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Abstract

This thesis aims to study existence of solutions to non-local equations with non-standard
growth conditions via variational techniques. Specifically, the thesis focuses on some well
known non-local equations including the Kirchhoff type equations, Choquard type equations,
and problems involving generalized fractional Laplace operators. To establish the main re-
sults, variational methods such as the Nehari manifold method, mountain pass theorem and its
variants are employed.

The thesis begins by examining the existence of a positive weak solution to the Kirchhoff
problem:

ey

—A (x, Jo |Vul*dx) Au= f(x,u,Vu)+ Ah(x,u) in Q,
u=20 on 0Q,

where Q is a bounded and smooth domain in RV (N >2), f,h and A are continuous functions.
The salient features of (1) are that the growth of the nonlinearity f depends on u and Vu and the
perturbation term 4 does not assume any growth condition. In the borderline case, i.e., N = 2,
we assume the exponential growth in the second variable of f.

Next, we study the existence and multiplicity of weak solutions for the non-local problems:

fx,u)

— VulNdx) Ayu = Ah in Q
a(fQ| ul x) NU [P +Ah(x) in Q, 2
u=>0 on dQ,
and
N N N-2 \ _ g(x,u) - N
—a RN\VM\ +V(xX)|ulYdx | (Ayu+V (x)|u|”"u) = P +Ah(x) in R 3)

where Q C RY is a smooth bounded domain containing origin, 0 < b < N, N > 2, Ay =
div(|Vu|N~2Vu) is the N-Laplace operator, A is a suitably small real parameter, and the pertur-
bation term & > 0 belongs to the dual of some suitable Sobolev space. The main highlights of
the equations (2) and (3) are that their nonlinear functions f and g assume the critical exponen-
tial growth at infinity, which creates the possible loss of compactness. On the other hand, (3) is
considered in the entire R hence, it faces the double loss of compactness.

Next, we discuss the existence of a weak solution to the non-local problem:

“4)

—a (fﬂjf(x7 |Vl/t|)d)€) A%u = f(x7u) in Q:
u=>0 on 9Q,

where Q C RY is a bounded and smooth domain, N > 2, A yu = div(h(x, |Vu|)Vu), 7 (x,t) =
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OM h(x,s)s ds and h : Q x [0,00) — [0,0) is a generalized N-function. The most challenging
aspect of investigating (4) is that the operator A ,» and growth of the nonlinearity f change
its behavior from one domain to another. The nonlinear function f assumes variable exponent
critical growth on some part of the domain and exponential growth on the other part of the
domain. We utilize concentration compactness principle for variable exponent Sobolev spaces
and a version of the Moser-Trudinger inequality to overcome these issues.

In the later part of the thesis, the focus is on the study of non-local equations involving
generalized fractional Laplace operator. In this order, we introduce the homogeneous fractional
Musielak-Sobolev spaces and discuss the existence of solutions to the following fractional prob-
lems:

K(y)F (u(y)) 4

<—A>;fu<x>+v<x>h<x,x,\u|>u<x>:(/R T y)K<x>f<u<x>> in BY, (5)

and
(—A)%pu(x) = Ag(x, [u)u+ f(x,u) in RY, (6)

where N > 1,5 € (0,1),u € (O,N), 5 (x,y,t) = f(l"h(x,y,r)r dr,and h: RN x RN x [0,00) —
[0,00) is a generalized N-function. The operator (—A)%, is called the generalized fractional

Laplace operator and is defined as:

ju(x) — u(y)l) u(x) —uy)  dy

—A)’ u(x) = lim h (x,y, ,
AL 0 o ) R

e—0 RN\Bg
the functions V,K f, g are continuous and F(t) = [ f(r)dr.

The special feature of Schrodinger equation (5) is that its potential V vanishes at infinity, and
the nonlinearity f is of Choquard type. We prove a suitable version of the Hardy-Littlewood-
Sobolev inequality for Lebesgue-Musielak spaces and use it establish an existence result. The
existence of a ground state solution is also discussed by the method of Nehari manifold. The
main difficulty that arises while studying (6) is that the nonlinearity f assumes the critical
growth at infinity, which causes the lack of compactness issue. To overcome this issue, a
suitable version of the concentration compactness principle and its variant at infinity are proved

for fractional Musielak-Sobolev spaces.
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Chapter 1

Introduction

Nonlinear partial differential equations (PDEs) are a fundamental topic and the active area of
research due to their wide range of applications in science and engineering. PDEs arise in
various real-world applications, such as chemotaxis, population genetics, porous medium, fluid
dynamics, chemical reactor theory and the study of standing wave solutions of certain nonlinear
Schrédinger equations see, for instance, [18, 157, 135, 48] and references therein. They are
hard to contemplate as there are no broad procedures that work for every single such problem,
and typically every individual problem must be examined as a different issue. Nevertheless,
the study of these equations has led to significant advances in our understanding of nonlinear
phenomena.

A classical solution of a partial differential equation should have partial derivatives at least
as many times as the order of that equation and should satisfy the equation point-wise through-
out in the domain together with boundary conditions. Due to this restriction, only a small class
of nonlinear equations possess a classical solution, and many problems in applications do not
possess the classical solution. This motivates to develop the concept of a weak solution in such
a way that we can get back the classical solution from the weaker one if this is smooth enough.
All these ideas led to establishing a new setup to study the partial differential equation, called
Sobolev spaces introduced by S. L. Sobolev in the mind of the 1930s.

The basic form of a second-order partial differential equation is

—div(a(x,u,Vu)) 4+ b(x,u,Vu) = f(u)

where u is an unknown function, a, b, and f are given functions, and V denotes the gradient
operator.

In spite of these obstacles, substantial progress has been made over the past few decades in
comprehending the behavior of nonlinear PDEs. To investigate the existence, uniqueness, and

regularity of solutions to these equations, researchers have developed powerful analytical tools.
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1.1 Non-local problems

The non-local problem refers to a type of boundary or initial value problem where the given
problem is not a point-wise identity of the dependent variable. In contrast to classical PDEs,
non-local equations entail interactions over a range of spatial or temporal scales and thus can
capture long-range correlations and non-local effects.

In the 19th century, mathematicians such as Joseph Fourier, Augustin-Louis Cauchy and
Adrien-Marie Legendre began studying non-local problems. In early 20th century, Italian math-
ematician Vito Volterra introduced the concept of integral equations, which led to the first sys-
tematic study of non-local PDEs. Integral equations involve non-local terms, where the value
of the solution at a point is given by an integral over the entire domain. In mid-20th century,
the study of non-local PDEs gained renewed interest with the introduction of fractional calcu-
lus, which is a generalization of classical calculus that deals with derivatives and integrals of
non-integer order.

Today, non-local PDEs continue to be an active area of research in mathematics, physics,
and engineering. Non-local problems arise in a wide range of applications, including finance,
biology, fluid dynamics, image processing and among others see, for instance, [18, 36, 37] and

references therein. Next, we discuss some particular non-local problems studied in this thesis.

1.1.1 Kirchhoff type problems

An example of a non-local problem is the Kirchhoff equation. The study of Kirchhoff-type
problems started with the work of Kirchhoff [87], where the author studied the equation:

Ou (py E 2\ 0%
PW— (74‘2—[1/9 dx 0, (1.1)

oxr
which extends the classical D’ Alembert’s wave equation for free vibrations of elastic strings,

@
ox

where p,po,h,E and L are constants. The Kirchhoff’s model takes into account the length
changes of the string produced by transverse vibrations. Kirchhoff-type equations received a
lot of attention after the work of Lions [98], where the author proposed an abstract framework
for the study of such types of problems. We refer to [7, 8, 9, 29, 38, 55, 60, 69, 83,91, 95, 100,
140, 141, 145, 146, 148, 152, 154] and references therein for some existence results related to
the problem

—A (x,/ |Vu]pdx> Apu = f(x,u) in Q;u=0o0ndQ, (1.2)
Q

with various conditions on the Kirchhoff term A and the nonlinearity f. Problem (1.2) contains

the term A (x, [ |Vu|Pdx), consequently it is not a point-wise identity. Due to this, the Problem
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(1.2) is called a non-local problem. For some existence results related to the problems of type
(1.2) in RN, we refer to [5, 61, 74, 78, 142] and references therein.

1.1.1.1 Kirchhoff equations with gradient nonlinearity

In Chapter 3, we establish the existence of a weak solution to the following non-local problem:

{ —A (x, [ |Vul?dx) Au= f(x,u,Vu)+Ah(x,u) in Q, (13)

u=>0 on 0Q,

where Q is a bounded and smooth domain in RN (N > 2). The functions f,/ and A are contin-
uous functions and the growth of the nonlinearity f: Q x R x RV — R is dependent on u and
Vu.

Due to the presence of Vu in the nonlinearity f, the Problem (1.3) is not variational. Several
authors have studied such types of problems through various non-variational techniques such
as the method of sub-solution and super-solution [53, 107, 108] and degree theory [146] etc. de
Figueiredo et al. [102] established an iterative technique via mountain pass theorem to develop

the existence result for the problem:

{ —Au = f(x,u,Vu) in Q, (1.4)

u=20 on JQ,

where Q is a bounded and smooth domain in R". They assumed the following growth condition

on f:

(F1) there exist constants ¢ > 0 and p € (1, %—i’%) such that

8 <c(1+P) vxeQ, reR, EeRY.

Several authors further utilized this technique to establish existence results for nonlinear Laplace
and p-Laplace equations with dependence on the gradient; see [54, 63, 66, 103, 104, 133, 159]
for further details. Recently, Wei and Tian [149] obtained the existence of solution to (1.4)
when f satisfy superlinear or asymptotically linear growth condition.

Girardi and Matzeu [63] discussed the existence of a solution to (1.4) under the following

growth condition on the nonlinearity f :

(F») there exist constants ¢ > 0, p € (1, %—f%) and r € (0, 1) such that

O, &) < e(L4+HP) 1+ [, ¥ (x,1,E) € @ x R xRV,
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They used an iteration technique in the spirit of de Figueiredo et al. [102] to obtain their exis-
tence result. The problems in which the growth condition of the nonlinearity is dependent on
the gradient have been studied extensively in literature by many authors. Matzeu and Servadei
[107] studied a general quasilinear elliptic equations in bounded domains of R>. Thereafter,
Servadei [133] has generalized the work of [107] for a bounded domain in RV Later on, Wang
et al. [147] and Ru et al. [131] derived the existence results for the fourth-order quasilinear
elliptic equations. Pimenta and Servadei [124] examined the existence of a solution for the
non-local fractional variational inequality.

Recently, Liu and Wang [104] used an iterative technique of de Figueiredo ef al. [102] to

obtain the existence of a solution to the following Kirchhoff problem

—A(x, [ |VulPdx) Apu = f(x,u,|VulP~2Vu) + Ah(x,u) in Q,
u=20 on 0Q,

where Q is a bounded and smooth domain in RY, A, = div(|Vu|P~2Vu) is the p-Laplace oper-
ator and A is a sufficiently small real parameter. They used the following growth condition on

the nonlinearity f :

_ - Np
F s EP2E) < 1+ 197), where g € (p’N—P)’

but did not assume any growth condition on .

1.1.1.2 N-Kirchhoff equations with critical exponential growth

In Chapter 4, we establish the existence of a weak solution to the following non-local problems:

Jx,u :
—a(Jo|VulVdx) Ayu = ‘(le ) +Ah(x) in Q, (15)
u =0 on JdQ,

and

—a </N |Vu|N+V(x)|u]Ndx) (Ayu+V (x)|ulN u) = g(m:) + Ah(x) in RN
R X
where Q C RY is a smooth bounded domain which contains the origin, 0 < b <N, N > 2,
Ay = div(|Vu[N=2Vu) is the N-Laplace operator, A is a suitably small real parameter and the

perturbation term /2 > 0 belongs to the dual of some suitable Sobolev space.
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In [82] Corréa and Figueiredo, considered the problem (1.2) with the following growth
condition on f:
1f(e,t)| <c(1+t|P) VxeQ, teR, EcRY,

1 N+2
IN-2

[57] obtained the existence of solution to

where ¢ > 0 1s a constant and p € ( ) . For the critical case N = 2, Figueiredo and Severo

—a (/ |Vu|2dx) Au= f(x,u) in Q@ C R%: u—0 on 99, (1.6)
Q

under the assumption that f has critical exponential growth at infinity. Goyal et. al. [65]
generalized the result of Figueiredo and Severo [57] for any arbitrary dimension N > 2. For
some research works on problems of the type (1.2) with exponential nonlinearity in the whole
of RN, we refer to [17, 62, 110] and references therein. Recently, Chen and Yu [35] obtained

the existence and multiplicity results for the following problem with a perturbation term:
—a (/ \Vu|zdx> Au= f(x,u)+eh(x) in Q CR* u=0o0ndQ, (1.7)
Q

where the nonlinearity f has critical exponential growth and the i € (WO1 ’Z(Q))*, the dual space
of W, 2(Q).

Existence results for the Kirchhoff type problems, specifically for (1.2) with p =N =2
were established in [57, 75] with the following condition on nonlinear function f instead of
(AR) condition:

H(x,t0) < H(x,t;), V0 <ty <t], x € Q where H(x,t) =tf(x,t) —20F (x,t) and F(x,t) =
o £ (x,5)ds, for some 6 > 0.

1.1.1.3 Kirchhoff equations with double criticality

In Chapter 5, we establish the existence of a weak solution to the following non-local problem:

{ —a(fo (x| Vu)dx) A u = f(x,u) in Q. (18)

u =0 on 0Q,

where Q C RY is a bounded and smooth domain, N > 2, A y-u = div(h(x, |Vu|)Vu), 7 (x,t) =

O‘tl h(x,s)s ds and h: Q x [0,00) — [0,0) is a generalized N-function. The nonlinear function f
has double criticality, i.e., growth of the nonlinearity f change its behaviour from one domain
to another. The nonlinear function f assumes variable exponent critical growth on some part of

the domain and exponential growth on the other part of the domain.
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When .77 (x,t) = t”, (1.8) reduces to a Kirchhoff type problem for p-Laplace operator, sev-
eral authors obtained existence results for p-Kirchhoff type equations, see [7, 8, 9, 38, 67, 60,
69, 140, 151, 154] and references therein. If 7 (x,1) =t? (x), (1.8) transforms into a Kirchhoff-
type problem with variable exponent and existence results are such problems are studied in the
variable exponent Sobolev spaces. For some such results, one can refer to, [40, 41, 44, 45, 68,
92] and references therein. Shi and Wu [134] studied the existence result for Kirchhoff-type

problems in Musielak-Sobolev spaces.

1.1.2 Problems involving generalized fractional Laplace operator

The operator (—A)?,, is called the generalized fractional Laplace operator and is defined as:

Ju(x) —u(y)|\ u(x) —uly) dy
mh(%% )

x—y|* x—y|s Jr—yNts

(-8 =tim |
where .7 is a generalized N-function.

The operator (—A)?%,, generalizes fractional p-Laplace operator, fractional (p,q)-Laplace
operator, weighted fractional Laplace operator and fractional double-phase operator. More
specifically, if we replace . by t7,t” +19, a(x)t? and t” +a(x)t4, then (—A)’,, reduces to the
fractional p-Laplacian, fractional (p,q)-Laplacian, weighted fractional Laplace operator and
fractional double-phase operator, respectively.

The existence results for problems involving (—A)%, are examined in fractional Orlicz-
Sobolev spaces when 77 (x,y,t) is independent of x,y. In this context, we quote the work of
Bahrouni-Ounaies [20], Bahrouni-Ounaies-Tavares [21], Missaoui-Ounaies [109], and Silva-
Carvalho-Albuquerque-Bahrouni [136]. In the case when 7 (x,y,t) depends on all x,y and ¢,
the existence of a solution for the problems involving generalized fractional Laplace operator
is studied in fractional Musielak-Sobolev spaces.

In Chapter 6, we study existence of a weak solution to the following problem:

(—=A)’pu(x) +V (x)h(x,x, |u|)u(x) = (/R M

N =yl dy>K(x)f(M(x)) in RY,  (19)

where N > 1, s € (0,1),A € (0,N) and .77 is a generalized N-function. The functions V,K :
RY — (0,00), nonlinear function f : R — R are continuous and F(¢) = [} f(r)dr.
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1.1.3 Choquard type problems

Another example of the non-local problem is the Choquard equation; the prototype of this type
of equation is
—Au= (]x|* «F(u)) f(u) in RY.

One of the main tools to deal with such types of equations is Hardy-Littlewood-Sobolev [97] in-
equality. Choquard type of equations have been studied extensively in the literature; we refer to
[113] for the physical interpretation and survey of such types of equations. For some existence
results involving Choquard-type equations, we refer to the works of Moroz-Schaftingen [111,
112] (Laplace operator), Avenia-Siciliano-Squassina [46], Mukherjee-Sreenadh [116](fractional
Laplace operator), Xie-Wang-Zhang [153] ((p,q)-Laplacian) and Pucci-Xiang-Zhang [125],
Belchior-Bueno-Miya-gaki-Pereira [22] (fractional p-Laplacian).

Existence results for Choquard-type equations with vanishing potential have been obtained
by Chen-Yuan [34], Alves-Figueiredo-Yang [11] (for Laplace operator), Albu-querque-Silva-
Sousa [6](fractional coupled Choquard-type systems). Alves-Radulescu-Tavares [13] discussed
the generalized choquard problem in Orlicz-Sobolev spaces.

In Chapter 6, we study the class of generalized Choquard Schrédinger equations with van-

ishing potential.

1.2 Objectives of the thesis

The main objective of the thesis work is to study some non-local equations with non-standard
growth conditions via variational techniques. Specifically, the objectives of the thesis are

framed as follows:

 To study the Kirchhoff equation involving non-standard growth conditions such as crit-
ical growth, exponential critical growth, gradient-dependent growth and double critical

growth.

* To introduce homogeneous fractional Musielak-Sobolev spaces for studying the class of

generalized non-local problems with Choquard-type nonlinearity.

* To establish the concentration compactness principle and its variant at infinity for frac-
tional Musielak-Sobolev spaces in order to investigate generalized critical growth prob-

lems.
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1.3 Structure of the thesis

The thesis consists of seven chapters. Having discussed the main objectives of the thesis, this
section provides a brief thematic overview of the chapter-wise road map.

Chapter 1 provides a brief overview of those non-local problems which are discussed in
this thesis. A short survey of the Moser-Trudinger inequality and concentration compactness
principle is also presented in this chapter. In addition, it includes the thesis objective and a brief
summary of each chapter.

Chapter 2 supplies basic definitions and results utilized in subsequent chapters.

Chapter 3 presents the proof of existence of a positive weak solution to the Kirchhoff-type
problem with gradient nonlinearity and a perturbation term. The proof of the main existence
result uses an iterative technique based on the mountain pass theorem.

Chapter 4 studies the existence and multiplicity of weak solutions to the N-Kirchhoff equa-
tions with critical exponential growth in the bounded domain and entire R". The proof of main
existence results uses the mountain pass theorem, Ekeland variational principle and Moser-
Trudinger inequality.

Chapter S proves the existence of a weak solution for the Kirchhoff-type elliptic equations
with double criticality. The existence result is discussed in the Musielak Sobolev spaces.

Chapter 6 introduces the homogeneous fractional Musielak-Sobolev spaces, in order to
prove the existence of a weak solution for the generalized Choquard Schrodinger equation with
vanishing potential. The proof of Hardy-Littlewood-Sobolev inequality for Lebesgue Musielak
spaces is also presented. In addition, this chapter proves the existence of a ground state solution
by the method of Nehari manifold.

Chapter 7 focuses on the class of generalized fractional problems with critical growth in
RM. In this order, the proof of concentration compactness principle for fractional Musielak

Sobolev spaces is also presented in this chapter.



Chapter 2

Mathematical preliminaries

In this chapter, we recall some basic definitions and results which are used in the subsequent

chapters.

2.1 Sobolev spaces

Definition 2.1.1. A multi-index is an N-tuple oo = (@, 0z, . .., 0), 0; > 0, where o, 1 <i <N

are integers. For a multi-index o, we use the following notations:

la| = aj+o+...+ay.

al = oq!...onl.

o (04 (04 N
x* = xoxy, x = (x1,x2,. . ,0n) € RYL

Definition 2.1.2. Let f and g be two locally integrable functions in some open set @ C RN, and

if o is a multi-index then we say g is the o'"-weak derivative of f if

/ngD"‘(P:(—l)“/QgQD,

for all ¢ € CZ(Q), that is, for all infinitely differentiable functions ¢ with compact support in
Q. Here D* @ is defined as

a‘a‘(p

Dlop=— " T
O o

Definition 2.1.3. [86] Let m > 0 be an integer and let 1 < p < co. The Sobolev space is denoted
by WP (Q) and defined as

WP (Q) ={ue LP(Q) | D%u € LP(Q), for all |ot| < m}.
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The norm on W™P(Q) is defined as:

1

P
[lullwmr(e) = ( ) HD“MHZ(Q)> :

|a|<m

We define Wy'* (Q) space as the closure of C2(Q) in the W™ norm. Wy’ (Q) is normed space

with the norm 1

P
oy = ( y HD“qup(Q)) 1<p<e.

|at|=m

Theorem 2.1.4. [86] Let m > 0 be an integer and 1 < p < co. Then W™P(Q) is a Banach
space. Moreover, W™P(Q) is separable if 1 < p < oo, and is reflexive if | < p < .

Theorem 2.1.5 (Sobolev Embedding Theorem [2, 86]). Letm € Nand p € [1,00).

m
N.

* 1
I Afm < 5 then W' (@) inio L (Q), for - =

2. If m= "2, then Wy"P(Q) < into L' (Q), for r € [1,00).
3. Ifm> %], then Wy (Q) < into COY(Q), for all 0 < y < m— %’.

Theorem 2.1.6 (Rellich-Kondrachov [2, 86]). Let Q be a bounded subset of RY. Let m € N
and p € [1,00).

1 1
1. Ifm< %’, then Wy (Q) << into L1(Q), for q € [1,p*), with — = — — ]Il\;
p p
2. Ifm= %], then WP (Q) << into L' (Q), for r € [1,00).
3. Ifm> %], then Wy""(Q) < into COV(Q), forall 0 <y <m— %’.
Theorem 2.1.7. Let x,y € RN be any arbitrary elements then
(™2 = [yIY 2y, =) > Clx =1, @.1)

where (-,-) is the usual inner product in RN and Cy > 0.

2.2 Musielak spaces

The study of Musielak spaces started in the mid-1970s with the work of Musielak [117] and
Hudzik [76, 77], where the authors provide the general framework for Musielak spaces in terms

of modular function.
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2.2.1 Generalized N-function
Let Q C RY be any open set. Define,

I

I (x,y,1) :/0 h(x,y,s)s ds,

where 11 : Q X Q X [0,00) — [0,00).

Definition 2.2.1. 77 : Q x Q xR — [0,0) is called a generalized N-function if it satisfies the

following conditions:

1. F€ is continuous, even and convex function of t.

2. H(x,y,t) =0ifand only ift =0, Vx,y € Q.

3. lim: (t’y’ ) — 0 and lim M =0, Vx,y € Q.
t—0 1—roo

For any generalized N-function J7 : Q x Q x R — [0,0), we define the function &, : Q X
[0,00) — [0, 00) such that

hy(x,t) = h(x,x,1) V(x,1) € Q % [0,00)

and "
t
I (x,t) = hy(x,s)s ds.
0
It can be observed that 77 : Q X R — [0,00) is also a generalized N-function.
We say that a generalized N-function .77, satisfy the weak A, condition if there exist 8y > 0

and a non-negative function k € L' (Q) such that
A (x,,2t) < & (x,y,1) +k(x) V(x,y,1) € Qx QX[0,00).

If k = 0, then 7 is said to satisfy A, condition. From the convexity of .7 and A, condition,

we have

H(x,y,t1 +12) < 61(H(t1) + A (12)), V1,00 > 0 (2.2)

where, 6; = 50

Throughout this thesis, we assume that .7 is a locally integrable generalized N-function
which satisfy A, condition.
Assume the following conditions on the functions .5 and 4 :

(4) h < % < hy <N for all x,y € R and t # 0 for some 1 < hy < hy < h}, where

*_ . NhZ.
h <h2_N—/’l2
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(#%) inf H(x,y,1)=b;and sup S (x,y,1)= b for some by,by > 0.

x,yERN x,yERN

Definition 2.2.2. We define the complementary function A corresponding to generalized N-
function € as

P PN
H(x,y,1) :/ h(x,y,s)s ds,
0
where h is defined as h(x,y,t) = sup{s : h(x,y,s)s <t} V(x,y,t) € Q x Q x [0, 0).

It can be observed that ./ is also a generalized N-function and the condition (.743) implies
that the generalized N-function .7# and its complementary function H satisfy the Ay-condition.

Moreover, the function .7 and its complementary function A satisfy the following Young’s
inequality [101, Proposition 2.1]:

—

51%) S %(xayvtl)—i_%(xayah) ‘v’x,y € Q,t],tz > 0.

Further, proceeding as [59, Lemma A2], we have

T (x,y,h(x,y,0)t) < H(x,y,2t), V(x,y,1) € QX Qx[0,00). (2.3)

Moreover, the function .7 and its complementary function 2 satisfy the following inequalities
[59, Lemma A.2]:

o~

A (h(x,y,0)t) < H(x,y,2t) Vx,y € Q,t > 0. (2.4)

—~

T t
A <#) < H(x,y,1) Vx,y € Q.1 > 0. 2.5)
Next, we provide some examples of the generalized N-function:

o J(x,y,t) =1tP, where | < p < e is a generalized N-function. It also satisfy the A;-
condition and its complementary function %?(x, y,t) =19 where, 1 < g < e and ;—, —l—é =1

o J(x,y,t) =¢ —t—1is a generalized N-function but does not satisfy the A,-condition.

—

Its complementary function ¢ (x,y,t) = (1 +1¢)log(1+1) —1.

2.2.2 Lebesgue Musielak Spaces

Let 7% : Q x R — [0,0) be any generalized N-function.
The Lebesgue-Musielak space L7%(Q) is defined as:

L7%5(Q) = {u : Q — R is measurable

/ F: (x,T|u|) dx < oo, for some T > O} .
Q
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L7%(Q) is a normed space [117] with the Luxemburg norm

lull ey 1nf{7:>0‘/ ( )dx<1}

Theorem 2.2.3. [117] The space L (Q) is separable and reflexive Banach space.

Theorem 2.2.4. [156, Theorem 2.2] Let 5 be any generalized N-function. If ¢ is locally
integrable then C*(Q) is dense in L7%(Q).

Proposition 2.2.5. [2] Let 77 and H be complimentary N-functions. Then, for any u €
L7%(Q) and v € L7%(Q), we have

‘/ uv dx
Q

Lemma 2.2.6. [156, Lemma B.5] Let v € L% (Q). Then

< 2l Il 72 g

Gv(u):/gu(x)v(x)dx (2.6)

is a bounded linear functional on L7%(Q), i.e., G, € (L7*(Q))*. Also, every bounded lin-
ear functional in L”%(Q) is of the form (2.6) for some v € L”%(Q). Moreover, (L”%(Q))* is
isomorphic to L% (Q).

Remark 2.2.7. By Lemma 2.2.6, the norm || - HL@(Q) is equivalent to the norm || - || Lz )y«
Le.,
Ml N6 wmiay = s | [ utovtaia b < 2wl g,

Assume the following conditions on the functions .7 and 4 :

(74) h < hxyliDli2 < hy < N for all x,y € RN and ¢ # 0 for some 1 < < hy < hj, where

REAS o
O 0 AL/
hl N—h = h2 N—hy

(#5) inf (x,y,1)=b;and sup 5 (x,y,1) = b, for some by,b, > 0.
7y€]R x7yeRN

Proposition 2.2.8. Let 5 be any generalized N-function satisfying () — (7). Assume that
u € L”%(RN). Then, we have

1. rmn{ph1 ph2}<%” x,t) < (x, pt) <max{ph‘ phz}%ﬂ ), Vp,t >0,

h
2. min { e gy N3 RN}sfRN%mm)dxSmax{nungf Jf—
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Proof. Proof of 1 is similar to the proof of [59, Lemma 2.1]. By (.7%) and Proposition 2.2.8,

we have

by min{phl,phZ} < H(x,p) < bymax {phl,ph2} Vp > 0. 2.7)

Hence, (2.7) and the definition of norm implies 2. L]
By the above lemma, we have the following result:

Corollary 2.2.9. Let 57 be any generalized N-function satisfying (741) — (7). Then

min{p", p" }  (x,3,1) < H#(x,y,pr) < max {p", p" } 7(x,y.1),

Vp,t > 0and (x,y) € RN xRN, Also,

by min {p’”,p’”} < J(x,y,p) < bymax {p’”,p’”} ,

Vp > 0and (x,y) € RN x RV,

2.2.2.1 Variable exponent Lebesgue spaces

Let # : QxR — [0,00) be any generalized N-function. If we take 7 (x,1) = ") then we
denote L7 (Q) as LPW)(Q), such spaces are called variable exponent Lebesgue spaces. To
know more about these spaces, one can check [43, 52, 129].

For any r € C(Q, (1,)), we denote r~ = minr(x) and r™ = max r(x).
x€Q xeQ

Proposition 2.2.10. /88, Theorem 2.1] Let r € C(L,(1,00)) and s € C(£2,(1,00)) be the conju-
gate exponents, i.e., 1/r(x) +1/s(x) = 1 ¥x € Q. Then, for any u € L") (Q) and v € L' (Q),

we have
/ uv dx
Q

Proposition 2.2.11. [52] For any u € L” ) (Q), the followings are true:

< (L 1Y iy vl
>~ — P u Lr(x)(_Q) 1% Ls(x)(Q)-

- +
1 0y < PU) < 0l whemever [l o ) > 1.

+ —
2l gy < P0) < [l g Whemever [y < 1.
3 oy < 1(= 15> 1) i p(w) < 1(= 15 1),
where p(u) = [o |u[P™dx.

Proposition 2.2.12. [88] Let r,s € C(Q,(1,00)) such that 1 < r(x)s(x) < oo. Then, for any
u € L'Y(Q), the followings are true:
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1l gy < W sy < Nl g Whemever ] st = 1

HuHrrx)sx (Q) S |||u|r(X)||L5(x> < HuHLr(x x( ) whenever ||u||L’ x)( ) < 1.

