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Abstract

The thesis focuses on a class of problems associated with the hydrodynamics of oscillating water

column and piezoelectric wave energy converter devices with particular emphasis on

developing boundary element method based numerical tools to deal with the wave scattering

and radiation problems associated with the wave energy converter devices under the

assumption of linearized wave-structure interaction theory, and

examining the devices’ performance and e�ciency with a focus on identifying resonant

frequencies to increase the power output and e�ciency of the devices.

The class of physical problems analyzed in the present study are handled for solutions using the

coupled eigenfunction expansion-boundary element method, and constant and linear boundary

element methods. These solution methodologies are very e↵ective and e�cient to deal with wave

energy converter devices having complex structural shapes and configurations. Further, the

e↵ect of bottom undulations on the performance of the devices is analyzed. For all the cases,

major emphasis is given to analyze the occurrences of resonances due to matching frequencies of

the water column motion within the oscillating water column (OWC) device chamber with the

frequency of the incident waves and sloshing phenomena. The e↵ect of structural shapes, turbine

control parameters, seabed parameters, and incident wave characteristics on the power generation

and e�ciency of the devices is analyzed. For standalone OWC devices and breakwater-integrated

OWC devices, major parameters of interest such as radiation susceptance coe�cient, radiation

conductance coe�cient, volume flux, and hydrodynamic e�ciency of the devices are analyzed to

investigate the performance of OWC devices in regular incident waves. Further, for irregular

incident waves, the local wave climate at the OWC plant site Pico, Portugal is considered, and the

performance of the OWC devices is analyzed based on the variation of annual-averaged e�ciency

parameters as functions of turbine characteristics and device geometry. For hybrid OWC and

piezoelectric plate devices, the study is carried out in both frequency and time domains. E↵orts

are put to determine the largest bandwidth around the most probable incident wave frequencies

for which multiple resonances occur to maximize the power extraction process. In the two-layer

fluid case, the occurrences of interconnecting resonances due to the surface and internal wave

modes to maximize the power generation by OWC devices are investigated in a detailed manner.

In all the problems, numerical convergence of the BEM-based solutions is provided, and certain

computational results are validated with experimental and analytical results available in the

literature.

Keywords: Boundary element method; Fredholm integral equations; Surface gravity waves;

Oscillating water column; Piezoelectricity; Wave radiation; Wave scattering; Resonance.
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Chapter 1

Introduction

1.1 Preamble

Global energy requirements are gradually rising as a result of population growth and industrial-

ization. It is significant to remember that developing nations have significantly contributed to

the population growth, which has increased by 2 billion in just one generation. The prevention

of energy crises is one of the most overlooked problems of the modern era (see Kannan and

Vakeesan [8]). As a result, the demand for energy is rising rapidly in order to fulfill the demands

of the expanding population in the world. According to the World Energy Outlook (WEO) 2007,

non-conventional energy sources such as crude oil, coal, and gas are the leading resources for the

world energy supply and are projected to fulfill approximately 84% of energy demand in 2030

(Shafiee and Topal [9]). Accessible energy is inadequate for the people due to numerous factors

such as the advancements profile of a country, the financial circumstances of people, and the

nature of technological development of the country. The environment is severely contaminated

as a consequence of the emissions of various gases, especially CO2 emissions produced by the

combustion of fossil fuels, which have been considered the dominant cause of the observed

change in the global climate. Moreover, implementing non-renewable energy sources would not

meet energy demand since these non-renewable energy sources are exhaustible and limited. In

addition, the uneven distribution of non-renewables around the world gives rise to conflicts in

terms of price fluctuations in the fossil fuel markets and concerns regarding supply security. It

can be only assumed that this trend will get worse as fossil fuels become scarcer. As a result,

most nations are keen to reduce their reliance on foreign fuel supplies in order to maintain their

sovereignty and political stability.

In the present scenario, it is expected that with minimal environmental impact, renewables such

as solar, wind, and hydropower, etc., will o↵er “greener” alternatives in place of non-renewable

systems like hydrocarbon combustion engines and coal-powered co-generation power plants in

1
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the foreseeable future. Furthermore, renewable energy has numerous advantages over fossil fuels:

(i) renewable energy can provide consistent eco-friendly electricity that addresses climate change

issues and helps preserve our planet, and (ii) renewable energy can reduce the over-reliance on

fossil fuel suppliers and help oil-importing countries to expand their roles in global markets by

establishing a new economic sector (see Mengi-Dinçer et al. [10]). Out of various renewable

energy sources, wave energy has flourished as one of the most promising renewable energy sources

due to its significant advantages, such as (i) negligible environmental impact, (ii) high energy

density (about 2–3 kW/m2, whereas solar and wind energy typically range from 0.1 to 0.5

kW/m2). Nevertheless, the levelized-cost of wave energy is still very high (ranges from 90MWh

to 490MWh) as compared to the conventional coal-powered power plant (about 44.40MWh )(see

Cheng et al. [11]), (iii) high availability (around 90%) and natural seasonal variations of the wave

energy, which accomplish the demand for electricity in a moderate climate. In addition, ocean

waves have the ability to traverse long distances with minimal energy waste. A wave contains

kinetic as well as gravitational potential energy, and the total energy of ocean waves is relevant

to the two factors, such as wave height and wave period. Moreover, the power carried by ocean

waves is usually expressed in Watt per meter of incident wavefront, and it is proportional to the

square of wave height and period. A significant portion of the world’s wave energy resource, with

an average order of magnitude of a few tens of kW/m, can be found in the polar regions of the

northern and southern hemispheres, respectively (see Fig. 1.1 by Gunn and Stock-Williams [1]).

Figure 1.1: Global wave resource map. Image courtesy of Gunn and Stock-Williams [1]

According to an engineering perspective, the wave characteristics are mainly based on the four

physical quantities: wave height, wave direction, wave period, and phase lag. Further, various

physical phenomena related to these parameters are listed as (i) refraction, (ii) di↵raction, (iii)

reflection, (iv) shoaling and breaking, and (v) friction and large-scale vortex formation and
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shedding, etc. In this circumstance, since 1950s, there has been a substantial advancement

in understanding the appropriate hydrodynamics associated with various types of structures.

Before the 1970s, physical problems were primarily handled theoretically or via the help of

physical model tests, and most of the research was based on rigid structures. Furthermore, the

physical problem becomes more complicated with the addition of structural permeability and

flexibility, and it becomes quite challenging to analyze the wave-structure interaction problems

analytically. Nevertheless, due to the development of high-speed computers, there has been

substantial progress in the numerical modeling of wave-structure interaction problems over the

past three decades. In this regard, the boundary element method (BEM) is one of the most

extensively used techniques. In earlier days, this BEM technique was widely applied to handle the

water wave interaction with rigid and impermeable structures. Some advantages of the present

BEM-based numerical method over the other analytical and numerical solution techniques are

the following.

The eigenfunction expansion method is the most frequently used analytical solution

technique in wave structure interaction problems. To use the eigenfunction expansion

method, the domain of the physical problem has to be in regular shape like rectangular,

circular, etc. However, the eigenfunction expansion method is not applicable to the problems

having undulated seabed. To handle these irregular shaped domains, the boundary element

method is a very e↵ective tool that can provide the solution with su�cient accuracy.

In the finite element method and finite di↵erence method, the total domain of the physical

problem needs to be discretized. However, in BEM, only the boundary of the domain

needs to be discretized. Thus, in BEM, the dimension of the solution space is reduced

by one unit with respect to the physical space. Consequently, the computational time

is significantly reduced. A schematic diagram of discretized domains based on various

numerical methods is provided in Fig. 1.2 for better clarity.

(a) FDM (b) FEM (c) BEM

Figure 1.2: Schematic diagram of discretized domain based on (a) finite di↵erence method, (b)
finite element method, and (c) boundary element method.



Chapter 1. Introduction 4

In the context of the present thesis, major emphasis is given in developing mathematical

modeling and associated boundary element method-based solutions to deal with surface gravity

wave interaction with various types of wave energy converter devices, such as the oscillating

water column device and the piezoelectric wave energy converter device in the framework of

linearized wave-structure interaction theory. The hydrodynamic performance and e�ciency of

the oscillating water column wave energy converter device are investigated in the presence of

regular and irregular incident waves using the boundary element method. Further, for problems

in finite water depth, bottom undulation is considered. Moreover, to analyze the annual average

e�ciency of the OWC devices in real sea conditions, the incident wave spectrum, along with

the sea states representing the local wave climate at the OWC plant site in Pico, Portugal,

is considered. The hydrodynamics of the hybrid wave energy converter device consisting of a

piezoelectric plate and the OWC device is analyzed in the frequency domain as well as in the

time domain. A multi-parameter optimization based on the Taguchi method is provided to

optimize various input parameters to maximize the power output from the devices. Unlike the

case of wave motion in a homogeneous fluid domain, wave motion in a two-layer fluid having an

interface is very common in continental shelves and estuaries. Such waves lead to the generation

of plane progressive waves in surface and internal modes. The mutual interaction of these waves

with the OWC device is an interesting branch of study and is of significant importance in coastal

engineering practices. For the two-layered fluid case, two types of OWC devices are considered

in the present thesis: (i) front wall of the OWC device does not intersect the interface of the

two layers (INP OWC device), and (ii) front wall of the OWC device intersects the interface of

the two layers (IP OWC device). For most of the physical problems, the various parameters

associated with the hydrodynamic e�ciency of the wave energy converter devices are derived

using the Green’s second identity. Further, all the quantities of engineering interest, such as the

average electric power in the output system per unit width, annual average, and the maximum

e�ciency of the OWC device are provided in a detailed manner. For a variety of physical

problems and for specific parametric values, numerical convergence of the solutions is provided.

The present work emphasizes the mathematical modeling of wave energy converter devices in

the presence of seabed undulations under the action of regular and irregular incident waves

generated in single and two-layer fluid domains. Various resonance mechanisms associated with

the shapes and structural configurations of the hybrid device consisting of the piezoelectric plate

and the OWC device are analyzed. The findings of various computational results are validated

with known results available in the literature. In the subsequent sections, a detailed literature

review of the OWC device and the piezoelectric plate is provided in the presence of regular

and irregular incident waves and integration with breakwaters in both the single and two-layer

fluid model cases. Further, a brief literature review associated with the parameters optimization

techniques is also provided. Moreover, the basic equations associated with the linear water wave

theory for water wave propagation in the homogeneous and stratified fluid medium are derived
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in a detailed manner. The constant and linear boundary element approaches are also provided

in detail.

1.2 State of the art

Wave structure interaction problems require an understanding of both the fluid phenomena in

contact with the atmosphere and the structure’s behavior in contact with the fluid, in addition to

the phenomena of wave propagation. In Book II, Prop. XLV of Principia, 1687, Sir Isaac Newton

first made an attempt at the development of the theory of water waves (Craik [12]). Following

Newton’s work, French mathematicians Laplace, Lagrange, Poisson, and Cauchy made significant

theoretical advances in the linear theory of water waves (Craik [12]). Later, between 1830-1850,

Russel, Green, Kelland, Airy, and Earnshaw made significant contributions to the development

of linear water wave theory. Airy [13] book on “Tides and Waves” has been considered a major

contribution to water wave theory. Airy’s attempt on the water waves is restricted to the shallow

water waves. Stokes [14] developed higher order wave theories in 1847, and following the same,

Boussinesq [15] developed long wave theories in 1872, and Michell and McCowan developed

wave theory for limiting wave heights in 1893 and 1894 (Craik [12]). The books of Lamb [16],

Mei [17], Dean and Dalrymple [18], and Linton and McIver [19] and the literature cited therein

provided the details of various phenomena associated with water waves propagation. In the

last few decades, the extraction of energy from ocean waves has received a lot of attention on

a worldwide basis. Over this period of time, several wave energy extraction devices have been

developed, and most of them are based on the standard working mechanisms of the oscillating

water column devices. The conventional OWC device consists of an open-ended, hollow structure

that is partially immersed with its open end downwards, trapping a volume of air above the

internal free surface. The internal free surface of the device chamber rises and falls in response

to an incident wave train due to the pressure fluctuation at the open lower end. This causes a

high-speed flow of air to pass through a constricted opening in the structure, which includes an

air turbine and generator set that converts the energy into electricity. Masuda developed this

concept in 1947 and successfully applied it to self-power navigation buoys (see Antonio [2]). In

the subsequent context, a detailed literature review associated with various types of wave energy

converter devices is provided.

1.2.1 Classification of wave energy converter devices

Numerous ideas and concepts have been proposed to harness the wave power from ocean waves.

The wave energy extraction technologies are classified into various categories based on the wave

heights, their locations (shoreline, near-shore, o↵shore), and working mechanisms. According

to the classification based on the working mechanism of wave energy converter devices, wave
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energy converters (WEC) are classified into various categories, such as oscillating water column

devices, oscillating bodies, and overtopping devices. A comprehensive classification of various

wave energy converter devices is provided in Fig. 1.3.

1.2.2 Oscillating water column wave energy converter device

The OWC device consists of a partly submerged collecting chamber and a PTO system that

incorporates a Wells turbine positioned on top of the chamber to prevent it from coming into

direct contact with salt water. In an OWC device, the wave travels through a partially submerged

collector chamber with an air column above the water column. The water inside the caisson

chamber oscillates due to the hydrodynamic pressures on the structure caused by the continuous

impact of the wave crest and trough. The water level inside the OWC device chamber rises

as a wave crest enters, compressing the air column as a result of the damping from the power

take-o↵ (PTO) device, which generates pneumatic power. The water surface falls down during

the action of the wave trough and creates a vacuum that draws air into the chamber. Out of

various technologies available to harness ocean wave energy, the oscillating water column (OWC)

device is one such technology that has some crucial advantages over other wave energy converter

technologies.

One such advantage is that OWC devices can e↵ectively work in very low-frequency wave motion

(order of 0.1 Hz) (see Evans and Porter [5] for details). Some of the other advantages of OWC

devices are the following: (i) these kinds of devices have no moving parts in the ocean water, (ii)

these are generally installed along the shoreline or attached to a nearshore breakwater, and, as a

result, the construction and maintenance costs are low, (iii) no underwater cables are required

to transfer energy (see Heath [20]). The concept and technological progress in harnessing energy

from ocean waves started since 1965 when a model for a floating OWC device was built in Japan

(Antonio [2]). Subsequently, the OWC device was constructed at various locations throughout

the World (Luo et al. [21]) such as at Sakata, Japan (60 kW), Pico, Portugal (400 kW)(see Fig.

1.5), Limpet, Scotland (500 kW), and more lately at Mutriku, Spain (300 kW).
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Figure 1.3: Classification of wave energy converters based on their working mechanisms
Antonio [2].
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Figure 1.4: The working principle of OWC caisson device subjected to (a) wave crest, and (b)
wave trough.



Chapter 1. Introduction 8

Figure 1.5: The OWC wave power pilot plant on the island of Pico, Azores, Portugal (Falcão
et al. [3]).

1.2.3 Piezoelectric wave energy converter device

The concept of wave energy converters with flexible structures and hybrid multi-energy systems

appears to be a new trend in the marine energy industry. A flexible floating structure is comprised

of bio-compatible soft and flexible piezoelectric materials. Consequently, these piezoelectric

materials are intriguing because they can generate electric potential when deformed by the sensor

e↵ect. Further, these piezoelectric wave energy converters (PWECs) have no limitations of shape,

size, and high energy density. Although the piezoelectric wave energy converter device is used

to generate electricity typically in the order of watts to kilowatts, this amount of generated

electricity is enough to run low-power electronics such as LEDs, wireless routers, PCs, ocean

buoys and sensors, etc. Additionally, these PWECs are environmentally sustainable, durable,

inexpensive, and have no requirements for frequent maintenance. The PWECs consist of a

submerged elastic plate with the attachment of piezoelectric layers on both sides of the plate,

which can extract energy from the ocean waves due to the variations of tension along the plate

(see Renzi [4], and Buriani [22]). A bimorph configuration of the piezoelectric plate is provided

in Fig. 1.6. The piezoelectric plates can be integrated with various o↵shore structures like oil

platforms, windmills, sea-crossing bridges, etc., not only to generate electricity but also can

be used to dampen ocean wave energy to protect the o↵shore structures from wave loads. In

general, piezoelectric materials generate electricity when the external stress is incurred. So, the

relatively high kinetic energy content of ocean waves can be used to apply external stresses on

the piezoelectric material, and consequently, the kinetic energy can be converted into useful
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electricity. In summing up, piezoelectric wave energy converter devices in ocean waves can be

considered one of the easiest and most innovative technologies to generate electricity.

Figure 1.6: Illustration of the piezoelectric bimorph (Renzi [4]).

1.2.4 Hydrodynamics of the oscillating water column device in the presence

of regular incident waves

Numerous theoretical and technological advances have been achieved in order to create an

e↵ective OWC device. Evans [23] and Falnes and McIver [24] carried out pioneer research on

wave energy absorbers using rigid body models. The hydrodynamic performance and e�ciency

of the OWC device are described by oscillatory uniform surface pressure distributions in the

water column for a given incident wave. The capture ratio of the OWC device is expressed as

the ratio between the average air power output of the chamber and the incident wave energy

flux per device length. The hydrodynamics of the OWC device is influenced by the chamber

configuration and the wave energy distribution at the opening of the OWC device chamber.

Further, in order to provide information about the OWC design, it is necessary to estimate the

hydrodynamic performance of the OWC device under typical operating conditions, such as the

motion of the oscillating water column is assumed to be a resonant piston-like motion and the

water in the confined region within the OWC device chamber is excited into an antisymmetric

sloshing mode (Evans and Porter [5]).

Enhancing the performance of the OWC devices is an essential consideration for industrialization,

and therefore, it has been the focus of extensive studies for many researchers. In order to improve

the performance and e�ciency of the OWC devices, recent research interests have focused on
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various modifications to the geometrical configuration of the OWC devices. In this context, some

of the concepts such as various front wall geometry Kelly et al. [25], Koley and Trivedi [26], Wang

and Zhang [27], Rodŕıguez et al. [28], chamber configuration Boccotti [29], Martins-rivas and Mei

[30], Gouaud et al. [31], Malara and Arena [32], Vyzikas et al. [33], Malara and Arena [34], Trivedi

et al. [35], Mayon et al. [36] and multi-chamber OWC devices Rezanejad et al. [37, 38], Wang

et al. [39] are examined. These studies demonstrated that the geometrical configuration of the

OWC device plays a significant role in enhancing the hydrodynamic performance and e�ciency

of the OWC device for a wider range of incident wave frequencies.

When ocean waves propagate toward coastline areas, the incident wave energy is constantly

modified due to the bottom e↵ects. Bottom friction causes a variety of physical phenomena such

as wave refraction, shoaling and breaking, etc. Further, the undulated seabeds are created by

the phenomena of sediment transport and the growth of sand bars in a wave-induced boundary

layer near the sea floor. Specifically, when the incident and reflected waves combine together,

a standing wave pattern forms near the boundary layer of a horizontal sea bed and promotes

sediment deposition. These sinusoidal types of bed profiles are generally found in the nearshore

regions. Moreover, multiple sand bars/ripples are usually found on relatively mild beach locations

whose slope is less than 0.005, and the number of bars/ripples can range from 3-17 (see Mei

[40]). Therefore, it is of utmost important to analyze the e↵ect of seabed parameters on the

hydrodynamic performance of the OWC device. In order to improve the capture power of

the OWC device, Ning et al. [6], Rezanejad et al. [7], Koley and Trivedi [26], Vyzikas et al.

[33], Rezanejad et al. [37] investigated the performance of the OWC device placed over the

undulated seabed. These studies illustrated that the bottom undulation significantly modified

the resonance conditions.

To study the e�ciencies of OWC devices in real sea conditions and to include the nonlinearity

e↵ects, Luo et al. [41], Teixeira et al. [42] and Elhanafi et al. [43] used a computational fluid

dynamics (CFD) based numerical tool. Recently, Mayon et al. [36] analyzed the impact of

parabolic reflecting breakwater on the hydrodynamic e�ciency of an OWC device having a

cylindrical cross-section. The study demonstrated that the cylindrical OWC device placed at

the parabolic focal point is able to capture more amount of incoming wave energy as compared

to the open sea conditions. Wang and Zhang [44] investigated the performance of an o↵shore

floating OWC device, which is mounted over a submerged horizontal plate. This study led to the

following observations: (i) the combined OWC and plate system is more e↵ective in harnessing

ocean power as compared to the breakwater integrated OWC device, (ii) the OWC device attains

maximum e�ciency when the plate length is twice the length of the chamber width in short

wave regime, and (iii) smaller draft of the front wall significantly enhances the e↵ectiveness

of the OWC device. Mohapatra et al. [45] studied the impact of chamber configuration and

bottom slopes on the performance of the OWC device using CFD and boundary element method.

A dynamic meshing strategy is developed in the solution technique to acquire the motions of
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the floating OWC device for di↵erent wave features. Ning et al. [46] performed rigorous scaled

model tests to design an e↵ective OWC device. Recently, Gubesch et al. [47] demonstrated a

design process to enhance the hydrodynamic performance of an asymmetrical OWC device using

CFD-based numerical results and also using rigorous model test results.

1.2.5 Hydrodynamics of the breakwater integrated oscillating water column

device

Traditionally, breakwaters are constructed in nearshore regions to protect the harbor from

wave attacks. Nowadays, due to climate change, the sea level rises, and extreme events fre-

quently occur (Vicinanza et al. [48]). In this scenario, only an increase in seawall height is

not a fruitful solution. Moreover, the demand for renewable energies is continuously growing

in every part of the world. In this context, the combination of breakwaters and wave energy

converters can provide e↵ective and e�cient solutions to the aforementioned problems. These

breakwater-integrated OWC devices have several advantages such as (i) this hybrid structure can

e↵ectively act as a wave barrier and can produce electricity using ocean wave energy (Falcão and

Henriques [49]), (ii) the construction cost for this hybrid structure is considerably less provided

that the breakwater would be built even without the inclusion of OWC device (Vicinanza et al.

[48]), (iii) the maintenance and installation of the breakwater-integrated OWC device is easier

compared to the stand-alone OWC device (Mustapa et al. [50]), (iv) this hybrid OWC device

can e↵ectively work and withstand during harsh wave environment, and (v) the durability of

the breakwater-integrated OWC device is more compared to the stand-alone OWC device as

the main components such as the turbine can be kept safely at the backside of the breakwater

(Mustapa et al. [50]). Müller and Whittaker [51] used 1 : 36 scale model to analyze the e↵ect

of wave forces on the inclined front wall of a nearshore OWC device. It was concluded that

the impact of wave pressure on the front wall of the OWC device reduces significantly in the

case of an inclined wall compared to the vertical wall. Müller and Whittaker [52] conducted

model tests for 1 : 36 scale model of the Islay prototype wave power station and found that large

vortices developed around the thin front wall of the OWC device. These vortices dissipate wave

energy, and as a result, the e�ciency of the OWC device is reduced. To overcome this problem,

a small thickness in the front wall of the OWC device should be considered, as suggested by

Müller and Whittaker [52]. Boccotti [53] performed an experimental study on two di↵erent

types of breakwater-integrated OWC devices and concluded that resonance between the random

process of wind-generated waves and oscillations inside the caisson could be achieved through

the regulation of air quantity. Further, it was suggested that the breakwater-integrated OWC

device is more e↵ective in protecting a port compared to the conventional caisson breakwater

due to the wave energy absorption, which reduces the wave height and overtopping discharge

significantly before the breakwater. Thiruvenkatasamy et al. [54] studied the wave forces on
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the OWC array by conducting rigorous model tests using a 1 : 50 scale model. It was reported

that (i) an air pressure release system could be incorporated to minimize the wave force, and

(ii) the wave force depends on the damping of an OWC airflow. Boccotti [29] studied the

performance of a breakwater-integrated OWC device, which is connected to the open sea through

a small opening. It was found that the OWC device plant can absorb the total incoming wave

energy when standing waves are formed. Further, it was observed that due to the swelling

phenomena, the breakwater-integrated U-shaped OWC plant could absorb more incident wave

energy compared to the conventional OWC device. Boccotti et al. [55] studied the performance

of the breakwater-integrated U-shaped OWC device experimentally and showed that due to the

small height of wind waves, the breakwater-integrated U-shaped OWC device is more stable

than the conventional breakwater. The stability analysis and capture factor of the OWC caisson

breakwater were discussed by Liu et al. [56] using rigorous model tests. It was concluded that

under extreme sea conditions, the OWC device structure is stable, and the capture factor is

also strong. Strati et al. [57] studied the performance of a breakwater-integrated U-shaped

OWC device in various sea climates. It was concluded that this U-shaped OWC device acts

di↵erently in swell-dominated and wind-dominated sea states. In a wind-dominated sea state, the

performance of the OWC device is enhanced due to the occurrence of resonance. On the other

hand, turbine rotational speed plays a key role in enhancing the e�ciency of the OWC device in

a swell-dominated sea state. Malara et al. [58] performed a time-domain analysis to study the

performance of a breakwater-integrated U-OWC device. They have used experimental data to

calibrate various coe�cients associated with the performance of the OWC device. The study

was extended by Malara et al. [59] to include the three-dimensional e↵ects on the performance

and e�ciency of the U-OWC device. It was shown that if the OWC device is wider enough, a

two-dimensional analysis can accurately predict the performance of the OWC device. However,

for a narrow OWC device, three-dimensional analysis is needed to obtain accurate results. Using

model tests, Ashlin et al. [60] studied the wave forces acting on various components of the

breakwater-integrated OWC device. It was concluded that (i) the wave forces acting on the front

wall of the OWC device are directly proportional to the wave steepness, and (ii) vortices are

formed near the front wall, which increases the wave steepness, and as a result, the wave flows

into the OWC device chamber reduces. Spanos et al. [61] used a non-linear stochastic method to

analyze the dynamic response of U-OWC devices equipped with linear and non-linear power

take-o↵ systems. In this work, the problem of estimating the reliability and e�ciency of the

OWC device is addressed for wave excitation generated by a certain power spectrum.
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1.2.6 Hydrodynamics of the oscillating water column device in the presence

of irregular incident waves

In real sea conditions, the incident waves are mostly irregular in nature and can be modeled as a

superposition of wave components with di↵erent frequencies (Goda [62]). Therefore, it is very

important to analyze the performance and e�ciency of the OWC device under irregular/random

waves. De O Falcão and Rodrigues [63] developed a stochastic method to analyze the performance

of an OWC device in random sea waves. The random incident waves were represented using the

energy spectrum, and the severity of the wave climate is represented using the concept of sea

states. It was observed that the controlled rotational speed of the turbine plays an important

role in enhancing the amount of produced energy compared to the control valve system. Josset

and Clément [64] used the random phase method to synthesize various sea states from the

Pierson–Moskowitz spectrum and performed a time-domain analysis to study the e�ciency of

the OWC wave power plant for each sea state. It was observed that the productivity of the

power plant depends on the turbine characteristics. Sheng and Lewis [65] studied the e↵ect

of air compressibility on the hydrodynamic performance and power capture factor of floating

and fixed-type OWC devices. In this study, the following results are concluded: (i) for fixed

OWC devices, air compressibility significantly reduces the power conversion in the long-wave

regime, and a reverse trend is observed in the short-wave regime; (ii) large air compressibility

plays a key role in reducing the performance of a floating OWC device. Within the limits of

linear water wave theory, Rezanejad et al. [66] analyzed the performance of an OWC device

placed over a step bottom in regular and random sea waves. Further, the results associated with

the e�ciency of the OWC device are obtained using the model tests. It was reported that the

e�ciency and performance of the OWC device depend strongly on the incident wave period and

damping characteristics of the turbine compared to the incident wave height. Jalón and Brennan

[67] developed a physics-based simulation model to investigate the e�ciency and structural

durability of a fixed OWC device in random sea waves. It was reported that the hydrodynamic

performance and durability of the OWC device depend on the draft of the OWC device.

1.2.7 Hydrodynamics of the piezoelectric wave energy converter device

The concept of wave energy converters with flexible structures and hybrid multi-energy systems

appears to be a new trend in the marine energy industry. These piezoelectric materials are

intriguing because they can generate electric potential when deformed by the sensor e↵ect.

Further, these piezoelectric wave energy converters (PWECs) have no limitations of shape, size,

and high energy density. Moreover, these PWECs are environmentally sustainable, durable,

inexpensive, and have no requirements for frequent maintenance. The PWECs consist of a

submerged elastic plate with the attachment of piezoelectric layers on both sides of the plate,



Chapter 1. Introduction 14

which can extract energy from the ocean waves due to the variations of tension along the plate

(see Buriani [22]). Wave power extraction by the piezoelectric materials is still at an immature

stage. A novel piezoelectric wave energy harvester comprises a cantilever substrate attached

by piezoelectric patches and a proof mass. The collected electric power is produced by the

electromechanical coupling e↵ect of the piezoelectric patches from the transverse wave motion

of the water particles in the framework of linear water wave theory and the classical elastic

beam model (see Xie et al. [68]). These studies demonstrated that the power generated by the

PWECs significantly depends on the wave parameters, such as the wave height, water depth,

and structural parameters, like the ratio of the width to the thickness of the cantilever and

the ratio of the proof mass to the cantilever mass, etc. Further, Renzi [4] provided the fully

hydroelectromechanical-coupled dynamics of a submerged piezoelectric wave energy converter

device. It was demonstrated that a significant amount of energy is extracted by the PWEC

device at resonance conditions, and it was found that these resonances arise due to the short

crested component of the wave. Furthermore, it was demonstrated that the short-crested flexural

gravity waves produced more power than the long-crested waves. Xie and Wang [69] designed

a composite piezoelectric buoy energy harvester using the finite di↵erence method. In this

research, the following conclusions were drawn: (i) the root mean square of the generated power

is significantly influenced by the wave height and the speed of the ocean waves, and (ii) the root

mean square of the generated power increases as the wavelength and fixed end thickness of the

tapered cantilever decrease. Zhou et al. [70] analyzed the dynamic responses of the PWEC device

for various stoppers. It was noticed that the stopper configuration significantly enhances the

performance of the PWEC device. Zheng et al. [71] and Vipin and Koley [72] demonstrated that

the plate edge conditions and configurations play a significant role in altering the characteristics

of resonating frequencies and, consequently, the power extraction by the breakwater-integrated

PWEC device. From the aforementioned studies, it is seen that the resonating incident wave

frequencies play an important role in wave power extraction by the PWEC plate. Enhancing

the bandwidth of frequencies for which maximum power extraction occurs is one of the crucial

aspects that need to be explored.

1.2.8 Water wave interaction with the costal structures in the presence of

the two-layer fluid model

In some coastal areas, water density is not uniform throughout the water depth due to the (i)

mixing of fresh river water with the saline seawater and (ii) solar heating of the upper layer

water (see Manam and Sahoo [73] and Koo [74]). As a result, the two-layer fluid model is often

used to study the interaction of water waves with coastal structures (Behera et al. [75]). In the

two-layer fluid model, internal waves are generated and propagate along the interface between

the two layers. Moreover, in the two-layer fluid system, it is standard to assume that the upper
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layer fluid is lying above the denser lower layer fluid. This assumption is especially valid in

the ocean, where there frequently exists a thin pycnocline with a significant variation in the

density, and the water is well mixed above and below it (see Das et al. [76]). In addition, in

a real ocean environment, the two-layer fluid model arises in Norway’s fjords, bodies of water

that consist of a layer of fresh water about 10m thick on top of an intense body of salt water

(see Cadby and Linton [77]). Lamb [16] reported that the dispersion relation for the two-layer

fluid model has two roots for a given frequency; one corresponds to the free surface waves,

and the other corresponds to the internal waves. The mathematical model and associated

formulations for the wave propagation in a two-layer fluid medium were available in the classical

works of Linton and McIver [78], Cadby and Linton [77], Barthélemy et al. [79], Linton and

Cadby [80], and the literature cited therein. Chamberlain and Porter [81] used a variational

approach to analyze the wave scattering in a two-layer fluid having bottom undulations in a

three-dimensional context using linearized water wave theory. Various results were presented to

show the energy transfer between the surface and interfacial waves induced by bottom variations.

Kashiwagi et al. [82] studied the wave di↵raction and wave-induced motions of a freely floating

body in a two-layer fluid system. It was reported that the motions of the floating body due

to the e↵ect of internal waves have relatively smaller amplitudes. However, for specific values

of the density ratio, the wave-induced motions due to the internal wave are higher and are of

the same order as those induced by the surface waves. Alam et al. [83] used the perturbation

analysis and numerical simulation tools to analyze the Bragg resonance phenomena that occur

due to the rippled seabed in a two-layer fluid medium. Behera and Sahoo [84] and Behera et al.

[75] studied the water waves interaction with thick porous structures of di↵erent shapes and

configurations in a two-layer fluid. The e↵ects of density ratio, interface location, heading angle

of the incident wave, and surface and internal wave modes on wave scattering are analyzed in

a detailed manner. Panda and Martha [85] used the Fourier transform technique to analyze

the e↵ect of an undulated porous bed on the wave scattering in a two-layer fluid system. It

was observed that the incident wave energy corresponding to the surface wave mode could be

transferred to the reflected and transmitted energies corresponding to the internal mode for all

possible heading angles of the incident waves. However, the transfer from the internal mode to

the surface mode is only possible for smaller values of the heading angle. Medina-Rodŕıguez and

Silva [86] studied the interaction of the obliquely incident wave with a submarine trench in a

two-layer fluid system using the eigenfunction expansion method. This study showed that the

reflection and transmission of wave energy corresponding to the surface wave mode are higher

than those corresponding to the internal wave mode. Medina-Rodŕıguez and Silva [87] used

the eigenfunction expansion method to investigate the e�ciency of an oscillating water column

device placed in the presence of an asymmetric submarine trench at the bottom in a two-layer

fluid medium. It was reported that the e�ciency of the OWC device depends on various factors

like the density ratio, interface location, depth of the trench, and the distance of the trench from

the OWC device. Islam et al. [88] studied the radiation and scattering problem in a two-layer
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fluid system when a circular disc is placed in a lower-layer fluid. They found that the interface

location had significant e↵ects on the hydrodynamic force acting on the disc. Recently, Barman

and Bora [89] studied the interaction of water waves by a composite breakwater located over the

porous seabed in a two-layer fluid system. It was reported that the seabed characteristics have a

significant impact on the wave load acting on the wall, reflection, and transmission phenomena.

1.2.9 Optimization of parameters associated with the wave energy converter

devices

In recent years, the optimization of wave energy converter devices has received a lot of attention.

A proper combination of the shape parameters, PTO coe�cients, control algorithms, and seabed

parameters is required to be optimized to enhance the performance of the wave energy converter

devices in terms of maximum power extraction, resonating frequencies, and associated bandwidth.

A number of research works were carried out to optimize various parameters associated with the

wave energy converter devices. In this regard, a sequential optimization procedure is adopted

by Bouali and Larbi [90] and Hayati et al. [91] in which the geometrical shape parameters

of the OWC devices were optimized based on specific wave conditions. Di↵erential evolution

algorithm-based optimization procedure is adopted by He et al. [92] to design and optimize

a square array wave energy converter device. For the sake of comprehensive multi-parameter

optimization of various outputs associated with the two-body wave energy converter devices,

Al Shami et al. [93] and Bao et al. [94] used the well-known Taguchi method. This particular

Taguchi method was widely applied in the 1950s for process optimization of chemical industries

Al Shami et al. [93]. This method is best suitable for systems in which the outputs from the

systems are dependent on various input parameters, which are correlated with each other up

to some extent. The Taguchi method depends on choosing orthogonal arrays, which reduces

the number of simulations drastically in the optimization process (see Al Shami et al. [93] for

details).

1.3 Motivation and outline of the thesis

The objectives of the present work are provided as follows:

Developing BEM based numerical tools to deal with surface gravity wave interaction with

OWC and piezoelectric plate wave energy converter devices placed over undulated seabed.

Investigating various parameters associated with the hydrodynamics and performance of

the OWC and piezoelectric plate devices for a wider range of wave, seabed and structural

parameters.
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To investigate the e↵ect of irregular incident waves on the hydrodynamics of the OWC

device by considering the local wave climates with appropriate sea states and incident

wave spectrum.

To study the performance of OWC and piezoelectric plate devices in frequency as well as

in time domain. Emphasis is provided to analyze the resonances to maximize the power

output.

To study the performance of OWC devices in two-layer fluid system.

To optimize the parameters associated with seabed and the hybrid wave energy converter

devices consisting OWC device and piezoelectric plate device based on the Taguchi mehtod.

The content of the thesis is divided into six chapters depending on the various types of physical

problems investigated. Chapter 1 is introductory in nature. In Chapters 2 to 5, the mathematical

modeling, BEM-based solution technique, and analysis of several parameters associated with the

performance of OWC and PWEC devices in the presence of regular and irregular incident waves

are discussed. These chapters also include the hydrodynamics of OWC devices in a two-layer

fluid system and associated time-domain analysis. Finally, Chapter 6 summarizes the total

work presented in the thesis and also provides the future research scope. In Chapter 1, basic

introduction, detailed literature review, motivation behind the present work, outline of the

thesis and mathematical preliminaries are provided. When ocean waves propagate toward the

shoreline areas, the incident wave energy is significantly modified due to the bottom e↵ects. As

a result of bottom friction, several physical phenomena occur, such as wave refraction, shoaling

and breaking, etc. Therefore, it is very important to take into account the undulated bottom

topography to analyze the hydrodynamic performance of the OWC device, which is placed on

a vertical cli↵ in the shoreline areas. In this background, in Chapter 2, the OWC device is

considered, which consists of a wave chamber in which the rear wall is vertical rigid in nature and

the front wall is sloping type. One of the advantages of using a sloping front wall OWC device is

to reduce the horizontal force, and the slope causes a vertical force acting downwards, which in

turn stabilizes the OWC caisson. The other advantage is that the inclined front slope increases

the capture e�ciency of the OWC device (see Müller and Whittaker [52] for details). Further,

in the present study, the thickness of the OWC device wall is considered. This has advantages

over the thin wall (i.e., the thickness is negligible) as the thin structure can induce vortex easier

than the thick one. Due to this reason, there is a reduction in energy losses for an OWC device

having considerable wall thickness. Moreover, to incorporate the e↵ect of nearshore wave energy

transformation, the undulated bottom is considered in this chapter. To handle the undulated

bottom topography, a coupled eigenfunction expansion-boundary element method is used. The

numerical convergence of the coupled eigenfunction expansion-boundary element method is

presented. The e↵ects of the width of the OWC device chamber, front wall submergence depth
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and inclination with the vertical axis, and the bed undulations on the hydrodynamic e�ciency

of the OWC device are discussed in detail. Further, the occurrences of resonances due to the

shape parameters of the OWC device are investigated.

