
Phenomenological Aspects of Noncommutative
Standard Model

A thesis submitted in partial fulfillment of

the requirements for the degree of

DOCTOR OF PHILOSOPHY

by

Selvaganapathy J
(Roll No. 2012PHXF0015G)

Under the guidance of

Dr. Prasanta Kumar Das (Supervisor)
and

Dr. Partha Konar (Co-supervisor)

DEPARTMENT OF PHYSICS

BIRLA INSTITUTE OF TECHNOLOGY AND SCIENCE, PILANI

May - 2018



Dedicated to my parents

and

family members





Abstract

The Standard Model(SM) of Particle Physics has so far been extremely successful, with a recent major

triumph in discovering and constraining the properties of the last missing bit of the SM, the Higgs bo-

son. Apart from some discrete and isolated hints, it is broadly evasive, lacking any clinching evidence

yet supporting the physics beyond the standard model (BSM) experiment at Large Hadron Collider

(LHC) at the TeV energy scale, exploration of which is one of the primary motives for post-Higgs

LHC. On the other side, it is widely admitted that the Standard Model is valid only up to a scale of

several hundred GeV i.e it is at most a very good description for low energy effective theory which,

in fact, falls short to explain several outstanding issues both in terms of theoretical construction and

elegance as well as experimental observations.

The idea of field theories on the noncommutative (NC) spacetime is rather primeval, yet fascinate by

introducing a fundamental length scale in the model consistent with the symmetry. These ideas are

further revived after realization of their possible connection with quantum gravity, where noncommu-

tativity is perceived as an outcome of certain string theory embedded into a background magnetic field.

Just like the quantization in phase space, the spacetime coordinate in the noncommutative spacetime

gets replaced by an operator x̂µ which satisfy the commutation relation

[x̂µ, x̂ν ] = iΘµν = i
cµν
Λ2

.

where Θµν is an antisymmetric matrix tensor, which has the dimension of area reflecting the extent to

which the spacetime is fuzzy i.e. noncommutative. cµν is the anti-symmetric constant c-number matrix

which gives a preferred directionality and also a non-vanishing contribution results in deviating from

exact Lorentz invariance is broken at all scale Λ, the scale of spacetime noncommutativity. The con-

struction of the noncommutative standard model relies on two important blocks: Moyal-Weyl(MW)

�-product of field functions on ordinary spacetime and the Seiberg-Witten(SW) maps. In the SW map,

the field variables and the gauge transformation parameter are defined by a formal power series ex-

pansion of the fields in terms of Θ. By means of Weyl-Moyal star product and Seiberg-Witten maps,

the noncommutative standard model to order O(Θ) have been constructed as the effective theory: the

minimal Nonconcommutative Standard Model(mNCSM) in which the SM vertices are modified and

the non-minimal Nonconcommutative Standard Model(nmNCSM) in which besides those modified

SM vertices, several new interactions also appear which are not present in the standard model.



Since the Lorentz invariance including the rotational invariance around the beam axis is broken by

the spacetime noncommutativity(which defines a preferred direction), the azimuthal distribution of the

cross-section will no longer be isotropic due to its strong φ dependence. This azimuthal anisotropy,

absent in most of the beyond the standard models (BSM), can be used to single out spacetime non-

commutativity from other class of BSM physics by looking at processes at the TeV energy colliders.

Besides the fact that the SM vertices get modified in NC space-time, new interactions (e.g. triple neu-

tral gauge boson coupling) also emerge. These vertices as well as directional features incorporated

as new features, present and future colliders certainly can provide an opportunity to verify these new

physics at TeV scale as well constrain different parameters and the NC scale Λ.

Although theoretically the value of Λ is not known, however if this effective scale lies somewhere

between hundreds of GeV to few TeV range, then it can be probed by the ongoing proton-proton

Large Hadron Collider or the upcoming electron-positron linear collider. Now most of existing col-

lider searches of spacetime noncommutativity were made in the context of electron-positron collider,

only few were available in the context of LHC. Also the effect of earth rotation was not considered in

most of the phenomenological searches for the sake of simplicity, which however needs to be taken

into account in order to make any serious phenomenological investigation. The present thesis is an

effort to fill those gaps and it aims

1. To widen our understanding of the magnitude of the noncommutative scale Λ by looking at

processes both at LHC and LC with and without considering the effect of earth rotation into the

analysis and have better understanding of the structure of spacetime at high energy.

2. To see how the anisotropic behaviour of the cross-section arising due to the violation of Lorentz

invariance can throw light in understanding the structure of spacetime at high energy.

Thesis is organized as follows. In chapter 1, we give a brief review of the Standard model of particle

physics, discuss about its gauge structure, particle content and the Higgs mechanism. We discuss about

several limitations of the SM: Theoretical question (e.g. hierarchy problem, baryon asymmetry, gener-

ation problem etc) and Experimental finding (neutrino oscillation, dark matter etc) of and the necessity

of having the beyond the standard model physics(BSM).

In chapter 2, we give a brief introduction of space-time noncommutativity, discuss about the Weyl-

Moyal and Seiberg-Witten approach for doing NC phenomenology, and discuss about the construction

of minimal and non-minimal noncommutative standard model(NCSM).

In chapter 3, we investigate the higgstralung process e+e− → Zh process at the LC in the nmNCSM.
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We calculate the cross-section using the the Feynman rules to all orders of the noncommutative param-

eter Θµν , with special emphasis on including the effect of earth rotation on the orientation of the NC

tensor Θµν on the cross-section and the azimuthal distribution etc corresponding to the machine energy

varying from 0.5 TeV to 3 TeV for Λ ≥ 0.5 TeV.

In chapter 4, we study the Drell-Yan process at the Large Hadron Collider in the noncommutative

spacetime. We calculate the production cross section to the first order in Θµν . An outstanding feature

from this nonminimal noncommutative standard model not only modifies the couplings over the SM

production channel, but also allows additional nonstandard vertices which can play a significant role

and in the Drell-Yan process, one also needs to account for the gluon fusion process i.e. the presence

of g− g− γ and g− g−Z vertices at the tree level. We find some of the characteristic signatures such

as oscillatory azimuthal distributions, are an outcome of the momentum-dependent effective couplings

and explore the noncommutative scale Λ ≥ 0.4 TeV, considering different machine energy ranging

from 7 TeV to 13 TeV.

In chapter 5, we study the top quark pair production in the noncommutative spacetime in LC. Us-

ing the O(Θ) Feynman rule, we obtained the cross section and the azimuthal distribution of the top

quark pair production and investigated their sensitivities on the Θµν distribution of the pair top quark

pair production and investigated their sensitivities in the case of space-time(ST) noncommutativity,

space-space(SS) noncommutativity and space-time & space-space noncommutativity. In the case of

space-space noncommutivity, the fact that (σSS − σSM) ≤ 0.02σSM , gives rise the lower bound on

the NC scale Λ ≥ 0.65 TeV. In the presence of earth rotation, the time-averaged cross section �σ(t)�T
attains its maximum value corresponding to the orientation angle η = π/2 (η, the orientation angle of

the NC vector w.r.t the earth axis of rotation(fixed direction)). The azimuthal
�

dσ(t)
dφ

�
T

vs φ distribu-

tion, completely flat in the SM, shows peaks and troughs in the case of NCSM corresponding η = π/2

and Λ = 0.65 TeV at Ecom = 1 TeV. The oscillatory behaviour of the azimuthal distribution and

the diurnal behaviour of the top-quark production cross section over the period of a complete day and

night can be an useful tool in isolating spacetime noncommutativity from other class of BSM models.

In chapter 6, we summarize our thesis work and conclude.
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Chapter 1

The Standard Model of Particle Physics

” Science is shaped by ignorance. Great questions themselves evolve, of course, because their

answers spawn new and better questions in turn”. - David Gross

1.1 Introduction

The standard model (SM) of elementary particles which describes how the elementary particles

interact with each other has been consistently developed over the last five decades and became com-

patible with the experimental results all the way around. The basic building blocks of the SM i.e. the

particles, are classified into two classes due to their spin: fermions and bosons. Neutrinos, Leptons and

Quarks are the fermionic matter particle which has spin 1
2

angular momentum. On the other hand, there

are two types of bosonic matter particles i.e spin 1 vector boson e.g. Photon(γ), W± and Z bosons

and spin 0 scalar bosons e.g. Higgs boson (h). In addition, there are eight spin 1 vector bosons called

gluons. Bosons are force carriers between fermionic matter particles.

The standard model accommodate three types of interaction (i) Strong interaction: Gluons are the

force carriers between quark interaction, (ii) Electromagnetic(EM) interaction: Photon (γ) is respon-

sible for electromagnetic(EM) interaction between quarks and leptons. (iii) Weak interaction: W±

and Z bosons are responsible for weak interaction between neutrinos, leptons and quarks. Note that

neutrinos do not take part in electromagnetic and strong interactions. These gluons, photon(γ), weak

bosons W± and Z bosons are all known as gauge bosons. The last one is called Higgs interaction. The

Higgs interaction with the SM particles is responsible for mass of the SM particle. Note that neutrinos

remains massless in the SM.
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The Standard model is a theory based on the local SU(3)c ⊗ SU(2)L ⊗U(1)Y gauge symmetry group

which makes the theory a gauge invariant one.

1.1.1 Symmetry

A symmetry operation is the some sort of transformation on the physical system which leaves the

system unchanged and it leads to the conservation of particular physical quantities. If U is a symmetry

operation on the system described by the Hamiltonian H , then H is invariant if and only if UHU † = H .

According to Noether’s theorem, the parameter of U is a constant of motion. The simplest incarnation

of Noethers theorem, which states that whenever we have a continuous symmetry of Lagrangian, there

is an associated conservation law.

Symmetry Conserved quantities

Space translation ←→ Linear momentum

Time translation ←→ Energy

Rotation ←→ Angular momentum

Gauge transform ←→ Charge

Table 1.1: Symmetry operation and law of conservation

It is an universal property of the nature which plays a crucial role in condensed matter physics, Particle

physics, String theory, Astrophysics and Cosmology etc. Steven Weinberg interpreted this symmetry

as,

”A law of nature can be said to respect a certain symmetry if that law remains the same when we change

the point of view from which we observe natural phenomena in certain definite ways. The particular

set of ways that we can change our point of view without changing the law defines the symmetry.”

The symmetry transformations are described by the distinct group elements of appropriate symmetry

group. Predominantly, symmetries can be classified into two types: (i) discrete symmetry and (ii)

continuous symmetry.

• Discrete Symmetries: The symmetry transformation parameters can take discrete values. For

example, Parity P , Charge Conjugation C and Time Reversal T . The electromagnetic inter-

actions and the strong interactions preserve C , P and T symmetry separately, whereas in weak

interaction C, P and CP symmetries are not preserved. According to the CPT theorem we
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know that all interactions has to be invariant under the combined transformation given by C, P

and T , regardless their order.

• Continuous Symmetries: The symmetry transformation parameters take continuous values. There

are several types of continuous symmetries. For example, space-time symmetries and internal

symmetries are the class of continuous symmetries which play an important role in particle

physics.

– Space-time symmetries: Symmetry transformations that act on the space-time. Typical

examples are translations, rotations, etc. The invariance of time translation, space transla-

tion and space rotation exhibits the homogeneity of time, space and isotropy of the space

respectively in nature.

– Internal Symmetries: The internal symmetries, not the space-time symmetries, are related

to the gauge symmetries which are responsible for interactions/forces in the gauge theory.

The typical examples are electromagnetic charge is responsible for electromagnetic forces,

weak-Isospin symmetry for weak force and Color symmetry for strong force etc. The inter-

nal symmetry operations are the phase transformation of the fields. If the phase is indepen-

dent of space-time then it is called the global phase transformation (global symmetry) and if

the phase is dependent on space-time, then it is called the local phase transformation(local

symmetry). Customarily these internal symmetries are described by Lie groups.

1.2 Gauge theory

The gauge field theory provides an insight about the fundamental interactions of the SM particles.

The interaction between matter fermion is realized as a some kind of phase transformation on the

matter field i.e.ψ� = U ψ where U = exp(−iqθ/�c) is ”unitary”. θ is the phase parameter, q, the

matter charge( it can be hypercharge or isotopic charge or color charge), act as the generator of the

gauge transformation [1].

1.2.1 Global and Local gauge theory

The unitary transformation matrix U = exp(−iqθ
�c ): is a representation of abelian U(1) group.

Similarly, U = exp(−igT i�i

�c ) is a representation of the non-abelian SU(2) group with T i being its
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generators and �i are the transformation parameters. Depending on whether the transformation param-

eter(s) θ (in case of U(1) ) and �i (in case of SU(2)) are function of spacetime coordinate (xµ) or not,

the transformation will be called local or global. We will be working with � = 1, c = 1 throughout

the thesis.

U(1) global and local gauge symmetry

U(1) global gauge symmetry: In quantum gauge theory, the global gauge symmetry requires

only conservation laws which do not require any other new gauge field or forces, because global sym-

metry preserves the symmetry in all spacetime points as a constant. Consider the lagrangian of a free

Dirac fermion of mass m

L0 = ψ̄ (iγµ∂µ −m)ψ

Consider the global U(1) transformation ψ −→ ψ� = Uψ = e−iqθψ, where θ is independent of

spacetime coordinates and q is the Noether charge (group generator) of the particle.

Now the above lagrangian is invariant under the global U(1) transformation i.e. L0(ψ) = L�
0 (ψ → ψ�).

The conserved Noether current is jµ = qψ̄γµψ, and q is the Noether U(1) charge q of the particle.

U(1) local gauge symmetry: The matter fermion ψ transforms under the local U(1) transformation

as ψ −→ ψ� = Uψ = e−iqθ(x)ψ. One finds that L�
0 = L0 + qψ̄γµψ ∂µθ(x) i.e. L0 �= L�

0. So, L0 is not

invariant under the local gauge transformation. To make it gauge invariant, we modify the derivative

∂µ as Dµ = ∂µ+ iqAµ (called the covariant derivative), where Aµ is the U(1) gauge field. Accordingly,

the lagrangian becomes

L0 = L0 − jµAµ

where jµ = qψ̄γµψ. This can made gauge invariant by introducing a 4-gauge potential Aµ(x) and the

following transformation under the local U(1) gauge transformation

Aµ(x) → A�
µ(x) = Aµ(x)− ∂µθ(x)

. The theory which describes electron-photon interaction is known as Quantum Electrodynamics(QED).

It is described by the lagrangian,

LQED = ψ̄ (iγµDµ −m)ψ − 1

4
F µνFµν

where Fµν = ∂µAν − ∂νAµ. Here Aµ is the photon field, Fµν is the photon field strength tensor and ψ

the fermionic matter field corresponds to electron.
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SU(2) and SU(3) local gauge symmetry

In the same way the strong interaction (quark-gloun interaction) and the weak interaction (quark,lepton

interaction with W± and Z bosons) can be formulated as a SU(3) gauge theory and a SU(2) gauge

theory, respectively. In general, the lagrangian of a SU(N) gauge theory (with N = 2, 3) can be

written as

L = Ψ̄ (iγµDµ −m)Ψ− 1

4
F µνaF a

µν

where the matter field transform as Ψ −→ Ψ� = UΨ = e−ig
�

a Taθa(x)Ψ (where a = 1, 2, ...N2 − 1)

and the gauge field as

A�
µ(x) = UAµ(x)U † +

i

g
(∂µU)U †; F �

µν(x) = UFµν(x)U
†

Here the SU(2) generator T a = τa

2
(τa, a = 1, 2, 3,the Pauli matrices) and the SU(3) generator

T b = λb

2
(λb, b = 1, 2, ....8, the Gell-Man matrices). Here Fµν(x) = TaF

a
µν(x); Aµ(x) = TaA

a
µ(x);

where

F a
µν(x) = ∂µA

a
ν(x)− ∂νA

a
µ(x)− g�aklAk µAl ν ,

and the co-variant derivative Dµ = ∂µ+ igTaA
a
µ(x). Here �akl is the fully anti-symmetric tensor. In the

gauge kinetic part, the cubic and quartic term in A appears naturally in this Yang-Mills gauge theory

due to the term g�aklAk µAl ν which are required in order have gauge invariance into the theory.

1.2.2 Goldstone theorem

Global symmetries are not natural symmetries. It may be either broken or approximate or is the leftover

symmetry of spontaneous broken local symmetry. The Goldstone theorem states that ”If the continuous

symmetry of a lagrangian (describing a theory) is spontaneously broken, then it will be accompanied

by the existence of a massless scalar boson (called Goldstone boson) in that theory. The number of

massless Goldstone bosons is equal to the number of such broken symmetries [2].

1.3 Spontaneous Symmetry Breaking (SSB)

The gauge symmetry keeps the gauge bosons massless. Similarly, the chiral symmetry protects

the chiral fermions from getting any mass. However, the weak vector bosons W± and Z0 which have

been found at high energy colliders, are found to be massive. To generate masses of the vector bosons

in a gauge invariant manner while retaining the the renormalizability of the theory, one need to break
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the symmetry spontaneously (SSB) at the vacuum level, while maintaining gauge invariance at the

lagrangian level [3]. To see how a continuous symmetry is spontaneously broken, let us use a complex

scalar field Φ(= 1√
2
(φ1 + iφ2)) with the potential

V (Φ,Φ†) = µ2Φ†Φ+ λ
�
Φ†Φ

�2
.

Note that the constant λ in the potential has to be positive. Else V (Φ) will become negative for

Figure 1.1: Spontaneous symmetry breaking and Higgs potential

sufficiently large Φ and hence the potential will be unbounded from below. With λ > 0, there are two

cases: (i) µ2 > 0 and (ii) µ2 < 0

• Case (i): µ2 > 0. The mass of the scalar boson is positive and the state with Φ† = Φ = 0

corresponds to a stable equilibrium and it is the ground state.

• Case (ii): µ2 < 0, which is a special case: the mass (i.e. = i
√
2µ) of the scalar boson is found to

be imaginary.

Now, the potential is invariant under the global phase transformation as define by Φ −→ Φ
�
= e−iqθΦ.

The minimum of the potential lies at Φ0 = ±
�

−µ2

2λ
= ± υ√

2
, where v is a positive definite since

µ2 < 0. Although, the potential above is unstable around Φ = 0, but is rotationally symmetric. Any

fluctuation around the minimum would break the symmetry. Now in quantum field theory, physical

particles are interpreted as quantum fluctuations around their ground state. Here the ground state is

located somewhere in the rim of the Mexican hat type of potential(shown in Fig 1.1), which is infinitely

degenerate since it is a continuous circle of minima.

Introducing two new field(real) variables h(x) = φ1 − υ and ξ = φ2 such that �0|h(x)|0� = 0 and

�0|ξ(x)|0� = 0, which are the quantum fluctuations around the vacuum, one can rewrite Φ as

Φ =
1√
2
(φ1(x) + iφ2(x)) =

1√
2
(h(x) + υ + iξ(x)) −∼

1√
2
(h(x) + υ)eiξ(x)/υ,
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and substituting this in the Lagrangian L = (∂µΦ)
†∂µΦ− µ2Φ†Φ− λ

�
Φ†Φ

�2, we find

L =
1

2
∂µ

�
[υ + h(x)]e−iξ(x)/υ

�
∂µ

�
[υ + h(x)]eiξ(x)/υ

�
− µ2

2
(υ + h(x))2 − µ2

4υ2
(υ + h(x))4

=
1

2
∂µh∂

µh+
1

2
∂µξ∂

µξ + µ2h2 +

�
h2

2υ2
+

h

υ

�
∂µξ∂

µξ +
µ2

4υ2

�
4υh3 + h4

�
− µ2υ2

4

The Lagrangian consists of the following particle spectrum: a scalar particle of mass mh =
�
−2µ2

which is positive (since µ2 < 0) and a massless scalar boson ξ(x) (i.e. mξ = 0) called the Goldstone

boson.

1.3.1 Higgs mechanism

This is a kind of SSB mechanism for generating the mass of the vector boson. The mass terms

arises naturally due to the interaction of the particles with the vacuum but the theory is still remains

normalizable [4]. Below we discuss the Higgs mechanism in the case of abelian and non-abelian gauge

symmetries, respectively.

Abelian Higgs mechanism

To start with let us consider the Lagrangian of the scalar QED (the theory which describes the

interaction of photons with charged scalar bosons) given by

Lscalar = (DµΦ)†(DµΦ)− µ2Φ†Φ− λ
�
Φ†Φ

�2 − 1

4
F µνFµν .

where Dµ = ∂µ + iqeAµ and the field transformation are given given by Φ� = UΦ = e−iq θ(x)Φ and

A�
µ(x) = Aµ(x) − q

e
∂µθ(x). One can rewrite the above lagrangian (scalar QED) in terms of h(x) and

ξ(x) (setting q = −1) as

L =
1

2

�
(∂µ + ieAµ)

�
[υ + h(x)]e−iξ(x)/υ

�� �
(∂µ − ieAµ)

�
[υ + h(x)]eiξ(x)/υ

��
− µ2

2
(υ + h(x))2

− µ2

4υ2
(υ + h(x))4 − 1

4
F µνFµν

=
1

2
∂µh∂

µh+ µ2h2 +
1

2
∂µξ∂

µξ +
e2υ2

2
AµA

µ − 1

4
F µνFµν − eυAµ∂µξ + ...

So, we have one massive scalar h(x) of mass mh =
�
2µ2, one massless Goldstone boson ξ and a

massive vector particle Aµ of mass mA = eυ, where v is the vacuum expectation value. The last term

(off-diagonal mass term) in the lagrangian is unphysical as it means that the massless ξ Goldstone

boson converts into the gauge field Aµ and needs to be removed from the theory [5]. We can redefine
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the gauge field Aµ by absorbing the Goldstone boson as follows,

1

2
∂µξ∂

µξ +
e2υ2

2
AµA

µ − 1

4
F µνFµν − eυAµ∂µξ =

e2υ2

2

�
Aµ −

1

eυ
∂µξ

��
Aµ − 1

eυ
∂µξ

�

Writing the the local gauge transformation parameter as θ(x) = −ξ/υ, one find that the gauge field

transforms as

A�
µ = Aµ −

1

eυ
∂µξ,

and the scalar field becomes

Φ −→ e−iξ(x)/υΦ = e−iξ(x)/υ

�
1√
2
(h(x) + υ)eiξ(x)/υ

�
≡ 1√

2
(h(x) + υ)

One thus gets rid of the unwanted massless scalar Goldstone boson ξ(x) and generates the mass of the

gauge field A�
µ by combining spontaneous symmetry breaking with local gauge invariance.

Non-abelian Higgs mechanism

For the non-abelian SU(2) group, the three generators T a = τa/2 satisfies
�
T a, T b

�
= i�abcTc

where �abc is the fully anti-symmetric tensor and T a are traceless hermitian two dimensional Pauli

matrices. The complex scalar Φ is a SU(2) doublet and it transforms under the local SU(2) gauge

transformation as

Φ� = UΦ = eig
�

a Taθa(x)Φ where Φ =
1√
2


φ1 + iφ2

φ3 + iφ4




The SU(2) gauge field Aµ(x) = TaA
a
µ(x), the field strength tensor F a

µν(x) = ∂µA
a
ν(x) − ∂νA

a
µ(x) −

g�aklAk µAl ν ; the SU(2) covariant derivative Dµ = ∂µ + igT aAa
µ(x), a = 1, 2, 3. which required to

construct the SU(2) gauge invariant lagrangian for the complex scalar Φ. After spontaneous symmetry

breaking with unitary gauge (i.e. by choosing θa(x) = −ξa(x)/υ at each point in spacetime), we get

Φ =
1√
2


 0

h(x) + υ


 .

The ξa is the Goldstone boson are which are equivalently φ1,φ2 and φ4. The minimum of the scalar

potential is
�4

i=1 φ
2
i = υ2, where υ is the radius of the 4d sphere constructed out of φ1, ....φ4. So

the Goldstone boson can move freely on the sphere. The expectation value of the Goldstone bosons

(φ1,φ2,φ4) are zero. Without loss of generality, we may align our vacuum in the φ3 direction. The

above three Goldstone bosons, which were appeared in the spontaneous symmetry breaking mechanism
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because of three broken generator of the SU(2) group, are now eaten by the non-abelian gauge fields

and become massive which is given by

Lgaugemass =
�gυ
2

�2

W+
µ W−

µ +
1

2

�gυ
2

�2

A3
µA

3
µ,

where W±
µ = 1√

2

�
A1

µ ∓ iA2
µ

�
is the charged weak bosons of mass mW = gυ/2. This Higgs mechanism

[6, 7] generate the same mass for all the three gauge field W±
µ and A3

µ.

Glashow, Weinberg and Salam model(GWS) and the Higgs mechanism

The GWS model is a local SU(2)L ⊗ U(1)Y gauge invariant theory which unifies the electro-

magnetic and weak interactions [8–10]. We next study the SSB mechanism in the Higgs sector of

the SU(2)L ⊗ U(1)Y gauge theory. To start with we write down the local SU(2)L ⊗ U(1)Y invariant

lagrangian of a complex scalar doublet Φ(x)

Lscalar = (DµΦ)†(DµΦ)− µ2Φ†Φ− λ
�
Φ†Φ

�2

where here Y is the hypercharge (= Q − T 3) of the particle, with T3 the 3rd components of the weak

iso-spin and Q the total electromagnetic charge. In the lagrangian, the covariant derivative is defined

as Dµ = ∂µ + igTaA
a
µ + ig�Y Bµ, and the complex scalar field Φ

Φ =


φ+

φ0


 =

1√
2


φ1 + iφ2

φ3 + iφ4




Considering �0|φi|0� = 0, i = 1, 2, 3 and �0|φ4|0� = υ, we next define the Higgs field h(x) = φ3(x)−υ

(h(x) and (ξ1, ξ2, ξ3) ≡ (φ1,φ2,−φ4) (the three Goldstone bosons). If the symmetry is preserved, then

the vacuum should be invariant under the symmetry transformation. So, if T is the generator of the

symmetry transformation i.e.

U�0|φ|0� = e−i
�

a Taξa(x)�0|φ|0� ≡ �0|φ|0�,

requires T a�0|φ|0� = 0, where a = 1, 2... We next study the action of the four SU(2)L ⊗ U(1)Y

generators on the vacuum of the theory i.e.

T 1�0|φ|0� = 1

2


 0 1

1 0




 0

υ√
2


 =




υ
2
√
2

0


 �= 0

Similarly, one also finds that T2�0|φ|0� �= 0, T3�0|φ|0� �= and Y �0|φ|0� �= i.e. all the four generators

breaks the symmetry invariance of the vacuum. As a result, we have one massive scalar and three
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massless vector bosons eat three Goldstone boson and became massive, while photon remains massless.

The counting of gauge degrees of freedom demands that at least one generator should leave the vacuum

invariant and it can be linear combination of generators i.e. T 3 + Y .

(T 3 + Y )�0|φ|0� = 1

2






 1 0

0 −1


+


 1 0

0 1








 0

υ√
2


 =


 1 0

0 0




 0

υ√
2


 = 0

while the orthogonal combination (T 3 − Y ) of the linear combination of the generator breaks the

invariance of the vacuum i.e.

(T 3 − Y )�0|φ|0� = 1

2






 1 0

0 −1


−


 1 0

0 1








 0

υ√
2


 =


 0 0

0 −1




 0

υ√
2


 �= 0

We see that there are three broken generators and one unbroken generator i.e.

(T 1, T 2, K(= T 3 − Y ))�0|φ|0� �= 0 and Q(= T3 +Y)�0|φ|0� = 0

So the GWS gauge group GGWS = SU(2)L⊗U(1)Y with 3+1 generators is broken into the subgroup

U(1)EM with one QEM generator which is known as electromagnetic charge generator. We find

(iT 1ξ1+ iT 2ξ2+ iKξ3+I(h(x)+υ))/υ


 0

υ√
2


 =

1√
2


 ξ1 + iξ2

(h+ υ)− iξ3


 =

1√
2


φ1 + iφ2

φ3 + iφ4


 = Φ

In terms of the Goldstone bosons, Φ(x) can be rewritten as

Φ = exp(i
�

a

T aξa(x)/υ)


 0

h(x)+υ√
2




Using the unitary gauge(choosing θa(x) = −ξa(x)/υ), the gauge transformation as Aa
µ −→ Aa�

µ = Aa
µ,

Bµ −→ Bµ, the scalar field becomes

Φ� −→ Φ =


 0

h(x)+υ√
2




The gauge boson become massive because of their interaction with the Higgs vacuum i.e

|DµΦ|2 =⇒ |
�
igTaA

a
µ + ig�Y Bµ

�
Φ|2

All of the electroweak gauge bosons acquires mass, except the fact that photon remains massless. The

mass term of the electro-weak lagrangian can be written as
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Lmass = µ2h2 +
1

8
g2υ2

��
A1

µ

�2
+
�
A2

µ

�2
+
�
A3

µ

�2�
+

1

8
g

�2υ2BµB
µ − υ2

4
g

�
gBµA

µ3

= µ2h2 +
υ2

8

�
g2

��
A1

µ

�2
+
�
A2

µ

�2�
+
��
gA3

µ − g�Bµ

�2��

Writing the charged(W±
µ ), the neutral weak gauge boson(Zµ) and the photon(Aµ) as

W±
µ =

A1
µ ∓ iA2

µ√
2

, Zµ =

�
gA3

µ − g�Bµ

�
�

g�2 + g2
, Aµ =

�
g�A3

µ + gBµ

�
�
g�2 + g2

,

one finds the mass of the charged and the neutral gauges boson as

MW =
gυ√
2
, MZ = υ

�
g�2 + g2

2
, MA = 0.

The physical photon (Aµ) and weak neutral Zµ boson field can be expressed as the rotated state of A3
µ

and Bµ fields. The angle of rotation, called the Weinberg angle (θW), is defined by couplings g and g�

of SU(2)L and U(1)Y gauge groups [3] i.e.

cos θW =
g�

g2 + g�2
, sin θW =

g��
g2 + g�2

.

The neutral weak and photon fields can be written as

Zµ = cos θWA3
µ − sin θWBµ and Aµ = sin θWA3

µ + cos θWBµ

Finally the U(1)Q coupling is identified as

e = g� cos θW = g sin θW

This is the unification of weak and electromagnetic interaction as obtained in the GWS model electro-

weak theory. LEP discovered the weak neutral and charged boson of mass MZ = 91.1875 ± 0.0021

GeV and MW = 80.399±0.025 GeV, the values as close to the one as predicted by the Weinberg-Salam

(or GWS) model with sin2 θW −∼ 0.23. Finally, the proton-proton Large Hadron Collider discovered

[11] the neutral scalar Higgs scalar boson of mass around mh = 125.09± 0.23 GeV [12].

1.4 The Standard Model

The Standard Model is based on SU(3)C ⊗ SU(2)L ⊗ U(1)Y gauge group which is broken into

the gauge group SU(3)C ⊗ U(1)Q after the Higgs mechanism. The strong interaction, which doesn’t

participate in the symmetry breaking mechanism, is represented by the SU(3)C gauge group and the

gauge fields are called gluon(Ga
µ). The gluon fields which preserves the color symmetry, are massless.
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SM Fields SU(3)C SU(2)L U(1)Y U(1)Q

eR 1 1 −1 −1

lL =


 νL

eL


 1 2 −1/2


 0

−1




uR 3 1 2/3 2/3

dR 3 1 −1/3 −1/3

qL =


uL

dL


 3 2 1/6


 2/3

−1/3




Φ =


φ+

φ0


 1 2 1/2


 1

0




Aa
µ 1 3 0 (±1, 0)

Bµ 1 1 0 0

Gb
µ 8 1 0 0

Table 1.2: The Standard Model fields and the charge defined as Q = T3 + Y

The representation of standard model particles are shown in the table 1.2.

