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FOREWORD TO THE ENCiLISH EDITION 

It is an unusual pleasure to present Professor Heisen> 

berg’s Chicago lectures on “The Physical Principles of 

the Quantum Theory’^ to a wider audience than could 

attend them when they were originally delivered. Pro¬ 

fessor Heisenberg’s leading place in the development of 

the new quantum mechanics is well recognized by those 

who have been following its growth. It was in fact he who 

first saw clearly that in the older forms of quantum theory 

we were describing our spectra in terms of atomic mecha¬ 

nisms regarding which we could gain no definite knowl¬ 

edge, and who first found a way to interpret (or at least 

describe) spectroscopic phenomena without assuming 

the existence of such atomic mechanisms. Likewise, “the 

uncertainty principle” has become a household phrase 

throughout our universities, and it is especially fortunate 

to have this opportunity of learning its significance from 

one who is responsible for its formulation. 

The power of the new quantum mechanics in giving us 

a better understanding of events on an atomic scale is 

becoming increasingly evident. The structure of the 

helium atom, the existence of half-quantum numbers in 

band spectra, the continuous spatial distribution of 

photo-electrons, and the phenomenon of radioactive dis¬ 

integration, to mention only a few examples, are achieve¬ 

ments of the new theory which had baffled the old. While 

the writing of this chapter of the history of physics is 
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doubtless not yet complete, it has progressed to such a 

stage that we may profitably pause and consider the sig¬ 

nificance of what has been written. As we make this sur¬ 

vey, we are indeed fortunate to have Professor Heisen¬ 

berg to guide our thoughts. 

Arthur H. Compton 



PREFACE 

The lectures which 1 gave at the University of Chicago 

in the spring of 1929 afforded me the opportunity of re¬ 

viewing the fundamental principles of quantum theory. 

Since the conclusive studies of Bohr in 1927 there have 

been no essential changes in these principles, and many 

new experiments have confirmed important consequences 

of the theory (for example, the Raman effect). But even 

today the physicist more often has a kind of faith in the 

correctness of the new principles than a clear understand¬ 

ing of them. For this reason the publication of these Chi¬ 

cago lectures in the form of a small book seems justified. 

Since the formal mathematical apparatus of the quan¬ 

tum theory is already available in several excellent texts 

and is more familiar to many than the physical principles, 

I have placed it at the end of the book, in what is little 

more than a collection of formulas.* In the text itself I 

have been at pains to use only elementary formulas and 

calculations, so far as this is possible. 

In the body of the text particular emphasis has been 

* Translators^ Note.—In the English edition, Professor Heisen¬ 
berg’s lectures on the^ mathematical part of the theory have been re¬ 
produced in more detail. This seemed advisable since a treatment of 
the general transformation theory and the quantum theory of wave 
fields was not available in English at the time the manuscript was pre¬ 
pared. The former has since been treated in several texts (E. U. Con¬ 
don and P. M. Morse, Quantum Mechanics; A. E. Ruark and H. C. Urey, 
Atomsf Molecules and Quanta; both published by McGraw-Hill). 

The English text also deviates in several other points from the Ger¬ 
man, but these are felt to be unessential changes. 
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placed on the complete equivalence of the corpuscular 

and wave concepts, which is clearly reflected in the newer 

formulations of the mathematical theory. This symmetry 

of the book with respect to the words ^^particle’’ and 

“wave” shows that nothing is gained by discussing funda¬ 

mental problems (such as causality) in terms of one 

rather than the other. I have also attempted to make the 

distinction between waves in space-time and the Schro- 

dinger waves in configuration space as cjear as possible. 

On the whole the book contains nothing that is not to 

be found in previous publications, particularly in the in¬ 

vestigations of Bohr. The purpose of the book seems to 

me to be fulfilled if it contributes somewhat to the dif¬ 

fusion of that ^^Kopenhagener Geist der Quankntheorie,^^ 

if I may so express myself, which has directed the entire 

development of modern atomic physics. 

My thanks are due in the first place to Drs. C. Eckart 

and F. Hoyt, of the University of Chicago, who have 

taken on themselves not only the labor of preparing 

the English translation, but have also contributed essen¬ 

tially to the improvement of the book by working over 

several sections and giving me the benefit of their advice. 

I am also indebted to Dr, G. Beck for reading proof of 

the German edition and for valuable assistance in the 

preparation of the manuscript. 

Leipzig 

March 3, 1930 

W. Heisenberg 
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CHAPTER I 

INTRODUCTORY 

§ I. THEORY AND EXPERIMENT 

The experiments of physics and their results can be 
described in the language of daily life. Thus if the physi¬ 
cist did not demand a theory to explain his results and 
could be content, say, with a description of the lines ap¬ 

pearing on photographic plates, everything would be 
simple and there would be no need of an epistemological 

discussion. Difficulties arise only in the attempt to 

classify and synthesize the results, to establish the rela¬ 
tion of cause and effect between them—in short, to con¬ 

struct a theory. This synthetic process has been applied 
not only to the results of scientific experiment, but, in the 
course of ages, also to the simplest experiences of daily 
life, and in this way all concepts have been formed. In the 
process, the solid ground of experimental proof has often 
been forsaken, and generalizations have been accepted un¬ 

critically, until finally contradictions between theory and 
experiment have become apparent. In order to avoid 

these contradictions, it seems necessary to demand that 

no concept enter a theory which has not been experimen¬ 

tally verified at least to the same degree of accuracy as the 
experiments to be explained by the theory. Unfortunate¬ 

ly it is quite impossible to fulfil this requirement, since 
the commonest ideas and words would often be excluded. 
To avoid these insurmountable difficulties it is found ad- 
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visable to introduce a great wealth of concepts into a 
physical theory, without attempting to justify them rigor¬ 
ously, and then to allow experiment to decide at what 
points a revision is necessary. 

Thus it was characteristic of the special theory of rela¬ 
tivity that the concepts “measuring rod’’ and “clock” 
were subject to searching criticism in the light of experi¬ 
ment; it appeared that these ordinary concepts involved 
the tacit assumption that there exist (in principle, at 
least) signals that are propagated with an infinite veloc¬ 
ity. When it became evident that such signals were not to 
be found in nature, the task of eliminating this tacit as¬ 
sumption from all logical deductions was undertaken, 

with the result that a consistent interpretation was found 
for facts which had seemed irreconcilable. A much more 
radical departure from the classical conception of the 
world was brought about by the general theory of rela¬ 
tivity, in which only the concept of coincidence in space- 
time was accepted uncritically. According to this theory, 
ordinary language (i.e., classical concepts) is applicable 
only to the description of experiments in which both the 
gravitational constant and the reciprocal of the velocity 
of light may be regarded as negligibly small. 

Although the theory of relativity makes the greatest of 
demands on the ability for abstract thought, still it fulfils 
the traditional requirements of science in so far as it per¬ 
mits a division of the world into subject and object 
(observer and observed) and hence a clear formulation of 
the law of causality. This is the very point at which the 
difficulties of the quantum theory begin. In atomic phys¬ 
ics, the concepts “clock” and “measuring rod” need no 
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immediate consideration, for there is a large field of phe¬ 

nomena in which i/c is negligible. The concepts ^‘space- 

time coincidence” and “observation,” on the other hand, 

do require a thorough revision. Particularly character¬ 

istic of the discussions to follow is the interaction between 

observer and object; in classical physical theories it has 
always been assumed either that this interaction is negli¬ 

gibly small, or else that its effect can be eliminated from 

the result by calculations based on “control” experi¬ 

ments. This assumption is not permissible in atomic 

physics; the interaction between observer and object 

causes uncontrollable and large changes in the system 

being observed, because of the discontinuous changes 

characteristic of atomic processes. The immediate conse¬ 

quence of this circumstance is that in general every ex¬ 

periment performed to determine some numerical quan¬ 

tity renders the knowledge of others illusory, since the un¬ 

controllable perturbation of the observed system alters 

the values of previously determined quantities. If this 

perturbation be followed in its quantitative details, it ap¬ 

pears that in many cases it is impossible to obtain an 

exact determination of the simultaneous values of two 

variables, but rather that there is a lower limit to the 

accuracy with which they can be known.* 

The starting-point of the critique of the relativity 

theory was the postulate that there is no signal velocity 

greater than that of light. In a similar manner, this lower 

limit to the accuracy with which certain variables can be 

known simultaneously may be postulated as a law of na¬ 

ture (in the form of the so-called uncertainty relations) 

* W. Heisenberg, Zeitschrifi fur Pkysikt ^^, 172, 1927. 
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and made the starting-point of the critique which forms 

the subject matter of the following pages. These uncer¬ 
tainty relations give us that measure of freedom from the 

limitations of classical concepts which is necessary for a 

consistent description of atomic processes. The program 

of the following considerations will therefore be: first, to 

obtain a general survey of all concepts whose introduc¬ 

tion is suggested by the atomic experiments; second, to 

limit the range of application of these concepts; and 

third, to show that the concepts thus limited, together 

with the mathematical formulation of quantum theory, 

form a self-consistent scheme. 

§2. THE FUNDAMENTAL CONCEPTS OF 

QUANTUM THEORY 

The most important concepts of atomic physics can be 

induced from the following experiments: 

a) Wilson^ photographs.—The a- and /3-rays emitted 
by radioactive elements cause the condensation of minute 

droplets when allowed to pass through supersaturated 
water vapor. These drops are not distributed at random, 

but are arranged along definite tracks which, in the case 

of a-rays (Fig. i), are nearly straight lines, in the case of 

jS-rays, are irregularly curved. The existence of the tracks 

and their continuity show that the rays may appropri¬ 

ately be regarded as streams of minute particles moving 

at high speeds. As is well known, the mass and charge 

of these particles may be determined from the deflection 
of the rays by electric and magnetic fields. 

* Proceedings of the Royal Society^ A, 85, 285, 1911; see also Jahrbuch 
der RadioakliviUUt 10, 34, 1913. 
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b) Difraction of matter waves (Davisson and Germer\^ 

ThomsonRupp^).—After the conception of jS-rays as 

streams of particles had remained unchallenged for more 

than fifteen years, another series of experiments was per- 

Fig. I.—Tracks of a-particles in Wilson Cliamber 

formed which indicated that they could be diffracted and 

were capable of interference as if they were waves. Typi¬ 

cal of these experiments is that of G. P. Thomson, in 

which a narrow beam of artificial /J-rays of moderate 

* Physical Review^ 30, 705, 1927; Proceedings of the National Academy^ 

14, 317, 1928. 

* Proceedings of the Royal Society^ A, 117, 6cx^, 1928; A, 119, 651, 1928. 

3 Annalen der Physiky 85, 981, 1928. 
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energy is passed through a thin foil of matter. The foil is 

composed of minute crystals oriented at random, but the 

atoms in each crystal are regularly arranged. A photo¬ 

graphic plate receiving the emergent rays exhibits rings 

of blackening (Fig. 2), as though the rays were waves and 

were diffracted by the minute crystals. From the diame- 

Fig. 2.—Piffraction of electrons on passing through a thin foil of 
matter. 

ters of the rings and the structure of the crystals, the 

length of these waves may be determined and is found to 

be X == VmVy where m is the mass and v the velocity of the 

particles as determined by the above-mentioned experi¬ 

ments. Similar experiments were performed by Davisson 

and Germer, Kikuchi,* and Rupp. 

c) The diffraction of X-rays.—The same dual interpre¬ 

tation is necessary in the case of light and electromag¬ 

netic radiation in general. After Newton’s objections to 

* Japanese Journal of Physics, 5, 83, 1928. 
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the wave theory of light had been refuted and the phe¬ 

nomena of interference explained by Fresnel, this theory 

dominated all others for many years, until Einstein* 

pointed out that the experiments of Lenard on the photo¬ 

electric effect could only be explained by a corpuscular 

theory. He postulated that the momentum of the hypo¬ 

thetical particles was related to the wave-length of the 

radiation by the formula ^ = (cf- § 26). The necessity 
for both interpretations is particularly clear in the case of 

X-rays: If a homogeneous beam of X-rays is passed 

through a crystalline mass, and the emergent rays re¬ 

ceived on a photographic plate (Fig. 3), the result is much 

like the result of G. P. Thomson’s experiment, and it may 

be concluded that X-rays are a form of wave motion, with 

a determinable wave-length. 

d) The Compton-Simon^ experiment.—When a beam of 

X-rays passes through supersaturated water vapor, it 

is scattered by the molecules. Secondary products of 

the scattering are the ‘‘recoil” electrons, which are ap¬ 

parently particles of considerable energy, since they form 

tracks of condensed droplets as do the jS-rays. These 

tracks are not very long, however, and occur with random 

direction. They apparently originate within the region 

traversed by the primary X-ray beam. Other secondary 

products of the scattering are the photoelectrons, which 

again make themselves evident by longer tracks of con¬ 

densed water droplets. Under suitable conditions these 

tracks originate at points outside the primary X-ray 

beam, but the two secondary products are not unrelated. 

* Annalen der Physik, 17,145,1905. * Physical Review, 25,306,1925. 
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If it be assumed that the X-ray beam consists of a stream 

of light-particles (photons) and that the scattering process 

is the collision of a photon with one of the electrons of 

the molecule, as a result of which the electron recoils in 

the observed direction, Einstein^s postulate regarding the 

Fig. 3.—Diffraction of X-rays by MgO powder 

energy and momentum of the photons enables the direc¬ 

tion of the photon after the collision to be calculated. 

This photon then collides with a second molecule, and 

gives up its remaining energy to an electron (the photo¬ 

electron). This assumption has been quantitatively ver¬ 
ified (Fig. 4). 
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e) The collision experiments of Franck and Hertzs— 

When a beam of slow electrons with homogeneous ve¬ 
locity passes through a gas, the electronic current as func¬ 

tion of the velocity changes discontinuously at certain 

values of the velocity (energy). The analysis of these 

experiments leads to the conclusion that the atoms in the 

Fig. 4.—Photograph showing recoil electron and associated photo 
electron liberated by X-rays. The upper photograph is retouched. 

gas can only assume discrete energy values (Bohr^s 
postulate). When the energy of the atom is known, one 

speaks of a ‘^stationary state of the atom.’’ When the 

kinetic energy of the electron is too small to change the 

atom from its stationary state to a higher one, the elec¬ 

tron makes only elastic collisions with the atoms, but 

when the kinetic energy suffices for excitation some elec¬ 

trons will transfer their energy to the atom, so the elec- 

* Verhandlungen der Dentschen PhysikalischeGesellschafty 15,613,1913. 
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tronic current as a function of the velocity changes rapidly 

in the critical region. The concept of stationary states, 
which is suggested by these experiments, is the most di¬ 

rect expression of the discontinuity in all atomic processes. 

From these experiments it is seen that both matter and 

radiation possess a remarkable duality of character, as 

they sometimes exhibit the properties of waves, at other 

times those of particles. Now it is obvious that a thing 

cannot be a form of wave motion and composed of par¬ 

ticles at the same time—the two concepts are too differ¬ 

ent, It is true that it might be postulated that two sepa¬ 

rate entities, one having all the properties of a particle, 

and the other all the properties of wave motion, were 

combined in some way to form ^‘light/’ But such theories 

are unable to bring about the intimate relation between 

the two entities which seems required by the experimental 

evidence. As a matter of fact, it is experimentally certain 

only that light sometimes behaves as if it possessed some 

of the attributes of a particle, but there is no experiment 

which proves that it possesses all the properties of a 

particle; similar statements hold for matter and wave mo¬ 

tion. The solution of the difficulty is that the two mental 

pictures which experiments lead us to form—the one of 

particles, the other of waves—are both incomplete and 

have only the validity of analogies which are accurate 

only in limiting cases. It is a trite saying that “analogies 

cannot be pushed too far,” yet they may be justifiably 

used to describe things for which our language has no 

words. Light and matter are both single entities, and the 

apparent duality arises in the limitations of our language. 
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It is not surprising that our language should be inca¬ 
pable of describing the processes occurring within the 

atoms, for, as has been remarked, it was invented to de¬ 

scribe the experiences of daily life, and these consist only 

of processes involving exceedingly large numbers of 

atoms. Furthermore, it is very difficult to modify our 

language so that it will be able to describe these atomic 

processes, for words can only describe things of which we 

can form mental pictures, and this ability, too, is a result 

of daily experience. Fortunately, mathematics is not sub¬ 

ject to this limitation, and it has been possible to invent 

a mathematical scheme—the quantum theory^—which 

seems entirely adequate for the treatment of atomic proc¬ 

esses; for visualization, however, we must content our¬ 

selves with two incomplete analogies—the wave picture 

and the corpuscular picture. The simultaneous applicabil¬ 

ity of both pictures is thus a natural criterion to determine 

how far each analogy may be ^^pushed” and forms an 

obvious starting-point for the critique of the concepts 

which have entered atomic theories in the course of their 

development, for, obviously, uncritical deduction of con¬ 

sequences from both will lead to contradictions. In this 

way one obtains the limitations of the concept of a parti¬ 

cle by considering the concept of a wave. As N. Bohr* 

has shown, this is the basis of a very simple deriva¬ 

tion of the uncertainty relations between co-ordinate and 

momentum of a particle. In the same manner one may 

derive the limitations of the concept of a wave by com¬ 

parison with the concept of a particle. 

It must be emphasized that this critique cannot be car- 

* Nature, 121, 580, 1928; Naiurwissenschafien, i6, 245, 1928. 
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ried through entirely without using the mathematical 

apparatus of the quantum theory, for the development of 

the latter preceded the clarification of the physical prin¬ 

ciples in the historic sequence. In order to avoid obscur¬ 

ing the essential relationships by too much mathematics, 

however, it has seemed advisable to relegate this formal¬ 

ism to the Appendix. The exposition of mathematical 

principles given there does not pretend to be complete, 

but only to furnish the reader with those formulas which 

are essential for the argument of the text. References to 

this Appendix are given as A (i6), etc. 



CHAPTER II 

CRITIQUE OF THE PHYSICAL CONCEPTS 

OF THE CORPUSCULAR THEORY 

OF MATTER 

§ I. THE UNCERTAINTY RELATIONS 

The concepts of velocity, energy, etc., have been de¬ 

veloped from simple experiments with common objects, 

in which the mechanical behavior of macroscopic bodies 

can be described by the use of such words. These same 

concepts have then been carried over to the electron, 

since in certain fundamental experiments electrons show 

a mechanical behavior like that of the objects of common 

experience. Since it is known, however, that this similar¬ 

ity exists only in a certain limited region of phenomena, 

the applicability of the corpuscular theory must be limited 

in a corresponding way. According to Bohr,* this restric¬ 

tion may be deduced from the principle that the processes 

of atomic physics can be visualized equally well in terms 

of waves or particles. Thus the statement that the posi¬ 

tion* of an electron is known to within a certain accuracy 

Ax at the time t can be visualized by the picture of a wave 

packet in the proper position with an approximate exten¬ 

sion Ax. By “wave packet’^ is meant a wavelike dis¬ 

turbance whose amplitude is appreciably different from 

> N. Bohr, Naturef 121, 580, 1928. 

* The following considerations apply equally to any of the three space 
co-ordinates of the electron, therefore only one is treated explicitly. 
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zero only in a bounded region. This region is, in general, 

in motion, and also changes its size and shape, i.e., the 

disturbance spreads. The velocity of the electron cor¬ 

responds to that of the wave packet, but this latter cannot 

be exactly defined, because of the diffusion which takes 

place. This indeterminateness is to be considered as an 
essential characteristic of the electron, and not as evi¬ 
dence of the inapplicability of the wave picture. Defining 

momentum as = (where M = mass of electron, Vx — 

jc-component of velocity), this uncertainty in the velocity 

causes an uncertainty in px of amount from the 

simplest laws of optics, together with the empirically 

established law \ ^h/p^ it can readily be shown that 

A^A/>x>/?. (i) 

Suppose the wave packet made up by superposition of 

plane sinusoidal waves, all with wave-lengths near Xo. 

Then, roughly speaking, n = ^x/\o crests or troughs fall 
within the boundary of the packet. Outside the boundary 

the component plane waves must cancel by interference; 

this is possible if, and only if, the set of component waves 

contains some for which at least n+i waves fall in the 

critical range. This gives 

Ax 
^AX 

^n+i 1 

where AX is the approximate range of wave-lengths nec¬ 

essary to represent the packet. Consequently 

AxAX^ 

x; 
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On the other hand, the group velocity of the waves (i.e., 

the velocity of the packet) is by A (85) 

h 

so that the spreading of the packet is characterized by 

the range of velocities 

h 

nK 
Avg= AX . 

By definition Ap^ — nAvgSind therefore by equation (2), 

AxAp^'>h . 

This uncertainty relation specifies the limits within 

which the particle picture can be applied. Any use of the 

words ^‘position^^ and ^Velocity’’ with an accuracy exceed¬ 

ing that given by equation (i) is just as meaningless as the 

use of words whose sense is not defined.^ 

The uncertainty relations can also be deduced without 

explicit use of the wave picture, for they are readily ob¬ 

tained from the mathematical scheme of quantum theory 

* In this connection one should particularly remember that the human 
language permits the construction of sentences which do not involve any 
consequences and which therefore have no content at all—in spite of the 
fact that these sentences produce some kind of picture in our imagination; 
e.g., the statement that besides our world there exists another world, 
with which any connection is impossible in principle, does not lead to any 
experimental consequence, but does produce a kind of picture in the mind. 
Obviously such a statement can neither be proved nor disproved. One 
should be especially careful in using the words “reality,” “actually,” etc., 
since these words very often lead to statements of the type just men¬ 
tioned. 
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and its physical interpretation,* Any knowledge of the 

co-ordinate q of the electron can be expressed by a prob¬ 

ability amplitude 5(g')j being the probability 

of finding the numerical value of the co-ordinate of the 
electron between g' and q'+dq\ Let 

9=/?'|5(g')IW (4) 

be the average value of q. Then Ag defined by 

{Aqy=2^{q'-qy\S(,q')Vdq' (5) 

can be called the uncertainty in the knowledge of the elec¬ 

tron’s position. In an exactly analogous ^diy\T{p')Ydp' 
gives the probability of finding the momentum of the 

electron between p' and p'+dp'; again p and A^ may be 

defined as 
P = fp'\T{p')\W , (6) 

{Apy=2f(p'-py\T{p')ydp'. (7) 

By equation A(i69), the probability amplitudes are 

related by the equations 

Tip’)==JSiq')Riq'p')dq' , | 

s(q') = /T(p')R*(q'p')dp' , J ^ 

where R(q^p') is the matrix of the transformation from a 

Hilbert space in which ^ is a diagonal matrix to one in 

which p is diagonal. From equation A(4i) we have 

fp(q'q'')R(q''pndq''=fR(qT)P(P''P')dp'' , 

* Kennard, Zeitschrift fiir Physik, 44, 326, 1927. 
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and by equation A(42) this is equivalent to 

(9) 

whose solution is 

R^ce 
an 

p'q* 

Normalizing gives c the value i/Vh. The values of Ap 

A? are thus not independent. To simplify further calcu¬ 
lations, we introduce the following abbreviations: 

an ^ # 

an 

tiy) = T(p')e 

Then equations (5) and (7) become 

{^py=-3fy‘\tiy)\‘dy , 

while equations (8) become 

i(y) 
awi 

xy 

r(*) = Ky)e 
aw\ 

XV 
dy . 

(so) 

(70) 

(8a) 
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Combining (50)^ (7a), and (8a), the expression for (Apy 
may be transformed, giving 

2X1 xy 
yH*{y)dy I s{x)e ^ dx , 

-74/'’“'''/ 

2 an 

or 

= r 

4^V 

Tj 2irt 

Jo; 
(12) 

Now 

ds 

dx - l^y i I “ dxiiAqy I I 

as may be proved by rearranging the obvious relation 

X , . , ds 

(A^ (i3ff) 

Hence it follows from equation (12) that 

I 

ApAq>-^ , 
2n 

(14) or 
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which was to be proved. The equality can be true in (14) 

only when the left side of (13^) vanishes, i.e., when 

or 

X2 

s{x) = ce 2(Afl)“ ^ 

S(q') = ce 

where c is an arbitrary constant. Thus the Gaussian prob¬ 

ability distribution causes the product ApAq to assume 

its minimum value. 

It must be emphasized again that this proof does not 

differ at all in mathematical content from that given at 

the beginning of this section on the basis of the duality be¬ 

tween the wave and corpuscular pictures of atomic phe¬ 

nomena. The first proof, if carried through precisely, 

would also involve all the equations (4)-(i4). Physical¬ 

ly, the last proof appears to be more general than the 

former, which was proved on the assumption that x was 

a cartesian co-ordinate and applies specifically only to 

free electrons because of the relation \ = h/fj,Vg which 

enters into the proof. Equation (14), on the other hand, 

applies to any pair of canonic conjugates p and q. This 

greater generality of (14) is rather specious, however. As 

Bohr^ has emphasized, if a measurement of its co-ordinate 

is to be possible at all, the electron must be practically 

free. 

* Loc, ciL 
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§ 2. ILLUSTRATIONS OF THE UNCERTAINTY RELATIONS 

The uncertainty principle refers to the degree of inde¬ 
terminateness in the possible present knowledge of the 

simultaneous values of various quantities with which the 
quantum theory deals; it does not restrict, for example, 

the exactness of a position measurement alone or a veloc¬ 

ity measurement alone. Thus suppose that the velocity 
of a free electron is precisely known, while the p>osition is 

completely unknown. Then the principle states that 

every subsequent observation of the position will alter the 
momentum by an unknown and undeterminable amount 

such that after carrying out the experiment our knowl¬ 

edge of the electronic motion is restricted by the uncer¬ 

tainty relation. This may be expressed in concise and gen¬ 

eral terms by saying that every experiment destroys some 
of the knowledge of the system which was obtained by 
previous experiments. This formulation makes it clear 

that the uncertainty relation does not refer to the past; 
if the velocity of the electron is at first known and the 
position then exactly measured, the position for times 

previous to the measurement may be calculated. Then 

for these past times is smaller than the usual limit¬ 
ing value, but this knowledge of the past is of a purely 
speculative character, since it can never (because of the 

unknown change in momentum caused by the position 
measurement) be used as an initial condition in any calcu¬ 

lation of the future progress of the electron and thus can¬ 

not be subjected to experimental verification. It is a mat¬ 
ter of personal belief whether such a calculation concern¬ 

ing the past history of the electron can be ascribed any 

physical reality or not. 
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a) Determination of the position of a free particle.—As a 

first example of the destruction of the knowledge of a 
particle’s momentum by an ap¬ 

paratus determining its position, 

we consider the use of a micro¬ 

scope/ Let the particle be moving 

at such a distance from the micro¬ 
scope that the cone of rays scat¬ 

tered from it through the objec¬ 

tive has an angular opening e. If 

X is the wave-length of the light 

illuminating it, then the uncer¬ 

tainty in the measurement of the 

rc-co-ordinate (see Fig. 5) according to the laws of optics 

governing the resolving power of any instrument is: 

sin e 

But, for any measurement to be possible at least one 

photon must be scattered from the electron and pass 

through the microscope to the eye of the observer. From 

this photon the electron receives a Compton recoil of 

order of magnitude h/\. The recoil cannot be exactly 

known, since the direction of the scattered photon is un¬ 

determined within the bundle of rays entering the micro¬ 

scope. Thus there is an uncertainty of the recoil in the 

rc-direction of amount 
h . 

sm € , 
A 

and it follows that for the motion after the experiment 

Apx^^h. (18) 
»N. Bohr, lac. cit. 
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Objections may be raised to this consideration; the 
indeterminateness of the recoil is due to the uncertain 
path of the light quantum within the bundle of rays, and 
we might seek to determine the path by making the 
microscope movable and measuring the recoil it receives 
from the light quantum. But this does not circumvent 
the uncertainty relation, for it immediately raises the 
question of the position of the microscope, and its position 
and momentum will also be found to be subject to equa¬ 
tion (i8). The position of the microscope need not be con¬ 
sidered if the electron and a fixed scale be simultaneously 
observed through the moving microscope, and this seems 
to afford an escape from the uncertainty principle. But an 
observation then requires the simultaneous passage of at 
least two light quanta through the microscope to the 
observer—one from the electron and one from the scale— 
and a measurement of the recoil of the microscope is no 

longer sufficient to determine the direction of the light 
scattered by the electron. And so on ad infinitum. 

One might also try to improve the accuracy by measur¬ 
ing the maximum of the diffraction pattern produced by 
the microscope. This is only possible when many photons 
co-operate, and a calculation shows th^t the error in meas¬ 
urement of X is reduced to Aa: = X/V^w sin e when m pho¬ 
tons produce the pattern. On the other hand, each photon 
contributes to the unknown change in the electron’s mo¬ 
mentum, the result being mh sin e/X (addition of 
independent errors). The relation (i8) is thus not avoided. 

It is characteristic of the foregoing discussion that 
simultaneous use is made of deductions from the corpuscu¬ 
lar and wave theories of light, for, on the one hand, we 
speak of resolving power, and, on the other hand, of 
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photons and the recoils resulting from their collision with 
the particle under consideration. This is avoided, in so 
far as the theory of light is concerned, in the following 
considerations. 

If electrons are made to pass through a slit of width d 
(Fig. 6), then their co-ordinates in the direction of this 
width are known at the moment after having passed it 
with the accuracy Ax = d. If we assume the momentum 
in this direction to have been zero before passing through 
the slit (normal incidence), it 

would appear that the uncer¬ 
tainty relation is not fulfilled. 
But the electron may also be _ 
considered to be a plane de _ 
Broglie wave, and it is at once _ 
apparent that diffraction phe- _ 
nomena are necessarily pro¬ 
duced by the slit. The emergent 
beam has a finite angle of diverg¬ 
ence a, which is, by the simplest laws of optics, 

X 

A 

d 

Fig. 0 

sin a'^ (19) 

where X is the wave-length of the de Broglie waves. Thus 
the momentum of the electron parallel to the screen is un¬ 
certain, after passing through the slit, by an amount 

sin a (20) 
A 

since h/\ is the momentum of the electron in the direction 
of the beam. Then, since Ax — d^ 

AxAif^h . 
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In this discussion we have avoided the dual character of 

light, but have made extensive use of the two theories of 

the electron. 

As a last method of determining position we discuss the 

well-known method of observing scintillations produced 

by a-rays when they are received on a fluorescent screen 

or of observing their tracks in a Wilson chamber. The 

essential point of these methods is that the position of 

the particle is indicated by the ionization of an atom; it is 

obvious that the lower limit to the accuracy of such a 

measurement is given by the linear dimension Aqs of the 

atom, and also that the momentum of the impinging 

particle is changed during the act of ionization. Since the 

momentum of the electron ejected from the atom is 

measurable, the uncertainty in the change of momentum 

of the impinging particle is equal to the range Afis within 

which the momentum of this electron varies while moving 

in its un-ionized orbit. This variation in momentum is 

again related to the size of the atom by the inequality 

ApgAq^'^h , 

Later discussion will show, in fact, that quite generally’^ 

ApAqs nh , 

where n is the quantum number of the stationary state 

concerned (cf. § 2C below). Thus the uncertainty relation 

also governs this type of position measurement; here the 

dualism of treatment is relegated to the background, and 

* N. Bohr, loc. cii. 



CRITIQUE OF THE CORPUSCULAR THEORY 25 

the uncertainty relation appears rather to be the result of 

the Bohr quantum conditions determining the stationary 

state, but naturally the quantum conditions are them¬ 
selves manifestations of the duality. 

b) Measurement of the velocity or momentum of a free 

particle.—The simplest and most fundamental method of 

measuring velocity depends on the determination of posi¬ 

tion at two different times. If the time interval elapsing 

between the position measurements is sufficiently large, 

it is possible to determine the velocity before the second 

was made with any desired accuracy, but it is the velocity 

after this measurement which alone is of importance to 

the physicist, and this cannot be determined with exact- 

ness. The change in momentum whiA is necessarily pro- 

duced by the last observation is subject to such an inde¬ 

terminateness that the uncertainty relation is again ful¬ 

filled, as has been shown in the last section. 
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Another common method of determining the velocity 
of charged particles makes use of the Doppler effect. 

Figure 7 shows the experimental arrangement in its essen¬ 

tials. The component, px, of the electron’s momentum 

may be supposed to be known with ideal exactness, its 
rr-co-ordinate therefore completely unknown. On the 

other hand, the y-co-ordinate of the electron will be as¬ 
sumed to have been accurately determined, and py cor¬ 

respondingly unknown. The problem is therefore to de¬ 
termine the velocity in the y-direction, and it is to be 

shown that the knowledge of the y-co-ordinate is de¬ 
stroyed by this measurement to the extent demanded by 

the uncertainty relation. The light may be supposed in¬ 
cident along the jc-axis, and the scattered light observed 

in the y-direction. (It is to be noted that the Doppler 
effect vanishes, under these conditions, if the electron 

moves along the straight line x — y — o) The theory of the 
Doppler effect is in this case identical with that of the 

Compton effect, and it is only necessary to use the laws of 
conservation of energy and momentum of the electron 
and light quantum. Letting E denote the energy of the 

electron, v the frequency of the incident light, and using 
primes to distinguish the same quantity before and after 
the collision, we have 

hv'+E' , 

Pv— ^- + py , 

hv+E = 

hv 
■ +^x = 
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whence 

h{v-v')=E'-E , 

2/4 

[(P'^~P^)P=>^~^(py~Pv)Pv] i 
r 

I \hv hv' 1 
cH’ 

hv 
fJ.C 

{Px Pv) • 

(22) 

Since it is assumed that px and v are known, the accuracy 
of the determination of py is conditioned only by the ac¬ 

curacy with which the frequency v' of the scattered light 

is measured: 

y Av'. (23) 

To determine v' with this accuracy, it is necessary to ob¬ 

serve a train of waves of finite length, which in turn de¬ 

mands a finite time: 

As it is unknown whether the photon collided with the 

electron at the beginning or at the end of this time inter¬ 

val, it is also unknown whether the electron moved with 

the velocity {i/iApy or {^/^i)py during this time. The 
uncertainty in the position of the electron which is pro¬ 

duced by this cause is thus 

Ay=~iPy-p'y)TA~T, 
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whence 
ApyAy^h . 

A third method of velocity measurement depends on 
the deflection of charged particles by a magnetic field. 
For this purpose a beam must be defined by a slit, whose 
width will be designated by d. This ray then enters a 
homogeneous magnetic field, whose direction is to be 
taken perpendicular to the plane of Figure 8. The length 
of that part of the ray which lies in the region of the field 
may be a; after leaving this region, the ray traverses a 
field-free region of length I and then passes through a 
second slit also of width dj whose position determines the 
angle of deflection a. The velocity of the particles in the 
direction of the beam is to be determined from the equa¬ 
tion 

a 
V 

He 
V 

c 
fJLV 

aHe 
fJtVC 

The corresponding errors in measurement are related by 

. aHe Av 

It may be supposed that the position of the particle in the 
direction of the ray was initially known with great ac- 
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curacy. This may be achieved, for example, by opening 
the first slit only during a very brief interval. It will again 
be shown that this knowledge is lost during the experi¬ 
ment in such a manner that the relation ApAq'^h is ful¬ 
filled after the experiment. To begin with, the accuracy 
with which the angle a can be determined is obviously 
d/{l-^a)y but even this accuracy can only be attained if 
the natural de Broglie scattering of the ray is less than 
this. Therefore 

whence 

Aa^ Aa^ 
X 
~d 

{AaY 
X 

'f+a * 

The uncertainty in the position of the particle in the ray 
after the experiment is equal to the product of the time 

required to pass through the field and reach the second 
slit and the uncertainty in the velocity. Thus 

whence 

A 

V 
Av , 

Z+a 
AqAv'^- 

’ V 
(Avy, 

l+a^ / iMcvy 

V \aHe/ 

v\aHe ) 

The terms in the parentheses are equal to v/a and X 

h/fxv, whence 

fxAqAv'^—^h , 
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since equation (24) is valid only for small values of a. 

For large angles of deflection, this derivation requires 
radical modification. One must remember, among other 
things, that the experiment as described here would not 
distinguish between a = o and a = 27r. 

c) Bound electrons.—If it be required to deduce the un¬ 
certainty relations for the position, q, and momentum, p, 

of bound electrons, two problems must be clearly dis¬ 
tinguished. The first assumes that the energy of the 
system, i.e., its stationary state, is known, and then in¬ 
quires what accuracy of knowledge of p and q is implied 
in, or is compatible with, this knowledge of the energy. 
The second, distinct problem disregards the possibility of 
determining the energy of the system and merely inquires 
what the greatest accuracy is with which p and q may 
simultaneously be known. In this second case, the experi¬ 
ments necessary for the measurement of p and q may 
produce transitions from one stationary state to another; 
in the first case, the methods of measurement must be so 
chosen that transitions are not induced. 

We consider the first problem in some detail, and as¬ 
sume an atom in a given stationary state. As Bohr has 
shown,* the corpuscular theory then forces one to con¬ 
clude that ApAq is in general greater than h. For it is 
obvious that we are concerned with the variation of p and 
q as the electron moves in its orbit, and it follows from 

Jpdq = nh (25) 
that 

Aq^Apt'^nh . (26) 

This may most readily be comprehended from a diagram 
of the orbit in phase space as given by classical mechanics 

* Ibid, 
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(Fig. 9). The integral is nothing else than the area in¬ 
closed by the orbit, and ApsAqs is obviously of the same 
order of magnitude. The index s which accompanies these 
uncertainties is to indicate that they are not the absolute 
minima of these quanti¬ 
ties, but are the special 
values which are assumed 
by them when the station¬ 
ary state of the atom is 
known simultaneously and 
exactly. This uncertainty 
is of practical importance, 
for example, in the discus¬ 
sion of the scintillation 
method of counting a-par- 
ticles (chap, ii, § 2a). In the classical theory, it would 
seem strange to consider this as an essential uncertainty, 
for further experiments could be made without disturbing 
the orbit. The quantum theory, however, shows that a 
knowledge of the energy is a ‘‘determinate case” (reiner 
Fall),^ i.e., a case which is represented in the mathe¬ 
matical scheme by a definite wave packet (in configura¬ 
tion space) which does not involve any undetermined con¬ 
stants. This wave packet is the Schrodinger function of 
the stationary state. If the calculation of pages 16-19 is 
carried through for this packet, the value of ApsAqs is 
found to be greater in proportion to the number of nodes 
possessed by the characteristic function. If we consider a 
function s in equation (12) which possesses n nodes, the 
calculation would show that 

ApsAqs^nh , 

* The translators believe that the literal rendering of the German 
phrase (“pure case”) does not at all convey the concept involved. 
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To pass on to the second problem: The maximum ac¬ 

curacy is obviously given by ApAq^^h if all knowledge of 
the stationary states be disregarded. Then the measure¬ 

ments can be carried out by such violent agents that the 

electron can be regarded as free (acted on only by negli¬ 
gible forces). The momentum of the electron can most 

readily be measured by suddenly rendering the interac¬ 

tion of the electron with the nucleus and neighboring 

electrons negligible. It will then execute a straight-line 

motion and its momentum can be measured in the man¬ 
ner already explained. The disturbance necessary for such 

a measurement is therefore obviously of the same order 
of magnitude as the binding energy of the electron. 