2.2.3 Musielak-Sobolev spaces

To define the Musielak-Sobolev space, we consider the generalized N-function 57 : Q x R —
[0,00).

Definition 2.2.13. The Musielak-Sobolev space W7 (Q) is defined as
Wh(Q) = {ue L7 (Q)| |Vu| € L7 (Q) }-
W17 (Q) is a Banach space with the norm [117, Theorem 10.2]

= [[ull 7 @)+ I Vullpr (g

The space Wol"%ﬂ(Q) is defined as the closure of C(Q) in W (Q). Moreover, the space
WOl "YJ(Q) is equipped with the norm [|Vul| . q), which is equivalent to the norm | - ||, ,» [64,
Lemma 5.7].

Theorem 2.2.14. [117] The spaces L (Q) and WO1 ’%(Q) are reflexive and separable Banach

spaces.

In particular, if we take ¢ (x,1) = t?(¥) then we denote W7 (Q) as W' (Q) which is
known as variable exponent Sobolev space. To know more about these spaces, one can check
[43, 52, 129]. If we take 77 (x,t) =tP, 1 < p < oo then W17 (Q) becomes the well known
Sobolev space W!”(Q). Hence, the Musielak-Sobolev spaces are the generalization of Sobolev
spaces.

Define the function m : WO1 ‘%(Q) — Ras

:/Q%(x,WuDdx

PrOpOSltlon 2.2.15. [12] Let S be any generalized N-function which satisfy (74). For any
ue WO (Q), the followings are true:

h h

L lull}p < m(u) < ||ul[}?,, whenever ||ul[y s, > 1.
h h

2. ||ull? 5 < m(u) < [lull}',, whenever [lul|y » < 1.

In particular, m(u) = 1 iff ||ul|y » = 1. Moreover, if {u,} C W(}’%(Q), then ||ully » — O iff
m(u,) — 0.
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2.2.4 Fractional Musielak-Sobolev spaces

For a given generalized N-function /7 and s € (0, 1), fractional Musielak-Sobolev space is
denoted by W/ (Q) and is defined as

— dxd
w7 (Q) = {u e L’5(Q) :/ / I <x,y, elulx) u(y)|) a yN < oo, for some 7 > O}'
oo e —yl* x =]

WS (Q) is a normed space with the norm

[uells, e = lull s ) + [t

for (o G ) e =

We define the Lebesgue-Musielak space L7 (Q x Q;dp) as:

where

[uls. :inf{f >0

L7 (QxQ;du) = {u : Q x Q — R is measurable

//%(x,y,r|u(x,y)\)du<oo, for some’c>0},
QJo

where dl = | dXdTN is a measure on the set Q x Q.
xX=y
Remark 2.2.16. [u, i is finite if and only if W e L7 (Q x Q;du) and [uls v =
x—y
u(x) —u(y) _
[x —y[* L7 (QxQ;du)

Theorem 2.2.17. [19] W57 (Q) is a separable and reflexive Banach space.

The space W, %(Q) is defined as the closure of C=°(Q) in W57 (Q). Moreover, the space
A 7 (Q) is equipped with the norm [u] s H-

Next, we state the generalized Poincaré’s inequality:

Theorem 2.2.18. [19] Let Q be a bounded open subset of RY and 0 < s < 1. Then there exists

a positive constant ¢ > 0 such that
S
leell s () < €lulsor, Ve Wy (Q).

This implies that, [-]; s is the norm on W, 7 (€2), which is equivalent to the norm || - ||5 .
Next, we define the Sobolev conjugate function corresponding to a generalized N-function

7, for this, we need the following condition:
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S

(J4) /:(%) and/( ) dt < oo, for some a,b > 0,

For a given generalized N-function 77 : RY x RY x R — [0,0), we define the Sobolev conju-
gate function /7% : RY x R — [0,0) as:

A (x,t) = H(x, L7 1)),V 1 >0, (2.8)

where

S

L(x,t) = (/Ot (W)Mdg ,Vit>0.

One can verify that 77" is a generalized N-function.
There exists a function #* : RN x [0,00) — [0,00) [109, Lemma 4.5] such that

* w <h v N * _ d *
1 < < h3, Vx,y € R and 1 # 0 where ¢ (x,1) = h*(x,r)rdr.  (2.9)
FC*(x, |t]) 0

Theorem 2.2.19. [4, Theorem 6.1] Let s € (0,1) and 5 be any generalized N-function sat-
isfying (J4). Then the embedding W5 (RN) — L7 (RN) is continuous. Moreover, in this
embedding the space L”*" (RN) is optimal among all the Musielak spaces.

Proposition 2.2.20. [109, Lemma 4.3] Let 7 be any generalized N-function satisfying (7).
Assume that u € 7*(RN) and p,t > 0. Then, we have

1. min{p"i, p"} 7% (x,1) < % (x, pr) < max {p", p"} % (x,1),
2 i { e g Nl oy} < [ Gl < max { e g il g}

where, h’l‘— Nh‘ andh*— ]Xhil
shy

Proposition 2.2.21. [59, Lemma 2.6] Let 5 be any generalized N-function which satisfy (83).
Suppose S be complimentary function of 7. Assume that u € Y (RN) and p,t > 0. Then,

we have

1. min {phé,phz}j/f?*(x,t) < t%/”\*(x,pt) < max {phé,phz}%/”\*(x,t),

h*
2 min . b [ s <max Ll b

h*
where, hy = h* landh4 h*fl-
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2.3 Variational methods

The modern version of the calculus of variation is known as critical point theory or variational
methods. Critical point theory is a mixture of nonlinear analysis and calculus of variations
which is a powerful tool for studying nonlinear elliptic equations. As an application of vari-
ational methods in nonlinear analysis, the main motive is to convert the problem of proving
the existence of solution for nonlinear equations into proving the existence of critical point for
some differentiable functional. In this way, the fundamental question of the variational problem
is to show the existence of a critical point.

In 1971, Hemple [70] considered the variational boundary value problem of the general

form

—div(a(x)Vu) +c(x)u — f(x,u) =0 in Q

(2.10)
u=0 on JQ,

where Q is a bounded domain in RY and proved the existence of multiple solutions for the
same under some assumptions on f(x,u). In 1973, Ambrosetti and Rabinowitz [15] obtained
some general existence theorems for nonlinear equations by critical point theory for bounded
domains. They proved the existence and estimated the number of critical points possessed by
a real-valued continuously differentiable function on a real Banach space. After that, many
authors [127, 128], dealt with nonlinear problems in bounded domains. In 1992, Rabinowitz
[126] established the existence result for unbounded domains by using variational methods. He
examined the equation

—Au+b(x)u= f(x,u) in Q (2.11)

where Q is any subset of RV,

2.3.1 Mountain pass theorem

In 1973, Ambrosetti and Rabinowitz [16] provided a significant result called the mountain pass
theorem to show the existence of critical point. Mountain pass theorem is considered as a
crucial tool for studying nonlinear equations from the last 50 years. To know more details
about the MPT, please refer [150].

Definition 2.3.1 (Palais-Smale condition). Let X be a Banach space and let J : X — R be a C!
functional. We say that J is a Palais-Smale sequence, in notation, (PS). sequence (where c € R
is a constant) if J(up) — ¢ and J'(u,) — 0 in the dual space X*. We say J satisfies the (PS).

condition if every (PS). sequence has a convergent subsequence.
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Theorem 2.3.2 (Mountain pass theorem). Let X be a Banach space and let J : X — R be a C!

Sfunctional. Assume that there exist positive numbers p and  such that
1 J(u) = o if ||ul| = p
2. There exists v € X such that J(v) < 0 when ||v|| > p

Then, there exists a (PS). sequence for J where ¢ > a. Moreover, if J satisfies the (PS),

condition then J has a critical point at the level c defined by

— inf J
¢ = inf max (v(2)),

where I' is the collection of all continuous paths 7y : [0, 1] — X such that y(0) =0 and y(1) = v.

Definition 2.3.3 (Cerami sequence). Let ¢ € R, X be a Banach space and J : X — R be a C!
functional. We say {u,} is a Cerami sequence, in notation, (C). sequence if J(u,) — ¢ and
(14 |[un]|) | ()| — O in the dual space X*. We say J satisfies the (C). condition if every (C).

sequence has a convergent subsequence.
We also, use the following version of MPT given by Cerami [30, 31] to prove our results.

Theorem 2.3.4. [42] Let X be a Banach space and J : X — R be a C' functional. Suppose that
there exist p, o > 0 such that

1. J(u) = o if [|ul| = p.
2. There exists v € X such that J(v) < 0 when ||v|| > p.
Then, J has a (C).(c > &) sequence. Moreover, if J satisfies the (C). condition then J has a

critical point at the level c defined by

— inf J(y(t
¢ = Inf max (v(2)),

here I' is the set of all continuous functions 7y : [0,1] — X such that y(0) = 0 and y(1) = v.

2.3.2 Nehari manifold method

Definition 2.3.5 (Ground state solution). Let J : X — R be a functional. We say, the solution
ug € X is a ground state solution associated to J, if it has the least energy, i.e., we say, ugy is

ground state solution of J if

J(ug) =r= ingJ(u) and J'(up) = 0, (2.12)
uc

where S is the set of all critical points of the functional J.
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To prove the existence of a ground state solution, we use the minimization method, in

particular, Nehari manifold method. We define
X = {uecX\{0}|J'(u)u=0} and b = infz J(u).
ue

The set X is called the Nehari manifold. It can be observed that § C X. The key idea of
this method is to search a non-trivial critical point of J in X instead of the whole space W. To
know more about this method, one can refer to [143]. The existence of a ground state solution

is proved by many researchers; we refer to, [22, 34, 105, 109, 111, 112] and reference therein.

2.4 Moser-Trudinger inequality: A short review

The shortcoming of the Sobolev embedding theorem is that there is no smallest space into
which WP (Q) can be embedded when mp = N and p > 1. In fact,

WP(Q) < - > L3(Q) = LX(Q) — LY(Q)

but WP (Q) ¢ L=(Q).

If the class of target spaces 1s expanded to include Orlicz spaces, the minimum largest space
can be achieved. In fact, Trudinger [144] proved that WO1 ’N(Q) is continuously embedded in
the Orlicz space Lo (Q2), where @ = exp(t%) — 1. Moreover, the result of Trudinger [144] is
optimal [71] in the sense that the space Ly (€2), where @ = exp(t%) — 1 is smallest Orlicz
space into which W7 (Q) is embedded. The inequality of Trudinger was later sharpened by J.
Moser [114] (known as Moser-Trudinger inequality), is as follows:

Theorem 2.4.1. [114] Ifd < ay, u € Wy ™ (Q) and |[Vu||vq) < 1, where oy = Naoy' ™",
n_1 is the volume of the unit sphere S~ and Q is bounded domain in RN then there exists ¢
(depending on d and N) such that

/ AN g < o(d N Q).
Q

The above integral can be made arbitrary large for d > Qy by the appropriate choice of u €
1N
Wo " (Q).

After that, Adimurthi and Sandeep [132] proved the following singular Moser-Trudinger

inequality for bounded domains:
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Theorem 2.4.2. [132] Let N > 2 and Q be an open and bounded set in RN. If u € WO1 N (Q),
b €[0,N) and o > O then

dx < oo,

N
exp <OC|M|N*1>
A

[x|”

Moreover, there exists a constant ¢y = co(N, |Q|) > 0 such that

exp (a\u]%)

sup /Q 7 dx <c¢g
lal| v, <1 x|
wy ™ (@)

forany b€ [O,N), 0 < a < (1 — ]2\,) ay. Moreover, this constant (1 - %) ay is sharp in the
sense that if o > (1 — 1%) oy, then the above inequality can no longer hold with some c( inde-

pendent of u.

In case of whole space RN, Ruf (N = 2) [130] and Li and Ruf (N > 2) [96] obtained Moser-
Trudinger inequality. Their result is as follows:

Further, in this section, ® represents as

N-2
(1) = exp(r) — Y - (2.13)
n=0 """

Theorem 2.4.3. Let N > 2. Then there exists a constant ¢ > 0 such that

sup / <I>(oc|u\%>dx§c
RN

€W LN (RN); [lul| Yy +[[Vul Ny <1
whenever . < Q. Moreover, the constant Qi is sharp in the sense that for any o0 > oy, the
supremum becomes infinite.

For a proof of Theorem 2.4.3 in case of & < oy, we also referto [1, 28, 119, 120, 122]. Later
on, Adimurthi and Yang [155] derived the singular Moser-Trudinger inequality for unbounded

domains. Their result is as follows:

Theorem 2.4.4. Let N > 2. Forall a > 0,0< B <N and u € W'N(RN), we have
[ padul M ar <
— u|¥=1)dx < oo.
RN |x|ﬁ

Furthermore, if o0 < (1 — 1%) oy and T > 0,

1 N
sup /RN Pl T < o

lull e<1
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where
1/N
el = [ 09+ luyax)
RN
Moreover, the constant (1 — %) ay is sharp in the sense that the supremum becomes infinite

foranya>< —E) N -

Inspired by the work of Adimurthi and Yang [155], Lam and Lu [89] obtained the following

lemmas in the weighted Sobolev spaces.

Lemma 2.4.5. [89] IfN > 2,00 >0, s > N,u € W and |Ju|ly < K with K is sufficiently small
then

(V1)
L dx < clulfy

Jx[?
for some ¢ > 0 and

W' = {uec WV RN): /RNV(X)de < oo}

Lions [99] established a concentration-compactness principle associated with Moser-Trudinger

inequality, which reads as follows:

Theorem 2.4.6. [99, Theorem 1.6 and Remark 1.18] Let {u,} be a sequence of functions in
WO] ’N(Q) o) = 1, where Q is bounded domain in RN, If u, — u # 0 weakly, then

N/(N—1
sup/ ePonlual™ 0 g oo,
n JQ

1 1/(N—1) .
where oy = N® and wy_1 is the volume of
(1—||Vu||gN(Q))l/(N— )’ N-1

the unit sphere SN,

forany 0 < p <

Lam and Lu [89] proved the following version of the concentration compactness principle,
which is a generalization of Theorem 2.4.6:

Theorem 2.4.7. [89] Let {u,} be a sequence of functions in W'N(Q) with ||Vu,|| we) =1,
where Q is bounded domain in RN, If 0 < a < N, u, — u # 0 weakly and Vu, — Vu a.e. then

O‘|’4n‘ N/
sup/ dx < oo,

||

("%*)aw 1/(N~1)

forall 0 < o < vl Yy )1/(1\1 i, Where oy = Ny | 7, @n—1 is the volume of the unit
N @)

sphere SN~1.
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The Lions concentration-compactness principle in finite domains was further extended to
the whole space RY by do O et al. [138]. They proved the following theorem:

Theorem 2.4.8. Let {u,} € W'Y (RY) with [|uy || w13 gny = 1. If y = u # 0 weakly, then

sup/ <I>(paN|un|N/(N_1))dx<00,
n JRN

1

N
(1= e
constant p is sharp in the sense that if p > py(u), then the supremum becomes infinite.

forall 0 < p < py(u) :=

)1/(1\,_]), where oy :Nwlij/f];]_]). Moreover;, the

Zhang and Chen [158] established a singular version of the Lions concentration-compact
principle in the whole R". They obtained the following result:

Theorem 2.4.9. Let {u,} C WHN(RN) with [t lwrvmvy = 1. If 0 < a <N, up — u # 0 weakly
then

(0 o pluta N VD)
sup
n JRN |x|a

1

dx < oo,

forall0 < p < py(u) =

N 1/IN-1)’ where 0y , = Oy (1 — %) Moreover, the
(1= 1l e

constant p is sharp in the sense that if p > py(u), then the supremum becomes infinite.

Zhang and Chen [158], also obtained a concentration-compactness result in weighted Sobolev
spaces.

Lemma 2.4.10. Let {u,} C W' with |juy|lw = 1. If0 < a < N, u, — u # 0 weakly then

D (o apun [NV 1)
sup

dx < oo,
n JRN x|

1
(1= [fu,) /1

forall0 < p < pn(u) := where Oy o = Oy (1 - 1%)’

W' = {uc WV RN : /RNV(x)]u|Ndx < oo}

andV : RN — (0,0) such that V (x) > Vy for some Vy > 0. Moreover, the constant p is sharp in
the sense that if p > pn(u), then the supremum becomes infinite.

Alves et at. [12] proved and used the following version of Moser-Trudinger inequality:



24 Chapter 2. Mathematical preliminaries

Lemma 2.4.11. Let ot > 0and s > 1 then 30 < r < 1 and ¢ > 0 such that

N
N1
sup/ S gy < e,
Q

1N
for any u € Wy (Q) such that Hu|\W01,N(Q) <r.

Motivated by these Moser-Trudinger type inequalities and Lions type concentration-compactness
results, several authors obtained the existence results for the problems involving exponential-
type nonlinearities in bounded as well as unbounded domains. Interested readers can refer to
[3, 132, 58, 120, 121, 56, 65, 89, 90, 94, 158] and references cited therein.

2.5 Concentration compactness principle

The Rellich-Kondrachov theorem tells that
WP(Q) == L1(Q),q € [1,p")

where Q C RY is bounded, mp < N and p* = NIYf; - is called the critical exponent. But W7 (Q)

does not compactly embedded in L”" (Q).

The nonlinear equation having critical growth nonlinearity, faces a lack of compactness
issue. Lions provided a systematic way to address such issues. He established concentration
compactness principle (CCP) [99, Lemma 1.1] which is stated as:

Lemma 2.5.1. Let D™P(RN) denotes the closure of C(RN) with respect to the norm ||ul| =
(Jrr \Dmu|pdx)%. Suppose {u,} be a bounded sequence in D™P(RN) which converges weakly

un|p* converges tightly to a

to limit u such that |D™u,|P converges weakly to a measure |,
measure V, where W and v are bounded measures on RN. Then there exist at most countable

index set J and two families (x;) je; € RN and (v})jes > 0 such that
(1) L= |D"ul? + ¥ e u;dy;

(2) v=|ul"" +XYjes vy, with vf/p* < W;/S,where S is the best constant that appears in the

Sobolev embedding theorem.

The above result does not provide any information about a possible loss of mass at infinity.

This issue was taken care by Chabrowski [32], who proved the following result:

Theorem 2.5.2. Let the assumptions of the Theorem 2.5.1 are true. If

Moo = lim limsup |D"™u,|Pdx
R—e oo JIx|>R
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and
Voo = lim limsup | |P" dx
R—co oo J|x|>R
then
limsup [ |D"™ulPdx = u(RY) 4 e, (2.14)
n—soo JRN
and
limsup [ |un|? dx = v(RY) + v, (2.15)
n—o  JRN

with vEIP" < 1../S.

Many authors proved and used the different versions of CCP according to their needs.
Bonder-Saintier-Silva [24] proved the fractional version of CCP in fractional order Sobolev
spaces. Ho-Kim [72] obtained the fractional version of CCP with variable exponent in frac-
tional order Sobolev spaces with variable exponents. Ho-Sim [73] established the weighted
CCP in weighted variable exponent Sobolev spaces.

In this sequence, Bonder-Silva [25] proved the variable exponent version of CCP in Variable

exponent Sobolev spaces. Their result is as follows:
Lemma 2.5.3. Let {u,} in WO1 P 0) (Q) which converges weakly to limit u such that
o |Vu,|PY) converges weakly to a measure L,

. |un|p*(x) converges weakly to a measure vV, where [l and v are bounded non-negative

measures on S.
Then there exist at most countable index set I and (x;);ic; € Q such that
(1) v=uP"®+ ¥ v, vi>0
i€l
(2) 1> |VulPW 4+ L pid, pi >0

with Svil/l’*(xi) < ,Llil/p(xi),\V/i el,

Vu x
ueC(Q) ] |LP*<X) Q)

Bonder-Silva [26] proved the CCP for Orlicz Sobolev spaces.
In Chapter 7, in order to prove the existence of a weak solution for the generalized non-local

where

problem, we derive the CCP for fractional Musielak Sobolev spaces.
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Chapter 3

Kirchhoff type problem with gradient nonlinearity

In this chapter!, we prove the existence of a weak solution to a Kirchhoff problem:

{ —A (x, [ |Vul?dx) Au= f(x,u,Vu)+ Ah(x,u) in Q, 3.1

u=20 on 9dQ,

where Q is a bounded and smooth domain in R¥(N > 2). We assume that f,/ and A are
continuous functions and the growth of the nonlinearity f: Q x R x R¥ — R is dependent on
u and Vu. We do not assume any growth condition on the perturbation term /4. In the case of
N = 2, we consider the exponential growth in the second variable of f. The proof of our main
existence result uses an iterative technique based on the mountain pass theorem.

In Section 3.1, we provide the main assumptions on the Kirchhoff term, the nonlinearity and
the perturbation term. We also state the main result of this chapter in Section 3.1. In Section
3.2, we establish existence of a weak solution to a truncated variational problem corresponding
to a given equation and later on with the help of the existence result for this truncated problem,
the existence of solution to (3.1) is proved in Section 3.3. Finally, we construct some examples

illustrating the main theorem in Section 3.4.

3.1 Hypotheses and main result

The nonlinearity f satisfies the following growth conditions:
(fo) There exista; >0, q € (1,2*—1) and s € (0, qlﬁ) such that
8 Sar(T+ ) (A +IEP) ¥ (x,1,6) € Qx RxRY

where, 2% = 1% and N > 2.

!Gaurav Dwivedi, Shilpa Gupta, Existence of solution to Kirchhoff type problem with gradient nonlinearity
and a perturbation term, Journal of Elliptic and Parabolic Equations, 8 (2022), 533-553.
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For the case N = 2, we assume the following growth condition on f:

(f3) There exist a, > 0 and r € (0, 1) such that
f(0,1,8)| S azexp (w®)(1+[E]") ¥ (x,1,§) € QxR xR,

forall T > 0.

The growth condition (f{)) is motivated by the celebrated result of Trudinger [144].
Next, we state our hypotheses on the non-local term A, the perturbation term /4 and the
remaining hypotheses on the nonlinearity f. We assume that f: Q x R x R¥ — R is continuous

and satisfies the following conditions:

(f1) fx,1,E)=0,Vr<0and (x,) € A xRV,
(f2) }%M:o, ¥ (rE) € Q xRV

(f3) There exists 6 > 2 such that

t
0< OF(1.1.8) =6 [ flx.5,E)ds <tf(x.1.8).
0
forallt >0, (x,£) € Q xRV,
(f4) There exist positive constants L; and L, (depending on p; and p) such that
|f(x7t17€) _f(x7t27§)| §L1|l1 _t2|

forall x € Q, 11,1 € [0,p1], |&| < pa2,

|f(x,1,81) — f(x,1,8)| < La|&1 — &

forallx € Q, t €[0,p1] and |&;],|&| < pa, for some py,ps > 0.
The function A : Q x R — R is continuous and satisfies the following conditions:

(A1) There exist positive real numbers ag and de such that

ag <A(x,t) < ae, ¥V (x,1) €EQXR.

(Ay) For a given R; > 0, there exists a positive real number L3 such that

A(x,13) —A(x,13)| < La|ty — 12|, Yx € Qand |t1],]12] <R;.
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The function / : Q x R — R is continuous and fulfils the following condition:

(H) For a given p3 > 0, there exists positive constant L4 such that
|h(x,t1) — h(x,52)| < Lalt; — 12|

forall x € Q, 11,1, € [0, p3].

We do not assume any growth or sign condition on the perturbation term /4. To handle this term,
the truncation technique is used here; interested readers may look at [82, 84].
The growth conditions (fp), (f}), (f2) and continuity of f and & imply that these functions

are bounded in bounded domains, i.e., given 01,0, > 0, there exist constants ¢y and ¢, such that
fx,2,8) <cp, hix,t) <cp, forall|t| < &,xe€Q,[&] < 6. (3.2)

We discuss the existence of weak solution for the Problem (3.1) in the Sobolev space WO] 2 (Q)

which is equipped with the norm:

%
Jul| = ( / Wu|2dx) .
Q

Notations: We denote by S, the best Sobolev constant in the embedding of WO1 )2 (Q) into the
space L”(Q), where p € [2,00) when N > 2 and into the space L?(Q), where p € [1,00) when
N=2.

The statement of the main result of this chapter is as follows:

Theorem 3.1.1. Suppose that the conditions (f1)-(f41), (A1)-(A2) and (H) are satisfied. Further
assume that (fo) holds if N > 2 and (f}) holds if N = 2. Then, there exists a positive real number
Ao such that, for all |A| < Ay the Problem (3.1) has a positive solution, provided

LrapS + Lacy| Q|28 + ALsci || /28,

0<
CNS%CI% — (Ll ap+ L47La())

< 1.

3.2 Truncated problem without gradient nonlinearity

Since the Problem (3.1) is non-variational; one can not apply variational methods directly. The

technique used to prove our main Theorem 3.1.1 is inspired by [102]. For a fixed w € WO1 2 (Q),
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we consider the following freezed problem:

f(x,u,Vw)%—);h(x,u) in Q.
A(x, [[wll?) (3.3)
u=20 on JQ.

—Au =

We say that u € Wo1 ’Z(Q) is a weak solution of (3.3) if the following holds:

f(x,u,Vw) (p—FAh(X,M)(P 1,2
Y - w2 (Q).
/Q uVe dx /Q A W) dx Yo cW,"(Q)

The Problem (3.3) is variational, i.e., the critical points of the functional

1 F(x,u,Vw)+ AH (x,u)
Iw — V 2 _/ s Uy )
(0= Ve [

are the weak solutions to (3.3), where F(x,t,&) = [§ f(x,s,&)ds and H(x,t) = [y h(x,s)ds.
Due to the presence of gradient term in the growth condition of the nonlinearity f, we

consider the following truncated problem for any fixed 7 > 0 as:

fT(x,u,Vw)—FiLh(x,u) in Q.
A(x, [[w]|%) (3.4)
u=20 on JQ,

—Au =

where

fT('xat7§) :f(x’t7§(PT(§)) v (x7t>§) eQ XRXRN?‘PT S CI(RN)v |(PT(§)| <1

and
I, [§[<T

#ris)= 0, |E|>T+1.

For N > 2, we have

fr(et,E) =1 (x1,60r(8))l < ar(1+ ) (1+[Sor(S)I).

By using the definition of @7, we get

fr(x2,8)] < ar(T+2)"(1+[¢|?). (3.5)
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For N = 2, we have

Fr(nt, &) = [£(x,1,E@r(8))] < ael™) (14 E@r(E)]).

By using the definition of ¢r, we get
(6t €)| < ax(T +2)7e™ . (3.6)

The Problem (3.4) is variational, i.e., the critical points of the functional

Fr(x,u,Vw) +AH (x,u)
IT / V 2 / s Uy 9
=5 oV e

are the weak solutions to the Problem (3.4), where Fr(x,t,&) = [§ fr(x,s,&)ds

We consider a C! functional I£O defined as

) FT(x u, Vw)
/ |Vu|“dx — A WD) ——————=dx.

It is easy to see that the critical points of Ivﬁ) are the solutions to the Problem (3.4) with A = 0.

Next, we provide the statement of auxiliary results.

Theorem 3.2.1. Let N > 2 and the conditions (fo)-(f3) and (A1) are satisfied. Then, for fixed
w e Wol’z(Q) NCYB(Q), there exists Ay > O such that the Problem (3.3) has positive solution,
say wy, for all |A| < Ay. Moreover, there exist ki > 0 and 0 < B < 1, independent of w, such
that ||uw||cop(q) < k1

Theorem 3.2.2. Let N = 2 and the conditions (fy), (f1)-(f3) and (A1) are satisfied. Then,
for fixed w € Wol"z(Q) NCYB(Q), there exists Ay > 0 such that the Problem (3.3) has positive
solution, say uy, for all |L| < Ay. Moreover, there exist k; > 0 and 0 < B < 1, independent of
w, such that ||luy||cop gy < ki-

3.2.1 The general case: N > 2

In this section, first, we deal with the existence of a positive solution to (3.3) with A = 0 and
then we use it to establish the existence result for (3.3). Due to the presence of Vu in the growth
condition of nonlinearity f, first we consider (3.4). Since no growth condition is assumed on
h, it is difficult to discuss the existence of the solution to (3.4) directly. Therefore, we prove
the existence of a solution to a truncated problem in which the perturbation term is bounded.
Then, with the help of the existence result for this truncated problem, the existence of solution
to (3.3) is established, infact the Theorem 3.2.1 is proved.
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Next, we prove a series of lemmas.

Lemma 3.2.3. Let u be a non-trivial solution to the Problem (3.4) with A = 0. Then u is strictly

positive in Q, and its outward normal derivative is strictly negative on dQ.

Proof. Let D= {x € Q | u(x) < 0}. Suppose that D # ¢. Then,

Sr(x,u, Vw)
Alx, [lwlf?)
u(x) =0 on dD.

—Au= =0 in D,

This shows that # = 0 in D, which is a contradiction. Hence, u > 0.

By (f2), there exists a constant ¢; > 0 such that
Sfr(x,t,Vw) > —cyt

for all 0 <t < [Ju[|;=(q), x € Q. This implies that

6] 1 fT(X,u,VW)
—u—Au=—u+-—"-—-"-—-->0,
ao Cag Al [wl?)
for all x € Q such that fr(x,u,Vw) <0 and
fr(x,u, Vw)
u—Au=ciu+——m—-:=2>0,
Alx, [[w]]?)
for all x € Q such that fr(x,u, Vw) > 0. Therefore,
Au < cpuin Q,
for some c¢p > 0. Using [115, Theorem 8.27], we get u > 0 in Q and g—;‘] < 0ondQ. O

Lemma 3.2.4. The Palais-Smale condition is satisfied for Ivfo

Proof. Let{u,} C WO1 2(Q) be any Palais-Smale sequence, i.c., I (up) =€ <ooand (I7) (un) —
0 in dual space of Wol’z(Q). This implies

FT(X, Ltn,VW)

1 2
—lun||” — dx = {+ b, 3.7
214" o Ak W) " (3.7)
where 0, — 0 as n — o and
\Y
/VunV(pdx Jrl, M|TW||W dx| <&,)o], Vo € Wi (Q), (3.8)
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where €, — 0 as n — oo. On taking ¢ = u,,, from (3.7) and (3.8), we obtain

1 1 I Hz_/FT(x,un,Vw)—%fT(x,un,Vw)un
2 6)7" Alx, [[w][?)

for some ¢3 > 0. It follows from (f3) that

1 1
(55 ) Il < a1+ )

dx < c3(1+ [|un]]),

33

This implies that {u,} is bounded in WO1 ’Z(Q). As WO1 2(Q) is a reflexive space, there exists

ue WO1 ’Z(Q) such that, up to a subsequence

u, — u weakly in Wol’z(Q),
un(x) = u(x) ae. x € Q,
u, — uin LP(Q) for p € [1,2%).

