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PREFACE

THis book has been written for students and engineers who wish to learn the
theory and practice of reinforced concrete. It has been assumed that the reader
is familiar with the elementary theory of structures, but the more advanced
analysis of indeterminate structures has been included. The fundamental theory
of the stresses in reinforced concrete based on stress-strain relations as commonly
accepted, with suitable margins of safety, has been presented and also extended
to simplified forms so that the student may not only learn to base calculations
on established theory but become accustomed to developing methods of design
which enable him to evolve and select the best solution of a practical problem.
The undergraduate will be more concerned with fundamental principles, and the
post-graduate with the application of theory, but both should aim at attaining
a balance between the academic and practical viewpoints.

It is seldom that the first edition of a book is produced without the inclusion
of some errors, and the writer would appreciate being informed of any that
readers may find so that they may be corrected in future editions.

Grateful acknowledgment is made to all who have assisted by their com-
ments and interest, to Mr. J. H. Creed who prepared the drawings, and to Miss
B. M. Gandy and Miss M. J. Trewin who typed the manuscript. The late Dr. G. S.
Coleman and Mr. F. E. Drury, 0.B.E., M.Sc. (formerly of the Manchester College
of Technology), Dr. R. Gartner (of South Africa), and Colonel Frank Clarke,
M.A. (former headmaster of Queen Elizabeth’s School, Crediton, who is quoted
in the last chapter), are especially remembered as having contributed, although
indirectly, through their educational zeal.

A.L L B.

LoxnpoN, 1949.
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CHAPTER 1

GENERAL PRINCIPLES OF DESIGN

[Certain points in this chaf)ter will only be fully appreciated after
reading the remainder of this book. It is therefore recommended
that it be read again at that stage.)

Factor of Safety, Working Loads, and Stresses.

A cIviL engineer must be not only a reliable calculator of stiesses but a man of
courage, resource, and sound judgment. In one sense the pioneering of the
nineteenth century has passed. Some structural materials have been improved
and more may be known about their strength and durability, but on the other
hand adverse conditions on sites of engineering works have still to be overcome,
lower factors of safety may have to be adopted, and the replacement of struc-
tures with pin-joints by those with rigid joints leads to more complex calculations.
Thus the task of the engineer is no easier.

Professor Sir Charles Inglis, O.B.E., M.A., in an address given to the mem-
bers of the Institution of Civil Engineers in 1948 on the subject of ‘“ Mathematics
in Relation to Engineering,” said: “In relation to engineering the qualities
required in a mathematical process are utility, generality, and simplicity, and
of these the greatest is simplicity,” and his answer to the question “ How can
engineers get the best out of mathematics? ”’ was as follows: ‘“ By using the
simplest and most straightforward methods and avoiding those which obscure
the physical aspects of the problem. The Greek philosopher Aristotle spoke
words of profound wisdom when he said, ‘ Let your reasoning be that of an
intelligent man but let your meaning be expressed in the langiiage of the common
people.’ That precept should be the guiding star directing our mathematical
explorations. We should strive to discern the natural connection between cause
and effect, and in all cases where it seems possible to do so the mathematical
reasoning involved is crystal clear, beauteous in its simplicity, and most fre-
quently the illumination is of a geometrical character which is convincing to
the eye.”

The engineer must ensure the safety of a structure at all stages of construc-
tion and when it is in use and subjected to loads applied under normal conditions,
and often he must allow for these loads being exceeded. He has to decide what
loads the structure may receive, how it is to be supported, and the stresses on
which his calculations should be based. He may have to assess the force of
wind and tide or the compression of the ground, with little data to guide him.
In the case of a simple structure such as the floor of a building the local by-laws
generally specify the superimposed loads and the safe working stresses which
must be included in the calculations. Thus the factor of safety which must be
“adopted is clearly defined. Frequently the determination of the factor of safety
will be a much more complex matter; it may vary according to circumstances
-and for different parts of a structure.

: : I A



2 REINFORCED CONCRETE

The term factor of safety is sometimes understood to be the ratio of the
ultimate load to the assumed working load as in the case of the stability of a
retaining wall, and sometimes, when considering the strength of a structure, as
the ratio of the stress at failure to the working stress. The latter definition is
only satisfactory so long as the stress in a structure increases in proportlon to
the load. When this does not happen the term ‘“load factor” is sometimes
used, and is defined as the ratio of the ultimate load to the working load. To
avoid confusion it is proposed to adopt in all cases the definition that factor of
safety is the ultimate load divided by the working load. The ultimate load is
the load which causes failure of the structure, or an appreciable reduction in
strength due to the yielding of a member or deformation so that the structure
is of no further use. The working load is the load or the combination of loads
which may occur and which causes the maximum stress or change of stress in
a part of the structure.

It is convenient to make most calculations in terms of working loads and
working stresses but, in order to ensure that an adequate factor of safety is
provided, possible altered conditions of stress distribution or increased eccen-
tricity under ultimate load may have to be considered. Conversely if, as is
advisable, for example, in prestressed concrete, calculations are made in terms
of ultimate loads and stresses, the distribution and magnitude of the stresses
under the working load should also be considered to ensure that there is no
overstressing.

It is sufficient to adopt a factor of safety of two since it is defined as the
ultimate load divided by the working load provided that the following assump-
tions in the calculations are within safe limits: (1) Stress and distribution of
stress ; (2) Working loads; (3) Strength and yielding of supports; (4) Stresses
due to changes in temperature, and to creep and shrinking of the concrete ;
(5) Reduction of strength due to fatigue, corrosion, or wear and tear; (6) Re-
distribution of stress or bending moments due to plasticity or creep.

The assessment of reasonably safe assumptions can sometimes be made after
tests and are often, as a result of experience and research, specified in by-laws
and codes of practice as maximum permissible stresses, minimum superimposed
loads, and other conditions of design. In many cases, however, as will be seen
from the following example, an engineer must use his own judgment and
experience in making these assumptions and in assessing safe numerical values.

The value of two for the factor of safety may be reduced in some special
cases which will be mentioned, but there is no need to use higher values, as is
often suggested, provided that safe limits of loads and stresses have been assumed.
A safe limit for a particular factor is sufficiently outside the range of all known
values to ensure that the worst possible conditions will not cause failure. It
is most important to ensure this, and the assumption of safe limits is a much
sounder way of producing a safe design than the use of a higher factor of safety
combined with smaller loads. For example, in the case of the force of the wind
which increases as the square of its velocity, the assumption of the pressure due
to an extreme case of a gale of 100 miles per hour in conjunction with a factor
of safety of two might be safe for the worst condition of loading, whereas the
assumption of the pressure of a gale of 70 miles per hour and a factor of safety
of four would not. If in the case of a high building there is.the remotest possi-
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bility of a hurricane of 100 miles per hour occurring it should be allowed for.
Therefore, in order to keep the issue clear, stresses and loads which are, if
necessary, quite extreme must be assumed in order to be absolutely safe. A
factor of safety of two is then sufficient.

Safe Limits of Assumptions in Design.

STRESS AND DISTRIBUTION OF STRESS.—In the case of steel the yield-point
stress of a test specimen is assumed to be the same as the yield stress of similar
steel used as reinforcement for concrete. The yield-point stress of a test speci-
men with a slight reduction for possible corrosion divided by two is therefore
the extreme limiting value of the working stress in cases in which the stress
varies in proportion to the load. Steel that exhibits no definite yield point
under test cannot be summarily considered in this manner. For example, in
prestressed reinforced concrete beams the total strain of the wires at the ultimate
load must not be so great that the compressive stress in the concrete is excessive,
and the calculated stress at working load must not exceed 50 per cent. to 75 per
cent. of the arbitrary yield stress.

In the case of concrete certain effects, depending on the type of structural
member, must be taken into account. The strength of concrete in compression
in a structural member depends on the amount of lateral support it receives.
Thus, using the same material, a cube crushes at a higher stress than a cylinder
the height of which is twice the diameter. In a beam, before failure takes place,
the distribution of the compressive stress alters from a triangular distribution
to a form having about 30 per cent. greater total compression, but the design
of beams at the working load is based on a triangular distribution of stress, which
is a safe assumption. In a column subjected to a load for a long period, the
stress undergoes a redistribution due to creep of the concrete, and the load is
partly transferred from the concrete to the steel. For columns, therefore, the
permissible working stress is lower than for beams.

The ratio of the moduli of elasticity  of steel and concrete is sometimes
assumed in calculations to be 40,000 divided by three times the permissible
bending stress for concrete. This is based on the approximate value of the
modulus for concrete a few days after casting, and for high-quality concrete
this may be doubled in twelve months on account of creep, or quadrupled in
the case of low-quality concrete. Because of the uncertainty of the value of m,
an arbitrary value of 15 is frequently used. It is seen in Chapter III that the
effect of variations in the value of the modular ratio are almost negligible.

The factors that may cause the ultimate stress in concrete in a structural
member to be less than that in a test cube made from the same concrete include
less lateral support, less compaction, loss of cement grout through joints in the
shuttering, delay between mixing and placing and tamping in position, trapping
of air in the concrete, damage by rain, frost, or injurious substances, and care-
less curing. In addition, even with the most efficient control, weak concrete
may occur in an important part of a member on account of the use of defective
cement, weak aggregates, or the intrusion of dirt. It may be that no test cubes
have been taken from such a batch and, even if they were so taken, the results
might be received too late. It is customary (D.S.LR. code) to use permissible
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working stresses of 37%3 for concrete in columns subjected to direct stress and

g- for concrete subjected to bending, where x is the crushing strength of cubes

of similar concrete made on the site. It can then be assumed that a factor of
safety of at least two is provided. In most reinforced concrete structures the
factor of safety in the concrete is probably higher than two, but this is necessary
in order to guard against excessively weak concrete occurring in an important
part of the structure.

Since an advantageous redistribution of the stress in the concrete takes
place in a rectangular beam before failure, the factor of safety for the concrete
is probably again increased. In a tee-beam with a low neutral axis, however,
the redistribution of stress before failure has less influence on the strength since
the average stress is not greatly altered. For this reason, when further research
has been carried out on stress distribution, the view that calculations based on
conditions at failure result in a sounder structure may be confirmed.

Failures rarely occur due to weak concrete, but occasionally due to wrongly-
placed reinforcement. It is very easy, for example, for the top reinforcement
of a slab or cantilever to be trodden down during concreting and thereby to
increase the stress in the concrete and the steel. This type of failure can only
be guarded against by a considerable reduction in the working stress. The
fault lies in the method of fixing the reinforcement and inadequate supervision.
It is equally important to ensure that the stress in the reinforcement is not
excessive, as the risk of failure due to overstressing the steel is probably greater
than in the case of the concrete, in which the working stress in bending is one-
third of the cube-strength on the assumption that the factor of safety is not
less than two after the redistribution of stress and defects of workmanship have
been taken into account.

WOoRKING LoADs.—Minimum working loads covering most of the extreme
cases likely to occur are now generally specified in regulations and codes of
practice. These include superimposed loads on floors of buildings, live loads on
bridges, and wind pressures. If a factor of safety of only two is used care must
be taken to ensure that in no circumstances can these loads be exceeded. As
a general rule, therefore, an exceptional extreme working load, such as wind
pressure from a hurricane, and a low factor of safety should be used, rather
than a normal maximum working load and a higher factor of safety, in order
to appreciate clearly the margin of safety provided. '

In some cases it is practical to design only for maximum loads under normal
conditions, it being quite impractical to design for abnormal conditions such as
when a jetty receives a blow from a vessel completely out of control. In such
a case the engineer must assume the maximum speed at collision which may
occur under normal conditions in the case of the largest vessel likely to approach
the jetty. He must then design all parts of the structure to withstand the
forces resulting from such a collision with a factor of safety of two, which factor
should also apply to the general stability of the whole structure. In the design
of fendering or other shock-absorbing devices a factor of safety of 1'5 onmly
should be applied to the known strength so that the shock-absorber fails under.
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excessive load before the main structure, thereby absorbing considerable kinetic
energy from the colliding vessel or other moving body and reducing the amount
of energy to be absorbed by the structure.

STRENGTH AND YIELDING OF SuPPORTS.—For a footing, raft, pile, an abut-
ment receiving thrust from an arch, or a pile resisting uplift, the supporting
power of the ground should be great enough to ensure that negligible yielding
takes place when the structure is subjected to the ultimate load, otherwise the
stresses in the structure are increased by the yielding of the supports and may
reach the ultimate values under loads less than the working load multiplied by
the factor of safety.

If the yielding is not negligible the structure must be designed to fail under
the stresses due to twice the working load plus the additional stresses due to the
yielding of the supports caused by twice the working load. If the stresses in
the structure increase in proportion to the load, it may be sufficient to consider
the working-load conditions only but, as in the case of long columns, the stresses
may increase more rapidly than the load and the yielding of the supports may
do the same. In the case of a flexible arch it may be necessary to take into
account the increase in eccentricity of the thrust due to deflection under ultimate
load.

TEMPERATURE AND SHRINKAGE AND THE REDISTRIBUTION OF STRESS DUE
T0 CREEP.—Temperature and shrinkage stresses may sometimes be added alge-
braically to other stresses under either working load or ultimate load. In some
cases, however, change in temperatpre or shrinking may cause cracking in an
otherwise uncracked member, and as a result the combination of stresses is more
complex than an algebraic summation.