The relation [eq. (6)] is of importance, as Bohr points 

out, for the equivalence of classical and quantum mechan¬ 
ics in the limit of large quantum numbers. This is seen 

when the validity of the concept of an “orbit"’ is exam¬ 

ined. As the highest accuracy attainable is ApAq'^h, the 

orbit must be the path of a probability packet whose 

cross-section (|‘S'(^')l1‘S'(g')P) Is approximately h. Such a 
packet can describe a well-defined, approximately closed 
path only if the area inclosed by this path is much greater 

than the cross-section of the wave packet. This, accord¬ 

ing to equation (26), is possible only in the limit of large 

quantum numbers; for small n, on the other hand, the 

concept of an orbit loses all significance, in phase space 

as well as in configuration space. It is thus seen to be 

essential for this limiting equivalence of the two theories 
that the factor n occurs on the right side of equation (26). 

The inapplicability of the concept of an orbit in the 
region of small quantum numbers can be made clear from 



CRITIQUE OF THE CORPUSCULAR THEORY 33 

direct physical considerations in the following manner: 

The orbit is the temporal sequence of the p>oints in space 
at which the electron is observed. As the dimensions of 

the atom in its lowest state are of the order lo”* cm, it 

will be necessary to use light of wave-length not greater 

than 10“^ cm in order to carry out a position measurement 

of sufficient accuracy for the purpose. A single photon of 

such light is, however, sufficient to remove the electron 
from the atom, because of the Compton recoil. Only a 

single point of the hypothetical orbit is thus observable. 

One can, however, repeat this single observation on a 

large number of atoms, and thus obtain a probability dis¬ 

tribution of the electron in the atom. According to Born, 

this is given mathematically by (or, in the case of 

several electrons, by the average of this expression taken 
over the co-ordinates of the other electrons in the atom). 

This is the physical significance of the statement that 

is the probability of observing the electron at a given 

point. This result is stranger than it seems at first glance. 

As is well known, ^ diminishes exponentially with increas¬ 

ing distance from the nucleus; there is thus always a small 

but finite probability of finding the electron at a great 

distance from the center of the atom. The potential en¬ 

ergy of the electrons is negative at such a point, but very 

small. The kinetic energy is always positive; so that the 

total energy is therefore certainly greater than the energy 

of the stationary state under consideration. This paradox 

finds its resolution when the energy imparted to the elec¬ 

tron by the photon used in making the position measure¬ 

ment is taken into account. This energy is considerably 

greater than the ionization energy of the electron, and 
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thus suffices to prevent any violation of the law of conser¬ 
vation of energy, as is readily calculated explicitly from 
the theory of the Compton effect. 

This paradox also serves as a warning against carrying 
out the “statistical interpretation” of quantum mechanics 
too schematically. Because of the exponential behavior 
of the Schrodinger function at infinity, the electron will 
sometimes be found as much as, say, i cm from the nu¬ 
cleus. One might suppose that it would be possible to 
verify the presence of the electron at such a point by the 
use of red light. This red light would not produce any 
appreciable Compton recoil and the foregoing paradox 
would arise once more. As a matter of fact, the red light 
will not permit such a measurement to be made; the atom 
as a whole will react with the light according to the 
formulas of dispersion theory, and the result will not yield 
any information regarding the position of a given electron 
in the atom. This may be made plausible if one remem¬ 
bers that (according to the corpuscular theory) the elec¬ 
tron will execute a number of rotations about the nucleus 
during one period of the red light. The statistical predic¬ 
tions of quantum theory are thus significant only when 
combined with experiments which are actually capable of 
observing the phenomena treated by the statistics. In 
many cases it seems better not to speak of the probable 
position of the electron, but to say that its size depends 
upon the experiment being performed. 

The orbital concept has a significance when applied to 
highly excited states of the atom; therefore it must be 
f)ossible to carry out the determination of the position of 
the electron with an uncertainty less than the dimension 
of the atom. It does not follow any longer that the elec- 
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Iron will be removed from the atom by the Compton re¬ 
coil, as may be seen from the following equations. It is 
necessary that the wave-length of the light, X, be much 
less than or by equation (26), 

* Af. 
X n 

The energy imparted to the electron by its recoil is ap¬ 
proximately 

h Ap. (Ap.y 1£ 
- ' 

A /I fifi n 
(26a) 

{E is the energy of the atom, the mass of the electron); 
for large values of n, this recoil energy is much less than 
|jE|, the ionization energy of the electron. On the other 
hand, this energy will always be great compared to the 
energy differences between neighboring stationary states 
in this region of the spectrum, which is also, in general, 
of the order \E\/n. As a matter of fact, from equation 
(26a) it follows at once that 

n 

so that the frequency of the light used in making the 
measurement is great compared to the frequency of the 
electron in its orbit. 

The Compton effect has as its consequence that the 
electron is caused to jump from a state, say n = 1000, to 
some other state for which n is, say, greater than 950 and 
less than 1050. The particular orbit to which the electron 
jumps remains essentially indeterminate because of the 
considerations of chapter ii, §16. The result of the position 
measurement is therefore to be represented in the mathe- 
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matical scheme by a probability packet in configuration 

space, which is built up of characteristic functions of the 
states between ^ = 950 and 1050. Its size is determined 

by the exactitude of the position measurement. This 
packet describes an orbit analogous to that of a corpuscle 

of classical mechanics, but, in general, spreads and in¬ 

creases in size with the time. The result of a future meas¬ 
urement of position can therefore only be predicted statis¬ 

tically. The mathematical representation of the physical 

process changes discontinuously with each new measure¬ 
ment; the observation singles out of a large number of 

possibilities one of which is the one which has happened. 

The wave packet which has spread out is replaced by a 
smaller one which represents the result of this observa¬ 

tion. As our knowledge of the system does change dis- 

continuously at each observation its mathematical repre¬ 

sentation must also change discontinuously; this is to be 

found in classical statistical theories as well as in the 
present theory. 

The motion and spreading of probability packets has 
been studied by various authors,* and therefore no mathe¬ 

matical discussion of it need be given here. A simple con¬ 

sideration of Ehrenfest’s^ may be mentioned, however. 

Consider the motion of a single electron moving in a field 

of force whose potential is V(q). The wave function satis¬ 
fies [cf. eq. A (80)] 

h d\f/ 

2vi dt ^ 

* Kennard, loc, dt.; C. G. Darwin, Proceedings of the Royal Society, 

A, 117. as®, 1927* 

* P. Ehrenfest, ZeUschrift fiir Physik, 45* 455, 1927. 
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and the probable value of q is given by equation (4) with 

}// = S; q is one of the rectangular co-ordinates x, y, z. 

Then differentiating by /: 

on substituting the value of and d\l/*/dt from (27): 

fjLq = ^ ; 

integrating by parts; 

This process may be repeated a second time to obtain 

fxq. As the calculation is lengthy, but simple, we give 

only the result: 

Mg 

If \J/ represents a wave packet whose spatial dimension 

is small compared to the distance within which dV/dq 

changes appreciably, this may be written 

This proves that, so long as the wave packet remains 

small, its center will move according to the classical equa¬ 

tions of motion of the electron. 
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A remark concerning the rate of spreading of the wave 

packet may not be out of place at this point. If the clas¬ 
sical motion of the system is periodic, it may happen that 

the size of the wave packet at first undergoes only periodic 
changes. The number of revolutions which the packet 

may perform before it spreads completely over the whole 
region of the atom can be calculated qualitatively as 
follows: If there were no spreading at all, it would be 

possible to make a Fourier analysis of the probability 

density into which only integral multiples of the funda¬ 

mental frequency of the orbit enter. As a matter of fact, 

however, the ‘'overtones” of quantum theory are not 

exactly integral multiples of this fundamental frequency. 

The time in which the phase of the quantum theoretical 

overtones is completely shifted from that of the classical 
overtones will be qualitatively the same as the time re¬ 

quired for the spreading of the wave packet. Let J be the 

action variable of classical theory, then this time will be 

h 

I 

dv 
dJ 

j 

and the number of revolutions performed in this time is 

h 
dv ’ 
dJ 

In the special case of the harmonic oscillator, N becomes 

infinite—the wave packet remains small for all time. In 

general, however, N will be of the order of magnitude of the 
quantum number n. 
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In relation to these considerations, one other idealized 

experiment (due to Einstein) may be considered. We im¬ 

agine a photon which is represented by a wave packet 

built up out of Maxwell waves.^ It will thus have a cer¬ 

tain spatial extension and also a certain range of fre¬ 
quency. By reflection at a semi-transparent mirror, it is 

possible to decompose it into two parts, a reflected and a 
transmitted packet. There is then a definite probability 

for finding the photon either in one part or in the other 

part of the divided wave packet. After a sufficient time 

the two parts will be separated by any distance desired; 

now if an experiment yields the result that the photon 

is, say, in the reflected part of the packet, then the proba¬ 

bility of finding the photon in the other part of the packet 

immediately becomes zero. The experiment at the posi¬ 

tion of the reflected packet thus exerts a kind of action 

(reduction of the wave packet) at the distant point occu¬ 

pied by the transmitted packet, and one sees that this 

action is propagated with a velocity greater than that of 

light. However, it is also obvious that this kind of action 

can never be utilized for the transmission of signals so that 

it is not in conflict with the postulates of the theory of 

relativity. 

d) Energy measurements.—The measurement of the 

energy of a free electron is identical with the measurement 

of its velocity, so that most of the possible methods have 

already been treated. A method nqt yet discussed for 

measuring the energy of free electrons is that in which 

* For a single photon the configuration space has only three dimen¬ 

sions; the Schrodinger equation of a photon can thus be regarded as for¬ 
mally identical with the Maxwell equations. 
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they are caused to move against a retarding field. If the 
electron passes through the field it is customary to assume 
the result of classical theory, that its energy E is certainly 
greater than the energy V corresponding to the highest 
potential of the field, and if it is reflected, that its energy 
is smaller than this critical value. Such a conclusion is 
certainly incorrect in the quantum theory, and a brief 
discussion of the method will therefore be given here. If 
the width of the potential barrier is comparable to the de 
Broglie wave-length, X, of the electron, a certain number 
of electrons will penetrate it even though their energies 
E are less than the critical value necessary on the classical 
theory. This number decreases exponentially as the width 
of the barrier and V—E increase. Conversely, when 
£ > F, a certain number will be reflected if the potential 
changes appreciably in a distance X. In any practicable 
experiment, these conditions are not realizable, and the 
conclusions of the classical theory can be used without 

appreciable error. The 
mathematical treatment 
of the situation just 
sketched is important, 
however, and will there¬ 
fore be illustrated in the 
case of an abrupt discon¬ 
tinuity in the potential 
distribution. The Schrd- 

dinger equation for a single electron will be used; this is not 
identical with the wave theory of matter, for this latter 
would take the reaction of the wave on itself into account. 
The potential distribution is shown in Figure lo. For the 

c 
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incident ^-wave in the region I (jc<o), we then readily 
obtain the expression 

ae ^ 
I 

2M 
p>o ; (31a) 

for the wave penetrating into the region II (jt;> o), 

3xt 

\pt = a'e ^ 
(p'x-Et) 

21X 
(31^) 

and for the reflected wave in I, 

a"c * (31c) 

If p' is real, it is to be taken greater than zero; if it is im¬ 

aginary, total reflection occurs and it is to be taken as 
positive imaginary, since must remain finite as . 
At the discontinuity (:r = o), xp must be continuous and 
possess a continuous first derivative; hence 

or 

}pi + \l/r = pt 

dx dx dx 

> when x = o ; 

p{a--a'') = a'p' . 

Solving these equations for a' and a": 
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The number of electrons that pass through a given 
cross-section per unit time is given by the square of the 
absolute magnitude of the wave amplitude multiplied by 
the momentum provided it is real. Thus, when £ > F, the 
intensities of the incident, transmitted and reflected 

waves are respectively proportional to 

A 

Ir 

For imaginary values of the wave \l/t does not represent 
a current of electrons, but a stationary charge distribu¬ 
tion, and // —o. As la"| = |a| in this case, 7^=—/i. In 
both cases 

I i — 11 Ir • 

The relative probabilities for reflection and penetration 
of the electron are, by (33) and (31), 

Ir^ Ve~Ve~v 
I~ y'E+VE-V 

2 

y 

It_ jE-V 
li \ E 

_2VE 
Ve+Ve-v 

> 

These expressions are plotted as solid lines in Figure 11; 
the curves expected from the classical theory are the 
dotted lines. 

For the elucidation of the physical principles of the 
quantum theory a consideration of the mesaurement of 
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the energy of atoms is more important than that of free 
electrons, and this will be given in greater detail than the 
preceding. As the phase of the electronic motion is the 

REFLECTED PROBABILITY 

1 

w* 

TRANSMITTED PROBABILITY 

Fig. II 

variable which is canonically conjugate to the energy, it 
follows from the uncertainty principle that this must be 

completely unknown if the energy is precisely determined. 
Since the phase of the electronic motion determines the 
phase of the radiation emitted, it is this latter which is to 

enter the physical discussion. It will be shown that any 
experiment which separates atoms that are in the station¬ 

ary state n from those in 
m necessarily destroys any 
pre-existing knowledge of 

the phase of the radia¬ 
tion corresponding to the 
transition n^m. 

Let 5 be a beam of at¬ 
oms (Fig. 12), of width d in 
the :r-direction, which is sent through an inhomogeneous 
field F (which is not necessarily a magnetic field, as in 



44 PRINCIPLES OF QUANTUM THEORY 

the experiment of Stern-Gerlach, but may be electric or 
gravitational). The energy of the atoms in state m will 

be designated by Ef^; it will depend on the magnitude of 
the field F at the center of gravity of the atom, so that 

the deflecting force of the field in the ^-direction is d(£m 
{F))ldx={dEm/dF)idF/dx)y and is different for atoms in 

different states. If T be the time required by the atoms 
to pass through the field, and p the momentum of the 

atoms in the direction of the beam, the angular deflec¬ 

tion of the atoms will be 

dEm T 
dx p 

The original beam will thus be divided into several, each 

containing only atoms in one state; the angular separation 

a of the two beams containing atoms in states n and w, 

respectively, will then be 

a = 
dEm_dEn\T 
dx dx ) p 

This angle must be greater than the natural scattering of 

the atomic beams if the two kinds of atoms are to be 

separated; hence 
h 

a ^ = —, . 
d pd 

The Schrodinger function ypn contains the periodic fac- 
Ent 

tor . As £n is a function of F, the frequency and 

phase of the wave are changed while passing through the 
field. This change is indeterminate, to a certain extent, 

since it is impossible to tell in what part of the beam the 

atom is moving and F varies from point to point. The 
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uncertainty, A^, of the phase change of the radiation of 
frequency (£„ — £„)//« during the time T is therefore 

, dEn\Td pd 
2'Ka . 

From equation (35) it follows at once that 

A<p>i. (36) 

This means complete indeterminateness in the phases. 

The calculation can be carried through more concretely 

if it is restricted to apply only to magnetic fields. Neglect¬ 

ing the electron spin, it is known that the atom precesses 

like a rigid body when under the influence of a magnetic 

field H; the velocity of this precession is 

co=— H 
211c 

y 

and its axis coincides with the direction of the field. This 

velocity is different for various atoms because of the 

width of the beam and the inhomogeneity of the field. 

This difference in the precession of different atoms tends 

to destroy any phase relation which may initially be 

present. For the uncertainty in w, we readily obtain 

Aco = 
ed dll 

2fjLC dx y 

and the angular separation of the two beams is 

= M hi 
2IJLC dx 2tP ' 

as a must be greater than h/pd, 

TAo) ^ 2ir . 
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All trace of the original phase has thus been destroyed by 
the experiment. Some atoms will have executed one rota¬ 

tion more than others, and all intermediate angles are 

possible. This does not follow if the apparatus is inca¬ 
pable of resolving the two beams, as then a may be less 
than h!pd, 

Bohr* has shown that the foregoing consideration re¬ 

solves one of the paradoxes introduced by the assumption 

of stationary states. If a beam of atoms, all initially in the 

normal state, be excited to fluorescence by illumination 

with light of a resonance frequency, we are compelled to 

assume that they will radiate coherently. That is, each 
atom will scatter a spherical wave, whose phase is de¬ 

termined by that of the incident plane wave at the atom. 

The elementary spherical waves will then be so related 
that their superposition results in a refracted plane wave. 

From the observation of this wave it is impossible to de¬ 
termine the quantum state of the emitter—or even its 

atomic character. But if the beam leaves the illuminated 

region and is analyzed by means of an inhomogeneous 
field, only the beam of atoms in the excited state will be 

luminous. This beam will contain relatively few atoms, 

widely spaced compared to the probable length of the 

train of waves emitted. Their radiation must therefore 

be practically identical with that from independent point 

sources. This action of the magnetic field was quite in¬ 

comprehensible as long as the assumption was retained 
that the resolving power of the apparatus could be in¬ 

creased indefinitely by decreasing the width of the beam 
of atoms. ^ 

* Loc, cit. 



CHAPTER III 

CRITIQUE OF THE PHYSICAL CONCEPTS 
OF THE WAVE THEORY 

In the foregoing chapter the simplest concepts of the 
wave theory, which are well established by experiment, 
were assumed without question to be “correct/’ They 

were taken as the basis of a critique of the corpuscular 
picture, and it appeared that this picture is only appli¬ 
cable within certain limits, which were determined. The 

wave theory, as well, is only applicable with certain 
limitations, which will now be determined. Just as in the 
case of particles the limitations of a wave representation 

were not originally taken into account, so that historically 
we first encounter attempts to develop three-dimensional 

wave theories that could be readily visualized (Max¬ 

well and de Broglie waves). For these theories the term 
‘^classical wave theories” will be used; they are related to 
the quantum theory of waves in the same way as classical 

mechanics to quantum mechanics. The mathematical 
scheme of the classical and quantum theories of waves 
will be found in the Appendix. (The reader must be 

warned against an unwarrantable confusion of classical 
wave theory with the Schrodinger theory of waves in a 

phase space.) After a critique of the wave concept has been 
added to that of the particle concept all contradictions be¬ 

tween the two disappear—^provided only that due regard 
is paid to the limits of applicability of the two pictures. 

47 
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§ I. THE UNCERTAINTY RELATIONS FOR WAVES 

The concepts of wave amplitude, electric and magnetic 

field strengths, energy density, etc., were originally de¬ 
rived from primitive experiences of daily life, such as the 
observation of water waves or the vibrations of elastic 

bodies. These concepts are also widely applicable to light 

and even, as we now know, to matter waves. But since 

we also know that the concepts of the corpuscular theory 

are applicable to radiation and matter, it follows that the 
wave picture also has its limitations, which may be de¬ 

rived from the particle representation. These will now be 

considered, first for the case of radiation. 
Before proceeding to the subject proper, however, we 

must first discuss briefly what is meant by an exact knowl¬ 
edge of a wave amplitude—for instance, that of an electric 

or magnetic field strength. Such an exact knowledge of 

the amplitude at every point of a region of space (in the 
strict mathematical sense) is obviously an abstraction 

that can never be realized. For every measurement can 

yield only an average value of the amplitude in a very 
small region of space and during a very short interval of 

time. Although it is perhaps possible in principle to di¬ 

minish these space and time intervals without limit by 

refinement of the measuring instruments, nevertheless for 

the physical discussion of the concepts of the wave theory 
it is advantageous to introduce finite values for the space 

and time intervals involved in the measurements and only 
pass to the limit zero for these intervals at the end of the 

calculations. This is, in fact, exactly the procedure 

adopted in treating the mathematical theory of wave 

fields (cf. A, § 9). It is possible that future developments 
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of the quantum theory will show that the limit zero for 
such intervals is an abstraction without physical mean¬ 

ing; for the present, however, there seems no reason for 
imposing any limitations. 

For precision of thought we therefore assume that our 

measurements always give average values over a very 

small space region of volume dv= (6/)^, which depends on 

the method of measurement. Since it is a question of the 

measurement of the field strengths, light of wave-length 
X much less than 5/ will not be detected by the experi¬ 

ment. The measurement gives, say, the values E and H 

for the field strengths (averaged over bv). If these values 

E and H were exactly known there would be a contradic¬ 

tion to the particle theory, since the energy and mo¬ 
mentum of the small volume bv are 

E=5v , G^Sv ExH, (37) 

and the right-hand members could be made as small as 

desired by taking bv sufficiently small. This is incon¬ 

sistent with the particle theory, according to which the 

energy and momentum content of the small volume is 

made up of discrete and finite amounts hv and hv/c^ 

respectively. For the highest frequency detectable hv <. 

{hcibl) so that it is clear that the right-hand members 

of equation (37) must be uncertain by just the magni¬ 

tudes of these quanta {hv and hv/c) in order that there 

be no contradiction to the particle theory. Accordingly 

there must be uncertainty relations between the com¬ 

ponents of E and H which give rise to an uncertainty in 

the value of E of the order of magnitude hc/bl and in G 
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of the order of magnitude h/U when E and G are calcu¬ 
lated by equations (37). Let A£ and AH be the uncer¬ 
tainties in E and H; then the uncertainties in E and G are 

A£=f'’ \2\E-^E\+2\H^AH\+{^Ey+{Mr)^] , 
OlT 

Ayt 

AG.= {|(£:xA/r)x| + l(A£xff),| + |(A£xAiO*ll , 
4'Jrc 

with cyclic permutation for the y- and ^-directions. 

Since the most probable values of E and H may 

possibly be zero the terms on the right which contain 
only AE and AH must alone be sufficient to give the 

necessary uncertainty to E and G. This is attained if 

AErAHy> 
he 

dvbl 
he 

W ’ 

with cyclic permutation for the other components. These 

uncertainty relations refer to a simultaneous knowledge of 

Ex and Hy in the same volume element; in different 
volume elements Ex and Hy can be known to any degree 
of accuracy. 

The relations (38), as in the case of the particle theory, 

can also be derived directly from the exchange relations 

for E and H (cf. A, §§ 9, 12). If a division of space into 

finite cells of magnitude dv is used, the integration with 

respect to dv in the Lagrangian of A (97) becomes a sum 

over all the cells 8v. The momentum conjugate to 

in the rth cell is then [cf. A(i04)] 

5. -4^^ , (39) 
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and in place of A(iii), 

na(r) = 8offers 

h I 
2ri 8v ’ 

where is now the usual 5-function, 

I for r = s y 

o for r^s . 

In the limit 8v-^o (40) becomes A(iii). 

From (40) and A(i34) applied to the case of electric and 

magnetic fields it follows that 

— 4>a(5)i^i(r) = — 2hci8rs^ai / • (41) 

When it is remembered that an uncertainty gives an 

uncertainty of order of magnitude A^k/8l for the field 

strengths resulting from ^ky it will be seen that (41) leads 

immediately to the uncertainty relations (38). 

Matter waves may be treated in an entirely similar 

way. It must be noted, however, that no experiment can 

ever measure the amplitude directly, as is evident from 

the fact that the de Broglie waves are complex. If ex¬ 

change relations for the wave amplitudes are derived 

formally from those for ^ and \f/*, the result is, to 

be sure, a physically reasonable one in the case of the 

Bose-Einstein statistics. However, use of the experi¬ 

mentally correct Fermi-Dirac statistics gives the mean¬ 

ingless result that \f/ and yp* cannot be exactly measured 

simultaneously at different points of space. It is thus 
highly satisfactory that there is no experiment which will 

measure ^ at a given point at a given time. The mathe¬ 

matical reason for this is that even for the interaction of 
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radiation and matter the part of the Lagrangian referring 
to matter contains only terms of the form From the 

considerations just given it can also be seen that the Bose- 
Einstein statistics is a physical necessity for light-quanta 

if one makes the apparently very natural assumption that 

measurements of the electric and magnetic fields at differ¬ 
ent points of space must be independent of each other. 

§ 2. DISCUSSION OF AN ACTUAL MEASUREMENT 

OF THE ELECTROMAGNETIC FIELD 

As in the case of the corpuscular picture, it must be 
possible to trace the origin of the uncertainty in a meas¬ 

urement of the electromagnetic field to its experimental 

source. We therefore discuss an experiment which is 
capable of simultaneously measuring and Ht in the 

same element of volume Sv. This can be accomplished by 
the observation of the deflection in the direction of x of 

twQ beams of cathode rays which traverse the volume in 
opposite directions along the y-axis (cf. Fig. 13). It may 
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be assumed that the width of both beams in the 2;-direc- 
tion is 5/, i.e., the whole width of the volume element, but 

their widths in the perpendicular direction must be less 

than this, say so that they may traverse Sv without 
mutual disturbance. If the distance between the two 

rays is of order of magnitude 6/, the small inhomogeneities 
of the field in this direction are also averaged out; it would 

also be possible to vary the distance between them for 

this purpose. This experimental arrangement will enable 
the measurement of E* and ff, in 6/ provided only that the 

fields are not too inhomogeneous; should this condition 

not be fulfilled, the method is incapable of giving a defi¬ 

nite result, for the field must not vary appreciably across 

the width of the rays, or else these will become diffuse 

and no simple method of determining the deflections is 

then available. 

The angular deflection, a, of the rays in the distance 6/ 

is to be observed, and the field can be calculated from the 
formulas 

e pi5l 

Tv ‘ 

Because of the natural spreading of the matter rays, the 

accuracy of the measurements is given by 

AE.> A 
ed ixbl ’ 

h Py fJLC 

ed ^81 py * 

One essential factor remains to be considered, however. 

Each of the two electrons which pass through 8v simul¬ 

taneously modifies the field, and hence the path of the 
other electron. The amount of this modification is uncer¬ 

tain to some extent, since it is not known at which point 
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in the cathode ray the electron is to be found. The uncer¬ 

tainty as to the actual fields which arises from this fact is 
thus 

whence 

cd Py 
(6iy ixc ’ 

AEAH^ > 
he 

which was to be shown. It is to be noted that the simul¬ 

taneous consideration of both the corpuscular and wave 

picture of the process taking place is again fundamental. 

If the corpuscular picture of the cathode rays had not 

been invoked, and a continuous distribution of charge 

assumed as the picture of the rays, then the uncertainty 

(43) would have disappeared. 



CHAPTER IV 

THE STATISTICAL INTERPRETATION OF 

QUANTUM THEORY 

§ I. MATHEMATICAL CONSIDERATIONS 

It is instructive to compare the mathematical appa¬ 

ratus of quantum theory with that of the theory of rela¬ 

tivity. In both cases there is an application of the theory 

of linear algebras. One can therefore compare the mat¬ 

rices of quantum theory with the symmetric tensors of 

the special theory of relativity. The greatest difference is 

the fact that the tensors of quantum 

theory are in a space of infinitely 

many dimensions, and that this 

space is not real but imaginary. The 

orthogonal transformations are re¬ 

placed by the so-called ‘^unitary’^ 

transformations. In order to obtain 

a picture of this space, we abstract 

from such differences, fundamental 

though they be. Then every quantum theoretical “quan¬ 

tity^ ^ is characterized by a tensor whose principal direc¬ 

tions may be drawn in this space (cf. Fig. 14). In order 

to obtain a clear picture, one may recall the tensor of 

the moments of inertia of a rigid body. The principal 

directions are, in general, different for each quantity; 

only matrices which commute with one another have 

coincident principal directions. The exact knowledge of 

Fig. 14 

55 
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the numerical value of any dynamical variable corre¬ 
sponds to the determination of a definite direction in 

this space, in the same manner as the exact knowledge 

of the moment of inertia of a solid body determines 

the principal direction to which this moment belongs 

(it is assumed that there is no degeneracy). This di¬ 

rection is thus parallel to the Ath principal axis of the 

tensor T, along which the component Tkk has the value 
measured. The exact knowledge of the direction (except 
for a factor of absolute magnitude unity) in unitary space 

is the maximum information regarding the quantum dy¬ 

namical variable which can be obtained. WeyP has called 

this degree of knowledge a determinate case {reiner Fall), 

An atom in a (non-degenerate) stationary state presents 
such a determinate case: The direction characterizing it 

is that of the ^th principal axis of the tensor £, which be¬ 

longs to the energy value Ekk- There is obviously no sig¬ 
nificance to be attached to the terms “value of the co¬ 

ordinate etc., in this direction, just as the specification 

of the moment of inertia about an axis not coinciding with 
one of the principal directions is insufficient to determine 

any type of motion of the rigid body, no matter how 

simple. Only tensors whose principal axes coincide with 

those of E have a value in this direction. The total angu¬ 

lar momentum of the atom, for example, can be deter¬ 

mined simultaneously with its energy. If a measurement 

of the value of q is to be made, then the exact knowledge 

of the direction must be replaced by inexact information, 

which can be considered as a “mixture"’ of the original 

directions Ekk, each with a certain probability coefficient. 

* H. Weyl, Zeitschrift fUr Physik^ 46, i, 1927. 
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For example, the indeterminate recoil of the electron 
when its position is measured by a microscope converts 

the determinate case Ekk into such a mixture (cf. chap, 
ii, § 2a), This mixture must be of such a kind that it may 

also be considered as a mixture of the principal directions 

of g, though with other probability coefficients. The meas¬ 

urement singles a particular value q' out of this as being 
the actual result. It follows from this discussion that the 

value of q' cannot be uniquely predicted from the result of 
the experiment determining £, for a disturbance of the 

system, which is necessarily indeterminate to a certain 

degree, must occur between the two experiments in¬ 

volved. 

This disturbance is qualitatively determined, however, 

as soon as one knows that the result is to be an exact value 

of q. In this case, the probability of finding a value q' 

after E has been measured is given by the square of the 

cosine of the angle between the original direction Ek and 

the direction q\ More exactly one should say by the 

analogue to the cosine in the unitary space, which is 

\S{Ek, q') I. This assumption is one of the formal postulates 
of quantum theory and cannot be derived from any other 

considerations. It follows from this axiom that the values 

of two dynamical quantities are causally related if, and 

only if, the tensors corresponding to them have parallel 

principal axes. In all other cases there is no causal rela¬ 

tionship. The statistical relation by means of probability 

coefficients is determined by the disturbance of the system 
produced by the measuring apparatus. Unless this dis- 

turbance is produced, there is no significance to be given 
the terms “value’’ or “probable value” of a variable in a 
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given direction of unitary space which is not parallel to a 
principal axis of the corresponding tensor. Thus one be¬ 

comes entangled in contradictions if one speaks of the 
probable position of the electron without considering the 

experiment used to determine it (cf. the paradox of nega¬ 

tive kinetic energy, chap, ii, § id). It must also be empha¬ 
sized that the statistical character of the relation depends 

on the fact that the influence of the measuring device is 

treated in a different manner than the interaction of the 

various parts of the system on one another. This last 

interaction also causes changes in the direction of the 

vector representing the system in the Hilbert space, but 
these are completely determined. If one were to treat the 

measuring device as a part of the system—which would 

necessitate an extension of the Hilbert space—then the 

changes considered above as indeterminate would appear 

determinate. But no use could be made of this deter¬ 

minateness unless our observation of the measuring de¬ 

vice were free of indeterminateness. For these observa¬ 

tions, however, the same considerations are valid as those 

given above, and we should be forced, for example, to in¬ 

clude our own eyes as part of the system, and so on. The 

chain of cause and effect could be quantitatively verified 

only if the whole universe were considered as a single 

system—but then physics has vanished, and only a 
mathematical scheme remains. The partition of the world 

into observing and observed system prevents a sharp 
formulation of the law of cause and effect. (The observ¬ 

ing system need not always be a human being; it may also 

be an inanimate apparatus, such as a photographic plate.) 

As examples of cases in which causal relations do exist 
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the following may be mentioned: The conservation 
theorems for energy and momentum are contained in the 

quantum theory, for the energies and momenta of differ¬ 

ent parts of the same system are commutative quantities. 

Furthermore, the principal axes of q at time t are only 

infinitesimally different from the principal axes of q at 

time t+dt. Hence, if two position measurements are car¬ 
ried out in rapid succession, it is practically certain that 

the electron will be in almost the same place both times. 

§ 2. INTERFERENCE OF PROBABILITIES 

Many paradoxical conclusions may be deduced from 

the foregoing principles if the perturbation introduced by 

measuring instruments is not adequately considered. The 

following idealized experiment furnishes a typical example 

of such a paradox. 

A beam of atoms, all of which are initially in the state 

n, is directed through a field Fj (Fig. 15). This field will 

Fig. 15 

cause transitions to other states if it is inhomogeneous in 

the direction of the beam, but will not separate atoms of 

one state from those in another. Let S'nm be the transfor¬ 
mation function for the transitions in the field so that 

IXml* is the probability of finding an atom in the state m 

after it has emerged from the field F,. Farther on the 

atoms encounter a second field Fa, similar in properties 

to F^ for which the corresponding transformation func- 
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tion is SZh This field is again incapable of separating the 
atoms in different states, but beyond F2 a determination 

of the stationary state is made by means of a third field 

of force. Now, for those atoms that are in the state m 

after passing through Fi the probability of a transition to 

state I on passing F^ is given by 15w|L Hence the prob¬ 
able fraction of the atoms in the state I beyond F2 should 

be given by 

S" Orj nm 'ml (44) 
m 

On the other hand, according to equation A(69), the 

transformation function for the combined fields Ft and Fi 

is which results in the value 
m 

(45) 

for the same probability as represented by equation (44). 
The contradiction disappears when it is remarked that 

the formulas (44) and (45) really refer to two different 
experiments. The reasoning leading to (44) is correct only 

when an experiment permitting the determination of the 

stationary state of the atom is performed between Fi and 

F’a. The performance of such an experiment will nec¬ 
essarily alter the phase of the de Broglie wave of the atom 

in state m by an unknown amount of order of magnitude 
one, as has been shown in chapter ii, § 2d, In applying 

(45) to this experiment each member SnmSmi in the sum¬ 
mation must thus be multiplied by the arbitrary factor 

exp(i<pm) and then averaged over all values of tpm- This 
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phase average agrees with (44), which thus applies to this 
experiment. The rules of the calculus of probabilities 

can be applied to \Snm\'' only when the causal chain has 
actually been broken by an observation in the manner 

explained in the foregoing section. If no break of this 

sort has occurred it is not reasonable to speak of the atom 
as having been in a stationary state between Fx and Fa, 

and the rules of quantum mechanics apply. 

Three general cases may be illustrated by this experi¬ 

ment, and they must be carefully distinguished in any 

application of the general principles. They are: 

Case I: The atoms remain undisturbed between 

and Fa. The probability of observing the state I beyond 

Fa is then 

^^^SnmSml 

m 

Case II: The atoms are disturbed between Fi and Fa 

by the performance of an experiment which would have 
made possible the determination of the stationary state. 

The result of the experiment is not observed, however. 

The probability of the state I is then 

m 

Case III: The additional experiment of Case II is per¬ 

formed and its result is observed. The atom is known to 

have been in state m while passing from F, to Fa. The 

probability of the state / is then given by 
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The difference between Cases II and III is recognized 

in all treatments of the theory of probability, but the 

difference between I and II does not exist in classical 

theories which assume the possibility of observation with¬ 

out perturbation. When stated in a sufficiently general¬ 

ized form, this distinction is the center of the whole quan¬ 

tum theory. 

§ 3. bohr's concept of complementarity' 

With the advent of Einstein’s relativity theory it was 

necessary for the first time to recognize that the physical 

world differed from the ideal world conceived in terms of 

everyday experience. It became apparent that ordinary 

concepts could only be applied to processes in which the 

velocity of light could be regarded as practically infinite. 

The experimental material resulting from modern refine¬ 

ments in experimental technique necessitated the revision 

of old ideas and the acquirement of new ones, but as the 

mind is always slow to adjust itself to an extended range 

of experience and concepts, the relativity theory seemed 

at first repellantly abstract. None the less, the simplicity 

of its solution for a vexatious problem has gained it uni¬ 

versal acceptance. As is clear from what has been said, 

the resolution of the paradoxes of atomic physics can be 

accomplished only by further renunciation of old and 

cherished ideas. Most important of these is the idea that 

natural phenomena obey exact laws—the principle of 

causality. In fact, our ordinary description of nature, and 

the idea of exact laws, rests on the assumption that it is 

* Naturej lai, 580, 1928, 
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possible to observe the phenomena without appreciably 

influencing them. To co-ordinate a definite cause to a 

definite effect has sense only when both can be observed 

without introducing a foreign element disturbing their 

interrelation. The law of causality, because of its very 

nature, can only be defined for isolated systems, and in 

atomic physics even approximately isolated systems can¬ 

not be observed. This might have been foreseen, for in 

atomic physics we are dealing with entities that are (so far 

as we know) ultimate and indivisible. There exist no in¬ 

finitesimals by the aid of which an observation might be 

made without appreciable perturbation. 

Second among the requirements traditionally imposed 

on a physical theory is that it must explain all phenomena 

as relations between objects existing in space and time. 

