5),
we show that the diameter of Zn(S) is at most 3, if it is connected (see Theorem
5.2.4). We also obtain a necessary and sufficient condition of S such that the
clique number of Zn(S) is n, where n is the number of minimal left ideals of S
(cf. Theorem 5.2.10). Further, various graph invariants of Zn(S), viz. perfectness,
planarity, girth etc., are discussed. For a completely simple semigroup S, we
investigate various properties of Zn(S) including its independence number (see
Theorem 5.2.24) and the matching number (see Theorem 5.2.26). Finally, for a
completely simple semigroup S with n(> 3) minimal left ideals, we prove that the
automorphism group Aut(Zn(S)) = S,, x Zy (cf. Theorem 5.2.34).

The content of the inclusion ideal graph Zn(S) is accepted for publication in

the journal “Algebra Colloquium”.

Chapter 6: This chapter summarises the thesis and concludes with future research

problems.



Chapter 1

Background

In this chapter, we recall necessary definitions and results, which we need for
the upcoming chapters. In Section 1.1, we provide fundamental definitions and
results related to the theory of semigroups. In Section 1.2, we recall necessary
results and definitions of ring theory. Also, we prove the required results related
to semigroups and rings used in the thesis. Section 1.3 is devoted to the concepts
of graph theory. Also, we recall some basic results on graphs which will be used

in the thesis. This chapter also fixes various notations used throughout the thesis.

1.1 Semigroups

In this section, we recall necessary definitions and results of semigroup theory from
Clifford and Preston [1961] and Howie [1995].

A semigroup is a non-empty set S together with an associative binary operation
on S. We say S to be a monoid if it contains an identity element. A subsemigroup

of a semigroup is a subset that is also a semigroup under the same operation. A
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semigroup S is said to be regqular if for each a € S there exists x € S such that
ara = a. If a semigroup S with at least two elements contains an element 0 such
that for all x € S, 0x = 20 = 0, then 0 € S is called the zero element of S and in
this case, S is known as a semigroup with zero. If S does not contain zero, then
we say that S is a semigroup without zero. If A and B are subsets of a semigroup
S, then define AB = {ab:a € A,b € B}. A non-empty subset I of S is said to
be a left ideal if ST C I, a right ideal if IS C I, and a (two-sided) ideal of S if
SIS C I i.e. it is both left and right ideal. A left [right, two-sided] ideal is called
O-minimal if it is minimal within the non-zero left [right, two-sided| ideals. The
union of two left [right] ideals of S is again a left [right] ideal of S. A left ideal I
of S is mazimal if it is not contained in any non-trivial left ideal of S. If S has a
unique maximal left ideal, it contains every non-trivial left ideal of S. A left ideal
I is minimal if it does not properly contain any non-zero left ideal of S. If S has
a minimal left ideal, then every non-trivial left ideal contains at least one minimal
left ideal. If A is any left ideal of S other than minimal left ideal I, then either
I c Aor INA=1(. Thus, we have the following remark.

Remark 1.1.1. Any two distinct minimal left ideals of a semigroup S are disjoint.
The following lemma is useful in the sequel.

Lemma 1.1.2. [f the semigroup S = I, U Iy, where Iy and Iy are minimal left

wdeals of S, then Iy and Iy are maximal left ideals.

Proof. Suppose that S = I} U I5, where I; and [, are minimal left ideals of S. If
there exists a left ideal I of S such that I} C I, then there exists y € [ such
that y ¢ I;. Since S = I; U Iy, we obtain y € 5. It follows that Iy, = Sy C Ij.
Thus, S = I; U Iy C I,. Consequently, [, = S and so [; is a maximal left ideal.
Similarly, for Iy C I, we obtain I, = S. Therefore, I; and I, are maximal left

=

ideals. ]
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Example 1.1.3. (i) Let X be a non-empty set and Tx be the set of all mappings

(i)

(iii)

on X. Then Ty forms a semigroup under the composition of mappings called

full transformation semigroup.

The set I(X) of partial injective mappings on X forms a semigroup under the

composition of relations, and it is known as symmetric inverse semigroup.

Given a finite group G and a natural number n, write [n] = {1,2,...,n} and

B, (G) = ([n] x G x [n]) U{0}. Define a binary operation ‘> on B,(G) by

(i,ab,l) if j = k;
0  ifj#k

(i,a,7) - (k,bl) =

and, for all & € B,(G),a-0 = 0-a = 0, is known as Brandt semigroup.
When G = {e} is the trivial group, the Brandt semigroup B, (G) is denoted
by B,. Instead of writing the identity element e € G in the triplets of
elements of B,,, we use the following description in the definition of B,,. For
any integer n > 1, let [n] = {1,2,...,n}. The semigroup (B,,:), where
B, = ([n] x [n]) U{0} and the operation ‘-’ is given by

(i,0) if j =k;
0 ifj#k;

(i,9) - (k1) =

and, - 0=0-a =0 for all « € B,.

By S!, we shall mean the monoid obtained from S by adjoining an identity

element ( if S does not have such an element). The most fundamental tools in

understanding a semigroup are its Green relations. J. A. Green introduced Green’s

relations in 1951 that characterize the elements of S in terms of their principal

ideals. These relations are defined as

(i)

x L y if and only if S*x = Sly.
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(ii) = Ry if and only if 2S* = ySt.

(iii) = J y if and only if S*xS* = StySt.

(iv) z Hyif and only if z L y and x R y.

(v) z Dy if and only if x £ z and z R y for some z € S.

Note that the £- class (R-class, J-class, H-class, D-class) containing the element
a is denoted by Ly (R, Ju, Hy, Dy).

Remark 1.1.4. The non-zero elements of a minimal left ideal of S are in the same

L-class.
Lemma 1.1.5. A left ideal K of S is mazimal if and only if S\ K is an L-class.

Proof. First suppose that S \ K is an L—class. Let, if possible, K is not the
maximal left ideal of S. Then there exists a non-trivial left ideal K’ of S such
that K C K’. There exists a € K’ but a ¢ K. Thus, L, = S\ K. Consequently,
L, C K’ gives S = K’, a contradiction. Conversely, suppose that K is a maximal
left ideal of S. For each a € S\ K, the maximality of K implies K U S'a = S.
Consequently, a £ b for every a,b € S\ K. Thus S\ K is contained in some £—class
and this L—class is disjoint from K. It follows that S \ K is an L—class. O

A semigroup S without zero is said to be simple if it has no proper ideals. A

semigroup S with zero is called 0-simple if
(i) {0} and S are its only ideals;
(i) 5% # {0}.

An element a of a semigroup S is idempotent if a> = a. Let £ be the set of
idempotents of a semigroup S. If e, f € £, we define e < f to mean ef = fe =e.

Recall that a semigroup S is called completely simple if S is simple and contains a
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primitive idempotent. By primitive idempotent, we mean an idempotent which is
minimal within the set of all idempotents under the relation <. Let G be a group
and let I, A be non-empty sets. Let P = (py;) be a A x I matrix with entries in
G°(= GU{0}), and suppose P is reqular, in the sense that no row or column of P
consists entirely of zeros. Let S = 9MM°[G,I,A, P] = (I x G x A) U {0}, and define

a composition on S by

T, apy;b, if py; #0
(GaN(Gby = o) T 7 (1.1)
0 it py; =0

(i,a,\)0 = 0(i,a, \) = 0.

Theorem 1.1.6 ([Howie, 1995, Theorem 3.2.3]). Let S be a semigroup. Then
S is a completely 0-simple semigroup if and only if S = MO[G, I, A, P] for some

non-empty index sets I, A, reqular matrix P and a group G.

Lemma 1.1.7. Let S be the union of n minimal left ideals. Then each non-trivial

left ideal of S is the union of some of these minimal left ideals.

Proof. Let I, I, ..., I, be n minimal left ideals of S such that S = [LULU---UI,.
Let K be a non-trivial left ideal of S. Then there exists at least one element x; € K.
It follows that x; € I, for some i; € [n]. By the minimality of I;;, we obtain
I, = Sz; C K. It K = I, then we are done. Otherwise, there exists x5 € K
such that x5 € I;,, for some iy € [n] \ {i1}. Similar to the above argument, we
get I, C K. Therefore, (I;, U1;,) € K. If I;, U, = K, then there is nothing to
prove. Otherwise, there exists z3 € K such that x5 € I;,, for some i3 € [n]\{i1, i2}.

Consequently, I;,, € K. If I,, U l;, U I, = K, then we are done. On continuing in

3

this way, we get the desired result. O

Lemma 1.1.8 ([Clifford and Preston, 1961, Corollary 2.49]). A completely simple

semigroup is the union of its minimal left [right] ideals.
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In view of Lemma 1.1.8, we have the following corollary of Lemma 1.1.7.

Corollary 1.1.9. Let S be a completely simple semigroup with n minimal left
ideals. Then any non-trivial left ideal of S is the union of some of these minimal

left ideals.

1.2 Rings

In this section, we present the necessary definitions and results of ring theory. For

more details, we refer the reader to Atiyah and Macdonald [2016].

Definition 1.2.1. Let R be a non-empty set with two binary operations + and
-, respectively. Then R is called a ring with respect to + and -, if the following

properties hold.
(i) (R,+) is an abelian group;
(ii) (R,-) is a semigroup;

(iii) - distributes over +, that is,
a-(b+c)=a-b+a-c and (b+c)-a=b-a+c-a Va,b,c€eR.

A ring is usually denoted by (R,+,-), and often it is written as R when the

operations are understood.

Example 1.2.2. (i) The set Z, = {0,1,...,n — 1} forms a commutative ring

with unity under addition and multiplication integers modulo n.

(ii) The set M, (F,) of n x n matrices with entries in [F, under the usual matrix

addition and multiplication forms a ring.
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(iii) Let Ry, Ry be rings. Then R; x Ry forms a ring under componentwise +

and -, respectively.

R* denotes the set of all non-zero elements of R. If there exists an element
le Rsuchthat -1 =1=1-x for all x € R, then R is said to be a ring with
unity. The ring R is said to be commutative if -y =y -z, for all z,y € R. An
element z € R is said to be a unit element of a ring if there exists an element
y € R such that zy = 1. The set U(R) represents the set of all unit elements of
R. An element = of R is called a zero-divisor if there exists a non-zero element
y € R such that xy = 0. The set of all zero-divisors of a ring R is denoted by
Z(R) and the set of all non-zero zero-divisors is denoted by Z(R)*. An element
x is nilpotent if o¥ = 0 for some k € N. A commutative ring with unity in which
every non-zero element has a multiplicative inverse is said to be a field. Let F,
denotes the field having ¢ elements. A ring R is reduced if it contains no non-
zero nilpotent element. A non-empty subset T' of a ring R is a subring of R if
a—0beT and ab € T for all a,b € T. A subring I of R is said to be a left ideal
if re € I for every x € I and r € R. A subring [ is said to be a right ideal of
Rif xr € I for every x € [ and r € R. For x € R, Rz = {rz : r € R} denotes
the principal left ideal and xR = {zr : r € R} denotes the principal right ideal,
generated by the element x. A subring I of a ring R is said to be two-sided ideal
or simply an ideal of R if it is left ideal as well as right ideal of R. An ideal [ is
said to be a principal ideal of R if I is generated by some element x € R, that
is, | = RxR = (z) = {riary : r1,r2 € R}. For a commutative ring, the left and
right ideals coincide. An ideal I of a ring R is called a proper ideal if I # {0} and
I # R. An ideal M(# R) of a ring R is said to be a mazimal ideal if whenever K
is an ideal of R such that M C K C R then either R = K or M = K. An ideal
of a ring R is said to be a maximal principal ideal if it is maximal among all the

principal ideals of R. The following information of the ring Z, is useful for the
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latter use.

Remark 1.2.3. Every element of a finite commutative ring R is either a zero-
divisor or a unit. Thus, the number of non-zero zero-divisors in Z, is n — ¢(n) — 1

and |U(Z,)| = ¢(n), where ¢ is the Euler’s totient function

An integer d such that 1 < d < n is called a proper divisor of n if d|n. The set
7(n) denotes the number of positive divisors of n. The greatest common divisor

of two elements a and b is denoted by ged(a, b).

Remark 1.2.4. Let dy,ds, ..., d; be the distinct proper divisors of n. For 1 <1 <
k, define

Ag, = {x € Zy, : ged(z,n) = d;}.
The ideals (z) = (y) = (d;) if and only if x,y € A,,.

Lemma 1.2.5 (Young [2015]). |Aqg4| = ¢(F) for 1 <i < k.

7

Proof. Consider the set X = {z € Z, : ged(z,n) = 1} and X' = {z € Z, :
ged(z,n) # 1}, Let 2(# 0) € X'. Then x € Ay, for some divisor d; of n. Also,
Ay, N Ay, = (), for any distinct proper divisors d; and d; of n. Thus, for n > 2,
note that X'\ {0} = U, Ay, Let x; € Ay, for some divisor d;, where 1 < i < k.
It follows that ged(z;,n) = d; which implies that z; = cd; for some c¢. Therefore,
ged(ed;, n) = d; so that ged(c, ) = 1. Consequently, any element of the set Ay,
of the form cd;, where 1 < ¢ < 2| and ged(c, dﬂ) = 1. Therefore, the number of

d;’
elements in the set Ay, is ¢(7), for 1 <7 < k. O

A ring R is said to satisfy the ascending chain condition of ideals if, for every
chain of ideals I C I C I3 C ---, there exists a positive integer m such that
I, = I, for all k < m and R satisfies the descending chain condition of ideals if,

for every chain of ideals I; D I, D I3 O --- , there exists a positive integer m such
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that I, = I,, for all kK > m. A ring R is said to be Noetherian if it satisfies the
ascending chain condition of ideals. A ring R is said to be Artinian if it satisfies
the descending chain condition of ideals. A ring R is called local if it has a unique
maximal ideal M and we abbreviate this by (R, M). Also, recall that a reduced

Artin local ring is always a field. The following remarks are useful in the sequel.

Remark 1.2.6. Let R be a finite local ring and p be a prime number. Then

|R| = p* for some positive integer .

The classification of the finite non-isomorphic local rings of order up to 8 is

given in the Table 1.1.

Order type of rings
2 Zo
3 Zs
4 Fy, Zs,
5 Zs,
7 Zy
8 | Fs Zy G oitn it merry

Table 1.1: Non-isomorphic local rings with unity

The following theorem describes the structure of finite commutative rings with

unity.

Theorem 1.2.7. If R is a finite commutative ring, then R = Ry X Ry X --- X Ry,

where each R; is a local ring.
Corollary 1.2.8. Let R be a commutative reduced ring. Then
R=F X Fy x--- X F,

where each F; 1s a field.
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1.3 Graphs

This section comprises the preliminary definitions and results of graphs which we
need for the later discussion. For more details, one can refer to West [1996]. In
this thesis, we consider simple graphs, that is, without multiple edges or loops. A
graph I'is a pair I' = (V| E), where V' = V(I') and E = E(I") are the set of vertices
and edges of the graph I', respectively. We say that two different vertices u and v
are adjacent, denoted by u ~ v or (u,v), if there is an edge between u and v. We
write u ~ v, if there is no edge between u and v. A path in a graph is a sequence
of distinct vertices with the property that each vertex in the sequence is adjacent
to the next vertex of it. A path graph on n vertices is denoted by P,. A graph
I' is said to be connected if there is a path between every pair of vertex. A cycle
is a path that begins and ends on the same vertex. The length of a cycle is the
number of edges in it. A cycle of length n is denoted by C,,. A tree is a connected
graph with no cycles. A cycle is said to be a Hamiltonian cycle if it covers all
the vertices. A graph I' is said to be Hamiltonian if it contains a Hamiltonian
cycle. The girth of T is the length of its shortest cycle and is denoted by g(I"). A
connected graph I' is Fulerian if T has a closed trail (walk with no repeated edge)

containing all the edges of a graph.

Theorem 1.3.1 ([West, 1996, Theorem 1.2.26]). A connected graph I" is Eulerian

of and only if the degree of every vertex is even.

The distance between two vertices u and v in I' is the number of edges in a
shortest path connecting them, and it is denoted by d(u,v). If there is no path
between u and v, we say that the distance between u and v is infinity and we write

as d(u,v) = co. The Wiener index W (I") of a connected graph I is defined as the
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sum of all distances between every pair of vertices in the graph, that is,

W(I’):% Z Z d(u,v)

ueV(T') veV ()

The diameter of a connected graph I', written as diam(I"), is the maximum of
the distances between vertices. If the graph consists of a single vertex, then its
diameter is 0. The degree of the vertex v in I' is the number of edges incident to v
and it is denoted by deg(v). The smallest degree among the vertices of I" is called
the minimum degree of I, and it is denoted by 0(I"). A graph I is regular if degree
of every vertex is same. A graph I' is said to be biregular whose vertices have two
distinct degrees. The set Np(z) or N(z) of all the vertices adjacent to x in I' is
said to be the neighbourhood of x. Additionally, we denote N[z|] = N(z) U {z}.
A subgraph T" of T' is the graph such that V(IV) C V(I') and E(I") C E(I"). If
X C V(I'), then the subgraph of I' induced by X, denoted by I'(X), is the graph
with vertex set X and two vertices of I'(X) are adjacent if and only if they are
adjacent in I'. A subgraph I" is said to be a spanning subgraph of T"if V/(I'') = V(")
and E(I'") C E(T'). A graph I is said to be complete if every two distinct vertices
are adjacent. The complete graph on n vertices is denoted by K,. A graph I is
said to be a complete bipartite graph if the vertex V(I') can be partitioned into
two disjoint unions of non-empty sets A and B, such that two distinct vertices are
adjacent if and only if they belong to different sets. Moreover, if |A| = m and

|B| = n, then we denote it by K, .

A subset X of V(I') is said to be independent if no two vertices of X are adja-
cent. The independence number of I" is the cardinality of the largest independent
set, and it is denoted by «(I'). The chromatic number of I, denoted by x(I'), is
the smallest number of colors needed to color the vertices of I' such that no two

adjacent vertices share the same color. A clique in I' is a set of pairwise adjacent
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vertices. The clique number of I' is the size of maximum clique in I' and it is de-
noted by w(I"). It is well known that w(I') < x(I'). A graph I' is weakly perfect if
w(l) = x(T"). A graph I' is perfect if w(I") = x(I") for every induced subgraph I"
of I'. Recall that the complement T of I' is a graph with same vertex set as I" and
distinct vertices u, v are adjacent in T if they are not adjacent in I'. A subgraph

[V of ' is called hole if I is a cycle as an induced subgraph, and I is called an

antihole of T if TV is a hole in T.

Theorem 1.3.2 (Chudnovsky et al. [2006]). A finite graph I" is perfect if and only

if it does not contain a hole or antihole of odd length, at least 5.

A subset D of V/(I') is said to be a dominating set if any vertex in V(') \ D is
adjacent to at least one vertex in D. If D contains only one vertex, then that vertex
is called the dominating vertex. The domination number v(I') of I is the minimum
size of a dominating set in I'. A graph I is said to be triangulated if every vertex
of I is a vertex of a triangle. A vertex (edge) cutset in a connected graph I is a set
of vertices (edges) whose deletion increases the number of connected components
of T'. The vertex connectivity (edge connectivity) of a connected graph I' is the
minimum size of a vertex (edge) cutset and it is denoted by x(I") (x'(T")). It is well
known that £(I") < &'(I') < 6(I'). An edge cover of I is a subset L of E(I") such
that every vertex of I' is incident to some edge of L. The minimum cardinality
of an edge cover in I' is called the edge covering number. A vertex cover of I'
is a subset @ of V(I') containing at least one endpoint of every edge of I'. The
minimum cardinality of a vertex cover in I is called the vertex covering number. A
matching of the graph I' is a set of edges with no share endpoints. The maximum
cardinality of a matching in I" is called the matching number of I'. It is denoted
by o/(T).

In a graph I, a vertex z resolves a pair of distinct vertices x and y if d(x, z) #

d(y, z). A resolving set of I is a subset R C V(I") such that every pair of distinct
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vertices of I' is resolved by some vertex in R. The metric dimension of I', denoted
by £(I'), is the minimum cardinality of a resolving set of I'. Note that the twin

vertices in a graph correspond to vertices sharing the same neighbourhood.

Lemma 1.3.3. IfU is twin-set in a connected graph T of order n with |U| =1 > 2,

then every resolving set for I' contains at least | — 1 vertices of U.

Lemma 1.3.4 ([Chartrand et al., 2000, Theorem 1]). For positive integers d and
m with d < m, define f(m,d) as the least positive integer k such that k + d* > m.

Then for a connected graph I of order m > 2 and diameter d, the metric dimension

BT > f(m,d).

For vertices u and v in a graph I', we say that z strongly resolves u and v if
there exists a shortest path from z to u containing v, or a shortest path from z to
v containing u. A subset U of V(I') is a strong resolving set of ' if every pair of
vertices of I' is strongly resolved by some vertex of U. The least cardinality of a
strong resolving set of I' is called the strong metric dimension of I' and is denoted
by sdim(I"). For vertices u and v in a graph I', we write v = v if N[u] = N[v].
Notice that = is an equivalence relation on V(I'). We denote v by the =-class
containing a vertex v of I'. Consider a graph T whose vertex set is the set of all
=-classes, and vertices u© and v are adjacent if v and v are adjacent in I". This
graph is well-defined because in I', w ~ v for all w € w if and only if u ~ v. We
observe that T is isomorphic to the subgraph Rr of I' induced by a set of vertices

consisting of exactly one element from each =-class.

Theorem 1.3.5 ([Ma et al., 2018, Theorem 2.2|). For any graph I' with diameter
at most 2, we have sdim(T) = [V (I')] — w(T).

A graph T is a split graph if the vertex set is the disjoint union of two sets A

and B, where A induces a complete subgraph and B is an independent set.
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Lemma 1.3.6 (Foldes and Hammer [1977]). A graph I is a split graph if and only
if 1t does not have an induced subgraph isomorphic to one of the three forbidden

graphs, Cy, Cs or 2K,.

A graph I' is said to be a cograph if it has no induced subgraph isomorphic to
Py. A threshold graph is the graph which does not contain an induced subgraph
isomorphic to Py, Cy or 2K,. Every threshold graph is a cograph as well as a split
graph. A cactus graph is a connected graph where any two simple cycles have
at most one vertex in common. A connected graph is said to be unicyclic if it
contains exactly one cycle. A graph I' is outerplanar if it can be embedded in the
plane such that all vertices lie on the outer face. A graph I' is planar if it can be
drawn on a plane without edge crossing. It is well known that every outerplanar
graph is a planar graph. In a graph I' the subdivision of an edge is the deletion of
the edge (u,v) from I' and the addition of two edges (u,w) and (w,v) along with
a new vertex w. A graph obtained from I' by a sequence of edge subdivisions is
called a subdivision of I'. Two graphs are said to be homeomorphic if both can be
obtained from the same graph by subdivisions of edges. Now we have the following

known results related to outerplanar and planar graphs.

Theorem 1.3.7 (West [1996]). A graph T is outerplanar if and only if it does not

contain a subdivision of Ky or Ka3g.

Theorem 1.3.8 (West [1996]). A graph T' is planar if and only if it does not

contain a subdivision of K5 or K.

Recall that a chord in a graph I' is an edge joining two non-adjacent vertices in a
cycle of I'. A cycle is said to be primitive if it has no chord. A graph I" satisfies the
primitive cycle property (PCP) if any two primitive cycles intersect in at most one

edge. The free rank of graph I', denoted by frank(I'), is the number of primitive
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cycles in T'. The cycle rank rank(T) of I is the number |E(T)|—|V(T')| 4+ C, where
C is the number of connected components of T'.

A compact connected topological space such that each point has a neighbour-
hood homeomorphic to an open disc in R? is called a surface. An embedding of a
graph I on a surface S is 2—cell embedding if each component of S — I' is homeo-
morphic to an open disc in R%2. A 2—cell embedding is said to be triangular if all
the faces have boundaries consisting of exactly three edges. Let Sy denote the ori-
entable surface with 0 handles, where 0 is a non-negative integer. The genus of a
graph I', denoted by 9(I"), is the minimum integer 0 such that I can be embedded
in Sy that is the graph I' can be drawn into a surface Sy without edge crossing.
Note that the graphs with genus zero are planar graphs and those with genus one

are toroidal graphs. The following results are useful in the sequel.

Proposition 1.3.9 ([White, 1984, Ringel and Youngs|). Let n > 3 be a positive

integer. Then 0(K,) = [w-‘

Lemma 1.3.10 ([White, 1984, Theorem 5.14]). Let I' be a connected graph, with
a 2-cell embedding in Sy. Then v —e + f = 2 — 20, where v,e and [ are the
number of vertices, edges and faces embedded in Sy, respectively and O is the genus

of surface of graph embedded.

Lemma 1.3.11 (White [2001]). The genus of a connected graph I is the sum of

the genera of its blocks.

Let Nj denote the non-orientable surface formed by the connected sum of k
projective planes, that is, N, is a non-orientable surface with k& crosscap. The
crosscap of a graph I', denoted by cr(I'), is the minimum non-negative integer k
such that I" can be embedded in Ny. For instance, a graph I is planar if ¢r(I') = 0
and the I is projective if ¢r(I') = 1. The following results are useful to determine

the crosscap of a graph.
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Proposition 1.3.12 ([Mohar and Thomassen, 2001, Ringel and Youngs]). Let n

be a positive integer. Then

Lemma 1.3.13 ([Mohar and Thomassen, 2001, Lemma 3.1.4)). Let ¢ : I' — Ny, be
a 2-cell embedding of a connected graph I' to the non-orientable surface N. Then
v—e+ f=2—k, where v,e and f are the number of vertices, edges and faces of

o(T') respectively, and k is the crosscap of Ny.

Definition 1.3.14 (White [2001]). A graph I is orientably simple if the manifold
number O(I') # 2 — ¢r(T"), where O(I") = max{2 — 20(I"),2 — cr(I") }.

Lemma 1.3.15 (White [2001]). Let I' be a graph with blocks 'y, Ty, ... T'x. Then

k
1—k+> er(ly), if T is orientably simple
cr(T) = e
2k — > O(Iy), otherwise.
i=1

We shall use the following remark explicitly without referring to it.

Remark 1.3.16. For a simple graph I', every face has at least three boundary
edges, and every edge is a boundary of two faces, that is, 2e > 3f. Moreover, the

equality holds if and only if I" has a triangular embedding.

A homomorphism of graph I' to a graph I is a mapping f from V(I") to V(I")
with the property that if u ~ v, then uf ~ vf for all u,v € V(T'). A retraction
is a homomorphism f from a graph I' to a subgraph I of I' such that vf = v
for each vertex v of I. In this case, the subgraph I" is called a retract of I'. An
isomorphism of a simple graphs I" and " is a bijection f : V(I') — V(I") such that
u ~ v in I' if and only if uf ~ vf in I'V. Graphs I' and I'" are isomorphic, if there

is an isomorphism between them and we write it as I' = I". An automorphism of
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a graph I' is a permutation f on V(I') with the property that, for any vertices u
and v, we have uf ~ vf if and only if u ~ v. The set Aut(I') of all the graph
automorphisms of a graph I' forms a group with respect to the composition of
mappings. A graph I' is vertex transitive if for every two vertices u and v there
exists a graph automorphism f such that uwf = v. For a subset X, S denotes

the symmetric group of degree | X]|.

Let I'; and I'y be two graphs. The union I'y Ul is the graph with V/(I'y UTy) =
V(1) UV () and E(I'y UTy) = E(I'y) U E(I'g). The join I'y V Ty of I'y and Iy
is the graph obtained from the union of I'y and I's by adding new edges from
each vertex of I'y to every vertex of I'y. Let I' be a graph on k vertices and
V(T) = {uy,ug, ..., ux}. Suppose that I'1, 'y, ..., 'y are k pairwise disjoint graphs.
Then the generalised join graph T'[['y,Ty, ..., Ty of ', Ty, ..., Ty is the graph
formed by replacing each vertex u; of I' by I'; and then joining each vertex of IT';
to every vertex of I'; whenever u; ~ u; in I' (cf. Schwenk [1974]). For a finite
simple undirected graph I" with vertex set V(I") = {uq, ua, ..., ux}, the adjacency
matriz A(T") is defined as the k x k matrix whose (4, j)th entry is 1 if u; ~ u; and 0
otherwise. The adjacency eigenvalues are the eigenvalues of the matrix A(I"). We
denote the diagonal matrix by D(I") = diag(dy, da, . .., dy), where d; is the degree
of the vertex u; of I'. The Laplacian matriz L£(I') of T" is the matrix D(I") — A(T).
The matrix £(I") is symmetric and positive semidefinite, so its eigenvalues are real
and non-negative. Furthermore, the sum of each row (column) of £(I") is zero.
The eigenvalues of L(T') are called the Laplacian eigenvalues of T' and are taken
as A\ (I') > Ao(T) > --- > A\ (I') = 0. The second smallest Laplacian eigenvalue
of L(I'), denoted by u(I"), is called the algebraic connectivity of I'. The largest
Laplacian eigenvalue A(I') of £(I') is called the Laplacian spectral radius of T.
Now let A\ (I'), A2(T), ..., A+(T") be the distinct eigenvalues of I' with multiplicities

1, fho, - - -, Iy, Tespectively. The Laplacian spectrum of I') that is, the spectrum of
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L(T), is represented as

B(L(T)) = M) Ae(l) - A(D)
H1 27 Hor

Sometime we write ®(L(I") as ®(I") also. The following results are useful in the

sequel.

Theorem 1.3.17 (Cardoso et al. [2013]). Let T be a graph on k vertices hav-

ing V(I') = {ug,ug,...,ux} and let 'y, Ty, ... Ty be k pairwise disjoint graphs on

ni, N, . . ., Ny vertices, respectively. Then the Laplacian spectrum of T[T, Ty, ... T]
1s given by
k
(T[T, Ty, -+, Ti]) = [ J(Ds + (@1(T3) \ {0})) | @(L(T)) (1.2)
i=1
where

> n; if Nr(w) #0;

Di — Uj~Usg
0 otherwise
D, —P12 - —Pi1k
—P2,1 D, o TP2k
L(T) = (1.3)
| “Pk1 —Pk2 Dy, |
such that
(o if ui~u; in I
Dij =
0 otherwise.

in (1.2), (®L(I';) \ {0})) means that one copy of the eigenvalue 0 is removed from
the multiset ®(I';), and D; + (®(I";) \ {0})) means D; is added to each element

of (®,(I';) \ {0})).
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Let T" be a weighted graph by assigning the weight n; = |V (I';)| to the vertex

u; of I and i varies from 1 to k. Consider L(I') = (I; ;) to be a k x k matrix, where

(

—n; if 1# 7 and u; ~ uj;
li,j = Z Ty if 7= j,
U ~YUr
0 otherwise.

The matrix L(I") is called the vertex weighted Laplacian matrix of I, which is
a zero row sum matrix but not a symmetric matrix in general. Though the k£ x k
matrix L(I") defined in Theorem 1.3.17, is a symmetric matrix, it need not be a
zero row sum matrix. Since the matrices L(I") and L(I") are similar, we have the

following remark.
Remark 1.3.18. ®(L(I")) = ®(L(T)).

The normalized Laplacian introduced by Chung [1997] and it is defined as

-1

L(T) = D)= £(I)D(I') = . The following results are useful in the sequel.

Theorem 1.3.19 (Mohar [1991]). Let I'; V I's denotes the join of two graphs T'y
and T'y. Then the characteristic polynomial of the L(T'y V T'y) is

(1 V Ty, ) = B2l (T — ng ) (T, — ma),

where ny,ny are the orders of graph I'y and I's, respectively.

Theorem 1.3.20 (Mohar [1991]). Let I" be the disjoint union of graphs I'y, Ty, ..., T'.
Then the characteristic polynomial of the L(I") is

k

p(lz) = H p(li, ).

=1

The proof of the following lemma is straightforward.

Lemma 1.3.21. The adjacency eigenvalues of the complete graph K, are n — 1

and —1 with multiplicities 1 and n — 1, respectively.
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Lemma 1.3.22 (Rather et al. [2022]). Let I" be a graph of order n and let T'; be the
r; reqular graph on n; vertices, having adjacency eigenvalues Ay = 1r; > Xjg > ... >
Ain;, where 1 =1,2,... . n. Then the normalized Laplacian eigenvalues of the graph

1
L[y, Ty, ...Ty] consists of the eigenvalues 1 — n Nie(Ty), fori=1,2,....n
r

7 )

and k =2,3,...,n;, where a; = ZvjeNF(v ) i 18 the sum of the orders of the graphs

k3

I';,j # 1, which correspond to the neighbours of the vertex v; € I'. The remaining

n eigenvalues are the eigenvalues of the matrix

a1 —Naa12 —NpGin
o+ 1 \/(T1+a1)(r2+a2) \/(r1+a1)(rn+an)
—N10a21 (o7 —Nyp Qo
\/(TQ + ag)(r; + aq) Qg + T2 \/(rg + o) (rn + )
—N10n1 —TNolnp2 o Qp
_\/(rn + ) (r1 + ay) \/(Tn + ay)(r2 + az) Qp + Ty ]

where,

1, Ui ~ Uy
CLij =
0, otherwise.



Chapter 2

The Cozero-divisor Graph of a

Commutative Ring

Afkhami and Khashyarmanesh [2011] introduced the cozero-divisor graph of a
commutative ring. Let R be a commutative ring with unity. The cozero-divisor
graph of a ring R, denoted by I''(R), is a simple undirected graph whose vertices
are the set of all non-zero, non-unit elements of R, and two distinct vertices x
and y are adjacent if and only if x ¢ Ry and y ¢ Rx, where Rx is the ideal
generated by the element x of R. They explored the interrelation between the
algebraic properties of the ring R and graph-theoretic properties of I'V(R). The
relation between the cozero-divisor and zero-divisor graphs are also discussed in
Afkhami and Khashyarmanesh [2011]. Then Afkhami and Khashyarmanesh [2012]
investigated the complement of the cozero-divisor graph and characterised all com-
mutative rings R whose I''(R) is unicyclic, star, double-star or forest. Akbari and
Khojasteh [2013] proved that if the independence number «(I'(R)) is finite, then
the ring R is Artinian if and only if R is Noetherian. They also showed that if the

maximum degree of I''(R), for a commutative ring R, is finite, then the ring R is

21
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finite. Akbari, Alizadeh and Khojasteh [2014] showed that diam/(I"(R[z])) = 2, for
every commutative ring R. Particularly, they proved that if R is a commutative
non-local ring, then diam(I"(R[[z]])) < 3. Recently, Bakhtyiari et al. [2020] dis-
cussed the perfectness of IV(R), when R is a von Neumann regular ring. They also
gave an explicit formula for the clique number of the graph IV(R). Nikandish et al.
[2021] obtained the metric and strong metric dimension I'V(R), for some classes of
ring R.

This chapter seeks to present some more insight to the study of the cozero-divisor
graph I'"(R) of a commutative ring R. In this connection, first we obtain a closed-
form formula of the Wiener index of the cozero-divisor graph I"(R) of a finite
commutative ring R in Section 2.1. As an application, we determine the Wiener
index of I'"(R) when R is either the product of the rings of integers modulo n (see
Subsection 2.1.1) or a reduced ring (see Subsection 2.1.2). Subsection 2.1.3 deals
with the computation of Wiener index of I'(Z,,) independently. We also derive a
SageMath code to compute the Wiener index of these class of rings in Subsection
2.1.4. In Section 2.2, we study the Laplacian spectrum of [(Z,). We show that
the graph I"(Z,,) is Laplacian integral. Further, we obtain the Laplacian spectrum
of I''(Z,,) for n = p"™q"2, where ny,ns € N and p, ¢ are distinct primes. Section 2.3
deals with the investigation of the Laplacian spectral radius and algebraic connec-
tivity of I''(Z,). We characterized the values of n for which the Laplacian spectral
radius is equal to the order of I7(Z,). Moreover, the values of n for which the al-
gebraic connectivity and vertex connectivity of I'(Z,,) coincide are also described.
The content (Subsection 2.1.3, Section 2.3 and Section 2.2) of this chapter is pub-
lished in the journal “AKCFE International Journal of Graphs and Combinatorics”.
However, the results of Section 2.1 (except Subsection 2.1.3) is submitted for the

publication.
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2.1 The Wiener Index of ["(R)

The purpose of this section is to provide a closed-form formula of the Wiener index
of the cozero-divisor graph of a finite commutative ring (see Theorem 2.1.5). Let
R be a finite commutative ring with unity. Define a relation = on V(I"(R)) such
that z = y if and only if (z) = (y). Note that the relation = is an equivalence
relation. Let xq,xs,..., 2, be the representatives of the equivalence classes of
X1, Xs, ..., X}, respectively, under the relation =. We begin with the following

lemma.

Lemma 2.1.1. A vertex of X; is adjacent to a vertex of X; if and only if (z;) €
(z;) and (z;) & (7).