The transfer of stress from the concrete to the steel due to creep is a func-
tion of time and of the average compressive stress in the concrete during the period
under consideration. It appears that after twelve months creep has practically
reached its limit, and the resulting transfer of stress may be taken into account
by assuming a higher value for the modular ratio. This effect of creep is ignored
in ordinary reinforced concrete, but is taken partly into account in the de51gn
of columns. In long columns in some cases the effect of creep in mcreasmg
lateral deflection and eccentricity is not negligible. Creep is also considered in
the design of prestressed members.

DETERIORATION OF STRENGTH DUE TO FATIGUE, CORROSION, OR WEAR AND
TEAR.—When these factors are considerable the dimensions of members should
be increased in order to ensure that they do not decrease below what is required,
under proper maintenance, for whatever period is required.

REDISTRIBUTION OF BENDING MOMENTS.—Redistribution of bending moments
may take place in a continuous frame, at the stage when stiff members yield,
before failure of the whole structure, and this possibility is sometimes used to
justify designing on the assumption that bending moments are slightly redistri-
buted to advantage under working-load conditions. For example, in a continuous
beam, partly on account of creep and partly on account of the redistribution of
bending moments, bending moments at the supports calculated by the ordinary
elastic theory may be reduced up to 15 per cent., and the bending moments at
mid-span increased by the same amount. Such a redistribution would not take
Place until the reinforcement at the supports commenced to yield, or sufficient
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creep of concrete had taken place, but the ultimate load would be the same as
for a beam designed without the adjustment. Such redistribution of moments
in design are permissible so long as the stresses in the reinforcement under work-
ing load are not high enough to cause serious cracking of the concrete, and so
long as the ultimate strength is not affected. It is generally considered that
a tensile stress of 27,000 Ib. per square inch in the reinforcement is the greatest
that will not cause objectionable cracking.

The result of failure considerably influences the safe working load adopted,
and may occasionally justify a slight reduction in the factor of safety. If failure
means that life may be endangered, working loads which can in no circumstances
be exceeded must obviously be used. If failure means the cracking of a pile
during driving or of a precast member during erection, which can easily, if
necessary, be replaced, then the minimum working load and a factor of safety
of 15 may be sufficient. Other cases are when a member is cracked because
of the settlement of a footing, or because of excessive stress in the reinforce-
ment in a continuous frame due to local stiffness being ignored in the calcula-
tions ; the adverse effects disappear after cracking, so that a factor of safety
of at least two is still provided against complete failure. In practice a great
variety of such problems exists, and in each case the general principles which
have been outlined must be applied. The following are typical examples.

In the case of long columns it is customary to reduce the working stresses
below the ordinary value as the slenderness ratio increases, in order to take
into account the bending moment which develops due to eccentric loading as
the column deflects laterally.

In designing beams for high shearing stresses the reinforcement is assumed
to develop the full working stress, regardless of the stress in the surrounding
concrete. Tests show that this is a satisfactory method of design, and the
factor of safety is based on ultimate-load conditions.

In the case of swimming pools, basements, or underground storage tanks
there is sometimes a risk of the floor lifting under external hydrostatic pressure
after a wet season has raised the water-saturation level of the ground. If such
a possibility is remote, and if it is not possible to ensure disposal of the water
by draining or to release the pressure through vent-pipes, a factor of safety of
1-25 might be used.

In the case of a retaining wall liable to overturning or sliding, a factor
of safety of 1 5 can be used if the ground pressure can be accurately deter-
mined.

On some sites there is a risk of gypsum, salts, or other chemicals causing
deterioration of concrete foundations. In such cases high-alumina cement con-
crete should be used, or the site drained so that the risk is removed.

Where there is a risk of bad workmanship or of poor-quality materials being
s:gpﬁ;;i the working stresses generally assumed for the materials should be
reduc

In marine structures, fendering should in many cases be designed for normal
conditions only, so that if failure takes place under abnormal conditions replace-
ment or repair is simple. Where high spetds of berthing are unavoxdable,
shock-absorbing fenders should be used.

In flexible raft foundations, high and low safe limiting values for the coeffi-
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cient of settlement of the ground should be assumed in order to cover the worst
possible conditions, and the deflection of the raft limited to an amount which
will not cause cracking of the building it supports.

In piled structures the piles should be spaced so that their total resistance
to load is not less than the sum of their individual resistances. In marine struc-
tures loss of resistance to uprooting in clay due to lubrication by water in some
cases must be allowed for; in other cases the resistance can be assumed to
increase as time passes.

In the case of bridges allowance must sometimes be made for the effect of
impact or ‘“ hammer ”’ from locomotives.

In determining the safe supporting power of the ground the sub-stratum
should be explored by test borings. Settlements obtained by tests should be
multiplied by three or four, as when a complete site is loaded the settlement
is generally much greater than when only a small area is loaded.

In an arch liable to yielding of the abutments, and therefore to much
deflection, the factor of safety is the ultimate load divided by the working load,
the value of the ultimate load being based on calculations which take into account
the yield of the ground under the ultimate load and the bending moment in the
arch due to thrust, eccentricity, and deflection due to the ultimate load.

In prestressed beams the permissible working stresses of ordinary reinforced
concrete beams may be exceeded provided a suitable factor of safety is used,
since the stresses do not increase at the same rate as the load.

As an example which includes a variety of considerations, consider a con-
crete jetty with dolphins. The structure is exposed to gales of 8o miles per hour
in the open sea and it can be approached only by a narrow channel in which
the direction of the current is liable to vary. The sea-bed is clay and for this
reason, and in the interests of economy and speed of construction, it was neces-
sary to provide a light, open, piled structure to support the crane and to provide
an approach jetty. The most important loads governing the design of the jetty
were therefore the large impact forces expected from vessels in berthing or
leaving the berth, and possible pulls from mooring ropes attached to the bollards
on the top of the dolphins. Other forces were the vertical loads and uplift from
the crane, vertical live load from wagons travelling on the deck, and the horizontal
force due to wave action (particularly at high tide) on the parapet walls of the
approach jetty.

In the case of the impact forces from ships, it was necessary to assume the
maximum speed of berthing expected under the worst possible conditions of
wind, tide, and current. Such an assumption could only be made by study of
vessels berthing under various conditions and estimating the degree of control
it might be possible to maintain in this case. Such an estimate was bound to
be very approximate and the decision a difficult one to make, as the force of
the impact on a jetty increases as the square of the velocity of the ship. It
was decided to adopt a maximum safe working speed of 1-25 ft. per second for
a glancing blow from a 15,000-tons vessel and to use a factor of safety of two.
These values were assumed partly because 1-25 ft. per second for a collision
represents a high berthing speed, and partly because, even for these assumptions,
a structure is required which is fairly elaborate and which is comparable in
strength with other marine structures which have withstood normal blows from



8 REINFORCED CONCRETE

large vessels and which would therefore only fail under abnormal accidental
conditions. The dolphins are a shock-absorbing type, and the deck between
the dolphins and the supporting sub-structure are also protected by shock-
absorbing fenders. In designing the dolphins the safe working load was assumed
to be the force of impact from a 15,000-tons ship, or a static horizontal pull of
270 tons on the bollard at the top of the dolphin. These forces were considered
to be applied in a direction normal to the face of the jetty, that is in the direc-
tion from which the worst blows were expected. In a longitudinal direction the
horizontal working load was assumed to be reduced to 200 tons. For the inter-
mediate shock-absorbing fenders a lower speed of collision was assumed ; three
fenders were therefore provided at the centre but only two at intermediate points,
as the manner of berthing, the shape of the ships, and the relative position of
the faces of the fenders determined that blows would probably be received in
this order of magnitude.

The working stresses used in the design of the jetty were those recommended
in the D.S.I.R. Code of Practice for Reinforced Concrete in Buildings, namely,
18,000 lb. per square inch in the reinforcement and 750 Ib. per square inch in
bending for 1:2:4 concrete. In the parts of the structure liable to tensile
stresses and submerged by sea-water a stress of 12,000 lb. per square inch was
used in the reinforcement. Thus an effective factor of safety of about two is
provided at the weakest critical sections in regard to the concrete and steel.
A factor of safety of two was used against the dolphins failing by overturning
due to the piles being uprooted, test piles having shown an anchorage resistance
of 20 tons, which was assumed to increase to 30 tons after a short time; the
maximum uplift on any pile was 15 tons. A slightly higher factor of safety
would have been used if there had been sufficient space to increase the number
of piles in the group, but the value adopted was satisfactory as the working
loads were high. It would have been ideal if the factor of safety throughout
could have been arranged so that uprooting of the piles and the fracture of every
member in bending, direct stress, bearing, or shearing took place simultaneously
so that uniformity of strength was provided throughout except in the fenders
on the dolphins. If the fenders are pressed to their extreme position a con-
siderable amount of the remaining kinetic energy from the ship can be absorbed
by partly crushing them and partly indenting the ship’s plates without uprooting
the piles, thereby involving only minor damage instead of a major collapse.
Similarly in the design of the fenders, the suspension links have a higher factor
of safety than the remainder of the structure as wear and tear was involved
and their failure would lead to much more serious results than, say, the buckling
of one of the struts in the supporting frame which, after failure, could continue
to absorb kinetic energy from the oncoming vessel and thus. perhaps avert the
collapse of the deck.

The foregoing example illustrates that in a complicated marine structure
the assumptions of safe working loads and stresses can only be made by judg-
ment, rather than by calculation, after considering the many factors which vary
with every site. The example demonstrates how important it is that a civil
engineer should always have in mind the funtiamental principles of design. He
must also take into account experience as recorded in the papers of engineering
societies and in technical journals, as published as codes of practice, or estab-
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lished as by-laws with which he may be compelled to comply. By-laws are
generally definite with regard to the working loads and stresses that must be used
in buildings, and are based on the results of experience, tests of materials, and
perhaps tests on full-size beams, columns, and slabs. Over-cautious or out-of-
date by-laws sometimes seriously restrict the development and scope of reinforced
concrete, and engineers should continually press for their revision as progress is
made. Some most enterprising and successful reinforced concrete construction
has been executed in cities where by-laws are not restrictive and engineers are
fully aware of their greater responsibility.

It may be advisable to carry out experiments to guide the design of an
important or unusual structure, as was done in the case of the pierheads used
in the Mulberry Harbours in connection with which collision tests with model
landing craft were made in a tank to determine the forces of impact when
berthing at the abnormally high speed of four knots. Sometimes it is advis-
able to conduct wind-tunnel tests for structures such as large hangars or light
buildings on exposed sites.

Two further principles may be stated. In designing a structure, for economy
and appearance a uniform factor of safety should be provided throughout so
that failure due to all possible causes takes place simultaneously, except where
it is desirable that parts of the structure, such as fenders, should fail before the
remainder of the structure and by so doing prevent further damage.

The degree of accuracy employed in calculations should be intelligently
related to the degree of accuracy with which the working loads and stresses
can be assessed. It is important to know how to calculate theoretical stresses
exactly from first principles, using approximate but safe assumptions, and to
be able to produce factors and formule for design.

When these fundamental principles have been firmly grasped an engineer
should make as much use as possible of quick approximate methods, provided
he is certain that they produce results within the required safe limits. He will
then not only save much time but be able to think more clearly about the
design of the structure as a whole.

Influence’ on Design of Cost and other Factors.

The design of most structures can best be determined by a systematic con-
sideration of the structural requirements, the function of the structure, ®sthetic
considerations, cost, site conditions, plant available for construction, supply of
materials and labour, probable future requirements, the life of the structure, the
possibility of extensions and alterations, and the machinery to be installed,
the equipment required for heating and ventilating, the provision of sound and
heat insulation, and the degree of fire resistance required.

First it must be assured that reinforced concrete is the most suitable material
for the structure and that there is no advantage in constructing the structure
or parts of it in other materials. Then the best structural system for supporting’
the loads must be considered. The supporting power of the ground may be an
important factor, and different types of foundation, such as rafts or piles, may
have to be considered. The purpose of a building, @sthetic considerations, cost,
ease of extension, and the accommodation of machinery may determine whether
flat-slabs, load-bearing walls, or beam-and-slab and framed construction is the
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best. The scarcity of timber may cause precast concrete to be advantageous
for parts of the structure. Considerations of cost and the size of beams and
columns may determine whether concrete of high quality should be used in, for
example, the columns and beams of residential flats. In such a structure, reduc-
tion of weight and saving in timber and transport may be more economical than
using a cheaper concrete, and it may be cheaper to precast or prestress some of
the members. Having decided on the general structural arrangement the most
economical dimensions of the members must be determined, bearing in mind the
relative costs of concrete, reinforcement, and shuttering (see Chapter III).

In any structure only a complete estimate of cost for each possible design,
taking into account the cost of plant, labour, and materials, can determine the
most economical design. The cost of maintenance should also be considered.
In preparing each design considerable guidance can be obtained from approxi-
mate estimates of the cost of different sizes and forms of structural members
which are repeated many times.