This requirement has suffered gradual relaxation in the 

course of the development of physics. Thus Faraday and 

Maxwell explained electromagnetic phenomena as the 

stresses and strains of an ether, but with the advent of the 

relativity theory, this ether was dematerialized; the elec¬ 

tromagnetic field could still be represented as a set of 

vectors in space-time, however. Thermodynamics is an 

even better example of a theory whose variables cannot 

be given a simple geometric interpretation. Now, as a 

geometric or kinematic description of a process implies 

observation, it follows that such a description of atomic 

processes necessarily precludes the exact validity of the law 

of causality—and conversely. Bohr' has pointed out that 

it is therefore impossible to demand that both require- 

^ Ibid. 
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merits be fulfilled by the quantum theory. They represent 

complementary and mutually exclusive aspects of atomic 

phenomena. This situation is clearly reflected in the theory 
which has been developed. There exists a body of exact 

mathematical laws, but these cannot be interpreted as 
expressing simple relationships between objects existing 

in space and time. The observable predictions of this 

theory can be approximately described in such terms, but 
not uniquely—the wave and the corpuscular pictures both 

possess the same approximate validity. This indetermi¬ 

nateness of the picture of the process is a direct result of 
the interdeterminateness of the concept ^‘observation”— 

it is not possible to decide, other than arbitrarily, what 

objects are to be considered as part of the observed system 
and what as part of the observer’s apparatus. In the for¬ 

mulas of the theory this arbitrariness often makes it pos¬ 

sible to use quite different analytical methods for the 

treatment of a single physical experiment. Some examples 

of this will be given later. Even when this arbitrariness 

is taken into account the concept “observation” belongs, 

strictly speaking, to the class of ideas borrowed from the 
experiences of everyday life.^ It can only be carried over 

to atomic phenomena when due regard is paid to the limi¬ 

tations placed on all space-time descriptions by the un¬ 
certainty principle. 

The general relationships discussed here may be sum¬ 

marized in the following^ diagrammatic form; 

> It need scarcely be remarked that the term “observation” as here 

used does not refer to the observation of lines on photographic plates, 
etc., but rather to the observation of “the electrons in a single atom,” 
etc. Cf. p. I. 

* N. Bohr, loc. cU, 
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CLASSICAL THEORY 

Causal Relationships of Phenomena Described 
IN Terms of Space and Time 

QUANTUM THEORY 
Either Or 

Phenomena described Causal relationship 
in terms of space and expressed by mathe¬ 
time matical laws 

But 
1 CU 1 

1 ^ ^ ^ 1 But 
Uncertainty principle 

S ‘Z! 

■<c 
Physical description of 

phenomena in space- 
time impossible 

It is only after attempting to fit this fundamental com¬ 

plementarity of space-time description and causality into 

one^s conceptual scheme that one is in a position to judge 

the degree of consistency of the methods of quantum 

theory (particularly of the transformation theory). To 

mold our thoughts and language to agree with the ob¬ 

served facts of atomic physics is a very difficult task, as 

it was in the case of the relativity theory. In the case of 

the latter, it proved advantageous to return to the older 

philosophical discussions of the problems of space and 

time. In the same way it is now profitable to review the 

fundamental discussions, so important for epistemology, 

of the difficulty of separating the subjective and objective 

aspects of the world. Many of the abstractions that are 

characteristic of modern theoretical physics are to be 

found discussed in the philosophy of past centuries. At 

that time these abstractions could be disregarded as mere 

mental exercises by those scientists whose only concern 

was with reality, but today we are compelled by the re¬ 

finements of experimental art to consider them seriously. 



CHAPTER V 

DISCUSSION OF IMPORTANT EXPERIMENTS 

In the preceding chapters the principles of the quantum 

theory have all been discussed, but a real understanding 

of them is obtainable only through their relation to the 

body of experimental facts which the theory must ex¬ 

plain. This is particularly true of the general principle of 

complementarity. A discussion of further experiments of 

a less idealized type than those previously used to illus¬ 

trate the separate principles is therefore necessary at this 

point. 

§ I. THE C. T. R. WILSON EXPERIMENTS 

The essential features of the C. T. R. Wilson photo¬ 

graphs may be most easily explained with the help of the 

classical corpuscular picture. This explanation is also 

completely justified from the standpoint of the quantum 

theory. The uncertainty relations are not essential to the 

explanation of the primary fact of the rectilinearity of the 

tracks of a-particles. It is always correct to apply the 

classical theory to such semi-macroscopic phenomena, 

and the quantum theory is necessary only for the explana¬ 

tion of the finer features. 

Nevertheless it will be profitable to discuss the quan¬ 

tum theory of the Wilson photograph. We encounter at 

once the arbitrariness in the concept of observation al¬ 

ready mentioned, and it appears purely as a matter of 

expediency whether the molecules to be ionized are re- 

66 
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garded as belonging to the observed system or to the 

observing apparatus. Consider first the latter alternative. 

The system to be observed then consists of one a-particle 

only, and the position measurement resulting from the 

ionization will be represented in the mathematical scheme 

of the theory by a probability packet \4^{q')Y the co¬ 

ordinate space q = x, y, s, of the a-particle. The calcula¬ 

tion will be carried out only for one of the three degrees 

of freedom. 

If the time of this determination be taken as /==o, and 

if a previous determination at a known time is also avail¬ 

able, the momentum of the particle at time / = o may be 

determined: let p and q denote the most probable values 

of the momentum and co-ordinate at this time, and A/?, 

Aq the probable errors. The value of the uncertainty 

product will be considerably greater than h in any actual 

case, but we may assume that ApAq^h/21^ (cf. the re¬ 

marks concerning scintillation measurements, chap, ii, 

§ 2a). This is a determinate case; it is then known [eq. 

(15)] that 

(The index o indicates that ^0 is the value of the co¬ 

ordinate at / = o.) The quantum theoretical equations of 

motion are then 

/> = />o = Const., 
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Although p and q do not commute, the latter equation 

may nevertheless be integrated" to 

^ pl+qo . 
M 

To obtain the probability amplitude ^Piq') at time t the 

transformation function must be calculated from A(41) 

and A(42) : 

1 VtI ^(9W)=g'Siq'oq') ■ 
27rt dqo / 

The solution of this equation is 

•S'(gi?') = ae 
- - (« «0—«0^/2) , 

(46) 

by A(69) the distribution at time t is then to be found 

from 

V'(9')=r 'l'(q'o)S{qoq')dq'o , 
•00 

which becomes, on evaluation of the integral, 

(47) 

where 

^ = - - A-=Af>—. 
27r fjL {Aqy ^ fiAq 

It follows that 

* Kennard, Zeitschrift fUr Physiky 44, 326, 1927. 
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The most probable value for g' is thus {t/ij)p+gy which 

is the result to be expected on the classical theory. The 

mean square error {d^qY + {tAp/iiY for q' is made up of 

two terms corresponding to the uncertainties in g' and />'/ 

its value again agrees with that which would be calculated 

classically. 

If these methods are applied to all three degrees of 

freedom, x, y, 2, it is seen at once that the path of the 

center of the probability packet is a straight line. It is to 

be noted, however, that this result applies only while the 

a-particle is undisturbed in its motion. Each successive 

ionization of a water mol-ecule transforms the packet (48) 

into an aggregate of such packets (Case II, p. 61). If the 

ionization is accompanied by an observation of the posi¬ 

tion, a smaller probability packet of the same form as (48) 

but with new parameters is separated out of the aggre¬ 

gate (Case III, p. 61). This forms the starting-point of a 

new orbit—and so on. The angular deviations between 

successive orbital segments are determined by the relative 

momenta of the particle and the atomic electron with 

which it interacts, which accounts for the differences be¬ 

tween the paths of a- and /3-particles. 

As regards the formal aspect of the foregoing calcula¬ 

tions, it may be noted that the transformation from q^ to 

can also be carried out by way of the energy. By equa¬ 

tion A(7o) : 

SWoq') = /S{q'^)S{Eq')dE , 

and therefore 

^l^iq')=fSiEq')dEfHq'o)SiqiE)dq' . 
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The functions S(qE)y S{Eq',) are the normalized Schro- 

dinger wave functions for the free electron; the function 

}p{q') can thus be built up by superposition of such Schro- 

dinger functions. This method has been used by Darwin 

in an investigation of the motion of probability packets. 

To complete this discussion we shall finally carry 

through a mathematical treatment of the Wilson photo¬ 

graphs under the assumption that the molecules to be 

ionized are regarded as part of the system. This pro¬ 

cedure is more complicated than the preceding method, 

but has the advantage that the discontinuous change of 

the probability function recedes one step and seems less 

in conflict with intuitive ideas. In order to avoid compli¬ 

cation we consider only two molecules and one a-particle, 

and suppose the centers of mass of the former to be fixed 

at the points Xi, yi, 2,; X2, y^, ^2. The a-particle is in mo¬ 

tion with the momenta py, p^, and its co-ordinates 

are x, y, z. The co-ordinates of the electrons in the mole¬ 

cules may be denoted by the single symbols q^ and q^, re¬ 

spectively; the configuration space will thus involve only 

yy 2, gi, and We inquire for the probability that 

both molecules will be ionized and show that it is negligi¬ 

bly small unless the line joining them has nearly the 

same direction as .the vector {pxpvpz) • All interaction be¬ 

tween the two molecules will be neglected, and their inter¬ 

action with the a-particle will be treated as a perturba¬ 

tion;' the energy of this interaction may be written 

y-y„ 2-2,, gO 

’i'H^^^{x—x2j y—y2, 2—22, q^) , 

* M. Born, Zeitsckrifl filr Physik, 38, 803, 1926. 
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regarded as operators acting on the Schrodinger func¬ 

tion. The wave equation is then 

- a V +//<'> {2)\P 
OTT fl 

-V-;-' '-V-' '-V-;-' 

a-Particle Molecules Interaction 

A dyp _ 

2Tri dt ^ ^ 

in which ^d^'/dx^+d’^/dy^+d^ldz^, IPiqi) is the energy 

operator of the molecule f, and e is the perturbation pa¬ 

rameter in powers of which the wave function is to be 

expanded: = .Substituting this 

series into the wave equation and equating each power of 

e to zero, we obtain 

V'^W+//W(i)^(«)+//(«)(2)^(»)+ ^ 
OTT fJL 2Wl Ot 

= 0, 

o^v (I ( 2)V'(') + - -. 
OTT^/i 27n at 

StT^IJL 27n dt 

The characteristic solutions of the first equation are 

^(o) g A ^ Vn.(^i)<^n,(g2)e 

3irt 

h i 
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where 
H^‘‘Hq)>f’n(q)=E„,Pn{q) , (53) 

and 

2IX 
(54) 

These solutions correspond to the case in which the mo¬ 

mentum of the a-particle is known to be exactly p, its 

position therefore entirely unknown, while the molecules 

are known to be in the states respectively. All inter¬ 

action is neglected, and the problem is to determine how 

the interaction modifies this state of affairs. 

This may be solved by determining according 

to the method of Born. These quantities are first ex¬ 

panded in terms of the orthogonal functions (PmX^i) 

~ f f (55) 
m» mj 

in which the are of course functions of y, 2, 

and /. The significance of these quantities is that 

(S^) 

is the probability of observing the molecule i in the state 

Wi, molecule 2 in the state and the electron at x, y, z. 
Substituting equation (55) for i=i into the first of 

equations (51), we obtain 
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in which the abbreviations 

^n*ma(2 ) =f<P*Xq2)H^"K2)<Pn,(q2)dq2 J 

have been used. The co-ordinates qi and have thus 

been eliminated from further consideration; the functions 

h{i), h{2) are functions of x, y, 2, and of z, or 

^2, y^^ ^2, respectively. These equations may be further 

simplified by writing 

v[k\mX^yzO=‘^m\mXxyz)e ^ , 

whence 

(V^-f* ~ (^ntmi(l)5nama'4" ^n3mi(2)5n,mi)^ ^ (S^) 

where 

^m.ma= j^£n. + £na+~ />"“£m, —^maj • (SQ) 

In this expression the kinetic energy of the a-particle is so 

much greater than the other terms that, to a sufficient ap¬ 

proximation, we may take 

k 2 mtvu 
_ 47r* 

Equations (58) are then all of the form 

+ = PmsmX^yz) , (61) 

which is the ordinary equation of wave-motion; ptmm,(xyz) 

is the density of the oscillators producing the wave, and, 
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as it is complex, also determines their phase. The solution 

of equation (6i) is given by Huyghen^s principle: 

ikR 

^ ^ y f 

where R is the distance from x\ y\ s' to x, y, z. 

Since, according to (58), pm,rn, is zero unless Wi = Wr 

or all the will be zero except and 

fo the first approximation, only one of the two 

r. 

n 
Fig. 16 

molecules will be excited. This is in agreement with the 

classical theory, which says that the probability of two 

collisions is of second order. The character of the func¬ 

tions and is readily determined qualitatively; 

by equation (57) 

Pmtna— ^2 y yij 2 ZijC 

The (fictitious) oscillators producing the wave are thus 

all located in the region Pi about Xi, yi, Zj (cf. Fig. i6) in 
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which hn,m, is appreciably different from zero. They vi¬ 

brate coherently, their phase being determined essentially 

p*x 

by the factor ; in the figure the lines of equal phase 

are drawn perpendicular to p. They are spaced at dis¬ 

tances Xo. According to equation (6i) the wave-length 

emitted by the oscillators is also Xo, and a simple applica¬ 

tion of Huyghen’s principle shows that the wave dis¬ 

turbance will have an appreciable amplitude only in the 

conical region which is shaded and whose axis is in the 

direction of p. The cross-section of this region near Xj, y,, 

21 is determined by the cross-section of the molecule: F,. 

Its angular opening also depends on Fi, being greater 

when Fi is small—i.e., the uncertainty relation 

h/2Tr\^ fulfilled. Similar considerations apply to it is 

different from zero only in a beam originating in F2 and 

also having the direction p. 

We now pass to the second approximation: may 

also be written w[n],n^exp{ —iwi/h) and equation (51) 

reduces to 

2 ^+2 
SttV 

■ 

tiitni 

(62) 

The right-hand side of this equation will always be 

practically zero unless one of the two molecules lies in the 

beam originating at the other, for is different from 

zero only in the beam originating in and hn,mX^) only 

in Fi. Unless these two regions intersect, the first term 

will be zero; similarly the second term. Thus the prob- 
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ability of simultaneous ionization or excitation of the two 

atoms will vanish even in the second approximation un¬ 

less the line joining their centers of gravity is practically 

parallel to the direction of motion of the a-particle. These 

considerations may be extended to the case of any num¬ 

ber of molecules without essential modification. For 

each additional molecule the approximation must be 

carried one step farther, but the principles and results 

will be the same. It has thus been proved that the ionized 

molecules will lie practically on straight lines, and that 

the deviations from rectilinearity satisfy the uncertainty 

relations. In thus including the molecules in the observed 

system, it has not been necessary to introduce the dis- 

continuously changing probability packet, but if we wish 

to consider the methods by which the excitation of the 

molecule can actually be observed, these discontinuous 

changes (now of a probability packet in the configuration 

space Xj y, z, ^2) will again play a role. 

§ 2. DIFFRACTION EXPERIMENTS 

The diffraction of light or matter (Davisson-Germer, 

Thomson, Rupp, Kikuchi) by gratings may be explained 

most simply by the aid of the classical wave theories. 

The application of space-time wave theories to these 

experiments is justified from the point of view of the 

quantum theory, since the uncertainty relations do not 

in any way affect the purely geometrical aspects of the 

waves, but only their amplitude (cf. chap, iii, §1). The 

quantum theory need only be invoked when discussing 

the dynamical relations involving the energy and mo¬ 

mentum content of the waves. 
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The quantum theory of the waves being thus certainly 

in agreement with the classical theory in so far as the 

geometric diffraction pattern is concerned, it seems use¬ 

less to prove it by detailed calculation. On the other hand, 

Duane has given an interesting treatment of diffraction 

phenomena from the quantum theory of the corpuscular 

picture. We imagine for simplicity that the corpuscle is 

reflected from a plane ruled grating, whose constant is d. 

Let the grating itself be movable. Its translation in the 

:r-direction may be looked upon as a periodic motion, in 

so far as only the interaction of the incident particles with 

the grating is considered; for the displacement of the 

whole grating by an amount d will not change this inter¬ 

action. Thus we may conclude that the motion of the 

grating in this direction is quantized and that its momen¬ 

tum px may assume only the values nh/d (as follows at 

once from the earlier form of the theory: fpdq = nh). 

Since the total momentum of grating and particle must 

remain unchanged, the momentum of the particle can be 

changed only by an amount mh/d {m an integer): 

mh 
~d ' 

Furthermore, because of its large mass, the grating can¬ 

not take up any appreciable amount of energy, so that 

p'x-Vp^y=p\~\rp%^P^ . 

If B is the angle of incidence, that of reflection, we have 

cos 
p 

cos = , 
p 
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whence 

sin 6 —sin B= . 
pd 

From equation A(83) for the wave-length of the wave 

associated with a particle it then .follows that 

^/(sin —sin d) — m\ , 

in agreement with the ordinary wave theory. 

The dual characters of both matter and light gave rise 

to many difficulties before the physical principles involved 

were clearly comprehended, and the following paradox 

was often discussed. The forces between a part of the 

grating and the particle certainly diminish very rapidly 

with the distance between the two. The direction of re¬ 

flection should therefore be determined only by those 

parts of the grating which are in the immediate neighbor¬ 

hood of the incident particle, but none the less it is found 

that the most widely separated portions of the grating are 

the important factors in determining the sharpness of 

the diffraction maxima. The source of this contradiction 

is the confusion of two different experiments (Cases I 

and II, p. 61). If no experiment is performed which 

would permit the determination of the position of the par¬ 

ticle before its reflection, there is no contradiction with 

observation if the whole of the grating does act on it. If, 

on the other hand, an experiment is performed which de¬ 

termines that the particle will strike on a section of length 

Ajt of the grating, it must render the knowledge of the 

particle’s momentum essentially uncertain by an amount 

^p'^h/Lx. The direction of its reflection will therefore 
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become correspondingly uncertain. The numerical value 

of this uncertainty in direction is precisely that which 

would be calculated from the resolving power of a grating 

of ^x/d lines. If Ax«J the interference maxima dis¬ 

appear entirely; not until this case is reached can the path 

of the particle properly be compared with that expected 

on the classical particle theory, for not until then can it 

be determined whether the particle will impinge on a rul¬ 

ing or on one of the plane parts of the surface, etc. 

§ 3. THE EXPERIMENT OF EINSTEIN AND RUPP^ 

Another paradox was thought to be presented by the 

following experiment: An atom (canal ray) is made to 

pass a slit S of width d with the velocity v, and emits light 

while doing so. This light is analyzed by a spectroscope 

behind 5. Since the light can reach the spectroscope only 

during the time t=^d/v^ the train of waves to be analyzed 

has a finite length, and the spectroscope will show it as a 

line whose width corresponds to a frequency range 

On the other hand, the corpuscular theory seems to pro¬ 

hibit such a broadening. The atom emits monochromatic 

radiation, the energy of each particle of which is hv, and 

the diaphragm (because of its great mass) will not be able 

to change the energy of the particles. 

The fallacy lies in neglecting the Doppler effect and the 

diffraction of the light at the slit. Those photons which 

reach P from the atom are not all emitted perpendicularly 

* A. Einstein, Berliner Berichte, p. 334, 1926; A. Rupp, ihtd., p. 341, 
1926. 
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to the canal ray; the angular aperture of the beam of 

photons is sin a^\/d because of the diffraction. The Dop¬ 

pler change of frequency due to this is 

or 

A • ^ 
Ai/ = sm a ~ V f 

c 

V 

d 9 

in agreement with the previous result. In this experiment 

the exact validity of the energy law for corpuscles is thus 

in conformity with the requirements of classical optics. 

5 
4 

§ 4. EMISSION, ABSORPTION, AND DISPERSION 

OF RADIATION 

a) Application of the conservation laws,—The postulate 

of the existence of stationary states, combined with the 

theory of photons, is sufficient 

to give a qualitative explanation 

of the interaction of atoms and 

radiation. This was the first de¬ 

cisive success of the Bohr theory. 

The most important results of 

this theory may be briefly sum¬ 

marized here. Let the stationary 

states of the atom be numbered 

I, 2, 3 .... n ... . (Fig. 17), 

counting from the normal state. 

An atom in state 3, for exam- 

1 

hv,3 

Fig. 17 

pie, can spontaneously perform a transition to state 2, 

and emit a photon of energy £2- In the 
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same way, an atom in state i may absorb a photon 

of energy hv^z = E^ — Et and thus be excited to the 

state 3. It must be emphasized that these statements 

are to be taken quite literally, and not as having only a 

symbolic significance, for it is possible (e.g., by a Stern- 

Gerlach experiment) to determine the stationary state of 

the atoms both before and after the emission. It there¬ 

fore follows that the intensity of an emission line is pro¬ 

portional to the number of atoms in the upper of the two 

states associated with it, while the intensity of an absorp¬ 

tion line is proportional to the number of atoms in the 

lower state. These results, which have certainly been 

amply confirmed by experiment, are entirely character¬ 

istic of the quantum theory and can be deduced from no 

classical theory, either of the wave or particle representa¬ 

tion, since even the existence of discrete energy values 

can never be explained by the classical theory. 

An exactly similar situation is met with in the case of 

scattering. If an atom in state i is excited by a photon hv 

it can re-emit the same light quantum without change of 

state (the mass of the. nucleus being assumed infinite), 

or it can send out the light quantum of energy hv = 

hv--E^-\-E^ by transition to state 2 (SmekaP transition; 

see Fig. 18). The intensity of both kinds of scattered light 

is proportional to the number of atoms in state i. If an 

atom in state 2 is irradiated with light of frequency v it 

can emit a photon of energy hv' =^hv‘\-E2—Ei of shorter 

wave-length by transition to state i, and again the in¬ 

tensity of this ‘‘anti-Stokes'’ scattered light is propor- 

* Naturmssenschaften, 11, 873, 1923. 
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tional to the number of atoms in state 2. This has been 

confirmed by Raman’s* experiments. 

b) Correspondence principle and the method of virtual 

charges.—The postulate of stationary states and the 

theory of photons, because of their very nature, cannot 

yield any information either regarding the interference 

of the emitted light or even regarding the a priori prob¬ 

ability of the transitions 

involved. The interfer¬ 

ence properties can be 

completely accounted 

for by the classical 

wave theory, but it is 

in turn unable to ac¬ 

count for the transi¬ 

tions. To treat these 

successfully a self-con¬ 

sistent quantum theory 

of radiation is neces¬ 

sary. It is true that an 

ingenious combination of arguments based on the cor¬ 

respondence principle can make the quantum theory of 

matter together with a classical theory of radiation fur¬ 

nish quantitative values for the transition probabilities, 

i.e., either by the use of Schrodinger’s virtual charge 

density or its equivalent, the element of the matrix repre¬ 

senting the electric dipole moment of the atom. Such a 

formulation of the radiation problem is far from satisfac¬ 

tory, however, and easily leads to false conclusions. These 

hv' hv hv 

hv hv hv' 

' 

Fig. 18 

* Nature^ 121, 501; 122, 12, 1928. 
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methods may only be applied with the greatest caution, 

as the following examples may illustrate. 

Consider first the case of an atom containing a single 

electron, and whose nucleus has an infinite mass. If x ^ 

{x, y, z) be the co-ordinate of the electron, and xpoix) the 

Schrodinger function, then 

eXnm = — €fx\l/n\pmdT (63) 

is the element of the matrix representing the dipole mo¬ 

ment of the atom. This matrix can enter, strictly speak¬ 

ing, only into calculations based on the principles of the 

quantum theory of the electron, which in no way involve 

radiation. It may none the less be interpreted as the 

dipole moment of the virtual oscillator producing the ra¬ 

diation which is emitted during the transition n->m. This 

may be deduced from the correspondence principle by 

remembering that it has been shown that —w) 

in the limit of large quantum numbers, where 

is a Fourier coefficient of the classical motion. It may 

thus be presumed that Xnm will enter into the formulas de¬ 

termining the intensity of the radiation in the same way 

as Xn(n — m), i.e., that \Xnm\^ will be the a priori probability 

of the transition n->m. It must be emphasized that this 

is a purely formal result; it does not follow from any of 

the physical principles of quantum theory. 

It may be made plausible by another consideration 

which brings out its unsatisfactory character more clear¬ 

ly. It has been p>ointed out that the solutions yj/n of the 

Schrodinger equation are first approximations to the solu¬ 

tions of the classical matter-wave equations [cf. A(8)]. 

Denoting by ^ a true solution of the latter, the radiation 
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from the charge distribution thus represented will be de¬ 

termined by its dipole moment 

— ^xdr 

provided the extension of this distribution is small com¬ 

pared to the wave-length of the radiation emitted. Now 

y 

whence the radiation, calculated by means of this classical 

distribution, should be determined by 

2irt 

n aXx 
(En — Em)t 

nm' 

nm 

This formula is certainly wrong since it is derived from 

a purely classical theory; the intensity of the radiation of 

frequency {En — Em)/n depends on the coefficient of the 

final state, as well as on a^, of the initial state. This is 

in direct contradiction to Bohr’s fundamental postulate. 

The contradiction may be eliminated by arbitrarily dis¬ 

secting the sum into its separate terms, omitting the 

offending factors and relating each term to the upper 

level. The formula (63) for the moment of the virtual 

dipole associated with the transition then appears once 

more. 

c) The complete treatment of radiation and matter.—The 

consistent treatment of radiation phenomena requires 

the simultaneous application of the quantum theory to 

radiation and matter, in which case it is naturally imma¬ 

terial whether the particle or wave representation is used. 
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Dirac/ in his radiation theory, employs the language of 

the particle representation, but makes use of conclusions 

drawn from the wave theory of radiation in his derivation 

of the Hamiltonian function. The fundamental ideas of 

this theory are briefly outlined here. 

The atom will be represented by a single electron mov¬ 

ing in an electrostatic force field 0o- The relativistically 

invariant equation of the one electron problem is, accord¬ 

ing to Dirac"* (0o scalar potential, 0,- [/=i, 2, 3], electro¬ 

magnetic potentials). 

or 

€ € 
Po-\- 0o+ai(/^i+ <^i) + a4WC = o , 

c c (65) 

— e<t>o — aiC( Pi-^- <l>i) — a^mc^ , 
c 

(66) 

(The usual summation convention is adopted.) Here, as 

before, the pi^ are the momenta canonically conjugate 

to the g'i, and the a’s are operators which satisfy the 

equations 

aiak+akai=2bik ; aia4+a4ai = o ; aj = i. (67) 

From the equations of motion it follows that 

. dH dfpk 
pi= --^~ = akC -- ; 

dqi dxi 

dH 
dpi 

— aiC . (68) 

Except for a factor ( —c) the ai’s are thus identical with 

the velocity matrices. From (66) it follows that the inter- 

* Proceedings of the Royal Society^ A, 114, 243, 710, 1927. 

* Ihid.y 117, 610, 1928. 
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action energy of atoms and radiation field can be written 

in the simple form 

€ 
fit4^0i • (^9) 

C 

The Hamiltonian function of the complete system atom 

plus radiation field is thus 

H total ayatem Hatcnn I 1 Hradiation field 
c 

The problem is brought into a simple mathematical form 

by assuming the radiation field to be in an inclosure, thus 

providing an orthogonal system of functions on solution 

of the Maxwell equations subject to the appropriate 

boundary conditions. The (f>^ may be developed in this 

system, and the coefficients [cf. A(i23) and (124)] may 

be written in the form 

Gr — e * , 

where Nr is the number of light quanta belonging to the 

fth characteristic vibration. The total energy of the radia¬ 

tion field before considering its interaction with the atom 

is simply 

H radiation field 

In the development of the in the orthogonal system 

the individual terms still depend on the position of the 

atom in the inclosure. Since the dependence averages out 

in the final result when the inclosure is sufficiently large, 

it is convenient to introduce a mean-square amplitude ob- 
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tained by averaging the square of the true amplitude over 

all possible positions of the atom. This yields the follow¬ 

ing expression for </>*: 

Here air is the angle between the electric vector of the rth 

characteristic vibration and the g^-axis, and Cr is the 

number of characteristic vibrations in the frequency in¬ 

terval APr and solid angle Awr divided by AvrAcor. Thus 

the Hamiltonian function for the complete system is 

H = H,^+^NrhVr 1 

where qr is the component of the vector q in the direction 

of the electric vector of the rth characteristic vibration. 

Fron; equation (73) all the results obtained above by 

the use of the conservation laws may immediately be de¬ 

duced. Thus the constancy of H may be proved as in the 

Appendix (§ i, p. 121), and it further follows that for the 

emission or absorption of a light quantum hvr the essen¬ 

tial factor is the matrix element of qr corresponding to the 

transition concerned. Except for certain numerical fac¬ 

tors which will not be calculated here the transition 

probability is given directly by the square of this matrix 

element. If the calculation is carried out (the interaction 

terms being regarded as perturbations), emission and ab¬ 

sorption processes appear as first-order effects and dis- 
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persion phenomena as second order. For the details of the 

calculation the reader is referred to the papers of Dirac.* 

The formulation of the Hanailtonian of the radiation 

problem in equation (73) has the disadvantage that it 

does not appear to involve the interference and coherence 

properties of the radiation. This is only the case, how¬ 

ever, when mean amplitudes are used, as in the foregoing. 

If the correct amplitudes resulting from the development 

of the in the orthogonal functions are retained, then 

the fact that these functions are solutions of the Maxwell 

equations assures interference and coherence properties 

for the radiation that correspond to the Maxwell equa¬ 

tions. For example, solutions of the Maxwell equations 

appear as factors of the quantities ar in A (113) and these 

factors disappear at the position occupied by the atom 

when the vector potential vanishes there because of inter¬ 

ference. Thus there will be no absorption of light in 

regions where there would be none according to the 

classical interference theory. From these considerations 

it follows at once that the classical wave theory is 

sufficient for the discussion of all questions of coherence 

and interference. 

§ 5. INTERFERENCE AND THE CONSERVATION LAWS 

It is very difficult for us to conceive the fact that the 

theory of photons does not conffict with the requirements 

of the Maxwell equations. There have been attempts to 

avoid the contradiction by finding solutions of the lat¬ 

ter which represent “needle^’ radiation (unidirectional 

* Dirac (loc, cit.) uses the original Schrddinger form in place of the 
Hamiltonian function (73). With the use of (73) the calculation is some¬ 
what simpler, since the quadratic terms in drop out of the interaction 
energy. The results are the same as those of Dirac. 
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beams), but the results could not be satisfactorily inter¬ 

preted until the principles of the quantum theory had 

been elucidated. These show us that whenever an experi¬ 

ment is capable of furnishing information regarding the 

direction of emission of a photon, its results are precisely 

those which would be predicted from a solution of the 

Maxwell equations of the needle type (cf. the reduction of 

wave-packets, II, § 2c). 

As an example, the recoil produced by the emission of 

a photon will be discussed. Let an atom go from station¬ 

ary state n to m with the emission of a photon, and an 

appropriate change of its total momentum. As we are 

only concerned with the coherence properties of the 

emitted radiation, we use the correspondence-principle 

method, in which the radiation is calculated classically. 

As source of the radiation we take a charge distribution 

which is modeled after the expression which would be 

given by the classical theory of matter waves. The atom 

will be supposed to consist of one electron (of mass /x, 

charge —6, co-ordinates r«) and a nucleus (of mass M, 

charge +e, co-ordinates r„). The Schrodinger function of 

the wth state, in which the atom has the total momentum 

P, is 

^n{re-rn)e^ , 

where rc — {tJ>re+Mrn)/{iJL+M) is the vector to the center 

of gravity of the atom. If the matrix element of the prob¬ 

ability density associated to the transition 

be calculated, one obtains 

an 

e 
(P-P') • r, 

2irt 
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By averaging over the co-ordinates of the nucleus, one 
obtains the charge density due to the electron, by averag¬ 
ing over the co-ordinates of the electron, that due to the 
nucleus; the total charge density is their sum. This den¬ 
sity is to be considered as the virtual source of the emitted 
radiation, at least in so far as its coherence properties are 
concerned. The two component densities are [the com¬ 
mon factor e is omitted, r — re — Tn is the variable of in¬ 
tegration, dv the volume element, and y = M/{fj,+M)] 

Pn 

2ir* . _ 2irt 
~. y{P~P)*r ^ - 

e ^ rpn^mdv • e ^ 

2irt 
y{P-P')^r \'{E-E')i 

Wny/mdv • e ^ 

The total density is thus 

p = Const. e * > 

in which the value of the constant does not interest us. 
The current densities are given by analogous expressions. 
The radiation emitted by these charges is to be calculated 
from the retarded potentials: 

<l>o = /p(/-R'A)/R' • dv 

is the scalar potential and analogous expressions may be 
obtained for the vector potentials <!>» {R' is the distance 
from the point of integration, r, to the point of observa¬ 
tion R). The result is therefore 

fexp [{P-n • T-{E-E'){t-R'/C)] 
== Const. I -^7-dv . 
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If one supposes that an experiment has determined the 
position of the atom with a given accuracy (the value of 

the momentum P must then be correspondingly uncer¬ 
tain), then this means that the density p is given by 

the foregoing expression only in a finite volume At;, and 

is zero elsewhere. If the radiation at a great distance from 
At; is required, E! may be expanded in terms of R (the 
co-ordinates of the point of observation) and r (the co¬ 

ordinates of the point of integration): 

R!^R-R^ • r, 

where Rr — R/R- The scalar potential is then given by 

2iri 

<l>o = Const, e 
{l-RJc) f 

2rt 

(i/R)e 
iP-P'-kvRx/c) . r 

dv 

in which hv — E — E', 

The integral is appreciably different from zero only in 

that regions for which the factor of r in the exponential 
is less in absolute magnitude than the reciprocal of Ai, 
the linear dimension of At>. In all other regions, the radia¬ 

tion from different portions of At; is destroyed by inter¬ 
ference. Hence 

P-^P''=hvR,/c±hlM , 

and the atom recoils with the momentum hvRx/c (except 
for the natural uncertainty A/A/). If the direction of re¬ 

coil is determined by some experimental procedure, the 
emitted radiation thus behaves like a unidirectional beam. 

This is only a special case, however, which is realized 

only when P and P' are determined with sufficient ac¬ 

curacy, and the co-ordinates of the center of gravity are 
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corresp>ondingly unknown. The other extreme is realized 

when the experiment fixes the position of the atom more 

precisely than A/ = A/|P —P'| =c/z^, i.e., more precisely 

than one wave-length of the emitted radiation. The ex¬ 

pression for then represents a regular spherical wave 

and no conclusions can be drawn concerning the recoil, 

since its uncertainty is greater than its probable value. 

This example illustrates very clearly how the quantum 

theory strips even the light waves of the primitive reality 

which is ascribed to them by the classical theory. The 

particular solution of the Maxwell equation which repre¬ 

sents the emitted radiation depends on the accuracy with 

which the co-ordinates of the center of mass of the atom 

are known. 

§ 6, THE COMPTON EFFECT AND THE EXPERIMENT 

OF COMPTON AND SIMON 

There are analogous relations in the theory of the 

Compton effect, but even though the calculations are the 

same as those of the preceding paragraph, a summary of 

the essential results will be given here. It is more interest¬ 

ing to consider bound electrons than free electrons, for 

then (if one assumes the position of the stationary atomic 

nucleus as given) there is a certain a priori knowledge 

concerning the position of the scattering electron. The 

laws of conservation result in the equations 

hv+E^hv'+E' , 

hv 

c 
e± 

\ 

The unprimed letters refer to variables before the col¬ 

lision, and the primed ones to variables'after the collision; 
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p is the linear momentum of the electron, and e and e' 

signify unit vectors in the direction of motion of the light 

quantum; Ap gives the range of momentum of the elec¬ 

tron in the atom. If ^^p is small compared with p and 

hv/c, then (74) enables correspondingly exact conclusions 

regarding the relation between the directions e' and p' 

to be drawn. If, for example, p' be measured in a Wilson 

chamber, then the radiation will have all the properties of 

needle radiation, since the direction of emission of the 

light quantum is determined. If then the trans¬ 

lational wave function may be regarded as that of a plane 

wave, namely, exp 2Ti/ h-{p'-r — E't), where r is the vector 

specifying the position of the electron. Let the wave func¬ 

tion of the unperturbed state E, which will be assumed to 

be the normal state, be t/'£(r) exp 2Ti/h*Et, where is 

different from zero in an interval A/[A/* 

These wave functions are perturbed by the incident 

wave of frequency v, and the perturbation function is a 

p>eriodic space function of wave-length \ — c/v. Therefore, 

as the final result for the perturbed charge distribution, 

one obtains an expression of the form 

P = cfE{r)e ^ 

arif /h$^ 

= cfE{r)e ^ L \c 

V (7-) ,-T' 

} (75) 

Where /e is different from zero only in the interval AL 

If one writes the retarded potentials for points at a great 

distance from the atom, then* 

^o(E) 
— art v' it 

= C e ^ I /«(r')c * ''' ‘ ' ■ (76) 

* G. Breit, Journal of the Optical Society of America, 14, 324, 1927. 
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In this equation hv' = E—E^-{-hv, r' is the vector to the 

point of integration, R to the point of observation, and 

R' = R — r\ The time factor in equation (76) shows that 

the frequency of the scattered radiation is v' and cor¬ 

responds to that of equation (74). Furthermore, the in¬ 

tegral on the right-hand side of equation (76) vanishes be¬ 

cause of interference, if the factor of r' is materially 

greater than the reciprocal atomic diameter. Accordingly, 

since AlAp'^hj 

e = -~ e'+p'±'-^Ap , (77) 
c c 

in agreement with the second equation of (74). The scat¬ 

tered radiation behaves, therefore, in so far as its coher¬ 

ence properties are concerned, like needle radiation. How¬ 

ever, the direction of the light quantum is not exactly 

prescribed, which may be regarded as a consequence of 

the indeterminateness of the momentum in the original 

stationary state. This indeterminateness can be dimin¬ 

ished if one experiments with more loosely bound elec¬ 

trons, but then the atomic cross-section will be corre¬ 

spondingly greater. If one applies the considerations to 

an excited state, then AlAp^nh appears in place of 

AlAp^h and in the evaluation of the retarded potentials 

one must take the number of nodes of ^(r') into account. 

Since this involves only nonessential complications, we 

have confined ourselves to the normal state. 

If one wishes to explain the Geiger-Bothe experiment 

on the simultaneity of emission of recoil electron and 

scattered photon, then if the corresp)ondence principle 

methods sketched here are used, one must deal with 
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charge distributions which radiate only during a definite 

time interval. The initial state of the electron will be 

given, by a wave-packet at rest, whose size depends on the 

experimental arrangement. The final state will be repre¬ 

sented by a morning wave-packet, and the charge density, 

given by the product of the two wave functions, will then 

be different from zero only during the time the two 

packets overlap. The radiation produced will then be a 

finite wave train moving in a definite direction. A more 

consequent explanation of the Geiger-Bothe experiment, 

even though it is equivalent in all its essential points, can 

only be obtained from the quantum theory of radiation. 