The SM fermions come in three generations. Quarks(u, d, ....b) take part in strong, weak and electro-

magnetic interaction, the charged leptons(e−, µ−, τ−) take part in weak and electromagnetic interac-

tion, while neutrinos take part in the weak interaction. Neutrinos are found to be massless in the SM,

as they don’t have any right-handed partner in the SM. But other (charged)leptons and quarks which

have right handed partner in the SM are SU(2)L singlet. The Yukawa term gives the mass for leptons

and quarks through interaction with the vacuum. The SU(3)C ⊗ SU(2)L ⊗ U(1)Y gauge covariant

derivative which one requires while describing interaction of the SM fermions with the strong, weak

and e.m. gauge field can be written as

Dµ = ∂µ + igs
λb

2
Gb

µ + ig
τ j

2
Aj

µ + ig�Y Bµ

Here b = 1, 2, 3, ..., 8 and j = 1, 2, 3. gs, g and g� are SU(3)C , SU(2)L and U(1)Y gauge couplings

respectively. The generators λb correspond to the 3 × 3 Gellmann matrices, while τ j , the 2 × 2 Pauli

matrices. The typical fermion interactions are obtained from L = ψi /Dµψ. Finally, one can write the

Standard Model Lagrangian is [3]
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L = −1

4
Gb

µνG
bµν − 1

4
W j

µνW
jµν − 1

4
BµνB

µν +
3�

n=1

l̄nLγ
µ
�
i∂µ −

g

2
τ jAj

µ − g�Y Bµ

�
lnL

+
3�

n=1

�
ēnRγ

µ (i∂µ − g�Y Bµ) enR + q̄nLγ
µ
�
i∂µ −

gs
2
λbGb

µ −
g

2
τ jAj

µ − g�Y Bµ

�
qnL

�

+
3�

n=1

�
ūnRγ

µ
�
i∂µ −

gs
2
λbGb

µ − g�Y Bµ

�
unR + d̄�nRγ

µ
�
i∂µ −

gs
2
λbGb

µ − g�Y Bµ

�
d�nR

�

+ |
�
i∂µ −

g

2
τ jAj

µ − g�Y Bµ

�
Φ|2 − µ2Φ†Φ− λ

�
Φ†Φ

�2

−
�

m,n

�
Γu
mnq̄mLΦ

cunR + Γd
mnq̄mLΦd

�
nR + Γe

mnl̄mLΦenR + h.c
�

(1.1)

The charged leptons and down type of quarks get mass from the scalar field Φ through the Yukawa

terms in equation 1.1. The down up type quarks get mass by introducing the conjugate scalar field of

Φ (in conjugate representation of SU(2)L)

Φc = iτ2Φ
∗ =


 φ0

−φ−


 =

1√
2


h(x) + υ

0




Here Γi
mn is the m × n Yukawa coupling matrix(i = u, d, e), m. n = 1, 2, 3 is generation index and it

is a diagonal matrix. For example Γu
11 = λu,Γ

u
22 = λc,Γ

d
33 = λt... and Γe

11 = λe...,Γ
e
33 = λτ , where

λs are the Yukawa coupling constants. One obtain the fermion mass as

Γu
11q1LΦ

cu1R = λuuL

�
1√
2
(h(x) + υ)

�
uR = muuLuR +

mu

υ
uLh(x)uR

where the mass of the u quark is mu = λuυ/
√
2. Similarly, the top(t) quark mass mt = λtυ/

√
2 and

the electron mass me = λeυ/
√
2 etc. The mass of the particles are proportional to the electroweak

symmetry breaking scale v. The gauge kinetic terms are

Bµν = ∂µBν − ∂νBµ, W j
µν = ∂µA

j
ν − ∂νA

j
µ − g�jklAµkAνl

Ga
µν = ∂µG

a
ν − ∂νG

a
µ − gsf

abcGµbGνc

Here fabc and �kl are the fully anti-symmetric structure constants. From the above SM, one finds the

charged and the neutral current interaction as

Lweak =
g√
2
(W+

µ J−
µ +W−

µ J+
µ ) +

e

sin θW cos θW
Jµ
ZZµ + eJµ

emAµ

where W±
µ are the charged weak bosons and Zµ and Aµ are the neutral weak boson and photon,

respectively. The charged weak current Jµ− is defined as

Jµ− =
�

i

�
ūnγ

µ (1− γ5)

2
dn + ν̄nγ

µ (1− γ5)

2
en

�
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where n(= 1, 2, 3) denotes the generation index. Similarly, the neutral current is given by

Jµ
em =

�

f

Qffγ
µf

Jµ
Z =

�

f

�
gfLfLγ

µfL + gfRfRγ
µfR

�

=
�

f

��
gfL + gfR

2

�
fγµf +

�
gfR − gfL

2

�
fγµγ5f

�
.

Here f = νe, e, u and d corresponds to the first generation fermion and fL = (1 − γ5)/2, fR =

(1+ γ5)/2, Qf = T f
3 − Y f . Several coupling constant and parameters appearing in the SM lagrangian

are defined in Table 1.3

gfL,R = T3(fL,R)−Qf sin
2 θW

gνL = 1
2

gνR = 0

geL = −1
2
+ sin2 θW geR = sin2 θW

guL = 1
2
− 2

3
sin2 θW guR = −2

3
sin2 θW

gdL = −1
2
+ 1

3
sin2 θW gdR = 1

3
sin2 θW

Table 1.3: Standard model fermionic couplings

1.5 Limitation of the standard model

Although the standard model has been extremely successful in terms of experimental discoveries, it

has both theoretical and experimental limitations, some of which are briefly described below.

• Theoretical questions:

– Stability of the vacuum: The sign of the bosonic and fermionic contributions in β-function

of the Higgs quartic coupling λ would significantly affect the behaviour of the effective

Higgs potential and the stability of the vacuum [16–18]. Current experimental studies

conclude that the electroweak vacuum is metastable.

– Higgs hierarchy problem: The large quantum corrections [19] pushes the Higgs mass to

the highest energy scale of the theory. Since the Higgs boson is an elementary scalar in

nature, no symmetry can protect the Higgs boson mass from finding such a huge quantum

correction. One needs an extreme fine-tuning to obtain the desired mass of the Higgs boson

at 125 GeV.
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– Fermion mass hierarchy and number of generations:

The mass of the quarks and leptons are directly proportional to the Yukawa coupling. We

do not have any clue about, why the SM has wide spectrum of couplings for SM fermions

and how many generations it could accommodate?

• Experimental questions

– Anomalous magnetic dipole moment of muon: At present Brookhaven E821 and Fermilab

experiment E989, the(g− 2) result deviates 3σ− 4σ from SM : this corresponds to physics

beyond the Standard Model(BSM) [13].

– B-meson decay:

Nearly 2σ−4σ deviation from the SM prediction in RD and RD∗ anomaly (for the B meson

decays B → Dlν and B → D∗lν [29–31]) and the 5σ deviation from the SM prediction

reported in for the decay b → sl+l−, l = µ, τ [32], which points towards the BSM physics.

• Phenomena questions

– Neutrino oscillation: Neutrino oscillation, a result of non-zero neutrino mass and mixing

angle, was established [20–28] in a series of oscillation experiments. In the SM there is no

right handed neutrino, since only the left handed neutrino takes part in the parity violating

weak interaction. Hence, one cannot explain neutrino mass within the SM. One requires

BSM models i.e. Neutrino models with right handed neutrino, to accommodate such tiny

neutrino mass.

– Matter-antimatter asymmetry: The present universe is made up of matter predominantly.

The standard model predicts that matter and antimatter should have been created in nearly

equal amounts in the early stage of the universe [14], however it cannot explain the excess of

matter over the antimatter. The matter-antimatter asymmetry in the leptonic sector is known

as leptogenesis, while the analogous mechanism for baryons is known as baryogenesis. The

Leptogenesis and the baryogenesis requires BSM physics.

– Dark matter and Dark energy: According to Cosmological observations, only 4% of the

total matter-energy content of the Universe are the luminous matter, which the Standard

Model can explain. For the remaining, 23% are dark matter, while the remaining 73%

are dark energy which is attempted to explain in terms of vacuum energy of the standard
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model. But the SM do not have any suitable dark matter candidate [34, 35]. One requires

BSM physics in order to have dark matter particles. [33, 36].

– Gravity: The SM doesn’t include gravity. Even if we add the particle called graviton(which

is responsible for gravitational interaction [15]) in four dimension, it has interaction with

the SM particle of strength αG � 10−39, which is negligible. However, if one work in

extra-dimensional (4 + d, d being the number of extra compact spatial dimension) models,

the cumulative effect of Kaluza-Klein graviton towers in the gravitational interaction with

the standard model particles, may be of electro-weak strength, which can be probed in the

TeV energy hadron or linear collider [37–48].

1.6 Looking for theory beyond the Standard Model

1.6.1 Supersymmetry

However the standard model provides the very precise description of nature at sub-TeV scale as

an effective low energy description of the complete theory. One can address many of above mentioned

problems by invoking new symmetry in the standard model with the space-time being 3+1-dimensional

and the fundamental scale of gravity being the 4-dimensional Planck scale MP lanck = 1019 GeV. One

such symmetry is the supersymmetry. In supersymmetry, each standard model particles has super-

partner which differs by 1/2 integral spin, for example, electron (fermion spin 1/2) has selectron as a

superpartner which has spin 0 (scalar), gluon (vector boson spin 1) has gluino (fermion spin 1/2) etc.

In the limit of exact supersymmetry where the coupling and mass of the particles corresponding super-

Figure 1.2: (Source: Wikipedia), Supersymmetry standard model

particles are equal, but it cannot be true that we haven’t observe such degenerate superpartners of SM
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particle so far in experiments. Thus supersymmetry, if it exist, must be a broken symmetry of nature at

around TeV scale (require) and all superpartners must be heavier than their known counterparts.

The hierarchy problem is resolved in the limit of exact supersymmetry where the coupling and

mass of this bosons and it’s corresponding fermions (supersymmetric partner of the boson) are equal,

the two quadratic divergences gets canceled because of the extra minus sign which appears in the

fermionic loop, there remaining controllable logarithmically divergent [36]. Once supersymmetry is

broken, there is an additional soft broken term comes with logarithmically divergent. Supersymmetry

also provides the unification of the gauge couplings at GUT scale naturally. In the dark matter point

of view, light supersymmetric particles (LSP) can be a natural dark matter candidates. These are the

additional features of the supersymmetric theory.

1.6.2 Large Extra dimension:

Among the BSM models, the models based on extra spatial dimension(s) were found to be quite in-

teresting as they solve the Higgs hierarchy problem quite elegantly as the scale of 4 + d-dimensional

gravity is turned out to be 103 GeV instead of 1019 GeV, a scale which can be probed by the current or

the upcoming TeV energy colliders.

In 1998, Nima Arkani-Hamed, Savas Dimopoulos and Gia Dvali (ADD) [39] first proposed the model

based on ”large extra (compactified) dimensions”, and tried to solve the gauge hierarchy (also known

as the higgs hierarchy) problem but it raised the new hierarchy problem between the campactifica-

tion scale of the large extra dimension and the electroweak scale. In 1999, Lisa Randall and Raman

Sundrum(RS) [41] proposed warped extra-dimensional model to resolve the gauge hierarchy problem.

Kaluza-Klein model: The idea that the world can be higher-dimensional(i.e. more than of dimension

four), was first suggested in 1914 by Nordstrom and gained popularity as a theory of unification of

gravity and electromagnetism after the pioneering work by Kaluza(1921) [37] and Klein(1926) [38].

In the original Kaluza-Klein model, the world was assumed to be 4 + 1-dimensional. The fifth spa-

tial dimension (denoted by the fifth coordinate x5 ) is compactified on a circle S1 of radius Rc with

x5 = Rcθ, θ being the angular coordinate. So the 5-dimensional world is M4⊗S1 and the correspond-

ing Einsteins equation manifests the 5-dimensional general coordinate invariance. In the limit Rc = 0,

one recovers the 4-dimensional Einsteins equations of general relativity and the Maxwell equations of

electromagnetism.

ADD model: In 1998, N. Arkani-Hamed, S. Dimopoulos and G. Dvali (ADD) proposed a model based

on large extra dimensions [39]. In the ADD model the world is D = 4 + d-dimensional, where d is
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Figure 1.3: Fifth dimension in Kaluza-Klein model

the number of extra compactified spatial dimensions. The 4-dimensional Planck scale is related to the

4 + d-dimensional Planck scale MD as follows

M2
pl ≈ Rd

cM
2+d
D

where Rc is the common size of each of the d extra dimensions. Setting the fundamental scale of

gravity MD = 1 TeV, we find Rc ≈ 10
30
d
−17cm. In Table 1.4, we have shown Rc for different number

of extra spatial dimensions(d) [40]. Obviously, d = 1 case is ruled out; else deviation from Newtonian

d 1 2 3 4 5 6

Rc(cm)∼ 1015 10−1 10−5 10−9 10−11 10−12

Table 1.4: The size of the extra spatial dimension(Rc) is shown as a function of d

gravity would be observable at the solar system length scale, which has not been seen so far. Thus, the

minimum number of extra spatial dimension is d = 2 . Now, in the ADD scenario, the fundamental

scale of gravity is MD = 1 TeV and the standard model is an effective theory valid up to this TeV

scale. The quadratic correction changes the Higgs mass by a factor of 100 (much smaller that 1019 ).

This thus solves the hierarchy problem. This model has a lot of interesting phenomenological collider

and astrophysical features which have been studied at a length and are available in the literatures.

Randall-Sundrum(RS) model: In 1999, Lisa Randall and Raman Sundrum(RS) proposed a model

based on one (warped) extra dimension to solve the Higgs hierarchy problem [41]. According to this

model, the fifth dimension of size rc is S1/Z2 orbifold and the 5-dimensional metric is given by

ds2 = e−2σ(θ)ηµνdx
µdxν − r2cdθ

2

The 5th coordinate y = rcθ, where 0 ≥ θ ≥ π. Randall and Sundrum fixed two D3 branes: one at y = 0

(gravity(hidden) brane) and the other at y = πrc (standard model (visible) brane), respectively. The
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exponential factor e−2κrcθ, appearing in the metric is known as the warp factor. Here rc is the distance

between the two branes and it can be related to the vacuum expectation value (vev) of some modulus

field T (x). The modulus field T (x) corresponds to the fluctuation of the metric over the background

geometry given by rc. Replacing rc by the modulus field T (x), we can rewrite the RS metric at the

orbifold point θ = π as

ds2 = e−2κT (x)πηµνdx
µdxν = gvisµν ηµνdx

µdxν

where gvisµν = e−2κT (x)πηµν =
�

φ(x)
f

�2

ηµν . Because of this warping on the visible brane, any scale (e.g.

of the order of Mpl ) on the visible brane, gets warped and produce a TeV scale which thus solves the

hierarchy problem. Here f2 =
24M3

5pl

κ
, where M5pl is the 5-dimensional planck scale. One is left with a

scalar field φ̂(x)(= φ(x)− �φ�), which is known as the radion field. The radion φ(x), stabilized by the

Goldberger and Wise mechanism [42], possesses a lot of interesting phenomenological consequences,

which are available in the literature [43–48].

1.6.3 Spacetime Noncommutative theory

The physics of Dp-branes (p being the number of spatial dimension) shows that there is an al-

ternative way of viewing spacetime. In string theory, Dp-branes are the extended dynamical objects.

When the open strings propagates through spacetime, its end points are required to lie on a Dp-brane

while satisfying the Dirichlet boundary conditions. In the presences of Neveu-Schwarz(NS) B-field,

Dp-brane indicates that the string theory contains a fuzziness/noncommutativity of spacetime at a much

larger length scale than the string scale which is inversely proportional to the strength of the NS B-

field [67]. The strength of the noncommutative scale(Λ) can lie from the Planck scale to the TeV scale.

If one performs experiments with the machine energy scale(TeV) equals to the NS B-field scale, then

the stringy nature could be revealed with the spacetime noncommutativity.

[x̂µ, x̂ν ] = i(B−1)µν

In 1936 Heisenberg suggested extending noncommutativity to the coordinates to remove the infinities

appearing in Quantum Field Theory(QFT). The divergence appearing in QFT is due to point interaction

of the particle. Hence the space-time point is replaced by a ”cell” of size lp (Planck length) and thus

the spacetime becomes noncommutative [57, 58]. The spacetime co-ordinates become operators and

can be expressed as
[x̂µ, x̂ν ] = iΘµν =

i

Λ2
Cµν
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Here Cµν is the anti-symmetric tensor. The new Heisenberg spacetime uncertainty principle can be

written as
�x̂i�x̂j ≥ l2p where l2p =

1
2
|Θij|.

This new principle limits the measurements of position observables near the Planck scale which avoids

the formation of black hole at the time of measurements [60, 61].The noncommutative field theory

connects the gravity from the spacetime uncertainty principle. Now to study the field theory in a non-

commutative spacetime one consider the Moyal-Weyl(MW) � products instead of the ordinary products

among the field variables [102,103]. The � product between two smooth function f and g is defined as

(f � g) (x) = f(x) � g(x) = f(x)exp

�
i

2

←−
∂ µΘ

µν−→∂ ν

�
g(x)

Seiberg and Witten realized that there should be a mapping between commutative fields and noncom-

mutative fields which could give a noncommutative gauge theory with any gauge group representation.

The map is called the Seiberg-Witten(SW) map [67]. In the Seiberg-Witten approach is that it can be

applied to any arbitrary gauge theory (which includes the standard model) where matter can be in an

arbitrary representation.

�Ψ(x,A,Θ) = ψ(x) +Ψ(1) +Ψ(2) + .....

�Vµ(x,A,Θ) = Vµ(x) + V (1)
µ + V (2)

µ + .....

�λ(x,A,Θ) = α(x) + λ(1) + λ(2) + .....

Ψ(1) = −1

2
Θαβ

�
Rψ(Vα)∂β −

i

4
[Rψ(Vα), Rψ(Vβ)]

�
ψ

V (1)
µ =

1

2
Θαβ {(∂αVµ + Fαµ) , Vβ}

λ(1) =
1

4
Θαβ {Vβ, ∂αλ}

Using the SW approach, Calmet et.al [69] first constructed the standard model using the noncommu-

tative gauge invariance, which is popularly known as the minimal noncommutative standard model

(mNCSM). In this model, the triple photon vertex doesn’t appear. Melic et.al [70, 71] put forward

another version of NCSM where such a triple gauge boson(photon) vertex appears naturally. This is

the non-minimal version of the NCSM (in abbreviation nmNCSM). Note that in the mNCSM or in the

nmNCSM we don’t require to introduce any extra fields: the particle content of these models is the

same in the SM. This is discussed in detail in the next chapter.
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Chapter 2

The Noncommutative Standard Model

”The string vibrates in ten dimensions because it requires generalized Ramanujan modular func-

tions in order to remain self-consistent. In other words, physicists have not the slightest understanding

of why ten and 26 dimensions are singled out as the dimension of the string” - Michio Kaku.

2.1 Historical introduction

The history of the noncommutative theory starts together with the development of quantum field

theory. In late 1927, Heisenberg and Pauli were working on quantum theory of electrodynamics, which

was before Dirac formulate the relativistic electron theory. They found that, the perturbation terms are

led to infinite energies for a given state and also it has infinite energy difference between states [49–52].

In 1930, Oppenheimer pointed out those divergences possibly come from the self-interaction of the

electron and it could be removed by non-relativistic limit [53]. In the same year, Lew Landau and

Rudolf Peierls tried to reformulate the Heisenberg-Pauli’s QED to address the cause of divergence in

the many-body configuration space [54,55]. But it didn’t remove the divergence from the theory, inter-

estingly it turned out that the Schrodinger equation allows negative energy solution like Dirac equation.

Heisenberg believed if one could able to construct the vacuum electromagnetic field configuration with

vanishing energy and momentum then the electron self energy could vanish which was missing in the

Landau and Peierls configuration space [56]. In 1936, Heisenberg realized that the divergence appear-

ing in QED is due to point interaction of the particle. He suggested to extend noncommutativity to the

coordinates to remove the infinities appearing in Quantum Field Theory(QFT). Following Heisenberg’s

suggestion, Snyder (1947) proposed a minimal length idea (which leads to quantization of spacetime)

that would remove the divergences presented in the interaction of matter and field [57, 58]. In his the-
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ory, Snyder redefines the position and momentum operators as a noncommutative one and they take on

discrete values. Therefore a position uncertainty arises naturally. In the same year, Yang formulated

the Snyder space for curved spacetime [59]. However, the translational invariance of the theory is bro-

ken explicitly in the Snyder’s approach. In the late forties, the commutative renormalization program

succeeded in the removal of infinities. After a long time in 1990, S. Doplicher, K. Fredenhagen and J.

E. Roberts found that though the quantum gravity explains the quantum nature of the gravity but the

usual concepts of space-time are inadequate, when we do measurement of distance between two parti-

cles is of the order of the Planck length. Hence they showed that the space-time are noncommutative or

in other words they has to be quantized [60, 61]. In 1996, Filk investigated the field theories and their

properties on quantum spaces [62]. Wess et.al studied deformed algebras on quantum space [63–66].

The seminal work of Seiberg, Witten(1999) and Minwalla(2000) suggests that the noncommutative

gauge field theories are the low energy limit of certain class of string theories [67,68]. Finally in 2002,

the standard model on noncommutative spacetime were constructed by X. Calmet, B. Jurco, P. Schupp,

J. Wess and M. Wohlgenannt [69], and then it has thoroughly studied on 2005 by B. Melic, J. Tram-

petic et.al [70, 71]. At the same year, Sorin Marculescu has extended the noncommutative standard

model [75]. In 2009, M. M. Ettefaghi extended the standard model with singlet scalar and fermionic

particle as cold dark matter in noncommutative space-time [76].

The Field theoretic standard model is basically an algebraic theory, the theory of gravitation is a geo-

metric theory. So we can not quantize the gravity with the rules developed in the framework of quantum

field theory because the spacetime coordinates behaves like the dynamical variables in the general the-

ory of relativity. Von Neumann(1934) who first studied mathematically the quantum ”space” which is

in analogous to the quantum mechanical phase space [77]. According to Heisenberg spacetime uncer-

tainty principle, it is meaningless to talk about point like interaction instead the phase space point could

be replaced by ”cells” called ”Planck cells”. The corresponding geometry theory has described as the

”pointless geometry” which was later labeled as ”noncommutative geometry”. In 1980 Alain Connes,

Matilde Marcolli, Woronowicz and Drinfeld has constructed a noncommutative geometry by introduc-

ing the spectral triples [78–85, 95]. Alain Conne’s work provides the mathematical foundation of the

quantum field theories in noncommutative spacetime. In the 1996, Alain Connes and Ali Chamsed-

dine developed a unified theory of gravity and standard model in the framework of noncommutative

geometry [86]. In the year of 2006 and 2007, J. W Barrett, R. A. Martin, T. Krajewski and C. A.

Stephan attempted for the Lorentzian version of the noncommutative geometry standard model of par-

ticle physics [87–93]. The Lorentzian noncommutative geometry has developed by Nicolas Franco and
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Michal Eckstein. In this case the geometry no longer remains Reimannian, it will turn into Lorentzian

geometry and the Hilbert space structure becomes Krein space [96]. Later in 2013, C. A. Stephan

extended the noncommutative standard model with the additional U(1)X gauge group with explicit

U(1)X group particles based on Alain Connes spectral triple approach [94].

2.2 Motivation for Noncommutative(NC) theory

There are two different approaches to construct the gauge theories on noncommutative space: (i)

Seiberg-Witten deformed space approach and (ii) Alain Connes quantum(noncommutative) geometry

approach. Both theories are formulated from the first principle of gravity. There are several unan-

swered theoretical questions in Lorentzian notion about quantization of spacetime which motivates

predominantly to study noncommutative spacetime. In Sec 2.3, we have discussed about Doplicher,

Fredenhagen and Roberts noncommutative deformed theory. Then we followed the deformed noncom-

mutative approach in the framework of Seiberg-Witten map and have discussed about noncommutative

standard model. Finally, discussed about status of the Noncommutative phenomenology in Sec 2.9.

• Motivation-I: Landau Problem

Consider the motion of a particle of mass M and charge q in a constant magnetic field �B(=

(0, 0, B)), the magnetic field points along the z direction. Landau first investigated this problem

in the context of eigenstates and eigenvalues [97]. Without any loss of generality, we can choose

the following gauge �A = (0, xB, 0) and write down the Hamiltonian as

H =
1

2M
(P 2

x + P 2
z + (Py −

qxB

c
)2)

Here Py and Pz are the momentum operators with eigenvalues �ky and �kz and they commute

with the Hamiltonian operator H . The motion is restricted in x − y plane, so the state in the z

direction is not quantized. Then the energy of the harmonic oscillator get shifted with angular

frequency ωc = qB/Mc and is given by

En = �ωc(n+
1

2
) n ≥ 0.

The eigen function in the coordinate space is

�x, y|n, ky� =
1√
2π�

eikyyφn(x− c�ky
qB

)
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where φn is the normalized harmonic oscillator wave functions in coordinate space. The energy

levels are discrete with the energy difference equal to

�E = �ωc =
�qB
Mc

.

This clearly shows that the energy difference is directly proportional to the strength of the mag-

netic field B. At very strong magnetic field (B → ∞), energy separation becomes infinite and

only the lowest Landau level (zero point energy) of the oscillator is occupied. The reason is that

the coordinates x and y are canonical conjugates in the coordinate space. Those are noncommu-

tative at strong magnetic field i.e.

[x, y] = −i
�c
qB

We can verify by calculating the matrix element of the spacetime commutator of the Landau

state |n, k� and |m, k�� as shown below, where n and m are the Landau levels.

�n, k|[x, y]|m, k�� = �n, k|xy|m, k�� − �n, k|yx|m, k��

= �n, k|xy|m, k�� − �m, k�|yx|n, k�∗

= f(nk,mk�)− f ∗(mk�, nk)

Using the complete set of states, we find

f(nk,mk�) =
�

l,p

�n, k|x|l, p��l, p|y|m, k��

Concentrating on lowest Landau level (n = m = l = 0) at strong magnetic field, the wave

function becomes �x, y|0, k� = 1√
2π�e

ikyφ0(x − c�k
qB

). The normalized oscillator wave function

φ0 is given by

φ0 =

�
Mω

π�

�1/4

e−
Mω
2� (x− ck

qB
)2

The commutator matrix element can be calculated by using

f(0k, 0k�) =

�
�0, k|x|0, p��0, p|y|0, k��dp,

�0, k|x|0, p� = δ(k − p)
cp

qB
,

�0, p|y|0, k�� = i�δ(p− k�).

Thus the commutator of the canonical conjugate coordinates is obtained in the coordinate space

and is given by

�0, k|[x, y]|0, k�� = −i
�c
qB

�0, k|0, k��.

which suggests that space-time coordinates are noncommuting coordinates.
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• Motivation-II: Quantum gravity

According to Heisenberg uncertainty principle the simultaneous measurement of the dynami-

cal observable A and B can be done with the accuracy of natural unit �. One can not achieve

the accuracy which is lesser than the natural unit � by any of the experiment. If the dynamical

observables commute with each other, then there won’t be any uncertainty when we measure

the observable. The simultaneous measurement of the accuracy up to 100% can be achieved by

experiment. S. Doplicher, K. Fredenhagen and J. E. Roberts [61] found a difficulty in simultane-

ous measurement of position at very short distance by its very nature. While probing the length

between two particles, one has to deposit energy in that spacetime region. The probing energy

is inversely proportional to the probing length i.e E = hc/λ ≈ hc/l. If we try to probe the

fundamental length l ≈ lP lanck =
�

�G
c3

, the bailed energy is given by

E = hc

�
c3

�G

One can compare the Schwarzschild solution for black hole which is given by

Rs =
2GM

c2
= 2

�
�G
c3

= 2lP lanck.

Here M denotes the Planck mass
�
M = MP lanck =

�
�c
G

�
. Therefore, the deposited energy is

good enough to curve the spacetime and it generates the black hole with the event horizon of size

Rs/2. One may introduce the spacetime uncertainty principle

�xµ � xν ≥ l2P lanck

to avoid the appearance of black hole while probing the spacetime points. Therefore the limita-

tion brings the gravity and spacetime noncommutativity together quite naturally.

2.3 Deformed space approach

According to the non-vanishing spacetime commutator, the ordinary field theory has to refor-

mulate on noncommutative spacetime. This is possible when the algebra of functions on a manifold

defined by Gelfand-Naimark-Segal theorem [95].Thus the manifold itself includes all information of

functions of noncommutative algebra. The deformed approach was mainly developed by S. Doplicher,

K. Fredenhagen and J. E. Roberts in which the fields were treated as functions of the noncommu-

tative spacetime coordinates [61]. Later Filk modified the theory based on the product of functions
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of noncommutative variable [62]. This product can also be realized by noncommutative product of

functions of commutative variables. The fundamental symmetry of the spacetime can be realized by

twisted Poincare symmetry [98, 99, 101], the twisted product can be identified as simplest product of

Moyal-Weyl star product [102, 103].

2.3.1 Moyal space NC field theory

Points are replaced by maximal ideals and coordinates on the compact manifold M are replaced

by coordinate functions in C(M) and the vector fields are replaced by derivations of the algebra.

Consider the algebra of noncommutative coordinate function �A on canonical Minkowski space

Points −→ Maximal ideals

x ∈ M �−→ Ideal J = {f |f(x) = 0} ⊂ C(M)

Coordinates −→ Coordinate functions

Vector field −→ Derivation of the algebra

Geometry −→ Algebraic geometry

Table 2.1: Algebraic geometry

�A =
C���x1, ..., �xn��

I ,

where I is the ideal and equal to commutation relation for the coordinate functions. Here the ideal is

I ≡ [�xi , �xi] = iθij(�x). Similarly for commutative algebra of functions

A =
C��x1, ..., xn��

[xi, xj]
≡ C[[x1, ...xn]], i.e [xi, xj] = 0

Here we have to map both the algebras by an isomorphism. Let us define noncommutative algebra with

dot product ( �A�x, .) and commutative algebra with � product (Ax, �), then the algebra isomorphism map,

W : �A�x ∼ A�
x Vector space isomorphism: �Vr ∼ Vr

where Vr is the r-polynomial degree of vector space which has N commuting variables. This type of

vector space isomorphism is exists, if and only if the noncommutative algebra �A satisfies the Poincare-

Birkhoff-Witt property (PBW) i.e the dimension of the subspace of homogeneous polynomials should

be the same as for commuting coordinates. The basis of symmetrically ordered polynomials can be

written as:

1, �xi,
1

2
(�xi�xj + �xj�xi)... i < j
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Using the vector space isomorphism map, we map the polynomials

f(x) ←→ �f(�x)

by a map of the basis. By definition, two polynomials �f(�x) and �g(�x) can be multiplied

�f(�x).�g(�x) = �fg(�x)

Now we can map the polynomials back to a polynomial in A�
x

�fg(�x) �→ f(x) � g(x)

This defines the star product of two polynomial functions. It is bilinear and associative but noncom-

mutative.

f(x) � g(x) = µ
�
e

i
2
hθαβ∂α⊗∂βf(x)⊗ g(x)

�

where µ is the multiplication map. The � is the well-known Moyal-Weyl product. It can be extended

to C∞ functions without loss of bilinearity and associativity. One write

f(x) � g(x)− g(x) � f(x) =
ih

2
θµν ((∂µf(x))(∂νg(x))− (∂µg(x))(∂νf(x))) +O(h2),

This is the Poisson structure on a differentiable manifold M with � product deformation of the algebra

of smooth function C∞(M) from M to C. The star product (� : C∞ × C∞ → C∞) is a bidifferential

operator which is a differential operator on both of its arguments. The zeroth order � product is the

usual commutative product of functions. Now we can evaluate the � commutator

[xµ �, xν ] = xµ � xν − xν � xµ = xµxν +
i

2
θµν − xνxµ − i

2
θνµ = iθµν , h = 1.

