
Chapter 2

Transient Analysis of Variant Abandon and
Vacation Policy

“Synchronous consensus applies to

real-time systems, in which dedicated

hardware means that messages will

always be passed with specific timing

guarantees.”

Betsy Beyer

2.1 Introduction

In an active redundancy, a fault-tolerant machining system uses identical operating
units functioning in parallel. Fault tolerance is a non-critical condition adapted by
the machining system to continue working appropriately when some of its operating
units fail randomly. The study of machine repair problems has remarkably increased
and become significant with the development of production industries. Many diverse
models have been well-thought-out by researchers, and comprehensive surveys on
machine repairable problems have been done (cf. Sztrik and Bunday [165]; Haque
and Armstrong [59]; Shekhar et al. [159]). The main apprehension in all past studies
is about the reliability characteristics of the fault-tolerant machining system.

Passive redundancy is a backup arrangement of functional capabilities in the ma-
chining system that would be inoperable in a fault-free environment. The redundant
machining system comprises the spare unit(s) that switch to the operable state au-
tomatically as the operating unit fails randomly. For the preventive maintenance of
the fault-tolerant machining system, the backup arrangement of spare units has been
preferred in general and useful to enhance or maintain high system reliability and
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availability. The spare unit in passive redundancy is categorized into three classifi-
cations relying on its failure attributes as follows: cold, warm, and hot. Cold spare
means that the redundant unit does not fail while it is in an inoperable state, the warm
spare means that the redundant unit may fail at the inoperable state with rate less than
the failure rate of an operating unit, and the hot spare means that the redundant unit
may also fail randomly in the inoperable state at the indistinguishable rate of fail-
ure of an operating unit. The scientific study of the redundant repairable machining
systems was advanced by numerous researches (cf. Huang et al.[66]).

In graceful degradation, fault-tolerant machining system functions continuously
as a whole even when some of its operating units break down. The graceful degra-
dation is alluded as (m,M) degradable machining system (cf. Jain et al.[84]). For
normal mode, every unit in the machining system comprises M operating units must
work. In short mode, a machining system may also continue in function even it has
lesser operating units in work than the required (M) but more than the least number
of required operating units (m). The load sharing with the lesser number of operating
units may lead to more likely of their failure.

The likelihood of a spare unit for being failed in switching from a standby state
to the operating state on the failure of the operating units always exists due to some
automation failure. The switching failure leads to diminishing the reliability of the
fault-tolerant machining system and requires a special research investigation. Ac-
cordingly, the present study considers the switching failure possibility of the spare
unit(s). Lewis [116] was first to introduce the concept of the switching failure from
standby state to operating state of spare units in his text on the reliability of the
spare provisioning system. The pioneer investigations with mathematical modeling
of spare units’ switching failure in machining system can be found in the contribu-
tion of the specialized researchers (cf. Jain et al. [85]; Jain et al. [82]; Jain and
Rani [80]). Ke et al. [98] used the supplementary variable method with a recursive
methodology to derive the stationary probabilities of the machine repair problem
with general repair times of failed units and spare unit’ switching failure. Kuo and
Ke [111] compared the cost/benefit ratio and availability among different spare pro-
visioning frameworks with switching failure and an unreliable server. Sadeghi and
Roghanian [149] employed a Markov process, and Laplace transforms to determine
the explicit expressions of mean time-to-failure and steady-state availability of warm
spare repairable machining system with the imperfect switching mechanism.

The fault-tolerant machining system with repairman’ multiple vacations has been
studied extensively in earlier research. In the classical multiple vacation policy, the
repairman is not available for repairing the failed units for some random period after
completion of a required job. It reduces the idle time of the repairman, the expected
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cost of service, heat-up of the processor in computing and processing devices. But
this may also prompt the loss, dissatisfaction or delay in repairing of the prospective
failed units due to lack of just-in-time availability (cf. Zhang and Guo [205]).

Servi and Finn [152] introduced a new sort of semi-vacation policy for server
called working vacation (WV) policy, in which the server continues to work at a
slower rate rather than completely terminates during a vacation period in single-
server Markovian queue of gateway router in fiber communication networks and de-
rived the probability generating function (PGF) of the queue size and sojourn time
in steady-state. In working vacations, the server may accomplish other jobs simulta-
neously for additional revenue and also quite reasonable for the repair of the failed
units. A working vacation, a bit of an oxymoron in nature for a repairman, is the ideal
balance between service and vacation. The major and iconic contributions in study-
ing working vacation policy can be found in the following scientific literature (cf. Ke
and Wu [100]; Yang and Wu [194]; Jain et al. [84]). The detailed overview of work-
ing vacation with variants of service and arrival was furnished by Chandrasekaran
et al. [21]. Jain et al. [83] used Newton-quasi method and a direct search method
for optimal analysis of the machining system operating under admission control and
server working vacation policy.

In the working vacation policy, it is the usual strategy that server recommences
service with the normal rate only when the system has a waiting failed unit at the
end of a vacation. Without a doubt, such a proposition seems significantly restrictive
in real-time. To overcome this imperative, Li and Tian [118] acclimated the vaca-
tion interruption schedule in an M/M/1 queue with working vacations. Under this
sort of working vacation scheduling, if there are more than pre-specified threshold
customers waiting at the moment of a service consummation in the vacation period,
the server terminates his vacation and renders the service at a normal rate; otherwise,
continues the vacation until the vacation epoch ends. Attributable to the strong ap-
plication in the stochastic service systems, many useful and satisfactory theoretical
researches are exhibited. The major work done on vacation interruption with differ-
ent queueing variants are found in following research articles (cf. Li et al. [117];
Baba [13]; Zhang and Hou [201]; Liu et al. [125]). The realistic phenomenon vaca-
tion interruption schedule for the fault-tolerant machining system is also included in
this chapter.