The influence of the purpose of the structure and of asthetic considerations
on the design in any particular case will be fairly obvious. Functional and
structural requirements should be combined as far as possible. For example,
the deck slab and parapet walls of a jetty can forrn a beam of channel shape
to distribute horizontal forces over a large number of piles. (Zsthetic con-
siderations in relation to cost are discussed later.) Site conditions determine
such structural forms as light structures of high-quality concrete ; portal-frame
bridges bearing on bad ground ; hinged arches or arches of high ratio of rise : span
on medium ground, and flat arches and continuous beams on firm ground ; whether
or not cantilever and floating pile-frames or screwing plant are available may
determine the best form of a jetty; and so on. Whether reinforced concrete
of high strength can be made, or whether precasting is an advantage, or whether
steel shuttering is used in preference to timber, may depend upon the supply
of materials. The possibility of future extensions sometimes determines whether
beam-and-slab, load-bearing walls, or flat-slab construction is most suitable in
a building. The equipment to be installed, for example, cranes, fenders, or
machinery, often considerably influences the form and dimensions of the struc-
tural members by reason of their suitability to support concentrated loads or
to resist vibration.

Organisation and Essential Experience.

The preparation of the design of an important structure and the placing of
the contract are matters which require much care. Various procedures are used.
Consulting engineers are often employed by Government departments and indus-
trial concerns to produce designs in detail, and contractors are invited to tender
for the construction. Often the design is prepared in outline only, since the
preparation of the details is a long operation which can be to a certain extent
‘carried on at the same time as the construction. It is, moreover, often better
to postpone some decisions on the final design until the contractor has been
appointed, as the method of construction he proposes to adopt, the plant that
he proposes to use, or special conditions only revealed after trial borings have
been made, may affect the final design.

When a contractor is invited to tender on a preliminary design it is impor-
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tant that he be given sufficient details of the structure on which to base a firm
price, including the assumed quantities of concrete, shuttering, and steel. He
may also be asked to give rates by which the price can be adjusted due to
variations between the estimated and the final amounts of work. Sometimes
a contractor is asked to submit an alternative design or to include the cost of
preparing the working drawings. In this case the working loads and factors
of safety must be clearly specified to ensure that all contractors tender on the
same basis, and so that any advantages in price some contractors may offer are
not due to increases in the working stresses or reductions in the loads. '

Industrial organisations frequently ask for tenders for the design and con-
struction of a complete structure, and in describing the structure they merely
define the purpose of the structure thereby leaving the contractor wide scope
with regard to the design and the stresses which he adopts. This type of com-
petitive design is not always satisfactory as it may enable a less cautious con-
tractor to obtain a contract simply because he is prepared to take a greater
risk. This practice has led to working stresses higher than those used for
ordinary designs being used for what are known as competitive designs. An
engineer accustomed to prepare competitive designs often has an outlook with
regard to working stresses and factors of safety different from that of an engineer
accustomed to work as a consultant. For a particular structure there should
be only one design from the point of view of the strength required, and a civil
engineer should try to retain an objective view unbiassed by the outlook prevailing
in the organisation in which he is working.

It is sometimes difficult for a young engineer working with reinforced con-
crete specialists to acquire the ability to view large civil engineering works as
a whole, and therefore to visualise the parts constructed in reinforced concrete
in true perspective. His employer will naturally have in mind the monetary
aspect of the contract, and it is important that the young engineer should under-
stand his employer’s viewpoint and effect all the economies he can in his designs ;
at the same time he should not lose sight of the fact that in large civil engineer-
ing works large savings can frequently be made by careful planning of the project
as a whole. Often the savings made by working to the standards of competitive
design in the reinforced concrete parts of the work are insignificant compared
with savings which can be made, say, by the bulk purchase of materials, or by
avoiding extensive draining or pumping in the excavations if a study of the
natural characteristics of the site during the planning of the works shows that
this can be avoided.

When preparing a competitive design an engineer should inform the owners
that for a little extra cost, which may be insignificant in comparison with the
total cost of the works, a better structure could be built, if he is of opinion that
this is possible. The owner may be glad to receive this advice, and in any
case he will be encouraged to compare carefully the competitive designs he
rc;ceives so as to ensure that the cheapest is based on an adequate factor
of safety,

In contrast to competitive design, it is equally unsatisfactory for a young
engineer to become entirely accustomed to the rather extravagant standards of
design produced by some authorities and engineers when there is no competition.
The Codes of Practice define standards which are now fairly generally adopted,
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and which help to dispose of the disparity existing between competitive and
other designs.

A serious defect in civil engineering is the absence of a recognised procedure
for a young engineer to follow in order to become fully experienced. His educa-
tion as an engineer is only beginning when he completes his technical training
as a student. Ideally he should begin with work on outside construction, and,
as soon as possible, take full responsibility on small works, planning the pro-
gramme and method of construction, dealing through a foreman with labour
problems, ordering materials, requisitioning plant, and generally seeing the work
through from beginning to end with all its difficulties at every phase. Visits
to sites are not enough. Only by working in close contact with the men carry-
ing out the work can the extent of the gap between the drawing office and the
completed structure be appreciated. The most brilliant computor of stresses is
liable to fail if in preparing his drawings he does not continually keep in mind,
as a result of outside experience, the practical and human problems of con-
struction, with the foreman struggling to elucidate inadequate blueprints after
exhausting days coping with mud, rain, a truculent gang, and complaints about
delays from his employer.

After a variety of site experience the young engineer should work in a design
office, preferably where he is responsible for producing tenders and competitive
designs for different reinforced concrete structures and subsequently preparing
the working drawings. Later he may obtain a post in a Government depart-
ment, with a local authority, or with an industrial concern. In this capacity
he will learn to employ contractors and consultants and to organise design and
construction on a broader basis. His previous experience will enable him to
understand the point of view of the contractors whom he employs, and to find
little difficulty in embodying in the final design of a structure not only his own
ideas as expressed in his preliminary drawings but also improvements suggested
by the contractor to facilitate construction or to improve the design. If he
obtains a good position with a firm of consulting engineers he will be well advised
to employ specialists, or to form a specialist department in his own organisation,
to assist him in producing the working drawings. However experienced and
brilliant an engineer may be, he will always be wise to incorporate in his designs
the best ideas gathered from as wide an experience as possible; in fact, it is
probably true to say that no engineering project of any importance has ever
been carried out successfully in recent years except as a result of the collabora-
tion of a number of specialists led by a competent engineer with understanding
and imagination.

There may be a tendency in some specialist firms to design everything in
reinforced concrete whereas sometimes it would be better to use other materials.
Engineers should choose the best materials from every point of view. For
example, in a reinforced concrete wharf it may be better to use sheet-steel piles
than concrete, and it is sometimes better to use brick walls with a reinforced
concrete frame, welded sheet-steel to line underground oil tanks, structural steel
for bridges of large span, and alloys for aeroplane hangars.

ZBsthetic Principles.
The designer should not only produce a structure which provides sufficient
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strength at minimum cost and which efficiently serves its purpose; the struc-
ture should also be attractive in appearance. In some cases the engineer will
work under the direction of an architect, with whom he will collaborate in
reconciling the ideas of the architect with economical construction. In other
cases the engineer will be entirely responsible but may think it advisable to
consult an architect in connection with the elevation.

Reinforced concrete is still a new material of construction, and architects
are by no means agreed on the asthetic principles which should govern its design.
Some architects stress the importance of efficiency of purpose and boldly reveal
in their designs the structural system in order to emphasise the fact that con-
crete is the principal material in the structure; this may be so not only in the
case of industrial structures but also in commercial, monumental, and domestic
buildings. More conservative architects preserve a semblunce of traditional
style and employ reinforced concrete as a structural frame behind a fagade of
masonry or brickwork.

The architecture of reinforced concrete is still in an early stage of develop-
ment, and widely different views on the @sthetics of design will continue to be
held until more experience has been gained and improvements made in regard
to such matters as surface finishes and joints between external precast wall
slabs.

Salisbury Cathedral (F7g. 1) has been selected as the first illustration in
this book to show the grandeur that can be achieved by designing according
to tradition, and building with a pride in craftsmanship. It is suggested that
structures quite unlike medieval cathedrals, but perhaps equally inspiring, may
be built in reinforced concrete if its use is guided by technical knowledge and
a pride in good workmanship. A reinforced concrete church in the United
States is shown in Fig. 2.

Asthetic quality in a structure depends on many factors, such as the form
and structural system, the efficiency with which it fulfils its purpose, the pattern
of light and shade formed by openings and projections, the position of the joints,
the texture and hue of the surface, and the skill and artistry with which special
features or ornaments are used. The degree of emphasis to apply to any of
these factors in any particular case is a matter of taste. An attractive result
obtained by the arrangement of joints and by contrasting features in precast
concrete construction is shown in Fig. 3, which illustrates part of Kelly’s College,
Tavistock. There is seldom general agreement about the ®sthetic quality of any
structure, but few people disagree about the ‘ugliness of most structures which
are produced for purely utilitarian purposes. It is therefore important that the
engineer, who is mainly concerned with utility, should be aware of his responsi-
bility in this matter and should have a pnde in the appearance of his work. He
should seek not only to embody efficiency in his desxgn but also refinement and,
generally, sxmphc:ty

The engineer has an important part to play in the architecture of reinforced
concrete, and even if he has no artistic talent his skill in design can be greatly
increased by studying structures of wsthetic quality and attempting to determine
the essential factors upon which that quality depends. This should be done not
only in regard to concrete but also other materials such as brickwork and masonry
in traditional architecture, particularly the simpler styles of the eighteenth cen-
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tury. By a study of this kind certain principles of design can be discovered
which can be applied to concrete, for example, suitable shapes, sizes, and arrange-
ments of window openings. There should, of course, be no attempt to reproduce
in concrete details only suitable in masonry or brickwork. Concrete details
should suit the method of construction, but a study of the features, lines, pro-
portions, and details of good traditional architecture can suggest adaptations
and developments for concrete, and contribute much towards the success: of
concrete as a complete material of construction for buildings, and not just for
the hidden structural frame. Architectural considerations apply to all struc-
tures, including factories, grandstands, bridges, silos, and other industrial or
utilitarian structures, and not only to churches, colleges, and monumental build-
ings built in the past in traditional styles. The reinforced concrete grain silos
shown in Fig. 4, for example, might have been a mere battery of bins had
not thought been given to their form by emphasising the height of the
bins by vertical lines and arranging the tower as a pleasing feature of the front
elevation.

It is impossible to give definite rules which consistently apply in the pro-
duction of good asthetic design. In some structures, such as bridges, the struc-
tural system is the dominating factor; in others, such as blocks of residential
flats, the windows and the finish of the external walls are the most prominent
features. The emphasis in some structures is therefore on the purpose of the
structure, in others on the structural system, and in others on the fagade which
may obscure the structural system but have the important object of providing
protection against the effects of weather.

The purpose of a structure determines very largely the degree to which it
is possible to produce a design of @sthetic appeal. A cathedral, or a large com-
munity building such as a college, is an ideal subject, but in most industrial and
engineering structures the degree of efficiency in satisfying functional require-
ments very largely determines such asthetic quality as can be achieved. This
is exemplified in the Boulder Dam in the United States (Fig. 5). The reverse
is, of course, obviously true. Few structures are more depressingly ugly than
a badly planned group of houses, factory, or railway station. Attempts to
beautify by superimposing architectural style or features quite unsuited to the
function of the structure are equally, if not more, objectionable. Concrete struc-
tures should be designed to allow repeated use of the shuttering. Many examples
of simple orderly architecture have resulted from the application of this
principle. .

In industrial and engineering structures such as factories, bunkers, tanks,
and gantries, all that the engineer can do from an ®sthetic standpoint is to
design the structure so that it can fulfil its purpose in the most efficient manner,
using a structural system which is simple and economical to construct and not
wasteful in material. In the * daylight ”’ factory at Stockholm shown in Fig. 6
the main staircase is used as a feature to break the regularity of the long rows
of windows. = Another reinforced concrete factory is shown in Fig. 7. Simplicity
and neatness are the outstanding qualities of the reinforced concrete factory at
Welwyn Garden City (Fig. 8), and the simple design and the continuity and
regularity of the main structural members in the office building at The Hague
(Fg. 9) are well suited to construction in reinforced concrete. Well-consolidated
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concrete of good quality should be used and placed so as to avoid ugly joints
and honeycombing. The shuttering should be well made and liquid-tight, and
constructed so that the joints form a tidy pattern on the concrete surface. The
exposed faces of the concrete should not be subject to any treatment liable to
peeling or cracking. In factories emphasis on lighting, regularity of window
openings and columns, the use of thin vaulted roofs and flat slabs where suit-
able can contribute to ®sthetic quality. Occasionally the provision of a purely
decorative treatment may be justified, for example fluting on a tall chimney.
Some structures designed with cheapness as the main consideration could
have been much improved in appearance by the provision of a little more
material.

Concrete as a material for industrial purposes has special scope. It can be
used for many of the structures for which structural steel is suitable, but it can
be shaped more readily than steel into the structural form required to support
the load, for example the tapered cantilever. The use of reinforced concrete
avoids the unsightliness of the standard connections of structural steel. The
reinforcement is protected by a fire- and corrosion-resisting material.

Concrete panel walls retaining solids or liquids can be conveniently com-
bined with the main structural frame, and this gives scope for design in bunkers,
retaining walls, tanks, and water towers. Due to its high resistance to bending
reinforced concrete can approach steel in slenderness, and masonry in finish and
durability.