As an extension of the mathematical modeling of the OWC device under monochromatic regular

incident waves, in Chapter 3, the hydrodynamic performances and e�ciencies of breakwater-

integrated OWC devices are studied under unidirectional random wave environments. Two

di↵erent types of OWC devices: (i) LIMPET device (sloping-face OWC device, see Heath [20]

for details) and (ii) quarter-circle-shaped front wall OWC device (see Patterson et al. [95] for

details) are considered for the present study. Some advantages of LIMPET type OWC device

over the traditional vertical wall OWC device are the following: (i) the inclined chamber of

the LIMPET OWC device o↵ers an easier path for water entry and exit, which reduces the

creation of turbulence and, as a result, there is a reduction of energy loss (Heath [20]), and

(ii) the inclined front wall significantly reduces the impact of wave forces acting on the OWC

device (Müller and Whittaker [52]). It is to be noted that the overtopping can occur due to

the sloping wall, and therefore, a wave breaker is needed to install on the sloping front wall

(Ciria [96]). During the project of developing a breakwater-integrated OWC device at Siadar,

Isle of Lewis, Patterson et al. [95] emphasized the long-term stability of the OWC device against

overturning and sliding, which occurs due to extreme water wave pressure. To overcome this

problem, Patterson et al. [95] studied the geometrical layout of the OWC device and found that

the resultant wave forces on the front wall of the quarter-circle-shaped OWC device act through

the heel of the structure, which reduces the overturning moment and enhances the stability of

the OWC device. Due to these advantages, a quarter-circle-shaped breakwater-integrated OWC

device is considered in the present study. The associated boundary value problem is handled for

the solution using the boundary element method. The annual-averaged plant e�ciencies of the

two aforementioned OWC devices are analyzed as a function of chamber length, submergence

depth, turbine rotor diameter, and rotational speed of the Wells turbine.

The concept of wave energy converters with flexible structures and hybrid multi-energy systems

appears to be a new trend in the marine energy industry. The hydrodynamic performance of the

standalone OWC devices and the piezoelectric plates were studied in real ocean environments.

However, there is one major shortcoming in the standalone wave energy converter devices, such

as the standalone wave energy converter devices that are unable to absorb a significant amount

of incident wave energy. Further, the resonating frequencies can be altered in such a manner

that the same lie in close proximity to the most probable wave frequencies associated with

the local wave environment. In addition, the bandwidth of the frequencies associated with the

higher amount of wave power extraction can be widened to extract the maximum amount of

wave power. By keeping these particular aspects in mind, the hybrid wave energy converter

device consists of a piezoelectric plate, and the OWC device is proposed in Chapter 4. There

are numerous advantages of the hybrid wave energy converter device over the traditional OWC



Chapter 1. Introduction 19

device and the piezoelectric plates, such as the power extraction by the hybrid wave energy

converter device is expected to be more than the standalone OWC device and piezoelectric

plate. The resonating frequencies can be altered in the presence of this proposed hybrid device.

In addition, appropriate multi-parameter optimization can provide an optimized system for

maximum power output in close proximity to the most probable incident wave frequencies along

with wider bandwidth. These particular gaps serve as motivation for the present investigation. In

the present study, the hybrid wave energy converter device is placed over the undulated seabed.

Further, the influence of shape parameters associated with the OWC device and the piezoelectric

plate, and parameters related to the sinusoidal seabed profiles on the power extraction by the

hybrid wave energy converter device, OWC device, and the piezoelectric plate are analyzed in a

detailed manner. Further, a time-domain analysis is carried out. In the time-domain analysis,

the Bretschneider spectrum is taken as the incident wave spectrum, and the associated results

are generated using the regular wave model.

Unlike the homogeneous water domain, in some coastal areas, water density is not uniform

throughout the water depth due to the (i) mixing of fresh river water with the saline seawater,

and (ii) solar heating of the upper layer water (see Manam and Sahoo [73] and Koo [74]). As

a result, the two-layer fluid model is often used to study the interaction of water waves with

coastal structures (Behera et al. [75]). In the two-layer fluid model, internal waves are generated

and propagate along the interface between the two layers. Moreover, in the two-layer fluid

system, it is standard to assume that the upper layer fluid is lying above the denser lower layer

fluid. This assumption is especially valid in the ocean, where there frequently exists a thin

pycnocline with a significant variation in the density, and the water is well mixed above and

below it (see Das et al. [76]). Therefore, there are numerous factors that need to be analyzed

while studying the hydrodynamic performance of an OWC device in a two-layer fluid system.

Some of the important factors that certainly impact the e�ciency of the OWC devices in a

two-layer fluid system are the following: (i) the transformation of the wave energy from internal

to the surface waves and vice versa, (ii) the presence of two propagating wave modes termed

as surface and internal wave modes (Manam and Sahoo [73]), and (iii) internal waves, having

higher wave amplitude and wave periods as compared to surface waves, contains a significantly

higher amount of energy (Yuan et al. [97]). Further, bottom undulation plays an important

role in the occurrences of resonance phenomena inside the device chamber. In view of these, in

Chapter 5, the performance of the OWC devices placed over an undulated bottom topography is

studied in a two-layer fluid system. Further, a small thickness is considered in the OWC device

wall. Some of the advantages of considering this particular OWC device model are mentioned in

Chapter 2. Two types of OWC devices are considered in the present work: (i) front wall of the

OWC device does not intersect the interface of the two layers (INP OWC device), and (ii) front

wall of the OWC device intersects the interface of the two layers (IP OWC device). The results

and discussions associated with the e↵ect of shape parameters of OWC devices and undulated
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bottom, and incident wave characteristics on the e�ciency of the OWC devices are given in a

detailed manner. The time-dependent simulations of the free surface and interface elevations for

both INP and IP OWC devices are provided. Further, the e↵ect of air compressibility on the

hydrodynamic e�ciency of the OWC devices is also provided.

Finally, Chapter 6 summarizes the thesis work and discusses future research directions. This

chapter highlights the major contributions of the present works. In the next section, the governing

equations and boundary conditions associated with the hydrodynamics of OWC and PWEC

device are provided.

1.4 Mathematical description of waves and structures

1.4.1 Basic equations for water wave propagation in homogeneous fluid

The present section yields the derivations of the basic equation corresponding to the linearized

water wave theory. In the present thesis, a two-dimensional Cartesian coordinate system (x, z)

is considered with the z-axis being positive in the vertical upward direction and the x-axis is

aligned in the direction of incident wave propagation, unless otherwise specified. The fluid is

assumed to be homogeneous, incompressible, and inviscid, and its motion is assumed to be

irrotational.
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Figure 1.7: Structure of two-dimensional boundary value problems in open water region.

Under the assumption of the irrotational flow, the fluid velocity q = (u,w) can be expressed as

a gradient of the velocity potential �(x, z, t), i.e.,

q = r�. (1.1)
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In accordance with the conservation of mass, the velocity potential �(x, z, t) satisfies the Laplace

equation in the fluid domain since the divergence of velocity vector q is zero.

r
2� = 0,

✓
r

2 =
@
2

@x2
+

@
2

@z2

◆
, (1.2)

The boundary conditions must be selected depending on the object’s characteristics, including if

it is fixed or moving, rigid or flexible, permeable or impermeable, etc. The boundary condition

on the free surface is a combination of the kinematic and dynamic free surface conditions. The

kinematic boundary condition relates to the motions of the water particles, while the forces

acting on water particles are governed by the dynamic boundary conditions. The kinematic free

surface boundary condition (KFBC) states that there must be no gap between the air-water

interface. On the other hand, the dynamic free surface boundary condition (DFBC) specifies that

the pressure is constant at the surface without taking into account the wind induced pressure

variations. Let F (x, z, t) = z � ⇣̃(x, t) = 0 reflect the free surface of the water, and ⇣̃(x, t)

symbolises the vertical displacement of the free surface elevation. The KFBC involves that the

substantial derivative of the function F must be zero at the free surface. Consequently,

DF

Dt
= 0, on z = ⇣̃(x, t). (1.3)

Here,
D

Dt
=

@

@t
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@

@x
+ w

@

@z
. Re-arranging Eq. (1.3) in terms of �(x, z, t), we get
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@z
=
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@t
+
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@x
, on z = ⇣̃. (1.4)

Now, implementing the Taylor series to Eq. (1.4) about the mean free surface z = 0 provides
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It is supposed that the amplitude of the incident wave is small relative to its wavelength

(� = 2⇡/k, where k is the wave number), so ⇣̃ << 1. In addition, under the assumption of

linearized wave theory, fluid particle velocity, surface displacement ⇣̃(x, t), and their derivatives

are all small quantities. Consequently, the product and square terms of ⇣̃(x, t) and � are

infinitesimal. Hence, retaining the leading order terms, the linearized KFBC on the mean free

surface z = 0 is expressed as
@�

@z
=
@⇣̃

@t
on z = 0. (1.6)

On the other hand, the air-water interface, i.e., the free surface cannot tolerate variations in

pressure across the interface and must respond in order to keep the pressure uniform. Therefore,
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an additional boundary condition, known as dynamic free surface boundary condition is required

on the free surface to specify the pressure distribution. It can be derived from the Bernoulli

equation under the assumption of constant atmospheric pressure. The Bernoulli equation with

the applied pressure P on the free surface z = ⇣̃ is given by

@�

@t
+

1

2
(u2 + w

2) +
P

⇢
+ gz = 0, on z = ⇣̃(x, t), (1.7)

where ⇢ is the density of the fluid and g is the acceleration due to gravity. Due to the air’s low

density, its motion can be ignored and the pressure along the interface is assumed to be constant

and without loss of generality, it is taken as zero. Thus, the Bernoulli’s equation at the interface

is given by
@�

@t
+

1

2
(u2 + w

2) + g⇣̃ = 0, on z = ⇣̃(x, t). (1.8)

Proceeding in the similar manner as mentioned in Eq. (1.5), we obtain the dynamic free surface

boundary condition (DFBC) as
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◆ ����
z=⇣̃(x,t)

=

✓
@�

@t
+

1

2
(u2 + w

2) + g⇣̃

◆ ����
z=0

+⇣̃
@

@z

✓
@�

@t
+

1

2
(u2 + w

2) + g⇣̃
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z=0

+ . . . = 0. (1.9)

Retaining the leading order terms as discussed in Eq. (1.5), we get the DFBC as

@�

@t
+ g⇣̃ = 0, on z = 0. (1.10)

On combining Eqs. (1.6) and (1.10), the linearized boundary condition on the mean free surface

is given by
@
2�

@t2
+ g

@�

@z
= 0, on z = 0. (1.11)

Now, the seabed can be rigid, flexible, viscoelastic/poroelastic in nature. Throughout the thesis,

the seabed is assumed to be rigid and impermeable unless otherwise mentioned. Therefore, the

fluid cannot passes through the surface of the seabed at z = �h and the same is expressed in

terms of velocity potential �(x, z, t) as

@�

@z
= 0, on z = �h. (1.12)

Here, @/@n represents the normal derivative. It is to be noted that for the sake of simplicity, the

depth h is assumed to be constant/uniform, but it could be described as a function h = h(x) for

the undulated seabed. Further, it is assumed that the motion of the fluid is simple harmonic

in time t with angular frequency !. Thus, the velocity potential �(x, z, t) and the free surface
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elevation ⇣̃(x, t) is expressed as

�(x, z, t) = <
�
�(x, z)e�i!t

 
, ⇣̃(x, t) = <

�
⇣(x)e�i!t

 
, (1.13)

where < indicates the real part of the complex-valued function, and �(x, z) and ⇣(x) represent

the spatial form of the velocity potential and the free surface elevation, respectively. Substituting

Eq. (1.13) into Eqs. (1.2), (1.11), and (1.12), we obtain

Governing equation:

r
2
�(x, z) = 0, in the fluid regions, (1.14)

Free surface BC:
@�

@z
�
!
2

g
� = 0, on z = 0, (1.15)

Bottom BC:
@�

@z
= 0, at z = �h. (1.16)

Far-field BCs:

To ensure the unique solution of the aforementioned boundary value problem (BVP), the velocity

potential should satisfy the Sommerfeld radiation condition (Schot [98]) as following

�(x, z) ⇠
⇣
A0e

ik0x +B0e
�ik0x

⌘ cosh k0(z + h)

cosh k0h
, as x ! ±1, (1.17)

where A0 and B0 are the unknown coe�cients need to be determined. In Eq. (1.17), the wave

number k0 is the positive real root of the dispersion relation !2 = gk tanh kh. It is to be noted

that the vertical eigenfunction  0(z) = �

✓
igA

!

◆
cosh k0(z + h)

cosh k0h
satisfies the following property

Z 0

�h
 0(k0, z) 

⇤
0(k0, z) dz = A, A = �

✓
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2
A

2
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◆
2k0h+ sinh(2k0h)

4k0 cosh
2
k0h

, (1.18)

where  ⇤
0(k0, z) represents the complex conjugate of  0(k0, z). Since, k0h = 2⇡h/� is often refers

as the depth-to-wavelength ratio, for long and shallow water waves, the dimensionless wave

number is taken as k0h << 1, whilst for short and deep water waves, the dimensionless wave

number is taken as k0h >> 1. The corresponding dispersion relations are modified as !2 = gk
2
h

for k0h << 1 and !2 = gk for k0h >> 1.

Phase velocity and group velocity

The phase velocity or wave celerity c associated with a plane progressive wave is expressed as

the rate of propagation of the wave form and is given by

c =
�

T
=

!

k0
=

r
g

k0
tanh kh. (1.19)
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In addition, when two progressive waves of same height H propagating in the same direction

with slightly di↵erent wave frequencies and wave numbers, the resulting profile is modulated by

a wave envelope that propagates with velocity cg, which is referred as the group velocity. The

group velocity is the rate at which the wave energy transfers and can be described as

cg =
d!

dk0
=

!

2k0

✓
1 +

2k0h

sinh(2k0h)

◆
. (1.20)

In most of the cases, under the assumption of potential flow theory, Laplace equation is the

governing equation for the wave-structure interaction problems. Thus, it is worthy to study some

of the basic features associated with the Laplace equation. Let � satisfies the Laplace equation

r
2
� = 0 in a particular compact domain ⌦ ⇢ Rn with one of the following BCs prescribed on

the boundary @⌦

�|@⌦ = f(x), (Dirichlet), (1.21)

@�

@n

����
@⌦

= g(x), (Neumann), (1.22)

a�+ b
@�

@n

����
@⌦

= h(x), (Robin BC), (1.23)

for some specific functions f, g, h and for some non-zero constants a and b. In the aforementioned

cases, the value of � or it’s normal derivative @�/@n are always prescribed on a co-dimension

one of the boundary @⌦, which means that one of the coordinate i.e., either time or space are

kept fixed on this surface. The specification of exactly how � should appear on this surface is

referred to as the Cauchy data for the partial di↵erential equation, and solving the PDE under

these conditions is referred to as a Cauchy problem for the PDE. According to Hadamard, the

Cauchy problem is well–posed if the following conditions are met: (i) a solution exists, (ii) the

solution is unique, and (iii) the solution is dependent on the auxiliary data continuously.

Uniqueness theorem

For a smooth domain ⌦, the uniqueness theorem (Folland [99]) is stated as the following

The Dirichlet problem has at most one solution.

If u is a solution of the Neumann problem, then any other solution is of the form v = u+ c,

for any c 2 R.

If ↵ � 0, then the Robin problem has at most one solution.

1.4.2 Basic equations of water wave in stratified fluid

In the two-layer fluid model, internal waves are generated and propagate along the interface

between the two layers. Moreover, in the two-layer fluid system, it is standard to assume that

the upper layer fluid is lying above the denser lower layer fluid. A schematic diagram associated
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with the two-layered fluid system is provided in Fig. 1.8. It is to be noted that the governing

equation, free surface and bottom boundary conditions in the two-layered fluid system are remain

same as provided in Eqs. (1.14)-(1.16) with h should be replaced by H.

Interface boundary conditions in case of two-layer fluid

Now, the case of two homogeneous superposed immiscible fluids having di↵erent densities

⇢1 and ⇢2 (with ⇢2 > ⇢1) is considered. The two-layers are separated by a common interface at

z = �h with the upper layer being open to the atmosphere and the lower layer being bounded

below by the fixed rigid bottom z = �H. Hereafter, the subscripts 1 and 2 used for the upper

and lower layer fluids, respectively.
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Figure 1.8: Structure of two-dimensional boundary value problems in a two-layered fluid
system.

It is assumed that the fluid motions are irrotational, inviscid, incompressible and time har-

monic as mentioned earlier, which suggests the existence of the velocity potential �j(x, z, t) =

<
�
�j(x, z)e�i!t

 
for j = 1, 2, and satisfy the Laplace Eq. (1.2) in the respective fluid regions.

The linearized kinematic condition in Eq. (1.6) yields

@�1

@z
=
@�2

@z
=
@⇣̃2

@t
, on z = �h+ ⇣̃2(x, t), (1.24)

where z = ⇣̃2(x, t) is the interfacial elevation. In addition to that, the Bernoulli’s equation as in

Eq. (1.7) is written as the following

@�j

@t
+

1

2
(u2j + w

2
j ) +

Pj

⇢j
+ gz = 0, on z = �h+ ⇣̃2, j = 1, 2, (1.25)
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where the fluid pressures P1 and P2 are acting on the interface at z = �h+ ⇣̃2(x, t) from the

upper and lower layers, respectively. Since the fluid pressure is continuous across the interface,

using the linearized theory, the dynamic boundary condition yields

⇢1

✓
@�1

@t
+ g⇣̃2

◆
= ⇢2

✓
@�2

@t
+ g⇣̃2

◆
, on z = �h. (1.26)

Eliminating ⇣̃2 from both sides of Eq. (1.26), after using the condition (1.24), yields

s

✓
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@z
�K�1

◆
=

✓
@�2

@z
�K�2

◆
, on z = �h, (1.27)

where s = ⇢1/⇢2 < 1. When the incident wave contains the wave number kI , the left-hand side

(LHS) far-field boundary conditions is given by (Panda and Martha [85])

8
<

:
�j(x, z) = e

ikIx I(kI , z) +AI,Ie
�ikIx I(kI , z) +AII,Ie

�ikIIx II(kII , z), as x ! �1,

�j(x, z) = BI,Ie
ikIx I(kI , z) +BII,Ie

ikIIx II(kII , z), as x ! 1,

(1.28)

where j = 1, 2 correspond to the regions R1 and R2, respectively. Further, AI,I and AII,I are

the coe�cients related to the amplitudes of the reflected waves for the wave modes kI and kII ,

respectively due to the incident wave mode kI . Similarly, BI,I and BII,I are the coe�cients

related to the amplitudes of the transmitted waves containing the wave modes kI and kII ,

respectively due to the incident wave mode kI . On the other hand, when the incident wave

contains the wavenumber kII , the LHS and RHS far-field boundary conditions are given by

8
<

:
�j(x, z) = e

ikIIx II(kII , z) +AI,IIe
�ikIx I(kI , z) +AII,IIe

�ikIIx II(kII , z), as x ! �1,

�j(x, z) = BI,IIe
ikIx I(kI , z) +BII,IIe

ikIIx II(kII , z), as x ! 1.

(1.29)

Here, AI,II and AII,II are the coe�cients associated with the amplitudes of the reflected waves

for the wave modes kI and kII respectively due to the incident wave mode kII . Similarly, BI,II

and BII,II are the coe�cients associated with the amplitudes of the transmitted waves for the

wave modes kI and kII , respectively due to the incident wave mode kII . In Eqs. (1.28) and

(1.29), the expressions for the vertical eigenfunctions  n(kn, z) for n = I, II are given by

 n(kn, z) =

8
><

>:

N
�1
n sinh kn(H � h){kn cosh knz +K sinh knz}

K cosh knh� kn sinh knh
, for � h < z < 0,

N
�1
n cosh kn(z +H), for �H < z < �h.

(1.30)

Here, kn satisfies the dispersion relation

G(k) ⌘ (1� s)k2 +K
2
{s+ coth k(H � h) coth kh}� kK{coth kh+ coth k(H � h)} = 0. (1.31)
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It is to be noted that the dispersion relation in Eq. (1.31) have two positive real roots kn = kI , kII

(0 < kI < kII), and infinite number of imaginary roots of the form ipn for n � 1. The vertical

eigenfunctions  n(kn, z) for n = I, II in Eq. (1.30) are orthonormal with respect to the inner

product

h n, mi =

Z �h

�H
 n(z) m(z)dz + s

Z 0

�h
 n(z) m(z)dz = �nm, (1.32)

where �nm is the Kronecker delta function, and the expression for N2
n is given by

N
2
n =

s sinh2 kn(H � h)

4kn (K cosh knh� kn sinh knh)
2

�
K

2 (sinh 2knh� 2knh) + k
2
n (2knh+ sinh 2knh)� 2Kkn (cosh 2knh� 1)

 

+
{2(H � h)kn + sinh 2kn(H � h)}

4kn
. (1.33)

1.4.3 Basic equations associated with the hydrodynamics of oscillating water

column wave energy converter device
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Figure 1.9: Schematic diagram of side cross-section of the oscillating water column device.

The oscillating water column (OWC) device consists of an open-ended, hollow structure with a

downward-facing open end that is partially submerged to trap air above the internal free surface

and a PTO system that incorporates a Wells turbine positioned on top of the chamber to prevent

it from coming into direct contact with salt water. In the existence of incident waves, the internal

free surface is compelled to oscillate with the same angular frequency ! as the incident wave,

consequently establishing a uniform pressure distribution over the internal free surface �4. The

fluid motion is characterised by the velocity potential �(x, z, t), that satisfies equations (1.1),
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whereas the linearized free surface condition becomes

@�

@t
+ g⇣̃ =

8
><

>:

0, on �8,

�
P (t)

⇢
, on �4.

(1.34)

Here, P (t) is termed as uniformly distributed pressure acting on the internal free surface. Further,

the boundary condition on the rigid and impervious boundaries can be expressed as

@�

@n
= 0, on �2 [ �3 [ �5 [ �6 [ �7, (1.35)

where, @/@n represents the normal derivative. Further, it is assumed that the motion of the fluid

is simple harmonic in time t with angular frequency !. Thus, the velocity potential �(x, z, t) is

expressed as Eq. (1.13), and the pressure P (t) is written as

P (t) = <
�
pe

�i!t
 
, (1.36)

where < indicates the real part of the complex-valued function, and p represent the spatial form

of the pressure. Substituting Eq. (1.36) into Eqs. (1.34), and using (1.6) and (1.10), we get

@�

@z
�K� =

8
><

>:

0, on �8,

i!p

⇢g
, on �4.

(1.37)

Here, K = !
2
/g. In addition, implementing Eq. (1.13) into Eq. (1.35), we obtain

@�

@n
= 0, on �2 [ �3 [ �5 [ �6 [ �7. (1.38)

In the presence of OWC device, the velocity potential � can be decomposed into the scattered

and radiated velocity potentials and therefore, the total velocity potential can be written as

� = �
S +

✓
i!p

⇢g

◆
�
R
, (1.39)

where �S and �
R are signified as the scattered and radiated velocity potential, respectively.

Furthermore, the scattered velocity potential is expressed as the sum of di↵racted and incident

velocity potentials, i.e., �S = �
D + �

I where �D and �I represent the di↵racted and incident

velocity components. In the interaction of water waves with the OWC device, the incoming

waves are reflected by the rigid wall boundaries of the OWC device. Resultantly, the scattered

velocity potential appears. Further, the radiated velocity potential appears due to the oscillation

of the water column in the OWC device wave chamber. Here, �S,R satisfy the Eqs. (1.14), (1.37)
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and (1.38). It is to be noted that substituting the expression (1.39) into Eq. (1.37), we get

@�
S

@z
�K�

S = 0, on �4 [ �8,

@�
R

@z
�K�

R =

8
<

:
1, on �4,

0, on �8.

(1.40)

Finally, the far-field boundary conditions on �1 are given by

8
<

:
�
S(x, z) = e

ik0x 0(k0, z) +A
S
0 e

�ik0xf0(k0, z), as x ! �1

�
R(x, z) = A

R
0 e

�ik0x 0(k0, z), as x ! �1.

(1.41)

where AS
0 and A

R
0 are the coe�cients associated with the reflected and radiated wave amplitudes,

respectively as x ! �1. In Eq. (1.41), the expression for vertical eigenfunction  0(k0, z) is

given by  0(k0, z) = �

✓
igA

!

◆
cosh k0(h+ z)

cosh(k0h)
. Here, k0 is positive real root of the dispersion

relation !2 = gk tanh(kh).

1.4.4 Basic equations and edge conditions for flexible structures

The present section illustrates the governing equation and the associated edge conditions for

the flexible structure modeled as a thin elastic plate in the framework of the thin elastic plate

theory, also known as classical plate theory or the Kirchho↵ plate theory. This Kirchho↵ plate

theory is a simplification of Euler-Bernoulli thin plate theory.

The displacement of the flexible elastic plate under the action of ocean waves can be written

in the form ⇣̃(x, y, t) = <{⇣(x, y)e�i!t
} with ⇣(x, y) being spatial component of the complex

deflection amplitude. The vertical deflection ⇣(x, y, t) of an isotropic homogeneous thin elastic

plate which is undergoing slight deformation in the presence of in-plane compressive forces Nx

and Ny along the x and y-directions is given by (Sahoo [100])

EI

✓
@
2
⇣

@x2
+
@
2
⇣

@y2

◆2

�Nx
@
2
⇣

@x2
�Nz

@
2
⇣

@y2
+mp

@
2
⇣

@t2
= F(x, y, t). (1.42)

Here, EI is termed as the flexural rigidity of the plate with E being the Young’s modulus. In

addition, the inertia of the plate I is calculated as I = d
3
p/12(1� ⌫

2) in which dp is the thickness

of the plate, and ⌫ is the Poisson ratio. Further, mp = ⇢pdp (⇢p is the density of the plate) is the

uniform mass of the plate per unit area and F is the force acting on the structure. It is to be

mentioned that the components of the compressive force are taken as Nx = Ny = Q for uniform

compressive force. In a similar manner, Nx = Ny = �T is utilized to represent the uniform

tensile force for the case of floating membrane structure.
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Edge conditions

A class of edge conditions are needed to be prescribed at the ends of the flexible structures

depending on the nature of the physical problem. Here, some edge conditions, which are often

considered in the surface gravity wave problems are presented in the following.

Fixed edges:

For the case of fixed edges, vanishing of plate deflection and the slope of the deflection near both

the edges of the plate yield (see Mohapatra et al. [101])

⇣ = 0,
@⇣

@x
= 0. (1.43)

Free edges:

For the case of free edges, vanishing of bending moment and shear force near the edges of the

plate are represented as

@
2
⇣

@x2
+ ⌫

@
2
⇣

@y2
= 0, EI

⇢
@
3
⇣

@x3
+ (2� ⌫)

@
3
⇣

@x@y2

�
+Q

@⇣

@x
= 0. (1.44)

Mooring edges:

If the ends of the plate are connected with the mooring chains, the following edge conditions

will be considered

@
2
⇣

@x2
+ ⌫

@
2
⇣

@y2
= 0, EI

⇢
@
3
⇣

@x3
+ (2� ⌫)

@
3
⇣

@x@y2

�
+Q

@⇣

@x
= qm

@⇣

@x
, (1.45)

where qm is the sti↵ness constant of the mooring chains (see Sahoo [100]). Here, Q is symbolized

as uniform compressive force.
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1.4.4.1 Basic equations and boundary conditions associated with the piezoelectric

wave energy converter device

�
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Figure 1.10: Schematic of the side cross-section of the piezoelectric device.

A flexible floating structure comprised of bio-compatible soft and flexible piezoelectric materials

can generate electricity when deformed by the sensor e↵ect (mechanical vibrations). The

piezoelectric wave energy converter device (PWEC) consists of a submerged elastic plate with

the attachment of piezoelectric layers on both sides of the plate, which can extract energy from

the ocean waves due to the variations of tension along the plate. Here, the PWEC system is

homogeneous, the stresses, strains, and the voltage are continuous along the plate. Hence, the

wave energy converter can be modelled as a uniform composite plate based on the Kirchho↵

plate theory. For modeling the piezoelectric plate, the hydroelectromechanical-coupled dynamics

associated with the piezoelectric wave energy converter device is considered in the context

of linear water wave theory. In the presence of a floating submerged piezoelectric plate, the

fluid domain is divided into two regions Rj (j = 1, 2), where R1 = �l < x < r,�h < z < 0

except the region above the plate, and R2 = c < x < c+ l1,�d1 < z < 0. The velocity potentials

�j(x, z, t) = <
�
�j(x, z)e�i!t

 
associated with regions Rj for j = 1, 2 satisfy the Laplace equation

(1.14) along with the following boundary conditions. The boundary condition at the mean free

surface z = 0 is given by 8
>><

>>:

@�1

@n
�K�1 = 0, on �4 [ �8,

@�2

@n
�K�2 = 0, on �9.

(1.46)

Now, the boundary condition on the impentrable bottom �2 is given by

@�1

@z
= 0, on �2. (1.47)
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The continuity of pressure and normal velocities along the two auxiliary boundaries �5 and �7

placed at x = c+ l1 and x = c, respectively are given by

�1 = �2, and
@�1

@n
= �

@�2

@n
on �5 [ �7. (1.48)

Now, the dynamic boundary condition on the piezoelectric plate �6 is given by

g�

✓
1 +

�
2
⇠!

i + ⇠!

◆
@
4
⇣

@x4
� !

2
�⇣ = i! (�1 � �2) , on z = �d1, x 2 [c, c+ l1], (1.49)

where the expressions for �, �, ⇠, and � are given as

� =
B

0

⇢g
, � =

✓
0

p
B0C 0

, ⇠ =
C

0

G0 , � =
Ib

⇢
, (1.50)

with B
0, ✓0, C 0, and G

0 being termed as flexural rigidity of the bimorph, piezoelectric coupling

factor, electric surface capacitance, and surface conductance, respectively. Further, Ib represents

the surface density of the bimorph. Now, the linearized kinematic boundary condition on the

plate �6 is given by

@�1

@z
=
@�2

@z
= �i!⇣, on z = �d1, c < x < c+ l1. (1.51)

For the plate having fixed edges, vanishing of plate displacement and the slope of the displacement

near both the edges of the plate yield

⇣ = 0,
@⇣

@x
= 0, at x = c, c+ l1, z = �d1. (1.52)

Similarly, when the plate edges are free, the edge conditions are given by

@
2
⇣

@x2
= 0,

@
3
⇣

@x3
= 0, at x = c, c+ l1, z = �d1. (1.53)

1.5 Fundamentals of integral equations

An integral equation is an a kind of equation in which the unknown function appears under one

or more integral signs. An intergral equation can be written in its most general form as

↵(x)h(x) = f(x) + �

Z

a

K(x, t)h(t)dt, (1.54)

where the upper limit of the integration may be either fixed or a variable. The functions ↵, f

and K(kernel) are known functions, while h has to be calculated. � is a non-zero real or complex

parameter. Further, The classifications for integral equations are as follows
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Fredholm integral equations : The integral equation is known as a Fredholm integral

equation if the upper limit of integration in Eq. (1.54) is a constant, say b.

– In Eq. (1.54), if ↵(x) = 0 then it is called as Fredholm integral equation of first kind.

Thus,

f(x) + �

bZ

a

K(x, t)h(t)dt = 0.

– In Eq. (1.54), if ↵(x) = 1 then it is called as Fredholm integral equation of second

kind. Thus,

h(x) = f(x) + �

bZ

a

K(x, t)h(t)dt.

In the aforementioned equation, if f(x) = 0, it is called as the homogeneous Fredholm

integral equation of second kind. Thus,

h(x) = �

bZ

a

K(x, t)h(t)dt.

Volterra integral equations : The homogeneous, first, and second types of Volterra

integral equations are defined in the same way as Fredholm integral equations with b = x

as the variable which is there as upper limit of integration.

– In Eq. (1.54), if ↵(x) = 0 then it is called as Volterra integral equation of first kind.

Thus,

f(x) + �

xZ

a

K(x, t)h(t)dt = 0.

– In Eq. (1.54), if ↵(x) = 1 then it is called as Volterra integral equation of second

kind. Thus,

h(x) = f(x) + �

xZ

a

K(x, t)h(t)dt.

In the aforementioned equation, if f(x) = 0, it is called as the homogeneous Volterra

integral equation of second kind. Thus,

h(x) = �

xZ

a

K(x, t)h(t)dt.

Singular integral equations : The integral equation is said to be singular when either

the upper or lower limit of integration becomes infinite, or when the kernel approaches

infinity at one or more points within the range of integration. The Abel integral equation,

a widely used form of singular integral equation, is stated as follows
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First kind:

f(x) =

xZ

a

h(t)

(x� t)
dt, 0 <  < 1. (1.55)

Second kind:

h(x) = f(x) +

xZ

a

h(t)

(x� t)
dt, 0 <  < 1. (1.56)

The most general form of the Abel integral equation is given by

f(x) =

xZ

a

h(t)

(g(x)� g(t))
dt, x > a, 0 <  < 1, (1.57)

where g(x) is monotonically increasing function. The particular case associated with

 = 1/2 occurs often in mathematical physics. Special numerical methods have been

developed to solve these integral equations numerically. One among them is the product

integration method (Weiss [102]).

1.6 Boundary Element Method (BEM)

This section provides a brief overview of the boundary element method (BEM) for solving the

two-dimensional Laplace equation (see Liu [103] and Brebbia et al. [104] for details). The BEM

is a useful numerical tool for dealing with initial and boundary value problems in applied sciences

and engineering. The term “boundary integral equation method” is also used to describe this

approach. A block diagram for brief classifications of various numerical methods applicable to

di↵erent real-world engineering problems is shown in Fig. 1.11.

Real engineering problems 

         Mathematical model 

Differential equations formulation Integral equations formulation 

Analytical solution Numerical solution 

FDM Other FEM BEM 

Analytical solution Numerical solution 

Other 

Figure 1.11: Di↵erent routes for solving the real engineering problems (see Liu [103] for
details).
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In order to transform the boundary value problem (discussed in the previous Section 1.4) into

integral equations and then to solve numerically, the fundamental solution of the underlying

di↵erential operator is required.

1.6.1 Fundamental solution of the Laplace equation

The fundamental solution (also known as the free-space Green’s function) G(x, z;x0, z0) is the

singular particular solution of

LG = �(x� x0, z � z0), (1.58)

where L is a termed as linear di↵erential operator and �(x� x0, z � z0) = �(x� x0)�(z � z0) is

the two-dimensional Dirac delta function in which (x0, z0) is the source point. In addition, the

Dirac delta function � satisfies the subsequent characteristics

Z

⌦
�(x) d⌦ = 1,

Z b

a
�(x� x0)f(x) dx =

8
<

:
f(x0), if x0 2 (a, b),

0, if x0 /2 [a, b],
(1.59)

where f(x) is continuous at x0. To be specific, consider L is a two-dimensional Laplacian operator

L = r
2 =

@
2

@x2
+

@
2

@z2
.

Therefore, the free-space Green’s function associated with the two-dimensional Laplace equation

is given by (see Mei [105], Ang [106] for details)

G(x, z;x0, z0) =
1

2⇡
ln r̃, (1.60)

where r̃ =
p

(x� x0)2 + (z � z0)2. Similarly, the fundamental solution associated with the three

dimensional Laplace equation is given by

G(x, y, z;x0, y0, z0) = �
1

4⇡r̃
, (1.61)

where r̃ =
p

(x� x0)2 + (y � y0)2 + (z � z0)2.

Green’s identities

The Greens’ identities are briefly discussed in the following.

Green’s first identity

Z

D
rf.rg dV +

Z

D
fr

2
g dV =

Z

S
f
@g

@n
dS. (1.62)
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Green’s second identity

Z

D

�
fr

2
g � gr

2
f
�
dV =

Z

S

✓
f
@g

@n
� g

@f

@n

◆
dS, (1.63)

where f and g are the any two scalar functions continuous in the domain D having boundary S.

Here, r2 is the two dimensional Laplacian operator or harmonic operator.

1.6.2 Boundary integral equations formulation

Here, the formulation of boundary integral equation for the two-dimensional Laplace equation is

discussed in brief (see Ang [106], Brebbia et al. [104] for more details). The fundamental solution

as defined in Eq. (1.60) satisfies the Laplace equation everywhere in the domain D except for

the point (x0, z0) where the singularity exists. Now, consider a circular disc centered at (x0, z0)

having radius ✏, the fundamental solution G is defined and satisfies the Laplace equation over

the domain D � �✏ Applying the Green’s second identity over the domain D � �✏, we get

Z

D��✏

�
�r

2
G�Gr

2
�
�
dV =

Z

�+�✏

✓
�
@G

@n
�G

@�

@n

◆
d�. (1.64)

Clearly, the left hand side of Eq. (1.64) is zero. Therefore,

Z

�+�✏

✓
�
@G

@n
�G

@�

@n

◆
d� = 0. (1.65)

Re-writing Eq. (1.65), we get

Z

�

✓
�
@G

@n
�G

@�

@n

◆
d� = �

Z

�✏

✓
�
@G

@n
�G

@�

@n

◆
d�. (1.66)
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Figure 1.12: Cross-section of the domain D bounded by �
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For (x0, z0) 2 D, it can be derived that ( Ang [107], Brebbia et al. [104])

lim
✏!0

Z

�✏

�
@G

@n
d� = ��(x0, z0), lim

✏!0

Z

�✏

G
@�

@n
d� = 0. (1.67)

Thus, Eq. (1.66) becomes Z

�

✓
�
@G

@n
�G

@�

@n

◆
d� = �(x0, z0) (1.68)

Similarly, it can also be derived that ( Brebbia et al. [104])

c(P̃ )� (x0, z0) =

Z

�

✓
�
@G

@n
�G

@�

@n

◆
d�, (1.69)

where P̃ = (x0, z0), and

c(P̃ ) =

8
>>>><

>>>>:

0, if (x0, z0) /2 D [ �,
1

2
, if (x0, z0) 2 �, (�� smooth),

↵

2⇡
if (x0, z0) 2 �, (�� non-smooth),

(1.70)

where ↵ is the aperture angle. The subsequent section will illustrates the boundary element

method (BEM) based numerical solution procedure for the boundary integral equations for the

Laplace equation, i.e., for Eqs. (1.68) and (1.69). The numerical implementation of the BEM

can be handled using the following steps. There are three popular boundary elements for the

discretization of boundary integral in order to solve numerically such as constant element, linear

elements, and the quadratic elements. Throughout this thesis, the constant and linear elements

are employed for discretization of the boundary integral equations and the same are provided

separately in the subsequent sections.

