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ABSTRACT

The fundamental objective of this thesis is to introduce numerical methods based on quadratic
spline techniques, focusing primarily on attaining uniform convergence. The approaches
presented in this study are specifically developed to tackle a diverse range of singularly
perturbed problems (SPPs). These issues include various scenarios such as degenerate
parabolic problems, systems of SPPs, and higher-order SPPs. These problems make their
existence known in various physical phenomena found in research and engineering. Two
noteworthy examples are the investigation of the behavior of DC motors and the chemical
flow reactor theory field. In the upsurge, their influence may be seen in areas such as
lubrication theory, the investigation of transport phenomena encountered in chemistry and
biology, population dynamics, neural networks, and the study of fluid flow via unsaturated
absorbent media. The presence of differential equations in which the higher-order spatial
derivative(s) is/are scaled by very small parameters allows for identifying such problems.
Indeed, any ordinary/partial differential equations (ODEs/PDEs) that display rapid changes in
some provinces of their specified domain are called SPPs. As a development, the presence of
boundary layers is a distinctive attribute, leading to the formation of narrow regions near the
domain’s boundary. In these specified zones, when the perturbation parameter tends toward
zero, there is a prominent increase in the steepness of the solution’s gradient. The standard
numerical methods are inadequate in capturing the layer behavior of the solution and fail to

give satisfactory results.

This thesis aims to make progress in the design, analysis, and advancement of numerical
methods that exhibit parameter uniformity, particularly in their use for solving SPPs. There
are two commonly employed ways of addressing these issues. One approach involves using
fitted-operator techniques, which effectively capture the characteristics of the solution inside
the boundary layers and can be easily implemented on a mesh with equidistant spacing. In
contrast, the other approach involves the utilization of layer-adapted meshes. Fitted operator
approaches employ a uniform mesh, rendering them easily implementable and facilitating
a more straightforward convergence analysis than methods relying on non-uniform meshes.

One of the primary limitations of these approaches is the inability to establish a e-uniform



fitted operator method on an equidistant mesh in the presence of parabolic boundary layers
inside the solution. A further aspect that needs refinement in this technique is the challenges of
applying these strategies to multidimensional problems inside intricate domains. In addition,
the utilization of fitted mesh techniques necessitates acquiring information about the precise
positioning and thickness of the boundary layers to build non-uniform grids that are suitably
tailored for the given application. This phenomenon governs the progression of numerical
techniques that exhibit parameter uniformity, meaning that the error constant is unaffected
by variations in the perturbation parameter € and the mesh parameter. Within this particular
context, the mesh is generated by utilizing pre-established knowledge of the behavior of
the solution. The exponentially graded mesh (eXp mesh) is characterized by its unique
approach of not explicitly identifying transition points during changes in the layer’s behavior,

differentiating it from Bakhvalov and Shishkin meshes.

The thesis commences with a brief introduction that outlines the objectives and explains
the motivation for studying SPPs. At first, a numerical scheme is developed to solve singularly
perturbed convection-diffusion type degenerates parabolic problems. As the perturbation
parameter approaches zero, the solution to this problem exhibits a parabolic boundary layer
in the neighborhood of the left end side of the domain. The proposed approach employs the
Crank-Nicolson methodology on a uniformly distributed temporal mesh and the quadratic
spline collocation method on an eXp mesh in space. Later, we presented the analysis for
singularly perturbed arbitrary systems of ODEs/PDEs. We derived the robust error estimates to
establish the optimal order of convergence. The findings from numerical investigations provide
empirical evidence that supports the theoretical conclusions and validates the efficiency and

correctness of the suggested method.

Extending our work from second-order problems to higher-order problems, we present
spline-based techniques for fourth-order convection-diffusion/reaction-diffusion type prob-
lems. The associated DE is converted into a strong/weakly coupled system of two singularly
perturbed ODEs with Dirichlet boundary conditions to solve the problem numerically. One
of the equations in the system is independent of the perturbation parameter. The calculated
theoretical bounds on the spline interpolation error show that the method is second-order

parameter-uniformly convergent. In the final section of the thesis, we examine possible paths

X1



for further expanding the research undertaken in this study.
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Chapter 1

Introduction

1.1 Singular perturbation problems

Numerous scientific and technological domains are plagued by singular perturbation problems
(SPPs), a class of mathematical complications. The SPPs field has developed throughout
its history, boasting a substantial historical context, and it persists in harboring considerable
promise for generating beneficial advancements in diverse scientific and technical fields. This
discussion pertains to the extensive range of applications within several domains of applied
mathematics, including but not limited to fluid dynamics, the characterization of fluctuations
arising from turbulent motion in waves and currents, heat and mass transfer in the fields
of nuclear and chemical engineering, quantum physics, and electroanalytic chemistry. The
presence of differential equations in which very small parameters scale the highest-order
spatial derivative allows for identifying such problems. These issues manifest themselves in
mathematical models with steep gradients, quick transitions, and the interplay of numerous
scales due to the enormous diversity in the scales of the controlling processes. Among the
many applications of SPPs, the Navier-Stokes equation in fluid dynamics stands out as an

especially striking example

2 2
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Chapter 1

with the appropriate set of conditions. P is the pressure, and U, V represents the velocity in
the x and y directions, respectively. ‘Re’ is the well-known ‘Reynolds number’, which shifts
in a manner that is inversely proportional to the fluid’s kinematic viscosity and fluctuates
directly in proportion to the characteristic length and the characteristic velocity. Taking very
large value (> 1) of ‘Re’, Equation (1.1.1) becomes singularly perturbed. Other interesting
examples include systems of parabolic singularly perturbed convection-diffusion issues,
including the enzyme model with diffusion and convection, the neutron transport phenomenon
with sufficiently relatively small diffusion coefficients, and the tubular model in chemical
reactor theory. For illustration, think of an enzyme-substrate model with convection-diffusion

as follows:

T, —D;V?T +b-VT = K_;R — K, ET,

R, — D;VPR + b - VR = K, ET — (K_; + K2R,
E, — D,2V’E+5b-VE = (K_; + K2)R — K, ET,
P, — DsV?P +b- VP = KRR,

where T, P, IE represent substrate, enzyme and product, respectively and K_1, K; and K, are
reaction rates. The enzyme-substrate complex is denoted by R = T and b is the velocity
of the convecting fluid. Further developments on this model can be seen in [1, 2]. We also
talk about a Turing model given by Dillon et al. [3] that features pattern formation using

reaction-diffusion equations with Robin boundary conditions

(
%—i{ = YV2Y + R(Y,p) onS,
n-YVY = H(Y* - Y) ondS, (1.1.2)
Y(T’, 0) = Yo(r).

\

Equation (1.1.2) is transformed into the following equation introducing non-dimensionalization

parameters and linearization (see [3])
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;

g—); = uDV?*x +Kx on S,

n-Vx=—9x ondS, (1.1.3)

x(M,0) =xo(Mm),

\

where Y and Y™ are vectors of varying and fixed chemical concentrations. ) and H are
diagonal matrices, where ) is positive definite and H includes mass transfer coefficients, and
resultant production rate is denoted by R. Deflection due to the tensile force of a load is
another noteworthy example, and it occurs when a defined load is delivered to a flexible beam
(with limited flexural stiffness). The modeling of these problems leads to the Orr-Sommerfield

equation [4, 5]
4 5"4 L ! 2 i
ETY(x) - Nogr | (@) de | 2" = f(z), 0 <2 < L,
0

where A, L. — cross-sectional area and length of the beam, £ — Young’s modulus, I —
moment of inertia, Ny — initial axial tension in the beam. Books by Morton [6], O’ Malley
[4], Pao [7], LinB [8] and Roos et al. [9] provide more information on the practical use of
singularly perturbed differential equations.

During the Third International Congress of Mathematicians in Heidelberg in 1904, Prandtl
[10] came up with the concept that was later be known as the “boundary layer”. Prandtl dug
into the substantial influence that even minute variables like viscosity have in ordinary fluids
such as water and air, highlighting their importance in flow dynamics in his seven-page study
on boundary layer theory. The paper was thorough and covered all aspects of the idea. This
ground-breaking theory served as the foundation for developing contemporary fluid dynamics.
Although Prandtl was the one who initially presented the concept of a “boundary layer”,
Wasow [11], who made significant contributions, is mainly credited with bringing to light
the term’s broader relevance. After that, the phrase “singular perturbation” was first used in
1946 in Friedrichs and Wasow’s work, described in their article [12] presented at New York
University.

In the subsequent section, we will provide a concise overview of the concept of the

3
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singular perturbation issue, as it is frequently formulated in its most straightforward and
widely employed structure. Singular perturbations occur in differential equations due to
small parameter(s) in the product of higher-order spatial derivative(s). The term ‘singular’
perturbation emerges when these parameter(s) approaches zero, resulting in an ill-posedness
to the problem as the order of the differential equation reduces by at least one. At the same
time, the boundary conditions (BCs) stay the same. The presence of these parameter(s) causes
the solution to be multiscale. Narrow sections are termed layer areas, and they emerge where
the solution changes abruptly due to high gradients while the solution continues smoothly in
the remaining domain. In most cases, boundary/interior layers are present when addressing
issues involving such equations.

Mathematically, first, we consider a singularly perturbed boundary value problem; say 7,

—ey'(x) +a(z)y' (z) + b(z)y(z) = f(z), c<z<d,

yle) =, y(d) =p.

(1.1.4)

where 0 < ¢ < 1, a(z), b(z), and f(z) are sufficiently smooth functions. Assuming
that, for each ¢, the problem 7. has a unique smooth solution y.(z), we aim to construct
approximations of y.(x) for small values of . The solution y.(x) of T, depends on € and BCs
as well. Now we obtain the ‘reduced problem’ 7{ having the solution ¥, by putting ¢ = 0 in

(1.1.4)

—a(@)y'(v) + b(x)y(z) = f(z), c<w<d,

y(C) = Q, y(d) =B,

(1.1.5)

Now, g, the solution to the reduced problem (1.1.5) need not necessarily satisfy all the BCs.

For a layperson, these questions can arise
e Does the problem (1.1.4) has a limiting solution as € — 0, i.e., does 1irr(1) Y- () exist?
E—r
e If yes, then

(i) Does this solution satisfy the Equation (1.1.5), i.e., does lirr(l) Ye(z) = yo(z) hold
e—

true?
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(i1)) Which of the BC(s) will be satisfied by the limiting solution?

The problem 7 is called regularly perturbed if the solution y.(z) approaches uniformly to
yo(x) as e — 0, otherwise, 7} is said to be singularly perturbed. In the literature, some

researchers deliver the subsequent characterization of SPPs

e Miller et al. [13]:

The justification for the name ‘singular perturbation’ is that the nature of the differ-
ential equations changes completely in the limit case when the singular perturbation

parameter is equal to zero.

e Rooseral [14] :

They are differential equations (ordinary or partial) that depend on a small positive
parameter € and whose solutions (or their derivatives) approach a discontinuous limit
as € approaches zero. Such problems are said to be singularly perturbed, where we

regard € as a perturbation parameter.

e Linf [8]:

Let B be a function space with norm || - || g. Let D C RY be a parameter domain. The
continuous function u : D — B, € — u(e) is said to be regular for e — * € 0D if

there exists a function u* € B such that:

lim ||u. —u*||p =0,
e—e*

otherwise u. is said to be singular for e — €*.

Considering (1.1.4) as our reference problem, we see the summary of various linear

problems that will be very helpful in our further study.

5
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Table 1.1: Different classes of SPPs

Conditions on a(z) Position of layer
a(x) #0onc < x <d:

a(x) <0 Boundary layer at z = ¢
a(x) >0 Boundary layer at x = d
a(x) =0:
b(x) >0 Boundary layers at z = cand x = d
b(x) <0 Oscillatory solution

b(x) changes sign Classical turning point

a'(zg) <0 Only interior layer at x
a'(zg) >0 Boundary layers at t = cand x = d

Let us take one example to confirm the previous analogy.

Example 1.1.1. —cy”" + 3y = 10on (0,1), y(0) = y(1) = 0, with exact solution y(x) =

e — e—l/a
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Figure 1.1: Exact Solution for ¢ = 278
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Chapter 1

The phenomenon known as the appearance of an unequality, which may be observed at a
specific moment (for example, when x = 1 in this scenario), indicates that the problem is
singularly perturbed. The unequality implies that the solution y(x) changes abruptly as z
approaches 1; we say there is a boundary layer at z = 1.

There are two distinct layers, namely, the parabolic and regular layers, discussed in the
academic literature. If the characteristic of the reduced problem is parallel to the boundary, it is
called parabolic; otherwise, it is regular. It is possible for a layer to appear at the intersection
or corner of the domain, in which case it is called a “corner layer”. Standard numerical
methods on an equidistant mesh fail to produce satisfactory approximations because large
oscillations appear near the layer region(s). In other words, we can generate a scheme on
an equidistant mesh that converges at all mesh points uniformly in the diffusion parameter
unless an unacceptably large number of mesh points are used. It is not practical at all; thus, to
resolve the layer(s), a non-uniform mesh is required. Because of these difficulties, researchers
across applied mathematics and engineering disciplines have been more interested in finding

numerical solutions for singularly perturbed problems.

1.2 Challenges in solving the singularly perturbed prob-

lems

Explaining singularly perturbed situations presents a formidable undertaking because of the
distinctive attributes inherent in these problems. Below is a pointwise representation enu-
merating many significant obstacles commonly encountered in solving singularly perturbed

problems:

o Stiffness and Rapid Changes. These problems frequently encompass rapidly changing
or steep gradients, making numerical approaches susceptible to stability concerns and
oscillatory behavior. Standard numerical methods might result in omitting crucial data

while estimating the solution in areas characterized by fast change.

e Multiple Scales. The issues mentioned above demonstrate the presence of various
scales, posing a significant challenge in effectively capturing them. Traditional ap-

proaches often require highly refined grids and expensive computational resources.
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e Layers. Layers are commonly observed in singular perturbation problems, charac-
terized by fast variations in the solution at specified boundaries and/ or the domain’s

interior. Effectively resolving these layers can provide a significant challenge.

e Scaling Parameters. The selection of scaling parameters can have a substantial influ-
ence on the numerical solution, and the process of choosing suitable scales is frequently

challenging.

e Mesh Selection. The selection of mesh, referring to the spatial discretization technique,
has the potential to impact both the precision and stability of the solution. Choosing the

most suitable mesh can sometimes provide a significant challenge.

e Oscillatory Solutions. Fluctuations in the solution, especially around transition areas,

can be introduced by numerical techniques and mask the system’s actual behavior.

e Sensitivity of the Parameter. Identifying robust numerical algorithms that may effec-
tively address various circumstances can be challenging because of the high sensitivity

of the solution to parameter changes.

e Confirmation and Verification. Validating the correctness of numerical solutions can
be difficult, mainly when a comparable analytical solution is not readily accessible for

comparison.

To effectively address these obstacles, one must have a comprehensive knowledge of the
mathematical and physical concepts behind them and the ability to create and implement
specialized numerical algorithms customized to the particular qualities of singularly perturbed

systems.

1.3 Concise literature survey on proposed model problems

The investigation of SPPs may be broken down into two separate classes: the first is through
the many landscapes of asymptotic analysis, which provides insights into the qualitative
core of the problem. Due to the inherent challenges associated with asymptotic analysis, re-

searchers often seek alternate methodologies. Consequently, numerical analysis has emerged
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as a viable tool for addressing SPPs, which reveals the quantitative complexities and ne-
cessitates an in-depth understanding of the solution’s complexities to succeed. It is a dual
voyage in which one participant obtains profound knowledge while the other separates the

complexities with the desire for a deep understanding.

In the context of asymptotic analysis, the primary aim is to develop a refined analytical
approximation for solving a differential equation that cannot be explicitly solved. It is accom-
plished through the skillful application of asymptotic expansion techniques. A differential
equation of lower order is obtained through a straightforward asymptotic expansion using a se-
quence dependent on the perturbation parameter. This results in an eventual consequence: the
asymptotic expansions might not satisfy all initial or boundary requirements. The approach
entails decomposing the expansion inside the initial variables’ domain, sometimes called
the “outer expansion”. The validity of this expansion remains independent of the boundary
layers. Nevertheless, the true phenomenon occurs when we effectively incorporate the “inner
expansion” strategically located in the layer region. The enigmatic BCs find their counterpart
within this domain that closely adheres to its boundaries, culminating in the complicated
interplay of these dual expansions. The inner expansion elegantly manifests through stretched
variables, imparting a certain rhythmic quality to the equation. Simultaneously, in a distinct
rhythm, the outer expansion gradually reveals itself through the recognizable manners of the
first independent variable. The matching of these expansions reaches its pinnacle through an
agreeable convergence, carefully managed at the boundary layer’s periphery. The approach of
matched asymptotic expansion can be likened to a lyrical dance, wherein the inner and outer
expansions achieve a state of harmony. This technique transforms mathematical steps into a
harmonious tango of variables. For a comprehensive introduction to asymptotic techniques,

see Nayfeh [15], O’Malley [16, 17], Bellman [18], Smith [19] and reference therein.

When solving SPPs on a uniform grid, traditional computational methods such as regular
finite difference, finite element, or finite volume approaches have constraints. A large number
of mesh points are required to achieve the needed accuracy as ¢ — 0, corresponding in
magnitude to the perturbation parameter, significantly increasing the system size and causing
inadequate performance. The set of algebraic equations necessarily grows more prominent

as the problem’s dimension increases, which raises computation costs proportionally. This
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problem emphasizes the need for uniform numerical methods, which reduce the negative
effects of computational complexity by maintaining the independence of the convergence

order and error constants from the perturbation parameter.

SPPs can be solved using various numerical approaches available in numerical analysis.
Beginning with Pearson’s contributions [20, 21], Kadalbajoo et al. [22-25] published a
comprehensive analysis of numerical approaches for dealing with SPPs from 1980 to 2009.
These survey articles help to understand the development of various numerical techniques

developed for SPPs.

Various articles have been published on the numerical findings of singularly perturbed
turning point problems (SP-TPPs). We cite some of those (for further results, the readers are
referred to the references therein). In 1993, Vulanovi¢ and Farrell [26] proposed a first-order
exponentially fitted scheme for SPBVP with multiple turning points at a boundary. They also
presented an improved modification on a special discretization mesh. Natesan and Ramanujam
[27] used a combination of classical numerical methods and exponentially fitted difference
schemes for solving SP-TPPs exhibiting twin boundary layers. Later, in 2003, Natesan et al.
[28] suggested an almost first-order robust numerical method on a Shishkin mesh to solve
SP-TPPs exhibiting two exponential boundaries. A literature review between 1970 and 2011
on asymptotic and numerical analysis of SP-TPPs can be seen in [29]. Kumar [30] proposed
an almost second-order parameter-uniform scheme comprising cubic B-spline basis functions
on a Shishkin mesh to solve differential-difference SP-TPPs whose solutions exhibit interior
or twin boundary layers. In [31], he constructed a quintic B-spline parameter-uniform scheme
for SP-TPPs showing interior or twin boundary layers. Recently, Alam et al. [32] proposed
a parameter-uniform trigonometric quintic B-spline collocation method to solve SP-TPPs

whose solutions exhibit interior/twin boundary layers.

Starting in the late 1960s, in this evolution process, several numerical methods (inde-
pendent of €) have been constructed for a scalar reaction-diffusion equation (see, [33—35]
and the references therein). On the other hand, less effort has been devoted to systems of
reaction-diffusion boundary value problems. For a system of two coupled singularly perturbed
reaction-diffusion equations, with diffusion coefficients €1, 5, depending on the relation and

values of €, and ¢, three cases are of interest (i) €1, €5 arbitrary, (ii) €; = €,€2 = 1, and (ii1)

10
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€1 = €9 = € (see [36]). Some schemes and their corresponding convergence analyses for
these particular cases can be seen in [37-39], where a parameter-uniform convergence of
the first order was established. We cite some works about systems of SPBVPs: Matthews
et al. [40] proposed classical finite difference operators with special piecewise-uniform
meshes to solve a system of two coupled reaction-diffusion equations. Madden and Stynes
[41] suggested the first-order parameter-uniform central difference scheme with a variant of
Shishkin mesh for a coupled system of two singularly perturbed linear reaction-diffusion
equations. Using the basic ideas of the perturbation method, Valanarasu and Ramanujam [42]
suggested exponentially fitted FDMs to solve a class of weakly coupled systems of singularly
perturbed reaction-diffusion equations. For a coupled system of equations containing different
magnitudes diffusion parameters, Linf3 and Madden [43] considered a central difference
scheme on layer-adapted piecewise uniform meshes. They established that their scheme is
almost second-order parameter-uniform convergent, which improves the scheme proposed in
[41]. LinB and Madden [44] suggested a FEM on general layer-adapted meshes (Shishkin
and Bakhvalov meshes) for a system of two coupled reaction-diffusion equations. They have
shown that the method is of first-order and almost first-order (up to a logarithmic factor)
parameter-uniform convergent with Bakhvalov and Shishkin meshes, respectively. Natesan
and Deb [45] devised a second-order uniformly convergent hybrid scheme for a singularly
perturbed system of reaction-diffusion equations. The scheme comprises a cubic spline
scheme in the layer region and the classical central difference scheme elsewhere. Clavero et
al. [46] presented a non-monotone FDM of HODIE type on a Shishkin mesh for the coupled
systems of singularly perturbed reaction-diffusion equations. They have shown that the
scheme is a parameter-uniform convergent of orders two and three in the cases of different and
equal diffusion parameters, respectively. They have also addressed a hybrid FDM of HODIE
type on a piecewise uniform Shishkin mesh for the coupled systems of singularly perturbed
reaction-diffusion equations [47]. They have shown that the discretized operator satisfies
the discrete maximum principle, and the scheme is almost a third-order parameter-uniform

convergent (except for a logarithmic factor).

Das and Natesan [48] proposed a second-order central difference scheme with the adap-

tively generated graded mesh for a system of coupled singularly perturbed reaction-diffusion
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equations. In the system, they have taken diffusion parameters with different magnitudes.
Lin and Stynes [49] considered a FEM for a system of coupled reaction-diffusion equations,
where each equation has the same diffusion coefficient. The method was used with a Shishkin
mesh and showed an almost first-order convergent, independent of the magnitude of the
diffusion parameter. Constructing an adaptive layer mesh using the equidistribution principle
for a positive monitor function, Das and Aguiar [50] proposed an accurate second-order
scheme for a system of reaction-diffusion equations. Singh and Natesan [51] applied the
nonsymmetric discontinuous Galerkin FEM with interior penalties on a piecewise-uniform
Shishkin mesh to obtain the numerical solution of a system of reaction-diffusion equations.
They have shown that the method is k-th order uniformly convergent in the energy norm,
where £k is the polynomial degree. In some of the above articles, the equations have diffusion
parameters of different magnitudes, while diffusion parameters of the same magnitudes were

taken in some works.

Later on, an extension in terms of ¢ > 2 (an arbitrary system) singularly perturbed
equations were given by Linf3 and Madden [43, 52] in which they improved the accuracy
from first-order to second-order. Gracia et al. [53] considered a singularly perturbed system
with an arbitrary number of parabolic reaction-diffusion equations. For the arbitrary system
of linear SPPs (reaction-diffusion type) in two space dimensions, the readers are referred to
Kellogg et al. [54, 55]. Using the Bakhvalov and Shishkin meshes in their analysis, they
obtained convergence of O(N~2) and O(N~21n* N) respectively, where N is the degree of
freedom. In the literature, we see posterior meshes whose construction does not require prior
knowledge of layers like width and location. These meshes use the idea of equidistribution
using a positive, strictly monotonically increasing monitor function. Das and Natesan [48]
developed their numerical technique using adaptively generated mesh and proved second-
order uniform convergence for systems of arbitrary size (¢ > 2). Das et al. [56] constructed
a first-order accurate numerical technique on the equidistributed mesh using a combination
of backward and forward difference schemes. Later, they enhanced the order of accuracy by
two using spline approximations. Refer to [57-60] and references therein for more studies
on equidistributed meshes for different types of SPPs. High-order numerical methods help

to provide more precise numerical approximations using the equivalent computational cost
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of other numerical schemes. Clavero et al. [47, 61] presented almost third-order parameter-
uniform numerical methods for singularly perturbed systems of reaction-diffusion ordinary
and parabolic partial differential equations. For an arbitrary singularly perturbed system of
reaction-diffusion problems, a uniformly convergent Schwarz domain decomposition method
(of almost fourth-order) was proposed by Rao and Kumar [62]. For a semilinear system of
SPPs (reaction-diffusion type), Kumar and Kumar [63] developed a uniformly convergent
(almost fourth-order) hybrid numerical method on a generalized Shishkin mesh. In [64],
Das and Natesan proposed a hybrid scheme using cubic spline approximations for reaction-
diffusion Robin-type BVPs. Interested readers may refer to different classes of singularly
perturbed problems like a discontinuity in source and convection terms in two-parameter

problems [65—67].

In the literature, a linear model is considered when a thin elastic plate is clamped under
tension by a load applied vertically to the plane of the longitudinal axis. Semper [68]

considered the following fourth-order elliptic PDE

EA’Y — V- (aVY) = f(z,y), (z,y) € 2 CR?,
oY

Y:%:O, OH&Q,

bending rigidity of plate
tensile stiffness in the plate’
Y (z,y) indicates the displacement of the plate. Franz and Roos [69] also considered fourth-

f(z,y) represents transverse load and the solution

where ¢ =

order elliptic PDE concerning the plate bending problem

SA’Y —BAY + (c- V)Y +dY = f(a.y), (v.y) € 2 = (0,1)2,
Y = a_y =0, on 0f2.
on
Using a non-uniform mesh (generated by the equidistribution principle), Gupta and
Kaushik [70] proposed a higher-order hybrid numerical technique and proved optimal conver-
gence (independent of any logarithmic factor). Different types of ip FEM were implemented

by Panaseti ef al. [71] and Constantinou ef al. [72] on the Spectral Boundary Layer Mesh. In

[73], Constantinou considered 4 version of FEM using Hermite polynomials on exponentially
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graded mesh (eXp mesh) and showed uniformly convergent results in the energy norm and

balanced norm.

1.4 Motivation

The widespread occurrence of singularly perturbed problems across various scientific and
engineering subfields served as the impetus for the author of this thesis to delve into the world
of singularly perturbed issues. Mathematical complexities that are difficult to solve using
traditional computing methods frequently arise when there is a significant change in the scales

of the phenomena regulating the situation. It can cause the challenges described above.

Understanding how to deal with singularly perturbed issues successfully is essential
because these challenges encompass situations in which relatively few adjustments to a
parameter can significantly affect the system’s behavior. These phenomena are not only
academic curiosities but also reflections of events that occur in the real world. Some examples
include the boundary layer phenomena in fluid dynamics, the design of electronic circuits,
and chemical processes. Therefore, becoming proficient in the numerical methods that may
be used to tackle these issues is essential to the progression of knowledge and technology in

various fields.

In addition, SPPs are commonly utilized as a crucible for the testing and improvement
of numerical techniques. Our mathematical toolbox will be expanded due to successfully
navigating these hurdles, and our ability to solve problems in more broad contexts will be
enhanced due to this expansion. Our capability to deal with systems that contain elements on

several scales is improved, which is necessary in today’s technologically advanced society.

In conclusion, the desire to decipher the complexities of SPPs is the impetus for this thesis.
These problems are intriguing not just from a theoretical standpoint but also for the practical
insights they bring across a wide range of academic fields. By acting in this manner, we
contribute to the overarching goal of overcoming complex challenges and effectively using
the potential of numerical analysis to further scientific comprehension and technological

innovation.
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1.5 Model problems

We investigate five model problems numerically as part of this thesis, which are stated in the

following manner.

1. We consider a degenerate parabolic convection-diffusion IBVP in the rectangular domain

G =G, xG =(0,1) x (0, 7] for some finite positive 7":

0%u ou ou

L,eu(x,t) = €32 + b(x,t)% - c(x,t)a —d(z,t)u = f(x,t), (z,t) € G,

with the conditions
u(z,0) = V(z), z € [0,1], u(0,t) = po(t), u(1,t) = ps(t), t € [0,T],

where 0 < € < 1 is a perturbation parameter. The boundary of the domain G is defined as

0G = G\G. We assume that the coefficients b(x,t), ¢(x,t), and d(z, t) satisfy

b(z,t) = bo(x,t)a”, p > 1, (z,t) €G,

bo(w,t) > >0, c(x,t) >~ >0, d(z,t) > >0, (z,t) €G.

Generally, a parabolic boundary layer of width O(+/) appears to solve the problem at the

left lateral surface as ¢ approaches zero.

2. We consider a system of ¢ weakly coupled reaction-diffusion equations whose solution

u € (C?%(0,1) N C0, 1])* satisfies

Lu(z) := —&u"(x) + B(x)u(x) = g(x), =z € (0,1),

u(0) = o, u(l)=oen,

where £ = (Ly,...,L,)T, € = diag(e?,e3,...,&7) withe, =¢, k=1,2,...,(, B(z) =

(bij(2))exes 9(x) = (g1(2), g2(@), .. ., ge(@), w(z) = (ur (), uz(x), ..., ue(x))", @0 =
(00.1,---,000)",and @1 = (011, ..., 01¢)". We assume that each column of the coupling

matrix B : [0,1] — R*9 and the function g : [0,1] — R’ belong to C*[0, 1]*. We
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assume that the following inequality holds to fulfill the condition of the strongly diagonally

dominant matrix along with the nonsingularity of B(x) Vz € [0, 1]

¢
bi
2|5,

k=1
ki

<1, fort=1,2,... /0

i

The solution components exhibit boundary layers at z = 0 and x = 1 of width O(¢).

3. Next, we have a general weakly-coupled reaction-diffusion system (m number of equa-
tions) of parabolic IBVPs
Oy 0%y

Ly = 3 —£w + Az, t)y = f(z,t), (x,t) € Q= Q, X Qy,

y(0,t) =q(t)in Q;, y(1,t)=r(t)in Q,, wy(z,0) =0in Q,,

where Q; = {(0,)|0 <t < T}, Q. ={(L,)| 0 <t < T}, Qy={(2,0)]0 <z <1},
L=(L1,8,..., 8.1, E =diag(c,e,...,¢), f(x,t) = (fi(z,t), folz,t), ..., fnlx, 1)),
A = {aij(z, )}Hor, y(@,t) = (i@, 1), 2(2,8), . ym(z, 1) g = (01, ¢, - )

r = (r1,72,...,7m)T. The boundary of Q denoted by Q = O\ Q includes initial (Qy)

and lateral boundaries (Q; and Q,.) of the domain. The operator £; can be defined as

Yk Y -
L1y = v 5 52 + ]Z:;akjyj.

In general, boundary layers of width O(,/2) appear in the solution components at the left

and right lateral surfaces as ¢ approaches zero.
4. We consider the following singularly perturbed fourth-order differential equation
—p2 (1) +a(t)2"(t) — b(t)=(t) = —f(t), teD=(0,1),
subject to the following boundary conditions (BCs)

2(0) = qu, 2(1) = g3, 2"(0) = —qo, 2"(1) = —qu,
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where 0 < 1 < 1 is referred to as the perturbation parameter. We consider a particular
type of BCs influenced by [35], which helps us to set up uniform stability estimates and
other results. We assume a(t), b(t) and f(t) to be sufficiently smooth that satisfy the

following conditions

C"Za(t)>¢>0, 0=0b(t)>—-p, >0,

¢ —28 >=n >0, for some 7.

. The following singularly perturbed convection-diffusion type fourth-order boundary value

problem (BVP) will be in consideration
—eyW(2) —alx)y" (@) +b(2)y" (x) +c(2)y (2) —d(2)y(x) = —f(x), 2 €D =(0,1),
subject to the following BCs

y(0) =qu, y(1) = g3, ¥"(0) = =2, ¥"(1) = —aa.

We assume a(z), b(x), c¢(z), d(x) and f(z) to be sufficiently smooth that satisfy the

following conditions

a(z) =z a* >0, b(z) = * >0,
c(x) =2~ >0,0=>d(z) > -0 0" >0,

a* —0"(14+¢") = n* >0, for some n* and ¢* > 0,

forz € D.

1.6 Thesis contribution

The creation and detailed examination of a novel quadratic spline-based numerical approach

is the basis for this thesis’s significant contribution to numerical analysis and the study of

singularly perturbed problems. This novel technique has several significant contributions,

including the following:
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e Robust Nature of the Technique. The thesis offers a robust numerical approach to
address issues caused by singular perturbations. In computational mathematics and
engineering, tackling issues like these, characterized by steep gradients and many scales,
has been a struggle for a long time. The quadratic spline approach that has been offered

provides an efficient manner of responding to the issues that have been presented.

e Accuracy and Convergence. Demonstrating the accuracy and convergence qualities
of the proposed approach constitutes an essential contribution. Exhaustive mathemat-
ical study and computing experimentation show second-order convergence even in
singularities and fast changes. This understanding benefits practitioners looking for

trustworthy numerical tools to solve situations with steep gradients in the real world.

¢ Independency on Mesh. The approach is a significant improvement since it can work
well on eXp mesh without requiring any prior knowledge of transition parameters. This
proficiency to use any mesh refinement technique improves the method’s flexibility and

makes it easier to apply to new types of issues.

e Versatility. By putting it to use in a variety of different model situations, the the-
sis demonstrates the adaptability of the technique that is based on quadratic splines.
Problems with various physical understandings, parameter sensitivities, and transition

factors are included in this category.

e Verification and Benchmarking. The suggested method’s numerical findings are thor-
oughly checked against theoretical constraints and compared to established approaches.
The outcomes of the benchmarks show that the technique outperforms the alternatives,

giving it a viable option for resolving singularly perturbed cases.

e Applications to Diverse Fields. In addition to the theoretical assistance, the thesis
strongly emphasizes the practical usefulness of the technique across a wide range of
applications in various academic disciplines. It illustrates the approach’s potential
in numerous fields, from fluid dynamics to electrical engineering. Additionally, it

highlights the importance of the method in solving real-world issues.
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e Future Research Suggestions. In addition to this, the thesis outlines potential direc-
tions for further investigation. It involves applying the method to issues with a higher
dimension, fractional PDEs, and integro differential equations and investigating how it
might be integrated with uncertainty quantification techniques, which will pave the way

for more research and development in the field.

In conclusion, the thesis’s presented numerical approach is essential to the arsenal of aca-
demics and researchers who work with singularly perturbed problems. Because of its accuracy,
convergence features, adaptability, and independence from mesh details, it is an encouraging
option for a wide range of applications, and it has the potential to stimulate innovation and

advancement in computational mathematics and engineering.

1.7 Plan of the thesis

Consisting of a total of seven chapters, this thesis starts with Chapter 1, which provides a
thorough overview and the historical backdrop of previous research in the field of singular
perturbation. Moreover, it provides the justification and objectives that underlie the resolution
of singularly perturbed systems of differential equations and higher-order problems. The
succeeding portions of this thesis consist of six chapters and are arranged in the following
manner:

In Chapter 2, a numerical scheme is developed to solve singularly perturbed convection-
diffusion type degenerate parabolic problems. The degenerative nature of the problem is due
to the coefficient of the convection term. The problem is semi-discretized using the Crank-
Nicolson scheme, and then the quadratic spline basis functions are used to discretize the
semi-discrete problem. A priori bounds for the solution and its derivatives of the continuous
problem are given, which are necessary to analyze the error. A rigorous error analysis shows
that the proposed method is boundary layer resolving and second-order parameter uniformly
convergent. Some numerical experiments have been devised to support the proposed scheme’s
theoretical findings and effectiveness.

Chapter 3 is dedicated to analyzing a parameter-uniform numerical scheme for a system
of weakly coupled singularly perturbed reaction-diffusion equations of arbitrary size with

appropriate boundary conditions. More precisely, quadratic B-spline basis functions with an
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eXp mesh are used to solve a ¢ x ¢ system whose solution exhibits parabolic (or exponential)
boundary layers at both endpoints of the domain. A convergence analysis is addressed, which
shows a uniform convergence of the second order. To validate the theoretical findings, test

problems are solved numerically.

Chapter 4 presents a uniformly convergent numerical technique for a time-dependent
reaction-dominated singularly perturbed system, including the same diffusion parameters
multiplied with second-order spatial derivatives in all equations. The proposed numerical
approach consists of the Crank-Nicolson scheme in the temporal direction over a uniform
mesh and quadratic B-splines collocation technique over an eXp mesh in the spatial direction.
We derived the robust error estimates to establish the optimal order of convergence. Numerical
investigations confirm the theoretical determinations and the proposed method’s efficiency

and accuracy.

A numerical study for the fourth-order singularly perturbed boundary value problems
(SP-BVPs) is carried out in Chapter S. The associated differential equation is converted
into a weakly coupled system of two singularly perturbed ordinary differential equations
(SP-ODEs) with Dirichlet boundary conditions to solve the problem numerically. One of the
equations in the system is independent of the perturbation parameter. To solve this system,
we present a numerical technique of quadratic B-splines on an eXp mesh. The established
results show that the scheme is second-order uniformly convergent in the discrete maximum

norm. The theoretical results are validated using the proposed method on two test problems.

