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PREFACE 

This work is intended primarily as a textbook for graduate students 
in electrical engineering and as a reference book for engineers concerned 
with the development or design of new magnetic devices. A familiar 
knowledge of the subject matter generally taught in undergraduate 
courses in electrical engineering is assumed. 

The book is divided into two parts: the first eight chapters in which 
the fundamental background theory and methods applicable to all 
types of magnetic circuits and non-rotary electromagnetic devices are 
developed, and the last six chapters in which these principles are applied 
to the solution of a variety of problems. These solutions have been 
developed in general terms, and each is followed by the detailed numeri¬ 
cal solution for a particular set of data. It has been my experience that 
such specific and detailed solutions are invaluable to students who must 
study by themselves or away from an instructor. 

The accurate solution of practical electromagnetic problems has 
always been difficult owing to the effects of magnetic leakage and the 
non-linear relationship between magnetic flux and magnetic intensity 
in ferromagnetic materials. Special methods have been developed to 
handle magnetic leakage, and great emphasis has been placed on gi’aphi- 
cal and step-by-step methods for the practical solution of problems 
involving the non-linearity caused by hysteresis and saturation in iron, 
and the variation of magnetic leakage with motion. 

The material of this book has been presented to grad- ae students 
at the Stevens Institute of Technology for several years, both in the day 
school and in an evening lecture course covering a school year (one 
two-hour lecture and four hours of home preparation and problems per 
week). 

A large amount of quantitative data is presented, both on magnetic 
materials and electromagnets, many of which are original and have 
been obtained by painstaking laboratory work done at Stevens by 
graduate and undergraduate students working on these projects, and 
also by me. Thanks are due Stevens for providing the apparatus, 
facilities, and special magnetic equipment required. 

This work was undertaken in 1932 at the suggestion of Dr. Alan 
Hazeltine, formerly head of the Department of Electrical Engineering 
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and at the present time Professor of Physical Mathematics at Stevens. 
Many of the methods presented represent an outgrowth from some 
original work on rational methods of magnet design done by Dr. Hazel- 
tine. I wish to acknowledge the scheme of “estimating permeance'' of 
Chapter V, and the design methods of Chapter X, as coming from this 
source. My thanks are also due Dr. Hazeltine for the many helpful 
suggestions and frequent time spent with me in consultation and check¬ 
ing some of the more difficult parts of the manuscript. 

Many of the original problems and methods used in the latter 
chapters are an outgrowth of my consulting practice. I am indebted 
to the Fairchild Aviation Corporation for the origin of many of the 
problems on dynamic characteristics and the models built and tested 
to check the computed results. 

My generous thanks are due the many instructors in the Electrical 
Engineering Department at Stevens who from time to time have 
assisted by making drawings, computations, and suggestions; to my 
colleague. Professor William L. Sullivan, for his criticism and helpful 
suggestions in connection with the development of the step-by-step 
methods of Chapter XII; to Mr. Harry W. Phair and Mr. Frank W. 
Stellwagen of the Fairchild Aviation Corporation for their assistance in 
correcting and criticizing the manuscript; and to my wife, Mary D. 
Roters, for her assistance in correcting the proof and preparing the 
index. 

Herbert C. Roters 

Jabiaica, N. Y. 

January^ 1941 
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ELECTROMAGNETIC DEVICES 

CHAPTER I 

INTRODUCTION 

1. General 

This book is intended primarily for those who will be responsible for 
the design and development of new magnetic equipment. Developments 
in this field have been very rapid, and the present indications are that 
they will continue to remain so. The airplane alone, particularly the 
military plane, has required the development of many new electro¬ 
magnetic devices for instruments and control. Two reasons for the 
necessity of control devices are the general inaccessibility of the equip¬ 
ment, which makes remote control desirable, and the severe requirements 
of functional operation of this type of equipment. 

Although the average electrical engineer is not necessarily interested 
in the design of electromagnetic devices, he is interested in the theory of 
their design. This is said because an intelligent understanding of the 
operation and limitations of electromagnetic machinery and devices 
must be based upon a knowledge of the fundamental laws of electromag¬ 
netism, electromagnetic force relations, and the limitations of commer¬ 
cially available materials. 

Successful development work in any field cannot be predicated upon 
superficial knowledge, but in every instance must depend upon a sound 
understanding of the fundamentals of the field, coupled to an imagination 
toned down by practical experience. Though it is true that experience is 
of inestimable value, it can sometimes be overrated. When dealing with 
the mathematically unpredictable, such as human emotions and rela¬ 
tions, experience, mellowed by maturity, is the essential requisite. When 
dealing with an inanimate object which functions in direct response to 
the laws of mechanics and electricity, an exact, quantitative knowledge 
is a requisite if an analysis or design from only a functional point of 
view is required. If the particular object is to be practically and eco¬ 
nomically applied, experience does become an essential factor. 

An exact quantitative knowledge of a subject can be gained only by 
breaking it down into its essential component parts, studying and mas- 

1 



2 INTRODUCTION [Chap. I 

tering these, and then putting them together in their proper relation and 
pei-spective. This book has been written with this in mind. In the 
following articles the subject matter has been broken down by chapters 
to show the essential parts and their correlation. 

2. Properties of Magnetic Materials 

On this basis the first important subdivision is a knowledge of the 
materials available for building magnetic devices. Tremendous advances 
have been made in the last few years both in the number of types of 
magnetic materials available and in the improvement of their properties. 

These recent advances are discussed in the latter part of this chapter. 

A full discussion of all the properties of magnetic materials which are 
important in predetermining the complete magnetic performance of 
direct- and alternating-currenjb electromagnets, transformers, polarized 
chokes and transformers, permanent magnets, etc., is presented in 
Chapter 11. A very complete set of data, many of which were taken 
especially for the purpose at the Stevens’ Laboratory, covering all the 
materials commercially available, is also presented. 

3. Factors Entering into the EflScient Design of an Electromagnet 

In actual operation, because of the transient and unsymmetrical 
nature of the magnetic cycle, the electromagnet is very complex. The 
energy changes occurring during a complete cycle include a storage oL 
magnetic energy, mechanical work done, hysteresis energy loss, disgorge¬ 
ment of magnetic energy in the form of a spark, and finally the energy 

associated with the residual force. The efficiency of a magnetic device 
in any particular application depends on how skillfully the designer can 
control those energy changes which are desirable and mitigate those 
which are undesirable. Chapter III presents a complete discussion of all 
these energy changes, based on theoretical considerations and a^ctual 
experimental data. 

4. Magnetic Circuit Calculations 

Predetermination of the magnetic saturation occurring in an electro¬ 
magnetic device, or the available magnetic potential across an air gap, 
depends upon an accurate analysis of the magnetic circuit. Magnetic 
circuit calculations range from a simple series magnetic circuit without 
leakage, to the more involved circuits with distributed leakage, unsym¬ 
metrical parallel circuits, polarized cores involving anhysteretic mag¬ 
netization and incremental permeabilities, and residual-flux predeter- 
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mination for both soft and permanent magnet cores. All the various 
types of magnetic circuit calculations are covered in Chapter IV. 

6. Permeance of Air Paths 

The calculation of the permeance of flux paths through air, or the 
more general problem of the determination of solenoidal or lamellar 
fields, is a problem which, except for the more simple configurations, has 
defied the efforts of mathematicians for centuries. A two-dimensional 
field emanating from continuous cylindrical surfaces can be evaluated 
analytically by a sufficiently astute mathematician. A two-dimensional 
field with discontinuities has been evaluated for the special case of inter¬ 
secting plane surfaces. In practice, however, simple two-dimensional 
fields do not occur. The actual field is always three-dimensional with 
several discontinuities in the form of comers and edges. With patience, 
two-dimensional fields can be handled by the method of field mapping; 
but three-dimensional fields, unless they can be considered to vary in 
only two dimensions, are difficult, if not impossible, to handle. Accuracy 
in the predetermination of the force of a magnet is, to a very great 
measure, dependent upon the accurate evaluation of air-path per¬ 
meances. In Chapter V, a heuristic method of evaluating these per¬ 
meances is developed. The efficacy of any method of computation must 
ultimately depend on the accuracy of the results obtained and the rela¬ 
tive effort required. Numerous examples of computed results checked 
by experiment are given. 

6. Coils for Magnets 

The heart of any electromagnetic device is the exciting coil. The 
constmction of a coil, aside from the choice of wire size, is purely a 
mechanical matter. Sufficient space must be provided for the required 
number of turns, sufficient insulation to withstand the highest probable 
surge voltage, and a mechanical construction which will insure rugged¬ 
ness, strength, high space factor, and low cost. Commercial winding 
practice dictates coil construction, winding tolerances, insulation, etc. 
Chapter VI gives complete data on winding practice, and also the 
method of computing coil performance. 

7. Temperature Rise 

Heating, as applied to average-sized electromagnets or other small 
non-moving electromagnetic devices, is discussed in Chapter VII. The 
actual temperature rise of a body as a function of time due to the internal 
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evolution of heat is complicated, depending upon its thermal capacity, 
thermal conductivity, and the heat-dissipating capacity of its external 
surfaces. The latter depends upon the nature of the radiating surface, 
its temperature, and whether or not the air surrounding it is still. The 
problem is first treated from a theoretical point of view under ideal 
conditions, and the results so derived are correlated with experimental 
data. In this manner, not only have the proper empirical constants been 

derived, but also the limits of validity of the various theoretical formulas 
have been determined. 

8. Electromagnetic Force Formulas 

The actual manner in which the work of a magnet will be obtained, 
that is, a large force through a short stroke or a small force through a 
long stroke, depends on the shape of the working pole faces. Force 
formulas, with all their limitations and corrections, and for all manner of 
pole-face shapes, and types of action, are derived in Chapter VIII. 

9. Magnet-Pole-Face Types 

The proper type of pole face for any particular magnet depends on 
the relative values of the force and the stroke. The use of the right pole 
face results in the least weight for a given work. Chapter IX discusses 
the force-stroke characteristics of the various types of pole faces, and 

develops complete data for determining the most economical pole-face 
type for a given force-stroke characteristic. 

10. Design of Direct-Current Electromagnets 

The actual procedure of designing a magnet to meet given specifica¬ 

tions is, Uke all machine design problems, an essentially heuristic pro¬ 
cedure. All types of magnet, while essentially the same in fundamentals, 
differ in the detailed procedure necessary to get a working design. The 
amoimt of labor necessary to get a satisfactory and economical design 
depends on how close the first choice of basic design factors is to the 
optimum values. These optimum values, for any particular type, vary 
with the ratio of the force to the stroke. In Chapter X the criteria for 
an optimum design, the procedure of design, and basic design factors are 
detailed in such a manner that an optimum design can be obtained, with 
rapidity for any one of six basic types of electromagnet. 
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11. Time-Delayed Magnets 

In many instances it is necessary to provide for a time-delay action 
in an electromagnet. Thus, it is sometimes desired to delay the execution 
of the work of the magnet an appreciable time after the energizing 
impulse has been initiated. When the time delay is short this can be 
incorporated in the electrical design of the magnet itself. When long 
time delays are necessary the delay mechanism must be external to the 
magnet. The problem of the predetermination of time delay can be 
handled mathematically with good results, provided that the inductance 
of the magnet remains substantially constant when the current varies, 
and there is no motion of the armature during the time-delay period. 
When these conditions do not occur, the solution must be obtained by a 

step-by-step method applied to the differential equation for the circuit. 
Complete data on time-delay methods, with their mathematical solution, 
and the correlation of the mathematical solution with experimental 
results are given in Chapter XI. 

12. Quick-Acting or High-Speed Magnets 

The problem of predetermining the time of action of a magnet, 
though probably one of the most difficult problems in magnet design, 
is also the most fascinating. It is of particular interest in high-speed 
magnets, where the shortness of the time required for the magnet to 
complete its work is the yardstick of merit. Such magnets are used in 

many modern control devices. The problem is one of electrodynamics, 
involving two variables, space and time. The partial differential equa¬ 
tions that result, because of their non-constant coefficients, must be 
solved by a step-by-step integration. Complete details of the method of 

solution, and the correlation of the computed and experimental results 
for an actual magnet, are given in Chapter XII. In addition, a rational 
method of developing a preliminary design for short-stroke high-speed 
magnets to meet required specifications is developed. 

13. Alternating-Current Magnets 

The alternating-current magnet differs from the direct-current mag¬ 
net, principally because the current through the coil is not determined 
by the resistance of the coil, as it is in a direct-current magnet, but 
instead is limited by the self-induced voltage produced by the alternating 
flux. As the flux linkage does not vary with the position of the plunger, 
the current depends on plunger position. This causes the alternating- 
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current magnet to have an odd-shaped force-stroke characteristic. Aside 
from this, the fact that the flux is alternating produces other effects. 
Thus the force pulsates from zero to a maximum twice during each cycle 
of supply current. The average force, however, bears the same relation 
to the current as with direct current. In some applications where it is 
undesirable to allow the force to fall to zero it is necessary to split the 
working flux into two parts which are out of phase. This is generally 

accomplished by means of a shading coil. 
Alternating-current power magnets are, in general, undesirable. 

Their volt-ampere consumption, which bears a definite minimum rela¬ 
tionship to the frequency and the work, is high compared to that of the 
corresponding direct-current one. The iron circuit must be thoroughly 
laminated to prevent excessive eddy-current losses. Their one redeem¬ 
ing feature is that they are inherently high-speed magnets. They are 
extensively used as relays and for applications, such as electromagnetic 
hammers, which depend on the alternating-current characteristics. For 

power magnets it is common to use a direct-current magnet powered from 
a rectifier. Chapter XIII presents a complete discussion of the alternat¬ 
ing-current magnet from the above point of view and complete details 
regarding their design. 

14. Relays 

The relay, as its name implies, is a device intended to repeat or relay. 
In an electromagnetic sense it is a small-work magnet of low power 
consumption for closing contacts. However, from the point of view of 
design, the relay is very general and embraces all the problems of special 
magnets. Thus a relay must always be designed with respect to its 
residual force which determines the current at which it will release; in 
addition, it must often be designed with regard to its speed of action, or 
for a definite time delay. When operating on single-phase alternating 
current, shading coils must be used to prevent chattering. Power con¬ 
sumption, rather than heating, is the general design limitation which 

distinguishes it from a tractive magnet. Relays are discussed in Chapter 
XIV. 

RECENT ADVANCES IN FERROMAGNETIC MATERIALS 

It is safe to say that the only advance in the design of magnets in the 
last few years has been made because of new ferromagnetic materials ^ 

^ Extremely interesting discussions of new developments in this field and their 
commercial applications may be found in the following references: 

V. E. Leog, ^'Survey of Magnetic Materials and Applications in the Telephone 
System,’’ Bell System Technical Journal^ July, 1939. 
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which have been developed. In some instances, as with Permalloy and 

Alnico, the effect has been so great as to change the whole course of 

design. 

16. Soft Magnetic Materials 

In the field of the '^soft magnetic^’ materials a complete exploration 

of all the possible alloys of iron, nickel, and cobalt has resulted in the 
production of many useful alloys. These alloys may be divided into 
three groups: 

1. Ferronickels: iron-nickel alloys which have very high initial 
and maximum permeabilities and very low hysteresis loss. 

2. Ferrocobalts: iron-cobalt alloys which have a high permea¬ 

bility that endures well beyond the saturation limit of ordinary iron. 
3. Constant-permeability alloys: iron-nickel-cobalt alloys which 

have permeabilities that are invariant within limited ranges of flux 

density, and a hysteresis loss which is zero or negligible. 

In the field of electromagnet design the first two of these are of 
special interest. Ferronickel (47 per cent) is of particular use in the 
design of sensitive relays. In this application it affords two important 
properties: a relatively high flux density with a very small magnetizing 

force, and a very small residual effect. In other applications the low 
hysteresis loss and high resistivity of ferronickel are very useful as they 
allow the construction of special devices, such as voltage generators and 

transformers, which must have negligible losses. Ferrocobalt is chiefly 
useful in tractive magnets where a high density of force is desirable and 
in other applications where its high saturation density results in a sub¬ 
stantial reduction in size and weight. It also has a high incremental 
permeability at high polarizing flux densities. Constant-permeability 
alloys are particularly suitable for use in circuit elements in which dis¬ 
tortion and energy loss must be a minimum. In the telephone industry, 
these materials are known as Permalloy, Permendur, and Perminvar, 
respectively. 

T. D. Yensen, Magnetic Materials and Preparation/’ McGraw-Hill Book 
Co., 1937. This is the fourth chapter of a book entitled “Introduction to Ferro¬ 
magnetism” by Francis Bitter. 

C. E. Webb, “Recent Developments in Magnetic Materials,” Journal of the 
Insiiivlion of Electrical Engineered March, 1938. 
These articles are very extensive and have complete bibliographies of all the 

important references in the literature. 
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16. Tractive and Residual Effects in Commercial Soft 
Magnetic Materials 

As tractive force is a very important consideration in the design of 
electromagnets and relays, Fig. 1 is presented in order to give a definite 
picture of the relative tractive effort which can be obtained from the 
various special alloys commercially obtainable.^ 

From these curves it is apparent that ferrocobalt is superior to 
ordinary iron in producing a tractive effect. Unfortunately, except for 
special applications, the price of ferrocobalt is prohibitive. The 34.5 per 
cent variety is much less expensive than the vanadium variety and is 

Fia. 1. Curves of tractive effort as a function of magnetic intensity for various 
magnetic materials commercially available. Data for Curve 6 taken from 

System Technical Journal^ Vol. XVIII, No. 3, page 438. 

much easier to fabricate. The addition of vanadium is necessary if the 
product is to be rolled into sheets and also is advantageous as it increases 
the resistivity. On the other hand, where it is desired to produce a large 
force with very low magnetizing currents the ferronickel is shown to be 
superior. 

In relays and sometimes in tractive magnets, the residual force pro¬ 
duced by the coercive intensity of the material is important. This 
effect can be compared only by an examination of the demagnetization 
curves of the materials. Figure 2 shows the demagnetization curves of 
the alloys of Fig. 1,* except that for sample 12a which has been replaced 
by sample 12b. 

* The samples referred to in Figs. 1 and 2 are described in Art. 33, Chapter II. 
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In order to show the effect of the coercive intensity in producing 
sidual tractive force, the force curves, A and By have been drawn to the 

; ;ht of the axis of ordinates. Curve A shows the residual produced when 
nerc is an ideal gap of zero length in the magnetic circuit. The force 
"allies are obtained by projecting, horizontally from the residual flux 
densities, on the axis of ordinates to Curve A as shown by the dashed 
lines. In actual practice, however, there is always an air gap in the 
magnetic circuit. This air-gap length being taken as one-one thou¬ 
sandth part ^ of the iron length, the air-gap permeance line OC may be 
drawn. The intersection of this line with the demagnetization curves 
gives the actual air-gap flux densities with the air gap present. Projecting 

Residual Flux Density 

Fig. 2. Demagnetization curves and residual tractive effort for various magnetic 
materials commercially available. 

these intersection points on the force curve B, by the horizontal lines 
shown, the residual forces are obtained. To make the comparison more 
vivid these forces are tabulated below. The advantage of ferronickel 
and high-silicon steel in producing a small residual effect is strikingly 

shown. 

17. Importance of Impurities in Soft Magnetic Materials 

The beginning of the development of magnetic materials may be 
dated at approximately the year 1900 when investigators attempted to 
find the cause of aging in transformer iron. In those days the best iron 

•This is about the smallest gap length that is commercially practicable in the 

usual design. 
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Residual Force Following Excitation to Saturation 

Material 

Residual Force, lb. per sq. in. 

No Air Gap 0.1% Air Gap 

47% ferronickel. 25 0.0035 
High-silicon steel. 24 0.12 
Swedish charcoal iron.... 89 0 9 
35% ferrocobalt. 77 3.5 
2% V-49% ferrocobalt. .. 112 1.9 

available was Swedish charcoal iron. Owing to the low resistivity of this 
iron, the eddy-current loss was high, which when combined with the 
hysteresis loss produced a relatively high total core loss. It was found 
that the temperature rise of the iron due to its losses when used in 
transformers caused the core loss to increase rapidly, sometimes doubling 
it in the course of a few months. The only cure was to disassemble the 
transformers in order that the iron might be reannealed. 

Attempts were made to discover the cause of this effect, known as 
aging, and while there were conflicting theories, the cause has remained 
obscure until recently. However, practical progress was made, and in 
1900 Barrett, Brown, and Hadfield brought forth their silicon steel.. By 
all03ring the charcoal iron with 2^ per cent silicon they found that aging 
disappeared, hysteresis loss decreased 25 per cent, and the resistivity was 
increased fourfold, greatly reducing the total core loss. Since that time 
considerable study has been devoted to the iron-silicon alloys. The 
commercial product of today is far better than Hadfield's best laboratory 
alloy. 

The interesting feature of the reduction of iron loss by alloying with 
silicon is that the entire effect is now definitely traced to the removal of 
minute quantities of such impurities as oxygen and carbon by a process of 
absorption, which, though not actually removing the impurities in the 
physical sense, renders them impotent. 

Research work carried out during the last few years has indicated 
that absolutely pure i^on is an ideal magnetic material, having zero 
hysteresis loss and infinite permeability. Actual experiments on single 
crystals of very pure iron have shown relative permeabilities of several 
hundred thousand and extremely low hysteresis loss. 

Iron of this exceptional quality has been produced only in the form of 
single crystals. The final removal of the last traces of impurities is 
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accomplished by long annealing at high temperatures in an atmosphere 
of hydrogen. This not only reduces the ordinary oxides but also elimi¬ 
nates the residual amounts of carbon, sulphur, and phosphorus as gases 
(CH4, H2S, PH3). Iron specially prepared and treated in this way has 
shown total impurities of the order of only 0.01 per cent. 

Commercially such material is at present impractical, owing to its 
high cost and the difficulty of producing it in the form of rods and 
sheets. Even if it could be produced it would not be desirable for alter¬ 
nating-current apparatus because of its low resistivity and consequently 
high eddy-current loss. For these reasons alloys using silicons, or some 
similar material such as aluminum or vanadium, which mitigate the 

effect of the residual impurities of commercial iron and at the same time 
produce a high resistivity, must still be used. 

Other very important factors in the production of iron of super- 
magnetic qualities are grain size and grain orientation. It has been 
definitely proved that as the grain size is increased the hysteresis loss is 
decreased. Furthermore, if the iron is rolled so that the axes of the 
grains have a parallel orientation as compared to a random orientation, a 
material of exceedingly high permeability and low hysteresis loss is 
obtained. This latter process, known as “fibering,’^ has the effect of 
giving the sheet magnetic properties resembling those of a single crystal. 
Such materials are commercially available.** 

In the case of ferronickel and ferrocobalt, prolonged annealing at high 
temperatures in an atmosphere of hydrogen has shown a remarkable 
improvement in their magnetic properties. Fifty per cent ferronickel 
when treated in this way has shown maximum permeabilities over 
150,000 as compared to about 40,000 for the usual product. This 
product is commercially available under the name of ‘‘Hipemik.” 
Likewise, 2 per cent vanadium Permendur when specially hydrogen- 
annealed shows a large increase in permeability and a slight increase 
in saturation density. 

18. Structure and Grain Orientation of Magnetic Materials 

The accepted explanation of many of the effects just described is 
based upon the existence of a definite lattice structure of the crystals 
of the material which imparts to the crystal an axis of easy magnetiza- 
bility. Any portion of the matter having a continuous lattice structure 
and a definite orientation throughout is called a grain. An ideal magnet 
material will have regularity of the lattice structure throughout. As the 
regularity of the lattice structure is interrupted at the boundaries of the 
grains, anything which increases the number of grains or their random 
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orientation is undesirable. Likewise, anything which increases the size 
of the grains and decreases the random orientation of these grains is 
desirable. 

Impurities in the metal tend to make the grain size small, as they 
constitute the focal points from which crystallization starts. Thus small 
particles of oxides and carbides, when present in solid solution in the 
metal, will cause the crystallization to start at many points simultane¬ 
ously, producing small grains. Consequently, the total absence of 
impurities is essential if large grains are to be produced. 

Another factor controlling the grain size is the manner in which the 
metal is w’orked and the subsequent heat treatment. Considerable 
success in producing large grains has been obtained with silicon steel by 
cold rolling followed by annealing. If this is done in a special way, a 
preferred orientation of the lattice structure of the grains can be obtained 
which results in a magnetic material having properties approaching that 
of a single crystal.* 

Cold working of a material will introduce internal strains or lattice 
distortions and tend to make it hard. Annealing by heating to a high 
temperature with very slow cooling produces a homogeneous structure 
free from lattice distortion. Thus magnetic materials, which in the 
process of fabrication have been stressed beyond the elastic limit, should 
be carefully annealed. 

19. Hard Magnetic Materials 

Advances in this field also have been astounding in the last decade. 
In contrast to what has just been said about soft magnetic materials, the 
problem in producing a hard magnetic material is to introduce lattice 
distortion in the crystal deliberately. Such a distortion or strain in the 
material can be produced by cold working, but where it is intended to 
produce a strong permanent magnet material it is best done by quench 

hardening or by dispersion hardening. Either process depends on the 
existence of a heterogeneous structure involving the presence of two 
components, one of which is dispersed in a finely divided form through¬ 
out the matrix causing severe lattice distortion. In all the earlier types 
of permanent-magnet steels, such as carbon, tungsten, chromium, and 
cobalt, the hardness depends on the formation of a martensitic structure 
on quenching. These steels have the inherent disadvantage that the 
martensitic structure producing the lattice distortion is unstable and 
subject to deterioration from vibration or high temperature. 

« See Art. 30, Chapter II. 
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In the last few years new permanent-magnet materials have been 

developed in which the lattice distortion is produced by a dispersion of 

the second component in finely divided form throughout the matrix 

during a carefully controlled cooling process. Such steels are known as 

dispersion-hardened alloys. The best-known materials in this group are 

the nickel-iron-aluminum and nickel-iron-aluminum-cobalt alloys which 

appear under the names of Nipermag and Alnico III, for the former 

group, and Alnico I, II, and IV for the latter group.® 

These materials are fabricated by casting or sintering. Sintering is a 

process whereby a properly proportioned mixture of the ingredients of 

the alloy in a finely divided form are molded into a solid metal by a 

process involving the use of temperatures a few hundred degrees below 

the melting point in combination with very high pressures. When the 

material is cast it must be finished by grinding, and when sintered it is 

formed into molds to the finished size. 

These dispersion-hardened alloys have an exceedingly large hysteresis 

loss and hence form powerful permanent magnets. The commercial 

product averages about twice the available magnetic energy of the best 

grade of cobalt steel and several times that of the best grade of tungsten 

steel. This improvement is so great that it has revolutionized the design 

of many pieces of electrical equipment. Thus many types of small 

apparatus which formerly depended upon an electromagnetic winding to 

produce a constant flux can now be more economically designed utilizing 

these permanent-magnet materials. 

* See Art. 32. Chapter II. • 



CHAPTER II 

MAGNETIC PROPERTIES OF IRON 
AND SOME OF ITS ALLOYS 

20. Normal Hysteresis Loop and Magnetization Curve 

The magnetic performance of a piece of iron is dependent on its 
previous magnetic history, so much so in fact that certain apparatus, 
such as some sensitive relays, etc., must be operated in a definite mag¬ 

netic sequence or cycle if they are to 
give reliable results.^ This effect is 
due to a magnetic property of the 
iron termed hysteresis^ meaning a lag; 
that is, the effect lags behind the 
cause, and hence an immediate effect 
(magnetic flux) may be due to an im¬ 
mediate cause (magnetomotive force) 
modified by some previous cause of 
which the observer has no knowledge. 
It is for this reason that, before 
making any magnetic measurements 
on iron, it must first be put through 
a very definite magnetic cycle so that 
the previous history is known. For 

« - . ease of comparison, all curves giving 
Fio. I. HyateKsis cycle in soft iron _ , . , . , « j 
having no previous magnetic history relation between the flux and 

(samples). magnetomotive force of a piece of 
iron are usually plotted with flux 

density and magnetic intensity as axes. Such a curve is called a mag¬ 
netization curve. 

Consider an iron ring sample which has been thoroughly demagne¬ 
tized,* Fig. 1. The ring sample is chosen merely for its simplicity and 

^ This is particularly true at flux densities well below the knee of the magnetization 
curve, in which range most sensitive relays operate. 

* A piece of iron is demagnetized by subjecting it to a slowly reversing magnetic 
intensity, which has an initial value at least as great as any previously applied value, 
and gradually decreases to zero. This process effectively removes the previous 
magnetic history of the iron. 

14 
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convenience; for the sake of definiteness and proportion Fig. 1 has been 
drawn from actual test data taken on sample 3, the data for which are 

given on pages 47 and 69. 
As the exciting magnetomotive force on the ring is gradually increased 

the flux density rises on the curve shown by 0-1 of Fig. 1, reaching the 
flux density at a magnetic intensity of Hm> Such a curve is called a 

rising magnetization curve. If, after reaching point 1, the magnetic 
intensity is gradually decreased, the flux density will fall along the 

5-H 0 5 10 15 20Ha.-t. per in.25 
0 400 800 1200 1600 2000 2400 2800 3200 3600 

Relative Permeability 

Fia. 2. Normal hysteresis loops and normal magnetization curve for soft iron 
(sample 3). 

curve 1-2, reaching the value at // = 0. This flux density Br 
retained by the piece of iron after being magnetized is called the residual 
flux density, or retentivity. The cycle is continued by increasing H in 
the negative direction, causing the flux to decrease along the curve 2-3. 

The value of magnetic intensity He required to decrease the flux density 
to zero is called the coercive magnetic intensity or the coercive force. The 
cycle is completed by allowing the magnetic intensity to decrease to 

— Hm and thence increase to +//w causing the flux density to fall along 
the curve 3-4, and finally to rise along the curve 4-5-6--7. Point 7 
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will not in general coincide with point 1, being usually slightly lower. 
If the magnetic intensity is now varied from to back to +H 
several times, points 1 and 7 of these succeeding loops will gradually 
coincide, forming what is termed a normal or symmetrical hysteresis loop. 
When the magnetic intensity has been alternated sufficiently between 
the same positive and negative values to obtain a closed hysteresis loop, 
whether it be a symmetrical loop or not, the iron is said to be in the 
cyclic state. 

The locus of the extremities of the normal hysteresis loops of a 

material is called its normal magnetization curve. Such a curve is shown 
in Fig. 2, for the same sample (3) as Fig. 1, along with several of the 
normal hysteresis loops from which it was derived. It will be noticed 
that at the higher magnetizations the normal magnetization curve lies 
outside the hysteresis loop. 

If the rising magnetization curve of Fig. 1 is plotted on Fig. 2 it will 
be almost indistinguishable from the normal magnetization curve except 
in the region of steep slope, where it is slightly lower. For all practical 
purposes we shall consider these two curves to coincide for mild steel. 

Figures 11 and 15 give normal magnetization curves for many 
commercial materials. 

21. Permeability 

The quotient of the flux density by the magnetic intensity as read 
from the normal magnetization curve is known as the absolute value 

of the normal permeability or merely the permeability of the material. 
If this permeability is divided by that of a vacuum the relative permea¬ 
bility is obtained. In references to ferromagnetic materials the permea¬ 
bility is almost always given relative to that of a vacuum, and hence, 
when we refer to the permeability hereafter, we shall mean the relative 
permeability unless specifically stated otherwise. 

The permeability curve derived from the normal magnetization 
curve is shown in Fig. 2. The value of the permeability at = 0, 
which Ls the slope of the tangent to the magnetization curve at B = 0 
divided by the permeability of air, is known as the initial permeability. 
It is equal to 300 for this sample, and generally is of the order of several 
hundred for the ordinary commercial material. 

Figure 15 show\s normal permeability curves for several samples of 
commercial silicon steels. 

The maximum permeability^ shown as 3040 in Fig. 2, occurs at that 
point on the normal magnetization curve where the line OA through the 
origin is tangent to it. Maximum permeabilities of commercial materials 
range from a few hundred to several thousand. 
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22. Incremental Permeability 

It is very convenient, when dealing with certain types of apparatus 
where a small alternating magnetic intensity is superposed on a con¬ 
stant magnetic intensity, to speak of the incremental permeability, which 
is the quotient of AS by A//, AH being in the reverse direction from the 

Fig. 3o. Curves illustrating incremental permeability and its manner of variation. 

Fig. 36. Empirical constants for Spooner's formula for incremental permeability. 
Reprinted from Spooner's ‘‘Properties and Testing of Magnetic Materials," by 

courtesy of the McGraw-Hill Book Co. 

change in H immediately preceding. There is no restriction as to the 
magnitude of AB or AH, or as to the position on the hysteresis loop or 
magnetization curve at which they are taken. 

Suppose that in Fig. 3a a direct polarizing magnetic intensity of 
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//o is impressed producing a constant flux density Bq as shown on the 
normal magnetization curve. Let there now be* superposed upon Ho 
sinusoidal magnetic intensity Ha such that the resultant magnetic 

intensity will vary between the limits of Hi and H2 as shown. This will 
cause the flux density to rise along the normal magnetization curve 
(same as rising magnetization curve) from 0 until point 1 is reached, 

where the magnetic intensity is at its maximum value Hi, At 1, 
commences to decrease, causing the flux density to fall along a normal 
hysteresis loop until point 2 is reached, where the magnetic intensity 

is at its minimum value H2. At 2, Ha increases and the flux density 
rises along the dashed curve to 1 again, after which the minor hysteresis 
loop 1-2 is traced over and over. It is therefore apparent that as far 
as the change in flux density caused by Ha is concerned the apparent 
absolute permeabiUty of the iron is given by the slope AB/AH of the 
axis of the minor loop 1-2. This permeability is known as the incre¬ 
mental permeabilityj and it is usually given relative to a vacuum. It 
is of chief interest in the design of chokes and transformers carrying 
direct current. 

If Ha is increased so that the resultant magnetic intensity varies 
between H^ and H^i the incremental permeability will be proportional to 
the slope of the line 3-4 as shown. In general for a given biasing 
magnetic intensity below the knee of the normal magnetization curve 
the incremental permeability first increases and then decreases as the 
magnitude of Ha is increased. 

If Ha is kept constant at some value which is not very small, the 
incremental permeability will decrease as the polarizing flux density 
in*creases. This is because the tops of the hysteresis loops become flatter 
with increasing magnetizations, as can be seen from Fig. 3a. 

If Ha is allowed to approach zero the incremental permeability is 
proportional to the initial slope of the descending branch of the normal 
hysteresis loop corresponding to Hq. This particular incremental 
permeability is called the reversible permeability. Because the descend¬ 
ing branch of the hysteresis loop has less slope as the magnetization is 
increased the reversible permeability is always less than the initial per¬ 
meability. The reversible permeability is of particular interest where 
the superposed magnetic intensity is very small, as occurs in audio¬ 
frequency transformers. As AB is usually the independent variable in 
most applications dealing with incremental permeability, the values of 
incremental permeability are always plotted as a function of AB instead 
of as a function of AH, 

When dealing with incremental permeabilities it makes considerable 
difference whether the variation in flux density or the variation in mag- 
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netic intensity is the independent variable. In Fig. 3a, H has been made 
the independent variable, and it will be noticed that the impressed sinu¬ 
soidal variation Ha produces a flux density variation Ba which is not 
sinusoidal. Furthermore, Ba is not superposed upon the flux density 
Bo that would be produced by the polarizing magnetic intensity Bq, but 
upon Bpj which is greater than Bo, depending upon the magnitude of Ha. 
Thus, when Ha is the independent variable the value of the polarizing 
flux density Bp is not easily determinable. Likewise, the wave form of 
the induced voltage Ea will be very complex compared to that of Ha. 

Ha will be the independent variable in constant current circuits and in 
some resonant circuits. Thus if an inductance is connected in the plate 
circuit of a screen-grid tube, the alternating component of plate current 
is determined almost entirely by the applied grid voltage. 

More often, however, the flux-density variation is the independent 
variable. This is true in all constant- or substantially constant-volt age 
circuits; thus in a transformer supplying a half-wave rectifier the varia¬ 
tion in flux density is forced to be sinusoidal because the supply voltage 
is sinusoidal; in a filter choke operating from a low-impedance tube the 
wave form of voltage across the choke, and hence the flux variation, is 
also determined entirely by the wave form of the supply voltage. 

The discussion so far might lead one to believe that the incremental 
permeability is defined if the magnitude of AB or AH is specified, together 
with either the polarizing magnetic intensity //q, or the polarizing flux 
density Bp. This, however, is not true, and in order that the incremental 
permeability be determinate it is necessary that the wave shape of AB 
or AH be defined in addition. 

Referring to Fig. 3c, if a sinusoidal variation in magnetic intensity, 
equal to AH and polarized by Hq, is impressed on the magnetization 
curve shown it will produce the wave of flux density variation designated 
by B, having a total pulsation of AB as shown. The incremental permea¬ 
bility will then be designated as AB/AH. If, however, the same mag¬ 
nitude of pulsation A//, alternating about the same polarizing intensity 
Hot but not sinusoidal in shape, is impressed on the magnetization curve 
it will produce the wave of flux-density variation designated as B' having 
a total pulsation of AB' as shown. The incremental permeability of the 
sample will be designated as AB'/AB. It is quite obvious from the figure 
that these two values of incremental permeability obtained for the same 

specified value of AH and Hq are not the same. The same conclusion 
would be reached if AB and Bp were specified in magnitude. It therefore 
follows that if the incremental permeability is to be determinate the wave 
shape of either AB ov AH must be specified besides the value of polarizing 
flux density or magnetic intensity. 
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The most useful definition * of incremental permeability is that where 
the pulsation in flux density is maintained sinusoidal, and where Hq is 

specified, thus: 
A B 

(AB sinusoidal) 
AH 

The sinusoidal wave shape for AB is the most conunon one, as most 
apparatus operates on an impressed voltage of sinusoidal wave form. 
This will produce a sinusoidal flux wave if the circuit resistance is small 

compared to the reactance, 
as is usual. Likewise the 
value of polarizing cur¬ 
rent, and hence Hq, are 
generally known, whereas 
the value of the polariz¬ 
ing flux density is seldom 
known. 

Figure 3c also shows 
that the polarizing flux 
density is dependent on 
the wave shape. Thus Bp 
and Bpj for the sinusoidal 
and distorted waves, re¬ 
spectively, are not the 

Hi same even though AH and 

Fig. 3c. Curves illustrating the effect of wave form ^0 ^^e the same. 
on incremental permeability. Wave-shape distortion 

is appreciable only for the 
higher values of AB. Thus from 0 to 3 kilomaxwells per square inch, 
which covers the operating range of audio-frequency transformers, the 
incremental permeability is independent of wave form. 

In Fig. 19 ai;e shown curves of the incremental permeability plotted 
as a function of the maximum superposed sinusoidal alternating flux 
density AB/2, for various values of Hq. The data are given for samples 
7, 8, and 9 of low-, medium-, and high-silicon steel, respectively.^ 

These curves show that the incremental permeability increases with 

* L. G. A. Sim, “Incremental Permeability and Inductance: The Role of Wave¬ 
form in Measurement,“ Wireless Engineer^ Vol. 12, 1936, Nos. 136, 137. 

* The data shown in Fig. 19 were taken by Charles Rouault, and checked by Igor 

Bensin, as a thesis project at Stevens Institute under the supervision of the author. 

For a complete description of the experimental method and a critical discussion of the 

results see “An Investigation of Incremental Permeability,’’ by Charles Rouault, 

Stevens Institute, June, 1939, and “An Improved Method of Measuring Incremental 
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superposed alternating flux density for any constant value of polarizing 
majgnetic intensity until the maximum flux density reached in the cycle 
passes the knee of the saturation curve. For any constant value of 

superposed alternating flux density the incremental permeability 
decreases as the polarizing magnetic intensity increases. 

Where no experimental data are available, the incremental permea¬ 
bility can be approximated by an empirical method if the normal magne¬ 
tization or permeability curve for the material is known. This method, 
developed by Spooner,^ is based on the experimental fact that, if the 
incremental permeability is plotted as a function of the flux pulsation AB 
(the maximum flux density of the tip of the minor loop being held 
constant), the result will be very close to a straight line which can be 
represented by the simple equation 

cc a + b X AB 

The incremental permeability is further found to be a function of the 
flux density of the top of the minor loop farthest removed from zero. 
The resulting formula for incremental permeability is: 

Ma = {a + h X AB)j (1) 

where jjlb^ is the normal permeability corresponding to the top of the 
minor loop farthest removed from zero. 