Moreover, as already shown, in this theory the laws of 

conservation applied to light quanta and electrons hold, 

so that one can, without any misgivings, use the custom¬ 

ary corpuscular theory of this experiment. 

§ 7. RADIATION FLUCTUATION PHENOMENA 

The large mean-square fluctuations, which belong to a 

corpuscular theory, are contained in the mathematical 

framework of the quantum theory, as shown in the Ap¬ 

pendix. It is especially instructive, however, to study the 

relations between the various physical pictures with 

which the quantum theory operates by calculating the 

fluctuation of a radiation field. Let there be given a black 

cavity, of volume V, containing radiation in temperature 

equilibrium. The mean energy jE contained in a small 

volume element AF in the frequency range between // and 

p+Ap is, according to Planck's formula, 

•=_ Sw^hv AvA V 
(78) 
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k is the Boltzmann constant and T the temperature. Ac** 

cording to general thermodynamic laws,* the following re¬ 

lation holds for the mean-square fluctuation of lE: 

AI6^ = kT^ 
dlE 
dT ‘ 

Substituting into equation (78), it was shown b’" '^iTi‘^tein 

that 

AIE^ = hvlB + 

corpuscle 

St^v^AvAV 

wave 

This value for the mean-square fluctuation can only be de¬ 

rived partially with the help of the classical theory. The 

corpuscular viewpoint yields 

jB = hvn . (80) 

The classical particle theory thus results only in the first 

part of formula (79). The classical wave theory of radia¬ 

tion, on the other hand, leads exactly to the second part 

of (79). The calculations for this will be given later in 

connection with the quantum theory. Thus, the quantum 

theory proper is necessary for the derivation of formula 

(79), in which it is naturally immaterial whether one uses 

the wave or the corpuscular picture. 

If, in particular, one treats the problem by means of 

the configuration space of the particles (although it is 

true that this has not been done in a detailed manner for 

* J. W. Gibbs, Elementary Principles in Statistical Mechanics, pp. 70-- 

72, 1902. 
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light quanta), then one must note that the whole term 

system of the problem can be subdivided into non-com¬ 

bining partial systems, from which a definite one can be 

chosen as a solution. Because of the exchange relations 

(84), which become apparent from the corresponding un¬ 

certainty relations, that term system must be taken whose 

characteristic functions are symmetric in the co-ordinates 

of the light quanta. This choice leads to the Bose sta¬ 

tistics for the light quanta and also, as Bose* has shown, 

to equation (78). 

If the wave picture be used, then one obtains the num¬ 

ber of light quanta corresponding to the vibration con¬ 

cerned from the amplitudes of the characteristic vibra¬ 

tions, and therefore the same mathematical scheme. In 

order to avoid unnecessary complications in the calcula¬ 

tions, let us treat a vibrating string of length I instead of 

the black radiation cavity. Let <p{x, t) be its lateral dis¬ 

placement, and c the velocity of sound in the string. The 

Lagrangian function becomes 

whence (A § 9) 

and 

The following exchange relations are to be used: 

(81) 

(82) 

(83) 

(84) 

»Zeitschrift fUr Physiky 26, 178, 1924, 
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With the introduction of 

^(^,0 = 2 qk{t) sin -p, 
k 

H goes over into 

k 

On introducing the momenta associated to 

pk — "a Qk , (86) 

equation (84) becomes 

Pkqi^Qipk = dki —; (87) 
27rt 

or 

The characteristic frequencies of the string are Pk — 

k{c/2l)^ and therefore 

H==^hvk{Nk+h) . (39) 
ic 

For the energy in a small section (o, a) of the string, one 

obtains, however, 

£ 
. j'KX . UtX 

qiqk sin*' - sin - - 

+qiqkjk 
* jirx kirx\ j , . 
cos ~Y cos -y- >dx . (90) 
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If the terms of this sum with j — k be singled out, then 

under the explicit hypothesis that the wave-lengths to be 

considered are all small with respect to a, one obtains the 

value 

One thus finds the fluctuation AlE = l£ — IB by neglecting 

the terms withy = ^ in (90). The integration results in 

AlE = ^',^| \ qkkKik+jkl^^ , (91) 

where 

sm {vj — VK)alc sm {vj+vk)a/c 
— C-c -1-, 

Vj-ryk Vj — Vk 

sm {vj — vk)afc sm {vj+vk)a/c 
-\-C -;- . 

Vj-\-Vk Vi — Vk 

(92) 

Accordingly, the mean-square fluctuation is given by 

+ •j) (?/?; 

The sums overj and k may be replaced by an integral 

over the frequencies vj and vk, respectively, if it be as¬ 

sumed that the string I is very long, so that its characteris¬ 

tic frequencies are close together. In addition, one finally 

assumes that a is large and uses the relation 

lim - 
O->00 d 

sin* va 
f{v)dv = t/(o) 
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if Pi>Oy v2>o. The double integral then becomes a simple 

integral and one finds that 

Because of the exchange relations (84), 

so that 

h 
4Ti ) 

dp Z;, hv{N^+i) , 

(95) 

(96) 

where Z^v denotes the number of characteristic frequen¬ 

cies in the interval dvy or, in this case, Z^= 2l/c. If the in¬ 

tegral be taken over the frequency interval Ap, one ob¬ 

tains 

£=jZ,A^hy{N,+i) , (97) 

One then subdivides JB into the thermal energy ]£* and 

the zero point energy: 

Z, A. ^=W+aAvk. , 
I 2 

and finds 
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This value corresponds exactly to formula (79). The cor¬ 

responding relation in the classical wave theory may be 

obtained by passing to the limit h = o in (99). The clas¬ 

sical wave theory thus leads only to the second term of 

equation (99). The quantum theory, which one can in¬ 

terpret as a particle theory or as a wave theory as one 

sees lit, leads to the complete fluctuation formula. 

§ 8. RELATIVISTIC FORMULATION OF THE 

QUANTUM THEORY 

The conditions imposed on all physical theories by the 

principle of relativity have been neglected in most of the 

foregoing discussions, and consequently the results ob¬ 

tained are applicable only under those conditions in which 

the velocity of light may be regarded as infinite. The 

reason for this neglect is that all relativistic effects belong 

to the terra incognita of quantum theory; the physical 

principles which have been elucidated in this book must 

be valid in this region also and thus it seemed proper not 

to obscure them with questions that cannot be aswered 

definitely at the present time. None the less, this book 

would be incomplete without a brief discussion of the at¬ 

tempts to construct theories which shall embody both sets 

of principles, and the difficulties which have arisen in 

these attempts. 

Dirac* has set up a wave equation which is valid for 

one electron and is invariant under the Lorentz transfor¬ 

mation. It fulfils all requirements of the quantum theory, 

and is able to give a good account of the phenomena of 

the ‘‘spinning’’ electron, which could previously only be 

* P. A. M. Dirac, Proceedings of the Royal Society, A, xxy, 610, 1928. 
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treated by. ad hoc assumptions. The essential difficulty 

which arises with all relativistic quantum theories is not 

eliminated however. This arises from the relation 

\ E^ = ^^c^+pl+pl+pl (loo) 
c 

between the energy and momentum of a free electron. 

According to this equation there are two values of E 

which differ in sign associated with each set of values of 

Pxy pyi pS’ The classical theory could eliminate this by 

arbitrarily excluding the one sign, but this is not possible 

according to the principles of quantum theory. Here spon¬ 

taneous transitions may occur to the states of negative 

energy; as these have never been observed, the theory is 

certainly wrong. Under these conditions it is very re¬ 

markable that the positive energy-levels (at least in the 

case of one electron) coincide with those actually observed. 

The difficulty inherent in formula (loo) is also shown 

by a calculation of O. Klein,* who proves that if the elec¬ 

tron is governed by any equation based on this relation it 

will be able to pass unhindered through regions in which 

its potential energy is greater than If only motion 

in the ic-direction be considered the formulas (31a) (31c) 

become 

E^ . , 

(E-vy 
> 

* ZeUschrift fUr Physiky 53, 157, 1929. 
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whence 

while the wave function has the form 

e " 

For very small values of F, is real and there are trans¬ 

mitted waves, just as in chapter ii, §2/. For larger values, 

px becomes a pure imaginary, so that the wave is totally 

reflected at the discontinuity and decreases exponentially 

in region II. But for very large values of F, p^ again be¬ 

comes real, i.e., the electron wave again penetrates into 

the region II with constant amplitude. A more exact cal¬ 

culation verifies this result. 

A difficulty of a somewhat different character arises in 

the calculation of the energy of the field of the electron 

according to the relativistic theory. For a point electron 

(one of zero radius) even the classical theory yields an 

infinite value of the energy, as is well known, so that it 

becomes necessary to introduce a universal constant of 

the dimension of a length—the ‘^radius of the electron.^^ 

It is remarkable that in the non-relativistic theory this 

difficulty can be avoided in another way—by a suitable 

choice of the order of non-commutative factors in the 

Hamiltonian function. This has hitherto not been pos¬ 

sible in the relativistic quantum theory. 

The hope is often expressed that after these problems 

have been solved the quantum theory will be seen to be 

based, in a large measure at least, on classical concepts. 

But even a superficial survey of the trend of the evolution 
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of physics in the past thirty years shows that it is far more 

likely that the solution will result in further limitations 

on the applicability of classical concepts than that it will 

result in a removal of those already discovered. The list of 

modifications and limitations of our ideal world—which 

now contains those required by the relativity theory (for 

which c is characteristic) and the uncertainty relations 

(symbolized by Planck’s constant h)—will be extended 

by others which correspond to e, jii, M. But the character 

of these is as yet not to be anticipated. 



APPENDIX* 

THE MATHEMATICAL APPARATUS OF 
THE QUANTUM THEORY* 

For the derivation of the mathematical scheme of the 

quantum theory, whether based on the wave or the 

particle picture, two sources are available: empirical facts 

and the correspondence principle. The correspondence 

principle, which is due to Bohr,^ postulates a detailed 

analogy between the quantum theory and the classical 

theory appropriate to the mental picture employed. This 

analogy does not merely serve as a guide to the discovery 

of formal laws; its special value is that it furnishes the 

interpretation of the laws that are found in terms of the 

mental picture used. 

We commence with a derivation of the mathematical 

structure of quantum mechanics from the corpuscular 

analogy.^ 

§ I. THE CORPUSCULAR CONCEPT OF MATTER 

The fundamental equations of classical mechanics for a 

system of /-degrees of freedom may be written in the so- 

called ^‘canonicaF’ form, 

(^=1, 2, , . , 

* Unless othervsrise indicated equation numbers and section numbers 
refer to the Appendix. 

’ Cf. Translators’ note in Preface. 

3 Cf. N. Bohr, Zeitschrift fiir Physik^ 13, 117, 1923. 

< W. Heisenberg, ibid.y 33, 879, 1925; M. Bom and P. Jordan, ibid,^ 
34, 858, 1925; M. Born, W. Heisenberg, and P. Jordan, ibid.y 33, SS7> 
1926. Cf. also W. Heisenberg, MathemaHsche Annaleriy 95, 683, 1926. 
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where 92, . . . . , g/ are the generalized co-ordinates, 

pi) p2y • • • • ) p/ their conjugate momenta, and H the 

Hamiltonian function. When H does not depend explicit¬ 

ly on the time the energy equation 

H{p,q)^W , (2) 

where IF, the total energy, is a constant, follows at once. 

For simplicity it may be assumed that the system is 

multiply periodic, in which case any co-ordinate qk as a 

function of the time may be written as a Fourier series, 

that is, as a sum of harmonic terms in the form 

+00 

s 
Tt == —oo 

“}“ 00 “f* 00 

Tt — —00 TJ — —QlO 

V 
^tTri{TiVi-\-TtVt-\‘ . . TfV^)t 

The ..... ry are amplitudes independent of the time 

and Vi) ••••) yj are the fundamental frequencies of 

the motion. Similar expressions involving the same fre¬ 

quencies may be written for the pk and in general for any 

function of the pk and g*. 

By a canonical transformation—that is, one which 

leaves invariant the form of equations (i)—it is possible 

to introduce a new set of canonical conjugates Jk, Wky 

known as ^‘action-angle variables.’’ These are essentially 

defined by the following properties: The Hamiltonian H 

depends on the Jk only and the Wk are related to the 

fundamental frequencies of the motion by equations of 

the form 

Wk = Pkt + ^k 
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where the fik are constants. In these variables the equa¬ 

tions of motion therefore become 

Jk^ 
dH 

dWk 
Wk — Vk 

dH 

dJk 
(ji I) 2^.. j y). (4) 

According to classical electrodynamics the frequencies 

of the spectral lines emitted by an atom will be the fre¬ 

quencies of the harmonic terms in equation (3) and the 

amplitudes will determine the corresponding intensities. 

According to the correspondence principle there must 

exist a close relationship between the mechanics of clas¬ 

sical particles as outlined above and the mechanics of the 

quantum theory. For the latter we must therefore seek a 

set of equations analogous in form to the equations of 

classical theory, but which also take account of certain 

well-established empirical facts of atomic physics. Pri¬ 

mary among these are the following: 

I. The Rydherg-Ritz combination principle.—The ob¬ 

served spectral frequencies of an atom possess a char¬ 

acteristic term structure. That is, all the spectral lines 

of an element may be represented as the differences of a 

relatively small number of terms. If these terms are ar¬ 

ranged in a one-dimensional array Ti, Tj, . . . . , the 

atomic frequencies form a two-dimensional array 

v{nm)^Tn'-Tm , (s) 

from which follows at once the combination principle 

v{nk)+v{km)^v{nm) . (6) 
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2. The existence of discrete energy values.—The funda¬ 

mental experiments of Franck and Hertz on electronic im¬ 

pacts show that the energy of an atom can take on only 

certain definite discrete' values, Wi, W2,. 

3. The Bohr frequency relation.—The characteristic fre¬ 

quencies of an atom are related to its characteristic en¬ 

ergies by the equation 

K«w)=~ . (7) 

We shall now sketch the deduction of the fundamental 

equations of the new quantum mechanics, following the 

program outlined above. It should be distinctly under¬ 

stood, however, that this cannot be a deduction in the 

mathematical sense of the word, since the equations to be 

obtained form themselves the postulates of the theory. 

Although made highly plausible by the following con¬ 

siderations, their ultimate justification lies in the agree¬ 

ment of their predictions with experiment. 

A profound modification, not only of classical dy¬ 

namics, but of classical kinematics, is evidently necessary 

if the simple experimental facts mentioned above are to 

be incorporated in the foundations of a new theory. In 

the classical theory all possible motions of the co¬ 

ordinates may be built up by addition from Fourier terms 

of the kind contained in equation (3), and these may be 

termed the “kinematic elements,” since the quantities 

with which the theory deals, and in particular the energy, 

* In general, the atomic energy can also take on continuous values in a 
certain range. For the time being this “continuous spectrum’’ may be dis¬ 
regarded, corresponding to the assumption that the system is multiply 

periodic. 
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can be expressed in terms of them. Their amplitudes and 

frequencies are functions of continuously variable con¬ 

stants of integration as well as of the integers r, . . . . r/, 

which determine the order of the harmonics. This is in 

direct contradiction to the existence of only discrete 

values of the atomic energies and frequencies and, in fact, 

to the very existence of sharply defined spectral lines. 

Similar elements must be assumed in quantum mechan¬ 

ics if a correspondence is to be preserved between the two 

theories. To assure the existence of discrete energy values 

at the outset, the elements will be taken to be functions 

of integers. Corresponding to the Rydberg-Ritz combina¬ 

tion principle, a dependence on two sets of integers is re¬ 

quired, while the /-fold character of the classical har¬ 

monics suggests that each set contain / integers. We 

therefore postulate elements of the form 

q{ni . . fif ; nh . . , (8) 

in which the complexes th , . . , n/ and nh , , , , mj re¬ 

place the single integers n and m in an easily understand¬ 

able way. Furthermore, the amplitudes and frequencies 

are assumed to be directly those which are given by a 

spectral analysis of the emitted radiation, so that the new 

theory may be described as a calculus of observable quan¬ 

tities. The frequencies vijti ... . m/) are 

therefore assumed to have the term structure (5) ; they 

accordingly obey the combination principle (6). 

There can clearly be no question of the addition of such 

elements to form a Fourier series as in the classical theory; 

there must, however, be an analogue to the representation 
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of a co-ordinate by such a series. A sufficiently general 

and flexible method is afforded by taking simply the en¬ 

semble of all elements of the form (8) as the entity which, 

in the quantum theory of the particle picture, replaces 

mathematically the classical representation of a co¬ 

ordinate given in equation (3). The ensemble may be 

written as a matrix, 

II q{nj . . , 

that is, as an infinite quadratic array, ordered according 

to the integers w*, which take on all real values. The 

new kinematics is accordingly based on a matrix repre¬ 

sentation of the co-ordinates, with 

= || || (9) 

'corresponding to qk- As here, the complexes w, . . . . w/ 

and nil mj will, in general, be replaced by single 

letters n and m. For the momenta pk a similar matrix 

representation is assumed, with the same frequencies, as 

is the case in classical Fourier series.* 

Such a representation is, however, meaningless both 

mathematically and physically until properties and rules 

of operation for the matrices have been defined. The cor¬ 

respondence principle must be our guide here. In the first 

place, the classical expression (3) must have a real value; 

since the terms are complex this can be the case only if 

for each term there occurs the conjugate imaginary. This 

* For a system which is not multiply periodic, matrices with continu¬ 
ously variable indices must be used, corresponding to a classical represen¬ 
tation by Fourier integrals. 
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will also be true of the elements of the matrix (9) if we 

assume 

qk{mn) ^ qt{nm) , 

since by (6) v{mn) = — v{nm). The asterisk denotes the 

conjugate imaginary. Matrices with this type of sym¬ 

metry are called Hermitian and in the quantum theory 

all co-ordinate matrices are assumed to be of this kind. 

The time derivative qk of any co-ordinate is represented 

classically by the Fourier series whose terms are the time 

derivatives of those of the series representing Hence 

for the quantum-theory matrices 

which is again a Hermitian matrix of the form (9). 

It must be possible in the quantum theory to answer 

such elementary kinematical questions as the following. 

Given the matrices representing, say, a momentum p and 

a co-ordinate q, what matrices represent p+q^ pq, and in 

general any function of p and q^ In the case of addition 

the answer is obvious from the classical analogue. Since 

the sum of two Fourier series of the form (3) is again a 

series of the same kind and with the same frequencies, but 

with amplitudes which are the sums of the component 

amplitudes, we must expect for the elements of the quan¬ 

tum-theory matrices 

The rule for multiplication is defined from similar con¬ 

siderations with, however, a characteristic difference 
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from classical multiplication, due to the fact that the 

quantum frequencies obey the Rydberg-Ritz combina¬ 

tion principle. The product of two Fourier series in the 

classical theory may be written as the double sum 

pq = 

where a replaces the complex .... aj and [(o'+a-')^'] 

stands for (<ri-f <7.... To write this 

again in the form of equation (3) terms of the same fre¬ 

quency must be collected, i.e., those for which or+<7' = r, 

giving 

T 

where 

Ptrflr—v • (ll) 
cr 

In the quantum theory the matrix representing pq must 

be an ensemble made up of terms and 

A matrix of the type (9) is again ob¬ 

tained if all elements with the same frequency are added 

together, i.e., those for which v{nk)+v{kin) — v{nin) by 

the combination principle (6). The new amplitudes are 

therefore taken to be 

pqinm) = ^ pink)qikm) , (la) 
iT 

and the elements are then 
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This is the well-known mathematical rule for the multi¬ 

plication of matrices or tensors, and justifies the use of 
these terms here. As is obvious from equation (12), 

pq{nm) 9^qp{nm)^ so that multiplication in the quantum 

theory is non-commutative—a result of great importance 
for the further development. 

By means of the rules for addition and multiplication 
a meaning is given to any function x{p^ q) of the co¬ 

ordinate and momentum matrices, at least in so far as the 

function may be expressed as a power series. The ele¬ 

ments of the function x will always be of the form 

and the array of frequencies v{nm) will 

always be the same for a given atomic system. Hence a 

matrix is sufficiently well represented by its amplitudes 

x{nm) alone, the exponential terms being understood. 

The customary definitions and conventions of the 

theory of matrices are adopted in the quantum theory. 

Equality of two matrices means equality of correspond¬ 
ing elements. The unit matrix is defined as the matrix 

whose diagonal elements are all unity and whose non¬ 

diagonal elements are zero. It is conveniently written 

where 

I 'nm 

I when »= , 

o when n^m . 

The reciprocal x~^ of a matrix x is the matrix satisfying 

the equations 

X~^X s= XX~^ = I . 
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The transpose x ol x is the matrix \\x{mn)\\ obtained by 
interchanging the rows and columns of x. 

We are now in possession of the elements of a quantum 

algebra, in which it is readily seen that all the rules of 
ordinary algebra remain valid with the exception of the 

commutative law. Thus if jc, y, and z represent any func¬ 

tions of the dynamical variables they obey, in the quan¬ 
tum theory, the rules of matrix algebra: 

x-\-y=^y-\-x , 

x{y-\-z) = xy+xz , 

x{yz) = {xy)z , 

{x+y)-\-z = x+{y+z) , 

but, in general, 

xy^yx , 

So far the Planck constant A, which must play a funda¬ 

mental role, has not been introduced into the theory. Its 

appearance proves to be closely related to the non-com- 

mutativity of the variables which forms so striking a con¬ 

trast to the classical theory. In fact, it has been found 

by Dirac’' that in the quantum theory the expression 

{2Tn/h){xy—yx) is the analogue of the Poisson bracket 

dx dy 

dqk dpk 
dy dx 

dqk dpk 

in classical mechanics. The invariance of this expression 

with respect to canonical transformations of the pk and 

* P. A. M. Dirac, Proceedings of the Royal Societyy A, loj), 642, 1925. 
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qk is well known. In order to make plausible this signifi¬ 
cant connection it will be shown that in the limiting 
region where the integers n and m are large compared to 
their differences there is asymptotic agreement between 
the matrix elements of {2Tri/h){xy — yx) and the harmonic 
elements of the classical bracket expression [xy\. It is first 
necessary, however, to state more exactly the connection 
between the matrix elements and the Fourier amplitudes. 

It will be recalled that in the theory of stationary 
states, which formed a preliminary stage in the develop¬ 
ment of the present quantum mechanics, the existence of 
only discrete energy values is attained through the fixa¬ 
tion of ^^stationary’’ classical motions. If these are defined 
from among the continuum of possible motions by the 
equations^ 

Jk^ftkh {k=iy 2, , (13) 

where the Jk are the action variables and the fik integers, 
the Bohr frequency condition (7) then appears as the 
analogue of the classical relation 

dH 

For since H is a function of the fik only by equations (4), 
dH/dJk may be written 

dH _ .. H{ni . . nf)—H{nx . . «*, —aA-, . . , w/) 
dJk'^a^o akh 

* A possible degeneracy is here neglected. 
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and in the limiting region where the fik are very large 
compared to the a^, 

v{ni . . fif; nil • • fn/) = ] [H(ni . . n/) —H(ni — ai,, . ^ fi/— a/)] 
n 

dIJ . , dH 
—h . . +a/ r— 

Sfti dftf 

— aiVi-{- . . afVf . 

There is therefore asymptotic agreement in this region, 
which may be briefly referred to as that of large quantum 

integers, between the spectral frequency p(ni .... tij; 

Wi . . . . nif) and the harmonic (ni — mi)pi+ . . . . 
+ (n/—m/)pf in the (wi ....%) or (/Wi. .. . nif) station¬ 

ary state. Since the harmonic elements of the matrices 
of quantum mechanics represent the spectral lines this sug¬ 

gests a general co-ordination between the matrix element 
q(nx . . . —tti, . . . -nf;n,-a.-nf-af)t 

and the harmonic (aj . . . . a/) in the (wx . . . . nj) sta¬ 

tionary state. More briefly, 

q{n,n— corresponds to (14) 

in the region of large quantum numbers. This co-ordina¬ 

tion is further justified by the approximate agreement 

found empirically in this region between the intensities 
calculated classically from the Fourier amplitudes qa{n) 

in the stationary states and the intensity of the spectral 

line v{n^ n—a). The indices n and m of the matrix ele¬ 

ments thus correspond to the quantum numbers of two 

stationary states, while the diagonal elements {n — m) 

correspond to the stationary states themselves. 
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With the aid of the co-ordination (14) the above-men¬ 
tioned correspondence with the Poisson brackets is read¬ 
ily shown. The inm) element of {2Trilh){xy — yx) may 
be written as a sum over a and 0 of terms of the form 
{2Tri/h) {x{ny w —a)y(w —a, n — a — ^)~y(ny n — ff)x{n — fi, 

n —a —0)]y where a+/3 = w — w. On adding and subtract¬ 
ing x(n — ^y w —a —/3)y(w —a, n — a — 0) this becomes 

(^^j^^[[x{ny n — a) — x(n—fiy n— a--fi)]y{n — a, n — a — p) 

— [yifiy n — p) —yin— ay n—a —P)]x{n—Py n—a—p)] . 

Now in the region of “large quantum numbers’’ where 

a, P « Hy 

x{ny n— a) — x{n — Py n— a — P)'^hp 
dxa{n) 

dJ } 

and 

y(n—ay n— a — p)^ 
I ^y»{n — a) 

2'irip dw 2'irip dw 

since the harmonics of y are of the form by 
equations (4). Hence the foregoing matrix element is ap¬ 

proximately^ 

a+fi"^n — m k^i ^ 

dxa{n) dyfiin) 

dJk dWk 

dy»{n) dxa(n)~ 
dj k dwk ’ 

* The summation necessarily extends into the region where the quan¬ 
tum numbers are not large compared to their difference; hence for numeri¬ 
cal agreement the matrix elements far removed from the diagonal must be 
assumed negligible, since they correspond to high harmonics in the classi¬ 
cal theory. The formal agreement, which is of most importance here, is, 
of course, unaffected. 
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which by the rule (12) for the multiplication of Fourier 
amplitudes is the {n — m) harmonic of {xy\ expressed in 
terms of the action-angle variables. 

In the classical theory the Poisson brackets of canoni¬ 
cally conjugate variables pk and qk satisfy the relations 

[pk gf]== 
I when k — l 

o when kj^l 
r > [pki pi] = o , [^kj qi] — o . 

The analogous relations will therefore be assumed for 
conjugate variables in the quantum theory, that is, 

r h 
; I when k — l 

pkqi —qipk == { 2Tl 

o when 

Pkpi'-^PlPk^O , 

qkqi — qiqk = o . 

These “exchange relations,” by means of which h is intro¬ 
duced into the equations, are of fundamental importance 
for quantum mechanics. They correspond to the quan¬ 
tum conditions of the theory of stationary classical mo¬ 
tions, but whereas these conditions could be applied only 
to a multiply periodic system, the present exchange rela¬ 
tions must be regarded as generally valid for any motion. 
In fact, as will appear later, they are necessary in order to 
give meaning to the problem of integration of the equa¬ 
tions of motion, which will now be established. 

The canonical equations (i) of the classical theory, if 
expressed in terms of the Poisson brackets, become 

fk^lHp,] , qk=-[Hq,] . 
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The simplest assumption is to take over these equations 

formally into the quantum theory, replacing the Poisson 

brackets by their quantum analogues. We therefore as¬ 
sume the equations of motion in the quantum theory to 
be* 

q, = {Hq, - q,H) 

■\ 

> 

J 

Clearly the equations (15) and (16) are not independent 

of each other. Strictly speaking, it is only permissible to 

assume equation (15) to be true at a single instant of 

time. The exchange relations at any other time must 

then be determined by the solution of equations (16); how¬ 

ever, a calculation shows that equations (15) are really 

independent of the time. 

The formal basis of the new mechanics is now com¬ 

pleted; for any physical application, however, the form of 

the Hamiltonian corresponding to the special dynamical 

problem must be known. It is in general sufficient, in the 

spirit of the correspondence principle, to assume the same 

form as in the classical theory. The ambiguity as to the 

* The equations of motion may be written directly in the classical form 
(i) without the use of the Poisson brackets if partial differentiation is de¬ 
fined in a rational way for matrices. The relations 

h df 
2rri dq pj-jp, 

h df 
2Tri dp 

=fq-qf 

for any function/ are then easily established from the exchange relations 

(15). The more useful form (ifil then follows at once. 
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order of factors in a product which may occur here seldom 
arises; when it does special considerations suffice to de¬ 
termine the correct form. 

The law of the conservation of energy and the Bohr 
frequency condition are not contained explicitly in the 
postulates of the theory; it is therefore necessary to show 

that they may be derived from them. We commence by 
forming a diagonal matrix W with elements 

W(nm) = 
when n—m\ 

when 

where the Tn are the term values of equation (5). The 
time derivative of any quantity x may be expressed in 
terms of this matrix by the equation 

x = ^^{Wx-xW), (18) 
ft 

since the (tim) element of {2Tn/h){wx—xw) is 

^ ~ 27ri{Tn — Tm)x(nin) 
k 

= 2Tiv(nfn)x{nm)=x(nin) 

by equation (10). From equation (18) and the equations 
of motion (16) it follows that Wp—pW — Hp—pH and 
Wq-qW^Hq-qH, or 

{W-H)p=:^p{}V-H) , {W-H)q^q{W-H) , (18') 

That is, the matrix W—H ^'commutes’’ with both p and 
q, and it is readily shown that it therefore commutes with 
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any function of p and q that can be represented as a power 

series. In particular it commutes with H, so that 

{W-H)H-H{W-H)=-WH-HW^o , (19) 

which, by equation (18), means 

^=0 , (20) 

expressing the conservation of energy. 

Equation (20) gives for the elements of H the infinite 

set of equations v{nni)H(nm)==o. If v{nfn) = o only when 
n = m^ all the non-diagonal elements of H are zero and H 

is necessarily a diagonal matrix. In this case, the system 

is said to be ^‘non-degenerate.’’ It may happen, however, 

that v{nm) = o for «5*^ m; the corresponding elements of H 

are then undetermined and H is not necessarily diagonal. 
The system is then said to be “degenerate.” 

It follows further from equation (18') that 

{Wn-Hn)p{nm)=p{nm){Wrn-Hrn) , 
{Wn-Hn)q{nm) ^q{nm){Wrn-Hrn) , 

i.e., Wn — Hn = for any value of n and m. There¬ 

fore 
H^W+C, 

where C is the unity matrix, multiplied by an arbitrary 

constant. It is most convenient to put 

(21) 

The mathematical apparatus belonging to the particle 

picture has been outlined above. Its physical interpreta¬ 

tion is discussed in detail elsewhere, but the two most im- 
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portant rules follow naturally at this point from the cor¬ 
respondence principle. 

1. The time average of a quantity represented as a 

Fourier series is given by the terms independent of t. 

Hence, for a non-degenerate system, the diagonal ele¬ 

ments of the matrix representing any variable give the 

time averages corresponding to the various stationary 

states. 
2, The radiation process, when the particle picture is 

used, may be regarded as the emission of photons with the 
spectral frequencies v{nm) accompanied by a simultane¬ 

ous transition of the atom from the initial state with en¬ 

ergy Wn to the final state with energy Wmy {Wn>Wm)> 

The intensity (rate of emission of energy) may then be 

represented statistically A{nm)hv(nm) where A{nm) is 
the probability of spontaneous transition from state n to 

state m with emission of a photon. On the other hand, the 

classical theory gives for the average intensity correspond¬ 
ing to the rth harmonic 2/2,{e^/c^){2Try{TvY\TrY • 2 where 

er is the vector dipole moment of the electrons (r is the 

vector with components x — y = q^,^\ z 
k 

= 

k 

q^^\ q^^\ being the rectangular co-ordinates of the elec¬ 

trons). On equating the expressions of the two theories 

and replacing Fourier terms by matrix elements we ob¬ 
tain for the transition probability 

A (nm) = 
2 

hv{nm) 3 
[2Trv{nin)Y\r{nm)\^ ' 2 . (22) 

The justification of this second rule is not obvious since 
the Maxwell theory also requires reconsideration. How- 
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ever, equation (22) determines only the time average of 

the emitted radiation, and it has been shown in chapter 

V, § 4, that the Maxwell theory is competent to furnish 
this information exactly. 

§ 2. THE TRANSFORMATION THEORY 

The mathematical scheme of quantum mechanics has 

been derived in § i in a way which displays its analogy to 
classical mechanics; it is not, however, as yet in an easily 

usable form. In this section it will be shown that the solu¬ 
tion of a dynamical problem in the quantum theory is 

equivalent to the principal axis transformation of a Her- 
mitian form or tensor. This provides the basis for a prac¬ 

ticable method of solution and shows the consistency of 

the conditions imposed. 

Suppose a set of Hermitian matrices pk^ Qk can be found 
which are independent of the time, satisfy the exchange 

relations, and make H{py q) a diagonal matrix. The dy¬ 

namical problem is then solved, for if the matrices are 

provided with the time factors , where Hn 

and Hm are the diagonal elements of ff, it is readily seen 
that the equations of motion (16) are satisfied. If p'^^\ 

is any set of matrices satisfying the exchange relations, 
the transformations 

Pk==S-^pTS , = (23) 

where S is any matrix, give a new set likewise satisfying 
the exchange relations. This is seen algebraically on sub¬ 
stituting equations (23) in the exchange relations for the 

new variables; in a similar way it is easily proved that if / 
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is any function of the and that can be written as 
a power series, then 

fipk, qk) ==f{s-^prs , = 5-y(/>r, qns . (24) 

Since special Hermitian matrices satisfying the exchange 
relations can be found, the problem reduces to that of 
finding a transformation function S such that 

S-^H(pr.qT)S=-W , (25) 

where IF is a diagonal matrix. 
The transformations (23) are analogous to the ca¬ 

nonical transformations of classical mechanics; but they 

have also a geometrical interpretation of great importance 
if the matrices of the quantum theory are interpreted as 

tensors in a unitary space of infinitely many dimensions 
(Hilbert space). This not only furnishes an analytical 
method of representing the transformations (23) and 

equation (25) but also provides a convenient language for 
the physical interpretation of the theory, as shown in 
chapter iv, §1. For present purposes a purely abstract 
formulation will suffice. 

Let . . . . , be an infinite set of unit orthog¬ 
onal vectors. The space used is that of all vectors 

n 

where the components 4'*^ are complex numbers. A tensor 
q then expresses a linear relation between two vectors ac¬ 
cording to the equations 

t = qs, or C= • 



MATHEMATICAL APPARATUS 125 

Consider now a transformation from the foregoing co¬ 
ordinate system Uo(u[''\ . . . .) to a new co-ordinate 

system W2, . . . . )> the new vectors being given in 
terms of the old ones by the linear equations 

Un=^ ^S{fnn)u^^ . (26) 
m 

The components /„ of any vector t and q{nm) of any ma¬ 
trix q in the new system are then given by the equations 

^^S(nm)lm , (27) 
m 

q(nm)= ^^^S~'(nk)q^°\kl)S(lm) , (28) 
k, i 

where S ^ is the matrix of the transformation /« = 

^ ^ (nm) frn inverse to equation (27). [5 is assumed to be 
m 

non-singular.] Of special importance are the so-called 
^‘unitary” transformations, i.e., those which leave in- 

variant the quadratic form tj* which is the analogue 
n 

of distance in unitary space. It is readily verified that for 
such unitary transformations 

V5M)S* (mk) = ^^S(kn)S*{kfn)— 8nm , 
k k 

which means that = or 

55* = 5*5 = I. (29) 

They are the analogue in unitary space of rotations of 
rectangular co-ordinate systems in real, three-dimension¬ 
al space. 
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It is now seen that equations (23) are of precisely the 

form of equations (28), by virtue of the rule (12) for 
quantum multiplication; pk, Qk may therefore be regarded 

as the same matrices or tensors as pk \ <}T expressed in a 
new co-ordinate system Z7, the new co-ordinates being re¬ 

lated to the co-ordinates in the original system Uo by 

equations (27). Equation (25) then expresses the condi¬ 

tion on the transformation matrix S that in the new sys¬ 

tem the tensor H is in the diagonal form—i.e., the co¬ 

ordinate vectors of the new system are the principal axes 

olH. It is sufficient to consider only unitary transforma¬ 

tions [5 satisfying eq. (28)] since under these conditions 

it is well known that the principal axis transformation 

problem, at least for finite matrices, always has a solution. 

A word is necessary as to the notation. In general it is 

not expedient to distinguish matrices in different co¬ 

ordinate systems by new symbols; they are more con¬ 

veniently characterized by using a distinguishing letter 

for the indices of the components in each co-ordinate 

system. Different numerical values of the indices will be 

indicated by primes; thus p{VV'), say, represents the com¬ 

ponents of p in the system and p{a'a") the components 

in another ''a'' system of co-ordinates. The first of equa¬ 
tions (23), for example, is to be written 

The indices of the transformation matrix S then refer 
naturally to different co-ordinate systems. 

The solution of a quantum-mechanical problem given 

by the equations of motion (16) and the exchange rela- 
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tions (15) thus reduces to the problem of the principal 
axis transformation of the Hermitian matrix H. It re¬ 
mains to state briefly the method of solution, which is a 
well-known one. The equation (25) may be written 

HS-SW=-o , (30) 

which gives for the elements of 5 the equations 

'^H{lT)S{l"a') - '^S(l'a'')W{a''a')=o 
V* a" 

n' =1,2, — \ 

Va' = i, 2, . . . . / 

or, since W is diagonal, an infinite set of homogeneous 
linear equations 

'^H{l'l")S{V'a')-S{l'a')W,,' = o (/' = i, 2,.. . .) , (31) 
I" 

for the determination of the elements of any column of the 

matrix 5(/'a'). The IPad's, which appear as parameters, 
are also determined, and, in fact, independently of the 
5(/'a0, since the equations (31) will have a solution when 
and only when the determinant of the left-hand member 
is zero, that is, when the Wa'^s are solutions of the alge¬ 
braic equation 

H(ii)-W H{i2) H(is) 
H(2i) H{22)-W H{2s) 
Hisi) ^(32) m33)-W = 0 . (32) 
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The roots Wa' of this equation are thus characteristic 
values of equation (30) or equations (31) and are always 

real. They are the diagonal elements of W and therefore 
give the energy levels of the system; when the roots of 
equation (32) are multiple the system is degenerate, for 

there is then coincidence of frequencies by equation (7). 