As a consequence, (1] ) () (un —u) — 0 as n — oo, ie.,

\%
/Vun (Vu, —Vu)dx — /fT o, HW)H(M)" )dx—>0asn—>oo.
w

Further, (3.5) and (A;) imply

(T—|—2)Sa1

/foun,Vw (ty —u)
[w]?)

Now, by Holder’s inequality (we choose p such that, p € [1,2*)), one gets

dx < /Q(1+\unyq)(un—u)dx.

(T—|—2)s611

/fT X, Uy, VW) Uy — ut)
x, [lwll?)

1
(T+2)'ay o\
Pl A T M A P

dx < [ty —ul| 1)+

— 0 as n — oo (Since u, — uin LP(Q)).

It follows from (3.9) and (3.10) that,
lim | Vu,(Vu, —Vu)dx — 0.
n—o |0

Hence, using [115, Proposition 2.72]

U, — uin WOI’Z(Q) (up to a subsequence).

(3.9)

(3.10)
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This completes the proof. ]

Lemma 3.2.5. There exist positive real numbers o and p independent of w such that
I (u) > o> 0, Yue W, (Q) such that ||ul| =
Proof. 1t follows from (fp) and (f>) that,
Fr(e0,€)| < selil + sl G.11)

for some € > 0, c4 > 0 and for all (x,7,§) € Q x R x RV,
By using (A;) and (3.11), we obtain

1 € c
T 2 2 4 1
1) = 3l = 5o gy~ 5 [

By Sobolev embedding theorem, we get

1 2 8C5 2 Ce
Ly, (u) > S lull™ = 5= lu] — = [fuf

Now choose & such that 2 5= ﬁ > 0 and choose p > 0 sufficiently small such that
1 cs5€ 2 Ce +1
o= ——p? >0.
( 2 2610 ) p ap p
This completes the proof. U

Lemma 3.2.6. There exist u; € WO1 2 (Q) and a positive real number B independent of w such
that
Ivfo(ul) <0 and ||u|| > B.

Proof. Letu € Wol’z(Q)\{O} and u > 0. By (f3), there exist b,d > 0 such that
Frx,t,E)>bt% —d, ¥ (x,1,E) e QxR xRV, (3.12)
By the help of (A;) and (3.12), we have

IT ) / V()2 — Fr(x,tu Vw)dx
o Alx[lw]l?)

bt
/ u® dx+d|Q),
Q

o}

t 2
<5l -
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this implies that 1$0 (tu) — —oo as n — oo, since 6 > 2. Now, by setting u; = tu for sufficiently
large ¢, we get the desired result. 0

Theorem 3.2.7. Suppose that the conditions (fy) — (f3) and (A}) are satisfied. Then the Prob-
lem (3.4) has positive weak solution with A = 0.

Proof. By Lemmas 3.2.4, 3.2.5 and 3.2.6 all the conditions of mountain pass theorem are sat-
isfied for the functional Iva Hence, IT has a critical point u € WO] 2 (Q) such that Ivfo(u) =

2 WO

co (co > o) and (1] )'(u) = 0'in Wo 2(Q)*, where WOI’Z(Q)* is the dual space of Wol’z(Q),

_ T
co = ;2?,2}3’5’ wo (Y(2)) >0,

and
I ={yeC([0,1,Wy*(Q)): (0) =0, ¥(1) =},

here u; is as defined in Lemma 3.2.6. Therefore, (3.4) has the non-trivial solution with A = 0.
Moreover, by Lemma 3.2.3 u > 0 in Q. O

Lemma 3.2.8. Let u!, be the any mountain pass solution of the Problem (3.4) with A = 0,
obtained in the Theorem 3.2.7. Then there exist positive constants k and kg, independent of w,
such that

a3 | () < k and ||uf |1 () < Ko,

where 0 < B < 1. Moreover,

VTV||C0.¢3(Q) < T for sufficiently large T.

Proof. 1tis given that (I] ) (ul)) = 0and I} (u]) = co. Now, proceeding as Lemma 3.2.4, there
exist c7 > 0 independent of w and T such that ||ul || < ¢7. On using the regularity result [115,
Theorem 8.10], we get ul, € C1P(Q), for some 0 < 8 < 1.

By taking p=2and e =1- ( L in [125, Theorem 2.4], we have

ul(x)] < />

] 200y + 1211 (@1 (T +2)%) | 22s0(gy) in 2,
for some cg > 0, dependent only on €. Finally, by Sobolev embedding theorem, we have

ey ll=() < €o(T +2)* =k,
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where cg is independent of 7" and w.
For any p € [1,00) and from (3.5), we have

1l < ar(T+2701 0+ b1 re
ar (T +2) (117 + [l 4 |2 /7)

IN

<al(T+2)°(1Q"7 +c§(T +2)*|Q|'/7)
<cio(T +2)"079.

Now, by taking p > N/2 and using Morrey’s Theorem [50], one gets [|ul,|| 1.5 @ Scn [z

2,p
and by [81, Theorem 9.2.11, we have [|uy,[l2,, < c12|| fr ||y (q)- Therefore, ||| c1.6(q) < croctici2(T +

2)8(1+4) — ky. Since, s < ﬁ], by choosing sufficiently large T, we have ||I/££HC1,[3(Q) < T. Con-
sequently, |[ul || cosq) < T and Vil || o (@) < T for sufficiently large T. O

With help of the function 4, we construct a new function /; such that:

h(x,0) ift<0
he(x,1) = S h(x,t)  if t €[0,2K]
h(x,2k) if t > 2k.

One can observe that & is continuous and bounded on Q x R. Now, select a cut-off function
g:R —[0,1] such that 0 < g <1 in R, g(zr) =1 for all r € B(0,2k) and g(¢) = 0 for all
t € R—B(0,4k).

Now, consider the truncated problem

—Auy =

Fr O, u, Vw) + Ag(u)hy(x,u) + A g’ (u) Hy (x, u) o
Alx, |wll?) ’ (3.13)
u=~0 on JQ.

where, H(x,u) = [q hy(x,1)dt.

Corresponding to the Problem (3.13), we consider the following C! functional:

rov_ [ Lo _/ Fr(x,u,Vw) + A g(u)H(x,u)
I (u)—/Qz|Vu| dx A P dx.

We see that the critical points of the functional 1 /{ are the solutions to (3.13).
In the next theorem, we establish the existence of a bounded mountain pass solution to the
Problem (3.13).

Theorem 3.2.9. Suppose that the conditions (fy) — (f3) and (A}) are satisfied. Then there
exists Ay > 0 such that the Problem (3.13) has a weak solution for all |A| < A;.
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Proof. We will show the existence of a weak solution with the help of MPT. Let us verify the
conditions for MPT. By proceeding as in Lemma 3.2.4 and using the argument that g(¢)H(x,1)
and its partial derivatives are bounded, we obtain that /) satisfies the Palais-Smale condition.

Since, g(t)H(x,t) is bounded, we get
T T T 1,2
Ly, (u) — Ak < L (u) < I, (u) +|A]x, Yu € Wy (Q), (3.14)

1) Hy(x,t
where Kk = max M
(erycaxk | Alx [[w]]?)
Choose |A| sufficiently small, such that

€|

I () > 0~ Ak > /2, ¥ |lu] = p

I3 (uy) < I} (ur) + A ]k <0,

where o and p are as defined in Lemma 3.2.5 and u; is as defined in Lemma 3.2.6. This
implies, there exists A; > 0 such that geometric conditions of MPT are fulfilled for all [A| < A;.
Hence, I] has a critical point uy, € WOI’Z(Q), i.e., (IT) (uy) = 0 in the dual space of Wol’z(Q)
and I] (uy) = c;, where
c; = inf max I (y(t)) > 0,

relt€l0,1]
with
I ={yeC([0,1],Wy(Q)) : ¥(0) =0, ¥(1) = w1}
Hence, the Problem (3.13) has a solution for all |A| < A;. O

Lemma 3.2.10. Let u;_ be any solution of the Problem (3.13) by replacing A to A, obtained

in the Theorem 3.2.9, where {A,} is a sequence of real numbers which converge to zero. Then

for every n, ||Vuy, || cop Q) < T for sufficiently large T. Moreover, up to a subsequence {u; }

converges to u in C'"P(Q) where 0 < B < 1 and u is the critical point oflva.

Proof. It is given that (I{,l)/(”ln) =0 and IAT% (up,) = cp,. Again using the fact that g(r)Hy(x,t)
is bounded and proceeding as in Lemma 3.2.8, one can prove that [[uz, ||c1p(q) < T for suffi-
ciently large 7. Consequently, [[uz, [|cop(q) < T and [|Vuy, [|cop ) < T for sufficiently large T
Therefore, up to a subsequence {u, } converges to u in C LB (Q) where 0 < B < 1. By (3.14),
we get that ¢ — co as A4, — 0. Then Ivfl (u) = ¢ and (Ivfl)’(u) =0, hence u is the critical
point of 1T iy [

Now, we are ready to prove the Theorem 3.2.1.
Proof of the Theorem 3.2.1. On proceeding as in [84, Lemma 2.9] once can show that, there
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exists Ap > 0 such that any mountain pass solution u of the Problem (3.13) with |A]| < A
satisfies
0 <u(x) <2kinQ,

where k is as defined in Lemma 3.2.8. Put 49 = min{A;,A,}, where A; as in Theorem 3.2.9.
Let u; be the solution of the Problem (3.13) with |1| < Ag, obtained in Theorem 3.2.9. Then
0 < uy, < 2k. Therefore, g(uy) = 1,¢'(uy) = 0 and hy(x,uy) = h(x,u ) and consequently, uy
becomes the solution of the Problem (3.4). By using the definition of fr and Lemma 3.2.10,
we have fr(x,u,Vw) = f(x,u,Vw). Thus, u, is a solution to the Problem (3.3). Let A, be the
sequence of real numbers which converges to zero and u,, be any critical point of the functional
I {n then by Lemma 3.2.10, up to a subsequence {u, } converges to a critical point u of I,,, . This

completes the proof. 0

3.2.2 The border line case: N =2

In this section, we discuss the existence of positive solution of the Problem (3.3) when N = 2,

infact we prove the Theorem 3.2.2.
Lemma 3.2.11. The Palais-Smale condition is satisfied for Iv{

Proof. Let {u,} CW,*(Q) be any Palais-Smale sequence, i.c., I (un) — € <ooand (11 ) (un) —
0 in dual space of WO1 2 (Q). On proceeding as in the proof of Lemma 3.2.4, we conclude that
{un,} is bounded in Wol’z(Q). Since WO1 2(Q) is a reflexive space, up to a subsequence there
exists u € WOI’Z(Q) such that u,, — u weakly in Wol’z(Q), un(x) = u(x) ae. x € Q, uy, — uin
LP(Q) for p € [1,0).

As a consequence, (I] ) (u)(un —u) — 0 as n — oo, ie.,

v
/Vun (Vity — Vit)dx — /fT X ny ‘rrv)‘f”;’ ") dx 5 0 as n — 0. (3.15)

Further, (3.6) and (A;) imply

. r
/ frix un,VW ) (n u)dx§ ax(T +2) /ewﬁ(un—u)dx-
x, [[wll?) a0 Q

Now, by Holder’s inequality and Theorem 2.4.1 (we choose 7 such that 7p/||u,||> < @), one
gets

1 1

. r 2 Jun|? v P

/ frix ””’VW Hn u)dxg ar (T +2) / Pellanl™ e gy / Ju — ufPdx )
x, [[w]|?) ao Q @
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/
2|
= a—OHL‘n - ”HLP(Q)

— 0 as n — oo (Since u, — uin L7 (Q)).
Hence, by using [115, Proposition 2.72]
U, — uin Wo1 ’2(9) (up to a subsequence).

This completes the proof. ]

Lemma 3.2.12. There exist positive real numbers o and p, independent of w, such that
IT () > o> 0, Yue W, (Q): |lul =p.
Proof. Tt follows from (f;) and (f2) that,
Fr(e0,€)| < selil +ase " (3.16)
for some € > 0, az > 0,a4 >0, m > 2 and for all (x,7,£) € Q x R x R2.

By using (A;) and (3.16), we obtain

as

1 2 € 2 2
I, () = 5 ] —E\\u\yLz(Q)_%/QMmeaw dx.

On using, Sobolev embedding theorem and Holder’s inequality (we will choose ||u|| < ¢ such

that pa462 < o), we get

1 €as as a2 2 v
2 2 allull® =
Ivfo(u) > EHMH — a02||u|| T (/Qe |u|2dx> ||”||le/m(g)~

By Theorem 2.4.1 and Sobolev embedding theorem, we get

Eas

1 de
g () 2 Zlull” = =5 ull® = 2™

ap?

Now choose € such as % — Zg—g > 0 and choose p > 0 sufficiently small such that

- 1 asé€ 2 a6
a_(2 aoz)p p">0.

This completes the proof. ]
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Lemma 3.2.13. There exist u; € WOI’Z(Q) and positive real number [ independent of w such
that
Ivfo(ul) <0 and ||u|| > B.

Proof. The proof is similar to the proof of the Lemma 3.2.6. We omit the details. [

Theorem 3.2.14. Suppose that the conditions (f}), (fi) — (f3) and (A1) are satisfied. Then the
Problem (3.4) has positive weak solution with A = 0.

Proof. By Lemmas 3.2.11, 3.2.12 and 3.2.13 all the conditions of mountain pass theorem are
satisfied for the functional Ivfo. Hence, there exists u € WO1 )2 (Q) such that Igo(u) =co(co > @)
and (17 )'(u) = 0 in WOI’Z(Q)*, where WOI’Z(Q)* is the dual space of Wol’z(Q). On using the

arguments similar to the proof of Lemma 3.2.3, we conclude that u > 0 in Q. O]

Lemma 3.2.15. Let ul, be the any mountain pass solution of the Problem (3.4) with A = 0,
obtained in the Theorem 3.2.14. Then there exist k,ky > 0 independent of w such that

il < k and || i1 ) < ko,

where 0 < B < 1. Moreover,

VTVHCoAﬁ(Q) < T for sufficiently large T.

Proof. Ttis given that (Ivzo)’ (ul) =0and Ivfo (ul)) = co. Now, proceeding as Lemma 3.2.4, there
exist ¢4 > 0 independent of w and T such that |[ul|| < c}. For any p € [1,00), we have

T‘Z

Ifrllri) < @ (T +2)[le™™ ||y
< a(T+2) el |0

. ( ! |2|:;TH2)
— (T +2)e Q.

Now, by Theorem 2.4.1 (we will choose 7 such that Tp||ul ||> < &), one gets I frller@) <
c5(T +2)". Now, by taking p > 1 and using Morrey’s Theorem [50], one gets ||uyTV||C1 B =
cy|ul||2,p and by [81, Theorem 9.1.1], we have ||uf, ||, < ¢kl f7 || 1r(q)- Therefore, ||ul[| 1, pa) <
cheyes(T +2)" = ko, for some ko > 0. Since, r € (0,1), by choosmg sufficiently large T, we
have ||”w||cl,ﬁ( o) < T. Consequently, ||uT||Loo <k, ||MT||C0ﬁ < T and ||VuvTv||Co,g(Q) <T

for some k > 0 and for sufficiently large T'. [

With help of the function 4, we construct a new function /4 such that:
h(x,0) ift<0

hi(x,t) = S h(x,t)  if t €[0,24]
h(x,2k) if 1> 2k.



3.3. Proof of the Theorem 3.1.1 41

One can observe that /; is continuous and bounded on Q x R. Now, select a cut-off function

g:R —[0,1] such that 0 < g <1 in R, g(¢) = 1 for all r+ € B(0,2k) and g(¢) = 0 for all
t € R —B(0,4k).
Now, we consider the truncated problem
V /
—Au = fT<x7u> W) +Ag(”)hk(x7;‘) +Ag (M)Hk(xvu) in Q,
Alx, [[wl]?) (3.17)
u=0 on JdQ.

where, Hy (x,u) = [o hi(x,1)dt.
Corresponding to the Problem (3.17), consider the following C! functional:

T . 1 2 _/ FT(X,I,[,VW)—Flg(M)Hk(X,M)
Il(u)—/QZ\Vu] dx— | Ax, [w]?) dx.

It is observed, the critical points of the functional / /{ are the solutions of the equation (3.17).

Theorem 3.2.16. Suppose that the conditions (f}), (f1) — (f3) and (A1) are satisfied. Then
there exists Ay > 0 such that the Problem (3.17) has a weak solution for all |A| < A;.

Proof. The proof is similar to the proof of Theorem 3.2.9. We omit the details. [

Lemma 3.2.17. Let u;  be any solution of the Problem (3.17) by replacing A to A, obtained in

the Theorem 3.2.16, where {A,} is a sequence of real numbers which converge to zero. Then

for every n,
converges to u in C'"P(Q) where 0 < B < 1 and u is the critical point oflva.

Vuy, || cop Q) < T for sufficiently large T. Moreover, up to a subsequence {u;, }

Proof. The proof is similar to Lemma 3.2.10. For the sake of brevity, we omit the details. [

Proof of the Theorem 3.2.2. The proof is similar to the proof of Theorem 3.2.1. For the sake of

brevity, we omit the details. O]

3.3 Proof of the Theorem 3.1.1

Proof. Let ug € Wo1 2(Q)NCP(Q) be arbitrary. We construct a sequence {u,} C Wol’z(g)
satisfying

F O un, Vuy 1)+ Ah(x,uy)
5 , in Q
A(x, [|un—1]1%) (Py)
up(x) =0, on JQ.
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Moreover, ||[Vun||cop(q) < ki and [[un|cop(q) < k1 Since, uy1 is the weak solution of (F11),

we have

\%
/ Vi, 1 Vo dx = / flx, u”“” u|r|1))(P dx
|24

+/1/ (e, 1) @ d Vo € W2 (Q). (3.18)

X, [|un|?)

Similarly, u, is the weak solution of (B,), we have

n;vn
/VunV(pdx—/fxu Up—1) @ dx
o0 —11%)

h(x,u,) @ dx
Q A(x, [|un—1]]?)

+A Vo € W, (Q). (3.19)

By subtracting (3.19) from (3.18), using (2.1) and taking ¢ = u,+| — u,, we get

f X un-i—lavun) (un-i-l - un) dx

O lltn 1 — un||* <

A(x, (| 1)
—I—l/ x ”n—l—l) (”n—H _un) dx
A(x, || 1)
/ flx un,Vun 1) (Upy1 —uy) dx
X, |[un—1?)
7L/ xun un+1—un) dx
X, [[un—11%)
By some simple manipulations, we have
Colltns1 = > < [ [£(othi, Vir)
1
_ \v - —u)d
S un, Viy—1)] (A(X,Hunllz)) (Uns1—un)dx

—l—/gf(x,un,Vunl)
X, ||un—11?) — A(x, ||un||?
(Ml DAl g,

X, [|unl[P)A(x, [|tn—11]%)
+l/ [h(x tpg1) — h(x,uy)] (ﬁ) (U1 — up)dx

X |||

A, Jun—1]*) = ACx, ||ua]]*)] i\
| n ’"( % Tl PYAGE Tt P) )””1 )
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By using (A;) — (Az) and (H), we obtain

1
Culitnsr = < — [ [F(xtri1,Vir)

ap JQ

_f(xv unavun>](un+1 - un)dx
1

o [ . V)

- f(xa Uy, Vun—l)] (un+1 - un)dx

Ls
+_2””n_“n1||/ SOty Vg 1) (1 — up)dx

ap
Ly
+ — / |tpt1 — | (Ups1 — un)dx
L
+ —zHun —Up—1]| / h(x,up) (Up+1 — uy)dx.
a? Q

Now, Holder’s inequality and (f4) imply,
L L
Colltnsn =l < = [ et =Pt 22 [ Vit = Vi | (1 — )
aog JQ apg JQ

Ls 1/2
el [ (7Y, 1))
a Q

0

1/2
LsA
(/ ]un+1—un\2dx) +a—0/ \u,H_l—un]zdx

T | G AUy
a Q

0

1/2
(/ |un+1—un|2dx) )
Q

Again, using Holder’s inequality, Sobolev embedding theorem and (3.2), we have

O llttn 1 —un]|* <

Ly 2 2
I o U [

Lsc Q2 LA
e P [ P B _LY P
Sra} Szao
L37LCh.Q.1/2
e st — .
ayS

On simplification, we have

(CnS3ag — (Liao +LaAao)) |41 — un||
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< (LyaoSs + Lac|QY28) + ALz |Q) 280 ||t — 11 ).

This follows,
[ttn1 — un| < el[ttn — un—1]|,
. L2a052+L3c‘f\Q\1/2S2+1L30h\9\1/2S2 . .
where e = ( Cn 202 —(Lrao-+Lakao) . Since e < 1, one can have {u,} is a Cauchy

sequence in WO1 ’Z(Q), hence {u,} converges to some function u € WO1 ’Z(Q), which is a solution
to the Problem (3.1). By [84, Lemma 2.9], we have u > 0 in Q. L]

3.4 Examples

In order to give a clear view of our hypotheses on the nonlinearity f, the non-local term A and

the perturbation term 4, we provide some examples. We can take f as following function

0 ift<0,xcQEcRY
f(x,1,8) = )
cit? (14+|E)%) ift>0,xeQ,E eRY

where, ¢| = m, N>2 ge(1,2=1),s€ (0,#) and k» = max{1,k;}, here k; as

obtained in Theorem 3.2.1.
It can be observed that f satisfies all the conditions (f]) and (f1) — (f4). Moreover,

|f(x7t17§> _f(xat%g)‘ < |t1 _t2|
whenever |t1|,|t2| < k2, |§] < kp and
|f(x7t7€1) _f(x>t7€2)‘ < |§1 _§2|

whenever |t| < k2, |E1], |E2| < ko. Hence f is locally Lipschitz in second and third variables with
fet,8)] <cr(1+k)k] <

Lipschitz constants L1 = 1 and L, = 1, respectively. Additionally,
1 = ¢y whenever [t| < ky,|§| < k.
The model for A and 4 is given below:

A(x,1) = ea(sin(v1) + 1+ (ko +2)A + 1)|Q]'/28,) and h(x,1) = V12 +4,

So+A+2
CNS3 -

where ¢, = and ag >

agp
((ky+2)A+1)|Q|1/28,
Furthermore,

’A(X,tlz) —A(X,t%)‘ < C2’ sin(tl) — Sin(tz)’ < Cz‘tl —tz‘
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and
|h(x,t1) —h(x,10)| < |t; — 12|

whenever 11|, |f2| < k. Therefore, A is locally Lipschitz in second variable with Lipschitz
constant L3 = ¢ and £ is locally Lipschitz in second variable with Lipschitz constant Ly = 1.

Moreover, 5
a

(k2 +2)A +1)|Q|1/2S,

|h(x,1)| < \/ (k3 +4) <k +2 = cy, when [t] < k.

ap <A(x,t) <a; = +ag

and

Consequently, we get

LrapSs + Lact|Q|V/2S, + ALscp|Q|1/2S 1
O<< 20082 + L3¢y |Q|' /=Sy + AL3cy |Q| /=S, S»+ <1

CNS%(I(Z) — (Lla() —|—L4la0) - CNS%a() —1-2

since ag > Szg—@zﬂ Hence, all the conditions of Theorem 3.1.1 are satisfied.
N©p
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Chapter 4

N-Kirchhoff equations with critical exponential growth

This chapter1 consists of two main sections. Section 4.1, deals with the existence and multi-
plicity result in the bounded domain. In addition, the existence result is demonstrated without
using the Ambrosetti-Rabinowitz condition, and the existence of the ground state solution is
addressed in Section 4.1. Section 4.2 deals with the existence and multiplicity result in the
whole RV,

4.1 A problem in bounded domain

In this section, we establish the existence and multiplicity results of weak solutions for the

non-local problem:

—a(Jo|VulVdx) Ayu = fg”bw +Ah(x) in Q, @1

u =0 on 0Q,

where Q C RY is a smooth bounded domain which contains the origin, 0 < b <N, N > 2,
Ay = div(|Vu[N=2Vu) is the N-Laplace operator, A is a suitably small real parameter and the

perturbation term /4 > 0 belongs to the dual of some suitable Sobolev space.

4.1.1 Hypotheses

We assume the following growth condition on the nonlinearity f:

(L1) f:Q xR — Ris continuous and has a critical exponential growth at infinity, i.e., there
exists 0 > 0 such that

I'Shilpa Gupta, Gaurav Dwivedi, Existence and multiplicity of solutions to N-Kirchhoff equations with critical
exponential growth and perturbation term, Complex Variables and Elliptic Equations, 2022.
Shilpa Gupta, Gaurav Dwivedi, Ground state solution for N-Kirchhoff equation with critical exponential growth
without Ambrosetti-Rabinowitz condition, Rendiconti del Circolo Matematico di Palermo Series 2, 2023.
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lim f(x’t)):0Va>aoand fim %0

f—3oo ea|t\N/(N—‘ f—yoo ea|t\N/(N—‘)

=V a< .

1) -
(Lp) }1_r>1(1) N1 =0, Vxe Q.

(L3) f(x,t)=0forallx e Q,t <0

(Ly) tim —L0)

3o o/ (N1

N—b (N=b\""" [/N—boy\""
for some By > NaN—b ( % ) a (TEIZI) , where d is the radius of the
ball B(0,d) such that it is the largest ball contained in Q.

)ZBQ>OVXGQ,

(Ls) Ambrosetti-Rabinowitz condition is true, i.e., there exists ¢ > N such that

0 < OF(x,1) = G/tf(x,s)ds <1f(x1),
0

forallt >0, x € Q.

It is noted from (L;) that the nonlinear function f has critical exponential growth, which is
motivated by the celebrated result of Trudinger [144].
Next, we state our hypotheses on the non-local term a. The function a : R™ — R™ is con-

tinuous and satisfies the following conditions:

(a1) There exists a positive real number ag such that a(s) > ap and a is non-decreasing ¥ s > 0.
(az) There exists @ > 1 such that a(s)/s® ! is non-increasing for s > 0.

Remark 4.1.1. By condition (ay), we have

(d,) OA(s)—a(s)s is non-decreasing, ¥V s > 0, where A(s) = [, a(t)dt.

In particular,
OA(s) —a(s)s >0 Vs >0. 4.2)

Again by (ap) and (4.2), one get

Corresponding to the problem (4.1), the perturbation term s € (WO1 N (Q))*. The space (WO1 M)

is norm space with the norm ||.|..
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We discuss the existence of weak solution for the Problem (4.1) in the Sobolev space

WO1 ’N(Q), which is equipped with the norm:

1
N
Ju) = ( J Wu|Ndx) .
Q

Notation:
We denote,

N
M(N)=  inf el

P >0 forany 0 < b < N. 4.3)
uewy M (@\{0} | [q de

4.1.2 Variational framework and main results

Definition 4.1.2. We say that u € WO1 ’N(Q) is a weak solution of (4.1) if the following holds:
a(|[u|™) / VulN"2 Vi Vo dx = / UGN / h(x) dx, (4.4)
Q o | Q

forall ¢ € WO1 NQ).

Thus the energy functional [} : WO1 "N(Q) — R corresponding to (4.4) is given by

() = Al - [ Z5 x4 [ couax,

where F(x,t) = [} f(x,s)ds and A(t) = [ a(s)ds. It can be seen that I is C' and the derivative
of I at any point u € WO1 N(Q) is given by

L (u)(v) = a(HM”N)/Q IVulN"2 Vu Vv dx — /Qf(T);‘LZ) vdx—l/gh(x)v dx.

Moreover, the critical points of I, are the weak solutions to (4.1).

More precisely, we prove the following:

Theorem 4.1.3. Suppose that the conditions (L) — (Ls) and (a) — (ay) are satisfied. Then
there exists Ay > 0, such that for each 0 < A < Ay, the Problem (4.1) has a non-trivial weak

solution.

Theorem 4.1.4. Suppose (L) — (Ls) and (a1) — (az) hold; then there exists Az > 0, such that

for each 0 < A < A3, the Problem (4.1) has a non-trivial minimum type solution with negative
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energy. Moreover, the solutions of the Problem (4.1) obtained in this theorem and Theorem
4.1.3 are different.

4.1.3 Proof of the Theorems 4.1.3 and 4.1.4

Lemma 4.1.5. Suppose (Ly) — (L) and (a) hold. Then there exists Ay > 0 such that for each
0 < A < Ay, there are positive real numbers M and p;, such that

L(u) >n >0, YueW,"(Q) such that ||u]| =

Moreover, one can choose p;, such that p; — 0 as A — 0.

Proof. Tt follows from (L) and (L) that, for a given € > 0 and s > N, 3 ¢; > 0 (depending on
€ and s) such that,

|S a‘th/(Nil)

1
[F0] < Sell™ +eilele (4.5)

for all (x,7) € Q x R. By using (4.5), we obtain

|u’N lule o|u|N/ N
I (u )_—A(H (A Ay (g 1/ _ dx—k/h(x)udx.
[ o
On using (ay), (4.3) and Holder’s inequality (we will choose r > 1 sufficiently close to 1 and
||u|| < K such that r(ak™/N=1) /oy +b/N) < 1), one get

1

" ;
ra 0 (fi )V y

aollul¥  &lu||¥ /e / o\
1 > — _ d s g
2 () 2 =g NN M o x[er x |l dx (4.6)

— AllA]ul]-

Then, by Lemma 2.4.2 and Sobolev embedding theorem, we have

ao . N—1 € N-—1 s—1
> (= - — — ) )
() > (N ™~ S ! = eallul znhn*) Ju] 47

Now choose € such as 3% — m > 0 and p, > O sufficiently small such that p; < K and

ap & N—1_ . os—1
n= (N N)L())pl c2p, > 0.
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This implies, there exists Ay > 0 such that for each 0 < A < Ay we have
L(u)>n>0, Vue WOI’N(Q) such that ||u|| = py.