1.6.3 Boundary element method based on constant element approach

The first step in the BEM is the discretization of surface boundary into a finite number of

segments (also called the boundary elements). Thus,

� =
N[

i=1

�i, (1.71)

The schematic view of single constant element is provided in Fig. 1.13.
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nodes 

element 

end point end point 

node 

single element 

Figure 1.13: Discretization of boundary using constant elements.

In constant boundary element method, it is assumed that the values of � and it’s normal derivative

@�/@n are constants over each elements. Moreover, for constant elements, the boundary is

always smooth and the value at the mid point (node) of each boundary element is considered to

be the values over the whole boundary element (see Ang [107], Liu [103], Brebbia et al. [104],

for more details). As a consequence c(P̃ ) = 1/2. Under these assumptions, the discretized form

of Eq. (1.69) for ith boundary element is written as

�
1

2
�i +

NX

j=1

Z

�j

✓
�
@G

@n

◆
d� =

NX

j=1

Z

�j

✓
G
@�

@n

◆
d�. (1.72)

Since � and @�/@n are constants over each boundary element, Eq. (1.72) can be re-written as

�
1

2
�i +

NX

j=1

�j

 Z

�j

@G

@n
d�

!
=

NX

j=1

@�j

@n

Z

�j

Gd�. (1.73)

The two integrals involving the fundamental solutions termed as influence coe�cients and these

coe�cients are written as

H
ij = �

1

2
�ij +

Z

�j

@G

@n
d�, Gij =

Z

�j

Gd�, (1.74)

with �ij being the Kronecker delta which is defined as

�ij =

8
<

:
0 for i 6= j,

1 for i 6= j.

Evaluation of integrals associated with the influence coe�cients

The line integral present in Eq. (1.74) can be evaluated numerically for i 6= j using the
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Gauss–Legendre quadrature formula. Therefore, the influence coe�cients can be expressed as

G
ij(x0, z0) ⇡ h�

NQX

k=1

G [x(�k), z(�k);x0, z0]wk, (1.75)

H
ij(x0, z0) ⇡ h�

2

4ni
x

NQX

k=1

@G

@x
[x(�k), z(�k);x0, z0]wk + n

i
z

NQX

k=1

@G

@z
[x(�k), z(�k);x0, z0]wk

3

5 .

(1.76)

Here, h� = 0.5
p

(xi,2 � xi,1)2 + (zi,2 � zi,1)2 and n
i
x and n

i
z are the x� and z� components of

the outward drawn unit normal vector ~n. In addition, �k (k = 1, 2, · · · , NQ) are the zeros of

Legendre polynomial Pn(�) of degree NQ. Moreover, wk (k = 1, 2, · · · , NQ) are termed as the

weight functions, and the expression for the same is given as

wk =
2

(1� �k)
2 (P 0

n(�k))
2

with P
0
n(�k) being the derivative of Pn(�k). However, for i = j, the integrals becomes improper.

Following the analytical procedure as described in Brebbia et al. [104], it can be easily derived

that Z

�j

G d� =
lj

2⇡


ln

✓
lj

2

◆
� 1

�
, (1.77)

with lj being the length of jth boundary element, and

Z

�j

@G

@n
d� = 0. (1.78)

Using the notations as in Eq. (1.74), Eq. (1.73) is further re-written as

NX

j=1

Hij�j =
NX

j=1

Gij
@�j

@n
. (1.79)

In order to generate the number of equations equal to the number of unknowns N , the singular

point (x0, z0) is moved at every node i = 1, 2, · · · , N . In matrix form, Eq. (1.79) can be written

as

2

666664

H11 H12 H13 . . . H1N

H21 H22 H23 . . . H2N

. . . . . . . . . . . . . .

HN1 HN2 HN3 . . . HNN

3

777775

2

666664

�1

�2

...

�N

3

777775
=

2

666664

G11 G12 G13 . . . G1N

G21 G22 G23 . . . G2N

...
...

...
. . .

...

GN1 GN2 GN3 . . . GNN

3

777775

2

6666666664

@�1

@n

@�2

@n

...
@�N

@n

3

7777777775

. (1.80)
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The above matrix formulation has some disadvantages as � is described at some boundary

elements and it’s normal derivatives @�/@n are described at some other boundary elements. In

order to solve the linear system of equations, it is required to shu✏e the columns of the matrix

in an appropriate manner. Once all the unknown quantities are shifted to the left-hand side, one

can write the system (1.80) as

[A]{X} = {Y }, (1.81)

where X is a matrix of the unknown boundary values consisting of � and @�/@n. Now, we can

find the unknown values of � and @�/@n on every boundary element using X = A
�1

Y . It is

worthy to be noted that, unlike in the case of finite element analysis, the unknowns are the

mixture of the velocity potentials and their normal derivatives, rather than just the velocity

potentials. This is due to the fact that the BEM is a mixed formulation, and this particular fact

is one of the advantage over the finite element analysis (Partridge et al. [108]).

1.6.4 Boundary element method based on linear element approach
�

Nodes 

�
�

�௜ߙ

� Element 

(a)

�

i-element 

(i-1)-element 
(i-1)-node 
�

i-node 
�

�ߙ

�

(b)

Figure 1.14: Discretization of boundary using linear elements.

The constant element approximates the actual geometry with straight lines, whereas the un-

known boundary quantity is presumed to be constant on the element, leading to discontinuous

distribution on the boundary. To overcome these issues, the linear boundary element method

is adopted. These linear elements can properly approximate the boundary geometry by the

straight lines as well as unknown boundary quantities by a linear function on each element.

Further, for linear elements, the nodes are located at the corners of the polygon (see Fig. 1.14).

Consequently, the governing integral equation (1.69) should be used with the replacement of

c(P̃ ) by c
i(P̃ ). Here, ci is the angle between the elements i� 1 and i. Therefore, the governing

integral equation can be written as

c
i(P̃ )� (x0, z0) =

Z

�

✓
�
@G

@n
�G

@�

@n

◆
d�, (1.82)
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where c
i = ↵/2⇡ with ↵ is the internal angle of the corner in radians. As a result of discretizing

the boundary into N linear elements, Eq. (1.82) is changed as

� c
i(P̃ )� (x0, z0) +

NX

j=1

Z

�j

✓
�
@G

@n

◆
d� =

NX

j=1

Z

�j

✓
G
@�

@n

◆
d�. (1.83)

Here, the boundary quantities � and @�/@n are vary linearly over each element �j . Hence, it is

not possible to take them out of the integrals. In linear element approach, the value of boundary

quantities � and @�/@n at any point on the element can be written in terms of their nodal

values and two linear interpolation functions ⌅1 and ⌅2 (details are provided in Brebbia and

Dominguez [109]) as

�(⌥) = ⌅1�
1 + ⌅2�

2
, (1.84)

@�

@n
(⌥) = ⌅1

@�
1

@n
+ ⌅2

@�
2

@n
. (1.85)

Here, ⌥ is the dimensionless coordinate varying from �1 to +1. Further, the interpolation

functions are expressed as

⌅1 =
1

2
(1�⌥), ⌅2 =

1

2
(1 +⌥). (1.86)

Now, the line integral appearing in the right hand side of Eq. (1.83) can be written as

Z

�j

✓
G
@�

@n

◆
d� = ĝ

ij
1
@�

1

@n
+ ĝ

ij
2
@�

2

@n
, (1.87)

where

ĝ
ij
1 =

lj

2

Z 1

�1
G⌅1(⌥)d⌥, (1.88)

and

ĝ
ij
2 =

lj

2

Z 1

�1
G⌅2(⌥)d⌥. (1.89)

Here, lj represents the length of the boundary element �j . In a similar manner, the line intergral

appearing on the left hand side of (1.83) can be expressed as

Z

�j

✓
�
@G

@n

◆
d� = ĥ

ij
1 �

1 + ĥ
ij
2 �

2
, (1.90)

where

ĥ
ij
1 =

lj

2

Z 1

�1

@G

@n
⌅1(⌥)d⌥, (1.91)

and

ĥ
ij
2 =

lj

2

Z 1

�1

@G

@n
⌅2(⌥)d⌥. (1.92)
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Now, implementing Eqs. (1.87) and (1.90) into the Eq. (1.83), we get

� c
i(P̃ )�i (x0, z0) +

NX

j=1

�jH
ij =

NX

j=1

G
ij @�j

@n
. (1.93)

Here,

H
ij = �c

i(P̃ )�ij +H
ij
, H

ij =

8
<

:
ĥ
i1
1 + ĥ

iN
2 , for j = 1,

ĥ
ij
1 + ĥ

i,j�1
2 , for j = 2 · · ·N,

G
ij =

8
<

:
ĝ
i1
1 + ĝ

iN
2 , for j = 1,

ĝ
ij
1 + ĝ

i,j�1
2 , for j = 2 · · ·N.

(1.94)

Here, H ij and G
ij are termed as influence coe�cients. The line integrals present in Eq. (1.94) can

be handled in similar way as provided for constant boundary element approach. The influence

coe�cients are calculated analytically when the field points match with that of the source points,

i.e., i = j, whilst the Gauss-Legendre quadrature formula is used when i 6= j. Using the point

collocation method as stated earlier, a system of linear algebraic equations are obtained which

are solved using the Gauss elimination method to obtain the unknown velocity potentials and

their normal derivatives over each boundary element.
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2.1 General introduction

In this chapter, the hydrodynamic performance of an OWC (oscillating water column) wave

energy converter device placed on an undulated bed. The bed undulation is finitely extended

and beyond that, the water bed is uniform in nature. The mathematical problem is studied in

the two-dimensional Cartesian coordinate system under the linearized water wave theory. To

solve the associated boundary value problem, a coupled eigenfunction expansion - boundary

element method is used. The numerical convergence of the coupled eigenfunction expansion -

boundary element method is provided. The e↵ects of the width of the OWC device chamber,

front wall submergence depth and inclination with the vertical axis, and the bed undulations on

the hydrodynamic e�ciency of the OWC device is discussed in detail.

2.2 Mathematical formulation

In the present study, the geometric configurations of the OWC device and the coordinate system

are provided in Fig. 2.1. The OWC device consists of a rigid and impermeable sloping front wall

intersecting the mean free surface z = 0 at x = L� b. Further, the rear rigid wall of the OWC

device is situated at x = L and therefore the chamber width is b along the x-axis. The boundaries

of the OWC device are having uniform thickness d. In presence of the OWC device, the total

free surface is dived into two parts, namely internal free surface (free surface within the OWC

chamber) and external free surface (free surface outside of the OWC chamber). A Wells turbine

is placed at the opening mouth of the chamber above the free surface. As waves are coming, the

water column within the chamber oscillates (vertical ups and downs motion) and as a result,

the trapped air above the internal free surface flows through the turbine to produce electricity.

Here, the OWC device is placed over an undulated bottom represented by z = �h(x) with

z = �h1 for the region x < 0 and z = �h2 at x = L. Therefore, the bottom undulation is finitely

extended as seen in Fig. 2.1. The immersed boundaries of the front wall of the OWC device are

represented by �5[�6[�7. The submergence depth of the tip of the front wall is a. Further, the

internal and external free surfaces are represented as �4 = {(x, z) : z = 0;L� b < x < L} and

�8 = {(x, z) : z = 0; 0 < x < L� b�d} respectively. Here, the total water domain is divided into

two regions R1 and R2 respectively as seen in Fig. 2.1. It is to be noted that the water depth

is uniform in the region R1 whereas the bottom is undulated in nature for region R2. Further,

regions R1 and R2 are separated by an auxiliary boundary �1. Since the solution methodology

for the present problem is based on coupled eigenfunction expansion - boundary element method,

the governing equation and associated boundary conditions are written in a proper manner in

the following. For the modeling purpose, the water is assumed to follow the potential flow theory

(see Koley and Sahoo [110] for details) and the motion is simple harmonic in time with circular
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frequency !. Therefore, the total velocity potentials �j(x, z, t) = <{�j(x, z)e�i!t
} (j = 1, 2

corresponds to regions Rj) exist and satisfies the Laplace equation
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Figure 2.1: Vertical cross-section of the OWC device.

r
2
�j(x, z) = 0, for j = 1, 2, r

2
⌘

✓
@
2

@x2
+

@
2

@z2

◆
(2.1)

The boundary condition at the mean free surface z = 0 is given by (see Evans and Porter [5]

and Rezanejad et al. [7] for details)

@�1

@z
�K�1 = 0, for x < 0, z = 0,

@�2

@n
�K�2 =

8
><

>:

i!p

⇢g
, on �4,

0, on �8

(2.2)

where K = !
2
/g, with g being the gravitational acceleration. Here, @/@n represents the normal

derivative. Now, the impervious bottom boundary condition gives

@�j

@n
= 0, on z = �h(x), (2.3)

where the bottom profile h(x) is given by

h(x) =

8
>>><

>>>:

h1, x < 0

h̃(x), 0 < x < L

h2, x = L

(2.4)
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where h̃(x) represents the undulated bottom profile and the corresponding bottom boundary is

denoted by �2. The boundaries of the OWC device are rigid and impermeable in nature and

therefore the rigid wall boundary conditions are given by

@�2

@n
= 0, on �3 [ �5 [ �6 [ �7. (2.5)

The fluid pressure and normal velocity or mass flux are continuous at �1 and so

�1 = �2,
@�1

@n
= �

@�2

@n
, on �1 (2.6)

Since the velocity potential consists of scattered and radiated velocity potentials and therefore,

the total velocity potential can be written as

�j = �
S
j +

✓
i!p

⇢g

◆
�
R
j , for j = 1, 2, (2.7)

where �S and �R represent the scattered and radiated velocity potential respectively. It is to be

noted that in Eq. (2.7), �Sj represents the scattered velocity potential for region Rj (j = 1, 2).

These scattered velocity potentials are the sum of di↵racted and incident velocity potentials

i.e., �Sj = �
D
j + �

I
j where �Dj and �Ij represent the di↵racted and incident velocity components

for j = 1, 2. Similar decompositions were used by Smith [111] and Evans and Porter [5]. The

scattered velocity potential appears because the incoming wave is reflected by the rigid wall

boundaries of the OWC device. Further, the radiated velocity potential appears due to the

oscillation of the water column in the OWC device wave chamber. Here, �S,R1 satisfy the

Eqs.(2.1)-(2.3) and (2.6). On the other hand, �S,R2 satisfy the Eqs.(2.1)-(2.3) and (2.5)-(2.6). It

is to be noted that, in region R2, Eq. (2.2) is changed into

@�
S
2

@n
�K�

S
2 = 0, on �4 [ �8,

@�
R
2

@n
�K�

R
2 =

8
<

:
1, on �4,

0, on �8.

(2.8)

Further, using Eq. (2.7) into Eq. (2.6), the interface boundary conditions are obtained as

�
S,R
1 = �

S,R
2 ,

@�
S,R
1

@n
= �

@�
S,R
2

@n
, on �1 (2.9)

Finally, the far-field boundary conditions are given by

8
<

:
�
S
1 (x, z) = e

ik0x 0(k0, z) +A
S
0 e

�ik0x 0(k0, z), as x ! �1,

�
R
1 (x, z) = A

R
0 e

�ik0x 0(k0, z), as x ! �1,

(2.10)

where A
S
0 and A

R
0 are the coe�cients related to the amplitude of the reflected and radiated

waves at x = �1 respectively. In Eq. (2.10), the expression for vertical eigenfunction  0(k0, z)
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is given by  0(k0, z) =
cosh k0(h1 + z)

cosh(k0h1)
. Here, k0 is positive real root of the dispersion relation

!
2 = gk tanh(kh1).

2.3 Solution methodology

The BVP (boundary value problem) described in the previous Section is handled for a solution

using a coupled eigenfunction expansion and boundary element method. Since the water depth

in the region R1 is uniform and therefore, the eigenfunction expansion method is applicable. In

region R2, the bottom is undulated in nature and so the boundary element method is used to

solve the BVP in R2. Finally, using matching conditions as in Eq. (2.6), an appropriate coupling

is done.

2.3.1 Eigenfunction expansion in region R1

In this Section, eigenfunction expansion and coupling procedure are discussed firstly for radiation

problem and a similar approach is adopted for the scattering problem. Using the eigenfunction

expansion method, the velocity potential for the radiated potential �R1 satisfying the boundary

conditions as stated earlier is expressed as

�
R
1 (x, z) =

1X

n=0

A
R
n e

�iknx n(kn, z), (2.11)

where the form of the vertical eigenfunctions  n(kn, z)s for n = 0, 1, 2, · · · are given by  n(kn, z) =
cosh kn(z + h1)

cosh knh1
. In Eq. (2.11), kn = ik0n’s for n = 1, 2, · · · are the eigenvalues with k

0
n

representing the real positive roots of K = �k tan kh1. Now, the orthogonal properties of the

eigenfunctions  n(kn, z)s give

Z 0

�h1

 m(km, z)  n(kn, z) dz = An�mn (2.12)

where �mn is the Kronecker delta function with An =
2knh1 + sinh (2knh1)

4kn cosh
2 (knh1)

. Using the identity

(2.12) in (2.11), the following expression is obtained

A
R
n =

1

An

Z 0

�h1

�
R
1 (0, z)  n(kn, z) dz. (2.13)
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Taking the normal derivative of the potential �R1 (x, z) as in Eq. (2.11) and substituting A
R
n from

Eq. (2.13), he following relation is derived

@�
R
1

@n

����
x=0

=
1X

n=0

ikn
An

 n (kn, z)

Z 0

�h1

�
R
1 (0, z) n(kn, z) dz. (2.14)

In a similar manner, the eigenfunction expression for the scattered velocity potential �S1 is given

by

�
S
1 (x, z) = e

ik0x 0(k0, z) +
1X

n=0

A
S
ne

�iknx n(kn, z), (2.15)

where

A
S
n = ��0n +

1

An

Z 0

�h1

�
S
1 (0, z)  n(kn, z) dz (2.16)

Taking the normal derivative of the potential �S1 (x, z) as in Eq. (2.15) and substituting A
S
n from

Eq. (2.16), the following expression is obtained as

@�
S
1

@n

����
x=0

= �2ik0 0(k0, z) +
1X

n=0

ikn
An

 n (kn, z)

Z 0

�h1

�
S
1 (0, z) n(kn, z) dz. (2.17)

Now, the infinite series present in Eqs. (2.14) and (2.17) are truncated into finite N terms and

are used in the boundary element formulation at a later stage.

2.3.2 Boundary element formulation in region R2

In region R2, the BVP associated with the radiation potential �R2 and the scattering potential

�
S
2 are transformed into Fredholm integral equations and solved numerically using the boundary

element method. Firstly, the procedure is discussed for radiation problem and then the same is

discussed for the scattering problem. Applying Green’s second identity to the velocity potential

�
R
2 (x, z) and the fundamental solution G(x, z;x0, z0), the following integral equation is obtained

(see Katsikadelis [112] for detailed derivation)

↵

2⇡
�
R
2 (x0, z0) =

Z

�


�
R
2 (x, z)

@G

@n
(x, z;x0, z0)�G(x, z;x0, z0)

@�
R
2

@n
(x, z)

�
d�(x, z). (2.18)

Here (x0, z0) and (x, z) are the source and field points respectively. Moreover, ↵ = ⇡ for smooth

boundaries. It is to be noted that in Eq.(2.18), the source point (x0, z0) lies on the boundary �

of the domain. The fundamental solution G(x, z;x0, z0) satisfies Eq. (2.1) with the right hand

side being replaced by Dirac delta function (Katsikadelis [112]) and takes the form

G(x, z;x0, z0) =
1

2⇡
ln(r̃),where r̃ =

p
(x� x0)2 + (z � z0)2. (2.19)
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The properties of the aforementioned fundamental solution are provided in Katsikadelis [112]

and the details are deferred here. Applying the boundary conditions (2.3), (2.5), (2.6) and (2.8)

in Eq. (2.18), the following integral equation is derived

�
1

2
�
R
2 +

Z

�1

✓
�
R
1
@G

@n
+G
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R
1
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◆
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✓
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2 d�+

Z

�8

�
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@G

@n
�KG

◆
d� =

Z

�4

Gd�. (2.20)

In a similar manner, using the boundary conditions (2.3), (2.5), (2.6) and (2.8), the following

integral equation is ontained for scattered potential in region R2
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1
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S
2 +

Z
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✓
�
S
1
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@n
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@G

@n
�
S
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S
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✓
@G

@n
�KG

◆
d� = 0. (2.21)

Now, Eqs. (2.20) and (2.21) are discretized using the Boundary Element Method to get the

system of equations. In this procedure, constant element approach is used (see Katsikadelis

[112] for details). In this approach, the entire boundary of the region R2 is discretized into N

constant elements and the values for �2 and @�2/@n are assumed to be constants over each

element. Further, point collocation method is used to generate a system of equations in which

the source point runs over each boundary element. With these assumptions, Eqs. (2.20) and

(2.21) can be written in the following discrete form
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, (2.22)
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where H
ij and G

ij are defined as

H
ij = �

1

2
�ij +

Z

�j

@G

@n
d�, G

ij =

Z

�j

Gd�. (2.24)

The values of H ij and G
ij are evaluated using Gauss-Legendre quadrature formulae for the case

i 6= j. For i = j case, H ii = 0 and the values of Gii are evaluated analytically. The details
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procedure for the same are mentioned in Katsikadelis [112]. Finally, the matrix equations for

(2.22) and (2.23) are written as
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In a similar manner, the matrix equation for the scattered potential in the region R2 is obtained

as

✓
[H]

⇥
�
S
1

⇤
+ [G]


@�

S
1

@n

�◆����
�1

+ [H]
⇥
�
S
2

⇤��
�2[�3

+ ([H]�K [G])
⇥
�
S
2

⇤��
�4

+ [H]
⇥
�
S
2

⇤��
�5[�6[�7

+ ([H]�K [G])
⇥
�
S
2

⇤��
�8

= 0. (2.26)

Now, the aforementioned constant element approach is used in Eqs. (2.14) and (2.17) to get the

matrix form of @�R1 /@n and @�S1 /@n on the boundary �1. These are used in Eqs. (2.25) and

(2.26) and these system of equations are finally solved to get the required unknowns.

It is to be noted that the coupled eigenfunction expansion-boundary element method has the

following advantage over the boundary element method. In boundary element method, the

auxiliary boundary �1 (see Fig. 2.1) should be placed far-away from the undulated bed regions so

that the e↵ect of the local or evanescent wave modes (imaginary roots of the dispersion relation)

diminishes on �1 and the far-field boundary condition as in Eq. (2.10) holds on �1. As a result,

the computational domain is bigger and the run time increases. On the other hand, in the coupled

eigenfunction expansion-boundary element method, the auxiliary boundary �1 is placed at the

interface of the undulated and uniform bed regions (see Fig. 2.1). So, the boundary element

method is applicable in the undulated bed region R2 which is comparatively smaller region and

the eigenfunction expansion method is applicable in the semi-infinite uniform bed region R1.

Since the eigenfunction expansion method is a semi-analytic method and therefore the run time

is very less. In summing up, the run time for the coupled eigenfunction expansion-boundary

element method is significantly less than when only the boundary element method is used.

Further, the coupled eigenfunction expansion-boundary element method has advantages over the

finite element method (FEM). In FEM, the total domain of the physical problem is discretized

whereas in the coupled eigenfunction expansion-boundary element method, only the boundaries

of the undulated bed region are discretized. So, the run time is significantly less in the coupled

eigenfunction expansion-boundary element method compared to the FEM.
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2.4 Various quantities associated with OWC devices

In this Section, the expressions for various physical parameters associated with the hydrodynamic

performance of the OWC device discussed in Section 2 are derived. The mean energy flux per

unit length across a vertical cross-section normal to the incident wave direction is given by (see

Dean and Dalrymple [18] for details)

Pw = ECg =
⇢!k0A0

2
. (2.27)

The time harmonic volume flow rate Q(t) = <{qe
�i!t

} across the internal free surface �4 is given

by (see Evans and Porter [5] and Rezanejad et al. [7] for details)

q =

Z

�4

@�

@z
dx = q

S +
i!p

⇢g
q
R
, (2.28)

where q
S and q

R represent the volume flow rate across the internal free surface �4 for the

scattering and radiation problems respectively. Now, applying the continuity of flux across the

gap �g and the internal free surface �4, the following expressions are derived

q
S,R =

Z

�4

@�
S,R

@z
dx =

Z

�g

@�
S,R

@x
dz. (2.29)

It is to be noted that �g is the vertical auxiliary boundary lies between the tip of the breakwater

wall and the bottom. Decomposing the volume flux due to the radiation potential into real and

imaginary parts (see Evans and Porter [5] for details) as the following

i!p

⇢g
q
R = �

⇣
B̃ � iÃ

⌘
p = �Zp (say), (2.30)

the expressions obtained for the radiation susceptance parameter Ã and radiation conductance

parameter B̃ respectively as the following

Ã =
!

⇢g
<{q

R
}, B̃ =

!

⇢g
={q

R
}. (2.31)

It is to be noted that the parameter Z =
⇣
B̃ � iÃ

⌘
is termed as complex radiation admittance.

To find explicit expression for the parameter B̃, applying the Green’s second identity on �R1 and

its complex conjugate �
R
1 over the domain bounded by � = ��1 [ �10 [ �1 [ �9, the following

identity is obtained as
Z

�

 
�
R
1
@�

R
1

@n
� �

R
1
@�

R
1

@n

!
ds = 0. (2.32)

Here ��1 is situated at far-field so that the far-field condition Eq. (2.10) is valid over ��1.

Now, there are no contributions from the boundaries �j for j = 9, 10. The contribution from the
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Figure 2.2: Contour in region Rj for j = 1, 2.

boundary ��1 and �1 are the following

��1 : �2ik0A0|A
R
0 |

2
, (2.33)

�1 :

Z 0

�h1

 
�
R
1
@�

R
1

@x
� �

R
1
@�

R
1

@x

!
dz. (2.34)

In a similar manner, applying the Green’s second identity on �R2 and its complex conjugate �
R
2

over the domain bounded by � =
S8

i=1 �i, the following expression is derived

Z

�

 
�
R
2
@�

R
2

@n
� �

R
2
@�

R
2

@n

!
ds = 0. (2.35)

There are no contributions from the boundaries �j for j = 2, 3, 5, 6, 7, 8. The contribution from

the boundaries �1 and �4 are the following

�1 : �

Z 0

�h1

 
�
R
2
@�

R
2

@x
� �

R
2
@�

R
2

@x

!
, dz (2.36)

�4 :

✓
2i⇢g

K!

◆
B̃. (2.37)

It is to be noted that to get the expression as in Eq. (2.37), Eqs. (2.8) and (2.31) are used.

Summing up Eqs. (2.33), (2.34), (2.36) and (2.37) and using Eq. (2.9), the expression for B̃ is
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derived in terms of radiated wave amplitude A
R
0 as

B̃ =
!

⇢g
k0K|A

R
0 |

2
A0. (2.38)

In a similar manner, using Green’s identity for scattered potential �S and radiated potential �R

over the domain bounded by � =
S8

i=1 �i, we get the following

q
S = �2ik0KA

R
0 A0. (2.39)

Using Eqs. (2.27), (2.38) and (2.39), the relation between Pw and B̃ is expressed as the following

B̃ =
|q

S
|
2

8Pw
. (2.40)

Now, the average power absorbed W per unit width of the pressure distribution is given by (see

Smith [111] and Evans [23] for details)

W =
1

2
< {pq} . (2.41)

Using Eqs. (2.28) and (2.30), the above expression is rewritten as

W =
1

2
<
�
pq

S
 
�

1

2
|p|

2
B̃. (2.42)

It was shown by Evans [23] that the average power absorbed W attends maximum

Wmax =
1

8

|q
S
|
2

B̃
, for p =

q
S

2B̃
. (2.43)

Therefore, the e�ciency of power absorption is given by

⌘max =
Wmax

Pw
. (2.44)

It is to be noted that ⌘max = 1/2 for the case when the pressure distribution is symmetric about

the x-axis as pointed by Smith [111]. Now, in practical application, it is not possible always

to control the pressure di↵erence across the Wells turbine placed at the top of OWC device.

However, it is possible to control the rate of the air flow through the turbine. For simplicity, it

is assumed that the volume flux is linearly proportional to the pressure across the turbine and

therefore

q = ^p. (2.45)
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Here, ^ is a real positive constant and termed as control parameter. Substituting the relations as

in Eqs. (2.30) and (2.45) into Eq. (2.41), the expression for the absorbed power W is written as

W =
|q

S
|
2

8B̃

✓
1�

| ^ �Z|
2

| ^+Z|2

◆
. (2.46)

For a given frequency, the absorbed power W takes its optimum value

Wmax =
|q

S
|
2

4

(
1

^opt + B̃

)
, for ^opt =

p
Ã2 + B̃2. (2.47)

Using the above expression into Eq. (2.44), the maximum e�ciency is expressed as

⌘max =
|q

S
|
2

4Pw

 
1

^opt + B̃

!
. (2.48)

Further, using Eq. (2.40), the aforementioned expression for ⌘max can also be written in the

following form

⌘max =

 
2B̃

^opt + B̃

!
. (2.49)

2.5 Results

In this Section, firstly the numerical convergence of the coupled eigenfunction expansion -

boundary element method is provided. For the same, the non-dimensional form of the parameters

Ã and B̃ discussed in the previous Section are written as the following (see Evans and Porter

[5]).

µ =
⇢g

!b
Ã, ⌫ =

⇢g

!b
B̃, (2.50)

Using the above expressions, the non-dimensional form of ⌘max can be written as

⌘max =
2⌫

⌫ +
p
⌫2 + µ2

=
2

1 +
q
1 +

�µ
⌫

�2 . (2.51)

For the numerical computation, MATLAB software-based programmings are written based on the

solution procedure as discussed in Section 3. The values of the wave and OWC device parameters

are taken as follows: time period of the incident wave T = 10sec, h1 = 15m, h2 = h1/1.5, angle

of inclination of the OWC device front wall with the x-axis ✓ = 45�, L/h1 = 2.0, b/h1 = 1.0,

a/h1 = 0.5, d/h1 = 0.1, g = 9.81m/s2, ⇢ = 1025 kg/m3 unless otherwise mentioned. In the

present study, two di↵erent bottom profiles are considered and the corresponding profiles are

given in the following (see Behera et al. [75] and Porter and Porter [113] for details). The

formation of sea bed undulation and its application in real ocean engineering problems were

discussed in Liu et al. [114].
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Type I bed profile:

h̃(x) = h1 �H

⇢
1� ↵

⇣
1�

x

L

⌘2
+ (↵� 1)

⇣
1�

x

L

⌘�
, (2.52)

where ↵ is a real constant and H = h1 � h2. Depending on the nature of ↵, various shapes of

the bottom profiles are obtained. The schematic diagram of the bottom profiles for di↵erent

values of ↵ is provided in Fig. 2.3.
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Figure 2.3: Computational boundaries of region R2 for (a) ↵ = �3.0, (b) ↵ = �1.0, (c) ↵ = 0
and (d) ↵ = 3.0.

Type II bed profile:

h̃(x) = h2 +H
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, (2.53)
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Figure 2.4: Computational boundaries of region R2 for (a) a1 = 1.0, m = 3.0, (b) a1 = 1.0,
m = 5.0.

where H is defined before, a1 is the amplitude of the ripples and m is the number of ripples.

The schematic diagram of the bottom profiles for di↵erent values of m is provided in Fig. 2.4.

2.5.1 Convergence study

 b/h1 Numerical Solution

µ ⌫ ⌘max

20 1/8 1.34726 0.08144 0.11382
1/4 1.69632 0.25383 0.25782
1/2 2.48109 1.30492 0.63527

40 1/8 1.34322 0.08688 0.12126
1/4 1.67810 0.26732 0.27186
1/2 2.42419 1.32818 0.64910

60 1/8 1.34447 0.08526 0.11905
1/4 1.68171 0.26249 0.26722
1/2 2.44684 1.31392 0.64231

80 1/8 1.34448 0.08525 0.11907
1/4 1.68131 0.26242 0.26723
1/2 2.44690 1.31378 0.64235

Table 2.1: Comparative study of µ, ⌫ and ⌘max for the OWC device placed on bottom of type
II with a1 = 0.5 and m = 3. Here N = 5 is considered.

The convergence of the numerical computations based on the coupled eigenfunction expansion-

boundary element method depends on the panel size used to discretize the boundaries of the

domain and the number of evanescent modes N used to truncate the infinite series present in
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N b/h1 Numerical Solution

µ ⌫ ⌘max

2 1/8 1.34446 0.08526 0.11905
1/4 1.68168 0.26248 0.26722
1/2 2.44672 1.31388 0.64231

5 1/8 1.34447 0.08526 0.11904
1/4 1.68170 0.26249 0.26722
1/2 2.44682 1.31392 0.64231

10 1/8 1.34447 0.08526 0.11904
1/4 1.68171 0.26249 0.26722
1/2 2.44684 1.31392 0.64231

20 1/8 1.34447 0.08526 0.11904
1/4 1.68170 0.26249 0.26722
1/2 2.44684 1.31392 0.64231

Table 2.2: Comparative study of µ, ⌫ and ⌘max for the OWC device placed on bottom of type
II with a1 = 0.5 and m = 3. Here  = 60 is considered.

Eqs. (2.11) and (2.15). The panel size ps can be expressed in the following form (see Wang and

Meylan [115] for details)

ps =
1

k0
.

Therefore, with an increase in , the panel size used in BEM decreases. By varying the values of

, the panel size for BEM is determined to get numerical convergence. In Tabs. 2.1 and 2.2, the

values of the non-dimensional parameters µ, ⌫ and ⌘max are computed for di↵erent values of the

internal free surface length b/h1 = 1/8, 1/4, 1/2. In Tab. 2.1,  is varying whilst N = 5 is kept

fixed. It is seen that the values of µ, ⌫ and ⌘max converge up to three decimal places for  = 60.

On the other hand, in Tab. 2.2, N is varying whilst  = 60 is kept fixed. It is concluded that

N = 5 and  = 60 are su�cient to get convergence up to three decimal places in the numerical

results. Therefore, in the subsequent computations,  = 60 and N = 5 are considered.

2.5.2 Validation

Now, for the sake of validation of the present numerical results, certain results are compared

with the results of Evans and Porter [5]. To obtain the OWC device model of Evans and Porter

[5], a limiting case of our present OWC model is considered by taking ✓ = 0�, d/h1 = 0.00001

and the bottom is considered uniform in nature. In Figs. 2.5(a) and 2.5(b), the non-dimensional

hydrodynamic e�ciency of the power absorption ⌘max are plotted against non-dimensional wave

number Kh1 for di↵erent values of (a) b/h1 and (b) a/h1. These results are compared with

Figures 5 and 9 of Evans and Porter [5]. It is observed that the present numerical results matched

well with that of Evans and Porter [5]. Further, in Figs. 2.6, the results obtained by the present

method are compared with the results of Ning et al. [6]. It is to be noted that in Fig. 2.6, the
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Figure 2.5: Variation of ⌘max vs Kh1 for di↵erent (a) b/h1 and (b) a/h1. Lines represent the
solutions obtained by the present coupled eigenfunction expansion - boundary element method

and symbols represent the solutions provided in Evans and Porter [5].
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Figure 2.6: Variation of ⌘ vs Kh1 for di↵erent bottom slopes � = 16� and � = 26�. Lines
represent the solutions obtained by the present coupled eigenfunction expansion - boundary

element method and symbols represent the solutions provided in Ning et al. [6].

sea bed is sloping in nature with the slope angle � and the ✓ = 0�. The remaining values of the

parameters are the same as provided in Ning et al. [6] in Fig. 14. It is seen that the present

numerical results matched well with that of Ning et al. [6]. This shows the accuracy of the

present numerical computations.

2.5.3 Resonance mechanism

The most important parameter of designing an OWC device is to increase the hydrodynamic

e�ciency of the power absorption ⌘max. Now, from Eq. (2.51), it is observed that the value of

⌘max increases with a decrease in µ/⌫ and the maximum theoretical e�ciency is ⌘max = 1. Now,

the radiation susceptance coe�cient µ is associated with the wave energy that is not captured
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by the OWC device and the radiation conductance coe�cient ⌫ is associated with the wave

energy that is transformed by the OWC device. So, our aim in the present paper is to obtain

an optimized design of the OWC device by increasing the e�ciency ⌘max of the OWC device.

To achieve the same, the parameter µ/⌫ should be minimized. Now, to increase the e�ciency

⌘max, the resonance mechanism plays an important role. Two di↵erent resonance mechanisms

can occur in the present problem and the details for the same are given in the following.

First resonance mechanism: Resonance occurs when the water column in the confined

region within the OWC device chamber is excited by the incident wave i.e., frequency of

the water column motion within the OWC device chamber coincides with the frequency of

the incident waves. To achieve the same, the motion of the water column in the OWC

device chamber is assumed to be a resonant piston-like motion. The requirement for the

same is that b/a should be a small number and the condition is Ka ⇡ 1.