Proof. Suppose a € X; and b € X;. Then (a) = (z;) and (b) = (z;) in R. If a ~ b
in I"(R), then (a) ¢ (b) and (b) ¢ (a). It follows that (z;) ¢ (z;) and (z;) ¢ (x;).
The converse holds by the definition of I''(R). O
Corollary 2.1.2. (i) Fori € {1,2,...,k}, the induced subgraph I''(X;) of I'"(R)

is isomorphic to K x,|.

(ii) For distinct i,j € {1,2,...,k}, a vertex of X; is adjacent to either all or

none of the vertices of X;.

Define a subgraph Y’(R) (or Y') induced by the set {x1, za, ..., zx} of represen-
tatives of the respective equivalence classes X1, Xs, ..., X}, of elements of V(I"(R))

under the relation =.

Lemma 2.1.3. The graph Y'(R), with more than one vertex, is connected if and

only if the cozero-divisor graph T'(R) is connected. Moreover, for a connected
graph I'"(R) and a,b € V(I''(R)), we have
2 if a,b € X;, for some 1

dp/(R)(a, b) =
dyr(r) (i, ;) ifae X;,b€ X; and @ #J.
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Proof. First, suppose that T'(R) is connected. Let a,b be two arbitrary vertices
of I'(R). We may now suppose that a € X; and b € X;. If i = j, then a = b
in I"(R). Since Y'(R) is connected, we have x; € X; such that z; ~ z; in I'"(R).
Consequently, a ~ x; ~ b in I"(R) and dp/(g)(a,b) = 2. If a ~ b, then there is
nothing to prove. Let a » b in I"(R). Connectedness of Y'(R) implies that there
exists a path z; ~ x;;, ~ z;, ~ -+ ~ x;, ~ x;, where ¢ # j. It follows that
a~ Ty ~ Ty ~ -~ 3, ~bin IY(R) and dp(gy(a,b) = dyi(r)(x;, x;). Therefore,

["(R) is connected. The converse is straightforward. O
In view of Corollary 2.1.2, we have the following proposition.

Proposition 2.1.4. Let I'; be the subgraph induced by the set X; in I"(R). Then
I"(R) =Y'[I",T%, ..., ]

Let R be a finite commutative ring with unity. As a consequence of Lemma

2.1.3 and Proposition 2.1.4, we have the following theorem.

Theorem 2.1.5. The Wiener index of the cozero-divisor graph I''(R) of a finite

commutative ring with unity is given by

w25 (1) + T il @),
B

where, x; is a representative of the equivalence class X; under the relation =.
In the subsequent subsections, we use Theorem 2.1.5 to derive the Wiener index

of the cozero-divisor graph I"(R) for various class of rings.

2.1.1 The Wiener Index of [(Z,m x Z,m X -+ X Zm)
1 2 k

First note that I'(Z4) is a graph with one vertex only. Moreover, for a prime p,

the cozero-divisor graph I'(Z,) is a graph without any vertices and for a > 2,
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1 _ 1 vertices

the cozero-divisor graph of Zy., where p* # 4, is a graph with p®~
without any edges. Consequently, in this subsection, we obtain the Wiener index
of the cozero-divisor graph I''(R), when R = Z,, X Zy, X -+ X Ly, or R =
Zp;nl X Zpglz X +ee X szwk, except Zpe, where o > 1.

Define the relation = on the elements of Zp;"i such that x = y if and only if
(z) = (y). Note that = equivalence relation on Z,m:.. Let XP, X[,..., X" be
the corresponding equivalence classes =, where X} = {0}, Xj = U(Z,) and

X7 = A,i-1 for 2 < j < m;. Now we have

(2

(
1 itj =0,
| X | = q pri — pmit ifj=1,
prTIT pmid if 2 <j<m,.
\

Let x = (z1,%2,...,%p,...,2x) and y = (y1,%2,---,Yr,---,Yyx) € R. Notice
that (x) = (y) if and only if (x;) = (y;) for each i. It follows that the equivalence
classes of the ring R is of the form X{l X X§2 X+ X Xg’“. Consequently,

X7 % X3 o X =TT, X

Lemma 2.1.6. Let R = Zp, X Zpy X -+ X Ly, and let x = (x1,Tay ..., Tpy ..., T),

y=(y,Y2, s Yrs--,yx) € V(I'(R)). Define S, = {{x,y}: z.,y, € Z(Zyn,)* and (z,) C
(Yr),xi = 0,y; € U(Zy,) for each i #r}. Then

1 if v ~y,

drry(T,y) =42 ifx ey and {x,y} ¢S, for allr,

3  if {z,y} € S, for some r.

Proof. To prove the result, we discuss the following cases.

Case-1. z; € Z(Z,,)* for cach ¢ € [k]. If v ~ y in I'V(R), then d(z,y) = 1.

i

Otherwise, either (x) C (y) or (y) C (z). Suppose that y; € Z(Z,,)*, for each
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i € [k]. Then for z = (1,0,...,0) € R, we obtain z ~ z ~ y in I'"(R). It
follows that d(z,y) = 2. Now assume that y; € Z(Z,,) for each i € [k] and
y; = 0 for some j € [k]. If z ¢ y in I''(R), then (y;) C (x;) for each i. Choose
z = (21,%,...,2) € R such that z; = 0 whenever y; € Z(Zy,,)" and z; € U(Z,,)
whenever y; = 0, for some i,j € [k]. Consequently, z ~ z ~ y in [V(R). It
follows that d(x,y) = 2. If y; € U(Z,,) and y; = 0, for some 4, j € [k], then note
that d(z,y) = 1. Now, let y; € U(Z,,) and y; € Z(Z,,)*, for some i,j € [k]. If
x » yin IV(R), then (z;) C (y;) for each i € [k]. Choose z = (z1,22,...,2k) € R
such that z; = 0 whenever y; € U(Zy,,) and z; € U(Z,,;) whenever y; € Z(Zy;)*.
It follows that x ~ z ~ y in I"(R) and so d(z,y) = 2. Further, assume that
Yi € U(Zy,),y; € Z(Zn,;)* and y; = 0 for some i, 7,1 € [k]. Then x ~ y in I'(R)
and so d(z,y) = 1.

Case-2. z; € U(Z,,) and x; = 0 for some 4, j € [k]. Suppose y; € U(Z,,) and
y; = 0 for some ¢,j € [k]. If v ~ y in I'"(R), then d(z,y) = 1. Otherwise, choose

z = (21,29,...,2) € R such that

1 when both z; =y, =0,
2 =

0 otherwise.
It follows that d(z,y) = 2. Further, suppose that y; € Z(Z,,) for each i € [k] and
y; = 0 for some j € [k]. If v = y in I''(R), then choose z = (21, 22, . . ., 2) such that
z; € U(Zy,) whenever y; = 0 and z; = 0 whenever y; € Z(Z,,;)". Consequently,
d(x,y) = 2. Suppose that y; € Z(Zy,)* and y; € U(Zy,) for some i,j € [k]. If
x ~yin IV(R), then d(z,y) = 1. Otherwise, consider z = (21, 22, ..., 2) € R such
that

0 ify, €eU(Zy,),

2 =

1 ify € Z(Z)".
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Note that © ~ z ~ y in I"(R). It follows that d(z,y) = 2. Assume that y; €
U(Zn,),y; € Z(Zn;)* and y; = 0 for some ,5,1 € [k]. If z = y in I'(R), then
choose z = (21, 22, ..., 2;) € R such that z; € U(Z,,) whenever z; = 0 and z; = 0
whenever z; € U(Zy,), for some i, j € [k]. Consequently, d(z,y) = 2.

Case-3. z; € Z(Z,,) for each i € [k] and z; = 0 for some j € [k]. Suppose
vi € Z(Zy,) for each ¢ € [k] and y; = 0 for some j € [k]. If z ~ y in I"(R),
then d(z,y) = 1. Let © ~ y in I"(R). Then choose z = (z1,22,...,2x) € R
such that z; = 0, whenever z; € Z(Z,,)*, and z; = 1, whenever z; = 0 for some
i,7 € [k]. It follows that x ~ z ~ y and so d(z,y) = 2. Next, assume that
Yi € Z(Zn,)*,y; € U(Zy,) and y; = 0 for some i,5,0 € [k]. If z » y in I"(R),
then choose 2z = (21, 22,..., 2;) such that 2z, = 1 when 2; = 0, and z; = 0 when
v; € Z(Zy,)" for some i,j € [k]. Consequently, we have x ~ z ~ y in I"(R).
It implies that d(x,y) = 2. Further, assume that y; € U(Zy,) and y; € Z(Zy,)*
for some i,j € [k]. Let x = y in I'(R). Suppose that there exists r € [k]
such that z, € Z(Z,,)* and z; = 0 for each i € [k] \ {r}. Also, y; € U(Z,,)
and y, € Z(Z,,)* for each i € [k] \ {r}. Then (x,) € (y,). If there exists
a = (ai,as,...,a,...,ax) such that a ~ y, then (y,.) € (a,). It follows that
(z.) € (yr) € (a,). Consequently, a »~ x in I'(R). Therefore, d(x,y) > 2.

g =

Consider z = (21, 22,...,2) and 2’ = (21, 25, ..., 2.) € R such that

Zi =

0 ifx € Z2(Zy,)
and

0 ify €eU(Z,,),

1 ify € Z(Zy,)".
It follows that © ~ 2z ~ 2/ ~ y in ["(R). Therefore, d(z,y) = 3. Next, we claim that
if there exist ¢t and r € [k] such that x; € Z(Z,,)*,x, € Z(Zy,)* then d(z,y) < 2.
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If x ~ gy in IV(R), then d(x,y) = 1. Next, assume that x ~ y in I"(R). Since
x » y, we have (z) C (y). If there exists iy € [k] such that x,,y;, € Z(Zy, )",
then take r = ;. Now consider z = (21, 22, ...,2;) € R such that z; = 0,2, = 1
and, for i # {t,r} whenever y; € U(Z,,) take z; = 0 and, whenever y; € Z(Z,,)*

i

then choose z; = 1. It follows that x ~ z ~ y in I"(R). Therefore, d(z,y) < 2.

Case-4. w; € Z(Zy,)* and x; € U(Zy,) for some i,j € [k]. Let y; € Z(Zy,)"
and y; € U(Zy;) for some i,j € [k]. If v ~ y in ['(R), then d(z,y) = 1. Let
x » y in IV(R). Then choose z = (z1, 22,...,2r) € R such that z; = 0 whenever
x; € U(Zy,), and z; = 1 whenever x; € Z(Zy,)* for some 4, j € [k]. It follows that
d(x,y) = 2. Next, let y; € Z(Zy,)*,y; € U(Zy,;) and gy = 0 for some 4,5 € [k].
If x » y in I"(R), then choose z = (21, 22,...,2) such that z; = 1 whenever
v; € Z(Zy,)*, and z; = 0 whenever x; € U(Zy,) for some i,j € [k]. Therefore,
d(z,y) = 2.

Case-5. z; € Z(Zy,)",x; € U(Zy,;) and x; = 0 for some 1, j,] € [k]. Assume that

Yi € Z(Zn,)*,y; € U(Zy,) and y; = 0 for some i, j,1 € [k]. If z ~ y in [V(R), then

d(x,y) = 1. Otherwise, choose z = (z1, 29, ..., 2x) € R as follows

0 ifw; € Z2(Zy,)" and x; € U(Zy,),

Zi =

1 itz =0.
Then x ~ z ~ y in I"(R). It follows that d(z,y) = 2. O

In view of Lemma 2.1.6, now we calculate the Wiener index of I''(R), where
R 2= Zym X Lyma X - -+ X vaknk. Let x = (¢]', 2, ... ,xi’“) and y = (yi', 92, ... ,y,lf’c)
be the representatives of two distinct equivalence classes X7 x X722 x --- x X ,i’“

and X{l X XéQ X e X X,i’“, respectively.

Theorem 2.1.7. The Wiener indez of the cozero-divisor graph I"(R), where R =



2.1 THE WIENER INDEX OF I'(R) 29

ZpTl X Zp;ﬂz X +ee X Zp'l’:k, 15 given below:

[T (o = p ™)
( )

ji>
2

W(T'(R)) =2 >

(x{l ’IJ2'2 ,xik )EY!

k k
+Z H(p;m —Ji+1 pznl ]z) H(pznz li+ _p;ni_lz)
Y =1 =1
Jiz1 Ji>1
k ' k
+2 > | [J@r 7t =pm oy | | [T = e )
Ty i=1 i=1
{zy}¢Sr \ji>1 Gi>1
k ‘ A k
+3 Z H@;ﬂr]ﬁl _ p?fﬁ) H<p;m-—li+1 p:nz—l )
{zy}esSr \ izl i=1
Jizl jiZ].

In the following example, we compute the Wiener index of the I'(R), for a

specific ring R.

Example 2.1.8. Let R & ZyxZyxZg. Then [X)| =1, | XJ| =1, |XJ| =1, |X]| =

1, [X} =2, | X} =6, |X2| =0, |X2| =1 and |X2| = 2. Let ¥; = X? x XU x X},
Vo=X0xXIx X2 V3=XxXJx X,V = X! x XZx X2, Vs =XV x X1 x X3,
Vo= XVx X2x X3, Vo =X)x Xg x X2 Vg =X{ x X2x X2, Yo = X] x XJx X2,
Yio=X{xXIx X1 V1 = X xXIx X2 Vo = X{ x X2 x X?, Vi3 = X{ x X3 x X2

Yig = X{ x X2 x X9, V5 = X] x X2 x X1 and Vi = X| x X3 x X2. Then S5 =
{{Ys,Yi3}}, S2 = {{Y4, Y15}} and the pair of sets whose elements are at distance

two {{¥1, Yo}, {V1, Y5}, {¥1,¥s}, {¥1, Y10}, {¥1,Yis}, {Y2, Y5}, {¥2, Y6}, {¥2, Y7},

{2, Yo}, {Y2, Yo}, {Ya, Yiu}, {2, Yis}, {¥2, Vie}, {¥3,Ya}, {¥3, Y5}, {¥3, Y7},

{Ys, Yio}, V3, Vi), {Va, Ys}, {Ya, Y6}, {Va, Yo}, {Ya, Y}, Vi, Via}, {V4 Yas},

{Yi, Yia}, {Ya, Yie}, {5, Y6}, {Ys, Yot {¥5, Y5}, {6, Ys}, {Y6, Yis}, {¥7, Y5}, {¥7. a3},
{¥s, Yis}, {Ys, Yist, {Ys, Yie}, {Yo, Yio}, {Yo, Yir}, {Yo, Yia}, {Yo, Yis}, {Yo, Yia}, {Y0, Y5},
{Yo, Y16}, {Yio, Y}, {Yio, Yis}, {Yi1, Yis}, {Yi1, Yis}, {1, Yie}, {Yao, Yis}, {Yao, Yiat,
{Yis, Yia}, {Yi3, Yie}, {Yia, Yis}, {Yia, Yie}, {Yi5,Yie}}-
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Thus, the Wiener index of the cozero-divisor graph of the ring Zy X Zy X Zg is

1
W(F’(ngZ4><Zg)):2><5[30+2+2—|—0+132+30+12+2+0+30+2+2

+124+0+30+2]+[6(2+1+4+2+1+2+2+44+1+2)
F22+1+1+2+1)+2(6+24+14+64+24+1+6+2)
+(14+6+2)+12(146+2+2+4+1+6+2)+6(4+1+6
+24+24+4+14+2)+41+6+2+2+1+6+2)+2(1+6+
24241+ (0)+6(2+4+1+2)+2(24+1)+2(6+2) +4(6)
+(0)]+26(2+12+64+6+6)+2(12+6+4+2+6+2
+64+2)+2(1+12+44+24+4)+(124+6+4+2+24+4
+1+2)+12(6+4+2)+6(2+6)+4(2+4)+2(4+6+2)
+(64+2+24+44+1+6+2)+6(2+6)+2(4+6+2)
+2(44+ 1) +4(1+2) 4+ (64+2) +6(2)] +3[(2 x 4) + (1 x 6)]
= 2611.

2.1.2 The Wiener Index of Cozero-divisor Graph of Re-

duced ring

In this subsection, we obtain the Wiener index of the cozero-divisor graph of a finite
commutative reduced ring. Let R be a reduced ring i.e. R=F, xFg, x--- xFg,
with k£ > 2. Notice that, for z = (1, z9,...,2x) and y = (y1,¥2, ..., yx) € R such
that (x) = (y), we have z; = 0 if and only if y; = 0 for each i. For iy, is,...,4, € [k,
define

Xivioriny = 121,22, ..., 25) € R :only x;,, %4, ..., x; are non-zero}.

Note that the sets X4, where A is a non-empty proper subset of [k], are the
equivalence classes under the relation =. We write 4 by the representative of

equivalence class X 4. Now we obtain the possible distances between the vertices

of T'(R).
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Lemma 2.1.9. For the distinct vertices x4 and xg of Y'(R), we have

1 ifAZ€BandBZ A
dyi(ry(Ta,2B) =
2 otherwise.

Proof. First assume that A € B and B € A. Then (x4) € (xzp) and (zp) € (z4).
It follows that dy/(x4,z5) = 1. Now without loss of generality let A C B. Then
there exists ¢ € [k] such that i ¢ B and so ¢ ¢ A. Then by Lemma 2.1.1, we have

x4~ xgy ~ xp. Thus, dy/(v4,25) = 2. O
For distinct A, B C [k], we define
Dy ={{A,B}: AZ B} and Dy = {{A,B}: AC B}.

Using Theorem 2.1.5 and the sets D, and D,, we obtain the Wiener index of the

cozero-divisor I"(R) of a reduced ring R in the following theorem.

Theorem 2.1.10. The Wiener index of the cozero-divisor graph of a finite com-

mutative reduced ring R = F,, xFy, x--- xF, , k> 2, is given by

W(I'(R)) = 2 Z (HieA (2%' - 1)) + Z (f[(qZ — 1)) (H(qj — 1))
ACIK]

{A,B}eD; \i€eA jEB
w2 5 (M=) (o -1)
{A,B}eD, \i€A jEB
Proof. The proof follows from Lemma 2.1.9. [

Now we provide few examples to compute the Wiener index of the cozero-

divisor graph of some finite reduced rings.

Example 2.1.11. Let R = Z,, = 7Z, X Zq, where p, q are distinct prime numbers.
Then we have two distinct equivalence classes, X1y = {(a,0) : a € Z, \ {0}}
and Xy = {(0,0) : b € Zg \ {0}}, of the equivalence relation =. Moreover,
Dy = {{{1},{2}}} and D, = 0. Note that |X;| = p—1 and | X = ¢ — 1.
Consequently, by Theorem 2.1.10, we get
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W(I(Zpg)) = (p—1)(p—2)+(¢—1)(¢—2)+(p—1)(¢g—1) = p*+¢* —4p—4q+pg+5.

Example 2.1.12. Let R = Z,y = Z,, X Zy X Z,, where p, q,r are distinct prime
numbers. For a € Z, \ {0}, b € Z,\ {0} and ¢ € Z, \ {0}, we have the equiva-
lence classes : X1y = {(a,0,0)}, X3 = {(0,0,0)}, Xz = {(0,0,0)}, X2y =
{(a,0,0)}, X3 = {(a,0,¢)}, X233 = {(0,b,¢)}. Moreover,

Dy = {{{1},{2}}, {{1}, {33}, {{2}, {31}, ({1, 2}, {1, 3}}, {{1, 2}, {2, 3}},
{{1.3}, 42,3}y, {{1h{2.3}}, {{2}.{1,3}},{{3}.{1,2}}} and
Dy = {{{1}, {1, 2}}, {1}, {1, 3}}, {2}, {1, 2}}, {{2}.{2.3}}. {{3}. {1, 3}},
{{3},{2,3}}}.
Also, | Xyl = (p = 1), [Xgz3| = (¢ = 1), [Xpgy[ = (r = 1), [Xppy[ = (p = D)(g = 1),
Xug = @—1)(r—1), [Xps| = (¢—1)(r —1). Then, by Theorem 2.1.10, the
Wiener index of I''(R) is given by

W (I (Zygr)) = 2(]9;1) +2(q . 1) +2<T;1) +2((p— G- 1>)

+2<(p_1>2(r_ 1>> +2((q_ 1)2(T_1)> +(p—1)(g—1)

(
(
(=D -D+@@-Dp-Dr-1)+r-1FE-1)G-1)
)p=D@—-Dl+20p—-1)[(p—1)(r—1)]

) (=g =1 +2(g—1)[(¢—1)(r —1)]

) [

simplifying this expression, we get

W (Zpg)) =pgr(ip+q+1r—=3)+ PP +p*r + @r* = p*(g+7r) — Fp+7) —
2(p+q) —2(pg+pr+qr)+4(p+q+r)—3.
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2.1.3 The Wiener Index of I'(Z,)

In this subsection, we obtain the Wiener index of the cozero-divisor graph of the
ring Z, for arbitrary n € N. The Wiener index of the cozero-divisor graph of Z,
can be deduced from the Subsection 2.1.1. But we prefer to give the independent
proof for the ring 7Z, because it provides us a different approach as well as some
more insight of the structure of I'(Z,) to study various aspects of I''(Z,,) in the
subsequent sections.

We begin with the structure of the cozero-divisor graph I"(Z,). In view of

Remark 1.2.4, we have the following result.

Remark 2.1.13. The sets Ay,, Aqg,, - - ., Aqg, forms a partition of the vertex set of
the graph I'(Z,,). Thus, V(I'"(Z,)) = Agy U Ag, U---U Ay, .

Lemma 2.1.14. Let x € Ay, y € Aq;, whered,j € {1,2,...,7(n) — 2}. Then
x~vy in1"(Z,) if and only if d; {d; and d; 1 d;.

Proof. First note that in Z,, x € (y) if and only if y | . Let x € Ay, and y € Ay,
be two distinct vertices of I(Z,). Suppose that z ~ y in I''(Z,). Then = ¢ (y)
and y ¢ (x). If d; | d;, then d; € (d;) = (z). It follows that (y) = (d;) C (x) and
so y € (x), which is not possible. Similarly, if d; | d;, then we get © € (y), again
a contradiction. Thus, neither d; | d; nor d; | d;. Conversely, if d; 1 d; and d; 1 d;
then we obtain x ¢ (y) and y ¢ (x). It follows that x ~ y. The result holds.  [J

For distinct vertices x, y of Ay, by Remark 1.2.4, clearly z € (y) and y € (x). It
follows that x » y in I(Z,). Using Lemma 1.2.5, we have the following corollary.

Corollary 2.1.15. The following statements hold:

(i) Fori € {1,2,...,7(n) — 2}, the induced subgraph I"(Ay,) of T'(Z,,) is iso-

morphic to FW@)'
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(ii) Fori,j € {1,2,...,7(n)—2} andi # j, a vertex of Ay, is adjacent to either

all or none of the vertices of Ag;.

Thus, the partition Ay, A4y, - .., Ad of V(I''(Z,)) is an equitable partition

T(n)—2
in such a way that every vertex of the Ay, has equal number of neighbors in Ay,
for every i,j € {1,2,...,7(n) — 2}.

We define Y/, by the simple undirected graph whose vertex set is the set of all

proper divisors dy, ds, ..., d; of n and two distinct vertices d; and d; are adjacent

if and only if dl 'f dj and dj J[ dZ

Lemma 2.1.16. For a prime p, the graph Y!, is connected if and only if n # p',

where t > 3.

Proof. Suppose that Y/ is a connected graph and V(Y!) = {di,da,...,dx}. If
n = p' fort > 3, then V(1)) = {p,p? ..., p""'}. The definition of Y/ gives that
T;t is a null graph on ¢ — 1 vertices. Thus, Y/, is not connected; a contradiction.
Conversely, suppose that n # p', where t > 3. If n = p' for t € {1,2}, then
there is nothing to prove because T is an empty graph whereas T; » 1s a graph
with one vertex only. We may now suppose that n = pi*p5*---pl™ where p;’s
are distinct primes and m > 2. Now let d,d’ € V(Y)). If d { d' and d' { d, then
d ~ d'. Without loss of generality, assume that d | d’ with d = pfl p§2 - pPmand
d = p{'ps?---p2m. Note that oy, 8; € NU {0} such that §; < o;. Since d' is a
proper divisor of n there exists r € {1,2,...,m}, where o, < n,., such that pI'" { d
and d' 1 pl'r. Clearly, pI' td. If d 1 pl'", then d ~ p~ ~ d'. If d | p, then there
exists s € {1,2,...,m}\ {r} such that d { ps; and p, t d. Also, p~ 1 ps and p; t pl'.
It follows that d’ ~ p'~ ~ ps ~ d. Hence, the graph T/ is connected. O

Lemma 2.1.17. I'(Z,) = YT, [I"(A4), I"(Aay), ..., T"(Ag, )], where dy,da, ..., dy

are all the proper divisors of n.
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Proof. Replace the vertex d; of Y/ by I"(Ay,) for 1 < i < k. Consequently, the

result can be obtained by using Lemma 2.1.14. [

Lemma 2.1.18. For a prime p, we have I'(Z,) is connected if and only if either

n=4 orn#p', wheret > 2.

Proof. Suppose that I"(Z,,) is a connected graph and n # 4. If possible, let n = p’
for ¢ > 2, then note that V/(I"(Z,)) = I'"(A,)UI" (A2)U- - -UI"(Apy-1) and so x < y
for any z,y € V(I"(Z,)) (see Lemma 2.1.14 and Corollary 2.1.15). Consequently,
I"(Z,) is a null graph; a contradiction. Thus, n # p', where ¢ > 2. Converse

follows by the proof of Lemma 2.1.16 and Lemma 2.1.17. ]

Example 2.1.19. The cozero-divisor graph I''(Z3g) is shown in Figure 2.1

F1GURE 2.1: The graph I"(Zs0)
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15

5

FIGURE 2.2: The graph T4,

By Lemma 2.1.17, note that I"(Z3p) = T4, [I"(Az2), T (A3), I (As5), T (Ag), IV (A1),
I"(As5)], where Y4, is shown in Figure 2.2 and I'(Ay) = Kz, [V(A3) = K, =
["(Ag), T"(As) = Ko = I"(Ayp), I'(As) = K.

Theorem 2.1.20. For 1 < i < 7(n) — 2, let d;’s be the proper divisors of n. If
n = pips - - - Pr, where p;’s are distinct primes and 2 < k € N, then

2k_2

i=1 ? 1 difd; 7 j i, i j
dyfds i#]

Proof. To determine the Wiener index of I(Z,), we first obtain the distances
between the vertices of each A, and two distinct Ay, ’s, respectively. For a proper
divisor d; of n, let x,y € Ay,. Since I'(Z,) is connected, by Corollary 2.1.15, there
exists a proper divisor d, of n such that x ~ z for each x € Ay, and z € A,,.
Consequently, d(z,y) = 2 for any two distinct =,y € A;,. Now we obtain the
distances between the vertices of any two distinct Ay,’s through the following
cases.

Case-1. Neither d; | d; nor d; | d;. By Lemma 2.1.14, d(x,y) = 1 for every
v €Ay and y € Ay,

Case-2. d; | d;. For x € Ay, and y € Ay, we have x ~ y. Without loss of
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generality, assume that d; = pips - ppd;, where 1 < m < k — 2. Since d; is a
proper divisor of n there exists a prime p such that p { d;. Consequently, p td;. It
follows that for x € Ay, and y € Ay, there exists a z € A, such that x ~ z ~ y.
Thus, d(z,y) = 2 for each v € Ay, and y € Ay,

Thus, in view of all the possible distances between the vertices of I'(Z,), we

get

Wm@m:% S Y duw)

ueV(IV(Zn)) veV (I (Zyn))

2k _9
1
=5 [ 2l (14, + YA + 2 | Ag Ay
i=1 difd; d;|d;
d;td; i#j
2k_2
n TL
:Z%)(as( ) Z¢ B7) + 230l
i=1 g d; difd; d; d;|d;
d;fd; i#£]

Corollary 2.1.21. If n = pq, where p,q are distinct primes, then

WI'(Z,)=p-)g-1)+p-1)F-2)+(@-1)(qg-2).

Theorem 2.1.22. Let n = p{'ps?---plm - - - p* with k > 2, where p;’s are distinct
primes and let D = {dy,d, ... ,d -2} be the set of all proper divisors of n. For
d; | d;, define

A={(di,d;) € D x D | d; # p}};
B ={(di,d;) € Dx D | d; =p] Cmdg%pi}?

J

czm%@epxp|¢:mmmgzm}
J
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Then
T(n)—2 n
=2 oy (¢ ) Z¢
1=1 ﬁd
djtd;
n n n n
+2 A+ 2 DD ()0 +3 ()97 )
(di,d;)EA d; (di,d;)€B J (di,d;)EC J

Proof. In view of Remark 2.1.13, first we obtain all the possible distances between
the vertices of Ay, and Ay;, where d; and d; are proper divisors of n. If i = j, then
by the proof of Theorem 2.1.20, we get d(z,y) = 2 for any two distinct x,y € Ay, .
Now suppose that ¢ # j. If d; 1 d; and d; { d;, then by Lemma 2.1.14, we get
d(x,y) = 1 for every x € Ay, and y € Ag,. If d; | d;, then we obtain the possible
distances through the following cases.

Case-1. (d;,d;) € A. Since d; | dj, we have x « y for any x € Ay, and y € Ay;,.
Note that d; # p® implies that d; = pps> .- - pPr for some B’s € NU {0} and
m > 2. Consequently, d; = p{'p5?---p2m for some «;’s € NU {0}. Since d; is a
proper divisor of n there exists [ € {1,2,...,k} such that p;" 1 d;. Also, p;" 1 d;.
Further, m > 2 follows that d; { p;* and d; { p;". Now for any x € Ay, y € Aq,
there exists a z € Aplnl such that z ~ z ~ y. Thus d(z,y) = 2 for every x € Ay,
and y € Ag,.

Case-2. d; = p? for some r € {1,2,...,k} and 1 < s < n,. Suppose = € A,, and
y € Aqg;. Then we obtain d(x,y) in the following subcases:

Subcase-2.1. (d;,d;) € B. Suppose d; = p{'p5?---po - Smce — 7é P
there exists a prime p,, € {p1,p2,...,pr} \ {p-} and a,, < n,, such that p 1d;.
Consequently, pl'™ t d;. Moreover, d; { pim and d; t plim. Thus, for every x € Ay,
and y € Aqg;, we get © ~ z ~ y for some z € A,nm. Hence, d(z,y) = 2 for each
v €Ay and y € Ay,

Subcase-2.2. (d;,d;) € C. Then d; = p{*p3?---pi - - pi*, where n, — o, =
t > 1. Since d; | dj, for each x € Ay, and y € Ag,, we have d(z,y) > 2 (cf. Lemma
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2.1.14). First, we show that d(x,y) > 2 for any x € Ay, and y € Ag,. In this
connection, it is sufficient to prove that for any proper divisor d of n, we have
either d | d; or d; | d. Suppose that d{d;. Then d = p{'p)*---p)r---pl* together
with v, > «,. Since p} = d; | d;, we get s < o, < . Consequently, d; | d.

Since n = p'py?---pl---p* with k > 2, there exists a prime g # p, such
that ¢ | n. Clearly, ¢ 1 d; and d; 1 ¢. Also, p~ 1 ¢ and ¢ { pI'". Since o, < n,,
we obtain d; 1 pi~ and p { d;. Thus, in view of Lemma 2.1.14, for any = € Ay,
and y € Ay,, there exist z € A, and w € A,p» such that z ~ 2z ~ w ~ y. Hence,
d(x,y) = 3 for every v € Ay, and y € Ag,. In view of the cases and arguments

discussed in this proof, we have

W(F/(Zn)):% S 0Y dww)

WV (I (Zn)) vEV (I (Zn)

7(n)—2
1
:§ Z 2|Adz|(‘Adz’_]‘) + Z’Adz + 2 Z |'Ad7, j|
i=1 ditd; (di,dj)GA
d;jtd;
+2 Z |‘Ad7,||Ad]| +3 Z |Adz||Adj|
(di,d;)eB (ds,dj)eC
T(n)—2 n n n
Z 3(=) (= Z¢ +2 > o(5)8(5)
%) FRARY)
d{d (didj)EA
djtd;
n n
2 ) d()e(5) + 3 > ¢<E)¢(E)-
(di,dj)EB ’ J (di,dj)eC v J

Based on all the possible distances obtained in this subsection, the following

proposition is easy to observe.
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Proposition 2.1.23. The diameter of I'(Z,,) is given below:

(
0 n =4,

diam(T"(Zy)) =42  n=pips--pp, k> 2

3 otherwise.

\

Now we conclude this subsection with an illustration of Theorem 2.1.22 for the

ring Zro.

Example 2.1.24. Consider n = 23 - 3% = 72. Then the number of proper divisor
7(n) of n is [[F_,(n; + 1) — 2 = 10. Therefore, D = {2, 22, 23, 3, 3% 2.3, 22.
3,23.3,2.32, 22.3%). Letdy =2, do = 22, dy = 23, dy = 3, ds = 32, d =
2.3, dy =223, dg =233, dy = 2-3%, dyp = 2232 By Lemma 1.2.5, we
obtain [Ag, | =12, [Ag| =6, |Ag| =6, [Ag| =8, [Ag| =4, [Asgl =4, [As| =
2, |Aul =2, |Agl =2, |Aay| = 1. Now

10

1
§ZQ|Adi|(|Adi|—1):[132+30+30+56—|—12—|—12—|—2—|—2+2+0]:278
=1

and

1
EZdﬁdj |Ag, || Ag,| = [96 +48 +48 +-24 +24 + 12 4+ 48 + 24 + 24 4 12 + 12

djtd;
16416+ 8+8+4+4+2 =420

The sets A, B and C' defined in Theorem 2.1.22 are

A ={(ds,dr), (ds,ds), (ds,dy), (dg,dr0), (d7,ds), (dv,dro), (do,dr0)};

B = {(d1,dy), (di,d3), (d1,ds), (di,d7), (di,ds), (da,d3), (da,d7), (dz,ds), (d3,ds),
(da,ds), (da,ds), (ds,dz), (da,dg), (da,d10), (ds,dy), (ds,d10)};

C ={(dy,dy), (dy,dro), (da,dro), (dy,ds)}.
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Consequently,

2 Y Ayl Ayl =2[8+8+8+4+4+2+42] =72
(di,dj)GA

2 ) |Agl|Ag| =2[72+ 72+ 48 + 24 + 24+ 36 + 12+ 12 4 12 + 32+ 32
(d’udJ)GB

+ 16+ 16 4 8 + 8 + 4] = 856

(di,dj)ec

Ag| = 3[24+12+6 +16] = 174

Hence, the Wiener index of I''(Zz,) is given by

7(n)—2
1
W(F(Z72)):§ Z 2|Adi (‘Adj|_1) + Z|‘Adi Adj‘ + 2 Z ‘Adz‘ Adj’
=1 ditd; (ds,dj)eA
d;td;
+ 2 Z |'Adz||'Adg| +3 Z |Adz||AdJ|
(di,dj)EB (di,d]‘)ec

= 278 + 420 + 72 + 856 + 174 = 1800.

2.1.4 SageMath Code

In this subsection, we produce a SAGE code to compute the Wiener index of the
cozero-divisor graph of ring classes considered in this chapter. On providing the
value of integer n, the following SAGE code computes the Wiener index of the
graph I''(Z,,).

cozero_divisor_graph=Graph ()

E=(]
n="72

for i in range(n):
for j in range(n):

p:ng(l 7n)
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if (p%q!=0 and q%p!=0):
E.append ((i,j))

cozero_divisor_graph .add_edges (E)

if(E==[]):
V=[]
for i in range(l,n):
if (ged(i,n)!=1):
V.append (i)

cozero_divisor_graph.add_vertices (V)

W=cozero_divisor_graph . wiener_index ();

if (W=o00):
print (” Wiener.Index_.undefined .for .Null .Graph”)

else :
print (” Wiener_Index:” , W)

Using the given code, in the Table 2.1, we obtain the Wiener index of I'(Z,)

for some values of n.

n 100 | 500 | 1000 | 1500 | 2000 | 2500
W (I'(Z,)) | 2954 | 77174 | 306202 | 930248 | 1222530 | 1946274

Table 2.1: Wiener index of I''(Z,,)

Let R be a reduced ring i.e. R = F, x F,, x --- xF, , where F,, is a field
with ¢; elements. The following code determines the Wiener index of I'(R) on
providing the values of the field size ¢; (1 <i <n).

field_orders=[3,5,7]
P=Subsets (range(len(field_orders)))[1: —1]
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P=[Set (i) for i in P]

DI=(]
D2 (]
for i in P:
for j in P:
if (not(i.issubset(j) or j.issubset(i)) and P.index (i) > P.index(j)):
D1.append ([i,j])
if (i.issubset(j) and il=j):
D2.append ([i,j])

partial_sum=0
for i in P:
sum_pp=1
for j in i:
sum_pp *= field_orders[j]—1
partial_sum +=((sum_pp*(sum_pp—1))/2)

D1_sum=0
for i in D1:
D1_pp=1

for j in i[0]:

Dl.pp *= field_-orders|[j]—1
for k in i[1]:

D1.pp *= field_orders [k]—1
Dl.sum 4= D1_pp

D2_sum=0
for i in D2:
D2_pp=1

for j in i[0]:

D2 pp *= field_-orders|[j]—1
for k in i[1]:

D2_pp *= field_orders [k]—1
D2_sum += D2_pp

W = 2xpartial_sum + Dl_sum + 2xD2_sum
print (” Wiener_Index:” , W)

Using the given code, in the following tables, we obtain the Wiener index

of the cozero-divisor graphs of the reduced rings F,, x F,, (see Table 2.2) and
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F, xF, xF, (see Table 2.3), respectively.

