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PREFACE 

The object has been to provide a text book of practical interest 

and utility, fulfilling the latest requirements of the various 

examining bodies, and following, to a great extent, the recom¬ 

mendations of the Mathematical Association. 

Part 1. is intended for beginners and therefore includes a 

large number of examples which may be taken orally. 

Multiplication and Division by polynomials are deferred until 

after simultaneous equations of the first degree have been treated. 

Algebraic processes are identified with those of Arithmetic. 

Methods are referred to first principles ; e.g, in the solution of 

equations each step is shown to be a logical application of some 

axiom and not a matter of arbitrary rules. 

A great part of the mere gymnastics of the subject, such as 

the reduction of complicated specimens of fractions, is made 

subordinate to useful and suggestive work. 

It has been recognised that many learners acquire some facility 

in manipulation of algebraic expressions without getting any power 

of dealing with the most important part, the solution of problems. 

Much practice is therefore given in translating questions into a 

symbolical form, in order to lead the student easily to the solution 

of problems. 

A very large number of examples are introduced at every stage. 

Stress is laid on the importance of testing solutions and checking 

results, and of using approximations. 

Graphical work, involving largely the use of squared paper, is 

freely employed and interwoven throughout the book. It is 
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used in connection with solution of equations, square and cube 
roots, statistics, height and distance problems, rate problems of 
various kinds, indeterminate equations, logarithms, ratio and 
variation. 

Facility in finding factors and in the use of labour-saving 

methods is aimed at, and the Remainder Theorem is freely 

employed. 

Students are introduced at a fairly early stage to the idea of 

a function and to the use of functional notation. 

The bookwork is expressed in the manner suggested by much 

experience with learners as the one most readily grasped and 

retained. 

Sets of revision papers are inserted at various stages, usually 
at the end of what may be considered a term’s work. 

With a view to practical utility and as a stimulus to interest, 
logarithms are introduced as early as possible, viz., immediately 
after Proportion. 

Thanks are due to various bodies, from whose examination 
papers many examples have been taken, especially to the Oxford 

and Cambridge Local Examination Delegates, and the Con¬ 
troller of His Majesty’s Stationery Office. 

Some teachers will prefer to leave Chapters, Articles and 
Examples marked with an asterisk (♦) until the student is firmly 

grounded in the rest of this volume. 

A number of easy “ Problems involving Quadratics ” (XXIX. a.) 
have been added. 
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ELEMENTAEY ALGEBRA 

CHAPTER I 

DEFINITIONS, ETC. 

1. It is assumed that the beginner is already acquainted with 

the meanings and use of the ordinary symbols of operation, 

+ , ”i Xj -T-, ( ), as employed in Arithmetic. The symbol / is 

sometimes used to denote the operation of division. 

Thus 10/7 = 10-f7—V-. 

2. In Arithmetic we denote quantities by numbers, each number 
having a fixed value. In Algebra we denote quantities by 
symbols, generally letters, to which we may assign any value we 

please. 

Thus, in Arithmetic, 2 x 3 is always equal to 6, whereas 2 x a, 

or more shortly, 2a, will have different values according to the 

numerical value we assign to the symbol a. 

When a=3, 2a==2x3 = 6. If a = 8, then 2a=2x8 = 16, 

and so on. 

In Arithmetic, 

2 X 6 + 3 X 6 + 5 x6 = (2 + 3 + 5)x 6 = 10x6 = 60. 

So in Algebra, 2a + 3a + 5a = 10 x a, or 10a. 

In the same way, 66 ~ 26 = 46. 

We must also remember that since the symbols stand for 
numerical quantities, we may apply the ordinary Arithmetical 

laws in using them. Algebraic proofs of the various Arithmetical 

laws will be given at a later stage. 

As in Arithmetic 2 x 7 = 7x2, so in Algebra ax6 = 6xa, or 
a6=6a. 

B.B.A. A € 
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In the same way, just as 2 and 7 are the factors of the product 

2x7, 80 a and b are the factors of the product ab, remembering 

that by ab we mean axb. 

Also axbxc = axcxb = bxaxc, or abc = acb = hac, 

just as 2x7x8 = 7x2x8 = 7x8x2. 

Thus 3abc + 2acb + 7 cab 

= Sabc + 2abc + 7abc 

=^12ahc. 

In performing the above addition we look upon abc as a single 

quantity. 

Examples. I. a. 

Write down, or read off, the values of the following : 

1. 3x + 4x. 2. a-ha. 1 

C
O

 -a. 4. lx - Sx. 
5. 11a;-4a:. 6. X • -X. 7. Sab-h5ab. 8. 2tt6+36a. 
9. ab - ba. 10. llxy- Ixy. 11. Oxy -Syx. 12. Sab-ba. 

13. Sabc - Scab. 14. 3a; + 4a; + 5a;. 15. Sab + 4ab -f 2ab. - 

16. 5ab + Sba-h llab. 17. a + 6a + 7a+2a. 18. 3a6c + 4ca6 + lacb. 
19. a + a + a + a+a. 20. 3a; + 4a; + a; + 2a; + 5a;. 

What is the value of 8a; 

21. when a: = 2, 22. when a;=4, 23. when a; = J, 

ii 25. 26. . *=2i? 

What is the value of 
X 

2 
27. when a; = 4, 28. when .r = 16. 29. when a; = 3, 

30.a:-J, 31. 32. . a; = 2-5? 

Find the value of 3a; 

33. when a; = 1, 34. when a;=3, 35. when a; = y. 

36.a;-2|, 37, . .a; = 2-4, 38. . a; = l*6. 

Find the value of ^ 

39. when a;=6, 40. when a; = 12, 41. when x—1‘5. 

42. a:-24, 43. 44. . a: ”*024. 

3. Symbolical Expression. 
5£ = (20 X 5) shillings, 

a£==20a shillings. 

In the same way, a£ = 240a pence. 
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Again, 360 shillings = (360—20) £, 

/. a shillings = (a-f*20)£ 

X half-crowns = 30a? pence, 

just as 7 half-crowns = (30 X 7) pence. 

ix-\-y shillings = (20a? + y) shillings. 

If I give 6 pence to each of 4 boys, Igiveaway (6 x 4) pence altogether. 
. 6. a. 6a . 
. a? . 4.4a? . 

Examples. I. b. 

1. What is the number which is 2 greater than x ? 

2. What is the number which is 3 less than x ? 

3. If each article costs x pence, 
(i) what is the cost of 3 articles ? (ii) what is the cost of 7 articles ? 

(iii).11 . ? (iv) . a .? 

4. Express xt (i) in shillings, (ii) in half-sovereigns, 
(iii) in half-crowns, (iv) in florins, (v) in pence. 

5. If I walk X miles an hour, how far do I walk 
(i) in 2 hours ? (ii) in 7 hours ? 

(iii) in half-an-hour ? (iv) in a hours ? 

6. Express x yards (i) in feet, (ii) in inches. 

7. Express x inches (i) in feet, (ii) in yards. 

8. If I give 2 shillings to each boy, how many shillings do I give to 
X boys ? How many pence do I give them ? 

9. If I divide x shillings equally amongst 7 boys, how man}^ shillings 
does each boy get ? How many pence does each boy get ? 

10. If there are x forms in a school, how many boys are there in the 
school when each form contains 16 boys ? 

(ii). y boys ? 
11. What is the total number of pence in £ar, and y shillings ? 

12. What is the cost in pence of x articles at y pence each ? How many 
shillings do they cost ? 

13. Express x square feet in square inches. 

14. Express x square inches in square feet. 
15. Express x metres 

(i) in decimetres, (ii) in centimetres, 
(iii) in millimetres, (iv) in kilometres. 

16. Express x millimetres 

(i) in centimetres, (n) in decimetres, 
(iii) in metres, (iv) in kilometres. 
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17. What is the double 
(i) of a; ? (ii) of 3a; ? (iii) of lx ? (iv) of ax ? 

(v) of I ? (vi) of y ? (vii) of -~? 

18. If I buy a horse for tx and sell it for how much do I gain ? 

19. If I buy a horse for £a; and sell it at a loss of £y, how much do I 
sell it for ? 

20. If I buy a horse for £a; and gain £y by selling it, how much do I 
sell it for ? 

4. An Algebraic Expression. Any collection of symbols, 

figures, and signs involving only arithmetical operations, is called 

an algebraic expression. 

Term. The different parts of the expression connected by the 

signs plus (+) and minus ( -) are called terms. 

Thus, is an algebraic expression, and 5x, 7y, 

and - are its tenns. 

When no sign is prefixed to a term, the positive sign (+) is 

always understood. 

A simple expression consists of one term only; a compound 

expression of two or more terms. 

An expression of one term is sometimes called a monomial. 

Coefficient. In the case of a product, such as 3x7, each 

of the factors 3 and 7 is said to be the coefficient of the other. 

In the same way, a is the coefficient of he in the product ahe, or 

h is the coefficient of ac, or c of ah. 

When one of the factors is expressed in figures, it is called 

the numerical coefficient of the product of the other factors. 

Thus in the expression \2xyz, 12 is the numerical coefficient 

of xyz. 

Power. The power of any number or quantity is the result 

obtained when the number or quantity is multiplied by itself 

once or any other number of times. 

Thus aa is called the second power of a, aaa the third power, and 

BO on. 

Instead of writing aa, we write it thus a^, and call it ' a 

squared.’ In the same way we write instead of aaa, 

instead of aaaaa, and so on. 

Hence denotes the fourth power of a. 
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Index. The number written above, called the index or 

exponent, indicates the number of factors. 

a xa xa xa xa... to n factors==a” 

Square; Cube. The second power of a quantity is called 

its square, the third power its cube. 

N.B.—is the same as a. 

Square root. The square root of a number is that number 

which, multiplied by itself, gives the original number. 

The symbol is used to denote a square root. 

Thus \/25 = 5, for 5 X 5 = 25. 

sTl 6^2 == 4a, for 4a X 4a = 1 Sa^. 

Cube root. The cube root of a quantity is that quantity 

whose third power is equal to the original quantity. 

Thus, since 2^ = 8, 2 is the cube root of 8. 

The cube root of a is written thus, 

In the same way the fourth, fifth, etc., root of any quantity is 

that quantity whose fourth, fifth, etc., power is equal to the original 

quantity. 

The root of a is written thus, ^a. 

Like and Unlike Terms. In any algebraic expression, 

those terms which differ only in their numerical coefficients are 

said to be like terms. 

In the expression 

6ax^ - la^x - 9abcx ~ 1 \a^x - bed - 3ax^ 

6ax^ and -3ax^ are like terms, also -la^x and -Wa^x ; -9abcx 

and ~ bed are unlike to one another and to all the other terms. 

5. Examples. a® x a = a x a x a=a®. 

a® xa®=a xaxaxa xa —a®. 

a^xaP — eleven a’s multiplied together = 

N.B .—a® is not a multiplied by itself three times, but is the product of 

three factors, a, a, a, 
db xb=a xaxb X b — a^b^, 

a^b^ X =a® x a* x 6* x 6*=a®6®. 

a® xa^x=a^x, 
Zah X 3a=9 xa xa x 6=9a®6. 

12a6c X 24^bc =24 xaxa^xbxbxcx c=24a®6®c*. 
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The square of 
. —a^ xa^ 

. 4 x4 XXa^=:16a^. 
The square root of a* is for x a^ — a\ 

a* is a^, for x 

Ezamples. I. c. 

1. Give throe examples of 

(1) a simple algebraic expression, 
(2) a compound algebraic expression, 
(3) a simple algebraic expression with a numerical coefficient. 

2. Express the product abx^ in different forms. 
3. Do the same with 3.ry, 6a^b^c*y Vlab^x, 

What is the 

5. third power of 4, 6. fifth power of 2, 

8. product of and a®. 

4. second j)Ower of 3, 

7. product of X and 

9. 10. 
11. 12. 
13. . \2abc and ZabCy 14. . 12a®y® and layZy 
15. square root of x'^. 16. square root of x^\ 
17. . 16a2, 18. . 
19. square of 5, 20, square of x®, 
21. . a% 22. 
23. cube of x^y 24. cube of ay®, 25. cube of 2a®y^, 
26. cube root of x^\ 27. cube root of 8a®, 28. cube root of 27a® ? 
29. What is the coefficient of a in the expression 6a, 

30 . a® . 
31 . y . 

32 . If . 
33 . a* . 
34 . a: . 

Find the values of 

Za^hy 

xhjy 

y^Xy 

Za^b^Cy 

i^abx ? 
4 

35. 2®+ 3®, 36. (2+3)», 37. 3*+ 4*, 38. (3+4)®, 

39. 7®»5®, 40. 41. v/25-s/i6, 42. n/25-16. 

43. 13®-5®, 44. (13-5)*, 45 46. .^25^9. 

6. Substitution. 
(1) If a = 3. 2a = 2 x3=6. 

a*=a xo=3 x3=9. 

' 4a*=4 X a X a X 0=4 X 3 X 3 X 3 = 12 X 9 = 108. 
(2) If a:=5, 4ri:=4x5 = 20. 

4a:«=4x6x5 = 100. 

|a!»=|x6x6x6 = 6x6x6=150, 
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(3) Her ^2, 6=:3, c-4, 

abc — 2 X 3 X 4—24. 

a26=2x2x3 = 12. 

a62c=^2 x3x3x4 = 6xl2==72. 

(4) If a=0, 6 = 1, c = 3, a; = 3, 

a^zrO. a3 = 0 a4=0. 
a6c =0 X 1 X 3 =0. 

a26c =0 X 0 X 1 X 3 =0. 

6V = 1 xl x3x3=9. 

xl xl x3x3x3x3 = 8I. 

zr33=3 x3 X 3=27. 

a;&^3i = 3. 

^^ = x/27=3. 

Examples. I. d. 

If a = 5, 6 = 3, c = l, 37 = 7, find the value of 
1. 3a. 2. 36. 3. c®. 4. a:^. 6. 36^. 6. 4a2. 

7. 9c2. 8. car. 9. b*. 10. 4a3. 11. 2a;2. 12. llch 

Jf a = l, 6 = 2, c = 3, a;=4, t/ = 5, evaluate the following : 
13. ^a>b. 14. 6abc. 15. 9x^y. 16. a^bc. 
17. f6%. 18. 19. 8a''6. 20. Sax. 

21. 22. a*. 23. c^. 24. 6^ 

25. a‘K 26. 6®«. 27. iVo". 28. |c*. 

-?a- 
30. |6W. 31. -^^a^c^x. 32, 

If a=0, 6 = 1, c = 2, x — ly evaluate the following : 
33. 7a2. 34. 6a6. 35. 3ax. 36. 4car^. 
37. abex. 38. a^c^x. 39. .|6W. 40. 

41. a’6’c’. 42. 43. ^b^. 44. 

CHAPTER II 

NEGATIVE QUANTITIES 

7. Any quantity with the sign 4- prefixed, or understood, is 

called a positive quantity, and any quantity with the sign - pre¬ 

fixed is called a negative quantity. 
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Negative Quantities. Arithmetically we cannot subtract 6 

from 3, i,e. the expression 3 ~ 6 has no arithmetical meaning. 

In Algebra however such an expression has an intelligible 

interpretation. 

This is best seen by considering a few examples. 

If a farmer buys 7 cows, and sells 4 cows, he has 3 more than 

he had at the start. On the other hand, if he buys 4 cows, and 

sells 7, he has 3 less than at first. 

We express this algebraically thus, 

7 cows - 4 cows = + 3 cows. 

4 cows - 7 cows = ~ 3 cows. 

Again, if a man gains £10 and loses £6, he has £10-£6, i.e, 

£4, more than at first. If, on the other hand, he gains £6 and 

loses £10, he has £4 less than at first, 

i.e. £10- £6=+£4, 

and £6-£10=-£4. 

Moreover, if he loses £10 and then gains £6, he will then 

have £4 less than at first, 

i.e. — £10 + £6 = — £4. 

If a man runs 120 yds. along a road, and then runs 90 yds. 

towards his starting point, he will be 30 yds. from his starting 

place. But if he first runs 90 yds. and then 120 yds. backwards, 

he will still be 30 yds. from his starting place, but on the opposite 

side of it, 
120-90 = 30, 90-120= -30. 

Thus we see that 4-4 and -4 are the exact opposite of one 

another. If we consider a man's income, +£4 will represent a^n 

increase, whilst - £4 will represent an equal decrease. 4- 4 yds. and 

- 4 yds. represent 4 yds. in opposite directions, and so on. 

Suppose a man loses first £10 and then again loses £4, he is 

£14 poorer than at first. 

That is, -£10-£4= -£14. 

Thus -3-2 = - 5,and -5-6 = -11. 

Now instead of using f, or cows, or yards, let us use a symbol 

a. 
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We then have, 10a - 6a = + 4a. 

6a - 10a = - 4a. 

- 6a-10a=-16a. 

-10a— 6a==—16a. 

— 10a + 6a = - 4a. 

8. Graphical Illustrations. Take a str. line xox' of 

unlimited length, and let all distances measured to the right be 

considered positive, whilst all distances measured in the opposite 

direction, from right to left, are taken as negative. 

Taking O as the starting point in each case, 

OAg denotes whilst Oa^ denotes -66, and so on. 

Also A3A7 denotes +46, whilst A7A3 denotes -46. 

Thus 66 is denoted by OAg (6 spaces to the right), and A^A^ 

denotes - 26 (2 spaces to the left); 

66 - 26 = 0A4 = 46. 

Again, still starting from O, — 26 is denoted by Oa^ (2 spaces to 

the left) and +56 by agAg (5 spaces to tJie right) 

.*. — 26 + 56 == OA3 = 36. 

Again, - 36 is denoted by Oag, and - 46 by both distances 
being measured to the left, 

-36-46 = Oa7=-76. 
Once more, 

- 76 is denoted by Oa^ (7 spaces in the negative direction) 

+ 4:6.a^ag (4...positive.), 

-76 + 46 is denoted by Oag, 

i.e. -76 + 46=-36. 

Examples. II. a. 
What is the value of 

1. 5-3. 2. 3-6. 3. 11-7. 4. -3-2. 

6. '^7-11. 6.7-11. 7. 4a-2a. 8. 2a-4a. > 
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What is the value of 
10. - 4a + 6a. 9. -2a ~ 4a. 

13. 7a2-3a2. 

17. a2-4a2. 

21. 4ab~nab. 

25. ab - bab. 
29. -abc-\iabc. 

33. - Zahc - Ibca. 

36. -12t + 15.t. 
39. -12^-I7:r. 

14. 
18. 8a6-4a6. 
22. 3.riy - Sxy. 

26. -4-5. 

11. Sx-9x. 

15. -lla:2 + 8a;2. 

19. - 8a6 - 4a6. 
23. 3a^b-12a^b. 

27. -4.r + 7a:. 

30. 3abc-5cab. 31. -2xy-5yx. 

34. 14a;-ll.r. 35. 

37. 38. 

40. - 13a; + 17a;. 41. 

12. 9x - 3x. 
16. 2a2~9a2. 

20. -ab - ab. 
24. ab - ab. 
28. -5ab-h2ab. 

32. -3abc + 7acb. 

1 la; - 14a;. 
12a;-17a;. 
-15a;2 + 6a;2. 

Graphical Examples. 

Use graphical illustrations to prove the following (squared paper will bo 
found useful) : 
42. 4-3-1. 

45. -8 + 5- -3. 
48. -2-3- -5. 
51. -3x -\-Sx — 5x. 

54. - 2a; - 3a; = - 5a;. 

43. 7-4 = 3. 

46. 2-5= -3. 
49. -4-5= -9. 
52. - 2a; - 4a; = - 6a;. 

55. -7a; + 4a;= -3a;. 

44. 6-2=4. 

47. -7+2= -5. 
50. 5a; - 3a; = 2a;. 

53. - 5a; + a; = - 4a;. 

9. The order in which additions and subtractions are performed 

is immaterial. If you take 4 from 6 and then add 3 the result is 

the same as if yon first add the 3 to the 6 and then subtract the 

4. The same principle holds good with regard to algebraical 

expression, thus 6a — 46 + 3c is equal to 6a +- 3c — 46. 

This is generally accepted as axiomatic, but may with 

advantage be illustrated graphically. 

With the above diagram, using the same hypotheses with regard 
to signs, etc., as in Art. 8, 

46 + 36 - 56 takes us from O to (4 spaces), then from to A, 

(3 spaces), then from A^ to Ag (5 spaces in the negative direction); 

46+-36 ~56=0A2 = 26. 
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In the same way 46-564-3?> takes us first from O to A^, then 

from to (5 spaces in the negative direction), then from 

to Ag (3 spaces in a positive direction), i.e. to the same point as 

in the first case ; 

/. 46 + 36 - 56 is the same as 46 - 56 -h 36. 

Again, 66-46-36 takes us first from O to Ag (6 spaces), then 

from Ag to A.^ (4 spaces in the negative direction), then from 

Ag to a-^ (3 spaces m the negative direction) ; 

66 - 46 - 36 = 0% =-6. 

In the same way -46-36 + 66 takes us first from O to % 

(4 spaces in the negative direction), then from % to (3 spaces 

in the negative direction), and then from to (6 spaces in the 

positive direction) ; 

-46-36 + 66 = 0%=-6, 

i,e. 66 - 46 - 36 = - 46 - 36 + 66. 

Graphical Examples. II. b. 

Prove the following graphically, using squared paper i 

1. 6 + 5-3^8. 

3. -5 + 4-2= -3, 

5. 7-74-2=2. 

7. 8-5-3=0. 

9. -2 + 1-3+2-44-3= -3, 

11. 6a-7a+4a = 3a. 

13. 3a + 4a - Oa = - 2a. 
15. ~6x + 4:X + 5x = Sx. 

17. 3a-5a 4-4a-2a =0. 

19. - a - 3a - 6a = - 10a. 

2. 3-4 + 2 = l. 

4. -1-2 -3= -6. 

6. -6 + 3+4 = l. 

8. l-2 + 3-4+5=3. 

10. -2+5-7+4=0. 

12, 3a - 4a - 5a = - 6a. 

14. -4a-3*1+ 7tt=0. 

16. -7a; + 4a;4-a;= ~2x. 
18. - 9a 4- 8a 4- 3a - 5a = - 3a. 

20. -7a + 4a-3a-i-6a=0. 

10. Substitutions. 

Example 1. When o = 2, 6=3, c = l,d=0, find the value of 

■ ^/o26* o6 2x3 - 
Vv=;/c="=®- 

Example 2. With the same values of a, 6, c and d, find the value of 
- -qd, 

a*-6®+c®-gd=2x2-3x3 + lxl-g'x0 

=4-9 + 1 grx0=0) 
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Example 3. With the same values of a, 6, c and d, evaluate the 

expression f ^ 

mi . . 1 /3xl . The given expression = J ^ ^ ^ - 4-W + abc 

~T 

Example 4. Find the values of ~5x-{-4 for the following values of 
X:—(), 1, 2, 3, 4, 5. 

X — 0 I 2 3 4 5 

= 0 I 4 9 16 25 

-5a; = 0 -5 -10 -15 -20 -25 

4 4 4 4 4 4 4 

a;* -5a;+4 = 4 0 -2 -2 0 i 4 

4,0, -2, -2, 0, 4 are the required values. 

Examples. II. c. 
If u = 3, find the value of 

1. a®. 2. -a^ 3. a *-4. 4. a^~2. 5. Za^-2a. 6. a-2a*. 
If a: = l, y = 2, find the value of 

7. 2x^ + y. 8. x-2y, 9. 10. xy^. 11, x^-y^, 12. 4x*-2/*. 
If a = - 3, find the value of 

13. a + 2. 14. 0 + 3. 15. 2o-7. 16. 5a + 15. 17. " + 1. 18. ^+i}r- 
£i ^ 

If x=0t 2/ = 4, a = 7, 6 = 3, c = 8, find the value of 

19. Vf. 20. -Vf. 21. 22. 23. VJ- 24. 

25. a* + 6* + c*. 26. a::®. 27. a:®y. 28. pee*. 29. qx^ + bc -20y. 

30. 3a6 ~ 46c - 2ay. 31. a* + 6* + c* - a;* - y*. 

33. abx^ - 7ac2/* + 9ahy. 

If a=0, 6=4, c = 9, d=2^f find the value of 

U. ■JS>-\lbc + ’Jcd. 35. + 

37. v^6cd -s/oed! —/^2638. b\/cd-\-a\^bd^~-4:\^bc —^Qbc 
39. Find the values of a:* -6a;+9, when x has the values 0, 1, 2, 3, 4, 5. 

Tabulate the work. 

40. Find the values of 2a;* - 3a; -10, when x has the values 0, 2, 4, 6, 8. 
Tabulate the work. 

32. Ia6-lcy-|y*. 

qfi d* _c^ 6c bed 
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41. Find the values of 4a?* ~ 5a: + 4 when x has the values 0, •&, 1, 1*5, 2. 
Tabulate the work. 

42. Prove that 2a?* ~ 23a; + 63—0, when a:=7. 

43. Prove that a?* - - -^=0, when a;—3. 
5 5 

11. An algebraic expression consisting entirely of 
unlike terms cannot be simplified unless the values of 
the symbols are given. 

n a man has 7 pigs, 3 cows, and 3 geese, he does not know the 

value of 7 pigs + 3 cows + 5 geese, unless he knows the value of a 

pig, the value of a cow, and the value of a goose. 

In the same way we cannot simplify the expression 7a + 3h + 5c, 

unless we are given the values of a, 6, and c. 

On the other hand, if an algebraical expression consists entirely 

of like terms, we can collect these terms into one. 

Just as 2 cows + 3 cows + 5 cows = 10 cows, 

so 2a + 3a + 5a = 10a. 

7 pigs - 3 pigs = 4 pigs. 

In the same way 7a - 3a = 4a. 

11 geese - 4 geese = 7 geese ; 

12 horses - 7 horses + 2 horses = 7 horses. 

In the same way 12^ - 7^ + 2y = ly, 

12. In Arithmetic we know that 

2(3 + 4) = 2x3+ 2x4 = 6+ 8 = 14. 

Or otherwise, 2(3+ 4) =2 x 7 = 14. 

In Algebra 2(3a + 4a) = 2 x3a + 2 x 4a = 6a + 8a = 14a. 

Or otherwise, 2(3a+ 4a) = 2 x 7a = 14a. 

Let us now consider the expression 2 (3a + 46), noticing that the 

terms 3a and 46 are unlike. 

2 (3a + 4 6) = 2 X 3a + 2 X 46 = 6a + 86, and this expression cannot 

be further simplified unless the values of a and 6 are given, for 

the terms 6a and 86 are unlike. 

Thus we see that the second method used in the above arith¬ 

metical examples cannot be used in Algebra when the terms are 

unlike. 
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13. Example 1. Express 4a + 26 - 3c - 2a + 6 - c in its simplest iorm. 

4a + 26 - 3c - 2a 4- 6 - c 

= 4a — 2a 4- 26 4" 6 — 3c — c 
(collecting like terms) 

= 2a 4" 36 — 4c. 

Example 2. Find the simplest form of 
^xhj - 4:X^ - ^xy^ - 4- 2xy^ - Zx^y - 5x‘‘^ - 3x^ 4- 6. 

The given expression 

= 3x^y - Sx^y - 4x^ - 3x^ - 4xy^ 4- 2xy^ - 6x‘^ - 5x^ 4- 6 

(collecting lij^e terms) 
= - Tx^ - 2xy^ - 11 rr* 4- 6, 

Examples. 11. d. 

Find simple forms of the following expressions : 

1. 11 ~7+4-3 + 2. 
3. 3a - 6a 4- 4a - a. 

5. 36c-76c-96c 4-186c. 

7. 9x^ - I4xy 4 2y^ 4- Gxy - - 5y^. 

9. -J(9a-3a-2a). 

2. -6 + 9-11 +2. 
4. - 11a - 4a + 2a. 
6. - 3x^y - 7x^y + 4xy^ - 3xy\ 

8. 2 (6a - 4a + 2a). 

16a- -a^ 
10. 

Prove that the following statements are true when x — l, y—2 and «=4. 

11. x^ + y^ + z^:.-=2l. 

13. yz^-2y^z-bx^^ -5. 

12. + «/% = ! 8. 

14. 
X y 

= 0. 

15. -+^ + - 
y z X 

V s - ^4--=5. 

17. 
nr fit rf ^ X 

19. \lyz-^lQxz + ^x^y^z^ = 2. 

2;2 yZ 
16. -- -'^ + -=41-. 

y X z * 

18. x^-y^~z-= -19. 

20. y^ + a;+22' = 19. 

CHAPTER III 

SIMPLE BRACKETS 

14. In Arithmetic when a number of terms are included within 

brackets ( ) it is understood that the terms within the brackets 

should be considered as a whole. 

Thus 8 + (7 + 5) means that we first add 7 and 5, and then add 

the result to 8. 

When a group of tern\^ within brackets has the positive sign 

( + ) prefixed, the brackets may be removed without changing 

any of the signs within the brackets. 
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I. To prove that a + (6 + c)==a + 6 + c. 

Let the straight lines PQ, QR, RS represent a, h, c respectively. 

Then a + (6 + c) = PQ + (QR + RS) = PQ + QS 

= PQ + QR + RS = a + 6 + c. 

II. To 'prove that a (h - c) ~a + h - c. 

p ^ g R (Fig 1) 

p S Q R ‘O 

Representing a, h, c hy straight lines as before, remembering 

that we must draw RS in the opposite direction to PQ and QR, 

(see Art. 9) a + (6 - c) - PQ + (QR - SR) 

— PQ + QS in fig. (1) and PQ - SQ in fig. (2) 

= PS in each case 

= PQ + QR - SR in each case 

= a + 6 - c. 

Also, since we may write algebraic terms in any order, 

-c + 6 = b ~c; 

a + ( -c-^h)^a-y{h-c)—a-\-h-c-a-c + h. 

We have thus pioved the rule. 

When a group of terms within brackets has the negative sign 

( - ) prefixed, the brackets may be removed on changing the signs 

of all the terms within the brackets. 

P 8 R Q 

As abovea~(6 + c) = PQ-(RQ + SR) = PQ -SQ~PS 

== PQ - RQ-SR—a-h-c. 

Also a - (6 - c) = PQ ~ (RQ - RS) =» PQ - SQ = PS 

“ PQ ”■ RQ 4" RS — d — b + c. 

Again, since terms may be written in any order, 

a ~ (~c4-b) ~a ~ (6~c)=a-6 + c=a + o-h. 

The rule is therefore established. 
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16. In addition to the ordinary brackets, we sometimes use a 

line, called a “ vinculum,’’ drawn over the terms to be connected. 

Thus a - 2b + 3c is the same as a - (26 + 3c). 

3 "f" 5 3 6 
In Arithmetic we know that is the same g 2‘ 

^ , 3x + 4:a . 3x ia 
So in Algebra —^— is the same as g + ^ . 

Here the “vinculum”_, drawn underneath, has the 

same value as a pair of brackets. 
9'r _ 4 4 

For instance 3 + —^— = 3 +^(2^:-4)-3 + -^ - 

Also3-?^^ = 3-^(2a;-4) = 3-^|' + |. 

As in Arithmetic 3(2 4-5) = 3x2 + 3x5, 

so in Algebra 4(a-hb)-4a + 4b. 

16. Example 1. Prove, by removing the brackets, that 

7-(a? + 2)+(3-2a;)-(-6x4-3)=5 + 3a?. 

The given expression —7-a;-2+3-2a; + 6a;-3 
==7+3-2-3 + 6a:-x-2x 

=:10 -5-j-6x -3x 

= 5 +307. 

Example 2, Prove that 4a-2(a-hd) + 3(a -/?)~5a -5d. 

4a - 2 (a + 6) + 3 (a ~ 6) = 4a - 2a - 26 + 3a - 36 
—4a -h 3a - 2a -26 -3b 

==7a-2a-5b 
=5a -56. 

Example 3. Simplify the expression 
5a:-15 12-42a: 27a;-54 

5 6 9 ■ 
™ . .5* 16 12 42a; 27a: 54 
The given expression = -g-^--6+-e* + T“‘9 

=a:-3-2+7a; + 3a:-6 

= lla:-ll. 

Q.E.D. 

Q.£.D> 

What are the values of 

1. 6 + (4-2). 
4. 9-(3-4). 
7. 14-(3+ 11). 

10. -2-(3+4). 

Examples. III. a. 

2. 6-(3 + l). 
5. 11 -(8 + 4). 
8. 11 -(-2-3). 

11. -2-(2-4). 

3. 9+ (3-4). 
6. 10+ (6-10). 
9. 17+(6-6). 

12. -7+(-4 + ll). 
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13. 21 -(26 -23). 
16. 6a ~ (4a—2a). 
19. a - (a -fa). 
22. -{a + a)+5a. 

14. - (4-f 7)-1-15. 
17. 6a - (4a-f 2a). 
20. a-i-(a-a). 
23. 3a2 - (5a2 - 7a2). 

26. 25. -x^~(-3x^) + {-5x^). 

15. 6a-j-(4a - 2a). 
18. 6a - ( - 4a - 2a). 
21. -a - (a + a). 

24. 6ab - (2a6 -l- 4ab). 
+ (7a:2-6x2). 

Prove the following by removing brackets : 

27. 6 + {x-2)-{3+4x)-^{Cyr, + \)==Sx + 2. 

28. {3x-2)-{4x-5)+(x + l) = l0. 
29. (9a - 6) -f ( - 2a -f 36) - (Ca -f 56) =a - 36. 
30. X -6a-{2x - 3a) - (a - 6x) —5x — 4a. 

31. (a -f 6 - c) - (a - 6 - c) -f (a - 6 -fc) =a -f 6 -f c. 
32. 3a “ 26 -f 3c - (2a — 66 - 3c) -f(3a -36 -2c) =4a-f 4c. 

33. a - 6-f 6 - c-a —c=0. 

34. 4a - 26 -f 5c - 2a - 36 -f- 7c -f 36 -f 9c - 2a = 46 -f- 7c. 
35. 2(a:-l)4-3(l-re)-2(2-3a:)=5a;-3. 
36. 3(2-a)-7(a + 6)+C(2a-h7)=2a-f6. 37. 2(a-f-6)-(2a-6)=36. 
38. 3 (2a - c) - 7 (c - 3a) - 4 (.5a - 2c) ^ 7a - 2c. 
39. 3 (a - 6 -f c) - 4 (6 -f a - c) - 2 (c - a - 6) = a - 56 -f 5c. 

40. 2{ax + 12) + 'i{x-4)-4{2x + 3)=x. 41. 

42 3a;-9 4;i:-12 8x + 12_ 

43. 

44. ^ _ 1.4* - 2_1 ^ 3^ _ 2_ 

8-9a; 7-21a; 20-i'25x _ _2 
45. —^-—-f---= 5a;-f5|. 

ADDITION 

17. In Arithmetic the sum of 2 and 3 may be written 2 -f 3. 

So in Algebra the sum of a and b is a-\-b. 

Using the rules for removing brackets, the sum of a and - 6 is 

a-[-{-b)—a-b. 

When like terms are to be added together, they may (Art. 9) be 

collected into one term. 

Unlike terms cannot thus be collected. 

The sum of 2a, - 3a, and 5a is 

2a + (- 3a)-f5a = 2a-3a + 5a = 4a. 
B B.B.A* 
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The sum of ~ 35c, and - 6 is ^ ^ which is equal 

to a;^ - 3x - 6; and this cannot be shortened, since the terms are 

all unlike. 

When a number of like terms are collected into one term, the 

result is called their algebraic sum, even though some of the 

terms may be connected by the negative or minus sign. 
•4 r\ ^ 
18. Example 1. Add together — and 

6 o 

The sum required — ^ ^ 

5x5x r>a; . . . . 
= 5"x6+5x6’ (ft® “Arithmetic) 

25x-h6x 3lx 

~ '30“ ~W' 
x^ 2x^ 

Example 2. Find the sum of ^ and - . 

The sum required = ^ ~ 

_ 7x^ 3 X 2x^ 

_7x^-6x^_x^ 
“ 2i "21* 

Examples. III. b. 

Add together the following quantities : 
1. 4 and -7. 
4. - 7 and 6. 
7. 3a; and - 2x. 

10. - 7x and 3a;. 
13. - 3a and - 6a. 
16. x^ and - 3a:^. 

2. 5 and - 3. 
5. - 4 and 4. 
8. - 2a; and - 4a;. 

11. .3a and 4a. 
14. 6a and - 2a. 
17. adc and acb. 

3.-4 and - 2. 
6. 9 and - 9. 
9. - 7x and 9a;. 

12. 3a and ~ 4a. 
15. -2a and 7a. 
18. bca and -cab. 

19. X and 20. X and 21. -2a; and - |a;. 

22. -1 and 3a;. 23. 2a^ and 2a. 24. 3a^ and -3a. 

25. - 6x^ and - 2x. 26. - 2x^ and a;. 27. 1 and f. 
2 4 

28. 1 and 29. f and 
4 2 

30. -?and -f. 
2 4 

Jl. ^ and 32. -fand^. 33. ^xyz and - hx 

34.5 mid 35. ^and 
0 4 

36. 3a;® and -2y®, 
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19. Example 1. The sum of 3x - 4a and 2x+3a 

==3x -4a-j-2z-i-3a 
= 3x + 2x -4a-h 3a 

~5x - a. 

Example 2. The sum of 4 (x - y) and 5{x-y) 

= 9(x-y). 

Here we look upon x-y &s a, single quantity, and just as 
4a + 5a — 9a, 

or 4 cats + 5 cats = 9 cats, 
so 4{x-y) +5{x -y) =9(x-y). 

Example 3. Mnd the sum of f (2a -b) and jf{2a-b). 

Here we may look upon (2a - 6) as a single quantity, and therefore the 

sum required 
= 9 times 1 (2a - b) 

(2a - b) 

—2a-b. 

Examples. III. c. 
Find the sum of 

1. a + 6 and a-b. 

3. -x + a and x-\-a. 

5. a-3b and a + 2b. 
7. x^ -h y^ and x^ - y^. 
^ a b , a b 

2 + 2““'*2''2- 

11. ^a -f and |a + ^6. 

13. a-b and 6 -c. 

15. 2a “ 36 and a - 3o. 
17. 3x^ - 5x and 2x - 3. 

19. and ^ + 2. 

21. a + 6-c and a-6-fc. 
23. x+y-z and 3x-2y+ 4z. 

25. 3x^+4x +1 and 2x^-x -1. 

27. 3 (a-6) and 2 (a ~ 6). 

29. |(ar2-y2^ and^ix^-y^). 

31. -|^(a~6)and ~^(a-b). 

33. 9 times Sj and -8 times 8j. 

35. 3 times 1 ^ and twice 1 J. 

37. 4(a-6) and 2(a +6). 

39. 5(a;-l) and6(a:-2). 

41. 3(1+2a;) and 2(3-2a;). 

2. 2x-a and 3a; + a. 

4. 2x + a and 3x + a. 
6. 2a-b and 3a - b. 

8. 2x^-y^ and 3a;2-2y*. 

10. 2 + 2 and 2 + 2- 

12. ^a - and |a 4-^6. 

14. a- c and b -c. 

16. 2x^ 4- 5x and a; 4- 4. 
18. x^ - 3x^ and 2a;® - x. 

20. 3a;® 4- ^ and ? - 5. 
Ji Jd 

22. 3a - 26 - 2c and 3a 4- 26 - c. 

24. a’^ -b^ - c® and - a® 4- 26® 4- c®. 
26. a;® - 2xy 4- y® and a;® 4- 2xy 4- y®. 

28. ^(a 4-6) and ~ (a 4-6). 

30. ^ (a; 4- 5) and (a: 4- 5). 

32. -^{x-3) and - J(a;-3). 

34. 5 times 3| and -4 times 3|. 

36. 8 times 1|^ and -3 times 1|^. 

38. 3{x + y) and -2{x-y). 

40. 7(1 -x) and 2(1 +x). 
42. x(a-b) and a; (a 4-6). 
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20. Example 1. The snm of 3a, -4:0, 6a, -2a, 7a 

= 3a - 4a + 6a - 2a + 7a 

= 3a 4- 6a + 7a - 4a - 2a 

= 16a -6a — 10a. 

Example 2. The sum of 9.^8, -6x^ 3x^ 6x^ -3x^ 

= 9x^ - 6x^ + 6x^ 4- 3x^ - 3x'^ - 2x^ 

— 9x^ -2x“~7x^. 

Examples. III. d. 
Find the sum of 

1. 2o, 3a, 4a, 5a. 2. 2a, -a, 3a, -2a. 

3. -X, ~2x, -3x, -^x. 4. 5x2, -3xr, -2x% 9x". 

5. ly, -3y, ~2y, - 5«/. 6. 6p, 1 1 1 

7. -3a6, -lab, I0a6, 5a6. 8. la. -3a, 9a, -la, 3a, -9a, 

9. 2x^, Ix^, -2x^, -IxK 10. 3x, 
4 

2x, -|x, -X. 

11, ~a, - 'la* -ia, 6a, -2a. 12, 2*. -7?. 9^. 
2/ y y 

13. lx, -{X, lx, - lx. 14. 2x, 

Collect the terms in the following : 

15. 3a - 2a + 4a - a. 16. 7x‘ - 3x^ - 4- 2x®. 

17. 3ab - lab +ab - 2ab 4- 9a6. 18. llx^y - %xhj - 2xhj 4- 4x®^ - x^y. 

19. 4a6c - 9a6c 4- 0a6c - labc. 20. 

21. - 9^:3 - 6x^ 4- - 2x^ 4- 9x^. 22. 
2x 
3 

X 2x 
3+^-3. 

23. 24. - lar 4- -a^- 2a^. 

21. Example 1. Find the sum of 3a -46 -2c, 4a h-26 -c and 2a-b- 3c* 

First Method. The required sum 

— 3a - 46 - 2c 4- (4a 4- 26 - c) + (2a - 6 - 3c) 

— 3a - 46 - 2c 4- 4a 4- 26 - c 4- 2a - 6 - 3c 

= 3a 4- 4a -}- 2a - 46 4- 26 - 6 - 2c - c - 

(collecting like terms) 

= 9a - 36 - 6c. 

Second Method. Arrange the given expressions in lines so that the like 
terms appear in the same vertical columns : then add each column. 

3a - 46 - 2c 
4a + 26 - c 
2a - 6 - 3c 

9a — 36 — 6c, 
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Examplt 2. Find the sum of -1 - 3.^2, Cyx^ -3x + 2x^, and 7 - 2a; + 2a;2. 
Arranging the expressions so that like terms appear in the same vertical 

column, 
4a:2~3a;2 -1 
2ar® + 5a;2 - 3a; 
_2a;2 - 2a; 4- 7 

6a;3 + 4a;2 - 5a; + 6, the required sum. 

Example 3. Find the sum of ^(x-y-h Zz), | (4a; - 8^ ~ 2), I {2x + 2y - 2z), 

rri 1 2a; 2y „ .. 32 
I he reqd. sum = ^ + 22 + 3.r ~ - — 4- a; + ?/ - 2 

2a; o 32 
-y + 3a; + a; - f^y - (Sy + y + 22 - ^ - 2 

(collecting like terms) 

=a:(|+3 + l)+j,(l-6-§) + 2(2-l-|) 

Examples. III. e. 

Find the sum of 
1. 02_^2 + c2, -a2-62_c2, a2-f62+c2. 

2. 2a + Zb - 4c, 3a - 26 + 4c, a + 56 + 6c. 

3. 3a; -4y + 42, --2x ->r(}ty -5z, x ~Zy ~ 82. 

4. -a ~b -Cy ~2a ~-2b ~2c, - Za - Zb - 3c. 

5. 4aa; - Zby + 5c2, lax + Sby - 2c2, 2ax - 2by + C2. 

6. a+ 6, 6-f c, c 4-fl. 7. 2(a-6), 2(a+ 6). 

8. a + b-Cy Z{a-b+c)y 4:(a-b-c). 

9. a;2 + 2xy 4- y^y a;^ - ?/“, 2xy 4- y"^. 

10. x^ + Zx'^y - Zxy^ 4- or* - Zx^y 4- Zxy^ -r/y x^ + y^. 

11. 4a; - 60;^ - 1 4- 2.r®, 3a;* - 4 - .r® 4- 5Xy 12 -x. 

12. 3a3 - 2c® - 6® -f c® + 4d®, a® - 36® - Ic®. 

13. x^ - Zxhy 4- Zxy^y - 2x^y - xy^ - y^, 4- 4?/®. 

14. 4p2 - Z(f - 4r - 3, 5* - 2r - 4, Or - 2 - 3?.®, 9 - q^. 

15. Ix^yz - bxyz^y ZxyH - 4x^yZy - ^xy^z - Ixyz^, 2x^yz - 4a;y®z 4- QxyzK 

16. - be ~ 2aCy 6® 4- ax - c®, c® - 3ac ~ 46c, a6 4- ac 4* be. 

17. a® - 6® - 3a®c, 6® - 3a6c 4- 3ac®, 6a6c 4- 7a®c - 2ac®. 

18. 4(a 4-6 4-c), Z{2a - h ~c), 8(6 - a 4-2c). 

19. \{x + y-z)y -f^{x-y-z)y |( - a;4-^ + 2). 

20. |a4-36, la-c, |6 4-6c. 

21. f(8a;-12t/),f(6a;-.9y), |(12a;4-30y). 
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SUBTRACTION 

22. 2a subtracted from 5a == 5a - 2a == 3a. 

2a^. -5a==-5a-2a=-7a. 

-3a. 7a = 7a - ( - 3a) = 7a+ 3a = 10a. 

-4a. -2a= -2a-(-4a)= - 2a + 4a = 2a. 

x-y. x + y—x + y- {x-y)=x + y-x + y—2yo. 

x-2.-6x - (x ~ 2) 

= x^~6x-x-^2 

==x^ -6x + 2. 

Subtract 

1. a from 4(7. 

4.-6 from Gb. 

7. -86 from 116. 
10. 3x^ from tK 

13. - from llax^. 

16. 11a from 0. 
19. a~b from 0. 

22. ^ - -1-6 from la +16. 

24. la -16 from a - 6. 

26. a -f 6 from c. 
28. ~ a from ax. 

Examples. III. f. 

2. ~a from 4a. 

5. - 6 from - 66. 

8. X from - x. 
11. 7aa;2 from 1 laar®. 

14. lax^ from - I3ax^. 

17. -3a from 0. 
20. a - 6 from a + 6. 

29. - a from - ax. 

3. 2a from - 3a. 

6. - 56 from - 56. 

9. - 2y from 2y. 

12. ~lax^ fTom -lloa?** 
15. a from 0. 

18. 3a -f 26 from 0. 
21. 2a - 6 from 3a - 36 

23. I a + i 6 from a + t 

25. c from a -f 6, 

27. a from ax. 

30. X from x\ 

What must be added to 

31, 2a -b to make 2a ? 

33. a -f 6 - c to make a ? 
35. x^ -y^ -1? to make + z* ? 

37. a;* + pa; + g to make - pa; ? 

32. 2a + 36 to make 2a ? 

34. 3a-b - c to make 3a + 6 ? 
36. a;2 - 5a; - 6 to make 5a; + G ? 

23. Example 1. Subtract 3a - 2b + 2c from 5a + 36 - 4c. 
The reqd. result — 5a + 36 - 4c - (3a - 26 4- 2c) 

= 5a-f 36 - 4c-3a-f 26-2c .(1) 
=: 5a - 3a + 36 + 26 - 4c - 2c .(2) 

(collecting like terms) = 2a + 56 - 6c. 

Example 2. Subtract 3x - 2x^ - 6 from 7a; - 5 - 2a;^ + 4a;®. 

In cases such as this it is generally best to arrange the expressions in 
ascending or descending powers of x. 

Arranging the expressions in descending powers of a?. 



m.] SUBTRACTION 23 

tlie reqd. result = - 2x^ + 7a; - 5 - ( - 2a;® + 3a; - 6) 

= 4a;® - 2a;® + 7a; - 5 + 2a:® - 3a: + 6.. .(1) 

:-4a;® -2a;2 + 2a;® + 7a: - 3a; - 5 + 6.(2) 

~4a;® -f 4a: + l. 
When the student has had a little practice, he will be able to shorten 

the work by omitting lines marked (1) and (2) in the above. 

24. The work of subtraction is often conveniently arranged as 

follows. 

Siihtract ba - 3b -t 4c from 6a-bb- 3c> 

6a-bb- 3c 
ba - 3b + 4c 

a — 2b — Ic. 

Explanation. We see from the examples previously worked 

out, that we must change the signs of all terms in the expression 

to be subtracted and then take the algebraic sum of the two 

lines. 

6a-ba=^a, -bb + 3b^ - 2h, - 3c - 4c - 7c. 

The signs need not be actually changed ; the change may be 

made mentally. 

Subtract 3a^ - ia^ + 2a^ + ba from 2a^ + 3a^ - 5a 4* 4. 

2a^ + 3a^ - 5a4 4 

3a^ - 4a® + 2a^ 4- 5a 

2a® 4-4a®-2a® - 10a+ 4. 

Explanation. 2a®-0 = 2a®, 3a^-3a^ = 0, 0 4-4a® = 4a®, 

0 - 2a® = - 2a®, - 5a - 5a = - 10a, 4-0 = 4. 

Examples. III. g. 
Subtract 

1. o® + 2ab - 6® from a® + 2a6 + 6®. 2. a; + + 32 from 5a; + 7«/ - 22. 

3. 5a;® - Sa* + 2 from 7a;® - 5a; + 6. 4. 3a:® - 2xy - 3?/® from a;® + 2xy + 5y® 
5. 2a-b -4d from a -35 4c. 6. 3a; -4a 411 from 5a;-8a -2. 
7. - 3a5 - 26® + 11 from 66® + 5a6 + 2. 

8. 5a -3c + id from 6a -2b - Sc-2d. 

9. a:® - 6x^y - Sxy^ from .t® - 9a;®y - bxy^ + y®. 

From 

10. 6a - 6 + c - 3d take 3a + 6 - c - d. 

11. 6a;~3y-42 + 7 take 5a; + 2y-32 + 9. 
12. 6a® - 7a6 - 12 take - Sab + 2. 
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From 

13. -4x^ + 7.t2 - 9 take 8 - 2a; - Sx® - 2x^. 

14. 5a^ - 9a^ + 3 take 4a® - 6a - 3. 

15. ah - be -cd - ad take -ab^bc- ^cd. 

16. a® - 1 - 2a'‘ - 3a -f- 5a® take 3a® - 4a* + 6a® - 2. 
17. 6a;* - 36 + 8a;® - 9a; take 3a;® - 7 + 8a;® - 3a;. 

By how much does 
18. 7 exceed 4 ? 19. 7 exceed -4 ? 
20. -7 exceed -9 ? 21. ,3a exceed -a ? 

22. 2a;® + 1 exceed .a;® +1 ? 23. .a;® - 2a: + 1 exceed 2a; +1 ? 

24. a-b exceed a~Sb ? 25. 3a -4a; exceed a + lx ? 

Find the excess of 
26. 6a over -2a. 27. la over 5. 

28. 3a;® over - x. 29. 6 - a;® over - a;®. 

30. 3 (a 4 b) over 2 (a - b). 31. 8 times 3J over 6 times 3J. 

32. 9 times 3 j over 5 times 3’. 

33. Subtract the sura of 3a - b and a -f 25 from 6a - lb. 

34. Subtract 3x -y -z from the sum of x-\-y -z^ and 3y - z. 
35. By how much does zero exceed 7a; - 6 ? 

36. Subtract 3a® - 6® + c® from zero ? 

37. Subtract the sum of 3a-5 + 2c-5(i and a-f5-2c + 3d from the excess 
of 6a - c - d over a - b ~c. 

38. Take 3 from 2a;® and the result from a;® -3a; -3. 

CHAPTER IV 

MULTIPLICATION 

Rule of Signs. 

26. We know that 

+ 2x +3 = + 6; also +a x +5 is represented by H-a&. ...(1) 

Again, -3 x +2 means -3 taken twice, 

t.e. — 3x+2=—3 + ( — 3)=—3 — 3=--6. 

We therefore deduce that -ax 4-h — - ah.(2) 

Next let us consider 4-3 x - 2. 

This means 4- 3 taken - 2 times, and therefore has no 

arithmetical meaning. 

It bears however an algebraic interpretation. 
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Remembering the convention of signs for direction (Art. 8), we 

see that +3 taken -2 times is the same as -f-3 taken +2 times, 

hut in the opposite direction, 

+3x-2=+3x+2 with the opposite sign, 

= + 6 with the opposite sign, 

= ~6. 

Algebraically therefore, 

+ a X -h= —ah.(3) 

Lastly let us consider the product - 3 x - 2. 

This denotes - 3 taken - 2 times. 

remembering the convention of sign for direction, this is the 

same as - 3 taken twice, hut in the opposite direction, 

= - 6 in the opposite direction, 

= +6. 

in algebra we say that -ax -h — + ah.(4) 

Examining the results (1), (2), (3), (4), we have the following 

rule of signs. 

Terms with like signs multiplied together give plus ( + ). 

Terms with unlike signs multiplied together give minus ( ~ ). 

Indices. 

26. By definition, a^—axaxa, 

and a^ = axaxaxa, 

X — a X a X a X a X a X a X a (7 factors) 

=a'^ by definition. 

In the same way x a^ x a x a x a x a 

In each case the index of the product is the sum of the indices 

of the factors. 

We therefore deduce the following law. 

To multiply two powers of the same quantity, add the indices 

of the factors. 

The continued product of a number of quantities is the result 

when they are all multiplied together. 
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Thus fche continued product of 2, 3, 4 is 2 x 3 x 4 = 24. 

. a, 6, c, is abc. 

. is a®. 

. - a, 2a, - 3a is 6a®. 

. - a, - 2a, - 3a is - 6a®. 

27. Examples. 

(1) a^6® X xa^ xb‘^ xb^ 

-a^b^. 

(2) 3a^6 X -46=-3x4xa2x6x6 (Unlike signs give minus) 

=:^ -\2a^b\ 

(3) - 4iX^y X - 5x^y —-i-4x5xx^xx^xyxy (Like signs give plus) 
= 

(4) (3a - 46) X - 2 - 6a + 86. 

(5) - 4x^y^ {x^ - 3yz -l- 5^2) 

= - 4ary X - 4x^y^ x ( - 3yz) - 4xhf^ x (52*) 

= - 4x*y^ + I2x^y*z - 20x^y^zK 

(6) 24aQa^ - 16^ + f6c) =24a x jta* - 24o x |6* +24a x Idc 

= 16a® - 6a6® + 9a6c. 

(7) { ^a -16 - c) X - ^ab^c = - 9a6®c x ^a + |a6®c x |5 + |a6®c x c 

— - + |a6®c 4- ^obhK 

Examples. IV. a. 
Multiply 

1. 2a by 3. 2. 3a by -3. 3. - 2a by - 4. 
4. a by 2a®. 5. - 2a® by a®. 6. -3a6 by 2ah. 
7. 3a: by 4y. 8. - 3a: by - 2y. 9. - 5x by 3y. 

10. 7a;® by -2a:. 11. abc by ahc. 12. o®6 by ~6®c. 
13. - a® by a:®. 14. - 2a® by - 3a6. 15. 4a;® by - 2aH*. 
16. pll l)y -jp3. 17. -p^q by -pq\ 18. - 3p^q by 2pqK 

19. a®6®c^ by o6®c®. 20. by ^6. 21. -Jo» by 

22. fa» by - lx. 23. by -|.v“z. 24. - hy --g-bcK 

Write down, or read off, the continued product of 

25. -2, -3, 4. 26. a, — b, c. 27. a®, - 6®, c. 
28. 6®, -c®, -a. 29. 2a, 36, 5c. 30. 3a, -26, -4c. 
31. a®a:, x, -y. 32. 3a, X, -a;®. 33. — a, — a, — a. 
34. -2a, -2a, -2a. 35. a®, 6®, 2c*. 36. 3p®, 2pg, 4qr. 
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Write down, or read off, the values of 

37. ( -a)\ 
40. (-2a)3. 

43. 

46. 
49. {-xy, 
62. (-2a^bf. 

38. ( ~a)\ 

41. (xY- 
44. ( -2xyY. 

47. (-1)8. 
50. 

53. ( - Zx^yf. 

39. (-a)8. 

42. (xY> 
45. ( -2xy)K 

48. (-1)“ 

51. {-2xY> 
54. ( - ZxyY* 

Examples. 
Multiply 

1. a + 56 -3c by 5. 

3. a + 6 + c by 2a. 

5. 6a8 - 4a2 -2a ~ 5 by la^. 

7. 2a6 - 36c - 4ca by - 3a6c. 
9. a:8 - Zx^y + Zxy^ “ by - Zx^. 

11. 3a6 + 2ac - 6c by abc. 
13. a;8 -3a;2 + 3a; + l by 2rr. 

15. - Za^ - 2ab + 6^ by - 268. 

Find the continued product of 

17. a-bt a, b. 
19. a;8 ~ 5a; + 3, 2r, and - 3x. 

IV. b. 

2. 2a - Zb + 2c by - 4. 

4. 3^8 - 2a + 5 by — 2a. 

6. a6 - 6c + ca by 6c. 

8. a;2-2a;.v + 2/2 'by a;8. 
10. a® + a6 + 68 - ffc - 6c by - c. 
12. 1 -3a;-2a;8 + a;8 by -2a;. 

14. 3a;«-2a;2 + 6 by -5.t2. 

16. - 5a® - o6^c® + 96'^c8 by -12a®6^c®. 

18. a® - 2ab - 6®, 2a, and 3c. 

20. x^ - 3a;® + 2x® - 3, - 6a;, and - 2.1; 

Following the law of indices, what is the product of 

21. a^ and a^. 

23. and a"*. 
25. -a® and -a*\ 

27. and a®”*. 
29. ~2a»^anda/^ 
31. a® + a®* and a*. 

33. a^”ianda"'-^i. 

22. a’^ and - a”. 

24. a'^ and a8^^ 
26. - and a^. 

28. a®^ and a®^. 
30. -Za'^^b’’^ and “.5a”6"^. 
32. e®® - c® + 1 and e®®. 

34. a^-8 and a'^-\ 

When a ” - 2, w hat is the value of 

35. a®-2. 36. 2a2-a+4. 37. o® + 8. 

38. 3a® + 2a-16. 39. 2a8 + 16. 40. a4 + 3a® + 2a®-a. 

When a = -1,6 = 2, find the value of 

41. a®+ 6. 42. a®-36. 43. a®+ 6*. 

44. 8a®-6®. 45. a® + a6+6®. 46. a®+ 6®. 

When a;=0, y = -1, 2 = 2, find the value of 

47. a;® - 2yz + y®. 48. a;y + yz + zx. 
49. a;®+y® + 2®. 60. +y^ -xy -yz-zx. 
51 a;* + y* + 2*. 52. (a; - y)® + (y - 2)® + (2 - a;)*. 
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28. To find the 'product of {x + 3) and {x + i). 

First let us regard {x + 3) as a single quantity, a suppose. 

(a; + 3) X (a; + 4) = a X (.r+ 4) 

= ax + ia 

= (a? + 3) X a; + 4 (x 4- 3) 

= rr^ + 3a; + 4x +12 

= -\-lx + \2. 

Examining the above, we see that it is the same as multiplying 

(x + ‘d) by X and by 4 and adding the results. 

To find the product of (x-2) and (a?-5). 

Regarding (x - 2) as a single quantity, a suppose, 

(aj-2) X (x-~5)=a x (a;-5) 

^ax - 5a 

^x(x-2) -5(x-2) 

= x^ - 2x-5x +10 

= x^-7x + ]0. 

Again, we see that this is the same as multiplying (x - 2) by x 

and by -5, and then taking their algebraic sum. 

The work may conveniently be arranged thus : 

x-2 
x-5 

x^ - 2x (multiplying x-2 by x) 
- 5x + 10 (multiplying x-2 by - 5, and placing like 

x^ - 7x +10. (adding) terms underneath one another) 

N.B.—(x + 3) X (x - 2) is usually written thus, (x + 3)(x - 2). 

29. Example 1. Multiply x + a by x + ft. 

x + a 
x + b 

x^ + ax 
bx+ab 

x^ 4- ax + 6x + ab. 
This may be written x“ + (a + b)x -f ab. 

This result is true whatever values we give to a and 6, positive or 
negative. 

Hence {x + 2)(x + 5)=x2 + (5+2)x + 5 x 2=x® + 7x + 10. 
(x-3)(x-5)=x2 + (^3-5)x + (-5)( -3)-.r2-8x + i5. 
(x-3)(x + 7)=xa-f( -3+7)x + ( -3)(7)==:x2+4x-21. 
(x+3)(x-9)=x2 + (3-9)x+(3)( -9)=x^-6x-27. 
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After a iittlo practice the student will be able to write 4*^^ Stich products 
at sight. 

Example 2. Multiply 5 + 3x by 7 - 2x. 
5 + 3x 
7 -2.r 

35+21a; 
- 10a; - Ga;“ 

35Tili-6a;2 

Example 3. Multiply ay + 6 by cy - d. 

ay+ b 
cy -d_ 

axy- + bey 
_ - ady - bd 

acy^ 4 bey - ady ~ bd 

Example 4. Multiply a + 6 by a - 6. 
a +6 
a -b 

a^ + ab 
-ab-b^ 

a^-b^~ 

i.e. (a + b)(a-b) = a®-b^. 
This result is very important. It is true for all values of a and 6. 
Hence (a + 2) (a - 2) — - 2^ ^ a'^ - 4. 

(a + l)(a-l)=«2_p 

(a; + a) (a; - a) = a;^ - a^. 
i2x + 3a) (2a; - 3a) ^ (2a-)2 - (3a )2 

-4a,^-9a2. 

Examples. IV. c. 

[After a little practice, the student will bo able to write down the results 
in many of the following, without showing any work.] 

Find the product of 

2. a;-2, a;-3. 3. a;+ 2, a;-3. 1. a;+ 2, a;+ 3. 
4, a;-2, a;+ 3. 

7. a;-11, a;-7. 
10. 1 +4a;, 1 -3a:. 
13. 5+a;, 6 +a-. 

16. l-7a:, l+3a:. 

19. a: -3, .t + 3. 
22. 2 + a;, 2 - x. 
25. x + y, x + y. 

28. a:-3y, x-2y. 

5, a:+ 3, a:+ 9. 
8. a:+ 11, x-7. 

11. 1 -a;, 1 -2a;. 
14. 3+x, 7+a;. 

17. a; + l, ar-l. 

20. x-7, a;+ 7. 
23. 7-x, 7+a;. 
26. a: + 2y, a: + 3y. 
29. x-3y, a; + 2y. 

6. a; - 3, a; + 6. 
9. 1 + a;, 1 + 2a:. 

12. 2 + a;, 3 + a;. 

15. 1-9a;, l+7a;. 

18. a;+ 2, a;-2. 
21. 1 - a;, 1 +a;. 
24. 9 - a;, 9+a;. 

27. x-2y, x + 2y. 

30. X-by, a; + 4y. 
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Find the product of 

31. 2a; 4-2^, 2a; 4 y. 32. 3a;-y. 3a;-y. 33. 2a; -3, 3a; 4 4. 

34. 2a;-1, 3a; - 4. 35. 5a; 4 6, 2a; 4 3. 36. 3a;-7, 5a; 4 2. 

37. 2-3a;, 3-2a;. 38. 5 -4a;, 6 4 lx. 39. 2-3a;, 2 4 3a;. 

40. 2x - 5, 2a; 4 5. 41. 5a;-7, 5a; 4 7. 42. 6x -5, 6a; 4 5. 

43. 9a;+ 8, 9a; - 8. 44. 4a; 4 7, 4a;-7. 45. X "" a; 4 6. 

46. a;4-a, : X -b. 47. a+b. a -{'b. 48. ax+b, aa; 46. 

49. a - 6, a-b. 50. ax - 6, ax-b. 51. px -g. px-q. 

62. p+qx. p-k-qx. 53. a 4 3a;, a - 6x. 54. 3 - a;. 7 4 2a;. 

55. X 4 X - ay. 56. px~q. px-hq. 57. px-^q. px + q. 

58. cx -d. cx -d. 59. Sx - 4y 4a; - 3y. 60. 3x 4 4y , 4a; - 5y. 

61. lx 4 8c, , 6a; - 4c. 62. 2ax + S , 3aa;4 2. 63. a® - 62, a^ + b\ 

64. a2-45, a® 4 4^. 65. a® 4 66, , a® - 46. 66. a2_36, a- - 56. 

67. ia^-Zb, 4aH36. 68. 5a^-2b\ 5^24 26®. 69. a;2 - 2a‘ ̂  a;2^2a2 

70. x^ -p. x^+p. 71. a — 6®, a 46®. 72. a~b\ a -6®. 

73. a;® 41, x^-l. 74. a;2-2. a;®42. 75. aa;2 41, aa;2 -1. 

76. bx^ + c, bx‘^ - c. 77. aa;4l. 6a; 41. 78. ax 4I, bx -1. 

79. x-\-2y, 3a; 41. 80. 2x - a. 3a; 4 6. 81. rt 46, c : 4 d. 

82. a-b, c -d. 83. 2a - 6, 3c44d. 84. a 4 36, 2c - 5d. 

85. x^+a, ; a;2-36. 86. ax^ 4 bXf ax 4 6. 87. aa;2 - 6a;, ax 4 b. 

88. a;®4a^ a; 4 a. 89. a; 4 a. 90. a;2 - 4?/® x~2y. 

SQUARES 

30. — + ax-¥ax-\'a^ 
= -1- 2ax + a^. 

This is true for all values of a. 
Hence (cc + 2)^ = ^ 4^ _j. 4 

(a; + 7)2 = -I-14iC + 49. 
(x- a)2 = (a;-a) (x - a) =^x^ - ax - ax 

= x2-2ax + a2. 

This is also true for all values of a. 

Hence {x - 3)2 ~x^-6x-^d, 

(a^-8)2 = a;2-16a: + 64. 

From the above we gather that: 

The square of the sum of two quantities is equal to the sum of 

their squares plus twice their product. 

The square of the difference of two quantities is equal to the 

sum of their squares minus twice their product. 
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Examples. IV. d. 

Doing all the work mentally, write down the expanded values of the 
following: 

1. {a + b)\ 2. (a + x)®. 3. (c+ (?)*. 4. (x + 4)2. 
5. (a: + 7)». 6. (p + 3)®. 7. (a - 5)*. 8. (a-x)2. 

9. (c-(?)*. 10. (x-4)2. 11. (*-9)*. 12. (i)-4)2. 

13. (2p+ZY. 14. (3p + g)®. 15. (2p-5)\ 16. (4p-l)2. 

17. (*-1)®. 18. (3x-l)®. 19. (1 -*)*. 20. (1 -2x)2. 

21. (1 -5x)\ 22. (1+p)®. 23. (l+7p)*. 24. (2a+ 36)2. 

25. (ix-Zy)\ 26. (-a+ 6)2. 27. {~2a + x)‘. 28. (2x-3a)2. 

29. ( -2x + Zaf. 30. {4p+5g)2. 31. {5p-4q)‘. 32. (a2 + 62)2. 

33. (a^-b^)K 34. (a®+ 6)2. 35. (a* - p)K 36. (2a2~ 362)2. 

37. (402 + 35*)^ 38. (a®+ 6)2. 39. (** + y*)*. 40. (x® - y®)2. 

11. {2x^+a)K 42. (3x2-2/2)2. 43. (1-2**)*. 1 i 

45. (-1-2*)*. 
49. (2f + Zf)\ 

46. (x^ + a^)2. 

50. (x^-a^f. 

47. (x*-7/)‘. 48. (2x4-3y*)2. 

31. Example 1. (X + 2)(X-2): =x2 -22=x2 -4. (See Art. 29, Ex. 4.) 

Example 2. {2x - 3) (2a; + 3) =(2a;)2 - (S)^=4a;2 - 9. 

Example 3. ( -a-\-x)( -a-x)={ -af -a^ = a^ ~x\ 

Example 4. {px - q) {px + q) —p^x^ - q^. 

Examples. IV. e. 

Write down the following products : 

1. (a; + l)(a;-l). 2. {x-2){x + 2), 3. (1+a;)(1-a;). 

4. (a; + 5)(a;-5). 5. (3-y)(3-fy). 6. (7 -a;)(7+a;). 

7. (6-a)(6 +a). 8. {2p + q){2p-q). 9. (3p + g')(3p-g). 
10. (a-36) (a+ 36). 11. (3p + 2g)(3p-2g). 12. (6a;-4a) {5a; + 4a). 

13. (-a-6)(-a+6). 14. (-2a + a;)(-2a-x). j»15. (a-76)(a+ 76). 
16. (-a-76)(-a + 76). 17. (x^18. (a®+ 26^)(a® -26-). 

19. {px-q){px + q). 20. (a -6x)(a + 6x). 21. (x®-a®)(a;®+ a3). 
22. (-X®-a)(-.T^ + a). 23. (2a® + x)(2a®-x). 24. (2a®-3x)(2a®+3x), 

25. (1-x®)(l+x®). 26. (l+ax*)(l-ax®). 27. (3-a®)(3 + a®). 
28. (11-7x)(ll+7x). 29. (9 -8x)(9 + 8x). 30. (7x-9)(7x + 9). 

’•'32. The formulae 
(a+ 6)2=a^ + 2a6 + h2 and (a - 6)^ = - 2a6 + 

may be used with great advantage in arithmetical work. 

992 = (1(X)- 1)2 = 10,000 - 200+ 1=9,801. 
1012 = (100+ 1)2 = 10,000+ 200+ 1 = 10,201. 
1052 = (100+ 5)2 = 10,000 + 1000+ 25 = 11,025. 

100-52 = (100 + *5)2 = 10,000 + 100 + -25 = 10,100-25. 
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These formulae may often be used in approximations. 
(100-03)2-(100+ -03)2 

-10,000 + 200 X-03 +-0009 

= 10,000 + 6 +-0009 

= 10,006-00 correct to two dec. places. 

In giving approximate values, -5 or more counts as unity. Thus 

79-7, 79-5, 79-8 would count as 80, correct in whole numbers. 

On the other hand, 79-3, 79-2 would be taken as 79. 

In the same way, 6-035729 would be taken as 

6-04 correct to two decimal places. 

6-036 . three. 

6-0357 . four . 

6-03573 . five . 

Using the formula (a -\-h){a-h)—a^- 62. 

99x101 =(100-1) (100 + 1) 

= 10,000-1=9999. 

Also 99-6 X 100-4 = (100 - -4) (100 + -4) 

= 10,000--16 
= 9999-84. 

15-6x14-4 = (15 +-6) (15--6) 

= 225--36 

= 224-64. 

^Examples. IV. f. 

Without doing the actual multiplication, find the value of 

1. 982. 2. 2012. 3. 1022. 4. 1032. 

5. 1072. 6. 99992. 7. loop. 8. 10022. 

9. 9-92. 10. 10,0032. 11. 20,001*. 12. 999-8*. 
13. 20,010*. 14. 2,0052, 15. 100-32. 16. 1008*. 
17. 9992. 18. 99-972. 19. go-22. 20. 6OO-52. 

21. 899-62. 22. 500-32. 23. O-OOG*. 24. 7 996*. 

25. 100*022, correct to three decimal places. 

26. 10052, . four . 

27. 10-08*, . three. 
28. 999-962, .. two . 
29. 10-0052, . four . 

30. 1002 X 998. 31. 203 x 197. 32. 97 x 103. 33. 83 x 77. 

34. 11-5 X 10-5. 35. 9-3 x 10-7 36. 82 x 78. 37. 20 04 x 19-96. 
38. 1 -72 X 1 -68. 39. 1 96 x 2 -04. 40. 9000-4 x 8999-6. 
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33. Example 1. Multiply -2a; 4-5 by a;+2. 

a;* - 2ar 4- 5 
_^ +2 

- 2a;® 4- 5x 
2a;® -4a; +10 

a;® -ha;-fl0 

Example 2. Multiply a - b+c by b -c, 

a-b + c 
b -c 

ab -6® 4- be 
-ac 4- 6c - c® 

ab -ac -b^ + 2bc - c® 

Examples. IV. g. 

Find the product of 

1. x®-2x + l, x-1. 2. X® 4 4x 4 4, .r 4-1. 
3. 2x®-3x-fl, 2x-1. 4. X® - 2x 4 4, X4 2. 
5. 9x®4-3x + 1, 3x-1. 6. 3x®-2x44, , 2x4 5. 
7. X® - ax + o®, X - a. 8. 25x® 4 5x 4 ] 1, 5x-l. 

9. a® 4- 6®, a + b. 10. X® 4- ax 4 a®. X - a. 

11. a® - 6®, a + b. 12. X® - 6x 4 9, x-3. 
13. 4x®4-2.x + 1, 2x-l. 14. 4x® - 2x - 5, , 2x-7. 

15. 4x2-3, x-2. 16. x®43x-4. X® - 2. 

17. 9x®-3x4-1, 3x4-1. 18. x®43x243x41, x-1. 

19. X - a, X - 6, X - c. 20. X - 2a, X 4! 2a, x®44a*. 
21. X 4 36, X - 36, X® - 96®. * 22. 2x 4-3, 2x- -7, 3x42. 

23. a - 6, 0 4-6, a - c. 24. a 4 6 - c, a -6. 

26. 2a 4- 36 - c, 3a - 46. 

Examples. IV. h. 

Find, by inspeciion, the coefficient of 
1. a; in the product (a; 4-2) (x H-7). 
2. X . (x-3)(x4-7). 

3. X . (2x-l)(3x-l). 
4. X . (2x + 3)(3x4-4). 
5. X . (3x-5)(x+2). 
6. X . (5x-4)(2x-l). 

7. a . (a4-2){x-f3). 
8. 6 . (x-2){x + 36). 

9. a . (x4-2a)(3x-5). 

10. a . (x4-2a)(x-5a). 
11. x®. (2x® + x4-1)(x4-2). 

B.B.A. O 
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Find, by inspection^ the coefficient of 

12. in the product ~2x + 4){5x + 7), 
13. a;2 . (5a;2-3a;-ll)(5a; + 3). 

14. xs . (ax2 + 3x + 4)(2x-l). 
16. x^ . {i)X^-ax + 7){6x + a). 

16. x2 . (3x2-2x + 4)(5x-7). 

17. X* .. (ax®+ 6x+c)(x + d). 

18. X® ... {ax^-bx+c){ax + b). 

19. X . (5x®-2x + 4)(6x + 7). 

20. X . (9x®-8x + 3)(6x-2). 

21. X . (ax®-6x+c)(cx-6). 

22. X . (ax® + 6x+c)(6x~c). 

23. Simplify [a(3 - 6) +6(a +1) -2a] x(a + 6). 

24. Find the product of 3x(x-3)+2(2x® +1), and 4(x -1)-(x-9). 

25. Simplify (x+ 3)® -(x-2)(x + 2)-f (x +l)(x ~ 13). 
26. Without doing the complete multiplication, determine the coefficient 

of X® in the product (ox® - 9x® - 7x -13) (3x - 7). 

27. If A=3x-2a, and r=2x-3a, find the value of (2X-F)(3X-27). 

28. Find the value of (X + r)(X - 7) when X = 6x - 2 and 7 = 3x - 2. 

29. Simplify (x + l)(x + 9) -4(x -2)® + 3(x-i- l)(x - 1). 
Check your result by using some particular value of x. 

30. If X=:3px® -^x-4, and 7 = 16 +gx-3gx®, find the value of qX+pY, 
31. Multiply the sum of 2x(x -1)-(x-4), 2x-3, and x® + l by the 

remainder when (x +1 )(x -1) - (x + 6) is subtracted from 

(x -2)(x+2) +2(x -2). 

32. Simplify 

33. Find the value of (3x-l)(4x + 6)-2(2x -1)®-4(x - 1)(x4-5), 
when X = - 2. 

34. Prove that 4(2x +1)®-3(x-2)(2x-1)-2(5x-l)(x + 2) = 13x + 2. 

35. Simplify 2(x+ 2)®-(x-l)(x +1)-(x-3)®. 

CHAPTER V 

DIVISION 

34. Rule of signs. +a6= +o x +6; 

+ab-^+a— +h, 

^=+6. 
+ ct (1) 



DIVISION 

-a5= -a X +6, 

-ah-i'-a^ +6, 
-ah T_ -= +&. . 
-a 

+ a6= -ax -b; 

-{’ah— -a^ - h, 

— a 

-a6=H-ax -6; 

-ah-i- + a= - h, 

-ah , 

Examining the results in (1), (2), (3), (4), we have the following 

rule of signs for division. 

Terms with like signs divided by one another give plus ( + ). 

Terms with unlike signs divided by one another give minus ( - ). 

N.B.—The rule of signs in division is the same as that in multi¬ 

plication. 

35. a^~axaxaxaxa, by definition, 

and a^=axaxa; 

. „ axaxaxaxa 

In the same way, = 
axaxaxaxaxaxa 

In each case the index of the quotient is the index of the 

dividend diminished hy the index of the divisor. 

We therefore deduce the following law. 

To divide one power of a quantity by another power of the 

same quantity, subtract the index of the divisor from the index 

of the dividend. 

36. Examples. 

(1) 

(2) (Unlike signs give minus.) 

(7-2=6.) 
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(3) -35a%^c~-7abc 

35a‘b‘c ,T• • IV 

= + (J^® ®>g“® g''"® P*"®-) 

= Ba^b. 

(4) (6a-96 + 3<;)-r-3 

__ 6a 96 3c 
- “3 "^3'3 
= — 2flt -h 36 — c. 

(6) (28a’6^ - 20a'^68 - ^ 4a^b^ 

_ 28a^6^ _ 20aS63 _ 36a‘65 
4a‘^6^ 4ta^b^ 4a‘'^6^ 

= 7a^6® - 5«^6 - 9a^b^. 

. _. 4a;2^ - 14xy^ - 22xy __ 4xhj 14x^ _ 22xy 
^ ' 2xy ~ 2xy 2xy 2xy 

~2x - ly - \\, 

After a little practice, the student will be able to write the answer down 
at once in examples hke the above. 

Divide 
Examples. V. a. (Oral,) 

1. 
5. 
9. 

13. 

3a: by 3. 

lobe by la. 
-a:2 by x. 

by a}. 

16. 21a:® by - lx. 

19. by -ax. 

22. 16a®6®c® by 4a6c. 

2. 3a: by x. 3. 

6. labc by -la. 7. 
10. -a:® by -x. 11. 

14. «® by -a®. 

17. Sa® by -4a^. 

20. -a^b’’ by -a®6®. 
23. -21a®a:4by 7a3a:. 

- 3a: by - 3. 

tt® by a. 

a® by a®. 
15. 

18. 

21. 
24. 

4. - 3a: by 3. 

8. 0® by - a. 

12. - by a®. 
24ar* by 6a:®. 

- 6a® by - 2a. 

-54a®6c by 6a6c. 

63aWby -lab^c\ 

Simplify the following : 

25. 
12a 
4 • 26. 5?. 

a 
27. 

a 
28. 

~ao 

29. 
24a®62 
-4 a ’ 

30. 
xy 

96a’66 
4a26®* -9p®e®a: * 

33. 

36. 

j^6a»6V 
8a®6®c® 

-72a®6«c7 
8a6c 

34. 

37. 

49pg®r 

'-ipq' 
54a®6a:^ 
-3a6 

35. 

38. 

- S2l^mn 
ilm 

132a:»y^ 
12a:®^® ’ 

Divide 
1. 3a -66 by 3. 

3. 4a:® - 3a: by x. 

5. a® + a6 by a. 
7. 3a® - 6a6 by 3a. 

Examples. V. b. 

2. 3a - 96 by - 3. 
4. y* - 6y by - y. 

6. -6® + a6 by -6. 

8. 4a®6 - 12a6® by 4a6. 
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9. 9a®6~21a6®by -Sab, 
11 . ax + bx by - x. 

13. -1x*-\-9x^ by -x®. 
15. - ^a^bc-\-labh hy -abc. 
17. 14a^b-7ab^hy -lab. 

19. 12a*^-24a^b^ by 
21. 12a-96-18c by -3. 

23. 3ac - 4cd - I2cx by - c. 

25. 2a^ - Sab + Iboc by - 2a. 
27. ax^ - arx^ + a^x^ by - ax\ 

29. a^bc - ab^c + abc^ by - abc. 

31. I5y* - 5?/®x -30a/x® by ^y. 

10. ab+ac by a, 
12. 4x® - 5x2 ^2, 

14. a^b^-a^b^ by a262. 

16. 6x’y®3® - bx^ifz^ by 

18. - 3.3x^2/2 - 18x®?/3 by „3^3^2 

20, - 5w% + 20rw27i2 by -5m?i. 

22. a6 + 6c + 66^ by 6. 

24. - a^x - ax® - a^x® by ax. 

26. X® 4- 3x® - 3.x by x. 

28. 7a*6®+35a®6^^21a®6® by 7a®6®. 

30. 4x4 - 2x® 4- 8^2 _ 2x by - 2x. 

32. 9x®2/®-21x2/®-3x®?/ Kv -3x?/. 
33. 4x4y® - Sx'**?/® - 28x^*2/4 b}^ - 4x®y®. 

34. 27x4y^2® - 4- ^Axhfz‘^ by 9x?y^z^. 

Following the law of indices, what is the quotient when 

35. is divided by dP'. 36, is divided by a®. 

37. x4 . x'». 38. 6x^*. - 2x4. 

39. 27x^2/^ Zx'^y^. 40. -54x3y® -6xV- 

37. We have already seen that x{x + 2)—x^ + 2x. 

The converse therefore is true, viz. 

x^ -\-2x = x(x + 2). 

Hence 4- 2x) -^(x + 2)— 

Divide x® 4- 5x 4- 6 by x 4- 2. 

/ ^ X® 4-5x4-6 
(x® + 5x 4- 6) -T- (X 4- 2) ^ 

X® 4- 2x + 3x + 6 
~ X 4-2 

3/^ 2^/ 3*c "4" 6 
~~xT^^ V+2 ~ f 5 Arithmetic.) 

_x(x4-2) 3x4-6 

X4-2 "’“'x+T 

= X4-- 
3x 4-6 
X4-2 

3(x4-2) 

X 4-2 

= x+‘3. 

= X4-- 

The above is worked out in full detail and should be studied 

carefully. 
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The work however is more conveniently arranged as follows: 

x^-^2x 
+ 3a; + 6 

If the two methods are compared, it will be seen that they 

differ only in arrangement. 

It should be observed that the second method is analogous to 

that used in Arithmetic. 

38. Example 1. Divide I5x^ - 26x + 8 by 5a: - 2. 

5a;-2 ) ISa:*-26a; + 8 ( 3a:-4 
153^- 6x .(1) 

-20a:+ 8 .(2) 
-20a:4-8 .(3) 

16x®-4*5a; = 3a:; 3a: is the first term of the quotient. 

dx{5x - 2) = loa:® - 6x, and we thus obtain line (1). 

Line (2) is obtained by subtraction, and by bringing down the term 4-8. 

-20a;-r5a:= -4 ; -4 is the second term of the quotient. 
- 4(5a; - 2) = - 20a: 4- 8, and we thus obtain line (3). 

There is no remainder. 

Example 2. Divide a;^ -16 by a: 4-4. 

a:4-4)a:*-16(a:-4 
x^ + 4x 

^-16 
-4a:-16 

Example 3, Divide 6 - 13a 4- 6a* by 2 - 3a. 

2 - 3a ) 6 - 13a 4- 6a* ( 3 - 2a 
6 - 9a 

- 4a 4-60® 
- 4a 4-6a* 

Examples. V. c. 
Divide 

1. a;* 4-7a; 4-12 by a;+ 3. 
3. a* 4- 3a 4- 2 by a 4- 2. 
6. 6*4-136 4-42 by 64-6. 

7. a;* - 14a:4-49 by a; -7. 
9. a® - 15a 4- 54 by a - 9. 

11. 2a;* - 3a; - 2 by 2a; 4-1. 
13. 2a;*4-3a;-2 by a;4-2. 

15. 9a;* - 3a; - 2 by 3a; - 2. 

2. a;* - 7a: 4-12 by a; - 3. 
4. a* - 5a + 4 by a - 4. 

6. a;* 4- 6a: + 9 by a; 4- 3. 

8. a:* -2a: 4-1 by a:-L 
10. y* 4- 13y 4- 36 by y 4- 4. 

12. 10a;* - 14a: -12 by 2a; - 4. 
14. 3a;*-a:-14 by a:4-2, 

16. 10a;*-14a;-12 by 6a; 4-3. 
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17. 4+4a; + a;* by2+a:. 

19. 9 " 6a: 4* by 3 - x. 

21. 25-30a + 9a2by 6-3a. 
23. a:® - a® by a; + a, 

25. a® - 4a:^ by a - 2a;. 
27. 1 -4a:2 by 1 -2a;. 
29. 1-16pq 4- by I - %pq. 

31. a* - 6^0* by o + be, 
33. 81a:«-l by 9a;8 + l. 

35. 100 by 10 4-a;. 

Prove the following by division : 

-- a;2 4-7.a; 4-15 ^ . 3 

18. 1 - 6a; 4- 6a;® by 1 - 3a;. 
20. “ 8a 4-4 by 3a -2. 
22. 35y® 4- 32y - 99 by ly - 9. 
24. 25a;2-16 by 6a;-4. 

26. 26 - a;® by 6 4- x, 
28. a;® - ary 4- 6y® by a; - 3y. 
30. 12a®-7a6 4-5® by 4a-6. 
32. 4a;^~49 by 2a;®-7, 
34. 26a;4 - lOy^ by 6a:* - 4y®. 
36. 1 -1006^ by 1 -105®. 

a®-15a4-50 ^ 4 39. - -=:a-6-40 
a-9 a - 9 

35o®4'32fl6-915® ^ 86® 
41. _ .— =5a4-1164-^— 

7a - 96 7a - 96 

38. 5izli^8=,_7- » 
x-1 X~1 

10a:® 4-14a:-16 ^ 4 

1 “ 5a:® , a;® 

2r>-3»» 2x‘ 43. ___-5 4.a7--;-. 
5-a; 5-a; 

.. l-19a:® , ^ 3a:a 
44. —7— = 1 - 4a: - r—. 

l+4tx 14-4a; 

39. Example 1. Divide x^ - oa:® 4- a®a: - a® by a: - a. 

a; -a ) a:® -aa:® 4-a®a; -a® ( a;*4-o® 
x^ -aa;® 

4- a®a; - a® 
4- a*x - o® 

Example 2. Divide 35a:a _j_ 5^^^. _|_ 7^^^. _ fj^pq i,y lx - ac. 

Ix-ac) 35a:® - 5aca; 4- Ipqx - ac^jg ( 6a; 4-lJg 
35a;® - 5acx 

4- Ipqx - acpq 
4- Ipqx - acpq 

Examples. V. d. 

Find the quotient in the following cases : 

1. (a:® 4-aa;® 4-a®a; 4-a®)(a: 4-a). 2. (a;® 4-03:4-6a: 4-06)-4-(a:-f-a). 

3. (a:®-aa;-6a;4-06)(a;-6). 4. (3a:®4'a:y4-3a;4-y)-f-(3a;4-y). 

5. (a:®4-aa:®4-a*a;4-a®)-H(a;®4-a®). 6. i-xy-6x ~2y)~{3x ~{-y). 
7. (pa:®4-7)®a;4-a:4-7>)-r(a;4-i>). 8. {^px^+qx + 3px + q)^{3px + q). 

9. (a;®-aa;® 4-a®a;-a®)-^(a;®4-a®). 10. (pa;® 4-2a;-p®a;-2p)-r(a;-p). 

11. (aa;®-7aa:-5ca;4-35c)-r(a;-7). 12. (a®a;® 4-a6a; 4-oca: 4* 6c)4-(oa: 4-6). 
13. (oa:®-7aa;4-6ca:-35c)-r(aa;4-5c). 

14. {5apoi^ - Zaqx 4- 56px - 36y) -^{^px - Zq). 

15. {2lap3^-3aqx’{‘l^px-2bq)-^(7px-q), 
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Find the quotient in the following cases : 

16. -abx-acx + bc)^{ax‘^c), 
17. {21x’^ ^'ibcx-dax-abc)^{3x-a), 

18. (14a;2 - 2apx + Ibqx - abpq)~{lx - ap). 
19. {abx^-2bcx+ acx-2c^)-^(ax-2c). 

20. {5apx^ - 5bpx + Saqx - 3bq) ~ {ax - 6). 
21. Divide the sum of x{x - 3) and 2(3 - a:) by a: - 2. 

22. Divide the product of 3x - 6a and 5x -I5a by x - 2a. 
23. Simplify [6a:(a; -1)-i-5(a;-3)]-r(3a;-5). Check your result by putting 

a; = 3. 
24. Divide the sum of 4-1 and 3a;(a: +1) by a: +1. Check your result. 

25. Simplify (3a:+ 9)(7a;-21)4-(a; - 3). 

26. Find the product of 2x^ - 9a: - 5 and a; -1, and divide it by 2a: 4-1. 
27. Simplify [6a;(a: - 1) 4-(a: - 6)] 4-(3a: 4-2). Check 3^our result. 

28. Find the expanded value of (a -\-b){a - b)^. 

29. Without doing all the multiplication, determine the coefficient of x^ 
in the product (a:® - 2x^ 4- 6a: - 9) (2a: - 3). 

30. Divide 2a:®-17a: by a:-3, and hence determine what number must be 
added to the first expression to make it exactly divisible by the 
second, 

31. Divide the sum of 2a: - 7 - 3a:®, oa:® 4-1 - 3a:, and 7 - 4a: 4-2.r® by 4a: - 1. 

32. Divide 5(a:-l)(a:4-l)4-3a:(3a:4*l) by 7a:+ 5. 
33. What must be added to the expression 3a:® - 8a:® 4- lOa? to make it exactly 

divisible by 3a: - 2 ? 

34. Divide x(bx -c) -hc(bx -c) by a:4-c. 

35. Simplify [a‘^(x^ -1) -j-(a -b)(a-j-b)]^(ax + b). 

36. Divide (a - 26) (a + 26) 4- 46 (a 4- 6) 4- 46® by a 4- 26. 

CHAPTER VI 

REVISION EXAMPLES 

VI. a. (Oral.) 

1. Read off the simplest form of 

(1) 2 + 2- (“) ^ + 2- 

(iv) 4a6 + ^. (v) Zahc-ijbtM. 