Moreover, we can chose p; such that p; — 0 as A — 0. This completes the proof. [

Lemma 4.1.6. Assume that (Ls) and (ay) hold. There exist vy € WO1 ’N(Q) and positive real
number B such that

I?L(VO) <0 and ”V()” > ﬁ

Proof. Letu € WO1 N(Q)\{0} and u > 0 with compact support K; C Q. By (Ls), there exist
bi,by > 0 such that
F(x,s) > b1s® — by, V (x,5) € K; X [0,0). 4.8)

By () and (4.8), we have

1 F(x,tu
I/l(”‘):NA(HWHN)_/Q (|x|b )dx—k/gh(x)tu dx
A(l), . ne u® dx
< —||t —bta/—dx—f—b ——lt/hxudx‘v’t>1,
=W I T B e T M M

this implies that I (fu) — —oo as t — oo, since ¢ > N6 and h > 0. Now, by setting vy = tu for
sufficiently large ¢, we get the desired result. 0

Lemma 4.1.7. There exist k > 0 and ¥y € WOI’N(Q) with || 0o|| = 1 such that
I, (t%) <0 forallt € [0,x).

Moreover;
inf I (u) < 0.
lul|<x
Proof. Choose ¥ € Wo1 N (Q)\{0} such that ¥ > 0 with ||%]|| = 1. Then, for all 7 > 0, we
have 4 S0f (100
— 1y

S 0100) =" ale¥oo)) — [ L x4 [ bty d

Ga00) = o)) [ AL a4 [y s
This implies (d/dt)(I (1)) < 0 att = 0, since & > 0. Next, by using the continuity property
of I, there exists k > 0 such that (d/dt) (I} (td%)) < 0 forallz € [0, k). Consequently, I (%)
is strictly decreasing for all 7 € [0, k). Since I5 (0) = 0, we have I) (1) < 0 forallr € [0, k).
Moreover, we have

inf [ < inf I (%) <O,
nf 2 () < ot 4 (t)

which completes the proof of the lemma. [
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Remark 4.1.8. By (4.7) and Lemma 4.1.7, we have

—oo < ¢p = inf Ij(u) <O.
[[ul<p
By Lemmas 4.1.5 and 4.1.6, the geometric conditions of the mountain pass theorem are
satisfied for the functional 7,. Hence, by the version of the mountain pass theorem without
(PS) condition, there exists a sequence {u, } C WO1 N (Q) such that I () — cpr and L (u) = 0
as n — oo, where

= inf max / t)) >0,
cu = inf max 2 (¥(t))

and
I ={yec([0,1,W, " (Q)) : (0) =0, ¥(1) < 0}.

Due to the lack of compactness, we are not able to prove directly that (PS) condition holds
for I;. We need some extra information for the mountain pass level c¢);. Hence, we consider

Green’s function, m,, : RN x RT - R given by Moser [114] as:

N-1)/N d
1 (logrz)( N i x| <

log %

m (x) = [x]
n 0)]}/_]\; (logn)l/N

0 if x| > d.

if 4 <|x|<d,

where d is the radius of the ball B(0,d) such that it is the largest ball contained in Q.

Remark 4.1.9. One can observe that, m,(x) € WO] N(Q) and ||mu(x)|| = 1. Also, support of

my(x) contained in B(0,d).

Lemma 4.1.10. Suppose (L) and (a1) — (ap) hold. There exists n € N such that

N—-1
max lA(IN)—/ de < lA N—bow :
>0 | N o |xf? N N o

Proof. Let us contrary that, for all n € N, we have

1 F(x.t 1 N—b N=1
max { —A(N) — / Flotmy) , Lo 1y ((N=bow .
>0 (N o |x|? N N o

By (4.8) and (d5 ), for each n there exists 7, > 0 such that

! |
o |xP >0 | N o |xP
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Therefore,

1 F(x,tymy) 1 N—bay\"!
—AtN—/#d > Al [ ——= :
NAG) = fo T 2N N

By using (a;) and the fact that F(x,7) > 0, we have

Next, we claim that

Since at r = ¢,,, we have

it follows that

N /.N tnmnf(xa Z‘nmn) / tnmnf(xatnmn)
t,) alt = —dx = —dx.
Yath) = [ wed WP

By (L4), for a given 7 > 0, 3 p; > 0 such that

1 (x,1) > (Bo— )" V(x1) € B(0,d) x [pe,).
It follows from (4.11), for large n, that

exp(a0|t,iv/(N_])w];l/1(N_l) logn|)

ta(t)) > (Bo—7) /x<d/n b

From (4.2) and (d}), we have

N/(N—-1)

—1/(N-1) 1
IVOA(1)0 > (By— yeli ok e

Therefore, we have
wy_ _
A(1)6 > (fo—1)37— d"exp(Gy).

—FdaX.
x| <d/n |x|?

53

4.9)

(4.10)

(4.11)

(4.12)
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_ Noglogn N/(N-1)

where G, = == =1 — (N6)logt, — (N — b)logn. This implies {#,} is bounded. If not,

upto a subsequence G, — oo, which is a contradiction to (4.12). Also, we have

N
N — Nogty ™!
A0V > (By— 1) L gN—b oy | [ XH00__

—_— —(N—=b) |1 . 4.13
n N—b o ( ) ogn ( )

By the help of (4.9), (4.13) and using the fact that {#,} is bounded, our claim
N—bay\N!
N (——N> (4.14)

is proved. Next, we construct two sets

X, ={x€B(0,d) : tym, > pr} and ¥, = B(0,d) — X,,.

By (4.10) and (4.11), we have

|t [N/ N1 ; ;
Na) 2(B-7) [ vt [ W (X ta)
BRI Y, x| wis)
eao|lnmn|N/(N—1) .
~(Bo—7) [ .
v,

By using the fact that m,, — 0 and the characteristic function Yy, — 1 a.e. in B(0,d), we have

tamy, f(x, t,m

Y, x|

and WD)
Qo|tnimn| a
e N —
/ 5 dx — NZLgN=b,
A N—b
Next, we have,
/ eaollnmnIN/(N’l) / eao|tnmn|N/<N*1> eao|tnmn|N/<N*1>
——dx= —dx+/ ——dx.
R x<d/n  |x[P d/n<hl<d  |x[P

By the definition of m,,, we have

N/(N-1)
/ e dx — N1 gN—b
<d/n  |xfP N-b
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Now, proceeding as [137, Lemma 4.2], we have

a{)|;nmn|N/(N 1)

e ON_1 N_
/ —————dx > N Vb,
d/n<|x|<d [x] N-—b

Hence, taking n — oo in (4.15) and using (4.14), we have

N—b oy N1 N —b oy N-1 ON-1 N_p
] X0 > (By— 7)N=L gN-bpy
( N ao) a(( N o ) vy ’

consequently,
N—b (N=b\"' [(N=bay\"'
Bo < al(——— ,
NdN-b \ o N o

which is contradiction to (L4). This completes the proof. O

Lemma 4.1.11. [137] Let {u,} C WOI’N(Q) be a sequence such that u, — ug in WOI’N(Q) and
f(x7 un) N f(x7 I/t())

x| Jx|?

in L'(BR) for any R > 0, then

F(x,up) F(x,up)
|x[? x|

in L'(RY).
Lemma 4.1.12. Suppose (Ls) and (a;) — (az) hold. If {u,} C WOI’N(Q) is a (PS). sequence of

I, with weak limit uy and
1 N—bay\"!
<Al | ——— 4.16
N (( ) ) 10

then there exists A; > 0, such that for each 0 < A < A4,

tim | o | < (4—
n—soo

N—bon . First, we claim

N
that {u, } is a bounded sequence. Since {u,} is a (PS),. sequence of I;, we have I; (u,) — ¢ and

Proof. Let us assume on the contrary that, lim |u, ||V —||uo||N > (
n—soo

I (uy) » 0asn— oo, ie.,

1 N F(X,Mn)
FAUI™) = [ St [ Ay = e +5, @17

where 8, — 0 as n — o and

a(||u,l||N)/Q|Vun|N_2 Vu, Vo dx—/Q]de—/glh(x)(p dx
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Vo € W, ™ (Q), where &, — 0 as n — co. On taking ¢ = u,, by (4.17), (4.18) and using (Ls),

we obtain

Uy N a\ || Uy N Un N —
(A(H V) a(fjua][™) [un )+<1GG)W,”*HWH§63<1+Hunu>,

N (o]

for some c3 > 0. It follows from (a;) and (4.2) that

11 1—
(g =2 ) Il + (152 )21l < cs(1-+

Consequently, there exists A;" > 0, such that for each 0 < A < 4], we have

llun|| < C, f“‘” ftnun oo [ o) )
|x[? Jx|P

for some C > 0. This implies, {u,} is bounded in WOl NQ). As WO1 N (Q) is a reflexive space,
Jug € WO1 N (Q) such that up to a subsequence, we have

u, — up weakly in WO1 NQ),
up(x) = up(x) a.e. x € Q,
u, — ug in LY(Q) for g € [1,00).

Further, proceeding in the similar ways to [155, Lemma 4.4] and [65, Lemma 2.7], we have

fOoun) — f(xuo)

x| e

in L'(Q)

Vi, V2 Vi, — [VioN =2 Vug weakly in (LY V"D (Q))V.
y

loc

By Lemma 4.1.11, we have

F n F ) .
o @) @

By passing the limits in (4.18), we get uq is weak solution of the problem

—a(E)Ayu =1 T;“b”) +AR(x) in Q,

u=0 on 0Q, (4.20)
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where E = lim ||u,||V. This implies,
n—soo

_,}1_1&/ f( X‘xl/‘tg tn A/ o dx =0 42
and
E)uoll¥ — [ 11 x| 72 ALY —A/ h(x)ug dx = 0. 4.22)
Q

By subtracting (4.22) from (4.21), one gets

(f()@ up)un  f(x, MO)MO) dx — 0.
Q

a(E)(E_HuOHN)_ lim ‘x‘b o |X‘b

n—yoo

By using (a;), we get

aE ol ") (& ~ uol*) ~ Jim [ (f Cotin)in [, ”°>“°) dx <0

neo x| Jx|?

N-1
Again using (a;) and from supposition E — ||ug||V> (%%) , we have

N—1
g (N b aN) (N b (XN) — 1lim (f(xa l/tn)un . f(x7u0)u0) dx <0. (423)
N o N a e Jo \ o [xfP [x?

Next, by using (Ls), there exists A; > 0 such that for each 0 < A < 4; < A}, we have

/QL(f(X’MO)MO—NeF(x’u0)>dx—(1——) /h Yug dx > 0. (4.24)

NE\  xf x|

Again, by using the fact that {u, } is a (PS). sequence of I and by (4.19), we have

e = i ) )

n—yoo
1 1 , 1 fx,up)uy  F(x,up)
=—A(E)— —a(E)E+1 — — d
JA®) = a4 im [ (Tl L) 4,

) 1

1 1 X up)uy  f(x,u0)ug
= —A(E)— — VE + 1i — d
NAE) ~ g B)E+ lim 9/( F T

L (fOug)ug  F(xup) (1 /
+ QNQ( P N6 P dx— (1 o A Qh(x)uoalx.
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By using (4.24) and (d5 ), we obtain

Al (52 (()7) ()

S )y f(x,u0)ug
[ ( ) dx

x| x|

Next, by using (4.23), one obtains

which contradicts to (4.16). This completes the proof. [

Lemma 4.1.13. Suppose (Ly) — (L) and (ay) holds. If {u,} C WOI’N(Q) is a (PS). sequence
of I, with weak limit uy and

N—1
N b@) (4.25)

i | < (%

then u, — ug in WOl N(Q) up to subsequence.

-
Proof. First, we will prove that M e L1(Q), for some r > 1. Define
b PP
X
Wy = —_ and wp = —0
" | T T BV

where E = 1i_r>n llun||N. One can observe that ||w,| = 1, w, — wo weakly in WOl N (Q). Without
n—roco

loss of generality, we have 0 < ||wg|| < 1. Therefore, E = E-fluoll. By (4.25), we have

1—wo [V
(N_b%>N_l
N o
E<~—F/___.
1= [lwo|l¥

N-b« N

This implies, [Ju, ||V < (T (1— [lwo|[¥)~! for sufficiently large n. Taking r > 1 (suf-

OoN
(20)]
ficiently close to 1) and & > o (sufficiently close to ), we have

B b 1N
rocfu, | VNV < ay (1_N)(1_HWOHN) 1/(N=1) (4.26)
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By using (L) and (L;), there exists ¢4 > 0 such that
| f (o un)|” < caexp(rouy, N/(N= 1))
for some a > ap and r > 1. Therefore, for large n, we have
[ Ces)|” < esexplroefu| /YDy ),

Thus, using Lemma 2.4.7 and (4.26), one gets

’fxun

VAL gy < s, (4.27)
Bk

for some constant cs > 0. Next, using Holder’s inequality (with exponents r and ' such that
1/r+1/r =1), we have

, /¥
fX un un_uo / ‘fx un r / ‘un_uO’r
f R ([ 25T T

Define two sets:

={xeQ:lx|<l}and Q) ={x€Q:|x| > 1}.

Using (4.27) in (4.28), we have

/

/ / 1/”
f(xaun)(’/l‘)n_MO)dxgcé/r / |un_IZO|r dxt |un_IZO|r I '
o [x] o | Q  |x

Again using Holder’s inequality(with exponents s and s” such that 1/s+1/s' = 1 and N > bs),

we get

/ 0y ) (un — uo)dx
Q

[
, 1/5 1 I/SI / ]/r/
<cl |y — uo|™" dx ——dx + | |t —uo|" dx
> o, o, |x[Ps o
/ / l/r/
< " (collin = uoll g + lltn =0l ) - (4.29)

Since {u,} is a (PS). sequence of Iy, we have I (u,)(u, —up) — 0 asn — oo, ie.,

_ X, U Uy — U
) 9 Yty V) ax = [ L0 a0,
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—|—/ Ah(x)(up — ug) dx+ &,
Q
where g, — 0 as n — oo. By the help of (4.29), we have
a(ua]™) / IVitn N2 Vit V (1t — ug) dx
Q

1 / /r
S C5/r <C6||I/tn - MO”rsr/(Q) + ||Mn - MO”ZV/(Q))

+ AIh|llun — ol + €. (4.30)
On the other side, since u;,, — ug
/Q \Vuo|N =2 Vg V(u, — ug) dx — 0. (4.31)
Taking n — oo in (4.30) and using Sobolev embedding theorem, (a;), (2.1) and (4.31), one has
0 < lim apllun —uo||* <0,

hence, u, — up in WO] NQ). O

Corollary 4.1.14. Suppose (L1) — (Ls) and (ay) — (az) hold. If {u,} C WOI’N(Q) isa (PS). of

I, with weak limit ug and
1 ((N=bay\""
c<—Al [
N N oy

then there exists Ay > 0, such that for each 0 < A < Ay, u, — ug in WO1 ’N(Q) up to subsequence.
Proof. Proof follows from Lemmas 4.1.12 and 4.1.13. 0

Now, we are ready to prove Theorems 4.1.3 and 4.1.4.
Proof of the Theorem 4.1.3. By Lemmas 4.1.5 and 4.1.6, the geometric conditions of the
mountain pass theorem are satisfied for the functional /; . Hence, by the version of MPT without

(PS) condition, there exists a (PS).,, sequence, say, {u,} where

= inf max I; (y(¢)) > 0,
cu = inf, max 2 (v(1))

and
= {yec(0,1],Wy™(Q)) : 7(0) =0, (1) < 0}.
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By Lemma 4.1.10, we have

1 N—boy\V!
—A| (=22 .
MEN (( N ao) )

Set A, = min{Ap,A; } (where Ay and A as in the Lemma 4.1.5 and Lemma 4.1.12 respectively);
then proceeding as Lemma 4.1.12, {u, } converges weakly in WOI’N(Q), say to, uys. By Corol-
lary 4.1.14, I, satisty the (PS),, condition. Hence, uy is the critical point of I of level cy, i.e.,
I (upr) = 0 and I, (up) = cyr. Thus uyy is the weak solution of the problem (4.1). Furthermore,
uyy s non-trivial solution since & # 0.

Proof of the Theorem 4.1.4. Let p; be as in Lemma 4.1.5, therefore p, — 0 as A — 0.
Hence, we will choose 0 < A3 < A, (where A, as in the Theorem 4.1.3) such that for any

A €(0,43),
(0,42) N—bay N-1/N
e ()

As l_gp/l is convex and complete subspace of WO] ’N(Q), the functional I, is C! and bounded
below on I_Bpl, by using Ekeland’s variational principle, there exists a sequence {u,} in EP/I
such that

DI (uy) — Cp = | hrifp I) () and ||Ii(un)|| — 0.
ull<py

For sufficiently large n, we get

N—bay\"V! N—bay\V!
N <oV oy < AN N
lal <0 < (o) =77 + ol

By Lemma 4.1.13, {u, } converges to a member of WO1 ’N(Q), say ug. Consequently, By Remark
4.1.8 we have, I (ug) = cp < 0. On the other hand, the solution uy, obtained in the Theorem
4.1.3 is of mountain pass level ¢y > 0; therefore I (up) = cy. Hence, both solutions are
different.

4.1.4 Without Ambrosetti-Rabinowitz condition

In this section, we prove the existence of a weak solution for the Problem (4.1) when the
Ambrosetti-Rabinowitz condition is not satisfied. As a result of Ambrosetti and Rabinowitz’s
introduction of the MPT in their renowned paper [16], variational methods have become one
of the primary methods to demonstrate the existence of a solution to nonlinear elliptic partial
differential equations. They [16] proposed the (Ls) condition on the nonlinearity f which is
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known as (AR) condition and it ensures that the Palais-Smale sequence is bounded, which plays
a crucial role in proving the Palais-Smale condition- a condition needed for the MPT.

Without (AR) condition, one can not use the classical MPT [16]. We refer to [57, 75, 90,
89] and references therein for some existence results when the nonlinear term f does not satisfy
the (AR) condition. We use the following condition on nonlinear function f instead of (AR)

condition:

(L5) H(x,t0) <H(x,11), VO <ty <ty, x€Qwhere H(x,t) =tf(x,t) —NOF (x,t) and F (x,1) =
o f(x,5)ds, where 6 is defined in the condition (a2 ).

The condition (LX) is weaker than the (AR) condition.

In addition, we assume the following condition on the nonlinearity f :

=oo, YXEQ.

The main existence results of this section are as follows:

Theorem 4.1.15. Assume that the conditions (Lo) — (Ls), (L%) and (a1) — (az) are satisfied.
Then there exists Ay > 0 such that for each 0 < A < Ay, the Problem (4.1) has a non-trivial

weak solution.

To prove the existence of a ground state solution, we need the following additional assump-
tion on f:

(GS) For each x € Q, the map 7 +— %W is strictly increasing for r > 0.
We define
X = {ue W, (Q)\{0}|I} (w)u =0} and k = inf 77, (1).
uc
The set X is called the Nehari manifold.

Theorem 4.1.16. If (Ly) — (L4), (L5) , (GS) and (a1) — (az) are satisfied, then
CM = k= r,

which implies that the solution obtained in Theorem 4.1.15 is a ground state solution, where

r= ing D), (u) and S is the set of all critical points of the functional I.
ue

Lemma 4.1.17. Suppose that (Ly) — (L), (L5) and (a1) — (az) hold. Then the following are

true:

1. There exists Ay > 0 such that for each 0 < A < Ay, there are n,p > 0 such that

L(u) >n >0, YueW,"N(Q) such that ||ul| = p.
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2. There exist Vo € WO1 N(Q) and B > 0 such that

I, (vo) <0 and [|vo|| > B.
Proof. Proof of this lemma resembles to the proof of Lemmas 4.1.5 and 4.1.6. We omit the
details. [l
By Theorem 2.3.4, there exists a sequence {u,} C WO1 N (Q) such that I (u,) — cp and

(14 || |) |15, ()| = O @s n — oo, where

— inf max I,
cm = %Qrfél[é"ﬁ (7(r)) >0,

and
1N
I'={yeC(0,1],W, " (2)) : ¥(0) = 0, L (¥(1)) <0}.
To verify that (C).,, condition hold for 7; , we require the following result for the mountain
pass level cyy.
4.1.4.1 Cerami compactness condition

Lemma 4.1.18. Any (C).,, sequence is bounded in WO] "(Q), if f satisfies (Lg) condition.

Proof. Let {u,} C WOI’N(Q) be any (C),, sequence, i.e., I} (u,) — ¢ and (1 + [ju,||)I} (u,) — O
in WO1 N (Q)*. Thus, we have

l Ny F(X,l/tn) _ _
A1) /Q R A/Qh(x)undx_cM+0(1), (4.32)
and
a(||un||N /\Vun\N 2Vu, Vo dx— /f |x|b l/ liﬁH:H) (4.33)

e W, (Q).

Let on contrary that ||u,|| — . Define, y, = ”Z—Z” then ||y,|| = 1, which implies the bounded-
ness of {y,}. By reflexivity of WO1 N@),3ye WO1 N (Q) such that y, — y (up to a subsequence)
in WO1 N (), this implies that

v =t in W (@),
yi(x) =yt (x)ae. xeQ,
yi—yTin LI(Q) for g € [1,),
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where, y© = max{y,0}. We will prove that Q" = {x € Q: y* (x) > 0} has measure zero, it will

imply that y* =0 a.e. in Q. Let us assume that Q" has a positive measure, then
1 (1 ()] = 1im |y, ()| = o0 in Q.
By using (d5) and (L), one gets

i P00 o PO OO o,
M LAl ™) = A AT Pl 70

Thanks to the Fatou’s lemma, we obtain

.. (o, up (x
liminf / = oo, (4.34)
nvee Ja [x|PA([|un|V) ||Mn||N

(4.32) implies that

( |3)cc|ztn dx _i_)L/h(x)undX-l-cM-i—O(l)) = A(||un|)

XM
o Gl = Al [ e~ 0(1)

_||un|| (gl =eAgr) —ew—0(1),

where g = max h(x). On using the assumption that ||u,|| — o, we have
xe

F(x,up
/ &) s o, 435)
o |

Next, (4.32), (4.34) and (4.35) imply

oo = liminf / TR T N = liminf
= Jo |x] A H“ H n—reo N(fQ (‘x"}f”)d x4+ A foh(x)uy dx+cM+0(1))
1
< liminf
= e A foh(x)u, dx
N+N F(x,uy)
Qxp
1
< —
N

which is a contradiction. Hence, y < 0 a.e. in Q. From (4.33), we obtain

a(llun|™) /Q Vata N2V, Vy dx — Al |y]] < a]lua ) /Q Vitn N2V, Vy dx
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f o n ydx l (x)ydx
x|

8n||yH

< ———— —0.
(1 [Jen]l)

Thus

] Al
") | V3l 200y =5 T
n

a(llunl|") Jo [Vun N>V Vy dx Al [y
loan |1V [

€1yl

— 0.
= (1 [t ]) o [N

Hence, we have y = 0, since y, — y in WO1 "N(Q). Let 0 <t, <1 be such that
D), (thuy) = max I (tuy).

0<r<1

N-1

By choosing R € (0, <NTb%> N) we have H i 0, hence

R
Il(t"un) le <||l/t Hun) :I)L(Ryn)?
n

for sufficiently large n. By using (L) — (Lp), we get

|Ryn / |Ry |s a|Ryn|N/(N—l)

ARy~ R

1
N N \x\b
—l/ X)Ry, dx.

I (Ryn)

Using Holder’s inequality (Choosing » > 1 enough close to 1),

1 eRN 1/s 1 1/s
> AR - B / sV /_
D (Ryn) 2 GA(RY) N ( QIy | dx) ( A |x|bs’dx)

1

dx

r(xRN ly,,
—c / —— (/ |Ry,,|"/dx) —QL/ X)Ry, dx.
o |

65
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Then, by Lemma 2.4.2, we have

1

1 eC 1/S / i

Ix(Ryn)Z—A(RN)——< J |yn|~‘Ndx) e ( / |yn|”dx) ARgy [ yndv. 436)
N N Q Q Q

NI —
Since, [ [yn|Pdx — 0 for all p > 1, therefore by letting n — oo and R — ((%%) N ) in
(4.36), we have

N-1
.. .. 1 N—boy\ N
h}gglgfl;t (thttn) > hrfrl)lorolfl,qv (Ryn) > NA (( N 060) > > cp. (4.37)

As {u,} is a (C),,, sequence, we have I/’l (tntty) (taun) =0, i.e.,

1, t
a(lnten|¥) tnttnl| dx = f al ﬁb J% nttn )t / tntind. (4.38)
Consider,
1 F(x,t,u
I, (tattn) = —A(||taun||V) — / (—’;”)dx—/l / h(x)tyuy, dx. (4.39)
N o |y Q

By (), (L%), (4.38) and (4.39), we have

1
Iy (tnun) < W(GA(anunHN) — alltten |V [ tten |V dx)

/ f O, tyun )ty — NOF (x,tyupy) .
N9 x| ’

< b Ny _ N N
_NO(GA(HMnH ) —a(([un]|™)||un ™ dx)

n)un —NOF (x,up,
/ flx,u (x,u )dx

e

(un)(un> <cum,

which contradicts (4.37). Thus {u,} must be a bounded sequence in WOl NQ). O

Lemma 4.1.19. Suppose (Lo) — (L2), (L%) and (a1) — (a2) hold. If {u,} C WO] NQ)isa (C)e,,

sequence for I) with weak limit uy and

1 N—>baoay N-1
—A 4.40
CM<N (( N 060) ) ) ( )

then 3 A1 > 0 such that for each 0 < A < Ay, u, — uo(up to subsequence) in WO1 ’N(Q).
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Proof. We claim that

@) . (4.41)

ti o "~ o< (%
N o
Lemma 4.1.18 implies the boundedness of {u,}. Thus, by reflexivity of WO1 NQ), Jug €
WO1 N (Q) such that u, — ug in WO1 N(Q). Also, by using (L), there exists A; > 0 such that for
each0 < A < A; < A, we have

1 [ f(x,uo)ug F(x,up) 1

Suppose on the contrary that, lim et |[|N — o ||V > <N—_b %>
n (o)

Further, proceeding as [67, Lemma 3.6 and Lemma 3.7], we get u,, — ug in WOI’N(Q) asn —
oo, [

Proof of the Theorem 4.1.15. By Lemma 4.1.17, the functional / satisfied all the geometric
conditions of the Theorem 2.3.4. Thus, by the Theorem 2.3.4, 3 a (C),,, sequence, say, {u,}
where

= inf I (y(t)) >0,
cM ;gngl[gﬁ} A ((2))

and
I ={yeC(0,1],Wy™ () : 7(0) =0, L1((1)) < O}

1 N—boy\N!
<Al (== .

By Lemma 4.1.19, u, — ug. Hence, by MPT, ug is the critical point of I, of level ¢y, i.e.,

By Lemma 4.1.10, we have

I5 (ug) = 0 and Iy (ug) = cpr > 0. Therefore, ug is the non-trivial weak solution of (4.1). O

4.1.4.2 Ground state solution

In this section, we show that the solution obtained in Theorem 4.1.15 is a ground-state solution.

Lemma 4.1.20. Let (Ly) — (L4) and (ay) — (az) hold. If w € WOI’N(Q)\{O}, then there exists

unique t,, > 0 such that t,w € X. Moreover, rr[lax] hy(t) = hy(ty) = I (wty,).
te[0,00

Proof. Define the function, h,, : R* — R such that h,,(r) = I; (tw). We observe that 4.,(¢) =

0 if and only if rw € X. Lemma 4.1.17 implies that h,,(z) > 0 for sufficiently small ¢ and

hy () < 0 for sufficiently large ¢. Thus, 3 1,, € (0,0) such that n[lax]hw(t) = hy(tw) = I (wty,).
t€|0,00

)
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Consequently, A, (t,,) = 0 and r,,w € X. Next, we will prove the uniqueness of f,,. If 7 is the

critical point of #,,, then we have

N) N
W (1) = (IltW|| )lewll fX|f‘VZ dr— A/ X)wdx=0
x

which implies that

a((ewlM) w1 fxiw)w /l/
|ew||N(6=1) o INO—T|x[b l|x|b N@ Td
fx,tw) Ah(x)
- /Q {(tw)N9—1|x|b T (tW)NO—I] whOdx. (4.43)

By (ay), the left-hand side of (4.43) is decreasing for t > 0 while the right-hand side is increas-
ing strictly by (GS). Therefore, 1,, is a unique critical point of A, 0

Proof of the Theorem 4.1.16. By using the fact that S C X, we have k < r. Also, it can be
seen r < c¢y. It will be sufficient to prove that k > cyy.

If v € X, then /(1) = 0. By Lemma 4.1.20, we have rr[lax]hv(t) =hy(1) =1L (v).
t€]0,00

Choose a function y: [0, 1] — WOl N (Q) such that y(¢) = ttov, where 1y > 0 such that I; (fgv) <

0, which implies that y € I". Therefore, we have c¢jy < max I (y(t)) = max I (ttov) < max [ (tv) =
t€(0,1] t€(0,1] >0

I),(v), which is true for every element v € X. Hence, k > c)s and that concludes the proof. [

4.1.4.3 Examples

In order to give a clear view of our hypotheses on the nonlinearity f, here we provide some

examples.

Example 4.1.21. Consider the function, f(x,t) = <N9tN9 Ly ]\/) VI then F(x,t) =
N0Vt and H (x,t) =1 f(x,t) — NOF (x,1) = (%ﬂ) V', Now, the function

H’(x,t):(<N9+%) N1 ) eV >0,V >0,

consequently f satisfy (L5) condition. But for any @ > N© there exists to > 0 (small enough)
such that

NO
a)tNee‘/E><N0tN9 ! \[) VI V0 <t <1,

hence, f does not satisfy the (AR) condition. For more information, one can refer to [90,
Appendix A].