AB is the amplitude of the total flux pulsation of the minor loop 
expressed in kilomaxwells per square inch. 

a and b are constants which have boon determined experimen¬ 
tally from tests of various magnetic materials. The values 
of these constants are given in Fig. 36. 

Permeability,” by Igor Bensin, Stevens Institute, June, 1940. Briefly, Mr. Rouault 

excited a thoroughly laminated ring sample with a variable sinusoidal voltage derived 

from a commercial power line through a variable auto-transformer. In series with 

the exciting circuit, a low-resistance source of direct current for polariSng and a 

standard resistance were inserted. The total resistance drop to alternating current 

was never allowed to exceed 10 per cent of the impressed voltage in order to avoid 

distortion of the impressed sinusoidal wave form. The magnitude of AB was com¬ 

puted from the measured r.m.s. value of voltage induced in an insulated coil wound 

on the sample, and the cross section of the sample. AH was determined by com¬ 

paring the current wave, obtained by impressing the voltage drop across the standard 

resistance on a cathode-ray oscillograph, with a standard sine wave shape of known 

r.m.s. value. This comparison was based on making the crest-to-trough value of the 

standard wave the same as that of the distorted exciting wave, and thence computing 

AH as 2\/2 Er.m.B.N/RsUf where'Br.in.8. is the root mean square value of the standard 
comparison wave, N the turns on the exciting winding, R, the resistance of the 

standard, and U the mean length of the iron ring sample. 

‘ Thomas Spooner, “Permeability,” Jour, A.I,E,E.f Vol. 42, p. 42; January, 1923. 
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Spooner states that this method gives results with fair accuracy for 
all classes of ferromagnetic materials if the amplitude of A5 is considera¬ 
ble, but that for very small values of AS (reversible permeability) it is 
unreliable.^ One difficulty sometimes encountered in applying this 
method is finding the flux density at the tip of the minor loop if the 
polarizing magnetic intensity Hq is given instead of the polarizing flux 
density Sp. If anhysteretic magnetization curves, like those of Figs. 
18a and 6, are available it may be calculated as Sp + (AS/2) if the 
even harmonic distortion of flux pulsation AS is small. If the maximum 

value of the alternating magnetic intensity Ha is known, 8^ may be 
approximated from the normal magnetization curve corresponding to a 
magnetic intensity equal to Hq + STa, provided that Bm so located is 
above the point of maximum permeability. For Bm below the point 
of maximum permeability Spooner states that the effective magnetiza¬ 
tion curve may be taken as a straight line between the origin and the 
point of the normal magnetization curve corresponding to maximum 
permeabihty. 

It will be noticed that another effect of superposing an alternating 
field on that produced by a direct current is to change the apparent 
permeability of the iron for direct current. Referring to Fig. 3a, the 
permeability for the direct magnetizing force Hq alone is Bo/Hof while 
with the alternating flux density So superposed it becomes BpfHo. 
Spooner ® states that when AS is small the apparent permeability over 
the entire range of the magnetization curve up to fairly high densities is 
increased over the normal value, but when AS is large it is reduced, and 
at high densities is less than the normal permeability. 

If the incremental permeability of the iron is known, the value of 
the polarizing flux density Bp can be approximately ’ determined for any 

value of AS and Hq as follows: From AS and ma calculate A//. Then 
Si, the maximum minor loop density, can be determined from the normal 
magnetiifition curve from Hi equal to Hq + {AH/2), Subtracting 
AS/2 from Si, the polarizing flux density Bp can be found. The value 
of Bp plotted against //q for constant values of AS or AH is sometimes 
called an anhysteretic curve (apparent magnetization curve with super¬ 
posed alternating flux). Such curves, obtained experimentally, are 

Data taken by Bensin (op. cit,) indicate that AB should be not less than about 

20 kilomaxwells per square inch, 

*T. Spooner, “Effect of a Superposed Alternating Field on Apparent Magnetic 

Permeability and Hysteresis Loss/' Physical Review^ 1926. 

’Owing to the even harmonic distortion present in either the alternating flux 

density or magnetic intensity variation the axis of either cannot be determined 

exactly by taking the mean of the maximum and minimum values. 
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given in Fig. 18a and b for samples 8 and 9 of medium- and high-silicon 
steel, respectively. 

23. Saturation 

As the flux density of a piece of iron increases, the slope of the magne¬ 
tization curve equal to dB/dH, sometimes called the differential permea¬ 
bility, first increases and then decreases. When the differential permea¬ 
bility is only a few times greater than that of a vacuum the iron is 
said to be saturated. The term saturation as ordinarily used is broad, 
including almost the entire range of the magnetization curve above the 
sharp bend called the knee. However, there is a very definite flux 
density, called the saturation density, designated by .B,, that the iron 
itself will carry. Any 
flux density in excess 
of this value is consid¬ 
ered as being carried by 
the void which would 
be left if the iron were 
removed. Thus the flux 
density in any piece of 
iron can be considered 
as consisting of two 
parts: 5/, the so-called 
ferric flux density car¬ 
ried by the iron itself; 
and iiHy the flux den¬ 
sity that would exist in 
the absence of the iron 
if the magnetic inten¬ 
sity were maintained constant. The actual flux density in the iron can 
then be expressed by the following equation: 

Bf + ixH 

This is illustrated in Fig. 4a for a sample (8) of medium-silicon steel: 
The saturation density can be extrapolated from data at lower 

densities by means of the following well-known relation: ® 

Hf = k{Bti - Bf) 

• This relation, first discovered by Fr5hlich, was later modified by Kennelly so as 

to be in a more useful form. Kennelly, Trans. A.I.E.E.^ Vol. 8, p. 485, 1891; or see 

Steinmetz, “Theory and Calculation of Electric Circuits,” First Edition, p. 43, 
McGraw-Hill Book Co. 

Fia. 4a. Separation of the flux of a piece of iron into 

its ferric component and air component. 
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which states that the permeability is proportional to the magnetiza- 
bility. If we introduce for ferric permeability /x/ its equivalent 
and solve for Bj we will obtain: 

fi/ = 

H 

kB, B, 

Letting 1/R, = <r, and l/kB^ = tx, we have: 

H 
Bf- 

a 4" 

H 
V/ = — = a + aH 

Bf 

where vf is the ferric reluctivity. In other words, the law may be stated 
that the ferric reluctivity is a linear function of the magnetic intensity; 
if Vf is plotted against H for any sample of steel the points should fall 
on a straight line. Actually, however, it is found that this law does not 
hold until the knee of the saturation curve has been passed. 

In Fig, 46, the ferric reluctivity as computed from the normal mag¬ 
netization curve 1 of Fig, 11a, for a sample of annealed Swedish charcoal 

Fia. 46. Ferric reluctivity curves for extrapolating for the saturation density 

by Kennelly’s method. 

iron, is shown plotted against the magnetic intensity. It will be noticed 
that the straight part of the curve which can be extrapolated, begins at 
about 400 ampere-turns per inch; this point will vary with different 
materials, some such as cobalt steel requiring a much higher value of 
magnetic intensity before straightening out. 

The slope of this curve is equal to 0.00717, corresponding to a value 
of equal to 139.4 kilomaxwells per square inch. The intercept a is 
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considered to be a measure of the magnetic hardness of the material; 
that is, the greater the a, the harder the material. 

In Table II there are given the saturation densities B, for various 
magnetic materials. Those for samples 1, 7, 8, 9, 11, 12a, 126, and 20 
have been extrapolated from their normal magnetization curves by the 

above method. 

24. Residual Flux Density and Coercive Intensity 

It is often desirable, when dealing with the force produced by the 
residual flux of a magnet, or with permanent magnets, to know the 
value of the residual flux density J5r, and the coercive intensity Hcf that 
will be produced by various maximum-values of magnetic intensity. If 
the coercive intensity and the residual flux density are plotted as func¬ 
tions of the maximum magnetizing intensity it will be found that these 
curves have the same shape as normal magnetization curves (see Fig. 13). 
Sanford and Oheney* have found that these curves, because of their 
similarity to ordinary magnetization curves, may be extrapolated in an 
exactly similar manner. Thus if H^/Br or Hm/Hc are plotted against 
Hm as the independent variable, the resulting curves have the same shape 
as those of vf plotted against H, discussed in Art. 23. The following 
analytical expressions, which they have checked to a high order of 
precision, result: 

= ai + (5) 

= 02 + (6) 
n c 

ai and 02 are intercepts on the axis of ordinates, and 61 and 62 are the 
reciprocals of the saturation values of Br and respectively. These 
expressions, like that of Art. 23, cannot be used at very low values of 
Hmy where the reluctivity curve v/ is not a straight line. 

In Fig. 5a are shown curves of HmfBr and Hm/He plotted against 
for sample 1 of annealed Swedish charcoal iron. From these curves the 
values of 61 = 0.01275 and 62 = 0.3775 are obtained, giving saturation 
values of Br = 78.4 and He = 2.65, respectively. In Fig. 56 are shown 
similar curves taken from data by Sanford and Cheney* for 36 per cent 
cobalt permanent-magnet steel. These curves give values of 61 =« 
0.01736 and 62 = 0.002295, corresponding to saturation values of 
Br = 57.6 and He = 436, respectively. 

• ‘‘The Variation of Residual Induction and Coercive Force with Magnetizing 

Force/' Bur Standards Set, Paper, 354, 1920. 
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Figures 5c and 5d show He and Br plotted against Hm for both sam¬ 
ples. Note the exact resemblance to ordinary magnetization curves. In 

Fias. 5a and 66. HmlHa and HmfBr plotted as a function of the maximum 

magnetizing intensity. 

Figs. 5c and 6d. Residual flux density and coercive intensity plotted as a function 

of the maximum magnetizing intensity. 

Figs. 13a and 136 curves are given for Br and He as a function of H^ for 
various kinds of steel. Table II also gives values of Br and He for 
various steels. 
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26. Energy Changes Occurring during Magnetic Cycles 

In Fig. 6 is shown a normal hysteresis loop for a sample of commer¬ 
cial mild cold-rolled steel, obtained after the iron was put in the cyclic 
state. Consider the energy changes as the loop is traversed. Starting at 
point 6 and going toward 2 it is seen 
that the flux is rising in the iron 
and, hence, inducing a voltage act¬ 
ing against the current through the 
exciting coil. This causes energy 
to be abstracted from the electric 
circuit, the value of which is 

dB joules per 

cubic inch 

and is evidently equal to the area 
6-1-2-7-6 of the figure. During the 
next step of the cycle 2-3, energy is 
returned to the electric circuit from 
the iron, as the induced voltage due 
to the falling flux linkage is in the 
same direction as the falling exciting current, 
the integral: 

Fig. 6. Energy changes occurring dur¬ 

ing a normal hysteresis cycle. 

Tliis energy is given by 

W f u 
+ 5m 

dB joules per cubic inch 

and is equal to the area 3-2-7-3 of the figure. The last two steps of the 
cycle, namely, 3 to 5 and 5 to 6, are identical with the first two steps 
because of the symmetry of the loop about the origin. Hence the net 
energy taken from the circuit during the complete magnetic cycle will be 
equal to 21^6-2 — 2TT2-3, which evidently is the total area inside of the 
loop. 

This energy appears as heat in the iron, and because it is abstracted 
from the electric circuit by the phenomenon of magnetic hysteresis it is 
called the hysteresis energy loss. This loss, in joules per cubic inch of 
iron, is therefore equal to the area inside of a continuous hysteresis loop, 
the coordinates of which are webers per 'square inch and ampere-turns 
per inch. 

The normal hysteresis loop is of particulai' interest in apparatus where 
the flux goes through a cycle having equal positive and negative values, 
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as occurs in most alternating-current apparatus. Then where the flux 
variations are periodic one can speak of the hysteresis power loss per 
cubic inch, equal to the product of the area of the loop by the frequency 
of the supply in cycles per second. This is evidently the average rate at 
which energy is being dissipated as heat. For such alternating-flux 
apparatus a magnetic material having small hysteresis loss is desirable 
from the point of view of increasing the efficiency and decreasing the 
size. For this purpose silicon is alloyed with steel producing the so-called 
“ silicon steels,which have a very low hysteresis loss. 

It is possible to evaluate the hysteresis loss only for a complete mag¬ 
netic cycle, that is, where the flux is brought back to its original value by 
purely electrical means. As an illustration of the lack of meaning of 
assigning definite energy forms to the various areas of the loop consider 
the following: Does the area 0-1-2-7-0 of Fig. 6 represent the energy 
stored in the iron due to the flux density 

If the iron had been originally demagnetized the flux density would 

have risen to Bm along the curve 0-2, and the energy abstracted from 
the electric circuit would have been equal to the area 0-2-7-0. This 
area certainly does not equal area 0-1-2-7-0, but nevertheless the energy 
in the iron at a flux density of Bm is the same no matter whether one 
arrives along curve 0-2 or 1-2; hence, area 0-1-2-7-0 cannot be equal 
to the energy stored in the iron by However, neither does the aiea 

0-2r7-0 represent the energy stored by Bmy because during the change 
0-2 some hysteresis lass has occurred, and therefore the area 0-2-7-0 is 
greater than the available stored energy due to Bm; that is, some of the 
energy abstracted from the electric circuit, has already been dissipated as 
heat in the iron. The fact of the matter is that the only way one could 
determine the energy stored by Bm would be to subtract, from the area 
0-2-7-0, the hysteresis loss occurring during 0-2, which would have to 
be measured by a calorimeter. 

Now consider the area 3-4-0-3. Does this represent the energy 
stored in the iron by the residual flux density Br'i Since this area repre¬ 
sents energy abstracted from the electric circuit when the flux density is 
decreased from Br to zero, it cannot be energy stored in the iron but must 
represent the energy input to the iron necessary to demagnetize it. How¬ 
ever, at point 4 the iron is not completely demagnetized because it still 
has stored energy. Thus, if at 4 the exciting magnetic intensity He is 
removed the flux density will rise to point O', returning to the electric 
circuit the energy equal to the area 4-0-0'-4. Besides returning this 
energy the iron will still have some stored magnetic energy due to the 
flux density O'. To actually demagnetize the iron it is necessary to apply 

a negative magnetic intensity greater than He which will decrease the 
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flux density to 4', such that when the magnetic intensity is removed the 
flux density will rise to point 0 along the curve 

In other words, at point 3 the iron has stored magnetic energy due 
to the residual density Br which could be evaluated by means of a 
calorimeter as previously mentioned, and in order to remove this stored 
energy, more energy equal to area 3-4'-0-3 must be put into the iron. 
Consequently, the stored energy at 3 due to Bry plus the area 3-4'-0-3, 
must go into hysteresis loss when the iron is demagnetized. The area 
3-4-0-3, therefore, is merely approximately equal to*the energy input 
necessary to demagnetize it from the residukl flux density Br- In no 
event, though, can hysteresis loss be evaluated electrically until the 
magnetic cycle has been completed. 

26. Normal Hysteresis Loss 

In Fig. 12 are shown a series of normal hysteresis loops for various 
materials. The total symmetrical hysteresis loss (complete loops) in 
joules per cubic inch per cycle is shown plotted as a function of the 
maximum loop density Bm, on log-log paper in Fig. 14, by the curves 
labeled D. These curves have been obtained by measuring the sym¬ 
metrical loop areas of Fig. 12. In Fig. 17& are shown similar curves of 
normal hysteresis loss for samples 8 and 9 of silicon steel. The data 
for these curves were obtained by exciting the sample with alternating 
current and measuring the total core loss with a wattmeter. Correction 
was made for the eddy-current loss occurring. 

It will be noticed that these curves can, for a portion of their length, 
be represented by straight lines, the equation of which will be: 

loge Wh = log K + n log Bm 

where Wh is the hysteresis energy loss in joules per cubic inch per cycle, 
log K is the intercept on the axis of ordinates for Bm = and n is the 
slope of the straight line. Or, taking the antilog of both sides of the 
equation, we have 

Wh ^ joules per cubic inch per cycle (7) 

This is Steinmetz’s equation for hysteresis loss: in general it can only be 
applied over a limited range of flux density. In Table I the values for 

It must not be thought, however, that the magnetic state 0 so obtained will be 

identical with what would have been obtained had the iron been demagnetized by 

successive revei-sais. Actually the slope of the curve 4'-0 at the origin will be greater 

than the slope of the normal magnetization curve at this point. It is apparent, then, 

that, even though the iron is demagnetized as far as any of the ordinary tests would 

show, it has not been returned to its virgin state; that is, it retains a magnetic history. 
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K and n, evaluated from Figs. 14 and 17, are given for limited ranges of 
flux density. These constants can be evaluated only from experimental 
data for the particular iron in question, as they depend not only on the 
composition of the iron, but also on the heat treatment, mechanical 
working, etc. For this reason the values given in the table should not 
be considered as necessarily representative. 

TABLE I 

Sample K n Range of Bm 

1 0.010 X 10-’ 2 00 48 to 80 
2 0.0068 “ 1.63 48 to 80 

3 0.0063 “ 1.62 32 to 80 

4 0.047 1.50 32 to 100 

8 0.0047 '' 1.57 20 to 80 

9 0.0019 1.70 25 to 75 

27. Total Iron Loss Due to an Alternating Magnetic Field 

In the presence of a purely alternating magnetic field there will be, 
besides the normal hysteresis loss discussed in the last article, a power 
loss due to the presence of circulating currents in the cross section of the 

iron flux path. These currents, known as eddy 
currents, are produced by the voltages induced in 
the perimeters of the cross sections of the iron 
path by the alternating magnetic field passing 
through the cross sections. Thus, in Fig. 7a is 
shown the cross section of an iron lamination hav¬ 
ing a thickness t inches and a width large com¬ 
pared to the thickness. The magnetic flux passing 
normal to the cross section is represented by the 
dots. The path for eddy currents is normal to 
the flux lines and parallel to the center line of the 
lamination- as shown by the dashed arrows. The 
eddy-current density at any jdistance x from the 

center of the lamination is equal to the voltage induced in one turn 
by the flux in area a-h-c-d divided by the resistivity of the metal, or 

! 
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rent loss in an iron 

lamination. 
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The power loss density due to eddy currents will then be: 

.2 
Pe = Pli = -- 

P 

and the total power loss in the section of lamination will be: 

P 3 X 8 X p 

and the loss due to eddy curronts per unit volume of material is then 

Pe = :r kjfBie 
3p 

watts per cubic inch (8) 

where B^ is the maximum value (Ai5^/2) of the cyclic loop density in 
webers per square inch, t the thickness of the laminations in inches, and 
p the resistivity of the laminations in ohms in an inch cube. 

It is thus seen that for any given lamination the eddy-current loss 
will vary as the square 
of: the maximum cyclic 
flux density, the frequen¬ 
cy, or the form factor of 
the induced wave of volt¬ 
age producing the eddy 
currents. The constant 
4/3p is usually deter¬ 
mined by measuring the 
eddy-current loss experi¬ 
mentally, as it is found in 
actual practice that the 
eddy-current loss depends 
not only upon' the resis¬ 
tivity of the sheet but also 
on the grain size, in¬ 
creasing as the grain size 
increases. 

In Fig. 16a are shown curves of total core loss at two frequencies as a 
function of B^ for low-, medium-, and high-silicon steel. Figure 166 
gives the same data in terms of frequency for different values of Bm> 

The eddy-current loss of a sample of iron at any value of B^ can be 
easily determined from readings of the total core loss for two different 

“See “Properties and Testing of Magnetic Materials,” by Thomas Spooner, 

McGraw-Hill Book Co., First Edition, 1927, p. 25, also Chapter VII. 

Fia. 76. Separation of total core loss into eddy- 

current and hysteresis components. 
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frequencies by plotting the energy loss per cycle against the frequency. 
As the hysteresis loss per cycle does not depend on frequency, and the 
eddy-current loss per cycle varies directly as the frequency, the plot 
will be a straight line, the intercept of which on the axis of ordinates 
will be the hysteresis loss per cycle. If this loss is subtracted from the 
total loss per cycle the difference will be the eddy-current loss per cycle. 
Figure 7b shows such a plot for sample 9a of 29 gauge silicon steel, the 
data being taken from Fig. 16a or 166. From Fig. 76 it can be calculated 
that of the total core loss of 0.65 watt per pound for sample 9a at 
Bm = 64.5 kmax. per sq. in. and a frequency of 60 cycles per second; 
0.14(i4 watt, equal to 0.00244 X 60, is the eddy-current loss; and 
0.504 watt, equal to 0.00840 X 60, is hysteresis loss. 

The data of Figs. 16a and 166, while given for 29 gauge sheet only, 
may be extended to cover the iron loss for other thicknesses by correcting 
the eddy-current component of the loss for the change in thickness. 

28. Unsymmetrical Hysteresis Loss in Direct-Current 
Electromagnets, etc. 

In a direct-current electromagnet the normal magnetic cycle of the 
iron is quite complicated. For all practical purposes, however, this 
cycle is approximated quite closely by a loop having the normal mag¬ 
netization curve for the rising branch and the demagnetization curve 
of a normal hysteresis loop for the descending branch. Such a loop is 
shown in Fig. 6 by the rising line 4'-0-2 and the falling line 2-3-4'. 
Each time an electromagnet goes through a complete cycle of operation, 
energy equal to the area of this loop will be dissipated as heat per unit 
volume of iron. 

Consider the simple ring magnet illustrated in Fig. 8a. Let the air 
gap at the beginning of the working stroke be gi and at the end of the 
working stroke be g2] assume that the flux density throughout the 
iron is constant. When the coil circuit is closed (air gap held constant 
at ^i) the flux in the iron will build up along the curve 0-1, Fig. 8c, to 4>i, 
causing the flux density in the iron to reach the value Bi of Fig. 86. 

If the air gap is now allowed to decrease from gi to the flux in the 
iron will increase from </>! to <t>2, causing the flux density to rise to jB2* 
Magnetically the same result would have been obtained by decreasing 
the air gap first and then applying the magnetomotive force, in which 
case the curve 0-2 of Fig. 8c would have resulted. This curve is obtained 
by adding together the rising magnetization curve of the entire piece of 
iron, computed from curve 0-1-2 of Fig. 86, and the magnetization curve 
for the air gap shown by line 0-7 of Fig. 8c. Likewise the demag- 
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netization curve 2-3-4-5 for the entire magnet (iron and air gap) can 
be determined in exactly the same manner. When the coil circuit is 
broken the flux will decrease along this demagnetization curve to 
point 4, corresponding to the flux density B4. The cycle of the magnet 
is completed by increasing the air gap from g2 to gi. This will require 
mechanical energy. If the permeance of the air gap at ^2 is large 
compared to that at gi the flux can, for all practical purposes, be con¬ 
sidered to fall to zero along curve 4-0, Fig. 8c. 

It is now possible to evaluate the effects of hysteresis from a practical 
point of view. First, if the cycle of the magnet were ideal there would 
be no losses of energy of any kind and the total area of the rectangle 
0-l'-2-8-0 would be available as mechanical work.^^ Of this total area 
certain portions are unavailable; area 4-3-2-7-8-4 is returned to the 

electric circuit in the form of a spark when the coil circuit is interrupted, 
and area 0 2-3 4-6 -0 is lost owing to hysteresis. Area 3-2-7-3 repre¬ 
sents the energy returned to the electric circuit by the iron and corre¬ 
sponds to area 3- 2-7-3 of Fig. *86. Area 0-2-3-0-0 represents that 
portion of the hysteresis loss which is supplied directly by the electric 
circuit and corresponds to area 0-1-2-3-6-0 of Fig. 86. Area 
0-6 -3-7-8-4-0 represents the energy stored in the air gap (length ^2) 
just before the coil circuit is opened. After the coil circuit has been 
opened the energy of the air gap is represented by area 0-6-4-0. The 

difference between these two energies is divided into two portions: 
part 4-3“7-8-4, which is returned to the electric circuit; and part 
4-6-3-4, which is consumed in demagnetizing the iron from the residual 

flux density B3 (at zero air-gap length) to the actual residual flux 
density B^y and corresponds to area 4-6 3 -4 of Fig. 86. When the 
armature is moved mechanically from ^2 to gi the flux will fall from 

“ This is explained in detail in Chapter III. 
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4 to 0 if the permeance in position gi can be considered small compared 

to that in position g2. 
The energy changes involved during this latter process can be 

evaluated if the change from 4 to 0 is made electrically. This can be 
done by increasing the coil current in the negative direction (air 
gap = ^2) until point 5 is reached and opening the coil circuit. This 
will reduce the flux to zero, and the mechanical motion from g2 to gi can 
now be carried out without expending any energy. In this cycle of 
operations the energy left in the air gap (area 0-6-4-0) will be dissipated, 
and, in addition, energy represented by area 0-5-4-0 will be taken from 

the electric circuit. These two energies evidently correspond to area 
0-6-4-5-0 of Fig. 86 and constitute the energy necessary to demagnetize 
the iron from B4 to zero. 

Summing up: In a complete cycle of the magnet the hysteresis loss 
will be equal to area 0-2~3-4-5-0 of Fig. 8c, or the loss per cubic inch of 
iron will be the area of the loop of Fig. 86. Of this total loss, part 
0-6-3-4-0 is supplied by the stored energy of the air gap, and 
part 5-0-4-5 by mechanical means. Of the total work available from 
the ideal magnetic cycle, namely area <i>mFmi the portion 0-2-3-4-0 may 
be considered as lost as the result of hysteresis and portion 4-3-2-7 -8-4 
lost by its return to the electric circuit. 

To make possible the predetermination of hysteresis cycles for elec¬ 
tromagnets, the loops of Fig. 12 have been plotted from actual data 
taken on the samples indicated. These loops may be used directly to 
construct the complete hysteresis cycle as shown in Fig. 8c. Loops for 

values of Bm other than those given on Fig. 12 may be approximated by 
finding the values //c, Br^ and Hm for the particular desired value of B^, 
from the data of Figs. 11 and 13 and then drawing a curve through these 
points of the same shape as the adjacent loops of Fig. 12. 

To facilitate evaluating the energy losses corresponding to the 
various loop areas the data given in Fig. 14 have been determined 
from the loops of Fig. 12. Curve A gives the energy loss of iron corre¬ 
sponding to the complete magnetic cycle, area 0-2-3-5-0 of Figs. 86 or 8c. 
This curve can be extrapolated to higher values of B^ if desired. 
Curve C gives the energy required to demagnetize the iron from the 
residual density Br, area 0-3-5~0 of Figs. 86 or 8c. This energy 
approaches a definite maximum because the demagnetization curve 
quickly approaches a definite limit as saturation is reached. This is 
shown by the relatively small area inclosed between the dashed 
magnetization curves (labeled B^ = B,) and those corresponding to 
Bm = 100 of Fig. 12. Curve B gives the energy returned to the electric 
circuit by the iron and corresponds to area 3-2-7-3 of Figs. 86 or 8c. 
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This curve cannot be safely extrapolated. Values for Bm greater than 
100 can be approximated by adding to the value at Bm = 100, a value 
approximated from the area back of the normal magnetization curve for 
the increment over Bm = 100. Partial areas like 4-6-3-4 or 0-6-3-4-0 
can be approximated by taking a part of the value as given by Curve C, 
which part can be estimated from the residual density B4 and the shape 
of the demagnetization curve as given on the loops of Fig. 12. Area 
0~2-3-0 is obtained by subtracting the value given on Curve C from 
that given by Curve A. 

29. Unsymmetrical Hysteresis Loops in Alternating-Current Apparatus 

Unsymmctrical hysteresis cycles are also of interest in apparatus 
which carries an alternating flux superposed upon a constant flux. This 
occurs in transformers or chokes carrying direct current, such as audio¬ 
frequency chokes, audio-frequency transformers, and transformers sup¬ 
plying half-wave rectifiers. In these cases the hysteresis loss for a given 
alternating flux density depends upon the displacement produced by the 
polarizing magnetic intensity, and may sometimes be as great as several 
times the normal hysteresis loss produced when the polarizing magnetic 
intensity is zero. The ratio of the loss for the displaced loop to that of 
the normal loop is called the displacement factor. A series of such loops 
having the same B amplitude but different displacements are shown in 
Fig. 9a,while in Fig. 96 a series of such loops having the same B 

displacement for a varying B amplitude are shown. 
In Fig. 17a the displacement factors for various values of polarizing 

magnetic intensities Ho are shown plotted as a function of the maximum 
cyclic flux density (AB)/2 (see Fig. 3) of the displaced hysteresis loops 
for samples 8 and 9 of silicon steel. In Fig. 176 the normal hysteresis loss 
for the two samples is shown plotted. The data of Fig. 17 were obtained 
by making alternating-current measurements on the iron samples in the 
following manner: The iron samples, in the form of rings with the lamina¬ 
tions well insulated with varnish, were provided with three insulated 
windings. One winding was connected to a 60-cycle alternating-current 
source to provide an alternating magnetic flux. A wattmeter was used to 
measure the power input to this winding. Another winding was con¬ 
nected to a high-resistance direct-current voltmeter through a rectifying 

commutator in order to measure the true value of the flux variation AB 
produced by the alternating current. The third winding was connected 

Figures 9a and 96 are taken from data from * Properties and Testing of Mag¬ 

netic Materials,'* by Thomas Spooner, McGraw-Hill Book Co. 
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in series with a choke coil to a direct-current supply in order to produce 
the polarizing magnetic intensity Hq. The wattmeter reading was 
corrected for all extraneous power loss, that is, copper loss in the exciting 
winding, loss in the direct-current voltmeter, alternating-current power 
loss in the direct-current magnetizing circuit, and eddy-current loss in 
the iron. The eddy-current loss was obtained by measuring the core 

loss at two different frequencies with zero polarizing magnetic flux 
density and extrapolating in the usual manner. Flux variations were 
maintained sinusoidal by keeping the resistance in the exciting winding 
low and using a variable-voltage source of good wave form. 

a.-t. per in. (multiply scale by 2.02) a.'t. per in. (multiply scale by 2.02) 

Fia. 9a. Unsymmetrical hysteresis 

loops having the same B amplitude 

but dififerent displacements. 

Fig. 96. Unsymmetrical hysteresis 

loops having different B amplitudes 

but the same displacement. 

Reprinted from “Properties and Testing of Magnetic Materials” by Thomas 

Spooner, by courtesy of the McGraw-Hill Book Co. 

The hysteresis loss for any value of Hq and AS/2 is obtained by 
multiplying the displacement factor obtained from P"ig. 17a by the cor¬ 
responding normal hysteresis loss from Fig. 176. It will be noticed that 
the displacement factor increases as Hq increases for any constant value 
of AB/2, and decreases as AJ5/2 increases for any constant value of Hq- 
In other words, the displacement factor increases as the center of the 
displaced loop is further removed from the origin. This, however, is not 
true over the entire range of flux densities; it has been found by Edgar 
that when the alternating flux density AB/2 exceeds a certain critical 
value the displacement factor becomes negative, and that below this 
density the hysteresis loss for constant values of AB/2 first rises as 
Ho or Bp increases as shown in Fig, 17, then approaches a maximum, 

and finally, at high values of minor loop tip densities, {Bp + AB/2), 



Art. 29] UNSYMMETRICAL HYSTERESIS LOOPS 37 

decreases. The data of Fig. 17 do not show the latter two changes for 
the reason that they have not been carried to high enough values of 
(Bp + AB/2). 

The data of Fig. 17 do not give any information regarding the value 
of Bp, the polarizing flux density, due to any value of Bq. For any given 
value of Hq the polarizing flux density Bp will vary, depending upon 
(AB/2), the maximum value of the superposed magnetic flux density. 

In Figs. 18a and b, values of Bp plotted as a function of IIq for constant 
^'alues of AB/2 are shown. These data were obtained while taking those 
of Fig. 17 by reversing Hq with the alternating flux density AB/2 super¬ 
posed and reading ABp on a ballistic galvanometer. By using these 
curves in conjunction with Fig. 17 the displacement factor in terms of 
AB/2 and Bp may be obtained.Bp may also be obtained by the method 
outlined at the end of Art. 22. 

In Figs. 18c and ISd are given curves of alternating flux density 
AB/2 plotted as a function of the r.m.s. alternating magnetic intensity 
Ha for various constant values of Hq, These data were obtained while 
taking those of Fig. 17. It is useful for calculating the required alternat¬ 
ing-current excitation for apparatus having a superposed direct excita¬ 
tion, and can be used where the alternating flux wave form is sinusoidal. 

Where specific data like those of Figs. 18c and ISd are not available 
the alternating-current excitation in the presence of direct excitation 

may be calculated from the data of Fig. 19 as follows: For any given 
value of AB/2 and Hq the incremental permeability /xa rnay be found 
from Fig. 19. The crest-to-crest value of AH will then be given by the 

equation 

AH = 
MA 

(9) 

If the minor loop is such that the wave of alternating magnetic intensity 
can be assumed fairly sinusoidal the r.m.s. exciting magnetic intensity 

will be 

(H) r.m.8. 
AH _ AB 

2\/2 2\/2/xa 

ampere-turns per inch (10) 

A good many data on this subject are given in this way. See Chapter VI, 

“Properties and Testing of Magnetic Materials,” Thomas Spooner, McGraw-Hill 

Book Co.; “Magnetic Properties of Sheet Steel under Superposed Alternating Field 

and Unsymmetrical Hysteresis Ix)sses/' Yasujiro Niwa and Yoshihiro Asami, Dept, 

of Communications, Tokyo, Japan, Researches of the Electrotechnical Laboratory, 124, 

June, 1923; “Loss Characteristics of Silicon Steel at 60 Cycles with D-C Excitation,” 

R. F. Edgar, Trans. A.LE.E., Vol. 62, p. 721, September, 1933. 
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where AB is the total alternating flux pulsation in kilomaxwells per 
square inch and is the absolute incremental permeability in kilo- 
maxwells per ampere-turn in an inch cube, equal to the values given in 

Fig. 19 multiplied by 0.00319. 

30. Effect of Grain Direction and Machining Strains on the 

Magnetic Properties of Steels 

The permeability and iron loss vary considerably with the grain 
direction. Spooner states that, for electrical sheet, a flux direction 
perpendicular to the grain direction will cause the permeability through¬ 
out its entire range to be about 75 per cent of that obtained with the 
flux parallel to the grain, while the hysteresis loss is increased about 14 
per cent. Likewise the coercive intensity is about 25 per cent greater. 
It is generally desirable to use the iron parallel to the grain direction, 
especially when it is desired to build a sensitive relay where high per¬ 
meability and low coerrive intensity are advantageous. In tractive 
magnets which usually operate at high flux densities it is not so impor¬ 

tant. 
Recently silicon steels of exceptionally high permeabilil^y and low' 

hysteresis loss at both low and high flux densities have been produced 
by a special method of cold rolling and annealing. When the method is 
properly carried out a fine-grained material having magnetic and elec¬ 
trical properties approaching those of a single crystal are obtained. 
Losses as low' as 0.46 watt per pound at 60 cycles per second and = 
64.5 kmax. per sq. in., and maximum permeabilities as high as 22,000 
measured in the direction of rolling, have been reported. 

Machining a piece of iron is decidedly detrimental to its magnetic 
properties. It seems that the metal for a considerable depth behind the 
machined surface is strained, causing it to have a low' permeability and a 
high coercive intensity. Cold working such as hammering or rolhng has 
a similar effect. These undesirable effects can be completely removed by 
annealing the iron. This is accomplished by heating the iron to a maxi¬ 
mum temperature of about 760° C. and then allowing it to cool very 
slowly. The iron should not be allowed to come in contact with oxygen 
during this process as the resulting oxidation is detrimental to the 
magnetic properties. The maximum annealing temperature varies 
slightly with different kinds of steel. 

i*“New Development in Electrical Strip Steels Characterized by Fine Grain 

Structure Approaching the Properties of a Single Crystal,'' by Norman P. Goss, 

Trans* Am. Soc. Metals^ Vol. 23, p. 611, 1936. 
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The importance of machining strains depends upon the size of the 
piece of iron. If the dimensions are small, then a considerable percent¬ 
age of the total volume will be affected and annealing is very necessary, 
whereas with a large piece it is relatively unimportant. The effect of 
machining strains can be seen by comparing curves 1 and 2 of Fig. 11a, 
both of which are for Swedish charcoal iron. Ring sample 1 was 
machined from a solid bar and has relatively small dimensions but was 

thoroughly annealed. Ring sample 2 was machined out of |-inch dead 
soft plate as received, and was given no heat treatment after machining. 
Its dimensions are considerably larger than those of sample 1. For 
low flux densities the magnetization curve of sample 2 is much lower than 
that of sample 1; at the higher densities the difference is not so marked. 
Likewise by referring to Figs. 12 and 13 it will be seen that the coercive 
intensity of sample 2 is much greater than that of sample 1. 

31. Magnetic Materials for Electromagnets 

American Ingot Iron. This is the purest form of iron commercially 
refined in open-hearth furnaces. The total impurities do not exceed 0.16 
per cent, the carbon content being only of the order of 0.01 per cent. It 
has high electrical conductivity, high permeability, and low coercive 
intensity. It can be obtained in the form of bars and plates (hot-rolled), 
cold-rolled strip, and wire. Magnetic data for this iron are given in Figs. 
11a, 12, 13, 14, and Table II. To bring out the best magnetic properties 
it must be very carefully annealed after machining. A maximum tem¬ 
perature of 1400° F. or 760° C. followed by slow cooling is recommended. 
Generally speaking, for direct-current electromagnets this material is the 
best obtainable. Unfortunately this iron, except for sheet and strip 
stock, can be purchased only in large quantities, usually rolled special to 
order. In sheet form this iron can be obtained hydrogen-annealed, a 
form having much higher permeability. 

Cold-Rolled Steel. From a practical point of view, when building 
tractive magnets and other devices that operate at high flux densities, a 
good-quality mild cold-rolled steel will be found satisfactory. In strip 
stock, that is, strips having a thickness between 0.010 and ^-inch 
maximum, the usual steel is a low-carbon steel with a bright finish, 
designated as S.A.E. 10-10 having between 0.05 and 0.15 per cent carbon. 
It is furnished in four degrees of hardness: dead soft, j hard, J hard, 
and full hard. The dead soft steel will take a 180° bend in either grain 
direction, the j hard will take a 180° bend across the grain only, the J 
hard will take a 90° bend across the grain only, and the full hard cannot 
be bent in either grain direction without cracking. In bar stock, that is. 
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bars and rods over J inch thick, the usual steel is one having slightly 
more carbon, between 0.15 and 0.25 per cent, designated as S.A.E. 10-20. 
This steel is not annealed or heat-treated after the final finish. Its 
hardness corresponds to about that of the ^ hard strip. Data for both 
of these materials are shown in Figs. 11a, 12, 13, 14, and Table II. It 
wiU be noticed that the S.A.E. 10-20 steel has a very low permeability 

at the low flux densities, without annealing; it can be used without 
annealing for tractive magnets working at high flux densities. The 
advantage of using this material is the ease with which it can be obtained 
in a variety of sizes and shapes, the ease with which it can be machined, 
and its fine finish. For the most efficient results, the final machined 
magnet should be annealed. 

Where a free machining steel is required, as, for instance, in parts 
to be made by a screw machine, S.A.E. 1112 may be used. Magnetically 
this steel is only slightly inferior to S.A.E. 10-10. 

Swedish Charcoal Iron. The best grade of Swedish charcoal iron is 
practically identical in its magnetic properties to pure American ingot 
iron. For that reason only one set of curves and data is given for these 
two irons in Figs. 11a, 12,13, 14, and Table II. These curves have been 
obtained from a sample of Swedish charcoal iron and check very well for 
other published curves for American ingot iron. These irons cannot 
generally be purchased from open stocks but must be specially ordered. 

Cast Steel. Where the shell or some other part of a large magnet is 
of intricate shape, it probably is of advantage to make it of cast steel. 
Magnetically this material is very superior to cast iron, having a satura¬ 
tion density of 135.5 kmax. per sq. in., which is only slightly less than 
that of pure iron (see Table II). Owing to the variation in composition 
and heat treatment, cast steels differ greatly in their magnetic charac¬ 
teristics. A representative magnetization curve for this material is 
shown in Fig. 11a. 

Cast Iron. Cast iron as a magnetic material is rather inferior. Its 
use can be justified only because of cheapness and ease of casting and 
machining. Its saturation density is about 90 kmax. per sq. in. This 
material hke cast steel varies greatly, depending upon its composition. 
A representative magnetization curve is shown in Fig. 11a. 

Malleable Cast Iron. Recently there has been developed a highly 
magnetic form of cast iron which is sold under various trade names. 