2. What is the value of 5a: -1 when 

(i) a; = 2, (ii) a:=-2, 

(iv) a;=-4, (v) a:= --8, 

(iii) x-^. 

(vi) 2a--4-a. 

(iii) a: = -2, 

(vi) x=*3 ? 
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3. What is 
(i) the second power of 6, 

(iii). 
(v) the square of 

(vii) . 

-1, 
ab 

~ 2* 

(ii) the second power of - 3, 

(i'f). -I, 
(vi) the cube of - 1, 

(viii) . 

4. What are the values of 
(i)(-2)2 + (-3)2, (ii)(-2-3)^ 

(iv) (-2 + 3)2, (v) 1 - (-2)2, 

5. Simplify 

(i) 7-5 + 3, 
(iv) -3x2 

(ii) la - a- la, 

(v) 3xy-7?/x + 4xy, 

(iii) (-2)2-(-3)2, 
(Vi) [l-(-2)]2? 

(iii) -a-5a+3u, 

(vi) 5-4+ 3-2+2 -1 

(iii) X ••= 

(vi) x=2i ? 

6. What is the value of x^ - 1 when 

(i)x=-l, (ii)x~2, 

(iv) x= -3, (v) x= -li. 

7. What is the value of x® - 5x + 7 when 
(i) x=:0, (ii)x = l, (m)x=-l, 

(iv) X--2, (v) x=3, (vi) x— -3 ? 

8. What is the value of x^ - 2x2 -}- 2x - 1 when 

(i) x=0, (ii) X —1, 
(iv)x = 2, (v) x = 3, 

(iii) -1, 

(vi) x= -3 ? 

9. Read off the simplest values of 
(i) 5-5(1 -x). 

(iii) 2x2-(3x2-4x2). 

(v) 2(x-l)+3(x-2)+4(x-3). 

(ii) 6a+ ( -3a + 2a). 

(iv) - 2ab - (Sab - lab). 

(vi) 3(2x-l)-2(3x + l)+7. 

10. Simplify 

3x-6 2x-8 
(1) -3-2-. 

..... 4-2x 5x-5 9x-3 
(“)~2-5-+-^- 

. . 7x -9 x + 1 
(V)-^ +-g-. 

. ... 23x + 7 3x-3 
- 

(viii) (a + 6 - c) - (a - 6 - c) + (a - 6 + c). 

.... 9 -3x 12 - 8x 

(iv) 
3x -1 X - 3 

4 +“4“‘ 

, 7x-5 3x-13 
(VI) '4- 

11. In the expression 03? +bx‘y -20X1)^ + 2y^, what is the coefficient of 

(i) y, (ii) y\ (iii) a ? 

12. In the expression aa? ~bx-c~ba? +ez + d, what is the coefficient of 
(i) (ii) a: f 
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13. What is the sum of 

(i) 3a and - la. (ii) 2a, -5a, la. 

..... X X 
(m) -g. -g, a:. (IV) 2, X. 

, , 5ar2 3x^ - 8 
(V) g-, -g . (vi)a;®-2a;, 2x + l. 

(vii) x^ - 3x\ 3x^ -4x, 4ir +1. (viii) a;® - 3a;, 1 - 2a;. 

(ix) 3(a;-l), 4(a;-l). (X) ^(*-3), |(*-3). 

(xi) ^{a + bx)t ^{a + bx). (xii) |(a + 6), ^(a-6). 

(xiii) 2x (b - c), 2x{b -f c). (xiv)i(a + *), l(a-x). 

14. Add together 

(i) a:-22/+32, 2x + y-3Zt x- 

(ii) x®-2a; + l, 3a;-1, 2x^-x. 

2y-hz. 

(ui) 2(a -h i-c)y 3(a+b~c)y 4(b+c-a). 

(iv) a:;® - 4a;‘‘^^ + C)xy^, 3x^y - 2xy^ + 2^®, - 2xy'^ - 2/®- 

(v) 3x^ - 7a;2 + 5a;, a:® - 7a; + 2, , 

, 5a 36 7c lb c a 
(VI) g-_+g.,a + .j-2, g 

3x^-h2x-l. 

16. In each of the following cases 
the first: 

, subtract the second expression from 

(i) X, - 3x. (ii) a;®, - xy. 

..... X X 

<“>2’ 4- 
(iv) 0, 2a; - 3y. 

(v) -a®a;, -3a®a;. (vi) a + 36, a-5b. 

(vu) 2(a:»-l), 2*2-2. (viii) a-6+c, 6+c-a. 

(ix)3(a;-2), 7(a;-2). (x) 3a, 2a -6. 

(xi) a, 3a -26. (xii) a;® - 3a; - 2, a;® - 5a; + 4. 
(xiii) a;® -1, a;® - 1. (xiv) 5a;® - 6a;® + 3, 2a;® - 6a; + 2. 

(xv)Hx-y), 2(x-y). (xvi) 5(2a-6), 7(2a-6). 

(xvii) 3(a:2 -3a; + 2), 3(2 -3a:). 

(xix) 7(a;-y)-2, 5{x-y)-3z. 

(xviii) c(a + 6), c{a-b). 

16. In each of the following cases 
over the second: 

find the excess of the first expression 

(i) 2a;, - 2a;. (ii) 7a;®, 4. 

! >
 

1 (iv) - 3a®a;, - 6a®a;. 

(v) 6 - a;®, a;®. (vi)2(a-6), -2(a-6). 

{vn)x^-lx\ 1x^-5. (viii) -5 (a®-6®), 2 (a®-6®). 

(ix) 3 times 141, twice 141. (x) 5 times 2J, 3 times 2J. 
(xi) 4 times the square of 9, 3 times the square of 9. 

(xii) 6 times the cube of 2, twice the cube of 2. 
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17. Simplify the following : 

(i) - 2a X 36. 

(iii) 

(v) |a62c X la^hcK 

. (vu) 

(IX) jaxg X 

(xiii) ( - a)® X ( - a)^. 

(xv) ( ~a^) xa®. 

(ii) -2a-^2a. 

(iv) |^a®a;-^ jaar. 

(vi) -\ab. 

(viii) 

(x) {x^y^lxy. 

(xii) -a;®xa®—aa;. 

(xiv)(-a«)-H(-o)*. 
(xvi) ( -a)2 x( -a)®-4-a®. 

18. Read off the products of the following expressions : 

... €LX ay 
(1) 3 - ^^xy. 

(iii) 12a;® 4-16a;-8, 

(ii) 
■3'''18’ 

-18x. 

. . 2a;® a;® 

"9 "'27 "■3’ 

19. Multiply out: 

(i)(l+a;){l-a;). 
(iv) (a+ 26)®. 

(vii) {x~2y){x-^y). 

(x) (a®-3) (a®+ 3). 
(xiii) 2(a;-4)(a; + 4). 

27 
a;® ’ 

(iv) 12a:;® - 6a;® + 9a;, 

(vi) 3a;® - 2a; +1, 3a;, - 2a;. 

(ii)(l+a;)®. 
(v) (a;+ 3) (a;+ 5). 

(viii) (3a; + l)(3a;-l). 

(xi) (3a;-5) (3a;+ 5). 

(xiv) (a;® + 3y)(a;2 + 2y). 

(xvi) ■^(2a + 46)(a-26). (xvii) -J(3+ 6a;)(l+2a;). (xviii) ^ (2a + 2a;)(2a-2a;). 

(xix) i{a-\)(a + \). (xx) 9(a:»-^)(a;* + ^). 

20. Give the following expressions in their expanded form : 
(iii) (o*-2)2. 

(iii) (1-2a:)» 

[Yi){x-Z)(x + 2). 
(ix) (5-p)(6-p). 

(xii) (o*a: + l)“. 

(xv)(l-2a)(l+4a:). 

(i) (Sa-2b)K 

(iv) (x+“y. 
(vii) (7 - a;) (3+a?). 

(x) (a; + c) (a; - a), 

(xiii) (a-2a;) (a + 4a;). 

(ii) (2a-y)®. 

(V) 4(x-^)*. 

(viii) Z{5 -x)(5 + x). 

(xiv) (ax-l)(6a;-l). 

(xvi) 9(2a; + -|^)(2a;--J). (xvii) (6a;-3) (2a;+ 3). 

(vi) 9(a:-^)®. 

(ix) 2(a;-y)®. 

(xii) (a;~f)(a; + f). 

(xv) (3a - ^) (3a + ^). 

(xviii) (3a;+ 7)(6a;-2). 

(xix) (3a;+ 2) (5a;+ 1). (xx) (lx-^y)(2x+y). 

21. Read off the coefficient of a;* in the products : 

(i) (a;*+2a; + l)(a; + l). (U) (a;®-3a;+ 4)(2a; -1). 
(iii) (6a;®-6a;+ 2)(3a;-2). (iv) (x®-2a;)(a; + 4). 

22. Read off the coefficients of x in the above products. 



44 ELEMENTARY ALGEBRA [chap. 

23. Read off the quotients in the following : 

5a^x 

(vii) (6a6 ~Sa-)-^2a. 

. . 12ab^c ~ 16a^c 
(x) 

(xiii) 

4abc 

{a -- x)^ 
{oT^xf' 

. .. 5a” “ 10a6 

Ga” - 46'^ 
(xix) 

(ii) 

(t) 

(viii) 

(xi) 

(xiv) 

(xvii) 

(XX) 

-4a® 
-2a 

24y®(yr® 

( -9a:® -3a:)-^—3a:. 

a®6 - + 6c® . 

4(a-6)2-^2(a-6). 

(a + a:)® 
a + 0: 

(a - xY 
{^xf' 

..... la^hc 
aic - 

(Vi) 
-21p‘g* 
4^8^3 

.3o®a:-4aa:® 
(ix) -. 
' ' ax 

, ... 4a:® - 9a:® 
(XU) —. 

, , a:® - 2a: 
(XV) . 

, .... 27a®a:-Soa:® 

REVISION PAPERS 

VI. b. 

1. WLat is the value of a:® - 2a: + 3, 

(i) when a: = l, (ii) when x — 2y (iii) when a: = - 2 ? 

2. Arrange the following expression in descending powers of Xy and then 
collect like terras : 

3a: - 4a:® + To:® -f 7 + 2a: - 3x® + 20:^ - 7a:® - 10. 

What is the coefficient of a:®, and what is the coefficient of x® in the 
result ? 

3. Prove that 4+2(6-3)=10, by two different methods. 

4. Find the sum of (ia-(2a-6) and 6-(3tt-26); and subtract a-26 
from the result. 

5. Multiply 2x + 5a by 3x - 4a, and find the continued product of a, x - a, 
x + a. 

6. Write down the quotients in the following cases : 

(i) l3^~x\ (ii) -9x®-^3x. (iii) (2a® -3a®6 +4a6®)~f-a. 

7. Divide 6x® -5xy + y^ by 2x-y, and check your result by multiphcation. 

VI. c. 

1. What is the value of x® 4-2x +1, 

(i) when x= -1, (ii) when x=2, (iii) when x = - 2 ? 

2. Arrange the following expression in ascending powers of a, and then 
collect like terms : 

a®62 - 7a®6 -f 5a6« + 4a®6 - 3a6® + a* + 6* + 4a®6®. 

What is the coefficient of a® in the result ? 

3. Prove that a - 2 (4a - a) = - 5a by two different methods. 
4. Subtract 4x® - 5 from the sum of 3x® - (x -f 1) and x +2x® - 5. 
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5. Find the product of x-3a and a; -f 3a; and the continued product of 
X - 'la, x + a. 

6. Write down the quotients in the following cases : 
(i) -Ix^-^ - lx. (ii) ( -Zax+x'^)-^x. (iii) a^bc~{ - of. 

7. Divide Ga^ -ab - \2h^ by 2a - 36, and check your result by multiplication. 

VI. d. 

1. What is the value of -506 + 66®, 

(i) when a—0, 6 — 1, (ii) when a= -1, 6 = 1, (iii) when a =26 ? 
2. Arrange the following expression in descending powers of x; then 

collect like terms, and find the value of the expression when x = l : 

x -1 - 8ic® + 4tx^ +2x- Zx^ + 5a;® + 6. 
3. Simplify the expressions : 

(i) 5{x-3)~3{x-2)-(2x-9). 
.... 5a;-10 7a; + 21 3a;-9 (u) --... 

4. Take 4c - 26 from the sum of 2a - 36 - 4c, a + 26 - 3c, and 56 - 2a - 2c. 

5. State the results of the following multiplications : 

(i) ( - a)®( - 6)®. (ii) ( - a^x)^{axf, (iii) ( - a®6c) ( - a6®c) ( - a6c®)* 

6. Multiply 3a; + 12a by 2a; - 3a, and divide the result by a; + 4a. 

7. Multiply 7p -9q by 3p +4g, and check your result by division. 

VI. e. 

1. What is the value of (a; +1)®, 

(i)whena; = 0, (ii) when a;=-2, (iii) when a;=3 ? 

2. Use squared paper to illustrate the following : 

(i)7-5=2, (ii) 7-2-8=-3. 
3. Simplify the expressions : 

(i) 7a-2(a:-|)+4(a: + |). (ii) -{x-2) + S{x‘-2-5x). 

Find the value of the second expression when a; = - 2. 

4. Subtract the sum of 2a;®-3(a;-l) and 2a;+ 3(a;®-2) from the sum of 
5a;® - (a; - 2) and a;® - 2 (a; + 1). 

5. If X stands for x - a, and Y for 2a; + a, find the product of X + F and 
X-\-2Y. 

6. Divide aa;® - 5aa; + 6a by a; - 2. 

7. Find the remainder when 14a;® - 27xy + 3y® is divided by 7a; - 3y. 

VLf. 

1. What is the value of (2a; - a)®, 

(i) when a;=0, a = l, (ii) a;= -1, a=-2, (iii) when a; = 2, a = 4 ? 

2. Use squared paper to illustrate the following ; 

(i) 2a + 5a-3a=4a. (ii) a-7a + 3a=-3a. 

3. Simplify the expressions : 

(i) (a;®-4x-21)-+(a; + 3). (ii) 4(a;-l)-|(a;-l)-|(a;-l). 
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4. Find the value of the sum of a:*-3jc(a; -1), a;* + 2(a;--l), and 
a; - 2a;(a; -x^) when a;=2. 

6. If X stands for 2x - a, and Y for a; + 2a, find the product of 2X + 3 F 
and X-Y, 

6. Multiply 6a:2 _ 2 (x* - a) by 2a - 3 (a - 2x^). 

7. Divide 10(a;^ -2aa:) -3(ax-4a®) by 2x -3a. 

VI. g. 

1. What is the value of a® - 36® - 2ac, 
(i) when a=0, 6 = -1, c —1, (ii) when a = - 2, 6=2, c = - 3 ? 

2. A man walks 4 miles East, then 7 miles West, then again 5 miles East. 
How far is he then from his starting point ? Illustrate with a 
diagram. 

3. Simplify the expressions : 

(i) (x* - 3aa;® + 3a®x - a®) (x - a). 

(ii) a(a -x) +^(3a - fix). 

4. If X stands for ax® + 56x + 5c, and Y for ax® - 66x - 6c, find the value of 
QX+5Y. 

6. Find the expanded value of ap - bp when p stands for 2a - 36. 

6. Write down the results of the following multiplications : 

(i) (2x-a)(2x + a). (ii) (x®-3)(x®+ 3). (iii) (a-p®)(a+p®). 

7. Prove that [(x®-6x4-9)-^(x-3)]+ [(i/®- 6)-^(i/-2)] =:x + y. 

VI. h. 

1. Find the value of (a + 6 - c)® +(6 + c - a)® + (a + c - 6)®, 

(i) when a=6=c = 3. (ii) when a=-6=c=2. 
2. What must be added to x®-3x(x-l)-l to make it equal to 

x®+3x(x-f 1)-f 1 ? 

3. Find the sum of 3(x -a) +2(y -a) and 2(x + a) -3(y +o). 
2 3 

4. If X stands for and F for x - find the product of 3X + 2 F and X, 

6. Find the values of 5x® + x-3 when x= -2, -1, 0, 1, 2. Tabulate 
your work, 

6. Find the continued product of (x - 2y), (x + 2y), (x - 2y). 

7. Divide 2a®x® + fiapx + aqx + 3pq by 2ax + q. 

VI. k. 

1. Find the value of (2x -y)® - (3y -x)®, 

(i) when x = -1, y =2. (ii) when x 

2. By how much does 5x* -2(x + 3) exceed 3(x® 
3. Subtract o(6 + c - a) from the sum of 6(c+a- 

= -l,y=-2. 

-2)+x? 

-6) and c(a+6-c). 
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4. If X stands for a(x + y)y and Y for b{x-y)y find the values of 
X Y . X Y 
a 0 a b 

5. Find the values of Zx^-bx + l when x— -2, -1, 0, 1, 2. Tabulate 
your work. 

6. Find the continued product oi xx-\-a, x-\-a. 

7. Divide ^x^ - 5bx - 16cx + 20c by bx - 4c. 

CHAPTER VII 

SIMPLE EQUATIONS WITH ONE UNKNOWN QUANTITY 

40. When we express algebraically the fact that two ex¬ 

pressions are equal, that statement is called an equation. 

Thus 2a - 35 = - 36 + 2a is an equation. 

Moreover, the above equation is true for all values of a and 5, 

the symbols used. 

On the other hand, the equation 07-4-3 = 5, is evidently only true 

when X is equal to 2 ; o? - 3 = 0 is true only when x is equal to 3. 

An equation which is only true when the symbols have certain 

particular values is called a conditional equation, or an equation 

of condition. 

An equation which is true for all values of the symbols used is 

called an identity. 

Simple Equations of Condition. 

The two parts of an equation on either side of the sign of 

equality are called its sides or members. 

We see that the equation 27-4=0 is true when 27 = 4. 

The value 4 is said to satisfy the equation. 

The process of finding that value of x which will satisfy an 

equation is called solving the equation. 

An equation which, when simplified, involves one symbol in the 

first degree only is called a simple equation with regard to that 

symbol, and the symbol used is called the unknown quantity. 

The value of the unknown quantity which satisfies an equation 

is called a root of the equation, a solution of the equation. 
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41. It will be seen later, that the solution of equations is a 

most important branch of Mathematics. 

In the case of Simple Equations with one unknown quantity 

the process consists mainly in the use of four axioms. 

(1) If equals be added to equals the sums are equal. 

Thus if x = a, x + 2 = a + 2. 

(2) If equals be taken from equals the remainders are equal. 

If x^h, x-5 = b-5. 

(3) If equals be multiplied by equals the products are equal. 

If x = a, 3x = 3a, 

(4) If equals be divided by equals the quotients are equal. 

If 5x = 10, x — 2. 

Examples. VII. a. 

Find the values of x which satisfy the following equations : 

1. 2x ~ 6. 2. 3a = 9. 3. 5a = 20. 4. 1 II 

5. ]7.r = .51. 6. lla = =: -33. 7. -a = 6. 8. 7a=0. 

9. -15. 10. ^ = 1 
2 

11. 12. 

13. 
I--*- 

14. ~4a =0. 15. 2a=5. 16. 3a=7. 

17. 18. 
a 1 
6~3 

19. 
3a 6 
4 ”8* 

20. 15a = 10. 

21. 
X 1 
6~12' 

22. 
X 

“3“ 
1 

12' 
23. 11 p

 

24. 

25. ^=0. 
4 

26. 
5a 
T“ 

16 
14* 

27. 6a -2a = 12. 28. 2a -5a = 9. 

29. -5x-h7x = 7 -5. 30. a + 2a -6a=0. 31. 9a -3a = -36 + 30. 

32. ~ llx + 7x~ -8 + : 12. 33. a - 5a - 4a = - 16. 

34. 7x - 2x -x = 19-3 35. -3a -4a -7a = = -48 + 20. 

36. I5x~3x + x- = 37- 11. 37. 7a + a -6a = 21 -16+4. 

38. -X ~2x - 3x = -7 -4- 10. 39. lla-6a + 6a= -35 + 11. 

40. •5ii: = l. 41. •2a = :4. 42. •7a=21. 43. •3»=-9. 

44. 5a-=05. 45. 7a = •21. 46. -8a = *24. 
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42. Example 1. 

SIMPLE EQUATIONS 

Solve the equation 3a; + 2 = 22 - 7x, 

3a;+ 2 =22 ~7x. 

Adding 7x to both sides, 3a; + 7a;-f2=22 -7a;4-7a;, {Ax. \,) 
i.e. 10a;+ 2 =22. 

Taking 2 from each side, 10a; + 2 - 2 = 22 - 2, {Ax. 2.) 
i.e. 10a;=20. 

Dividing both sides by 10, a;=2; {Ax. 4.) 
2 is the reqd. root of the equation. 

To verify tfie fact that 2 ia a root of the equation 3a; + 2 = 22 -7x. 
When a: = 2, 3a;-f 2 = 3 x 2+2 = ^. 

. 22-7a; = 22-7x2=22-14 = 8. 
. . 3a;+ 2 =22 -7a;, i.e. the equation is then satisfied. q.e.d. 

Examples. VII. b. 
Solve the following equations, giving reasons for each step, and verifying 

each solution : 

1. a; = 6-2a;. 2. 3a; = ]2+2a;. 3. 4a;=42-2a;. 4. 5 = 16-lla;. 

5. 17-7a;=-4. 6. -5a;=-6a;-f 12. 7. 3a;-4=0. 8. (ia; + 18=0. 
9. 4a;-6 = 3a;-6. 10. 5a; -13 = 7a; -13. 11. 5a; + 6 =2a;4-12. 

12. 8a;-12=a;4-2. 13. 2a;-f 5 = 35 -4a;. 14. 13a;-21 = 12a;-24. 

15. -2a;-4=-5a; + ll. 16. Ha*-35 = 13a;-19. 
17. 6.a;-f 15=9a; + 13-5a;. 18. 5-6a;-6 = 7a: - 1. 
19. 9-3a; = 6+2a; - 12. 20. 3a;+ 4 +2a;+ 6=0. 

[Wlien denominators occur, multiply both sides of the equation by the 
least common multiple of the various denominators. 

This operation will clear away the fractions. 
3a;-4 5 

10 ""12’ 
multiply both sides by 60, 

-4) « 

Thus if 

21. S= 
1 

"2' 

25. 

29. 

33. 

37. 
40. 

0. 

3«_ _ 0 
“ r* 

ll«_19a; 
13 31 

a;-l 
4 

6(a;-3)=0. 
5(2a;-7)=0. 

~=1. 

60 
^-^x(3a;- 

6(3a;-4)=25; 

5a; _ 3 
7 “4* 

x_-Z 
5 

2a;-1 

) = i^x60, 

26. 

30. -=0. 

34. -=3. 

12 

18a;-24 = 25.J 
7a; 
9 ' 
3_ X 
4“ ~12' 

2a; -5 
—rj—-- 

3a;+ 5 

23, 

27. 

31 

-21. 

= 0. 

24. 

28. 

3 " 

^ + i"=0. 
4^ 8 

35. 

38. 3(a; + 5)=0. 
41. 3(3a; + 7)=0. 

= 2. 

39. 
42. 

32. 3(a;-l)=3. 

2x 
T“ 

10) =0. 
-15)=0. 

36. -g=0. 

5 (® ” 

1(6* 

43. j.f(19a:-27*)=0. 44. AV(i-l) = 6- 
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43. Let us consider the equation 2a; + 5 = 10 ~ 40?. 

Adding 4x to both sides, 2a: + 4a; + 5 = 10. 

[N.B.—The result of this operation is that - 4a; disappears from 

the right hand side, and appears on the left, with its sign changed.'] 

i.e. 6a; + 5 = 10. 

Taking 5 from each side, 6a; —10 - 5. 

[N.B.—^Again, the result is that 5 disappears from the left hand 

side, and appears on the right, icith its sign changed.] 

We therefore deduce the following most important rule. 

Any term may be transposed from one side of an equation to 
the other by changing its sign. 

Example 1. Solve the equation 3.r - 4 + 5a; - 4 = -10 + 7a; +16. 
Transposing so that we have all the terms containing x on the left, and 

the other terms on the right, 

3a; 4- 5a; - 3a; - 7a; = -10 + 16+4+4, 

i.e. 8a; - 10a; —24 - 10, 
-2a; = 14. 

Dividing both sides by - 2, a; = - 7, the required solution. 

Verification. When a; = - 7, the left side 

= - 7 X 3 - 4 - 7 x 5 - 4 = -21 -4 - 35 - 4 = -64. 

When x~ - If the right hand side 

= -7x3-10-7x7 + 16= -21 -10-49 + 16= -64 = thc left hand side. 
Q.E.D. 

Example 2. Solve the equation a;^ - 8x + 23 =a;(a; - 3) - 2 (a; - 4) + 3. 
Removing the brackets, a;^ - 8a; + 23 =3;^ - 3a; - 2a; + 8 + 3. 

Transposing all the terms containing x, or powers of a;, to the left, and 
other terms to the right, 

a;2--8a;-a;2 + 3a; + 2a; = 8 + 3-23 ; 
i.e. - 8a; + 5a;=-23 +11, 

-3a;= -12. 

Dividing both sides by -3, a;=4, the required solution. 

Verification. When a;=4, 

the left hand side =4 x4-8x4+23 

= 16-32 + 23=7. 
When a;=4, the right hand side=4 (4 -3) -2(4 -4) +3 

=4+3=7 

=the left hand side. Q.E.D. 
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Example 3. Solve the equation 
(a: - 1) (a: + 6) =: (a; - 2) (« - 3) + 3. 

Multiplying out, a:^ + 5a; - 6 - - 5a; + 6 + 3. 
Transposing, a;^ + 5a; - a;'*^ + 5a; = 6 + 6 3, 

10a; = 15, 

*=i|. 

Examples. VII. c. 
\^The beginner is advised to verify each solution,'] 

Solve the following equations : 

1. 6a:-18 = 4a:-8-3a;+5. 2. 10a; - 10 - 6a; - 27 =3. 

3. 24a; + 10- 20a; +100 = 5a; + 96. 
4. 6a;-18-12a; + 60 = 3a; + 3-8a; + 17. 

5. 12a;-18-3a: + 3-4.crr0. 6. 6a; + 18 = 4a; -8+3a;-2. 
7. 7a; + 15-3a; + 4 = 2a;-3. 8. 5(a; -1) =4(a; -2). 

9. 3a;-(2a;-5) = 12. 10. 3(3a; + l)-(a;-l)=6(a; + 10)* 
11. 3(2a; + 5)-4(a;-3)=5(3a: + l)-4. 

12. ll{a;-2)-2(4-3a;)-4(l -2a;)=17(a;-1)+ 7. 
13. a:(a; + 4) = a;-+ 36. 14. (a; + 3) (a;-2) = a;®-26. 

15. a:2 + 8 = (a;4 2)-. 16. a;(a;-2)=a;2-4. 

17. 2a;2 -7=a:(2a;-3). 18. 3a;2-5 -a;(3a; +1) =0. 

19. (a; + l)(a; + 4)=a;(a; + 2). 20. 2(x -l)(a; +1) =2a;2-4a;. 
21. (a;-3)‘**=a;2+4a; + 29. 22. (a;-4)2 = (a; - 1)^-3. 

23. {a;-2)2--=(a;-5)2-15. 24. (a; - 3) (a; + 3) = (a;+ 4) (a;-7)+40. 

25. a;(a;-9)-4 = (a;-7)(a; + 7). 

26. 2(a;-6)(a; + 6) + 12=(2a;-l)(a;-3). 

44. When the equations are in fractional form, the fractions 

should be cleared first. 
a; 3 1 a; 7 

Example 1. Solve the equation 4'i5~4“5 + 2' 

Multipbnng both sides by 20, the L.C.M. of 4, 5, and 2, 
5a; +12 =5 — 4a; + 70. 

Transposing, 5a;+4a;=5 + 70 - 12, 

9a;=63, 

a;=7. 

Example 2. Solve the equation ^ ~ ^ ^* 

Multiplying both sides by 10a;, 
3 x2a;+4=23 x2 + 10a;, 

6a;+4 =46 +10a;, 

6a; - 10a; =46 - 4, 

-4a;=42. 
21 - -10 1 Dividing both sides by -4, 
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Verificatioii. When 

the left hand side — 3 4. 4, _ 2 1\ 2 1 

_3_4v2__3_ 4 
-5 T(5T 
_6 3- 4_ SO 
—TITS—T?rF‘ 

When X— -10^, the right hand side = 
_ 2 3 _ 
_-46^-l OB _ 6 9 
-T0"g TCr^T 
=the left hand side. 

y_) 4-1 

+1 = - iVV+^ 

Example 3. Solve the equation ^ ^ ^. 

Multiplying both sides by 24, the l.o.m. of 4, 2, 8, and 3, 

6 (ar - 3) - 12 (x - 5) = 3 (a: +1) - 8 (x - 4), 
i.e. Ga;-18-12a; f 60=3a: + 3-8a; + 32. 

Transposing, Ga: -12a; - 3a; + 8a;=3 + 32 +18 - GO, 

t.e. -X— -7, 

a; = 7. 

Verification. When a; = 7, the left hand side=A - = 1-1 

When a; = 7, the right hand side=-I JL - — J—. 

=1-1=0 

= the left hand side. 

Useful facts to note in connection with decimals. 

•25 4x-25" 

Thus-^ 7x4 ,, 1 

4x-25 = ], . 

7x4 

, = 4. 

•25 
J 

mh' 

1 
= 28. Also 

8 
:=8. 

40 
^40x-025 

= 40. 

125 “8 X-125 ■ 
7 ^7x4 ^28 

•75 4 X "75 3 ’ 

Example 4. Solve the equation =3-3. 

8(a; + »lg) 4(a;--25) 
1 j -d<5, 

8a; + l-2-4a; + l=3-3, 
4a;=3*3-2-2, 

4a; = M, 

a; = ^275. 

[CHiJP. 

Q.E.D, 

=0. 

Q.E.D. 
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Examples. VII. d. 

Solve the equations: 

1. 
X X ^ 

2 3“*^* 
Z |=f + l. 3. 

a; 1 a; 
5"2“6' 

5. 
XX. 

7=6-^- 
6. ^ + f=| + 5i. 7. - 2 

8. ^-5=0. 9. 7=0. 
5 

10. 
4 

11. 
X-1 2x-l 25 

“42* 
12. 

4 

13. 2-? = L0_i. 
X X 

15. 

16. 12= 
lx 

:35_22i. 
a; 

17. 

4 S "3* 

2 3 4 

20. =1^-8. 
4 5 3 

22. + 

24. ^ + a; = ^ + 2a:-9. 
4 » 

Qj- L 1*; 
2a;‘ * 3 a: 6a; ‘ 

_ 6a: +1 5a; - 6 2a; +1 
1/. - ^ 

19. i{a:-3)-^(a;-4) = l. 

a; - 2 1 2a; -1 
21. - - +-=a;- 

4 3 3 

23. *-|+^^"=3. 

25. |(4j:-l)-4(3a; + 2) = 6 + -J(5i-2). 

7x + 8 9x-12_3x + l 29-8x 
2b. -g Te^^To ~“2b • 

28. j^-^-|(6 + x) + -V- = 0. 29.??^: 

30. 5x-—+l=3x + ^ + 7. 31. ^ 

7-1 
32. |(3x +5) - I (2x+ 7) - 10. 33. ' 

34. |(2x + ll)-^(5-6x)=7x + l|. 

35. ?M_2(x-3)+?<^>=5| + ?^. 

fy„ X X ~214:-X 5x 
27. 4 5 —'+“2 l2* 

4 16 ' 8 ' 

¥-^-J(4. + 2) = 

7a:-ll_^-n_ 7 
8” 10 ~20‘ 

+ 8|=0. 

4.Q 
36. ^-7(f-a;) = 10(a; + 3)-2. 

38. Y - 5a;+ 8(a; 4-i)==4a;-f‘3^. 

An ^ 5 _6x-2 a; + 8 
* 6“'3'""'^" 3 * 

|(»-'5).+^(?*-3)=.^(5x-31. 

5x-4 X -1 X-3 3a;- 8 
7 i| 7 

39. l^-|(3x-2)=|(2-x). 
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Solve the equations: 

42. 43. ^(5x + l)+|(x + 3)=x. 

44. 3f + 5 + 6^_39^21+x 
o o 

5x-3 8-x 7x 4,. 
45. ^ ^--_=_-g(4x+2). 

46 ^ + 4 x-3 x + 2 
5 4 “ ^ 5 ' 

47. i(3x - i) -1 g -1) = ,/g (2x 4 S> 

48. ^(x-g)-f(x + ^)+|=0. 49. =** + ^^7-^=1. 
3 5 

50. 19-3(14x-31)=4(^6|-f|). 
-- x + 3 x + 4 x + 5 x + 6 51. ^ - 

52. -|^-^=x-2-i(3x-ll). 53. }(x 4 2) - Ux - 6) =3J - ^'i(x-4). 

x~4 3!c-2 __ 2a;+ 7 9a:-8 a:-11 . 
nr--r • “7-n- 

+ 13. 57. •7a; + -5 = '5a: + M. 

59. •09a: -'Ola: —’14 -‘OGa:. 

61. -0043:+ -412 =-0073:--008. 

54. 75--|(2a:-7)=5a: + 

CO -i 1 1 > 2a: x-1 x-l 56. ^(a:-l) + ---jj-= — 

58. l-4 + -3x = -5a:-l-7. 

60. •03x + -02 = -17--07x. 

62. 4- ~f = -46. 
•o w5 

-25 -125 

„ •25X--025 2X--45 „ 
66. —-2jj—= 1-25 

67. What value of x will make (5 -3a:) (7 -2a:) equal to (11 -6a:) (3 -x) ? 

113 5 
68. What value of x will make - + ^— -— equal to the fraction ? 

X ZiX 4X 1 ^ *' 

69. Under what circumstances is 

{x + 3) (x + 4) equal to {x + 5) (x + 7) ? 

70. Simplify the expression (x - 2)* - (x - 3) (x - 1). 

What do you deduce about the equation (x - 2)® - (x - 3) (x -1) =0 ? 

71. Go through the process of solving the equation 

{2x-l)(3x”4)=(6x-5)(x-l). What do you deduce ? 

Approzimate Solutions. 

46. In finding approximate values, 

One half, or more than one half, counts as unity, 

i,e. -5 . -5 . 
•05 .*05 and < 1 

•005 . -005 and < 01 

..•1, 
■01, and so on. 
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Thus if X-3-74526., 

x = 3-7 correct to one dec. place, 

— 3-75 . two dec. places, 

= 3*745 . three., 

= 3-7453 . four . 

In solving the equation 7x = 25, 

dividing both sides by 7, a: = 3-571428. 

x = 4, to the nearest integer, 

= 3-6 correct to one dec. place, 

= 3-57 . two.places, 

= 3-571. three. 

Thus, in approximations, if the first figure neglected is 5 oi 

more than 5, increase by one the last figure retained. 

Examples. VIL e. 

Find approximate valuer of x in the following equations : 

1. 10 (x - 1) - 6a; - 26 =3, correct to the nearest integer. 

2. 5(x - l) = ll(x -3), correct to one doc. place. 

3. 3x^ - 7 - 3a; (a; + 3) =0, correct to two dec. places. 

4. (a; - 2)2 = (a; - 5)“ + 5, correct to two dec. places. 

5. (x - 3) (a; + 3) = (a; - 7) (a: + 7) 4- 7a;, correct to two dec. places^ 

6. 5, correct to the nearest integer. 
7 D 

a; “ 1 2a; - 1 3.5 

42’ 
correct to two doc. places. 

2a; ~1 
4 

^ = 14, correct to two dec. places. 

-OJ-l a;-2 a;-8 
=0, correct to two dec. places. 

10. ^(3a; + 5) - I (2a; + 7) = - 2, correct to two dec. places. 

11. 4| -|(14a; - 31) = 5 ~ , correct to two dec. places. 

12. ^ g ‘262 correct to two dec. places. 
ib*o 12-0 
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CHAPTEK VIII 

SYMBOLICAL EXPRESSION 

46. Algebra is largely used for solving problems of various 

kinds, but before attempting this the beginner must learn 

how to express given statements symbolically, i.e. in algebraic 

form. 

Let us take a few simple cases. 

There are (3 x 4) ft. in 4 yards. 

Thus we see that there are 3x ft. in x yds. 

There are (20 x 5) shillings in £5. 

Hence there are 20x shillings in £r. 

There are (12x7) pence in 7 shillings. 

There are \2x pence in x shillings. 

Just as 2 x 6 is a number which is double of 6, so 2(i represents 

a number which is double the number represented by a. 

The number which is 3 greater than 6 is 6 + 3. 

The number which is 3 greater than a; is a? + 3. 

The number which is a greater than a; is x + a. 

7 buns at 2 pence each, cost 7x2 pence. 

Hence x buns at 2 pence each cost (x x 2) pence, i,e. 2x pence. 

236 shimngs = (235-^20)£; 

/. X shillings = (x~20)£ 
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14 pounds and 6 shillings are the same as (14 x 20 + 6) shillings. 

In the same way x pounds + y shillings = (20x + y) shillings. 

6 pounds + 5 shillings + 4 pence = (6 x 240 + 5x12 + 4) pence. 

X pounds + y shillings + 2: pence = {2i0x + 12^ + 2) pence. 

If ] 3 articles cost 54 shillings, each article costs \ f. shillings. 

If X . 54 .— . 
X 

An even number is a number which has 2 for a factor. 

if X is any whole number, 

2x is an even number, 

if X is any whole number, 

2x-hl is an odd number. 

2x- 1 is also an odd number. 

47. Example 1. What is the cost of a articles at 6 shillings each ? 12 
articles at 3 shillings each cost 12 x 3 shillings. 

by analogy, a articles at 6 shillings each cost ab shillings. 

Example 2. A man walks x miles an hour. How far does he walk 
in y hours ? If he walks 4 miles arx hour, he will walk 4x6 miles in 6 hours. 

.'. by analogy, if he walks x miles an hour, he will walk X'y miles in 
y hours. 

Example 3. A man has x crowns and y florins, how many shillings has 
he ? X crowns = 5a; shillings, and y florins=2y shillings, 

he has (5a?+ 2y) shillings. 

Example 4. If I spend x shillings out of %, how many pence have I 
left ? “2403/ pence, and x shillings = 12a? pence, 

.'. I have (240y ~ 12a;) pence left. 

Examples. VIII. a. 

1. One part of a; is 20 : what is the other part ? 
2. One part of 35 is y : what is the other part ? 
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3. What number is less than x by 20 ? 

4. What number is less than 34 by a: ? 

5. What number multiplied by x will give 56 ? 

6. What number divided by x will give 35 ? 

7. If 16 is less than x by 5, what is the value of a; ? 

8. The sum of two numbers is x, and one of them is 23 ; what is the 
other ? 

9. The sum of two numbers is y, and one of them is x: what is the 
other ? 

10. The difference of two numbers is 13, and x is the greater: what is 
the other ? 

11. How many times is x contained in 78 ? 

12. How many times is y contained in x ? 

13. How many times is 3a contained in 55 ? 

14. I have tx and give away y shillings : how many shillings have I 
left ? 

15. The sum of three numbers is 96. One of them is Xy another y : what 
is the third ? 

16. The sum of two numbers is a + 56, and one of them is 36: what is 
the other ? 

17. The difference of two numbers is x-y^ and the greater is y : what 
is the other ? 

18. If a book costs x pence, how many can be bought for y pence ? 

19. If a penknife costs x pence, how many can be bought for y shillings ? 

20. I gave x shillings for y pencils: how many j^ence did I giv^e for 
each ? 

21. If I spend x half-crowns out of a sum of £y, how many shillings 
have I left ? 

22. What number exceeds .t by 4 ? 
23. What number exceeds 4 by a; ? 

24. By how much does 20 exceed x ? 

25. What number is less than 40 by a ? 

26. If 75 contains x three times, what is the value of x 1 

27. If X oranges cost fourpence, what is the price of one ? 

28. I am x years old now : how old shall I be in 7 years ? 

How old shall I be in years ? 
How old was Ill years ago ? 

29. Find a number half as great again as x ? 
30. If I walk X miles in 6 hours, hov/ many do I walk in one hour ? 

How many do I walk in y hours ? 
How long do I take to walk one mile ? 
How long do I take to walk y miles ? 

31. The sum of two numbers is a+6; one of them is a-6; what is 
the other ? 

32. I row X miles at the rate of y miles an hour: how many hours do I 
take to do it ? 
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33. What is the value of x eggs at 3 pence apiec;e ? 
34. What is the value of x eggs at 3 pence a dozen ? 

35. i5y how much does a; - 5 exceed a; - 7 ? 

36. If eggs sell at x pence a dozen, how much does each egg cost ? 
How many will you get for a shilling ? 
How many will you get for y shillings ? 

37. If 3 lbs. of sugar cost 8 pence, what will x lbs. cost ? 
38. If X lbs. of sugar cost y pence, what will 2: lbs. cost ? 

39. Write down three consecutive numbers of which n is the least. 

40. Write down three consecutive numbers of which n is the greatest. 

41. Write down three consecutive numbers of which n is the middle one. 

42. The greatest of four consecutive numbers is n + 3: what are the 
others ? 

43. Write down five consecutive numbers of which the middle one is 71. 

44. What is the cost in pounds of x cakes at y shillings apiece ? 
45. By how much does -y exceed x+y ? 

46. What number added to a -36 will make a + 6 ? 

47. A hill is made up of £u, 6 shillings, and c pence : what is the total 
number of pence in it ? 

48. A train travels at the rate of x miles an hour : how many yards 
does it go in a minute ? 

49. How far is it from A to B, if a man, bicycling at the rate of 10 miles 
an hour, does the journey in x hours ? 

50. A horse eats x bushels a week. How many days will it take him to 
eat 76 bushels ? How many days will it take y horses to eat the same 
amount ? 

51. What is the number which exceeds onC'quarter of x by 25 ? 
52. Write down five consecutive numbers of which 27i - 3 is the middle 

one. 
53. Write do^vn five consecutive odd numbers of which 2n-\ is the 

middle one. 
54. What is the area in square feet of a room a feet long and h feet 

wide ? 
55. The area of a room is x square feet and its length is y feet; what 

is its width ? 
56. A square has sides x feet long : what is its area ? 
Express the following statements in the form of equations : 
57. The excess of x over 20 is y, 
58. Three times x exceeds y by 25. 
59. The sixth part of a: - 8 is equal to the seventh part of 2x + S. 
60. Three times ;r - 4 is equal to five times x~l. 
61. There are x shillings in £y and 2 florins. 
62. There are a pence in £6, c half-crowns, and d shillings. 
63. The product of two consecutive numbers, of which x ia the 

greater, is y. 
64. The product of three consecutive numbers, of which x is the middle 
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65. A is a; years old, B is 5 years older. Tlie sum of their ages is y. 

66. A man is x years old, and his son y years younger. The sum of their 
Ages is a years. 

67. A has £a:, and B £y. After B has given A £a, they have equal 
amounts. 

68. When x is divided by y, the quotient is 15 and the remainder 7. 
69. When a is divided by 6, the quotient is x and the remainder y, 

70. The area of a room x feet long, and y feet wide is a square feet. 

71. The area of a courtyard, a feet by b feet, is x square yards. 

72. The product of x and y is three times the excess of a over b. 

73. The excess of x over y is five times the excess of a over b. 

Substitution in formulae. 

48. If r is the radius of a circle, and C its circumference, the 
two quantities r and C are connected by the formula 

C = 27rr, where tt = 4^. 

(This is only an approximate value of tt.) 

Thus if we know the radius of a circle, we can find its circum¬ 

ference. 
Example 1. Find the circumference of a circle whose radius is 21 feet. 
If C denote the circumference, substituting the given value of r in the 

formula 
C—27r x21 feet 

— 2 X X 21 feet, for — 

—2 x22 x3 feet 

= 6 X 22 = 132 feet. 

Example 2. Given that the circumference of a circle is 99 ft. in length, 
find its radius. 

If/• denote its radius, 27rr=99; 

/. 2x-Y-r=99, 
y- 7X90 

' 2 X'2 2 =1^ feet 

152 

= 15 feet 9 inches. 

The area, A, of the floor of a room whose length is Z, and 

breadth h, is given by the formula 

A — lxh, 

Example 3. Find the area of a room 16J feet long and 10J feet wide. 

If A denote the area, substituting in the above formula, 

A-=16^xl0| sq. ft. 

X (multiplying by factors) 

= 173|sq. ft. 
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Example 4. Find, to the nearest inch, the length of the circumference 
of a circle of radiuKS 6 inches. 

Let C denote the circumference in inches. 
Substituting the values of tt and r in the formula 

C-27rr, 

C = 2 X X 6 inches 

= X 6 inches 

inches 

—37*7... inches 

= 38 in. (to the nearest inch). 

Example 5. Given that the area of a circle (A) and its radius (r) are 
connected by the formula A — vr- when 7r=-^^, find, to the nearest tenth of 
a square inch, the area of a circle of radius 3 inches. 

If A sq. in. denote the reqd. area, substituting the values of tt and r in 
the formula 

A = Trr^, 

A = 2/ X (3)2 = 2/ X 9 ^ 

=28-28... sq. inches 
=28-3 sq. in. (to the nearest tenth). 

Examples. VIII. b. 

Given that the circumference (C) of a circle and its radius (r) are con¬ 
nected by the formula C =27rr, where 7r = -%2^ find : 

1. The circumference of a circle of radius 7 inches. 
2.9 inches. 

3. The radius of a circle whose circumference is 110 feet long. 
4. 12 feet long. 

5. The circumference (correct to a tenth of an inch) of a circle whose 
radius is 5 in. long. 

6. The radius (correct to a tenth of an Inch) of a circle whose circum¬ 
ference is 16 inches long. 

7. The radius (correct to a tenth of an inch) of a circle whose circum¬ 
ference is 20 inches long. 

The area (A) of a circle is connected with its radius (r) by the formula 

A = 7rr2, ^here w = 

8. Find the area (correct to a tenth of a square inch) of a circle whose 
radius is 4 inches. 

9. Find the radius of a circle whose area is 154 sq. inches. 

The area (A) of a room is connected with its length (1) and its breadth (6) 
by the formula ^ 

10, Find the area of a room 15J ft. long and 12 ft. wide. 
11. Find, to the nearest foot, the length of a room whose area is 246 sq. ft 

and width 11 ft. 
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12. Find, to the nearest inch, the length of a room whose area is 
112 sq. feet and width 9 feet. 

If A is the area of the walls of a room, Z its length, b its breadth, h its 
height, k=2h(l + b). 

13. Find the area of the walls of a room, 10 ft. high, 10 ft. long, and 
12 ft. wide. 

14. The area of the walls of a room is 750 sq. ft. ; its length is 18 ft. 
and its breadth 12 feet: find its height. 

15. The area of the walls of a room is 650 sq. ft. ; its length is 18 ft. and 
its breadth 12 ft. : find its height. 

The volume (V) of a cylinder on a circular base of radius r, and of 
height h, is given by the formula 

V = TrrVi, where tt — -V-. 

16. Find tlie volume of a cylinder of height 7 feet on a circular base 
of radius 3 feet. 

17. The volume of a cylinder on a circular base of radius 7 ft. is 693 cubic 
feet: find its height. 

. The area, A, of a triangle of height A, on a base b, is given by the 
formula k~\hb. 

18. Find the area of a triangle of height 3 feet and base 2 ft. 3 in. 

19. A triangle of area 36 sq. ft. stands on a base of 10 ft. : find its height 
to the nearest inch. 

If a body falls freely under the acceleration, g, of gravity for t seconds, 
the space (in feet) it falls through is given by the formula 

S = I gt^y where g ~ 32. 

20. Find the space a body under the acceleration of gravity falls through 
in 6 secs. 

21. Find how long a body under the acceleration of gravity takes to fall 
through 144 feet. 

If a body, starting with a velocity of u feet per second, and moving under 
an acceleration /, acquires a velocity of v ft. per second in t seconds, v is 
given by the formula v = w + ft, 

22. Find the velocity of a body in 7 seconds if it starts with a velocity 
of 3 ft. per second and moves under an acceleration 4. 

a, a + by a +26, a + .36 ... being a series of numbers, the value, py of the 
is given by the formula p -^a-\-{n-\)b. 

23. Find the twenty-first number of the following series : 

1, 3, 5, 7 ... . 
24. Find the twenty-fifth term of the series : 

-4, -1,2, 5, 8.... 

If in a series of numbers the numbers increase by regular intervals, theii 
Bum is given by the formula 

S=|(a + 0. 
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where S denotes the sum, n the number of terms, a the first term, and I the 
last term of the series. 

25. Find the sum of the first 25 natural numbers. 
26. Find the sum of the consecutive numbers from 9 to 31 inclusive. 

Find the sum of the series: 

27. 9, 12, 15, 18 ... to 11 terms. 
28. 6, 10, 14, 18 ... to 12 terms. 

29. 97, 94, 91 ... 37, 34, 31, 28. 

Find the sum of : 

30. The first 43 even numbers. 

31. The first 21 odd numbers. 

32. All the even numbers between 5 and 51. 

33. All the odd. 40 and 90. 

34. The first 17 numbers each of which is divisible by 4. 

35. 21 .3. 

The sum (S) of the squares of the first n natural numbers is given by the 

formula s - ^ 
o 

Find the sum of : 
36. The squares of the first 15 natural numbers. 

37. The squares of all numbers from 7 to 21 inclusive. 

38. The squares of all numbers between 12 and 35. 

The volume (v) of a sphere of radius r, is given by the formula 

v — f^irr^, where tt = 

39. Find, correct to two decimal places, the volume in cubic feet of a 
sphere of radius 3 feet. 

40. The volume of a sphere is 4851 cubic feet: find its radius. 

41. A clerk starting with a salary of 100£, has a salary of 105£ in his 
second year, H0£ in his third year, 115£ in his fourth year, and so on. By 
means of the formula in Example 23, find his salary in his twenty-first 
year of service. 

If when A is divided by B, Q is the quotient and R the remainder, 

A-BQ + R. 
42. A certain number when divided by 22 has a quotient 15 and a 

remainder 4 : find the number. 

If two sides of a triangle, of lengths a and 6, contain a right angle, the 
third side c is obtained from the formula c- —-f 6^. 

[N.B.—The above may be written, — or j 

Which of the triangles whose sides are of the following lengths will be 
right-angled ? 

43. 3, 4, 5 feet. 44. 13, 12, 6 inches. 45. 25, 24, 7 centimetres. 

46. 1-5, 2, 2-6 yards. 47. 1-3, 1*2, -7 feet. 48. 30a, 24a, 18a. 
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FUNCTIONAL NOTATION 

When we speak of a function of x we mean an expression 

containing x or powers of x. It may also contain constants and 

various symbols of operation. 

It is called an algebraic function if these symbols are only those 

of the algebraic operations, addition, subtraction, multiplication, 

division and extraction of a root. 

A function of x may be denoted by/(^r), F(cr), or a similar 

form. 2x^ + ^x~\-'l is a function of x ; eo we might write 

/(x) = 2x2 + 3x + 7; 

and /(4) would here mean the value of 2x^-\‘Zx-\-l when 4 was 

substituted for x. 

Thus /(4) =2x42 + 3x4 + 7 = 51. 

/(1) = 2x12 + 3x1+7 = 12. 

/(-1) =2 x(-1)2 + 3x(-l)+7 = 2-3 + 7 = 6. 

/(O) =7, for 2 x 02 = 0 and 3 x 0 = 0. 

Sometimes a function of x is denoted by another letter, usually 

the letter y. 

Thus, in the above case, we might write 2/ = 2x2+ 3x + 7. 

In such a case the student must be careful to express clearly 

what is meant when he uses different values of x. 

y = 2x42+ 3x4 + 7 would not be sufficient. 

Write y = 2x 42+ 3x4 + 7 when x = 4, to make it quite clear. 

Examples. VIII. 

t« If /(a;)=2a; + 3, find the value of 

^i) /(5); (ii) /(I); (iU) /(-1); (iv) /(O), 
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2. If f(x)~5x + 7, find the value of /(I) and f{2), 

3. If f(x)=a-^bx, what does /(I) x/( -I) become ? 

4. If /—x^-4x + 3, find the value of /(I) +/(2) + /(3). 

5. If /(*)=z + ^, prove that /(2)=/Q^. 

6. If /(x) - 2a;, prove that /(a;) +/( - a;) =0. 

7. If f{x)=3x -4 and ^(a:) =5a; + 7, find the value of 

(i)/(l) + <^(l), (ii)/(2) + 0(3). 

8. If two sidefi of a rectangle are 3a;+5 and 3x-5 respectively, and /(a 
denotes its area, express f(x) in its simplest form, and find the value 
of /(lO). 

9. If f(x) = 12a; - 3, for what value of x is f(x) equal to 33 ? 

10. If f(x) =3a; +9, find the value of x which makes/(x) equal to -2, 

Examples, VIII. c. 

1. If f(x)=x^ + x + If find the value of 

(i) /(O), (ii) /(I), (iii) /{2). 

2. If /(n)=~ find the value of 

(i)/(5), (ii)/(7), (iii)/(-3), (iv)/(7i + l), (v)/(n-3). 

3. If <p(x) = (x -l)(x - 2)(x - 3), find the value of 

(i)0(O), (ii) 0(1), (iii) 0(3), (iv) 0(5), (v)0(-2). 

4. If 0(w) = (2w-l)(2n-f 1)-(w~l), find the value of 

(i) 0(0), (ii) 0(3), (in) 0(2n), 

(iv) 0(2?i + l), (v) 0(w + l), (vl) 0(1). 

6. If f(x)=2x^ -5x + 3f prove that 

(i) /(x + l)+f(x-l)-2f(x)=4. 

(ii) f(x + 2)+f(x-2)-2f(x) = ld. 

6. If f(x) =2a;“ - 6a; + 6 and 0 (a:) —2x^ - 6a; + 7, find the value of 

(i) 0(0) -/(O), (ii) 0(2) -/(2), (iii) 0(4) -/(2). 
B.B.A. 
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7. If f(x) —2x^-\-x and (p{x) ~x^ +2a;, find the value of 

8. If f{x)—ax^ + bx + c, and 0{x) =ax^ -bx + c, find the value of 

f{x + l)~<f>{xi-l). 

9. If /{x) =ax^ -f bx -I-c, and (f){x)=a~bx + cx^, find the value of 

(i)/(O)-0(O), (ii)/(l)-0(l), 

(hi)/(2)-0(2), (iv)/(3)-0(2). 

10. If <p{x) =37^ +3a:- + + 1, find the value of 0(a7 -1) in its simplest form. 

11. A man walked for Zx hours at the rate of x miles an hour; then he 
walked back towards his starting-point for 2 hours at a; -f 1 miles 
per hour, and then for 1 hour at 4 miles an hour in his original 
direction. Express as a function of x (i) Iiis final distance from the 
starting-point, (ii) the total distance travelled. 

12. If 0(0 denote the distance in feet fallen by a body in the first t seconds 
of its fall, what will denote the distance fallen in the third second ? 
Eind also the numerical result if 0(O = lfi^^. 

CHAPTER IX 

EASY PROBLEMS 

49. We will now proceed to solve some easy problems : 

Example 1. Three times a certain number diminished by 15 comes t« 
45 : find the number. 

Let x be the number required. 

Three times the number diminished by 15 is 3a; -15, 

3a;-15 =45; 

3a;=45-1-15 = 60; 

a;=20, 

i.e. the required number is 20. 

Verification. 3x20-15=60-15 =45. 
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Example 2. A man is twice as old as liis son, and ten years ago he was 
three times as old. Find the present ages of the father and son. 

Let X be the present age of the sou. 
Then, by hypothesis, the present age of the father is 2x years. 
10 years ago the son was a: -10 years old. 
Also 10 years ago the father was 2x -10 years old. 

2a:-10=3(3^-10), 
2a:-10= 3a:-30, 
2a:-3.a:= -30 + 10, 

-a:= -20, 
/. a: = 20. 

the father is now 40, and the son 20 years old- 

The student should verify the result. 

Example 3. A man paid a bill of £6. 10.9. in sovereigns and florins. If 
he used three times as many florins as sovereigns, find the number of 
sovereigns he paid away and the number of florins, 

l^et a: be the number of sovereigns he used. 
Then 3a; is the number of florins ho used. 

X sovereigns = 20a: shillings, and 3a: florins = 6a: shillings. 
Also £6. 10,9. =130 shillings, 

20a: + ()a: = 130, 
26.r = 130, 

a: = 5, 

i.e, he used /> sovereigns and 15 florins. 

Example 4. The number 55 is divided into two j)arts such that one- 
third of one part, together with one-fifth of the other part, is equal to 17# 
Find the parts. 

Let X be one part. Then 55 - oj is the other part. 
X 55 -X 

* * 3 ^"”5 " 
= 17. 

Multiply both sides by 15, 
5x + 3(55 ~x) = 17x15, 
5a: + 165-3a:=255, 

5a; - 3a:=255-165, 
2a: = 90; 

.-. a: = 45; 
and 55-a;=55-45 = 10. 

/. 45 and 10 are the reqd. parts. 

Example 5. A and B travel in opposite directions from two j^laces 54 
miles apart, and meet in 6 hours. If A goes twice as fast as B, find their 
rates of travelling. 

Suppose B travels x miles an hour, then A travels 2a; miles an hour. 

In 6 hours, B goes 6a; miles. 
. A goes 12a; miles. 

But the total distance travelled by A and B in 6 hours is 54 miles, 
r'. 6a; + 12a; =54, 

a;=3, 
i.e. A travels 6 miles an hour, and B 3 miles an hour. 
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Examples. IX. a. 

1. One man has £x, another man £2x^ and they together have £30. 
How much has each man ? 

2. A boy has a certain number of apples, and when he is given 20 
more he finds he has three times as many as at first; how many had he at 
first ? 

3. A certain number when trebled is 54 more than before : what is the 
number ? 

4. A has a certain sum of money, and B has £10 more than A. They 
together have £40 : how much has each ? 

5. To three times a certain number of apples I add 17, and then find I 
have 77. How many apples had I at first ? 

6. From four times a certain number I take 23, and obtain 61 as the 
result: what was the original number ? 

7. A man walked a certain number of miles, and then bicycled for 
three hours at 10 miles an hour. He finds he has altogether travelled four 
times as far as he walked : how many miltjs did he walk ? 

8. A man has a certain number of shillings, and an equal number of 
sovereigns. His total sum of money is 63 shillings. How many sovereigns 
has he ? 

9. A man has a certain number of half-crowns, and double that 
number of florins. If his total sum of money amounts to £3. 18.?., how 
many half-crowns has he ? 

10. A man is 28 years older than his son, and the sum of the ages of 
father and son is 48, Find their ages. 

11. Find the number which exceeds its sixth part by 30. 

12. A man has five children, each three years older than the next one. 
and their united ages amount to 70. Find the age of the eldest. 

IS. Three persons A, B, C together have £144. B has £10 more than 
A, and C £10 less than A. How much has each ? 

14. Two numbers differ by 18, and their sum is 42. Find them. 

15. Find the number which exceeds its fourth part by 15. 

16. Find a number such that its third part exceeds 24 by as much as 14 
exceeds its fifth part. 

17. Out of a cask of wine j full, 10 gallons are drawn, and the cask is 
then I full. How much can it hold ? 

18. Find the three consecutive numbers whose sum is 96. 

19. Ten times a certain number exceeds 24 by as much as 102 exceeds 
four times the number : find the number. 

20. A man has a certain number of pennies, one half that number of 
shillings, and one-third that number of florins, his total sum of money 
amounting to 223. fid. How many of each coin has he ? 

21. Two men have £49 between them. If one has six times as much as 
the other, how much has each ? 

22. A has £3 less than B, and they together have £41. Find the shai.* 
of each. 

23. £500 is divided between A and B, so that A receives £172 more 
than B. Find their shares. 
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24. The sixth and seventh parts of a certain sum amount to £2. 12s.: 
what is the whole ? 

25. A is 25 years older than B, and in five years he will be twice as old 
as B. Find their i)resent ages. 

26. A is 23 years older than B, and A’s age is as much below IK) as B’s 
age is above 13. Find their ages. 

27. A is three times as old as B, and 9 years ago their iinite^d ages 
amounted to 66. Find their ages. 

28. A is 6 times as old as B, and A’s age 32 years ago is equal to B’s age 
28 years hence : find their ages. 

29. Three boys A, B, C divide the apples on a tree. A takes one-third 
of the apples, B takes 21 and C the rest. If A has 2 more apples than C, 
how many apples were there on the tree ? 

30. Find a number such that, if you divide it by 2 and add 11, the 
result will be three times as great as that which you would obtain by 
multiplying it by 2 and adding 11. 

31. The half of a certain integer exceeds the third of the next greater 
integer by three ; find the integer. 

32. A man bought a house, and gained five-sixths of what he gave for it 
by selling it for £770. How much did he give for it ? 

33. The sum of three consecutive numbers is 105 : find them. 
34. The sum of three consecutive odd numbers is 135. Find them. 
35. A sheep costs twice as much as a turkey, and I spend £18. 1.9. in buying 

6 sheep and 7 turkeys. Find the price of each sheep and each turkey, 

36. A man walks a certain distance, bicycles twice that distance, swims 
half as far as he walked, and finds he has covered 14 miles. How far did 
he swim ? 

37. A and B divide a sum of £40 between them, so that A has £6. IO9. 
more than B. What is the share of each ? 

38. Two persons have £4320 between them : if the first has five times 
as much as the second, how much has each ? 

39. Divide £36 into two shares so that one-third of the less is equal to 
one-fifth of the greater. 

40. The number 57 is divided into two parts, so that one-third of the first 
and one-seventh of the second are together equal to 11 : what are the parts ? 

41. In a village consisting of 151 persons, there are 17 more women than 
men, and 30 more children than women: how many men, women, and 
children are there ? 

42. A man makes 304 runs in 15 innings at cricket: how many must he 
make in the next three innings to have an average of 20 ? 

43. A, travelling half as fast again as B, and starting 9 miles behind 
him, catches him up in 6 hours : find their rates of travelHng. 

44. Two trains, one of which travels half as fast again as the other, 
start at the same time from two places 300 miles apart, and meet in 
5 hours. Find their rates of travelling. 

46. A and B run round a circular course of 1000 yards, starting from 
the same point, at the same time, and in the same direction. A, after 
running 2J times round the course in 10 minutes, just overtakes B : find B’s 
rate of travelling. 
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46. A travels from P to Q, a distance of 30 miles, and back again at the 
rate of 9 miles an hour. On his way back, he meets B, who travels at the 
rate of 0 miles an hour, and who started at the same time from P. Find 
the distance of their meeting point from P. 

47. A starts at noon to travel from P to Q at the rate of 6 miles an hour, 
and B starts at 1 p.m, to travel from Q to P at the rate of 5 miles an hour. 
If they meet at 4.30 p.m., find the distance from P to Q. 

48. A man does one-third of a journey at the rate of 4 miles an hour, 
one-third at 5 miles an hour, and the remaining third at 6 miles an hour. 
Completing the journey in 6 hours and 10 minutes. Find the length of the 
journey. 

49. A man walks one-half of a journey at the rate of 4 miles an hour, 
bicycles one-third at 12 miles an hour, and rides the remainder on horseback 
at 9 miles an hour, completing the journey in 6 hours and 10 minutes. 
Find the length of the journey. 

50. In a journey of 72 miles, a man does one-quarter of the distance at 
the rate of 6 miles an hour, one-third at the rate of 9 miles an hour, and 
does the whole journey in 7 hours and 40 minutes. What is his rate of 
travelling over the last part ? 

USE OF SQUARED PAPER 

[The most convenient paper for beginners is that ruled to show 

inches and tenths of an inch.] 

50. To find the length of a straight line jo'lning the corners of aiiy 

Uvo squares, with the aid of a pair of compasses. 

Take points A and B at corner of squares. 

With centre A and radius AB describe an arc of a circle cutting 
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the horizontal line through A at C. We see that the point C falls 
as nearly as possible at the middle point of a side of a small 
square. 

Therefore, from the diagram AB = AC==2'15 inches. 

61. A man travels 8 miles diLe east, then 9 mUes 'north, then 15 
miles 'ivest, and finally 14 miles south. Find to the nearest half-mik 
his distance at the finish from the starting point. 
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_ _ _ _ _ _ _ _ _ _ L _ _ _ _ _ _ _ _ _ L. _ _ ... 

Using a side of each square to represent one mile, with the 
accompanying diagrams, 8 m. east takes him from O to A, 

9 m. north. A to B, 
15 m. west . B to C, 

and 14 m. south. C to D. 
With centre O and radius OD describe a circle cutting the line 

OW at F. The reqd. distance == OD = OF = 8J miles to the nearest 
half-mile, from the diagram. 
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62. Two vertical posts, 16 ft. and 26 ft. high, are 40 ft. apart. 

Find, to the nearest foot, the length of the straight wire joining theif 

upper €7\ds. 

Taking one-tenth of an inch to represent one foot, one inch 
will represent 10 feet. 

Mark the points A and B 4 inches apart, also the point C 2-6 

inches vertically above A, and the point D 1*6 inches vertically 
above B. Join CD. 



IX.] USE OF SQUARED PAPER 71 

AB = 4 inches and therefore represents 40 feet. 

AC —2-6 inches . 26 feet. 

CD = l-6 inches ... 16 feet. 

Therefore CD represents the wire whose length is required. 

With centre D and radius DC, describe an arc of a circle to cut the 

horizontal line through D at E. 

From the diagram we see that DE —4-1 inches. 

DC = 4-1 inches, and the wire is 10x4*1, i.e. 41 feet long. 

53. A ladder 30 ft. long has its foot at a distance, of \0 feet from 

a verticol wall. Hmc far u'p ike tvall does it reach ? 

A B D 

Let A be the foot of the ladder, and, taking a side of a square 

to represent one foot, take B 10 units in a horizontal hne from A» 

so that B is the foot of the wall. 

With centre A and radius 30 units describe a circle to cut the 

vertical through B at C. 
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AC represents 30 feet so that C is the point in the wall to which 

the ladder reaches. 

From tlie diagram it is seen that BC the required dis¬ 

tance =28-3 feet. Here w^e estimate the decimal of a foot by eye. 

64. Two sides of a triangle contain a right angle and are 1 -6, and 

1 '2 feet long respectively : to find, by means of squared paper, the 

length of the third side. 

Taking an inch to represent a foot, AB 1-6 in. long represents 

the longer side, and BC at right angles to it and 1*2 in. long 

represents the shorter side. Join AC. 

With centre A and radius AC, describe an arc of a circle cutting 

the vertical line through A at D. 

AC = AD = 2 in. from the diagram, 

the side required is 2 feet long. 

Those who are familiar with the proposition in geometry which 

proves that “ the square on the hypotenuse of a right-angled 

triangle is equal to the sum of the squares on its sides ” can 

readily verify the above as follows. 

AC2 - AB2 = 22 -1 -62 = (2 +1 •6)(2 -1 -6) 

= 3-6 X-4 

= 144 = 1-22 = BC2 

i.e. AC2 -AB2 + BC2. 
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Examples. IX. b. 

PROBLEMS INVOLVING THE USE OF SQUARED PAPER 

1. A man travels 9 miles west, then 11 miles south, and finally 4 miles 
cast: how far from the starting point, to the nearest mile, is he at the 
finish ? 

2. A man after travelling 7 miles due east, and a certain distance due 
north, finds himself 15 miles from his starting point. How far north did 
he travel ? 

3. A ship steaming at the rate of 8 miles an hour due east, drifts at the 
same time with a current at the rate of 3 miles an hour due north. Find 
its distance from its starting point in 2 hours. 

4. A ship steaming at the rate of 10 miles an hour due west, and drifting 
due north with a current is found to be 32 miles from its starting point in 
3 hours. Find the rate at which the current Hows. 

5. A balloon after sailing 5 miles horizontally from its starting point, 
is found to be at an altitude of 2 miles. Prove that it is approximately 
5*4 miles from its starting i>oint. 

6. Two vertical posts, fi ft. and 9 ft. high, are four feet apart: find the 
length of the straight line joining their upj)er ends. 

7. A ladder with its foot at a liorizontal distance of 20 ft. from a vertical 
wall, just reaches a point on the wall .30 ft. from the ground: find, to the 
nearest tenth of a foot, the length of the ladder. 

8. A ball rolls 3 ft. east, then 5 ft. nortli, then 1 ft. west-, and lastly 
3 ft. in a direct line towards its starting point. How far is it then from its 
starting point ? 

9. A man walks 2 miles cast, then 3 miles north-east : how far is he 
then from his starting point ? 

10. A man, having walked a certain distance in a north-westerly 
direction, finds that he is 25 miles Avest of his starting point: hoAV far has 
he walked ? 

11. A boy bicycles 2*7 miles east, and then 3*4 miles north : how far is 
he then from his starting point, to the nearest half-mile ? 

12. A man swims in a north-easterly direction until ho is 2 miles north 
of his original ])osition, and then 3 miles to the north-west: hoAv far is he 
then from his starting-point ? 

13. A room is 5-f) metres long, and 3*4 metres wide : find the distance 
between two opposite corners, as accurately as you can. 

14. On a base of 3 inches, describe a triangle whose other sides are 
4 inches and 4i inches long : find the altitude of the triangle to the nearest 
tenth of an inch. 

15. Find, as accurately as you can, the length of the diagonal of a square 
whose sides are three inches long. 

16. Find, as accurately as possible, the length of the diagonal of a 
rectangular board 2 ft. wide and 3 ft. long. 
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17. Find the altitude of an equilateral triangle whose sides are 3 
inches long. 

18. Draw two circles of 1| inches radius, with their centres 2 inches 
apart. Find the length of the line joining their points of intersection. 

19. With centres 3 inches apart, draw two circles of radii 2 in. and 
2J in. Find the length of the line joining their points of intersection. 

20. A man walks due oast from a town P which lies 4 miles due north 
of a town Q. 11 ow far from Q is he when he has walked 5 miles ? 

21. A man walks south-east from a place P which lies 3 miles north of Q. 
How far from Q, is he when ho has walked 4 miles ? 

22. Multiply 2*3 by 3*5 by means of squared paper. 

23. Multiply 3'4 by 4*7 by means of squared paper. 

24. The road from A to B is inclined upwards at 30° to the horizon for 
2 miles, then at 20° for 2 miles, and then descends at an inclination of 27° 
to B, which is on the same level as A. Measure the length of the descent 
to B. 

25. A travels east at 12 miles an hour, and B, starting at the same time 
from tlie same place, travels north-east at 20 miles an hour. Find, to the 
nearest mile, their distance apart at the end of 1, 2 and 3 hours. (Use 
one-tenth of an inch to represent one mile.) 

26. A and B are two places 6 miles apart, B lying due east of A. One 
man walks at 2 miles an hour from A towards the north-east, another man, 
starting at the same time, walks north-west from B at 3 miles an hour. 
Find their distances apart tn the nearest tenth of a mile in one hour. (Use 
one inch to represent one mile.) 

27. A donkey tethered to a post can graze over a circle of 24 ft. radius. 
The shortest distance from the post to a straight hedge is 17 ft. Over wdiat 
length of hedge can the donkey graze ? 

28. A man walks 2-8 miles north, then 3-4 miles w^est, and then 1-6 miles 
south-east. How far is he then from his starting point ? 

55. Exhibition of Statistics by means of Graphs. The 

accompanying diagram gives a portion of a barometric chart, 

from which we can read of! the height cf the barometer at any 

hour of the dates given. 

We determine the height of the barometer from the vertical 

lines, and the date and hour from the horizontal lines. 
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Thus the height of the barometer at 

4 a.m. on the 

6 a.m. 

8 p.m. 

8 p.m. 

14th is given by 

15th . 

15th . 

16th . 

AL = 29-8 inches, 

BM = 29-65 . 

CN-30-2 . 

DR-30-15 . 

Aus:ust. 

Also we see that the barometer was falling from midnight 

Thurs. 13th to 8 p.m. on Fri. 14th, and rising from 8 p.m. on the 

14th to 8 a.m. on the 16th. 

66. Construct a graph to exhibit the following : 

Premiums of Life-insurance at various ages (for 100£). 

Age in years. 21 1 25 30 1 35 40 45 60 65 60 

Premium. | £1.16<. 1 £2, £2. 6«. 1 £2.18«. 1 £8. 2*. 1 £8.12*. 1 £4.7«. £5. 10*.' |£7.U 
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From tlie diagram estimate the premium at the ages of 32, 51. 

and 58. 

PfBm7um 

Measuring the ages horizontally, the premiums vertically, we 

plot the given points as shown in the diagram, the point O 

denoting age 20, and premium 1£ (not premium 1£ at age 20). 

The dotted lines AB, CD, EF give the premiums at the ages 32, 

51, 58 respectively. 

They are £2. 9^., £4. 11^., £6. 8s. 
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Examples. IX. c. 

1. Construct a graph to show the following : 

Premiums of Life-insurance at various ages (for 100£). 

Age in years 20 25 30 1 35 1 40 
_1 

45 50 j 5") ] 60 

Premium in £ I 2 j 2-2 
1 
2'5 j 2-8 3-2 1 3-8 1 4-C> J 5-5 j 6-9 

Estimate the premium for £1000 insurance at ages 28 and 43 to the 
nearest £. 

2. Population of England and Wales. 

Year 1801 1811 1821 1831 1841 1851 1861 1871 1 1881 1891 

Number in 
IVIillions 8-9 10-2 12 0 [ 13-9 i 15-9 17-9 20-0 j 22-7 ' 26-0 290 

Draw a graph to exhibit tlje above. Estimate the population in 1837, 
and the year in which the population was 24 millions. 

3. The temperature taken every two hours one day showed: 

Midnight, 46-0° 2 p.m., 66-7^ 
2 a.m., 44*8° 4 p.m., 07-5^ 
4 a.m., 44-6° 6 p.m.. 58-5° 
6 a.m., 47-5° 8 p.m., 54*6'^ 
8 a.m.. 52*6° 10 p.m., 51*4'^ 

10 a.m.. 
Noon, 

56*8° 
61-0° 

Midnight, 50-6^-^ 

Draw a curve to show the variation of temperature throughout the day 
and estimate the temperature at 3 p.m. 

4. The following table shows a patient’s temperature at the given 
times. Construct his temperature chart. 

Mon. Tues. Wod. Tliurs. Fri. Sat. Sun. 

a.m. p.m. a.m. p.m. a.m. p.m. a.m. p.m. a.m. p. m. a.m. p.m. a.m. p.m. 

99-S” 100-6“ 102-4“ 101-r 102-2“ 100*4“ 100-r 100-2* 99-8“ 98-7“ 
1 

98-4“ 98-2“ 98-2“ 

5. Rainfall in 1903 at Greenwich. 

Infhes Average of 
incnes. yea,TS. 

J anuary, 2-12 1-99 
February, 1-36 1-48 
March, 2-22 1-46 
April, 1-84 1-66 
May, 1-95 2-00 
June, 6-07 2-02 

Inche.s. Average of 
60 years. 

July, 6-27 2-47 
August, 4-81 2-35 
September, 2-23 2-21 
October, 4-44 2-81 
November, 2-09 2-29 
December, 1-31 1-77 

In the same figure and on the same scale construct a chart of the above, 
showing the actual rainfall in continuous lines, and the average rainfall in 
dotted lines. 
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6. If P OZ8. is the weight required to stretch an elastic string until its 
length is x inches, show the following in a graph : 

Length in inches 1 ^ 
10 11 12 13 14 

Weight in ozs. 1 1*5 1 1*8 1 1 21 
1_ 2*4 

Determine the weight necessary to stretch the string to a length of 16 
inches. 

7. The price on Jan. 1st (in pence) of silver per Troy ounce in London 
was as follows : 

1890 1891 1892 1893 1894 1895 1896 1897 1898 1899 

45 40 j 36 29 30 1 31 28 ' 27 27 28 

Exhibit the above in a graph. 

8. Table giving the boiling-point of water in degrees Fahr. at different 
heights above sea-level. 

Height above 
sea-level in feet. 

0 1000 2000 3000 4000 5000 6000 

Boiling-pt. 
deg. Fahr. 

212^ 2io*r 
1 

208*2° 206*3° 204*4° 
1 

202*5° 
1 

200-6'’ 

Exhibit the above graphically and read off the height above sea-level 
where the boiling point is 203*5^, and the boiling point at a height of 3700 
feet. 

9. Table giving the height of the barometer at various heights above 
^ea-level. 

Height above 
sea-level in feet. 0 2000 4000 6000 8000 10000 12000 

Height of baro¬ 
meter in inches. i 30 

t 

27*8 25*7 23*8 22*1 20-5 19 

Show the above in a graph, and from it read off the height of the 
barometer at an altitude of 3000 ft. and 6400 ft. Also the altitudes when 
the readings of the barometer are 20 in. and 24-4 in. 

Diameter of circle. 10 12 1 13 14 16 

Corresponding area. 78*5 95*0 1131 1 
1 

132-7 153*9 176*7 

Show the above graphically, and deduce the areas of circles whose 
diameters are 11-7 in. and 14*4 ft.; also the diameter of the circle whose 
area is 136*8 sq. in. 
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CHAPTER X 

SIMULTANEOUS EQUATIONS OF THE FIRST DEGREE IN TWO 
UNKNOWNS 

67. Take the equation 3x - 4^/ = 12. 

3x = 4jf + 12. x = 

For every value we give to y, we get a corresponding value of x. 

Thus, if 2/ = l, X — 
4 + 12 16 

3 3 ’ 

if y = 2. 
8 + 12 20 

X — 
3 3 ’ 

if 2/ = 3, 
12 + 12 ^ 

5C = 
3 -*■ 

if 2/=-2, a? = 
-8 + 12 4 
-g-=^, and so on. 

Hence we see that the equation 3a;~4i/ = 12 has an infinite 

number of solutions, i.e. an infinite number of values of x and y 

can be found which will satisfy the equation. 

But suppose we are given two equations, 

3^->42^ = 12, .(1) 

6a; + 2y = 46.(2) 

We can now find values of x and y which will satisfy both 

equations. 

From (1) 3x = 4^ + 12, /. a?-— 

„ (2)6a: = 46-2y. z = 

Hence, if the value of x is the same in both equations, 

4y +12 46 ~2y 
”3 5 * 

Multiplying both sides by 15, 5 (4y +12) = 3 (46 - 2y)y 

20^ + 60 = 138 - 6y, 

26y = 78, 

I* B.B.A. 
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Substituting this value of y in equation (1), 

3x--4x3 = 12, 

3x = 24, 

* x = S, 

Thus the values x = 8, ;y = 3, will satisfy both equations. 

Verification. When x = 8, and y = S, 

3:c-4^/ = 3 X 8-4 X 3 = 12. 

equation (1) is satisfied. 

Again, when x — S, and ^ 3, + 2^ = 5 x 8 + 2 x 3 = 46. 

/, equation (2) is also satisfied. q.e.d. 

58. We notice in the above, that in order to find the value of y 

we first get rid of x. 

This process of getting rid of an unknown quantity is called 

elimination. 

We might have effected the above solution by eliminating y, 

and obtaining the value of x first. We should then obtain the 

value of y by substituting this value of x in one of the original 

equations. 

Also we notice that having first found the value of y, we may 

substitute that value in either equation. It is advisable, of 
course, to choose the simpler equation for this substitution. 

If we put ^ = 3 in equation (2), we have 

5x + 2 x 3 = 46, 

5a; = 46-6 = 40, 

a; = 8, as before. 

Also we must observe that two simultaneous equations of the 

first degree have only one solution. 

59. The following method of elimination is the most common. 

Example 1. Solve the simultaneous equations. 

3a; + 5y=29, .(1) 

2x + ly = U.(2) 
■Multiplying (1) by 7, 21a; + 35y = 203, 

„ (2) by 5, 10a: + 35y = 170, 

(N.B.—The coefficients of y in the two equations are now equal,) 

.Subtracting, 1 la;=33, 

a7=3. 
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Substituting this value of x in equation (1), 
3 x3+5y=:29, 

5^ = 29-9=20, 

2/=4. 
• ^ 2 \ 
*' ^ - is the read, solution. 

Verification. When x — 3 and =4, So? + 5?/ =3 x 3 -f 5 x4 =29. 
. 2x + 7i/=2x3+7 x4=34. 

Example 2. Solve the simultaneous equations, 

3a; + 2^/ = 2, 

5^-22^= -18. 

(N.B.—The coefficients of y are equal but of opposite sign.) 

Adding, 8a; =-16, 
a-=-2. 

Substituting this value of x in (‘ithcr equation we obtain the value of y. 

This is left as an exercise for the student. 

The work may often be shortened if the coeiFicients o{ x ot y 

have common factors. 

Example 3. Solve the simultaneous equations, 

38.r4-172/ = 127, .... 

13ar-f-7l2/=479. .. 

These equations may be written, 

2 xl9a;4-17y = 127, 

7 xl9a: + 7i2/ = 479. 
Multiplying (1) by 7, 266a; + 119y = 889, 

Multiplying (2) by 2, 206a; + 142y = 958. 

Subtracting, -23?/= -69, 
?/ = 3. 

Substituting this value of y in equation (1), 

.38a; .^51 =127, 
.38x = 76, 

x — 2. 

a;=2) 
y=3f is the reqd. solution. 

(1) 
.(2) 

Examples. X. a. 

Eliminate x from the following equations (1-6) : 

i. x + y=4, x + Sy — S. 2. 3a;-2y = 14, 2x-5y~2, 

3. y-x—5, 3y+x~7. 4. y = 3-4a;, 5a;-4y = 7. 

5. 2/=3a; + 5, 2y + 3a;=9. 6. ?+y = l, r + 
9 o ^ 
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Eliminate x from the following equations (7-10) : 

7. 2x-\-Sy — 7, 5a;= 9. 
o _ Up 2x-\r2y + \ x-2y ^ 
O. x K " = i- ,  5—=** 

9. 
X y x y 

10. ---=9, i + ? = ll. 
X y X y 

11. If a; = 3 find the value of y when 3a;+ 4^ = 17. 

12. If a; = 5 find the value of y when ly - Oar = 5. 

13. If y = - 3 find the value of x when 3a; - 7?/ = 30. 
— 2 ly -4“ 10 

14. If 2/ = -2 find the value of x when - ^—h —=3. 

. y-3 
15. If a; = L find the value of y when 6a; -1 + =4. 

+1 2a; — 3 
16. If y = - J find the value of x when - 3 ~i 

Solve the equations: 

17. x + 2y = l2y 18. 3x-y = 26, 
z-3y — 2, 

21. 4a;-y = 10, 
2x-y = 4. 

25. a; + i/=4i, 
x-y=4l. 

x-5y—4. 

22. 7a;-32/=31, 
9a; -6y =41. 

26. a;-102/=5, 
2a; +102/= 40. 

29. 7a;-32/=-6, 30. 5a;-72/=20, 
a;+ 52/= 10. 3a;-2y = 12. 

33. lla; + 132/ = 23, 13a; + lly=25. 

35, 5a; + 2/ = ^» 7x-y — l3. 
37. 4a;-5^ = 2, a;+ 10?/= 41. 

39. 4a;+ 3 =32/+2, 5a;+4y=22. 

41. 4a;+ 32/= 43, 3a;-2?/= 11. 
43. Sx -4y = 9x -3y = 6. 

45. I0y = 7y-x = 20. 

19. 2a; + y—^y 20. 3a;+ 22/=7, 
a; + 3y=5. 5a; + y=7. 

23. a;+ 2/+ 8=0, 24. a;+ 2/= 3, 
x-y-2. a;-y = H. 

27. 2a;+ 3?/= 28, 28. 4a;-3y = 14, 
3a;+ 22/=27. 

0
 

il 1 

C
O

 

31. 15a;+22/=27, , 32. 7a:-33/=41, 
3x + 72/=45. 3x- y = l7. 

34. 2a; + 3y=47, II t 

36. 5x-4y — 8J, 2a; + 3y = 14. 

38. 4a; + 9y = 11, 17a; -6y = 1. 

40. 2x-3y=5, 3x + 2y = l, 

42. 5a; -4y=a; -1 /=-2. 

44. 3x + 2y=2x - -y -56 =0. 

46. 5a;-2y = 7a;+22/=a;+y+ 11. 

60. If necessary first simplify the equations. 

Example 1. Solve the equations. 

"-±^=2+2y,, ,.(1) 
2a; 

.=4| H — 1 

Multiplying (1) by 3, and simplifying, 

x+ 3/=6+6y, 

x-5y—6. 
Multiplying (2) by 5, and simplifying, 

2a: -4y =23 -5y, 

2x+ y=23. 

We now solve equations (3) and (4) in the usual manner. 

.(2) 

(3) 

(4) 
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3, 

Example 2. Solve the equations, 
2 3 
X y~ 

^ ^ AO _+ - =48. 
X y 

In such cases as this, it is advisable to solve first for - and -. 
y 

4 6 
Thus, multiplying (1) by 2, -= 6. 

Adding this to (2), 
9 

= 54. 

,.(1) 

.(2) 

- = 6, 
X 

x-\. 
g 

Substituting this value of a: in (2), 5 x 6 + -=48, 

-=48-30 = 18, 

1 
=3, 

Examples. X. b, 

is the 
required solution- 

8 5 

Solve the equations: 

1. ?_y==...7 ?+y=io 
^•3 4 2^5 

6. 2y-| = 22, 3y + g = 14. 

7. 3x-^ = 6, 4y + ~ = 12. 

8. ~--{y-3)=4, ^^^-(* + 2)=-3. 

9. ?-2' = 2x+3,^ 
3 o 

„ a:-2 10-a;_2/-10 2?y + 4 2a; + y x + l3 
*^’6 “ 3 " 4 * 3 

12. 3* + '^ = lly-™+2=22. 

2.^-v.=o ^-y=-i 
5 3 4 2 

4. ? + ^ = l, Q'K. A 4 6 
= 14. 

M=3. 9 5“ 

8 ” 4 

13. *4-^=2+2y. 

14. £^4-^Zpi=2:r-4. 2y-4-?^=3*. 

16. 8(2»-3y)-(2a:+3y) = l, (2®-3y) + K2a: + 3y)=2. 
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Solve the equations: 
cr + l x + 3 ^ 5x4-6 lly~5 ,, 55?/-12 7x 

^+2=2j^l ”■ 21 ■=”’ -2X“= 5 

18. -|(3a:-4y) = i(rc-y-3), J(a:-3, + 7) = J (4x-3y). 

6. 19. -=7, 
1 +y 

21. ‘3x + 4y = U, •2x4-3?/ = 8. 

^ ^ nn^~l2/+5a‘ + 2 , - 

12 60 

22. l‘2x + -6?/ —-6, 'Sx - •22/ = *01. 

23. -63: +-73/+ 3-95=0, ^ + .^ + 10=0. 

24. -030: +-063/ =-05, -OOy - •03a; = -05. 

25. 2x + -4y = l-2, 3-4a: + -022/ = -126. 

26. :? + ^ = I2-3. :M=5.5. 

27. If 3x 4-5?/ = 16, and 2x - 3?/ = 17, find the value of x + ?/. 

28. If 3x 4- 22/ = 8, and 2x + 3?/ =2, find the values of x 4- ?/, and x - ?/. 

29. If 7x 4-11?/ — 2, and 8x 4- 13y = 1, find the value of 5x 4 8?/. 

30. Given that 13x -11?/ = 17, and llx-132/ = 7, find the values of x+y 
and x-y. 

31. 
1 

4--= 5, 
1 i_ 

:3. 32. 
i 2 

H— = =12,1 2 
=4. 

X y x“?/~ X y X y 

33. 
2 

+ i=5. 43= :5. 34. 
2 3 

“t— = = 28, - 
2 

4-: = 27. 
X y X y X y X y 

35. 
7 

-?==41, 
31 

= 17. 36. 
7 5 

-3, ?4 
25 

= 12. 
X y X y X y~ X 2y 

37. 12-8=2. 
3 4 

1 —h ~ ■ = 2. 38. 
1 1 4 - = = 1, i- 

i_ 
9. 

X y X y X y X 

39. 
l( ̂  yj" 

= 31, j 
1/2 3 

) + l|=0. 

SIMULTANEOUS EQUATIONS WITH THREE UNKNOWN 
QUANTITIES 

*61. The method is simitar to that for solving ^equations with 
two unknowns. Here however we shall need three equations. 

Example 1. Solve the equations, 2x + 3y~ z=5, 
3x -4y -f 2z = l, 

4x~6y+ 6z = 7. 

First let us eliminate z from equations (1) and (2). 
Multiplying (1) by 2, 4x 4- 63/ - 2z = 10 

Adding (2), 3x-42/-f2s= 1 

7x4-2y -11 

(1) 
(2) 
(3) 

(41 

Next eliminate z from equations (1) and (3). 
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Multiplying (1) by 5^ 10a; +1% -5z=25 

Adding (3), 4a;- 5y + 5zr= 7 

14a; + 9t/ =32 .(5) 

Now let us solve equations (4) and (5). 
Multiplying (4) by 2, 14a; -f 4?/ = 22. 

Subtracting from (5), 5y —10, 
2/ = 2. 

Substituting this value of y in (4), 7a;+ 4 = 11, 
7a; = 7, 

a; = l. 

Substituting/or both x and y in equation (1), 
2 + 6-2= 5, 

2= 3! 
a; = 1 'I 
y — 2\m the reqd. solution. 
2 = 3 j 

Example 2. Solve the equations ^+^=7,.(1) 

. 
3 4 
y z ' ' 

Here we shall first solve for - and 
X y z 

First eliminate - from (2) and (3). 

X z 

9 12 
—(—.; 
y_ 

-36 

96 

?+? 
X y 

?+? 
X_y 

Multiplying (2) by 4, 

.(3) by 3, 

Adding, 

Multiplying (1) by 9, 
— g 

By subtraction, ~=3, 
‘ X 

a:=|. 

Substituting for x in equation (1), 3 + i=7, 

U 
y - J* 

60 

63 
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Substituting for y in equation (3), 

3x4+^ = 32, 
z 

z 

••• 

2/ = ^ Ms the reqd. solution, 

z^r) 

Example 3. Solve the equations + 

^-^-2 
2 5”^* 

From the first equation ^~8 ^ 

Multiplying both sides by 24, 8a:=3y +24, 
8a;-3^=24.(1) 

Also from the first equation | +1 = | - 3. 