Chapter 6 contemplates a numerical investigation of the convection-diffusion type’s
fourth-order singularly perturbed linear and nonlinear boundary value problems. First, the
considered linear fourth-order differential equation is converted into a strongly/weakly coupled
singularly perturbed system (depending on the coefficient of the first-order derivative) of
two ordinary differential equations with Dirichlet boundary conditions to solve the problem
numerically. To obtain the solution for this system, we propose a numerical method of
quadratic *B-splines on an eXp mesh. Convergence analysis shows that the proposed numerical
scheme is second-order uniformly convergent in the discrete maximum norm. The nonlinear
differential equation is linearized using the quasilinearization technique, and then the proposed

approach is applied to the linearized problem. The theoretical outcomes are validated by
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executing the proposed method on three test problems.

In conclusion, Chapter 7 provides a concise recapitulation of the outcomes, highlighting
the different contributions generated as a result of this thesis. In furtherance of this, it presents
a variety of opportunities for future research that might be conducted with the intention of
building upon already established theoretical findings.

Comprehensive numerical findings have been offered to support the theoretical discoveries
and to demonstrate the accuracy of the advised computational methods. The numerical
outcomes corresponding to the various illustrations have been brought out in the numerical
section of each chapter. Each chapter is supplemented by appropriate graphs and tables, which

support the analytical findings obtained from the chapter.

21



Chapter 2

A uniformly convergent quadratic
B-spline based scheme for singularly
perturbed degenerate parabolic

problems

The fundamental motivation behind this work is to provide a numerical scheme for singularly
perturbed degenerate parabolic PDEs that is robust and accurate over a broad range of pa-
rameter values. Chemical kinetics, biological pattern formation, heat conduction in materials
with sharp surfaces, thin-film flows, and the modeling of semiconductor devices are just a
few examples of many scientific and technical fields where these equations are frequently
used. In the framework of PDEs, degeneracy is when some coefficients or terms become zero
or explode at some points in the domain. Thus, the typical solutions fail, and the analysis

becomes more complicated.

The work of this chapter has been published in the following publication:
S. Singh, D. Kumar, H. Ramos, “A uniformly convergent quadratic B-spline based scheme for
singularly perturbed degenerate parabolic problems.” Math. Comput. Simul., 195 (2022),
88—106.
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The combined effect of singular perturbation and degeneracy renders these problems
difficult and intriguing to investigate. Using standard computational techniques may result in
an excessive amount of errors or the requirement of fine grids, which leads to inefficiency in
the computation. The analysis of such issues calls for advanced mathematical methods that

consider the relationship between singular perturbations and degeneracy.

2.1 Problem statement

In this study, we consider the following parabolic singularly perturbed (PSP) initial-boundary
value problem (IBVP) named as degenerate parabolic convection-diffusion IBVP in the

rectangular domain G = G, x G, = (0, 1) x (0, 7] for some finite positive 7":

_ u ou ou
‘C%Eu(l'a t) =ég 5+ b(l‘, t)% - C(l’,t)a

Ox? —d(z,t)u = f(z,t), (x,t) € G, (2.1.1a)

with the initial condition

u(z,0) = V(z) on P, = [0, 1] x {0}, (2.1.1b)
and the boundary conditions

u(0,t) = po(t) on Py = {0} x [0, 77, (2.1.1¢)

u(1,t) = pi(t) on P, = {1} x [0, 7], (2.1.1d)

where 0 < ¢ < 1 is a perturbation parameter; Fy, P, and P, are the left, right, and the
bottom sides of the domain G, respectively. The boundary of the domain G is defined as

0G = P, U Py U P,. We assume that the coefficients b(x, t), c(x,t), and d(z, t) satisfy

b(z,t) = bo(x,t)a?, p > 1, (z,t) €G,

bo(z,t) > B >0, c(z,t) > v >0, d(x,t) >85>0, (v,t) €G. (2.1.2)

Problem (2.1.1) is related to the flow problem when directed towards the left side I, of the

domain, and the flow stops at this boundary. These problems arise in modeling heat flow
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and mass transport near an oceanic rise [74] and developing the models of thermal boundary

layers in laminar flow [75].

As the coefficient b(z, t) of the convection term vanishes at = = 0, the problem (2.1.1)
is called a problem with a boundary turning point. It covers two aspects: the turning point
for p = 1 is referred to as a simple turning point (assuming the linear velocity distribution
[74]), and it is a multiple turning point when p > 1 (for higher orders of velocity distribution
[75], Chapter 12). The reduced problem obtained by taking ¢ = 0 in (2.1.1) is the following
first-order hyperbolic PDE

b(x,t)(ug)e(z,t) — c(x, t)(ug)e(z, t) — d(z, )ug(z,t) = f(x,t), (z,t) € G,
up(z,t) = u(z,t), (x,t) € P, UP,. (2.1.3)

The left side F, and all other lines parallel to F, are the characteristic curves of the reduced
problem when b(0,t) = 0, ¢(0,¢) > 0. Consequently, the resulting boundary layer functions
are called the parabolic boundary layer functions. These are characterized by the boundary
values u(0,¢) at the left side Fy. It has been observed that the left lateral surface and the
characteristic curve of (2.1.3) do not have any intersection. However, their deviation increases
vertically, far from the lateral boundary (see [76, 77]). They have also observed the exponential
(regular) boundary layer function as a result of the inconsistency between the boundary value
po(t) and the value being transported along the characteristic at the intersection point (if
b(x,t) > 0, ¥(z,t) € G then every characteristic intersects P, at one point). In general, a
parabolic boundary layer of width O(+/¢) appears in the solution to the problem (2.1.1) in the

neighbourhood of F; as € approaches zero.

2.1.1 Literature of the problem

To solve the problem (2.1.1), Dunne et al. [78] proposed an almost first-order parameter-
uniform upwind finite-difference scheme on a Shishkin mesh. Christara et al. [79] proposed
quadratic-spline collocation for the space discretization and classical finite differences for
the time discretization. They have also introduced adaptive mesh techniques providing

competitive results to solve the American put option pricing problems, giving very competitive

24



Chapter 2

results. Viscor and Stynes [80] used a standard implicit central difference scheme to solve the
degenerate parabolic problem and showed that the method is dependent on the degeneracy
parameter but is independent of the singular perturbation parameter. To solve (2.1.1), Gupta
and Kadalbajoo [76] proposed a B-spline collocation method in space combined with the
implicit Euler scheme in time. To solve singularly perturbed degenerate convection-diffusion
problems with discontinuity in the source term, Clavero et al. [81] constructed a parameter-
uniform scheme. They used an upwind finite difference scheme with a Shishkin mesh in the
spatial direction and the implicit Euler method on a uniform mesh in the temporal direction.
The discontinuity originates from the presence of an interior layer in the solution to the
problem. Majumdar and Natesan [82] proposed an almost first-order convergent in space
and first-order convergent in time parameter-uniform numerical scheme consisting of the
implicit-Euler scheme for the time derivative and an upwind finite difference scheme for the
spatial derivatives. They have used the Richardson extrapolation scheme to increase the order
of accuracy to O(N~21n* N + (At)?). Majumdar and Natesan [83] proposed a hybrid scheme
comprising a central difference scheme in the inner region and the midpoint upwind scheme
in the outer region. They proved the second-order (more precisely, second-order in the outer
region and almost second-order in the inner region) parameter-uniform convergence in space.
Yadav et al. [84] proposed an implicit Euler difference formula and a hybrid scheme in the
temporal and spatial directions, respectively. To resolve the boundary layer, they have used a
generalized Shishkin mesh. Moreover, they have used the Richardson extrapolation in the time
direction to increase time accuracy. Recently, Kumar and Aguiar [85] constructed a parameter-
uniform method of order one for the solution of (2.1.1). Their discretization consists of the
implicit Euler method in the temporal direction and an upwind finite difference scheme in the
spatial direction. The boundary layer is resolved using an adaptive mesh generated using the
equidistribution principle. In this chapter, we aim to construct a parameter-uniform numerical
scheme for the problem (2.1.1). We use the Crank-Nicolson scheme to get the semi-discrete
problem, and then the quadratic B-spline basis functions are used for the full discretization.
An exponentially graded mesh is constructed in the spatial direction to resolve the boundary

layer.

The following outline constitutes the chapter’s structure: Section 2.2 offers some essential
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preliminary findings on the solution and its derivatives. The proposed numerical approach
is described thoroughly in Section 2.3, which includes time and spatial discretizations. In
Section 2.4, we thoroughly examine the scheme’s convergence. To ascertain the efficacy of our
methodology, we undertake numerical simulations and subsequently analyze the outcomes
in Section 2.5. Finally, in Section 2.6, the chapter is concluded with final remarks and

recommendations for potential avenues of future research within this domain.

Throughout the chapter, C' is a positive generic constant independent of the perturbation
and mesh parameters and can take different values at different places. Furthermore, we
denote the maximum norm by ||.|| e.g., for a function w defined on a domain D, we define

|w||p = maxp |w|.

2.2 Properties of the solution of the continuous problem

In the numerical study of SPPs, analytical results play an important role in finding the bounds
for the exact solution to the continuous problem, the solution, and the derivatives to the
semi-discrete and fully discretized problems. We assume that b(x, t), ¢(z,t), and d(x, t) are
Holder continuous in both space and time with exponent A € (0,1). We further assume
that the functions by(x,t), c(x,t), d(z,t), and f(x,t) on G, and V, po, and p; on G are
sufficiently smooth, which guarantee the essential smoothness of the solution on G. The
following conditions are also made on the problem data given in (2.1.1) (see [84, 86] for

definitions of Holder continuous function and the space C'}):

b(z,t), c(x,t),d(z,t), f(z,1) € CLG), V(z) € CT[0,1],

pO(t) S O§/2+1[07T]7 pl(t> S C§/2+1[07T}7 q Z 07 A€ (07 1)

Furthermore, at the corner points P° = (Fy U P) N P, = {(0,0), (1,0)}, the problem data
satisfy the compatibility conditions (see [84]) for time derivatives up to order ¢y = [¢/2] + 1.
The following compatibility conditions ensure the existence of a unique solution to the

problem (2.1.1)

V(0) = po(0), V(1) = pi(0), (2.2.12)
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—c(0, 0)%0’0) = £(0,0) — (g;—; +b(0, 0)(% — d(0, 0)) V(0), (2.2.1b)
—c(1, O)W = f(1,0) — (55—; + b(l,O)% - d(l,O)) V(1). (2.2.1¢)

Results given in [87] directly imply that the solution to the IBVP (2.1.1) satisfies the following

bounds:

u(z,0) = V(z)| < Ct,

lu(1,t) = pi(t)] < O(1 — ),

Furthermore, it can be noted that the solution u(z, t) to the problem (2.1.1) is bounded, i.e.,

lu(z,t)]lg < C.

Lemma 2.2.1 (Continuous minimum principle). Let W (z,t) € C%Y(G). If W(x,t) >
0, V(x,t) € 0G and L, W (z,t) <0, V (z,t) € G, then W (z,t) >0, V (z,t) € G.

Proof. For the proof, the readers are referred to [82]. [

The stability bound for the solution to the problem (2.1.1) given in the following lemma

can be obtained using Lemma 2.2.1.

Lemma 2.2.2 (Stability bound). Forall ¢ > 0, the solution u(x, t) of the IBVP (2.1.1) satisfies

the following bound
T
lullg < l[ullog + ;Hfl\a-

Proof. Let us construct the barrier functions
+ t =
% (z,1) = [Jullog + ;Ilfllai u(z,t), (z,t) €G.

From above we find ®*(z,t) > 0, V(z,t) € 9G. Also, as c(z,t) > v > 0 and || f|| >
f(z,t), V(z,t) € G, so —c(z,t)y ||| £ f(x,t) < 0. Using the above inequalities, we
obtain

L,.0F(2,t) <0, V(z,t) €G.
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Therefore, direct use of Lemma 2.2.1 gives ®*(z,t) > 0, V(x,t) € G, which leads to the
desired bound. ]

The following theorem gives the bounds for the mixed derivatives of w.
Theorem 2.2.1. For alli,j > 0 satisfying 0 < i + 2j < 4, the solution u(x,t) of the IBVP
(2.1.1) satisfies
O iy )
—i/2 _
’ it §§0(1+e exp(—x4/0/¢)).

Proof. For the proof, the readers are referred to [83]. ]

The estimates obtained in Theorem 2.2.1 are weak from the convergence point of view,
and these bounds are insufficient to get parameter-uniform results. To obtain stronger error
bounds on u(z,t) and its derivatives, we decompose the solution u(z, t) into two parts as
u(z,t) = y(o,t) + 2(x,t), ¥Y(x,t) € G, where y(z,t) and z(x,t) represent the regular
(smooth) and singular components, respectively. The regular component is the solution to the

following non-homogeneous problem

L.y(z,t) = f(x,t), (z,t) € G,
y(l‘,t) = U(Jﬁ,t), (l‘7t> € Px UPla

and the singular component is the solution to the following homogeneous problem

L,e2(x,t) =0, (x,t) € G,
z(x,t) =0, (z,t) € P, U Py,

2(x,t) = u(x,t) — y(x,t), (x,t) € Fy.

The following theorem gives the bounds of the mixed derivatives of the regular and singular

components.

Theorem 2.2.2. For all i,5 > 0 satisfying 0 < ¢ + 25 < 6, the regular and singular

components satisfy

az‘—i—j Yy
ozt

< CO(1+£%7),
g
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Otiz

EEY < C(e " exp(—z+/6/€)).

5_

Proof. Let us assume an asymptotic expansion for the regular component given by

y(z,t) = yo(z,t) +eyi(x, ) + 2o (0, 1) + %y3(w, 1) + - - - = v(x, t) + 1y (2, 1), (2,8) €G,
2.2.2)
where v(z,t) = yo(z,t) + eyi(z,t) + %y2(, t), and r,(x,t) denotes the remainder term

(contribution of the higher order terms). The solution y,(z, t) satisfies the following reduced

hyperbolic problem
ay(] ayo B
(b Oz — ot - dyo) ($,t> = f(x’t)’ (l’,t) c g7
yo(x,t) = u(x,t), (z,t) € P, U Py. 223

Also, yi(x,t) (for k = 1, 2) satisfy the following equations

Yk Oy, _ Py
(0% = %) (.0) = (25 )t (art) €6

yk(l’,t) =0, (I‘,t) € P,U P, (2.2.4)

and

2

Loycry(z,t) = —53(88522> (x,t), (x,t) € G,

ry(z,t) =0, (z,t) € 0G. (2.2.5)

Thus, v(x, t) satisfies

L.v(z,t) = f(x,t), (z,t) €G,
v(z,t) = u(x,t), (z,t) € P, UP. (2.2.6)

Since yi(z,t), for k = 0, 1,2 are ¢ free solutions of the first-order reduced hyperbolic PDEs
(2.2.3) and (2.2.4) with bounded coefficients. So for all 7, 7 > 0 satisfying 0 < ¢ + 25 < 6,
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we have o
oxtotd

<C, k=0,1,2 (2.2.7)
g

Also, as r,(x, t) is a solution of (2.2.5) (a problem similar to the problem (2.1.1)), proceeding

similarly as in [84] for all 7, 7 > 0, satisfying 0 < i 4+ 25 < 6 gives

Using the estimates of (2.2.7) and (2.2.8), we get the desired bounds for the regular component.

i+j
0" r,

PR < Ce?, (2.2.8)
xl

g

Now, to get the bounds for the singular component z(z, t), we consider the following barrier

functions
®F(2,t) = Cexp (—x\/g) exp(t) + z(z,1), (x,t) €G, (2.2.9)

where C'is chosen in such a way that

®*(z,0)

v

0, (x, 0) € P,
dE(0,1) >0, (0,t) € By,

dE(1,1) >0, (1,t) € Py

Then, ®*(x,t) > 0, V(z,t) € 9G and L, . PF(x,t) <0, ¥(z,t) € G (as d(x,t) > 6 > 0).

Thus, using Lemma 2.2.1, we get

|2(x,t)] < Cexp (—x\/§> exp(t) < C’exp<—x\/§), (z,t) €G. (2.2.10)

Using a similar approach to that given in [88], we can find the bounds on the z(x, t) derivatives.

Hence, the proof is completed. ]

2.3 The discrete problem

In this section, we discretize the continuous problem (2.1.1). First, it is discretized in the
temporal direction using the Crank-Nicolson scheme on a uniform mesh. Some essential

properties of the solution to the semi-discrete problem are given. Then, after constructing
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a piecewise uniform exponentially graded mesh in the spatial direction, a quadratic spline

collocation method (QSCM) is used to find the solution at the collocation points.

2.3.1 Temporal semi-discretization

To get a uniform partition 7 = {t; =jAt, j=0,1,..., N;} of the domain G, = [0, 7] in
the temporal direction, we divide [0, 7] into N; mesh subintervals with step length At = %ﬁ

At (j + %)-th time level, the problem (2.1.1) is discretized as

(z) = V(z), z € Gy, (2.3.12)
~it1y — S~ bj+%<x>~'+1 _ CjJr%(fU) d”%(w) ~j+1
Lu’™ (x) = 2% (z) + —5 u, " () T " ()
= gj+1(x)7 YIS gx> .7 2 07 (231b)
WH(0) = po(tjsr), @WH(L) = pi(tj), § >0, (2.3.1¢)

where 4/ ~ u(x,t;41) is the solution to (2.3.1) at (j + 1)-th time level, and

70 = )+ ) - Sikle) - T D) - (S - )

To establish the convergence, we represent the local truncation error (LTE) as e;; =
LIt (z) — ¢!, where 177! is the approximate solution of (2.3.1). We also define the

global error as follows, which is the sum of all LTEs at each time level

J
Ej: E €n.
n=0

The proof of the following lemmas, which estimate the LTE and the global truncation error,

can be seen in [89].

Lemma 2.3.1. Under the assumption

ot -

j _
M)w,wx,oeg, 0<i<3,
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the LTE e, for the scheme (2.3.1) in the temporal direction satisfies
el < C(At)°.

Lemma 2.3.2. Under the assumption of Lemma 2.3.1, the global error E; of the discretized

scheme (2.3.1) satisfies the bound

sup || 51| < C(A1).
i<A;
The above results conclude that the semi-discrete scheme (2.3.1) is second-order conver-
gent in time. The solution %/ () to the problem (2.3.1) can also be decomposed into regular
and singular component as @/ 1 (z) = ¢/ (x) 4+ Z7T!(x). The bounds on these components

are given in the following theorem (refer to [90]).

Theorem 2.3.1. The solution W (x) and its derivatives satisfy the following bounds

d* i (x)

Tk < C(1+4e "2 exp(—2+/6/¢)), € Gy, 0 < k < 4,
T

where the regular and singular components satisfy the following bounds

dk~j+1 —
d"y™ (z) < C(1 +g(3_§)), r€G,, 0<k<A4,
dzxk
dk~j+1
Zd—k(x)<c Yexp(—x+/0/¢)), € G, 0 <k < 4.
x

2.3.2 Spatial mesh generation

To obtain an exponentially graded mesh Q2+ = {x;| 0 < i < N,} divide the interval (0, 1)
into N, > 2 (multiple of 2) subintervals I; = [z;_1, x;]. Let P, be the space of all polynomials
of degree < k. We generate these points with the help of the mesh generating function W (p),
which is monotonically increasing, continuous, and piecewise continuously differentiable,
given by

U(p) = —In(l —2Ckep), p€[0,1/2—1/N,], (2.3.2)
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where C,. = 1 — exp —m) € R*. We split the interval [0, 1] as a union of two

subintervals [0,z ~, ] and [z~, , 1], where x~, , is the transition point of the mesh. The
2 2 2

mesh points in these subintervals are defined as

Ti = l—on (2.3.3)
“;ﬁ(—Q ) i=%, . N,

where p; = N% for: = 0,1,..., N, andﬁi =ux; —x;_1 fori = 1,2,..., N,. The mesh
points are distributed equidistantly in [z Moy, 1] and exponentially graded in [0,z N .
with N, /2 + 1, N, /2 — 1 elements, respectively. Using the mesh characterizing function
® = exp(—V) defined in [91], the mesh spacing satisfies

~ C(k+1)y/eN;'max V(p;) < C\eN;Y, i=1,2,... % —1

T

h; < ’ (2.3.4)
CN 1, i= N,

and also they satisfy the following estimate [91, 92]

VENS? i=1,2,..., 8 —1,

\his1 — hi| = C (2.3.5)

0, i=N,/2,... N,

2.3.3 Implementation of QSCM

In this section, by using QSCM in the spatial direction on an exponentially graded mesh, we
convert the semi-discrete scheme (2.3.1) into a fully discrete scheme. For m, k € N (m < k)

we define the polynomial space S} as

SN = {r € C™[0,1] : 7|, €y, fori=1,2,...,N,}.
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We further define the quadratic B-spline functions B;(x) € Sa (=) fori =0,1,2,...

1 as follows

; Nz, Np+

( Y
M, To < v < 14,
Bo(l') hl
0, otherwise,
\
fEQ . N2 . 2
! @/1 ?) —~<x~ Iol , xg <x <y,
h? ) hi(hi + ho)
By () M, 1 < x < 29,
hi(hy + ha)
0, otherwise,

\
andfor:=2,3,..., N, — 1

(l’ — 1'172)2
Zi—l(ﬁi—l + ﬁz)’

(z —@io)(wi —x) | (Tip1 — @) (x — @1)

(w341 — 1’)
i1 (hi + hi—i—l)’
0,

\

while for = N,, N, + 1 these are given as

( (TN, —2 — 2)°

ZLNfl(szl + ENI)’

El(ﬁz + %i—o—l)

2 2
B]Vm(x) _ th — (TN, -1 — x)

2
By, 1 () = < h,
0, otherwise.

h3. h, (A, 1 + )

——, In,-1 << apn,,

Ti—g < x < X1,
Tio1 < x <y,
T <o < Xigq,

otherwise,

IN,—2 <2 < TN, -1,

TN,—1 <2 <IN,

otherwise,

Now we define the collocation points (mid points of /;) as x;_1/, = % =x;1 + % =

r;— M i=1,2... N, Weseek an approximate solution at the (j + 1)-th time level at

2
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these collocation points as

Nz+1

Sy = > wl"Bi(x), j=0,1,...,N,— 1, (2.3.6)
k=0

where wi“ are the coefficients at the (j+ 1)-th time level. The conversion of the semi-discrete

scheme (2.3.1) into a fully discrete scheme using this collocation method results in

83—1/2 = V(iUifl/z),
LS, = g/ (wiiap), fori=1,2,... N,

ST = po(tjr), SEH = piltj)- (2.3.7)

At each time level, the values of S, &', S§” at the mid-points are given by

Sj—H(fEi,l/g) = (#)Wg—:l + (1 - —= hi~ — = = )wf“
4(hi + hi—1) 4(hi +hi—1)  A(hi + higa)

B .
i (+>w5¢;,
A(hi + hiy)

‘ —1 : 1 1 .
(S (wio1y2) = (#)wﬁf <~ o )wzfrl
h’i + hi*1 hz + hifl hz + hi+1

+ (%)wg,
hi + hia a

+
(8" (wiiay2) = (M;)w?_“ + <—~ 2 )w?'“
/ i—1 )
hi(h; + hi—1) hi(hi +hi—1)  hi(h; + hitq)

2 :
hi(hi + hiy1)
The values of w{ fori=0,1,...,N, + 1 are calculated by solving the following system
w)™ = po(tj),
[ﬁNszJrl]i—l/Q = gj+1(xi—1/2>7 1= 17 27 BRI Nxa
Wity = i), (2.3.9)

35



Chapter 2

where w/t! = (w]™, ... ,wﬁil)T € RN=2. The operator £* and ¢’*!(z;_1 ) in (2.3.9)

are defined as

+1 j+1 +1 i+1 it3 j+1 +1
[P )20 ] W
2 hi(hi + hit1) hi(hi + hi_1) 2 hi + hita
. . i+l i+l ~ .
wf-“ — wfjll c2—12/2 dZ—12/2 hlwffll
4+ = — —+ —~ —
hi + hi_y At 2 4(h; + hi—1)

~ ~ ~
T hi~ o hi~ wj+1+M
A(h; + hi—1)  4(hi + hit1) ' A(h; 4+ hit1)
and

1

gj+1(xi—1/2) = 2(fj+1($i—1/2) + fj<xi—1/2)) -

€ [2(21)?“ - wf) 2(“’3" - w{_l)]
2

%z(%z + Ei—f—l) Ez(ﬁz + 7%'—1)

j+1 . . . . j+2 j+i
b [ wl —w] N wj —wiy | Gty diip
2 hz + hi—i—l h'z + hz—l At 2

X thw—lile 11— —— — NhiN wf’+%,
4(h; + hi_1) 4(hi + hi1)  A(hi + hit) 4(h; + hit1)
where bﬁfp = b(zi—1/2,tj41/2)s Cij/Q = ¢(Ti—1/2,tj+1/2), and d?jf/g = d(@i—1/2,tj31/2)-

We fix ﬁo =h ~N,+1 = 0. It gives rise to a linear system of the form

J+1 j+1 1 41
Aoy + Bywy T + Cow [ = ¢’ (517i—1/2)7

where

bﬁ% i+ dﬁ% ~

4= € B i-1/2 <Ci1/2 11/2) h;
Z hi(h; +hi—1)  2(hi + hi—1) At 2 4(h; + hi71>,

1 1 b, 1 1
S
hi(h; + hiv1) — hi(hi + hiz1) 2 hi 4+ hiz1 hi +hi—y

itz gits

_ <Ci1/2 n 11/2) (1_ _ E‘N o E'N >
At 2 A(h; + hi—1)  4(hi + hit1)
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bﬁ% j+1 dj+§ ~

i Ci - h;
e _< /2 1/2) M
hi(hi + hiv1)  2(hi 4+ hiy1) At 2 4(

2.4 Convergence analysis

In this section, we shall develop the parameter-uniform convergence of the proposed method.

We find 271 € S3(Q2) such that
(L is1jp = g M @icap), i = 1,2, No, T = poltin), Oh. = pi(tj). 24.1)

We represent 071 () as
No+1

P (x) = Y @ Be(x), j=0,1,...,N,— 1L
k=0

Applying the collocation scheme at each time level, the coefficients @i“ are determined by

solving the equivalent system

Ny i+l S| - ~j+1 ~j+l
[E WJ ]i—l/Z - gj+ (xi—l/Q)a 1= 17 27 v 7NLB’ wg] — pO(tj—i-l)a w?\fx_yl - pl(tj-‘rl)?
(2.4.2)
where w' ! = (&76“, . ,{vatil) € RN=+2_ Now, first, we discuss the error estimates in

S9-interpolation, which will be used to prove error estimates in Si-interpolation. After
concluding all these estimates, we can easily prove the uniform convergence of the proposed

method.

24.1 SY-interpolation

To find a piecewise quadratic function I9v/*! € S9(QN=) for an arbitrary function v/*! €

C°(G.), consider the following interpolation problem

(B30 =ol™ i =0,1,...,N,, and (307 yp =01, i=1,2,..., N,

+1

J+l _ Jj+l
where v; = ’U(ZL’Z', tj+1>, Ui—l/? = U(Ii_l/g, tj+1>.
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Theorem 2.4.1. Assuming b+ ¢/t &7+, fi+1 € C4(G,), the interpolating error w*' —
I9U T for the semi-discrete solution W1 of (2.3.1) at each time level satisfies the following

bounds

@+ — 3| < ON®,

max ’(ﬂjﬂ - [gﬂjﬂ);fl/z‘ < CNJQ,

i=1,2,..., Ny
VE_max |(@H W)L ) < ON2

Proof. The interpolating error in the solution and its derivatives satisfy the following bounds

[92]

[+ — 18+ 5, < CRI@*) "1, (2:4.3)
@ = I ol < CREN@) ", (2.4.30)
@~ TN | < CR @)l (2430

Applying the decomposition of %/ and the linearity property of I3, the interpolating error in

@/t can be decomposed in the following manner
W — QEt = (P - Ryt 4+ (- . (2.4.4)

The above decomposition encourages us to separately compute the error estimates for regular
and singular components. For the regular component, the use of Theorem 2.3.1 and inequality

(2.3.4) give

77 = 18571, < CRIGT) "N, < ON,,

max | = BEP )yl < ORI, < ON,,

i=1,2,..., Ny
Cmax |G = 05l < CRIGT Ol < ON?,

We analyze the errors of the singular component in layer region and uniform region using

Theorem 2.3.1 and the inequality (2.3.4).
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Case 1. For [; C |0, [L'%_l], we have

IZ7H = 82|, < CRI|I(F )|l < ON,*.

Case 2. For I, C [:v%_l, 1], we have

1271 — 1957 |, < CR3|(F Y|, < ON;.

The required result is obtained using the triangle inequality in (2.4.4). Using the same

approach, one can obtain bounds for (w/*' — Ijw/*'); | , and (@/*! — RWH)! . O

Lemma 2.4.1. Assume r € S9(QN) such that r;_1, =0, i = 1,2,..., N,, then

4 8
7]z, < m?X{|7”ifl|, i}, Nl < »ﬁ—miax{’ﬁfl!a Iril}y, "l < }L,—2miax{|ri,1|,|ri\}.

? 7

Proof. Refer to Lemma 3.2 given in [92]. [

2.4.2 S;-interpolation

To find a piecewise quadratic function 307 € SJ(Q2+) for an arbitrary function v/ €

C'(G.,), consider the following interpolation problem

(Lo )iy =0l 5, i = 1,2, Ny, (") = of ™ (o7 )y, = od!. (24.5)
For the quadratic spline r(z), for i = 1,2,...,N,, we set r; = 7(2;),7-1/2 = 7(2; —
hi/2),a; = ﬁzl%l ,ande; =1 —a; = > fﬁ . Let G : S}(QY=) — RN=*1 be the operator

T i+1 T i+1
defined by

[Gr]i = airioy + 31 + ciriya,

then because of continuity, the parameters r;_y, r;, and 7;,_; /o must satisfy the consistency

relation [93]

a;ri—1 + 37"7; + CiTi+1 = 4a7;7“i,1/2 + 407;7“i+1/27 1= 1, 2, . 7Nx — 1. (246)
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Lemma 2.4.2 (Stability of the operator G). Assuming that ro = ry, = 0 forallr; € RN=+1

the operator G satisfies the following stability bound

1
< =
i=1 g.l.?fqu Iril < 2 i:1,£?.2.1,)1§fx—1 Gl
Proof. Refer to [94] for the proof. L]

Theorem 2.4.2. Assuming that V*+', o+ @+, fi+1 ¢ CYG,) the interpolating errors

Wt — LT for the semi-discrete solution W of (2.3.1) at each time level satisfy the

following bounds
_mmax |(@ ™ — La ™), < ON;Y, (2.4.7)
[ — Lu | < ONSP, (2.4.8)
_max (@ = BT | < ONGP, (24.9)
€ _max (@ — Lu' )] | < ON2 (2.4.10)

Proof. The interpolating error of an arbitrary function v/ 7! € C4(G,) satisfies

(Uj+1 _ I2lvj+1)0 _ (Uj-H _ [21Uj+1)N —0.

T

Truncation error is given by using (2.4.5) and (2.4.6)

rgjl =[G =Lt = aivgfll—4aivff11/2+3vg+l—4civf:11/2+civﬁll, i=1,2,...,N,.
2.4.11)

The use of Taylor series expansion in (2.4.11) implies

5 o~ .
1+ o max{h, b | (0@

. 1~~ ~ ~ ,
I < hihighiga — hal|| (07T
|T ’— 12 Z+1| i+1 1|H(U ) 96

v,1

LUl (2.4.12)

. . i1
Again the truncation error 72

o

can be decomposed as

i+1 j+1 i+1
TZ+ :Té—l_ —|-7'2+ .

u,t
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Using Theorem 2.3.1 and the inequality (2.4.12), the regular component Tgf can be bounded
as follows

|7'7§er1| < C<Eiﬁi+1‘ﬁi+1 - %2| + max{ﬁ?,ﬁfﬂ )-

In the layer region |0, x%fl], it is %Hl < ﬁi, and thus
|T§j1| < C(R2|his1 — ha| + h).
Now using (2.3.4) and (2.3.5), we have
|T@j«j1| < CON; ™

Following the approach of Lemma 2.4.2, we find

_max (Pt — L), < CONJ* (2.4.13)
A similar procedure can be used to find the following bounds for Tf fort =1,2,..., % —1.
5 »
721 < sshehenlon = Rl i, + oo ma(id, B HI ) O o
4 0
< CON,"||exp| —x4/ -
e/l
<CN;*

5 .
72 < —h isahir = il |G |1+ 9% max{hf, bt HIGE D o

o)

< CON; ™2

I;

< CON ™.

— xT
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Using the approach of Lemma 2.4.2, we get

_max |(Z7+ — L), < ON* (2.4.14)

From the inequalities (2.4.13) and (2.4.14), we can obtain the estimate (2.4.7). To prove

(2.4.8), we use the triangle inequality to obtain

@+ — B < @ - BE |+ 8@ -

<@ - I+ max (@ - I,

x

From S2-interpolation, we know (1927t); = 2/™, i = 0,1,..., N,. Using Theorem 2.4.1

and estimate (2.4.7), we obtain (2.4.8). To obtain the estimate (2.4.9), we use Lemma 2.4.1,

Theorem 2.4.1, (2.4.7), and the triangle inequality

(@ = LY o] <@ = ISy |+ (190 — LYY, |

. . 4 . .
< |(U]+1 — Igu]+1);_l/2| + fﬁ_ifonllaXN ’(u]—i‘l — [21u]+1)i’.
(A v

A simple use of the triangle inequality again gives

VeI = Bu ) | < Vel (@ = LW | + Vel(Bu ' — Lu ) |

. . 8 . .
S VEl(@F = BTy | + = max Vel (@ = L,
hi i=0,1,...,Nz

Now, using a procedure similar to the one we use to prove (2.4.9), we obtain (2.4.10). Hence,
the proof is completed. ]

Theorem 2.4.3 (Stability of the operator LY=). The operator LN satisfies the following

stability bound in the maximum-norm

ZVAN;
At +1

O] < 1£Y+0||, forall © € RY*2,

where Ry = {s € RN+*2 : 55 = sy 41 = 0}.
Proof. Refer to [94]. L]
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Theorem 2.4.4. The semi-discrete solution W' (x) of the problem (2.3.1) and the solution

v (x) of the problem (2.4.1) satisfy

[ =3 < ON,

[T =Tl < ON;

Uiy 0 = Uity 2 fori=1,2,...,N,.

x )
Proof. Using the triangle inequality, we get
H’ﬁjﬂ _ §j+1” < Hajﬂ _ [%ﬂjHH + H[21aj+l _ WHH'

As I;u/*! is the interpolant of w7, it can be written as

Ng+1

Lt () = Y B Bu(w)
=0

Thus,
[LNI (Wj+1 - Bj+1)}i71/2 = L(:Jj—i_l - IQlaj—i_l)ifl/% = 17 27 s 7Nx-

Since W/ — 37+1 € RY=*2, the application of Theorems 2.4.2 and 2.4.3 gives
pp g

| L@ = < W - g < ONG

The second estimate can be obtained by using the same procedure as in Theorem 2.4.4. [

Corollary 2.4.1. Assuming that N;! < CAt, 0 <1 < 1, then

|Nf+11/2 Nj+11/2| < CAtN*M i=1,2,...,N,.

This bound is required to prove the parameter-uniform convergence of the fully discrete

scheme.

Theorem 2.4.5. For Nw_l < CAt, 0 <1< 1, we have

lu(@im1j,t;) = Syl < CUAD? + NJ2H).