The Newark Malleable Iron Works manufactures this iron under the trade 

name of Magtiz. Other manufacturers are: Eastern Malleable Iron Co., Delaware; 

National Malleable and Steel Castings Co., Cleveland. For additional magnetic 

data see ^'Symposium on Malleable Iron Castings,'' June 26, 1031, A.S.T.M. and 

American Foundrymen’s Association. 
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This iron is made from a white-iron base, the exact composition and 
process of manufacture being a secret. It can be cast in intricate shapes 
and requires careful annealing after casting to develop its best magnetic 
properties. The mechanical properties and machinability of this iron are 
about the same as for malleable cast iron. Its cost is about twice that of 
ordinary gray-iron castings. Magnetically, up to densities o^ 80 kmax. 

per sq. in., it is superior to ordinary ^ hard machine steel, having a higher 

permeability and a lower coercive intensity; and up to 60 kmax. per 
sq. in. it is comparable to cast steel. This cast iron should be very useful 
for the yokes and pole cores of magnets where an iitricate shape is 
desirable or economical. For detailed data on an annealed casting of this 
iron see Figs. 11a, 13a, 135, and Table II. 

Electrical Sheet Steel. This material is used in the construction of 
all electrical machinery in which the flux is rapidly changing or alter¬ 
nating. It is made of high-quality open-hearth steel with varying 
percentages of silicon. Manufacturers usually grade these sheets on 
the basis of their core loss (combined hysteresis and eddy-current losses), 
there being usually about six grades. Those grades having the lowest 
core loss have the highest silicon content. The silicon content ranges 

from about per cent in the highest-grade transformer steel to about 
0.5 per cent in so-called ‘^armature grade which is used for the arma¬ 
tures of small direct-current machines. The term “ silicon steel is 
usually applied to only those steels having in excess of about 1 per cent 
silicon. Our interest in these steels is merely confined to their use in 
alternating-current electromagnets, choke coils, and transformers 
carrying direct current. For choke coils and alternating-current 
electromagnets a medium silicon (approximately 2.5 per cent) is suitable; 
for transformers carrying direct current a high silicon .content is 
desirable. 

These sheets are manufactured in thicknesses ranging from 29 to 
22 U. S. gauge, except the high-silicon sheet which is not made in the 
heavier gauges, but is often made in lighter gauges, 32, 36, and 43 for 
special radio applications. Data for low, medium, and high silicon 
steels are given in Figs. 15, 16, 17, 18, 19, and Table II. 

Electrical Bar Steel. Bar and strip stock of the same manufacture 
and composition as electrical sheet steel is available in several per¬ 
centages of silicon. Its low coercive intensity makes it desirable in a 
relay requiring small residual force, and its high resistivity is useful 
where it is necessary to mitigate the effect of eddy currents as in high¬ 
speed direct-current magnets or in alternating-current magnets. In 
the latter application it is practical to make the plungers of small 
alternating-current magnets of solid silicon steel, while those of the 
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larger magnets can also be made of the solid bar stock provided that 
radial slots are milled in to break up the eddy-current paths. 

Iron-Nickel Alloys. There are two rather important iron-nickel 
alloys, one having approximately 50 per cent nickel, known as Nicaloi 
(General Electric Co.) or '' Hipernik (Westinghouse Electric and 
Manufacturing Co.), and the other having 78.5 per cent nickel known 
as ‘'Permalloy'^ (Western Electric Co.); all these nickel-iron alloys 
require a very careful annealing process after machine' working to 
develop their best magnetic properties. 

Permalloy. This is a very remarkable alloy distinguished particu¬ 
larly for its high initial and maximum permeabilities. The initial per¬ 
meability is about 9.000, and the maximum permeability is as high as 
100,000 at 32.2 kmax. per sq. in. Another property which makes it 
useful is its extremely low coercive intensity and hysteresis loss. It 
should therefore be particularly useful for sensitive relays which are to 
have very low residual forces. At present it is used extensively in the 
telephone industry to load cables. Its disadvantages are that it requires 
a very careful heat treatment and is very susceptible to mechanical 
strains; likewise it is difficult to obtain. Data for this material are 
given in Fig. 115. 

Fifty Per Cent Nickel-Iron. This alloy, though having lower initial 
and maximum permeabilities than those of Permalloy, about 5,000 and 
32,000, respectively, is in many ways more of a practical commercial 
material for general use. It does not require such an exacting heat 
treatment, nor is it so affected by mechanical strains; also its saturation 
density is higher, being about 100 kmax. per sq. in. Likewise the 
material can be more readily purchased. It is available in all the usual 
rolled forms, including sheets, plates, bars, rods, and strips. It, like 
Permalloy, has a very low coercive intensity and small hysteresis loss. 
The main use of this metal at present is for the cores of high-quality 
audio-frequency transformers and chokes, where its high incremental 
permeability is essential. It is also useful for the cores of particularly 
sensitive relays where low coercive intensity and high permeability are 
essential. Data for an alloy of this type (47 per cent Ni) manufactured 
by the Allegheny Steel Co., under the name of “Allegheny Electric 
Metal,'' are given in Figs. 116, 120f, and Table II. 

Iron-Cobalt Alloys. These alloys are unusual because their normal 
permeability remains high up to high values of flux density and the 
incremental permeability is much higher than that of other materials 
in the presence of strong polarizing flux densities, 75 kmax. per sq. in. 
and up. The saturation density of these alloys is about 12 per cent 
higher than that of iron. This makes them particularly useful for 
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electromagnets where the space is definitely limited or where high force 
densities or flux densities are desired. The high incremental permea¬ 
bility at high polarizations is useful in polarized devices like telephone 
receivers, where it enhances the sensitivity. 

There are two iron-cobalt alloys that are useful: an alloy containing 
34.5 per cent cobalt corresponding to the compound Fe20o, and another 
containing 50 per cent cobalt. This material cannot readily be cast 
directly into its final shape as the molten metal is very viscous and has a 
tendency to form blow holes. It is generally cast in the form of a 
billet, then hammer-forged into a bar, and then rolled if necessary. Me¬ 
chanical working is quite essential to develop structure. The process of 
heat treatment is very important if the alloy is to develop its best mag¬ 
netic properties. At the present time, owing to the cost of cobalt and 
also to the difficulty of manufacture, ferrocobalt Is relatively expensive. 

Data for two commercial samples (12a and 126) containing 34.5 per 
cent cobalt are given in Figs. 116 and 126 and Table II. 

Data for a sample of Permendur containing 50 per cent cobalt and 
2.0 per cent vanadium are given in Fig. 116 and Table II, Chapter II, 
and Figs. 1 and 2, Chapter I. 

Iron-Nickel-Cobalt Alloys. There has been developed recently a 
group of iron-nickel-cobalt alloys, known as ^^Perminvar,^^ having with 
certain heat treatments a very constant permeability and unusually 
small hysteresis losses at low flux densities. Data for this material are 
given in Table II. 

Iron-Nickel-Chromium-Silicon Alloys. These alloys are char¬ 
acterized by having their critical temperatures depressed into the low- 
temperature range. They are useful in the construction of temperature- 
controlled apparatus such as thermal relays or contactors, reactors whose 
reactance varies with temperature, and special devices like transformers 
whose output can be made to vary with temperature. An alloy of 45 per 
cent Ni, 5 per cent Cr, and 50 per cent iron has a Curie point of 325° C.; 
one of 45 per cent Ni, 15 per cent Cr, and 40 per cent iron has a Curie 

point of 59° C}^ 

‘‘Magnetic Properties of Perminvar,'' G. W. Elmen, Bell Sys. Tech. Janu¬ 

ary, 1929. 

The critical temperature or Curie point is the temperature at which a ferro¬ 

magnetic material becomes non-magnetic. The critical temperatures for nickel, iron, 

and cobalt, are 362, 780, and 1120° C., respectively. The permeability of these 

materials remains substantially constant with temperature until about 50° C. below 

the Curie point and then rapidly decreases to unity at the Curie point. 

For a discussion of these materials see “Temperature-Sensitive Magnetic Alloys 

and Their Uses,'' by L. R. Jackson and H. W. Russell, Instruments, Vol. 11, Novem¬ 

ber, 1938. 
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Non-Magnetic Steels. In many instanoes it is desirable to use a 
steel which is non-magnetic. Stainless steel, S.A.E. 18-8, fulfills this 
qualification and may be used in place of the non-ferrous alloys. 

32. Magnetic Materials for Permanent Magnets 

The prime requisites for a permanent magnet steel are high coercive 
intensity, high residual flux density, and magnetic permanency. Their 
relative importance depends upon the application, in some cases it being 
economical to use a magnetically inferior material such as cast iron while 
in others the use of expensive cobalt steel, or Alnico is justified. 

A permanent magnet is useful only because it can produce magnetic 
flux in an air gap outside of the magnet. The usefulness of a magnet is 
measured by the quantity of flux it can produce in the gap and the mag¬ 

netomotive force it can maintain across the gap. 
One-half the product of these two quantities is the 
energy stored in the gap. The maximum possible 
energy of the gap per cubic inch of iron is, there¬ 
fore, a logical way of evaluating the magnetic 
efficiency of a permanent magnet steel. 

Figure 10 shows the portion of a hysteresis loop 
between the residual flux density Br and the coer¬ 
cive intensity He- This section of the loop is called 
the demagnetization curve and is useful in the dis¬ 
cussion of permanent magnets. The residual flux 

density Br can exist only in a closed iron sample 
such as a ring, the total coercive intensity He being 

required to overcome the reluctivity of the iron. If an air gap is intro¬ 
duced into the magnetic circuit part of the available magnetomotive 
force is required to send the flux across the gap, thereby reducing the 
magnetomotive force available to overcome the iron reluctance. Thus 
in Fig. 10 the introduction of a gap will reduce the flux density from Br to 
Bdj thereby reducing the reluctivity drop in the iron from He to He — Hd 
and making available in the air gap a magnetomotive force equal to 
Hd X length of iron. The shaded rectangle having an area equal to 
BdHd will therefore be equal to twice the energy of the gap per unit 
volume of iron. Obviously, then, the most efficient point of operation 
of the magnet steel will be where the area BdHd is a maximum. For 
this reason the criterion for the comparison of various magnet steels 
has become the largeness of the product BdHd- The method of design¬ 
ing a permanent magnet to operate at this point will be discussed in 
Chapter IV. 

Fig. 10. Air-gap 
energy available from 
a permanent magnet. 
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Cast Iron. This material can be used for permanent magnets when 
properly heat-treated. Its advantages are its cheapness and ease of 
machining. It has a coercive intensity of about 100 ampere-turns per 
inch, which is almost as large as that of carbon steel, but it has a much 
lower residual flux density. 

Carbon Steel. Carbon steel for permanent magnets contains about 
0.7 to 1 per cent carbon. This steel when properly heat-treated will 

have a coercive intensity between 100 and 120 ampere-turns per inch 
and a residual flux density between about 60 and 50 kmax. per sq. in. 
Commercially this steel has been almost entirely replaced by alloy 
steels having better properties, particularly less aging. See Fig. 20 
and Table III for data. 

Chrome Steel. This steel usually contains from 2 to 3 per cent 
chromium with about 1 per cent carbon. It is an oil-hardening steel 
with a fairly simple heat treatment. Data for a 2 per cent chrome steel 
are given in Fig. 20 and also in Table II. This steel is about as stable 
as tungsten steel but is less expensive and hence has replaced tungsten 
in many applications. It is reported by Gumlich^ that an alloy 
having 6.24 per cent chromium and 1.14 per cent carbon is decidedly 
superior. See Table III for data. This steel is not generally available 
commercially. 

Tungsten Steel. This steel contains about 5^ per cent of tungsten, 
from 0.6 to 0.8 per cent of carbon, and sometimes from ^ to 1 per cent 
of chromium. It can be made either water or oil hardening, and requires 
some care in heat treatment owing to the possibility of distorting and 
cracking it. Whereas the available energy of tungsten steel is only a 
little greater than that of carbon steel its chief advantage is that it is 
more stable; that is, it is not so subject to loss of magnetic energy due 
to mechanical shock or heating. See Fig. 20 and Table III for data on 
this steel. 

Cobaltchrome Steels. This name is given to a series of low- and 
medium-cobalt steels ranging from about 9 to 20 per cent cobalt. They 
also contain about 9 per cent chromium and from 0.8 to 1 per cent 
carbon. They are air-hardening steels and contain a small amount of 
tungsten and molybdenum to assist the air-hardening properties. Their 
heat treatment is quite complex. Figure 20 gives data for a 15 per cent 
cobaltchrome steel. The maximum available energy of this steel is not 
quite so great as that of cobalt steel, but it is considerably less expensive. 

Cobalt Steel. This steel contains about 35 per cent cobalt and cor¬ 
responds to the alloy Fe2Co previously described as having remarkable 

'‘Chromium-Carbon Steels for Permanent Magnets,” E. Gumlich, EUk, t/. 

Mash., Vol. 39, p. 569, Nov. 20; and p. 586, Nov. 27, 1921. 
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magnetic properties. Besides cobalt it contains tungsten, about 4 per 
cent; chromium, 2 per cent; and 0.8 per cent carbon. It is an oil¬ 
hardening steel and gives little trouble from distortion or cracking. It 
can either be cast into its final shape or rolled into bar stock. Data for 
this steel are given in Figs. 5?), fid, and 20 and Table III. 

The cobalt steels are expensive because of the high cost of cobalt and 

their use generally can only bo justified where it is essential to decrease 
the size or weight of the magnet. Magnetically, they are very stable. 

Dispersion-Hardened Alloys.-^ This is a relatively new group of 
permanent-magnet steels developed in Japan and the United States. 
There are two widely used types, the aluminum-nickel-cobalt-iron alloy 
developed by the General Electric Co. and sold under the name of 
Alnico; and the aluminum-nickel-iron alloy sold under the names 
Alnic (General Electric Co.) and Nipermag (Cinaudagraph Corp.). 

Alnico. This alloy is made in two varieties, fi and 12 per cent cobalt, 
and requires very careful heat treatment. The material is fabricated 
either by casting or sintering. When sintered it can be molded to its 
final dimensions, and when cast it must be finished by grinding. Any 
necessary holes must be cored into the casting; soft steel inserts may be 
cast in for fastening or for any other purpose. It has a comparatively 
high coefficient of thermal expansion, and due care must be taken in 
designing the magnet and the mold to make adequate allowances for 
shrinkage in the casting. It is relatively weak and brittle as compared 
with other magnet alloys. 

This alloy is remarkable because of its high coercive intensity, which 

is about 870 ampere-turns per inch for the 5 per cent cobalt variety. This 
is almost twice that of 36 per cent cobalt steel. Its residual flux density 
is only about 80 per cent that of cobalt steel. Because of the higher 
maximum available energy of Alnico, a magnet of this material will be of 
smaller volume than one of other magnet materials for a given amount of 
energy in the air gap. This reduction is so marked that Alnico is now 
being employed commercially for many applications formerly served 
by electromagnets. It is very stable as regards decrease in magnetization 
due to vibration, superposed alternating fields, or high temperatures. 
Because of its high coercive intensity it is difficult to magnetize, requiring 
a magnetizing force of at least 4,000 ampere-turns per inch actually 
effective in the material. Figures 20, 12t, 12j, and Table III give data 
on both 5 and 12 per cent Alnico. 

The 5 and 12 per cent Alnico’s are commercially designated as 
Alnico^s I and II, respectively. The 12 per cent cobalt variety has only 

” See Art. 19, Chapter I. 
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slightly higher residual flux density but about 25 per cent higher coercive 
intensity. 

Table III also gives data for Alnico III and Alnico IV. 
Permanent magnets need not necessarily be made from bar stock. 

Evershed points out that tungsten and cobalt steels can be cast to 
form magnets slightly superior magnetically to those made from rolled 

stock. These steels are very difficult to machine, and casting gives an 

easy means of economically forming intricate shapes. Alnico, as pre¬ 
viously mentioned, can only be cast. 

Nipermag. This alloy which contains no cobalt has a higher coercive 
intensity than Alnico, about 1400 ampere-turns per inch, but a con¬ 
siderably lower residual flux density. Data for this material are given 
in Fig. 20 and Table III. 

33. Magnetic Data for Iron and Iron Alloys 

In Figs. 11a and 116 arc given magnetization curves for the ordinary 
magnetic materials used in electromagnets. The samples from which 
thevse data were taken are described below: 

(1) A carefully annealed ring sample of Swedish charcoal iron. 
Grain direction one-half longitudinal; one-half transverse. This sample, 
by comparison, is magnetically identical with the best quality Amer¬ 
ican ingot iron. 

(2) A ring sample of Swc'dish charcoal iron cut from f-in. annealed 
sheet. Machined with very light cuts and not annealed after machin¬ 
ing. Grain direction one-half longitudinal; one-half transverse. 

(3) A ring sample of high-quality, bright-finish, dead-soft, mild 
cold-rolled |-in. steel sheet of analysis S.A.E. 10-10. Machined with 
very light cuts and not annealed after machining. Grain direction one- 
half longitudinal; one-half transverse. 

(4) A ring sample of high-quality, ^-hard, bright-finish, mild cold- 
rolled ^-in. steel plate of analysis S.A.E. 10-20. Machined with very 
light cuts and not annealed after machining. Grain direction one-half 

longitudinal; one-half transverse. 

“Permanent Majijnets in Theory and Practice,” S. Evershed, Jour. l.E.E.y 

August, 1925. This paper is particularly recommended to anyone wishing a compre¬ 

hensive discussion of the properties of permanent-magnet steels. 

2-^ It must be remembered that such data will vary depending upon the particular 

sample tested. No such data in this chapter, other than that of Figs. 15 and 16, and 

where specifically mentioned, are to be considered necessarily as representative: 

they are merely data taken with care on samples of standard commercial materials 

made by reputable manufacturers. 
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(5) A representative curve for a mild cast steel, averaged from 

several sources. 
(6) A representative curve for cast iron. 
(20) A carefully heat-treated ring sample of ^^Magtiz” (skin left 

on the casting). 

Figs. 12a and 6. Normal hysteresis loops for: 

Sample 1. Annealed Swedish charcoal iron. 

Sample 2. Swedish charcoal iron unannealed after machining. 

(10) A curve for Perrilalloy, kindly supplied by the Bell Telephone 
Laboratories. 

(11) A carefully annealed ring sample of Allegheny Electric Metal 
(47 per cent ferronickel). Grain direction.one-half longitudinal; one- 
half transverse. 

(12a) A ring sample of carefully annealed ferrocobalt containing 34.5 
p^r cent cobalt and no vanadium. 
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(126) A ring sample of carefully annealed ferrocobalt containing 34.5 
per cent cobalt and 1.5 per cent vanadium. 

(21) A curve for Permendur (49 per cent cobalt, 2 per cent vanadium) 
taken from an article by V. E. Legg, Bell Sys. Tech. J., July, 1939. 

Figs. V2c and d. Normal hysteresis loops for: 

Sample 3. Mild cold-rolled steel, S.A.E. 10-10, dead soft—unannealed 

after machining. 

Sample 4. Mild cold-rolled steel, S.A.E. 10-20, hard—unannealed 

after machining. 

In Fig. 12 are shown a series of hysteresis loops for samples 1, 2, 3, 
4, 8,24 9 24 ii^ 126, and Alnico I and II designated as samples 22a and 226, 

respectively. 

*4 All data on samples 7a, 8a, and 9a given in Figs. 16 and 16 have been taken 

from booklets issued by Allegheny Steel Company. These samples are their Arma¬ 

ture, Super-Dynamo, and Transformer A power grades, respectively. The values 
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In Figs. 13a and 136 are shown, for samples 1, 2, 3, 4, 11, 20, and 

samples of 36 per cent cobalt and 0.85 per cent carbon permanent- 
magnet steels,*® curves of the residual flux density Br and the coercive 

-2.0 -1.0 0 2.0 4.0 6.0 8.0 10.0 

Figs. 12e and /. Normal hysteresis loops for: 

Sample 8. Medium-silicon steel. 
Sample 9. High-silicon steel. 

above 400 ampero-tums per inch have been extrapolated. Note should be taken 
of the difference between samples 7,8, and 9 and 7a, 8a, and 9a. Samples 7,8, and 9 
are ring samples of low-, medium-, and high-silicon steel and are the Armco Electric 
grade of American Rolling Mills Co., and the Super-Dynamo, and Transformer A 
grades of the Allegheny Steel Co., respectively. All data on these samples have been 
taken by the author. The normal permeability curves for these samples, taken by a 
ballistic galvanometer, may be seen in Figs. 19a, 196, and 19c, respectively. 

Bur. Standarda Sci. Paper 383,1920. 
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intensity Ha plotted against the maximum magnetic intensity of 
the normal hysteresis loop. 

In Fig. 14 are shown four series of curves: Curves A give the hystere¬ 
sis energy loss per cubic inch of iron for a complete unsymmetrical 
magnetic cycle (magnetic flux density increased from zero at zero 

Figs. Vlg and h. Normal hysteresis loops for: 

Sample 11. 47% ferronickel. 

Sample 126. Ferrocobalt—34.5% Co, 1.6%V. 

magnetic intensity to a maximum and then returned to zero at zero 
magnetic intensity (area 0-2-3-4'-0 of Fig. 6); Curves B give the 
energy returned to the electric circuit per cubic inch of iron when the 
flux density is decreased from its maximum to the residual value (area 
3~2~7-3 of Fig. 6); Curves C give the energy required to demagnetize 
the iron from the residual flux density to zero flux density (area 0-3-4'-0 
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of Fig. 6); Curves D give the hysteresis energy loss for a complete 
symmetrical magnetic cycle (2 X area 0-1-2-3-4-0 of Fig. 6). These 
data are given for each of the samples 1, 2, 3, and 4, and are computed 

from Figs. 11a and 12. 
In Fig. 15 are given the magnetization curves for three grades of 

electrical sheet: 7a, low silicon content (0.5 per cent); 8a, medium 

Figs. 12i and j. Normal hysteresis loops and external energy curves for Alnico I 

and II. (By courtesy of the General Electric Co.) 

silicon content (2.5 per cent); 9a, high silicon content (4.25 per cent). 
These are representative curves taken from manufacturers^ data.^ 

In Fig. 16a are shown curves at 60 and 25 cycles per second, of total 
core loss (hysteresis and eddy current) for samples 7a, 86, and 9a plotted 
against the maximum cyclic flux density. These curves are for annealed 
sheets of 29 gauge which have no burrs and are well insulated. Note: 
Core losses will vary greatly depending upon whether the laminations 
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—1. Swedish Charcoal Iron Annealed —|—|—I-1—|—-—M-- 
2. Swedish Charcoal Iron Unannealed after Machining <1 III 
3. Mild Cold-Rolled Steel SAE 10-10 Dead Soft, Unannealed after Machining 
4. Mild Cold-Rolled Steel SAE 10-202 Hard. Unanneaied after Machining 

-18.369J Cobalt Permanent Magnet Steel —J-- —j -^ 4 - 
19.0.85?5 Carbon Steel, Oil Quenched | 20 y divi^eji^dinatesJjy ^ 

\\,M% Ferronickel I I I I 
20.Magtiz (Special Magnetic Malleable Cast Iron; __ 

-H—hSkin left on Casting)-!—h—\—L |-= —■■■ —- 

multiply abscissas by 10[ 

divide abscissas by 10 

1 I 1 11 I f - 

0.1 0.2 0.4 0.6 1.0 10.0 100.0 1000. 
Maximum Magnetic Intensity Ampere-turns per inch 

Fig; 13a. Curves of residual flux density as a function of maximum magnetizing 

intensity for various magnetic materials. 

1. Swedish Charcoal Iron Annealed_1 1 L■. I __ . . _ J _ _ 
2. Swedish Charcoal Iron Unannealed after Machining | | | 1 I 
3. Mild Cold-Rolled Steel SAE 10-10,Dead Soft, Unannealed after Machining ^1^< 
4. Mild Cold-Rolled Steel SAE 10-20y Hard, Unannealed after Machimng„^»-i——* 

18. 36% Cobalt Permanent Magnet Steel _J__-----_ - 
19.0.85% Carbon Steel, Oil Quenched I ^^wnultiply ordinates by 50 
11.47% Ferronickel I I I I / / multiply abscissas by 10 
20. Magtiz multiply ordinates by 10 f 
-A-multiply-abscIssas-by-lO ^-^-— 

multiply ordinates by 2 

divide ordinates by 100 
divide abscissas by 100 

20-aivide ordinates by 2—> 

0.1 0.2 0.4 0.6 1.0 10.0 100.0 1000. 
Maximum Magnetic Intensity Hm Ampere-turns per inch 

Fio. 136. Curves of coercive intensity as a function of maximum magnetizing 

intensity for various magnetic materials. 
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Maximum Loop Flux Density B,^Kmax.per sq. In. 

Fiqs. 14a and 6. Hysteresis energy losses as a function of the maximum loop flux 

density. 

Sample 1. Annealed Swedish charcoal iron. 

Sample 2. Swedish charcoal iron unannealed after machining. 

A. Energy loss, complete un83rmmetrical loop. 

B. Energy returned to electric circuit. 

C. Energy required to demagnetize from Br to 0. 

Z>. Energy loss, complete symmetrical loop. 
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Maximum Loop Flux Density Bm Kmax per sq. in. 

Fias. 14c and d. Hysteresis energy losses as a function of the maximum loop flux 
density. 

Sample 3. Mild cold-rolled steel, S.A.E. 10-10, dead soft—unannealed after machining. 
Sample 4. Mild cold-rolled steel, S.A.E. 10-20, H hard—unannealed after machining. 

A. Energy loss, complete unsymmetrical loop. 
B. Energy returned to electric circuit. 
C. Energy required to demagnetize from Br to 0. 
D. Energy loss, complete symmetrical loop. 
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are annealed after punching, whether they are short-circuited by burrs, 
whether they contain mechanical stresses introduced by clamping, etc. 
Figure 166 shows similar data plotted against frequency for constant 
values of maximum cyclic flux density. 

In Fig. 17 are shown curves of displacement factors for unsymmetrical 

Fia. 16a. Total core loss for silicon steel. 

(Courtesy of AllcKheny Ludlum Steel Corp.) 

hysteresis cycles for samples 8 and 9. The data for these curves were 
obtained from carefully insulated laminated ring samples made of the 
standard commercial sheet as designated by samples 8 and 9.^^ (See 
Art. 29 for details as to method of obtaining data.) Figure 176 gives the 
IK rmal hysteresis loss for these samples as a function of the maximum 

cyclic flux density. 
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In Fig. 18 are given some apparent magnetization curves for ring 
samples 8 and 9 in the presence of a superposed alternating magnetic flux 
(see Art. 29 for details as to method of obtaining data). 

In Fig. 19 are given curves of incremental permeability for ring sam¬ 
ples 7, 8, and 9. (See Art. 22 for details as to method of obtaining data.) 

64.5 Kmax.per sq. in. 

The dashed curves shown are normal permeability curves taken by means 
of a ballistic galvanometer and are given so that a check upon the incre¬ 
mental permeability curve for //q = 0 may be made. 

In Fig. 20 are shown demagnetization curves, and useful air-gap 
energy curves, for various permanent magnet steels. 

Curve 14 is for a 0.7 per cent carbon steel. 
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Curve 15 is for a 2 per cent chrome steel.^® 
Curve 16 is for a 5^ per cent tungsten steel.2® 
Curve 17 is for a 15 per cent cobaltchrome steel.^® 

Fig. 17a. Displacement factors for 

silicon steel. 

(Jurve 18 is for a 36 per cent 
cobalt steel. 

Curve 22a is for Alnico 
Curve 22b Is for Alnico 

Maximum Flux Density Kmax.per sq. In. 

Fig. 176. Normal hysteresis loss for 

silicon steel. 

Curve 22c is for Alnico 
Curve 22d is for Alnico IV. 
Curve 226 is for Alnico 
Curve 23 is for Nipermag.*^^ 

These data are taken from a paper by E. A. Watson, “The Economic Aspect of 

the Utilization of Permanent Magnets in Electrical Apparatus,’^ Jour. August, 

1925. 
Tliese data and those of Figs. 12i and I2j and P"ig. 21 for Alnico I and II and 

also those of Table III for the Alnico’s have been supplied by the courtesy of the 

General Electric Co. 

** These data have been supplied by the courtesy of the Cinaudagraph Corp. 
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In Fig. 21 are given normal magnetization and permeability curves 
for the permanent-magnet steels of samples 22a and 226, and for samples 
of 5 per cent tungsten,3^ per cent chromium steeV® 35 per cent 

Fig. 19a. Incremental permeability curves for low-silicon steel (sample 7). 

(AB sinusoidal.) 

cobalt steel.^*^ These data are useful in calculating the incremental per¬ 
meability of these steels by Spooner^s method. (See Art. 22.) 

In Table II a rdsum^ of the more important magnetic properties of 
laboratory and commercial soft magnetic materials is given. The source 

By courtesy of the Crucible Steel Co. of America. 
••From the Bell Lab. Rec.f Vol. 13, No. 2. 

" A very comprehensive r6sum6 of magnetic alloys containing nickel, entitled 

*‘Iron-Nickel Alloys for Magnetic Purposes,” has been published by the International 

Nickel Co., New York, N. Y., Development and Research Division. 
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of the data is given in the column marked "'Authority where a sample 
number is listed in this column it indicates that the data were taken on 
that particular sample by the author. 

Fio. 196. Incremental permeability curves for medium-silicon steel (sample 8). 

(aB sinusoidal.) 

In Table III a r&um6 of the more important magnetic properties of 
laboratory and commercial hard magnetic materials is given. These 
data have been computed from the curves given for the various materials. 
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Fig. 19c. IiKTcmental permeability eurve.s for high-silicon steel (.sample 9). 

{aB sinusoidal.) 
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Fia. 20. Demagnetization and exteriiai energy curves for permanent-magnet steels. 

14. 0.7% carbon steel. 
15. 2.0% chrome steel (Jojir. August, 1926). 
16. 5.5% tungsten steel (Jour. I.E.E.y August, 1926). 
17. 15% cobalt chrome steel {Jour. LE.E.y August, 1925). 
18. 36% cobalt steel {Jour. LE.E.y August, 1925). 
22a. Alnico I (General Electric Co.). 
226. Alnico II (General Electric Co.). 
22c. Alnicf) 111 (General Electric Co.). 
22d. Alnico IV (General Electric Co.). 
22c. Alnico V (General Electric Co.). 
23. Nipermag (Cinaudagraph Corp.). 
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Fig. 21. Normal magnetization and permeability curves for permanent-magnet 
steels. 

Data for curves A and B by courtesy of the Crucible Steel Co. of America. 

Data for curves C and D by courtesy of the General Electric Co. 

Data for curve E by courtesy of Bell Laboratories Record (Vol. XIII, No. 2). 
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PROBLEMS 

1. A sample of soft steel is to be tested for its magnetic qualities up to a density 
of 120 kmax. per sq. in. It is to be in the form of a ring having a mean diameter of 

8 in. and a radial thickness of f in. The weight of the sample is to be 4 lb. The 

ballistic galvanometer to be used has a calibration constant of 50 kmax. turns change 

per cm. swing, the usc'ful length of the galvanometer scale being 20 cm. If the 

maximum permissible exciting current is 15 amperes, compute the necessary primary 

turns. Also compute the best number of secondary t\irns. Should the secondary be 
wound next to the iron or over the primary? 

2. It is proposed to use a 1 kv-a., 110/440-volt transformer as a choke coil in an 

experimental set-up. The data for the transformer are as follows: 

Primary turns. 242 

Secondary turns. 968 

Core material.high-silicon steel 
Core dimensions, net cross .section. 3.0 sq. in. 

length of magnetic circuit. 23.5 in. 

Compute (neglect effect of joints in core) the effective inductance to alternating 

currents if the primary and secondary windings are connected in series and carry a 

direct current of 3S8 inilliamperes, for a maximum value of alternating flux density of 

(a) 1 kmax. per sq. in., (5) 60 kmax. per sq. in. (c) If an alternating current wave 

of 1.0 ampere from the {xisitive crest to negative crest is superposed on the direct 

current what will be the inductance of the transformer? Use the data of Fig. 19c only. 

3. .\ssuming in part (c) of Problem 2 that the alternating exciting current is 

sinusf)idal, calculate the lailsation in flux density (aB) by means of the data of Fig. 

I8d. How does your result check with the value of aB obtained in Problem 2? 

lOxplain the discrejiancy between these two results. 

4. Calculate the polarizing flux density which will be produced in a piece of high- 

silicon steel by a polarizing magnetic intensity of 20 ampere-turns per in., in the 

presence of an alternating flux density (AB/2) of 47.0 kmax. per sq. in. Use the 

data of Fig. 19c. Compare your answer with the experimental results shown in 
Fig. 186. 

6. Calculate by Sjxioner’s method the incremental permeability of 36 per cent 

cobalt magnet steel if it is subjected to a flux pulsation of 1 kmax. per sq. in. about a 

mean flux density of 35 kmax. per sq. in. A magnetization curve for 36 per cent 

cobalt steel may be found in Fig. 21. 
6. Calculate by Spooner’s method the incremental permeability of medium-silicon 

steel subjected to a polarizing magnetic intensity of 10 ampere-turns per in., and 

carrying a sinusoidal alternating flux having a maximum density AB/2 of 20 kmax. 

per sq. in. Compare your answer with the experimental results shown in Fig. 196. 

7. Determine the equation for the ferric reluctivity of high-silicon steel (sample 

9a) from the data of Fig. 15. What is the saturation density? Check your answer 

with the value given in Table II. Explain why this is lower than that of pure iron. 

8. The ring of Problem 1 is made of S.A.E. 10-20 steel ^ hard. If the primary 

winding has 600 turns and carries 1 ampere, calculate the residual flux of the ring if 

the primary current is interrupted. 
9. Determine from the hysteresis loops of Fig. \2d by the method of Art. 24 the 

saturation values of Br and He for S.A.E. 10-20, ^ hard, cold-rolled steel. Compare 

your answers with the data of Fig. 13. Explain why the result for (Br)« does not check. 

10. To about what minimum magnetic intensity should the following steels be 

subjected in order to develop their full possibilities as permanent magnet materials: 
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carbon steel; 36 per cent cobalt steel; Alnico? What can you say in general regarding 

this quantity with respect to the maximum coercive intensity the steel develops? 

11. For Fig. 6 describe exactly the significance of the area 0-2-3-4'“0. 

12. Using equation 7 and the data of Table I compute the hysteresis energy loss 

per cycle for medium-silicon steel at a flux density of 64.6 kmax. per sq. in. Check 

your answer with that given in Fig. 176. What will the hysteresis power loss be at 60 

cycles per second in watts per pound? 

13. By measuring the area of one-half the hysteresis loop of Fig. 12a, at Bm ~ 64.5 

kmax. per sq. in., check one point of Curve D, Fig. 14a, and the corresponding value 

given in Table II. 

14. On the basis of the data of Fig. 166, calculate the total core loss of 26 gauge 

(0.0187 in.) medium-silicon steel sheet at a maximum flux density of 64.5 kmax. per 

sq. in. Note'. Data supplied by the Allegheny Steel Co. give 1.08 watts per pound 

at 60 cycles as the commercial maximum core loss guarantee value by the Epstein 

test.” 

16. On the basis of the data of Figs. 16a or 166, calculate the percentages of the 

hysteresis and eddy-current losses of the total core loss for 29 gauge medium-silicon 

steel at Bn equal to 64.5 kmax. per sq. in. 

16. The core of a 6-volt spark coil is made of a bundle of annealed Swedish char¬ 

coal iron wires having a net cross section of 0.25 sq. in. and a length of 4 in. The 

primary winding consists of 200 turns of wire having a resistance of 2 ohms. If at the 

instant of breaking the primary one can assume that the current has reached its final 

value, that all the flux of the core passes through the entire length of the core, and 

that 20 per cent of the primary magnetomotive force is consumed by the iron core, 

calculate; (1) the total energy (exclusive of RP loss) taken from the electric circuit 

while the current builds up; (2) the total hysteresis loss during the complete magnetic 

cycle as a percentage of (1), and the portions of this loss supplied by the energy 

absorbed by the iron and by the energy of the air gap, respectively. 

17. Determine the hysteresis power loss for the core of a half-wave rectifier, data 

for which are given below: 

Length of magnetic circuit. 18 in. 

Area of magnetic circuit (net). 2 sq. in. 

Material of magnetic circuit. medium-silicon steel, 29 gauge 

Turns on primary winding. 480 

Primary voltage (60 cycles). 116 volts, r.m.s. 

Turns on secondary (rectifier circuit).200 

Average rectified current in secondary.... 4.5 amperes 

Assume no air gap in the iron core, and the supply voltage sinusoidal. 

18. What will the total core loss be for the core of Problem 17? 

19. Calculate the exciting current for the core of Problem 17 using the data of 

Fig. 18. Check this by the method of Art. 29 which assumes sinusoidal wave form. 

20. It is desired to make a permanent magnet having an air gap of 2 sq. in. 

area and a length along the flux lines of | in. The flux density in the air gap is to be 

20 kmax. per sq. in. Calculate the minimum amount of (1) 36 per cent cobalt steel, 

(2) tungsten steel, (3) Alnico I, that can be used. Neglect all fringing and leakage 

flux. Make a sketch showing how you would arrange the magnetic circuit so that 

this minimum usage of materials would be practicable. 

** Epstein Test Specification A-34-28 of the American Society for Testing 

Materials. 



CHAPTER III 

THE THEORY OF OPERATION OF ELECTROMAGNETS AND 
THE FACTORS ENTERING INTO THEIR EFFICIENT DESIGN 

34. The Flux-Current Loop Applied to an Electromagnet 

The physical action involved in the operation of any electromagnetic 

device is the conversion of electric energy into work by the motion of a 
rotor, armature, or plunger in such a way as to change its flux linkage, 
and thereby induce a voltage in a current-carrying coil. The energy 

so converted can be represented mathematically as 

W I d(N(l>) joules 

or graphically as the area of a flux-current loop. This energy will 
include, besides that converted directly from the electrical to the 
mechanical form by the motion, that made available by any change in 

stored energy of the magnet 
by the motion. In a tractive 

electromagnet the flux is 
ordinarily produced by the 
current which furnishes the 
energy (Fig. la), and the 
flux-current loop has the 
form shown in Fig. 16 by 
the full-line loop Ol-Al- 
J54 (74-01. Inasmuch as 
loops of this type form the 
basis for the force analysis 
for all kinds of electromagnets we will examine it in great detail. 

Assume initially that the plunger is at position 1 of Fig. la. Now, 
if the plunger is held stationary and the circuit through the coil is 
closed, the flux linkage will build up as shown by the line 01-Al of 
Fig. 16 as the current gradually increases to its final value E/R, where 
R is the resistance of the coil. The designation A1 for a point on the 
loop indicates flux linkage A existing with plunger at position 1. During 

73 

Fia. la. Flat-faced iron-clad plunger magnet. 

See Fig. 15, Chapter VIII, and Fig. 3, Chapter IX, 

for actual dimensions. 



74 THEORY OF OPERATION OF ELECTROMAGNETS [Chap. Ill 

this time energy is abstracted from the electric circuit and stored in 
the magnetic field by virtue of the circuit current flowing against the 
voltage induced in the coil while the flux linkage is rising. The energy 
so abstracted during this interval is 

Woi^Ai = f 1 d{N<t>) joules 
•^0 

and is represented by the area behind the curve M-Al. 
The next step is to allow the plunger to move very slowly^ to position 4. 
During this motion additional energy is abstracted from the electric 
circuit equal to the area of the rectangle A Al-Bi B A, as given by 

^^^11-54= / I d(N(t>) joules 

{A’0) at 01 = 0 
.11 = 4S,7(X) 
B4 = 4H0.()<H) 
('4 = 100.2(H3 
1)4 = -5.2(H) 
K4 = 28,500 

Areas 

OEOT-Al-01 = 0.195/ 
01 A1 B4 E4 01 = 2.550/ 

D4 E4 B4 C4 D4 = 0.206/ 
(:4~B4 B C'4 = 0.530/ 
1)4 E4 C4 1)4 = 0.020/ 
01 .41 0.3-E3 01 = 1.076/ 
01 O'l B4 B 0\ = 3.440/ 

Fig. 15. Flux linkage-current loop for the flat-faced iron-clad plunger magnet 
of Fig. la. 