To each Wa' corresponds a characteristic solution 
Ca'S{ia'), Ca'5(2a'), . . . . , of equations (31) and hence 

a column of the matrix 5, the arbitrary constant Ca' oc¬ 
curring because of the homogeneity of the equations (31). 

In case the system is not degenerate it is readily seen that 

any two characteristic solutions are orthogonal to each 
other, i.e., 

= 0 when a'5^ a" . 
j; 

The relation (29) is thus satisfied for the non-diagonal 

elements. It may also be satisfied for the diagonal ele¬ 

ments by proper choice of the Cas although this ^‘nor¬ 

malization” obviously determines only the absolute 

magnitude of the Co'. There is therefore always an un¬ 

determined factor of absolute magnitude one common 

to the elements of each column of 5. In case of degeneracy 

there is a further indeterminateness, but equation (29) 

may always be satisfied. 

From the transformation function S the co-ordinates 

and momenta which form the solution are given by equa¬ 

tions (23). The extended discussion of the physical in¬ 
terpretation of 5 is, however, reserved for § 5. 

In the preceding it has been tacitly assumed that 

theorems for finite matrices and sets of equations are true 
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for the infinite ones of quantum mechanics. This may be 

directly justified only under certain conditions, but the 

more rigorous treatment shows that the results of the 

formal treatment above are essentially correct.* There is 
one important distinction, however, in the case of infinite 

matrices: The characteristic value ‘^spectrum’’ may con¬ 

tain a continuous sequence of values as well as the dis¬ 
continuous one hitherto exclusively considered. In the 

case of the energy this accounts for the existence of con¬ 
tinuous optical spectra. The occurrence of continuous 

characteristic values also means that in certain co¬ 

ordinate systems the elements of the matrices will have 

continuously variable indices, or indices discontinuous in 

a certain range and continuous in another. Our matrix 

relations must accordingly be extended to include this 
case. The methods of Dirac* will be used for this purpose; 

though somewhat formal in character they have the ad¬ 

vantage of great clarity and may be rigorously justified 
in all cases which occur practically. 

In the first place sums must be replaced by integrals in 

a range where the indices are continuously variable, the 

elements becoming functions of two sets of variables. 

Thus when the range is wholly a continuous one the 

product rule, for example, becomes 

pq{nm)= Jdk p{nk)q{km) , 

while in the case of mixed ranges there will occur a sum 
and an integral. To represent the unit matrix in the con- 

* In many practical problems, however, a principal axis transforma¬ 

tion with a finite number of variables suffices, as in the perturbation 

method (§4). 

* Proceedings of the Royal Society^ A, 113, 621, 1927. 
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tinuous case Dirac has introduced a function cor¬ 
responding to dnm defined by the following properties: 

so that 5(f) =o for f 

and 

£'s{^)d^=i, 

(33) 

(34) 

when the value zero lies between fi and fa. It is thus a 
function with a singularity at f = o and is only possible as 
the limit of a sequence of functions. From the foregoing 

properties it follows readily that 

X+00 

/(f)5(a-{)(i{=/(a) , (35) 
■00 r-f-co 

/(05'(a~f)(ff = /'(a) , (36) 

where/(f) is any regular function and 5'(f) = (d/(/f)5(f). 
Equation (35) results from an integration by parts. Fur¬ 

thermore, since 

5((i-f)5(f-5)(ff = o 

when a9^b and 

/dbf5(a-f)5(f - 5)(f? = /5(a - f)(ff/5(f- b)db = i , 

5(a-f)5(f-5)c/f = 5(a-5) , 
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since the integral has all the properties of the 6-function 
of a — h. 

The elements of the unit matrix in the continuous case 

may be expressed in terms of the 6-function, for 6(a' —a") 
has, by equation (37), the property that 

/6(a'-a"'):r(a"'a")ffa"' = :t:(a'a'0 . (38) 

Hence 

i(a'a")=6(a'-a") . 

A diagonal matrix with continuous indices is one of the 

form q{aa")8(a —a"). The extension to multiple indices 

causes no difficulty; the unit matrix, for example, becomes 

i(a'a") =6(a(-’aj')5(aj—ai') .... 6(a/—a/') 

and may again be written simply 6(a' —a"). 

For the quantum theory those co-ordinate systems in 
which quantities other than the energy take the diagonal 

form are also of importance. In such a system it often 

proves convenient to replace the indices of all matrices by 
corresponding diagonal elements of matrices which are 

diagonal in that system. Rows and columns are thus 

designated by characteristic values of the matrices which 

define the co-ordinate system. This is equivalent to re¬ 

placing quantum numbers by the energies of the cor¬ 

responding stationary states in a system of one degree of 

freedom; by the energy and, for example, the angular 
momentum in a system of two degrees of freedom, etc. 

In general, if the matrices Xiy rr,, . . . . , ^/ have the 

diagonal form, the matrix elements of q will be'written 

«= qix'tXt .... X/ ; xi'Xi .... x/') , 
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the primed letters denoting characteristic values of the 
corresponding matrices; in particular, the diagonal mat¬ 

rices X, when the indices are continuous, have the form 

x(x'x'') = x'5(xi^xi')S(x2 — xi') .... 8(x/—xy) . (39) 

The question naturally arises as to what matrices can 
simultaneously have the diagonal form in a given co¬ 

ordinate system. The answer is well known from the 

theory of Hermitian forms, and is highly significant for 
the quantum theory: Any set of matrices all of which 

commute with any other of the set can be simultaneously 

brought to the diagonal form by a unitary transforma¬ 

tion. Thus it will always be possible to find a co-ordinate 

system in which the position co-ordinates .... qj are 

diagonal, but if the exchange relations are satisfied the 

momenta pi ^ p/ cannot also have the diagonal form. 

§ 3. THE SCHRODINGER EQUATION 

The admission of continuous matrices into the mathe¬ 

matical scheme permits a new formulation of the princi¬ 

pal axis transformation problem. If, namely, the original 

co-ordinate system in which the exchange relations are 

satisfied is taken to be one in which the qk are continuous 

diagonal matrices the equation determining the transfor¬ 

mation function 5 to a system in which any function F 

is diagonal becomes a partial differential equation, which 

is the analogqe of equations (31). While a rigorous justi¬ 

fication of the method used here (that of Dirac^ is diffi¬ 

cult, the results may be confirmed by more exact, though 

also more cumbersome, methods. 

^ Ibid. 
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Since the original co-ordinate system need only be one 
which the co-ordinate matrices are diagonal and bears no 
necessary relation to any special dynamical problem, we 

may assume for the qk the general diagonal form 

qk=-qkh{q[-q^)-Kq'f-q'f) , Uoa) 

the indices being designated by the characteristic values 

qk of To represent the conjugate momenta a set of 
matrices must be found which satisfies the exchange rela¬ 
tions (15) with the foregoing g*. A possible set is obtained 

by taking 

pkWf) 2Tt 
:^'{qk-qk)h{q[-q[') 

r Uob) 

b(qk~-i-qk--i)b{qk-{-i-qk+i)-Kqf-q7) ,J 
for it may be shown by calculating pkqi~qipk that the 
exchange relations are then satisfied. The proof for one 

degree of freedom is as follows: The {q'q") element of 

pq-qph 

2inJ 

The first term, on integration by parts, becomes 

fdq'''S{q'-q'") WW"-q")] 

= fdq"'[q'"S' {q'" - q"nq’ - 9'")+«(?'" q"'W' “ 9")] • 

Therefore, 

{pq-qpWq")-h f'i9'"l(9"'-90«(9'-9"')«'(9'"-9'0] 2inj 

+.A. (&{,^-q"')6{q"'-^')dq’" . 
2mJ 
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The first integral vanishes by equation (33), while the 
second is Qt/2iri)b{q' — by equation (37). Hence 

and the exchange relations are satisfied. The extension to 

several degrees of freedom follows without difficulty. 

Consider now the general problem of transforming any 
function F{p, q) to the diagonal form by a unitary trans¬ 
formation 5. As in the discontinuous case 5 is essentially 

determined by equation (25), which now becomes 

the indices in the new system where F is diagonal being 

denoted by F' and F". Again this may be written in the 
form of equation (30): 

F5 = 5[F'5(F'~F")] 

or 

jF{q’q")S{q"F')dq"=S{q'F’)F' , (41) 

which is an integral equation corresponding to the infinite 

set of linear equations (31). This, however, becomes a 
partial differential equation when the particular values of 

pk, qk given by equations (40) are substituted in the left- 
hand member. Carrying out the integration, using the 

properties of the 5-functions, gives 

q>.){.qW')S{q'>F')dq"^F{^. , qi^S{q'F') , (42) 
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where Fi^h/27r/] [d/dq'i^, qk) is the operator obtained from 
F by the substitution 

pk-> 
h d 

27ri dq'k ’ 
Qk • 

Only the proof for one degree of freedom need be given. 

For the special cases F=^q and F = p the result follows at 
once, since by equations (36) and (35) 

±5'iq'-q")S(q"F')dq''^ 
2^1 

h_ dSjq^F') 
2Ti dq' 

q'8(q' - qnS(q"F')dq" = q^S{q'F') . 

9 

Since all functions which need be considered can be built 
up by multiplication and addition from p and q^ it only 

remains to - show that if equation (42) holds for Fi 

and F2 it holds for F^+F^ and F1F2. That it holds for 
F,+F2 is trivial. For F^F^^ jF.iq'q") F{q"'q")dq'" sub¬ 

stitution in equation (42) gives 

^iFr{q'q'^')dq'"F2{q’"q'')dq''S{q^'F) 

-fF,W')dq"'{F,iq'"i")SWF-W , 

> r)s(rF'), 
( h d 

\27rf dq^ ’ 

h d 
2wi dq' ’ 

q')siq'F') , 

F,F, 
( h d 
\27ri dq' ^ 

q')s(q'F') , 

and the theorem is therefore proved. 
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The required transformation function must 

therefore be a solution of the partial differential equation 

(44) 

in which F' is a parameter, corresponding to Wa^ in 

equations (31) of which equation (44) is the analogue. 

Here also there will be only certain discrete values or con¬ 

tinuous ranges of F for which a solution is possible; these 
characteristic values give the diagonal elements of F. The 

conditions that the transformation be unitary(5* = 5'"*) 
are of importance in determining the character of the 

solutions of equation (44). When S is continuous in both 

indices they may be written 

/S*iq'F')Siq'F")dq' = 5(F' - F") , (45) 

JS*iq'F')Siq"F')dF'^5{q'-q'') , (46) 

analogously to equations (28). There are corresponding 

summations when the characteristic value spectrum con¬ 
tains a discrete part. 

The mathematical problem just treated is a very gen¬ 

eral one. That there are corresponding physical ones will 
appear after the extended physical interpretation of the 

transformation function has been given in § 5. For the 

present we only note that the foregoing method, when 

applied to the Hamiltonian H, yields a solution of the 
equations of motion. 

When H is substituted for F in equation (44) the re¬ 

sulting differential equation is the Schrodinger^ equation, 

* E. SchrSdinger, Annalen der Physik^ 79, 361, 489, 1926. 
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originally discovered in an entirely different manner. The 

corresponding transformation function Sijj'H') is in this 
case customarily written The Schrodinger equa¬ 
tion is then 

> <l^^w{q)-Wyl/w{q)==o (47) 

and its characteristic values given the energy levels of the 
system. 

The solutions form the columns of the transfor¬ 

mation matrix, which should be compared with the S of 

§ 2. Both represent transformations to a system in which 

the energy is diagonal—in the present case, however, the 

initial system is a particular one in which the co-ordinates 

are diagonal, corresponding to a particular choice of pk\ 

q'k in § 2. 
In the typical case of a discrete characteristic value 

spectrum the orthogonality conditions (45) become 

^yp%'{q)yl/w’'{q)dq = o (48) 

when W 7^ W, 

^Hw{q)Vdq=i . (49) 

Equation (49) is in general equivalent to boundary con¬ 
ditions, and the orthogonality of the characteristic solu¬ 

tions which usually follows, then assures the valid¬ 

ity of equations (48). As in the case of the transforma¬ 
tion matrix 5 of § 2 there remains in each ‘‘column’’ 

xj/ ^{q) an undetermined phase factor not fixed by the 

normalization (49). 
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The co-ordinate and momentum matrices in the system 

in which the energy is diagonal are, by equations (23), 

piW'W") = J'dq , (so) 

qiW'W") = i>P*w'{q)q^w"{q)dq . (51) 

Equations (47), (50), and (51) constitute the most ef¬ 
fective mathematical method for treatment of the dy¬ 

namical problems of quantum mechanics, but they con¬ 

tribute nothing new to the physical interpretation. Spe¬ 
cial considerations are necessary to make clear the physi¬ 
cal meaning of the transformation matrix (cf. § 5). 

§ 4. THE PERTURBATION METHOD 

A description of the principal features of -the perturba¬ 
tion theory in quantum mechanics is necessary at this 

point. This method may be used when the Hamiltonian 

H can be developed in terms of a small parameter X in 

the form 
H . . . . , (52) 

and the solution of the problem corresponding to the 

Hamiltonian Ho is known, i.e., when the matrices p and q, 

and any function of p and q, are known in that system 

in which Ho is diagonal (£?o-system). In the following the 

letter H will be used for the energy matrix in this co¬ 

ordinate system, while W will stand for the energy matrix 

in the system in which the complete Hamiltonian is 
diagonal (fl^-system). Corresponding to equation (52) W 

may be written in the form 

- (S3) 
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where The required transformation function 
which leads from the //o-system to the JT-system may also 
be written 

*S == iS'o"f‘X5'i-|-X^52“l- . . . . , (54) 

and S will be unitary to zeroth approximation if 

5„5o* = I . (ss) 

A set of equations will now be found from which S may 
be determined. As in § 2, 5 must satisfy the equation 
HS — SWy W being diagonal; substituting the develop¬ 
ments (52), (53), and (54) in this equation and equating 
coefficients of equal powers of X gives the equations 

HoSo^SoWo , 
HqSx’—SiHq=^ SqWx , 

HoSr-SrH, + Fr{S^ .... Sr-., F. .Hr)=^S.Wr , 

J 

which may be solved in sequence for 5*0, 5i, . . . . , and 

Woy PTx, . . . . 
The first equation gives, for the elements of So, 

So(nn)[Ho(nn)--Ho{mm)]=== So{nm)hvo{nm)^o , (57) 

where the are the frequencies of the unperturbed 
system.* A distinction must be made at this point be- 

* For simplicity it is assumed that all matrices are discontinuous in 
their indices. The method is equally applicable for continuous indices 
and hence for the Schrddinger equation. 
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tween non-degenerate and degenerate unperturbed sys¬ 
tems. In the former case [v^{nm)^o when n9^m] it fol¬ 
lows at once from equation (57) that So is a diagonal 
matrix; in the latter the non-diagonal terms of 5o do not 
necessarily vanish. Since the treatment of the two cases 
differs from here on it will be assumed at first that the 
unperturbed system is non-degenerate. 

When So is diagonal, equation (55) requires \So{nm)\ = 

i; hence, disregarding the undetermined phases always 
present in 5, we may take 5o = i. The second of equations 
(56) then becomes 

HoS^-S,Ho+U^=^W^ , 

or, for the elements 

hvo{nm)Si{nm)+Hi{mm)-=^Wi{nm)bnm . (58) 

For the diagonal elements this gives the determination 
of the perturbation energy to first approximation: 

Wi{nn) — Hi{nn) . (59) 

When n9^m equation (58) determines the non-diagonal 
elements of 5,; the diagonal elements of Si are unde¬ 

termined by equation (58) but the condition 55*= i is 
satisfied to first approximation if they are taken to be 
zero. Hence 

Si{nm) 
Hi{nm) 
hvo{nm) 

(I 5nm) # 

The similarity of these results to those of the perturba¬ 
tion theory in classical mechanics will be noted. In par- 
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ticular equation (59) corresponds to the well-known clas¬ 
sical theorem that the perturbation function is to first order 

the average of the perturbation energy, since the diagonal 
elements of Hr are its time average. The equation may ac¬ 
cordingly be written 

The remaining equations in (56), when treated in the 

same way, give 

Wr{nn)^Fr{nn) , 

Srinm) = 
Fr(nm) 

hvo{nm) 
{l—Bnm) J 

each Fr being determined by the equations preceding the 

fth one. 
If the unperturbed solution is degenerate it no longer 

follows from 1^0 50 = 50 that So is diagonal. When, for 
example, Wo{n+i) — Wo{n + 2)= .... = Wo{n+k), equa¬ 

tion (57) shows that So can still contain elements that 
correspond to transitions between the states w+i, w + 2, 

. . . . , n+k. The second of equations (56), however, pro¬ 

vides a system of homogeneous linear equations giving 

these non-vanishing elements of So and at the same time 

Wr. Again forming the time mean over the unperturbed 
motion (i.e., picking out the rows n and columns m for 

which the corresponding v{nm) vanish) gives the equation 

HrSo^SoWr , (60) 

which provides a system of homogeneous linear equations 

precisely analogous to equations (31). As there Wi may 
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be found independently of So from the so-called “secular 

equation/' 

Hiin+i, n+k) 

Hi{n+2, n+i) . . n+k) 

==o . (6i) 

Hi{n+ky n+i) ..Hi(n-{-kyn+k) — Wi 

The roots give the elements of Ws and the corresponding 

linear equations determine So except for a phase factor in 

each column. From here on the calculation may be carried 
out as for a non-degenerate system. 

§ 5. RESONANCE BETWEEN TWO ATOMS: THE PHYSICAL 

INTERPRETATION OF THE TRANSFORMA¬ 

TION MATRICES 

The completed scheme for the interpretation of the 

mathematics of the quantum theory depends on certain 

assumptions as to the physical meaning of the transforma¬ 
tion functions. To illustrate the nature of these assump¬ 

tions and to make them plausible a simple problem will 
first be discussed—that of the interaction of two atoms in 

resonance.* 

Consider two atoms, I and II, with the characteristic 

value spectra Wi{n) and Wji{i) which have a common 
characteristic frequency, so that, for instance, Pj{nfn)=^ 

vij{ik) or Wi{n) — Wi(m) = Wuij) — Wji{k); they are thus 

in resonance. An energy interchange can then occur be¬ 

tween the two atoms, even if the coupling between them 

* W. Heisenberg, ZeUschrift fUr Physiky 40, 501, 1926. 
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is very weak, the interaction taking place as follows: 

Atom I goes from the state n to the state w, giving up 
energy hv{nm), while atom II takes up the same energy 

hv{nm) = hviik) in going from state k to state the process 

being reversible. 

If the uncoupled atoms are considered as the “un¬ 

perturbed” system the interaction energy may be 
treated as a perturbation by the method of § 4. A state of 

the combined atoms, in the system in which Wj+Wu is 

diagonal, may be specified by two integers (w^), the first 
giving the state of atom I, the second the state of atom 

II. The states {nk) and {mi) of the unperturbed system 
then have equal energies by virtue of the relation 

Wo{nk) = Wi{n) + Wji{k) = Wi{m) + Wn{i) = Wo{mi) (62) 

resulting from the equality of frequencies; the resonance 

thus introduces a characteristic degeneracy. The secular 

equation for the determination of the perturbation Wx in 

the energy may be set up as in § 2 by picking out the ele¬ 
ments of the interaction energy 11 ^{nk; mi) for which the 

frequencies v{nk; mi) = {i/h)\Wo{nk)-\-Wo{'fni)] vanish by 

equation (62). This gives, corresponding to equation (61), 

H,{nk; nk) - IF, B^{nk; mi) 

Hr {mi; nk) Hr {mi; mi) - Wr 

The two solutions of this quation are the perturbation 

energies TFi(a) and Wr{b) of the two states of the coupled 
system which replace the states {nk) and {mi) of equal 

energy for the uncoupled system. (The more symmetric 

notation W{nk; mi), etc., is likely to lead to confusion, 
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since there is not one-to-one correspondence with the un¬ 
perturbed states.) To each root of equation (63) corres¬ 
ponds a column of the transformation matrix S (obtained 
by solution of the linear equations) which will be of the 
form 

S{nk; a)=s(nk; a)e^* 

S{mi; a)=^s{fni; a)e*^ 
for W,{a) , 

Sink; h) — sink; h)e^^ 

Simi; h) simi; 
for W^ih) . 

The <^’s are real quantities undetermined by the ^‘nor¬ 
malization’’ 55*= I. The orthogonal matrix 

sink; a)e^* sink; 

simi; a)e*^« simi; h)e^^ 

is thus the zeroth approximation to the transformation 
function leading from the system in which the energies 
WI and WII are diagonal to the system in which the total 
energy Wi+Wn — W is diagonal. 

It may be noted parenthetically that in the case of two 
equivalent atoms resonance will always occur. This 
special case is obtained from the foregoing by setting f = w 
and = it is then readily shown that 

Hxinm; nm)^Hiimn; mn) , 

Hiinm; mn)^Hiimn; nm) , 

when the interaction is s)mmetric in the two systems. 
Since Hx is Hermitian the non-diagonal terms in the de- 
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temiinant of equation (63) are real, and the solutions are 
seen to be 

Wx{a)=Ex{nm; nfn)+Hi(fnn; nm) , 
Wi{h)^Hx{nm; nin) — Hxifnn; nm) . 

For the corresponding matrix of the s's the calculation 
gives, after normalization, 

(a) (b) 
I __ I 

1/2 1/2 
(66) 

I I 

\/2 1/2 

We return now to the general case. 
We shall next discuss the further physical information 

that may be obtained from these results. Consider, for 
instance, the question of what may be said in the quan¬ 
tum theory as to the energy of atom I alone as a function 
of the time. Classically there would occur between two 
coupled oscillators of equal frequency a periodic and har¬ 
monic energy interchange with a frequency proportional 
to the coupling force; the energy of one of the oscillators 
would be given by a curve like that of Figure 19a. In the 
quantum theory, on the other hand, it is to be expected 

that the energy of atom I has either the value Wi{n) or 
W/(w), with a probability of transition between these 

values depending again on the strength of coupling; Bj{t) 

should therefore be represented by a curve like that of 
Figure 196. To be sure, this curve cannot be calculated in 

the quantum theory, nor can it be experimentally de¬ 
termined; nevertheless the rules so far obtained for the 
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physical interpretation of quantum mechanics are suffi¬ 
cient to permit a calculation of the time mean and the 

mean-square fluctuations of ///(/) or any function of 

The calculation of the 
time mean of any function of 

Hi{() may be made as fol¬ 
lows. By rule i of § i the 
diagonal elements of the 

matrix representing any 
quantity give directly the 
time averages in the corres¬ 
ponding states. The aver¬ 
age f{Hj)a in the state a 

may therefore be calculated 
in terms of the diagonal ele¬ 

ments f{Wz{n)) and f{Wi{m)) of J{Hi) in the system in 

which HI \s itself diagonal (the unperturbed system) by 
making use of the transformation function S of equation 
(64):, 

H, 

w. 

Fig. 19 

a 

f{Hj)a — [f{Hi)]{aa)—S'^{nk; a)f{nk; nk)S{nk; a) 
+5*(wi; a)f{mi; mi)S{mi; d) 

= \S{nk; a)\^f{Wi{n){n))+\S{mi; a)\^J{Wiim)) . 

This is precisely the expression for the time average which 
would result from the assumption that f{Hi) can have 
only the values/(IF/(w)) and /(ITj(w)) and that these 

values occur with relative frequencies \S{nk; a)|* and 
\S{mi; a)Y, respectively. Since/(IF/(n)) and/(kr/(w)) are 
the elements of f{Hi) in the system in which/(ffj) is diag¬ 
onal, the first part of the foregoing assumption is equiva- 



MATHEMATICAL APPARATUS 147 

lent to the hypothesis that the possible values of / are 
the diagonal elements of its matrix in the system in which 
it is itself diagonal. The second part, on the other hand, 

is a consequence of supposing that \S{nk; a)!"* is the rela¬ 
tive probability of finding the V2i\\ie J{Wi{n)) for/(///) 

when the total system is in the state a. (The index {nk) 

corresponds to the value/(ITj(w)) since it is the label of 
a stationary state in the system in which / is diagonal.) 

The interpretation as relative probabilities is consistent 

because by the normalization |5(n^; a)Y + \S{mi; a)Y— 

While a special problem has been treated here the 

formal relations are the same in the general transforma¬ 

tion problem. Thus if 5(a'/3') is the transformation 
matrix from a system in which any quantity a is diagonal 

to a system in which /3 is diagonal* the time average of 
/(a) will always appear in the form (67); i.e., 

/(aV = l/(a)](^'r) = 2 S*{a'0ma)]{a'a')S{a’0) 
a' 

= 2l‘5(a'/3')lV«(a'a') 
a' 

is the time average of/(a) corresponding to the state jS'. 

It is therefore reasonable to generalize the assumptions 

made above in a special case and to make the following 

hypotheses as regards the physical interpretation of the 
transformation scheme:* 

The values which a quantity a can take on are given by 
I 

* The practice of labeling rows and columns by the elements of the 
diagonal matrices is used here again. 

’ P. Jordan, Zeitschrift fUr Physik, 40, 809,1927; 44, i, 1927; P. A. M. 
Proceedings of the Royal Society^ A, 113, 621, 1927. 
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its characteristic valiie spectrum^ i.e., by the elements of its 

matrix in the system in which it is itself diagonal. 

If S{a'^') is the unitary transformation matrix from a 

system in which a is diagonal to a system in which /? is 

diagonal then 

|5(a'/9')h (68) 

is the relative probability of finding the value of of a when it 

is known that the value jS' must be ascribed to /S. 

The foregoing assumptions of course apply equally well 

to the case of continually varying indices and hence to the 

case in which 5 is found by solution of a Schrodinger 

equation. 

The detailed discussion of the physical interpretation 

of the statistical elements thus introduced into the theory 

will be found in the body of the text and especially in 

chapter iv. Here it will only be noted that we must add 

the express condition that the experiment under con¬ 

sideration actually affords a determination of a'. At first 

sight this condition appears trivial; it is, however, essen¬ 

tial, for an application of the foregoing interpretation of 

the quantities (68) without consideration of the experi¬ 

ment leading to the measurement of a gives rise at once 

to logical inconsistencies. 

Having established the basis for its physical interpreta¬ 

tion, we proceed to the further development of the gen¬ 

eral transformation theory. 

The elements of the transformation matrix S give prob¬ 

abilities only on forming the squares of their absolute mag¬ 

nitudes; they may themselves be called “probability 
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amplitudes/^ Carrying out successively a transforma¬ 

tion from the system a (the system in which a is diagonal) 

to a system and then a transformation from the system 

jS to the system y gives, since transformations combine 

by the rule for matrix multiplication, 

. (69) 

/S' 

Thus quite independently of y the probability amplitude 

S(ay') can always be represented as a linear function of 

the set of probability amplitudes 5'(a'/5'). The probability 

amplitude for finding a' regardless of the predetermined 

quantity y', which may be written simply 5(a'), is there¬ 

fore, even in the most general case, a linear function of 

the elements of the transformation matrix S{a^')y and 

the system jS may be chosen arbitrarily. In particular jS 

may be taken to be the energy, and 5'(a') can then always 

be expressed in the form 

»S'(a')= , (70) 

W' 

where the c n^/s are constants and 5 w'{^') is the transfor¬ 

mation matrix to the system in which W is diagonal. 

While the probabilities 5 w'W) are always constant in 

time, referring to a stationary state W\ this is not true in 

general for |5(a')|* (i e., when something other than the 

energy is specified). The proper time dependence of 5(a') 

may be deduced from the following considerations: 

According to (9) each matrix element x{nm) has a time 
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* " ( Wn_ Wm)t 

factor e ^ in the system in which the energy 
is diagonal. Since on transforming to this system from 
any other system 

x(nm) ='^^S'^{an)x{a', (71) 

the correct time dependence will be obtained by providing 

each element S(an) with the time factor e ^ . This 

is possible since hitherto S(an) has contained an arbitrary 
phase factor of absolute magnitude i; from now on it will 
be understood that 5(a'w) =5iir.(a') contains this time 

factor. 
« 

The most general probability amplitude 5(a0, since it 
can be expressed in the form (70), must satisfy the equa¬ 

tion £^5—5iPr = o determining the 5'w'(a')- Since SW == 
’-{h/2Tri)(dS/dt) when 5 has the time factor introduced 

above, the equation for S{a') becomes 

tr 

h dS(a') 

2Tt dt 
= 0 (72) 

In particular taking a to be a co-ordinate this becomes 
the wave equation of Schrodinger, 

H 
h d 

2Trt dq 2Tri dt 
= 0 

mmm ’ g 

Characteristic solutions of the form ^ w'W) ~ ^ ^ 
correspond to the elements 5 w'CaO with the time factor, 
and by (70) the most general probability amplitude is 

(74) 



MATHEMATICAL APPARATUS 151 

As an example of the application of equation (72) con¬ 
sider again the example of coupled atoms. Suppose a 

measurement at time t = o gives the result that atom I is 
in state n and atom II in state k. Equation (72) then gives 

the variation with time of the matrix S given by equation 

(64), in which the time is contained only in the phases 

0a and 06. Substitution in equation (72), since the matrix 
5 of the constant amplitudes satisfies the equation Hs + 

sW = o, gives 

h ^0a__ 

2Tri dt 
h 00i> 

2Tri dt 

Hence 0a = — 27rf//? •lEa/+Const, and 0*= —2Tri/h*Wbt+ 
Const, and the characteristic solutions of equation (70) are 

S{nk; a) = Const. Xs{nk; a)e ^ , etc. The general prob¬ 

ability amplitudes are then by equation (70), 

S{nk) = Cas{nk; a)e * *+Cbs{nk; h)e ^ ^ , 

S{fni) = CaS{fnt; a)e ^ +CbS{mt; o)e " , 

where the c’s are constants which may be determined by 

the initial conditions. Since in this case the initial condi¬ 
tions are S{nk) = i, 5(mi) =0, and the determinant of the 

5’s is I, we readily find 

S(nk)^s(mi; b)s{nk; a)e * a)s{nk; b)e ^ ‘ , 

S{mi)^s{mi; b)s{mt; b)\e * — e J . 
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For the special case of equivalent atoms, where 5 has 

the form (66), 

From this follow the probabilities 

|*S(ww) |" = ||^i+cos Y (IFa—TF6)/j 

15(w»)h = ^ri-cos (PF„-W^6)/j . 

These formulas give the probabilities of finding {nm) or 

{mn) as functions of the time. As Wa —Wh is small to the 
order of magnitude of the interaction energy of the atoms, 
the probabilities vary only slowly. Shortly after the first 

measurement (i.e., for small values of t) it is extremely 

probable that we find again the configuration {nm). If, 

however, the second measurement is made exactly at 

time i — — the result will certainly be the 

configuration {mn). All of these considerations are valid 

only when the system actually remains unperturbed in 
the interval between the two measurements; that is, 

actually remains governed by equation (72). This condi¬ 

tion is, of course, quite trivial. It is specially mentioned 

here, however, as it is of decisive importance for the con¬ 
sistency of the theory. 

The interpretation of the transformation matrices as 

probability functions just sketched gives a complete 
scheme for the application of the mathematics of the 

quantum mechanics to all physical problems. 
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§ 6. THE CORPUSCULAR CONCEPT FOR RADIATION 

The corpuscular theory of radiation is too well known 
in its general outlines to require extended discussion at 

this point. It is essentially Einstein’s theory of light 
quanta according to which radiation can be regarded as 
the action of rapidly moving particles (quanta) whose 

velocity is always c. Energy E and momentum p are re¬ 
lated by the fundamental equation 

E^cp , (75) 

and the color is given by the quantum relation 

E 

Light quanta can appear and disappear, so that in con¬ 

tradistinction to the particle picture of matter their num¬ 
ber is variable. No interaction takes place between differ¬ 

ent light quanta (when gravitation is disregarded), but 
the interaction between light quanta and matter is re¬ 

sponsible for the phenomena of absorption, emission, and 

dispersion. 

§ 7. QUANTUM STATISTICS 

Consider a system of n identical particlcis that are en¬ 

tirely indistinguishable from each other (e.g., electrons or 

photons). For simplicity it will be assumed that the sys¬ 

tem has only a discrete characteristic value spectrum, 

and the interaction between the particles will at first be 

neglected. The problem may be treated by first deter¬ 

mining the possible states and corresponding character¬ 

istic functions ^a(r) for the individual particles and then 

considering the distribution of the n particles among these 
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states. In order to treat such a statistical distribution it is 

necessary to define what constitutes a distinct state of 
the system. 

In classical statistics (Boltzmann statistics) a distribu¬ 

tion of n particles among n different states has a relative 

probability w!, since obviously every permutation of the 

n particles represents an independent realization of the 
given distribution. In the quantum theory this means 

that every distribution of n particles among n different 

states corresponds to an wl-fold degenerate term of the 
total system. The corresponding n \ linearly independent 

characteristic functions are obtained by performing the 
n\ permutations of the r/s* with the fixed, in the ex¬ 

pression 

\l/aXrp.)ypnXr$) .... . (76) 

Instead of the functions (76) any other system of n\ 

linearly independent linear aggregates may of course be 

used to describe the w-body problem. One is led to such 
a system of functions, for example, on attempting to treat 

the interaction of the particles as a perturbation. Among 

the n\ linear aggregates thus obtained two are singled out 

by a particularly simple structure: 

7 . • ^«n(>'n) , (77) 

All , 
permutations 

and the determinant 

IV'.iWI .n) . (78) 
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The first is unaltered by any interchange of two particles 

and is called the “symmetric characteristic function^' of 

the system; the second only changes its sign on such an 

interchange and is called the “antisymmetric character¬ 
istic function.” If it is assumed that the yf/aS are normal¬ 

ized, then it is readily shown that the characteristic func¬ 

tions (77) and (78) of the total system are also normalized 

if multiplied by V i/nl . 

These relations are clearly illustrated in the simplest 
case of n—2. Corresponding to one particle in state as 

and the other in state aa, there is then a doubly degenerate 

term with the two characteristic functions 

^.(1,2)= I [tAax(r,)^a,(ra)+^a.(r2)^a.(r,)] , 
V 2 

^a(l, 2)== ^ [^a.(n)^a.(ra)-^a,(r2)^a,(rx)] . 
1^2 

In the first place it is readily seen tb' t no intercombina¬ 

tions can take place between terms with symmetric and 

terms with antisymmetric characteristic functions. The 

probability of such a transition is always given by an 

integral of the form 

//(l, 2)^«(l, 2)^a(l, 2)dTsdT2 (79) 

in which/ (i, 2) is a function which is not altered when the 
particles are interchanged, since the two particles are in¬ 

distinguishable. If now the two electrons are interchanged 
in (79) the value of the integral is clearly unaltered, since 

it is only the designation of the variables of integration 

that is changed. On the other hand, the sign of ^0(1, 2) 
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is reversed while all other quantities in the integrand re¬ 
main the same. Accordingly (79) must vanish. 

A more thorough mathematical investigation based on 

the theory of the representation of groups shows that this 
special result must be generalized to the following:" 

The terms of a system of n equal particles may always 

be divided into partial systems in such a way that only 
* 

the terms belonging to a given partial system can combine 

with each other. In particular, there will always occur 

two partial systems in one of which the characteristic 
functions are symmetric, while in the other they are anti¬ 

symmetric. 
This result remains valid for any interaction between 

the particles provided only that the interaction of the 

particles is a symmetric function of their co-ordinates. 

The fact that intercombinations cannot occur between 

two different term systems leaves open the possibility of 

introducing further hypotheses which exclude all but one 

of these systems from physical significance. 

Consider, for example, the symmetric term system 

alone. A definite distribution of the particles among the 

individual states of the single particles (again neglecting 

the interaction) corresponds, in this term system, to only 

a single characteristic function. The possibilities that are 

represented in the symmetric term system therefore cor¬ 

respond to those states which are distinguished in the 

Bose-Einstein* statistics. 

In the term system made up of antisymmetric char- 

* E. Wigner, Zeitschrift fiir Physik, 40, 883, 1927. 

* S. N. Bose, ibid., 26, 178, 1924; A. Einstein, Berliner Berichte, p. 261, 
1924 
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acteristic functions, on the other hand, any function 
which corresponds to two particles in the same state nec¬ 
essarily vanishes. This is the expression in the quantum 
theory of the Pauli’^ exclusion of equivalent orbits, which 
applies to electrons and protons. The choice of an anti¬ 
symmetric term system corresponds to the use of the 
FermP-Dirac^ statistics. 

Quantum statistics thus singles out one term system 
from the possible term manifolds of an w-body problem, 
of either symmetric or antisymmetric characteristic func¬ 

tions, as the only physically significant one; each term of 
the manifold thus singled out represents a distinct state 
of the physical system of ^-bodies. The first case cor¬ 

responds to the Bose-Einstein statistics, which applies to 

light quanta; the second to the Pauli-Fermi-Dirac sta¬ 
tistics. It is important to remember that this formulation 
remains valid for any interaction of the particles. 

In applyiug the Pauli exclusion principle to electrons 

or protons it must not be forgotten that Ta , in ypa{rk), repre¬ 
sents not only the three space co-ordinates of the feth 
particle, but also the fourth variable describing the spin 

which can only have the values and 

The foAnulation of quantum statistics in the wave 
picture will be treated in § 10. 

§ 8. THE WAVE CONCEPT FOR MATTER AND 

radiation: classical theory 

The classical wave theory is that of the de Broglie 

waves for matter and of electromagnetic waves for radia¬ 
tion. This section will treat primarily those waves which 

^ W. Pauli, Zeitschrifl fiir Physik, 31, 765, 1925. 
* E. Fermi, ibid.^ 36, 902, 1926. 
3 P. A. M, Dirac, Proceedings of the Royal Society^ A, 112, 661, 1926. 
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are associated with the electron (the proton waves can be 

treated in an entirely similar manner), though light waves 
will also be considered briefly. No attempt will be made 
to include relativistic effects, and it is then logical to treat 

only electrostatic forces and to neglect magnetic and re- 
tardational phenomena. 