43



Chapter 2

Proof. Let ff = w(Ti—1/2,t5) — 5571/2 be the error at j-th time level. We split §f by the

triangle inequality, as
HfzJH < Hu(xi—l/%tj) - iz5—1/2” + ”ag—yz B 5?—1/2“ + ”ﬁ-1/2 o SZ'J—I/QH'
Using the corollary 2.4.1 and the boundedness of the time derivative, we get

€71l < CAL((A)? + N +1[0)_ 5 = S ol

71—

Using the stability estimate given in Theorem 2.4.3, it can be proved that
|’gg—1/2 - 85—1/2H < [Ju(wiz1j2, tj-1) — 55:11/2H7
this recurrence follows at each time level, and finally, we deduce our required estimate
€7l < CAL((A)® + N ) + 1€

Using the inequality repeatedly, we get the required result. [

2.5 Numerical simulations and discussion

In this section, to validate the theoretical findings and assess the performance of the proposed
scheme, we have applied our numerical scheme to solve two test problems. For the first
problem, the readers are referred to [76, 78, 84, 85], and for the second problem, the readers
are referred to [82—84]). The numerical results for different values of p are compared with the
existing results. As the exact solutions of the test problems are unknown, the double mesh
principle estimates the errors and convergence orders. To measure the accuracy of the method,

the error estimates are devised in the discrete maximum norm defined as

GN’“"Nt = max (max |U2Nx’2Nt (ZEQZ‘_h tgj_l) — UNx’Nt (in,l/g, tj)|) s

3
7 7
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where UN=Nt(z;.¢;) and U?N=2Nt (x4, 1,t5; 1) are the numerical solutions to the given
problem by taking (N, N;) and (2N, 2]N;) partitions, respectively. Also, the corresponding

order of convergence is defined as

N\ N In(eNe:Ne [ g2Ne:2Ne)

Pe - In2

Ng,

Furthermore, we calculate the e-uniform maximum pointwise error e™=*"¥* and the correspond-

ing e-uniform order of convergence p™='™t as follows

Ng,Ny¢

eNalNe — max e, ,

£

NN, In(e

N;c,Nt/€2N;C,2Ng)
p =

In2

Example 2.5.1. Consider the following SP degenerate parabolic IBVP:

0%u ou  Ou
€92 +x e g V=% 1, (z,t) € G=1(0,1) x (0,1],

subject to
uw(0,t) =1+t t€ Py, u(l,t)=0,tec P, u(z,0)=(1-2)? zc€P,.
Example 2.5.2. Consider the following SP degenerate parabolic IBVP:
eqg 2l o — o — (4 plu=p(a® — 1) exp(~t), (z,1) € G = (0,1) x (0,1],
subject to
uw(0,t) =1+t* t€ Py, u(l,t)=0,tec P, u(z,0)=(1—12)? z€P,.

The solutions to these problems exhibit a boundary layer of width O(4/¢), so while solving
these problems numerically, we face the difficulty on a uniform mesh (in the spatial direction)
when ¢ tends to zero. We discretize the spatial domain using an exponentially graded mesh to

overcome this difficulty. Using exponentially graded mesh increases the mesh point density
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Table 2.1: eNeNe | pNe:Ne o NaoNe “and pNe:Ne for Example 2.5.1 for p = 1

N,
€ 8 16 32 64 128
28 9.6503e — 03 2.8447¢ — 03 7.0104e — 04 1.7688¢ — 04 4.4147e — 05
1.7623 2.0207 1.9866 2.0024
216 9.7260e — 03 2.8849¢ — 03 7.0998¢ — 04 1.7933¢ — 04 4.4779¢ — 05
1.7533 2.0227 1.9852 2.0018
224 9.7269¢ — 03 2.8849¢ — 03 7.0999¢ — 04 1.7934e — 04 4.4780e — 05
1.7533 2.0227 1.9852 2.0018
232 9.7269¢ — 03 2.8849¢ — 03 7.0999¢ — 04 1.7934e — 04 4.4780e — 05
1.7533 2.0227 1.9852 2.0018
eNeNt (PM) 9.7269¢ — 03 2.8849¢ — 03 7.0999¢ — 04 1.7934e — 04 4.4780e — 05
pNeNe (PM) 1.7533 2.0227 1.9852 2.0018
elV=Ne ([78]) 6.29¢ — 02 3.61le — 02 1.94e — 02 9.94e — 03 4.79e — 03
pN=Ne ([78]) 0.677 0.811 0.885 0.935
NN ([76]) — 2.6631e — 02 1.4511e — 03 7.5647e — 02 3.8609e — 03
pN=Ne ([76]) — 0.8759 0.9398 0.9703
eN=Ne ([84]) 1.593e — 02 3.887¢ — 03 9.449¢ — 04 2.345¢ — 04 6.424¢ — 5
pN=Ne ([84]) 2.035 2.040 2.011 1.868

within the layer region and resolves the boundary layer efficiently.

The numerical results of Example 2.5.1 for different values of ¢, p, and N, are given in
Tables 2.1-2.2. The numerical results (e2=" and pY=™t) for p = 1 are presented in Table
2.1. A comparison with the schemes proposed by Yadav ef al. [84], Dunne et al. [78], and
Gupta and Kadalbajoo [76] is given at the end of Table 2.1. Table 2.2 provides the comparison

Nxv

of e-uniform maximum pointwise errors e+ and the corresponding e-uniform orders of

Nz,Ni petween the proposed scheme and the schemes considered in [76, 78, 84]

convergence p
for various values of p > 1. It can be observed that the error bounds do not depend on p.
We have used N, = N, to compute the results presented in the tables. These tables show
that the proposed scheme is better than the schemes proposed in [76, 78, 84] regarding the

parameter-uniform error estimates and the order of convergence.

The results obtained for Example 2.5.2 for different values of ¢, p, and N, are given in
Tables 2.3-2.4. A comparative study for p = 1 between the proposed scheme and the scheme

given by Majumdar and Natesan [82] is given in Table 2.3. From these results, it can be

vaNt
15

seen that the proposed scheme performs better than the one in [82]. A comparison of e
between the schemes given in [82-84] and the proposed scheme for ¢ = 272 and for different

values of p (2, 6, and 10) are given in Table 2.4.

For Example 2.5.1, a comparison of the results between our scheme and the scheme given
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Table 2.2: Comparison of e+ and p™=V for the Example 2.5.1 associated to different
values of p
N,
p  Scheme 8 16 32 64 128
2 [78] 5.67e — 02 4.09e — 02 2.28e — 02 1.21e — 02 5.96e — 03
0.388 0.744 0.825 0.895
[76] — 8.1465e¢ — 03  5.2846e — 03 2.9479¢ — 03 1.5508e — 03
— 0.6244 0.8421 0.9267
[84] 2.889¢ — 02 7.860e — 03 2.567e¢ — 03 7.124e — 04 2.299¢ — 04
1.878 1.614 1.849 1.832
PM 7.8402e — 03 1.8698e — 03 5.5839¢ — 04 1.5843e — 04 4.7157e — 05
2.0680 1.7436 1.8174 1.7483
6 [76] — 1.0568¢ — 02 5.4783e — 03 2.9877e¢ — 03 1.5596e — 03
— 0.9479 0.8747 0.9379
[84] 4.743e — 02 2.330e — 02 7.745e¢ — 03 2.649¢ — 03 8.419¢ — 04
1.025 1.589 1.548 1.654
PM 3.5792¢ — 02 1.6816e — 02 4.5071le — 03 1.2934e — 03 4.3795¢ — 04
1.0875 1.9005 1.8026 1.5624
10 [78] 4.39¢ — 02 3.72e — 02 2.83e¢ — 02 1.65e¢ — 02 8.36e — 03
0.115 0.511 0.594 0.734
[76] — 1.7124e — 02 5.4782e¢ — 03 2.9877e¢ — 03 1.5595¢ — 03
— 1.6442 0.8747 0.9379
[84] 1.934e — 01 6.003e — 02 1.607e — 02 4.713e — 03 1.347¢ — 03
1.688 1.901 1.770 1.806
PM 6.4141e — 03 1.7347¢ — 02 9.4634e — 03 2.6238e¢ — 03 8.2703e — 04
0.8743 1.8507 1.6657
Table 2.3: =Nt Vet “and pN=-Nt for Example 2.5.2 forp = 1
N,
e 8 16 32 64 128
2—10 1.1916e — 02 3.4849¢ — 03 8.6107e — 04 2.1667e — 04 5.4298¢e — 05
2-15 1.1961e — 02 3.5096e — 03 8.6690e — 04 2.1810e — 04 5.4348e — 05
2-20 1.1977e — 02 3.5129¢ — 03 8.6766e¢ — 04 2.1829e — 04 5.4394¢ — 05
2725 1.1980e — 02 3.5134e — 03 8.6778¢ — 04 2.1832¢ — 04 5.4401e — 05
230 1.1981e — 02 3.5135¢e¢ — 03 8.6780e — 04 2.1832e¢ — 04 5.4402¢ — 05
2735 1.1982¢ — 02 3.5136e — 03 8.6780e — 04 2.1832e — 04 5.4402¢ — 05
eNa-Ne (PM) 1.1982e — 02 3.5136e — 03 8.6780e — 04 2.1832e — 04 5.4402¢e — 05
pNeNe (PM) 1.7533 2.0227 1.9852 2.0018
elV=Nt ([82]) — — 1.0568¢ — 03 3.3876e — 04 1.0496e — 04
pNeNe ([82]) - — 1.6413 1.6904
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Table 2.4: Comparison of e™="t for Example 2.5.2 for ¢ = 272Y associated with the different
values of p

Ny

P Scheme 32 64 128 256

2 [83] with N, = N2 6.8958e — 03 2.6028e — 03 8.9736e — 04 2.9563e — 04
[84] 1.522e — 03 5.568e — 04 1.925e — 04 6.408e — 05
PM 6.7777e — 04 2.7015e — 04 1.0613e — 04 4.1748e — 05

6 [83] with N; = N2 1.4830e — 02 5.6392¢ — 03 1.9744e — 04 6.4986e — 04
[84] 3.309¢e — 03 1.222e¢ — 03 4.230e — 04 1.412e¢ — 04
PM 2.1981e — 04 8.7937e — 04 3.3182e — 04 1.2664e — 04

10 [83] with Ny = N2 2.1820e — 02 8.1427e — 03 2.9871e — 03 1.0048e — 03

[84] 5.117¢ — 03 1.886e — 03 6.550e — 04 2.189%¢ — 04
PM 3.0652¢ — 03 1.2367e — 03 4.6664e — 04 1.7464e — 04
in [76, 78, 84] are also shown graphically (see Figure 2.1(a)). In Figure 2.1(a), e¥='"t are

plotted for p = 1 by taking IV, from 16 to 256. It clearly shows that e™="¥t of our scheme
are lower than those considered in [76, 78, 84]. In Figure 2.1(b), we have shown that eNa:Ne
of our scheme for p = 3 are lower than those considered in [83, 84]. To show the physical
phenomenon of the solution to the problems, the surface plots (refer Figure 2.2) for different
values of p and ¢ are drawn. From these graphs, it can be observed that for small ¢ (close to
zero), the solution to these problems exhibits a boundary layer at the left lateral surface. It

can also be observed that the width of the boundary layer continuously depends on ¢, and it

decreases as ¢ decreases.

10"

~-The proposed scheme -+~ The proposed scheme
—~—Yadav et al. (2020)

~-Gupta et al. (2010) Yadav et al. (2020)
~-Dunne et al. (2003) 10%F [ Majumdar et al. (2019) [{

B
T

Maximum error
B
T
Maximum error

S
T

10° L I
10 N~ 10 1° N~ 10

(a) Comparison of e™V='™Vt for Example 2.5.1 forp = 1, (b) Log-log plot of ™=Vt for Example 2.5.2 for p = 3,
e =2732from N, = 16 to N, = 256 e =273 from N, = 16 to N, = 256

Figure 2.1: Maximum absolute error comparison plots

Remark 2.5.1. Numerical experiments carried out in this section do not require any restric-
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(@p=3,e=27" b)yp=3, =273

) p=6,e=2""° (d)p=6,c=2"28

Figure 2.2: Surface plots of numerical solution of the Example 2.5.1 ((a) and (b)) and Example
2.5.2 ((c) and (d)) by using N, = N; = 64

tion like N-* < CAt, 0 < | < 1 to achieve parameter-uniform estimates.
P ) p

2.6 Conclusion

A numerical scheme comprising the Crank-Nicolson scheme in the temporal direction and the
quadratic spline collocation method in the spatial direction is developed to solve the singularly
perturbed convection-diffusion type degenerated parabolic problems. An exponentially graded
mesh is used to resolve the boundary layer. The scheme is shown to be second-order parameter-

uniformly convergent through rigorous error analysis. The numerical results for two test
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problems validate the theoretical error bounds and show a better performance of the proposed
scheme than some existing methods. For future work, we aim to extend the present method

for higher-dimensional PDEs and systems of PDEs.
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An efficient parameter uniform
spline-based technique for singularly
perturbed weakly coupled

reaction-diffusion systems

Many different scientific and practical applications call for a specific category of mathe-
matical models known as a singularly perturbed weakly coupled reaction-diffusion system
of ODEs. The interaction among diffusion and reaction components in singularly perturbed
BVPs can rise to intriguing pattern generation and spatial organization phenomena in chemi-
cal kinetics and reaction-diffusion systems. These systems typically result in double-layer
structures because of parameters (commonly denoted by ¢) that multiply the highest-order

derivative term.

The work of this chapter has been published in the following publication:
S. Singh, D. Kumar, H. Ramos, “An efficient parameter uniform spline-based technique for
singularly perturbed weakly coupled reaction-diffusion systems.” J. Appl. Anal. Comput., 13
(2023), 2203-2228.
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Because of this property, the system behaves excitingly and is challenging to examine,
necessitating specialized analysis techniques such as adaptive mesh refinement, domain

decomposition, and higher-order numerical schemes.

3.1 Problem statement

We consider the following singularly perturbed problem, which involves a system of ¢ weakly
coupled reaction-diffusion equations. We seek a solution u € (C?(0,1) N C[0, 1])¢ that

satisfies
Lu(z) := —&u"(z) + B(zx)u(x) = g(x), =z € (0,1), (3.1.1a)
subject to the Dirichlet boundary conditions
u(0) =00, u(l)=oei, (3.1.1b)

where £ = (Ly,...,L,)T, € = diag(e},e3,...,e}) withe, = ¢, k = 1,2,...,(, B(x) =
(bij(@))exes 9(x) = (91(2), 92(2), ..., ge(@))", u(z) = (wi(2),u2(2), ..., ue(2))", 0 =
(0015---,000)", and o1 = (011, -.,01¢)". We assume that each column of the coupling
matrix B : [0,1] — R and the function g : [0, 1] — R belong to C*[0, 1]*. We assume
that the following inequality holds to fulfill the condition of the strongly diagonally dominant
matrix along with the nonsingularity of B(z) Vz € [0, 1]

|t

2.3

k=1
kA

<1, fori=1,2,... L (3.1.2)

i1

3.1.1 Brief literature survey and motivation

These systems of equations frequently arise in several applications in science and engineering,
as in electroanalytical chemistry [36], predator-prey population dynamics [95], the turbulent
interaction of waves and currents [96, 97], chemical reactor theory [98], the classical linear
double-diffusion model for saturated flow in fractured porous media [99], modelling of the

diffusion process in bones [100], and control theory [101]. Only a few articles have appeared
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dealing with systems of arbitrary size; to cite a few, Lin3 and Madden [52] proposed a
parameter-uniform central difference scheme on layer-adapted meshes (Shishkin, Bakhvalov,
and Equidistribution meshes). They have shown that the method is second-order accurate on
the Bakhvalov and Equidistribution meshes, while it is almost second-order accurate up to a
logarithmic factor on a Shishkin mesh. Linf} suggested a FEM on arbitrary meshes (layer-
adapted meshes) for a system of ¢/ > 2 singularly perturbed reaction-diffusion equations.
Theoretically, he has shown that the error bounds for the Shishkin meshes are sharper than
those on the Bakhvalov meshes. Stephens and Madden [102] developed the discrete Schwarz
method on three overlapping subdomains for arbitrarily sized coupled singularly perturbed
systems. They have used standard FDM on a uniform mesh on each subdomain and proved
that the technique is parameter-uniform when appropriate subdomains are used. In this chapter,
we consider a ¢ x ¢ system of singularly perturbed reaction-diffusion equations in which
the equations have diffusion parameters of the same magnitudes. We use an exponentially
graded mesh for the discretization, which results in a second-order (without logarithmic
factor) parameter-uniform convergence. The proposed scheme extends the method developed
for a single singularly perturbed reaction-diffusion BVP [94] to a system of reaction-diffusion

equations.

We propose and analyze a parameter-uniform numerical method that uses quadratic B-
spline basis functions with a special non-uniform exponentially graded mesh [91, 103—-105].
In [91], Constantinou and Xenophontos analyzed & version FEM in the natural energy norm
for the singularly perturbed class of reaction-diffusion and convection-diffusion problems.
Shivhare et al. [103] constructed a quadratic B-spline-based parameter uniform numerical
scheme of second order in space and first order in time for two parameter singularly perturbed
PDEs. Exploring the degenerate parabolic problems, Singh et al. [105] proposed a uniformly
convergent method and proved second-order convergence on the exponentially graded mesh.
Zarin [104] developed the h-version of the standard Galerkin method using higher order

polynomials and proved its robust convergence in the energy norm.

The chapter is organized as follows: Section 3.2 gives preliminary results on the solution
and its derivatives. A decomposition of the exact solution is also provided in this section.

The scheme is proposed in Section 3.3, divided into two subsections: in subsection 3.3.1, an
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exponentially graded mesh is constructed, and the collocation scheme is given in subsection
3.3.2. The comprehensive convergence analysis is provided in Section 3.4. Numerical
simulations and discussion of the results are exemplified in Section 3.5, while some concluding

comments and further research in this direction are included in Section 3.6.

Throughout the chapter, matrices and vectors will be denoted by bold letters, while we
use plain letters for scalars. A superscript 7" will be used to transpose a vector/matrix. When
the domain D is obvious, the standard notation ||.|| will be used (instead of ||.||p) for the
infinity-norm (L°°—norm) e.g., for a scalar function U defined on an interval /, we define
|U|| = max,es |U(z)| while for a vector valued function U = (Uy,Us,,...,U,)T € R,
defined on /, the infinity-norm is defined as ||U|| = max ¢ {|Ui(x)|, |Usz(z)l, ..., |Us(x)|}.
For simplicity, for any function U, we use U, for U(z;) and U ; for an approximation of U
at z;. For a vector valued function U = (Uy,Us, ..., U,)T € R’ applied to x; we use the
notation (Uy, Us, ..., Up)" (z;) = (Ur;,Uay, ..., U )T Furthermore, C = (C,C,...,C)T
denotes a generic positive constant vector independent of the perturbation parameter ¢, the
nodal points z;, and the mesh parameter /V,. A subscripted C' (e.g., C1) is also a constant
independent of ¢, z;, and IV, but whose value is fixed. Furthermore, we use C°(D) for the set
of continuous functions in D, and C*(D) for k times continuously differentiable functions in
D. Moreover, C*(D)* is used for k times continuously differentiable vector-valued functions

(with ¢ components) in D.

3.2 Preliminary: properties of the exact solution

In this section, we present some bounds on the solution u and its derivatives, which will be

used in the convergence analysis.

Theorem 3.2.1. Assume that B satisfies the following conditions to be a strongly diagonally

dominant matrix

l
by > O, and Z

k=1
kit

bix

<¢<l1, £€(0,1), fori=1,2,...,¢.

i
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()] < 0{1 +eF (e—“/a + e‘“l—x)/a) } fork=0,1,2,i=1,2,...,¢,
where A = \(§) > 0 is given by

M= (1-¢) min { min bii(x)} :

i=1,2,..,0 | z€[0,1]

Proof. Refer to the proof of Theorem 2.4 given in [52]. U

In the study of numerical simulation of SPBVPs, stability estimates ensure the bound-
edness of the solution. We assumed that the coupling matrix B is an arbitrary matrix with
positive diagonal entries. We give the following stability criterion using the maximum

principle (refer to Protter and Weinberger [106]).
Lemma 3.2.1 (Stability Estimate). Consider the differential operator
Lu = —v*u" + c(z)u’ + b(z)u,
withv > 0, b,c € C[0,1] and b(z) > 0 on [0, 1]. Then
b
b

VI < max{ H V(0)], |V(1)|}, forallV € C*(0,1) N C[0,1].

We decompose the solution of problem (3.1.1) asu = ¢ +n, with p = (¢1,...,0¢)7,

andn = (ny,...,n)7, where the components satisfy the following BVPs, respectively

—52902/(37) + bii(x)pi(x) = gi(x), 0 <z <1, ©;i(0) =004 wi(l) =014, 1 =1,2,...,¢,

and
—e?n} () +bii(x)mi(z) = — szk(fﬁ)uk(ﬂf% 0<z<1,n(0)=n(1)=0i=12....0
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Using Lemma 3.2.1, we obtain

¢
=3 <maX{ b 7|QO,7L|,|Q171‘|}, and ||m||<2 ™ |ug|| fori=1,2,...,¢.
i

Now, since [[u;]| < [[oi]| + [|7:]|, we have

‘s .

M%;ﬁww@m“%%MM}Mﬁmwj
k#i
We consider the matrix
1 —[[bra/bur|l . = [bre/bui|
B L e e 5o
| —1ber /beell = lbe2/bel| . L]

such that all entries of G~! are non-negative, then u is bounded for the given data.

Theorem 3.2.2. Assuming that the coupling matrix B has positive diagonal entries, the

matrix G is inverse monotone. Then the solution u of (3.1.1) satisfies

9

<
Jull < »

) ’QO,@'

(GUMHMX{‘

¢
,!@u\}, fori=1,2,...,¢.
k=1
Proof. The condition (3.1.2) implies that the matrix G is a strictly diagonally dominant

Lo-matrix, and the inverse monotonicity of G is directed by the M-matrix criterion. The

proof follows using Lemma 3.2.1 (see [52, 107, 108] for the details). ]

Remark 3.2.1. In general, the operator L does not satisfy the maximum principle, but

Theorem 3.2.2 suggests that L is stable in the maximum-norm.

Remark 3.2.2. The existence and uniqueness of the solution u € C*|0, 1|* is guaranteed by

the following arguments:

(a) The stability estimates of the vector-differential operator L using the standard arguments
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given in [109].

(b) The coupling matrix B and the vector-valued function g belong to the space of twice

continuously differentiable functions.

Due to the presence of boundary layers, we need to examine the solution in regular and

layer regions. So, we decompose u into three parts as follows:
u=v+w,+wg,

where v is the regular component, w; and wp are termed as the left and right singular
components, respectively. These components are the solutions of the following BVPs for

x € (0, 1), respectively:

—&v'(x) + B(z)v(z) = g(z), v(0)=B(0) 'g(0), wv(1)=B(1)'g(1), (3.2.2a)

—&w](z) + B(zx)wy(x) =0, wr(0) =00 —v(0), wy(l)=0, (3.2.2b)
and
— Ewl(z) + B(x)wgr(z) =0, wr(0) =0, wg(l) =0 —v(1). (3.2.2¢)

Theorem 3.2.3. The components v, wy, and wgr satisfy

WP <O fork=0,1,...,4i=1,2...,¢ (3.2.3a)

(w)P| < Ce e/ fork=0,1,...,4;i=1,2,...,¢ (3.2.3b)
(wp)P| < CeFe =9/ fork=0,1,...,4;i=1,2,...,L (3.2.3¢)

Proof. An explanatory proof is given in [47]. [

3.3 The proposed scheme

In this section, first, we give the details of the construction of the non-uniform mesh. Then,

we introduce and implement the proposed scheme for the problem (3.1.1).
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3.3.1 Mesh construction

It is well-known that standard numerical schemes on an equidistant mesh fail to solve SPBVPs,
and unexpectedly large oscillations appear near the layer region(s) when we use a classical
numerical technique. In other words, we can generate a scheme on an equidistant mesh that
converges at all mesh points uniformly in the diffusion parameter unless an unacceptably
large number of mesh points are used. It is not practical at all; thus, to resolve the layer(s), a
non-uniform mesh is required. In this section, we construct an exponentially graded mesh

that generates more mesh points in the layer region than in the other part of the domain.

To construct the exponentially graded mesh A = {z;| 0 < j < N, }, we split the interval
[0,1] into N, > 4 (with N, a multiple of 4) subintervals /; = [x;_1,x;]. We denote by P,
the space of all polynomials of degree < p. In the construction of the mesh, we require a mesh
generating function W¥(p), which belongs to a class of piecewise continuously differentiable

functions, monotonically increasing in nature, and defined as

U(p) = —In(1—2¢,.p), p€[0,1/2— 1/N,], 3.3.1)
where €,. = 1 —exp —m € R*. With the help of the transition points Ne oy and
Tane |y, WE split the interval [0, 1] into three subintervals such that [0,1] = [0,z N LU

[z No_y, TsNe U SN 1, 1]. The nodal points can be written in the following form

(p+ 1)e¥(p;), j=0,1,... 8 —1,

where p; = NLZ forj = 0,1,...,N,, and ﬁj = x; —xj—q forj = 1,2,...,N,. The
mesh points are distributed equidistantly in [x Ne_y, TNe +1) with N, /2 + 2 subintervals,
and exponentially graded in [0, x N _,)and [ I 1] with N, /4 — 1 subintervals in each.

The mesh step lengths ﬁj satisfy the following inequalities utilizing the mesh characterizing
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function ® = exp(—V) (see [91] for more details)

(

C(p+ 1)eN, ' max ¥ (p,), j=12,... %
. 1 N, 3N,
h]< CNmu J= "3y

\

which can be further simplified as

(

(p+1)e

hj < §CN, j=2= ..

(p+1)e 4

\

Since max |®'| < 2, we can simply write the above inequalities as

CeN'exp <(pf1)e> =12, N _q

hj < qCN; Y, j=Ne e 41,

T,...,

-1 1—x; . 3N,
\C’sNx exp<(p+1)7€>, J=25 42, Ny,

and the step lengths of this adaptive mesh satisfy the following estimates

xz e
PO . N, 3N,
o —hl<Cdo,  jode . o

C(p+1)eN;  max W/(1 - p;), j= 2% +2,... N,

C’(p—l—l)a]\/;lmax]q)'(pj)\exp( - ), j=12,..., ¢

Clp-+ =N, max [ @(1 - pplexp (A222) . = 2= 42,

_|_17

N,.

(3.3.2)

(3.3.3)

Remark 3.3.1. Near the transition points, the Shishkin and Bakhvalov meshes do not satisfy

the inequality |ﬁi+1 — Bl| < CN_2. Thus, we cannot extend our analysis to these meshes.

3.3.2 Discretization of the problem

In this section, considering the collocation approach, we discretize the problem (3.1.1) using

piecewise quadratic C*-splines. We denote the mesh intervals by I; = [x,_1, z;], and the
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collocation points are chosen as midpoints of these intervals i.e.,

. . h.
Xj:l’j_l/giz—:l’j_l‘i‘—J:J?j—?j, forjzl,Z,...,Nx.
For m,p € N (m < p), we define
S (A) :={reC™0,1]: 7|, € Py, forj =1,2,..., N, }.

To discretize (3.1.1), we consider a vector of splines whose components are in S5 (A) and sat-
isfies the BVP (3.1.1) at certain points. It is known that the midpoints of /;, j = 1,2,..., N,,
are the best choice for collocation with quadratic C''-splines for regularly perturbed BVPs
(see [110]). Next, we define the quadratic nonuniform and nonsmooth splines B () € S3(A)

forj=0,1,2,..., N, N, + 1 as follows:

( (371: x)?
By () = hi

0, otherwise,

, Xo < T K,

\
'E% — (2, — x)* N (x — )?

To ST K Ty,

B Raln+hy
By (r) = N(xi;xl, 1 < x < 2o,
hi(hy + hs)
0, otherwise,

\
andforj=2,3,... N, —1,

(z — x;_5)°
o1 (hyor + hy)’
r—ajo)(x;—x) | (T —x)(@— )

Tj2 ST K Tj1,

Tj—1 ST < xy,

B(x) = hi(hia+hy) hy(hj + hy1)
! Tjr1 — X 2
- Tj ST Ty,
hja(hy + hjg1)
0, otherwise,
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while for 7 = N,, N, + 1 these are given as

¢

(z —xN,-2)
1 (-1 + ha,)
By, (z) = h?v,c — (7 — me—l)z X (rn, — 93)2
ha, hy,(hn, -1+ hy,)

0,
\
4

(x B;Nz_l) 1 INy—1 ST < TNy s

By, 1(r) = hy,
0, otherwise.

IN,—2 ST < TN, -1,

IN,—1 ST < TN,

otherwise,

The discretization consists of finding & whose components are in S3(A) such that

'LNI,O = ’INI,(O) = 0o, (ﬁ’&)j_l/g = gj—1/27 ’LNI,NQC = '&(1) = 01, ] = 1, 2, ce ’Nm- (334)
Using the component-wise form, for £ = 1,2, ..., ¢ it can be written as
(Ur)o = 0ok, (Lrtik)j—1/2 = (gr)j—1/2, ()N, = 01k, J=1,2,...,N,.  (3.3.5)
We represent each component of the collocation solution u as
Ng+1
(3.3.6)

ip(z) = Y apBi(z), k=121
7=0

where the coefficients «; ; can be determined by solving the following system obtained by

using (3.3.6) in (3.3.4). This system can be written in the form

ok = 0ok, |Laglj—1/2=9j-1/2, 7 =1,2,..., N,

AN, +1,k = O1,k, k= 17 27 s 767

(3.3.7)

where [Lay];_1/2 comes from the discretization of (Lu);_1/, and is given by

2(ak — aj-1k)
hji(hj + hj_1)

o [2(0p1e — )
hj(h; + hjs1)

[Lak]j,1/2 = —c
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m=1

hj

+
where g™ ' = ——2
9 4(hj+hjv1)

where

(G =(§0,1791(X1)7 e

and q; = 75

h;

¢
+ Z(bkm)j—l/Q [q;rajﬂ,k + (1 - q;-r - Qj>aj,k + qj‘aj—l,k:| , J=1,2,..., Ny,

. Combining all the equations, we get the system

-~

1% component

-

2nd component

T
\Qo,ey gZ(Xl)v - 798<XN1)7 01,2) )

TV
Zth component
P = (Oé(),l, 11y AN, 1, AN 41,1, X022, X125+ - -, ON, 2, ON 41,25+ - - - - s
N TV d NV -
15t component 2nd component

Qop, A0, - -

-~

@th component

The matrix A is given as

T
i) OéNz!? aNz‘i’l»E) °

Ay A o0 Ay
A Ag Ay .. Ay 7
A Aw o Aw

where each Ay, is a submatrix of order (N, + 2) x (N, + 2). These submatrices are given by

0 an,+1N, kk  ON,+1N,+1kk

0 0 0

62
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a1 gk Q22kk QA23kk 0 0
0 agokk A33kk 340k 0

AN, +1N,+2,kk
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where
8e2q;_ _
Qii—1kk = — =, : + b (Xi—1)g;_4,
i1
8e2q | 8e%q B
Qi jk = —= L — = L by (Xi—1) (1 — g, - Qi—1)>
hi 4 hi 4
8e2q;"
Qjit1 ok = — e L b (Xim1) g,
i1

fori = 2,3,..., N, + 1. Furthermore, form # k, m = 1,2,... ¢; k = 1,2,...,/, the

submatrix Ay, is

0 0 0 0 . . 0
21 km (22 km 23 km 0 0
0 a32km  A33km  A34.km 0
Akm = )
0 AN, +1Ng,km AN +1Nz+1,km AN 4+1N.+2 km
0 0 0 0
where

Qi1 e = Ok (Xiz1) @1,
Qi kom = b (Xi—1) (1 — g, - C]i_1),

_ +
Qiit1gom = Ok (Xiz1)G 1,

fori =2,3,...,N, + 1.
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3.4 Convergence analysis

3.4.1 SY-interpolation

To find the interpolation 7y whose components are in S5(A), we solve the following interpo-

lation problem assuming that i, € C°|0, 1]
(Igyk)] - (yk)jv ] :Oa]-v"'va7 and (-[gyk>j—l/2 = (yk)j—l/Qa .] = ]-727"'an7
where (yx); = yr(2;), (Uk)j-1/2 = ve(X;), k=1,2,..., L.

Theorem 3.4.1. Assuming b;;(x), g;(x) € C*0,1], for i, j = 1,2,...,(, the interpolation

error u — Iu of the solution w of (3.1.1) satisfies the following bounds:

lu — Iul| <CON,?, and € max |(u— Iu)] | <CN.*>
7=1,2,...,Ny

Proof. First, we make use of the Lagrange representation of the interpolation polynomial

and Taylor expansions to verify that for any y € C*[0, 1]%, the interpolation error on each [;

satisfies
0 ﬁ? (3) 0,, \/ EJQ 4)
e —Lye|l < ol (U= Lyk)i 1| < ey L , k=1,2,...,0. (34.1)
I; I; I;

Using the linear property of 13, the solution components u;, can be decomposed as

w — Iug = (v — I3y,) + ((wL)k - 13(U}L)k> + ((wR)k - fg(wR)k)-

We start this analysis by finding the interpolation error in the regular component. For

I; C [xg, 2N, /4_1], we use the bounds given in Theorem 3.2.3, to obtain

73
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< CON;Pexp ((p + 1)‘1’(pj)>

< CN;3.

Similarly, using the same analysis in the right layer region I; C [z3n, /a+2, TN, ], We obtain
vk — Iug|l;, < CN;2. Also, for I; C [z, /4, Z3N, ja+1), the bounds for h; (using Equation
(3.3.2)) trivially give |Jvy, — I9vy]|;, < CN;?. Thus, by combining all the estimates for the
regular component, we get

||U;C - Igka < CN_3.

T

Next, we consider the left singular component (w,); in I; C [xo, 2y, /4—1]. Using Theorem

3.2.3 and the inequality given in (3.3.2), we get

h3 3x;
_J (3) <C 3N J —3| ,—Az/e
51 (wr)y . € exp( TESIE ) e |z,
eXp<ZZ__:% 1)
€
h
p<—]>
3
exp( p+ 1)N ' max ¥’ (p])>
< CN, ™.

Now for I; C [z, /1, ¥3N, ja+1], We obtain

h3

24 < CNZ,_3€_3’€_MC/E‘[

j
I;

< ON; 3 exp (— )\Ij_l) :

( )(3)

€

Using L'Hopital’s rule, it is easy to see that the term £ 3 exp (—’\xf_:—l) is bounded in

[N, /4, ¥3N, ja+1). Thus, the above inequality gives
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Similar bounds can be obtained for I; C [z3n, /442, T N, using the same arguments as for

(%0, XN, /4—1]. Thus, we get

[(wr)e — I3 (wp)]| < CN,°.

T

Now for the right singular component (wg), in I; C [xo, T, ja—1] (using Theorem 3.2.3 and

the inequality in (3.3.2)), we get

h3 3T,
g B < O3 N3 J —3) _—A(1-=z)/e
24 (wR)kz I ~ € T eXp((p+ 1>€>€ |€ |Ij
Cix; Cy(l -z
< CBNT3 exp( 193]>€—3 exp (_M)
€ €

(1 —
< CN,? exp <C’3$J (=2 1))
£
hy—1—2x;_
< CN;?’ eXp(Og J - X 1)
< CN;?exp (C’g(p +1)N,; ' max \I/'(pj)>

Following the same approach as we have done for (wp ) in the intervals [z, /4, T3n, /441
and [x3n, /442, TN, |, We obtain

(wr)k — I3 (wr)k|| < CN,>.

T

Next, we find the bounds for max |(ue — Iug)_, /|- For this purpose, first, we consider
J=L4,.0 x

v in I; C [zg, T, /4—1] as follows

2+
< C’sQN; 2 exp ( ( fjl ) ) (using Theorem 3.2.3 and the inequality in (3.3.2))
P €

21
< C(N—2 ]
: eXp(<p+-ne)

< on;ep(20(0)

I;

< ON72.