(Q1, Q2> (97 25)

(49, 81)

(101,121)

(125, 139)

(163, 169)

(289, 343)

W(I'(F,, x F,,)) | 800

12416

36180

51270

81354

297774

Table 2.2: Wiener index of I''(F,, x F,,)

(q1,92,493) (7,8,13)

(9,25, 49)

(53,64, 81)

(83,101, 121)

(125,131, 169)

(289, 343, 361)

W({I'(Fgy X Fgy X Fgy)) 35196

2500400

108637254

620456582

2355211790

71251552134

Table 2.3: Wiener index of I''(F,, x F,, x F,,)

Let R = Zp;nl X ZP;RQ X .-

- X Zp;nk. Then the following SAGE code gives the

value of W(I"(R)) after providing the values of p;" (1 <1i < k), where each p; is a

prime number.

orders = [2,4,9]
A = cartesian_product ([range(i) for i in orders]). list ()
units = [{i for i in range(l,j) if gecd(i,j) = 1} for j in orders]

def contQ(lstl, 1st2):

flag = True

for i in range(len(orders)):
p=gcd(lstl[i],orders[i])
g=gcd (1lst2[i],orders[i])

if(not(lstl[i]==0 or {lst2[i]}.issubset(units[i])

flag = False

return flag

E=(]
for i in A:

for j in A:

or phq==0)):

if (not(contQ(i,j) or contQ(j,i))and A.index (i) > A.index(j)):

E.append ([i,j])
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G = Graph()

G.add_edges (E)

W=G. wiener_index ()

print (” Wiener_Index:” , W)

Using the given code, we obtain the Wiener index of the cozero-divisor graph

of the ring R = Zym X Zy;ma X -+ X ZLymy (see Table 2.4).

R W(I'(R))
Ly X Ly 420
Ly X Los 8808
Zng X ZLos 48870
Loz X Lyg 268022
Lig X Ly X 2y 521
Zis X Lig X Ly 14948
Zg X Lg X g 167769
Ly X Lg X ZLas 327394
Do X Ly X Lg X Lg | 232937
L3 X Ly x Lg X ZLg | 333963

Table 2.4: Wiener index of I'"(R)

2.2 Laplacian Spectrum of I'(Z,)

In this section, we investigated the Laplacian spectrum of the I(Z,,) for various

n. Consider dy,ds, ..., d; as all the proper divisors of n. For 1 <1 < k, we give

the weight ¢(7) = [Aqg] to the vertex d; of the graph T;,. Define the integer

Dy, = X o(F)

diEN'rgl (dj)
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The k x k weighted Laplacian matrix L(Y’) of Y’ defined in Theorem 1.3.17 is

given by i i
Dqg, —lig -+ =l
1 D U |
Ly =| " 7* e (2.1)
_—lk,1 —lgo -+ Dy, |
where

,j —
0 otherwise.

Theorem 2.2.1. The Laplacian spectrum of 1"(Z,,) is given by

BT (Z0)) = U (Da + (®1(0(A) \ (0D UR(L(TL)).

where Dy, + (P (I"(Aqg,)) \ {0}) represents that Dy, is added to each element of
the multiset (O (I"(Aqg)) \ {0}).

Proof. By Lemma 2.1.17, I"(Z,,) = Y, [I" (A4 ), I"(Agy), . .., I"(Ag,)]. Consequently,
by Theorem 1.3.17 and Remark 1.3.18, the result holds. [

If n = p', where ¢t > 1, then the graph I''(Z,) is a null graph. Let n # p’
for any ¢ € N. Then by Lemma 2.1.16, Y/ is connected graph so that Dy, > 0.
By Theorem 2.2.1, out of n — ¢(n) — 1 Laplacian eigenvalues of I'(Z,,) note that
n — ¢(n) — 1 — k eigenvalues are non-zero integers. The remaining k Laplacian
eigenvalues of I'(Z,) are the roots of the characteristic equation of the matrix

L(Y!) given in equation (2.1).

Lemma 2.2.2. Let n = pq be a product of two distinct primes. Then the Laplacian
spectrum of 1'(Z,,) is given by

0 p+g—2 p—1 qg—1
1 1 q—2 p—2
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Proof. By Lemma 2.1.17, we have I"(Z,,) = T,,,[I"(A,),I"(A,)], where T}, = Kb,
I"(A,) = Ky and I'(A,) = Ky (cf. Lemma 1.2.5 and Corollary 2.1.15).
Consequently, by Theorem 2.2.1, the Laplacian spectrum of I"(Z,,) is

LI (Zpg)) = (Dy + (@I (Ap) \ {01)) [ J(Dy + (@I (A)) \ {03)) [ 2(L(T3,))

p—1 g—1
= T )).
S [UL )

Then the matrix

p—1 —(p—-1)

T )=
£lad —(¢-1) q¢-1

has eigenvalues p + ¢ — 2 and 0. Thus, we have the result. O]
Notation 2.2.3. (\;)!*! denotes the eigenvalue ); of £(I"(Z,)) with multiplicity ;.

Lemma 2.2.4. For distinct primes p and q, if n = p*q then the Laplacian eigen-
values of I''(Z,,) consists of the set

{(p2 — p)le=Dla=D=1 (g — p)lr=r=il (p2 — 1)la=2 (g — 1)““‘2]}

and the remaining eigenvalues are the roots of the characteristic polynomaial

e —{lp-1D2p+ D+ @+ (- D} +{plp-1)*@+1)+@-1){p+1)*(¢—
D4+plg—12+(p—-12*q-D}* —plp—D(g—){p-1D(p+1)+plg—1)}z.

Proof. First note that T, is the path graph given by p ~ ¢ ~ p? ~ pq. By
Lemma 2.1.17,

P/(szq) =T [F/(.Ap),F,(Aq),F,(Apz),F,(qu)],

p=q

where T'(A,) = Kopg), I'(Ag) = Kop2y, T'(Ap) = Kgq and I'(Apg) = Ky
It follows that D, = ¢(p*) = p* — p and D, = ¢(pq) + ¢(q) = p(qg — 1), D)2 =
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o(p?) + ¢(p) = p* — 1 and D,, = ¢(q) = q — 1. Therefore, by Theorem 2.2.1, the

Laplacian spectrum of I"(Z,2,) is

OL(I(Zy2g) = (D + (PLT'(A) \ {0 (D, + (2L(T'(A) \ {0}))
Uy + (@11 (A2) \ {01) [ J(Dyg + (PL(T'(A)) \ {0}))
e,

2 —1 ¢—1
PP —p pg—p P q LJo(L

p—1(¢—-1)—-1 p—p—1 ¢—2 p—2

p2q))-

Thus, the remaining Laplacian eigenvalues can be obtained by the characteristic

polynomial (given in the statement) of the matrix

pP—p —p*+p 0 0
, —p—-1(¢-1) pl¢—1) —(¢—=1) 0
L(Tpgq): 5 9
0 -p°+p p—1 —p+1
0 0 —q+1 qg—1

O

Lemma 2.2.5. For distinct primes p and q, if n = p™q then the Laplacian eigen-

values of I''(Z,,) consists of the set
{(¢(pn1))[¢(p”1‘1q)—1] L (B(p™) + (b(pm—l))w(p”l*?q)*l] :
2 ' [p(p173q)—1] ni—1 ‘ [#(p™1~"1q)—1]
(% etm) (o) ,

i=0 =0

" N O\ -] 1
(gqs(pan)) ,<22¢<pn”q>) e (9)) P01y,

and the remaining eigenvalues are the eigenvalues of the matriz given in equa-

tion (2.1).

n11

Proof. Note that {p,p?,...,p™,q,pq,p°q, - . . q} is the vertex set of the graph

Y)n, By Lemma 2.1.17, note that F’(anlq) equals to
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T [T (A, T (A, - T (A ), T (Ag), T (Apg), T/ (Agg), - T (A 1)),
Where FI(Ap) = F(b(p"l*lq): F,(Ap2) = F(Iﬁ(pnl*Qq)’ Ceey FI(Apnl) = ?4)((1), F/(Aq) —_
Fqﬁ(p"l)? F,(qu) = ?¢(p"1*1); ceey F/(Apnlflq) = Fqg(p) It follows that Dp = ¢(pn1),

ni—1

l)p2 - (b( n1) + d)( e 1) cey me = Z%) Qb(pnl_i)? Dq = §¢<pnl_iQ>> qu =

ni )
Z ¢(P™7'q), ..., Dyni-1, = ¢(q). Consequently, by Theorem 2.2.1, the Laplacian

s;)ectrum of I"(Zyr1y) is

(I (Zyig)) = (D + (22T (A)) \{OD) J(Dpe + (@I (A2) \ {01)) -+

(
(Dyrs 4 (22T (A )\ {0)) (J(Dy + (2(I'(Ay) \ {0})
(
(¢

CC

pq""((DL(FI( pq \{0} U U pr1—lg

+ (@I (A1) \ {01) [J @(L(L ] ,))-

_ o(p™) igdp”l‘i) §¢<p"1_i61) idﬂ“‘@ R (")
o) =1 - P =1 o(p™) -1  o(p™)—1 - é(p)—1

U Q(L(Y}n,))-
Thus, the remaining 2n, Laplacian eigenvalues are the eigenvalues of the ma-

trix L(Tn,,) =

d(p™) 0 0 0 0 —o(p™)
1
0 om0 0 —oe™m Y —o™)
ny—1

0 0 0 Z (™) —¢(p) —¢(p°) —o(p™)

0 0 0o - —¢(q) ¢(q) 0 0

0 < —olpq) —¢(q) 0 ¢(pa) +o(a) 0

—p(p™tq)  —p(™2q) - - —(q) 0 0 ni: d(p™ 'q)
~ where matrix L(T;n1 q) is obtained by indexing the rows and columns as p, p?, . . ., p;“,

P, e, . =

Theorem 2.2.6. Ifn = p"'q™, where p and q are distinct primes, then the set of
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Laplacian eigenvalues of 1" (Z,) consists of

[p(pm1—2¢"2)—1]

ns . [p(pm1~1qm2)—1] no , n2 .
(2 ¢<pmqn2-z>) , (z o ) + 5 ¢<pm-1qm-z>) ,
i=1 i=1

=1
no ) no . no . [¢(pn1 73qn2 )71]
(3 otma + 8 o + 8 o2 ,
1=1

=1 1=1

ng . ng .' n9 . [¢(qn2)71]
<Z d(P™ ")+ 2 e T 4+ Y qﬁ(m““)) ,
=1 =1 =1
[#(p™1g™272)—1]

ni ) [¢(pn1 qn2_1)_1] ni ) ni )
(2 ¢<p"1—lqn2>) | (z Brign) + 35 p(prign) |
=1 =1

i=1
ni ) ni ) ni ] [p(pm1gm273)—1]
(Z ¢(pn1—zqn2) + Z ¢(pn1—zqn2—1) + Z ¢(pn1—zqn2—2)) ’
i=1

=1 i=1
n , n o n N\ B -1
(Z PP ") + 2 p(pM g ) 4 Y cb(p"llq)) :
i=1 =1 =1

Y

ni ) no ) [¢(pn1—1qn2—l)_1]
(Z ¢<pn1—zqn2> + Z ¢(pn1qn2—z))
=2 =2

Y

ni ] na ) ng ‘ [p(pm1—2¢m2~1)—1]
(Z ¢(pn1—zqn2) + Z ¢(pn1qn2—z) + Z ¢(pn1—1qn2—z)>
=3 =2 i=1

ng o | n | - N\ (a1
(3 otrar+ S ot + o= o8 o) ,
i=2 i=1 =1 =1
) [p(p1 7" g"272)~1]

Y

(i(ﬁ(pnl—iqng) + i¢(pn1qn2—z) + i¢<pn1—iqn2—l)

ni . na . ng . ) no—1 ) [p(p™1~1)~1]
(Z:z ¢<pn1—zqn2> + Z:l ¢(pn1—2qn2—z) + Z:l ¢<pn1—3qn2—z) I ; (b(qng—z)) :

- | (6(p)-1]
( 5 (g + ¢<qn2>)

and the remaining (ny + 1)(ne + 1) — 2 eigenvalues are given by the zeros of the

characteristic polynomial of the matriz given in equation (2.1).

Proof. The set of proper divisors of n = p™¢™ is
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{p, 0% 0" ¢, ¢ 4™, pa, D, - ., DG DG DG DM
g™ PR, pM T )

By the definition of Y/, note that

o p' ~ ¢’ for all i, j.

o pi ~ pitglt for i > i, and j; > 0.

o ¢/ ~pig’t for j > j; and i > 0.

o If either iy > iy, j1 < Jo OF J1 > Jo, i1 < 19, then ptg/t ~ pi2¢’2 .
In view of Lemma 2.1.17,

[(Zagra) = Ty T4, (A T (Ap), T (A,
I"(Ag), o T (Agn2 ) T (Apg)s T (Apg) s - - TN (Apnag) s oo T (Apgna), - T/ (Apni—14n2)].
Therefore, by Lemma 1.2.5 and Corollary 2.1.15, we get
I"(Ayi) = K ypm-ignz), where 1 < i < ny,
["(Ay) = Fqg(pnlanj) where 1 < j < nao,

[(Apigr) = Kgpri-igna=).

Consequently, we have

mn

n2 . n2 . 2 .
D, = Zl d(p™q"7"), D2 = ; d(p™ g™ ") + > oM g™,

=1
no ) no ) ) ng )
Dy = 3" (™™ ") + 3 o™ ™) + -+ Y d(pg™ ),
=1 =1 =1

Dq = Zl ¢(pn17iqn2>7

ni ) ni . ni .
Dy = 30 ¢(p™7'q"2) + 2 o(p™ g™ ) 4+ + 3 d(p™ ),
i=1 i=1 i=1

1 . n2 .
Dpq = Z)Q¢(p”1"q”2) + 2;¢(p"1q"2"),
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ni1—1

Dyriq = L 0™ )+ L 0™ g 2>+z¢>< M) e M),
pqz = ;¢<pn1—zqnz) + ;)’¢(pn1qn2—z) + ;¢(pn1—iqn2—1)7

no—1

ny . ng ) n9 ' ‘
qu”2 = Z:quprufzqnz) + ; ¢(pn172qn271) + Z:l ¢<pn1*3qn271) 4+ Z:l Qﬁ(qnziz),
no—1 ]
Dpry-1gny = ; (g™ ") + d(q™).

Therefore, by Theorem 2.2.1, the Laplacian spectrum of I (Zyni4n2 ) is

O (I (Zypigrz)) = (D + (BT (A) \{O}) (D + (@1 (A2) \ {0})
U@ + (@ (Ap) \{OD) | J(Dg + (@11 (A)) \ {0}))
UDe + @A)\ o)) - Dy + (BL(T(Agr2)) \ {0}))
U Dy + (@ (A) \ O -+ [ J(Dprig + (BT (Aprig)) \ {03)
U UDpgs + (@1 (Apgra)) \ O -+ (D10
+ (BT (A1) \{OD) J (L (T gua))-

The remaining (ny + 1)(ny + 1) — 2 eigenvalues are the zeros of the characteristic

polynomial of the matrix L(Y ), ) given in equation (2.1). O

2.3 Laplacian Spectral Radius and Algebraic Con-
nectivity

In this section, we study the algebraic connectivity and the Laplacian spectral
radius of I''(Z,,). We classify all those values of n for which the Laplacian spectral
radius of I''(Z,,) is equal to the order of I(Z,,). Moreover, the values of n for which

the algebraic connectivity and the vertex connectivity coincide are also described.
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The following theorem follows from the relation A\(T') = |V (I')| — u(T') and the fact

T is disconnected if and only if T" is the join of two graphs.

Theorem 2.3.1 (Fiedler [1973]). If I is a graph on m vertices, then A\(I') < m.
Further, equality holds if and only if T is disconnected if and only if T' is the join
of two graphs.

In view of Theorem 2.3.1, first we characterize the values of n for which the

complement of IV(Z,,) is disconnected.

Proposition 2.3.2. The graph I"(Z,,) is disconnected if and only if n is a product

of two distinct primes.

Proof. Let p and ¢ be two distinct primes. If n = pg, then by Remark 2.1.13 we
get V(I'"(Z,)) = A, U A, such that A, N A, = 0. In fact, I'(Z,) = Ky(g)6() 15 a
complete bipartite graph. Consequently, m is a disconnected graph.
Conversely, suppose m is disconnected. Clearly, for n = p there is nothing
to prove. If n = p® for some 1 < a € N, then I''(Z,« ) is a null graph. Consequently,
m is a complete graph which is not possible. If possible, let n # pq. Let d;
and ds be the proper divisors of n and let x € Ay,, y € Ag,. If di = dy, then clearly
z ~yin I'(Z,). If d; # dy such that either d; | dy or dy | dy, then x ~ y in IV(Z,,)

(cf. Lemma 2.1.14 ). If d # dy and neither d; | dy nor dy | dy, then there exist two

primes p; and py such that p; | d; and py | dy. Consequently, © ~ z; ~ 29 ~ 23 ~ gy

in I'V(Z,,) for some 2 € A,,, 2o € A,,,, and z3 € A,,. Thus, IV(Z,,) is connected;

a contradiction. Hence, n must be a product of two distinct primes. ]

Since |V(I'(Zy))| = n — ¢(n) — 1, by using the Proposition 2.3.2 in Theorem

2.3.1, we have the following proposition.

Proposition 2.3.3. AN(I'(Z,)) = |V(I"(Z,))| if and only if n is a product of two
distinct primes. Moreover, if n = pq then \(I"(Z,)) = p+ q — 2.
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Now we classify all those values of n for which the algebraic connectivity and
the vertex connectivity of I'V(Z,) are equal. The following theorem is useful in this

study.

Theorem 2.3.4 (Kirkland et al. [2002]). Let I' be a non-complete connected graph
on m vertices. Then k(I') = u(T) if and only if T' can be written as I'y V Iy, where

[’y is a disconnected graph on m — k(") vertices and I'y is a graph on k(') vertices

with p(Fy) > 2k(I") — m.

Lemma 2.3.5. For distinct primes p and q, if n = pq where p < q then k(I'"(Z,,)) =
S(T'(Z,)) = p— 1.

Proof. For n = pq, I'(Z,,) is a complete bipartite graph with partition sets .4, and
Ay Hence, r(I"(Zy)) = 6(I"(Zy)) = min{| A, | A} = p — 1 O

Theorem 2.3.6. For the graph I'(Z,), we have u(I'(Z,)) < w(I'(Z)). The

equality holds if and only if n is a product of two distinct primes.

Proof. By Kirkland et al. [2002], for any graph I" which is not complete, we have
u(I') < k(T'). If n =4 then there is nothing to prove because I''(Z,) is the graph
of one vertex only. If n # 4, then I'(Z,) is not a complete graph. Consequently,
p(l"(Zn)) < K(1(Z0))-

If n is not a product of two distinct primes, then by Proposition 2.3.2 and
by Theorem 2.3.1, I'(Z,) can not be written as the join of two graphs. Thus,
by Theorem 2.3.4, we obtain u(I'"(Z,)) < x(I''(Z,)). If n = pq, where p and ¢
are distinct primes such that p < ¢, then by Theorem 2.3.1, Proposition 2.3.2,
Theorem 2.3.4 and Lemma 2.3.5, we obtain u(I"(Z,)) = x(I''(Z,)) = p — 1. O



Chapter 3

The Upper Ideal-Relation Graphs

of Rings

Ma and Wong [2016] introduced the ideal-relation graph of the ring R is a directed
graph whose vertex set is R and there is an edge from a vertex = to a distinct
vertex y if and only if (x) C (y). Analogously, the undirected ideal-relation graph
of the ring R is the simple graph whose vertex set is R and two distinct vertices
x and y are adjacent if and only if either (z) C (y) or (y) C (z), that is the
principal ideals (z) and (y) are comparable in the poset of principal ideals of
R. So it is natural to define a graph on a ring R such that its vertices x and
y are adjacent if and only if (z) and (y) have an upper bound in the poset of
the principal ideals of R. In view of this, we define upper ideal-relation graph
associated with the ring R. The upper ideal-relation graph I'y;(R) of the ring R
is the simple undirected graph whose vertex set is the set of all non-unit elements
of R and two distinct vertices x and y are adjacent if and only if there exists a
non-unit element z € R such that the ideals () and (y) contained in the ideal

(2). In this chapter, we investigate the algebraic properties of ring R and the

95
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graph-theoretic properties of I';;(R). In Section 3.1, we obtain the girth, minimum
degree and the independence number of '/ (R). We give a necessary and sufficient
condition on R, in terms of the cardinality of their principal ideals, such that the
graph I'y(R) is bipartite, planar and outerplanar, respectively. We also discuss
all the finite rings R such that the graph I'y(R) is Eulerian. For reduced rings,
we obtain the metric and the strong metric dimension of the graph I'y(R) (cf.
Section 3.2). For a non-local commutative ring R = Ry X Ry X -+ X R, (n > 3),
where each R; is a local ring with maximal ideal M;, in Section 3.3, we prove that
the graph I'y(R) is perfect if and only if n € {3,4} and each M; is a principal
ideal. Section 3.4 classifies all the non-local commutative rings R for which 'y (R)
has genus at most 2. Also, we determine precisely all the non-local commutative
rings for which I'y(R) has crosscap at most 2. In Section 3.5, we classify all the
non-local commutative rings whose upper ideal-relation graphs are split graphs,
threshold graphs and cographs, respectively. In Section 3.6, we determine the
vertex connectivity, automorphism group, Laplacian and the normalized Laplacian
spectrum of the upper ideal-relation graph of the ring Z,,. We classify all the values
of n for which the graph I'y(Z,,) is Hamiltonian.

The content of this chapter excluding Section 3.4 and Section 3.5 is submitted
for publication. Whereas the results of Section 3.4 and Section 3.5 are submitted

for publication.

3.1 Invariants of ['y(R)

In this section, we study the algebraic properties of R as well as graph-theoretic
properties of the upper ideal-relation graph I'y;(R). We obtain the girth, minimum
degree, independence number of I'y;(R). We obtain a necessary and sufficient

condition on R, in terms of the cardinality of their principal ideals, such that the
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graph I'y(R) is bipartite, planar and outerplanar, respectively. In order to study

the basic properties of I'y(R), the following remark is useful in the sequel.
Remark 3.1.1. Let F} and F, be fields such that R = F} x F;. Then we have
FU<F1 X FQ) = Kl V <K|F1|,1 UK|F2|71>-

For z,y € V(I'y(R)), note that + ~ 0 ~ y. It follows that the graph is

connected and hence diam(I'y(R)) < 2.

Theorem 3.1.2. The upper ideal-relation graph I'y(R) contains a cycle if and
only if |(x)| > 3 for some x € V(I'y(R)). Moreover, g(I'y(R)) € {3, 0}.

Proof. Assume that I';y(R) contains a cycle. Let if possible, |(z)| < 2 for each
non-unit element x of R. Then being a star graph, I'y(R) is an acyclic graph, a
contradiction. Conversely, assume that there exists a non-unit element x of R such
that |(x)] > 3. Consequently, the elements z,0, 2" of the ideal (x) form a cycle
x ~ ' ~ 0~z of length three in I'y(R). Thus, the result holds. O

Corollary 3.1.3. The girth of I'y(Z,) is given below:

o~ if n=1,4,0rp
9Ty (Z,)) =
3 otherwise

Theorem 3.1.4. For the graph U'y(R), the following conditions are equivalent:
(i) Ty (R) is a bipartite graph.
(ii) Ty (R) is a tree.

(iii) |(z)] <2 for all x € V(I'y(R)).

(iv) T'y(R) is a star graph.
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Proof. (i) = (ii). Suppose that I';;(R) is a bipartite graph. It follows that it does
not contain a cycle of odd length. By Theorem 3.1.2, I'y;(R) does not contain a
cycle of length three. Consequently, I';;(R) is an acyclic graph and so is a tree.

(ii) = (iii). T'y(R) is a tree. If there exists a non-unit element x of R such
that |(x)] > 3, then by Theorem 3.1.2,'y(R) contains a cycle, a contradiction.
Therefore, |(z)| < 2 for every x € V(I'y(R)).

(iii) = (iv). Let |[(z)| < 2, for all x € V(I'y(R)). Then for the non-zero non-
unit elements x1, x5 of R note that x; « x5. Also, 0 ~ x for every x € V(I'y(R)).
Therefore, I'y(R) is a star graph.

(iv) = (i). Being a star graph, I'y(R) is a complete bipartite which is isomor-

pth to Kl,\R\U(R)|*1- ]

Theorem 3.1.5. The upper ideal-relation graph T'y(R) is complete if and only if

R has a unique mazimal principal ideal.

Proof. Suppose that I'y(R) is a complete graph. On contrary, suppose that R
has at least two maximal principal ideals, namely (x;) and (z3). Then x; ~ x9
in I'y(R), a contradiction. Conversely, suppose that R has a unique maximal
principal ideal, (21). Then for z,y € V(I'y(R)), note that both () and (y) is
contained in (z7). It follows that z ~ y in I'y(R) and so I'y(R) is a complete
graph. ]

Corollary 3.1.6. The graph Ty (Z,,) is complete if and only if n is a prime power.

Theorem 3.1.7. The upper ideal-relation graph T'y(R) is planar if and only if

[(z)| <4 for all non-unit element x of R.

Proof. Suppose that I'yy(R) is a planar graph. If there exists a non-unit element
x of R such that |(z)| > 5, then the elements of (x) induces a complete subgraph

which is isomorphic to Kj; a contradiction. Conversely, suppose that |(x)| < 4 for
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all x € R\ U(R). First let |(x1)| = 2 and |(x2)| = 3 for some non-unit elements
x1, T3 of R. Then note that x; » x5 in I'y(R). Otherwise, there exists a non-unit
element z € R such that |(z)| > 5, a contradiction. Similarly, if |(z1)| € {3,4} and
|(z2)| € {3,4}, then x; = 9 in I'y(R). Next, let (1) # (z2) and |(z1)| = |(22)| = 2
for some xq1, 29 € R\ U(R). If 21 ~ x5, then x1, 29 € () for some z € R\ U(R).
By hypothesis, we obtain |(x)| < 4, which is not possible. Therefore, x1 ~ xs.
Thus, I'y(R) is a planar graph. O

Corollary 3.1.8. The graph I'y(Z,,) is planar if and only if n =4,6,8,9 or p.
In the similar lines of the proof of Theorem 3.1.7, we have the following theorem.

Theorem 3.1.9. The upper ideal-relation graph I'y(R) is outerplanar if and only

if |(x)| <3 for all non-unit element x of R.

Corollary 3.1.10. The graph Uy(Z,) is outerplanar if and only if n = 4,6,9 or
p.

Theorem 3.1.11. The minimum degree of the graph T'y;(R) is m — 1, where m is

the cardinality of smallest mazimal principal ideal of the ring R.

Proof. Let x € V(I'y(R)). Then z is contained in some maximal principal ideal
(z). Since (z) induces a clique of size |z| — 1, we get deg(x) > |z| — 1. Let
(y) be a maximal principal ideal of the smallest size m. Then deg(y) = m — 1.
Consequently, deg(x) > [(2)] —1 > m — 1. Thus, the minimum degree of I'y/(R) is
m — 1. O]

Corollary 3.1.12. Let n = p{'py>ps® - - - pm such that p1 < ps < -+ < pp,. Then

the minimum degree of U'y(Zy,) is SLE

Theorem 3.1.13. The independence number of the graph I'y(R) is |Max(R)|,

where Max(R) is the set of all mazimal principal ideals of the ring R.
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Proof. Note that (z1), (z2) € Max(R), we get x; » x5 in I'y(R). It follows that
a(l'y(R)) > |Maz(R)|. Let I be an arbitrary independent set of I'y;(R) and let
x € I. Then x € (2) for some (z) € Maz(R). Also the subgraph induced by (z)
forms a clique. Consequently, I can not contain any element of (z) other than x.

It implies that |/| < |Max(R)|. Thus, the result holds. O

Corollary 3.1.14. The independence number of U'y(Zy,) is the number of distinct

prime factors of n.

Define a relation z ~ y if and only if (z) = (y). It is easy to observe that ~

is an equivalence relation and [z] is an equivalence class containing x. Note that

VIy(R) = U  [z].

2€R\U(R)
Theorem 3.1.15. The graph I'y(R) is Eulerian if and only if |R| and |R\ U(R)|
is odd.

Proof. First suppose that I';y(R) is Eulerian. Since 0 is adjacent with every element
of T'y(R) we obtain deg(0) = |[R\U(R)| — 1. By Theorem 1.3.1, |R\ U(R)| is odd.
Let (x) be maximal principal ideal of R. Then deg(x) = |(x)| — 1. Since I'y/(R) is
Eulerian, we get |(z)| is odd. Consequently, for any y € V(I'y(R)), we get o(y) is
always odd in the group (R, +). It follows that |R| is odd.

Conversely, suppose that |R| and |R\ U(R)| is odd. Clearly, deg(0) = |R\
U(R)| — 1 which is an even number. Let z # 0 € V(I'y(R)). Then z € [y]
for some y € R\ U(R). Note that each equivalence class under the relation
~ defined above, forms a clique. Moreover, if x; ~ 1, where z; € [z1] and
Y1 € [z2], then 2’ ~ ¢ for each 2’ € [z] and ¥’ € [23]. Consequently, deg(z) =
(|[z]] = 1) + |[z1]| + - - - + |[[xm]| + 1. Since |R] is odd, each equivalence class of the

relation ~ is of even size. Hence, deg(z) is even and so I'yy(R) is Eulerian. O

Theorem 3.1.16. Let R be a principal ideal ring having n maximal ideals My, M,
.., M, of R such that |My| > |[Msy| > -+ > |M,|. Then w(T'y(R)) = |My].
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Proof. We prove the result by applying induction on n. Let n = 2. Suppose that
My, My are maximal ideals of R with | M| > | Ms|. First we cover all the elements
of My by using | M| colors. Next, if z € Ms\ My, then these can be colored using
the colors used in the coloring of the set M; \ My as |[My \ M| < |[M;y\ Myl
It follows that x(I'y(R)) < |M;|. Also, note that all the elements of M; forms
a clique of size |[M;|. Therefore, w(I'y(R)) = |M;|. Now, assume that n > 3.
Clearly, w(T'y(R)) > |M;]|. Let if possible, w(T'y(R)) > |M;|. Then there exists a
set T of V(I'y(R)) such that |[M;| < |T'| and all the elements of T forms a clique.
If T contains any element of M, \ U?:_f/\/li, then T C M,,; a contradiction.
Therefore, T C U~'M,. Suppose that J = N7 M; so that J # 0. Further,
assume that R = R/J. Notice that all the elements of T' forms a clique in R.
Since R is a ring with n — 1 maximal ideals, by induction hypothesis, we have
w(y(R)) = |[My| > |T|. It follows that |T| < |M,|; a contradiction. Thus,
w(ly(R)) = [Ml. O

Corollary 3.1.17. Let n = p{*py*ps® - - - pim such that py < pe < -++ < pm. Then

W(Ty(Z,)) = pﬁl.

3.2 Metric and Strong Metric Dimension of [';j(R)

In this section, we obtain the metric and the strong metric dimension of I';;(R) of

the reduced ring R = F} x Fy X -+ X F,,, where n > 2. For iy,iy,...,1; € [n], we
define

—_—

Aivigip = {(a1,a9,...,a,): only a;,ai,,...,a;are non-zero}.

For instance, if R = F} x Fy X --- X F5, then
A234 = {(0,@2,&3,&4,0) %) € FZ*,(Ig € Fg‘,a4 € Fi}

We begin with the following remark.
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Remark 3.2.1. Let x = (z1, %2, ..., 2,) and y = (Y1, Y2, - - -, Yn) in V(I'y(R)) with

() = (y). Then x; = 0 if and only if y; = 0 for each i.

Lemma 3.2.2. Let R = Fy X Fy X -+ X F,, such that n > 3. Then for xi,xs €
V(IT'u(R)), we have (x1) = (x2) if and only if N|x1] = N[zs].

Proof. First suppose that (z1) = (x2). If € N|[xy], then there exists a non-unit
element z € R such that (z) C (2) and (z1) C (2). Since (x1) = (x2), we get = ~ xo
in I'y(R) and so x € Nxs]. Thus, N[z1] C N[zp]. Similarly, N[z3] C N[z;]. To
prove the converse, let if possible (z1) # (x2), where z1 = (a1, az,...,a,), T2 =
(by,ba, . ..,b,). Since (x1) # (z2), by Remark 3.2.1, there exists j € [n] such that
a; = 0 but b; # 0. Now choose z = (21,...,2j-1,0,2j41,...,2,) € V(I'v(R)) such
that z; # 0 whenever b; = 0. Note that x; ~ z but x5 » z in I'y(R). Therefore,
N[z1] # Nlzs]. Thus, the result holds. O

Define a relation = on V(I'y(R)) such that = = y if and only if N{z] = N[y].

Note that = is an equivalence relation. For R = I} x Fy X --- x F,,, where n > 3,

— —

note that V(I'y(R)) has 2" — 1 equivalence classes, viz. ;l?),Ail, LA

i1i2"'in—1 .
—_—

Notice that ]1/4\0] =1 and |A;i,i,| > 2, whenever F; # Z, for each i.
Theorem 3.2.3. Let R= F} X Fy X --- X F,, where n > 2. Then

Fy| + |Fy) — 35 ifn=2
sdim(Ty (R)) = ]+ 1R

[R\U(R)| —2""% ifn>3.
Proof. By Remark 3.1.1, we have I'y(Fy x F3) = K V (K|p|-1 U K|p,-1). Notice
that the reduced graph Rr,(g) is isomorphic to a path graph on three vertices.
Therefore, w(Rr,(r)) = 2. By Theorem 1.3.5, we get sdim(I'y(Fy x F»)) = |Fi| +
|F5| — 3. Next, we assume that R = F} x Fy X --- X F, such that n > 3. First
suppose that n is odd. Note that the set

—

C = AO U (UuG[n} AZI) U (Uil,’i2€[n] Ailig) U---u (U ir€n| A'LIZ?lL%J)

1<r<| 3]
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forms a clique in 'y (R). To determine the strong metric dimension of I'y(R), we
need to find w(Rr,(r)). Further, by considering exactly one representative of each
equivalence class from C, we obtain w(Rr,r)) > "Co +"Cy + -+ +"Cln| = 2771,

Now suppose that n is even. Consider the set

Cl = AO U (Uz’le[n} A’Ll) U (Uz’l,ige[n} Aiﬂz) u---u <U ir€[n] Ail’ig---i%_1>‘

1<r<%-1

Note that C; forms a clique of I'y(R), whereas the set
Co ={(a1,as,...,a,): only a;,a;,,..., i are non-zero}

does not form a clique of I'y(R). Now choose the set C3 = {(by,bs,...,b,) €
Co: only bj,bj,,..., bj%are non-zero , where ji, ja, ..., jz € [n]\{i1,d9,...,in}}.

Notice that the set Cs forms a clique in I'y;(R). Also, observe that the set C;UCs
forms a clique of the graph I'y(R). Consequently, w(Rr,(r)) > 2"'. To complete
the proof, we show that x(Rr, &) < 2" '. Let z € A;:k and y € Ajjyj i
where iq,79,...,9 € [n] \ {J1,72,---,Jn—k}. Then note that = ~ y in I'y(R).
Consequently, we can color such vertices with the same color. Therefore, we can

color all the vertices of Ry, (r) with 2"~* colors. Thus, x(Rr,x) < 2" and so
w(Rry,ry) = 2", Theorem 1.3.5 yields sdim(I'y(R)) = |R\ U(R)| — 2" O

Corollary 3.2.4. Let n > 2 be a positive integer and R = [}, Zs. Then
sdim(Ty(R)) =271 — 1.
Corollary 3.2.5. Let n = p'py?ps® - - - plm, where m > 2. Then
sdim(Ty(Z,)) = n — ¢(n) — 2™ L.

Theorem 3.2.6. Let n > 2 be a positive integer and R = [[;_, Zy. Then the

metric dimension of I'y(R) is given below:

1; n=2
Bu(R)) =

n;  Otherunse.
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Proof. For n = 2, we have I'y(R) =2 K; V (K; U K7) (see Remark 3.1.1). Now
suppose that n > 3. Clearly, |V(I'y(R))| = 2 — 1. By Lemma 1.3.4, we get
n = f(2"—-1,2) < B(I'y(R)). To prove the result, we show that there exists a

resolving set of size n. Consider the set
R={(0,1,1,...,1),(1,0,1,1,...,1),(1,1,0,1,...,1),...,(1,1,...,1,0) }.