In the case of a bridge some architects and engineers prefer a structure
which provides the best solution from a purely structural standpoint, while
others prefer decorative balustrading and piers or, particularly where there is
a risk of discoloration, a facing of stone on the spandrels. In some cases attrac-
tive finishes of piers and spandrels have been obtained by leaving untouched
a regular board-mark pattern from the shuttering, in others bush-hammering or
scrubbing has been employed to expose a selected aggregate. Fig. 11 shows
a bridge with exposed aggregate spandrels, fluted abutments, and deep-jointed
wing walls. Waterloo bridge, London (Fig. 10), recently rebuilt in reinforced
concrete, is a very fine structure having as main members continuous canti-
levered beams deepened over the supports and with artificially widened piers ;
the concrete is faced with stone. The long span of Fiirstenland bridge, Switzer-
land (Fig. 14), depends for its slenderness on the use of high-quality concrete,
and its form is determined almost entirely by structural requirements and the
conditions at the site. The same remarks apply to Sandé bridge, Stockholm
(F1g. 12), which has a clear span of 866 ft. and for which concrete with a mini-
mum crushing strength of 7000 Ib. per square inch was specified; the tall
and slender unbraced columns supporting the approach of this bridge (Fig. 13)
are ideal structurally as supports for a viaduct and are a testimony to the high
quality of the workmanship. Another Swedish bridge is shown in Fig. 15. The
bridge shown in Fig. 16 is a simple functional design in which the arch follows
strictly a polygonal line of thrust, and the marks of the shutter boards provide
a pattern on the concrete without extra cost. Fig. 17 shows a prestressed
go.ncrete bridge in France. It has a span of 180 ft. and a rise of only g ft.

in. :

Residential flats, office buildings, and houses built in reinforced concrete
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provide a more difficult problem because the elevations need not be related to
the form df the structural members. A study of traditional architecture shows
that plain fagades, which are most suitable for concrete construction, depend
for their @sthetic quality on their silhouette, on the pattern formed by the
openings and by the window frames, on features such as occasional bay windows,
on the pattern formed by the joints in the brickwork or masonry, and on the
hue and texture of the bricks or stones. Modern reinforced concrete flats are
shown in Fig. 18, and indicate the type of structure that is beginning to replace
the slums built in the last century.

In concrete it is generally easy-to provide a pleasing silhouette and pattern
of openings, together with a special feature, say, at a main entrance. In towns
where brickwork and masonry soon become begrimed it is necessary to provide
a surface which will weather satisfactorily by becoming tairly uniformly dirty.
Surfaces which are very smooth or not uniformly slightly rough tend to show
dirt in streaks and patches. It is therefore advisable to use precast slabs with
a fine aggregate which is slightly exposed by brushing the outside face while it
is still green, thereby obtaining a uniformly slightly rough surface. Large aggre-
gate tends to give the appearance of pebble-dash. A variety of detailed pattern
and texture can be provided by the use of aggregates and cement of various
hues ; in any particular case samples should be prepared from which a selection
can be made. The shape and size of the slab and the detail of the joints and
pointing are important factors to consider. In brickwork, small rustic bricks
and special pointing often make an attractive wall whereas the same wall would
be less pleasing if built in common brick. The detailed pattern of a concrete
wall is equally important. In cast-in-situ work horizontal grooves or projections
are often used to form a pattern and to obscure construction joints. Bad finishes
showing ugly joint marks, patched-up honeycombing, and dirty streaks and
patches due to non-uniformity of surface texture, have been the cause of some
of the chief objections to the use of concrete in buildings. Photographs of struc-
tures often show attractive patterns in black and white, which in reality are
dilapidated and dirty in appearance. However excellent the general pattern of
the elevation may be it does not excuse or make up for a bad surface finish.
It is not impossible to provide a concrete surface which remains clean in rural
or seaside districts and which becomes, like masonry, fairly uniformly begrimed
in a smoky atmosphere. It has been demonstrated that cracking and discolora-
tion of rendering can be eliminated by the use of selected fine aggregate, careful
grading, low water-cement ratio, and low cement content.

Suitability of style in relation to environment is an important consideration.
A “slick ” style may be a welcome addition at a popular seaside resort but an
offensive intrusion in a cathedral city or a city predominatingly built of stone
in the eighteenth century. In a big project the use of large precast concrete
slabs or other elements having a good finish may produce an appearance com-
parable with the best traditional styles. Regularity, skilfully interrupted here
and there, is one of the characteristics of good architecture. There is no reason
why large buildings or groups of houses should not be constructed with large
precast units which, with suitable finishes, joints, and modelling will not look
out of place among existing traditional buildings, and may give a new residential
or business centre an architectural character of its own. Fig. 19 is a view of
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an eighteenth-century terrace at Bath, in which the design comprises a repetition
of large units ; the same principle could be followed with large precast concrete
units erected by a crane. Fig. 20 is a design for a block of flats to be built of
large precast concrete wall and floor slabs, while Fig. 21 shows a group of houses
with cast-in-situ concrete walls. To preserve or create local character is impor-
tant. Much late nineteenth-century and early twentieth-century building is
lacking in this respect. The use of local aggregates should ensure some harmony
with environment.

A reinforced concrete sanatorium in Finland is shown in Fig. 22. In modern
architecture multi-story buildings tend to have similar elevations, regardless of
their particular function. This simplicity results from the econcmical use of
materials, and by allocating more of the cost to the provision of good amenities
and less to external ornament.

The early designs in concrete domestic architecture were a healthy, but tco
extreme, reaction from the speculative builders’ attempts to provide a house
with a showy imitative exterior at a low cost. Few people really enjoy possess-
ing as a home an efficiently designed concrete box just because it is what is
known as ‘“ modern functional architecture ’ and photographs well. Efficiency
is very appropriatcly emphasised in the design of an office building or a factory,
but a home is built to contain the human jumble of family life. It is therefore
appropriate for the exterior to symbolise a friendly atmosphere in which adults
can relax and children play; it should accord with our conception of a home.
The popular type of house has aimed at this by providing an assortment of
gables, vertical tiling, rustic brick, and half-timber construction. Efficient
houses which also possess charm can be produced in concrete.

Departure from tradition is generally not popular, and sometimes popular
resentment is justified, but if the departure is based on sound architectural
principles new styles are gradually accepted and liked. The buildings in a new
colonial town often at first appear to a visitor to be ugly, but after a long stay
they can appear more attractive, and by contrast some traditional styles are
found to be irritating.

To summarise, it is impossible to reduce the production of good sthetic
designs to a systematic procedure. Wadsworth, referring 4o the work of the
engineer, says ‘“ Beauty is a refinement on function which induces visual comfort
or stimulates visual delight or visual excitement.” It is not always realised that
long experience has evolved ‘‘ refinements on function ” in attractive brick fagades.
The main pattern of the fagades of a concrete domestic building should be prim-
arily based on function and structural requirements but, as in the case of brick-~
work, the introduction of refinements in the detailed pattern may change a very
ugly wall into a most attractive one. It should not be forgotten, however, that
simplicity may be attractive in itself. There is much truth in Bossiney’s out-
burst to Soames in Galsworthy’s ‘‘ Forsyte Saga,” which might well be applied
to concrete structures: “ In architecture as in life you will get no self-respect
without regularity. Fellows tell you that it’s old fashioned. It appears to be
peculiar anyway, it never occurs to us to embody the main principle of life in
our buildings. We load our houses with decoration, gim cracks, corners, any-
thing to distract the eye. On the contrary the eye should rest ; get your effects

B
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with a few strong lines. The whole thing is regularity—there is no self-respect
without it.”

To the importance of regularity in architecture must be added the use of
a structural system which is rational and economical, and which satisfies the
requirements of the structure. Employ simple continuous members ; emphasise
the tension of slender members and the compression of massive supports; let
openings in shadow, the joints, and the pattern of the fagade be simple and
pleasing. Sketch many possibilities and gradually evolve the design that is the
best. Provide a finish which weathers well. See that the structure suits the
environment or, if it dominates the landscape, that it is worthy of its site. In
small engineering structures have the members in good proportion and approach
perfection of purpose as nearly as possible. Collaborate with an architect, who
should be both an artist and a structural engineer in his approach to the problem.

The most attractive designs are sometimes the cheapest. When the form
of a structure is arranged with the help of calculations of stress to reduce waste
of materials, its @sthetic quality is often very nearly assured. In a purely
utilitarian structure there is, however, often something lacking in its appeal.
Architects speak of ** the feel ” of a structure, and if possible an engineer should
obtain the assistance of an architect who understands reinforced concrete and
who, by some slight alterations to the form of the structure, may change it from
a mediocre object into one of character and charm. For example, an artificial
device such as a rise in the soffit of the girders of a bridge will improve its
appearance ; an odd number of spans in a bridge is generally more attractive
than an even number; the outside columns of a warehouse may be used to
" obtain an effect of vertical lines; and better proportions and arrangements of
openings will often improve the appearance of a building without extra cost.

The finish of the surface is important. Due to neglect of this matter, con-
crete as a building material has quite unnecessarily acquired a bad name. In
an industrial structure the employment of shuttering marks to form a pleasing
pattern is often all that is needed. In the case of a bridge or a building it is
sometimes better to employ a bush-hammered face or provide precast slabs
which may mellow with time.

Water towers can spoil a landscape, and care should be taken to ensure
that a light and high tower is elegant in appearance, or that a low tower of
large capacity has supports that are well shaped and proportioned. The pre-
stressed concrete tank shown in Fig. 23 is a simple functional design and is a
pleasing and utilitarian structure. The water tower illustrated in Fig. 24 has
an attractive appearance obtained at little extra cost by care in the proportions
of the tank and the columns and by a little decoration.

The importance of asthetic considerations cannot be over-emphasised.
Structures and buildings reflect the spirit of the times. The industrial revolu-
tion left an ugly mark, not so much because materials of construction were
limited or that planning could not keep pace with expansion, but because the
attitude of mind of the industrialists was wrong. Even to-day the old saying
“ Where there’s muck there’s money ” is still quoted with a curious shameless
admiration. The @sthetes of those days deplored the products of machines and
sought to revert to handicrafts, instead of striving for the better planning and
design of industrial expansion which mechanical power made possible. Thus
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factories just spread and became a chaos of untidy sheds mixed indiscriminately
with rows of drab terraces in which the workers lived.

In contrast to industrial structures, architects were given considerable scope
with regard to public buildings, but again the mental outlook was wrong. Con-
sequently the outstanding feature of their works was solidity at the expense of
amenity. Such structures were built at enormous cost and remain to-day as
monuments of their period, sepulchral within and heavily ornate without. In
medizval times great cathedrals were built “to the glory of God,” a purpose
which called for the highest skill from architect and craftsman in order to satisfy
the requirements of the ecclesiastical owner. To state the problem in present-
day language, the purpose of these great structures was to house large assemblies,
to inspire and symbolise the highest principles, and to endure as long as the
spiritual needs of mankind. Stone was used as the material of construction,
with arches and vaulting supported by buttresses and piers, as structural systems
for large spans on account of the weakness of mortar joints in tension. The
craftsman fashioned the bare structural system with all kinds of tooled stone
finishes, joints, and groining, thereby producing the fine architecture. To-day
mechanical power makes it possible to extend structural permanency to most
common uses. There is, however, a danger that this may result in producing
ugly buildings such as were typical of the period of the * industrial revolution,”
unless the development is controlled by town-planners, architects, and engineers
with a zeal for good design and workmanship.



CHAPTER II
THEORY OF STATICALLY-INDETERMINATE STRUCTURES
I.—FUNDAMENTAL PRINCIPLES OF ELASTIC DEFORMATION

IT is important for a young engineer to learn a form of fundamental theory
which he finds the simplest to understand and remember. When he starts to
design he will then be able to pay more attention to the arrangement of the
structure as a whole, the general problem of construction, and other factors
affecting the design. Some engineers later in their careers, to the disadvantage
of engineering progress, seem to lose their grasp of the theory of design, their
mental energy becoming completely absorbed by administrative and commercial
tasks. They may then be unwilling to approve of the construction of unfamiliar
types of structures partly because they are dependent on calculations, prepared
by subordinates, which they do not fully understand. Most engineers find that
methods of calculation which have been impressed on them with the help of
diagrams and visual conceptions remain clear in their minds long after the
meaning of the corresponding mathematical expressions have been forgotten.
For example, it may be easier to remember that the slope at the support of a
member of a framework is the reaction at the support due to a load on the mem-
ber equal to the area of the bending-moment diagram divided by EI than as the

evaluation of ~j —— ~——d—’-‘ The visual conception also keeps in mind a

picture of the relation between the distribution of the bending moments and
moments of inertia and deformation, which is helpful in the preparation of a
design. In cases in which it is advantageous to use the mathematical expres-
sion of integration, because the moment of inertia I varies as a function of x
or for other reasons, it is easy to use the calculus, but most of an engineer’s
work deals with cases to which the familiar terms of the simple theory of bending
can be applied, thereby saving much mental energy. In some cases it is necessary
to integrate by measuring an area. The graphical conception of integration is
therefore really fundamental, and the mathematical form a convenient means
of expression which it is sometimes an advantage to use.

Definitions.