T
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Similar results can be obtained for the intervals [y, /4, T3n, /a41] and [Z3n, /442, Tn,]. Now

for the left singular component in I; C [z, Zn, /4—1], We have

21
< Ce?N2ex < J )5_4 e~ /el
PN+ 1)e | g

< N2 exp(cﬂj ) e exp (%)
€ €

< Ce 2N %exp (%)

< Ce7 2N 2

T

A similar procedure can obtain the same bounds for the intervals [z, /45 T3N, /4+1] and

(%3N, /442, TN, ). Thus, we have

0 " —27£T—2
jomax[((wp)k = B (Wn)k)jyl < C27N

Furthermore, one can use a similar analogy to find the bounds for the right singular component

(wg)- Finally, using the triangle inequality leads us to complete the proof. [
Lemma 3.4.1. Let s, € SY(A) with (sg)j—12=0, j=1,2,...,Ny; k=1,2,...,(, then

8
Isillz; < max{|(sw)j-al, [(sw)sl}, lsillz, < }L/—zmjax{!(sk)jflh |(s);]}-
J
Proof. Refer to [103] for a complete proof. [

3.4.2 Si-interpolation

To find the interpolation I3y, € Sa(A) assuming that y;, € C*[0, 1], we solve the following

interpolation problem:

(Lye)o = (i)o  (Lyr)j—12= Wr)j—12, 3=1.2,...,Noy  (Lye)n, = (Yk) N, s
(3.4.2)
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where (yk)j,1/2 = yk(X]), for k = 1, 2, ce ,E.
Let A : S2(A) — RY=*1 be the operator defined by

[Asil; = a;(sk)j—1 4 3(sk); + ¢;(sk)j41,

h; h;
where a; = =—=*— and ¢; = 1 — a; = =—=—. Then from [93, 111], we have
hj+hjt1 hjthjt

[Asp]; = aj(sk)j—1+3(sk)jtci(sk)jr1 = daj(sk)j—1/2+4ci (k)12 7= 1,2,..., No—1

Y

(3.4.3)
Lemma 3.4.2. The operator A in (3.4.3) is stable, with (s)o = (sx)n, = 0,
1
om0l < 3 mex s}, E=1200
for s, € RN=T1,
Proof. Refer to Lemma 3 given in [94]. L]

Theorem 3.4.2. Assume that b;;(x), g;(x) € C*0,1], fori, j =1,2,...,(, then the inter-

polation error u — I3u of the solution u of (3.1.1) satisfies the following bounds

jmmax|(u— Lu);] <CN*, (3.4.42)
Ju — Lu|| < CN,?, (3.4.4D)
5j:1Ir%aXN |(u — 121'“);/—1/2‘ < CNJ;_Q- (3.4.4¢)

Proof. For the interpolation error i, — I3y, we consider an arbitrary function v, that satisfies
(v — Lyr)o = (e — Lye)n, =0, k=1,2,...,¢

Using the definitions of Si-interpolation and the operator A given by (3.4.2) and (3.4.3),

respectively, we have

Tund = Ny — Lye)l; = a;(ye)j—1 — 4a;(yr) j—1/2 + 3(y); — 4¢;(Y)j+1/2 + ¢ (Yk)j41,
(3.4.5)
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forj =1,2,...,N,, k=1,2,... (. Furthermore, we use the Taylor series expansions to
get
1~ ~ ~ 7 " 5 74 74 (4)
Tyl < TGhalierl g = Rsll (i)l + gg maxi{hy, i MW Dsllons,. (3.4.6)

Now, the interpolation error can be decomposed as

w, — Iyu, = (vp — Lyvg) + ((wL)k - le(wL)k> + ((wR)k - Izl(wR)k)’
or
Tug,j = Togj T T(wr)k»j + T(wR) k3 -

To find the error, we start considering the regular component. For I; C [z, zn, /4_1], we use

Theorem 3.2.3 and the inequality (3.4.6), to get
7ol < C <ﬁjﬁj+1|ﬁj+1 — Iyl + max{%?ﬁﬁﬂ}) :
Now as ,flj < Ejﬂ holds in [z, zn, /4-1], SO

| Tug| < C<h§+1|h]‘+1 — hj| + h?—l—l)

2% 4,
<Cle2N e ¢)+54N_4e (¢)>
< : Xp(<p+1>e = PN+ e

o (p+1)e

< ON;texp (4‘1’(Pj+1))

< ONA

xT

Moreover, for x; € [, /4, T3, /411], it is Obvious to prove that |7, ;| < C'N*. A similar

bound can be proved for z; € [#3n, /412, Zn,]. Therefore, using Lemma 3.4.2, we get

— I < —4
J:(l]”IiaX’Nz |(Uk’ IQUk)]| < CNJ:
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Now in the process of finding the bounds for (wp ), we use the fact that Ej < 7Lj+1 for

x; € [0, ¥ N, /4—1], which yields

l-~ = ~ 5 =y 7 4
Tyl = il el + 5o max{hl, A Mo sl o,

<O (h§+1!hj+1 — Ryle e, + ’N”b?+1€4|€m/sffju1j+1)
<C N74 exp ij-‘rl ’67)\95/5|I + N74 exp 4xj+1 |ef)\ac/€|l ;
h v (p+1)e J ‘ (p+ e it

£

< ON;*exp (C’l(p +1)N; ! max \IJ’(ij))

|T(wL)kvj| <

< ON*.

Similar bounds can be obtained in [z3y, 442, T N, |- Moreover, it is easy to prove Twr)pj <

CN_*for z; € [z, /4, 23N, /a+1]. Therefore, using Lemma 3.4.2, we get

Cmax_ |((wp)k — I (wr)k);| < CN;*
7=0,1,...,Ng

Similar arguments can be used to derive the bounds for the right singular component (wg)y
(we skip the analysis here). The estimate in (3.4.4a) can be attained directly by combining all
the interpolation errors for three components. To prove (3.4.4b), we use the triangle inequality

as

e — Lull < flu — Lul| + [[I3u — Lul|

< u—Bul+ _max |- Lu))

Now using the fact (I u); = u;, j =0,1,..., N,, Lemma 3.4.1, Theorem 3.4.1, and (3.4.4a),
we obtain the estimate (3.4.4b). Furthermore, to obtain the inequality (3.4.4c), we use the

same approach as we have used for (3.4.4b). For this purpose, we write

| (up — [21Uk);‘,—1/2| < (ur — [guk);'/—l/2| + |(Iguk - ]21Uk:);/—1/2|
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8
< (up = Bug) ol + j_dbax, }72|(Uk — Lyug);l.

Hence, the proof is completed using Theorem 3.4.1 and inequality (3.4.4a). 0

Theorem 3.4.3. We assume that there exists a constant p. > 0 such that
maX{ﬁj+1,%j_1} 2 ,u?zj, ] = ]_, 2, ey Nac — 1, El Z /J/ﬁ27 Cll’ld%Nx 2 MfﬁNx_l.

Then the operator Ly, is stable in the maximum-norm being

[Livrlj—1/2
Nj—1/2,k

L k=1,2,...,

~

el <3 _max

0
Q;__qj_)aj:1727---;Nx7k:1,2,...,€.

Proof. Note that qj, q; € (0,1/4), therefore n;), > 0, j = 1,2,..., N,. For arbitrary

vectors 7y € Rév =+2we define the operators Ay, by

+7j,k7 j:1727aNx

[Ak’)’k]j—l/zz— [ (%“’k VJ”C) . (%k Vi 1,k>

Nj_1/2,k Ej (%] —I—ﬁjﬂ) %j(ﬁj + Ej—l)

The operators A, are well defined due to the positivity of all n;_; /2 ;. We get the required
result as in [94]. O

Theorem 3.4.4. Let u be the exact solution to (3.1.1) and u is its approximation on the

exponentially graded mesh, then
lu —a| < ON;?

Proof. We generalize the approach given in [105] for a scalar problem to a system. Using the

triangle inequality, we have

g — Gl < [Jur — Lugl| + || T3ue — ),
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fork =1,2,..., /. Making use of B-spline functions, we write the interpolant ]y, as
Ny+1
Lug(z) = Z BixBj(x), fork=1,2 ... ¢
=0
[L(ok — Bi)lj—1/2 = Li(ie — Iyug)j—1jo = *(Iyup — ug)j—1j2, j = 1,2,..., N

Finally, Theorems 3.4.2 and 3.4.3 give
lay, — Bkl < CN, 2.
Since each ‘B; > 0 and the sum of all basis functions equals 1, so
115w —al| < [l — Bill < CN, 2.

We now apply Theorem 3.4.2 to complete the proof. U

3.5 Numerical outcomes and discussion

In this section, we examine the verification of the theoretical estimates provided in the previous
section by considering two numerical examples. The error estimates (in the maximum
norm) are obtained using the double mesh principle [112]. The maximum pointwise error is
computed as

epr = max |tk (z95-1) — Uk(xj-1/2)],

where 1, and uy, represent the computed solutions by considering NV, and 2N, mesh partitions,

respectively. We also compute the corresponding order of convergence as

v, In(egz/edt)
e = In2

Furthermore, we calculate the e-uniform maximum pointwise error efgv * and the corresponding

e-uniform order of convergence n,iv * as follows
N,

€y =maxe;,
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e (e /)
k In2

Remark 3.5.1. All the above estimates are calculated for k = 1,2,... /.

We have also calculated the overall error e’V as follows:

Ne = max(max e, ).
£ k)

k

e

Finally, the corresponding orders of convergence are given by

N, _ In(e/e*™)
N In2

From a practical point of view, we have calculated the uniform errors over a finite range of €

values (¢ = 1,107%,...,10719).

In the test problems, for simplicity, we take ¢/ = 2 in the first problem and ¢ = 3 in

the second problem. The solution components are denoted as u; (exact solution) and

(numerical solution), respectively. Moreover, the solution in vector form is denoted by bold

letters.

Example 3.5.1. In this example, we consider the following system of two equations:

—2u +2(1 4 2)%uy — (14 2%)uy = 267,
2.1 T \/_ 11—z _
—e*uy — 2 cos o jut (14+vV2)e Tuy = 10z + 1,

Ul(O) = ul(l) = 0, UQ(O) == U,Q(l) = 0.

For this example, the matrix B, g(z), g9, and g, are as given below

o1 +1)2  —(1+2%

B = )
—2 cos (%x) (1+V2)el™
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Example 3.5.2. In this example, we consider the following system of three equations:

—e®u) 4+ 3uy + (1 — 2)(ug — uz) = €*,
—e%uly + 2uy + (4 + x)uy — uz = cos,

—&®ul + 2uy + 3uz = 1 + 22,

Ul(()) = ul(l) = O, ’LLQ(O) = Uz(l) = 0, Ug(()) = Ug(l) = O
For this example, the matrix B, g(), g9, and g; are as given below

31—z —(1—ua)
B=12 442 —1 , g(2) = (e, cosx, 1+2*)T, 9o = (0,0,0)", 0, = (0,0,0)7.
2 0 3

The solution of the system exhibits twin boundary layers in the neighborhoods of z = 0
and z = 1. As explained above, the uniform mesh is unsuitable for resolving these layers, and
one cannot obtain parameter-uniform estimates on this mesh. So, the numerical results for both
examples are obtained using the exponentially graded mesh (eXp mesh). Tables 3.1 and 3.2
show the second-order parameter-uniform results for the solutions #; and %5 for Example 3.5.1.
Similarly, for Example 3.5.2, we obtain the parameter-uniform estimates of order O(N ?)
for 4, u9, and us, respectively (refer to Tables 3.3, 3.4, and 3.5). We have also computed
the results for the Shishkin mesh and Bakhvalov-Shishkin (B-S) mesh and compared the
results on these meshes in Tables 3.6 and 3.7. This comparison suggests a parameter-uniform
convergence of orders O(N;2), O(N;21n* N,), and O(N?), respectively. To support this,
we have also calculated e-uniform orders of convergence and s-uniform error constants (see
[113] for the computation of CV+).

Furthermore, we combine the mesh plots of the considered meshes (eXp, Shishkin, and
B-S) in a single plot showing the distribution of mesh points in the layer and regular regions.
Since the eXp and the B-S mesh differ by slightly changing the choice of the mesh generating
function W(p), the mesh points coincide in the plot. We have displayed the presence of
boundary layers in the solution by plotting the 2-D graphs. From Fig. 3.2 it is observed that

the boundary layers for e = 10~* are stiffer (see Figs. 3.2(b) and 3.2(d)) as compared to the
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Figure 3.1: Mesh comparison of eXp mesh, Shishkin mesh, B-S mesh for NV, = 64

boundary layers for ¢ = 1072 (see Figs. 3.2(a) and 3.2(c)) which confirms the theory that for

SPBVPs the width of the boundary layer decreases as ¢ decreases.

Remark 3.5.2. In Fig. 3.2, un, represents the k™ component of the numerical solution on

the partition A.

3.6 Concluding remarks

A numerical scheme that uses the quadratic B-spline functions on an exponentially graded
mesh has been developed for a weakly coupled system of ¢ singularly perturbed reaction-
diffusion equations. The main reason to choose the exponentially graded mesh is its advantage
over other meshes like Shishkin and Bakhvalov-type meshes, as it does not require prior
information about the transition parameter i.e., it is independent of the transition point(s).
The estimated theoretical bounds on the spline interpolation error show that the method is
second-order convergent irrespective of the £ value. The numerical results in the tables
validate the theoretical estimates regarding the orders of convergence and the errors estimated

in Section 3.4.
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Table 3.1: Maximum pointwise errors mw\ ¢ in the solution ; for Example 3.5.1

N,
€ 64 128 256 012 1024 2048 4096
1072 3.4414e — 03 8.7439e¢ — 04  2.1556e — 04  5.2958e — 05  1.3095e — 05  3.2550e — 06  8.1124e — 07
1.9766 2.0202 2.0252 2.0158 2.0083 2.0045
1074 3.457le — 03  8.7821le — 04  2.1656e — 04  5.3212e — 05  1.3159e¢ — 05  3.2708e — 06  8.1520e — 07
1.9769 2.0198 2.0249 2.0157 2.0083 2.0045
1076 3.4573e — 03 8.7825e¢ — 04  2.1658e — 04  5.3215e — 05  1.3159e¢ — 05  3.2710e — 06  8.1529e — 07
1.9769 2.0198 2.0249 2.0158 2.0083 2.0045
1078 3.4573e — 03 8.7826e — 04  2.1658e — 04  5.3215e — 05  1.3159e¢ — 05  3.2760e — 06  8.2269e¢ — 07
1.9769 2.0198 2.0249 2.0158 2.0083 2.0045
10710 3.4573¢ — 03  8.7826e — 04  2.1658¢ — 04  5.3215e — 05  1.3159¢ — 05  3.2765¢ — 06  8.2278¢ — 07
1.9769 2.0198 2.0249 2.0158 2.0083 2.0045
el 3.4573e — 03 8.7826e — 04  2.1658e¢ — 04  5.3215e — 05  1.3159e¢ — 05  3.2765e¢ — 06  8.2278e — 07
v 1.9769 2.0202 2.0252 2.0158 2.0083 2.0045
ChNe 14.16 14.38 14.19 13.95 13.79 13.74 13.75
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Table 3.3: Maximum pointwise errors mw\ ¢ in the solution u; for Example 3.5.2

N,
£ 64 128 256 512 1024 2048 4096
1072 1.8695¢ — 03  4.7469¢ — 04  1.1770e — 04 2.9012¢ — 05  7.1840c — 06  1.7866e — 06  4.4546¢ — 07
1.9776 2.0119 2.0204 2.0138 2.0076 2.0038
107*  1.8675e — 03  4.7416e —04  1.1756e — 04  2.8978¢ — 05  7.1757¢ —06  1.7845¢ —06  4.4494e — 07
1.9777 2.0120 2.0204 2.0138 2.0076 2.0038
1076 1.8675¢ —03  4.7416e —04  1.1756e — 04  2.8978¢ — 05  7.1757¢ —06  1.7845¢ —06  4.4496¢ — 07
1.9776 2.0120 2.0204 2.0138 2.0076 2.0038
1078 1.8675e¢ — 03  4.7416e —04  1.1756e — 04  2.8978¢ — 05  7.1757¢ — 06  1.7845¢ —06  4.4496¢ — 07
1.9776 2.0120 2.0204 2.0138 2.0076 2.0038
10710 1.8675¢ — 03  4.7416e — 04  1.1756e — 04  2.8978¢ — 05  7.1757e¢ — 06  1.7845¢ — 06  4.4496e — 07
1.9776 2.0120 2.0204 2.0138 2.0076 2.0038
eNe 1.8675e —03  4.7469¢ — 04  1.1770e — 04  2.9012e — 05  7.1840e — 06  1.7845¢ — 06  4.4496e — 06
v 1.9776 2.0120 2.0204 2.0138 2.0076 2.0038
ChNe 7.64 7.76 7.70 7.59 7.52 7.48 7.49
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Table 3.5: Maximum pointwise errors mw\ ¢ in the solution 3 for Example 3.5.2

2&
3 64 128 256 512 1024 2048 4096
1072 1.4829¢ — 03 4.1205e — 04  1.0335e — 04  2.5429¢ — 05  6.2959¢ — 06  1.564le — 06  3.8974e — 07
1.8475 1.9953 2.0230 2.0140 2.0091 2.0047
10~* 1.4837¢ — 03 4.1227e — 04  1.0340e — 04  2.5442e — 05  6.2991e — 06  1.5648e — 06  3.8993e — 07
1.8475 1.9954 2.0230 2.0140 2.0091 2.0047
107° 1.4838¢ — 03 4.1227e — 04  1.0340e — 04  2.5442e¢ — 05  6.2991e — 06  1.5648e — 06  3.8993e — 07
1.8475 1.9954 2.0230 2.0140 2.0091 2.0047
1078 1.4837¢ — 03 4.1227e — 04  1.0340e — 04  2.5442e — 05  6.2991e — 06  1.5648e — 06  3.8993e — 07
1.8475 1.9954 2.0230 2.0140 2.0091 2.0047
10719 1.4837¢ — 03  4.1227e — 04  1.0340e — 04  2.5442¢ — 05  6.2991e — 06  1.5648¢ — 06  3.8993¢ — 07
1.8475 1.9954 2.0230 2.0140 2.0091 2.0047
ey” 1.4837¢ — 03  4.1227e — 03  1.0340e — 04  2.5442e¢ — 05  6.2991e — 06  1.5648e — 06  3.8993e — 07
3%5 1.8475 1.9954 2.0230 2.0140 2.0091 2.0047
o 6.07 6.75 6.77 6.66 6.60 6.56 6.55
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Table 3.7: Uniform maximum pointwise errors comparison in the solution for Example 3.5.2

eXp mesh Shishkin mesh B-S mesh
N, ele N C'Ne ele e CO'Ne eNe e C'Ne
128 4.741(—4)  2.012  7.76 1.442(-3) 1.563  2.92 4.672(—4)  2.002  7.65
256 1.175(—4)  2.020 7.70 4.878(—4) 1.672 292 1.166(—4) 2.014  7.64
512 2.897(—=5) 2.013  7.59 1.530(—4)  1.707  2.71 2.886(—5) 2.010 7.56
1024 7.175(—6)  2.007  7.52 4.685(—5)  1.768  2.45 7.161(—6)  2.004  7.50
2048  1.784(—6)  2.003  7.48 1.375(=5)  1.891  2.12 1.785(—6)  1.994  7.48
4096  4.449(-7) - 7.49 3.706(—6) - 1.70 4.446(—7) - 7.49
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Figure 3.2: Numerical solution plots of Example 3.5.1 (subfigures (a) and (b)), and Example
3.5.2 (subfigures (c) and (d))
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A robust numerical technique for a
weakly coupled system of parabolic
singularly perturbed reaction-diffusion

equations

In mathematics, a class of models known as weakly coupled systems of parabolic sin-
gularly perturbed reaction-diffusion equations is a model that can be used to illustrate the
complicated dynamic relationship between diffusion and reaction processes in complex sys-
tems. The phrase “weakly coupled” denotes that the interconnections among the variables
are relatively unnoticeable compared to their dynamics. Nevertheless, despite their limited
strength, these couplings can still give rise to complex dynamics and impact the collective
behaviour of the system as a whole, hence facilitating the creation of patterns and spatial

organization.

The work of this chapter has been published in the following publication:
S. Singh, D. Kumar, J Vigo-Aguiar, “ A robust numerical technique for a weakly coupled
system of parabolic singularly perturbed reaction-diffusion equations.” J. Math. Chem., 61

(2023), 1313-1350.
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The system exhibits a singularly perturbed characteristic, resulting in the emergence
of boundary layers. These boundary layers are narrow regions where variables undergo
fast fluctuations. The layers mentioned above are of utmost importance in determining the

comprehensive behavior of the solution.

4.1 Problem statement

Time-dependent singularly perturbed problems (SPPs) can be described by the Burgers’ and

Navier Stokes equations. These problems occur in several models, like for saturated flow

in fractured porous media [99], the well-known linear double-diffusion model [99], and the

bone diffusion process [100]. First, we consider the following singularly perturbed parabolic

reaction-diffusion initial boundary value problem IBVP)on Q = Q, x Q; = (0,1) x (0, 7]
oy 0%

Sy IZE—E@‘FQ(I t)y:f(x,t), (iC,t) € Q’ (4113)

y(0,t) =q(t)in Q;, y(1,t) =7r(t)in Q,, y(z,0)=0in Qy, (4.1.1b)

where @, = {(0,0)| 0 <t < T} Q. ={(1,)|0<t < T}, Qo ={(2,0)] 0 < <1},
The boundary of Q denoted by 9Q = O\ Q includes initial (Q;) and lateral boundaries (Q;
and Q,) of the domain. Mainly in this chapter, we are concerned with a general weakly-

coupled reaction-diffusion system (m number of equations) of the following type

ay %y
gyi= Y et Aty = fa1), (1) €Q= Q. x Q, (4.1.2a)
y(0.t) =q()in Q, y(L,t)=r()in Q:, y(z,0)=0in Q,, (4.1.2b)

where £ = (£, Lo, ..., L), € = diag(c,e,...,¢), f(x,t) = (fi(z,t), folx,t), ..., fulx, 1)),
A = {ay(z, )}, y(z,t) = (12, 1), 322, 1), ... ym (@, )T @ = (01,20, )

r = (ry,79,...,7m)7. The operator £, can be defined as

0
Ly = yk - Z sl

This kind of system is pervasive in modeling chemical reactor theory, turbulence in water
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waves, and control theory. The entries a;;(x,t) of the coefficient matrix A are assumed to

satisfy the following positivity condition

Y a;>a>0, a; >0 1<i<m,
=1 (4.1.3)
a; <0, for i # 7.

We also assume that A is a diagonally dominant matrix. Otherwise, we can apply the
transformation v(z,t) = y(z,t)e”* with sufficiently large « to transform the diagonal
entries in such a way that they satisfy first condition of the Equation (4.1.3) (see [114]). We
assume that a unique solution y € (C*?(Q) N C*2)(Q))™ exist by assuming sufficient
smooth and regular data of the problem (4.1.2). The following conditions are also assumed

on the boundary conditions and source functions

qV(0) =r"Y(0) =0, 1=0,1,2,
itio it+io 4.1.4)

which are inspired by the compatibility conditions required for the equations of type (4.1.1).
Several ways can affect the numerical analysis of SPPs depending on how the magnitude of
the parameter varies. For example, for two equations (m = 2), we have the following cases
1)0<e;=6<1,341)0< ey <1,e9 =1, (iil) €1 and &, are arbitrary. These cases can be
generalized for the system containing the m number of equations. The analysis for cases (i)
and (ii) is more straightforward than case (iii) because in case (iii), the solution components

may possess a sublayer for each of the perturbation parameters.

4.1.1 Literature survey

A sufficient amount of literature is available for singularly perturbed systems (for m = 2)
containing the above three cases. For m = 2, Madden and Stynes [41] developed a first-
order uniformly convergent scheme for singularly perturbed BVPs. Later, improved order of
convergence (from first-order to second-order) was established by Linfl and Madden in [43]

concerned with the same equation as in [41]. In [52], Lin3 and Madden considered a system
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of m > 2 equations assuming the coupling matrix is strongly diagonally dominant with the

conditions

Qg

a;(z) >0, Zlél%}f <l,i=12,....m
X

Their work used Shishkin, Bakhvalov, and equidistribution meshes to compare their
parameter uniform results. Taking ¢, = ¢, Vk and a coercive coupling matrix A, Bakhvalov
[33] established second-order convergence in his paper. Das and Natesan [64] dealt with a
system of BVPs with Robin-type boundary conditions using a hybrid scheme that combines
central difference and cubic spline approximations in different regions. Das and Vigo-Aguiar
[50] proposed a second-order uniformly convergent technique on a layer adaptive mesh whose
construction uses the equidistribution of a positive valued monitor function. For m = 2, a
system of parabolic IBVPs with the same diffusion parameters was considered by Shishkina
and Shishkin in [115]. They used classical finite difference schemes and obtained almost
second-order s-uniform estimates in the spatial direction. Clavero et al. [116] proposed a
numerical method combining Crank-Nicolson discretization in time with the central finite
difference in space on the Shishkin mesh. Kumar and Rao [117] devised a method based on
Schwarz domain decomposition for singularly perturbed reaction-diffusion IBVPs. Then,
they extended this method for a system (m > 2) of IBVPs. Singh and Natesan [51] studied a
system of two reaction-diffusion BVPs applying the nonsymmetric discontinuous Galerkin
finite element method (NIPG method). They proved the first and second-order uniform
convergence depending on the degree of the piecewise polynomial used in finite element
space. Recently, Shakti ef al. [59] proposed an optimal numerical technique using adaptive
mesh by taking different diffusion parameters and comparing the uniform, Shishkin, and
adaptive mesh accuracy. Further, one can review the references in the above-cited articles for

more numerical methods.

The chapter is organized as follows: In Section 4.2, some basic properties and bounds
on the exact solution and its derivatives are established. The numerical scheme, including
the mesh construction and the temporal and spatial discretization, is developed in Section
4.3. The error estimates through S and S! interpolations are obtained in Section 4.4. To

validate the theoretical findings, two test problems are considered in Section 4.5. Finally,
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some concluding remarks are included in Section 4.6.

Throughout the chapter, we have used C' as a positive generic constant independent of the
perturbation and mesh parameters, which can take different values at different places, and
C = (C,C,...,0)is used for a positive generic constant vector. Moreover, a subscripted C

(e.g., C) is used for a constant.

4.2 Continuous problem

This section deduces some bounds on the exact solution and its derivatives to the problem
(4.1.2). The coupling matrix A is assumed to satisfy the condition (4.1.3). Under these
assumptions, we establish the maximum principle for the differential operator £ and prove

that it satisfies the stability results in the maximum norm.

Lemma 4.2.1. Assume thaty € (C*Y(Q)NCOY(Q))™ such thaty(x,0) > 0on (0,1) and
y(0,t) >0, y(1,t) > 00n (0, T). Then Ly > 0, ¥V (z,t) € Q implies thaty > 0, ¥ (z,t) €

Q.

Proof. We contradict the statement by assuming that there is a point (2, ) € Q\9Q such that
min{y, (2, %), ..., Ym(&, 1)} = min { min yy(z,t), min ye(z,t),..., min y,(z, t)} < 0.
(z,t)€Q (z,t)€Q (z,t)€Q

A

Without loss of generality, suppose that y, (&,1) < y5(%, 1)

IN

- < Ym(Z,1). At the point

(1), we have the following conditions

0 0 02
Gl g, L y21 >0,
and from the first equation of £y, we obtain
a (O Py ¢
R SR )
(=1 (@,0)
< Z alf(:%? f)yl(ia ft) + Z a’lf(£7 f)(yg(flf, tA) - yl(i'a g))a
=1 =2

< Zaw(f,f)%(i,f) <0
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Therefore, we have

£1y(i' ) tA) < 07
which contradicts the hypothesis. Hence, we conclude the result. [

Lemma 4.2.2. The solution y to the problem (4.1.2) satisfies

1
lylle < [Iflle +max{llalig,. lIrllg, }-

Proof. This lemma can be easily proved by implementing the maximum principle on the

1 —
barrier functions ®*(z,t) = &HfH@ + max{||qllg,, Irllg,} y(z.t), (z,t) € Q. O

Lemma 4.2.3. The solution y to the problem (4.1.2) satisfies

Proof. We use the barrier function ¢ = (1 + ¢)C to prove the result. First, to prove the result

oy

W <C, l:0,1,2

Q

for y,, assume p = y;. On Q; U Q,., p satisfies
Ip(x, t)| < max{|g;|, [r|} < C,
teQy
and on Q, taking continuity of initial condition, we get
Ip(z,0)lg, = [1f(z,0)lg, < C.

Differentiating (4.1.2a) w.r.t. ¢, to get

Sp:ft_Aty7 (Cl?,t) € Q:

where A; = (ag;j ) We use previously defined barrier function ¢ = (1 + ¢)C to prove

Ip|llg = llysllg < C. The analysis for g = y; follows

lg(z,t)| <C, (x,t) € QUQ,
lg(z,0)llg, = Ife(,0) — Ay + Ef sa(x,0) — Af (2,0)|lg, < C,
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‘Qq = ftt - Atty - 2Atyt7 (:C7t) € Q7

where A;; = (%) Again, using 9 = (1 +t)C, we have ||q||g = |lyu/lg < C.

Now, we decompose the exact solution as

y: 174 +w:wl+wr,
~— ~— ——

regular component singular component

where the regular component v satisfies

)
Lv=f in Q,

v(z,0) =0, on Qy,

v=2z,0onQ,UQ,,
\

and z is the solution of

zi+Az=f, (z,t)e(QU QT)\{(O’O)’ (1, 0)}7
z(xz,0) =0, x€{0,1}.

The left and right components of w are the solutions to the following problems

(

wl(x,O) = 07 on Qb,

w;(0,1) = q(t) —v(0,t) —w,(0,t), w;(1,¢t) =0, t € Q,.

\

;

Lw, =0, in Q,

w,(x,0) =0, on Q,

w,(0,t) =0, w.(1,t) =r(t) —v(1,t), t € Q.

\
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Theorem 4.2.1. The solutions of (4.2.1), (4.2.3) and (4.2.4) satisfy the following bounds

0" v <O+, for0<i<4, 1<k< (4.2.52)
—— or ? m 2.
oxtoth | — ’ - - T
aiJrjwl;k —i/2 —xz\/ /e :
—— | < (e , for0<i<4, 1< k<m, (4.2.5b)
oxtotI
i+j )
0 Wrik | o cemil2e=(-0V/o/s - g0 <i<4,1<k<m. (4.2.5¢)
oxtotI
Proof. The bounds can be easily obtained using the similar ideas of [116]. [

4.3 The proposed scheme

This section presents the construction of the mesh and brings into effect the offered numerical

scheme to the problem (4.1.2).

4.3.1 Discretization in time

This discretization process of the problem (4.1.2) includes the Crank-Nicolson technique
on an equidistant mesh. We divide [0, 7] into M; subintervals with step size Jt = M% and
consider a uniform partition Q," = {t; = jot, 7 =0,1,..., M} of Q, = [0, T] in the time

direction. At the (j + 3)-th time level, Equation (4.1.2) is discretized as

@O(a:) =0, z€ @17 (4.3.1a)
Lﬁ“uaz—gafm»+($1+éi§9)?“@a=gﬂ%m7xegmjzo

(4.3.1b)

770 = alty), 771 = 7(ti1a), 5 20, @319

+1

. . . . s 1 ~1
where I is the identity matrix of order m x m, A7"2(z) = (ay/(x, tj+%))1§k7l§m, v

y(x,t;41) represents the solution of the Equation (4.3.1) at the (j + 1)-th time level, and

#70) = P+ S+ (- S5 R
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For the components i7", k = 1,2, ..., m the above equation can be written as
yo(z) =0, (4.3.2a)
1
L §J+1(x) (yg+1) (z) + 1 + a‘;,ZZ(x) ~]+l i % (z) = gj-l-l( )
* g e ot 2 — k ’
17
(4.3.2b)
T0) = gt B = nltyn), 520, (3320
where

0 = 174+ 5 + (& - g - LS e

The study of local truncation error (LTE) requires the solution of the following auxiliary

problem
N E 1. A2 "y A
L' (o) = 57 @) + (1 + 55 )7 ) =0, e 0z
(4.3.3a)
¥ H0) =q(tj), ¥ Q) =r(tjh), 5 >0 (4.3.3b)

Lemma 4.3.1. The LTE associated to the Equation (4.3.1), defined as e’™' = y(x,t;41) —
v (@), satisfies || e’ < C(0t)3.

Proof. The proof is analogous to the proof of Lemma 2.3 given in [89]. [l

J
Lemma 4.3.2. We define the global error by E7 = Z e", which satisfy the following bound
n=0

1B < C(ot)*, j <

5
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Proof. We have

4 T
Jl — < L
12| s

J
2 e
k=1

<lle'll +lle*|l + -+ lle’]l.

The use of estimate given in Lemma 4.3.1 gives

IE7|| < Cj(5t)°
— (2 (o)
< O(6t)*T, since j < M,
< O(dt)>. O

From the Lemma 4.3.2, it is evident that the semi-discretized scheme (4.3.1) is convergent
of second-order in time. We can decompose the k-th solution component g;’“ (x) as gi“ (x) =
vith(z) + wlj;zl (x)+ wﬁll (x), where the components derivatives satisfy the following bounds

(see [50, 89, 116] for detailed analysis)

d J+1 ' o

”2—,(“‘) <O +e"?), €0, 0<i<A4, (4.3.42)
IZ

diw T (z . _

%() < Ce™Pe Ve 2 €Q,, 0<i<4, (4.3.4b)
xl

diw T (x A _

;’—’“,() < Ce7 e ImoVeE) e Q,, 0<i <4, (4.3.4c)
:EZ

fork=0,1,...,m.

4.3.2 Exponentially graded mesh (eXp mesh) construction

A well-known fact from the literature tells us that traditional numerical techniques using
uniform mesh are insufficient to solve singularly perturbed IBVPs because they produce
abruptly extensive oscillations near the layer(s). In additional terms, we can modify this
statement as a method can only be developed by using many nodal points on a uniform mesh

that gives a uniform approximation at all mesh points and does not depend on the diffusion
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parameter. From the application perspective, this goal could be more attainable. Therefore,
the situation demands a nonuniform mesh to determine the uniform approximation in the
layer region. This subsection mainly focused on constructing an exponentially graded mesh

that quickly resolves the layer part by introducing more mesh points in the layer part.

First, the interval [0, 1] is divided into M, > 4 (divisible by 4) subintervals I = [z} ,, z]]
to construct the eXp mesh AM= = {z*| 0 < i < M,}. The polynomial space II, is defined
as Ty = {r(z)| deg(r(x)) < s}, where deg(r(x)) denotes the degree of a polynomial r(x).
The mesh generating function W(7), which is a piecewise continuously differentiable and

monotonically increasing function, is defined by
‘I’(U) - ln(l - 2€s,sn)> ne [07 1/2 - 1/Mz]7 (435)

where €, . = 1—exp (— m) € R*. The interval [0, 1] can be split into three subintervals

as [0,1] = [0, 2%, Uz, | 5, U [2%, ;1] The nodal points are given as
a3 et el
(
(3"‘1)\/5\1](772), Z—O,l,...,T—l,
* x%“ B x?\%*l ' C_ M 3M.,
$i=<x%l+< %+2 )(z—Mx/él—i—l), i=5E, ..., 0,
- 3M,

\1_(8+1)\/qu(1_”$)? Z_T_I_la"'aan

where 7; = MLZ fori =0,1,..., M,, and hi = x; —a)_yfori=1,2,... M,. The interval

(2%, D x=;,%+ 1] (with M,./2 + 2 partitions) contains equidistant mesh points and the union
4 4
[0, 2%, JU [fgﬁ+ .+ 1] (with M, /4 — 1 partitions in each subinterval) contain exponentially
4 4
graded distribution of mesh points. The estimates on h; can be evaluated using the mesh

characterizing function ® = exp(—¥) (see [91] for more details)

(

- - M,
C(s+1)y/eM, ! max V' (n;), i=1,2,..., 9 -1,

h . .M, 3M,

hi < § CM;?, i=2A e

KC(s—i— )M ' max W'(1 —n,;), i=3e42 . M,
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which can be further simplified as

i

C(s+1)vEM;  max @[ exp (552 ) . =12, 4 — 1,

hi < S CM:1, i=Me 3 4

C(s+1)y/eM, maX|<I>\exp< +1)\[> i=38 42 M,

\

Using max |®'| < 2, the above estimates can be simplified as

C’\/_M exp< zf)ﬁ>, i=12. . M _q
hi < 9 CM;Y, i=Me 3 4 (4.3.6)

| OvEM; exp( lj'ﬁ), =3 oM,

Additionally, the eXp mesh satisfies

VEM? i=1,2,... M 1

|hisr = hil < C S, i=Me | M 4.3.7)

VEM? i=3 1 M,

4.3.3 Execution of the collocation technique

In this section, we execute our collocation technique to find the solution of the Equation (4.3.1)
by converting the semi-discretized form to a fully discrete form with the use of piecewise

quadratic C"'-splines. The collocation points are denoted by '}

* * 7 7
Tiq +x; x h; . i

Form,s € NU {0} (m < s), we define the following spaces

S™HAMe) = {r € C™0,1] : 7[;» € L, fori=1,2,...,M,},

S';O(AMI) = {r e S™(AM=): r(0) =r(1) = 0}.
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The quadratic splines B;(x) € S}(AM+), i =0,1,..
solution basis for IBVP (4.3.1)

( * 2
ot y<e<a,
Bo(z) = ht
0, otherwise,
\
(0] — (a1 —2)® (v —ap)?
h2 hy(hy + ho)

(x5 — z)*

hy(hy + h)

\ Y

andfor:=2,3,..., M, — 1,

., M, + 1 defined below constitute the

* *
%Sxfﬂfla

otherwise,

x—x,)?
ﬁ( B "fﬁ), 7y <w<apy,
i—1(i—1 i
(z — 35;72)(3321_ ) ($f+A1 _Ax)(% - 37;‘71), 2, <<l
Bi(x) = hi(hi—1 + h;) hi(h; + hit1)
Z (v} — )
— r; <x <y,
Rit1(hi + hiy1)
0, otherwise,
\
while for = M, M, + 1 these are defined as
( * 2
r—x
I Gl VAR | iy ST < T,
har,—1(har, 1 + ha,)
h2 —(x — 1* 2 T* —x 2
By, (x) = M, (A2 Mz—1> _ (AMI )A L owh, o <a<al,
g, hat, (hag,—1 + g, )
0, otherwise,
\
¢ T — I'* 2
T
Bag, 41 () = i,
0, otherwise.
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The approximate solution for the k-th component at the (j + 1)-th time level is taken as
My+1

S (@ Z alt'By(z), j=0,1,..., M, — 1, (4.3.8)

where a{;gl are the unknowns at the (j + 1)-th time level. The component-wise (for k =

1,2,...,m) form of fully discrete scheme can be written as

%0—1/2% =0,
Lyt 12 =gt (x), fori=1,2,..., M,

‘5/0]21 = qi(tjr1), «5/164 P = 11(tj11). (4.3.9)

At each time level, the values of .#}; and .7} at x are given by

2 .
+ | = |, (4.3.10)
(hi(hi + hi—l—l)) o
Substituting these values in (4.3.2b), the L.H.S. becomes
j+1
LMT ]+1 _ E 20[7?—1;]6 I 2 o 2 aj+1
2|\ hi(hi + hi_1) hi(hi +hi—1)  hi(hi + hiy) o

20l i1 L aly ()
hi(h; + hi-‘,—l) ot 2

1 i+3 |4
+ 5 Z (alk)Z—f/z [qz z l ik + (1 - qz - qz ) z—;c_l + q+ gi—llk] ’
I#k,l=1

Ao Gl A a4l
q; OG_q Tt (1—9; —q; )ai;k

ataltl
T4 Qg
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hy o A
mandqZ .—m In the R.H.S., we have

) 2q7 2 ;
g @) = | [ - |,
2 (hi + hi_y) (R +hz 1) hi(hi + higy)

i+1;k agQ(fL’)
e Mﬂ)l ( =)

- ( lk)l 1/2 [qz a_q. ik + (1 - qz - qz )azk + qz z+1;k]

where g =

Qi_azfl;k + (1 - Elz - qj—)az,k

A+
+ qz 'L+1k 2
l#k,l=

+ 17 00).
We combine all the equations and form a system of the type

Ao’ = Ba’ + G,

where
i+3 i+3 i+3 j+3
— 2 (% 2 (4 * 2 (4 * 2 (4%
G = qi, J1 (Xl)v"'7 1 (XM1)7T17q2af2 (Xl)?"'v 2 (XMQ:)7T27“'7
- A - 7
IStcomponent 2ndcomponent
T
J+2 J+2
qm, (Xl)a"'? m (XMz)vrm )
TV
th
m~ component
Jj+1 J+1 _ j+1 Jj+1 J+1 _ j+1 J+1
o —(%17%1’-- O‘Mz+1170402704127~- y QN 41520 0+ s
v Vv
18 component 2 dcomponent
T
41 41 j+1
Q0;m s Xymor - - a]VIx—f—lm :
Vv
th
m component
The matrices A and B are given by
Ay A o0 Ay, By Bz ... Bin
Ao Ay .. Ay, By Bo ... DBon
A — , ]B =
Aml A7n2 s Amm IBml IBmQ s IBmm
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Each Ay, is also a matrix of order (M, + 2) x (M, + 2). The matrix Ay is given as

1 0 0 0 . . 0
A21;kk  O22;kk  O23kk O e . 0
0 sk 033k O34k e e 0
Ay, = ) . . ) ) ) . ’
0 aMuriMakk  OMy 1Mot lkk  OMytr1M,+2:kk
0 0 0 1
where

g '+% *
deq;_y I (i u (Xi—l))A

QAii—1; - T 7= —19
1;kk h?_l 5t 9 i—1
1
4eq1 deq; 1 aﬁa(x’ll)
Uik = —— — —+ 2 ) 1—=§0, — a4, ),
ikk h?_l + h?_l + 5t + 2 qz—l qz—l
1
45(1;&1 1 a‘;i?(xill) ot
itk = — —= — —_— 1,
+1;kk P + 57 + 5 q;_1

fori = 2,3,..., M, + 1. Furthermore, forl # k, | = 1,2,...,m, k = 1,2,...,m the

matrix Ay is given as

0 0 0 0 . e 0
Ao1.0k G220k G230 e e 0
0 agor G330k G344k e e 0
Alk = ’
0 am 1Mk OM M1k OM,+10M, 423k
0 0 0 0
where
1 542
_ 2 * "
Qji—1,0k = §alk (X—1)8i1
1 542
— 2 (¥ at a-
Qji ik = §alk G 1—a —ay ),
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Aiit1,lk =

1
—a

i+
9 Lk 2(

X;‘k—l)qztla

fori =2,3,..., M, + 1. Again, each By is also a matrix of order (M, + 2) x (M, + 2).