Multiplying both sides by 8, y + 8—4z- 24, 

y-4z^-~32.(2) 

Multiplying both sides of |-|=2 by 10, 

by-2z^ 20.(3) 

Multiplying by 2, 10i/-4z— 40 

Subtracting (2), y-4z~ ~32 

72 

y= 8. 

Substituting this value of y in equation (1), 

8a;-24 = 24, 

8a;=48, 

x~ 6. 

Substituting for y in equation (2), 
8-4z=-32, 

-4z= -40, 

z= 10. 

^= 8 r is the reqd. solutioii. 

»=ioj 
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#£xamples. X. c. 

Solve the following equations : 

1. 3a;+4^/-21 = 19, 
5a;+ 22/4-2 = 15, 

2a; + 32/ + 23 = 11. 

4. a; + 2/ + 2 - 12, 
5a;+ 6^-32= 2, 
3a; + 4y - 42 = - 14. 

7. a;+2/-2 =2, 
3a; + 2/ “ 2 = 8, 
a; - 2/ + 22 = - 6. 

10. 2a;-2/=^12, 
3a;-42 = 36, 

X -2 = 11. 

2. a;+ 22/+ 2 = 16, 
a; -22/ + 32 = 12, 
4a; + 22/ + 2=22. 

5. 3a; - 2y - 2 = 1, 
4a; - 3^ + 42 = - 3, 

2x+y -52= -2. 

8. a; + y+2 = 18, 
a; -2/ + 2 = 12, 
a; + y - 2 = 6. 

11. a; + 2/ + 2=20, 
8a;+ 4^ +22 = 50, 

27a;+ 9y + 32 = 64. 

3. 5a; - 3?/ + 42 = 35, 
a; + 32/ - 42 = - 23, 

2a; -52/ +62 = 43. 

^ X y z . 

2+3-^4=^» 

3^4 2“ 

, r_i9 
4 2+3~^^* 

9. a;-22/= 10, 
32/+ 42= -26, 
2/-42 = 18. 

12. 1+1 + 1=24, 

M + |=29, 

X y z 
+ - + - : 

3 2 4 
:25. 

10 + - o 13. a;-2/=2/“2: = ~^~=2. 
, . 3y - 42 + 26 34 - 2a; - 3y i 
14. a: = -=-2-? =2(z -y). 

15. -+?^,+-=9, 
X y z 

X y^z * 

-= 
X y z 

17. 
a;-1 _z -5 

2 ' “ T' “ 6 ’ 
a;+y+2 = 33, 

16. ^+? = 18, 
X y 

2+?=23. 
y * 
?+? = 19. 
2 a; 

ift 
2 “ 3 4 * 
a; + 22/- = 82. 

CHAPTER XI 

BRACKETS 

62. When two or more pairs of brackets occur within one 

another, the best plan is to remove the outermost first. After a 

little practice, several pairs may be removed in one step. 
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Example 1. Prove that Ha - {3a + (2a - 5)] = 3a + 6. 

(In removing the curly bracket we must look upon all the terms in the 
plain bracket as a single quantity.) 

The given expression = 8a - 3a - (2a - 5) 

= 5a - 2a + 5 

= 3a + 5. Q.E.B. 

Example 2. Simplify 3 {6a; - 2 (2a; ~ 1)}. 

[Every term inside the curly brackets must be multiplied by 3, and each 
term inside the 2)lain brackets must be multiplied by 2 os well.] 

The given expression = 18a; - 6 (2a; - 1) 

= 18a; - 12a;-1-6 

= 6a; -f 6. 

Examples. XI. a. 
Prove the following : 

(Remove one pair of brackets at a time.) 

1, a - {d-(c+ d)} =a-b-he-hd. 2. 6a - {2a+ (a-5)} =3a + 5. 
3. 4a-{3a “(2a-a)}—2a. 4. 7x-h {2z ~ (3x-4)} = 6x+4. 

6. a-{a-(a-a)}-0. 6. 3 - {4a;-(2a;-f 4)-f 1}-6-2a;. 

7. 9x-h{3x-(4x-2)-hx}=9x+2. 8. 7 - {4a;-f-(2a;-3)+ 7} ==3 - 6a;. 
9. 14-{12-(2a;-6)-9a;)'-=:lla;-4. 

10. 12a; - {3a; - (7a; - 9) + (2a; - 3)} - 14a; - 6. 

11. 24 - {5a; - (2a;-f-5)-(3a;-7)} =22. 12. 2{a;-f-3(a; -2)} = 8a;-12. 

13. 3{7a;-2(3a;-4)}=3a;-f24. 14. 4{3a - (a “2a)} = 16a. 
16. 2-3{a;-2-5(a;-l)} = 12a;“7. 
16. 6-2{a;-3-(a;-i-4)-h3(x-2)}=32-6a;. 

17. 7{2-3(a;“4)-f4(a;“6)}=7a;-70. 18. 6{a;-i(a; - l)} = 3a;-f3. 

19. 8(2x-j(6x-h5)}=4x-10. 20. 6{a;-^ (2a;-7)-f-|(a;-5)} = 5a;-1, 

^Simplify the following, removing both pairs of brackets in one step: 

21. 3a; + {2a; “(a;+ 2)}. 22. 6 - {5 - (3 - a;)}. 23. 2a; - {3a; + (a;-2)}. 

24. 6a;-}-{5-(2a;-5)}. 25. 9 - {-2-f (2x - 7)}. 26. o - {-6-(c-d)}. 

27. a -h [2a - (7a -1) - (9 - 8a)]. 28. Oy - [3a; - (2y - a;) + (3y - 5x)], 

29. 9a-[36 +(2a-56)-(3a+ 56)]. 30. llc + [-3d-(4c-3d)+c]. 
31. a-[-(a-6)+(a + 6)]. 32. 2{3a;+ 3(a;- 1)}. 

33. 3{2a;“6(2a;“3)}. 34. 7{a;-2(3-a;)}. 

35. 3{6a-6(a-l)}. 36. 9{2(a -1)-3(a-7)}. 

37. 4{a-2(a-l) + 3(a~2)}. 38. 6{2a-3(a-1)-(1-a)}. 

39. 2x-7{3-{2x-l)-2(x-2)}. 40. 9a;-3{y-2(3a; + y)+ (3y-a;)}. 

63. Example 1. Prove that a + [36 - {4a - (a - 6)}] = - 2a + 26. 

The given expression = a + 36 - {4a - (a - 6)}. 

(In removing the square brackets [] we must look upon aD the terms 
within the curly brackets as a single quantity.) 

=a + 36 “4a + (a -6). 
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[Regarding (a -6) as a single quantity as before.] 
~€L -{• 36 — + ff — 6 
=2a -4a + 36 -6 

= - 2« + 26. 

Or, more shortly, the given expression 

=a + 36 -4a + a - 6 
= 2a - 4a + 36 - 6 

== -2a+26. 

This is easy to understand if we remember that the plus 
preceding the square bracket does not alter the minus preceding 
the curly bracket, whilst the minus preceding the curly bracket 
changes the minus preceding the plain bracket into plus. 

Example 2. Simplify the expression 

4 [a - 3 {a - 2 (6 - c) + 2c} - 4 (a - 6)]. 

Every term inside the square brackets must be multiplied by 4. 

Every term inside the curly brackets must be multiplied by 3 cw well. 

Also (6 - c) must be multiplied by 2 as well as by 3 and 4. 
(a -6) must be multiplied by 4 x 4. 

The given expression 

= 4a -12{a-26+2c + 2c}-16(a-6) 

= 4a - I2a + 246 - 24c - 24c - 16a +166 

= -24a+406-48c. 

Example 3. 

a-2b- [3a - 66 - {2a - 3c + (5a - 2c - 3a -- 6 + 2c)}] 
~a -26 -3a + 56 + 2a -3c+5a -2c-3a+6 -2c 

= 2a + 46 - Tc. 

Explanation. The minus preceding the first square bracket 
([) operating on the minus preceding the first curly bracket ({) 
makes it plus. 

Thus the plus in front of the first plain bracket remains plus 
and the minus preceding the vinculum remains minus. 

The work of the above might be given in greater detail thus : 
The given expression 

=a - 26 ~ 3a ■+56 + {2a - 3c + (5a - 2c - ^ - 6 + 2c)} 

=a - 25 - 3a + 56 + 2a - 3c + (5a - 2c - 3a — 6 + 2c) 
^a ~ 26 3a + 56 + 2a - 3c + 5a - 2c - 3a-6 + 2c 

=a-26-3a + 56 + 2a-3o+5a~2c~3a + 6~2c 
as before. 
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Examples. XI. b. 

Remove the brackets and collect the like terms in the following 
expressions: 

1. 4a “ {3a -(2a~a)}. 

3. a - {a + (a ~a-h6)}. 
5. 7 + [6-2(3+a;)-4(a:-2)]. 

7. a^-hb^-[a(a + b)-b(b-a)]. 

9. 6[a~2{6-4(c + c?)}]-4|-a- 

4a:-8 3a;-9 15.r f 5 

2(6 

10. 

2. a - [a-(a - a -c)], 

4. 2a; *- [3a; - {5ar - (5x - 6x) + 2a;}]. 

6. 4tt-3[a-4(l -a)]. 

8. l-i{l-]-(l-a;)}. 

-3(c-rf)}]. 

11. i(a:+y) + |(x-2/). 

12. \(x+y)-\{x-y). 13. a{b~c)+b{c-a)+c{a~b). 
14. 

Prove the following: 
15. 36 - {5a - [6a + (12a - 36)] - a) = 14a. 

16. 9(6-c)-[-{a-6-4(c-6H-a)}]= -3a+ 126-13c. 

17. 5a;2 - (3a; - a;* - 4) + 2 (a;^ - a; - 5) = 8a;^ - 5a; + 6. 

18. 4a - [2a - {26 (a; + y) - 26 (a; - y)] = 2a + 46^. 

When 0 = 1, 6=2, c=0, prove that 

19. o - 2(6 - c) + 3(2a -46) - 6(c - 2a - 36) =27. 

20. 36 - [5a - {6a + (14a - 36) - 2a}] = 13. 

21. 36c-[4a6 + {3a-(12a-76)-2a6c}]= -13. 

22. 4[a-2(6-c)-{a-(6-2)}]=-16. 

Express the following in their simplest forms : 

23. 7a-[56-{4a-(3a-26)}]. 

24. a - (6 - c) - {6 - (a - c)} - [a - {26 - (a - c)}], 
25. a - [3a + c - {4a - (36 - c)} + 36]. 

26. 5a-[2a-2{a-(a-l)}+2]. 27. 6a - [36 - {2a - (6a-36)} J. 
28. a - [36 + {3c - 2a - (a - 6)} + 2a - (6 - 3c)]. 

29. 3 {a - 2 [6 - 4(c - (Z)]} - 4 {a - 3 [6 + 4(c + d)]}. 

30. a - [2a - {3a - (4a - '5a -~7)}]. 

31. 4a;2-2a;(a;-2«/)+2i/(2y+ a;) ~2a;2. 

32. 2[3a6 -a{ -6 + 6(2 + a)} + 3 {a(2 -6) + a^b}\ 
33. a;® -2a;{a;2 -a;(2 - a;)} +3[a;® -a;(a; - 1)]. 

34. 3a-2[3a-2{3a-2(3a-^+6)+6}+6]. 

35. 6a -4[2a -3{4a -^a^b} -46] + 24a. 

36. 4{4-4(4-a)+a}-3{a-3(a-3)+3}. 
37. 3[a;y + a;{y - y(3 + a;)} + 2 {;r(3 - y) - x^)l 

38. X - a;[a; + x{x-l ~ x)]. 

Prove the following: 

QC 3a; —12—a; l 1 , 
38. -6“+5=2’ 4 
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40. —when a; = 7. 
a;~l x-2’ 

43. = ™ when a:=24. 
5 10 

a;-4 x-5 x-2 , 
44. -6" = 2r’ ^ = 

45. a; -1 -=0, when x~5. 
x + 2 

_ 6a; + l 3+6a:2 „ 
40.--—_4- when a:=2. 

x + l 

19 
41* s-n-n-r =0, when a;=|. 

3a;-2 7a;-l * ^ 

Insertion of brackets. 

♦64. In the preceding articles we have dealt with the removal 

of brackets. Sometimes it is necessary to insert brackets, and the 

rules for doing so will obviously be the converse of the rules for 

their removal. 

Any number of terms may he 'placed within brackets with the positive 

sign (+) prefixedj without changing the signs of the terms included in 

the brackets. 

Any number of terms may he placed within brackets with the negative 

sign ( -) prefixed, provided that the sign of each term included in the 

brackets is changed. 

Thus 2a + 36 - 4c - 5d = 2a 4- (36 - 4c - 5d). 

Also the same expression = 2a + 36 - (4c + 5d). 

ac ~ 6d 4- 6c - ad = ac - (6d - 6c + ad) 

—ac- {bd ~ be) - ad. 

When all the terms within a pair of brackets have a common 

factor, that common factor may be removed and placed outside 

the bracket as a multiplier. 

4a - (5a ~5d) =4a -5(a -d). 

a^-(2x2-4x4-6)=:a^~2(x2-2ic4-3). 

Example. Collect in brackets the like powers of a; in the expression 

ax^ ~ cx^ ~dx~ bx^ - dx^ 4 ax. 

The £iyeD expression 
=02:® -hx^ -cx^ -dx^ -dx +ax 

=^afi(a-b) -x^{c + d)-x(d-a). 
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#Examples. XI. c. 

Arrangfe the following expressions in descending powers of bracketing 
the coefficients of the different powers of x: 

1. 2x^ ~6x + a+x^-hax^ - 2ax - 7. 

2. x^ - 2ax + -f - 26a: + 6^ + a:^ - 2ca: + c®. 
3. x^y - y’^x + a:® - y^ - xz^ + x^z. 

4. a® - + 'iax'^ ~x^ - 3b‘^x + 36a:- - x^. 

5. a - ax + bx^ - bx^ - 6a: + c 4- ax^. 6. p-a*^ + 2px - q^x^ - 2qx - q^. 

Bracket the powers of x in the following expressions in descending order 
and so that tJie signs preceding the brackets are all positive : 

7. ax^ - bx^ + cx + d - bx^ -f- cx^ - ax ~e. 

8. 2a:^ - 3x^ + - 7x + 6a:^ - ax ~ ax^ - ax^. 

9. x^+y''^ - 3xy^ + 3xhj + 3xz- - 3x~z. 10. ax- -bx + c~cx^ + cx - hx^ 4- ax-. 

11. ax^ - 6a:^ - cx^ - px^ 4- qx^ 4- rx-. 
12. 3(w 4- n)x'^y ~ 2mxy^ -2{m.- n)x-y + 2nxy^. 

Bracket the powers of x in the following expressions so that the signs 
preceding the brackets are ail negative : 

13. ax^ ■\-px^ -qx + c-bx^ - cx^ - dx - p. 

14. ax- -bx-c- bx^ -bx^ 4-cx + d - ax^. 
15. ax^ ~(a - l)x4-2a 4-(3 -2a)x -bx-. 

65. Identities. An equation which is true for all values of 

the symbols used is called an identity. 

The symbol ^ is often used to denote that two expressions are 

identically equal, i.e. that they are equal for all values of the 

symbols used. 

Thus when we write a-6 ^ - 64-a, we mean that a-h and 

-h + a are equal whatever values we assign to the symbols 

a and h. 

Example 1. Prove the truth of the following identity 

. 2a - 6 , 4a 4-46 . , , 
4a-— 4-—TT—=4a4-6. 

6 D 

. 2a-6 4a4-46 . 2a 6 4a 46 
^T-+-r--3+3 + 6 + 6 

. 2a 2a h 2b 
=40-3 +-3- + 3 + -3 

^4a 4-6. Q.E.D. 

To prove the truth of an identity when both sides of the equa¬ 

tion are somewhat complicated, it is often advisable to simplify 

each side separately. 
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Example 2. Prove the truth of the identity 

~4(y-a;) -4y+ 6a?-3. 

Zx-y-^4:^‘~(^y -y + 4:r-4(3y - a:-a; + 2). 

== 3x - y 4- 4a; -12y + 8a* - 8 
= 15a; 13y-8.(1) 

Again, taking the right hand side, 

5(a; - y - 1) - 4(y - a;) - 4y 4- 6a; -3^5a; -5y - 5 -4y + 4a* ~ 4y -f 6a: - 3 
= 15a;~13y-8.(2) 

from (1) and (2), 

3a:-2/4-4j^a; - ^32/ ^^J = 5(a:-?/-1) -4(y-x) ~4y-h6x-3. 

Example 3, Simplify the expression a: - 5 - [3 4- (a; - (3 4-a:))], and hence 
determine what value of x will make it equal to zero. 

The given expression -~x~5-3-~x + 3+ x 

-X-5 ; 

/. it is equal to zero when a: - 5. 

Example 4. Prove that ^ ^ ^ (4a: 4- 2) ib ^. 

X_8 4 
*2-^ g (4a* 4-2) (The l.c.m. of 2, 3 and 5 is 30.) 

~ 15 > 2 10 X 3 6x5 

_ 105a: - 10a: 4- 80 - 96a: - 48 
"" 30 

105a:-10a:-96a: 4-80-48 
30 ' 

_32-a: 
~ 30 • 

Example 5. Find the simplest form of the expression 
3a:-1 

5 4 2 * 
The L.C.M. of 5, 4 and 2 is 20. 

Therefore multiplying numerator and denominator 

of the first fraction by 4, 

.second . 5, 

.third . 10, 

the given expression = 
4(a:-l) _ 5(2a: - 3) ^ 10(3a:-^i) 
4x5 5x4 10 x2 

4a:-4-10a;4-15 4-30a: -10 

Q.E.D* 

^a: + l 

20 * 

20 
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Examples. XI. d. 

Prove the following identities : 
„ 9a - “ a ^ 21a-6 b 

1. 6a-% - =2a. 2. 
3 ■"3* 

3. 2a + 2 [a -2(6-c)]= 4(a -b+c). 4. 2a;-3 6- 
4 

3a; + y_4a;-2/ ^3 
2 ”2 

5. 
4a;-3 

2 

d
 

111 
<D 

00 6. 
a; - 3 X -l__a;-51 

5 “ 20 • 

a; - 2 2;i; - 1 x 5x -10 
8. 

, a;-2 a; + 3 5a; + 6 
7. -4-+- 3 2“ 12 *■ 3 “ 6 • 

9. 
3x lx ^ 72 - 9a; 

10. 5a; 
2a; -1 _ „ a; + 2 5x + 2 

-J-+X- -g -2^ + 9.^ 8 -3^—2-= 6 • 

11. 1 
1—( ! 

1 
00 

1 9a;-17 7 
10 20 

= - 
a; + l 
40 ‘ 

12. 10(a: + 3) + 7(f - -*)--Y-=3:t + 23. 

13. 4iC-3{5a;-8(a: + 4)} = 13a; + 12. 

14. ? + ’ _2) +|(3a: - 11)=’*^??. 

15. i(3^ + 5)-^(2* + 7)-y^-??^^. 

Sx-5 7a;+ 9 8a; + 19__21a; + 9 it,. ^ . 

17. Simplify the expression 12 - [4a;-2(3-a;)-6(a;-3)], and hence defjer- 
mine what value of x will make it equal to zero. 

18'. What value of x will make the expression 5(a;-3)-4(a; ~2) equal to 
zero ? 

19. What value of x will, make the expression 

5a; -10 ~ (3a; - 7) - {4 - 2a; - (6a; - 3)) equal to zero ? 

20. What value of x will make 

2a;-3 4a;-6.6a;+ 16 
__ 

24. 

27. 

3 ' 10 

Simplify the following expressions ; 

a;-3 a;-4 

3a; X-3 

equal to zero ? 

91 a? + l , 2a; + l 41. 2^3 

X X — 1 
5“ 

4x-3 X-2 
_ _ ™. 

22. 

25. 
“■ '-i- 

28. 3a? + 6 4a; + 5 
6 8 

X-6 2a;-1 a; + 6 Zif, .. 

2a;-3 3a;-6 a;+ 2 
“6- 

x~S 3x -7 2x + 3 
-4 6“+~r‘* 

an 3*-8,2a: + 7 ^x-8 
8 ■'■"10 “ 20 ' 
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CHAPTER XII 

REVISION PAPERS 

XII. a. 

1. Prove that 
2x-3 3x- 5 ^5x +3 7x+ 5 _ 

~W~" 3 5 6 
2. Multi[)Iy 3a; - 5?/ by 5a: + 7y, and find the remainder when the result 

is divided by 5x - Sy. 

3, Solve the equation “ 1 ^ • Check your result. 

4. Find values of x and y which will satisfy both the equations. 

Check your result. 

= 7. 

5. How many pence are there in £a + b half-crowns -i- c florins ? 
How many pounds are there in a half-sovereigns -t- b half-crowns 

-1- c shillings ? 

6. On squared paper take two lines AB, AC, at right angles, such that 
AB=2-4 in., and AC =3-2 in. Find, without actual measurement, the 
length of BC. 

7. Three-quarters of a certain number exceeds two-thirds of it by 4. 
Find the number. Check your result. 

XII. b. 

1. Simplify the expression —. 

Check your result by putting a: = 5. 

2. Divide 21a® -ab -106® by 7a -56, and multiply the quotient by 3a - 26. 

3. Solve the equation ^(a;-l)-i'f(l - 2a:) -2=0. Check your result. 

4. What values of x and y will make both 5x - 3y, and 3{y -x) equal 
to 3 ? Check your result. 

6. A man walks a miles in 6 hours. How many miles does he walk in 
an hour ? How many minutes does he take to walk one mile ? How long 
does he take to walk x miles ? 

6. Solve the following problem on squared paper, without actual 
measurement, A man walks l4 miles East, and then 3 miles North. Hov 
far is he then from his starting point ? 

7. From a cask -Jths. full 36 gallons are drawn, and the cask is then 
found to be half full. How many gallons does it contain when full ? 
Check your result. 

B.B.A. G 
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XII. C. 

1. Divide 22x^ - 67a; - 35 by 2x - 7. Check your result by using ar = 2. 

2. Simplify (2ar4 3)(3a; -1)+(2a: - 5)(5a;-3) - (4a;-3)2. 

3. Solve the equation [x - 3)^ - (.c - 4)^ =;3. 

4. What values of x and y will make both 

and - equal to a; - 10 ? 
3 o 

5. I was X year^i old 5 years ago. How old shall I b(^ 7 y(;aTs iienco 1 
How old was I 21 years ago ? Tii how many years from nuve shall I bo 
a;+ 21 years old ? In how many years from now shall 1 be 45 y(;ars old ? 

6. A man walks 3-7 miles South, and then in a direction due West, 
until he is 5 miles in a straight line from his starting point. Find by 
means of sipjar('d pa])er, without actual measununent. the distance he 
walked in a westerly direction, to the nearest tentli of a mile. 

7. A man sold half his oranges and half an orange more, and then found 
he had 25 left. How many had he at first ? Check your r(*suit. 

XII. d. 

1. Simjdify the expression 5[3x - 2(I -3a;) + J {3 - (4 -x)} + 2 j. 

2. Prove that (3a; -1) (3a; +1) - (1 - x) (1 + :c) -i- 3 (1 - 2.r) (1 + 2.r) = 1 - 2x^ 

3. Solve the equation (x - 3)(x +1) - (a; + 2)(a; - 5) — 0. Check your result. 

4. Prove that if ^ ^ q then x~2y. Hence write down 

three positive integral solutions of the equation. 

5. If a lbs. of cheese cost b pence, how much will 1 lb. cost ? How much 
will X lbs. cost ? How much cheese shall I get for a shilling ? 

6. A straight wire joins the top ends of two vertical ])Osts, 17 ft. and 
24 ft. high respectively, 35 feet apart. By means of squared paper, without 
actual measurement, find the length of the wire to the nearest foot. 

7. A is 13 years older than B. Also A is as much above 57 as B is below 50. 
Find their ages. Check your result. 

XII. e. 

1. Divide apx + qx - 5ap - 5q by x-5. Check your result by multipli¬ 
cation. 

2. Prove that {x-a)^-^{x + a)^-{2x-a)(x-2a)^5ax. 

5x — 3 
3. What value of x will make --§ (a; - 4) + 2 (a; - 3) - -y | equal to zero ? 

Check your result. 

4. Solve the equations ^ ^ = 3, 

4y-z 
4 
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5. Write down the number which exceeds one-third of x by 14. 

-. one-quarter of 52 by x. 
. a; + 1 by a; -- 1. 

6. A man walks 2^* miles East, then 3 miles North, lie then walks du© 
South-west until he is due Nortli of his starting point. How far is Sie then 
from liome ? and how far has he \valkcd ? Solve the problem on squared 
paper without actual measurement. 

7. A is 10 years older than B. In S years B’s age will be ! of A’s. 
Find their ages. Check your result. 

XII. f. 

- rr i-i • 8 2.r --r) 3.r-i-7 5:c -1 . 
1. Simplify the expression - -^-!-}:-h2{7, and hence 

determine what value of x will make it equal to zero. 

2. Prove that 2(a: + 3a)-4-3(x-2«)“-i-6a-) =0. 

3. What value of x will make (>[3^ - 1 {2x-5(x - 1)} 4-2] equal to zero ? 

Check your result. 

4. Find the values of a and y if —1, when x — 2. 

5. Eggs sell at a pence a score. How much will 100 eggs cost ? How 
much will a dozen cost ? How many eggs sell for a shilling ? 

6. A man walks 4 miles W^'est, 3-4 miles Nortli, and tlicn straight 
tow^ards his starting point until ho is one mile from it. How' far has he 
walked ? 

7. If f{x) - 2a: -t 1, and 0(a:) — 4a;- - 3a: - 2, find the value of 

3/(3)-20(2). 

XII. g. 

1. Find the value of l+3a:-4a:“, when x—-3, -2, -1, 0, 1, 2, 3. 
Tabulate your work. 

2. The weight (W lbs.) of a square-cut beam of ash is given by the 
formula W=45a^Z, where I feet is its length, and a feet the length of an 
edge of its square end. Find the weight of such a beam in lbs. 

(1) 20 feet long and 6 in. square. 
(2) 15 feet long and 8 in. square. 

3. Solve the equation (x + l)(a; -2)(x-f-5)—(x - l)(x-f 2)(x-f 3). 

4. Divide 224 into two parts which differ by 10. 

5. What values of x and y will make both 

—and -2 equal to 3 ? 



98 ELEMENTARY ALGEBRA [chap. 

6. Solve the equations 

3(a;-y) + 5z + 4=0, 

a: + 6y-2cr=:9. 

7, A donkey tethered to a post can graze over a circle of 40 feet radius. 
The shortest distance from the post to a straight hedge is 25 feet. Over 
what length of hedge can the donkey graze ? Solve on squared paper. 

XII. h. 

1. Find the values of 3rr^-4rr + 7 when x=-3, -2, -1, 0, 1, 2, 3. 
Tabulate your work. 

2. If a room is I feet long, b feet wide, and h feet high, the area of its 
walls is 2h(l + b). Find the area of the walls of a room 10 feet high, 13 ft. 
6 in. wide, and 15 feet long. 

3. Solve the equation 4(a; -1)^ - (2x - l)(2x - 5) =5. 

4. If 5;r ~ y — 8, and 5y - a; =20, find the values of a; +y and x -t/, 

6. The sum of five consecutive odd numbers is 275 : find them. 

6. A man walks 2-6 miles West, then 3*5 miles North, and then 
2 miles South-east. How far is he then from his starting point ? 

7. Solve the equations 

2(a;-y+2,:) = 12-fy-2:, 

3(x^y)^z-y-l6, 

5(a; + y)=2(y-2z-2). 
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CHAPTER XIII 

CO-ORDINATES, AND GRAPHS OF STRAIGHT LINES 

[All graphs should be drawn on squared paper. It should be ruled to 
show inches and tenths of an inch, or centimetres and millimetres.] 

66. Take two straight lines, XOX', YOY', at right angles to one 

another. Let P be any point in their plane, and draw PN, PM 

perpendicular to XOX' and YOY' respectively. 

Let PM = X, and PN = y. 

These values, x and ?/, determine the position of the point P ; 

i,e, if we know the values of x and y, we can draw the point P. 

For instance, if a; = 5, and j?/ = 3 ; along OX measure ON =e5, and 

along OY measure OM =3 units of length. Then PM =ON =5, and 

PN = OM = 3, and therefore P is the point we required to find. 

X and y are called the co-ordinates of the point P; XOX', YOY* 

the axes of co-ordinates^ or, more shortly, the axes ; O the origin, 

P is often described as the point (a?, y), 

X is called the abscissa, and y the ordinate of the point P. 
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If lines drawn in one direction are taken as positive, then lines 

drawn in the opposite direction must be taken as negative. 

Lines drawn in the dire(3tions OX, OY are usually considered 

positive, and therefore lines drawn in the directions OX', OY' are 

taken as negative. 

For example, in the accompanying diagram, at Q the abscissa 

is negativ(% and the ordinate positive. At R the abscissa is 

negative, and also the ordinate. At S the abscissa is positive 

and the ordinate negative. 

In practice, it is simplest to draw the point (5, 3) in the 

following way. 

Along OX measure ON =5; and at N draw NP ])erpendicular 

to ON in the direction OY, the positive direction, and make 

NP = 3. We then have the same point as in the paragraph above. 

Example 1. Plot the point (6, 8) and find its distance from the origin. 

Draw axes XOX', YOY', and using a side of each square as unit, take 
ON-6 units along OX. 

Along the vertical hne through N, and in the positive direction^ take 
NA = 8 units. 

A is the point (6, 8). 
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With centre O and radius OA describe a circle cutting OX at B 

The distance reqd. =OA -OB = 10 units, as we see from the diagram. 

Example 2. Plot the points (6, 8) ( - G, 3), and find the length of the 
line joining them. 

Plot the pt. (0, 8). (See diagram in above example.) 

Along OX' take OM=6 units, and along the vertical line through M, 
and in the positive direction, take IVIC=3 units. 

C is the pt. ( -6, 3). 

With centre A and radius AC, describe a circle cutting the horizontal 
line through A at the point D. 

The length reqd. = AC = AD -13 units, as we see from the diagram. 

We might also find the length of AC in the following manner. 

From the diagram, AK =5 units, and CK = 12 units. 

AC- = AK- + CK- =52 + 122 ^ 1G9 ; 

.‘. AC = 13 units. 

Example 3. To find the area of the triangle formed by joining the 
points (4, 8), (9, -5), (-7, -n), 

[The area of a triangle is equal to one-half the product of its base and 
altitude.] 

Plot the points as shown in the diagram, and form the triangle ABC 
hy joining them. 

We see that the base BC =16 units. 



102 ELEMENTARY ALGEBRA [chap. 

Also if the vertical line through A meets the base at N, AN is the 
altitude of the triangle, and is equal to 13 units. 

the area of the A = JBC x AN = i x 10 x 13 = 8 x 13 = 104 square units. 

Example 4. To find the area of a triangle by counting squares. 

Find the area of the triangle joining the points (7, 6), ( -6, 7), (3, -8). 

Plot out the points as shovni in the diagram, and form the triangle. 

Now let us count up the number of squares in the triangle, counting as 
whole squares those wMch are equal to or greater than half a square, and 
ignoring those which are less than half a square. 

Beginning with the top horizontal row, the numbers in the different 
rows are 7, 12, 11, 10, 9, 9, 8, 6, 6, 6, 4, 3, 2, 1. 

Adding these up, the total number of squares is 93. 

the area of the triangle is 93 square units. 

When one side of a rectilineal figure is drawn along a line of 

squared paper, its area can easily be found by dividing the figure 

into rectangles and right-angled triangles. 



CO-ORDINATES AND GRAPHS 103 xm.] 

Example 5. Find the area of the figure ABCD in the diagram. 

BE F C 

Draw AE and DF perpendicular to BC, and DG perpendicular to AE. 
AABE=:iBEx AE-ix 4x14:= 28 sq. units 
AAGD-4AG><GD=ix 4x10= 20. 
ADFC=|DFx FC=4xl0x 5= 25 . 

Fig. DFEG= DFxEF= 10x10 = 100 . 

the area of ABCD =173 sq. units. 

Example 6. To find the area of the figure ABCD in the diagram. 

Through A, B, C, D, draw lines along the lines of the paper so as to 
form the rectangle EFGH. 

A AED =4AE X DE=4 X 6x15= SVJsq. units. 
AAFB=4AF X BF=4x 9x19= 854. 
ABQC=4BGxCG=4x 7x 8= 28 . 
ADHC=4DH xCH=4xll X 6= 33 . 

184 

/. ABCD = EF X FG 184 sq. units. 
= 14 x 26-184 . 
=364-184 . 
= 180. . 
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Examples. XIII. a. 

1, Write down the co-ordinates of the points Pi> P2* Ps**•• shown in the 
diagram below. 

r r 
— “ 

1 
1 
1 1 ' 

[ 

- - -- -- 

E? 
"1 - - - ... 

p rr 
... - - - 1 p - L_, 1 — n - i 1 1 u i 

y1 r! - 3 h > yv :1 lJ i \ □ A 

■ ■ ■ ■ ■ B ■ ■ ■ ■ 
>^1 ... - - -- 

1 
— 

P r ... 7 
■ ■ c 

J 1 1 8 _ 

1; 
1 ■ ■1 ■ ■ ■I ■ ■ |H B Bl ■ ■1 ■ ■ ■ ■ ■ i Bl Bl Bl |i| 
I" ■ ■1 1 “1 1 1 I H B ■! ■ ■ 1 H i ■ 1 E H ■ ■ El 
!■ i ii 1 ■ ■ ■ 1 1 i ■ ■ 1 1 ■ El B i i I ■ 1 i I il B fli 

i ■1 I ■! ■ ■! [Mlj 1 ■1 H 1 ■ 1 ■ Bl ■ 1 i 1 I 1 El El E ■1 IBI Bl Bl - 1 ii ■1 ■1 i ■ ii ■1 ■ 1 ■ B B B B ■ ■ Hi E ■ El El E B El El E 
Hi 

□ n □ □ □ □ □ □ 3 3 n n J 1 n n -i n 
□ J j j □ j J J. J □ J 0 □ J J J n J J J it J J 

2. Plot the following points on squared paper : 

(2,3), (2, -4), (-3,3), (-2, -4). 

3. Plot the following pairs of points, and determine the co-ordinates of 
the middle points of the lines joining them : 

(i) (2,4), (-2, -4). (ii) (3, 4), (3, -4). 
(iii) (6, 8), ( - 2, - 4). (iv) ( - 3, 5), ( - 5, 3). 

4. Plot the points (5, 2), (5, 1), (5, -2), (5, -4), (5, -3). Join them. 
What do you notice about them ? 

5. Plot the points (0, 6), (4, 0). Join them, and determine the area of 
the triangle this line forms with the axes of co-ordinates. 

6. Plot the points (3, 4), (3, -4), ( -3, 4), ( -3, -4). Determine the 
number of square units in the area of the figure formed by joining them. 
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7. Plot the points (3, 4), (4, 8). Join them, and write down the 
ordinates of the points on this line whose abscissae are respectively 2 and 5. 
Write down also the abscissae of the points whose ordinates are respectively 
- 2 and 6. 

8. Plot the points (3, -2), {-*3, ~2), (0, 4). Join them, and, by 
counting squares, determine as accurately as you can the area of the 
triangle so formed. Vh^rify your result by calculation. 

9. Determine the perimeter of the triangle formed by joining the points 
(8, 0), ( -8, 0), (0, ()). 

10. Find the perimeter of the triangle formed by joining the points 
(7, 9), (-11,20), (-17, -5). 

11. Draw the triangle (10, 0), (-10, 0), (0, 18). Find its area by 
counting squares and verify your result by multiplying half the altitude by 
the base. 

12. Draw a semi-circle of radius 1*5 in. and find its area by counting 
squares. 

13. Find the area of the triangle joining the i)()ints (4, 2), (4, 7), ( - 2, 3), 
using half an inch as unit. 

Find the lengths of the lines joining tlie follo’wing pairs of points : 

14. (0, 0), (15, 20). 15. (9, 8), ( -10, 19). 

16. (7, 13), ( - K), 3). 17. (15, -12), ( - 15, 4). 

In the. following, ?^s'e an inch ns unit, and %vhc.n necessary estimate the value 
of the second decimal jdace. 

Find, to the nearest hundredth of an inch, the lengths of the lineD 
joining the following pairs of points : 

18. (0, 0), (2-4, 1-3). 19. (3-2. 1-8), ( -0-4, 2-7). 

20. (2*3, 0-9), (-M, -D4). 21. (0-5, -0 9), (-0 9, 2*3). 

Find the area (in squares of your paper) of the figures formed by joining 
the following points : 

22. (2, 0), (2, 1), (8, 6), (8, 1). 23. (0, 0), (0, 9), (8, 0), (8, 9). 

24. (5, -6), (5,5), (-4, -6), (- 

25. (0, 0), (10, 0), (14, 7), (4, 7). 

27. (0, 0), (17, 0), (0, 12). 

29. (10, 5), (-0, 5), (6, 17). 

31. (5, 12), (-15, 8), (-4, 17). 

, 5). 

26. (-9, 5), (7, 5), (10, 13), (0, 13). 

28. (13, 0), (0, 8), (13, 8). 

30. (-9, 20), (-9, 5), (11, 24). 

32. (10, 7), (3, 16), (-8,3). 

67. Draw axes XOX', YOY', and mark a number of points 

whose abscissae are equal to 6 taking any convenient unit of 

length. 
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A, B, C, D, E, in the diagram, are such points. 

We thus see that all points, whose abscissae are equal to 6, lie 

on the straight line parallel to OY and distant 6 units from it. 

Moreover, if we look at any other point not on this line^ we see 

that its abscissa is not equal to 6. In other words, a?— 6 for all 

points on the straight line CE, and for no other points. 

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ a la a a la la a a a IB a IB a a a 
■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ a I a la a a ■ a a a a a a a ■ ■ ■ ■ ■ 1 ■ ■ m ■ i ■ ■ ■ a i i a a a a a a a a IB a B a B ■ ■ ■ ■ li ■ ■ 1 1 i ■ li a a i a a a a a a IB IB a a a 1 a 
i ■ ■ i i 1 ■ ■ ■ a a i a a a fc a ■ IB E a a a B I i ■ ■ i ■ i ■ ■ ■ a a i a a 31 li a a i E i a E ■ ■ ii ■ ■ ■ ■ 19 a a a ■ ■ L 7 L .1 ■ ■ i 1 a 
■ ■ i ■ 1 m ■ i ■ ■ s a . j i a a E 
■ ■ i ■ i ■ I a a a ■ ■ a a a a i a 
■ ■ ■ ■ ! i ■ ■ ■ ■ a a i ■ ■ a a a a a E a 
r ■ ■ ■ ■ 1 ■ ■ a a ■ ■ a ij m ”1 a a a a ■ ■ i ■ ■ ■ i ■ ■ i a ■ ■ a a i _ a a E a ■ ■ ■ i i i i ■ i ■ a a 1 1 a a a J a a a ■ ■ ■ i i i i ■ i i a a 1 1 I E 1 I B I i r n ■ ■ ■ ■ i a i I ■ i a a a i a i a 
a ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ a a a a a a a a a 
m ■ ■ 1 ■ i i 1 ■ m/ ■ 1 a a a I a I n i a m r 1 ■ i ■ ■ i i ■ ■ 1 E a a i a E a L_ r i ■ ■ ■ 1 m ■ i ■ ■ I 1 Ib m a B a B u ■ ■ L i ■ i ■ ■ 1 i IS m a i a i 

r ■ ■ ■ ■ ■ ■ ■ ■ a a a ■ a a a a B a i- ■ ■ ■ ■ ■ ■ i ■ ■ ■ a a a a ■ a a a a i E ■ ■ ■ i ■ ■ ■ i ■ ■ a a a i ■ fz 1 a a a ■ ■ ■ ■ ■ i ■ ■ ■ a i a a ■ □ r a a a ■ ■ ■ ■ ■I a a a a a a a a a a i a a r a a a a a a a 7 a a a a a a a a a a a ■ a i a i ■ ■ ■ ■ ■i ■ ■ ■1 a a a a a a a I ■ 
L. □ ■1 ii ■ ■I a E a a a a a i i L; a m a a a a a 1 a ■ ■1 m _ _ _ _ _ _ _ □ _ _ _ _ _ _ _ _ _ L 

The line CE is therefore called the graph of a:=6. 

We notice too that the equation rr —6 is true for all points on 

the line however far we produce it in either direction. 

In the same way, if we mark a number of points whose 

ordinates are all equal to 8 and join them, we get a straight line 

PQ, parallel to OX, and it is the graph q/*y==8. 

68. If in a diagram we mark the points (2, 2), (3, 3), (4, 4), 

(6, 5) and so on, and join them, we get a straight line. Also if 
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{Xy y) be the co-ordinates of any point on this line, we see that 

x=y. Hence this line is the graph of x^y. 

It will be seen that the points (0, 0), (-1, -1), (-2, -2), 

(-3, -3), etc., all lie on this graph. 

69. Draw the graph of y — 2x. 

When 

When 

x=l 2 3 4 

y = 2 4 rn 1 8 

X ~0 -1 -2 -3 -4 

o
 1! -4 1 -8 

Joining the points thus found, we have the graph required. 

It will be seen to be a straight line through O the origin. 

N.B.—The line is of unlimited length. 
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70. Draiv the graph of the expression 2x ~ 3. 

N.B.—This is the same as the graj)h of 7j~2x-Z. 

[OHAPt 

Let y~2x-3. 

When 
x — O 1 2 1 3 

-3 1 -1 j 
Marking in a diagram the points thus found, and joining them, 

we have the graph reqd. 

It will be seen that the graph is a straight line of unlimited 

length. 

71. Draw the graph of the expressimi 

T ^ 2x-3 
Let 2/ = —^. 

When 
X — 1 2 3 4 

1 -•6 - *2 *2 
1 

•6 
1 

1 

Marking these points in a diagxam and joining them, we have 

the graph reqd. 

N.B.—It will be seen that all graphs of expressions of the first degree, 
i.e. graphs obtained from equations of the first degree, are straight lines. 

72. To draw the graph of the expression —, i.e. the graph of 

the equation —g— 

[The equation being of the first degree, its graph is a straight 

line. It will therefore be sufficient if we plot two points on the 
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graph, for only one straight line can be drawn through two given 

Choose convenient points. 

When ^ = - =1. 

the pt. (3, 4) is on the graph. 

When -2, y = —-— = 6. 
Q 

the pt. ( - 2, 6) is also on the graph. 

Joining these points, P and Q in the diagram, the lino PQ is 

the graph reqd. 

73. Solve graphically^ on sgaured paper^ the folloivUig equations : 

2x‘-y=^ll. x-2y = 10. 

In the first equation, when y = l, x — 6. Mark this pt. on the 

squared paper. 

In the same equation, when y — 3, a; = 7. Mark this pt. also. 
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The str. line joining these pts. is the graph of the first equation. 

In the second equation, when ?/ = !, a? —12. Mark this pt. in 

the same diagram. 

Also in the second equation, when iy = 2, x^J4. Mark this pt. 

The line joining these last two pts. gives the graph of the 

second equation. 

From the diagram it will he seen that the str. lines meet at the 

pt. (4, -3). 

Hence x = 4, 2/= -3, is the reqd. solution. 

Verification. In the first equation, when 

a;==4, 2x4~if/==ll, 

-^ = 11-8 = 3, ^=~3. 

/. cc == 4, y — -3 satisfy the first equation. 

In the second equation, when a; = 4, 

4-22/-10, -22/ = 10-4, 
y=-3. 

a;==4, y= - 3 satisfy this equation also. 

74. The following are very important : 

(1) The co-ordinates of the origin are (0, 0). 

(2) If a point lies on the axis of x, its ordinate is zero. 

(3) If a point lies on the axis of y, its abscissa is zero. 

Thus we see that the graph of x = 0 is the axis of y ; and 

the graph of ^ = 0 is the axis of x. 
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(4) The graph of where a is constant, is a str. line || to 
the axis of y. 

The student should illustrate this by drawing graphs of 

a? = 2, x = 5, x~ - 7, and so on. 

(5) The graph of y — h, where h is constant, is a str. line || to 
the axis of x. 

Illustrate this by drawing the graphs of y = 3, = 4, y = - 8. 

76. It is sometimes advisable to work with other units than an 

inch, or a tenth of an inch. 

3x —7 
Draw the graph of . 

Note that here wo draw the graph of a function of x. 

Let y = —^ . The graph is a str. line since the equation is of 

the first degree. When 

x — 0 4 

y= ! 
7 6 

IT 

Taking 6 tenths of an inch to represent unity, we have the 

graph as shown in the diagram. 
B.B.A. H 
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76. To find the equation of the graph which passes through the points 

(2, 3)(4, l-5)(6,0)(8, -]-5)(]0, -3). 

[In the diagram 10 sides of a small square are taken to 

represent unity.] 

ON B X 

When we plot these points we see that they lie in a str. line. 

the equation of the graph is of the first degree. 

Let ax-^by — c be the equation reqd. 
The pt. (2, 3) is on the gra])h, 

X = 2, ?/ = 3 satisfy the equation ax + by = c\ 

i.e. 2a + 36-c.!.(1) 
The pt. (6, 0) is on the graph, 

/. a; = 6, ?/ = 0 satisfy the equation ax + by == c. 

i.e, 6a = 6'; 
e 

^ P Or 
from (1) 36 = c-^=^', 

b 
cx 2cy 

6 9 

i.e. 3ir + 4y~18 is the equation reqd. 

The equation might also be found as follows : 

Let P {Xy y) be any pt. on the line* 

As AMP, ANB are equiangular, and therefore their sides are 
proportional. 
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•• P1V1~BN’ 

i.e. f = f (see diagram). 
X - JU 

Whence 3a; + iy = 18, as before. 

Before drawing any graph, first tabulate the values of 
X and y, and then choose a convenient unit. 

Make it a rule to state, in a prominent position on the 

squared paper, the unit employed. 

Let your work be very neat, and do not use a pencil with a 
thick point. 

Examples. XIII. b. 

[/n each case state the unit employed. Small units are inadvisable.] 

1. In separate diagrams draw the graphs of the following : 

(i) a; = 4. (ii) y — 5. (iii) x --2. (iv) -3. 

2. In the same diagram draw graphs of the following : 
(i) y (ii) y ^ - 2x. 

Distinguish the graphs by writing their equati(.)ii8 on each. 

3. In the same diagram draw graphs of : 

(i) y = (ii) 
Distinguish them as in the j)revious example. 

Trace on squared paper the graj)h8 of the following ; 
4. ?/q-4--0. 
8. y—x + 6. 

12. 5-6x. 

u. 

5. x +2. 6. 07-2, 

9. y-207 + 1. 10. 207 + 3. 

13. ?/ —6 + 2.r. 14. 3o7 + 4?/ = 12. 

iry *'5-307 _ y_X-\ 

20. 15o7 = ]9y. 21. 3.r44y=0. 22. 7o7-,‘}y=0. 

24. 2y =4o7 - 1. 

28. Ga7=5-3y. 
25. 07 -3y=(». 26. 2^-07 = 6. 
29. l]07 + lly-9. 

7. y-x^T). 
11. 4-307. 

15. 307 -4^ = 12. 

ly. 2 3 ~ 1. 

23. 
o 9 

27. Go7=3y-r). 

Solve the following equations graphically, and verify your result by 
Algebra. 
30. 07 + 2^ = 12, 07-3//= 2. (Use half an inch, or a centimetre, as unit.) 

31. 4x ~y~l0, 2x -y~4:, (Use an inch as unit.) 

32. 4o7 - 3?/ = 14, 3o7 - 4y =0. (Half-inch unit.) 

33. 5x--7y — 20, 3o: - 2y -12. (Half-inch unit.) 

34. 07 = 5, y (Half-inch unit.) 

35. y=3, 1 + 1 = 1. (Half-iiich unit.) 
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Solve the following equations graphically, and verify your result by 
Algebra: 

36. a;=2-8, I(Half-inch unit.) 

37. y~2x~-Zy 2y+a: = 14. 38. 2a;-f-7y=52, 3a:-5y = 16. 

39. 92/~188, \Zx-2y~51. 40. 3y-4a;=0, y^x~2\. 

y-~2 ^ . a; + 10 ^ Ad ^ x-y _ 19 
42. 3 ^ + 5 = 10, -^ + 7 = ^. 

In the following, plot the points given, and find the equation of the 
graph in each case ; 
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CHAPTER XIV 

PROBLEMS INVOLVING SIMULTANEOUS EQUATIONS 

77. Example 1. Find two numbers such that twice the first added to 
three times the second is equal to 45, and also such that five times the first 
added to four times the second is equal to 74. 

Let X be the first number, and y the second. 

Twice the first + 3 times the second —2x-{- liy, 

2x-\-^y = 45, (by hypothesis).(1) 

5 times the first+ 4 times the second =5a;H-4y.(2) 
5x4-4y = 74, (by hypothesis). 

Multiplying (1) by 4, 8x + 12y = 180, .(3) 

.(2) by 3, 15a: + 12y = 222.(4) 

Subtracting (3) from (4), 7a: = 42, 
x~(y. 

Substituting this value of a: in (1), 
2x6 + 3y=45, 

3y=45-12 = 33, 

2/ = ll. 
6 and 11 are the reqd. numbers. 

Verification. 2x6 + 3x11=12+33 = 45, 
5x6+4x11=30+44 = 74. 

Example 2. Five years ago A was twice as old as B, and 6 years hence 
their united ages will come to 82. Find their present ages. 

Let X years be A’s present age, and y years B’s present age. 

5 years ago, A’s age was a; - 5, and B’s age y - 5. 

by hypothesis, x -5 = 2(y ~5% 
X -5=2y -10, 

a:-2y=-5, .(1) 

6 years hence, A’s age will be a; + 6 years, and B’s age y + 6, 
/. by hypothesis, a; + 6 + y + 6 = 82, 

a:+y = 70, .(2) 
Subtracting (1) and (2) - 3y = - 75, 

y=25. 
Substituting in(l), a;-50=-5, 

a; = 45. 
A’s present age is 45, and B’s 25. 

In representing numbers of more than one digit algebraically, we must 
remember that 23 means 2 x 10 + 3, and not 2x3. 

Thus the number, whose tens’ digit is x and units’ digit y, is lOx +y, and 
not xy, for xy denotes x x y. 
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Example 3. The sum of the digits of a certain number, less than 100, 
is 11, and if the digits are reversed, the number is diminished by 9. Find 
the number. 

Since the number is less than 100, it has two digits. 

Let X be the tens’ digit, and y the units’ digit. 
By the first hypothesis, x+y~-\\. 

The number obtained by reversing the digits is 10^ + a;. 

/. by the second hypothesis, 10a: + ?/ - (lOy + a:) — 9, 

\0x+y - lOy - a: —9, 

9a: - Oy -- 9, 

x-y^\, .. 
Adding (1) and (2) 2a;:^12, 

a: = 6. 

Substituting this value in (1), y = 5. 

the reqd. number is 10 x 6 + 5 - 65. 

Verification. TJie sum of the digits = 6 -f 5 = 11, 

65-56 = 9. 

(1) 

12) 

Example 4. A man walks two-thirds of a journey at 4 miles an hour, 
then bicycles back for one quarter of the whole journey at 8 miles an hour, 
and turning round, runs the rest of the way, taking 9 hours over the whole 
journey. If he had run the whole distance at the rate at which he did the 
last part, he would have taken 4^ hours : find his rate of running. 

Let a miles be the whole distance, and suppose he ran x miles per hour. 

He walks 4 miles in 1 hour ; 
.*. 1 mile in \ hour ; 

2a ... 2a 1 a , ,,, 
.. -TT miles m -jr x^=,. hours.(1) 

o 3 4 0 

He bicycles 8 miles in an hour ; 

/. 1 mile in L hour ; 

/.* miles in ^ hours.(2) 

His distance now from the end of bis journey 

2a a la 
-0--g 

He runs x miles an hour; 

.*.1 mile in - hour ; 

/.in hours...(3) 

Prom (1). (2). (3). i+i+^=9- 

Simplifying this, 19a -f 661 =?804.(4) 
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He runs x miles in an hour; 

.*. a miles in ^ hours ; 
X 

,(S) 

864, 
32 miles. 

7 miles an hour. 

Examples. XIV. a. 

1. The sum of two numbers is 29, and their difference is 5 : find them. 

2. Three times the sum of two numbers is 51, and their difference is 7 : 
find them. 

3. Find two numbers such that three times the first and twice the 
second to^?ether make 34, and three times the first together with five times 
the second make 58. 

4. Half the sum of two numbers is 11, and half their difference is 2; 
find the numbers. 

5. Six pounds of sugar and three pounds of cheese cost 4s. 3c?., and five 
pounds of sugar and six pounds of cheese cost 6^. 2d.: find the cost of sugar 
and cheese per pound, 

6. I have 10 coins consisting of half-crowns and florins, together 
amounting to 23s. Grf. How many coins have I of each sort ? 

7. At a meeting of a cricket club to elect a captain, 75 members were 
present, and the captain was elected by a majority of 13, all voting. How 
many voted for and against ? 

8. Six years ago I was three times as old as my brother, and now I am 
twice as old : find our present ages. 

9. The daily wages of 10 men and 7 boys amount to £2. 2.*?. : if a man 
earns in tw^o days as much as a boy earns in seven days, find what each 
earns per day. 

10. Four times A’s age exceeds B’s age by 16, and one-fifth of A’s age is 
equal to one-sixteenth of B’s age. Find their ages. 

11. Ten years ago a father was seven times as old as his son, two years 
hence twice his age will be equal to five times his son’s. What are their 
present ages ? 

12. When A and B begin to trade, B’s capital is four-ninths of A’s. 
Each of them gains £50 and then A’s capital is twice B’s. Find the 
original capitals. 

13. A man’s age is three times that of his son, in fifteen years it will be 
double that of his son. How old is each now ? 

14. A man receives 3^. 6c?. for every day that he works, but is fined one 
shilling for every day that he is absent. After 20 days he receives the 
same wages that he would have earned by steadily working for 11 days. 
How many days was he abs^t from work ? 

Substituting this value of ^ in (4), 

19a4-8x32 = 

whence a — 

From (5), = 
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15. A sum of £2. 155. is paid in florins and half-crowns, there being 
25 coins in all: how many are there of each ? 

16. The sum of two digits of a number is 9; if the digits are reversed, 
the new number is four-sevenths of what it was before. Find the number. 

17. A man travels the first half of a journey at a uniform speed, and 
the second half at double the speed, completing the journey in 10 hours 
48 minutes. He travels the whole way back at a mile an hour faster than 
he oiiginally started, and does the return journey in 12 hours. Find the 
length of the journey, and the man’s starting pace. 

18. Two men start from two places 48 miles apart. When they travel 
in opposite directions, they meet in 4 hrs. 48 minutes ; u hen they travel in 
the same direction, one overtakes the other in 9 hrs. 30 minutes. Find 
their rates of travelling. 

19. If A were to give B twelve shillings, A would have half the sum 
which B then has ; but, if B were to give A thirteen sliillings, B would 
have one-third of what A then has. How much money has each originally ? 

20. A is three times as old as B ; in eleven years he will be four times 
as old as B was the year before last. What are their ages ? 

21. A bag contains £5 in shillings and sixpences. If there were twice 
as many shillings and half as many sixpences the amount would be 
increased by half-a-crown. How many coins are there in the bag ? 

22. At an examination, A obtained 11 marks less than B ; if he had 
gained half as many marks again as he did, he would have beaten B by 17. 
How many marks did each receive ? 

23. If £2. 11s. 6d. is paid in florins and half-crowns, the number ol 
coins being 24, how many are there of each ? 

24. A number is composed of two digits of which one is three times the 
other, but if the digits were transposed, the number would be reduced by 
54. Find the number. 

25. Two persons starting at the same time from places 40 miles apart, 
ride towards one another, and meet at a distance of 18 miles from one end. 
If the faster one had gone 1 mile an hour slower, and the slower one 
1 mile an hour faster, they would have met half-way. At what rate was 
each riding ? 

26. A merchant has two sorts of wine worth respectively 65. 8d. and 45. 
a gallon ; how much of each must he take to obtain a mixture of 40 gallons 
worth 45 8d, a gallon. 

27. At a certain election there were two rival candidates, and their 
supporters were conveyed to the polling-booths in carriages capable of 
accommodating 8 and 12 voters respectively. If the voters, 740 in all, just 
filled 75 carriages, find by what majority the election was won. 

28. A traveller walks a certain distance. Had he gone half a mile an 
hour faster, he would have walked it in four-fifths of the time; had he 
gone half a mile an hour slower, he would have been 2^ hours longer on 
the road. Find the distance, and his rate of walking. 

29. A’s age is twice B’s. Four years hence B’s will be twice C’s, and 
12 years after that A’s will be twice C’s. Find their present ages. 

30. Certain annual parish expenses were met by collections on alternate 
Sundays with an annual donation of £15. It was determined to have a 
collection on every Sunday, with the result that, though each collection 
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was one-fourth less than before, there was enough without the donation to 
meet the expenses and £3 to spare. Find the expenses. 

31. Some smugglers discovered a cave, which would exactly hold the 
cargo of their boat, consisting of 13 bales of silk and 33 casks of rum. 
Whilst they were unloading, a Custom House cutter coming in sight, 
they sailed away with 9 casks and 5 bales, leaving the cave two-thirds full. 
How many bales or casks would the cave hold ? 

32. On two successive days a man bought a shilling’s worth of eggs 
and a shilling’s worth of oranges. On the second day the number of eggs 
was 25 per cent, greater, and the number of oranges was 15 per cent, less 
than the numbers of those lie got on the previous day. On both days the 
number of eggs and oranges united was 32. How many eggs did he 
receive on the first day ? 

33. If the floor of a room were 9 feet longer and 6 feet narrower it 
would take 4 square yards less carpet; but if it were 6 feet shorter and 6 
feet wider, it would not change its area. Find its dimensions. 

34. At a school treat it was calculated that if each teacher gave 5s. 
there would be 3d. for each child and 3d. over : but two more teachers 
arrived bringing a third as many children as there were before, and it was 
now found that each child would receive 3|d. if each teacher gave 5s. 6d. 
How many children and teachers were there at first and at last ? 

35. A certain dole was 25s. more than would give the recipients a 
florin apiece, and there were fifteen too many to receive half-a-crown 
apiece. What was the amount of the dole ? 

36. The difference of the perimeters of two square fields expressed in 
linear yards is one-fourth of the difference between their areas expressed 
in square yards, and the sum of the perimeters of the fields is eight times 
the difference of their jierimeters. Find the areas of the fields. 

37. A’s age is equal to the combined ages of B and C. Ten years ago 
A was twice as old as B. fcihow that ten years hence A will be twice as 
old as C. 

38. A bill of 25 guineas is paid with crowns and hajf-guineas, and 
twice the number of half-guineas exceeds three times that of the crowns 
by 17 : how many of each arc used ? 

39. The united ages of a man and his wife are at present six times 
those of their children; two j^ears ago their united ages were 10 times, 
and six years hence they will be 3 times, the united ages of their children. 
How many children have they ? 

40. A man does a journey at a certain rate, and finds that if he had 
travelled 6 miles an hour faster, he would have done the journey in 
one-third of the time. What was his slower rate of travelling ? 

41. A man does a journey in a motor car at a uniform speed in 6 hours. 
On his return he is delayed at half-w'^ay for half-an-hour, but quickening 
his pace by 3 miles an hour does the journey in the same time. Find his 
original speed and the length of the journey. 

42. In going the shortest way from A to B, a man had to go back one 
mile to pick up something he had dropped, and took 34 hours over the 
walk. He went back by a route which was half-a-milo longer, and took 
3 hours over the return walk. Find his rate of walking, and the shortest 
distance from A to B. 
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43. In walking from A to B a man meets a friend and rides back with 
him in his motor-car for 3 miles at the rate of 12 miles an hour. Resuming 
his walk he arrives at B 7 hours after his start. If he had walked 
straight through, he would have taken 6 hours over the walk. Find his 
rate of walking, and the length of the walk. 

44. Two men run a course of 4000 feet at uniform rates. One starts 
30 seconds after the other and arrives 10 seconds before him. Where 
does he j)ass him ? 

45. A man pays a certain tax on the whole of his income. If his 
income had been one-tenth more, and the tax Id. in the £ lower, the 
tax paid by him would have been exactly £1 less ; but if his income had 
been one-fifteenth less, and the tax Id. in the £ higher, the amount of 
his tax would have been exactly £1 more. Find his income and the rate 
per £ of the tax. 

46. The road from A to B ascends five miles, is then level for four miles, 
and finally descends six miles. A man walks from B to A in four hours, 
the next day he walks half-way to B and back again in three hours 
fifty-five minutes, and returns on the third day to B in three hours 
fifty-two minutes. What are his rates of walking (a) uphill, (6) downhill, 
(c) on level ground, if these rates do not vary from day to day ? 

47. Two ships (S^, S2) start at the same time in the same direction from 
two stations (A^ and A2 respectively) on the same route. After a certain 
time $1 overtakes Soj wlien it is found that they have sailed 1500 miles 
between them, that Si passed Ao four days ago, and that S2 is now nine 
days’ sail from Aj. Find the distance between Ai and A2 and the average 
rates of sailing of the vessels. 

EASY GRAPHICAL PROBLEMS 

78. A man, starting at 'noon^ walks at the rate of 6 miles an hour. 

Draw a graph of his motion, a'nd from the diagram, read off, as 

accurately as you can, the time wJmi he is 22 7niles from his starting 

point, and the distance he has travelled in 2 hours 24 minutes. 

Measure distance along OX, taking a side of each square to 

represent a mile. Measure times along OY, at right angles to OX, 

taldng 10 sides to represent an hour, so that each side represents 
6 minutes. 

Taking OA along OX equal to 30 miles, (30 squares), and AB at 

right angles to OA equal to 5 hours, (50 squares), B represents the 

yaan’s position in 5 hours, for he travels 30 miles in 5 hours. 

Join OB. OB is the graph of his motion. 

By this we mean that any ordinate PN represents the time 

taken to walk the distance represented by the abscissa ON. 

To find the time when he is 22 miles from the start, take ON 
equal to 22 miles and draw the corresponding ordinate NP. 

This ordinate represents the time reqd. 
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Drawing PK parallel to OX, and estimating the value of the portion 

KV of the side of a square, we see that the reqd. time is 3.40 p.m. 

To find the distance travelled at 2‘.24 p.m., take OM along OY 
equal to 2 hours 24 minutes, and draw MQ parallel to OX. Draw 

O 6 12 18 24 30 Mi tea X 

the ordinate QL at Q, OL represents the distance reqdL, and is 
equal to 14| miles nearly. 

The student should verify these results by calculation. 

He should also verify the fact that OB is the graph of the man’s 

motion by taking simple distances, and reading ofi the correspond¬ 

ing times; 6 miles (time 1 hour), 12 miles (2 hours) and so on. 
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79. Given thit *62 of an English mile = 1 kilometre, construct a 

graph from which you can read off any number of miles in kilometres 

and any number of kilometres in iniles. From it write down the 

number of kilometres in 420 miles and the number of miles in 580 

kilometres. Calculate the results to the nearest 10 kilometres or miles. 

If X miles = y kilometres, ^ . 

Take an abscissa ON = 62 units (31 sides of a sq.), 

and an ordinate NP = 100 units (50 „ „ ). 

Join OP. OP is the graph of ™ 
dJ lUO 

/. taking each horizontal side of a sq. to represent 20 miles, 

and each vertical side of a sq. to represent 20 kilometres, 
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80. Construct a graph which will enable you to convert, at sight, 

degrees Fahrenheit into degrees Centigrade, and vice versa. 

Let X® in the Centigrade scale be the same temperature as in 

the Fahrenheit scale. 

In the Centigrade scale, freezing point stands at 0®; in the 

Fahrenheit at 32°. 

In the Centigrade scale, boiling point is at 100°; in the 

Fahrenheit at 212°. , ic __ t^-32 

•* "“212-32’ 

whence 9a?=5y -160. 

Therefore if we draw the graph of this equation, the abscissae 

will give us temperatures in Centigrade scale, whilst the corre¬ 

sponding ordinates will give us the corresponding temperatures in 

Fahrenheit scale. 
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Thus from the graph, 

80° F. = 26-7° C. and 40° C. = 104° F. 

A graph may often be drawn without the use of an equation, 

but the student must realize that every graph has its corre¬ 

sponding equation, and vice versa, every equation will have its 

corresponding graph. 

81. Two men start at noo7i to tvalk : the one from A to B, the other 

from B to k. If A and B are 20 ^niles apart, and the men walk at the 

rate of 3 ?niles an hour and 2 miles an hour respectively, construct a 

graph which will enable you to determine when and where they meet. 

Head off from the graph their distance apart at 1.30 p.m. and also 

find at vdiat time they are first at a distance of 6 miles from one another. 

On squared paj)er, take pts. A and B on a vertical line 20 units 

apart. Horizontally take AC = 50 units (10 units to an hour) and 

vertically CH = 15 units. Join AH. Then since the first man 

walks 15 miles in 5 hours (50 units), AH is the graph of the first 

man’s motion ; i.e. the ordinate of any pt. on AH denotes the dis¬ 

tance he has walked in the time denoted by the abscissa of the pt. 

^ Considering the second man, take BD horizontally 30 units in 

length, to denote 3 hours, and DE vertically downwards 6 units 

in length. Join BE. 

Then BE is the graph of the second man’s motion if we read 

his times along BD, and his distances walked at right angles to 

BD and downwards. 

Hence if AH and BE meet at O, AN denotes the time when 

they meet, and ON, OT denote the distances walked by the two 

men in that time. 
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Thus from the diagram, we read off that they meet at 4 o’clock, 

that the first man has then walked 12 miles and the second 8 miles. 

If AK denotes 1J hours, and KML is drawn vertically, LM is their 

distance apart at 1.30 p.m. From the diagram LM~12-5 miles. 

To find when the men are first 6 miles apart, take a pt. P on 

BE where it passes through a corner of a square, and take PQ 

vertically downwards equal to 6 units. 

Draw QR || to BE to meet AH at R. If the ordinate through R 

meet BE at V, VR = PQ==6 units. 

the abscissa of R gives the time reqd. From the diagram we 

read this off as 2-8 hrs. after noon, i.e. at 48 minutes after 2 o’clock. 

^82. A walks a distance of 24 miles at the rate of 4 miles an hour, 

and B, starting an Itour later, does the distance in 3 hours less. Dranj 

graphs of their motion, and from the diagram determine (1) when and 
Hours 

where B overtakes A, (2) their disUince apart after B has been walking 

hours, (3) the times when they are 2 miles apart. 
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Measure distances horizontally from O along OX, taking 10 

sides of a square to represent 4 miles. 

Measure times vertically from O along OY, taking 10 sides of a 

square to represent one hour. 

Take the point D whose abscissa is 24 miles and ordinate 6 

hours. 

Join OD. OD is the graph of A’s motion, for he walks 24 miles 

in 6 hours. 

Take the point E at the one hour point in OY. This is B’s 

starting time. 

Take the point F, whose abscissa is 24 m. and ordinate (reckoned 

from the level of E) 2 hrs. less than the time represented by the 

ordinate of D. Join EF. 

EF is the graph of B’s motion, for he walks the 24 miles in 

2 hrs. less than A. 

The co-ordinates ON, HN of the pt. H, where OD and EF 

intersect, give the place and time of meeting. 

Thus we see that B overtakes A 8 miles from the start, and one 

hour after B’s start. 

Looking at the horizontal line PQM, we see that 

PM represents the distance walked by B in time OM, 

QM . A . 

PQ represents their distance apart at the time OM. 

taking K in OY so that EK = 2J hrs. and drawing the hori¬ 

zontal line KRS, RS represents their distance apart when B has 

been walking 2J hours. From the figure we see that RS == 6 miles. 

To^ determine when they are 2 miles apart, we have to find 

the point, or points, where the horizontal distance between the 

graphs represents 2 miles. 

Taking EL horizontally equal to 2 miles, draw LW !| to EF to 

meet OD at W. Draw WTV horizontally. 

WT=EL = 2 miles. EV represents the time after B’s start 

when they are 2 m. apart. 

From the figure EV = half an hour. 

Taking the point G, 2 m. horizontally from F, draw QZ i| to EF 

to meet OD at Z. 



EASY GRAPHICAL PROBLEMS 127 

Draw the horizontal line UZ to meet EF at U. 

UZ = GF = 2 miles and we see from the diagram that the 

corresponding time is IJ hours from B’s start. /. they are 

again 2 m. apart in IJ hours after B’s start. 

This problem should be studied carefully. 

The beginner must draw a figure for himself, using an inch to 

represent 4 miles, and one hour. 

83. P motors at 16 m. an hour, starting at noon atid stopping for 

half an hour at the end of each hour ; Q, starting at 2.30 p.m, motors, 

without stoppages, at ^ m. an hour. Where, and at what time does 

he pass P ? 

Measuring time horizontally, and miles vertically, as shown in 

the figure, OA is P’s graph for the first hour. 

From 1 to 1.30 p.m. he stops, /. AB is his graph for that time. 
B.B.A. I 
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In the same way BC is his graph from 1.30 to 2.30, CD from 

2.30 to 3, DE from 3 to 4. 

Q starting at 2.30, FK is his graph, where FH = 1 hour and 

HK = 40 miles. 

From the figure we see that Q, catches P up at 3.30 p.m. 

40 miles from the start. 

[N.B.—Remember that during a stoppage time advan(3es, whilst the 
distance from the start, i.e. vortical distance on paper, remains the same.] 

Examples. XIV. b. 

1. If £1 is worth 25 francs, construct a graph from which you can read 
off the value of any number of shillings up to £3, in francs. Write down 
from the diagram the value of 35 shillings in francs, and 35 francs in 
shillings. 

2. 60 oranges sell for six and eight pence. Make a graph to show the 
cost of any number up to 60, and from it write down the cost of 27 oranges, 
and the number of whole oranges you would get for 2.5. 3d. 

3. A train travels at a uniform rate for an hour and a half, and covers 
40 miles in that time. Draw the graph of its motion and write down the 
time it takes to travel 17 miles, and how far it has travelled in 12 minutes. 
Give the results to the nearest mile and minute. 

4. A body starts moving with a velocity of 4 ft. per second, and its 
velocity after t secs, is given by the formula 4 + 3^. Draw a graph which 
gives its velocity at any time. Read off its velocity after 3 secs., and 4*5 
secs., and the time when its velocity is 11*5 ft. per sec. 

5. Given that 1 kilogramme = 2-2 lbs., draw a graph which will enable 
you to read off any number of lbs. in kilogrammes (up to 50 lbs.), and read 
off the values of 25 and 38 kilogrammes in lbs., and of 32*5 and 38 lbs. in 
kilogrammes. 

6. Given that 1 cubic inch = 16*4 cubic centimetres, make a graph to 
convert c. cms. into c. ins., and read off the values of 80 and 40 c. cms. in 
c. ins., and of 2*6 c. ins. in c. cms. 

7. In a Reaumur thermometer the freezing point stands at 0"^, and the 
boiling point 80° ; in a Fahrenheit, freezing point at 32°, and boiling 
at 212°. Construct a graph to convert R. degrees into F. degrees, and 
vice versa. Read off 60° R. in F. degrees, and 43° F. in Reaumur degrees. 

8. A man starts at noon at the rate of 4 miles an hour to walk from 
Cambridge to Clare, a distance of 29 miles; a second man bicycles from 
Clare to Cambridge, starting at 2 p.m., and riding at 10 miles an hour. 
Draw a graph to show where and when they meet, and determine also 
from it the times when they are 10 miles apart. 

9. A starts running at the rate of 100 yds. in 30 secs, and B starts from 
the same spot 6 secs, later at the rate of 100 yds. in 12 secs. Draw a graph 
to find when and where B catches A up. 

10. In the ten years from 1881 to 1890, the population of one town 
increases uniformly from 30,000 to 60,000, whilst that of another town 
decreases from 60,000 to 40,000. From a graph determine the year and 
month when the two populations were equal 
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11. The top boy in a form gets 88 marks, and the last boy 33. These 
have to be scaled so that the top boy gets 100 and the last boy 0. Draw 
a graph which will effect this, and read off (to the nearest integer) the 
scaled marks of the boys who get 65, 54, 49, 

12. Given that 1 inch =2-54 centimetres, construct a graph to convert 
centimetres into inches. Read off the value of 5-6 cms. in inches, and the 
value of 4*9 inches in centimetres, as accurately as you can. 

13. Given that 1 centimetre *39 inches, draw a graj^h to convert 
inches into centimetres. Read off the value of 3’6 in. in centimetres, and 
the value of 8*6 cms. in inches, as accurately as you can. 

14. On an examination paper of maximum 69 the marks gained by 10 
candidates were : 60, 54, 46, 35, 32, 29, 27, 26, 25, 12. Draw a graph to 
raise the maximum to 100, and read off (to the nearest integer) the raised 
marks of the candidates. 

15. 50 articles cost 48. 10(f. Construct a graph from which you can 
read off the cost (to the nearest halfpenny) of any number of articles up to 
50. Write down the cost of 23 things, and the number you would get 
for 3s. 

16. The first 100 copies of a pamphlet cost 27s. to print, but every 100 
in excess of the first costs only 3s. ; make a graph to show the cost of any 
number up to 800, and read off the cost of 370 coiiies. Write down the 
number of copies you would get for £2. 2s. 6d. 

17. A clerk is paid at the rate of £120 a year : make a graph to deter¬ 
mine (to tlie nearest pound) his wages for any given number of weeks. 
Write down his wages for 23 weeks. 

18. I want a ready means of finding approximately 0-866 of any number 
up to 10. I select a point O at the corner of the squared paper where two 
thicker lines cross, and find a second point P by going 10 inches to the 
right and then 8-66 inches up (or 5 to the right and 4-33 up), and join O 
to P. The two thick lines passing through O are scaled off in inches, OX 
to the right, OY up. Explain clearly why the distance from OX of any 
point in OP is 0-866 of its distance from OY. Read off from the scales, 
and mark on the appropriate places on the paper, 0-866 of 3, 0-866 of 6-5, 

0-866 of 4-8, and of 5. 
U-ODD 

19. For a certain book it costs a publisher £100 to prepare the type and 
2s. to print each copy. Find an expression for the total cost in pounds of 
X copies. Also make a diagram on the scale of 1 inch to 1000 copies and 
1 inch to £100 to show the total cost of any number of copies up to 5000. 
Read off the cost of 2500 copies, and the number of copies costing £525. 

20. A starts walking at the rate of 4 miles an hour, and 15 minutes 
later B starts at the rate of 8 miles an hour. Find, graphically, when and 
where B overtakes A. 

21. Two ships 72 miles apart sail towards one another at the rates of 7 
and 9 miles an hour. Find, graphically, when they meet. 

22. A walks at 4 miles an hour, but takes a rest of half an hour at the 
end of every 4 miles. B starting at the same time and walking at a 
uniform rate, without any rests, catches A up just as he is starting after 
his third rest. Find, graphically, B’s rate of travelling. 

23. A travelling at 4 miles an hour, walks 4 miles, then rests for half an 
hour, then walks 8 miles further, and then walks straight back at the 



130 ELEMENTARY ALGEBRA [chap. 

same rate. He meets B, who walks uniformly and without resting, a 
mile and a half from home. Find B’s rate of travelling, if he started at 
the same time as A. 

24. A travels at 5 miles an hour, but takes a rest of half an hour at the 
end of each hour. B starting 2 hours after A, and travelling uniformly, 
without resting, overtakes A 17J miles from home. Find, graphically, B’s 
rate of travelling. 

25. A and B, travelling at 8 and 12 miles an hour respectively, bicycle 
towards one another from two places 50 miles apart, starting at the same 
time. Find, graphically, when and where they meet, and when they are 
10 miles from one another. 

26. Solve the above problem graphically, as accurately as you can, when 
B starts an hour after A. 

27. A motorist starts to do a journey of 8 miles in half an hour, but 
after travelling for 22J minutes finds himself behind time. He quickens 
his pace to 24 miles an hour, and just completes his journey in time. Find 
his initial rate of travelling. 

28. A motorist does a journey of 80 miles in 6 hours. During the first 
part of the journey he travels at 10 miles an hour, and during the latter 
part at 18 miles an hour. How far does he travel at each rate ? 

♦CHAPTER XV 

LONG MULTIPLICATION 

84. Further examples of the use of the formulae 

(a±b)2 = a2±2ab + b2. 

Example 1. Find the expanded value of {a; + (a +6)}*. 

Regarding (a + 6) as a single quantity, 

{« + (a+6)}2 + 2 (a + 6) a;-f (a 4-5)2 

=a;* + 2cKr + 26a; 4* 2a5 + 6® 

jif we wish to expand the expression fully). 

Example 2. {a 4- 6 - c}* 
= {(a4*6)-c}* 
=(a 4-6)* ~2(a 4-6)c 4-c* 

=a* 4- 2o6 4- 6* ~ 2ac - 26c 4- c* (expanded fully). 

Example 3. (a 4- 26 4- 2c 4- d)*={(o 4- 26) 4- (2c 4- d)}* 
=(a 26)* 4- 2 (a 4- 26) (2c 4- d) 4- (2c 4- d)* 

=a* 4-4064-46* 4-2 (2ac 4-od 4-46c-l-26d) 4-4c*4-4cd4-d* 

=<2* 4-4a6 4-46* 4-4ac 4-2ad 4-86c 4-46d 4-4c* 4-4cd 4-d*. 
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Examples. XV. a. 

Find the fully expanded values of the following : 

1. {x + (a-6)}®. 2. {x-(o+6)}*. 3. {(0 + 6)+2}*. 
4. {o + {6 + c)}®. 5. {a-(5+c)}*. 6. {o-(6-c)}*. 
7. {(a-6)-2}». 8. {2x + (y + 2)}*. 9. {x-(2y + 2))*. 

10. (a+ 26 +3c)*. 11. (o-26 + 3c)*. 12. (3x + a - 6)*. 
13. (2x + 3a-6)». 14. (2x*+x + l)*. 15. (.3x*-x + l)*. 
16. (x* + x-8)*. 17. (x* + 2x + l)*. 18. (x* -X -4)*. 
19. (2x*-x-6)*. 20. (x+y-3)*. 21. (2x-y + 4)*. 
22. (1 -x + x*)*. 23. (2+x-x*)*. 24. (3-X + 2X*)*. 
25. (6-2x + 3x*)*. 26. (o + 5 + c + (i)*. 27. (a + 6+c 
28. (a-b+c-d)\ 29. (fl + 6+2c+<i)*. 30. {o + 6+2c-2d)*. 
31. (x + 2^ + 2-3)*. 32. (x-y-2 + 3)». 33. (2x-y + 2:-l)*. 
34. (3a-25 + 2c-d)*. 
37. (x*-x* + x-l)*. 

35. (x» + x* + x + l)*. 

38. (x*-3x* + 3x-l)*. 
36. (x» + 2x*-2x + l)». 

85. Further examples of the use of the formula. 
(a + b) (a - b) = a^ - . 

Example 1. (a+6+c)(a + 6-c)=(a + 6)2 - 

[Looking upon a+6 as a single quantity.] 

Example 2. 

=a2 + 2a6 +6^ - 

(a; + o - 2b)(x -a + 2b) 

= (a; + a -26)(a; -a -26) 
=a:2~(a-26)2 
=a:2 - a2 _{_ 4^ _ 4^2 

c*. 

Examples. {a-\-b-\-c+d){a + b-c-d) 

— (fl + 6 + c + d) (tt + 6 ~ c -}“ d) 
==(a + 6)2-(c+d)2 

= a2+2a/>+62-c2-2cd-d2. 

Examples. 

1. (a -6 +c)(a -c). 

3. (a:-fy + l)(a;+y-l). 
5. (a +6 +a;)(a -6 -a;). 

7. (2a;+a+6)(2a; + a-6). 
9. (o-4a;4-y)(a + 4a:-y). 

11. (4-o+6)(4+a-6). 
13. (1 ~a-6)(l -a+6). 
15. (p-2g+3r)(p+2g~3r). 

17. (a: + 3y-4)(a; + 3y-f4). 

19. (1 -2a; + 7y)(l ~2a;-7y). 

XV. b. 

2. (a+5+2c)(a + 6-2c). 

4. (a: + 2y+ 6)(a:-f 2y-6). 
6. (a+ 26-c)(a-26+c). 
8. (3y-a-6)(32/ +a+ 6). 

10. (l+a + 6)(l -a-6). 
12. (a2+a6+62)(a2-a6+62). 
14. (a: + 2y + 6)(a;+2y-6). 

16. (l-2a; + 33/)(l+2a;-33/). 
18. {a^+x-hl)(x^-x + l). 

20. (2a; + 3y-5)(2a;+3y+ 5). 
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21. (Zx^-^x~2){Zx^-x+2). 

23. {5a-~264-3)(5a+26 + 3). 
25. {l-2x + 3x^){l+2x + 3x^). 

27. {2x-^y+a + b){2x+y-a~b). 
29. {2x ~ a ~y + 2b){2x - a +y -2b). 

30. (3a;-2a+2y-36)(3a;-2a-2y+ 36). 

31. {I-x + y-z){l-X-y + z). 

22. {2x-^y ~5)(2x + 4y + 6). 
24. (a2-2a6+62)(a» + 2a6+62). 

26. {a-b-\-c-d){a~b-c + d). 

28. {x-\-a-{-y-b){x + a-y + b). 

32. (2-a-36+c)(2-a + 36-c). 

86. When we have more than two terms in the multiplier or 

multiplicand, the process is similar to that in simpler cases. 

Example 1. Multiply a^ + a6 + 6^ by a - 6. 

a® +a6 +6^ 
a~b 

+ a^b + ab^ 
- a^b - a6® - 6® 

-6® 

Example 2. Multiply x^ - 2xy + 42/^ by x^ + 2xy + 4y \ 

x^ - 2xy + 
x^->r2xy + 4y2 

- 2x?y + ^xhf' 
2x^y - 4x^y^ + Sxy^ 

4x^y^ - 8a;^ + IB?/* 
+4a;2y3 +16^ 

Example 3. Multiply 4yz ~ Zxy - 2a;;: + a;^ + _ -2 ^ ^ 2a; - 2. 

Here we first arrange both multiplier and multiplicand in order of 
powers of x, and during the multiplication place like terms under on© 
another. 

X“ - “^xy - 2a:2 +y^-\- 4yz - 
2x-y-z __ 

2a;® - Qx^y - 4a;®2 + 2xy^ + %xyz - 2x2® 
- x®y + 3xy® + 2xyz - y® - 4y®2 + yz^ 
_- x®2_+ 3x^2+2x2® - y®2 - 4y2® + 2® 

2a;® - Ix^y - 5x®2 + 5xy® +1 Zxyz - y® - 5y®2 - 3y2® + 2® 

87. By multiplication it will be found that 

(a + b)*^ = a3 + 3a2b + 3ab2 + b^. 

(a - b)3 = a® - 3a2b + Sab^ ~ b^. 

These results are useful and should be committed to memory. 

88. Analogy between Algebraical and Arithmetical m^hods oj 

multiplication. 
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Multiply 213 by 23. 213 
J3 

426 
639 

4899 

This is an abbreviated form of the following : 

2.102 + 1 . 10 +3 
2.10+3_ 

4.102 + 2.102 + 6.10 
6.102 + 3.10 + 9 

4.102 + 8.102 + 9.10 + 9 = 4899 

If we now multiply + ^ by 2a;+ 3 we at once see the 

analogy between the two methods. 
2x2+ ^ ^3 

2x + 3 

4x2 ^ 2x2 + 6x 
6x2 ^ 3^ 9 

4x2 + 8x2 + 9x + 9 

89. Detached coefficients. The work in the above example 

is much shortened if we omit the powers of x, just as we omit 

powers of 10 in Arithmetic. 

The multiplication then stands thus : 
2x2+ aj ^3 

2x + 3 

4 +2 +6 
6 +3 +9 

4x2 ga;2 -f 9a; + 9 

inserting the requisite powers of x in the last line. 

Example 1. Multiply -1 la; + 2 by 2x^ - 5a; + 9. 
4ar® - 3a;2 - 11a; + 2 
2a;2- 5a; + 9 

8-6-22+4 
-20 +15 +55 - 10 

___36 j-27 - 99 +18 

8aH» -26a;* +29x« +32a;* - 109x +18 

When powers of x are missing, 0 must be inserted as in 

Arithmetic, 
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Example 2. Multiply 3a;® - 7a; + 9 by 2af® - 3. 

3a;®+Oa;®- 7a; + 9 
2a;® + 0a; - 3_ 

e” +0 -14 +18 
_-9 - 0 +21 -27 

6a;® - 23a:s + 18a;® + 21a; - 27 

Examples. XV. c. 
[Nearly aU the following examples are best done by the method of detached 

coefficients.] 
Multiply 

1. a;® + 2a;® + a; - 4 by a; - 2. 2. a® + 2ah + 6® by a - 6. 

3. x^ + xy + y^ by a; - y. 4. a;® - 4y® by a; + 3f/. 
5. a;® + 2a; - 5 by a;® - 3a; + 6. 6. a;® + 2a; + 3 by a;® - 2a; - 5. 

7. a® -Za'^b ~3ab^ by a® -5ab +26®. 8. a:® +a;y +y® by -a;® +a;y -y®. 
9. a® - 5a6 + 66® by 3a6 + 2a® - 6®. 10. a;® + a; +1 by a; -1. 

11. a;® ~2a; + 4 by a;+2. 12. 4a;® + 2a; + l by2a;-l. 

13. a; - 2y by a;® + 2a;y + 4y®. 14. 9a® - 6a6 + 46® by 3a + 26. 

Find the product of the following ; 
15. a;® ~ a; +1 and a; +1. 16. o® - a6 + 6® and a + 6. 
17. a; - 2 and a;® + 2a; + 4. 18. a;® + 3y® and a; - 4y. 
19. a;® - 2a;® + 4a; + 5 and a; - 3. 20. a; +a;® - 5 and a;® - a; - 7. 
21. c® - 5cd - 5d® and c® + 5cd + 5d®. 22. a;® + a;y + y® and a;® ~ a;y + y®. 

23. a6+cd-ac-6d and a6+cd + ac+6d. 
24. 2a® - dab + 46® and - 5a® + 3a6 + 46®. 
25. a;® + 3a; +1 and a;® ~ 5a; + 2. 26. 3a;® - 7a; + 5 and 4a;® - 2a; +1. 
27. 4 + 3a; - 2a;® and 5 - a; - 2a:® + a;^. 28. 2 ~ a; + 3a;®y and 3 + 2a; - a;®y. 
29. a;® + 2a;y+ y® + a; + y +1 anda; + y~l, 
30. a;^ - 5a:® + 6 and a;® + 3a; + 4. 31. 3a; -1 + 4a;® - 5a;® and 2a; -4 +a;®. 
32. 1 + 2a® - 3a* - a and 3a - 5 + 2a®. 33. 3a;® - 2a;®y - a;y® and Ixy - 5y®. 
34. 2(a;® + 2a;y+y®) and 3{a;-y)®. 35. 3(a® ~a6+6®) and J(a+ 6)®. 
36. a®+ 6®+ c®-6c ~ca “-o6 and a+ 6+c. 

♦CHAPTER XVI 

LONG DIVISION 

90. Example 1. Divide 8a;* - 6a;® + 3a; -18 by 2x - 3. 

2a; - 3 ) 8a;* - 6a:® + 3a; -18 ( 4a;® + 3a; + 6 
8a;*-12a;® 

6a;* + 3a; 
6a;®-9a; 

12a;-18 
12a; -18 
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Before starting the work of division both divisor and dividend 

should be arranged in the same order (ascending or descending) 

of powers of one of the symbols used. 

Example 2. Divide 5aj~3-far®-fa^ -by 2a;-3 + 

Arranging the expression in descending powers of x^ 

+ 2x - Z) ->r a;® - 4tx^ + 5a;-3( x^ -x-hi 
x^ + 2x^-3x^ .*. 

-x^- x^ + 5x.(2) 
-x^ -2x^-h3x.(3) 

^2^23;-3 .(4) 
a;2-f2a;-3 

^ = is the first term of the quotient. 

a;2(a:2 + 2a; - 3) =a;* -f 2a:® - 3a;2, 

and we thus obtain line (1) as in Arithmetic. 

Line (2) is obtained by subtraction, and by bringing down the term + 5ar. 

-x^ 
= - X ; - a: is the second term of tlie quotient. 

-x(x^ + 2x-3)— -x^-2x^-h3x, 

tnd we thus obtain line (3). 

Line (4) is obtained in the same way as line (2). 

a;2 
= 1 ; 1 is the last term of the quotient. 

There is no remainder, as we see by subtracting the last line. 

91. The analogy between the Algebraical and Arithmetical 

methods of division is at once seen if we compare the following : 

Arithmetical method. Algebraical method. 

121) 14883 (123 
121 102 + 2.10 + 1 )10«+4.10® + 8.10’' + 8.10 + 3(102 + 2.10 + 3 

' ”^78 10*+2.10®+ 10® 

242 2.10® + 7.102 + 8.10 
363 2.102+4.102+2.10 

363 3.102 + 6.10 + 3 
3.102 + 6.10 + 3 

a;*+2a; +1 ) a;* + 4a;® + Sa;® + 8a; + 3 ( a?* + 2a; + 3 
a;* + 2a;®+ a;® 

2a;® + 7a;* + 8a; 
2a;* + 4a;® + 2a; 

3af* + 6a; + 3 
3a;® + 6a; + 3 
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Example 2. Divide +1 by a: +1. 

ar + l )a;® + l ( a:^-a:® + a;2-a: + l 

a^ + 1 
a;^ + a;^ 

-a;2 + l 
-X^ -X 

x-hl 
x-hl 

92. Detached Coefficients. From the preceding we see that 

in Division as in Multiplication we can shorten the work by using 

the method of detached coefficients. 