This area includes, besides the mechanical work done, the change in 
stored energy of the magnet due to the motion. As this energy change 
is unknown it is impossible at this stage to evaluate the work done. 
The cycle is completed electrically by holding the plunger stationary 
at position 4 and opening the electric circuit, causing the flux linkage 
to decrease to C'4 following the curve B4-C4.^ During this interval 

^For simplicity only: When the plunger moves with appreciable rapidity there 

will be induced in the coil sufficient voltage to cause the current to decrease appre¬ 

ciably during the motion, making line Al~B4 bend in toward the (N<t>) axis. 

* The value of flux linkage at C4 is called the residual flux linkage; the flux which 

produces it, the residual flux; the force produced, the residual force. 
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stored energy equal to the area C4-B4—B-C4, as given by the integral 

^B4-C4 =11 d(N<t>) joules 

is returned to the circuit.^ This, however, does not complete the cycle 
magnetically because the flux linkage has not been reduced to its 
original value at 01. This can be accomplished by returning the 
plunger to its original position mechanically. If this is done the flux 
linkage will fall from C4 to 01 as shown. Even when the plunger has 
been returned to state 01 the flux linkage has not been reduced to zero, 
owing to the coercive magnetomotive force of the iron which is producing 
a very small but appreciable flux through the permeance of the air gap. 
The state 01 is merely taken as a convenient datum point. Thus, if 
the plunger is moved from position 1 to 4 with zero magnetomotive force 
applied, the flux linkage will increase from 01 to £'4, this increase being 

Fig. Ic. Force-stroke curve for the flat-faced iron-clad plunger magnet of Fig. la. 

caused solely by the increase in permeance of the magnetic circuit on 

which the coercive magnetomotive force acts. 
Some work will be required to move the plunger from C4 to 01 as 

it must be returned against the magnetic pull created by the residual 
flux. One method of evaluating this work is to measure it by completing 
electrically the flux-current loop from C4 to 01. This is done by sending 
just enough current (Id) through the coil in the negative direction to 
cause the flux linkage to drop along the dashed curve from C4 to Z)4 
(the plunger is held stationary at position 4). Point Z)4, which is 
determined experimentally, is so chosen that, when the negative exciting 
current is removed (flux linkage rises along the dashed curve to Ei) 
and the plunger is pulled out to position 1, the same change in flux 

* This energy is generally not usefully returned to the circuit; that is, it is dissi¬ 

pated as heat usually in the form of a spark at the switch contacts. 
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linkage will occur but in the opposite direction (change Ei to 01), as if 
the plunger had been pushed in from position 1 to 4 after having been 
mechanically changed from state C4 to 01 (change 01 to E^). Under 
these circumstances the area 01-C4-Z)4-01 represents approximately 
the energy mechanically supplied to move the plunger from C4 to 01.^ 
The area of the loop Z)4-iE'4-J54-C4-Z)4 is, except for the extremely 
small hysteresis losses occurring during the permanent-magnet cycle 
between J54 and 01, the total hysteresis loss occurring during a complete 
cycle of the electromagnet. 

The net energy abstracted from the electric circuit during the com¬ 
pleted electric cycle is 

= Wqi-AI + lUAI-B4 “ W^B4-C4 joulcS 

This area must represent the entire mechanical work done during the 
useful motion from 1 to 4 as no other forms of energy are involved, and 
it includes besides the work actually available (that is, the total area 
under the force-distance curve shown in Fig. Ic) the energy dissipated 
as heat in the entire volume of iron of the magnet due to magnetic 
hysteresis during the incompleted magnetic cycle 01-.41~J?4-C4.® 

The loss due to magnetic hysteresis may be isolated by putting the 
magnet through the same magnetic cycle without producing any avail¬ 
able mechanical work. This is done by moving the plunger to position 4 
and then closing the circuit, causing the flux to build up along the curve 
£'4-54. The rest of the cycle will be the same as before. The area 
£4-54-C4-£4 will then represent the net energy abstracted from the 
electric circuit, and must be the hysteresis loss occurring during the first 

* The analysis of the work necessary to move the plunger from C4 to 01 is very 

complicated as it involves the unstable coercive magnetomotive force of the iron 

which produces the residual flux linkage C4 and the stable coercive magnetomotive 

force of the iron which produces the residual flux linkage £4. This subject will be 

discussed more fully when dealing with sensitive relays; it is not particularly impor¬ 

tant when dealing with tractive magnets. 

* Energy loss due to magnetic hysteresis, where the change in flux linkage is 

caused by the motion of an armature or plunger, always manifests itself as a mechani¬ 

cal drag on the moving part: thus the torque delivered at the shaft of a motor, includ¬ 

ing friction and windage torques, is less than the electromagnetic torque developed on 

the armature due to the countertorque necessary to create the hysteresis and eddy- 

current loss in the armature. Where the flux is not increased by motion of the core, 

as in a transformer, the hysteresis loss, while supplied electrically, may be considered 

as a direct conversion from electrical to mechanical work and hence to heat. This is 

explained on the basis that the hysteresis loss is the actual mechanical work necessary 

to overcome the internal friction of the molecules of the iron as they are oriented by 

the magnetic field. 
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three steps of the cycle (Ol-yll; A1-54; 54-C4), if we exclude the 
small hysteresis loss during the change (01-54).® 

Therefore, subtracting the hysteresis loss from the area 01-41-54- 
C4-01 the net mechanical work done will be the shaded area 01-41-54- 
54-01, which is equal to the area under the force-distance curve of 
Fig. Ic. 

36. Magnetic Efficacy 

If a magnet could be built which had zero flux in the open gap posi¬ 
tion (position 1) with the magnetomotive force applied, zero stored 
energy (area C4-54-5-C4 equal to zero) at the closed gap position 
(position 4), and zero hysteresis loss (area 54-54-C4-54 equal to zero), 
then the rectangular area 01-0'l-54-5-01 would be available for a 
given maximum flux and exciting magnetomotive force. The ratio of 
the shaded area to the area of the rectangle described above is a measure 
of how effectively the potential work ability of the magnet is realized, 

and can be properly called the magnetic efficacy of the design. Using the 
symbol rj for the magnetic efficacy we may write the following expression 
for the available mechanical work: 

W = vI{N4>) joules (1) 

where ?; in a well-designed magnet may vary between 0.4 and 0.7. As 
the flux (t> of the magnet is proportional to the area of the core cross 
section, and as the ampere-tums (NI) are approximately proportional to 
the core length, it follows that the available mechanical work rjI{N<t>) is 
directly proportional to the bulk or weight of the magnet. The value of 
rj depends primarily on the size of the three loss areas relative to that 
of the rectangle and can be increased only by decreasing the loss areas. 

Loss area C4-54-5-C4, which represents the stored energy of the 
magnetic circuit which is returned to the electric circuit, is made up of 
the stored energy of the iron and that of the air gaps which are left in 
the circuit ip the closed-gap position. The former energy depends on the 
shape of the normal hysteresis loop for the iron, and the latter energy 
on the area and length of the air gap (or gaps) which is left in the circuit.^ 

The energy stored in the iron will be very nearly equal to the area 
behind the falling magnetization curve from the maximum flux density 

• The hysteresis loss occurring between any two states of magnetization depends 

on the change in flux between the two states and not on the manner in which the 

change is made, provided always that the change is in one direction. 

^ In the magnet of Fig. la the only air-gap volume left in the closed-gap position 

is the fixed cylindrical volume of brass between the plunger and the upper cylindrical 

piece of iron. 
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occurring at JS4, to the residual flux density at C4 of a normal hysteresis 
loop,® multiplied by the volume of iron.® This energy can be reduced 
only by changing the properties of iron used. In general the softest 
grade of iron or steel, annealed after the machining, will give the best 
results. 

The energy stored in the air gaps is given by the following equation: 

1 <t>^ 

2 P 

<t>H 

2fjiS 
joules (2) 

where </> is the total flux through the gap having an area of *S square 
inches, and the length (measured along the flux lines) of I inches. 

The magnitude of this item is within the control of the designer. 
From the data given on Fig. Ifc, the loss due to the final stored energy of 
both the iron and the air gap is, for the magnet of Fig. 1, 0.53 -f- 3.44 X 
100 = 15.4 per cent. 

Loss area £’4-jB4~C4“£’4, w hich represents the hysteresis loss during 
the incomplete magnetic cycle 01-.41-fi4~C4, is entirely a property of 
the iron,^^ and for any particular iron can be made a minimum by proper 

annealing. This loss, for the magnet of Fig. la, is equal to 0.186 -i- 3.44 
X 100 == 5.4 per cent. 

Loss area Ol-O'l-Al-01, which represents the stored energy of the 
magnet with the plunger in its initial position at the beginning of its 
stroke, is very interesting, as it is almost entirely under the control of 
the designer; its smallness in some measure represents the skill of 
the designer. It depends primarily on the position of the plunger and 
on the leakage flux at this position. For a given cross section of iron an 
increase in the leakage coefficient (due to poor proportion or arrange¬ 
ment) increa.ses the initial flux linkage A without increasing the final flux 
linkage B. This obviously decreases the magnetic efficacy, and there¬ 
fore decreases the useful work of the magnet. 

Before considering what determines the initial position of the plunger 
let us see how the force distance curv^e of Fig. Ic can be derived from 
the flux-current loop of Fig. 16. Now the total area under the force- 

«This area per cubic inch of iron is plotted in Fig. 14, Chapter II, as a function 

of the maximum cyclic flux density for various steels. 

• If different parts of the iron have different maximum flux densities, these vol¬ 

umes must be handled separately. 

For all practical purposes this area can be considered equal to that between the 

normal magnetization curve and the falling branch of the hysteresis loop between the 

maximum flux density and the actual residual flux density of the magnet. This area 

per cubic inch of iron can be evaluated from the data of Fig. 14, Chapter II, by the 

method outlined in Art. 28. 
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distance curve is equal to the area 01-^l-54-£'4-01, as explained before; 
and the average force of the plunger during its motion to 4 will be equal 
to this shaded aiea divided by the total displacement 1-^. The average 
force over a smaller displacement can be found in a similar manner; thus 
the average force during the motion of the plunger from 2 to 3 is equal 
to the net area of the flux-current loop available for useful mechanical 
work during the displacement 2-3 (area H2-I2-G3-FS-H2) divided by 
the displacement 2- 3. This average force is evidently the mean height 
of the force-distance curve between ordinates 2 and 3. By the same 
reasoning, the force at any plunger position may be obtained by allowing 
the plunger displacement from that position to approach an infinitesimal: 
thus the force at any position is 

r = --- joules per inch 
dfi 

where dW is tlu' infinitesimal energy made available for useful mechanical 
work during the infinitesimal motion ds. 

Now consich'r the numerical values given on the force-distance curve. 
Suppose that the plunger is to pull a load of 112 lb. This means that the 
initial position of the plunger must be at 3, and of the amount of work 
available, the area under the force-distance curve between 1 and 3, 
or the area 01-^l-(73-F3-01 of the flux-current loop must be wasted. 
This loss, which is 1.076/2.505 of the total area under the force-distance 
curve, is unavoidable if this particular magnet is used to pull a 112-lb. 
load. 

One of the problems in the design of an efficient electromagnet is, 
therefore, to reduce to a minimum the potential mechanical work wasted 
by the initial plunger position necessary to produce the required starting 
force. This loss depends primarily on the quotient of the square root of 
the assigned force and the stroke; and the type of working gap (shape 
of working gap, and the manner in which the working-gap surfaces 
approach each other). For the problem considered above, with the 
plunger starting its stroke at position 3, this loss as a percentage of the 
maximum potentially available work (A^/(/>) is equal to (1.076 + 0.195) 
3.44 X 100 = 37.0 per cent and is by far the greatest of the three loss 
areas. 

The magnetic efficacy of the magnet of Fig. la, if it starts its stroke 
at position 3, will then be: 100 — 15.4 — 5.4 — 37.0 = 100 — 57.8 = 

42.2 per cent. 

The proper method of shaping the pole faces in relation to the force and stroke 

in order to minimize this loss is discussed in detail in Ghapter IX. 
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36, Mechanical Efficacy: Slow- and Rapid-Acting Magnets 

The actual useful work that would be done by the above magnet 
with the given load is equal to 112 lb. X in. or 7 in-lb., which is equal 
to the shaded area of the rectangle 4-3-^-F-4 of Fig. Ic. The total 
mechanical work done on the load, however, will be equal to the area 
4-3-F-G-4. The difference between these two areas, namely, F-F-G-F, 
represents the amount of energy available for accelerating the load dur¬ 
ing the motion; it is finally dissipated as heat when the plunger strikes 
the stop.'^ This energy so dissipated cannot necessarily be considered as 
wasted, because it determines the speed with which the useful work will 
be accomplished. Thus the ratio of the useful work done (4-3-F-F-4) 
to the total mechanical work done (4-3-F-G-4) is a measure of the effec¬ 
tiveness with which the available work is employed, and it can be 
properly called the mechanical efficacy. Magnets which complete their 
useful work with great rapidity (rapid-acting magnets) must of necessity 
have a low mechanical efficacy, as compared to magnets which carry out 
their useful work slowly (slow-acting magnets). When magnets act very 
rapidly eddy currents induced in the solid iron parts will often modify the 
action, tending to make operation more slow.^® Also, a relatively low 
mechanical efficacy tends to make a magnet more reliable; that is, if the 
plunger or armature encounters any unusual opposing force during its 
stroke, such as an abnormal increase in friction, it will have sufficient 
reserve pull to overcome the obstruction. The magnet of Fig. la when 
pulling a 112-lb. load from position 3 has from Fig. Ic a mechanical 
eflScacy of 7.00 12.7 X 100 = 55.0 per cent. 

Another problem in the efficient design of a magnet is, then, to 
produce no more mechanical energy for acceleration or reliability than is 
necessary. The problem both of this article and of the last is handled by 
changing the shape of the force-distance curve to give the maximum 
possible magnetic and mechanical efficacy consistent with the required 
force, stroke, and rapidity of action. 

When a magnet operates on a constant-voltage circuit, as is usual, rapid 

acceleration of its plunger or armature causes the area F-E-G-F to decrease, owing to 

the decrease in current produced by the velocity of the plunger (see footnote 2). In 

magnets designed for rapid action this tendency for the current to decrease is reduced 

by increasing the resistance of the winding and raising the supply voltage to compen¬ 

sate. This increases the loss. 

** The effect of the eddy currents in the iron parts of a magnet is simply to delay 

the building up of the magnetic flux. They do not alter the ultimate value of flux 

if the magnet does not complete its cycle too rapidly. 
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37. Time-Delay Action 

In the design of magnets and especially relays it is sometimes desir¬ 
able to cause the response or action (that portion of the motion of the 
armature or plunger which does the useful work) to occur an appreciable 
interval of time after the circuit through the magnet is made or broken. 
This is called time-delay action, and it should not be confused with slow- 
acting, which means that the actual motion is carried out slowly, whereas 
in a delay-action device there may be no motion for, say, 1 second after 
the current is turned on, after which time the motion may be very rapid. 

This type of action has many practical applications: the automatic 
door closers of a passenger elevator (lift) are so arranged that the doors 
close before the elevator starts, when the elevator starting button is 
closed; in certain devices, too rapid action of relays causes mechanical 
oscillations—thus, in an automatic battery charger, if the voltage relay 
across the battery on the instant of breaking contact, due to low voltage, 
connects the charging circuit across the battery, instability will result, 
as the rise in voltag(' due to the charging current will immediately close 
the voltage relay contact again. This is because sufficient time has not 
elapsed after the opening of the voltage relay contact to allow its arma¬ 
ture to drop completely to its open position. In the selection of certain 
type of pulse signals it is often desirable to select between pulses of dif¬ 
ferent time durations, which can be easily done by means of a time- 
delay action relay requiring a predetermined duration of excitation 
before operation. 

Short time delay, of the order of the electiical time constant of 
the magnet, can often be produced by a special design of the magnet 
itself. 

It is possible, with certain types of auxiliary circuit equipment 
(entirely non-mechanical), to produce, economically, accurate relay 
time delays of the order of 0.01 to 30 seconds, followed by practically 
instantaneous relay operation. Mechanical means may also be used for 
long time delay (1 second and up); where accuracy is desired some kind 
of clock mechanism may be employed; where accuracy is not paramount 
and where the time delay is not too long a dashpot or similar device may 
be built into the magnet. 

38. Heating 

Most magnets, other than relay magnets, operating on power circuits 
are designed with heating as a limitation. In general, if a magnet is 

The copper loss in a magnet is identical with that of a motor, except that gen¬ 

erally it represents practically the entire power input; that is, the tractive electro¬ 

magnet is mostly used to produce a force or at the best goes through its magnetic cycle 
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designed efficiently (magnetically and mechanically) the bulk and weight 
of the magnet for a given useful work will decrease as the allowable 
temperature rise is increased. Tractive magnets are usually designed 
with temperature rise as a limitation, as this gives the magnet which 
occupies the least space and has the least weight and hence the least cost 
for a given job. Therefore, when designing tractive magnets the permis¬ 
sible temperature rise becomes a factor as important as the force and 
stroke, and is accordingly brought into the design formulas at the start. 

Relay magnets, on the other hand, are usually designed for maximum 
efficiency (maximum effort for minimum power expenditure) consistent 
with the speed of operation desired, and are characterized by having 
relatively light moving parts. The light weight of the moving parts is 
necessary to prevent sluggish action which might otherwise result because 
of the small forces usually employed. Small power expenditure is neces¬ 
sary as these magnets often operate from the end of long lines where the 
power is limited, or they operate in battery circuits where electrical 
energy is expensive. For particularly sensitive, and very rapid action, 
polarized relays employing a permanent magnet as part of the magnetic 
circuit are often used. These also have the advantage of reversing the 
direction of the armature motion if the current is reversed. 

39. Resume—Factors Entering into Electromagnet Design 

The following tabulation gives the more essential factors in the elec¬ 
trical design of tractive and relay magnets. 

Tractive Magnets 

1. Farce-Stroke Characteristic. A definite minimum force through a given stroke. 

2. Heating. A maximum temperature rise consistent with a reasonable length 

of life of the coil insulation, etc. 

3. Magnetic Efficacy. Design of working-gap surfaces and manner of approach 

of gap surfaces such as to give required force-stroke characteristic with 

maximum magnetic efl[icacy. 

4. Mechanical Efficacy. Shape of force-distance characteristic such as to produce 

sufficient mechanical energy in excess of force-stroke requirement, as may 

be necessary for the speed of action desired. 

80 slowly that the energy consumed by its final stored energy (which is usually not 

usefully returned to the electric circuit), hysteresis loss, and useful work are inconse¬ 

quentially small compared to the copper loss. In a motor, however, the current- 

carrying armature coils link and unlink with the flux so rapidly in a continuous process 

that the electrical energy converted to work is large compared to the copper loss. Of 

course, electromagnets are chiefly used to do intermittent work over periods of time 

short compared to the time during which they are excited, and hence should not be 

compared to motors, which do continuous work, on an over-all efficiency basis. 
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Relay Magnets 

1. Force, Force throughout the stroke such as to be sufficiently in excess of 
that required to overcome return-spring pull and friction, as is necessary 
to produce the desired speed of action and contact pressure. 

2. Stroke. This is determined entirely by the clearance necessary between the 
relay contacts, which depends on the kind of circuit connected across these 
contacts. 

3. Power Consumption. I'huugh this depends somewhat on the force (s])ring 
and friction) throughout the stroke, it is in a large measure determined by 
the weight of the moving armature relative to the speed of action desired. 

4. Residual Force. This generally undesirable force is determined by the residual 
flax density in the (tloscd-gai) position, whi(‘h depends on the magnetic 
properties of the iron (coercive intensity in particular) and the permeances 
of the air gaps in the closed-gap position. 

The various items of the above tabulation will be discussed in later 

chapters. 

PROBLEMS 

1. A horseshoe-type magnet made of annealed iSwedish charcoal iron (sample 1) 
has an armatun', pole cores, and yoke which may all ])e considered to have a mean 
cross section of 0.6 sq. in. and a total length of 11.5 in. It is excited by coils developing 
a total of 2,300 amjiere-tums. Assume that the working gap is siifliciently long to 
reduce the residual flux in the open-gap jiosition to zero and that at the end of the 
working stroke the effective gap length is zero. Compute; (1) the total hysteresis 
loss occurring from the time the coil circuit is closed until the end of the stroke after 
the coil circuit is opened; (2) the work necessary to return the armature to the open- 
gap position after the coil circuit is broken; (3) the energy returned to the electric 
circuit in the form of a spark when the coil circuit is broken. (4) Kx])ress items (1), 
(2), and (3) as percentages of the work ideally available from the magnet. 

2. Repeat Problem 1 using S.A.E. 10-20 half-hard steel (sample 4) instead of 
Swedish charcoal iron. Compare the magnets made of the two materials and state 
whether much is to be gained by using the low hysteresis loss iron for magnets w^orking 
at high flux densities. 

3. Considering the magnet of Fig. 15, Cha])ter VIIT, to start its stroke for maxi¬ 

mum useful work at x = 1.34 with a constant load of 9 lb. and finish at x = 0, com¬ 

pute for the experimental force-distance curve of Fig. 166 its magnetic efficacy. 

Use the data of Fig. 16a to determine the ideal work. Compare this w ith the magnetic 

efficacy for maximum useful work obtained for the same magnet with a flat-faced 

plunger as illustrated in Fig. la of this chapter. Explain why the stepped cylindrical 

plunger, even though it starts its stroke with a lower flux linkage than the magnet of 

Fig. la, has almost the same magnetic efficacy. Compare the mechanical efficacy of 

the two magnets for the strokes as above, and explain why that of the stepped cylin¬ 

drical plunger magnet is so high. Which magnet will be faster acting? 



CHAPTER IV 

CALCULATION OF MAGNETIC CIRCUITS CONTAINING IRON 
AND AIR GAPS OF KNOWN PERMEANCE 

40, General 

Magnetic circuit calculations can be divided into two classes: those 
in which the flux of the circuit is specified and the necessary magneto¬ 
motive force is required; and those in which the magnetomotive force is 
given and the flux which will be produced is required. In ordinary elec¬ 
tric-circuit calculations in which resistances are the only circuit elements, 
one would make no distinction between problems in which the current 
was given and the necessary voltage required, and those in which the 
voltage was given and the current required. The reason for this is that 
the relationship between current and voltage in the conducting circuit is 

linear and can be expressed by a simple equation that can be solved with 
equal ease for either current or voltage. In the magnetic circuit contain¬ 
ing iron, however, the relationship between flux and magnetomotive 

force is by no means linear, nor can it be expressed by any reasonably 
simple mathematical equation. For this reason magnetic circuits must 
very often be solved graphically, or, if the actual solution is not graphical, 

it is at least carried out by reference to the graphical relation between 
flux density and magnetomotive force as given on a magnetization curve. 
It should be remembered that there is no essential difference between 
graphical and analytical methods in this type of calculation; tiie 
analytical method determines the intersection of two functions by a 
purely symbolic method, while the graphical determines the same inter¬ 
section by the crossing of the graphical plots of the two functions. In 
this type of problem the analytical method is by far the simpler if the 
function is easily expressible as an equation, but unfortunately this is 
not true for magnetization curves. 

To illustrate the above discussion and also the method of carrying 
out the solution of magnetic circuits, the illustrative problems of the 
following articles are given. These problems are arranged in the order 
of increasing complexity. 

84 
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41. Magnetic Circuits Containing Only Iron of Uniform Cross Section 

In Fig. 1 is illustrated the ordinary ring sample of iron used for mag¬ 
netic testing. This is probably the simplest magnetic circuit that can be 
constructed: it is uniformly wound with the exciting winding and hence 

Data 

Material annealed ingot iron 
Radial thickness.... 2 
Inside diameter. . . , ll|in. 

Axial length. h in. 
Turns on winding.. . 1,000 

Fia. 1. Magnetic circuit containing only iron of uniform cross section. 

has no magnetic leakage; if the radius is at least about six times the 
radial thickness it can be considered as having a uniform flux distribution 
over its cross section;^ it has absolutely no air gap; the material can be 
considered homogeneous throughout. 

Problem 1. Find the current required to produce a flux of 25 kmax. 
in the magnetic circuit of Fig. 1. 

Solution, As the ring is homogeneous and of constant cross section, 
the flux density throughout the magnetic circuit is equal to 

t 
S 

25 
= 100 kmax. per sq. in. 

4 

Referring now to the magnetization curve for annealed ingot iron 
(curve 1, Fig. 11a, Chapter II), we see that, for B = 100 kmax. per 
sq. in., a magnetic intensity of 30 ampere-turns per inch is necessary. 
The total magnetomotive force required for the entire magnetic circuit 

will then be: 

F — HI = SO X rr X 12 = 1,131 ampere-turns 

The exciting current will then be: 

F 1 131 
I = ~ = —- = 1.131 amperes 

N 1,000 

^ Although the ring is of uniform cross section the flux density will not be exactly 

uniform over the entire cross section. This is because the magnetic intensity will be 

greater at the inner radius than at the outer radius. However, if the radial thickness 

is small compared to the diameter the effect of the non-uniform distribution can be 

neglected. 
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This represents the simplest type of magnetic-circuit calculation; 
direct reference can be made to the magnetization curve. The converse, 
though generally not so straightforward, is for this particular case just 
as simple; thus: 

Problem 2. Find the flux that will be produced in the magnetic cir¬ 
cuit of Fig. 1 by a current of 1 ampere. 

Solution. The total magnetomotive force effective in the circuit 
will be: 

F = NI = 1,000 X 1 = 1,000 ampere-turns 

Since the ring is homogeneous and of constant cross section, the mag¬ 
netic intensity throughout the ring will be: 

F 1000 
// = — = ~~ = 26.5 ampere-turns per inch 

I TT 12 

Referring now^ to the magnetization curve for annealed ingot iron, we see 
that R, corresponding to H = 26.5, is 98.0 kmax. per sq. in., and the 
total flux will be 

</) = RR = 98.0 X = 24.5 kmax. 

42. Series Magnetic Circuit Containing Only Iron of Different Cross 
Sections 

In Fig. 2 is illustrated the magnetic circuit of a bipolar magnet with 

Fig. 2. Series magnetic circuit containing 

only iron of different cross sections. 

the armature in the closed-gap 
posit ion. If the armature is not 
too highly saturated the leakage 
in this circuit can be considered 
zero (for the closed-gap position 
only); likewise, if the magnet is 
well made we may neglect the 
small air gaps that must exist 
between the pole faces and ar¬ 
mature, pole cores and yoke, etc. ^ 
This circuit, practically, is equiv- 

2 Ewing, in his treatise on magnetism, “Magnetic Induction in Iron and Other 

Metals,” gives data showing that a perfectly faced joint without compression is equiv¬ 

alent to an air film of about 0.0014-in. thickness regardless of the flux density, but at a 

compressive stress of about 3,000 lb. per sq, in. the thickness of the equivalent air gap 

becomes zero. He also states that for comparatively rough joints, that is, bars which 
were simply cut in the lathe without having the ends afterwards scraped to the form 

of true planes, the eqmvalent air gap is about 0.0018 in. and is reduced only slightly 
by compression. 
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alent to that of Fig. 1 except that the cross section is variable. Data 
for Fig. 2 are as follows: 

Name of Part Part No. Length, in. 
Cross Section 

Dimensions 
Material 

Armature. 1 2* 1" X Mild 
Pole faro. 2 J each 1" X 1" cold-rollod 

Polo core. 3 2 “ 3 " dia. steel 

Yoke. 4 2* U" Xf" S.A.E. 10 10 

* Thin is tlie distance between pole centers which can be considered the effective magnetic 

length of these parts. If the saturation of the armature is very high, that part in contact with the 

pole faces should be treated separately. 

Problem 3. For the circuit of Fig. 2 calculate the exciting current 
that will be necessary to produce a flux of 27.5 kmax.; also find the 
magnetomotive force existing between the pole faces. 

Solution. The mean path of the flux is shown by the dashed line (a), 
which links with both coils. This is obviously a magnetic circuit in 
which the various parts are in series; that is, all the flux of one part 
flows through the entire length of that part and then enters in its entirety 
the next part and so through the entire circuit; it is referred to as a series 
magnetic circuit. The simplest way to handle this problem is to tabulate 
the flux densities and corresponding magnetic intensities for the various 
parts of the circuit. The magnetomotive force for each part can then 
be easily computed by multiplying each length by the corresponding 
magnetic intensity. The summation of the magnetomotive forces for 
each part will give the total magnetomotive force from which the exciting 
current can be computed. The tabulation and computation are shown 
below and need no further explanation. Refer to magnetization curve 3, 
Fig. llfT, Chapter II. 

Part 

No. 

S 
sq. in. 

1 
in. 

</> 
kmax. 

B 
kmax. jior 

sq. in. 

H 
amjx'n'-turn.'' 

])(‘r inch 

F 
ampiTo-turns 

1 0 25 2 0 27.5 no 0 105 0 210 

2 1 00 0 25 27 5 27 5 3 7 1 

3 0 442 4 0 27.5 62 2 6 2 25 

4 0 469 2 0 27.5 59 4 5 9 12 

Total F - 248 

r 
Exciting current ^ 7 0.248 ampere 

2y X j\j\j\j 
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The magnetomotive force existing between the pole faces will evi¬ 
dently be the reluctance drop in the armature over this distance or 

210 ampere-tums. 

Problem 4^ For the circuit of Fig. 2 compute the flux that will be 
produced by an exciting current of 0.6 ampere. 

Solution. This is the inverse of Problem 3 and is decidedly more dif¬ 
ficult because the calculation is no longer direct. It is solved by plotting 
the saturation curve of the magnet (total </> against either F or I) and 
finding the intersection between this function and a straight line cor¬ 
responding to the constant F or / given. Of course, it is necessary to plot 
only that portion of the saturation curve in the region of the given F or 7. 
The solution of Problem 3 gives us one point on the saturation curve. 
By referring to the magnetization curve of Chapter II we can readily see 
that the flux density of the armature cannot exceed 120 kmax. per sq. in. 
because the magnetic intensity corresponding to this value of B is 280 
ampere-turns per inch, w^hich w’ould require a total magnetomotive 
force of 560 ampere-turns for the armature alone, while the given mag¬ 
netomotive force is only 600 ampere-turns. Therefore it will be sufficient 
if w^e plot the saturation curve between the values oi B = 110 to 120 for 
the armature, necessitating the calculation of only two additional points, 
say at 115 and 120 kmax. per sq. in. The computations are shown in the 
following tabulation. The units will be omitted in the tabular forms 
as it will be understood that the units used throughout the text apply. 

Part No. 4> B" H F <t> B I! F 

1 28.76 116 176 360 30 120 280 660 

2 28.76 28.76 3 8 1 30 30 0 3.8 1 
3 28.76 66 0 6 7 27 30 67.9 7.1 30 

4 28.76 61 3 6.2 
1 

12 30 64 0 6 6 13 

Total F = 390 Total F = 604 

The final graphical solution is shown in Fig. 3, giving the answer 
<t> = 29.96 kmax. Where the magnetization curve shows large curva¬ 
ture, more than three points should be plotted to insure drawing the 
proper-shaped curve. 

It will be noted from the examination of Fig. 3 that because of the 
saturation of the armature the magnetization curve is quite flat, and 
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hence one could with accuracy extrapolate between points at F = 390 
and F = 604, thus: 

<t> = 28.75 + 1.25 X 
600 - 390 

604 - 390 
29.96 kmax. 

If in a problem of this type the cross section of a part of the circuit is 
continuously variable, it becomes necessary to break up that part into a 

Fig. 3. Magnetization curve for the graphical solution of Problem 4. 

sufficient number of short lengths, so that each may be considered with 
reasonable accuracy to have a constant cross section. 

43. Symmetrical Parallel Magnetic Circuit Containing Only Iron of 
Different Cross Sections 

This type of circuit is illustrat(‘d in Fig. 4 and, as lab(‘led, represents 
the magnetic circuit of an alternating-current magnet in the closed- 
gap position. It could equally well represent the magnetic circuit of 

Fig. 4. Symmetrical parallel Fig. 5. Electrical equiv- 

magnetic circuit containing alent circuit for magnetic 

only iron of different cross circuit of Fig. 4. 

sect ions. 

a shell-type audio-frt'quency or power transformer, or the direct-current 
circuit of a variable reactance for alternating currents. This type of 
circuit is usually symmetrical about the center line through the center 
pole core as shown, and the area of the center pole core, except for the 
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reactor application, is usually at least twice that of the outer cores. 
This circuit, like that of Fig. 2, can be considered to have no air gaps 
or leakage flux. The path and direction of the flux are shown by the 
paths (a) and (6), both of which have the total magnetomotive force 
of the coil effective on them. The two magnetic circuits represented 
by the flux lines (a) and (6) are magnetically independent of each other 
and can be computed separately in exactly the same manner as 
Problems 3 and 4. Of course, if the two paths are identical as illustrated, 
only one-half the area of the center core belongs to each path, and it is 
neceSvSary only to compute the flux for one path and merely double it to 
get the total flux of the center core. 

In Fig. 5 is shown an ordinary electric circuit equivalent to that of 
Fig. 4. Here the battery, equivalent to the coil of Fig. 4, is shown sup¬ 
plying two electric circuits in parallel, consisting of resistances labeled to 
correspond to the reluctances of the various parts of the circuit of Fig. 4. 
Note that the resistance corresponding to the reluctance of the center 
pole core is drawn as two separate resistors, and /f2, each in series 
with its own circuit. These must each have a resistance corresponding 
to twice the reluctance of the entire center pole core, while the other 
resistances have values corresponding directly to the n^uctances they 
represent. If a circuit of this type is not symmetrical about the center 
of the exciting coil, the solution is more difficult. This type of problem is 
the subject of the next article. 

44. Unsymmetrical Parallel Magnetic Circuit Containing Only Iron of 

Different Cross Sections 

This type of circuit, illustrated in Fig. 6, differs from that of Fig. 4 
only in that the two outer pole cores are of different areas. It is some¬ 
times used where it is desired to keep the flux of one branch, the smaller 
one, relatively constant while that of the other branch varies consider¬ 
ably. We will again assume that there are no air gaps or leakage fluxes 
in the circuit. The material is medium-silicon steel laminations; the 
core has an effective stacking height of 1 in. 

Problem 5. Determine for the circuit of Fig. 6 the saturation curve 
(flux of the center core as a function of the exciting magnetomotive 
force) between the values of B = 42.5 to B = 57.5 for the center core 1, 
and the distribution of flux between the two outer legs. 

Solution. Since this problem is more difficult than those preceding, 
it is best to draw an electrical equivalent circuit. This is shown in Fig. 7; 
it differs from that of Fig. 5 only in that the center core is not split 
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between the two paths. This reluctance cannot be divided to make the 
simpler circuit of Fig. 5 because no definite portion of it can be assigned 
to either path owing to the dissymmetry of the circuit. The method of 
solution is based upon the following facts: the flux of the center leg is 

Fig. 6. Unsymmetrical parallel magnetic circuit containing only iron of different 

cross sections. 

equal to the sum of the fluxes of the outer legs {<t>a + <l>b - and the 
magnetomotive force across the outer legs must at all times be equal to 

== Fb. The range of variation of <^o is known, but the distribution of 

(po between paths (a) and (6) is indeterminate, and hence the range of 
variation of either <t>a or (pb is unknown. If the range of variation of, say, 
<Pa were known, the magnetization curve 
for that branch could be plotted be¬ 
tween its known flux limits, thereby 
determining the range of variation of 
Fa. If this is known, the magnetization 
curve for branch (6) could be plotted 
between the same limits of magneto¬ 
motive force. The sum of these two 

curves would give <^>o» addition 
of the reluctance drop Fi in the center 
leg for any value of <Poj to the corre¬ 
sponding Fa or Ft, would give the total exciting magnetomotive force 

for the particular value of <Po, 

The first step in the solution, then, is to estimate the range of varia¬ 

tion of either <Pa or (ph. At high flux densities the flux will divide, very 
roughly, in proportion to the smallest areas of the paths; thus, <Pa might 
be as high as 0.8 while at lower densities <pa would be a smaller part 
of fpQ. We can estimate <Pa to vary between, say, 0.5 <Pq minimum to 

Fig. 7. Electrical equivalent 

circuit for magnetic circuit of 

Fig. 6. 
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0.75 <j>Q maximum. As will be seen later, this estimate, whether right 
or wrong, will not influence the accuracy of the final result; a poor 
guess will merely increase the amount of computation slightly. 

These limits being taken, the saturation curve must be computed 

between the limits of 0.5 X 42.5 = 21.25 and 0.75 X 57.5 = 43.0. This 
computation is shown in tabular form in Table I. The dimensions taken 
for the various parts of the circuit are also shown in this table; as parts 
2', 3', and 4' have the same areas and carry the same flux they can be 
handled as a unit. Magnetization curve 8a, Fig. 15, Chapter II, was used. 

Table I shows that the magnetomotive force across circuit (a) will 
vary between 16.8 and 129 as the flux varies between 20 and 42.5. The 
next step in the computation is, therefore, to compute the saturation 
curve of circuit (b) between the same limits of magnetomotive force. 
This computation is shown in Table II. It will be noticed that the 
computation is not carried out as far as the upper limit of 129 ampere- 
turns, because a comparison of the tables indicates that the distribution 
at high flux densities is different from that estimated—circuit (a) does 
not carry as much as 0.75 <^o maximum. The magnetic data at high 
flux densities were obtained from Fig. 4, Chapter IT, which was obtained 
by extrapolating the data of curve 8a, Fig. 15. 

TABLE I 

Tabular Computation: Magnetization Curve 

Branch (a)—(2', 3', and 4'); I = 8.6; S = 0.5 

Part No. B II F 

2' + 3' 4- 4' 20 40 1 95 16 8 
2' + 3' -f 4' 25 50 2 6 22 4 
2' -h 3' -h 4' 30 60 3 55 30 5 
2' + 3' -f 4' 35 70 5 1 44 
2' -f 3' + 4' 37 5 75 6 6 57 
2' -f 3' -h 4' 40 0 80 9 4 81 

2' + 3' -h 4' 42.5 85 15 0 129 

In Fig. 8 these two magnetization curves and their sum <Po are shown 
plotted against Fa or Fb as abscissas. Table III gives the distribution of 
the flux between the two outer legs and the magnetomotive force of 
the outer branches for equal increments in <^o between the assigned limits 
of 42.5 and 57.5. These data (columns (1) to (4)) are read directly from 
Fig. 8. The magnetomotive force of the center leg for the various values 
of 4>o is shown in column (5). It is computed directly from the dimensions 
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TABLE II 

Tabulah Computation: Magnetization Curve 

Branch (6) — (2 — 3 — 4). Parts 2 and 4: I = 8.37; .S' = 0.6 
Part 3; I = 0.03125; S = 0.125 

Part No. <t> B // F Total F 

2 -h4 12 5 25 1 33 11 1 14 3 
3 12 5 100 100 3 2 

2 4-4 13.75 27 5 1 4 11.7 
3 13.75 110 245 7 5 19.2 

2 + 4 15 0 30 1 5 12 0 
3 15 0 120 490 15 0 27.0 

2 4-4 15 75 31 5 1 55 13 
3 15.75 126 730 23 36 

2 4-4 It) 1 32 2 1 6 13 
3 It) 1 128 8 1000 31 44 

2 4-4 17 0 34 1 65 14 
3 17 0 135 7 2000 61 75 

2+4 17 5 35 1 70 14 
3 17.5 140 2 3000 92 106 

0 20 40 60 80 100 120 

Fj-s.* or F2!3.'4' amp-turns 

Fig. 8. Magnetization curves for branches (o) and (6) of the magnetic circuit of 

Fig. 6. 

of this path {I = 3.5; S — 1.0), and magnetization curve 8a. In column 
(6) the total exciting magnetomotive of the coil is tabulated. 
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TABLE III 

Tabular Solution of Problem 5 

(1) 

<h 
(1) 

(2) 

<f>6 
(2-3-4) 

(3) 

4>a 
(2'-3'-4') 

(4) 
Fa or Ft 
(2-3-4) 

or 
(2'-3'-4') 

(5) 

Fo 
(1) 

(6) 
Fo 

Exciting Coil 
Item 

(4) + (5) 

42 5 14 7 27.8 26 3 7 4 33.7 
45.0 15.3 29 7 30.0 7 9 37.9 
47.5 15.7 31 8 35.0 8.5 43.5 
50 0 16.0 34.0 41.5 9.2 50.7 
52.5 16.3 36.2 50.0 9.9 59.9 
55 0 16 7 38.3 65.0 10 6 66.6 
57.5 17.2 40.3 90 0 11 4 101.4 

The problem is completed by merely plotting from Table III the flux 
of the center leg </)o, and its components 0a and 06, against the total 
exciting magnetomotive force Fq. This is shown in Fig. 9. It must be 

0 20 40 60 80 100 
Fq amp'turns 

Fig. 9. Magnetization curve for flux of center leg and its components, for the 
magnetic circuit of Fig. 6. 

remembered that if other current-carrying coils, such as transformer 
secondaries, surround the outer legs the solution will be quite different. 