The matrix By is given as

0 0 0
le;kk [122;kk b23;kl<:
0 bsgokr b3z
By, =
where

deq;_ 1
bii— 1k = i + (— -

0 bar,+1n:kk
0 0

1

el
aik ’ (Xi—l)) o

1
456!;11 deq;_, 1 aﬁ"’
biikk = — — — = - =
’ h?—l i—1 ot
deq, ~+

Disr1.e0 =—

forv = 2,3,..., M, + 1. Furthermore, forl # k, | = 1,2,...,m, k

matrix 1By is given as

0 0 0
borar  baour  bask
b33.1k

0 baau
Byr=1| .

X 1 ap* (Xi) i
h? | ot 2

0 ba+1mik

0 0

100

(X7-1)
2

i—17

O, +1 0130k

0

bz, 10,4130k

0

bz, 10, +2:kk

0

) (1 - El;tl - Eli_l)a

=1,2

)y =

..,m the

b s, +10,+2:1k

0
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where

1oj+d, . .
biic1k = —5a1k (X181

1 41 .
ik = _ia?k Q(Xz 1) <1 ‘1'71 - qz‘l)v

biit1k = ——am (Xz DAy

fori=2,3,..., M, + 1.

4.4 Convergence and error analysis
In this section, first we find Y7' € S}(AM=) such that
[]LICY]JF }l 1/2 — gi+1(X:>7 1= 17 27 B M:BJ (Yj+1)0 = q(tj+1)7 (Y]JFI)MZ = T(tj-i-l)a

(4.4.1)
where the components Y7 ™" are represented as
Ma+1

Y (x Zd“ ), j=0,1,..., M, —1.

We apply our collocation technique on each component at each time step to get the following

system

sl ™ icie =gl (), i= 1,2, Ma, Gt = arltysn), Shptr = Te(tisn),

(4.4.2)

then, to prove the parameter-uniform convergence, we need error estimates in S and S}-

interpolations.

4.4.1 S)-interpolation

To find an interpolating function 19V} ™" € S§(AM=) for the function Y™ € C°(Q,), we

need to solve the following interpolation problem

(H(Q)Yij_l)l = (Yi—i_l)i, 1= O, ]_, I Mm, and (]I(Q)Yi—i_l)i_l/g = (Yé+l)i_1/2, 1= 1, 2, ce MI,
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where (Yiﬂ)i = Yi(27, tj41), (Yi+1)ifl/2 =Yi(Xi, tj+1), k=12,....m.

Theorem 4.4.1. Assuming a)" Tt e CY(Q,), the interpolating error g’ ™ — 195" in the

semi-discretized solution ﬂj 1 of equation (4.3.1) at each time step satisfies

g Ty’ < O

€ max |G — Iyl < CME

i=1,2,.... M,

Proof. First, using the Lagrange representation and Taylor expansions for interpolating

polynomial, we verify that for any 3’ ' € C*[0, 1]™,

ot < h_?
— 48

7l 07 FTHWI . (4.43)

I

Yk i—1/2

, ’(’Vj+l_ﬂgfy~z+l)//

I

Solution components @ZH can be decomposed by making use of the linear property of I3 as
~j+1 0~+1 __ (. j+1 0,J+1 j+1 0, J+1 j+1 0,,,J+1
e — Ly =00 L)+ (wl;k - ]Ile;k ) + (wr;k - ]I2wr;k )

First, we analyze the regular component as follows. For I C |0, fh,l]’ using the bounds of
4

the Equation (4.3.4), we obtain

~

h3
24

WO <03 PM B exp (L> (14712

(s+1)ve

<CM;? exp(j’é)

< CM;®exp ((s + 1)\11(7%))

I

<CM;>.

Using the bounds for /; from Equation (4.3.6), we get (7 %A

r» < CM, for the
right layer region (7 C [#%., . 1]) and regular region (I C [2%, , 2%, , ]). Thus, for
4 4 4
regular component V,f:H in all the three regions, we have
f+1 _ 10 j+1 -3
™ = T || < OM
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For the left singular component w{f in [} C[0,2%, 1], using the bounds and inequality of

4
Equations (4.3.4) and (4.3.6), we get

h3
24

3z

7

m>€

x¥ x*
<OM,;? e
= eXp(ﬁ \/E)

~

(wfi)® s

efx\/oc/s

< CeMP exp(

I*

k3

I

< C’Mgc_3 exp (%)

<CM,”° exp<(8 +1)M, " max ‘I’/(m))

<CM; 3.

Now for I C [2%,, , ¥%u, N 1], we obtain
4 4

73
LW

< OM;3873/2 e~ /e

I

I

< COM 33 exp (—:ﬁ_ﬂ / g(> .
€

. - o
Here we use L’ Hdpital rule (as limit of £ — 0) to show that the term ¢ ~%/2 exp (—x;*l —)
£
is bounded in [x%,, , %, .. ]. Thus
e i
B e 3) 3
oo (W) <COM;”.
24|k L

Following the analogy of the subinterval [0, z%,, 1], one can easily get the bounds in I C
4

[T% 0 1]. Combining all these estimates, we have
49: +27
j+1 10, j+1 -3

For the right singular component wif in I C [0, 2%, 1], using the bounds and inequality of
; Mg
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Equations (4.3.4) and (4.3.6), we get

h3

v

24

< 053/2Mz_3 exp<( 321
s

)5 —(1—x)y/a/e
+1)ve I

Cixlf\ _ Co(1 — 27 y)
< Ce¥? M3 (1—)5 3/2 exp (——”)
Ve Ve

(wy+1)(3) -3/2|,

I

<CM, exp( 1_$Z 1))
<M e ( -1- sz 1)
<COM;?e (Cg )M max ¥’ (771))
< CM;3.

The bounds in the intervals [z, Mo g 1} and [x*}wx , s, 1] can easily be obtained by following

the previously used approach for wl k . Thus, we get

||wj+1 —HO ]+1|| < OM;S

In the next step we obtain the bounds for max |(y,™ — I3y th)7 Jo|- For this, first

i=1,2,...,M
consider vy, in I} C [0, 2%, 1] as follows
4

*

Qx?
< CeM,?exp (ﬁ) (1 + &) (using Equations (4.3.4) and (4.3.6))

2xr
< C’M_2 7t
= eXp(<s + 1)\/5)
< OM;?exp (2\11(771))

< CM;?>.

h2

_*

R

I;

Similar results can be obtained for the intervals [x%,, , 25,
4

! '+1] and [f%w’ 1]. Now for the

left singular component in I C [0, 2%, 1}, we have
4

h2

7

i e—m\/oc/s
48

j+1
(wix )™

2xt
<C —2 7 —2
= CeM, eXp((sH)\/z)5

Ir I
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T

Previously used approach led us to obtain the bounds for the intervals [27,, , x*%Jr 1] and
4 4

[x’g%w, 1]. Thus,

+1 +1y/ o
i:lr,Izl,z.l..},{Mszljk — Tw {k )i 1/2| <Ce IMJC 2,

For the right singular component wfi,*,f in I} C [0, 2%, 1], using the bounds and inequality of
) 2

Equations (4.3.4) and (4.3.6), we get

h2
48

*
3]

W) 22| p—(1—0)y/a/e

(w )™

< CeM, exp(

I*

(3

I

Ve o)

( 1—562 1))
—1—2
< Ce M3 exp(Cth x’ 1)

< Ce M ?exp| Co(s +1)M,  max ¥’ (771)>

< Ce "M ?ex

< Ca’le’

< Ce M2

and

Previously used approach led us to obtain the bounds for the intervals [z%,, , 2%, N 1]
4 4

[x’gﬂ%ﬂ, 1]. Thus,

1 1 _
_max [(w]pt = BuwlEhl | < CeT'ME,
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As discussed earlier, ]Ig@i“ satisfy linearity, so using the triangle inequality, the proof is

completed. [

Lemma 4.4.1. Let ¢j, € SS(AM=) with (Gr)i1jp =0, i =1,2,..., My, k=1,2,...,m,

then

8
[brllr < miaX{|(¢k)i—1|a [(br)il}, [kl < ﬁmiaX{I(de)i_ﬂ? [(dr)il}-

Proof. Refer to [94]. ]

4.4.2 Sl-interpolation

To find an interpolating function I}Y] ™" € S}(AM=) for the function Y™ € C'(Q,), we

need to solve the following interpolation problem

(Y i1p = (Y1 )it i =1,2,..., My,
(LY7o = (Y3 o, (GYT ), = (Y9 D, (4.4.4)

where (Y,i+1)i_1/2 =Yr(x},tjt1), k=1,2,...,m. From [93, 111], we have

[Adk]i = ai(Pr)i-1+3(Pr)itci(Pr)ivr = dai(br)io1jot+4ci(dr)iziye, i = 1,2,..., Mp—1,
4.4.5)

h hy
where a; = #andci: 1—aqa; = ﬁ-l—hli .
ithiv1 ithiv1

Lemma 4.4.2. The operator A (refer Equation (4.4.5)) is stable, with ()0 = (dr)1 = 0,

7maﬁ ) I[Adbkli|, k=1,2,...,m,

for the vectors ¢;, € RM=F1,

Proof. Refer to [94]. ]
i+l

Theorem 4.4.2. Assuming al!", T € C4(Q,), the interpolating errory’ 17 in the
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semi-discretized solution ﬂj + of equation (4.3.1) at each time step satisfies

_max |G - Ly )i < OM (4.4.62)
g -y < oM (4.4.6b)
giZIIEIE.ij?(M |@j+1 - Hégjﬂ);’—l/ﬂ <CM;2 (4.4.6¢)

Proof. For an arbitrary function )" € C*(Q,), the interpolating error satisfies
(W =Tl ™o = (W3 =Tl ) = 0.
We use Equations (4.4.4) and (4.4.5) to get the following expression for truncation error

T = (AW =T,
= ai(ll)iﬂ)i—l — 4%‘(1%“)1‘71/2 + 3(1%“)1' — 401’(11)?;’_1)#1/2 + Ci(q)?_l)i—i-la
4.4.7)

forv=1,2,...,M,, k=1,2,...,m. Using the Taylor expansions in (4.4.7), we obtain

. 1 . . . . , 5 . .
el < 15 Mttt hiv — hall ()" 1 + % max{h}, b, } (W)@

oy, - (4.4.8)

i+1

Now, the decomposition of the interpolating error is given by
~il T+l Gl ol gt G+l ol gl JHL 1 L
v Ly = Ly + (wl;k — Dywyy ) + (wr;k — Lwyy )7

or

1 j+1 j+1 j+1
v =+

Yk st Vit Wy ke Wit

We start with exploring the regular component in I} C [0, 2%, 1]. Using the inequality
4
(4.4.8) and bounds of (4.3.4), we get
Vi 42

il < C(iliilm’iliﬂ — hil (1 +&7"2) + max{h}, bf, } (1 + 51))-
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Now as h; < fLiH holds in [0, :1:*;\47271], SO
4

< ( 2 Mhisy = hil (14772 + 02 (1 +s‘1>)

< 0(53/2(1 + e V)M exp (A> +e2(1+e )M, *exp <(A)>

4 44
= OM, exp(m)

< OM; " exp (4\If(m+1))

< OM;*

it is easy to prove |t “] < C'M*. Similar result can be proved

When =} € [2%,, T5u, .. ],
= -+l

for 7 € [x%,, .., 1]. Therefore, applying Lemma 4.4.2, we get

4 +27

Jj+1 j+1 < —
omax, |(vy )il < CM*

Finding the bounds for wl k , use of the fact h; < lAlz-H for z} € [0, 2%, 1] gives
4

A 1 5
il < ghibialhies = halllCliY " + g max{hf, by}l ()

Wik,
e—x\/oc/a 2 e—x\/oc/e )
IXur’

i+1
4z
+exp| ——4L
p((wwz)

I;uIr,,

I;u1;+1>

C( z+1|h1+1 - h |5 + iL?—H‘E_

2z
< OM-t i+1
< et (o7
Crohit
\/g
< OM;*exp (C’lo(s +1)M,; ' max \I/'(ni+1))

I

—zy/ /e e—x\/oc/s

e

<CcMm;* exp(

<COM;*

+

Similarly for w; ", we have

. 1 ~ ~ R 5
|T{U+ri,¢| < Ehz‘hi+1|hi+1 hall (w2 1= + %max{h4 R HI (w v

I;UIr,,
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3/2 ef(lfac)\ fofe

2

< C<ilz2+1|ili+1 - }A%‘"Ei em(Imrvale

+ thrl8
Iy

I;u[;H)
2k 4
<om-(e _+1> RN 7 R (_+1) .
= (Xp(<s+w€ e P\t DVE

—(1—x)y/ /e
< OM;*exp (CH(S + 1) M, ' max \IJ'(77Z~+1))

Irulr )

7 i+1

<CM;*
The similar approach can be followed in the subintervals [z, , #3., ] and [2%., ,, 1] for
4 4 4
both the components. Therefore, applying Lemma 4.4.2, we get
max w{;gl — leljzl <CM;* and max wizl — Lw ”1 < OM;*
i=0,1,....My ; i=0,1,...,My :

We skip some analysis as it is analogous to the previous one. We combine all the interpolating
errors to obtain the bound (4.4.6a). To prove the bound (4.4.6b), we make use of triangle

inequality as

||~J+1 1~J+1|| < ||~J+1 0~J+1|| + ||]IO~]+1 1~J+1||

< H'gj-H H0~J+1 j+1 I[1~]+1) |

|+ e |G -1

From SY-interpolation, we have (I%°*"); = %', i = 0,1,..., M,. Using Lemma 4.4.1,

Theorem 4.4.1, and Equation (4.4.6a), we get the estimate (4.4.6b). For Equation (4.4.6¢), we

use
G = LDl <T@ = LRl + 07T =15l
8 :
1 1 1 1
|@%+ HOA%— )i- 1/2| + Orrlle.x.xM 2 |@%+ — Ly )il
Finally, use Theorem 4.4.1 and inequality (4.4.6a) to complete the proof. 0

Theorem 4.4.3. Assume that 1 is a positive constant such that

~

maX{lAziH, ]Ali_l} 2 /Lhz, 1= 1, 2, ce MI — 17 iLl 2 /leg, and ]AlM:r 2 ,ultLMm_l.
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Then the operator 1Ly, satisfies the following stability bound in the maximum-norm i.e.,

j0ull < —21 o | ExOkliue
kIl = i= e |
a0t + it M| ity

forall © € RV = {r € RM=+2 . g =y, ) = 0}, where

1 m

1 i+l 1 1

"Z+1/2k' B Z (aw);_ 12/2[q f+1k+(1—ql —4;) iZ +q; filk}krzl,Q,...,m.
Ik, =1

Proof. Refer to [94]. ]

Theorem 4.4.4. Let i’ ' () and Y7+ () are the solutions to the problems (4.3.1) and (4.4.1),

respectively. Then

”yj+1 Yj—H” < CM—2

g1, = YOl < CM,2, fori=1,2,..., M,.

Proof. To prove the first inequality, we use the triangle inequality

(AR (AN - 7 ARES ST AN RS G AN

1~j+1

The interpolant Ty ' of 7™

can be defined as

Mz+1
Lyt (@) = ) Bly Bilx).

1=0
Thus,

Ly () = B ) imye = (Y — g7 )10, i = 1,2, M.
Since c”“ Bffl € ]RSJ”?, then we use Theorems 4.4.2 and 4.4.3 for

7™ = Y < llei™ = B < oM,
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The process of obtaining the second estimate is analogous to the first part. [
Corollary 4.4.1. Assuming that M P < Cét, 0 < p < 1, then
=Y < COtM PP i =1,2,. .., M,. (4.4.9)

The bound given in the Equation (4.4.9) is needed for establishing the parameter-uniform

convergence of the fully discretized scheme.
Theorem 4.4.5. For M_? < Cdt, 0 < p < 1, we have
ly(xi 1) = Lyl < C((68)7 + M),

Proof. Let f’f; e = Us(X5t) — ,VZ{ 1/2 denotes the error in the k-th component at the j-th

time step. Splitting 55; , using the triangle inequality
Hfzij < lye(xi, t5) — gg—l/Q;kH + Hyg—yz;k - Yz]"—l/Q;k” + ”Yg—l/Q;k - Lgﬂij—l/2;kH'
Since the time derivatives of the solution are bounded, use of Corollary 4.4.1 gives
lE7,l1 < Cot((58)% + M) + YT o = L7 1ol
Stability estimate of Theorem 4.4.3 provide the following result

HYzJ"—1/2;k - fjﬁz’j—l/zkH < lye(xi s tj-1) — 5/@3:11/2“’7

and this recurrence occurs as we move to other time levels and finally, we have our required
estimate

€Il < Cot((38) + M) + i€l |-

A repeated use of this inequality leads to the final result

lyOi 85) — y?—yz” < C((6t)* + M 2*P).
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4.5 Computational experiments

This section delivers some numerical results, which verify our theoretical determinations. We
consider the numerical investigations on three test problems to show the applicability and

efficiency of the present method.

Remark 4.5.1. Figures 4.1(f), 4.2(f), and 4.3(f) are drawn using M, = M; = 128 while

other figures are drawn using M, = M, = 64.

Example 4.5.1. First, we consider the following one-dimensional reaction-diffusion parabolic
problem:
dy 0%

92 2\, _ 43
at 5ax2+<6+27)y t(1+x>7 <x7t)€<071)x(071]7

subject to

y(0,t) =0, y(1,t) =0, t € [0,1], y(z,0) =0, z € [0,1].

Example 4.5.2. Next, we consider the following weakly-coupled reaction-diffusion parabolic

system of two equations:

oy Py B
E _S@ _'_Ay - f(l’,t), (I,t) € (07 1) X (07 1]7
subject to
y(0,t) =0, y(1,t) =0, t € [0,1], y(x,0) =0, z € [0, 1],
where

2(1+22) —(1+2?) 2exp(z)t(1 —1t)

—2cos(%) 4dexp(l —x) 7 (10x 4+ 1)t(1 —t)

Example 4.5.3. In the end, we consider the following weakly-coupled reaction-diffusion

parabolic system of three equations:

oy 0% _
o~ Epma TAY=F(a.0). (2,1) € (0.1) x (0,1],
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subject to

y(0,4) =0, y(1,t) =0, t € [0,1], y(z,0)=0, z €0, 1],

where

2 —(1-2) —(1+2) 1622(1 — x)?
A= —x 1+ —x , f= t?
—(24+z) —(1—2) 3+=x —162%(1 — z)?

The exact solutions are not available for the considered problems, so we employ the double
mesh principle [112] to obtain the maximum pointwise error and associated convergence

orders. We give the maximum pointwise errors by the following formula

e]k\f[;”’Mt = mjax (miax |G (25,1, t2j-1) — gjk(xf,tjﬂ), k=1,2,...,m,

where 9, (X}, t;) and gy (23,4, t2;_1) are the computed solutions of the k-th component using

(M., M) and (2M,,2M,;) points, respectively. The associated orders of convergence are

given as
anMt _ anMt 2M5672Mt
pk,s - 1Og2 (ek,s /ek,s ) :

. . . Mgy, M, .

In continuation, we also calculate the parameter-uniform errors e, “* and the associated
1 I:M

parameter-uniform orders of convergence p, “"" as follows

Mg, My __ Mgy, My Mz, My __ Mz, My j 2Mz,2 My _

ey =maxey 7, py = log, (ek /ex >, k=1,2,...,m.

We further calculate the overall uniform errors e« and the associated orders of convergence

Mza

pM=Mt ysing the following formulas:

Mz, M
eM:th — m}?X(ek 4 f)’ pM:th — 10g2 (eMxyMt/e2Mx,2Mt> .

We find all these estimates over a finite range of € values (¢ = 276,210 2720)
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Remark 4.5.2. For Example 4.5.1, estimates are given by

et — e (g 1o t) = TG ) g2 = o (i ),

eMa My — o eé\/[z,Mt7 pMath = log, <6M17Mt/62Mz:2Mt) )
e

We have considered the scalar problem in Example 4.5.1 since there is no literature
concerned with developing the numerical technique for singularly perturbed reaction-diffusion
IBVP taken in Example 4.5.1 using quadratic B-splines. In Table 4.1 we have presented the

Macv

results of =Mt

Mz, Me M, Mz for Example 4.5.1. The results are parameter

p Mt and p
uniform and in line with theoretical estimates. Two surface plots of the numerical solution
are displayed in subfigures 4.1(a) and 4.1(b) for different values of €. It is evident from
these plots that the solution exhibits boundary layers at both ends. Figures 4.1(c) and 4.1(d)
portray the numerical solution at different time steps for ¢ = 276 and ¢ = 271, respectively.
These subfigures show that reducing the € values impacts the boundary layer width (it reduces
when ¢ decreases). At the end of Figure 4.1, we have added error plots of numerical solution
keeping ¢ fixed and changing the mesh points. We observed that errors in the boundary layer

region dominate the errors in the regular region (can be seen through high tips).

Now we discuss the results of our problems in Examples 4.5.2 and 4.5.3. We have taken
m = 2, m = 3, and variable coefficients in these examples, respectively. We display the
results of e],fj’Mt, pﬁ/’[;’Mt, ele"M"’, py”"Mt, and C’,iwg”’Mt for £k = 1,2 in Tables 4.2 and 4.3 for
the first and second solution component of Example 4.5.2, respectively. In both tables, the
results are parameter uniform (in each column, errors are very close, independent of ) and
can be confirmed by the values of C’,iw‘”’Mt (see [113]). Figures 4.2 and 4.3 include surface
plots of the numerical solution, 2D plots of the numerical solution at different time levels,
and error plots of the first and second solution components of Example 4.5.2, respectively.
Boundary layers at x = 0 and x = 1 can be easily observed in both solution components.
High spikes are observed in the error plots at both endpoints. Keeping ¢ fixed and double the
mesh points, in Figures 4.2(e) and 4.2(f), we observe that the height of spikes reduces i.e.,
error decreases as we increase the number of points. We observed similar types of results

for Example 4.5.3. In Table 4.7, we compare the results of =Mt pMe: M gnd CM=Me by
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Table 4.1: eMeMe | pMeMi | o MaMi “qnd pMeMe for Example 4.5.1

Mesh points with M, = M,

€ 16 32 64 128 256

276 1.3746e — 03 5.2503e — 04 1.3610e — 04 3.3672¢ — 05 8.2783e¢ — 06
1.3885 1.9477 2.0150 2.0241

210 1.4474e — 03  5.9209e — 04 1.5636e — 04  3.8496e — 05 9.4898e — 06
1.2896 1.9209 2.0221 2.0203

214 1.4561e — 03  5.9107e — 04 1.5605¢ — 04  3.8496e — 05 9.4704e — 06
1.3007 1.9213 2.0192 2.0232

2718 1.4626e — 03  5.9084e — 04 1.5598e¢ — 04 3.8399¢ — 05 9.4651e — 06
1.3077 1.9214 2.0222 2.0204

2722 1.4648¢ — 03  5.9078e¢ — 04 1.5596e — 04  3.8396e — 05  9.4645¢ — 06
1.3100 1.9214 2.0221 2.0204

226 1.4654e — 03 5.9077e — 04 1.5596e — 04  3.8395e — 05  9.4645e — 06
1.3106 1.9214 2.0221 2.0204

eMa:Me 1 4654e — 03 5.9209¢ — 04 1.5636e — 04  3.8496e — 05  9.4898¢ — 06
pMaMe 1.3074 1.9209 2.0221 2.0203

considering three different meshes, namely Shishkin [94], eXp [91], and Bakhvalov-Shishkin
(B-S) [91] meshes.

Remark 4.5.3. The restriction M? < Cdt, 0 < p < 1 is imposed only to obtain parameter-

uniform estimates; computational experiments are free from this restriction.

4.6 Conclusion

A robust spline-based numerical technique is presented for the singularly perturbed system
of m > 2 equations with the same diffusion parameter. It has been established theoretically
that the suggested approach converges uniformly with second-order accuracy in space, along
with second-order accuracy in time, using the Crank-Nicolson method. The execution of the

proposed scheme demonstrates that theoretical bounds and tabular results are highly credible.
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(a) e = 27 (b) e =214

o
T

s
8
T

=
I
T

Numerical Solution

Numerical Solution

0.04

() e=2"15and M, = M, = 64 () e=2"1"and M, = M, = 128

Figure 4.1: Surface plots of the numerical solution ((a) and (b)), numerical solution at different
time levels ((c) and (d)), and the error plots ((e) and (f)) for Example 4.5.1
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Table 4.2: ey’ ™

Mitth

»Pre 61

M:cth

, piw””’Mt, and C’f\/l‘”’Mi for Example 4.5.2

Mesh points with M, = 2M,

£ M, =8 M, = 16 M, = 32 M, = 64 M, = 128
276 3.4056e — 03 8.551de — 04 2.1489¢ — 04 5.3729¢ — 05  1.3431e — 05
1.9937 1.9926 1.9998 2.0001
2710 45568¢ — 03 1.1618¢ — 03  2.9003¢ — 04 7.2541le — 05 1.8137¢ — 05
1.9717 2.0021 1.9993 1.9999
2714 48957e —03 1.2712e — 03 3.193le — 04 7.9894e — 05 1.9958¢ — 05
1.9453 1.9932 1.9988 2.0011
2718 409857¢ —03 1.2998¢ — 03 3.2747e — 04 8.2054e — 05  2.0484e — 05
1.9395 1.9889 1.9967 2.0021
2722 50085¢ — 03 1.3070e — 03 3.2941e — 04 8.2529¢ — 05 2.0476¢ — 05
1.9381 1.9883 1.9969 2.0110
2726 50090e — 03 1.3072e — 03 3.2942¢ — 04 8.2532¢ — 05  2.0476e — 05
1.9381 1.9883 1.9969 2.0110
eM=Me 50090 — 03 1.3072e — 03 3.2942e — 04 8.2532¢ — 05 2.0476e — 05
pife M 1.9381 1.9883 1.9969 2.0110
O M Me 0.4408 0.4306 0.4304 0.4293 0.4290
Table 4.3: eg{j’Mt, pé\f[;’Mt, enleMe pteMe “and 2™ for Example 4.5.2
Mesh points with M, = 2M,
£ M, =8 M, = 16 M, = 32 M, = 64 M, = 128
276 5.7545¢ — 03 1.1152¢ — 03  2.9459¢ — 04 7.1619¢ — 05 1.7886¢ — 05
2.3674 1.9205 2.0403 2.0015
2710 6.1205¢ — 03  1.3985¢ — 03  3.5029¢ — 04 8.7592¢ — 05  2.1872e — 05
2.1298 1.9973 1.9997 2.1337
2714 6.1539¢ — 03 1.5220e — 03  3.7936e — 04  9.4775¢ — 05  2.3669¢ — 05
2.0155 2.0043 2.0010 2.0015
2718 6.1621e — 03  1.5569¢ — 03  3.8822¢ — 04 9.7017e — 05 2.4078 — 05
1.9847 2.0037 2.0006 2.0105
2722 6.1829¢ — 03  1.5664e — 03 3.9088¢ — 04  9.7640e — 05  2.4230e — 05
1.9808 2.0027 2.0012 2.0107
2726 6.1832¢ — 03 1.5655¢ — 03  3.9098¢ — 04  9.7640e — 05  2.4230e — 05
2.0337 2.0007 2.0036 2.0107
ey’ =M 13632 — 03  3.3352¢ — 04 8.3044e — 05 2.072le — 05 5.1788¢ — 06
pyle M 2.0312 2.0058 2.0028 2.0004
MM 0.4408 0.4306 0.4304 0.4293 0.4290
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(a)e=2"°% (b) e =216
05 T T T T
sl | — =02 ] —1=025
— 12050 o
04— =075
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0 01 02 03 O.ASpaceO.S 06 07 08 09 1 01 02 03 04 OSSpaceo.ﬁ 0.7 08 09 1
(c) e =2"10 (d)e=2"20
() e=2"15and M, = M, = 64 ) e=2"Yand M, = M, =128

Figure 4.2: Surface plots of the numerical solution ((a) and (b)), numerical solution at different
time levels ((c) and (d)), and the error plots ((e) and (f)) of the first solution component for
Example 4.5.2
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(a)e=2"% (b) e =216
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c =075 —t=075
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503 5 03r
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01 01
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0 01 02 03 04 USSpaceDG 07 08 09 1 0 01 02 03 DAspaceOS 06 0.7 08 09 1
(c) e =2"10 (d) e=2"20
() e=2"1and M, = M, = 64 ) e=2"Yand M, = M, =128

Figure 4.3: Surface plots of the numerical solution ((a) and (b)), numerical solution at different
time levels ((c) and (d)), and error plots ((e) and (f)) of the second solution component for
Example 4.5.2
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Table 4.4: ey’ ™

Math

»Pre €1

Mvat

, =M and O M for Example 4.5.3

Mesh points with M, = 2M,

£ M, =38 M, =16 M, = 32 M, = 64 M, = 128

26 1.3632¢ — 03 3.3352¢ — 04 8.3044e — 05 2.072le — 05 5.1788¢ — 06
2.0312 2.0058 2.0028 2.0004

2710 192981e¢ — 03 3.1621e — 04 7.8991e — 05 1.9703¢ — 05 4.4898¢ — 06
2.0374 2.0011 2.0033 2.1337

2-14  12037¢ — 03 3.1558¢ — 04 7.8824e — 05 1.9659¢ — 05 4.4704e — 06
2.0354 2.0013 2.0034 2.1367

2718 1.2919¢ — 03 3.1544e — 04 7.8815¢ — 05 1.9654e — 05 4.4451e — 06
2.0341 2.0008 2.0036 2.1445

2722 192915e — 03 3.1541le — 04 7.8815¢ — 05 1.9654e — 05 4.4445¢ — 06
2.0337 2.0007 2.0036 2.1447

2726 1.2915e — 03 3.154le — 04 7.8815e — 05 1.9654e — 05 4.4445¢ — 06
2.0337 2.0007 2.0036 2.1447

ed=M 13632 — 03 3.3352e — 04 8.3044e — 05  2.072le — 05 5.1788¢ — 06
plfe M 2.0312 2.0058 2.0028 2.0004

O M Me 0.4408 0.4306 0.4304 0.4293 0.4290
Table 4.5: eé\f[;’Mt, pé\%’Mt, enleMe oM “and 3™ for Example 4.5.3
Mesh points with M, = 2M,
£ M, =38 M, = 16 M, = 32 M, = 64 M, = 128

26 1.1148¢ — 03 2.8781e — 04 7.1200e — 05 1.7627¢ — 05 4.3787¢ — 06
1.9536 2.0152 2.0141 2.0091

2710 192537¢ — 03 3.1912¢ — 04 7.9966e — 05 1.9862¢ — 05 4.4898¢ — 06
1.9740 1.9966 2.0094 2.1453

2714 12617¢ — 03 3.2006e — 04 8.0186e — 05 2.0067¢ — 05  4.4920e — 06
1.9790 1.9969 1.9985 2.1594

2718 1.2647¢ — 03 3.2010e — 04 8.0258¢ — 05 2.0062¢ — 05  4.4998¢ — 06
1.9822 1.9958 2.0002 2.1565

2722 1.2647¢ — 03 3.2010e — 04 8.0260e — 05 2.0068¢ — 05 4.5001e — 06
1.9822 1.9958 1.9998 2.1569

2726 1.2647¢ — 03 3.2010e — 04 8.0260e — 05 2.0068¢ — 05 4.5001e — 06
1.9822 1.9958 1.9998 2.1569

eyl =Mt 12647¢ — 03 3.2010e — 04  8.0260e — 05  2.0068¢ — 05  4.5001e — 06
pyle M 1.9822 1.9958 1.9998 2.1569

MM 0.7145 0.8919 0.9140 0.9101 0.9100
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. szMt szMt Mz:Mt szMt Mz:Mt
Table 4.6: e5 7", p3 77, €3 s P3 ,and Cj for Example 4.5.3

Mesh points with M, = 2M,

£ M, =38 M, = 16 M, = 32 M, = 64 M, = 128
276 22753¢ — 03 5.7419¢ — 04 1.4203¢ — 04 3.5413¢ — 05 8.8434e — 06
1.9865 2.0153 2.0038 2.0016
2710 22017e — 03 5.4998¢ — 04 1.3598¢ — 04 3.3965¢ — 05  8.4798¢ — 06
2.0012 2.0160 2.0013 2.0019
2714 21949¢ — 03  5.4846e — 04 1.3564e — 04 3.3888¢ — 05  8.4704e — 06
2.0007 2.0156 2.0009 2.0003
2718 21923¢ — 03 5.4832¢ — 04 1.3564e — 04 3.3883¢ — 05 8.4621e — 06
1.994 2.0152 2.0011 2.0015
2722 21917e — 03 5.4830e — 04 1.3564e — 04 3.3883e — 05 8.4625¢ — 06
1.990 2.0152 2.0011 2.0014
2-26 21917e — 03 5.4830e — 04 1.3564e — 04 3.3883¢ — 05  8.4625¢ — 06
1.990 2.0152 2.0011 2.0014
eyt M 29753¢ — 03 5.7419e — 04 1.4203¢ — 04  3.5413¢ — 05  8.8434e — 06
pife M 1.9865 2.0153 2.0038 2.0016
CfeMe 0.7480 0.7486 0.7408 0.7402 0.7401

Table 4.7: Uniform maximum pointwise errors comparison in the solution for Example 4.5.3

on different meshes

Mesh points with M, = 2M,

Mesh M,=8  M,=16 M, =32 M,=64 M, =128
MM 297e — 03 b.7de — 04 1.42e—04 3.54e —05 8.84e — 06
eXp  pMeM 1.98 2.01 2.00 2.00 -
C MM 0.74 0.74 0.74 0.74 0.74
eMaM 252 — 03 1.15¢ —03 4.25¢ —04 1.45¢ —04 4.48¢ — 05
Shishkin ~ pM=:M: 1.13 1.43 1.55 1.69 -
C Mo M 0.10 0.10 0.08 0.09 0.09
eMeMi 29503 5.70e—04 1.39e—04 3.52¢—05 8.8le— 06
B-S  pMeM: 1.98 2.01 2.00 2.00 -
C MM 0.72 0.72 0.72 0.72 0.72

121



Chapter 4
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Figure 4.4: Surface plots of the numerical solution ((a) and (b)) and numerical solution at
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different time levels ((c) and (d)) of the first solution component for Example 4.5.3
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(@e=2"% (b) e =216

Numerical Solution
Numerical Solution
5

0
06 0.7 08 0.9 1 0 0.1 0.2 03 0. ASpaceﬂ.S 06 0.7 08 09 1

04 05
Space

(€)e=27" (d) e =276

Figure 4.5: Surface plots of the numerical solution ((a) and (b)) and numerical solution at
different time levels ((c) and (d)) of the second solution component for Example 4.5.3
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(a) e =210 (b) & = 2720

Numerical Solution
Numerical Solution

. . . . . . o . . . .
0 01 02 03 O4gpaegdS 06 0T 08 08 1 0 01 02 03 0dgpacedS 06 07 08 09 1

(c)e=2"1 (d)e=2"%

Figure 4.6: Surface plots of the numerical solution ((a) and (b)) and numerical solution at
different time levels ((c) and (d)) of the third solution component for Example 4.5.3
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Spline-based parameter-uniform scheme
for fourth-order singularly perturbed

differential equations

Fourth-order singularly perturbed differential equations of reaction-diffusion type stand
out from the maze of mathematical equations as intriguing enigmas that pique the interest of
scientists and mathematicians. These equations blend the beauty of higher-order derivatives
with the complexness of chemical reactions and diffusive processes. Higher-order derivatives
build a tapestry of intricate dynamics, which encourages us to grasp subtle behaviors and
spatial nuances that are not accessible to models with lower-order derivatives. Boundary
layers are of great interest, as they exhibit dynamic behavior and give rise to novel occurrences,

presenting a visually and mathematically exciting display.

