Chapter 7

A robust numerical scheme for two-parameter
singularly perturbed parabolic problems with
a discontinuous convection term coefficient and

source term

7.1 Introduction

In this chapter, a numerical scheme is constructed for the problems in which the dif-
fusion and convection parameters (€, and &, respectively) both are small, and the
convection term coefficient and source terms have a jump discontinuity in the domain
of consideration. Two different cases depending on the magnitude of the ratios €; / 822,
and 822/ €1 have been considered separately. Through rigorous analysis, the theoreti-
cal error bounds on the singular and regular components of the solution are obtained
separately, which shows that in both cases the method is convergent uniformly irre-
spective of the size of the parameters €1, €. Test problems are included to validate
the theoretical results.

Define Q™ = (0,¢), QT = (¢,1),Q° = Q" UQT, Q= (0,1),A = (0,T],D” =
Q xA D" =Q"xA, D =D UD",D = Q x A, where T is a fixed real num-
ber. We consider the following two-parameter singularly perturbed boundary value
problem (SP-BVP)

LII/(XJ)E_ll/l+£1Wxx+82a(x7t)wx_b('xvt)ll/:f(xvt)u (XJ)GDe, (718-)
W(Ovt):lljl(t) on Yy, ll/(lat):ll/r(t) on Y, (7.1b)
Y (x,0) = yp(x) on Y, (7.1¢)
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where 0 < €1, & < 1 are the diffusion and convection parameters respectively. T =
Y, UY,UY,, where Y; = {(x,t) : x=0,t € A}, X, ={(x,t): t =0,x € Q}, and
Y, = {(x,t): x=1,t € A} is a part of the boundary of D. We assume that a(x,¢) and
f(x,1) are sufficiently smooth in D except the jump discontinuity at e € Q denoted by

[w](e) =w(et) —w(e™). Furthermore, we assume
(Al) a(x,t) < —k; <0in D™ and a(x,t) > k» > 0in DT,

(A2) The functions b(x,t) (in D), and y;(t), w,(t), W(x) (on Y) are bounded and
sufficiently smooth.

(A3) b(x,t) > B*>0inD.
(A4) The initial function satisfies the compatibility conditions.

The uniqueness of the solution of the problem (7.1) is confirmed by (A1)-(A4).
In general, the small diffusion parameter leads to the twin boundary layers and the
discontinuity in the convection term coefficient and source terms lead to an inte-
rior layer in the solution. Moreover, in general, the layer behaviour is determined
by the magnitude of the ratios of the diffusion parameter to the square of the con-
vection parameter, and the fact whether the convection-coefficient a(x,¢) is negative
or positive. In particular, the boundary layers widths depend continuously on these
ratios, and the interior layer occurs at both sides of the point of the discontinuity.
A detailed discussion on the effect of the discontinuity in the convection-coefficient
and source term on the solution of SPBVPs can be found in Farrell et al. [133] for
ODE:s and in O’Riordan and Shishkin [134], and Clavero et al. [109] for PDEs. Let

K = min{k,k»} and y = (xrgler;)e{ 2823

uniform numerical scheme for two different cases I. yg; < K'£22, and II. K'822 < y&;

}. Our aim is to develop a parameters

satisfying assumptions (A1)-(A4). An analogous convergence analysis can be given
for the reverse situation of (A1) i.e., for a(x,t) > k1 > 0in D™ and a(x,t) < —k, <0
inD™.

The chapter is further organized as follows. In Section 7.2, the minimum principle,
and stability estimates are established. Furthermore, the solution decomposition into
its regular and singular components is given, and the bounds on the derivatives of
the components are also given. The proposed scheme comprising the Crank-Nicolson
scheme on a uniform mesh in time and an upwind difference scheme in space on a

predefined Shishkin mesh is derived in Section 7.3. A decomposition of the solution of
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the fully discrete scheme is given in Section 7.4. Furthermore, the parameters uniform
error estimates are also established for both cases. The theoretical results obtained in
Section 7.4, are validated through two test problems in Section 7.5. Finally, some
concluding remarks on the major finding of the chapter are drawn in the last Section
7.6.

7.2 Continuous Problem

Lemma 7.2.1. Let ® € C?(D¢)NC°(D) be non-negative on Y and [®,](e,t) <0, > 0.
Then L® < 0 in D¢ gives ® > 0 throughout D.