4.2. A problem in RN 69

Example 4.1.22. A rypical example of a function f satisfying the conditions (Lo) — (Ls), (L)
and (GS) is given by f(x,t) =0V (x,t) € Q x (—o0,0] and

fx,1) =NO|x|PNO! [exp (t%> — 1} + x| exp (t%) O+

N
N—1
Y (x,t) € Q x (0,00) and h is any negative, continuous function which belongs to the dual of
WO] N(Q). Indeed, deriving we get

F(x,1) = |x|PN® [exp (t%) - 1}

and

H(x,1) =1f(x,1) — NOF (x,t) = x| exp (t%> NO+iT

N
N—-1
Clearly, H is increasing function, consequently f satisfy (L%) condition. We take o = 1 then
the condition (Ly) is true. It can be easily verify that the conditions (Ly), (L) — (Ls) and (GS)

are also true.

4.2 A problem in RV

In this section, we consider the following problem:

—a </RN |VM|N+V(X)|u!NdX> (Au+V () |ul¥"2u) = gﬁi:) +Ah(x)inRY  (4.44)

where 0 < b < N, N > 2, Ay = div(|Vu|¥~2Vu) is the N-Laplace operator, A is a suitably small
real parameter and the perturbation term /2 > 0 belongs to the dual of some suitable Sobolev

space.

4.2.1 Hypotheses

We assume the following growth condition on the nonlinearity g:

(L}) There exist C1,Cy, otg > 0 such that
1g(x,0)| < C eV + C@ (ot NN Y, W (x,1) € RN xR,

where

(1) =exp(r) — Y, —- (4.45)
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. g(x1)
(Ly) lim 25 =0, VxcRV.

(L5) There exists ¢ > N6 such that
t
0<0oG(x,t)= 0'/ g(x,s)ds <tg(x,t),
0

forallt >0, x € RV,

t t
S LY (x,7) ;> B1 > 0 uniformly on compact subset of RY, for some f8; > 0.

(Ly) }gg o/

(LY) g(x,)=0forallx e RN,z <0.

Next, we state our hypotheses on the non-local term a. The function a : R™ — R is continuous

and satisfies the following conditions:

(a1) There exists positive real number ag such that a(s) > ap and a is non-decreasing V s > 0.
(a2) There exists @ > 1 such that a(s)/s®~! is non-increasing for s > 0.

Remark 4.2.1. By condition (a;), we have

(db) OA(s) —a(s)s is non-decreasing, ¥ s > 0, where A(s) = [y a(t)dt.

In particular,
OA(s) —a(s)s >0 Vs >0. (4.46)

Again by (ay) and (4.46), one get
(d) A(s) <sPA(1) Vs> 1.

Corresponding to the problem (4.1), the perturbation term i € (WO1 N (Q))*. The space (WO1 NQ))*
is norm space with the norm ||.|..

Next, we state the condition on the potential V :
(V1) V(x) >Vy >0 forall x € RV,
(V2) V(x) — oo as |x| — oo.

Due to the presence of potential V, the natural space in which we look for a weak solution
to the problem (4.44) is

W= {ueWNRN): /RNV(X)de < oo}
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which is a reflexive Banach space, under the condition (V}), with the norm

ullw = (/RN(]VM|N+V()C)]M|N)dx) I/N.

Moreover, we have the compact embedding W < W1V (RN) < L5(RV) for all s € [p, p*). For
the details; we refer to [139, Lemma 2.1].
Notation: We denote,

N
Al(N)= inf il

weW\{0} | fow I‘MI‘ZV

>0 forany 0 < b < N. (4.47)

4.2.2 Variational framework and main results

Definition 4.2.2. We say that u € W is a weak solution of (4.44) if the following holds:

, _ g(x,u)pdx
allbl) [ (52 VuSo v lul 2up) dr= [ EESOE 12 [ hwpar @

Vo eW.

Thus the energy functional J; : W — R corresponding to (4.48) is given by

1
510 = yACluliy) = [ E5axa [ neouan

where G(x,t) = [} g(x,s)ds and A(t) = | a(s)ds. It can be seen that the functional J; is C' and
the derivative of J at any pointu € W is

g(x,u)vdx

Ty w)(v) = a(lully) [ (V2 Vu VoV (@lul* 2uv) d = [

RV [xfb
—1—7L/ x)v dx.

Further, the critical points of J) are the weak solutions to (4.44).

The statement of our main results is as follows:

Theorem 4.2.3. Suppose that the conditions (L}) — (Ls) and (a1) — (az) are satisfied. Then
there exists /’Lé > 0, such that for each 0 < A < 22’ the Problem (4.44) has a non-trivial weak

solution.

Theorem 4.2.4. Suppose (L) — (Ls) and (a1) — (az) hold; then there exists A} > 0, such that

for each 0 < A < Al the Problem (4.44) has a non-trivial minimum type solution with negative
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energy. Moreover, the solutions of the Problem (4.44) obtained in this theorem and Theorem
4.2.3 are different.

4.2.3 Proof of the Theorems 4.2.3 and 4.2.4

Lemma 4.2.5. Suppose (L|) — (L}) and (a1) hold. Then there exists Aj > 0 such that for each
0 < A < A{, there are positive real numbers N and p;, such that

J(u) >n >0, YueW such that ||u|lw = py.

Moreover, one can choose p;, such that p; — 0 as A — 0.

Proof. Tt follows from (L)) and (L)) that, for a given € >0 and s > N, 3 a > 09,C3 >
O(depending on € and s) such that,

1 _
1G(x,1)| < ]T]£|t|N+C3|t|“<I>(a\t|N/N h (4.49)

for all (x,7) € RN x R. By using (4.49), we obtain

1 € \u]N |u*®(ot|u|V/NT)
D) = Al [ s c/ - dx—?L/RNh(x)udx.

N

On using (ay), (4.47) and Lemma 2.4.5 (we will choose ||u||w < K with K is sufficiently small),

one get

aollulliy _ €llully

S (u) > —Cafually = Af\al ] [l w -

N NA/(N)
Therefore, we have
a0, N—1 € N—1 ~1
Jx<u>z(ﬁuuuw ~ sy V! = Calluly —Auhu*) lullw.  (450)

Now choose € such as > 0 and p, > O sufficiently small such that p; < K and

N N/'L’( )

_ (9 & N-1_  ~s—1
1= (5w )L -t >0

This implies, there exists Aj > 0 such that for each 0 < A < A we have

Jy(u) >n >0, Yuc W such that ||ul|lw = p,.
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Moreover, we can chose p; such that p; — 0 as A — 0. This completes the proof. [

Lemma 4.2.6. Assume that (L}) and (az) hold. There exist Vo € W and positive real number 3
such that
. (vo) <0 and ||vollw > B-

Proof. The proof is similar to the proof of the Lemma 4.1.6. We omit the details. [

Lemma 4.2.7. There exist k > 0 and 09 € W with ||O||lw = 1 such that

) (t%) <0 forallt € [0,x).

Moreover,
inf J, (u) <O0.
lJullw<x
Proof. The proof is similar to the proof of the Lemma 4.1.7. We omit the details. 0

Remark 4.2.8. By (4.50) and Lemma 4.2.7, we have

—oo < ¢p = inf Jy(u) <O0.
lullw<p
By Lemmas 4.2.5 and 4.2.6, the geometric conditions of the mountain pass theorem are
satisfied for the functional J; . Hence, there exists a sequence {u, } C W such that J; (u,) — ¢},
and J} (u,) — 0 as n — oo, where

chy = inf max J; (y(t)) > 0,
b= int man (1)

and
' ={yec([0,1],W): y(0) =0, ¥(1) < 0}.

Due to the lack of compactness, we are not able to prove directly that (PS) condition holds for
Jy.. We need some extra information for the mountain pass level ¢},. Hence, we consider the

Green’s function, g, : RY x Rt — R given by Moser [114] as:

(logn)N=D/N if x| < £,

- 1 log .
gnlx,r) = oV (lOgn)‘(l‘)/N if p<lxl<r
N—1
0 if |x| >r
gn(x,r) .
Set, gn(x,r) = ——————- We can write,
18 (x,7) lw
gzry/(N_l)(x) = w];i/l(N_l)logn—kpZ if x| <r/n
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where, p}; = w&l/l(N_l)logn (||§n||v_VN/(N_]) —1).

Remark 4.2.9. One can observe that, [pn Vg, (x,r)|Ndx=1and [gn|gn(x,7)|Ndx = O(1/logn),

consequently ||gnllw — 1. Support of g,(x,r) contained in B(0,r). Also, g,(-,r) € W and
18 (x, ) [lw = 1.

Lemma 4.2.10. Suppose (L}) and (a;) — (az) hold. There exists n € N such that

1 G(x,t 1 N—bay\"!
max{ —A(") —/ de <-Al (=2 :
>0 | N RV |x[b N N o
Proof. Choose, r > 0 such that
N—b (N—b\M! N—boy\"!
> _ . 4.51
4 NrN"’(Oto) a(( N ao) @D
Let us contrary that, for all n € N, we have
1 t 1 N—bay\ !
max ¢ —A(t") —/ Glx 18n) gn)dx > —A N=bav :
>0 | N RV |x|P N N oy
By (4.8) and (d5), for each n there exists 7, > 0 such that

G(x,tngn) 1 G(x,18n)
N ytnén - N )
A(tn)—/RNde—max{ﬁA(t )—/RNTCZX .

t>0

1 1 o N—1
AN - / Glxtngn) yoo Ly ((N=bow .
N Y P N N o

By using (a;) and the fact that G(x,7) > 0, we have

N—1
N > (N—b%) . (4.52)

1
N

Therefore,

Next, we claim that

Since at t = t,, we have
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it follows that ( ) ( )
N (N 108n8 (X, tn8n / 108n8 X, tn8n
L,alt, )= ————dx = ——— 2 dx. 4.53
Yaa) = [ P e [ g (453)

By (L}), for a given T > 0, 3 p; > 0 such that

tg(x,1) > (B — 1)e®M ™™ Y(x.1) € B0, 7) x [pr,00). (4.54)

It follows from (4.54), for large n, that

N/(N=1), —1/(N-1) .
! () 1
t'a(n)) > (B —7:)/ (el (e Ogn+p")|>dx.
| <r/n [x1?
From (4.46) and (d}), we have
NOA(1)6 > (B — T)eaolliv/(Nfl)(wﬁ/l(Ml)10gn+pf.)| Lb .
xi<r/n ||
Therefore, we have
ON_1 N
A(1)6 > (B —r)—(NN_ 119)'N b exp(Gh), (4.55)

where G, = Yaoloan /N1y i N/N1) - (N6) logi, — (N — b)logn. This implies {1,} is

bounded. If not, upto a subsequence G,, — oo, which is a contradiction to (4.55). Also, we have

N/(N-1) «

N
oy_ NP NoptY !
N1 NI (N —p) | togn+ ol ¥ Dpr| . 4.56)

A(I)th?v" Z(ﬁl—f)we’(p "

By the help of (4.52), (4.56) and using the fact that {#,} is bounded, our claim
N—bay\N!
T (——N) (4.57)

is proved.

Next, we construct two sets

X, ={x € B(0,r) : 1,8, > p} and ¥, = B(0,r) — X,

By using (4.53) and (4.54), we have

t, a(t, dx+

a()‘tngn|N/(N71)

N e 118n8(X,1n8n)
sy [ g [ st
)2 B0 | TP L
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‘N/(N—l)

a0|tngn
—(B1—1) /Y n erx. (4.58)

By using the fact that g, — 0 and the characteristic function )y, — 1 a.e. in B(0,r), we have

/ 118n8(X,1n&n) dr— 0
Y,

x|

and

o \tngnlN/(N*I)

e’0 N _—
/ 5 dx — N er_b.
Y, |x| N-—-b

Now, proceeding as [137, Lemma 4.2], we have

N/ (V-1)

ea()|tngn On_
/< e (V) N1 N-b
x|<r

N—-b

Hence, taking n — oo in (4.58) and using (4.57), we have

N—-1 N-1
(N_];b%) a<(N—];”%> )Z(ﬁl—f)Nw—l\]__;rNbN,

consequently,
N—b (N=\""' [(N=bay\"'
pi < al |\ —v—- ;
NrV=b \ N o

which is contradiction to (4.51). This completes the proof. [

Lemma 4.2.11. Suppose (L}) and (a1) — (az) hold. If {u,} C W is a (PS). sequence of J), with

weak limit uy and
1 B N-1
c< =A N—b@
N N oy

then there exists A{ > 0, such that for each 0 < A < A{,

N-b@)Nl

ti < (2222

Proof. Proceeding as Lemma 4.1.12, we get {u, } is bounded in W. As W is a reflexive space,

Jup € W such that up to a subsequence we have
u, — ug weakly in W,

U (x) = up(x) ae. x € RV,
U, — ug in L4(RN) for g € [N, ).
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Further, proceeding in the similar ways to [155, Lemma 4.4] and [65, Lemma 2.7], we have

g(x,un) g('x7 MO)
|x|? |x[?

in L' (Bg)

\Vitn|N 2 Vi, — |Vug|N 2 Vg weakly in (LN/(N_I)(RN))N

loc

for any R > 0. By the definition of weak convergence, we have

/]RN Vi N 2V, Ve dx — /]RN \Vuo|¥N2VugVe dx for all o € W.
In view of Brezis-Lieb lemma [27], we have

/]RN V() un N 21 p dx — /]RN V (x)|uo|N 2uop dx forall o € W.

Since {u,} is a (PS). sequence of J; , we get ug is weak solution of the problem

—a(Eo) (Ayu+V (x)|u)V %) = g(ﬁ"b”) +Ah(x) in RV,

where Eg = lim, e ||un||}},- Now, on proceeding as in Lemma 4.1.12, we get the desired result.
]

Lemma 4.2.12. Suppose (L)) and (ay) holds. If {u,} C W is a (PS). sequence of J, with weak

limit uy and

. N—>boay N-l
tim o~ oy < (252 )

then u, — ug in W up to subsequence.

.
Proof. First, we will prove that % € L'(RN), for some r > 1. Define
X
and 1o
Wn = Wo = —7
" Tl £

where Ej = limy_e ||uy ||} Note that ||wy,|lw = 1, w, — wo weakly in W. Without loss of
generality, we have 0 < ||wg||w < 1. By taking r > 1 (sufficiently close to 1) and proceeding as
Lemma 4.1.13, there exists 3, > 0 such that

. b
rocfu [/ Y < By < a (1 - N) (1= [|wol[)~1/™=D), (4.59)
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Next, using Holder’s inequality (with exponents r and r' such that 1/r+ 1/ = 1), Lemma
2.4.10 and (4.59), we have

N 1 / i/
/ D (ot |un| V1) (1t — ug)d Oco|u,,|N 1))"dx / \up —up|"dx \ "
RV |x[? x| RV |xf?
N

N_1 r / l/r/
[ St )\ [ ool
RN |x|? RV |x[b
N 1/r , /v
D (Ba|wn|¥T)) |tn — uo|"
< ——“dx ————dx
RN |x|? RV |x[b

; 1/r
|t —ug|”
<C —d 4.60
~L5 (/RN |x\b X y ( )

for some constant Cs > 0. Again using Holder’s inequality (with exponents N and N/(N — 1)),
(L}) and (4.60), we have

/ g(x?un)(”n_uo)dxs/ (C1|”n|N71+C2q)(a0|”n|N/N71))(”n_MO)dx
RV |x[? RV |x[?

N—1 1
N N N N
<(C / 4] dx / de
RV |x|? RV |x|?
/7
’“n_uo"}
C,C —d
+G 5</RN P

—0asn— co. 4.61)

On the other side, since u,, — ug, we have
/ |Vu0|N 2 Vuy V(u, —up) dx — 0 / ]uo\N o (ty —ug) dx — 0. (4.62)
Since {u,} is a (PS). sequence of J;, we have J) (u,)(u, —up) — 0 as n — oo, i.e.,

a(HunH]VY/) (/]RN |V”n|Nf2 Vu, V(up —up) dx+ /}RNV(?C)Wn\Nzun(un —up) dx>

8(x, ) (un — up) / _
= | P dx+ RNAh(X)(un up) dx+ &, (4.63)

where g, — 0 as n — oo,
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Using (4.62) and (4.61) and taking n — o< in (4.63), we get
tim a(([ua]|) / (1Vita|N "2 Vit — [Vato|N =2 Vo) V(un — uo) dx
n—oo RN
: N N-2 | IN-2 B
+ lim a3 [ V) (™2 = o2 o) (1= 0) s
< lim A||A|«||un — uo|lw + lim &,.
n—oo n—oo
On using (a;) and (2.1), one has
0 < Tim a|lun — uofy <0,

hence, u,, — ug in W as n — oo, O

Corollary 4.2.13. Suppose (L) — (L}) and (a1) — (az) holds. If {u,} C W is a (PS). of J

with weak limit uy and
1 N=boy\N!
c< Al (T2
N N oy

then there exists A{ > 0, such that for each 0 < A < A{, u, — ug in W up to subsequence.
Proof. Proof follows from Lemmas 4.2.11 and 4.2.12. 0

Now, we are ready to prove the Theorems 4.2.3 and 4.2.4.
Proof of the Theorem 4.2.3. Proceeding as Theorem 4.1.3, there exists non-trivial weak
solution of the Problem (4.44), say, uy, such that J) (uy) = 0 and J3 (upr) = ¢j; where

/o
cu = inf max Jo (1)) >0,
and
I ={yeC([0,1],W) : y(0) =0, ¥(1) < 0}.

Proof of the Theorem 4.2.4. Proceeding in the same way as Theorem 4.1.4, we get a non-
trivial minimum solution of the Problem (4.44), say, ug, such that J) (ug) = 0 and Jj (ug) =
c;) < 0. On the other hand, the solution uy; obtained in the Theorem 4.2.3 is of mountain pass

level c}w > 0, therefore J; (up) = cfw. Hence, both solutions are different.
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Chapter 5

Kirchhoff type elliptic equations with double criti-
cality

In this chapter!, we prove the existence of a weak solution for the Kirchhoff type elliptic equa-
tions with double criticality. To establish the existence results in a Musielak-Sobolev space, we
use a variational technique based on the mountain pass theorem.

In Section 5.1, we discuss our model problem. In Section 5.2, we provide the main as-
sumptions and variational framework. We also, state the main result of this chapter in Section
5.2. Section 5.3 deals with the proof of the main result. Finally, we construct some examples

illustrating the main theorems in Section 5.4.

5.1 Introduction

We establish the existence of a weak solution for the non-local problem:

{ ~a(Jo (., |Vul)dx) Aypu = f(x.u) in Q. 50)

u =0 on 0Q,

where Q C R is a bounded and smooth domain, N > 2, A jyu = div(h(x,|Vu|)Vu), 7 (x,t) =

O‘tl h(x,s)s dsand h: Q x [0,00) — [0,00) is a generalized N-function. There are two open and
connected subsets ., and Qy such that Q,NQy = 0 and A pu = div(h(x,|Vu|)Vu) is the 52-
Laplace operator. We assume that A j» reduces to A,y in ©,, and to Ay in Qy, the nonlinear
function f : Q x R — R acts as |¢|” %)% on Q,, and as */’ MY on Quy for sufficiently large
|t|. The growth of the nonlinearity f changes its behavior from domain to domain; due to this

dual nature of f, we called the Problem (5.1) has double criticality.

I'Shilpa Gupta, Gaurav Dwivedi, Kirchhoff type elliptic equations with double criticality in Musielak-Sobolev
spaces, Mathematical Methods in the Applied Sciences, 46 (2023), 8463-8477.
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When 7 (x,t) is independent of x, the existence results for problems of type (5.1) are
discussed in Orlicz-Sobolev spaces, and we refer to the work of Chaharlang and Razani [33],
and Chung [118] in this direction. In the case, when .7(x,¢) depends on both x and ¢, the
existence of a solution for the problems of the type (5.1) is studied in Musielak-Sobolev spaces.
Many authors [51, 64, 106, 134] used such spaces to prove the existence of a solution for
problems of the type (5.1) without the Kirchhoff term a. Shi and Wu [134] studied the existence
result for Kirchhoff-type problems in Musielak-Sobolev spaces. Chlebicka [39] provides an
extensive survey of elliptic partial differential equations in Musielak spaces. Recently, Alves
et al. [12] developed the concept of double criticality and studied the quasilinear problem in
Musielak-Sobolev spaces, and our existence results are motivated by their work.

We assume that the nonlinear function f has critical growth on €,,, which causes a lack of
compactness, and hence one can not prove the Palais-Smale condition directly. Lions estab-
lished concentration compactness principle [99, Lemma 1.1] to address such issues. We use
Lemma 2.5.3, the variable exponent version of the concentration compactness principle that
was obtained by Bonder and Silva [25]. On the other hand, the nonlinear function f has ex-
ponential growth on Q. To deal with such types of nonlinearities, we use Moser-Trudinger
inequality stated in the Lemma 2.4.11.

Notations: Throughout this chapter, for any r € C(Q,(1,)), we denote r~ = miél r(x) and
xXe

r* = maxr(x). Further, the functions p,q, p*,q1 € C(Q,(1,)).

xeQ

5.2 Hypotheses and variational framework
We consider the following assumptions on the functions .7 and 5 :
(#A) h(x,-) € Clin (0,), Vx € Q.

() h(x,t), 0;(h(x,1)t) >0,Vx € Qandr > 0.

(21 11) ] ] - +
(74) p~ < ey <4 forx e Qandr # 0 for some 1 < p~ < p(x) <N<qgx) <qg" <
(p*)".

(A7) iné%”(x, 1) = b for some by > 0.
xe

H(xt) > dp and H(xt) > dy fort >ty and

(A5) For each tg # 0, there exists dp > 0 such that = .
x € Q, where ,%A”/(x,t) = fo‘t"ﬁ(x,s)s ds, I is the complimentary function of & which is
defined as (x,1) = sup{s : h(x,s)s <1} V(x,t) € Q x [0,00).

Let S C Q and 0 > 0. The 6 neighborhood of S is denoted by Sg and defined as

Ss = {x € Q:dist(x,S) < 6}.
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Assume that, we have three smooth domains €,, Qx and €, with non-empty interiors such
that Q = Q,UQyUQ, and (Q,)sN (Qy)s = 0.
Next, we define continuous functions ¥, Wy, V¥, : Q — [0, 1] such that

Yp(x) = 1Vx € Qp, yp(x) =0Vx e (Qp)5,

I/IN(x) =1Vxe .Q._N, I,UN()C) =0Vxe (.Q._N)%,
W (x) = 1Vx € Qy, yu(x) =0Vx e (Q)§.
We consider that the nonlinear function f : Q X R — R is continuous and of the following type:

N
N=

FO61) = 29w () [tP 20 1, () @) + w7 2 (k1) €QXR, ()

where (p*)" > p*(x) 2 (p")” > q" 2 q(x) 2q” >N>p" > plx) 2p  >N/2, B>q",
A > 0and & > 0. Moreover, ¥, : Q — [0,1], ¢ : Q x R — R are continuous functions such that

Y, (x) =1, Vx e Q, and y,(x) =0, Vx € (54)3/27

and @ (x,1) = o(|¢|1"®~1) as r — 0 uniformly on (ﬁq)(g/z for some ¢{ > ¢1(x) > g; >¢ ,and
there exists ¥ > g~ such that

0 < x®(x,t) < @(x,1)t, Yx € ()52,

where ®(x,1) = O‘tl ¢(x,s)ds.

Along with the above notations, 4 also satisfies the following conditions for each ¢ > O:
(%) h(x,t) >tV=2 Vx € Qy and C1t¥ =2 > h(x,t) Vx € Qy\(Q,)s for some C; > 0.

(£3) There exists a continuous function 17y : Q — R such that a(x,t) > 0y (x)r9%) =2 Vx € (Q,)s
and 1 (x) > 0, Vx € (Q,)s and n1(x) =0, Vx € ((Q4)s)°.

(/) There exists a non-negative continuous function 1, : Q, — R such that 1, (x)r9) =2 4
CotPM)=2 > p(x,1) > P02 ¥x € Q) and My (x) > 0, Vx € (Q,)5 and Na(x) =0, Vx €
Q,\(Q,)s, for some C; > 0.

Next, we state our hypotheses on the non-local term a. The continuous function a : RT™ — R

satisfies following conditions:
(a1) There exists positive real number ag such that a(s) > ag and a is non-decreasing vV s > 0.

(ay) There exists @ > 1 such that B > N6 and a(s)/s®~! is non-increasing for s > 0.
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Remark 5.2.1. By (a;), we have
(dy) OA(s)—a(s)s is non-decreasing, ¥V s > 0, where A(s) = [, a(t)dt.

In particular,

OA(s) —a(s)s >0 Vs> 0. (5.2)
Again by (ay) and (5.2), one gets
(dy) A(s) <sPA(1) Vs> 1.

Due to the double criticality, we discuss our problem in the Musielak Sobolev space A (Q).

To know more about these spaces, kindly refer Subsection 2.2.3 of Chapter 2.

Definition 5.2.2. We say that u € W()] ’%(Q) is a weak solution of (5.1) if the following holds:
a(m(u))/ h(x,|Vu|) Vu Vv = / fx,u)v (5.3)
Q Q

forallve Wy (Q).

Thus, the energy functional J : WO1 %(Q) — R corresponding to (5.3) is given by

where F(x,t) = [ f(x,s)ds and A(t) = [ a(s)ds. It can be seen that J is C! [12, Lemma 3.8]
and the derivative of J at any point u € Wo1 %(Q) is given by

J(u)(v) = a(m(u)) /Q h(x,|Vul) Vi Vv— /Q £, u)y

for all v € WO1 'jf(Q) Moreover, the critical points of J are the weak solutions to (5.1). The

statement of the main result is as follows:

Theorem 5.2.3. Suppose that the conditions (f1), (71) — (74) and (a;) — (ap) are satisfied.
Then there exists Ay > 0 such that for any A > Ay, Problem (5.1) has non-trivial weak solution

via mountain pass theorem.

5.3 Proof of the Theorem 5.2.3

To demonstrate the existence result, we use a variational technique based on the mountain pass
theorem.

First, we demonstrate a few supporting results that help in establishing our main result.
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Proposition 5.3.1. Let Q be a bounded smooth domain. Then the following embeddings are

continuous:

(@) Wy (Q) = LY(Qy), 1 <y < o,

(b) Wy (Q) = L0 (Q)5), where s(x) < 22l

(€) Wy (Q) = W, T ((Qq)s)-

Moreover, the embedding

Wol"%p(Q) — C((Qyg)s) is compact . (5.4)

Proof. By using the conditions (.743), (), () and the definition of WO1 ’%(Q), we have
continuous embeddings
Wy (Q) = Wy N (Qw)

Wy (@) = Wy 1 ((2)5),
Wy (Q) = Wy P ((Q,)5)-

Further, WO1 ’N(QN) — LY(Qy) is continuous for any 1 < y < o [86, Theorem 2.4.4], which
proves (a).

We know that WO1 ’p(x)((Qp)(;) s L*™)((Q,)s) is continuous for s(x) < Iévflg’(c))c) [52, Theorem
2.3]. This proves (b).

For (c), as ¢~ < q(x), WO1 ’q(x)((Qq)g) — WO1 4 ((Q,)s) is continuous. Moreover, since
qg >N, Wol’qi((Qq)g) < C((Q,)s) is compact [86, Theorem 2.5.3] and this implies that
WO]’%(Q) — C((Q,)s) is compact. O

Lemma 5.3.2. [51, Theorem 2.2] Suppose that (761) — (%) hold. If u, — u in WOL‘%ﬂ (Q) and

lim [ h(x,|Vu,|) Vu, V(u, —u) <0,

n—o JQ

then u, — u in WOI"%G(Q).

Lemma 5.3.3. There exist positive real numbers o, and p such that for each A > 1 we have
1,72
J(u)>a >0, vue Wy (Q) : ||ul| =p.

Proof. 1t follows, from the definition of f that

P (x)
/F(x,t)dx:/ F(x,u)dx+ A Fl(x,u)dx+/ |u|* dx (5.5)
Q Q)52 N\ Q)52 Q\(Qg)5 PF(X)
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[N/ (N1

where, Fj(x,1) = " s|B—2se0ls >ds. Again, from the definition of f, we get
0 g g

[ Fwdxse [ (4l ),
(Qq)s/2 (Qg)5/2

for ||u|| = r, where r < 1 is small enough and for some c¢; > 0. Using (5.4) and the fact that

||\u|| = r, where r < 1 is small enough, one gets

el ] ) )

F(x,u)dx<c ul| -
/(Qq)s/z (wujdx < e ”qu )7 (Qg)5)2

(Q¢)s5/2
< ca(flull + JJullP + || P7)7) (5.6)

for some cp,c3 > 0.
Next, by using the Holder’s inequality, one gets

2 N\ 2
A Fl(x, u)dx < A (/ |u|2ﬁ) (/ eZOC|M|N1>
QN\(Qq)s5/2 Qy Qy

Letting, ||u|| = r < 1, by Proposition 5.3.1 (a) and Lemma 2.4.11, we obtain

A Fy(x,u)dx < cq]|ullP, (5.7)
Qv \(Qq)5)2

for some ¢4 > 0.

Again, using Proposition 5.3.1 (b) and Proposition 2.2.11, we get

|u|P ) ()
/ B < s luf ), (5.8)
Qp\(Qq)s2 P (x)

for ||u|| = r, where r < 1 and ¢s > 0. By the help of (5.6), (5.7), (5.8), (a;) and the Proposition
2.2.15, we have
J(u) = aolull”” —cglul|t = cqllull® — csllull ",

for some cg,c7,cg > 0. We can conclude the result by the fact that ¢, (p*) ", > ¢™. ]

Lemma 5.3.4. There exist vy € WO1 %(Q) and B > 0 such that for each A > 1, we have
J(vo) <0 and ||vo] > B.
Proof. By the definition of f and as A > 1, we get

Fx,5) = 5P 725, ¥ (x,5) € (QW\(Qg)5) % [0,00). (5.9)
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Letu € C(Qn\(Q4)s)\{0} with ||u|| = 1, using (%), (a) and (5.9), we have

J(tu) = A(m(tu)) — /QF(x,tu)dx

0 |yB
§A(1)</Q %”(x,thuDdx) —%/Q ulPdx, V1> 1,
N N

0 |y1P
§A(1)c1tN6</ |vuyN> —|t—|/ ulPdx, Vi> 1,
Qy B Jay

this implies that J(fu) — —oo as n — oo, since 3 > N6. Now, by setting vy = fou for sufficiently
large tp > 1, we get the desired result. 0

By Lemmas 5.3.3 and 5.3.4, the geometric conditions of the mountain pass theorem are
satisfied for the functional J. Hence, by the version of the mountain pass theorem without (PS)
condition, 3 a sequence {u,} C Wol"%p(Q) such that J(u,) — ¢y and J'(uy) — 0 as n — o,
where

= inf max J(y(t)) >0,
cm = inf max (v(?))

and
I ={yeC((0,1], Wy (Q)) : 7(0) = 0, ¥(1) < 0}

In this section, we gather some information about (PS).,, sequence and prove the (PS),,,

condition holds for the functional J.