In general, the caretaker of failed units is impatience in a long waiting queue,
although the repairman continuously provides repair to the failed units and more
prompt in the absence of a repair facility. To diminish discouragement in the ab-
sence of in-house repairman due to vacation, in this investigation, the assumption of
a different kind of source of abandonment for the benefit to waiting caretaker is also
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considered. The extraneous repair facility at additional expenses is made available
following Poisson process when in-house repairman is on working vacation and pro-
vides the intended repair to failed units. In present assumption, caretakers abandon
the machining system simultaneously for the seek of service by extraneous repair
facility following some point process instead of the standard supposition of one by
one independent abandonment. At the abandonment epochs, every waiting caretaker
may abandon the waiting queue with probability p independent to the state of the
others. The synchronized abandon follows binomial distribution at the abandonment
epochs. To enrich the present literature on synchronized abandonment, some keynote
works of pioneer researchers, mathematicians, etc, are available in following articles
(cf. Yang et al. [196]). Shekhar et al. [153] analyzed the geometric reneging of
failed units in the machining system with the provision of spare units and studied the
various type of reliability characteristics.

Maintaining a high or required level of reliability and/or availability is a fun-
damental imperative of a fault-tolerant machining system. Markovian analyses are
more likely in the dynamic system and may be well-suited in practice in designing
such a system. It is essential to examine a redundant Markovian repairable machin-
ing system with switching failures, vacation interruption, and synchronized aban-
donment behavior of failed units. The derivation of the explicit expressions of the
reliability function and the mean time-to-system failure (MT T F) is also shown. The
literature survey on reliability modeling and analysis is summarized in the following
articles (cf. Lv et al. [126]; Ke et al. [67]; EI-Damcese and Shama [39]). Ahmad et
al. [2] studied various modeling and analysis techniques that could aid in the study
of the reliability and presented rich literature review.

Generally, finite population queueing models with vacation have usually accen-
tuated steady-state or equilibrium performance. Inferring steady-state measures of
system performances do not bode well for systems that never approach equilibrium.
The steady-state is appropriate to study the performance of systems on a long time
scale while the transient-state is valuable for studying the dynamical behavior of sys-
tems over a limited time horizon. The transient analysis helps to comprehend the
behavior of a system when the parameters involved are perturbed. Stationary results
are mainly used within the system design process. However, due to both variability
and vulnerability of the failure of the unit, robust performance, in general, is difficult
to accomplish simultaneously within the design process. Thus, some administrative
decisions have to be taken with the aim of dynamically adapting the resource alloca-
tion for the system load. The administrative actions can often be based on transient
analytical results for a queueing model precisely representing the system of inter-
est. Moreover, transient analytical results are specifically useful for studying the
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finite-time characteristics of queueing systems. Some phenomenal articles on tran-
sient analysis are enriched by following researchers (cf. Jain and Preeti [78]; Ammar
[7]). Recently, Shekhar et al. [156] employed a Runge-Kutta approach for the tran-
sient investigation and sensitivity analysis of the redundant repairable system with
probabilistic spare switching failure and geometric reneging.

The content of this chapter varies from recently published works in (i) it consid-
ers the spare switching failures, vacation interruption of the server and synchronized
abandon of the failed units; (ii) it presents advanced methodology to determine the
transient-state probabilities in very less computational time; and (iii) it performs sen-
sitivity analysis for the reliability characteristics with different system parameters.

The investigation of abandon of the failed units in the fault-tolerant machining
system within the class of queueing systems with modified working vacations, in-
cluding its interruption, is a new endeavor. The purpose of this investigation is to
accomplish three objectives. The first is to present the mathematical model of state-
of-the-art multi-unit system design, having various realistic issues related to a ma-
chining system. The second is to present the mathematical approach, a Laplace trans-
form method for deriving the transient-state probability that the system has failed on
or before time from which the reliability characteristics and queueing characteristics
can be attained. The third is to perform a parametric examination of reliability and
queueing attributes and sensitivity analysis of the system reliability and the mean
time-to-failure along with changes in explicit estimations of the system design pa-
rameters.

The rest of this chapter is organized as follows. In section (2.2), the detailed
description of the quasi-birth and death process of the model is given along with
practical justification and governing equations. In the next section (2.3), the queue-
size distribution and the state probabilities of the machining system are determined
in a transient-state using the theory of Laplace Transforms, Eigenvalues, and Eigen-
vectors. The next section (2.4) describes various performance indices viz queueing
characteristics and reliability characteristics to check the legitimacy of the model.
Section (2.5) describes the procedure to audit the sensitivity using the theory of cal-
culus. In section (2.6), we correlate speculation of the studied model with previous
valid and published models as special cases. In section (2.7) and (2.8), procedure
and simulation results are presented for sensitivity analysis for performance mea-
sures with respect to system parameters, respectively. The chapter concludes with
section (2.9), where the conceivable speculations and future extension are discussed.
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2.2 Model Description

2.2.1 Assumptions and Notations

In this investigation, the redundant repairable machining system are considered wherein
M indistinguishable operating units are working simultaneously in parallel with the
provision of S warm spare units and a reliable repairman. For the normal functioning
of the machining system, all M units are required, alluded as normal mode, but will
also be functioning safely in short mode, if there is at least m(1 < m < M) operating
units in the machining system. Hence, the number of failures of the unit allowed
is L = M + S−m+ 1. The fault-tolerant machining system is referred to as (m,M)

machining system. System reliability is investigated according to the assumptions
that the system is safe when at least m operating units are working. Following are
some more assumptions and notations which are considered for modeling purpose:

Failure Process

• Each operating (or spare) unit fails autonomously to the failure condition of the
other, and the time-to-failure of each operating (or spare) unit is exponentially
distributed with the rate λ (ν , 0 < ν < λ ). A failed unit is sent for repairing
instantaneously.

• On failure of an operating unit, the available spare unit switches to the working
state promptly and has the same functioning and failure qualities as an oper-
ating unit. There may be a plausibility of switching failure from the standby
state to working state with the likelihood q for all available spare units.

• On the exhaust of all spare units, the time-to-failure of each operating unit is
exponentially distributed with an increased rate of λd . Hence, the fault-tolerant
machining system alludes to a degraded system.