Example 1. Divide 6a:r^ - 7ar® + Ix^ + 18a; - 24 by 2x^ - 3a; + 6. 

2-3 + 6 )6-74- 7 + 18-24{ 3a;2 + a;-4 
6-9 + 18 

2-11+18 
^-3+6 

- 8 + 12-24 
- 8 + 12-24 

Example 2. Divide 6x^ - 23x3 + 18x2 21x - 27 by 2x2 _ 3 

2+0-3)6+0-23 + 18 + 21 -27( 3x3-7x + 9 
6+0- 9 

-14 + 18+21 
-14+ 0+21 

18+ 0-27 
18+ 0-27 

Examples. XVI. a. 

[All the following divisions may be done by the method of Detached Coefficients,] 

Divide • 

1. x® - 3x2 + 4a; + 28 by X + 2. 2. x® - Ox® + 13x +15 by x - 3. 

3. 2x»-3x2 + 7x-3 by 2x-l. 4. 6x3+ 2x2 + llx- 10 by 3x-2. 

5. 24x3-35x2-36x45 by 8x-l. 6. 16-17x-30x2-28x3 by 3-7x. 
7. x® 4.3a;2 4.3a; +1 by x2 + 2x + l. 8. x* -3x2y + 3xy* -2^ by x^ -2xy +y\ 

9. x® - 6x2 i2x - 8 by x® -4x + 4. 10. 8x3 _|_ i2a;2 + 6x +1 by 4a;2 +4x +1. 

11. 27a» - 54a26 + 36ab^ - 86® by Oa® - 12a6 + 45®. 
12. 125x3 _ 27^3 _ 225x3y + 136xy8 by 25x2 ^ 9^2 _ 39^, 

13. 9x3-18x2 + 26x-24 by 3x-4. 14. x®-4x2+ 5x-2 by x®-3x + 2. 

15. x^-y^hyk-y, 16. x®-27 by x* + 3x + 9. 17. 27x3-1 by 3x-l. 
18. a®+ 6® by a+ 6. 19. x* -1 by x -1. 20. x*-l by x + 1. 

Example 1. Divide x® - y® by x - y. 

X -1/ ) X® - y® ( x® + xy + y2 
x® -x2y 

a;2y _y3 

x^y - xy2 

xy^ -y® 

xy2 -y® 
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21. ic® + + a:4-1 by a: + l. 22. -x^ +x -I by a;-l. 

23. 81 -16 by 3x4-2. 24. x*4-x®4'l by x^-t-x-fl. 
25. 4“x24-1 by -a;4-1. 26. x*4-4x®4-6x^4-4x4-1 by x^4-2x4-1. 
27. x3-6x24~12x-8 by x-2. 28. 12x3-38x24-38x-20 by 6x2-7x4-5. 

29. 6a2 -2a-a^ - 4a3 4- a® by a® - 4a 4- 2. 
30. -141x2-180x4-5x^-32-58x54-24x«4-92x3 2x2-4-3x. 
31. 6x5 - x4 4- i0a;3 „ i4a.2 _ 25 by Sx® 4- 4x 4- 5. 

32. x® - 3x5 4- a;3 4.358x _ 357 by x® 4- 2x - 3. 

Harder Examples in Division. 

93. Example 1. Divide 9a2 - 462 _ c® 4- 46c by 3a - 26 4- c. 

3a - 26 4- c ) 9a2 - 46® - c® 4- 46c ( 3a 4- 26 - c 
9a2 - 606 4-_ 

606 - 3ac - 462 _j. _ ^2 
6a6 - 462 ^ 26c 

- 3ac 4- 26c - c2 
- 3ac 4- 26c - c2 

Example 2. Divide a® - 6® 4- c® 4- 3a6c by a - 6 4- c. 

Arranging divisor and dividend in descending powers of a, 

a - 6 4- c ) a® 4- 3a6c - 6® 4- c® ( a® 4- 06 - oc 4- 6® 4- 6c 4- c® 
g® - a% + a^c 

a^b - a^c 4- 3a6c (rem. arranged in descending powers of a) 
a^h - a62 4- abc 

-o2c 4-06® 4-2a6c (.) 
-a^c 4- abc - ac^ (placing like terms under one another) 

a62 4- a6c4-ac®-6® (bringing down -6®) 
06® - 6® 4- 62c 

abc 4- ac® - b^c 
abc_- b\ 4- 6c2 

ac® - 6c2 4- c® (bringing down c®) 
ac® ~ 6c® 4- c® 

Example 3. Divide y^^x* - |x®y - yX®y® 4- |xy® 4- by |x2 -xy- |y® 

t*” --12/‘) -T®V + ^*3/* + ”3^ ( t®’ - Y ~ 

16" ■ 2-'“ 16 Sar» 8 

-|»’y--r'V+|ay» 

3x« . -f«^+ -4- + .5®r 

- xV + fy+W 
- x®y®-f-fxy®4-yv 
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Examples. XVI. b. 
Divide 

1. a^ + 4ab+4.b^ -c^ hy a+2b ~c. 2. a* + 4b* hy -2ab-\-2b\ 

3. a^-{-b^ + c^-\-2ab + 2bc + 2ac hy a+ b+c. 

4. Qct^ - 46* - c* - 46c 3a - 26 - c. 5. a?® - a® by a?* + aa; + a*. 
6. a* - 6* - c* + 26c by a + 6 - c. 

7. 2a:^+aH^--31a: + 9a;* + 15+4a;®by 2a; + a;*-3. 
8. a::®-y®-f-6y* - 12y+ 8 by a;-y+2. 

9. 1 + a® + a^® by a* + a 4-1. 

10. 6a:* + 5y* - 13a:y (a;* + y*) + 23x-y^ by 3a:* 4- y* - 2a:y. 

11. a® + 6® 4- c® - 3a6c by a 4- 6 4- c. 12. a® 4- 6® - c® 4- Sabc by a 4- 6 - c. 

13. a:® - y® 4- 8 4- 6a:y by a: - ?/ 4- 2. 14. a:® - 1 by a: 4-1. 
15. X* 4- a:*y® 4- y* by a:* - a;y 4- y*. 
16. a® 4- 6® 4- c® - 3a6c by a® 4- 6* 4- c* - a6 - 6c - oc. 

17. a*(6 4-c) 4-6®(c4-a) ~c*(a4-6)4-a6c by a4-6 -c. 
18. a:® -y® by a:® -y®. 19. 64a®-1 by2a-l. 

20. a®(6 ~c) 4-6®(c-a) 4-c®(a-6) by a-6. 

21. a:® 4-^aa;® 4-|a®a: - a® by a:-^a. 

nn 2 2 82 43, a; a 
22. - + + by 2-3. 

23. 
a:® x^y 11 xy^ y® 
8 2 12 2 

a** 
by 2 

a® 6® , a 6 
24- 8-^ ^^2-3- 

25. g + 4 bv Ul 
64 125 " 4 5 

a* . o®6® 6* a® a6 6® 
le"^ 36 ■^81 4 6 9 ‘ 

27. 
27 

fsQ a® 3a®6 3a6® 6® , a® a6 6® 
^O. ‘^ntf *“ oTT “■ /vS 6y — r7i^4" I 

125 100 80 64 25 10 16 

‘2T '*■49 "343 3"7' 

Remainder Theorem. 

94. If ax^ + bx + c is divided by x-p until the remainder is 

independent of x, that remainder ivill be ap^-{-bp-he. 

x-p) + bx-{-c {ax + (ap 4-b) 
ax^ - apx 

(ap -{-b)x-\-c 
(ap + b)x - (ap 4- b)p 

ap^ + bp-\-c 

This proves the theorem. 

It should be observed that this remainder may be obtained by 
substituting p for x in the dividend. 
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The above is true for all values of the symbols used, and hence 

when 3x^ ~ 4aj + 5 is divided by x - 2, 

the remainder=3x2^- 4x2+5 

= 12-8 + 5 = 9. 

This of course can be tested by actual division. 

Again when - 7x + 9 is divided by x + 5, 

the remainder = 4 ( - 5)^ - 7 ( - 5) + 9 

= 100 + 35 + 9 

= 144. 

95. If ax^ + hx^-\-cx + d is divided hy x-f until the remainder is 

independent of x, that remainder will be 

ap^ + hp^ + cp + d. 

First method. Performing the actual division, 

X- p) ax^ + 6x2 + cx + cZ ( ^3^2 + 6)x + (ap2 + 4. 
ax^ - apx^ 
(ap + 6)x2 + cx 
(ap + 6) x2 - {ap + b) px 

{ap^ + bp'\-c)x + d 
(ap^ + + c) X - (a/>2 + bp + e)p 

ap^ + bp^ + cp + d 
This proves the theorem. 

As before, the remainder may be obtained by substituting p for 

X in the dividend. 

When 4x^ - 3x2 + 7x - 9 jg (divided by x -11, 

the remainder = 4 X 11^-3 x II2 + 7 x 11 - 9 

= 5324-363 + 77-9 

= 5029. 

When x2 - 4x2 + 6x - 4 is divided by x - 2, 

the remainder = 22-4x22+ 6x2-4 

= 8-16 + 12-4 

=0. 

x® - 4x2 4- 6a? - 4 is divisible by x - 2 without remainder. 

We thus have a ready means of testing whether any expression 

is exactly divisible by a given binomial expression. 
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Second method. When aoi^ + hx^ + ca; + cZ is divided hy x-p until 

the remainder is independent of x, let P denote the quotient, and 

R the remainder. 

Then + + = x P+ R.(1) 

[Just as in Arithmetic when we divide 57 by 9, 57 = 9 x 6 + 3.] 

Considering the equation (1), R is independent of x, by hypo¬ 

thesis. Also the equation is true whatever value we assign to x. 

Let x=^j). Then the equation becomes 

a'p^ + h'p^ + c'p + d = R, for (a:-_p)P = (jo - jL/)P = 0. 

This proves the theorem. 

96. For what value of p is x^-(p + 2)x-\-^ divisible by x-p 

without rernainder ? 

When the division is j)erformed the remainder, by the pre¬ 

ceding articles, + 2)jt, + 6 

=p2-“p2-2p + 6 

= -2p + 6. 
the reqd. value of p is obtained by equating this remainder 

to zero, in which case - 2p + 6 = 0, 

2;? =6, 

p = 3. 

97, For what value of p is a^~{p + 6)x^ + (6p + c)xi-d divisible 

by x-p without re^nainder % 

When the division is performed the remainder 

=- (p + 6)p^ + (6p + c)p + d 

—p^-p^- %p^ + ^cp^-d 

= c/? + d. 

/. the reqd. value of p is obtained from the equation 

cp + d^Oy 

i.e. cp= -d, 

d 

^ c 

Examples. XVI. c. 

Without actual division, find the remainder when 

1. a:* - 7a;® + 11a; - 5 is divided by a; ~ 3. 

2. 2a;® + 7a;®-9a;+ 2 is divided by a;-2. 
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3. rr* -3a;* -4ar + 6 is divided by x-h2. 
4. 4a:® -5a:*-f-lla: -7 is divided by x + 9. 

5. 6x - 6x* - 7 + 2x* is divided by 2x - 3. 

6. 4x^ - 3x* + 8 is divided by x* - 3. 
7. For what value of p is 3x*-^x-fl0 divisible by 3x-5 without 

remainder ? 
8. For what value of p is x* -7x-hp divisible by x - 2 without remainder ? 

9. For what value of p is ~7x^ - 9x -p divisible by x-3 without 
remainder ? 

Employ the second method of Art. 95 to find the remainder when the 
following divisions are performed : 

10. (x®-7x*-11x + 16)-4-(x-3). 11. (4x*-Sx* + 7x-3)-^(2x + 3). 
12. (9x^-4x* + 16)~(x2-2). 13. (4x8 4-5x^-4x*-7)-f-(2x2-3). 

Employ the second method of Art. 95 to prove that there is no remainder 
when the following divisions are performed : 

14. {x* -y^)-i-{x-y). 15. {x^^-y^^)-^{x ~y). 
16. {x^ +y^)-^(x + y). 17. (a^* 

CHAPTER XVII 

REVISION PAPERS 

XVII. a. 

1. In the following expression, first remove the brackets, then rebracket 
the coefficients of the different powers of x, making the first term in each 
bracket positive: 

(x-p){x-q)~{x+ q) (a: + r) + (a; - r) (x - p). 

2* Plot the points (10, 5), ( -5, 15), (10, 22) and find the area of the 
triangle formed by joining them. 

3. Draw the graphs of 5y = 6x. Hence solve these 

simultaneous equations, and verify your solution by algebra. 
4. A bill of £1. 35. 3d. is paid in half-crowns and three-penny pieces. 

If there were 12 coins altogether, how many were there of each kind. 

5. Multiply X* - X -f 2 by x* + x -h 2. Check your answer by using x = 2. 
6. Divide x® - 4x*y + 3xy* - 12y^ by x - 4y, 

7. Find the remainder when 2x*-x®-fl0x*-2x-i-18 is divided by 
2x*+a; + 5. 

xvn. b. 

1. A is X years old, and B is y years younger. 
(i) What is the sum of their ages ? 

(ii) What will be the sum of their ages 10 years hence ? 
(iii) What was the sum of their ages 10 years ago ? 
(iv) What was the difference of their ages 10 years ago ? 
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2. Plot the points (10, 4), ( -7, 4), { -7, 13), (10, 13) and find the area of 
the quadrilateral formed by joining them. 

3. In the same diagram draw the graphs of 

y-a;=2. 

What do you deduce as to the three simultaneous equations ? 

4. The sum of the two digits of a number is ten. By reversing the digits 
the number is increased by 36. Find the number. 

5. Multiply a* 4- 2ab - by a® + 2ab + 6^. Check your result by putting 
a=6 = l. 

6. Find the continued product of 2a -by 2aby 4La^ + 6®. 

7. Divide 6ax^ -x*- + 4a^ by 2a® f Sax - x\ 

XVII. c. 
1. I buy apples at the rate of x apples for threepence. 

(i) How many do I get for half-a-crown ? 
(ii) What will 100 apples cost me ? 

2. Find the length of the line joining the points (1*6, 3-6), ( -1*6, 1*2). 
3. Make a table to show six pairs of corresponding values of x and y 

which satisfy the equation 3a;-f 4y = 13. Choosing a suitable unit, plot the 
points accurately, and draw the graph. 

4. Find the value of (a;® + 1)**. Check your result by using x® = 1. 

5. Express the following in the form of an algebraic equation. The cost 
of X things at half-a*crown each, y things at 9d. each, and z things at 4Jd. 
each is £a. 

6. Find the continued product of x® - 3i/®, x® + 3?/®, x^ 4- ^y*. 

7. Divide 6x^ - 21 - 5x® - x - 19x® by 2x® - 5x - 7. 

XVII. d. 
1. A man runs at the rate of x yards in y minutes. 

(i) How many yards does he run in an hour ? 
(ii) How long does he take to run a mUe ? 

2. Plot the points (0, 0), (8, 5), (12, 18), (0, 23) and find the area of the 
quadrilateral formed by joining them. 

3. Draw the graphs of 3x-4y = 10, and 3x + 5j/ = 15, and hence find 
approximate solutions of the simultaneous equations. Verify by sub¬ 
stitution. 

4. Multiply x*-3x®-i~l by x®-3x+2. Check your result by putting 
x = 10. 

5. Find two consecutive even numbers such that 73 times their difference 
b equal to their sum. 

6. Simplify (x® + ax + 6)® - (x* - ax+6)®. 

7. Divide a® - 5a6 + 66® - a + 6- 2 bya-26 4'1. 

xvn. e. 
1. How far does a train travel: 

(i) In X hours at y miles an hour ? 
(ii) In X hours at y miles a minute ? 

(iii) In X minutes at y miles an hour t 
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2. Plot the points (15, 0), (19, 6), (10, 14), ( -14, 8) and find the area of 
the quadrilateral formed by joining them. 

3. Find the area of the triangle formed by the graphs of ?/ = 8, a;=:18, 
X -f-8 —0. 

4. If C is the circumference of a circle and D its diameter, C=-y-D. 
Draw a graph and from it read off the circumferences of circles whose 
diameters are 4 in., 11 in., 20 in., and the radii of circles whoso circum¬ 
ferences are 47 in. and 31-4 in. 

5. Find the value of (x^ 1)®. Check your result by putting a; = 1. 

6. The sum of any number which has an even number of digits and the 
number formed by reversing its digits is divisible by 11. Prove this in 
the case of a number of two digits. 

7. Divide -i- a6 - 6^ - a + 76 -12 by 2a 4- 6 - 3. 

XVII. f. 

1. Write down the cost of : 
(i) X things at y pence each. 

(ii) X things at 3 a penny. 
(hi) X things at y a penny. 
(iv) X things when y things cost 3 pence. 

2. Solve the equation (3a; - 1)^ 4-(4a;-2)* —(5a:-3)®. 
3. Plot the points given by the table below, and deduce the equation of 

the graph which passes through them. 

X — 0 1 2 3 4 

2/ = •75 3-5 6-25 9 11*75 

4. A walks at 4 m. an hour, and 4 hours after his start B bicycles after 
him at 10 m. an hour. Find, graphically, as accurately as you can, how 
far from the start B catches A up. 

5. Multiply 2x^--5x + 3 by x^-3x + l, checking your result by putting 
x = 2. 

6. Simplify {2x-\-a){2x-\-b)-{2x-\-a){2x-\-c) ■\-{2x + c){2x-b). 

7. Divide - a6 - 06^ + oc -j- 176c - 12c® by a + 26 - 3c. 

xvn. g. 
1. From the sum of 56-3a-4c, 4a-26-^^, and h”“? + 5c, subtract 

a b c 
2~2^2' 

2. Simplify \3{x-\-y)-2{y-z)-{2x + zy\\2{x ~z)-{x-y)+ z]. 

3. Solve the equation 2(a;-3)-f (a:-2)(a:-4)=a;(.'r + l)-33. Test your 
result. 

4. Two men bicycle a journey of 45 miles in opposite directions, ono 
man doing the journey in 6 hours, the other in 4 hours. Where do they 
meet ? Solve the problem graphically, and test your result in any way you 
please. 

B.B.A. K 
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5. Solve the equations 5 (a: -1) +11 (y - 4) = 97, 
ll(x~5)+ 5{y-U)^0. 

6. Divide the sum of ()a;(x~l)2, (3a;+ 1)2, and -2(8a:2 + 3) by 2a;-5. 

7. Divide 104 into two parts, such that four times their difference may 
exceed by 2 the sum of one-fourth of the greater and one-third of the less. 

XVII. h. 

1. From the excess of 5 over a; - 3, subtract a;^ - 2a; + 8. 

2. Find the product of a{x~-b) -a(l -b) and (a; + 3)(a; - 1) -(a; + 2)(a: - 1). 

3. Choosing a suitable unit, draw accurately the graph of 3y = 2a; + 7. 

4. A does a journey at a uniform rate in 6 hours. B starting at the 
'same time, but at twice A’s rate, is delayed for 2| hours when he has 
gone half way. He, however, reached the end of the journey at the same 
time as A. Prove gTa})hically that if B travelled at the ])aco at which he 
did the second half, he w ould do the complete journey in 4 hours. 

5. What values of x and y will make both 
3(r - 4) - 2(2/ + 3) and 2(a; - 15) + 3(y - 4) equal to unity ? 

8. Simplify [27(a;-y)(a; + y)-8y(6a;+y)l+-(9a; + 5?y). 

7. A certain number of shillings, and two-thirds of that number of 
half-crowms, are together less than four guineas by tw'o-thirds of the same 
number of florins. What is the number ? 

XVII. k. 

1. From the excess of 2x{x-^j) over 5(1 -2x) 
take the exce.ss of x{x - 3) over 3(4 - x). 

2. Find the values of 4a; - Zx^ for integral values of x from - 3 to 3. 
Tabulate your work. 

3. Solve the equation 8(a; + l)^ - 10(a; + 2)(6a;-7) = (2a;-3)® - 150a;. Test 
your result. 

4. A does a journey of 42 miles in 5| hours, and B starting an hour 
later does the reverse journey in four hours. Find, graphically, as 
accurately as you can, how far their meeting place is from A’s starting 
point. Test your result. 

In how many minutes after B’s start wore they first 20 miles apart ? 

5. Solve the equations - - . Test your result. 
l^l^l 11^1 

X y 2’ a; y Z’ 
6. Simplify [2x{x-l){x ~2)-{x + 9f+ lQ]-\-{x-b). 

7. A debt, which might have been paid exactly with 5a; half-sovereigns 
and x half-crowTis, was paid out of a £10 note, and the change was found 
to be equal to 15a; half-crowns and x half-sovereigns. Find x and the 
amount of the debt. 

XVII. 1. 

1. Find the continued product of 
a; + y, x-y, x^-\-y\ a;* + y*. 

2. A is a; years old, B y years old, C z years old: what was the sum of 
their ages a years ago ? 

3. Solve the equation (a; + l)(a; + 3)(a; + 6)=(a; + 7)(a; + 9)(a;-7). Test 
your result. 
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4. Taking 7 oms. =2-76 inches, draw a ^raph which will enable you to 
convert centimetres to inches and vice versa. 

From the figure read off the value of 

(i) 4-3 cms. in inches, <ii^ 5*7 cms. in inches, 
(iii) 1*5 in. in cms. (iv) 2-2 in. in cms. 

5. Simplify [^x{x-2y^-5ix-2){x-\-2)-\-2x->(-\']~{*ix ~1). 
6. A man buys a case of oranges at 8d. a dozen. He finds .54 spoiled, 

and selling the rest at 7 for 5d., he loses 2^. 0d. on the transaction. How 
many did he buy ? 

7. Solve the equations 7y - 2a; = 1, 2w- a; = 15, 

2?/+ s = 7, lOy4 b^i; = 19. 

CHAPTER XVIII 

RESOLUTIOI^ INTO FACTORS 

98. When an algebraic expression is expressed as a product of 

its factors, it is said to be resolved into factors, and the process 

of finding the factors is called resolution into factors. 

We have already dealt with some of the simpler forms of 

factorization ; thus we have seen that 2x - 6 ^ ~ 3). 

In other words the factors of 2a; - 6 are 2 and (x ~ 3). 
Example 1, Resolve 4a2 _3a into factors. 

a is common to both terms, 
4a2 - 3a = a(4a-3), 

or, the factors of 4a^ - 3a are a and (4a - 3). 

Example 2. 6a:^ - Ix"^ - 2x—x{^x^ - lx ~ 2). 

Example 3. 3a-6o - 5ab^c-^4:abc^~abc{^a - 56 + 4c). 

Example 4. l^x^y^ ~ 5xy^ - 20x^“~5xy“{3xy -y^ ~ 4:X^), 

N.B.—The above results should be checked by removing the brackets. 

Examples. XVIII. a. 

[Check results by removiing brackets,'] 

Resolve the following expression into factors : 

1. aX'^tob. 2. ox-aK 3. x^-3ax, 

4, x^ - 5ax^. 5. ax^ - a^x + cfi. 6. 3a^ - 3a6. 

7. 5x^-l5x^y. 8. x^-xy, 9. 21-.56a:. 

10. 25a;2-20a:y. 11. ax-bx-^cx, 12. -2a;^ + 4a;. 
13. - ay + 6y 4- cy. * 14, - apxy 4- p6a;y. 

‘ 15. 76a*a:3 _ 16. Sp^a;* - 9pa: 4-12. 

‘ 17. x^yz 4- xy'^z - xyz^, -18. lab - 76c - 216a:. 

-19. 14a;® - 7a;®y 4- 56a;y®. 20, 36a;®y2 - 54a;y®z 4- 48a;y2® - 18a;®y*2*. 
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TRINOMIAL EXPRESSIONS 

99. An algebraic expression of three terms is called a trinomial. 

Examine the four multiplications given below. 

x + 2 x-2 
X -\-3 x-3 

3? + 2x x^-2x 
+ 3x + 6 — 3x4-6 

x^ + 6x + 6 x^ - 5.T + 6 

(x + 2) (x + 3) (x-2)(.t-3) 

= ^2 + 5a; + 6...(i). = x^~5x 

a? + 2 x-2 
x-3 X4-3 

x^-\-2x x^Z'ix 
-3x-6 + 3x — 6 

x-6 a;2+ x-6 

(x + 2)(x-3) {x — 2){x-\-3) 

= a;2-ic-6...(iii). ^x^ 4-X- 

The results are different forms of the expression 

+ prr + q. 

In each case we notice in the product that 

(1) the coefficient of x is the algebraic sum of the second terms 

of the factors. 

(2) the third term is the product of the second terms of the 

factors. 

In (i) 2 + 3 = 5, 2x3 = 6. 

In (ii)-2-3=-5, (-2)(-3) = 6. 

In (hi) 2-3=-1, (2)(-3)=-6. 

In (iv) -2 + 3 = 1, (-2)(3)=-6. 

Reversing the process, in order to find the factors of an ex¬ 

pression of the form + + we must seek two numbers whose 

algebraic sum is p and whose product is q. 

Examples. 

^1x-¥\2-(x-\-4)(x + ^), for 4 + 3 = 7 and 4 x 3 = 12. 

a;2-7a: + 12 = {a;-4)(a;-3), for -4-3= -7 and (-3)( -4) = 12. 
(x^^4x-12)={x-6){x + 2), for -6+2= -4 and ( -6)(2)= ■ 
(a:* + 4ar -12) = (x + 6)(a; - 2), for 6 - 2 = 4 and (6) ( - 2) = -12. 

-12. 
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100. In more general form the above results may be expressed 

thus : 
x^ + {n +&)x + a6 = (x + a)(a? + 6), 

- (a + b)x ab = (x -a){x - h), 

x^ + {a - b)x -ab (x a)(x - b), 

x^-(a- b)x-ab = {x-a)(x-\-b). 

All the above can of course be checked by multiplying the 

factors. 

We also see that 

abx‘^ + {a + b)x +1 = {ax +1) (6x +1), 

ahx^ - (a + b)x +1 = {ax - 1) - 1), 

abx^ 4- (a - b)x -1 = {ax -\){bx +1), 

abx^ ~{a- b)x -1 = {ax +1) {hx -1). 

3x2 + 4a; + l-(3a; + l)(x4-l), 

10x2 - 3a; -1 - (5x +1) (2x -1), 
10x2 + 3x -1 = (5x - 1) (2x +1). 

x2 - 1 Ix^ +10^2 = (a; - lOy) {x-y), 

x2 - ixy -21y^ = {x- 7y) (x 4- 37/). 

Examples. XVIII. b. 

Resolve into factors: 

1. 4 9a; 4 20. 2. x2 -lOx + 21. 3. x2 + lOx + 24. 

4. + 10x421. 5. X2 -lOx + 24. 6. x2 - 8x + 7. 

7. + 3x + 2. 8. X2 - 4x + 4. 9. ! 1 

10. + X-2. 11. X2 + 2x + l. 12. x2 + 4x - 5. 

13. x^ 1 1 14. X2 + 12X + 35. 15. x2 - 6x + 9. 
16. x-^ -llx + 10.» 17. X2 -12X + 27. 18. x2+20x4 51. 
19. - 18x + 65. 20. X2 -lOx + 25. 21. x2 + x -42. 
22. 1 1 23. X2 + 4x -45. 24. 

uo 
C

O
 

1 1 

25. + 14x +49. 26. X2 + 2x - 63. 27. x2-22x + 120. 
28. x^ 1 C

O
 

1 29. X2 + x -72. 30. 1 - 3x + 2x2. 

C
O

 21 + lOx + X*. >32. X2 -\-{p-\-q)x+pq. 33. x2 - (m + n)x + mn. 
34. -\-{m - n)x - mn. 35. X2 ~{m -n)x - mn. 36. x2 + (2a + 6)x + 2a5. 
37. a:2 ~ (a + 36 )x + *i(ib. 38. x* - (2a -36)x -6a6. 
39. x^ 4 (4a -5b)x- 20a5. 40. x* - (5a -36)x - 15a6. 
41. + 7X-18. 42. X2 -x-llO. 43. 1 -5x + 6x2. 
44. 5- 1 45. X2 + 16X-17. 46. 40 - 13x + x2. 
47. 1 - - 3x - 130x2. 48. X2 -14x -15. 49. 40-3x-x2. 

50. + X-110. 61. 42 -x-x2. 52 66+5x-x2. 

Thus 

Also 
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Resolve into factors: 
53. 1 + 
56. x^ + 9xy -lOy-, 

59. 5x^ - ixy - 2/-. 

62. x^~30x + 225. 

65. 103a;+ 102. 
68. 54a;^ - 3xy - y^. 

71. 43a;2-42a;-l. 
74. 15aa;2-a:-l. 
77, 42a%^-afj-\. 
80. 54x^-l5xy-7/. 

83. a;22/2-13.T2/-48. 
86. a;2 + 34a; + 289. 
88. 81a;2 + 82a* + l. 

54. 72+a;-a;2. 

57. a2 +1606 + 1562. 

60. a2-2a6 - 2462. 

63. a;a-73a; + 72. 
66. 73a:2-74a: + l. 

69. 26a:2 + lla;-l. 

72. l-5o6 + 6o262. 
75. 1 - lOxy + 25x^y^. 

78. 17a;2 +160:2/-1/2. 
81. 57-22a: + a:2. 
84. a;2-93a: + 92. 

55. a;2-35a; + 216. 

58. a;2-23a; + 132. 
61. a;2-220:1/ +1211/2. 
64. 0:2 „ 2{)xy +1602/2. 
67. 0:2 _ 14^^^ ^ 45a2. 

70. 240o:2 + o:~l. 

73. x^y^~4xy-32. 

76. 510:22/2-20a:2/ + l. 
79. 54a;2 + 21a:?/ + y^, 
82. xhj- - \ %xy + 55. 
85. 167 - 166a: - a:2. 

87. l-30o: + 225.r2. 

89. T' - \()xy - 39j/^. 

101. An expression of four oerms can often be factorized by 
grouping the terms in pairs. 

Examples. ax -bx-vay - by 

— (a -b)x-\-{a -b)y 

— {a -b){x + y) [just as cx-\-cy=Q{x^y)'], 

Sax ~ 2by - Sbx + 2ay 

= (Srto; - Sbx) + (2ay - 2by) 

= 3a:(a-6)+22/(a-6) 

= (a-6)(,3a: + 2y). 
We might deal with x^ - (a -hb)x + ab in this way. 

0:2 - (a + b)x -I- ab = x^ - ax - bx + {zb 

= x(x - a) -b(x - a) 

~{x -a){x ~b). 
- ax^ + a2o; - a* = (o^ - ao:2) + [a^x - 

=^x^{x - a) + a^{x ~ a) 
= (a: -aXo:2 + a2). 

15a2 - 6a6 - 5ax^ + 26x2 _ 15^3^2 _ 26x2 

= 5a(3a -x2) -26(3a -x2) 
= (3a -x2)(5a -26). 

x2-2x2-3x + 6=x2(a:-2)-3(x-2) 

= (x-2)(x2-3). 

Examples. 

Factorize the expressions: 

1. ax 4-bx 4-ay 4-by. 

3. ax-2x--ay4-2y. 

5. x^+xy4‘XZ4-yz^ 

XVIII. c. 

2. ax-hx-ay4-by. 

4. 6x - ax - + ay. 
6. X® ~ xy + xz - yz. 
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7. ~ acd + abc - bd. 8. - 2x + xy - 2y, 

9. 3x- -3y + ay - ax. 10. a^ + be - ah - ac. 

11. be - a® - a6 + ac. 12. a^c^ + bd + abc + axA. 

13. a“c • f b‘^d + b'^c + a^d. 14. a^c ■ - aH - IM + b'^c. 

15. 3x^ + 2:r - (i. 16. x^ - xy - 2x'^ + 2y. 

17. x^ - 15 + 5r» - 3x. 18. x^y^ + + w“ + I. 

19. .r?/2 -1 ~y^ + x. 20. ab(x^ + i)-x(a‘ + b^). 

21. X“ - -4x + 4y. 22. a“ + m{m + l)a +m®. 

23. x^ + x^+x + 1. 24. x^ + x^^x + i. 

25. 2x^ ~ + 2x - i. 26. ax^ - bx^ + <2 - 6. 

27. 2x^ -3a;2 + 4x - 6. 28. 33^ - +12a: - 4. 

29. Ix^ -3a:2-2U + 9. 30. 2x^ -a:2-10a: + 5. 

31. 2x^ + 14a:2_3.r-2l. 32. lla:3+55x2 + 7a; + 35. 

33. - be - b + a^c. 34. a;2- a^ + x - a-x. 

35. 2a- - x^ - 2.^2 4- ax. 36. 2x^ + ~cx - 3c. 

102. Diiference of two squares. We know by multipli* 

cation that a2-b^ = (a + b){a-b). Hence we see that if an 

expression can be written as the difference of two squares, we 

can at once resolve it into factors. 

Examples. x- -4 -~ 2-= (x + 2) {x - 2). 
x2-l ^(a; + l)(:c-l). 

25x^ - V = (5x)2 - (33/)2 = {5x + 3y) {5x - 3?/). 

102-715 =.(io + 7)(10-7)=:17 x3^51. 

252-242 ^(25+24) (25 -24) =49. 

Examples. XVIII. d. 

Resolve into factors : 
1. 1 -a:2. 2. 1 -4a:2. 3. x'^-ia\ 4. a®-49. 
5. 9a^ - a:^. 6. 9.r2 - 1. 7. 2.’yx‘-16. 8. a:®-9. 
9. 25a:2~49. 10. or -25. 11. 121 -bK 12. a®-9. 

13. a:2-169. 14. 4 -a2. 15. 16-121a:2. 16. a%^-c^(P. 
17. 9a;y - I6a^b^. 18. lOP-1. 19. 11*-32. 20. a"®?/® -1. 

21. 64-c^d\ 22. 1 -9P. 23. 9-4a*. 24. 9a®62 -16. 
25. 1532-1522. 26. a:2 -10,000. 27. 10,0001*-1. 28. xY-Sla*- 
29. a^-b\ 30. b*-25. 31. X* - a*. 32. 36x^^-y^. 

33. a%^c^-x\ 34. 1 - 100a:2. 35. a^bV-dK 36. 1 -121a«. 
37. 49a:2-36y2. 38. p\^-4. 39. Uix*-y*^. 40. a®-2256®. 
41. 81 a:*-64. 42. 4mV -1. 43. 9i)*-49j*. 44. a:® - 169y®. 
45. 8la262_]. . 46. a:2« -3/“. 47. 02 -2896®. 
48. 121a»-14462. 49. 25a:“-169a‘». 50. -100. 
51. - 144p2. 62. 1- 100a:«yf28. 53. 121«®y8-l. 
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Find by factorization the values of : 

54. 3852 _ 2852. 55. 952 _ 352^ 56. 9992 -1. 57. 372 _ 272. 

58. 10012-1. 59. 2372-372. 60. 82752-82732.61. 352-332. 

•62. 8252-1752. 63. 972-942. 64. 6732-3732. 65. 9982-4. 

56. 18962-18922, 67. 972 - 9. 68. 27532 - 27452.69. 1092 - 81. 

70. 999992-1. 71. 1162-10. 72. 1252-252. 73. 1252 - 25. 

74. 2492-492. 75. 3642-642. 

103. When the terms have a common factor, this should 

first be taken out. The expression can often then be further 

factorized. 

Examples. -ax^=a{a^ -x^)=a{a-\-x){a -x), 

12x^ - 75 = 3 (4x- - 25) = 3 {2x + 5) (2a: - 5). 

27a^b*x^ - 147a262 r=3a262(962^2 - 49) 

= 3a262(36a: + 7)(36a;-7) 

Examples. XVIII. e. 

Resolve the following expressions into their simjjlest factors: 

1. 3a:2 - 12^2. 2. 7 - 7x\ 3. 2a;2 - 288. 

4. 45a:2y2 - 80a:2a2. 5, 3^8 _ 3^2, 6. 112a2a;y _ IVSa^y. 

7. 54a262 - 24c2d2. 8. 141a»6^ - 564a262. 9. 7o2_ 34362. 

10. 75^2 - 48. 11.11 - 9962. 12. 45a262 - 80. 

13. 13a6-1362. 14. 7x^~l575a\ 15. 33:^-300. 

16. 27ap2_ 147^2 17. 6053:2^ _ 72062c. 18. 13a6c2-52a6cf2. 

19. 17-68p2g2. 20. 7xhf-2SxY- 

104. Expressions in the form of the difference of two squares. 

Example. {x + 6)* - (c + d)K 

— [a + 6 4- c 4- d] [a + 6 - c + d] 

=(a 4- 6 -)-c 4-d)(o 4- 6 - c - d). 
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Examples, 

Resolve into their simplest factors : 

1. {a-bf-cK 2. a^-{b + 

A (x^2yY-lW. 5. x^-{2a 
7. {2x + 32/)^ yY. 8. - (4a: 

10. \Qa^~2ry{x + y\\ 11. (a;-fl)2. 
13. (a-26)2-(c+d:)2. 

15. {^x-yY-{x + 2y)\ 
17. {^p+qY-{t)i^~q)\ 
19. 4(a: + a)2-9(y-f 6)2. 

21. 3(a + 6)2-12(c + (i)2. 

23. (a+ 6)2 - (a -6)2. 

25. {^^x + 2yY-{2x + -Mj)\ 
27. l-(3a:-2y)2. 

29. 100-(2«z-36)2. 

31. (tt2+62)2~4a262. 

33. a^b'^-{ab-lf. 

35. (a;2-2a: + 3)2-(a;2 + 2a:~2)^. 

xvm. f. 

c)2. 3. (x-l/)2 -4^2. 

-6)2. 6. (a; + i/)2-(a+6)2. 

-2/)^* 9. 25a:2-(a-6)2. 
(a:-1)2. 12. (2a: + a)2-(2a;-a)‘ 

14. (a + 6+c)2-(a:+2/ + 2)2. 
16. (2a:+ 5)2-(2a;-3)2. 

18. 9a:2-(3a:-y)2. 

20. 9(a: + 2/)2-4(a;-2/)2. 

22. 64^92-(g-4)2. 

24. (2a: + 3i!/ + a)2-(a:-2/+a)2. 

26. (4a: - 3a)2 - (4a; + 3a)2. 
28. l-4(a:-y)2. 
30. 16a2 - (4a - 6)2. 

32. (a2+262)2 -4a26a 

34. (3a-2)2-(2a-3)2. 

105. Harder Examples. 

Find the factors of 

a;2 _^2 4-47/2 -62+4a:t/ + 2a6. 

The given expression may be written thus : 

a;2 + 4a*y + 4y2 - (a^ _ 2ah + 62) 

= (a: + 2y)2-(«-6)2 

= [a: + 2^ + a - 6J [a: + 2^ - a - 6J 

= (a; + 2y+ a -6)(a: + 2y - a+6). 

Examples. XVIII. g. 

2. c2-a2-2a6-62. 3. a:2 + 2aa: + a*-62. 

5. a2-62-c2+26c. 6. l-a2+2a6-6*. 
8. a:2 _ 4a;y + 4y2 _ 9^262. 9. a:2 - 2xy + jf® - 9,, 

11. 1 -4a2 -62 + 4a6. 

Resolve into factors ; 
1. a2-2a6 + 62 -c2. 

4. 2/^ - a2 + 2aa: - a:2. 

7. a:2 - 2/2 + a2 + 2aa:. 

10. 16-a2-62 + 2a6. 
12. a* + 2aa: + a;2 - j/^ - 26y - 6®. 

14. a* - 2a6 + 62 - c2 + 2cd - d^, 
16. a:* -a:2 _2a;-l. 

18. 9a2 - 4c2+6* - a:2 - 606 - 4ca;. 

13. 4a2 - 4a6 + 62 - a:2 - 2ca: - cK 

15. a2 + c2-62-d2-2ac-26d. 

17. o* - 62 + c2 + 2ac. 

19. 5a2-10a6+662-200*. 



102 ELEMENTARY ALGEBRA [chap. 

106. Factorization of trinomial expressions when the co- 

eflScient of the highest term is not unity. 

This can often be done by inspection, but if the factors are not 

readily seen, the method described in the next article should be 

employed. jq^.2 + 29j; - 21 = (5a; - 3)(2x + 7). 

5x~-3 
Arrange the factors thus : x 

^ 2x + 7‘ 

Firstly. We see that the first term of the product is the 

product of the first terms of the factors, and the last term of 

the product is the product of the second terms of the factors. 

Thus if + llx - 35 has factors, 

their first terms must be 6x and x or 3x and 2x. 

Aiso, their second terms must be 35 and 1, or 5 and 7, with 

proper rigns prefixed. 

Secondly. We see that the coefficient of x is formed by the 

products 5a; X 7 and 2a;x(-3). [Notice the crossed lines (x) 

above.] 

We also notice that if the last term of the product is positive^ 

the second terms of the factors have the same sign : if the last 

term of the product is negative^ the second terms of the factors 

have different signs. 

Let us take a few cases. 

Example. Factorize - 17a; +10. 

The first terms of the factors must bo 3a: and x. 

The second . 10 and 1, or 2 and 5. 

.are of the same sign, and negative* 

We therefore have to choose from the following. 

I the coeff. of x would be -(1 + 3 x 10). 
3a: 

X 

3a: 

3a; -5 
lol. 

la; - 5 1 
I . -(3x2 + 5). 

a;-2 j 

3a; - 2 
X r 

X~5 j 
\ -(3x5 + 2). 

The last case is therefore the only possible one, and we see that the 
factors are 3a; ~ 2 and a; - 5. 
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After a little practice it will easily be seen which cases may be 

rejected. 

Example. Factorize 7x^ + 32a: - 15. 

The first terms of the factors must be 7x and x. 
The second. have different signs. 

7a: + 15) 
X, [ coeff. of X would be -7x14-15x1—8. 

x-\ ] 

7a:-151 
X \ . 7x1 -15x1=: -8. 

a; +1 J 

7a:-1 ] 
X [ . 7x15-1 = 104. 

a:4- 15j 

7a;-fl 1 
X V . -7x15 + 1= -104. 

a:-15[ 

. -7x3 + 5=-16. 
a;-:' ) 

1 . 7x3-5 = 16. 
x + Z J 

I . -7x5 + 3= -32. 

I . 7x5-3 = 32. 
X + 5 ) 

7a; -3 and .a;+ 5 are the reqd. factors. 

Example. Factorize 3.r- - Hx - 3. 
3 is not a factor of each term. 3a; - 3 cannot be a factor. 

/. the factors must be 
3a: - 1 and a; + 3, or 3a: +1 and x - 3. 

The second pair are the factors, for -3x3 + 1= -8. 

107. When the factors cannot readily be seen by inspection 

the following method is recommended. 

Example 1. Find the factors of 2x^ -5a;+ 2. 

2a;2 - 5a; + 2 = | {(2x)^ - 5(2x) + 4}. 

rrhis is the same as multiplying by |). 

(Writing instead of 2a;) - % +4^] 

= i(2x-4)(2x-l) 

^(x-2)(2x-l). 
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Example 2. Factorize I2x^-x-20. 

20 =-jlT[(12ar)2 - (12a:) - 240]. 

(Writing y instead of 12a:) 240) 

= -/'(2/-16)(2, + 15) 

= ^\(12a:-16)(12a: + 15) 

_^12a:-16^ ^12a: + 15j 

= (3a:-4)(4a: + 5). 

Example 3. Factorize 2Sx^ + xy - 45i/2. 

28a:“ -\-xy - 45^2 _ [(28x)2 + {2^x)y - 28 x 45^2j^ 

(Writing a instead of 28a;) = (a^ -hay-28 x 45y-). 

We now have to find two numbers whose product is ^28x45, and 
whose algebraic sum is 1. This can easily be done if we put the product 
- 28 X 45 into its prime factors. 

-28x45= -2x2x7 x5x3x3. 

-7x54-2 x2x3x3= -35-f 36 = 1 ; 

the given expression = o\(o + 36?/)(a - 35y) 

=-^^(28x -f 3(jy) (2Sx - 35y) 

—(lx 4 9y)(4x - by). 

Examples. XVIII. h. 

[Results should alivays he checked by multiplication.'] 

Find the factors of : 

1. bx“ - 12a: 4-4. 
4. 2a:2 4-lla:-21. 

7. 2x^-hl9x 4-9. 

10. 9a:2-18a:4-8. 
13. 9a;2 4-6a:-8. 
16. 6a:2-lla;-h3. 
19. 20a:2 4-41a:4-20. 

22. 24a:2 - 50a: 4- 25. 
25. 2a:2 4-5a:y4 32/2. 

28. Ux^ + 29x-15. 

31. 10a:2 - I3xy - 9y^. 

34. 26a:2-41a:4-3. 

2, 3a:2 4-14a:4-15. 

5. 3a:2 - 13a: - 30. 
8. 3a:2 _ 22a; 4- 7. 

11. 16a:2-8a:-15. 

14. 4x^ 4- 4a; - 63. 
17. 6a:2 _x - 2. 
20. 12a:2-7a;-12. 
23. 3-8x4-4a:2 

26. 2x'^ -hZxy ~2y^. 

29. 9a;2-9a:-28. 

32. lx^+4xy-3y^ 
35. 13a;*4-41a:4-6. 

3. 3a:2-7a:4-2. 

6. bx'^+42x-21. 

9. 4x^~l6x-hlb. 

12. 49a:2 4-21a:4-2. 

15. 6a:2 4-lla:4-3. 
18. 12a;2-25a;4-12. 
21. 18a;2-9a:-2. 
24. 5 4-9a:-2a;2. 

27. I2x^-h8xy-lby^. 

30. 14a:2-29a:4-12. 
33. 12a:2 4-17a:2/4-52/2 

108. By Multiplication (a + b) (a^ - ab 4- b^) = a® 4- b® 

and (a - h)(sL^ + ab 4- b^) = a^ - b^. 
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Example 1. a:® - I —P = - l)(ar2 4-a;H-l). 

Example 2. Tla^ + W ^ (3a)» + (26)^ 

= [3a + 26] [(3a)2 - (3a)(26) + (26)^] 
= (3a + 26)(9a2 - 6a6 +46^). 

Example 3. 1 - 27a:^ = 1 - (Sa:)® 

-(I -3a;)[l+(3a:)+(3a:)2] 
= (l-3ar)(l+3a;-f9a;2). 

Example 4. + 7292/® ^{2xf + (97/2)» 
- (2a: + 92/2) r(2a:)2 _ (2a:) (92/2) + (92/*)2] 

== (2a: + 92/2) - 1 Sxy^ + Sly^). 

Examples. XVIII. k. 

Resolve into factors : 
1. a:^4-^3^ 2. x^-y^. 3. 1-a:*. 4. 1-fa:^. 5. x^+y^. 

6. a:«-2/®. 7.Sx^-l. S,l+Sy\ 9.Sa^-^b^ 10.1+273:®. 

11. a-®+ 27. 12. 2/^-27. 13. a®+ 125. 14. 125a®-1. 

15. 8a:®-272/®. 1^. 8a®+ 276®. 17. a®-216. 18. 343a:®-!. 

19. 2/®-64.' 20. 04+2/®. 21. 1000a:®+1. 22. a®6® -l. 

23. 1 +a®6®. 24. a®66 - 64. 25. 8a:®?/® -1. 26. a:® +1. 

27. 64a®-12.56®. 28. 27a:®+^?®g». 29. 216a®-6®. 30. 512a:®+ 1. 
31. 729a®-8a:®. 32. l+729a:3. 33. a«-6c. 34. a:®-64. 

Miscellaneous Factors (Easy). Examples. XVIII. 1. 

1. -8ar® + 16a:. 2. a® - lla6+ 306®. 3. -3 + 3a:®. 

4. 3a®6®c2-21a36V + 18aW. 6. 3a2-27. 

6. 5a®-40. 7. 10a® + 9a6-62. 8. 3(a-1)®-3(a-2)®. 
9. x^y~3xyK 10. 7a®-175. 11. -a:®-a:®-a: - 1. 

12. 1 lac® - 33a2c. 13. 3 -21a; + ISa:®. 14. 3a262 - Sa® - 36® + 3. 
15. 12-3a:®. 16, p^q'^r*-3p^q^r^-\-2p^q^*. 

17. 3x11®-3®. 18. 15a:®-36a:+ 12. 19. x^ -px + qx ~pq. 

20. 4a:2-36a:2/-40y2. 21. 5-45^®. 22. 20a:® + 30a:y - 20?/®. 
23. lla:2~253a:2/ + 1452«/2. 24. 3-81x®. 25. 4-(3-a:)®. 

26. {x-yY-bx + ^y. 27. \bxf^-lby^. 28. 3a:®-6a:+ 3. 

29. 3a6 - 66 - 3ac + 6c. 30. 117x® - 13. 31. 2x® - 250. 

32. pqx^ +px + qx-\-\. 33. 2a:®- 16a: +14. 34. 7a;® - 14a; + Ixy 14y 
35. 2a® - 50. 36. a® + a6 - 426®. 37. 18a;® - Sy®. 

38. 15;)®(/®-12p®g® + 18i)®g®. 39. 363-3a:® 40. Oa:® + 36a;-45. 

41. 24a:2 - 2a: - 1. 42. 2 - a:® - 2a:® +a:. 43. 5a:® - 5i/®. 

44. 3a:® + 27a; + 60. 45. 3a:®2/® - 3. 46. 20p®g® - 5. 
47. 8aZ»®c® - a. 48. 11 x^ + 51a; + 34. 49. 9 (a - 6)® - 4(a - c)®. 

50. 7a:®2/«-700. 51. 2{x-yY-2. 52. 3-3(a:-s/)*. 

53. 1 - 5a? + 6a:®. 54. a?* - Qa?!/ + 20t/®. 55. 3a» - 36®. 
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56. 1 -^x-y)\ 
59. 3-3(2a;-l)2. 

62, 3j;2>12. 

65. %x^-2^-2xK 

68. 4a26c - ^ah'^c + Saftc^. 

71. x"^ ~>txy - A2y^. 
74. Zx-%x^ + 4ta^. 
77. 13a:« + 41rc® + 6a;2. 

57. 39x^-26x. 

60. x2-30x + 22r). 

63. 5x 4- 9x^ ~ 2x^. 

66. 7x^-8x + l. 

69. 7x^-7. 
72. 9.r^-18.r-315. 
75. 4a^-h4ab 

78. x"^ + px - qx - pq. 

58. 2x^ + 24xy4 70y^^ 
61. 18xS-9a;2-2a:. 

64. 15a“6 - 30<z62. 
67. 200~15a:-5a;2. 

70. x^-21x, 
73. - 125:r. 

76. 7a2 + 7a-770. 

*109. The Remainder Theorem (Art. 95) is often useful for 

purposes of factorization. 

Factorize the expression + 4:X^ + .9? - 6. 

When this expression is divided by ic - 1, the remainder 

= l+4 + l-6 = 0, .(i) 

i.e. the expression is divisible by a: -1 without remainder ; in other 

words x-1 is a factor. 

Knowing this we write the expression thus : 

a? - I + 4:(x^^- ^) + X-1 

==(x-1){x^ + x + 1)4-4:(x-1)(x + 1)4~x-1 

= (ic-l)(rr2 + jr + l + 4j? + 4 + 1) 

^(x-l){x^+ 6x4-6) 

^(x-l)(x + 2)(x + 3). 

From the above [see (i)J we observe that in any algebraical 

expression where x is the only symbol used, if the algebraical sum 

of the numerical coefficients is 2;ero, x-1 is a factor of the 

expression. 

Example. Factorize the expression 6a::® + 13ar® + 2a; - 5. 

When we divide by a; 4-1, the remainder is 

-64-13-2-5^0; .(i) 
.*. a; 4-1 is a factor of the expression. 

Knowing this we write the expression in the form 

6(x® + l)4-13(a:®-l)-h2(a;4-l) 

- 6(.r 4-1 )(a;2 - a; 4-1) 4-13(a; 4-1 )(a; -1) + 2{a; 4-1) 
= (a; 4-1 )(6a;2 - 6.1; + 6 4-13a: -13-f 2) 

= {x + l){6x^ + 7x-5) 

^{x + l){3x + 5){2x-l). 

Hence, comparing (i) with the given expression, we observe 

that in any algebraical expression where x is the only symbol used, 

if the algebraical sum of the coefficients of the even powers of x 
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is equal to that of the odd powers of x, x + 1 is a factor of the 

expression. 

♦110. Prove that (a-b)^ (c-a) are factors of the expression 

a^(h-c) -{-l^{G-a) +c^{a-h). 

When we arrange the given expression in descending powers 

of a and divide by a - 6, the remainder is equal to the value of 

the expression obtained by putting a = 5. (Remainder Theorem.) 

This remainder = h^ (h ~ c) {c - b) = 0 \ 

a - 6 is a factor of the given expression. 

In the same way we may prove that b-c and c-a are factors 

of the same expression. 

♦111. Miscellaneous factors. 
Example 1. Factorize the expression a;'* - a"*. 

- a'* — {x^ -f a^) (x^ - a^) 
— (x^ + a^) {x + a)(x~ a). 

Example 2. Factorize the expression x^ - a®. 

-a^ — {x^ + (x^ - a^) 
= {x + a){x^ -ax + a^){x - a) (x'^ + ax -i- a^). 

In a case of tliis kind it is advisable to consider the expression as the 

difference of two squares firstf as above. 

Example 3. Resolve into factors 3x* - - 18.*;'*^^®. 

3^:'^ - 3x^y - 18^2 ~ l^x- {x^ - xy - i\y^) 
=^3x^{x-3y){x-^2y). 

Example 4. Resolve (a + 6)® -1 into factors. 

(a + 6)3 -1 = {{a + 6) -1 ] [(d + 6)2 + (a + 6) +1 ] 
= (cH- 6 -1) (a2 + 2ab -f 6^ + a + 6 +1). 

Example 5. Resolve 32{x + yY ~2x--2y into factors. 

32(x + 2/)® -2.r-2^ = 32(a; + y)3 -2(a: + i/) 
^2{x-Vy){\^x + yf-\-] 

2 (a: + ?/) [4 (a; 4-y) + 11 [4 (a; + y) -1 ] 
= 2(0: +3/)(4a; + 4y + l)(4a; +4y - 1). 

Example 6. Resolve 9a;2 -49t/3 -9a: + 21y into factors. 

9a;2 - 492/2 - 9a: + 212/ - (3a; + ly) (3a: - ly) - 3(3a: - ly) 
= {3x-7y){3x + 7y-3). 

♦ Examples. XVIII. m. 

Resolve the following expressions into their simplest factors ; 

1. a*-bK 2. 16a*-1. 3. 32a:*-22/*. 

4. jc* .T® + 2a; ~ 1, 6. 3ax^ - 3a’. 6. 7(a + 6)^ - 7(a - 6)®. 



158 ELEMENTARY ALGEBRA [OHAP, 

Resolve the following expressions inti 

7. (a - 6)2 - 4 (c - d)\ ' 8. (a^ - ~ 

10. ^x^-l2x^-x + ^. 

12. ab{x^->ry^) ~xy{a^ 

, 14. 4x'* - 2x^y - '6xy^ ~ 
16. a^b^-va^bK 17. d(a-bf 

19. 84a;2-8:tr-l. 20. 4(2:r + 3)- 

22. a^b - 6(6 - cf. 23. -166^ 

25. - bx’^ + 4. 

27. a:2 4-(l -a)x - a, 
29. x“ -f 3aa: - Sab ~ b^. 

31. a:’-i-a:®-l-a; + l. 

33, {x’^-y’^-z^f-AyHK 
35. 2:^4-4x3-7x2-100:. 

37. 22:® - 9x2 4- 4a; -f-15. 

39. 15x2-4x-35. 

3 thoir simplest factors : 

{a-by. 9. {x~yY -x-\-y, 

11. 2.x3-hx2-18x-9. 

13. a{b +c ~d) - c{a -b -i-d). 

15. x^-13x2+ 36. 
-ac2. 18. x3-3a2a: + 2a3. 

>-9(x-3)2. 21. l+2x+x2-x«. 

24. a«-l. 

26. (x2 + xyY -{xy + y^)\ 

28. x2 + (2a + 6)x -ab ~ SaK 
30. (a2 - 62) (x2 - 2/2) - ^abxy, 

32. 200x2+ 10x-21. 

34. (x - 2yY 4- (2x - yY. 
36. (x2 + a2)5 4.(^2 4.52)a;. 

38. (ax + byY + {ay - bxY 4- c2(x2 + 
40. (x2 - a2)6 + (a2 - 62)x. 

41. (1-a6)2(a + 6)2-(l+a6)2(a-6)2. 

43. x4-3x3-2x2 + 12x-8. 
45. 6x3 _ ] 3a;2^ „ 9a;^2 ^ 

47. a(a + 2)x2 + 2x-a2 + l. 

49. 16a^-(6-c)«. 

61. 15x3 _ 4a;2y _ 13a;2^2 4. 

63. (x^ -xyY -{xy 
55. 5p2 - i9jDg + i2g2, 

57. 27x^-482/2. 

59. 2x2 + 7x-30. 

61. xy^ -yx^* 
63. 6(6-2)-(a2-l). 

65. (2x + 5)2-(3x-6)2. 

42. o(a + l)x2+x-a(a-1). 
44. 5x^ - 4x3 - 6x2 4.4a; +1. 

''•’'4:6. 2:3 _ 4^2 4- 4a; - 3. 

48. a2(l+6)-62(l+a). 

50. (l + 26-c)*- (“-6 + 2cy. 

52. x3 - 6x + 4. 

54. x2 + (a - 6)X2/ - ahy\ 

56. x + 8a3x2/®. 
58. x® - x2 - 4. 
60. a2x + a(l -x®) -x. 

62. 4x2-]2x-432. 
64. (x2^3)2_i6a;2. 

66. (x2-x)2-8(x2-x) + 12. 

CHAPTER XIX 

HIGHEST COMMON FACTOR 

112, When a term is the product of several letters, each of 

the letters is called a dimension of the product. Also the 

number of letters, when expressed without indices, denotes the 

degree of the product. 

a^hc — a , a , a .h , Cj and is therefore of five dimensions. 

Numerical coefficients are considered as of no degree. 

dx^yz, and 13xh/z are therefore of the same degree, the fourth. 
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The highest common factor (h.c.f.) or highest common divisor 

(H.c.D.) of two or more integral algebraic expressions is the 

integral expression of the highest degree which will exactly 

divide each of them. 

Consider the e:2tpressions 21aWcy 3 is the h.c.f. of 

the numerical coefficients 27 and 15. 

The highest power of a which will divide both expressions is a^. 

h . h\ 

c . c. 

/. the H.C.F. of the two expressions is 

Example. Find the h.c.f. of 15a®6*c®, 60a®6®, 25a^b^c^, 

The H.C.F. of 15, 60, 25 is 5. 

The highest power of a which divides all the expressions is aK 
. b . bK 

No power of c divides all three exj>res8ions. 

.*. the roqd. h.c.f.—5a^b^. 

Examples. XIX. a. 

Find the highest common factor of ; 

1, 5«“6, 10a62. 2. 3. abc, Sa^b, 

4. Sx^yz^. 5. 9a^bH^, Iba^bcK 6. 9a^a^, 2162^:5. 

7. 6x^2/, Zxy^, 8. x^y, y% xy^. 9. Sa^c®, 27a'^c\ 18o®c®. 

10. 2GxY, lSxh\ 39a?V^^- H- Z5a*^bW\ 2WcH\ 45a®6U lOa^b^cd^ 

12. 3a6c2, 6a?bCf labc^, ^abcd. 

113. In compound expressions the h.c.f. can be determined by 

inspection as soon as the expressions are resolved into their 

simplest factors. 

Example 1. Find the h.c.f. of 

a^bx + ab'^x and a^b - 6®. 
a^bx + ab^x — abx (a + 6), 

a^-^b^^b (a» ~ 6^) 6 (a + 6) {a - 6). 

By inspection the reqd. h.o.f. is b{a +6). 

ETftItiplA 2. Find the h.o.f. of x® - 17ar + 60 and x^ + lx-^ 

a:2 - 17a; + 60=(X ^ 12) (a; ~ 5), 

«* + 7a;~60=(a;+12)(af-5). 
/. the reqd. h.o.f. is «-5. 
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Example 3. Find the h.c.f. of x- -4, x^ + 3x + 2, a;® + a; - 2. 
-4~(x - 2)ix + 2), 

x^ -h3x4-2~{x4-l)ix+2), 

x^+x-2=:^{x-l)ix + 2), 

a: + 2 is the h.c.f. reqd. 

Example 4. Find the h o.f. of a:* - ax^ + a^x - a* and ic® - ~ a^x + a*. 
~ax^-^-a'^x-a^~x^{x-a) + a-{x - a) = {x - a){x^ + a^), 
-~ax‘^ - a-x ~X‘ ix - a) -a-(x-a) — (x-a)(x^ -a^) 

= (x + a){x -a)\ 

the reqd. h.c.f. is x-a. 

Examples. XIX. b. 

Find the h.c.f. of . 

1. a^^ax,a^ + ax. 2. 5a; -10, 4a: - 8. 3. x--\-xy, xy+ y\ 

4. x^ - 4, 3a; - 6. 5. + 2a6, ah + 26^. 6. a:- -f xy, x^ - 
7. x^ ~ 2a;?/, x^ - 4y^. 8. xr -f- 2xy +1/-, x‘^ ~ y-. 9. a;® - 3aa:^, 2x^ - Qax, 

10. 15a; - 45, 3x^ - 27. 11. 3x^ + 12a;y, 4a;2 ~ 6iy\ 

12. 4a;2 - 8a;?/, 2xi/ - 6y^, 13. x^ + 3a; + 2, + 6.r + 5. 
14. 1 - 2x + x^, 1 - x^. 15. 1 + 2x + x^, 4x - 4x®. 

16. X* - 7x +12, x2 - 8x 4-15. 17. x^ + y^, 6x^ - 5yK 

18. X2-X-20, x2 + 3x-4. 19. x2-121, x2 + 12x + ll. 
20. x2 + 17x + 60, x2--7x-60. 21. 3x3 + 2x2-h4ax + 2a2. 
22. a3 + 63, a^b - ab^ + b^. 23. x^ + x - 42, x^ - 9x + 18. 
24. 4x2 +12X-72, 3a;2-3x-18. 25. 24aV;2(a+ 6)^, 21^364(a®+63). 
26. 12x2 - a; ~ 1, 6x2 - 5x +1. 27. 2x2 5^ „ 3^ 7^2 ^ 53, 

28. x3-2x2-x + 2,x3-x2-4x + 4. 29. (6+ c)2-a®,(c + a)®-62,(a+6)a-c* 

30. 10x2 + 13x-3, 5x2-llx + 2, 5x2-^16x + 3. 

31. x2-7x + 10, x2 + 2x-8, 3x2-3x-6. 

32. (a - 6)2 - c2, (a + c)® - b\ (c - 6)2 - a\ 

33. x2 - lOx + 25, x2 -25, x® -125. 

34. x®-(a ~c)x-oc, x®-(a + c)x + ac. 
35. 2x2 ^a; _ 2x2 _ ^2, Cx® + x -2. 

36. 16x4 + 36x2 + 81, 8x3 + 27. 

37. x3~x2-3x + 3, x®-3x2 + 2. 
38. x*-x*-2x + 2, 2x3-X -1. 

39. 15x3-19x2 + 4, 9x3-9x2-4x + 4. 
40. x2 - 7x +10, 4x3 - 2.5x2 ^ 20x + 25. 

*114. When compound expressions cannot readily be factorized 

we find their h.c.f. by a method analogous to the Arithmetical 

method. 

Before attempting any such, the student must grasp the 

princinle underlying the Arithmetical method. 



XIX.] HIGHEST COMMON FACTOR lei 

Let us find the h.c.f. of 782 and 5451. 

782 ) 5451 ( 6 
4^ 

759 ) 782 (1 
759 

23 ) 759 ( 33 

69 
m 

23 is the reqd. h.c.f. 

This method depends upon the fact that if any two numbers 

have a common factor, the remainder, when one is divided by the 

other, has the same factor. 

Thus in the above, 

any factor common to 782 and 5451 is a factor of 759. 

. 759 and 782 . 23. 

This principle, a rigid proof of which will be given later, being 

true for Arithmetical numbers must also be true in Algebra, since 

the symbols stand for numbers. 

Let us now apply it to some examples. 

Example 1. Find the h.c.f. of - 8a; - 7 and + Sa;- + lOx + 21. 

a;« + 6a;2-8a;-7 ) a;3 + 8a;2 + 10.T + 21 ( 1 
8x- 7 

(a) 2)2a;’-^ + 18a: + 28)a^ + 6a;2- 8a; ^ 7{ar-3 

9a; +14 a;^4-9a;“ + 14a; 

^3^~22x- 7 
-3x=‘-27a;-42 

(6) 5 ) 5a;-H35(a;2 + 9a; + 14)a; + 2 

a: + 7 

2x + U 
2a;+ 14 

a; + 7 is the reqd. h.c.f. 

(a) Here we see that 2 is a factor of 2a;® + 18a;+ 28, but not a factor of 
jc® - - 8x - 7 : we therefore reject it. 

(b) We see that 5 is a factor of 5a;+ 35, but not a factor of a;® + 9a;+ 14: 

we therefore reject it. 

The work will be considerably simplified if factors not common to both 
divisor and dividend are rejected in this way. 



m ELEMENTARY ALGEBRA [CHAP. 

Time will be saved if the work is arranged as below: 

a;®4-6a:®- 8a; - 7 X® 4-8x2 + 10x4-21 
a;® + 9a;®4-14 X® + 6x® - 8x - 7 

-3a;®-22a:- 7 2)2x® + 18x + 28 
-3a;®-27.a;-42 x^+ 9x + 14 

~ 6 ) 5x 4-36 x®+ 7x 

x + 7 2x + 14 
2x + 14 

At the stage (c) we might have shortened the work thus. The factors of 
x2 + 9x + 14 are x + 2 and x + 7. x + 2 is evidently not a divisor of the 
given expressions. 

Dividing x^ 4- 6x“ - 8x - 7 by x + 7 we find that x + 7 is the H.C.F. 

When the given expressions have factors common to every 

term, these should be removed first, remembering that they 

themselves may have a common factor. 

Example 2. Find the h.c.f. of 
+1 Sa;* + 12a; and 90a;^ - 2013^ + 4- 36x. 

30a;« - 4- ISx^ + 12a; = 6a; (6a;3 - 13a;^ + 3a; 4- 2). 
90x^ - 207a;3 + ^3^2 + 36a; = 9a; (lOa;^ - 23a;2 4- 7a; 4- 4). 

3x is the h.c.f. of 6a; and 9a;. 

We now proceed to find the h.c.f. of the remaining factors. 

3x 6a;®-13x2 + 3x + 2 10a;®-23x2 + 7x + 4 2 
1 6x® - 9x®~3.r 12x®-26x2 + 6x + 4 

-2 - 4x® + 6x + 2 - X ) - 2a;® + 3x® + x 
1 - 4x® + 6x + 2 2x®- 3x - 1 

the reqd. h.c.f. is 3x{2x^ 

Example 3. Find the h.c.f. of 

fix® - 19a;® 4-1 la;® 4- 6 and 10a;® ~ 19a;® 4*2a; 4-6. 

W. 

3x 

6a~>-19aH* + lli:+ 6 
2 

i2a^-38x^ + 22x + 12 
I2a^ - 27a; 

-9 -38*2 +49a:+ 12 
ibi. -36a~“ +81 

-1)- 2x® + 49x-69 

1 2a:*-49a:+ 69 
X 2x^- 3x 

-23 -46a; 4-69 
- 46a; 4- 69 

The reqd. h.c.f. is 2x -3. 

10a;® - 19a:® 4- 2a; 4-6 
6a;®-19a;® 4- 11a; 4-6 

X ) 4a;® - 9a; 

4.a;® - 9 
4a;®-98a; 4-138 

49 ) 98a; - 147 

2a;- 3 

(o) 
id) 

2 
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N.B,—It is not necessary that the first term of the divisor should go an 
exact number of times into the first term of the dividend. See (a) and (6), 

It is, however, sometimes convenient, as at (c), to introduce a factor. 
At (d) we reject the factor x, which is not a factor of either of the given 

expressions. 

^ 116. If A and B represent any integral algebraical expression, 

then if A and B have a common factor, their sum or difference has 

the same factor. 

Let p be the common factor of A and B, and C and D the 

quotienl^ when we divide them by p. 

Then A=pC, and B = pD. 

A + B«p(C + D), p is a factor of A + B. 

In the same way A-B=p(C-D), p.A-B. 

Further if A and B have a common factor p, p is also a factor of 

mfK + nB and mA-nB, where mA and nB are any multiples of 

A and B. 

Let C and D be the quotients when we divide A and B by jt), 

80 that A—y>C, and B=pD. 

/. mA -f nB = mpO + npD 

—p(mC +nD); 

p is a factor of mA + ^iB. 

In the same way, mk - ?^B=p{mC -nD) ; 

p is a factor of mk^-nB. 

This can often be employed to shorten the work of finding 

a H.C.F. 

Find the h.c.f. of 

5x^ + 16x‘‘^ +23a:;-5148 and +48x^-1030;-6148. 

The difference of the two expressions 
= 2.^-32.^2 + 1260; 

= 2.o;(o;2 - 16a; + 63) 

= 2a;(a;-7)(a;-9). 

Now 2a; is not a common factor, nor is a?-7, for 7 will not 

divide exactly into 5148. 

x-9 must be the h.c.f. if there is one. 

Examples. XIX. c. 

Find the highest common factor of 
1. 30a*a:* ~ + 5a®a;, - a^x +2«*. 
2. a;*--2a;*y-2a?V-Sary®, Zx^y+ 2x^y^-¥2xi^ 
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Find the highest common factor of : 

3. 2x* -X - 3, 2x* - 5x^ + x^ + 5x - 3. 
4. 2a:3-7a;2-f8a;-4, - 6a;2 - ILr-2. 
5. 2x«-5a; + 6, 4:X^-^x^ ~}2x-{-4:. 
6. 3a:® + 14a;2-f-12a: + 16, 2a:^ + 7a:^ - 4a;^ - a; - 4. 
7. 2a:* + 9a:® + 14a; + 3, 3a;* + 15a;® + 5a;® + 10a: + 2. 
8. 12a:® + 9a:® - 4a; - 3, 16a;® + 8a:® + a: + 3. 

9. 2a:® + 9a:2-17a;-45, 6a:® - 29a;®+ 31 a: +10. 
10. a:*-6a:® + 8a:®-lla: + 2, 2a:* - 11a:® + 8a;®-6a;+ 1. 

11. 6a:®+1 la:®-31a;+ 14, 4a:®-47a;+ 7. 

12. 5a:® + 12a;2 + 3x-2, a;^ + 3a:* + a;® - a:® - 4. 
13. 4a:®-17a:2 + 3a; + 4, a;®-17a: + 4. 
14. 2a:®-7a:2-46a:-21, 2a;* + I Lt® - ISa:®-99a;-45. 

15. 16a:® + 6a;®-45a;-18, - 49a:® + 28a;® + 147a: - 84. 

16. 6a:* - 25a;2y® - 9y\ 3a:® - 15a:®y + xy^ - 5y®. 
17. 3a:* + 3x^y - 27x^y^ + 33a:?/® - 12y*, 5x* - 5x^y - 15a:®y2 ^ 25an/« - lOy*. 

18. 26a:* + 5a:®-a:-1, 20a:*+a:®-l. 

19. a:® + 4a:® + 5a; + 6, a;* + 2a:® + 5a;® + 4a; + 4. 
20. 3ar® + 17a:®-62a: + 14, 7a;® + 52x® - 46.r + 8. 

REDUCTION OF FRACTIONS TO LOWEST TERMS 

116. We shall assume throughout that as the symbols stand 

for numerical quantities, the ordinary Arithmetical rules con¬ 

cerning Vulgar Fractions apply to Algebra, leaving the proofs of 

those rules to a later stage. 

In Arithmetic 
6^3x2^3 
8“4x2 4 

So in Algebra ^ 
a 

b' 

ab(^ _acxhc 

h^c bxbc 6 ’ 

ax-bx {a-b) XX 

abx ab XX ah * 

4^ - 6a6 _ 2a (2a - 36) _ 2a~36 

- 4a6 ~ 2a(3^ 26) ^Sa - 26' 

-Sic + G _^x-2){x-S) _{x-2)(x-Z) 

Q?-4:X-k‘4: {x-2)^ (a;-2) (a?-2) 

a?-3 
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117. A fraction is reduced to its lowest terms by dividing its 

numerator and denominator by their H.C.F. 

The H.C.F. should always be found by factorization, when 

possible. 
, 3.r2 4-2a?-l . , 

Reduce to its lowest terms. 

rn. . . (3^-l)(:r + l) 
The given expression 

^(3:7;-l)(a^ + l) 
(a;2_l)(;r + l) 

3x--l . , 

Reduce 
a® - la^ 4-16a 

in its lowest terms. 

to its lowest terms O -i i O -t uva 
3a^ - 14^2 4-16a 

The denominator = a (3a- - 14a 4-16) = a (3a - 8) (a - 2). 

Hence it is evident that if the numerator and denominator 

have a common factor, it is a - 2. 

Acting on this knowledge, we write the numerator to show 

a - 2 as a factor, thus : 

(a3 - 2a2) - (5a2 - 10a) + 6a -12 

— a^{a - 2) - 5a(a ~ 2) 4- 6(a - 2) 

= (a^ - 5a + 6) (a - 2) 

= (a~2)(a-3)(a-2) ; 

• (a-2)(a-3)(a-2) (a“2)(a-3) . 
the given expression 

its lowest terms. 
a(3a-8)(a • a(3a -8) 

Examples. XIX. d. 

Reduce the following to their lowest terms : 

* 

7. _. 
4oA 

10. ^ 
3ax^ - 3axy 

6a;*-5a;V' 

x^-xy 
6a* - 9a6 
8a6-126*’ 

obx - bx^ 

24a6*c* 
^ 105m®?^*p® 

42m*?i®^)* * 

9. _??? _. 
4oa; -3ay* 

19 8a;* - 12a;y 

6a;*-4a:y‘ 

363-'362** 
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Reduce the following to their lowest terms: 

16. 
~2x 

-dx-h 6 
1 -f 3a; -j^x^ 

1 - 2a; - 3a;2* 

22 a;»-2a;y+y^ 

19. 

25. 

x^-y^ 
2a;2-18 

3a;2 + 3a;- 18 

fl;«-2arV + ^® 
x^-if 

♦ 3a:^ + 2a;-l 

34. 

37. 

40. 

^43. 

-{-X^ -X - I 

a;^ + a;2 4-1 
x^-\-x + l * 

x^ -9a* 

4 9a2* 

g* 4 g* 4 g - 3* 
g* 4 3a* 4 5g 4 3t * 
6g*-13g6 4 66* 
6a'2-5a5-^2' 

3a;- 17._. 
a;* - 5a; 4 6 

20 4(g46)a;4a5 

a;*4(g4c)a;4gc’ 

23. g* 420646* 
a-4-3a;2^42 
a;* - a;* - 2 
a;*-7a;4l0 

26. 

2a;2-a:-6- 
32 («4-6)*-(c4d)* 

(a4c)* -(6 4d)*‘ 

a;* 44x2-5* 
x*-.3x42* 
x^ 4 4x* - 5x 

35. 

38. 
a;* - 4 5* 

41 -7g6 446* 
■3g2“g6“^6*"’ 

18. 

21. 

24. 

27. 

30. 

33. 

36. 

39. 

X* 44x44 
X* 4 5x4 6* 
g*-6* 
g*-6** 

1 4(g4 6)x4g6x* 
1 4(g4c)x4gcx** 

.T*.- (g -6^x -g6 
X* -(g 4c)x4gc* 

g2 4 2g/? 4 6* ~ c* 
a2“-62“-27^^ 
X2-X-20 
x* 4x -12* 

x*-l 

44. 
(2g_46)*-c* 
4g* -(64c)** 

45. 

42. 

27 40* 

9 430* 

3x*47x-10 

(x4i)*-i/*‘ 
4 -(x4?/)* 
(x 4 2)* -2/2 

3x2 45x42 
46. 

3x2 4x -2 

MULTIPLICATION AND DIVISION OF FRACTIONS 

« , - « 06-oc 3g6c a*-oc 
llo. Example 1. Simplify —-x-- x-. 

^ ^ -^06-60 120* 6*-6c 
. . g(6-c) 6c g(g-c) 

The given expression x - x 

(factorizing and dividing numerator and denominator by 3a) 

_ g*6c(6 -c)(g -vc) 
~4g62(a -c)(6 -c) 

cue 
”45 

[for o, 6, (6 - c), (g - c) are all common factors of numerator and denominator], 

x*4x-2 x*-x-2 
-2x 

_x* -1 
X* -2x -8 ’ X* -5x * 

Example 2. Simplify 

The given expression = <£+/H* ' D x x 
® ^ x(x-2) (x-4)(x42) (x-l)(x4l) 

_x — 6 
~"x -4* 

♦ The sum of the numerical coefficients is zero. /. x -1 is a factor. 
(Art. 95.) 

t The sum of the coefficients of even powers=the sum of the coefficients 
of odd powers. (Art. 95.) 
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Examples. XIX. e. 

Simplify the following: 

1. -r _ 
+ 2xy +y^ - xy 

3 -- 
2x-4 x-h2' 

5. - 5a: + 6 x^ + 5x + 4 

a:2 + 5a: + 6 . a; + 3 
a:^ “25 ’ x - 5* 

a: -3 
a; -4* 

9 3a:-F 2y . 5a ~ 1 
9a:“ - 4y^ ^ 5a + 1 ' 3a: - 2y‘ 

-- 6a-2+5a;4-l 2a:2-lla- + 5 
6a:^-a:-l ^ 23:^ - 11a: - (i* 

o . a; + 7 
x^~9 ' a; + 3’ 

4 4a:*^-l . 2a: + l 
4^-1 • 2y-l‘ 

fi + + + ^ . x + a 
x^ -c‘^ ' X - c 

8 x^ -a* . 
a:2-2aa: + a2 * a{x-ay 

10. 
a:‘“ 4- a: - 2 a:* ~ a* 

a:^-27x_^a:2 + 3a- + 9 
"“a;+ 3 

13 2a:‘^+a;~l . /a:^ + 4a: + 3 2a: -1\ 
2a;2-a:-l ’ \a:^+ 4a:-5 ^2a: +ly 

14 4- 6 3 (x^ - 49) , a:^ 4- 5a: - 6 -- (a4-fc)^ -c^ (a -6)^ ~ C* 
* a*--lOa;4-21 ^a:^ 4 5a:-14 ■ a:--a: * * a*-(6 fc)* ^(a4-6)*^^^^ 

a:® - 64 (a: - 3)^ a:^ 4- 2^ - 15 
*'*• -iV~ 4x2-r 16a: ■ 

8a:24l4a:4-3 I2x^-^x , 18a*^-6a; 
8a:2 _ lOa: 4-3 ^ 4x^ -H 5a: 4-1 ’ 4a;- 4-a; -3* 

18 + -x^ . g 4- a; 
{a^-axy^ +x^ ' a-x' 

6a:24-6 ^ _i a:3 4-a;2 

(x + l)2-x’‘a:2-3x2’"x^'-l ' 

{a-b)^-c* c ,ac-bc+c^ 
ab - b'^ -bc^ -{■ ab - ac ' - {b - cY' 

ft- 3a:-6a:* l-8a:* . 3 4-6a; 4-12a:* 
1-9x + 18x»’‘(r^xp“r+3x^n^* 

^ x» + 216 x»-3x* .x» + 2x-15 
x2-i-42’'x*-6x»+Bx5 • 2x2-98 ' 

ft„ 3:^4-a:® 4-1 (a:-l)* a:® 4-8a:* - 9a: 
23. - ^—---- 

a:®-l a:®-] a;4-l 

24 -26a:4-15 3a:*-7a;4-4 . 4a:*4-a:-3 
3a:* - a; - 4 ^ 2x® - 7a: 4- 5 ' a:® -1 

25 a:* 4-a*__(a:*-a®) __ 
x^ -ircfi ^X* -2a^x^ + * (a:*-a®a:®4-a*)(a:®-^£Ta^* 

26 ~31a:y 4-14y* 21x*-9xy _27a;® -63a:y_ 
10a:®4-a;y-21y* ^3a:®-2a:y4-3a:-2y ‘ 2a:®T3a:y4-2i + 5^' 
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CHAPTER XX 

LOWEST COMMON MULTIPLE 

119. The lowest common multiple (l.c.m,) of two or more 

integral algebraic expressions is the integral expression of the 

lowest degree which is exactly divisible by each of them. 

The L.c.M. of and ab^ is a%^. 

.aP, a haP, 

.12a^ and 18a^ is 36a®, for 36 is the l.c.m. of 12 

and 18, and a® is the l.c.m. of a® and aP, 
Example 1. Find the l.c.m. of 21a®6®c, and 2a^b^c^, 

The L.C.M. of 21, 7, and 2 is 42. 

The L.C.M. of a^b% a^b^c^ 
must contain o® or it would not be divisible by che first expression, 

it . 6®. third. 

and . c*. second. 
42a®6°c* is the reqd. l.c.m. 

Examples. XX. a. 

F4nd the lowest common multiple of : 

1. a®6c, a6*c. 2. Aa^x. 3. 4a®, 6a®. 

4. I5x^y. 5. 42a:*2/, 49y®2. 6. a®, 2a6, 6®. 
7. lOx^, I2x^y^t 4a:y®. 8. xy, yZy zx. 9. 8a®6, 12a®6®, Sab\ 46*. 

10. a\ 4a®6, 6a®6®, 4o6®, 6*. 11. ^x*y, 12a:^y‘, 54tx^^. 

12. ay^y az^y a^y, a^z. 13. o, 2a, 3a, 4a, 5a. 

14. a®6®, a^b\ ab. 15. 6a®6®c*, 4<ibh\ 9a^b*c. 

16. Sx^yH^y bx^yH^y I2x'^y*z^, XWy^z^, 

120. The L.C.M. of compound expressions can be determined 

by inspection when the expressions have been resolved into theii 
simplest factors. 
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Example 1. Find the l.o.m. of -a%x and ab^c -6®ca;. 

M - a%x —a^b {a - x), 

ab^c - b^cx ■= b^c {a - x). 

Thus we see that the reqd. l.c.m. is a^b^c{a -~x). 

Example 2. Find the l.c.m. of x^-5x + fy and x^-^2x- 8. 

x^~5x + () = {x-2){x~:i), 

a:® + 2x - 8 = (a: - 2) (ar -f 4) ; 

(a:-2)(a;-3)(a; + 4) is the reqd. l.c.m. 

Example 3. 4a^b^c + 40^6^00;, 6a®6c^ - Qa^bc^x, and 3a^b^c - Zb^cxK 

4a^b'^c + 4a®62ca;=4a^b'^c{a + ar), 

6a^bc^ - Ga^bc^x = 6a^bc^ {a -x)y 

Sa^b^c - 3b^cx^ = ^b^c{a^ ~ x^) — 3b^c(a - a;) (a + a;); 

12a^6^c^(a-a:)(a H-a:) is the reqd. L.C.M. 

Examples. XX. b. 

Find the least common multiple of 

1, 4a:, 4(</-a:). 2. a{a-b), 3. 2{a-x)y 3(a^x), 

4. 3 (or+6), 7 (a+6). 5. a-’6(a-6), ab^{a-b), 6. xyz{x-y)f xy, 

7. 2a:2(a:+.y), 4xy. 8, 6(a;-l), 2(a: + l), 9. a\ a^--ax, 

10. 2a^+2a‘^x, 4aa:. 11. 3a-3by .5a-56. 12. 4{x-y), 3{x^~y^). 

13. a:2, (a:2-fl)2, 6(a:2 + l). 14. 3{ax-by\ 4{ax^by\ 6{a-x^-bY)- 
15. x{x^-y-), y[x + y), x{x-y). 16. 8(1-a;), 8(1+a:), (l+a;^). 

17. 3(a:®-l), 4(a:2+a; + l), 6(a;-l). 18. a;2 + 3a; + 2, 3:*^ +5a:+ 6. 

19. a;2-2a: + l, x^-\-x-2, 20. a:2-9a: + 14, a:2-10a: + 21. 
21. a:2-3x-4, x2+2x-24. 22. (a + 6)2-c2, {a+cY-b\ 

23. 6(x + ?/)2, 9(x+y)3. 24. 2x2-7x + 3, 2x2 + 5x-3. 

25. 3x2-7x + 2, 3x^ + 8x-3, 26. x’^-y^, (aJ + y)S 
27. x^ - 36^2, x“ + Ixy + Gy^^ x® + bxy - Gy^, 

28. 7(a26 + a62), 21(a2+a6), 35(62-06). 
29. 3(x2-iy2)^ 6(x2 + x2/), 4(x^-x^y). 

30. 12x22/(x2-3x + 2), 18x2^2(3,_8^(x-2)2. 
31. a® - 62, 2a2 - 3a6 + 62, a® + a^b + a62. 32. 2x2 _ 73. ^ 3^ 33.2 _ 73. _ 0^ 

33. x2-5x + 6, x2-2x-3, x2-x-2. 34. x2-4, x2-x-2, x«+2x*-x-2. 

35. G(a*-a^b^% ISab(a^-b^), 9b(a^b-hb*). 

36. 6x(x® - y^), 9 (x® - xy^), 12 (x* + 2xy2 - 2x^y - y^). 
37. x2-4a2, x*+2ax2 + 4a2x+8a», x* - 2ax2 + 4a2x - Sa®. 

38. X* ~(a + 6)x + a6, x2 + 3ax-3a6-62, x2 + (2a + 6)x-06-3a^ 

39. 4x8-12x2-x + 3, 2x» + x2-18x-9. 

40. 06-6* -ca + 6c, 6c-c2-a6+co. 
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CHAPTER XXI 

ADDITION AND SUBTRACTION OF FRACTIONS 

121. We have already seen that, just as in Arithmetic 

BO in Algebra 

and 

3 5^3+5 
7 + 7 7 > 

X y 

a a a ' 

X y jx -y 

a a a ' 

When in Arithmetic we wish to add or subtract fractions 

which have different denominators, the plan is to reduce all the 

fractions to equivalent fractions having the same denonmiator. 

We adopt the same plan in Algebra. 
„ , - x-3 x-2 3(a:-3) 2(x-2) 

^ 4 6 3x4 2x6 

[12 is the L.c.M, of the denominators 4 and 6. We tlierefore multiply 
numerator and denominator in the first fraction by 3, and in the second 
by 2.J 

3(x-3)-2(a:-2) 3a:-9-2a:-f4 , • u i v 
= ^.>-=---(removing brackets) 

a: — 5 
= ~]2~ (<^^ii®cting like terms). 

a: -f 3 4a: - 3 
3a: 4a:2 

Example 2. Simplify 

rp, . . 4a:2(a: + 3) 3a:(4a: - 
The given expression = - -3^-^ . 6 ^ 

6x5 

(the L.c.M. of 3a:, 4a:^, 2a:® is 12a:®) 

4a:® + 12a:® - 12a:® + 9a: f 30 
12a:® 

4a:® + 9a:+ 30 
12a:® 

Examples. XXI. a. 

Simplify the following expressions : 

1 11 
2. 

a a a 
3. 

1 1 1 
a:^3a:^2a;’ a:^3a: 2x' 

1 1 1 
6. 

a h c 
6. 

a:-3 aj-4 
ax bx cx be ac “IT 4 ‘ 
r a: + l 

8. 
2a:-1 4a; “8 

9. 
z-a x-b 

"6^ 7 ‘ 3 ~'dr ~ir* 
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10. 
xy yz 

11. ar-3 
Zx 

a? + l , a? + 2 ar-4 
16. - 2 - 3““ ~4— 

1" 4q^ + 26^ 
*^‘6 a ^ 2(^ 

17 _a-b Zb 
3c '2^'^ 4a’ 

^ Q 3/j + 4« 6 - 6c a + 6c 
2ab ^ 36c 4ac 

91 
aW 6V "^’aV ’ 

® 12. 2 + 
6a; * * S^r 2'pq 

. x + y 2x-ly x~Zy 
^ 5~ 10 3 * 

16. 

18. 

20. 

22. 

, y-g ^ 
xy yz zx 

x-y + 
a; ^ a;?/^ a;^ 

2a; + 1 _ 3a;+ 2 1 
"3a; 5x 7' 
3a; - 6?/ 21a; - 14?/ 38a; - 57y 
“^3 7 ■'■ 19 ” ' 

122. Note carefully the truth of the following statements ; 

1 „ jyJ __I 
2-x~x~~2~ x-2’ 

This is obtained by multiplying numerator and denominator 

by -1. 
1 ,-I Cl 1} 1) 0/ 
In the same way —^ , —, 

c — cl' a — c 

and again 

Example 1. 

4a; - _ 4a; - 3y 
y-X ^-y ' 

la _3a-26_J^ 3a-26 
a-b b-a ~a-b a-b 

_ 7a +3a -26 _ 10a - 26 
a-b ~~ a-b 

Example 2. Simplify 
a; + 3y - Qy 
x + y x + 2y 

The L.c.M. of x + y and a; + 2y is {z +y){x + 2y). 

Multiply numerator and denominator in the first fraction by a; + 2y, 

. second . x + y. 

the given expression 
(x + 2y)(x + Zy) {x + y){x-Qy) 

{x+2y)(x+y) ' {z + 2y){x + y) 

. (jg -i- %) (a? + 3y) - (a; + y) (x - 6y) 
(z + 2y){x + y) 

x^ + 5zy + 6y^ - (x^ - 5zy - 6y^) 

{x + 2y){x + ^ 

JC^ + Sa;^ + 6y^ -x^+ 5xy + 6y^ 
'(xT2y)(a7 + y) 

10a;y-l-I2y* _ 2y{5x + 6p) 
(z + 2y) (X 4- y) ” (x + 2y)(x + y) * 

(a) 

m 
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The above example is worked out in full. After a little practice such 
steps as (a) and (6) may be omitted. 

The common denominator should generally be left in factors, and the 
result reduced to its lowest terms. 