Second resonance mechanism: Resonance can occur when the water in the confined

region within the OWC device chamber is excited into an antisymmetric sloshing mode

(see Evans and Porter [5] for details). For a closed rectangular tank, the condition for

sloshing phenomena is k0b = n⇡ with n being the sloshing mode number. This resonance

mechanism becomes more prominent as the submergence depth of the front wall of the

PWC device increases. However, as a consequence, the variation of the air volume in the

OWC chamber decreases. This reduces the capture wave power of the devices. A detailed

for the same was provided in Ning et al. [116] and Liu et al. [117].

In the following results, the e↵ectiveness of these two resonance mechanisms to increase the

hydrodynamic e�ciency ⌘max of the OWC device will be analyzed. Firstly, the results will be

analyzed for type I bottom profile and thereafter the same will be done for type II bed profile.

2.5.4 Results associated with the type I bed profile:

In Figs. 2.7(a) and 2.7(b), the variation of the non-dimensional radiation susceptance and

conductance coe�cients µ and ⌫ are plotted respectively for di↵erent chamber width b/h1. It is

observed that for smaller values of b/h1 = 1/8, resonance occurs for Kh1 ⇡ 2.26. This resonance

occurs due to the first resonance mechanism as discussed before. Now, the same resonance occurs

for smaller wave numbers with an increase in chamber width b/h1. The reason behind the same

is that the water particles have to travel more distance within the wave chamber during a wave

period. Further, it is seen that the amplitude of resonance decreases with an increase in b/h1.

This is due to the fact that with an increase in b/h1, the model of the resonant piston-like motion

of the water column within the OWC chamber breaks. Now, the spiky behavior of µ and ⌫ in

the neighborhood of Kh1 ⇡ 3.42 for b/h1 = 1.0 is due to the occurrences of sloshing phenomena
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with sloshing mode number n = 1. This condition is clearly explained in the second resonance

mechanism as discussed before. On the other hand, in Figs. 2.7(c) and 2.7(d), the variation

of the non-dimensional volume flux |
qS

qI
| and the hydrodynamic e�ciency of power absorption

⌘max are plotted respectively as a function of non-dimensional wave number Kh1 for di↵erent

chamber width b/h1. The overall observations are similar in nature as that of Figs. 2.7(a) and

2.7(b). Further, careful observation reveals that resonance in the e�ciency ⌘max occurs for larger

values of b/h1 in the long-wave regime. On the other hand, the resonance in the e�ciency ⌘max

occurs for smaller values of b/h1 in the short-wave regime. Therefore, depending on the incident

wavelength, the width of the OWC chamber will be determined to get maximum e�ciency in

wave power absorption. Similar observation were found in Evans and Porter [5] and Rezanejad

et al. [7].
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Figure 2.7: Variation of (a) µ, (b) ⌫, (c) |
q
S

qI
| and (d) ⌘max vs Kh1 for di↵erent b/h1 with

↵ = �3.

In Figs. 2.8(a) - (d), the variation of the non-dimensional radiation susceptance coe�cient µ,

radiation conductance coe�cient ⌫, volume flux |
qS

qI
| and the hydrodynamic e�ciency of power
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Figure 2.8: Variation of (a) µ, (b), ⌫, (c) | q
S

qI
| and (d) ⌘max vs Kh1 for di↵erent a/h1 with

↵ = �3.

absorption ⌘max are plotted respectively as a function of non-dimensional wave number Kh1

for di↵erent submergence depth of the front wall a/h1 of the OWC device. In all the figures,

the first peak in the curve which occurs for smaller values of Kh1 is due to the first resonance

mechanism as discussed before. Further, it is seen that this resonance occurs for smaller values of

Kh1 with an increase in the submergence depth a/h1. The second peak which occurs for higher

values of Kh1 is due to the sloshing e↵ects. This particular resonance is more prominent with

an increase in front wall submergence depth a/h1. As the submergence depth a/h1 increases,

the value of the wavenumber for which the second resonance occurs is getting closed to k0b = ⇡.

Further, the amplitude of the second resonance is highest for a/h1 = 3/4. A comparison of Fig.

2.8(a) with Fig. 2.8(d) reveals that the e�ciency of wave power absorption ⌘max becomes unity

whenever the curve of µ crosses the x-axis i.e., becoming zero. This can be clearly explained

by Eq. (2.51). Similarly, a comparison of Fig. 2.8(b) with Fig. 2.8(c) shows that the maxima

and minima of radiation conductance coe�cient ⌫ correspond to the maxima and minima of the
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volume flux |
qS

qI
| respectively. The reason is very clear from Eq. (2.40). It is observed from Fig.

2.8(d) that the e�ciency of power absorption ⌘max is higher for a/h1 = 1/8 (here b/h1 = 1) for

moderate ocean waves having time period between 5� 15 seconds. This result indicates that the

submergence depth of the front wall of the OWC device plays an important role to increase the

hydrodynamic e�ciency of the OWC device. It is to be noted that, as a/h1 ! 1, the variation

of the air volume in the OWC chamber decreases. This reduces the capture wave power of the

device. A detailed for the same was provided in Ning et al. [116] and Liu et al. [117].

Figure 2.9: Surface plot of ⌘max as a function of a/h1 and (b) b/h1 with ↵ = �3 and T = 10sec.

In the discussion of Figs. 2.7 and 2.8, it is observed that the hydrodynamic e�ciency of the

device ⌘max depends on the chamber width b/h1 and the submergence depth a/h1. To get a

combined e↵ect of a/h1 and b/h1 on the e�ciency ⌘max, a surface plot for ⌘max as a function of

a/h1 and b/h1 is provided in Fig. 2.9. It is observed that a suitable combination of a/h1 and

b/h1 can provide e�ciency ⌘max nearly equal to 1. This combination of a/h1 and b/h1 is very

important to design an e�cient OWC device.

In Figs. 2.10(a) - (c), the variation of the non-dimensional radiation susceptance coe�cient µ,

radiation conductance coe�cient ⌫, volume flux |
qS

qI
| are plotted respectively as a function of

non-dimensional wave number Kh1 for di↵erent angle of inclination ✓ of the front wall of the

OWC device. The general observation of the resonance pattern with the variation in wavenumber

Kh1 remains the same as discussed in Figs. 2.7 and 2.8. In the long-wave regime, the amplitude

of the coe�cients µ, ⌫ and |
qS

qI
| increases with an increase in the angle of inclination ✓ of the

front wall of the OWC device. Further, in the short-wave regime, the resonance occurs due

to the sloshing e↵ects for higher values of wavenumber Kh1 with an increase in the angle of

inclination ✓ of the front wall of the OWC device. A comparison of Fig. 2.10(b) with Fig.

2.10(c) shows that the pattern of the non-dimensional volume flux |
qS

qI
| are similar in nature to

that of non-dimensional radiation conductance coe�cient ⌫. Fig. 2.10(d) shows the variation



Chapter 2. Mathematical modeling of OWC devices over the undulated sea bed 63

0 0.5 1 1.5 2 2.5 3 3.5 4

Kh
1

-4

-3

-2

-1

0

1

2

3

4
=0

= /6

= /4

= /3

(a)

0 0.5 1 1.5 2 2.5 3 3.5 4

Kh
1

0

1

2

3

4

5
=0

= /6

= /4

= /3

(b)

0 0.5 1 1.5 2 2.5 3 3.5 4

Kh
1

0

1

2

3

4

5

|q
S
/q

I |

=0

= /6
= /4

= /3

(c) (d)

Figure 2.10: Variation of (a) µ, (b) ⌫, (c) |
q
S

qI
| vs Kh1 for di↵erent ✓, and (d) variation of

⌘max vs Kh1 and ✓ with ↵ = �3.

of the e�ciency of power absorption ⌘max as a function of Kh1 and ✓. This result indicates

that depending on the incident wavelength, an optimized design of the OWC device results in

maximum e�ciency in wave power absorption.

In Figs. 2.11(a) and (b), the variation of the non-dimensional radiation conductance coe�cient ⌫

and the hydrodynamic e�ciency of power absorption ⌘max are plotted respectively as a function

of non-dimensional wave number Kh1 for di↵erent shape parameter ↵ of the bottom profiles. It

is to be noted that ↵ = 3, 0,�1,�3 represent the bottom profile of protrusion, sloping, concave

and depression type respectively. The schematic diagram of the bottom profiles for di↵erent

values of ↵ is provided in Fig. 2.3. Fig. 2.11(a) reveals that the peak in ⌫ in the long-wave

regime increases with a decrease in ↵. Moreover, with an increase of ↵, the resonance occurs

due to the sloshing e↵ects for smaller values of wavenumber Kh1. This happens since with a

decrease in ↵, the wave chamber volume increases. The overall geometry of the OWC device

(see Fig. 2.3) shows that the relative submergence depth of the front wall of the OWC device is
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Figure 2.11: Variation of (a) ⌫ and (b) ⌘max vs Kh1 for di↵erent ↵.

less for lower values of ↵. In this case, the resonance occurs due to the sloshing e↵ects for higher

values of Kh1 (see Evans and Porter [5] for details). On the other hand, Fig. 2.11(b) shows that

the resonance pattern of ⌘max is similar in nature as that of ⌫ as a function of Kh1. Further, it

is observed that for the very long-wave regime, the e�ciency ⌘max is more for ↵ = 3.0 whereas

for intermediate values of the wavenumbers Kh1, the e�ciency ⌘max is increasing in nature with

a decrease in ↵. These observations indicate that depending on the incident wave characteristics,

suitable bottom profiles can be chosen to get optimum e�ciency in wave power absorption.

2.5.5 Results associated with the type II bed profile:

For type II bottom profile, the variation of (a) µ, (b) ⌫, (c) | q
S

qI
| and ⌘max vs Kh1 for di↵erent

values of b/h1, a/h1 and ✓ are similar in nature with that of Figs. 2.7 - 2.10 ((a)-(d)). Due to

this reason, the aforementioned figures are not given here for type II bed profiles.

In Figs. 2.12(a) - (d), the variation of the non-dimensional radiation susceptance coe�cient µ,

radiation conductance coe�cient ⌫, volume flux |
qS

qI
| and the hydrodynamic e�ciency of power

absorption ⌘max are plotted respectively as a function of non-dimensional wave number Kh1 for

di↵erent values of ripple amplitude a1 of the sinusoidally varying bottom profile. The resonance

occurs due to first and second resonance mechanisms which are similar as discussed for type I

bed profile. From Figs. 2.12(a) and 2.12(b), it is observed that in the long-wave regime, the peak

in the resonance occurs for lower values of wavenumber Kh1 as the ripple amplitude of bottom a1

increases. Further, the amplitude of resonance is lower for higher values of ripple amplitude a1.

This happens as the bottom e↵ect on the wave propagation takes place with an increase in the

ripple amplitude of the bottom. The same is also seen in Fig. 2.12(c). On the other hand, Fig.

2.12(d) reveals that the e�ciency ⌘max alters due to the change in ripple amplitude a1. In the

long-wave regime, the e�ciency ⌘max is higher for higher values of a1 whereas a reverse pattern
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Figure 2.12: Variation of (a) µ, (b) ⌫, (c) |
q
S

qI
| and (d) ⌘max vs Kh1 for di↵erent ripple

amplitude a1 with m = 3.0.

is observed for intermediate values of the wavenumber. These results indicate that depending on

the incident wavelength, bottom profiles can be chosen suitably to increase the e�ciency ⌘max

of the OWC device.

In Figs. 2.13(a) - (d), the variation of the non-dimensional radiation susceptance coe�cient µ,

radiation conductance coe�cient ⌫, volume flux |
qS

qI
| and the hydrodynamic e�ciency of power

absorption ⌘max are plotted respectively as a function of non-dimensional wave number Kh1 for

di↵erent number of ripples m of the sinusoidally varying bottom profile. The schematic diagram

of the bottom profiles for di↵erent values of m is provided in Fig. 2.4. The overall resonance

pattern is similar as discussed before. Figs. 2.13(a)-(c) reveals that the amplitude of resonance

due to the sloshing e↵ect is higher for sinusoidally varying bottom having fewer ripples. Further,

it is seen from Fig. 2.13(d) that the variation in ⌘max is not significant in the long-wave regime

due to the variation in the number of ripples m of the bottom. In the short-wave regime, ⌘max
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Figure 2.13: Variation of (a) µ, (b) ⌫, (c) | q
S

qI
| and (d) ⌘max vs Kh1 for di↵erent number of

ripples m with a1 = 4.0.

becomes unity for lower values of wavenumber Kh1 with an increase in the number of ripples m

of the sinusoidally varying bottom.

2.6 Conclusions

The hydrodynamic performance and e�ciency of an OWC device placed on an undulated

seabed in analyzed. The associated boundary value problem is handled for a solution using

coupled eigenfunction expansion - boundary element method. The numerical convergence

of the solution methodology is analyzed appropriately. Various important physical pa-

rameters such as radiation conductance and susceptance coe�cients, volume flux and the

hydrodynamic e�ciency of the OWC device are analyzed for a wide range of wave and

structural parameters.
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It is observed that resonance occurs for certain values of wave parameters and the same

will increase the hydrodynamic e�ciency of the device to unity. Now, this resonance occurs

for certain suitable combinations of chamber width and the submergence depth of the front

wall of the OWC device. This result concludes that with the proper structural design of

the OWC device, 100% e�ciency can be obtained.

The angle of inclination of the front wall of the device has significant e↵ects on the

hydrodynamic e�ciency in wave power absorption. A moderate angle of inclination ✓ ⇡ 45�

of the front wall can significantly increase the e�ciency of the device in the short-wave

regime whereas in the long-wave regime, angle of inclination ✓ < 15� is appropriate.

The hydrodynamic e�ciency of the OWC device significantly depends on the bottom

profiles. It is seen that the hydrodynamic e�ciency of the OWC device is enhanced for the

protrusion type bed profile in the long-wave regime. However, the depression type of bed

profile is appropriate for incident waves having a moderate wavelength.

For the sinusoidally varying bottom topography, it is observed that in the long-wave regime,

the hydrodynamic e�ciency of the device becomes unity for lower values of the wavenumber

as the ripple amplitude of the bottom increases. However, a reverse pattern is observed

for intermediate values of the wavenumber. A similar result is observed in the short-wave

regime with an increase in the number of ripples of the bottom.

These observations conclude that with the appropriate structural design of the OWC device and

suitable bottom profile can significantly increase the hydrodynamic e�ciency of the OWC device.

The present solution methodology is robust and can easily handle more complex structures.
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3.1 General introduction

This chapter investigates the performance of breakwater-integrated OWC (oscillating water

column) wave energy converter devices is analyzed under the action of unidirectional regular and

irregular incident waves. Two di↵erent types of OWC devices: (i) LIMPET device (sloping-face

OWC device) and (ii) quarter-circle-shaped front wall OWC device are considered for the present

study. Detailed derivations of the parameters associated with the performance of the OWC

devices under the action of irregular waves are provided. To analyze the e�ciency of the OWC

devices in real sea conditions, the Bretschneider Spectrum is taken as the incident wave spectrum

along with nine sea states represent the local wave climate at the OWC plant site Pico, Portugal.

The annual-averaged plant e�ciencies of the two aforementioned OWC devices are analyzed as a

function of chamber length, submergence depth, turbine rotor diameter, and rotational speed

of the Wells turbine. It is observed that the annual-averaged plant e�ciency can be enhanced

significantly with appropriate combinations of chamber length, submergence depth, and turbine

characteristics.

3.2 Mathematical Formulation

In this section, the governing equation and boundary conditions for the problem of regular water

wave interaction with OWC devices are provided. Two di↵erent types of breakwater-integrated

OWC devices: (i) LIMPET device (sloping-face OWC device) and (ii) quarter-circle-shaped

front wall OWC device are considered. The schematic diagrams for the two types of OWC

devices and coordinate systems are given in Fig. 3.1. In the rest of this paper, the LIMPET and

quarter-circle-shaped front wall OWC devices are termed as type I and type II OWC devices,

respectively. The type I breakwater-integrated OWC device consists of rigid sloping front and

rear walls. On the other hand, the type II breakwater-integrated OWC device consists of a

quarter circular shape front wall and a sloping rear wall. The front wall of the caisson breakwater

intersects the mean free surface z = 0 at x = L. Further, the front wall of the OWC devices are

having uniform thickness d, and the submergence depth of the tip of the front wall is a. The

Wells turbine is placed at the rear side of the OWC devices. It is a self-rectifying axial-flow

turbine. Some of the major advantages of using the Wells turbine are the following: (i) the Wells

turbine has linear pressure drop-flow rate characteristics, which is feasible for producing the

electricity from ocean waves (Raghunathan [118]), (ii) high rotational speed can be attained due

to low velocity of airflow through the turbine and therefore increases the e�ciency of the OWC

device, and (iii) cost of construction is relatively cheap compared to other turbines (see Antonio

[2] for details). In the presence of the OWC device, the free surface is divided into two parts,

namely internal free surface �3 (i.e., free surface within the OWC chamber) and external free

surface �5 (i.e., free surface outside of the OWC chamber). The caisson breakwater is placed
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on a bottom foundation (see Fig. 3.1) having height bh. The bottom boundary, the bottom

foundation of the breakwater to the sea-side, and the inclined front wall of the breakwater up to

the free surface are represented by �2. The immersed boundary of the front wall of the OWC

device is represented by �4. To close the domain, an auxiliary boundary �1 is taken at x = �l.

For the sake of mathematical modeling, the motion of the water is governed by the potential

flow theory (see Koley and Sahoo [110] for details). Further, the water motion is assumed to

be simple harmonic in time with circular frequency !. Hence, the total velocity potential is

represented as �(x, z, t) = <{�(x, z)e�i!t
} and the spatial component of the velocity potential

satisfies the Laplace equation
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Figure 3.1: Vertical cross sections of (a) type I OWC device, and (b) type II OWC device.

✓
@
2

@x2
+

@
2

@z2

◆
�(x, z) = 0. (3.1)

The boundary conditions at the mean free surface �3 [ �5 are given by (see Evans and Porter [5]

and Koley and Trivedi [26] for details)

@�

@n
�K� =

8
><

>:

i!p

⇢g
, on �3,

0, on �5,

(3.2)
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where K = !
2
/g, with g being the gravitational acceleration. Here, @/@n represents the normal

derivative. Now, the boundary condition on the impervious boundaries �2 [ �4 is given by

@�

@n
= 0, on �2 [ �4, (3.3)

It is to be noted that the velocity potential consists of scattered and radiated velocity potentials

and therefore, the total velocity potential is expressed as

� = �
S +

✓
i!p

⇢g

◆
�
R
, (3.4)

where �S and �
R represent the scattered and radiated velocity potential respectively. This

scattered velocity potential is the sum of di↵racted and incident velocity potentials i.e., �S =

�
D + �

I , where �D and �I represent the di↵racted and incident velocity components (see Smith

[111] and Evans and Porter [5] for details). Here, �S,R satisfy Eqs. (3.1)-(3.4) with the following

changes in Eq. (3.2) as given by

@�
S

@n
�K�

S = 0, on �3 [ �5,
@�

R

@n
�K�

R =

8
<

:
1, on �3,

0, on �5.

(3.5)

The far-field boundary conditions are given by

8
<

:
�
S(x, z) = e

ik0x 0(k0, z) +A
S
0 e

�ik0x 0(k0, z), as x ! �1,

�
R(x, z) = A

R
0 e

�ik0x 0(k0, z), as x ! �1,

(3.6)

where A
S
0 and A

R
0 are the coe�cients related to the amplitude of the reflected and radiated

waves at x = �1 respectively. To solve the aforementioned BVP (boundary value problem),

the boundary element method is used in which the Green’s function is taken as the free-space

Green’s function (see Koley [119] for details). In this solution methodology, the domain should

be closed and therefore, the auxiliary boundary �1 is considered. This auxiliary boundary �1 is

located su�ciently far away from the breakwater-integrated OWC device, and therefore, the

far-field boundary conditions (3.6) hold on �1. In the boundary element method, the following

modified form of the far-field boundary conditions (3.6) is used

8
><

>:

@(�S � �
inc)

@n
� ik0(�

S
� �

inc) = 0, on �1,

@�
R

@n
� ik0�

R = 0, on �1,

(3.7)

where �inc(x, z) = e
ik0x 0(k0, z) is the incident velocity potential with the expression of  0(k0, z)

is given by  0(k0, z) =

✓
�igA

!

◆
cosh k0(h+ z)

cosh(k0h)
. Here, k0 is the real positive root of the dispersion

relation !2 = gk tanh(kh) and A is termed as amplitude of the incident wave.
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3.3 Solution methodology based on BEM

In this section, we will discuss the solution procedure of the BVP described in the previous

section using the boundary element method. In this methodology, firstly, we convert the BVP

corresponding to the radiation potential �R and the scattered potential �S into the Fredholm

integral equations. Subsequently, these Fredholm integral equations are converted into a system

of linear algebraic equations using the boundary element method. Applying Green’s second

identity on �S,R and the free-space Green’s function G(x, z;x0, z0) over the domain bounded by

� = �1 [ �2 [ �3 [ �4 [ �5, the following integral equation is obtained (see Katsikadelis [112] for

detailed derivation)

↵

2⇡
�
S,R(x0, z0) =

Z

�


�
S,R(x, z)

@G

@n
(x, z;x0, z0)�G(x, z;x0, z0)

@�
S,R

@n
(x, z)

�
d�(x, z). (3.8)

Here, (x, z) and (x0, z0) are the field and source points respectively. It is to be noted that ↵ = ⇡

for smooth boundaries. In Eq. (3.8), the source point (x0, z0) lies on the boundary � of the

domain (Katsikadelis [112]). The free-space Green’s function G(x, z; x̃, z̃) satisfies the equation

✓
@
2

@x2
+

@
2

@z2

◆
G(x, z;x0, z0) = �(x� x0)�(z � z0), (3.9)

and takes the form

G(x, z;x0, z0) =
1

2⇡
ln(r̃), where r̃ =

p
(x� x0)2 + (z � z0)2. (3.10)

The properties of the aforementioned Green’s function G(x, z;x0, z0) can be found in Katsikadelis

[112] and Koley [119]. The details are deferred here. Applying the boundary conditions Eqs.

(3.3), (3.5) and (3.7) in Eq. (3.8), the following integral equation for the radiated velocity

potential �R is obtained as
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In a similar manner, using the boundary conditions Eqs. (3.3), (3.5) and (3.7) in Eq.(3.8), the

following integral equation is obtained for the scattered velocity potential �S as
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Now, Eqs. (3.11) and (3.12) are transformed into system of equations using the boundary

element method. In this solution procedure, constant element approach is used (see Katsikadelis

[112] for details). The details are deferred here to avoid mere repetition. It is to be noted that

recently, Medina Rodŕıguez et al. [120] used quadratic boundary element method to convert the

Fredholm integral equations into a system of linear algebraic equations. Although the higher

order boundary element method can provide better accuracy, but the methodology is much

complex as compared to the constant boundary element method. Finally, Eqs. (3.11) and (3.12)

can be written in the following discrete form
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where the expressions for H ij and G
ij are given by

H
ij = �

1

2
�ij +

Z

�j

@G

@n
d�, G

ij =

Z

�j

Gd�. (3.15)

For the case i 6= j, singularity doesn’t occur, and the values of H ij and G
ij are calculated using

the Gauss-Legendre quadrature formulae. For the case i = j, H ii = 0 and the values of Gii are

evaluated analytically. The details for the same are mentioned in Katsikadelis [112]. Finally, the

method of point collocation is used in which the source point (⇠, ⌘) runs over each boundary

element. Using this approach, Eqs. (3.13) and (3.14) give the following matrix equations
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These system of equations (3.16) and (3.17) are handled for solution to obtain the values of �

and @�/@n at each boundary elements. Various physical quantities of interests can be evaluated

using these values of � and @�/@n.

3.4 Parameters associated with the performance of OWC devices

in regular waves

In this section, the expressions for various physical parameters associated with the performance

of the OWC device for the case of regular waves discussed in Section 2 are provided. It is to

be noted that the expressions for a number of parameters associated with the performance

of the OWC devices under regular incident waves are available in the literature (see Evans

and Porter [5] and Medina Rodŕıguez et al. [120] for detailed derivations). However, for the

sake of completeness, the expressions for various parameters are provided in the following in a

consolidated manner. The mean energy flow rate per unit length across a vertical cross-section

normal to the incident wave direction is given by (see Dean and Dalrymple [18] for details)

Pw = ECg =
⇢Lwg

2
k0A0A

2

2!
, A0 =

2k0h+ sinh(2k0h)

4k0 cosh
2(k0h)

. (3.18)

Here, Lw is the width of the OWC device chamber taken perpendicular to the incident wave

direction. Now, the volume flow rate Q(t) = <{qe
�i!t

} through the internal free surface �3

is provided by (see Evans and Porter [5], Rezanejad et al. [66] and Koley and Trivedi [26] for

details)

q = Lw

Z

�3

@�

@z
dx = q

S +
i!p

⇢g
q
R
, (3.19)

where q
S and q

R are termed as the volume fluxes across �3 correspond to the scattering and

radiation problems respectively. Further, the volume flux due to the radiation potential can be
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written as the following (see Evans and Porter [5] for details)
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q
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⇣
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⌘
p, (3.20)

where Ã and B̃ are termed as radiation susceptance and radiation conductance parameters

respectively. Now, Eq. (3.20) gives the expressions for Ã and B̃ as the following
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!
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R
}, B̃ =

!

⇢g
={q

R
}. (3.21)

The relationship between Pw and B̃ is expressed as the following (see Koley and Trivedi [26] for

detailed derivations)

B̃ =
|q

S
|
2

8Pw
, where q

S = 2ik0gA
2
A

R
0 A0. (3.22)

The average power absorbed W per unit width of the pressure distribution is given by (see Smith

[111] and Evans [23] for details)

W =
1

2
< {pq} . (3.23)

If air compressibility within the OWC chamber is taken into account and the volume flux is

assumed to be linearly proportional to the pressure across the turbine, we get the following

relation (see [121] for details)
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◆
p. (3.24)

Here, ^ is a real positive constant termed as control parameter and V0 is the air volume above the

internal free surface �3 (within the OWC chamber). Further, pa and � are termed as atmospheric

air pressure and specific heat ratio of the air respectively. Using Eqs. (3.19) and (3.20) into Eq.

(3.24), the relationship between q
S and p can be expressed as the following
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Now, using the relation as in Eq. (3.24) into Eq. (3.23), the expression for the absorbed power

W can be rewritten as

W =
1

2
^ |p|

2
. (3.26)

Further, using the expression of p as in Eq. (3.25) into Eq. (3.26), we get
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Therefore, the e�ciency of power absorption by the OWC device is given by

⌘ =
W

Pw
. (3.28)

Substituting the relations as in Eqs. (3.22) and (3.27) into Eq. (3.28), we get
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It is to be noted that, the maximum e�ciency of the OWC device can be achieved by the

optimum value of ^ (say ^opt) and the value of ^opt is evaluated by taking the first derivative of

Eq. (3.29) with respect to ^ and equating the same to zero. In this approach, the expression for

^opt is obtained as

^opt =
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, (3.30)

and the expression for ⌘max can be written in the following form

⌘max =

 
2B̃

^opt + B̃

!
. (3.31)

3.5 Parameters associated with the performance of OWC devices

in irregular waves

In the real sea, the ocean wave environment is random in nature, and the irregular ocean wave

is represented by a set of sea states and related wave spectrum (see Goda [62] for details). The

local wave climate can be modeled using a stationary ergodic process, and for each sea state, the

free surface elevation can be represented by Gaussian random variable (see De O Falcão and

Rodrigues [63]). Since the mathematical model is based on the linear water wave theory and the

free surface elevation is assumed to be a Gaussian random process, the scattered volume flow

rate Q
S(t) = <{q

S
e
�i!t

} and instantaneous pressure across the turbine P (t) = <{pe
�i!t

} are

also Gaussian processes. Therefore, the probability density function of instantaneous pressure is

given by
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p
2⇡�P

exp

✓
�P

2

2�2P

◆
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where the expression for �P is the following
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with SI(!) being the incident wave spectrum and Ai represents the incident wave amplitude for

each regular wave component (details are available in Goda [62]). Now, the instantaneous power

available to the Wells turbine is given by

Wa =
.
mP

⇢a
= ^P

2
, ^ =

KaD

⇢aN
, (3.34)

where ⇢a and
.
m are termed as air density and mass flow rate of air across the Wells turbine.

Here, N and D represent the rotational speed and turbine rotor diameter of the Wells turbine,

respectively, and Ka = 0.375. Due to the random nature of ocean waves, the turbine rotational

speed varies with the sea states, influencing the pressure drop and flow rate across the turbine.

Turbine damping alters the air compressibility and the motion of the entrapped water inside

the OWC device chamber. This has a significant impact on the hydrodynamic performance

of the OWC device. Here, the classical symmetrical aerofoil sections of the NACA-00 series

have been used for the rotor blades of the Wells turbine. Further, the optimal rotational speed

and turbine rotor diameter are provided in Table 3.1 (see De O Falcão and Rodrigues [63], and

Ezhilsabareesh et al. [122] for details). The average available power to the Wells turbine is

expressed as the following

W a = E(Wa) =

Z 1

�1
Waf(P )dP. (3.35)

Using the relations Eqs. (3.32) and (3.34) into Eq. (3.35), and using the properties of the

Gamma Function, we get the following

W a = ^�
2
p. (3.36)

It is seen from Eq. (3.36) that the averaged power available to the Wells turbine depends on

the variance of the air pressure across the turbine and the turbine characteristics. Therefore,

W a can be calculated for each incident wave frequencies presents in the incident wave spectrum

SI(!). Now, the average incident wave energy flux for the irregular waves is given by

P a = Lw⇢g

Z 1

0
SI(!)Cg(!)d!. (3.37)

Finally, the average e�ciency of an OWC device in irregular sea waves is obtained as

⌘a =
W a

P a
=

^

Z 1

0
SI(!)

����
p(!)

Ai(!)

����
2

d!

Lw⇢g

Z 1

0
SI(!)Cg(!)d!

. (3.38)

To analyze the e�ciency of an OWC device under the irregular waves, the Bretschneider

Spectrum is taken as the incident wave spectrum (see Goda [62] and De O Falcão and Rodrigues
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Sea state j 1 2 3 4 5 6 7 8 9

Hs(m) 0.8 1.2 1.6 2.0 2.4 2.9 3.4 4.0 4.5

Te(s) 9.0 9.5 10.0 10.5 11.0 11.5 12.0 12.5 13.0

 0.250 0.200 0.177 0.145 0.100 0.070 0.045 0.007 0.006

Pa/Lw 1.3820 3.1836 5.7766 9.1884 13.4404 19.8972 27.6874 38.7427 49.5153

D = 3.17m Nop 46.7 60.9 73.0 83.7 93.5 104.7 115.0 119.9 119.9

D = 2.3m Nop 75.3 95.4 112.8 128.0 141.8 157.5 165.2 165.2 165.2

Falcao and Rodrigues Wa 13.1 31.4 56.9 89.0 127.1 182.8 246.6 330.2 391.4

(2002) Wa 14.1 30.2 51.1 76.1 105.0 145.8 190.3 234.4 260.9

Present solutions Wa 12.9391 31.1855 56.6408 88.4929 126.9753 181.2574 245.7000 329.8475 392.9847

Wa 13.9752 30.3214 51.3608 76.3353 104.6160 144.2920 191.8939 235.9660 259.4187

Type I OWC Wa 10.5801 24.6510 43.7016 67.0134 93.9648 132.7287 176.1063 236.7326 292.6758

Wa 10.6612 22.6458 37.8707 55.8133 76.0305 104.3282 138.3630 189.2579 236.5322

Type II OWC Wa 11.0165 29.1566 56.6374 92.9584 137.2598 202.1161 276.6568 379.9635 477.5240

Wa 13.5684 32.0682 57.4679 88.6610 124.5706 175.0496 234.3387 320.7807 400.9967

Table 3.1: Set of nine sea states represent the local wave climate at the OWC plant site
Pico, Azores, Portugal. Here, the units of P a/Lw, Nop and W a are kW/m, rad/sec and kW

respectively. Further, V0 = 1050m3, � = 1.4, ⇢a = 1.25kg/m3, pa = 1.013⇥ 105Pa.

[63] for details). The formula for the same is given by the following

SI(!) = 131.5H2
sT

�4
e !

�5 exp(�1054T�4
e !

�4), (3.39)

where Hs and Te represent the significant wave height and energy period related to various sea

states. It is to be noted that the energy period Te is related to the significant wave period T1/3

by the formula Te = 0.8997T1/3. Table 3.1 represents the set of nine sea states characterizing the

local wave climate at OWC plant site Pico, Portugal. Each sea states can be distinguished by

their significant wave height, energy periods, and its frequency of occurrence. Now, the annual

spectral density is calculated using the following formula

SI,ann =
9X

j=1

SI,j  j . (3.40)

The annual-averaged incident wave energy flux can be obtained from Eq. (3.37) by replacing

SI(!) with SI,ann as the following

P a,ann = Lw⇢g

Z 1

0
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P a,j  j . (3.41)

Finally, the annual-averaged plant e�ciency of an OWC device is given by
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It is to be noted that the overall concept to model the hydrodynamics of OWC devices along with

few parameters associated with the performance of the OWC devices under irregular incident

waves were provided in De O Falcão and Rodrigues [63] in a scattered manner. The detailed
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expressions for all the parameters are provided in the present section in a consolidated manner,

along with the expression for the annual-averaged plant e�ciency of the OWC device in the

local wave climate.

3.6 Results and Discussions

In this section, various results associated with the performances and e�ciencies of the type I

and type II OWC devices are plotted and discussed in detailed manner. Firstly, the results

associated with the regular incident waves are discussed and subsequently, the results associated

with the irregular incident waves are discussed. The parameters associated with the incident

waves and OWC devices are taken as follows: h = 8m, Lw = 12m, ⇢ = 1025 kg/m3, g = 9.81m/s2,

L/h = 2.0, l/h = 3.0 (auxilliary boundary �1 is located at x = �l), b/h = 1.0 (type I OWC

device), a/h = 0.5 (type I OWC device), d/h = 0.05, bh/h = 0.1, ✓ = 45�, V0 = 1050 m3,

� = 1.4, ⇢a = 1.25 kg/m3 and pa = 1.013⇥ 105Pa unless otherwise mentioned. It is to be noted

that for type II OWC device, the center of the quarter circle lies within the breakwater. The

radius of the circle is taken as r/h = 2.5 and the y-coordiate of the center of the circle is taken

as y0/h = �0.72 unless otherwise stated. The non-dimensional horizontal and vertical wave

forces Fh and Fv acting on the sea-side surface of �4 are calculated using the following formulae

Fh = <

⇢
i!

gh2

Z

�4

�nxd�

�
, Fv = <

⇢
i!

gh2

Z

�4

�nzd�

�
, (3.43)

where nx and nz are the x and z-components of the outward drawn unit normal ~n. Now, the

resonance mechanism plays an important role in achieving maximum e�ciency ⌘max. The

following two resonance mechanisms are applicable to the present problem.

Resonance mechanism I: For smaller values of b/a, resonance occurs at Ka ⇡ 1 due to

the resonant piston-like motion of the water column.

Resonance mechanism II: For higher values of a/h, resonance occurs due to the

antisymmetric sloshing mode (see Evans and Porter [5] for details). The condition for

sloshing phenomena is k0b = n⇡ with n represents the sloshing mode number.

3.6.1 Numerical convergence of the BEM based solution

The convergence of the numerical computations based on the boundary element method (as

discussed in Section 3) depends on the length of the boundary element used to discretize the

boundaries of the domain. The panel size ps is given by (see Wang and Meylan [115])

ps =
1

k0
. (3.44)
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 b/h Type I OWC device r/h Type II OWC device

⌘max ⌘max

20 0.5 0.74853 1.0 0.78133
1.0 0.99339 1.5 0.79915
1.5 0.83979 2.0 0.73039
2.0 0.70388 2.5 0.68133

40 0.5 0.74036 1.0 0.77810
1.0 0.99588 1.5 0.79300
1.5 0.84796 2.0 0.73574
2.0 0.71112 2.5 0.68631

60 0.5 0.73830 1.0 0.77384
1.0 0.99588 1.5 0.79270
1.5 0.84653 2.0 0.73565
2.0 0.70888 2.5 0.68736

80 0.5 0.73861 1.0 0.77355
1.0 0.99590 1.5 0.79263
1.5 0.84698 2.0 0.73560
2.0 0.70836 2.5 0.68736

Table 3.2: Comparative study of ⌘max for type I and type II OWC devices with a/h = 0.5,
y0/h = �0.72 and Kh = 0.5.

 a/h Type I OWC device y0/h Type II OWC device

⌘max ⌘max

20 1/8 0.90900 �0.36 0.99380
1/4 0.92354 �0.45 0.97415
1/2 0.99339 �0.60 0.86714
3/4 0.35735 �0.72 0.68133

40 1/8 0.90443 �0.36 0.99480
1/4 0.92127 �0.45 0.97524
1/2 0.99488 �0.60 0.86240
3/4 0.37070 �0.72 0.68631

60 1/8 0.90852 �0.36 0.99879
1/4 0.92007 �0.45 0.97921
1/2 0.99588 �0.60 0.86528
3/4 0.36146 �0.72 0.68736

80 1/8 0.90849 �0.36 0.99878
1/4 0.92033 �0.45 0.97921
1/2 0.99590 �0.60 0.86530
3/4 0.36153 �0.72 0.68736

Table 3.3: Comparative study of ⌘max for type I and type II OWC devices with b/h = 1.0,
r/h = 2.5 and Kh = 0.5.
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By varying the values of , we can determine the length of the boundary elements using Eq.

(3.44) to get numerical convergence. It is seen from Eq. (3.44) that the panel size ps decreases as

the value of  increases. Therefore, to determine the panel size ps to get numerical convergence

in the computational results, the values of  should be taken in increasing order. In Tabs. 3.2

and 3.3, the values of  are taken 20, 40, 60 and 80 and for each  value, the e�ciency ⌘max is

computed for certain values of wave and structural parameters. It is to be noted that increasing

 gives lower panel size ps, but the computational time will increase significantly. So, our aim is

to balance between the computational time and the accuracy of the numerical results. In Tab.