The work of this chapter has been published in the following publication:
S. Singh, D. Kumar, “Spline-based parameter-uniform scheme for fourth-order singularly

perturbed differential equations.” J. Math. Chem., 60 (2022), 1872—1902.
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5.1 Problem statement

Higher-order SPPs are divided into two classes, and this classification is based on reducing
the order of the original differential equation if one puts 1+ = 0 [35]. Here,  is referred to
as the perturbation parameter, appearing in the multiplication of the highest-order derivative
of the differential equation. If the order of the differential equation is reduced by one, then
SPPs are of convection-diffusion type, whereas if it is reduced by two, then SPPs are of
reaction-diffusion type. Motivated by the work in [35], in this chapter, we have taken the
stability problems related to fluid dynamics when a specified load is attached to an elastic
beam (with a small flexural rigidity) that shows a deflection due to the tension force of the

load. The modeling of these problems leads to the Orr-Sommerfield equation [4, 5]

ET-(t) — (NO‘;—Z‘ / L(d(t)fdt) = ft), 0<t< L

where A, . — cross-sectional area and length of the beam, £ — Young’s modulus, [ —
moment of inertia, Ny — initial axial tension in the beam. After rescaling all the parameters,
we get the following singularly perturbed fourth-order differential equation, whose order is

reduced by two for the unperturbed problem (when p = 0):
— 12t + alt)2"(t) — b(t)z(t) = —f(t), teD=(0,1), (5.1.1a)
subject to the following BCs
2(0) = qu, 2(1) = g3, 2"(0) = —qq, 2"(1) = —qu, (5.1.1b)

where 0 < o < 1 is referred to as the perturbation parameter. We consider a particular type
of BCs influenced by [35], which helps us to set up uniform stability estimates and other
results. To extend the maximum principle theory, we transform (5.1.1a)-(5.1.1b) into a system
of two weakly coupled second-order ODEs with Dirichlet BCs. We assume a(t), b(t), and

f(t) to be sufficiently smooth that satisfy the following conditions

¢ >alt) = ¢ >0, (5.1.2a)
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0=0b(t) > -8, >0, (5.1.2b)
¢ —26>=n>0, for some 7, (5.1.2¢)

for t € D. The above assumptions (5.1.2a)-(5.1.2¢) guarantee the existence of a unique
solution z(t) € C*(D) N C?(D) (see [118]). We transform the BVP (5.1.1a)-(5.1.1b) into a

simpler form

Lz(t) = f(t), t € D,

2(0) = (g1, q2)", 2(1) = (g3, qu) ",

which is equivalent to

Liz(t) = —2/(t) — 22(t) =0, t € D, (5.1.3a)
Loz(t) = —p2(t) + a(t)za(t) + ()21 () = f(t), t € D, (5.1.3b)
21(0) = q1, z1(1) = g3, 22(0) = @2, 22(1) = qu, (5.1.3¢)

where z(t) = (21(t), 22(¢))", £ = (L1, L2)T, and f(t) = (0, f(¢))". In the rest of the chapter,

we consider the system (5.1.3) in place of (5.1.1) in our analysis.

Remark 5.1.1. The condition (5.1.2a) implies that (5.1.1) is a non-turning point problem
and the condition (5.1.2b) assures that the system (5.1.3) is quasi-monotone (see definition
2.3in [119]). The conditions (5.1.2a) and (5.1.2b) will be used to establish the maximum
principle for the system (5.1.3). Furthermore, the stability estimates will be derived using the

condition (5.1.2c) and the maximum principle.

These types of systems have been less examined in the past. To cite a few, Shanthi and
Ramanujam [118] devised a first-order convergent numerical method combining classical and
exponentially fitted finite difference schemes. Das and Natesan [120] proposed a second-order
finite difference method on a non-uniform mesh generated by the equidistribution principle.
Recently, Cen et al. [121] proposed an almost fourth-order finite difference scheme on

Vulanovi¢-Shishkin mesh. They demonstrated parameter-uniform convergence through their
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hybrid method.

The chapter’s construction is as follows: Section 5.2 explains the solution’s continuous
properties, such as maximum principle and stability estimates. The decomposition of the
solution into regular and singular components (left and right components) is also given.
Furthermore, the bounds on their derivatives are also provided in this section. Section 5.3
illustrates the mesh construction and the implementation of the scheme to solve the system
(5.1.3). The interpolation error estimates in Sy and S5 interpolations are given in Section 5.4,
using the bounds of Section 5.2 and Section 5.3. The parameter-uniform convergence results
established in Section 5.4 are verified in Section 5.5 through two test examples. Section 5.6
presents some concluding remarks about our study.

Throughout the chapter, we use the following notations: C*(D) is the set of all k times
continuously differentiable functions in a domain D whereas C*(D)? is the set of all & times
continuously differentiable vector-valued functions with two components in D; C' denotes
a positive generic constant that can take different values at different places whereas the
subscripted C' (such as C for some j) is a fixed constant. The constant vector C is given as

C = C(1,1)7 and the vector z is given as z = (z1, 29)7.

5.2 Analytical results

In this section, first, we establish a maximum principle for the system (5.1.3). Then, a stability
estimate is derived for the solution to the system (5.1.3) using the maximum principle. Some

theoretical bounds for the solution and its derivatives are also given in this section.

Lemma 5.2.1 (Maximum principle). For the system (5.1.3) assume that L12(t) > 0, Lo2(t) >
0inD, 21(0) =0, 21(1) = 0, 22(0) > 0, and 2,(1) = 0. Then z(t) > 0, Vt € D.

T
Proof. To prove the lemma, we define y(t) = (y1(¢), y2(¢))" = ((1 +0) (2_2—t2) ,1) where

0 <o < 1. Sincey(t) >0, Vt € D, so

£1y<t> =0 > O,

Loy(t) = a(t) + b(t) {(1 +0) (2 —2 t2>

>(—28>=2n>0.
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For contrary assume that z(¢) < 0 and define & = max {—=z;(t)/y1(t), —22(t)/y2(t)} which
- teD -

gives (z; +ay;)(t) >0, j = 1,2, t € D. Also, there exists a point ¢y € D such that either

—21(to)/y1(to) = avor —z5(to) /ya(to) = «. In the first case, we get —z1(to) /y1(to) = « Le.,

(21 + ay1)(to) = 0. It means z; + ay; has a minima at ¢t = ¢, and so
Li(z + oy)(to) = — (21 + ay1)"(to) — (22 + aya)(to) <0,

which is a contradiction. Similarly, in the second case, we get —z25(to)/y2(ty) = « i.e.,

(22 + ays)(to) = 0. It means z; + ay, has a minima at ¢t = ¢, and so

Lo(z + ay)(to) = —p(za + aya)(to) + alto)(z2 + ay2)(te) + b(te) (21 + ayr)(te) < 0,
which is again a contradiction. Hence, the result is obtained. O]

Lemma 5.2.2 (Stability estimates). The solution z(t) of the system (5.1.3) satisfies
J=(0)] < Cmax {0 20 ma sal, max 2 1 € D,
teD teD
where [|z(t)|| = max{|21(¢)], [z2(¢)[}.
Proof. For the proof, refer to [118, 122]. OJ

Lemma 5.2.3. The components of the solution of (5.1.3) and its derivatives satisfy the

following bounds

27 (O < CL+ ' =2B,(1), fork =0,1,....4,
270 < C(L+ 2B, (1)), fork =0,1,....4,

where B,,(t) = exp(—t~/C/1) + exp(—(1 — t)\/{/ ).

Proof. Follow the approach given in [118] for the descriptive proof. [

To prove the parameter-uniform convergence, we require more precise bounds for the
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exact solution of the system (5.1.3). For this, we decompose the solution z(t) into three parts
z(t) = v(t) + wh(t) + wh(t), (5.2.1)

where v(t) = (vy, vo)T, wh(t) = (wh(t), wk(t))T, and wh(t) = (wh(t), wk(t))T are regular,
left singular, and right singular components of z(¢). The regular component satisfies the

following problem

Lo(t) = f(t), t €D,
v(0) = (21(0), (f(0) = b(0)21(0))/a(0))", v(1) = (z1(1), (f(1) = b(1)z1(1))/a(1)),

(5.2.2)

and the singular components are solutions of the following BVPs
Lw*(t)=0,t€D, w"0)=2(0)—v(0), w"(1) =0, (5.2.3)
Lwf(t) =0, t € D, wH(0) =0, wh(1) = 2(1) —v(1). (5.2.4)

Theorem 5.2.1. If a(t), b(t), and f(t) € C?*(D), then the components v(t), wk(t), wf(t),

and their derivatives satisfy the following bounds

o)) < O+ p® P2 teD, 0< k<4,

WY ()] < Ot 2 exp(—t3/a(0) /1), 0 < k < 4
(

)
)

wh) B ()] < O ™2 exp(—t+/a(0)/p), 0 < k < 4

(Wi P ()] < Cu™ exp(—(1 = t)y/a(1)/p), 0 < k< 4.

Proof. These bounds can be established by following the arguments in [120, 121]. [

Lemma 5.2.4. The zero-order asymptotic expansion z,s of the solution z of (5.1.3) satisfies

Iz = 2as]| < O/
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Proof. Refer to Theorem 2.2 given in [118] for the proof. [

5.3 The proposed scheme

In this section, we provide a detailed structure of the non-uniform mesh followed by the

scheme analysis to solve the problem (5.1.3).

5.3.1 The mesh construction

It is well-known that standard numerical methods on a uniform mesh give unsatisfactory
results because they fail to provide efficient and oscillations-free solutions near the layer
region(s). Additionally, it is easier to construct a scheme on a uniform mesh that is uniformly
convergent in the diffusion parameter if one uses a significantly large number of mesh points.
For computational purposes, it is practically impossible. Thus, we feel the requirement of
non-uniform meshes to resolve the layer(s). In this section, we will construct an eXp mesh
that generates more mesh points in the layer region than in the other part of the domain.

To construct the eXp mesh A = {¢;| 0 < j < M}, we divide the interval [0, 1] into M > 4
(multiple of 4) subintervals /; = [t;_1,t;]. We denote by II,, the space of all polynomials of
degree < p. While constructing the mesh, we use a monotonically increasing, continuous,

and piecewise continuously differentiable mesh generating function ¥ (), which is defined as

where ¢, , = 1 — exp <—m> € R*. We split the interval [0, 1] as the union of three
subintervals [O,t%_l], [t%_l,t¥+1] and [t%ﬂ, 1] ie., [0,1] = [O,t%_l] U [t%_l,t¥+l] U
[t My, 1], where ¢ My and ¢ sur ) are the transition points. The nodal points can be written

in the following form

(

(b + 1)y (o,), J=0L e S,
t34ﬂ+1_t%,1 , .M 3M
t; = tff{1+( Y42 )(J—M/4+1)a J="T
1=+ Dy (1= o), J= A AL
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where g; = i, and h; =t; —t;_; forj = 1,2,..., M. The mesh points are equidistantly
distributed in [t m y_y, ban 41) with M/2 + 2 elements and these are exponentially graded
distributed in [O, ta LUt aM g, 1], respectively. The mesh step length h; satisfies the
following inequalities utilizing the mesh characterizing function @ = exp(—¥) (see [91] for

more details)

(

C(p+ 1)y/pM " max¥'(g;), j=12... % —1
hy << CM, j=24 841
LC(p+1)¢/7M—1maxzzﬂu—gj), j=33+2 ... M,
further
.
Clp+1)y/pM- max|@|exp((p+1)f> j=1,2, ,%—1,
hy << COM, j=4 8+

C(p+1)y/aM ' max |®'| exp (@}rz—;i/ﬁ)’ j=3+2... M

As max |®'| < 2, we can simply write the above inequalities as

C\ /M~ exp ((pffw)’ j=1,2...,%_1

hy < §CM™, j=24 84 (5.3.2)

- 3M
C\/—M exp<(p+1)f> J=r+t2,..., M,

and this adaptive mesh satisfies the following estimate

|hjer — byl < C 3o, j=, . M (5.3.3)

Remark 5.3.1. The Shishkin and Bakhvalov meshes violate the inequality |h;i1 — h;| <

C M 2 near the transition points. Thus, we cannot extend our analysis to these meshes.
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5.3.2 Implementation of the collocation scheme

To discretize (5.1.3) we seek the quadratic splines B;(t) € S3(A), j =0,1,..., M + 1 that

satisfies the BVP (5.1.3) at certain points as follows:

((t; —1)?
¥, to <t <t
%o(t) = hl
0, otherwise,
\
(
h: —(t —t)° t —to)?
: (; R ) , oSt t,
: hy , hi(hy + hs)
ty — 1)
By(t)=q -2~ t<t<t
0, otherwise,
\
andforj =2,3,..., M —1,
([ (t—tj0)°

hj1(hj-1 + hy)’
(t—t;2)t; — 1) N (tjr1 =) —t-1)

B, (t) = hg(hjl +>/21j) hi(hj + hj) 7
ti —t
) t; g t < tj )
hja(hy + hjia) ’ ok
0, otherwise,

\

while for j = M, M + 1 these are given as

(
(t — tr—2)?
, tares <t < taon,
hé\/lfl(thl n hf‘g> 2 M—2 M-1
%M(t) = hM — (t 2_ tM_l) - (tM — t) ) tM—l <t < tMu
h3, hoar(har-1 + har)
0, otherwise,
\
(
t—ta—1)?
(hf””)? byt <t <o,
B (t) = M
0, otherwise.
\
The midpoints of [;, j = 1,2,..., M are the best choices for collocation with quadratic

C'-splines for regularly perturbed BVPs (see [110]), we take the collocation points &; as the
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average of endpoints of the intervals I, i.e.,

§ =tj—12 = @ :tj_l—l—ﬁ ztj—%, forj=1,2,..., M.
For m,p € N(m < p), we define
Sy (A) :=={r e C"0,1]: r[;; € I, forj =1,2,..., M},

p

as a polynomial space and
Spo(A) = {r e S7(A): r(0) =r(1) = 0}.
For the discretization of (5.1.3) we find 2 € S3(A) such that

2(0) = (q17q2)T7 (‘Cé)jfl/Q :fjfl/% 2(1) - (C]37(]4)T> j = 1727"'7M- (534)
We rewrite (5.3.4) in the component form as

21(0) =41, (‘Cl‘%)jfl/Z =0, 21(1) = g3, ] = 1727 R M7 (5358)

22(0) = 42, <£22)j—1/2 = fj—1/27 22(1) = g4, .] = ]-a 27 BRI M. (535b)

The collocation solution z is represented by
M+1
() =D auBit), k=12 (5.3.6)
§=0

Using (5.3.6) in (5.3.4) and (5.3.5), we obtain the following system

aO,k = (k, [La]j_1/2 = fj—1/27 ] = 1,2, ceey M, OJMJrLk = (K12, k = 1, 2, (537)

134



Chapter 5

which is equivalent to

05071 :q17 [Lla]jfl/Q :0’ aM-l—l,l :q?” j - 172,...,]\47 (5.3.8a)
04072 = Q9, [L2a]j—1/2 = fj—1/27 CYM+1,2 = (4, ] = ]_, 2, ey M, (538]3)
with ¢ := (06071, 1155, 00411, 00,2, X125 - - - ,OéM+172)T € R2M+4, L = (Ll, LQ)T. The

operators in (5.3.8) can be simplified as

2<Oé'+11—06‘1) 2(0&‘1—05',11) ~ ~ ~
L . = — J ’ Js _ Js J ) _ + . 1 _ + _ - )
ey [ hj(hj + hji1) hj(hj + hj_1) Gt L )%

+ 67]-_%'—1,2] ;

2(04'“2—04-2) 2(0['2—06',12) ~ ~
L . = J ) s _ s J ) . + . 1 _ -‘r
Loty M[ hi(hj +hjr1)  hi(h; + hj1) Tz |G Qe b

- ‘7]'_)%',2 + qu_ij—l,Q} + b1y [Cﬁaﬂl,l + (1 —q - CYJ_) a1+ qu_aj—l,l] :

~ hj ~— . _ hj i ;
where ¢;” = ) and ¢; := k1) Combining all the equations, we get the system
Aa = &,
where
A B T
2(: ) 6 = q1707'"7an37Q27f<€1)7'"af(gM)aq4 )
C D N TV N NV -
st nd
17" component 2" component
T
a = (040,1, Q11,---,001,0N+1,1, X0,2, X125 -+ ., QDL 2, 04M+1,2) .
NS ~~ A ~ >
IStcomponent 2ndcomponent
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The matrices A, B, C, and D are given by

1 0 0
a1 Q22 (23
0 a3 ass

0 0 0
bai b bos
0 b3z b33

0 0 0
C21 C22 Ca3
0 c32 33

34

0
0

0
0

bS4

0
0

C34

0
0

Arf+1M AMA+1MA+1

0

bM—HM

0

CM+1M

0

0

bM+1M+1

0

CM+1M+1

0
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bM+1M+2

0

CM+1M+2

0
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(M+2)x (M+2)
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1 0 0 O 0
d21 dgg d23 0 0

0 d32 d33 d34 0

0 dysiv dyviv+1 dyvsim42

R 0 0 1
_ d (M+2)x (M+2)
where for j = 1,2,.... M
2 q: b
J+1,5 hj<hj + hj71>7 Jj+1,5 q] j—1/25
2 + 2 bi_10(1—qF —q;)
a; . — s Cs; . = s —_ . o— . y
G4+1,5+1 hj(hj n hj—l) hj(hj i hj+1) 41,541 i—1/2 4q; 4;
2 b
J+1,54+2 hj(hj i hj+1>7 j+1,5+2 = 45 0j-1/2,
_ 2u —
bj—i—l,j = _q]' ) dj+1,j - —m + qj aj-1/2,
Dirq . __(1_~+_~*) bitgiro=—at. diiq. __2—“+~+ .
J+1,5+1 = 4; —4; ), Uj+1442 = —9q; G142 = hy(hy + hyet) qj aj—1/2,
20 21 ~
d; + )+aj_1/z(1—qj+—qj)-

P h(hy + hy—y) by (hy + by

5.4 Convergence analysis

5.4.1 SY-interpolation

To obtain the interpolation I3z, € S9(A) for an arbitrary function z;, € C°[0, 1], we find the

solution of the following interpolation problem
(Ing)] = (Zk)], j 20717...,M7 and (ISZk)j,l/Q = (Zk)jfl/% ]: 1,2,...,M,

where (Zk)] = Zk<tj), (zk)jfl/Z = Zk:(gj); k= 1, 2.

Theorem 5.4.1. Assuming a(t),b(t), f(t) € C?[0,1], the interpolation error z — I3z of the
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solution z of (5.1.3) satisfies the following bounds:

lz — Lzl SCM™, and p_max |(z = Lz)j | <CM ™2,

j=12,...M

where p = diag(1, j1).

Proof. First, we employ the Lagrange representation of the interpolation polynomial and

Taylor expansions to confirm that for any z € C*[0, 1]%, the interpolation error on each I;

satisfies
B3 12
a— Dz <22 0 (e = Ba)ioie] < 2|0 . k=12 (54
L 24 ,j 48 Ij

Making use of the linearity of 19, we decompose the solution components z;, into three parts

as follows

2 — Iz = (vp — Iovg) + (w,f — ISw,f) + (w,ﬁz - Igw,f).

Since the bounds for both the components are different, therefore we analyze both components

separately.

Analysis for first component z;: We start with finding the interpolation error in the
regular component. For I; C [to,ty /4,1], we make use of the bounds given in Theorem 5.2.1,

to obtain

h3

3

24

o

_ 3t;
<ownnen(G )

t.
< CM3ex <—j>
v o5

I;

< CM 3 exp ((p + 1)@(@-))

<CM~°.
Similarly, we employ the same analysis in the right layer region I; C [t3rr/442,tu], tO
obtain |[v; — Ivy||;; < CM 2. Also, for I; C [tar/4, tsnija+1), the bounds for h; (using the
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inequality (5.3.2)) trivially gives ||v; — I9vy||;, < CM~>. Thus, on consolidating all the

estimates for the regular component, we perceive
HUl — Ig’l]l H g CMig.
Next, we consider the left singular component w{* in I; C [to, tpr/4—1]. Using Theorem 5.2.1

and the inequality (5.3.2), we get

h3

2 lwh®

I

< Cp?lPM— exp(L) 2 exp(—t/a(0) /)l
(7

<COM3 exp {C’l

.
< CM3ex (C’ —J>
p 1\/ﬁ

Now for I; C [tar/a, t3ns/as1), we obtain

(wy)®

< CM 32| exp(—t+/a(0)/p)|;

I;

oy ()

24

Since p1~ /2 exp (—%) is bounded in [trs/4, t3nr/441), the above inequality gives

h3

21 (wl )(3)

< COM3.

I;

We can derive the same bounds for /; C [t3ar/412, tar] analogous to [to, tar/4—1]. Thus,

lwy = Bwy || < CM7.
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Now for wf in I 5 C [to, tarja—1) (using Theorem 5.2.1 and the inequality (5.3.2)), we get

3t;

W)M_m| exp(—(1 —t)\/a(1)/u)l;,

I (A P RELET

< CpPPM—3 exp<

N
< CMPexp( Cylp+1)M ! maxW’(Qj)>

< CM3,
Following the same approach, one can deduce the bounds for wf in the intervals [t/ Rz, /4+1]

and [t?)M/4+2, tM] as

lwi® = Bwy| < OM~2,

Now to obtain the bound for max (21 — Igzl)gﬁl /2

, first, we consider v; in I; C

[to, tar/a—1] as follows

h? 2t ;
W < CuM T2 exp (—j) (using Theorem 5.2.1 and the inequality (5.3.2))
48| |, (p+ 1)y
2t
< CM?exp (—j>
(p+1)v1

< OM 2 exp (2@(@))

< CM™2,

Use similar approach for v, the intervals [ty;/4, t3nr7a41] and [t3ar/442, tar]. Now for the wk

in I; C [to, trr/a—1), we have

h_ﬂ?

2lwh®

-2 2tj -1
< CpM eXP(m)M | exp(—t+/a(0)/p)ly,

_ C5t _C6t‘_1
< CM 2exp<—]> exp (—j)
VH Vi
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<M eXp<C7(tj - tj—l))
i

< OM?exp <%)
\//7

< CM ™ exp (Cs(P +1)M ™" max W'(Qj))

<CM™2.
For the intervals [ty7/4, t3ar/441] and [t3pr/a42, tas], we perform the same analysis to obtain

0 —
F{nQaXM‘( Ile )g 1/2‘ CM~—?

Furthermore, analogously, we find the bounds for w?. Subsequently, the effective use of

triangle inequality guides us to complete the proof.

Analysis for second component z,: We start with finding the interpolation error in the
regular component. For I; C [to, ty /4_1], we make use of the bounds given in Theorem 5.2.1,
to obtain

h3
24

(3)

3t
<O+ M3 exp (—J )
( ) (h+1)y/n
t.
<CM™3 exp(—])
NG

<CM™3 e><:p<(lJ + 1)‘~”(@j))

< CM3.

I

Similarly, we employ the above analysis in the right layer region I; C [t31s/4+2, tas], to obtain
|va — I9vs ||, < CM 3. Also, for I; C [tar/a, tsnrja+1], the bounds for h; (using inequality
(5.3.2)) trivially gives ||v; — [9vs]|;, < CM 3. Thus, on consolidating all the estimates for

the regular component, we perceive

||U2 - [S/UQ” < OM_s.

Next, we consider the left singular component w# in I; C [to, tar/4—1]. Using Theorem 5.2.1
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and the inequality (5.3.2), we get

h3

<CuPPM—3
24 H ¢

L Xp((pft]§f>“
renla( -7
< CM3exp (08%)
CM Cs(p

+1)M maxkpl(gj))

| (wy)®

32| exp(—t+\/a

exp

_3exp

< CM3.

Now for I; C [trr/a, tsnr/a+1], We obtain

The term 1~ exp( ¥ t’ 1) is bounded in [t5s/4, t3p1/441), by employing the L"Hopital

rule. Hence, the above 1nequa11ty gives

< CM3.

I;

Similarly, we can derive the bound for I; C [t3a/4+2,ta] as we obtained for [to, tas/a—1].
Thus,
Jwy — Lwg|| < CM™.

Now for wf in [; C [to,1 M/4_1] (using Theorem 5.2.1 and the inequality (5.3.2)), we get

h3

2 w)®

< arSexp( 2 )i (- (L - OVl

VA

. Cot,; Cro(1 —t;_1)
< CMPex ( )x <_—)
p Vﬁj p xﬂj

< CMig exXp (Olltj — (1 _ tj_l))
Vﬁl
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h; —1—2t;_
< OM 3 exp (C’H]—]l>
VH

< CM 3 exp (Cn(p +1)M " max ng))

< CM~3.

Following the same approach one can deduce the bounds for w? in the intervals [t ), /a5 tam /4+1]

and [th/4+2, tM] as

Now to obtain the bound for max |(z0 — I929)]_

lwy’ — Lwy'|| < CM.

[to, tar/a—1) as follows

h2
J Ugl)

48

I;

< Cp(l+p )M~ eXp<(

2,

————— | (using Theorem 5.2.1 and the inequality (5.3.2))
p+1)y/u >

2t;
<o e 20
(b +1)yu
< OM ?exp <2!P(Qj))

< CM~2

The similar approach can be used for v, in the intervals [ty;/4, t30r/441) and [tsar/as2, tar)-

Now for the wf in I; C [to, tar/4—1], we have

< CuM~ eXp((p J)\/_> 2 exp(—t\/a(0) /)1,

() (%)

a4
<
<

< Cu M~ %exp

1 014/1
<Cpu M 2exp J
Vi

<O M 2exp( Cu(p+1)M™ maXW’(g]))

<COp'M~2.
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For the intervals (¢34, t3ar/441] and [t3pr/a42, tas], we perform the same analysis to obtain

0 ~1y-2
j:{nQaXMK Izw2)] 1/2| Cp— M~

Furthermore, analogously, we find the bounds for wf. Subsequently, the effective use of

triangle inequality guides us to complete the proof. [

Lemma 5.4.1. Let 5, € SY(A) with (s;);-12 =0, j = 1,2,..., M, k= 1,2, then

8
Isillz; < max{|(s)j-1, [(se)l},  lsells; < 55 max{[(si)j-al, [(si)sl}-
J

Proof. The result follows using the approach given in [103]. [

5.4.2 Si-interpolation

To obtain the interpolation I3 z;, € S3(A) for an arbitrary function z;, € C*[0, 1] we find the

solution of the following interpolation problem

(Lzr)o = (z1)os  (Lzk)j—12 = (2r)j—1y2, = 1,2,.... M, (Liz)m = (zk)mr, (5:4.2)

where (2);-1/2 = z1(§;), fork =1,2.
From [93, 111], we have

[A'gk]] = Clj(ﬁk)] 1+ 3(5k) + C](sk)]Jrla j = 17 27 R M — 17 (543&)
or
j = 4a; i ; ; ,17=12 ..., M—1, 4.
[A,Sk] 40,3 (Ek)] 1/2 -+ 4C] (5k>g+1/2 ] 1,2 M 1 (5 4 3b)
hj+1 b+t hjsa
where (s); —5k<t-+ Z )—5k(#>,a-——andc-—1—a4—
( )J+1/2 J 9 9 J hj+ hjl J J
9
hj +hjn

Lemma 5.4.2. For all vectors s, € R with (s;)o = (sx)ar = 0, the operator A is stable

i.e.,
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Proof. Refer to Lemma 3 given in [94] for the detailed proof. [

Theorem 5.4.2. Assume that a(t),b(t), f(t) € C?[0, 1], then the interpolation error z — I}z
of the solution z of (5.1.3) satisfies

jax (z — Lz);| <CM™, (5.4.4a)
|z — Lz|| <CM™?, (5.4.4b)
po max | |(z - L)} yp| <CM™2. (5.4.4¢)

Proof. To find the interpolation error z; — I3z, we examine an arbitrary function 2, such
that
(Zk—lzlzk)(): (Zk_lglzk)M :07 k= 172

Using the definitions of S3-interpolation and the operator A, we have

Towg = Mzk — Lzw)]j = aj(2r) -1 — 4a;(2k) j-1/2 + 3(2k); — 4¢;(2k) 4172 + (k) j41,
(5.4.5)

forj=1,2,..., M, k =1, 2. Moreover, we use the Taylor series expansions to get
1 (3) D 4 5 ()
[Tl < TGhshgsalhyen = Il (27050 + gp max{hy, ki 32 )illon.., . (54.6)

Promptly, we decompose the interpolation error into three parts

2 — Do, = (v — Lvg) + (w,ﬁ — Iglw,f) + (w,f — Igw,f)

or

Tzk’j = Tvk’j _'_ Twlgv.] + Tu}]?v]

Analysis for first component z;: We begin with finding the error in the regular com-
ponent. For I; C [to,tp/4—1], we employ Theorem 5.2.1 and the inequality (5.4.6), to
get

|7o1.4] < C(hjhjﬂ\hm — hy| + max{h], h?ﬂ})-
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In [to, tar/a—1] which gives
T3] < C(h32‘+1|hj+1 — hy| + h?—&-l) as hy < hj

< ot 25 ) i te( 155 ))

At ;
< CM *ex (J—H)
P (p+1)va

< CM " exp (4W(Qj+1))

< COM™,

Moreover, for t; € [tM/4,t3M/4+1], it is easy to prove |7, ;| < CM —4. Similarly, for
t; € [tsnr/ata, tar] we get |7, ;| < CM~*. Therefore, using the application of Lemma 5.4.2,

we obtain

1 —4
jomax | [(v1 = Tyvy)| < CMT

Now to find the bounds for w{’, we use the fact that h; < h;i fort; € [to, tar/4-1], which

yields

i 5
|1, + — max{hj, b} H (wi ) Dl

96
< O (alhyer = Ayl expltn /a0y, + Kol expl—/aO) )l b

con (ol g (2]

ol (), )

<CM"exp <C’15(p +1)M! max@'(gjﬂ))

1
Tt 5] < ﬁhjhj+1|hj+1 — hyl|(wy;)

N

<CM™.

In the right layer region [t3p/441, tas], we obtain the same bounds. Furthermore, one can

easily prove |wa7j < CM~*for t; € [tara—1,t3n/4+1]. An application of Lemma 5.4.2
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provides
max | (wr = Lwp);| < OMT
The same theory can be used to derive the bounds for the right singular component w?
(skipping the analysis here).
Analysis for the second component z,: As the analysis is analogous to the study for the
first component in S3-interpolation, we are not providing the details here.

The estimate in (5.4.4a) can be achieved immediately by consolidating all the interpolation

errors for three components. To show (5.4.4b), we use triangle inequality as

lz = L]l < llz — Lzl + || 132 — Lz||

Now using (132); = (2);, j =0,1,..., M, Lemma 5.4.1, Theorem 5.4.1, and (5.4.4a), we
obtain the estimate (5.4.4b). Moreover, to obtain the inequality (5.4.4c), we use the identical

approach as we have done for (5.4.4b). For this goal, we write

| (2% — Izlzk);'/fl/ﬂ < (2 — Igzk);‘/fl/ﬂ + |(13Zk - 1217516);'/71/2’
8
< (e = )1 ol + jmax ool (e — Ly 21)51.

Hence, the proof is accomplished by utilizing Theorem 5.4.1 and inequality (5.4.4a). U

Lemma 5.4.3. [f there exists a constant j1; > 0 such that
max{hj 1, hj 1} = mhy, j=1,2,...,M =1, hy > prhy, and hyy 2 prihas 1,

then the operator L is stable in the infinity-norm i.e.,

1+

[l < 2(/1—51)”117”7 forally = (y1,7%2)" e € Ry = {r e RY™? 1 = rypp0 = 0}
1

Proof. Following the approach of [94], we obtain the required result. [l

Theorem 5.4.3. Let z and z are the exact and approximate solutions to (5.1.3), respectively,
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on the eXp mesh, then
lz —z| < OM2.

Proof. The use of triangle inequality yields
2k = Zill < Ml — L2l + 1oz — 2l

for k = 1, 2. Now making use of B-spline functions, we write the interpolant I3 z;, as

M+41

Lz (r) = Z B;xB;(z), fork=1,2.
=0

[L(O{ _IB)]j_l/2 = u(]le _z>;'/—1/27 J=L12,...,M, k=12

Finally, Theorem 5.4.2 and Lemma 5.4.3 give
la =Bl < CM2.
Since each ‘B; > 0 and the sum of all basis functions equals 1, so
152 = 2|| < [la — B < CM2.

The proof is finally completed by applying Theorem 5.4.2. [

5.5 Numerical illustrations

In this section, we verify the theoretical results obtained in the previous section by implement-
ing our numerical method on two test problems. The exact solution for both test problems is
unavailable, so we use the double-mesh principle [112] to calculate the error estimates and

orders of convergence. We define a maximum pointwise error as

By, = max Ze(toj—1) — Zk(tj—a2)|, k=1,2,
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taking M and 2M intervals in consideration, Z;, and z; denote the computed solutions on

these intervals respectively. The following formula gives the associated orders of convergence

Uniform errors EM, for each fixed M are obtained by taking the maximum of Eﬁi over a

finite range of u values ranging over S = {pu|p =278, 2712 ... 2739}
EY =maxEY k=12,
pes
Moreover, the associated orders of parameter uniform convergence x3! are given by

Y B!
Xi = log, 72 ) k=1,2.
k

We have also calculated the overall error E™ and corresponding orders of convergence as

follows:

M __ M
E" = max(max ),

EM
x" = log, (—EQM) :

Additionally, we have also determined j:-uniform error constants CV, Cé” (see [113], Chapter
8, page 166, for the computational algorithm) to confirm this analogy. The exact and numerical
solutions components are denoted as z;, and zj, respectively. Moreover, the solution in the

vector form is represented by bold letters.