Vacation Policy

• When there is no failed unit to be repaired in the machining system, the repair-
man takes the working vacation of a random period. The time-for-on vacation
also follows an exponential distribution with the meantime 1/θ . The repair-
man follows a multiple vacation policy in which the repairman takes another
vacation of random duration if he finds no waiting failed units to be repaired
in the machining system at the end of the vacation time.
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• In short mode, due to the overload of failed units in the system, vacation time
interrupts in short immediately, and the repairman continues to repair with a
normal rate.

Repair Process

• Failed units are repaired in the order of breakdowns, with a time-to-repair
which is exponentially distributed with parameter µb. The repaired unit is
equivalent to the new unit and sent in the pool of operating units, or spare units
instantaneously relies on a state of the system.

• During working vacation, the repairman keeps on repairing the failed units,
and time-to-repair also follows an exponential distribution with rate parameter
µv (µv < µb).

Abandon Policy

• During the working vacation epoch of the repairman, the system relies on an
extraneous repair facility also to avoid the long waiting queue of failed units at
some additional expenses. The time-to-arrival of the extraneous repair facility
follows an exponential distribution with parameter ξ .

• On arrival of the extraneous repair facility, some or all failed units may aban-
don the system following a point process. Each failed unit may abandon the
system independent of the other failed units with the probability of abandoning
p.

All events operating/spare unit failure, switching failure, repair, abandon, repairman
vacation, vacation interruption, etc. are independent of each other.

2.2.2 Practical Justification of the Model

In the improvement of the internet of things (IoT), cloud technology is a greatly
evolving issue from the small endeavor to worldwide enterprises. The cloud model,
infrastructure as a service (IaaS), is made of exceedingly versatile and mechanized
computing resources and assets. Through virtualization innovation, IaaS is com-
pletely self-service for accessing and monitoring virtual machines (VM) like a com-
puter, networking, storage, and other services, and it enables organizations to buy or
get on rent resources on-demand and as-needed as opposed to purchasing the equip-
ment outright physically. IaaS gives indistinguishable advancements and abilities as
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a customary service center without having owned infrastructure physically and with-
out botheration to maintain or manage all of it. Some outstanding IaaS suppliers are
DigitalOcean, Linode, Rackspace, Amazon Web Services (AWS), Cisco Metapod,
Microsoft Azure, Google Compute Engine (GCE).

To fulfill the desired level of the quality of the service (QoS), a failed virtual
machine (VM) is replaced immediately by an available warm spare VM, and the
failed VM‚s malfunctioning is repaired at in-house service center immediately. The
switching of a warm spare VM may also fail due to an error in the kernel program or
root filesystem. VM repair server may exhibit working vacation and provide a slower
service rate to restore software or hardware efficiency or to avoid the problem, such
as abnormal program execution or disk hot-swap. This vacation may be interrupted
as and when required. To overcome the load of failed VM, the service center may
opt services of outsourced repair servers on rent basis, which abandons some failed
VM from service center for early restoration.

The studied model assumptions are suitable for such cloud service providers. The
current investigation gives the platform for analyzing the reliability issues, predicting
the just-in-time (JIT) service quality, and state-of-the-art infrastructure design.

2.2.3 Chapman Kolmogorov Differential-Difference Equations

Initially, at time t = 0, the system has all operating (or spare) units in the normal
state, i.e., no failed units since the system has just started in operation. Firstly, the
transient-state governing equations are formulated and then spectral method as well
as an efficient MATLAB program is used to compute the transient-state probabilities.

The states of the machining system are structured in notation by the pair

{(I(t),N(t))∪F(t)|I(t) = 0,1;N(t) = 0,1,2, ...,L; t ≥ 0}

where

I(t)≡

0; Repairman is in working vacation state at time t

1; Repairman is in a busy state at time t

N(t)≡ Number of failed units in the system at time t

and

F(t)≡ The system is in failed state at time t
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The transient-state probabilities at time t (t ≥ 0) are defined as follows:

P0,n(t) = Prob{I(t) = 0,N(t) = n} ;n = 0,1,2, ...,L−1

P1,n(t) = Prob{I(t) = 1,N(t) = n} ;n = 1,2, ...,L−1

PF(t) = Prob{The system is in failed state at time t}

Referring state change in state-transition diagram drawn in Fig. (2.1), transient-
state Chapman-Kolmogorov differential-difference equations of the studied MRP
with working vacation interruption and abandon of failed units are as follows:

Case I: When repairman is on working vacation (I(t) = 0)

dP0,0(t)
dt

= − (Mλ +Sν)P0,0(t)+µνP0,1(t)+
L−1

∑
i=1

pi
ξ P0,i(t)+µbP1,1(t) (2.1)

dP0,1(t)
dt

= − (Mλ +(S−1)ν +µν +ξ +θ)P0,1(t)+(Mλ (1−q)+Sν)P0,0(t)

+µνP0,2(t)+
L−1

∑
i=1

(
i

i−1

)
pi−1(1− p)ξ P0,i(t)

(2.2)

dP0,n(t)
dt

= − (Mλ +(S−n)ν +µv +ξ +θ)P0,n(t)

+(Mλ (1−q)+(S−n+1)ν)P0,n−1(t)+
n−2

∑
i=0

Mλ (1−q)qn−i−1P0,i(t)

+µvP0,n+1(t)+
L−1

∑
i=n

(
i

i−n

)
pi−n(1− p)n

ξ P0,i(t); 2≤ n≤ S−1

(2.3)

dP0,S(t)
dt

= − (Mλd +µν +ξ +θ)P0,S(t)+(Mλ (1−q)+ν)P0,S−1(t)

+
S−2

∑
i=0

Mλ (1−q)qS−i−1P0,i(t)+
L−1

∑
i=S

(
i

i−S

)
pi−S(1− p)S

ξ P0,i(t)
(2.4)
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dP0,S+1(t)
dt

= − ((M−1)λd +µν +ξ +θ)P0,S+1(t)+MλdP0,S(t)+
S−1

∑
i=0

MλqS−iP0,i(t)

+
L−1

∑
i=S+1

(
i

i−S−1

)
pi−S−1(1− p)S+1

ξ P0,i(t)

(2.5)

dP0,n(t)
dt

= − ((M+S−n)λd +µν +ξ +θ)P0,n(t)+(M+S−n+1)λdP0,n−1(t)