In the following some terms frequently used are defined. The notation,
which in most cases is shown on the accompanying diagrams, is as follows :

E : Modulus of elasticity of the material of which the structural member is made.
I (or I, I,, I,, etc): Moment of inertia of the member.
M (or My, M4, Mp, etc.): Bending moment.

g4, 8'a: Distance of centroids of g’ and M, diagrams from support A.
z

1 (or }, I b, etc.): Span of member. -

K, (or K,, K,, etc.): Coefficient of restraint.

u (or u,, u,, etc.): Coefficient of stiffness.
20
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ErasTic WEIGHT.—Referring to Fig. 25, the elastic weight is a convenient
term denoting the area of the diagram obtained by dividing each ordinate of
the bending-moment diagram by the corresponding value of EI. The total

o /\llx
A 8
x o J
L 1
(b)
Fi1G. 25.
. . . . ['Mdx .
elastic weight acting on a structural member is | ——=. If I is constant the

0
1

total elastic weight is % j Mdx, that is the area of the bending-moment diagram
0

divided by EI. The reaction at the support A due to the elastic weight is the
total elastic weight X (! —g4) —~J. When I is constant the reaction at A,
Fig. 25 (b), is the area of the bending-moment diagram multiplied by I;I-Igl"
It is shown later that the slope of a member at A is the support reaction
of the elastic weight at A, and the deflection at any point of a member is the
bending moment at the point due to the elastic weight acting as a distributed
load. The deflection is a maximum at the point where there is no shearing
force when the member is assumed to be loaded with the elastic weight.
COEFFICIENT OF STIFFNESS.—Referring to Fig. 26, the coefficient of stiffness

c
M-t
£ fe B

, b
- Y,

FI1G. 26.

u of a member acted on by unit bending moment at a free support B is the
reciprocal of the change of slope which takes place at B. If K, is the coefficient
of restraint, as explained later, of support A in relation to support B, the change
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of slope at B, as is also seen later, for unit bending moment acting at B is 5,
which equals -f)—gj.?M—BM::Mﬁ. Substituting M, = K .M, ;I‘ = -%7(2 — K,).
Therefore the coefficient of stiffness is
w—_ OET _
l,(2 - Kr).
When support A is fixed, K, = 0-5; therefore u = 4;51.
r
3EI,

When support A is free, K, = 0; therefore u = ;

Calculations are usually only concerned with the relative stiffness of members.
Thus
wy _ Dz — Ky

g Igh(2 — Kl)
When the end conditions are the same,

COEFFICIENT OF RESTRAINT.—The coefficient of restraint at support A
(Fig. 26) with regard to any unloaded span (AB) of a beam continuous over
several supports is K, when the bending moment at support A is K,M and at
B is M ; the bending moment M is applied at B either externally, if B is an
end support, or otherwise from a span to the right of B. If support A is free,
K,=o0. If support A is fixed, K, = 0'5. Values of K, are always between
o and o-5.

/ )
ANOA
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COEFFICIENT OF MOMENT DISTRIBUTION.—Referring to Fig. 27, if a moment
M is applied at B to three rigidly-connected members BA, BC, and BD of a
frame, the total moment M is divided between the three members as follows :
m, = aM acting on BA; m, = bM acting on BC; m, = cM acting on BD;
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and m; + my 4+ mg =M. The terms a, b, and ¢ are moment-distribution
factors : .
a = - - .',u.!“, — - = uz u3
Uy + Uy + Uy Uy + ty + u, Uy + Uy + 1y
where #%,, u,, and u; are the coefficients of stiffness of BA, BC, and BD respec-
tively. Thus M is divided among the three members in proportion to their
stiffness. When A, C, and D are either all fixed supports or all free supports

; and ¢ =

and [ is constant in each member, u,, %, and u, can be replaced by % IT’, and
I 1 "2
-li’ respectively.
3
REesipUAL MOMENTS.—Referring to Fig. 28, AB and BC are any two con-

secutive spans of a continuous beam or framework supporting loads. All sup-
ports are assumed to be fixed, the bending moments at the supports being M,

. Residual or
Unbalanced Moment.

‘T’
Ml MY M\
AN AYNA; £ c A A
Fig. 28.

Mg, Mgg, and M, Then M,, Mgy — My, and M, are termed the residual
moments which act on the adjacent spans in proportion to their stiffness if
supports A, B, and C are assumed to be unfixed. The distribution and dispersion
of residual moments are explained later.

CHARACTERISTIC PoINTs.—The position of the characteristic points, which
are defined later, in a bending-moment diagram depends upon the slope of the
member at the supports due to the free bending moment and the variation of
the moment of inertia. Bending moments at supports can be quickly deter-
mined by trial and error when the positions of the characteristic points have
been plotted.

Fi1xep Points.—Referring to Fig. 33 (a), given later in this chapter, if AB
is one of a series of unloaded spans of a continuous beam to which a moment
is applied to the right of support B, the moment at support A always equals
K,_, times the moment at support B. The line DE therefore always passes
through a point F,_; (left) in the left-hand part of AB; this point is called
a fixed point because its position is independent of the magnitude of the sup-
port moments. Similarly in the case of a moment applied to the left of A
[Fig. 33 (b)] there is a fixed point F,_; (right) in the right-hand part of AB at
which there is no bending moment provided that the spans to the right of A
are unloaded.

CONVENTION OF S16Ns.—Support bending moments are often plotted on the
tensile side of a member of a frame and free bending moments on the same side
in order to obtain a diagram of the resultant bending moments. If the line
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connecting the ordinates of the bending moments at two consecutive supports
is then regarded as a base line, support bending moments.are then below the
base line and may be termed negative. 1If, as is usual in continuous beams, the
resultant bending moments at mid-span are above the base line, they are posi-
tive. The important point is that opposite signs be given to bending moments
represented by ordinates on opposite sides of the base line.

Elastic Deformation of a Reinforced Concrete Member.

Fig. 29 shows the elevation of the neutral-axis plane OPQ of a reinforced
concrete member having no slope at x = 1. The segment PQ of the member
has an infinitely short length ds. Other symbols are : 7, the radius of the curva-

MoF
lllfh(lrl)

. ) -
@EA_,_._’_‘L_. LA

stress. sBe?m
‘strib“'“on' ection.
DI

X

Fic. 29.

ture of the member at P; #, the depth of the neutral axis; E, the modulus
of elasticity of concrete ; ¢, the maximum stress in the concrete in segment PQ ;

and M, the applied bending moment at P (M is a function of », hence M and
the curvature increase in the direction of #).

The slope of the member at P is % So long as the slope of the member
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is small dx equals ds very nearly. The rate of change of slope at P is ;—n%’ which
x
equals the degree of curvature ; Therefore the slope is gz = J'de. The
% r

deflection is y = jj —dx.dx.
In Fig. 29, QR is drawn parallel to PO Therefore SR is the maximum

contraction of the concrete in the length dx, and is —gf Since QR is parallel

(4
, PQ SR . PQ ds_ax dx cdx
) T— = . = e I e l ) = P
to PO PO’ ~ 50 Since o = - nearly and SQ En
Therefore = = -°_. The slope at P is therefore S I M, is the known
r Emn En

c
.’

. . . Mc
moment of resistance for a pa.rtlcular compressive stress ¢, ¢ = ST Thus
r

the slope at P is z M,nd —I--—dx )

since by definition I, = -A%,l’f, which is a convenient term to apply to a section

of a reinforced member, since the value of M, for a particular concrete stress ¢’
and the value of » are usually available from tables or curves.

The expression I-EZ‘;Z,I—dx is, of course, the same as that for a homogeneous
c

elastic member. The value of I, for any section of a member depends only on
the dimensions of the section and the value of #» which varies slightly as the
amount of reinforcement varies.

In the case of prestressed beams # may be greater than the total depth D
for combined stresses but is about equal to 0-5D for bending stresses only. In
the case of columns subject to bending # may be greater than D for combined
stresses, and care must be taken in a given case to ascertain whether the value
of n applies to the change of stresses due to bending only or to the resultant
stresses due to bending and direct stress. An alternative approximate method
of evaluating I, is to calculate the second moment of the concrete section about

its centroid. The deflection at P is j J‘ E-I-dx .dx, and, if I, is constant, is
c

Mx dx
EL,

Slope and Deflection expressed in Terms of Elastic Weights.

(2)

Fig. 30 shows a beam of span / simply supported at A and B and having
a constant moment of inertia . If A, is the area of the bending-moment
diagram for the beam and g, is the horizontal distance of the centroid from A,

then ‘; T is the total elastic weight acting on the beam. If I varies, a diagram
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must be substitqted in which the ordinate at a point x from B is ?’- where M,

and I, are the values of M and I at x.
Referring to Fig. 30, AG is drawn tangential to the deformed beam at A.
Provided that the slope is small BG is approximately the deflection of point B
relative to A referred to a base line AG, the slope at A being zero relative to AG ;

! Mxdx

the actual slope at A is Elg The deflection BG is | —==

o EI

a line parallel to AG as the x-axis as shown in Fig. 30.

AR ;

A

éﬁ%:—gﬁ—) B8.M. Diagrarr\r. A—”l’gi
A \

Deflection and
Slope Diagram.

~

Fi1G. 3o0.
: Am(l _ gA)
Thus BG is 5 and
; Al —g4)
the actual slope at A is B

Similarly, the slope at B is

Amga
ENl’

with B as originand

(3)

Therefore the slope at A or B can be expressed as the reaction at A or B

due 1o the beam loaded with the dlastic weight %g.

Let A',, be the area of the bending-moment diagram between A and any
point D, /; from A and let g’y be the horizontal distance of its centroid from A.
The deflection at D is DE = FE — DF, where DF is the deflection of a beam
having no slope at A and subjected to the bending moments 4,,. Again with
D as origin and the x-axis parallel to GA,

—_ Mxdx —_ A'm(ls — 5'4).

DF =) "= ET
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By proportion FE = BG x {l'! = AJ”(IE_I- fi).,f;.
The deflection at D is
! —ga)la (s —&4)
E —_— = _Q,(._, s 4 d m d A . .
FE — DF Ell El (4)

Thus the deflection at D can be expressed as the bending moment at D due
to the beam loaded with the elastic weight.

The relation between slope and bending moment is therefore seen to be the
same as the relation between the reactions at the supports and a distributed
load carried by a simply-supported beam, and the relation between deflection
and bending moment to be the same as the relation between the bending moment
and the distributed load. The theory of bending of simply-supported beams
therefore applies. Maximum deflection and no slope occur at the point where
there is no shearing force when a simply-supported beam is loaded with the
elastic weight and the following simple rule, Mohr’s Rule, always applies :

The slope at a support of a simply-supported beam is equal to the reaction
at the support when the beam is loaded with the elastic weight, and the deflection
at any point is equal to the bending moment due fo the same load.

If I is constant, the total elastic weight is the area of the bending-moment
diagram divided by EI. If I varies, the total elastic weight is the area of the

M, .
T, diagram.
Application of Mohr’s Rule.

Mohr’s Rule for calculating slopes and deflections forms the basis of most
of the theory of statically-indeterminate structures given in the following. The
notation is

o : Slope of beam at support A.
B: Slope of beam at support B.

Ay : Area of bending moment diagram.

g4 : Horizontal distance of centroid of bending-moment diagram from A.

gp: Horizontal distance of centroid of bending-moment diagram from B.

!: Span of beam AB.
I: Moment of inertia of beam (generally assumed to be constant).
E: Modulus of elasticity.

SLoPEs AT SupPORTS.—Expressions for the slopes at the supports of a beam
loaded in various ways are in Fig. 31. For any symmetrical load, « = f§ = E T
from which the expressions for a uniformly-distributed load and for a central
concentrated load are obtained. If bending moments M, and My are applied
at supports A and B respectively, and the moments act in contrary directions,
. , M, 2l Myl I.. .
o is derived from [{—2£.= 4 —Z.-).—-; if the moments act in the same

2 3 2 '3)IEI’
direction, the plus sxgn in this expression should be minus, and in this case if

M
My = =4 = —a .
s=KM,, « 6EI(2 K,) and 8 = 6EI(I 2K,)
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Fi1G. 31.—BENDING MOMENTS AND SLOPES.
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Bending Moments at Fixed Supports.

If the beam AB (Fig. 32) is fixed at supports A and B in a direction parallel
to the axis of the beam, « = 8 = 0. Therefore the slope at A or B due to the
free moments represented by the diagram A4,, is equal to the slope at A or B
due to support moments M, and M.

(a) For any load, therefore, considering the slope at A,

A, 028 _ a4y,

™ EIl' ~ 6EI
s : . AmgA . l
Similarly, considering the slope at B, EL = m(M 4 -+ 2Mp).
Therefore 47 = 36 = [~ 3My), and My = 2mgg, p L

A
M= 5im1-39,)

A ° ,3; 24
General M| Ga——» «S8m -
Load. L i M A (39‘ 2!)
A 4 -8
Uniformly T M T
A M. Ms
Orstributed " M=l
Load. ' l y Ma=Ma=gM
‘i z N
. N
entral Ly
Point M, \lMl Ma=M, M
Loaq. ¥ y y Ma=Mp=2
A ke . 3l 8
F16. 32.—FIXED-SUPPORT MOMENTS.
! 24,
Also, éf(Zl —384) = 3(3M.4)» and M, = ‘7,--(2’ — 384) - . (6

(6) For a uniformly-distributed load, by substituting in (5) or (6),
2 X 2Mi (3! 2M
= == e——f — — l = e—,
My =My IxX P (2 ) 3
() For a central concentrated load, by substituting in (5) or (6),

Ml M
M=y = (T 1) = T
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II.—CONTINUOUS BEAMS.