46. Simple Series Magnetic Circuit of Constant Cross Section Con¬ 
taining an Air Gap of Known Permeance 

A simple form of this circuit is illustrated in Fig. 10, which is identical 
to that of Fig. 1, except for the radial air gap. The material of the ring is 
annealed ingot iron, and the permeance of the air gap, including all 
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fringing flux, etc., is 0.01 kmax. per ampere-turn; all other data are 
given in the figure. 

Problem 6. If the flux of the magnetic circuit of Fig. 10 is to be 
20 kmax., compute the required exciting current. 

Solution. 1 he magnetomotive force equation for this circuit is: 

— Pi Fa 

where the subscripts i and a designate the iron and air gap, respectively. 
Or, rewriting, 

A7e„i, = HiU + 
■* a 

Data 

Material annealed ingot iron 

Inside diameter .... 11^ in. 

Radial thickness. ... f in. 

Axial length. in. 

Turns per coil. 500 

Fig. 10, Simple series magnetic circuit of constant cross section 

containing an air gap. 

This equation may be solved directly as the iron is of constant cross 
section; hence, Bi is equal to 20 X 4 = 80; //,, equal to 7.6, may be 
read directly from magnetization curve 1, Yig. 11a, Chapter II. Then, 
neglecting the air-gap length when computing the length of the iron path: 

Nicow = 7.6 X 127r + 20 0.01 = 286 + 2,000 = 2,286 ampere-turns 

2,286 
Icon = = 2.286 amperes 

Problem 7. If the exciting current of the magnetic circuit of Fig. 
10 is 1.5 amperes, compute the flux of the ring. 

Solution. This problem is not a direct one like Problem 6 because 
Hi is an unknown analytical function (known graphically, however) cf 
the unknown flux <t>. Resort must be made to either a “cut-and-try or 
a graphical solution. Because of the simplicity of the circuit the cut- 
and-try method is easier here, but when the circuit is more complicated, 
or where the air-gap permeance is to take a series of values, the graphical 
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method is more satisfactory. We shall solve it by both methods for the 
purpose of illustration. 

CuUand-Try Method. As the magnetomotive force of the air gap is 

large compared to that of the iron, a rough estimate of the total flux of 
the core may be obtained by neglecting the reluctance of the iron; thus, 

(t> = FPa = 1.5 X 1,000 X 0.01 = 15 kmax. 

With this value of </>, Bi is equal to 60 and Hi is equal to 3.5 from curve 1. 
Then, 

15 
NIcoU — 3.5 X 127r + = 132 + 1,500 = 1,632 ampere-turns 

This value is, of course, too high by Fij but it indicates that a clioice of 
<^ = 14 kmax. will be about correct. Let us try this value; 0 = 14 
then Bi = 56 and //» = 3.25, and 

14 
A^/coii = 3.25 X r27r + —— = 122 + 1,400 = 1,522 ampere-turns. 

We now have two points on the magnetization curve: <^) = 15, f = 
1,632; and <^ = 14, F = 1,522. By extrapolating we can with fair 
accuracy find </> at F = 1,500. Thus 

22 22 
<#> = 14 - 1 X- =14-- 14 - 0.2 = 13.8 

1,632 - 1,522 no 

Let us check this value: <t> = 13.8, then Bi = 55.2 and Hi = 3.2, and 

NIcoU = 120 + 1,380 = 1,500 ampere-turns 

A check to this precision is usually unwarranted because the magnetiza¬ 
tion curves used are generally average curves, and the leakage permeance 
of the air gap at the best cannot be computed closer than 2 or 3 per cent— 
in usual cases nearer 5 per cent. 

Graphical Method. This method consists in plotting the magnetiza¬ 
tion curve of the iron part of the circuit in the usual way, and then draw¬ 
ing the magnetization curve of the air gap cither through the point of 
required flux on the iron magnetization curve if flux is given, or through 
the point of given magnetomotive force if this quantity is given. In Fig. 
11 is shown the magnetization curve (a) of the iron of the ring alone. To 
solve Problem 6 it is necessary merely to draw (with negative slope) the 
magnetization curve of the air gap (6) through the point on curve (a) 
where </> = 20 as shown. The intersection of curve (b) with the F axis 
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tives the required number of ampere-turns, which is 2,286 as before. To 
solve Problem 7 it is necessary merely to draw curve (6) through the F 

axis at the point of given magnetomotive force, as shown by curve {b'). 

K—^—I—^—I—^—I—i—\—^_I_I_I_1_CiJ_1_^_I_i_I_rrKLJ_I 
0 200 400 600 800 1000 1200 1400 1600 1800 2000 2200 2400 

Fa.-t. 

Fig. 11. Graphical construction for the solution of Problems 6 and 7. 

The intersection of {b') with {a) gives the answer (p = 13.8 as before. 
This method is particularly applicable wdi(‘rc the air-gap permeance 
takes on a serit's of values, or w here it is desired to know on what part of 
the saturation curve of the iron the circuit is operating. 

46. Leakage Flux between Pole Cores Having Exciting Coils 

Figure l‘2a represents a bipolar magnet which has an exciting coil of 
N/2 turns per inch distributed uniformly along each pole core. Let P'/, 
represent the direct leakage permeance bc'tween pole cores p('r inch of 
axial length; assume that the pole cores extend far beyond th(‘ pole faces 
shown, so that the distortion of the leakage field produced by the pole 
faces may be neglected; also, that the iron has liigh permeability. Then, 
the magnetomotive force across the yok(' end of the leakage path will be 
zero, while at the pole face end it will be NIh, the variation between these 
two values being uniform, as illustrated in Fig. I2h. The total leakage 
flux </)/, up to any point x measured from the yoke will be: 

When X — 

= J FxPLdx = P'lNI jf xdx = 

<Px = 4l — 
PrNIh^ P'Lh 

X NIh (1) 

Or, in w'ords, the total leakage flux is equal to oiie-half the total leakage 
permeance between the pole cores multiplied by the total exciting mag¬ 
netomotive force of both poles. When the iron becomes very saturated, 
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the expression of equation 1 ceases to apply unless corrected for the 
reluctance drop in the iron. The variation in <t>L with x is shown in 
Fig. 12c. 

Figure 12d shows the total flux <t> of the pole core as a function of h. 

Fig. 12. Distribution of magnetomotive force, leakage flux, and leakage flux linkage 

produced by a distributed winding. 

The flux (po may be taken to repn^sent the main flux of the pole cores 
which issues from the pole faces. When is small (compared to the 
constant flux ^q, the permeability of the pole corci may be considered 
substantially constant over its entire length. In this event th(' reluctance 
drop in the pole core can be estimated with fair accuracy by assuming it 
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to carry a uniform flux of io + throughout its entire length. The 
proof of this is as follows: 

(F.). -fH,,, ru+ 
•^0 *^0 Mi*’ Mi'S ^0 \ 2 / 

integrating and substituting in the limits, we get: 

When X = h, 

iE-N ^ { , PlNIx^\ 
(f t)i = —-rA<Pi}X + 4>,r---) 

>iiO \ f) / 

(f,)* = (2) 

The total flux linkcage produced by th(‘ leakage flux </>/, can be evalu¬ 

ated as illustrated in Fig. 12e as follows: 

{N<tL)h = / Nx^F.F^dx = 

•^0 ^0 

N^PjJh^ 
weber-turns = (3) 

47. Series Magnetic Circuit Containing Series Air Gaps and a Parallel 
Leakage Path 

A typical circuit of this type is that of the lifting magnet illustrated 
in pig. 13. In fact, any electromagnet which is to do work must have 

Fig. 13. Section of a circular lifting 
magnet. 

Fig. 14. Equivalent 
circuit for magnet of 

Fig. 13. 

this type of flux path. Another illustration in a previous chapter of this 
type of circuit is the flat-faced plunger magnet of Fig. la, Chapter III. 
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The dimensions and data for the magnet of Fig. 13 are listed below: 

Name of Part Part No. Material 
FtTi'ci iv(' 

1 .(Migth, m. 
Area Cro.ss 

Si'ction, sip in. 

Armatur(‘ . . . 1 Cast ste(‘l 2 6 11 8 

Pole Core. 3 “ 1 25 9 0 
Yoke. 4 it it 2 5 9 0 
Pole Core 5 1 25 9 0 

I’seful pernieanco P2 Gap 2 = 0.89 kmax. per amp-turn 
“ 6 - 0.89 “ 

Fringing “ “ 2 = 0.20 “ 
“ “ p; “ 6 = 0.068 “ 

Leakage “ PL^J<"tween pole core.s = 0.046 kmax. per amp-turn 
Kxeiting winding 180 turns No. 14 wire. 

The significance of dividing the working air-gap permeances into two 
parts, useful and fringing permeances, is that practically all the work 

of the magnet is done by the useful flux which passes through the useful 
permeance. The fringing flux contributes practically no work; in fact, 
it sometimes slightly decreases the work done. However, it is very 

necessary to evaluate correctly and to take into account all the fringing 
and other leakage fluxes, because they exist in the same iron circuit as 
the useful flux and hence determine its saturation. 

Piobleni 8. Compute, for the magnet of Fig. 13, the leakage coeffi¬ 
cient ^ and the exciting current required to produce a useful flux of 

805 kmax. 

Solution. The first step is to draw the equivalent circuit of Fig. 14. 

In accordance with the work of the last article the distributed leakage 
permeance Pr, is replaced by one of half the value concentrated between 
the pole faces. The permeances of the air gaps 2 and 6 are shown split 

into their useful and fringing parts to facilitate the calculation of the 
leakage coefficient. 

The leakage coefficient will be equal to the flux through part 4 divided 

by that through P2 and P^. This will equal: 

® The leakage coefficient of a magnet is defined as the ratio of the maximum flux 
linking with the exciting coil to the useful flux (flux in working air gap). 
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_I_ ,Pl 
n/(P2 + P2)] + u/(P6 + p;)] ^ 2 0.510 + 0.023 

= 1.20 

1/Pe + I/P2 

if we consider the permeance of part 1 to be infinite, this is a fair approxi¬ 
mation because the permeance of part 1 will be very much greater than 
that of parts 2 and 6 in series. 

The calculation of the exciting current required to produce a useful 

flux of 805 kmax. is carried out below in tabular form. Air gaps 2 and 6 
are handled as one: this is permissible if both carry the same flux. The 
flux through these air gaps, again con.sidering the permeance of part 
1 to be infinite, will be 

and the magnetomotive force across them is computed from the relation 
<f> = PF, where P is the joint permeance of the gaps in series. Thus, 

923 
^2+6 = = 1,810 ampere-turns 

The flux in the armature (part 1) is the same as that in the air gaps. The 
pole cores 3 and 5 may be handled as one because they have the same flux 
and the same area. The flux carried by the pole cores, following out the 
ideas developed in the last article, can be considered equal to 923 -T 

§<#>/,• <t>L can be estimated by either one of the following methods: as 
the leakage coefficient of the entire magnet is 1.20 the total flux through 
the yoke will be 805 X 1-20 = 966. Hence, 4>i. = 966 — 923 = 43. 
Or, referring to the last article, <f>/. is equal to ^P/. times the magnetomo¬ 

tive force across the pole faces. This magnetomotive force can be 
determined by evaluating the first two items in the tabular calculation. 
From the table, the total magnetomotive force across the pole faces is 

1,897. Hence, 

<t>L = 0.023 X 1,897 = 44 

The flux of the pole cores to be entered in the table will therefore be 

923 -t- f X 44 = 952 
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The remaining computation can be followed directly from the table: 

Part No. Branch Length Area Flux B H F 

1 Armature 2 6 11 8 923 78 2 33 5 87 
2+6 
3 + 5 

Air gaps 
Pole cores 

923 1,810 
350 2.5 9 0 952 106 140 

4 Yoke 2.5 9 0 966 107.5 155 
1 

388 

Tot 111 F = 2,635 

The exciting current will equal 

2,635 -J- 180 = 14.6 amperes • 

Problem 9. (a) Compute for the magnet of Fig. 13 the useful flux 
that will be produced by an exciting current of 11.1 amperes; (6) repeat 
(a) neglecting all leakage and fringing fluxes; (c) considering the force 
to vary as the square of the flux density produced by the useful flux in the 
working gaps, compute for this exciting current the percentage error 
that w'ould result by neglecting the fringing and leakage fluxes when 
computing the force. 

Solution. As this problem presents no new difficulties its solution 
will merely be indicated. Part (a) may be solved by the methods out¬ 
lined in Problem 7. The magnetic circuit calculations will be the same 
as for Problem 8. Part (h) is identical with Problem 7, except that the 
iron part of the circuit is not of constant cross section. Part (c) needs no 
special comment. 

48. Calculation of Magnetic Circuits Involving Incremental Permeability 

Typical apparatus, the magnetic circuits of which fall into this class 
are filter chokes, audio-frequency transformers used for coupling vacuum 
tubes, half-wave rectifiers, reactors which are made variable by means of 
a superposed constant flux, etc. 

* The data for this magnet are taken from one designed by L. A. Hazeltine and 

built in the Electrical Engineering Laboratory at Stevens. Experiments with 

this magnet at A-in. gap (the gap permeances as given on page 100 were computed 

for A-ln. gap; for the method of computing see Art. 54, Sec. 3) show that the 

exciting current for 805 kmax. useful flux is about 15 amperes. This magnet, with no 

gap, will exert a force of more than 1 ton when supplied by an ordinary dry cell. See 

Problem 18, page 133, of Electrical Engineering by L. A. Hazeltine, Macmillan Co. 
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Figure 15 shows the magnetic and electric circuits for an ordinary 
filter choke. The purpose of the air gap is to control the direct-current 
magnetizing intensity in the iron, so that the over-all incremental per¬ 
meance of the core may be a maximum. 

Air-gap^^4^ -lo* 

, m ll.^ .1 
'o i 

Air-gap 0.130 diam. 

Data 

Core material high-silicon steel 
Height of stack. 0.668 in. 
Stacking factor. 0.88 
Length of magnetic circuit . 6.0-in 
Turns on coil. 2330 
Wire .size. No. 31 
Coil resistance. 40 ohms 

Fig. 15. Section of a filter choke. 

Problem 10. For the choke of Fig. 15 compute the air gap necessary 
to produce maximum inductance if the direct current is to be 100 milli- 
amperes, and the maximum total flux variation is assumed to be 1 kmax. 
per sq. in.® Neglect fringing in computing the air-gap permeance. 

Solution, The inductance of a coil is 

N4> ^ . 
= —— henries 

where </> is the flux in webem produced by the current I amperes; by 
substituting FP for 0, we get 

L = N^P henries (4) 

where P is the permeance of the core in wcbers per ampere-tum. When 
speaking of choke coils, the inductance referred to is that effective to 
alternating currents. Hence <f> and I will be alternating quantities, and P 

will be the effective incremental permeance. This permeance for the 
ordinary type of choke can be expressed as 

P == 3.19 X 10 
_g f^dS 

T w eber per ampere-turn (5) 

where jid is the effective incremental permeability of the iron and series 
air gap combined. By substituting equation 5 into equation 4 w^e get 

L = 3.19 X iQ-s henries (6) 

® This is purposely taken small, because the incremental permeability increases 
with increasing flux variation; hence the answer will correspond to the least induc¬ 
tance which will occur when the alternating voltage across the choke is low. 
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As lid is the only variable, L will be a maximum when nd is a maximum. 
fid depends upon the length of the air gap and the amplitude Bm of the 
alternating flux. As the latter is stated to be constant it is only neces¬ 

sary to find the air gap corresponding to maximum juj. This is done as 
follows: As the direct-current magnetomotive force is constant, it is 
possible to compute the polarizing magnetic intensity Hq as a function of 

the gap length /«, and hence the incremental permeability of the iron 
as a function of gap length. To do this the magnetization curve ® of the 

0 5 10 15 20 25 30 35 

Hq- Ampere turns per inch ( Hq)^ 

Fia. 16a. Magnetization* curves for determining the polarizing magnetic intensity 

in the iron foi the choke of Fig. 15 for different air-gap lengths. 

core iron, curve (a), Fig. 16a, is plotted up to the maximum possible 
polarizing magnetic intensity equal to 

F _ 0.1 X 2,330 

u 6 
38.8 ampere-turns per inch 

♦ 

//o = (Ho)m occurs when the air-gap length is zero, and the correspond¬ 
ing (Bo)m can be determined by the intersection of curve (a) and the 
magnetization curve of the zero-length air gap, designated as (/« = 0) 
and plotted from point (6) as an origin. Values of Hq at other gap 
lengths are obtained by plotting the magnetization curves for these 

• In general this magnetization curve should be the anhysteretic magnetization 

^ curve of the iron core (Fig. 186, Chapter II), but as the superposed alternating flux 

density is so small in this problem the normal magnetization curve for sample 9a of 

Fig. 15, Chapter II, has been used. 
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air gaps and determining from their intersection with curve (a). 
These air-gap magnetization curves are plotted by considering that for 
each inch length of iron there is an air gap of IJU inches length, and that 

the total magnetomotive force across both of these is constant at (//o)7n- 
Thus if the total air-gap length is 30 mils, la/U is 5 mils, and the mag¬ 
netization curve for this gap length is constructed by drawing from 

point (6) a straight line having a negative slope of BJHa = fJ^aX k/la = 
0.00319 X 200 — 0.638 kmax. per ampere-turn, as shown in Fig. 16a. 
This process is repeated for several lengths of air gap. 

Fig. 166. Incremental permeability of the iron (ma)) the effective permeability 
of the entire magnetic circuit (/id), for the choke of Fig. 15 plotted as a function of 

air-gap length. 

It is now possible, by reference to Fig. 19c of Chapter II, to plot for 

Brn = 1 kmax. per sq. in., /xa as a function of la. This is done in Fig. 166. 
The permeabihty Md can now be computed as a function of the gap 

length by the relation 

Mi 

1+1= 
Ma h 

(7) 

where all the are relative to a vacuum, and is plotted in Fig. 166. 
From this plot it can be seen that m has a maximum of 250 when 

la = 12 mils total, or 6 mils for each gap. The inductance of the choke, 
with 100 milliamperes direct current and an alternating flux density of 

1 kmax. per sq. in., will then be, by equation 6: 

L = 
3.19 X 10“'* X 250 X 2,330^ X 

= 1.80 henries 
6.0 
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49. Calculation of Magnetic Circuits Containing Permanent Magnets 

There are two distinctly different types of magnet which make up 
this kind of circuit: the real permanent magnet made of a hardened-steel 
alloy, and the temporarily permanent magnet made of soft steel. 

The real permanent magnet is reversible; that is, it may be partially 
demagnetized by introducing an air gap, but upon the removal of the 
air gap it will regain its former strength. In some types of apparatus 
such a variation in the flux of a permanent magnet occurs periodically; 
for instance, the rotation of a shuttle-type armature in a magneto pro¬ 
duces such a cyclic variation. 

The temporarily permanent magnet is not reversible; that is, partial 
demagnetization due to the introduction of an air gap is, to a great 
extent, permanent demagnetization. Thus the electromagnet of Fig. 13 
has a residual force of the order of 600 lb. in the closed-gap position. If, 
however, the gap is momentarily opened and then closed again the 
residual force will disappear almost entirely. 

Reversible and irreversible as applied to a permanent magnet are 
relative terms; a real permanent magnet is not reversible if the demag¬ 
netization is carried too far; a temporarily permanent magnet may be 
reversible if the demagnetization is extremely small. The real point of 
the matter is that the ability of a permanent magnet to resist demagneti¬ 
zation depends upon the work necessary to demagnetize the iron com¬ 
pletely, which, as explained in Art. 25, is equal to the area (4'-0-3-4' of 
Fig. 6, Chapter II) under the demagnetization curve. This area in turn 
is proportional to the area of the symmetrical hysteresis loop. Conse¬ 
quently the value of a steel as a permanent magnet can be estimated 
from its hysteresis loss as well as from the maximum value of BdHa 

under the demagnetization curve.’ 

Problem 11. Compute the residual flux density in the working gap 
of the magnet of Fig. 17 after the application of a maximum magnetizing 
current of 1.5 amperes at zero gap length. Assume that any possible 
fringing or leakage flux is negligible.* 

Solution. It is necessary first to determine the flux produced by the 
maximum magnetomotive force of 1,500 ampere-turns, so that the 
maximum magnetic intensity of the yoke and armature can be found. 
This can be determined by the ‘*cut-and-try” method, giving 0 = 16.4 

^ See Art. 32, and Table III, Chapter II. 
• This assumption is well justified because at zero gap length the fringing flux will 

disappear and the leakage flux between poles will be small, owing to the high reluc¬ 
tance drop in the pole cores and yoke. 
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kmax. and the corresponding as 12 and 708 ampere-turns per inch, 
respectively. 

From Figs. 13a and 136, Chapter II, at these values of it is possible 
to determine the Br s and He s that would exist in the yoke and armature 

Data 

Material S.A.E. 10-10 dead soft 

Yoke (including pole cores).. ^ in. dia. 
Effective length... .7.2 in. 

Armature.iin.X^in. 
Effective length.2 in. 

Fig. 17. Soft-steel horseshoe magnet. 

if they were individually closed on themselves. These values are listed 
below along with the corresponding values of total residual flux 0r and 
total coercive magnetomotive force Fc of the parts. 

i/m Br He <t>r Fc 

Yoke. 12 70 3.4 13.7 24.5 
Armature. 708 84 3 9 10.5 7.8 

The next step is to plot the demagnetization curves for both the yoke 
and armature. Only two points, <t>r 

and Fci have been determined on 
these curves. Intermediate points 
may be determined with sufficient 
accuracy by interpolation from the 
series of hysteresis loops for this 
material given in Fig. 12c or Fig, 2, 
Chapter II. That for the armature 
must be extended into the region of 
positive magnetomotive force for 
a reason that will be apparent 
shortly. These curves are shown 
plotted in Fig. 18. 

As the flux of the armature and 

r “1 
L .— 

m 
m / X] A 

■ y 10 — 

pa ■ a ■ 
_ 

7^ m 
m ■ ■ ■ HI Hi H 

ma ■ Wi ■ ■ < ■ 
m m a 1 (0 

E ■ 
n m 1 c 
ri m 1 •0 p 'HI 

■ m 
Wi m ■ 
ii ■ ■ 
ri ■ ■ _ _ _ 

25 20 15 10 5 0 
F a.-t. 

10 15 

Fig. 18. Demagnetization curves for the 

yoke and armature of the magnet of 

Fig. 17. 

yoke are equal at all times, it can be seen from Fig. 18 that, as the flux 
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of the magnet falls from its maximum value of 16.4 kmax., that of the 
yoke will fall below its tabulated residual value 13.7 before that of the 
armature falls below its tabulated residual value 10.5. Consequently, in 
this flux range the yoke will tend to magnetize the armature, and equi¬ 
librium will be reached when the magnetomotive force made available 
by demagnetizing the yoke to some value below 13.7 is just sufficient to 
magnetize the armature to the same value, which will be above 10.5. 
This equilibrium flux is shown by the line Y-X-A, so drawn that the 
magnetomotive force YX equals the magnetomotive force XA. 

The total residual flux of the magnet as read from the plot is OX, 
equal to 11.2 kmax. Therefore the residual flux density in the working 

gap will be * 

« = =-- = 57 kmax. per sq. in 
" Sy TT X ii? 

Problem 12. Repeat Problem 11, assuming that an air gap having a 
permeance of 0.45 kmax. per ampere-turn is inserted between each 

pole and the armature. 

Solution. The demagnetization 
curves of the yoke and armature of 
the magnet of Problem 11 can be 
added together, as shown in Fig. 19, 
to form the demagnetization curve of 
the magnet as a whole. The inter¬ 
section of this curve with the 4> axis 
gives the residual flux of the magnet 
at zero air-gap length, which is the 
same as that obtained by the method 
used in Problem 11. However, the 
form of the demagnetization curve 
of Fig. 19 makes it simple to take into 

account the effect of the added air gap. This is done by drawing from 
the origin with negative slope the magnetization curve of the air gaps 
in series, that is, a straight line having a slope of —0.225 kmax. per 
ampere-tum. The intersection of this straight line with the demagne- 

Fig. 19. Demagnetization curve of 

the entire magnet of Fig. 17. 

• As the force in this type of magnet is given by the equation F = B^I72 lb. per 

sq. in., where B is the flux density in working gap in kilomaxwells per square inch, the 

residual force of this magnet will be equal to 

2 X 57^ X IT X (j)~ 

72 
17.7 lb. 

This permeance corresponds to the minimum air gap (0.0014 in.) that can be 

expected with carefully faced surfaces (see footnote 2). 



Art. 49] CIRCUITS CONTAINING PERMANENT MAGNETS 109 

tization curve will give the total residual flux of the magnet with the air 
gap. This, as read from Fig. 19, is 6 kmax. Hence the flux density in the 

air gap will be 6.0 
30.5 kmax. per sq. in. 

The residual force corresponding to this flux density wili be 17.7 X 
(30.5/57.0)2 = 5 lb. 

When a magnetic circuit containing a real permanent magnet is sub¬ 
jected to a powerful magnetizing force the magnetic state of the circuit 
after the removal of the magnetizing force can be calculated by the same 
method used in the last two problems provided that the permeance of 
the magnetic circuit is not increased after the removal of the magnetizing 
force. If the permeance does increase or go through a cyclic variation a 
subsequent calculation involving the incremental permeability of the 
permanent magnet steel must be made. The following problems will 
illustrate the method of solving magnetic circuits involving permanent 
magnets. 

Problem IS. Compute, for the magneto illustrated in Fig. 20, the 
dimensions of the smallest tungsten-steel permanent magnet which will 

produce a useful flux in the armature of 50 kmax., assuming that the 
permanent magnet has just been magnetized in place on the magneto 
with the armature in the position shown. 

^^Although permanent magnets are usually not magnetized this way, they can be 

magnetized so that the magnetic cycle will be the same. If the magnet after mag¬ 

netizing has its magnetic circuit opened (no magnetic conductor between the pole 

faces) its flux will fall on the normal demagnetization curve and then will rise on a 

minor loop when the armature assembly is inserted between the poles. Problem 14 
is of this nature. 
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Solution. The total flux in the yoke back of the soft-steel pole 

shoes/^ neglecting the direct leakage between the legs of the U, will be 

50 X 1.25 = 62.5 kmax. In order to use the magnet steel most eco¬ 

nomically and hence obtain the smallest magnet, it should work at the 

flux density Bd corresponding to the maximum energy in the air gap. 

This density, from Fig. 20, Chapter II, is 41 kmax. per sq. in. for tung¬ 
sten steel. Hence the cross section of the magnet should have an area 
of 62.5/41 = 1.52 sq. in. As the axial length of the armature is 2 in. a 
suitable cross section for the magnet would be 2 by sq. in. 

The magnetomotive force Fd required to send the flux through the 
armature, air gaps, and pole shoes is Fa + F,, which by Art. 32 is equal to 
Hd times the effective length of the magnet. The flux density in the 
armature core is equal to 50/J X 2 = 100 kmax. per sq. in., and the 
corresponding Hi is 63.0 ampere-turns per inch. Fi for the armature 
core will then be 63 X f = 47 ampere-turns. The flux density in the 
other soft-steel parts is considerably less, and hence their reluctance drop 
can be neglected in comparison Fa, equal to (t>alPai will be 

2 
X tt;: = 590 ampere-turns 

0.17 

Hd from Fig. 20, Chapter II, is 80 ampere-turns per inch; therefore 
the effective length (measured to the center of the armature) of the 
magnet, equal to Fd/Hd^ will be 

590 + 47 ^ . 
-—- = 8 in. 

80 

The over-all dimensions of the piece of magnet steel will be by 2 by 
8|- inches. 

Problem 14- Compute for the magneto of Problem 13 the limits of 
pulsation of the flux density in the permanent magnet due to rotation 
of the armature if the total permeance between pole shoes is 0.022 kmax. 
per ampere-tum in the open-gap position and if the direct leakage flux 
between poles is neglected. Take the incremental permeability of the 
tungsten steel to be 50 for the conditions of this problem. 

Solution. The solution of this problem, unlike that of Problem 13, 
is indirect. However, it can be readily handled graphically. Thus, in 

Soft-steel pole shoes are provided because they are easy to shape, and they 

eliminate the excessive hysteresis loss which would occur if hardened steel were used. 

This hysteresis loss is caused by the shifting flux produced in the pole faces by the 

rotation of the armature. The pole faces are sometimes laminated to prevent exces¬ 

sive eddy-current loss due to the shifting flux. 
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Fig. 21, curve Br “■ He is the demagnetization curve for the tungsten 

steel replotted from Fig. 20, Chapter 11. Curve 0-1 is the permeance 

curve in the closed-gap position of the air gap, softrsteel parts, and the 

leakage path of the magneto per inch cube of effective volume of the 

permanent-magnet steel. This is computed by multiplying the per¬ 

meance of these parts by 1.25id/jSd, where U and Sd are the effective length 
and area of the permanent magnet, respectively, and the factor 1.25 

takes the leakage into account. The slope of this curve will therefore be 
equal to the slope of the magnetization curve of these parts multiplied 

by 1.25 X 8 1.5. The intersection of this curve with the demagnetiza¬ 

tion curve at point A is, of course, the solution of Problem 13. As the 

shuttle armature is turned from the position shown in Fig. 20 the 

permeance of the air gap decreases 

and the flux falls along the demag¬ 

netization curve from A to point 

B being the intersection of the de¬ 

magnetization curve and curve 0-2, 

which is the permeance curve of 

the air gap in the open-gap position 

per inch cube of the permanent- 

magnet st('el. The slope of this 

curve will be 0.022 X 8/1.5 - 0.117 

kmax. per ampere-turn. As the 

armature is now turned toward the 

position of maximum permeance 

the flux will rise along some minor 

loop such as BEC. As the arma¬ 

ture is now rotated back to the 

position of minimum air-gap permeance the flux will fall on the descend¬ 

ing branch of the minor loop CFB, returning to the initial starting point 

B if the cycle is reversible, as it is here assumed. As the incremental 

p(‘rmeability of the permanent-magnet steel is given as 50 the slope of 

the axis BC of the minor loop may be computed as 50 X 0.00319 = 0.159 

kmax. per ampere-turn. Laying off the line R-3 with this slope, point 

C is determined by its intersection with line 0-1. 

The limits of pulsation of the flux density of the permanent magnet 

as the armature is rotated will therefore be 

AB = Be — Bb = 25.5 — 14.0 = 11.5 kmax. per sq. in. 

When the inereinental permeability is not known it may be found by trial and 

error, using Spooner’s method, provided that the normal permeability of the per¬ 

manent-magnet steel is known. 

Fig. 21. Graphical construction for the 
solution of Problem 14. 
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PROBLEMS 

1. Solve Problem 9 in the text. 

2. Verify the statement made in footnote 4 that the magnet of Fig. 13 will exert a 

force of more than 1 ton on its armature in the closed-gap position when supplied 

from an ordinary dry cell. Make use of the following data: 

Dry cell, generated voltage 

Internal resistance 

Resistance of magnet winding 

Force exerted on armature 

= 1.5 volts 

= 0.05 ohm 

= 0.65 ohm at 20° C. 

= ~ lb. per sq. in., where B is the flux density 

in the working gap in kilomaxwells per 

square inch due to the useful flux. 

3. Figure 22 is a sketch of a very sensitive low-voltage relay. The current to be 

detected is passed through the moving coil indicated and, by its reaction on the 

magnetic field produced by the field coil, causes the coil to move. The force on such 

a moving cod is given by the follow'ing expression: 

F = 8.85 X lO'^/H/lb. 

Data 

Pui useful permeance of 1 

w'orking gap.I 

P{y Fringing permeance,) 

working gap I 

PLeakage permeance be- I 

tw'een shell and section of 

core 2 in. dia. ] 

Resistance of moving coil. . . . 

Material S.A.E. 10-20 

0.052 kmax. 

per amp.-turn 

0.051 kmax. 

per amp.-turn 

0.31 kmax. 

per amp.-turn 

0.002 ohm 

Fig. 22. Sensitive moving-coil relay. 

where I is the current of the moving coil in amperes, B is the flux density produced by 

the field magnet in the region of the coil in kilomaxwells per square inch, and I is the 

length of the coil in the magnetic field in inches. If the field coil develops 3,000 

ampere-turns, compute the force on the coil due to a coil current of 0.25 ampere. 

Express this force in grams. Note: The power input to the moving coil is only 

0,000125 watt. 

4. Determine the percentage decrease in hysteresis loss for the transformer core 

of Problem 17 of Chapter II if the transformer has two air gaps inserted in its magnetic 

circuit, the effective length of each being 0.016 in. corresponding to a permeance of 

0.4 kmax. per ampere-tum per gap. Note: When plotting the direct-current magne¬ 

tization curve as in Fig. 16a, the anhysteretic data of Fig. 18a should be used because 

of the large value of superposed alternating-current flux density. 

5. Determine the percentage change in r.m.s. alternating exciting current for the 

rectifier transformer of Problem 19 of Chapter II, due to the insertion of the air gaps 
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described in Problem 4. Use the data of Fig. 18, and assume that the r.m.s. exciting 

current for the air gaps and iron core can be added arithmetically. (This is not quite 

true, as the exciting current for the iron contains harmonics.) Also compute the 

answer by the method of Art. 29 and explain why this method now gives a better 

check than in Problem 19, Chapter II. 

6. Figure 23 is a sketch of the core of a transformer designed to have a very high 

leakage reactance. Such transformers are employed practically where the volt- 

ampere characteristic of the load is negative, making it necessary to limit the current, 

e.g., neon sign lights. Such a transformer, if properly designed, will regulate for 

constant current near the point of short circuit, which is the usual operating point. 

Compute the voltage of the secondary when it is on open circuit. How many per cent 

greater would it be if the leakage path were absent? Neglect the resistance of the 

windings and coil leakage fluxes. 

7. Compute for the transformer of Fig. 23 the load (secondary) current as a 

function of the load resistance, between the limits of 0 and 50,000 ohms. Hini\ This 

problem may be best handled indirectly. First compute the load voltage as a function 

Data 

Core material med. silicon steel 

H(Mght of stack. 

Stacking factor. 

Permeance of air gap . . | 

Primary voltage (r.m.s.).. . 

Supply frequency. 

Turns on primary (iVi).. . . 
Turns on secondary {N2). 

Ig in. 
0.89 

0.1 kmax. 

per amp.-turn 

115 volts 

60 c.p.s. 

962 

25,100 

Fia. 23. Transformer with high leakage reactance. 

of the load current: that is, assume a value of load current and compute the corre¬ 

sponding value of secondary voltage. This may be done by means of the following 

relationships which apply to this circuit. The magnetomotive force across path 3 is 

equal to the reluctance drop of path 2 minus the magnetomotive force of the secondary 

coil; or Fz — F2 — A2/2. F2 may be considered in quadrature with N2I2 and may 

be neglected when A2/2 exceeds 2F2. F3 being known, <f>z may be determined, which 

when substracted vectorially from the constant flux will give the flux and hence 

the load voltage. 

8. The variable reactor circuit of Fig. 24 is used as a dimmer to control lights in 

theaters, etc. Compute the reactance voltage absorbed by this device as the direct 

current varies from 0 to 2 amperes while the alternating current is held constant at 

1 ampere. 

9. Discuss the following question: Is there any advantage to be gained by the use 

of ferronickel (11) in place of the medium silicon steel (8) for the core of a heavy-duty 

filter choke? Assume both chokes to have the same size core and winding. A heavy- 

duty filter choke is one that is heavily polarized, e.g., 50 ampere-turns per inch. 

10. Redesign the field magnet of the magneto of Problem 13 in the text for 36 per 

cent cobalt steel. Note: This will necessitate a change in the pole shoes if an economi- 
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cal design is to be produced. See the reference of footnote 22 of Chapter II for 
sketches of the arrangement of economical designs employing this steel. 

11. Calculate the magnitude of the flux-density pulsation for the magneto of 

Problem 10 due to rotation of the armature. Use the same air-gap permeance data 

as for Problems 13 and 14 of the text. The incremental permeability of the cobalt 

steel may be found by Spooner's method. 

DATA 
Core Material 
High Silicon 
Steel 
Height of 
Stack-2| in. 
Stacking 
Factor— 0.89 

A C Circuit 

Fig. 24. Variable reactor. 

12. Compute the residual flux density in the working gap of the magnet of Fig. 13 

for the condition of zero-length air gap if the magnet is made of: (o) annealed Swedish 

charcoal iron; (6) J hard S.A.E. 10-20steel. Assume the maximum exciting current 

to be 16 amperes, and neglect leakage and fringing fluxes. Repeat these calculations 

for an air gap of 5 mils. Using the force equation of Problem 2, compute the residual 

force for each condition above. 

13. The circuit shown in Fig. 26 represents the essential elements of a proposed 

grid-control rectifier-tube voltage regulator for a 60-cycle alternator. Plot a curve 

Grid Coil 100 turns 

)) 
Alternator Exciting Coil 9150 turns 

Field 

Fig. 26. Voltage regulator for an alternator. 

of the instantaneous voltage induced in the grid coil as a function of time for the fol¬ 

lowing two maximum values of alternating current in the exciting coil: 

(a) 
220.11 X 1.58 

9,160 

220.00 X 1.58 

9,160 

amperes, and show that condition (a) will cause the grid-control tube to trigger while 

(6) will not. Assume the following: 
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1. That the magnet is ideally permanent and impresses a constant magneto¬ 

motive force of 220.0 X 1.58 ampere-turns across the laminated ferronickel core. 

2. That the wave form of the current through the exciting coil is sinusoidal 

and proportional to the voltage of the alternator. 

3. That the grid and exciting coils have unity coupling, and are distributed 

over the full length of the laminated core. 

Note: A grid-control rectifier has the property of ionizing and carrying current 

through its plate circuit when the grid reaches a definite potential with respect to the 

filament provided that the plate is positive with respect to the filament. This par¬ 

ticular grid potential is called the trigger voltage. The tube contemplated for the 

circuit has a trigger voltage of about —1.5 volt. 



CHAPTER V 

CALCULATION OF THE PERMEANCE OF FLUX PATHS 
THROUGH AIR BETWEEN SURFACES OF HIGH-PERMEABIL- 

ITY MATERIAL 

60. General 

The precise mathematical calculation of the permeance of flux paths 
through air, except in a few special cases, is a practical impossibility. 
This is because the flux does not usually confine itself to any particular 
path which has a simple mathematical law. For this reason these com¬ 
putations, except in the special cases alluded to, are carried out by mak¬ 
ing simplifying assumptions regarding the flux paths, or by an entirely 
graphical method usually referred to as ‘Afield mapping.'^ Whichever 
method is employed, considerable experience is necessary to enable the 
designer to choose flux paths which are probable. He is assisted in 
making this choice by the knowledge that flux paths in air between a^ny 
two surfaces always arrange themselves in such a manner that the maxi¬ 
mum possible flux will be produced for a given magnetomotive force; 
that is, so that the permeance of the air path between the surfaces is a 
maximum. This fact alone will often enable one to sketch a flux distri¬ 
bution in an air path that is quite probable. 