Proof. Define W (x,t) = e5F=¢l/281d(x,1), (x,1) € D, where & = x; for x < e, and
& = i for x > e. Assume @(0, {) = min(, ) cpe P(x,?). Then, it is easy to verify that
L®(6,8) > 0 for 6 € Q°, which is a contradiction. Also, if 8 = e, then [®,](e,{) =
[Wyl(e, &) —[(k1 +K2)/(2€1)]¥(e, &) > 0. Thus, we obtain a contradiction. O

Lemma 7.2.2. The parameter-uniform estimate on ¥ (x,t) is given by

Iy < ||w|h+”%-

Proof. An application of Lemma 7.2.1 to the comparison function

|/ 1lpe
B*

yields the required estimate. [

I (1) = [lwlly + +y, (x,1) €D,

Decomposing the solution y as
YV=u+v+w,

where the regular component u, and the left and right singular components v and w

respectively, satisfy the following BVPs

Lu=f, (x,t)¢€D"
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with u(0,1), u(1,t), u(e™,t), u(e™,t) chosen suitably, and u(x,0) = y,(x), where

u(e ,t) = lim u(x,t), u(e™,t) = lim u(x,z).
x—e” x—eT

Lv=0, (x,t)€D",

with v(0,¢) = y;(¢t) —u(0,7) —w(0,¢), v(1,¢) chosen suitably, and v(x,0) = 0.
Lw=0, (x,)eD’
with w(0,7) chosen suitably, w(1,¢) = y,(t) —u(1,t) —v(1,¢), w(x,0) = 0.

Lemma 7.2.3. The layer components for Case I satisfy

’ ( t)|<C eXp((—Ké‘z/Sl)X), lf (XJ)GDiy

exp((—v/2&)(x—e)), if (x1)€DT,
exp((=¥/2&)(e—x)), i (x,1)eD™,

exp((—k&/e1)(1—x)), if (x,t)eD™ .
Proof. For the proof, follow the technique given in [105, 134]. [

wix,)| <C

Lemma 7.2.4. The layer components for Case II satisfy

exp(— E—?’x), if (x,t)eD™,

exp (—3y /2 k=€), i (xr)eD,

CXp(—% g_zl(e_x)>7 lf (X,I)ED_,

exp (— Z—?’(l—x)), if (x,t)eD™.
Proof. For the proof, follow the technique given in [105, 134]. U

The regular and singular components can be further decomposed as
(u™+v~ +w)(x,1), if (x,1) € D™,
V() =19 (u +v +w)(e 1) = (ut +vt+w)(eT,r), if (x,1) = (e,1),

(ut +vF+wp)(x,1), if (x,r) € DT,
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where u™, u

+

are the left and right regular components, respectively i.e., u~ and u™

are the restrictions of u on D~ and D™ respectively. Similarly, v, wy, the left layer

components, and v", w,, are the right layer components, respectively. Thus

u(x,t)

w(x,1)

(

u (x,1), (x,t) €D, v (x,1), (x,0) €D,

= v(x,t) =

ut(x,t), (x,t) DT, vi(x,1), (x,t)eD™,
\
)

wi(x,1), (x,7) €D,

wr(x,t),  (x,£) € DT,

\

The proofs of the following theorem on the bounds of the components and their deriva-

tives can be proved in a similar way as given in [135].

Theorem 7.2.1. The components in Case I, satisfy the following bounds

d*u~
dx*

dv—
dxk
H dkwl

dx*

3—k d*ut 3—k
§C<1+(81/£2) ) - §C(1+(£1/82) )
D~ dx* || p+
k=0,1,2,3,4,
dkyt _
<C(&r/&1)", ‘ IR <Ce % k=1,2,3,
D~ D+
d*w
<cek |22 <Cl(e/e)k k=1.2.3.
Di_ 2 dxk D+_ (2/1)7 )&~y

while, in Case II, the bounds are as follows

d*u—
dxk

dkv~
dxk
del
e

. dfut .
<c(1+g ), ’ I =c(1+e IR,
D- dx® || p+
k=0,1,2,3,4,
_ dkvt _
< ce*?, ‘ o o<ce ) k=1,234,
D~ dx® || p+
—k/2 d*w, —k/2
SCSI , T SCSI , k=1,2,34.
D- dx® || p+
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7.3 The Discretization

In this section, based on the Crank-Nicolson method an implicit numerical scheme is

introduced to solve (7.1). For a fixed time T, the uniform mesh
A ={t,=nAt: n=0,1,.... M, At =1}

is obtained by dividing the time interval [0, T] into M partitions. Then, on Q¢ x AM

the problem (7.1) is semi-discretized as

_D;Yn+1(x) +g (Yn+l/2)xx(x) +£2an+1(x) (Yn+1/2)x(x) _bn+l(x)Yn+l/2(x)
=), xeQ 0<n<M—1,

Vi(tnt1), Yn+1(1) =VYiltny1), 0<n<M-1,

Vh(x), x€Q,

Yn—H (0)
YO (x)

where Y"*!(x) is the approximation of W(x,t,,1) at (n4 1)-th time level, D, is
the backward difference operator, Y"1/2(x) = (Y"*!(x) +Y"(x))/2, and a"*(x) =
a(x,tyy1), etc.