The proper wave equation for matter waves was first 
discovered by Schrodinger,' and is most simply obtained 
from the transformation equation (73) of § 5. This gen¬ 

eral Schrodinger equation (73) cannot itself be properly 
regarded as a true wave equation, since it is an equation 

in 3Y-dimensional co-ordinate space for N particles; 

however, for Y = i this space reduces to ordinary 3-space, 

and it is therefore reasonable to try to regard the equation 

in this special case as the space-time (i.e., the classical) 
equation for matter waves. The transformation function 

\l/{xyz) is then to be considered as a ^‘field scalar.'^ 

For one (corpuscular) electron the total Hamiltonian 

is made up of the kinetic energy E]^\n = {1/2fM)ipl+py 

+pl) and the potential energy — — cF, where e and 

IX are the charge and mass of the electron respectively and 

V is the electrostatic potential. Hence equation (73) in 

this case reduces to 

St^IX 

h dip 

27ri dt 

where Y* is the Laplacian operator {d^/dx^) + {d^/d'/) 

+ {d'^/dz^). The conjugate complex equation 

h\ 

St^IX 

h dyp* 

2iri dt 
= 0 

is implicitly contained in equation (80). 
* Annalen der Physik, 79, 361 (1926). 
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The mathematical theory of these equations can be re¬ 

garded as a ‘^classical’’ theory of matter waves, though 

of course in this case the interpretation of the mathe¬ 

matics is essentially different from that of the foregoing 

sections. The quantities entering into these equations 

can all be visualized in terms of space and time just as 

can the quantities in the Maxwell equations, since they 

are all functions only of the four variables y, 2, t. 

The wave theory does not consider electrons, and e 

and jjL are merely universal constants of the wave equa¬ 

tion. Although equations (80) and (81) were obtained 

from the one-electron problem of the corpuscular theory, 

they are now in no manner restricted ‘To apply to one 

electron only,” for the phrase is meaningless in the wave 

theory. On the contrary they have complete generality 

in so far as “waves of negative electricity” are concerned. 

From this remark it follows at once that, in contrast to 

the quantum theory of the one-electron problem, V no 

longer simply represents the potential of the external 

forces but also includes the potential of the matter waves 

themselves, that is, it takes account of the reaction of one 

part of the charge distribution upon another part. This 

theory will be as unable to represent the phenomena of 

atomic physics as the Maxwell theory. Its value is ex¬ 

clusively heuristic in that it is related to the quantum 

theory of waves in the same way that classical mechanics 

is related to the quantum theory of particles. 

As a first example the case of very small wave ampli¬ 

tude, i.e., very low density of matter, will be treated. It 

will assume that the external potential is also zero, so that 
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V vanishes to the requisite approximation. Then equa¬ 
tion (8o) becomes 

h d\f/ 
2iri dt 

which possesses the solution 

\l/ = e ^ 
(Pjpe+PyV+PzZ-Et) 

y 

where 

These have the form of plane waves, the direction of the 

wave normal being given by px, pyy p% and the wave¬ 
length and frequency being 

x = ^ = . (83) 

The phase velocity of the waves is 

P 
2M ' 

while the group velocity Vg can be calculated from ele¬ 

mentary optical principles to be 

dE _p 
dp n X/i ' 

According to de Broglie,* these are the equations which 

govern the interference of matter waves for very low 

* L. de Broglie, Annales de Physique^ 10 S^rie, a, 22, 1925; Ondes ei 
Mouvement, Paris, 1926. 
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density. The relationship between group velocity and 

wave-length permits an association of wave-length to 

moving complexes of negative electricity without in any 

way appealing to the particle picture. This theory of de 

Broglie therefore gives a simple qualitative account of the 

experiments of Davisson and Germer, Thomson, Rupp, 

and others. This is precisely analogous to the success of 

the classical mechanics in explaining the Wilson photo¬ 

graphs, the deflection of cathode rays by electric fields, 
etc. Nevertheless one can regard these achievements of 

classical theories only as proof of the similarity of the 

classical and quantum theories, in the sense of the cor¬ 

respondence principle; for the answer to all quantitative 

questions an appeal must be made to the exact quantum 
theory. 

Before passing on to the quantum theory of waves it 

will be necessary to elaborate this classical wave theory 
somewhat further. For this purpose we return to the 

wave equation (8o) which is not restricted to low density 

of matter, and make the following assumptions for the 

interpretation of the wave function 

Charge density: p= > 

Current density: cr=-, 

Energy density: « = ^ . 
OTT^jJL 

^ (86) 

The strict justification of these assumptions can be found 

only in the later developments of the quantum theory of 

waves. None the less they are plausible at this point be- 
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cause the quantities p, or, and u thus introduced obey by 
virtue of equations (8o) and (8i) the following conserva¬ 
tion laws of the kind which must be demanded of any 
classical theory: 

Conservation of charge: (87a) 

Conservation of momentum: 
d 
dt 

fadv=—efW}l^*\//dVj (Syb) 

Conservation of energy: = {■^*rp)dv . (87c) 

In these equations dv is the volume element and the in¬ 

tegrals are over all space. It is assumed that xp vanishes 

over the infinite sphere so that whenever Greenes theorem 

is applied the surface integral vanishes. To deduce (87a) 

multiply equation (80) by and equation (81) by 

subtract the two equations thus obtained, integrate over 

all space and apply Green’s theorem. To deduce (87^) 
multiply equation (80) by d\p*/dXj differentiate equation 

(81) with respect to x, multiply by and then subtract 
and integrate as before. Finally, (87c) is deduced in the 

same manner as (87a) except that the equations are added 

instead of subtracted. 

Besides the waves of negative electricity other charges 

may be present in space, such as atomic nuclei, charged 

condensers, etc. The density of these charges will be 

designated by Po. The total electric potential must then 

be determined by Poisson’s equation V*E==47r(p4-Po), or 

V^F=-47r(p+po) . (88) 

For the purpose of the quantum theory of wave fields 

to be developed in the next sections it is necessary to note 
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that equations (8o), (8i), and (88) can all three be de¬ 
duced from a single variation principle. The proper 
Lagrangian function is seen to be 

SttV ^ ^ 4wi\dt ^ dt 

-feF^^^-poF+ " VF-VU, 
OTT 

(89) 

since on varying xp and \f/* the condition 

ffL dv dt — Extremum 

gives the equations (80) and (81), respectively, and on 
varying V gives equation (88). 

The total energy of the system is composed of the 

energy of the matter waves and that of the electromag¬ 
netic field. Hence the total energy density Jt' is given by 
the equation 

and the conservation law 

// = ^^yK’dv = Const. (91) 

is readily proved, provided Po is independent of the time. 
The proof is as follows: From equations (90), (88), and 

(«7c) 

= 0 . 
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This self-consistent space-time theory, built according 

to the model of a classical field theory, does not as yet 
contain a single corpuscular element. This is evident 

above all from the fact that the total charge of the system 

j pdv^ (92) 

can take on any desired value, and not merely the values 

— —2^, — 3^, . . . . , as must be required of any true 

theory of atomic (or quantized) systems. Furthermore, 

the total energy and the characteristic frequencies can 

also have any value, since the differential equations are 

non-linear and the characteristic frequencies therefore de¬ 

pend on the amplitudes of xp. In spite of these defects 

(which are those of any classical theory), the pre^nt 

theory can be used to account for atomic phenomena in a 

manner precisely analogous to that used by Bohr and 

Sommerfeld in applying the classical corpuscular theory. 

Just as these authors introduced the conditions fpkdqk = 

ftrkh into classical mechanics, so Hartree* has been able to 

give an approximate account of atomic spectra by impos¬ 

ing the “quantum conditions’" 

fit<pkdv = nk (93) 

in the present field theory.* The quantity tik is an integer, 

and the suffix k refers to a characteristic vibration of the 

system. Hartree is able to obtain satisfactory results only 

* D. R. Hartree, Proceedings of the Cambridge Philosophical Society^ 

24, 89, 1928. 

* Hartree has shown that satisfactory results are obtained only if the 

energy of the interaction of the electron with its own field is subtracted 

from^the total energy. 
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upon neglecting the periodic time-variations in V, which 
are produced by the periodic character of This is analo¬ 
gous to the difficulties encountered by the Bohr-Sommer- 
feld theory. It is characteristic that this field theory is 
quite as difficult to treat mathematically as the classical 
mechanics; at any rate it is far more difficult than the 
quantum theory of either particles or waves. 

It is probably unnecessary to enter into a detailed ac¬ 
count of the classical theory of radiation, since this is the 
well-known Maxwell theory. It contains no quantum ele¬ 
ment whatsoever, as witnessed by the fact that the 
energy f(E'‘+II'‘)dv is continuously variable. Again the 
difficulty may be avoided by quantum conditions like 
those of Hartree, which make possible only discontinuous 
energy changes of amount hv] this does not, however, lead 
to a quantum theory of the field. 

§ 9. QUANTUM THEORY OF WAVE FIELDS* 

The mathematical apparatus necessary for the quan¬ 
tum theory of wave fields may be put in a form complete¬ 
ly analogous to that of the quantum mechanics of par¬ 
ticles provided the classical wave theory is first brought 
into a form analogous to the Hamiltonian form of c las- 
sical mechanics. The present section treats the general 
problem of a classical wave theory that can be derived 
from a variation principle. The Lagrangian function of 
this variation principle may contain a number of wave 
functions^a = ^a(a:, y, 2,/), (a=i, 2, 3, . . . . )[e.g., 
and F of § 8], their first order space derivatives (d^pa/dxi) 

* P. Jordan and W. Pauli, Zeilschrift JUr Physiky 47, 151, 1928; W. 

Heisenberg and W. Pauli, ibid.y 56, i, 1929; 59, 168, 1930. 
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(i = I, 2, 3 for y, 2), and their first-order time derivatives 

{d\f/a/dt)=\f^a- The variation principle will then be 

dv dt = Extremum, 

and the wave equations are the corresponding Eulerian 

equations 

dL 
dyl/a. 

d dL 
(ci I, 2, . . . . ) . (95) 

The classical mechanics of a system of particles may be 

derived entirely from Hamilton's variation principle 

fUq,, qk)di = Extremum. (96) 

The variation principle (94) for a continuous field may be 

made formally similar to the variation principle (96) for a 

discrete set of particles by introducing the quantity 

L = , (97) 

and then writing (94) in the form 

^, yp^dt == Extremum. (98) 

Now while L{qk, qk) depends on the qk for all values of 

the index L[^a, , ^a] is determined by the values 
» 

of ypa and ypa at all points of space. Hence the analogy 

between the two quantities is complete if the points P of 
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he space be regarded as the indices of the wave function. The 

complete wave function may then be regarded as the 

complex of quantities \pa{P) dependent on two kinds of 

indices: a discrete set a and a continuously variable set 

P. (P, of course, takes the place of the three indices 

a;, y, z.) 
The Eulerian equations (95) may now be expressed in 

terms of the Lagrangian Z, which is the analogue of the 

Lagrangian for a system of particles. As the analogue of 

the ordinary derivative {d/dgk)L{qij g,), which may be 

written 
dL_ L(^gi~\~8ik^gy ^t) 

dqk~ A™ ^ 
> 

we may define the derivative 

SL\MP') , 
„ sMn 

dXi 

5MP) 

lim ^^ \L\Mn+s,^KP-n^iin, 

[MP')+s,oS{P-P')Ari.{P'),Mn] 

\mp’) , 
d^p(P') 

, MP' 

The symbol 8(P—P') stands for a function analogous to 

Dirac’s 5-function (cf. § 2) having the properties 
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according to whether the volume of integration contains 

or does not contain the point P'. From the definition (97) 

of L it is readily seen that 

bL _ dL d dL , V 

S<Pa~ ^dXj ^ /aM ’ 

Since it is obvious that 

6L ^dL 

b^j/a dyj/a 

the Eulerian equations become 

bL_d bL 
bypa dt 

(102) 

in complete analogy to the Lagrangian equations of clas¬ 

sical mechanics. 
The transition from the Lagrangian to the Hamiltonian 

form in classical particle mechanics is brought about by 

introducing the Hamiltonian 

H=^pkqk-L, (103) 
k 

where Pk=^dL/dqk; the equations then take the Hamil¬ 
tonian form (i). The same procedure will now be used 

for the wave equations (95). A conjugate Ha to the wave 
function may be introduced by the relation 
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and the Hamiltonian will then be, by analogy to (103), 

^^^Ila^adv—L . (105) 

Analogously to the relations between L and L, 

H^fHdv (106) 
if 

H = Jla^a—L . (107) 

The wave equations (95) now take the Hamiltonian form 

= 
bH 
OT« ’ 

n.= - m 
8}//a * 

(108) 

Conservation laws may be deduced as in particle me¬ 
chanics. Directly from (108) follows the conservation of 
energy, 

(109) 
dt 

= 0 

while the equations 

J ^n. ^ = o (*=1,2,3), (no) 
d 
dt 

expressing the conservation of momentum follow from 
(108) and (loi), since 

d 
dt 

- Cf dv\u. ^ Ml , tj ^ dxi J I dXiSn. dx{Si/>.j’ 

[t Sff . Sff 
sK'^^ 

. &H 

i «^.J ’ 
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In both cases it is assumed that H contains no function of 

space and time other than Ha, and their derivatives. 

The transition from classical theory to quantum theory 

can now be accomplished without difficulty by analogy 
to the procedure of § i. Just as the co-ordinates were 

there replaced by matrices, so here the wave functions 
may be replaced by non-commutative variables, which 

can be represented as matrices in a suitably chosen Hil¬ 

bert space. (Such quantities have been called ‘^g-num- 

bers’’ by Dirac.) To the differential equations (io8) must 
then be added the exchange relations analogous to (15): 

ji.{P)<Pe{P')-MP')W)=io^KP-P') 2^.. 
n.(p)nfl(P')-no(P')n.(P)=o , ;(111) 

UP)MP')-MP')4'.iP)=o. 

In this quantum theory of wave fields the space-time co¬ 

ordinates X, y, Zj t are thus parameters (like the time in 

the particle theory); they are therefore numbers in the 
ordinary sense (called “c:-members’^ by Dirac), and of 

course commute with each other and all other quantities. 

The conservation laws 

H = Const., = Const. (112) 

remain valid, as is readily proved with the help of rela¬ 

tions (hi). 

The simplest method for the mathematical treatment 

of a wave problem defined by the equations (108) and 
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(ill) is to develop the wave functions in a suitably 
chosen set of orthogonal function : * 

^ ar{t)ul{P) , n. = ^ br{t)ul{P) . ( 113) 

The Ua{P) are ordinary ^:-numbers and the coefficients 
hr must then be regarded as ^-numbers dependent on the 
time. 

In order that yf/a and H* when written in this form shall 
obey the exchange relations (m), the a, and hr must 
satisfy the exchange relations 

hgdr drht . 
27ri 

► 
dfdr ““ dfd$ ~ O y 

h$hrhrhg “ O y 

(114) 

which are formally analogous to equations (15). This is 
readily proved by substituting the developments (113) in 
equation (m), multiplying both sides by ui{P)u0{P^)y in¬ 
tegrating over P and P' and summing over a and In 
the integration use must be made of the orthogonality 

relations for the ul: 

Ul{P)ul{P) hr» 

The Hamiltonian H and the equations of motion (108) 

may now be expressed in terms of the dr and hr. The 
methods previously described for solution of a quantum 
dynamical problem are then available here—in fact, the 
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only difference between the quantum theory of wave 
fields and of particles is that in the former the number of 
variables is infinite while in the latter it is finite. 

§ lO. APPLICATION TO WAVES OF NEGATIVE CHARGE 

The method of the last section will now be applied to 

the waves of negative charge treated in § 8. The classical 
Lagrangian is then 

L 
oTT^/i St 

h / 
^Ti\dt 

Corresponding to the division of the charge density into 

that of the given external charges (pu) and that of the in¬ 
ternal charges (p) the potential V may be written V = 

F'o+Fi, where 

V^Fo=—4^Po, V^F, = 47r^V • (ns) 

The foregoing Lagrangian may then be modified to a 

more convenient form by adding the total derivatives 

(A/4^i)(d/d/)(^V) 3.nd — (i/47r)V-(FiVUo) and discard¬ 
ing terms involving only the known function Po. This 

does not alter the variation problem, and in the Lagran¬ 

gian 

2Ti dt 
VFx 

+c(F„+F.)V'V (ii6) 

thus obtained only \f^*, and F, are to be varied. 
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A slight difficulty arises because of the fact that the 
time derivative of Vi does not occur in (116), thus making 
it impiossible to introduce the exchange relations (iii), 
since the conjugate to Vi defined by equation (104) would 
vanish. The dilemma is easily avoided, however, by not 
regarding Vi as an independent wave function but rather 
treating the equation resulting from the variation of U, as 
a secondary condition. With its help F, may be expressed 

as a function of ^ and yf/*. Since the equation obtained 
by varying F, is V^F, = 47re^*^, Fi is given in terms of 
^ and \l/* by the well-known solution of this equation: 

V{P)-= -efG(FF')yp*(F')yP{P')dvp^ , (117) 

where G{PP') is the Green’s function (in general, simply 

iApp') of the region in which the waves occur. On sub¬ 
stituting this in the Lagrangian (116) the result is, after 
a slight modification involving again the addition of total 

derivatives, 

h dyp ^ 
eVo4'*>l' 

(118) 

The momentum conjugate to ^ is [cf. eq. (104)] 

> 

and consequently the Hamiltonian is 
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giving 

H Jdv • Vf-eF. V'V 

+ dvpdvp^G{PF)yp^{P)4'{P)yl^^{n4'{P') 

[ (119) 

From this classical Hamiltonian form the transition to 
quantum theory may be made as in § 9, by introducing 

the exchange relations 

HP)HP')-Hn^(P) = o , Hi 20) 

j 

The Hamiltonian may again be taken over from the ex¬ 
pression (iig) of the classical theory. However, the order 

of factors, which is now of importance, is not determined 
in this way; in fact, the correct form, in so far as it 
involves the order of factors, can only be determined 
empirically. It has been found by Jordan and Klein* that 
the proper Hamiltonian for matter waves is 

H=Cdv 
Sir^fjL 

://■ +•' I I dvpdvp-G{PP')>l^*{P)4>*iP')HP)i'iP') ■ 
2 

(121) 

It should be remarked that the definition of as the 
conjugate of ^ requires some modification when ^ is a 
9-number. If ^ is given as a function of Hermitian ma- 

* P. Jordan and O. Klein, Zeitschrift fiir Physiky 45, 751, 1927. 
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trices, then is obtained from it by replacing i by —i 
and also interchanging the order of factors, e.g., 

In this quantum theory of matter waves the total 
charge 

is again a constant in time, as is most readily proved by 

showing that it commutes with H, As must also be the 

case, its characteristic values are integral multiples of —e. 