Lemma 5.3.5. The (PS).,, sequence is bounded in WOI’%(Q). Moreover, there exists uy €
WO] ’%(Q) such that, up to a subsequence, we have u, — uy weakly in WO1 - (Q) and u,(x) —
uo(x) a.e. x € Q.

Proof. If y =min{y,B,(p*)” }, we have
0 < WF(x,1) < f(x,0)t, V(x,1) € Q x (R\{0}). (5.10)
Since {u,} is a (PS).,, sequence for J, we have J(u,) — cy and J'(u,) — 0 as n — o, i.e.,
A(m(un))—/QF(x,un) dx = cy + 6p, (5.11)
where 0, — 0 as n — o and

alm(u) [ hw. Vi) Vit Vo [ fun)v| < v (5.12)
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Vv e WO1 ’%(Q), where €, — 0 as n — oo. On taking v = u,, by using (5.10), (5.11) and (5.12),
we obtain
1 2
A (m(un)) — aa(m(un)) /Qh(x, Vi) [Vutn]

< co(1+ [|unl]),

for some cg > 0. It follows from (a; ) that

@ (1 - %) m(tn) < co(1+ ).

If ||u|| > 1, by Proposition 2.2.15, we obtain
g -
ao<1—v> leallP” < co(1+[fma]).

This implies that {u,} is bounded in WO1 %(Q) As WO1 %(Q) is a reflexive space, 3 up €
WOl %(Q) such that up to a subsequence, we have u,, — ug weakly in WOl ‘%)(Q) Further, we

have u, (x) — up(x) a.e. x € Q. N

Due to the lack of compactness, we are not able to prove that (PS) condition holds for J and

we need some additional information about the mountain pass level cy,.

Lemma 5.3.6. There exists A; > 1 such that for each A > Ai, we have

+ 1/ oy \V! am
ey < ag (1—q—> min<{ — (TA;) ,am—mSN ,
v N \on-r pt

(N/p(x))—

where W = min{x, B, (p*)”} and apin = misrzlao ' Moreover, for any (PS).,, sequence
xXe

{un}, we have

. N/(N-1) oN
IIEILSEP ||Vun||LN(QN) 2%

Proof. f0<s<t = max{tg+ 18}, then A(s) < a(t;)s, where 1o is defined in the proof of the

Lemma 5.3.4 . Let vy € C7°(Qn\(€24)5)\{0} be as in the Lemma 5.3.4 and 0 <7 < 1. By using
(%), (5.9) and Proposition 2.2.15, we have

J(tvo) = A (m(1vo)) — /Q F(x,1v0)dx

B
< a(n) (m(rvo)) — % /QN volBx,
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a(n)NCy (/ N) Mﬂﬁ/ B
< Sl Vv, - Vol” dx.
=— QN| ol B QN| 0| dx

Further, we get

max J(fvy) < —5—
0=l ( 0)_)“3%

1 (1 1><a(f1)Cl\IVVOH§N(Q

On taking, Y =1tvg for 0 < < 1, we have

| (1 1) (at)Ci IV vl g )

cy < max J(l‘V()) < i N
B-N
(Nl

0<r<1 A B-N
Now, choosing A; > 1 in such a way that Y A > A;, we have

N B

oy
| (1 1\ (alt)cilvvoltg,))
i N_B) o
B-N B B—N
g (ol @)
(0

q+ 1 N N=l Amin N
<ap|1l—— )min< — , 3 o
0( ll/) N (21’?“1) p*

< 1—— | —1 —N " in SN Vl > A
C a min .
M 0 W N ]\1]\/(11 9 ) 47|

Therefore,

89

(5.13)

Moreover, since {uy, } is a (PS).,, sequence for J, we have J(u,) — cpr and J' (u,) — 0 as n — 0.

By (5.11) and (5.12), we get
1 2
A (m(un)) — —a(m(un))/ h(x, |Vup|) [Vun|
v Q
< 6n+CM+£n||Mn”~
It follows from (a;) that

+
ao (1 - %) m(itn) < S+ car + €nl|unl].
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By (%) and (5.13), we get

(04
hmsupHVunHLN D <oy < Vo

n—yoo Q) 21\/71

Lemma 5.3.7. The functional J satisfies the (PS).,, condition.

Proof. Define
&zaMWmXLMLWWDVWVWWM)

Then
Pn:J’(un)uu—{—/Qf(x,un)undx—J'(un)u—/Qf(x,u,,)udx.

Using the definition of f, P, can be rewritten as
Po= [ Wptwanndst [ Ao s [ dofu e
+/|Ww w+/ ()|t ¥l — /M; 0 (%, 1y )udx
N

_/ Mun\ﬁ_zune“""”‘lud"_/ AWN(X)\un’ﬁ—Zu ealu,llzvfudx
Qv Q\Qy

_/Q |un|p*(x)2unud)c—/g\Q l//p(x)‘un|p*(x)*2unudx—|—On(l).
P

p

From the embedding results, we have
s x
P, :)L/ |un|ﬁea\un| - dx-l—/ |un|17 (x)
Qn Q,
A *
- l/ |ty | P24y ®lien udx—/ ltn|”" 2 sudx + 0y (1).
Qpy Qp
As proved in the [12, Lemma 3.13], we have
P, = / \un|p*(x)dx—/ lutn|P" ) 2 uudx + 04 (1).
Q, Q,
By [52, Theorem 1.14] and [85, Theorem 3.1], one gets

a:/ﬂWw Vdx — /hM Jdx+on(1).
Q

p P
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Next, we will apply the Lemma 2.5.3 to the sequence {u,} C WO1 P ) (€,) and will prove that
/ lup|P O dx — / |ul?" ¥ dx. (5.14)
Q) Q,

Since, the W17 (Q) < C((Q,)5) is compact and {u,} is bounded in W' (Q), we get u, —
uin LP"™)((Q,)5), which implies that x; € Q,\(Q,)s for each i € I. To prove (5.14), it is
suffices to prove that / is finite. Further, the set / can be partitioned as I = I} U I, where
L={icl:x;€Q,nd(Q,)s} andh, = {i € I : x; € Q\(Qy)5}. First, we show that I; is
finite. Choose a cutoff function vo € C°(RY) such that

vo=1lonB(0,1), vo =0 o0n B(0,2)".

Now, for each € > 0, define v(x) = vo((x —x;)/€) Vx € RN. As {u,} is a (PS).,, sequence, we
have

a(m(u,,))/gh(x,WunD Vu, V(vuy) :/QITIq(x)(p(x,un)vundx

+ [ Wpolual” v+ (1),
Q
It follows from (a;) that

a()/gh(x7 Vi|) Vitn V (vutn)dx < /Q IT/q(x)(p(x,un)vundx‘f‘/g Wp(x>|”n|p*(x)"dx+0n(l)a

which implies that

ao/Qh(x,|Vun|) upVu, Vvdx < /fo/q(x)qo(x, Up ) Vitpdx

—|—/ l[/p(x)|un|p*(x)vdx—ao/ h(x,|Vity|) |V |* vdx + 0,(1). (5.15)
Q Q
Next, by using (2.3), A;-condition and Young’s inequality, we get

/Q 1, |Vata] )| [Vt [V¥dx < Com(un) +C /Q A(x, |tn] |VV])dx. (5.16)

On using (/743), one gets

/ H(x, 1] |VV])dx < c10 < / 1200 10,]9) [V0]20) i+ / PRLE |Vv|”(x)dx),
Q Q Q
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for some cjg > 0. Using generalized Holder’s inequality 2.2.10, we get

/%ﬂ(x»lunl IVol)dx < eIV e [l e
Q LPF -4l (Q) L) (Q)

+enl|VP) v PO

LPW) (Q) LN-P) (Q)

for some c;1,c12 > 0. Further, by Proposition 2.2.11 and Proposition 2.2.12, we have

g)p*) \ Pl a(x)p* () \ P2
/ (%, |un| |Vv])dx < 11 max / Ve ) / V| 7700 4t
Q Bl 2e) Bli.2e)

M { )] Tl

p~/N PrIN
+ ¢1pmax (/ |Vv|N) ; (/ ’VV|N)
B(x;,2¢) B(x;,2e)
_ +
max { ||Mn||€p*(x)(g)’ ||un||§p*(x)(g)} !

P —q(x) }

~ mi P =qx)
where p; = fcrélsrzl{ ) {

and py = max | — o } - Hence, by using Proposition 5.3.1(b)

xeQ
together with the fact that {u,} is bounded, we have

lim %”( lun| |Vv]) = 0. (5.17)

e—0

By using (5.16), (5.17), Proposition 2.2.15 and using the boundedness of {u,}, we get

lim lim/ |h(x, | Vun|)| |Vun||ua] |Vv|dx < c128,

£—0n—o0 JO

for some cjp > 0. As { is arbitrary, one get

lim (lim/ I8, [Vita])| |Vitn] ] yw|dx> —0. (5.18)

e—0 \n— JO

Consequently, by (%), (5.15) and (5.18), we get

e—0n—roo

lim lim (/ Yy (X)@(x,up vundx—l—/ Vp(x x) |1 [P Pvdx — ao/ |Vt [P vdx) >0,

which is

£—0 \n—ee JO

Vi —ao; = lim (lim/ lun|” O vdx — ag h_r}n/ Vit [P vdx) > 0.
p = JQ,

N

p(xi)/ P (i) , consequently either v; =0 or v; > ag(xi)SN :

By Lemma 2.5.3, we get v; > aoSp(x’)
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N N_
Next, we will prove that v; > a(‘)’@‘") SV is not possible. Let suppose v; > a/ ") §N then by Lemma
N

2.5.3, we get u; > SN ag(x") . Also, since |Vu, |P®) converges weakly to a measure L,

liminf [ |V, |PWdx > w;,
n—oo QP

and hence, Y
~1
liminf | Vi [P¥dx > SVal™ " > SN apn, (5.19)
4
where, amin = mina(()N/ pl)=1

xXeQ
Since, {uy} is a (PS).,, sequence for J, we have J(u,) — ¢y and J'(u,) — 0 as n — oo. By

(5.10), (5.11) and (5.12), we get

A(m(un)) — %a(m(un))/gh(x, [Vitn]) [Vita|*dx

< 6n+CM+8nHMn||'

It follows from (a;) that

+
ao (1 - %) m(tty) < 8+ car + &nl|nl].

By (%) and (5.13), we obtain

+ +
ag q . . (x) ag ( q > N
— (1= =— ) liminf Vu,[PPVdx <cy < —(1—"— |5 amn,
p+ ( ll/ ) n—soo Q‘P | n| =M p+ ll/ min
which is a contradiction to (5.19). Hence, [; is an empty set.
By using (%) and proceeding as above, one can show that I = 0.
Therefore, we get P, = 0,,(1), and so

lim a (m(u,)) /Q h(x, |Vitn]) Vitn ¥ (1t — ) = 0,

n—oo

from which we have
lim [ h(x,|Vu,|) Vu, V(u, —u) <0.

n—o JO
By Lemma 5.3.2, we have u, — u in WOI"%J(Q). O
Now, we are ready to prove the Theorem 5.2.3.

Proof of the Theorem 5.2.3. By Lemmas 5.3.3 and 5.3.4, the geometric conditions of the
mountain pass theorem are satisfied for the functional J and by Lemma 5.3.6, (PS),,, condition
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is satisfied. Hence, by the mountain pass theorem, 3 a critical point uy; of J with level ¢y, i.e.,
J'(upr) = 0 and J(ups) = cpr. Thus, uyy is the weak solution of the problem (5.1). O

5.4 Examples

Example 5.4.1. A rypical example of a function a satisfying the conditions (a;) — (ay) is given
by
a(t)=1+1°

where b > 0and b+ 1 < ]EV (By condition (f1) and using the fact that N > 2, we have ]% > 1).
Clearly, a(t) > 1 and a'(t) = bt’~! > 0,Vt > 0 which implies that (a1 ) is satisfied. Consider,

d (1+2\ 97~ — (0 —1)(1+17)192
dr \ 6-1 ) — £2(6-1)
bt” — (0 —1)(141%)

— 5 <0

for all t > 0 if we choose 0 in such a way that 0 € (b—l— 1,1%) . This implies [ae(—i)l = }j—ff is

non-increasing for 0 € b+ 1, B , hence (ay) is satisfied.
N

Example 5.4.2. The model function for 7 satisfying the conditions () — (/&) is given by

H(x,1) = w";x) |7 4 ll/pp(x) |t|P + —WJ\]’\EX) e
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Chapter 6

Generalized Choquard Schrodinger equation with

vanishing potential

This chapter' deals with Hardy-Littlewood-Sobolev type inequality for Lebesgue Mus-ielak
spaces and their applications to the class of generalized Choquard Schrodinger equations in
homogeneous fractional Musielak-Sobolev space.

In Section 6.1, we introduce the homogeneous fractional Musielak-Sobolev space and in-
vestigate their properties. Section 6.2 deals with the existence of a solution to the class of
generalized Choquard Schrodinger equations with vanishing potential. Finally, in Section 6.3,

we prove the existence of a ground-state solution.

6.1 Homogeneous fractional Musielak-Sobolev space

This section introduces fractional homogeneous Musielak-Sobolev space and investigates its

properties. Let .7 be any locally integrable generalized N-function such that

lt]
I (x,y,1) :/0 h(x,y,s)s ds,

where /1 : RN x RN x [0,00) — [0, 00).
To know more about the generalized N-function 77, [-] s,z and %, please refer Section
2.2 of Chapter 2.

We consider the following assumptions on the functions .7#” and 4 :

() h(x,y,-) € Cin (0,%), Vx,y € RY.

I'Shilpa Gupta, Gaurav Dwivedi, Ground state solution for a generalized Choquard Schrodinger equation with
vanishing potential in homogeneous fractional Musielak Sobolev spaces (Communicated).



96 Chapter 6. Generalized Choquard Schrodinger equation with vanishing potential

(AB) hy < MaDIE < N forall x,y € RN and £ # 0 for some 1 < hy < hy < I, where

fﬁ(%%h\) v
* _ 1 * _ 2 .
hl — N—sh < h2 ~ N—shy

(74) inf (x,y,1)=b;and sup S (x,y,1)= b, for some by,by > 0.

x,yERN x,yERN

(%) [, (%) Y= dt = o and fé’ <%;(t)> Y= dt < oo, for some a,b > 0.

Fractional Musielak-Sobolev spaces are not sufficient to study the Problem (2.10), as infV(x)
can be zero. In this section, we introduce the suitable space to study Problem (2.10) which we
called homogeneous fractional Musielak-Sobolev space and investigate their properties.

One can verify that the space C°(R") is normed space with the norm |[-] s, However, the
normed space (C°(RN), [];. ) is not complete. Further, we define the completion D (R)
of (CZ(RN),[]s.) in the standard way. More precisely,

D (RN = {[un] : {un} C C(RM) is a Cauchy sequence under the norm s}

where [u,] is the equivalence class of the Cauchy sequence {u, } with the equivalence relation
'~y which is defined as {u,} ~ s {v,} iff r}gl;lo[un ~Valsr = 0.

D% (RN) is the Banach space with the norm ||[u,]|| oot (rN) = lim tn]s -

6.1.1 Characterization

Next, we prove the characterization of the normed space (D7 (RV), || - || ps.# (rv))- Consider
the space
W (Y = {ue L7 (RY) : )y o < o}

W (RN) is a normed space with the norm ||ul},;,, #RNY = [u]s

Theorem 6.1.1. Let 77 be a generalized N-function and s € (0,1). Then CZ(RN) is the dense
subspace of WS (RN). Moreover, there exists an linear isomorphism between W57 (RN)
and D> (RN). In other words, the space D> (RN) can be identified as W*”* (RN) and

- Howor ey = -l gy = Lo

Proof. We present the proof of the theorem in three steps:
Step 1: In this step, we will prove that C°(R") is dense in W*” (RV), i.e., for any u €
W (RN) there exists a sequence in (C2*(RV),[]5.) which converges to u in W7 (RV).
Let p € C(RN) be the standard mollifier with support inside Bi(0). Define, pe(x) =
e7"p (). It can be seen that pe(x) € CZ(RY), [pn pe(x)dx = 1 and support of pe belongs
to Be(0).



6.1. Homogeneous fractional Musielak-Sobolev space 97

Let u € W5 (RN) be any arbitrary element. Then ue = pg *u € C(RV). Next, we claim
that [ue —uls » — 0 as € — 0.
By using Proposition 2.2.5, Remarks 2.2.7, 2.2.16 and the properties of mollifiers, we have

(e (x) — u(x)) — (ue(y) —u(y))

[us_u]s,%p: | — |s
X—y L%”(RN xRN :du)
_ ug (x) —u(x)) — (ME(Y)—”(Y))V X
- IIVI\LJ{ RV xEN dp) <1{ /RN/RN e —yl* ( ,y)du‘}
ST L
H (RN xRN dp) ~
{ [ perag (=) —ubr—eb)) - () ~u(y) }
1€<1 x =l L7 (RN xRN:dp)
_ (u(x—e8) —u(y—&eg)) — (u(x) —u(y))
a 2/|§|<1p(§> e —yl* L%(RNXRN;du)dé.
As we know that, w(x,y) = Jux) = uby)| c L (RN x R¥;du) and C2(RY x RV) is dense

e —yf?
in L7 (RN x RM;du), hence, for a given & > 0 there exists k(x,y) € C(RY x RV) such that

W — k|| 7 (N xmV:qp) < §- Further, we have

E
”W(X—Sé,y— 8&) _k(x_ 8§7y_£€)||LL%”(RN><RN;d”) S Z
and
£
1K (x— €8,y —&S) = k(e y)llpr @y xryian) < 7

for sufficiently small € and for all || < 1. Therefore, we get [ue —ul; » < €. As € was
arbitrary, we get [ue — uls » — 0 as € — 0. We conclude the claim by using Theorem 2.2.4.
Step 2: Let {u,} C (CZ(RN),[]s.,#) be a Cauchy sequence.
Claim: There exists u € W7 (RV) such that u, — u in W57 (RV).
By Theorem 2.2.19, we have

Hence, {u,} € L7 (R") and {u,} is Cauchy sequence in L7 (RY). As we know that
L7 (R") is a Banach space, thus there exists u € L (RV) such that u, — uin L”*" (RY). This

implies that, u, (x) — u(x) a.e. in RV, By the continuity of .7, we have J# ( XY,

H (J@)@%) a.e. in RV,

x —y[*

[t (x) = un(y)|

)~



98 Chapter 6. Generalized Choquard Schrodinger equation with vanishing potential

Thanks to the Fatou’s lemma,

o oo (0 ED=) i ] o (s 0

which implies u € W57 (RV).
Next, we will prove that [u, — u]s s — 0 as n — oo
As {un} C (CZ(RN),[]s.¢), we have

fo foe (o PG Y= [ f o (o ) 25 <

for each n. Thus M e L (RN x RV;dp).
x—y|’
Let

|un(x) — ua(y)|

o=yl

It can be also seen that {z,(x,y)} is a Cauchy sequence in L7 (RY x RV;du). As L (RN x
RN d ) is a Banach space, there exists z(x,y) € L7 (RY x RY;du) such that z, — zin L7 (RN x

Ju(x) —u(y)]

x—y/*

zn(x,y) =

RN;du). Further, by uniqueness of the limit, we have z(x,y) = - Hence, [u, —

uls » — 0 as n — oo, which proves our claim.

Step 3: Let [u,] € D> (RN), i.e. [u,] is an equivalence class of the Cauchy sequence
{un} C (C2(RN),[]s.z)- By Step 2, there exists u € W7 (RV) such that [u, — us_» — 0 as
n — oo. Define a function, k : D7 (RV) — W7 (RY) such that k([u,]) = u. It can be seen
that k is well-defined one-one, onto and isometry by Step 1 and Step 2, which completes the
proof of the theorem. [

6.2 Existence of solution for generalized Choquard Schrodinger
equation

In this section, we establish the existence of a weak solution to the following problem:

(—=A)pu(x) +V (x)h(x,x, |u|)u(x) = (/R Mdy) K(x)f(u(x)) in RN,  (6.1)

v x—ylt

where N > 1,5 € (0,1),4 € (O,N),

It
%”(x,y,t):/o h(x,y,r)rdr,
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and h: RN x RN x [0,00) — [0, 0) is a generalized N-function. The functions V, K : RN — (0, ),
nonlinear function f : R — R are continuous and F (¢) = [j f(r)dr.

Due to the presence of the Choquard type nonlinearity, Problem (6.1) is known as a Choquard
equation. One of the main tools to deal with such types of equations is Hardy-Littlewood-

Sobolev [97] inequality which is stated below.

Proposition 6.2.1. [97] Lett|,t > 1 and 0 < A <N with 1/t + 1/tp+A/N =2, f € L' (RN)
and g € L(RN). Then there exists a sharp constant C independent of f and g such that

Problem (6.1) involves the potential term which vanishes at infinity, such types of equations
are studied widely by many researchers. In 2013, Alves-Souto [14] proved the existence result

for the equation
—Au+V(x)u=K(x)f(u) inR", (6.2)

where N > 3. They assumed that V,K : RV — (0,c0) are continuous functions and satisfy the

following conditions:

(K}) K € L*(R") and if {A,} is a sequence of Borel sets such that sup |4, | < o then
n

lim K(x) = 0 uniformly in n € N.
52 J A, "By (0)¢

(K%) One of the following condition is true:

(K21) % S Lw(RN).

K
(K22) Lz)tp — 0 as |x| — oo for some p € (2,2%).

[V (x)]7=2
If V,K satisfies (K{) — (K}) then we say (V,K) € K.
Further, Chen-Yuan [34], considered the problem:

AUV (x)u = ( /R ) Mdy) K f(u(x)) in RY, 6.3)

o —y|*

where they assumed that (V,K) € K but the conditions (K|) and (K») are replaced by the
conditions (K7 ) and (K>»3), respectively. (K;) and (K33) are as follows:
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(K1) K € L*(RY) and if {A,} is a sequence of Borel sets such that sup|A,| < o then
n

lim |K(x)| WE =0 uniformly in n € N.
s—=° JA,NBs(0)¢

2N
K 2N—A

(K23) % — 0 as |x| — oo for some p € (2,2%).
[V(x)]>2

In this sequence, Li-Teng-Wu [93] studied the following fractional Schrodinger equation:

(=AY u+V(x)u = [u>2u+AK(x)f(u) in RV, (6.4)

where A > 0, s € (0,1), 2} = % and (—A)*® is the fractional Laplace operator of order s.
They assumed that (V,K) € K but in the condition (K3), 2* is replaced by 2.

Luo-Li-Li [105], considered the fractional Choquard equation:

ayusvi= ([ Do) ko) in 63

e —y[*
in which they assumed that the conditions (K;) and
K ()|

25—p

V()]

(Ka4) — 0 as |x| — oo for some p € (2,27)
are satisfied.

After that, many researchers studied the nonlinear equations involving vanishing potential
with different types of operators and different conditions on the nonlinearity, we refer to, Deng-
Li-Shuai [47] (p-Laplace operator), Perera-Squassina-Yang [123] (fractional p-Laplacian), Is-
ernia [79] (Fractional p&g-Laplacian), Isernia-Repovs [80] (Double-phase operator). Recently,
Silva-Souto [25] developed the existence result for generalized Schrodinger equation in Orlicz-
Sobolev spaces.

Existence results for Choquard-type equations with vanishing potential have been obtained
by Chen-Yuan [34], Alves-Figueiredo-Yang [11] (for Laplace operator), Albu-querque-Silva-
Sousa [6](fractional coupled Choquard-type systems).

We assume that V,K : RY — (0,0) are continuous functions and satisfies (K7 ). Moreover,

we assume that
(K>) V,K satisfies one of the following conditions:

(K2a) & € L=(RM).
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2N
K IN—X )
(KZb) ’(L —0as |x| — oo, wWhere L(x) — min {V(x) HC(x,x,) } .

L(x) >0 Flrx)
We assume that f : R — R is continuous and satisfies the following conditions:

(f1) There exist a generalized N-function ¥ : RY x RN x R — [0,0) such that h, < y; <

v < Wl < b, gy < W g;y)t‘g' <, Y(x,y) €RN x RN and 1 0 and

1imL =0,VxeRY,
1—0 W (x,x,1)t

where ¥(x,y,t) = | | Y (x,y,r)r dr and 21\2/N/1 =1

() lim — )

_ N . )
A e e ) =0, Vx e R"Y, where 77" is define in (2.8).

t
(f3) Forie{1,2}, lh_)m ) — =0, VxR for some bl € (hy,h}).

b

T (0 (x,x,1))

(f4) There exists 6 > hy/2 such that

0<oF(t /f Yds < 2tf(t),

forallt >0, x € RV,

6.2.1 Weighted homogeneous fractional Musielak-Sobolev space

Weighted fractional Musielak-Sobolev spaces are not sufficient to study the Problem (6.1), as
infV(x) can be zero. In this section, we introduce the suitable space to study Problem (6.1),
which we called weighted homogeneous fractional Musielak-Sobolev space and investigate
their properties.

Let 7 be any generalized N-function satisfying (#3) — (43). Then we define weighted
Lebesgue-Musielak space L“%‘(RN ) as:

L‘ég‘ (RN = {u : RY — R is measurable

/NV(x)%ﬁ(x, T|u|) dx < co, for some T > 0} :
R
L"fﬁ‘ (RY) is a normed space [117] with the Luxemburg norm

Jullve =inf{r > o] [ V@At de < 1} |
R
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Proposition 6.2.2. Let 57 be any generalized N-function satisfying () — (23). Assume that
ue L’éﬁ‘ (RN). Then, we have

. h h h h
min {1 N2} < [ VOO ) < mae s -

Due to the presence of potential term V in the Problem (6.1), we consider the following

weighted space:

W= {ueDs’%(RN): <x)%(x,|u|)dx<oo}

Vv
RN
which is a normed space with the norm

lullw = [luall ps.e vy + Nluellv, -

For the sake of simplicity, we denote || - ||y as || - |.

Next, we have the following lemma from the definition of the space W.

Lemma 6.2.3. The space W is compactly embedded in Lffc(]RN ). Also, W is continuously
embedded in L7 (RV).

Next, we will state some results which are used to prove our main result. Define the function

D¥ (RN) = Ras
0= o fo (2 F 0 i

Proposition 6.2.4. [19] For all u € D> (RN) we have

L f llull > 1 then [[ul" < m(u) < ||u]".
2. If ||ull < 1 then ||u]|> < m(u) < |Ju|™.
In particular, m(u) = 1 iff ||u|| = 1. Moreover, if {u,} C D>7* (RN) then ||u,|| = 0 iff m(u,) — 0.

Theorem 6.2.5. The space W is continuously embedded in LZ(RN ), where Q(x) = |K(x)| and
p RV xRN x [0,00) — [0,00), P(x,y,t) = Atlp(x,y, r)r dr is a generalized N-function such
that 5

Py, thle]”

< p2, V(x,y) e RV xRN and t #0
P lt) )

for some py,ps € (hy,hy):

Proof. The proof is similar to [25, Lemma 5.1]. O
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6.2.2 Hardy-Littlewood-Sobolev type inequality in Lebesgue Musielak spaces

Hardy-Littlewood-Sobolev inequality is the primary tool for dealing with the Choquard-type
non linearity in the context of variational methods. So far, we do not have Hardy-Littlewood-
Sobolev inequality for Lebesgue Musielak spaces. By taking advantage of the condition (.743)
and using Proposition 6.2.1, we prove and use the following version of Hardy-Littlewood-

Sobolev inequality in Lebesgue Musielak spaces.

Proposition 6.2.6. For any u € W, we have K(x)F (u(x)) € L'(RN). Moreover, for all € >0

there exists cg > 0 such that

F(u(x))F (u(y))
/]RN /RN |x W dxdy

<Ci max{e el P 2] P57 229 - 2

< Co[lul ¥+ ol P17 faal2Y2 ]2

for some C1,Cp > 0.
Proof. Letu € W. It follows, from (f;) — (f2) that, for all € > 0 there exists ¢ > 0 such that
IF(t)] < eWi(x,1) + ce (S (x,0) /! W (x,1) € RN x R.
By Proposition 2.2.8, we have
[ KWP @)y <270 [ (e(Pulxu(x))! + cbot " (x,u(x))
vl

< cve max { Y, o Dl o } + ok max {lall o s Il e g

for some cy,cp > 0. Further, by Theorem 6.2.5 and Lemma 6.2.3, one gets
[ VGO () e < e max {1 ] + cach max {5 ]2} < oo, (6.6
R

which implies, K (x)F (u(x)) € L'(RN), for some c3,c4 > 0.
By Proposition 6.2.1 and (6.6), we get

[ i uy<T£>F<u<y>>dxdy\

2/1
< (c3€' max { ue]| V1 ||u||"’21} + cqcl max{||u||h7, ||u||h§}>

<y max { &2 a2 2l 450, €2 ][ 2¥2 ] 45/}
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< Col([lul P+ faal P17 fael 22 - [

for some C;,C, > 0. O

6.2.3 Functional setting and main result

First, we define a weak solution to (6.1) and the corresponding energy functional.

Definition 6.2.7. We say that u € W is a weak solution of (6.1) if the following holds:

/RN/RN ( o 1 _;]Ey)l) (”(x)_|i(y);|(;(+2_V(y))dxdy
R ey gy g CLOLACC I P

!x y|*

Thus, the energy functional 7 : W — R corresponding to (6.1) is given by

/RN/RN ( - ;’Ey )’jxj}zv /V x, u])dx

(u(x))F (u(y))
2/RN/RN |x N dxdy.

It can be seen that I is well defined by Proposition 6.2.6, C 1113, Lemma 3.2] and the derivative

of I at any point u € W is given by

/RN/RN ( e _yu|§y)‘) (u(x)—|b;(y)i’(;(+a;)s—v(y))dxdy
+/ V(o) c{oe JulJuvdie — /RN /RN WS WODVD) 4y e w.