Rewrite the above equation as

ﬁY”“(x):g(x,th), xeQ0<n<M-1,
Y 0) = wiltys1), Y™ (1) = Wiltus1), 0<n<M—1, (7.2)
Yox) = w(x), xeQ,

where the operator L is defined as

izﬂd_2+8 an+](x)i_cn+l<x)[
T 242 T 2 dax 2 7
and
€ an—H X dn—i—l X
) = 177100~ Sl - TP ) + L Py,
2
n+1 n+1
—b =
) =0 W)
2

dn-i-l(x) — bn-i—l(x) . E
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The local truncation error in the temporal

semi-discretization is given by e =

Y"1 (x) — U(x), where U (x) is the computed solution of

(LU(x) = f(x,t11) — § (V) — &2
xeQ0<n<M-—1,

U(O) = Wl(tn-O-l)a U(l) = Wr(trH-l)a
LU ) = (),

x e Q.

a(x712n+1) (Y™)e(x) + d(xvlszrl)Yﬂ(x),
0<n<M-—1,

The following lemma which estimates the local truncation error 7;, can be proved by

following the approach given in [136] (see Lemma 3) for one parameter SP-BVPs.

Lemma 7.3.1. The local truncation error T, satisfies

1Tl < C(Ar)*, 0<n<M.

The following lemma estimates the global error E, defined as E, = y(x,1,) —

Y"1(x) at the instant t,,.

Lemma 7.3.2. The global error E,, is estimated as

IE,|| < C(Ar)?, 0<n<M.

Proof. By definition, we have

T
Bl = on<y

n
e
k=1

oo

< lletleo + [leafleo+ -+ + [lenlle:

Using the previous lemma
IEpi1]|eo < Cn(Af)® < C(Ar)2.

The solutions

&a" (x) eantl

ol (x)

Ao(x) = —

A

2€; 2€;

<x>)2+

<0,
&
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and

M) = 280 \/ ( 82“"+1(x))2+ D g,

2€; 2€; &1

of the characteristic equation
A2 (x) + &d" M ()4 (x) — T (x) =0,

describe the layer behavior of the solution. More precisely, the rate at which the
solution decay/rise in the layer region is given by 19 = —max g Ao(x), and 1y =
min__5 A (x). In Case I, ng and 1y are of O (&,¢; ') and O (&, ') respectively, while
in Case II, both ng and 1; are of O (81_ 1/2

It is well-known that one can not achieve the uniform convergence on an equidis-
tant mesh for the problems of the form (7.1). Therefore, a non-uniform mesh which is
dense in the layer regions will be constructed. To construct the mesh we divide [0, 1]
into six sub-intervals [0, 6], (01,e — 03], (e — 02, €], (e,e+ 03], (e + 03,1 — 04], and

(1 — o4, 1], where the transition parameters o}, 02, 03, and o4 are defined as

. {l—elnN} . {l—e lnN}
O3 = min ,— ¢, O4=min R
4 ™

where N > 8 is the number of intervals used for the discretization. In this work in
Case I, we have taken, 19 = k&/¢€;, N1 = Y/2¢&,, while in Case II, we have taken
o = \/K77er, and 1 = 4 /K77,

We place N /8 points in each of the subintervals [0, 1], (e — 02, ¢€], (e,e+ 03], (e+
03,1 — 04), and N/4 points in (0},e — 03], and (1 — 04, 1]. Then, the mesh width is
given by
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o0

O

N
hi =xj —xi—1 =
o

o0

3

2

N

4(1—6—03—64)
N )

)
)

804
( N’

and the mesh points are given by

(807 .
—1
N?
4(6—61—62) . N
(0] —— 1,
N 8
O'—l—862 . 3N
e— — i
2 N 3 )

if

if

if

if

if

if

if

i=2 41,242 ..N.

It can be noticed that xy/, = e. If we denote QN- = {x,-}i.\;/g_l, QN+ — {xi}é\,:N/Z—o—l’
and QY = {x,-}lov . Then, the required mesh DV is the tensor product of QY and AY
ie., DVM = QN x AM = DN=M (e x AM)UDN*TM where DV=M and DN*tM are

the tensor products Q¥~ x AM and Q¥+ x AM respectively. Introducing the operators

n n
|
h; i1

noo_pyn
D; 1! = = Bl H

(DY —Dy)uy'

Dipg = EELE ang 2y =

i
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where ; = %, the full discretization of (7.2) on DV~M U DN+M i5 given by

NY(x) =g(xi), xieQV-UQNT,
V(x0) = Wi(tnr1),  W(xn) = ¥e(tar1), 0<n<M-—1,

(7.3)

where ¥(x;) is the approximation of ¥"*!(x;) and the operator .Z" is defined as

1 n+1
N~  Elan~ o ath M
= Dy ———
Z S Ve ——D; 5V
Dy, ifi<N/2,
D;:
DY, ifi>N/2,

and D W(xy ) = D W(xy/2). Moreover, the function g(x;) is given by

n+1(
2

xi) d”+1(x,')

2

) = 17 )~ L 52r ) — e TS i) 4 Ly

7.4 Parameter Uniform Convergence Analysis

Before proving the main result on the convergence of the proposed method, we give

some basic properties satisfy by the operator .Z.