3.2, the non-dimensional e�ciency ⌘max is computed for type I and type II OWC devices for

di↵erent values of the chamber length b/h = 0.5, 1.0, 1.5, 2.0 and radius of the quarter circle

r/h = 1.0, 1.5, 2.0, 2.5 respectively. It is observed that the values of ⌘max converge up to three

decimal places for  = 60. On the other hand, in Tab. 3.3, the non-dimensional e�ciency ⌘max

is computed for type I and type II OWC devices for di↵erent values of submergence depth

a/h = 1/8, 1/4, 1/2, 3/4 and y0/h = �0.36,�0.45,�0.60,�0.72 respectively. It is concluded

from Tab. 3.3 that the panel size ps in the boundary element method corresponds to  = 60 is

su�cient to get numerical convergence up to three decimal places in the computational results.

Therefore, in the subsequent computations, the panel size ps corresponds to  = 60 is considered.

In the following sections, results for regular and irregular incident waves are discussed separately.

3.6.2 Comparison with existing results

Now, for the sake of validation of the present numerical results, certain results are compared

with the results of Evans and Porter [5] for the case of regular incident waves. To obtain the

OWC device model of Evans and Porter [5], we have considered a limiting case of our present

type I OWC device model placed over the uniform bottom with ✓ = 90�. In Fig. 3.2, the

e�ciency ⌘max of the OWC device are plotted against the non-dimensional wave number Kh for

di↵erent values of submergence depth a/h. These results are compared with Fig. 9 of Evans and

Porter [5]. It is observed that the present numerical results matched well with that of Evans and

Porter [5]. This shows the accuracy of the present numerical computations for regular incident

waves. On the other hand, to validate the results for irregular incident waves, certain results are

reproduced for the rectangular OWC device (limiting case of the present type I OWC device)

and presented in Tab. 3.1 (5th row in Tab. 3.1). It is observed from Tab. 3.1 that the present

numerical results matched well with that of De O Falcão and Rodrigues [63]. This demonstrates

the accuracy of the present numerical computations for irregular incident waves.
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Figure 3.2: Variation of ⌘max vs Kh for di↵erent a/h for type I OWC device placed over
uniform bottom with ✓ = 90�. Lines represent the solutions obtained by the present boundary

element method and symbols represent the solutions provided in Evans and Porter [5].

0 0.5 1 1.5 2 2.5 3 3.5 4

Kh

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

m
a
x

b/h=0.5

b/h=1.0

b/h=1.5

b/h=2.0

(a)

0 0.5 1 1.5 2 2.5 3 3.5 4

Kh

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

m
a
x

a/h=1/8

a/h=1/4

a/h=1/2

a/h=3/4

(b)

Figure 3.3: Variation of ⌘max vs Kh for di↵erent (a) b/h and (b) a/h for type I OWC device.

3.6.3 Results for regular incident waves

In Figs. 3.3(a) and 3.3(b), the variation of ⌘max versus the non-dimensional wave number Kh

are plotted for di↵erent values of b/h and a/h respectively. In Fig. 3.3(a), it is observed that the

resonance occurs at Kh ⇡ 0.677 for smaller values of chamber length b/h = 0.5. This resonance

phenomenon occurs due to the resonance mechanism I. Further, the same resonance pattern in

⌘max occurs for smaller values of Kh with an increase in the chamber length b/h. The reason

behind this phenomenon is that in the case of the larger value of chamber length b/h, water

particles have to travel more distance inside the chamber during one oscillation period. Further,

sharp peak in the e�ciency ⌘max occurs at Kh ⇡ 1.344 for larger values of b/h = 2.0. Moreover,

it is observed that the third peak (resonance) in the e�ciency ⌘max occurs at Kh ⇡ 2.894 for
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b/h = 2.0 . These resonances occur due to the resonance mechanism II with sloshing mode

number n = 1, 2 (see Evans and Porter [5] for details). Similar resonances occur for higher

values of Kh with a decrease in chamber length b/h. On the other hand, Fig. 3.3(b) shows

the e↵ect of di↵erent submergence depth of the front wall a/h on the e�ciency ⌘max of type I

OWC device. It is seen that the first peak in the e�ciency curve occurs for smaller values of

Kh with an increase in a/h. This resonance occurs due to the resonance mechanism I. Further,

it is observed that the second peak in the e�ciency curve ⌘max arises in the intermediate and

short wave regime due to the resonance mechanism II. Careful observation reveals that for

a/h = 1/8, the area under the e�ciency curve is more, and this area decreases with an increase

in a/h. In summary, it can be concluded that the e�ciency ⌘max of the type I OWC device

strongly depends on the chamber length b/h and the submergence depth a/h.
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Figure 3.4: Variation of ⌘max vs Kh for di↵erent (a) r/h and (b) y0/h for type II OWC
device.

In Fig. 3.4(a), the variation of the e�ciency ⌘max as a function of non-dimensional wave number

Kh are plotted for di↵erent values of the radius of the quarter circle r/h. It is noticed that

the first peak in the e�ciency curve appears for a smaller value of Kh with an increase in the

radius of quarter circle r/h. This resonance occurs due to the resonance mechanism I. These

observations are similar in nature, as seen in Fig. 3.3(a). The reason behind this phenomenon

is that when r/h increases, the chamber length of the OWC device increases, and as a result,

water particles have to travel more distance inside the chamber during one oscillation period.

Further, sharp peak in the e�ciency ⌘max occurs at Kh ⇡ 1.673 for r/h = 2.5. Moreover, it

is observed that the third peak (resonance) in the e�ciency ⌘max occurs at Kh ⇡ 3.778 for

r/h = 2.5. These resonances occur due to the sloshing phenomena with sloshing mode number

n = 1, 2 respectively. Similar resonances occur for higher values of Kh with a decrease in the

radius of quarter circle r/h. On the other hand, Fig. 3.4(b) shows the variation of ⌘max with

respect to the non-dimensional wave number Kh for various values of y0/h. It is seen that the

first peak in the e�ciency curve occurs for smaller values of Kh with an increase in |y0/h|. This
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resonance occurs due to the resonance mechanism I. Further, it is observed that the second

peak in the e�ciency curve ⌘max arises for 1.6 < Kh < 2.0, and the third peak arises in the

short wave regime due to the resonance mechanism II. Careful observation reveals that for

y0/h = �0.36, the area under the e�ciency curve ⌘max is more, and this area decreases with an

increase in |y0/h|. These observations are similar in nature to that of Fig. 3.3(b). In summary,

it can be concluded that the e�ciency ⌘max of the type II OWC device strongly depends on the

radius of the quarter circle r/h and the submergence depth y0/h.
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Figure 3.5: Variation of (a) Fh for di↵erent b/h, (b) Fh for di↵erent a/h, (c) Fv for di↵erent
b/h and (d) Fv for di↵erent a/h as a function of Kh for type I OWC device.

In Figs. 3.5(a) and 3.5(b), the variation of the horizontal wave force Fh are plotted against the

non-dimensional wave number Kh for various values of chamber length b/h and submergence

depth a/h respectively. A comparison of Figs. 3.5(a) and 3.5(b) with Figs. 3.3(a) and 3.3(b)

reveals that the resonances occur in the horizontal wave force Fh and the e�ciency ⌘max at the

same values of wavenumber Kh. Further, it is seen that the variation of the horizontal wave

force Fh is oscillatory in nature with the variation in wavenumber Kh. Moreover, the amplitude
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of oscillation in Fh decreases with an increase in Kh. Careful observation reveals that the change

in phase in the horizontal wave force Fh occurs with the change in b/h and a/h. On the other

hand, Figs. 3.5(c) and 3.5(d) show the variation of the vertical wave force Fv as a function of

non-dimensional wave number Kh for various values of b/h and a/h respectively. A comparison

of Figs. 3.5(c) and 3.5(d) with Figs. 3.5(a) and 3.5(b) reveals that the overall resonance pattern

in the horizontal wave force Fh and the vertical wave force Fv are the same with the variation in

Kh. However, the local and global maxima in the horizontal wave force correspond to the local

and global minima in the vertical wave force and vice versa.
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Figure 3.6: Variation of (a) Fh for di↵erent r/h, (b) Fh for di↵erent y0/h, (c) Fv for di↵erent
r/h and (d) Fv for di↵erent y0/h as a function of Kh for type II OWC device.

In Figs. 3.6(a) and 3.6(b), the variation of the horizontal wave force Fh are plotted against the

non-dimensional wave number Kh for di↵erent values of r/h and y0/h respectively. It is observed

that the pattern of the horizontal wave force Fh is oscillatory in nature with the variation in

the non-dimensional wave number Kh. Moreover, the amplitude of oscillation decreases for

higher values of wavenumber Kh. Further, certain phase change in the horizontal wave force
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Fh occurs with the variation in r/h and y0/h. A comparison of Figs. 3.6(a) and 3.6(b) with

Figs. 3.5(a) and 3.5(b) reveals that except for resonances, the overall pattern of the horizontal

wave force Fh are similar in nature for type I and type II OWC devices. A further comparison

with Fig. 3.4 reveals that the resonance in the e�ciency ⌘max and horizontal wave force Fh

occurs at the same values of the wavenumber Kh due to sloshing phenomena. On the other

hand, in Figs. 3.6(c) and 3.6(d), the variation of the vertical wave force Fv are plotted against

the non-dimensional wave number Kh for di↵erent values of r/h and y0/h respectively. It is

observed that the resonances occur in the vertical wave force Fv and e�ciency ⌘max at the same

values of Kh. A comparison with Figs. 3.5(c) and 3.5(d) shows that the overall pattern of the

vertical wave force Fv as a function of wavenumber Kh are similar in nature for type I and type

II OWC devices except for the resonances. A further comparison of Figs. 3.6(c) and 3.6(d) with

Figs. 3.6(a) and 3.6(b) reveals that the local and global maxima in the horizontal wave force Fh

correspond to the local and global minima in the vertical wave force Fv and vice versa.

3.6.4 Results for irregular incident waves
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Figure 3.7: Variation of �p vs ^ for di↵erent (a) b/h and (b) a/h for the annual wave spectral
density SI,ann and for type I OWC device.

Figs. 3.7(a) and 3.7(b) show the variation of chamber pressure standard deviation �p as a function

of turbine damping coe�cient ^ for di↵erent values of chamber length b/h and submergence

depth a/h respectively for type I OWC device. It is to be noted that to calculate �p from Eq.

(3.33), the annual wave spectral density SI,ann is used. It is observed that the chamber pressure

standard deviation �p decreases with an increase in the turbine damping coe�cient ^. Further,

the chamber pressure standard deviation �p increases with an increase in the chamber length

b/h. This happens as more amount of water mass entered the OWC device chamber as the

chamber length increases. Higher values of �p will increase the e�ciency of the OWC device as

the average power absorbed from the irregular waves W a directly proportional to �p (see Eq.
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(3.36)). On the other hand, Fig. 3.7(b) shows that the chamber pressure standard deviation

�p slightly increases with an increase in submergence depth a/h of the front wall of the OWC

device. For a/h = 3/4, the pressure fluctuation inside the OWC device chamber becomes higher

due to the occurrences of sloshing phenomena as described in the resonance mechanism II. As a

consequence, the chamber pressure standard deviation �p increases.
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Figure 3.8: Variation of �p vs ^ for di↵erent (a) r/h and (b) y0/h for the annual wave spectral
density SI,ann and for type II OWC device.

Figs. 3.8(a) and 3.8(b) show the variation of chamber pressure standard deviation �p as a

function of turbine damping coe�cient ^ for di↵erent values of radius of the quarter circle r/h

and submergence depth y0/h respectively for type II OWC device. A comparison with Figs.

3.7(a) and 3.7(b) reveals that the overall pattern of the chamber pressure standard deviation

�p as a function of turbine damping coe�cient ^ is similar in nature for type I and type II

OWC devices. Fig. 3.8(a) depicts that the chamber pressure standard deviation �p increases

with an increase in r/h. On the other hand, Fig. 3.8(b) shows that for smaller values of turbine

damping coe�cient ^, the chamber pressure standard deviation �p increases with an increase in

the submergence depth |y0/h| of the front wall of the OWC device. However, for higher values

of ^, there are no significant variations in �p are observed due to the variation in y0/h. For

y0/h = �0.72, the pressure fluctuation inside the OWC device chamber becomes higher due to

the occurrences of sloshing phenomena as mentioned in the discussion of Fig. 3.7(b). It is to be

noted that higher values of �p will increase the average power absorbed from the irregular waves

W a as W a is directly proportional to �p (see Eq. (3.36)).

Figs. 3.9(a) and 3.9(b) show the variation of annual-averaged plant e�ciency ⌘a,ann versus

turbine damping coe�cient ^ for di↵erent values of chamber length b/h and submergence depth

a/h respectively for type I OWC device. Figs. 3.9(a) and 3.9(b) depict that the annual-averaged

plant e�ciency ⌘a,ann initially increases with an increase in the turbine damping coe�cient ^ and

attains maximum for intermediate values of ^. Hereafter, the annual-averaged plant e�ciency
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Figure 3.9: Variation of ⌘a,ann vs ^ for di↵erent (a) b/h and (b) a/h for type I OWC device.

⌘a,ann decreases for further increase in the turbine damping coe�cient ^. The reason behind the

same is that the average power absorbed from the irregular waves W a is proportional to ^ and

�p (see Eq. (3.36)), however, �p decreases with an increase in ^ as seen in Fig. 3.7(a) and 3.7(b).

Further, Fig. 3.9(a) shows that the annual-averaged plant e�ciency ⌘a,ann increases with an

increase in the chamber length b/h of the OWC device. This happens as the chamber pressure

standard deviation �p increases with an increase in chamber length b/h (see Figs. 3.7(a)). On

the other hand, Fig. 3.9(b) shows that the annual-averaged plant e�ciency ⌘a,ann increases with

an increase in the submergence depth a/h. This happens as the chamber pressure standard

deviation �p increases with an increase in submergence depth a/h (see Figs. 3.7(b)).
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Figure 3.10: Variation of ⌘a,ann vs ^ for di↵erent (a) r/h and (b) y0/h for type II OWC
device.

Figs. 3.10(a) and 3.10(b) show the variation of annual-averaged plant e�ciency ⌘a,ann versus
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turbine damping coe�cient ^ for di↵erent values of radius of the quarter circle r/h and sub-

mergence depth y0/h respectively for type II OWC device. A comparison of Figs. 3.10(a) and

3.10(b) with Figs. 3.9(a) and 3.9(b) reveals that the overall pattern of the annual-averaged plant

e�ciency ⌘a,ann as a function of ^ is similar in nature for type I and type II OWC devices.

Moreover, Fig. 3.10(a) shows that the annual-averaged plant e�ciency ⌘a,ann increases with

an increase in r/h. This can be explained from the observation of Fig. 3.8(a) in which the

chamber pressure standard deviation �p increases with an increase in r/h. On the other hand,

Fig. 3.10(b) shows that the annual-averaged plant e�ciency ⌘a,ann increases with an increase in

the submergence depth |y0/h| of the front wall of the OWC device except for higher values of ^.

The reason behind the same is clearly explained in Fig. 3.8(b).

(a) (b)

Figure 3.11: Surface plot of ⌘a,ann as a function of (a) a/h and b/h with ^ = 0.01 and (b) N
and D with Ka = 0.375.

In the discussion of Figs. 3.9(a) and 3.9(b), we have observed that the annual-averaged plant

e�ciency ⌘a,ann strongly depend on the chamber length b/h, the submergence depth a/h and

the turbine damping coe�cient ^ for type I OWC device. To get a combined e↵ects of a/h

and b/h on the annual-averaged plant e�ciency ⌘a,ann, a surface plot for ⌘a,ann as a function of

a/h and b/h is provided in Fig. 3.11(a). It is observed that for fixed values of a/h, e�ciency

⌘a,ann increases with an increase in b/h. However, the change is negligible for higher values of

b/h. Further, for fixed smaller values of b/h, the e�ciency ⌘a,ann increases with an increase in

a/h. However, for higher values of b/h, the e�ciency ⌘a,ann decreases with a variation in a/h in

the range 0.6 < a/h < 0.8. These observations suggest that the annual-averaged plant e�ciency

⌘a,ann becomes higher for type I OWC device with 0.3 < a/h < 0.6 and 1.5 < b/h < 2.5. This

combination of chamber length b/h and submergence depth a/h is very important to design an

e�cient type I OWC device. On the other hand, to check the combined e↵ects of turbine rotor

diameter D and rotational speed N on the annual-averaged plant e�ciency ⌘a,ann, a surface

plot of ⌘a,ann as a function of N and D is provided in Fig. 3.11(b). It is to be noted that the

turbine damping coe�cient ^ is a function of N and D (see Eq. (3.34)). Fig. 3.11(b) shows
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that for smaller values of rotor diameter D, the e�ciency ⌘a,ann decreases with an increase in

rotational speed N . However, for higher values of the rotor diameter D, the e�ciency ⌘a,ann

initially increases with an increase in rotational speed N and attains maximum. Hereafter, the

e�ciency ⌘a,ann decreases for further increase in the rotational speed N . In a similar manner, for

lower rotational speed N of the turbine, the e�ciency ⌘a,ann decreases with an increase in the

rotor diameter D, whereas, for higher values of N , e�ciency ⌘a,ann increases with an increase in

the rotor diameter D. Similar observations were reported in De O Falcão and Rodrigues [63].

These observations suggest that suitable combination of turbine rotor diameter D and rotational

speed N can enhance the annual-averaged plant e�ciency ⌘a,ann of the type I OWC device.

(a) (b)

Figure 3.12: Surface plot of ⌘a,ann as a function of (a) r/h and y0/h with ^ = 0.01 and (b) N
and D with Ka = 0.375.

In the discussion of Figs. 3.10(a) and 3.10(b), we have observed that the annual-averaged plant

e�ciency ⌘a,ann strongly depend on the radius of the quarter circle r/h, submergence depth y0/h

and the turbine damping coe�cient ^ for type II OWC device. To get a combined e↵ects of r/h

and y0/h on the annual-averaged plant e�ciency ⌘a,ann, a surface plot for ⌘a,ann as a function

of r/h and y0/h is provided in Fig. 3.12(a). It is observed that for fixed values of y0/h, the

annual-averaged plant e�ciency ⌘a,ann increases with an increase in r/h. However, the change is

negligible for higher values of r/h. Further, for fixed values of r/h, the e�ciency ⌘a,ann increases

with an increase in |y0/h| except for very higher values of |y0/h|. The reason behind the same is

that for very higher values of submergence depth |y0/h|, less amount of water can enter into the

OWC device chamber. In summary, it can be concluded that the maximum e�ciency ⌘a,ann

is acheived for type II OWC device with 2.5 < r/h < 3.0 and �0.7 < y0/h < �0.5. On the

other hand, to analyze the combined e↵ects of turbine rotor diameter D and rotational speed N

on the annual-averaged plant e�ciency ⌘a,ann, a surface plot of ⌘a,ann as a function of N and

D is provided in Fig. 3.12(b). It is observed that for lower values of rotational speed N , the

annual-averaged plant e�ciency ⌘a,ann decreases as the rotor diameter D increases. However,

for higher values of rotational speed N , the annual-averaged plant e�ciency ⌘a,ann increases
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as the rotor diameter D increases. In a similar manner, for lower values of D, e�ciency ⌘a,ann

decreases with an increase in N . Further, for higher values of D, the e�ciency ⌘a,ann initially

increases with an increase in N and attains maximum. Hereafter, the e�ciency ⌘a,ann decreases

for further increase in N . Similar observations were found in De O Falcão and Rodrigues [63]

and also seen for type I OWC device. These results suggest that suitable combination of turbine

rotor diameter D and rotational speed N can enhance the annual-averaged plant e�ciency ⌘a,ann

of the type II OWC device.

It is to be noted that for the set of nine sea states represent the local wave climate at the OWC

plant site Pico, Portugal (see Tab. 3.1), the annual-averaged plant e�ciency for type I OWC

device with the rotor diameters D = 3.17m and D = 2.3m are 0.5816 and 0.4846 respectively.

On the other hand, the annual-averaged plant e�ciency for type II OWC device with the rotor

diameters D = 3.17m and D = 2.3m are 0.8234 and 0.7685 respectively.

3.7 Conclusions

In the present study, the performance of two di↵erent breakwater-integrated OWC wave energy

converter devices: (i) LIMPET device and (ii) quarter-circle-shaped front wall OWC device

is analyzed under the action of unidirectional regular and irregular incident waves. Detailed

derivations of the physical parameters associated with the e�ciencies of the two types of OWC

devices are provided.

For type I OWC device, resonance occurs in the e�ciency curve for smaller values of

the incident wavenumber with an increase in chamber length and submergence depth. A

similar resonance pattern is observed for the type II OWC device with an increase in the

radius of the quarter circle and submergence depth of the front wall.

The resonances in the horizontal and vertical wave forces acting on the front wall of

the OWC devices occur for the same values of the wavenumber. However, the curves of

horizontal and vertical wave forces as a function of wavenumber are out-of-phase.

The horizontal and vertical wave forces are oscillatory in nature, and the amplitude of

oscillation decreases in the short wave regime.

For irregular incident waves (spectral density is taken as annual wave spectral density at

the OWC plant site Pico, Portugal), the chamber pressure standard deviation decreases

with an increase in the turbine damping coe�cient. Moreover, the chamber pressure

standard deviation increases with an increase in the chamber length and draft of the front

wall of the type I OWC device. Similar results are observed for type II OWC device with

an increase in radius and draft of the front wall.
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The annual-averaged plant e�ciency increases with an increase in chamber length and

submergence depth of type I OWC device except for significantly higher values of the

shape parameters.

For type I OWC device, the annual-averaged plant e�ciency becomes higher for 0.3 <

a/h < 0.6 and 1.5 < b/h < 2.5. Similarly, for type II OWC device, the maximum e�ciency

is achieved for 2.5 < r/h < 3.0 and �0.7 < y0/h < �0.5.

For smaller values of rotor diameter, the annual-averaged plant e�ciency decreases with

an increase in the rotational speed of the Wells turbine. However, for higher values of

the rotor diameter, the e�ciency initially increases with an increase in rotational speed

and attains a maximum. Hereafter, the e�ciency decreases for further increase in the

rotational speed of the turbine. In a similar manner, for the lower rotational speed of the

turbine, the e�ciency decreases with an increase in the rotor diameter, whilst, for higher

values of the rotational speed of the turbine, the e�ciency increases with an increase in

the rotor diameter.

These observations conclude that maximum e�ciency can be achieved with appropriate combi-

nations of the turbine rotor diameter and rotational speed. The present solution methodology is

robust and can be applied easily to study the OWC devices having arbitrary shapes and complex

structural configurations. The present study is based on linear wave-structure interaction theory.

The same can be extended to study the e↵ect of non-linearities present in waves and structures

in the near future.
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K. Trivedi, and S. Koley, “Performance of a hybrid wave energy converter device consist-

ing of a piezoelectric plate and oscillating water column device placed over an undulated seabed,”

Applied Energy, vol. 333, 120627, 2023.
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4.1 General introduction

This chapter investigates the hydrodynamic performance of a hybrid wave energy converter device

consisting of a piezoelectric plate and the oscillating water column wave energy converter device

placed over an undulated seabed. Primary emphasis is given to analyze the power extraction of

the hybrid wave energy converter device, piezoelectric plate, and the OWC devices for various

values of incident wave parameters and shape parameters associated with the hybrid wave energy

converter device and undulated seabed. Moreover, the time-domain analysis is carried out by

considering the Bretschneider spectrum as the incident wave spectrum for irregular incident

waves. A multi-parameter optimization based on the Taguchi method is provided. The study

reveals that the power extraction by the hybrid wave energy converter device consisting of

a piezoelectric plate and the oscillating water column device is significantly higher than the

power extraction by the standalone piezoelectric plate and the OWC device for a wider range

of frequencies. Further, the present study shows that the power extraction by the hybrid wave

energy converter device is higher when the piezoelectric plate is placed in the close proximity of

the OWC device. Moreover, the time-domain simulation reveals that the piezoelectric plate is

able to capture the incident wave energy for a longer period of time in real sea conditions.

4.2 Mathematical formulation

In the present section, the mathematical modeling of a hybrid wave energy converter device

consisting of a piezoelectric plate and oscillating water column device is provided under the

assumption of linear water wave theory. The geometric configurations of the hybrid wave energy

converter device are provided in Fig. 4.1. The Cartesian coordinate system is considered

with the vertical cross-section of the OWC device lying in the XZ-plane. The wave energy

converter device is placed over an undulated seabed z = �h(x). The undulated seabed is

finitely extended as shown in Fig. 4.1. In addition, the thin piezoelectric plate of length l1

is submerged at z = �d1. Further, the submergence depth and thickness of the front wall

of the OWC device are d2 and d, respectively. Moreover, the chamber width of the OWC

device is b, and the rear wall of the OWC device is positioned at x = L. Due to the presence

of the OWC device and the piezoelectric plate, the total free surface is divided into four

parts: (i) internal free surface �4 = {(x, z) : z = 0;L � b < x < L}, (ii) open free surfaces

�8 = {(x, z) : z = 0; c+ l1 < x < L� b� d} and �13 = {(x, z) : z = 0;�l < x < c}, and (iii) free

surface in the plate region �12 = {(x, z) : z = 0; c < x < c+ l1}. Further, the seabed is rigid and

impermeable in nature. Moreover, the immersed boundaries of the front wall of the OWC device

are represented by �5[�6[�7. In the presence of floating piezoelectric plate and OWC device, the

fluid domain is divided into two regions Rj (j = 1, 2) where R1 = {�l < x < L,�h(x) < z < 0}

except the region above the plate, and R2 = {c < x < c+ l1,�d1 < z < 0}. To solve the above
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boundary value problem, the boundary element method is used. To close the computational

domain R1, an auxiliary boundary �1 is placed at x = �l. Further, to close the computational

domain R2, two auxiliary boundaries �11 and �9 are placed at x = c and x = c+ l1, respectively.

For the modeling purpose, the water is assumed to follow the potential flow theory (see Babarit

[123] for detailed assumptions), and the motion is simple harmonic in time with the angular

frequency !. Therefore, the total velocity potentials �j(x, z, t) = <{�j(x, z)e�i!t
} exist and

satisfy the Laplace equation

Figure 4.1: Vertical cross section of wave energy converter device.

r
2
�j(x, z) = 0, for j = 1, 2, r

2
⌘

✓
@
2

@x2
+

@
2

@z2

◆
. (4.1)

The boundary condition at the mean free surface z = 0 is given by (see Evans and Porter [5],

Koley and Trivedi [26] for details)

8
>>>>><

>>>>>:

@�1

@n
�K�1 =

8
><

>:

i!p

⇢g
, on �4,

0, on �8 [ �13,

@�2

@n
�K�2 = 0, on �12

(4.2)

whereK = !
2
/g, with g being the gravitational acceleration. Here, @/@n represents the derivative

in the normal direction. Now, the boundary condition on the impentrable bottom �2 is given by

@�1

@n
= 0, on z = �h(x), (4.3)
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where h(x) represents the bottom profile

h(x) =

8
>>><

>>>:

h1, x < 0,

h̃(x), 0 < x < L,

h2, x = L.

(4.4)

Here, h̃(x) yields the undulated bottom profile. Further, the no flow condition on the rear side

wall and the submerged boundaries of the front wall of the OWC device is given by

@�1

@n
= 0, on �3 [ �5 [ �6 [ �7. (4.5)

The continuity of pressure and normal velocities along the two auxiliary boundaries �11 and �9

placed at x = c and x = c+ l1, respectively are given by

�1 = �2, and
@�1

@n
= �

@�2

@n
on �9 [ �11. (4.6)

It is assumed that the motion of the piezoelectric plate is uniform in the longitudinal direction.

The displacement of the piezoelectric plate can be written in the form ⇣̃(x, t) = <{⇣(x)e�i!t
}

with ⇣(x) being the complex deflection amplitude. Now, the dynamic boundary condition on the

piezoelectric plate �10 is given by

g�

✓
1 +

�
2
⇠!

i + ⇠!

◆
@
4
⇣

@x4
� !

2
�⇣ = i! (�1 � �2) , on z = �d1, x 2 [c, c+ l1], (4.7)

where the expressions for �, �, ⇠, and � are given as (Renzi [4], Zheng et al. [71])

� =
B

0

⇢g
, � =

✓
0

p
B0C 0

, ⇠ =
C

0

G0 , � =
Ib

⇢
, (4.8)

with B
0, ✓0, C 0, and G

0 being termed as flexural rigidity of the bimorph, piezoelectric coupling

factor, electric surface capacitance, and surface conductance, respectively. Further, Ib represents

the surface density of the bimorph. Now, the linearized kinematic boundary condition on the

plate �10 is given by

@�1

@n
= �

@�2

@n
= �i!⇣, on z = �d1, c < x < c+ l1. (4.9)

Further, it is assumed that the plate has fixed edges and therefore, vanishing of plate displacement

and the slope of the displacement near both the edges of the plate yield

⇣ = 0,
@⇣

@n
= 0, at x = c, c+ l1, z = �d1. (4.10)
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Similarly, when the plate edges are free, the edge conditions are given by

@
2
⇣

@n2
= 0,

@
3
⇣

@n3
= 0, at x = c, c+ l1, z = �d1. (4.11)

Now, the total velocity potential �j (j = 1, 2) and the plate deflection ⇣ consist of the scattered

and the radiated velocity potentials, respectively. Therefore, the total velocity potential and the

plate deflection can be expressed as (see Evans and Porter [5]).

�j = �
S
j +

✓
i!p

⇢g

◆
�
R
j , (j = 1, 2), ⇣ = ⇣

S +

✓
i!p

⇢g

◆
⇣
R
. (4.12)

Here, �Sj and �Rj are termed as the scattered and radiated velocity potentials, respectively for

regions Rj (j = 1, 2). Moreover, the scattered velocity potential can be separated into the

di↵racted potential �Dj and the incident potential �I for j = 1, 2 (see Evans and Porter [5], Koley

and Trivedi [26] for details). Further, ⇣S and ⇣R are termed as the plate deflection associated

with the scattered and radiated waves, respectively. Now, �S,R1 satisfies the Eqs. (4.1)-(4.9), and

�
S,R
2 satisfies Eqs. (4.1)-(4.2), (4.6)-(4.9). On the other hand, ⇣S,R satisfies the Eqs. (4.7)-(4.11).

It is to be mentioned that in region R1 and R2, all the boundary conditions remain same as

mentioned above except Eq. (4.2) in region R1. Here, Eq. (4.2) is rewritten as

@�
S
1

@n
�K�

S
1 = 0, on �4 [ �8 [ �13,

@�
R
1

@n
�K�

R
1 =

8
<

:
1, on �4,

0, on �8 [ �13.

(4.13)

Finally, the far-field boundary conditions on �1 are given as

8
>><

>>:

@(�S1 � �
I)

@n
� ik0(�

S
1 � �

I) = 0, on �1,

@�
R
1

@n
� ik0�

R
1 = 0, on �1.

(4.14)

Here, �I is the incident wave potential of the form �
I = e

ik0x 0(k0, z) with  0(k0, z) =✓
�igA

!

◆
cosh k0(z + h1)

cosh(k0h1)
. It is to be noted that k0 is the positive real root of the dispersion

relation !2 = gk0 tanh(k0h1).

4.3 Solution methodology based on BEM

The present section yields the detailed formulation of integral equations and the associated

numerical solution technique.
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4.3.1 Formulation of the integral equations

Applying Green’s second identity to the scattered and radiated velocity potentials �S,Rj (x, z) (j =

1, 2), and the free space Green’s function G(P ;Q) over the domain ⌦ bounded by � (see

Katsikadelis [112] for detailed derivation), we get

✏(Q)�S,Rj (Q) =

Z

�

"
�
S,R
j (P )

@G

@n
(P ;Q)�G(P ;Q)

@�
S,R
j

@n
(P )

#
d�(P ), for j = 1, 2, (4.15)

where the free term coe�cient is given as

✏(Q) =

8
>>><

>>>:

1, P 2 ⌦,

1
2 , P 2 �,

0, P /2 ⌦ [ �.

(4.16)

Here, P = (x, z) and Q = (x0, z0) are the field and source points, respectively. It is to be noted

that the free space Green’s function G(P,Q) satisfies the governing equation (see Katsikadelis

[112], Behera et al. [75] for details)

✓
@
2

@x2
+

@
2

@z2

◆
G(P,Q) = �(x� x0)�(z � z0), (4.17)

and takes the form

G(P,Q) =
1

2⇡
ln(r̃),where r̃ =

p
(x� x0)2 + (z � z0)2. (4.18)

Now, implementing the boundary conditions (4.3), (4.5), (4.6), (4.9), (4.13)-(4.14) into Eq.

(4.15), the following integral equation is derived for the scattered potential �S1 in region R1 as
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Similarly, applying the boundary conditions (4.2), (4.6), and (4.9) into Eq. (4.15), the integral

equation associated with the scattered velocity potential �S2 in region R2 is given as
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In a similar manner, using the boundary conditions (4.3), (4.5), (4.6), (4.9), (4.13)-(4.14) into

Eq. (4.15), the following integral equation is derived for the radiated velocity potential �R1 in R1

as
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On the other hand, using the boundary conditions (4.2), (4.6), and (4.9) into Eq. (4.15), the

integral equation for the radiated velocity potential �R2 in R2 is obtained as
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Now, Eqs. (4.19)-(4.22) are solved numerically using the BEM-based solution approach. For

the execution of BEM, the boundaries of each region Rj for j = 1, 2 are discretized into a finite

number of straight-line segments referred to as boundary elements in a counter-clockwise sense.

The values of �S,Rj and their normal derivatives @�S,Rj /@n are assumed to be constants over each

element and equal to the value at the mid-element node (see Katsikadelis [112]). With these
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assumptions, the discretized form of the system of integral Eqs. (4.19)-(4.22) can be written as
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are termed as the influence coe�cients. For i = j, i.e., when the source point Q(x̃, z̃) and the

field point P (x, z) lies on the same boundary element, the influence coe�cients H ij and G
ij are
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evaluated analytically. On the other hand, for i 6= j, i.e., when the source point Q(&, ⌘) and the

field point P (x, z) lies on di↵erent boundary element, the Gauss quadrature formulae is adopted

to evaluate the influence coe�cient H ij and G
ij (see Katsikadelis [112] for details). Further, the

point collocation method is employed to generate a number of equations equal to the number of

unknowns. At this point, it is worthy of being mentioned that Eqs. (4.23)-(4.26) contain the

unknown plate deflection ⇣S,Rj . To overcome this problem, the plate dynamic boundary condition

(4.7) is discretized using central di↵erence formulae as given below
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Here, A =
�!

2
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⇣
1 + �2⇠!

i+⇠!

⌘ , and B =
i!

g�

⇣
1 + �2⇠!

i+⇠!

⌘ . In a similar manner, the edge conditions of

the plate as mentioned in Eqs. (4.10) and (4.11) can be written as

⇣
S,R
j = 0, ⇣

S,R
j�1 = ⇣

S,R
j+1, (4.29)

and

⇣
S,R
j+1 � 2⇣S,Rj + ⇣

S,R
j�1 = 0, ⇣

S,R
j+2 � 2⇣S,Rj+1 + 2⇣S,Rj�1 � ⇣

S,R
j�2 = 0. (4.30)

Now, Eqs. (4.24)-(4.27), and (4.29)- (4.30) are solved together to get the unknown velocity

potentials, their normal derivatives and plate deflections over each boundary element (see Koley

[124] for details).

4.4 Parameters associated with the hybrid wave energy con-

verter device

4.4.1 Wave power extraction by the OWC device

The average power absorbed POWC per unit width of the pressure distribution is given by

POWC =
1

2
<{pq}. (4.31)

Here, q and p are termed as the volume flux and pressure across the turbine, respectively. It is

to be noted that the volume flux is assumed to be linearly proportional to the pressure across

the turbine and therefore, we get the following relation

q = ^p, (4.32)
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where ^ is a control parameter. Finally, the expression for the average power absorbed POWC

per unit width of the pressure distribution is given as

POWC =
1

2

^|q
S
|
2

⇣
^+ B̃

⌘2
+ Ã2

. (4.33)

Here, qS is termed as the volume flux associated with the scattered potential. Further, Ã and

B̃ are termed as the radiation susceptance and radiation conductance parameters, respectively.

The detailed derivations are available in Koley and Trivedi [26], Trivedi and Koley [125], and

the same are deferred here.

4.4.2 Wave power extraction by the piezoelectric plate

Wave power extracted by the piezoelectric plate can be evaluated as (see Zheng et al. [71] for

details)

Pplate =
!
2
⇢g

2

�
2
�⇠

1 + !2⇠2

Z c+l1

c

����
@
2
⇣

@x2

����
2

dx. (4.34)

Further, the total plate deflection ⇣ consists of the scattered and radiated plate deflections. Now,

applying (4.12) into (4.34), we get

Pplate =
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2
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where
@
2
⇣
S

@x2
and

@
2
⇣
R

@x2
are evaluated employing central di↵erence formulae.

4.4.3 Wave power extracted by the wave energy converter device consists of

piezoelectric plate and OWC device

The total wave power extracted PTotal by the present wave energy converter device is the sum of

power extracted by the OWC device POWC and the power extracted by the piezoelectric plate

Pplate, and therefore, PTotal is calculated as

PTotal = POWC + Pplate. (4.36)

4.5 Results

In the present study, to analyze the e↵ect of various structural and seabed parameters on

the hydrodynamic performance of the wave energy converter device consists of piezoelectric
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plate and OWC device, the structural and seabed parameters are considered as: h1 = 10m,

h2/h1 = 0.75, l1/h1 = 3.0, l/h1 = 3.0, b/h1 = 2.0, d1/h1 = 0.3, d2/h1 = 0.3, d/h1 = 0.1,

c/h1 = 1.0, gp/h1 = 0.5 and L = c+ l1 + gp+ d+ b unless otherwise mentioned. Further, the

parameters associated with the waves are taken as follows: g = 9.81 kg/m3, and ⇢ = 1025 kg/m3,

A/h1 = 0.1. In the present analysis, the sinusoidally varying bottom profile is considered, and

the corresponding profile is given in the following (see Koley and Trivedi [26],Koley [124] for

details). The shape function for the bottom profile as in Eq. ((4.4)) is given as

h̃(x) = h2 + h

⇢
1 + 2

⇣
x

L

⌘3
� 3

⇣
x

L

⌘2
�

a1

h
sin

✓
2m⇡x

L

◆�
, (4.37)

where h = h1�h2, a1 is the amplitude of the ripples and m is the number of ripples. The bottom

profile parameters are considered as a1/h1 = 0.1, and m = 5.0 unless otherwise mentioned. It

is to be noted that the panel size in the BEM is judiciously taken by performing numerical

convergence of the results obtained using BEM. The detailed procedure is available in Koley

and Trivedi [26], Trivedi and Koley [125], and the same is deferred here.