Ix y|*

Moreover, the critical points of I are the weak solutions to (6.1). Let J : W — R such that

/RN/RN ( . |)_—yu’5y>|> ljf‘yifﬁ [ V)

Remark 6.2.8. The functional J is convex since F¢ is convex. Consequently, J is weakly lower
semicontinuous, i.e., if {u,} — uin WOS’%(RN) then J(u) < liniian(un).
n—>oco

Lemma 6.2.9. [6, Theorem 3.14] Let 7 be a generalized N-function and s € (0,1). Assume

that the sequence {u,} converges weakly to u in W and

limsup{J' (u,),u, — u) < 0.

n—yoo
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Then {uy} converges strongly to u in W.
The main existence results of this chapter is as follows:

Theorem 6.2.10. Suppose that the conditions (fi) — (fa), (K1) — (K2) and (74) — (4) are

satisfied. Then the Problem (6.1) has a non-trivial weak solution.

To prove the existence of a ground-state solution, we need the following additional assump-

tion on f:

(GS) The map ¢ s L - is strictly increasing for 1 > 0.
|2~

Theorem 6.2.11. If (f1) — (f1), (GS), (K1) — (K2) and (741) — (H4) are satisfied, then the

solution obtained through Theorem 6.2.10 is a ground-state solution.

6.2.4 Proof of the Theorem 6.2.11

To prove the Theorem 6.2.11, we first establish a series of lemmas.

Lemma 6.2.12. There exist positive real numbers o and p such that
I(u)> o, YueW: ||ul|=p.

Proof. By using the Proposition 6.2.2 and Proposition 6.2.4, we have

1= fo fot (o BT ) 15+ vt

lx—yJs lx—yN - Jry

1 K(x)K(y)F (u(x))F (u(y))
— E/RN /RN dxdy

e —y|*

. h h . h h
> mln{[u]&‘%, [u]szjf} +m1n{||u||vl7<%m ||u||v2<%0}

1 K(x)K(y)F (u(x))F (u(y))
— E/RN /RN dxdy-

e —y|*

If |u|| < 1, Proposition 6.2.6 implies

1(u) = [[ul|"> = (Cr||ul " + CrcgJul /")

Ci €2 )
h 1 2 2h7 /1
>l (1 oty )~ Cuedlul i

We conclude the result by choosing p and ¢ sufficiently small and using the fact that (247 /1) >
hy. 0
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Lemma 6.2.13. There exist vo € W and 3 > 0 such that
I(vp) <0 and ||vl| > B.
Proof. By (f1), there exist mj,my > 0 such that
F(s) >mys® —my, Vs€|0,). (6.7)

Let u € W\{0} and u > 0 with compact support K C R". For ¢ > 1, by proposition 6.2.2 and
6.2.4, we have

fu(x) —tu(y)|\ dxdy /
tl/l /I%N/RN ( XY, |x y|s ’x—y‘N+ RNV(X)%(.X, ’tul)d.x

(u(x))F(tu(y))
2// |x y[t ddy

<o (max{[u]gw 12 b ma {2 a2, )
_%//K(x) y) (m2° (u(x))° —mz)(mllc(”()’))c—mﬁdxdy

x—y|*

this implies that I(fu) — —co as t — oo, since 206 > hy. Now, by setting vy = ru for sufficiently
large ¢, we get the desired result. O]

By Lemmas 6.2.12 and 6.2.13, the geometric conditions of the mountain pass theorem are
satisfied for the functional /. Hence, by the version of the mountain pass theorem without (PS)
condition, there exists a sequence {u,} C W such that I(u,) — cp and I'(u,) — 0 as n — oo,
where

0<cy=inf I(y(t)) >0,
¢ = inf, max (7(1))

and
I'={yeC([0,1],W):y(0) =0, (1) <0}

Lemma 6.2.14. The (PS).,, sequence is bounded in W. Moreover, there exists u € W such that,

up to a subsequence, we have u, — u weakly in W.

Proof. Since {uy} is a (PS),,, sequence of I, we have I(u,) — cy and I'(u,) — 0 as n — oo,

un(x) —un(y)|\ dxdy
o Jor” ( =P )|x T GRS (6.8)

F (un(x))F (un(y)) _
/]RN/RN ]x W dxdy = cp + 6y,

1.e.,
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where 0, — 0 as n — o and

[ ( s ) =00 ) =)~

’X y‘v ’X y‘N+2s

/ (o ity — /RN/RN n(x))f(un(y))v(y)dxdy‘ <&, (69)

ox—y|*

Vv € W, where &, — 0 as n — oo. On taking v = uy,, by (6.8), (6.9) and using (f4), we obtain

(o Lo (o0 ;',;@),) e

un Uy Un\X) — Uy 2
__/]RN/]R{N < ’l jox— y\v(y”)( \izlefzy“)) dxdy)

4 [ VOAR l) =V (5 e < es(1+ ),

for some c¢5 > 0. It follows from (.7%3) that

(%) Lo (o™ ™)

#(1-2) [ Ve i < es(1-+ )

If ||u,|| > 1, by propositions 6.2.2 6.2.4, we have

hy h h
(1) Q) < 1+ )

hy
(1 ——) el < es(1+ ual).

Consequently, ||u,|| < cg for some c¢g > 0. Thus {u,} is bounded in W. As W is a reflexive

Banach space, 3 u € W such that up to a subsequence, we have u, — u weakly in W. [

Lemma 6.2.15. Let {u,} is bounded in W such that u, — u weakly in W. Then

lim [ K () f (1t (x)) (un(x) = u(x))['dx = 0.

n—oo JRN

Proof. Let {uy} is bounded in W such that u,, — u weakly in W. By Lemma 6.2.3, we have
Up(x) = u(x) a.e. x € RV,
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Define Q(x) = |K(x)|". It follows from (f;) and (f3) that, for all € > 0 there exist to,¢1,ce >0
such that

f(t) S € (Wx(x’t)t+ ('}f*(x’t)) h_l*l> +c£(‘%ﬂ*(x>t>) h? %[to,tﬂ(t)vv(xvt) € RN X R. (6'10)

Further, by (6.10), we have

K2 u0) = 2K (o) it (0 0)+ (7 () T )

b—1

£3

+ceK () (A7 (x,un (%)) ' Zpo ] (un (1)), ¥ (x,1) € RY xR

Consider,

[ K700 09) () — ()

dx

< ol-lg! /RN 0(x)

b—1

(7, un (X)) "0 K1) (i (X)) (i (x) — u(x))

+2“cfg/ 0(x) dx. 6.11)
RN

Now, define the set A, = {x € RV : |u,(x)| > to}. Thus, (/4) and definition of .7#* implies

cﬂAn\S/ %*(x,to)dxg/ S (x,up(x))dx < Néf*(x,un(x))dx<c8,
An Ap R

since {u,} is bounded in W, for some c7,cg > 0.
Ap| < 0. Using (K} ), we get

Therefore, we have sup
neN

lim |K(x)] WAdx =0 uniformly inn € N
d—o0 JA,NB(0)¢

consequently, for a given € > 0 there exists dp > 0 such that

b
/ ]K(x)\%dx < e®1 for each n. (6.12)
Antdo (0)‘

Using Holder’s inequality and Proposition 2.2.20, we have

/ 02

b—1 l

(A (x,un () "7 K 10) (100 () (tn (x) = u(x) | dlx

< 09/ O )|t () 211 1] (14() ) [t () — () ' dx
AnﬂBdO(O)C
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(b—1)
b

01851 o 0t 1)

(/A ; Q<x>|un<x>u<x>“dx>}
By, (0)°

(b-1)
b—1)I
< ClOIE ) / 0(x)
AnﬂBdO(O)C
for some cg,c19 > 0.

B
Further, by (6.12), we obtain

/ 02

for some cj1 > 0.

109

(6.13)

By Propositions 2.2.8, 2.2.20, Lemma 6.2.3, Theorem 6.2.5 and Holder’s inequality, we

have
b1 1
/ {w >+<ff*<x,un<x)>>hf}<un<x>—u<x>> dx
4o (0
(yi—1)1 (b—1)1 B !
Scnig{l%} 260 (a1, 1) ) o e
=l €
< wil Vi / B il Vi
<en may / 0(x)un (x)| dx) (RNQ(x)\un(x) u(x)| dx>
-1 1
Yax) ([ oWl —ux)dx )
+Clzig{li§} x) |un (x)]” dx - X) |uy (x) —u(x x
gclsig{l?x} 0 () RN+Hun<x>—u<x>nzg(RN)}

for some c12,c13 > 0.

Therefore, by Theorem 6.2.5, we obtain

/ 02

for some cj4 > 0.

{"’y(’“ ()t () + (A (3, 0 ()))

dx < c1a,

(6.14)
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Consequently, (6.11), (6.13) and (6.14) implies
/B 0y K () f (t (%)) (t (x) — u(x))|'dx < 27 Lel ey + 2 ke = 0
do

as € was arbitrary.

On the other side, by (f3) and Strauss compactness lemma [23, Theorem A.I], we have

lim K (x).f (1 (%)) (1 (x) — u(x0))|'dx = 0,

122/ By, (0)
which completes the proof. 0

Proof of the Theorem 6.2.10. Both the geometric conditions of the mountain pass theorem
follows from Lemmas 6.2.12 and 6.2.13. Next, we will prove that the functional / satisfies the
(PS)c,, condition.

Let {u,} C W be any Palais-Smale sequence, i.e., I(u,) — cp and I’ (u,) — 0 in dual space
of W. By Lemma 6.2.14, we conclude that {u,} is bounded in W and u,, — u weakly in W. As

a consequence, I’ (u,)(u, —u) — 0 asn — o, ie.,

/ K()K(y)F (un(x)) f (n () (un(y) —u(y))
J(u,,)(un—u)—/RN/RN — dxdy—0  (6.15)

as n — 0. Next, we claim that

[ [, KOEOF D00 gy g0 (616
RV JRN e — y[* ' '
Let |K(y)|' = Q(y). By (6.6), we have

1K (o) F (un () [ 1oy < 15, (6.17)

for some c5 > 0 since {u,} is bounded in W. By Lemma 6.2.15, we have

lim [ [K(x)f(un(x)(tn(x) — u(x))|'dx = 0. (6.18)

n—oo JRN

By (6.17), (6.18) and Proposition 6.2.1, the claim in the (6.16) is proved. Hence, by Lemma
6.2.9, we have u, — u. Thus, (PS),, condition is satisfied for the functional /.

Hence, by the mountain pass theorem, there exists critical point uy, of I with level ¢y, i.e.,
I'(upr) = 0 and I(ups) = cpyr > 0. Thus, uyy is the non-trivial weak solution of the Problem
(6.1). O
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6.3 Ground State Solution

In this section, we prove that the solution obtained through Theorem 6.2.10 is a ground-state
solution. In fact, we prove the Theorem 6.2.11.
Define
X = {uc W\{0}I'(u)u =0} and b = inf I(u). (6.19)

ue X
The set X is called the Nehari manifold.
For u € W, define the function, &, : [0,00) — R such that &, (1) = I(tu), i.e

/RN/RN ( oy, it ’x) —yr‘b;(y)l) |jxcyl|yN+/RNV(x)f/;(x,\m(x)|)dx
Y R CLEL TR

Lemma 6.3.1. Let (f1) — (fa), (GS), (K1) — (Kz) and (741) — (54) hold. If u € W\{0}, then

there exists unique t, > 0 such that t,u € X. Moreover, Il’[laX]h u(t) = hy(t,) = I(uty,).
r€l0

Proof. We observe that A,(t) = 0 if and only if zu € X. Lemma 6.2.12 and Lemma 6.2.13 imply
that £, (¢) > O for sufficiently small # and A,(¢) < O for sufficiently large 7. Thus, 3 7, € (0,0)
such that max h,(t) = h,(t,) = I(ut,). Consequently, 4/ (t,) = 0 and 7,u € X. Next, we will

1€[0,]

prove the uniqueness of ¢,. If ¢ is the critical point of 4, then we have

0= [ o (o0 ) <fig>;(5£22>zd "
¥ / Vo i)' _ ([ KEROF N OIU0) 1, g,
RN RN JRN

!x y/*

which implies that

tu(x) —tu(y)| ' (tu(x) —tu(y) (o, [ru(x)|) (rue(x) ) 2dx
/RN/RN < Y, ,x y‘s ) 2 — y|N+2s d dY+/ i
F(tu(x)) f(tu(y))tu(y)
_ /R ) /]R ) t’”!x i dxdy. (6.20)

On proceeding as [136, Lemma 4.3], one can check that the right-hand side of (6.20) is de-

creasing for ¢ > 0. Consider,

F(tu(x)) f(ru(y))tu(y)
/RN /RN dxdy

f"2 e —y|*

K(x)F (tu(x))dx f(tu(y))tu(y)
= RNK(y) ( /R y ) dy

e —y|* tho
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[ %0 < [ K<x>F<zu<x>>dx> EIENITOIE

-yt ) ()| F2(u(y)

which implies the left hand side of (6.20) is increasing strictly for # > 0 by (GS) and (f3).

Therefore, ¢, is a unique critical point of A,,. 0

Proof of the Theorem 6.2.11 It is enough to prove that, c)y = b = r, where b and r as are
defined in (2.12) and (6.19), respectively.

By using the fact that S C X, we have b < r. Also, it can be seen r < ¢y;. It will be sufficient
to prove that b > cy,.

If ve X, then A),(1) = 0. By Lemma 6.3.1, we have max h,(r) = h,(1) =1(v).

1€[0,00]
Choose a function y: [0,1] — W such that y(r) = tfyv, where 1y > 0 such that I(fyv) < 0,

which implies that y € I'. Therefore, we have

ey < trerﬁ)](]l(y(t)) = tren[(z)l?l(}l(ttov) < rtnzagil(tv) =1(v),

which is true for every element v € X. Hence, b > ¢y, which completes the proof. 0
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Chapter 7

Generalized concentration compactness principle and

their applications

In this chapter, we prove the concentration compactness principle for fractional Musielak Sobolev
spaces for studying the class of generalized fractional problems with critical growth in RV. Sec-
tion 7.1 recalls the definition of homogeneous fractional Musielak-Sobolev spaces and provides
some useful results that are used in the subsequent sections. The proof of concentration com-
pactness principle for fractional Musielak Sobolev space and its variant at infinity are provided
in the 7.2. Finally, in Section 7.3, we discuss the existence result for the generalized fractional

problem with critical growth in RY.

7.1 Introduction

Let
I¢]

T (x,y,t) = A h(x,y,r)r dr,

and : RV x RN x [0, 00) — [0, ) be any locally integrable generalized N-function which satisfies

the following conditions:

h(xey e e N *
(hy) b < < hy <N forall x,y € R" and ¢ # 0, for some 1 < h; < hy < h}, where

(el
= - < hy = M- and s € (0,1).

(hp) inf J2(x,y,1)=bjand sup F(x,y,1)= b, for some by,by > 0.
x,yERN x,y€RN

(h3) [ (W) " dt = o and ¥ (%) """ dt < oo, for some a,b > 0 and Vx € RY.

Next, we recall the definition of homogeneous fractional Musielak-Sobolev spaces introduced
in Chapter 6.
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The homogeneous fractional Musielak-Sobolev space denoted by D% (RV) is defined as:
D (RV) = {u e L (RN : [u]sp < oo} .

D% (RM) is a normed space with the norm ||u|| por RNy = [U]s -
Next, we have the following lemma from the definition of the space D*” (RV).

Lemma 7.1.1. The space D> (RV) is compactly embedded in L{’.(RN). Also, D> (RN) is
continuously embedded in L’ (RN). Moreover, there exists Sy > 0 such that ||ul|, ®Y) <
Soluls, -

The following embedding theorem is available in [10, 49].

Theorem 7.1.2. The space D>’ (RN) is continuously embedded in LF (RN), where p : RN x
RN x [0,00) — [0,00), P(x,y,t) = (lﬂ p(x,y,r)r dris a generalized N-function such that

p(x,y, [t])|t?

< pa2, Y(x,y) e RY xRN and t #0
Py ) =P )

for some py,ps € (ha,h7)-
Lemma 7.1.3. (Brezis-Lieb Lemma, [26]) Let F¢; be a generalized N-function such that f, — f

a.e. and u, converges weakly to u in L’ (Q) then we have

lim </ ,%’}(x,|un|)vdx—/ %C(x,|un—u|)vdx) :/ e (x, |u|)vdx
Q Q Q

n—yoo

forallv e L=(Q).

For a given generalized N-function 7, we define Matuszewska-Orlicz function Q ,» and
771 such that

L H(xx,1t)
ij(xat)_}l_?;lo ,%”(x,x,r)

and
A4 (x,1) = max{r" "2},

respectively. It is known that [26] Q ,» and 7] are also a generalized N-functions and Q , is

QZ%?ETCZS) =0 for any ¢ > 0 and V(x,y) € Q x Q.

essentially larger than /71, i.e., lim
t—o0

7.2 Concentration compactness principle

Theorem 7.2.1. Let {u,} be a bounded sequence in D** (RN) which converges weakly to limit

u such that D’ 7 (|uy,|) converges weakly to a measure [ and 7 (x,|uy|) converges weakly to
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a measure v, where L and v are bounded measures on RN. Then there exist at most countable
index set J and families (x;) jej € RN, (v;)jes > 0 and (1) jes > 0 such that

(1) v=23"(x,|ul)+ ¥ v;b,
jer
(2) u>D°(|u]) + ¥ Wby,
jel
with

vj < max {5’57(51uj)h’f/h1 SP(8y )M ST (8y ) 026y uj)hﬁ/hz} Viel. (11

where

Do) = |, %ﬂ<y |u<x>—u<y>|) dy

x—yls lx—y[N

Theorem 7.2.2. Let the assumptions of the Theorem 7.2.1 be true. If

Moo = lim limsup D* 7 (Juy(x)|)dx

R—o0 p oo Jix|>R

and
Veo = lim limsup FC*(x, |un (x)])dx
R—o0 pseo J|x|>R
then
limsup [ DS (|un(x)])dx = w(RY) + pheo (7.2)
n—oo JRN
and
limsup | % (x, |un(x)|)dx = v(RY) + v., (7.3)
n—soo RN
with

Ver < max { S (81 e ) 171, 37 (81 1) 3/, 37 (81 ) 1172, 557 (81 )22}

Lemma 7.2.3. Let v € C2(RN). Then

[, (e LYY g

lx—yls

Moreover;

|<v<x>—v<y>>|> ay | { e }
% 9. S 17 ls
Lo (” p ) ey <ermin 1 max {7}
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for some c¢1 > 0. In particular,

|(v(x) —v(y))|" , — (s +N)
Uk g <ermin gl g {0} )

Proof. Letv € C(RY) and support of v is contained in B(0,R) for some R > 0. By Corollary
2.2.9, we get

[l (s ) i ()

Fori e {1,2}, we have

[(v(x) —vO)" |(v(x) —v(y))[" |(v(x) —v(y))|"
AN @_AM @+Ad @

\x—y|hi5+N |x_y|h,~s+N \x—y|hi5+N
Consider,
) =vODI™ dh
I :/ dy <2%||v||7. / Tl tN
= e e VS Wl J
" hy < dr
<2 NwN_IHVHLoo(RN)/R phis+1
ok
2|y g N
- l’l,’SRhiS
Consider,
|(v(x) = v(y) " h / dh
_ < ||V T P A
2= Jyjer pemyern @S f o e
R dr
hi
SNG)N—IHVVHLw(RN)/O Fhi(s—1)+1
||Vv||Lm(RN)Na)N,1Rh,(1 5)

= hn(1—s)

— d

By I; and I, we have [py J7 <x,y, [(v(x) v(y))\) | Y |N € L= (RN).
x— x—y

Also, If |x| > 2R then

o (o) e < f o (o ) 5

x—yls ) [x—y[N
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If x| > 2R and |y| <R then [x —y| > |x| —|y| > |x| =R > %’, we have

KWWH) dy {/‘ |(v(y))|" }
FC | x,y, < by max ————d
/|y|s1e ( Pyl ) e—yV = iy Wjer r— stV

2hl'S+N n
<b vl IB(O,R)| S -
< b max { ZEC Y o BOR

Further, by combining all the above calculations, we have

|<v<x>—v<y>>|> dy | { i) }
% ' S 1, i$
fo (” ) ey Sevming 1 max L]0t}

for some ¢ > 0. [

Lemma 7.2.4. Let {u,} be a sequence in D> (RN) which converges weakly to limit 0. Then,
for every v € C2(RN) we have

IVl < VIl s
where Q s+ (t) is the Matuszewska-Orlicz function and 6 (x,y,t) = max{t" ¢},

Proof. By Theorem 7.1.1, the embedding D> (RY) — L7" (RV) is continuous, i.e.,
il ey < Sl Yo € D5 (Y. 04

If u € D> (RN) and v € C(RN) then uv € D (RY). Now, by applying (7.4) to the functions
Vi, we get

[[Vitn]| e vy < Sollvun||, for each n.

As proved in the [26, Lemma 4.4], we have

liminf [ 227 (x, |vu,|)dx > /NQ%*(x,]v])dx,
R

n—oo RN

which implies

timin e | ) > 1]l - 5)

By (2.2), we have

/ / %ﬂ(x,y,|V(X)Mn(x)—v(y)un(y)|> dx dy
RN JRN

lx—y|* lx—y|¥
- () V()i () + vt () () ()] e dy
= Lo ] ( J: x—yp ) x—y

<o [ [ o (o PO b)Y e
RN JRN

x —yls x—y[N
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|un (x)(v(x) —v(y))[\ dxdy
+51/RN/ ( Y, x—yp > |x—y|N' (7.6)
Next, we will prove that
: | (x )(V(X)—V(y))|) dx dy
r}ggo/RN /RN ( Y |x_y|s |x_y|N —0. (1.7)

For any k > 0, we have

o e (o)

- </B<o7k> +/Bm.,k)C) /RN 7 (X’y e (Iavc(j)y!_ V(ym) \j icyllyN

=L +D.

By Corollary 2.2.9, Lemmas 7.1.1 and 7.2.3, we obtain

Jun (x) (v(x) =v(y))|\ dxdy
h _/ B(0.k) /IRN ( Y lx—ys ) lx—y[N
" Y | (v(x) —v(y))|" .
sz/B(O,k)(|un(X)| +|Mn<x)| )ie{l,Z}{/RN ’x_y‘h,’erN d))}d
< bye, /B . k)(|un(x)|h1 ()2 dx

’

hl

< brc1[B(0.K) ( [ e >r"2) Foscr [ uno)ds o,

I

since, u, — 0 in D> (RN).
By Lemma 7.2.3 and Corollary 2.2.9, we obtain

L _/ / ( |un (x )(V(X)—V(y))l) dx dy
B(0.k)C JRV > x —y[* x —y[¥
1 ()|
<b ——— >dx.
=72 /B(o,k)C ig{l 3)2(} { |x| (is+N) *

b b
Fori € {1,2}, using Holder’s inequality (with exponents ” and P

where b € (hy,h7)) and
Theorem 7.1.2, one gets

=

i b—h;

dx b dx b
hi %~ b
/B(O,k)c |un(x)| |x|(hiS+N) = </B(O,k)c |un(x)| dx) (/B(O,k)c |x|(his+N)b/(b—hi)>
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! (b—hi) /b
<cNwy_1 (m) —0ask—
k (0—h)
. (h[S+N)b . e . .
since, (7= > N. This implies that I, — 0 as k — . Hence, (7.7) is true.
Thus, (7.6) and (7.7) imply

limsup/ / H (x,y, |V(x)”n(x)_v()’)un()’)|> dx dy
RN JRY

n—yoo |x_y|s |x—y|N
— dxd
<9 limsup/ / H (x,ya ) (n(x) un(y))|) a yN
n—seo JRV JRN e —y[* e =yl
<& [ Al
RN
which implies
limsup ||vi, || < ||[v||4 u- (7.8)
n—soo
By (7.5) and (7.8), we have
Vllgpev < liminf||vun||Lt%n*(RN) <limsup ||vi, || < ||v||4,4-
n—oo n—>o0
Therefore, we have
VIl @ v < ClIVILA 5
which proves the lemma. [

Lemma 7.2.5. [26] Let T be a bounded measure and M|,M, be two generalized N-functions

such that M, is essentially larger than My, i.e., tle Afl‘z((ctt)) =0foranyc>0and ¥(x,y) € Qx Q.
Let

Vil e < eslvlian <

for some c3 > 0 and for all v € C(RVN). Then, there exist atmost countable index set J and two
families (x;)je; € RY and (8;) je; > 0 such that

T= ZVj3xj.

JjeJ

Proof of the Theorem 7.2.1. If u = 0, by the help of the Lemmas 7.2.4, 7.2.5 and [26, Lemma
4.7], there exist atmost countable index set J and two families (x;)je; € RY and (8;)jes > 0

such that
V= Z Vjéxj-
jeJ
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Let u # 0. Define v, = u, —u. Now, v, converges weakly to 0 in D% (RN). Thus, there
exist atmost countable index set J and two families (x;);e; € RY and (8;);e; > 0 such that
H*(x,|vn]) = vi = ¥ v;6y;. By Brezis-Lieb Lemma 7.1.3, we obtain

jeJ

fim (/ %*(x,|un|)¢dx—/ ,%”*(x,|vn|)(pdx> :/ A (x, |u])pdx
n—e \ Jo Q Q

for all v € C°(Q2). Hence, we have

O (x, lup|) = v =% (x,|u|) + 7" (x,|vn|) = H (x,|u]) + vi = 7 (x, |u|) + Zvjﬁxj
jeJ

which proves (1).
Next, we will prove the relation in y; and v;. Let v € C>(RN) such that 0 < |v] < 1.
By propositions 2.2.8, 2.2.20 and Lemma 7.1.1, we get
4, v x < max { vy s [l o |
RV e - PHLA (RN) LA (RY)
< max { Sy [y |11, 55 v |}
< max {SSTM(vun)hgf/h1 ,Sg;M(vun)hé/h‘ ,

LS”ZTM(vun)hT/h2 , ngM(vun)hE/hz}

o=/ ( >—u<y>|) drdy
RN JRV ' lx =yl v —y[¥
By (7.7), we have

lim M (vu,) < 8; lim /]RN /]RN <x y, )(Mn(X)—un()’))|) dx dy

n—eo n—eo x —y[s x —y[V

e JE?O/RN/RN%G’V’ |14 (x >T:<1C)yFV(y))|) |jic;|yN
. Uy (x) — uy, dxd
<im [ fo 7 (o PRI 2

<8 [ fap
RN

where

Hence, we have

ht/h h5/h
/ v dy <max J §"1 5/ v dp g 5/ v dp o
RN = 0 1 RV 190 1 RN )
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. RN RN
o (51 Lo ‘du) o (51 Lo 1du>

which implies
v(B) < max { Sg1 (8144(B))"1/", 537 (81 (B))3/™ 55" (8111(B))" /™2, 5 (81 (B)) 5/ }

for any Borel set B C RY. In particular, for any j € J, taking B = B(x j,€) and taking € — 0, we

obtain
vj < max {SQT(&M)}ZT/M7533(51%')@/}”»SST(51Nj)h7/h27583(51%)@/}12} Vi€l
Proof of the Theorem 7.2.2. Choose a function v € C*(R") such that 0 <v < 1
v=00nB(0,1), v=1o0nB(0,2)°.
Now, for each R > 0, define vg(x) = % Vx € RY then
vg =0on B(0,R), vg = 1 on B(0,2R)C.
Consider,

RNDS%(Wn(X)DdXZ/RNDS%(Wn(X)DVR(X)dX‘f’/RNDS%(Wn(X)D(l—VR(X))dX- (7.9)

As we can observe that

/ D° A (Jun () vr (x)dx < / D (| (x) v (x)dx < / D A (|un(x)|)dx,
|x|>2R RN |x|>R
therefore, we have

Moo = lim limsup NDS%”(|un(x)|)vR(x)dx. (7.10)

R—eo o JR

By the definition of weak convergence together with the fact I%im vr(x) =0ae xRV, we
—>o0

have
limsup NDS%”(\un(x)])(l—vR(x))dx:/ (1 —vg(x))du

n—oo JR RN

after that, applying Dominated Convergence Theorem, we get

lim sup o D (Jun (X)) (1 — v (x))dx = w(RM). (7.11)

n—oo
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By (7.9), (7.10) and (7.11), one gets

limsup - D (Ju (x))dx = p(RY) + e,

n—soo
which proves (7.2). Similarly, we can prove (7.3). To prove the relation between U and Ve,
we will use the same approach as we have used to prove (7.1).
By propositions 2.2.8, 2.2.20 and Lemma7.1.1, we get
[ 7 Qo < max { vl g vl e g
RN = L (]RN)’ L (RN)
< max { g7 v |7, S5 Ve | |
< max {SgﬁfM(vRun)’ﬁ/h1 , SQEM(vRun)h;/h1 ,

So M (v )1/, SEM (vu )2/ | (7.12)

Next, (2.2) implies

M (vrun) / /]RN (x y, [VR(X)tn (Ec)__yv‘lsi'()’)un()’”) |ji;?’N
_/ / (x 3, VR (X)utn (x )—VR(y)un(x)+vR(y)un(x)—vR(y)un(y)|> dx dy
RN JRN

e — y[* e — y|N
VR(Y) (tn () —un(y))|\ dxdy
<0 [ flor (o PO ) B
|un (x) (VR(X) —VR(Y))|\ dxdy
0 fo o (o ) o
|t (x) (VR (x) —ve())\ dxdy
Claim: lgrior}grolo/RN /RN ( e—y° ) =y — 0. (7.14)
Consider,

[, [ (o o080 i) s

+
(/ 0.2R) /RN / (0,2R)C / /B(o,zk)C/B(ogR))

%(x,y, a () (7R (3) — V(7)) ) e ay

x —yl$ x —y[V
=L+hL+1.
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By Corollary 2.2.9, Lemmas 7.1.1 and 7.2.3, we obtain

I _/02R /RN ( |t (x )(V\I;(j)yFVR(y))l) ljic;"yN

h;
< hi hy / |(vr(x) —Vr(Y))| 4 }d
_bz/g(o,zR)(|u”(x)| + [un (x)] )iél{lig}{ o r—y e y b dx

hl

< bye1|B(0,2R)| ( o >\hz) woncr [ s .