This may be shown in the following manner. As in § 9, if 
we put 

^ ^ arUriP) , ^* == ’ 
r ^ r 

JUrUadv — 8rB , 

the dr and a* satisfy the exchange relations 

~~~ d'B dr 8xb , 

drdg dgdr O , ^ (^^3) 

analogous to equations (114). The foregoing exchange re¬ 

lations may be satisfied by setting 

dr — e ^ 'TVr , dr=N\e^ , (124) 

provided Nr and 0r are Hermitian operators satisfying 

the exchange relations 
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It is then possible to prove that 

e ^^^f{Nr)^KNr+i)e ^ (125) 

and that the characteristic values of the Nr are positive 
integers. It then follows from equation (122) that 

? I dv\l/'^\l/ = e j dv^^^arasUrUs 

^ r,8 

^ ^ * 

r,« 

The quantum theory of matter waves thus accounts 

for the existence of the electron. At the same time it is 

evident that the Hartree ‘^quantum conditions” 93) are 

the analogue, in the sense of the correspondence prin- 

ciple, of the exchange relations (123). Since 'XNr is a con¬ 

stant of integration of the equations of motion it is pos¬ 

sible to consider separately those stationary states for 

which this quantity has the numerical value N. (It may 

be remarked that 2 is a constant even when Vo depends 

on the time.) It has been shown by Jordan and Klein (cf. 
§11)" that the solutions of the wave problem with Ham¬ 

iltonian (119) for which this condition is fulfilled are 

mathematically and physically equivalent to the solutions 

of the A'-electron problem of the corpuscular theory, i.e., 
to the solutions of the Schrodinger equation (47). How¬ 

ever, they do not correspond to all the solutions of this 

equation but only to those of the possible solutions in 

which the transformation function ^ is symmetric in the 

* IHd. 
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co-ordinates of the electrons. These solutions themselves 
form a closed term system, namely, that one for which 

the Bose-Einstein statistics is valid. The quantum theory 

of matter waves [especially the exchange relations (m)] 

thus requires the Bose-Einstein statistics for the cor¬ 

responding particle picture. 

The exchange relations (in) are, however, only one 
possibility out of many. Another equally justifiable set is 

obtained by changing the minus sign into a plus sign, so 
that the wave functions satisfy the equations 

^(P)^(P')+^(P')^(^) =0 , (126) 

^*(P)^*(P')+^*(P')^*(P) =0 . 

According to Jordan and Wigner’,^ the quantum theory of 

waves based on these exchange relations is equivalent to 

the antisymmetric solutions of the Schrodinger equation; 

that is, these relations lead to the Pauli exclusion prin¬ 

ciple and the corresponding Fermi-Dirac statistics. 

§ II. PROOF OF THE MATHEMATICAL EQUIVALENCE 

OF THE QUANTUM THEORY OF PARTICLES 

AND OF WAVES 

The problem of quantum theory centers on the fact 

that the particle picture and the wave picture are merely 

two different aspects of one and the same physical reality. 

Although this is a problem of purely physical nature it is 

satisfying to find a counterpart to this duality in the 

* P. Jordan and E. Wigner, Zeitschrift fiir Physik, 47, 631, 1928. 
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mathematical apparatus of the theory. The analogy con¬ 

sists in the fact that one and the same set of mathematical 

equations can be interpreted at will in terms of either 

picture. 

The proof of this assertion may be made perfectly gen¬ 

eral without regard to the particular form of Hamiltonian 

considered. The Schrodinger equation of the particle pic¬ 

ture for N equivalent particles may be written 

N N 

^ 0"”^+ • • + 
n = I n> m 

where 0” is an operator acting only on the space co¬ 

ordinates Xn of the nth particle, and 0”"* one acting on the 

co-ordinates of both the nth and mth. Furthermore, it 

may be assumed that a certain system of orthogonal func¬ 

tions Ur{x) has been found, in terms of which all functions 

in 3-space satisfying the boundary conditions can be ex¬ 

panded; it will then be possible to expand . . , x^) 

in terms of products of these functions: 

. . , XIf * * , • (128) 
Ti . . . .Tn 

The quantities \b{ri . . . . /)|* may be regarded as de¬ 

termining the probability that the particle i is in the fr 

state, particle 2 in the rj-state, etc. If this expression for 

ip be substituted in equation (127), the result multiplied 

by Utf,{x^u^,{x^ .... and then integrated over 

h d 

2Tri dt 
, XAr)=0 (127) 
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Xiy X2y . • , . , there results the following differential 

equation for the Fs: 

_ ^ ^ u A 
27rt ot 

“1” (^1 • • . . Sfi) 

n r« 

r^rJ){Si . . fn . . . . 5Ar)~h 

n> m r»rm 

(129) 

Use has here been made of the orthogonality relations 

for the Uf(x) and the quantities 

f Uafi^Ur^dVri , 

JfuaJ4gJ)^^Ur^Ur^dVndVm , 

are the elements of the matrices representing the cor¬ 

responding operators in the co-ordinate system character¬ 

ized by the functions Wf(x). Because of the symmetry of 

the Hamiltonian in the co-ordinates of the particles, the 

numerical values of the matrix elements depend only on 

the indices r and 5, and not explicitly on n and w. In the 

case of the Bose-Einstein statistics the b{si . . , . sn) are 

symmetric in the quantum numbers of the particles, so 

that they can also be expressed as functions of the num¬ 

ber Nr of particles in the rth state. Since the a priori prob¬ 

ability of finding Nj particles in the first state, N2 in the 

second, etc., is then given by Z^ = Nl/(Nil N2I . . . . ), it 

is convenient to define the quantity 

b{Niy iVa . . . . ) =Z6(rx, fa, , rjv). (130) 
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The operators e ^ oi equation (125) which change Nr 
to Nr+i are useful here; with their aid equation (129) 
may be written 

o = P ^ + ViVO 
S,r 

art 
I 1 M r AT 5 "h~ 

“h ^ Ns\Nn' 5g«')Og{j'; rr'^ 

S8';rr' 

On multiplying this equation from the left by Z and 
commuting i/Z to the left equation (125) yields 

art (e*-ej 
= |—. ^,+ ViV!(Ar.-«„+i)‘0.,e 

t27rt di 
8,r 

+ i 2 ^-Sr.-Sr.’)- 

art 

(iV^+I+5rr'-«r'.-5r','y -e* 

• b(Ni, Ya, ....)• 

(131) 

We turn now to the corresponding problem expressed 
in the wave theory; the Hamiltonian corresponding to 
(127) is then 

B^j^dvp\l/pO^\l/pf-\-^j^Jdvpdvp'\l/p'\l/]^0^'^}l/p'\l/p"jr • • • • . 

By ( 122) this may also be written 

JET” O'g dg'drClr^Cygg*; rr^d” 

«,r S8^; rr* 

• • • • 
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Then on substituting equations (124) in the equation 

we obtain 

HS+ 
h dS 

27ri dt f 

s.r 

^^ 2iri ^ 2iri ^ airl ^ 

+ * 'Me * ''M 
««'; rr' 

Commutation of the operators e ^ to the right gives 

(0.-9r) 
dt 

+1 2 ~ + I - Sr.' - Sr.) ’ 

s/i\‘ rr' 

(iVr'+ I + Srr'-Sr'.-5r'.')*e’” (»-+®.'-»r-0r ')|5' . 

(132) 

This equation is identical with equation (131), and the 
mathematical equivalence of the particle and wave pic¬ 

tures has therefore been proved. A similar proof may be 
given in the case of the Pauli exclusion principle and the 
exchange relations (126). 

Although the classical theories of the corpuscular and 
wave pictures are so entirely different, both physically 
and mathematically, the quantum theories of the two are 

identical. 
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§ 12. APPLICATION TO THE THEORY OF RADIATION" 

It will be recalled that the Maxwell equations, which 

govern the classical wave theory of radiation, can be de¬ 

rived by variation of the potentials in the Lagrangian 

The 5a(a= i, 2, 3, 4) are the components of the 4-current 

density, the <!>« the 4-potentials (<I>4 = f^o, = hence 

the Lagrangian becomes, when written explicitly in terms 

of the potentials. 

; r V (■ “It'+fZ(f‘-f*)’l dt dXi / jf^\dXk dXi / } 

-j- 

MI33) 

(In this and the following equations Latin indices run 
from i to 3, Greek indices from i to 4.) 

The momentum conjugate to is, by (104), 

TT — —JL/I 

‘ 47rc\c dt dx :) 4XC 
Ei. (134) 

Since the Bose-Einstein statistics applies to light quanta, 
the proper exchange relations are 

Ei{P)M^')-MP')Ei(P)=-2hci BiP-P^ia , 

* W. Heisenberg and W. Pauli, Zeitschrifl fur Physik^ 56, i, 1929. 
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which give on differentiating 

Ei{P)Ek(P')-E^(P')Ei{P)=o , 

Hi{P)H,{P')-Hk{P')Hi{P)=o , 

Ei{P)Hu(P') -Ht{P')Hi{P) = - 2hci 

where k is any cyclic permutation of i, 2, 3. 

A difficulty arises from the circumstance that <i>o does 
not occur in the Lagrangian; this affects, however, only 
the exchange relations between potentials and field com¬ 
ponents, and not the exchange relations (135). 

If the be developed in a set of suitably chosen 

orthogonal functions (e.g,, standing waves in an in¬ 
closure), then the energy content of a vibration of fre¬ 
quency V becomes an integral multiple of hv, Dirac* has 

shown that this makes it possible to consider the number 
of light quanta in each state as the variables of the sys¬ 
tem; this constitutes the link with the particle picture. 

* Proceedings of the Royal Societyj A, 114, 710, 1927. 
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SCIENCE AND METHOD, Henri Poincar6. Procedure of scientific discovery, methodology, experi¬ 
ment, idea-germination—the intellectual processes by which discoveries come into being. Most 
significant and most interesting aspects of development, application of ideas. Chapters cover 
selection of facts, chance, mathematical reasoning, mathematics and logic,- Whitehead, Russell, 
Cantor; the new mechanics, etc. 288pp. 5V» x 8. S222 Paperbound $1.25 
SCIENCE AND HYPOTHESIS, Henri Poincar6. Creative psychology in science. How such concepts 
as number, magnitude, space, force, classical mechanics were developed, and how the modern 
scientist uses them in his thought. Hypothesis in physics, theories of modern physics. Introduction 
by Sir James Larmor. “Few mathematicians have had the breadth of vision of Poincar6, and 
none is his superior in the gift of clear exposition,”' E. T. Bell, Index. 272pp. 57* x 8. 

S221 Paperbound $1.25 

FOUNDAilONS OF PHYSICS, R. B. Lindsay A H. Margenau. Excellent bridge oetween semi- 
popular works & technical treatises. A discussion of methods of physical description, construction 
of theory; valuable for physicist with elementary calculus who is interested in ideas that give 
meaning to data, "tools of modern physics. Contents include symbolism, mathematical equations,- 
spoce & time; foundotions of mechanics; probability,- physics & continuo; electron theory; special 
& general relativity,- quantum mechanics; causality. “Thorough and yet not overdetailed. Unre¬ 
servedly recommended," NATURE (London). Unabridged, corrected edition. List of recommended 
readings. 35 illustrations, xi 537pp. 578 x 8. S377 Paperbound $2.45 

CLASSICS OF SCIENCE 
THE THIRTEEN BOOKS OF EUCLID'S ELEMENTS, edited by Sir Thomos Heath. Definitive edition 
of one of the very greatest classics of Western world. Complete English translation of Heiberg 
text, together with spurious Book XIV, Detailed 150-page introduction discussing aspects of 
Greek and medieval mathematics. Euclid, texts, commentators, etc. Paralleling the text is an 
elaborate critical apparatus analyzing each definition, proposition, postulate, covering textual 
matters, mathematical analysis, commentators of ail times, refutations, supports, extrapolations, 
etc. This is the full EUCLID. Unabridged reproduction of Cambridge U. 2nd edition. 3 volumes. 
Total of 995 figures, 1426pp. 5 Vs x 8. 588,89,90 3 volume set, paperbound $6.00 

OPTICKS, Sir Isaac Newton. In its discussions of light, reflection, color, refraction, theories of 
wave and corpuscular theories of light, this work is packed with scores of insights and dis¬ 
coveries. In its precise and practical discussion of construction of optical apparatus, contemporaiy 
understandings of phenomena it is truly fascinating to modern physicists, astronomers, mathe¬ 
maticians. Foreword by Albert Einstein. Preface by I. B. Cohen of Harvard University. 7 pages 
of portraits, facsimile pages, letters, etc. cxvi -f- 414pp. 5 7s x 8. S205 Paperbound $2.00 

THE PRINCIPLE OF REUTIVITY, A. Einstein, H. Lorentz, M. Minkowski, H. Weyl. These are the 
11 basic papers that founded the general and special theories of relativity, all translated into 
English, two papers by Lorentz on the Michelson experiment, electromagnetic phenomena. 
Minkowski's SPACE & TIME, and Weyl's GRAVITATION & ELECTRICITY. 7 epoch-malting papers 
by Einsteim ELECTROMAGNETICS OF MOVING BODIES, INFLUENCE OF GRAVITATION IN PROP¬ 
AGATION OF LIGHT, COSMOLOGICAL CONSIDERATIONS, GENERAL THEORY, and 3 others. 7 
diagrams. Special notes by A. Sommerfeid.j 224pp. SVt x 8. S6] Paperbound $1.75 



THE ANALYTICAL THEORY OF HEAT, Joseph Fourior. This book, which revolurioni2ed mathe* 
maticol physics, is listed in the Great Books progrom, and many other listings of great books. 
It has been used with profit by generations of mathematicians and physicists who are interested 
in either heat or in the application of the Fourier integral. Covers cause and reflections of rays 
of heat, radiant heating, heating of closed spaces, use of trigonometric series in the theory of 
heat, Fourier integral, etc. Translated by Alexander Freeman. 20 figures, xxii -j- 466pp. 
SVa X 8. 593 Paperbound $2.00 

THE WORKS OF ARCHIMEDES, edited by T. L. Heath. All the known works of the great Greek 
mathematician are contained in this one volume, including the recently discovered Method of 
Archimedes. Contains: On Sphere & Cylinder, Measurement of a Circle, Spirals, Concids, Spher¬ 
oids, etc. This is the definitive edition of the greatest mathematical intellect of the ancient 
world. 186-page study by Heath discusses Archimides and the history of Greek mathematics. 
Bibliography. 563pp. 5Ve x 8. S9 Paperbound $2.00 

A PHILOSOPHICAL ESSAY ON PROBABILITIES, Marquis de Laplace. This famous essay explains 
without recourse to mathematics the principle of probability, and the application of probability 
to games of chance, natural philosophy, astronomy, many other fields. Translated from the 
6th French edition by F. W. Truscott, F. L. Emory, with new introduction for this edition by 
E. T. Bell. 204pp. 5% x 8. 5166 Paperbound $1.25 

INVESTIGATIONS ON THE THEORY OF THE BROWNIAN MOVEMENT, Albert Einstein. Reprints 
from rare European journals. 5 basic papers, including the Elementary Theory of the Brownian 
Movement, written at the request of Lorentz to provide a simple explanation. Translated by 
A. D. Cowper. Annotated, edited by R. Fiirth. 33pp. of notes elucidate, give history of pre¬ 
vious investigations. Author, subject indexes. 62 footnotes. 124pp. SVa x 8. 

5304 Paperbound $1.25 

THE GEOMETRY OF REN& DESCARTES. With this book Descartes founded analytical geometry. 
Original French text, with Descartes' own diagrams, and excellent Smith-Latham translation. 
Contains Problems the Construction of Which Requires Only Straight Lines and Circles; On the 
Nature of Curved Lines; On the Construction of Solid or Supersolid Problems. Notes. Diagrams. 
258pp. 5% X 8. 568 Paperbound $1.50 

DIALOGUES CONCERNING TWO NEW SCIENCES, Galileo Galilei. This classic of experimental 
science, mechanics, engineering, is as enjoyable as it is important. Based on 30 years' ex¬ 
perimentation and characterized by its author os "superior to everything else of mine," it offers 
a lively exposition of dynamics, elasticity, sound, ballistics, strength of materials, and the sci¬ 
entific method. Translated by H. Grew and A. de Salvio. 126 diagrams. Index, xxi -f- 288pp. 
5Ve X 8. 599 Paperbound $1.65 

TREATISE ON ELECTRICITY AND MAGNETISM, James Clerk Maxwell. For more than 80 years a 
seemingly inexhaustible source of leads for physicists, mathematicians, engineers. Total of 
1082pp. on such topics as Measurement of Quantities, Electrostatics, Elementary Mathematical 
Theory of Electricity, Electrical Work and Energy in a System of Conductors. General Theorems, 
Theory of Electrical Images, Electrolysis, Conduction, Polarization, Dielectrics, Resistance, etc. 
'The greatest mathematical physicist since Newton, ’ Sir James Jeans. 3rd edition. 107 figures, 

21 plates. 1082pp, S’/a x 8. SI 86 Clothbound $4.95 

PRINCIPLES OF PHYSICAL OPTICS, Ernst Mach. This classical examination of the propagation of 
light, color, polarization etc. offers a historical and philosophical treatment that has never been 
surpassed for breadth and easy readability. Contents: Rectilinear propagation of light. Reflec¬ 
tion, refraction. Early knowledge of vision Dioptrics. Composition of light. Theory of color 
and dispersion. Periodicity. Theory of interference. Polarization. Mathematical representation 
of properties of light. Propagation of waves, etc. 279 illustrations, 10 portraits. Appendix. 
Indexes. 324pp. 5Vb x 8. 5178 Paperbound $1.75 

THEORY OF ELECTRONS AND ITS APPLICATION TO THE PHENOMENA OF LIGHT AND RADIANT 
HEAT, H. Lorentz. Lectures delivered at Columbia University by Nobel laureate Lorentz. Un¬ 
abridged, they form a historical coverage of the theory of free electrons, motion, absorption 
of heat, Zeeman effect, propagation of light in molecular bodies, inverse Zeeman effect, optical 
phenomena in moving bodies, etc. 109 pages of notes explain the more advanced sections. 
Index. 9 figures. 352pp. 5V8 x 8. 5173 Paperbound $1.85 

MATTER A MOTION, James Clerk Maxwell. This excellent exposition begins with simple particles 
and proceeds gradually to physical systems beyond complete analysis: motion, force, properties 
of centre of mass of material system, work, energy, gravitation, etc. Written with all Maxwell's 
original insights and clarityl Notes by E. Larmor. 17 diagrams. 178pp. 5Va x 8. 

5188 Paperbound $1.25 

AN INTRODUCTION TO THE STUDY OF EXPERIMENTAL MEDICINE, Claude Bernard. 90 year old 
clossic of medical science, only major work of Bernard available in English, records his efforts 
to transform physiology into exact science. Principles of scientific research illustrated by specific 
case histories from his work; roles of chance, error, preliminary false conclusions, in leading 
eventually to scientific truth; use of hypothesis. Much of modern application of mathematics to 
biology rests on the foundation set down here. New foreword by Professor I. B. Cohen, Harvard 
Univ. XXV -j- 266pp. 5Va x 8. T400 Paperbound $1.S0 



PRINCIPLES OF MECHANICS, Heinrich Hertz. This last work by the great 19th century physicist 
is not only a classic, but of great interest in the logic of science. Creating a new system of 
mechanics based upon space, time, and mass, it returns to axiomatic analysis, to understanding 
of the formal or structural aspects of science, taking into account logic, observation, and a priori 
elements Of great historical importance to Poincare, Carnap, Einstein, Milne. A 20-page in¬ 
troduction by R. S. Cohen, Wesleyan University, analyzes the implications of Hertz s thought and 
the logic of science. Bibliography. 13-page introduction of Helmholtz, xiii -f- 274pp. 5% x 8. 

5316 Clothbound $3.50 
5317 Paperbound $1.75 

ANIMALS IN MOTION, Eadweard Muybridge. Largest, most comprehensive selection of Muy¬ 
bridge's famous action photos of animals, from his ANIMAL LOCOMOTION. 3919 high-speed 
shots of 34 different animals and birds in 123 different types of action, horses, mules, oxen, 
pigs, goats, camels, elephants, dogs, cats, guanacos, sloths, lions, tigers, jaguars, raccoons, 
baboons, deer, elk, gnus, kangaroos, many others, in different actions—walking, running, 
flying, leaping Horse alone shown in more than 40 different ways. Photos taken against ruled 
backgrounds, most actions taken from 3 angles at once- 90®, 60®, rear. Most plates original 
size. Of considerable interest to scientists as a classic of biology, as a record of actual facts 
of natural history and physiology. "A really marvellous senes of plates," NATURE (London). 

"A monumental work," Waldemar Kaempffert. Photographed by E. Muybridge. Edited by L. S. 
Brown, American Museum of Natural History. 74-pagc introduction on mechanics of motion. 
340 pages of plates, 3919 photographs. 416pp. Deluxe binding, paper. (Weight 4'/? lbs.) 
7% X 10%. T203 Clothbound $10*.00 

THE HUMAN FIGURE IN MOTION, Eadweard Muybridge. This new edition of a great classic in 
the history of science and photography is the largest selection ever made from the original 
Muybridge photos of human action. 4789 photographs, illustrating 163 types of motion, walking, 
running, lifting, etc. in time-exposure sequence photos at speeds up to 1/6000th of a second. 
Men, women, children, mostly undraped, showing bone and muscle positions against ruled 
backgrounds, mostly taken at 3 angles at once. Not only was this a great work of photography, 
acclaimed by contemporary critics os a work of genius, it was also a great 19th century land¬ 
mark in biological research. Historical introduction by Prof. Robert Taft, U. of Kansas. Plates 
original size, full detail. Over 500 action strips. 407pp. 7y^ x lOVg. 

T204 Clothbound $10.00 

ON THE SENSATIONS OF TONE, Hermann Helmholtz. This is an unmatched coordination of such 
fields as acoustical physics, physiology, experiment, history of music. It covers the entire gamut 
of musical tone. Partial contents: relation of vibiation, resonance, analysis of tones by sym¬ 
pathetic resonance, beats, chords, tonality, consonant chords, discords, progression of parts, etc. 
33 appendixes discuss various aspects of sound, physics, acoustics, music, etc. Translated 
by A. J. Ellis. New introduction by Prof. Henry Margenau of Yale. 68 figures. 43 musical 
passages analyzed. Over 100 tables. Index, xix -f- 576pp. 6Ye x9y4. 

5114 Clothbound $4.95 

COLLECTED WORKS OF BERNHARD RIEMANN. This important source book is the first to contain 
the complete text of both 1892 Werke and the 1902 supplement, unabridged. It contains 31 
monographs, 3 complete lecture courses, 15 miscellaneous papers, which have been of enor¬ 
mous importance in relativity, topology, theory of complex variables, and other areas of mathe¬ 
matics. Edited by R. Dedekind, H. Weber, M. Noether, W. Wirtinger. German text. English 
introduction by Hans Lewy. 690pp. SVa x 8. 5226 Paperbound $2.85 

CONTRIBUTIONS TO THE FOUNDING OF THE THEORY OF TRANSFINITE NUMBERS, Georg Cantor. 
These papers founded a new branch of mathematics. The famous articles of 1895-7 are trans¬ 
lated with an 82-page introduction by P. E. B. Jourdain dealing with Cantor, the background 
of his discoveries, their results, future possibilities. Bibliography. Index. Notes, ix -f- 211pp. 
5% X 8. S45 Paperbound $1.25 

PRINCIPLES OF PSYCHOLOGY, William James. This is the complete "Long Course," which is not 
to be confused with abridged editions. It contains all the wonderful descriptions, deep insights 
that have caused it to be a permanent work in all psychological libraries. Partial contents; 
functions of the brain, automation theories, mind-stuff theories, relation of mind to other things, 
consciousness, times, space, thing perception, will, emotions, hypnotism, and dozens of other 
areas in descriptive psychology. "A permanent classic like Locke’s ESSAYS, Hume's TREATISE, ' 
John Dewey. "The preeminence of James in American psychology is unquestioned," PERSONALIST. 
"The American classic in psychology—unequaied in breadth and scope in the entire psychological 
literature," PSYCHOANALYTICAL QUARTERLY. Index. 94 figures. 2 volumes bound as one. 
Total of 1408pp, T381 Vol, 1. Paperbound $2.00 

T382 Vol. 2. Paperbound $2.00 

RECREATIONS 
SEVEN SCIENCE FICTION NOVELS OF H. G. WELLS. This is the complete text, unabridged, of 
seven of Wells’s greatest novels: War of the Worlds, The Invisible Man, The Islond of Dr, 
Moreau, The Food of the Gods, The First Men in the Moon, In the Days of the Comet, The 
Time Machine. Still considered by many experts to be the best science-fiction ever written, 
they will offer amusement and instruction to the scientific-minded reader. 1015pp. 5% x 8, 

T264 Clothbound $3.95 



28 SCIENCE FICTION STORIES OF H. G. WELLS. Unabridged! This enormous omnibus contains 
2 full-length novels—Men Like Gods, Star Begotten—plus 26 short stories of space, time, in¬ 
vention, biology, etc. The Crystal Egg, The Country of the Blind, Empire of the Ants, The Man 
Who Could Work Miracles, Aepyornis Island, A Story of the Days to Come, and 22 others! 
91Spp. 5% X 8. T265 Clothbound $3.95 

FLATLAND, E. A. Abbott. This is a perennially popular science-fiction classic about life in a 
tviro-dimensioned world, and the impingement of higher dimensions. Political, satiric, humorous, 
moral overtones. Relativity, the fourth dimension, and other aspects of modern science are 
explained more clearly than in most texts. 7th edition. New introduction by Banesh Hoffmann. 
128pp. SYb X 8. T1 Paperbound $1.00 

CRYPTANALYSIS, Helen F. Gaines. (Formerly ELEMENTARY CRYPTANALYSIS.) A standard ele¬ 
mentary and intermediate text for serious students. It does not confine itself to old material, 
but contains much that is not generally known except to experts. Concealment, Transposition, 
Subsititution ciphers; Vigenere, Kasiski, Playfair, multafid, dozens of other techniques. Appendix 
with sequence charts, letter frequencies in English, 5 other languages, English word frequencies. 
Bibliography. 167 codes. New to this edition; solutions to codes, vi -f- 230pp. 5% x SYg. 

T97 Paperbound $1.95 

FADS AND FALLACIES IN THE NAME OF SCIENCE, Marlin Gardner. Examines various cults, 
quack systems, frauds, delusions which at various times have masqueraded as science. Accounts 
of hollow-earth fanatics like Symmes; Velikovsky and wandering planets; Hoerbiger; Bellamy 
and the theory of multiple moons, Charles Fort, dowsing, pseudoscientific methods for finding 
water, ores, oil. Sections on naturopathy, iridiagnosis, zone therapy, food fads, etc. Analytical 
accounts of Wilhelm Reich and orgone sex energy,- L. Ron Hubbard and Dianetics; A. Korzybski 
and General Semantics; many others. Brought up to date to include Bridey Murphy, others. 
Not just a collection of anecdotes, but a fair, reasoned appraisal of eccentric theory. Formerly 
titled IN THE NAME OF SCIENCE. Preface. Index, x -j- 384pp. 5V» x 8. 

T394 Paperbound $1.50 

REINFELD ON THE END GAME IN CHESS, Fred Reinfeld. Analyzes 62 end games by Alekhine, 
Flohr, Tarrasch, Morphy, Bogolyubov, Capablanca, Vidmat, Rubinstein, Lasker, Reshevsky, other 
masters. Only first-rate book with extensive coverage of error; of immense aid in pointing out 
errors you might have made. Centers around transitions from middle play to various types of 
end play. King & pawn endings, minor piece endings, queen endings, bad bishops, blockage, 
weak pawns, passed pawns, etc. Formerly titled PRACTICAL END PLAY. 62 figures, vi -f- 177pp. 
SYb X 8. T417 Paperbound $1.25 

PUZZLE QUIZ AND STUNT FUN, Jerome Meyer. 238 high-priority puzzles, stunts, and tricks— 
mathematical puzzles like The Clever Carpenter, Atom Bomb, Please Help Alice,- mysteries and 
deductions like The Bridge of Sighs, Dog Logic, Secret Code,- observation puzzlers like The 
American Flag, Playing Cards, Telephone Dial; more than 200 others involving magic squares, 
tongue twisters, puns, anagrams, word design. Answers included. Revised, enlarged edition 
of FUN-TO-DO. Over 100 illustrations. 238 puzzles, stunts, tricks. 256pp. SYs x 8. 

T337 Paperbound $1.00 

THE BOOK OF MODERN PUZZLES, G. L. Kaufman. More than 150 word puzzles, logic puzzles. 
No warmed-over fare but all new material based on same appeals that make crosswords and 
deduction puzzles popular, but with different principles, techniques. Two-minute teasers, in¬ 
volved word-labyrinths, design and pattern puzzles, puzzles colling for logic and observation, 
puzzles testing ability to apply general knowledge to peculiar situations, many others. Answers 
to all problems. 116 illustrations. 192pp. SYi x 8. T143 Paperbound $1.00 

101 PUZZLES IN THOUGHT AND LOGIC by C. R. Wylie, Jr, Designed for readers who enjoy 
the challenge and stimulation of logical puzzles without specialized mathematical or scientific 
knowledge. These problems are entirely new and range from relatively easy, to brainteasers 
that will afford hours of subtle entertainment. Detective problems, how to find the lying fisher¬ 
man, how a blindman can identify color by logic, and many more. Easy-to-understand intro¬ 
duction to the logic of puzzle solving and general scientific method. 128pp. SYs x 8. 

T367 Paperbound $1.00 

MATHEMAGiC, MAGIC PUZZLES, AND GAMES WITH NUMBERS, Royal V. Heath. Over 60 new 
puzzles and stunts based on properties of numbers. Demonstrates easy techniques for multiply¬ 
ing large numbers mentally, identifying unknown numbers, determining date of any day in 
any year, dozens of similar useful, entertaining applications of mathematics. Entertainments 
like The Lost Digit, 3 Acrobats, Psychic Bridge, magic squares, triangles, cubes, circles, other 
material not easily found elsewhere. Edited by J. S. Meyer. 76 illustrations. 128pp. 5Y» x 8. 

TllO Paperpound $1.00 

LEARN CHESS FROM THE MASTERS, Fred Reinfeld. Improve your chess, rate your improvement, 
by playing against Marshall, Znosko-Borovsky, Bronstein, Najdorf, others. Formerly titled 
CHESS BY YOURSELF, this book contains 10 games in which you move against masters, and 
grade your moves by an easy system. Games selected for interest, clarity, easy principles; 
illustrate common openings, both classical and modern. Ratings for 114 extra playing situations 
that might have arisen. Full annotations. 91 diagrams, viii -f- 144pp. SYt'X 8. 

T362 Paperbound $1.00 



THi COMPLETE NONSENSE OF EDWARD LEAR. Original text & illustrations of all Lear's non¬ 
sense books: A BOOK OF NONSENSE, NONSENSE SONGS, MORE NONSENSE SONGS, LAUGH¬ 
ABLE LYRICS, NONSENSE SONGS AND STORIES. Only complete edition ovailable at popular 
price. Old favorites such as The Dong With a Luminous Nose, hundreds of other delightful bits 
of nonsense for children & adults. 214 different limericks, each illustrated by Lear; 3 different 
sets of Nonsense Botany; 5 Nonsense Alphabets; many others. 546 illustrations. 320pp. S’/g x 8. 

T167 Paperbound $1.00 

CRYPTOGRAPHY, D. Smith. Excellent elementary introduction to enciphering, deciphering secret 
writing. Explains transposition, substitution ciphers,- codes,- solutions. Geometrical patterns, 
route transcription, columnar transposition, other methods. Mixed cipher systems,- single-alphabet, 
polyalphabetical substitution; mechanical devices; Vigenere system, etc. Enciphering Japanese; 
explanation of Baconian Biliteral cipher frequency tables. MoYe than 150 problems provide 
practical application. Bibliography. Index. I64pp. 5Vb x 8. T247 Paperbound $1.00 

MATHEMATICAL EXCURSIONS, Helen A. Merrill. Fun, recreation, insights into elementary prob¬ 
lem-solving. A mathematical expert guides you along by-paths not generally travelled in ele¬ 
mentary math courses—how to divide by inspection, Russian peasant system of multiplication,- 
memory systems for pi; building odd and even magic squares,- dyadic systems,- facts about 37; 
square roots by geometry,- Tchebichev's machine,- drawing five-sided figures; dozens more. 
Solutions to more difficult ones. 50 illustrations. 145pp. 5Va x 8. T350 Paperbound $1.00 

MATHEMATICAL RECREATIONS, M. Kraitchik. Some 250 puzzles, problems, demonstrations of 
recreational mathematics for beginners & advanced mathematicians. Unusual historical problems 
from Greek, Medieval, Arabic, Hindu sources,- modern problems based on “mathematics without 
numbers, ’ geometry, topology, arithmetic, etc. Pastimes derived from figurative numbers, Mer- 
senne numbers, Fermat numbers; fairy chess, latruncles, reversi, many other topics. Full solutions. 
Excellent for insights into special fields of math. 181 illustrations. 330pp. 5% x 8. 

T163 Paperbound $1.75 

MATHEMATICAL PUZZLES FOR BEGINNERS AND ENTHUSIASTS, G. Mott-Smith. 188 mathematical 
puzzles to test mental agility. Inference, interpretation, algebra, dissection of plane figures, 
geometry, properties of numbers, decimation, permutations, probability, all enter these delightful 
problems. Puzzles like the Odic Force, How to Draw an Ellipse, Spider's Cousin, more than 
180 others. Detailed solutions. Appendix with square roots, triangular numbers, primes, etc. 
135 illustrations. 2nd revised edition. 248pp. 5Vg x 8. T198 Paperbound $1.00 

NEW WORD PUZZLES, Gerald L. Kaufman. Contains 100 brand new challenging puzzles based 
on words and theii combinations, never published before in any form. Most are new types 
invented by the author—for beginners or experts. Chess word puzzles, addle letter anagrams, 
double word squares, double horizontals, alphagram puzzles, dual acrostigrams, linkogram 
lapwords—plus 8 other brand new types, all with solutions included. 196 figures. 100 brand 
new puzzles, vi 122pp. 5V» x 8. T344 Paperbound $1.00 

MATHEMATICS, MAGIC AND MYSTERY, Martin Gardner. Card tricks, feats of mental mathe¬ 
matics, stage mind-reading, other “ magic ' explained as applications of probability, sets, theory 
of numbers, topology, various branches of mathematics. Creative examination of laws and their 
application, with sources of new tricks and insights. 115 sections discuss tricks with cards, 
dice, coins; geometrical vanishing tricks, dozens of others. No sleight of hand needed; mathe¬ 
matics guarantees success. 115 illustrations, xii 174pp. 5Vg x 8. T335 Paperbound $1.00 

MATHEMATICS ELEMENTARY TO INTERMEDIATE 
HOW TO CALCULATE QUICKLY, Henry Sticker. This handy volume offers a tried and true method 
for helping you in the basic mathematics of daily life—addition, subtraction, multiplication, di¬ 
vision, fractions, etc. It is designed to awaken your "number sense " or the ability to see rela¬ 
tionships between numbers as whole quantities. It is not a collection of tricks working only on 
special numbers, but a serious course of over 9,000 problems and their solutions, teaching 
special techniques not taught in schools: left-to-right multiplication, new fast ways of division, 
etc. 5 or 10 minutes daily use will double or triple your calculation speed. Excellent for the 
scientific worker who is ot home in higher math, but is not satisfied with his speed and accuracy 
in lower mathematics. 256pp. 5x774. T295 Paperbound $1.00 

FAMOUS PROBLEMS OF ELEMENTARY GEOMETRY, Felix Klein. Expanded version of the 1894 
Easter lectures at Gottingen. 3 problems of classical geometry: sauaring circle, trisecting angle, 
doubling cube, considered with full modern implications: transcendental numbers, pi, etc. Notes 
by R. Archibald. 16 figures, xi -{- 92pp. SVi x 8. T348 Clothbound $1.50 

T298 Paperbound $1.00 

HIGHER MATHEMATICS FOR STUDENTS OF CHEMISTRY AND PHYSICS, J. W. Mellor. Not abstract, 
but proctical, building its problems out of familiar laboratory material, this covers differential 
calculus, coordinote, analytical geometry, functions, integral calculus, infinite series, numerical 
equations, differential equations, Fourier's theorem, probability, theory of errors, calculus of 
variations, determinants, "if the reoder is not familiar with this book, it will repay him to 
examine it," CHEM. & ENGINEERING NEWS. 800 problems, 189 figures. Bibliography, xxi 
4* 641pp. 5y$x6. SI 93 Paperoounid $2.00 



TRIGONOMETRY REFRESHER FOR TECHNICAL MEN, A. Albert Klaf. 913 detailed questions and 
answers cover the most important aspects of plane and sphericol trigonometry. They will help 
you to brush up or to clear up difficulties in special areas.—The first portion of this book covers 
plane trigonometry, including angles, quadronts, trigonometrical functions, graphical representa¬ 
tion, interpolation, equations, logarithms, solution of triangle, use of the slide rule and similar 
topics-188 pages then discuss application of plane trigonometry to special problems in naviga¬ 
tion, surveying, elasticity, architecture, and various fields of engineering. Small angles, periodic 
functions, vectors, polar coordinates, De Moivre’s theorem are fully examined—The third section 
of the book then discusses spherical trigonometry and the solution of spherical triangles, with 
their applications to terrestrial and astronomical problems. Methods of saving time with nu¬ 
merical calculations, simplification of principal functions of angle, much practical information 
make this a most useful book—913 questions answered. 1738 problems, answers to odd num¬ 
bers. 494 figures. 24 pages of useful formulae, functions. Index, x -f- 629pp. 5Vs x 8. 

T371 Paperbound $2.00 

CALCULUS REFRESHER FOR TECHNICAL MEN, A. Albert Klaf. This book is unique in English as 
a refresher for engineers, technicians, students who either wish to brush up their calculus or 
to clear up uncertainties. It is not on ordinary text, but an examination of most important 
aspects of integral and differential calculus in terms of the 756 questions most likely to occur 
to the technical reader. The first part of this book covers simple differential calculus, with con¬ 
stants, variables, functions, increments, derivatives, differentiation, logarithms, curvature of 
curves, and similar topics—The second part covers fundamental ideas of integration, inspection, 
substitution, transformation, reduction, areas and volumes, mean value, successive and partial 
integration, double and triple integration. Practical aspects are stressed rather than theoretical. 
A 50-page section illustrates the applicotion of calculus to specific problems of civil and nautical 
engineering, electricity, stress and strain, elasticity, industrial engineering, and similar fields.— 
756 questions answered. 566 problems, mostly answered. 36 pages of useful constants, for¬ 
mulae for ready reference. Index, v -f- 431pp. 5Vs x 8. T370 Paperbound $2.00 

MONOGRAPHS ON TOPICS OF MODERN MATHEMATICS, edited by J. W. A. Young. Advanced 
mathematics for persons who haven't gone beyond or have forgotten high school algebra. 9 
monographs on foundation of geometry, modern pure geometry, non-Euclidean geometry, fun¬ 
damental propositions of algebra, algebraic equations, functions, calculus, theory of numbers, 
etc. Each monograph gives proofs of important results, and descriptions of leading methods, to 
provide wide coverage. New introduction by Prof. M. Kline, N. Y, University. 100 diagrams, 
xvi -f- 4) 6pp. 6'/* x9y4. S289 Paperbound $2,00 

MATHEMATICS; INTERMEDIATE TO ADVANCED 
INTRODUCTION TO THE THEORY OF FOURIER'S SERIES AND INTEGRALS, H. S, Carslaw. 3rd 
revised edition. This excellent introduction is an outgrowth of the author's courses at Cambridge. 
Historical introduction, rational and irrational numbers, infinite sequences and series, functions 
of a single variable, definite integral, Fourier series, Fourier integrals, and similar topics. 
Appendixes discuss practical harmonic analysis, periodogram analysis, Lebesgues theory. Indexes. 
84 examples, bibliography, xiii 368 pp. 5V« x 8. S46 Paperbound $2.00 

INTRODUCTION TO THE THEORY OF NUMBERS, L. E. Dickson. Thorough, comprehensive approach 
with adequate coverage of classical literature, an introductory volume beginners can follow. 
Chapters on divisibility, congruences, quadratic residues & reciprocity, Diophantine equations, etc. 
Full treatment of binary quadratic forms without usual restriction to integral coefficients. Covert 
infinitude of primes, least residues, Fermat’s theorem, Euler’s phi function, Legendre's symbol. 
Gauss's lemma, automorphs, reduced forms, recent theorems of Thue & Siegel, many more. 
Much material not readily available elsewhere, 239 problems. Index. 1 figure, viii -f- 183pp. 
5% X 8. S342 Paperbound $1.65 

MECHANICS VIA THE CALCULUS, P. W. Norris, W. S. Legge. Covers almost everything from 
linear motion to vector analysis: equations determining motion, linear methods, compounding of 
simple harmonic motions, Newton's laws of motion, Hooke's law, the simple pendulum, motion 
of a particle in 1 plane, centers of gravity, virtual work, friction, kinetic energy of rotating 
bodies, equilibrium of strings, hydrostatics, sheering stresses, elasticity, etc. 550 problems. 3rd 
revised edition, xii 367pp. S207 Clothbound $3.95 

NON'EUCLIOEAN GEOMETRY, Roberto Bonolo. The standard coverage of non-Euclidean geometry. 
It examines from both a historical and mathematical point of view the geometries which have 
arisen from a study of Euclid's 5th postulate upon parallel lines. Also included are complete 
texts, translated, of Bolyai’s THEORY OF ABSOLUTE SPACE, Lobachevsky's THEORY OF PARALLELS. 
180 diagrams. 431pp. 5*/i x 8. S27 Paperbound $1.95 

ELEMENTS OF THE THEORY OF REAL FUNCTIONS, J. E. Lilfiewood. Bosed on lectures given at 
Trinity College, Cambridge, this book has proved to be extremely successful in introducing 
groduate students to the modern theory of functions. It offers a full and concise coverage of 
classes and cardinal numbers, well-ordered series, other types of series, and elements of the 
theory of sets of points. 3rd revised edition, vil -f- 71pp. 5*/* x 8. SI71 Clothbound $2.RS 

5172 Paperbound $1.25 



THE CONTINUUM AND OTHER TYPES OF SERIAL ORDER, E. V. HunHngton. This famous book 
gives a systematic elementary account of the mociern history of the continuum os o type of 
serial order. Based on the Cantor-Dedekind ordinal theory, which requires no technical knowledge 
of higher mathematics, it offers an easily followed analysis of ordered classes, discrete and 
dense series, continuous series. Cantor's transfinite numbers. 2nd edition. Index, viii + 82pp, 
5Vjx8. S129 Clothbound $2.75 

SI 30 Paperbound $1.00 

GEOMETRY OF FOUR DIMENSIONS, H. P. Manning. U nique in English as a clear, concise intro¬ 
duction. Treatment is synthetic, and mostly Euclidean, although in hyperplanes and hyperspheres 
at infinity, non-Euclidean geometry is used. Historical introduction. Foundations of 4-dimensional 
geometry. Perpendicularity, simple angles. Angles of planes, higher order. Symmetry, order, 
motion; hyperpyramids, hypercones, hyperspheres; figures with parallel elements; volume, hyper¬ 
volume in space; regular polyhedroids. Glossory. 78 figures, ix -f- 348pp. 5 Vs x 8. 

5181 Clothbound $3.95 
5182 Paperbound $1.95 

VECTOR AND TENSOR ANALYSIS, G. E. Hay. One of the clearest introductions to this increasingly 
important subject. Start with simple definitions, finish the book with a sure mastery of oriented 
Cartesian vectors, Christoffel symbols, solenoidal tensors, and their applicatioris. Complete break¬ 
down of plane, solid, analytical, differential geometry. Separate chapters on application. All 
fundamental formulae listed & demonstrated. 195 problems, 66 figures, viii -f- 193pp. 5% x 8. 

SI09 Paperbound $1.75 

INTRODUCTION TO THE DIFFERENTIAL EQUATIONS OF PHYSICS, L. Hopf. Especially valuable 
to the engineer with no math beyond elementary calculus. Emphasizing intuitive rather than 
formal aspects of concepts, the author covers an extensive territory Partial contents; Law of 
causality, energy theorem, damped oscillations, coupling by friction, cylindrical and spherical 
coordinates, heat source, etc. Index, 48 figures. 160pp. 5% x 8. Si20 Paperbound $1.25 

INTRODUCTION TO THE THEORY OF GROUPS OF FINITE ORDER, R. Carmichael. Examines funda¬ 
mental theorems and their application. Beginning with sets, systems, permutations, etc., it 
progresses in easy stages through important types of groups; Abelian, prime power, permutation, 
etc. Except 1 chapter where matrices are desirable, no higher math needed. 783 exercises, 
problems. Index, xvi + 447pp. 5Va x 8. S299 Clothbound $3.95 

S300 Paperbound $2.00 

THEORY OF GROUPS OF FINITE ORDER, W. Burnside. Fi rst published some 40 years ago, this is 
still one of the clearest introductory texts. Partial contents; permutations, groups independent 
of representation, composition series of a group, isomorphism of a group with itself. Abelian 
groups, prime power groups, permutation groups, invariants of groups of linear substitution, 
graphical representation, etc. 45pp. of notes. Indexes, xxiv 512pp. 5Vj x 8. 

S38 Paperbound $2.45 

INFINITE SEQUENCES AND SERIES, Konrad Knopp. First publication in any language! Excellent 
introduction to 2 topics of modern mathematics, designed to give the student background to 
penetrate farther by himself. Sequences & sets, real & complex numbers, etc. Functions of a 
real & complex variable. Sequences & series. Infinite series. Convergent power series. Expansion 
of elementary functions. Numerical evaluation of senes. Bibliography, v 186pp. 5V» x 8. 

SI52 Clothbound $3.50 
SI 53 Paperbound $1.75 

THEORY OF SETS, E. Kamke. Clearest, amplest introduction in English, well suited for independent 
study. Subdivisions of main theory, such as theory of sets of points, are discussed, but emphasis 
is on general theory. Partial contents: rudiments of set theory, arbitrary sets and their cardinal 
numbers, ordered sets and their order types, well-ordered sets and their ordinal numbers. 
Bibliography. Key to symbols. Index, vii -j- 144pp. 5% x 8. S141 Paperbound $1.35 

ELEMENTS OF NUMBER THEORY, I. M. Vinogradov. Detailed 1st course for persons without 
advanced mathematics; 95% of this book can be understood by readers who have gone no 
farther than high school algebra. Partial contents: divisibility theory, important number theoretical 
functions, congruences, primitive roots and indices, etc. Solutions to both problems and exercises. 
Tables of primes, indices, etc. Covers almost every essential formula in elementary number 
theoryl 233 problems, 104 exercises, viii 4- 227pp. 5% x 8. S259 Paperbound $1.60 

FIVE VOLUME “THEORY OF FUNCTIONS” SET BY KONRAD KNOPP. This five volume set, prepared 
by Konrad Knopp, provides a complete and readily followed account of theory of functions. 
Proofs ore given concisely, yet without sacrifice of completeness or rigor. These volumes are 
used as texts by such universities as AA.I.T., University of Chicago, N. Y. City College, and many 
others. "Excellent introduction . . . remarkably readable, concise, clear, rigorous," JOURNAL 
OF THE AMERICAN STATISTICAL ASSOCIATION. 

ELEMENTS OF THE THEORY OF FUNCTIONS, Konrad Knopp. This book provides the student with 
background for further volumes in this set, or texts on a similar level. Partial contents: Founda¬ 
tions, system of complex numbers and the Gaussian plane of numbers, Riemann sphere of numbers, 
mapping by linear functions, normal forms, the logarithm, the cyclometric functions and binomial 
series. "Not only for the young student, but also for the student who knows all about what is 
in it," MATHEMATICAL JOURNAL. Bibliography. Index. 140pp. 57, x 8. S154 Paperbound $1.35 



THEORY OF FUNCTIONS, FART I,, Konrad Knopp. With volume II, this book provides coverage 
of basic concepts and theorems. Partial contents; numbers and points, functions of a complex 