■n TOO- a-h Example 3. Simplify ^ 

fpu • {a-b){a-'rb) 
The given expression = — 

_€L ~b a - b 

b a+ b 

a- b 
a + 6 

--{a 
-41- ' + 6j 

a \ b-b 

_ a(a - b) 

~ b{a + b)' 

Examples. XXL b. 

Express the following in their simplest forms : 

1 __L- i- 
a:-hl “ 1' 

4. 

7. 

10. 

13. 

16. 

19. 

_i_1_ 
x + S a;+ 4* 

3 2 
3x -1 2x + 3* 
x+5 X-5 
x-2 2--x' 
2x-l 2x - 

1 ‘ a: +1 
1 

1 - -4a;2* 
2a; 

2 + : y 

(In the first fraction, 
denominator.) 

22. -^+ " 

25. 

y-x" {x-yf' 
1 1 

a{a-b) b{a-^- b)' 

28. + 
x-a ax 

30. 

32. 

CT4-35 2o + 66 
a-2b 2a -h5b’ 

1 _ x^ + 4y ^ 
x-2y x^-8y^‘ 

3_ 1_ 
a; -1 ^ 1 - a;* 

6_.3_ 
2x-3y 3y-2x 

8. . 
x+y x-y 

n. 
*+3 

14. -J_ + 
X-y x^ -y^ 

17 3a 1 

20. 

9a*-46* 3o + 26 
4 16-.3a; 

1 1 

a;-4 a;*-16 

x-y is a common factor of numerator and 

a; + 3'^a;+4* 

6.-1-- 
a;+ 6 a;+ 3* 

Q * ^ ^ 
' x+ 4: a’-f-iO* 

12 3, 4__ 
1 -1^(1 -x)^ 

15. _4 . . 
(a; + ?/)* x + y 

18 
{x - 2y)* ^ x - 2y 

21 r" I 1 
x^ -y- 2x 4-3y 

23. 

26. 

g-6 6-g 
c-d d-c 

2x 1 
o*-4a;* 2a; 4-a’ 

24. 
2a-b a -2b 

29. 

27 —- - I ^ 
3(a-6) *^2(6-a)‘ 

1 
a*-96*^36-a’ 

31. -^+-fLt.V 
a* -1 o* + a +1 

33. 3a 
9a* - 3a6 + 6* 27a®+ii>^* 
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34 a-^-96^ 
a -2b a + 36 ’ 

^2 5a;4-6 

+ x-2 

a;® 4- 2/® a;® -1/® 

x^-xy + y^ x^-\’Xy + y^ 

fx+yV 1 

a; -2 a; -4 
® - a: - 2 a;- - oa; 4- 4 

® - 4y® a; - 2?/ 
a;-* i 2xy 

^ Example 1. 

x-2 \^-yj 

30 _?i:®_ 
r- - oa; 4- 4 * a:® - 3a; - 28 a;® 4- 2x - 35 
-2y . 6a; 4-5^ 9^® - ?y® 
a- * * 4 6a; 4- 2y * 

a b _ 
a - 6 a + 6 -b^ a® 4- 6® 

a{(H-6)-6(a-6)-6®_ a® 
" a^-b^ ~ “a®+P 

(taking the first three fractions together) 

-rab - ab+b^-b^ 
~~ -b^ tt® 4 6® 

Example 2. Simplify 

The given expression 

the fractions) 

"a®-6® a® 4-6® 

"“*C7^6*“a'‘ + 6») 

a®(a-4-6® -a^-hb^ 

" ~a"-6* " 

2^® 
~~a^-b^' 

3_^_^ 1 
r-a a; -3a a;4-a^a;4- 3o* 

x-a x-{-a a; 4-3a x 
J^) (rearranging 

3x -f" 3a — 3a; 4" 3a a* 3a ” a; ■“ 3a 
x®-a® ^ a;®-9a® 

6a 6a 
'^2~a®~^^9^ 

Simplify; 

1 L +_L.+ 2o 
o + 6'^o-6'^^;^‘ 

3 1,1,1 
1-air'll+3* l-9a»‘ 

~*^“(x2-oi! a:*-9o») 
_ 6a (a;® - 9a® - a;® 4- a®) 

(a:® - a®)(a;® - 9a®) 

-48a® 
(a;®-a®)(a:2-9a®)‘ 

3|c Examples. XXI. c. 

a4-6^6-a^ a® - A** 

_1_1 _ 
x*-6a; 4-4 a:®-4«4-3* 
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Simplify; 

6. 
o2 ~3(a -b)'^3{a+6y 

7.-i- L-+ JL- . 
x-1 X-2^ X-3 

9, 

11. 

13. 

6 _. i_l_ 
3(x~3ya^-9 2{x + 3y 

ft I 
+ -a6 + 6* 

8.^ a:-3 
a:-3 a:3-27 a;2 + 3a:-i-9‘ 

_L_ +._ 
-4x + 3^x^ -5x + x^ - 3x + 2 

1 

10. ah 
{a-b){b -c)^(a ~c)(c -b) 

12. 
3x J_ 

6a:-2 2a;-§^3ic-l* 
14. 

1 2(3; + !) l+2a; 
x~2y 2a;-y 2 a;-y* 

_,41. 
a;^ -3a; + 2 1 ~a;^a; -2 

15. V 
1 

2 (a; - 2) (a; - 2) (a; - 3) (a; - 2) (a; - 3) (a; - 4)‘ 

jg 4y_3^ ^ 3x-2y 
x‘^ + 2xy a:y + 2y2 a;^ 

17. 
1 

(a;-2)(a;-3) a;2+a;-6 9-a;** 

- q - 3a6 + 2h^ 6a* - 6a6 - 66* 6a* + a6 — 26* 
ja. ___ 4, “2a " 36 3^26 

19. 

21. 

a -6 1 a6 
9! _ , t "r " a* - a6 + 6* a -H 6 a* + 6* 

OA ^ 
* a;*~8a;4-15^a;*-4a; + 3^6a;-a::*-5* 

1 
a:^ + 2x* ^ a;^ - 2a;* ^ a:* + 4a;* 

22 -J_4-A _ 
’ a; -1 ^a; +1 i -a;* (a; +1)* 

23 -£±i_ + - 
2a;* - 4a;* 2a;* H- 4a;* a;* - 4* 

24. 

os ^ ^ 
"^a;*-2/3"a;*+2/** 

27 __ _x_1__ 
a;*+a;2/-6y* a;*-92/* a;-2y 

8_5_3 
^-5x + Q a;*-3a; + 2*a;*-4a;+3* 

1 
26. 

2 I 
a;*-a7~2'^l -a;*'^a;*+a;-2’ 

28. 

2a 

31. 

33. 

9 
a;*-3a;-28 a;* + a;-12 x*-10a; + 21 

4 7.3 1 
a; + 3 a; + 4 a; + 7 

30. 1 9a;2 

1 
2a;*-4a;+ 2 3a;*-3 4a;*-f8a; + 4 

1+a;® 4x* 1 - a;* 
I ”l -a;*^l +a;** 

b 

4(3a-a;») 5(3a+x^) I0(9a*-a;«) 

fto 3^-32/ a;-2.y ^ 
a; + 33/ a; + 22/^ 

^ a-26^a-36* 

Q7 

34. 

36. 

38. 

5x 21x* + 6a;^ 2x 
3a;-2 9a;*+4 3a;+ 2 

1 1 
x^ + 2xy-3sf^ ^+2xy-3(x^ 

_i_ 2 J_ 
a*-2"a*-l'^a» + l‘‘a*-»-2* 
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- 7x1/ +12?/ _ 2x^ + 7xp 

4x‘^ ~ 1 Ix^ - 3^^ 8a:® - (ixy + y® * 

2a* a a 
a!^ - 6^ ^ a® + 6® ^ a + 6 h a 

40. __. 
a: - y a; + y a;® + 

- 56)2 >- 4a® (3a - 26)® - 46® 
4a - 66 3a - 46 

6a;® - 5x1/ - 6 2/® 16a;® + Hxy - 12//® . , 
14a;® - 23xy + 3y^ 35a;® + 47a;y + 6y® ‘ 

1_1 __1_L 
a-5 a-3 a + 5 a + 3* 

1 _ 1 _ _ a + 36 46® 
a-6 2(a~\-h) 2(a® + 6®) a*-h*‘ 

1 + a 4a 8a 1 - a , 
I - a ^ 1 + a® ^ 1 - tt^ 1 + fl 

x-y^z y + z~x x + y + z 

2 4 8 

a;(a;-2)^a;®-oa; + 6 x{x-3)' 

.. 1 2 4_ ^ 
a;V1 i® + 1 af*'+ 1 a;« ~ 1 ‘ 

. 48 _ 
^ 3 - 2a; (3 - 2a;)® (3 - 2a;)* 

3a;" -f- 2a; -H 4 a; + 1 2 
• a;® ~ 1 a;® +xTl “»-1* 

52. -!_+^ilzR. 
X-I a; + l^a;® + l 

a® - 36® + 2(^ 6® - 3a® + 2^ 3a® + 1 Oah + 36®* 

2a; + l 3 1 _6_ 
xi^+x + l X 1-a;' * a + 6 (a 

8a;® 2a;* .a; 1 \ 

a + b (a + 6)® (a + 6)*‘ 

_8^_2a;*_ _x -- 1 3 ^ ^ 
8a:®4x^ + 2xy + y^ y-2x' *a; + 4 a; + 3^a;-i-2 a; + i* 

_2 ^ 3 2.a; 5 ^ 1 x - 5 _ x - 6 
i +1 ^(X +1)®^x®~2x“+3' 2(x^i) “X® ~7x + To2(x® - 9x + i8r 

_X_^ 1 ^2xy-if 
x^^y'^-xy x + y x®+y® ’ 

61 ^1. . J:_L_L. 
‘x--3 x + 3 x~i x + l’ 

lOx-11 lO.x-1 x2-2x + 5 
3(*--l) 3'(i“-t i + l)'^(a^-I)(* + l)’ 

3(x® + x-2) 3(x®-x-2) 8x 
x^-x-2 x® + x-2 x®-4* 

g + 2 a _ a® -2a® gg 2 2x -1 2a;* -1 
a g + 2 2a® - 8* *a;® + x^x®~x + l ^ +x^ 

2x + 9 X X 
x® + 7x + 12 a;® + 5x + 6 x® + 3x + 2' 

a (a®-6®)x a(a®-6®)x® ^ ^ 
6 6® " 62(6 + ax) ’ ^^*3x-2 ^x 

__ g - 26 2{2a-b)_3 (a-6)_ 
2a® - 1 lg6 +126® ^ 4a® ~ 4a6 ~ 36® 2g® - 7ab - 46®’ 

3x - 2 2x - I 4 - 3x* 

3(a-6) 

2xy 
X + v-^ 

^ x + y 

g +6 a ~b 
1 1 * 

a+6 a-6 
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Simplify: 

a;* + 3a: + 2f 3(3a; + 2) 1 
>-l)a Y 3^ + 8x+4j 

i-toY 
_\x+y/ 

X + S + l 
a;*-4"^3:^ +8/ * x‘^-2xY4:‘ 

a fb c\ b fc a\ c {a b 
b\c a) c\a bj a\b c 

(a+ 3^)2-(a-36)2 
(3a + 6)2 - (3a - 6)^* 
m2 + n2 

79 ^ . b^-a^ 
11 *a2-62’ 
6'^a 

o- a®-62 a*+6* , 
81. ——,-, +(a- 

a - 6 a + 6 

a /I 1 \ 

o. ra; + 2a a+2a;'| f 3 
U-2x-x-5a|x'’ - 

\a-66 3a-26/ * 

^ a:-2 ^^x + 3 

2 a/ \^2a-x a -ic|* 

f 2a 26 - g ) 
\a + 26 26-3aJ* 

Q„ a;(a; + l)(a: + 2) a;(« + l)(2a: + l) 
87. ^ - . 

x-2 x-SJ V3a;-8 x + 

-3a;y . 91. 
x + l 5 x-2 2 \ 
X -1'^a;-7y V3a;-5 x + sj 

a®+ 6® a®-6®\ /a+6 a-6 
\a®-6®'^a® + 6®/ ' \a-^ a+6/ 

(2a + 3)(a2 +^a + 2)-2(a + l)(a2 + 2a) 
(2a + 3)a2 - a{a‘^ -2) 

■^606 + 962 
5S5 - 

^4o*-6a6 

/'16o< 

^V816‘’’S^/ 
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97. 

99. 

98. 

a-x h-x a-hx b ~x 
6 -f X a-yx E + x a~x 
a+x b-X a+ x b + x 
h -\-x a ~x b - X a ~x 

f x-a x + a ) . J 1_1 1 ] 
\Xx + a)'^^ {x - a)^ ^ ' ((a; + a)* x^-a^ {x-a)^]' 

1 + 

101* ( I-o + i' ~ ) 1 ' \l-ar* I - X / I - X' 
x)^ 100. 1 -X 

1 -- 

1 - 

X ^ y X-y X y 

102. 
X 

X -y x+y y X 

104 ^ ^ 

1 \-x 

105. 
a + 6 b-\-c 

6+c c+a 
1\" 

107. 
{ax^ + {b -c)x -/}2 -\ax^ + (b +c)x -/}* 
{ax- -\-{b+e)x -/]- - {oo:- + (6 -e)x -/}* 

108. (2,^ + 2x + xs,)(^l + 4i) + + 

mo 9n^-2m^\ /I 1 \ 
m + 2m«) ^ _ _4»^ \ 

\ m + nf 

110. ('a:'= -1 - 'l H-(x2 - 2a: + 3 - ^ V 
V x^ \ X x^ f 

111 I r --(c-Q^)^ , c^-(a-b)^ 

(c + a)^ - ^ (a -f 6)2 - c2 (6 -h c)- - a** 

112, 

113. 

• /14. .“5?^ “ 2/^ y i 1 _ \ 
\ ^a;2+x2/+^/ \a; - x-y^} 

x!^ ~ ax- 2a^_x^ ax - 2a* 
a;2 - (2a+ 6)x+ 2a6 x'^ V{2a + E)x + taF" 

. 9x^-{y-z)^ i/-(z-3x)^ z^-{Sx-y)^ 
^^ {3x + zf-y^'^{3x+ yf - (y + zf -9x*‘ 

{■ {■ - (::♦*) («TP-> 
lift {(« + ^)('J + 6+c)+c2}{(a + 6)* -c*} 

" {(a + 6)3-:c3){a + 6-fc} 

11.7 A . + a;* + y*-2*\ 
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Simplify: 

\y^ )\x^^xy\-y^ y 119. 

120. 

^-y 

1 

1 + 

1 1 ■ • 1 « X + —- „ x +-^“ + “2 - 2 
.r + 2 X-2 x/ 

121. {1+a a)2 ^ I ^ + ' a __ 1 
i ^ “"^r+a+aJ 

Prove that 

a-2b a-2b 2(a-hb)_ 2b(a-hb)(2a+ b) 
122. ~T~~" I ' — 

a-b a+Sb a+26 (b -a)(a + ‘Jb)(a-h2b) 

a b c 1 1 1 3 
123. —--2^ 7-oH-O—-~ A--^-" ax ~x^ bx -x^ cx -x“ a - x b - x c ~x x 

* CHAPTER XXII 

HARDER SIMPLE EQUATIONS INVOLVING FRACTIONS 

123. The usual method of solution is to clear away the fractions 
by multiplying both sides of the equation by the l.c^m. of tlie 
denominators. * 

The work can often be shortened by sundry methods illustrated 
in the following worked-out examples. 

3 2 
Example 1. Solve the equation 

Multiplying both sides by (4a;-8)(3a;-5), the l.c.m. of the denominators, 

3(.3a;-5) = 2(4x-3), 
9a; - 15 = 8a; -6, 

.r = 9. 

Example 2. Solve the equation —y —a—V* 
X — L a; + i X “*1. 

Multiplying both sides by (a; - l)(a; + l), 

3a;(a; +1) - 2a:(a; -1) =a;2 +10, 
3a;2 + 3a; >- 20;^ + 2a;=a;* +10, 

6a; = 10, 

a;=2. 
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Example 3. Solve the e<iuation = 

Simplifying each side of the equation separately, 

2(3a: +1) - 3(2.7: -1) _3(2a: +1) ~ 2(3a; - 1) 
{2x~l){‘dx + l) ~~ (3a:-iy(2a: + l) ’ 

6a:+ 2-6a:+ 3 _ 6a:+ 3-6a:-1-2 

(2a: - 1 H3iTU~-T)(2a: + 1)* 

5 _ 5 
(2a: - iy(3a: -f 1) “ (3a: - 1)(2a: -1-1)' 

Dividing both sides by 5, and multii)lying up, 
(3a: - 1 )(2a: -f 1) =r(2a: - l)(3a: +1), 

6a:- -f a: - 1 — 6.7:- - a: - 1, 

2a: ^0, 

a: = 0. 

Example 4. 
u 1 10a:-14 
Solve the equation - ^ = 

ir)a:-24 
3a: - 5 ' 

The equation may be written 
5(2a:-3)-Kl_5(3a:-5)-f I 

2a:-3 3a;--5 ^ 

Example 5. 

3a: - o~2a: -3, 

Solve the equation 
a: -3 a: - 1 _a: -7 
a: “5 x~3~x-9 

a:~5 
a:-7* 

The equation may be wTitten 

a:-5-f-2 a; - 3-f 2__a: - 9 4-2 a:-7-1-2. 
X ~5 a: -3 ~ a: -9 a: - 7 

2 2 2 2 

Dividing both sides by 2 

1_1_ ^1 1 
x-5 x-3 x~9 x~T 

Simplifying each side separately, 

(x -3} -{x-5)^ {x - 7) - {x~ 9) 
{X - 5)(x - 3) (X - 7)(a: - 9)' ’ 

2 2 
(x~5)Cx-3) (x-l){x-9)' 

Dividing both sides by 2, and multiplying up, 

(a:-7)(a:-9)-(a:-5)(a:-3), 

x^-lQx + 6S^x^~Sx-{-l5 
-8x== -48, 

x=6. 
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Examples. XXII. 

(In the case of a fractional solution, express the result in decimals correct 
to two decimal j)laees.) 

Solve the equations : 

‘a:-4 x + 8* ’2a;-3 4a;-9 ’ a; + 5 2a; + 7 

. X 2 - _a;4^11 8a;- 3 4, j-— 1, 5 - — -j- . 
a;-3 a-5 3:c-4 5 15a;-20 

7 3 _4__25_r ax-7 

‘ a; - 3 ^a; - 4 a;*^ - 7a; +12* ’ lOa; ~ 5 

6a;-r) _ 1 _3a^4, 
8a; - 12~12 (i.r -V 

1 _ ^ 
10 4a;-2* 

Q I lU. -i-t ^ - oo 

a;-f 20~^ a; ™ "^a;(a: + 20) 

0(12-a)^5_17^a; 
4(a; + l) ■^4^’£r-8 * 

a;-4 a;- 2 a;-10 a; - 8 
‘ a; -5 a:-3~a;-li a;-9* 

a;~^_3/_ 
-i 5\x~[ 

2a;-3 3a;-5 

1\ 23 
3/ lOTa;-!)* 

12a;-25 _ 8a;-18 
3a;- 7 2x~5‘ 

. . 30 -}- ha; 60 + Sx . . 48 
14.--f-- 14 + - , . 

x-fl X + S x +1 

15 + ^ 3a;-14 3a;-8_3a;-32 3y - 26 

X + T^ ^ a: - 6 ~ ^ a; - 6 * ’ a; - 5 a; • 3 a’ 11 a; - 9 

7;^+l_35/a;_-f4\ 28 

a; - 1 “ 9 U + 2 j 9 * 

a; ^2 a; - 2_ 
-3'^a;-6 

21. 3x -f 2 2a; - 4 
a; - 1 a;-f 2 

23. 
Jl_2 1 
a; -f i x-i 2 X +4 

=0. 

25. 
1 1 2 

x-1 a;-4~x + 2* 

4(2a;-l)_2[7x-J)^l 
3(a'-2) 6x-"l3 3* 

9Q ^ _ 2^ _ 4 
Sa:-5 3a;-4“3‘ 

31. 
lOx-f 17_12a;+2_6a;-4 

18 11a;-8“ 9 ‘ 

18. 

20. 
* 

22. 

24. 

26. 

28. 

30, 

32. 

X ^27 
6 ^“14 

5a- - 4 
12x-j~ 

33 

= 4. 
8a; _ 5 

2^^ " Sx - 2 

3x _ 2x 
x-l “2x~l~"^’ 

1 1 
15 -lOx 15-Ox 15X + 120 

3x^2 + 1 
2x-3 x + 16“2' 

,J_L=3/-i--J. 4. 
x-1 x-3 ix-2 x-3j 

X - 5 x-7 
x® - 6x + 6 X** - 8x -f 15 

==0. 

33. 
x^-x + l x^ + x + l * --f- _ =2x. 

x-1 x+1 

35. 
1 +x 

2-3x''^‘^i «3a;* 

34. 

36. 

x-1 X _a;-8_^xj-7 
x^2”x-l~x-9 x-8‘ 

_i___L=Y V x-4 x-3 4\x-5 x-1/ 
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37. —J + ® ^ + f=3. 38 
X-5 a:-9 x -1 
3x-4\ 7x + 4 5 
-IxTr-sr^r-H 
5x~34 3a!~26_r>x-24 3x~32 
x-T'^ x-9 ” x-5 

38. -^ + -^0=0- x~3 x-5 x-7 a:-9 

x-3 x-\ x-Q x-7' 

42. ^-1 - + 1+--2 
x+l X-2 x-l 

CHAPTER XXIII 

MISCELLANEOUS FACTORS FOR REVISION 

XXIII. a. 

[Grouped in batches of 10.] 

Resolve into their simplest factors : 

1. ax'^-bx, 2. x^ + ll.r + 10. 3. 3x^-3. 4. 2x^-Sx + 6, 

5. ax -bx4 - 6^. 6.1” 2;r - 3x^. 7. 4a® - 46®. 

8. 18a;a + 24a; + 6. 9. 8x® + 14.r”15. 10. a:® f-2a;2 - a; - 2. 

11. 20xy -I5y'^. 12. axr-ab^. 13. x®-52a: + 51. 14. 4(a®-;I). 

15. a;® + aa:® + a®.r + a®. 16. 72-x-x^. 17. {a+b)^~a~b. 

18. ICa;® ” 50a; ”21. 19. a®--6® - c®+ 26c. 20. a6x® - 4aa; - 36x-f 12. 

21. 3-6x + 3x2. 22. 27x®-12x + l. 
24. 3ax + 2hy - 2bx - 3ay. 25. 3a® - 81. 
27. 35x2 ^\2x- 32. 28. x®//® + 1 - x® - ?/ 

30. a®x2 + 6®2/® - a^y^ - 6®x2. 

31. 63a6-216c-2456®. 32, 54x2 + lox^ - 

34. 3x2-^. 35. 27x2-6x~ 8. 
37. x2y2 _ 1 _ ^2 y2 3g (or - 6)® - a + 6. 

40. (a + 6)2 - 5a - 56 4- 6. 

41. p^x^-2p^x+p. 42. x2-25x4-156. 43. x(x + 8)4-8(x4“6). 
44. 33x2 ^ 20xy - 32?/®. 45. x® 4- 2ax - 7bx - 14a6. 46. (a 4- 6)® - (a - 6)*. 
47. 15x2-2a6 -5axV66x. 48. 2x«-128. 49. 4x®-7x-3. 
50. (6x4-ay)2+ (6y-ax)2-c2(x2 4-?/2). 

51. x2-16(x-4). 52. (a4-.\)2-(6 4-i)®. 53. x2-hl4x-147. 

54. 3 (a-6)2 ~ 3a 4-36. 55. 12x2 - 14a6 4-8ax~216x. 53^ x® 4-3 4-2x2 ~ 2x. 

57. 27x2+ 210X-125. 58. x® - 3ay 4-3xy - a®. 59. a*-16(6-c)*. 

80. a(a-l)x2 4-x-a(a4-l). 

23. 20a2-45. 
26. 6 4-3a;-2x2-X®. 

29. G-5x-2x2 4-x®. 

33. 6x - ay - ox 4- 6y. 
36. 343x2-7y2. 

39. .X® - 64y®. 
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Resolve into their simplest factors : 

61. a2+ 2a+ 62 +26+ 2a6. 62. 35^^ - - 2 V. 63. -if)+ 

64. 6'“x*-6«. 65. x‘ + 2xV + 2^». 66. 

67. 32a:2 + 352ar2 + 320.r. gg, -{•y)^{x-y)-{x-y)‘^{x + y). 
69. 462c2-(a2-62-c2)2. 70. (2a-6)*-(a-26)^ 

71. tyar - a- 562 + ^ 72. 39^2 + 14a; - 8. 73. 16 {x^ - ^ g^). 

74. ax-\-by-ay-cx-bx-^cy. 75. (ir2-2)2-a:2. 
76. (a: + ?/)2-13(a; + 2/)a+42a2. 77. {3a-6)*-(a-36)^. 

78. d^x + oc - abx - b‘^y - 6c + aby. 79. 8(2a; + y)* + (x - 2y)K 

80. 16a;^ + 4:X^y^ + if. 

REVISION PAPERS 

XXIII. b. 

1. Resolve the following into their simplest factors : 

(i) ax2-a^. (ii) -2xy 

(iii) 75x2-7Ga: + l. (iv) ar2 + ar^ - 5a; -5y, 
2. Find the h.c.f. of 2a;2 -5a; -3 and 3a;2 _ gp 

3 4 1 
3. Simplify ;—-s +-q» ^ value of x which will make 

X — 1 X — X — o 

the expression equal to zero. 
4. Multiply a;2 - oa; + 6a; - a6 by a;2 + oa; - 6x ~ a5. 

5. Using half an inch as x unit, and one-tenth of an inch as y unit, plot 
the points given by the table boloW;^and Join them by an even curve. 

a;= -6 -4 -3 -2 -11 0 1 2 3 4 5 

y- 25 16 9 4 1 1 1 0 1 1 4 9 16 1 25 

Read off from the figure, the values of x when y~7 and 13, and the 
values of y when a; = 1*8 and -2*4. 

6. Solve the equation 
a;2 -2x + 4_a:;2 -5 

a; - 1 a; +1 

7. A bicycles at the rate of 12 m. an hour, stopping for 6 minutes at 
the end of each hour. B starts 2 hours 24 minutes later on his motor car, 
and, pursuing him, catches him up 42 miles from the start without any 
stops. At what rate did B travel ? Solve the problem graphically and 
algebraically. 

XXIII. c. 

1. Resolve the following into factors ; 

(i) 2a;2-8. (ii) 2a;2-6a; + 2. 

(iii) a* + 2a6 + 62 - c*. (iv) x^ -y^ - ^x + Sy. 
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n o. vr (ar2-l)(a:2-4) 
2. Simplify 7-5-'-ziH—-r-—1^' 

^ (x^-\-x-2){x‘‘-X-2) 

3. Find the l.c.m, of 3a^6 - 3a^6^, 4a6® - 2a^bK 
4. Simplify [(a; - 1)2+2(:i: - l)(2a; ~ 1) 4-(2a; - l)^]-^(3a; - 2). 

5. Plot the points (10, 10), (15, 18), (30, 22), (39, 10). If the quadri¬ 
lateral Joining them represents a field, each square unit representing one- 
tenth of an acre, find the area of the field. 

6. Solve the equations J ~^ — To• Check your result. 6. Solve the equations “ 4^ ~ ^4 > .-- ^ ^ 

7. A train does a journey without stoppages in 8 hours ; if it had 
travelled 5 m. an hour faster, it would have done the journey in 6 hours 
40 minutes. Find its slower speed. 

XXIII. d. 
1. Resolve into factors ; 

(i) 2a:2 + 7a; + 3. 
(iii) c^ + ab-ac-bc. 

(ii) -b^ ~ 2bx - x\ 
(iv) 3 - 362. 

2. Find the h.c.f. of x^ - ax ~bx + 06, x^+cx-ax- ac, and bx^ - a^b. 

3. Simplify 
2a; 4-y x{x^-\-y-) 
a;2 - y2 -y^ 

4. Draw the graph of a;-f 2y —8, and from it write down all the positive 
integral solutions of the equation, not counting zero values. 

5. Divide a^ - b^ by a2 _ ^6 4 b^. 
x2-a;~2 2.r2 - a; -1 4a;2 4 a; - 3 

6. Solve the equation —4 —-j— x 4 1— ' 

7. In an innings of a cricket eleven the team were accounted for in the 
following manner. Some were stumped, half as many again were caught, 
and half the wi(;kets that fell wore bowled. How many were stumped, 
caught, and bowled respectively ? 

2. Simphfy 
* (« + 6 4c)2 
’ ^ (c - 6)2 - 0,2 • (.2 _ _ Ijy^’ 

XXIII. e. 
1. Resolve into factors : 

(i) a;2 - 28a; - 128. (ii) ax - 2y - 2x+ay, 

(iii) a;2 - 5a;2 4 7a; - 3. (iv) 4 4 lOba®. 

o a- vt (a46)2-c2 (6 4c)2-o2 f^a + b+c)- 
^ (a - 6)2 - c- (c - 6)2 - 0,2 - {a - by 

3. Find the L.o.M. of x^~5x + G, x^-x-2, x^-2x-S. 

4. A bicycles a journey of 36 miles in 6J hours, and B, starting IJ hours 
after him, arrives at the end of the journey 36 minutes before him. If they 
ride at uniform speeds, find graphically where B passes A. Calculate your 
result to the nearest tenth of a mile. 

5. Divide 6a;^ - 5x^ 4 6x2 417a; 4 6 03.2 ^'jx + 2. 

R Q* 14 2x2-.5X43 3^2^a._4^ 2(3.r2 - 13x - 10) « Cl- 2x2-,5x43 3x24x-4 2(3.r2 - 13x - 10 
6. Simplify _^j-3-+ 

7. What value of x will make 

(x 4 i)2 - (x -1)2 equal to 2x 43. 
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XXIII. f. 

1. Resolve into factors : 

(i) 2x^ + dx-5. (ii) {2a + b)^ - (a + 2bf, 

(iii) a{b+0-d)-{-d{a-b-c). (iv) - x^z - xy^ yH. 

2. Find the ir.o.F. of c?-{a-b)^, (a+c)^ ~b‘^, {c-b)^-a^. 

3. Simplify P"*' 

ting x — 3. 

4. Draw the graph of 2:1^ 4 3// - 21, and from it write down all positive 
integral solutions, counting zero values as positive. 

5 2 
5. Solve the equations 

y ^ 
36 24 

-— 1. Check your results. 
X y 

6. By doing a journey at the rate of 12| miles an hour a bicyclist 
completes it in 3 minutes less time than if he had travelled at 12 miles an 
hour. Find the length of the journey. 

« M 1 .1 X- ;r + 5 a: + 7 a? + 10 a: + 12 , 
7. Solve the equation —r - —= - y; - - -rr* Test your answer. 

.r “I" 4 ^ "f" o "}' */ »)/ 11 

XXIIL g. 

1. Resolve into factors : 

2. Simplify 

(i) 12:^2 +7a;-12. 

(iii) x^ -2 -a: + 2x“. 

x^ + .r- + 1 x^ ~ 2 
^•1-4 a:^ -1 

(ii) 4a^ + 6^ -c^ -d'^+ 4tab + 2cd. 

(iv) Xy _a;2 _ 2^2 p 

. xa +1 
’ .x“'+2' 

3. Find the L.c.M. of 3(x^-x-y-), 64^“y^ + y^), 9(x^ - x^y-^xy^-y^). 

4. The majority against a certain motion is equal to 6f per cent, of the 
total number voting. If 12 of those who voted against the motion had 
voted for it, the motion would have been carried by a single vote. Find 
the numbers voting on each side. 

5. Divide x^-b{4a + b)x + {a + 2b){a^ + 3b'^) by x+a+26. 

6. Solve the equation 
2x -f 3 2x + 9 3x + 7 3x 4 16 
X4-1 X4-4 ~ X4-2 X4-5 

Test youi 

answer. 

7. A man travels at the rate of x feet jier minute. 

How long does he take to do a mile ? 

How many yards does he travel in an hour ? 

How many miles does he travel in y hours ? 

xxni. h. 
1. Simplify + 

o o 1 XI. X- 2x2 4-5x4-4 4x2 4-8x4-6 — , , 
2. Solve the equation -^^—5—. Test your solution. 

X -f- A £x 4" o 
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3. Plot the points (0, 0), (1, 1), (4, 2), (9, 3), (16, 4), (25, 6), (I, -1), 
(4, -2), (9, -3), (16, -4), (25, -5), using one-tenth of an inch as x unit 
and half an inch as y unit. Join the points by an even curve. Estimate 
the corresponmng y values on the curve when a; —11, and when a; = 23. 

4. Simplify 
a- ~ 

(iH- 
\ a - 0/ w 

2^ (a+6)3 

a^b' 
5. A fraction is such that its denominator exceeds its numerator by 2 , 

also if the numerator is diminished by unity and the denominator increased 
by unity, the fraction becomes equal to i. Find the fraction. 

6. Solve the equations ^-2a:-=2.1, 

- + 2a: + 5}. =0. Test your solution. 
y - 

7. What is the interest on 

(i) £2)00 for 1 year at x per cent, per annum ? 
(ii) .4 years .. simple interest ? 

(hi) £a for 1 year ... ? 
(iv) .y years.,. ? 

XXIII. k. 

1. Divide + i -r by a: -1 + * • 
x- ‘ X 

4 17 3 
2. Solve the equation ^-r - = r T ~f solution. 

oa: — 1 Zox“ ~ 1 ox + l 

3 4 14 X 
3. From the equation ’ — = ,-find the value of 

y~5 2~-x {x-2){y-5) y 

4. Simplify + 
\ X x^J X y \y x- 

y X 
5. At what time (to the nearest minute) do the hands of a clock point 

in the same direction between 4 and 5 o’clock ? 

6. Solve the equations xy Ax ^ 
xy - 'Ax ~ 14. Test your solution. 

7. In the equation y~2x~X“, find the corresponding values of y to all 
integral values of x from -3 to 5. Tabulate your worlc. Using half an 
inch as x unit, and one-tenth of an inch as y unit, plot the points, and join 
them by an even curve. 

1. Divide (x^-7/2)2 

2. Solve the equation 

XXIII. 1. 

(x- - Sxy + 27/3)2 by (x - y)^. 

3.r3 + 14x + 7 9x3-5 
Test your solution. 

X + 4 3x - 2 ’ 

O O* I X +b^-c^+ 2ab , aA-b 
3. Simplify 

4. Find two numbers whose difference is 27, such that the larger 
divided by the smaller gives a quotient 7 and a remainder 3. 



186 ELEMENTARY ALGEBRA [OHAIi 

5. Find values of a and b which will satisfy both the equations 
a b2a 36 
~x~y~ ’ V“ y ~ 2, when and y — \^ 

6. Solve the equations 3a;+ 4?/+ 14=0, 

^x-2y+ 6=0. 
Deduce the solution of the equations 

? + Li4=0, 
X y 

n o 
'+ 6=0. 

3. From the equation 

x y 

7. If 2a; - 3^ -1 =0, and xy - 3:c + 2 =0, prove that 3i/* - 8y +1 =0. 

XXIII. m. 

1. Divide (a2 + 2ab - 362)2 _ (^2 _ 4^^ + 3;,2^2 by (« _ b)\ 

3 1 19 
2. Solve the equation Test your solution. 

-i-^-^2 + (x-2)(jj^ir^' tho value of J. 

A c- vx 4.P'* + 8a;2+4 a;* + a*2 + l , {x* + x^)^ 
4. Simplify 

5. At what time (to the nearest minute) do the hands of a clock point 
'in opposite directions between 4 and 5 o’clock ? 

6. Try to solve tho equation What con- 

elusion do you draw ? 

7. A horse is bought for £85, and sold at a gain of x per cent. What 
is the selling price ? * 

By selling a horse for £92, a profit of x per cent, is made : what was the 
original price of the horse ? 

CHAPTEK XXIV 

SQUARE ROOT 

124. Every quantity has two square roots, equal in value but 

opposite in sign. 

E.g. the square root of 4 is 4-2 or -2, 

for (4-2)2 = 4, and (-2)^ = 4. 

v/4 = 2 or -2, 

or, as it is written more shortly, ■Ji= ±2. 



xxrv.] SQUARE ROOT 187 

At present we will only deal with the positive root. 

A square is always positive, for by the rule of signs 

ax a —or, 

(— a) x{-a)—aP‘\ 

i.e. whether a quantity is positive or negative, its square is positive. 

Hence we see that a negative quantity has no square root. 

The square root of a negative quantity however has an inter¬ 

pretation, but this hardly comes into the province of Elementary 

Algebra. 

The square roots of simple algf^braical expressions can be seen 

by inspection. J(a*b-)=a^b. 

slxh^ — 

s/l 6u'‘ = 4a^. 

f^W 962 

V a; ‘ 

Examples. XXIV. a. 

Write down, or read off, the positive square roots of the following 

1. 2. a}o. 3. 2/‘«. 4. x^y^. 
5. a~bK 6. 7. 4a*6*. 8. IGaVA 

9. 49x^y*^z^. 10. 1^. 11. 
Sla^b^ 

13. 01. 14. -25. 15. -04. 16 ^ 
•0001* 

•4Q 
18. 19. -OWcK 20. 

46* 

21. l-21aV«. ll. 49^ y • 23. 
-0064®* 
-OOOly**' 

25. 9 (a-5)2. 26. {2x -\-y)\ 27. *01 (10:r + lO?/)®. 

125. The square of a simple expression is also a simple 
pression. 

E.g. {4u^6^)2 = ] 6u^6^. 

We know also that the square of a binomial expression is a 

trinomial expression. 

E,g. {x + 2)^ = o[^-{-4lX + 4. 

(2.T + 3)2 = 4x2 + 12:r + 9. 

Thus we see that a binomial expression has no square root. 
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126. The square root of a trinomial expression which is a 

square can usually be determined by inspection. 

{a±hf==a^±2ab + U\ 

Hence all trinomials which are perfect squares must be of the 

form + 2ah + 

Thus + 12X1J + 9i/ = (2x)^ + 2{2x)(3y) + (3y)\ 

s/4- i 2xy + 9y^ = 2x-\- 3y. 

s!- 12xy + 9y^ = 2x - 3y. 

The form of the square of a binomial {a^±2ah + h‘^) is of great 

importance. 

Consider the expression 

x^ + pax + a^. 

By comparing this with the above we see that if it has a square 

root, that root must be x + a. 

But (x + a)2 =-x^ + 2ax + ; 

if 4-paa; 4-is a perfect square, 

p must be equal to 2. 

Examples. XXIV. b. 

Determine the square roots of the following expressions : 

1. 4 '2xy + 2/^. 2. x’^ - 2xy + yK 3. 4- 4a6 + 46*. 

4. 4a^ - 4ab + 6^. 5. x^ ~ 9. 6. 1 - 4:c + 4x^. 
7. 25a2 -> 30a6 + 96^. 8. 493:^ - l4:xy + yK 9. 4a- - 28a6 4 496*. 

10. 9x* + 242:7/+1 ()?/*. 11. 121a*-44a6+46*. 12. 1-22:* +^®. 

13. 169a2 + r)2a6 + 46*. 14. 81a* - 18a6+ 6*. 15. 252:* - 702:^/+ 49?/*. 

16. a* - 2a*6* + bK 17. 4a^ + 4a*6* + 6“^. 18. x^y‘^ ~ 2x^y +1. 
/yi2» 9^ 

19. ® - 20. a*+4aW+4R 21.x^-x + }. 

22. ^-ab + b\ 23. -*-2+^i. 24. x^~Zxy + ^-. 
4 y^ x^ ^4 

1 25 
25. ** + ^ + 2. 26. a^-5a + -^. 27. {x + y)'‘+2(x+y) + \. 

28. (ffl + 6)»-2(a»-6=)+{a-5)». 29. (x-yf-i(x-y)+A. 

30. 9(a + 6)2+6(a + 6) + I. 31. (a+6)2 + 2(o + 6)(c + d)+(c+<i)». 

32, {a + b)^ + 2a{a-\b)+a’‘. 33. +1^-2(^| + l) +1. 

34. 18(a:-y)*-8(a:-y) + l. 35. (a + 26)*+ (a+ 26)+i. 

36. (a + 6)>-2a(a + 6)+a». 37. -1 ^-1^+1. 
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38. lQ{x + y)^-24(x^-y^)+^x-yf, 39. ^6-2+^,. 

4a* A ^ At ^ c^ 4a* 40. — 4h—j* 41. g+2-i- a* 
a* 4a® .r* 

. (a+6)2 (a + 6)(a; + y) (a: + ?y)2 
U. -g 3 +—^ • 

What must be added to the following expressions to make them complete 
squares ? 
43. a2 _|_ f)2 44_ 3,2 _ 4aj 45^ 9 4.3.2 

46. 4x‘“ + 257/2. 47^ (a+ 6)2+ 2(a+ 6). 
48. Determine the value of p if x- -4px + 10 is a j^erfect square. 
49. For what value of a will x"^ - 2a- + a be a perfect square ? 
50. What value of 7> will make x~ -\-%pxy ^rq^y- a perfect square ? 

127. To find the square root of any com'pou7ul expression. 

The method depends upon the fact that the square of a+6 is 

a^ + 2a6 + 6“, which may be written in the form 

a^ + 6(2a+-6).(i) 

Let us take an easy example. 

The first term in the square root of 36.r^ - 84.Ty + 49?/- is 

evidently fa. 36^-8fa, + dV(fa 
36x2__ 

- 84x^ + 49//^ 

Subtracting its square, i.e. 36x^, from the given expression, the 

remainder is - Mxy + 49y^, which may be written 

-7^(2 X 6x~7y). 

Comparing this with (i), we see that in this case a is 6x, and 

therefore b is -ly. 

Hence we have the following rule. 

Having obtained the first term, (6x), double it, (12x), and 

divide the first term (- 84xy) of the remainder by it. The 

quotient ( - 7y) is the second term of the square root. 

The full work is best arranged as below : 
36x2 _ g4.xy + 4:9y^ (6x-7y 
36x^_ 

- Sixy + 49y^ 
(12x ~ 7?/) X ( - 7y) = ~ 84xy +• 49y^ 

Explanation. Having obtained the first term of the square 

root, 6x, we double it, 12x, and divide it into -84x^, the first 
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term of the remainder when (6x)^ is subtracted. The quotient 

(- 7?/) is the second term of the answer. 

Add -7?y to 12x and multiply the result by -ly, placing the 

result -84ir?y + 4%^ under the remainder. 

If the student carefully compares the following with the expres¬ 

sion a'^ ■{■h{2a + h), he will see the reasons for the different steps. 

+ 2ah + 6^ ( a 

2ab + 
{2a 4- ft) X = 2ah + 

128. Fmd the square root of 

25a4 - 30y)x^ 4- 49pV - 2if^x 4- 16p^. 

25.r^ “ 4- 49y?^:r^ - 24y>"'^2:4-16y;^ ( - Zpx 
2^ x^ __ _ _ 

- 2>0px^ + 

- Zpx) X ( - Zpx) = - 4- ^p^x^ 

40y9^x^ - 2\q)^x 4-1 

Thus far the work is exactly similar to that in the previous 

examples, the reasons being the same. 

Thinking once more of the expression a^-\-'b{2a-\-h), we see 

that if the given expression has a square root, the remainder 

iOp’^x^ -2ip^x + must be of the form h{2a + h), remembering 

that now a is 5x- - 3px. 

We therefore repeat the process of the first step. 

Double - ^px, obtaining - %px, 

407^2.T2 4-10.r2 = 4y/ gives us the next term of the answer. 

Add this to lOx^-Qpx, obtaining IQx’^ - %q)x^ ip^ \ multiply 

this by 4p2^ and place the result under the remainder. 

The example is worked out in full below : 

25x^ - 30^a^ 4- 49y?2x2 _ 24p^x 4- 16p^/5x^ - 3px 
25x^ _ \ 

- 4- 49y?^x^ 
(lOx^ - Sqix) X { - 3px) = - 30pa^ 4- 9p^x^ 

AQpV - 2ip^x 4- 

(lOx*^ - %px 4- 4^^) X 4j>^ — ¥)p^x^ — 2^p^x 4- 16p^ 

5a^ - Zpx + 4p2 is the reqd. sq. root. 
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129. The square root of a compound expression can often be 
seen by re-arrangement and inspection. 

+ 2x +1 

= 0^-2x^(x + \) ^‘{x-^-l)^ [a^-2a6 + 62] 

A 2af-WV2x + l ^o^-x-l. 

-f 6^ + - 2hc - 2ac + 2ah 
= a‘^ 4- 2a(6 - c) + _j. ^2 _ 26c 

(arranging in descending powers of a) 

= a2 + 2a(6 -c) + (6 - cf 
= (a + 6-c)2; 

•JoP'4-6^4--26c-2ac4-2ab 
Find the square root of 

~25'''9x* 5 Sx^'''l5' 

Arrange the expression in descending powers of X. 

4a^_^ 19 _ ^ 1 _1 

25 5 ■‘’is ^■^9a:*V6 ^"^3^ 

4x^ 

25 

5 ■'■15 
4a^ , 

-g- + l 

15 

i-_A J_ 
15 3x2 ■'■9»« 

Examples. XXIV. c. 

Find the square roots of the following expressions ; 
1. a:^4*2a:®-f 3a;2+2a;-i>l. 

3. -237® 4“ 6a:*-“4x4-4. 
6. 9x«-12x8 4-34x*-20x + 25. 
7. 16a:®4-6a:®-l-17a:*4-x*-}-24x®. 

B.B.A. 

2. 4a:^-|-4x®4-5x*-|-2x4'l. 
4. a* - 4a®6 4- 6a®6® - 4a6® 4- 6** 
6. 4x® 4- 25y® -f 162® - 20x2^ - 40y2 -f 16x2. 

8. 12a®x-26a®x®4-25x*4-9a^-20ax®. 
N 
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Find the square roots of the foUowing expressions : 

9. ic*-6a;2-f 11-I-i . 10. a^+b^ + c^-2ab-\-2bc-2ca, 

11. a;* - + 49 + 42a; - 14a;® + 9a;®. 12. 9a;^ - 12a;®y + 34x®!/® - 20xy^ + 25y*, 

13. a® + 46® + 9c® - 4a6 - 126c + 6ca. 
14. 9a* + 496* + 121c* - 42a262 + 15462c2 - 66a®c®. 
15. 4a262 + 962c2 + c2a® - 4a26c - 12a6®c + 6abc^. 
16. 4a:® + 9y® + 25^® - 12a:y + 20a:z - 30yz. 

17. i9x* + 109xy + 36j;*-70x*3/-60xi/». 18. ifi-ix^ + 2 + *^ + i. 

19. ix* + 9y* + 492* - 12a:V - i2y^z^ + 2%xH\ 20. + 3 - 2 

21. --a® + 2a + L 
4 

a* 4a;® aa;® . _ ^ 

oQ 
2/® 4a;® 16* 

a* 2a® 4a® 1 
22- 9+-r + T+“ + 4- 

a* a® 11a® . 
9 ” 3 '^12" 

no ^ o„jt 28a;® - 1 
26. ~ 3a;® 4*—~2x4'g* 

fid Rd 
28. 9a;* + ^+24a;®-~-32. 

6a 173a® 
"5 ■^ ' 80 ' 

SQUARE ROOT OF NUMERICAL QUANTITIES 

130. First study carefully the following example worked 

according to the algebraic method. 

Example* Find the square root of 99225. 

99225 = 9.10*+ 9.10®+2.10®+ 2.10+5(3.10®+ 1.104 5=315 
9.10*__ 

9.10®+2.10® 
(6.10» + 1.10) X (1.10) =6.10®+ 1.10® 

3.10* + 1.10® + 2.10+5 
(6.10* + 2.10 + Y) X(Y) = 3.10® + 1.10® + 2.10+5 

Below we give the same example in arithmetical form, omitting 

superfluous powers of 10. 
9,92,26.(315 

92 
(60 + l)xl=61 ^ 

3125 
(620 + 5) X 5 = 625 X 5 =3m 
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131. The following are very useful and should be learnt bj 

heart: 
132 = 169, 172 = 289, 

142 = 196, 182=4x81 = 324, 

152=9x25=225, 192=361, 

162 = 4x64=266, 212=9x49 = 441. 

132. The square roots of numerical quantities can often be 
best found by using factors. 

1764=4x441=4x9x49; N/m4=2x3x7=42. 

53361 =9 X 5929=9 x 7 x 847=9 x 7 x 7 x 121 = 32 x 72 x 11*; 

^53361 = 3 X 7 X11 = 231. 

Examples. XXIV. d. 

Find the square root of 

1. 1,764. 2. 18,226. 3. 16,900. 

5. 34,969. 6. 390,625. 7. 213,444. 

9. 16,876. 10. 4,020,025. 11. 9,006,001. 

13. 5,499,025. 14. 408,120,804. 15. 1,825,201. 

4. 2,704. 

8. 7,056. 

12. 3,892,729. 

1C. 12,173.121, 
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THE DETERMINATION OF THE SQUARE ROOTS OF 

NUMBERS BY GRAPHICAL METHODS 

133. The student must first familiarize himself with the graph 

of the equation \j == 

Trace, the graph of 

X=0 ±1 ±2. ±3 ±4: j ±6 ... 
2/=0 1 ^ ^ 1 ^ l"^ 1 25 ... 

rr rrrr a IPBB -m 
m ■ill a 9 1991 1 B a lii 

:: iiz s s 1888 
iiiSbi 

I8BS 9 a 
IB aaRi 

ii'SSS SSI 8 - ISI BBtai 
!■■■■ mmm a BB BBia 

■ !■■■■ (■■■ a a BB bbbi 
!■■■■ a a BBBI 
miM I8BS a 98 Bf Ba 
■IMI a a 8 ia BliBI - 18*8 a □ BB ariBi 

'■>!■ a B BB B'lia 
■ Mm !■■■ a B BB BABI 

si !■■■ a BB 
'I I*.;: !■■■ !■■■ a a - BB 

BB 
_ ■ 111 !■■■ a a a BB tIBBI IZ 
_ s i88S 8 8 B ss laSa ■“ 
__ g ■■ ■■■ a a - BBV 

■ III !■■■ 8 I B 88ri 8Sbi 
ii S Si Jtim 8 - : 8fj BBSS -- 

‘•■a 
liIBB 

a 
a - B 

B 
aifi 
aril fMl -- 

rrrr I1BB a a B'JB BBBI 
■■■■ maa a a • BBBI 
■■■■ BilB a B. fiBB BBBI 

:s8l sk:; 
Baa; d 

P. 
r; m 

IBB: BBBI 

bbS 
lIBBI 
BBBI E 

O X 

Joining these points, we have the graph reqd., which we see is 

a curve. 

For every value of y there are two equal and opposite values 

of X. 

the curve is symmetrical about the axis of y. 

Moreover, as x increases indefinitely, y also increases indefinitely. 

/. the parts of the curve on either side of OY meet only at 

the origin. 

Such a curve is called a parabola. 
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N.B,—In the above we have taken twice the length of the 

side of a square to denote unity. 

We observe that when x is greater than unity, the ^ value 

increases much more rapidly than the x value. This is well seen 

from the table of corresponding values of x and y below. 

•= I 5 5 7 10 11 1 ... 

r=: 25 36 49 64 1 "'J 
100 121 1 ... 

134. A better curve for working purposes will be obtained 

if we take 10 times the side of a square to denote unity for the 

abscissae, and one side of a square to denote unity for the ordinates. 

Employing these units, we obtain the curve shown below. 

I^ihi nisi HI H li alii ■■■ w Hi!! li im lliaal 

Essssi! 

m 
'SSSSII 

i^lHl 

issas: Ul 
■■■ 
a:: 
»| 

!ii: 
!;!! 

:8ffi 
■■■■1 

aiaai 

saga 
■■■■■ 
saaaa 
■■■■■ 

aiuj 
»»! 
■■■■i 
■■■■1 

Ml ■■■ 
!::::! 
IS-gl 

■ HI 

uai 

Mil 
■■ii 

P: 
!:ii: 
■■•■■ 
■■■■■ 

!S: 
:t8 
mmmm 
■■■■ 

■ ■■H ■■■■■ 
:8!88 

!iSS 
E'iSS pil 

m 
■■■ni 

■aaaa 
saaaa jaiaB 

ISIIli! sssEssj pli 
i 

SS88I m 8S88! [E:»i 
i m m iaaaa! !iES 

O M N K X 

Thus at P, the abscissa ON =30 times the side of a sq. = 3 units, 

and the ordinate PN = 9 times the side of a sq. = 9 units. 

The effect of using different units for the x and y values in this 

way, is the same as uniformly stretching the paper in a direction 

parallel to the axis of x. If we took the larger unit for the y 

values, it would be the equivalent of stretching the paper parallel 

to the axis of y. 

It will sometimes be found convenient to take the x unit still 

larger. 

In connection with square roots, the important thing to observe 

is that since y = x^, or x = v/y, for every point on the curve, the 

abscissa of any point on it is the square root of the corre¬ 

sponding ordinate. 

In the curve shown above take the point Q when the ordinate 

is 3 and draw the ordinate QM. 
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Now at every pt. on the curve 

at Q 3 = 0M2 for there and aj==OM ; 

But from the figure we see that CM lies between 1*7 and 1*8 
and somewhat nearer 1*7 than 1*8 ; 

v/^=l*7 correct to one decimal place. 

Again take the pt. R where RK, the ordinate, = 14. 

14-OK2; 

/. n/I4 = OK = 3-7 correct to one decimal place. 

135. Construct a graph from which the square roots (correct to t%00 

decimal places) of numbers between 16 and 25 may be read off. 

4^,16) 4-1 4-2 4-3 4-4 4-5 4-6 4-7 4*8 4-9 BXltaiUgS 

We must draw the graph of y — x^, and use a large unit for 

X values, for x has to be determined accurately to two decimal 

places. 

We shall only need to draw that part of the curve where x lies 

between 4 and 5. 

Take 50 sides of squares to represent unity in the x values, and 

2 sides of squares to represent unity in the y values. 

In the curve y=a;®, when sr=4, y = 16, 

and when a?=5, y = 25. 

Let P be the pt. (4, 16) and Q the pt. (5, 25) so that PN in the 

figure representing unity is equal to 50 sides of squares, and QN 

representing 9 is equal to 18 sides of squares. 
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{N.B.—QN is the difference of the ordinates of P and Q, and 

therefore = 25 -16 = 9 units.) 

When a;==4-2, = (4*2)2 = 17*64, 

17*64-16 = 1*64 units = 3*28 sides of sqs. 

Hence estimating the value of *28, R in the fig. is the pt* 

(4*2, (4*2)2). 

(RK in the fig. = the diff. of the ordinates of R and P 

= 17*64-16 = 1*64 units = 3*28 sides of sqs.) 

Again, when 5C = 4*6, — — ; 

/. estimating the value of *16, S in the fig. is the pt. (4*6, (4*6)2). 

(Here again, SL = the diff. of the ordinates of S and P 

= 21*16-16 = 5*16 units = 10*32 sides of sqs.) 

The curve through the pts. P, R, S, Q is evidently so nearly a 

str. line that we need find no more pts. on the curve. 

Join the pts. P, R, S, Q by the continuous curve as shown in 

the figure. 

To find \/T8 from this graph we must take the pt. whose 

ordinate is 18, i.e. the pt. A, (N.B.—AD = 18-16 = 2 units = 4 

sides of a sq.) 

From the fig. we see that the abscissa of this pt. is 4 + PD, 

which is equal to 4*24 ; _ 
^/^8 = 4•24. 

To find n/21, we must take the pt. whose ordinate is 21, i.e. the 

pt. B. (N.B.—BE = 21 -16 = 5 units = 10 sides of a sq.) 

From the graph the abscissa of this point = 4 + PE = 4*58 ; 

/. ^/^ = 4•58. 

To find \/23, we must take the pt. whose ordinate is 23, i.e. the 

pt. C; 
v^23 = 4 4-PF = 4*80. 

The roots of other numbers between 16 and 25 can be read off 

in the same way. 

136. The following geometrical methods may be used for 

determining the values of square roots in simple cases. 
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Example. To find the value of sf5. 

First Method. Take AB 5 units long, and produce it to C making BC 
equal to one unit. On AC as diameter describe the circle ADC. At B draw 
BD p©rp. to AC, meeting the circle at D. 

From geometry we know that 

DB2=AB.BC=6; 

DB=n/5. 

From the diagram =2-24 approx. 

(If squared paper is not used, DB must be measured.) 

Second Method. On AB, 5 in. long, as diameter describe a circle. 

In AB take a pt. D 1 in. from A, and draw DC perp. to AB to meet the 
circle at C. Join AC. With centre A and radius AC describe a circle 
cutting AB at E. 

By geometry AC^ = AD . AB = 5 ; 

.\ AC=\^5; 

.*. AE = AC=\/5, 

and if squared paper is used we can read off the value oi s!6 from the 
diagram. 

Pythagoras’ Theorem, which proves that the square on the 

hypotenuse of a right-angled triangle is equal to the sum of the 

squares on its sid^ may be sometimes used with advantage. 

Thus to find v/lO, 10 = P + 3^ draw AB 3 units long, AC 1 unit 

long at rt. angles to AB. Join BC. BC =\/l0 units long. 
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CUBE ROOT BY GRAPHICAL METHOD 

♦137. Draw the graph of y=Qi?, 

Use for the y values a unit one-tenth of that for the x values 

When ~ I' I T , 
x — l 2 3 4 6 ... inches. 

y = l 8 27 64 125 ... tenths of an inch. 

x~-2 -3 ... inches. 

y=-l -8 -27 ... tenths of an inch. 

Plot these points and we have the graph reqd. 

We see that the curve lies entirely in the first and third 

quadrants, and that the parts of the curve in those quadrants 

are similar. 

-1 -2 -3 ... 

y=-\ -8 -27 ... 
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For values of x greater than 1 or less than -1, as the numeri¬ 

cal value of X increases, that of y increases much more rapidly; 

but for values of x between 1 and -1 the reverse happens. This 

shows that the axis of a; is a tangent to the curve at the origin. 

As X varies continuously from - oo through 0 to + oo , y also 

varies continuously from - oo through 0 to 4- oo . 

From this graph we can read off cube roots and cubes of 

numbers. 

♦138. To construct a graph from which the cfube root of any numbeff 

between 64 and 125 may he written down, correct to two decimal places. 
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Let the pt. A denote the pt. whose co-ors. are (4, 64). 

In the horizontal line AB take 1 in. to represent *2, so that 

AN (5 in. long) represents unity. 

In the vertical line AC take an inch to represent 10. 

On the paper plot the point (5, 125) P. 

(4*5)^ = 91*125. plot the pt. (4*5, 91*125) Q, estimating the 

value of *125. 

Join the pts. A, Q, P by an even curve. 

This curve will be seen to be part of the graph oi a?. 

we can read from it the values of the cube roots of numbers 

between 64 and 125. 

E.g. ^'112 = 4-82, ^93 = 4-63. 

Note. —Great accuracy can be obtained in the above if a few more 
points are plotted ; e.^. [(4-2), (4-2)»], [(4-8), (4*8)3]. 

Examples. XXIV. e. 

[Always staie clearly, on the same sh^ of paper as the graph, the units 
employed.] 

Plot the graphs of the following, using an x unit twice as large as the y 
unit. 

1. 3a; + 4t/ —12. 2. 3a:-4y-12. 3. y~2x. 

4. i/ + 3a:=0. 5. 5a;--2^ = 1. 6. 2a;+ 2?/-f 2 =0. 

Plot graphs of the following using a y unit ten times as large as the 
X unit. 

7. x-\-y — \\. 8. a;-2y = 20. 9. 10a;=y. 10. 20a;+3/=0. 

Trace graphs of the equation y — x^. 

11. When the x unit is five times as large as the y unit, 

12. four . 

Trace graphs of the equation x^ — y. 

13. When the x unit is equal to the y unit. 

14 . . ten times as large as the y unit. 

15 . five .... .... 

Trace graphs of the equation y = 4a:*. 

16. When the x unit is equal to the y unit. 
17. four times the y unit. 

18. Construct a graph to show the square roots of numbers from 49 to 64. 
From it write down (correct to two decimal places) the square roots ol 
63*6, 67*8, 69*6, 61-6. 

Verify one of your results by the Arithmetical method. 
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19. Construct a graph to show the square roots of numbers from 36 to 49. 
From it write down (correct to two decimal places) the square roots of 
38-6, 39-7, 40, 42*6, 46-8. 

[With the curve y~x^, use 5 inches for the x unit, half an inch for the 
y unit.] 

From the above graph read off approximate values of the squares of 
6- 44, 6-68, 6-82. 

20. Plot the points (7, 1% (7-1, 7-P), (7*2, 1-2% (7-3, 7-32), (7-4, 7-42)- 
Join them and read off the square roots of 49-8, 50*7, 51-3, 53-9 correct to 
two decimal places. 

[Use 10 inches for the x unit, one inch for the y unit.] 
From the above graph write down approximate values of the squares of 

7- 05, 7-16, 7-28, 7*36. 
21. Find from one graph, correct to two decimal places, the square 

roots of 54-6, 58-8, 62*4. 
Verify one root by the Arithmetical method. 
22. Plot the points (8, 8^), (8*1, 8*P), (8-2, 8-22). Join them and use 

the graph to determine, to one decimal place, the square roots of 6430, 6680. 

23. Using 5 inches (or 10 centimetres) to denote *1 in the x axis, and 
5 inches (or 10 centimetres) to denote unity in the y axis, plot the points 
(8, 64), (8*1, 8*P). Join them by a straight line. Assuming this straight 
line to be part of the graph of y—x^y use it to determine the square 
roots (to two decimal places) of 6425, 6437, 6486. 

Verify one of your results by the Arithmetical method. 

In each of the following examples, use a single graph to determine the 
tquare roots of the given numbers (use large units). 

In each case verify one answer by the Arithmetical method. 

24. 81*96, 82*6, correct to three decimal places. 

25. 8346, 8424.two . 
26. 101*68, 100*96,. three^. 

27. 152'8, 167*6, . two ... 
Use one of the methods of Art. 136 to find the approximate values of the 

following: 

28. n/3. 29. n/0. 30. >^1. 31. v'li. 32. 

33. «y4^. 34. \/^0. 35. s/i-S. 36. n/5^7. 37. *y4¥. 

38. Draw a graph to find the cube root of any number between 
125 and 216. Write down the cube roots of 144 and 198 correct to two 
decimal places. 

39. Draw enough of the graph of to find the cube roots of numbers 
between 8 and 27. 

Write down the cube roots of 15 and 21 correct to two decimal places. 

40. Find the cube root of 8*25 correct to two decimal places. Test 
your result. 

[Plot the points (2, 2®) (2*1, 2*P), using a large x unit, say 6 inches, to 
denote *1. Join the points by a straight line, and assume this straight line 
to be part of the graph of 

Find the Cube roots of the following, correct to two decimal places : 

41. 27*9. 42. 28-6. 43. 29*2. * 44. 30. 45. 65*6. 
46. 67 8. 47i 08*5. 48. 127. 49. 123*8. 50. 130. 
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CHAPTER XXV 

QUADRATIC EQUATIONS 

139. When an equation contains the square of the unknown 
quantity, and no higher power, it is called a quadratic equation, 

or an equation of the second degree. 

= 7a; + 3, examples of such. 
12 = 23a;-5:r2^ 

ic2-.4-0 

140. Solution of quadratics by factorization. 
Let us consider the equation a?^-7a; + 12=0. 

It may be written {x ~ 3)(a; - 4) =0. 

We notice that when x = 3, 
the left-hand side = (3 - 3)(4 - 4) 

=:0x(-l)=0, 

i,e, the equation is satisfied, or 3 is a root of the equation. 

Also when a; = 4, 

the left-hand side = (4 - 3)(4 - 4) 

=1x0=0; 

4 also is a root of the equation. 

It will be proved later on that every quadratic equation haa 

two roots and only two. 

N.B,—Every multiple of 0 is 0. 

6 x 0 = 0, 1000 x 0 =0, 

0xa=0, 0xa^=0. 

Examples. XXV. a. 

Write down the roots of the following equations : 

1. (a;-l)(a;-2)=0. 2. (x-l)(a; + l)=0. 3. (x-a)(a;-6)=0. 
4. a:(a;~l)-0. 5. (a; + 2)(a; + 3)=0. 6. {x + a)(x ~b)—0. 

7. (a: + 2)a;=0. 8. (x-2a){x-b)—0. 9. (a; + a)(a;-26)=0. 
10. (a;11. (a: + ^)(a;4-|^) =0. 12. a;(a; + ^)=0. 

13. 14. (ar-a + 6)(a?~a-6)=0. 
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Write down the roots of the following equations : 

15. 16. (*-gpT-j) =0. 

17. {a:-2(a + 5)}{a;+3(o-6)}=0. 18. (*-a*)(a; + 62)=0. 
19. {i + ((1-6H{3:-(o + 6)®}=0. 20. (a:-3)*=0. 21. x{x~a)=0. 
22. a;(x + 4)=:0. 23. (a; + a)2=0. 24. (x-\-2a)^=0, 

141. Solve the equation = x + 20. 

Transposing all the terms to the left-hand side (or subtracting 

a? 4- 20 from both sides) 
rr2_a;-20 = 0, 

factorizing, (a? - 5)(x + 4) = 0 ; 

x = 5 or -4. 

Verification. Whenx = 5, a^~a;-20==25-5-20 

==0; 

5 is a root of the equation. 

When a;=-4, a^-x-20 = (-4)^-'(-i)-^20 

-16-f4-20==0; 

- 4 is also a root. 

Solve the equation 4a?2 -16a;=84. 

Transposing 84 to the left-hand side, 

4x^-16a;-84—0. 

Dividing both sides by 4, a;^ - ^ - 21 ==0, 

factorizing, (a; - 7)(a; + 3) = 0; 

/. a; = 7 or -3* 

Verification. When a; = 7 

4a;2-16a;-84 = 4x49-16x7-84 

= 196-112-84 

=0; 

7 is a root of the equation. 

When a;=-3. 4a;2-16a;-84 = 4x9-16(-3)-84 

= 36-h 48-84 

=0; 

/. - 3 is also a root. 

142. When an equation contains the square of the unknown 

quantity, and no first power of the unknown quantity, it is called 
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a pure quadratic. If it contains both the square and the first 

power of the unknown, it is called an adfected quadratic. 

x^-4=0 and 6^2 = 54 are examples of pure quadratics. 

+12 =0 is an adfected quadratic. 

Pure quadratics are easily solved by factorization. 

Solve the quadratic 6a;® = 54. 

Dividing both sides by 6, a;® = 9. 

Subtracting 9 from both sides, a;® -9 = 0, 

i.e. (x-3)(a; + 3) = 0, 

a; = 3 or -3. 

Or we might proceed thus, 

a;® = 9 as before. 

Taking the square root of each side 

a;= ± 3. 

143. Solve the equation a;® = 12 - x. 

Transposing all terms to the left-hand side (or subtracting 12-aJ 

from both sides), 

the equation becomes a;®-fx-12 = 0. 

Factorizing, (x + 4) (a; - 3) = 0, 

from which we see that - 4 and 3 are the roots reqd. 

Verification. When x=-4, 

the left-hand side = ( - 4)® = 16, 

the right-hand side = 12 - (- 4) = 16; 

/. - 4 is a root. 

When a; = 3, the left-hand side = (3)® = 9, 

the right-hand side = 12-3 = 9; 

/. 3 is also a root. 

Examples. XXV. b. 

Solve the following equations, verifying the solutions in each case: 

1. a:*-7a;+ 10=0. 2. a;* - 5a; + 6 =0. 3. a;2-4=0. 

4. ar®-3a;=0. 6. a;* + 4a;+3=0. 6. a;2 + 4a;-5=0. 
7. a;a=8a;-7. 8. x2-2=a;. 9. x2-3 = l. 

10. a;* + 10 = llx. 11. 4x=45-a;». 12. 12x-27=x2. 

13. x8=20-x. 14. x® = 7x. 15. 2x2-1=1. 

16. x*-4x+4=0. 17, x* + 3x=0. 18. 21+10x + x*=0. 
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Solve the following equations, verifying the solutions in each case : 

19. Ux + I5==x\ 20. 4:0Sx + x^, 21. + 225 = 30a?. 

22. 2a:2~3 = 15. 23. 4:X^=^8x. 24. Zx^+2lx=^% 

25. 103a:=a;2 + 102. 26. a?2 + 16a? + 15=:0. 

144. Let us take the equation 2x^ -•lla; + 12 = 0. 

It may be written (2x - 3) (x - 4) = 0. 

We see that if 2x-3 = 0, ix. if = the equation is satisfied, 

for 0x(|-4)=0. 

Also if a?-4 = 0, i.e. if a? = 4, the equation is again satisfied ; 

4 and 4 are the roots of the equation. 

Solve the equation = 2 (x -f-12). 

Removing the brackets = 2a; + 24. 

Transposing all terms to the left-hand side, 

a;2-2a;-24=0. 

Factorizing, (a; - 6) (a; -h 4) = 0 ; 

/. 6 and -4 are the reqd. roots. 

Solve the equation a:;^ - 4a; + 4 = 0. 

Factorizing, (a; - 2) (a; - 2) = 0 ; 

in this case the roots are equal and each of them is 2. 

145. If fractions or brackets occur in the given equation, they 

should first be cleared away. 
A X^ 

Example 1. Solve the equation "a; -8 = -^ • 

Multiplying both sides by 4, 12a; - 32 — a;*. 

Transposing all terms to the left-hand side (or subtracting from both 

sides), 12ar - 32 - a;2 =0. 

Re-arranging and changing signs tliroughout [this is permissible, for if 
a=6, -a — ~b; ifa = 0, -a = 0], 

a:2-12a;+ 32=0. 
Factorizing, (a; - 4) (a; - 8) = 0 ; 

4 and 8 are the reqd. roots, or a;=4 or 8. 

Verification. When a;=4, the left-hand 8ide=3 x4-8=4. 
/4\a 

. the right-hand side=i-^ = 4 ; 

4 is a root. 

When a;=8, the left-hand side = 3 x 8-8 = 10. 

. the right-hand side = =^ = 16; 

8 is also a root. 
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7 4 1 
Example 2. Solve the equation ^^-= . • 

"1 3J T" 1 4: 

Multiplying both sides by 4(3a;- 1) (a; +1), the l.c.m. of the denominators. 
28(a; +1) - 16(3a; -1) = (a; -f- l)(3a; - 1), 

28a; + 28 - 48a; +16 =3x2 + 2a; - 1. 
Transposing and arranging, - 3x2 _ 22a; 4- 45 = 0, 

3x2 ^ 22x - 45 =0, 
(3x-5)(x + 9)=0 ; 

I and - 9 are the reqd. roots. 

It is important to observe that if x - a is a factor of both sides 

of an equation, a is a root of the equation. 

This is at once seen by substitution. 

Example 3. Solve the equation 2(2x - 5) + 7x(2x - 5) =0. 
2x - 5 is a factor throughout; 2x - 5 = 0 gives a root 

whence x = |^. 
Having divided by 2x - 5, we have left 

2+7x=0 

whence x = -1 ; 

the reqd. roots are ^ and 

Examples. XXV. c. 

Write down the roots of the following quadratic equations : 
1. (2x-3)(x-4)=0. 2. (3x + l)(2x-l)=0. 3. (3x + 4)(5x-f6)=a 
4. x(7x + 9)=0. 5. (5x-7)(6x + l)=0. 6. (7x-8)2=0. 
7. (2x-o)(2x-6)=0. 8. (5x + o)(6x + 6)=0. 
9. (2x-^)(3x-'cTd)=0. 10. 3(4x + 5)(2x-9)=0. 

Solve the following equations : 
11. x2=2-x. 
14. 2(5x-12)=x2. 
17. x2-4x=4(x-4). 
20. 6x2 + 17x=0. 

26. (2x-l)(3x + l) = ll. 

29. x-l=^. 

12. 8a:-iK» = 15. 
15. x{x-4)=5. 
18. 1+2** =3®. 
21. *-10=*(*-10). 

23. ** + 4-8*+2-87 =0. 24. z + ~=2. 
X 

27. 2** + i|?=6. 

80. (2* + l)(* + 8)=27. 31. 

13. x2=4(x + 8). 
16. 4x2 = 1. 
19. x(x + 4) = 6(x4'4), 
22. 4x(x + l) + l=0. 

*-M-- 
28. 5x(2x-3)4-7(2x-3)=0. 

x + lO 10^11 
X-5 X 6 ’ 

32. 160x2=299x4-2. 

35. 13x*-6x-7=0. 

38. 
1 1 _ 1 

*^"* + 3~36' 

33. (6*-3)(3* + l)=l. 

36. » + 35 = 70**. 

34. 6(4* + 6) + |(4* + 6)=a 

•37. »*» = 18* + 16. 

B.B.A. O 
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SOLUTION OF QUADRATICS BY COMPLETING SQUARES 

146. Take the equation a®-t-2a6==0. 

Adding 6^ to both sides, + 2a6 + 6^ == 

i.e, (a + 6)^ = 62. 

The addition of 6^ to both sides completed the square on the 

left-hand side. 

Take the equation = 0. 

Adding 9 to both sides, - 6a? + 9 == 9, 

(x-3)2 = 32. 
Again the left-hand side becomes a complete square. 

More generally, to complete the square on the left of the 

equation we must add to both sides. 

The equation becomes -2ax-{-a^ — a^, 

or 

x2 + 8x becomes by adding 16, ^.e. 42.(1) 

x2-2cx . (x~c)2 . c2. .(2) 
x2-f*10x . (x + 5)2 . 52. .(3) 

Thus we observe that any expression of the form x^±2px 

becomes a complete square when we add the square of half the 

eoefficieut of z. 

In (1) wqadd 

In (2) . 

In (3) . 

147. Let us now employ this to solve quadratic equations. 

Example 1. Solve the quadratic +4ar=32. 

Adding the sq. of half the coeff. of x to both sides, 

i.e, a?*-f-4a;+ (21^=36, 

(0:4-2)2 = 36. 

Taking the square root of both sides, 
0:4-2= 4:6« .. 

With the positive sign a: 4- 2 = 6, 
a:=4. 
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With the negative sign x-h2= - G, 

x= -8; 

4 and - 8 are the reqd. roots. 

In connection with (i) we at first sight think we ought to say 

±(a: + 2)=±6, 

for ±(x-i-2) is the sq. root of (x + 2)^ just as +6 is the sq. root of 3G. 

This however is unnecessary, as we see if we take the four different 

cases separately. 

With positive signs on both sides, a; + 2—6, x~4) 
w the same result. 

. negative. -x - 2= -o,x = 41 

With the positive sign on the left and the negative sign on the right, 

a: + 2 - -6, x= - S. 

With the negative sign on the left and the positive sign on the right, 

- a: - 2 = + 6, 

x-h2 — -6, X— -8, again the same result. 
Thus it is sufficient if we attach the double sign (±) to one side. 

We always attach it to the numerical square root. 

148. Before completing squares the coefficient of should be 
reduced to unity. 

Solve the equation 22-x^6x^. 

Re-arranging by transposition, + a; = 22. 

Dividing both sides by 6 to make the coefficient of equal 

to unity, 

Adding the sq. of half the coeff. of x, i.e. ^^2) ’ 

?? L 
' 6 ■^144’ 

(-rJ 
2 628 + 1 

l44 

529 
144 
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Taking the sq. root of both sides, 

1 ^23 

“■'■12 *12’ 

1 23 
With the positive sign ® |2 ~ 12’ 

23-1^11 
"“12 6* 

1 23 
With the negative sign ~ 12’ 

-23-1 . 

. n 

•• 6 
and - 2 are the reqd. roots. 

149. To solve the general quadratic ax^ + + c==0* 

aa^ + hx^ -c, 
9 6x c 

ar + — = —. 
a a 

Adding the square of half the coeff. of x to both sides. 

n hx / h c 

^ a ^\2ajt 4a^ a 

W - 4ac 

Taking the sq. root of both sides, 

h ± “ 4ac . 
-s- » 2^ ^a 

-b±v^2Z4i;^ 

2a 

The above formula may be used for the solution of any 

quadratic equation. 

There are therefore three methods of solving quadratics: 

(1) by factorization, (2) by completing squares. 

(3) by using the formula — 
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The student should have considerable practice in all three 

methods. 

When the factors cannot be seen readily, the second or third 

method should be employed. 

Examples. XXV. d. 

Solve the equations: 

1. 6a;2=2 - a;. 2. 1 -26a;2 = lla;. 

3. a; + l=156a;2. 4. 5a;2=4a; + l. 

5. 3ar2-f 10 = 17a;. 6. 7a;2+,32a; = 15. 

7. 2a;2-f 19a; + 9=0. 8. (x-1)2 = 16. 

9. 2{x^ +1) ~5a;—0. 10. lla; = 3(2a;2 + l). 

11. 3(a;-l)(a;-fl) = 8a;. 12. (*-l)(x + l) = ^. 

13. 15=4(3a;2 + 2a;). 14. (2x-l)2 = 25. 

15. (3a:-i)»=49. 16. 3x(5x-l) = 4(x + 9). 

17. 25x»-7* = 86. 18. 5x-ll=x(5x-H). 

19. 13a: + 9 = 10a:2. 20. g-6y-36=0. 

21. 3(3a: + 4)+5a:(3i + 4)=0. 22. 
2a; - 3 _ 4a; - 6 

2 “ a; ’ 

23. a:(a:-l) + i(a:-l)=0. 24. 
2a;-3 2(2x-3) . 

5 3» 

25. 7(3a;-6)-hllar(2a;-4) 

6 5 6 
27. 

-3a:(5a;-10)=0. 26. 

1 

2 1 
3(a;-l) 2x + l 15 

X-3 2a; -f 1 
a;“2 a;-4 x-3 a; +1 ^ a; + 3 2a; H- 2 

90 ^ 4. — ?_ZJ 
5 + a; 6-4a; a:-6* 

2 3 4 
31. 

a;~2 a;-3 a;~4 x 

a?-!*** {r + 2 ^ x-2 

-5' 

=0. 

30. 

32. 

34. 

3a;+ 4 30-2a; 7a; -14 
~5 ^^=6 “To 

2 a; + 3_10 
x-i-S 2 “ 3’ 

« + 3 a;-3^ ^ ^ 
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When the quantity under the radical sign (V ) is not a perfect 

square, the approxi^nate values of the roots should be found by 

finding the square root to a few decimal places. 

9±j2i 
Thus if 

a; = - 

10 ^ 

9 ±4-583^. 

10“ 

(for s/2] =4-583...) 

= 1-36, or -44, correct to two decimal places. 

Examples. XXV. e. 

When the exact values of the roots of the following equations cannot be 
found, give results correct to tivo decimal places^ i,e, to the nearest 
hundredth. 

Solve 

1. x^-2x==l. 

3. x{x - S)~x - I, 

5. 5x^ -9x -4=0. 

7. x^=::j3{2x-sf3), 

3x + 2^x + l 

11. 
3a;+ 1 3a;-1 
3a;-1 3:c + l“^* 

2. a;2 = 2(l ~x). 

__ar + 4 
~x~l' 

a; +1 X 

4. a; = 

6. 
-3 

a; -f 2 a; -4 
=0. 

^'a;-f3^ar-f-6^a;4-9 

10. a; -1 a; -3 
a;^ + 3.r + 2 a;^ + 5a; + 6 a; + 2 

12.-^-xH-~j=0. 
a;-2 a;-3 a;-4 

14. x^-s/3x-6=0. 

MISCELLANEOUS FORMS OF QUADRATIC EQUATIONS 

♦ 1 c. A Ti 1 < cii X 2 X 3 a;-f-4 x 1 
*150 Example 1. Solve _ -^3=^.^-—. 

Simplifying each side separately, 
a;^-f 6a; •+- 6 - (a;® - 5a; + 6) _a;* + 6a; + 4 - (a;* - 5a; -f 4) 

(i -2)(a; + 3) (x - 4)(a; +1) 

lOx lOa; 

a;=0 or 

a;* + sc~6 a;*-3a;-4’ 

1 ^ 1 
x^+x-Q a;*-3a;-4* 
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i.e, ai^ + a;-6=a:2-3a;-4 

4a; =2, 

x-\ ; 

/, 0, ^ are the reqd. solutiona. 

Examples. XXV. f« 

Solve the equations; 

1. a;« + 100-29a;2. 

ITTreat the equation as a quadratic for a;^.] 

O 9 324 _ 2. a =^45. 3. *»+^^=28. 

4. 6.;.^-2^+ #,-=15. 
x-2 x^b x-Z x-\-4: x^ ~2x 

[Let x^-~2x~v, and first solve for v. Two values of v will be found, 
and we shall therefore have four values of x.] 

6. a;- -1 +a;^ -a; = (). 

[Factorize the left-hand side.] 

5 
7. 5a;® - 4a;2 = 5a; - 4. 8. a;®-4a;-4 = 

a;® -4a; 

(* + l)(® + 2)(* + 3)(a: + 4)=24 + 34(»2 + 5*). 

11. 6x» + (5-ar)» = 5(5 + x)(5+2x). 12. ^x + i)(x + 2)(x + 3)(x+4)=24. 

14. x(x + l)(x + 2)(x + 3) = 120. 13 I x-3 
x + l'^xV^' a;+ 2’^a;+3 

15. 16. 16x(x + l)(x + 2)(x+3)=9. 

17. a;*+2a;®-lla::®+4a;+4=0. 
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CHAPTER XXVI 

GRAPHS OF QUADRATIC FUNCTIONS OF AND GRAPHIC 

SOLUTIONS OF QUADRATIC EQUATIONS 

161. Solve the equation 2x^ - a; -10=0 graphically. 

First Method, Let us trac^ the graph of ^ == 2^^ - a: -10, using 

a unit for the x values 10 times as large as that for the y values, 

as in Art. 134. 

When 

©
 It 1 2 3 -1 -2 -3 

©
 II 2 8 18 2 8 18 

•-a;>10= -10 -11 -12 -13 ... -9 -8 -7 

y = 2a^ - a; -10 = - 10 -9 ! -4 5 -7 0 11 

(0, ~10), (1, -9), (2, -4), (3, 5), (-L -7), (-2, 0), 

(-3, 11) are points on the graph. 

Marking these points as shown in the diagram, and drawing 

the curve carefully, we have the graph of y^2d(?-x-l0. 
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At the points A and B where this curve meets XOX' the axis 

oix, y—0\ at those points - a? -10=0. 

But OA and OB are the values of x at these points ; 

/, they are the roots of the given equation. 

From the diagram we see that the roots are 2-5 and - 2. 

Second Method. First trace the graph of y — x^, using a unit 

for the X values 10 times as large as that for the y values, as 

in Art. 134. 

We thus obtain the curve POR as in the diagram. 

Then trace in the same diagram, and with the same units^ the 

graph of 

We know this to be a straight line. (Art. 71.) 

When a; = 0, = 5 (0, 5) is a point on the straight line. 

Mark this point A. 

When a; = - 4, ?/ = 3 ; /. ( - 4, 3) is also on the line. 

Mark this point B, and join AB. 

The straight line AB is the graph of 2^/ - a: -10 —0. 

Mark the points P and R where this line meets the curve POR. 
Now at the point P, the ordinate PM is the same, for both 

graphs, Le, y is the same in both the equations y^x^ and 

2y -x-\0-0 \ .‘.at the point P, 2x2-a;-10 = 0. qm is there¬ 

fore a root of this equation. From the diagram OM= -2. 
In precisely the same way, the ordinate at R is the same in 

both equations, y^x?‘ and 2y-x-10=0 ; ON is another root 

of the equation 2x2-x-10=0. From the diagram ON = 2*6; 

the reqd. roots are - 2 and 2*5. 
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162. Find graphically, correct to one decimal place, the roots oj 

the equation + lOx - 29 = 0. 
Trace the graph of ^ = 5a;^ + 10sr-29. 
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Plotting the points (0, -29) (1, -14) (2, 11) (-1 ,~34) 

(-2, -29) (-3, -14) (-4, 11) and taking the x unit ten times 

as large as the y unit, we have the curve as shown in the 

diagram. 

The equation is satisfied when 5^^ + 10a;-29=0, i.e, when 

j/ = 0, i.e. where the curve cuts the axis of x. 

From the diagram, the roots required are 

1-6, -3-6. 

Verification. When a; = 1*6, bx^ + \0x - 29 = 5(2*56) + 16 — 29 

= 12*8 + 16-29 

= - *2. 

Thus when a; = 1*6, 5a;^ + 10x-29 is nearly zero. 

1*6 is an approximate root. In the same way we can verify 

the fact that - 3*6 is an approximate root. 

If we trace the graphs of y=^x^ and ?/ = a;^ + 6x + c, where 6 and 

c have any assigned values, using the same units in each case, we 

shall obtain the same curve in different positions. This is easily 

seen by cutting out one curve and superimposing it on the other. 

In general, it will be found that the graph of any equation 

in two variables, whose terms of the second degree form a 

perfect square, is a parabola. 

For instance, if we plotted a number of points on the curve 

(2x + 3y)2 + 3x-22/ + 5 = 0 and joined them by an even curve 

we should obtain a parabola. 

MAXIMUM AND MINIMUM VALUES OP QUADRATIC 
EXPRESSIONS OF ONE VARIABLE 

163. These all hinge upon the fact that a perfect square is 

always positive, i.e. it cannot be less than zero. 

To find the minimum value of a^-4:X-\-7 for real values of x, 

x2-4x + 7 = (x-2)2 + 3. 

the given expression is least when (x-2)®=0. 

The reqd. minimum value is therefore 3, 
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To find the minimum value of + l graphically. 

Let us trace the graph of - 4x + 7. 

When 
ic= -2 -1 0 1 2 3 4 d 

a:* + 7 = ll 8 7 8 11 16 23 32 

00 11 1 4 ♦ 0 -4 -8 -12 -16 1 -20 

y=l9 12 7 4 3 j 7 12 

Plotting the pts. (~2,'19) (-1, 12) (0, 7) (1, 4) (2, 3) (3, 4) 

(4, 7) (5, 12) and joining them by an even curve, we have the 

curve shown in the diagram. 

From it we see that the minimum value of y, i.e. oi + 
is 3. 

[In the diagram the x unit is taken five times as large as the 

y unit.] 

To find the maximum value of 3*5 + 4x ~ for real values of x. 
36 + 4x^4x2«4.5 ^ (i 4a; + 4a;2) 

«4*5-a-2x)a. 
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/. the given expression is greatest when (1 - 2x)^ is least, i.e, 

when 1 -2x=0. 

Hence 4*5 is the maximum value reqd. 

By plotting the graph of ^ = 3*5+ 4a;-we can find the 

maximum value graphically, as in the preceding example. 

164. Between what values of x is the expression 19x-2x®~35 

^positive ? 

Let y denote the given expression. 

2/- ~(2:r2-19a; + 35)= -(2a;-5)(a;-7) 
= (2a;-6)(7-x) = 2(x-|)(7-x). 

When cc<2J, aj-f is negative and 7-a; is positive ; 

y is negative. 

When x>2\ but <7, a;-|^ is positive and 7 - a; is positive; 

y is positive. 

When x>l, a;-f is positive and 7-a; is negative ; 

/. y is negative. 

the given expression is only positive as long as a; is between 

21 and 7. 

This may be seen graphically by plotting the curve 

y — 19a; - 2a;^ - 35. 

Examples. XXVI. 

1. Draw the graph of 3a;* -5x-3 for the following values of a?, -2* -1, 
0, 1, 2, 3. 

(i) Using an x unit ten times as large as the y unit. 
(ii).five .. 

2. Draw the graph of fix* + 4a; -21. 
(i) Using an x unit ten times as large as the y unit. 

(ii) .five . 

3. Draw the graph of a;* - 4x. 

(i) Using an x imit ten times as large as the y unit. 
(ii) .five . 

4. Draw the graph of 4(x* -1). 
(i) Using an x unit ten times as large as the y unit. 

(ii) .five .. 
\_Tabulaie values of x and y before choosing your units,] 

5. Prove graphically that the expression x*-6x + 13 is positive for aQ 
real values of x. 

6. Show graphically that the expression 4x - 6 - x* is never positive for 
real values of x. 
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Solve the following equations graphically : 

7. 4a;2-4a;-15-0. 8. 4x^ - 4x - 35 

9. a:2 + Mx- *8 = 0. 10. -3‘3x-\-2=0. 

11. 6a:* ~ 23a;+ 21 =0, to the nearest tenth. 
12. 10a:2 + 21a:-13-0. 
13. 5x^ -3x -16 = 0, to the nearest tenth. 

14. Draw the graph of 4a:2 “4a; +1. What do you deduce as to the roots 
of the equation 4a;* - 4a; + 1 =0 ? 

15. Plot the graph of 4a:*-3a;+ 7 using integral values of x from -2 to 
3. What do you deduce as to the roots of the equation 4a;* - 3a; + 7 = 0 ? 

16. Prove graphically that the expression 13-6a;-a;* is never greater 
than 22 for real values of a;. 

17. Draw the graph of a;*-3a;, and deduce approximate values of the 
roots of the equation a;* “3a; = 3. 

18. Plot the graph of 5a;*-3a;-24, and from it deduce the roots of the 
equation 5a;* = 3a;+ 26. 

19. Draw the graphs of y=a;*, 2y=3a; + 14 in the same diagram, and 
deduce the roots of the equation 2a;* - 3a; -14 =0. 

20. Draw the graphs of y=a;* and 5y-8a;-69=0 and deduce the roots 
of the equation 5a;* = 8a; + 69. 

21. In the equation y = 5a;*-4a; -10, find the corresponding values of y 
to the values -2, -1, 0, 1, 2, 3 of x. Draw the portion of the curve 
thus given, and deduce approximate values of the roots of the equation 
6a;* - 4a; -10 = 0. Read off the minimum value of the expression 5a;* - 4a; -10* 

22. Find graphically the values of x for which the expression a;* - a; - 6 
vanishes. Prove that for all values of x between these limits the expression 
is negative and for all other real values of x positive. 