+
L−1

∑
i=n

(
i

i−n

)
pi−n (1− p)n

ξ P0,i(t); S+2≤ n≤ L−2

(2.6)

dP0,L−1(t)
dt

= − (mλd +µν +ξ +θ)P0,L−1(t)+(m+1)λdP1,L−2(t)

+(1− p)L−1
ξ P0,L−1(t)

(2.7)

Case II: When the repairman is in the busy state (I(t) = 1)

dP1,1(t)
dt

= − (Mλ +(S−1)ν +µb)P1,1(t)+µbP1,2(t)+θP0,1(t) (2.8)

dP1,n(t)
dt

= − (Mλ +(S−n)ν +µb)P1,n(t)+(Mλ (1−q)+(S−n+1)ν)P1,n−1(t))

+µbP1,n+1(t)+
n−2

∑
i=1

Mλ (1−q)qn−i−1P1,i(t)+θP0,n(t); 2≤ n≤ S−1

(2.9)

dP1,S(t)
dt

= − (Mλd +µb)P1,S(t)+(Mλ (1−q)+ν)P1,S−1(t)+µbP1,S+1(t)

+
S−2

∑
i=1

Mλ (1−q)qS−i−1P1,i(t)+θP0,S(t)+µνP0,S+1(t)
(2.10)

dP1,S+1(t)
dt

= − ((M−1)λd +µb)P1,S+1(t)+MλdP1,S(t)+µbP1,S+2(t)
S−1

∑
i=1

MλqS−iP1,i(t)

+θP0,S+1(t)+µνP0,S+2(t)
(2.11)
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dP1,n(t)
dt

= − ((M+S−n)λd +µb)P1,n(t)+(M+S−n+1)λdP1,n−1(t)

+µbP1,n+1(t)+θP0,n(t)+µνP0,n+1; S+2≤ n≤ L−2
(2.12)

dP1,L−1(t)
dt

= − (mλd +µb)P1,L−1(t)+(m+1)λdP1,L−2(t)+θP0,L−1(t) (2.13)

Case III: When the system is in down state (F)

dPF(t)
dt

= mλd P0,L−1(t)+mλd P1,L−1(t) (2.14)

2.3 Transient Probabilities Analysis

In this section, the transient-state probabilities for the state of the machining system
are computed from the system of differential difference Eqn’s. (2.1)-(2.14) summa-
rized in previous section following model description. For this purpose, the Laplace
transforms of the state probabilities of number of failed units in the system and their
derivatives are defined as:

P̃i,n (s) = L(Pi,n (t)) =
∫

∞

0
e−stPi,n (t)dt

and
L
(

dPi,n (t)
dt

)
= sP̃i,n (s)−Pi,n (0)

where s is Laplace variable. For the notational ease, the state probabilities are de-
noted in single subscript index as pursues:

[P0,0 (t) ...P0,L−1 (t)]
T ≡ [π1 (t) ...πL (t)]

T

[P1,1 (t) ...P1,L−1 (t)]
T ≡ [πL+1 (t) ...π2L−1 (t)]

T

PF (t)≡ π2L (t)

Hence, the corresponding Laplace transforms of state probabilities are π̃r (s)=L{πr (t)}, 1≤
r ≤ 2L. We also define column vectors of order 2L having state proprobabilities as
elements as follows

Π̃ΠΠ(s) = [π̃1 (s) , π̃2 (s) , π̃3 (s) , π̃4 (s) , ...., π̃2L−1 (s) , π̃2L (s)]
T

ΠΠΠ(0) = [π1 (0) ,π2 (0) ,π3 (0) ,π4 (0) , ...., π2L−1 (0) , π2L (0)]
T
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On applying Laplace transforms of the state probabilities and their derivatives as
defined above, the system of differential-difference Eqn’s. (2.1)-(2.14) is changed to
system of linear equations which can be expressed in the matrix form as follows

ΛΛΛ(s)Π̃ΠΠ(s) = ΠΠΠ(0) (2.15)

where ΛΛΛ(s) is the square matrix of order 2L having coefficients as elements. The
Cramer’s rule is employed for solving the matrix equation and obtain an explicit
expression of Laplace transform of state probabilities π̃r (s) as

π̃r (s) =
|ΛΛΛr (s)|
|ΛΛΛ(s)| ;1≤ r ≤ 2L (2.16)

where ΛΛΛr (s) is also square matrix of order 2L that is generated from ΛΛΛ(s) by sub-
stituting rth column with the right hand side column vector ΠΠΠ(0). For the explicit
expression for state probabilities, inverse Laplace transform is taken as

πr (t) = L−1 (π̃r (s))

For this purpose, the explicit expression of π̃r (s) from Eqn.(2.16) is obtained as
follows. Since ΛΛΛ(s) is a coefficient matrix generated from balanced in-flows and
out-flows rates which makes it singular in nature, it is primarily noted that s = 0 is
one latent root of characteristics equation |ΛΛΛ(s) | = 0. which is obtained from the
denominator |ΛΛΛ(s)|.

Let s =−l is one of the other unknown latent roots of |ΛΛΛ(s)|= 0. Therefore

ΛΛΛ(−l) = AAA− lIII (2.17)

where AAA = ΛΛΛ(0) and III is an identity matrix of order 2L. Now expression in Eqn.
(2.15) can also be written as

ΛΛΛ(−l)Π̃ΠΠ(s) = (AAA− lIII)Π̃ΠΠ(s) = ΠΠΠ(0) (2.18)

Since lh (6= 0) ;h = 1,2, ...,2L− 1 are 2L− 1 distinct latent roots of |AAA− lIII| = 0
that may be real or complex in nature. Let l1, l2, ..., ln1 are n1 real latent roots and
ln1+1, l̄n1+1, ..., ln1+n2, l̄n1+n2 are 2n2 complex latent roots in conjugate pair such that
n1 +2n2 = 2L−1. Therefore,

|ΛΛΛ(s)|= s

(
n1

∏
h=1

(s+ lh)

)(
n2

∏
h=1

(
s2 +

(
ln1+h + l̄n1+h

)
s+ ln1+hl̄n1+h

))
(2.19)
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Hence, Eqn. (2.16) rewritten as