Example 5.5.1. In this example, we consider the following fourth-order, two-point BVP:

—uz W () + (6 — )" (t) + 22(t) = —(10t + 1), t € (0,1),

2(0) =1, 2(1) =1, 2"(0) = -1, 2"(1) = —1.
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Example 5.5.2. In this example, we consider the following two-point BVP:

—uzW () + 5exp(l — 1)2"(t) + (1 +t3)2(t) = —2exp(t), t € (0,1),

2(0) =1, 2(1) =1, 2"(0) = -1, 2"(1) = —1.

As the first equation of the system (second-order differential equation in the first com-
ponent z) is independent of the perturbation parameter, we do not observe steep boundary
layers in the first component (refer to [120]). In contrast, the second component exhibits twin
boundary layers in the neighborhood of the left and right ends of the domain. As mentioned
earlier, the uniform mesh is not a good choice to resolve these boundary layers, which is
also confirmed by the results of the test problems for which we obtain negative orders of
convergence (refer to Tables 5.1 and 5.2). One cannot procure their aim of obtaining parameter
uniform measures on this mesh. So, here, we preferred eXp mesh to obtain the numerical
results for both problems. Tables 5.3, 5.4, 5.5, and 5.6 validate the parameter-uniform results
for the solutions z; and z; in Examples 5.5.1 and 5.5.2, which are uniformly convergent of
O(M™2). These tables confirm the theoretical fact that y-uniform errors show monotoni-
cally decreasing behavior as the number of mesh intervals M increases. Additionally, we
have also determined p-uniform orders of convergence x*! and p-uniform error constants

cM = max CM) to confirm this analogy.

A comparison of computed results between three meshes (eXp, Shishkin, and Bakhvalov-
Shishkin (B-S) mesh) is provided in Tables 5.7 and 5.8. One can observe that results on the
Shishkin mesh are almost second-order convergent (which is O(M~21n* M)), whereas on
the eXp mesh and B-S mesh, obtained results give second-order accuracy with lesser errors

compared to the Shishkin mesh.

Furthermore, we display combined plots of described meshes (eXp, Shishkin, and B-S
meshes) in Fig. 5.1 for different values of 1, which shows the distribution of mesh points in
different regions (layer and regular) of the domain. As mentioned in [91], eXp mesh and B-S
mesh are both excellent choices for these types of problems, differ by a slight variation in
the selection of mesh generating function ¥ (o). We have demonstrated the appearance of the

boundary layer in the solution component 2z, by plotting the graphs of the solution. From
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Table 5.1: Maximum pointwise errors in the solutions on uniform mesh for u = 272 for
Examples 5.5.1

21 22
M ET, X1 E, X2y
32 3.222¢ — 06 2.021 7.437¢ — 06 —2.045
64 7.933e¢ — 07 2.011 3.071le — 05 —2.001
128 1.967¢ — 07 2.005 1.230e — 04 —1.995
256 4.899¢ — 08 2.002 4.906e — 04 —1.978
512 1.222¢ — 08 2.001 1.933¢ — 03 —1.913
1024 3.052e — 09 - 7.283e — 03 -

Table 5.2: Maximum pointwise errors in the solutions on uniform mesh for p = 2728 for
Examples 5.5.2

21 29
M EL, X1y £ X2
32 9.993¢ — 06 2.010 9.994¢ — 06 0.109
64 2.480¢ — 06 2.006 9.261e — 06 —2.012
128 6.172¢ — 07 2.003 3.737¢ — 05 —1.997
256 1.539¢ — 07 2.001 1.492¢ — 04 —1.979
512 3.844e — 08 2.000 5.884¢ — 04 —1.914
1024 9.604e — 09 - 2.218¢ — 03 -

Fig. 5.2, it is noticed that the boundary layers for z = 107° are stiffer (refer Figs. 5.2(b)
and 5.2(d)) as compared to boundary layers for ;1 = 1073 (refer Figs. 5.2(a) and 5.2(c))
which validates the theory, that for SPBVPs the width of the boundary layer decreases as p

decreases.

Remark 5.5.1. In Fig. 5.2, 22 represents the k™ component of the numerical solution on the

partition A.

5.6 Concluding remarks

A numerical scheme comprising the quadratic ‘B-splines on the eXp mesh is investigated for
the fourth-order singularly perturbed BVPs. The primary motivation to adopt the exponentially
graded mesh is that it does not need prior knowledge about the transition parameter i.e., it is

independent of the transition point(s). In contrast, other meshes like Bakhvalov and Shishkin-
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Table 5.3: Maximum pointwise errors E{WM in the solution z; for Example 5.5.1

M

I 32 64 128 256 512 1024

278 2.346le — 05 6.5592e — 06 1.7130e —06 4.3602e — 07 1.0987e — 07 2.7845e¢ — 08
1.8387 1.9370 1.9741 1.9886 1.9803

2712 1.7630e — 05 5.4024e — 06 1.4923¢ — 06 3.9199¢ — 07 1.0048¢ — 07  2.5456¢ — 08
1.7064 1.8561 1.9286 1.9639 1.9808

2716 7.8702¢ — 06 2.2170e — 06 6.0518¢ — 07 1.6076e — 07 4.1381e — 08 1.0460e — 08
1.8278 1.8732 1.9125 1.9579 1.9841

2720 9.4327¢ — 06 2.5722¢ — 06 6.7291e — 07 1.7210e — 07  4.3556e — 08  1.0792¢ — 08
1.8747 1.9345 1.9672 1.9823 2.0129

2724 1.0122¢ — 05 2.7735e — 06  7.2530e — 07  1.8550e — 07  4.6697¢ — 08  1.1990e — 08
1.8677 1.9351 1.9672 1.9900 1.9615

2728 1.0332¢ — 05 2.8294¢ — 06 7.4052¢ — 07 1.8912¢ — 07 4.7259¢ — 08  9.9457¢ — 09
1.8368 1.9657 1.9692 2.0006 2.2484

2739 1.0367e — 05 2.8387e — 06 7.4314e — 07 1.9022¢ — 07 4.8853e — 08 1.1572¢ — 08
1.8687 1.9335 1.9660 1.9611 2.0778

EM  2346le — 05 6.5592¢ —06 1.7130e — 06 4.3602e — 07 1.0987e¢ — 07 2.7845¢ — 08

XM 1.8387 1.9370 1.9741 1.9886 1.9803

cM - 0.0142 0.0155 0.0162 0.0166 0.0171 0.0162

Table 5.4: Maximum pointwise errors EQMM in the solution Z, for Example 5.5.1

M

1 32 64 128 256 512 1024

27%  8.2846e — 03 2.4950e — 03 6.4062¢ — 04 1.5738¢ — 04 3.8850e — 05 9.6341e — 06
1.7314 1.9615 2.0252 2.0183 2.0117

2712 8.4202e — 03 2.545le — 03 6.5380e —04 1.6060e — 04 3.9655¢ — 05 9.8330e — 06
1.7261 1.9608 2.0254 2.0179 2.0118

2716 8.4448¢ — 03 2.552le — 03 6.5572¢ —04 1.6108¢ — 04 3.9774e — 05 9.8626e — 06
1.7264 1.9605 2.0253 2.0179 2.0118

2720 8.4513e — 03 2.5539¢ — 03 6.5621e —04 1.6120e — 04 3.9805¢ — 05 9.8702¢ — 06
1.7265 1.9605 2.0253 2.0179 2.0118

2724 8.4530e — 03 2.5543¢ — 03 6.5634e —04 1.6124e — 04 3.9812e — 05 9.872le — 06
1.7261 1.9604 2.0252 2.0179 2.0117

2728 8.4534e — 03 2.5545¢ — 03  6.5637¢ —04 1.6124e — 04 3.9814e — 05 9.8726e — 06
1.7265 1.9605 2.0253 2.0179 2.0118

2730 8.4535¢ — 03 2.5545¢ — 03  6.5638¢ —04 1.6125¢ — 04 3.9815¢ — 05 9.8727e — 06
1.7265 1.9605 2.0253 2.0179 2.0118

E) 8.4535¢ — 03 2.5545¢ — 03  6.5638¢ — 04 1.6125¢ — 04 3.9815¢ — 05 9.8727e — 06

M 1.7265 1.9605 2.0253 2.0179 2.0118

CM 115418 13.9509 14.3388 14.0898 13.9163 13.8031
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Table 5.5: Maximum pointwise errors E{WM in the solution z; for Example 5.5.2

M

i 32 64 128 256 512 1024

278 2.7497e — 05 7.3428¢ — 06 1.8792¢ — 06 4.7392¢ — 07 1.1890e — 07  2.9804e — 08
1.9049 1.9662 1.9874 1.9949 1.9962

2712 1.4878¢ — 05 4.5389¢ — 06 1.2507e — 06 3.2812¢ — 07  8.3969¢ — 08  2.1297e — 08
1.7128 1.8596 1.9304 1.9663 1.9792

2716 2.4553¢ — 05 6.6558¢ — 06 1.7312¢ — 06 4.4143¢ — 07 1.1145¢ — 07  2.7981e — 08
1.8832 1.9428 1.9715 1.9858 1.9939

2720 2.9922¢ — 05 8.2465¢ — 06 2.1653¢ — 06  5.5497e — 07  1.4049¢ — 07  3.5223e — 08
1.8594 1.9292 1.9641 1.9819 1.9959

2724 3.1399¢ — 05 8.6892¢ — 06 2.2890e — 06 5.8722¢ — 07 1.4843e — 07  3.8089¢ — 08
1.8534 1.9245 1.9627 1.9841 1.9623

2728 3.1776e — 05 8.8037e —06 2.3207¢ — 06 5.9564e — 07 1.5037e — 07  3.7029¢ — 08
1.8518 1.9235 1.9620 1.9859 2.0218

2730 3.1839¢ — 05 8.8233e — 06  2.3259¢ — 06  5.9755¢ — 07  1.5375e — 07  3.3171le — 08
1.8514 1.9234 1.9607 1.9585 2.2126

EM 31839 — 05 8.8233¢ —06 2.3259¢ — 06 5.9755¢ — 07 1.5375¢ — 07 3.3171le — 08

M 1.8514 1.9234 1.9607 1.9585 2.2126

CM  0.0435 0.0482 0.0508 0.0522 0.0537 0.0526

Table 5.6: Maximum pointwise errors EQMM in the solution Z, for Example 5.5.2

M

m 32 64 128 256 512 1024

278 7.3662¢ — 03 3.3448¢ — 03 9.2219¢ — 04 2.320de — 04 5.7190e — 05 1.4139¢ — 05
1.1390 1.8588 1.9907 2.0205 2.0161

2712 7.2268¢ — 03 3.3181e —03 9.1534e — 04 2.3040e — 04 5.6795¢ — 05 1.4039¢ — 05
1.1230 1.8580 1.9902 2.0203 2.0163

2716 7.1859¢ — 03  3.3049¢ — 03 9.1156e — 04 2.2943¢ — 04  5.6553¢ — 05 1.3979¢ — 05
1.1206 1.8582 1.9903 2.0204 2.0163

2720 7.1757¢ — 03 3.3016e — 03 9.106le — 04 2.2918¢ — 04  5.6492¢ — 05 1.3964e — 05
1.1200 1.8583 1.9904 2.0204 2.0163

272 7.173le — 03 3.3008¢ — 03 9.1038¢ — 04 2.2912¢ — 04 5.6477¢ — 05 1.3961e — 05
1.1198 1.8583 1.9904 2.0204 2.0163

2728 7.1725¢ — 03  3.3006e — 03 9.1032¢ — 04 2.2911e — 04 5.6473¢ — 05 1.3960e — 05
1.1197 1.8582 1.9903 2.0204 2.0163

2730 7.1724e — 03 3.3006e — 03 9.103le — 04 2.2910e — 04 5.6472¢ — 05  1.3960e — 05
1.1197 1.8582 1.9903 2.0204 2.0163

B} 7.3662¢ —03 3.3448¢ — 03  9.2219¢ — 04  2.3204e — 04 5.7190e — 05 1.4139¢ — 05

XM 1.1390 1.8588 1.9907 2.0205 2.0161

cM  9.7927 18.0255 19.8860 20.0194 19.7385 19.5169
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Table 5.8: Uniform maximum pointwise errors comparison in the solution for Example 5.5.2

eXp mesh Shishkin mesh B-S mesh

M EM X" oM EM X" oM EM X" oM
32 7.172¢ — 03 1.139 9.79 9.955e — 03 0.300 1.72 7.019¢ — 03 1.713 9.58
64 3.301e — 03 1.858 18.02 8.127e — 03 0.791 3.57  3.220e — 03 1.936 17.58
128 9.103e — 04 1.990 19.88  4.695e — 03 1.343 5.23  8.973e — 04 2.013 19.60
256 2.291e—04  2.020 20.01 1.850e — 03 1.620 5.23 2.273e — 04 2.012 19.86
012 5.467e¢ — 05 2.016 19.73 6.018e — 04 1.706  4.31 5.625e — 05 2.009 19.66
1024 1.396e — 05 - 19.51 1.844e — 04 - 3.35 1.393e — 05 - 19.47

156



Chapter 5

type meshes need this information in advance. The computed theoretical bounds on the spline
interpolation error reveal that the method is second-order parameter-uniformly convergent.
The numerical outcomes displayed in the tables verify the theoretical estimates on the orders

of convergence and the errors evaluated in Section 5.4.
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Uniformly convergent scheme for
fourth-order singularly perturbed

convection-diffusion ODE

Convection-diffusion with fourth-order singular perturbation ODEs cross theoretical borders
to have a tangible impact on various fields. Their solutions shed light on the mysterious
subtleties that lie dormant inside nature and give us a glimpse into the fundamental principles
that regulate different physical processes. The appearance of boundary layers is one of
the defining characteristics of these equations. These layers provide locations in which
the solutions undergo abrupt changes. This intricate feature offers an ideal foundation for

research, with their analysis revealing how the system navigates steep gradients and evolves.

6.1 Introduction

Motivated by the work of Shanthi and Ramanujam [123, 124], in this chapter, the following
singularly perturbed convection-diffusion type fourth-order boundary value problem (BVP)

will be in consideration

The work of this chapter has been published in the following publication:
S. Singh, D. Kumar, V. Shanthi, “Uniformly convergent scheme for fourth-order singularly
perturbed convection-diffusion ODE.” Appl. Numer. Math., 186 (2023), 334-357.
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—eyW(z) — alx)y” (z) + b(a)y" (z) + c(2)y (z) — d(x)y(z) = —f(z), €D =(0,1),
(6.1.1a)

subject to the following boundary conditions (BCs)

y(0) = q1, y(1) = g3, ¥"(0) = —qo, ¥"(1) = —qu. (6.1.1b)

Choosing a particular type of BCs motivated by [35] helps us to establish uniform stability
estimates and other results. To extend the maximum principle theory, we transform (6.1.1a)-
(6.1.1b) into a system of two strongly/weakly coupled singularly perturbed systems (depending
on the coefficient of the first order derivative) of second-order ordinary differential equations
(ODEs) (refer [125] for the definition of strongly/weakly coupled systems) with Dirichlet
BCs. We assume a(z), b(x), ¢(z), d(z), and f(z) to be sufficiently smooth that satisfy the

following conditions

a(z) =2 a* >0, b(z) = p* >0, (6.1.2a)
clx) 2~y >0,0>=d(x) > -6 5 >0, (6.1.2b)
o =6 (1+¢") =n" >0, for some n* and ¢* > 0, (6.1.2¢)

forz € D.

Under these assumptions the BVP (6.1.1a)-(6.1.1b) has a unique solution y(x) exhibiting
a less severe boundary layer at = = 0 [35, 112]. The ‘less severe’ means the solution y(z)
of the BVP (6.1.1a)-(6.1.1b) and its first derivative are bounded uniformly, for all € on the
interval [0, 1]. It may be noted that the reduced problem satisfies the boundary condition at
x = 0 exactly [35]. The applications of the problem mentioned above can be seen in reactor
theory [126], traveling of water waves [127], pattern formation in second-order materials, and
traveling waves in suspension bridges [128]. Fourth-order differential equations like extended
Fisher-Kolmogorov equations [129], Swift-Hohenberg equation [130], Euler-Bernoulli beam

equation [131], and Benjamin-Ono equation appear in different fields and explains several
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mathematical and physical phenomena.

Existence of a unique solution y(z) € C*(D) N C%(D) guaranteed by the assumptions
made in the equations (6.1.2a)-(6.1.2c) (see [132]). We convert the BVP (6.1.1a)-(6.1.1b) into

a simpler form as follows

Ly(z) = f(z), v €D,

y(0) = (Q1,C]2)T> y(1) = (Q3,<J4)Ta

which is equivalent to

Lay(x) = —eyy(x) — al@)ys(z) — c(x)yr () + b(@)y2(r) + d(2)y: (z) = f(2), €D,

(6.1.3b)
¥1(0) = q1, 11(1) = g3, ¥2(0) = qa, ya(1) = qu, (6.1.3¢)
which can be written in a simpler way as
d2
L - 0
ey = | =T T |y A + B = £,
Lay(x) .
dx
0 0 0 -1
where A(x) = , B(z) = Y() = (@), ()’ £ =
c(x) a(z) d(z) b(z)

(L1,L)", and f(z) = (0, f(x))". The system (6.1.3) will be in consideration in place

of (6.1.1) in our analysis in the remaining chapter.

Remark 6.1.1. The fourth-order ODEs are reduced into a system of two second-order ODEs
using the given BCs of the kind (6.1.1b). According to the condition, the singularly perturbed
problem is a non-turning point issue (6.1.2a). Condition (6.1.2b) is applied to ensure that the
aforementioned system (6.1.3a)-(6.1.3c) is “quasi-monotone” (see definition 2.3 in [119]).
To obtain the maximum principle for the SPBVP (6.1.3a)-(6.1.3c), the conditions (6.1.2a)-

(6.1.2c) are adequate. The last criterion (6.1.2c) is combined with the maximum principle to

160



Chapter 6

arrive at a stable outcome.

In current years, constructing the numerical techniques for fourth-order SPODEs has been
successfully attempted by several researchers. For the reaction-diffusion class of fourth-order
ODE:s in 2002, Shanthi and Ramanujam suggested an exponentially fitted finite difference
method (EFFDM) for linear and nonlinear BVPs. In [124], the authors used the boundary
value technique (BVT), which includes EFFDM in the layer region and classical FDM away
from the layer region. In [133], Shanthi and Ramanujam used the fitted operator method
(FOM), fitted mesh method (FMM), and BVT for the respective class of BVP. Das and Natesan
[120] used the adaptive mesh via equidistribution of a monitor function and developed a
second-order uniformly convergent scheme. Using the Vulanovié¢-Shishkin mesh, Cen et al.
[121] constructed an almost fourth-order hybrid FDM combining non-equidistant generalized
Numerov and the central difference schemes. Recently, Singh and Kumar [134] analyzed
quadratic B-splines-based technique using eXp mesh and showed second-order parameter
uniform convergent results.

For the convection-diffusion type SPBVPs in [123], the authors employed BVT to find the
numerical solution. In 2016, Chandru and Shanthi [135] considered fourth-order SPBVP with
a turning point in the domain. They converted the considered problem into a weakly coupled
system of two second-order ODEs and implemented their asymptotic numerical scheme on
linear and nonlinear problems. After going through the cited literature and their references,
spline approximations are not new for singular perturbation, but currently, it is less explored
for the higher order singularly perturbed problems. In most cases, we see the presence of
a logarithmic factor in the convergence part of the method, but here, the use of quadratic
B-spline with a graded mesh provides a second-order convergence (without logarithmic
factor). We intend to construct a parameter uniform approximation for the problem (6.1.1) by
applying ‘B-spline’s collocation technique on the eXp mesh. Along with this, we also explore
the proposed method for nonlinear problems.

The present piece of work is systematized as follows. Section 6.2 contains the analytic
properties of the continuous solution of SPBVP (6.1.1) and its equivalent form (6.1.3) and
derivatives bounds of the components. The execution and construction of the numerical

scheme are given in Section 6.3, along with the properties of the eXp mesh. Section 6.4
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examines the convergence estimates in detail and offers second-order uniform accuracy.
Section 6.5 is devoted to the nonlinear BVPs, which include the quasilinearization technique
for nonlinear problems. After linearizing, it is easy to implement the proposed method. In
supporting the provided convergence, we give computational results in Section 6.6. The
present manuscript completes with concluding comments in Section 6.7.

Throughout the chapter, we denote C' as a positive generic constant that takes different

values at different places and C' = (C, C'). Moreover, C;, ¢ = 1,2,..., 11 are fixed constants.

6.2 Analytical results

6.2.1 Maximum principle and stability result

Here, we state some basic results without proofs for the BVP (6.1.3a)-(6.1.3c). These results

can be proved using the procedures adopted in [124, 132].

Theorem 6.2.1. Consider the BVP (6.1.3a)-(6.1.3c), assume that L1y > 0, Loy > 0in D,
y1(0) >0, y1(1) >0, 12(0) > 0, and yo(1) > 0. Then, y(x) > 0, in D.

Proof. Follow the approach of [132] for the proof. [

Lemma 6.2.1. Consider the BVP (6.1.3a)-(6.1.3c). If y is a smooth function, then

lyll < Cmax{|y(0)], |y2(0)], [y1(1)], [s2(1)], max L1y, max 1Loyl},

where [|y|| = max{[y,()], |y2(z)[}.

Lemma 6.2.2. For k = 1, 2, we have the following bounds
7l < ) < C e,

and

W <o+ M), [y < CeP(1 4 e7h).

Proof. We have the required proof by using the result of Lemma 6.2.1 and applying the
arguments of [112, 113]. L]
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The proof of parameter-uniform convergence requires sharper bounds for the exact solution
and its derivatives of the system (6.1.3). For this, we decompose the solution y(z) into two
parts

y(z) =v(z) + w(x), (6.2.1)

where v(z) = (vy, v2)T, w(z) = (w1 (x), ws(x))T are the regular and singular components of

y(x), respectively.

Theorem 6.2.2. If a(x), b(z), c(x), d(z), and f(z) € CH(D). Then the components v(z),

w(x), and their derivatives have the following bounds

W) <o WP @) <Ccl+eF), 2eD, 0<k <4,

i (@)] < C&F exp(—wa®/e),  |wy” (2)] < Ce™Fexp(—wa’fe), 2 €D, 0<k <4,

Proof. We use the minimum regularity of the coefficient functions a, b, ¢, d, and f to prove a
higher-order decomposition of the analytical solution. The regular component can be written
in the form v = Vg + €V + 82’02 + 83’03 + 84’04, where Vg = (U()l, ’Uog)T, v = (’UH, ’Z}lg)T,

vy = (va1,v92)T, w3 = (v31,v32)T, 4 = (va1,v42)T and satisfies the following problems

- d2 -
%

dx? vo — A(z)vy + B(z)vg = f(x), vo(1) = y(1),

0 0
- 2 - - -
_& 0 0

da? v; — A(x)v| + B(z)v, = 2 | vo, vi(1) =0,
| 0 0] _0 a2
— 2 - - —
&, 0 0

da? vy — A(z)vh + B(z)vy = 2 | v, v2(1) =0,

0 —

0 0 0
- 2 —_ — —_
_E 0 0

da? vy — A(x)vl + B(x)vg = . 2 | v2 v3(1) =0,
| 0 0] Ry

0 0
Lvg = 2 | v3, va(0) =0, vy(1) =0.
=
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Thus
Lv(z) = f(z), v €D, (6.2.2)

for suitably chosen v(0) and v(1). Moreover, the singular component is the solution to the
following BVP

Lw(z)=0, €, w(0)=y(0)—v(0),w(l)=0. (6.2.3)

We can apply the approach of [136] (by putting 1+ = 1). For more details on this approach, one
can refer [132, 137, 138]. With the mentioned decomposition and Lemma 6.2.2 the following
bounds hold for v

W) <0, P ()] <O +eth). (6.2.4)

The appropriate choice of barrier function gives the following bounds on the components of

w

lwi ()] < C1e*(1 — exp(—xa*/¢)), (6.2.5a)

lwy ()] < CLe?(1 — exp(—za* /€)) + Coa* exp(—za’*/e). (6.2.5b)

Using the argument of [112, 113, 136], the first order derivatives satisfy

|wi(z)] < Cieexp(—za*/e), (6.2.62)
lwy(z)| < Creexp(—za*/e) + Che™ta* exp(—za™/¢), (6.2.6b)
< Celexp(—za*/e). (6.2.6¢)

We use differential equations to get the bounds for second-order derivatives

|w](z)] < Cexp(—za*/e), (6.2.7a)
C

(1 — exp(—za*/e)) + Ce ?exp(—xa*/e). (6.2.7b)
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The third and fourth-order derivatives satisfy

W} (z)] < Ce(1 + &% exp(—za*[e)), (6.2.8a)
|wh (x)] < Ce (1 + e 2exp(—za*/e)), (6.2.8b)
[wl"(2)] < C(1+ e 2 exp(—za’ /), (6.2.8¢)
lwy (2)| < Ce (1 + e 2 exp(—za*/e)). (6.2.3d)

Thus, we have obtained the required bounds. The asymptotic expansion approach of [132]
can also be used. In [138], a third-order convection-diffusion type problem is considered, but

the approach of proving the bounds can be followed. 0

6.3 The suggested numerical method

This section includes the construction of the eXp mesh, pursued by the construction and

implementation of the method to the problem (6.1.3).

6.3.1 Construction of the mesh

A combination of standard numerical techniques with a uniform mesh delivers unsatisfactory
results (not parameter-uniform) because of the solution oscillations near the layer region
unless a large number of mesh points is considered; that is practically impossible. Thus, one
feels the necessity of layer-resolving mesh, and non-uniform meshes are suitable for this
purpose. This section will produce a particular type of eXp mesh that generates more mesh
points in the layer region (in the neighborhood of the left part of the domain) than the regular

part.

To construct the eXp mesh AN = {z;] 0 < j < N, }, the interval [0, 1] can be divided
into N, > 2 (multiple of 2) subintervals /; = [z;_;, z;]. Construction of the mesh requires
a piecewise continuously differentiable, monotonically increasing, and continuous mesh

generating function 7°(p), which is characterized as

T(Q) = - 111(1 - 2¢P,EQ>7 S [07 1/2 - 1/Na:]7 (631)
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where P is the degree of the polynomial, ¢p . = 1 — exp( ) € R*. We divide the

1

T (P+1)e

interval [0,1] as [0,1] = [0,2~, ] U [zx. 4, 1], where z~, , is the transition point. We
2 2 2

write the grid points in the following format

(P +1)eT(0;), j=0,1,... 2 -1,
Tj = l—on N
2 S T
xl\;‘"l—i_(W)a ]_Ta“-;Nxv
where ¢; = NLT for 5 = 0,1,..., N,. The mesh points are distributed equidistantly in

[z Moy, 1] with N, /2 + 1 elements and exponentially graded in [0, = N _,] with NV, /2 — 1
elements. The step size ﬁj =x; —xj—1,j = 1,2,..., N, fulfills the following inequalities
using the function © = exp(—7"), known as the mesh characterizing function (see [91] for

more details)

i JOPH DN maxT(gy), j=12.... 5 ~1

CN;l, j:%y---aNxa

further on simplification

o J PN max |6 Jexp () G= 12 B -

b < (P+1)e
VNS

CN 1, j= . N,

As max |©'| < 2, the above inequalities can be simplified as

. CeNx_leXp< = ), j=1,2,... N 1,
hy < (e 2 6.3.2)
- . N,
Cle, j:T"”7Nx’
and for the mesh A=, ﬁj also holds
. . eN2, j=1,2,..., 8 1,
|hjs1 —hi| < C (6.3.3)

0, j=2 N, -1
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Remark 6.3.1. This analysis cannot be given for the meshes provided by Shishkin and
Bakhvalov because of the violation of the condition ]ﬁjﬂ — iL]\ < ON;? in the vicinity of

transition points (refer [94]).

6.3.2 Execution of the collocation technique

In this section, we demonstrate the execution of our collocation technique to find the solution
to the problem (6.1.3) using piecewise quadratic C''-splines. We denote by 1y, the collocation

points obtained by taking an average of z;_; and z; i.e,,

l’j71 +l'j ﬁ hj

Xj = Tj—1/2 ‘= :ij_l—{— :93']'—3, fOI’j:1727...,Nx.

Form,P € N(m < P), we define the following spaces
SE(AN") == {r € C™0,1] : 7|y, € IIp, forj =1,2,...,N,},
where 1 is the set of all polynomials of degree < P.

For the discretization of (6.1.3), we seek the quadratic splines B,(z) € S3(AN+), j =
0,1,..., N, + 1 defined below that constitute the solution of BVP (6.1.3)

( 2
M, ro < v < 7y,
Bo(x) = hi
0, otherwise,
\
( ;32 . 02 . 2
! (%.1 x) - A(mA xoz , Lo g x < Ty,
h? hi(hy + hs)
)2
B (r) = § (T2 n <o <
hy(hy + ho)
\ 0, otherwise,
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andforj =2,3,..., N, — 1,
[ (z—2;0)?
hji(hjo1+hy)’

(z —mj0)(zj — @)  (%j11 —2)(x —xj1)

B,(x) =4 hilhi +2ilj) (g + )
(2541 — @)
= ~ < y X < x < Tjt1,
hja(hj + hjia)
0, otherwise,

\

while for 7 = N,, N, + 1 these are defined as

( (z — $N172)2

Zler(iLer +hy,)’

IN,—2 ST < TN, -1,

h3, —(x—xn. _1)? TN, —x)?
By, (z) = N <A2 No-1) — = (AN” )A , IN,—1 ST KN,
hy, by, (hn, -1+ hy,)
0, otherwise,

2
%Nw—&-l(x) = th

0, otherwise.

To discretize the Equation (6.1.3), we seek g € Si(AN+) such that

:lN/(O) = (Q17 q2)Ta (Lg)jfl/2 = fjfl/Qa ?}(1) = (QS7 q4)T7 ] = 17 27 s 7Nx- (634)

Equation (6.3.4) can be rewritten in the components form as

gl(o) =, (ﬁlg)jflm =0, :’jl(l) =q3, J=1,2,..., N, (6.3.52)

52(0) = q2,  (Lo¥)j-1/2 = fim1j2, Bo(l) =qu, 7=1,2,...,N,. (6.3.5b)

We represent the collocation solution y as
Ny+1

ge(r) = > AuBj(x), k=12 (6.3.6)
=0
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Use of (6.3.6) in (6.3.4) and (6.3.5) give the following system
>\O,k’ = qk, [LA]]fl/Z = fj*l/Z’ J = 17 27 BRI Nxv >\Nm+1,k‘ = qk+2, k= 17 27 (637)
which represent the same system given by the following equations

o1 = qi, [Ll/\]jfl/z =0, Anvri1=a3 J=12,..., N, (6.3.82)

Mg =q2, [LoAljo12 = fic12, Anew12 =, j=1,2,..., Ny, (6.3.8b)

with A = ()\071, /\171, ceey )\Nac+1717 /\0’2, )\172, ey )\Nx+172>T c R2NI+47 L = (Lh LQ)T. The

operators in (6.3.8) can be written in a simple way as

2(\,; —\; 201 — \i_ - —
[LlA]j—l/Q —_ |: A( JA+1,1 _ j,l) _ A( ],Al A] 1,1):| _ |:q;_>\j+172 + (1 - qj —q; ))\jg
hi(hj +hjp1)  hyi(hy+ hjo1)
+ aj'_)\j—l,2:| )

2()\'4_1,2 — )\'72) 2()\'72 — A '_1’2) ~ ~ ~
LoMli1r2 ::_5[ R YT T R R Ahl Gk a7
VAN J VAN J—=

- A 1 1 Yy
+ qj)\j1’2‘| — aj-1/2 {—# + )\j}Q ( = = — % = ) + = J+}’2 :|
hj + hj_l hj + hj_l hj + hj+1 hj + hj+1

Ao 1 1 Aj
— Cj_1/2 {—# + )\j,l (A < - = ~ ) + = j+}71 :|
hj + hj—l hj + hj_l hj + hj+1 hj + hj+1

+dj_1)2 |:fqv;‘r>‘j+1,1 + (1 —q; — @) Aja+ @‘Ajl,l] ;

hy

where Z}?F = —————andg; = — Merging all the equations delivers the
, A(hj + hji1) A(hj + hj-1)
following system
AN = &,

where

A B T

A= ~ ~ | > 6 = QI707'"7OJQ3JQ27JC(X1)7'"Jf(XNm>7q4 )
C D ~ ~~ ah ~ g
IS[component 2ndcomponent
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T
A - ()\O,la )\1,17 EIR) ANz,la )\Nm-i-l,l) )\072a )\1,27 EIRI) >\Nz72a )\Nz-i-l,Q) .
A A g

v~ v~

1% component 2nd component

The matrices A, B, C' and D are given by

1 0 0 0 o . 0
&21 dgg &23 0 . . 0
A _ 0 d32 d33 d34 R c 0
0 an,+1N, AN, +INg+1 AN, +1N,+2
R 0 0 1
i 1 (No42)x (No42)
0O 0 O 0 o o 0
[;21 822 823 0 e C. 0
B _ 0 632 633 634 - - 0
0 byyrin, Ono4iN+1 DN,41n,+2
S | 0 0 0
L 1 (No42)x (No+2)
0O 0 0 0 0
621 622 623 0 Ce. e 0
C’ _ 0 632 633 634 R C. 0

0 CeN,+1N, CNy+INs+1 CNy+1N,+2

A 0 0 0
L 4 (Nz+2)x (Nz+2)

170



Chapter 6

1 0 0 O 0
CZgl JQQ dA23 0 c. ce 0
0 dA32 6233 6234 . e 0

ol
Il

0 dn,+1in, dNyr1N.+1 AN, 1IN, 42

EERERR 0 0 0 1 1 (Vos2)x (V. 2)

where for j = 1,2,..., N,

N 2 . B 2 2

S T ) Y T T e ) s+ )
Ajy1j+2 :M%W’ l;j‘*'l,j = =45, i’j+1,j+1 =—(1- a;‘r - q~j—)’ ZA)J'+1J+2 -

Civ1j = ﬁ +q;dj1j2, Citrj42 = —ﬁ +q; Fd;_ 1/25
Grrgen =~ G <h —I—lhg T +1aj+1> Flop( =G =)
CZ]Jrl g+l = 28( it 1 - + - h +1h]+1> +bj_12(1 -G —q;)

1
. 1/2( i)

d]+1 j+2 = = <iL ilgH + 4 bj—1/2 — Ajaj__;l/;l

6.4 Convergence analysis

6.4.1 SS-interpolation

~
_q] )

We solve the following interpolation problem to find the interpolation I3y, € S5 (A™+) for an

arbitrary function y;, € C°[0, 1]

(Igyk)] = (yk)]7 j - 07 ]-) CII) N:m and (Igyk>j—1/2 - (yk)j—l/Qu ] - ]-7 27 e
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7N1177



Chapter 6

where (yi); = yi(z;), (Yr)j-172 = ye(x;), k=1,2.
Theorem 6.4.1. Assuming a(x), b(z), c(z), d(z), f(x) € C*0,1], the interpolating error
y — Iy of the solution y of (6.1.3) satisfies the following bounds:

ly — Lyl < ON®, e max |(y = Iy)j_ipl <CN;7,

e’ _max |y - Ly)ipl SON,

where € = diag(1,¢).

Proof. First, we utilize the Lagrange representation of the interpolating polynomial and
Taylor series expansions to verify that for any y € C*[0, 1]2, the interpolating error on each

subinterval satisfies

~

R h2 h2
3 (4)
yk—]gyk B < ﬁ ?/l(g) 1-7 (yk—lgyk);‘—1/2 < 2_1 ?Jk) 1-7 (yk—lgyk);‘/—1/2 < 4_2]% Y ]'v
J J J J
(6.4.1)

for k = 1, 2. Applying the linearity property of I3, decomposition of the solution components

Yk into two parts is given by

yi — Ly = (vi — Log) + (wi — Lwy).

Since the nature of both solution components is distinct, we give individual analyses for both
solution components.

Analysis for first component y,: We start our analysis by finding the interpolating error
in the regular component. For I; C [0, x, /2—1], we apply the bounds given in Theorem 6.2.2,

to obtain

3z,
g 3N—3 J
Ce’N, exp(—(P n 1)€)
< C’N;?’ exp (ﬁ>
€
<CON;? exp((P + 1)T(gj)>
< ON; 2.
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Also, for I; C [z, /2, 1], the bounds for h; (using (6.3.2)) trivially gives ||v; — I9v]|;, <

CN_3. Thus, by merging all these estimates, we have

Hvl — Ig’UlH g CN73.

Next, we assess the singular component w; in I; C [0, 2y, j2—1]. Using Theorem 6.2.2 and

the inequality (6.3.2), we get

h3
ﬁw?) , < CeEN; exp( 773—?1) > e~ exp(—za*/e)]y,
5
hj
exp Cl_)
£

o
3 exp <01 (P +1)N; ' max 1" (93))

< ONJ®.

Now for I; C [y, /2, 1], we obtain

~

h3

j
24

Since € exp( S ‘1) is bounded in [z, 2, 1], the above inequality gives

g
24

G| < oN3.