4.5.1 Validation

Since there are no analytical and numerical results available in the literature for the present

configuration of the wave energy converter device, the results associated with the performance of

the OWC and piezoelectric plate are obtained independently as limiting cases of the present

configuration, and the same are compared with the standard results available in the literature.

For this purpose, the present BEM-based numerical results of the piezoelectric plate are compared

with the analytical solutions of Buriani and Renzi [126]. Further, to replicate the piezoelectric

plate model of Buriani and Renzi [126], a limiting case of the present configuration is considered

by choosing b/h1 ! 0.001, d2/h1 ! 0.001 and bottom is considered as uniform in nature. In

Fig. 4.2(a), the power extraction Pplate by the piezoelectric plate is plotted as a function of time

period T of the incident waves. The results are compared with Fig. 4 of Buriani and Renzi [126].

Fig. 4.2(a) reveals that the present numerical results matched well with that of Buriani and

Renzi [126].

Further, Fig. 4.2(b) demonstrates the comparison of the present BEM-based numerical results

of the OWC device with the numerical solutions of Ning et al. [6]. In Fig. 4.2(b), the e�ciency

of the OWC device ⌘ is plotted as a function of the incident wavenumber Kh1 for the case when

the OWC device is placed over the sloping seabed with slopping angle � = 16�. To obtain the

OWC device model of Ning et al. [6] (see Fig. 14 of Ning et al. [6]), a limiting case of the present

model is considered by taking l1/h2 ! 0.001, and d1/h2 ! 1.5. Moreover, the remaining values

of the device parameters are the same as provided in Ning et al. [6]. It is seen that the present

BEM-based solution provides higher values of e�ciency as compared to the results of Ning et al.
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Figure 4.2: Variation of (a) power extraction Pplate by the piezoelectric plate as a function of
incident wave period T , (b) ⌘ as a function wavenumber Kh1 for sloping seabed with sloping

angle � = 16�, and (c) ⌘ as function of Kh1 in the presence of uniform seabed.

[6]. This happens as the present linear theory-based model doesn’t take into account the e↵ects

of wave non-linearity and viscous dissipation. However, the resonant frequencies predicted by

the present method and the nonlinear model of Ning et al. [6] agree well.

Fig. 4.2(c) provides the comparison between the linear analytical solutions Evans and Porter

[5], experimental data Morris-Thomas et al. [127], numerical results based on the two-phase

flow model Zhang et al. [128], higher-order boundary element method Ning et al. [6], and the

present BEM-based numerical results. Here, the e�ciency of the OWC device is plotted when

placed over the uniform seabed. The values of shape and wave parameters associated with

the OWC device are the same as given in Ning et al. [6]. In Fig. 4.2(c), it is seen that the

maximum hydrodynamic e�ciency of the OWC device using the present BEM method matches

well with the results of Evans and Porter [5]. Moreover, it is seen that the present BEM-based

hydrodynamic e�ciency of the OWC device is higher as compared to the numerical results of
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Figure 4.3: Time series of (a) free surface elevation outside the chamber, (b) free surface
elevation at the chamber center, and (c) air pressure inside the OWC device chamber.

Ning et al. [6] due to the absence of wave non-linearity and viscous dissipation. However, the

resonant frequencies predicted by the analytical method, HOBEM numerical method, and the

proposed numerical model agree well. Furthermore, the general shapes of the hydrodynamic

e�ciency curves agree satisfactorily. In addition, the present results agree well with the results

of Morris-Thomas et al. [127], and Zhang et al. [128]. In Figs. 4.3(a) and (b), the comparison

between the present numerical results and the results of Mohapatra and Sahoo [129], Ning et al.

[6] and Liu [130] are provided for specific cases. Further, the parameters associated with the

OWC device chamber and seabed configurations are the same as mentioned in Mohapatra and

Sahoo [129], Ning et al. [6] and Liu [130]. It is observed that the free surface elevations outside

and inside the OWC device chamber obtained by the present method follow a similar pattern

and show a good agreement with the results provided in Mohapatra and Sahoo [129], Ning et al.

[6] and Liu [130]. The discrepancies are due to the comparison of present linear model-based

results with that of the results obtained using nonlinear models (Mohapatra and Sahoo [129],
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Ning et al. [6]), and experimental results (Liu [130]). Further, Fig. 4.3 (c) demonstrates the

comparison between the air pressure inside the OWC device chamber obtained using the present

model with that of HOBEM based model Ning et al. [6] for Kh1 = 2.93, and the results show

good agreement.

4.5.2 Results associated with the hydrodynamic performance of the stan-

dalone OWC device
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Figure 4.4: (a) variation of POWC vs Kh1 for various b/h1, and (b) contour plot of POWC as
a function of Kh1 and b/h1.
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Figure 4.5: (a) variation of POWC vs Kh1 for various d2/h1, and (b) contour plot of POWC

as a function of Kh1 and d2/h1.

In Fig. 4.4(a), the variation of the power extraction POWC by the OWC device as a function

of non-dimensional wavenumber Kh1 is plotted for various chamber width b/h1 of the OWC

device. It is seen that the resonances in the power extraction POWC by the OWC device occur
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Figure 4.6: Variation of POWC vs Kh1 for various (a) m, and (b) a1/h1.

for larger values of chamber width b/h1 in the long-wave regime. Further, the same resonance

occurs for smaller values of chamber width b/h1 with an increase in wavenumber Kh1. The

reason behind this phenomenon is that as the chamber width increases, the wave particles

have to travel more distance during one oscillation. Consequently, the resonant-piston-like

motion inside the OWC device chamber is collapsed. A similar pattern can be accomplished by

increasing the submergence depth d2/h1 of the front wall of the OWC device, which forces the

water particles to travel a greater distance during a period of motion and thus directly impacts

the resonance frequency of the first mechanism (Evans and Porter [5], Koley and Trivedi [26]).

Similar observations were reported in Evans and Porter [5], Rezanejad et al. [7]. On the other

hand, the amplitude of resonances is higher in the long-wave regime, whereas the amplitude

of resonances decreases in the moderate and short-wave regimes. Moreover, these resonances

arise due to the first and second resonance mechanisms, respectively (see Koley and Trivedi

[26] for details about the first and second resonance mechanisms). To demonstrate the e↵ect of

the incident wavenumber Kh1 and the chamber width b/h1 of the OWC device on the power

extraction POWC , a contour plot of POWC as a function of Kh1 and b/h1 is given in Fig. 4.4(b).

It is seen that the power extraction POWC by the OWC device is higher for the moderate and

higher values of the chamber width in the long wave regime.

Fig. 4.5(a) demonstrates the variation of the power extraction POWC by the OWC device as

a function of non-dimensional wavenumber Kh1 for di↵erent submergence depth d2/h1 of the

front wall of the OWC device. It is seen that the resonance occurs in the POWC curve for

smaller values of incident wavenumber Kh1 with an increase in submergence depth d2/h1 of

the front wall of the device. These resonances occur in the long-wave regime due to the first

resonance mechanism (see Evans and Porter [5], Koley and Trivedi [26] for details about the

first resonance mechanism). Further, the second and subsequent peaks in the power extraction

POWC by the OWC device arise in the intermediate and short wave regime due to the second
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resonance mechanism (see Trivedi and Koley [125] for details). Moreover, it is observed that

in the long and intermediate wave regimes, the amplitudes of resonances are higher for higher

values of the submergence depth d2/h1 of the front wall of the device. In addition, it is seen

that the area under the power extraction POWC curve is more for d2/h1 = 0.2. To analyze the

e↵ect of the submergence depth d2/h1 of the front wall of the device and incident wavenumber

Kh1 on the power extraction POWC by the OWC device, a contour plot of POWC as a function

of Kh1 and d2/h1 is provided in Fig. 4.5(b). It is seen that the resonances arise in the power

extraction POWC for smaller incident wavenumber with an increase in submergence depth of the

front wall of the OWC device.

Figs. 4.6(a) and (b) depict the change in power extraction POWC by the OWC device vs incident

wavenumber Kh1 for di↵erent number of ripples m and ripple amplitude a1/h1 associated with

the sinusoidally varying bottom profile, respectively. In Fig. 4.6(a), it is seen that the resonating

peaks in the power extraction curve take higher values for m = 3. On the other hand, Fig.

4.6(b) illustrates that significant variation in the power extraction POWC curve occurs due to

the variation in the ripple amplitude a1/h1 of the seabed profile. Further, a closer look on Fig.

4.6(b) demonstrates that the amplitudes of the primary and secondary resonating peaks in the

power extraction POWC curve are higher for smaller values of the ripple amplitude a1/h1 of

the seabed. The reason behind the same is that as the ripple amplitude a1/h1 of the seabed

profile increases, the distance between the free surface and undulated seabed decreases, which

significantly influences the power extraction POWC by the OWC device. A similar observation

was reported in Koley and Trivedi [26].

4.5.3 Results associated with the hydrodynamic performance of the stan-

dalone piezoelectric plate having fixed edges
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Figure 4.7: Variation of (a) Pplate vs Kh1 for various l1/h1, and (b) contour plot of Pplate as
a function of Kh1 and l1/h1.
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Figure 4.8: (a) variation of Pplate vs Kh1 for various d1/h1, and (b) contour plot of Pplate as
a function of Kh1 and d1/h1.
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Figure 4.9: Variation of Pplate vs Kh1 for various (a) m, and (b) a1/h1.

In Figs. 4.7(a), the variation of the power extraction Pplate by the piezoelectric plate vs the

non-dimensional wave number Kh1 is plotted for various plate length l1/h1 of the piezoelectric

plate. It is demonstrated that the number of peaks corresponding to the resonances of the power

extraction Pplate curve increases with an increase in the plate length l1/h1 of the piezoelectric

plate, whereas the amplitude of resonating peaks decreases with an increase in plate length l1/h1.

The primary resonating peak in the Pplate curve occurs due to the fact that as the length of the

piezoelectric plate increases, the frequencies associated with the natural vibration of the plate

decrease, and consequently, there is a possibility that the natural frequency of the piezoelectric

plate and the frequency of the hydroelastic wave is getting matched. Moreover, it is noticed that

the amplitude of the resonance is higher for l1/h1 = 1.0 in the neighborhood of 2.5 < Kh1 < 3.5.

To demonstrate the e↵ect of the plate length l1/h1 and incident wavenumber Kh1 on the power

extraction Pplate by the piezoelectric plate, a contour plot of the power extraction Pplate by the
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plate as a function of plate length l1/h1 and wavenumber Kh1 is provided in Fig. 4.7(b). It is

seen that the power extraction Pplate by the piezoelectric plate is higher for the plate length

having the range 0.5  l1/h1 < 1.8 in moderate and short wave regimes.

Fig. 4.8(a) illustrates the variation of the power extraction Pplate by the piezoelectric plate vs the

non-dimensional wave number Kh1 for various submergence depth d1/h1 of the piezoelectric plate.

The amplitude of the resonances in the Pplate curve increases with a decrease in submergence

depth d1/h1 of the piezoelectric plate. The reason behind this phenomenon is that for smaller

values of d1/h1, the distance between the free surface and the piezoelectric plate decreases, and

consequently, the interaction of the dense wave energy near the free surface with the piezoelectric

plate increases. As a result, a higher amount of wave power is extracted by the piezoelectric

plate. Moreover, it is also reported that the resonances in the Pplate curve occur around the

same values of incident wavenumber irrespective of the variations in the submergence depth

d1/h1 of the piezoelectric plate. To demonstrate the e↵ect of the incident wavenumber Kh1 and

the submergence depth d1/h1 of the piezoelectric plate on the power extraction Pplate, a contour

plot of Pplate as a function of Kh1 and d1/h1 is provided in Fig. 4.8(b). It is found that the

resonances in the power extraction Pplate by the piezoelectric plate occur for intermediate and

higher values of wavenumber Kh1 when the piezoelectric plate is placed near to the mean free

surface z = 0.

In Figs. 4.9(a) and (b), the variation of the power extraction Pplate by the piezoelectric plate is

plotted as a function of wavenumber Kh1 for the various number of ripples m, and the ripple

amplitude a1/h1 of the sinusoidally varying bed profile, respectively. In both the figures, it is

observed that the resonances in the power extraction Pplate curve occur for the same wavenumber

Kh1 irrespective of the variation in the number of ripples m and the ripple amplitude a1/h1.

This happens due to the fact that the natural frequency of the piezoelectric plate does not alter

with the variations in the parameters associated with the seabed profiles. Further, it is noticed

that the height of the resonating peaks in the power extraction Pplate increases as the number of

ripples m decreases. In Fig. 4.9(b), it is seen that the amplitude of the resonances in the power

extraction Pplate increases with an increase in ripple amplitude a1/h1 within a certain range of

incident wavenumbers Kh1. This phenomenon happens as the ripple amplitude a1/h1 of the

undulated seabed increases, and the distance between the submerged piezoelectric plate and

undulated seabed decreases. As a result, undulated seabed significantly influences the power

extraction Pplate by the piezoelectric plate.
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Figure 4.10: (a) variation of PTotal vs Kh1 for various b/h1, and (b) contour plot of PTotal as
a function of Kh1 and b/h1.
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Figure 4.11: (a) variation of PTotal vs Kh1 for various d2/h1, and (b) contour plot of PTotal

as a function of Kh1 and d2/h1.

4.5.4 Results associated with the hydrodynamic performance of hybrid wave

energy converter device consists of piezoelectric plate (fixed edges) and

OWC device

Fig. 4.10(a) illustrates the e↵ect of various chamber width b/h1 on the power extraction PTotal

by the hybrid wave energy converter device consisting of a piezoelectric plate and the OWC

device. The overall pattern of the power extraction PTotal curve, as shown in Fig. 4.10(a) is

similar to the observation as seen in Fig. 4.4(a). A comparison between Figs. 4.10(a) and 4.4(a)

reveal that the power extraction PTotal by the hybrid wave energy converter device is more as

compared to the power extraction POWC by the OWC device. The reason for the same is that

some parts of the wave energy are absorbed by the piezoelectric plate in addition to the OWC
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Figure 4.12: Variation of PTotal vs Kh1 for various (a) m, and (b) a1/h1.
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Figure 4.13: (a) variation of PTotal vs Kh1 for various l1/h1, and (b) contour plot of PTotal

as a function of Kh1 and l1/h1.

device. As a result, the power extraction PTotal by the hybrid wave energy converter device is

higher than the solely placed OWC device. To analyze the e↵ect of the wavenumber Kh1 and

the chamber width b/h1 of the OWC device on the power extraction PTotal, a contour plot of

PTotal as a function of Kh1 and b/h1 is provided in Fig. 4.10(b). It is found that the power

extraction PTotal by the hybrid wave energy converter device is higher for moderate and larger

values of the chamber width b/h1 in the long wave and intermediate wave regimes. A comparison

of Fig. 4.10(b) with Figs. 4.4(b) and 4.7(b) reveal that the power extraction PTotal by the

hybrid wave energy converter device is higher for a wider range of incident wave number Kh1 as

compared to the cases of solely present OWC device and piezoelectric plate. This happens due

to the occurrences of multiple resonances in the PTotal curve when both the OWC device and

piezoelectric plate are present. This particular result clearly demonstrates the e↵ectiveness of

the hybrid wave energy converter device over the standalone OWC and piezoelectric plate.
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Figs. 4.11(a) and (b) depict the e↵ect of the submergence depth d2/h1 of the front wall of

the OWC device on the power extraction PTotal by the hybrid wave energy converter device

consisting of a piezoelectric plate and the OWC device. The overall resonating pattern of the

power extraction PTotal by the hybrid wave energy converter device due to the variation in

wavenumber Kh1 as shown in Fig. 4.11(a) is similar in nature to that of Fig. 4.5(a). Further,

careful observation reveals that the number of resonating peaks in the power extraction PTotal

curve is more as compared to the power extraction POWC in Fig. 4.5(a). The reason for the

same is that multiple resonances occur in the power extraction PTotal due to the combined e↵ect

of the OWC device and the piezoelectric plate. A comparison between Figs. 4.11(a) and 4.5(a)

reveals that the power extraction PTotal by the hybrid wave energy converter device is more as

compared to the power extraction POWC by the standalone OWC device. The reason for the

same is already provided in the discussion of Fig. 4.10(a). In Fig. 4.11(b), the contour plot of

the power extraction PTotal by the hybrid wave energy converter device is plotted as functions

of the incident wavenumber Kh1 and submergence depth d2/h1 of the front wall of the OWC

device. It is clearly seen that the hybrid wave energy converter device generates a higher amount

of wave power PTotal for a wider range of frequencies Kh1 and submergence depth d2/h1 as

compared to the cases of standalone OWC device and piezoelectric plate.

The e↵ect of the sinusoidally varying bottom undulation on the power extraction PTotal by the

hybrid wave energy converter device is demonstrated in Figs. 4.12(a) and 4.12(b). Fig. 4.12(a)

depicts that the power extraction PTotal by the hybrid wave energy converter device varies

significantly due to the variation in the number of ripples m of the seabed. In addition, the

resonating peak amplitude in the PTotal curve is higher for the number of ripples m = 3. On the

other hand, in Fig. 4.12(b), it is noticed that the ripple amplitude a1/h1 of the undulated seabed

significantly influences the power extraction PTotal by the hybrid wave energy converter device

in the long wave regime. The reason for the same is provided in the discussion of Fig. 4.6(b).

In Fig. 4.13(a), the variation of the power extraction PTotal by the hybrid wave energy converter

device consisting of a piezoelectric plate and the OWC device is plotted as a function of incident

wavenumber Kh1 for various values of plate length l1/h1 of the piezoelectric plate. It is to

be noted that the overall resonating pattern of Fig. 4.13(a) is similar to that of Fig. 4.10(a).

Further, it is found that the number of resonating peaks in the power extraction PTotal increases,

and the amplitude of the resonating peaks reduces gradually as the plate length l1/h1 of the

piezoelectric plate increases. A similar observation was found in Fig. 4.7(a). The reason for this

phenomenon is already mentioned in the discussion of Fig. 4.7(a). A comparison between Figs.

4.13(a) and 4.7(a) reveal that the power extraction PTotal by the hybrid wave energy converter

device is significantly higher as compared to the power extraction Pplate by the piezoelectric

plate. The reason behind this phenomenon is that a major part of the incident wave energy that

the piezoelectric plate is not able to capture can be captured by the OWC device. As a result,

the hybrid wave energy converter device extracts more power as compared to the standalone
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piezoelectric plate. To demonstrate the e↵ect of the wavenumber Kh1 and the plate length l1/h1

of the piezoelectric plate on the power extraction PTotal by the hybrid wave energy converter

device, a contour plot of PTotal as functions of Kh1 and l1/h1 is provided in Fig. 4.13(b). A

comparison between Figs. 4.13(b), and 4.7(b) depicts that the power extraction PTotal by the

hybrid wave energy converter device having small plate length l1/h1 is more for smaller and

moderate wavenumber Kh1.
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Figure 4.14: (a) variation of PTotal vs Kh1 for various d1/h1, and (b) contour plot of PTotal

as a function of Kh1 and d1/h1.

Fig. 4.14(a) illustrates the variation of the power extraction by the hybrid wave energy converter

device PTotal as a function of incident wavenumber Kh1 for various values of submergence depth

d1/h1 of the piezoelectric plate. The overall pattern of the power extraction curve PTotal as seen

in Fig. 4.14(a) is similar in nature to that of Fig. 4.11(a). Further, it is seen that the amplitude

of the resonance in the power extraction PTotal by the hybrid wave energy converter device is

higher when the piezoelectric plate is situated near the free surface z = 0. The reason for the

same is already provided in the discussion of Fig. 4.8(a). A comparison between Figs. 4.14(a)

and 4.8(a) reveal that the power extraction PTotal by the hybrid wave energy converter device is

significantly higher as compared to the power extraction Pplate by the standalone piezoelectric

plate. The reason for the same is already provided in the discussion of Fig. 4.13(a). In Fig.

4.14(b), the contour plot of the power extraction PTotal by the hybrid wave energy converter

device is plotted as functions of the incident wavenumber Kh1 and submergence depth d1/h1 of

the piezoelectric plate. It is seen that the hybrid wave energy converter device extracts a higher

amount of wave power PTotal for long and intermediate wave regimes when the submergence

depth d1/h1 is smaller as compared to the cases of the isolated OWC devices and piezoelectric

plates.

In Fig. 4.15(a), the variation of the power extraction PTotal by the hybrid wave energy converter

is plotted as a function of wavenumber Kh1 for various gap length between the piezoelectric
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Figure 4.15: (a) variation of PTotal vs Kh1 for various gp/h1, and (b) contour plot of PTotal

as a function of Kh1 and gp/h1.

plate and the OWC device gp/h1. The overall pattern of the power extraction PTotal curve as

shown in Fig. 4.15(a) is similar to the observation as seen in Fig. 4.14(a). It is demonstrated

that the resonances in the power extraction PTotal curve occur for the same wavenumber Kh1

irrespective of the variation in the gap length between the piezoelectric plate and the OWC

device. This happens due to the fact that the natural frequency of the piezoelectric plate does not

alter with the variations in the gap length between the piezoelectric plate and the OWC device.

Further, it is observed that the amplitude of the resonating peaks is higher for smaller values

of gp/h1. The reason for the same is that as the gap length gp/h1 between the piezoelectric

plate and the OWC device increases, the higher amount of incident wave energy is absorbed by

the piezoelectric plate, and a tranquility zone will be created in between the piezoelectric plate

and the OWC device. As a result, the amplitude of the power extraction PTotal curve decreases

with an increase in gap length gp/h1. To illustrate the e↵ect of the wavenumber Kh1 and the

gap length gp/h1 on the power extraction PTotal by the hybrid wave energy converter device, a

contour plot of PTotal as functions of Kh1 and gp/h1 is provided in Fig. 4.15(b). It is noticed

that the power extraction PTotal by the hybrid wave energy converter device is higher in the

long wave and intermediate wave regimes irrespective of the variation in gap length gp/h1.

4.5.5 Results associated with the hydrodynamic performance of the piezo-

electric plate having seaside free edge and shore side fixed edge

In Fig. 4.16(a), the variation of the power extraction Pplate by the piezoelectric plate vs the

non-dimensional wave number Kh1 is plotted for various plate length l1/h1 of the piezoelectric

plate. The associated surface plot is provided in Fig. 4.16(b). The overall pattern of the Pplate

curve in Fig. 4.16 is the same as in Fig. 4.7. A comparison between Figs. 4.16 and 4.7 reveal
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Figure 4.16: (a) variation of Pplate vs Kh1 for various l1/h1, and (b) contour plot of Pplate as
a function of Kh1 and l1/h1.
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Figure 4.17: (a) variation of Pplate vs Kh1 for various d1/h1, and (b) contour plot of Pplate as
a function of Kh1 and d1/h1.

that the number of resonating peaks is higher when the front edge of the piezoelectric plate

is free. This is due to the reason that the more the plate edges are constrained, the sti↵ness

of the plate increases. Consequently, the resonance occurs at larger wave frequencies. Similar

results were reported in Zheng et al. [71]. On the other hand, the amplitudes of the resonating

peaks Pplate are higher for a piezoelectric plate having a fixed seaside edge as compared to a free

seaside edge.

Fig. 4.17(a) demonstrates the variation of the power extraction Pplate by the piezoelectric plate vs

the non-dimensional wave number Kh1 for various submergence depth d1/h1 of the piezoelectric

plate. The associated surface plot is provided in Fig. 4.17(b). The overall pattern of Fig. 4.17 is

similar to that of Fig. 4.8. A comparison between Figs. 4.17 and 4.8 reveals that the number of
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resonating peaks is higher when the front edge of the piezoelectric plate is free. Whereas the

amplitude of the resonating peaks Pplate is higher for a piezoelectric plate having a fixed seaside

edge as compared to a free seaside edge. A similar observation was reported in Vipin and Koley

[72].

The variation of the power extraction Pplate as a function of wavenumber Kh1 for various ripples

number m and ripple amplitude a1/h1 is similar in nature to that of Fig. 4.9 and therefore, the

same are deferred here.

4.5.6 Results associated with the hydrodynamic performance of hybrid wave

energy converter device consists of piezoelectric plate (fixed edge near

to the OWC device and seaside free edge) and OWC device
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Figure 4.18: (a) variation of PTotal vs Kh1 for various b/h1, and (b) contour plot of PTotal as
a function of Kh1 and b/h1.

Fig. 4.18(a) illustrates the e↵ect of various chamber widths b/h1 on the power extraction PTotal

by the hybrid wave energy converter device consisting of a piezoelectric plate and the OWC

device. The surface plot of PTotal as functions of b/h1 and Kh1 is provided in Fig. 4.18(b).

The overall pattern of the power extraction PTotal curve as shown in Fig. 4.18 is similar to the

observation as seen in Fig. 4.10. A comparison between Figs. 4.18(a) and 4.10(a) reveals that

for a wider range of wave frequencies, the power extraction PTotal by the hybrid wave energy

converter device is more when the seaside edge of the piezoelectric plate is fixed as compared to

the case when the seaside edge of the piezoelectric plate is free. Similar observations are seen

when Fig. 4.19 is compared with Fig. 4.11.

In Fig. 4.20(a), the variation of the power extraction PTotal by the hybrid wave energy converter

device is plotted as a function of incident wavenumber Kh1 for various values of plate length

l1/h1 of the piezoelectric plate. The associated surface plot is provided in Fig. 4.20(b). It is
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Figure 4.19: (a) variation of PTotal vs Kh1 for various d2/h1, and (b) contour plot of PTotal

as a function of Kh1 and d2/h1.
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Figure 4.20: (a) variation of PTotal vs Kh1 for various (a) l1/h1, and (b) contour plot of PTotal

as a function of Kh1 and l1/h1.

to be noted that the overall resonating pattern of Fig. 4.20 is similar to that of Fig. 4.13. A

comparison between Figs. 4.20 and 4.13 show that the power extraction PTotal by the hybrid

wave energy converter device having fixed edges of the piezoelectric plate is significantly higher

as compared to the power extraction PTotal by the hybrid wave energy converter device when

the front edge of the piezoelectric plate is free.

In Figs. 4.21(a) and (b), the line and surface plots of the power extraction PTotal for various

wavenumber Kh1 and plate submergence depth d1/h1 are provided. The overall pattern of Fig.

4.21 is similar to that of Fig. 4.14 except the fact that the power extraction PTotal by the hybrid

wave energy converter device having fixed edges of the piezoelectric plate is higher as compared

to the power extraction PTotal by the hybrid wave energy converter device when the front edge
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Figure 4.21: (a) variation of PTotal vs Kh1 for various (a) d1/h1, and (b) contour plot of
PTotal as a function of Kh1 and l1/h1.
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Figure 4.22: (a) variation of PTotal vs Kh1 for various (a) gp/h1, and (b) contour plot of
PTotal as a function of Kh1 and gp/h1.

of the piezoelectric plate is free. A similar observation is reported while comparing Figs. 4.22

with 4.15.

4.5.7 Summary comparison among standalone OWC, piezoelectric plate and

the hybrid device

In the present section, a summary comparison of the power extraction by the standalone OWC,

piezoelectric plate, and the hybrid device is provided. All the aforementioned figures show that

the power extraction PTotal by the hybrid device is higher than the power extraction by the

standalone OWC device POWC and the standalone piezoelectric plate Pplate. A closer looks

reveal that the PTotal is significantly higher than Pplate throughout the entire range of wave
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numbers. In addition, the maximum PTotal value is slightly higher than the maximum POWC

value. However, the number of resonating peaks in the PTotal curve is considerably higher than

the number of resonating peaks in the POWC curve. This demonstrates that the present hybrid

wave energy converter device can extract a significantly higher amount of wave power PTotal

for a wider range of incident wave frequencies as compared to the standalone OWC device.

The higher number of resonating peaks in the Pplate curve results in a higher number of peaks

in the PTotal curve. In summary, the OWC device enhances the maximum power extraction,

and the presence of a piezoelectric plate results in a higher number of resonating peaks in the

PTotal curve. Therefore, the main advantage of using a hybrid wave energy converter device over

a standalone OWC device and the piezoelectric plate is that the proposed hybrid device can

generate maximum power for a wider range of incident wave frequencies and therefore is suitable

for locations having broadband incident wave spectrum.

4.6 Time-dependent simulations

For time-dependent simulations, the method proposed in Perez and Blanke [131] is used. For

the present problem, the Bretschneider Spectrum is considered as the incident wave spectrum

(see Lewandowski [132] for details). This spectrum is represented as the following

Sinc(!) = 0.3125
!
4
m

!5
H

2
1/3 exp

✓
�1.25

⇣
!m

!

⌘4◆
, (4.38)

where H1/3 and !m represent the significant wave height and modal frequency, respectively, which

depend on the sea states. The reason to choose the Bretschneider spectrum is that this spectrum

is the most widely used spectrum in the marine environment and is often used to represent the

wave climate in the nearshore regions (Lewandowski [132]). For the present time-dependent

simulations, sea state 3 is considered for which !m = 0.837 (most probable) and H1/3 = 0.875m

(Koley [133]). Firstly, the frequency range associated with the incident wave spectrum is

partitioned into N subintervals, and the average frequencies !n within each subinterval are

calculated. For each wave component !n, the incident wave amplitude is determined using the

following formula

An =
p
2 Sinc (!n) �!n, (4.39)

where �!n is the bandwidth of each aforementioned subintervals. The detailed procedure is

provided in Koley [133], and the same is deferred here. Now, the free surface elevation and the

plate deflection are represented as the following (Perez and Blanke [131])

⇣̃(x, t) =
NX

n=1

<

n
⇣n (x,!n) e

�i(!nt+✓n)
o
, (4.40)
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Figure 4.23: Variation of the free surface displacement ⇣̃(x, t) (blue lines) and plate displacement
⇣̃(x, t) (red lines) versus x at various time t (a) t = 2 s, (b) t = 5 s, (c) t = 10 s, and (d) t = 15 s .
Here the phase angle is taken zero. The evolution is also shown as an animation in the Multimedia
file (Fig 15.mp4). Multimedia view: https://github.com/santanukoley/Movie-Files.git

where the phase ✓n is chosen to be a random variable having uniform distribution on the interval

[�⇡ ⇡]. To generate the time domain simulation as given in Eq. (4.40), ⇣n (x,!n) is calculated

using the procedure as mentioned in Sections 4.2-4.3 for each incident wave component (An, !n).

Figs. 4.23 and 4.24 show the time-dependent motion of the free surface displacement ⇣̃(x, t)

(blue lines) and piezoelectric plate displacement ⇣̃(x, t) (red lines) at various instant of time. The

associated movie files are provided in https://github.com/santanukoley/Movie-Files.git.

It is to be noted that in Fig. 4.23, the phase angle is considered as ✓n = 0� and in Fig. 4.24, the

phase angle is varied according to the formulae provided in Eq. (4.40). The figures demonstrate

that the short-crested oscillations occur in the plate due to the presence of short-crested and

weakly damped progressive waves as reported by Renzi [4], Zheng et al. [71]. The e↵ect of

reflected waves by the OWC device and the plate is also clearly visible in Figs. 4.23 (c)-(d).

Further, due to phase angle, the incident wave amplitude diminishes significantly, and the same

https://github.com/santanukoley/Movie-Files.git
https://github.com/santanukoley/Movie-Files.git
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Figure 4.24: Variation of the free surface displacement ⇣̃(x, t) (blue lines) and plate displacement
⇣̃(x, t) (red lines) versus x at various time t (a) t = 2 s, (b) t = 5 s, (c) t = 10 s, and
(d) t = 15 s . Here the phase angle is varied according to Eq. (4.40). The evolution is
also shown as an animation in the Multimedia file (Fig 16.mp4). Multimedia view: https:

//github.com/santanukoley/Movie-Files.git

is observed in Fig. 4.24. In addition, it is seen that the piezoelectric plate is able to capture the

incident wave energy for a very long period of time. These particular phenomena are also visible

in Figs. 4.25(a) and (b).

In Figs. 4.26(a)-(d), the instantaneous power extraction PTotal by the hybrid wave energy

converter device is provided for various values of chamber width b/h1. It is seen that the higher

resonating peaks in the instantaneous power extraction PTotal occur nearly at the same time,

irrespective of variations in chamber width b/h1.

https://github.com/santanukoley/Movie-Files.git
https://github.com/santanukoley/Movie-Files.git
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Figure 4.25: Variation of the instantaneous reflection coe�cient Kr for the case when (a)
phase angle is taken zero, and (b) phase angle is varied according to Eq. (4.40).

4.7 Optimization of various parameters associated with the hy-

brid wave energy converter device and seabed

Level 1 (min) Level 2 (max)

Parameter 1 OWC chamber width (b/h1) 1.0 2.5
Parameter 2 OWC front wall draft (d2/h1) 0.2 0.5
Parameter 3 Plate length (l1/h1) 1.0 4.0
Parameter 4 Plate draft (d1/h1) 0.1 0.5
Parameter 5 Gap length (gp/h1) 0.1 1.0
Parameter 6 Ripples number (m) 3.0 9.0
Parameter 7 Ripple amplitude (a1/h1) 0.1 0.25

Table 4.1: Taguchi method parameters.

System Parameter 1 Parameter 2 Parameter 3 Parameter 4 Parameter 5 Parameter 6 Parameter 7
b/h1 d2/h1 l1/h1 d1/h1 gp/h1 m a1/h1

1 1.0 0.2 1.0 0.1 0.1 3.0 0.1
2 1.0 0.2 1.0 0.5 1.0 9.0 0.25
3 1.0 0.5 4.0 0.1 0.1 9.0 0.25
4 1.0 0.5 4.0 0.5 1.0 3.0 0.1
5 2.5 0.2 4.0 0.1 1.0 3.0 0.25
6 2.5 0.2 4.0 0.5 0.1 9.0 0.1
7 2.5 0.5 1.0 0.1 1.0 9.0 0.1
8 2.5 0.5 1.0 0.5 0.1 3.0 0.25

Table 4.2: Taguchi method L8 matrix.

The present section provides the detailed optimization procedure to analyze the e↵ect of shape

parameters associated with the piezoelectric plate and OWC device, and seabed parameters on

the power extraction PTotal by the hybrid wave energy converter device, resonance frequency,

and bandwidth. In the present section, the Taguchi method is employed to optimize seven

parameters: OWC chamber width, OWC front wall draft, piezoelectric plate length and draft,

gap length between the OWC device and the piezoelectric plate, ripples number and ripple

amplitude of the sinusoidally varying seabed to get maximum power, resonating frequency in the
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System Max Power Resonance frequency Half power bandwidth Modified bandwidth
(kW/m) (rad/s) (rad/s) (rad/s)

1 15.613 1.2425 0.4095 0.9368
2 8.576 0.7925 0.6560 0.6560
3 10.149 0.5465 0.2490 0.3573
4 9.852 0.6695 0.3675 0.3975
5 10.173 0.6155 0.4035 0.4915
6 10.323 0.5015 0.4055 0.4855
7 15.252 0.5495 0.1545 0.3445
8 17.135 0.5615 0.0365 0.1760

Table 4.3: Output performance attributes of the 8 systems.

close proximity of !m = 0.837 and maximum bandwidth. It is to be noted that the incident wave

spectrum and associated parameters are taken the same as Eq. (4.38). Our aim is to get the

appropriate combination of parameters that yields the maximum power at operating frequency

in the close proximity of !m = 0.837 and with an acceptable bandwidth.

Tab. 4.1 presents the di↵erent parameters studied by the Taguchi method. The minimum and

maximum values of each parameter are provided in Levels 1 and 2, respectively. These minimum

and maximum values are in line with the values provided in Section 4.5. Tab. 4.2 provides the

Taguchi method L8 matrix in which the columns represent every parameter and value associated

with their levels. Further, every row of this L8 matrix combines di↵erent parameters and the

values associated with their levels which represent a standalone system. Therefore, every row

provides the values of the device and seabed parameters. The detailed procedure is provided in

Al Shami et al. [93], Bao et al. [94]. Here, the simulations are carried out for these eight di↵erent

systems by considering the incident wave spectrum 4.38. In all the simulations, the incident

wave frequency range is considered as 0.5  !  2.0, which covers more than 90% area under the

spectrum 4.38 about the most probable frequency !m = 0.837. From the aforementioned carried

simulations, Tab. 4.3 is constructed, which provides maximum power, resonance frequency, and

bandwidth associated with each of the eight systems. The bandwidth (fourth column of Tab.

4.3) is calculated from the frequency range where the generated power PTotal is more than 50%

of the maximum power. This bandwidth is also termed as half power bandwidth in the literature

(see Al Shami et al. [93] for details). It is seen from Tab. 4.3 that Systems 1, 7, and 8 produce

the highest maximum power. However, the resonating frequency is quite far from the most

probable incident wave frequency !m = 0.837. In addition, the bandwidth for system 1 is quite

larger than the bandwidth of systems 7 and 8. On the other hand, system 2 is having resonating

frequency 0.7925, which lies in the close proximity of !m = 0.837 and also has larger bandwidth.