Let x = (1,22, ..., %),y = (Y1,Y2, - - -, Yn) € V(I'y(R)). If one of x and y belongs
to R, then there is nothing to prove. We may now suppose that z,y ¢ R. Since
T,y € Lo X Ly X -+ X Ly, we have (x) # (y). If x = y in T'y(R), then there exists
i € [n] such that x; = 0 but y; # 0. Now choose z = (21, 22, ..., 2,) € R such that
only z; = 0. Note that z ~ x but z = y in I'y(R). It follows that d(z, z) # d(y, 2).
We may now suppose that x ~ y in I'y(R). Without loss of generality, assume
that (z) C (y). Then there exists ¢ € [n] such that z; = 0 but y; # 0. Choose
2z =1(z1,20,...,2,) € R such that only z; = 0. It follows that x ~ z but y »~ z in
[y(R). It follows that d(x,z) # d(y, z). If (z) ¢ (y) and (y) & (x), then one can
find z € R such that x € (2) but y € (z). Consequently, d(x,z) # d(y, z). Thus,
R is a resolving set. Hence, 5(I'y(R)) = n. O

Theorem 3.2.7. Let R= Fy X Fy X --- x F,, (n > 2), where each F; # Zy. Then
BTu(R) = |R\U(R)| 2" +2.

Proof. Let R = Fy X Fy X -+ X F,, where n > 2. For each iy, is,...,i,_1 € [n], note
that I'y(R) has 2™ — 1 equivalence classes, namely Ao, Zli\l, . ,Am _, under
the relation =. Let T' be an arbitrary resolving set. Then by Lemma 1.3.3, T’

—_—
contains at least |A;,4,..;, | — 1 elements from each equivalence class A; where

1820

Q1,72 ...,0% € [n] and 1 < k < n — 1. It follows that |T| > |R\ U(R)| — 2" + 2.

Let R be a set containing exactly |A 1 elements from Az‘/li;k» where

i1i2"~ik| -

i1,92,...,0; € [n] and 1 <k <n — 1. Note that |R| = |R\ U(R)| — 2" + 2. Now

we show that R is a resolving set. Let © = (21, x2,...,2,) and y = (Y1, Y2, - - -, Yn)
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be arbitrary vertices of I'y(R). If one of z and y belongs to R, then there is
nothing to prove. We may now suppose that =,y ¢ R. It follows that (x) # (y).
Then either x ~ y or  ~ y in I'y(R). If x ~ y in ['y(R), then there exists
z € R such that (2) = (z). It follows that d(z,z) # d(y,z). Now let x ~ y in
['y(R). Then by the similar argument used in the proof of Theorem 3.2.6, there
exists a z € R such that d(z,z) # d(y,z). Hence, R is a resolving set and so
Alu(R)) = [R\U(R)| — 2" + 2. O

Corollary 3.2.8. Let n = p]'py*ps® ---plm, m > 2. Then the metric dimension,

B(lu(Zn)) =n—¢(n) — 2" +1.

3.3 Perfectness of I'y(R)

Let R= Ry X Ry X --- X R,, be a finite commutative ring with unity, where each
R; is a local ring with maximal ideal M;. In this section, we have investigated
the perfectness of I'y(R). We write x; = (a1, iz, - .., i) € R, where a;; € R,

(1 <j <mn). We begin with the following lemma.

Lemma 3.3.1. Let R be a non-local commutative ring such that R = Ry X Ry X

-+ X R, where n > 5. Then T'y(R) is not a perfect graph.

Proof. Letn > 5. Consider the set X = {(1,0,1,1,0,1,1,...,1),(1,0,0,1,1,...,1),
(1,1,0,0,1,1,...,1),(0,1,1,0,1,1,...,1),(0,1,1,1,0,1,1,...,1)}. Note that
['y(X) = Cs. Hence, by Theorem 1.3.2, I'y(R) is not a perfect graph. O

Lemma 3.3.2. Let (R;, M;) be a local commutative ring and let R = Ry X Ry X
- X R, where n > 3. If T'y(R) is a perfect graph, then n € {3,4} and each M,

is a principal ideal of R;.

Proof. Suppose that the graph I'y(R) is perfect. Then by Lemma 3.3.1, we have
n € {3,4}. Let R = Ry x Ry x R3. Suppose that one of M, is not a principal
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ideal of R;. Without loss of generality, assume that the maximal ideal M; of Ry

is not principal. Then R; has at least two principal maximal ideals (a;) and (az).

Then notice that I'y(R) contains an induced cycle C' : (a1,0,1) ~ (ag,1,0) ~
(1,0,1) ~ (0,1,1) ~ (1,1,0) ~ (a1,0,1) of length five, which is a contradiction
(see Theorem 1.3.2). Further, let n = 4, that is, R = R; X Ry x Ry X Ry.
Let if possible, M; is not a principal maximal ideal for some 7. Without loss
of generality, assume that M is not principal. Then there exists at least two
principal maximal ideals, viz. (a1) and (as), of R;. The subgraph induced by the
set X = {(a1,0,1,1),(as,0,1,1),(az,1,0,1),(1,1,0,0), (as,1,1,0)} is isomorphic
to Cs in ['y(R); again a contradiction. Therefore, each M; is principal. Thus the
result holds. [

Lemma 3.3.3. Let (R;, M;) be a local ring and let R = Ry X Ry X -+ X R, such
that each M; is principal. Let x; = (a1, azo,...,am) and y, = (b, b, ..., bin).
Then x; = y; in Uy(R) if and only if both a;;,bi; & Z(R;), for each j, 1 < j <n.

Proof. 1f both a;;,b;; € Z(R;), then the ideals (a;;) and (b;;) is contained in M; =
(m;). Note that the ideals (z;) and (y;) is contained in the principal ideal generated
by (1,1,...,1,m;,1,,1,...,1). Thus, z; ~ y;; a contradiction.

Conversely, assume that both a;j, b; ¢ Z(R;) for each j. If a;; € Z(R;), then
by € R; \ Z(R;) = U(R;). It follows that there does not exists z; € Z(R;) such
that (a;;), (bi;) C (2;) for each j. Therefore, z; = y; in I'y(R). O

Proposition 3.3.4. Let (R;, M;) be a local ring and R = Ry X Ry X -+ X R,
where n < 4 and each M; is principal. Then U'y(R) does not contain any induced

cycle of odd length greater than three.

Proof. The result is straightforward for n = 1 (cf. Theorem 3.1.5). We first prove
the result for n = 4 that is R = Ry x Ry X R3 x Ry. Let if possible, I'y(R)

contains an induced cycle C': ©1 ~ 29 ~ 3 ~ -+ ~ 1} ~ x1, where k£ > 5 is an
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odd integer. For 2 < ¢ < k — 1, note that z; | ~ z; ~ x;;1 but x; = x; where
t ¢ {i—1,i+ 1}. Consider x; = (a;1, a2, ai3,a54) € R. Since xy » x3, by Lemma
3.3.3, both a1, a3 ¢ Z(R;). Without loss of generality, assume that ay; € U(R;).
Since z; is a non-unit element of R, we have ay; € Z(R;) for some j € {2,3,4}.
Without loss of generality, assume that a2 € Z(Rz2). By Lemma 3.3.3, we get
azs € U(Ry). Since x; » x3, we get both ay3,as3 ¢ Z(R3). Now we have the
following cases:
Case-1. aj3 € U(R3). First suppose that a;y € U(Ry). Since zy ~ x1 ~ T3, we
get agg, gy € Z(Rs). It follows that x5 ~ xy in I'y(R), which is not possible. We
may now suppose that a;4 € Z(Ry4). By Lemma 3.3.3, we obtain asy, agq € U(Ry).
Since x5 is a non-unit element of R we have either a3, € Z(R;) or ags € Z(R3). Let
az1 € Z(Ry). If ags € U(R3), then ag1,aq; € Z(Ry). It follows that x5 ~ x4, which
is not possible. Therefore, as3 € Z(R3). Since x3 » x5, we obtain that as; € U(R;)
and as3 € U(R3). Consequently, x; « x5; a contradiction. Thus, ag; € U(R;) and
so azz € Z(R3). Since xy ~ w3 ~ x4, we must have ags, ay3 € Z(R3). It follows
that xo ~ x4. Thus, the case a;3 € U(R3) is not possible.
Case-2. ag3 € U(R3). Since 1 = x4, we have ay3 € U(R3). Since z3 is a non-unit
element of R we have either ag; € Z(Ry) or agy € Z(Ry). Let agy € Z(Ry). lf agq €
U(R4), then both as1,aq; € Z(Ry) so that zy ~ w4; a contradiction. Therefore,
azy € Z(R,). Since w3 »~ x5, we must have as; € U(Ry) and asy € U(Ry). Tt
follows that x4 ~ x5 in I'y(R); again a contradiction. Therefore, a3, € U(R;)
and agy € Z(R4). Consequently, x5 ~ x4; a contradiction. Therefore, the case
ass € U(R3) is not possible.

Thus, there does not exists an induced cycle of odd length greater than three.

The proof is similar when R = Ry x Ry X R3 or R = Ry X Rs. O

Proposition 3.3.5. Let (R;, M;) be a local ring and R = Ry X Ry X -+ X R,

where n < 4 and each M; is principal. Then T'y(R) does not contain any induced
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cycle of odd length greater than three.

Proof. The result is straightforward for n = 1 (c¢f. Theorem 3.1.5). Now, let
R = Ry X Ry X R3 x R4. On contrary, suppose that T(R) contains an induced
cycle of odd length greater than three, namely C' : y; ~ yo ~ ys ~ -+ ~ yp ~ 13
and k > 5. Let y; = (bi1, bio, biz, biy) € R. Since y; ~ ys in W, by Lemma
3.3.3, both b1, b1 ¢ Z(Ry). Without loss of generality, assume that by; € U(R;y).
Since y; is a non-unit element of R, we have by; € Z(R;), for some j € {2,3,4}.
Without loss of generality, assume that bjs € Z(Ry). By Lemma 3.3.3, we get
bae € U(R3). Since y; ~ ys in m, we get both b3, bes ¢ Z(R3). Now we have
the following cases:

Case-1. b3 € U(R3). Let by € U(Ry). Since y; » y3 and y; = y4 in T(R), we
get bsa, bys € Z(Ry). It follows that ys » y4, which is not possible. We may now
suppose that by € Z(Ry). It follows that bog, bpy € U(Ry4). Since ys is a non-unit
element of R, we have either by; € Z(Ry) or bys € Z(R3). Let byy € Z(Ry). If
bas € U(Rg), then by, b1y € Z(Ry). Tt follows that yy ~ yg_1 in Ty(R), which
is not possible. Therefore, bes € Z(R3). Since y, ~ y3, we obtain that bs; € U(R;)

and bys € U(R3). The adjacency of y; with gy, follows that by, € U(Rs) and

bea € U(R4). It follows that y3 ~ yi in ['y(R); a contradiction. Therefore,
bo1 ¢ Z(Ry). We may now suppose that beg € Z(R3). Since ys » y and yy » yg_1
in T(R), we have b3, b—1)3 € Z(R3). It follows that yj ~ yr—1. Thus, the case
bis € U(R3) is not possible.

Case-2. byz € U(R3). First suppose that byy € U(Ry). Since yo is a non-unit
element of R, we have by; € Z(R;). Note that ys = y, and yo » yx_1 in m
so that by1,br—1)1 € Z (Ry). It follows that yx » yr_1; a contradiction. Therefore,
boy € Z(Ry). Since y; ~ ya ~ y3 in T(R), we have by4,b3y € U(Ry4). First
suppose that by € U(Rp). Since yo = yr and ya ~ yg_1 in T(R), we have
bra, bik—1)a € Z(Ry). It follows that y, ~ yr_1; a contradiction. We may now



3.3 PERFECTNESS OF I'y(R) 69

suppose that by; € Z(Ry). It follows that b3; € U(Ry). Since ys3 is a non-unit
element of R, we have either b3y € Z(R3) or bsz € Z(R3).

Let b3s € Z(Ry). The adjacency of y3 with y, implies that by € U(Rp). If
bss € U(R3), then by, b1y € Z(R,). It follows that g ~ y; in [y(R), which is
not possible. Therefore, b33 € Z(Rj3). Since ys ~ y4, we have by € U(Ry) and
biz € U(R3). Since y, is a non-unit element of R, we have either by € Z(R;)
or byy € Z(Ry). If by € Z(Ry) and by € U(Ry), then y; ~ y4; a contradiction.
Therefore, by € Z(R4). The adjacency of y, with ys follows that bs; € U(R;) and
bsy € U(Ry). It follows that yo ~ y5 in T(R); a contradiction. Thus, by; € U(Ry).
Consequently, byy € Z(Ry). Since yo » yy and y; » yy, we have byy, boy € Z(Ry). It
follows that y; ~ yo in W; a contradiction. Therefore, this case is not possible.

Thus, I'y(R) does not contain an induced cycle of odd length greater than
three. The proof is similar when R = R; X Ry X Rz or R = R; X Rs. O

By combining Lemma 3.3.2, and Propositions 3.3.4, 3.3.5, we get the following

theorem.

Theorem 3.3.6. Let (R;, M;) be a local ring and R = Ry X Ry X - -+ X R,,, where
n > 3. Then the graph U'y(R) is perfect if and only if n € {3,4} and each ideal

M; of R; is principal.
In view of Proposition 3.3.4 and Proposition 3.3.5, we have the following lemma.

Lemma 3.3.7. Let (R;, M;) be a local ring and R = Ry X Ry X -++ X R,,, where
n € {1,2} and each M; is principal. Then T'y;(R) is a perfect graph.
Corollary 3.3.8. The graph U'y(Z,) is perfect if and only if n = pi*py2p5°py*,

where p;’s are distinct prime numbers and n; € NU {0}.

Proposition 3.3.9. Let R = Ry X Ry such that Ry, Ry are local rings with maximal
ideals My and M, respectively. If both My, My are not principal, then I'y(R) is

not a perfect graph.
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Proof. Suppose both M; and M, are not principal ideals of R; and R,, respec-
tively. Then R; has at least two principal maximal ideals (a1) and (ag). Similarly,
R, contains at least two principal maximal ideals (b;) and (bg). Observe that the

set

X = {((11, bl), ((IQ,bQ), (]., bl), (ah b2>7 ((1,2, bl)}

induces Cs in I'y(R). Therefore, I'y(R) is not a perfect graph. O

Based on our computation for various local rings of small order we propose the

following conjecture.

Conjecture: Let R = Ry x Ry such that Ry, Ry are local rings with maximal
ideals M; and M, respectively. Then I'yy(R) is a perfect graph if and only if
either My or M is principal.

3.4 Embedding of ['y(R) on Surfaces

In this section, we study the topological properties of I';y(R) including planar,
projective planar, toroidal, bitoroidal, etc. We begin with the investigation of an

embedding of I'y(R) on a plane.

3.4.1 Planarity of I'y(R)

In this subsection, we classify all the non-local commutative rings for which the
graph I'y(R) is outerplanar and planar, respectively. We begin with the following

lemma.

Lemma 3.4.1. Let R be a non-local commutative ring such that R = Ry X Ry X

-+ X R, forn > 4. Then the graph T'y(R) is not planar.
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Proof. Consider the set X = {(0,0,---,0),(1,0,---,0),(0,1,0,---,0),(0,0,1,0,---,0),
(0,0,0,1,0,---,0)}. Note that I'y(X) = K5. Therefore, by Theorem 1.3.8, 'y (R)
is not a planar graph. ]

Theorem 3.4.2. Let R be a non-local commutative ring. Then T'y(R) is outer-

planar if and only if R is isomorphic to one of the following 3 rings:
Zg X Zg, ZQ X Zg, Z3 X Z3.

Proof. Let R be a non-local ring. Then R = Ry X Ry X --- X R,,, where each R;
is a local ring and n > 2. Let ['y(R) be an outerplanar graph. By Lemma 3.4.1,
we must have n < 3. Suppose that R =2 R; X Ry x Rs. If |R;| = 2 for every
i € {1,2,3}, then for the set X = {(0,0,0),(1,0,0),(0,1,0),(0,0,1)} note that
'y (X) = Ky, which is not possible. We may now suppose that R = Ry x R,. Let
|R;| > 4 for some i € {1,2}. Without loss of generality, assume that |R;| = 4 such
that Ry = {0,a1,as2,a3}. Then for X’ = {(0,0), (a1,0), (az,0), (az,0)}, we have
['y(X') =2 Ky; again a contradiction. Consequently, R = Ry X Ry with |R;| < 3
for i € {1,2}. Converse holds by Theorem 1.3.7 and Remark 3.1.1. O

Theorem 3.4.3. Let R be a non-local commutative ring. Then U'y(R) is a planar

graph if and only if R is isomorphic to one of the following 9 rings:

ZQXZQXZQ, ZQXZ4, ZQXZ(;—[%], ZQXF4, ZQXZQ, ZQXZg, Z3><Z3, ZgXF4,
]F4XF4.

Proof. Suppose that I'y(R) is a planar graph. In the similar lines of the proof
of Theorem 3.4.2, we have either R = R; X Ry x Ry or R =2 R; X Ry. Let
R = R; x Ry x R3 such that |R;| > 3 for some i € {1,2,3}. Without loss of

generality, assume that |R;| > 3 with a;,as € R;. For the set

X ={(0,0,0), (a1,0,0), (as,0,0), (0,1,0), (0,0, 1)},
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we have I'y(X) = Kj; a contradiction. Thus, R = Zy X Zs X Zs in this case.
We may now suppose that R =2 Ry x Ry. If |R;| > 5 for some i € {1,2} and
ai,as,as,aqy € RY, then for X' = {(0,0), (a1,0), (az,0), (as,0), (as,0)} note that
'y (X') = K5 which is not possible. Thus, for R = Ry x Ry we must have |R;| < 4.
Further, if R, is not a field of cardinality four, then either Ry = Z4 or Ry = Z(fc—[f)}
(cf. Table 1.1). Then there exists z € Z(Ry)* and so |R1| # 3,4. Otherwise, the set
Y = {(0,0), (a1,0), (az,0), (0, 2), (a1, 2)}, where a1,a; € R}, induces a subgraph
['y(Y) which is isomorphic to Kj5. Consequently, R is isomorphic to one of the
rings: Zip X Ly, Lo X Z(;—E;], lig X Wy, Zig X Wy, By X Wy, Zio X Lo, Ty X L3, Lig X Z3.
Conversely, if R is isomorphic to one of the given rings then by Figures 3.1, 3.2

Theorem 1.3.8 and Remark 3.1.1, I'y(R) is planar. O

(1,0, 0) (0,1, 0)

FIGURE 3.2: Planar drawing of (a) I'y(Ze x Z4) and (b) I'y(Zy X Z(;[;;])



3.4 EMBEDDING OF I'y(R) ON SURFACES 73

A graph I' which satisfies the PCP property is said to be a ring graph if
rank(I') = frank(I') and ' does not contain a subdivision of K, as a subgraph.
In the similar lines of the proof of Theorem 3.4.2 and using Remark 3.1.1, we have

the following proposition.

Proposition 3.4.4. Let R be a non-local commutative ring. Then I'y(R) is a ring

graph if and only if R is isomorphic to one of the following 3 rings:

ZQ X Zg, Z2 X Zg, Zg X Zg.

3.4.2 Genus of I'y(R)

In this subsection, we classify all the non-local commutative rings such that I'y (R)

has genus at most 2.

Lemma 3.4.5. Let R be a non-local commutative ring such that R = Ry X Ry X

<o X Ry, form >4. Then 8(I'y(R)) > 1.

Proof. Let n > 4. Then note that the vertices 1 = (0,0,...,0), 2o = (1,0,...,0),
23 = (0,1,0,...,0), 24 = (0,0,1,0,...,0), z5 = (0,0,0,1,0,...,0),

r¢ = (1,1,0,0,...,0), zz = (1,0,1,0,...,0), g = (1,0,0,1,0,...,0) induces a
subgraph of I'yy/(R) which is isomorphic to Kg. By Proposition 1.3.9, we have
o(Ty(R)) > 1. O

Theorem 3.4.6. Let R be a non-local commutative ring. Then the genus of I'y(R)

1s 1 of and only if R is isomorphic to one of the following 8 rings:

Zg X Z7, Zg X Z7, ]F4 X Z7, Zg X Z5, Zg X Z5, ]F4 X Z5, Zg X Z4, Z3 X Z(l;[;;]

Proof. Let R be anon-local ring. Then R = R; X Ry X---x R,,, where each R; is a lo-

cal ring and n > 2. First suppose that 9(I'y(R)) = 1. By Lemma 3.4.5, we get n <
3. We claim that n # 3. Let, if possible n = 3, that is R & Ry X Ro X R3. If |R;| > 3
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for each 7, with ay, a2 € R}, b1,b2 € R; and ¢, ¢ € Rj, then the subgraph induced
by X = {(0,0,0), (ay,0,0),(0,b1,0), (az,0,0), (0, b2,0), (a1, b1,0), (a1, ba, 0), (az, by,0)}
is isomorphic to Kg; a contradiction (cf. Proposition 1.3.9). Consequently, R =
Ry X Ry x Rj3 such that |R;| < 2 for some i. Without loss of generality, assume
that |R;| = 2 and |Ry| = | R3] = 3. Note that for the set

Y = {(07 07 0)? (07 b17 0)7 (07 b27 0)7 <O7 Oa cl)a (07 bla Cl)a (07 b27 cl)a (07 07 02)7 (07 bl7 02)}7

we obtain 'y (Y) = Kg; again a contradiction. Therefore, we may now suppose
that |R1| = 2 = |Rs| and |R3| < 3. For |R3| = 3, we have v = 10, e = 31. By
Lemma 1.3.10, we get f = 21. It follows that 2e < 3f; a contradiction. Thus,
R = Ry x Ry X Ry such that |R;| = 2 for every i. By Figure 3.1, I'y(R) is planar.
This completes our claim and so R = R; X Ry. Now first note that either |R;| > 8
or |Rs| > 8 then there exists an induced subgraph which is isomorphic to Kg; a
contradiction. It follows that R = Ry x Ry with |R;| < 7 for i = 1,2. Now we
classify the ring R such that ['y(R) has genus 1 through the following cases.

Case-1. |Ry| = 7. If |Ry| = 7, then note that in I'y(R), v = 13, e = 42 and f = 29.
It follows that 2e < 3f; a contradiction. We may now suppose that |R;| = 5. By
Proposition 1.3.9, Lemma 1.3.11 and Remark 3.1.1, we get 9(I'yy(R)) > 1 which is
not possible. Thus, |Ri| < 4. If R; is not a field of cardinality four, then either
R =2 Zjor R & Lola] (see Table 1.1). Consequently, there exists exactly one zero-

T (@)
divisor z € Z(R;)*. Then for the set X’ = {(0,0),(0,1),...,(0,6),(2,0),(z,1)},

we get ['y(X') = Ky; a contradiction. Thus, in this case R is isomorphic to one of
the three rings: Zo X Zy7, 73 X Z7, Fy X Z7.

Case-2. |Ry| = 5. If |Ry| = 5, then by Proposition 1.3.9, Lemma 1.3.11 and
Remark 3.1.1, we get 9(I'y(R)) # 1; a contradiction. We may now suppose that
R is not a field of cardinality four. Then note that the set

{(0,0),(0,1),(0,2),(0,3),(0,4),(2,0),(z,1),(2,2),(z3)}, where z € Z(R;)*,
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induces a subgraph which is isomorphic to Ky; again a contradiction. Conse-
quently, R is isomorphic to one of the following 3 rings: Zo X Zs, Zg X Zs, Fy X Zs.
Case-3. |Ry| = 4. Suppose that |Ry| = 4. If both R;, Ry are fields, then by
Theorem 3.4.3, I'y(Ry X Ry) is planar and so 9(I'y(R)) = 0 which is not possible.
Thus, either R; or R, is not a field. Without loss of generality, assume that
R; is not a field. By the argument used in Case-1, and by choosing X" =
{(0,0),(0,1),(0,b1), (0,b2), (2,0),(2,1),(z,b1),(2,ba) }, where z € Z(Ry)*, by, by €
R}, note that I'y(X"”) = K. Consequently, |R;| < 3. Let |Ry| < 3 and R, be
a field. Then by Theorem 3.4.3, I'y(R) is a planar graph; a contradiction. If

Ry is not a field and |R;| = 2, then again by Theorem 3.4.3, (I'y(R)) = 0; a

Zs|x]
(z2) -

Case-4. |Ry| < 3. If |Ry| € {2,3}, then by Theorem 3.4.3, 9(I'y(R)) = 0; a

contradiction. Thus, R is isomorphic to Zs X Z4 or Z3 X

contradiction.

Zo|x]
(z2)

Conversely, if R is isomorphic to Zs X Z, or Zg X , then by Figure 3.3, we
have 0(I'y(R)) = 1. If R is isomorphic to one of the remaining 6 given rings, then

by Proposition 1.3.9, Lemma 1.3.11 and Remark 3.1.1, we get 9(I'y(R)) = 1. O

FI1GURE 3.3: Embedding of (a) I'y(Z3 x Z4) and (b) 'y (Z3 x Z(;[;g]) in S;

Theorem 3.4.7. Let R be a non-local commutative ring. Then 0(I'y(R)) = 2 if

and only if R is isomorphic to one of the following 9 rings:
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Zg XZQ XZg, ZQ X]Fg, Zg XFg, F4 X]Fg, Z7><Z7, Z5 ><Z7, Z5 ><Z57 F4 ><Z4,

]F4><Z(;—gr)].

Proof. Let R be a non-local ring. Then R = R; X Ry X --- X R,, where each
R; is a local ring and n > 2. First assume that 0(I'y(R)) = 2. If n > 5, then
note that the vertices ;1 = (0,0,...,0), zo = (1,0,...,0), z3 = (0,1,0,...,0),
24 = (0,0,1,0,...,0), 25 = (0,0,0,1,0,...,0), 26 = (0,0,0,0,1,0,...,0), 27 =
(1,1,0,0,...,0),zs = (1,0,1,0,...,0), 29 = (1,0,0,1,0,...,0) induces a subgraph
isomorphic to Ky; a contradiction. We may now suppose that n = 4. If | R;| = 2 for
every i € {1,2,3,4}, then note that v = 15, e = 80. Further, by Lemma 1.3.10, we
get f = 63. It follows that 2e < 3f in 'y (R), which is not possible. Therefore, n <
3. Let n = 3 that is R = Ry X Ry X R3. If |R;| > 4, for each i, with ay, as, a3 € Rj,
bi,be,b3 € R and ¢y, co, c3 € R}, then the subgraph of I'y(R) induced by the set
X ={(0,0,0), (ay,0,0),(0,b1,0), (0,0,¢1), (az,0,0), (0, by,0), (0,0, ca), (a3, 0,0),
(0, b3,0)} is isomorphic to Ky; a contradiction. Without loss of generality, suppose
that |Ry| < 3 and |Ry| = 4 = |R3|. For X’ = {(0,0,0), (a4, 0,0), (0,b1,0), (0,0, c),
(az,0,0),(0,bs,0),(0,0,cs), (0,b3,0), (0,0, c3)}, we get I'y(X') = Ky; again a con-
tradiction. Therefore, |R;| < 3 for ¢ = 1,2 and |R3| = 4. We may now suppose that
|R;1| = 2 = |Ry| and Rj is a field of size 4. Then v = 13, e = 54 and Lemma 1.3.10
follows that f = 39 which is not possible. Consequently, |R;| < 3 for each ¢ €
{1,2,3}. Next, let |R;| = |R2| = |R3| = 3. Then the subgraph induced by the ver-
tices (0,0,0), (a1,0,0), (0,b1,0), (az,0,0), (0, b2,0), (ay,b1,0), (a1, ba, 0), (az, by,0) and
(ag, by, 0) is isomorphic to Ky; a contradiction. Therefore, we may now suppose
that |Ry| = 2 and |Rs| = 3 = |R3|. Consider theset Y = {(0,0,0), (0,0, ¢1), (0,b1,0),
(0,0,¢2),(0,bs,0), (0,b1,c1), (0,ba, 1), (0,b1,¢2), (0,b2,c2)}.  Note that I'y(Y) =
Ky; a contradiction. If |R;| = 2, for each i € {1,2,3}, then I'y;/(R) is a planar
graph (cf. Theorem 3.4.3). Consequently, R is isomorphic to the ring Zy X Zg X Zs.
Now let R = Ry X Ry. If either |Ry| > 9 or |Ry| > 9, then there exists
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an induced subgraph of I'y(R) which is isomorphic to Ky; a contradiction. It
follows that the cardinality of each R; is at most 8. Now we characterize the rings

R = Ry X Ry such that I'y(R) has genus 2 through the following cases.

Case-1. |Ry| = 8. Suppose that |Ry| = 8. If both Ry, Ry are fields, then v = 15,
e = 56 and Lemma 1.3.10 gives f = 39; a contradiction. If R; is not a field,
then the existence of Ky as an induced subgraph of 'y (R) gives 0(I'y(R)) > 2; a

contradiction. Consequently, |R;| # 8.

Subcase-1.1. R, is not a field. Then Ry is isomorphic to one of the following

Lolz] _Zolxy] _Za[a] Zy 7]
(z3) 7 (22,2y,42)° (2z,22)7 (2z,22-2)

Z(igf;}. If |Ry| € {3,4,5,7}, then we can easily get Kq as an

induced subgraph of I'y(R); a contradiction. If |R;| = 2, then note that I'y(R) has

rings: Zs, (cf. Table 1.1). First suppose that Ry is

isomorphic to Zg or

12 vertices, 50 edges and 36 faces (cf. Lemma 1.3.10); a contradiction to Remark
1.3.16.

Za|x,y] Za[z]
(x2,2y,y%) 7 (2x,22)°

(zf";[ﬂm. If |[R;| € {5, 7}, then I'y(R) has an induced subgraph isomorphic to Ky; a

contradiction. Next, let Ry be not a field of size 4 and z € Z(R;)*. Then note that
the set {(0,0),(0,b1),...,(0,b7),(2,0)}, where by, by, ...,b; € R}, induces a sub-

Now suppose that R, is isomorphic to one of the following 3 rings:

graph which is isomorphic to Ky; a contradiction. Let R; be a field of size 4. Then
['y(R) has 20 vertices, 97 edges and so Lemma 1.3.10 gives 75 faces; a contradic-
tion (cf. Remark 1.3.16). If |R;| = 3, then v = 16, e = 64 and by Lemma 1.3.10 we
get f = 46; a contradiction. If |Ry| = 2, then note that 'y (R) has 12 vertices and
41 edges. Let uy, ug, uz, uy € U(Rg) and 21, 29, 23 € Z(Ry)*. Note that V(I'y;(R)) =
{(0,0),(0,u1), (0,u2), (0, us), (0, ua), (0, 21), (0, 22), (0, 23), (1,0), (1, 21), (1, 22), (1, 23) }-
Let f; be the number of faces of size i in an embedding of I'y;(R). Since 6(I'y(R)) =
2, we have f = 27 (cf. Lemma 1.3.10). Note that f4+2f5 = 2e—3f = 1. It follows
that any embedding of I'y(R) in So has 26 triangular faces and one quadrilateral

face. Now consider the set
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X = {<O7 O)? (07 u1)7 (07 u2)7 (O? U3), (07 U4), (07 Zl)? (07 ZQ)? (Oa Z3>}>

we get ['y(X) = Kg. Consequently, any embedding of ['y(X) has either one
pentagonal, 17 triangular faces or two quadrilateral, 16 triangular faces. Suppose
'y (X) has one pentagonal, 17 triangular faces in an embedding on S,. If we insert
the set Y = {(1,0), (1, z1), (1, 22), (1, 23)} of vertices and their respective edges to
the embedding of I'y;(X), then I'y(Y) must be embedded in the pentagonal face.
Consequently, any embedding of ['y(R) on S, leads to an edge crossing. Similarly,
the insertion of I'yy(Y') in an embedding of I'y(X'), when it has two quadrilateral
and 16 triangular faces, yields to an edge crossing. Therefore, 3(I'y(R)) > 2; a
contradiction and so this subcase is not possible.

Subcase-1.2. Rj be a field of size 8. If |Ry| € {5, 7}, then by Lemma 1.3.11
and Remark 3.1.1, we obtain 0(I'y(R)) # 2; a contradiction. If |R;| = 4 such
that Ry is not a field, then there exists a z € Z(R;)*. Consequently, for the
set Y = {(0,0),(0,1),---,(0,7),(2,0)}, we have I'y(Y’") = Ky; a contradiction.
Thus, R is isomorphic to one of the following 3 rings: Zy x Fg, Z3 x Fg, Fy x Fg.
Case-2. |Ry| € {5,7}. If Ry is afield and |R;| < 4, then by Theorem 3.4.6, we have
0(T'y(R)) = 1. If R; is not a field of size 4, then for z € Z(R;)* note that I'y(A) =
Ky, where A = {(0,0),(0,1),(0,2),(0,3),(0,4),(z,0),(z,1),(2,2),(2,3)}. Conse-
quently, R is isomorphic to one of the following 3 rings: Zy; X Zy, Zs X Zi7, L5 X Zs.
Case-3. |Ry| = 4. Assume that |R;| = 4. If both Ry, Ry are fields, then I'y(R; X
Ry) is planar ( cf. Theorem 3.4.3); a contradiction. We may now suppose that
both R; and R, are not fields. Then note that I'y(R) has 12 vertices, 50 edges
and so 36 faces (cf. Remark 1.3.16); a contradiction. Note that |Ry| & {2,3} (cf.
Theorem 3.4.3 and Theorem 3.4.6). Thus, |R;| = 4 and both Ry and R, can not
be fields. Consequently, either R =2 F, x Z, or R = F, x Z(;—[QZE)].

Case-4. |Ry| < 3. If |Ry| < 3, then I'y(R) is a planar graph (cf. Theorem 3.4.3).

Conversely, suppose that R & Zy X Zy x Z3. By Figure 3.4, 9(T'y(R)) =
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2. Tf either R = Fy x Zy, or R = Fy x 25, then Ty(R) = Ky V (K> Ko).
Consequently, 0(I'y(R)) = 2 (cf. Proposition 1.3.9 and Lemma 1.3.11). Further,
if R is isomorphic to one of the remaining 6 rings, then by Lemma 1.3.11 and

Remark 3.1.1, we obtain d(I'y(R)) = 2. O

(0,0.0) (1.0,0) (1,0.1) (0.0.0)

(0.0,1)

(0,1,1)

(0,0.0)
(0,0.0)

(100) (0,1,0)

(1,0.1) (0.1.2)

00,0
(0,0.0) ©0.0)

(1.0.2)

(0.0.2)

0,00) (0.1,0) (0,1.2) (0,0,0)

FIGURE 3.4: Embeddlng of FU(ZQ X ZQ X Z3> in SQ

3.4.3 Crosscap of I'y(R)

In this subsection, we characterize all the non-local commutative rings R such that

'y (R) has crosscap at most 2. We begin with the following lemma.

Lemma 3.4.8. Let R be a non-local commutative ring such that R = Ry X Ry X

-+« X Ry, forn >4. Then cr(Ty(R) > 2.

Proof. Let n > 4. Then note that the vertices 1 = (0,0,...,0), zo = (1,0,...,0),
23 = (0,1,0,...,0), 24 = (0,0,1,0,...,0), 25 = (1,1,0,0,...,0), 26 = (1,0,1,0,...,0),
x7=(0,1,1,0,...,0), zs = (1,1,1,0,...,0) induces a subgraph of I'y(R) which is
isomorphic to Kg. Therefore, by Proposition 1.3.12, we get cr(I'y(R)) > 2. O
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Theorem 3.4.9. Let R be a non-local commutative ring. Then the crosscap of

Ly(R) is 1 if and only if R is isomorphic to one of the following 5 rings:

ZQ X Z5, Zg X Z5, ]F4 X Z5, Zg X Z4, Zg X Z(i[;;}

Proof. Let R be a non-local ring. Then R = R; X Ry X - -+ X R,,, where each R; is a
local ring and n > 2. Suppose that c¢r(I'y(R)) = 1. In view of Lemma 3.4.8, either
R Ry X Ry x Ry or R= Ry X Ry. First assume that R = R; X Ry X R3. Suppose
that for each ¢ € {1,2,3}, |R;| = 3 with a1, a2 € R}, b1,by € R and ¢, ¢y € Rj.
Then for the set X = {(0,0,0), (a1,0,0),(0,b1,0), (az,0,0), (a1, b1, 0), (0, b, 0),
(a1,b2,0)}, we get T'y(X) = Ky; a contradiction. Without loss of generality,
assume that |R;| = 2 and |Ry| = 3 = |R3|. Then the set

X/ = {(07 07 0)7 (07 07 Cl)a (07 b17 0)7 (07 07 02)7 (07 b17 Cl)? (07 b27 0)7 (07 b27 Cl)}

induces K7 as a subgraph of I';y(R), which is not possible. Thus, we have |R;| =
2 = |Ry| and |Rs| = 3. It implies that I';(R) has 10 vertices, 31 edges and then
Lemma 1.3.13 follows that f = 22; a contradiction to Remark 1.3.16. Therefore,
|R;| = 2 for each i and so R = Zy X Zs X Z3, which is not possible (see Figure 3.1).
Consequently, R = Ry X Ry. If either |Ry| > 7 or |Ry| > 7, then we can easily get
K7 as an induced subgraph of I'y(R). By Proposition 1.3.12, er(I'y(R)) # 1; a
contradiction. In view of Remark 1.2.6, we classify R through the following cases.
Case-1. |R,| = 5. Note that |R;| # 5 (cf. Remark 3.1.1 and Lemma 1.3.15).
Therefore, |R;| < 4. Further, if Ry is not a field of size 4, then there exists a
z € Z(Ry)*. The set X" = {(0,0),(0,1),...,(0,4),(2,0),(2,1)} induces K7 as a
subgraph of I'y(R); again a contradiction. Thus, R is isomorphic to one of the
following three rings: Zo X Zs, Zg X Zs, F4 X Zs.