61. Simple Fields Which Can Be Handled Mathematically 

1. Parallel Plane Surfaces of Infinite Extent. In this case the flux 
lines will be perpendicular to the plane surfaces. In Fig. 1 let the 

two surfaces S represent two opposite 
areas of S square inches of infinite 
parallel plane surfaces separated by I 
inches. The permeance of the flux path 
between the two surfaces S may then 
be readily computed, because the path 
taken by the flux is that of a true 

mathematical right cylinder; that is, the flux lines everywhere through¬ 
out the surface S are parallel to each other and all the equipotential 

116 

Fia. 1. Parallel plane surfaces. 
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surfaces are planes parallel to each other and to the surfaces, 
permeance will therefore be ' 

This 

(1) 

2. Non-Parallel Plane Surfaces of Infinite Extent. Surfaces ful¬ 
filling this definition are shown in Fig. 2. Here the two areas S are 
opposite portions of infinite planes intersecting in the line 0-0 at an 
angle 6. These areas are bounded by 
lines parallel to axis 0 — 0 at radii of 
ri and r2 and have an axial length 
of L With the assumption made 
regarding the infinite extent of the 
planes, the flux lines between the 
areas S will be arcs of circles hav¬ 
ing their centers along the axis 0—0. 
The equipotential surfaces will be 
planes between SS, which contain the 
axis 0 — 0. Consequently a cylindri¬ 
cal shell of flux having a radial thickness dr and an axial length I 
will fulfill the definition of a mathematical right cylinder, and its per¬ 

meance can be expressed by the equation 

Fig. 2. Non-parallel plane surfaces- 

dP 
ill dr 

IT 

As the permeances of all the cylindrical shells making up the area S will 
be in parallel with each other, the total permeance between areas SS 

will be 

(2) 
BJr^r 0 ri 

3. Parallel Circular Cylinders of Infinite Extent. Figure 3 shows a 
section through two parallel cylinders of infinite extent. The equipoten¬ 
tial surfaces are eccentric cylinders having their centers displaced along 

^ In this and all other permeance formulas to follow the dimensions may be chosen 
at will provided that consistency is maintained; thus, if m is in kilomaxwells per 
ampere-turn in an inch cube, S should be in square inches and I in inches, making 
P « kilomaxwells per ampere-turn; if m is in kilomaxwells per ampere-turn in a 
centimeter cube, S should be in square centimeters and I in centimeters, making P 
kilomaxwells per ampere-tum, etc. 
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the flux line X-X; the flux lines are eccentric circles having their centers 
displaced along the equipotential line Y-Y. In the general case the 
cylinders may be of different sizes and may be wholly without or within 

one another. Any two 
of the equipotential lines 
of Fig. 3 may represent 
the cylinders. Thus if 
we choose any two equi¬ 
potential lines on one side 
of the axis Y-Y we sliall 
have eccentric cylinders 
one wholly within the 
other; if we chose equi¬ 
potential lines on oppo¬ 
site sides of the axis we 
have cylinders wholly 
without one another. 

Fig. 3. Field surrounding two 

cylinders. 

parallel circular 

The general formula ^ for the permeance between the cylinders is 

2/X7rZ 
P = 

log, (u + — 1) 
(3) 

where I is the axial length of the cylinders, and u is given by the expres¬ 
sion 

d^-ri- ri 
u = 

2rir2 

ri and ra are the radii of the two cylinders, and d is the distance between 
their centers. 

Convenient formulas for four special cases which arise in practice 
are derived below: 

Case I. Cylinders of Different Radii, Wholly without One Another 
Figure 3a shows the geometrical configuration of the system. The 
permeance may be determined directly by formula 3. 

Case II. Cylinders of Same Radius, Wholly without One Another. 
Figure 36 shows the geometrical configuration of the system 

d^ - 27^ 

"" 2r^ 

* This may be derived by the application of potential theory. 
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Substituting this into equation 3, the following equation will be obtained 

after the proper simplification: 

Fig. 3a. Cylinders of different radii, radius, wholly without one 

wholly without one another another. 

When d is large compared to /*, equation 3a may be written in the 
approximate form: 

_ 
^ . d &>) 

loR. - 
r 

This approximation is quite accurate when d > Hr. 

Case III. Cylinders of Different Radii, Wholly within one Another 
and Eccentric. Figure 3c shows the geometrical configuration of the 
system. Here _ 

ri + 4-(P 

may be substituted directly into equation 3 (see / 
footnote 3). -^ 

When d is small compared to ri and 72, the ac- 3c. Cylinders 

curacy of the arithmetical work will be greatly of different radii, 

increased by substituting r2 = ri + c into the num- wholly within one 

erator of the expression for which will give another and eccen¬ 
tric. 

Letting 

^ The signs of rj, r2, and d must be taken so that u is positive. 
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the permeance will be 

P = • 

log. 1 ~f- a 

(3c) 

Case IV. Cylinders of Different Radii, ^\dlolly within Each Other 
and Concentric. Figure 3d shows the geometrical configuration of the 

system. In this ca.se, as d = 0 (see footnote 3), 

u = 
rt + 4 

2rir2 

Substituting this into (3), we have 

27r^iZ 
P = 

1 ^'2 
log.- 

ri 

(3d) 

Fia. 3d. Cylinders of 

different radii, wholly 

within each other and ^ i i i r i -hi 
rnnppnfrir Another method of deriving this formula will be 

given in Art. 53, Sec. 6, Path 15. 
4. Parallel Cylinder and Plane of Infinite Extent. As the equi- 

potential line FF of Fig. 3 is merely one element of the equipotential 
surface FF, which is at all points equidistant from the axes of the cylin¬ 
ders, it follows that this surface can be considered a plane of infinite 
extent parallel to a cylinder of infinite extent. Either half of Fig. 3 will 
therefore represent the configuration of the field. The permeance 
between this plane and either cylinder will evidently be twice that given 
by formula 3a or 36. Using the approximate relation 36, the formula for 
this case will be 

(4) 

log,— 

where d is twice the distance between the center of the cylinder and the 
plane. This formula will be subject to the same restrictions as 36. 

5. Spheres of the Same Radius r Separated by a Distance d Equal to 
at Least 6r between Centers. Figure 4 shows a section through the 
centers of two spheres of radius r. The flux lines and equipotential sur¬ 
faces for this particular case are quite complicated and do not correspond 
to any of the more familiar curves. This field should be compared very 
carefully with that of Fig. 3. The bulging of the flux lines of the spheri¬ 
cal field of Fig. 4 as compared to those of cylindrical field of Fig. 3 is the 
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chief difference between fields which extend infinitely in one dimension 
and those in which this same dimension is produced by revolving a plane. 
If the distance between centers of the spheres is at least fir, the perme- 

Fia. 4. Field surrounding two spheres. 

ance between 
formula: 

the spheres is given with sufficient accuracy by the 

P = 
2TfX 

11 

r d 

(5) 

fi. Sphere of Radius r and an Infinite Plane Separated by a Distance 
d 2 equal to at Least Jr Between Centers. The discussion in this case 
is identical with that in Section 4. The formula, derived from equation 

5, will be: 

P = 
47rfi 

1 _ 1 

r d 

(6) 

where d is twice the distance between the center of the sphere and the 
plane. 

62. Discussion of Methods of Estimating Permeance of Non-Math- 
ematical Fields 

It is probably accurate to state, from a precise point of view, that 
none of the fields encountered in actual practice satisfy the ideal con¬ 
ditions as to mathematical symmetry necessary for the exact application 
of the formulas developed in the last article. In fact, many of the usual 
fields are so complicated that they cannot be readily solved by the 
method of field plotting. Thus in Figs. 5a and 5b are shown photographs 
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of the leakage field surrounding a bipolar magnet. A casual inspection 
of this field will show its complexity. The field of Fig. Za shows the field 
in a plane through the axes of the two pole cores and actually represenrs 
the shape of the flux lines in that plane. This particular plane is the only 
one that can be drawn containing a flat or two-dimensional field, and 
hence gives the simplest possible configuration. As we move out of this 
plane the field becomes three-dimensional; that is, the vector direction 

of the field at any point must be specified by three coordinates. Figure 
56 shows a plane perpendicular to that of Fig. 5a and through the axis 

Figs. 5a and 6. Leakage field around a bipolar electromagnet. 

of one pole core. The lines of flux shown are merely the projections on 
the plane of the real lines; that is, the plane does not contain one 
continuous line of flux because the field at all points in the plane is 
three-dimensional. In the region of the sharp comers of the square polar 
enlargements the field is still more complicated. It should be apparent 
that such a field cannot even be handled by the method of field mapping 
without overwhelming labor. 

From these figures one would get the impression that in order to 
evaluate the permeance of this field it would be necessary to take into 
account the leakage flux relatively far away from the magnet. This, 
however, is not quite true becau^ the field shown is merely qualitative 
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and to no extent indicates the strength at any point. Actually the field 
at a short distance from the magnet is very weak and need not be taken 
into account. 

In order to get a quantitative idea of the distribution of leakage flux 
around a magnet reference must be made to Fig. 6. Figure 6a shows 
the leakage field in a plane containing the axes of the pole cores for the 
magnet of Fig. 5 with the armature removed. As in Fig. 5a the field for 
this particular plane is two-dimensional. The line C-C is the equipoten- 
tial line midway between the poles. A plane through this line perpen¬ 
dicular to the plane shown will divide the field into two halves exactly 
alike. The lines A and B represent two other equipotential lines. In 
order to make the picture quantitative it is necessary to draw flux lines 
so spaced that the line integral of the flux density along any equipoten¬ 
tial line between any two adjacent flux lines is the same. The heavily 
drawn flux lines, indicated by the numbers 0, 1, 2, 3, etc., satisfy this 

condition. Consider flux lines 2 and 3. The Bdl between these 

two lines will be the same regardless of whether the integration is carried 
out along the equipotential line C~C, A-Ay or B-B, 

The method of determining the distance between these quantitative 
flux lines is as follows: The flux density in the direction of the flux lines 
is determined along an equipotential line such as C-C. This is done by 
reversing the field through a very small exploring coil which is moved 
from position to position along C-C. The values of flux density so 
obtained are plotted directly, using the line C-C as. an abcissa, as shown 
by the curve labeled Bc-c* The next step is to draw arbitrarily a flux 
line to be used as a datum when performing the integration. The flux 
line so chosen is that designated by numeral 0, drawn midway between 
the pole faces. Starting from this flux line one must graphically evalu¬ 
ate the area under the curve Bc-c until it reaches a value which has been 

arbitrarily set as the value of the Bdl between adjacent quantitative 

flux lines. The point on the line C-C so determined will be one point on 
the quantitative flux line removed from the datum line 0 by one unit of 

For convenience we will designate this point as 1C, indicating 

the intersection between a flux line removed one unit from the datum 
and the equipotential line C-C. From this point the integration is 
started over again, and carried along the same equipotential line until 
the same arbitrary area is obtained, thus determining the point 2C, etc. 
This same process is carried out on the other side of the datum line 0, 
determining the points I'C, 2'C, etc. In a amilar manner the corre- 
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Fia. 6a. Distribution of flux in a plane through the axes of the pole cores of a 

bipolar magnet. The J*Bdl along any equipotential line, as A, between any adjacent 

heavily drawn flux hnes is a constant. 
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Two things are apparent from a careful study of Fig. 6a: (1) that 
the greater part of the leakage flux is concentrated in the area between 
the poles and pole faces— thus, by starting with flux line 5' and including 
all the flux between it and line 4, over 80 per cent of the leakage flux 
will be accounted for; (2) that the flux density between the pole cores 
is a linear function of the distance from the yoke as assumed in Art. 43. 

Figure 66 shows a projection of the field on the plane of the pole faces. 
Because this does not represent a two-dimensional field, it is very diffi¬ 
cult to carry out quantitative measurements. However, it is possible to 
measure the component of the flux density in the plane of the picture. 
For this particular plane these values wdll not be much less than those 
measured parallel to the flux lines because the angle of the field with the 
plane is small. Some idea of this angle can be obtained from Fig. 6a. 
The black marks along the equipotential lines are so drawn that the line 
integral of the component of the flux density in the plane of the picture 
is a constant between adjacent marks. As in Fig. 6a the heavily drawn 
flux line midw^ay between the pole faces is used as a datum line. Because 
the field is three-dimensional, the corresponding marks on the three 
equipotential lines cannot be joined to form flux lines. 

A careful examination of this figure will show that the greater part 
of the leakage flux is concentrated in the volume immediately surround¬ 
ing the pole faces. Thus, equipotential line B has 18 units of flux while 
A has only 10 units of flux, of which 8 units are close to the pole faces. 

It thus follows that when estimating leakage permeances of magnets it is 
not in general necessary to include the field at a great distance from the 
pole faces; it is, however, very important to include the leakage flux in 
the entire space immediately surrounding the pole faces. The exact path 
assumed for the leakage flux does not seem to be particularly important. 

The heuristic method of ‘'estimating the permeances of probable flux 
paths '' is based entirely upon the statements contained in the last para¬ 
graph. These statements obviously do not admit of proof. The only 
attempt that will be made to justify the method, other than by reasoning 
from Fig. 6, will ho to compare for a two-dimensional field the permeance 
as obtained by the generally accepted method of “field mapping'^ with 
that obtained by the method of “estimating the permeances of probable 
flux paths.In the ultimate analysis, any method of predetermination 
must be justified by the agreement between the predicted results and the 
actual results obtained by measurement on the piece of apparatus in 
question. 

As a check between the method of “field mappingand that of 
“estimating the permeances of probable flux pathsconsider the follow¬ 
ing problem. 
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Problem. Calculate the permeance between two infinitely long 
rectangular plates * 1 in. thick, having their 1-in. edges opposite each 
other and separated at all points by 1 in. Do not consider the perme¬ 
ance of the path farther back than 31/32 in. from the parallel edges. 

Solution. Method of Field Mapping.^'^ The method of field 
mapping consists essentially in sketching the distribution of flux lines 
and equipotential lines in such a manner that the total volume of the field 
is broken up into smaller unit volumes each having the same permeance. 
The permeance of the entire field is then obtained by adding the per¬ 
meances of the unit 
volumes in series and 
parallel until the entire 
volume of the field is 
covered. The chief diflS- 
culty of the method lies 
in the fact that it is gen¬ 
erally not easy to draw, 
with the proper distri¬ 
bution, accurate flux and 
equipotential lines, espec¬ 
ially in a three-dimen¬ 
sional field surrounding 
a pole having sharp 
comers, like that of the 
bipolar electromagnet 
illustrated in Figs. 5 and 6. However, this method in the hands of a 
patient person having a sound knowledge of the fundamental laws ® of 
fields of magnetic flux, dielectric flux, or heat flow will yield very 
accurate results. The purpose of this article is not to explain the 
method in any great detail, but to make use of it to substantiate the 
method of ‘‘estimating the permeance of probable flux paths.'’ 

The upper half of Fig. 7 shows the field obtained for the problem by 
the method of field mapping. This field was drawn by trial and error 

* In problems of this type where the field extends infinitely in one direction it is 

usual to carry out the computation for unit length along the infinite dimension. 

This will be understood throughout the solution of this problem. 

^ The method is equally applicable to any lamellar or solenoidal field, such as 

fields of dielectric flux and heat flow. For an excellent presentation of this method, 

and also a bibliography of the subject, see “Fundamentals of Electric Design,'" by 

A. D. Moore, McGraw-Hill Book Co. 
• The fundamental law applying to these fields is that the flux lines and equipo¬ 

tential surfaces must form an orthogonal system; that is, they must be mutually 

perpendicular at all points in space. 

Fig. 7. Fields of illustrative problem. Upper half by 

“method of field mapping," lower half by “method 

of estimating the i)ermeauce of probable flux paths." 
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until the law of footnote 6 had apparently been satisfied. The areas 
blocked out by the flux lines and equipotential surfaces are curvilinear 
squares, and hence for a unit axial length the permeance of the volume 
determined by each square will be the same. This unit permeance can 
be detei*mined from the dimensions of the true squares along the center 
line of the plates; thus, the permeance per square is by permeance 
formula 1: 

Pu = 

I 
3.2 X i 

1 
8 

3.2 maxwells per ampere-turn 

As the entire path has 16 of these volumes in parallel and 8 in series, 
the permeance per inch of length of plate will be: 

3.2 X 16 

8 
6.4 maxwells per ampere-turn 

Solution: Method of '^Estimating the Permeances of Probable Flux 

PathsP The first step in the application of this method is to break the 
field up into flux paths which are of simple shape and still probable. 
The word probableas used here means that the assumed path is 
sufficiently similar to the true path that the permeance as determined 
from the mean length and area of the former will be somewhat close to 
the correct value for the latter. The somewhat closeof the last 
sentence Is purposely vague—some of the assumed paths will have 
higher estimated permeances than those of the true paths, others will 
have lower values; but, as the entire path is broken up into several 
assumed paths, the chances are that the errors in estimating will tend to 
balance out. 

As the upper half of Fig. 7 shows the shape of the true field it is 
an easy matter to choose volumes of simple shapes which will closely 
simulate this field. That part of the field represented by flux paths 1, 
2, 3, and part of 4 of the upper half of the figure will be replaced in the 
lower half by the volume 1, which is a right prism having a length along 
the flux lines of 1 in. and a cross section perpendicular to the flux lines of 
^ by 1 in. The permeance of this path will be, by formula 1: 

Pi I 

3.2 X h 

1 
1.6 maxwells per ampere-turn 

Notice that this value is slightly on the high side: the permeance of the 
first four flux paths of the true field is: 

8 
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while that estimated for volume 1 of the lower half, which does not 
include quite so much space, is the same. 

The bulging part of flux path 4, all of 5, and part of 6 are simulated 
in the lower half by the semicircular cylindrical volume 2. The perme¬ 
ance of this volume is estimated by reducing it to a right prism having a 
length equal to the mean length of the flux lines and a cross section equal 
to the mean area of the flux path. The manner of obtaining the length 
and area for the prism is explained in Art. 53, Sec. 1, and for this par¬ 
ticular prism will be 1.22 in. and 0.322 sq. in., respectively. Thus, the 
permeance of this volume will be: 

3.2 X 0.322 

1.22 
0.84 maxwell per ampere-turn 

This value is slightly greater than the permeance of two flux paths in the 
upper half of the figure, and hence is just about right, as volume 2 is 
intended to replace about two flux paths. 

The remaining part of the field in the upper half is taken care of by 
volume 3, which has the shape of a half annulus. The permeance of this 
volume, assuming circular flux lines, can be computed from formula 2, 
and will be: 

P3 = — log< “ = — log* — = 1.08 maxwells per ampere-turn 
TT 7’. TT 

which corresponds to about 2| flux paths of the upper half of the figure. 
As volume 3 is to simulate 8, 7, and part of 6, this value appears to be 
about correct. 

The permeance of the total path will then be: 

Po = 2(Pi + P2 + P3) = (1.6 + 0.84 -b 1.08) X 2 

= 7.04 maxwells per ampere-turn 

If we assume that the permeance obtained by the method of field map¬ 
ping is correct, then that obtained by the method of estimating the 

7.04 - 6.4 
permeances of probable flux paths is-—- X 100 = 10 per cent 

6.4 

high. 
This error is only apparent, however. The answer 6.4 is not neces¬ 

sarily correct because the field of the upper half of Fig. 7 is obviously not 
absolutely perfect. Actually the permeance of this field can be evaluated 
by mathematical methods employing functions of a complex variable. 
In applying this method the actual field is broken down into the two 
simple paths 1 and 3 of the lower half of Fig. 7, and a correction term 
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which takes care of the fact that these simple paths are actually distorted 
so that flux exists in path 2. When the thickness of the plates is zero the 
correction term is 0.221^? (see equation 7), and when the thickness is 
large the correction term is 0.241/ii. For ordinary cases 0.241yLii will 
apply. Therefore the only error in estimating the permeance for Fig. 7 is 
the use of = (0.322/1.22)/xI instead of 0.24lMi, a total error of 1 per 
cent high. Consequently in this case the method of field mapping is 
9 per cent low. This shows how difficult it is to draw the field with 
precision. Like most things of this sort the efficacy of a method can be 
determined only by experimental check. In the latter part of this 
chapter calculated and measured values of permeances of various-shaped 
air gaps are tabulated, enabling the reader to judge for himself. (See 

Art. 55.) 

53. Special Formulas for Use in the Method of ^‘Estimating the 
Permeances of Probable Flux Paths” 

Particularly useful formulas can be derived by considering, in general 
terms, the calculation of the permeances of flux paths between surfaces 
which commonly arise in practice. The simplest surfaces to consider 
are those formed by two identical right prisms which are placed directly 

opposite each other with their 
corresponding edges parallel. 

Figure 8 shows two such 
prisms. The corresponding faces 
of each prism are designated by 
the same letter. The back and 
lower faces which are not visible 
will be designated by E and D, 
respectively. Edges will be des¬ 
ignated by the letters of the 
faces which intersect to form 
them; thus, edge AB is that 
formed by the intersection of faces 
A and B. Comers will be des¬ 
ignated in a similar manner; thus, 
corner ABC is that formed by the 
intersection of faces A, B, and C. 

The fii-st step is to decide upon simple-shaped volumes to replace the 
actual field between the prisms. The method of doing this is to consider 
separately all the corresponding faces, edges, and corners of the two 
prisms. The path between faces A will be taken as a right prism. The 

Fig. 8. Diagram showing simple-shaped 

volumes used to replace field between 

identical right prisms. 
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paths between edges ABy AC, AD, and AE will be taken as semicircular 
cylindrical volumes. Two of these volumes, for edges AB and AC, are 
shown. The paths between faces B, C, D, and E wHl be taken as half 
annuli. Those between faces B and C are shown. The volumes so far 
taken fill the entire space between the prisms except for the space 
between the annuli and semicircular cylinders joining the faces B, C, D, 
and E, This space can be taken care of by considering the paths between 
corresponding inner comers, such as ABC, to be quadrants of spheres, 
and the paths between corresponding edges, such as BC, to be quadrants 
of spherical shells. The only parts of the prisms now left out of con¬ 
sideration are the faces F, the edges FB, FC, FD, and FE, and the cor¬ 
ners FBC, FCD, FDE, and FEB. These parts will be neglected for the 
reason that the field emanating from them is difficult to simulate by any 
volume of simple shape, and because the permeance associated with them 
is usually small compared to that of the rest of the field; ’ refer to Fig. 6. 

We shall now derive simplified formulas for the permeances of each 
of the volumes described above: 

1. Semicircular Cylindrical Volumes (Edges AB, AC, AD, and AE of 
Fig. 8). The fringing flux between edges of the magnet of Fig. 13, 
Chapter IV, follow this path. 

The mean length of the flux path for this case can be considered to be 
equal to the length of a line drawn midway between the diameter and 

the semicircumference as shown in Fig. 9. This by graphical measure¬ 
ment will be found equal to I 22g, The mean area of the flux path may 
now be estimated by dividing the entire volume of the path by this mean 

^ This statement must be broadly interpreted; the closer together the prisms are 

the more accurate it becomes. In the usual calculation of the leakage flux of a magnet 

such surfaces, though they occur, are of no practical importance as the field is more 

closely confined. When two prisms, such as those of Fig. 8, are relatively far apart 

their permeance can be estimated by replacing them by equivalent spheres (spheres 

having the same surface area) and using equation 5. 
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length. Thus the mean area will be X l/1.22gf = 0.322gf. The 
permeance can now be calculated by formula 1; it will be: 

P 
I 

0,Z22^igl 

I22g 
0.26fil (7) 

2. Half Annuli (Faces B, C, D, and E of Fig. 8). The fringing flux 
between the outer cylindrical faces of the magnet of Fig. 13, Chapter IV, 
follows this path. 

/g + t\ 
Assume the mean length of the flux path to be tt I ^^ 1 and the 

average area of the path to be tlj then: 

IjlS ^ 2fltl 

I + t) 
(8a) 

When g < 3^, formula 2 should be used, and the permeance will be given 
by the formula: 

T \ g / 
m 

3. Spherical Quadrants (Comers ABC, ACD, ADE, and AEB of 
Fig. 8). The mean length 
of the flux path can be ap¬ 
proximated by considering 
the mean flux line to be 
situated 0.65 of the way be¬ 
tween the center of the 
sphere and the circumfer¬ 
ence. By graphical meas¬ 
urement this length is equal 

to 1.3g. The volume of the quadrant is 
area of the flux path will be: 

TT (g/2)^, hence the mean 

vd) 
1.3(7 

0.1(72 

and the permeance by formula 1 will be; 
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4. Quadrants of Spherical Shells (Edges BC, CD, DE, and EB of 
Fig. 8). Figure 12 shows 
a quadrant of a spherical 
shell. The mean length of 
the flux path will be: 

+9) 

The maximum area of the 
flux path will be: 

"(2+0 
Fig. 12. Quadrant of spherical shell. 

16 4 ^ 

I'he average area of the path may be considered to be 7r/8<(< + g), and 
the permeance by formula 1 will be: 

P = 
I 

M ^ + g) 

1^1 + 9) 
4 

(10) 

5. Right Prism and Plane of Infinite Extent Parallel to End of Prism. 
In Fig. 13, A and B represent two faces of a prism, the end C of which is 
parallel to a plane D of infinite extent. The simplified flux paths 

Fig. 13. Right prism and plane of infinite extent parallel to end of prism. 

between the lower edge AC, the face A, the corner A.BC, and the vertical 
edge AB to the plane D are shown. These paths are designated by the 
numbers 11, 12, 13, and 14, respectively. 
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Path 11. This path is identical with one-half of that of Fig. 9, and 
hence its permeance will be twice as great: 

P = 0.52m1 (11) 

Path IS. This path is identical with one-half of that of Fig. 10, and 
hence its permeance will be twice as great: 

P = 
1.28/xl 

2ff + 1 

When g < St, 

P = ^log.(l + -) 
TT \ g/ 

(12a)» 

(126)® 

Path IS. This path is identical with one-half of that of Fig. 11, and 
hence its permeance will be twice as great: 

P = O.ZOSfjLg (13)® 

Path 14. This path is identical with one-half of that of Fig. 12, and 
hence its permeance will be twice as great: 

P = O.bui (14) 

Mean length flux 

line, r <) 

6. Circular Plunger Inserted in Concentric Tube. The total flux 
path between the 
plunger and the sur¬ 
rounding tube can be 

Mean length broken up into five 
flux line, • 1 xi. 1 

Simple paths as shown 
in Fig. 14. Flux paths 
of this type occur in 
many types of plunger 
magnet; the magnet 
of Fig. 22, Chapter IV, 
illustrates a case where 
paths of the type of 

Fig. 14. Circular plunger inserted in concentric tube. 1^^ 1®> 1^ occur. 
Path 16. If gr is 

small compared to ri the permeance of this path can be computed 

® g in these formulas is equal to one-half the g in formulas 80, 86, and 9. 
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directly by formula 1. The mean length of the flux path will be g, and 
its mean area will be 

27r i 

The permeance will therefore be: 

I 

27rM(ri+|), 

Q 
(15a) 

If g is large compared to ri the permeance should be computed in the 
following manner: 

R - f-=f J nS Jr-n 

r-ri+^ 
dr 

27r/iir 

o 1 . '■l + 3 R = —- log.- 
ziryLi Ti 

Therefore the permeance will be: 

P = 
2irfil 

log* 

(156) 

Practically, this formula need not be used in place of (15a), unless 

9 > ri. 
Path 16, \i g is small compared to ri the permeance of this path can 

be computed from formula 11 by letting I = 27r(ri + ^/2). The per¬ 
meance will therefore be: 

P = 3.3m (-0 (16a) 

When g is large compared to ri the mean length of the flux path may be 
taken as 1.22^, and the mean area of the path may be taken as: 

-S = 
Vol. 

I 

2it 

1.22g 

The permeance will therefore be: 

3.3M(ri + 0.425(7) (166) 
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Path 17. If ^ is small compared to ri the permeance of this path will 

be the same as that for path 16; 

P = 3.3At (17a) 

When g is large compared to ri the mean length of the flux path may be 

taken as 1.22g, and the mean area of the path may be takcm as; 

Vol. 

I 

2,(r, + 9-^) 
4 

1.22^ 

The permeance will therefore be: 

P = 
IjlS 

T = 3.3M(ri + 0.575^^) (176) 

Path 18. Assume that the flux lines of path 18 are concentric circles 
having their center at point d. As the ratio of i to g will usually be large 
for this type of path, formula 2 should be used as the basis for estimating 
the permeance; thus 

P = 
2nl t + g 
— log,- 
^ g 

where I is the effective length of the path measured normal to the flux 

lines. I can be taken equal to the circumference of a circle the radius of 
which is equal to ri plus the radius of the mean flux line. The radius of 
the mean flux line will be equal to the geometric mean between g and 
t + g. Thus: 

I = 2Tr + '\/g{t + 

and the permeance will be: 

P = 4/i + Vg{t + g)^ log, (18a) 

Path 19. The permeance of this path is calculated on the same basis 

as that of path 18. The radius of mean flux line will be ^g(ri + g)j and 

I will equal 

f = 2t ^ri + - y/gin + g)^ 
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and the permeance of the path will be: 

P = + g - y/ g{r I + log. 
g 

7. Circular Plunger Close to End of Concentric Tube. The total 
flux path between the plunger and the concentric tube can be broken 
up into three parts as shown in Fig. 15. Flux paths of this type occur in 
cylindrical-, stepped-cylindrical-, and truncated-conical-faced plunger 
magnets. 

Path 18, This path is made up of concentric circular flux lines having 
their center at point d, and it is identical with path 18 of Fig. 14 except 

Fig. 15. Circular plunger close to end of concentric tube. 

that the inner radius is m instead of g. The permeance of this path, 
when m > g, will be given by the formula 

4m I + V m{t + g) ̂  log, ■ 

When ni < g, use formula 18a. 
Path 19, This path is made up of concentric circular flux lines having 

their center at point c, and it is identical with path 19 of Fig. 15 except 
that the radius of the shortest line is m instead of g. The permeance of 
this path, when m > g, will be given by the formula: 

= 4m ( ri + g - Vm(ri + g) )log. 
>•1+17 

When m < g, use formula 19a. 
Path 20a (m > g; m < ri). For convenience in deriving a formula 

this path can be broken into three parts as shown by the dashed lines. 
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Considering now the center part (1), assume the mean length of the flux 
path to be m and its mean area to be (\/2/2)(m — g)2v{ri + p/2); then 

Psoad) * 4.45m (^1 + l) [20a(l\ 

assuming g small compared to ri. The mean area of the outer part can 
be taken as (^)m(l — \/2/2)27r(ri + m/2), and taking its mean length 
as m, then 

p20«(2) = 0.92m (r, + [20a(2)] 

Likewise the permeance of the inner path will be 

P20a(3) = 0.92m (r, + p - [20a(3)] 

Path 20h, When m < g; m > 0, the above formulas will be modified 
as follows: 

PaobCl) = 4.45m (’•i + l) [20^1)1 

P206(2) = P206(3) = 0.92m (r, + [206(2) and (3)] 

8. Cylindrical Plunger and Surrounding Cylindrical Shell with 
Their Ends in the Same 
Plane. The flux path for 
this case can be broken 
into two parts as shown 
in Fig. 16. Figure 22 of 
Chapter IV illustrates a 
case where flux paths of 
this type occur. 

Path 2L The per- 

Fia. 16. Cylindrical plunger and concentric shell, m^ance of this path can 
be computed by formula 7, 

by letting I equal 27r(ri + g/2). The permeance will then be given by 
the formula: 

P= 1.63m (ri + l) (21) 

Path 22. The flux lines in this path are assumed to be concentric 
circles having their center midway between the plunger and shell. 
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When t is less than ri a small area at the center of the plunger will be 

neglected, and when t is greater than ri a small area at the outside of the 

shell will be neglected. In either case the omission will produce a negli¬ 
gible error, because the field will be very weak over the areas neglected. 

The permeance can be computed by means of formula (86) by letting 

i-2,(r,+5) 

The permeance will then be given by the formula: 

P = 2fi log, ^1 + ^ (22a) 

when i < ri. When t > vi, the formula must be changed to: 

P = 2n log, ^1 + (226) 

9. Other Special Permeance Formulas. Other special permeance 
formulas which are of value in evaluating the working air-gap permeances 
of taper plunger and conical-faced plunger magnets are as follows: 

Coaxial truncated conical surfaces. See equation 11, Chapter 
VIII. 

Coaxial full conical surfaces. See equation 12, Chapter VIII. 
Coaxial cylindrical and conical surfaces. See equation 13, Chap¬ 

ter VIII. 

These formulas are of particular interest when it is desired to plot 
the working air-gap permeance as a function of stroke in order to 
evaluate the force-stroke curve, by the method discussed in Art. 77, 
Chapter VIII. 

64. Application of the Method of Estimating the Permeance of Prob¬ 
able Flux Paths” to the Determination of the Leakage Coefficient of 

Some Common Types of Electromagnets 

1. The Flat-Faced Cylindrical Plunger Magnet. Figure 17 is a 
section through the axis of the magnet showing the various simplified 
flux paths. These paths are numbered to correspond with the formulas 
which will be used to evaluate their permeances. The useful flux follows 
path 1; the fringing flux paths 7 and 86; the leakage flux path 16a. 
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The leakage coefficient is obtained by finding the ratio of the permeance 
of all the air paths to the permeance of the useful path; thus, 

Permeance Path 1. 

P1+P7 + Psb + Pi 

Permeance Path 7. 

P = 0.2Qtil 

where I = 27r(ri + g/i). 

Therefore, P7 = + g/i). 

Permeance Path 8b. 

15a 15a i \_ nl ( 2t\ \l l^t '’-^■>*•(' + 7) 
---T*r-t in this formula is de- 
_ I V I termined as follows: The 

^longest flux line in this 
_Coil Space j path must equal twice the 

radial thickness of the 
Fig. 17. Section through flat-faced cylindrical winding space, for if it 

plunger magnet showing leakage paths. exceeds this length it will 

be easier for the flux to go 
from the plunger to the shell and back to the plunger again, that Is, to 
follow path 15. Thus: 

IT (< + 1) = 2(r2 - r,) 

I may be taken equal to 27rri. Therefore, Psb = 2/iri log* 
4(r2 - r,) 

Permeance Path 16a. The total permeance of path 15a for one side 
only will be: 

p « + ^2) j 
r2 - ri 
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where! will be 
2 TT 

/= - '4^ - Mr, + r,) 
2(r2 - »-i) 

The effective value of this permeance with respect to the leakage flux it 

produces, however, is much smaller because the magnetomotive force 
across one end of the path is zero, while at the other end only 

h ^ 2(r2 - ri) 

2 TT 

of the total magnetomotive force of the coil is available. Hence the 
effectiveness of this path compared to the others will be: 

1 _ r2 - n 
4 wh 

and th(‘ effective permeance of the path will be: 

F = 

Therefore*, 

F\rui — M 

+ f'2)h ^ ^ , ,]/"! ^2 - ri\ 

2ir, - r.) - '■'MU - -rf-J 

irh /’2 + . 2(r2 — r\) 
- (r2 + r,) + 

8 ^2 — /'i ^ 

The total permeance of all flux paths will be: 

Po = Cl + + Pm + Pisa = M [y + 1.63 (ri + f) + 2r,log. 

4(72 - 7l) , wh (72 + 7i) ^ ^ , 2(72 - 

^9 
+ 

8 (72 - 7i) 
(72 + 7i) + 

irh 

Dividing this by Pi and simplifying, we will obtain the following 
leakage coefficient: 

^ = 1 + -k ri L 
52+0.13^+^^?-^. 

7l 7771 \8(72 - 7i) 

+ 

1 / ttA 

Vs (72 - 

IT Tg A 

+ 
2(72 - 7i) 

irh 
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By noting that 2/7r log, 4/7r == 0.15, and changing the natural 
logarithm to the base 10, we will obtain: 

p = 1 + [o 
/_^ 

\8(r2 - 
67 + 0.13^ + ^^?-±-^\ 

ri TVi \8(r2 - ri) 

+ 1.465 logio*^-^ 1 
9 J 

+ 
2(r2 - n) 

wh 

(23) 

This formula does not apply if ^ > 
4(r2 - ri) 

2. Bipolar Magnet with Square Polar Enlargements. Figure 18a 
shows a bipolar magnet. The various simplified flux paths are numbered 
to correspond with the formulas which will be used to evaluate their 
permeances. The useful flux follows path 1; the fringing fluxes paths 
7, 86, 9, 10, 11, and 126; the leakage flux between poles, path 36. It 
is convenient for a magnet of this type to separate the leakage coefficient 
into two parts: Pa, the ratio of the flux leaving the polar enlargements 
and passing through the armature to the useful flux in the working gap; 

and PL, the ratio of the leakage flux between pole cores to the useful 
flux in the working gap. The leakage coeflBicient for the entire magnet is 
the ratio of the flux through the yoke to the useful flux in the working 
gap; it will be 

Vy = Va + VL 

Leakage Coefficient Va. 

P\ + Pt -\‘ Pgb + -Pq + PlO + -Pll + -Pi26 

=- 

Permeance • of Path 7 (Edges AB, AC, and AD), 

P = 0.26Mi; I = 3/, hence Pj = 0.78/i/ 

Permeance of Path 8b (Faces B, C, and D). 

P - ^ log, (l + ; Z = 3/, hence Pa = 0.956p/ log. (l + 

Permeance of Path 9 (Comers ABD, ACD, ABE, and ACE). 

P « 0.077m(7 

* To avoid unnecessary complication the permeance calculations are carried out 
for only one-half of tbe magnetic circuit. This is possible because a center line parallel 
to the pole core axes will divide the magnet into two exactly similar parts. 
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This formula does not apply to corners ABE and ACE^ which are not 
corner-to-corner permeances; however, we shall assume that the per¬ 
meance between a corner like ABE and an edge like AS is equal to twice 
that of the corresponding corner-to-corner permeance, hence: 

-Pg = 6 X O.Ollfxg = 0A6fig 

Permeance of Path 10 {Edges BD, CD, BE, and CE), Here again we 
shall assume that the permeance of an edge like BE to a plane like B is 
twice that of the corresponding edge-to-edge permeance, thus: 

Pio = 6 X 0.25/1^ = 

(a) 

Fig. 18. Section through a horseshoe magnet showing leakage paths. 

Pervieance of Path 11 {Edge AE to face A). 

P = 0.52pti; I = /; hence Pn = 0.52m/ 

Permeance of Path 12h {Face E to face A). 

p = ~ log. (l + ^) ; 1 = /; lionoe Pi26 = 0.637u/ log. (l + 

Permeance of Path 1 {Face A). P = iiS/P, S == /*; and I — g. 

Hence, Pi = ixf/g. 
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The leakage coefficient can now be obtained by summing these 
various permeances, dividing by P\, and then simplifying: 

••a = 1 + ^ [ + 0.46(7 + 1-3/ + 1.47/ log,o (^ + ^) 

+ 2.2/ logio ^1 + j 
If the thickness of the armature is somewhat greater than that of the 

polar enlargement, their average thickness should be used for t, This 
formula should not be used if the distance between the polar enlarge¬ 

ments Is less than ir{g + t). 

Leakage Coefficient 

P4 

Permeance of Path 4 {Pole Core to Plane^ Midway between Foies). 

2/i7r/ 
P = 

log, d/rx 

I w’ill equal the length of the pole core /i, plus the distance between the 
polar enlargement and the beginning of the coil winding at that end. 

Let this distance = h\ 
This permeance is 
only one-half effective, 
hence: 

/itt/i' 

P4 = 

and 

VL = 

log, d/n 

irgh' 

p log, d/rx 
(25) 

3. Flat-Faced Lift¬ 
ing Magnet. Figure 19 
shows one-half of a sec¬ 
tion of a flat-faced cyl¬ 
indrical lifting magnet. 
The iron parts of the 
magnet are so d(‘signed 

that the cross section of the inner pole core equals that of the outer, 
and the armature thickness such that cross-sectional area for flux at 

Fig. 19. Half-section through flat-faced cylindrical 
lifting magnet showing leakage paths. 
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the radius ri is equal to that of the pole cores. The various sim¬ 
plified flux paths are numbered to correspond with the formulas which 
will be used to evaluate their permeances. The useful flux follows path 1; 
the fringing fluxes, paths 7, 86, 11, and 126; the leakage flux between 
poles, path 15a. The equivalent circuit for this magnet is shown in 
Fig. 14, Chapter IV. 

Fringing Permeances Outer Pole (P/)o* 

Path 7. P — 0.26/ii, where I = ^irr^. Therefore, 

P, = l.fiSMra 

Path 8b. P = ijlI/tt log^ (1 + where I = 27rr3, and t = ri/2. 

Therefore 

Psb = log, ^1 + 

Path 11. P = 0.52/i/, where I = 2wr2. Then'forc, 

Pji — 3.26/ir2 

Path 12b. P = 2fxl/TT log* (1 + i/g)^ where I — ‘iTr/o, and t = 

(^’2 “■ ^ 9- Therefore, 

Pi2 6 = 4Mr2 log, 
\ Trg / 

Fringing Permeances Inner Pole (P/)i. 

Path 126. P = 2fil/Tr log< (1 + t/g)j where I = 27r/i, and t = 

(^'2 “ 9' Therefore: 

Pi26 = 4Mr 1 log. C---) 

Path 11. P = 0.52^ll, where I = 2wri. Therefore, 

Pii — 3.26/iri 

Useful Permeance, Working Gap. 