Here θµν is an anti-symmetric tensor. Hermann Weyl gave a prescription [102] for canonical quanti-

zation: he showed how to associate an operator with a classical function of the canonical variables.

Say f and g are some smooth functions and their corresponding Weyl operators are W (f) and W (g),

defined as,

W (f) = 1√
(2π)3

�
d4keikx̂ �f(k) W (g) = 1√

(2π)3

�
d4peipx̂�g(p)

We use the following Campbell-Baker-Hausdorff(CBH) formula to define the operator � product

i.e eλeµ −∼ exp

�
λ+ µ+

1

2
[λ, µ] +

1

12
[λ, [λ, µ]] +

1

12
[µ, [λ, µ]] + ...

�
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Using this we get,

W (f).W (g) = W (f � g) =
1

(2π)3

�
d4kd4pei(k+p)x̂e−

i
2
kµθµνpν �f(k)�g(p)

The non-commutativity is realized with the � products in Groenewold-Weyl-Moyal plane

(f � g) (x) = f(x) � g(x) = f(x)exp

�
i

2

←−
∂ µθ

µν−→∂ ν

�
g(x)

In this Moyal space, Noncommutative field theories are obtained by replacing the ordinary products by

� product as defined below

(f � g)(x) =
1

(2π)N

�
dNkdNpeikx̂ �f(k)e− i

2
kµθµνpνeipx̂�g(p)

Note that the star product is a nonlocal one. It can also be written as integral kernal

(f � g)(x) =
1

(2π)N

� �
�f(x+

1

2
θk)�g(x+ p)eipx̂dNkdNp

This product is well defined on the space of smooth rapidly decreasing functions.

2.3.2 Classification of noncommutative structure

The quotient algebra �A, defined by ideal I, is generated by commutation relations. We can define

I := {c�a, �r.�a, �a.�r | ∀c ∈ C, ∀�r ∈ �A},

where �a = �xi.�xj − �xj.�xi − iθij(�x). We can classify the noncommutativity based on structure of the

ideal ∞ as three types, which are classified most commonly by θij(�x). They can be chosen as constant

or linear or quadratic. The first one is the class of canonical deformation and later two are under

non-canonical deformation.

1. Canonical structure

[�xµ, �xν ] = iθµν ,

where θµν ∈ R is an antisymmetric matrix and θµν is constant and another case it can be dynamic

also.

2. Non-canonical deformation

• Linear or Lie algebra structure

[�xµ, �xν ] = iλµν
ρ �xρ

where λµν
ρ ∈ C are the structure constant, it has classified into two different approaches
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– Fuzzy sphere [104, 105]

– κ-spacetime deformation [107, 108]

• Quadratic or q-deformed structure [106, 109, 110]

[�xµ, �xν ] = iθµνκρ�xκ�xρ =

�
1

q
�Rµν
κρ − δµρ δ

ν
κ

�
�xκ�xρ

where �Rµν
κρ ∈ C. This �R-matrix corresponding to quantum groups which obeys Hopf

algebra.

The constants θµν-dynamic, λµν
ρ -structure constant and θµνκρ satisfies the PBW property.

2.3.3 Constant θ deformation

In the noncommutative space, the coordinate and momentum are the operators and momentum

operators would commute each other but position operators won’t commute. This space is called non-

commutative space. If the momentum operators also won’t commute then it called as noncommutative

phase space. Thus the noncommutative operators can be represented in two different ways [112].

• NC space. Space-space noncommuting and momentum-momentum commuting representation

x̂i = xi −
1

2�
θijp

j p̂i = pi

[x̂i, x̂j] = iθij [x̂i, θij] = 0 [p̂i, p̂j] = 0 [x̂i, p̂j] = i�δij

• NC Phase space. Space-space noncommuting and momentum-momentum noncommuting rep-

resentation

x̂i = αxi −
1

2�α
θijp

j p̂i = αpi +
1

2�α
�θijxj

[x̂i, x̂j] = iθij [x̂i, θij] = 0 [p̂i, p̂j] = �θij [p̂i, �θij] = 0 [x̂i, p̂j] = i�δij,

where �θ is totally antisymmetric on NC Phase space. Here α is a scaling constant related to the NC

phase space. Now �θ → 0 as α → 1, which means NC phase space turns into NC space.

Derivatives on Aθ

Derivatives on quantum spaces can be constructed by using proper mapping between commuta-

tive and noncommutative functions. One can introduce the derivatives on Aθ based on the �-product
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formulation as given below. First we can use map φ on f ∈ F and we get f ∈ Aθ and take �-derivative

of f ∈ Aθ. Similarly in another way, we take derivative on f ∈ F and take map φ with �.

f ∈ F φ�−→ f ∈ Aθ

∂µ ↓ ↓ ∂�
µ

(∂µf) ∈ F φ�−→ (∂�
µ � f) ∈ Aθ

This defines ∂�
µ acting on f ∈ Aθ i.e.

∂�
µ � f := (∂µf)

We can list the properties of the �-derivatives by using the above map. The partial derivative on the

NC coordinate operator is

∂�
µ � x

ρ = δρµ

This turns out usual definition of a derivative and the �-product of two functions is a function again

∂�
µ � (f � g) = (∂µ(f � g))

For the �-product with x-independent θ is that

(∂µ(f � g)) = (∂µf) � g + f � (∂µg)

2.3.4 Twisted Poincare symmetry in the canonical structure

Poincare algera:

Let us consider the Poincare Lie algebra g = iso(3, 1) of translation operator Pµ(momentum) and

Lorentz generator Mµν which is

[Pµ, Pν ] = 0, [Pρ,Mµν ] = i(ηρµPν − ηρνPµ),

[Mµν ,Mρσ] = −i(ηµρMνσ − ηµσMνρ − ηνρMµσ + ηνσMµρ

Hopf algebra can be constructed for Poincare Lie algebra by enveloping on iso(3, 1) which is U(iso(3, 1))

[98, 99]. The required conditions are

1. Leibniz rule (Co-product):Δ(Pµ) = Pµ ⊗ I + I ⊗ Pµ; Δ(Mµν) = Mµν ⊗ I + I ⊗Mµν

2. Co-unit: ε(Pµ) = ε(Mµν) = 0

3. Antipode: S(Pµ) = −Pµ; S(Mµν) = −Mµν
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Twisted Poincare algera:

Now we can construct the twisted Poincare Lie algebra by using the canonical twist F ∈ U(g)⊗ U(g)

F = e
i
2
θµνPµ⊗Pν F ∈ UF(g)

The twist has to satisfy the cocyle property. Further the structure of the coproduct gets modified in

deformed case, apart from that all Hopf algebra structures remains unchanged (UF(g) = U(g)) i.e.

(F ⊗ I)(Δ⊗ I)F = (I ⊗ F)(I ⊗Δ)F

Eventually, the deformed Pioncare algebra isoF(3, 1) is the subalgebra of UF(iso(3, 1)) such that if

{ti} is a basis of isoF(3, 1), then

• {ti} generates UF(iso(3, 1))

• ΔF(ti) = ti ⊗ I + f j
i ⊗ tj; f j

i ∈ UF(iso(3, 1)) i, j = 1...n

• [ti, tj]F = Ck
ijtk; Ck

ij − is the structure constant

The adjoint action [t, t�]F := adFt t
� = t1F t

� S(t2F )

The generators of UF(iso(3, 1)) is

PF
µ = Pµ; MF

µν = Mµν −
i

2
θρσ[Pρ,Mµν ]Pσ.

The Leibniz rule is

ΔF(Pµ) = Pµ ⊗ I + I ⊗ Pµ,

ΔF(MF
µν) = MF

µν ⊗ I + I ⊗MF
µν + iθαβPα ⊗ [Pβ,Mµν ].

The co-unit and antipode are

ε(Pµ) = ε(MF
µν) = 0; S(Pµ) = −Pµ; S(MF

µν) = −MF
µν − iθρσ[Pρ,Mµν ]Pσ.

The adjoint action are

[Pµ, Pν ]F = 0; [Pρ,M
F
µν ] = i(ηρµPν − ηρνPµ);

[MF
µν ,M

F
ρσ]F = −i(ηµρM

F
νσ − ηµσM

F
νρ − ηνρM

F
µσ + ηνσM

F
µρ).

Thus the adjoint action gives the Jacobi identity for the element of UF(g)

[t, [t�, t
��
]F ]F + [t�, [t

��
, t]F ]F + [t

��
, [t, t�]F ]F = 0 ∀t, t�, t�� ∈ isoF(3, 1)
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These commutators are not usual commutators, they are twisted commutator in which the twist has

the form F = e
i
2
θµνPµ⊗Pν . It is known as Moyal-Weyl �-product of two canonical functions in the

deformed space. In ref [100], it is shown that, the star product obeys noncommutative Lorentz sym-

metry, which means that the star product is invariant under noncommutative Lorentz transformations.

Here the field actions are obtained by expanding the star product order by order of θµν and the fields

taken in the enveloping algebra via the Seiberg-Witten maps [101]. So one can think that such type

of Lorentz symmetry can exist and which may obeys certain Hopf algebra under some sort of general

Poincare/Lorentz group which we don’t know distinctly.

2.3.5 Noncommutative QED in canonical deformation

The commutative field functions with Moyal-Weyl product(Ax, �) are defines the NCQED action

on Moyal-Weyl space as follows,

SNCQED =

�
d4x L(ψ, A) =

�
d4x

�
ψ � (i /D) � ψ −mψ � ψ − Tr

1

4e2
Fµν � F

µν

�
(2.1)

and the field-strength tensor is

Fµν = i[Dµ
�, Dν ] = ∂µAν − ∂νAµ − i[Aµ

�, Aν ]

Where [Aµ
�, Aν ] = Aµ � Aν − Aν � Aµ. And the covariant derivative has the form Dµ = ∂µ − iAµ

and the coupling constant e is defined with gauge field itself. The renormalizability of the NCQED has

been found on the noncommutative Moyal space [132]. The NCQED lagrangian 2.1 is invariant under

the below mentioned noncommutative gauge transformation:

δλψ(x) = i (λ � ψ) (x); δλψ(x) = −i
�
ψ � λ

�
(x);

δλAµ(x) = ∂µλ(x)− i[Aµ
�, λ](x); δλFµν(x) = i[λ �, Fµν ](x),

where λ(x) is the local gauge parameter. The ordinary products in QED are replaced by � product

in the case of NCQED, which is shown in equation 2.1. The charges for the fermions are limited to

three types and they are 0, +1 and −1. The star commutator in the field-strength tensor gives rise the

interesting feature for abelian gauge field interaction in NC gauge theory. This means that, the star

commutator of the two abelian field won’t vanish. Further, it allows triple and quartic abelian Aµ field

interaction. The fermionic interaction with the gauge field can be written as

ψ � γµAµ � ψ = ψ γµAµ exp(
i

2
pρθ

ρσqσ)ψ,
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where p and q are the initial and final momenta of the fermions. Here we have used the cyclic permu-

tation property:
�

d4x(f � g � h)(x) =

�
d4x((f � g).h)(x) =

�
d4x(h.(f � g))(x) =

�
d4x(h � f � g)(x)

Drawback of NCQED

• The photon can couple with only the 0,±1 charged matter field. It cannot couple with frac-

tional charged matter fields(quarks) [113, 114]. Because, for charge Q = +1, the fundamental

representations :

ψ → ψ� = U � ψ,

Dµψ = ∂µψ − iAµ � ψ,

For charge Q = −1, the anti-fundamental representations(ψ̂) :

ψ̂ → ψ̂� = ψ̂ � U−1,

Dµψ̂ = ∂µψ̂ + iψ̂ � Aµ.

Finally, for charge Q = 0 the adjoint representation:

χ → χ� = U � χ � U−1,

Dµψ = ∂µψ − i[Aµ
�, ψ].

along with the gauge field transformations

Aµ → A
�
µ = U � Aµ � U

−1 + iU � Aµ � U
−1

The gauge kinetic term is given by

Lgauge = − 1

4e2
Tr (Fµν � F

µν)

• The minimal coupling interaction

Dµψ
(n) = ∂µψ

(n) − iq(n)Aµ � ψ
(n)

does not transform covariantly with integral multiple n of unit charge under transformation of

the gauge field and ψ(n) → U (n) � ψ(n) with U (n) = eiq
(n)λ. Hence the photon field depends

on charge n, which would lead to a multitude of photon fields in NCQED. Here the gauge field

33



Aµ is not physical. By definition Aµψ
n = eq(n)a

(n)
µ ψ(n) with a

(n)
µ �= a

(m)
µ for q(n) �= q(m)

and Fµν ψ
n ≡ e q(n)f

(n)
µν ψn. There is no compelling reason of assigning the same coupling

constant e to all gauge fields a
(n)
µ . We may assign individual coupling constant to gauge fields

and correspondingly we rescale the physical fields as a
�(n)
µ and f

�(n)
µν . The corresponding NCQED

action can be written as

SNCQED = −1

2

�
d4xTr

1

(eQ)2
Fµν � F

µν ⇒ S �
NCQED = −1

2

�
d4xTr

1

G2
Fµν � F

µν

where G,a coupling generator, is a function of the charge operator Q and constants gn,given by

Gψ(n) ∝ gnψ
(n) and Tr

1

G2
Fµν � F

µν =
1

N

N�

n=1

e2

g2n
(q(n))2f

�(n)
µν � f

�(n)µν .

Now in terms of the gn, the normal coupling constant e can be expressed by

Tr
1

G2
Q2 =

N�

n=1

1

g2n
(q(n))2 =

1

2e2

• The SU(N) gauge theory with only � product is not allowed on noncommutative space-time

except U(N) gauge theory. Because

[Aa
µT

a �, Ab
µT

b] =
1

2
{Aa

µ
�, Ab

µ}[T a, T b] +
1

2
[Aa

µ
�, Ab

µ]{T a, T b}

The first term in above satisfy the Lie algebra, while for the second term, the coefficient is zero

in commutative case, but non zero due to � product. The closure property of the commutation

relation is satisfied in the fundamental representation of U(N) gauge fields, not possible for

SU(N) gauge theory. This is why in the noncommutative space-time we can’t construct the

standard model with the gauge group U(1)Y ⊗ SU(2)L ⊗ SU(3)C .

Chaichian et.al [115,116], proposed a U(N) gauge theory to overcome the charge quantization problem

as well as they constructed the standard model on noncommutative spacetime. The gauge group is

restricted to U(N) and the symmetry group of standard model achieved by the reduction of U(1)� ⊗
U(2)� ⊗ U(3)� in to U(1)⊗ SU(2)⊗ SU(3) by the addition of two new scalars, which are known as

Higgsac’s. The fractional charge of the quarks can be explained in this model quite naturally.

2.4 Principles of noncommutative gauge theory

The noncommutative standard model fields are enveloped by appropriate Lie gauge group with

the Moyal-Weyl star product in the Seiberg-Witten scenario. In this approach, the particle content
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and the gauge symmetry groups have been maintained as same as the standard model. Seiberg-Witten

approach solves the charge quantization problem naturally by mapping the commutative and non-

commutative fields(called SW map) while satisfying appropriate principles. The Seiberg-Witten(SW)

noncommutative gauge theory is based on three important principles

1. Principles of Covariant coordinates

2. Locality and classical limit

3. Gauge equivalence principle

• Covariant coordinates1: Consider the following noncommutative gauge transformation of the

noncommutative fields

�δ �ψ(x̂) = i�λ �ψ(x̂) �δψ(x) = iα � ψ(x) �ψ , �λ ∈ {( �Ax, .) = (Ax, �)}, where W (α) = �λ.

Here α is the commutative gauge parameter (i.e zeroth order of the NC gauge parameter(see in

next section)). The � product of a field and coordinate doesn’t transform covariantly i.e.

�δ�λ(x � ψ(x)) = ix � α(x) � ψ(x) �= iα(x) � x � ψ(x)

We define the covariant NC coordinate Xµ = xµ+gθµσAσ, which leads to the covariant quantity

δ̂λ̂(X � ψ) = iα � (X � ψ). Thus the covariant coordinates and gauge potentials transform under

the noncommutative NC gauge transformation [63]

�δ�λXµ = i[α �, Xµ], g �δ�λAµ = iθ−1
µσ [α

�, Xσ] + ig [α �, Aµ] and

ig θµρθνσFρσ = [Xµ �, Xν ]− iθµν , �δ�λF µν = i[α �, F µν ].

• Classical limit: The noncommutatine product of any two field function can be represented as

nonlocal � product. So the locality property is lost in this NC geometry. But it is the valid notion

to bring gravity in this algebraic geometry because theory of gravity is nonlocal. The � product

can be written as

f � g = f . g +
∞�

n=1

hnCn(f, g)

In the limit h → 0 (commutative limit), the nonlocal product becomes point wise product.

Similarly the noncommutative fields turns into commutative fields.
1Note: In this thesis hereafter we use � symbol for noncommutative operator and without � for commutative

operator with � product, which means the Seiberg-Witen map yet to substitute and then � operation can be done.
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• Gauge equivalence principle: The commutative Yang-Mills gauge theory and noncommutative

Yang-Mills theory are different by choice of regularization which is Pauli-Villars for first one and

point-splitting scheme [111] for later one. This provides us classical gauge invariance δAi =

∂iα and NC gauge invariance �δ�λ �Ai = ∂i�λ + i[�λ �, �Ai] respectively. In the case of quantum

electrodynamics, while the gauge group is abelian in commutative spacetime, it is non-abelian in

noncommutative spacetime. So neither commutative nor nocommutative gauge group are going

to be isomorphic one to each other, but they are related to each other by a change of variables.

This mapping is known as the Seiberg-Witten map [67].

A

α


 →


 Â(A)

λ̂(A)




Here the NC gauge parameter λ̂ is dependent on the gauge field A and also α is connected

with λ̂ by the SW map, otherwise the commutative and nocommutative gauge group would be

equivalent, which cannot be true. Hence, the gauge equivalence equations are

δ̂λ̂Âµ(A; θ) = Âµ(A+ δαA; θ)− Âµ(A; θ) = δαÂµ(A; θ),

δ̂λ̂Ψ̂(ψ, A; θ) = δαΨ̂(ψ, A; θ),

δ̂λ̂(α,A)λ̂(β, A) = δαλ̂(β, A).

We know that the gauge parameters do commute in the NC gauge theory, but not in the NC case.

δαα(x) =
i

2
[α(x),α(x)] = 0; δ̂λ̂(α,A)λ̂(β, A) = δαλ̂(β, A) =

i

2
[α �, β](x) �= 0

In addition, we require that the gauge parameter has to satisfy gauge consistency principle, which

is

i
�
δ̂αλ̂β − δ̂βλ̂α

�
+ [λ̂α

�, λ̂β] = iλ̂−i[α �, β].

We know that, this consistency principle are even required for commutative infinitesimal gauge

transformation as well as in twisted infinitesimal gauge transformation when two gauge fields

say A and A� becomes the part of the same gauge orbit.

2.5 Seiberg-Witten(SW) Map

Seiberg-Witten Map overcomes the shortcoming of purely equipped � product NC gauge the-

ory and enables one to deform commutative gauge theories with essentially arbitrary gauge group
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and its representation. The Seiberg-Witten Map is the map between noncommutative fields and com-

mutative fields which is constructed from Gauge Consistency principle(GCP) and Gauge equivalence

principle(GEP),where noncommutative fields and gauge transformation parameters are non-local. We

impose the enveloping algebra-valued functions on gauge field and gauge parameter with noncommu-

tative parameter θ. Such a procedure allows to construct the standard model and the GUT theory on

NC space-time [117].

2.5.1 SW map construction

Let us consider the noncommutative gauge fields Â and gauge parameters λ̂ are enveloping al-

gebra valued by an arbitrary gauge group. So we choose a symmetric basis in the enveloping algebra,

T a, 1
2
(T aT b + T bT a), ....

λ̂(x) = λ̂a(x)T
a + λ̂1

ab(x) : T
aT b : +....

Âµ(x) = Âµa(x)T
a + Â1

µab(x) : T
aT b : +....

The solution of the GEP and GCP can be found to each order of the NC parameter θ. The gauge field,

gauge parameter and fermion fields are the functions of the covariant NC coordinates.

λ̂(λ, A, θ) = α +
∞�

n=1

λn(λ, A, θ),

Âµ(A, θ) = Aµ +
∞�

n=1

An
µ(A, θ),

ψ̂(ψ, A, θ) = ψ +
∞�

n=1

ψn(ψ, A, θ).

Consider the infinitesimal NC gauge transformation of the guage fields, fermion fields and gauge pa-

rameter,

δ̂λ̂Âµ = ∂µλ̂− i
�
Âµ

�, λ̂
�
; δ̂λ̂F̂µν = i

�
λ̂ �, F̂µν

�
; δ̂λ̂Ψ̂ = iλ̂ � Ψ̂.

The Bianchi identity can be written as

[Dσ
�, Fµν ] + [Dµ

�, Fνσ] + [Dν
�, Fσµ] = 0.

Expanding the gauge equivalence principle up to order θ for gauge parameter, we get

�λ(1) : i
�
δαλ

(1)
β − δβλ

(1)
α

�
+ [λ(1)

α , β] + [α,λ
(1)
β ]− λ

(1)

[α �, β]
= − i

2
θµν {∂µα, ∂νβ} .
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The solution of this linear inhomogeneous equation can be evaluated by using Moyal-Weyl � product

λ(1)
α = −1

4
θµν {Aµ, ∂να}

This is not an unique solution. We could find the solution for homogeneous equation when we assume

�λ(1) = 0. The general solution would be the addition of homogeneous and inhomogeneous solution

[67, 120, 121]

λ(1)
α = θµν

�
1

4
{∂µα, Aν}+ iC(1)

α [∂µα, Aν ]

�
.

The ambiguity of the gauge parameter to the first order, parametrized by C
(1)
α , is an arbitrary coefficient.

Next we determine the SW map for ψ̂ to O(θ). From the gauge equivalence principle of the fermion

field ψ, we get δ̂αψ̂(ψ, A, θ) = iλ̂ � ψ̂ and hence,

δ̂αψ
1 = iαψ1 + iλ1 ψ − 1

2
θµν∂µα ∂νψ ⇒ �αψ

(1) := δ̂αψ
1 − iαψ1 = iλ1 ψ − 1

2
θµν∂µα ∂νψ

On substituting the first order gauge parameter and adding the homogeneous solution, we get the

general solution as

ψ(1) = θµν

�
1

2
Aµ∂νψ +

i

4
AµAνψ − C(1)

α AµAνψ +
C

(1)
ψ

2
Fµνψ

�

Similarly, the SW map for gauge field up to order θ gives rise

A
(1)
ξ = θµν

�
1

4
{Fµξ + ∂µAξ, Aν + iC(1)

α [DξAµ, Aν ]− 2iC
(1)
A DξFµν

�

But in the NC standard model the Higgs scalar field has different SW map. Because they do not com-

mute with U(1) and SU(3). So the Yukawa term ψ̂L � φ̂ � ψ̂R can have different gauge transformation

with scalar Higgs field, where ψ̂L and ψ̂R are the left handed doublet and right handed singlet, respec-

tively. The Higgs field which needs to transform on both sides while retaining the gauge invariance

with the appropriate gauge parameter which is given by

δ̂λλ�φ̂(φ, A,A�, θ) = iλ̂(λ, A, θ) � φ̂− iφ̂ � λ̂
�
(λ�, A, θ).

The solution for the scalar hybrid SW map is

φ1(φ, A,A�, θ) =
1

2
θµνAν(∂µφ− i

2
(Aµφ+ φA�

µ))−
1

2
θµν(∂µφ− i

2
(Aµφ+ φA�

µ))A
�
ν .

The SW map given above is known as θ expanded SW map. One can derive all order θ recursion

SW map using Seiberg-Witten differential equation [67, 118, 119, 122]. A new type of SW map arises
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because, when we consider the SW map for gravitation field, it starts with second order in θ because

first order θ terms vanishes automatically. Therefore in the expanded SW map we need to start with

the second order in θ term. Horvat and Trampetic [125, 126, 198] has introduced the θ exact SW map

which is expanded in powers of gauge field Aµ and gauge parameter λ. At each order in Aµ, the exact

θ expressions can be determined. Here the � products between gauge field and other fields has different

structure. The θ expanded SW map has a control on renormalization by adding appropriate counter

term in one loop calculation.

θ exact SW map

First we define the Moyal-Weyl � product between two functions to all order in θ. There are different

� product rule for abelian and non-abelian gauge fields.

For abelian gauge field:

f(x) �2 g(x) = [f(x) �, g(x)] =
sin

�
∂1θ∂2

2

�
�
∂1θ∂2

2

� f(x1)g(x2)|x1=x2=x

(f(x)g(x)h(x))�3 =



sin

�
∂2θ∂3

2

�
sin

�
∂1θ(∂2+∂3)

2

�

(∂1+∂2)θ∂3
2

∂1θ(∂2+∂3)
2

+ {1 ↔ 2}


 f(x1)g(x2)h(x3)|xi=x

For Non-abelian gauge field:

f(x)� g(x) =
exp

�
i∂1θ∂2

2

�
− 1�

∂1θ∂2
2

� f(x1)g(x2)|x1=x2=x

θ exact SW map:

�Aµ =Aµ −
1

2
θνρAν �2 (∂ρAµ + Fρµ) +O(A3),

�ψ =ψ − θµνAµ �2 ∂νψ +
1

2
θµνθρσ{(Aρ �2 (∂σAµ + Fσµ)) �2 ∂νψ + 2Aµ �2 (∂ν(Aρ �2 ∂σψ))

−Aµ �2 (∂ρAν �2 ∂σψ)− (Aρ∂µψ(∂νAσ + Fνσ)− ∂ρ∂µψAνAσ)�3}+O(A3)ψ,

�Λ =λ− 1

2
θµνAµ �2 ∂νλ+O(A2)λ.

Solution for charge quantization

The SW map is the Taylor expanded ordinary gauge fields on order by order expansion in θ. Therefore

even when we introduce a few more noncommutative gauge fields, the SW map would identify the

correct number of ordinary commutative fields. Now, the covariant derivative

Dµψ̂
(n) = ∂µψ̂

(n) − ieq(n)Âµ � ψ̂
(n)

does not transform in the covariant manner under δλ̂ψ̂
(n) = ieq(n) � ψ̂(n), as there is only one gauge

field Âµ. But if we introduce n gauge fields Â(n)
µ ie..

Dµψ̂
(n) = ∂µψ̂

(n) − ieq(n)Â(n)
µ � ψ̂(n)
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and transform covariantly under δ̂λ̂ψ̂
(n) = ieq(n) � ψ̂(n), δ̂λ̂Âµ = ∂µλ̂

(n) + ieq(n)[λ̂(n) �, Â
(n)
µ ]. It may

appear that the theory has too many degree of freedom, as we have introduced many new gauge fields

now. The SW-map reduces the no of degrees of freedom. It is realized that these n noncommutative

gauge fields has the same classical limit Aµ:

Â(n)
µ = Aµ − eq(n)

1

4
θρσ{Aρ , ∂σAµ + Fσµ}+O(θ2)

2.6 Renormalizability problem(UV/IR mixing)

In 1999, Shiraz Minwalla, Mark Van Raamsdonk and Nathan Seiberg [68, 198] studied the per-

turbative dynamics of noncommutative scalar field theories on Rd, and found an intriguing mixing of

the UV and the IR, popularly known as the UV/IR mixing. The UV/IR mixing plagues into the NC

φ4 theory makes it non-renormalizable because of the nonlocal star product between scalar fields in

Moyal-Weyl space. Let us start with the Moyal-Weyl quantization of scalar field. The NC operator of

the classical function φ(x) in dimension d = 4 is given as

Φ(�x) := 1

(2π)4

�
d4p

�
d4x eip x̂e−ip xφ(x) =

1

(2π)4

�
d4p

�
d4x e−ip x �T (p)φ(x),

where the operator �T (p) := eip x̂ and it’s properties are described as follows

�T †(p) = �T (−p)

�T (p)�T (q) = exp(− i

2
pθq) �T (p+ q)

tr �T (p) =
�

µ

δ(pµ) = (2π)4δ(4)(p)

The trace of the NC operator Φ(�x) provides the classical field φ(x)

φ(x) =
1

(2π)2

�
d4p eip xtr(Φ(�x)�T †(p)),

and it’s Fourier transform is defined as

�φ(p) = 1

(2π)2

�
d4xe−ip xφ(x).

Thus the trace of the NC operator Φ(�x) can be written as

tr(Φ(�x)) := 1

(2π)2

�
d4p e−ip x�φ(p) tr(�T (p)).

The star product between the classical fields can be written as

(φ � φ)(x) =
1

(2π)2

�
d4p eip x tr

�
Φ1(�x)Φ2(�x)�T †(p)

�
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=

�
dx1dx2 K(x; x1, x2)φ(x1)φ(x2),

with

K(x; x1, x2) =
1

(2π)4

�
d4p

�

µ

δ(xµ − xµ
1 +

1

2
θµνpν) exp(ipν(x− x2)

ν)

=
1

π4|det θ| exp{2i[(x− x1)
µ(θ−1)µν(x− x2)

ν ]}.

Here θµν is non-degenerate and it admits an inverse. The oscillations in the phase of K suppress parts

of the integration region. In the momentum space we can define the star products of classical fields as

follows

(φ � φ)(x) =
1

(2π)4

�
d4p1

�
d4p2 e

i(p1+p2)x�φ1(p1)�φ1(p1)e
− i

2
p1θp2

=
2�

i=1

�
1

(2π)2

�
d4pie

ipi x�φi(pi)

�
e−

i
2

�
i<j pi µθ

µνpj ν

This phase factor is invariant under cyclic permutation of the momentum indices, because the con-

straints is related to the momentum conservation. This deformed interaction admits

tr(Φ†(�x)Φ(�x))2 =
�

d4p1...d
4p4 �φ(p1)...�φ(p4) δ(4)(p1 + ...+ p1) e

− i
2

�4
i<j pi µθ

µνpj ν

The cyclic symmetry of the star(�) product
�

d4x(φ1 � φ2 � ... � φn)(x) =

�
d4x(φ2 � ... � φn � φ1)(x)

Also, we can replace one of the � products by . products
�

d4x(φ1 � φ2 � ... � φn)(x) =

�
d4x(φ1 � ... � φi)(x) (φi+1 � ... � φn)(x)

Next we write down the scalar action of the φ4 scalar theory in the NC space-time as follows

Sφ =

�
d4x

�
1

2
∂µφ � ∂µφ+

1

2
m2φ � φ+

λ

4!
φ � φ � φ � φ

�

Consider the 1PI two point function. We have two types of one loop Feynman diagram due to additional

phase factor: one is planar diagram, while the other is non-planar diagram. The corresponding one loop

correction is given by

Γ
(2)
1 planar =

g2

3(2π)4

�
d4k

k2 +m2

Γ
(2)
1 nonplanar =

g2

6(2π)4

�
d4k

k2 +m2
eikθp
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Figure 2.1: One loop Planar and non-planar diagram

The one loop planar diagram corresponding to the mass correction in the commutative theory, diverges

quadratically at high energies. The non-planar loop has the vertex with the phase factor which is due

to pointless like interaction in the NC theory. One can parametrize the integrals by using Schwinger

parameterization,we get
1

k2 +m2
=

� ∞

0

dα e−α(k2+m2)

The k integrals are now Gaussian, and may be evaluated to yield

Γ
(2)
1 planar =

g2

48π2

�
dα

α2
e−αm2

Γ
(2)
1 nonplanar =

g2

96π2

�
dα

α2
e−αm2− p◦p

α

Here we have introduced new notation

p ◦ q ≡ −pµθ
2
µνqν = |pµθ2µνqν |

The dimension of p ◦ p is length squared. In order to regulate the small α divergence in the above

equation, we multiply the integrands by Pauli-Villars regulator exp(−1/(Λ2α)) and we get

Γ
(2)
1 planar =

g2

48π2

�
dα

α2
e−αm2− 1

Λ2α

Γ
(2)
1 nonplanar =

g2

96π2

�
dα

α2
e−αm2−

p◦p+ 1
Λ2

α

Therefore,

Γ
(2)
1 planar =

g2

48π2

�
Λ2 −m2ln(

Λ2

m2
) +O(1)

�

Γ
(2)
1 nonplanar =

g2

96π2

�
Λ2

eff −m2ln(
Λ2

eff

m2
) +O(1)

�

where

Λ2
eff =

1

1/Λ2 + p ◦ p
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In the limit Λ → ∞, the non-planar diagram corresponding to the one loop graph remains finite. It

is regulated by the spacetime noncommutativity. In this limit the effective cutoff Λ2
eff = 1

p◦p goes to

infinity when either θ → 0 or p → 0. So the IR divergence appears naturally by oscillation phase

factor. In addition, the planar and the non-planar contribution to mass correction diverges at the cutoff

scale Λ → ∞(UV) as well as NC scale θ → 0(IR). These type of divergence problem are known as

UV/IR mixing. In ref [189], it has shown that if the interaction Hamiltonian density is translational

invariant and invariant under twisted Poincare symmetry then the star product and twisted statistics are

inherent for removal of UV/IR mixing in the absence of gauge fields. But interaction only with the star

product and usual statistics of the fields are not invariant under twisted Poincare symmetry.