23. Draw the graphs of y=a;* and 2y-3a;-20=0, and deduce the roots 
of the equation 2a;*=3a;+ 20. 

24. Draw the graph of y = (a; - 2)(a; - 3), and deduce approximate roots 
of the quadratic (a; -2)(a; -3) =5. 

25. In the equation y = 3+ 3a;-5a;*, find the values of y corresponding to 
the values -0*4, -0*2, 0, 0-2, 0-4, 0*6 of x. Plot the |3oint8 thus obtained, 
using an inch to represent 0-2 along the axis of a;, and an inch to represent 
unity along the axis of y. Write down the maximum value of y. 

26. Prove graphically that the line y = 6a;-13 meets the curve y=a;*-4 
at one poizit only. Find its co-ordinates, and verify your result 
algebraically. 

27. Find graphically, as accurately as you can, the minimum value of 
4a:* -3a;+ 2 for real values of x. Verify your result algebraically. 

28. Find graphically the maximum value of 6a; - 3 - a;*. Verify your 
result algebraically. 

29. Find graphically the minimum value of a;* - 6a; +Verify your 
result algebraically and write down the corresponding value of a;. 

30. Find graphically the minimum value of 3a;*-6a;+ 6* 6. Verify by 
algebra, and write down the corresponding value of x. 
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31. Find graphically the value of x which will give 2*4 + 40a; + 6a:* a 
minimum value. 

32. Find graphically between what limits the value of x must lie if 
25a;* - 30a; - 91 is negative. 

33. Between what limits must the value of x lie if the expression 
20 - 2a;* ~ 3a; is positive ? Find the limits graphically and by algebra. 

CHAPTEK XXVII 

SIMULTANEOUS QUADRATIC EQUATIONS 

166. In this chapter we shall consider simultaneous equations, 

where one at least is of a higher degree than the first. 

The methods of solution are various, but the student should 

endeavour to reduce the equations to the forms 

ax + bj/ = c, 

ax - b// = c\ 

Addition and subtraction will then efiect the solution. 

Example 1. 

By division, 

Also 
Adding, 

Subtracting, 

Solve the equations 25a;* - y* = 84, 5a; - y = 6. 

5a: + y = 14. 

5x = 6. 

10a;=20, a;=2. 

2y = 8, y=4. 

x — 2, y=4 is the reqd. solution. 

Example 2. Solve the equations 3a; + y —9, . 

xy — Q. 

Squaring equation (1) 9a;* + 6a;y + y2 = 81. 

From (2) 12a;y = 72. 

Subtracting, 9a;* - &xy + y* = 9. 

Taking the sq. root, 

We now have the two cases. 

3a; - y = ± 3. 

3.r+y = 9,l 1 3a;+y = 9, 
3a;-y=3.J ' 3a; - y = - 3. 

Adding, 6a; = 12j , 6a; = 6, 
a; = 2. x = l. 

Subtracting, 2y = 6, 2y = l2, 
y = 6. 

■■ IZz} yie} are the reqd. solutions. 

(1) 
.(2) 
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Examples. Solve the equations .(1) 
.(2) 

From (2) 6a:y=48.(3) 

Adding to (1) fo complete the square. 

+ &xy + = 100. 
Taking the sq. root 3a; + y = ± 10. 

Also, in the same way, subtracting (3) from (1), 

Oa;’* -6a;y+ y®=4. 

3a; ~ y = ± 2. 
There are now four cases, 

3a; + y = 10,\ 3a;+y= 10,\ 3x + y= “10,\ 3y+y= -10, 
3a; —1/ = 2. f 3a;-2/=-2./ 3a;-y= 2. j 3x-y= -2. 

Adding, 6a; = 12, 6a; = 8, 6a; = -8, 6*= -12, 
a;=2. a;=|^. x=-t. x= -2. 

Subtracting, 2y — 8, 2y = 12, 2y=-12, 22/=-8. 
y = 4. y=6. J/= -6. y= -4* 

Hence the reqd. solutions are 

a;=2,\ *=-2,1 
yz=4J y = Q,J y=-6.f y= -4-J 

Example 4. Solve the equations 4x* + 2/* = 17, . .(1) 
2a; + y=5. . .(2) 

From (2) by squaring, 4a;*+4a;y+ y*=26. . .(3) 
4a;y = 8. 

Subtracting this from (1) 4a;2 - 4a;y + = 9. 

Taking the sq. root. 2a;-y= ±3. 

Hence 2a; + 2/=5, 
2a; -y =3. 

\ or 2a:+y=6, 
/ 2*-y= -3. 

Adding, 4a; = 8, li 

a;=2. X — ^. 

Subtracting, 2y=2, 2y = 8, 
y=l. y=4. 

/. a;=2, 
y = l. tj 

II 

are the reqd. solutiona. 
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The Examples in XXVIL a. can all be solved by substitution. 

The student must be careful to do the work methodically. 

Example 1. 25x^-y^~S4:, .(1) 

5x -y = 6.(2) 

From (2), y~5x -6. 

by substitution in (1), 

25a;2-(5a:-6)2=r84, 

whence 60a;-36 = 84, a; = 2. 

By substitution in (2), the simpler of the two given equations, 

10-y =6, y=4. 

* • V is the reqd. solution. 
y=4:J 

Example 2. Sx + y=9,.(1) 

xy=6.(2) 

From (1), y = 9-3x, 

by substitution in (2), a;(9 - 3a;)=6, 

i.e, 3a;2-9a;4-6=0, 

i.e. a;®-3a;+ 2=0, 

i.e, (x -l){x -2)—0; 

a; = l or 2. 

When a; = l, from (1), y = 9-3a;=9-3 = 6. 

.a;=2,. =9-6=3. 

• iu = 11 a;=2I 
^ V and _ > are the read, solutiona 

y = Qj y=3f ^ 

P 
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Example 3. Qa;® + y®=52, .. 

xy = S. 

From (2), 

from (1), by substitution, 

64 
9a:2 + ^>52. 

f.e. 9a;^-52a:2 + 64=0, 

f.c. (9a;2-16)(a;2-4)=::0. 

. . a:2=-^or4. 

4 
= ^3 or ±2. 

Whena;=i2, from (2), y = ?-±8x|=±d. 

a;= ±2, 

Hence a;=~ 

. = ±- = ±4. 

are the reqd* solationa. 
= 6^ y=-6>' y=4* 2^=-4^ 

(1) 

(2) 

Solve the equations: 

L 4a;3-2/2 = 35, 

2a; + y = 7. 

4. -xy — 35, 

x-y-b, 

7. 5a;-2?/= 12, 

25a;2-*42/* = 96. 

10. a;+2/ = 15, 

a;y=54. 

Examples. XXVII. a. 

2. a;2_y2^21, 

ir + y=3. 

5. 4a;^+xy=51, 

4a; + y = 17. 

8. 4a;2-252/*= -81, 

4a; - 10y = 54, 

11. x-y-2, 

xy — \b. 

3. y*-9a;2=28, 

y ~3a; = 2. 

6. 9a;~32/ = 3, . 

9a;2 - = 5, 

9. 9a;2-49y2=29, 

6a; - 14y =2. 

12, a;-2/ = l, 

a;2/ = 132. 
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13. + 
xy^ -117. 

16. 8a:?/~-l, 
4(^ + 2/)-3. 
19. 3x-2y=-14, 

xy ~ 12. 

22. x^+y'^:^-ZA, 
xy~ -15. 

25. 9a;2 +42/2 = 136, 
ary = 10. 

28.»-*=l, 
X y 

xy=l- 

31. M 
X y L 

xy~ -1. 

34. 5a: + 7y = 17, 

y X ^ 

37. 4a:2 + y2^104, 
2x + y~\2, 

40. a;2-ary+ ?/2~ 157, 
x-y = l. 

14. a;+y=6, 
xy~ -91. 

17. 4a;4-y = ll, 
ary = 6. 

20. 5ar + 4y=28, 
ary = 8. 

23. 4ar2+y2 — 17, 
ary =2. 

26. 16ar2 + 25y2=544, 
ary = 12. 

29. 
ar y 45 
ar -f y = 14. 

32. -+-+=12, 
X y 

xy=\- 

35. x2+j(2=53, 

x+y-5. 

15. ary = 21, 
ar-y=4. 

18. 5x~y-9f 
ary =2. 

21. ar2+y2=53, 
ary = 14. 

24. 

27. 

ar2+9y3 = 18, 
iy = 3. 

1 13 
ar"^y “4* 

ary = 8. 

30. 
1_1_ _2 

~x y~“ 36^ 
x-y-2. 

33. 4a:-3y = 26, 

4 3 _2^ 

y a; ~ 10* 

36. ar2+ya=y®g-, 

38. 9ar2-fy2 = 81, 39. ar^+ ary+ y2 = 201, 
3ar-y = 9. ar + y = 16. 

41. ar^ + 2ary+4y2=28, 42. Oar^ + ary+4y2 = 91, 
ar + 2y = 6. 3ar-2y = 13. 

*156. In the following equations, the student^s aim should be 

to reduce the equations to one of the forms exemplified earlier 

in this chapter. 

Example. Solve the equations 

^4-y®=91, .(1) 

a;2 -ary+ y* = 13.(2) 

Dividing, ar+y = 7.(3) 

Squaring, x^ + 2ary -{- y®=49. 

from (2), xy = l2.(4) 

Now solve equations (3) and (4) as in Example 2, Art. 155. 
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♦Examples. XXVII. b. 

Solve the equations: 

1. a:*+3/3 = 9, 2.x^-y^ = 37, 3. 8a;3+i/3 = 280, 

a?+ 2/ = 3. x-y — l. 2x-\-y = \0. 

[Divide and then proceed as in the Example worked out.] 

4. a:»-8j/» = 189, 5. 27*> + 8«/a=36, 6. 8a;3-271/3 =485, 

x-2y=Q. 3a; + 2y = 5. 2x-Zy~ 5. 

7. a;^ + a;®2/®+ 2/^ = 2!, (1) 

x^ + osy + y^S, •(2) 

[Dividing (1) by (2), x^ ~ooy + y^ = l. (3) 

Now add and subtract equations (2) and 
Example 3, Art. 155.] 

(3), and proceed as in 

8. ar«+a;V+3/« = 1281, 9. a;^ + a7®y®+y*=481, 10. a;*+a;®y®+y*=2613, 

= 21. a;® -xy + y^ = l3. a;® + ary+ 2/® = 67. 

n. i,+4=i3. a;2 y2 12. i + 

1 1 « — H— — 5. 
X y X y 

[See Note in Example 2, Art. 60.] 

13. J + i. = 109. 14 i + ^-2®. 
25’ 

15. ^,+^=61. 

- + i=13. 
X y 

3 14 
X y~6 

30a;y = l. 

16. i. + 4 = 6. X^ y2 17. 15(a;®+y®)=34a;2/, 18. 
y X IQ 

xy^l. i-^-2 
X y 

4(a; + i/) = 17. 

19. 
y X 4: 

20. 
y X 2 

21. i + i=36. 

x-y=^- 

22- 

2* + y=20. 

23. a:»+y»=351. 

i + -=5. 
X y 

24. a;®-2/3 = 702. 
or 2/“ 

1 1 j 
a;® -a;y+y®=39. a;®+a;i/+i/® = 117. 

X y 

26. 8a:» + J^=2, 26. &^ + 27y»=2. 
4a;® -2xy+y3 = i. 4a;* ~ %ocy + = 1. 
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♦167. Solve the equations - IZxy + 18=0,.(1) 

.(2) 

Treating (1) as a quadratic for xy^ 

{2xy -^)(xy -2)~0 \ 

xy—^ or 2. 

The complete solution is then obtained by first solving the equations 

xy^l, - 
and then the equations x-\-y — %y a:y = 2, as in Example 2, Art. 166. 

*168. When the variable terms in the equations are homogeneouSy 

i,e. of the same degreey the following method may be used. 

Solve the equations 1~ ixy +11 = 64, .(1) 

16x2-9x^ + 11^2^78.(2) 

Eliminate the constant terms, by multiplying across (multiply 

the left-hand side of each equation by the right-hand side of the 

other). 

78(12x2 - ixy + lly2) = 64(16x2 - 9xj/ + lly2), 

39(12x2 - 4xy +117/2) =32(16x2 _ 

Multiplying out, and re-arranging, 

777/2+ 132x7/-44x2 = 0, 

7^2 4,2 2xy - 4x2 _ 

(7^-2x)(7/ + 2x)=0; 

2x n 
.. = y or 2/= -2x. 

(^If the factors cannot be seen, solve as a quadratic for 
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(1) When 2/= Y • Substituting this value of y in (1), 

whence 
. 49x64 49 

^ 576 9 ’ 

(2) When y=^ -2x. Substituting this value in (1) 

a;2(12 + 8 + 44) = 64, 

x^ = l, 

X— ±lf 

y—-2x—+2; 
7 

/, the reqd. solutions are x— ±^, ±1, 

2/=±|, +2. 

*159, When the above methods are inapplicable, substitution 

from one equation in the other may be employed. 

Solve the equations + ixy + 5?/^ == 31,.(1) 

aH-2^ = 5.(2) 
From (2) x^b- 2y, 

Substituting this value of x in (1), 

3 (5 - 2yf + 4^(5- 2y) + bi/ = 31, 

whence 9^^ - 40y + 44 = 0, 

(92/-22)(2/-2)=0; 

y = \rOT2, 

a; = 5-2y = 5-- -V’ or 5-4 

= 1 or 1. 

^Examples. XXVII. c. 

MISCELLANEOUS EXAMPLES IN SIMULTANEOUS 

QUADRATICS 

Solve the following equations : 

1. + = 2. 2xy + y^ = l6, 3. -^-y^—xy +7» 
y^ + xy — 6. 2x^-xy = l2, -y^—xy - I, 
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4. -2, 
4xy -3y^ = l. 

7. x^-\-xy — 3f 

y^ + xy^4. 

5. x^ - 2xy 4-3—0, 6. y^+xy = 4:, 
2x + y=4:, x^+2y^~xy = 8. 

8. Ox^-3xy+ lly^ — 584, 9. x^ 4-3xy 4-2y^ — l, 

x — 5y. x'^-y^—4. 

10. x^ 4-xy — 15, 
xy-y^^2. 

11. 3x^ 4-4xy 4-5y^ — 8\, 12. 2x^ + 3xy — 20, 

3x—2y. 3y^ -f 2xy = 39. 

13. x4-y — 0, 

(x^ -hy^){x^ + y^) —1440. 

16. x'^ — 14 4-xy, 

y^=xy -10. 

19. U 1 
x y \2 

4 5 
x^ip~12* 

14. 6a;2 + 3xy -18y^ = 20, 
3x^ + 0xy = 8. 

17. ~y^—4:85, 

x-y = 5. 

20. 2x‘^ 4-3xy 4-\0—0, 
x^ +xy ~y^ 4-\ \ —0. 

15. x'^-\-y^~5, 
x^ 4-xy— 6. 

18. X--4y = y^ 4-4x = 2\o 

21. 3xy 4-x^-\0, 
5xy - 2x“ — 2. 

22. x^ +xy 4-y^ — 0\ 

x4-y — 0. 

25. Ox'^ 4- Oxy - 4y^ — 1, 

xy = l. 3z—4y. 

26. y^ ~xy — l5, 27. x^ 4-4y^ - 3x +y — 07, 

3x ~2y = -1. x^ 4-xy = l4, x--2y==L 

28. x^ 4-xy 4-y^ = 40, 

X* 4- x^y^ 4- y^ = 03\. 

31. {x4-y)^4 3ix-y)^30, 
xy4-3{x-y) = il. 

29. x-4-xy-}2, 

xy~2y^ = l. 

30. 2x4-3y = \\, 

4x'^ H- Oxy + = 11, 

32. x^ + 3xy4^y^=r.\, 33. ^ 
x"^ -xy4-y^ = l3. ^ 

X_x ^3 _'x4jy 
2/”J+4~"5y 

34. x"^ 4-xy = y^-Ox^y 4-04=0, 35. x^ -x'^ 4- y^ -y'^ — 84, 
x‘‘4-x^y"^ 4-y"^ =49. 

GRAPHS. (CIRCLES.) 

*160. The distance of the point (x, y) from the origin 
-v/(x"+y^). 

Using this, we may also determine the graph of ?/ = >/(25-a;^) 

as follows. The equation may be written, x^4-y'^ — 25. 

/. 4-y^) — b. 

This shows us that the point {x, y) moves at a constant distance 

of 5 units from the origin. 

The graph is therefore a circle, whose centre is at the origin, and 

whose radius = 5. 
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*161. In the accompanying diagram, let P be the pt. (Xj, 2/1) and 

Draw PN and QM perp. to the axis of x, and QK perp. to PN. 

PK = - 2/2, and QK == - a?2. 

PQ. = v/(aK2 pk2) + (2/1 - 2/2)^]. 

Thus we see that the distance between the two pts. (x^, y^) 

and (Xg, yg) _ 
= V(a:i-3:2)2+ (?/j-2/2)2. 

*162. Trace the gm^ph of + 3/^ ~ 6a? — 8^=0. 

:= -5 :i III III :i T: III — 
II. ill — — iii b~I in — 

IT “z! III 
— 

Ill ii -V, 
§7 5) Ill 

^i: I _ Ill III ill' I j i- ii~ 
i _ii :i III III III EI III 

III -II =5 ~A< III 2II lEi — 

“V i__ ’ jt 
A 11" I ■ III III ti ii~ —1 

II’ III III III III III i^i ti III 
:□ ;s ■■■ ■■1 "SB BBS SB2 B ESS SBS 
I j iiS SB! ■SB Bs: ■ iBi m 
2 a s a a a a a a 

This equation may be written {x ~ 3)^ + (2/ - 4)^ == 25. 

N/(^^3pT(y-4T2==5. 
It is important to notice that if no constant term occurs in an 

equation, the corresponding graph passes through the origin, for by 

substitution we see that when a? = 0, one value of y is 0. 

The graph of a?^ + ~ 5 is a circle whose radius is \/5. 

A line s/5 units long may be drawn either by using Pythagoras' 

Theorem (2^ +1^ = 5) or by the method of Art. 136. 
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★Examples. XXVII. d. 
Trace the graphs of the following : 

1. + 2. 3. 

4. +2/2 = 81. 5. -^y^+ ^x-%y—^. 

6. ir2+ 2/2 - Sic - 62/=0. 7. (a; ~3)2+ (7/-4)2 “.36. 
8. (.T-1)2+ (2/-2)2 =36. 9. (a?+ 2)2+ (2/-3)2=25. 

10. (a;-3)2 + (2/+.3)2 = 16. 11. ^^(15 -2a: - a:2). 

12. ^(21+4a:-a;2). 13. ^/(15+ 2a:-a:2). 14. ^l{Ux-x^-n). 

16. a:2 + 2/2=5. 17. a:2 + 2/2 = 13. 
19. a:2+ 1^2 — 20. 

21. a:2+ 7/2+2a:+ 22/—0. 

23. (a:+ 2)2+ (7/-2)2=5. 
25. a:2 + 7/2 ~ 6a* + 42/ + 3 =0. 

27. 2a:2 + 27/^ - 4a; + 87/ + 3 =0. 

15. a:2+y2~2. 

18. x2 + 2/^=10. 

20. a:2+7/2 = 3. 
22. (.T-1)2+7/2=2. 

24. a;2 + 7/2+2a: + 22/=:3. 

26. 2.r2+22/2 = 5. 

28. 4a;2+47/2-16a: + 82/ + ll=0. 29. 4a:2+4y2_24a;4.ii =:0. 

GRAPHICAL SOLUTION OF SIMULTANEOUS QUALRATIO 

EQUATIONS 

★163. Simultaneous quadratics can often be readily solved by 

graphical methods. 

Example 1. Solve the following equations graphically: 

x + y — ^)y a:7/ = 4. 

On AB» 5 in. long (the diagram is reduced in printing), describe the 
semi-circle ACB. 

If P is any pt. on the curve and PN is drawn perp. to AB, we know, by 
Geometry, that PN^=AN . NB. 
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Mark the pts. D, F on the curve where the lengths of the perpendiculars 
DE, FG on AB are equal to 2 inches (v/4). 

Then DE- = AE . BE, and FG^ = AG . BG. 

.*. if AE=a; and BE=^, 

a; + y = AB=5 and a:y = AE . BE = DE^=4. 
AE, BE are solutions of the given equation. 

From the diagram a; = 1, «/ =4. 

In the same way, AG and BG are solutions, and we have 
x = 4, y = l. 

• ^ J Qp ^ "V 

«/ = 4 or 1 j 

Example 2. Solve the following equations by the graphical method: 
x-yr^3, xy = 4:. 

Take AB 3 in. long and AC at rt. Zs to it 2 in. (=:v/i) long. With O, 
the mid. pt. of AB as centre, and OC radius, describe the semi-circle 
ECD, meeting AB produced at D and E. 

As in the previous example, CA^ — DA . AE. 
.'. if AE —a; and AD=y, 

a;-s^ = AE-AD=AE-BE-AB=:3. 
Also a;2/ = EA . AD =AC“~4. 

.*. AE and AD give a solution of the given equations. 
From the diagram see that a; =4, y = l. 
N.B, x~- I, y =- 4 is also a solution of these equations. The above 

method does not give negative roots satisfactorily. 

The methods of the two preceding examples may be employed 

to solve some quadratic equations. 

Thus to solve - 7a; + 9 = 0, we have to factorize the expression 

- 7a; 4- 9, i,e. we have to find two numbers whose sum is 7 and 

product 9. 
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We can therefore use the method of Example 1. 

In the same way, to solve oi^we have to find two 

numbers whose difference is 3 and product 36. 

We can therefore use the method of Example 2. 

^164. Solve the following equations gra'phically : 

-f 2/^ - 4a; - 2^ +1 =0, 2a; - 3^ = 3. 

The first equation may be written 

(a;-2)2 + («/-l)2 = 4. 

Hence its graph is a circle whose centre is at (2, 1) and whose 

radius is 2. 

Draw the circle, and also draw, using the same axes and the 

same units, the graph of 2x-3y-3, a str. line through the pts. 

(1-5,0), (0, -1). 

The pts. of intersection of the circle and str. line give the 

roots required. 

^165. Find approximate solutions of the follomng equations by a 

graphical method : ^2 ^ ^2 _ j a;^ = 6. 

B D N B A 

The following method depends upon the fact that if ABC is 

a triangle, right-angled at C, and CN is drawn perp. to the 

hypotenuse AB, then AC . BC = 2aABC==CN . AB. Now V16 = 4, 

hence on AB, 4 in. long, describe a semi-circle ACB, and take the 
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pt. C such that the perp. from C on AB = | =1| in. (Sqd. paper 

should be used.) 
Then AC2 + BC^=AB^ = 16. 

Also AC .BC = CN . AB = f x4 = 6; 

AC and BC are roots of the given equation. 

With centre A and radius AC describe a circle cutting AB at D 

AC = AD = T65 approx, from the diagram. 

In the same way BC = 3*65 approx. ; 

1*65, 3*65 are roots of the given equation. 

♦166. To trace the grafh of xy = 40. 

When (M
 

-H H 
1 1 

=fc4 ±5 

i/=i20 j ± 8 

dhS rirlO rf-20 

i5 i4 

the upper signs being taken together, and the lower signs together. 

Plotting these pts. and joining them by an even curve, we have 

the figure shown in the diagram. 
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It is observed that the curve lies entirely in the first and third 

quadrants, and that the two branches are symmetrical in regard to 

both the bisectors of the angles between the axes of co-ordinates. 

Hence we have another method of solution of equations of the 

following type : 89, 

xy = 40. 

We first draw the graph of xy = 4t0. 

The graph of = 89 is a circle whose centre is at the origin, 

and radius v/89. Since 89 = 25+ 64 = 5^+ 8^ the length OA in the 

diagram is the radius. Describing the circle, and reading off the 

pts. of intersection of the two curves, we have the following 

solutions : 
x = 8, 5, -5, -8, 

2/=5, 8, -8, -5. 

*167. Find approximate roots of the eqnxitions 

xy — &), a?-2^ = 10. 

From the following table of values, draw the graph of xy^SO, 

X—±4r ±5 1 + 8 +10 i + 20 

y=±20 + 16 + 10 + 8 + 4 

Draw the graph of a;-2?/= 10, a str. line through the pts. 

(10,0),(0, -5). 

The pts. of intersection of the two graphs give the reqd. roots. 

They will be found to be 
a; = 18*6, 

y= 4-3, 

-8-6\ 

-9-3J 
approx. 

Equations of the type of Examples 1 and 2 worked out in this 

chapter might also be solved by this method. 

Examples. XXVII. e. 

Find, approximately, the values of the roots of the following equations 
by the use of graphical methods. Verify your results. 

(In some cases the exact values of the roots can be obtained.) 

1. a;+y=7, xy~9. 2. a; + y=9, a:y = 16. 3. x-y-2, a:y = 16. 
4. a;-y=4, xy-Q. 6. aj + y = 7, xy-B. 6. x-y-Z, xy=%, 

7. a:*-13a;+ 36=0. 8, a;*- 11a?+ 25=0. 9. a;*-8a; + 13=0. 
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Find, approximately, the values of the roots of the following equations, 
by the use of graphical methods. Verify your results. 

10. X* -2a;-16=0. 11. X“+2/^ = 4, 2x-y~\. 
12. + — x->r2y — 2, 

13. x^+y^-2x-^y5y-5x=3. 
14. 4x2 + 4y2 + 8x-4«/ = ll, x — 2~2y. 

15. + 7/^ = 9, 4x + 32/ + G=0. 16. x2 + ?/^=36, xy~\o. 

17. x^ + 2/“=225, XT/= 80. 18. X2/ = 80, 2x-7/ = 10. 

CHAPTER XXVIII 

FURTHER EXAMPLES ON SYMBOLICAL REPRESENTATION 

Examples. XXVIII. 

1. A man rows x miles an hour in still water, and the current runs at 
the rate of y miles an hour : 

(i) How many miles an hour does the man row with the current ? 
(ii) . against.? 

(iii) How long does he take to row a miles with the current ? 
(iv) .against.? 

2. Money is invested at simple interest at tne rate of x per cent, per 
annum : 

(i) What is the interest on I£ for a year ? 
(ii) .. 1£ ... y years ? 

(iii) . 2£ . ? 
(iv) What does 2£ amount to in . ? 

3. Calculating simple interest at the rate of x per cent, per annum, 

(i) What is the present value of 100£ due in one year ? 
(ii) . a£ . ? 

(iii) . I00£ . y years ? 
(iv) . a£ . ? 

4. A train runs at the rate of y miles an hour : 
(i) How long does it take to do one mile ? 

(ii) . z miles ? 
(iii) . z miles at the above rate, and 

another z miles at double the rate ? 

(iv) How many miles does it run in a hours at the slower rate ? 

5. A can do a piece of work in x hours, B can do it in y hours : 

(i) What fraction of the work do A and B do, working together, in one hour ? 

(ii) . a hours ? ... 
(iii) How long do they take to do the work when working together ? 

(iv) . three-quarters . . 
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6. One pipe, running alone, fills a cistern in x hours ; a second, running 
alone, fills it in y hours; and a third, also running alone, empties it in 
z hours : 

(i) What fraction of the cistern do they fill, all running together, in an 
hour ? 

(ii) How long do they take to fill the cistern, all running together ? 

7. a:£ is the simple interest on for z years : 

(i) What is the simple interest on y£ for one year ? 

(ii) . 1£ . ? 
(iii) . 100£ .. ? 

(iv) . a£ ... h years ? 

8. In X years yi, amounts to z£ at simple interest s 

(i) What is the interest on y£ for x years ? 

(ii) . . •• one year ? 

(iii) . . 1£ .. . ? 

(iv) . . b years ? 
(v) What is the rate of interest ? 

9. Apples cost X pence per dozen : 

(i) What does a man give for one apple ? 

(ii) . he . y apples ? 

(iii) What does he give for one apple when the price is raised a penny 
per dozen ? 

(iv) What does he give for y apples at the higher price ? 

(v) How much do a apples cost at the cheaper price ? 

(vi) . higher .? 

10. A man invests money at compound interest at the rate of x per cent, 
per annum: 

(i) What is the interest on 1£ for one year ? 

(ii) .amount of 1£ . ? 

(iii) .a£ . ? 
(iv) .interest on. ? 

(v) .amount of 1£ ... 2 years ? 

(Vi) . 3   ? 
(vii) . n   ? 

(viii) .P£ ... 2 years ? 

(ix) . 3   ? 
(x) . n   ? 

(xi) . interest on. ? 

11. If simple interest is calculated at the rate of x per cent, per aniium, 

(i) What is the discount on 100£ due in one year ? 

(ii) .a£ .? 

(iii) .100£ . y years ? 
'ivl ...a£ .? 
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12. A man can do a piece of work in x hours ; a woman does half as 
much as a man, and a boy half as much as a woman. What fraction of the 
work will 

(i) A man, a woman, and a boy together do in 1 hour ? 
(ii) 2 men, 3 women, and 4 boys . ? 

13. One man walks x miles an hour, and another y miles an hour 
starting at the same time, in the same direction. 

(i) How much apart are they in an hour if the first man is the quicker 
walker ? 

(ii) How much apart are they in a hours ? 

(iii) How long does the first take to gain one mile on the other ? 

(iv) .b miles. ? 

Express the following in the form of equations : 

14. The product of two consecutive numbers of which x is the smaller 
is less than the product of the next higher two consecutive numbers by y. 

15. A man bought a cows at x£ each, and b sheep at y£ each, and 
altogether spent z shillings. 

16. Apples are sold at x pence a dozen, and pears at y pence for 10. 
a apples and b pears cost z shillings. 

17. X men form a hollow square, four ranks deep, with y men on each 
outside face of the square. 

18. A hollow square is formed by a men, y ranks deep, with z men on 
sach outside face of the square. 

19. A fraction whose numerator is a:, and denominator y, is increased by 
a when the numerator is increased by 6, and the denominator decreased 
by c. 

20. X dozen of wine at a shillings a dozen, and y dozen at 6 shillings a 
dozen, cost c shillings a dozen on the average. 

21. The area of a room x ft. longhand y ft. wide is doubled when its 
length and breadth are each increased by a feet. 

22. In travelling a yards, the fore wheel of a carriage makes n revolutions 
more than the hind wheel. Take x feet for the circumference of the fore 
wheel and y feet for that of the hind wheel. 

23. One pipe will fill a cistern in x hours, a second will fill it in y hours ; 
running together they fill it in z hours. 

24. A starts off on a journey at x miles an hour ; and n hours afterwards, 
B starts off at y miles an hour, and catches A up in a hours from A’s start. 

25. Two men start simultaneously to walk from A and B to B and A 
respectively, a distance of n miles. They walk at x miles an hour and y 
miles an hour, and meet in a hours. 

26. Form the equation for the above problem when the second man 
starts b hours after the first, and they meet a hours after the first man 
started. 

27. Between two places one mile apart there are x telegraph posts in a 
straight line, y yards apart. 

28. Between two places a miles apart, there are x telegraph posts in a 
straight line, y yards apart. 
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29. A man spends one-third of his income of x£ in board and lodging, 
one-fifth in dress and one-tenth in sundries, and has y£ left at the end of 
the year. 

30. A tradesman makes in a year a profit of x per cent, on his capital of 
y£ and has z£ at the end of the year. 

31. A man gains x per cent, on a£ and loses y per cent, on 6£, and 
altogether makes a profit of c£. 

32. A man runs a miles at x miles an hour, b miles at y miles an hour, 
and c miles at z miles an hour, and takes d hours over the whole journey. 

33. A man is hired for x days. He is paid y shillings a day for a days, 
and is fined z shillings a day for the rest of the time because ho absents 
himself. He receives c£. 

CHAPTER XXIX 

PROBLEMS INVOLVING QUADRATIC EQUATIONS 

168. Example 1. A number of two digits is less than four times the 
)roduct of its digits by 11, and the digit in the tens’ place exceeds the 
ligit in the units’ place by four. Find the number. 

Let x be the digit in the units’ place. 

Then a: -f 4 is the digit in the tens’ place. 

The number = 10(a;-i-4) -|-a; = lIa:-t-40. 
Four times the product of its digits =4a:(a;-f 4); 

4a:(a;-f4)-{llx + 40)=:U, 
4x2-t-16x-lla;-40 = ll, 

4ar3-f5a:-51 =0, 
(x-3)(4ar-fl7)=:0. 

/. 3 is the digit in the units’ place, and 3-f-4(=7) the digit in the tens* 
place. 

73 is therefore the reqd. number. 
17 

The solution --2- is inadmissible, because the digits of a number are 
positive integers. ^ 

Example 2. A reduction of 2 pence a dozen in the price of eggs will give 
6 more for three shillings and sixpence ; find the price per dozen. 

Let x pence be the price of 12 eggs. 
12 

For 42 pence we obtain — x 42 eggs. 

12 
When x-2 pence is the price of 12 eggs, we obtain x42 for Ss. fid. 

-i?^x42-~x42 = 6. 
a;-2 X 

B.B.A. Q 
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84 84_ 
x-2 

S4x-‘8^x-2)^x^-2x, 

x*-2a;-168 = 0, 

(a;-14Ka? + 12)=0, 

a; = 14 or -12. 

/, 14 pence a dozen is the reqd. price. 

Example 3. A train does a journey of 240 miles at a uniform rate ; if it 
had travelled 4 miles an hour slower, it would have taken 2 hours more 
over the journey : find its rate of travelling. 

Let X miles an hour be the reqd. rate of travelling. 
240 

At the higher speed, the train took hours over the journey. 

At the slower speed, a; - 4 miles an hour, it took hrs. over the journey, 

by hypothesis, J -2- 

Multiplying up, 240(a; - 4) = 240a; - 2a;(a; - 4), 

2a:2-8a;-960 = 0, 

x^ -4a; -480 = 0, 

(a;-24)(a; + 20)=0; 

a;=24 or -20. 

the train travels at the rate of 24 miles an hour, the negative solution 
being inadmissible. 

It will be proved later on that every quadratic equation has two roots. 
As a consequence of this, inadmissible solutions of problems involving 
quadratic equations will often occur.♦ In this case, the negative solution 
would imply that the train travelled backwards at 20 miles an hour. 

Example 4. A man invests his money at compound interest for two years 
at a certain rate per cent, and finds that he receives 5 shillings per cent, 
more than if he had invested it at simple interest. Find the rate per cent^ 

Let X be the rate per cent. 

At compound interest, 100£ amounts to (100 +a;)£ in the first year. 

The interest on (100 +a;)£ for the second year = (100 +a;) x 

(100 4“ ic) X 
the interest on £100 for the two years —x + -—— 

At simple interest, the interest on 100£ for the two years = 2a;. 
, (100 + a;)a; ,, , 

100 
whence 

and 

a;*=25, 

X— ±5, 

5 per cent, is the reqd. rate of interest. 
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Example 5. Two pipes running together will fill a cistern in minutes. 
If one pipe, running alone, took a minute less to fill the cistern, and the 
other pipe, running alone, took 2 minutes more to do the same, then the 
two, running together, would fill the cistern in 7 minutes. Find in what 
time the cistern will be filled by each pipe running alone. 

Let the first pipe, when running alone, fill the cistern in x minutes, 
and let the second pipe.y. 

When running alone, the first pipe fills i of the cistern in one minute 

.second.^. 
y 

But since by hypothesis they running together fill the cistern in min. 

in one minute.is'V cistern ; 

.11^ 
x'^y~20.^ 

In the second case, the first pipe fills the cistern in a; - 1 min. 
.second.y + 2. 

••• ^^ + ^^2 = 7-.(2) 

u /n 1 3 1 31^-20 

•• 33/-20. 

Prom (2). 

.„.(4) 

Prom (3) and (4), -1 = 

From this quadratic for y, y = 12 w^ill be found to be the only aamissible 
solution. 

Substituting in (3), a; = 15. 
the pipes would fill the cistern in 15 and 12 minutes respectively. 

Examples. XXIX. a. 

1. The difference of two numbers is 2, and the sum of their squares 
is 244 : find them. 

2. A room is 4 feet more in length than in breadth, and its area is 
192 sq. ft. : find its dimensions. 

3. The product of two consecutive even numbers is 288. What are 
they ? 

4. Find two consecutive numbers such that the sum of their squares 
is 481. 
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5. X yards of cloth at a; - 3 shillings per yard were bought for 13s. 9d. 
What was x ? 

6. What number when increased by 30 will be less by 12 than its square ? 

7. Find the number which, added to its square root, will make 182. 

8. The length of a rectangular field is twice its breadth. If 20 yds. 
were added to its length and 30 to its breadth, its area would be 10,458 
sq. yds. Find the dimensions of the field. 

9. In a right-angled triangle one of the sides containing the right 
angle is 3 feet in length, and the square on the hypotenuse is 4 times the 
area of the triangle. Find the length of the remaining side. 

10. A man bought x oxen for £120. Another bought 3 more for the 
same money. What was the cost of an ox to the first man, what to the 
second ? If the difference was £2 per ox, what were the numbers bought ? 

11. A rectangular table 9 ft. by 6 ft. has a rectangular table-cloth which 
hangs down to the same depth at the ends and sides. What is that depth 
if the area of the cloth is twice that of the table ? 

12. The product of two numbers which differ by 3 is 40 : find them. 

13. When 13 times a certain number is subtracted from the square of 
the number, the result is 30. Find the number. 

14. A motor-car does a journey of 192 miles at the average rate of 
X miles per hour, and a second car does the same journey at the average 
rate of a; + 4 miles per hour. How long does each car take over its journey ? 

If the difference of these times is 4 hours, find the value of x. 

15. The difference of two numbers is 3, and the sum of their squares is 
117. Find the numbers. 

16. A man rents x acres of land Jfor £54 per annum. How much does 
he pay per acre ? If he sublets all except 8 acres at 5s. per acre more than 
this and receives £64 per annum, find the value of x. 

17. A rectangular enclosure has an area of 2000 sq. yds., and its 
perimeter is 180 yds. in length. Find the lengths of its sides. 

18. A man rows 6 miles down stream at x miles per hour, and the same 
distance up stream at a: -1 miles per hour. How long does he take over 
each journey ? If he takes 3| hours over the two journeys, find the 
value of X. 

19. If the hind wheel of a carriage is x ft. in circumference, how many 
revolutions does it make in a mile ? If the front wheel is 2 ft. smaller in 
circumference, and makes 24 more revolutions in a mile than the hind 
wheel, find the value of x. 

20. A train travelling at x miles an hour for a;-f-12 minutes goes 21 miles. 
Find X, 

21. A bill of 80 shillings was shared equally between x persons. What 
did each pay ? If two were excused, what would each pay ? If this made 
a difference of 2 shillings to each, what was x t 
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22. 110 bushels of coals are equally divided among x poor persons. 
What number of bushels does each receive ? If this number is one less 
than the number of persons, how many are there ? 

23. Two trains each run a distance of 330 miles, one at x miles per hour, 
the other at x + 5. The faster takes half an hour less than the other for 
the whole distance. What are their speeds ? 

24. A can do a piece of work in x days, B in a: +12 days. What fraction 
of the work can they respectively do in a day ? If together they take 
8 days, what times will they take separately ? 

25. A cistern can bo filled by two j)ipcs in 1-k hours. The larger ])ipe 
by itself will fill the cistern sooner than the smaller by 2 hours. Find 
what time each will take separately. 

26. A car travels 15 miles an hour faster downhill than uphill, and 
takes 2y|y minutes to run up and down a hill one-quarter of a mile long, 
when the time taken in turning is deducted. Find its speed downhill. 

27. A fraction, whose numerator is less than its denominator by 3, is 
doubled if 6 is added to the numerator and 5 to its denominator. Find 
its value. 

28. The product of the two highest of five consecutive integers exceeds 
twice the product of the two smallest by 6. Find them. 

29. The tens digit of a certain number is the square of a number which 
is 2 less than the units digit, and the sum of the two digits is 14. Find 
the number. 

30. A rectangle w’hose area is 54 sq. ft. has its sides respectively 
diminished by 5 feet and 2 feet and so becomes a square. Fmd the length 
of a side of the square. 

31. A train does a journey of 288 miles at a certain average speed and 
is one hour late. If it had travelled 4 miles per hour faster it would have 
been punctual. Find its speed. 

32. A point travels for 8 secs, at the rate of x feet per sec., and then 
for 4x secs, at the same rate. If the total space described is 96 feet, find 
the value of x. 

4^Examples. XXIX. b. 

1. Find two numbers whose difference is 2, such that twice the square 
of the less shall exceed the square of the greater by unity. 

2. The plate of a looking-glass is 18 inches by 12 inches. It is to be 
framed with a frame of uniform width, the area of which is to be equal to 
that of the glass. Find the width of the frame. 

3. Mr. Gladstone was bom in the year a.d. 1809. In the year a.d. x^ 

he was x-3 years old : find x, 

4. When 17 times a certain number is subtracted from twice its square, 
the remainder is 84 : find the number. 

5. The tens digit of a certain number is the square of the units digit, 
and the sum of its two digits is 12 : find the number. 
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6. A man runs 600 yards at a certain pace, and then doubling his pace, 
does another 600 yards. If he took minutes over the 1200 yards, find 
the pace he started at, in yards per second. 

7. Find two numbers whose difierence is 3, and the sum of whose 
squares is 317. 

8. A’s rate of travelling is one mile an hour less than B’s, and 8 can go 
21 miles in 20 minutes less than it takes A to go 20 miles. How many 
miles an hour can A travel ? 

9. Find a number which together with its square amounts to 56. 
10. Two trains each run a distance of 330 miles. One of them, whose 

average speed exceeds that of the other by 5 miles an hour, takes half-an- 
hour less to travel the whole distance. Find their average speeds. 

11. A lady bought 28 yards of linen and a certain length of silk. The 
whole cost was 65^., the silk cost as many shillings y)er yard as there were 
yards of it, and 8 times as much as the same number of yards of linen. 
Find the price of the silk per yard. 

12. P rides from A to B in one hour at a uniform speed. Q rides for 
one-third of the way 2 miles an hour faster than P, and for the rest of the 
journey 1 mile an hour slower than P, thus taking 40 seconds longer. Find 
the distance from A to B. 

13. A person rents some land for £48. He cultivates 8 acres himself, 
and sub-letting the rest for 15.9. i)er acre more than he pays, receives in 
rent £54 per annum. Find the number of acres. 

14. One side of a room is 6 ft. longer than the other, and 924 square 
feet of paper are required to cover its walls. Now if the room were 3 
feet higher, the same amount of paper would be required to cover three of 
its walls, one of the shorter walls being left uncovered. Find the dimensions 
of the room. 

15. Of two square courtyards one contains as many square yards as it 
costs shillings to pave the other, and a side of the second contains as many 
linear yards as it costs pounds to pa^ the first, also the length of a side of 
the first exceeds that of the second by 3 yards, and the cost of paving the 
first exceeds that of paving the second by £2. Find the sizes of the court¬ 
yards, and the costs of paving. 

16. Ten minutes after the departure of an express train a slow train is 
started, travelling on the average 20 miles less per hour, which reaches a 
station 250 miles distant 3J hours after the arrival of the express. Find 
the rate at which each train travels. 

17. The length of a room is 2 feet more than its breadth, and its height 
is three-quarters of its breadth. If the area of the ceiling be 42 square feet 
more than that of the longer side, find the dimensions of the room. 

18. A bicyclist, having ridden 72 miles and stopped an hour on the way, 
finds that, if he had ridden faster by one mile an hour and stopped two 
hours on the way, he would have accomplished the journey in the same 
time. At what pace did he ride ? 

19. In 100 minutes a boat’s crew row 3|^ miles down a river and back 
again. If the river runs at 2 miles an hour, what is the pace of the boat in 
still water ? 

20. In going a quarter of a mile along a straight road the hind wheel of 
a bicycle turns II times more than the front wheel. Had the front wheel 
been 3 inches longer in cueuinleience than it actually is, the hind wheel 
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would have turned 16 times more than the front wheel. Find the circum¬ 
ference of each wheel. 

21. A battalion of soldiers when formed into a solid square present 
sixteen men fewer in the front than they do when formed into a hollow 
square four deep. Find the number of men. 

22. A man buys pigs, geese, and ducks. If each of the geese bad cost a 
shilling less, one pig would have been worth as many geese as each goose is 
actually worth shillings. A goose is w^orth as much as two ducks, and 14 
ducks are worth seven shillings more than a pig. Find the price of a pig, 
a goose, and a duck respectively. 

23. A sum of money is divided among A, B, and C, so that a third of the 
whole sum exceeds A’s share as much as B’s exceeds a quarter of the whole. 
What part does C get ? 

24. A cyclist rides 3 miles an hour faster downhill than uphill; and 
takes the same time to ride 22 miles dowmhiil and 48 miles uphill that he 
takes to ride 60 miles downhill and 27 miles uphill. What is his speed 
uphill ? 

25. A carrier charges 3d. each for all parcels not exceeding a certain 
weight; and on heavier parcels he makes an additional charge for every 7 
lbs. above that weight. The charge for half a cwt. is 1«. 3d., and the 
charge for 9 stones is five times that for 1 qr. What is the scale of charges ? 

26. A boat’s crew row a certain distance against the stream in minutes. 
If there were no current they would row the distance in 7 minutes less 
than it takes them to drift the distance down the stream. In what time 
would they row the course down the stream ? 

27. A man being asked his age, answered, ‘ If you multiply my two 
digits together, the number formed will be my age 22 years ago, and if you 
add all the digits of the two ages you will have one-third of my present 
age.’ How old is he ? 

28. Three travellers A, B, C make the same journey. A’s rate of 
travelling is 3 miles an hour greater than B’s, and B’s rate is 2 miles an 
hour greater than C’s. A accomplishes the journey in 3 hours less time 
than B, and B in 4 hours less time than C. Find the rate of each, and the 
length of the journey. 

29. A giant weighs 3 lbs. for every inch of his height, and the square of 
his height in feet exceeds his weight in stones by 31. Find his height and 
weight. 

30. A labourer undertakes to carry a load a certain distance, agreeing to 
take one shilling for each cwt, moved one mile. He earns 4-05£, and the 
distance in miles exceeds the number of cwts. carried by 4’05. Find the 
load and the distance. 

31. A rectangular enclosure is half an acre in area, and its perimeter is 
201 yards. Find the lengths of its sides. 

32. The sum of two numbers is six times their difference, and their 
product exceeds twice their sum by 11. Find the numbers. 

33. If the longer side of a rectangle be increased by 3 yards, and the 
shorter by 2 yards, one side becomes double the other, and the area is 
doubled. Find the lengths of the sides. 

34. A lawn, rectangular in shape, contains 864 square yards; if it were 
4 yards longer and 3 yards narrower its area would be the same. Find its 
dimensions. 
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35. The circumference of one wheel is 8 inches longer than that of 
another, and the first makes 72 fewer revolutions in a mile; find the cir¬ 
cumference of each. 

36. A slow train takes 6 hours longer in journeying between two given 
termini than an express, and the two trains when started at the same time, 
one from each terminus, meet 6 hours afterwards. Find how long each takes 
in travelling the whole journey. 

37. The area of a rectangular room is 328 square feet, and its perimeter 
is 73 feet: find the lengths of its sides. 

38. A boat’s crew finds that the number of minutes which they just 
require to row 4 miles in a river against the stream exceeds by 31 the 
number of miles per hour they can row in still water ; while it takes them 
20 minutes to row the 4 miles with the stream. Find the rate afc which 
the river flows. 

39. In a mixed number the integer is 98 times the fraction. The 
numerator of the fraction being unity, and its denominator less by 7 than 
the integer, find the mixed number. 

40. Two men start simultaneously from opposite ends of a road and meet 
at the end of 6 minutes. They pass one another, and each continuing to 
the end from which the other started, one ends his walk 5 minutes before 
the other. How long does each take ? 

41. A, B, and C walk from P to Q, a distance of 30 miles ; A starts 
hours before B, and B IJ hours before C, and they arrive at Q, together. 

If B had startexi half-an-hour earlier, he would have passed A 2 hours 
before A reached Q. Find the rates at which A, B, and C walk. 

42. A grocer has two weights, one as much over a lb. as the other is 
under a lb., and he finds that on selling 511 lbs. 14 ozs. of tea at 2s, 6d. a 
pound he gets £2 more by using the lighter weight than he would have 
done by using the heavier : what were the respective weights ? 

43. A gentleman arrives at the railway station nearest to his house an 
hour and a half before the time at jp^hich ho had ordered his carriage to 
meet him. He sets out at once to walk at the rate of 4 miles an hour, and 
meeting his carriage when it had travelled 2 miles, reaches home exactly 
an hour earlier than he had originally expected. How far is his house 
from the station, and at what rate was his carriage driven ? 

44. The figures which express the pounds and the pence in a certain 
sum of money will change places if £2 19^. 9d. be added to it, and those 
which express the shillings and the pence would be interchanged by 
subtracting 25. 9d. What alteration would be produced in the sum of 
money by interchanging the figures which express the pounds and shillings ? 

45. Two cyclists travel, one from A to B, the other from B to A, by the 
same road, and at uniform speeds. They start at the same moment. One 
reaches B 2J hours, the other reaches A 3 hours 36 minutes after they meet. 
How long was each on the journey ? 

46. A and B walk from one town to another. After walking 6 miles at 
a uniform speed A arrives at the top of a slope where he mends his pace 
by I mile an hour. B starts forty minutes later, and, after walking at a 
uniform speed, reaches the slope 10 minutes later than A : here increasing 
his speed by 4 a mile an hour, he overtakes A just as the town is reached. 
A would have covered the distance in half an hour less, had he walked the 
whole distance with B’s initial speed. Find the distance and the speeds. 
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47. Two towns A, B are connected by two roads, one of which is twice 
as long as the other. A man walked by the shorter road from A to B, and 
returning immediately by the longer road met one mile from B another 
man who started at the same time from A on a tricycle and travelled 
3 miles an hour faster; and when he had walked 2 hours longer he again 
met the tricyclist who had passed through B and A without stopping. 
Find the lengths of the two roads, and the rate at which each man 
travelled. 

48. What fraction will be increased by ^ when unity is added to both 
numerator and denominator, and diminished by when 4 is subtracted 
from each of them ? 

49. A railway passenger observed the time of transit over three 
successive miles, and finds that the time for the first mile exceeds the time 
for the second by twice as much as the time for the second exceeds the 
time for the third. He also calculates that the average speed for the train 
in the first mile is 5 miles per hour less than in the second, and 8 miles 
per' hour leas than in the third. Find the time of traversing eacli of the 
three miles. 

50. A cask A, of 20 gallons capacity, is filled with brandy, a certain 
quantity of which is afterwards drawn off into an equal cask B, which is 
then filled up with w^ater. After this, A is filled up with some of the 
mixture in B ; and wJien 65 gallons of the mixture now in A is poured 
back into B, the two casks contain equal quantities of brandy. How much 
was at first taken out of A '/ 

CHAPTER XXX 

EXAMPLES FOR REVISION 

XXX. a. {OraL) 

Read off the square root of 

1. .25a»6». 2. -0001^:. 3. 4. 

6. 4o*-8a6+46*. 6. ^, g- 7. 4a:*±12a:^ + 9y®. 

8. l±4a“6+4a*6» 9. ^“±2 + ^. 10. 

11. l±2(a-6) + (a-6)‘. 12. (^®-2y + 4(^“-2^+4. 

13. (a: + 6y)»-10y(* + 5y) + 26y«. 14. (a+6)==+2{o»-6*)+(o-ft)®. 

15. 4a:‘±?+jt. 16. 4x*±4 + i. 

Read off the roots of the following quadratic equations : 

17. a:2-9a: + 20=0. 18. a;(a: + 3)=a: + 3. 19. (a:-4)(a:-5) + 2(a:-5)=a 

20. (a:2_16)+(a:-4)=0. 21. «»+6x=0. 22. 25*“-16=0. 
23. *(2a: + l)-J(2a: + l)=0. 24. 3*(4*-5) =7(4*-6). 
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Read off tlie roots of the following quadratic equations : 

25. 3a;(2a;-3)+|(2a;-3)=0. 26. Z{x-a) + x{x-a)=0, 

27. a!-2 + i=0. 28. 7(5a:-7)=-?(6x-7). 
X Ji 

29. (x-l)«=9. 30. x + 2 + i=0. 31. 2x-2+x(x-1)=0. 

Find, by inspection, one root in each of the following equations : 

32. 2a:-2 + (7a;-3)(a;-l)=0. 33. +^(6a:-9) =0. 

34. i^(2a;-l)-6(a;-i)=0. 35. 7(3a:-6) + llx(2x-4)-21ic(5a: -10) =0. 

36. y^3x-|)+(nx + 14)(7x-|)=0. 37. 
x + Z 

XXX. b. 

. Cl- IT « ® 4aa; 
1. Simplify ^ ^ 3a - 2x 8x* - 18a*‘ 

Deduce the solution of the equation formed by equating the expression 
to zero. Test your result. 

2. Write down {a) the square root of (a + 6)® -2(o + 6) +1, 
(6) the square of a + 6 - c, 
(c) the cube of a+ 6. 

3 
3. Solve the equation 4a: + —-j +4=0. Test your answer. 

4. Draw enough of the graph of y — x^ to determine VS and Vl3. Use 
one inch as x unit and one-tentli of an inch as y unit. 

5. Solve the equations Sx-'Jy=2y xy—Z, 
6. Use the remainder theorem to prove that x~a+b is a factor of 

{x - a)^ (26 - c)^ - a) + 6^ - 6c. 

7. Find a fraction which becomes equal to J if the numerator is increased 
by 2, and equal to ?, if its denominator is increased by 3. 

XXX. e. 

1. Simplify ,--r-? +-«-- - i. Check your result. 
^ -ax^-bx -ab x^ - ax - bx + ab 

2. Determine values of a which will make a^-ax-\-25 a complete square. 

* 14 
3. Solve the quadratic a; - 4 = 1 -- Check your result. 

4. Find the square root of 25ac^ - 70a:® + 89a:® - 56a; + 16. 

5. Draw the graph oi y=5x -x\ From your figure determine the value 
of X which gives 5x-x^ a maximum value. What is the value of y in this 
case ? Test your results algebraically. 

6. Solve the equations a;® + y®=25, a:+y = 7 graphically and by algebra. 

7. Between one census and the next the native population of a town 
increased by 8 per cent., while the number of foreigners decreased from 200 
to 160. The increase in the total population was 7 per cent. What was 
the total population at the second census ? 
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XXX. d. 
- 2a 3a Sa^ 
1. Simplify a^.^ + „_3j + ((j5_2a)(o+'26)' 

2. Write down (i) the square root of (ar* - xf - S{x^ - x) +16. 
(ii) the square of a - 26 +c. 

(iii) the cube of a+26. 
3. Using half an inch as x unit, and one-tenth of an inch as y unit, 

draw the graph of y = a;* - 3a; + 2, for integral values of a;, from -2 to 5. 
What do you deduce as to the equation a;^ - 3a; + 2 — 0 ? Give reasons. 

4. Draw enough of the graph y—x^ to determine the square rocts of 
54*8 and 58-5, correct to two decimal places. Use a large x unit. 

2 15 
5. Solve the equations - - - = 

6. Find the values of a which ’will make the expression 
8a:^ + a-a;^ - lOaa; - 48 

exactly divisible by x-2. 

7. A clock is two minutes slow but is gaining. If it were throe minutes 
slow, but were gaining half a minute a day more than it does, it would 
show correct time exactly 24 hours sooner. How much does the clock 
gain in a day ? 

XXX. e. 

1. Simplify 
a; -3 

a;2 + a; -2 ’ 
2. What values of a will make 9x^ + axy + 4y^ a complete square ? 

3. Solve the quadratic 6(x^ -2)—x^ by completing squares, and verify 
your results by means of the formula for solving quadratic equations. 

4. Determine graphically between what values of x the expression 
35 ~ 4a; - 4a;2 is positive. Verify your result by algebra. 

5. Solve the equations Sa;^ + 4a:y = 11, 
4i/2 + 3a;i/ = 22. 

6. Find the square root of 16a;* - 16a;® + 4a;® + 8a: - 4 + ^. 

7. A sum of money is distributed among some children, each child 
receiving the same amount. If a shilling less had been given to each, 36 
more children could have participated; and if a shilling more had been 
«ven to each, the pumber of children would have had to be reduced by 20. 
Find the sum distributed. 

- ... 6a;® + a;-l 
1. SimpWyg^^g—jgX 

XXX. f. 

6a;* + 11a;+ 3 . 2x* + 9a + 4 
9a* -1 • a* - 16 

2. Prove that a-a is a factor ol a® - (a+ 6 -c)a* + (a6 - be -ca)x + abc. 

3. Solve, graphically, the equation 2a* + a-13=0. Get your results 
correct to one decimal place, and check your answer. 

4. Find the maximum value of 7a-a*, and the minimum value of 
a* -5a. 

6. Solve the equataons a* - 5xy -14^* —10, 
x-7y^l. 
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6. If a^=62 + c®, prove that (a+ 6+c)(6+c “o)(a 4-c-6)(a+ 6-c) =46^c®. 

7. A fruiterer sold a certain quantity of oranges for £6. 10^. If he had 
given two more oranges for a shilling, the same quantity would only have 
realized £5. 17.5f. How many oranges did he sell ? 

■V‘\ 

XXX. g. 

4- 2x^y^ + - y® 
+ x^y^ + x*-{- xh 

2. Prove that (a -6), {b -c), (c - a) are factors of 
a^{b -c)+b^{c -a) + c^{a ~ b). 

3. Solve the equation - 3a: - 12 ^0 graphically and by algebra. 

4. Use a geometrical method to find the value of \/8. 

5. Solve the equations (a: + 2y)2-3(a: + 2y)-28=0, 
a: -2?/ =5. 

6. Extract the square root of 0:^ +1 - \2x{x^-^l)-\-Z^x'^. 

7. A man starts at 2 p.rn. to walk to a place 13 miles off. He walks at 
a uniform speed till 4 p.m., when he increases his s]3eed by one mile an 
hour, and reaches his destination at 3.30 p.m. At what speed did he walk 
during tlie first two hours ? 

XXX. h. 

1. Resolve into factors : (i) a:* - 3x“ -f 9, 
(ii) 512(a:- I)®-(8aa:-a)®. 

o o* \'£ {a-\-b)x (h-hc)x 
2. bimpWy + 

3. Divide {x^ - - s® by -y^ ~ z^. 

4. A certain port wine is worth 47^. a dozen now, and increases in value 
at the rate of 3.S. a dozen per annum. Draw a graph to determine its worth 
in coming years, and read off its value ^er dozen in 7, 13, and 17 years. 

5. Solve the equation 5a:^ ~5a;-21 =0 graphically and by algebra, 
getting your results correct to one decimal place. 

6. Solve the equations 0:^ + 2/^-1-1 =,3a:y, 
2(a:y + 4)=3y2. 

7. One-fourth of the subscribers to a certain school gave a sovereign 
apiece, one-fourth of the remainder gave half-a-sovereign apiece, and the 
rest each gave a florin. If the three sets of subscribers raised their 
subscriptions to a guinea, half-a-guinea, and half-a-crown respectively, 
the total increase in the subscriptions would be £2. IO5. Od. How many 
subscribers were there and what was the total amount subscribed ? 

XXX. k. 

1. Multiply 8a® - 12a*3-54a’^6® 4-2436® by 2a-H36, using the method of 
detached coefficients. 

2. Express (1 
ictors. ^ factors. 

3. Solve the equation 

2a6 ) 

4a;-11 
X -3 

as a fraction with a numerator of four 

2a; -17 _3a?-22 a;-10 
*-9 “ *-7 ~ aj-9 ’ 
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4. With the same axes draw the graphs of y = a:4-4 and y=:x^. Hence 
solve the equation a;* - a; - 4 + 0 as accurately as you can. 

5. Two cyclists, riding 9 and 10 miles an hour respectively, start from 
two places 55 miles apart at noon towards one another. Find graphically, 
as accurately as you can, their time of meeting, and the times when they 
are 20 miles apart. Verify your results by algebra. 

6. Solve the equations (a: + 2y)®-f(2a;-y)® = 85, a;y = 4. 
7. From two towns 445 miles apart, two cyclists start on Monday 

morning to meet each other. One travels at the rate of 48, the other at 
the rate of 57 miles a day. Find on what day they will meet. 

XXX. 1. 

1. Multiply 2a:3-3a;2 + 4a;- 

2. Prove the identity —— 

5 by + 4x + 5. 
b c 

"bx-x^" 

1 

1 _1 
~a~x b ~ 

. 1 3 —)-f.. -. 
X C -X X 

3. Solve the equations--ijH—^ = 2, 
X — y ~ iZ X — o y — ^ 

3. 

4. Solve the equations x + y~ly xy~4t by a geometrical method, as 
accurately as you can. 

5. A cycles along a road starting at 15 miles an hour, but diminishing 
his pace by 3 m. an hour at the end of each hour. B starts at the same 
time, in the same direction, at 9 m. an hour, increasing his pace by one 
mile an hour at the end of each hour. Draw in one diagram a graph to 
give their positions at the end of each hour. Determine when and where 
they meet again, and how far apart they are in 5 hours. 

6« Solve the equations ~ xy + y* = 21, 
x2-2/2=9. 

7. A and B, who live p miles apart, start at the same time to visit each 
other. If A travel at the rate of q miles in an hour, and B at the rate of 
r miles in an hour, express in terms of py q, and r the time which will elajDse 
before they meet. 

XXX. m. 

1. Multiply 
a^~ab + b^ 

a^-Sab{a-bj-b^ 

n o 1 XT, X- 5x2 + x-3 7x2-3x-9 
2. Solve the equation 

5x-4 7x-10"“ 

3. Find the square root of x® + ). 
X* “ ox + 9 

4. A man spends £75 in 64 days. Draw a graph to give his expenditure 
in any number of days. Write down his expenditure in 17, 35, and 49 
days, to the nearest shilling. 

5. Draw the graphs of x®^?/®-4a;-8y=0 and 2y-x = 6, in the same 
diagram, and hence solve the equations. 

6. Solve the equations (Sx + y)® -(3y + x)2=24, 
x2+y2 = 6. 

7. A rectangular grass plot, 8 ft. longer than it is broad, is surrounded 
by a path 2 ft. 6 in. wide. The cost of making the path, at 1^. 6d. a square 
yard, is £3. 2s, Qd, Find the length and breadth of the plot of grass. 
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XXX. n. 

1 Q* vx a® “ 3a^6 + 3a62 - 6* 
1. Simplify 

2. Solve the equation Q—-^=vs- 
^ 1+ar 13 

3. Resolve into factors (i) (a*-6*)-(a + 6)®(ct-6)* + 26(a®-i-6^). 
(ii) a:® - 10a:® + 31a?-oO. 

4. Draw the graphs of y=2x-x\ 2a: + y = 0, and hence solve the 
equations. 

5. Determine graphically the maximum value of 3-4a:®-12a:. Write 
down the value of x in that case, and verify your results by algebra. 

6. Solve the equations 4a:® - 6a:« + v® — IL 
Sy^-2xy = U. 

7. A walks over a certain course and back again; B starting at the 
same time walks at half the pace of A over five-eighths of the course and 
back again. A passes B half a mile from the winning post: find the length 
of the course. 

Solve the problem graphically or by algebra. 

XXX. p. 

1. Divide ab{x^-\~y^)’h{a^ + b^)xy-h(a -b)\x-y) -1 by ax + by-1. 

2. Solve the equation 6(ir + 4)®-f(a;-4)® —5(:r®-16). 

3. Factorize (i) a(a + 6-c)(a-6 + c)-6(6 + c-o)((i + 6-c). 
(ii) x*~-3xY + y*- 

4. Draw the graph of y=x^-3x^ using a large x unit. Hence solve, 
as accurately as you can, the equation-3a: = 7. 

5. A, starting at noon, cycles 15 miles in the first hour, and diminishes 
his speed by 2 miles an hour at the end of each hour. B, starting at 
2.30 p.m. in his motor car, catches him up at 4.30 p.m. How fast does B 
travel ? Solve the problem graphically. 

6. Solve the equations + - + - = 13, 
^ x y z 

xy z 

7. A woman has a fifth more apples than pears, but obtains a pound less 
for her apples when they sell at sixteen a shilling than for her pears, each 
of which is worth two apples. How many of each kind of fruit has she ? 
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CHAPTER XXXI 

LITERAL EQUATIONS 

169. Instead of numerical coefficients, we sometimes Lave to 

deal with coefficients denoted by symbols whose values are 

supposed to be known. Such coefficients are called literal. 

The methods of solution are the same as in dealing with 

numerical coefficients. 

Simple Equations. (One unknown.) 

Example 1. Solve the equation 

X- a Xa _ 2ax 
a - b a -\-b -b^' 

Multiplying both sides by ~ 6^, 

(x -a)(a-\-b) ~{x-\-a){a-b) — 2ax. 

Removing brackets, and transposing, 

xf^a + b -a + b - 2a)-ab + a^ + ab, 
2x(b-a):^2a\ 

Dividing both sides by 2(6 - a), 

Examples. XXXI. a. 

3. 

Solve the equations ; 
X 

~b' 
b a-\-b 

1. *+-“=1 — 
x-b X 

-c x-\-c 
acx abx 1 1 ,q » v 

5. -r- +-- ^ C «)• 6 c CLbc abc 
_ ax a* b^x 
I* X- + a- -7 - o-To . 

d + b a-b a“-b- 

9. {x-a-b)^=-x^-(a-b)\ 

ii 1 12 
11.-H-r”""' x-a x-b X 

13. 
X-2a x-a 

2. 
bx ax 

4. 
a-2b 

= 2 + 
2a -b’ 

6. £±5 + i±f = 2. 
X-c X-a 

O X X + l 

10. 
a+c a+b+c 

™+ 26(a -c) + ^ = c(a + 6) + ^. 

12. + =0. 

14. 

X-p X X 

x-b x-a _ 2{a -b) 
x + 2a~ x + a‘ 

Z{ab -x{a + b)) {2a-k-b)bH_bx a^b^ 
o-^b a(a + 6ip a (a+6)® 

x-a x-b x-{a + hy 



250 ELEMENTARY ALGEBRA [chap. 

Solve the equations : 

/16 ~ I {<i^ + l){x-a) _ax-¥\ a{ax-\) 
a^{x + a) dx^l ~ x-{-a^ ax+\ 

17 ^ 1 ^ _a + b x-a X- c x + 2ax + a^ 
ax + b a + bx ab ‘ ‘ x-b^x~d~ * ’ a:-26~\a;~6/ 

/ *a; + aa;^-6a: + a + 6‘ ’a + h a + 26~ 36 

122. {x + a){x + b) + {x + b){x -{■ c) — (x + c)(x d) + {x + d) {x + a). 

23. 

24. 
1 

x-a 

1_^ J_ 
a; “a + c~a; -b -c 

1 _ a-b 
x-b~x^ -ab' 

1 
x-b' 

25. 
aa; 6a? 

a;-6 a?~a 
=a + 6. 

Simple Simultaneous Equations. 

*170. Example 1. Solve the equations ax + by —p 

bx-ay = q. 

Multiplying (1) by a and (2) by 6, 

a^x-\-aby = apf 

b^x -aby = bq. 

Adding, a?(a* + 6^) = o^? + 6g, 

^_ap + bq 
+ 6® * 

(1) 
(2) 

Instead of substituting for a? to find the value of y, it will be simpler to 
eliminate x from the given equations. 

Multiplying (i) by 6 and (2) by a, ^ 
abx + b^y — bpj 

abx - a^y = aq. 

Subtracting y (a* + 6^) = bp- aq, 
bp-aq_ 

ap-\-bq _bp-aq 
■5>T6»’ + 

is the reqd. solution. 

Example 2. Solve the equations 

-+l a b 

5-4.1' 
b'^a 

= 1. 
= 1. 

• ^ —<t# 

(1) 

(2) 

Subtracting, 
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Substituting in (1) or (2), 

■a-;)-. 
ab 

8- - 0-c c~a a-b c- 

*)f Examples. XXXI. b. 

Solve the equations: 

1. 3(a;-a)-2(?/ + a)=5-4a, 2. (a+ 6)a; + ct/ = 6c, (6+c)y + aa;=-a6. 

2(a; + a)+3(?/-a)=4a -1. 3. ax + by~Z{a^-\-h'^)y x + ^b-y ■\-2a. 

4. aa: + 6^=«, ax-by = t. 5. ax - by =a^y bx-ay—b^. 

6. ax -\-by — a^-\- 2ab - 6^, bx + ay — a^ + b^. 

7c {a-^b)x-{-{c+d)y—be-ady {a-b)x + {c-d)y = ad-be. 

= J_. 
a a—b b ~c 

9. a{x->ry)-b{x-y)=:2ay {a^-b^){x-y)=^ab. 

10. ax - by = 2aby 2bx + 2ay — 36* - a*. 

11. a;(6-c)+6y-c=0, y{c -a) -ax + c=0. 

12. axy ■—c{bx + ay)y bxy — c{ax - by). 

13. c^x + 2ahj -(c + a) (cx + 2ay) -(c- a)*. 

14. axy + b — {a-\-c)yy bxy + a = {b +c)y. 

^ y _g* + 6* ar 2/_a* + 6* 
a+6^a-6~a*-6*’ 6^a~ a6 

17. (a-6)a: + (a + 6)y=2(a*-6*), aa;-6y=o* + 6*. 

18. aar + 2/ = c, x + by=d. 

19. ab{bx-ay) =c(a -6)(a* + a6 -f 6*) =c{a^x -b^y). 

i£?36=^^=^-- 21. (a»-l)r-2ay=a, 2a:E + (o»-l)j, = l. 

22, by+cz = ay cz + ax — by ax + by—c. 

z 
c’ 

24. a{y + z)-yzy b{z + x)~xzy c{x+y)~xy. 

^ rt a 6 b a 
16. - + -=2), --f-=a. 

X y ^ X y ^ 

23. ^=1=3, l»' + ms^« + ns« = l. 

QU-ADRATIC EQUATIONS 

171. When the equation has been simplified, the faetora can. 
generally be seen by inspection. 

Example 1. Solve the equation a;* - 3aa: - 18a* =0. 

Factorizing, (a; - 6a) (x + 3a) =0 ; 

a;=6a or —3a. '' 
B.BJl. Q 1 
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Example 2. Solve the equation ax{x - 1) + 6(a: +1) = 26. 
Removing brackets and re-arranging, 

ax^-\-x{b -fl) - 6—0. 

Factorizing, (oa; + 6) (.r - 1) = 0; 

.*. aa;-f6=0 or ar-l=0, 
b 

X — -- or 1. 
a 

Examples. XXXI. c. 

Solve the equations : 
1. -2rta; = l 5a2. 

3. hxia - - c(a 

5. x‘^~2ax + a^— 

7. 
' p- a p -hx' 

9. aJbx^ + 1 ={a •\-b)x. 

11. aa;(a;-36) + 2(a;-f 26)a6 = 16a6®. 

1 1 1 
13. + = 

15. a;2-26a: = 4a^-!-4a6. 

'l7. («2-6‘’)(a;’> + l)=2(a>> + 62)x. 

19. . 

2. x{5a -x)~6a^. 

4. x^ ~(a-\'b)x + ab=^0. 

, a^x‘ 2ax 
®- 6f- + I= j • 

- abx^ - i 
10. ^ =:a;. 

12. 
(7 <7® 

14. + 
2x - ha 2x ~ a a 

16. 4ax-{^b^~4x^ 

18. I 
^ ’ a - 6 6 -a 

U- ^ J. u- 

x + a -1 x-a-fi x-l’ 
20. 

j 
-f- 
x-a 

4x® -4ax-f . 22. 

+
 i 1 1 

b-X a-X a b 

a-x b-X b a 
24. 

ax^ - 6 
ax + 6 

I 25. 6x2 -I- a?/2 = a® -t- 6®, x + = a -i- 6. 

EQUATIONS IN AN IRRATIONAL FORM 

172. The square root of any quantity may always be regarded 

as having two values equal in magnitude but of opposite signs. 

For example, the square root of 49 is ±7. When, however, 

such an expression as v/2a; + 3 occurs in an equation it is usual 

to regard it as meaning the positive value of the square root 

-of 2a;+3. It might be contended that V4a; + 7 - \/4ic + 3 = 2 
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was the same equation as v4x + 7 4-v/4a7 + 3 = 2; but they are 

commonly regarded as being different, and instructions are given 

that after solving an equation of this sort, the answers obtained 

should be substituted in the original equation to see whether they 

satisfy it. 

Example 1. Solve the equation V4x-i-7 + V4x ^ 3 = 6. 

By transposition, '\/4.'r + 3 = 6 - \/4a: + 7.(1) 

Square; 4a; + 3=36 - 12A/4a; + 7+4a: + 7; .(2) 

12\/4JT7=36-l-7-3=40; 

Square ; 4x + 7 = ; 

• A.'y — 3 7, • — .57 
—-vr» •• inr* 

This root will be found on substitution to satisfy the equation 

V4^7 + Vix + 3 = 6. 

Example 2. Solve the equation V2x-i-3 + Vx-l6=6.(1) 

By transposing, V2a; -f 3 = 6 - Vx - 10. 

Squaring, 2a: + 3 = 30 - 12 v'a: - 10 + a: -10 : 

x-23= ~l2Vx~ 10.(2) 

Squaring, -46a: + 529 —144(a:-10) 

= 144a;~1440; 

- 190a: =-1969; 

a: = 11 or 179. 

The result 11 satisfies the equation; 179 does not. The fact is that in 
solving equation (1) we have introduced an additional root through squaring. 
As we squared equation (2) it would have made no dilfcrence if we had 
written it a: -23 = 12Vx - id. Thus, in solving (1) we are also solving the 
equation A/2a: + 3 - V a: - 10 = 6 ; and this is the equation which is satisfied by 
the result 179.* 

* This may be expressed in general terms. 

If we solve an equation P = Q by squaring, we introduce generally an 
additional root. 

The equation becomes P^=Q®, 
i.e. P2-Q2=0, 

i.e. (P + Q)(P-Q)=0. 
Thus we have not only the original equation P ~Q=0, but another one 

also, viz. P + Q=0, t.e. P= -Q. 
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Example 3. Solve x^-x + 6V2x^--5x + 6=J(3a; + 33). 

2a;2 - 2a; h 10 V2x^ -5x + 6 =:3a; + 33 : 

/. 2a;2-5a; + 10V2iaT:'^6=33. 

Let V2x^ -5x + Q—^, i.e. 2a;® -6a; + 6 =y*. 
Then the equation becomes 

1/® - 6 + 10y=33; 

j^®-f 10^-39=0; 
(y-3)(y +13)^0, 

i.e. \/2a;®-5a; + 6=:3 or -13, 
2a;®-6a; + 6-9; 

2a;®-5a;-3=0. 
By substitution it will be seen that the negative value ( -13) of y will 

not satisfy the equation. 

Thus the question has been reduced to the solution of a quadratic 
equation. 

The following plan is sometimes useful. 

Example 4. Solve V2x^+9x-i + V2^~lx + 7=6.(1) 

Now evidently 2.r2 + 9a; -1 - (2a;® - 7a; + 7) = 16a; - 8; ...(2) 
from (1) and (2) by division we obtain 

V2a;* + 9a:-l - v'2a:*-7a: + 7 = ;.(3) 

/. by adding (1) and (3) 

2 V2a;>Tte ^+ 6=; 
O d 

6V2¥2 + 9a;-l=8fc+14; 

/. 3V2a;2 + 9a;-l=4a; + 7; 
/. by squaring, 18a;® + 81a; - 9 = 16a;® + 56x+49: 

2a;® + 25a;-58=0; 
.*. (2a; + 29)(a;-2)=0; 

a;=2 or 

Test, as before, to see whether the roots satisfy the equation. 

Examples. XXXI. d. 

Solve the following equations and verify the solutions by substitution: 

1. V2a; + 3=5. 2. v'3»^ = l. 

3. 4^4^^ =3. 

6. Va;-l=A/a;-l. 
7. \/3a;® -4:r + 9 = 3. 

9. V7x + l- V2x = Vsi. 

11. V2a; + 10+2VST6=:2. 

4. SVa;-l=Va; + l. 

6. Va;®-9=4. 

8. \/2iT3 + V2F^=5. 

10. VSa; + 9 - V3x~+1 = V2{x - 6). 

12. V'2x+8 + 2V'iT6=2. 
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13. a; + 5 = A/a; + 6 + 6. 

15. Vx-'Vx -{a -SY+ 

17. VP + Vao; - 2ab = 2a -f- 6. 

19. --ji==“\/a; + 2^-^/aJ-l. 
Va: + 2 

21. v'i + V.^^=-7?l==. 
Vx-1. 

i3. Va;+2 + Va: = —7^=:. 
\/a; + 2 

25. Vx-Vx-b^~b-a. 

27. a:2 + V'a;2-5a; + l=5a; + l. 

29. a;^+2a;4-4\/a;® + 2a: + 8=:24. 

31. 9a:-3a;2 + 4Va;^ ~3a; + 5 = lL 

33. + 3a; + 6 - Va;® + 3a; - 1 = 1. 

14. Va;+l4-Vac + 8=7. 

16, a;*=21+V'^“ - 9. 

18. Vl+9:c +V4a; + r —Va; + 1. 

20. Vbax + 4:0 +V5ax - 46 = 4 V 6. 

22. Var+l >f'\/a; + 4 = '\/a; + 9. 

24. \/a; + a\/4a; + 2a2=a + \/a;. 

26. a;2 + v'^rf3ac + 5=:.7-3a:. 

28. a;* + 2a; + 6\/a;2 + 2a;+5 = lL 

30. 3a;2 - 2V3i^~2x + i = 2(a; +1). 

32. 2a;2 - Vix - 3){2x - 7) = 13a: + 9. 

*173. We now give some miscellaneous equations, of which the 

following are types. 

Example 1. Solve the equations : 
x + y + z-l^, .(1) 

x^+y^ + z^^\m, .(2) 
yz~x^.(3) 

Squaring (1), subtracting (2) from it, and dividing by 2, 
xy + yz+zx^\\4y .(4) 

/. from (3) x{y + a;+z) = 114, 
and from (1) a;=6. 

Substituting this value of x and solving for y and z wo obtain the 
following solutions 

a; = 6, 6, 
3/= 9, 4, 
2=4, 9. 

Example 2. Solve the equations; 
a;(y + z)=7, .(1) 
y{x + z)~4.(2) 
z{x+y)^b.(3) 

Adding (1), (2) and (3), and dividing by 2, 

xy + yz+zx — %. 

Subtracting (1), (2) and (3) from this, in succession, 
yz-l^ 
xz—4, 
xy^Z. 

Whence by multiplication, a;*y*2* = 12 
xyz^±^/l2\ 

x=±2V3. y=i^, *=±^. 
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Example 3. Solve the equations : 
x^ + 2yz=49>, . 

^2+22:^; = 48, . 

+ 2xy = 48. 

Adding and taking the square root of botli sides, 
+ 2— i- J2. 

Subtracting (2) from (1) and factorizing, 

{x-y){x-{-y --2z)^0. 
.*. x=y or x + y = 2z. 

(i) If a: = i/, from (1) 

and from (3) 
whence 

(ii) If 
from (4) 

a;2 + 2a:2 = 48, 

2:2 4-20:2 = 48, 
z—x. 

x:=y=z, and from (1) or (2) or (3> 
X- ±4:~y = z. 

x + y=2Zf 

z^±4:—x—y as before ; 
a;=y=:2=4r4 are the only solutions. 

(1) 
.(2) 

.(3) 

(4) 

♦Examples. XXXI. e. 

Solve the equations: 

1. (o: + 2/)2 + 2:3 = n2r>, 

a:+2/+ 3 = 15, 
a:y=24. 

4. ^ + 10^=7, 

2. 
a: + ?/ + 2 = 13, 

a;2 +y2 ^z^=9l. 

x-y x + y 
= 3. 

5. xy + ~~l0f 

xy^ - a: = 62/. 

7. a;2 + a:y+2/2 = 2a:2 + 3a;2/ + ?/2=c*. 

8. a: + y + 2 = 7, 

3. a:®-2a;=|-. 

6. x + y = a+6» 
a b ^ 
—I—=2. 
X y 

-c-d' 

xy + xz-\-yz~\^y 
xyz = 8. 

JO (x-a)(x-b) _x-a-h 
{x - c) (x - d) 

12. x{y-\-z)=5» 
y{x + z)=4, 

z{x-^y)^Z. 

Q x+a x-a_a 
X +6^x -*6~6* 

11. (ax + hyY + (ay - bx)^ =2 
(M)’ 

y^x a^-b^' 

13. (x + y)(x + 2) = l, 
(y + 3)(3/ + x)=4, 

(0 + x)(3 + y)=9. 

14. Find the rational solutions of the equations, 

,y^ ,x y _ 106 
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INDETERMINATE EQUATIONS 

♦174. When we have but one equation involving two variables 

we can generally find any number of solutions. (Art. 57.) 

Such equations, however, often admit of only a limited number 

of positive integral solutions. 

Example. Find the positive integral solutions of the equation 

5x + 12?/=:193.(1) 

By putting a: or i/=0, 1, 2, and so on, one pair of roots can generally be 

found without difficulty. 

Here we see by trial that one pair of roots is given by a: = 5,2/ = 14, 

i.e, 5x5 + 12x14 = 193.(2) 

Subtracting (2) from (1), 5(a: -5) + 12(y - 14) =0, 

5(a;-5) = 12(14-y), 

x-5 12 
14-y" 5* 

12 
Now -g- is in its lowest terms, and x and y must be positive integers, 

x-5 = l2p, 

and 14 -y=5pf where p is an integer. 

i.e. x — 5 + 12p, .(3) 

y = 14 -5p.(4) 

From (3) p cannot be < O^ot then x would be negative. 

. (4).>2.y. 

0, 1, 2 are the only admissible values of p. 

Hence from (3) and (4) the only po.sitive integral solutions of the given 

equations are 

(P=0) X=5 \ 11 H
 II (p=2) a;=29) 

y=14J y=9 i iy=4 i 
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*176, In how many ways can a hill of £2. Is. Qd. he paid in half 

orowns and half sovereigns ? 

Let X be the number of half-crowns and y the number of half- 

sovereigns required to pay the bill. 

Then fa + 10«/ = 47| 

5a: + 20^ = 95 

a?+ 42/= 19.(1) 

Now X and y must evidently be positive integers, and we see 

that the equation is satisfied by a;=3, ?/ = 4, 

i.e. 3 + 4x4 = 19.(2) 

Subtracting (2) from (1) 

a;-3 + 4(2/-4)=0, 

a;-3 = 4(4~2/), 

4-2/ V 

x-3 = 4p, 

4 - 2/=jo, where p is an integer. 
♦ 

i.e. a; = 3 + 4p, .(3) 

y^^-v.(4) 
From (3) p cannot be < 0. for then x would be negative. 

. (4).>4 . y. 

/. 0, 1, 2, 3, 4, are the only admissible values of p; 

i.e. there are jive ways of paying the bill. 

This includes as a solution the case when no half-sovereigns are 

used, for when p«4, y=0. 
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GRAPHICAL SOLUTION OF INDETERMINATE EQUATIONS 

♦176. Example. Find the positive integral solutions of the equation 
Zx + 2y = 30. 

Use a half-inch unit. 

When a;=0, y = 15, 

y=0, a; = 10. 
Joining the points (0, 16), (10, 0) by a str. line, we have the graph of 

the equation 3a; -f- 2?/ = 30. 

The only points, whose co-ordinates are positive integers, through which 
the line passes, will be seen to be the points 

(8, 3), (6, 6), (4, 9), (2, 12), not counting zero values, 
these are the reqd. solutions. 

4^Examples. XXXI. f. 

Find the positive integral solutions of : 

1. 2a;-fSy =35. 2. 2a;-i-3y = 15. 3. 5a;+ 2?/= 27. 

4. 7a; + 3?/=73. 5. 9a;-f5y=33. 6. 7a; + 13y=207. 

How many positive integral solutions are there of : 
7. 2a; + 132/ = 185. 8. 2a;4 lly = 165. 

9. 4a; + 9y = 207. 10. 7a; + 3y = 119. 

11. Prove that the equation 7a;~6y = 16 has an infinite number of positive 
integral solutions. 

Use graphical methods to find the positive integral solutions of : 

12. 3a;+2y = 17. 13. 5a;-fy = 18. 14. 3a;-j-4t/ = 48. 

16. 2a;+ 7?/= 23. 16. 2a;4-3y = 30. 

Find graphically; or by algebra, all integral solutions of the following 
equations which have positive values of x and negative values of y : 

17. a;-2y = 12. 18. 2a;-3y=24. 19. a;-2/=4. 

Find graphically, or by algebra, all integral solutions of the following 
equations which have negative values of x and y : 

20. 2a; + 3y-f24=0. 21. 4a; + 3y + 24=0. 22. a;-f2y-f 12=0. 

23. A man bought a number of books at 65. each, and a number at la. each, 
and spent 38^. : how many of each did he buy ? 

24. A man bought a number of geese at la. each, and a number of turkeys 
at 115. each, and spent £4. 6a. : how many of each did he buy ? 

25. In how many ways can I pay a bill of 315. in sixpences and shillings, 
excluding zero solutions ? 

26. Divide 69 into two parts so that one may be a multiple of 9 and the 
other of 4. 

27. A has only four-shilling pieces, and B only half-crowns. What is the 
simplest way in which A can pay B the sum of 355. ? 

28. In how many ways can I pay a bill of 375., if I have only florins and 
half-crowns in my pocket ? 
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29. The sum of two fractions is and their denominators are 4 and 7. 
Find all the solutions of the problem. 

30. Find general formulae to represent all the integral solutions of the 
equation ^x-\^y — 63. 

31. A has 25 four-shilling pieces, and B 25 half-crowns : in how many ways 
can A pay B the sum of 37^. ? 

32. Find the positive integral solution of the equation 5a;-f 13y — 227, for 
which the value of x is largest. 

33. A man exchanges a number of geese at 7s. each, for a number of turkeys 
at 13.S. each, and receives £4. 1,35. in cash. Find the number of ways 
in which the exchange can be made, a condition being made that the 
man shall not take more than 20 turkeys. 

CHAPTER XXXII 

THEORY OF QUADRATIC EQUATIONS 

177. To prove that a quadratic equation cannot have more than 

two roots. 

If possible, let the general quadratic equation 

aa^ + ha; + c = 0 

have three different roots a, /?, y. 

By hypothesis, each of these values of x satisfies the equation, 

/. by substitution 

aa^ 4-ha -f c = 0,.(1) 

a/3^-hh/3.(2) 

ay^^by .(3) 

Subtracting (2) from (1), a{a^ - f^) +b{a -- /3) =^0. 

Dividing by a - /?, which by hypothesis is not equal to zero. 

a{a^l3)^b^0.(4) 

In the same way, subtracting (3) from (1) and dividing by a - y. 

a(a-fy).fh=»0.(6) 

Subtracting (5) from (4), a(/?-y)=0; 

a = 0 or ^--y = 0, 

which is impossible, for a is not equal to zero, nor is /3 equal to y, 

by hypothesis. 

the quadratic cannot have more than two roots. 
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178. The square root of a negative quantity cannot be found. 

It is said to be ‘ imaginary,^ or ‘ unreal,'' or ‘ impossible.^ 

The quadratic equation ax^ -^hx->rc~0. will have 

(1) real and different roots if 62>4ac 

(2) real and equal roots if Ir = 4:ac, 

(3) imaginary roots if 6^<4ac. 

We have seen (Art. 149), that the solution of this equation 

may be thus written : 

-h±Jh'^ -Aac 
/y —-- 

(1) If 6^>4czc, h^-AiOc is positive, and the value of Jh^-^Aac 

may be found ; 

/. we then have two real and different roots, 

h-\- -Aac , -h-Jh^-Aac 
VIZ. 

2a 
and 

2a 

(2) If = 4ac, - 4ac=0 ; 

is the only solution ; 

in other words the roots are equal, and each equal to 

_ h 
2a' 

(3) If b^<Aac, h^-Aac is negative, and the value of 

s/b^- Aac is imaginary. 

Hence the equation in that case has no real roots. 

By means of the above we can determine the nature of the 

roots of a quadratic, without actually effecting its solution. 

The student must be careful to distinguish between irrational 

and imaginary roots. 

If the roots of ax2 + bx + c = 0 are rational, b2-4ac must be a 

perfect square. 

The roots of - 2a;-2~0 are 1 + \/3, and 1 - v^3. 

These are real but irrational. 

The roots of a;* - 2a; + 4 are 1 + and 1 - \/ - 3. 

These are imaginary. 
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179. The roots of a7^ + bx-\-c=0 are equal, but of opposite sign 

if 6-0. 

The roots are equal but of opposite sign, 

.« - 6 + sjb^ - iac r - 6 - Jb^ - 4mc~\ 
U 2a “"L 2^ J 

^ 6 + - Aac . 

Ya ’ 

^.e. if 6-0. 

Example 1. When we solve the equation +px the expression 
under the radical sign 

—p^ + 4^^, (6^ - 4ac) 
which is positive. 

.*. the roots of the equation are real and different for all values ot 
p and q. 

Example 2. When we solve the equation 5x^ -^2x + 4~0f the quantity 
under the radical sign 

--=4 - 4 X 20, which is negative, 
the equation has imaginary roots. 

If we drew the graph of y —5x^ -2x + ^, as in Art. 151, we should find 
that the curve does not meet the axis of x, i,e. no real value of x can be 
found which will make 5x^ - 2a: + 4 vanish. 

Example 3. When we solve the equation 2x^ -px + H=0, the expression 
under the radical sign 

=p^ - 4 X 16 “ 64. 

if = 64, i.e. if 2? — ± 8, 
the roots of 2a^ -px + H—0 are equal. 

180. In the quadratic equation ax^ + bx-\-c=^0, 

(1) the sum of the roots — 

(2) the product of the roots 

Let a and /? be the roots. 

- 6 + \/6®-“4ac 
2a 

i8 = 
~6-\/6^~4:ac 

2a 
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Adding, a + 

Multiplying, a/5 = + q)(p--q)=p^-- q^] 

_4ac 
"~4a2 

_c 
^ a' 

Ixc c 
If we write the equation in the form + ^^7 

express these results as follows : 

When the coefficient of in a quadratic equation is unity, 

(1) the sum of the roots is equal to the coefficient of z with 

the sign changed ; 

(2) the product of the roots is equal to the constant term. 