)

since, u, — 0in D> (RV).
I, =0, since vg = 1 in B(0,2R)C.
For any k > 4, we have

b= (/ B(0,kR)C /ozR /OkR )\B(0,2R) /(o,m)) %(x,y, ‘”n<x>("‘i(j)yF VR(y))’) ]jij;"’

Al

If |x| > kR and |y| < 2R then |x —y| > |x| — |y| > |x| —2R > EX

/ ( Iun(X)(VR(x)—VR(y)>!) dx dy
7y7 Ky N
B(0kR)C JB(0,2R) Ix —y| !X y\
<b / / d d
- Zig{l%(}{ (0,kR)C JB(0.2R) M’”*N * y}

< by|B(0,2R)| max / wdx :
- T ie(12y UUBogrye |x[histN

we have

b
For any i € {1,2}, using Holder’s inequality (with exponents » and , where b € (hy,hY))

and Theorem 7.1.2, one gets l l

i hi/b dx (b—hi)/b
hi b
/B(O,kR)C ’I/tn (X)‘ |x|(hiS+N) = (/B(O,kR)C ’I/tn (X)‘ dX) (/B(O,kR)C ’x’(hi&l»N)b/(bfhi) )

(b—h;)/b

1

< cooNoy— R a— —0ask—ocand R — o

(kR) G=h "

which implies 7 — 0 as k — eo. By Corollary 2.2.9, Lemmas 7.1.1 and 7.2.3, we obtain

L= / H (x,y, 0 () (VR (%) _VR(Y))\) dx dyN
B(0,kR)\B(0,2R) JB(0,2R) lx—yls x—y|
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hi
<b / GOy ()2 {/ |(vR(x) —veO))I™ }d
<b B(o,kR)\B(o,zR)(|u ()" + [un (x))| )igg%} P i A A

<bscy [ () -+ (0)2)
B(0,kR)\B(0,2R)

h % h
s €3 / | (x) [ +c3/ | (x)"2dx — 0,
B(0,kR)\B(0,2R) B(0,kR)\B(0,2R)

since, u, — 0 in D7 (RV).
Gathering all the above calculations, our claim (7.14) is proved.
By (7.13) and (7.14), we have

lim lim/ / |VR X)un(x) —vR()un(y)|\ dx dy
R—oon—oo JRN JRN |x y|s |x y|N

< &, lim lim/ /  ROY () —un )] e dy
= IR%oon—N” RN JRN |x y|s |x—y|N

< 6y lim lim /RN/ |h1%( ,’(”n(x)—un()’)”) dxdy

R—yoon—eo e =yl e —y [V

< 61 Hoo- (7.15)

(7.12) and (7.15) implies

ver < i {507 (81 )11, (8 1) 5/ ST (81 )12, S (81 ) 5172}

]
7.3 Applications
In this section, we establish the existence of a weak solution to the following problem:
(—A)Spu(x) = Ag(x, [u))u+ f(x,u) in RY, (7.16)

where N > 1,5 € (0,1),
]
(X, ),1) :/ h(x,y,r)rdr,
0
and h: RNV x RN x [0,00) — [0,00) is a generalized N-function. The functions g : RY x R —

[0,00), f: R¥ x R — R are continuous, A > 0 is sufficiently small parameter and (—A)?,, is the
generalized fractional Laplace operator.
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7.3.1 Hypotheses

We assume that f : RY x R — R is continuous and satisfies the following conditions:

(f1) There exist generalized N-function ¥ : RY x RN x R — [0,00) and 1, ys(ha,h}) such

that y; < % <y, ¥(x,y) € RN x RN and t # 0 and

—f(x,t) =0, VxcRY
=0 y(x,x, [e])|e| ’

where W(x,y,t) = l//(x,y, r)rdr.

f(x1) _ N - .
(f2) li me 0, Vx € RY, where h* is define in (2.9).

(f3) There exists o € (hy,h}) such that
t
0 < oF(xi) =0 / Flx,8)ds < 1f(x,0),
0

forallr >0, x € RV,
We assume that g : RY x R — R is C! and satisfy the following conditions:

(g1) hi <# E: (| ‘Mt)' < h3 for all x € RN and ¢ # 0, where G(x,t) = | | g(x,r)dr.

(g2) There exist g1,g> > 0 such that g; < % < g forallz > 0.

7.3.2 Functional setting and main result

First, we define a weak solution for the Problem (7.16) and its associated energy functional.

Definition 7.3.1. We say u € D/ (RV) is a weak solution of (7.16) if the following holds:

/RN /RN ( Y, —u()’)|> (u<X)_|L;(Z)}))|(;S_);)S_V(y)>dx i

e —yf*
= 7L/ g(x, |u|)uvdx+/ f(x,u)vdx, ¥v € DS (RV).
RN RN

Thus, the energy functional 7 : D> (RY) — R corresponding to (7.16) is given by

/]RN/RN (x », |x) _;Ey)‘) |jiiTN—)L/RNG(x7|u|)dX—/RNF(x,u)dx
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It can be seen that / is well-defined and C! functional. The derivative of I at any point u €
D> (RVN) is given by

w=[ [ n < 2 _;‘g)’”)(M(X)—|L;(Y);|(;i§1—v(y))dxdy

—/"L/ X, |u|)uvdx — /fxuvdx Vv e DS (RM).

Moreover, the critical points of I are the weak solutions to (7.16). Let M : D> (RY) — R such

that
M _/ / ( )—u(y)|> dx dy
RN JRN Y lx—y[$ x—y[V

Remark 7.3.2. The functional M is convex, since € is convex. Consequently, M is weakly
lower semicontinuous, i.e., if {u,} — u in D>?* (RN) then M (u) < liminf M (u,,).
n—soo

The main existence result of this chapter is as follows:

Theorem 7.3.3. Suppose that the conditions (f1) — (f1), (g1) — (g2) and (hy) — (h3) are satis-
fied. Then there exists A; > 0 such that for each 0 < A < A, Problem (7.16) has a non-trivial

weak solution.

7.3.3 Proof of the Theorem 7.3.3

To prove the Theorem 7.3.3, we first establish a series of lemmas.

Lemma 7.3.4. There exist positive real numbers o and p such that
I(u) > a, Yue D" (RY): ||u|| =
Proof. Using assumptions (f]) — (f2) there exist ¢y, c; > 0 such that
|F(x,1)] < ea¥(x,x, [t]) + 557 (x,x, |t]),V(x,1) € RN x R. (7.17)
By (g2), Propositions 2.2.8, 2.2.20, 6.2.4 and (7.17), we have

)—u(y)| dx dy
/]RN /]RN (x P y|Y |x_y’N _A/RN G(%’”DdX—/RNF(X,u)dx
= min{Hu”hl’H””h2 _ng/ %*(X,!ul)dX—(ﬂ/ W (x,x, [u)dx
RN RN

—05/ JC* (x,x, |u|)dx

RN

> : hl hz _l hT

> min g ffuef[™ [|ul] gomax | [Jul] % g HMH L (RN

= esmax { e g I oy | = mmax{uuuw oy 1 g



7.3. Applications 127

If ||u|| < 1, Lemma 7.1.1 and Theorem 7.1.2 implies
I(1) > [[ull™ — So(g2A +cs) || "1 — o] ¥".

We conclude the result by choosing p sufficiently small and using the fact that A7 > h; and
Yy > h. ]

Lemma 7.3.5. There exist vo € D> (RY) and B > 0 such that
I(vp) <0 and ||vl| > B.
Proof. By (f3), there exist my,my > 0 such that
F(x,5) > mys® —my, V (x,5) € RY x [0,00). (7.18)

Let u € D7 (RN)\{0} and u > 0 with compact support K C R¥. For r > 1, by (g2), Proposi-
tions 2.2.20, 6.2.4 and (7.18), we have

I(tu) = /RN/RN% (x,y, ’tu(g__;’i()’)’) |jiiTN —A/RNG(X,VMDCIX
—/RNF(x,tu)dx

§th2max{|]u||h‘,\|u||h2}—7Lg1 /RN%*(x, |m\)dx—m1t°/ ul® + my|K|
K

h / h . hy hs
< 2 max { [l ">} = Agas® min {7 o e g

—mlt"/ 1u[® 4 ma|K|
K

this implies that /(fu) — —eo as t — oo, since ¢ > hy. Now, by setting vy = ru for sufficiently
large #, we get the desired result. [

By Lemmas 7.3.4 and 7.3.5, the geometric conditions of the mountain pass theorem are
satisfied for the functional /. Hence, by the version of the mountain pass theorem without (PS)
condition, there exists a sequence {u,} C D*” (RV) such that I(u,) — cp and I’ (u,) — 0 as
n — oo, where

0 — inf max I(y(1)) >0
< cm = Inf max, (7(r)) >0,

and

= {yec([o,1], 0" ([R")): 7(0) =0, y(1) < 0}

Lemma 7.3.6. The (PS).,, sequence is bounded in D>’ (RN). Moreover, there exists u €
DS (RN) such that, up to a subsequence, we have u, — u weakly in D*7* (RN).
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Proof. Since {uy} is a (PS),,, sequence of I, we have I(u,) — cp and I'(u,) — 0 as n — oo,

|un (¢ )—un(y)!) dxdy - |
/RN/RN ( x —yl* ox—y|N l/ %, |un])dx (7.19)

/ F (x,up)dx = cpr + 6y,
]RN

1.e.,

where 0, — 0 as n — o and

/RN/RN ( ¥ 7|un —Mn(y)l) (un(X)_|L;n£y3;|)p(jj_<2)§)_V(y))dxdy

e = yI*
—ﬂ,/ X, |ty ) upvdx — / f (e, uy ) vdx

(7.20)
< &vll,

Vv € D57 (RVN), where &, — 0 as n — co. On taking v = u,,, by (7.19), (7.20) and using (f3),

we obtain
(/RN/RN ( oy 7|un |x) yu|r;(y)|) |;li6;|yN
SL L[ 0 ) ymg) axdy)

1
—/1/ X, lun]) = — g, lunJuz)dx < e7(1+ [lunl]).

It follows from (%) and (g;) — (g2) that

(10 ) Jo o (o0 ) 255

h
gl (—1—1)/ (3, ] )x < c7(1+ |[un]))-
(o} RN

If ||u,|| > 1, we have

hy
(12 ) il < 1+ )

since, ¢ € (hy,h}). Consequently, ||u,| < cg. Thus {u,} is bounded in D**(RN). As
D*” (RN) is a reflexive Banach space, 3 u € D (RV) such that up to a subsequence, we
have u, — u weakly in D7 (RV). O

Let {u,} be any (PS).,, sequence of I then by Lemma 7.3.6, it is bounded in D** (R") and
there exists u € D> (RV) such that u, — u weakly in D>/ (RV). By Theorem 7.1.1, we get
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{u,} is also bounded in L7~ (RN); thus u,, — u weakly in L”*" (RY). This implies, D°.7 (|uy,|)
converges weakly to a measure y and 7" (x, |u,|) converges weakly to a measure v, where p
and v are some bounded measures on RY.

Then by Theorem 7.2.1, there exist atmost countable index set J and families (x;) jc; € RV,
(Vj)je] > (0 and (‘Llj)je] > 0 such that

v =" (x,|ul) + Y v;dy, (7.21)
jeJ

1> DA () + X 6,
jed
with

v; < max {SST(SINj)hT/hl ’Sgﬁ(slluj)h;/m’SZT(31“j)h7/h27ng(&‘uj)hﬁ/hz} Vied. (1.22)

Also, by Theorem 7.2.2, we have

limsup [ DS (|uy(x)])dx = w(RY) + pheo (7.23)
n—eo  JRN
and
limsup | 2% (x, |up(x)])dx = V(RY) +v., (7.24)
n—eo JRN
with
Voo < Max {SST (61Hw)hT/h1 , Sg; (61‘uoo)h§/h1 , SST (51Hw)hT/h2’ng (61‘uoo)h§/hz } . (7.25)

Lemma 7.3.7. Let {u,} be a (PS).,, sequence. Then there exists Ay > 0 such that for each
0<A <Ay, v;=0foreach j€Jand v =0.

Proof. Choose a cutoff function v € C°(RV) such that
v=1onB(0,1), v=0o0n B(0,2)°.
Now, for each € > 0, define ve(x) = v((x —x;)/€) Vx € RY then

ve =1 on B(xj,€), ve =0 on B(x;,2¢)°.
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Now, J' (up) (unve) = 04(1), since {uy} is (PS).,, sequence. Therefore, using (/) and (2.2), we

have

o) = [, . (s L8200 )~ ) ) s

x—y|* |x — y|N+2s

—l/ X, |un)) |un\ Vedx — / fx,up)uyvedx = 0,(1)
RN

Un (x) — Up U (X) — 1 (y)|Pve (x
<51/RN/RN ( 7! ’x yls(y)|> |uan \)x—y|532‘25 ( )dxa’y
+51/ / ( ’\Mn un(y)|) (un(x)—un(y))(vs(x)—Vs(Y))Mn(y)dx dy

e —yl* e — y|NH2s

4 [ gl Pvedx = [ un)ugved = 0,(1),
R

this implies

o (o
-|-/RN/RN ( 7\un —Mn(y)l) (un(x)_un(y))(ve(X)—Vg(y))un(y)dXdy

x—y|* jox — y|NF2s

<7L/ %, [16n]) 16 vgdx—l-/ F %t Yutnved+on(1). (7.26)

Next, we prove that

iyt [ [ ( e —un<y>|><un<x>—un<y>><v8<x>—vs<y>>un<y>dxdyzo_

e—0n—oo |_x y|s |x—y|N+2S
(7.27)

By using (2.4), we have

/RN /RN J?(h (x’% Iun(ﬁc)_—yu'?(y)|) (un(g_—yulz(y))> |xdfci)|)N
2|uy (x) — uy dxd
S/RN/RN%(’“’Y’ | ?x)_w (y)l) |x_yy|N,

therefore, Lemma 7.3.6 implies

{h (y () —un<y>|) (1 () —un<y>>} C LF Y X BVidy)

lx—y|* x—y[*

is a bounded sequence, where dy =



7.3. Applications 131

As Lf?(RN x RN;dy) is a reflexive space, there exists w; € L7 (RN x R¥;dy) such that

) =00 ) G =) 228)

x—y[* lx—y[*

weakly in L7 (RY x RN;dy). Define v, = u, —u. We can observe that v, — 0 weakly in
D> (RM). As we have proved in the Lemma 7.2.4, for fixed €, we get

/RN/RN (x . x);c‘:egs))vn()’))dx_)o

as n — oo, which implies

(Ve (x) —ve(y))un(y) R (ve(x) —ve(y))u(y)

(7.29)
e —y* x —yl*
in L7 (RN x RN;dy).
Definition of weak convergence, (7.28), (7.29) and Proposition 2.2.6 imply that
/ / ( |un (x) un(y)\) (4 (x) — un(y)) (ve(x) — ve(y))un(y) dy
eyt T P Jx— s Jx —y$
(ve(x) = ve(y))u(y)

— , d 7.30
/RN/RNWI(X y) ’x_y‘s X ( )

as n — oo.
On the other side, as J' (u,) @ = 0,(1) for all ¢ € D7 (RN), i.e

[ [ (s 200 ) s 000 -0,

lx — yl* |x — y[N+2s

—l/ X, |un|)un@dx — / fx,uy)@dx = 0,(1),

by Lemma 2.2.6, Remark 2.2.16 and (7.28), we have
/ / y _”“»dx—hm Ag |t )t @ + f (x, 1) Pdx (7.31)
RN RN Y I.x y|s n n »“'n .

Claim: Ag(x, |u|)un + f(x,u) C L (RV) is a bounded sequence.
By (g1) — (g2), (2.5), Lemmas 7.1.1 and 7.3.6, we get

RN |un|

‘%/ﬁ(x’g(xﬁunbun)dxﬁ/]v%/’\%<x,h§M) dx
R
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ch/ ﬁ(x,w)dx
RN |”n|
<oy [ (xual)d

RN

< c19 (independent of n),

which implies that {g(x, |up|)u,} C L’ (RN) is a bounded sequence.
Using v,y € (hy,hy), (h1), (fi) — (f2), (2.5), Propositions 2.2.8, 2.2.20 and 2.2.21, we
get

/RN%/”\*(x,f(x,|un\)un)dx < /RN%/”\*(clll//(x,x,]un\)\un]+012h*(x,\un])]un\)dx
<eis [ )
RN
/P _ *(x, |,
Scl4/ jf*( ('x7’un|))dx+cls/ %* (% (.x,|l/l |)>dx
RN |Ltn| RN ‘un|
— vy " .
<ci6 (/ + )%ﬂ* (M) dx+cl7/ FC*(x, |uy|)dx
o Jo, |ty | RN
§c13—|—c19/ ﬁ(\unwll)dﬁcm/ A (|un] >Vl
Ql QZ
§018+019/ jg’;k(‘uﬂhz_l)dx—}—Czo/ f%/’;k(‘un’hT_l)dX
Q Q
§618+621/ |Mn|h3dx+6‘22/ |un’thx
Q Q)
gc18+C23/Q %*(x,|un|)dx+cz4/g A (x, un|)dx
1 2

< ¢35 (independent of n),

where Q) = {x € RV : 0 < |u,,| <1} and Q; = {x € RV : |u,,| > 1}. By Combining the above
calculations, we obtain Ag(x, |u,|)u, + f(x,u,) C L (RM) is a bounded sequence. By reflex-
ivity of L7 (RN), we have

Ag(x, [un))un + f(x,un) — wo (7.32)

for some wy € L‘%?* (RN). By using (7.31) and (7.32), we have

(p(x) —o(y) /
/RN/]RN ’y ,x NE dy = [ wa(x)edx, (7.33)

for all ¢ € D7 (RN). In particular taking ¢ = uv, in (7.33), one gets

/RN/RN ()’ vg(|x)_y|gy)v.g(y))dx :/RNWZ(’C)“VW
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[ ) SO [
[ [y O

As wy € L (RY) and u € L””" (RN) then by Proposition 2.2.5, wou € L'(RY). Also, as
wy € L7 (RY x R¥;dy) and (ulx) —uly)) e LY (RN x R¥;dy) then again by Proposition

[x —y[*
2.2.5, wlw € L'(RY). One can observe that, v, — 0 as € — 0. Thus by Dominated
X—=Yy
Convergence Theorem, we have
£—0 JRN JRN |x—y|s

Further, (7.30) and (7.34) implies that (7.27) is true. Hence, by (g1) — (g2), (7.26) and (7.27),

we have

dx d
lim limh1/ / X,y ,|”n x) —un ()] ) ve(x)dx dy
e—0n—roo RN | _y|s ’x—y|N
< Alim lim g(x, |un|)|un] vedx + hm lim £, tn ) upvedx.

e—0n—e JRN —0n—oo JRN

< Alim lim hégz/ S (X, [up|)vedx+ lim im [ f(x,u,)upvedx.
e—0n—eo RN

e—=0n—roo JRN

Therefore, we have

hi lim ved < lhégz/ vedv + lim lim / O up)uyvedx. (7.35)
e—-0.B(x; 2¢) B(x;,2€) g—0n—o JRN
Next, we will prove that
lim lim e up)uyvedx = 0. (7.36)

e—0n—oo JRN

By (f2) and Strauss compactness lemma [23, Theorem A.I], we have

lim/ f(x,un)unvgdx:/ fx,u)uvedx.
N RN

n—yoo R

Also,

[ fCeuved < caq [yl + 1 () ved
RN RN

< [ (B(ul)+ 7 (u)veds O,
B()Cj,28)
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as € — 0 which proves (7.36). By (7.35) and (7.36), we have
huj < Ahsgav;

then using (7.22), we have

vi VB = a h3S_h4 >0
T\ Agah} & o ]="

hy h5 h] h;
for some h3 € {— =, = —} and hy € {hj,h;}- Consequently, either
1 "1 2

hy R
=0orv; > () sP
vi=0orv; > (lgzhé&) ;

. h BT e Lo
Next, we will prove that v; > (—]) S(];3 ' can not be possible, i.e., v; =0. Let

on the contrary that

hl F }7%1
> S . 7.37
Vi= (lgzhi&) 0 ( )

Since {u,} is a (PS).,, sequence of I, we have I(u,) — cp and I'(u,) — 0 as n — oo, i.e.,

cm = hm I(un) = hm (I(un) — lI'(un)(u,,))
|

— lim (/ / (,,’“” *) = "(y)> dxdyN—x G(x, |un|)dx
n—oo \ JRN JRN e —yl* x— | RY
|t (x) —un (V)] [t (x) — utn(y )‘
o reeagan) =gt ([ fon (o B M

—l/ X, |t ) |1t |2 dx — / f(x, un)undx)

Using (f3), we obtain

LAYy \x yl“ =¥

1 /R [ (o )= Gt y|Z’i<zs)) st

. 1
—Alim [ (G(x,|u,|) — Eg(x, || Yu2)dx < ciy.

n—oo JRN
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It follows from (&) and (g;) — (g2) that

i (1-6) fo o () 5

h*
+gi1A (El_l) lim [ 2%(x,|u,|)dx < cpy.

n—oo JRN

we have

1 (R !
ngszgl E— .

RN
v,~<(—1*> Sod (7.38)

fi h
Oor some 13 € {hl,hl,hz,hz
tion. Hence, v; =0 forall j € J.

Next, we will prove that v., = 0.
Choose a function, v € C*(RY) such that 0 <v < 1

hy hy hi h;
122 7122 } and hy € {h},h;}- From (7.37) and (7.38), we get a contradic-

v=00nB(0,1), v=1o0nB(0,2)°.

Now, for each R > 0, define vg(x) = VETX) Vx € RY then

vg =0 on B(0,R), vg = 1 on B(0,2R)C.

We can observe that lim v (x) =0ae. xRV,
300

Similarly as proved above, we have

lim lim/ / ,|”’" — ()]
R—con—o JRN JRN ‘x y’s

and
I%E&nh—r& o f(x,up)uyvrdx = 0.

) (14 (x) =t ()"))C)Ev;’gi); OO g gy — o
(7.39)

(7.40)
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Using (7.39) and (7.40) together with the fact that J'(uy,) (u,ve) = 0n(1), we get

lim lim / / %”<x,y, '”"(x>‘“n(y>|)VR(x>dxdy
R—ocon—re0 RN JRN

lx—yls x—y[N

<Alim lim [ g(x, |un|)|un|*vrdx
R—con—oo JRN

<A lim lim hzgz/N%*(x, |un|)vrdx.

R—oon—yoo

By using (7.10), we have

-1 e\ o
Voo Vogi - S_ 4 2 O,
(132@51 ) 0

hy h5 h] h;
for some k3 € § 1, -2, L =2 % and hy € {h%,h3} Consequently, either
hy"hy hy' hy

then using (7.25), we have

hy BT
v = Oor v (Agzhm) ;
h
Next, we will prove that ve, > 1 h* 5 Sy’ can not be possible, i.e., veo = 0. Let,
82 1
on the contrary, that
A3
hl h=1 5 741
Voo > (lg2h§51> SO3 . (7.41)

Since {u, } is a (PS).,, sequence of I, we have I(u,) — cp and I'(u,,) — 0 asn — oo, i.e

hm I(un) = hm( (uy) — él’(un)(un)) =cy

s (15 o Lo (o)

h*
+gi1A (j—l) lim [ % (x,|uy|)dx < cy

consequently,
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h73 —h,
h 3T o
o < | m————= AYS 7.42
’ (182@51) 0 742
hi hy hy h - :
for some h3 € B T and hy € {h},h;}- From (7.41) and (7.42), we get a contradic-
1 h hy hy
tion. Hence, v = 0. Choosing, A; = min{A,, A3}, we conclude the result. O

Lemma 7.3.8. The functional I satisfies the (PS),, condition for all 0 < A < A, where A; as
in the Lemma 7.3.7.

Proof. Let {u,} be any (PS).,, sequence. Then, by (7.21), (7.24) and Lemma 7.3.7, we have

limsup | 7 (x, [un(x)|)dx = /R A () . (7.43)

n—oo JRN

Taking the advantage of Brezis-Lieb Lemma 7.1.3 and (7.43), we have

hmsup %” (x, |uy —u|)dx =0,

n—yoo

witch implies u,, — u in L (RV). Define

o [ [ 00 ) =)t )~ 001000

x—y|* |x — y|N+2s

Then

P, :J/(un)uu+),/ g x,\un])]un‘2dx+/Nf(x,un)undx

—J (uy u—?L/ X, || ) upudx — /Nf(x, up )udx. (7.44)
R

In Lemma (7.3.7), we have proved that 7, = A g(x, |un| ) un + f(x,u,) C L’ (RM) is a bounded
sequence. Thus, by Lemmas 7.1.1, 7.3.6, and Proposition 2.2.5, we get

0< /RN [(AgCx, 1tn un +  (x, 10n)) (1t — ) | dox < 20T || 7 o) 1t = 1] oy = O,
as n — oo, which implies

lim | (Ag(x, |un|)un+ f(x,u)) (up —u)dx = 0. (7.45)

n—eo JRN
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Further, (7.44) and (7.45) implies, li_r}n P, = 0, consequently, by Lemma 6.2.9
tp — uin D> (RV).

Hence, (PS).,, condition holds for all 0 < A < A,. O

Proof of the Theorem 7.3.3. Both the geometric conditions of the mountain pass theorem
follows from Lemmas 7.3.4 and 7.3.5.

Also, (PS),,, condition is holds for the functional / by Lemmas 7.3.7 and 7.3.8.

Hence, by the mountain pass theorem, there exists a critical point, say, u of I with level
cm» i€, I'(u) =0 and I(u) = ¢y > 0. Thus, u is the non-trivial weak solution of the Problem
(7.16). ]
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Conclusions

The primary objective of the thesis was stated in Chapter 1 as the investigation of non-local
equations with non-standard growth conditions using variational methods. We carried out all
the research objectives with great attention. The concluding remarks for this thesis are as

follows:

 In Chapter 3, we have proved the existence of a positive weak solution to the Kirchhoft-
type problem with gradient nonlinearity. The main difficulty in studying the problem
was due to the presence of a gradient in the reaction term, which makes the problem non-
variational; hence, one can not apply variational methods directly. To prove the existence
result, first, we considered the corresponding auxiliary variational problem by freezing
the gradient term and proved the existence of the solution for the frozen problem by
mountain pass theorem. Later, with the help of the solutions of the frozen problem and
truncation techniques, we proved the existence of a positive, weak solution for our orig-
inal problem. We have also covered the borderline case, i.e., N = 2, where nonlinearity
assumes the exponential growth in the second variable and the polynomial growth in the
third variable. Another significant aspect of the problem is that we have considered the
perturbation term without any growth conditions, which has been carefully handled by

truncation techniques.

* Chapter 4 is divided into two major sections. In the first section, we have proved the
existence of at least two weak solutions to N-Kirchhoff equation with critical exponen-
tial growth. In addition, we have considered the perturbation term and the singularity
with the reaction term. Due to the critical exponential growth, we faced the lack of com-
pactness issue. To deal with the possible loss of compactness, we have illustrated the
additional information for the mountain pass critical level and used the singular version
of Moser-Trudinger inequality. We have used the mountain pass theorem and Ekeland
variational principle to demonstrate the main results. In addition, the existence result is
also demonstrated without using the Ambrosetti-Rabinowitz condition, and the existence
of the ground state solution is proved for the N-Kirchhoff equation with critical exponen-
tial growth in the bounded domain. Without Ambrosetti-Rabinowitz condition it is not
possible to prove the Palais-Smale sequence for the associated functional. To overcome

this issue we used Cerami sequence and achieved the compactness result.
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In the last section of this chapter, we have proved the existence of at least two weak
solutions to N-Kirchhoff equation with critical exponential growth. The main highlight
of the problem is that here we have considered Schrodinger’s equations in the entire RY;

consequently, we have experienced a double loss of compactness.

* In Chapter 5, we have studied the generalized Kirchhoff problem. The salient feature
of the problem is that it covers the more general class of Kirchhoff equations; for ex-
ample, Kirchhoff problems involving p-Laplacian, (p,q)-Laplacian, weighted Laplacian
and double-phase Laplace operators are the particular cases of our problem. The main
difficulty that arises while studying our problem is that the nonlinear function assumes
variable exponent critical growth on some parts of the domain and exponential growth on
the other parts, i.e., the nonlinearity and the associated operator change their behaviour
from one domain to another. Utilizing concentration compactness principle for variable
exponent Sobolev spaces and a variant of the Moser-Trudinger inequality, these issues

were resolved.

* In Chapter 6, we defined fractional homogeneous Musielak-Sobolev spaces and then
demonstrated their characterization. The Hardy-Littlewood-Sobolev type inequality for
Lebesgue Musielak spaces and their applications to the class of generalized Choquard
Schrodinger equations in homogeneous fractional Musi-elak Sobolev space have also
been discussed. The key aspect of the problem is that it considers the vanishing potential
at infinity. In addition, it involves the generalized fractional Laplace operator, which cov-
ers a broader class of fractional problems; for instance, fractional p-Laplacian, fractional
(p, q)-Laplacian, fractional weighted Laplacian, and fractional double-phase Laplace op-
erators are particular cases of our problem. Using the method of Nehari manifold, we

have also proved the existence of a ground-state solution.

* In Chapter 7, we demonstrated that a non-trivial weak solution exists for the generalized
fractional problem with critical growth in RY. Due to the critical growth, it faces the loss
of compactness. To address the compactness issue, we established and implemented the
concentration compactness principle and its variant at infinity. The existence of a non-

trivial weak solution is proved by using mountain pass theorem.

Future Directions

The study of non-local equations is an active area of research, and there are several avenues for
future work that can be explored. Some potential directions for future research on non-local

equations are:
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* It would be interesting to study multiplicity result for the generalized Choquard Schrodinger
equation with vanishing potential. Also, the zero mass case for such types of problems,

is yet to explored.

* The study of generalized multivalued fractional problems with critical growth is an open

task that is worth work on.

* Fractional Musielak Sobolev spaces are new in the literature; hence, various things are
yet to explore in these spaces such as well known density results and regularity results
for the problems in these spaces. The well-known Hardy-Littlewood-Sobolev inequality

can be explored for these spaces.
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