The following three proposals are pursued that the usual star product and usual statistics but which

are deals translational invariant in order to overcome the UV/IR mixing by adding suitable terms [127].

1. Broken translation invariant: [130]

The counter term: It is of the form �x2φ2 (a harmonic oscillator-like potential), where �x = θµνx
ν

2. Minimalist translation invariant: [131]

The counter term: A non-local term of the form µ
θ4

��
d4xφ(x)

�2.

3. Translation invariant: [132]

The counter term: A non-local term of the form φ a2

θ2�φ

2.6.1 Translational invariant 1/p2 model

NC Scalar theory:

In 2008, Gurau, Magnen, Rivasseau and Tanasa [132] has proposed a model to cure the IR divergence

by adding a non-local counter term φ 1
θ2�φ. They proposed a solution for the UV/IR problem while

maintaining the translation invariance. The scalar action in the Euclidean space is

S ≡
�

R4

d4x

�
1

2

�
∂µφ � ∂µφ+m2φ � φ− φ �

a2

�φ

�
+

λ

4!
φ � φ � φ � φ

�
,

where the parameter a is dimension-full and it has the form a = a�/θ where a� represents a real

dimensionless constant. The 4-dimensional operator 1/� denotes the Green function which is of the

form 4 − d Laplacian � ≡ ∂µ∂µ and in momentum space it is −1/k2 . Thus the propagator in

momentum space is defined as

G(k) =
1

k2 +m2 + a2

k2

.
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The integral factor of the one-loop correction to the propagator (corresponding to the Feynman dia-

grams in 2.1) is given by

Π(p) = −λ

6

�

R4

d4k

(2π)4
2 + cos(kp̃)

k2 +m2 + a2

k2

≡ Πplan + Πn-pl(p) where cos(kp̃) =
1

2

�

η=±1

eiηkp̃

In above, we have used p̃µ ≡ θµνp
ν . The propagator term(in the denominator) can be written as

1

k2 +m2 + a2

k2

=
k2

�
k2 + m2

2

�2 −M4
=

1

2

�

ζ=±1

1 + ζ m2

2M2

k2 + m2

2
+ ζM2

,

where M2 ≡
�

m4

4
− a2. The Schwinger exponential parametrization is given by

Πn-pl(p) = − λ

24

�

η=±1

I(p) and I(p) ≡
�

ζ=±1

�
1 + ζ

m2

2M2

��
d4k

(2π)4
eiηkp̃

k2 + m2

2
+ ζM2

.

For m > 0, a �= 0 and (m
2

2
+ ζM2) is a positive, then the above parameterization yields

1

k2 + m2

2
+ ζM2

=

∞�

0

dα e−α(k2+m2

2
+ζM2).

The integral over k provides

I(p) =
�

ζ

�
1 + ζ m2

2M2

�� d4k

(2π)4

∞�

0

dα exp

�
−α

�
k2 − iηkp̃

α

�
− α

�
m2

2
+ ζM2

��

=
�

ζ

1 + ζ m2

2M2

(4π)2

∞�

0

dα

α2
exp

�
− p̃ 2

4α
− α

�
m2

2
+ ζM2

��
.

The integral result in terms of the modified Bessel function K−1 = K1 is given by [123]

Iregul.(p,Λ) =
�

ζ

1 + ζ m2

2M2

(2π)2

�
m2

2
+ ζM2

p̃2
K1

��
p̃2

�
m2

2
+ ζM2

��
.

Note that p̃2 �= 0 and is finite if θ �= 0 and p �= 0. The IR behaviour of the model can be studied in the

limit p̃2 → 0. For small z
�
=
�
p̃2

�
m2

2
+ ζM2

��
, one can write 1

z
K1(z) as

1

z
K1(z) =

1

z2
+

1

2
ln z +

1

2

�
γE − ln 2− 1

2

�
+

z2

16

�
ln z + γE − ln 2− 5

4

�
+O(z4)

Here γE is the Euler-Mascheroni constant. Thus, for p̃2 � 1,

Πn-pl(p) =
−λ

6(4π)2

�
4

p̃2
+m2 ln

�
p̃2
�

m4

4
−M4

�
+

�
M2 +

m4

4M2

�
ln

�
m2

2
+M2

m2

2
−M2

�
+O(1).
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The quadratic IR divergence appears in the above result and this is also accompanied by a sub leading

logarithmic IR divergence. For a → 0 (i.e. M2 → m2

2
) emphasize the the naı̈ve model given in [68]. By

introducing a cutoff Λ and replacing p̃2 → p̃2+ 1
Λ2 in Πn-pl(p), one can regularize the planar propagator

and in the limit p̃2 → 0 one finds

�
Πplan�

regul.
(Λ) =

−λ

3(4π)2

�
4Λ2+m2 ln

�
1

Λ2

�
m4

4
−M4

�
+

�
M2 +

m4

4M2

�
ln

�
m2

2
+M2

m2

2
−M2

�
+O(1).

Eventually the 1/p2 model proves the renormalizability of the noncommutative scalar theory up to one-

loop and also the renormalizability of two and higher loop nocommutative field theory shown in [127].

NC Gauge theory:

The addition of non-local term in the NC action has reduced the tension about renormalizability of

the φ4 theory significantly. Further this approach motivated the searches for an analogon U(1) gauge

theory [128, 129]. Here the new non-local term (a�/(D2 �D2)) were introduced in the action which

satisfy the gauge invariant as well. Where �D = θµνDµν and Dµν is the covariant. The gauge fixing

action is BRST invariant but the interaction term (a�/(D2 �D2) � F µν) introduces an infinite number

of gauge boson interaction. So it is very difficult to compute the loop diagrams in a particular order.

In the ref [128] these problems were circumvented by introducing a new antisymmetric field of mass

dimension two. But the physical meaning of the new dynamic antisymmetric field is not understood

till now. In order to solve UV/IR mixing, instead of looking for non-local term, there is an alternative

approach in the NC theory which are θ-exact and θ-expanded SW map.

The advantage in the SW approach over the Weyl-Moyal approach is that it can be applied to

any gauge theory and matter can be in an arbitrary representation. Reasonable progress has been made

in NCQED using SW map as far as it’s quantum structure, perturbative renormalization is concerned

[191–202]. In particularly, the UV/IR mixing arises in an arbitrary non-abelian noncommutative gauge

theory has been studied [191, 192, 194, 197–202]. Using SW expansion of the NC fields, Bichl et al.

[192] show that the self-energy of photon in NCQED is renormalizable to all orders in θ. Anomalies

and renormalizability of SW θ-expanded NCSM are studied in [193,195,196]. The two-point functions

for photon and neutrino are discussed in [197, 199–202] by θ-exact SW map. By calculating the one

loop self-energy correction to the massless fermion up to order O(θ), the ref [199] shows that the

UV/IR mixing effects can be made under control. In the SW map, the first several orders of the

expansion can be written in a simple form by introducing certain generalized star products [203, 204].

Such an expansion enables one to treat all orders of θ at once in each interaction vertex, thereby allows

one to compute non-perturbative results [197].
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2.7 Noncommutative Standard model

The SW map solves the charge quantization problem and it provides the SU(N) gauge group

representation by enveloping the Lie algebra. In the classical limit, noncommutative theory turns

into commutative theory when θµν → 0. We have to treat θµν as a universal constant tensor, just

like the speed of light in special theory of relativity on commutative space. In order to construct the

standard model on NC spacetime, we have to satisfy the gauge consistency principle of tensor product

of respective two gauge groups. Therefore the SM gauge group G : U(1)Y ⊗ SU(2)L ⊗ SU(3)C

accommodate the ”master gauge potential” and the ”master gauge parameter”.

ρ(Vµ) = g�ρ(YSM)Aµ + g
�

i

ρ(T i
L)B

i
µ + gs

�

a

ρ(T a
s )G

a
µ

ρ(Λ) = g�ρ(YSM)α(x) + g
�

i

ρ(T i
L)α

L
i (x) + gs

�

a

ρ(T a
s )α

s
a(x)

and the Seiberg-Witten(SW) map:

�Vρ = Vρ −
1

4
θµν {Vµ , ∂νVρ + Fνρ}+ ...

�Λ = Λ+
1

4
θµν {Vµ , ∂νΛ}+ ...

To construct the noncommutative standard model, what one needs to do is as follows [69–71]

• Replace the ordinary products with the � product.

• Substitute the noncommutative fields for each corresponding commutative one.

• Perform the trace for each standard model field representation with respect to the gauge group.

Now the action of the NCSM can be written as follows [69]:

SNCSM =

�
d4x

3�

i=1

�Ψ
(i)

L � i�/D�Ψ(i)
L +

�
d4x

3�

i=1

�Ψ
(i)

R � i�/D�Ψ(i)
R

−
�

d4x
1

2g�
tr1 �Fµν � �F µν −

�
d4x

1

2g
tr2 �Fµν � �F µν −

�
d4x

1

2gS
tr3 �Fµν � �F µν

+

�
d4x

�
ρ0( �Dµ

�Φ)† � ρ0( �Dµ�Φ)− µ2ρ0(�Φ)† � ρ0(�Φ)− λρ0(�Φ)† � ρ0(�Φ) � ρ0(�Φ)† � ρ0(�Φ)
�

+

�
d4x

�
−

3�

i,j=1

W ij

�
( �̄L

(i)

L � ρL(�Φ)) � �e(j)R + �̄e(i)R � (ρL(�Φ)† � �L(j)
L )

�

−
3�

i,j=1

Gij
u

�
( �̄Q

(i)

L � ρQ̄(
�̄Φ)) � �u(j)

R + �̄u(i)

R � (ρQ̄(
�̄Φ)† � �Q(j)

L )

�
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−
3�

i,j=1

Gij
d

�
( �̄Q

(i)

L � ρQ(�Φ)) � �d(j)R + �̄d
(i)

R � (ρQ(�Φ)† � �Q(j)
L )

��
,

with Φ = iτ2Φ
∗ and τ2 is the usual Pauli matrix. The matrices W ij , Gij

u and Gij
d are the Yukawa

couplings. We know that the SM Higgs scalar has hybrid SW map and is given by Φ̂ = Φ̂(Φ, V, V �). It

transforms covariantly under gauge transforms with the field functionals of the two gauge field V and

V � (responsible for left handed and right handed fermion fields coupled with the Higgs scalar field).

The Higgs field Φ̂ in the NC spacetime is given by

Φ̂ ≡ Φ̂[Φ, V, V �]

= Φ+
1

2
θαβVβ

�
∂αΦ− i

2
(VαΦ− ΦV

�
α)

�
+

1

2
θαβ

�
∂αΦ− i

2
(VαΦ− ΦV

�
α)

�
V

�
β +O(θ2)

,which is an example of hybrid map. The covariant transformation is given as δΦ̂(Φ, V, V �) = iΛ̂ �

Φ̂− iΦ̂ � Λ̂. The following scalar representation can be chosen for yukawa terms. Note that the gauge

invariance doesn’t restrict the choice of the Higgs field representation [71]. The representations are

ρ0(Φ̂) = Φ̂[Φ,
1

2
g�Aµ + gBa

µT
a
L, 0]

ρψ(Φ̂) = Φ̂[Φ,RψL
(V ),RψR

(V )]

ρψ(Φ̂c) = Φ̂[Φc,RψL
(V ),RψR

(V )] Where Φc = iτ2Φ
∗

The representation Rψ for the SM multiplet ψ are listed in Table(2.2). Here Rψ(f(Vµ)) =

f(Rψ(Vµ)) for any function f .

Ψ Rψ(Vν)

eR −g�Aν(x)

LL =


 νL

eL


 −1

2
g�Aν(x) + gBνa(x)T

a
L

uR
2
3
g�Aν(x) + gSGνb(x)T

b
S

dR −1
3
g�Aν(x) + gSGνb(x)T

b
S

QL =


uL

dL


 1

6
g�Aν(x) + gBνa(x)T

a
L + gSGνb(x)T

b
S

Table 2.2: Standard model gauge representation of the fermionic fields. Here T a
L = τa/2 and T b

S = λb/2.

The simplest choice of Higgs scalar representation ρ0 brings the NCSM and SM very closely:

ρ0(Φ̂) = Φ̂[Φ,
1

2
g�Aµ + gBa

µT
a
L, 0].
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In NCSM, the leptons and quarks have different scalar representation in Yukawa terms because the

neutrinos do not have mass due to absence of the right handed neutrino. One can choose the leptonic

representation as follows

ρL(Φ̂[Φ, Vµ, V
�
ν ]) = Φ̂[Φ, −1

2
g�Aµ + gBa

µT
a
L, g

�Aν ]

where Vµ = −1
2
g�Aµ + gBa

µT
a
L and V �

ν = g�Aν . In the Yukawa term, we need different representation

for up and down type of quarks and are given as follows

ρQ(Φ̂[Φ, Vµ, V
�
ν ]) = Φ̂[Φ,

1

6
g�Aµ + gBa

µT
a
L + gSG

a
µT

a
S ,

1

3
g�Aν − gSG

a
νT

a
S ],

ρQ̄(Φ̂[Φ, Vµ, V
�
ν ]) = Φ̂[Φ,

1

6
g�Aµ + gBa

µT
a
L + gSG

a
µT

a
S , −

2

3
g�Aν − gSG

a
νT

a
S ].

Spontaneous Symmetry breaking

Let us first consider the scalar action in the NCSM

SΦ =

�
d4x

�
ρ0(Dµ

�Φ)†ρ0(Dµ
�Φ)− µ2ρ0(�Φ)† � ρ0(�Φ)− λ(ρ0(�Φ)† � ρ0(�Φ)) � (ρ0(�Φ)† � ρ0(�Φ))

�

where D is SM covariant derivative. The SM minimization of the doublet scalar field and the NCSM

scalar field minimization are same and it obeys the following steps as given below [69]

• To find the potential minima attained for constant fields neglecting the derivative terms and star

product terms.

• The terms in the hybrid SW map like θαβVαVβΦ leads to corrections to Higgs vacuum expecta-

tion value(vev).

• We should consider the field value Vα = 0, i.e. �Φ = φ when fixing the Higgs vev.

• The gauge degrees of freedom allows to choose the unitary gauge for Higgs scalar field

φ = 1√
2


 0

h+ υh


 ,

where υh(=
�
−µ2/λ) is the vev and µ2 < 0. To the leading order in θ expansion, we use ρ0(Φ̂) =

φ+ ρ0(φ
1) +O(θ2) and get

SHiggs =

�
d4x

�
(DSM

µ φ)†DSMµφ− µ2φ†φ− λ(φ†φ)(φ†φ)

�

+

�
d4x

�
(DSM

µ φ)†
�
DSMµρ0(φ

1) +
1

2
θαβ∂αV

µ∂βφ+ Γµφ

�
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+

�
DSM

µ ρ0(φ
1) +

1

2
θαβ∂αVµ∂βφ+ Γµφ

�†
DSMµφ

+
1

4
µ2θµνφ†(Fµν)φ− λiθαβφ†φ(DSM

α φ)†(DSM
β φ)

�
+O(θ2),

where Fµν = g�fµν + gFL
µν ,

Γµ = −iV 1
µ = i

1

4
θαβ{g�Aα + gBα, g

�∂βAµ + g∂βBµ + g�fβµ + gFL
βµ},

and

ρ0(φ
1) = −1

2
θαβ(g�Aα + gBα)∂βφ+ i

1

4
θαβ(g�Aα + gBα)(g

�Aβ + gBβ)φ.

The Higgs boson mass is defined as Mh =
�

−2µ2. The masses of the electroweak bosons is generated

by the so-called Higgs mechanism

MW± =
gυ

2
and MZ =

�
g2 + g�2

2
υ.

Here the physical mass eigenstates of the electroweak bosons W±, Z and A are defined by

W±
µ =

B1
µ ∓ iB2

µ√
2

, Zµ =
−g�Aµ + gB3

µ�
g2 + g�2

and Aµ =
gAµ + g�B3

µ�
g2 + g�2

.

We can rewrite the gauge field Aµ and B3
µ in terms of physical photon field Aµ and massive neutral Z

boson

B3
µ =

g Zµ + g� Aµ�
g2 + g�2

and Aµ =
g Aµ − g� Zµ�

g2 + g�2

which helps one to find the interactions of Higgs and physical gauge fields besides the usual SM

interactions.

2.7.1 Noncommutative standard model: Scalar sector

In the Higgs action, the order θ terms has enormous interaction with Higgs and gauge field. We

examine here the single Z boson and W+W− interaction with Higgs up to order θ. The last term of

the SHiggs gives [71],

1

2
θαβ

�
d4xφ†

�
1

2
µ2 Fαβ − 2iλφ(DSM

α φ)†DSM
β

�
φ

=
1

8
θαβ

�
ig2

�
d4x(h+ v)2[µ2 + λ(h+ v)2]W+

α W−
β

+
g

cos θW

�
d4x(h+ v)2[−µ2(∂αZβ) + 2λ(h+ v)(∂αh)Zβ]

�
,
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by making the using of the field strength tensor

Fµν =




eAµν +
g

2 cos θW
(1− 2 sin2 θW )Zµν

g√
2
W+

µν

g√
2
W−

µν − g

2 cos θW
Zµν




− ig2

2




W+
µ W−

ν −W+
ν W−

µ

√
2(B3

µW
+
ν −W+

µ B3
ν)

−
√
2(B3

µW
−
ν −W−

µ B3
ν) −W+

µ W−
ν +W+

ν W−
µ


 .

The µ2 integration term get vanishes because of Stokes theorem. So we get

1

8
θαβλ

�
d4xh(h+ v)(h+ 2v)

�
ig2(h+ v)W+

α W−
β + 2

g

cos θW
(∂αh)Zβ

�
.

The scalar triple and quartic interaction doesn’t have O(θ) correction in the NCSM and also there

is no hZZ, hhZZ interaction in O(θ) correction. Other two Higgs action terms has multiple field

interaction of gauge and Higgs scalar in the order of O(θ).

2.7.2 Noncommutative Standard model: Fermionic sector

The action corresponding to the Yukawa terms which generates masses for the fermions,

SY ukawa =

�
d4x

�
−

3�

i,j=1

W ij

�
(�̄L

(i)

L � ρL(�Φ)) � �e(j)R + �̄e(i)R � (ρL(�Φ)† � �L(j)
L )

�

−
3�

i,j=1

Gij
u

�
( �̄Q

(i)

L � ρQ̄(
�̄Φ)) � �u(j)

R + �̄u(i)

R � (ρQ̄(
�̄Φ)† � �Q(j)

L )

�

−
3�

i,j=1

Gij
d

�
( �̄Q

(i)

L � ρQ(�Φ)) � �d(j)R + �̄d
(i)

R � (ρQ(�Φ)† � �Q(j)
L )

��

Here �Φ[Φ, V, V �] is already defined earlier. Li
L stands for the left-handed leptonic doublet and eiR for a

leptonic singlet of the ith generation. Qi
L stands for a left-handed quark doublet of the ith generation,

ui
R for a right-handed up-type quark singlet of the ith generation and diR stands for a right-handed

down-type quark singlet of the ith generation.

Using the biunitary transformations, one can diagonalize the Yukawa coupling matrices [71]

Gd =

√
2

v
Sd Md T

†
d , Gu =

√
2

v
Su Mu T

†
u .

After diagonlization, we get the diagonal 3 × 3 mass matrices Md and Mu. One has to redefine the

quark fields by biunitary transformation so as to make it the mass eigenstates

d
(i)

L S
(ij)
d → d

(j)

L , T
†(ij)
d

�d(j)R → �d(i)R , u
(i)
L S(ij)

u → u
(j)
L , T †(ij)

u �u(j)
R → �u(i)

R .
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This redefinition of the fields introduces the quark mixing matrix V = S†
u Sd which gives the Cabibbo

Kobayashi Maskawa(CKM) matrix [72–74] in the Standard Model charged current sector.

Vf =





1 for f = � (e, µ, τ),

V ≡ VCKM for f = q (u, d, ....b),

where � and q denote leptons and quarks, respectively. Note that there is no mixing in the lepton sector

due to absence of the right handed neutrinos.

The minimal modification of the Standard Model is possible by introducing the right handed

neutrinos, which comprises neutrino masses. There would be neutrino mixing matrix instead of unit

matrix mentioned above.

The leading order Yukawa expansion is

SY ukawa = SSM
Y ukawa −

�
d4x

� 3�

i,j=1

W ij

�
(L̄i

Lφ)e
1j
R + (L̄i

LρL(φ
1))ejR

+ (L̄1i
Lφ)e

j
R + i

1

2
θαβ∂αL

i
L∂βφe

j
R + ēiR(φ

†L1j
L )

+ ēiR(ρL(φ
1)†Lj

L) + ē1iR(φ
†Lj

L) + i
1

2
θαβ∂αe

i
R∂βφ

†Lj
L

�

−
3�

i,j=1

Gij
u

�
(Q̄i

Lφ̄)u
1j
R + (Q̄i

LρQ̄(φ̄
1))uj

R + (Q̄1i
L φ̄)u

j
R

+ i
1

2
θαβ∂αQ

i
L∂βφ̄u

j
R + ūi

R(φ̄
†Q1j

L ) + ūi
R(ρQ̄(φ̄

1)†Qj
L)

+ ū1i
R(φ̄

†Qj
L) + i

1

2
θαβ∂αu

i
R∂βφ̄

†Qj
L

�

−
3�

i,j=1

Gij
d

�
(Q̄i

Lφ)d
1j
R + (Q̄i

LρQ(φ
1))djR + (Q̄1i

Lφ)d
j
R

+ i
1

2
θαβ∂αQ

i
L∂βφd

j
R + d̄iR(φ

†Q1j
L ) + d̄iR(ρQ(φ

1)†Qj
L)

+ d̄1iR(φ
†Qj

L) + i
1

2
θαβ∂αd̄

i
R∂βφ

†Qj
L

��
+O(θ2)

Charged current interaction

Here we give the complete expressions of the electroweak charged currents to order O(θ) [69]

Lcc =
�
ū c̄ t̄

�
L
VCKMJ1(1− γ5)




d

s

b




L

+
�
d̄ s̄ b̄

�
L
V †
CKMJ2(1− γ5)




u

c

t




L

with

51



J1 =
1√
2
g /W+ + (

1

2
θµνγα + θναγµ)

��
−

√
2

4
Y g�g(cos θW∂µAν − cos θW∂νAµ − sin θW∂µZν + sin θW∂νZµ)W

+
α

�

+g

√
2

8

�
∂µW

+
ν − ∂νW

+
µ

−2ig
�
cos θWZµW

+
ν + sin θWAµW

+
ν − cos θWW+

µ Zν − sin θWW+
µ Aν

��
·

(−2i∂α + 2Y g� sin θWZα − 2Y g� cos θWAα + g cos θWZα + g sin θWAα)

−
√
2

8
g2
�
cos θW∂µZν − cos θW∂νZµ + sin θW∂µAν − sin θW∂νAµ

−2ig(W+
µ W−

ν −W+
ν W−

µ )
�
W+

α

�

and

J2 =
1√
2
g /W− + (

1

2
θµνγα + θναγµ)

��
−

√
2

4
Y g�g(cos θW∂µAν − cos θW∂νAµ − sin θW∂µZν + sin θW∂νZµ)W

−
α

�

+g

√
2

8

�
∂µW

−
ν − ∂νW

−
µ

−2ig
�
cos θWW−

µ Zν + sin θWW−
µ Aν − cos θWZµW

−
ν − sin θWAµW

−
ν

��
·

(−2i∂α + 2Y g� sin θWZα − 2Y g� cos θWAα − g cos θWZα − g sin θWAα)

−
√
2

8
g2
�
cos θW∂µZν − cos θW∂νZµ + sin θW∂µAν − sin θW∂νAµ

−2ig(W+
µ W−

ν −W+
ν W−

µ )
�
W−

α

�

Here we disregarded the interactions with the gluon in the ”electroweak” charged currents. We pick
/W+ term up to O(θ) in Lcc and obtain

�
ū c̄ t̄

�
L
VCKM

�
1√
2
g /W+ +

−ig

2
√
2
θµνα(1− γ5)∂µW

+
ν ∂α

�



d

s

b




L

=
�
ū c̄ t̄

�
L
VCKM

1√
2
g /W+(1− γ5)




d

s

b




L

,

where θµνα = θµνγα + θναγµ + θαµγν and

VCKM(p, p�) ≡




1− λ2/2 + ixud λ+ ixus Aλ3(ρ− iη) + ixub

−λ+ ixcd 1− λ2/2 + ixcs Aλ2 + ixcb

Aλ3(1− ρ− iη) + ixtd −Aλ2 + ixts 1 + ixtb


 .
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In above xab ≡ pa
µθµνp

�
b
ν for quarks a, b. All the momenta pa and pb are taken to be incoming. This is

true in Moyal-Weyl approach and Seiberg-Witten approach (with massless quarks), but there are quark

mass dependent interaction term in Yukawa NCSM action [133]. So the momentum dependent CKM

matrix in NCSM is not complete. Finally, we present the quarks-charged bosons(W±) interaction up

to O(θ) i.e. the Feynman rules for the vertices f (i)
u − f

(j)
d −W+(k) and f

(i)
u − f

(j)
d −W−(k) to O(θ)

as follows [71]

i e

2
√
2 sin θW

�
V

(ij)
f

V
†(ij)
f

���
γµ −

i

2
θµνρ k

ν pρin

�
(1− γ5)

− i

2
θµν

��
m

f
(i)
u

m
f
(j)
d

�
pνin(1− γ5)−

�
m

f
(j)
d

m
f
(i)
u

�
pνout(1 + γ5)

��
.

Here i and j are quark generation index. The same Feynman rule is applicable for doublet lepton

charge current interaction. Here the quark mixing matrix has to replaced by neutrino mixing matrix

when the mass of the neutrinos are non zero.

Neutral currents interaction

We now present the the neutral current expression to order O(θ) [69]

Lnc = LSM
nc − i

1

2

�

i

ū
(i)
L

�
1

2
θµνγα + θναγµ

�

��
cos θW∂µAν − cos θW∂νAµ − sin θW∂µZν + sin θW∂νZµ

�

�
g�Y ∂α − iY 2g�2 cos θWAα + iY 2g�2 sin θWZα − i

1

2
Y g�g cos θWZα − i

1

2
Y g�g sin θWAα

�

+
1

2

�
cos θW∂µZν − cos θW∂νZµ + sin θW∂µAν − sin θW∂νAµ − 2ig(W+

µ W−
ν −W+

ν W−
µ )

�

�
g∂α − iY g�g cos θWAα + iY g�g cos θWZα − 1

2
ig2 cos θWZα − 1

2
ig2 sin θWAα

�

− i

2
g2
�
∂µW

+
ν − ∂νW

+
µ − 2ig

�
cos θWZµW

+
ν + sin θWAµW

+
ν −W+

µ cos θWZν −W+
µ sin θWAν

��
W−

α

�
u
(i)
L

−i
1

2

�

i

ū
(i)
R

�
1

2
θµνγα + θναγµ

���
cos θW∂µAν − cos θW∂νAµ − sin θW∂µZν + sin θW∂νZµ

�

�
g�Y ∂α − iY 2g�2 cos θWAα + iY 2g�2 sin θWZα

��
u
(i)
R − i

1

2

�

i

d̄
(i)
L

�
1

2
θµνγα + θναγµ

�

��
cos θW∂µAν − cos θW∂νAµ − sin θW∂µZν + sin θW∂νZµ

�

�
g�Y ∂α − iY 2g�2 cos θWAα + iY 2g�2 sin θWZα − i

1

2
Y g�g cos θWZα − i

1

2
Y g�g sin θWAα

�

−1

2

�
cos θW∂µZν − cos θW∂νZµ + sin θW∂µAν − sin θW∂νAµ
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−2ig(W+
µ W−

ν −W+
ν W−

µ )

��
g∂α − iY g�g cos θWAα + iY g�g cos θWZα +

1

2
ig2 cos θWZα +

1

2
ig2 sin θWAα

�

− i

2
g2
�
∂µW

−
ν − ∂νW

−
µ + 2ig

�
cos θWZµW

−
ν + sin θWAµW

−
ν −W−

µ cos θWZν −W−
µ sin θWAν

��
W+

α

�
d
(i)
L

−i
1

2

�

i

d̄
(i)
R

�
1

2
θµνγα + θναγµ

�

��
cos θW∂µAν − cos θW∂νAµ − sin θW∂µZν + sin θW∂νZµ

��
g�Y ∂α − iY 2g�2 cos θWAα + iY 2g�2 sin θWZα

��
d
(i)
R

The gluon interaction with the ”electroweak” neutral currents is not considered here. Also in Yukawa

NCSM action there is quark mass dependent interaction term. Here we present the Feynman rule for

q − q − Aµ and q − q − Zµ vertices, respectively.

i eQf

�
γµ −

i

2
kν (θµνρ p

ρ
in − θµν mf )

�

= i eQf γµ +
1

2
eQf [(poutθpin)γµ − (poutθ)µ(/pin −mf )− (/pout −mf )(θpin)µ]

and

i e

sin 2θW

��
γµ −

i

2
kνθµνρ p

ρ
in

�
(cV,f − cA,f γ5)−

i

2
θµν mf

�
pνin (cV,f − cA,f γ5)− pνout (cV,f + cA,f γ5)

��

The neutral current interaction Feynman rule for lepton and quark are same. They differs by charge(Q),

vector(CV ) and axial(CA) coupling constants as defined below

CV,f = T3 fL − 2Qf sin
2 θW , CA,f = T3 fL .

Note that the NC tensor θµν is antisymmetric in µ− ν plane. It has the following property

(θk)µ ≡ θµνkν = −kνθ
νµ ≡ −(kθ)µ and (kθp) = kµθ

µνpν .

Below in Table 2.3, we have displayed the standard model fermions, gauge bosons along with their

charge, hypercharge, iso-spin etc.

New sources of CP-violation

In the standard model we have CP violation in leptonic sector and as well as in quark sector.

Besides that spacetime noncommutativity introduces a new source of CP violation in the standard

model [65, 100, 133]. To see this let us write down the U(1) NCQED field strength tensor as

�Fµν = ∂µAν − ∂νAµ + ig[Aµ
�, Aν ].
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SU(3)C SU(2)L U(1)Y U(1)Q T3

e
(i)
R 1 1 −1 −1 0

L
(i)
L =


 ν

(i)
L

e
(i)
L


 1 2 −1/2


 0

−1





 1/2

−1/2




u
(i)
R 3 1 2/3 2/3 0

d
(i)
R 3 1 −1/3 −1/3 0

Q
(i)
L =


u

(i)
L

d
(i)
L


 3 2 1/6


 2/3

−1/3





 1/2

−1/2




Φ =


φ+

φ0


 1 2 1/2


 1

0





 1/2

−1/2




W+, W−, Z 1 3 0 (±1, 0) (±1, 0)

A 1 1 0 0 0

Gb 8 1 0 0 0

Table 2.3: The Standard Model fields are shown. Here i ∈ {1, 2, 3} denotes the generation index. The electric

charge is given by Q = (T3 + Y ), which is called the Gell-Mann-Nishijima relation.