Lemma 7.4.1. Let ®(xo) > 0, ®(xy) > 0, and Dx*&)(xN/z) —D;&)(xN/z) < 0. Then,
LND(x;) < 0 for all x; € QY= UQNT implies ®(x;) > 0 for all x; € Q.

Proof. For contrary assume ®([;) = min,. cov ®(x;) < 0 for some [; € Q. Then, we
consider two different cases (i) ; € Q¥V~ UQNT, and (ii) /; = e. In the first case, for
I; € OV~ we have

) gy - < W,

PNP(l;) = %33@(@) +6

e (Pli) —P) () — (i)
2 ( hit1 h; )

a (1) (@) —P(li1) | ) 5
5 ( 7 > — 3 CD(I,) > 0.

+&
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Also, for [; € QV* we have

_ _ ntly
LNO(1) = %aﬁcp(zl-) + szaT(l’)DJrfb(li) —

& (ciam) ~ () (1) —5><zl-1>>

Cn+1 (ll) (’E(ll)

2; hiy - hi

RAR0 (ciam —5><li>> ~ W g > 0.

2 hit1 2
Now in the second case when /; = e, we have Dj&D(xN/Z) > 0 and D;&D(xN/z) <0, so
Dy ®(xy)2) — Dy ®(xy/2) > 0.

Thus in both cases, we get a contradiction and the proof is completed. [

We shall now prove the convergence of the proposed scheme for both cases sepa-
rately. Analogous to the continuous case, decompose the solution ; of (7.3) into the

regular and singular components as

We further decompose the regular component U as U; = 17; + ﬁl-“L, where Uvi* and

l7i+ are the restrictions of U; at the left and right side of the point e respectively. Then
gNﬁ; = g(xi) in DN*,M, 6(; — ui(oatn—i-l)) ﬁ];/Z — u7<e—,tn+1),
and

.,?Nﬁf = g(x;) in DNTM 17;;/2 =ut(et+,tyi1), ﬁ; =ut(1,t,41).
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The layer components ‘N/, and VT/, are also decomposed as ‘N/, = ‘N/f + ‘N/ﬁ, and VT/Z =

ﬁ/il + Wi’ . These components satisfy the following problems

.,?NV-* =0in DV"M,
XNVJF 0in DVt M,
LMW =0in DVM,
LYW =01in DVTM,

(Ui_ +Vi_ + W) (e,tni1) =

/‘7()7 = Vﬁ(ovtn—i-l)? v];/z = vi(e;tn—H)v
Wo :07 WK//ZZWZ(e,tn_‘_l),
~I\rf/2:o’ Wl\r,:wr(l,tn+1),

(ﬁi+ + ‘7i+ + ﬁ/zr) (ea Int1 )

Lemma 7.4.2. The bounds for the singular components are given as

i
Vil <[ +mnohy)~", i=0,1,...

j=1

1
viti<c TI
j=N/2+1
N/2
Wi <c J] (1+mhj)”
Jj=i+1

Wl <c T (o)
Jj=i+1

(1+mhy)!

Loi=0,1,...

7N/27

. i=N/2+1,...,N,

7N/27

L i=N/2+1,...,N,

where 1Mo and 1N are defined in the previous section.

Proof. Refer, [135].

The nodal erroris givenby v; 1 =

Wi).

]

(u(xi,tys1) —Ui) + (v(xiy tps1)

Analysis for Case I (ye; < k&5 2). The error estimate is obtained by estimating the

errors in the smooth and singular components separately.

Lemma 7.4.3. The error bound for the regular component is given by

u(xistyg1) —

ﬁi‘QN—UQN+ S CNil.

_Vz) + (W(xiatn—i-l) -



7.4. Parameter Uniform Convergence Analysis 173

Proof. Using the classical argument on the domain QV~, we obtain

LN (u™ (xiytar1) —U;)| < CN~ ey |lu™ |3+ &lal |l [|2)
<CN.

Thus an application of Lemma 7.4.1 gives
™ (xi,t041) —U; | <CN L

The same error bound can be obtained by using the above argument on the domain
ONt e,

|t (xi,8041) — U] <CNL.
Hence, the error bound for the regular component is given by
|M(xi,l‘n+|)—ﬁi’QN—UQN+ SCNil. O]

Lemma 7.4.4. The error bound for the left interior layer component in the domain

QN= is given by
v (istsr) ~ Vi | < ON!(InN)?.