Case-2. |Ry| = 4. Let |Ry| = 4. If both Ry, Ry are fields, then I';y(R) is a planar
graph ( cf. Theorem 3.4.3). Without loss of generality, assume that R; is not a
field. Then for z € Z(R;)*, note that the set
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¥ =1{(0,0), (0,51, (0, 52), (0, bs), (2, 0), (2, bn), (2, b2)}

induces K7 as a subgraph of I'y(R); a contradiction. Therefore, |R;| # 4. Further,
suppose that |Ri| € {2,3} and Ry is a field. Then by Theorem 3.4.3, T'y(R) is
planar. Next, if |R;| = 2 and Ry is not a field, then by Theorem 3.4.3, cr(I'y(R)) =

0; again a contradiction. Thus, either R & Zs X Zy or R 2 73 X Z(;[;’;].

By Theorem 3.4.3, note that | R;| < 3 is not possible. Conversely, if R = FyxZs,
then from Figure 3.5, cr(I'y(R)) = 1. For R = Zy X Zs, we get U'y(Zy X Zs) =
'y (X), where X = V(I'y(Fy x Zs)) — {(2,0),(3,0)}. It follows that cr(I'y(Zy x
Zs5)) = 1. Similarly, cr(T'y(Zs x Zs)) = 1 because I'y(Zs x Z5) = T'y(Y) for

Y = V(Ty(Fy x Zs)) — {(3,0)}. Finally, if cither R 2 Zy x Zy or R = Zy x 2,
then by Figure 3.6, cr(I'y(R)) = 1. O

(0,2)

d

(0, 4) (0, 1)

F1GURE 3.5: Embedding of 'y (F4 X Z5) in Ny

Theorem 3.4.10. Let R be a non-local commutative ring. Then cr(T'y(R)) = 2

if and only if R is isomorphic to the ring Zs X Zs.

Proof. Let cr(I'y(R)) = 2 and R be a non-local commutative ring. Then R =
Ry X Ry X -+ X R,, where n > 2 and each R; is a local ring. By Lemma 3.4.8, we

get n < 3. First suppose that n = 3, that is R = Ry X Ry X R3. If |Ry| = |Rs| =
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Al

' < 4
AT =
= :#“

(a) (b)

FiGure 3.6: Embedding of (a) T'y(Zs x Z4) and (b) Ty(Zs x 25) in N,
|R3| = 3, then the set {(0,0,0),(1,0,0),(2,0,0),(0,1,0),(0,2,0),(0,0,1),(0,0,2)}
induces K; as a subgraph of I'y(R); a contradiction. Without loss of generality,
assume that |R;| = 2 and |Ry| = 3 = |R3|. For the set

X ={(0,0,0),(0,1,0),(0,2,0),(0,0,1),(0,0,2),(0,1,1),(0,1,2)},

we get I'y(X) = K7; a contradiction. We may now suppose that |R;| = 2 = |Ry|
and |R3| = 3. Note that v = 10, e = 31 and so Lemma 1.3.13 gives f = 21; a
contradiction to the Remark 1.3.16. Consequently, |R;| = 2, for each i € {1, 2, 3}.
This is also not possible (cf. Figure 3.1). Thus, R = R; X Ry. If either |Ry| > 7
or |Ry| > 7, then we can easily get K7 as an induced subgraph of I'y(R). By
Proposition 1.3.12, we get ¢r(I'y(R)) # 2; a contradiction. Therefore, by Remark
1.2.6, |R;| <5 for each i = 1,2. Now we have the following cases:

Case-1. |Ry| = 5. Let Ry be a field such that |R;| € {2,3,4}. Then by Theorem
3.4.9, we get cr(I'y(R)) = 1. If Ry is not a field of size 4, then by the Case-1 of
Theorem 3.4.9, we get a contradiction. Therefore, R =2 Zs X Zs.

Case-2. |Ry| = 4. Suppose that |R;| € {2,3,4}. If both R; and R, are fields,
then I'y(R) is a planar graph (cf. Theorem 3.4.3). Now suppose that Ry is not
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a field with z € Z(Ry)*. If |Ry| € {2,3}, then by Theorem 3.4.3 and Theorem
3.4.9, we have cr(I'y(R)) # 2; a contradiction. If |Ry| = 4, then the set Y =
{(0,0), (b1,0), (b2,0),
(b3,0),(0,2),...,(bs, 2)}, where by, by, by € R7, induces K7 as a subgraph of ['y(R).
Thus, this case is not possible.

In view of above cases and by Theorem 3.4.3, note that the case |Ry| < 3 is
not possible. Conversely if R = Zs x Zs, then by Remark 3.1.1 and Lemma 1.3.15,
we obtain cr(I'y(R)) = 2. O

3.5 Forbidden Subgraphs of ['y(R)

In this section, we classify all the non-local commutative rings whose upper ideal
relation graphs are split graphs, threshold graphs, cographs, cactus graphs and

unicyclic graphs.

Theorem 3.5.1. Let R be a non-local commutative ring. Then I'y(R) is a split

graph if and only if R is isomorphic to Zy X Zg X Ly or Zy X Fy.

Proof. First suppose that I'yy(R) is a split graph. Since R is a non-local commu-
tative ring, we have R = Ry X Ry X --- X R,,, where each R; is a local ring and
n > 2. If n > 4, then I'y(R) has a subgraph induced by u; = (1,1,0,1,...,1),
us = (0,1,0,1,...,1) and v; = (1,0,1,1,...,1), vy = (1,0,1,0,1,...,1) which is
isomorphic to 2K5; a contradiction. Thus, either R = Ry X Ry X R3 or R = Ry X R;.
Let aj,ay € U(Ry), bi,bo € U(Rs) and ¢1,¢co € U(R3). First suppose that
R = RyxXRyxRs3. If |R;| > 3 foreveryi € {1,2,3}, then notice that u; = (a1,0,¢;),
ug = (ag,0,c9) and vy = (0,b1,¢1), v = (0,bs,ce) induces a subgraph of I'y(R)
which is isomorphic to 2K,. Without loss of generality, assume that |R;| = 2 and
|Ra| = 3 = |Rs]. Then for the set X = {(0,by1,¢1), (0, b2, c2)(1,b1,0), (1,b2,0)} we
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have 'y (X) = 2K5; a contradiction. Therefore, both Ry and R3 can not have car-
dinality three. We may now suppose that |R;| = 2 = |Ry| and |R3| = 3. The set
X" ={(0,1,¢1),(0,1,¢2),(1,0,¢1), (1,0, o) } induces 2K5 as a subgraph of I'y/(R)
which is not possible. Consequently, R = Zy X Zo X Zs.

Now, suppose that R = R; x Ry. If |Ry| > 3 and |Rs| > 3, then the set
of vertices {(a1,0), (az,0),(0,b1),(0,b2)} induces a subgraph isomorphic to 2Ky;
a contradiction. Without loss of generality, assume that |R;| = 2 and |Ry| > 3.
If Ry is not a field, then there exists z € Z(Ry)*. Consequently, the subgraph
induced by X” = {(0,b1),(0,b9),(1,0), (1, 2)} is isomorphic to 2K5, which is not
possible. Thus, R = Zy x F,.

Conversely, suppose that R = Zy X Zg X Zs. Note that V(I'y(R)) = Vi U Vs,

where V; = {(1,1,0),(1,0,1), (0,1, 1)} is an independent set and V, = {(0,0,0), (1,0, 0),

(0,1,0),(0,0,1)} forms a complete subgraph of I'y(R). Moreover, V; NV, = 0.
Thus, by definition, I'y(R) is a split graph. If R = Z; x F,, then note that
V([y(R)) = Vi UVy, where V; = {(1,0)} and Vy = {(0,b) : b € F,}. Conse-
quently, the result holds. O]

Theorem 3.5.2. Let R be a non-local commutative ring. Then I'y(R) is a thresh-

old graph if and only if R is isomorphic to the ring Zo x F,.

Proof. Since R is a non-local commutative ring, we have R = Ry X Ry X -+ X R,
where each R; is a local ring and n > 2. Suppose that I'y;(R) is a threshold graph.
Then I'y(R) is a split graph also. By Theorem 3.5.1, either R = Zy X Zg X Zsy or
R =7y xF,. If R=Zy X Zy X Ly, then there exists an induced subgraph I'y(X),
where X = {(1,0,1),(1,0,0),(0,1,0),(0,1, 1)}, which is isomorphic to P, which is
not possible. Consequently, R = Zy x .

Conversely, if R = Z; x Fy, then I'y(R) =2 K; V (K; U Kg,|—1) (cf. Remark
3.1.1). It follows that I'y(R) is a threshold graph. O
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Theorem 3.5.3. Let R be a non-local commutative ring such that R = Ry X Ry X
<o X Ry, (n > 2) and each (R;, M;) is a local ring. Then I'y(R) is a cograph if

and only if R = Ry X Ry and My, My are the mazimal principal ideals.

Proof. First suppose that 'y (R) is a cograph. If n > 3, consider the set
X ={(1,0,1,...,1),(1,0,...,0),(0,1,0,...,0),(0,1,..., 1)}

Notice that I'y(X) = Pj; a contradiction. Thus, R & R; X Rs, where (Ry, M)
and (Ry, My) are local rings. Now we show that both the ideals M; and M, are
maximal principal. Without loss of generality, assume that M is not a maximal
principal ideal. Then R; has at least two maximal principal ideals, namely: (x;)
and (z). For instance, for some y € Ry, if (y) is the only maximal principal ideal
of Ry then Ry \ U(R;) = M; C (y). Consequently, M; = (y); a contradiction.
Further, note that z; »~ 5 in I'y(Ry). Moreover, (x1,1) ~ (x1,0) ~ (22,0) ~
(x2,1) is an induced subgraph which is isomorphic to Py; a contradiction. Thus,
both M; and My must be the maximal principal ideals of R; and Ry, respectively.

Conversely, suppose that R = R; x Ry and M; is the principal ideals of R;.

To prove 'y (R) is a cograph, consider the sets

Vvl = {<21,22> AN Ml,ZQ € MQ},
Vo ={(21,u2) : 21 € My, us € Ry \ My};
‘/3 = {(ul,ZQ) U € Rl \Ml,ZQ € Mg}

Observe that Vi, V5 and V3 forms a partition of V(I'y(R)). Since M is the
principal ideal and M; = V(I'y(R,)), we obtain I'y(R;) = K. Similarly,
['y(Ry) = Kjamg- Consequently, I'y(V;) =2 Ky, for each ¢ € {1,2,3}. Let
r = (z1,22) € Vi. If y = (t1,t2) € Vi, then note that (x),(y) C ((z,t2)),
where My = (z). It follows that  ~ y in I'y(Ry X Rp). Similarly, x ~ y for
every y € V3. Consequently, z ~ y for every y € V(I'y(R; X Ry)). Further,
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note that for each x € V5 and y € V3, we have z ~ y in ['y(R; X Ry). Thus,
FU<R> = K|V1| V (K|V2| UK\Va\)' Hence, FU<R> is a cograph. ]

Theorem 3.5.4. Let R be a non-local commutative ring. Then I'y(R) is a cactus
graph if and only if R is isomorphic to one of the following 3 rings: Zo X Zo,
ZQ X Zg, Zg X Zg.

Proof. Let R be a non-local ring. Then R = Ry X Ry X --- X R,,, where each R;
is a local ring and n > 2. First suppose that I'y(R) is a cactus graph. For n > 3,

the graph I'y(R) has two cycles (infact, triangles)

¢ (1,0,...,0) ~ (1,1,0,...,0) ~ (0,1,0,...,0) ~ (1,0,...,0); and
Cy:(0,1,0,...,0) ~ (0,0,1,...,0) ~ (1,0,...,0) ~ (0,1,0,...,0),

which has a common edge (1,0,...,0) ~ (0,1,0,...,0); a contradiction. Thus,
R = Ry x Ry. Without loss of generality, assume that |Ry| > 4 with ay, as, a3 € Rj.
Then the cycles C; : (ay,0) ~ (0,0) ~ (az,0) ~ (ay,0) and Cy : (0,0) ~ (as,0) ~
(a1,0) ~ (0,0) has a common edge. Therefore, |R;| < 3 for every i € {1,2}. Thus,

the result holds. Converse follows from Remark 3.1.1. ]

Theorem 3.5.5. Let R be a non-local commutative ring. Then U'y(R) is unicyclic

if and only if R is isomorphic to the ring Zo X Zs.

Proof. Let R be a non-local ring. Then R = R; X Ry X --- X R,,, where each R;
is a local ring and n > 2. First suppose that I';;(R) is a unicyclic graph. If n > 3,
then T'yy(R) has two cycles C; and Cy, where

Ci:(1,0,...,0) ~ (0,1,0,...,0) ~ (0,0,1,0,...,0) ~ (1,0,...,0); and
Cy: (1,0,...,0) ~ (1,0,1,...,0) ~ (0,0,1,0,...,0) ~ (1,0,...,0).
Therefore, R = R; x Ry. Now suppose that |R;| > 3 for each i = 1,2 with

ai,as € R} and by, by € R5. Note that for the sets X; = {(aq,0),(0,0), (az,0)} and
X5 ={(0,0),(0,b1), (0,b9) }, we get I'y(X;) = C3, where i € {1,2}; a contradiction
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to the fact that I'y(R) has a unique cycle. We may now suppose that R = Ry X Ry
with |R;| < 2 for some i. Without loss of generality, assume that |R;| = 2. If
|Ro| > 4 and by,by,b3 € Rj, then for the set Y7 = {(0,0),(0,b;1),(0,b2)} and
Ys = {(0,0),(0,b3),(0,b2)}, we get T'y(Y;) = Cs for ¢ € {1,2}; a contradiction.
Consequently, |R;| = 2 and |Ry| < 3. If |Rs| = 2, then clearly I'y(R) does not
have cycle (cf. Remark 3.1.1). Thus, |Ry| = 3 and so R = Zs X Zz. Converse is
straightforward from Remark 3.1.1. l

3.6 The Upper Ideal-Relation Graph of the Ring
L,

In this section, we study the upper ideal-relation graph of the ring Z,,. We obtain
the vertex connectivity and the automorphism group of I'y(Z,). Moreover, we
classify all the values of n such that I'/(Z,,) is Hamiltonian. Finally, we obtain the
spectrum of I'y(Z,) for n = p®¢®, where o, 8 are non-negative integers and p, g
are prime numbers. First, we discuss about the structure of the graph 'y (Z,,).

Note that the sets Ag, , Aqgs, - . . , Ag, and A, (= {0}) form a partition of V(I'y/(Zy,,))
(see Remark 1.2.4).

Lemma 3.6.1. Let v € Ay, and y € Ay;, where 1 <i,j < k. Then x ~ y in

Uy (Zy,) if and only if there exists a proper divisor d of n such that d|x and d|y.

Proof. First suppose that © ~ y. Then x,y € (2) for some z € V(I'y(Z,)).
It follows that z € A, for some proper divisor d of n. Therefore, z,y € (d).
Consequently, d|z and d|y. Conversely, assume that d|z and d|y. It implies that
x,y € (d). Consequently, x ~ y. O

Corollary 3.6.2. For every x,y € Ay, we have x ~ vy in U'y(Zy,).



88 THE UPPER IDEAL-RELATION GRAPHS OF RINGS

Theorem 3.6.3. For distinct primes p and q, the graph Uy(Z,) is Hamiltonian if
and only if n # 4 and n # pq.

Proof. First suppose that the graph I'y(Z,) is Hamiltonian. Let n = pq. Note
that Z,, = Ky V (K,-1 U K,_1), which is not a Hamiltonian graph. For n = 4, we
have I'y(Z4) = K5 and therefore I'y(Z4) is not a Hamiltonian graph. Conversely,
assume that n # 4 and n # pq. If n = p, then V(I'y(Z,)) = {0}, which is
trivially a Hamiltonian graph. If n = p", where r > 2, then I'y(Z,) = K,r-1.
Since n # 4, we have I'y(Z,-) is a complete graph of at least three vertices. Thus
I'v(Z,r) is Hamiltonian. We may now suppose that n = p"*p3?ps® - - - p%m . where
m > 2. Note that (p1), (p2),...,(pn) are m distinct maximal ideals of Z, and
the subgraph of I'y/(Z,,) induced by each of these ideals forms a clique in I'y(Z,).
Further, note that for any two distinct maximal ideals (p;) and (p;), we have
(pi) ~ pip; ~ (p;). One can construct a Hamiltonian cycle using the adjacency
0~ (p1) ~ pip2 ~ (p2) ~ === ~ Pm-1Pm ~ (pm). Hence, the graph T'y(Zy,) is

Hamiltonian. ]

Now we obtain the vertex connectivity of I'y/(Z,). By Corollary 3.1.6, we have

kK(Ty(Zpe)) = p*~t — 1. If n = p*¢®, then note that

Tu(Zn) = Kipe) V (K jp)\wa)l Y Klo)\@a)))-

It follows that x(I'y(Z,)) = |(pq)| = p*t¢°~!. For distinct primes divisors
P1, P2, - - ., pr of n, we define the set

(p1p2 - pr) = {upSps? - - - p2 :u € U(Zy,) and a; > 0 for each i € {1,2,...,7}}.

Lemma 3.6.4. Let n = p{'py*---p " ' plrp it - plm, where p;’s are distinct

primes and r < m — 2. If pp < p, with k,t ¢ {1,2,...,7}, then |(pip2 - - - pope)’| <

|(p1pa -+ - prpi)’]-
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Proof. Let x = up{'p3®---pirpi* and y = up{'ps® - - pirplt such that x < n.
Then note that the map v : (p1ps - -~ prpr)” — (p1p2- - prpr)” defined by ¥(z) =y

is a one-one map. Thus, the result holds. O]

Theorem 3.6.5. For m > 3, let n = p{'py® - - - prm, where p;’s are distinct primes

and py < ps < -++ < pm. Then the set

T = (p1pm) U (P2Pm) U - -+ U (Pm—-1Pm)
is a cut set of U'y(Z,,). Moreover, the vertex connectivity of T'y/(Z,,) is |T).

Proof. To prove, T is a cut set of I'y/(Z,,), we show that the subgraph induced by
V(Ty(Z,)) \ T is disconnected. Let x € (p,,) \ T and y € (p,) \ T, where r # m.
Assume that z ~ y. Then there exists a proper divisor d of n such that d|x and
dly. Consequently, d € (p.p,,) € T. It follows that x,y € T; a contradiction.
Thus, = € (p,) \ T is not adjacent to any y € (p,) \ T, where r # m. Therefore,
there is no path between z and y in I'y(Z,). Hence, T is a cut set. To obtain
the vertex connectivity of I'y(Z,,), we show that 7" is a minimum cut set. In this
connection, we show that there are at least |T'| vertex disjoint paths between x and
y in I'y(Z,) (see [West, 1996, Theorem 4.2.21]). We discuss the following cases.

Case-1. z,y € (p;). Since the subgraph induced by (p;) forms a complete
subgraph; we get |(p;)| — 1 vertex disjoint paths between x and y. Note that
T C (pm) and for each p;, we have |(p;)| > |(pm)|. Consequently, there exist at
least |T'| vertex disjoint paths between x and y.

Case-2. z € (p;), y € (p;) such that p; > p; and i # m. Then for any prime
divisor p,.(r # i, j, m) of n, we get the paths z ~ u ~ v ~ w ~ y, where u € (p;p,)’,

(S (prpm)b> w € (prpj)b-

By Lemma 3.6.4, |(pip)’[, [(prp;)’] > |(0rpm)’], we
obtain at least |(p,pm)’| vertex disjoint paths between x and y. Analogously, for
z € (pipm)’, 2 € (pjpm)’, We get the paths x ~ z ~ 2/ ~ y between z and y in

I'y(Z,). Note that we have |(p;pm)’| vertex disjoint paths between z and y. In
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addition to these paths, we also have x ~ z ~ y, where z € (pipj)b. It follows

that we have at least |(pjpm)’| vertex disjoint paths because |(p;p;)’| > |(pjpm)’|.

Consequently, we get at least ZZ;% |(pi,pm)’| vertex disjoint paths between z and
y in I'y(Z,). Similarly, we have following additional vertex disjoint paths between

xr and y

T~UN~D~W Y y, Where u & (piprpr')by (NS (prpr’pm)b7 (IS (prpr,p])b
xrT o~z ~ Z/ ~ Y, Where z € (pzprpm)bu Z/ S (pjp'f‘pm)b
x ~ 2" ~y, where 2" € (piprpj)b

x~ 2" ~y, where 2" € (pipipm)’.

Consequently, we get at least ), _; |(pi, PiPm)°| vertex disjoint paths between x

and y. On continuing in this way, we shall get at least

1
l= Zﬁzl |(pi1pm)b|+zil<i2 |(pi1pi2pm)b|+' ’ '+Zi1<i2<v-~<im72 |<pi1pi2 o 'pim72pm)b|

+(piyPiy ** Pm—1Pm)’|

vertex disjoint paths between x and y. Also note that |T'| = . Thus, we have at
least |T'| vertex disjoint paths between z and y in I'y(Z,,).
Case-3: = € (p;), y € (pm) and i # m. Then, for any prime divisor p,.(r # i, m)

of n, we get the following vertex disjoint paths

x~un~uv~y, whereu € (pipr)b, (S (prpm>b

x~ z~7y, where z € (pipm)’-
Consequently, we get at least ZZ:} |(pi,Pm)’| vertex disjoint path between z and
y. Now in the similar lines of the Case-2, we shall get at least [ = |T'| vertex

disjoint paths between x and y. Thus, the result follows. ]
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3.6.1 Automorphism Group of I'y(Z,)

In this subsection, we obtain the automorphism group Aut(I'y(Z,)) of the ring

Ly, For n = pi'py?ps® - - - pim, consider the following sets

X, :UAP%,..,Xpm :UAM-”,
(O] =0 (Ut

=1

U
U

=1

P1p2

Niy  MNiy iy,

A k<m
Xpunry = U U U Ao

Jj1=1jz2=1 Je=1

ny  n2

Nm
XPlPQ"'Pm = U U e U Apilp';Q...p:rT'

i1=11i9=1 tm=1

Lemma 3.6.6. Let v € X,. Then x € (r).

Proof. Without loss of generality, let » = pips - - - pr. Then x € Ap;q P2 plhs where

1 < a; < n;. It follows that (z) = (p*p3? - - - pe*). Thus, the result holds. O
Lemma 3.6.7. Let z,y € V(I'y(Z,)). Then z,y € X, if and only if N[x] = N[y].

Proof. Let z,y € X,. Then by Lemma 3.6.1 and Corollary 3.6.2, x ~ y. Now
suppose z ~ z for some z € V(I'y(Z,)). By Lemma 3.6.1, there exists a prime
divisor p of n such that p|z and p|z. It follows that x,z € (p). Since z € X,, by
Lemma 3.6.6, we have p|r. Consequently, we get y € (p). It implies that y ~ z.
Conversely, let N[x| = Nly|]. For any prime divisor p of n, note that if p|z then
ply and vice-versa. Now suppose x € X, and y € X,» with r # /. Then, without
loss of generality, there exists a prime divisor ¢ of n such that ¢|r but ¢ t 7'; a

contradiction. ]
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Corollary 3.6.8. Let x,y € X,. Then deg(x) = deg(y).
Theorem 3.6.9. Let n = py'p3°ps® - - prm. Then
AUt(FU(Zn>) = S|Xp1| X S\Xp2| X X S|Xp1p2~-pm|'

Proof. By Lemma 3.6.7, the vertices of each partition set X, have same adjacency
with the other vertices of I'y(Z,). Thus, for each r, the vertices of X, can be
permuted among themselves.

Now we show that a vertex of X, cannot be mapped to a vertex of X,. (r # r’)
under an automorphism f of I'y(Z,,). Let z € X, and y € X, with r # 7’. Suppose
f(z) =vy. Let p;y,piy,-..,pi, be the prime divisors of n which divides either z or
y but not both. Let p; = max{pi,, pi,, - - ., i, }- Without loss of generality assume

that p; divides x but not y. Thus, we have x ~ p;. We know that deg(p;) —1.

=
Let f(p;) = t. Since f is an automorphism, we get ¢t ~ y and deg(t) = - =1
It implies that ¢ € (p;). Consequently, we get y € (p;) and p;|y; a contradiction.

Hence, the result holds. ]

3.6.2 The Laplacian Spectrum of I'y(Z,)

In this subsection, we find the Laplacian spectra of I'y(Z,) for n = p®¢®, where
p, q are distinct primes. By Corollary 3.1.6, the Laplacian eigenvalues of I'yy(Zye )
are 0 and p®~! with multiplicity 1 and p®~! — 1, respectively.

Theorem 3.6.10. Let n = p®q®. Then the Laplacian spectrum of T'y/(Z,) is given

by
0 ¢t tlp+q—1) tq tp
11 / Hg—1)—1 t(p—1)—1
where t = p*~1g# 1.

Proof. Let n = p*¢®. Then the proper divisors of n are of the form p'¢?, where
0<i<a 0< 5 < B Note that
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8 B
V(TG En) = (A Uy U Udp ) UAg Uz Us U Ag) UCU Ay UCU Apagn)
B-1
U -UCU Age o).

Let 21 € Ay, 22 € Ay and yy € Ayi, 92 € Ay Then by Lemma 3.6.1, we
get &1 ~ x and y; ~ yo in I'y(Z,). Also, note that for z € A, and y € A, we
have & ~ y. Further, for any v € A, and y € A, U A, such that 1 <7 < o
1<j<pwithi+j+#a+, wehave z ~y in I'y(Z,) (cf. Lemma 3.6.1). Also,
for any proper divisor p'q’ (i,7 # 0) of n, we obtain x ~ y in I'y(Z,). Next, we

have

[0

Z ‘Api

=1

= ’Ap‘ +‘Ap2’+"'+‘“4p°“

= o '¢") + o(p* %) + - + 0(”)

=p" " Ng—-1)=t(g—1)

Similarly, we obtain
= o= 1) =t )
Also, we have 0 ~ z, for each = € I'y(Z,,). Note that the graph
Uy(Zn) = Ki V (Kig-1) U Kip-1))-

By Theorem 1.3.20, the characteristic polynomial of the Laplacian matrix of

Kiyg-1) U Ky(p-1) 18
W EKiig-1) U Ky, ) = 2z — t(q = )10 xa(@ —t(p — 1)) V7L

Consequently, by Theorem 1.3.19, the characteristic polynomial of the Laplacian
matrix of K; V (Kyq-1) U Kyp-1) is

oz = (Hp+ g — 1) x (@ = gD x (2= )@ — tp)/ D
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Therefore, the Laplacian eigenvalues of I'y(Z,) are 0, ¢, t(p + ¢ — 1), tq, and
tp with multiplicities 1, 1, ¢, t(¢ — 1) — 1 and t(p — 1) — 1, respectively. Thus, the
result holds. ]

3.6.3 The Normalized Laplacian Spectrum of I'y(Z,,)

In this subsection, we investigate the normalized Laplacian eigenvalues of the graph

Ty (Z,) for n = p*¢°. Note that Tyy(Zyeys) = Ps[Kjan |, Kjasy|, Kjasy|], where My =

(p) \ (pa), Mz = (pq) and Mz = (q) \ (pq). Also, [Mi| = 3 |A,| = p*~'¢” —
i=1

PP | M| = potgf
a Ta—1_1 —1 )

By Lemma

B
“hand [Ms] = 3 Ayl = p¢" =Tl
j=1

Example 3.6.11. Let p be a prime and « be a positive integer. Then FU
Kpo-1. Therefore, the normalized Laplacian spectrum of 'y (Z,a ) is

Example 3.6.12. If n = p?q, then I'y(Z,) = P3[Kpy—p, Kp, Kp2,).

1.3.21 and Lemma 1.3.22, the eigenvalues of ['y(Z,) are P47, pf;(ﬂqnl -

2
and 21’_1

with multiplicities pg —p — 1, p — 1 and p? — p — 1, respectively. The remaining 3

eigenvalues are the eigenvalues of the matrix

Theorem 3.6.13. The normalized Laplacian eigenvalues of U'y(Zye,s) consists of
| M| + [ M| + [ M|

M M.
the eigenvalues M| + | 0|

| M|+ | M| — 1
with multiplicity |Ms| — 1 and

with multiplicity | M| —1

| M| + [ Ms|

| M| +

|Ms| —1

_ N . . )
pa—1 v/ (pa—1)(p(p+g—1)—1)

—p(g—1) p(p+q—2) —p(p—1)
V/(pa—1)(p(p+q—1)—1) plp+q—1)-1 V(@02 —1)(p(p+a—1)-1)
O —_p 2P
L VP2 =1)(p(p+q—1)-1) pe-1 i

remaining 3 eigenvalues are the eigenvalues of the matrix

"My + [Ma] + [Ms] — 1
with multiplicity |Ms| — 1 and the
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B | Ma|
|[M1| 4+ |M2| —1

—| M|

(IM1] + [M2| + [M3] — 1)(|M1]| + [M2] — 1)

0

where, |M,| = p*~1¢®

paflqﬁfl ]

—|M3|
(IMy| + [M2] — 1)(IM1| + [M2] + [M3] — 1)

[My] + | M3] —| M3

[My] 4+ |Mz| + |M3| — 1

—|Ma]|
V(IMz| + [M3z] = 1)([M1] + [M2]| 4 [M3] — 1)

| Ma|

VM1 + [M2] + [M3] = D([M2] + [M3] — 1)

|[M2| + [M3| — 1

— p P | M| = pTlgPT and [Ms] = po¢PTt —

P?"OOf. Note that FU<Zpan) = F[F17F27F3], where I' = Pg, Fl = K|M1|,F2 = K|M2‘

and I's = K)pp,). In view of Lemma 1.3.22, we have r;

|M;|—1 for eachi = 1,2, 3.

By Lemma 1.3.21, for 1 <+ < 3, the adjacency spectrum of Ky, is given by
M| -1 -1
1 |M;| —1
Let {vy,v9,v3} is the vertex set of P3 corresponding to the graph I'y, 'y, I'3. Since
Ly(Zyn) = K V (K, U Kjag|), we have

ar= Y ni=|Taf =My,
v;ENr(v1)

ay = Y =i+ (g = [Mi] + | Ms],
v;ENp(v2)

3 = Z n; = ’F2|:‘M2‘
’U]‘GNF(U;J,)

Now by Lemma 1.3.22, the normalized Laplacian eigenvalues of 'y (Zye,e) are

Aie(I), for i = 1,2,3 and k = 2,3,--+ ,n;. Since \y, = —1,

given by 1 —

A A

where © = 1,2,3 and 2 < k < n;, by Lemma 1.3.22, the normalized Laplacian

eigenvalues of 'y (Z,,) are

|M1|+|M2| 1
| M| + | My — 17 | M| + | Ma| + | Ms| — 1

| M| + | Ms|
| M| + |Ms] -1

and

with multiplicities | M| — 1, |[Ms| — 1 and |Mj3| — 1, respectively. Since ajy = a9 =
Qs = aze = 1, a13 = az; = 0, a3 = |Ms|, an = |My| + |Ms|, az = |M,| and
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ry = |My| — 1, 1y = |My| — 1, r3 = |M3| — 1, by Lemma 1.3.22 the remaining 3

eigenvalues are the eigenvalues of the following matrix

- | M| —|Mz]|

[My] 4 |Mz| — 1 VM + [M2] = D (M1 + [M2] + [M3] — 1)

—| M|
VML + [M2| + [M3] = 1)(IMy] + [M2] — 1)

[My| + |Ms)|
M| + [Mz| + |M3| — 1

—|M2]|

—|Ms]|

- V(IMa[ + [Ms] = D(IM1] + [Mz[ + [M3] — 1)

VUM1[ + [Mz] + [Ms[ = 1)([Mz2] + [M3] — 1)

| Ma|
[Ma| + [M3] — 1




Chapter 4

The Left Ideal-Relation Graph
over Full Matrix Ring

Graph automorphism describes the symmetry of a graph. In general, graph auto-
morphism groups are essential for studying sizeable graphs since these symmetries
allow one to simplify and understand the behaviour of a graph. However, deter-
mining the full automorphism group is a challenging problem in algebraic graph
theory. Ma and Wong [2016] introduced the ideal-relation graph of the ring R,
denoted by FZ(R), which is a directed graph whose vertex set is R and there is
an edge from a vertex x to a distinct vertex y if and only if the ideal generated
by x is properly contained in the ideal generated by y. All the automorphisms
of ﬁ(R), where R is the ring of all n X n upper triangular matrices over a finite
field F,, were obtained by Ma and Wong [2016]. Motivated by this work and to
reveal the significant structure of ideal-relation graph on full matrix ring, in this
chapter, we define and study the left ideal-relation graph of the full matrix ring,.
Analogously, it can be defined for arbitrary rings. The left ideal-relation graph
Ii)(Mn(IFq)), where M,,(F,) is the ring of all n x n matrices over a finite field I,

97
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is a directed simple graph whose vertex set consists of all the elements of M, (F,)
and there is a directed edge from a vertex X to Y if and only if the left ideal
generated by X is properly contained in the left ideal generated by Y. In this
chapter, all the automorphisms of F_L>(R) are characterized, where R is the ring of
all n x m matrices over a finite field IF;. The content of this chapter is submitted
for publication.

We denote M (FF,) by the set of all invertible matrices over finite field F,. Let
E be the n x n identity matrix. We write E,; by the n x n matrix which has 1 at
(s,t)- position and 0 elsewhere. The matrix E(i, j) denotes the matrix obtained by
interchanging i*® and j*® columns of the identity matrix £ and E(i(a)) denotes the
matrix obtained by multiplying i*" column of the identity matrix E by a € F,. Let
E, be the matrix Y ;_, E;; in M,(F,). For X € M,(F,), we write by Ix (or [X])
the left ideal generated by X. Also, by Sx, we mean the subspace of F} spanned
by row vectors of X € M,(F,). Let I' be a directed graph with vertex set V(I
and u,v € V(I'). Moreover, N;(v) = {u | u = v} and N,(v)) ={u | v — u}. The
in-degree d;(v) of v is the number of vertices in N;(v). Analogusly, the out-degree

do(v) of v can be defined as the number of vertices in N,(v).

4.1 Automorphisms of the left-ideal relation graph
of M, (F,)

In this section, we obtain the automorphisms of the left ideal-relation graph of
ideals over M,,(F,) (see Theorem 4.1.11 and Theorem 4.1.31). Before character-
izing all the automorphisms of F—L>(Mn(Fq)), we introduce two kinds of standard
automorphisms for F—z(Mn(IFq)) Using them, the automorphisms of F_z(Mn(Fq))

can be characterized.



4.1 AUTOMORPHISMS OF THE LEFT-IDEAL RELATION GRAPH OF M, (F}) 99

Lemma 4.1.1. For P € M (F,), the map pp : My(F,) — M,(F,) defined by
op(X) = XP for each X € M, (F,), is an automorphism of F_z(Mn(IFq)).

Proof. Invertibility of P proves that ¢p is one-one. Since M, (FF,) is finite, we get
@p is onto also. For X — Y, we have [X]| C [Y]. Let Z € [XP]. Then Z = WXP
for some W € M,(F,). Consequently, ZP~! € [Y] and ZP~' = VY for some
V € M,(F,). This implies Z = VY P so that Z € [Y P|. Therefore, [XP] C [Y P].
Since [X] C [Y] there exists L € [Y] but L ¢ [X]. Then L = UY for some
U e M,(F,). Consequently, LP = UY P follows that LP € [YP]. If LP € [XP],
then there exists N € M, (F,) such that LP = NXP. It follows that L = NX and
so L € [X], a contradiction. Thus, [XP] C [YP] and ¢p(X) — ¢p(Y). Hence,
©p is an automorphism of F—z(Mn(IFq)) O

For P € M}(F,), we define [X]P = IxP = {AP| A € [X]|}. Notice that

[pp(X)] = Ixp and Ixp = IxP. We recall some necessary lemmas for latter use.

Lemma 4.1.2 ([Wang et al., 2017, Lemma 2.2]). Let I be a left ideal of M, (F,).
Then there exists X € M,(F,) such that I = [X].