Pi (outer) = Pi (inner) = ~ — 
I 9 

Total Jjseful Permeance of Magnet {Pu)- 

TTur^ 
Pu = (Pi) outer + (Pi) inner, in series = 

^9 
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Leakage Permeance between Pole Cores {Pl)- 

P 16« 
+ ri)h' 

2(r2 - ri) ** 

where the factor 2 in the denominator takes care of the fact that this 
permeance is only one-half effective, and where A', the effective axial 

length of this leakage path, is equal to 

Therefore; 

Total Permeance between Pole Cores by Way of Armature {Pc)- 

Pa = 

Leakage Coefficient 

V = 

1 

1 1 

Pi + <.Pf)i Pi + iPf}o 

Pg Pl 

Pu 
(Pa + Pl) 

yirr\ 

In a magnet of this type there are certain proportions which will 
produce an economical design. It is possible by deciding upon such a 
set of proportions to obtain a leakage formula which will be very simple 
and highly accurate if the proportions are adhered to. Thus a set of 
proportions which produce a good design in this type of magnet are as 

follows: 

_2.5; = 1.7 
rj - ri ’ rj 

then 

- = Vl^ + 1.7=* = 2 
n 

Using these values and performing the operations indicated we will 
obtain: 

V 
g /35.3 + 228g/ri 

n V 4 + 35.3ff/ri 
+ 5.1 ) (26) 

If for the value of g/ri in the bracket some mean value is substituted, a 
very simple formula can be obtained. This procedure will not lead to 
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great error because the fraction in the bracket does not vary fast with 
glr\. Thus letting g/ri equal 0.02, which is a representative value for 
this type of magnet, 

V = 1 + 14 (27) 

The preceding three cases illustrate how the method of estimating 
the permeance of probable flux paths can be applied to derive general 
leakage formulas for special types of magnets. Such a derivation of a 
special formula is warranted only when the particular type of magnet has 
to be designed frequently, or when it is necessary to determine the 
general effect of proportions on the overall magnetic efficiency. 

66. Experimental Check of Leakage Formulas 

1. Flat-Faced Cylindrical Plunger Magnet. The leakage coefficient 
for the magnet of Fig. la, Chapter III, was measured "by finding the 
ratio of the flux through an exploring coil surrounding the yoke end of the 
stationary plunger to that through an exploring coil surrounding the air 
gap. The flux measured by the latter coil was corrected to take into 
account the slightly larger diameter of the exploring coil as compared to 
the plunger diameter. The exciting magnetomotive force was low 
enough to produce no appreciable saturation (0.1 ampere through 2,550 
turns). The computed values of the leakage coefficient were obtained 
by using formula 23. 

Leiij^th air gap, inches. 1 
15^4 , -h. 

1 
8 4 

1 
2 1 

Leakage coeHicieiit, computed. . 1 .09 1 17 1 29 1 49 1 83 2 36 3.20 

Leakage coeflicient, measured 1.13 1.20 1 31 1 46 1.85 2 41 3 03 

2. Bipolar Magnet with Square Polar Enlargements. The leakage 
coefficients for the bipolar magnet of problem 4, at the end of the chap¬ 
ter, were measured by finding the flux through the armature, yoke, and 
the useful gap. The flux through the armature and yoke was deter¬ 
mined by an exploring coil wound around the center of each of these 
parts. The flux density in the useful gap was measured by means of 
an exploring coil wound on a Bakelite washer ^ in. in diameter and 
0.066 in. thick, and the flux of the useful gap was obtained by multi¬ 
plying this density by the area of the polar enlargement. The exciting 

magnetomotive force was low enough to produce no appreciable satura- 
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tiou in the iron parts (0.2 ampere through 2,940 turns on each coil). 
The computed values of the leakage coefficients were obtained by using 
formulas 24 and 25. 

It will be noticed by comparing the computed coeffi(;ients with the 
measured ones that the computed values of Pa high while those for p/, 
are low. In order to check the natun^ of this error the flux actually 
leaving the polar enlargements was measured by winding a test coil 

!.oak:ij<e CoeHicirnls 

Length 

.\ir Gap, 

I nche.s 

i Mea.s ui(*d Computed 

Vpe Va Vy 

0 (Hif) 1 41 1.30 0 37 I 67 1 28 0 25 1 53 

0.129 1 68 1 45 0 70 2 15 1 1 46 0 49 1 95 

0 193 1 91 1 55 1 05 2 60 1 60 0 73 2 33 

0 258 2 13 1 62 1 42 3 04 1 76 1 01 2 77 

around the poK* core directly under the {x>lar enlargements. ITe 
tabulated leakage* coe^fficient Vpe Avas obtained by dividing this flux by 
that pa.ssing through the u.s(‘ful gap. If Vpe is subtracted from p,, a 
now value of Pf^ will be obtaineul. This value of p/, will be* a true 
measure of the leakage flux be*tween the cylindrical polo cor(\s and, as 

can be .seen by performing the subtraction indicated, will be very close* 
to the computed value. The difference betwe*e‘n the r/, based on p^ 
and that based on Ppe evidently represents leakage flux passing directly 
betw'een polar enlargements. The possibility of such a flux, directly 
between polar enlargements, was not considered in deriving the leakage 
formula and hence explains why th(* computed value of Pn is higher 
than the measured one.'^ 

3. Flat-Faced Lifting Magnet. The leakage coefficient for the 
circular lifting magnet of Fig. 13, Chapter IV, was measured by finding 

the ratio of the permeance of the entire magru*! (Pa + Pl) to that of 
two useful gaps in .series (Pw). The permeance of the entire magnet was 
determined by measuring the flux through the yoke, and dividing this 
by the exciting magnetomotive force. This flux was measured by 

means of an exploring coil wound around the inner pole core between the 

For further check data on leakage formulas applying to thi.s type of magnet see 
Problem 4. 

** See the equation for the leakage coefficient, Art. 54, Sec. 3. 
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exciting winding and the yoke. The exciting magnetomotive force was 

low enough (4 amperes through 180 turns) to produce no appreciable 

saturation in the iron parts. The permeance of the two useful gaps in 

series was determined by computation. ITie computed values of the 

leakage coefficient were obtained by the method outlined in Art. 54. 

The simplified formula 27 cannot b(^ used because the dimension ratios of 

the magnet are not the same as those used in deriving (27). 

Note: For this particular typ(‘ of magnet it is impossible to meavSure 

the leakage coefficient directly as was done for the other types. 

Length air gap, inches. 1 
‘6 4 

1 
3 2 

\ 
1 6 

1 
8 

Leakage coefficient, computed 1 13 1 20 1 32 I 2 04 

L(‘akage coefficient, measured. . . . 1 11 1 24 1 41 

i 
1 07 

PROBLEMS 

1. Derive ])ernu‘ance equation 5. 

2. Compute?, by the method of “field mapping” and also by the method of “esti¬ 

mating the permeance of probable flux paths,” the permeance per inch of axial length 

between the infinitely long parallel plates, a section of xshich is shown in Fig. 20. 

Fia. 20. Section through infinitely long parallel plates for Problem 2. 

Consider the flux ])ath to extend back of the upper and lower edges only 1 in. (Refer 

to footnote 5.) 

3. A bipolar magnet ha.s the following dimensions: 

Yoke; \ \ by 2\ in. wide by 10^ in. long. 

Pole cores: 2 in. diameter by 7 in. long. 

Polar enlargements; 2\ in. diameter by ^ in. long. 

.\rmature: J by 2\ in. wide by 10J in. long. 

Distance between centers of cores: 7 in. 

Length of air gap under armature: J in. 

Compute the ratio of the flux through the armature to the useful flux in the 

circular working gap, and also the ratio of the leakage flux between pole cores to the 

useful flux. 
4. The bipolar magnet of Fig. 5 or 18, Chapter V, has the following data: 

Material: Swedish charcoal iron unannealed after machining. 

Yoke: 2 ky 11 in. wide by 3-J-J in. long. 

Pole cores: ^ in. diameter by 3 in. long. 

Polar enlargements: 1-j^ in. by 1^ in. by I in. long. 

Distance between centers of pole cores: 2l in. 
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Compute the flux through (a) the yoke, (6) the section of the pole core next to the 

pole face, if the magnet is excited by a coil of 2,940 turns on each leg, the coils being 
connected cumulatively in series and carrying 0.4 ampere. The armature is removed 

to a great distance. 
Note: The pole faces can be treated like the prisms of Fig. 8, neglecting, of course, 

the faces in contact with the pole cores. The effective length of the pole cores, as 

regards leakage between pole cores, should then be taken equal to their actual length 

less the radius of the flux path 7 between the inner lower parallel edges of the pole 

faces. 
(c) Compute the minimum percentage loss of the potential work ability of this 

magnet due to the initial armature position, if the armature is f by 1-]^ in. in cross 

section and the material of the magnet is Swedish charcoal iron unannealed after 

machining. 
Hint: The loss in potential work ability of the magnet will be a minimum when 

the armature is removed to infinity; the maximum flux of the magnet can be com¬ 

puted by assuming a zero-length air gap between the armature and the pole faces. 

Ans.: (6) 22.8 krnax. (a) 37.2 kmax., by computation. 

(6) 23.3 kmax. (a) 37.7 kmax., by experiment. 

6. Compute the permeances P^, P/, and Pl for the magnet of Fig. 22, Chapter IV. 

6. Compute the leakage coefficient for the magnet of Fig. la. Chapter III, when 

the working air gap has a length of | in. See Art. 55, Sec. 1, for the answer. 

7. Compute the leakage 

coefficient for the magnet of 

Fig. 13, Chapter IV, at an 

air-gap length of in. See 

.'\rt. 55, Sec. 3, for the 

answer. 

8. Compute the leakage 

coefficients va and vi, for the 

bipolar magnet described in 

Problem 4 if the length of 

the air gap is ^ in. See Art. 

55, Sec. 2, for the answer. 

9. Plot a curve of the 

permeance between the 

cylindrical plunger and 

plate of Fig. 21, as x varies 

for the answer. 

Fig. 21. Working gap of stepped cylindrical plunger 

magnet. 

from 1^ in. to zero. See Art. 77, Chapter VIII, 

Note: This calculation is very important in the design of cylindrical-faced plunger 

magnets. 

10. Compute the air-path permeances as illustrated in the equivalent circuit of 

Fig. 14, Chapter IV, for the lifting magnet of Fig. 13. Assume a working gap length 

of 0.0323 in. Check your answers with those given in connection with the above 

figures. 



CHAPTER VI 

COILS' 

66. General—Types of Coils 

Coils are used in practically all electrical machinery, usually forming 

the exciting source for magnetic fields, and also the current-carrying 

circuit reacting with magnetic fields. 

A coil usually consists of turns of wire wound like a helical thread to 

form a layer, there being one or more layers to the coil. Insulation, such 

as paper, is sometimes placed between the layers. The cross section of 

the coil wall is generally rectangular, and the cross section of wire is 

almost always round except in coils made of heavy wire where a square, 

or a rectangular section with rounded corners, is used. In other respects 

coils differ very considerably. It is convenient to classify them on the 

basis of the type of construction; thus we have: 

Paper-section coils. 
Cotton-interwoven coils. 
Bobbin-wound coils. 
Form-wound coils. 
Ribbon-wound coils. 
Strap-wound coils, 

Paper-Section Coils. The paper-section type of coil is the most 

widely used of any form of electrical winding for small apparatus, largely 

because it combines qualities of high insulation resistance and electrical 

reliability with the lowest possible cost. 
These coils are wound on automatic or semi-automatic machines, in 

^^stick^' form, several at a time. A supporting tube of paper or special 

board, called the core tube, is placed on the winding machine mandrel, 

and the wires for each coil on the stick are shellacked to the core tube. 

The mandrel is rotated at high speed, and the wire is guided to each coil 

on the stick by as many sheaves mounted on a traverse rod as there are 

coils. The length of the traverse is equal to the winding length of one 

coil. At the end of each layer of wire a sheet of paper is wound into the 

coil either by hand or by automatic means. In this manner the coils are 

‘ For a very complete treatment of this subject see Coils and Magnet Wire" by 
C. R. Underhill, McGraw-Hill Book Co. 

161 
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built up of alternate layers of wire and pap(‘r until the desired number of 
turns is reached. The paper serves the tripl(‘ purpose of making the coils 
self-supporting, of making th(' laycn-s evtai, and of providing insulation 
between layers. The coils are spaced on the inandn*! so that th(n*e is a 
dead papc'r space bc'tween the coils. This unwound pap(‘r space, called 
the paper margin, is nece.ssary so that the individual coils may be cut 
apart. Figur(‘ 1 shows a stick of paper-section coils. The cutting is 
usually doin' with a gang of knivc's so spaced as to cut through the center 
of each paper margin. Afti'r cutting, the beginning and end turns of 
wire are pulled out so that th(‘ leads may be attached. The k'ads in fine 

FkjS. 14. Paper-section and rotton-int('i w (>\ tai cnil^ 

wire coils are usually of a material difft'rent from that of tin' coil wire, 
and are firmly anchored to the outside of the coil. The outside' of th(' 
coil is covered with a paper covt'r, and the coils arc' fini.slu'd by impreg¬ 
nating with a suitable compound, or l>y dipping in a varnish follow (‘d by 
baking. 

Figure 2h shows a medium-siz('d (this is the' c<h1 of the plunger magnet 
of Fig. la. Chapter III) coil, the paper ends of which have been sealed 
air-tight by a special process. Figure 2a shows a similar coil of heavy 
wire (No. 17) before the paper (aids have Ix'en treat('d. Figure 3 shows 
an assortnu'iit of small varnish-impregnatt'd papc'i-section coils. 

The chief advantage's of the* pap<*r-section coil are the ease wath wdiich 

it can be product'd in quantities, its good appearance due to the smooth 
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and even layers of wire, its high dielectric strength obtained by means of 
the interlayer paper, and finally its mechanical ruggedness. The dis¬ 
advantage of the paper-wound coil is its low space factor; however, for 
fine wire coils (Nos. 44 to 28) the space factor for paper-wound enameled 
wire coils is better than for single silk-covered wire. The space factor is 
often decreased by winding an excessive amount of paper between 
layers; thus it sometimes is the practice to cut the interlayer paper into 
groups of lengths (for semi-automatic winding) so that the first layer of 
any group will have too much overlap and the last layer just enough 
overlap. This unnecessarily increases the average thickness of paper 
between layers and also increases the length of wire necessary for a given 
number of turns. 

Cotton-Interwoven Coils. Cotton coils are wound on special 

machines which wind the wire (usually plain enameled) in even layers 
and at the same time interweave a cross-wound cotton yarn between the 
wires and wire layers. The cotton yarn not only separates the layers 

of wire but also forms the end of the coil, there being from yV tV ^f 
cotton at each end corresponding to the paper margin of paper-section 
coils, A core tube of paper or fiber combined with the interwoven cot¬ 
ton make the coil entirely self-supporting. These coils have the same 
general properties as paper-section coils; they have a slightly better 
space factor, a better appearance, and are more readily impregnated 
owing to the wick action of the cotton. They are particularly recom¬ 
mended for use where the climatic or atmospheric conditions are severe. 
The cotton coils for average sizes are more expensive than the paper- 
wound coils, but are generally less expensive than bobbin-wound coils 
of equivalent characteristics. Figure 4a shows a cotton-interwoven coil 
with a few layers removed, and Fig. 46 shows a finished coil. 

Bobbin-Wound Coils. This is the oldest type of coil; it consists of 
wire wound into a specially prepared bobbin. The bobbin may be made 
of metal or of some insulating material such as Bakelite or fiber. When 
using a heavy wire with cotton insulation it is not customary to place 
any insulating material between layers unless the voltage is quite high; 
however, with the finer wires paper between layers is necessary if the 
layers are to be smooth and if wires having relatively large voltages 
between them are to be separated. These coils are generally the most 
expensive type to build. 

Bobbin-wound coils can be divided into three kinds: 

а. Those wound on molded spools. 
б. Those wound on a built-up spool consisting of an iron core 

(part of the magnetic circuit) with pressed-on fiber end flanges. 
c. Those wound on built-up fiber or metal spools. 
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The molded spool is used mostly for small, low-voltage, fine-wire 
coils where the insulated wire can be wound directly on the spool by a 
hand feed method without any particular regard to the regularity of 
turns or other insulation than that provided by the spool and the wire 
insulation. The disadvantage of this type of coil is the haphazard type 
of winding which tends to stress the insulation and the difficulty of 

anchoring the leads. The advantage of this mode of construction is the 
low cost per coil if the quantities involved are large enough to absorb the 
cost of the molding dies. Figure 5a shows some molded spools, while 

Fig. 56 shows the same spool random wound with enamel wire. 

Fioh. 5 8. Bobbin- and form-wound coils. 

The built-up spool having an iron core with pressed-on fiber end 
flanges is used mostly as a matter of economy or convenience. It gives 

the maximum possible space for wire, but does not allow the removal 
of the coil from the pole core. The first layer of wire is insulated from 
the iron pole core by wrapping the pole core with several layers of paper 
or other insulating material. If even layers are specified the cost will 
usually be quite high owing to the large amount of hand work necessary. 
Where the space is available this type of winding is not employed in the 
best class of work. Figure 6 shows coils of this type. 

The built-up bobbin of metal or fiber is seldom used nowadays, except 
for special work. Where very few coils are wanted and facilities for 
manufacturing other types are not available it provides a very convenient 
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method. Experimental coils are often built this way. Neatly made 
bobbin-wound coils can be finished to give an excellent appearance, and 
are often preferred in exposed positions or where unusual mechanical 
protection is desired. Figure 7 shows coils of this type. 

Form-Wound Coils. The larger types of coils used on the fields of 
motors, etc., occur in such a variety of shapes that they cannot be wound 
economically by any of the methods described, owing to the small quan¬ 
tities involved and the irregular shapes used. This type of coil is there¬ 
fore wound on an adjustable wooden form. After winding the form is 
removed and the coil is made rigid by impregnating and taping. For 
small-sized coils the chief recommendation of this method of construc¬ 
tion is that the largest number of turns can be put in the space available. 
However, unless layer-wound the small coils of this type will generally 
show more short-circuited turns than paper-section or cotton-inter- 
woven coils. Figure 8 shows a form-wound coil for the field of a small 
motor. 

Ribbon-Wound Coils. This type of coil is made of rectangular 
copper strip wound in the form of a spiral on the flat side. The coil thus 
has only one turn per layer, the layers being insulated by a strip of 
asl)estos or other insulating material wound along with the copper. 
This type of coil is used in many kinds of high-current apparatus, such 
as power transformers, current coils for circuit breakers, and large 
lifting magnets. 

Strap-Wound Coils. This type of coil is made from the same mate¬ 
rial as the ribbon-wound coil except that the copper strip is wound on 
edge, forming a single-layer coil. Coils of this type are used for very 

heavy currents. In open locations the edges of the strap are left unin¬ 
sulated to facilitate heat radiation. 

67. Coil Material 

1. Conductors.* The usual material for the conductors of a coil is 
copper. In some Bp>ecial cases aluminum is used. Both these materials 
are soft and ductile and can be drawn into fine sizes of wire. The usual 
wire cross sections are round, square, or rectangular. Table II gives 
data on the resistance of the standard sizes of copper and aluminum wire. 
These resistances are calculated upon the basis of the following standard 

resistivities: 

Copper, 0.6788 microhm-inch at 20® C. 

Aluminum, 1.113 20® “ 
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2. Wire Sizes. In this country all copper and aluminum wire for 
electrical use is drawn in accordance with the American wire gauge. This 
gauge is so designed that the wire diameters increase in geometric 
progression. In developing any such system the diameters correspond¬ 
ing to two gauge numbers must be selected arbitrarily. It thus happens 
that No. 0000 A.w.g. is equal to 0.4600 in. in diameter and that No. 36 
A.w.g. is equal to 0.0050 in. in diameter. As these two gauge numbers 
are 39 apart, the ratio of the diameters of successive gauge numbers will 
be equal to 

39 0.460 

0.005 
1.1229 

As the area varies as the square of the diameter, the ratio of the areas 
of successive gauge numbers will be 

1.1229^ = 1.261 

From these relations the following simple rules, which greatly facilitate 
the use of the wire tables, can be deduced: 

1. Changing the wire size by three gauge numbers either halves 
or doubles the cross section. 

2. Changing the wire size by six gauge numbers either halves or 
doubles the diameter. 

3. Changing the wire size by ten gauge numbers either increases 
or decreases the cross section by a factor of ten. 

4. Changing the wire size by twenty gauge numbers either 
increases or decreases the wire diameter by a factor of ten. 

Table I gives complete data on the American wire gauge. 
3. Change of Resistance with Temperature. The temperature 

coefficients of resistance for standard annealed copfK*r (100 per cent con¬ 
ductivity) and hard-drawn aluminum are 0.00393 and 0.0039 per degree 
Centigrade at 20® C., respectively. For copper the temperature coeffi¬ 
cient is directly proportional to relative conductivity over quite a wide 
range. This is also true for aluminum, except not over so great a range. 

The resistance of a conductor at any temperatuni may be computed 
from the resistance at 20® C. by the following relation: 

Rt = R2o[^ + 20)] (1) 

where Rt and R20 are the resistances at any temperature T and 20® C., 
respectively; a2o is the temperature coefficient at 20° C.; and T Ls any 
temperature in degrees Centigrade. The reciprocal of the temperature 
coefficient gives the so-called inferred absolute zero’^ or temperature 
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TABLE I v/ 

Wire Diameters, Mils 

Wire 
Size, 

A.w.g. 

Area, 
circular 

mils 

Bare 
Wire 

Enamel 
Single 

Silk 
Enamel 

Single 
Cotton 
Enamel 

Single 
Silk 

Double 
Silk 

Single 
Cotton 

Double 
Cotton 

44 4.00 2.0 2.4 
43 4.84 2 2 2.6 

42 6.25 2.5 2.9 
41 7.84 2.8 3.2 
40 9.6 3.1 3.6 5.6 7.6 5.1 7.1 7.1 11.0 

39 12.2 3.5 4.0 6.0 8.0 5.5 7.5 7.5 11.5 
38 16.0 4.0 4.6 6.6 8.6 6.0 8.0 8.0 12.0 
37 19.4 4.4 5.1 7.1 9.1 6.5 8.5 8.5 12.5 

36 25.0 5.0 5.7 7.7 9.7 7.0 9.0 9.0 13.0 
35 31.4 5.6 6.3 8.3 10.8 7.6 9.6 10.1 14.1 
34 39.7 6.3 7.1 9.1 11.6 8 3 10.3 10.8 14.8 

33 50.4 7.1 7.9 9.9 12.4 9.1 11.1 11.6 15.6 
32 62.4 7.9 9.0 11.0 13.5 10.0 12.0 12.5 16.5 
31 79.2 8 9 9.9 I 11.9 14.4 10.9 12.9 13.4 17.4 

30 100 10.0 11.2 13.2 15.7 12.0 14.0 14.5 18.5 
29 128 113 12.5 14.5 17.0 13.3 15.3 15.8 19.8 
28 159 12 6 13.8 1 15.8 18.3 14.6 16.6 17.1 21.1 

i 

27 202 14.2 15.4 17.4 * 19.9 16.2 18.2 18.7 22.7 
26 253 15.9 17. 1 19.1 21.6 17.9 19.9 20.4 24.4 
26 320 17.9 19.4 21.4 23.9 19.9 21.9 22.4 26.4 

24 404 20.1 21.6 23.6 26.1 22.1 24.1 24.6 28.6 
23 511 22.6 24.1 26.1 28.6 24.6 26.6 27.1 31.1 
22 640 25.3 27.1 29.1 31.6 27.3 29.3 29.8 33.8 

21 812 28.5 30.3 32.3 35.3 30.5 32.5 33.5 38.0 
20 1,024 32.0 33.8 35.8 38.8 34.0 36.0 37.0 41.5 
19 1,289 36.9 37.9 39.9 42.9 37.9 39.9 40.9 45.4 

18 1,624 40.3 42.3 44.3 47.3 42.3 44.3 45.3 49.8 
17 2,052 46.3 47.3 49.3 52.3 47.3 49.3 50.3 54.8 
16 2,581 50.8 52.8 54.8 57.8 52.8 54.8 55.8 60.3 

16 3,260 57.1 69.6 64.6 62.1 66.6 
14 4,109 64.1 66.6 71.6 69.1 73.6 
13 5*170 71.9 74.5 79.5 77.0 81.5 

12 6,529 80.8 83.3 88.3 85.8 90.3 
11 8,226 90.7 93.2 98.2 95.7 100.2 
10 10,360 101.8 104.4 110.4 107.9 112.9 
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TABLE 11 

Copper and Aluminum Wire Resistances (20° C.) 

Area Copper Aluminum 

Wire 
Size Millionths Ohms Feet Ohms Feet Feet 

A.w.g. 
Circular 

Mils 
of Square per Feet per per per per 

Inches 1.000 in. Pound 1,000 in. Ohm Pound 

44 4.000 3.142 222.4 0.3850 82,600.0 
43 4.850 3.805 176.6 0.4670 66!400.0 

42 6.250 4.91 140.0 0.6050 52,800.0 
41 7.845 6.16 111.1 0.7630 42,000.0 
40 9.888 7.77 87.42 0.9534 33,410.0 143.3 0.581 110,000.0 

39 12.47 9.79 69.30 1.202 26,500 0 113.4 0733 87,280.0 
38 15.72 12.4 54.95 1.516 21,010.0 90.00 0.924 68,960.0 
37 19.83 15.6 43.59 1.912 16,660.0 71.50 1.17 55,200.0 

36 25.00 19.6 34.56 2.411 13,210.0 56.75 1.47 43,500.0 
35 31.52 24.8 27.41 3.040 10,480.0 45.00 1.85 34,4.50.0 
34 39.75 31.2 21.74 3.833 35.67 2.34 27,400.0 

33 50.13 39.4 17.24 4.833 6,591.0 28.24 2.95 21,700.0 
32 63.21 49.6 13.68 6.095 5,227.0 22.42 3.72 17,225.0 
31 79.70 G2.6 10.84 7.685 4,145.0 17.75 4.68 13,645.0 

30 100.5 78.9 8.60 9.691 3,287.0 14.08 5.91 10,825.0 
29 126.7 99.5 6.82 12.22 2,607.0 11.16 7.45 8,583.0 
28 159.8 126.0 5.41 15.41 2,067.0 8.835 9.39 6,802.0 

27 201.5 158.0 4.290 19.43 1,639.0 7.033 11.8 5,389.0 
26 254.1 200.0 3.400 5.582 14.9 4,269.0 
25 320.4 252.0 2.698 4.425 18.8 3,388.0 

24 404.0 317.0 2.139 38.96 817.7 3.508 23.7 2,687.0 
23 509.5 400.0 1.696 49.13 648.4 2.783 29.9 2,137.0 
22 642.4 505.0 1.345 61.95 514.2 2.209 37.8 1,695.0 

21 810.1 636.0 1.066 78.11 407.8 1.750 47.6 1,340.5 
20 1,022.0 802.0 0.8458 98.50 323.4 1.392 60.0 1,064.0 
19 1,288.0 1,010.0 0.6708 124.2 256.5 1.100 75.7 844.0 

18 1,624.0 1,280.0 0.532 156.6 203.4 0.8750 95.5 668.0 
17 2,048.0 1,610.0 0.4221 197.5 161.3 0.6922 120.0 528.7 
16 2,583.0 2,030.0 0.3346 249.0 127.9 0.5492 152.0 422.1 

15 3,257.0 2,560.0 0.2653 314.0 101.4 0.4350 191.0 333.2 
14 4,107.0 0.2104 80.4 0.3450 241.0 264.6 
13 5,178.0 0.1670 499.3 63.8 0.2742 304.0 209.7 

12 6,530.0 0.1323 629.6 50.6 0.2175 384.0 167.0 
11 8,234.0 6,470.0 0.1050 40.1 0.1725 484.0 132.2 
10 10,380.0 wm 0.0832 31.8 0.1366 610.0 104.6 
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at which the resistance of the conductor would become zero if the linear 
temperature-resistance relation were to hold for low temperatures. 
Thus for 100 per cent conductivity copper the inferred absolute zero Tq 
will be: 

(“0:0^ + “) =-“^ + “--234-0. 

and the resistance of this conductor material as a function of tempera¬ 
ture may be expressed by the following simple relation, 

Rt _ T + 234 

R20 ~ 254 
or, in general, 

Rt _ T Tq 

R20 'Tq + 20 

To facilitate temperature corrections, the factor by which the resistance 
at 20® C. must be multiplied by to get the resistance at any other 
temperature is listed in Table III. 

4. Wire Insulation. Enamel. The most common form of insula¬ 
tion for the smaller sizes of magnet wire is enamel. This material is thin, 
hard, tough, and inert to many chemicals. Its dielectric strength is of 
the order of 600 volts per mil. It is so elastic that the insulated wire may 
bo stretched and bent without causing the enamel to crack or separate 
from the wire. Enamel will stand much higher temperatures than 
cotton, silk, or paper. In the larger sizes of wire the enamel is more sub¬ 
ject to abrasion and is frequently covered with silk or cotton which acts 
as a protective coating and also as an absorbent for the impregnating 
compounds. Enamel-covered wires can be obtained in two thicknesses 
of enamel known as single- and double-enameled wire. The single- 
covered is standard and is generally used. However, copper wire when 
it is drawn has a tendency to splay, causing fine feathers of copper to 
stick out from the sides of the wire. Single enamel, though it covers most 
of these feathers does not cover all, and therefore, in applications where 
mechanical vibration is excessive and where one or more short-circuited 
turns might cause a cumulatively destructive effect, it is advantageous 
to use double-enameled wire. This is particularly true in alternating- 
current coils where a short circuit between turns is aggravated by the 

induced voltage in the shorted turns. 
Cotton and Silk. Cotton or silk alone are often used for insulation. 

The covering may consist of one, two, or three layers. Silk is generally 
used on the smaller wires where it is necessary to reduce the thickness of 

(2) 

(3) 
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TABLE III 

Factors by Which the Resistance at 20° C for 100 Per Cent Conductivity 

Copper Must Be Multiplied to Get the Resistance at Any Temperature 

1 

Temp. 
°C. 

Resis¬ 
tance 
Factor 

Temp., 
°C. 

Resis¬ 
tance 
Factor 

Temp., 
°C. 

Resis¬ 
tance 
Factor 

Temp., 
°C. 

Resis¬ 
tance 
Factor 

Temp., 
°C. 

Resis¬ 
tance 
Factor 

1 0.9253 21 1.0039 41 1.0825 61 1.1611 81 1.2398 
2 0.9293 22 1.0079 42 1.0865 62 1.1650 82 1.2438 
3 0 9332 23 1.0118 43 1.0904 63 1.1690 83 1.2478 
4 0.9371 24 1.0157 44 1 0943 64 1.1729 84 1.2517 
6 0 9410 25 1.0197 45 1 0983 65 1.1769 85 1 2556 
6 0.9450 26 1.0236 46 1.1022 66 1.1808 S6 1.2594 
7 0.9489 27 1 0275 47 1.1061 67 1.1848 87 1.2633 
8 0 9528 28 1 0314 48 1.1100 68 1.1887 88 1.2672 
9 0 9568 29 1.0354 49 1.1140 69 1.1926 89 1.2711 

10 0 9607 30 1.0393 50 1.1180 70 1.1965 90 1.2751 
11 0.9646 31 1.0432 51 1.1218 71 1.2005 91 1.2790 
12 0.9686 32 1.0472 52 1.1258 72 1.2045 92 1.2830 
13 0.9725 33 1 0511 53 1.1297 73 1.2083 93 1.2869 
14 0.9764 34 1.0550 54 1.1336 74 1.2122 94 1 2909 
15 0 9803 35 1 0590 55 1.1375 75 1 2162 95 ! 1.2949 
16 0 9843 36 1.0629 56 1.1415 76 1.2201 96 1.2988 
17 0 9882 37 1.0668 57 1.1455 77 1.2240 97 1.3027 
18 0 9921 38 1.0707 58 1 1494 78 1 2280 98 1.3066 
19 0 9961 39 1.0747 59 1.1533 79 1.2320 99 1.3105 
20 1 0000 40 1 0786 60 1 1 1572 80 1 2359 100 1 3144 

insulation to a minimum. On the larger sizes cotton is more common. 
Unless the wire is enameled these insulations should be used double. For 
wires of very large size having fairly high voltages between turns triple 
cotton is often used. One of the chief advantages of the fabric insula¬ 
tions is the ease with which they can be impregnated. 

Asbestos arid Chromoxide. Where very high temperatures are 
encountered astestos-covered wire (single or double) or chromoxide- 
covered wire is used. Chromoxide is a relatively recent development in 
wire insulation, combining the refractory qualities of Class B insulation 
with the high space factor and flexibility of enameled wire. It consists 
of a finely divided dielectric heat-resistant inorganic insulation (mainly 
chromium oxide), combined with an inorganic binder effective at high 
temperature and an organic water-insoluble insulator added for struc¬ 
tural purposes. Mechanically, chromoxide insulation meets all the 
flexibility requirements of enameled wire. The thickness of the standard 
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coating of chromoxide insulation is the same as that of standard single- 
enameled wire. It can also be obtained with a thickness corresponding 
to double-enameled wire. The dielectric strength of this insulation is 
only about 75 per cent of that of enamel at room temperature; however, 

it maintains this dielectric strength up to high temperatures, whereas 
that of enamel decreases. It will stand very high temperatures without 
damage for short periods of time, and can be used to 125° C. (the limit 
for Class B insulation) continuously. 

Glass Insulation. Although glass has been used for a long time as an 
insulator it is only recently that it has been made flexible. For insulat¬ 
ing purposes the glass is^drawn into fibers of the order of 0.0002 in. in 
diameter, either of staple length or continuous. The staple-length fibers 
are best for heavy cloths and tapes, while the continuous-fiber yarns 
are used for making braided sleevings and insulating wires. All sizes of 
wire are being successfully covered with glass yarn, different thicknesses 
being us(‘d to obtain the same over-all diameters as the standard insula¬ 
tions of silk, cotton, and asbestos. The glass fiber itself can stand very 
high tennperature without damage, but the organic binders which are 
required to impregnate the insulation are subject to deterioration at the 
higher t(‘inperatures and thus the allow'able temperature rise of the 
insulation as a whole is limited by these organic materials. It is neces¬ 
sary to impregnate the glass fiber used for insulation to improve its 
dielectric strength and abrasion-resisting qualities. The dielectric 
strength of a fibrous mat(*rial which has a large surface area compared to 
its volume is largely determined by atmospheric conditions and fiber- 
surface contamination. An impregnating material fills the voids 

between the fibers and prevents the absorption of dirt and moisture. 
The usual impregnating material is a heat-resistant electrical varnish. 
When properly impregnated a glass-insulated wire may be operated 
continuously at temperatures of 350° F. and retain a good dielectric 
strength, exceeding 1,000 volts per mil. Mechanically, properly made 
glass-insulated wires have sufficient resistance to abrasion and enough 
flexibility for all ordinary winding operations. The non-hygroscopic 
nature of the glass fiber makes it particularly adaptable to severe mois¬ 
ture or high humidity conditions, w^hile its ability to withstand chemical 
action makes it highly resistant to attack by acids, oils, and corrosive 

vapors.® 
Table I gives the diameter over the insulation for all the common 

types of wire. 

* For a complete summary of the properties of glass fabrics for electrical insulation 
see ‘‘Fiber Glass—An Inorganic Insulation,” by F. W. Atkinson, Trans. A.I.E.E., 

1939. 
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5. Coil Insulating Materials. Aside from the cotton and silk used 
on magnet wire practically all the other insulation is of sheet form, 
usually cotton, linen, silk, glass cloth, or paper treated with varnishes, 
gums, or other compounds to render them non-hygroscopic and to 
increase their dielectric strength. They are known as varnished cloth, 
varnished cambric, empire cloth, varnished silk, impregnated cloth, 
varnished glass cloth, etc., depending upon the material and the process. 
Their dielectric strength is of the order of 1,000 volts per mil. Various 
types of fiber board, hard rubber, Bakehte, Micarta, laminated mica, 
asbestos, etc., are also used. 

Untreated cellulose materials break down at a temperature of 120® C. 
and should not be subjected to continuous temperatures in excess of 
90® C. When treated these materials and also enameled wire may be 
continuously subjected to temperatures not in excess of 105® C. 
Micarta, laminated mica, asbestos, and Bakelite will stand higher 

temperatures. 

68. Space Factor—Turn Density—^Resistance Density 

Space Factor. The space factor of a coil is defined as the ratio of the 
total cross section of copper in a coil to the gross cross-sectional area of 
the coil w’all,^ In general, a high space factor is desirable as the size of 
a coil to satisfy given requirements varies inversely as the space factor. 
The highest space factor is obtained w^hen the minimum amount of ware 
insulation is used; thus for a given wire size, enamel wire will have a 
higher space factor than a fabric insulation. Likewise, square wire will 
give a higher space factor than the corresponding round wire. How^cver, 
square wires are not practicable in sizes smaller than No. 10. Paper 
between layers reduces the space factor; embedding, which is always 
present with fabric-covered wires without pap(ir between layers, increases 
the space factor. 

Turn Density. The turns per square inch of actual winding space 
(space occupied by wire, wire insulation, interlayer paper, and voids 
between wires) is sometimes called the turn density. This factor greatly 
facilitates the computation of the total turns of a coil. Thus, the total 
turns are equal to the turn density multiplied by the net winding area of 
the coil. 

Resistance Density. The resistance per cubic inch of actual wind¬ 
ing (assuming all wires in space of 1 cu. in. to be laid end to end) is 
sometimes known as the resistance density of the winding. This factor 
greatly facilitates the computation of the total resistance of a coil. Thus, 

• This is only one of several ways of defining space factor. 
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the total resistance is equal to the resistance density multiplied by the 
net winding volume of the coil. 

69. Data for the Economical Manufacture of Low-Voltage, Paper- 
Section, Enamel Wire Coils 

General. This type of coil is generally used for the smaller pieces of 
electromagnetic apparatus such as magnets, audio-frequency trans¬ 
formers, small power transformers for use in radio equipment, choke 
coils, and electric clocks. The actual choice of a coil type for any par¬ 
ticular application naturally depends upon the judgment and individual 
preference of the designer. 

Core Tubes. Core tubes are generally built up of several layers of 
paper (usually Kraft) or a special paper board wound directly on the coil 
mandrel. Fiber tubes are not practical on account of cutting difficulties. 
The following table gives data for the thickness and construction of core 
tubes: 

Core Dimensions Tube Construction 

l^p to 
1 n 
2 
.5 u 
8 
3 tt 
4 

i “ 
1 “ 

^ in. square or round 
5 
'8 
3 
4 
1 
8 

1 

ll 
Rectangular 

2 wraps 0.020 in. special paper board 
G “ 0.005 “ Kraft paper 
7 “ 0.005 “ 
8 0.005 
9 “ 0.005 “ “ 

10 0.005 “ “ “ 
2 “ 0.024 “ special paper board 

For any particular application, where the coil will be subjected to 

abnormally high voltages to ground, special allowances should be made. 
Interlayer Material. Glassine paper is usually employed in paper- 

section coils between wire layers. Dielectric strength of glassine paper 

is about 300 volts per mil. 
Kraft papier is often used as the interlayer material on coils made of 

the heavier wires, usually below 22 A.w.g. Its dielectric strength is 

about 100 volts per mil. 
Turns per Inch Length of Winding. This in general is not equal to 

the reciprocal of the wire diameter in inches, for the following reason: As 
several coils are wound simultaneously on the same mandrel, as many 
different spools of wire must be used, which wires, though of the same 
nominal diameter, differ sUghtly in actual diameter, and if the lead were 

propierly set for one spxiol it would be incorrect for the others. It is 
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therefore necessary to spread the feed to take care of the largest possible 

variation in wire diameter. 

Paper Margin. The wire in the layers of a paper-section coil cannot 

be wound to the edge of the coil. There must be a paper margin/^ for 

support, beyond the actual winding. The necessary length of this 

margin varies principally with the wire size being used. It is also 
dependent on the shape of the coil cross section, and in some types of 
coil is dependent upon the thickness of the coil wall. 

The data of Table IV supplied by the General Cable Co. give good 
representative values for ''interlayer paper thickness/' "paper margins," 
and "turns per inch." See page 165. 

Coil Covers. Kraft papers in different colors (brown and black are 
most common), red rope pap)er, red rag paper, and the many shades and 
designs of bookbinder's cloth are all good materials for coil cover. Allow 
about 0.005 in. for a Kraft paper cover. 