Under the charge conjugation(C),parity(P ) and the time-reversal(T ) transformations, the vector field

transforms as follows:

Under C: Aµ → −Aµ. If θ → −θ then F̂µν → −F̂µν .

Under P : A0 → A0, Ai → −Ai, θ → θ.

Under T : A0 → A0 Ai → −Ai So if θ → −θ then F̂µν → −F̂µν .

It is to be noted that θ → −θ under the CP transformation and hence one can observe CP violation in

NC theory. However, the noncommutative theory is a CPT invariant theory.

2.8 Classification of Noncommutative Standard model

The complete action of the noncommutative standard model(NCSM) can be written as

SNCSM = Sfermions + Sgauge + SHiggs + SY ukawa.

Expanding �Fµν up to order θµν , one finds

Sgauge = −1

2

�
d4x

�

ρ

CρTr {ρ(F µν)ρ(Fµν)}

+ θµν
�

d4x
�

ρ

CρTr
��

1

4
ρ(Fµν)ρ(Fρσ)− ρ(Fµρ)ρ(Fνσ)

�
ρ(F ρσ)

�
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The first term of Sgauge, which is independent of θµν , corresponds to the standard model term. The

standard model group is the product of irreducible gauge group representation of U(1)Y , SU(2)L and

SU(3)c. The generator of the SM group is T A [65]. Here A = 1, 2, ...12.

{ρ(T A)} = {ρ1(Y )⊗ 1ρ2 ⊗ 1ρ3 , 1⊗ ρ2(T
a
L)⊗ 1ρ3 , 1⊗ 1ρ2 ⊗ ρ3(T

b
S)}

Here a can take value 1, 2 and 3, and similarly b = 1, 2, ...8. The master field strength tensor with SM

representations ρ = ρ1 ⊗ ρ2 ⊗ ρ3 are

ρ(Fµν) = g�ρ(YSM)fµν + g
�

i

ρ(T i
L)F

i
µν + gs

�

a

ρ(T a
s )G

a
µν .

First we consider the θµν independent term in the gauge kinetic action.

LSM = −1

2
g�2

�

ρ

Cρ d(1ρ2) d(1ρ3) ρ1(Y )2fµνf
µν − 1

2
g2

�

ρ

Cρ d(1ρ3) Tr
�
ρ2(T

i
L)ρ2(T

j
L)
�
F i
µνF

j µν

− 1

2
g2s

�

ρ

Cρ d(1ρ2) Tr
�
ρ3(T

a
s )ρ3(T

b
s )
�
Ga

µνG
b µν ,

where d(1ρi) denotes the dimension of the particular gauge representation ρ of the gauge group fermion

multiplets. For example, the dimension of the ρ1 is equal to 1× 1. The above equations are constraint

equations to match with the following SM lagrangian

LSM = −1

4
fµνf

µν − 1

4
F i
µνF

iµν − 1

4
Gb

µνG
bµν .

The constraint equations are

1

2g�2
=

�

ρ

Cρ d(1ρ2) d(1ρ3) ρ1(Y )2,

1

2g2
δij =

�

ρ

Cρ d(1ρ3) Tr
�
ρ2(T

i
L)ρ2(T

j
L)
�
,

1

2g2s
δab =

�

ρ

Cρ d(1ρ2) Tr
�
ρ3(T

a
s )ρ3(T

b
s )
�
.

The matching condition of the NCSM gauge sector shows the structure of the gauge couplings. Here

the traces are taken for all the SM fields generators. Cρ(= 1/G2
ρ) is the coupling generator, where Gρ is

the SM coupling generator [69]. It operates on the SM fields and produces the coupling eigen values
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corresponding to the SM fields, they are equal to 1/gρ. One can write

Gρ




eR

LL

uR

dR

QL

φ




= gρ




eR

LL

uR

dR

QL

φ




.

For example, GρeR = g1eR , GρLL = g2LL... Gρφ = g6φ. g1, g2...g6 are non zero SM coupling eigen

value. Let us evaluate the traces over all the standard model fields, for example:

1

2g�2
=
�

ρ

Cρ d(1ρ2) d(1ρ3) ρ1(Y )2 =
1

g21
(1)(1)(−1)2 +

1

g22
(2)(1)(−1/2)2 +

1

g23
(1)(3)(2/3)2

+
1

g24
(1)(3)(−1/3)2 +

1

g25
(2)(3)(1/6)2 +

1

g26
(2)(1)(1/2)2

Similarly, repeating the same for others, we finally get the constraint equations with full structure of

the coupling constants gi,

1

2g�2
=

1

g21
+

1

2g22
+

4

3g23
+

1

3g24
+

1

6g25
+

1

2g26
1

g2
=

1

g22
+

3

g25
+

1

6g26
,

1

g2s
=

1

g23
+

1

g24
+

2

g25

According to trace of the triple gauge boson kinetic term,the NCSM has been classified into two types

as stated below [71]:

1. minimal NCSM (mNCSM)

2. Non-minimal NCSM (nmNCSM)

The main difference between the two models are due to the freedom of the choice of traces in the

kinetic terms for gauge fields.

2.8.1 Minimal Noncommutative Standard model

In the mimimal noncommutative standard model(mNCSM), the gauge sector has representation

that yields a model as close as possible to the SM without new triple gauge boson couplings. In

both mNCSM and nmNCSM models, the scalar and fermionic part of the action won’t affect by this
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particular choice of trace. The trace of triple gauge boson SM group generators are assumed to be zero

and the interaction vanishes automatically. The simplest choice of trace zero U(1)Y generator is

Y =
1

2


 1 0

0 −1




This leaves the gauge invariant action and usual SM gauge interaction without neutral triple gauge

boson interaction.

2.8.2 Non-minimal Noncommutative Standard model

The trace is chosen over all particles (having different quantum numbers) on which covariant

derivative act. So the trace of U(1)Y is chosen to be non-zero. The triple gauge boson couplings are

defined as follows

κ1 =
�

ρ

Cρ d(1ρ2) d(1ρ3) ρ1(Y )3,

κ2 =
�

ρ

Cρ d(1ρ3) ρ1(Y ) Tr
�
ρ2(T

i
L)ρ2(T

j
L)
�
,

κ3 =
�

ρ

Cρ d(1ρ2) ρ1(Y ) Tr
�
ρ3(T

a
s )ρ3(T

b
s )
�
,

κ4 =
�

ρ

Cρ d(1ρ3)
1

2
Tr

��
ρ2(T

i
L), ρ2(T

j
L)
�
ρ2(T

k
L)
�
,

κ5 =
�

ρ

Cρ d(1ρ2)
1

2
Tr

��
ρ3(T

a
s ), ρ3(T

b
s )
�
ρ3(T

c
s )
�
.

Here the term κ5 provides the order θ correction in the usual triple gluon vertex. The coefficient of

the κ4 gets zero due to symmetric in gauge field indices and anti-symmetric in NC tensor indices. The

above constant parameters κ1,κ2 and κ3 can be evaluated in terms of coupling constant eigen values

g1, g2...g6 by using Table 2.3. We know that Cρ is equal to 1/g2ρ and hence κi has the following form

κ1 = − 1

g21
− 1

4g22
+

8

9g23
− 1

9g24
+

1

36g25
+

1

4g26
, (2.2)

κ2 =

�
− 1

4g22
+

1

4g25
+

1

4g26

�
δij, (2.3)

κ3 =

�
1

3g23
− 1

6g24
+

1

6g25

�
δab. (2.4)

The action for triple gauge boson(�S3g) interaction can explore as follows [134, 135]
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�S3g =
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d4x g�3κ1θ

µν

�
1

4
fµνfρσ − fµρfνσ
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fρσ

+

�
d4x g�g2κ2θ
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i,j

��
1

4
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F j ρσ
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j
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fρσ

�

+
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d4x g�g2sκ3θ
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��
1

4
fµνG

a
ρσ − fµρG

a
νσ +

1

4
Ga

µνfρσ −Ga
µρfνσ

�
Gb ρσ

+

�
1

4
Ga

µνG
b
ρσ −Ga

µρG
b
νσ

�
fρσ

�

+

�
d4x g3κ4θ

µν
�

i,j,k

�
1

4
F i
µνF

j
ρσ − F i

µρF
j
νσ

�
F k ρσ

+

�
d4x g3sκ5θ

µν
�

a,b,c

�
1

4
Ga

µνG
b
ρσ −Ga

µρG
b
νσ

�
Gc ρσ

We use the Weinberg rotation for physical and unphysical gauge field and we gets

 Zµ

Aµ


 =


 cos θW − sin θW

sin θW cos θW




B3

µ

Aµ




The interaction of the triple gauge bosons can be written in terms physical fields as follows

Lγγγ =
e

4
sin 2θWKγγγ θµν (FµνFρσF

ρσ − 4FµρFνσF
ρσ) ,

Kγγγ =
1

2
gg�(κ1 + 3κ2);

Lγgg =
e

4
sin 2θWKγgg θ

µν {2 (2GµρGνσ −GµνGρσ)F
ρσ + 8FµρGνσG

ρσ − FµνGρσG
ρσ} ,

Kγgg =
−g2s
2

�
g

g�
+

g�

g

�
κ3;

LZγγ = KZγγ θµν {2 (2FµρFνσ − FµνFρσ)Z
ρσ + 8ZµρFνσF

ρσ − ZµνFρσF
ρσ} ,

KZγγ =
1

2

�
g�2κ1 +

�
g�2 − 2g2

�
κ2

�

Other three TGB couplings are uniquely fixed by Kγγγ, KZγγ and Kγgg

KZZγ =
1

2

�
g

g�
− 3

g�

g

�
KZγγ −

1

2

�
1− g�2

g2

�
Kγγγ;

KZZZ =
3

2

�
1− g�2

g2

�
KZγγ −

g�

2g

�
3− g�2

g2

�
Kγγγ; Kγgg = − g

g�
KZgg.

According to Bose statistics(Landau-Pomeranchuk-Yang theorem), the triple gauge boson (TGB) in-

teractions are forbidden by in the standard model. However, it arises within the framework of the

non-minimal NCSM. Here we can maximize the TGB coupling by solving the three TGB equation

including three matching equations.
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Figure 2.2: The allowed region for K values of neutral triple gauge boson couplings in the nmNCSM

The three matching conditions(constraint equations), satisfying 1/g2i > 0, defines a three di-

mensional simplex in the six dimensional moduli space spanned by 1/g21, 1/g
2
2, ...1/g

2
6 . The constants

κ1,κ2 and κ3 are functions of 1/g21, 1/g
2
2, ...1/g

2
6 . We have obtained the optimum value for three

objectives Kγγγ, KZγγ and Kγgg TGB equations with the requirement that three constraint equation

and six moduli condition(1/g2i > 0) by multi-objective Weighted sum optimization method. Later

substituting these into other three TGB equation, we get the non vanishing six TGB coupling con-

stants in the nmNCSM. The values for all six coupling constants at the pentahedron vertices are

given in Table 2.4. From Table 2.4, we can construct the allowed region for any pair of couplings:

Kγγγ, KZγγ, KZgg, KZZγ , KZZZ and Kγgg. The range of values for a full set of electroweak coupling

constants is given in the figures2.2. Any combination of two TGB coupling constants from the gauge
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Kγγγ KZγγ KZgg KZZγ KZZZ Kγgg

-0.1745 -0.3339 0.054 0.0311 -0.2211 -0.098

-0.027 -0.34 -0.108 -0.021 -0.337 0.197

0.1177 -0.2606 0.217 -0.0645 -0.3605 -0.396

-0.4304 0.089 0.217 0.1585 0.412 -0.396

-0.576 0.01 -0.108 0.202 0.437 0.197

-0.5017 -0.124 0.054 0.1644 0.2414 -0.098

Table 2.4: The K values of the triple gauge boson couplings at the vertices of the pentahedron in the nmNCSM

at the MZ scale

sector can never vanish simultaneously due to the constraint set by the value of the SM coupling con-

stants at the MZ scale. One can derive the interaction between charged W a fields and neutral fields as

follows,

LγWW =
e

2
sin 2θWKγWW θµν

� �
2(W+

µρW
−
νσ +W−

µρW
+
νσ)− (W+

µνW
−
ρσ +W−

µνW
+
ρσ)

�
Fµν

+ 4Fµρ(W
+ ρσW−

νσ +W− ρσW+
νσ)− FµνW

+
ρσW

− ρσ

�

KγWW =
−g

2g�
(g2 + g�2)κ2

LZWW =
e

2
sin 2θWKZWW θµν

� �
2(W+

µρW
−
νσ +W−

µρW
+
νσ)− (W+

µνW
−
ρσ +W−

µνW
+
ρσ)

�
Zµν

+ 4Zµρ(W
+ ρσW−

νσ +W− ρσW+
νσ)− ZµνW

+
ρσW

− ρσ

�
where KZWW = − tan θWKγWW

In addition, there are additional O(θ) contribution for triple gauge boson(WWγ/Z) interaction presents

in Higgs action.

2.9 Status of the Noncommutative phenomenology

In the last two decades, enormous effort have been made to understand the fundamentals of the

noncommutative theory. Several efforts in the model-building which leads towards experimental de-

tection of noncommutative effects have been made. Some of the theoretical difficulties were addressed

properly and quite improved the understanding in the last few years. Importantly, Poincare symmetry

and Renormalizability of the NC theory have been attempted in an authentic manner. The probing

energy scale could lie anywhere between the Planck scale to TeV scale. There was a surge of intense
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phenomenological activities among experimentalist and phenomenologist, after the construction of the

noncommutative standard model.

Noncommutative quantum mechanical experiments:

The quantum field theory on a noncommutative space-time has studied in Ref. [136–139]. Many

articles have been devoted to the study of various aspects of quantum mechanics (QM) on a noncom-

mutative space (NCS) and a noncommutative phase space(NCPS), because the main goal of the non-

commutative quantum mechanics (NCQM) is to find a measurable spatial noncommutativity effects.

We have listed the current lower bound on NC scale in table 2.5, and quantum Hall effect, which are

obtained from quantum mechanical experiments like Aharonov-Bohm phase, Aharonov-Caser phase,

Hydrogen Lamb shift, Rydberg atom [141].

Experiments Lower bound on Λ

Lamb shift [140, 174] ≥ 10 TeV

Transitions in the Helium atom [173] ≥ 3 GeV

Aharonov-Bohm phase [142–145] ≥ 10−6 GeV

Aharonov-Casher phase [146–148] ≥ 10−7 GeV

Noncommutative quantum Hall effect [149–151] ≥ 10 GeV

Spin Hall effect [149, 152, 153] ≥ 10−13 GeV

Spin Hall conductivity [154] ≥ 10−12 GeV

Table 2.5: Lower bound on NC scale Λ

Noncommutative standard model experiments:

There are two different approaches to study the quantum field theory in the NC space-time. One is the

Moyal-Weyl (MW) star product approach and another one is Seiberg-Witten map approach.

Moyal-Weyl (MW) star product approach:

A host of collider searches of spacetime noncommutativity using the MW start product approach is

available in the literature. Hewett et al. [181, 182] have studied the processes e+e− → e+e− (Bhabha)

and e−e− → e−e−(Moller) and subsequent studies [183, 184] were done in the context of eγ → eγ

(Compton) and e+e− → γγ (pair annihilation), γγ → e+e− and γγ → γγ. For a review on NC

phenomenology, see [185]. The Noncommutative contribution of neutral vector boson (γ, z) pair pro-

duction was studied [186] at the LHC and the bound was obtained for the NC scale Λ ≥ 1 TeV under

some conservative assumptions. Further study on the pair production of charged gauge bosons (W±) at
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the LHC in the noncommutative extension of the standard model found [187] significant deviation of

the azimuthal distribution(oscillation) from the SM one (which is a flat distribution) for Λ = 700 GeV.

More recently, t-channel single top quark production was calculated at the LHC, and significant devi-

ation in the cross section can be expected from the standard model for Λ ≥ 980 GeV [188].

Pauli-forbidden transitions:

The twisted Poincare symmetry has deformed the methods of symmetrization and anti-symmetrization

of the identical particles. The corresponding fermions and bosons are called as twisted fermions and

twisted bosons respectively, which are obeys the twisted statistics. Thus one can expect that there could

be a violation of Pauli exclusion principle in the fermionic sector. There are few nuclear and atomic

experiments has made searches on Pauli forbidden transitions. As a result, the lifetime of the particular

non-Pauli transitions are quite higher than the age of the universe. So if there were Pauli forbidden

levels created at the initiation of the universe the probability of the allowed non-Pauli transitions to be

less than 10−26 or 10−28 [190].

Experiment Type Bound on Λ (Energy scales)

Borexino [228] Nuclear ≥ 1024 TeV

Kamiokande [229] Nuclear 1023 TeV

NEMO [230] Atomic 105 eV

NEMO-2 [231] Nuclear 1022 TeV

Maryland [232] Atomic 10 TeV

VIP [233] Atomic 100 TeV

Table 2.6: Bounds on the noncommutative scale Λ [190].

Seiberg-Witten map approach:

Using this SW map Calmet et al. [205, 206] first constructed the minimal version of the noncommuta-

tive standard model (mNCSM in brief). They derived the O(θ) Feynman rules of the standard model

interactions and found several new interactions which are absent in the standard model. All the above

analyses were limited to the leading order in θ. Das et al. first analyzed the e+e− → γ, Z → µ+µ−

to order θ2 (without considering the effect of earth’s rotation) [207]. There exists another version:

the non-minimal version of the NCSM (nmNCSM in brief) where the triple neutral gauge boson cou-

pling arises (absent in the mNCSM) naturally in the gauge sector. This model (nmNCSM) was first

formulated by Melic et al. [208,209]. Interesting phenomenological studies comprising triple gauge in-
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teraction are available in the literature [196,210–213]. The direct test of space-time noncommutativity

comes from the two decays Z → γγ, gg (forbidden in the SM at the tree level). Using the experimen-

tal bound Γexp
Z→γγ < 1.3× 10−4 GeV and Γexp

Z→gg < 1.0× 10−3 GeV, Behr et al. [210] shows the bound

on the NC scale ∼ 1 TeV. Taking the SM fields in the enveloping algebra, Calmet et al. [214, 215]

shows that the bound on the NC scale ∼ 10 TeV, a rather weak bound. The invisible Z boson decay in

covariant theta-exact NCSM was studied in [216]. Early collider searches of space-time noncommuta-

tivity include the work by Kamoshita et al. [217, 255]. Das et al. (one of the current authors) studied

in detail the Bhabha and the Möller scattering [218, 219], muon pair production [207, 220] in the non-

minimal NCSM scenario. The noncommutative parameter θµν can be fundamental constant in nature

that has a fixed direction in the celestial sphere. Hence, the daily modulation effect of earth’s rotation

can be observed in the noncommutative phenomenology. The associated Higgs boson production was

recently studied associated with the Z boson, taking into account the effect of the Earth’s rotation in the

nmNCSM. It was found that the azimuthal distribution significantly differs from the standard model

result if the NC scale Λ ≥ 500 GeV [221]. The low energy experiments (e.g. modeling of the atomic,

QCD-hadronic and astrophysical systems) remains valid at an energy-momentum range significantly

lower than Λ. The current bound on the NC scale Λ has been displayed in the Table 2.7(given in [155]).

Flavour Physics Precision measurements:

Table 2.7: The key parameters used in the TEXONO, LSND and CHARM-II measurements on ν − e scattering,

and the bounds obtained on the NC scale Λ are shown here. The the bound on the 95% CL lower limits on Λ and

the best-fit values in θ2 are shown [155].

Experiment ν < Eν > T Measured sin2 θW Best-Fit on θ2 (MeV−4) Λ (95% CL)

TEXONO-HPGe [156] νe 1−2 MeV 12−60 keV − (9.27± 6.65)× 10−22 > 145 GeV

TEXONO-CsI(Tl) [157] νe 1−2 MeV 3−8 MeV 0.251 ± 0.039 (0.81± 5.74)× 10−21 > 95 GeV

LSND [158] νe 36 MeV 18−50 MeV 0.248 ± 0.051 (0.38± 2.06)× 10−21 > 123 GeV

CHARM-II [159] νµ 23.7 GeV 3-24 GeV
} 0.2324 ± 0.0083

(0.20± 1.03)× 10−26 > 2.6 TeV

νµ 19.1 GeV 3-24 GeV (−0.92± 4.77)× 10−27 > 3.3 TeV

The impact of NC space-time on Quarkonia decay into two photons [222, 223] and K → πγ [224]

decay (forbidden in the SM) have been investigated in detail. However, the experimental upper bound

on such rare decays are too weak to obtain any bound on Λ. In [164] top quark decay has studied

and also in [161] the top quark width and W boson polarization have been estimated and the bound

on noncommutative scale is given Λ ≥ 625 GeV. The inclusive b → sγ and b → sg decay studied
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in [225, 226]. Non-commutative spacetime lead to CPT violation [227]. One of the strongest experi-

mental supports to CPT symmetry comes from the mass difference of K0 and K
0

which is predicted

to vanish exactly for CPT-invariant theories. In [234], the data from the KTeV E731 experiment [235]

and the experiments on kaons [236, 237] have been used to get bounds on Λ ≥ 2TeV. In [234], CPT

measurements on the g− 2 difference of µ+ and µ− [238–241] have been also used to constrain θ. The

derivation is similar to the kaon case but, the mass of the muon being considerably smaller than the

kaon mass, the lower bound for the energy scale is 103 GeV.

Astrophysical measurements:

The impact of neutrino-photon interaction in the noncommutative space-time on the cooling of stars

[249], on the primordial nucleosynthesis and ultra-high energy cosmic ray [250,251] have been studied

in detail. Assuming the plasmon decay to a pair of neutrino may contribute substantially to the star en-

ergy loss, the author P. Schupp et al. [249] obtain a lower bound Λ > 81 GeV. The non-observation of

large neutrino-nucleon cross-section for ultra high energy neutrinos (1010 GeV) at observatories gives

rise a lower bound on Λ which is as high as 900 TeV [251].

Laser beam experiments and CMB :

In the early universe physics can test by the observation of the polarization in the cosmic microwave

background(CMB) which is correlated with the temperature anisotropy.The CMB radiation is expected

to be linearly polarized of the order of 10%.This Linearity is a result of the anisotropic Compton scat-

tering around the epoch of recombination. The Compton scattering can generate a linearly polarized

wave but it can’t generate circular polarized wave. The non-zero backgrounds would produce the cir-

cular polarization for the CMB radiation. Therefore, any experiment including the measurement of

circular polarization can provide a way to understand more accurately the physics of scattering. It is

possible in space-time noncommutative or external magnetic field to generate the circular polarization

by the Compton scattering [242, 243].The possibility of the generation of circular polarization can be

determined by the Stokes parameter. The circularly polarized laser beam experiment and CMB mea-

surement limits the lower bound on the NC scale Λ ∼ 1− 10 TeV. Some of the important laser beams

are: X-ray free-electron laser (XFEL) facilities [244], optical high-intensity laser facilities such as Vul-

can [245], peta-watt laser beam [246] and ELI [247], as well as SLAC E144 using nonlinear Compton

scattering [248]. Various experiments like low energy Precision experiment and high energy collider

experiments put limits/bound(lower) on the noncommutative scale Λ, which are listed in the Table 2.8.
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Table 2.8: Summary of experimental constraints on the noncommutative scale Λ. The quoted bounds for the

direct experiments on scattering processes at colliders are at 95% CL [155].

Experiments Direct Scattering Channels Λ

High Energy Collider Experiments

Current Bounds

LEP-OPAL e− + e+ → γ + γ [160] > 141 GeV

LEP e− + e+ → Z → γ + γ [134] > 110 GeV

Tevatron t → W + b [164] > 624 GeV

t → WR + b [161] > 1.5 TeV

Projected Sensitivities

LHC Z → γ + γ [166] > 1 TeV

p+ p → Z + γ → l+ + l− + γ [168] > 1 TeV

p+ p → W+ +W− [169] > 840 GeV

Linear Collider e+ γ → e+ γ [170] > 900 GeV

e− + e− → e− + e− [165] > 1.7 TeV

e− + e+ → γ + γ [165] > 740 GeV

γ + γ → γ + γ [165] > 700 GeV

e− + e+ → γ + γ → Z [167] > 4 TeV

e− + e+ → Z + γ → e+ + e− + γ [168] > 6 TeV

e− + e+ → W+ +W− [169] > 10 TeV

Photon Collider γ + γ → l+ + l− [171] > 700 GeV

γ + γ → f + f̄ [172] > 1 TeV

Low Energy and Precision Experiments

Atom Spectrum of Helium [173] > 3 GeV

Lamb Shift in Hydrogen [174] > 10 TeV

Electric Dipole Moment of Electron [114, 175] > 100 TeV

Atomic Clock Measurements [176] > 108 TeV

CP Violating Effects in K0 System [133] > 2 TeV

C Violating Effects in π0 → γ + γ + γ [177] > 1 TeV

Magnetic Moment of Muon [178] > 1 TeV

Astrophysics and Cosmology Bounds

Energy Loss via γ → νν̄ in Stellar Clusters [162] > 80 GeV

Cooling of SN1987A via γ → νν̄ [163] > 4 TeV

Effects of γ → νν̄ in Primordial Nucleosynthesis [179] > 3 TeV

Ultra High Energy Astrophysical Neutrinos [180] > 200 TeV
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Chapter 3

Search for associated production of Higgs

with Z boson in the noncommutative

Standard Model at linear colliders

”What we observe is not nature itself, but nature exposed our method of questioning” - Werner

Heisenberg

3.1 Introduction

After the discovery of the Higgs boson (last missing link of the standard model) at CERN LHC on

2012, the main question that has become central in high energy physics phenomenology: Is there any

BSM physics and will it show up in the present and future high energy colliders? The SM Higgs boson

production is possible in the future electron positron colliders via the process of Higgs-strahlung, WW

fusion and ZZ fusion. In the LC the electron and positron collides and produce a virtual Z boson and

it decays into Z boson and Higgs boson. This is called Higgs-strahlung and also known as associated

production which is dominant mode at LC. The collision energy of the LEP collider was 209 GeV and

it gave an important hint on Higgs mass (lower bound) to search the Higgs boson at LHC which is

mh ≥ 114.4 GeV at 95% CL [252, 253]. Tevatron also has excluded the Higgs mass range between

162−166 GeV at 95% CL [254]. Higgs boson was discovered with the 125 GeV at LHC. ILC planned

to have collision energy is 500 GeV and upgraded to 1 TeV. Similarly CLIC collision energy planned

upto 3 TeV.

There are several BSM models studied Higgstralung process which are left-right twin Higgs
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model (LRTH) [260], minimal dilaton model [261] and Monohar-Wise color octet scalar model [262]

etc. In the LRTH model, they have found that the lower bound on LRTH parameters which are the mass

of the scalar mφ0 = 117.0 GeV, the symmetry breaking scale f > 900 GeV at scalar mixing parameter

M = 150, the mass of the top quark partner mT = 908.5 GeV and new Vector boson mass is equal to

mZH
= 2.76 TeV which is involved in the Higgs-strahlung process. In the dilaton model, the coupling

hZZ were studied at 240 GeV LC collider. The coupling is defined as ChZZ/SM = cos θs. There two

scenario was considered 1) heavy dilaton and lighter dilaton. In the case of lighter dilaton the cross

section for Higgs-strahlung varies 1% with limit 0 < tan θs < 0.1.

At the TeV energy scale if the spacetime becomes noncommutative(NC), whether such a NC space-

time can play an important role in Higgs boson production and it’s decay? In an earlier work, Das

et. al [220, 256] studied the Higgs boson pair production in the noncommutative spacetime. Another

interesting process may be the Higgs-strahlung process. The associated Higgs production with Z

boson and the vector boson fusion through W or Z bosons are two most significant Higgs production

channels in linear collider. Wang et. al., [257] made a preliminary study of the Higgs-strahlung process

in the noncommutative spacetime, however they didn’t consider the effect of of earth’s rotation into

their analysis.

3.2 Methodology

In this chapter, we have made a detailed investigation of the Higgs-strahlung process by consid-

ering the effect of earth rotation into account.

The tree level Feynman diagram for the Higgs-strahlung process which is a s-channel process is

shown below in Fig. 3.1. We use the notation for the incoming electron and positron momenta as p1

e −
(p
1 )

e
− (p

2
)

Z∗
H
(p
4 )

Z
(p

3
)

Figure 3.1: Representative Feynman diagram for the process e−(p1)e+(p2)
Z∗
→ Z(p3)H(p4) both in SM and

NCSM with different structure of couplings. As can be noted from the vertices given in the text, in the very large

NCSM scale (Λ → ∞) extra tensor structures disappear to reproduce SM couplings.

and p2, whereas the outgoing Z boson and Higgs(H) boson momenta are p3 and p4, respectively. In
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terms of the noncommutative parameter Θµν , we use the Feynman rule [257] for e− − e+ − Z vertex

−ie

sin 2θW
γµ

��−1

2
+ 2 sin2 θW

�
+

1

2
γ5

�
ei(

p1Θp2
2 ), (3.1)

and for Z − Z −H vertex

iM2
Z

υ

�
2 cos

�
p3Θp4

2

�
ηµν +

�
cos

�
p3Θp4

2

�
− 1

4(p3Θp4)

�
[(Θp4)

µ pν3 + (Θp4)
ν kµ]

�
. (3.2)

Neglecting the masses of incoming electrons and positrons, we consider the vertices above contain all

orders of Θ
�
∝ 1

Λ2

�
terms. Using these Feynman rules, we find the squared amplitude (spin-averaged)

as,

|M |2NCSM = |M |2SM cos2
�
p3Θp4

2

�
(3.3)

where the quantity p3Θp4 (the argument of cosine function appeared in above) is given by

p3Θp4 =
1

4Λ2

�
λ (s,M2

Z ,M
2
H)

3
f(θ,φ) −∼

1

4
√
3

�√
s

Λ

�2

f(θ,φ), as
√
s � MZ,MH (3.4)

where f(θ,φ) = cosθ + sinθ (sinφ+ cosφ). Here θ, φ respectively stands for the polar and the

azimuthal angles of the outgoing Z boson. λ (s,M2
Z ,M

2
H) (the Kallen function), in terms of Higgs

mass (MH) and Z boson mass (MZ) are given by

λ(s,M2
Z ,M

2
H) = s2 +M4

Z +M4
H − 2sM2

Z − 2sM2
H − 2M2

ZM
2
H → s2 as

√
s � MZ,MH

It is important to note that the oscillatory behaviour that the cross section and other angular dependence

of the azimuthal distribution (as we will see later) is due to the presence of the function f(θ,φ) defined

above.

Note that the SM squared amplitude term gets recovered in limΛ→∞ |M |2NCSM and is equal to

|M |2SM =



16παM4

Z

�
1
4
+
�
−1

2
+ 2 sin2 θW

�2�

�
(s−M2

Z)
2
+M2

ZΓ
2
Z

�
υ2 sin2 2θW


 .

�
s

2
+

s

2M2
Z

�
M2

Z +
λ (s,M2

Z ,M
2
H)

4s

��
(3.5)

Since the noncommutative parameter Θµν is considered as fundamental constant in nature, it’s direction

is fixed with respect to an inertial (non rotating) coordinate system. Now the experiment is done in the

laboratory coordinate system located on the surface of the earth and is moving along with the earth’s

rotation. As a result Θµν (�ΘE, �ΘB), fixed in the primary co-ordinate system, will also vary with time in

the laboratory frame and this must be taken into account while making any serious phenomenological

investigations of space-time. The effect of earth’s rotation in the non-commutative space-time has

explained in appendix 3.6 and [255].