Lemma 4.1.3 ([Wang et al., 2017, Lemma 2.2]). Let I be a left ideal of M, (F,).
Then there exists P € M}(F,) such that I = Ig, p, where 0 < r <n and Ey = 0.

Lemma 4.1.4 ([Xu et al., 2022, Lemma 3.3]). Let X,Y € M, (F,). Then Sx = Sy
of and only if Ix = Iy.

Lemma 4.1.5. Let X, Y € M, (F,). Then Sx C Sy if and only if Ix C Iy.

Proof. First assume that Sx C Sy. Let A € Ix. Then there exists B € M, (F,)

X, Xi
such that A = BX. Note that | =8B * | where X; and X, are row vectors
X, Xn
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of the matrix X and A, respectively. It follows that X; € Sx. Since Sx C Sy, we
X,

/

get X; € Sy. Consequently, there exists B € M, (F,) such that B'Y = 2

I

X

n

implies that B'Y = BX so that BX € Iy. Therefore, Ix C Iy. If Ix = Iy, then
by Lemma 4.1.4, we have Sx = Sy, a contradiction. Thus, Iy C Iy. Conversely,
let Ix C Iy. Consider a € Sy such that a = > | ¢;X;, where X; is the i row of

matrix X and ¢; € F,. It follows that

[c1ca - ] X =a

c a
Since Iy C Iy so that X € Iy. It follows that X = € Iy. Therefore,
0 0

d a
there exists d € [ we have Y = . Therefore, a € Sy so that Sx C Sy.
0 0

If Sx = Sy, then by Lemma 4.1.4 Ix = Iy, again a contradiction. Hence, Sx C

Sy. []

Let € be the set of r linearly independent vectors belongs to Fy and let Eq be
the matrix such that it’s first || rows are from the set 2 and rest all rows are
zero vectors. Let us denote I as the left ideal generated by Eq and let I be a left
ideal of M, (F,). By Lemma 4.1.2, we have, I = Ix for some X € M, (F,). Let
be the set of maximal linearly independent row vectors of X. Then Sx = Sg, so
that Iy = Ig, and I = Ig. From the above discussion, it is easy to observe the

following lemma.

Lemma 4.1.6. Let I be a left ideal of M, (Fy). Then there exists a set 2 CFy of

linearly independent row vectors such that I = Iq.

For 1 <1 < n, let E,, be the matrix such that its first row is ¢; € Fy' and rest

all rows are zero vectors. Let X € M, (F,). Then by Lemma 4.1.6, there exists
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Q) C Fy such that Ix = Io. From this we get that rank(X) = rank(Eq) = [Q|.
Define E, to be the matrix with its first row as a € [y, and rest all rows are
zero vectors. Clearly rank(E,) = 1. Let I be a left ideal of M,(F,). Then
X € I and a € F,, define aX = (aF)-X € I. Then I becomes a vector
space so the dimension of [ is well defined. We claim that dim() = n - rank(I),
where rank(I) = rank(X) such that Iy = I. It follows that I = [E,P], where
P e M}(F,). Therefore, by Lemma 4.1.2, we have rank(l) = rank(E,P) = r
Notice that Ip, is a vector space with bases as {£;; | 1 <i<mnand1<j<r}.
Thus, dim(Ig,) = nr = n - rank(I) and vector space [ = I as I = pp(E,). By
Lemma 4.1.1, we get that ¢p is bijective and one can verify that ¢p is a linear

transformation. Thus, dim(/) = dim(/g,.) = n - rank(I).

Lemma 4.1.7. Let X,Y € M,(F,) such that rank(X) < rank(Y). Then d;(X) <
d;(Y) and do(X) > d,(Y). Moreover,

(i) d;(X) = d;(Y) if and only if rank(X) = rank(Y)
(i) do(X) = d,(Y) if and only if rank(X) = rank(Y).

Proof. (i) If rank(X) = s and rank(Y) = t, then s < t. Assume that [X]| = [E;A]
and [Y] = [E.B], where A, B € M}(F,). It follows that d;(X) = d;(EsA) so that
d;(X) = d;(Es) because p4(Fs) = EsA. Similarly, we have d;(Y) = d;(F;). Next,
we need to prove that d;(FEs) < d;(E;). Since E, € N;(F;) and E; ¢ N;(E,),
we get N;(Es) C N;(E:). Then d;(Es) < d;(E;) implies that d;(X) < d;(Y).
Further, assume that d;(X) = d;(Y). From the above discussion, if we assume
that rank(X) # rank(Y), then d;(X) #

rank(Y’). Now let rank(X) = rank(Y’) = r. This implies that d;(X) = d;(E,) =
d;(Y).

d;(Y), a contradiction. Thus, rank(X) =

(ii) The proof is similar to Part (i), hence we omit the details. O
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Corollary 4.1.8. Let U € Aut(T', (M, (F,))) and X € M,(F,). Then
rank(V(X)) = rank(X).

First we obtain all the automorphisms of the graph F—>L(M2(IFQ)). For X €
Ms(F,), we have rank(X) € {0,1,2}. Further, note that rank(X) = 0 if and only
if [X] =[0]. Also, rank(X) = 2 if and only if [X] = My(F,).

Let R, = {X € Ms(F,) : rank(X) = i}. The proof of the following lemma is

straightforward.
Lemma 4.1.9. For X, Y € My(F,), X — Y if and only if rank(X) < rank(Y).
Define the set of mappings
S = {p: My(F,) — My(F,) | p permutes vertices of R; for each i =0, 1, 2}.

For each X,Y € R;, observe that N;(X) = N;(Y) and N,(X) = N,(Y). Thus, we

get the following lemma.
%
Lemma 4.1.10. If o € ®, then o € Aut(I'(Ma(Fy))).

Proof. Clearly, « is a bijective map. Let X — Y, where X,Y € My(F,). Then by
Lemma 4.1.9, we have rank(X) < rank(Y’). By Corollary 4.1.8, rank(a(X)) =
rank(X) and rank(a(Y)) = rank(Y’). Lemma 4.1.9 gives rank(a(X)) < rank(a(Y))
s0 that a(X) — a(Y). Thus, a € Aut(T}(Ms(E,))). 0

%
The following theorem determines all the automorphisms of 'z (Ms(F,)).
Theorem 4.1.11. If V¥ € Aut(ﬁ(Mg(Fq))), then U € ®.

Proof. Since rank(¥ (X)) = rank(X) (cf. Corollary 4.1.8), there exists a map
a; € ® such that aq(X) = ¥(X). It follows that ¥ € ®. Thus, the result
holds. O

In the remaining chapter, we assume that n > 3.
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Lemma 4.1.12. Let ¥ € Aut(lﬁ—z(Mn(IFq))). Then there exist P € M} (F,) such
that [(pp - W)(Ee,)] = [Ee,].

Proof. Since rank(E.,) = 1, we get rank(V(E,,)) = 1. Asume that [V(E,,)] =
[Ea], where 0 # a € Fy. Let aj, be the first non-zero element in row vector a.

Define

P=(E—=Y o aiBr)E(k(a; ") E(1 k).

Note that P € M (F,). Moreover, E61 .| P implies that [V (FE,,)P] =
[E,P]. Therefore, [(op-V)(E,,)] = and hence, [(pp-V)(E,,)] = [Ee,]. O
Lemma 4.1.13. Let ¥V € Aut F_z M, (F,))) such that [E.,| = [V(E,,)], for each

k, where 1 < k <. Then [E;| = [V(E;)].

Proof. The result holds for ¢« = 1 because E,, = E;. If i > 2, then [E,, ] C [Ei].
This implies that E., — E; and so V(E,,) — V(E;). Thus, [¥(E,,)] C [V(E))]
gives [E.,] C [U(E))]. It follows that >; | [F.,] C [¥(FE;)]. Therefore, [E;] C
[U(E;)]. Since dim([E;]) = dim([V(E;)]) = n - i, we get [E;] = [V (E;)]. O

Lemma 4.1.14. Let ¥ € Aut(ﬁ(Mn(Fq))) such that [E.,] = [V(E,,)] and 1 <
k <i—1. Then there exists P € M} (FF,) such that [(pp - V)(Ee,)|] = [Ee,], for

each s, where 1 < s <.

Proof. Let [V(E,,)|] = [E,], where a(# 0) € F;. Note that [E,,] is not a proper
subset of [E;_;]. Consequently, [V(E,,)] is not a proper subset of [W(E;_4]. By
Lemma 4.1.13, we have [E;_1| = [V(E;_1)]. It follows that [¥(E.,)] is not a proper
subset of [E;_1]. There exists a;(# 0) € F, such that ¢ <[ < n, we define

P=(E—Y, 0 a;E;)E(l(a ") E(,1),
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Note that P € M}(F,). Moreover, [V(E,,)|P = [E,]P and [V (E,,)P] = [E,P].

Therefore, [(pp-¥)(E,,)] = { ] so that [(¢p-¥)(E,)] = [E.,]. For1 <k <1,

0
(V(E.,)|P = [E.,]P, we have [V(E,,)P] = [E., P]. Therefore, [(pp - ¥V)(E., )] =

(op(Be)] gives [pp(Eoy)] = (B, Thus, [(pp - O)(E,,)] = [Ey,], where 1 < k <
i — 1. Hence, [(¢p - V)(E..)] = [Ee.], where 1 < s <.

U

In view of the above lemmas, we have the following corollary.

Corollary 4.1.15. Let ¥ € Aut(ﬁ(Mn(Fq))). Then there exists P € M} (F,)
such that [(pp - V)(Ee,)] = [Ee,], for allk=1,2,... n.

Proof. In view of Lemma 4.1.12, there exists P, € M (F,) such that [(¢p, -
U)(E.,)] = [Ee,]- Then by Lemma 4.1.14, we get P, € M(F,) such that [(¢p, -
op, - V)(E,, )] = [Ee,], where k = 1,2. On continuing in this way there exists
Py, Py, - P,suchthat [(¢p, - ¢p,-op, V) (Ee,)] = [Ee,], where k =1,2,...,n.
On taking P = PP, --- P, € M}(F,), we get the result. O

Let A = {ey,ez,...,¢e,} be the set of all unit vectors of .

Lemma 4.1.16. Let § C A. If U € Aut(T}(My(F,))) such that [¥(E, )] = [E.,]
forallk=1,2,...,n. Then [V(Es)] = [Es).

Proof. 1f |§| = 1, then E5 = E._. We may now suppose that |d| > 2. For each
C [Es] and so [¥(E,,)] C [¥(Es)]. Consequently, we obtain
[Ee,] C [U(E5)]. Let I(6) = {i | e; € 6}. Then we have >, ;5 [Ee,] C [Y(Es)].
This implies that [Es] C [W(Es)]. Since dim([FEs]) = dim([V(E5)]) = n - |0], we get
[Es] = [W(Es)]. 0

er, € 0 note that [E,, ]

For any X € M,(F,) such that rank(X) = 1, we have [X| = [E,], where
a € F}. Note that such representation of [X] is not unique and there can be some

other b € F} such that [X] = [E,]. But if we impose a condition on a that its first
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non-zero element is 1, then we get a unique a € Fy such that [X] = [E,]. In next

few lemmas, we consider rank 1 matrices of M,,(IF,).

Lemma 4.1.17. Let ¥ € Aut(ﬁ(Mn(Fq))) such that [V(E,,)] = [E.,], for each
E.., where k =1,2,....,n and let X € M,(F,) such that rank(X) = 1. Suppose
that [X]| = [E,] and [¥(X)] = [Ep], where a = (ay, a9, ...,a,), b= (by,ba, ... b,) €

Fy. Then a; =0 if and only if by = 0 for all I, where 1 <1 <mn.

Proof. First suppose that a; = 0. For each Y € [E,], note that the [ column
of Y is zero vector. Let us denote A\{e;} by A,. Then [E,] C [Ea,] implies
that [U(X)] C [V(EQa,)]. Consequently, [Ep] C [¥(FE4,)]. By Lemma 4.1.16, we
obtain [Ea,] = [V(Fa,)]. Therefore, [E}] C [Ea,] which yields b, = 0. Conversely,
assume that b, = 0. This implies that [Ep] C [Ea,]. Next, on contrary suppose
that a; # 0. It follows that [E,] ¢ [Ea,]. Consequently, [V(X)] ¢ [V(E4,)] and so
[Eb] & [V(EA,)]. By Lemma 4.1.16, we get [Ey] ¢ [Ea,], a contradiction. O

Lemma 4.1.18. Let ¥ € Aut(F—L)(Mn(Fq))) such that [V(E.,)] = [E.,], for each
E. , wherek =1,2,...,n. Suppose that a; = (a1, Qa, - - ., Qin) and b; = (b1, bia, ..., bin),
where i = 1,2 with [X;] = [E,,] and [V(X;)] = [Eb,]. Then bisbox = bigbas if and

only if a1sa9r = a1pa0s, where 1 < s < k < n.

Proof. 1f ajsasrairass = 0, then bysbogbiibas = 0 (cf. Lemma 4.1.17). Thus, in this
case bighor, = bipbos if and only if aq,a0r = aqrass for 1 < s < k < n. We may now
suppose that ajsaspaipass # 0. By Lemma 4.1.17, we get by3bobiibes # 0. Now,

consider the sets
a={e1,€9,...,65 1,015€5 + A11CL, €51y -3 Ch1,€kt1,---,En},and
B = {61, €, ...,€s-1,b15€5 + bigey, €s+1y -+ Ck—1,€Ck41,y--- 7€n}

Note that [E,] C [E,]. It follows that [¥(X;)] C [¥(E,)] and so [Ey| C
[E,]. Note that [Ea\fe,.e,1] C [Eal so that [Ea\fe, 1] C [V(E,)]. Consequently,
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[Eavteseny] + [Bo] € [W(ES)]. Since dim([Eage, ey] + [En]) = dim([¥(Eq)]) =
n(n—1), we have [Ea\fe, 3] + [Eb,] = [V(E.)]. Notice that [Ea\(e, ex1] + [Eb]
[Es]. Thus, [Es] = [¥(FE,)]-

If aysa0r = aigass, then [E,,] C [E,]. Consequently, [Ep,] C [Ejs]. Therefore,
bisbor = bigbas. Conversely, suppose that bysboy = bigbes. It follows that [Ey,| C
[Es]. On contrary suppose ajsaor # aipa2s. This implies that [E,,| ¢ [Eal.
Consequently, [Xs] Z [E.] gives [Ey,| ¢ [Es], a contradiction. O

%
Lemma 4.1.19. Let ¥ € Aut(U'(M,(F,))). Then there exists P € M} (F,) such

1
that [(pp-V)(E1)] = [F1], where By = with1 = (1,1,...,1) € Fy. Moreover,
0

(o - OY(E.)] = [E..], for allk=1,2,... ,n.

Proof. In view of Corollary 4.1.15, there exists a matrix P, € M (F,) such that
(- O)(E)] = [E.). Let [(op, - W)(Ey)] = [EJ, where a € 2. Then by
Lemma 4.1.17, a; # 0 for each 1 < [ < n. Now, consider P, € M (F,) such
that P, = diag(a;',ay’,...,a;1). Since [(¢p, - V)(EL)|Py = [E,)P, we get
[(op, - U)(E1)Py] = [E.P,]. It implies that [(¢p, - ¢p, - ¥)(E1)] = [E1] so that
((opp, - U)(Eq)] = [E1]. Let P = PP, € M}(F,). Then [(¢p - V)(E1)] = [EAl.
Also, [(9rr - U)(Be)] = [ (Ber)] = [Ber). Thus, [(0p - )(Foy)] = [Bey], where
1<k <n. O

Lemma 4.1.20. Let ¥ € Aut(l“_z(Mn(Fq))) such that [V (Eq)] = [E1] and [V(E,, )] =
[E.,], for each E.,, where 1 <k <mn. Suppose X € M,(F,) such that [X]| = [E,]
and [¥(X)] = [Ey], where a,b € Fy. Then a, = ay, if and only if by = by for

1<s<k<n.

Proof. On applying Lemma 4.1.18, by taking X; = X and X, = Ej, the result
holds. O
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Remark 4.1.21. Let U € Aut(T; (M, (F,))) such that [¥(E,)] = [Ey] and [¥(E,, )] =
[Ee,], where 1 <k <mn. Let X € M, (F,) such that [X] = [E,] for &« = (e; + aes),
where a € F,. Further, assume that [U(X)] = [Ejs], where § = e; + d'es and
a' € F,. Note that a’ depends upon a. Hence, we can define a mapping Y on F,
such that T (a) = a’. Notice that T is a one -one map on a finite field F, and so T

is a bijective map on F,. Moreover, by Lemma 4.1.17 and Lemma 4.1.18, we get

T(0) =0and T(1) = 1.

Lemma 4.1.22. Let U € Aut(T}(M,(F,))) such that [¥(Ey)] = [E4] and [W(E.,)] =
[Ee,], for each E.,, where 1 < k < n. Suppose that Y is a map as defined in Re-
mark 4.1.21. Then the following holds:

(i) If [X] = [Eei+aer})s then [¥(X)] = [Ere,11@)ey) for 2 <k <n and a € F,.

(i) If [X] = [E{61+a262+---+anen}]: then [V(X)] = [E{q+T(a2)62+---+T(an)en}]; for
a; € Fq.

(iii) If [X] = [Ffeitas1eis1++anen}], where X € M, (F,), then

[\II(X)] = [E{ei+T(ai+1)€i+l+"'+T(an)en}]'

Proof. (i) For k = 2, the result holds (cf. Remark 4.1.21). We now sup-
pose that £ > 3. Let Y € M,(F,) such that [Y] = [F tacstae,}] and
(U(Y)] = [Efei+aestare,}]- By Lemma 4.1.20, we get a’ = a” so [¥U(Y)] =
[Elertaertarer}]: Let [Z] = [Eieitaes}]- Then [W(Z)] = [Eie,4r(@es}]- By
Lemma 4.1.18, and using [Y], [Z], we have ' = T(a). Thus, [¥(Y)] =
[Efertr@es+r(@ert]- I [Y(X)] = [Efe;+dey], then using [X], [Y] and Lemma
4.1.18, we get d = Y(a).

(ii) Suppose that [W(X)] = [Eie,tereattenen}]- Let Yy € My(F,) such that
Vil = [Ereitarery)- By Part (i), we get [V(Yi)] = [Ere,+7(ap)er})- Now by
using [Y%], [X] and Lemma 4.1.18, we have ¢ = Y(ay) for each 2 < k < n.
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(iii) Let Y, Z € M, (F,) such that [Y] = [Efc tasest-tane,}] and [Z] =
[Elerteitassieirittanen}]- Then by Part (ii), we get [U(Y)] = [Efe, 47 (az)ea++T(an)en})
and [¥(2)] = (B sevs oo - tampeny)- H O] = Bt s spen) )
then using [X] and [Z] in Lemma 4.1.18, we get d; = Y(a;), where i < j < n.

The result holds.
[]

Lemma 4.1.23. Let ¥ € Aut(F_z(Mn(Fq))) such that [V (E1)] = [E41] and [V(E,,)] =
[Ee,], for each E.,_, where 1 <k <mn. Let Y be a map defined in Remark 4.1.21.
Then T s field automorphism of Fy.

Proof. Since Y is a bijective map on [, (see Remark 4.1.21). Next, we prove
that T(a +b) = T(a) + Y(b) and, Y(ab) = Y(a)Y(b). Let a,b € F,. If ab =
0, then clearly Y(a)Y(b) = 0 = Y(ab). We may now assume that ab # 0.
It follows that YT(a)Y(b) # 0. First we claim that T(a™') = Y(a)™'. Let
X1, X5 € M, (F,) such that [Xi] = [Eye,taestes}] and [Xa] = [Epe,a-1e53]. Then
(U(X1)] = [Erei+7(@)eatesy] and [¥(X2)] = [Efeyir(a1)est]. Therefore, by Lemma
4.1.18 and by using [X;], [X3], we obtain Y(a)Y(a™!) = 1. This proves our
claim. Now suppose that X5, X, € M,(F,) such that [X35] = [Efc, tabestes}]
and [X4] = [Ee,tbestates}]- It follows that [W(X3)] = [Ere, 11 (abjestes}) and
(W(X4)] = [Ere410)eatT(a1)es})- On applying Lemma 4.1.18 together with [X3]
and [X4], we obtain Y (ab)Y(a™!) = T(b). Consequently, Y(ab) = Y (a)Y (D).

Let Y1,Y5 € M, (F,) such that [Y1] = [Eic,1qes}) and [Ya] = [Efc,qpeqy)- Then
[W(Y1)] = [Eler+r@esy] and [¥(Y2)] = [Eieprr@pyes]- Since [Y1] C [Ele, vaeseabes}]
and [Y2] C [Efe; taes.eatbes})s We have [Eie, yv(ayest] C [V (Efe; taes.eatbesy)] and
[Etestr@est] C [Y(Efer+aes eatbesy)]- 1t follows that [Epe, 1r(yest] + [Ees+r(best] €
[V(Efe,+aes,eatbes))]- Since

dim([E{e1+T(a)es}] + [E{62+T(b)63}]) = dim([\I/(E{e1+ae3,ez+be3}>]): 2n
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SO [Efer+7(a)est] + [Ereatr®)est) = [V (Efertaes,eatbes})]. Assume that Y5 € M, (F,)
with [Y3] = [Efe,test(atb)es})- Therefore, [Ys3] C [Ele,taesestbes}) implies that
[(W(Y3)] C [W(Ee,+aes,eatbes))]- 1t follows that [Eye, ter 1 (atb)est) C [V (Efe,+acs,eatbest)]
and 50 [Efe, ey +¥(a+b)es}] C [Efertri@est] + [Eleatrv)est)- Consequently, T(a+b) =
T(a)+ Y(b). Thus, T is field automorphism of F,. O

Next, we define a relation =g on M, (F,) such that X =g Y if and only if
[X] = [Y]. Note that =g is an equivalence relation on M, (F,). Let R be a
complete set of distinct representative element of =g and for X = (2;;)nxn € R,

we write c/(X) to denote the class of X.

Lemma 4.1.24. The map Yp : R — R with Tg(X) =Y, where Tp(X) =
(Y2j)nxn € cl(Y'), is an automorphism of P—,;)(R)

Proof. Let X = (2ij)nxn and Y = (Yij)nxn belongs to R such that Tp(X) =
Tr(Y) =2, where Tg(X) = (Yxij)nxn and YY) = (Yyij)nxn € cl(Z). Since T
is a bijective map over F,, we have [X] = [Y]. It follows that c/(X) = cl(Y') and
so that X =Y in R. Being a one-one map on the finite set R, we get Tg is a
bijection.

Next, let X — Y in IT;(R), where X, Y € R. It follows that [X]| C [Y]. Assume
that Te(X) = (Yxij)uxn = Z1 and Tp(Y) = Z;. Let A € [T(X)]. Then there
exist 7" € R such that A € cl(T"). Since T is a bijective map so that there exists
T € R with Yg(T) = (Ttij)nxn = T". Since [(Ytij)nxn] = [T"] C [TE(X)], we get
T(T) = T(C)Y(X). Consequently, " € [X]| C [Y]. There exists Cy € M,(F,)
such that "= CyY". It follows that Y(T') = Y(Co)Y(Y). Now [Y(T)] = [A] implies
that A € [Tg(Y)]. Therefore, [Yp(X)] C [YTg(Y)]. Further, assume that there
exists B € [Y] but B ¢ [X]. Then B = C'Y. Consequently, Yg(Z") € [Tr(Y)],
for some Z” € R such that B € cl(Z"). If Tg(Z") € [Tr(X)], then Z” € [X], so
that B € [X]; a contradiction. Consequently, Tg(X) — YTg(Y). Thus, Tg is an
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automorphism of F_g(R) O
Now extend Yg to Y' on M, (F,) in the following remark.
Remark 4.1.25. Define a permutation Y’ : M,,(F,) — M, (F,) such that
T'(A) =B <= Tp(X)1) =X
where A € cl(X3), B € cl(X3). Observe that T’ is an automorphism ofI:)(Mn(]Fq)).
Lemma 4.1.26. Let X,Y € M, (F,). If [X]| = [Y], then [Y'(X)] = [Y(YV)].

Proof. Let [X] = [Y]. Then X,Y € cl(X;) for X; € R. If T(X;) = Z, then by
Remark 4.1.25, Y/ (X) = Z; and Y'(Y) = Zy, where X, Y € cl(X1) and 73,2, €
cl(Z). Thus, [Y'(X)] = [Y'(Y)]. O

_>
Lemma 4.1.27. Let Vg € Aut(I'L(R)) such that Vg(E1) = Ey and Vg(E,,) =
E,,, for each E.,, where k =1,2,....n. Then (Y;'Wg)(X) = X for each X € R,

where Vg is a map defined in Lemma 4.1.24.

Proof. In view of Corollary 4.1.8, the result holds for X = 0. Next, let X €
R such that rank(X) = 1. Then [X] = [E,] for some 0 # a € F}, where
a = (e + ajp1€01 + -+ ape,) and 1 < ¢ < n. By Lemma 4.1.22, we ob-
tain Up(X) = EletT(ain)ersattT(an)ent- By Lemma 4.1.26, we have (Tg~' -
UE)(X) = T (EleitT(amr)eirsttT(an)ent)- 1t follows that (Tg~' - Ug)(X) =
Elfeitaisieisst+tanen}- Therefore, (Tp~' - Wg)(X) = X. Further, let rank(X) >
2. By Lemma 4.1.3, there exists P € M}(F,) such that [X]| = [E,P], where
rank(X) = r. Since [E,, P| C [E,P],where 1 <i <r,weget [(Tp ' ¥g)(E,,P)] C
[(TZ'-¥E)(X)]. Note that rank(E,, P) = 1 gives [E.,P] C [(YTp~1-¥g)(X)]. It fol-
lows that Y [E.,P] C [(Yp~ ' - Ug)(X)] and so [E,P] C [(Yp~' Ug)(X)]. Since
dim([E,P]) = dim([(Yg™' - Ug)(X)]) = nr, we have [E,.P] = [(Tg~! - ¥p)(X)].
Therefore, [X] = [(T5' - Ug)(X)] for X € M,(F,). Hence, (Y;'-Up)(X) = X,
for each X € R. O
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Remark 4.1.28. Let U € Aut(T; (M, (F,))) such that [¥(E,)] = [Ey] and [¥(E,, )] =
[E.,], for each E.,,
mark 4.1.25. Then by Lemma 4.1.27, for each X € R we get (Y;'Vp)(X) = X.
Consequently, we obtain (Y 710)(A) = B, where A € cl(Vg(X)) and B € cl(X).

where 1 < k < n. Further, let T/ be a map defined in Re-

Let or be an identity map on R i.e. for each X € R,o0p(X) = X. Now we
extend o to a permutation o on M,,(F,) such that o(A) = B, where A, B € cl(X).

H
Lemma 4.1.29. The map o is an automorphism of I'r,(M,(FF,)).

Proof. By the definition, o is a bijection on M, (F,). Let X,Y € M,(F,) such
that X — Y. Then [X] C [Y]. Since [¢(X)] = [X] and [¢(Y)] = [Y] implies that
[0(X)] C [0(Y)]. Tt follows that o(X) — o(Y). Thus, o is an automorphism of
TL(M, (F,). s

Theorem 4.1.30. Let n > 3 and Vg € Aut(ITL)(R)) Then there exist P €
M (F,), a field automorphism Yg (defined in Lemma 4.1.24) and og (defined
above) such that Vg = gpP‘R “Yg-og.

Proof. By Lemma 4.1.14, there exist P € M(F,) such that (¢pp-1 ‘R -Up)(Fy) =

Eq and (¢p-1 ‘R Ug)(E.,) = E.,, where k = 1,2,...,n. In view of Lemma 4.1.27,

there exist Tg such that X = (Tt gop—l‘R - Wg)(X) for all X € R. Thus,

TE—1.¢P_1|R.QJEZUE. Hence, \IIE:QOP}R‘TE'O-E- -

Theorem 4.1.31. Let ¥V € Aut(l“—L)(Mn(IFq))), where n > 3. Then there exist P €
M (F,), a field automorphism Y (defined in Remark 4.1.25) and a permutation
o (defined above) such that ¥ = pp - Y- 0.

Proof. The proof follows from Lemma 4.1.14, Lemma 4.1.27 and Theorem 4.1.30.
O
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Chapter 5

Graphs on Semigroups

The intersection graph of a semigroup was introduced by Bosdk [1964]. The in-
tersection subsemigroup graph I'(S) of semigroup S is a simple undirected graph
whose vertex set is the collection of proper subsemigroups of S and two distinct
vertices A and B are adjacent if and only if AN B # (). Inspired by the work of
Bosdk [1964], Csakany and Pollak [1969] studied the intersection graphs of groups
and proved that there is an edge between two proper subgroups if they have at
least two elements in common. The intersection graph on cyclic subgroups of a
group has been studied by Haghi and Ashrafi [2017]. Chakrabarty et al. [2009]
introduced the notion of the intersection ideal graph of rings. The intersection
ideal graph T'(R) of a ring R is an undirected simple graph whose vertex set is
the collection of non-trivial left ideals of R and two distinct vertices I and J are
adjacent if and only if I N J # {0}. They characterized the rings R for which the
graph I'(R) is connected and obtained several necessary and sufficient conditions
on a ring R such that I'(R) is complete. Jafari and Rad [2010] studied the pla-
narity of the intersection ideal graphs I'(R) of a commutative ring R with unity.

Akbari et al. [2013] classified all rings whose intersection graphs of ideals are not

113
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connected and also determined all rings whose clique number is finite. The inter-
section ideal graphs of semigroups can be defined analogously. The intersection
ideal graph T'(S) of a semigroup S is an undirected simple graph whose vertex set
consists of non-trivial left ideals of S and two distinct non-trivial left ideals I and

J are adjacent if and only if their intersection is nontrivial.

Akbari, Habibi, Majidinya and Manaviyat [2014] have introduced the notion
of inclusion ideal graph associated with the ring structure. The inclusion ideal
graph In(R) of a ring R is an undirected simple graph whose vertex set is the
collection of non-trivial left ideals of R and two distinct non-trivial left ideals
I and J are adjacent if and only if either I C J or J C I. Further, Akbari,
Habibi, Majidinya and Manaviyat [2015] have studied various graph invariants
including connectedness, perfectness, diameter, girth etc. of Zn(R). We consider
the inclusion ideal graph associated with semigroups. The inclusion ideal graph
In(S) of a semigroup S is an undirected simple graph whose vertex set is non-
trivial left ideals of S and two distinct non-trivial left ideals I and J of S are

adjacent if and only if I C J or J C I.

This chapter aims to study the intersection ideal graph I'(.S) of a semigroup
S and its spanning subgraph Zn(S). In Section 5.1, we investigate the connect-
edness of I'(S). We classify the semigroups S in terms of their ideals such that
the diameter of I'(S) is two. We obtain the domination number, independence
number, girth and the strong metric dimension of I'(.S). We have also investigated
the completeness, planarity and perfectness of T'(S). We show that if S is a com-
pletely simple semigroup, then I'(.S) is weakly perfect. Moreover, we give an upper
bound of the chromatic number of I'(S). Finally, if S is the union of n minimal
left ideals, then we obtain the metric dimension and the automorphism group of
['(S). In Section 5.2, we study the inclusion ideal graph Zn(S) of a semigroup
which is a spanning subgraph of I'(S). In this connection, we show that I'(S)
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is disconnected if and only if Zn(S) is disconnected. For an arbitrary semigroup
S, we investigate the perfectness, girth, planarity of Zn(S). Moreover, various
graph invariants including the dominance number, clique number, independence
number and autmorphism group of the inclusion ideal graph of a completely sim-
ple semigroup S is obatined. We also prove that the graph Zn(S) has a perfect
matching.

The content of Section 5.1 is published in the journal “Quasigroups and Related
Systems” and the content of Section 5.2 is accepted for publication in the journal

“Algebra Colloquium.”.

5.1 The Intersection Ideal Graph of a Semigroup

In this section, we study the connectedness of intersection ideal graph I'(S). We
show that if I['(S) is connected, then the diameter of I'(.S) is at most two (see
Theorem 5.1.4). Further, we classify the semigroups S in terms of their ideals such
that the diameter of I'(S) is two (see Theorem 5.1.7). We obtain the domination
number, independence number, girth and the strong metric dimension of I'(S).
We have also investigated the completeness, planarity and perfectness of I'(S).
We show that if S is a completely simple semigroup, then I'(S) is weakly perfect.
Moreover, we give an upper bound of the chromatic number of I'(S). Finally, if S
is the union of n minimal left ideals, then we obtain the metric dimension and the

automorphism group of I'(S).

5.1.1 Connectivity of the Intersection Ideal Graph

In this subsection, we investigate the connectedness of I'(S). We show that
diam(I'(S)) < 2 if it is connected. Also, we classify the semigroups, in terms

of their left ideals, such that the diameter of I'(S) is two.
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Theorem 5.1.1. The intersection ideal graph T'(S) is disconnected if and only if
S contains at least two minimal left ideals and every non-trivial left ideal of S s

manimal as well as mazimal.

Proof. First suppose that I'(S) is not connected. Then S has at least two non-
trivial left ideals I; and I,. Without loss of generality, assume that [; € C and
I, € Cy, where C; and Cj are distinct components of I'(S). If I; is not minimal,
then there exists at least one non-trivial left ideal I; of S such that I;, C I; so that
their intersection is nontrivial. Therefore, I; ~ I,. Now if the intersection of I,
and [} is non-trivial then I; ~ I, ~ I5, a contradiction. Therefore the intersection
of Iy and Iy, is trivial. If Ib U Iy # S, then I} ~ (Io U I}) ~ I3, a contradiction.
Thus, I, Ul, = S. It follows that I; ~ Iy, again a contradiction. Thus, [; is
minimal. Similarly, we get I5 is minimal.

Further assume that /; is not maximal. Then there exists a non-trivial left ideal
I, of S such that Iy C I, so that I} ~ I. If [ Uly #£ S, then Iy ~ [ Uy ~ Iy,
a contradiction to the fact that I'(S) is disconnected. It follows that I; U I, = S
so that the intersection of I, and Iy is nontrivial. Thus we have I} ~ [ ~ I5,
a contradiction. Hence, [; is maximal. Similarly, we observe that I, is maximal.

The converse follows from the Remark 1.1.1. ]

Corollary 5.1.2. If the graph T'(S) is disconnected, then it is a null graph (i.e. it
has no edge).

Theorem 5.1.3. The intersection ideal graph T'(S) is disconnected if and only if

S is the union of exactly two minimal left ideals.

Proof. Suppose first that I'(S) is disconnected. Then by Theorem 5.1.1, each non-
trivial left ideal of S is minimal. Suppose S has at least three minimal left ideals,
namely I;,I, and I3. Then I; U Iy is a non-trivial left ideal of S which is not

minimal. Consequently, by Theorem 5.1.1, we get a contradiction of the fact that
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['(S) is disconnected. Thus, S has exactly two minimal left ideals. If S # I; U I,
then I; U Iy is a non-trivial left ideal which is not minimal, a contradiction ( cf.
Theorem 5.1.1). Thus, S = I U I,.

Converse part follows from Theorem 5.1.1 and Lemma 1.1.2. ]

Theorem 5.1.4. If the intersection ideal graph T'(S) is connected, then diam(I'(S))
< 2.

Proof. Let Iy, Is be two non-trivial left ideals of S. If I} ~ I3, then d(Iy, I) = 1. If
Iy » Iy ie. Iy N1y is trivial, then in the following cases we show that d(1y, [5)< 2.
Case-1. [; Uy # S. Then I} ~ (I; U I3) ~ I3 so that d(I, I5) = 2.
Case-2. [; U, = S. Since I'(S) is a connected graph, there exists a non-trivial
left ideal I; of S such that either I; N I, is non-trivial or I, N I, is nontrivial. Now
we have the following subcases.

Subcase 1. I} ¢ I and I, ¢ I,. Since I; ¢ I it follows that there exists
x € I, but x ¢ I; so that x € I,. Consequently, I, N I} is nontrivial. Therefore,
we get a path I} ~ I}, ~ I of length two. Thus, d(I, I5) = 2.

Subcase 2. [, C [;. There exists © € I} but ¢ I. If I, U [}, = S, then
x € Iy. Thus, we get 11N 15 is nontrivial, a contradiction. Consequently, IoUI, # S.
Further, we get a path I) ~ (Io U I}) ~ Iy of length two. Thus, d([y, I) = 2.

Subcase 3. [; C [;. Since [y Ul = S we get I, U, = S. Further, the
intersection of I}, and I, is nontrivial. Consequently, Iy ~ I, ~ I gives a path of

length two between I and I. Thus, d([, I5) = 2. Hence, diam(T'(5)) < 2. O

Lemma 5.1.5. Let S be a semigroup having minimal left ideals. Then T'(S) is

complete if and only if S has a unique minimal left ideal.

Proof. Suppose that S contains a unique minimal left ideal ;. Note that every

non-trivial left ideal of S contains at least one minimal left ideal. Since [ is unique
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then it must contained in every non-trivial left ideals of S. Thus, the graph I'(S)
is complete.