These results are of the greatest importance, and will be found 

most useful in solving problems concerned with the roots of 

quadratic equations. 

181. If a and P are the roots of ax^ + + c=0, 
ax^ ^bx + c==^a(x- a){x - /3), 

ax^ -\-hx+r—a(a^-{'^ + 
V a a) 

==a[x2 - (a 4- fl)x + a/5] 

=a{x-a)(x- /S), 

In the same way, if a and /3 are the roots oi +px-\-q^0^ 

x^ px^q =^(x - a)(x -/3). 

Example 1. The quadratic whose roots are -5 and 6 is 

(a: + 5)(a;-6)=0, 
or -X - 30=0. 

Example 2. If a and ^ are the roots of x^ -px + q=0f find the values of 

(l)a-i3, (2) a*+^^ (3) 
(1) a+)S=p, .(1> 

= ?.(2) 
Squaring (1) and subtracting four times (2), 
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(2) Squaring (1) and subtracting twice (2), 
~2q. 

(3) Squaring (1) and subtracting three times (2). 

- *iq. 
Multiplying this with (1), 

a^+^^=zpip^-3q). 

Example 3. If a and are the roots of ax^ + bx-\-c=0, form the 

equation whose roots are and i. 
a fS 

The sum of the roots of the reqd. equation = ^4-- 

6 
~ aa ‘ a~~ c 

The product of the roots = 
c 

the reqd. equation is 
^ bx a ^ 

— +-=0, 
c c 

or cx^ + bx -\-a—Q. 

182. If a is 'positive mid a, fl are real roots of the equation 

ax^ + 6a; + c = 0, the expression ax^ + hx-\-c vanishes when x = a or /i, 
and is positive for all other values of x except for those lying between, 

a and /3. 

(1) The values a and satisfy the equation ; 

the expression ax^-\-bx-{-c is zero when x = a or /3. 

(2) a + fiJJ, = (Art. 180.) 

«:i:^ + &x + c=a/a^ + ~+-^ \ a aj 

= a[x^ - (a + f3)x-{-af3] 

= a{x - (i)(x-13).(1) 
Let a be greater than /3. 

When a; > a, a; - a is positive and x- B is positive ; 

from (1) aa^ + bx + c is positive. 

When a; < a but >/3, a; - a is negative, 

and X-13 is positive ; 

from (1) ax^ + 6a; -f c is negative. 

Lastly, when x <f3, x-ais negative, 

and a; - ^ is negative; 

from (1) aa;^4-6x + c is positive. 
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/. aa?^4-6a?4-c=0, when x-a or fS, 

is negative when x lies between a and /S, 

and is positive for all other values of x. 

It follows that if a is negative and a and ^ are the roots of 

ax^ + + c — 0, the expression ax^ -i-hx + c is zero when x = a or /i, 

negative for all other values of x except for those lying between 

a and /3. 

Example 1. To prove graphically that the expression x^ + x -Q 

(i) vanishes when x—2 or -3, 

(ii) is negative when x lies between 2 and -3, 

(iii) is positive for all other values of x. 

(i) If we draw the graph of y—x^ + x-Q as in Art. 151, we shall see 
that the curve cuts the axis of x where x~2 and -3. 

(ii) When x lies between those values, y is negative. 

(iii) For all other values y is positive. 

can never be greater than 7 nor less Example 2. Show that —— 
+ oX -f- “x 

than 1 for real values of x, 

T ,x^-Zx^4: 
Let ^=u. 

+ 3:r + 4 

Multiplying up and rearranging as a quadratic for a;, 
ar2(l - W-) ~3.r(i+w)+4(1 -''^)=0. 

W^hen we solve this quadratic for x, the expression under the radical 

sign =9(1+'u)2 -16(1-1^)2 (62-4ac) 
= -7+50w-7?/2 

= (-7+t^)(l ~lu) 

Hence if m > 7, w - 7 is positive, and y - w is negative. 

the expression under the radical sign is negative and x is imaginary. 

If < 7 but > 1, w - 7 is negative and ^ - tt is negative. 

the expression under the radical sign is positive, and x is real. 

If < i, M - 7 is negative, and L ~ w is positive. 

the expression under the radical sign is negative and x is imaginary. 

Thus for real values of x, u cannot be greater than 7 or less than J. 

183. Find the condition that the equations ax^-\rhx-^c — '0 and 

a*x^ + 6'ic -h c' = 0 may have a common root. 

Let a be a common root of the equations. 

Then by substitution aa^ + 6a + c=0, .(1) 

aV-h6'a + c'=0.(2) 
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Multiplying (1) by h\ and (2) by 6, and subtracting, 

(ah* -a*h) + h*c-he* — 0, 

or 
he*-Vc 

ah* -a*V 

Again multiplying (1) by a*^ and (2) by a, and subtracting, 

a (a*h - ah*) + a*e - ad = 0, 

a*e - ad 

°'~ab'-a'b. 

(3) 

(4) 

or 

from (3) and (4) 

(ah* - a'b) (he* - h*c) — (a*c - ad)^ ; the reqd. condition. 

Examples. XXXII. 

Form the equations whose roots are ; 

1. 2, 5. 2. 4, -5. 

4. 0, -.3. 5. 2a, -3a, 

7. 1+-, 1--. 8. Vm*-n. 
a a 

10. 3 + V3, 3 - Vs. 

Q 1 1 
w. \j, — -jr. 

6. a + 1, a-1. 

9. 

11. 

-m ± Vm^ - 4ln 
21 • 

4-V3 4 + V3 
5 * 5 ' 

12. For what value of k will the roots of - lOx — k be equal ? 

13. What is the condition that the roots of the equation x^ -px-^q—Qt 
may be rational ? * 

14. Prove that the roots of x^ - 3x-^k=0 will be imaginary if k is greater 
than 2J. 

15. Solve the equation x^ -px^-q—O, and hence find (1) the sum of the 
roots, (2) the product of the roots. 

16. If a and ^ are the roots of oa;* + 6fr + c=0, find the values of 
(1) a-13, (2) + (3) + (4) 

17. If a and ^ be the roots of the equation x^-px + q—0, form the 
equation whose roots are 2a, 2/3, 

If a and /3 be the roots of the equation cw;* + 6a; + c=0, determine the 
equation whose roots are ; 

18. -a, -13. 19. 3a, 30. 

21. 22. 2;S -a, 2a-(3. 
p a 

24. Find the numerical value of a in the equation 2a; + 3a =0, when 
the sum of its roots is equal to their product. 

25. If one root of the equation aa;*+5a; + c=:0, is double the other, prove 
that 9ac=262 

a 0 

iS* " 
a* ^ 

"" 
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26. Form, an equation whose roots shall be —, 
P 

, where a, |3 are the 

roots of the equation — 
27. If a, ^ bo the roots of the equation ax^ -\-bx ~a—0, determine the 

equation whose roots are 2. 

28. Find the sum of the cubes of the roots of x^+px + q^O. 

29. If a, /3 be the roots of the equation px^ + qx -^r — 0^ find the equation 
whose roots are a + /3, a^. Find also the value of 

30. If a, j3 be the roots of the equation ax^ + bx + c form the equation 
whose roots are and /3^. 

31. Find the quadratic equation whose roots are the squares of the roots 
of the equation x^=px + q. 

32. Prove that the equation x^ -2{k-\-2)xcannot have equal 
roots for any real value of k. For what value of k will the roots be equal 
but of opposite sign ? 

33. If a, /3 be the roots of the equation -vpx-^-q — f), prove that 
x^-¥px-\-q will be a negative quantity, if a; be put equal to + 

34. Find the condition that the two quadratics + + 0, 
a;*+p'a: + ^'—0, may have a common root. 

35. If a, be the roots of the equation x^ +px + q~0^ prove that 
a4+/3^ = (p2-2^)2-2^2. 

36. Show that one of the roots of the equation px^ + qx — will be 
double one o^the roots of the equation rx^ -^qx p — ^y if either r — 2p or 
2p + r~ ±q\^2. 

37. If a, /3 be the roots of the equation -px + q — Oy prove that 
-f - ^p^q + bpq^. 

38. Provo that, if one of the equations 
a;2 -x{3c -h) +6c=0, x^ -x(5c -b) +4c^=0, 

has equal roots, so has the other. 

39. If py q be the roots of the equation aa;2 + 26a: -c~0, find the equation 
whose roots are p^, q^. 

40. One root of the equation a;2 + aa; + 6—0 is double of the other; and 
one root of the equation *2 + aa; +c = 0 is equal to three times its other root. 

Find the value of 
c 

41. Prove that the roots of one of the two equations 

8a2:c(2a; - 1) + 62=0, 4a2a;2 + 62(4a; +1) =0, 
must be imaginary. 

42. If aa;2-f 6a;+ c =0, bcx^ + cax + ab~0 have a common root, and if 
a H- 6 + c = 0, prove that 

b*(a -c)*=a2c2(a -6)(6 -c). 

43. The roots of the quadratic aa;2 4-6a; + c=0 are sfj, arg; find in terms 
of tty by Cy tfic valucs of (1) (axi ■i-b){ax^ + b)y (2) {bx^ +c){bx^-\-c). 

44. If Xj, x^ be the roots of the equation aa;2 + 6a; + c=0, find, in terms oi 
o, 6, Cy the value of 1 j 

(6 + aa;i)* ^ (6 -H aa;,)*‘ 
fi B.B.A. 
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45. Prove that, for real valuer of x, the expression can have 

all numerical values except such as lie between 3 and 23. 

46. Provo that ^ - cannot be greater than nor less than for 
real values a;. ^ 

x^ _ 2aj 4" 4 1 
47. Prove that . cannot be greater than 3 or less than for 

r>Q 1 xroliidta r\-f 'v ^ "1" 4 

4a;2-5a: + 10 
3{x~2) 

cannot 

real values of x. 

48. For real values of x, prove that the expression 
lie between 9 and -1|. 

49. Find the greatest value which the expression x + Vdax-la^-x^ 
can have for real values of x. 

^2 _iC -|- 1 
50. Find the minimum value of -r, for real values of x. 

x^ + x-i-l 

CHAPTER XXXIII 

Examples. XXXIII. a. 

1. Resolve into real elementary factors : 
(i) 6a;* - 23xi/ 4- 20?/*. (ii) x* - 7a:*?/* 4- y*. (iii) x^-L 

2. Simplify ^2_^_2-o~x‘ + x-12~%‘-8x+15' 

3. Find the squares of x + i/ + 2z-l, and of x-h?/ ~2z -1, What is the 
value of the difference of these squares when 2 = -J(a:4-?/) ? 

4. Find the L.c.M. of x^-xy*, x^ + x^y, a;® 4-^ 4-a;*y*(x* 4-y*). 
5. Solve the equations (i) 27a:*-57a: =14. 

(ii) a;*4-2/2 = 5, a:*-j/* = ^. 

6. A travels 42 miles in 5} hours. Find, graphically, how long he 
takes to travel 35 miles, and 29 miles. How far did he travel in 2 hrs. 36 
min. ? 

7. Solve the equations a;4-2y- 24-4=0, 
3a: + 4y 4-2 -1 =0, 

5a: 4-6?/ - 32 4-18 =0. 

8. If a, ^ are the roots of the equation a;* 4-pa; 4-^=0, form the equation 
whose roots are a + 2p, 2a. 

XXXIII. b. 

1. Find the factors of (i) a;* 4-16a; 4-83. 
(ii) y®-43a*y 4*42a®. 

/iii) -14a;®4*49a::® ~36aj. 
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2. Find the square 
1 

3. Simplify 

root of 9a;* - 42a;® + 37a;® + 28a; + 4. 

1 2a 
ar + aa;®+a®/ 1 1 

1 va;® + £ia; + a* + a 
a;® - a® a;® + a® 

4. Solve the equations (i) ~=a®+6®, 
ox CLX 

(ii) {x - 10)(a; - 7) + (2a; - 9)(a; -8) = 103. 
5. A person after paying income-tax of 6c?. in the £ gave away one- 

thirteenth part of the remainder, and then had £540 left. What was his 
original income ? 

6. On an examination paper of maximum 58 the marks gained by six 
candidates were 52, 47, 41, 36, 24, 12. Draw a graph to raise the 
maximum to 100, and read off the raised marks of the candidates. Test 
one of your results. 

7. Employ the Remainder Theorem to prove that oc^ - 4a;® 4- 2a;® -i- a; + 6 is 
exactly divisible by a;® - 5a; -i- 6. 

XXXIII. c. 

1. Remove the brackets in 7a+ 6[6-5{c+ 4(6--3(a-h2c))}] and find its 
value when a=2, 6=3, c = l. 

2. Simplify ^.2 _ 4^, ^ 3 - ^ ''"x^+ix-5' 

3. Find the h.c.f. of a;* - 8a;® +13a;® - 30a; + 8 
and X* - 4a;® -1 la;® - 60a; + 16. 

2a; -1 4a;® ~ 1 
3 ”a; + 3 a?-3 10a;+ 1 

4. Solve the equation ' 25+3 * 

* + ‘-3(5-31 
5. Solve the equations : 

(i) (a + 6)(c+a:) + (6+c)(a + a;) = (c+a)(6+a;). 

(ii) x+y=3, =2. 

6. I bought a horse and carriage for £80. I sold the horse at a profit 
of 20 per cent., and the carriage at a loss of 4 per cent., and found that on 
the whole transaction I had gained 5 per cent. What was the original 
cost of the horse ? 

7. Determine the values of Jc for which the equation 
12(^ + 2)a:® - 12(2A; - l)a; -38ifc -11 =0 

will have equal roots. 

xxxm. d. 
1. Divide a;® + a;* + 4a;® + 21a;® + 23a;-40 by a;® + 4a; + 5, using the method 

of detached coefficients. 

3. Find the square root of 4a;* + 12a:* - 
B.B.A. s 2 

11a;®-30a;+ 25. 
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4. A man travels at the rate of x feet per second. 
(i) How many yards does he travel per minute ? 

(ii) .miles.hour ? 
(iii) .in y hours ? 
(iv) How long does he take to travel y miles ? 

5. Solve the equations : 
lx 48 

3a;-5 ^ x 

(ii) --?=9, + 2x~l^xy. 
X y 

6. A man on a bicycle, who travels at the rate of 10 miles an hour, and 
another walking at the rate of 4 miles an hour, start at the same time and 
from the same point to go round a field a quarter of a mile in circum¬ 
ference in the same direction. Find how soon the bicyclist is one-quarter 
of the whole circumference ahead of the walker. 

7. Trace the graph of y — Zx- x^, and deduce the value of x when the 
expression Zx -x"^ is a maximum. What is the maximum value of the 
expression ? 

xxxm. e. 

1. Show that is divisible by if p*--27a®=0. 

2. Find the product of a; - y, a; -f- y, - xy + y^, x^-^xy-\- y\ 

3. Find the square root of n(w-f l)(7i-f 2){w-i-3) + 1. 

4. Express j j in its simplest form. 

x'^yZ'z 

5. Employ the Remainder Theorem to prove that 
1 - - 2x^ - 2x* ~ a;® + x^ 

is exactly divisible by a; + l and by a:® + l. 
6. Solve the equations 

... a(a-x) b(b + x) 
(i) ^ - 
' ' 6 a 

3 2 
(ii) ^--^=5 —^(correct to two decimal places). 

7. Two travellers, one of whom travels 3 miles an hour faster than the 
other, set out to meet one another, starting simultaneously from two 
towns which are 216 miles apart. They meet after a lapse of 8 hours. 
Find the rate at which each of them travels. 

8. Divide 1 into two fractions such that the sum of their cubes is 

XXXIII. f. 

1. Divide (x + y)^+ (**-» y®)®+ («-y)® by 3a:*-f-y*. 

2. Resolve each of the following into three real factors: 

4x^--23x^i^28x, y^-f-Ilya-180, 
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3. Solve tlie equations; 

(i) 
x-\-a X -b_2{a‘{-b) 

x + b~ X 

(ii) + = xy+y^^2\. 

4. Given that a, /3 are the roots of a;* + j?a: + i7=0, find the roots of 
5i;2 + 42?a; +16^-0. 

5. Prove that the difference of the squares of two consecutive numbers 
is equal to the sum of the numbers. 

6. A, walking uniformly, but taking a rest of 20 minutes when he has 
gone half-way, does 5 miles in an hour. B, starting at the same time, and 
taking no rest, passes A 3^ miles from the start. Find, by the graphical 
method, how long B takes to walk the 3^ miles. 

7. Show, by any method, that o®(6-c)-f h®(c-a)+ c®(a-6) contains 
6 - c, c - a, a -- 6 as factors. 

XXXIII. g. 
1. Find the quotient and the remainder when - x* + a; -1 is 

divided by x - 3. 
2. Find, to three places of decimals, a positive number such that if it is 

added to its square, the sum is unity. 

3. Two workmen take the same time to earn £22 and £21 respectively. 
The former earns £15. 8,9. in one day leas time than the latter takes to earn 
the same sum. How much does each earn per day ? 

4. Simplify the expressions 

/a^ 6®\/3a-f6 3a-6\ 
a-6/ 

_1_ 1_ 1 
(a^ -b^){a^ (b^ -c^)(b^ -{c^ -a^){c^ -6*)* 

5. Solve the equations 

(ii) 
^ ' nr. 'ij r. 

x+y=c. 

6. A man spends £70 in 45 days ; make a graph and read off from it 
his expenditure in 17, 32, and 41 days, to the nearest pound. 

7. If a and ^ are the roots of the equation ox® - 5x -j- c = 0, find the 
equation whose roots are 2a and 2^. 

1. Simplify 
a^xw - 6*x^+* 

a - bx^ 

xxxni. h. 

2. If the coefficients of x* and of x in the product of 2x® + 3x* + ax -10 
and 3x® - ax* - lOx + 4 are equal to one another, find the value of a. 

3. Find (i) the h.c.f., (ii) the l.c.m. of a^ 4-a*6* + 6S a* -a*6*-i-2a6® -6^^ 

4. In the same diagram draw the graphs of 
y—x + Zy 2y-x = 8, and 2y + 5x = 20. 

What do you deduce as to the roots of the different pairs of equations ? 
5. If a, /8 are the roots of x* form the equation whose roots 

are — 3a9 3/3* 
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6. Solve the equations (i) {2x^ + 3a; -\)(2x^ -I- 3a; - 2) = 156, 
(ii) 2(a;-l)(2/-l) = 6(a; + 2/)= -^xy. 

7. The difference in the average rates of two trains is 13 miles per hour. 
The faster of the two takes 2 hours less time to travel 164 miles than the 
slower takes to travel 168 miles. Find their respective rates. 

XXXIII. k. 

1. If-+-=a, ^ + -=6, prove that + 6^+ c^-a5c=4. 
y X z y ' X z ^ 

2. Solve the equation 4a;*+ 2a; -1 — 0, giving results correct to two 
decimal places. 

4. The denominator of a certain fraction exceeds its numerator by one. 
Two other fractions are formed, one of them by adding 9 to the denominator, 
and the other by subtracting 6 from the numerator, of the original fraction. 
These two fractions are equal. Find the original fraction. 

5. An old clock increased uniformly in value from £4. 105. in the year 
1890, to £8. 105. in 1899. Find graphically its value in 1893, 1894, and 
1897, to the nearest shilling. 

6. Solve the equations a;® +1/*=2(a® + 6®), “*■ 

7. Construct an equation whose roots shall exceed by a quantity m the 
roots of the equation aa;® + 6a; + c = 0. 

XXXIII. 1. 

1. Resolve into factors (i) a* - 8o®6 ~486®, (ii) (a® + 6®)c + (6® + c®)a. 

2. Multiply a® -f- 4a®6 -j- 806® -f- 86® by a® - 4a®6 + 8a6® - 86®. 

3. Show that if a+6 + c-f-d=0, then 
a® “6®4-c® -d® = 2(a + 6)(a-f d). 

4. Find the area of the quadrilateral formed by joining the points 
(10, 20), (13, 9), (23, 8), (28, 20). 

5. Solve the equations x + y +z = Q, 4a; -f y = 2z, a;® + y® + 2® = 14. 

6. If a, 6, c are real quantities, determine the condition that the roots 
of the equation aa;® + 26a; + c=0 may be imaginary. 

7. The journey between two towns by one route consists of 233 miles by 
rail followed by 126 miles by sea ; by another route it consists of 405 miles 
by rail, followed by 39 miles by sea. If the time occupied on the journey is 
50 minutes longer by the first route than by the second, find the average 
speed by rail, assuming it to be the same by each route, and 25 miles 
an hour faster than the average speed by sea. 

XXXIII. m. 

1. Simplify -(a+c-26)«}. 

2. Resolve into factors (i) 18ic* + 53a; ~ 35. 
(ii) o®4-26c-(c® + 2a6). 
(iii) (a!-36)®-46*a; + 126*. 
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3. Divide 2x^ + 37a:® - 5a;® +13® -15 by a;® - a; + 5, using the 
method of detached coefficients. 

4. Find the value of VIS correct to two decimal by any graphical 
or geometrical method. 

5. Solve the equations (i) —+ —=a, x + y = l. 
y X z 

(ii) a6(a;®4-l)=a;(a® + 6®). 

6. Prove that if the roots of the equation aa;® + 26a;+c—0 are imaginary, 
the roots of the equation ax^ + 2(a4-6)a; + a4-26 + c= 0 are also imaginary. 

7. The marks of a form ranged from 325 to 259. Draw a graph to scale 
them from 80 to 0, and read off the scaled marks corre8i)onding to the 
following actual marks gained ; 280, 295, 312. Verify one of your results. 

XXXIII. n. 

1. Find the relation between the constants when the three equations 

ax^-hy—c, bx-^ay—d, x^ + y^~xy 

are simultaneously true. 

2. If and > find the value of 

(i) /(w +1) - 0 (n), (ii) f /(w -f 1)? - [0 (n ~ 1)]®. 
3. Find the l.c.m. of 3a;® - 4a; - 4 and 4.i;® - 8a;® - a; + 2. 

4. Find graphically the maximum value of 6a; - a;® - Aj--* Verify your 
result by algebra. 

5. A merchant beginning business with a certain capital succeeded in 
doubling it, but afterwards lost £1000. He employed the remainder in a 
venture which brought him in a profit of 35 per cent., after which his 
capital was found to be £10 more than his original capital. Find the 
amount of that capital. 

^ c, , .. ... a;® - (a-f 6)a;-6c x®-(a + c)a;-6c' 
6. Solve the equations (i) --=-^---• 

X — O X — c 

(ii) ay'^ -^hxy — hj bx^-¥axy — a. 

7. If a and ^ are the roots of the equation ax® + 6x + c=0, find the 

equation whose roots are 
P ^ 

XXXIII. p. 

1. Find the L.C.M. of x*-i-x, x*-x®, x^-x®, and x®-fx®+a;. 

2. Find the quotient when x® -y®-f t® + Sxyz is divided by x~y + z» 

3. Multiply 4x® -f 3x® - 7 by 2x® - x - 5, using the method of detached 
coefficients. 

4. Draw the graph of y = x® + 2x, and hence solve the equation 

X® + 2x - 7 = 0. (Use a large x unit.) 
c o 1 XV X- /-x l+2x-3x® 3-2x + x® 6. Solve the equations (.) 

(B) iE*-y=y«-x=lT^. 
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6. A and B start in a long-distance race. For 15 minutes A goes at the 
rate of x yards per second, and B at the rate of 2x miles per hour, and •then 
A is leading by 100 yards. Find the value of x. 

7. If a, (i are the roots of x^+px-q=0, and y, 5 those of x^ +px-^r=0, 
prove that (a -7)(a -5)~{^ -7)(/5 + 

XXXIII. q. 

1. Show that + 
{c + a)^ - 6^ 

c + a -6 
- + 

a-i-6-c 6-fc-a 
is equal to 2(a+6+ c)2 +-6*4-0*. 

2. Solve the equations : (i) ax-{-by=xy — cx + dij. 
X -2a -b 

(ii) 

3. If 
a6 -cd 

e-;?) 

show that 
' {a - b) - (c-d)* x~b~ 

4. Find the L.c.M. of 8x*-f27, lGx*-i-36a:* + 81, Gj:*-5a:-6. 

5. Draw enough of the graph of y=x^ to enable you to find the square 
Foot of 95. 

X a -{■ 26 
Q^a_{a -c){a+d) 

{b-~d)(b + c)’ 

Gj:* - 5x - 

6. A dealer bought 200 sheep. He sold 80 of them so as to gain 4 per 
cent, on them, and the rest so as to gain 7^ per cent, on them. His whole 
profit amounted to £21. 7s. What did he pay for each sheep ? 

7. Prove x^ - jyx^qx - r =0 to be the equation that results from the 
elimination of y and z from x + y-\-z ~py 

xy+yz + zx~q. 

xyz—r. 

XXXIII. r. 

1. Find the factors of each of the following expressions : 

x^-ly x^-6x-7y x^-3x^ + 2x, 3x^-7x-h2. 

What is their l.c.m. ? 

2. Simplify (i) (2a; 4-3)(3a: -1) 4 (2a:-5)(5x-3)-(4a;-3)*. 

(ii) {(3a +26)2 _ (2a + 6)*}-+{7a - 26 - (2a - 56)}. 

3. Draw the graph of y — x^-3xy and hence solve the quadratic 
a:* - 3a: = 14. (Use a large x unit.) 

4. Find the condition that a:2 + aa; + 62=0, and x^-bx-{-a^—0 may have 
a common root. 

6. In an election, if one-tenth of those who voted for A had refrained 
from voting, B would have been returned by a majority of 128, while if 
one-fifth of those who voted for B had transferred their votes to A, the 
latter would have been elected by a majority of 536. Which candidate 
was elected, and by what majority ? 

6. Solve the equations x{x-y) —10, 

y{x+y)~24:, 

7. If a; + 2/ + 2:=a, a:2+3/* + 2*=6, a;®+y‘ + 2*=c, 
find the product xyz in terms of a, b, c. 
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XXXIII. s. 

1. Prove that a + 6 + c is a factor of + + ^ahc. 
Deduce tiie fact that x^-y^-z is a factor of the expression 

{x-]-y)^ + {y + z)^ + {z+xf-^x-\-y)(y + z){z + x). 

2. Solve the equation {a + b) (ax -\-b)(a- hx) -(a^x - b'^)(a + bx), 

3. If /(n) = —find the value of 

(i) 

(ii) /(^) -f(n-2). 

4. If a and /3 be the roots of the equation x^ ~px-{-q=^0t form the 
equation whose roots are ma^ + np\ and + 

5. Find the fimits of value between which x must lie in order that 
4a:- + 4a: - 35 may be positive. 

6. Solve the equations a: -f- y + 2 = 1, 
x^ 4-+ 2^ = 9, 

a:^ -f + 2'** -1. 

7. A and B start from the same place at the same time. After an 
hour and a quarter A is found to be 7^ miles ahead of B. If, however, 
A’s rate of cycling had been greater by one-seventh, and B’s by one-fifth, 
A would have been 8 miles ahead. Find their rates of cycling. 





ANSWERS TO THE EXAMPLES, 

PART i. 

I. a. (p. 2). 

1. 7a:. 2. 2a. 3. a. 4. 4a:. 6. 7a:. 6. 0. 7. Safa 

8. 6db. 9. 0. 10. 4xy. 11. 6xy. 12. 5a6. 13. babe. 14. 12a;e 

15. 9ah. 16. 22ab. 17. 16a. 18. 14a?>c. 19. 5a. 20. 15af. 

21. 16. 22. 32. 23. 4. 24. 3-2. 25. 6. 26. 20. 

27. 2. 28. 8. 29. \l 30. 1 
■g- 31. 1 32. 1-25* 

83 3. 34. 9. 35. 5. 36. 6j. 37. 7*2. 38. 4*8. 

«9 2. 40. 4. 41. 2-5. 42. •8. 43. '2. 44. •008 

1. x + 2. 2. x-3. 

I. b. (p. 3). 

8. 3x pence, 7x pence, liar pence, oar pence 

4. 20ar, 2a;, 8a:, lOar, 240a;. 6. 2a; miles, 7x miles, g miles, ax miles. 

6. .3ar, 36a:. 7. 8. 2a:, 24a:. 9. ?, 10. 16ar, xy. 

11. 240;c+12y. 
xy 

12. xy pence, shillings. IS. 144a:. 

16. lOx, lOOar, lOOOx, a. 

10’ iod’ 1000’ 1000,000” 
18. {y-x)£. 19. {x-y)£. 

17. 2a:, 6a:, 14a:, 2aa:, a:, Sa:, 

20. {x + y)£. 

I. C. (P- 6). 

4. 9. 6. 64. 6. 32. 7. a:®. 
8. a® 9 a»a:a. 10. a%^c. 11. 12a6. 

12. 20a\ 13. 36aW. 14. 84a^y8z. 15. X. 

16. x^. 17. 4a. 18. a:®. 19. 25. 
20. x^. 21. 22. 16aV- 23. a:*. 
24. a® 2/*. 25. 8aV®* 26. a:8. 27. 2a. 
28. 3a2. 29. 6. 30. 36. 31. xK 
32. X. 33. 368c. 34. ^ah. 35. 13. 
36. 25. 37. 25. 38. 49. 39. 24. 
40. 4. 41. 1. 42. 3. 43. 144. 
44. 64. 45. 2. 46. 4. 

B.B.A. A 
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I d. (p. 7). 

1. 16. 2. 9. 8. 1. 4. 49. 5. 27. 

6. 100. 7. 9. 8. 7. 9. 81, 10. 600 

11. 98. 12. 11. 18. 14. 14. 36. 15. 720. 

16. 6. 17. 9. 18. 48. 19. 16. 20, 32. 

21. 3. 22. 1. 23. 3. 24. 8. 25. 1. 

26. 8. 27. A- 28. 6. 29. 16. 30. 168. 

81. 16. 32. 24. 33. 0. 34. 0. 85. 0. 

36. 2. 37. 0. 38. 0. 39. 1. 40. A 

41. 0. 42. 2. 43. 2. 44. li 

II. a. (p. 9). 

1. 2. 2. -2. 8. 4. 4. -5. 5. -18. 

6. -4. 7. 2a. 8. - 2a. 9. -6a. 

la 2a. 11. - 6ar. 12. 6a;. 13. 4a® 

14. 15. - 3a;® 16. -7a®. 17. -3a* 

18. 4ah. 19. - I2a6. 20. - 2a6. 21. -7a6. 

22. -6xy. 23. - 9a%, 24. 0. 25. - 4a6. 

26. -9. 27. 3ar. 28. - 3a6. 29. - 12a6e. 

30. - 2ahc. 31. - 7xy. 32. 4a 6c. 33. -10a6c. 

34. Zx, 35. - 3x. 36. 3a:. 37. -2x^, 

38. - 5x. 39. -29*. 40. 4a:. 41. - 9a;®. 

II. C. (p. 12). 

1. 27. 2. -9. 3. -1. 4. 7. 6. 21. 

6. -16. 7. 4. 8. *-3. 9. 2. 10. 4. 

11. -3. 12. 0. 18. -1. 14 0. 16. -13. 

16. 0. 17. -i 18. 0. 19. 4. 20. 2. 

21. 0. 22. 18. 28. xV 24. 1 25. 122. 

2a 0. 27. 0. 28. 0. 29. - 66. 30. - 89. 

81. 106. 32. -11. 33. 7840. 34. 9. 

85. 36. 45. 37. 33. 38. 30. 

39. 9, 4, 1, 0, 1, 4. 40. - 10, - 8, 10, 44, 94. 41. 4, 2|. 3, 5i. la 

II. d. (p. 14). 

L 7. 2. -6. 3. 0. 4. - 13a. 5. 56c. 

a - lOx^y + ary®. 7. 3a;®-8ary-3y®. 8. 8a. 9. 2a. 10. 2a® 

III. a. (p. 16). 

1. S. 2. 2. 3. 8. 4. 10. 6. -1. 6. 5. 7. 0. 
16. 9. 16. 10. -9. 11. 0. 12. 0. 18. 19. 14. 4. 

15, 8a. 16. 4a. 17. 0. 18. 12a. 19. - a. 20. a. 

21. -3a, 22. 3a. 23. 6a®. 24. 0. : 86. -3a;®. 26. 0, 
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ra. b. (p. 18). 

1. -3* 0. ‘2. 8. -6. 4.-1. 6. 0. 6. 0. 
7. X. 8. -6x. 9. 2x. 10. - 4a;. 11. 7a. 12. -a. 

13. -9a. 14 4a. 15. 5a. 16. -2a;®. 

17. 2ahc. 18. 0. 19. f. 20. X 

2* 

21 5x 
2' 

22. 23. 2a® 4- 2a. 24. 3a®-3a 

25. 26. -2aH' + a:. 27. 5?. 
4 

28 X 

4* 

29. X 

T 
30. -5^. 

4 
32. X 

8‘ 

38. 34. -|. “■ -f 36. 3a;®-2y® 

III. c. (p. 19). 

i. 2a. 2. 5a:. 3. 2a. 4. 5x + 2a. 5. 2a - 6. 

a. 5a-26. 7. 2a:2. g, 5^.2 - 3y® 9. a. 10. a 4* 6. 

ii. a + 6. 12. a + |. 18. a - c. 14. a 4- 6 - 2c. 

15. 3a — 36 — 3c . 16. 2a:2^gaj^4, 17. 3x®-3a?- 3. 18. a;® - a;® - a?. 
19. x^ + 2. 20. 3a:3 + a;-5. 21. 2a. 22. 6a - 3c. 

23. 4a; - y + Sz. 24. //-i. 25. 5x® 4- 3a?. 26. 2a;®4-2y® 

27. 5 (a-6). 28. a + 6. 29. a?®-y®. 30. a; 4-5. 

31. a - 6, 32. -(a;-3). 33. 8i. 34. 3|. 
35. 6. 36. 7. 37. 6a-26. 38. a;4-5y. 

89. 10ar~15. 40. 9-5a?. 41. 9 4-2a;. 42. 2aa;. 

ni. d. (p. 20). 

1. 14a. 2, 2a. 3. - 10a;. 4. 9a:®. 

6. -3y. 6. 0. 7. 5a6. 8. 0. 

9. -3a:». 10. 2a?. 11. 4a. 12. 4a; 

V 
13. 5a? 

T' 
14. 2a?. 15. 4a. 16. 6a?®. 

17. 4a6. 18. 4a?^. 19. - 6a6c. 20. - 15ar*c 

21. 0. 23. - 
9 

24. ~ 4a®. 

m. e. (p. 21). 

1. as-ta + c*. 2. 6a + 66 + 6c. 3. 2x-y-9z. 

4. - 6a ~ 66 - 6c. 5. 13aa? + 36y+ 4c2. 6. 2a 4- 26 4- 2c. 

7. 4a. 8. 8a - 66 - 2c. 9. 2a;® 4- 4a;y 4- y®. 

10. 3«8+y*. 11. a;»-3a?*+8a? + 7. 12. 4a»-26> -5c^4-3«/‘‘ 
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18. 2a:® - 5a::^ + 14. 

15. bx^yz - Qxyrh, - Qxy^, 16. a® + + a6 - 4&C •* 3flMX 

17. + 4a^c + 3abc H- ac®. 18. 2a+ 96 +17c. 

19. 
2a: 4y 2z 
3 3 3‘ 

20. a+ 26 +5c. 21. 12a; - lOy. 

III. f. (p. 22). 

1. 3a. 2. 5a. 3. - 5a. 4. 7h. 6. -56. 

6. 0. 7. 196. 8. - 2a:. 9. 4y. 

10. - 2x^. 11. 4aa:2, 12. - 4aa:^. 13. ISaa;* 

14. - 20aa:^. 15. -a. 16. -11a. 17. 3a. 

18. -3a-25. 19. - a + 6. 20. 26. 21. a-26. 

22. 6. 23. 
a 6 
2’^2‘ 

24. 
2 2 

25. a 4 6 - c. 

26. c-a~h. 27. ax - a. 28. ax + a. 29. a - aa:. 

80. x^-x. 33. 6. 32. -.36. 33. c-6. 

84. 26+ c. 35. 4?/^ — a:^ + 2z^. 36. 12 + lOx-a:*. 37. 2a:'^ - 2iox • ’9 

III. g. (p. 23). 

1. 2h\ 2. 4a: + 4y - 5z. 8. 2a:®-2a: + 4. 

4. - 2a:2 + 4a:y + Si/^. 6. -a-: 26 + c + 4d. 6. 2a: - 4a- 13. 

7. 86» + 8«6-9. 8. a-26 - 6d. 9. - 3x^y - 2xy’^+y*. 
10. 3a- 264-20- 2d. 11. x-5y -z-2. 12. 5a® - 4a6 - 14o 

18. 4x® + dx"^' 4-5x- 17. 14. a® - 9a® + Ga + 6„ 

15. 2ab - 26c + 2c<i - ad. 16. 2a^ + 2a®- 5a® - 3a +1. 

17. 6a:^ - 3a::® - 6a: - 29. ^ 18. 3. 19. 11. 20. 2. 

21. 4a. 22. a:2. 23. a:2-4x. 24. 26. 25. 2a - liar. 26. SOo 
27. 7a “5. 28. Sa^ + x. 29. 6. 80. a + 56. 31. 7. 
82. 13i. S3. 2a-86. 34. - 2a: + 5y -z. 85, 6 ~ 
86. -3a2 + 62-c« 87. a + 6 + c^. 38. -a:2-3x. 

IV. a. (p. 26). 

1. 6a. 2. - 9a. 3. 8a. 4. 2a8. 
5. -2a\ 6. -6a262 7. 12a:y. 8. 6a:y. 

9. - I5xy. 10, - 14a:®. 11. a®6®c® 12. -a®6®c. 
13. - a?x?. lA 6a®6. 15. -8a:®. 16. -p^K 

17. 18. -6p^q*. 19. aW. 20. 
6 

21. - a?b\ 22. - f. 23. 
9«W 

5 
25. 24. 26. - abc. 27. -o=6®c. 28. oiV. 
29. 30a6c. 30. 24abc. 31. - o?‘x^y. 32. -3a*». 
88. -a®. 84. -Sa®. 36. 2a®6®c^ 36. 24p*gV, 
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m. «*. 88. ~a3. 89. a«. 40. -8a». 41. x». 

42. 48. 44. - 8a;V- 45. 16xV- 46. -1. 

17. 1. 48. -1. 49. -x“. 60. ~x»®. 

SI. 64a:i2. 52. - 8a663. 63. - 27x«y*. 64. 81x*y8. 

IV. b. (p. 27). 

1. 5a+ 256 - 15c. 2. - 8a + 126 - 8c. 3. 2a® + 2a6 + 2ac. 

4. -6a3 + 4a2~10a. 6. 42a® - 28a^ - 14a3 - SSa®. 

ah'^c - Irc^ + ahc^. 7. - Ga®6®c + 9a6®c® + 12a®6c®. 

8. a?® - 2'jd^y + x^y^. 9. - 3x® + 9x*y - 9x®y® + 3x®y®. 

iO. - a^c - abc - 6^0 + ac^ + hc\ 11. 3a®6®c + 2a®6c® - tt6®c®. 
42. - 2a; + 6a;2 + 4a:r* -1 13. 2x* - Gx® + 6x® + 2x. 
14. -ISa^ + lOx^-SOx*. 16. Ga®6® + 4a6® - 2b*. 

16. 60aW+12aW - 108ae69c®. 17. a% - abK 
18., 6a^c - 12a26c - 6a6V. 19. - 6x* + 30x® ~ 18x®. 

m. 12a;«-36a:® + 24;ir4- - 36a:*. 21. 22. ~ a”*-*^« 

tn. a^”*. 24. a®”*. 26. a”+3. 26. -a”+®. 27. a®”». 

iS. gj2m+2n^ 29. - 2a^'“. 30. 15^m+n^«+n 31. a®* 4 a®* 

S2 e4as _ gSx _f_ ^2x 33. a®’”. 34. a®”*-®. 

85. 2. 86. 14. 37. 0. 38. -8. 39. 0. 40. 2. 

41. 3. 42. -7. 43. 5. 44. 0. 45. 3. 46. 7. 

47. 5. 48. - 2. 49. 7. 50. 7. 51. 17. 52. 14. 

IV. C. (p. 29). 

1. a;2 + 5a; + 6. 2. a;® - 5a; + 6. 3. X® - X - 6. 

4. a;^ + X - 6. 5. a;® + 12a;+ 27. 6. x® + 3x -18. 

7. a;2-18a; + 77. 8. a;® + 4x - 77. 9. 1 + 3x + 2x®. 

10. l+a;-12a;2 11. l-3a; + 2a:®. 12. 6 + 5x + a;®. 

13. 30+lla; + a;2. 14. 21 + 10a; + a;®. 16. l-2x-63x2. 

16. l-4a;-21a;2. 17. X® -1. 18. x®-4. 

19. a;2-9. 20, X® - 49. 21. 1 -a:^. 

22. 4- a;2. 23 49 - X®. 24. 81 ~x®. 

26. x^ + 2a;y + y^. 26. X® + 5xy + %® 27. a;® - 4y®. 

28. a;® - 5a:;2/ + Qy^. 29. 

«* 

CO
 1 1 30. X® - xy - 20y®. 

31. 4x^ + 4xy + y^. 32. 9x® - Gary + y® 83. 6x®-x-12. 

34. 6x^- 11a;+ 4. 35. 10a:* + 27x+18. 36. 15x2-29x- 14 

37. 6 - 13a; + 6a;2. 38. 30+1 lx-28a:*. 39. 4 - 9x®. 

40. 4a;2^25. 41. 25x*-49. 42. 36x2-25. 

43. 81a;2-64. 44. 16x8-49. 45. X® - ax + 6x - ab. 

46. a;® + aa; “ 6x - ab. 47. a* + 2a5 + 6*. 48. a®x® + 2a6x + 6®. 

49. a^-2ab + b\ 50. a®x® - 2a6x + 6®. 51. p®x® - 2/>gx+g®, 

+ 2vqx + g^a;®. 58. a® - 2ax - 16a:®. 54„ 21~x~2x» 
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65. a^-aV. 66. p*x* - g*. 67. jt3*x* 4- 2pqx 4- g*. 

68. - 2cdx -f cP. 59. 12x* - 25xy 4- 12y*. 60. 12x*-f xy-20y® 

61. 42x^ 4- 20cx ~ 32c*. 62. 6a*x* 4- 13ax 4- 6. 63. a*-bK 

64. a*-166*. 65. a*-f2a*6-246*. 66. a*-8a*64-156a. 

67. 16a*-96*. 68. 25a* - 46*. 69. .r* - 4a*. 
70. X* — p^. 71. a*-6®. 72. a*-2a6*4-6«. 

73. x^-1. 74. x«- 4. 75. a*x* - 1. 76. 6*x*-c*. 

77. abx^ + ax ~h bx + 1. 78. a6x* - ax -1- 6x - 1. 

79. 3x^ + 6xy’i-x-h2y. 80. 6x* - 3ax 4- 26x - a6. 

81. ac + 6c + ad 4- bd. 82. ac - 6c - - ad 4- bd. 
83. 6ac - 36c 4- Sad - 4bd. 84. 2ac -f 66c - 5ad - 15bd. 

85. X* 4- ax^ - 36x* - Sab. 86. a*x3 + 2a6x*4-6*x. 

87. a^x^ - 6*.'r. 88. x^ 4- ax* 4- a*x 4- a®. 
89. x^ 4- ax* - a*x - a*. 90. x^ - 2x*y - 4xy* 4- 8y®. 

IV. d. (p. 31). 

1. a* 4- 2ab 4- 6*. 2. a* 4- 2ax 4- x*. 3. c* 4- 2c<i 4- cP. 

4. X* 4- 8x 4-16. 5. x*4- 14x4-49. 6. p^ + 6p + 9. 
7. a* - 2ab 4- 6*. 8. a* - 2ax 4- x*. 9. c* - 2crf 4- d*. 

10. X* - 8x 4- J 6. 11. X*-18x4-81. 12. />*-8jD4-16. 
13. 4/3*4-12/3 4-9. 14. 9/3*4-6jog4-g*. 15. 4/>2-2()p4-25. 
16. 16jd*-8/5 4-1. 17. X*-2x4-1. 18. 9x* -6x4-1. 
19. 1 - 2x 4- X*. 20. 1-4x4- 4x*. 21. l-10x + 25x*. 
22. 1 4-2/) 4-/3*. 23. 1 4- 14p + 49/>*. 24. 4a* 4- 12a6 -f 96*. 

25. 16x* - 24xy 9y*. 26. a* - 2ab 4- 6*. 27. 4a* - 4ax -f x*. 

28. 4x* - 12ax 4- 9a*. 29. 4x*- 12ax4- 9a*. 30. 16/>* 4- 40/37 4 25g*. 
31. 25jd* - 40/^g 4-16^*, . 82. a*4-2a*6*4-6*. 33. a*-2a*62 4-6*. 

S4. a* 4- 2a*6 4- 6*. 35. a* - 2a*p4-p*. 36. 4a*-12a*6*-h96*. 

37. 16a* 4-24a262 4-96*. 38. a® 4- 2a*6 4- 6*. 39. x®4-2x®y*4-y®. 
40. X® - 2x*y^ 4- y®. 41. *4x*4-4ax*4-a*. 42. 9x* - 6x*y* 4- y*. 
43. 1 -4x*-f 4x*. 44. 1 4-2x4-X*. 45. 1 + 4x 4- 4x*. 

46. x8 4-2x*a*4-a8. 47. X® - 2x*y* 4- y®. 48. 4x® - 12x*y* 4- 9y*. 
49. 4/:>® -1-12/3®^* 4- 9q*. 60. x^® - 2x®a® -f a^®. 

IV. e. (p. 31). 

1. x*-l. 2. x=‘-4. 8. l-a^. 4. x*-25. 
6. 9-y*. 6. 49-a ;*. 7. 6*-a*. 8. 4p* - 7*. 

9. 9/3* - g*. 10. a*-9l>’. 11. V-49 2^ 12. 25x*-16a» 

18. a* - 6*. 14. 4a*- a^. 16. a*-496’*. 16. a*-496* 

17. X* - y*. 18. a*-46*. 19. 2^ 20. a*-6*x*. 

21. X® - a**. 22. X*- a G
O

 

1 24. 4a*-9x*. 

26. 1-x®. 26. l-a*x*. 27. 9-a® 28. 121-49x* 
29. 81-64x2. 80. 402^- -81. 
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IV. f. (p. 32). 

1. 9604. 2. 40401. 3. 10404. 4. 10609. 

5. 11449. 6 99980001. 7. 1002001. 8. 1004004. 

9. 98*01. 10. 100060009. 11. 400040001. 

12. 909600 04. 13. 400400100. 14. 4020025. 

15. 10060 09. 16. 1016064. 17. 998001. 
18. 9994 0009. 19. 643*2*04. 20. 360600*25. 

21. 809280*16. 22. 250300*09. 23. 81*108036. 

24. 63*936016. 26. 10004*000. 26. 1*0100. 
27. 101*606. 28. 999920*00. 29. 100*1000. 

30. 999996. 31. 39991. 32. 9991. 33. 6391. 

34. 120*76. 86. 99*51. 36. 6396. 37. 399*9984. 

38. 2*8896. 39. 3*9984. 40. 80999999*84. 

IV. g. (p. 33). 

1. X* - 3x* + 3x -1. 2. X* 4- 5x* 4- 8x 4 4. 8. 4x®-8x* + 5x-l. 
4. x» + 8. 5. 27a;*- 1. 6. 6x»4-11x*-2x4-20. 
7. ■j^-2ax^ + 2a^x- a*. *. 125a;*- -1. 9. a® 4- a% 4- aft* 4- 5*. 

10. x^-a^. 11. a^ + a^b-ab^-IA 12. x3-9x*4-27x-27- 
13. Sx’-l. 14. 8x3-32x*4- 4x4-35. 

16. 4x5-8x*-3x4-6 16. x'* 4- 3x* - 6x* -6x4-8. 

17. 27x*+l. 18. x*4-2x*-2x -1. 
19. x^- ax^- bx^ - cx^ + abx + hex -t- cax - ahc. 20. x* - 16a*. 

21. ar*-18W + 816* 22. 12:r^- 16a;2- 79^: -42. 

23. a* - d^c - ab"^ + b^c, 24. a* - 6* - ac + he, 

26. 6a® + aft - 3ac 4- 46c - 126*. 

IV. h. (p. 33). 

1. 9. 2. 4, 3. -5. 4. 17. 6. 1. 
6. -13. 7. X4-3. 8. 3x — 6. 9. 6x-10. 10. -3x. 

11. 5. 12. 11. 13. 0. 14. 6 - a. 15. 0. 
16. -31. 17. ad-hb. 18. 0. 19. 6. 20. 31. 
21. c*4-6* 22. 0. 23. a* 4- 2ah 4- 6*. 

24. 21x*4-8x* -39x4-10. 25. X* - 6x. 26. 42. 

27. 20x* - 5ax. 28. ] 6x* — 8x. 29. 26x - 10. 30. 16/> 
31. 9x*-6x*4-7x - 2. 32. 2a* 4- 5ab 4- 26*. 33. 7. 35. 14x 

V. a. (p. 36). 

2. 3. 3. x. 4. 

7. a. S. - a. 9. 
12. -a. 13. 1. 

6. 6c. 
10. ar. 

lA 

1. x. 

6. -6c. 

il. a*. 

-X. 

-X. 
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15. 4x^. 16. -3a?2. 17. -2. 18. 3a* 

19. - 20. a%\ ?1. - 9a. 22. 4a6c 

23. - 3a:8. 24. - 9ab^c^. 25. 3a. 26. 6. 

27. - 6a. 28. 8a. 29. -6a62 30. xyz^. 

31. 24a^b*. 32. Sp^g^x. 33. - 7a^c*. 34. ~lqr 

85. - Sin. 36. - 9a^6^c*. 37. — iSaa?^. 38. llx2/^ 

V. b. (P* 36). 

1. a~25. 2. — a 4" 36. 3. 4x - 3. 4. -y + { 3. 

6. a + 6. 6. h~a. 7. a — 26. 8. a — 36. 

9. -3a2 + 75». 10. h + c. 11. -a-b. 12. 4x - 5. 

13. 7a? - 9. 14. a^b - air. 15. 3a-76. 16. Gx^y^z - 5xh/h,* 

17. - 2a + 6. 18. 11x4- 6y. 19. 2a^ - 462. 20. 711^ - 4m.n. 

21. - 4a 4- 3/j 4- Gc. 22. a 4“ ( 3 4-rf. 23. . - Sa 4- 4c? 4- 12x 

24. - a-X- ax. 25. - a 4-46 - 8c. 26. X- ’4-3x- 3. 

27. - + ax - a^. 28. a + .' )62_ 36. 29. - a4-6 - c. 

30. — 2dc^ + x*~-4x 4-1. 31. 3y3. ~xy^ - 6x3. 32. - .3x1/4- 7y^ 4-ac*. 

33. - a?y®4-2ar2y*4-7a?Y 34. 3xyH* - 5x^y ̂ z®4- Gx^y^z^ 

35. 36. 37. X*~P. 38. -Sx**' 

39. 9a;tn-ny«-m^ 40. 

V. c. (P* 38). 

1. a; 4-4. 2. /r - 4. 3, a 4-1» A a - 1. 

6. 64-7. 6. X4- 3. 7. x-7. 8. x-1. 

9. a - 6. 10, 2/4-9, 11. x-2. 12. 5x4-3 

13. 2a;~l. 14. 3x-7. * 15. 3x4-1. 16. 2x-4. 

17. 24-0?. 18. l-2x. 19. 3-x. 20. a -2, 

21. 5 - 3a. 22. 5y4-ll. 23. X - a. 24. 5x4-A 

25. a 4- 2x. 26. 5-x. 27. l-f2x. 28. x4-2y. 

29. 1 - Sp<{. 30. 3a-b. 31„ a - he. 32. 2x®4 7. 
33. 9x^-1. 34. 5a^ 4- 35. 10-X. 36. 14-106^ 

V. d. (p^ 39). 

'k. x^4-a\ 2. X4-6. 8. X - a. 4 X 4*1. 

5. x’4-a. 6. a: - 2. 7. px+\. %- X 4-1. 

9. x~ a. 10. pr4-2. 11. ax-be. tJt ox+e. 

13. x-7. 14. 0x4*6. 15. Box 2^. ax - 6, 

17. 9a? 4-6c. 18. 2x + 6g. 19„ 6x + c*> 5/>.x 4- 

21. a?-3. 22. 16(x*-3a). 23. 2x+3. 84. X® 4-2x4-1 

26. 2l(af f I). m. «• nx*4-4x i •5, x^ - 6x-h5 27. 2x -3. 

28. ^3 - a-6 - ab'^ 4- b\ 29. 18. 30. 33. 31. X -1. 

32. 2a?-1. 33. -4, 34. 6*- c. 36. ax-b 86, a +-26. 
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VI. a. Oral, (p. 40). 

I. (i) (ii) (iii) I- (iv) 9a6 

2, 
S. 

(vii) 

(i) 9. 

(i) 25. 

4 * 

(ii) -11. 

(ii) 9. 

(viii) - 

(iii) 0. (iv) 1. 

(iii) T- 

(V) 

(V) -5. 

(iv) i. 

(Vi) 

(vi) -5. 

(V) 1. (vi) -1. 

4. (i) 1.3. (ii) 25. (iii) -5. (iv) 1. (v) 9. (vi) 27. 

5. (i) 5, (ii) -a. (iii) -3a. (iv) 7x^. (v) 0. (vi) 3. 

6. (i) 0. (ii) 3. (iii) - J. (iv) 8. (v) 1|-. (vi) 5J. 

7. (i) 7. (ii) 3. (iii) 13. (iv) 1. (v) 1. (vi) 31. 

8. (i) -1. (ii) 0. (iii) -6. (iv) 3. (v) 14. (vi) -52. 

9. (i) 5x. (ii) 5a. (iii) Sx^. (iv) 2ah. (v) 9x~20. (vi) 2. 

10. (i) 2. (ii) X. (iii) x + 2. (iv) x-1. (v) x-1, (vi) x + 2. 
(vii) 4a; + 2. (viii) a + h + c, 

11. (i) bxK (ii) -2cx. (iii) x^. 12. (i) a-b. (ii) c-b. 

18. (i) -4a. (ii) 4a. (iii) 0. (iv) (v) x^-l. (vi) ar^ + l. 
4 

(vii) x^-hl. (viii) x'^-^x+l. (ix) 7(a;-l). (x) a;-3. (xi) a + bx. 
(xii) a. (xiii) 4bx. (xiv) 2. 

k4. (i) 4x~Sy-{-z. (ii) 3ar. (iii) a+ 55 +3c. (iv) x^-x^y + xy\ 
(v) 4^7*-4x2-5. (vi) 2(t-b. 

115. (i) 4x, (ii) x^ + xy. (iii) -. (iv) 3y-2x. (v) 2a^x. (vi) 86. 
4 

(vii) 0. (viii) 2a-26. (ix) 4(2-x). (x) a+ 6. (xi) 26-2a. 
(xii) 2x-6. (xiii) ar^-x®. (xiv) Sx*^-8x2 + 5x +1. (xv) 2{x~y), 

(xvi) 2(6-2a). (xvii) 3x2. (xviii) 26c. (xix) 2(x-2^ + z). 

a6. (i) 4x. (ii) 7x2-4. (iii) -x^. (iv) 2a2x. (v) 6-2x». 
(vi) 4(-6). (vii) x^-14x2 + 5. (viii) -7{a--b^). (ix) 141. 
(x) 5. (xi) 81. (xii) 24. 

17. (i) -6a6, (ii) ~ 1. (iii) -ax. (iv) (v) 3a®6W (vi) ,36. 

(vii) - (viii) 9x®. (ix) (x) (xi) a7^. (xii) -ax, 

(xiii) -a"^. (xiv) -a. (xv) -a^®. (xvi) -1. 

IS. (i) 4ax2y - 3ax?/2. (ii) -2x®+6x2-x. (iii) 3x2 +4a:-2. 
(iv) 4x2-2x + 3.’ (v) -3x2+2x + 9. (vi) - 18a:« +12a:®-Ox*. 

llS. (i) l-x2. (ii) l+2x + x2. (iii) l-4x + 4x2. (iv) a2 + 4a6 + 462. 
(v) x® + 8x +15. (vi) a:2 _ a: - 6. (vii) x2 - 5xy + 6y\ (viii) Ox® ~ 1. 

(ix) 30-llp+jE)2. (x) a*-9. (xi) 9x2-25, (xii) aV2a2x + 1. 
(xiii) 2x®-32. (xiv) a:* + Sx®^ + Oy®. (xv) l+2x-8a::*. (xvi) a®-46®, 

ll + 4x-i-4sc*. 1 xviii) 3a2-3ar® (xix) Cxx) 9a-*-L 
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20. (i) 9a®-12a6 + 46® (ii) 4a®-4ay + y*. (iii) a^-4a® + 4. 
a® 

(iv) a:® + aa; + -^* (v) 4a;®-4x-f 1. (vi) 9a:®-6a: + l. 

(vii) 21 + 4a: - a:®. (viii) 75 - 3a:®. (ix) 2a;® - 4ay + 

(x) a:® + ca: - aa: - ac. (xi) a:® - 5a: + 6. (xii) a:® - -J. 

(xiii) a® + 2aa; - 8a:®. (xiv) ahx^ ~ ax-hx-\-\. (xv) 9a®-J. 

(xvi) 36a;®-1. (xvii) 10a:® + 9a;-9. (xviii) 15a:®-f 29a; -14< 

(xix) 15a;® + 13a:+ 2. (xx) 14a:® + a;y - 3y®. 

21. (i) 3. (ii) -7. (iii) -27. (iv) -2. 

22. (i) 3. (ii) 11. (iii) 16. (iv) -8. 

28. (i) -a:®. (ii) 2a®. (iii) 7a. (iv) (v) 4r. 

(vi) (vii) 36-4a. (viii) 3a;®+1. (ix) 3a-4a:. (x) Sb-4ta. 

(xi) -a®4-6c-c®, (xii) -x. (xiii) a~x. (xiv) 2(a-6). (xv) x. 

(xvi) 5a. (xvii) (a + a:)®. (xviii) ax. (xix) 2. (xx) (a-ap)^ 

VI. b. (p. 44). 

L 0, 1, 9. 2 2x*-7a:® + 5a:-3, -7, 0. 
■4. a+ 46, 66. 5. 6a:®+7aa: - 20a®, ax*-a*, 

6. 7a;, -3a:®, 2a®-3a6 + 46® 7. 3a;-y. 

VI. C. (p. 44). 

1. 0, 9, 1. 2. 64 + 2a6® + 6a®6®-3a®6 + a«, -36. 
4, a:®-l. 5.^a;®-9a®, a:^ - aa;® - 2a®a;®. 
6. (1) a:, (2) a:-3a, (3) a%c. 7.*^ +4b. 

VI. d. (p. 45). 

a;8-3a;2 + 3a;-l, 0. 8. 0, x-8. 

6. -a86®, aV, -aW. 

7. 21p® + 7>g-36g® 

VI. e. (p- 45). 

8. 10a+2a;, a;® + 3a:®-16a;-4, 32 

5. 15a;® + 3aa:. 

7. -6y®. 

VI. f. (p. 45). 

1. -1, 0, 0. 8. x-7, 2(a;-l). 
4, 3a;®-4x®+6a:-2, 18. 6. 7x® - 17aa: - 12a®. 

6c 18a;*+9a2:®-2a*. 7. 5x-4a. 

1. 6, 12, 0. 2. 
4. a — 13c + 66. 

6. 6a; - 9a. 

1. 1, -1, 64. 

4. a:® - 2a: + 3. 
6. ax - 3a. 



ANSWKRS TO EXAMPLES: PART I. xi 

VL g. (p. 46). 

1. ~ 3, - 20. 2. 2 miles East, 
3. x*-2aa: + a* ax-2x\ 4. Wax^. 

6. 2a“-5a6 + 36“. 6. 4a:*-a* 1 1 p*. 

VI. h. (p. 46). 

1. 27, 44. 2. 6a:*+ 2. 8. 5x-y - 6a. 4. 6a^ + 10. 

5. 15, 1, “3, 3, 19. 6. - 2x~y ~ Acocy^ + 8y*. 7. ax + 3p. 

VI. k. (p. 46). 

1. -33, - ■25. 2. 2a:*-3a:. 8. o'-6*. - c* -f 25c. 4. 2a:, 2y. 

23, 9, 1, ~ 1, 3. 6. 2:S + aa:2-a2a: -aS. 7. 4a: ■ -6. 

vn. a. (p. 48). 

I. 3. 2. 3. 8. 4. 4. -5. 5. 3. 6. - 3 

7. -6. 8. 0. 9. 5. 10. 2. 11. 12. 12. - 8. 
18. -20. 14. 0. 15. 2l. 16. 2j. 17. 9. 18. 2 . 

19. 1. 20. 2 
’S- 21. 22 - { . 23. 8. 24. - 16. 

25. 0. 26. ll. 27. L 28. -3. 29. 1. 30. 0 

81. -1. 82. -1. 33. 2. 34. 4. 35. 2. 86. 2. 

87. 3. 88. 39. -2. 40. 2. 41. 20. 42. 3. 

48, 3. 44. •01. 45. 03. 46. - 03. 

vn. b. (p. 49). 

1. 2. 2. 12. 3. 7. 4. 1. 5. 3. 

6. 12. 7. ll. 8. -3. 9. 0. 10. 0. 

11. 2. 12. 2. 13. 5. 14. -3. 15. 5. 

16. 4. 17. -1. 18. 0. 19. 3. 20. -2. 

21. li 22. ll- 23. -27. 24. ll. 25. -6. 

26. 1^- 27. -9. 28. -8i 29. 0. 80. 3. 

81. 2i 82. 2. 38. 5. 31. 6. 85. 3. 

86. ll. 37. 3. 38. -6. 39. 10. 40. 3i 

41. -2j. 42. 2i 43. 0. 44. 2. 

vn. c. (p. 61). 

1. .3. 2. 10. 8. 14. 4. 22. 5. 3. 6. 28. 

7. -11. 8. -3. 9. 7. 10. 28. 11. 2. 12. 3. 

18. 9. 14. -20. 15. 1. 16. 2. 17. 2i. 18. -6. 

19. -ll 20. 1. 21. -2. 22. 8. 

28, 1. 24. 7. 25. 5 26. 9. 
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vn. d. (P* 53). 

1. 18. 2. 12. 3. 15. 4. 4. 6. 70. 6. 12. 
7. 4. 8. 14. 9. 19. 10. 7. 11. 2. 12. 3i 

13. 5. 14. 2. 16. -1. 16. 1. 17. 4. 18. 11. 
19. 7. 20. 11. 21. -6. 22. -li 23. 12. 00

 

26. 4. 26. 8. 27. 12. 28. 12. 29. -7. 30. 8. 

31. 2. 32. 10. 33. -1. 34. 1 
ti’ 35. Il¬ 36. -7. 

37. 0. 38. -2. 39. 2. 40. 2. 41. ls. 42. 17. 

43. J 6 
“XT* 44. 9. 45. 2. 46. 3. 47. 2. 48. 7. 

49. 1 
ST- 50. 3. 51. 1. 52. 5. 53. 14. 54. 14. 

55. 7. 56. 30M. 67. 3. 58. 15-5. 69. 1. 60. 1-5. 
61. 140. 62. •69. 63. 3. 64. 1-95. 
65. 2. 66. 11. 67. 1. 68. llV- 
69. When a:= - -4|. 70. 1. The equation has no root. 71. No root. 

VII. e. (P- 55). 

1. 10. 2. 4*7. 3. -'78. 4. 4-33. 5. 5-71. 6. 26 

7. 2-53. 8. 46-83. 9. -1-43. 10. -45. 11. 3 03. 12. 2-04 

1. a: ^20. 

6. 35a:. 

U. 

VIIL a. (p. 57). 

2. 35-y. 3. a:-20. 4. 34-a:. 

16 a+ 26. 17. 2y - X, 

8. x-23. 

13. * 
3fx 

9. y -X, 10. X - 13. 

14. 20a:-y. 16. 96-a;--y. 

31. 20y 

36. 25. 

89. ?£. 

• J~C> 

39. w, 71 + 1, 

43. 71, 71 + 1, 

45. 2a: - 2y. 

4g 

22. a; + 4. 23. 4 + a:. 24. 20-i 25. 40 -a. 

27. - pence. 28. a: + 7, a: + y, a; - 11 years old. 

30. - miles, miles, - hours, hours. 
6 6 X X 

33. 3a: pence, 

eggs, eggs. 37. ^ pence. 38. ^ pence, 

1 + 2. 40. 71-2, 71-1, Ti. 41. 71-1, 71, 71 + 1. 

1^-2. 43. 71-2, 71-1, 77, 77+1, 71 + 2. 44. 
20 

46. 46. 47. 240a +126+ c. 

49. 10a: miles. 60. 55? days, 55? days, 
a: xy 
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il. - + 25. 62. 2w-l, 2w-2, 2w-3, 2n-4, 2w-5. 
4 

2n- 5, 2n-3 , 2n- -1, 2w+l, 2n + 3. 64. ah 1 sq. ft. 8S. - 
V 

feet. 

56. sq. ft. 67. x- 20 = y- 68. Sx-y: 
n 

= 25. 

i»9 07-8 2x + ^ _ _ 1 

d
 

CD
 = 5(07-1). 61. 20y + 2z==x. 

62. 2406 +30c+ 12rf = a. 63. a:(a7- i)=y- 64. ix-l] ia;(a; +1) = (*2 

65. 2o7 + 5 = y. 66. 2u7 ~ 2/ = a. 67. x + a = -y-a. 

68. 07= 153/ +7- 69. a = bx + y. 70. xy = a. 

Tl. ab = 9a:. 72. xy~Z{a 6). 73. x-y- --5{a-b) 

VIII. b. (p. 61). 

1. 3 ft. 8 in. 2. 4 ft. 8| ill. 3. 17ift. 4. l3?ft. 

5. 31-4 in. 6. 2-5 in. 7. 3 -2 in. 8. 50-3 sq. in. 

'S. 7 in. 10 186 s(i ft. 11. 22 ft. 12. 12 ft. 5 in. 

iS. 560 sq. ft. 14. 12 ft. 6 ill. 16. U) ft. : 10 in. 16. 198 cub. ft. 

n. 4^ ftb 18. 3 sq. ft. 19. 7 ft. 2 in. 20. 576 ft. 

21. 3 secs. 22. 31 ft. por seo. 28. 41. 24. 68. 26. 325. 
26. 460. 27. 264. 28. 336. 29. 1500, ! 50. 1892. 81. 44 L 
32. 644. 33. 1625 34. 612. 55. 69S. 36, 1240. 37. 322a 
88. 13035. 39. 113 14. 40. lO.l ft. 41. £200. 42. 334 
43. Right-angled. 44. Not riglit- angJed. 45. and 46. Right-angled. 
47. Not riglit-an gled. 48. Right-angled. 

VIII. bi. (p. 63a). 

1. (i) 13, (ii) 5, (iii) 1, (iv) 3. 2. (i) 12, (ii) 17. 3. - 52. 4. -1, 
7. (i) 11, (ii) 24, . 8. (i) 9u;‘^-25, ( (ii) 875. 9. W] lien x~ 3. 70. -3|. 

vm. c. (p. 64). 

1. 1, 3, 7. 2. 15, 28, 3, 

8. -6, 0, 0. 24, -60. 
4. 0, 33, 16»2_2«, 16»2+14iH-3, 4n“+77H-3, 6. 2, 2, 14. 
7. a:*+5a; + 4. 8. 26(a;+l). 9. c-a, 26, 3a + 46-3c, 8a + 56-3c. 

10. 0(a!—l) = a^. 11. (i) (.3u:“-2j:+ 2) miles, (ii) (3j:* + 2x + 6) miles. 
12. (i) 0(3) - 0(2), (ii) 80 feet. 

IX. a. (p. 66). 

1. £10, £20. 2. 10. 3. 27. 4. £15, £25. 5. 20. 6. 21. 
7. 10 miles. 8. 3. 9. 12. 10. 38, 10 years old. 11. 36. 12. 20. 

IS. £48, £68, £38. 14. 30, 12. 16. 20. 16. 90. 17. 75 gallons. 
18. 31, 32, 3.3. 19. 9. 20. 18 pennies, 9 shillings, 6 florins 
21. £42, £7 22. £19, £22. 23. £336, £164. 24. £8. 8b. 
86. 45, 20. 26. 63, 40. 27. 63, 21. 28. 72, 12. 29. 67. 
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30. -4. 31. 20. 32. £420. 38. 34, 35, 36. 

34. 43, 45, 47. 35. 38 shillings, 19 shillings. 36. 2 miles. 

37. £23. 6s., £16. 15s. 38. £3600, £720. 

39. £13. 10s., £22. 10s. 40. 15, 42. 

41. 29 men, 46 women, 76 children. 42. 56. 

43. 4-2- miles an hour, 3 miles an hour. 
44. 36 miles an hour, 24 miles an hour. 45. 150 yards a minute. 

46. 24 miles. 47. 44^ miles. 48. 30 miles. 

49. 36 miles. 

rX. b. (p. 73). 

60. 15 miles an hour. 

1. 12 miles, nearly. 2. 13 miles, nearly. 3. 17 miles, nearly. 

4. 3.7 miles an hour. 6. 5 feet. 7. 36 1 feet. 

8. 2-39 feet. 9. 4*6 miles. 10. 35*4 miles. 11. 4*5 miles. 

12. 4*1 miles. 13. 6*55 metres. 14. 3*9 in. 15. 4*24 in. 

16. 3*6 feet. 17. 2*6 in. 18. 2*2 in. 19. 3*3 in. 

20. 6*4 miles. 21. 2 *83 miles. 22. 8*05. 

23. 15*98. 24. 3*7 miles. 25. 14, 29, 43 miless 

26. 2*6 miles. 27. 34 feet. 28. 2*8 miles. 

IX. c. (p. 77). 

1. £24, £35. 2. 15*1 millions, 1875. 8. 67*1®. 

6. 3 09S. 8, 4475 feet nearly, 205®. 

9. 26-8 in., 23-4 in., 10,600 ft., 5,300 ft. 
10. 107*5 sq. in., , 162*9 sq, ft., 13*2 im 

X. a. (p. 81). 

1. 2y=4. 2. lly=22. 8. 4y=12. 4. 21y= -13. 
5. 3y=14. 6. y=46. 7. 17y=17. 8. 58y=87. 
9. 3y= -11. 10. 3y= 17. 11. 2. 12. 5. 

13. 3. 14. 4. 15. IL 16. 2i 

17. x = S, y-2. 18. x — Qy y = l. 19. a:=2, y = l. 
20. *=i, y=2. 21. x=Zy y=2. 22. a: = 4, y = - 1. 

23. *= -3, y= -5. 24. x=2\, y=f. 26. y = 0. 

26. a;=15, y = l. 27. a;=5, y=6. 00
 

H II 00
 

II 

29. »=0, y = 2. 30. a;=4, y=0. 31. a; = l, y = 6. 

32. a:=r5, y=“2. 33. a?=l^, y = 34. a;=13, y = 7. 

35. *=il, y= - -2^. 86. a?—3-y, y —2^. 37. a: = 5, y-3f. 

38. 89. a;=2, y—3. 40. a?=l, y = -1. 

41. *=7, y=5. 42. a:=6, y=8. 43. a; = ^, y=-|. 
44. a!=16, y- - 24. 45. a?=-6, y=2. 46. a?=2, y=~l. 
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X. b. (p. 83). 

1. a?=12. y=20. 2. a;= 20 , y=i2. 3. X- = 18, y - = 48. 

4. «=40, y= -20 '. 5. a; = -! 20, y = 6. 6. X- = - 20, y= -40. 

7. H
 il 11 C

O
 

8. a;= : -- 2, y=-3. 9. x = = - , y=|. 
10, 

d
 II 11. a:= 7, y=10. 12. X- = 6, y= 2. 

13. a;=ll, y=l. 14. a;= 3, y=6. 15. X- = 2, y= 1. 

16. 11 II 17. a;= 1 II 

00 18. X- = 13 1, y= = 9j. 

19. II II H 20. a;= 3, y=2. 21. X- = 10, y: = 2. 

22. X— *3, y= *4. 28. 0;=:- 
ip 1 II X = _ 1 

*3’ y= . 2 

25. a:='02, y=2*9. 26. a; = 1-5, y=2-4. 27. 6. 

28. 2, 6. 29. 1. 30. 5, 1. 

31. »=T. y=i- 82. a;= h y=\- 33. x = _ 1 
y= 1. 

34. H II II 85. a; = 1 
T» y=-i 36. x = = 1, y= IJ. 

37. x-3, y=4. 88. a; = 1 
IS^ y=-|. 39. x = _ 1 

y= 
I 

X. 0. (p. 87). 

1. x—2, 2. a:=2, 8. X ---•2, 4. a;=-2. 

y = 3, y=4, y = -3, y=6, 

Z= -1. z = 6. z = 4. z = 8. 

6. X— -2, 6. a;=12, 7. a; = 3, 8. x = 9, 

y= -3, y= -24 » y = -11, y=3, 

z= -1. z = 12. z = -10. z = 6. 

9, a; = 6, 10. a: = 8, 11. a; = - 4 J, 12. x = 12. 

y= -2, y=4, y = 18, y = 24.. 

z= -S. z= -3. z =6^. z = 36. 

18. ar = 8, 14. a; = 4, 15. a; _ 1 
— 16. 

y=6, y=0, y _ 1 
y=T, 

z = 4. z = 8. z _ 1 
2 = 1- 

17. a: = 5, 18. a? = 40, 

y=n, y = 45, 

z=17. z = 48. 

XI. 8). (p. 88). 

21. 4ar-2. 22. 4 - x. 28. 2 -2a;. 24. 4x +10. 

25. 18-2a;. 26. a + 6 + c — d, 27. 4a-8. 28. 6y + x. 

29. 10a+ 76. 80. 8c. 81. a - 26, 82. 12a;--6 

88. -24jC + 45. S4. 2IX-42. 85. 3a+ 15 8tf. 171-9a. 

87. 8a~ie. 88. 10. 89. 30a;-66. 40. 30x- 6y. 
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XI. b. (p. 90). 

1. 2a. 2. c. 3. 6. 4. lx. 5. 

C
O

 

1 
e. 12-11a. 7. 2b^-2ab. 8. |- 

X 

8* 
9. 2a-464-24c4-72ti. 

10. -2x-2. 11. a;. 12. y. 13. 0. 14. ^x-ty. 

23. 8a - 3b, 24. c. 25. 2a-66. 26. 3a. 27. 2a, 

28. 2a- 3b ~ 6c. 29. — a 4" 66 4" 72c 4" 24cZ, 30. 3a - 7. 

31. Qxy 4- 4y2. 32. 12a-2a6 4-4a26. 33. x^ 4- 3a?. 
34. a 4-106. 35. 33a 4-286. 36. 26a - 84. 

37. 1 

1 1 00 9x^y. 38. X - 2a?®. 

XL C. (p. 92). 

1. a^ + x^{a-\-2)-x{Q + 2a)-\-a-*l, 2. 3a;--2a;(a + 6 + c) + a^ + 6*+c'‘- 

3. x^ + x^{y + z)-x{y‘^ + z^)-y^. 

4. -2x^ + 3^2 (tt + 6) - {a? 4- ^2) + a® + h\ 

6. bx^-h x^(a - b) - x(a-h b) i-a-i-c. 6. x^(/)^-q^} + 2x(p~g)-i-p^--g*. 

7. ar^(a-b) + x^{€-b)-hx(c-a) + d-e. 

8. x^(2-a)-i-x^(6-a) + x^(b~3) + x(-a-7l 
9. x^ + Sx^(y-z) + 3x(z^-y^}~hy^, 10. x^(a~c} + x^(a-b} + x(c-b) + a 

11. x*(a -p)-hx^(g - b) + x^(r~ c). 12. x^y (m + 5?i)-i-2xy^{n - m). 

i3. -a?®(6-a) -a?2(c - p)-x(d + q) -(p-c). 
14. -a?®(a4-6) -a;2(6- a) -x{b- c)- - (c - d). 
16. -Qi^{h - a) -a?(3a- - 4) 4" 2a, 

XI. d. (p. 94). 

17. 3. 18. 7. * 19. 1. 20 9. 

21. 7a? 4-5 22. X 9?i 7a? -15 24. 2a: 4-5 
6 ' 12* 10 * “3^ 

25. 7a: 4-15 26. 737-25 27. 55. 28. 5 TTTr- 
20 * 12 * 12 Z 4 

29. a? 4- 49 30. 9a? 4* 8 ^ j 9a? 4- 20 
32. 9a: 

30 ‘ 12 36 * 40* 

XII. a. (p. 95). 

2. 15a:^ - 4a:y - -36y®, -32/2. 3. 4. 

4. a? = 2, y== - . 2. 6, 240a 4* 306 4- 24c, - + 
2 8^28 

6. 4 inches. 7. 48. 

XII. b. (p. 95). 

1 91:^30 2 3a+ 26, 9a»-45’. 

8 ~1. A x-3y y=4. 

ft. ® miles, minutes, — hours. 6. 3*35 miles. 
e a a 

7. 96, 



ANSWERS TO EXAMPLES. PART I. xviJ 

XII. C. 

I. lla: + 6. 2. 3. 
6. a?+12, a;-16, 16, 40-a? years. 

XII. d. 

1. 46a:-1. 3. -7. 

5. - pence, — pence, lbs. 
a a 0 

XII. e. 

I. ap + q, 8, 1. 

6. ?+14, 13 + *, 2*. 
o 4 

XII. f. 

1. *-2, 2. 8. -3^. 
. K 3a 240 •. 5a pence, — pence, -eggs. 

5 a 

XII. g. 

1. -44, -21, -6, 1, 0, -9, -26. 

8. 4. 107, 117. 
6. a:* -1, 2/ = 2, z=l. 

(p. 96). 

8. 5. 4. a:=13, y=9, 
6. 3‘4 miles. 7. 51. 

(p. 96). 

4. a: = 2, 4, 6. 
y = l, 2, 3. 

6. 36 feet. 7. 60, 47. 

(p. 96). 

4. a; = 2, y= -3. 
6. Half-a-mile, 9*04 miles 
7. 42, 32. 

(p. 97). 

4. a = 5, y = 10. 

6. ll *65mUes. 7. 50 

(p. 97), 

2. 225 lbs., 300 lbs. 

6. a: = 5, y= - 3. 

7 62*5 feet nearly. 

XIL h. 

1. 46, 27, 14, 7, 6, 11, 22. 
8. 1^. 4. 7,-2. 

i. 2*4 miles. 

(p. 98). 

2. 670 sq. ft. 

6. 61, 63, 55, 57, 59. 
7. x=-4, y = 0, 2 = 4. 

XIII. a. (p. 104). 

1. A (5. 4), PaCn, 8), p^{ 

QO 1 1 9). 
/•.(-s, - 3), P,(3, -5), ^8(8, -7). 

8. (i) (0, 0). (ii) (3, 0), (hi) (2, 2), (iv) (-4, 4). 
4. They all lie on a straight line parallel to 0 Y. 

5. 12. 6. 48. 7. 0, 12, 1-5, 3*5. 8 

•. 36. 10. 74*6. 11. 180. 12. 3*5 sq. in 
18. 15. 14. 25. 16. 22. 16. 25 nearly 
17. 34. 18. 2 73 in. 19. 3 71 in. 20. 4*11 in 
81. 3*49 in. 22. 30. 23. 72. 24. 99. 

86. 70. 26. 128. 27. 102. 28. 52 

29. 96, 30. 150 81. 68. 32. 95 
B.B.A. B 
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XIIL b. (p. 113). 
«

 II po
 

II 81. a?=3, y = 2. 82. x=S, y=6. 

88. x=:4, y=0. 84. x = 5, y = 8. 35. a:=4, y=3. 

86. ir —2*8, y = 4*2. 87. a;=4, y = 5. 38. x=\2, y = 4. 

89. a;=7, 2/ = 17. 40. y=:12. 41. x = 5, y=2. 

42. rr=10, y=5. C
O

 

11 44. a: - y = 4. 

46. 2a:-fy = 7. 46. y + 5x=0. 47. y-|-5 = 2a;; 

48. y=i3p:-f-4. 49. 2y = 3a:+12. 60. 3y-aj = 5. 

XIV. a. (p. 117). 

1. 17, 12. 2. 12, 5. 3. 6, 8. 4. 13, 9. 

6. 4 pence, 9 pence. 6. 7 half-crowns, 3 florins. 

7. 44 for, 31 against. 8. 24, 12. 9. 3». ed., Is. 10. 20, 64. 

11. 14, 38. 12. £450, £200. 13. 45, 15. 14. 7. 
16. 14 florins, 11 half-crowns. 16. 63. 

17. 72 miles, 5 miles an hour. 18. 2^, miles an hour. 

19. 32.*?., 28s. 20. 57, 19. 21. 1G5, 

22. 56, 67. 23. 17 florins, 7 half-crowns, 24. 93. 
26. 9, 11 miles an hour. 26. 10, 30 gallons. 27. 100. 

28. 15 miles, 2 miles an hour. 29. 24, 12, 4. 80. £51. 

81. 24 bales, or 72 casks. 32. 12. 33. 24 feet long, 18 feet wide. 

84. 5 teachers and 99 children at first, 7 teachers and 132 children al 
last. 

36. £1,3. 15s. 86. 81, 49 sq. yds. 

38. 21 crowns, 40 half-guineas. ^ 39. 3. 40. 3 miles an hour 

41. 15 miles an hour, 90 miles. 42. 3 miles an hour, 8^^ miles. 

43. 4 miles an hour, 24 miles. 44. 3000ft. from the starting point. 

46. £400, 5 pence in the £, 46. 3, 4, 5 miles an hour. 
47. 300 miles ; 150, 100 miles a day. 

ZIV. b. (p. 128). 

1. 44francs, 28shillings. 2. 3shillings, 20. 8. 38minutes, Smiles. 

4. 13 ft. per sec., 17’5 ft. per sec., 2*5 secs. 

6. 55 lbs., 84 lbs., 14*8 kilogrammes, 17'3 kilogrammes. 

6. 4*9 c. in., 2 45 c. in., 41 c. cms. 7. 167% 6®. 

8. They meet at 3.30 p.m. 14 miles from Cambridge ; 10 miles apart 
at 2.48 P.M., and 4.12 p.m. 

9. In 10 secs, from A’s start, 33*3 yds. from the starting point 

10. June, 1887. 11. 58, 38, 29. 
12. 2*2 in., 12*45 cms. 18. 9*23 cms., 3*35 in. 

14. 87, 78, 67, 51, 46, 42, 39, 38, 36, 17. 16. 2».2|d., 31 artiola.. 
16. £1. 15s. hi. approx.; 615 copies to the nearest 6. 17. £5.3. 

!8 2-60. 6-63. 4 16. 6-77. 19. £350 ; 4250 copies. 
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10. In half an hour from A*b start, A having travelled 2 miles. 

21. Ib 4^ hours. 22. 2*7 miles per hour. 
28. *25 of a mile per hour. 24. 5^ miles per hour. 

25. In 2^ hours, 20 miles from A^a starting point; 2 hours, 3 hours. 

26. In 3*1 hours, 24*8 miles from A*8 starting point; 2*6 hours, 3*6 hours 
from ^’s start. 

27. 13^- miles an hour. 28. 35 miles, 45 miles. 

XV. a. (p. 131). 

1. 2ax - 2bx 4- - 2ab + h\ 2. ar® - 2ax - 2bx + + 2ab + h\ 

8. a® + 2a5 + 62 + 4a + 46 + 4. 4. a^-hb^-\-c^-h2ab + 2bc + 2ca, 

5. a*4-5®-|-c*-2a6 + 26c-2ca. 6. + c*2a6 + 2ac - 26c. 

7. a* - 2ab + 6* - 4a + 46 + 4. 8. 4a:“ 4- y® + + 4a:y 4- 2i/z + 4a:2. 
9. 2:®4-4y®4-z*-4ary 4-4y2~ 2za;. 10, a®4-46®4-9c®4-4a6 4*126c4-6ca. 

11. a® 4- 46® 4- 9c* - 4a6 - 126c 4- 6ca. 12. 9a:® 4- Qax - Ghx 4- a® - 2db 4- 6*. 

13. 4a:® 4* 12aar - 46x 4- 9a* - 6a6 4- 6®. 14. 4a:* 4- 4a:® 4- 5a:® 4- 2a: 4-1. 

16. 9a:*-6a:® 4-7a:®-2a: 4-1. 16. a:* 4-2a:® - 15a:® - 16a: 4-64. 

17. ar*4-4aH^4-62:®4-4x4-1. 1®. a:* - 2ar® - 7a:® 4-8a: 4-16. 
19. 4ar*-4a:®- 119a:* 4-10a: 4-25. 20. a:® 4 2a:y 4-y® - 6a: - 6y + 9. 

21. 4a:®-4a:y 4-y"4*18a:-8y4-16. 22. 1 - 2a: 4-3a:* - 2a:* 4-a:* 

33. 4 4-4a: - 3a:® - 2a:* 4-a:*. 34. 9 - 6a: + 13a:® - 4a:* 4-4a:*. 
25. 25 - 20a:4.34a:®-12a:*4-9a4. 

36. a® 4 6® -h c® 4 (i® 4 2ab 4 2ac 4 2a<i 4 26c 4 2bd 4 2cd. 

37. a® 4 6® 4 c® 4 cP 4 2ah 4 2ac — 2ad 4 26c ~ 2bd - 2c<i. 

23. a® 4 6® 4 c® 4 cf® - 2a6 4 2ac - 2a<i - 26c 4 2bd - 2cd. 
29. a® 4 6® 4 4c® + 2ab 4 4ac 4 2ad 4 46c 4 2hd 4 4c£f. 

30. a® 4 6® 4 4c* 4 4c?® 4 2a6 4 4ac - 4ac? 4 46c - Abd - 8cd. 

31. a® 4 y® 4 2® 4 9 4 2xy 4 2yz 4 2zx - 6a: - 6y - 6z. 
32. a:®4y®42®49 2a:y42yz~2zx46a:-6y-6z. 

83. 4a:® 4 y® 4 4z® 4 1 - 4a:y - 4yz 4 8a:z - 4a: 4 2y - 4z. 

34. 9a® 4 46® 4 4c® -f <i® - 12a6 4 12ac - %ad - 86c 4 46fl? - 

35. a:*42a:*43a:*4 4a:*4 3a:*4 2x4 1. 

86. a:* 4 4a!:*-6a:* 4 8a:* - 4a: 41. 

87. a:«-2aH^43a:*-4a:*43a:*-2a;4l. 
38. a:*-6a;» 4 15a:*-20a;* 4 15a:*-6a: 41. 

XV. b. (p. 131). 

1. a® - 2a6 4 6® - c®. 2. a® 4 2a6 4 6* - 4c* 

3. a:® 4 2Qcy 4 y* - 1. 4. a:® 4 4a:y 4 4y® - 6*. 
5. a* - 6® - 26a: - a:*. 6. a® - 46® 4 46c - c*. 

7. 4a::*4 4aa:4a®-6®. 8. 9y* - a* - 2a6 - 5* 

9. a*-16a:®4 8a:y-y*. 10. l-a*-2a6-6*. 

11. 16-a*42a6-6®. 12. a* 4-0*6® 4-6* 
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18. 1 - 2a + a® ~ 6*. 14. a:® + 4xy + 4y® - 6®. 

15. - 4q^ + 12qr - 9r^. 16. l~4a:2+12xy-9y®. 

17. - 16. 18. a:^ + x®+1. 

19. 1 - 4a: + 4a;^ - 49y*. 20. 4a:® + 12a:y + 9y® - 25. 

21. 9a:^ -> a:^ + 4ar - 4. 22. 4ar2-16y®-40y-25. 

23. 25a2 + 30a + 9-4?>2 24. a* - 2a®6® + 6^. 

25. l + 2a;2 + 9a:^. 26. a® - 2a6 + 6® - c® + 2cd - cP. 

27. 4a:'^ + 4xy - a® - 2a?> - -6®. 28. a:® + 2aa: + a® - y® + 26y - b\ 

29. 4x^ - 4ax + + 4hy - -462 ! 

30. 9x^ - I2ax + 4<x‘'^ - 4y^ + 126y -96^ 
81. 1 -2x + x^-y^ + 2yz - 7?, 32. 4 - 4a + a® - 96® + 66c - c®. 

XV. c. (p. 134). 

1. aj4 _ 2x^ - 6a: + 8. 2. a® + a®6 - a6® - 6®. 

3. a;® - y®. 4. a:® + 3a:®y - 4a:y ® - 12y®. 

5. x*-x^- 5x^ + 21 x - 30. 6. x^ - 6a:® - 16x - 15. 

7. a® - + 14a®/>2 + 9a^/>® - 6a6^ 8. -od^- x®y® - y^. 

9. 2a^ - la% - 4 + 23a6® -664. 10. a:® - 1. 

11. ar®-f8. 12. 8a:®-1. 13. a:®-8y®. 14. 27a^ + 86* 

15. a:®+l. 16. 

17. 1 00
 

18. X® - 4a:®y + 3xy® - 12y®. 

19. x^-Sifi+lOx^-lx-lS. 20. a:^-13a:®-2a:+ 35. 
21. (* - 25c*cP - 50cd=> - 2:yl\ 22. ar* + x®y® + y^. 

23. aV + c^tP-a^i^-IM^ 24. - 10a« + 21a®6 - 21a®6® + 166* 

25. as^-2pfi- \23fl + x + 2. 26. 12a:4 _ 34^ + 37^2 

27. 20 + Ha: - 21x* + 7a:‘- aB». 28. 4 i6 + a: - 2a:® + 7x®y + 7x®y - 3a:V* 
29. a:® + 3a:®y + 3a:i/® + y® “ 1. 30. a:« + 3a:»-a:*- 15a:* - 14a:* + 18a+ 24. 
81. 4a:» + 3a:* - 23a:® + 25a:* - 14a: + 4. 