π̃r (s) =
|ΛΛΛr (s)|
|ΛΛΛ(s)|

=
|ΛΛΛr (s)|

s
(

n1
∏

h=1
(s+ lh)

)(
n2
∏

h=1

(
s2 +

(
ln1+h + l̄n1+h

)
s+ ln1+h l̄n1+h

)) ;1≤ r ≤ 2L

(2.20)

which can also be expressed in partial fraction form as

π̃r (s) =

=
a0,r

s
+

n1

∑
h=1

ah,r

(s+ lh)
+

n 2

∑
h=1

bh,rs+ ch,r(
s2 +

(
ln1+h + l̄n1+h

)
s+ ln1+h l̄n1+h

) ; 1≤ r ≤ 2L

(2.21)

where a0,r, ah,r, bh,r and ch,r are constants. The value of these constants can be
obtained using algebra of matrix theory as follows

a0,r =
|ΛΛΛr (0)|

n1
∏

h=1
(lh)

n2
∏

h=1

(
ln1+hl̄n1+h

) (2.22)

ah,r =

|ΛΛΛr (−lh)|
(−lh)

n1
∏

g = 1
g 6= h

(lg− lh)
n2
∏

g=1

(
l2
h +
(
ln1+g + l̄n1+g

)
(−lh)+ ln1+g l̄n1+g

) h = 1,2, ...,n1

(2.23)

bh,r (−ln1+h)+ ch,r = ∣∣ΛΛΛr (−ln1+h)
∣∣

(−ln1+h)
n1
∏

g=1
(lg− ln1+h)

n2
∏

g = 1
g 6= h

(
(−ln1+h)

2 +
(
ln1+g + l̄n1+g

)
(−ln1+h)+ ln1+g l̄n1+g

) ;

h = 1,2, ...,n 2

(2.24)
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On taking inverse Laplace transform of expression in Eqn. (2.21), an explicit expres-
sion of the transient-state probabilities are obtained as follows:

πr (t) =

a0,r +
n 1

∑
h=1

ah,re−lht +
n2

∑
h=1

[
bh,re−uht cosvht +

ch,r−bh,ruh

vh
e−uht sinvht

]
; 1≤ r ≤ 2L

(2.25)

where uh and vh are real and imaginary parts of respective complex latent root ln1+h

and a0,r, ah,r, bh,r and ch,r are already computed constants in Eqn’s. (2.23)-(2.24).

2.4 Performance Measures

In this section, some performance measures are delineated that are certainly difficult
in computing directly due to assumption of point process abandonment which intro-
duces state-heterogeneous transition rate matrices. These measures help researchers
to know the behavior of the machining system and the extent of the impact of other
variables on it.

Let Y be the arbitrary variable representing the time-to-failure of the machining sys-
tem and PF(t) represents the probability that the system has failed at or before time t.
The reliability is characterized as the probability that the system will perform its in-
tended job without failure under stated specific condition for a stated period of time.
Therefore, the reliability of the system is given by

RY (t) = 1−PF(t); t ≥ 0 (2.26)

Thus the mean time-to-failure (MT T F) of the system is defined as

MT T F =

∞∫
t=0

RY (t)dt =
∞∫

t=0

(1−PF(t))dt

= lim
s→0

[
1−a0,2L

s
−

n1

∑
h=1

ah,2L

s+ lh
−

n2

∑
h=1

bh,2Ls+ ch,2L

s2 +(ln1+h + l̄n1+h)s+ ln1+hl̄n1+h

]

=−
n1

∑
h=1

ah,2L

lh
−

n2

∑
h=1

ch,2L

ln1+hl̄n1+h
(2.27)

For the important elucidation of the studied MRP model from the application per-
spective, some more performance measures are defined as
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• The expected number of failed units in the machining system at time t

EN(t) = E(N(t)) =
1

∑
i=0

L−1

∑
n=i

nPi,n(t)+LPF(t) (2.28)

• The expected throughput of the machining system at time t

T P =
L−1

∑
n=1

µνP0,n(t)+
L−1

∑
n=1

µbP1,n(t) (2.29)

• The expected number of spare units in the machining system at time t

ES(t) =
1

∑
i=0

S

∑
n=i

(S−n)Pi,n(t) (2.30)

• The expected number of operating units in the machining system at time t

EO(t) = M
1

∑
i=0

S

∑
n=i

Pi,n(t)+
1

∑
i=0

L−1

∑
n=S+1

(M+S−n)Pi,n(t) (2.31)

• The expected carrying load of failed units in the machining system at time t

λe f f (t) =
1

∑
i=0

S

∑
n=i

(Mλ +(S−n)ν)Pi,n(t)

+
1

∑
i=0

L−1

∑
n=S+1

(M+S−n)λdPi,n(t)

(2.32)

• The expected waiting time for the failed unit in the machining system at time t

EW (t) =
EN(t)
λe f f

(2.33)

• The expected delay time in the service by the repairman at time t

ED(t) =
EN(t)

T P
(2.34)

• The effective switching failure rate of spare unit at time t

SR(t) =
1

∑
i=0

S−1

∑
n=i

MλqPi,n(t) (2.35)

• The effective reneging rate of the failed units during vacation period at time t

RR(t) =
L−1

∑
n=1

(1− pn)ξ P0,n(t) (2.36)

• Failure frequency of the system at time t

FF(t) = mλd

1

∑
i=0

Pi,L(t) (2.37)

• Vacation interruption frequency of the system at time t

V F(t) =
L−1

∑
n=S+1

µvP0,n(t) (2.38)

• Machining system availability at time t

MA(t) = 1− EN(t)
M+S

(2.39)
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2.5 Sensitivity Analysis

The affectability of reliability function RY (t) and mean time-to-failure MT T F with
respect to diverse system parameters can be investigated on applying the principle of
calculus as follows:

∂ΛΛΛ(s)
∂θ

Π̃ΠΠ(s)+ΛΛΛ(s)
∂ Π̃ΠΠ(s)

∂θ
= 0 (2.40)

∂ Π̃ΠΠ(s)
∂θ

=−(ΛΛΛ(s))−1 ∂ΛΛΛ(s)
∂θ

Π̃ΠΠ(s) (2.41)

The derivative of reliability function RY (t) is calculated as follows:

Φθ (t) =
∂RY (t)

∂θ
=−∂PF(t)

∂θ
= L−1

(
−∂ P̃F(s)

∂θ

)
= L−1

(
−∂ π̃2L(s)

∂θ

) (2.42)

where ∂ P̃F (s)
∂θ

or ∂ π̃2L(s)
∂θ

is derived using numerical scheme of first principle of deriva-
tive and the program in MAT LAB code from the Eqn. (2.26). For the relative sensi-
tivity analysis of reliability function, we evaluate

Ωθ (t) =

∂RY (t)
RY (t)
∂θ

θ

=
∂RY (t)

∂θ
.