69



The differential cross-section of the e+e−
Z∗
−→ ZH scattering is given by

dσ

d cos θdφ
=

λ1/2 (s,M2
Z ,M

2
H)

64π2s2
|M |2NCSM (3.6)

and the total cross-section

σ =

� π

0

dθ

� 2π

0

dφ
dσ

d cos θ dφ
(3.7)

In above, the spin-averaged squared-amplitude |M |2NCSM is given by Eqn.3.3 To extract the effect

of this lab-rotation coming through noncommutative effect, one takes the average of the cross-section

σ or it’s distributions over the sidereal day Tday. Here, we consider �σ�T = 1
Tday

� Tday

0
σ dt and so

on [255]. Here σ = σ(
√
s,Λ, η, ξ, t). The cross-section is calculated using the center of mass frame of

the e+e−
Z∗
−→ ZH process in which 4 momenta of the incoming and outgoing particles are given by:

p1 = pe− =

√
s

2
( 1, 0, 0, 1) , p2 = pe+ =

√
s

2
( 1, 0, 0,−1) ,

p3 = pZ = ( EZ , k
� sin θ cosφ, k� sin θ sinφ, k� cos θ) ,

p4 = pH = ( EH , −k� sin θ cosφ, −k� sin θ sinφ, −k� cos θ) .

where k� = 1
2

�
λ
s

and θ is the scattering angle made by the 3-momentum vector p3 of Z boson with the

k̂ axis (the 3-momentum direction of the incoming electron e−) and φ is the azimuthal angle. The time

dependence in the cross-section or it’s distribution enters through the NC parameter �Θ(= �ΘE) which

changes with the change in ζ = ωt. The angle ξ which appears in �Θ through cos(ωt−ξ) or sin(ωt−ξ)

(the initial phase for time evolution) gets disappeared in the time averaged observables. So one can

deduce �Θ i.e. the NC scale Λ and the orientation angle η from the time-averaged observables.

3.3 Noncommutative effects on production cross-section and an-

gular distributions

We analyze the Higgs-strahlung process, e−(p1) e+(p2) → Z(p3) H(p4) in presence of the non-

commutative standard model in TeV energy linear colliders. We assume both the final Z boson and

Higgs boson are produced on-shell and reconstructed from their decay products which is not prob-

lematic in a linear collider by choosing suitable decay channels. The initial unpolarized electron and

positron beams are colliding back to back with half of machine energy without considering any effects
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from ISR whereas the final particle momenta can be defined in terms of polar (θ) and azimuthal angle

(φ) as they are produced inside the collider. We further study this process with and without taking into

consideration the effect of earth rotation into noncommutative space-time. In this context, we probe

the non-commutative scale Λ for the machine energy ranging from 500 GeV to 3000 GeV from the as-

sociated production of Higgs with Z boson. Here we utilize the total cross-section rate, azimuthal dis-

tribution and rapidity distributions and their time-averaged estimates to discriminate the new physics.

In our analysis we have used the Higgs boson mass as 125 GeV and used (δ, a) = (π/4, π/4) which

corresponds to the location of the OPAL experiment at LEP. In Fig. 3.2 we display the total cross-

Figure 3.2: The total cross-section σ (in fb) for associated production of Higgs with Z boson is shown as a

function of the machine energy
√
s (in GeV). Different lines represent the choice of different non-commutative

scale Λ which is ranging from 0.6 TeV to 1.5 TeV. The topmost curve (solid line) corresponds to the expected

Standard Model production cross-section which is essentially NC cross-section at the limit Λ → ∞.

section as a function of the center of mass energy energy
√
s for different values of non-commutative

scale Λ. The uppermost curve in this plot refers the expected contribution from SM production (which

corresponds to the NCSM value at the limit of NC scale Λ → ∞ as we already noted down in previous

section). While going below in the same plot, the curve next to the topmost one corresponds to the

scale Λ = 1.5 TeV and so on. On the other hand, the lowermost curve corresponds to Λ = 0.6 TeV.

The deviation from the SM plot starts getting manifested at and above
√
s = 1 TeV. For example,

at the machine energy
√
s = 1.5 TeV, we see that the overall cross-section gradually increases with

the increase in the scale Λ from 0.6 TeV to 1.5 TeV before merging with the SM value for larger NC

scale. Expectedly, maximum deviation from that of SM in observed for the lower values of Λ. Also,

note that for a given machine energy the NC cross-section is always less than that the corresponding

SM value. That is simply followed from the Eq. 3.3. Moreover, one can notice that at higher machine

energy the NC cross-sections are not always simply falling with monotonous regularity. The ripple

71



effect appears and become prominent at some higher machine energy subject to each NC curves. This

is an effect of tensor structure coming into the Eq. 3.3. In the next subsection we would explore this as

a characteristic feature from NC effects.

3.3.1 Noncommutative correction

To explore and quantify the noncommutative effect manifested in production cross-section and

originated from the tensorial structure as in Θµν , we define the NC correction with respect to the SM

value Δσ as,

Δσ = σNC − σSM . (3.8)

In Fig. 3.3(a), we have demonstrated the variation of Δσ as a function of the machine energy
√
s for

Figure 3.3: On the left, (a) noncommutative correction to the total cross-section Δσ (in fb) for associated

production of Higgs with Z boson is shown as a function of the linear collider machine energy
√
s (in GeV) for

different Λ ranging from 0.6 TeV to 1.5 TeV. On the right, (b) the same quantity is plotted as a function of NC

scale Λ for different machine energy.

different values of Λ. Now, we can spot it very clearly that Δσ first decreases (becomes more negative

as σNC < σSM ) with the increase in
√
s and reaches a minimum for its first trough 1. Note that the

first minimum occurs at
√
s = 2 × (3)1/4 × Λ (See Eqn.3.4)= 1579(2105) GeV corresponding to

Λ = 600(800) GeV,whereas the second minimum occurs at
√
s ≈ 2700(3600) GeV for the same Λ.

After that they decreases with the increase in
√
s and pass through an oscillatory phase and eventually

becomes a flat curve asymptotically meeting at the line Δσ = 0, which is the case for large Λ limit(the

1However additional subsequent troughs remain sub dominant to be observed in this figure and would be clearly promi-

nent in our next figure where we would consider the relative correction
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SM limit). As for example, for Λ = 0.6 TeV, we find Δσ = −2.7 fb at
√
s = 1.5 TeV and for

Λ = 0.6 TeV, Δσ = −0.4 fb (minimum) at
√
s = 4.0 TeV. As we vary Λ = 0.6 TeV to Λ = 1.5 TeV,

we see that the height/depth of the trough Δσmin decreases and it’s location (the value of
√
s) also gets

changed. In Fig. 3.3(b), we have plotted the variation of the difference Δσ as a function of the NC scale

Λ corresponding to the different machine energy
√
s = 0.5, 1.0, 1.2, 1.5 and 3 TeV, respectively. We

see that the deviation decreases with the increase in Λ for a fixed machine energy and for large Λ the

NC effect gets disappeared as expected. For
√
s = 1 TeV, |Δσ| changes by an amount 6 fb as Λ

changes from 400 GeV to 1500 GeV.

As noted earlier, we next define the relative correction of this NC cross-section by normalizing

the noncommutative correction to the total cross-section by the SM value:

δr =
Δσ

σSM

. (3.9)

In Fig. 3.4, we have shown the variation of δr against the machine energy
√
s for different val-

Figure 3.4: On the left, (a) the ratio δr is plotted as a function of
√
s (in GeV) for different Λ values. On the

right, (b) δr is shown as a function of Λ (in TeV) for different machine energy.

ues of Λ (left figure), whereas on the right figure, we have shown the dependence of δr against the

NC scale Λ for few different machine energy
√
s. From the left figure, we see that δr becomes

maximum at its first peak when
√
s = 1.5, 1.8, 2.1, 2.4 , 2.7 TeV and 3.0 TeV corresponding to

Λ = 0.5, 0.6, 0.7, 0.8, 0.9 TeV and 1.0 TeV. For Λ = 0.5 TeV at
√
s = 1.5 TeV, the deviation δr

reaches it’s minimum value −0.6085. This is called primary minimum (crest). Similarly the secondary

minimum (crest) corresponds to δr = −0.5456 and the next to it corresponds to δr = −0.435. On

the right plot, we have shown how δr varies with Λ as the machine energy increases from 0.5 TeV to

3 TeV. For Λ ≤ 1 TeV, we see that for a wide range of machine energies, δr converges to −0.5. In
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Table 3.1: The NC correction δr against the NC scale Λ (in GeV) is shown corresponding to different machine

energy
√
s. Primary peak values and corresponding NC scales are shown in bold.

√
s = 500 GeV

√
s = 1 TeV

√
s = 1.5 TeV

√
s = 3 TeV

Λ (GeV) δr

100 -0.543

158 -0.608

160 -0.607

250 -0.229

300 -0.120

600 -0.008

Λ (GeV) δr

200 -0.515

300 -0.569

330 -0.608

400 -0.485

600 -0.139

Λ (GeV) δr

300 -0.508

450 -0.564

497 -0.608

600 -0.492

Λ (GeV) δr

600 -0.504

700 -0.485

800 -0.452

999 -0.608

1100 -0.572

Table 3.1, we have displayed the value δr for different Λ corresponding to different machine energies.

We also listed several values of δr for different Λ corresponding to CLIC energy (
√
s = 3.0 TeV). We

find that δr(= −0.608596) is maximum corresponding to Λ ∼ 1 TeV.

2.50151 Λ + 7.31164
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Figure 3.5: Particle optimal collision energy vs noncommutative scale Λ

The existing literature (Wang et. al., [257]) also has arrived the same conclusion, but we have

showed that the NC correction (Δσ) can’t be lesser than −2.7 (0 to −2.7) provided that Λ ≥ 600

GeV and Higgs mass mH = 125 GeV. Here −ve refers NC cross section is less than SM cross section.

Further, Δσ doesn’t always increase with
√
s, but it appears as a Kurtosis distribution(negative) [258,

259]. The maximum value of normalized NC correction (δr) is −0.608(2) which we get for all values

of Λ but it attains a certain collision energy. It implies that there is an optimum collision energy to

observe the NC effect in the Higgstralung process. In principle it could be detected when the particle
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collision energy is higher than Λ. We have found that the optimal collision energy relation which is

slightly differs from ref [257], because we have included the
√
s = 3.0 TeV mechine energy as well as

mass of the Higgs boson mH = 125 GeV. The relation is
√
s0 = 7.31164 + 2.50151Λ. One can arrive

the conclusion from the table 3.1 to probe the reliable lower value of the Λ which are −∼ 500 GeV and

−∼ 1000 GeV at
√
s = 1.5 TeV and

√
s = 3.0 TeV and the optimal collision energy is

√
s0 = 1258.07

GeV and
√
s0 = 2508.82 GeV respectively.

3.3.2 Angular distributions in absence of earth rotation

The angular distribution of the final state scattered particles is a useful tool to understand the

nature of new physics. Since the noncommutativity of space-time breaks Lorentz invariance including

rotational invariance around the beam axis, this will lead to an anisotropy in the azimuthal distribution

of the cross-section i.e. the distribution will depends strongly on φ. In the standard model the azimuthal

distribution for one of the final particles is found to be flat. However, in the noncommutative stan-

dard model(NCSM) due to the presence of the tensor θ-weighted dot product i.e. terms like p3θp4 ∼�√
s

Λ

�2

(cosθ + sinθ (sinφ+ cosφ)) (Eqn. 3.4), these distributions are no longer remain flat. We see

(Eqs. 3.3, 3.4) that the squared amplitude is a oscillatory function of (θ,φ) and is further distorted

by an oscillatory function of (
√
s,Λ) (of the form ∼ cos

��√
s

Λ

�2

(cosθ + sinθ (sinφ+ cosφ))

�
).

In Fig. 3.6, we have shown the azimuthal φ distributions for different Λ values corresponding to

the machine energy
√
s = 0.5, 1.0, 1.5 and 3.0 TeV, respectively. The distribution has several

maxima(minima) located at φ = 2.4, 5.4 rad (0.8, 4.0 rad). For a given machine energy (e.g.
√
s = 1.0 TeV), the height of the peaks decreases with the increase in Λ. We see that as the ma-

chine energy is increased to 3 TeV, the peaks corresponding to Λ = 0.5, 0.6, 0.7 TeV located at

φ = 2.4, 5.4 rad gets smeared, while the peaks corresponding to Λ = 1.0, 1.5 TeV still survives. The

fluctuation observed at the crest and trough of the figure corresponding to machine energy
√
s = 3 TeV

is due to the fact that dσ
dφ

is a oscillatory function of φ and as well as the oscillatory function of (
√
s,Λ).

At higher energy dσ
dφ

is dominated by
√
s and Λ. Next, we define the rapidity of a particle as

y =
1

2
ln

�
E − Pz

E + Pz

�

where E, the energy and Pz, the z-component momentum of the particle (Z boson or the Higgs boson

H).

In Fig. 3.7, we have plotted the distribution dσ/dy as a function of rapidity y for different cases of

machine energies. In the leftmost Figure where the machine energy is fixed at
√
s = 0.5 TeV, we
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Figure 3.6: The azimuthal distribution dσ
dφ (in fb/rad) is plotted as a function of φ (in rad) for different Λ values.

Displayed are four plots (a), (b) and (c) corresponding to different machine energy
√
s = 0.5, 1.0, 1.5 and

3.0 TeV are shown.

see that the height of the peak (located at y = 0) increases with the increase in Λ. The topmost curve

corresponds to the SM curve (Λ → ∞). As we move towards left (i.e. increase the machine energy

from 0.5 TeV to 3.0 TeV, the height of a peak (corresponding to a particular Λ value ) decreases

and gets flattened. When the machine energy is equal to 3 TeV, the peak at y = 0 corresponding to

Λ = 0.6 TeV split into two. Note that the rapidity distribution of Z boson or Higgs particle are the

same.
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Figure 3.7: The rapidity distribution dσ
dy (in fb) is plotted as a function of the rapidity y for different Λ values.

Three plots (a), (b) and (c) are shown corresponding to machine energy
√
s = 0.5, 1.0 and 3.0 TeV, respectively.

3.4 Consequence of earth rotation on the cross-section and angu-

lar distributions

3.4.1 Cross-section, diurnal motion in presence of earth rotation

It was pointed out earlier that one significant aspect for noncommutative effect can be originated

from directionality of fundamental NC fix points. The experiment is done in the laboratory frame

attached to the earth surface which is rotating, whereas directions related to the NC parameter Θµν has a

fixed direction in the celestial sphere. In sec 3.4 we described the notation to parameterize the processes

in rotating frame. This rotation can have a direct but sub leading impact in daily modulation on the

inherent structure of the interaction couplings. Noncommutative contributions and angular dependence

due to additional tensorial were presented in Sec 3.3.1, where this effect was not considered. Now we

would like to analyze the effect of earth rotation on the orientation of the NC vector �ΘE and thus

on the cross-section and angular distribution of the associated Higgs production. Since the cross-

section and the angular distributions are function of time, we made a time-averaged ( i.e. averaged

over the side-real day Tday) estimate of the total cross-section, correction, azimuthal distribution and

rapidity distributions to account for this additional effect coming from the new physics. The laboratory

coordinate system is being set at (δ, a) = (π/4, π/4). Our choice of same lab-system enables one to

directly compare the consequence due to the earth rotation. The time-averaged azimuthal distribution

and the cross-section are defined as,
�
dσ

dφ

�

T

=
1

Tday

� Tday

0

dσ

dφ
dt =

1

Tday

� Tday

0

� 1

−1

dσ

dcosθ dφ
dcosθ dt, (3.10)

�σ�T =
1

Tday

� Tday

0

σdt =
1

Tday

� Tday

0

� 1

−1

� 2π

0

dσ

dφ dcosθ
dcosθ dφ dt, (3.11)

where Tday = 23h56m4.09053s, the sidereal day.

77



In Fig. 3.8 we have shown �σ�T against the machine energy
√
s corresponding to η = 0, π/4 and

π/2.

Figure 3.8: (a) The time-averaged total cross-section �σ�T (in fb) for associated production of Higgs with Z

boson is shown as a function of the linear collider center of mass energy
√
s. The topmost curve (solid line)

corresponds to the expected Standard Model production cross-section which is essentially NC cross-section at the

limit Λ → ∞. The three other plots (below the SM plot) corresponds to η = 0, π/4 and π/2 and Λ = 0.6 TeV

are found to be almost overlapping. (b) The time-averaged NC correction to the cross-section �Δσ�T (in fb) is

shown as a function of orientation angle η of the NC vector for a fixed machine energy
√
s = 1.5 TeV. The

different plots correspond to Λ = 0.6, 0.7, 0.8, 0.9, 1.0 and 1.5 TeV.

In Fig.3.9a and Fig.3.9b, we have shown �Δσ�T and �δr�T as a function of
√
s for Λ = 0.6 TeV

and η = 0, π/4 and π/2, respectively. We see that the curves corresponding to different η are almost

overlapping for different machine energy values except near the region
√
s = 1.5 TeV. From the

lowermost to the topmost curves η corresponds to 0, π/4 and π/2, respectively. We see that for

η = π/2, the deviation �Δσ�T and the normalized deviation �δr�T = �Δσ�T/�σSM�T are minimum,

yielding �σNC�T is largest for η = π/2. We set η = π/2 in the rest of our analysis. Only one NC scale

(Λ = 0.6 TeV) is chosen for demonstration comparing with the corresponding non-rotation plot in Fig

3.2. The plots corresponding to η = 0, π and η = π/2 are seen to be nearly overlapping with a narrow

effect due to different choices of η values. To demonstrate the variation due to this parameter, we next

define the NC-correction to the cross-section (time-averaged) as �Δσ�T = �σNC�T − �σSM�T . In Fig.

8(b), we have plotted �Δσ�T as a function of η corresponding to Λ = 0.6, 0.7, 0.8, 0.9, 1.0 and 1.5

TeV for a fixed machine energy
√
s = 1.5 TeV. The plot shows a peak at η = π/2 which corresponds

to the fact that �σNC�T is larger at that value irrespective to the Λ chosen. However this maximum

deviation is quite small; around 0.1 fb corresponding to Λ = 0.6 TeV and even less for larger Λ.

As expected from these results, one finds that the variation of time-averaged quantity �Δσ�T and
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Figure 3.9: In (a) the time-averaged NC correction to the cross-section �Δσ�T (in fb) is shown as a function of

the machine energy
√
s (in GeV) for Λ = 0.6 TeV. The different plots correspond to η = 0,π/4,π/2. In (b),

the normalized correction �δr�T is shown as a function of
√
s for the same above set of η values.

Table 3.2: The NC correction �δr�T against the NC scale Λ is shown corresponding to different machine energy
√
s and orientation angle of the NC vector η = π/2. Primary peak value and the corresponding NC scales are

shown in bold.

√
s = 500GeV

√
s = 1000GeV

√
s = 1500GeV

√
s = 3000GeV

Λ GeV �δr�T
100 -0.541

158 -0.604

160 -0.603

250 -0.226

300 -0.118

600 -0.008

Λ GeV �δr�T
200 -0.514

300 -0.568

330 -0.602

400 -0.476

600 -0.136

Λ GeV �δr�T
300 -0.508

450 -0.563

497 -0.602

600 -0.483

Λ GeV �δr�T
600 -0.504

700 -0.485

800 -0.456

999 -0.602

1100 -0.563

�δr�T with respect to machine energy
√
s (for different Λ) or Λ (for different

√
s) remains very similar

to the plots shown in Fig 3.3 and Fig. 3.4 in absence of the earth rotation with a subleasing shift. We

skip the repetition of these plots for the brevity. Magnitude of the shifts for different parameters are

better expressed in a representative table similar to the one we discussed in last section. In table 3.2,

we have displayed time-averaged �δr�T for different Λ corresponding to different machine energies and

η = π/2 after taking consideration of earth rotation effect.

Note, for example, the shift in the ratio |�δr�T | = 0.604 form our non-rotating estimate of |�δr�| =
0.608 for values of Λ = 158 GeV and

√
s = 500 GeV.

Diurnal modulation in the production signal in our lab frame can also appear as a distinctive
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feature of fundamental NC fixed points. This modulation would depend upon η together with the NC

scale Λ and machine energy
√
s, although the phase of these oscillation are fixed by the choice of

experiment location.

Figure 3.10: The diurnal modulation Δ(t) in the production signal is plotted as a function of time fraction of

sidereal day Tratio(= t/Tday) for the machine energy
√
s = 0.5, 1.0, 1.5 and 3.0 TeV, respectively. The NC

scale is chosen as Λ = 0.6, 0.8 and 1.0 TeV and η = π/2.

To take into account this modulation, we define the quantity Δ(t) = σ(t) − �σ(t)�T . This is

the deviation of the Higgs-strahlung production cross-section σ(t) at any time from the time-averaged

cross-section �σ(t)�T over the period of sidereal day, Tday = 23.934 hours. In Fig. 3.10, we have

plotted Δ(t) as a function time fraction for the machine energy
√
s = 0.5, 1.0, 1.5 and 3.0 TeV,

respectively. In each plot, the NC scale is chosen as Λ = 0.6, 0.8 and 1.0 TeV and the orientation angle

η = π/2. From the figures corresponding to
√
s = 0.5, 1.0, 1.5 TeV, we see that at a given machine

energy, as we increase Λ from 0.6 TeV to 1.0 TeV, the fluctuation gets diminished and eventually

it becomes zero in the Λ → ∞ limit (the SM result). The plots show peaks at t = 0.35 Tday and

0.85 Tday times of the day, where Tday = 23.934 hours. For the machine energy
√
s = 0.5, 1.0, 1.5,

we see that with the increase although the location of several peaks/dips remains unchanged and the

fluctuation pattern remains almost same, however it’s magnitude at any particular point of time in a

day for a give Λ changes largely. However, for
√
s = 3.0 TeV, we see something different behaviour:

there are dips and peaks in the plot corresponding to Λ = 0.6 TeV and 0.8 TeV at some Tratio, the
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same Tratio corresponds to dips and peaks for the Λ = 1.0 TeV plot i.e. they are out-of-phase. Also

interestingly, the height of the peak/dip decreases with the decrease in Λ, contrary to the one found in
√
s = 0.5, 1.0 and 1.5 TeV cases.

3.4.2 Angular distributions in presence of earth rotation

The anisotropy emerged from the breaking of Lorentz invariance as mentioned earlier, persists in

the time-averaged (averaged over the side-real day Td) azimuthal distribution of the cross-section �dσ
dφ
�T

can act as a signature of space-time noncommutativity which is found to be absent in many theories

beyond the Standard Model physics. In Fig. 3.11, we have shown the time averaged azimuthal distri-

Figure 3.11: The time-averaged azimuthal distribution of the cross-section �dσdφ�T (fb/rad) is shown as a function

of the azimuthal angle φ (in radian) for η = π/2 and the machine energy
√
s = 0.5, 1.0, 1.5 and 3.0 TeV (which

corresponds to figures a,b,c and d). The different plot in each figure correspond to Λ = 0.5, 0.6, 0.7, 1.0 and

1.5 TeV.

bution of the cross-section �dσ
dφ
�T corresponding to different values of NC scale Λ = 0.5, 0.6, 0.7, 1.0

and 1.5 TeV. The machine energy
√
s is fixed at 0.5, 1.0, 1.5 and 3.0 TeV, respectively. Each distri-

bution has maxima(crest) and minima(trough) located at φ = 2.2, 5.4 rad (0.8, 3.8 rad). At a fixed

machine energy (say
√
s = 1.0 TeV), the height of the peaks decreases with the increase in Λ. For
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η = π/2, as the machine energy is increased from 0.5 TeV to 3 TeV, the peaks corresponding to

Λ = 0.5, 0.6, 0.7 TeV located at φ = 2.2, 5.4 rad gets smeared, while the peaks corresponding to

Λ = 1.0, 1.5 TeV still survives. The fluctuation observed at the crest and trough of the figure corre-

sponding to machine energy
√
s = 3 TeV is due to the fact that �dσ

dφ
�T is a oscillatory function of φ and

as well as the oscillatory function of (
√
s,Λ). As we see that the behaviour of �dσ

dφ
�T at large energy

(
√
s) is dominated by the machine energy at a given Λ. In Fig. 3.12, we have also shown the time

averaged rapidity distribution �dσ
dy
�T against the rapidity y of the final state particle for different value

of the machine energy and η = π/2. On comparing Fig. 3.12 and Fig. 3.7, we see that the behaviour of

Figure 3.12: The rapidity distribution �dσdy �T (in GeV) is shown plotted as a function of the rapidity y for η = π/2

and the machine energy
√
s = 0.5, 1.0 and 3.0 TeV (which corresponds to figures a,b and c). The different plot

in each figure correspond to Λ = 0.5, 0.6, 0.7, 1.0 and 1.5 TeV.

the rapidity distributions in both cases(in the presence and absence of the effect due to earth rotation)

are almost identical, although the magnitude differs from each other slightly.

3.5 Summary

In this chapter, we have investigated the associated Higgs production with Z boson at the future

TeV energy linear collider. We did our calculation in the framework of the non-minimal noncommu-

tative standard model(nmNCSM) using the Feynman rules involving all orders of the noncommutative

parameters Θµν with (or without) considering the effect of earth rotation. We found that the total cross-

section σ(e−e+ → ZH) departs significantly from the standard model value as the machine energy

starts getting larger than 1.0 TeV with the NC contribution found to be lower than the SM one.

We have found that the optimal collision energy relation which is slightly differs from ref [257],

because we have included the
√
s = 3.0 TeV mechine energy as well as mass of the Higgs boson

mH = 125 GeV. The relation is
√
s0 = 7.31164 + 2.50151Λ. One can arrive the conclusion from

the table 3.1, 3.2 to probe the reliable lower value of the Λ which are −∼ 500 GeV and −∼ 1000 GeV
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at
√
s = 1.5 TeV and

√
s = 3.0 TeV and the optimal collision energy is

√
s0 = 1258.07 GeV and

√
s0 = 2508.82 GeV respectively.

Considering the effect of earth rotation in our analysis, we find from �Δσ�T vs η plot that for η =

π/2, �Δσ�T becomes minimum (yielding �σNC�T to maximum for Λ ∼ 0.6 TeV. The time-averaged

NC correction �Δσ�T and the relative correction �δr�T is found to be minimum (a trough) (yielding

�σNC�T to maximum) at
√
s = 1.5 TeV for the NC scale Λ = 0.5 TeV. The trough depth decreases

with the increase in Λ and becomes zero as Λ → ∞ (the SM value). The diurnal modulation of the NC

signal is found to be quite interesting. We plot σ(t)−�σ�T is plotted as a function of t/Tday and is found

to have an oscillatory behaviour. At a given energy, the amplitude of oscillation gets damped with the

increase in Λ and finally it becomes zero in the limit Λ → ∞ (the SM limit). The time-averaged

azimuthal distribution �dσ
dφ
�T against φ for different Λ at different machine energies is found to have a

oscillatory behaviour because of the additional terms p3Θp4 ∼
�√

s
Λ

�2

(cosθ + sinθ (sinφ+ cosφ))

which content the tensorial effect from noncommutativity. Note that the distribution is completely flat

in the standard model. The distribution shows peak at certain φ values (similar peaks are observed

in the case of no earth rotation) corresponding to different Λ at a machine energy (
√
s = 0.5 TeV to

3.0 TeV), which can be looked at in the linear collider experiment and thus test the idea of space-time

noncommutativity in near future.

3.6 Appendix

Since the noncommutative parameter Θµν is considered as fundamental constant in nature, it’s

direction is fixed with respect to an inertial(non rotating) coordinate system. Now the experiment is

done in the laboratory coordinate system, which (located on the earth’s surface) is moving by the earth’s

rotation. As a result Θµν also varies with time which should be taken into account before making any

phenomenological investigations.

In order to the study the earth’s rotational effect into our analysis in the non-commutative space-

time, we follow the notation of Kamoshita’s paper [255]. Let îX , ĵY and k̂Z (an orthonormal basis)

form the primary(non rotating) coordinate system (X-Y-Z) and î− ĵ−k̂ form the laboratory co-ordinate

system. The primary(non-rotating) bases vectors can be written as

îX =




casζ + sδsacζ

cδcζ

sasζ − sδcacζ


 , ĵY =




−cacζ + sδsasζ

cδsζ

−sacζ − sδcasζ


 , k̂Z =




−cδsa

sδ

cδca


 .
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Figure 3.13: On the left panel the primary coordinate system(X-Y-Z) is shown. The generic NC vector �Θ (electric

or magnetic type) of Θµν is shown with η and ξ, respectively the polar and the azimuthal angle. On the right

panel, the arrangement of laboratory coordinate system (̂i− ĵ− k̂) for an experiment on the earth in the primary

coordinate system (X-Y-Z) is shown. In the above ζ = ωt where ω is a constant. Also (δ, a), which defines the

location of the laboratory, are constants.

Here we have used the abbreviations cβ = cosβ, ca = cosa, cδ = cosδ, cζ = cosζ etc. In Fig. 3.13 we

have shown the primary(X−Y −Z) and laboratory(̂i− ĵ− k̂) coordinate system. Note that the earth’s

axis of rotation is taken along the primary Z axis and (δ, a) defines the location of e− − e+ experiment

on the earth’s surface, with −π/2 ≤ δ ≤ π/2 and 0 ≤ a ≤ 2π. Because of earth’s rotation the angle

ζ (see Fig.3.13) increases with time and the detector comes to its original position after a cycle of one

complete day, one can define ζ = ωt with ω = 2π/Tday and Tday = 23h56m4.09053s. As mentioned

earlier, we have taken (δ, a) = (π/4, π/4) in our case.

In the primary system, the electric and the magnetic components of the NC parameter Θµν is

given by

�ΘE = ΘE(sin ηE cos ξE îX + sin ηE sin ξE ĵY + cos ηE k̂Z) (3.12)

�ΘB = ΘB(sin ηB cos ξB îX + sin ηB sin ξB ĵY + cos ηB k̂Z) (3.13)

In the laboratory frame a generic NC vector �ΘA (with A = �E, �B )can be written as

�ΘA = ΘA sin ηA cos ξA îX +ΘA sin ηA sin ξA ĵY +ΘA cos ηA k̂Z

= Θlab
Axî+Θlab

Ay ĵ +Θlab
Az k̂ (3.14)
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where

Θlab
Ax = ΘA (sηAcξA(casζ + sδsacζ) + sηAsξA(−cacζ + sδsasζ)− cηAcδsa))

Θlab
Ay = ΘA (sηAcξAcδcζ + sηAsξAcδsζ + cηAsδ)

Θlab
Az = ΘA (sηAcξA(sasζ − sδcacζ)− sηAsξA(sacζ + sδcasζ) + cηAcδca)) (3.15)

with �ΘE = (Θ01,Θ02,Θ03), �ΘB = (Θ23,Θ31,Θ12) and ΘE = |�ΘE| = 1/Λ2
E, ΘB = |�ΘB| = 1/Λ2

B.

Here (η, ξ) specifies the direction of the NC parameter Θµν w.r.t the primary coordinate system with

0 ≤ η ≤ π and 0 ≤ ξ ≤ 2π. In above ΘE and ΘB corresponds to the energy scale are defined

by ΛE = 1/
√
ΘE and ΛB = 1/

√
ΘB, the two model parameters, which one can probe for different

processes.