Proof. If x; € [0,01), then for 6] = ¢/4, we have & /e, < CInN and so using the

classical argument, we obtain

LN (Xist1) = Vi) < CNT e v |3 +eallall v ll2)
< CN~'(InN)2.

Now for 0] < /4, the classical argument gives

LN (v (Xistys1) = Vi) < Clhi+higr) (&1 v |13+ &lall][v7]|2)
<CN oy (g|v |z +&llall|v]]2)

82
<C2N"'InN.
€1
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Consider ®(x) = C(N~' + N~'InN(0] —x)2). Then it is easy to obtain
€

NP, = — ( > q>i+c£—2N—11nN) < —| LN (i tar1) = Vi),
1
which gives
_ - 1 1 &
¥ Ctn) =7, =€ (N VT o) 2 )
1
&
<cC (Nl + (NllnN)618—2>
1
<CN~(InN)>. (7.4)

Furthermore, for x; € [07,¢), we have
VT (it 1) = Vi | < itV

Now Lemma 7.4.2 for i = N/8, and the fact In(1+y) > y(1 —y/2), gives |‘N/I’| <
CN~!, Vx; € [01,e). Also,

v (xista1)| < Cexp((—K&r/€1)xi)

< Cexp((—Kk&/e1)01)

< Cexp((—x&/e1)(InN/ngp))
<CN~ L.

Hence, for x; € [0}, ¢)

v (xiytar1) — V| <CN L (7.5)
Finally, on combining (7.4) and (7.5), we get

v (xistar1) = Vi lgv- < CN~H(InN)>. O
Lemma 7.4.5. The error bound for the right interior layer component is given by

v (i tar1) = Vi v <CN“H(InN)>.
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Proof. For the uniform mesh, the proof is similar as for the left interior layer compo-

nent. In the case of non-uniform mesh, when x; € [e + 03, 1), we have
IV @istwrn) = Vi < ot ()| [V

Now Lemma 7.4.2 for i = 5N/8, and the fact In(1+y) > y(1 —y/2), gives |V,"| <
CN~', Vx; € [e+03,1). Also,

[V (xistu1)| < Cexp(—(7/282) (xi —e))
< Cexp(—(7/2&2)03)

< Cexp(—(y/2&)(InN/n1))
<CcN L.

Hence, for x; € [e+ 03, 1)
v (i tar1) — VT <CNL (7.6)
Now for x; € [e,e + 03), the truncation error bound gives

LN (v (i tar 1) = Vi) < Clhi+ i) (&1 |V |13+ e2llal[[[vF2)
<CN~'os3(allvt |3 +ellall[lvF]l2)
<CN 'o3(e167° +6,6,2)
<CN~'(InN/my)(e185 % + 285 2)
<CN~ 'InN.

Use of the discrete minimum principle, yields

v (i tar1) = VT <CN~UInN. (7.7)
Finally, on combining (7.6) and (7.7), we get

v (i tui1) = Vi v <CN~HInN. O

The error bound on the interior layer component is given in the following lemma

by combining Lemma 7.4.4 and Lemma 7.4.5.
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Lemma 7.4.6. At each mesh point in Q¥N— UQN" | the error bound satisfies

, V< cN-! 2
xiegryflﬁgmw(x”t"“) Vil <CN~'(InN)

The similar error bound can be obtained for the boundary layer component and is

given by

Lemma 7.4.7. At each mesh point in Q¥N~ UQN" | the error bound satisfies

, Wil < N 2
XieQr{]lflL)J(QN+|w(x,,tn+1) Wij| <CN~"(InN)

Analysis for Case I1 (1((-:22 < 7ye).

Lemma 7.4.8. The error bound for the regular component is given by
|ut(xi,tns 1) — Uil onv- o+ < CN 7L
Proof. For x; € QN= | we have

LN (™ (xiyts1) — U7 < CN~ e lu |13+ &2 all||u[|2)
<cN L

Using Lemma 7.4.1, we get the following estimate
lu™ (xi,tyt1) — l7f| <CN~ L.
The similar error bound can be obtained for the domain Q¥ and is given by
lu (i tpi1) — l7i+| <CN~ .
Hence, the error bound for the regular component is given by
|u(xi,tns 1) — Uil ov—ovs < CN 7L O
Lemma 7.4.9. The error bound for the left interior layer component is given by

v (xistar1) = Vi |gv- < CN~InN.
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Proof. For x; € [0, 07), the classical argument gives

LV (v (istar1) = V) < Clhit+ i) (e |V 13+ &2llall[[v]2)
<CN~'oi(er||v”[I3 + &llall[[v[2)
< CN“'(InN/mo)(e16; > + 26,
<CN 'InN.