θ

RY (t)

= Φθ (t) .
θ

RY (t)

(2.43)

For the sensitivity analysis of MT T F with respect to the system parameter θ , the
derivative of MT T F expression given in Eqn. (2.27) is evaluated firstly as

∆θ =
∂MT T F

∂θ
=

∂

(
∞∫

t=0
RY (t)dt

)
∂θ

= lim
s→0

 ∞∫
t=0

RY (t)
∂θ

e−stdt


= lim

s→0

[
−∂ P̄F(s)

∂θ

]
= lim

s→0

[
−∂ π̄2L(s)

∂θ

] (2.44)

The relative sensitivity of MT T F can be examined by evaluating the ratio

Γθ =
∂MT T F/MT T F

∂θ/θ
=

∂MT T F
∂θ

.
θ

MT T F
= ∆θ

θ

MT T F
(2.45)
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The affectability of both reliability and mean time-to-failure are investigated by ex-
ploring with diverse numerical simulation.

2.6 Special Cases

Following aforesaid methodology for computing transient state probabilities, relia-
bility, mean time-to-failure and queueing characteristics analysis have also been done
in earlier publication and results are resembling as a special case. Some special cases
are highlighted as follows:

a If q = 0, θ = 0, µv = µb, the system reduced to machine repair problem with
spare and resembles with the model of Hsieh and Wang [62] for R = 1.

b If θ = 0, µv = µb, the studied model resembles with model considered by
Shekhar et al. [153] without geometric reneging.

c For q = 0, muv = 0, the studied model reduces to special case of machining
system which is examined by Jain et al. [79].

d For q = 0, θ = 0 in studied MRP without vacation, the model resembles with
the results of Kumar et al. [108] findings for F = 0.

2.7 Illustrative Example

To comprehend the proposed solution methodology to evaluate the transient-state
probabilities and associated performance indices, numerical illustrative example is
provided by considering the accompanying default parameter(s) M = 4, S= 3, m= 2,
λ = 0.8, λd = 1.2, ν = 0.5, ξ = 0.4, µv = 6, µb = 8, θ = 0.7, p = 0.4, q = 0.5 at the
epoch t = 10. Hence, the value of the system threshold L = M+S−m+1 = 6. For
the Eqn. (2.15), the coefficients square matrix of order 2L, ΛΛΛ(s), is structured as

ΛΛΛ(s) =


A1 A2 A3 A4

B1 B2 B3 B4

C1 C2 C3 C4

D1 D2 D3 D4


where A4, B3, B4, C1, C4, and D1 are null sub-matrices of an appropriate order and
other sub-matrices are as follows

A1 =
[
−4.7+ s

]
;A2 =

[
7.6 0.64 0.256 0.1024 0.04096

]
;A3 =

[
8 0 0 0 0

]
;
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B1 =


3.1
0.8
0.4
0.4
0

 ;B2 =


−12.5+ s 7.92 1.152 0.6144 0.3072

2.6 −12.96+ s 7.728 1.3824 0.9216
0.8 2.1 −14.636+ s 1.3824 1.3824
0.8 1.6 4.8 −13.7816+ s 1.0368
0 0 0 3.6 −12.789+ s

 ;

C2 =


0.7 0 0 0 0
0 0.7 0 0 0
0 0 0.7 6 0
0 0 0 0.7 6
0 0 0 0 0.7

 ;

C3 =


−12.2+ s 8 0 0 0

2.6 −11.7+ s 8 0 0
0.8 2.1 −12.8+ s 8 0
0.8 1.6 4.8 −11.6+ s 8
0 0 0 3.6 −10.4+ s

 ;

D2 =
[
0 0 0 0 2.4

]
;D3 =

[
0 0 0 0 2.4

]
;D4 =

[
s
]

For applying discussed methodology, following latent roots are obtained that are
listed in Table (2.1). It is observed that some latent roots are real and as well com-
plex in nature that exists in conjugate pair. Since coefficient matrix ΛΛΛ(s) is obtained
by balancing the inflow and outflow of the rates among different states of the system,
one latent root is always zero. It is noted that n1 = 6 and n2 = 3. For comput-
ing transient-state probabilities, constants ah,r, bh,r, ch,r; r = 1,2, ..., 2L are obtained
from Eqn (2.23)-(2.24) and summarized in Table (2.2). On taking inverse Laplace
transform, the transient-state probabilities πr;r = 1, 2, ..., 2L are computed from the
Eqn (2.25) and tabulated in Table (2.3). From the obtained transient-state probabil-
ities, the numeric value of the following performance measures are also computed
that are discussed in section (2.4). The numerical values of the performance mea-
sures are illustrated in Table (2.4). The summary of the simulation and sensitivity
analysis of these performance measures for a different value of different parameters
are presented in the next section.
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2.8 Numerical Result