Bending Moments at the Supports of Continuous Beams Determined
by the Methods of the Coefficient of Restraint and Fixed Points.

Fig. 33 shows a continuous beam of any number of spans. At () the
bending moments due to a moment applied to a support to the right of C, if
the spans are not loaded, is shown, and at (b) the bending moments due to a
moment applied to a support to the left of A, if the spans are not loaded. The
diagram (c) shows the distribution of the bending moments in spans AB and

l(—unloaded spans
D
Moment
Ag due to
—T < |7%"" B loaded
(th) \l/ ~/ span.

Moment F’" (rh, )

(b) due to AT
Zoaded 8 \l/ o~N—
span.

L—-——— unloaded spans ;.I

F16. 33.—ConTINUOUS BEAM.

BC due to a moment applied to a support to the right of C, as at (a). Let
M be the bending moment at B, I%f be the bending moment at C, and K, M
be the bending moment at A. K,' is therefore the coefficient of restraint of
support B with respect to span BC and a moment at support C. K,_; is the
coefficient of restraint of support A with respect to span AB and a moment at
support B. Let span AB be /,_;, and span BC be /. Assume that I is con-
stant throughout each beam and is I,_, for span AB and I, for span BC. Since
the slopes at B due to the moments in spans AB and BC are the same, the
reactions at B of the elastic weights on spans AB and BC must be equal.

Therefore

]
r-l = et { — —_
68T, M —2M) = 6EI,( aM + Ilg,)
'dr—-l — 210' lf
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1 If2l, | 2l l
d =g =),
a“ A (I, LA z,_l)
Therefore K, = -—IJ__I.__ _— )
2+ ;272 — K,
lr[r—l(. r 1)
I
or K=—" ",
A
lr Ur—1

where #,_, is the coefficient of stiffness of the (» — 1)th span foramoment at B.

When I, = I,_,, DK, m e e

2+ l"'l‘__l(z - Kr-vl)
r

It should be observed that, in the foregoing, K, and K, ; are considered
as purely quantitative terms and positive throughout, and that the slope of AB
at B has the same sign as the slope of BC at B. The expressions for K, there-
fore give positive values, and positive values of K, ; must be substituted in
these expressions. K, then increases as K,_; is increased, which is reasonable.
Confusion of signs is avoided if slopes are thought of in quantitative terms only
and as reactions of elastic weights. If signs are used in the strictly mathematical
sense, K,_; would be of opposite sign throughout and the final expression for
K, would be of opposite sign, because a slope considered from opposite sides of
a support has opposite signs. A negative value of K,_; would then be substi-
tuted in the expressions for K,, and K, would have a negative value.

I i'l1'~1

The value of K, depends only on the value of K, _; and the ratio 7
r—1%

and is independent of the value of M. Therefore starting with the left-hand
end support, where K, is nothing for a free support and % for a fixed support,
values of K can be obtained for each support in turn. Similarly, starting from
the extreme right-hand support, another series of values of K can be obtained
for the case shown in Fig. 33 (b), when the moment is applied to the left of the
spans under consideration without load.” Curves such as those in Fig. 34 relating

K, to ;-'-l'—‘ll for various values of K, ;, can be used to facilitate calculations.
r—1%

It should be noted that the influence of the value of K, , on K, is almost
negligible.

To calculate the support moments of a continuous beam such as that shown
in Fig. 35, the procedure is as follows :

(1) Determine the free moments of each span as shown in Fig. 35 (a).

(2) Determine the residual support moments such as M’ and M’ for each
span ; that is first assume that all the supports are fixed and determine by
subtraction the moment exerted by the restraint of each support.

(3) Determine the coefficient of restraint for each support for moments
applied to the right and left of the unloaded spans.

(4) Distribute the residual moments, such as M,’, as shown in Fig. 35 (b),
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to the adjacent spans in proportion to the stiffness of the adjacent spans and
disperse the moments to the ends of the series of spans, using the coefficients
of restraint calculated in stage (3). Coefficients of moment-distribution are

a=_"=1_ and b= —"% _ where 4, and u,_, are the coefficients of
Uy + Uy Yp1 -+ Yp ‘
stiffiness of the (r — I)th and rth spans with respect to moments applied at A.
Yooy T I

Yp1 + U, %, I, lL,,(z—K,_y)
I4 — I .
Yp—1 + Iz — K,) I,_,
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It should be noted that K,_, is the coefficient of restraint with respect to
moments applied to the right of the unloaded span and K, with respect to
moments applied to the left of the unloaded spans.

It is clear that when a fixed support is unfixed a residual moment will be
distributed to adjacent spans as shown in Fig. 35 (b) if the procedure of unfixing
is considered as the application of an external moment to the beam at the sup-
port equal to the residual moment, and at the same time an equal and opposite
moment to the support in order to relieve the restraint, thus adding no moments
to the system. The dispersal of residual moments to the ends of a beam can
be considered separately, and the results added algebraically, by assuming all
supports to be unfixed but only one residual moment to act at a time.

(5) Having distributed and dispersed all residual moments such as M’,, the

(o
Fp(rh)

M. =K. M M momept;, tfrom M., fi'n:;mle/;= A from
right. . - eft.
e 1y e 1, sl Z——zm—-»k——z,—-———u
Support Bending Moments. Support Bending Moments.
(@) (c)
Moment M D
externally
applied at 8 \
A
Deformation. Deformation.
(b)
A support allows member to rotate and move in direction of,but not normal lo,ils axis.
Fi6. 36.

final step is therefore to obtain the resultant bending moment at each support by
algebraically adding the original fixed moment and all distributed and dispersed
moments acting at the support.

DISTRIBUTION AND DISPERSAL OF RESIDUAL MOMENTS.—The distribution
and dispersal of residual moments is an important procedure, and the following
additional explanation may help to establish the general principles of the method.

Figs. 36 (@) and (b) show the bending moments and deformation of two
spans AB and BC of a continuous beam and an adjoining column BD. A bend-
Ing moment M is applied to AB at A either from an adjacent span or by any
other external means. The joint B is free to rotate and the intersecting mem-
bers are all rigidly connected. Therefore each member develops the same slope
at B. The moment developed at B in the member BA is K,_;M, where K,_,
Is the coefficient of restraint of support B with respect to span BA. The stiff-

c
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ness of the column BD obviously influences the value of K,_;, which will be
greater than for a continuous beam without monolithic branch members. The
moment K, ,M is balanced by the equal and opposite moment M, + M, exerted
by the spans BD and BC.

Figs. 36 (¢) and (d) show the bending moments and deformation of the
three members when an external moment M is applied to the ends of the mem-
bers at the rigid joint B, The slopes of each of the members at B are equal
but M, + M, + M,_, is equal and opposite to the externally-applied moment
M, which is distributed among the members in proportion to their stiffnesses.
It is important not to confuse the distribution of moments at B in Fig. 36 (a)
with those at ¢). When a support such as A [Fig. 36 (2)] is unfixed the result
is the same as applying an external moment M’, to the ends of the members
intersecting at A and at the same time applying an equal and opposite moment
M', to the support in order to relieve the support of all restraint, thereby un-
fixing the support without adding any bending moment to the system. The
residual moment M', is therefore distributed to members adjoining A in the
same way as the moment M is distributed in Fig. 36 (¢). Successive resulting
moments (dispersed residual moments) at the supports beyond B and C [see
Fig. 35 (b)] are then related by the coefficient of restraint of each support. For
spans to the right of A successive coefficients of restraint can be found by com-
mencing the evaluation with the extreme right-hand support, and for spans to
the left of A by commencing the evaluation with the extreme left-hand support.

Since the distribution and dispersal of residual moments depend only on
the coefficient of restraint, it is possible to assume that one support is unfixed
at a time and the residual moment distributed and dispersed to the end of the
system, although dispersal is not complete until all the supports have been
unfixed. The process of unfixing each support in turn adds no moments to the
system but relieves the restraint at the supports and adds the distributed and
dispersed residual moments to the continuous beam or frame. The resultant
moment at a support such as A (Fig. 35) is the original fixed moment plus the
residual moment M’, [distributed as in Fig. 35 (b)] plus the dispersed residual
moments from all other unfixed supports.

Since the values of the coefficients of restraint are independent of the sup-
port moments, the support-moment line must always pass through the same
points such as F,_; and F, in each span [Fig. 35 (b)]. These points are the
fixed points as previously defined. Their positions are easily determined from
the coefficients of restraint, and they are convenient for determining graphically
the dispersal of residual moments.

Practical Coefficient-of-Restraint Method for the Distribution and
" Dispersal of Residual Moments.

In equation (7), let -*= Lho %. The limits of K,_, are 0 and o'5. Also

1,1,
let y be the difference betw;en the values of K, when K,_; = 0 and 0'5; that is
I S S 0'5%

y=z+x(z—o-5) 2+2x 4+ 7%+ 32
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The maximum value of y occurs when Z—y = 0, that is when
x

(4 + 7% + 3%%0'5 — 0:5%(7 + 62) = o,
that is when x = 1-15. When K,_; = 0 and » = 1-15, equation (7) becomes

K= -—— % o2
" 24 (1115 X 2) 023
When K'_l = 0'5 and x = I'15, K, = I °27.

2+ @15 x15) " 0
When K, ;=025 and ¥ =115, K, = . r 0:25.

Therefore if K,_, is assumed to be 0-25 and x is given its actual value of ﬁ“ll,
- ~1

the calculated value of K, must be within 0-02 of its correct value. Thus, vahe;l

dispersing a residual moment M by assuming that K,_, = 0-25, the error in

calculating the moment at the adjacent support cannot exceed 51_‘46 approximately.

It is therefore possible to distribute and disperse residual moments with suf-
ficient accuracy for practical purposes assuming any coefficient of restraint

K=—X

I _ ’
2 + 1.75 11’ 1
I r— llr .
commencing with K, K,, etc., at the extreme supports of the continuous member
under consideration.

which avoids the laborious procedure of calculating K,

Coefficient-of-Restraint Method : General Case.

The coefficient-of-restraint or fixed-point method of calculation can be
extended to deal with continuous beams monolithic with columns or other branch
members. Consider any two adjacent unloaded spans AB and BC (Fig. 37)
continuous with two branch members or columns. A residual moment jra to

r
the right of C is to be dispersed to the spans to the left of C. The span Bp
applies a moment M to the ends B of the members BA, BD, and BE; M is
distributed between these members in proportion to their stiffnesses.

Let u,, u,, and uy be the coefficients of stiffness of BD, BE, and BA’
respectively, and m, and m, the moments acting on BD and BE at B.

M M
Th — ul , d = _——uz——-—- .
en wp gy gt
‘TR — Ky Vbl — Ky
and 6EI,_, , where /;, I,, and K, relate to member BD

Up = -7 —
. zr-—l(z - Kr—l)
and l‘n I., and K‘ to member BE.
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In the case of the beam, starting at the extreme left-hand support, K,_, is
known, and is between o and 0'5 ; K, can be related to K,_, and the corresponding
coefficient of restraint for the column. Similarly K, , , can be related to K, and
the corresponding coefficient of restraint of the column, and so on. Values of
K, and K, can be determined by treating the columns, starting from their sup-
ports remote from B, as unloaded continuous beams allowing for branch members
if necessary, or by using the approximate method and assuming the coefficient
of restraint of the next but one supports to D and E to be o0-25.

Considering then the two adjacent spans AB and BC (Fig. 37), K, is related

Kol

Moment dispersed
towards end support. Mi*Me

A
.
m, My
KI\I (M-ml "”7!) ) M
.—‘: IN ll' ’(’

Moment applied

Km, from right.

D
F1e. 37.

to K,_, by equating the slopes, or reactions of the elastic weights, of spans AB
and BC at B. Expressing the slope of member BA in terms of the end-moment
and coefficient of stiffness,
M —m—m) M, 1
%p 6EI,\ K,

M [1 - i S Y J
Ug + Uy + %y g + % + u. __Ml, _I
Therefore — % = 6_E—I,(2 I_(_,)'
_ I L /2 _I
tp + Uy + Uy B 6EIr\ K,)
_ _ 6EI, —p_ X
lr(uB + Y%y + “l) Kr’
d theref = I
and therefore K, GBI, (8)
lr(“B + % + ul)

Equation (8) tndicates, as might be expected, that when one end of the
tth span of a continuous system is restrained by more than one adjoining mem-
ber the coefficsent of resivasnt of the support is the same as for a single continuous
adjoining member except that the coefficient of stiffness of the single member is
replaced by the sum of the coefficients of stiffness of the several adjoinsng members.
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In most cases K; and K, can be considered to lie between the safe limit-
ing values of 0 and o5 for free and fixed supports respectively, or the coefficient
of restraint of the support next but one to the end support is assumed to be o-25.

The foregoing procedure can be repeated for each span of the beam in turn
starting with a known value of K, at the extreme support, the moments at
each end of each span always being related by the restraint coefficient, and the
moments on each side of the support always differing by the sum of the moments
transmitted to the columns.

The support-moment line of the beam always passes'through the fixed points
since equation (8) for K, is independent of M, m,, and m,. The positions of the
fixed points are not, of course, the same as those for a continuous beam dis-
continuous with columns or branch members.

The Method of Moment-Distribution.