Using Lemma 7.4.1, we get the following estimate

v (xi,tur1) =V, | <CN“'InN. (7.8)
Furthermore, for x; € [0, ¢), we have

v Gt t) = Vi | < itV

Now Lemma 7.4.2 for i = N/8, and the fact In(1 +y) > y(1 —y/2), gives |V, | <
CN~!', Vx; € [01,e). Also,

_ K
v (xi, 1) < Cexp <— utd
&
K
< Cexp <— L 61)
€
<CN !
Hence, for x; € [0}, ¢)
v (xiytar1) — Vi | <CN L (7.9)
Finally, combining (7.8) and (7.9), we get
v (xistar1) = Vi |gv- < CN~'InN. O
Lemma 7.4.10. The error bound for the right interior layer component is given by

v (i tar1) — Vi v <CN“'InN.
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Proof. For the case of non-uniform mesh, for x; € [e + 03,1), we have
V(i tngn) = Vi < I (st )+ VT

Now Lemma 7.4.2 for i = 5N/8, and the fact In(14y) > y(1 —y/2), gives |V;F| <
CN~!, Vx; € [e+03,1). Also,

1
|v+(x1',ln+1)| < Cexp (—_ /ﬁ/(xi —e))
2 81

I /xy
< CeXp —E 8—(73
1

<CN .
Hence, for x; € [e+ 03,1)
v (i tar1) = VT <CNL (7.10)
Now for x; € [e,e + 03), the classical argument gives

LN (v (i 1) = Vi) < Clhi+ hia) (&1 |5+ &allall [vF2)
<CN'oz(alv* s +ellal[vF]-2)
<CN“'os(ere;? +&ale )
<N~ (nN/m) (e '+ &laller)
< CN~'InN.

Using Lemma 7.4.1, we get the following estimate

v (i tar1) = V,T| <CN~InN. (7.11)
Finally, on combining (7.10) and (7.11), we get

v (i tar1) = Vil gve <CN~HInN. O

Thus, the error bound on the interior layer component is given by combining

Lemma 7.4.9 and Lemma 7.4.10.
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Lemma 7.4.11. The error bound for the interior layer component is given by

. _V -1
leegrlgl_a%(QN+ [v(xi,tnt1) — Vil < CN“ " InN.

The error bound on the boundary layer component given in the following lemma

can be obtained in the same way.

Lemma 7.4.12. The error bound for the boundary layer component is given by

max  |w(xi,tpy1) —Wi| <CN“'InN.
X, EQN-UQN+

Theorem 7.4.1. The solution y(x,t) of (7.1) and y; of (7.3) satisfy the following

parameter-uniform error estimate

~ A)?2+N"'(InN)?), Casel,
sup  max [y(x;,t)—yi| <C () (n&Y)

0<er &< ISISN (At)>+N-'nN),  Casell

Proof. The proof for x; # e follows from the triangle inequality and Lemmas 7.3.2,
7.4.3,7.4.6, 747,748, 74.11 and 7.4.12. The proof for x; = e can be done by
following the technique given in [137]. U

7.5 Numerical Illustrations

For fixed &1, &, the maximum point-wise absolute error is calculated as
NM ~ON2M  ~NM
€ele — m’?x (m?x "Vzi - ‘VIN |) )

where "™, and g5 *" are the solutions on the mesh DN and D*N-2M  respectively.
Since the values of the transition parameters o;, i = 1,2,3,4 are different in the cases

of N and 2N mesh intervals, so the fine mesh D*V-2M

is obtained by inserting one nodal
point between two consecutive nodal points (in DV'¥) in both directions. Moreover,

NM .
the order of convergence pg, e, is calculated as

NM
NM £1,8
Pele, =108 | a7 |-

£1,8
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Example 7.5.1. In the following problem, we take Q = (0,1), A= (0,1] and e = 0.5

— Y + €1 Wiy + E2a(x,1) Yy — D(x,1) Y = f(x,1), (x,) € D°,
vi(t)=00nY;, . (t)=00nY,, y(x)=0o0nTY,,

where a(x,7) is —(1+x(1 —x)) and 1 +x(1 —x) in D~ and D respectively; b(x,1) =
1+exp(x) in D¢; and f(x,t) is —2(1+4x?)t and 2(1 +x?)t in D~ and D™, respectively.

Example 7.5.2. Again, we take Q = (0,1), A = (0,1] and e = 0.5 for the following

problem

— Y + € Wyx + E2a(x, 1) Yy — D(x, 1)y = f(x,1), (x,1) € D°,
Wl(t) =0on 1y, WF(t) =0onY,, lVb(.X) =0onYp,

where a(x,t) is —(1+exp(—xt)) and 2+x+¢in D~ and D" respectively; b(x,t) =2+
xt in D¢; and f(x,t) is (exp(t?) —1)(1+xt) and —(24-x)¢? in D~ and D, respectively.