In this section, the code is developed in MATLAB computer program to provide
numerical insight of the impacts of the different administering parameters on relia-
bility and queueing attributes of the considered machine repair problem (MRP) with
working vacation and synchronized abandon. The parameters for machining system
are fixed as follows M = 10, S = 6, m = 3, λ = 0.5, λd = 1, ν = 0.2, ξ = 0.08,
µv = 8, µb = 10, θ = 0.8, p = 0.2, q = 0.1, t = 50. The numerical results are de-
picted in Figs. (2.2)-(2.13) and tabulated in Tables (2.5)-(2.7). Figs. (2.2)-(2.3) depict
the variation of system reliability (RY (t)) with respect to time t for various different
system parameters. The obvious result of decrements in the value of reliability of
the machining system with respect to increased time prompts. It clearly observed
that how the failure of any type, failure of an operating unit (λ ,λd)/spare unit (ν),
switching failure probability (q), number of operating units (M) is more critical for
the system reliability. It is observed that providing the better corrective maintenance
facility like more number of spare units (S), higher repair rate (µv,µb), less number
of minimum number of operating units (m) increase the reliability of the system but
incur some additional cost. The random vacation time (θ ) is also a prominent factor
for maintaining the better system reliability. It is also observed that the arrival of ex-
traneous service facility (ξ ) and synchronized abandonment rate (p) are not critical
parameters for maintaining the system reliability. It is advice to the system manager
to maintain the preventive time measures frequently to avoid the failure of the unit to
reduce the expensive corrective maintenance.

Fig. (2.4) depicts the variation of the mean-time-to-failure (MT T F) of the ma-
chining system graphically. It is clearly notable that MT T F reduces with increase in
the value M, m, λ , λd , ν and q. These results are obvious and validate the present
modeling and methodology. Mean-time-to-failure can also be increased to some ex-
tent by using some preventive maintenance policy. It is observed from the Fig. (2.4)
that MT T F increases with S, µv, µb and θ .

Fig. (2.5) and Table (2.5) summarize very important finding in term of the sen-
sitivity of the governing parameters for system reliability and system mean-time-
to-failure respectively. The positive and negative magnitude show increment and
decrements in the characteristics measures with increasing the value of system pa-
rameters. Fig. (2.5) depicts the behavior of the system reliability with respect to
system parameters for a wide range of duration. In comparison the absolute mag-
nitude in infant mortality phase of the system, t = 1, it is observed that the relia-
bility is more sensitive in order q > λ > λd > ν > θ > µv > ξ > µb > p. It is
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due to a failure in automation, manufacturing defects in the unit, designing fail-
ure etc. As time enhanced from t = 100 to t = 500, system get stabilize and reli-
ability of the system sensitive in order λd > λ > q > ν > µb > µv > θ > ξ > p

with substantial magnitude. For higher time, t > 1000, reliability of the machin-
ing system is sensitive in same order λd > λ > q > ν > µb > µv > θ > ξ > p and
magnitude is very less. This prompts that machining system gets stabilize com-
pletely, working as steady-state and system affect due to random failure of units
only. Fig. (2.5) also depicts relative sensitivity of the parameters for the system
reliability. Table (2.5) portrays the sensitivity and relative sensitivity of the mean-
time-to-failure of the system. For M = 10,S = 6,m = 3, MT T F is sensitive in the
order of λd > λ > q > ν > µb > µv > θ > ξ > p. But for M = 8 order of sensitivity
is change to q > λ > λd > ν > µb > µv > θ > ξ > p. And for S = 8 and m = 5 this
order of sensitivity of MT T F changed to λ > λd > q > ν > µb > µv > θ > ξ > p

and λ > q> λd > ν > µb > µv > θ > ξ > p respectively. These observations suggest
how system design and specification is also important for machining system.

The changes in another important reliability characteristics, failure frequency
FF(t), are depicted in the Fig. (2.6) and (2.7) prompt that FF(t) is increasing with
time due to unit wear and tear. Failure of the system is more prominent when the val-
ues of λ , λd , ν , q, M and m are high since they give high value for failure frequency.
Failure frequency could be diminished to some limit by providing better corrective
and preventive maintenance facility.

Some more established queueing characteristics behavior with governing system
parameters are charted in Tables (2.6)-(2.7) by taking a different set of input pa-
rameter along with following default value of governing parameters M = 10, S = 6,
m = 3, λ = 0.5, λd = 1.0, ν = 0.2, ξ = 0.09, µv = 8, µb = 10, θ = 0.8, p = 0.2,
q = 0.1, t = 50. We summarize the changed value for expected number of spare
units (ES(t)), expected number of operating units (EO(t)), effective failure rate of
unit (λe f f ), expected waiting time (EW (t)), expected delay time (ED(t)), effective
switching failure rate (SR(t)), effective reneging rate (RR(t)) and vacation interrup-
tion frequency (V F(t)). The obvious trends for expectation and effective rates are
observed which validate the studied model. Vacation interruption frequency is high
for higher failure rates, vacation time, system specification.

In a nutshell, the findings from the present investigation are as follows:

• Reliability characteristics are more dipped with failure rates of units. It is
advisable for the system designer to follow preventive measures prominently.

• Protuberant reliability characteristics are achieved by enhancing corrective mea-
sures. It is noticeable that investing some budget for better corrective measures
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is good for maintaining the required level of reliability of the machining sys-
tem.

• The various types of queueing characteristics give a quick insight into design-
ing the specification of the machining system.

• Vacation interruption is a good policy for the system manager to maintain high
indices.

• Synchronized reneging with extraneous service facility to stabilize the machin-
ing system, but it may require additional investment.

• Automation of switching of the spare unit should properly be checked.

2.9 Conclusion

In this chapter, the synchronized abandonment phenomena of the failed units in the
fault-tolerant machining system is studied with repairman‚s modified multiple work-
ing vacations and their interruption. More specifically, binomially distributed syn-
chronized abandonment of the failed units on the availability of an extraneous repair
facility is considered, wherein the extraneous repair facility follows the Poisson pro-
cess when in-house repairman is on vacation. The modified multiple working va-
cation policy of the repairman with threshold-based controlled vacation interruption
is also incorporated. The computationally efficient spectral method is employed to
derive the stationary distributions for the number of failed units in the machining
system in continuous time for the Markovian models of the fault-tolerant machining
system numerically. The illustrative example is added to validate the methodology to
determine the transient-state probabilities via Laplace transform. It would be moti-
vating to consider extensions of this procedure for the study of another fault-tolerant
machining systems and queueing models with this type of binomial transition. Sen-
sitivity analysis is also presented to determine the substantial parameter(s) for the
fault-tolerant machining system. It is demonstrated how reliability can be improved
by providing sufficient spares as standbys or increasing the repair rates, setting the
threshold for vacation interruption and vacation time. It is recommended through the
present investigation that system designer should opt for some preventive mainte-
nance policy to diminish the likelihood of any failure like the breakdown of operating
units/spare units, switching failure, etc. The present studied fault-tolerant machining
system has potential application in modeling the manufacturing systems, industrial
systems, and others.