However, the maximum power is the lowest among all the eight systems. Therefore, we need

to further investigate Systems 1, 2, 7, and 8 to get an optimized system. In this regard, the

modified bandwidth is calculated from the frequency range where the generated power PTotal is

more than 50% of the maximum power associated with system 2. The modified bandwidth is
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presented in the fifth column of Tab. 4.3, which shows that system 1 bandwidth is the maximum

among all the eight systems. To get a comparison about the resonance frequency and bandwidth,

the power extraction PTotal is depicted in Fig. 4.27 as a function of incident wave frequency !

for systems 1, 2, 7, and 8. It is clearly seen in Fig. 4.27 that the power extraction PTotal and

bandwidth associated with system 1 are higher as compared to other systems around the most

probable frequency !m = 0.837. This concludes that system 1 is best suited at the locations

where the incident wave frequency follows 4.38 as this particular system extracts the highest

power PTotal around the most probable incident wave frequency !m = 0.837 and has the largest

bandwidth around !m = 0.837.

4.8 Shortcomings of the present study

The present study is based on linear water wave theory. In reality, the water flow around the

device may not be irrotational. The free surface elevations inside and outside of the device

are nonlinear in nature. Further, the turbulence and vortex shedding around the device will

certainly a↵ect the performance of the hybrid device. Due to these aforementioned e↵ects,

the present linear wave-structure interaction theory overestimates the power extraction by the

hybrid device (see Ning et al. [6], Ning et al. [134], Ning et al. [116]). However, the present

results can be used to design various parameters of the hybrid wave energy converter device at

the initial stages and also can be used to compare with CFD-based results for validation purposes.

4.9 Conclusions

The present study investigates the hydrodynamic performance of a hybrid wave energy converter

device consisting of a piezoelectric plate and the oscillating water column device in the frequency

domain as well as in the time-domain. A detailed comparison of the power extraction by the

present hybrid wave energy converter device with that of the standalone piezoelectric plate and

OWC device is studied. Further, a detailed optimization procedure based on the Taguchi method

is provided to analyze the e↵ect of shape parameters associated with the piezoelectric plate and

the OWC device and seabed parameters on the power extraction by the hybrid wave energy

converter device, resonance frequency, and bandwidth. The present study leads to the following

conclusions:

The power extraction by the hybrid wave energy converter device consisting of a piezo-

electric plate and OWC device is considerably higher than the power extraction by the
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standalone piezoelectric plate and OWC device for a wider range of incident wave frequen-

cies. Consequently, the present hybrid device is suitable in locations having broadband

incident wave spectrum.

Due to the occurrences of multiple resonances, the power extraction by the present hybrid

wave energy converter device is higher for moderate and larger values of the chamber width

in the long and intermediate wave regimes.

Irrespective of the front wall draft, the power extraction by the present hybrid device is

higher in the long-wave regime. In contrast, the power extraction decreases with an increase

in the front wall draft as the incident wavelength becomes shorter. Similar observations

are reported for the standalone OWC devices.

The power extraction by the present hybrid wave energy converter device is higher for

smaller plate lengths and smaller submergence depths of the piezoelectric plate. Similar

observations are reported in the power extraction by the standalone piezoelectric plate.

The ripple amplitude and the number of ripples of the sinusoidally varying seabed signifi-

cantly influence the power extraction by the hybrid wave energy converter. Similar results

are also reported for the standalone OWC devices and piezoelectric plates.

The power extraction by the hybrid wave energy converter device becomes higher when

the piezoelectric plate is placed in the closed proximity of the OWC device.

The amplitudes of the resonating peaks are higher for a piezoelectric plate having fixed

edges, and the number of resonating peaks is more when the seaside edge of the piezoelectric

plate is free.

The piezoelectric plate is able to capture the incident wave energy for an extended period

of time.

Based on the Taguchi method, System 1 is best suited at the locations where the incident

wave frequency follows the Bretschneider spectrum in terms of extracting the highest power

around the most probable incident wave frequency !m = 0.837 and associated largest

bandwidth.

In summary, it is concluded that the hydrodynamic performance of the present hybrid wave

energy converter device can be enhanced significantly with the appropriate combinations of

shape parameters associated with the OWC device, piezoelectric plate, and undulated seabed.
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Figure 4.26: Variation of the instantaneous power extraction PTotal for (a) b/h1 = 1.0, (b)
b/h1 = 1.5, (c) b/h1 = 2.0, and (d) b/h1 = 2.5.



Chapter 4. Hybrid wave energy converter device placed over an undulated seabed 128

0.5 1 1.5 2

2000

4000

6000

8000

10000

12000

14000

16000

18000

Figure 4.27: Optimized systems’ power extraction PTotal vs frequency ! based on Eq. (4.38).
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5.1 General introduction

The present study investigates the hydrodynamic performance of the two types of oscillating

water column wave energy converter devices, namely (i) INP (interface non-piercing) OWC

device and (ii) IP (interface piercing) OWC device placed over an undulated seabed in a two-layer

fluid system. The boundary element method is used to handle the associated boundary value

problems. Major emphasis is given to analyze the e�ciency of the OWC devices for various

values of incident wave parameters and shape parameters associated with the OWC devices

and undulated seabed. Further, the time-domain analysis is provided in which the free surface

and interface elevations are demonstrated for di↵erent instants of time. It is observed that the

e�ciency of both the OWC devices associated with the internal wave mode is highly oscillatory

and periodic in nature. Further, the resonating pattern in the e�ciency curve occurs due to the

exchange of wave energy between the surface and internal waves and also due to the multiple

resonances and near-resonance interactions of waves with the bottom ripples. Moreover, the

results show that the incoming wave energy associated with the internal wave mode is distributed

to cover a broadband spectrum, and consequently, the multiple resonances occur in the e�ciency

curve. In addition, air compressibility significantly influences the hydrodynamic e�ciency of the

OWC devices.

5.2 Mathematical Formulation

In this section, the mathematical formulation, i.e., the governing equations and associated

boundary conditions for the problem of water wave interaction with the interface non-piercing

(INP) OWC device, are provided. The geometric configurations of the INP OWC device are

provided in Fig. 5.1. The Cartesian coordinate system is considered with the vertical cross-section

of the OWC device lying in theXZ-plane. Here, the problem is studied in a two-layer fluid domain

with a mean free surface at z = 0 and interface at z = �h. The upper layer fluid domain having

fluid density ⇢1 occupies the region �1 < x < L,�h < z < 0, whereas the lower layer fluid

domain having fluid density ⇢2 (⇢1 < ⇢2) occupies the region �1 < x < L,�H(x) < z < �h.

In the case of the INP OWC device, the front wall doesn’t intersect the interface boundary

�1 < x < L, z = �h. The draft and thickness of the front wall of the OWC device are a and

d, respectively. Further, the chamber width of the OWC device is b, and the rear wall of the

device is situated at x = L. The OWC device is placed over an undulated sea bed z = �H(x).

The undulated seabed is finitely extended as shown in Fig. 5.1. In addition, a Wells turbine is

positioned at the top of the OWC device chamber, which converts the ocean energy into electricity

(see Trivedi and Koley [125]). Due to the presence of OWC device, the total free surface is

divided into two regions: (i) internal free surface �4 and (ii) external free surface �8 occupy the

regions �4 = {(x, z) : z = 0;L � b < x < L}, and �8 = {(x, z) : z = 0;�1 < x < L � b � d}
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respectively. Further, the seabed is rigid and impenetrable in nature. Moreover, the immersed

boundaries of the front wall of the OWC device are represented by �5 [ �6 [ �7. Here, the

total fluid domain is divided into two regions R1 (upper layer fluid) and R2 (lower layer fluid)

respectively. Further, regions R1 and R2 are separated by an interface boundary �9. For the

modeling purpose, the water is assumed to follow the potential flow theory (see Babarit [123]

for detailed assumptions), and the motion is simple harmonic in time with angular frequency

�. Therefore, the total velocity potentials �j(x, z, t) = <{�j(x, z)e�i!t
} exist and satisfy the

Laplace equation
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Figure 5.1: Vertical cross section of the INP OWC device.
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The boundary condition at the mean free surface z = 0 is given by (see Evans and Porter [5]

and Koley and Trivedi [26] for details)

@�1

@n
�K�1 =

8
><

>:

i!p

⇢1g
, on �4,

0, on �8,

(5.2)

whereK = !
2
/g, with g being the gravitational acceleration. Here, @/@n represents the derivative

in the normal direction. Now, the boundary condition on the impentrable bottom �2 is given by

@�2

@n
= 0, on z = �H(x), (5.3)
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where H(x) represents the bottom profile

H(x) =

8
>>><

>>>:

H1, x < 0,

H̃(x), 0 < x < L,

H2, x = L.

(5.4)

Here, H̃(x) yields the undulated bottom profile. Further, the no flow condition on the rear side

wall of the OWC and the submerged boundaries of the front wall of the OWC device is given by

8
>><

>>:

@�1

@n
= 0, on �31 [ �5 [ �6 [ �7,

@�2

@n
= 0, on �32.

(5.5)

The linearized boundary conditions at the mean interface boundary z = �h are given by

8
>>><

>>>:
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����
z=�h+

= �
@�2

@n

����
z=�h�
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s
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�K�1

◆����
z=�h+

= �

✓
@�2

@n
+K�2

◆����
z=�h�

, on �9,

(5.6)

where s = ⇢1/⇢2. Now, the total velocity potential �j (j = 1, 2) is splitted into two parts as

mentioned in Evans and Porter [5], and the same is given by

�j = �
S
j +

✓
i�p

⇢1g

◆
�
R
j , for j = 1, 2. (5.7)

Here, �Sj and �Rj are termed as the scattered and radiated velocity potentials respectively for

regions Rj (j = 1, 2). Moreover, the scattered velocity potential can be separated into the

di↵racted potential  D
j and incident potential  I

j for j = 1, 2 (see Koley and Trivedi [26] and

Evans and Porter [5] for details). Now,  S,R
1 satisfies the Eqs. (5.1), (5.2), (5.5), and (5.6). On

the other hand, �S,R2 satisfies the Eqs. (5.1), (5.3)-(5.6) with the following changes in Eq. (5.2)

and (5.6) as given by

@�
S
1

@n
�K�

S
1 = 0, on �4 [ �8,

@�
R
1

@n
�K�

R
1 =

8
<

:
1, on �4,

0, on �8,

(5.8)
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When the incident wave contains the wave number kI , the far-field boundary conditions are

given by (Panda and Martha [85])

8
<

:
�
S
j (x, z) = e

ikIx I(kI , z) +A
S
I,Ie

�ikIx I(kI , z) +A
S
II,Ie

�ikIIx II(kII , z), as x ! �1,

�
R
j (x, z) = A

R
I,Ie

�ikIx I(kI , z) +A
R
II,Ie

�ikIIx II(kII , z), as x ! �1,

(5.10)

where j = 1, 2 correspond to the regions R1 and R2 respectively. Further, AS,R
I,I and A

S,R
II,I are

the coe�cients related to the amplitudes of the reflected and radiated waves for the wave modes

kI and kII respectively due to the incident wave mode kI . On the other hand, when the incident

wave contains the wave number kII , the far-field boundary conditions are given by

8
<

:
�
S
j (x, z) = e

ikIIx II(kII , z) +A
S
I,IIe

�ikIx I(kI , z) +A
S
II,IIe

�ikIIx II(kII , z), as x ! �1,

�
R
j (x, z) = A

R
I,IIe

�ikIx I(kI , z) +A
R
II,IIe

�ikIIx II(kII , z), as x ! �1.

(5.11)

Here, AS,R
I,II and A

S,R
II,II are the coe�cients associated with the amplitudes of the reflected and

radiated waves for the wave modes kI and kII respectively due to the incident wave mode kII .

In Eqs. (5.10) and (5.11), the expressions for the vertical eigenfunctions  n(kn, z) for n = I, II

are given by

 n(kn, z) =

8
><

>:

N
�1
n sinh kn(H1 � h){kn cosh knz +K sinh knz}

K cosh knh� kn sinh knh
, for � h < z < 0,

N
�1
n cosh kn(z +H1), for �H1 < z < �h.

(5.12)

Here, kn satisfies the dispersion relation

G(k) ⌘ (1� s)k2+K
2
{s+coth k(H1�h) coth kh}�kK{coth kh+coth k(H1�h)} = 0. (5.13)

It is to be noted that the dispersion relation in Eq. (5.13) have two positive real roots kn = kI , kII

(0 < kI < kII), and infinite number of imaginary roots of the form ipn for n � 1. For each K

and s, these two positive real roots kn = kI , kII give rise to two di↵erent propagating wave

modes. These two wavenumbers present on both the free surface and the interface. The smaller

wavenumber kI is referred to as the surface-wave mode and the larger wavenumber kII is referred

to as the internal-wave mode. For ⇢1 ! ⇢2, i.e., for s ! 1 and h ! H1 simultaneously, the

dispersion relation Eq. (5.13) reduces to the usual dispersion relation for a single-layer fluid case.

The vertical eigenfunctions  n(kn, z) for n = I, II in Eq. (5.12) are orthonormal with respect to

the inner product

h n, mi =

Z �h

�H1

 n(z) m(z)dz + s

Z 0

�h
 n(z) m(z)dz = �nm, (5.14)
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where �nm is the Kronecker delta function, and the expression for Nn is given by

N
2
n =

s sinh2 kn(H1 � h)

4kn (K cosh knh� kn sinh knh)
2

�
K

2 (sinh 2knh� 2knh) + k
2
n (2knh+ sinh 2knh)� 2Kkn (cosh 2knh� 1)

 

+
{2(H1 � h)kn + sinh 2kn(H1 � h)}

4kn
. (5.15)

5.3 Solution methodology based on BEM

In the present section, the boundary element-based solution technique is used to solve the BVP

(boundary value problem) described in Section 5.2. In this solution procedure, firstly, we convert

the BVP associated with the scattered velocity potential �Sj and radiated velocity potential �Rj

into the Fredholm integral equations. Further, the boundary element method is used to convert

these Fredholm integral equations into a system of linear algebraic equations. Initially, we will

discuss the method of solution for the scattering problem �
S
j in both the regions R1 and R2, and

subsequently, the same is discussed for the radiation problem �
R
j for j = 1, 2.

Now, applying Green’s second identity to the velocity potential �S,Rj (x, z) (j = 1, 2) and the free

space Green’s function G(x, z;x0, z0), the following integral equation is obtained (see Katsikadelis

[112] for detailed derivation)

↵

2⇡
�
S,R
j (x0, z0) =

Z

�

"
�
S,R
j (x, z)

@G

@n
(x, z;x0, z0)�G(x, z;x0, z0)

@�
S,R
j

@n
(x, z)

#
d�(x, z). (5.16)

Here, (x0, z0) and (x, z) are the source and field points respectively. It is to be noted that

the fundamental solution G(x, z;x0, z0) as in Eq. (5.16) satisfies the governing equation (see

Katsikadelis [112] and Behera et al. [75] for details)

✓
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@x2
+

@
2

@z2

◆
G(x, z;x0, z0) = �(x� x0)�(z � z0), (5.17)

and takes the form

G(x, z;x0, z0) =
1

2⇡
ln(r̃),where r̃ =

p
(x� x0)2 + (z � z0)2. (5.18)
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Now, applying the boundary conditions (5.5), (5.6), and (5.8)-(5.10) into Eq. (5.16), the following

integral equation is derived for the scattered potential �S1 in region R1 as
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Here, �I(x, z) = e
ikIx I(kI , z) represents the velocity potential corresponds to the incident waves

containing the wavenumber kI . Similarly, using the boundary conditions (5.3)-(5.6), (5.9), and

(5.10) into Eq. (5.16), we get

�
1

2
�
S
2 +

Z

�12

✓
@G

@n
� ikIG

◆
�
S
2 d�+

Z

�2[�32

@G

@n
�
S
2 d�+

Z

�9

✓
�
S
2
@G

@n
+G

@�
S
1

@n

◆
d�

=

Z

�12

✓
@�

I
2

@n
� ikI�

I
2

◆
Gd�. (5.20)

In a similar manner, using the boundary conditions (5.5), (5.6), and (5.8)-(5.10) into Eq. (5.16),

the following integral equation is obtained for radiated potential �R1 in region R1 as

�
1

2
�
R
1 +

Z

�11

✓
@G

@n
� ikIG

◆
�
R
1 d�+

Z

�9

✓
@�

R
1

@n

✓
1� s

sK

◆
@G

@n
�G

�
+

1

s
�
R
2
@G

@n

◆
d�

+

Z

�31

@G

@n
�
R
1 d�+

Z

�4

✓
@G

@n
�KG

◆
�
R
1 d�+

Z

�5[�6[�7

@G

@n
�
R
1 d�

+

Z

�8

✓
@G

@n
�KG

◆
�
R
1 d� =

Z

�4

Gd�. (5.21)

Likewise, applying the boundary conditions (5.3)-(5.6), (5.9) and (5.10) into Eq. (5.16), the

following intergral equation is obtained for the radiated potential �R2 in region R2 as
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In a similar manner, using the boundary conditions (5.3)-(5.11) into Eq. (5.16), we can get

the Fredholm integral equations for the velocity potentials �S,Rj associated with the incident

waves containing the wavenumber kII . Now, Eqs. (5.19)-(5.22) are converted into a system

of equations using the boundary element method (see Katsikadelis [112] for details). In this

approach, the boundaries of each region Rj for j = 1, 2 are discretized into a large number of line

segments and the values for �S,Rj and their normal derivatives @�S,Rj /@n are linearly varying over

each segment. With these assumptions, the discretized form of the integral Eqs. (5.19)-(5.22)
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are given by
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where
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(5.27)
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are termed as influence coe�cients, and the expressions for ĥ
ij
m and ĝ

ij
m (m = 1, 2) as in Eq.

(5.27) are evaluated using the following formulae

ĥ
ij
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lj

4

Z 1
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@G
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(x(⇠), z(⇠);xi, zi) (1�⌥) d⇠, (5.28)

ĥ
ij
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(x(⇠), z(⇠);xi, yi) (1 +⌥) d⇠, (5.29)

ĝ
ij
1 =

lj

4

Z 1

�1
G (x(⇠), z(⇠);xi, zi) (1�⌥) d⇠, (5.30)

ĝ
ij
2 =

lj

4

Z 1

�1
G (x(⇠), z(⇠);xi, zi) (1 +⌥) d⇠. (5.31)

Here, lj is the length of the boundary element �j . The influence coe�cients as in Eqs. (5.28)-

(5.31) are estimated analytically for i = j, i.e., when the source and field points lie on the same

boundary element. However, for i 6= j, the values of H ij and G
ij are calculated using Gauss

quadrature formula (see Katsikadelis [112] for details). Further, the point collocation method is

adopted in which the source point (x̃, z̃) runs over the midpoints of each boundary element. This

yields a system of linear algebraic equations and is solved using the Gauss elimination method to

obtain the unknown velocity potentials and their normal derivatives over each boundary element

(see Kar et al. [135] for details).

5.4 Mathematical formulation and solution methodology for

interface piercing (IP) OWC device

In this section, the mathematical formulation and solution methodology for the scattering and

radiation of water waves by the interface piercing OWC device are provided. The fluid domain is

divided into the three computational domains, namely regions R1, R2 and R3 as seen in Fig. 5.2.

Here, R1 and R3 correspond to the upper layer fluid domain outside and within the OWC device,

respectively. Further, the lower layer fluid domain in represented by R2. In the present interface

piercing case, the governing equation and boundary conditions remain same as the interface

non-piercing cases provided in Section 5.2 except the interface boundary conditions. Due to

the presence of interface piercing front wall, the total interface is divided into two boundaries:

(i) external interface boundary �91 = {(x, z) : z = �h,�l < x < L� b� d}, and (ii) internal

interface boundary �92 = {(x, z) : z = �h, L� b < x < L}. The linearized boundary conditions
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Figure 5.2: Vertical cross-section of the IP OWC device.

(5.6) at the mean interface boundary z = �h are rewritten as
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Now, the boundary conditions on the submerged boundaries of the front wall of the OWC device

are given by 8
>>>>>><

>>>>>>:

@�1

@n
= 0, on �71,

@�2

@n
= 0, on �52 [ �6 [ �72,

@�3

@n
= 0, on �51.

(5.34)

Now, proceeding in the same way as done before in Section 3, the Fredholm integral equations

for the velocity potentials �S,Rj , (j = 1, 2, 3) associated with the incident waves containing the
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wavenumber kI in regions Rj (j = 1, 2, 3) are given by
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5.5 Various parameters associated with the hydrodynamic per-

formance of the OWC device

Firstly, the expressions for various parameters associated with the performance and e�ciency

of the interface non-piercing OWC device discussed in Section 5.3 are provided. The average
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energy flux per unit length across a vertical cross-section is given by (see Koley and Trivedi [26]

for details)

Pw,j = EjCg,j , for j = I, II. (5.41)

Here, Pw,j and Cg,j for j = I, II are termed as the average energy fluxes and group velocities

correspond to the incident wave numbers kI and kII respectively. Now, the volume flow rate qj

for j = I, II across the internal free surface �4 can be expressed as

qj = q
S
j +

i!p

⇢1g
q
R
j , for j = I, II, (5.42)

with q
S
j and q

R
j being the volume flow rate across the internal free surface �4 associated with the

scattering and radiation problems respectively. Now, the volume flux q
R
j due to the radiation

potential can be decomposed into real and imaginary parts (see Evans and Porter [5] for details)

as the following
i!p

⇢1g
q
R
j =

⇣
iÃj � B̃j

⌘
p, for j = I, II, (5.43)

where Ãj and B̃j are termed as the radiation susceptance and radiation conductance parameters

associated with the wavenumbers kI and kII respectively. Now, Eq. (5.43) gives the expressions

for Ãj and B̃j as the following
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j
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j

 
, for j = I, II. (5.44)

To obtain an explicit expression for the radiation conductance parameter B̃j correspond to

the incident wave modes kI and kII , Green’s second identity is applied on �Rj and its complex

conjugate �
R
j over the domain bounded by �Rj for j = 1, 2 as follows
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Here, �R1 represents the total boundary of the closed domain R1 and is written as �R1 =

�11[�9[�31[�4[�5[�6[�7[�8. Further, the boundary �R2 composed of �R2 = �12[�2[�32[�9.

Here, there will be no contributions from the boundaries �31, �5, �6, �7, and �8. Now, summing

up all the contributions from the boundaries �11,�9 and �4, we get
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Similarly, in region R2, there are no contributions from the boundaries �2 and �32. The

contributions from the boundaries �12 and �9 are the following

Z

�9

 
�
R
2
@�

R
2

@n
� �

R
2
@�

R
2

@n

!
d�� 2ikI |A

R
I,I |

2
Z �h

�H1

 
2
I (kI , z) dz � 2ikII |A

R
II,I |

2
Z �h

�H1

 
2
II (kII , z) dz

�ikI
h
A

R
I,IA

R
II,Ie

i(kI�kII)x +A
R
II,IA

R
I,Ie

i(kII�kI)x
i Z �h

�H1

 I (kI , z) II (kII , z) dz

�ikII
h
A

R
II,IA

R
I,Ie

i(kII�kI)x +A
R
I,IA

R
II,Ie

i(kI�kII)x
i Z �h

�H1

 I (kI , z) II (kII , z) dz = 0. (5.47)

Now, multiplying (5.46) by s and added to (5.47), and using the interface boundary condition

as in Eq. (5.9) along with the inner product as in Eq. (5.14), the following expression is derived
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Similarly, when the incident wave contains the wave number kII , the expression for B̃II is

obtained as
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Now, to get the explicit expressions for the volume fluxes associated with the scattered potentials

q
S
j correspond to the incident wave modes kI and kII , Green’s second identity is employed on  R

1

and  S
1 over the domain bounded by �R1 as mentioned in (5.46). There will be no contributions

from the boundaries �31, �5, �6, �7, and �8. Now, summing up all the contributions from the

boundaries �11,�9 and �4, we get

Z

�9

 
�
R
1
@�

R
1

@n
� �

R
1
@�

R
1

@n

!
d��

sq
S

K

�2ikIA
R
I,I

Z 0

�h
 
2
I (kI , z) dz � i (kI + kII)A

R
II,Ie

i(kI�kII)x
Z 0

�h
 I (kI , z) II (kII , z) dz

�i (kI � kII)A
R
I,IA

S
II,Ie

�i(kI+kII)x
Z 0

�h
 I (kI , z) II (kII , z) dz

�i (kII � kI)A
R
II,IA

S
I,Ie

�i(kI+kII)x
Z 0

�h
 I (kI , z) II (kII , z) dz = 0. (5.50)



Chapter 5. Mathematical modeling of OWC devices in a two-layer fluid system 142

Similarly, in region R2, there are no contributions from the boundaries �2 and �32. The

contributions from the boundaries �12 and �9 are the following
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Now, multiplying (5.50) by s and added to (5.51), and using the interface boundary condition

as in Eq. (5.9) along with the inner product as in Eq. (5.14), the following expression for the

scattered volume flux q
S
I associated with the incident wave mode kI is derived as

q
S
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K

s
2ikIA
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I,I . (5.52)

Similarly, in the presence of incident wave mode kII , the expression for the scattered volume

flux q
S
II can be written as

q
S
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s
2ikIIA
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II,II . (5.53)

The average power absorbed Wj for j = I, II per unit width of the pressure distribution is given

by (see Koley and Trivedi [26] for details)

Wj =
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2
< {pqj} , for j = I, II. (5.54)

It is considered that the volume flux qj is linearly proportional to the pressure across the turbine

p. Therefore, we get

qj = ^p, (5.55)

where ^ is a real control parameter that depends on the turbine characteristics (details are

provided in Sarmento et al. [136], Falcão and Justino [137]). Substituting (5.55) into (5.54), and

using the relations (5.43) and (5.44), we get
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The maximum e�ciencies ⌘max,j for j = I, II associated with the incident wave modes kI and

kII are expressed as (see Koley and Trivedi [26] for detailed derivations)

⌘max,j =
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!
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Ãj

2
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Now, the dimensionless form of the parameters Ãj and B̃j are written as (see Evans and Porter

[5])

µj =
⇢g

!b
Ãj , ⌫j =

⇢g

!b
B̃j , for j = I, II. (5.58)

Using (5.58) into (5.57), we get the dimensionless form of ⌘max,j for j = I, II as
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In a similar manner, we can obtain the explicit expressions for the various parameters associated

with the hydrodynamic performance of the surface piercing OWC device. Further, the expressions

for the radiation conductance coe�cients B̃j , j = I, II, volume flux associated with the scattered

potentials q
S
j , j = I, II, and maximum e�ciency of the OWC device ⌘max,j , j = I, II are the

same as derived for the interface non-piercing (INP) device, and the details are deferred here to

avoid the mere repetitions.

5.6 Results and discussions

The present section provides various results associated with the performances and e�ciencies of

the INP and IP OWC devices in a detailed manner. In the present analysis, the hydrodynamic

performance and e�ciency of the OWC devices are investigated in intermediate water depth.

Form intermediate water depth results, the results associated with long and short water waves are

obtained for smaller and higher values of KH1, respectively. The wave frequency and wavenumber

are associated with the water depth in which it propagates by the dispersion relation. Further,

the water depth significantly influences the celerity, and group velocity which a↵ects power

extraction and e�ciency of the device (see Noble et al. [138] for details). Furthermore, to

scaled up the results from model to prototype, the water depth should be scaled properly as

associated discrepancies will result into errors in various wave parameters. In view of these

reasons, the water depth H1 is considered to dimensionalize the other parameters associated

with the structural configuration of the OWC devices and sinusiodally varying seabed. The

parameters associated with the incident waves and OWC devices are taken as follows: H1 = 10m,

H2/H1 = 0.75, h/H1 = 0.5, L/H1 = 5.0, l/H1 = 3.0, b/H1 = 2.0, s = 0.85, d/H1 = 0.1 and

g = 9.81 m/s2. Further, for INP devices, the draft of the front wall is considered as a/H1 = 0.3.

On the other hand, for IP OWC devices, the draft of the front wall is taken as a/H1 = 0.65.

Further, the parameters associated with the air compressibility are taken as follows: air volume

of the air chamber in the undisturbed state V0 = 2400m3, specific heat ratio � = 1.4 and

atmospheric air pressure Pa = 1.013 ⇥ 105Pa, unless otherwise mentioned. In the following

discussions, the wavenumbers kI and kII refer to the surface wave mode (SM) and internal wave

mode (IM), respectively. In the present study, the sinusoidally varying bottom profile is taken,
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and the corresponding profile is given in the following (see Koley and Trivedi [26] and Porter and

Porter [113] for details). The shape function for the bottom profile as in Eq. (5.4) is given as

H̃(x) = H2 +H

⇢
1 + 2

⇣
x

L

⌘3
� 3

⇣
x

L

⌘2
�

a1

H
sin

✓
2m⇡x

L

◆�
, (5.60)

where H = H1 �H2, a1 is the amplitude of the ripples and m is the number of ripples. For INP

OWC device, the bottom profile parameters are taken as a1/H1 = 0.1, and m = 3.0. Further, for

IP OWC device, the bottom profile parameters are considered as a1/H1 = 0.025, and m = 3.0.

5.6.1 Numerical convergence

The convergence of the numerical solutions based on the boundary element method depends on

the panel size used to discretize the boundaries of the domain. The panel size ps is given by (see

Wang and Meylan [115])

ps =
1

kj
, j = I, II.

Here,  is proportionality constant. To achieve numerical convergence, we can vary the values

of  to determine the length of the boundary elements. In Tables 5.1 and 5.2, the convergence

of the numerical computations based on boundary element method is illustrated for INP and

IP OWC devices for di↵erent values of the chamber length b/H1 = 1.0, 1.5, 2.0 corresponding

to the wavenumbers kI and kII respectively. It is noticed that for  � 60, the values of ⌘max,I

converge up to three decimal places for INP and IP OWC devices. Similarly, for  � 15, the

values of ⌘max,II converge up to three decimal places for INP and IP OWC devices. Therefore,

it is concluded that for the computational purpose, the panel size ps is chosen suitably with

 = 60 for ⌘max,I and  = 15 for ⌘max,II .

5.6.2 Comparison with existing results

In the present section, a comparison between the present numerical results and the results of

Evans and Porter [5] and Rezanejad et al. [7] are provided for specific cases. In Fig. 5.3(a), to

achieve the OWC device model of Evans and Porter [5], a limiting case of the present model is

considered by taking m ! 0, a1/H1 ! 0, and H2/H1 ! 1. Fig. 5.3(a) illustrates the variation

of the e�ciency ⌘max as a function of non-dimensional wavenumber KH1 for various values of

chamber length b/H1 of the OWC device. In Fig. 5.3(b), to achieve the OWC device model

of Rezanejad et al. [7], the limiting case of the present model is considered by m ! 0, and

a1/H1 ! 0. Fig. 5.3(b) depicts the e�ciency ⌘max as a function of non-dimensional wavenumber

KH1 for various values of step length H2/H1 of the bottom. Both the figures show that the

results obtained using the present BEM method match well with the results of Evans and

Porter [5] and Rezanejad et al. [7]. These comparisons validate the present numerical solution
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 b/H1

⌘max,I

INP OWC device IP OWC device

1.0 0.97050 0.69712
20 1.5 0.83351 0.58993

2.0 0.56544 0.44133

1.0 0.97175 0.67447
40 1.5 0.85347 0.58473

2.0 0.54442 0.44497

1.0 0.97294 0.67218
60 1.5 0.86130 0.58162

2.0 0.54627 0.44251

1.0 0.97291 0.67225
80 1.5 0.86145 0.58124

2.0 0.54635 0.44227

Table 5.1: Comparative study of ⌘max,I for INP and IP OWC devices.

 b/H1

⌘max,II

INP OWC device IP OWC device

1.0 0.72452 0.68680
5 1.5 0.87692 0.99250

2.0 0.34408 0.30322

1.0 0.72940 0.66451
10 1.5 0.87620 0.99239

2.0 0.34517 0.29766

1.0 0.72939 0.65934
15 1.5 0.87598 0.99253

2.0 0.34541 0.29720

1.0 0.72935 0.65951
20 1.5 0.87591 0.99213

2.0 0.34539 0.29721

Table 5.2: Comparative study of ⌘max,II for INP and IP OWC devices.

methodology. In the following sections, various physical quantities of interests associated with

the performance of INP and IP OWC devices are discussed separately.

5.6.3 Results associated with INP OWC device

In the present section, the results and discussions associated with the INP OWC device are

provided. In the following results, variations in ⌘max,II are provided for two di↵erent values of

the parameters in each figure due to the highly oscillatory pattern of ⌘max,II .
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Figure 5.3: Comparison of present numerical results with the results of (a) Evans and Porter
[5] for ⌘max vs KH1 for di↵erent b/H1, and (b) Rezanejad et al. [7] for ⌘max vs KH1 for di↵erent

H2/H1 with s = 1.
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Figure 5.4: Variation of (a) ⌘max,I , and (b) ⌘max,II vs KH1 for di↵erent chamber length b/H1.

Figs. 5.4(a) and (b) illustrate the variation of the e�ciency ⌘max,j for j = I, II vs wavenumber

KH1 in the surface mode (SM) and internal mode (IM) respectively for various chamber width

b/H1. The overall pattern of the e�ciency curve ⌘max,I as shown in Fig. 5.4(a) is similar in

nature to that of the e�ciency curve for the case of single-layer fluid (see Fig. 5 of Evans and

Porter [5] and Fig. 7 of Koley and Trivedi [26]). It is seen that resonance in the e�ciency

⌘max,I occurs for smaller wavenumbers KH1 < 1.0 due to the first resonance mechanism as

discussed in Koley and Trivedi [26]. It is to be noted that in this resonance mechanism, the

frequency of the heave motion of the water column inside the chamber coincides with the incident

wave frequency. Further, multiple resonances in the e�ciency ⌘max,I curve occurs for higher

wavenumbers KH1 > 1.0. This happens due to the second resonance mechanism as mentioned

in Koley and Trivedi [26] and Evans and Porter [5]. It is to be noted that in this resonance
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mechanism, the water column inside the chamber is excited into an antisymmetric sloshing

mode. For the sloshing phenomena, the condition is kIb = n⇡, n = 1, 2, 3, · · · with n being

the sloshing mode number (Evans and Porter [5]). For clarity, Tab. 5.3 provides the values of

KH1 and associated kIb/⇡ for b/H1 = 1.0, 1.5, 2.0. It is seen that for resonances, the values of

kIb/⇡ are around n = 1, 2, 3, · · · . Obviously, slight di↵erences are there in some cases as the

aforementioned criteria for sloshing phenomena is valid for a closed rectangular tank. However,

in the present case, the front wall is not submerged up to the seabed.

Table 5.3: Resonating frequencies in ⌘max,I curve for INP OWC device (corresponding to Fig.
5.4(a)).

b/H1 = 1.0 KH1 = 3.29 kIb/⇡ = 1.0501
KH1 = 6.32 kIb/⇡ = 2.0117

KH1 = 2.26 kIb/⇡ = 1.1009
b/H1 = 1.5 KH1 = 4.23 kIb/⇡ = 2.0205

KH1 = 6.31 kIb/⇡ = 3.0128

KH1 = 1.75 kIb/⇡ = 1.1720
KH1 = 3.20 kIb/⇡ = 2.0439

b/H1 = 2.0 KH1 = 4.74 kIb/⇡ = 3.0180
KH1 = 6.31 kIb/⇡ = 4.0171
KH1 = 7.90 kIb/⇡ = 5.0293

On the other hand, Fig. 5.4(b) depicts that the e�ciency ⌘max,II varies in a highly oscillatory

manner with the variation in wavenumber KH1. This highly oscillatory pattern diminishes for

higher values of KH1 for smaller values of b/H1. This chaotic pattern occurs due to the following

reasons: (i) exchange of energy between the surface and internal waves as mentioned in Alam

et al. [83], and (ii) resonating interaction between the internal waves with the rippled bottom.

In this regard, it is worthy of being mentioned that initially, the wave energy is confined within

two incident-free waves and subsequently distributed to cover a broadband spectrum due to the

multiple resonances and near-resonance interactions of waves with the bottom ripples and also

due to the interactions of waves generated by propagating wave modes and local wave modes

(see Alam et al. [83] for details).

In Figs. 5.5(a) and (b), the variation of the e�ciency ⌘max,j for j = I, II are plotted as a

function of the wavenumber KH1 in SM and IM respectively for various submergence depth of

the front wall a/H1 of the device. Fig. 5.5(a) demonstrates that the first peak in the e�ciency

curve ⌘max,I occurs for smaller values of KH1 as a result of the first resonance mechanism as

mentioned in Koley and Trivedi [26]. Further, peaks in the e�ciency curve arise for higher

values of KH1 due to the sloshing e↵ect as discussed in Koley and Trivedi [26]. Moreover, it

is to be noted that the area under the e�ciency curve is more as the draft of the front wall

of the OWC device takes lower values. The reason for this is that as the immersion depth of

the lip wall decreases, more amount of wave energy can enter into the device chamber. In Fig.

5.5(b), it is noticed that the variation in the e�ciency ⌘max,II is highly oscillatory in nature



Chapter 5. Mathematical modeling of OWC devices in a two-layer fluid system 148

0 1 2 3 4 5 6 7 8

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(a)

0 1 2 3 4 5 6 7 8

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(b)

Figure 5.5: Variation of (a) ⌘max,I , and (b) ⌘max,II vs KH1 for di↵erent submergence depth
a/H1.

with the variation in incident wavenumber KH1. Moreover, the amplitude of the peak is higher

for smaller values of front wall’s draft a/H1 in the short wave regime. This highly oscillatory

pattern in the e�ciency curve ⌘max,II occurs due to the distribution of incoming wave energy

associated with the incident wavenumber kII to cover a broadband spectrum. Further, the

resonant motion due to the interaction between the waves reflected by the bottom and OWC

device also contributes to the aforementioned chaotic pattern in the e�ciency curve.
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Figure 5.6: Variation of (a) ⌘max,I , and (b) ⌘max,II vs KH1 for various ripples m.