To verify the theoretical estimates, the numerical results obtained on a specific
range Z (€1, &) of the perturbation parameters satisfying either Case I or Case II are
presented in the tables. Note that the cases 01, 6, = ¢/4 and 03, 64 = (1 —e) /4 occur
for a small subset of Z(€),€,) of perturbation parameters, and the uniform mesh
is sufficient to obtain good accuracy. It can be noticed that in Case I, the problem
considered in this study is similar to the convection-diffusion problem, however, in

Case II it becomes similar to the reaction-diffusion problem.
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Table 7.1: ¢}, and p,'} for Example 7.5.1 for & = 27°.

N

& 64 128 256 512 1024 2048 4096

276 328e-03 1.68¢-03 8.53¢-04 4.30e-04 2.16e-04 1.08¢-04 5.41e-05
0.96 0.98 0.99 0.99 1.00 1.00

2710 3.40e-03 1.75¢-03 8.90e-04 4.48e-04 2.25¢-04 1.13e-04 5.64e-05
0.96 0.97 0.99 0.99 0.99 1.00

2714 341e-03 1.76e-03 8.92e-04 4.49e-04 226e-04 1.13e-04 5.66e-05
0.95 0.98 0.99 0.99 1.00 1.00

2718 341e-03 1.76e-03 8.92e-04 4.50e-04 2.26e-04 1.13e-04 5.66e-05
0.95 0.98 0.99 0.99 1.00 1.00

2722 341e-03 1.76e-03 8.92e-04 4.50e-04 2.26e-04 1.13e-04 5.66e-05
0.95 0.98 0.99 0.99 1.00 1.00

2726 341e-03 1.76e-03 8.92e-04 4.50e-04 2.26e-04 1.13e-04 5.66e-05
0.95 0.98 0.99 0.99 1.00 1.00

2730 341e-03 1.76e-03 8.92e-04 4.50e-04 2.26e-04 1.13e-04 5.66e-05
0.95 0.98 0.99 0.99 1.00 1.00
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Table 7.2: ¢}, and p,'} for Example 7.5.1 for & =25,

N

€1 64 128 256 512 1024 2048 4096

2718 315e-02 1.97e-02 1.19e-02 6.78e-03 3.78¢-03 2.09e-03 1.09e-03
0.68 0.73 0.81 0.84 0.85 0.94

2720 430e-02 2.87e-02 1.92e-02 1.19¢-02 6.87e-03 3.87e-03 2.04e-03
0.58 0.58 0.69 0.79 0.83 0.92

2722 4.72e-02 3.29e-02 2.31e-02 1.46e-02 8.63e-03 4.93e-03 2.48e-03
0.52 0.51 0.66 0.76 0.81 0.99

2724 4.84e-02 3.42e-02 243e-02 1.55e-02 9.22e-03 5.29e-03 2.65e-03
0.50 0.49 0.65 0.75 0.80 1.00

2726 4.87e-02 3.46e-02 2.47e-02 1.57e-02 9.38e-03 5.39e-03 2.69e-03
0.49 0.49 0.65 0.74 0.80 1.00

2728 4.88e-02 3.47e-02 247e-02 1.58e-02 9.42¢-03 5.41e-03 2.71e-03
0.49 0.49 0.65 0.75 0.76 1.00

2732 4.88e-02 3.47e-02 247e-02 1.58e-02 9.42e-03 5.41e-03 2.71e-03
0.49 0.49 0.65 0.75 0.80 1.00
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Table 7.4: Comparison of m\m,\_ﬂ\m for Example 7.5.1 for g, =274
N =064 N =128 N =256 N =512
£ In [114] PM In [114] PM In [114] PM In [114] PM
276 4.28e-03 3.04e-03 1.87e-03 1.55e-03 8.63e-04 7.83e-04 4.14e-04 3.94e-04
210 3.64e-02 1.86e-02 1.84e-02 1.23e-02 8.96e-03 7.52e-03 5.14e-03 4.46e-03
214 7.63e-02 2.98e-02 4.69¢-02 1.80e-02 2.62e-02 1.08e-02 1.39e-02 6.35e-03
218 8.23e-02 3.13e-02 5.23e-02 1.93e-02 3.00e-02 1.18e-02 1.63e-02 6.94e-03
2722 8.27e-02 3.14e-02 5.27e-02 1.94e-02 3.03e-02 1.19e-02 1.65e-02 6.98e-03
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Figure 7.1: Numerical solution profiles for Example 7.5.1.
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Figure 7.2: Numerical solution profiles for Example 7.5.1.
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(a) Example 7.5.1

Numerical Solution

(b) Example 7.5.2

Figure 7.3: Numerical solution profiles for & = 2710, & = 27* by taking continuous
source terms.