I

Thus, for the singular component, we obtain

[wi — Lwi || < ON;?.
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Now to acquire the bound for max |(y1 — [§y1)3_1/2|, first, we assess vy in I; C
.]: ISy x

0, 2N, j2—1] as follows

g C€2Nx_2 exXp (%)

2%
gCN*2 =y
v eXp((P—l—l)a)

< ON;?exp <2T(@j))

I;

< ON2Z

xT

Also, for I; C [xn, 2, 1], the bounds for h; (using (6.3.2)) trivially gives |(v; — 1301)3_1/2| <
C'N,_ 2. Thus, by merging all these estimates, we have

< CON 2.

(v1 — 1801)3—1/2 T

Next, we assess the singular component wy in [; C [0, zy, 2—1]. Using Theorem 6.2.2 and
the inequality (6.3.2), we get

h2

_J
24

wf?

xT

< CON;%exp| Co(P + 1)Nm1maXT’(@j))

< CN; 2

Similar bound can be obtained in I; C [z, /2, 1]. Now to acquire the bound for max |(y1—
J=1445.00 T

I9u1)] o). first, we assess vy in I; C [0, x, ;1] as follows

72
hj

4
[

2 .
< Ce*N; 2 exp 2 (using Theorem 6.2.2 and the inequality (6.3.2))
(P+1)e

I
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2x
g N72 J
CN. eXp((P—l—l)a)
< ON;?exp (QT(Qj))
< ON; >

Use similar approach for v, the interval [xy, /2, 1]. Now for the wy in I; C [0, 2y, /2-1], we

have
E w| < Ce2N2 exp 2 72| exp(—za*/e)|;
48| I; h : (P+1)e ’
< CNx_z exp C3'Tj> exp(ﬂ)
5 €

< ON;E_2 exp C‘Zﬁj)
< ON; % exp( C5(P + 1)N;1maxf’(ej))
< CN,?
For the interval [z, /2, 1]
e 22 .
15| < ON, e |exp(—za’/e)]y,

Since e 72 exp (— S ‘1) is bounded in [z, 2, 1], the above inequality gives

48

(4)
1

< CN;2

I

Analysis for second component y,: We start our analysis by finding the interpolating

error in the regular component. For [; C [0, 2y, 2—1], we apply the bounds given in Theorem
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6.2.2, to obtain

off

< Ce’ N3 exp <(733+L]1)5)

I;
< CN;3 exp (ﬂ>
€
<onew((P+ 1)

< CN3.

T

Also, for I; C [z, /2, 1], the bounds for h; (using (6.3.2)) trivially gives |jvy — Jva||1, <

C'N_3. Thus, by merging all these estimates, we have
[va — Lyva|| < ON;2.

Next, we assess the singular component ws in I; C [0, zx, /2_1]. Using Theorem 6.2.2 and

the inequality (6.3.2), we get

h? 3;
ﬁ w? , < Ce® N, exp (ﬁ)sﬂ exp(—za’*/e)|y,
< C'N‘,]c_?’eXp{C(j<ﬁ — mj_l)]
£ 5

< CN,?exp (C’G—j)
E
< ON“exp (cw 1)V max T'(g»)

< CN3.

T

Now for I; C [z, /2, 1], we obtain

73
E
24

uf?

< ON,%e7?|exp(—za* /)|y,

X
I;

< ON-*=P exp (__>
19
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Since 73 exp (—%) is bounded in [z, 2, 1], the above inequality gives

73
hj

3
5|

< ON3.

X
I

Thus, for the singular component, we obtain

||w2 - IngH < CN_g.

xT

Now to acquire the bound for ax |(y2 — Igyg);-_l /2

, first, we assess vy in I; C
j=1,2,...,

0, 2, j2—1] as follows

72 20
0B < o2N2 J
24| |, ST eXp((P+1)g)
2x;
<CN_2 =y
* eXp<(77+1)6)

< CN; % exp <2T(Qj))

< CN2.

xT

Also, for I; C [xn, /2, 1], the bounds for h; (using (6.3.2)) trivially gives |(vy — Igvg);._m\ <

CN, 2. Thus, by merging all these estimates, we have

(v2 — ISU2);>1/2 <CON2

Next, we assess the singular component ws in I; C [0, zn, /2_1]. Using Theorem 6.2.2 and

the inequality (6.3.2), we get

iLQ 3 - 2% _ *
2", < oetN; oo )< - 2
< CeINZexp {&(ﬁ - —xj_l)}
g &

< Ce_le_z exp <C’7&)
€
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< Ce "N, 2 exp <C7<7> + 1N, ' max T ’(@j))

< Ce N2
Similar bound can be obtained in I; C [z, /2, 1]. Now to acquire the bound for max |(yo—
J=145.00 T

13y2)7 o). first, we assess vy in I; C [0, x, j2—1] as follows

E oY < C2Nexp 2 (using Theorem 6.2.2 and the inequality (6.3.2))

2z
< CNfZ e =
P < (P + 1)6)
< ON;Zexp <2T(Qj))
< ON; >
Use similar approach for v, the interval [z, /2, 1]. Now for the wy in I; C [0, 2y, 2-1], we
have

48

(4)

Qx
Wy ) <CeQNanexp(ﬁ)e_ﬂexp(—a:a*/e)hj

J

p( Cio(P + 1)N, ! maXT’(&‘))

For the interval [z, /2, 1]

~

h

48

e exp(—aa®/2)],

—a*xj1>

wf?

< CN;?

I
< Ce 2N % 2exp (
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Since e 72 exp (— i ‘1) is bounded in [z, /2, 1], the above inequality gives

h2
Y

48

< Ce N2
I;
O

Lemma 6.4.1. Let z € S3(AN*) with zj_15 =0, j = 1,2,..., N, then

4 8
l2lz; < mjax{\zj,ﬂ, 1z}, 11211, < B—m?x{\zj,ﬂ, 12}, 1270, < ﬁm?x{\zj,l\, |25 }-
i :

Proof. From [93] we know that,
2
z(z) = ﬁ(l’ — zjop) 21T — 25) + 25(x —xj)]s @ € I,
J
which implies
2
2(0)] = =la — @j1jpl max{|zy], 12} (o — 2] + & — 2524,
J
i, A
? and |ZE — Ijl —+ |l’ — ZL’j_1| = hj, SO

Using the relations |z — x;_1 /5| <

Jall, < mavx{fzp-al. ]

Differentiating the function z(x), we get

, 2 2

Z(x) = ﬁ(zj—l +2) (@ — zj1p2) + ﬁ[zj—l(fff — ;) + 2 — 2;)];
J J

By taking the absolute value, we get

2 2
|2 ()] = §(|Zj—1| + 1z Dle = xjo12| + = max{[z;1], 2]} (| — 5] + o — 2 ]).
j j
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Using the above relations gives
, 4
12117, < =—max{[z;1], 2]}
hj J

A similar approach can easily obtain the bound on z”. [

6.4.2 Sl-interpolation

We solve the following interpolation problem to find the interpolation I3 y; € S (A=) for an

arbitrary function y;, € C*[0, 1]

(Lyw)o = (o, (Lyr)j-1/2 = ()j-1/2, 3= 1,2, Noy  (Lye)n, = (),
(6.4.2)
where (yx);-1/2 = yr(X;), fork =1,2.
From [93, 111], we have

[ARL); = 7j(Ri)j—1+3(Ri)j+5;(Ri)jr1 = 47 (Ri)j—1/2+45;(Ri)jr1/2, 5 = 1,2, ..., Np—

(6.4.3)

By
hjthj1

_ _ N
aIlde—l—’I"j—A

where r; = —l
J hj+hjq1

Lemma 6.4.2. For all vectors R;, € RNt with (Ry)o = (Ri)n, = 0, the operator A is

stable i.e.,
1
< = =
aax  |(Re)jl < 5 max  [[ARg];], k=1,2
Proof. For the proof, refer to [94]. [

Theorem 6.4.2. Assume that a(z), b(z), c(x), d(z), f(z) € C*0, 1], then the interpolating

errory — [y of the solution y of (6.1.3) satisfies

jmax|(y = Ly),| <CN;, (6.4.42)

ly — Lyl < CN; 2, (6.4.4b)

e _max |y = Ly)jipl <CN;7, (6.4.4c)
e _max |y = Ly)j 1l <ON* (6.4.4d)
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Proof. To find the interpolating error iz — I3y, we examine an arbitrary function y, such

that
(v — Iyye)o = (e — Lyk)n, =0, k=1,2.

Using the definitions of S3-interpolation and the operator A, we have

Fund = My — Lyi)l; = 75 (W) j—1 — 4r;(Ye)j—12 + 3(y)j — 485 (Yr) j+1/2 + S5 (Yk)j+1,

(6.4.5)
forj=1,2,...,N,, k= 1,2. Moreover, we utilize the Taylor series expansions to bring
~ Lo / (3) b B4 pA (4)
Tl < L5 halgalhgen = gl ()il + 9% max{h;, i Iy )illon,,. (6.4.6)

We decompose the interpolating error into two parts as
ke — Lys = (vp — Lvg) + (wy, — Lywg),

or

Tykvj = TUk,j + ka»j'

Analysis for first component y,: We start with the regular component. For I; C

0, 2, 2—1], we employ Theorem 6.2.2 and the inequality (6.4.6), to get
|Tor4] < C<Bjilj+1|ﬁj+1 — h;| + max{h, ’331'“})
In [0, zn, /2—1] We obtain
sl < C (Bl =l + ) as by < g
2z, da;
<O(eNH J+1 44 J+l
(’5 : eXp((P 1) TN P\ e
dx;
< ON;*exp| 0
» O ( (P+1)
< ON;exp <4T(Qj+1))
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< ONTA

xT

Moreover, for z; € [z, /2, 1], it is straightforward to verify |7,, ;| < C'N;*. Therefore,

Lemma 6.4.2 gives

1 —4
jomax (v — Lol < ON

Now to find the bounds for w;, we employ the attribute that ﬁj < ﬁj+1 for z; € [0, 2N, /2-1],

which yields

" 5
|1, + oz max{ A, b (wi )@l nor

1~ -
|Tw13| Eh ]+1|hj+1 h||(w1]> 96

<O Wl — hj|€_1|exp(—m*/€)lfj+h?+1€_2|eXp(—ﬂfa*/s)lzjusz)

2z, iy
< ON* (exp (%) | exp(—za™/e)|r, + exp (%) \ eXp(—xa*/e)hjUIjH)

P+1)e +1)e
Cuihjiy
€

< C’]\f‘,;4 exp(
< ON, *exp (C’H(P +1)N,; ' max Y’ (QJ+1))

< ON

T

In the regular region [z, /2, 1] we acquire the identical bounds. An application of Lemma
6.4.2 delivers

jmax |(wy — Lw);| < ON™

Analysis for the second component y,: The examination is analogous to the first com-

ponent in Si-interpolation. We are not delivering the details here.

The estimation given in (6.4.4a) can be acquired instantly by combining all the interpolat-

ing errors for both components. To show (6.4.4b), we utilize triangle inequality as

ly — Lyl < ly — Byl + | By — Lyl

<y - ISyII+ _max |(y—f21y)j|-

Now using (1;y); = (¥);, 7 =0,1,..., N,, Lemma 6.4.1, Theorem 6.4.1, and (6.4.4a), we
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get the estimate (6.4.4b). Moreover, to obtain the inequality (6.4.4c) and (6.4.4d), we employ

a similar procedure as we have accomplished for (6.4.4b). For this, we have

|(yr — [211/k>;;1/2‘ < |y — [gyk);‘fl/Q‘ + ‘(Igyk - Izlyk);el/ﬂ
4
0 " 1
< = Loye)jappl + | max ;L—jl(yk — Lyyn)sl,
|(yr — ]21%);'/—1/2| < (yw — ]gyk);'/—1/2| + |(Igyk - ]zlyk);'/—l/ﬂ

8
< _ 0 /{ . _ 1 .
< e = Ly)joapl +_max ﬁ?\(yk Lye);|

Hence, we complete the proof by using the Theorem 6.4.1 and inequality (6.4.4a). [
Lemma 6.4.3. If there exists a constant j1; > 0 such that
max{iljﬂa ﬁj—l} > MJLJ‘, J=1,2,...,N, =1, by > prhy, and hy, > phy, ;.

Then the operator L is stable in the infinity-norm i.e.,

(1+ )

Hac*

vl < C ILy|, for ally = (y1,7%)", v € RéVZH ={z e RV "2 5 = 25,11 = 0}

Proof. Set (ml)j_l/g = (1—6‘;—&;), (mg)j_l/g = bj_l/g <1—Z]}+—a]), ] = 17 2, Ce ,Nm
and g, q; € (0,1/4), therefore (m1);_1/2, (m2);—1/2 > 0. For arbitrary v, and 5, we define

A _ 1 2(%jp10 — Y1) 20950 —v5-11)
[ArY]j-rp2 = — P B — — V5.2
(ma)jvje Lhy(hy +hyn)  hy(hy + hyon)
1 2(7'+12—7'2) 2(7'2—7'12)1 [N
A . = —c _ JA 3 _ J» S .71\ A] 3 + d‘, + )
Ay (mz)j—1/2{ {hj(hj + hji1) hji(h; 4+ hj_1) e SR

- — _ Vi-1,2 1
—+ 1—q+—q)7’1+q7171:| — a1 2{—#4—7472(#
( R e I P VR

1 ; . 1
- — ) NRNFLat 1 — Cj-1/2 {——A Bl +’Yj,1<7 )
hj + hj+1 hj + hj+1 hj + hj,I hj + hjfl
]_ .
_ i ) 4o %+},1 1 } + .
hj + hj—l—l hj + hj+1

The operators A, and A, are well defined because (1m,);_1/2 and (m3);_1 /2 are positive. The
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M -criterion [139] implies that ||A,"| < 1. Next, we have

(L] 12 + |:a]—"r)\j+1,2 + Z];Aj—m]

ANylicip = ,
Al (m1)j-1/2
[LoYlj—1/2 — bj_1/2 |:a]+/\j+172 + f]?&q,z}
ANoyliiie =
Aotz (ma2)j—1/2
We obtain the desired proof by applying the [94] analogy. [

Theorem 6.4.3. Let y and y are the solutions to the problems (6.3.4) and (6.1.3), respectively,
on the eXp mesh, then
ly — gl < ON;.

Proof. The triangle inequality yields

e = Giell < llye — Lyill + [ — il

for k = 1,2. The interpolant I}y, can be written as follows by using B-spline functions

Ngz+1

]Qlyk(x) = Z BngSBj(CL’), for k = 172.
§=0
Use of Theorem 6.4.2 and Lemma 6.4.3 give
IX—B|l < CN, 2
Since each ‘B; > 0 and the sum of all basis functions is equal to 1, so
11y — gl < [|]A =Bl < ON,; 2

An application of Theorem 6.4.2 completes the proof. 0
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6.5 Nonlinear BVPs

Now, we look into the following nonlinear class of BVPs
cyW(x) = Flz, v, 9" y"), z€D=(0,1), (6.5.1a)
subject to the following BCs
y(0) = q1, y(1) = g3, ¥"(0) = —gq2, ¥"(1) = —qu, (6.5.1b)

where F(x,y’,y”,y") is a sufficiently smooth function with respect to its arguments and

satisfies the following requirements

fy/// > O[* > 0’ _Fy// > ﬁ* > O, (65.2a)
Fy>7">0,02F, >0 6 >0, (6.5.2b)
o —0*(14+¢*) =2 n* >0, for some n* and ¢* > 0, (6.5.2¢)

for z € ©. Putting € = 0, we obtain the following reduced problem

‘F(zay/7y//7y/,/) = Oa y(()) = {1, y(l) = (g3, y//(l) = —(q4, (653)

which has a solution yy € C*(®D). With these assumptions, there exists a unique solution
to the problem (6.5.1) and exhibits a boundary layer of width O(¢) in the neighborhood of
x = 0. Other analytical aspects like uniqueness, existence, and asymptotical analysis can
be seen in [140, 141]. In the process of finding the numerical solution for (6.5.1), we use
Newton’s technique of quasilinearization [112]. We have the following linearized form of

(6.5.1)

—gyWip+1] (z) — al?! (x)y///[pH] (z) + plP! (:C)y//[pﬂ] (z) + il (m)y’[p“](x)
= dP(z)y" N (2) = = fP(z), 2€D=(0,1),
(6.5.4a)
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y[P-l-l}(O) =q, y[P-i-l](l) = qs, y//[p+1](0) = —¢o, y//[P-l-ﬂ(l) = —qu, (654b)
where
al?! (z) = ]:y"'(x,y’[p]7y"[p]7y"’[p]>, b[p](x) _ Fy”(x7y/[p}7y//[p}jy/l/[p])7
clP) (z) = Fy(z, y/[p]’ y//[p]’ y///[P}% AlP! (z) = F,(x, y/[p]7 y//[p}7 yl//[p])’

— Il (z) = Flz, y/IP1 gL ety y[P}]:y(x’ /Pyl y”’[P]) + y’[p}]:y, (z, /Pyl y”’[P])

Y BLE (P ) e E (o

We have the following mentions

1. For each p, from (6.5.2) we get

a?l(z) > o >0, BPl(2) > B* > 0, Pl(2) = ~+* >0, 0= dPl(z) > —6%, 6" > 0.

2. The linearized form (6.5.4) can be solved using the numerical technique discussed in

Section 3.

6.6 Numerical illustrations

This section verifies the theoretical outcomes by executing our numerical approach on three
test problems. Due to the unavailability of the analytic solution for all test problems, we use
the double-mesh principle [112] to compute the error estimates and orders of convergence.

We determine maximum pointwise error (MPE) as
El]cvsz = m?X@k(fEQj_O — gk($j71/2)|7 k=1,2,

taking NV, and 2N, mesh intervals into consideration, ¢, and v, denote the numerical solutions
on these mesh intervals, respectively. After obtaining the MPEs, we calculate the associated

orders of convergence using the formula
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For each fixed N,, uniform errors F,* are obtained as

E,]gVI = maXE,]CV;, k=1,2,
eesS ’

where S = {e|le = 2719 271 2728} Moreover, the associated orders of parameter

uniform convergence X,iv * are given by

BN
szvz = log, (L) , k=12.

The overall error E™+ and corresponding orders of convergence V= are given by

EYNr = max{EN*, BN},
EN:
x" = log, (EzNI) '

We denote y; and ¥, as the solution components of the exact and numerical solutions,

respectively. Moreover, the bold notation represents the solution in vector form.

Example 6.6.1. First, we solve the following fourth-order BVP

—ey™® (x) — 22z + 1)y (x) + zy"(x) + 49/ (z) + y(x) = —cosz, z € (0,1),

y(0)=1,9(1) =1, ¥"(0) = -1, (1) = —1.
Example 6.6.2. Next, we solve the following fourth-order BVP

ey (2) — exp(L — 2)y"(2) + ¥ (x) + y(x) = —exp(x), x € (0,1),

y(0) =1,y(1) =1, y"(0) = -1, y"(1) = 1.
Example 6.6.3. Last, we solve the following nonlinear fourth-order BVP

—eyW(2) — exp(2z + 1)y" () + y"*(2) + y(x) =0, 2 € (0,1),

y(0) =1,y(1) =1, y"(0) = =1, y"(1) = —1.

187



Chapter 6

As we notice, the perturbation parameter does not appear in the first equation of the system
(6.1.3), so we do not observe any sharp boundary layer in the first solution component. While
the second solution component exhibits a boundary layer near the left end of the domain. As
cited before, the uniform mesh is unsuitable for resolving the boundary layers. One cannot
accomplish the purpose of getting parameter uniform estimations on this mesh. So, in the
present chapter, we preferred the eXp mesh to obtain the numerical outcomes for all problems.
Tables 6.1, 6.2, 6.4, and 6.5 validate the parameter-uniform results for the solutions y; and
7 in Examples 6.6.1 and 6.6.2, which are uniformly convergent of O(N_?2). These tables
prove that e-uniform errors monotonically decrease as the number of mesh intervals N,
increases. Further, we have also determined c-uniform orders of convergence and e-uniform
error constants C= (see [113], Chapter 8, page 166 for the computation of C™*) to verify

this analogy.

A comparison of numerical results between eXp, Shishkin, and Bakhvalov-Shishkin (B-S)
mesh is given in Tables 6.3 and 6.6. One can notice that results on Shishkin mesh provide
almost second-order accuracy (which is of O(N;?1n* N,)). While on B-S and eXp mesh,
the acquired results give second-order accuracy with reduced errors compared to the Shishkin

mesh.

As mentioned in [91], B-S and eXp meshes are suitable choices for these class problems,
varying by a small variation in the selection of mesh generating function 7°(p). We have
illustrated the formation of the boundary layer in the solution component g, by plotting the
graphs of the numerical solution. From Figs. 6.1 and 6.2, it can be noticed that the layer at
x =0, for e = 10~ (refer Figs. 6.1(b) and 6.2(b)) is stiffer as compared to ¢ = 102 (refer
Figs. 6.1(a) and 6.2(a)) which confirm the aspect, decreasing the ¢ results in the decreasement
of the width of the layer. We have considered a nonlinear fourth-order BVP in Example 6.6.3.
After converting into a system (like (6.1.3)), we see that nonlinearity appears in the second
equation. For Example 6.6.3, we provide the uniform results of O(N_?) in Tables 6.7 and
6.8. In Figure 6.3, it is easy to see the boundary layer in the second component, whose width

decreases as ¢ decreases.
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Table 6.1: EN=

Xffg, EN+, N+, and CPU time (in seconds) for Example 6.6.1

le>

Ny

€ 32 64 128 256 512

2-10 9.2932¢ — 06  2.2039¢ — 06 6.6282¢ — 07 1.8114e — 07 4.6799e — 08
2.0761 1.7334 1.8715 1.9526

2~ 1.3729e — 05  3.4945e — 06 8.7867e — 07 2.1961le — 07 5.4710e — 08
1.9741 1.9917 2.0004 2.0051

218 1.4070e — 05 3.6006e — 06 9.1120e — 07 2.2926e — 07 5.7483e — 08
1.9663 1.9824 1.9908 1.9958

2722 1.4092e — 05 3.6072e — 06 9.1325e — 07  2.2986e¢ — 07 5.7654e — 08
1.9659 1.9818 1.9903 1.9953

2726 1.4101e — 05 3.6077e — 06 9.1338e — 07 2.2990e — 07 5.7666e — 08
1.9666 1.9818 1.9902 1.9952

228 1.4125e — 05 3.6077e — 06 9.1338e — 07 2.2990e — 07 5.7667e — 08
1.9691 1.9818 1.9902 1.9952

CPU time 0.0992 0.1282 0.1693 0.2021 0.5095

E{VI 1.4125e¢ — 05 3.6077e — 06 9.1338¢ — 07  2.2990e¢ — 07 5.7667e¢ — 08

le\]” 1.9691 1.9818 1.9902 1.9952

C{V’ 0.0193 0.0197 0.0200 0.0201 0.0202

Table 6.2: EN=

Xé\f z, BN*, x&, and CPU time (in seconds) for Example 6.6.1

2,

Ny

€ 32 64 128 256 512

2-10 1.2311e — 02 3.1789e — 03 7.9747e — 04 1.9888¢ — 04 4.9551le — 05
1.9533 1.9950 2.0035 2.0049

214 1.2231e — 02  3.1554e — 03 7.9098¢ — 04 1.9716e — 04 4.9158e — 05
1.9546 1.9961 2.0043 2.0039

2-18 1.2225e — 02 3.1538e — 03  7.9052e¢ — 04 1.9704e — 04 4.9071e — 05
1.9547 1.9962 2.0043 2.0055

2722 1.2225e — 02 3.1537e — 03 7.9050e — 04 1.9700e — 04 4.7323e — 05
1.9547 1.9962 2.0046 2.0576

2726 1.2225¢ — 02 3.1537e — 03  7.9046e — 04 1.9703e¢ — 04 4.7301e — 05
1.9547 1.9963 2.0043 2.0585

2728 1.2225e — 02 3.1537e — 03 7.9046e — 04 1.9703e — 04 4.7300e — 05
1.9547 1.9963 2.0043 2.0585

CPU time 0.0937 0.1313 0.1507 0.1994 0.5096

Eévf 1.2311e — 02 3.1789e — 03 7.9747e — 04 1.9888¢ — 04 4.9551e — 05

xévl' 1.9533 1.9950 2.0035 2.0049

Cév”” 16.6912 17.2237 17.2695 17.3002 17.3000
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Table 6.3: Uniform MPEs comparison in the solution for Example 6.6.1

eXp mesh Shishkin mesh B-S mesh
N, EN- r CN- EN- e CN- EN- e CN-
32 1.231e — 02 1.953 16.69  9.280e — 02 1.625 31.10 1.169e — 02 1.921 15.96
64 3.178e — 03 1.995 17.22 3.007e — 02 1.558 29.67  3.086e — 03 1.975 16.85
128 7.974e — 04 2.003 17.26 1.021e — 02 1.617  29.65 7.849e — 04 1.992 17.14
256 1.988¢e — 04 2.004 17.30  3.328e — 03 1.649 28.47 1.972¢ — 04 1.997 17.23
512 4.955¢e — 05 - 17.30 1.061e — 03 - 28.40  4.938e — 05 - 17.25

Chapter 6
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Table 6.4: Efvg Xffg, EfV”, Xf[”, and CPU time (in seconds) for Example 6.6.2

Ng

€ 32 64 128 256 512

2-10 8.4932e — 05 2.2161le — 05 5.6284e — 06 1.4107e — 06 3.5092e — 07
1.9383 1.9772 1.9963 2.0072

2-14 8.9221e — 05 2.3507e — 05 6.0327e — 06 1.5268e — 06 3.8391e — 07
1.9243 1.9622 1.9823 1.9917

2718 8.9495e — 05 2.3593e — 05 6.0593e — 06 1.5344e — 06 3.8606e — 07
1.9234 1.9611 1.9815 1.9908

2722 8.9513e — 05 2.3599e — 05 6.0609¢ — 06 1.5349e¢ — 06 3.8620e — 07
1.9234 1.9611 1.9815 1.9908

2726 8.9518e — 05 2.3599e — 05 6.0610e — 06 1.5349e¢ — 06 3.8621e — 07
1.9234 1.9611 1.9815 1.9907

2728 8.9531le — 05 2.3599e — 05 6.0610e — 06 1.5349e¢ — 06 3.8621e — 07
1.9234 1.9611 1.9815 1.9908

CPU time 0.1789 0.1995 0.2334 0.3429 0.7541

E{VI 8.9531e — 05 2.3599e¢ — 05 6.0610e — 06 1.5349e¢ — 06 3.8621e — 07

le\]x 1.9234 1.9611 1.9815 1.9908

C{V’” 0.1222 0.1284 0.1324 0.1341 0.1350

Table 6.5: Eé\fg, Xé\f z, EN*, x&=, and CPU time (in seconds) for Example 6.6.2

Ng

€ 32 64 128 256 512

2-10 3.9384e — 02 1.0381le — 02 2.4893e — 03 6.2139e — 04 1.5487e — 04
1.9237 2.0601 2.0022 2.0044

214 3.9429e — 02 1.0389e — 02 2.4912¢ — 03 6.2176e — 04 1.5494e — 04
1.9242 2.0601 2.0024 2.0045

218 3.9432e — 02 1.0390e — 02 2.4913e — 03 6.2179e — 04 1.5499e¢ — 04
1.9242 2.0602 2.0024 2.0043

2722 3.9432e — 02 1.0390e — 02 2.4913e — 03 6.2172¢ — 04 1.5472¢ — 04
1.9242 2.0602 2.0026 2.0066

2726 3.9432e — 02 1.0390e — 02 2.4909¢ — 03 6.2073e — 04 1.5368e — 04
1.9242 2.0605 2.0046 2.0140

2728 3.9432e — 02 1.0390e — 02  2.4905e — 03 6.2073e — 04 1.5367e — 04
1.9242 2.0607 2.0047 2.0141

CPU time 0.1544 0.2096 0.2169 0.3190 0.9111

Eévf 3.9432e — 02 1.0390e — 02 2.4913e — 03 6.2179¢ — 04 1.5499e — 04

xévf 1.9242 2.0606 2.0024 2.0043

Cév”” 53.8381 56.7417 54.3831 53.8494 53.8420
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Table 6.6: Uniform MPEs comparison in the solution for Example 6.6.2

eXp mesh Shishkin mesh B-S mesh
N, EN- e CN- EN: e CN- EN- r CN-
32 3.943e — 02 1.924 53.83  6.733e — 02 1.614 30.08  3.647e — 02 1.858  49.78
64 1.039e — 02 2.060 56.74 2.196e — 02 1.422 30.78 1.006e — 02 2.037  54.92
128 2.491e — 03 2.002 54.38  8.190e — 03 1.650 36.04 2.450e — 04 1.984 53.51
256  6.217¢ — 04 2.004 53.84 2.608e — 03 1.641 36.01 6.191e — 04 2.008 54.09
012 1.549¢ — 04 - 53.84  8.360e — 04 - 36.23 1.539¢ — 04 - 53.78

Chapter 6
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Table 6.7: EN=

Xffg, EN+, =, and CPU time (in seconds) for Example 6.6.3

le>

Ny

€ 32 64 128 256 512

2-10 9.3838¢ — 07  3.1206e — 07 9.7593e — 08 2.8182e — 08 6.9874e — 09
1.5883 1.6770 1.7920 2.0119

2~ 1.3668¢ — 06 3.5111le — 07 8.8247e — 08 2.2015e — 08 5.4701e — 09
1.9608 1.9923 2.0031 2.0088

218 1.4074e — 06  3.6409e — 07 9.2215e — 08 2.3172¢ — 08 5.8045e — 09
1.9507 1.9812 1.9926 1.9971

2722 1.4279¢ — 06 3.6491e — 07 9.2465e — 08  2.3247¢ — 08  5.8270e — 09
1.9683 1.9806 1.9919 1.9962

2726 1.4280e — 06  3.6490e — 07 9.2464e — 08  2.3246e — 08  5.8270e — 09
1.9683 1.9806 1.9919 1.9962

228 1.4280e — 06  3.6490e — 07 9.2464e — 08 2.3246e — 08  5.8270e — 09
1.9691 1.9818 1.9902 1.9952

CPU time 0.2997 0.4162 0.6000 1.2170 4.4456

E{VI 1.4280e — 06 3.6490e — 07 9.7593e — 08  2.8182¢ — 08 6.9874e — 09

le\]” 1.9684 1.9027 1.7920 2.0119

C{V’ 0.0023 0.0020 0.0020 0.0020 0.0020

Table 6.8: E)=

Xé\f z, BN*, x&=, and CPU time (in seconds) for Example 6.6.3

2,

Ny

€ 32 64 128 256 512

2-10 1.6945¢ — 02 3.6257¢ — 03 9.3528¢ — 04 2.3547e¢ — 04  5.8666e — 05
2.2245 1.9548 1.9899 2.0049

214 1.6935¢ — 02 3.6247e — 03  9.3488¢ — 04  2.3536e — 04  5.8630e — 05
2.2241 1.9550 1.9899 2.0052

218 1.6934e — 02 3.6246¢ — 03  9.3486e — 04  2.3537¢ — 04  5.8712¢ — 05
2.2240 1.9550 1.9898 2.0032

2722 1.6934e — 02  3.6246e — 03  9.3485¢ — 04  2.3527e¢ — 04  5.9486e — 05
2.2241 1.9550 1.9904 1.9837

2726 1.6934e — 02 3.6246¢ — 03  9.3485¢ — 04  2.3527¢ — 04  5.9486e — 05
2.2241 1.9550 1.9904 1.9837

228 1.6934e — 02 3.6246¢ — 03  9.3485¢ — 04  2.3527¢ — 04  5.9486e — 05
2.2241 1.9550 1.9904 1.9837

CPU time  0.2880 0.4400 0.4940 1.2604 4.2056

EN+ 1.6945¢ — 02 3.6257¢ — 03 9.3528¢ — 04  2.3547e — 04  5.9486e — 05

X3 2.2245 1.9548 1.9899 1.9849

oM 23.1150 19.7949 20.4110 20.6940 20.3641
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6.7 Concluding comments

A numerical method incorporating the quadratic B-splines on the eXp mesh is analyzed for
the fourth-order convection-diffusion type linear and nonlinear singularly perturbed BVPs.
Since eXp mesh does not require prior knowledge about the transition parameter, this is our
primary motivation to adopt this mesh. In contrast, different meshes given by Bakhvalov and
Shishkin need these details in advance. The nonlinear differential equations are linearized
through Newton’s method. The calculated theoretical bounds on the spline interpolation error
demonstrate that the present method shows second-order parameter-uniform accuracy. The

numerical results in the tables ensure the theoretical estimations in Section 6.4.
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Conclusions

The most important findings gained throughout this thesis are gathered in this section. In
addition, it addresses the various paths that may be taken to build upon the existing study and

dives into further investigating these directions.

7.1 Summary

The results of this thesis, along with some significant remarks, are broken down into their

essential components as follows:

e The first chapter discusses the analytical and mathematical foundations of singular
perturbation theory. This thesis is devoted to developing robust numerical techniques
to resolve the challenges associated with the computational treatment of singularly
perturbed problems. The first chapter of this research attempts to discuss most of these

difficulties in greater depth.

e Chapter 2 offers a novel numerical method for solving degenerate parabolic problems
of the convection-diffusion type subject to singular perturbations. We present a compu-
tation framework that combines the Crank-Nicolson scheme with the quadratic spline
collocation method in time and spatial direction, respectively. This hybrid approach has
been meticulously crafted to handle the complexities of solving the concerned class of

singularly perturbed problems. In conjunction with this, an exponentially graded mesh
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is employed precisely, which brings about resolution inside the boundary layer domain.
The comprehensive examination of error and rigorous analysis confirms that the sug-
gested technique provides second-order parameter-uniform convergence. Remarkably,

the proposed approach outperforms current methods in terms of effectiveness.

As we progressed through Chapter 3, we examined a more challenging topic, a weakly
coupled system of ¢ singularly perturbed reaction-diffusion equations. These systems
typically result in double-layer structures because of parameters (commonly denoted by
¢) that multiply the highest-order derivative term. The decision to use an exponentially
graded mesh was driven substantially by the specific benefits offered by this method
over other approaches to meshing, such as the Shishkin and Bakhvalov-type meshes.
The theoretical bounds of the spline interpolation error have been calculated by carefully
examining the underlying methodology. These second-order robustly convergent results
of the suggested approach are remarkable because they hold regardless of the size of
the perturbation parameter. In a complete review of the various physical and numerical
characteristics of singularly perturbed systems, this suggested collocation approach is

practical and easily implementable.

The complex dynamical interaction between diffusion and reaction processes in complex
systems is illustrated in Chapter 4 as we discuss a class of models referred to as weakly
coupled systems of parabolic singularly perturbed reaction-diffusion equations. We
provide a robust numerical technique based on splines to solve the problem of a
singularly perturbed system consisting of equations with the same diffusion parameter.
The theoretical background verifies that the suggested method converges uniformly
and achieves second-order spatial precision. In addition, the Crank-Nicolson approach
is used to confirm the temporal accuracy of second-order. The execution practice of
the conceived system substantiates the unchanging credibility of both the theoretical

bounds and the tabulated outcomes.

In addition, the current thesis contributes toward developing an efficient numerical
technique for the fourth-order singularly perturbed problems in Chapters 5 and 6. The

solutions presented by the researchers illuminate the enigmatic intricacies inherent in
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natural phenomena, offering us a look into the underlying principles governing a diverse
range of physical processes. As mentioned above, the presence of boundary layers is a
fundamental attribute of the equations. Spline techniques have yet to be explored in the
literature for these problems. The complex nature of the problem can be made easier
to handle by reformulating it into a system of reaction-diffusion/convection-diffusion
problems of the second order in which one equation is free from perturbation parameters.
To address these boundary value problems, we investigate a numerical method that
applies quadratic B-splines across an exponentially graded mesh. The computed
theoretical bounds on the spline interpolation error reveal that the technique is second-
order parameter-uniformly convergent. Later on, in Chapter 6, we also considered the
non-linear boundary value problem. The detailed tabulation of numerical data validates

the theoretical estimates about convergence orders and errors.

7.2 Future scopes

Examining the complexities of numerical methods based on quadratic spline for singularly
perturbed problems, we explore a fascinating terrain of less explored paths and promising
directions for future development in this area. The results of this study provide new avenues
for investigation and creativity in addition to adding to the corpus of existing knowledge. The
possible paths for further research are described in this section, emphasizing the areas that

call for more in-depth investigation and methodological advancements.

1. Singularly perturbed integro-differential equations arising in finance, electrostatics,
chemistry, biology, theory of elasticity, potential theory, heat and mass transfer, astron-

omy, and fluid dynamics [142].
2. Higher dimensional singularly perturbed differential equations [143].
3. Time fractional singularly perturbed PDEs [144].

4. Delay differential equations and delay integro-differential equations [145, 146].
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