Conversely, suppose that I'(S) is a complete graph. On the contrary, if S
has at least two minimal left ideals I; and I, then I} ~ [y by Remark 1.1.1, a
contradiction to the fact that ['(S) is complete. Thus S has a unique minimal left

ideal. ]

Lemma 5.1.6. The graph I'(S) is regular if and only if either T'(S) is null or a

complete graph.

Proof. First suppose that I'(S) is not a null graph. Suppose S has at least two
minimal left ideals I; and I5. Since I'(S) is not a null graph, we get I; and I; U I5
form non-trivial left ideals of S and I; ~ (I3 U I). If J is any non-trivial left ideal
of S such that J ~ I, then J ~ (I3 U I3). It follows that every non-trivial left
ideal of S which is adjacent with I; is also adjacent with Iy U Iy and Iy ~ (I; U I5)
but I ~ I; implies that deg(l;) < deg(/; U I3), a contradiction. Therefore, I'(S)

is a complete graph. ]

Next we classify the semigroups such that the diameter of the intersection ideal

graph T'(S) is two.

Theorem 5.1.7. Let S be a semigroup having minimal left ideals. Then for a
connected graph I'(S), we have diam(I'(S)) = 2 if and only if S has at least two

menimal left ideals.

Proof. Suppose that diam(I'(S)) = 2. Assume that [; is the only minimal left
ideal of S. Since I is a unique minimal left ideal, we have [, C K, for any
non-trivial left ideal K of S. Therefore, for any non-trivial left ideals J and K,
we have Iy C (J N K). Consequently, d(J,K) = 1 for any J, K € V(I'(9)).

Therefore, S has at least two minimal left ideals. Conversely, suppose that S has
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at least two minimal left ideals I; and I,. Then by Remark 1.1.1, we have I; »~ Is.

Consequently, by Theorem 5.1.4, d(Iy, Iy) = 2. Thus, diam(I'(S)) = 2. O

5.1.2 Invariants of I'(.9)

In this subsection, first we obtain the girth of I'(S). Then we discuss planarity and
perfectness of I'(S). Also, we classify the semigroup S such that I'(.S) is bipartite,
star graph and tree, respectively. Further, we investigate the other graph invariants

viz. clique number, independence number and strong metric dimension of I'(S).

Theorem 5.1.8. Let S be a semigroup such that T'(S) contains a cycle. Then
g(I'(5)) = 3.

Proof. If T'(S) is disconnected or a tree, then clearly g(I'(S)) = oco. Suppose that
the semigroup S has n minimal left ideals. Now we prove the result by observing
the following cases.

Case-1. n = 0. If S has no non-trivial left ideals, then there is nothing to
prove. Otherwise, there exists a chain of non-trivial left ideals of S such that
LD D--DI;D---. Thus, g(I'(S)) = 3.

Case-2. n = 1. Suppose that I is the only minimal left ideal of S. Since [ is a
unique minimal left ideal, we obtain [; C K, for any non-trivial left ideal K of S.
Therefore, for any non-trivial left ideals I and J, we get I; C (INJ) # (. If S has
at least three non-trivial left ideals, then ¢(I'(S)) = 3. Otherwise, ¢g(I'(S)) = oo.
Case-3. n = 2. Let I, I; be two minimal left ideals of S. If I U I, = .5, then by
Theorem 5.1.3 and Corollary 5.1.2, g(I'(S)) = co. If [y Uly # S, then J =1, U L,
is a non-trivial left ideal of S. Suppose I, Is and J are the only non-trivial left
ideals of S. Then I} ~ J ~ Iy and so g(I'(S)) = co. Further, assume that S has a
non-trivial left ideal K other than I, Is and J. Since I;, I, are minimal left ideals

of S, we have either I; C K or I, C K. Without loss of generality, assume that
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I C K. Then I} ~ K ~ J ~ I;. Tt follows that g(T'(S)) = 3.
Case-4. n > 3. Let Iy, I, I3 be the minimal left ideals of S. Then we have a cycle
(]1 U [2) ~ (]2 U [3) ~ (11 U [3) ~ (]1 U [2) of length 3. ThU.S, g(F(S)) = 3. O

Let Min(S) (Max(S)) be the set of all minimal (maximal) left ideals of S. By
1

a non-trivial left ideal I;,4,..;,, we mean I;, U [, U--- U I; i

€ Min(S).

where [’il , Iz

P 29ttty

Theorem 5.1.9. Let I'(S) be the intersection ideal graph of S. Then the following

statements hold:
(i) IfT'(S) is planar, then |Min(S)| < 3.

(ii) Let S be a semigroup such that it is a union of n minimal left ideals. Then

['(S) is planar if and only if n < 3.

Proof. (i) Suppose that [Min(S)| = 4 with Min(S) = {I, I, I3, I4}. Then note
that the subgraph induced by the vertices Iy, 19, I123, [14 and I;94 is isomorphic to
K. Thus, I'(S) is nonplanar.

(ii) The proof for I'(.S) is nonplanar for n > 4 follows from part (i). If n = 2,
then by Corollary 5.1.2 and Theorem 5.1.3, T'(S) is planar. For n = 3, I'(S) is

planar as shown in Figure 5.1. [

FIGURE 5.1: Planar drawing of I'(S) for S = I93.

Theorem 5.1.10. Let I'(S) be the intersection ideal graph of S. Then the following

statements hold:
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(i) IfT'(S) is a perfect graph, then |Min(S)| < 4.

(ii) Let S be the union of n minimal left ideals. Then I'(S) is perfect if and only
if n < 4.

Proof. (i) Suppose that [Min(S)| = 5 with Min(S) = {I3, I, I3, I4, I5}. Note that
LIig ~ I35 ~ I3y ~ Iy5 ~ I15 ~ I3 induces a cycle of length 5. Then by Theorem
1.3.2, I'(S) is not perfect.

(ii) The proof for I'(S) is not a perfect graph for n > 5 follows from part (i).
If n = 2, then by Corollary 5.1.2 and Theorem 5.1.1, T'(.S) is disconnected. Thus,
being a null graph, I'(S) is perfect. For n € {3,4}, we show that I'(S) does not
contain a hole or an antihole of odd length at least five (cf. Theorem 1.3.2). If
n = 3, then I'(9) is perfect as shown in Figure 5.1. If n = 4, then from Figure 5.2,
note that I'(S) does not contain a hole or an antihole of odd length at least five.

O

V 2
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S A~ ' ‘
5 v ’v4 4\“A
SN ST AN

—
V—

T

<X
S

KA
< "A.Y‘A" N
N ""’\4#

F1GURE 5.2: The intersection graph I'(S) for S = I234.
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Theorem 5.1.11. Let S be a semigroup having minimal left ideals such that
V(['(S)) > 1. Then the following conditions are equivalent:

(i) I'(S) is a star graph.
(ii) I'(S) is a tree.
(iii) I'(S) is bipartite.

(iv) Fither S has exactly three non-trivial left ideals Iy, I and I 5 such that I and

Iy are minimal or S has two non-trivial left ideals Iy, Iy such that Iy C Is.

Proof. We prove (ii), (iii) = (iv). The proof of remaining parts is straightforward.
Suppose I'(S) is a tree. Then clearly |Min(S)| < 2. Otherwise, for minimal left
ideals Iy, I, I3 we have [ ~ I13 ~ Is3 ~ I15 a cycle, a contradiction. Suppose
that [Min(S)| = 1. Let I; be the unique minimal left ideal of S. Consequently,
I, is contained in all the other non-trivial left ideals of S. If S has at least three
non-trivial left ideals, then we get a cycle, a contradiction. Thus |V/(I'(S))| = 2.
Now we assume that [Min(S)| = 2. Let Iy, Is be two minimal left ideals of S. Let
S = I15. Then by Corollary 5.1.2 and Theorem 5.1.3, I'(S) is disconnected so is
not a tree. Thus S # I15. Then J = [, is a non-trivial left ideal of S. Suppose S
has a non-trivial left ideal K other than Iy, I and J. Without loss of generality,
assume that Iy C K then we get a cycle I} ~ [15 ~ K ~ [, a contradiction. Thus,
for S # I1o, we have V(I'(S)) = {[1, Iy, [1o}. (ili) = (iv). If T'(S) is bipartite,
then we have [Min(S)| < 2. In the similar lines of the work discussed above, (iv)

holds. ]

Theorem 5.1.12. If S is the union of n minimal left ideals, then ~(I'(S)) = 2.
Otherwise, v(I'(S)) = 1.

Proof. Suppose that S is the union of n minimal left ideals, that is, S = [15...,,.
Note that there is no dominating vertex in I'(S) so that v(I'(S)) > 2. Now we
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show that D = {Iy, Is3..,,} is a dominating set. Since S is the union of n minimal
left ideals so any non-trivial left ideal of S is the union of some of these minimal
left ideals (cf. Lemma 1.1.7). Let J € V(I'(S)) \ D be any non-trivial left ideal of
S. Then J is a union of k£ minimal left ideals of S, where 1 <k <n—-1. If [; C J,
then we are done. Otherwise, J must be the union of Iy, I3, ..., I,. It follows that
the intersection of J and Iss...,, is nontrivial. Consequently, J ~ Is3..,,. Thus, D
is a dominating set. Further, suppose that S # Ii5..,,. It follows that J = I15..,
is a non-trivial left ideal of S. It is well known that every non-trivial left ideal of
S contains at least one minimal left ideal. Consequently, for any non-trivial left
ideal K of S, we have J N K is nontrivial. Thus, J is a dominating vertex. Hence,

v(I'(S)) = 1. This completes the proof. O

Theorem 5.1.13. Let S be a semigroup with n minimal left ideals. Then the

independence number of I'(S) is n.

Proof. Let Min(S) = {I;, : i1 € [n]} be the set of all minimal left ideals of S.
Then, by Remark 1.1.1, Min(S) is an independent set of I'(S). It follows that
a(I'(S)) > n. Now we prove that for any arbitrary independent set U, we have
|U| < n. Assume that I € V(I'(S)) such that [ € U. Since every non-trivial left
ideal contains at least one minimal left ideal. Without loss of generality, assume

that I; C I for some iy,i,...,1; € [n]. Then note that |U| < n —k + 1.

1927 1)
Otherwise, there exist at least two non-trivial left ideals which are adjacent, a

contradiction. Consequently, we have |U| < n. Thus, a(I'(S)) = n. O

Lemma 5.1.14. Let S be a semigroup with n (> 3) minimal left ideals. Then

there ezists a clique in I'(S) of size n.
Proof. Let I, 15, ..., I, be n minimal left ideals. Consider the set

C = {]7;17;2"'1'1171 . il, iz, e ,in_l € [n]}
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Clearly, |C| = n. Notice that for any J, K € C, we have J N K is non-trivial so

that J ~ K. Thus, C becomes a clique of size n. H

Theorem 5.1.15. Let S be a semigroup with n(> 1) minimal left ideals. Then
w(l(9)) = n if and only if one of the following holds:

(i) S is the union of exactly three minimal left ideals.
(ii) S has only two minimal left ideals I, Is and a unique mazximal left ideal I15.

Proof. First suppose that w(I'(S)) = n. Assume that S has n(> 4) minimal left
ideals, namely Iy, I5, ..., I,. Then C = {I;jiyi,_ys Liyip © 1,02, ..,0, € [n]} forms
a clique of size greater than n of I'(S). It follows that w(I'(S)) > n. If n = 3 and
assume that S # I193, then C = {5, 13, I3, [123} forms a clique of size four of
['(S). It follows that S = I}93. For n = 2, we have either S = I15 or S # I15. For
S = I, by Corollary 5.1.2 and by Theorem 5.1.3, I'(S) is disconnected. Thus,
w(I'(S)) < n. Thus S # I5. If S has a non-trivial left ideal K ¢ {Iy, I5, 12},
then we get a clique of size three. Therefore, I3 is a unique maximal left ideal.

Converse follows trivially. O
Lemma 5.1.16. IfI'(S) is connected, then Max(S) forms a clique of I'(S).

Proof. We prove the result by showing that if J, K € Max(S) then J ~ K. Let
J ~ K. The maximality of J and K follows that J U K = S. By Lemma 1.1.5,
S\ J and S\ K are L—classes of S. It follows that J and K are only non-trivial left

ideals of S. Thus, being a null graph I'(5) is disconnected, a contradiction. ]

Theorem 5.1.17. If K is a maximal left ideal of S such that deg(K) is finite,
then x(I'(9)) < oo.

Proof. Let J be an arbitrary non-trivial left ideal of S such that J «~ K. Note

that J is the minimal left ideal of S. On the contrary, suppose that J is not a
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minimal left ideal of S. Then there exists a non-trivial left ideal J’ of S such that
J' C J. Since K is the maximal left ideal of S, we get J U K = S. It follows
that the intersection of J and K is non-trivial, a contradiction. By Remark 1.1.1,
we can color all the vertices which are not adjacent with K with one color. Since

deg(K) is finite, we have x(I'(5)) < oo. O

Proposition 5.1.18. If S is the union of n minimal left ideals, then w(I'(S)) =
X(T(S)) = 2"1 — 1. Moreover, T'(S) is weakly perfect.

Proof. First note that S has 2" — 2 non-trivial left ideals and every non-trivial

left ideal of S is of the form I; and 1 < k <n—1 (cf. Lemma 1.1.7). If

1821k
n is odd, then consider C = {Ij j,..;; : [5] <t < n —1}. Note that C forms
a clique of size 2"~! — 1. We may now suppose that n is even. Consider C; =

{Lj\jpjo - 5+ 1 <t <n—1}. Notice that C; forms a clique. Further, observe that

C = {Iiliz""&'% L1, 49, .., in € [n]} do not form a clique because for ji, ja, ..., jn €
[n] \ {il,ig,. .. ,Z'%}, we get 1“121% load [j1j2---]g' HOWGVGI‘, C“ = {[zlzgz% S C/ \
{Ijm...j%} L1 J2y oy Jn € {i1,d2, ... in b} forms a clique of size |C2—| Further note

that the set C; UC" also forms a clique of size 2"~* — 1. Thus, w(I'(S)) > 27! —1.
To complete the proof, we show that x(T'(S)) < 2"~! — 1. For I = I,;,.,;, and
J - Ij

aein s Where 41,49, ... ig € [\ {j1, 2, - -, Jn—i} We have I N J is trivial.

Consequently, we can color these vertices with same color so that we can cover all

the vertices with 2! — 1 colors. Thus x(I'(S)) < 2"7! — 1. Hence w(I['(9)) =
W(T(S)) = 21 — 1. 0

Corollary 5.1.19. Let S be a completely simple semigroup. Then the graph T'(S)
is weakly perfect.

In order to find an upper bound of the chromatic number of I'(S), where S is
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an arbitrary semigroup, first we define

Xy ={1 e V(I(9)) : Liyiyin € 1},
X2 = {I € V(F(S)) I C Ii12'2~~~in and [ 7A ]i1i2~~~in}7
X3 =V(I'(9))\ (X1 U Xo).

——

Let Min(7) be the set of all minimal left ideals contained in I . Further define

a relation p on X3 such that

J p K <= Min(J) = Min(K).
Note that p is an equivalence relation.

Theorem 5.1.20. Let S be a semigroup with n minimal left ideals such that
X([(S)) is finite. Then

X(T(9)) < [Xal+ (27 =1+ (27" = 1)m,
where m = max{|C(I)| : C(I) is an equivalence class of p}.

Proof. Note that for any I,J € X, we have I ~ J. Since every non-trivial left
ideal contains at least one minimal left ideal, consequently each element of X7 is a
dominating vertex of I'(S). Therefore, we need at least | X;| colors in any coloring
of I'(S). By proof of Proposition 5.1.18, we can color all the vertices of X, with
at least 2”71 — 1 colors so that we need at least 2"~ — 1 + | X;]| colors to color
X1 U Xos.

To prove our result, we need to show that the vertices of X3 can be colored
by using (2"7' — 1)m colors. Now let J, K € X3 such that [;; C J and

I

21k

C K. Note that J N K is non-trivial if and only if I ;,..;; N 1 j,.j, 1S

Jijz-+Jt
nontrivial. It follows that J ~ K in I'(\S) if and only if either I;,;,..;, = I j,..j; OF
Ii1i2~"ik ~ Ijle“'jt’

Note that the equivalence class of I € X3 under p is
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e~ e~

O(I) = {J € X3 : Min(I) = Min(J)}.

Since x(I'(S)) < oo we get |C(I)| < oo. Consequently, |C(I)| < m. Observe that
C(I) forms a clique, we require maximum m colors to color each class under p. Note

that J € C(J) and K € C(K) such that J ~ K if and only if I; j5..i, ~ Lj jpjs

in T'(S). Consequently, we can color the vertices in X3 by using (2"~! — 1)m

colors. ]

Theorem 5.1.21. Let S be a semigroup with n minimal left ideals. Then

n-l if S is a union of n minimal left ideals;
sdim(I'(S)) =
| X1| + | X3| +2771 —2;  Otherwise.

Proof. Let I,J € V(I'(S)) such that I,
— I,

Jijz-Jt

on V(I'(S)) such that I p; J if and only if Min(/) = Min(J). Clearly, p; is an

~——

equivalence relation on V(I'(S)). Let N[l;iy.i,] = {I € V(I'(S)) : Min(I) =

1i9-ig g I and Ij1j2~~jt g J. Then I ~ J

it and only if either I; ;,...;, or Lijiy.ip ~ Ijj,-j,. Define a relation p;

Li)iy.i, } be equivalence class containing I;;,..;,. 1f S # I;ji,..q,, then by Theo-
rem 1.3.5, we have Rp(g) whose vertex set V(Rr(s)) = {Lijip-ip © 91,92, - -,k €
[n] and 1 < k < n}. By using Proposition 5.1.18, note that w(Rp(s)) = 2" .
Then sdim(I'(S)) = | Xi| + | X5| + 27! — 2. Next, if S = I;,4,..i,, then V(Rrg)) =
{Liyiyi, 01,02, ... 05 € [n] and 1 < k < n—1}. By using Proposition 5.1.18, note
that w(Rr(s)) = 2""! — 1. Then sdim(['(S)) =2 — 1. O

In the rest of the subsection, we consider a class of those semigroups which are
the union of n minimal left ideals. In particular, completely simple semigroups
belongs to this class. In what follows, the semigroup S is assumed to be the union

of n minimal left ideals I;,, I;,,...,1;, i.e. S = L iy.q,-

Theorem 5.1.22. Let S be the union of n minimal left ideals. Then I'(S) is a

graph of order 2" — 2.
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Proof. In view of Corollary 1.1.9, the vertices of I'(S) are either minimal left ideals
or union of minimal left ideals. In addition to n minimal left ideals, we have (72‘)
+ (§)+ e +(n711) non-trivial left ideals as a union of minimal left ideals. Thus,

we obtain (’f) —|—(g) + (§)+ e —1—(7:1) = 2" — 2 non-trivial left ideals of S. Hence,

VIS =2" -2 O

Lemma 5.1.23. Let S be the union of n minimal left ideals and let K = I, ;,..;, be
a non-trivial left ideal of S. Then deg(K) = (28 —2)+(2n*F—2)+(2"*—1)(2F-2).

Proof. Let J be a non-trivial left ideal of S such that J ~ K. Clearly, J N K is a
non-trivial left ideal. We have the following cases:

Case-1. J ¢ K and K ¢ J. Since J ~ K and K = I, ;,..;,, we obtain the number
of non-trivial left ideals such that J ¢ K and K ¢ J is

) (Zj <n;k>> (ké (T)) =" -1)@2" -2).

Case-2. J C K. By the proof of Theorem 5.1.22, we have (]f) +(§) + (§)+

e +(1: 1) = 2F — 2 non-trivial left ideals which are properly contained in K.

Case-3. K C J. Let J = I; such that igi1,i512,...,0s € [n] \

192 ikl 19k42 " 1s

{i1,i2,...,ix} and 1 < s < n —k — 1. Consequently, we have Zg:lk_l (";k) =

2"n=F _ 2 non-trivial left ideals which properly contains K. Thus, from the above

cases we have the result. ]

Corollary 5.1.24. If S is the union of n minimal left ideals, then the graph T'(.S)

1s Eulerian for n > 3.

Theorem 5.1.25. If S is the union of n minimal left ideals, then the metric
dimension of I'(S) is given below:
2 ifn=23;
BI(9)) =

n if n > 4.
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Proof. For n = 3, it is easy to observe that {[;,, [;,} forms a minimum resolving
set. If n > 4, then by Lemma 1.1.7, we have |V(I'(S))| = 2" — 2. In view of
Lemma 1.3.4, we get
n= (2" —2,2) < BT(S)).

It is easy to observe that for k = n — 1, we have 2% + k % 2" — 2. Therefore, the
least positive integer k is n for which k+2% > 2"—2. Thus n < 5(I'(S)). To obtain
upper bound of B(I'(S)), let J = I;,4,..;, and K = I;,,..;, be distinct arbitrary
vertices I'(S). Since J # K, there exists at least I;, € Min(.S) such that I;, ~ J and
I;, » K. It follows that d(J, I;,) # d(K, I;,). Thus Min(S) = {I;, : i1 € [n]} forms
a resolving set for I'(S) of size n. It follows that S(I'(S)) < n. This completes our

proof. O

Now we obtain the automorphism group of I'(S), when S is the union of n

minimal left ideal.

Lemma 5.1.26. Foro € S, let ¢, : V(I'(S)) = V(I'(9)) defined by ¢po(1;iy..i,) =
Io(i)o(in)-o(in)- Then ¢, € Aut(I'(S)).

Proof. 1t is easy to verify that ¢, is a permutation on V(I'(S)). Now we show that
the map ¢, preserves adjacency. Let I; ;,..;, and I; be arbitrary vertices of

I'(S) such that 1; ..., ~ I;

1j2°Jk

Then I’iliz---it N ]j1j2“'jk 7é (Z) Now

1j2 " Jk "

Livigiv ™~ Tjijaecii & Lo(in)otin)-oie) ~ Lo(i1)o (o) o)

> Po(Liyigis) ~ Oo(Ljyjoeg)-
Thus, ¢, € Aut(I'(S)). O
Proposition 5.1.27. For each f € Aut(I'(S)), we have f = ¢, for some o € S,,.

Proof. In view of Lemma 5.1.23 and Lemma 5.1.26, suppose that f(l;,) = I;,,
fl,) = 1, ..., f(I;,) = 1I,. Consider o € S, such that o(iy) = j1,0(iz) =
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jg,...,O’(in) = ]n Then ¢U<]i1i2-~~ik> = [O'(il)O'(iQ)"‘O'(ik) = [j1j2"'jk (Cf Lemma

5.1.26). Clearly, i, ~ Lijiyoip, Liy ~ Lijigeips - Liy ~ ILijigei,. Also note
that I;, N I; i, is trivial for i € {igt1, k42, 9, } where igi1,ipyo, ... 0, €
[\ {i1, 42, ... ix}. It follows that I;,,, o L ipeips Liyry o Livigeis - - o Lin % Lijigeiy-
Thus, f(L;) ~ f(Liyiyin)s f(Liy) ~ f(Liyigiy)s -+ f(Li) ~ f(Liyip,) and
fWi) = fiigein)s fin) * fLiigin)s - f(Li,) = f(Liyiy.q,). Conse-
quently, I;, C f(Liyiyiy)s Ly C f(liyigein)s -- Ly € f(Liyiges,) and I, &
F(Livigin)s Ligow @ fLivigein)s -+ Lin & f(Liigeiy). It follows that f(;,.,) =
L sin = Go(Liyigeiy,). Thus, f = ¢,. O

Theorem 5.1.28. Let S be the union of n minimal left ideals. Then for n > 2,
we have Aut(I'(S)) =2 S,,. Moreover, |Aut(I'(S))| = n!.

Proof. In view of Lemma 5.1.26 and by Proposition 5.1.27, note that the underly-
ing set of the automorphism group of I'(S) is Aut(I'(S)) = {¢, : o € S,}, where
Sy, is a symmetric group of degree n. The groups Aut(I'(S)) and S,, are isomorphic
under the assignment ¢, — o. Since all the elements in Aut(I'(S)) are distinct,

we have |Aut(I'(S))| = n!. O

5.2 The Inclusion Ideal Graph of a Semigroup

In this section, we discuss the inclusion ideal graph of Zn(S). The inclusion ideal
graph In(S) of a semigroup S is an undirected simple graph whose vertex set
is non-trivial left ideals of S and two distinct non-trivial left ideals I and J are
adjacent if and only if I C J or J C I. Note that Zn(S) is a spanning subgraph
of I'(S). We study an interplay between algebraic properties of the semigroup S
and graph-theoretic properties of Zn(.S). We also investigate the connectedness of
In(S). We show that the diameter of Zn(S) is at most 3, if it is connected. We

also obtain a necessary and sufficient condition of S such that the clique number
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of Zn(S) is n, where n is the number of minimal left ideals of S. Further, various
graph invariants of Zn(S), viz. perfectness, planarity, girth etc., are discussed.
For a completely simple semigroup .S, we investigate various properties of Zn(.5),
including its independence number and matching number. Finally, we obtain the

automorphism group of Zn(S).

5.2.1 Graph-theoretic Properties of Zn(95)

In this subsection, we study the algebraic properties of S as well as graph-theoretic
properties of the inclusion ideal graph Zn(S). First we investigate the connected-
ness of Zn(S). We show that the intersection ideal graph I'(\S) is disconnected if
and only if Zn(S) is disconnected. We also prove that diam(Zn(S)) < 3 if it is
connected. Moreover, the clique number, planarity, perfectness and the girth of

In(S) are investigated.

Theorem 5.2.1. The inclusion ideal graph In(S) is disconnected if and only if
S contains at least two minimal left ideals and every non-trivial left ideals of S s

manimal as well as maximal.

Proof. Suppose that the graph Zn(S) is disconnected. Without loss of generality,
we may assume that there exist at least two non-trivial left ideals I, Iy of .S such
that Iy € C} and I, € Cy, where C and C5 are two distinct components of Zn(5).
Let if possible, [; is not minimal. Then there exists a non-trivial left ideal I} of .S
such that I}, C I;. Now, we have the following cases.

Case-1. [, U, # S. Then we have I} ~ I}, ~ (I U I3) ~ I3, a contradiction.
Case-2. [ Ul = S. Then clearly I; Ul, = S. Let x € I} but « ¢ I;. Thus,
x € Iy so that x € I; N 1y. We get I} ~ (I;N1y) ~ I, again a contradiction. Thus,

I; is minimal. Similarly, we obtain I, is minimal.
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Further, on contrary suppose that I; is not maximal. Then there exists a non-
trivial left ideal I, of S such that Iy C I;. Now we get a contradiction in the
following possible cases.

Case-1. [; Uy # S. Then I ~ (I; U I3) ~ I, gives a contradiction.

Case-2. [;Ul, = S. Then clearly I, UI, = S so that there exists x € I,NI5. Thus,
we have I} ~ I, ~ (I N I3) ~ I, again a contradiction. Hence, I; is maximal.
Similarly, one can observe that the left ideal I5 is maximal.

The converse follows from Remark 1.1.1. ]

Corollary 5.2.2. If the graph In(S) is disconnected, then it is a null graph (i.e.
it has no edge).

Theorem 5.2.3. The graph In(S) is disconnected if and only if S is the union of

exactly two minimal left ideals.

Proof. The proof follows from the proof of Theorems 5.1.3, 5.2.1 and Lemma
1.1.2. O

Theorem 5.2.4. If In(S) is a connected graph, then diam(In(S)) < 3.

Proof. Let I, I be two non-trivial left ideals of S. Let Iy ~ I,. Then d(Iy,15) =
1. If I » I, then in the following cases we show that d([y, I5)< 3.

Case-1. [; Uy # S. Then I} ~ (I; U I3) ~ I3 so that d(Iy, I5) = 2.

Case-2. [Ul,=S. It [ NI # 0, then I ~ (I; N 1) ~ I, gives d(I, I)= 2.
We may now suppose that I; NIy = (). Since Zn(S) is a connected graph, there
exists a non-trivial left ideal I, of .S such that either I, C I or I; C I,. If I}, C 14,
then there exists z € I} but x ¢ Ij,. If [, Ul = S, then © € I5. Thus, we get
I NI, # 0, a contradiction. Consequently, I, U I}, # S. Further, we get a path
Iy ~ I ~ (I U i) ~ I of length 3. Thus, d([, I3) = 3. Now if I} C [} then note
that I, N Iy # (). Consequently, we get I} ~ I ~ (I;; N I3) ~ I, between I; and Is.
Hence, diam(Zn(S)) < 3. O
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Lemma 5.2.5. Let Z and Z' be two distinct left ideals of S such that both Z and
T’ are the union of k minimal left ideals of S. Then I ~ ' in In(S).

Proof. On contrary suppose that Z ~ Z'. Without loss of generality assume that
Z CT'. Since Z and Z’ are the union of k£ minimal left ideals of S and Z C Z', by

Remark 1.1.1 we get Z = 7', a contradiction. O
Lemma 5.2.6. If Zn(S) has a cycle of length 4 or 5, then In(S) has a triangle.

Proof. Suppose first that Zn(S) has a cycle of length 5 such that C' : I} ~ I ~
I3 ~ Iy ~ I5 ~ I[;. From the adjacency of ideals in (', note that there exists a
chain I; C I; C I}, in S. Thus Zn(S) has a triangle.

Now we suppose that there exists a cycle C' : I1 ~ Iy ~ I3 ~ I, ~ I of length
4 in In(S). Assume that [} »« I3 and Iy »~ I;. Since I; ~ I, we have either I; C I
or I, C I). If Iy C Iy, then I3 C I, and I3 C I;. It follows that I; U I3 C I,
and I3 C I, N I;. Consequently, we obtain either Iy ~ (I; U I3) ~ I3 ~ I or
Iy ~ (I 1) ~ I3 ~ I. Thus, Zn(S) has a triangle. If I, C I, then I, C I3 and
I, C I3. It follows that I, C Iy N I3 and I, U I, C I3. Further, we get a cycle either
Iy~ ~(ILNI3) ~ Iy or Iy ~ (IUly) ~ I3 ~ I5. Hence, we have the result. [

In the following theorem, we determine the girth of Zn(.5).
Theorem 5.2.7. For a semigroup S, we have g(Zn(S)) € {3,6,00}.

Proof. If In(S) is disconnected or a tree, then clearly g(Zn(S)) = oco. Suppose
that S has n minimal left ideals. Now we prove the result through following cases.
Case-1. n = 0. If S has no non-trivial left ideal, then there is nothing to
prove. Otherwise there exists a chain of non-trivial left ideals of S such that
L DD+ DIyD---. Thus, g(Zn(S)) = 3.

Case-2. n = 1. Suppose that [; is the only minimal left ideal of S. Since [ is

unique minimal left ideal, it is contained in all other non-trivial left ideals of S.
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If any two non minimal left ideals are adjacent, then g(Zn(S)) = 3. Otherwise,
being a star graph, g(Zn(S)) = co.

Case-3. n = 2. Let I, Is be two minimal left ideals of S. If I; U I, = S, then by
Theorem 5.2.1 and Corollary 5.2.2, g(Zn(S)) = oco. If [UIy # S, then J = UL,
is a non-trivial left ideal of S. If S has only these three, namely Iy, Is and J, left
ideals, then we obtain I; ~ J ~ [5. Therefore, g(Zn(S)) = co. Now suppose that
S has a non-trivial left ideal K other than I, I, and J. Now we have the following

subcases.

Subcase-1. Both Iy, I contained in K. Then I; Ul, = J C K. Consequently,
Iy ~J ~ K ~ I so that g(Zn(95)) = 3.

Subcase-2. Either I; C K or I, C K. Without loss of generality, assume that
I, C K. If there exists a non-trivial left ideal K’ of S such that K C K’, then
I ~ K ~ K" ~ I follows that g(Zn(S)) = 3. Otherwise, K is a maximal left
ideal of S. Consequently, I, UK = S. If J is not maximal, then by Subcase-1 we
get g(Zn(S)) = 3. We may now suppose that J is also a maximal left ideal of S.
Now we claim that V(Zn(S)) = {I1, I, J, K'}. Let, if possible J € V(Zn(S)) but
J' ¢ {I, 15, J, K}. Since J is maximal, for any a € K \ I;, we have Sa = K. Since
J' is a non-trivial left ideal of S, there exists an element b € J’ so that b is either
in Iy orin K. If b ¢ I, then b € K. Consequently, K C J’, a contradiction to the
maximality of K. Now suppose that b € I,. By the minimality of Iy, we obtain
I, C J'. Since I, # J', there exists an element ¢ € J' but ¢ ¢ I,. Consequently,
I, UK = S. Thus, ¢ € K so that K C J'. It follows that [, U K =S C J' and
so J' = S. Thus, we get V(In(S)) = {[1, 5, J, K} such that K ~ I} ~ J ~ I,.
Therefore, g(Zn(S)) = co.
Case-4. n = 3. Let Iy, I5, I3 be the minimal left ideals of S. If [; U I, U I3 # S,
then we have I C ([; Uly) C (I3 Uy U I3). It follows that, g(Zn(S)) = 3.
Further, suppose that I U I, U I3 = S. Then all the non-trivial left ideals of S are
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I, I, I3, I; U I, I; U I3 and I, U I3. Infact Zn(S) = Cs. Thus, g(Zn(S)) = 6.
Case-5. n > 4. Then for minimal left ideals I, [ and I3, we get a triangle
Il ~ (]1 U ]2> ~ <]1 U ]2 U [3) ~ [1 so that g(Zn(S)) =3.

Hence, from above cases, we have g(Zn(S)) € {3,6, 00}. O

Theorem 5.2.8. Let S be a semigroup with finite number of left ideals. Then the

graph In(S) is perfect.

Proof. In view of Theorem 1.3.2, we show that Zn(S) does not contain a hole or
an antihole of odd length at least five. On contrary, assume that Zn(.S) contains
ahole C: Iy ~ Iy~ I3~ -~ Iy, 1 ~ I, where n > 2. Since I; ~ I3, we have
either Iy C Iy or Iy C I;. Without loss of generality, suppose that I; C I,. Then
clearly I3 C I5. Otherwise I; ~ I3, a contradiction. Further for 2 < ¢ < n note
that Iy C Iy;. Since I, ~ I5,11, we have either I, C Iyp1q or Iopiq C Iop.
But Iy, C Is,41 is not possible because Iy, 1 C I5, follows that I, 1 ~ Is,1, a
contradiction. Also Iy, 1 ~ Iy will give I5,.1 C I;. Consequently, from [} C I we
obtain Iy, 1 C I5. Thus, I5,11 ~ I3, a contradiction.

Next, suppose that Zn(S) contains an antihole C' of length at least five. Then
C:L~Iy~Ig~ o~ Iyyiq ~ I, where n > 2, is a hole in I—(S) Since I; ~ I3
in Zn(S), we have either Iy C I3 or I3 C I;. Without loss of generality, assume
that I; C I3. Then, for 4 < j < 2n, note that I; C I;. Moreover, I, C I; for
4 < j<2n+1. Since I3 ~ I5 in In(S) we have either I3 C I5 or I5 C I3. If
Is C I3, then Iy C I3 as I, C I5. Thus, Iy ~ I3 in Zn(S) which is not possible.
Consequently, I3 C I5. Also, it is easy to observe that I3 C I5,.1. Since I} C I3 we
have I1 C I,y so that Iy ~ Iy, in Zn(S), a contradiction. Thus, Zn(S) does

not contain an antihole of length at least five. O

Let S be a semigroup with n minimal left ideals. Now we classify the semigroups

S for which w(Zn(S)) is n.
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Lemma 5.2.9. Let S be a semigroup such that S = I ,...,. Then w(Zn(S)) =

n—1.

Proof. Let S has n minimal left ideals, namely I; , [; I; . Note that C =

y s
{Li,, Liyiy, -, Liyigi, o } be a clique of size n — 1 in Zn(S). Let CU{J} be a clique
in Zn(S), where J = I;;,..;, for some k, 1 < k < n — 1. Then J is adjacent
with every element of C, a contradiction (see Lemma 5.2.5). Consequently, C is
a maximal clique in Zn(S). Now if C' be a clique of size n, then there exist two
non-trivial left ideals in C’ which are union of & minimal left ideals, for some k,

where 1 < k < n — 1. By Lemma 5.2.5, a contradiction for C’ to be a clique in

In(S). Hence, w(Zn(S)) =n — 1. O

Theorem 5.2.10. Let S be a semigroup with n minimal left ideals. Then w(Zn(S))

n if and only if 1;,4,..., 1S a mazximal left ideal.