Table 7.5: ¢}, and pyt. for Example 7.5.2 for & = 2715

N

& 32 64 128 256 512 1024 2048

276 3.48e-02 3.83e-02 3.16e-02 2.20e-02 1.45e-02 8.90e-03 5.19e-03
-0.14 0.28 0.52 0.60 0.70 0.78

2710 1.43e-02 7.55¢-03 4.17e-03 2.35e-03 1.30e-03 7.16e-04 3.95¢-04
0.92 0.86 0.83 0.85 0.86 0.86

2714 121e-02 5.83e-03 3.02e-03 1.54e-03 7.77e-04 3.90e-04 1.96e-04
1.05 0.95 0.97 0.99 0.99 0.99

2718 1.20e-02 5.84e-03 3.02e-03 1.54e-03 7.77e-04 3.90e-04 1.96e-04
1.04 0.95 0.97 0.99 0.99 0.99

2722 1.20e-02 5.84e-03 3.02e-03 1.54e-03 7.77e-04 3.90e-04 1.96e-04
1.04 0.95 0.97 0.99 0.99 0.99

2726 1.20e-02 5.84e-03 3.02e-03 1.54e-03 7.77e-04 3.90e-04 1.96e-04
1.04 0.95 0.97 0.99 0.99 0.99

2730 1.20e-02 5.84e-03 3.02e-03 1.54e-03 7.77e-04 3.90e-04 1.96e-04
1.04 0.95 0.97 0.99 0.99 0.99
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Table 7.6: ¢}, and py'} for Example 7.5.2 for & = 2710,

N

€1 32 64 128 256 512 1024 2048

274 7.44e-03 3.94e-03 2.03e-03 1.03e-03 5.22e-04 2.62e-04 1.31e-04
0.92 0.96 0.98 0.98 0.99 1.00

278 1.02e-02 5.40e-03 2.79e-03 1.42e-03 7.17e-04 3.60e-04 1.81e-04
0.92 0.95 0.97 0.99 0.99 0.99

2712 1.15e-02 5.92e-03 2.98e-03 1.51e-03 7.63e-04 3.83e-04 1.92e-04
0.96 0.99 0.98 0.98 0.99 1.00

2716 121e-02 5.83e-03 3.03e-03 1.54e-03 7.79e-04 3.92e-04 1.96e-04
1.05 0.94 0.98 0.98 0.99 1.00

2720 123e-02 591e-03 3.05e-03 1.56e-03 7.85e-04 3.95e-04 1.98e-04
1.06 0.95 0.97 0.99 0.99 1.00

2724 1.30e-02 5.97e-03 3.06e-03 1.56e-03 7.89e-04 3.96e-04 1.99e-04
1.12 0.96 0.97 0.98 0.99 0.99
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Figure 7.5: Numerical solution profiles for Example 7.5.2.

It is observed from the tables, for fixed N, At, the maximum pointwise error in

both cases is fixed after a certain small & (or &). This confirms the independence of
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the method on €1, &. Also, the results presented in the tables confirm the theoretical
error estimates obtained in Theorem 7.4.1. All the results presented in the tables are
obtained by taking Ar = 1/N. The physical phenomenon of the solutions for different
values of €1, & is presented via surface plots (refer Figs. 7.1 and 7.4). These graphs
clearly indicate that for small perturbation parameters close to zero, the solution of
the test problems exhibit parabolic boundary layers at both lateral surfaces, and an
interior layer near the point of discontinuity. It can also be observed that the layer
width continuously depends on &1, &. The effect of €1, & for a particular time step on
the solution can also be observed from the graphs for different time levels (refer Figs.
7.2 and 7.5).

O’Riordan and Shishkin [134] observed numerically that the discontinuity in the
convection-coefficient can lead to only the interior layer when the source function
is continuous. Also, it can be noticed from Figure 7.3 that, the interior layer may
not appear even if the convection-coefficient is discontinuous, only boundary layers
appear that corresponds to the smooth source function. These graphs are drawn by
replacing the discontinuous source functions in Examples 7.5.1 and 7.5.2 (keeping
a(x,t), b(x,t) and the initial data unchanged) by smooth functions f(x,#) = 2(1 +x2)t
and f(x,t) = (exp(t?) — 1)(1 + xt), respectively. All the graphs are drawn by taking
N =64 and Ar = 1/N.

7.6 Conclusion

An implicit numerical scheme on a predefined Shishkin mesh is suggested for the
solution of two-parameter singularly perturbed parabolic BVPs where the convection
term coefficient and source terms have a jump discontinuity in the domain of consid-
eration. The solution of these problems exhibits twin boundary layers and an interior
layer, due to which the analysis of these problems is different from the case of smooth
data. For both cases through a rigorous convergence analysis, it has been shown that
the proposed scheme is parameters uniform with second-order accuracy in time and
almost first-order accuracy in space. Very high gradients near the boundaries Y;, 1,
and the point of discontinuity e can be observed for small €1, & (refer Figs. 7.1-7.4).
It can also be observed from Figure 7.3 that the interior layer near e may not occur for

smooth source term.