variable, integral of a continuous function, Cauchy's integral theorem, Cauchy's integral formulae, 
series with variable terms, expansion of analytic functions in power series, analytic continuation 
and complete definition of analytic functions, entire transcendental functions, Laurent expansion, 
types of singularities. Bibliography. Index, vii --f- 146pp. 5% x 8. SI 56 Paperbound $1.35 

THEORY OF FUNCTIONS, PART II., Konrad Knopp. Application and further development of general 
theory, special topics. Single valued functions: entire, Weierstrass. Meromorphic functions: 
Mittag-Leffler. Periodic functions. Multiple-valued functions. Riemann surfaces. Algebraic func¬ 
tions. Analytical configuration, Riemann surface. Bibliography. Index, x -f- 150pp. 5 Vs x 8. 

SI 57 Paperbound $1.35 

PROBLEM BOOK IN THE THEORY OF FUNCTIONS, VOLUME 1., Konrad Knopp. Problems in 
elementary theory, for use with Knopp's THEORY OF FUNCTIONS, or any other text, arranged 
according to increasing difficulty. Fundamental concepts, sequences of numbers and infinite 
series, complex variable, integral theorems, development in series, conformal mapping. Answers, 
viii -f- 126pp. 5V» X 8. S158 Paperbound $1.35 

■ PROBLEM BOOK IN THE THEORY OF FUNCTIONS, VOLUME 2, Konrad Knopp. Advanced theory 
of functions, to be used either with Knopp's THEORY OF FUNCTIONS, or any other comparable 
text. Singularities, entire & meromorphic functions, periodic, analytic, continuation, multiple¬ 
valued functions, Riemann surfaces, conformal mapping. Includes a section of additional 
elementary problems. ‘ The difficult task of selecting from the immense material of the modern 
theory of functions the problems just within the reach of the beginner is here masterfully 
accomplished, ’' AM. MATH. SOC. Answers. 138pp. SVa x 8. S159 Paperbound $1.35 

SYMBOLIC LOGIC 
AN INTRODUCTION TO SYMBOLIC LOGIC, Susanne K. Longer. Probably the clearest book ever 
written on symbolic logic for the philosopher, general scientist and layman. It will be particularly 
appreciated by those who have been rebuffed by other introductory works because of insufficient 
mathematical training. No special knowledge of mathematics is required. Starting with the 
simplest symbols and conventions, you are led to a remarkable grasp of the Boole-Schroeder and 
Russell-Whitehead systems clearly and quickly. PARTIAL CONTENTS: Study of forms, Essentials of 
logical structure, Generalization, Classes, The deductive system of classes. The olgebra of logic. 
Abstraction of mterpretotion. Calculus of propositions. Assumptions of PRINCIPIA MATHEMATICA, 
Logistics, Logic of the syllogism. Proofs of theorems. ' One of the clearest and simplest intro¬ 
ductions to a subject which is very much ahve. The style is easy, symbolism is introduced 
gradually, and the intelligent non-mathematican should have no difficulty m following argument, " 
MATHEMATICS GAZETTE. Revised, expanded second edition. Truth-value tables. 368pp. 5Ve x 8. 

SI64 Paperbound $1.75 

THE ELEMENTS OF MATHEMATICAL LOGIC, Paul Rosenbloom. FIRST PUBLICATION IN ANY 
LANGUAGE. This book is intended for readers who are mature mathematically, but have no 
previous training in symbolic logic. It does not limit itself to a single system, but covers the 
field as a whole. It is a development of lectures given at Lund University, Sweden in 1948. 
Partial contents; Logic of classes, fundamental theorems. Boolean algebra, logic of propositions, 
logic of propositional functions, expressive languages, combinatory logics, development of mathe¬ 
matics within an object language, paiadoxes, theorems of Post and Goedel, Church’s theorem, and 
similar topics, iv 214pp. 5% x 8. S277 Paperbound $1.45 

THE LAWS OF THOUGHT, George Boole. This book founded symbolic logic some hundred years 
ago. It IS the 1st significant attempt to apply logic to all aspects of human endeavour. Partial 
contents: derivation of laws, signs & laws, interpretations, eliminations, conditions of a perfect 
method, analysis, Aristotelian logic, probability, and similar topics, xviii -f- 424pp. 5V» x 8. 

S28 Paperbound $2.00 
ELEMENTARY MATHEMATICS FROM AN 
ADVANCED STANDPOINT, Felix Klein. 

This classic text is an outgrowth of Klein's famous integration and survey course at Gottingen. 
Using one field of mathematics to interpret, adjust, illuminate another, it covers basic topics in 
each area, illustrating its discussion with extensive analysis. It is especially valuable in consid¬ 
ering areas of modern mathematics. 'Makes the reader feel the inspiration of ... a great 
mathematician, inspiring teacher . . . with deep insight into the foundations and interrelations," 
BULLETIN, AMERICAN MATHEMATICAL SOCIETY. 

Vol. 1. ARITHMETIC, ALGEBRA, ANALYSIS. Introducing the concept of function immediately, it 
enlivens abstract discussion with graphical and geometrically perceptual methods. Partial contents: 
natural numbers, extension of the notion of number, special properties, complex numbers. Real 
equations with real unknowns, complex quantities. Logarithmic, exponential functions, goniometric 
functions, infinitesimal calculus. Transcendence of e and pi, theory of assemblages. Index. 125 
figures, ix -[- 247pp. 5% x 8. S150 Poperbound $1.75 

Vol. 2. GEOMETRY. A comprehensive view which accompanies the space perception inherent in 
geometry with analytic formulas which facilitate precise formulation. Partial contents: Simplest 
geometric manifolds: line segment, Grassmann determinant principles, classification of configura¬ 
tions of space, derivative manifolds. Geometric transformations: affine transformations, projective, 
higher point transformations, theory of the imaginary. Systematic discussion of geometry and its 
foundations. Indexes. 141 illustrations, ix -f- 214pp. 5Ve x 8. S151 Paperbound $1.75 



MATHEMATICS: ADVANCED 
ALMOST PERIODIC FUNCTIONS, A. S. Bcsicevitch. This unique and important summary by a 
well-known mathematician covers in detatl the two stages of development in Bohr s theory of 
almost periodic functions; (I) as a generalization of pure periodicity, with results and proofs,- 
(2) the work done by Stepanoff, Wiener, Weyl, and Bob'- in generalizing the theory. Bibliography. 

XI + 180pp. 5V, X 8. SI7 Clothbound $3.50 
SI 8 Paperbound $1.75 

LECTURES ON THE ICOSAHEDRON AND THE SOLUTION OF EQUATIONS OF THE FIFTH DEGREE, 
Felix Klein. The solution of quintics in terms of rotations of a regular icosahedron around its 
axes of symmetry. A classic & indispensable source for those interested m higher algebra, 
geometry, crystallography. Considerable explanatory material included. 230 footnotes, mostly 
bibliographic. 2nd edition, xvi -f- 289pp. SVa x 8. S314 Paperbound $1.85 

LINEAR INTEGRAL EQUATIONS, W. V. Lovitt. Systematic survey of general theory, with some 
application to differential equations, calculus of variations problems of math, physics. Partial 
contents: integral equations of 2nd kind by successive substitutions; Fredholm s equation as ratio 
of 2 integral series in lambda, applications of the Fredholm theory, Hilbert-Schmidt theory of* 
symmetric kernels, application, etc. Neumann, Dirichlet, vibratory problems. Index, ix 253pp. 
5% X 8. SI75 Clothbound $3.50 

Si 76 Paperbound $1.60 

MATHEMATICAL FOUNDATIONS OF STATISTICAL MECHANICS, A. I. Khinchin. Offering a precise 
and rigorous formulation of problems, this book supplies a thorough end up-to-date exposition. 
It provides analytical tools needed to replace cumbersome concepts, and furnishes for the first 
time a logical step-by-step introduction to the subject. Partial contents, geometry & kinematics 
of the phase space, ergodic problem, reduction to theory of probability, application of central 
limit problem, ideal monatomic gas, foundation of thermodynamics, dispersion and distributions 
of sum functions. Key to notations. Index, xiii -f- 179pp. 5Va x 8. SI46 Clothbound $2.95 

Si47 Paperbound $1.35 

ORDINARY DIFFERENTIAL EQUATIONS, E. t. Ince. A most compendious analysis in real and 
complex domains. Existence and nature of solutions, continuous transformation groups, solutions 
in an infinite form, definite integrals, algebraic theory, Sturmian theory, boundary problems, 
existence theorems, 1st order, higher order, etc. "Deserves the highest praise, a notable addition 
to mathematical literature," BULLETIN, AM. MATH. SOC. Historical appendix. Bibliography. 
18 figures, viii 558pp. 57* x 8. S349 Paperbound $2.55 

TRIGONOMETRICAL SERIES, Antoni Zygmund. Unique in any language on modern advanced level. 
Contains carefully organized analyses of trigonometric, ortnogonal, Fourier systems of functions, 
with clear adequate descriptions of summability of Fourier series, proximation theory, conjugate 
series, convergence, divergence of Fourier series. Especially valuable for Russian, Eastern European 
coverage. Bibliography. 329pp. 5 7* x 8. S290 Paperbound $1.50 

FOUNDATIONS OF POTENTIAL THEORY, O. D. Kellogg. Based on courses given at Harvard this 
is suitable for both advanced and beginning mathematicians. Proofs are rigorous, and much 
material not generally available elsewhere is included. Partial contents: forces of gravity, fields 
of force, divergence theorem, properties of Newtonian potentials at points of free space, potentials 
as solutions of Laplace s equations, harmonic functions, electrostatics, electric images, logarithmic 
potential, etc. ix + 384pp. 57« x 8. SI44 Paperbound $1.98 

LECTURES ON CAUCHY'S PROBLEMS, J. Hodomard. Based on lectures given ot Columbia and 
Rome, this discusses work of Riemann, Kirchhoff, Volterra, and the author’s own research on the 
hyperbolic case in linear partial differential equations. It extends spherical and cylindrical waves 
to apply to all (normal) hyperbolic equations. Partial contents: Cauchy’s problem, fundamental 
formula, equations with odd number, with even number of independent variables; method of 
descent. 32 figures. Index, iii -f- 361pp. 57* x 8. S105 Paperbound $1.75 

MATHEMATICAL PHYSICS. STATISTICS 
THE MATHEMATICAL THEORY OF ELASTICITY, A. E. H. Love. A wealth of practical illustration 
combined with thorough discussion of fundamentai$-~-theory, application, special problems and 
solutions. Partial contents: Analysis of Stroln & Stress, Elasticity of Solid Boaies, Isotropic Elastic 
Solids, Equilibrium of Aeolotropic Elastic Solids, Elasticity of Crystals, Vibration of Spheres, 
Cylinders, Propagation of Waves in Elastic Solid Media, Torsion, Theory of Continuous Beams, 
Plates. Rigorous treatment of Volterra's theory of dislocations, 2-dimen8ional elastic systems, other 
topics of modern interest. "For years the standard treatise on elasticity," AMERICAN MATHE¬ 
MATICAL MONTHLY. 4th revised edition. Index. 76 figures, xviii -f- 643pp. 67* x9y4. 

6174 Paperbound $2.95 

TABLES OF FUNCTIONS WITH FORMULAE AND CURVES, E. Johnlce « F. Enid#. The world s most 
comprehensive 1-volume English-text collection of tables, formulae, curves of transcendent functions. 
4th corrected edition, new 76-page section giving tables, formulae for elementary furvetiorts—not 
in other English editions. Partial contents; sine, cosine, logarithmic integral; factorial function; 
error integrol; theta functions; elliptic integrals, functions; Legendre, Bessel, Riemann, Mothieu, 
hypergeometric functions, etc. Supplementary books. Bibliography. Indexed. "Out of the way 
functions for which we know no other source," SCIENTIFIC COMPUTING SERVICE, Ltd. 212 figuree. 
400pp. 57s X 8. SI33 Paperbound $2.00 



PRACTICAL ANALYSIS, GRAPHICAL AND NUMERICAL METHODS, F. A. WilUr*. Translated by 
R. T. Beyer. Immensely practical handbook for engineers, showing how to interpolate, use various 
methods of numerical differentiation and integration, determine the roots of a single algeisraic 
equation, system of linear equations, use empirical formulos, integrate differential equations, etc. 
Hundreds of shortcuts for arriving ot numerical solutions. Special section on American calculating 
machines, by T. W. Simpson. 132 illustrations. 422pp. 5Vg x 8. S273 Paperbound $2.00 

DICTIONARY OF CONFORMAL REPRESENTATIONS, H. Kober. Laplace's equation in 2 dimensions 
solved in this unique book developed by the British Admiralty. Scores of geometrical forms & 
their transformations for electrical engineers, Joukowski aerofoil for aerodynamists, Schwartz- 
Christoffel tronsformotions for hydrodynamics, transcendental functions. Contents classified "accord¬ 
ing to analytical functions describing transformation. Twin diagrams show curves of most trans¬ 
formations with corresponding regions. Glossary. Topological index. 447 diagrams. 244pp. 
b'/e x9'/4. si60 Paperbound $2.00 

FREQUENCY CURVES AND CORRELATION, W. P. Elderton. 4th revised edition of a standard work 
covering classical statistics. It is practical in approach, and one of the books most frequently 
referred to for clear presentation of basic material. Partial contents. Frequency distributions. 
Method of moment, Pearson s frequency curves. Correlation. Theoretical distributions, spurious 
correlation Correlation of characters not quantitatively measurable. Standard errors. Test of 
goodness of fit. The correlation ratio—contingency. Partial correlation. Corrections for moments, 
beta and gamma functions, etc. Key to terms, symbols. Bibliography. 25 examples in text. 
40 useful tables. 16 figures, xi -|- 272pp. 5Vi x SV?. Clothbound $1.49 

HYDRODYNAMICS, H. Dryden, F. Murnaghan, Harry Bateman. Published by the National Research 
Council in 1932 this enormous volume offers a complete coverage of classical hydrodynamics. 
Encyclopedic in quality. Partial contents physics of fluids, motion, turbulent flow, compressible 
fluids, motion in 1, 2, 3 dimensions; viscous fluids rotating, laminar motion, resistance of motion 
through viscous fluid, eddy viscosity, hydraulic flow in channels of vaiious shapes, discharge of 
gases, flew past obstacles, etc. Bibliography of over 2,900 items. Indexes. 23 figures. 634pp. 
SVg X 8, S303 Paperbound $2.75 

HYDRODYNAMICS, A STUDY OF LOGIC, FACT, AND SIMILITUDE, Garrett Birkhoff. A stimulating 
application of pure mathematics to an applied problem. Emphasis is placed upon correlation of 
theory and deduction with experiment. It examines carefully recently discovered paradoxes, 
theory of modelling and dimensional analysis, paradox & error in flows and free boundary theory. 
The author derives the classical theory of virtual mass from homogeneous spaces, and applies 
group theory to fluid mechanics. Index. Bibliography. 20 figures, 3 plates, xiii + 186pp. 5Ve x 8. 

521 Clothbound $3.50 
522 Paperbound $1.85 

HYDRODYNAMICS, Horace Lamb. Internationally famous complete coverage of standard reference 
work on dynamics of liquids & gases Fundamental theorems, equations, methods, solutions, 
background, for classical hydrodynamics. Chapters include Equations of Motion, Integration of 
Equations m Special Gases, Irrototional Motion, Motion of Liquid in 2 Dimensions, Motion of 
Solids through Liquid-—Dynamical Theory, Vortex Motion, Tidal Waves, Surface Waves, Waves of 
Exponsion, Viscosity, Rotating Masses of Liquids. Excellently planned, arranged; clear, lucid 
presentation. 6th enlarged, revised edition. Index. Over 900 footnotes, mostly bibliographical. 
119 figures, xv -f- 738pp. 6'/g x 9'/^. S256 Paperbound $2.95 

INTRODUCTION TO RELAXATION METHODS, F. S. Show. Fluid mechanics, design of electrical 
networks, forces in structural frameworks, stress distribution, buckling, etc. Solve linear simul¬ 
taneous equations, linear ordinary differential equations, partial differential equations. Eigenvalue 
problems by relaxation methods. Detailed examples throughout. Special tables for dealing with 
awkwardly-shaped boundaries. Indexes, 253 diagrams. 72 tables. 400pp. SVg x 8. 

S244 Paperbound $2.45 

PARTIAL DIFFERENTIAL EQUATIONS OF MATHEMATICAL PHYSICS, A. G. Webster. A keystone 
work in the library of every mature physicist, engineer, researcher. Valuable sections on elasticity, 
compression theory, potential theory, theory of sound, heat conduction, wave propagation, 
vibration theory. Contents include, deduction of differential equations, vibrations, normal func¬ 
tions, Fourier's series, Cauchy's method, boundary problems, method of Riemann-Volterra. 
Spherical, cylindrical, ellipsoidal harmonics, applications, etc. 97 figures, vii -1- 440pp. 5*/g x 8. 

S263 Paperbound $1.98 

THE THEORY OF GROUPS AND QUANTUM MECHANICS, H. Weyl. D iscussions of Schroedinger's 
wave equation, de Broglie's waves of a particle, Jordon-Hoelder theorem. Lie's continuous groups 
of transformations, Pauli exclusion principle, quantization of Maxwell-Dirac field equations, etc. 
symmetry permutation group, algebra of symmetric transformation, etc. 2nd revised edition. 
Unitary geometry, quantum theory, groups, application of groups to quantum mechanics, symmetry 
permutation group, algebra of symmetric transformation, etc. 2nd revised edition. Bibliography. 
Index, xxii 4* 422pp. SVg x 8. S268 Clothbound $4.M 

S269 Paperbound $1.9S 

PARTIAL DIFFERENTIAL EQUATIONS OF MATHEMATICAL PHYSICS, Horry Batemon. Solution of 
boundary value problems by means of definite onalyTical expressions, with wide range of repre- 
sentotive problems, full reference to contemporary literature, and new moterial by the author. 
Partial contents; classical equations, integral theorems of Green, Stokes; 2-dimensional problems,- 
conformal representation,- equations in 3 variables,- polar coordinates,- cylindrical, ellipsoidal, 
paraboloid, toroidal coordinates,- non-linear equations, etc. "Must be in the hands of everyone 
mterested in boundary value problems," BULLETIN, AM. MATH. SOC. Indexes. 450 bibliographic 
footnotes. 175 exomptes. 29 illustrations, xxii -4- 552pp. 6x9. S15 ClothboundT ^.9S 



NUMERICAL SOLUTIONS OF DIFFERENTIAL EQUATIONS, H. Levy & E. A. Baggoft. Comprehensive 
collection of methods for solving ordinary differential equations of first and higher order. All 
must pass 2 requirements.- easy to grasp and practical, more rapid than school methods. Partial 
contents: graphical integration of diflFerential equations, graphical methods for detailed solution. 
Numerical solution. Simultaneous equations and equations of 2nd and higher orders. 'Should 
be in the hands of all in research m applied mathematics, teaching, ' NATURE. 21 figures. 
VIII -j- 238pp. 5 V# X 8. SI68 Paperbound $1.75 

ASYMPTOTIC EXPANSIONS, A. Erd^lyi. The only modern work available in English, this is an 
unabridged reproduction of a monograph prepared for the Office of Naval Research. It discusses 
various procedures for asymptotic evaluation of integrals containing a large parameter and solu¬ 
tions of ordinary linear differential equations. Bibliography of 71 items. vi -f 108pp. SVg x 8. 

S318 Paperbound $1.35 

THE FOURIER INTEGRAL AND CERTAIN OF ITS APPLICATIONS, Norbert Wiener. The only book 
length study of the Fourier integral as link between pure and applied math. An expansion of 
lectures given at Cambridge. Partial contents Plancherel s theoiem, general Tauberian theorem, 
special Tauberian theorms, generalized hormonic analysis. Bibliography, viii -f- 201pp. 5 Vs x 8. 

S272 Clothbound $3.95 

THE THEORY OF SOUND, Lord Rayleigh. Most vibrating systems likely to be encountered in 
practice can be tackled successfully by the methods set forth by the great Noble laureate, Lord 
Rayleigh. Complete coverage of experimental, mathematical aspects of sound theory. Partial contents 
Harmonic motions, vibrating systems in general, lateral vibrations of bars, curved plates or shells, 
opplications of Laplace s functions to acoustical problems, fluid friction, plane vortex-sheet, 
vibrations of solid bodies, etc. This is the first inexpensive edition of this great reference and 
study work. Bibliography. Historical introduction by R. B. Lindsay. Total of 1040pp. 97 figures. 
5Vb X 8. S292, S293, Two volume set, paperbound $4.00 

ANALYSIS & DESIGN OF EXPERIMENTS, H. B. Monn. Offers a method for grasping the analysis 
of varionce and variance design within a short time. Partial contents Chi-square distribution 
and anolysis of variance distribution, matrices, quadratic forms, likelihood ratio tests and tests 
of linear hypotheses, power of analysis, Galois fields, non-orthogonal data, interblock estimates, 
etc. 15pp. of useful tobies, x 195pp. Sxjy^. S180 Paperbound $1.45 

MATHEMATICAL ANALYSIS OF ELECTRICAL AND OPTICAL WAVE-MOTION, Horry Bate-man. Written 
by one of this century's most distinguished mathematical physicists, this is a practical introduction 
to those developments of Maxwell's electromagnetic theory which are directly connected with the 
solution of the partial differential equation of wave motion. Methods of solving wave-equations, 
polar-cylindiical coordinates, diffiaction, transformation of coordinates, homogeneous solutions, 
electromagnetic fields with moving singularities, etc index 168pp. SVs x 8. 

SI4 Paperbound $1.60 

PHYSICAL PRINCIPLES OF THE QUANTUM THEORY, Werner Heisenberg. A Nobel laureate discusses 
quantum theory,- Heisenberg's own work, Compton, Schroecfmger, Wilson, Einstein, many others. 
Written for physicists, chemists who are not specialists in quantum theory, only elementaiy 
formulae are considered in the text, there is a mathematical appendix for specialists. Profound 
without sacrifice of clarity. Translated by C. Eckart, F. Hoyt. 18 figures. 192pp. 5Va x 8. 

5113 Paperbound $1.25 

FOUNDATIONS OF NUCLEAR PHYSICS, edited by R. T. Beyer. 13 of the most important papers 
on nuclear physics reproduced in facsimile in the original languages of their authors: the papers 
most often cited in footnotes, bibliographies. Anderson, Curie, Joliot, Chadwick, Fermi, Lawrence, 
Cockcroft, Hahn, Yukawa. Unparalleled Bibliography: 122 double-columned pages, over 4,000 
articles, books, classified. 57 figures. 288pp. 6% xV'/g. S19 Paperbound $1.75 

SELECTED PAPERS ON NOISE AND STOCHASTIC PROCESS, edited by Prof. Nelson Wax, U. of 
Illinois. 6 basic papers for newcomers in the field, for those whose work involves noise charac¬ 
teristics. Chandrasekhar, Uhlenbeck & Ornstein, Uhlenbeck & Ming, Rice, Doob. Included is Kac's 
Chauvenet-Prize winning Random Walk. Extensive bibliography lists 200 articles, up through 1953. 
21 figures. 337pp. d'/g x9'/4. 5262 Paperbound $2.25 

THERMODYNAMICS, Enrico Fermi. Unabridged reproduction of 1937 edition. Elementary in 
treatment; remarkable for clarity, organization. Reauires no knowledge of advanced math 
beyond calculus, only familiarity with fundamentals of thermometry, calorimetry. Partial Contents: 
Thermodynamic systems; First & Second laws of thermodynamics; Entropy; Thermodynamic poten¬ 
tials: phase rule, reversible electric cell. Gaseous reactions: Van't Hoff reaction box, principle of 
LeChatelier; Thermodynamics of dilute solutions:: osmotic & vapor pressure, boiling & freezing 
points,- Entropy constant. Index. 25 problems. 24 illustrations, x 160pp. 5Vs x 8. 

5361 Paperbound $1.75 

AN INTRODUCTION TO THE STUDY OF STELLAR STRUCTURE, Subrahmanyan Chandraiekhor. 
Outstanding treatise on stellar dynamics by one of world's greatest astrophysicists. Uses classical 
& modern math methods to examine relationship between loss of energy, the mass, and radius 
of stars in a steady state. Discusses thermodynamic laws from Caratheodory’s axiomatic 
standpoint; adiabatic, polytropic laws; work of Ritter, Emden, Kelvin, others; Strgemgren 
envelopes as starter for theory of gaseous stars; Gibbs statistical mechanics (quantum); 
degenerate stellar configurations & theory of white dwarfs, etc. "Highest level of scientific merit,” 
BULLETIN, AMER. MATH, SOC. Bibliography. Appendixes. Index. 33 figures. 509pp. 5*/$ x 8. 

5413 Paperbound $2.75 



APPLIED OPTICS AND OPTICAL DESIGN, A. E. Conrad/. Thorough, sysfemotic presentation of 
physical & mathematical aspects, limited mostly to "real optics." Stresses practical problem of 
maximum aberration permissible without affecting performance. All ordinary ray tracing methods,- 
complete theory primary aberrations, enough higher aberration to design telescopes, low-powered 
microscopes, photographic equipment. Covers fundamental equations, extra-axial image points, 
transverse chromatic aberration, angular magnification, aplanatic optical systems, bending of 
lenses, oblique pencils, tolerances, secondary spectrum, spherical aberration (angular, longi¬ 
tudinal, transverse, zonal), thin lenses, dozens of similar topics. Index. Tables of functions of 
N. Over 150 diagrams, x + 518pp. d’/g x9’/,. S366 Paperbound $2.95 

SPACE-TIME-MATTER, Hermann Weyl. The standard treatise on the general theory of relativity," 
(Nature), written by a world-renowned scientists, provides a deep dear discussion of the logical 
coherence of the general theory, with introduction to all the mathematical tools needed. Maxwell, 
analytical geometry, non-Euclidean geometry, tensor calculus, etc. Basis is classical space-time, 
before absorption of relativity. Partial contents; Euclidean space, mathematical form, metrical 
continuum, relativity of time and space, general theory. 15 diagrams. Bibliography. New preface 
for this edition, xviii -j- 330pp. SVe x 8. S267 Paperbound $1.75 

RAYLEIGH’S PRINCIPLE AND ITS APPLICATION TO ENGINEERING, G. Temple & W. Bickley. 
Rayleigh's principle developed to provide upper and lower estimates of true value of fundamental 
period of a vibrating system, or condition of stability of elastic systems. Illustrative examples; 
rigorous proofs in special chapters. Partial contents: Energy method of discussing vibrations, 
stability. Perturbation theory, whirling of uniform shafts. Criteria of elastic stability. Application 
of energy method. Vibrating system. Proof, accuracy, successive approximations, application of 
Rayleigh's principle. Synthetic theorems. Numerical, graphical methods. Equilibrium configura¬ 
tions, Ritz's method. Bibliography. Index. 22 figures, ix 156pp. 5Va x8. 

S307 Paperbound $1.50 

PHYSICS, ENGINEERING 
THEORY OF VIBRATIONS, N. W. McLachlan. Based on an exceptionally successful graduate 
course given at Brown University, this discusses linear systems having 1 degree of freedom, forced 
vibrations of simple linear systems, vibration of flexible strings, transverse vibrations of bars and 
tubes, transverse vibration of circular plate, sound waves of finite amplitude, etc. Index. 
99 diagrams 160pp. 5Vb x 8. S190 Paperbound $1.35 

WAVE PROPAGATION IN PERIODIC STRUCTURES, L. Brillouin. A general method and application 
to different problems pure physics, such os scattering ol X rays of crystals, thermal vibration in 
crystal lattices, electronic motion in metals,- and also problems of electrical engineering. Partial 
contents, elastic waves in 1 dimensional lattices of point masses. Propagation of waves along 
1-dimensional lattices. Energy flow. 2 dimensional, 3 dimensional lattices. Mathieu's equation. 
Matrices and propagation of waves along an electric line. Continuous electric lines 131 illus- 
tiations. Bibliography, Index, xii + 253pp. 5% x 8. S34 Paperbound $1.85 

THE ELECTROMAGNETIC FIELD, Max Mason & Warren Weaver. Used constantly by graduate 
engineers. Vector methods exclusively detailed treatment of electrostatics, expansion methods, 
with tables converting any quantify into absolute electromagnetic, absolute electrostatic, practical 
units. Discrete charges, ponderable bodies. Maxwell field equations, etc. Introduction. Indexes. 
416pp. 5Vs X 8. S185 Paperbound $2.00 

APPLIED HYDRO- AND AEROMECHANICS by L. Prandtl and O. G. Tietjens. Presents, for the 
most part, methods which will be valuable to engineers. Covers flow in pipes, boundary layers, 
airfoil theory, entry conditions, turbulent flow in pipes and the boundary layer, determining 
drag from measuiements of pressure and velocity, etc. "Will be welcomed by all students of 
aerodynamics," NATURE. Unabridged, unaltered. Index. 226 Figures. 28 photographic plates 
illustrating flow patterns, xvi -f- 311pp. SYa x 8. S375 Paperbound $1,85 

FUNDAMENTALS OF HYDRO- AND AEROMECHANICS by L. Prandtl and O. G. Tietiens. The well- 
known standard work based upon Prandtl's unique insights and including original contributions 
of Tietjens. Wherever possible, hydrodynamic theory is referred to practical considerations in 
hydraulics with the view of unifying theory and experience through fundamental laws. Presenta¬ 
tion is exceedingly clear and, though primorily physical, proofs are rigorous and use vector 
analysis to a considerable extent. Translated by L. Rosenhead. 186 figures. Index, xvi 
270pp. SVa X 8. S374 Paperbound $1.85 

DYNAMICS OF A SYSTEM OF RIGID BODIES (Advanced Section), E. J. Routh. Revised 6th edition 
of a classic reference aid. Much of its material remains unique. Partial contents: moving axes, 
relative motion, oscillations about equilibrium, motion. Motion of a body under no forces, 
any forces. Nature of motion given by linear equations and conditions of stability. Free, forced 
vibrations, constants of integration, calculus of finite differences, variations, procession and 
nutation, motion of the moon, motion of string, chain, membranes. 64 figures. 498pp. 5% x 8. 

S229 Paperbound $2.35 

MECHANICS OF THE GYROSCOPE, THE DYNAMICS OF ROTATION, R. F, Deimel, Professor of 
Mechanical Engineering at Stevens Institute of Technology. Elementary general treatment of 
dynamics of rotation, with special application of gyroscopic phenomena. No knowledge of vectors 
needed. Velocity of a moving curve, acceleration to a point, general equations of motion, 
gyroscopic horizon, free gyro, motion of discs, the dammed gyro, 103 similar topics. Exercises. 
75 figures. 2QSpp. S% x 8. S66 Paperbound $J,65 



TABLES FOR THE DESIGN OF FACTORIAL EXPERIMENTS, To«o Kitagawa and Michiwo Mitom*. 
An invaluable aid for all applied mathematicians, physicists, chemists and biologists, this book 
contains tables for the design of factorial experiments. It covers Latin squares and cubes, 
factorial design, fractional replication in factorial design, factorial designs with split-plot con¬ 
founding, factorial designs confounded in quosi-Latin squares, lattice designs, balanced in¬ 
complete block designs, and Youden's squares. New revised corrected edition, with explanatory 
notes, vii + 253pp. 7Vi x 10. S437 Clothbound $8.00 

NUMERICAL INTEGRATION OF DIFFERENTIAL EQUATIONS, Bennett, Milne & Bateman. Unabridged 
republication of onginol monograph prepared for National Reseaich Council. New methods of 
integration of differential equations developed by 3 leading mathematicians: THE INTERPOLA- 
TIONAL POLYNOMIAL and SUCCESSIVE APPROXIMATIONS by A. A. Bennett; STEP-BY-STEP 
METHODS OF INTEGRATION by W, W. Milne; METHODS FOR PARTIAL DIFFERENTIAL EQUATIONS 
by H. Bateman Methods for partial differentiol equations, transition from difference equations 
to differential equations, solution of differential equations to non-integral values of a parameter 
will interest mathematicians and physicists. 288 footnotes, mostly bibliographic; 235-item 
classified bibliography. 108pp. 5Ye x 8. S305 Paperbound $1.35 

DESIGN AND USE OF INSTRUMENTS AND ACCURATE MECHANISM, T. N. Whitehead. For the 
instrument designer, engineer, how to combine necessary mathematical abstractions with inde¬ 
pendent observation of octual facts. Partial contents instruments & their parts, theory of errors, 
systematic errors, probability, short period errors, erratic errors, design precision, kinematic semi- 
kinematic design, stiffness, planning of an instrument, human factor, etc. Index. 85 photos, 
diagrams, xii + 288pp. 5Y» x 8. S270 Paperbound $1.95 

CHEMISTRY AND PHYSICAL CHEMISTRY 
KINETIC THEORY OF LIQUIDS, J. Frenkel. Regarding the kinetic theory of liquids as a general¬ 
ization and extension of the theory of solid bodies, this volume covers all types of arrangements 
of solids, thermal displacements of atoms, interstitial atoms and ions, orientational and rotational 
motion of moJecules, and transition between states of matter. Mathematical theory is developed 
close to the physical sub|ect matter. 216 bibliographical footnotes. 55 figures, xi -f- 485pp. 
5Ybx8. S94 Clothbound $3.95 

S95 Paperbound $2.45 

THE PHASE RULE AND ITS APPLICATION, Alexander Findlay. Covering chemical phenomena of 
1, 2, 3, 4, and multiple component systems, this "standard work on the subject" (NATURE, 
London), has been completely revised and brought up to date by A. N. Campbell and N. O. 
Smith. Brand new material has been added on such matters as binary, tertiary liquid equilibria, 
solid solutions in ternary systems, quinary systems of salts and water. Completely revised to 
triangular coordinates in ternary systems, clarified graphic representation, solid models, etc. 
9th revised edition. Author, subject indexes. 236 figures. 506 footnotes, mostly bibliographic, 
xii -)- 494pp. 5% X 8. S92 Paperbound $2.45 

DYNAMICAL THEORY OF GASES, James Jeans. Divided into mathematical and physical chapters 
for the convenience of those not expert in mathematics, this volume discusses the mathematical 
theory of gas in a steady state, thermodynamics, Boltzmann and Maxwell, kinetic theory, quantum 
theory, exponentials, etc. 4th enlarged edition, with new material on quantum theory, quantum 
dynamics, etc. Indexes. 28 figures. 444pp. d'/g x9V4. S136 Paperbound $2.45 

POLAR MOLECULES, Pieter Debye. This work by Nobel laureate Debye offers a complete guide 
to fundamental electrostatic field relations, polarizability, molecular structure. Partial contents.- 
electric intensity, displacement and force, polarization by orientation, molar polarization {and 
molar refraction, halogen-hydrides, polar liquids, ionic saturation, dielectric constant, etc. 
Special chapter considers quantum theory. Indexed. 172pp. 5% x 8. S63 Clothbound $3.50 

664 Paperbound $1.50 

TREATISE ON THERMODYNAMICS, Max Planck. Based on Planck's original papers this offers a 
uniform point of view for the entire field and has been used as an introduction for students who 
have studied elementary chemistry, physics, and calculus. Rejecting the earlier approaches of 
Helmholtz and Maxwell, the author makes no assumptions regarding the noture of heat, but 
begins with a few empirical facts, and from these deduces new physical and chemical laws. 
3ra English edition of this standard text by a Nobel laureate, xvi -f- 297pp. 5*/i x 8, 

5219 Paperbound $1.75 

ATOMIC SPECTRA AND ATOMIC STRUCTURE, G. Herzberg. Excellent general survey for chemists, 
physicists specializing in other fields. Partial contents: simplest line spectra and elements of 
atomic theory, multiple structure of line spectra and electron spin, building-up principle and 
periodic system of elements, finer details of atomic spectra, hyperfine structure of spectral lines, 
some experimental results and applications. Bibliography of 159 items. 80 figures. 20 tables. 
Index, xiii •+- 257pp. 5Y* x 8. 5115 Paperbound $1.95 

EARTH SCIENCES 
THE EVOLUTION OF THE IGNEOUS ROCKS, N. L. Bowen. Invaluable serious introduction applies 
techniques of physics and chemistry to explain igneous rocks diversity in terms of chemical com¬ 
position and fractional crystallization. Discusses liquid immiscibility in silicate magmas, crystal 
sorting, liquid lir>es of descent, fractional resorption of complex minerals, petrogenesis, etc. Of 
prime importance to geologists & mining engineers, also to physicists, chemists working with 
high temperatures and pressures. "Most important," TIME5, London, 3 indexes. 263 oifaUo- 
graphic notes. 82 figures, xviii -f- 334pp. 5% x 8, 6311 Paperbound $1«85 



GEOGRAPHICAL ESSAYS, Wiinam Morris Davis. Modern geography & geomorphology rests on 
the fundamental work of this scientist. 26 famous essays presenting most important theories, 
field reseorches. Partial contents: Geographical Cycle, Plains of Marine and Subaerial Denuda¬ 
tion, The Peneplain, Rivers and Valleys of Pennsylvania, Outline of Cape Cod, Sculpture of 
Mountains by Glaciers, etc. “Long the leader and guide,” ECONOMIC GEOGRAPHY. “Part of 
the very texture of geography , . . models of clear thought,” GEOGRAPHIC REVIEW. Index. 
130 figures, vi -4- 777pp. 5% x 8. S383 Poperbound $2.95 

INTERNAL CONSTITUTION OF THE EARTH, edited by Bcno Gutenbe^. Completely revised, 
brought up-to-date, reset. Prepared for the National Research Council this is a complete & 
thorough coverage of such topics as earth origins, continent formation, nature & behavior of 
the earth's core, petrology of the crust, cooling Forces in the core, seismic & earthquake material, 
gravity, elastic constants, strain characteristics and similai topics. "One is filled with admira¬ 
tion ... a high standard . . . there is no reader who will not learn something ffom this 
book,"London, Edinburgh, Dublin, Philosophic Magazine. Largest bibliography in print.- 1127 
classified items. Indexes. Tables of constants. 43 diagrams. 439pp. 6'/* x9'/4. 

S414 Paperbound $2.45 

THE BIRTH AND DEVELOPMENT OF THE GEOLOGICAL SCIENCES, F. D. Adams. Most thorough 
history of the earth sciences ever written. Geological thought from earliest times to the end 
of the 19th century, covering over 300 early thinkers & systems.- fossils & their explanation, 
volcanists vs. neptunists, figured stones & paleontology, generation of stones, dozens of similar 
topics. 91 illustrations, including medieval, renaissance woodcuts, etc. Index. 632 footnotes, 
mostly bibliographical. 511pp. 5^9x8. T5 Paperbound $2.00 

HYDROLOGY, edited by Oscar E. Mainzer. Prepared for the National Research Council. Detailed 
complete reference library on precipitation, evaporation, snow, snow surveying, glaciers, lakes, 
infiltration, soil moisture, ground water, runoff, drought, physical changes produced by water, 
hydrology of limestone terranes, etc. Practical in application, especially valuable for engineers. 
24 experts have created “the most up-to-date, most complete treatment of the subject,” AM. 
ASSOC. OF PETROLEUM GEOLOGISTS. Bibliography. Index. 165 illustrations, xi -j- 712pp. 
6'/g x9V4 si 91 Paperbound $2.95 

DE RE METALLICA, Georgius Agricota. 400-year old classic translated, annotated by former 
President Herbert Hoover. The first scientific study of mineralogy and mining, for over 200 
years after its appearance in 1556, it was the standard treatise. 12 books, exhaustively anno¬ 
tated, discuss the history of mining, selection of sites, types of deposits, making pits, shafts, 
ventilating, pumps, crushing machinery; assaying, smelting, refining metals,- also salt, alum, 
nitre, glass making. Definitive edition, with all 289 16th century woodcuts of the original. 
Bibliographical, historical introductions, bibliography, survey of ancient authors. Indexes. A 
fascinating book for anyone interested in art, history of science, geology, etc. DELUXE EDITION. 
289 illustrations. 672pp. 6’/, x lO’/*- Library cloth. S6 Clothbound $10,00 

URANIUM PROSPECTING, H. L. Barnes. For immediate practical use, professional geologists 
considers uranium ores, geological occurrences, field conditions, all aspects of highly profitable 
occupation. Index. Bibliography, x -f-117pp. 5’/* x 8. T309 Paperbound $1.00 

BIOLOGICAL SCIENCES 
THE BIOLOGY OF THE AMPHIBIA, G. K. Noble, Late Curator of Herpetology at the Am. Mus. 
of Not. Hist. Probably the most used text on amphibia, unmatched in comprehensiveness, 
clonty, detail. 19 chapters plus 85-page supplement cover development; heredity,- life history,- 
adaptation,- sex, integument, respiratory, circulatory, digestive, muscular, nervous systems,- 
instinct, intelligence habits environment economic value, relationships, classification, etc. “Nothing 
comparable to it," C. H. Pope, Curator of Amphibia, Chicago Mus. of Nat. Hist. 1047 biblio¬ 
graphic references. 174 illustrations. 600pp. 5*/* x 8. 5206 Poperbound $2.98 

THE BIOLOGY OF THE LABORATORY MOUSE, edited by G. D. Snail. 1st prepared in 1941 by 
the staff of the Roscoe B. Jackson Memorial laboratory, this is still the standard treatise on the 
mouse, assembling on enormous amount of material for which otherwise you would spend hours 
of research. Embryology, reproduction, histology, spontaneous neoplasms, gene & chromosomes 
mutations, genetics of spontaneous tumor formation, genetics of tumor formation, inbred, hybrid 
animals, parasites, infectious diseases, care & recording. Classified bibliography of 1122 items. 
172 figures, including 128 photos, ix -|- 497pp. 6Vi x 9 74. S248 Clothbound $6.00 

BEHAVIOR AND SOCIAL LIFE OF THE HONEYBEE, Ronold Ribbands. Oustanding scientific study,- 
a compendium of practically everything known about social life of the honeybee. Stresses be¬ 
havior of individual bees in field, hive. Extends von Frisch's experiments on communication 
among bees- Covers perception of temperature, gravity, distance, vibration; sound production,- 
glands; structural differences,- wax production, temperature regulation,- recognition communication; 
drifting, mating behavior, other highly interesting topics. Bibliography of 690 references. Indexes. 
127 diagrams, graphs, sections of bee anatomy, fine photographs. 352pp. 

S410 Clothbound $4.50 

ELEMENTS OF MATHEMATICAL BIOLOGY, A. J. ietka. A pioneer classic, the first major attempt 
to apply modem mathematical techniques on a large scale to phenomena of biology, biochem¬ 
istry, psychology, ecology, similar life sciences. Partiol Contents: Stotistical meaning of irre¬ 
versibility; Evolution as redistribution; Equations of kinetics of evolving systems; Chemicol, Inter- 
species equilibrium; parameters of state; Energy transformers of nature, etc. Con be read with 
profit even by those having no advanced math; unsurpossed as study-reference. Formerly titled 
ELEMENTS OF PHYSICAL BIOLOGY. 72 figures, xxx 460pp. 5*4 x 8. 

S346 Paperbound $2.45 



THE ORIGIN OF LIFE, A. I. Oparin. A classic of biology. This is the first modern statement of 
the theory of gradual evolution of life from nitrocarbon compounds. A brand-new evaluation 
of Oparin's theory in light of later research, by Dr. S. Margulis, University of Nebraska, xxv 
-4- 270pp. 5% X 8. S213 Paperbound $1.75 

THE TRAVELS OF WILLIAM BARTRAM, edited by Mark Van Ooren. This famous source-book of 
American anthropology, natural history, geography is the record kept by Bartram in the 1770’s, 
on travels through the wilderness of Florida, Georgia, the Carolinas. Containing accurate anci 
beautiful descriptions of Indians, settlers, fauna, flora, it is one of the finest pieces of Ameri¬ 
cana ever written. Introduction by Mark Van Doren. 13 original illustrations. Index. 448pp. 
5 Vs X 8. T13 Paperbound $2.00 

A SHORT HISTORY OF ANATOMY AND PHYSIOLOGY FROM THE GREEKS TO HARVEY, Charles 
Singer. Corrected edition of THE EVOLUTION OF ANATOMY, classic work tracing evolution of 
anatomy and physiology fiom prescientific times through Greek & Roman periods, Dark Ages, 
Renaissance, to uge of Harvey and beginning of modern concepts. Centered on individuals, 
movements, periods that definitely advanced* anatomical knowledge Plato, Diodes, Aristotle, 
Theophrastus, Herophilus, Erasistratus, the Alexandrians, Galen, Mondino, da Vinci, Linacre, 
Harvey, others. Special section on Vesalius, Vesalian atlas of nudes, skeletons, muscle tabulae. 
Index of names. 20 plates, 270 extremely interesting illustrations of ancient, medieval, renais¬ 
sance, oriental origin, xii 209pp. SYs x 8. T389 Paperbound $1.75 

NEW BOOKS 
LES METHODES NOUVELLES DE LA MECANIQUE CELESTE by H. Poincar^. Complete text [in 
French) of one of Poincare s most important works. Revolutionized celestial mechanics first 
use of integral invariants, first major application of linear differential equations, study of per¬ 
iodic orbits, lunar motion ond Jupiter's satellites, three body problem, and many other im¬ 
portant topics. "Started a new era ... so extremely modern that even today few have 
mastered his weapons," E. T. Bell. Three volumes, 1282pp. 6'/g x 9 74. 

Vol. 1, S401 Paperbound $2.75 
Vol. 2. S402 Paperbound 112.75 

. Vol. 3. S403 Paperbound $2.75 

APPLICATIONS OF TENSOR ANALYSIS by A. J. McConnell. (Foimerly, APPLICATIONS OF THE 
ABSOLUTE DIFFERENTIAL CALCULUS). An excellent text for understanding the application of 
tensor methods to familiar subjects such as: dynamics, electricity, elasticity, and hydrodynamics. 
It explains the fundamental icJeas and notation of tensor theory, the geometrical treatment of 
tensor algebra, the theory of differentiation of tensors, and includes a wealth of practice ma¬ 
terial. Bibliography. Index. 43 illustrations. 685 problems, xii -f- 381pp. 

S373 Paperbound $1.65 

BRIDGES AND THEIR BUILDERS, David B. Steinman and Sara Ruth Watson. Engineers, historians, 
and everyone who has ever been fascinated by great spans will find this book an endless soOrce 
of information and interest. Dr. Steinman, the recent recipient of the Louis Levy Medal, is one 
of the great bridge architects and engineers of all time, and his analysis of the great bridges 
of all history is both authoritative and easily followed. Greek and Roman bridges, medieval 
bridges, oriental bridges, modern works such as the Brooklyn Bridge and the Golden Gate 
Bridge (and many oThers) are described in terms of history, constructional principles, artistry, 
and function. All in all this book is the most comprehensive and accurate semipopular history 
of bridges in print in English. New greatly revised enlarged edition. 23 photographs, 26 line 
drawings. Index, xvii -f- 401pp. 5% x 8. T431 Paperbound $1.95 

MATHEMATICS IN ACTION, O. G. Sutton. Excellent middle-level exposition of application 
advanced mathematics to the study of the universe. The author demonstrates how mathema^ 
is applied m ballistics, theory of computing machines, waves and wavelike phenomena, the 
of fluid flow, meterological problems, statistics, flight, and similar phenomena. No knowlec^ 
of advanced mathematics is necessary to ‘follow the author's presentation. Differential equation 
Fourier series, group concepts, eigen functions, Planck's constant, airfoil theory and similar topic 
are explained so clearly in everyday language that almost anyone can derive benefit from read 
ina this book. 2nd edition. Index. 88 figures, viii -j- 236pp. 5 Vs x 8. 

T450 Clothbound $3.50 

MATHEMATICAL FOUNDATIONS OF INFORMATION THEORY by A. I. Khinchin. For the first 
time, mathematicians, statisticians, physicists, cyberneticists and communications engineers are 
offered a complete and exact introduction to this relatively young field. Entropy as a measure 
of a finite "scheme, " applications to coding theory, study of sources, channels and codes, 
detailed proofs of both Shannon theorems for any ergodic source and any stationary channel 
with finite memory, and much more is covered. Bibliography, vii -f- 120pp. 5% x 8. 

S434 Paperbound $1.35 
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