Proof. Suppose that w(Zn(S)) = n. Clearly, by Lemma 5.2.9, we have S #

I; iy.i, - Let if possible, I is not a maximal left ideal of S. Then there ex-

L in
ists a non-trivial left ideal K of S such that [;,,.;,, C K. Note that C =
{Li,, Livigy - -+ Liyigein 1 Livigin,, I} forms a clique of size n + 1. Consequently,
w(Zn(S)) # n, a contradiction. Thus, I;,;,..;, is a maximal left ideal of S.
Conversely, suppose that [;,;,..;, is a maximal left ideal of S. Then by Lemma

1.1.5, S\ I is an L-class. Thus, for each a € S\ [; we get either

192°0n Lig-in

Sla = S or S'a is a non-trivial left ideal of S. First suppose that S'a = S.
Therefore, for any non-trivial left ideal I of S, note that if for some a € S\
Ii iy.i, such that a € I, then I = S, a contradiction. Thus, every non-trivial
left ideal I of S is either a minimal left ideal or a union of minimal left ideals.
Consequently, in the similar lines of the proof of Lemma 5.2.9, we get a clique

C: {Iip[i I

1192 in—1)

Ligy - s I iy..i, } of maximum size n so that w(Zn(S)) = n.

We may now suppose that for each a € S\ [;4,..;,, we have S'a = I is a

non-trivial left ideal of S. Assume that J is any non-trivial left ideal of S such
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that a € J for some a € S\ I;,4,...;,. Then S\ I;;,..., C I C J. Consequently,
all the vertices of Zn(S) are minimal left ideals, union of minimal left ideals and
of the form (S'\ Liyiyin) U Ljyjpj- Note that I, ~ (S'\ Lijig.i,) U Ly jyej, implies
i1 € {J1,J2s -5 gkt and (S'\ Lijigein) U Lo isgsy ~ (S\ Lijigein) U Ltytg.t, implies
Ig g5y ~ Liyty..t,- Suppose that K is of the form (S'\ [ iy..i, ) U L), ji-.jp - Let C be
an arbitrary clique such that K" € C. Note that C = {I,, [; jy, -, Ljjpjpes I, K U
Lo /KU,

st } is a clique of size n. If C U {K'} is a clique of size
n —+ 1, then either K/ = IjljZ"‘jt or K' = (S \ ]lllzln) U ]jle“‘js' Then K’ is not

kt1Jk42" Tn—k—1
adjacent with at least one vertex of C, a contradiction of the fact that CU{K"} is a
clique. Consequently, C is a maximal clique in Zn(S). Further, suppose that C do
not contain any non-trivial left ideal of the form (S'\ I;,4y..5,,) U I}, j,...;,.- Note that
C = {lL,Liiy - Liyigi_1s Liyigi, t 18 @ maximal clique of size n. Now suppose
that C’ is an arbitrary clique of size at least n+1. Then by the adjacency of vertices
in Zn(S) mentioned above and in Lemma 5.2.5, there exist at least two vertices U

and U’ such that U ~ U’. Thus, w(Zn(S)) = n and the proof is complete. O
Theorem 5.2.11. For the graph In(S), we have the following results:
(1) If In(S) is a planar graph, then |Min(S)| < 4.

(ii) Let S be the union of n minimal left ideals. Then In(S) is a planar graph if

and only if n < 4.

Proof. (i) Suppose that [Min(S)| = 5 with Min(S) = {3, Is, I3, I4, I5}. Then, from
the graph given in Figure 5.3, note that Zn(S) contains a subdivision of complete
bipartite K33 as a subgraph.

For |Min(S)| > 6, note that Iy C I12 C I123 C l1934 C I12345 be a chain of
non-trivial left ideals of S. Consequently, Zn(S) contains a subgraph isomorphic

to K. Thus, by Kurwatowski theorem (cf. Theorem 1.3.8), Zn(.S) is nonplanar.



138 GRAPHS ON SEMIGROUPS

1134

FIGURE 5.3: Subgraph of Zn(S) homeomorphic to K33

(ii) The proof for Zn(S) is nonplanar for n > 5 follows from part (i). By
Corollary 5.2.2 and Theorem 5.2.3, Zn(S) is planar for n = 2. For n = 3, note
that Zn(S) = Cg so that Zn(S) is planar. For n = 4, the planarity of Zn(S) can

be seen from Figure 5.4

Isa

FIGURE 5.4: Planar drawing of Zn(S)
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5.2.2 The Inclusion Ideal Graph of Completely Simple Semi-
group

In this subsection, we study various graph invariants including the dominance
number, clique number, independence number of the inclusion ideal graph of a
completely simple semigroup S. We also prove that the graph Zn(S) has a perfect
matching (cf. Theorem 5.2.26). In what follows, for n € N, we denote [n] =
{1,2,...,n}. Recall that, for a completely simple semigroup having n minimal
left ideals, we write a non-trivial left ideal I;,;,..;, = I;; U [, U I, U---UI; such
that i1,49,...,4 € [n] and 1 < k < n — 1, where I;,, I,

i .., 1;, are minimal left
ideals of S.

27"

Lemma 5.2.12. Let S be a completely simple semigroup with n minimal left ideals.
Then In(S) is disconnected for n = 2, and connected for n > 3. Moreover, if

In(S) is connected, then diam(Zn(S)) = 3.

Proof. By Corollary 1.1.9 and Theorem 5.2.3, Zn(.S) is disconnected for n = 2. For
n > 3, as a consequence of Theorem 5.2.3, Zn(S) is connected. Let Iy, I534.., be
two non-trivial left ideals. Then there exists a shortest path Iy ~ I15 ~ Iy ~ Is34...,,

such that d([y, [s34..,) = 3. By Theorem 5.2.4, diam(Zn(S)) = 3. O
The following theorem can be obtained from Theorem 5.1.22

Theorem 5.2.13. Let S be a completely simple semigroup with n minimal left

ideals. Then In(S) is a graph of order 2™ — 2.
The following lemma gives the degree of each vertex of Zn(S).

Lemma 5.2.14. Let S be a completely simple semigroup with n minimal left ideals
and let K = I;,4,..;, be a non-trivial left ideal of S. Then deg(K) = (2% — 2) +
2k —2).
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Proof. The proof follows from Case-2 and Case-3 of Lemma 5.1.23. l

Corollary 5.2.15. Let S be a completely simple semigroup with n minimal left
ideals. Then the graph In(S) is Eulerian for n > 3.

Theorem 5.2.16. Let S be a completely simple semigroup with n(> 3) minimal
left ideals. Then the Wiener index W(Zn(S)) = 2(4" — 3") 4+ 2" — 4.

Proof. Let I = I,,;,..;, be an arbitrary non-trivial left ideal of S, where 1 < k <
n — 1. In view of Lemma 5.2.14, we get deg(I) = (2" — 2) + (2"7% — 2). Now
suppose that J is a non-trivial left ideal of S such that J ~ I. Then we have the
following cases.

Case-1. J = I j,..j,_, such that ji, ja, ..., jn—k € [n] \ {i1,%,...,9}. Then by
the proof of Lemma 5.2.12, we have d(/, J) = 3.

Case-2. J # I j,..;, , then I N J is a non-trivial left ideal of S. It follows that
d(I,J) = 2. Hence,

W) =2"F 42k 443 +202" -2 — (2" k428 —4) 1)
—_ 2n+1 _ 2n—k _ 2k: + 3.
Therefore,
W(Zn(S)) = (2" — 2)(2+! — 2n—k — 2k 4 3)
= 2(4” — 3”) + 2™ — 4.
]

Theorem 5.2.17. Let S be a completely simple semigroup with n minimal left

ideals. Then

(

co if n=2

g(@In(S)) =46 ifn=3

3 otherwise.
\
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Proof. 1If n = 2, then by Theorem 5.2.3 and Corollary 5.2.2; the graph Zn(S) is
disconnected. It follows that g(Zn(S)) = oo. If n = 3, then by Corollary 1.1.9,
In(S) = Cs. Consequently, g(Zn(S)) = 6. For n > 4, we have at least I, I5, I3, I,
minimal left ideals of S so that we obtain a cycle Iy ~ ([;Uly) ~ (LU, UI3) ~ I
of length 3. Thus, g(Zn(S)) = 3. O

Theorem 5.2.18. Let S be a completely simple semigroup with n minimal left

ideals. Then
(i) Zn(S) is a bipartite graph if and only if n = 3.
(ii) the dominance number of In(S) is 2.

(iii) for n >4, In(S) is triangulated.

(iv) the clique number of In(S) isn — 1.

Proof. (i) If n = 3, then by Corollary 1.1.9, Zn(S) = Cs which is a bipartite graph.
Conversely, suppose that Zn(S) is a bipartite graph. Let if possible, n = 2. Then
by Corollary 1.1.9 and Theorem 5.2.3, Zn(S) is disconnected, a contradiction for
In(S) to be bipartite. Suppose n > 4 and I, I, I3 are the minimal left ideals of
S. Since I} C I1o C I193, we get a cycle I} ~ I15 ~ I153 ~ I; of odd length. Thus,
In(S) is not a bipartite graph, a contradiction.

(ii) Since there is no dominating vertex in Zn(S), we have v(Zn(S)) > 2. To
prove the result we show that there exists a dominating set of size two in Zn(S).
We claim that the set D = {Ij, Is34..,} is a dominating set. Let J = I 5.4,
where i1,1s,...,9; € [n] and 1 < k < n — 1 be a non-trivial left ideal of S such
that J € V(Zn(S))\ D. If some iy = 1, then I} ~ J. Otherwise, for 1 <k <n—2,
J ~ Iy34..,. Thus, D is a dominating set of size two.

(iii) We show that any vertex of Zn(.S) is a vertex of a triangle. Let J = I; ,...i, ,

where i1,49,...,i € [n]and 1 <k <n. If k=1, then J = I;, ~ Li,iy ~ L inis ~ J
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gives a triangle. If k = 2, then we have J = I,,;, ~ I; iy, ~ 1;; ~ J. Consequently,

we get a triangle. If £ > 3, then note that J = [,,igq, ~ Ly ~ Liyiy ~ J is a
triangle. Hence, Zn(.S) is triangulated.
(iv) The result follows from Lemma 5.2.9. O

In view of Theorem 5.2.8, we have the following corollary of Theorem 5.2.18.

Corollary 5.2.19. Let S be a completely simple semigroup with n minimal left
ideals. Then x(In(S)) =n— 1.

Theorem 5.2.20. Let S be a completely simple semigroup with n minimal left

ideals. Then the graph In(S) is edge transitive if and only if n € {2,3}.

Proof. 1t is well known that edge transitive graphs are either vertex transitive or
bipartite. For n > 4, by Lemma 5.2.14, Zn(S) is not a regular graph so is not
vertex transitive. Also for n > 4, ¢(Zn(S)) = 3, hence Zn(S) is not a bipartite
graph. Thus, Zn(S) is not an edge transitive graph. Conversely, suppose that
n € {2,3}. If n = 2, then by Corollary 5.2.2 and Theorem 5.2.3, Zn(S) is edge
transitive. By Corollary 1.1.9, Zn(S) = Cg, for n = 3, which is an edge transitive
graph. [

Now we determine the independence number of the graph Zn(S5).

Remark 5.2.21. It is well known that

O (<G =G =) =020 =00 ifn=2p

) ()< ()< Q) <) =(h) 2 (L) 2 ()it =2p 41

Lemma 5.2.22 ([West, 1996, Theorem 3.1.11]). (Hall’s theorem) Let I be a finite
bipartite graph with bipartite sets X and Y. For a set X' of vertices in X, let
Nr(X') denote the neighbourhood of X' in T', i.e. the set of all vertices in'Y
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adjacent to some elements of X'. There is a matching that entirely covers X if

and only if every subset X" of X : |X'| < |Np(X')|.

Define Ty, = {Iiiy.ij, @ 1,72, ...,0% € [n]} and My (where k = 1,2,...,n — 2)

be the induced bipartite subgraph of Zn(S) with vertex set T} and Ty 1.

Lemma 5.2.23. Letn = 2p orn =2p+ 1. If1 < k < p—1, then My has
a matching that covers all the vertices of Ty,. If p < k < n — 2, then My has a

matching that covers all the vertices of Ty 1.

Proof. First suppose 1 < k < p — 1. Then by Lemma 5.2.5, M} is a bipartite

graph with vertex set T}, and Tj.,. By Remark 5.2.21, we have

|| = (Z) < (kil) = [Thos1]-

By Lemma 5.2.14, observe that M}, is a biregular graph in which all vertices in T}
(respectively, in Ty, 1) have the same vertex degree. Therefore, for any J € T} and

J" € Tiy1, we have

("7") () = degag (1) - [Til = degay, (1) - 1 Thsa | = (%) (10)-

where deg,, (/) and deg,, (J') is the degree of J and J' in the induced subgraph
M, of Zn(S). Thus, degy, (J) > deg,, (J'). Let T be any arbitrary subset of T}
and consider the induced subgraph of M) with vertex set 7" and Ny, (7). The
number of edges of this graph is |T'| - degy, (L) < [Ny, (T)] - degy,, (L'), where L
and L’ are vertices of T and Ny, (T'), respectively. Thus, we have |T'| < |Ny, (T)].
Then by Lemma 5.2.22, M}, has a matching that covers all the vertices of Tj.

The proof for p < k < n — 2, is similar. Hence, omitted. O

Theorem 5.2.24. Let S be a completely simple semigroup with n minimal left

ideals, where n = 2p orn =2p+ 1. Then a(Zn(S)) :(Z).
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Proof. Let n = 2p or n = 2p + 1. By Lemma 5.2.5, note that 7, forms an
independent set of Zn(S). Consequently, a(Zn(S)) > |1,| = (;) Let U be an
arbitrary independent set of Zn(S). We need to show that |U| < |T}].

If1 <k<p-1, by Lemma 5.2.23, consider (J; to be a fixed matching of M
that covers all the vertices of T;. Assume that ¢y is a mapping from T} to Triq
which sends a vertex J € T} to a vertex J' of Ty, such that (J,J') is an edge in
Q. Since Q) is a matching of My, we get ¢y is a one-one map for any k. Now,
consider U; to be U and recursively define Uy, Us, ..., Uy, ..., U, for 2 < k < p as

follows:

Us = (U \ (U NT)) U (th N'TY)
Us = (U \ (Us N T2)) U ol N T)

U, = U1 \ U1 N Ti1)) U Gt (U—1 N T—1)

U, = (up—l \ (up—l A Tp—1>) U ¢p—1(up—1 A Tp—l)-

Observe that U, N (T UToU---UTy_1) = 0, for any 2 < k < p. First we show that
Uy, is an independent set and |[Uy| = |U|. To do this we proceed by induction on k,
where k = 1,2,...,p. Clearly, for k = 1, U; is an independent set and |U;| = |U|
and assume for Uy i.e., Uy_1 is an independent set and |Uy_1| = [U|. Now, we
prove it for Uy. First we show that |Uy| = |U|. For this purpose we prove that
Gr—1(U—1 N Ti—q1) and (Uy_1 \ (U_1 N Tk_1)) have no common vertices. Assume
that there exists J € (Ux—1 \ Ux—1 N Tx—1)) N Pg—1(Ux—1 N Ti_1). Then there is
J' € (Up—1 N Tk_1) such that (J',J) € Qx_1 and J C J. Since J ~ J" in Uy_1, we

get a contradiction. Hence,
U1 \ U1 N Tp1)) N1 Un—1 N Ti1) = 0.

Thus, [Ux| = [Uk—1| = [U|. Now if U, is not an independent set then for any
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vertex J € ¢ 1 (U1 NTi_1) and J € (Up_1 \ (Up_1NTx_1)), J ~J and J C J'.
Since @) is matching, then there exists J” € Uy_1 N Ty_1 such that ¢p_1(J") = J
and J” C J. Consequently, J” ~ J'" in U,_1, a contradiction. Thus, U}, is an
independent set.

For p < k < n —2. By Lemma 5.2.23, consider @)}, to be a fixed matching of
M, that covers all the vertices of Tjy1. Assume that ¢}, is a mapping from T}, to
Ty which sends a vertex J € Ty, to a vertex J' of Ty such that (J,J’) is an edge
in Q). As @), is a matching of My, so ¢} is one-one map for any k. Now, consider
Vn-1 to be U, and analogously define V,,_o, V,,_3, ..., V, for p < k < n —2 as

follows:

Vn72 - (anl \ (anl N Tn71)> ) qslnflo}nfl N Tnfl)
Vie=Vi—1 \ Vi1 N T21)) Uy (Vi1 N T—q)

Vp = (Vp—l \ (Vp—l N Tp—1)> U ¢;—1(Vp—1 A Tp—l)-

Note that, Vi N (1,1 UT, o U---UTkyq) =0, for any p < k < n—2. Similarly, as
shown above we can prove that Vy is an independent set and |Vi| = |V,—1| = |Up| =
U| for k=n—2,n—3,...,p. Since V, C T,,, we have |V,| < |T,|. Consequently,
we have [U| < |T,| = (Z) Hence, a(Zn(S)) :(Z). O
Corollary 5.2.25. Let S be a completely simple semigroup with n minimal left
ideals, where n = 2p orn = 2p+ 1. Then the vertex covering number is (2" —2)—
(p) .

Theorem 5.2.26. Let S be a completely simple semigroup with n minimal left

ideals. Then In(S) has a perfect matching.

Proof. In view of Theorem 5.2.13, it is sufficient to provide a matching of size

27~1 — 1. We have the following cases.
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Case-1. n =2p+ 1. By Lemma 5.2.5, note that the set of edges

M = {([ilig---’ika Ij1j2~~-jn_;€) : ila i27 R 77:k7j17j27 v 7jnfk S [n]}

forms a matching and 2|M| = [V(Zn(S))|. Thus, |M| = MZ(S))' Consequently,
Zn(S) has a perfect matching.
Case-2. n = 2p. Consider

Ty =A{L i € [n]}
TQ = {Iilz'g . il,iz - [n]}

Tk = {IZ”Q% : il: ig, NN ,ik S [n]}

Tn—l = {Ii1i2-~in_1 . il, ig, Ce 7in—1 c [n]}

Note that 71,75, ..., T,—; forms a partition of V(Zn(S)). Consider the following

injective maps

d)l . T1 \ {II} — T2
g2 1 To \ im(¢1) — T3

¢n—2 : Tn—2 \ Zm(¢n—3) — Tn—l \ {112---(71—1)}-

under the assignment J — J’ such that (J,J') is an edge in Zn(S). The set
M = {(li, h2.(n-1)} U {(e1,¢1(a1)) : a1 € dom(¢1)} U {(a2, d2(2)) : o €
dom(¢2)} U {(as, ¢3(as)) = s € dom(¢s)} U - U {(an—2, dn—2(an-2)) : ans €
dom(¢,_2)} forms a matching and no edge in M share same end vertices. In
the above, by im(¢;) and dom(¢;), we mean the image set and domain of ¢;
respectively. Further, note that 2|M| = |[V(Zn(5))|. Thus, |M| = w

Consequently, Zn(S) has a perfect matching. ]



5.2 THE INCLUSION IDEAL GRAPH OF A SEMIGROUP 147

Corollary 5.2.27. Let S be a completely simple semigroup with n minimal left

ideals. Then the edge covering number is 2"~ 1 — 1.

5.2.3 The Automorphism Group of Zn(95)

In order to study algebraic properties of Zn(S), we obtain the automorphism
group of Zn(S), where S is completely simple semigroup. For a completely simple
semigroup S having two minimal left ideals, Zn(S) is disconnected (cf. Theorem
5.2.3). It follows that Aut(Zn(S)) = Z,. Now in the remaining subsection, we
find the automorphism group of the inclusion ideal graph of completely simple
semigroup having at least three minimal left ideals. In view of Lemma 5.2.14, we

have the following remark.
Remark 5.2.28. In Zn(S), we have deg(1;,iy...i, ) = deg(Lj jp-jn_r) = d€g( Lo ji )-

Lemma 5.2.29. Foro € S,, let ¢, : V(In(S)) — V(In(S)) defined by ¢o(Liyiy.i,) =
Lo(in)o(iz)—o(iy)- Then ¢o € Aut(In(S)).

Proof. Let I, ,..;, and I;
I
that Iil? 11‘2, oy ]it C ]j1j2"'jk‘ Now

be arbitrary vertices of Zn(S) such that I ..., ~

1]2]k

Uisjn- Without loss of generality, assume that I; ..., C I} j,...;,- This implies

Lisigiy ~ Ljijoji = Lo(in)o(in)-o(i) ~ Lo(j1)o(i2)o(ir)

— ¢U<Ii1i2---it> ~ ¢U<[jlj2"'jk)'
Thus, ¢, € Aut(Zn(S)). O

Lemma 5.2.30. Let f € Aut(In(S)) such that f(1;,) = 1} j,..j._, for some is €
[n]. Then f(Liyiy.i,) = Ly o forall Iy, € V(Zn(S)).

(2 Zn—k

Proof. Suppose f(I;,) = I, Ly ~ Lijyegu iy -

L, ~ Ljyjyej, . It follows that f(I;) ~ f(Ljjpjui)s fUjn) ~ [(Ljjeejui)s

142 Jn_1" Smce ]jl ~ ]j1j2"'jn—17
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cony S, ) ~ f(Ljyjyegny)- By Lemma 5.2.14 and Remark 5.2.28, we get either
fU5) =1, or f(I;,) = Iy o . First suppose that f(1;,) = I,. Then by Remark
5.2.28, either f(I; jpju_y) = Li, OF f(Ljjoejus) = Lortyetn_r- For f(Lj gy ) = I
since I, ~ I jyeju_i, Wwe get Ij, = f(1;,) ~ f(Ljj5-5u_1) = i, a contradiction (see
Lemma 5.2.5). Consequently, f(Lj,jyjn 1) = Loyoyet, - Now if Ij ~ I; g 1,
then I .., = f(Li,) ~ f(Ljjoin1) = Ltyeye, ,, Which is not possible. If I;, »~
Liijyejny and I, # I;,, then I; ~ I, implies that f(1;,) » f(I;,). Consequently,
I, = I

j1join_1s & contradiction because j, € {j1,J2,...,Jn—1}. We may now

suppose that I;, = I;,. Since I;, ~ I} j,...;, ., it follows that f(I;,) ~ f(Lj,jseju_1)-
If f(1;,) = I,, then I;, ~ I, yields f(I;,) »~ f(I;,), which is not possible as
i € {j1, 792, - -+, Jn—1}. Nowlet f(1;,) = Lyy.p - Since I, o¢ I, we have (L) »~
f(Ij,). It follows that I;, » Ly 88 J1 2, a1 € [n] \ {is}. This implies
that ji, 2, jn1 € {i1,09,---,iy 1} Thus f(I;,) = f(I;), a contradiction.
Therefore, for any jy € [n], f(I;,) = I where G1sdas s dnq € [0].
Next we show that f (.4, ) = Ipg i for1 <k <n-—1. Since [;, ~ I;
Liy ~ Lijigeis - Liy ~ Lijiged, We get f(Ly) ~ f(Liyigin), f(Liy) ~ f(Liyig-ip),
o f(L) ~ f(Liyiyip ). Then either f(I;,) C f(Liyigiy) O f(Liyini,) C f(L)-

Since f(1;,) = Ij jy-j, 1, fOr some ji, jo, ..., jn—1 € [n], it follows that f(l;,) ¢

1890k )

f(Liyig-i,). Consequently, we get f(l;,i,.5,) C f(I;;). Thus, there exists I, ¢
f(l;y) such that I, & f(1;iyi,). Similarly, one can get f(l;i,.i,) C f(1i,),
fLiyigi) C f(Lig)s -y f(Liyini,) € f(1;,). Consequently, there exist I, ¢ f(1;,),
L, & f(Liy), ..., Lo, ¢ f(L;,) such that Ip,, Iy, ..., L, & f(Liyiy.ip ). Therefore,
Lnvoyt, € f(Liyiy.ip ). Clearly, there exist ixi1, tkt2, .., ink & {i1,%2,...,9} such
that [, ,, I; L, Lijig..i,- 1t follows that f(L;, ) = f(Liiyqy), f (L
fiigei)s - Ji ) % f(Ligigeay,) s0 that f(Liipes,) & (L), f(liigei) €
f(Liys)s - [(Liyigei,) € f(LG, ). Thus, there exists Iy ¢ f(L;,,,) such that Iy C
f(Liyig.i, ). Similarly, there exist Ii; C fLiyigir,), IZ.; C fLiyigei)s - - Ii’n,k C

k429t k+2)°°
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f(Liyig.i) such that Ly dpso Iy C f(Liyigq,)- 1t follows that Ly . C

f([ZIZQ’Lk) and 15152"-& §Z f(IZ112Zk> ThUS, f(I’Ll’LQZk) =Ips.0 - L

bl g

Lemma 5.2.31. Let a: V(Zn(S)) — V(Zn(S)) be a mapping defined by
a(Liyigei) = Lyt _ such that i1y 0y ooy in o €[]\ {i1, 49, ... 4k} Then
a € Aut(In(S)).

Proof. 1t is straightforward to verify that « is one-one and onto map on V(Zn(5)).

For any I; Ly € V(In(S)), suppose that [ j,..;, ~ L . Without loss

172 Jt Gdg
of generality, assume that [ j,..;, C Ij{j;mj" Thus, ji,J2,...,Jt € {ji,j;, . ,j;}.
Let a(ljyjyej) = Tty Where ju, o, g € [n\{l1, la, .. lns fand (L0 0) =

’

Illll'zmliks’ where j;, 72, . .. ,j; c [n)\ {l},05, ..., l,_s}. Since ly,lo, ..., lh—¢ € [n]\
{31, G2, gy and 0y, 0, .. 1€ (n\{4y, 42, . .., 4.}, implies that {1}, 1, ..., 1, .} C
{li,la, ..., l,—}. Tt follows that Il;l;---l;%s C Ijj1y..a,_,- Consequently, O‘([jgj;---j;) C
a(Ljgege). Thus, Ijjjoj ~ Ly o implies that ol j,..5,) ~ (L ). Now,
suppose that a(Ij,j,...j;) ~ a([j{j;_.jl). Without loss of generality, assume that
a(ljjyq.) C O‘uj{j;...j’)' Similar to the argument discussed above, we obtain
that if a(lj,j,..5,) C a(lyy ), then Iy o C Ijjjy.j,. Thus, o is an automor-

phism. ]

Remark 5.2.32. For ¢, and «, defined in Lemma 5.2.29 and 5.2.31, we have

bs 00 =0 py.

Proposition 5.2.33. For each f € Aut(Zn(S)), we have either f = ¢, or f =

s 0« for some o € S,,.

Proof. In view of Remark 5.2.28 and Lemma 5.2.30, we prove the result through
the following cases.
Case-1. f(I;,) = 1;,, f(L;,) = 1j,, ..., f(1;,) = I;,. Consider o € S,, such that

U(il) = J1, 0(i2) =J2. - 70(7;71) = Jn- Then ¢U([i1i2-"ik) = ‘[U(il)a(iZ)"‘o'(ik) = Ij1j2"'jk
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(cf. Lemma 5.2.29). Clearly, I;

21

~ Tivigeins Lig ™~ Lijigeis -y Liy ~ Lijigei,. Also
L.,
Livigeiys oy Liy o0 Lipig.i . Therefore, f(L;)) ~ f(Liyiyiy)s [(Liy) ~ f(Liyigin)y -
f(,) ~ f(Liyiyi,) and f(Liy ) f(Liyiyin)s i) * fliyigii), - f(Li,)
f(Liyigeiy). Consequently, Ij; C f(Liyigiy)s Lin C f(Livigein)s -« Liy C f(Liyigeiy,)
and I, ., & f(Lijigein), Ljprw € fUisigein)s - Lin & f(Liyigiy,)- 1t follows that

f([ZIZQ’Lk) J1j2 Ik qbﬂ( 1102 ’Lk) Thus, f = gbU'

note that for iy 1,512, ..., € [0]\{i1,72,...,9k}, we have [;,  » I;

k41 i1i2 1) ad

Case-2. f( i1> = ]j1j2“‘jn717 f( iz) [Jiﬂé j/ ceey f(IZn) = 14152“'%71‘ Assume
that Izll ¢ f(jll)v 11/2 ¢ f(]12)7 ceey I»/ §Z f( in ) SlIlC‘e I ~ ]7«112 i Iiz ~ Ii1i2...ik,
c ]ik ~ ]i1i2"'ik’ we obtain f( 21) ( i1io- lk) f([lé) ~ f([i1i2---ik)v SRR f(llk) ~

f(]umzk) ConsequentIY> ]@’1 ¢ f(]uzzzk)» IZ’Q ¢ f(Izlzzzk)u . I ¢ f( 1142+ lk)
It follows that [i’lz';mz'; & f(Liyigip)- FOU U1, dgya, ..oy in € [n]\ {11, G2y ..oy ig}, We

have I, ¢ Lijigecigs Lips % Livigeigs - o Livy 2 Lijigeiy, 50 that f(Li, 1) o f(Lijigeiy),

f([lk+2) < f<111121k>7 ceey f( Zn) ~ f( 1112%) ThlS 1mphes that IZ;CH C f([lllzlk)7
Lo C f(Lijigiy)s -« I C f(Liyiy-i ). As a result, I./ e f(Liyiyi,, ) and

L) 1t
I i, Z f(Liyiyip)- Thus, f(Liiyei,) =
.y 0(iy) = zln Now, (95 © @)(Liyig-ip) = Go(Lip yipsoin) = Lo(insr)olinis)olin) =
= f(li,iyi,). Hence f = ¢, oa. u

Z/Ychl k+2 Z - Define 0-(21) — 217 (22) = ZIQ,

i;c+1i;g+2"'i;z

Theorem 5.2.34. Let S be a completely simple semigroup with n minimal left
ideals. Then forn > 3, we have Aut(Zn(S)) = S, xZy. Moreover, |Aut(In(9))| =
2(n!).

Proof. In view of Lemmas 5.2.5, 5.2.30 and by Proposition 5.2.33, note that the
underlying set of the automorphism group of Zn(S) is Aut(Zn(S)) = {¢, : o €
Syt U{d,0oa : o € S,}, where S, is a symmetric group of degree n. The
groups Aut(Zn(S)) and S, X Zy are isomorphic under the assignment ¢, — (o, 0)
and ¢, o o + (0,1). Since all the elements in Aut(Zn(S)) are distinct, we have
| Aut(Tn(S))] = 2(n). a
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Theorem 5.2.35. Let S be a completely simple semigroup with n minimal left

ideals. Then the graph In(S) is vertez transitive if and only if n € {2,3}.

Proof. Suppose that n > 4. By Remark 5.2.28, there exist at least two vertices
whose degree is not equal. Thus, Zn(S) is not a regular graph and so is not a
vertex transitive graph. Conversely, suppose that n € {2,3}. If n = 2, then we
have V(Zn(S)) = {I1,1}. Then by Lemma 5.2.29, Zn(S) is vertex transitive.
If n = 3, then we have V(Zn(S)) = {1, I, I3, [12, I13, Is3}. Let J and J' be two
non-trivial left ideals of S. If both J and J’ are minimal (or non minimal), then by
Theorem 5.2.34, there exist a graph automorphism ¢, such that ¢,(J) = J'. Now
suppose that one of them is minimal. Without loss of generality, assume that J is
minimal and J’ is not a minimal left ideal of S. Then again by Theorem 5.2.34,
there exist a graph automorphism ¢,oa« for some o € S, such that (¢,o0a)(J) = J'.

Thus, Zn(S) is vertex transitive. O

Since every connected vertex transitive graph is a retract of Cayley graph (cf.
Godsil and Royle [2001]), by Theorem 5.2.3 and 5.2.35, we have the following

corollary.

Corollary 5.2.36. Let S be a completely simple semigroup with 3 minimal left
ideals. Then the graph In(S) is a retract of Cayley graph.
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Chapter 6

Conclusion and Future Research

Work

6.1 Contribution of the Thesis

In this thesis, we consider certain algebraic graphs, namely the cozero-divisor
graphs, upper ideal-relation graphs, left ideal-relation graphs of rings and inter-
section ideal graphs, inclusion ideal graphs of semigroups. In this chapter, we
summarize the main findings of the research work presented in the earlier chapters
along with the possible extensions and future scope. The contribution of the thesis
are highlighted below.

In Chapter 2, we derived a closed-form formula of the Wiener index of the
cozero-divisor graph of a finite commutative ring R. As applications, we calculated
the Wiener index of I'V(R), when either R is the product of ring of integers modulo
n or a reduced ring. We also provided a SageMath code to compute the Wiener

index of the cozero-divisor graph of these class of rings including the ring 7, of

153
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integers modulo n. Moreover, we investigated the Laplacian spectrum of IV(Z,).
We proved that the graph I"(Z,,) is Laplacian integral. Further, we obtained
the Laplacian spectrum of I'(Z,,) for n = p"¢™*, where ny,ny € N and p,q are
distinct primes. In order to study the Laplacian spectral radius and algebraic
connectivity of I'(Z,,), we characterized the values of n for which the Laplacian
spectral radius is equal to the order of 1(Z,). In addition to this, the values of
n for which the algebraic connectivity and vertex connectivity of I'(Z,,) coincide

are also described.

In Chapter 3, we define the upper ideal-relation I';y/(R) of a ring R. We
obtained the girth, minimum degree and the independence number of I';;(R). We
provided a necessary and sufficient condition on R, in terms of the cardinality of
their principal ideals, such that the graph I';y(R) is bipartite, planar and outerpla-
nar, respectively. For a non-local commutative ring R = Ry X Ry X --- X R,,, where
R; is a local ring with maximal ideal M, and n > 3, we proved that the graph
['y(R) is perfect if and only if n € {3,4} and each M, is a principal ideal. We also
discussed all the finite rings R such that the graph I'y(R) is Eulerian. Moreover,
we obtained the metric dimension and strong metric dimension of I';y(R), when R
is a reduced ring. Finally, the vertex connectivity, automorphism group, Laplacian
and the normalized Laplacian spectrum of 'y (Z,,) are determined. We character-
ized all the values of n for which the graph I';(Z,) is Hamiltonian. Besides this,
we explored the topological aspects of I'yy(R). In order to study topological prop-
erties of 'y (R), all the non-local commutative rings R for which I'y(R) has genus
at most 2 are classified. We precisely characterized all the non-local commutative
rings for which the crosscap of I'y(R) is at most 2. We obtained all the non-local
commutative rings whose upper ideal-relation graphs are split graphs, threshold

graphs and cographs, respectively.

In Chapter 4, we define and study the left ideal-relation graph F—z(R) of the
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_>
full matrix ring. We obtained all the automorphisms of I',(R), where R is the ring

of all n X n matrices over a finite field F,.

In Chapter 5, we have investigated the intersection ideal graph I'(S) and
spanning subgraph of I'(S). Indeed, the inclusion ideal graph Zn(.S) of a semigroup
S is a spanning subgraph of I'(S). First, we established the connectedness of
['(S). We proved that if I'(S) is connected, then the diameter of I'(S) is at most
two. Further, the semigroups S in terms of their ideals are classified such that
the diameter of I'(S) is two. We obtained the domination number, independence
number, girth and the strong metric dimension of I'(.S). We have also investigated
the completeness, planarity and perfectness of I'(S). We show that if S is a
completely simple semigroup, then I'(S) is weakly perfect. Moreover, we obtained
an upper bound of the chromatic number of I'(S). If S is the union of n minimal
left ideals, then the metric dimension and the automorphism group of I'(S) are

also determined.

We study algebraic properties of the semigroup S and graph-theoretic proper-
ties of the inclusion ideal graph Zn(S). We also investigated the connectedness of
Zn(S). We showed that the diameter of Zn(S) is at most 3 if it is connected. We
also obtained a necessary and sufficient condition of S such that the clique number
of Zn(S) is n, where n is the number of minimal left ideals of S. Further, various
graph invariants of Zn(S), viz. perfectness, planarity, girth etc., are discussed.
For a completely simple semigroup S, we studied various properties of Zn(S), in-
cluding its independence number and matching number. Finally, we obtained the

automorphism group of Zn(S5).

The work embedded in the thesis has its own limitations. During the investi-
gation of graphs associated with semigroups, we noticed that the research problem
“Classification of semigroups such that its associated graph satisfy certain prop-

erty viz. metric dimension, chromatic number, planar etc.” is not easy to handle.
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Moreover, the investigation of graphs associated with semigroups becomes limited
because complete classification of finite semigroups of the given cardinality is not
known. We also observed that the study of upper ideal-relation graph associated

with local rings is not easy to handle.

6.2 Scope for Future Research

We conclude this thesis with some research problems which can be addressed in

the future.

Investigation of the automorphisms of the cozero-divisor graphs of some

classes of rings.

e Classification of all the commutative rings whose cozero-divisor graph has

genus two.

e (lassification of commuative local rings whose upper ideal-relation graph is
perfect. Also, prove the necessary and sufficient condition on R = Ry X Ry,

where Ry, Ry are local rings such that the graph I'y(R) is perfect.

e Characterization of local rings R such that the graph I'y(R) is of genus (or

crosscap) at most two.

e Determine the independence number, chromatic number, automorphism group
of the inclusion ideal graph Zn(S), when S is not the union of n minimal

left ideals.

e (lassify the semigroup S when the diameter of the inclusion ideal graph

In(S) is three.
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e Investigation of the metric dimension, fixing number, determining sets and

determining number of the inclusion ideal graph of a completely simple semi-

group.

e Investigation of the topological aspects, viz., embedding on a orientable or

non-orientable surfaces, of the intersection ideal graph of semigroup.

e Classify all the semigroups S such that the Zn(S) and I'(S) are equal.
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