Since it is difficult to get the time dependent data, we take the average of the cross section or it’s

distributions over the sidereal day Tday and compare that with the experimental data. Next we introduce

several time averaged observables as follows:
�

d2σ

d cos θ dφ

�

T

=
1

Tday

� Tday

0

dσ

d cos θ dφ
dt, (3.16)

�
dσ

d cos θ

�

T

=
1

Tday

� Tday

0

dσ

d cos θ
dt, (3.17)

�
dσ

dφ

�

T

=
1

Tday

� Tday

0

dσ

dφ
dt, (3.18)

�σ�T =
1

Tday

� Tday

0

σdt, (3.19)

where σ = σ(
√
s,Λ, θ,φ, t) and where Tday = 23h56m4.09053s, the sidereal day. The time dependence

in the cross section or it’s distribution enters through the NC parameter �Θ(= �ΘE) which changes with

the change in ζ = ωt. The angle ξ appears in �Θ through the functions cos(ωt − ξ) or sin(ωt − ξ) as

the initial phase for time evolution, which gets disappeared in the time averaged observables. So one

can deduce �ΘE i.e. ΛE and the angle ηE from the time-averaged observables.
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Chapter 4

Drell-Yan production in the noncommutative

standard model

”An equation means nothing to me unless it expresses a thought of God” - Srinivasa Ramanujan

4.1 Introduction

With the upgradation of LHC energy (i.e. from 7 TeV to 14 TeV), we have entered a new era

of high-energy physics that directly probes Nature at the TeV scale. The strong belief that the SM

(which has its own limitation in explaining problems like Higgs mass instability, neutrino mass, baryon

asymmetry problem, dark matter etc) is only a low energy effective theory, and there is some physics

beyond the standard model(BSM physics) i.e. New Physics has been gaining ground over a couple of

years. Depending on the underlying theory, the resonance production of new particles or some kind of

angular distribution may lead to novel and distinctive signatures at the TeV energy collider. Looking

for signature of new physics through the resonance production of new particle or modification specific

angular distribution in the classic Drell-Yan process may give a striking signal at around the TeV scale.

There are several new physics models explored in this area particularly Drell-Yan lepton pair

production at LHC. Here I have given few of them which are ADD, RS TeV scale gravity [265–268],

spin-2 with non-universal couplings [269] and slepton pair production from neutral current [270]. In

the TeV scale gravity models, the contribution of the KK graviton is large compare to the SM, because

the gloun gloun mediated sub process dominates over rest of the SM processes. QCD has important

role at higher order corrections in the SM (studied upto N3LO ref [271, 272] ) as well as TeV gravity

models(studied upto NLO+NLL and NNLO ref [265–268]). In our analysis we haven’t consider either
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NLO nor NNLO calculation because which are not yet understood properly in the noncommutative

theory.

4.2 Methodology

In this chapter, we discuss the Drell-Yan process p p → l+ l−+X (with l = e µ) at LHC, mediated

by two partonic (quarks, gluons) sub-processes in the NCSM up to O(Θ). To make an estimate of the

hadronic cross-section σ(p1, p2) of the Drell-Yan process which is the convolution of the partonic sub-

process cross sections σ̂ab(p1, p2) with the Parton Distributions Functions (PDF) fa (a = u, d, ..u, .....),

we work in the QCD Parton Model and its powerful tool, the QCD factorization theorem. One can

write the the Drell-Yan cross section as

σpp→l+l−(P1, P2) =
�

ab

�
dx1

�
dx2 fa(x1, µ

2)fb(x2, µ
2) σ̂ab→l+l−(p1, p2,αS(µ

2)). (4.1)

where p1 = x1P1 and p2 = x2P2 are the momenta carried by the two partons. x1, x2 are the momentum

fractions and P1 and P2 are the proton momenta. The PDFs which can be determined experimentally,

are universal. They are defined at the factorization scale µ. In this work, we use the CTEQ6L1 parton

distribution function in our analysis. In general the factorization scale µ is taken to be equal to the hard

Figure 4.1: Parton distribution function CTEQ6L(Leading Order)

scale Q2 at which the partonic scattering takes place. We calculate the partonic cross section within the

framework of the NCSM discussed in chapter 2 and will convolute the result with the PDF mentioned

above. In fact, one need to consider the effect of spacetime noncommutativity in PDF also in order to

make the entire analysis consistent. However, the use of usual PDF in the SM is justified, because of
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the fact that the energy scale at which the physics in the proton takes place is much lower than the scale

of the partonic hard scattering processes. The factorization theorem which separates the hard scattering

cross section from the low energy process absorbed in the PDF, ensures this. Hence, in our estimation

of the noncommutative scale Λ, the noncom- mutative effects are important for the hard processes and

no so important for the physics beyond the partonic scattering process we are interested in.

Now, besides the standard quark-initiated partonic subprocess qq → γ, Z → l+l−, an additional

the gluon-initiated partonic subprocesses gg → γ, Z → l+l− can also contribute to the Drell-Yan

production cross section. The Representative Feynman diagrams for these partonic subprocess are

shown in Fig. 4.2. For the quark mediated process, the Feynman rules for the vertices ffγ and ffZ

Figure 4.2: Representative Feynman diagrams for the partonic subprocess for quark initiated (a) qq → γ, Z →
l+l−, and gluon initiated (b) gg → γ, Z → l+l−. Both of them contributes in Drell-Yan type lepton pair

production at the hadron collider considering noncommutative standard model.

(where f = q, l) are shown in Appendix 4.5.1. Note that the vertices, besides the SM part, also contain

an extra O(Λ)-dependent term for which, at the limit Λ → ∞, the original SM vertices get recovered.

The second gluon mediated partonic-process comprises two new vertices γgg and Zgg, which are not

present in the SM and are depicted in Fig. 4.3. Corresponding leading-order Feynman rules in these

Figure 4.3: Feynman diagrams for additional vertices in the noncommutative standard model which can con-

tribute in Drell-Yan production process at the LHC.

figures are given by,

γgg : (−2e) sin(2θw)Kγgg θ
µνρ
3 (k1, k2, k3) δ

ab (4.2)

Zgg : (−2e) sin(2θw)KZgg θ
µνρ
3 (k1, k2, k3) δ

ab. (4.3)
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Here, θW is the Weinberg angle and the vertex factors Kγgg and KZgg are given by 1.

Kγgg =
−g2s
2gg�

(g�2 + g2) ζ3 , KZgg = (− tan θw) Kγgg,

where gs, g, g� are being the SU(3)C , SU(2)L and U(1)Y coupling strengths, respectively. The

tensorial quantity2 θ3 ≡ θµνρ3 (k1, k2, k3) and the parameter ζ3 are defined in Appendix 4.5.1.

Note that the triple gauge boson vertices KZgg and Kγgg, absent in the standard model (once

again, one gets a vanishing θ3 at the limit Λ → ∞), arise in this nonminimal version of NCSM. A direct

test of these vertices have been performed [134] by studying the SM forbidden decays Z → γγ and

Z → gg. Analyzing the 3-dimensional simplex that bounds possible values for the coupling constants

Kγγγ, KZγγ and KZgg at the MZ scale, allowed region for our necessary couplings (KZgg, KZγγ) are

obtained as ranging between (−0.108,−0.340) and (0.217,−0.254).

4.3 Result and Discussion

To estimate the noncommutative effects in our parton-level calculation, we analytically formulate

both subprocesses initiated either by a quark-antiquark pair or by a gluon pair at the leading order.

Using the Feynman rules to O(Θ) as described above and in Appendix 4.5.1, the squared amplitude

(spin-averaged) can be expressed as

|M2
NCSM |ab→l+l− = |Mγ +MZ |2 for, a, b = q, q̄ or g, g. (4.4)

Detailed analytic expression for each nmNCSM amplitude-square is presented in Appendix 4.5.2. The

NC antisymmetric tensor Θµν , analogous to the electromagnetic field(photon) strength tensor, has six

independent components: three are of the electric type, while three are of the magnetic type. We have

chosen Ei =
1√
3

and Bi =
1√
3

in our analysis (for more, see Appendix 4.5.3). We have not considered

here the effect of the Earth’s rotation. Note that in the DY lepton distribution, besides the Lorentz

invariant momentum dot product (e.g. p1.p2 etc), the Θ-weighted dot product (e.g. p3Θp4 as one

follows from Appendix 4.5.3) also appears. These terms give rise to nontrivial azimuthal distribution

in the Drell-Yan lepton pair production as discussed at the end of our results.

1Note that, in principle, KZgg (and Kγgg) can be zero, in combination with two other couplings, Kγγγ and KZγγ . But

all three cannot be zero [134] simultaneously and these other two couplings can be tested at the linear collider with a high

degree of precision
2We follow the couplings in similar notation as in [134]
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Figure 4.4: Normalized invariant mass distribution 1
σ

dσ
dMll

(GeV−1) as a function of the invariant mass Mll (GeV)

is shown corresponding to the machine energy (left plot)
√
s = 7 TeV and (right plot) 13 TeV, respectively.

Continuous curves of different colors in both plots are shown for the choice of Λ and KZgg and they converge to

the lowermost SM curve in the limit both of these parameters go to zero. In 7 TeV plot, experimental bin-wise

data are also shown with central values and error bars.

We estimate the parton-level total cross section and differential distributions for the LHC operated

at the energy
√
S,

dσpp→l+l− =
�

ab

�
dx1

�
dx2 fa(x1, µ

2
f )fb(x2, µ

2
f ) dσ̂ab→l+l−(x1x2S). (4.5)

We employ the CTEQ6L1 parton distribution function (PDF) throughout the analysis, setting the fac-

torization scale µf at the dilepton invariant mass Mll. After formulating the setup, we are now in a

position to describe the numerical results for the Drell-Yan lepton pair production in the presence of

spacetime noncommutativity. In Fig. 4.4 we have shown the normalized dilepton invariant mass distri-

bution 1
σ

dσ
dMll

(GeV−1) against the invariant mass Mll (GeV) corresponding to the LHC machine energy
√
s at (left plot) 7 TeV and (right plot) 13 TeV.

The peak at Mll = 91.18 GeV corresponds to the Z boson resonance production. Different

continuous curves in both plots correspond to the theoretical (SM and nmNCSM) predictions. Note

that the additional positive contributions in nmNCSM curves are realized from two sources: the first

being the Θ-dependent NC parts supplemented with the SM vertex, and the second being the complete

new tree-level process that enhances significantly.

In the 7 TeV (left) plot the dotted curves correspond to the experimental bin wise data provided by

the CMS collaboration [263] for the integrated luminosity 4.5 fb−1 and 35.9 pb−1 which is presented

along with the error bar.

The lowermost curve in each plot (see Fig. 4.4) is the SM contribution estimated at the leading

order. In this figure, we present different NC contributions based on the two relevant parameters Λ and
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Figure 4.5: The Drell-Yan cross section is shown as a function of the LHC machine energy. In the NCSM, we

demonstrate with one of the very optimistic choice like, Λ = 0.6 TeV and KZgg = 0.217.

KZgg varying between (0.4 TeV − 1 TeV) and (-0.108, +0.217), respectively. Justification for these

choices has been discussed. Since the parameter KZgg contributes in square from the gluon-initiated

diagram, sign of this parameter is irrelevant. So, both sign contribute positively and the magnitude

depending upon the absolute values. Note that KZgg = 0 corresponds to the vanishing coupling of

the gluon with Z boson and photon, and the Drell-Yan process in the NCSM arises only from the

quark-mediated partonic subprocess qq → γ, Z → l+l− as in Fig. 1(a). The NC scale Λ determines

the energy when this BSM effects can be perceived and this phenomena is evident following different

scales in the figure. At around a few hundred of dilepton invariant mass, Fig. 4.4 exhibits, especially

at the low Λ and larger absolute value of KZgg, the NCSM effect in this distribution deviating from the

SM distribution and it increases with Mll.

In Fig. 4.5, we have plotted the total leading-order Drell-Yan cross section σ (in pb) against

the LHC collision energy
√
s. The lower curve corresponds to the SM cross section. We find σ =

635(1283) pb at
√
s = 7(14) TeV, respectively. To estimate the total cross section, we have considered

the dilepton invariant mass interval 60 GeV < Mll < 120 GeV. To visualize the effect we once again

consider a very optimistic values of Λ = 0.6 TeV and KZgg = 0.217 for the upper curve corresponds

to the NCSM cross section. For reference we present the corresponding Drell-Yan cross sections for

different machine energy in Table 4.1. For different machine energy between 7 TeV and 14 TeV, the

leading order SM and the nmNCSM (for the same reference parameters) cross sections increases from

636 (656)pb to 1283 (1438)pb.

In Fig. 4.6, the nmNCSM Drell-Yan cross section is shown as a function of the NC scale Λ at

a fixed machine energy
√
s = 7.0 TeV. Once again dominant production cross section is estimated
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√
S TeV σSM(pb) σnmNCSM(pb) σEXP (pb)

LO, µf = Mz LO, µf = Mz

7.0 636 656 974 ±0.7 (Stat) ±0.7 (Syst)

8.0 731 760 1138 ±8 (Stat)

13.0 1193 1325

14.0 1283 1438

Table 4.1: Drell-Yan cross section in the SM, nmNCSM are shown for 60 GeV < Mll < 120 GeV. The

experimental data for the same dilepton invariant mass interval are shown. Here we have set the parameters

Λ = 0.6 TeV and KZgg = 0.217 which is optimistic [264].

Figure 4.6: The total cross section for pp → (γ, Z) → l+l− σ is plotted as a function of the NC scale Λ (GeV)

corresponding to Z = −0.108, 0.054 and 0.217 and fixed machine energy
√
s = 7.0 TeV.

for the range of invariant mass 60 GeV < Mll < 120 GeV corresponding to different values of the

parameter KZgg = −0.108, 0.0, 0.0545 and 0.217. As expected, for a fixed KZgg coupling the cross

section σ decreases as the NC scale Λ increases and finally merges to the SM value at the very high

value of Λ. Note that the NCSM contribution to DY process for KZgg = 0 almost equal to the SM

value as it receives very small contribution from the quark mediated partonic process and the dominant

gluon mediated subprocess is absent due to KZgg = 0 (and Kγgg = 0). That causes this curve as the

lowest (almost) horizontal curve, which is hence independent of the Λ scale. In Table 4.2 we present

the leading order cross sections estimated for different Λ = 0.4, 0.6 and 1.0 TeV corresponding to

KZgg = 0, −0.108 and 0.217.

After exploring the additional NC contributions coming towards the Drell-Yan production and
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Λ (TeV) KZgg σNCSM (pb) Λ (TeV) KZgg σNCSM (pb) Λ (TeV) KZgg σNCSM (pb)

0.4 0.0 637 0.6 0.0 637 1.0 0.0 637

0.4 -0.108 661 0.6 -0.108 641 1.0 -0.108 637

0.4 0.217 734 0.6 0.217 656 1.0 0.217 639

Table 4.2: Drell-Yan cross section σ(pp → l+l−) in nmNCSM scenario for the fixed machine energy
√
s = 7.0

TeV. For KZgg = 0, the partonic subprocess gg → γ, Z → l+l− is absent [264].

how different NC parameters can affect such processes, now we would like to point out some of the

very characteristic distributions attributed to noncommutativity. Since spacetime noncommutativity

essentially breaks the Lorentz invariance, which includes the rotational invariance around beam direc-

tion, it can contribute to an anisotropic azimuthal distribution. Angular distributions of the final lepton

can thus carry this signature on noncommutativity. Similar feature is noted in many different process

earlier related with the NC phenomenology, nevertheless we would like to present this distribution in

our context. We show the azimuthal angular distribution for the final lepton in Fig. 4.7. On the left

plot this distribution of the azimuthal angle is shown for Drell-Yan events if the noncommutative effect

is there. While the anisotropic effect is not much visible here under the considerably large cross sec-

tion, it would be evident in the right plot where normalized distribution is demonstrated for that same

azimuthal angle. This figure is generated corresponding to different scales Λ = 0.6 TeV and 1 TeV.

Also, for each Λ, we have selected KZgg = −0.108 and 0.217, respectively.

From the Fig. 4.7 right plot, we see that the azimuthal distribution of leptons oscillates over φ,

reaching at their maxima at φ = 2.342 rad and 5.489 rad. The two intermediate minima are located

at φ = 0.783 rad and 3.931 rad. Also note that the azimuthal distribution dσ
dφ

is completely flat in the

SM. A departure from the flat behavior in the NCSM is due to the term p4Θp3(∼ cosθ + sinθ(cosφ+

sinφ)) term in the azimuthal distribution which brings φ dependence. There still be this feature of

azimuthal distribution, even if one deviate from taking the simple form of Θµν , however the location

of peak positions shift. Such an azimuthal distribution irrespective of peak positions clearly reflects

the exclusive nature of spacetime noncommutativity which is rarely to be found in other classes of new

physics models and can be tested at LHC.
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Figure 4.7: dσ
dφ as a function of φ for pp → (γ, Z) → l+l− (l = e, µ) for Λ = 0.6 TeV, 1.0 TeV and

KZgg = −0.108 and 0.217, respectively.

4.4 Summary

The idea that spacetime can become noncommutative at high energy has drawn attention follow-

ing the recent advance in string theory. In this chapter we have explored the NC effect in the Drell-Yan

lepton pair production pp → (γ, Z) → l+l− at the Large Hadron Collider. Two new vertices, Zgg and

γgg, (absent in the SM) are being found to play a crucial role, giving rise to a new partonic subprocess

gg
γ,Z−→ l+l−(absent in the SM). For

√
s = 7 TeV, as the coupling parameter KZgg (corresponding to

the new verices Zgg) changes from −0.108 to 0.217, the cross section σ increases from 637(660) pb

to 639(734) pb corresponding to Λ = 1(0.4) TeV. The azimuthal distribution dσ
dφ

, completely φ inde-

pendent in the SM, deviates substantially in the NCSM. Thus the noncommutative geometry is quite

rich in terms of its phenomenological implications, which are worthwhile to explore in the TeV scale

Large Hadron Collider.

4.5 Appendix

4.5.1 Feynman rules

The fermion f (quark q and lepton l) coupling to photon and Z bosons, to order O(Θ), is given by

γff̄ : ieQf

�
γµ +

�
i

2
+

�
PoΘPi

8

�� �
(PoΘ)µ(Δ/P i) + (ΘPi)µ(Δ/P o)− (PoΘPi)γµ

��
(4.6)

Zff̄ :
ieQf

sin(2θW )

�
γµΓ

−
A(f) +

�
i

2
+

�
PoΘPi

8

��

�
(PoΘ)µ(Δ/P i)Γ

−
A(f) + (ΘPi)µ(Δ/P o)Γ

−
A(f)− (PoΘPi)γµΓ

−
A(f)

��
(4.7)
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Here we follow the following notation: i: in, o: out and Δ/P in,out = /P in,out − m. Also Γ−
A(f) =

cfV −cfAγ
5; cfV = If3 −2Qfsin

2(θW ); cfA = If3 . Qf is the e.m. charge, and If3 is the third component

of the week isospin of the fermion f (quark(q) or lepton(l)).

The factors θ3 and ζ3 arise in γ − g − g and Z − g − g and are given by [71, 134],

θµνρ3 (k1, k2, k3) = θ3[(µ, k1), (ν, k2), (ρ, k3)]

= −(k1Θk2)[(k1 − k2)
ρηµν + (k2 − k3)

µηνρ + (k3 − k1)
νηρµ]

− Θµν [kρ
1(k2 · k3)− kρ

2(k1 · k3)]−Θνρ[kµ
2 (k3 · k1)− kµ

3 (k2 · k1)]

− Θρµ[kν
3(k1 · k2)− kν

1(k3 · k2)] + (Θk2)
µ[ηνρk2

3 − kν
3k

ρ
3 ]

+ (Θk3)
µ[ηνρk2

2 − kν
2k

ρ
2 ] + (Θk3)

ν [ηµρk2
1 − kµ

1k
ρ
1 ] + (Θk1)

ν [ηµρk2
3 − kµ

3k
ρ
3 ]

+ (Θk1)
ρ[ηµνk2

2 − kµ
2k

ν
2 ] + (Θk2)

ρ[ηµνk2
1 − kµ

1k
ν
1 ], (4.8)

and

ζ3 =
1

3g23
− 1

6g24
+

1

6g25
(4.9)

where g3, g4 and g5 are the moduli parameters defined in [134].

4.5.2 Squared-amplitude terms

The amplitude-squared terms for the quark-initiated partonic subprocess qq → (γ, Z) → l+l−

from the Feynman diagram 4.2(a),

|Mq,γ|2 =
�
AF1

3

�
[(p1.p3)(p2.p4) + (p1.p4)(p2.p3)] (4.10)

|Mq,Z |2 =

�
BF1

3

�
(cl

2

A + cl
2

V )(c
q2

A + cq
2

V ) [(p1.p3)(p2.p4) + (p1.p4)(p2.p3)]

+

�
BF1

3

�
clAc

l
V c

q
Ac

q
V [(p1.p4)(p2.p3)− (p1.p3)(p2.p4)] (4.11)

and

2Re|Mq,γ|†|Mq,Z | =
�
2CF1

3

�
clAc

q
A [(p1.p3)(p2.p4) + (p1.p4)(p2.p3)]

−
�
2CF1

3

�
clV c

q
V [(p1.p4)(p2.p3)− (p1.p3)(p2.p4)] (4.12)
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Here

A =
128π2α2Q2

lQ
2
q

ŝ2
B =

128π2α2Q2
lQ

2
q

Sin42θW [(ŝ−M2
z )

2 + (MZΓZ)2]
C =

128π2α2Q2
lQ

2
q(ŝ−M2

z )

ŝ[(ŝ−M2
z )

2 +M2
zΓ

2
z]

F1 =
�
1 + (P2ΘP1)

2

4

� �
1 + (P4ΘP3)

2

4

�
and ŝ = sx1x2. Note that amplitude-squared terms go as O

�
1, 1

Λ2
NC

, 1
Λ4
NC

�
,

respectively.

For the gluon-initiated partonic subprocess gg → (γ, Z) → l+l−, the squared-amplitude terms from

the Feynman diagram 4.2(b), are given by

|Mg,γ|2 = 4DF2 (p3ρp4σ + p3σp4ρ − ηρσp3 · p4) ·
�
ηνβ θ̄3

αβσ
ηαµθ̄3

µνρ
�

(4.13)

Similarly,

|Mg,Z |2 = 4GF2(c
l2

A + cl
2

V ) (p3ρp4σ + p3σp4ρ − ηρσp3 · p4)
�
ηνβ θ̄3

αβσ
ηαµθ̄3

µνρ
�

(4.14)

2Re|Mg,γM†
z| = 4HF2c

l
V (p3ρp4σ + p3σp4ρ − ηρσp3 · p4) ·

�
ηνβ θ̄3

αβσ
ηαµθ̄3

µνρ
�

(4.15)

Here

F2 =

�
1 +

(P4ΘP3)
2

4

�
D = 2

�
πα sin(2θw)Kγgg

ŝ

�2

G =

�
2π2α2k2

zgg

[(ŝ−M2
z )

2 +M2
zΓ

2
z]

�

H = sin(2θw)KγggKzgg

�
4π2α2

ŝ

�
ŝ−M2

z

[(ŝ−M2
z )

2+M2
zΓ

2
z ]

��
.

The quantity θ̄3 appearing in several squared-amplitude terms, is given by

θ̄µνρ3 = −(p1Θp2)[(p1 − p2)
ρηµν + 2(pµ2η

νρ − pν1η
ρµ)]

+ (p1 · p2)[Θµν(p1 − p2)
ρ − 2((p2Θ)µηνρ + (p1Θ)νηµρ)] + [(p2Θ)µpν1 + (p1Θ)νpµ2 ](p1 + p2)

ρ

Note that amplitude-squared terms go as O
�

1
Λ4
NC

, 1
Λ8
NC

�
, respectively.

In evaluating the matrix element squared, we have used the following orthonormal condition

�

λ,λ�

�∗a
�

µ� (p1,λ
�
1)�

a
µ(p1,λ1) = −ηµ�µδa�a (4.16)

�

λ,λ�

�bν(p2,λ2)�
∗b�
ν� (p2,λ

�
2) = −ην�νδb�b (4.17)

and the color algebra
�

aa�bb� δbb�δaa�δ
abδa�b� =

�
ab δ

abδab =
�8

a=1 δaa = 8.
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4.5.3 Antisymmetric tensor Θµν and Θ weighted dot product

The antisymmetric tensor Θµν = 1
Λ2 cµν has six independent components corresponding to cµν =

(coi, cij) with i, j = 1, 2, 3. Assuming them to be the non vanishing components, we can write them as

follows:

coi = ξi, cij = �ijkχ
k (4.18)

The NC antisymmetric tensor Θµν is analogous to the electromagnetic(e.m.) field strength tensor

Fµν and ξi and χi are like the electric and magnetic field vectors. Setting ξi = ( �E)i = 1√
3

and

χi = ( �B)i = 1√
3

with i = 1, 2, 3 and noting the fact that ξi = −ξi, χi = −χi, the normalization

condition ξiξ
j = 1

3
δji and χiχ

j = 1
3
δji , we may write Θµν as

Θµν =
1√
3Λ2




0 1 1 1

−1 0 −1 1

−1 1 0 −1

−1 −1 1 0




(4.19)

Using these, we may write the Θ-weighted dot product as follows:

p2Θp1 =
ŝ

2
√
3Λ2

(4.20)

p4Θp3 =
ŝ

2
√
3Λ2

[cosθ + sinθ(cosφ+ sinφ)] (4.21)
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Chapter 5

Spacetime noncommutativity and e+e− γ,Z−→ tt

process at the TeV energy collider

”I am enough of an artist to draw freely upon my imagination. Imagination is more important

than knowledge. Knowledge is limited. Imagination encircles the world” - Albert Einstein

5.1 Introduction

The study of top quark pair production and top decay is quite interesting because top quark will

not participate in the hadranization process. So it decays into other particles as soon as it produced

and also it is more important to study the stability property of the Higgs boson. In ref [274] they have

studied the top anomalous couplings which are arises due to CP and parity conserving dimension six

operators. It has shown that the unitarity limit on anomalous coupling is f2L(R) ≤ 0.62 at the effective

scale Λ = 1.0TeV. Tevatron also has strong limits on anomalous coupling, so the upper bound on

f2L(R) are of the order of 0.1− 0.2. Similarly, parity violating case the upper bound on f2L(R) given as

−0.6(0) at
√
s = 500 GeV.

In ref [273] including myself studied top pair forward-backward asymmetry in the context of noncom-

mutative standard model. The forward-backward asymmetry AFBφ which is zero in the standard model

can be as large as 4% for NC scale Λ = 500 GeV and the NC vector orientation angle η = π/2 at

the fixed machine energy
√
s = 1.0 TeV. Assuming that the future TeV linear collider will observe

AFBφ = ±0.01 we find Λ ≥ 750(860) GeV corresponding to η = π/2. Similarly, corresponding to

polar asymmetry AFBz = 0.5078 (which deviates from the standard model prediction by 1%), we find

Λ ≥ 760 GeV at the fixed machine energy
√
s = 1.0 TeV for η = π/2.
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We study the top quark pair production process in TeV energy electron-positron collider in the non-

commutative(NC) spacetime to order O(Θ) using the Seiberg-Witten map. We obtain cross section

and the azimuthal distribution and investigated their sensitivities on the NC vector �Θ with and without

considering the effect of earth rotation.

5.2 Methodology

The content of the chapter is as follows. In Sec.5.3, we obtain the cross section and the angular

distribution of e+e−
γ,Z−→ tt using the order O(Θ) Feynman rule. In Sec.5.3.1, we analyze the cross

section and the angular distribution for different machine energy and investigate their sensitivities on

the NC scale Λ for the three possible cases: Case I: Θ0i �= 0,Θij = 0 (electric-like NC vector), Case

II: Θ0i = 0,Θij �= 0 (magnetic-like NC vector) and Case III: Θ0i �= 0,Θij �= 0 (fully antisymmetric

NC vector containing both nonzero electric-like and magnetic-like components). Here we have not

considered the effect of earth’s rotation into our analysis, which we do consider in the next section. In

Sec.5.3.2, we parametrize Θµν in presence of earth’s rotation. We construct the time-averaged cross

section and azimuthal distribution of e+e−
γ,Z−→ tt and investigate their sensitivities on the NC scale Λ

and the orientation angle η of the NC vector w.r.t the earth’s axis(fixed) of rotation. Finally, in Sec.5.4,

we summarize and conclude.

5.3 Process e+e− γ,Z−→ t t̄: Results and Discussion
We investigate the process e−(p1)e+(p2)

γ,Z−→ t(p3)t̄(p4) in the NCSM. It occurs via the s-channel

exchange of γ and Z bosons in the NCSM (like the SM). The corresponding Feynman diagrams are

shown below (Fig. 5.1). The Feynman rules for several interaction vertices are shown in Appendix

5.5.1. The scattering amplitudes to O(Θ) for the photon(γ) and Z-boson mediated diagrams can be

Figure 5.1: Feynman diagrams for the e+e−
γ,Z−→ t t̄ scattering process.
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written as

iAγ =
−8παi

3s

�
1 +

i

2
p2Θp1

��
1− i

2
p4Θp3

�
[v(p2)γµu(p1)] [u(p3)γ

µv(p4)]

+
8παmt

3s

�
1 +

i

2
p2Θp1

�
[v(p2)γµu(p1)] [u(p3)(p3Θ)µv(p4)] (5.1)

and

iAZ =
4παi

sin2(2θW )sZ

�
1 +

i

2
p2Θp1

��
v(p2)γµΓ

−
Ae
u(p1)

�

×
�
u(p3)

��
1− i

2
p4Θp3

�
γµΓ

−
At

− imtc
t
Aγ

5(p3Θ)µ
�
v(p4)

�
(5.2)

where s = (p1+p2)
2, sZ = s−m2

Z−imZΓZ , α = e2/4π, Γ−
Af

= cfV −cfAγ
5 with cfV = T f

3 −2Qfsin
2θW

and cfA = T f
3 . Here θW is the Weinberg angle and f corresponds to SM fermions i.e. e, t, .. etc. In

above mZ and ΓZ corresponds to the Z boson mass and its decay width, respectively. The Θ weighted

momentum dot products are defined in Appendix 5.5.1. The amplitude square (spin-averaged) can be

written as

|A|2(e+e− γ,Z−→ tt) =
1

4

�

spin

|A|2 = 1

4

�

spin

�
|Aγ|2 + |AZ |2 + 2Re(AZA†

γ)
�

(5.3)

Several terms of Eq. 5.3 are given in Appendix 5.5.3.

5.3.1 Analysis in absence of earth rotation

The spacetime noncommutativity effect enters via the anti-symmetric tensor

Θµν = (Θ0i,Θij) =
cµν
Λ2

=
1

Λ2
(c0i, cij) =

1

Λ2
(ξi, �ijkχ

k)

which is a fundamental constant in nature. Here Λ is the spacetime noncommutativity scale. Writing

ξi = (�ΘE)i and χk = (�ΘB)k, we first set them as the constant (normalized) vectors �ΘE = 1√
3
(̂i+ ĵ+ k̂)

and �ΘB = 1√
3
(̂i + ĵ + k̂). They are constant vectors in some preferred direction. We consider three

different cases in which the NC tensor is (i) electric-like(i.e. ξi �= 0 and χk = 0), (ii) magnetic-like(i.e.

ξi = 0 and χk �= 0) and fully antisymmetric with ξi �= 0 and χk �= 0, i.e. Θµν has both electric-like and

magnetic-like components.