Figs. 5.6(a) and (b) show the variation of the e�ciency ⌘max,j for j = I, II vs wavenumber KH1

in the SM and IM respectively for di↵erent number of ripples m of the bottom profile. The

overall resonating pattern of the e�ciency ⌘max,I due to the variation in wavenumber KH1 as

shown in Fig. 5.6(a) is similar in nature as that of Fig. 5.5(a). Further, it is noticed that for

smaller values of KH1, significant variation in the e�ciency ⌘max,I is observed due to the change
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in the number of bottom ripples. However, no significant variation in the e�ciency ⌘max,I curve

is observed for higher values of KH1. The reason behind this phenomenon is that when the ratio

of the water depth and wavelength of the incident wave is greater than 1/2, the incident wave

does not interact with the seabed. As a consequence, the e↵ect of bottom undulation on the

waves scattering and radiation diminishes in the short wave regime. ([18]). The overall pattern

of Fig 5.6 (b) is similar to the pattern as observed in Fig. 5.4(b). Further, it is reported that

the amplitude of the resonance is higher for the bottom bed having more number of ripples. In

addition, no significant variation is observed for moderate and higher values of KH1 due to the

variation in the number of ripples of the bottom profile. The reason for the same is provided in

the discussion of Fig. 5.6(a).
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Figure 5.7: Variation of (a) ⌘max,I , and (b) ⌘max,II vs KH1 for various ripple amplitude a1

Figs. 5.7(a) and (b) show the variation of the e�ciency ⌘max,j for j = I, II vs wavenumber

KH1 in the SM and IM respectively for di↵erent values of ripple amplitude a1/H1 of the bottom

profile. In Fig. 5.7(a), the overall resonance pattern in the e�ciency curve ⌘max,I is similar as

shown in Fig. 5.6(a). Further, it is observed that the amplitude of resonance is higher for higher

values of ripple amplitude a1/H1 for certain values of incident wave frequencies. The overall

pattern of the e�ciency curve ⌘max,II as shown in Fig 5.7(b) is similar to the observations as

seen in Fig. 5.4(b). In addition, in the long and intermediate wave regimes, the amplitude of the

peaks is slightly higher for the higher values of the ripple amplitude a1/H1. The reason behind

this phenomenon is that for the higher values of a1/H1, the distance between the interface and

undulated seabed decreases, which significantly enhances the e↵ect of the undulated seabed

on the wave propagation associated with the internal as well as surface wave mode. A similar

observation was found in Medina-Rodŕıguez and Silva [87].

In Figs. 5.8(a) and (b), the variation of the e�ciency ⌘max,j for j = I, II vs incident wavenumber

KH1 are plotted in the SM and IM respectively for di↵erent values of density ratio s. The

overall pattern of Fig. 5.8(a) is similar to Fig. 5.5(a). Further, there is a negligible variation
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Figure 5.8: Variation of (a) ⌘max,I , and (b) ⌘max,II vs KH1 for various density ratio s.

observed in the e�ciency curve ⌘max,I due to variation in density ratios s. Similar observations

were reported in Behera et al. [75]. On the other hand, in Fig. 5.8(b), significant variations in

the e�ciency curve ⌘max,II are observed due to the variation in density ratio s for smaller and

moderate values of wave number KH1. Further, it is found that the amplitude of the oscillations

in the e�ciency curve ⌘max,II is higher for the higher values of density ratio s.

5.6.4 Results associated with the IP OWC device

In the present section, the results and discussions associated with the IP OWC device are

provided.
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Figure 5.9: Variation of (a) ⌘max,I , and (b) ⌘max,II vs KH1 for di↵erent chamber length b/H1.

Figs. 5.9(a) and (b) depict the variation of the e�ciency ⌘max,j for j = I, II versus incident

wavenumber KH1 in the surface mode (SM) and internal mode (IM) respectively for di↵erent
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chamber lengths b/H1. In Fig. 5.9(a), it is seen that the e�ciency ⌘max,I varies in a highly

oscillatory manner with the variation in the wavenumber KH1 smaller and moderate values

of wave number KH1. Further, this oscillatory pattern diminishes for higher values of KH1.

Moreover, it is found that the resonance occurs in the e�ciency ⌘max,I within KH1 < 1.0 due to

the first resonance mechanism (see Koley and Trivedi [26]). In addition, the resonance occurs in

the e�ciency ⌘max,I in wave regime KH1 > 1.0 as a result of the sloshing e↵ect. In Fig. 5.9(b),

it is noticed that the e�ciency ⌘max,II follows a highly oscillatory pattern with the variation in

wavenumber KH1 for smaller and moderate values of wavenumber KH1, whereas this oscillatory

pattern diminishes for higher values of wavenumber KH1. The reason behind the same is already

provided in the discussion of Fig. 5.4(b). A comparison of Fig. 5.9 with Fig. 5.4 reveals that

the variation in the e�ciency ⌘max,j for j = I, II is more in wave regime having smaller KH1

for INP OWC device as compared to IP OWC device. However, the oscillatory pattern in the

e�ciency curve ⌘max,I is more prominent in the wave regime having higher KH1 for IP OWC

devices.
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Figure 5.10: Variation of (a) ⌘max,I , and (b) ⌘max,II vs KH1 for di↵erent chamber length
a/H1.

In Figs. 5.10(a) and (b), the variation of the e�ciency ⌘max,j for j = I, II are plotted as a

function of the incident wavenumber KH1 in the SM and IM wave modes, respectively, for

di↵erent submergence depth of the front wall a/H1 of the device. In Fig. 5.10(a), it is observed

that for smaller wavenumber (i.e., KH1 < 1.0), the amplitude of the resonance in the e�ciency

curve ⌘max,I increases with a decrease in the submergence depth a/H1. Moreover, for moderate

values of KH1, the amplitude of the resonance is higher for the smaller values of a/H1. This

happens due to the fact that as the incident waves become shorter, the waves can’t easily enter

into the device chamber, having a higher draft of the front wall. The details about the resonating

wave frequencies are provided in the discussions of Fig. 5.4(a). A careful observation reveals that

for a/H1 = 0.6, the area under the e�ciency curve is more. This result indicates that the smaller
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submergence depth of the front wall of the OWC device plays an important role to increase

the hydrodynamic e�ciency ⌘max,I of the OWC device. On the other hand, as a/H1 ! 0.7,

the variation of the air volume in the OWC chamber decreases. This reduces the capture wave

power of the OWC device. Similar observations found in Ning et al. [116]. Further, the overall

oscillatory pattern of the e�ciency curve ⌘max,II as seen in Fig. 5.10(b) is similar in nature to

that of Fig. 5.9(b). A comparison between Fig. 5.5(b) and 5.10(b) shows that the variation in

the e�ciency ⌘max,II for INP OWC device and IP OWC device follow the oscillatory pattern in

the wave regimes associated with smaller and moderate wavenumbers. Further, this oscillatory

pattern diminishes for higher wavenumbers KH1 for the IP OWC device.
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Figure 5.11: Variation of (a) ⌘max,I , and (b) ⌘max,II vs KH1 for various number of ripples m.

Figs. 5.11(a) and (b) demonstrate the variation of the e�ciency ⌘max,j for j = I, II versus

wavenumber KH1 in the SM and IM respectively for di↵erent number of ripples m of the

sinusoidally varying bottom profile. In Fig. 5.11(a), it is found that the variation in the e�ciency

curve is higher for the sinusoidally varying bottom having higher ripples for smaller KH1.

Further, it is noticed that no significant variation is observed in the e�ciency curve ⌘max,I with

the change in ripples number m for higher values of KH1. The overall pattern of the e�ciency

curve ⌘max,II as shown in Fig. 5.11(b) is similar in nature as that of Fig. 5.10(b).

In Figs. 5.12(a) and (b), the variation of the e�ciency ⌘max,j for j = I, II versus incident

wavenumber KH1 in the SM and IM are plotted respectively for di↵erent values of ripple

amplitude a1/H1 of the sinusoidally varying bottom profile. Fig. 5.12(a) demonstrates that

for smaller wavenumbers KH1, the variation in the e�ciency curve ⌘max,I is higher for higher

values of ripple amplitude a1/H1 of the sinusoidally varying bottom profile. The reason for the

same is that for higher values of a1/H1, the distance between the interface z = �h and seabed

decreases, and consequently, the e↵ect of the seabed on the wave propagation increases due to

the transfer of energy from internal mode to surface mode and vice versa. A comparison between

Figs. 5.12(a) and (b) shows that for smaller values of wavenumber KH1, the e↵ect of the seabed



Chapter 5. Mathematical modeling of OWC devices in a two-layer fluid system 153

0 1 2 3 4 5 6 7 8

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0.1 0.2 0.3

0.96

0.98

1

0.55 0.6 0.65 0.7
0.55

0.6

0.65

0.7

(a)

0 1 2 3 4 5 6 7 8

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(b)

Figure 5.12: Variation of (a) ⌘max,I , and (b) ⌘max,II vs KH1 for various ripple amplitudes
a1/H1.

on the e�ciency ⌘max,II is more as compared to the e↵ect of the bottom on the e�ciency ⌘max,I .

A comparison of Fig. 5.12 with Fig. 5.7 illustrates that for smaller and moderate values of

wavenumber KH1, the overall pattern of the e�ciency curve ⌘max,j for j = I, II is similar in

nature for INP OWC device and IP OWC device. On the other hand, for IP OWC device,

there is no significant variation observed in the e�ciency ⌘max,j for j = I, II in the wave regime

corresponds to smaller wavenumbers KH1.
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Figure 5.13: Variation of (a) ⌘max,I , and (b) ⌘max,II vs KH1 for various density s.

In Figs. 5.13(a) and (b), the variation of the e�ciency ⌘max,j for j = I, II vs wavenumber KH1

in the SM and IM are plotted respectively for di↵erent values of density ratio s. The overall

pattern of Fig. 5.13 is similar to the Fig. 5.12. Further, it is observed that the variation in

the e�ciency curve decreases with an increase in density ratio s. This happens as the values of
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surface and internal mode becomes close to each other as the density ratio s increases. Similar

observation was found in Medina-Rodŕıguez and Silva [87].

5.7 Time-dependent simulations

In this section, the numerical simulation of the time-dependent free surface elevation ⇣c(x, t) is

provided. Here, the Fast Fourier transform is used to analyze the free surface elevation ⇣c(x, t).

In general, high frequencies of the incident waves are used for the Fast Fourier Transform (FFT).

Further, the free surface elevation ⇣c(x, t) is calculated using the following Fourier integral (see

Kar et al. [139])

⇣c(x, t) = <

⇢Z 1

�1
f̃(�)⇣(x,�)e�i�t

d�

�
. (5.61)

Here, f̃(�) is the Fourier transform of the incoming wave pulse, and ⇣(x,�) is the free surface

displacement of the internal and external free surfaces. In addition, ⇣(x,�) is frequency-dependent.

It is to be noted that the incoming wave pulse is considered as a Gaussian wave packet with an

appropriate spreading function and central frequency. Here, the form of Gaussian wave packet is

given by (see Mohanty and Sidharth [140])

f̃(�) =

r
r̃

⇡
e
�r̃ (���c)2 . (5.62)

Here, r̃, and �c are termed as spreading function and central frequency of the incoming wave

pulse respectively.

Figs. 5.14, 5.15, 5.16, and 5.17 depict the change in free surface elevation and interface elevation

⇣c(x, t) as a function of x and for di↵erent time instant t corresponding to the incident wavenumber

kI and kII , respectively in presence of INP OWC device. All figures demonstrate the combination

of scattered and radiated waves in the internal and external free surfaces. In Figs. 5.14 and 5.15,

the blue line corresponds to the external free surface elevation, and the red line corresponds to

the internal free surface elevation. Further, in Figs. 5.16 and 5.17, the blue line corresponds

to the interface elevation. All the figures show the non-periodic pattern in the free surface

and interface elevations which occurs due to the mutual interaction between the scattered and

radiated waves. Moreover, the figures illustrate that the OWC device can capture and retain

wave energy for extended periods of time. A comparison between Figs. 5.14 and 5.16 reveal that

the amplitude of free surface elevation is higher than the interface elevation when the incident

wave contains the wavenumber kI . On the other hand, a comparison between Figs. 5.15 and

5.17 reveal that the amplitude of free surface elevation is lower than the interface elevation when

the incident wave contains the wavenumber kII . Similar observations were reported in Koo

[74]. Moreover, in all the figures, certain peaks in the free surface and interface elevations are

observed. This happens due to the occurrences of resonance, as shown in Figs. 5.4-5.13. It is
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Figure 5.14: Variation of free surface elevation ⇣c(x, t) vs x associated with the wavenumber
kI in presence of INP device for di↵erent time (a) t = 0, (b) t = 10, (c) t = 20, and (d) t = 30.

to be noted that, the liquid level inside the chamber is not horizontal as all the possible wave

frequencies are considered for time-domain simulations. So, the time domain simulation figures

represent the free surface elevations associated with irregular incident waves. Further, the free

surface elevations plotted in the present manuscript are combination of scattered and radiated

waves. Due to these reasons, the free surface elevation inside the chamber is not horizontal.

Figs. 5.18, 5.19, 5.20, and 5.21 illustrate the variation in free surface elevation and interface

elevation ⇣c(x, t) as a function of x and for di↵erent time instant t associated with the incident

wavenumber kI and kII respectively in the presence of IP OWC device. All figures demonstrate

the combination of scattered and radiated waves in the internal and external free surfaces. In

Figs. 5.18 and 5.19, the blue and red lines show the external and internal free surface elevations,

respectively. Moreover, in Figs. 5.20 and 5.21, the blue and red lines are associated with the

external and internal interface elevations, respectively. A comparison between Fig. 5.18 with

Fig. 5.20 depicts that in the presence of incident wave mode kI , the free surface elevation is
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Figure 5.15: Variation of free surface elevation ⇣c(x, t) vs x associated with the wavenumber
kII in presence of INP device for di↵erent time (a) t = 0, (b) t = 10, (c) t = 20, and (d) t = 30.

higher than the interface elevation. Moreover, Figs. 5.19 and 5.21 show that when the incident

wave contains the wave mode kII , the variation in the interface elevation is highly oscillatory in

nature as compared to the free surface elevation. This phenomenon occurs due to the sloshing

e↵ect as discussed in Fig. 5.9. Moreover, this sloshing e↵ect is more prominent for IP OWC

devices as IP OWC device behaves like a closed rectangular tank. The figures also depict the

resonance behavior of the waves, which occurs due to the mutual interaction of scattered and

radiated waves.



Chapter 5. Mathematical modeling of OWC devices in a two-layer fluid system 157

-100 -50 0 50

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

  t = 0

(a)

-100 -50 0 50

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

t = 10

(b)

-100 -50 0 50

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

   t = 20

(c)

-100 -50 0 50

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

t = 30

(d)

Figure 5.16: Variation of interface elevation ⇣c(x, t) vs x associated with the wavenumber kI
in presence of INP device for di↵erent time (a) t = 0, (b) t = 10, (c) t = 20, and (d) t = 30.

5.8 E↵ect of air compressibility on the hydrodynamic perfor-

mance of the OWC devices

In the present section, the e↵ect of air compressibility on the hydrodynamic performance and

e�ciency of the (i) INP OWC device and (ii) IP OWC device are provided. The addition of

an imaginary term to the turbine proportionality constant is similar to the springlike e↵ect of

air compressibility (see Sarmento and Falcão [141], Falcão et al. [142] for details). Due to the

presence of air compressibility, Eq. (5.55) is rewritten as

qj =

✓
^ �

i!V0

�pa

◆
p. (5.63)

Here, ^ is a real positive constant termed as control parameter and V0 = 2400m3 is the air

volume above the internal free surface �4 (within the device chamber) in the undisturbed state.
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Figure 5.17: Variation of interface elevation ⇣c(x, t) vs x associated with the wavenumber kII
in presence of INP device for di↵erent time (a) t = 0, (b) t = 10, (c) t = 20, and (d) t = 30.

In addition, � = 1.4 and Pa = 1.013 ⇥ 105Pa are symbolized as specific heat ratio of the air

and atmospheric air pressure, respectively. Further, in the presence of air compressibility, the

expressions for the maximum e�ciencies ⌘max,j , j = I, II corresponding to the incident wave

modes kI and kII are represented as

⌘max,j =

 
2B̃j

^opt + B̃j

!
, ^opt =

s✓
Ãj +

!V0

�pa

◆2

+ B̃j
2
, for j = I, II. (5.64)

Moreover, the non-dimensional form of ⌘max,j , j = I, II can be expressed as

⌘max,j =
2⌫j

⌫j +

r
⌫
2
j +

⇣
µj +

!V0
�pa

⇢1g

�b

⌘2 , for j = I, II. (5.65)

Figs. 5.22 and 5.23 illustrate the e↵ect of air compressibility on the e�ciency ⌘max,j for j = I, II
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Figure 5.18: Variation of free surface elevation ⇣c(x, t) vs x associated with the wavenumber
kI in presence of IP device for di↵erent time (a) t = 0, (b) t = 10, (c) t = 20, and (d) t = 30.

for both the INP and IP OWC devices in the SM and IM, respectively. In Figs. 5.22(a) and

5.23(a), it is found that the air compressibility enhances the e�ciency ⌘max,I associated with

the incident wave mode kI for smaller values of T0. Whereas, an opposite trend is observed for

higher values of T0. Further, Figs. 5.22(b) and 5.23(b) demonstrate that the e�ciency ⌘max,II

enhances and diminishes alternately as the incident time period T0 increases. This phenomenon

can be explained by Eq. (5.65). It is to be noted that the radiation susceptance parameters

µj for j = I, II may be positive, negative, or zero depending on the OWC device geometry

and the wave frequency ! (see Evans and Porter [5] (Fig. (2)), and Koley and Trivedi [26]

(Fig. 7(a)) for details). It is found that when µj < 0, the quantity

✓
µj +

!V0

�pa

⇢1g

�b

◆2

< µ
2
j for

j = I, II. Therefore, the e�ciency ⌘max,j for j = I, II increases. As a result, air compressibility

improves the hydrodynamic e�ciency of the OWC device. On the other hand, when µj > 0,

the quantity

✓
µj +

!V0

�pa

⇢1g

�b

◆2

> µ
2
j for j = I, II, and consequently, the e�ciency ⌘max,j for
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Figure 5.19: Variation of free surface elevation ⇣c(x, t) vs x associated with the wavenumber
kII in presence of IP device for di↵erent time (a) t = 0, (b) t = 10, (c) t = 20, and (d) t = 30.

j = I, II decreases in the presence of air compressibility. Similar observations were reported in

Falcão and Henriques [143], and Falcão et al. [142].

5.9 Conclusions

The present study investigates the hydrodynamic performance of two di↵erent oscillating water

column devices, namely (i) INP device and (ii) IP device placed over the undulated seabed in a

two-layer fluid system. The boundary element method is used to solve the associated boundary

value problems. Detailed derivations for various parameters related to the performance of the

OWC devices, such as the radiation conductance and susceptance coe�cients, volume fluxes

associated with the scattered potentials, and hydrodynamic e�ciencies corresponding to the

surface and internal modes, are provided. Further, the free surface and interface elevations are

studied in time-domain analysis. The present study leads to the following conclusions:
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Figure 5.20: Variation of interface elevation ⇣c(x, t) vs x associated with the wavenumber kI
in presence of IP device for di↵erent time(a) t = 0, (b) t = 10, (c ) t = 20, and (d) t = 30.

For the INP OWC device, the resonance occurs in the e�ciency curve ⌘max,I due to the

variation in chamber length, and the draft of the front wall of the device is similar to

the single-layer fluid case. On the other hand, the e�ciency ⌘max,II varies in a highly

oscillatory manner with the variation in incident wavenumber. This highly oscillatory

pattern, which occurs due to the exchange of energy between the surface and internal

waves, diminishes in the wave regime having higher KH1 for smaller values of chamber

length and for larger front wall draft. Further, resonating interaction between the internal

waves with the rippled bottom also plays a major role in the highly resonating pattern of

the e�ciency ⌘max,II curve.

Moreover, the highly oscillatory pattern in ⌘max,II occurs due to the distribution of incoming

wave energy associated with the internal wave mode kII to cover a broadband spectrum.

Due to the multiple resonances and near-resonance interactions of waves with the bottom

ripples, the amplitude of resonance in the ⌘max,II curve is higher for higher values of
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Figure 5.21: Variation of interface elevation ⇣c(x, t) vs x associated with the wavenumber kII
in presence of IP device for di↵erent time (a) t = 0, (b) t = 10, (c) t = 20, and (d) t = 30.

bottom ripple amplitude for certain values of incident wave frequencies.

For IP OWC devices, the pattern of the e�ciency curves ⌘max,j (for j = I, II) are highly

oscillatory in nature in the wave regions having smaller and moderate KH1 values. The

sloshing e↵ect plays a prominent role in this highly oscillatory pattern along with other

e↵ects, as mentioned earlier.

For the INP OWC device, significant variations are observed in the e�ciency curve ⌘max,II

due to the variation in density ratio of the two layers of fluids. A similar pattern is observed

for IP OWC devices. However, this oscillatory pattern diminishes for smaller wave numbers

KH1.

For the INP OWC device, the free surface elevation is higher than interface elevation in the

presence of surface wave mode. On the other hand, due to the presence of internal wave
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Figure 5.22: Variation of (a) ⌘max,I , and (b) ⌘max,II vs T0 for INP OWC device without and
with air compressibility.
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Figure 5.23: Variation of (a) ⌘max,I , and (b) ⌘max,II vs T0 for IP OWC device without and
with air compressibility.

mode, the interface elevation is higher than the free surface elevation. Similar observations

are reported for the IP OWC device.

Air compressibility enhances the e�ciency associated with surface mode of the OWC device

for shorter incident waves and an opposite trend is observed for longer incident waves.

Further, the air compressibility enhances and diminishes the e�ciency associated with

internal mode alternately as the incident time period increases.

In summary, it is concluded that the hydrodynamic performance of the OWC devices can be

enhanced significantly with the appropriate combinations of shape parameters associated with

the OWC device and seabed.



Chapter 6

Summary and future work

This chapter summarizes the results and findings obtained in the thesis, the limitations of models

used in the present research, and the scope of possible extensions of the present study and future

investigations.

6.1 Conclusions

The purpose of this thesis is to develop appropriate numerical tools in order to analyze the

working mechanism and hydrodynamic e�ciency of the wave energy converter devices such as

oscillating water column device and piezoelectric plate wave energy converter devices. Major

emphasis is given to investigate the resonating frequencies that occur, which maximizes the

power output and, consequently, the e�ciency of the devices under the action of regular and

irregular incident waves generated in single and two-layer fluid systems. The e↵ect of real seabed

topography is considered in most of the problems. Both the frequency and time-domain analysis

are carried out. The salient conclusions and contributions of the present study are the following:

In Chapter 1, a detailed literature review and the mathematical background of water wave

interaction with OWC and PWEC devices and the associated derivations are provided under

the assumption of linear wave-structure interaction theory. In the present thesis, a BEM-based

numerical solution technique is adopted to solve a class of physical problems associated with the

hydrodynamics of OWC and PWEC devices. The background of constant and linear elements

based BEM numerical techniques is reviewed in this chapter.

Chapter 2 deals with the mathematical modeling of the oscillating water column wave energy

converter device placed over the undulated seabed. The seabed undulation is finitely extended,

and beyond that, the water bed is uniform in nature. Scattering and radiation of the water

waves by the oscillating water column are studied in the context of linear water wave theory.

164
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The mathematical problem is studied in the two-dimensional Cartesian coordinate system under

the assumptions of small amplitude water wave theory. To solve the associated boundary

value problem, a coupled eigenfunction expansion - boundary element method is used. Various

important physical parameters, such as the radiation conductance and susceptance coe�cients

and volume flux associated with the hydrodynamic performance and e�ciency of the OWC

device are analyzed for a wide range of wave and structural parameters. The convergence of

the numerical computations based on the coupled eigenfunction expansion-boundary element

method is provided. Further, various resonance mechanisms associated with the shapes and

structural configurations of the OWC device are analyzed. Further, two-types of seabed profiles,

namely type-I profile (including depression, concave, sloping, and protrusion), and type-II

profile (sinusoidally) are considered.

In Chapter 2, the hydrodynamic performance of the OWC device is analyzed in the presence of

regular incident waves. However, in real sea conditions, the incident waves are mostly irregular

in nature and can be modeled as a superposition of wave components with di↵erent frequencies.

Therefore, it is very important to analyze the performance and e�ciency of the OWC device

under irregular/random waves.

In Chapter 3, the performance of breakwater-integrated OWC (oscillating water column) wave

energy converter devices is analyzed under the action of unidirectional regular and irregular

incident waves. Two di↵erent types of OWC devices: (i) type I (LIMPET device having

sloping front and rear walls) and (ii) type II (quarter-circle-shaped front wall) OWC devices

are considered for the present study. The associated boundary value problem is handled using

the boundary element method. Various important physical parameters, such as the radiation

conductance and susceptance coe�cients and volume flux associated with the hydrodynamic

performance and e�ciency of the OWC device, are analyzed for a wide range of wave and

structural parameters. Detailed derivations of the parameters associated with the performance

of the OWC devices under the action of irregular waves are provided. Further, The local wave

climate can be modeled using a stationary ergodic process. To analyze the e�ciency of the

OWC devices in real sea conditions, the Bretschneider Spectrum is taken as the incident wave

spectrum along with nine sea states representing the local wave climate at the OWC plant site in

Pico, Portugal. The annual-averaged plant e�ciencies of the two aforementioned OWC devices

are analyzed as a function of chamber length, submergence depth, turbine rotor diameter, and

rotational speed of the Wells turbine.

In Chapters 2 and 3, the hydrodynamic performance of the stand-alone OWC device is analyzed.

However, the concept of wave energy converters with flexible structures and hybrid multi-energy

systems appears to be a new trend in the marine energy industry.

In Chapter 4, the hydrodynamic performance of a hybrid wave energy converter device consisting

of a piezoelectric plate and the oscillating water column wave energy converter device placed over
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an undulated seabed is investigated. Major emphasis is given to analyze the power extraction of

the hybrid wave energy converter device, piezoelectric plate, and the OWC devices for various

values of incident wave parameters and shape parameters associated with the hybrid wave energy

converter device and undulated seabed. Moreover, the time-domain analysis is carried out by

considering the Bretschneider spectrum as the incident wave spectrum for irregular incident

waves. A multi-parameter optimization based on the Taguchi method is provided.

In Chapters 2, 3, and 4, the hydrodynamic performance and e�ciency of the oscillating water

column device and piezoelectric plate are investigated under the action of regular and irregular

incident waves generated in a single-layer fluid domain. In some coastal areas, water density

is not uniform throughout the water depth due to the (i) mixing of fresh river water with the

saline seawater and (ii) solar heating of the upper layer water. As a result, the two-layer fluid

model is often used to study the interaction of water waves with coastal structures in estuaries.

In Chapter 5, the hydrodynamic performance of the two types of oscillating water column

wave energy converter devices, namely (i) INP (interface non-piercing) OWC device and (ii) IP

(interface piercing) OWC device placed over an undulated seabed in a two-layer fluid system are

investigated. The boundary element method is used to handle the associated boundary value

problems. Major emphasis is given to analyze the e�ciency of the OWC devices for various

values of incident wave parameters and shape parameters associated with the OWC devices and

undulated seabed. Further, the time-domain analysis is provided in which the free surface and

interface elevations are demonstrated for di↵erent instants of time.

All of the results obtained in Chapters 2-5 are very useful in constructing and designing e↵ective

wave energy converter devices, such as oscillating water column devices and piezoelectric plate

devices under the action of regular and irregular incident waves in the presence of single and

two-layer fluid domains. Furthermore, the numerical tool used here, which is based on the

boundary element method, can be extended to analyze a wide range of wave-structure interaction

problems that arise in the fields of coastal and o↵shore engineering, as well as in related branches

of mathematical physics. The present solution methodology is robust and can easily handle more

complex structural shapes and configurations.

6.2 Major Research Developments and Findings

Chapter 2 illustrates that the resonance occurs for certain values of wave parameters, and the

same will increase the hydrodynamic e�ciency of the OWC device to unity. These resonances

occur for certain suitable combinations of chamber width and the submergence depth of the

front wall of the OWC device. This result concludes that with the proper structural design

of the OWC device, 100% e�ciency can be obtained. Further, the angle of inclination of the
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front wall of the device has significant e↵ects on the hydrodynamic e�ciency in wave power

absorption. A moderate angle of inclination ✓ ⇡ 45� of the front wall can significantly increase

the e�ciency of the device in the short-wave regime, whereas in the long-wave regime, the angle

of inclination ✓ < 15� is appropriate. Moreover, the hydrodynamic e�ciency of the OWC device

significantly depends on the bottom profiles. It is seen that the hydrodynamic e�ciency of the

OWC device is enhanced for the protrusion-type bed profile in the long-wave regime. However,

the depression type of bed profile is appropriate for incident waves having a moderate wavelength.

For the sinusoidally varying bottom topography, it is observed that in the long-wave regime, the

hydrodynamic e�ciency of the device becomes unity for lower values of the wavenumber as the

ripple amplitude of the bottom increases. However, a reverse pattern is observed for intermediate

values of the wavenumber. A similar result is observed in the short-wave regime with an increase

in the number of ripples of the bottom. These observations conclude that with the appropriate

structural design of the OWC device and suitable bottom profile can significantly increase the

hydrodynamic e�ciency of the OWC device.

In Chapter 3, it is observed that for type I OWC device, resonance occurs in the e�ciency

curve for smaller values of the incident wavenumber with an increase in chamber length and

submergence depth. A similar resonance pattern is observed for the type II OWC device with

an increase in the radius of the quarter circle and submergence depth of the front wall. Moreover,

it is found that the resonances in the horizontal and vertical wave forces acting on the front

wall of the OWC devices occur for the same values of the wavenumber. However, the curves of

horizontal and vertical wave forces as a function of wavenumber are out-of-phase. The horizontal

and vertical wave forces are oscillatory in nature, and the amplitude of oscillation decreases in

the short wave regime. It is noticed that for irregular incident waves (spectral density is taken

as annual wave spectral density at the OWC plant site Pico, Portugal), the chamber pressure

standard deviation decreases with an increase in the turbine damping coe�cient. Moreover, the

chamber pressure standard deviation increases with an increase in the chamber length and draft

of the front wall of the type I OWC device. Similar results are observed for type II OWC device

with an increase in radius and draft of the front wall. In addition, the annual-averaged plant

e�ciency increases with an increase in chamber length and submergence depth of type I OWC

device except for significantly higher values of the shape parameters. For type I OWC device,

the annual-averaged plant e�ciency becomes higher for 0.3 < a/h < 0.6 and 1.5 < b/h < 2.5.

Similarly, for type II OWC device, the maximum e�ciency is achieved for 2.5 < r/h < 3.0 and

�0.7 < y0/h < �0.5. For smaller values of rotor diameter, the annual-averaged plant e�ciency

decreases with an increase in the rotational speed of the Wells turbine. However, for higher values

of the rotor diameter, the e�ciency initially increases with an increase in rotational speed and

attains a maximum. Hereafter, the e�ciency decreases for further increase in the rotational speed

of the turbine. In a similar manner, for the lower rotational speed of the turbine, the e�ciency

decreases with an increase in the rotor diameter, whilst, for higher values of the rotational speed
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of the turbine, the e�ciency increases with an increase in the rotor diameter. These observations

conclude that maximum e�ciency can be achieved with appropriate combinations of the turbine

rotor diameter and rotational speed.

Chapter 4 demonstrates that the power extraction by the hybrid wave energy converter device

consisting of a piezoelectric plate and OWC device is considerably higher than the power

extraction by the standalone piezoelectric plate and OWC device for a wider range of incident wave

frequencies. Consequently, the present hybrid device is suitable in locations having broadband

incident wave spectrum. It is found that due to the occurrences of multiple resonances, the

power extraction by the present hybrid wave energy converter device is higher for moderate and

larger values of the chamber width in the long and intermediate wave regimes. It is observed

that irrespective of the front wall draft, the power extraction by the present hybrid device is

higher in the long-wave regime. In contrast, the power extraction decreases with an increase

in the front wall draft as the incident wavelength becomes shorter. Similar observations are

reported for the standalone OWC devices. It is demonstrated that the power extraction by

the present hybrid wave energy converter device is higher for smaller plate lengths and smaller

submergence depths of the piezoelectric plate. Similar observations are reported in the power

extraction by the standalone piezoelectric plate. Moreover, the ripple amplitude and the number

of ripples of the sinusoidally varying seabed significantly influence the power extraction by the

hybrid wave energy converter. Similar results are also reported for the standalone OWC devices

and piezoelectric plates. In addition, the power extraction by the hybrid wave energy converter

device becomes higher when the piezoelectric plate is placed in the closed proximity of the OWC

device. The amplitudes of the resonating peaks are higher for a piezoelectric plate having fixed

edges, and the number of resonating peaks is more when the seaside edge of the piezoelectric

plate is free. It is found that the piezoelectric plate is able to capture the incident wave energy

for an extended period of time. Based on the Taguchi method, System 1 is best suited at the

locations where the incident wave frequency follows the Bretschneider spectrum in terms of

extracting the highest power around the most probable incident wave frequency and associated

largest bandwidth. In summary, it is concluded that the hydrodynamic performance of the

present hybrid wave energy converter device can be enhanced significantly with the appropriate

combinations of shape parameters associated with the OWC device, piezoelectric plate, and

undulated seabed.

Chapter 5 highlights that for the INP OWC device, the resonance occurs in the e�ciency curve

⌘max,I due to the variation in chamber length, and the draft of the front wall of the device is

similar to the single-layer fluid case. On the other hand, the e�ciency ⌘max,II varies in a highly

oscillatory manner with the variation in incident wavenumber. This highly oscillatory pattern,

which occurs due to the exchange of energy between the surface and internal waves, diminishes

in the short wave regime for smaller values of chamber length and for larger front wall draft.

Further, resonating interaction between the internal waves with the rippled bottom also plays a
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major role in the highly resonating pattern of the e�ciency ⌘max,II curve. Further, it is also

demonstrated that the highly oscillatory pattern in ⌘max,II occurs due to the distribution of

incoming wave energy associated with the internal wave mode kII to cover a broadband spectrum.

In addition, due to the multiple resonances and near-resonance interactions of waves with the

bottom ripples, the amplitude of resonance in the ⌘max,II curve is higher for higher values of

bottom ripple amplitude for certain values of incident wave frequencies. It is observed that for IP

OWC devices, the pattern of the e�ciency curves ⌘max,j (for j = I, II) are highly oscillatory in

nature in the long and intermediate wave regions. The sloshing e↵ect plays a prominent role in

this highly oscillatory pattern, along with other e↵ects, as mentioned earlier. For the INP OWC

device, significant variations are observed in the e�ciency curve ⌘max,II due to the variation in

the density ratio of the two layers of fluids. A similar pattern is observed for IP OWC devices.

However, this oscillatory pattern diminishes in the short-wave regime. Furthermore, for the INP

OWC device, the free surface elevation is higher than the interface elevation in the presence

of surface wave mode. On the other hand, due to the presence of internal wave mode, the

interface elevation is higher than the free surface elevation. Similar observations are reported

for the IP OWC device. In summary, it is concluded that the hydrodynamic performance of

the OWC devices can be enhanced significantly with the appropriate combinations of shape

parameters associated with the OWC device and seabed. Air compressibility enhances the

e�ciency associated with the surface mode of the OWC device for shorter incident waves, and an

opposite trend is observed for longer incident waves. Further, the air compressibility enhances

and diminishes the e�ciency associated with internal mode alternately as the incident time

period increases.

6.3 Applications

The applications of the present study are the following.

The qualitative and quantitative results presented in Chapter 2 are very useful in designing

and constructing an e↵ective oscillating water column device placed over the undulated

seabed. It is to be noted that full-scale experiments to study the performance of OWC

devices are very costly and time-consuming. In this regard, often, the numerical results, as

presented in Chapter 2, will provide a good background of the outcomes before going into

full-scale model tests. This will reduce the number of experiments, and so the associated

experimental costs will also be reduced. Further, the numerical simulations also provide a

good estimation of the incident wave frequency range to get power output and e�ciency

from the OWC device.

The qualitative and quantitative results associated with the turbine parameters and the

annual average performance of oscillating water column devices on site-specific locations
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are provided in Chapter 3, which are very useful in designing and constructing e↵ective

breakwater-integrated oscillating water column devices in real sea environments. The

concept of these particular types of breakwater-integrated OWC devices is cost-e↵ective

and durable. Further, these types of hybrid structures act as an e↵ective wave barrier in

real ocean environments.

The results associated with the power extraction of a hybrid wave energy converter device

consisting of the piezoelectric plate and the oscillating water column device are provided

in Chapter 4, which are very useful in designing and constructing wave energy converters

with flexible structures and hybrid multi-energy systems. The proposed hybrid device can

generate maximum power for a wider range of incident wave frequencies and, therefore, is

suitable for locations having broadband incident wave spectrum.

The qualitative and quantitative results associated with the e�ciencies of OWC devices

in a two-layer fluid system are given in Chapter 5, which are very useful in designing

and constructing OWC wave energy converter devices in a two-layer fluid system. With

appropriate shapes, the proposed OWC devices can generate maximum e�ciencies in

surface and internal wave modes for a wider range of incident wave frequencies.

6.4 Scope of possible extensions for the future work

There are a number of interesting extensions of the present work in a long run as provided in

the following

The problems discussed in the present thesis on water wave interactions with wave energy

converter devices are based on the Airy wave theory, which is the simplest first-order

small-amplitude wave theory, also known as linear theory. This theory can solve many

engineering problems quickly and accurately. In some cases, simple theories can accurately

predict wave profiles. However, large waves or waves approaching the shore in shallow water

often require higher-order wave theories (non-linear theories) to describe. In this context,

the problems discussed in Chapters 2-5 can be extended to the second and higher orders

to describe the non-linear hydrodynamics associated with various wave energy converter

devices.

The solution techniques discussed in Chapters 2-5 can be extended to the oblique waves

by constructing appropriate Green’s function and also using the ray method.

The problems discussed in the present thesis are solved using the boundary element method

and coupled eigenfunction expansion-boundary element method. It can be coupled with
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the finite element method to handle the non-homogeneous flexibility and piezoelectric

parameters of the piezoelectric plate.

The solution techniques discussed in Chapters 2-5 are based on the constant and linear

boundary element methods. The accuracy of the solutions can be improved further by

considering higher-order boundary element methods.

The present solution techniques can be extended to handle the performance of an array of

wave energy converter devices of di↵erent configurations present in a wave farm.
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