2.9. Conclusion 83

Moreover, we consider the case where the service and inter-arrival times are ex-
ponentially distributed. The instances where those times are not exponential are
essential in practice. The threshold-based policy can be set for the vacation interrup-
tion. The fellow researchers can extend this work to a single vacation policy wherein
repairman takes just one vacation and remains in the system after vacation even if
there is no waiting failed units in the system. One can extend this investigation for
unreliable repairman also. These cases are left for future study.

Table 2.1: Latent roots of the coefficient matrix

l1 0.0000 l5 18.1810 l9 12.5786 - 1.1792i

l2 0.0974 l6 17.7420 l10 7.2602 + 0.1045i

l3 2.8689 l7 15.7285 - 1.2556i l11 7.2602 - 0.1045i

l4 20.0425 l8 12.5786 + 1.1792i l12 15.7285 + 1.2556
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Table 2.6: System performance measures for different parameters

Parameter ES(t) EO(t) λe f f EW (t) ED(t) SR(t) RR(t) V F(t)

t = 10 3.5563 9.3608 5.8378 0.5171 0.4731 0.4080 0.0276 0.0604
t = 50 3.0001 7.8975 4.9254 0.9615 0.8796 0.3442 0.0232 0.0509

t = 100 2.4258 6.3858 3.9826 1.6344 1.4952 0.2783 0.0188 0.0412

M = 8 3.9106 6.9538 4.3545 0.6636 0.6091 0.3322 0.0268 0.0321
M = 9 3.4980 7.5298 4.6640 0.7881 0.7212 0.3473 0.0257 0.0426

M = 10 3.0001 7.8975 4.9254 0.9615 0.8796 0.3442 0.0232 0.0509

S = 5 2.1587 7.2206 4.5189 1.1360 1.0362 0.2970 0.0197 0.0724
S = 6 3.0001 7.8975 4.9254 0.9615 0.8796 0.3442 0.0232 0.0509
S = 8 4.7942 8.8042 5.5874 0.7508 0.6903 0.4097 0.0281 0.0247

m = 3 3.0001 7.8975 4.9254 0.9615 0.8796 0.3442 0.0232 0.0509
m = 4 2.1570 5.6111 3.4818 2.0001 1.8487 0.2471 0.0168 0.0368
m = 5 1.2538 3.2011 1.9706 4.4926 4.2154 0.1432 0.0098 0.0214

p = 0.05 2.9888 7.8832 4.9179 0.9677 0.8838 0.3433 0.0250 0.0513
p = 0.20 3.0001 7.8975 4.9254 0.9615 0.8796 0.3442 0.0232 0.0509
p = 0.90 3.0346 7.9327 4.9445 0.9450 0.8710 0.3467 0.0052 0.0500

q = 0.05 3.3381 8.3278 5.1377 0.7870 0.7489 0.1874 0.0255 0.0429
q = 0.10 3.0001 7.8975 4.9254 0.9615 0.8796 0.3442 0.0232 0.0509
q = 0.90 0.2188 2.7176 2.2126 5.2984 3.6883 0.3471 0.0008 0.0407
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Table 2.7: System performance measures for different parameters

Parameter ES(t) EO(t) λe f f EW (t) ED(t) SR(t) RR(t) V F(t)

λ = 0.25 5.0147 9.7481 3.5128 0.3399 0.3151 0.2404 0.0249 0.0096
λ = 0.50 3.0001 7.8975 4.9254 0.9615 0.8796 0.3442 0.0232 0.0509
λ = 0.75 1.3056 5.5397 4.7620 1.7559 1.6341 0.2756 0.0112 0.0579

ν = 0.1 3.2605 8.1507 4.7369 0.9008 0.8198 0.3624 0.0238 0.0471
ν = 0.2 3.0001 7.8975 4.9254 0.9615 0.8796 0.3442 0.0232 0.0509
ν = 0.4 2.5302 7.4031 5.1669 1.0862 1.0008 0.3091 0.0215 0.0568

λd = 0.6 3.9488 9.8511 5.7568 0.3803 0.3488 0.4540 0.0310 0.0579
λd = 0.8 3.6799 9.3958 5.6181 0.5053 0.4610 0.4227 0.0286 0.0588
λd = 1.0 3.0001 7.8975 4.9254 0.9615 0.8796 0.3442 0.0232 0.0509

ξ = 0.04 2.9924 7.8876 4.9202 0.9657 0.8825 0.3436 0.0116 0.0512
ξ = 0.08 3.0001 7.8975 4.9254 0.9615 0.8796 0.3442 0.0232 0.0509
ξ = 0.12 3.0077 7.9073 4.9305 0.9573 0.8767 0.3449 0.0349 0.0507

µv = 5 1.9625 6.4225 4.1246 1.6914 1.5505 0.2525 0.0187 0.0679
µv = 6 2.3235 7.0169 4.4523 1.3774 1.2609 0.2872 0.0207 0.0643
µv = 8 3.0001 7.8975 4.9254 0.9615 0.8796 0.3442 0.0232 0.0509

µb = 10 3.0001 7.8975 4.9254 0.9615 0.8796 0.3442 0.0232 0.0509
µb = 12 3.8058 9.2625 5.6464 0.4986 0.4536 0.4258 0.0307 0.0672
µb = 16 4.2689 9.7854 5.8867 0.3257 0.2962 0.4660 0.0361 0.0789

θ = 0.5 2.9281 7.8084 4.8785 1.0005 0.9155 0.3382 0.0252 0.0627
θ = 0.8 3.0001 7.8975 4.9254 0.9615 0.8796 0.3442 0.0232 0.0509
θ = 1.2 3.0759 7.9893 4.9736 0.9218 0.8430 0.3505 0.0211 0.0393
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