82. - 5+8a - 1 la*+4a» + 19a* - 9a‘- -6a8. 
83. 21a:*y - 29a:®y*+ 3a:*y® + 5xy*. 34. 6x^ - 12a:®y® + 6y*. 
35. + a®i + oft® + h\ 36. a® + 6® + c® - 3a6c. 

XVI. ) a. (p. 136). 

1. a:®-5a:+14. 2. ar®- 6a:- -5. 3. X® - X + 3. 
4. 2a:® + 2a: + 5. ' 5. 3x® -4a: -6. 6. 5 + 6x + 4.x®. 
7. x+l. 8. X- y- 9. x-2. 

10. 2a;+1. 11. 3a. - -26. 12. 5x-3y. 
13. 3a:®-2a:+ 6. 14. x - 1. 16. X® + a:y + y®. 

14. a:-3. 17. 9a:® + 3a: +1. 18. a®-a6 + 6®. 
19. a?® + a:® + a:+1. 20 x® - -X®4 a:- 1 21. x®+l. 
22. a:®+l. 28. 27ar 3-18a:®+12a- -8. 24. x®-x+l. 
25. a:® + a;+l. 26. a:® + 2a:+l 27. X® - 4x + 4. 
23. 2a:-4. 29. a®- a. so. 12a:*-lla:*+10a:* + 39a: + 8c 

31. 2la^ - 3a:® + 4a: - A 82. a:* - 6a:* + 13a:*-40a:+ 119. 
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XVI. b. (P- 138). 

1. a + 26 + c. 2. a® 4- 2a6 4- 26®. 

8. a 6 + c. 4. 3a 4- 26 4- c. 
6. ac^ - 4- a^x - 6. a - 64-c. 

7. 8. X® 4- xy — 2x 4- y® - 4y 4- 4. 
9. (x8 - Gt? 4- a® - 4-a* - a4- 1. 10. 2x®-3xy4-5y®. 

11. a®4-6‘-*4-c®-a6 - ae -6c. 12. a® 4- 6® + c® - ab + ac ■ 

4- 

13. a;® 4- y ® 4- 4 4- a;y 4- 2y -2x. 14. a;®-x^4-x*-x®4-x- -1. 
16. a;® 4- a;y 4- y®. 16. a 4* 6 4" c. 

17. a6 4- 6c 4- ac. 18. 4- a;^y® 4- x®y'‘ 4- y®. 
19. 32a® 4- IGa'* 4- 8a* 4 4a® 4- 2a 4- 1. 20. ab - ac - he 4- c®. 
21. X® 4- aa; 4- 3tt®. 22. x®4'2a.x - 4 a®. 

23. X 3y 24. a® ab 6® 
25. ^'-^-^4- y* 

4’^ 2 ' 4 ^ 6 ^ 9* 16 20 25' 

26. a® a6 6® 27. a® 2a6 6® 28 ot 6 
9 ^49* ■ 5 4' 

XVI. C. (P- 140). 

1. -8. 2. 28. 3. -6. 4. - 3427. 5. 

8. 35. 7. 11. 8. 10. 9. 

10. -53. 11 . - .38]-. 12. 44. 13. 

1. 
8. 
8. 

1. 
8. 
6. 

xvn. a. (p. 141). 

-2x{p-{-q-{-r)-{-{pq- qr + pr). 2. 127l* 

x = 5, ^ = 6. 4. 9 half-crowns, 3 threepenny pieces. 

x* + 3x^-i-4. 6. x^-hSy^. 7. 3. 

XVIL b. (p. 141). 

2a; - y, 2a; - y + 20, 2a; - y - 20, y. 

Common roots, a; = 6, y = 8. 

a* + 4a^6 4- 4aVt^ - b*, 6. 16a^ - b*. 

2. 153. 

4. 37. 
7. 2a® - Saa; + a;®. 

XVII. c. 

1. lOa; apples, ’^5? pence. 
X 

s. 
X— - 5 -1 3 7 11 15 

11
 4 ‘ 1 -2 -5 -8 

(P- 142). 

2. 4. 

4. x*4-4x®4-6a;^4-4x®4-1. 
5. 60x 4- 18y 4- 9z = 480a. 
6. x«-81y». 

- 7. 3x® - 2x + 3. 

(P. 142). 

1. yards, min. 
y X 

8. x=4-07, y= -56. 
8. 72, 74. 6. 4a:i-’ + 4o6x. 

2. 180. 

4. x»-3x‘-x* + 9x»-5x»- .8ar+Z 
7. 0-36-2. 

O
i 
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XVIL e. (p. 142). 

1. Tsy miles, GOary miles, miles. 2. 226. 
60 

8. 162. 4. 12*57, a4 *57, 62*86, 7 5, 5 incheH. 
6. a:«-3x5 + 6ar‘-7a;» + 6a:2-3a;+l. 7. 3a-5 + 4. 

XVII. f. (p. 143). 

- X X 1. xy pence, - j>ence, - pence, — pence. 

8. 4y-lla:=:3. 4. 2G*7 miles. 6. 

6. 4:*^ -f a6 - ac - he, 7. a- 36 + 4c. 

% 

2.r^ - 11 + 20a:214a; S 

XVIL g. (p. 143). 

1. a + h, 2. a:2 + 2a*y + _ ^2 

4. 27 m. from one en<l, 18 m. from the other, 
e. 3£C®-2a:+l. 

8. 7. 
6. 37=5, y = lL 
7. 56, 48. 

XVII. h. (p. 144). 

1. X - x^, 2. ax^-2ax-^a. 6. 11, 7. 

8. 3ic-7y. 7. 21. 

XVIL k. (p. 144). 

1. iB» + 7. 2. -39, -20, -7, 0, 1, -4, -16. t. -2^ 
4. 22 mile*, 48 minutes. 6. a;=2|^, y = 12. 

8. 2a?^ + 3a;+l, 7. a;=2, £5. 6s. 

XVII. 1. (p. 144). 

1. 2. a: + y + z-3a. 8. -6^* 

A 1*69 in., 2*25 in., 3*8 cms., 5*58 cms. 6. 2a:*-5a;- 8 

8. 180. 7. a:=3, y=l, z = 5, w=9. 

XVIII. a. (p. 145). 

1. a(a; + fe). 2. a{x-a). 8. a:(ar-3a). 

4. x^(x-5a). 6. a(a:®-aa; + a*). 6. Za{a~b). 

7. 6x*(a:-3y). 8. a;(a:-y). 9. 7(3-8a:). 

10, 5x{6x - 4y). 11. x{a-h-^c). 12. -2x{x^-2) 
18. --y(a-6-*c). 14. px{px - ay-hby). 15. 19a*a;*(4a?-Sa). 

16. 3(p*a:*-3pa: + 4). 17. xyz{x + y -z). 18. 1b{a~ c-^x), 

19. 7a;(2a:*-a:y + 8y*). 20. 6a:yz (6a: ~ 9y + 8z - 3a:yz). 

1. (x+4)(aP + «). 
A (a+SXaj+U 

xvm. b. (p. 147). 

2. (x-3)(x-7). 8. (a: + 4)(a: + 6), 

8. (ar-4)(«-.6). 8. (as-l)(a:-7). 
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1. (* + l)(a:+2). 
10. (a: + 2)(a:-l). 

18. {x-5){x+l). 
18. (x-10)(a:-l). 

19. (a:-6) (a:-13). 

2*. (x-7)(x + 6). 

86. (a:+ 7)*. 
28. (a:-13) (a:+10). 
81. (7 +a:) (3 + *). 

84. (a: + >n)(a;-B). 
87. (a:-<t)(a:-36). 

40. (x - 6o) (a: + 35). 

48. (l-3a:)(l-2a:). 

48. (8-a:)(5-x). 

M. (8 + x)(5-x). 
62, (6 + x)(ll-x). 

66. (x-8)(x-27). 

68. (x-ll)(x-12). 
81. (x-\\y)\ 
84. (x-I.3y)«. 

87, (x-9o)(x-5<i). 
70. (16a!-l)(15x+l). 

78. (xy-8)(a:y + 4). 

86. (167 + x)(l-x). 
88. (81x+l)(x+l). 

8. (x-2)*. 

11. (x + l)*. 

14. (a: + 5)(x+7). 
17. (x-3)(x-9). 
20. (x-6)». 
28. (x + 9)(x-5). 

26. (x + 9)(x-7). 
29. (x + 9)(x-8). 

32. (x + p){x + g). 

36. (x-m){x + n). 
88. (x-2(«)(x + 35). 

41. (x-2)(x+9). 
44. (5 + x)(l-x). 

47. (l + 10x)(l-13x). 

60. (x+ll)(x-10). 
63. (]-6x)(l-x). 
66. (x+10y)(x-y). 

69. (5x + y)(x-y). 

62. (x-16)*. 
66. (x-102)(x-l). 

68. (9x+y)(6x-y). 

(43x+l)(x-l). 
(13x + l)(12x-l). 

(7a5+l) (6x5-1). 

80. (18x+y)(3x-y). 

88. (xy-16)(xy + 3). 

86. (x + 17)». 
89. (x - 13y) (x + 3y). 

71. 
74. 

76. (17xy-l)(3xy-l). 77. 
79. (18x + y)(3x + y). 
82. (xy-6)(a^^-ll). 

1. (a + 5)(x + y). 
4. (x-y)(6-a). 

7. (ac + 5) (oc - d). 

10. (a-c)(o-5). 

15. (o’‘ + 5®)(c + rf). 
16. (x-2)(a:»-y). 

19. (x-l)(y5 + l). 

22. (o + »»)(a + TO®). 
26. (2x-l)(x»+l). 
28. (3x-l)(x*+4). 

81. (x+7)(2x*-3). 

84. (x + l)(x-o*). 

XVIII. C. (p. 148). 

2. (a-5)(x-y). 
6. (x + z)(x + y). 
8. (x + y)(x-2). 

11. (5 + o)(c-o). 
14. (a» + 5*)(c-rf). 
17. (x+6)(x*-3). 
20. (ox-5)(6x-o). 
23. (x+l)(x» + l). 
26. (a-5)(a^ + l). 
29. (7x-3)(ar'-3). 
82. (x + 6)(llx» + 7). 
86. {2+x)(o-x*). 

PART I. xxiii 

9. (x-2)(x + l). 

12. (x + .'5)(x-l). 
16. (x-Z)\ 

18. (x + 3)(x+17). 
21. (x + 7)(x-6). 
24. (x-7)(x + 6). 

27. (X-12)(x-10). 
30. (l-2x)(l-x). 

S3, (x - ?») (x - n). 
36. (x + 2<i)(x + 6). 

89. (x + 4a) (x — 65). 

42. (x-ll)(x+10). 
46. (x + 17)(x-l). 

48. (x-15)(x+l). 

61. (7 + x)(6-x). 

64. (9-x)(8 + x). 
67. (0+155) (a+ 5). 

60. (0-65) (0 + 46). 

68. (x-72)(x-l). 
66. (73x-l)(x-l). 

69. (13x-l)(2x + l). 

72. (l-3a6)(l-2o5). 
76. (l-6xy)3. 
78. (17x-y)(x+y). 

81. (19-x)(3-x). 

84. (x-92)(x-l). 

87. (l-16x)». 

8. (x-y)(o-2). 
6. (x-y)(x+*). 
9. (x-y)(3-o). 

12. (oc + d){ae + b). 

16. (x-3)(x» + 2). 
18. (x*+l)(y* + l). 
21. {x-y)(x+y-4). 
24. (x+l)(x‘+l). 
27. (2x-3)(x*+2), 
80. (2x-l)(x*-6). 
88. (a“-5)(e + l). 
86. (x + 3)(2x»-e). 
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XVIII. d. (P- 149). 

1. (1 -a:)(l -far). 2. (1 - 2a;)(l +2a;). 

3. {x - 2a)[x + 2a), 4. (a — 7) (a + 7). 
6. (;^a + a:)(3a - x). 6. (3a;+l)(3a;-l). 

7. (5x- 4)(5a: + 4). 8. (a;+ 3) (a;-3). 

9. {bx - 7)(oa;-f 7). 10. (a-5) (a+ 5). 

11. {ll-6)(ll + 6). 12. (a-3) (a+ 3). 

13. (a:-13)(a;+13). 14. (2-a)(2 + a). 

15. (4- 11a;) (4 +11a;). 16. (ab + cd) {ab - cd). 

17. {Zxy + 4a5) (3a;y - 4a6). 18. 100x102. 

19. 8x 14. 20. (xy+l)(a;y~ 1). 

21. (8 - cd) (8 + cd). 22. (1-3A;)(1+3A;). 

23. (3-2a) (3 +2a). 24. (3a6-4)(3a6 + 4). 

25. 1 x305. 26. (a;-100)(a;+100) 

27. (100ar+l)(100a;-l). 28. {xy - 9a®) {xy + 9a^) 

29. 30. (52 + 5)(52-6). 

81. {if‘ + a){X* - a). 32. 

33. {ab^c^ - x) + x). 34. (l-;0x)(l + 10a;). 

35. {ahc d) {ahc - d). 36. (l-lla*)(l + lla2). 

37. (7a;-6y)(7x-f 6y). 38. {pq-2){pq + 2). 

39. {12a*2 + yV)(12a;2- yV) 40. {a-lbh){a + l5b). 

41. (9a;-8) (9a;+ 8). 42. {2mn + l)(2wMi - 1), 

43. (3p-7g)(3^-f-7g). 44. (a; - 13y)(a;+13y). 

45 ^9a6 + l)(9a6-r). 46. (a;i*-y»)(a7^8 + y9). 

47. (a-175)(a + 175). 48. (11a+125) (11a-126). 

49. (5a^-13a')(5a.'“+l.W), 50. (a;^- 10)(a;2y +10). 

51. (a^* - 12p) {xy* + 12jo). 62. (1 - 10ary2^)(l + 10a;®y*z*X 

53 (na:»jr*-l)(llxV+l)- 64. 67,000. 
55. 1800. 56. 998,000. 57. 640. 
58. 1002,000. 59. 54,800. 66. 33,096. 
61. 136. 62. 650,000. 63. 573. 

64. 313,800. 65. 996,000. 66. 15,152. 

67. 9,400. 68. 43,984. 69. 11,800. 

70. 9,999,800,000. 71. 13,440. 72. 15,000. 

78. 16,600. 74. 59,600 75. 128,400. 

XVIII. e. (P- 150). 

1. 3 (a;-2a) (a; + 2a). 2. 7(l-a;)(l+a;). 
3. 2(a;-12)(a;+12). 4. 6a;2(3y_4a)(3y4.4a). 

5. 3(a^ + x) {a*-x). 6. 7aV (4a;y - 5) (4a;y + 6). 
7. Q{Sab+2cd){Sab- 2cd). 8. 141a35» (a362 _ 2) {a^b^ + 2), 

t. 7(a-76)(« + 7H 10. 3(6a:-4)(6x + 4). 
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IL ll(l-36)(l+36). 

W. 13(o»-6)(a» + 6). 
16. 3(a:=-10)(a:*+10). 

17. 6c(lla:+126)(U»-126). 
1». V!(\-2i>q)(\+2pq). 

12. 5(3£i6-4)(3o6 + 4). 

14. 7(a:-15a)(a:+15a). 

16. 3(i(3p-79)(3;5 + 7g), 
18. 1.3a6(c-2d)(c + 2d). 
20. 7a:V(l-2y)(l+2y). 

xvra. f. (p. 151). 
1. {a-b + c){a-b-e). 
2. (x~y+ 2a){x-y- 2a). 

6. (ar+2a-5)(a:-2a + 6). 

7. (3a; + 4y) (a; + 2y). 

9. (5* + a — b) (5a; - a + 6). 

11. 4a;. 12. Soa;. 

2. [a + b + c){a-b - r). 

4. (a: + 2y + 46) (a; + 2y - 46). 

t. {x + y + a + b){x + y-a~b), 

8. (a + 4x-y){a-4x + y). 
10. (4a + 5a; + 5y)(4a-5a:-5y). 
13. {a-2b + c + d){a-2b-c-d). 

14. (o+6 + c + a: + y + z)(o + 6 + e-»-y-z). 
16. (4a; + y)(2a:-.3y). 16. 16(2a;+l). 
17. 20p5. 18. y{tix-y). 

19. (2a: + 2a + 3.v + 36)(2x + 2a-3y-36). 20. (5x + y)(a: + 5y). 

21. 3(a + b + 2c + 2d)(a + b-2c-2cl). 22. (8y + ^-4)(87>-? + 4). 
28. 4<x6. 24. {3x + 2y + 2a) (x + 4y). 

26. 5{x + y)(x-y). 26. -48oa:. 

27. (l + 3a:-2y)(l-3x + 2y). 28. (l+2a:-%)(l-2a:+2y). 

39. (10 + 2a-36)(10-2a + 35). 80. 6(8a~6). 

SI. {a-b)^{a + b)^. 82. («“ + 2a5426*)(a®- 2a5 + 26»). 

88. 2o6-l. 84. 5(a-l)(o + l). 88 (2a;*+l)(6-4a:). 

XVIII. g. (p. 151). 

1. 1 1 1 2. (c-f-a + 6)(c-a-6). 

s. (a; + a + 6) (a: -f a - 6), 4. (y-l-a-x)(t/-a + x). 

5. (a + 6 - c) (a - 6 + c). 6. (1 +a-b)(l - a-hb). 

7. (x + a -y)(a; + a + y). 8. (x-2y-h Sab) (x-2y- 3a6)„ 

9. {x-y + S){x-y-3). 10. (4-ha-b)i4-a-hb). 

11. (l+2a-&)(l -2a + h). 12. (a-hx-i-b + y)(a-i-x-b -y). 
IS. {2a -b + x + c) (2a - 6 - a? ~ c). 14. (a ~ b-4 c - d)[a ~ b - c ■ -h d). 
16. (a ~ c + b -j- d) (a - c - b - d). 18. {x^-i-x+ l)(a;^ - a: - 1). 

17. (a + c + 6)(a + c-6). 18. (3a - 6 + a: + 2c) (3a - b -x~ 2c). 
19. 6(a-6 + 2c)(a- 6-2c). 

1. (5a:-2) (a;-2). 

4. (a:+ 7) (2a:-3). 

7. (x + 9)(2x+l). 
10. (3a:-2)(3x-4). 

XVIII. h. (p. 154). 

2. (x + 3)(3x + 5). 

6. (x-6)(3x + 6). 

8. (x-7)(3a:-l). 
U. (4a: + 3)(4x-6). 

8. (x-2)(3x-l). 

6. (x + 9)(5x-3). 
9. (2a:-5) (2a:-3). 

18. (7*+l)(7* + 2). 
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18. (3a;-2)(3a7 + 4). 14. (2.*:-7) (2£C +9). 16. (2a7 + 3) (3x + 1). 
16. (2a:-3)(3a;-1). 17. (3x - 2)(2x+1). 18. (4a; - 3) (3a;-4). 

19. (5a;4-4)(4a:+ 5). 20. (3a;-4)(4a: + 3). 2L (6a; + l)(3a:-2), 
22. (4x-5)(6a;-5). 23. (1 - 2a;)(3 -2a;). 24. (5 - a;)(l+2a;). 

25. (2a; + 3y)(a;4-j/). 26. (2a;- 
28. (7a;-3) (2a; 4-5). 29. (3a;- 

31. {5x-9y){2x-hy). 32. (7a;- 
84. (13a;-1) (2a;-3). ^35. (13a; 

XVIII. 

1. {x + y){x^-xt/-hy^). 

8. (1 - a;)(l-f a:4-a;*). 
6. {x^ + y){x* ~ x^y-hy^). 

7. (2a;-l)(4a:242a-4-l). 
9. {2a 4- h) (4a^ - 2ab + 5®). 

11. (a;4-3)(a;2-3a;4 9). 
13. (a 4 5) (a®-5a+ 25). 

15. (2a;-3y)(4a;® + 6a;y+ 9y®). 

17. (a - 6) (a® + 6a+ 36). 
19. (y-4)(y® + 4y+16). 

21. (10a;+l)(100a;®-10a;+l). 

23. (1 + a6) (1 - a?> + a®5®). 
25. (2a;y - l)(4x®t/®+ 2a;y +1). 

27, (4a-55)(16a® + 20a6 + 256®). 
29. (6a-5)(36a® + 6a5 + 5®). 
81. (9a-2a;)(81a®+18ax + 4a;®). 

83. (a-5)(a + 6)(a® + a6 + 6®)(a® 

84. (x - 2) (x + 2) (x® + 2x + 4) (x® 

y)(x + 2y). 27. (6x-5y)(2x + 3y> 
7)(3x + 4). 30. (7x-4)(2x-3). 
3y)(x + y). 33. (12x + 5y)(x + y) 

f2)(x + 3). 

k. (p. 155). 

2. (x-y)(a:® + xy + y®). 

4. (1+x)(l-X4'X®). 

6. (x®-y)(x^ + x®y + y®). 
8. (I+2y)(l-2y + 4v®). 

10. (l+3x)(l-3x + 9x®). 

12. (y-3)(y® + 3y4 9). 

14. (5a-l)(25a2 + 5a + l). 
16. (2a + 36)(4a®-6a5 + 95®), 

18. (7x-l)(49x2 + 7x+l). 

20. (4 + y)(16-4y + y®). 
22. (a6-l)(a262 + a5+l). 

24. (at®-4)(a®i>'*+ 4a?;^ + 16). 
26. (x2+l)(x4-x®+l). 

28. (3x + pq) (9x® - Spqx + jo®g®)c 
80. (8x + l)(64x®-8x+l). 

sS. (l + 9a:)(l-9a: + 81a:*). 
ab + 6®). 

2sc + 4). 

xvni. 1. (p. 165). 
1. -8x{x^-2). 

8. 3(a;-l)(a: + l). 
6. 3(oi-3)(a + 3). 
7. (10o-6)(flH-6). 

9. xj/{x*-3y*). 

11. -(l+a:)(l+*®). 
18. 3(l-6x)(l-a:). 

16. 3(2 + x)(2-x). 

17. 3x14x8 = 3x7x2*. 
19. {x-p){x + q). 

21. 6{l-3y)(l+3y). 

28. ll(a!-lly)(®-12y). 

26. (5-«)(«-!). 

2. (a-66)(a-6&). 

4. 3o*i!>®c®(a® - 76c + 6a6). 
6. 5(o-2)(n^i + 2a + 4). 

8. 3(2a-3). 

10. 7 (a-6) (a+ 5). 
12. llac(c-3a). 

14. 3(o-l)(a + l)(6-l)(6 + iy. 
16. p*q*r* (p®y® - 3gr*+2p*). 
18. 3(5x-2)(x-2). 

20. 4(x-10y)(x + y). 
22. 10(2a:-y)(x + 2y). 

24. 3(l-3a!)(l+3x+9a!*). 
26. (*-y)(x-y-5). 
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15(ar-y) {x + y){x^ + y^). 28. 3(x-l)2 

3(a-2)(5-c). 30. 13(3x + l)(3x-l). 
51. 2(a? - 5) + 5a;+25). 32. (;9x + l)(g'x+1). 
K3, 2(a;--l)(x-7). 84. 7(x + y)(x-2). 
S5. 2{a~6)(a + 6). 36. (a+ 76) (a-66;. 
87. 2(3a; + 2y)(3a;-2y). 38. 32[>V(5g-4jp + 6). 
39. 3 (11 4-x) (11 - a;). 40. 9(x + 5)(x-l). 
41. (4a?-l)(6ar+l), 42. (l+a:)(l-x)(2 + x). 
43. 6(a;~y)(a:‘- + a;y+ y2). 44. 3(» + 5)(a; + 4). 
45. 3 {xy - 1) (xV’* + + !)• 46. 5(2;>g+l)(2pg-1). 
47. a(25c-l)(46V + 25c + l). 48. 17(a:+l)(x + 2). 
49. (5a~36-2c)(a-36 + 2c). 50. 7(xy2+]0)(xy2_ 10). 
51. 2(a;~y+l){a;-y- 1). 62. 3(1+x-y)(l - x + y) 
53. (l-2a;)(l -3a;). 64. (x-5y)(x-4y). 
55 3(a - h){a-\-h). 56. (1+2x-2y)(l - 2x4 2y; 
57. 13a;(3ar-2). 58. 2(x + 5y)(x+7y). 
69 12a;(l - ar). 60. (x~15)2. 

61 a;(6a?+l)(3x-2). 62. 3(x-2)(x + 2). 

63 a;(5 -a;)(l +2a;). 64. 15a6(a-26). 

65. x2(3a;-2)(2x + l). 66. (7x-l)(x-l). 

67. 5 (8 +a;) (5-a;). 68. 2a6c (2a - 36 + 4c). 
69. 7(a:+l)(a;-l). 70. x(x-3)(x2^.3^.^9) 

71. la? + 7y)(a?-6y). 72. 9(x-7)(x + 5). 

73. a;(a - 5) (a» +5a+ 25), 74. x(l-2x)(3-2x). 

76. (2a+ 6)2. 76. 7(a+ll)(a-10). 

77. a:2(i3a; -f-2)(a; + 3). 78. (x+;7)(x-g). 

XVIII. m. (p. 157). 

1. ia - 6) (a + 6) (a* + 62). 2. (2a - l)(2a +l)(4a2+1). 

3. 2(2a:-y)(2a; + y)(4a;2 + y2). 4. (x2 + x-l)(x®-x+1). 

5. 3a (a; - a) (a; + a) (a;2 .j. (xa; + a2)(a;^ - cc.c + a^), 6. 28a6 

7. (a-6 + 2c-2<i)(a-6-2<; + 2<i). 8. 4a6(a-6)2. 

9. {X - y){x - y + \){x -y - 1). 10. (x-3)(2x-l)(2x+l). 

11. (a;-3)(a; + 3)(2a;+l). 12. {ax - 6y) (6x - oy). 

13. (a + c)(6-d). 14. (2x2 + 3y2)(2x-3y)(x + y). 

15. {x - 2) (ar + 2) {x + 3) (a; - 3). 16. a262(l+a6)(l~a6 + a262). 

17. a (a - 6 + c) (a - 6 - c). 18. (x - a)2(x + 2a). 

19. (6a;-l)(14ar+l). 20. (7x-3)(x+15). 

21. (1 + a; +x®) (1 + a; - a;2). 22. 6(a + 6-c)(a-6 + r). 

23. (a2 + 452j(gj _ 26) (a+ 26). 24. (a - l)(a+l)(a® + a+1) (a* - a+IV 

25. (x-l)(x+l)(x-2)(x + 2). 26. (x+y)8(x-y). 

27. (x+l)(x-a). 28. (x + 3a+6)(x-a). 

29. (x + 3a + 6)(x-6). 30. [x(a + 6) +y (a - 6) ][x(a - 6) - y (a + 5) J 
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81. (X + I^x’+Dix*- ^+1). 32. (20x + 7)(10a;-3). 

88. {x + y + z){x- -y-z)(a;-y + 2)(a! + y- z). 

34. 9{x-y){x^- xy + y^). 35. x(x4- 1)(x-2)(x4-5). 

86. {x-^b){bx-ha 87. (x4-1)(2x-6)(x-3). 

38. {x® + y®)(a® + 6^ + c®; I. 39. (3x-5)(5x4-7). 
40. (x - b){bx + a =')• 41. 4a6(l4-a)(l-a)(l4-5)(l- H 

42. [ax-{a - !)][(« + ] 1) a; + a]. 43. (x-l)(x~2)2(x + 2). 

44. {a;-l)2(a: + l)(5a: + l). 45. (x 4-y) (3x - 2y) (‘2x - by). 

46. (x-S) {x^-x + 1). 47. [(a4-2)x4-a4- ll[ax- (a - 1) J. 

48. {a - b){a + ah + h). 49. (2a4*6-c)(2a-64-c)(4a* + 5-cp^ 

60. 3(a + ?) + c)(6 -c). 61. (x4-y)(5x-3y)(3x- 2y), 

52. {x-2) {x^ + 2x-2). 58. (x-y)*(x4-y). 

64. {x^ay){x-by). 66. {bji-4q){p-‘bq). 

56. a?(l 4-2ay)(l - 2ay 4- 4a*y*), 57. 3{3x2-4y)(3x2 4-4y). 

58. (a: - 2) 4-a:+ 2). 69. (2x-5)(x4-6). 
60. {a - aj)(l + aa?). 61. xy (y 4- x) (y - x) (y* 4- x*). 

62. 4 (a? - 12)(a: + 9). 63. {5-l4-a)(6-l-a). 

64. (X -\)(x+\)(x + %){x-3.). 66. (5x-l)(n-x). 
66. lx - S){x + 2)(x ~ 2)(x + 1). 

XIX. a. (p. 159). 

1. bah. 2. x^y\ 3. ah, 4. 2xyz. 
5. 6. 3a;». 7. 3xy. 8. y. 
8. 3aV. 10. 13a:*. 11. baH. 12. ahc. 

XIX. b. ip. 160). 

1. a. 2. a;-2. 3. X 4- y. 4. X - 2o 
5. a + 2h. 6. x + y. 7. X —2y, 8. x4-y. 
9. x{x - 3a). 10. 3(x-3). 11. X 4- 4y. 12. X - 2y, 

18. x+l. 14. 1 - X. 15. 1 4- X. 16. X - 3. 
17. x+y. 18. x4-4. 19. X4-11. 20. X4-5. 
21. x+a. 22. a* - afe 4- h\ 23. X - 6. 24. X - 3. 
25. 3a,®6®(a + 6). 26. 3x-l. 27. X4-3, 28. (x-l){x-2> 
29. a + 6 + c. 80. 5x-l. 31. X - 2. 32. (a - 6 4- c). 
38. x-b. 34. x-a. 85. 2x - 1. 36. 4x* - 6x + 9, 
37. x-1. 38. x-1. 39. (x -l)(3x-2). 40. x-5. 

XIX. c. (p. 163). 

1. a (3ar® - 2aa: + 2. X* 4- xy 4- y*. 3. 2x*-x-3. 
4. a:-2. 6. X 4- 2. 6. X4-4. 
7. x^-^-bx+l. 8. 4x 4- 3. 9. 2x-6. 

10. x^-bx-\-l. 11. 2x + 7. 12. x + 2. 
18. X-4. 14. 2x® 4- 7x 4- 3. 16. x*-3. 
16. 3a;* + y*. 17. x»- 3x*y4-3xy*-y*. 
1ft 5a;* -1 19. x*4-x-*-2. 20, 
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XIX. d. (p. 166). 

1. 
m* 
2’ 

8. 8. 
a 

5a 
12c' 

A 3x2^2 
• 4y2* 

ft 36* 
2^»- 

A 5mp^ 7 ® 8 X 0 _ 10 _ 
V. 

■ 04-6* x-y 4x-3y X-y 

11. 
3a jg 2(2x-3.v) 18. s 

5 • 14. h 

45* 3x - 2y c 

15. 
xy 16. 17. 

X 18. X4-2 

36a x-3 2 - X* x4-3* 

19„ l+2a> 20. 21. 
a 4- 6 22. x-y 

l-3a?^ X 4-c 4- ah 4- 6^* x + y 

28. h-a 24 26. 2(x-.3) 26. 
x2 - i 

h + a 1 4-CX 3(x-2)* x2 4-r 

27. 
a: + 6 
x-c 

29. X - 5 
2^3* 

30. a 4- 6 - c 
a-b-c 

81. 
3x-l «2 a4-6-c-d r 83. X - 5 84. x*-x4 1. 

- 1* a-64-c-tt x-3 

85. + 5a; 4- 6 afi 87. x^ + 3a 38. x(x4-5) 

4- a; - 2 * 3x^4-3x4-10 + x-5 

89. a;4-y-1 40. — 41. 
3a-46 42. 2-x-y 

a;4-y4-1* a4-l 3a 4- 26* 2 + x-y' 

45t 3a-2^ ^ 2a 4- 6 - c 45. 9 - 3a 4- 46. 3x + 2 

4- 26* '2a- b-c 3 3x-2' 

XIX. e. (p. 167). 

1. y. 2. ?rX 8. 1. 4 ~1 6 
X x-3 2y4-1 x-l-2 

6. 
a; 4-6 7. g_ a(x4-a). 9. 1. 10. 1. 
a;4- c* X4-5 

11. 
x-5 12. X. 18. £: f5 14. - 

3x 

X- 6* x + S x+6 

1ft a-h + r 4x(x-3) 2a: + 3 18. - 
^4-ax+x' 

a + b-hc ■ X4-5 * * 3x-l‘ a ̂ -ax-hT^ 

19. 
6 20 21. 1 4- 6x) 22 2(a: + 7) 

x-3* a6 1 -6x * x4-5 

28. a;2-a;4-l 24. 28. ^ 
- ax 4- a* 26. - 

7x - Sy 

x(x4-9) ’ X4-1 X® 4- ox 4- a^ 3(3x-7y) 

XX. a. (p. 108). 

1. a%\. 2. 4a2x2. 3. 12a». 4. 30xV^ 

5. 294x^®2. 6. 2a26a. 7. 60»V- 8. xyz. 

9. 24a®6'^. 10. 12a^6^. 11, 108xV- 12. 

18. 60a. 14. a»6». 15. 36o*6*c*. 16. 240x®y*2f®. 
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XX. b. (p. 169). 

1, 4:X{a-x). 2. d^{a~b). 3. 6{a-x)(a4-®V 
4. 21 (a+6). 6. a^b^{a-b). 6. xyz{x-y). 
7. 4x^(x-i-y). 8. 6(a:-l)(a;+1). 9. a^{a-x). 

10, 4ahc{a + x). 11. 15 (a-6). 12. l2{x-y){x-\-y). 
13. 6a:2(^3+l)2 14, I2{ax-by){ax-\-by), 

15, xy[x + y){x-y). 16. 8(1 - a;) (1+a?)(l+a;®) = 8(l - ar*), 

17. 12(a:>l)(x2 + ^+l)^12(x3-l). 18. (a:+l)(a? + 2)(a: + 3). 
19. (a;-l)2(,r4-2). 20. (a: - 2)(ar - 3) (a; - 7). 

21. (a;+l)(a:-4)(a: + 6). 22. (a + 6 +c)(a + 6-c)(a-5 + c), 
23. 18(a; + y)» 24. (2a; - 1) (a: - 3) (a: + 3). 
25. (3a;-1) (a;-2) (a;+ 3). 26. {x^-y^f. 

27. (a; + 6y)(a;-6y)(a; + y) (a;-y). 28. 105a6 (a + 5) (6-a). 
29. \2a^{x + y){x-y). 30. 72a;V(a; - 1) (a; - 2)2. 

31. a{a-h){2a-b){a^ + ab + h’^), 32. (2a;-l)(a;-3)(3a: + 2). 

33. (a;+l)(a;-2)(a;-3). 34. (a; - 2)(x + 2)(a; - l)(a;+1). 
35. (a - 6) (a + 5) (a^ + a6 + 5^) (0.2 -ab-\- h^). 

36. 36a; {x - y) {x + y) + xy y^) (x* - a;y + y^). 
37. (x - 2a) (x + 2a) (a;® + 4a2). 38. (x - a) (x - 6) (x + 3a4-6). 

39. (x - 3) (x + 3) (2x - 1) (2x +1). 40. (a - 6) (6 -c)(c-a). 

XXI. a. (p. 170). 

1 11 0 5a 3 5c 4 ca -f a5 A 5c 4 ca - 
6x' 6x’ abc iOOCX 

5. 6. 
X 

7. 
X- 6 

8. 1. 
abc 12* 42 * 

9 bx-ax 10 -24-2x 11 2 12 2p 4 3r 
cbb xz T 5 Opr 

13. 13x + 2 14. lOx - 3y 15. 3a 16. 0. 
12 " 30 * 

17. 2ac - 4a*-H 155c 
18. x*-y* 19. 1 

12ac T2c* 

20 
22x-7 

105x * 
21. 0. 22. -3y. 

1. 

4. 

7. 

2x 
(x - 1) (x + 1)‘ 

1 
(x+3)(x+4)' 

11 
(3!r-l\(2x + 3)* 
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!•. 
2» 

x-2* 
11. 

12* 
(*-3)(a: + 3) 

12. 7- 
(1 

-3x 
-X)*' 

3 2(1-2x; 
' ■(.T+lj(X''l)‘ 

tA 3a; 18 
-4y 16. 

1 17. 
(x + y)*' 1- 4x* 9a*' - 46* 

18. 
X 

(x-2yf 
19. 

1 
x + y* 

20. lx 
X* - 16* 

21. 
3x + 4y. 

(xTyj'(2x + 3y)' 
22. __ y 

{x-y) 
23. 0. 

OA 3a - 36 26. 
a* + 6* 26. 

4x-a 

c~d a6(a - 6) (a 4 +)■ a* - 4x** 

1 28. 
X /« + 

-i- 29. 
36 

27. 

os
 1 a \x- a/ a® - 9(.®' 

96 (a+ 36) 
(^26)'(2a + 56)‘ 

h 
27a^TP* 

14 
(a;-7)(a? + 7)’ 

(a — 1) {ti^ + a +1) 

34. 56. 

87. 

32. _ 
ar*- 

36. 2a:. 

38. _ 
(a:- 

41. iM, 

2x 
(a:- l)(a:+iy 

il 
4’ 

XXI. c. (p. 173). 

.. 3. 3 . 3. —3 4 
i-M 

_ 6. . 7. 
3{a“-6»y 6(a:»-9) 

3a^-ab g a? 10 
a3 + 6®'* ’ a:*-27’ 

3 ,9 3(a^-y) 18. 
(*-l)(x-3)' ■ (a:-2y)(2ar-y) 

7 16. _L-_. 16. 
(a:-l)(a:-2) 2(x-4) 

_?£_18. 2 (a+ 6). 19. 
(*-2)(a:-3){a: + 3) 

4 _2_ 
(a:»-4)(a;« + 4)' ' {x-l)(x+lf 

13 OK 3* + y* 26 
j:»-y« (a:-l)(a:-2)(a:-3) a:® 

27. -V 
(x-2y)(x + 3y)(a:-3y) 

29 ^ __ 30. — 
(x + .3)(x + 4)(x + 7) a 

j2_ 2(^i + 4xy4^)_ j3_ 0_ 
(*+3y)(x + 2y)‘ 

30. 3(a-3a:°) 3j 
20(9a»-a‘) 

(x-l){x-3)(x-4)' 

2 
(x-l)(i-2)(x"3y 

a* 
(a-6y(a~ c)‘ 

0. 

4 
a7 + 2y’ 

-^L. 90. 0 
a-» + 6® 
_ 

4 
(x»-l)(x»-4j‘ 

17x 
(a:- 7)(» + 4)(a:-3)‘ 

5a:*+ 6a7+13 
12{a;-l)*(a:+i^^‘ 

24x{7x + 2) 
(9a:* + 4)(9a:*-4j' 



xxxii ELEMENTARY ALGEBRA 

85 2a% 86. 
2 

(a-b)(a-2b){a- 3b)' (x4-3y)(3x + y) 

87. 88 89 34xy 
1 - X* -4)(a*-l)- y«-I6x2 

40. 2xV 

1
.! 1 3a - 56. 

X* - y* a^- 

43. 34xy 44 2xz 45 
49a:'->-y'“' ■ (x- y-z)(x + y + z) ■ (a2_ 9) («•-«-25) 

46. 1 47. 48. 
20x3 

X - r (a + fe)(a2 + 6^) (3 - 2x)«' 

49. 60 3 61. ^ . 62 
1 - a* x8- 1 x(x-2) * x*-l 

53. 0. 64. 3 
66 / ‘-V 56 

x{x^-l)‘ ■ la+6/ 3/»-8x» 

57. -6 58. 2(2*:+5)(a^ + 2) 
(x + 4)(x + 3)(x + 2)(x+ 1)' (a:+l)2(a:“-2ar + 3) 

69 1 60. ^ . 61 69. _i_60. _=—-w. 61.  _ 
(X-l)(a;-2)(a;-3) x^-xy + y^ (x"-l)(x^-9} 

62. 1 63 64. 4 + 2a - 
66 ^ 

X2-1* * X3-1’ 2a ■ x(x4-l) 

66. 
3 a + 5x 1 Sx^ - 18x 4- 2 

(x+l)(x + 4)' 6 + ax’ ■ (3*-2)(2a;-l)(3r-4)’ 

69. 
“(2a- 

3h 
3*) (a-46)' 

70. 1 
X 

71 2*y 
x3 4- y’ 

72. 
a 

"6' 
78. x+l 

X - r 
74 2a!y 

x^ 4- y3' 

75. e 
x^* 

76*! 1 
X - 2* 

77. 

78. 0. 79. -a. 80, 1. 81. a« + 5a 82. - m 

83. 1 84. 5(a + x) 
(2a-x)« 

85 3(a4-25) 
a-6h 

86 5 87 x(x+1) 88. (x-6)» 
(x + l)(x-l-2)(x-3)’ 2 (x-8)(3x-8)’ 

89. x3 4- y®. 90. 1 91. (x- 4)* 
x3+y* (x-7)(3x-5)' 

92. 
a4_a262 + 64 3 94. 2 

o' X 

95. 2W 
8a3 + 27^' 

98. 3. 99. 2x. 

96. x®-ax+a® 97. 

106. -1. 101. -1-. 
1 -f X 

2(a - 6)x 
(a + x)(5 + x)“ 

102. 2xy 

103. 104. (a + 6)(c+d). 106. (g + °)(g-^.). 
a5c /a+ 5) (a-6) 
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m. a^ + l 107. c 

e* 
108. 2{x + y-i-z). 

?09. Sn-m 110. — -3 111. 1. 112. _ 2 

2 ’ (X- 1)^* X 

113. 2x{a-\-h) 114. 1. 115. 2. 116. 1 
x^-h^ * 

117. x{x-\-y + z) 118. y- X. 119. 2. 120. 1 121. l-fa-a» 
z{x -y + z)' X 

XXII. (p. 180). 

1. 8. 2, 3. 3. - 2. 4. 4i 6 2. 6. 1. 

7. 7. 8. 1. 9. 2. 10. 3. 11. 12. 12. 2. 

13. 7. 14. 3. 15. 7. 16. 7. 17. - -107. 18. 1 = •63 

19. 4|=4-67. 20. 16. 21. 6. 22. *35. 23. 2. 24. 1 = •4. 

m. 2. 26. A =-31 ?T. = 108. 28. 4. 29. nl-39. 

50. -1. 31. 4. 82. 4| = :4*71. 33. 0. 34. 5. 

m. 36. 7. 37. :6-33. 38. 6. 89. 2. 

5. 41. 8. 42 b _ 
T — 71 

XXIII. a. (P- 181). 

1. x{ax-tf). 2. (a;+ l)(a? + 10). 
8. S{x-l){x+l). 4. 2(a;-l)(x-3). 
6. (a - 6)(a; + a4-5). 6. (l-3a?>(l + a?). 
7. 4{a~~h) (a^ + a6 + 8. 6(3a;+l)(a;+l). 
9. (4a7-3){2x + 5). 10. (a?- l)(a?+ l)(x + 2). 

il. 5y{4x-3y). 12. a(x- 6)(a; + 6). 
IS, (a;-l)(ar-51). 14. (2a+l)(2a-l). 
15. (a; + a)(a:“ + a2). 16. (9 + x)(8-a?). 
17. (a + 6)(a + 6-l). 18. (2a;-7)(8x + 3). 
19. (a + 6-c)(a-54-c). 20. (aa?- 3) (6a:-4). 

21. 3(1 -a:)2 22. 1 1 

23. 5(2a~3)(2a + 3). 2A (3a - 26) (a; -y). 
25. 3(a-*3)(a2 + 3a+9). 26. (3-a?2){2 + a;). 
27. (6a?-4) (7a;+ 8). 28. (a?-l)(a?+])(y-l)(y + l). 
29. (1-a;) (2 +a?) (3-a;). 30. + y){x- y )(«~6) (a®+a6 + 6®). 

11. 76 (9a-3c-355). 82. (18a:-y)(3a: + y). 
13. (a; + y)(6-a). 34. ^{3a;-l)(3a?+l). 
15. (3a?-2) (9a;+ 4). 86. 7(7a?-y)(7a? + y). 
17. (a;2+l)(y-l)(y+l). 88. (a - 6) (a - 6 +1) (o - 6 - l)r 
59. (a;-‘iy)(x+2y)(a;® + 2a:y+4y*)(«3-2a:y+4y®). 
40. (a + 6~2)(a-f 5~3). 

6.B.A. C 



rxxiv ELEMENTABY ALGEBRA 

41.. p{px-l)\ 

4»„ (a;+ 4) (a;+ 12). 

45. (a; + 2a) (a; ~ 76). 

47. (3x-a)(5a; + 26) 48. 

49. (a: + l)(*2a: + l)(2a;-3). 

61. (a;-8)2, 

63. (x-7){x + 2l). 
65. (3a: + 2a) (4a;-76). 
67. (9a:-5) (3a-+ 25). 

69. (a-26 + 2c)(a + 26-2c)[a2+4(< 

(a + 6)(a + 6 + 2). 
83. (a;-y)(3a; + 3y-4). 
65, + 

67. 32a; (a: + 10) (a:+1). 

69. (a + 6-c)(a-6 + c)(a + 6+c)(6 
70. 3{a-6)(a + 6)(5a2-8a6 + 562). 

71. (a-6)(5a + 56-l). 
73. (2a;-l)(-2a;+l)(4a;2+1). 

76. (a:-l)(a:+l)(a:-2)(a:-F 2). 
T7. 16(a-6)(a + 6)(5a®-6a6 + 56*) 

79, 5.r (13a:® -f-18x7/ + 12y*)* 

42. (x-12)(x-13). 

44. (llx-8i/)(3x+4y). 

48. 26 (3a®+ 6®). 
2(x - 2) (x + 2) (x® - 2x + 4) (x® + 2x+ 4). 

50. (x® + y®) (a® + 6® - c®). 

52. (a - 6)(a + 6+1). 

84. 3(a-6)(a-6-1), 

56. (x + 3)(x®-x+1). 
68. (x-a)(x + a + 3y). 

5>-c)®]. 60. (a - 1. x + a)f.xx - fl + 1) 

62. (5x-12y)(7x + 2y) 
64. 6®(x-6)(x + 6)(x®+6») 

66. (4x-a)(4x+a). 

68. 2y(x + y)(x-y). 

+ c-a). 

72. (13x-4)(3x+2^ 
74. (x-y)(a-6-c). 

76. (x + y-()a)(x+y-7a^ 
78 (a - 5)(aa;+ 6y+ c). 

80. (4x®+2a:y+y®)(4x®-2xy+y®). 

XXIII. b J[p. 182). 

I, a(x-a)(x+a), (x + 9y)(x - L‘x-lK (x + y)(x-S)]|. 

9. X-3. 8, - , 4. 4. 
(x- l)(x-2)(x-3) 

6. ±2*6., +3*6, 3*2, 6*8. 6 y 7, 30 miles an hour. 

XXra. C. (p. 182). 

1. 2(x-2)(« + 2), (2x-l)(x-2), (a + 6-c)(a + 6 + c), (x-y)(x + y-3), 

2. 1. 8. 12a»6»(a-fe). 3x-2. 

8. 22*4 acres. f. x=3, y=-6. 7, 25 miles an hour. 

xxhl d. (p. 183). 
1. (2x+l)(x + 3), (a+8 + x)(a-6-x). (6-c)(a-c), 3(1 - 6)(l + 6 + 6®V 

2. x-a. 8. 0 4. x=6, 4, 2A 
y=l, 2, 3.] 

•. a*+a*6-a6*-61 6. 5. 7. 2 stumped, 3 caught. 5 bowled 



ANSWERS TO EXAMPLES: PART L XXX'V 

XXIIL e. (p. 183). 

1. (X-32)(a? + 4), (x + y)(a-2), (x- l)®(x - 3), 4(1+3a)(l - 3a-f 9a'**). 

2. it8. (x+l){a:-2)(a7-3). 4. 25’7 miles from the start- 
c -fa — 6 

6. x»-2x-f3. 6. -15. 7. 2^. 

XXm. fo (p. 184). 

1. (2x-1)(x4-5), 3(a-i>)(a-f 5), (5-f c)(a - rf), (x - y)(x-f y)(x -z). 
3-2x2 4. ar=:9, 6, 3, 0, ( 

y=l, 3, 5, 7. i 8. a - 6 -f c. 3. 

5. x = 4, y = 3. 

(1 -X)2(2-X)2* 

6. 15 miles. 7. 

XXIII. g. (p. 184). 

1. (3x-i-4)(4x - 3), (2a-f 6 + c-<i)(2a4-5-c-f rf), (x - l)(x4-l)(x + 2), 
(x-l)(x-f l)(y-l)(y+l). 

2. — ^ . 3. 18x2y2(x‘‘-y^). 4. 184 against, 161 for. 
- 1 

5. x®-x(a + 26)-f 3/)^ + a*. 6. -3. 7. rnin., 20x yds., ^ miles 
X 88 

1. 6X-I-2 

I 

XXIII. h. 

2. 0. 

6. x=-2, y^l^. 

(p. 184). 

3. 3 -3, 4 -8. 4 1. 

7. £3x, £12x, ^ ax 
'^'lOO’ 

„axy 
iOO* 

1. 

4. 

7. 

1. 
4. 

XXIII. k. (p. 185). 

2. 2. 8. 

5. 22 min. past 4. 6. x= - 1, y= - III- 

-15, -8, -3,0, 1,0, -3, -8, -15. 

XXIII. 1. (p. 185). 

6xy-3y^. 8. 3. 8. 
a 'b-c 

31,4. 6. a=9|^, 6 = 4. 6. a:= - 2, y= - 2. x=-^,y=-i. 

X 

xy^ 
x^ -f xy +1/ 

1. 12a6. 

XXIII. m. 

2. 21. 

(p. 186f 

4. 4{x®-f x-f l)(x-f 1) 

3 

x4(x'*-f 1) 

6. The equation is an identity. 

6. 5-5 min. past 4. 

c2 

9200 
"100+x 

B.B.A* 
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XXIV. a. (p. 187). 

1. a:*. 2. a» 8. 4. 6. a5«. 6. aV. 7. 2ai 

8. 9. 10. 2a 
b‘ 

11. 
y®* 

12. 
9a®6* 

18. •1. 14. '5. 15. •8. 16. 100. 17. 6 

18. T 
TTm 19. 

b^c 20. a 
21. lla^c® 22. o 10 ‘ W 10 7 * 

88. 
lOo* 
96 ’ 

24. 8ar» 25. 3(a- b). 26. -y-(2a; + y). 27. x + y. 

XXIV. b, (p. 188). 

1. x + y. 2. x-y. 8. 0+26. 4. 20-6. 

5. X - 3. 6. l-2x. 7. 50-36. 8. Ix-y. 

9. 2a-lb. 10. 3x + 4y. 11. lla-26. 12. l-ar». 

18. 130 + 26. 14. 9a - 6. 15. 5x - 7y. 16. a?-h\ 

17, 2a^^b\ 18. x?y-\. 19. |-1. 20. 02 + 26*. 

81. 22. 5_6. 23. 
2 y X 

24. 
2 

86. 26. a-|-. 27. x + y+1. 28. 26. 

29. x-y-2. 30. 3(o + 6) + l. 81. a + 6 + c + rf. 82. 2a+ 6, 

B8. a 
6* 

34. 4(x-y)-l. 85. a + 26+.|, 36. 6. 

37. 38. x + ly. 39. 
♦ ar o® 

40. 
X* o*^ 

41. 
2a‘ 42. 48. ±2a6. 

3 2 
44. 4. 

45. ±6x. 48. ±20a;y. 47. 1. 48. ±2. 49. 1. 60. ±1 
■S 

XXIV. c. (p. 191). 

1. «*+x+ 1. 2. 2a:»+a;+l. 3. x*-x + 2. 

A a*-2a6 + 6*. 5. 3x® - 2x + 6. 6. 2x - 5y + 4a. 

7. x(4x“ + 3x+1). 8. 6x* - 2ax - 3o*. 9. !r*-3 + ^ 
X* 

10. o - 6 - c. 11. x5-3a?-7. 12. 3x*-2xy + 6y*, 

18. o - 26 + 3c. 14. 3a*-76*-llc*. 15. 2ab - She - co. 

£6. 2x - 3y + 52. 17. 7x* - 6xy + 6y*. 18. a^-2-i. 
X* 

19. a«^-3y»+7A 

+
 1 21. 

2 ^ 

22. 
3 <-*+S- 

2- So* a»^, 
ir+a+‘* 

24. 0*0, 
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86. 1 
3* 

26. ^ 
2 

-3x+|. 27. 
a:® 
3 

Ocr 4.® 

88. 3iC® + 4 - 
8 29. 

y 

1 3y 
4 2a:' 

30. a* - 
3a 4 
4 ^5' 

XXIV. d. (p. 193). 

1. 42. 2. 135. 8. 130 . 4. 52. t 5. 187. 6. 625. 

7. 462. 8. 84. 9. 126. 10. 2005. 11. 3001. 

18. 1973. 18. 2345. 14. 20202. 15. 1351. 16. 3489. 

XXIV. e. (p. 201). 

118. 7*32, 7-60. 7*71. 7*85. 

19. 6-21, 6-30, 6-33, 6*53, 6*84. 41*5, 44*6, 46*5. 

30. 7 06, 7*12, 7*16, 7-34. 49-7, 51 *.3, 53, , 54*2. 

31. 7 *39, 7 *67, 7 *90. 22. 80*2, 81*7. 28. 80*15, 80*23, 80“54 

M. 9*053, 9*088. 25. 91*35 91*78. 26. 10*084, 10*048. 

37. 12*36, 12*94. 28. 1*73. 29. 2*45. 

30. 2*65. 31. 3*32. 82. 2*37. S3. 2*19. 

34. 2*57. 86. 2-12. 36. 2*39. 37. 2*07. 
38. 5*24, 6*83. 89. 2*47, 2*76. 40. 2 02. 41. 3*03. 

42. 3 06. 43. 3*08. 44. 3*11. 46. 4*03. 

iS. 4*08. 47. 4*09. 48. i 5*03. 49. 5-05. 60. 5*07. 

XXV. J a, (p. 203). 

1. 1, 2. 2. 1, -1. 8. a, 6. 4. 0, ] L 

6. -2. -3. 6. -a, h. 7. 0, -2. 8. 2a, 6. 

9. -a, 2h. 10. 1 _ 3 
T* 11. - 1 _ 

T» 
s 0, 1 

Tf* 

18. 
a b 

2’ 3* 
14. a 4-6, a-6. 

IK ct 4" 6 
15. , - 

C4-rf 
"T"' 

16. p-2q,2p-q. 17. 2(a4-6) , -3(a-/ '>). 
18. a* -6*. 19. -(a-6)*, (a+ 6)*. 20. 3. 
81. 0, a. 22. 0, -4. 23. - a. 24. -20. 

XXV. b. (p- 205). 

1. 5,2. 2. 3, 2. 3. ±2. 4. 0, 3. 8. -1, -» 
8. -6, +1. 7. 1, 7. 8. : 2, -1. 9, ±2. 10. 10, 1. 

11. -9, 5. 12. 3, 9. 13. -5, 4. 14. 7, 0. 15. 4:1. 
16. 2, 2. 17. ~3, 0. 18. - -7, - 3. 19. 15, -1. 
80. 5, -8. 21. 15, 15. 22. ±3. 28. 0, 2, 
84. 0. -7. 26 102, 1. 26. < -1, ~ 15c 
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XXV. c. (p. 207). 

1. *■ -ii 3. -li, -li 4. 0, - If 

6. 1 2 1 6. ]f 
-ah 

'■ 2’ 2' 
8 - - 

5’ € 

9. 
€1 + 5 c + c2 

10. -Ij, 4j>. 11. 1, -2. 12. 5, 3. 

13. -4, 8. 14. 4, 6. 15. 5, -1. le. ±h 

17. 4, 4. 18. 1, |. 19. - 4, 6. 20. 0, -3|. 

21. 10, 1. 22. -i- 23. -4 1, - 7. 24. 1, 1. 

26. 4 1 26. 27. *, -4. 28. “f 

29. 2, -1. 30. -9^, 1. 31. 15, -4. 82. 2, 

33. 2 2 
Tr» “T* 84. -h -1 35. 1, 36. f 

87. 2 8 
“:3^> :ar* 38, 11, -13. 

XXV. d. (p. 211). 

1. 1 2 
2- tV -i CO

 

1 4. 1, -f 

6. f. 5- 6. -5, |. 7. -9, -f 8. 5, -3. 

9. 2, h 
Ift 8 1 11. - 3. 

<19 4 S 

18. 6 3 14. 3, -2. 16. i Ifi * — * 

17. O 4 3 
A ~12-7* 18. V-, 1- 19. -i 20. 22, -2. 

21. 4 .3 22. 4. 23. 1, ” ir 

25. 2, -3. 26, 2, -14. „ 27. 6, 28. 6, ~|. 

29. 0, 7i§. 80. 12, 36. 31. 0, 3^. 32. 3, -2i 

S3 1, 4. 34. 4, -i 

XXV. e. (p. 212) 

1. l±v/2=2-41 or - *41. 2. -l±^/3 = 73 or -273. 

3. 2±n/3 = 3-73 or *27. 4. 1±n/6 = 3-24 or -1-24. 

6. ^=^^^^^=2-17 or -37 6. l±s/6=3-45 or -1-45. 

7. \/3=l-73. 8. -6±\/3 = -7-73 or -4-27 

9. "±;^.'7«=l-93or--7a 10. 2±n/I3=5-61 or -1-61. 

11. 
-5±n/^ 

4 
-3*39 or ’89. 12. ® %‘^ = 3 58 or 2-42. 

tJ 

It. l^=-80 or - “14u 14. 2n/3=3-46 or -%/3= -l-7a 
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XXV. f. (p. 214). 

L ±5, ±2. 2. ±3, ±6. 3. 1, 3. 4. 0, -L 

6. 3, -1, 1**/13=4-61 or -2-61. 6. 1, - 1, -1. 7. :ir L 

S. 5, -1, 2±v'3 = 3-73 or -27. 9. ±2, ii, ±1. 

TIO. -8, 3, 0, -5. 11. 0, 5, -6. 

12. 0, -5, (other roots imaginary). IS. 0, -I". 

14. - 5, 2, (other roots imaginary). 

16. 1,-4, ^ =16 or 316. 

13. -3 08, -08. 17. , 0 -5±x/r7_ 
iy - : -4*56, - *44. 

XXVL (p. 219). 

7. 2 5, -15. 8. -2-5, 3-5. 9. *5, -16. 
10. •8, 2*5. 11. 1-5, 2-3. 12. ”5, -2*6. 
18. 21, -1-5. 14. The roots are equal , ”5. 
16. The roots are imaginary. 17. 3*8, -*8. 18. -2. 2*6. 
U9. -2, 3-5. 20. -3, 4*6. 
21. 1-87, -1*07. Minimum value -10*8. 22. -2, 3. 
23. 4, -2*5. 24. 4*8, *2. 
25. -1. 2*2, 3, 3*4, 3-4, 3. Maximum value 3*45. 
26. (3, 5). 27. 1-44. 28. 6. 29. 2*5 2*5. 
30. 2*6, 1. 31. -4. 32. -1*4, 2*6. 33„ 2 5, -4. 

XXVII. a. (p. 222). 

1. a; = 3, y = l. 2. 37 = 5, y~ - 2. 3. x-2, y = 8. 
4. a: = 7, y = 2. 5. 07 = 3, y~5. 6, x=l, y=2. 
7. x = 2, y= - 1 8. 07 = 6, y = - 3. 11 11 

10. x = 6, 9. 11. 07=5, - 3. 12. a:=12, -11 
y = 9, 6. y=3, -5. ^=11. -12 

18. x=13. -9. 14. x=-7, 13. 16. a: = 7, -3. 
y= -9, 13 y = 13, -7. y=3, -7. 

16. 1 1 
T* 17. x=2, f. 18. x-2, 

y=3, 8. y=l, -10. 

19. x-d, - 20. x=4, 1*6. 21. x=±7, ±2 
2, -9. y=2, 5. y=±2, ±7 

22. x=z ±5, ±3. 23. x=±2, ±|. 24. x=±3. 
y= t3, t5. y = ±1, ±4. y = ±1. 

25. ■'»*=±2, ±^~. 26. x= ±5, ±3. 27. x=i, 2. 
y = db 6, ± 3^, ±2*4. ±4. y = 2. 4. 
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28. x^l ~ 1. 29. a:=5, 9. 80. 07=7, - 6. 

y=h -i- y = 9, 6. y = 5, -7. 
II 1 tv

 
82. a7=-j. 33. 37 = 5, If 

y= -i y=-2,-6| 

84. a?=2. If. 86. x=7, -2. 36. 1 _ 1 
T* 

2/ = l. 1?. y=-2, 7. 2/-T» --j 
87. x = 5, 1. 88. 07 = 3, 0. 89. 07 = 5, 11. 

y = 2, 10. y=0, -9. y = ii, 5. 

40. a;=13, -12. 41. a; = 2, 4. 42. 07 = 3, if 

y = 12, -13. y=2, 1. y= “2, -4f 

XXVII. b. (p. 224). 

1. x=l, 2. 2. 07=4, -3. 8. 07 = 3, 2. 
y = 2, 1. y = 3, -4. y=4, 6. 

4. a; = 5, 4. 6. 07=1, 1- 6. 07 = 4, - if 

y=-2, -2|. y=L I- y=L -2f. 

7< 07 3= db 1, ±2. 8. 07=:t5, ±4. 9. 07= ±4, ±3. 
y^+2, +1. y~ ±4, ±5, y= ±3, ±4 

c^i 
-H 

-H II 

d
 11. 07= 12. 

i> 

-H 
II y=h i y= h ” V 

13. x=i, |. 14. 07=3, -15. 16. 07= ±f ±f 

y=5, -1. y=±i±| 

16. 07= ±^. ±L 17. 07 = f^, 18. x=4, 

y= ±2, ±L y-B^» y=i> 

II 1 
kS

jM
 

20. 07=^ 2. 21. 1 1 07- 

y=i.-2. y=4, 16„ ,y 1 1 
y-*^» -j- 

28. x=l, -1 28. 07 = 2, 7. 24. 07=9, -3. 

y=h -i- y = 7, 2. y = 3, -9. 

«6. x=\. 86. 
y=l. y=i 

XXVII. c. (p. 226). 

1. *=±1. 2. jc= ±.3, ±N^. 8. x= ±3, x~ ^ 1. 

<<
 II H-
 y=±2, t4\^. y=±2, y=±2. 

4. a;= db 1 (other roots imaginary). 6. x^l 1. 

y= ±1. y=-V •,2. 

6. a;=i3, 0. 7. *=±^. 8. 07= ±10. 

ysp ± 1, ±2. y= ±2. 
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9. li 10. 3;= ±3, ±^. 11. x~ ±2. 

y=±2, ±^. y= ±3. 

12. a;= ±2. 

y= ±3. 

18. 
^ ^ 1 other roots imaginary. 
y=2, 4.J 

14. 37= i 2. 15. 16. 27= ±7. 

y=^h y=±l. y= ±5. 

17. 3=8, -3. 18. 37 = — 7, 3, 5, — 1. 19. x=4, -6|. 

y = 3, -8. y~l, —3, 1, — 6. y = 6, -4|, 

90. X— ±2 21. x= ±2. 22. 37 = 5, 4. 

y=T4, ^3. y= ±1. y = 4, 5. 

98. 3:=1, -3^. 24. a;=-7, 4. 25. 

y = l, y=-^^, 3. y=i,o. 
26. 33= ±2, 27. x=7, ~ 28. x = ±5f ±3. 

y=±5, y=3, -V- y = ± 3, dr 5., 

29. .= *3, 80. x=2i, -l|. 81. =2, 6, l±\/6. 

y= - a, li- y = -5, -2, - 

82. 3^ — rb 3, ±1. 83. x=2, -3, -2±n/2. 
.V=^l, :f3. y=3, 3, -l±N^. 

34. x-0, -2. ) . 
y ~ - 4 2 / imaginary. 

85. a;=-i3, ±2^ ±3si ±2, 
y«±2, iS, ^2, ^3. 

xxvn. d. (p. 229). 
1. A circle, centre (0, 0), radius 6. 2. The origin. 
8. ,, ,, ,, 7. 4. A circle, centre (0,0), radius 9- 

6. A circle through the origin, centre (- 4, 4), radius 4^^2. 

6- „ M „ (4, 3), „ 5. 
7. A circle, centre (3, 4), radius 6. 8. A circle, centre (1,2), radius 6 
9. )} „ (-2,3), „ 5. 10. »> ,, (3, —3), ,, 

11. »» „ (-1.0), „ 4. 12. ff »» (2,0), ,, 
18. „ .. (LO), „ 4. 14. %9 „ (7,0), 
15. A circle, centre (0, 0), radius s/2, 

16. „ „ (0,0), „ 
17. „ „ (0,0), ., ^/l3. 
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X8. A circle, centre (0, 0), radius \/i0. 

19. (0,0), „ 2n/5. 

90. (0.0), „ »/z. 

91. »> ( ~ Ij “ 1)» >» s/2, through the origin 

22. »t (1» 6), „ >/S. 

23. (-2,2). „ s/5. 

24. )» (— 1» — 1)» >» s/E. 

25. »» (3, ~2), ,, s/Tb. 

26. M (0,0), „ 
s/lb 

2 ■ 
27. i» (1» —2), ,, s/¥s. 

28. (2.-1), „ 1-5. 

29 .. (3,0), .. 2-5. 

XXVII. e. (p. 233V 

1. a:=5-3, 1*7. 2. x=6-56, 
y=:l*7, 5-3. y = 2‘44, 6 

3. ar=51, -31. 4. ar=5'61, -I Si, 
y = 3-l, -61 y=l-61, -5-6L 

6. a:=619, 81. 1 1! 

<d 

y= *81, 6 19. y=:l-7, -4-7. 

7. 4, 9. 8. 3 2, 7*8. 9„ 5-73, 2*27. 10. 5 12, -3 12. 

'll. ar=l*27. - *47. 12. 3r=-2, 2*8. 13. a;=2'e>. -2. 
y = l-54, -1'94. y= 2, --4. y = 3-2, *4. 

4. a:=l, -2*2. ♦16. a:=*69, -2*61. 
y= 5, 2-1. y=-2-92, 1*48. 

i6. aT=±5*29, ±2*84. 17. ar=il3*8, ± 6'8. 
y=±2*84, ±6*29. y= d* 5*8, i 13*8. 

8. x = 9-3, - 4-3. 
y=8-6, -18-6. 

XXVIII. (p. 234). 

1. (i) a:+ y miles, (ii) a;-y miles, (iii) hours, (iv) ~ houris 

*• '"‘w 

, ,i, „„ £^, im £j^ (1.) £ 

1 2 3'>' 
4. (i) - hours, (ii) - hours, (iii) ' “ hours, (iv) ay miles. 

7/ 1/ y 

.. a)£±y. (iU) ^ hours, (iv)_i^ hours 
xy ' ’ x-^y 4(a;fy) 



ANSWERS TO EXAMPLES: PART L xliii 

6. (i) + (ii) —_hours. 
xyz yz + Xj. -xy 

r. (i) £* (ii) £ *, (iii) £^5, (iv) £^. 
z yz yz yz 

«. (i)£(*-y), (ii) £(i:-y'\, (iii) (iv) 
\ X J xy xy 

(vj 10^(5—y) pgj. cent. 
xy 

*• (») ^ pence, ( • (») ^ pence, (ii) ^ pence, 

(iv) pence, (v) ^ pence. 

(iii) pence, 

(vi) --^ |2 pence, 

»• (*> 

'(^■*■100) 
(viii) £P 

(■nS.)’ 

'■(■+»)’ 

(iii) £a 

(ix) £P 

“■ 

“• jV & 
1 . h 

1,8, (i) (a;-y)miles, (ii) a(ic-y)miles, (iii)-hours, (iv) --hour#. 
x—y X-y 

14. (a; + 2)(a;4-s3) - a7(x+l) = y. 16. ax + hy-~, 16. yf + yQ=^2z. 

17. 18. z^-{z-2yf^a. 19. = 

20. ax-\-hy = [x ^ y)c. 21. {x-{-a){y-{-a) = 2xy. 22. ’^^-’*^^ = 71. 
X y 

23, —z. 24. a.c--7/(a - 7i). 25. ax + ay-n. 26. aa:+(a- 6)y = ?i. 
a; + 7/ 

27. (a:-l)y = 1760. 28. (a:-l)y= 1760a 29. |+|+j*+y=a:, or lla;=30y. 

30. y+f^ = .. 31. 32. “ + ^4-^ = c(. 33. a.v-z(.r-a) = 20c. 

XXIX. a. (p. 
1. 10, 12. 2. 16 ft., 12 ft. 3. 16 18. 4. 15, 16. 5. 5^. 6. 7. 
7. 169. 8, 53yds., 106 yds. 9. 3ft. 10. 12,15. 11. U ft. 12. 5,8. 

13, 15. 14. 12. 15. 6,9. 16. 72. 17. 40yds., 50yds. 18. 4. 19. 22. 
20. 30. 21. 10. 22. 11. 23. 55 and 60 miles per hr. 24. 12 and 24 days. 

25. 2 hours, 4 hours. 26. 25 miles per hr. 27. |^. 28. 6, 7, 8, 9, 10. 

29. 95. 80. 4 feet. 81. 32 miles per hr. 82. 4. 
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XXIX. b. ^p. 2.‘?9b). 

t. 6, 7. 2. 3 m. 8. 43. 4. 12. 8. 
6. 6 yds. per sec. 7. 14, 11. 8. 6 miles an hour. 9. 7. 

10. 55, 60 miles an hour. 11. 6s. 6d. 12. 13 miles. 18. 32. 

14. 24 ft. long, 18 ft. wide, 11 ft. high. 

16. 10 yds., 7 yds. square, £7, £5. 
16. 30 miles an hour, 50 miles an hour. 

17. 14 ft. long, 12 ft. wide, 9 ft. high. 18. 8 miles an hour. 

19. 5 miles an hour. 20. 8 ft., 7^ ft. 21. 576. 

22. 42^., 7<s., 3s, 6d. 23. 24. 9 miles an hour. 

26. 3d. for 14 lbs., 2d. for every extra 7 lbs. 26. SyV minutes. 
27. 78. 28. 10, 7, 5 miles an hour, 70 miles. 29. 7 ft., 18 stone. 
80. 7-2cwt., 11 *25 miles. 31. 40 yds., 60y yds. 82. 7, 5. 

86. 9, 4 yards. 34. 32 yds. long, 27 yds. wide. 

35. 88 in., 80 in. 36. 10 hours, 15 hours, 
37. 202ft., 16 ft. 38. 3 miles an hour, 39. 14y. 

40. 10 minutes, 15 minutes. 41. 3, 4, 5 miles an hour. 

42. ISyoz., 16y oz. 43. 6 miles, 8 miles an hour. 44. £5. 14a 

45. 5^, 6| hours. 46. 12 miles, 3 miles an hour, 4 miles an hour. 

47. 8 miles, 16 miles, 4y miles an hour, 7^ miles an hour. 
48. 9 

TT- 49. li, 

XXX. 

, 1^, ly minutes, 

a. (p. 243). 

50. 10 gallons. 

1. •5a®6. 2. ■01x» 

y 
8. ‘5x^y. 4. 

•08* 

5. 2 {a - 6). 6. 1 

a; - 3* 
*7. 2x±3y. 8. l4-2a% 

9. x±i. 
X 

10, 11. l±(a-6). 12. a 
6* 

13. X. 14. 2a. 16. 2..*^ 16. 

17. 4, 5. 18. -3, 1. 19. 5, 2. 20. 4, -6. 

21. 0, -5. 22. if 23. -i 24. 1^, 2j. 

25. li> “i- 26. a, - 3. 27. 1. 28. It, 4|. 
29. 4, -2. 30, -1. 31. 1, -2. 82. 1. 
83. li. 34. 1 

s- 

XXX. 

85. 2. 86. 

b. (p. 244). 

1 87. i. 

1. 2ax ^ 
4a;2-9aa’ 

2. a -1- 6 -1, a® + 6® + c® + 2ah 
a® + 3a% + 3ab^ + 5®. 

- 2ac - 25c, 

8. 4. : 2*83, 3*61. I 

CO 
II 2i 7. w- 

y=i. - if 
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(aj~a)(x-6)(x+6)‘ 

5. a;=2’5, y = 6'25. 

XXX. C. (p. 244). 

2. ±10. 3. 3, ~2. 

6. x=3, 4, y=4, 3. 

4. 5x® - 7x 4- 4. 

7. 7062. 

1._. 
{a + 2b){a - 36) 

8. 1,2 are the roots. 

«. 1, 4. 

XXX. d. {p. 245). 

2. - X - 4, a^ + 46* ± c* ~ 4a6 + 2ac -> 46r.. 
± 6a*6 + 12a6* + 86®. 

4, 7*40, 7-65. 6. x=3, -8, y=4, -1 
7. Half a minute. 

1. _^2__ 
(x- l)(x±2)(x + 3) 

x= ± 1, y— ±2. 

XXX. e. (p. 245). 

2. ±12. 8. li-li 4. a:<2i>-3f 

6. 4*2 - 2* ±-. 7. £15. 15». 

XXX. f. (p. 245). 

S. 1. 3. -2-8, 2-3. 4. 12-2.5, -6-26. 6. x=8, y=l. 
7. 2340. 

XXX. g. (p. 246). 

1. X®. 3. 215, -1-4. 4. 2-83. 6. x=6, y=|, -2jv 

6. X® - 6x +1. 7. Sy miles an hour. 

XXX. h. (p. 246). 

L (x* + 3x + 3)(x2-3x + 3). (8x-1)®(1-a)(l+a + a*). 

8. 2-6, -1*6. 6. x=±l, y=±2. 

XXX. k. (p- 246). 

1. 16a« - 36a462 - 108a86® - 162a*6< + 486a6® + 7296^ 
Q (c + a-6)(c-a±6)(c + a-6)(c-a + 6) q ^ 

4a26® ' ' * 
5. 2.54 p.m., 1.51 p.m., 3,57 p.m. 6. x= ±4, ±1. 7. Friday. 

y=±l, ±4. 

4. 68«., 8&SP., 98» 

7. 80, £3*2. 

4. 2-56, -1-56 

XXX. 1. (p. 247). 

1. 6x®~x4±10x®-14x2-25. 3. 5,3. 4. x = 6*37, *63, 
y= *63, 6-37. 

8. They meet in 4 hours, 42 miles from home. They are 10 milei 
apart in 5 hours. 

A *=±5, ±2\/3(=±3-46), 
y == ± 4, ^ ~ ^ J. *731t 

To hours 

hIcs 
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XXX, m. (p. 247). 

+ 2a 
{a - bf 

4. £19. 185,, £41, £57. Hh. 

6. X— ±2, y= ± 1. 

a; - 3. 
6. a;=6, -2, 

y=6, 2. 
7. 39 ft. long, 31 ft. widfc 

a + 6* 

4. a: = 0, 4, 
y = 0, -8. 

XXX. n. (p. 248). 

t, 3. 2a^/Ha-hb), (x~2)(x-^3)(x^5) 2. 4,}. 3. 2a^d(a-hb), (x~2)(x-‘3)ix^5) 

6. 12, -1-5. 6. ±9|, 7. One m5k 
y=T2, ±7. 

XXX. p. (p. 248). 

1. 6a; + ay+l. 2. -8, -12. 
3. (a - 6)(a + 6 - c) (a -I- 6 + c), (a;^ - xy - y^) + ay - y^). 

4. 4 54, - 1 *54. 5. 25J miles an hour. 

6. a?= J-, y = Y, 2 = 7. 480 apples, 400 pear* 

XXXI. a. (p. 249). 

1 -a-b. 2. 
1 

ah' 
3. 

ac 
b' 

4. 
2{a~ 2b){2a - h) 

a + b 
6. 

2 
+ b'^c^ + c'^a^' 

6. 
a + c 

7. a + b. 8. 
a + c 

b • 
9. 

a®-f 5® 
a + 6 * 

10. abc. 11. 
2ab 
a + b' 

12, 

13. 0. 14. 
a®+ 5® 

a4- 6' 
15. 

ab 
a + b' 

16. 
o‘+l 

17. 
ah 18. ad + hc- 2bd 

a^a®-a4-2)“ a^-ab + 6®’ a-b + c-d 

19. 
2ah 
a-b' 

20. 
a + b 

21. a + 3b. 

22. 23 
2 

a + 6 
2 ' 

24. 24. 
aH-6 

25. 
a + b 

XXXI. b. (p. 251). 

I. a; = a+l,y = a-l. 2. a: = c, y=-a, 

3. a; —3a-6, y = a + 36. 4. ^ = 

« a® + a5 + 5® ah 
a?=-£-, y =-£. 

® ^ a-th 
6. x=a + hf y=a-b. 
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/. x=Cj y= - a. 8. a;= 

x=-y = 
a-h ^ 

il. a:= 
6 + c - a 
a + 6 - c’ 

a-h 
a + b‘ 

a 4-c - 

a 6’ 

3^ 

a + h ~c 

10. y=--. 

f(aV7>2) r(a2 + 62) ^ _ 

«o c - a 
US. x=-, y- 

c + a’ ^ 

i8. a:=a, y = 7». 

17. x=a + hf y—a 

iL9. X— 

th X 

88. a; = 

• he 
a 

a 

a - c 
14. 

a + ft + c a + 6 
2{c + a)' a+6 c • 

16. 
_a2-52 _a2-6« 

^ ap~hq*^ aq~bp‘ 

■a - 6. 18. 
he ~d ad~ c 

^ ab - 1* ^ ~ ab ~ V 
}? - ac 

~ b ’ 
20. x-Qa + b, y=2a-h. 

__ 1 
a^+l’ y~W+l' 

±a 

2abc 

y= 

22. x = 

i h 

b + c- a 
2a ’ 

c + a_ 

±c 

h a+b-t 
2 = - 

2e 

~ ^ ly —_’ __ 
ah-bc-\-ac' ^ ah + hc-ac' 

s/la^ -h mb^ -h nc^‘ 
2ahc 2abc 

~ he-i-ac- ah' 

XXXI. C. (p. 252). 

1. 11 1 2. x=2a, 3a. 8. Pe 
II 

4. a;=a, 6. 5. a;=ai~. 
a 

6. 1 q 
x~ -i. 

a j, 

7. a:= ±a. 8. b 
X — -- 

a 
9. II 

a
j^

 

10. 1 1 
X=--f T* 

a 5 
11. x=4b, -3l>. 12. P a; =—. 

ag 

48 5a oa 
lo* 

14. _o ^ X — 3a, 2 • 15. X— -2a, 2a + S2i^. 

16. a-6 a+6 
a;--. 17. 

a+6 a-b 
~a-S' a + b’ 

18. cc = a, 6. 

19. aj=a+1, a- 1 . 20. x= ^[a-i-b + c±s/a^ + b^-^-c‘^~bc ~ac -afe} 

21. a:=l(a±J). 22. 
, a + 6 

a: = a + 5, , 23. a:=0, a+ 6. 

24. 
, -2ab O" — 1. 25. x = bj 2a 'b. y = a, 2& -a. 

* a2 4-2a7;-7,2 

XXXI. d. (p. 254). 

2. 2. 3. 7. 4. 1 1 . 
6. ±5. 7. 0, 8. 3. 

1. 11. 
6. 1. 
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9. 1 10. 8, 11. -5. 12. -4. 
2jlO 

L8. 4. 14. 8. 15. (a2 + 62)* 
(a+ 6)®’ 

16. ±6. 

17. 18. - 3 
sw 19. 11 

"T 20. 6 
a 

21. 16. 22. 0. 23. 2 24. a’ 
16 

25. a*+62. 26. 1, -4. 27. 0, 5. 28. -L 

29. 2, -4. 30. 2, -i 81. ^(3±\/5). 32. -1. 38. 

1. 
y= 
z = 

4 

y 

7. X 

y 

9. 

11, a; 

y 

14. a? 

6, 4, 

4, 6, 
6, 5. 

*3. 

= ± 4^2, i 1. 

=0 ± — 
’ *>/3’ 

= ±c, q: 
n/3 

2b-a 

XXXI. e. (p. 

2. ar=9, 1, 

y=3, 3, 
2=1. 9. 

6. a;=±4, 

y=db2. 

8. 

256). 

8. a: — ~ 
1±n/^ 

4' 

6. x=a, 

y = by 

a + b 
2 ’ 

a + 6 

x=l, 1, 2, 2, 4, 4. 

y=2, 4, 1, 4, 1, 2, 
2=4, 2, 4, 1. 2, 1. 

-±4, 

-(M> 

-(M). 

= ± 3, .v= ± 1, 

10. ab {c-\-d) - cd{a 4* 6) 

12. X 

y - ± 

z— ±- 

i n/6, 

\/6 

v/6 

ah - cd 

13. X— 

y=±Ti» 

z=±Ti* 

XXXI. f. (p. 259). 

1. (0. 7)(5, 5)(10, 3)(15, 1). 2. (0, 6)(3, 3)(6, 1). 

5. (5. 1)(3, 6)(1, 11). 4. (7, 8)(10. 1)(4, 15)(1, 22). 6. (2, 3). 
6. (11, 10)(24,3). 7. 7. 8. 8. 9. 6. 10. 6. 

12. (1. 7)(3, 4)(5, 1). 18. (1, 13)(2, 8)(3, 3)(0, 18). 

14. (0, 12)(4, 9)(8, 6)(12, 3)(16, 0). 15. (1, 3)(8, 1). 
16. (0, 10)(3, 8)(6, 6)(9, 4)(12, 2)(15, 0). 

17. (2, -6)(4. ~4)(6, -3)(8, -2)(10, -1). 18. (3, ~6)(6. - 4)(9,-2). 

19. (1, -.3)(2, -2)(3, -1). 20. (-3, -6)(-6, -4)(-9, -2). 

91. (-8,-4). 22. (-2.-10)<-4,-^8)(-6. -6)(-8, ' 4)(-10, -21 



ANSWERS TO EXAMPLES; PART 1. xlix 

2 at 53, each, 4 at 7tf. 24. 6 geese, 4 turkeys. 

30 ways. 26. 27, 32. 
Give 10 four-ahilling pieces, receive 2 half-crowns. 

4 ways. 29. (}; Y), (f; «). 80. 13/> + 7, y = 9p. 

II. 3 ways. 82. 35, 4. 83. 3 ways. 

1. 
4. 

7. 

HO. 

S8. 

16, 

17. 
19. 

SI. 

S8. 

as. 

80, 

12. 

44. 

XXXII. (p. 266). 

a;®-7a?-h 10-0. 2. x^ + x-20 = 0. 8. 4a?2-l=0. 
x^ + 3x = 0. 6. + aa?-6a2 = 0. 6. x^-2ax-|-a* 

a®a?® - 2a*x + a* - 1 = 0. 8. x^-2mx + n=0, 9. Zx* + mx-fn = 

a:2-6x + 6 = 0. 11. 25x2-40x-f 13 = 0. 12. -25. 

p2 _ 4q must be a perfect square. 16. p, q, 

/■ n* 

1=0. 
0. 

2c2 
«a* 

x2-2px4-4g = 0. 

oa?2 -f 3?>x -f- 9c = 0. 

aca?2 - 2 (6* - 2ac) X + 4ac = 0. 

a2cx2 - b {Zac -h’^)x-k- ac^ — 0. 

x* + 4px - p2 = 0. 

P (3?-/'*)• 

18. ax^-bx + c = 0. 
20. acx2 - (62 - 2ac) x + ac 

22. a2a?2 + abx + 9ac - 262 - 

24. a=-|. 

27. a*(x*+!) + (?>“+ 2a')a; 

29. p*a:>+^>x(^-r)-5r=0. 

o?x^ - (62 - 2ac)x -f c2 = 0, 
k=-2. 

a^x^ + 26 (462 ^ j x - c*=0. 

81. x2-(7?2_)-2^)x-|-g2 = o. 

34. ip' ~p){pq' -p'q)=^{q- 

40. -=||. 43. (i)ac. 
c 

= 0. 
rO. 

= 0. 
_^2 

(ii) c2. 

62-2ac 

a2c2 
49. 5a. 50. 1 

XXXin. a. (p. 268). 

1. (2x-5y)(3x-4y), {x^-Zxy + y^){x^ + Zxy + y^)y 
(x- l)(x-f- l)(x2-f x-t- l)(x2-x-l-l). 

2. 0. 3. 8z(2z-l). 4. x»(x»-y«). 

5- (i)2^. (ii)*=±2, ±1, 
y=±l, t2. 

6. 4 hrs. 35 min., 3 hrs. 4S min., 19'9 miles. 

7. *=-3, y = q, 2 = 4. 8. a:“ + 3pa: + £^* + g=0. 

1. (a:+ 7) (* + 9), 

2. Sx»-7x-2. 

6. £600. 

XXXIII. b. (p. 268). 

(y-®)(y + 7a)(y-6o), 
x(x- l)(a:+ l)(a;-2)(a:+2)(a:-3) {r + 3). 

8. 4. 4. (i) 4 (ii) 1. 13- 
ab 

6. 90, 81, 71, 62, 41, 21. 



1 ELEMENTARY ALGEBRA 

XXXIII. c. (p. 268). 

1. 367a-1146 +690c, 1082. 2. 0. S. x^-'Jx + % 4. A 

6. (i) (ii) *=2, 1-1, 6. £30. 7. -1, 

y=i, 1|. 

XXXin. d. (p. 269). 

1. ;e»-3.t:’'+lI + -8. 2. ^--1--. 8. 2a4 + 3a; -6. 
b a 

4. 20a; yds., miles, miles, hours. 

6. (i) a; = 0, 7, -2/p (ii) a;-^, y = 

6. In secs. 7. a; = 1 *5, max. value 2*26, 

XXXIIL e. (p. 270). 

2. a;6-y«. 8. n^-f-Sw + l. 4. - 
2yz 

6. (i) a-b. (ii) 2*63, 1*37. 7. 15> 12 miles per hour, 
2 1 

o- 

XXXIIL f. (p. 270). 

a;® + 3y^. 2. a;(a;-4)(4a;-7), (y + 3)(.v - 3)fy‘ + 2(l>^, 
(a2 + 3&2) (a« - Sab + 3h®) (a^ + 3a6 + Sh^). 

8. (i)^. (ii)*Z±^; * 4. 4a, 4^. 

6. 48 minutes. 7. -(a + 6 + c). 

XXXIII. g. (p. 271). 

1. 2a;® + 3a;2 + 8a; + 25, remainder 74. 2. *618. 
8. 14/8, 14/-. 4. (i) -4(a2-f?)2). (ii) 0. 

6. (i) (ii) x = ~, v = ^. 6. £26, £50, £64. 
' ^ a + t ' ^ a-hb a + b 

7. aa;2 - 26a; -f- 4c = 0. 

xxxm. L. (p. 271). 

1. af^{a-i~hx^). 2. -30. 
8. (i) -ab + b"^, (ii) (a2-fa6-f 6®)(a®-a6-f-6®)(a“ + a6-6*) 

4. a; = 2, y = 5 are common roots. 5. -H 3px - 9<y = 0. 

6. (i) 2, -34^. (ii) a; = f, 7. 41, 28 miles per hour. 

y=-i, §• 



ANSWERS TO EXAMPLES: PART I. I 

XXXni. k. (p. 272). 

St -SI, - -81 3. -L-. 4. I?. 
o — c 

». 6/17/-, 6/6/-, 7/12/-. 6. a:=±(a±5), 
2/=±(aTb). 

T. aa^+(b-2am)x + atii‘- bm + c=0. 

XXXIII. 1. (p. 272). 

1. (a='-126)(o2+46), (a + c)(ac-i-b'^). 2. a«-646» 
4. 161J. 8. x=l, y = ‘2, z = 3. 

8. bf‘<ac. 7. 43, 18 miles per hour 

XXXin. m. (p. 27-2). 

1. I&-C). 2. (2a:4-7)(9a;-5), (a - c){a + c--lb), 
{x-b){x-^)(x- 5 ) 

». x*+1x~-i--:£x-li. A .3-61. 

4. (a) ar = -i, (6) % t 7. 25, 44, 46. 
.,1 ha 

»=i. h- 

xxxm. n. (p. 273). 

1. {'%c-bd)^ + (ad-bc)^=(tix-}xl)(.ad-hc). 2. (i) 0, (li) *■ 
4 

8. {3x + 2)(,x-2](2x-\){2x+l). 4. 3-5. 

8. £800. 6. (i) (ii)ar=±.^, 

7. acac® +(a6 + 2ac - &*)x + a(a - 6 + c) = 0. 

XXXIII, p. (p. 273). 

1. ~ l)(a:^4-a:’+1). 2. a:* + y®-f + yz - ea? + xy. 

». 8a;6 + 6a:®-4a:^-37ar3-15a;2 + 7x + 35. 4. -3-83, 1-83. 

*• (i) (ii) ~zy T> 
_ 3 13 1 _ 1 1 

y- “4J T> ^ar- 

XXXin. q. (p. 274). 

t. (i) *=0, (ii) 4. (64a^-729)(3®-t-8l 

«=0, 
b-d 

I. 9-75. 6 35/- 



lii ELEMENTARY ALGEBRA 

XXXIII. r. (p. 274). 

1. (a?-l)(a?+l), xix-l){x~2), i3x~l}ix-2), 
L.o.M. x{x- \ ){x-^\)(x~l){x-2){3x- ]). 

2. (i) 3. (ii) a + 6. 8. 5*53,-2*53. 4. 2a2-3a5 + 262=:0 

5. A was elected by a majority of 5. 6. a?= iv'^2(± 1*41), ±5 

M a*-3a?) + 2c 2/= ^ 4\^(5*66), dr3« 

XXXIII. S. (p. 275). 

l. Z(j?+f + z^-xy-yz--xz). 2. 1, 
2a + 0 

8. (i) n*. (ii) 71^ + (n - 1 )^. 

4. ar® - (m + 71) [p^ -2q)x-{- g”(tti^ + n^) + 77i7t -f* 2f/) =G 

8. a?<C“"3^ or>2^< 

8. jt = I, 1, 2, -2, 2. -2, T. 14, 8 naiW f>^>r boor. 

y=2. -2. 1. I, -2,2, 

f« -2. 2, -2. 2, I, i. 
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