The coefficient-of-restraint and fixed-point methods are very laborious, par-
ticularly when continuity with supporting columns is included. Unless definite
expressions for the bending moments are required in order to determine, say, an
ideal ratio for the stiffnesses of the members of a continuous system, the method
of characteristic points, the approximate coefficient-of-restraint method, or the
method of moment distribution is preferable.

The basis of the method of moment distribution is as follows. In Fig. 38,
A is any support of a continuous beam I, 2, 3, 4, etc., M 4 is the residual moment
which occurs at A if support A is unfixed, and a;, by, ¢;, 4, and ay, by, ¢4, dy,
etc., are the coefficients of moment distribution of each of the members with
respect to moments applied at supports 1, 2, etc.

In the method of Professor Hardy Cross all supports are assumed to be
fixed. Each support or joint in turn is then assumed to be unfixed, and the
residual moment distributed and dispersed on the assumption that all other
joints remain fixed. The joint is assumed to be refixed after distribution.

If u,, u,, etc., are the coefficients of stiffness of the members meeting at 2,

%y U

ay = and b, = , etc.
Tt tugtu o mtmtutu
The coefficient of stiffness of any member is %, = —-6—E—I—"—-—, but since the
ln(z - Kn)

joints of the members are assumed to be fixed, except for the support which
is assumed temporarily to be unfixed, K, is always’0-5. Therefore

L

l
u,,is4EI" and 4, = ;— 1I 7
n ct SEREL B DI
) L L L

the term 4E being common to all factors.

Fig. 38 shows at (@) a continuous system of members with all supports
fixed. The fixed-end moments at each support are calculated from the formula
already established. If each support is released in turn, the residual moment M,
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@ All supports fixed.

All supports fixed. b ﬁL\ by 8}
®) Unbalanced or- alc a] G &l ] c
Residuval moments 1 214 3 4
such as M, act at 4 Q /‘ d, d,
each support when Ma
unfixed
) 6 oyt 7
M, by M, CeMa
©) Support 2 unfixed M
1 3 4
Qz de M, M,
el %
9 10 n 12

gt

Supports 1,6,10,3, beMfcam g M,
unfixed. Residval aaM T b Ma %%
@) moments distributed s /i %—7?;\ i
and dispersed. X
s> e ool Kage
o = :
M M, Ld!cFAﬁ

Fic. 38.—MOMENT-DISTRIBUTION METHOD.-

acts on the members meeting at joint 2. Consider therefore the distribution
and dispersal of the residual moment M.

The first stage is: (4) Unfix joint 2 [see Fig. 38 (b)]. (b) Distribute the
residual moment M, among the members meeting at 2 so that a;M,, bMy,
etc., are the moments acting at the ends of the members. (c) Disperse moments

asM 4, b,M,, etc., to the opposite fixed-end of each member so that a,_];ﬂ acts

at 1, b':l‘ acts at 6, etc. (d) Refix joint 2.
The second stage is to unfix and refix in turn the joints 1, 3, 6, and 10.
aMy ’i-.?é etc. At each joint therefore

2
bers @8 BitaMy
2 2

Each has a residual moment such as

() Distribute the residual moment to the adjoining mem
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etc., acting at 1. (b) Disperse the residual moment to the opposite fixed-end
of each adjoining member giving, say, from joint 1 My acting at joint 2,
4

etc. [see Fig. 38 (d)]. :

Other residual moments can be treated in the same way. In the case of
free end supports there is no need to fix the support before a residual moment
is dispersed provided that the end condition is considered when determining the
relative stiffness of adjoining members. A fixed end support can remain fixed.

The process can be repeated indefinitely. In practice a schedule of moments
is made for the end of each member of the system and divided into stages defined
by unfixing and refixing all supports once, twice, etc. All residual moments
such as M can be distributed and dispersed simultaneously at each stage. At
the second or third stage the residual moments are generally small enough to
be negligible and support moments sufficiently accurate for practical purposes
can be determined. The resultant moment acting at each support is the algebraic
sum of the original fixed-support moments and all the distributed residual moments

received by dispersal from other supports.

Approximate Coefficient-of-Restraint Method.

The foregoing problem can be solved by the approximate coefficient-of-
restraint method which in some cases may be simpler. Referring to Fig. 39,
the procedure is first to assume that all joints are free to rotate. At joint 2,
M, is distributed among the four branch members in proportion to their stiff-
nesses, giving agM 4, bsM 4, c,M 4, and d,M 4.  As before, @, = ae!

Uy + Uy + Uy 4+ u,,
where u,, u,, etc. are the coefficients of stiffness of the members 1-2, 2-6, etc.

8

5 6 7

9 /10 " 12
F1G. 39.—APPROXIMATE COEFFICIENT-OF-RESTRAINT METHOD.
Also 4, = IT(SELI_{_S' where I, and /; relate to the member 1-2, and K, is the
— 4y

coefficient of restraint of joint 1 with respect to joint 2. I, and /; are known,
and K, is found from equation (8) by substituting values of up, #,, and %, for
the members branching from joint I and restraining member 1-2, and assum-
ing when evaluating each coefficient of stiffness that K,_, = 0-25. Similarly values
of 4 for the other members meeting at joint 2 can be found.

The second stage is to disperse to joint 3 the moment c;M 4 acting on mem-
ber 2-3. The moment at joint 3 is M’, = KycyM 4, where Kj is the coefficient
of restraint of joint 3 with respect to joint 2. The value of K, can be found
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by applying equation (8) and assuming K, _, = 0-25 when evaluating the coefficient
of stiffness of each branch member to the right of joint 3.

The next stage is to distribute the moment M’, among the members 3-,
3-4, 3-1I in proportion to their stiffnesses, the moments acting on each being
bsM' 4, csM' 4, and dsM',. The coefficient of stiffness of each member is calcu-
lated in a similar manner to the coefficient of stiffness of member 1-2 when
acted upon by a moment at joint 2.

The fourth stage is to disperse the moments b,M’,, ¢;M’,, etc., to joints 7,
4, and 11, using coefficients of restraint calculated in a similar manner to K,
in the foregoing. Distribution and dispersion should be continued until the
residual moments become negligible. Finally all support moments are added
together algebraically.

Characteristic Points.

The following is a consideration of the general case, the notation (Fig. 40)
being :

!: the span of the beam or structural member supported at A and B.
I,: the moment of inertia of a section » from A,
Mp;: the free bending moment at ¥ from A.
gr: the distance of the centroid of the free-moment diagram from A.

g’r: the distance of the centroid of the Aﬁ:’” diagram from A.
Ap: the total area of the My, diagram.
A’p: the total area of the IVZ:” diagram.
M, : the bending moment at support A.
Mp: the bending moment at support B.
g4 : the distance of the gentroid of the ! ;;x diagram from A.

Il —x
Iy

gp: the distance of the centroid of the ’7; diagram from A.

A4 : the total area of the

diagram.

Ap: the total area of the iI‘ diagram.

Fug. 40 shows the following for any span AB of a continuous beam or for
a structural member which, at the supports, is free to rotate and to move in
the direction of its axis, but not to move normal to its axis.

(a) A diagram showing the variation of I; throughout the span AB.

() The bending-moment diagram for the span AB if freely supported at A and
B, that is assuming that there is no continuity with adjacent spans.

(¢) A diagram showing the variation of the free bending moment divided by I.

(d) The diagram of the bending moments at the supports.

(¢) A diagram showing the variation of ! ;x.

@

(f) A diagram showing the variation of I%'

(g) The diagram of the bending moments at the supports showing the position

of the characteristic points.
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SLOPE OF BEAM AT A AND B EXPRESSED GRAPHICALLY BY CHARACTERISTIC
Points.—The slope of the beam at B due to the free bending moment only is
the reaction at B of the beam loaded with the elastic weights —= &7 et andlsA Enlg L4

(E is constant). The slope of the beam at B due to the support moments is the
reaction at B of the beam loaded with the elastic weights derived from the
support-moment diagram. This diagram can be divided, as in Fig. 40 (d), into

two diagrams the ordinates of which are M A(l 7 x) and M FI’f The terms

M M, x .
F El - I, are variables
as shown in Fig. 40 (e) and (f) respectively. The reaction at B of the elastic

weights due to the support moments only is

B
Joed () e+ L))
According to the notation already given, J (-T- ¥.d% is A4g4, the moment

0 z
— % diagram, and J‘ (I{)xdx is Apgp, the moment
0 \*z

z

about A of the area of the

about A of the area of the Ii diagram. Thus the reaction at B is

z
El,(MAAAgA + MpApgs) - . . - (9
The moment about A of any strip of infinitely small width dx of the diagram

in Fig. 40 (€) is l-;I——f.x.dx. The moment about B of similar strips of the
z

’ diagram in Fig. 40 (f) is Ii(l — x)dx. Thus the sums of all such moments are
z

equal ; that is 4,8, = Apgl — g,. Substitutingin (9), the slope of the beam at B

due to the support moments only is

[MAAB(l &) + MpApgp] . . . . (10)

Eni
gp 4 Mses ngn

Now, in Fig. 40 (g), FD = FG + GD. Thus FD=M4
which from equation (10) is the slope of the beam at B due to the support

moments only multiplied by ‘-Iii If DQ is 4 A’g ¥ which is the slope at B due
B B

to the free moment only multiplied by gi then QF = FD — D{ is the resultant

- slope of the beam at B multiplied by il

-Similarly if PC is é—’—'—(%———g'—i), PE is the resultant slope of the beam at A
: 4

multiplied by %
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The points P and Q are the characteristic points for the span AB and their
position is determined by the distribution of the free bending moment and the
variation of I.

MOMENTS AT THE SUPPORTS OF A CONTINUOUS BEAM OR A MEMBER OF A
FraME. (SupPorTs FREE TO ROTATE.)—Referring to Fig. 41, AB and BC are

Free Moment

/ Support
Moment

E
R . §

D et

P Qr \ y

\
y
A ) v 8T
rthspan r+1t"span
' FiG. 41.

the rth and (» 4 1)th spans of a continuous beam or frame on supports fixed

in position but free to rotate. The thick lines indicate the distribution of the

bending moments at the supports and the free bending moments ; P,, Q,, P,,,,

and @, are the characteristic points for the rth and ( + 1)th spans, the positions

A'rg'y
A

of which for each span are found by setting up UQ, = , calculated as already

B
explained for the rth span, and VP, ; = é_E(lAf_,g %) for the (r + 1)th span.

4
Also, UA = gg for the rth span, and BV = g, for the (r + 1)th span.
Now Q,R is the slope of the beam at B due to the free and support bending

moments of the rth span multiplied by Ail', where [, is the 7th span and A4, is
Br
;- diagram for the rth span. Also, SP,,, is the slope of the
z
beam at B due to the free and support bending moments of the (r + 1)th span

multiplied b —Ef’—*-l—, where A 4, is the area of the b—=x diagram for the
y (r4-1) T

A(r+1)
(r + x)th span. The slope of the beam at B due to bendizng moments of the
rth span is equal to, but of opposite sign to, the slope of the beam at B due to
bending moments of the (r + 1)th span.

the area of the

SP

Theref , QR _ _SPryy

erefore T .,
Ap, Agry)

The terms Q,R and SP,,, refer to the lengths between points Q, and R, and

S and P,,,, respectively in Fig. 41.

Thus OR _ hdaen T (p)
. SPry1 by14 5 .

In a given case, therefore, at support B the bending moment représented by
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BE must be such that the lines joining E to D and F (where AD and CF repre-
sent the bending moments at supports A and C respectively) pass above and
below the characteristic points Q, and P, ; at vertical distances Q,R and SP,
respectively such that equation (11) is satisfied.

If T is set out so that ¥—$ equals the right-hand side of equation (11) and

O is a point vertically above T on the line joining the characteristic points Q,
and P, ,, then R and S, the points of intersection of the vertical lines through
the characteristic points with the support-moment lines, must lie on a straight
QR QO RO _UT bec
P,,,s —0p,, dos = v because
RU, OT, and SV are parallel. The height of E vertically above B, which repre-

line through O since, by similar triangles,

rthspan D ryytn span

Free Support
Moments

sents the support moment at B, must therefore be such that when lines ED
and EF are drawn they intersect the verticals through the characteristic points
at points on a straight line passing through O.

Spans such as AB and BC (Fig. 41), will generally be two of a series of spans
such as are shown in Fig. 42. To determine the support-moment line for such
a case, the characteristic points for each span must be plotted and the support-
moment line drawn so that it passes above and below the characteristic points
adjacent to each support at vertical distances related in accordance with equa-
tion (11). The line satisfying this condition can only be drawn by trial and
error assisted by setting out the points corresponding to O as described. With
a little experience a support-moment line can be drawn very quickly giving
bending moments sufficiently accurate for practical purposes. Frequently, in
the early stages of a design, only an approximate diagram is required, and
the support-moment line can be immediately drawn with sufficient accuracy on
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approximate free-moment diagrams, sketched on squared paper, with the bend-
ing moments at critical sections and with precise safe limiting values for the
heights of the characteristic points expressed in terms of wi?. This procedure
applies particularly to the usual case in which I is constant. The method of
characteristic points is useful for determining quickly the effect of the variation
of I on the distribution of the bending moments, particularly when the depth
at the supports is greater than that at mid-span.