Analysis of space-time and space-space noncommutativity:

In Fig. 5.2, we have plotted the e−e+ → tt cross section σ (i.e.σST for space-time noncommutativity

and σSS for space-space noncommutativity )as a function of the machine energy Ecom (=
√
s) (GeV)

for different Λ values. In Fig. 5.2(a) (left figure), σST (e
+e−

γ,Z−→ tt) (pb) is shown (note that ST
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(a) (b)
Figure 5.2: The cross section σ(pb) (for electric-like NC vector Θµν(Θ0i �= 0,Θij = 0) (left figure) and

for magnetic-like NC vector Θµν(Θ0i = 0,Θij �= 0) (right figure) is shown against
√
s(= Ecom)(GeV) for

Λ = 0.45, 0.65, 0.8, and 1.0 TeV, respectively. The lowest curve corresponds to the standard model curve.

corresponds to space-time noncommutativity) against Ecom where the NC vector is electric-like, while

in Fig. 5.2(b) (right figure) σSS(e
+e−

γ,Z−→ tt) (pb) is plotted (note that SS corresponds to space-space

noncommutativity) against Ecom where the NC vector is magnetic-like. From the topmost to the to the

next to the lowermost curve Λ varies from 0.45 TeV to 1.0 TeV in each Figure. In each figure, the SM

curve corresponds to the lowermost curve. On the left figure, we see that σST for Λ = 450 GeV after

some value of the machine energy increases. For Λ = 0.45 TeV, we find that the cross section violates

unitarity significantly (a typical problem which arises in the case of the electric-like NC vector) [67].

We find that σST deviates from the standard model value quite significantly for the machine energy

Ecom ≥ 1000 GeV and is found to be less at lower machine energy. We also see that the cross section,

at a given machine energy, deviates significantly from the SM value at a smaller Λ value. From Fig.

5.2(b), we see that σSS decreases with the machine energy for Λ = 450 GeV i.e. it doesn’t have

a divergent behaviour as was the case for the electric-like NC vector. Finally, in Fig. 5.3, we have

(a)
Figure 5.3: The cross section σNC(pb) is plotted as a function of the machine energy

√
s(Ecom)(GeV) for the

NC scale Λ = 0.65, 0.8 and 1.0 TeV. The NC tensor contains both electric-like and magnetic-like components.

The lowest curve corresponds to the standard model curve.

shown σNC as a function of
√
s with Λ varying from 0.65 TeV to 1.0 TeV. Here the NC tensor Θµν
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contains both electric-like and magnetic-like components. Also shown is the SM plot in the same

figure (the lowermost curve) which is obtained in the Λ → ∞ limit. From Fig. 5.3, we find the

number of ttbar events N yr−1 = 16600 yr−1 for the machine energy Ecom = 1 TeV and the LC

luminosity L = 100 fb−1 for the NC scale Λ = 0.8 TeV. The corresponding SM event is calculated as

15000 yr−1. We have seen in above that the dominant contribution to the NCSM cross section follows

from the space-time noncommutativity (i.e. when the NC vector is an electric-like vector). We now

define two quantities

Δσ1 = (σST − σSM) /σSM , Δσ2 = (σSS − σSM) /σSM

and plot them against the machine energy. In Fig. 5.4(a), we have plotted Δσ1 as a function of the

(a) (b)
Figure 5.4: On the left (σST − σSM ) /σSM is plotted against

√
s, while on the right (σST − σSM ) /σSM is

plotted against
√
s for Λ ranging from 0.45 TeV to 1.0 TeV.

machine energy
√
s corresponding to Λ = 0.45, 0.65, 0.8 TeV and 1.0 TeV. At

√
s = 1.0 TeV, we find

(left figure) that for Λ = 0.45 TeV, σST > 2σSM i.e. the difference (σST − σSM) is more than 100% of

σSM . Whereas, for Λ = 0.65 TeV, the (σST − σSM) ∼ 20% of σSM . Assuming that the experimental

data will lie within σSM ±0.2σSM i.e. (σST −σSM) ≤ 0.2σSM , we obtain the bound as Λ ≥ 0.65 TeV.

However, the bound obtained in above depends on the machine energy. For
√
s = 1.5 TeV, similarly,

assuming that (σST − σSM) ≤ 0.2σSM , one finds Λ ≥ 1 TeV. From the right figure, In case II (i.e. Fig.

5.4(b)), we find that σSS − σSM = 0.01σSM i.e. Δσ2 → 0.01 at Λ = 0.65 TeV at
√
s = 1.0 TeV. So,

assuming that (σSS −σSM) ≤ 0.02σSM , one finds Λ ≥ 0.65 TeV at the machine energy
√
s = 1.0 TeV

and above.

Azimuthal distribution:

We next study the normalized azimuthal distribution of the top quark pair production. In Fig. 5.5(a)(left), 1
σST

dσST

dφ

(normalized azimuthal distribution for electric-like NC vector) is plotted as a function of φ for
√
s = 1

TeV and for different Λ. Note that the height of the peak at the fixed machine energy decreases as Λ
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(a) (b)
Figure 5.5: On the left 1

σST

dσST
dφ is plotted against φ, while on the right 1

σSS

dσSS
dφ is plotted against φ for

Λ = 0.65, 0.8, 1.0 TeV and the machine energy Ecom = 1 TeV, respectively. In the left figure, the NC tensor is

taken as electric-like, whereas for the right figure the NC tensor is magnetic-like. The middle horizontal curve is

the SM curve.

(a)
Figure 5.6: The normalized distribution 1

σNC

dσNC
dφ is plotted against φ for Λ = 0.65, 0.8, 1.0 TeV and the fixed

machine energy Ecom = 1 TeV, respectively. Here Θµν contains both electric-like and magnetic-like components.

The horizontal curve (in the middle) corresponds to the SM distribution.

increases. The middle horizontal line is the SM curve. In Fig. 5.5(b) (right), we have shown 1
σSS

dσSS

dφ

against φ for Λ = 0.65 TeV, 0.8 TeV and 1.0 TeV at
√
s = 1.0 TeV. While the distribution is oscillatory

(left figure with electric-like NC vector), it is almost flat (right figure with magnetic-like NC vector)

and nearly agrees with the SM value. In Fig. 5.6, 1
σNC

dσNC

dφ
is plotted against φ for Λ = 0.65, 0.8

and 1.0 TeV at
√
s = 1 TeV. The oscillatory behaviour of the distribution with a clear peak at φ = 4

(radian) (found to be absent in most of the BSM scenarios), can serves as the Occam’s razor in isolating

the spacetime noncommutativity from other class of BSM physics.

5.3.2 Analysis in presence of earth rotation

The electron-positron collision experiment is done on the earth-based laboratory coordinate sys-

tem which is moving by the earth’s rotation. The electric-like and magnetic-like components of Θµν

i.e. �ΘE and �ΘB which are fixed vectors in some inertial frame of fixed stars, will also changes with

time due to the earth’s rotation and we need to take into consideration this time variation of Θµν while
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(a) (b)
Figure 5.7: On the left, the time-averaged cross section �σST (t)�T is shown as a function of η (for an electric-

like NC vector), while on the right, �σSS(t)�T is shown as a function of η (for an magnetic-like NC vector)

corresponding to Λ = 0.65, 0.8 and 1.0 TeV and the machine energy Ecom = 1 TeV in both cases.

measuring any NC observables. The time averaged observables are defined in appendix 3.6 while

incorporating the effect of earth’s rotation.

It is difficult to take the time dependent data. So, one make an estimate of the time-averaged

cross section and it’s distributions over the period Tday and compare those with the experiment. The

time averaged observables i.e. the cross section �σ(t)�T and the angular distribution
��

dσ(t)
dφ

�
T

�
, used

in our analysis, are defined in [221, 255, 273]. The cross section σ(= σ(Λ,
√
s, t)) and the azimuthal

angular distribution are function of time(t). The time(t)-dependence comes through the NC tensor

Θµν(Θ0i,Θij) which varies with ζ = ωt. Also the noncommutative angle ξ appears through cos(ωt−ξ)

or sin(ωt − ξ) as the initial phase for time evolution, which however, gets disappeared in the time

averaged observables. So the measurement of the time averaged observables gives us an estimate of

�ΘE or �ΘB and hence the NC scale Λ and the angle of orientation η of the NC vector.

Time-averaged cross section and angular distribution

We next consider the effect of earth’s rotation into our analysis. We plot �σ(t)�T against the orientation

angle η in the following three cases- Case (I): electric-like NC vector with the orientation angle η, Case

(II): magnetic-like NC vector with the orientation angle η and Case (III): Θµν have both electric and

magnetic-like components. In either case, the NC vector makes an angle η with the earth’s axis of

rotation. In Fig. 5.7(a), �σST (t)�T is shown against η (for electric-like NC vector), while on the right

figure �σST (t)�T is plotted against η(for magnetic-like NC vector), while on the right we have plotted

�σSS(t)�T as a function of η (Case II) corresponding to Λ = 0.65, 0.8 and 1.0 TeV at the fixed machine

energy
√
s = 1.0 TeV. Note that the height of the maxima decreases with the increase of Λ for a given

machine energy. We find that the cross section is maximum at η = π/2 and hence we set η = π/2 in

the remaining part of our analysis. In Fig. 5.8, �σ(t)�T is plotted against η (Case III) corresponding

to Λ = 0.65, 0.8 and 1.0 TeV and
√
s = 1.0 TeV. In Fig. 5.9, on the left, we have shown �σST (t)�T
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(a)
Figure 5.8: The time-averaged cross section �σ(t)�T is plotted as a function of η (for the NC vector having

both electric-like and magnetic-like components) corresponding to Λ = 0.65, 0.8 and 1.0 TeV and the machine

energy
√
s = 1 TeV.

(b)
Figure 5.9: On the left, �σST (t)�T (Case I) is shown as a function of the machine energy

�
(s), while on the

right, �σSS(t)�T (Case II) is plotted as a function
√
s corresponding to Λ = 0.65, 0.8 and 1.0 TeV, respectively.

The orientation angle η is kept fixed at η = π/2. The lowermost curve corresponds to the SM plot in both

Figures.

against
√
s (Case I), while on the right, �σSS(t)�T is plotted against

√
s (Case II) corresponding to

η = π/2. From the topmost to the next-to-lowermost curves, Λ increases from Λ = 0.65, 0.8 and

1.0 TeV, respectively. The lowermost curve corresponds to the SM plot (obtained in the limit Λ → ∞
). On the right side, the curves corresponding to different Λ converges. The magnetic-like NC vector

hardly cause any deviation in the cross section from the SM value. In Fig. 5.10, �σNC(t)�T is plotted

against
√
s for η = π/2 and Λ = 0.65, 0.8 and 1.0 TeV, respectively(Case III). We observe that

although the deviation from the standard model is small at relatively lower energies, it starts becoming

significant at the machine energy Ecom ∼ 800 GeV and becomes more prominent with the increase in

machine energy. Also we see that at a given machine energy Ecom, the deviations become larger with

smaller value of Λ. We find the number of ttbar events N yr−1 = 16680 yr−1 for Λ = 0.8 TeV at

Ecom = 1 TeV and the LC luminosity L = 100 fb−1. The corresponding SM event number will be

15000 yr−1.
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Figure 5.10: The time-averaged cross section �σ(t)�T is plotted against
�

(s) for the NC vector having both

electric-like and magnetic-like components. Λ is chosen to be 0.65, 0.8 and 1.0 TeV and η is set at π/2. The

lowermost curve corresponds to the SM plot which is both time(t) and η independent.

Normalized azimuthal distribution

As mentioned earlier, the angular distribution of the final state particles can serve as an useful tool

in understanding the BSM physics. Since the Lorentz invariance including the rotational invariance

(a) (b)
Figure 5.11: On the left figure 1

�σST (t)�

�
dσST
dφ

�
T

is shown against the azimuthal angle φ (Case I), whereas

on the right 1
�σSS(t)�

�
dσSS(t)

dφ

�
T

is plotted against φ(Case II) for η = π/2 and Λ = 0.65, 0.8 and 1.0 TeV,

respectively. The horizontal line corresponds to the SM distribution which is time(t) independent.

around the beam axis is broken by the spacetime noncommutativity which defines a preferred direction,

the azimuthal distribution will no longer be isotropic due to its strong dependence on φ. This anisotropy

observed in the time-averaged azimuthal distribution
�

dσ(t)
dφ

�
T

can act as the signature of the space-time

noncommutativity, which in most BSM physics is absent. In Fig.5.11(a)(left), 1
�σST (t)�

�
dσST (t)

dφ

�
T

is

shown as a function of φ for η = π/2 and Λ = 0.65, 0.8 and 1.0 TeV, while on the right i.e. Fig.5.11(b),
1

�σSS(t)�

�
dσSS(t)

dφ

�
T

is plotted against φ for η = π/2 and the above set of Λ. The machine energy is kept

fixed at Ecom = 1 TeV in both cases. One can clearly see the oscillatory behaviour of the azimuthal

distribution when the NC vector is electric-like (i.e. Case I), whereas it is completely flat in the case of

magnetic-like NC vector, like the usual SM distribution. In Fig.5.12, the normalized 1
�σ(t)�

�
dσ(t)
dφ

�
T

is

plotted against φ at the machine energy Ecom = 1 TeV with η = π/2 and Λ = 0.65, 0.8 and 1.0 TeV,

106



(a)
Figure 5.12: 1

�σ(t)�

�
dσ(t)
dφ

�
T

is plotted against the azimuthal angle φ corresponding to the orientation angle

η = π/2 and the NC scale Λ = 0.65, 0.8 and 1.0 TeV, respectively. The lowermost curve corresponds to the SM

plot which is both t and η independent.

respectively. The distribution shown several peaks which are located at φ = 0.88 and 3.46 (rad) and

dip at φ = 5.26 (rad). The height of the peak decreases as Λ increases, whereas the depth of the dip

increases as Λ decreases. The azimuthal distribution which is oscillatory in the NCSM scenario, flat in

most BSM scenarios, can act as a Occam’s razor in differentiating out the noncommutativity scenario

from other class of BSM physics.

Diurnal variation of the cross section

To study the diurnal variation of the cross section over the period of a complete day+night, we now

(a) (b)
Figure 5.13: On the left, �σST (t)�T − σ(t) is plotted against Tratio for η = π/2

(Case I), while on the right �σSS(t)�T − σ(t) is plotted against Tratio (Case II) corresponding

Λ = 0.65 TeV(topmost), 0.8 TeV(middle), 1.0 TeV(lowermost) and for η = π/2. We set Ecom = 1.0 TeV.

define the quantity �σ(t)�T −σ(t) and plot it as a function of the normalized time Tratio = t/Tday (with

t, Tday in hrs) corresponding to η = π/2 and Λ = 0.65, 0.8 and 1.0 TeV, respectively. In Fig. 5.13(a),

we have plotted �σST (t)�T − σ(t) against Tratio for η = π/2(Case I), whereas in Fig. 5.13(b), we have

shown �σSS(t)�T − σ(t) against Tratio for η = π/2 (Case II). In Fig. 5.14, �σST (t)�T − σ(t) is plotted

as a function of Tratio corresponding to Ecom = 1.0 TeV, η = π/2 and the NC scale Λ = 0.65, 0.8 and

1.0 TeV, respectively (Case III). The machine energy is kept fixed at 1.0 TeV in both cases. Note that

the height (the depth) of the peak (the trough) increases with the lowering of Λ for a given machine
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(a) Figure12b
Figure 5.14: �σNC(t)�T − σ(t) is plotted against Tratio corresponding to η = π/2 and

Λ = 0.65 TeV(topmost), 0.8 TeV(middle), 1.0 TeV(lowermost), respectively. We set Ecom = 1.0 TeV.

energy. Also the pattern of peaks and dips becomes more periodic corresponding to η = π/2. The

peak and trough appeared in the cross section at the regular interval of time is a unique feature of the

NCSM scenario and found to be absent in other BSM scenarios. Such a time-dependent behaviour of

the production cross section can serve as the Occam’s razor in isolating noncommutative spacetime

from other types of New Physics.

5.4 Summary

We study the pair production of the top quark at the TeV energy e− e+ linear collider in the

noncommutative spacetime. We first analyze the process in the absence of earth rotation, with three

types i.e. electric-like, magnetic-like and electric+magnetic-like of NC vectors. We found that fo a

given value of the NC scale Λ = 0.65 TeV, the cross section increases with machine energy for a given

value in the case when the NC vector is electric-like. At a fixed value of the machine energy, the cross

section increases as Λ decreases. The oscillatory behaviour observed in the azimuthal distribution with

peaks and dip is unique and can be an useful tool in probing noncommutative spacetime. We have

incorporated the effect of earth’s rotation into our analysis and constructed time-averaged cross section

(�σ(t)�) and angular distribution (
�

dσ(t)
dφ

�
T

). We investigated their sensitivities on Λ and the orientation

angle η of the NC vector. The effect spacetime noncommutativity seems to be most prominent at

η = π/2. We find that the maximum effect of spacetime noncommutativity emerges in the case of

electric-like NC vector. The total time-averaged cross section is found to increase with the machine

energy for Ecom ≥ 1 TeV corresponding to η = π/2 and Λ = 0.65 TeV. The prominent peaks observed

in 1
�σ(t)�

�
dσ(t)
dφ

�
T

are located at φ = 0.88, 3.458 and trough at 5.265 rad for Λ = 0.65, 0.8 and 1.0 TeV

and η = π/2 at Ecom = 1 TeV. The height(depth) of the peak(trough) increases with lower Λ value

and the pattern of peaks and troughs become more periodic at the orientation angle η = π/2. We find
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that at the LC energy Ecom = 1 TeV and the LC luminosity L = 100 fb−1, the number of ttbar events

N yr−1 = 16600 yr−1 corresponding to Λ = 800 GeV. The corresponding SM event turns out to be

15000 yr−1. Finally, we obtain the diurnal variation of the total cross section over the sidereal day

Tday. The periodic appearance of peaks and troughs in the diurnal cross section can be searched at the

TeV energy colliders.

5.5 Appendix

5.5.1 Feynman rules to order O(Θ)

The Feynman rule for the f − f − γ and f − f − Z vertices to order O(Θ),( [208]):

γ : ieQf

�
γµ +

i

2

�
(PoutΘ)µ(/P in −m) + (ΘPin)µ(/P out −m)− koiγµ

��

Z :
ie

sin2θW

�
γµΓ

−
Af

+
i

2

�
(PoutΘ)µ(/P in −m)Γ−

Af
+ (ΘPin)µ(/P out −m)Γ−

Af
− koiγµΓ

−
Af

��

where Γ−
Af

= cfV − cfAγ
5 with cfV = T f

3 − 2Qfsin
2θw and cfA = T f

3 . Here, the flavour f = e, t.

Also koi = PoutΘPin. The Θ weighted momentum dot product koi = PoutΘPin = P µ
outΘµνP

ν
in =

−P ν
inΘνµP

µ
out = −PinΘPout = −kio.

Defining Pin = p1, Pout = −p2, Pin = −p4 and Pout = p3, we find the vertices to order O(Θ)

Γe−e+γ
µ : −ie

��
1 +

i

2
p2Θp1

�
γµ +

i

2

�
(p1Θ)µ(/p2 −me) + (Θp2)ν(/p1 −me)

��

Γγtt̄
ν :

2ie

3

��
1− i

2
p4Θp3

�
γν −

i

2

�
(p3Θ)ν(/p4 −mt) + (Θp4)ν(/P 3 −mt)

��

Γe−e+Z
µ :

ie

sin(2θW )

��
1 +

i

2
p2Θp1

�
γµΓ

−
Ae

+
i

2

�
(p1Θ)µ(/p2 −me) + (Θp2)µ(/p1 −me)

�
Γ−
Ae

�

ΓZtt̄
ν :

ie

sin(2θW )

��
1− i

2
p4Θp3

�
γµΓ

−
At

+
i

2

�
(p4Θ)µ(/p3 −mt) + (Θp3)µ(/p4 −mt)

�
Γ−
At

�

5.5.2 Momentum prescriptions and dot products

In center of momentum frame, the 4 incoming and outgoing particles momenta are given by:

p1 = pe− =

√
s

2
(1, 0, 0, 1) (5.4)

p2 = pe+ =

√
s

2
(1, 0, 0,−1) (5.5)
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p3 = pt =

√
s

2
(1, k� sin θ cosφ, k� sin θ sinφ, k� cos θ) (5.6)

p4 = pt =

√
s

2
(1,−k� sin θ cosφ,−k� sin θ sinφ,−k� cos θ) , (5.7)

where k� =

�
1− 4m2

t

s
. Here θ is the scattering angle made by the 3-momentum vector p3 of the

outgoing top quark t with the k̂ axis (the 3-momentum direction of the incoming electron e−) and φ is

the azimuthal angle.

In absence of earth rotation: We note that the constant antisymmetric Θµν tensor, analogous to

the field tensor Fµν , has 6 independent components: with 3 electric components (Θ0i) and 3 magnetic

components (Θij) corresponding to

Θµν =
1

Λ2
cµν =

1

Λ2
(c0i, cij) = (Θ0i,Θij) = (�ΘE, �ΘB)

with i, j = 1, 2, 3. Assuming all of them are non vanishing they can be written in the form

Θ0i =
1

Λ2
c0i =

1

Λ2
ξi, (5.8)

Θij =
1

Λ2
cij =

1

Λ2
�ijkχ

k. (5.9)

Setting ξi = 1√
3
, χi = 1√

3
with i = 1, 2, 3 and the fact that χi = −χi, ξi = −ξi, ξiξj = 1

3
δji and

χiχ
j = 1

3
δji , we find

p2Θp1 =
s

2
√
3Λ2

, (5.10)

p4Θp3 =
s

2
√
3Λ2

[cos θ + sin θ(cosφ+ sinφ)] . (5.11)

Considering the effect of earth rotation: The antisymmetric NC tensor Θµν = (�ΘE, �ΘB) has six

components out of which 3 are electric components of �ΘE and 3 are magnetic components of �ΘB.

Finally, the Θ-weighted dot product in the presence of earth rotation can be be written as

p2Θp1 = −s

2
Θlab

Az, (5.12)

p4Θp3 = −s

2

�
sθcφΘ

lab
Ax + sθsφΘ

lab
Ay + cθΘ

lab
Az

�
. (5.13)

where Θlab
Ax, Θ

lab
Ay and Θlab

Az (with A = �E, �B) are defined in appendix 3.6.

5.5.3 Amplitude square of the process e+e− γ,Z−→ tt

The direct and interference terms of Eq.5.3 are given by

�

spin

|Aγ|2 =
3× 64π2α2

9s2
ANC × Tr

�
( /p1 +me)γν( /p2 −me)γµ

�
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× Tr
�
( /p4 −mt) (D43γ

µ − i(p3Θ)νmt) ( /p3 +mt) (D
∗
43γ

µ + i(p3Θ)µmt)
�

(5.14)
�

spin

|AZ |2 =
3× 16π2α2

(Sin2θW )4
ANC

[(s−m2
Z)

2 +m2
ZΓ

2
Z ]

× Tr
�
( /p1 +me)γνΓ

−
Ae
( /p2 −me)γµΓ

−
Ae

�

× Tr
�
( /p4 −mt)

�
D43γ

νΓ−
Ae

− imtc
t
Aγ

5(p3Θ)ν
�
( /p3 +mt)

�
D∗

43γ
µΓ−

Ae
− imtc

t
Aγ

5(p3Θ)µ
��

(5.15)

�

spin

2Re(AZA
†
γ) = −3× 2Re

�
32π2α2

3s(Sin2θW )2
ANC

[s−m2
Z − imZΓZ ]

× Tr
�
( /p1 +me)γνΓ

−
Ae
( /p2 −me)γµ

�

× Tr
�
( /p4 −mt)(D43γ

νΓ−
Ae

− imtc
t
Aγ

5(p3Θ)ν)( /p3 +mt)(D
∗
43γ

µ + imt(p3Θ)µ)
��

(5.16)

where 3 is the color factor and ANC =
�
1 + 1

4
(p2Θp1)

2�, D43 = 1 + i
2
p4Θp3 and D∗

43 = 1− i
2
p4Θp3.

We have set the electron mass me = 0 and mt = 173.2 GeV in our analysis
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Chapter 6

Conclusions

”I have not failed. I’ve just found 10,000 ways that won’t work”-Thomas A. Edison

Despite the enormous experimental success, the fact that the SM cannot explain several outstanding

issues in both theoretical expectations and experimental observations forced us to believe that the SM

can at least offer a very good description for low-energy effective theory. To explain those outstanding

issues, one needs to think about physics beyond the SM (BSM), which is dubbed as New Physics.

Among the class of BSM models, supersymmetry, extra dimension, space-time noncommutativity has

drawn special attention in the high energy physics community. In the TeV scale gravity theory, the

strong gravity makes the spacetime noncommutative i.e. [x̂µ, x̂ν ] = iΘµν and it is the scale of non-

commutativity Λ (Θ−1/2) that we probe in this thesis. The NC tensor Θµν which breaks the rotational

invariance of the cross section about the beam axis, makes the cross section azimuthal (φ) dependent

and introduces an anisotropy in the azimuthal distribution which can provide the clinching signal of

the spacetime noncommutativity in the TeV energy collider.

Limited number of analysis on searching the spacetime noncommutatvity is available in the literature.

Most of the existing collider searches of spacetime noncommutativity were made in the context of

electron-positron linear collider(LC), while only few were available in the context of currently running

LHC. In addition, in most cases the effect of earth rotation was not considered at all, which needs

to be taken into account for any serious phenomenological investigation in the noncommutative phe-

nomenology.

The purpose of this thesis work is to widen our understanding of the magnitude of the noncommutative

scale Λ by looking at processes both at LHC and LC with and without considering the effect of earth

rotation into the analysis. Also the thesis aims to fill up the gap which is due to the lack of spacetime
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NC searchs at LHC.

We have investigated the studied the Drell-Yan process at LHC, Higgstrahlung and top quark pair

production process at LC and obtained the bound on Λ with and without considering the effect of earth

rotation into the analysis. We have demonstrated how the spacetime noncommutativity can be realized

in the TeV energy high energy LHC and LC. The thesis consists of five chapters.

In the first chapter, we have reviewed the standard Model of particle physics (e.g. its gauge struc-

ture, particle content, symmetry breaking mechanism) and discuss about its limitation. We set the

tune for motivation of doing BSM physics and discuss about a few class of new physics models e.g.

supersymmetry, extra dimensional models, spacetime noncommutativity etc.

In the second chapter, we have given a brief introduction of noncommutative(NC) geometry, discuss

about Weyl-Moyal, Seiberg-Witten and other approaches of spacetime noncommutativity. We briefly

addressed the renormalizability issues in the NC models. Finally, we discussed about the construction

of minimal NCSM(mNCSM) (in which the standard model vertices gets modified due to spacetime

noncommutativity) and non-minimal NCSM(nmNCSM in which besides the minimal NCSM vertices,

new couplings e.g. triple neutral gauge boson couplings etc do also arise). Finally, we have given the

survey of the noncommutative phenomenology.

In the third chapter, we have studied Higgstrahlung process e+e− → Zh at the TeV energy future

linear colliders in the non-minimal NCSM using the Feynman rule to all orders of the noncommutative

parameter Θµν while considering the effect of earth rotation.We have found that the optimal collision

energy relation which is slightly differs from ref [257], because we have included the
√
s = 3.0

TeV machine energy as well as mass of the Higgs boson mH = 125 GeV. The relation is
√
s0 =

7.31164 + 2.50151Λ. One can arrive the conclusion from the table 3.2 to probe the reliable lower

value of the Λ which are −∼ 500 GeV and −∼ 1000 GeV at
√
s = 1.5 TeV and

√
s = 3.0 TeV and the

optimal collision energy is
√
s0 = 1258.07 GeV and

√
s0 = 2508.82 GeV respectively.

The diurnal modulation (σ(t)− �σ�T ) vs t/Tday graph is found to oscillatory whose amplitude(at a

given energy) decreases with the increase in Λ and finally becomes zero in the limit Λ → ∞ (Standard

Model result). The time-averaged azimuthal distribution �dσ
dφ
�T against φ for different Λ at different

machine energies is found to have a oscillatory behaviour because of the additional terms p3Θp4 ∼
s
Λ2 (cosθ + sinθ (sinφ+ cosφ)). Note that the distribution is completely flat in the standard model.

Such an oscillatory azimuthal distribution, which is found to be absent in most of the BSM models,

can be used to single out spacetime noncommutativity from other class of BSM models.

We then did our analysis considering the effect of earth’s rotation into the analysis and investigate its
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impact on the total cross-section, azimuthal distribution corresponding to the machine energy varying

from 0.5 TeV to 3 TeV and the NC scale Λ ≥ 0.5 TeV.

In the fourth chapter, we have investigated the Drell-Yan pp → l+l− (l = e, µ) process in the nm-

NCSM at the LHC. We calculate the Drell-Yan production cross section to the first order in Θµν .

Besides the quark and gluon mediated SM production channels with modified Feynman rules, one

needs to take into account for the gluon fusion process the presence of g−g−γ and g−g−Z vertices

at the tree level. We find some of the characteristic signatures such as oscillatory azimuthal distri-

butions(which is flat in the SM), an outcome of the momentum-dependent effective couplings (which

triggers the azimuthal anisotropy through the breaking of the rotational invariance about the beam axis)

and explore the noncommutative scale Λ ≥ 0.4 TeV, corresponding to the machine energy(
√
s) vary-

ing from 7 TeV to 13 TeV. For
√
s = 7 TeV, as the coupling parameter KZgg (corresponding to the

new vertices Zgg) changes from −0.108 to 0.217, the leading order(LO) cross section σ increases from

637(660) pb to 639(734) pb corresponding to Λ = 1(0.4) TeV.

In chapter five, we investigated the pair production of top quark in the noncommutative(NC) spacetime

in LC. Using the O(Θ) Feynman rule, we obtained the cross section and the azimuthal distribution of

the top quark pair production and investigated their sensitivities on the NC vector �Θ in the following

three cases- Case I: space-time(ST) noncommutativity with Θµν = Θ0i(E-like NC vector), Case II:

space-space(SS) noncommutativity with Θµν = Θij (B-like NC vector) and Case III: space-time and

space-space noncommutativity together (NC) with Θµν = (Θ0i,Θij)(the NC vector have electric and

magnetic components) and the NC scale Λ. In the case of space-space noncommutativity, the fact that

(σSS − σSM) ≤ 0.02σSM , gives rise the lower bound on the NC scale Λ ≥ 0.65 TeV. The azimuthal

distribution
�

dσ(t)
dφ

�
T

vs φ is found to be oscillatory with peaks and troughs corresponding η = π/2

and Λ = 0.65 TeV at Ecom = 1 TeV in the case of electric-like(Case I) NC vector, whereas flat

in the case of magnetic-like NC vector(i.e. Case II). The diurnal (oscillatory) behaviour of the top-

quark production cross section over the period of a complete day + night with peaks and troughs

corresponding to Λ = 0.65 TeV and the machine energy
√
s = 1 TeV can be looked at in the future

TeV energy colliders.

In this thesis we have made an extensive phenomenological analysis of Seiberg-Witten class of model

in present and future colliders. The large η-dependent NC cross-section, time-averaged NC correction,

the relative correction and the azimuthal anisotropy in the cross-section can hopefully be found in LHC

and LC as the clinching and unmisleadingly clear signal of spacetime noncommutativity.
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Future Scope of the Work:

The present thesis, in which we have studied the Higgstrahlung process, top quark pair production at

the linear collider and the Drell-Yan process at the Large Hadron Collider in the nocommutative space-

time and find Λ, the scale of noncommutativity- is an effort to fill up the gap arised due to the lack

of phenomenological searches of spacetime noncommutativity. The azimuthal anisotropy predicted in

the cross section and its distribution arising due to the breaking of rotational invariance around the

beam axis by the noncommutative vector can undoubtedly be the clear signal and clinching evidence

of spacetime noncommutativity. The future direction of the present thesis work:

1. The work done in the context of LHC and LC can further be extended by making the use of

helicity amplitude technique to get a better clear picture of noncommutative spacetime at high

energy.

2. The detailed analysis of the pair production of W -boson, di-photon and Higgs pair in the non-

commutative spacetime can also throw light on the structure of spacetime at high energy.

3. An U(1)-extension of the non-minimal NCSM may be a potential contender of a dark matter

model and might possibly have several interesting phenomenological consequences. Work in

this direction is in progress.

4. The space-time noncommutativity can act as a new source of CP violation, which can be tested

in several B meson decays.
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