The following should be noted when setting out the support-moment lines :

(i) Since the height of the support-moment line above or below the charac-
teristic point is a function of the slope of the adjacent support, the slope due
to the free moment is greater than the slope due to the bending moment at the
support if the line passes below a characteristic point. The beam therefore
slopes downwards from the support towards the middle of the span concerned
and upwards towards the span on the other side of the support; thus in the
span on the other side of the support the support-moment line passes above
the characteristic point.

(ii) If the beam is horizontal at a support, as in the case of a fixed-end or
of the middle support of a symmetrical series of spans, the support-moment line
must pass through the characteristic points on either side of the support since
there is no slope at the support.

(iii) If the beam is freely supported at an end support, the support-moment
line must obviously pass through the support. The vertical distance between
the support-moment line and the characteristic point, which is generally above
the line, is a function of the slope at the end support.

SIMPLIFICATION WHEN I 1s CONSTANT.—Often the moment of inertia is con-
stant throughout each span of a continuous beam. Referring to Fig. 40, for this

. oo b al b

case the following values are obtained : g4, = 3 gp = P Ay= X35
2

Ap = l—; A'p= ﬁf, where Ay is the area of the free-moment diagram [see

2l I
Fig. 40 (b)], and g’y = gp. Therefore the characteristic points are situated on
verticals through the third-points of each span.

. e . 4
The height of a characteristic point Q, is 4, “Ixh =n

g having suitable values for the 7th span. Although I is therefore omitted from
the expression for the height of Q,, it must be included when scaling from the
diagram a definite value of the slope of the beam. Similarly, the height of

characteristic point P, is ’«:{11%—_81)_
From equation (11),
l’r+1
QR _ _ b Ay _hu L
SPr-H lr+l {_’r_ lr Ir+1
2I,
,

== '——-Ll if I'—_~I’+1.
r



-

i * REINFORCED CONCRETE

The bending-moment diagram for a continuous beam of constant moment
of inertia can therefore be plotted by the following simple procedure (Fig. 42) :

(i) Draw the free-moment diagram for each span. Generally it is only
necessary to sketch this approximately on squared paper with only the maxi-
mum bending moment accurately set out, as this is at or near a critical section
of the beam.

(i) Plot the characteristic points at vertical distances of 24r (lls_ &) and
i‘%ﬁgf above the first and second third-points respectively of each span; the
values of A, gz, and ! are those applicable to each span. If the free-moment

diagram is for a uniformly-distributed load, 4, = M——’—'-l, where M is the maxi-
mum value of the free bending moment. The height of both characteristic
points is then the same and is 2z X 2?%’1 l; = 2—1—;!- because gy = lE If the
free-moment diagram is for a central concentrated load, the height of both
2 x 2F I M
characteristic points is ——— 2.~ = —F.
2 2

(iii) Draw the support-moment lines so that at each pair of characteristic
points, such as Q, and P,,, [Fig. 42 (a)], SPQ’ ’I+ I+l The beam generally
slopes downwards from the support towards th:e span 1;1 which the free bending
moment is greatest. The support-moment line then passes below the charac-
teristic points in that span. Thus in Fig. 42 () the beam slopes from support
D downwards towards the right. The support-moment line can generally be

sketched sufficiently accurately by eye when I is constant since the ratio &Z—‘-‘-
T

is simple, and the construction involving the point O as in Fig. 41 is not required.

Most cases of irregular load occurring in practice can be dealt with by a
free-moment diagram which is either that for a central concentrated load or for
a uniformly-distributed load, and for which the bending moment at any section
of the beam exceeds that for the worst distribution of the working load. As
I is generally constant, the procedure is very simple and only entails remembering
the following two points. -

(i) The vertical distances of the characteristic points above the first and

second third-points of each span are —2-‘3-4— for a span carrying a uniformly-

distributed load and —= M" for a span carrying a central concentrated load, where

Mpy is the maximum free bending moment.
(ii) The support-line must pass above and below the characteristic points
adjacent to the support between the rth and (r + 1)th spans at distances in

the ratio of -Zt2,
[
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The method of characteristic points can be applied to any continuous mem-
ber bearing on supports which cannot yield in a direction normal to the axis
of the member but are free to rotate, because it is merely a device for finding
the bending moments developed at a support in order that the slope of the beam
at the support is the same when calculated from the distribution of the bending
moment in adjacent spans. For example, the method can be applied to find
the bending moments in the walls of a rectangular tank if the walls span hori-
zontally, or in a portal frame if the joints do not sway sideways due to horizontal
forces or unsymmetrical loads.

ConTiNUOUS BEAMS MoNoLITHIC Wi1TH COLUMNS.—Most continuous beams
are sufficiently stiff relative to the supporting columns to make bending moments
in the columns negligible except at the end supports. A check can be made by

Deformation ¥

. M,
R”’ F o~ PNI ?
= e ——— ——
o S
rthspan MC T r-chSPan
le
Me
2
FiG. 43.

the following adjustment of the support-moment line obtained by characteristic
points,

Referring to Fig. 43, assume that I, is the moment of inertia of a column
at an intermediate support A of a contmuous beam, [, is the height of the column,
and M, the bending moment at the head of the column. The most adverse
condition is when the column is fixed at the base. The slope of the column at
the head equals the reaction of the elastic weights, that is

2 M\ _ MJ,
6EI( 2M, '5‘) T 4EI,

The support-moment line must pass the characteristic points Q, and.P,

so that IR _ l""ll', provided that I is constant in each span of the beam.
Pr+ls fI r+1 .

Also the slope of the beam at A is Q,R.

which must equal

= P8t

b +
2EI, 2EI, |
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ditions are satisfied. Generally the adjustment required is negligible, and
therefore the value of M, is negligible.

If necessary, the support-moment line must be adjusted until these con-

III.—FRAMED STRUCTURES AND ARCHES.

It must be emphasised that the methods of characteristic points, fixed
points, coefficient of restraint, and moment distribution are based on the assump-
tion that the supports are not displaced. The supports of building frames, portal
frames, and similar structures are, with the exception of the supports on the
ground, liable to horizontal displacements due to unsymmetrical vertical loads
or to unsymmetrical arrangement of the members of the frame, or to horizontal
forces such as those due to the wind. In buildings, the effect of horizontal dis-
placement due to unsymmetrical load or arrangement of members is often ignored.
In cases in which sway must be taken into account it is possible to assume first
that no horizontal displacements occur and to calculate the external horizontal
forces required for equilibrium ; the bending moments due to these forces are
algebraically added to those obtained with the supports assumed not displaced.
In such cases, however, it is preferable to use other methods which are described
later. '

The method of moment distribution is popular, but engineers familiar with
the method of characteristic points may find that, by sketching on squared
paper the bending moments at the critical sections of a beam, they can obtain
sufficiently accurate results more quickly and with less risk of error as mistakes
are more noticeable in a graphical method. The plotting of the free-moment
diagrams and the characteristic points can be done with absolute certainty in
most cases in a few minutes, and with little experience the support-moment’ line
can be established after very few trials. If the bending moment at a support
is slightly under-estimated the bending moment in the adjacent span is auto-
matically slightly over-estimated, so that under ultimate load the strength of
the beam is not affected. The method of characteristic points is also easier
when dealing with beams having varying moments of inertia and for determining
quickly the influence of deep haunches. The approximate method of coefficient
of restraint is also as quick as the moment-distribution method and is sufficiently
accurate for practical purposes. An engineer should, however, adopt the method
of calculation which he finds to be the easiest to understand, thereby ensuring
the reliability of the results. Some other methods are referred to in the following.

The Solution of Statically-Indeterminate Frames by the
éu.-Method.

The stresses in vertical frames subjected to horizontal forces and displacement
of the supports, portal frames, frames of foundation rafts, and arches can also
- be analysed by using the d table [Fig. 46 (v)], by which standard solutions of
the general elastic equations are evaluated.
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In Fig. 44 (a) P, and P, are known external forces or moments acting on
any frame. If the frame is » times statically’ indeterminate, # unknowns X5
Xy ... X, are assumed to act at suitable points of the frame, so that the
frame becomes statically determinate.

The continuity at any point in the frame may be broken by inserting a
hinge and replacing the internal moment of resistance by two equal and opposite
external unknown moments X, acting on the member on either side of the hinge

A—>

A
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F1G. 44.

[Fig. 45 (a)]; or by making a cut and replacing the internal moment of resis-
tance, shearing force, and tension or compression by equal and opposite unknown
moments X,, equal and opposite unknown forces X acting normal to the mem-
ber, and equal and opposite forces X, acting in the direction of the member on
either side of the cut [Fig. 45 (b)].

A fixed bearing may be replaced by a hinged bearing and an unknown
external moment ; or by a roller bearing and an unknown moment, .and an
unknown external force X acting on the end of the member in the direction
in which the bearing is free to roll; or by a free unsupported end and two

' D
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unknown forces acting in two directions at right-angles, and an unknown bending
moment. ' ‘

A hinged bearing may be replaced by a roller bearing and an unknown
force acting in the direction in which the roller is free to roll; or by a free
unsupported end and two unknown forces acting at right-angles on the end of
the member. "

In a frame which is # times statically indeterminate, cuts, hinges, roller
bearings, or unsupported ends must be provided and unknown forces or moments
assumed to act in place of all internal and supporting forces and moments removed,
until # unknowns have been assumed. The positions of the cuts, hinges, and
the like must be chosen so that when the » unknowns are applied the frame
is statically determinate in all parts and is stable.

In a particular case, having assumed » unknowns, the forces acting on the
frame can be split up into # + 1 statically-determinate systems. Fig. 44 shows
a frame which is four times statically indeterminate. The division of the forces

X \/.\/A’, . M
/N
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X X4 L.
(b) ©)
F1G. 45.

acting on the frame into # 4 1 statically-determinate systems may be regarded
as typical. The systems are:

System (0) (marked M) : P; and P,, the known forces or moments acting
on the frame and their corresponding reactions at the supports.

System (1) (marked M,) : X, (always assumed at first to be unity to simplify
the calculations) and its corresponding reactions at the supports. The forces
and moments at any point in the frame due to X; having a value other than
unity are X, times the forces and moments due to X; = 1.

System (2) (marked M,): X, =1 and its corresponding reactions at the
supports. ’

System (3) (marked M,): X; =1 and its reactions.

System (4) (marked M,): X, =1 and its reactions.

The bending moment, shearing force, and tension or compression at any
point in the frame is the sum of the moments, shearing forces, and direct forces
at the point due to each of the # 4 1 systems. For systems (2), (3), and (4)
the moment or shearing force due to X; =1, X3 =1, X3 =1, and X, = 1 must
be multiplied by the value of X,, X,, etc., when found.

Let 6 indicate the movement in the direction of X; taken up by any force
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or moment X; = I already acting on the frame, when any other force, say,
X, = 1, and its reactions, are applied to the frame, which has been made statically
determinate by the insertion of suitable hinges, cuts, and the like. Oy is a
deflection when X; is a force and an angle of rotation when X; is a moment.

Let M; and M, indicate the moments at any point in the frame caused
by the system of forces (¢) and (k) respectively acting on the frame, that is by
X;=1 and X; = 1, and their. reactions, acting alone.

The bending-moment diagrams for M; and M, are plotted on the tensile side
of the members with ordinates normal to the members (Fig. 44). The moments
are easily obtained from the forces X; = 1 and X, = 1, since the frame has been
made statically determinate. Let M, indicate the moments caused by P, and
P, only acting [system (0)], and let §;, and &,, indicate the movement of X;
and X, in the diréction X; or X;, when the moments M, only act on the frame.
In Fig. 44 the moments M, caused by P, and P, are separated for clearness.

Since d;; is the movement of X; = 1 in the direction X; due to X, = 1 only
acting, 1 X 0y is the virtual work done by X; = 1 in being moved §; when
X, = 1 acts. When X, having a value other than unity acts, the virtual work
done by X; = 1 is equal to X3d;. The force X; = 1 causes bending moments
M, throughout the frame, that is the force X; = 1 is equilibrated by internal
moments M, acting throughout the frame and by external reactions which do
not move when other forces or moments are applied to the frame. Therefore,
if the force or moment X; = 1 is applied to the frame when already acted
on by X;=1, each internal resisting couple M; turns through an angle
d¢ = %ds, since _1;1 _E and d¢ .—:-d;s [Fig. 45 (c), where ds is an infinitely

P
short length of the member and d¢ is the angle subtended by ds at the centre
of curvature].

The total virtual work done by all couples M; throughout the frame rotating

through an angle d¢ is JMM = J.M"gl]"d S, Since the variable ds is always

measured along each member and the moments M; and M, are always plotted
normal to the members, this expression is the integration of the products of the
ordinates of the M diagram and the M;-diagram throughout the frame, with
ds as the horizontal variable measured along the members. Hence d;, the virtual
MM ds and

EI °
the virtual work done by X; = 1 when X, having any other value than unity
M(M ,,ds

EI

X; =1 when P, and P, are applied to the frame is §;, =

work done by X; = 1 when X, = 1 is applied to the frame, is

Similarly, the virtual work done by

M"Mods
EI
The total virtual work done by X;= 1 when the forces P, and P, and
X, to X, of the systems 0 to 4, or 0 to # in the general case, are applied to the
frame is 6“, + deu + X.&;, + “ e X,,G;,,
= M;Mods + XIJ‘M‘MldS + X' M;M]ds + XnJMiM”dS . (I)

EI EI EI o EI

is applied to the frame is X
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When the point of application of X; does not move due to sinking of a
support or yielding of a fixed end, o