Impregnating Materials. For wax-impregnated paper-section coils, 
compounds using a paraffin or ceresine base, with proportions of rosin or 
beeswax added at times, are common. Wax-impregnated coils cannot 
be used if the coil is to be subjected to heat. 

For varnish-impregnated paper-section coils a high-grade varnish 
which will not attack the enamel of the wire is used. Either air drying 
or baking varnish is suitable. This is ordinarily obtainable in two 
colors: black and clear. This type of treatment is recommended for 
coils which may be subjected to heat or which are electrically self-heated. 

Crushing the Paper Margin. It is sometimes the practice when 
space is at a premium to crush the paper margin of a coil, thus reducing 
the gross length. Some manufacturers condemn the practice as damag¬ 
ing the coil. The following table gives an approximate idea of the reduc¬ 
tion of paper margin obtainable by crushing: 

Paper marKin 
before crushing A A 1 A A 1 

4 A i 
Paper margin 

after crushing A A ih iV A A 1 
s A 

Allowance in Coil Thickness. When a coil is designed to fit into a 
restricted space such as the window of a lamination, its total computed 
wall thickness must be made less than the available window opening by 
a definite amount if the coil is to be manufactured economically. This 
allowance is necessitated by the variations in manufacture, bulging of 
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TABLE IV 

Intbruyir Paper, Paper Margins, Turns per Inch for Enameled-Wire 
Paper-Section Coils* 

Wire 
Size, 

A.w.g, 

Wire 
Diam¬ 
eter 
over 

Enamel, 
mils 

Inter¬ 
layer 
Paper 
Thick- 
ness, 
mils 

Minimum Paper Margins Maximum Turns per Inch 

Round 
Coils, 
inches 

Square 
or Rec¬ 
tangular 

Coils 
< 50% 

oflF 
Square, 
inches 

Rec¬ 
tangular 

Coils 
> 50% 

off 
Square, 
inches 

Round 
Coils, 
inches 

Square 
or Rec¬ 

tangular 
Coils 

< 50% 
off 

Square, 
inches 

Rec¬ 
tangular 

cSils 
> 50% 

off 
Square, 
inches 

44 2.4 0.7Gt A A A 388 383 379 
43 2.6 u it 355 351 347 

42 2.9 (( 316 312 308 
41 3.2 (( li it 278 274 271 
40 3 6 u A 254 251 248 

39 4.0 << i i (( 221 219 216 
38 4.6 l.OG i 198 195 193 
37 5 1 178 176 174 

36 5.7 a it 158 157 155 
35 6.3 11 tt 144 143 141 
34 7. 1 1 

u ft 130 128 127 

33 7.9 1 3G it it 114 113 112 
32 9.0 “ “ “ 

it 103 102 101 
31 9.9 1.5 G i 1 

A A 93 92 91 

30 11.2 i i a 82 81 80 
29 12.5 “ i i “ 

11 74 73 72 
28 13.8 “ a 66 65 64 

27 15.4 2.2 G “ “ 59 58 57 
26 17.1 “ it (< 53 52 52 
26 19.4 a << a < t 47 46 46 

24 21.6 3.5G it tt 42 42 41 
23 24.1 tt if 38 38 37 
22 27.1 tt it 34 34 33 

21 30.3 5.0Kt it tt 30 30 29 
20 33.8 a it tt 27 27 27 
19 37.9 7.OK << it tt 24 24 24 

18 42.3 (< (t A A 21 21 21 
17 47.3 tt tt tt 19 19 19 

* The paper margins given in this table are for single winding coils of low voltage. Where the 
voltage is quite high or where there are multiple windings such as occur in power transformers these 
paper margins must be increased, 

t Qlassine. 
X Kraft. 
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the sides of rectangular coils, bulging due to leads, etc. Experience 
indicates that for economical manufacture the ratio of the calculated 

coil wall thickness to the available coil space must be equal to or less than 
the values given in the table on page 166. 

Wire Size Factor Wire Size Factor Wire Size Factor 

40 0 75 34 0 78 28 0.81 
39 0 75 33 0 79 27 0.82 
38 0 76 32 0 79 26 0.82 
37 0 76 31 0 80 25 0.83 
36 0 77 30 0 80 24 0.84 
35 0 77 29 0 81 23 0.85 

Here again the judgment and experience of the designer are impor¬ 
tant. Coils that are decidedly rectangular should have a more liberal 
allowance than that shown in the table. If taps are brought out on one 
side of a square or rectangular coil the factor for that side is considerably 
reduced. Likewise, two-section coils such as those used in small trans¬ 
formers will have a lower factor. 

Specifications. In the production manufacture of paper-wound coils 
it is not possible to make rigid specification as to turns or resistance of a 
coil. The turns are usually held to about 3 per cent of the specified 

value, and the resistance will 
vary dr 5 per cent on the 
medium-sized wires to as much 
as d= 10 per cent on the finer 
wires. If it is desired to spec¬ 
ify the turns or resistance to 
closer values than these the 
cost will be increased. How¬ 
ever, both turns and resistance 
cannot be specified for one coil. 
Thus, if the turns are rigidly 
specified a large variation in 

Fia.9. Cro88 section of a paper-section coil resistance can be expected, 
showing coil symbols. with the finer wire sizes, and if 

the resistance is rigidly speci¬ 
fied a large variation in turns can be expected. This is due to the vari¬ 
ation in wire diameter normally allowed in drawing, and the reduction 
in wire diameter produced by the tension when winding a coil. This 
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latter effect can make a very appreciable difference in a fine wire 

coil. 

Space Factor. Figure 9 shows a paper-section coil cut through the 

coil wall to show the interlayer paper, paper margins, core tube, and 

coil cover. The following notation will be used when referring to coils: 

/i, over-all roil length, inches. 

t, over-all roil wall thickness, inches. 

Pm, length of paper margin, inches. 

tcf cover thickness, inches. 

itj tube thickness, inches. 
ip, interlayer paper thickness, inches. 

(i, Vjare wire diameter, mils. 

d'y insulated wire diameter, mils. 
p(‘rimeter of mean turn, inches. 

rii, turns per inch. 

n„ turns per square inch. 

Rif ohms per inch of wire. 

Rcf ohms per cubic inch of winding. 

Stpf net winding area, square inches. 
Vtof net winding volume, cubic inches. 

/m>, winding space factor. 

/, space factor of entire coil. 

Rf coil resistance, ohms. 
Nf total turns on coil. 

The winding space factor/u, (space factor exclusive of the paper mar¬ 
gins, core tube, and cover) for a paper-section coil is given by the 
formula: 

irdPrii 

4(d' + tp) 
(4) 

The space factor for the entire coil,/, is easily computed as follows: 

or 

fu,ih -2p^){l - tc - it) 

4ht ht 

(5) 

where the quantity in the first parenthesis represents the fraction of the 
total coil length occupied by the wire, and that in the second parenthesis 
represents the fraction of the total coil thickness occupied by the wire."* 

Table V gives the space factor /u,,® exclusive of paper margins, core 
tubes, and cover thickness, for enamel wire paper-section coils computed 
from the data of Table IV. 

* It is sometimes customary to serve a paper-section coil with a layer of tape if 
there is any possibility of mechanical abrasion. An extra allowance of in. all 
around the coil should be made for a layer of tape. 

* The values of winding space factor, turn density, and resistance density of 
Table V should be used for preliminary calculations only. All final calculations 
should be made by actually computing the number of layers and turns per layer of 
the coil. This is because a coil as actually wound must have a whole number of 
layers and turns per layer, whereas Table V assumes fractional layers and turns per 
layer possible. 
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Turn Density. The turn density ® will be equal to the turns per inch 
multiplied by the layers per inch, thus: 

or 

n. 
rij 

d' + tp 
turns per square inch 

n, = turns per square men 
ird 

(6) 

(7) 

Table V gives the turn densities for paper-section enamel wire coils 
computed by means of equation 7, using the values of /«, from Table V. 

Resistance Density. The resistance density® will be equal to the 
turn density multiplied by the resistance per inch of wire, thus 

Rc = n^Ri ohms per cubic inch (8) 

Table V gives the resistance density for paper-section enameled copper 
wire coils at 20° C. computed by means of equation 8, taking the values 
of n, from Table V and the values of /?»from Table II. 

60. Data for Form and Bobbin-Wound Coils 

Other Coil Tjrpes. When designing coils other than paper-section 
coils, the possibility of standardization becomes small owing to the 
latitude of choice of wire insulations, types of coil insulation, interlayer 
paper (if used), coil shape, etc., so that it is not feasible to give detaik'd 

information. 
Wire Insulation. In order to maintain a reasonably high space 

factor, the smaller sizes of wire should have correspondingly thinner 
insulation than the larger sizes. The following table gives in a very 
general way the kinds of insulation suitable for different wdre sizes: 

Wire Size A.w.g. 

Larger than No. 10 

No. 10 to 22, inclusive 

No. 23 to 28, inclusive 

Smaller than No. 28 

Insulation 

Double cotton 

Single cotton, or enamel and cotton 

Single silk, or enamel and silk 

Enamel 

The combination of enamel and cotton, or enamel and silk, is used for 
the higher voltages, say over 100 volts. Plain enamel wire may also 
be used in sizes larger than given above but should have paper between 

layers for voltages over 100 volts. Such enamel coils are usually not 
impregnated as are those with silk or cotton insulation. 

Coil Insulation. In the bobbin-wound coil it is necessary, if a 
metal bobbin is used or if the coil is wound directly on a part of the 
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TABLE V 

Winding Space Factors /», Turn Dbnsitibs n„ and Resistance Densities Re* at 
20® C., roR Paper-Section Enameled Copper Wire Coils, Based on the Winding 

Data or Table IV 

Wire 
Size, 

Round (’oils 
Square or Rectangular Coils 

< 50% off Square 
Rectangular Coils 
> 50% off Square 

A.w.g. 
fw n. Rc w. Rc fw rit Rc 

44 .406 129,200 28.700 .401 127,500 28,380 .398 126,600 28,170 
43 .422 110,900 19,600 .417 109,600 19,350 .412 108,250 19,120 

42 .444 90,400 12,660 .437 89,000 12,460 .432 88,000 12,320 
41 .450 73,100 8,120 .444 72,080 8,014 .440 71,420 7,940 
40 .456 58,700 5,134 .452 58,200 5,084 445 57,300 5,008 

’39 .462 47,200 3,270 .457 46,690 3,235 452 46,180 3.200 
38 .460 37,100 2,040 .454 36,600 2,012 .450 36,300 1,995 
37 .472 30,260 1,320 .467 29,930 J.305 462 29,610 1,290 

36 .477 24,330 841 475 24,240 838 .468 23,880 825 
35 .493 19,880 545 .490 19,760 542 .483 19,480 534 
34 .512 16,410 357 .505 16,180 352 .501 16,050 349 

33 .502 12.740 220 .497 12,610 217.5 .493 12,510 216 
32 .518 10,450 143 .513 10,350 141.5 .508 10,250 140 
31 .516 8,240 89 3 .511 8,160 88.4 .506 8,080 87.6 

30 .523 6,630 57.0 .518 6,564 56.5 .511 6,478 55.7 
29 .542 5,450 37.2 .535 5,378 36.7 .527 5,300 36.1 
28 .552 4,380 23.7 .541 4,294 23.2 .532 4,220 22.8 

27 .536 3.392 14 6 527 3,336 14.3 .518 3,279 14.1 
26 .548 2,740 9.32 .538 2,690 9.14 .538 2,690 9.14 
25 .555 2,202 5.94 545 2,162 5.83 545 2,162 5.83 

24 .537 1,694 3.62 537 1,694 3.62 523 1,650 3.53 
23 .557 1,392 2 36 .557 1,392 2.36 .542 1,355 2.30 
22 .565 1,118 1.505 .565 1,118 1.505 .549 1,087 1.462 

21 .548 862 0.919 .548 862 0.919 530 833 0.888 
20 .564 703 0.595 .564 703 0.595 .564 703 0.595 
19 .546 541 0 363 .546 541 0.363 .546 541 0.363 

18 .549 429 0 228 549 429 0.228 .549 429 0.228 
17 566 352 0.148 .566 352 0.148 .566 352 0.148 

magnetic circuit, to provide insulation between the bobbin tube and 
the coil, consisting of two or more layers of oiled linen or mica, depend¬ 
ing upon the voltage (5 to 10 mils each). The insulation outside the 
coil should consist of a layer of oiled linen or mica and a protecting layer 
of tape (16 mils). The insulation between the coil ends and the bobbin 
flanges diould consist of three or more thicknesses of oiled linen or mica, 
and (usually) a press-board washer (about ^ in.) to take up the wear 
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in winding. If it is desired to bring the inside coil lead to the outside 
along the inside of the bobbin flange an allowance must be made for 
the thickness of an insulated lead. 

Form-wound coils after being wound are always served with one or 
more layers of protective coating. It is quite customary to impregnate 
such a coil, or dip it in varnish and bake it before applying the outer 
protective coating. After application of the outer coating which may 
consist of oiled linen, cotton tape, or friction tape it is customary to 
dip the coil in varnish and bake it. 

Space Factor. It is best to compute the space factor of bobbin- 
and form-wound coils from the given over-all dimensions, allowances 
listed under coil insulation, and computed number of layers and turns 
per layer, making due allowance for clearances that must be provided 
around the bobbin or coil when it is to be ironclad. When computing 
the number of layers that can be wound in a given net winding depth 
the possibility of embedding should be taken into account; from 5 to 

10 per cent (depending on the thickness of the insulation relative to the 
wire diameter) more layers may be wound in a given space due to com¬ 
pression of the insulation and the natural tendency of the wires of a 
layer to fall into the grooves between the wires of a lower layer. Like¬ 
wise, when computing the number of turns per layer a deduction of 5 to 
10 per cent in the computed turns per layer must be made to allow for 
the fact that the wires will not lie exactly close to each other as assumed; 
a further deduction of one turn per layer must be made to allow for the 
space lost at the ends of a layer. 

Table VI* gives space factors which are averages taken from the 
data of a number of manufacturers. * These space factors are for solid 
windings, assuming no embedding and no paper between layers. The 
values of turn density and resistance density are calculated from the 

tabulated values of space factor. 

61. Coil Calculations (Not Considering Temperature Rise) 

Most coil calculations, when heating is neglected, are relatively 
simple. In the following paragraphs formulas are developed for all 
the more important coil characteristics. The formulas which are based 
upon the previously tabulated values of space factor, turn density, and 
resistance density are necessarily approximate because such formulas 
assume the winding space to be completely filled with wire. It is obvi- 

• These data are taken from “Coils and Magnet Wire“ by C. R. Underhill, 
McGraw-Hill Book Co. 
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ous that this would almost always necessitate a fractional number of 
layers and turns per layer, which is impossible. Formulas of this type 
should be used for preliminary calculations. For more accurate results 
the formulas based upon the actual number of turns (computed from 
number of layers and turns per layer) and the mean length of turn 
should be used. 

It should be remembered that all the coil data given in the tables 

are for 20° C.; if any other temperature is to be considered a suitable 
correction factor can be determined from Table III. 

Turns. If the net winding cross section Su> of a coil is known the 
turns of a coil can be computed approximately by multiplying this cross 
section by the turn density n„ thus: 

N = StpUg (9) 

The more accurate way of determining the turns is to compute the 
actual number of layers and turns per layer. 

Coil Resistance. A simple way of computing this approximately is 

to multiply the net winding volume of the coil (exclusive of all 
allowances for insulation, mechanical clearance, bobbins, etc.) by the 

resistance density Rcy thus: 
R = VwRc ohms (10) 

or, expressing V^, in terms of the net winding cross section Sw and the 
perimeter of the mean turn we can write: ' 

R = PmSwRcohms (11) 

For more accurate results the resistance should be determined from the 
following formulas: 

R = PfnNRi ohms (12) 

where N is the actual number of turns on the coil and ft* is the resistance 
of the wire per inch of length, or: 

R 
^pPmN 

irdP 
ohms (13) 

where p is the resistivity of the conductor material in microhm-inches 
and d is the bare wire diameter in mils: 

Ampere-Tums. The ampere-turns of a coil are computed by simply 
multiplying the coil current by the turns, thus: 

NI 
E 

N — ampere-turns 
R 

(14) 
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By substituting equation 12 into 14, we get the following formula: 

NI 
E 

PmRi 
ampere-turns (15) 

This equation shows that for a given wire size and fixed length of mean 
turn the ampere-turns of a coil are constant, regardless of the length of 
winding or number of turns. 

The ampere-turns of a coil may also be expressed in terms of the 
wire diameter by substituting equation 13 into 14, thus: 

Trd^E 
NI — — _■■■ ampere-turns (16) 

^pPm 

Coil Voltage. Formulas for coil voltage necessary to develop a 
given number of ampere-turns may be obtained by solving equations 
14, 15, and 16. 

Wire Diameter. It is often necessary to compute the diameter of 
the wire with which a coil of given dimeiLsions must be wound in order 
to have a certain resistance. This may be done approximately as 
follows: 

The wire diameter and number of turns are related to the net winding 
cross section thus 

— = fwSw 
4 

This equation can be solved for N and the result substituted into equa¬ 
tion 13, giving 

^ pPmStofw l^pPml^wfw 

4 * 4 

Solving for d and simplifying, this equation can be written: 

d - 35.65 (17) 
^ R 

where d is in mils and p in microhm-inches. 
In using this equation it is necessary to estimate the winding space 

factor As f^, does not change rapidly as d changes, a suitable value 
can be obtained from Tables V or VI; if the value ofassumed does not 
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correspond closely enough to the value of d computed a new choice for 
may be made and the value d recomputed. The final choice of wire 

size should be checked by computing the resistance by formula 12. 
The wire size may also be found, if NI is given and Pm is known, by 

solving equation 15 for R, and looking up the neare.st corresponding wire 
size in Table II, thus: 

R. = E 

PmNI 
(17a) 

62. Coil Problems 

Problem 1. A round coil which is to slip over a 1-in. round rod has 
an outside diameter of 2^ in. and a length of 3 in. If the winding is to 

be of the paper-section type, compute the number of turns of No. 28 wire 
which can be wound into the space available. 

Solution. The paper margin for No. 28 wire is, from Table IV, J in.; 
hence, the net winding length will be 3 — 2 X | = 2f in. Referring 
to the data for core tubes on page 163 it will be seen that 0.045 in. must 
be allowed for the core tube, and from page 164 that the allowance for 
the cover will be 0.005 in.; hence, the net winding depth of the coil will 

be: 
2- — 1 
-- 0.045 - 0.005 = 0.700 in. 

The net winding space will, therefore, be 2| X 0.70 = 1.93 sq. in. From 
Table V the turn density for No. 28 enamel wire when wound in a round 
paper-section coil is 4,380. By means of equation 9 the turns may now 
be computed: 

N = = 1.93 X 4,380 = 8,450 turns 

Check: the turns per layer will be {h — 2prn) X n* = 2f X 66 = 181. 
(n* is found by reference to Table IV.) The number of layers will be 
equal to: 

t- tt-tc ^ 0.70 X 10^ ^ 4*: 7 

d' + tp 13.8 + 1.5 ” 

which we can call 46. Therefore, 

AT = 46 X 181 = 8,320 turns 

Problem 2, Compute the space factor of the coil of Problem 1. 
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Solution. Using equation 5 (see Table V for/„): 

/ = /«. 

= 0.552 X 0.9167 X 0.9334 = 0.472 

0.005 + 0.045 
3 
4 ) 

Check: Using the definition of space factor on page 162, we have: 

icd^N _ T X 12.6^ X 10~° X 8,320 

m ~ 4 X 3 X 0.75 
0.461 

Problem S. Compute the resistance of the coil of Problem 1 at 20° C. 

Solution. The perimeter of the mean turn on this coil is: 

P„ = 7r(1.0 + 2 X 0.045 + 0.70) = 5.61 m. 

and the resistance by equation 11 will be 

R = PmSwRc = 5.61 X 1.93 X 23.7 = 256 ohms 

where Rc is read from Table V. If equation 12 is used the resistance will 

be: 
R = P„NRi = 5.61 X 8,320 X 5.41 X 10“® = 252 ohms 

where Ri is read from Table II. 

Problem 4- Determine the ampere-turns of the coil of Problem 1 if it 
is supplied from a 50-volt supply. 

Solution. Using equation 15, the ampere-turns will be 

E _ 50 

P„Ri ~ 5.61 X 5.41 X 10-3 
1,650 

If equation 14 is used the answer will be: 

E 50 
NI = N- = 8,320 X — = 1,650 

ii ZoZ 

Problem 5. A paper-section coil is to have a diameter of f in. inside 
of the core tube, an outside diameter of 2 in., and a length of 2 in. With 
what size of wire should it be wound if it is to develop 1,000 ampere- 
turns at 20® C. when supplied from a 12-volt source? 
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SollUion, The winding depth will be 

(2- I) 

2 
- 0.045 - 0.005 = 0.513 in. 

And the perimeter of the mean turn will be 

ir(| + 2 X 0.045 + 0.513) = 4.64 in. 

Using equation 17a the resistance ft, per inch of wire may be deter¬ 
mined, thus: 

ft. = E 

P^NI 

_^_ 

4.64 X 1,000 
= 2.59 X 10 ® ohm per inch 

Referring to Table 11 it will be seen that the nearest wire size is No. 25, 
which has a resistance of 2.698 X 10~® ohm per inch. 

Check: The number of turns per layer will be (h — 2pm)ni = if X 47 

= 82. The number of layers will be: 

_ 0.513 X 10" _ 

d' + ip 19.4 -f- 2.2 

which we can call 24. The turns will therefore be 82 X 24 = 1,970, 
and the coil resistance will be (equation 12): 

R = PmNRi = 4.64 X 1,970 X 2.698 X 10“^ = 24.6 ohms 

Therefore NI hy equation 14 will be: 

E 12 
NI = N — = 1,970 X = 962 ampere-turns 

R 94 n 

This value is lower than the required 1,000 because No. 25 wire 
has slightly more resistance per inch than was desired. The next larger 
size of wire will produce considerably more than 1,000 ampere-turns. 

When a desired wire size is between two gauge numbers the coil is 
sometimes w'ound with both sizes of wire, the length of each being chosen 
so as to get the desired resistance. This is usually done only when the 
larger sizes of wire are being used, where an error of one-half a gauge 
number will materially change the resistance. 

Problem 6. Determine the wire size for a coil having the dimensions 
of that of Problem 5 if it is to have a resistance of 100 ohms at 20® C. 

Solution. The coil of Problem 5 is wound with No. 25 wire and has 
24.6 ohms resistance. If the resistance is to be changed to 100 ohms the 
resistance density must be four times as great; hence, by reference to 



Art. 62] COIL PROBLEMS 177 

Table V, No. 28 wire would be chosen because Rc for No. 28 is 23.7 while 
Rc for No. 25 is 5.94. This result can be determined approximately 
without reference to the tables because it is known that for an increase 
of three gauge numbers the cross section of a wire is reduced to one-half 
and hence the resistance density is quadrupled. 

However, if no previous knowledge of this particular coil was avail¬ 
able, the solution could not be made in this manner. The solution 
could then be worked out by means of equation 17: 

d - 35.65 
~ R 

where would have to be estimated. By reference to Table V, a 
probable value of can be selected. Let us assume that we have 
picked the value 0.516 corresponding to No. 31 wire, then 

J . 35.65 WO «768.Xiy_)O^X 0.513X0.516 _ 
lUU 

« 35.65 X 0.348 = 12.4 milg 

By reference to Table I it will be seen that this corresponds almost 
exactly to No. 28 bare wire, despite the fact that estimated space factor 
does not correspond to that for No. 28 wire. 

Check: Assume No, 28 enamel wire. The turns per layer will equal 

{h — 2j)rn)ni = if X 66 « 115 

The number of layers will be equal to: 

i - it - tc 0.513 X 10^ 

d' + tp ^ 13.8 + 1.5 
33.6, say 36 

Therefore N will equal 115 X 36 = 4,140 turns. The resistance by 
equation 12 will be: 

R = PmNRi = 4.64 X 4,140 X 5.41 X lO^® = 104 ohms 



CHAPTER VII 

HEATING OF MAGNET COILS 

63. Temperatxire Rise of a Magnet Coil under Ideal Conditions 

The entire energy input to a magnet coil, as soon as the motion of 
the armature has ceased, is dissipated as heat. Thermally the magnet 
coil has two properties: the ability to store energy due to an increase in 
temperature, and the ability to lose its stored heat energy from its 
external surfaces due to a temperature difference between these surfaces 
and the surrounding air. These two properties are known as the thermal 
capacity and heat-dissipation capacity, respectively, and will be 
designated by C and K. 

If Q equals the difference between the average coil temperature and 
the surrounding air, the instantaneous rate at which heat energy is 
absorbed by the thermal capacity of the coU will be C{dd/dt), and the 

instantaneous rate at which heat energy is dissipated from the coil sur¬ 
faces will be Kd. Starting with the coil at room temperature and 
applying a constant power of P watts we have the following: at the 
instant the power is first applied 6 will be zero and the total power input 
will be absorbed by the thermal capacity causing the coil temperature 
to rise at a rate equal to P/C degrees Centigrade per second; after the 
power has been applied for a long time the coil will have attained a 

constant temperature, making dd/dt equal to zero, and the total power 
input will be accounted for by the heat-dissipation capacity, making 6 
equal to P/K degrees Centigrade. Therefore, any time between these 
two limits the instantaneous temperature difference will be given by the 
following equation: 

de 
P^C-^^ + KS (1) 

where C(dd/dt) is the part of the total power P watts absorbed by the 

thermal capacity, and KB is the part dissipated by the coil. 
Rearranging, we have 

P - KB _ C 

dB dt 
178 
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or 
KdS 

P - Ke 
Kdt 

C 

Integrating both sides, we obtain 

— \ogt (P — KB) = -~t + Ci,Si constant of integration 

When f = 0, 0 = 0, and 

Substituting, we get 
- log, P = Cl 

-log. {P - Kd) + log, 

or 
, P - Ke K 
- 

Taking the antilogarithm of both sides, we have 

K ^ 

or 

and 

P - KB = Pe c 

+ Ke = p{i - r^‘) 

. = |(i-rf') (2) 

When t = ^ ^ will be zero and the final temperature rise will be 
P/Kj which checks with the result previously deduced. Likewise, if 
equation 2 is differentiated, we 
obtain 

7^ K 

'' (3) 
do P -?■ 
- = + - . c- 
dt C 

which on substitutmg t = 0 gives 

dB/dt = P/Cj which also checks with j Temperature rise-time curve of 

the previous deduction. Equation a coil under ideal conditions. 

2 is shown plotted below in Fig. 1, 
It is a simple exponential curve which approaches its final value P/K 
as an asymptote. The initial slope of the curve is P/C degrees Centi¬ 
grade per second. If the temperature were to continue to change at its 
initial rate the final temperature rise B/ would be reached in a time equal 
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to iP/K)/{P/C) = C/K seconds. Actually in this time interval the 

temperature rise will be, by equation 2, 

Or, in words, in a time equal to C/K seconds the temperature rise will 

be 63 per cent of its final value. The value C/K may be called the 
thermal time constant of the magnet coil system. 

The cooling equation for the magnet coil system may be obtained 
from equation 1 by making P equal to zero and noting that, when i = 

0, ^ = Bf] thus: 
dS 

0==C- +KB 
at 

or 
K ^ dB 
-dt = — 

C B 

Integrating both sides, we obtain 

— — i = log« B + Ciy 2l constant of integration 
C 

When t — 0, B - Bf] therefore 

Cl = - log^ Bf 

and 

(cooling curve) for a magnet coil under 

ideal conditions. where Bf is the cdil temperature at 

the instant the cooling starts, and 
C/K will be the time required for the coil system to cool to 37 per cent of 
its original temperature rise B/. Equation 4 is shown plotted in Fig. 2. 

If we take the logarithm of both sides of equation 4 we will obtain 
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If this equation is plotted on semi-logarithmic paper it will be a 
straight line, having a negative slope of K/C and an intercept on the 
axes of ordinates of Equation 2 may also be plotted on semi-loga- 
rithmic paper if it is first subtracted from its asymptote = F/K, 
Figure 3 shows equation 5 

Practically, plotting on 
semi-logarithmic paper is 
advantageous, when analyz¬ 
ing this type of experimen¬ 
tal data, to determine how 
closely the data follow the 
exponential law and also the 
best mean value of the ex¬ 
ponent which can be used 
to represent the curve an¬ 
alytically. 

The foregoing discussion 
is confined specifically to 
cases where the coil may be considered as an isothermal body with a 
constant heat capacity and constant heat-dissipation capacity. Actually 
this condition never obtains; even though the heat is uniformly evolved 
throughout the coil structure it is necessary to have a temperature 
gradient in the coil in order that the heat released on the inside may 

flow to the outside and be dissipated by the 
external coil surfaces. The consequence of 
this is that actual heating curves of a magnet 
coil deviate more or less from the exponential 
curve based on the premises of constant power 
input and on an isothermal coil body. 

64. Deviation of Actual Magnet Heating and 
Cooling Curves from the Ideal 

Before the results of the previous article 
can be applied to actual temperature-rise prob¬ 
lems we must investigate how closely actual 

temperature-rise curves of magnets follow the simple exponential law. 
In order to do this, temperature-rise data at constant power input on 
several magnets were taken. The temperature rise of the coil was always 
taken as the difference between the average coil temperature determined 
by the resistance of the coil and the temperature of the surrounding air. 
1 he circuit used in making these measurements is shown in Fig. 4. This 

S't'd. Resist. 

I-IiIiIiUH—I 

Fig. 4. Circuit for contin¬ 

uously measuring the tem- 

perture of a coil winding. 

plotted on semi-logarithmic paper. 

Time —Sec. 

Fig. 3. Cooling curve of Fig. 2 plotted on semi- 

logarithmic paper (equation 6) for a particular 

magnet coil. 
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is a simple Wheatstone bridge so arranged that it can be operated at 
about unity ratio with an impressed voltage sufficiently high that the 
magnet coil will receive the requisite power input. The wattmeter W 

is arranged to read the powder input to the coil, which is held constant by 
the input potentiometer. During a temperature run the bridge is main¬ 
tained continuously balanced by adjusting the rheostat arm, thereby 
enabling the resistance of the magnet coil arm to be read at predeter¬ 
mined time intervals. The magnet coil resistance is obtained by cor¬ 
recting the measured resistance of the magnet coil arm for the resistance 
of the wattmeter voltage and current coils. The resistance of the magnet 
coil at some known temperature can be determined by a bridge meas¬ 
urement after the coil is allowed to remain in a constant-temperature 
room for several hours with no power applied. The temperature rise of 
the coil may then be determined by making the proper reference to 
Table III, Chapter VI. 

Some of the data of these experiments are shown plotted on semi- 
logarithmic paper in Fig. 5. The curves of Fig. 5a are plotted for 
various constant power inputs to the paper-section coil for the magnet of 
Fig. la, Chapter III, the coil being suspended in the vertical position in 
still air. A picture of this coil is shown in Fig. 26, Chapter VI. If the 
final values of average coil temperature rise 0/ are plotted against the 
pow er input as is done in Fig. 6, curve 1, it will be seen that the relation¬ 
ship between these two variables is not linear and hence K equal to P/df 
is a function of the final temperature rise, increasing as the final tempera¬ 
ture rise increases. This is the natural thing to expect as the heat is 
dissipated from the coil surfaces by convection currents of air and by 
radiation. The ability of a surface to lose heat by natural convecting 
currents increases as the temperature rise increases and the ability to 
radiate also increases with the temperature; hence the heat dissipated 
by the coil per unit rise in temperature will increase as the coil tempera¬ 
ture increases. This explains why the value of K should increase as the 
temperature increases. 

The curves of Fig. 5c are for the same coil as those of Fig. 5a except 
that the coil is now encased by the iron magnet shell and plunger as 
illustrated in Fig. la. Chapter III. It will be seen that for the same 
power inputs the final temperature rise is the same and hence the 
values of K are the same. Apparently, because the coil has a small 
amount of clearance between itself and the surrounding iron, the air film 
so introduced makes the coil act, as far as heat dissipation is concerned, 
the same as if it were in open air. It will also be noticed that at the start 
of the heating period the curves have the same slope as those of Fig. 5a. 
This indicates that the effective thermal capacity is that of the coil only. 
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Fig. 5. Temperature-rise-time curves for various magnet coils plotted on semi- 
logarithmic paper by subtracting the actual temperature rise from the final tempera¬ 

ture rise, {Of-0) — 

(a) Paper-section coil of magnet of Fig. la, Chapter III, only (see Fig. 2b, Chapter 
VI) cylindrical coil surface = 49.5 sq. in. 

(b) Ironclad magnet of Fig. la, Chapter III. Coil in good thermal contact with 
iron (high conductivity pottery compound between coil and iron). 

(c) Ironclad magnet of Fig. la, Chapter 111. Coil in poor thermal contact with 
iron (air film between). 

(d) Horseshoe magnet of Problem 4, Chapter Coils in poor thermiil contact 
with iron. 2 coils: j" I.D.-2J" O.D.-2 H" long, total cylindrical coil surface = 
62 sq. in. 

1S3 
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As the heating progresses the slope of the curves becomes less, indicating 
that the thermal capacity of the surrounding iron is becoming effective. 
The curves of Fig. 55 give the same data for the same magnet coil and 
surrounding iron shell as that of Fig. 5c, except that the air space between 
the coil and the surrounding shell has been filled by a high-conductivity 
potting compound. It will be observed that these curves exhibit the 
same characteristics as those of Fig. 5c but show lower final temperature 
rises for the same power inputs. 

The curves in Fig. 5d show heating data on a horseshoe type of 
magnet where the paper-section coils are a loose fit on the steel pole 
core. It will be noticed that curve 16, for the coils only, shows about 
the same final temperature rise for the same power input as does curve 14 
for the entire magnet, indicating that the heat-dissipation coefficient is 
only slightly affected by the iron. 

Summing up: (1) when considering the heating of a magnet coil 
only, one may safely assume that the heating follows the simple expo¬ 
nential law of equation 2, and the heat-dissipation constant used in this 
equation is a function of the final temperature rise; (2) when the magnet 
coil is surrounded by an iron shell or otherwise in contact with iron parts 
the final temp)erature rise will be the same as if the coil is in the open air 
provided that the coil is in poor thermal contact with the iron parts, as 
occurs when a paper-section coil is loosely fitted around a pole core or 
within a shell; (3) when the magnet coil is surrounded by iron parts and 
Is in good thermal contact with these parts, as occurs when a paper- 
section coil is potted or when a coil is wound on a brass bobbin which is a 
tight fit over iron parts, the ability to dissipate heat will be greater than 
in (2) above; (4) when a magnet coil is surrounded by iron parts the 
effective thermal capacity will be variable, starting at a value equal to 
the thermal capacity of the coil only and gradually increasing as the 
iron parts become warmed.' 

66. Heat-Dissipation Coefficients 

In Fig. 6 is plotted from the data of Fig. 5 the final temperature 
rise 6/ as a function of the power input. These curves are drawn to 
show that Of is not a linear function of the power input. When calcu¬ 
lating the heat-dissipating ability of a coil it is convenient to use a 

^ A way of handling this effect with fair accuracy would be to consider the coil 

itself as an isothermal body which loses its heat to another isothermal body (the iron 

parts) through the medium of a heat conductor between the two bodies (the air film 

or compound between the coil and shell). The difficulty of this scheme is that the 

heat conductance of the air film or compound will be somewhat indeterminate owing 

to the inaccuracy of estimating the clearance between the coil and shell. 
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factor called the heat-dissipation co¬ 
efficient, or the watts which can be 
dissipated per square inch of effective 
coil surface per degree Centigrade 
temperature difference between the 
average coil temperature and the 
surrounding air. This coefficient, as 
can be seen from Fig. 6, is a func¬ 
tion of the final temperature rise or 
the power input to the coil. In 
Fig. 7a this coefficient for varnish- 
impregnated, black-finish, enamel- 
wire, paper-section coils of normal 
proportions is shown plotted as a 
function of tlu' power input per unit 
of effective heat-dissipating surface, 

Power Input—Watts 

Fig. 6. Final coil temperature-rise 

data of Fig. .5 plotted as a function of 

the j)ower input. 

Fios. 7a and b. Heat dissipation c<K*fficienl for varnish-impregnated, black-fini.sh, 

enamel-wire, paper-section coils plotted as a function of: (a) the power input per 

•quare inch of eflFective coil radiating surface; (b) the average t<?mperatiire rise. 
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while in Fig. 76 the same coeflBicient is plotted as a function of the final 
temperature rise. In general one of these two quantities will be specified 
in a practical problem and hence a proper value of k may be chosen. 
When computing the effective dissipating surface of a paper-section 
coil, only the cylindrical surface areas should be reckoned as the end 
surfaces are ineffective due to thermal insulating properties of the paper 
margin. For coils wound on brass bobbins the upper curves of Fig. 7a 
and 6 will be found to hold quite well, provided that the coils are impreg¬ 
nated with varnish and the bobbin is in good thermal contact with the 
iron parts. Under these conditions the entire coil surface should be 

considered effective. 

66. Final Temperature Rise of a Coil in Terms of the Magnetomotive 
Force and Dimensions of the Coil 

When designing an electromagnet it is very convenient if the final 
temperature rise can be specified in terms of the coil magnetomotive 
force and dimensions. Using the notation of page 167, we have 

or 

p = = SjK = 2efkhPm 

PR 
2khP„ (6) 

where 2hPm is the total cylindrical coil surface. By equation 13, 
Chapter VI, R may be expressed as follows: 

R = 
4pPn^iV 

Tr(P 

The bare wire diameter d may be expressed in terms of the gross coil 
length h and over-all coil wall thickness t as follows: 

where / is space factor of the entire coil, 
above equation, we have 

„ _ pPmN^ 
hlf 

Substituting this into the 

(7) 

Substituting this value for R into equation 6 we get for the final tem¬ 
perature rise of the coil 

e/ 
p 

2kft (")■ degrees Centigrade (8) 
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In this equation Nl/h is the magnetic intensity of the coil winding, 
p is the resistivity of the conductor material in ohm-inches at the 
final coil temperature, k is the hoat-dissipation coefficient at the final coil 
temperature, and t is the gross coil thickness. If the coil Ls excited for 
only a fraction of the time equal to 7, eriuation 8 will be modified to the 
following form: 

Equation 9 can be used only if the period of heating is small (not greater 
than about one-quarter) compared to the thermal time constant. Thus a 
magnet having a thermal time constant of 1 hour cannot be considered 
as having an intermittent excitation if it hiis a continuous cycle of 2 hours 
on and 6 hours off. 

67. Thermal Capacity 

The thermal capacity of a magnet coil can be easily computed from 
the data of Table I. As an example consider the coil on which the data 
of Fig. 5a were taken. This coil weighs 3.33 lb. If we consider the 
entire weight to be made up of copper,^ the thermal capacity will be 
3.33 X 180 = 600 joules per degree Centigrade rise. This computed 
thermal capacity can be checked by the data of Fig. 5a. Thus the slope 
of curve 1 is equal to log< 10.8/(66.5 X 60) = 0.00060. This slope, 
however, is equal to K/C. The heat-dissipation coefficient k for this 
coil for the final temperature rise of 108° as shown on curve 1 will be 
found, by referring to the data of Fig. 76, to be 0.0075 w^att per square 
inch per degree Centigrade temperature difference. Multiplying this by 
the cylindrical coil area of 49.5 sq. in., K will equal 0.371 watt per degree 
Centigrade temperature difference. The thermal capacity C will there¬ 
fore be 0.371 0.0006 = 620 joules per degree Centigrade rise. Col¬ 
umn (2) of Table II gives values of C computed as above for the various 
curves of Fig. 5a. It will be noted that the values of C computed are 
substantially constant even though the slopes of the various curves are 
different. This is because the value of K varies as the temperature rise 
changes. The average of the four values of C listed in column (2) is 

603, w hich is very close to the computed value of 600. 
The effective thermal capacity of a magnet coil and the surrounding 

iron shell on the basis of using equation 2, however, is more difficult to 

* For relatively large coils very little error is introduced by considering the entire 

coil weight to consist of copper, as the weight of the paper and other insulation is 

relatively small; for small coils, however, the thermal capacity of the paper and 

insulation should be calculated separately. 
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estimate. If an ironclad magnet is designed with heating as a limitation 
the effective thermal capacity of the iron will depend on whether the 
operation of the magnet is intermittent or continuous. If the magnet 
operation is intermittent the rate of heating will be high and there will be 
insufficient time for the thermal capacity of the iron parts to become as 
effective as if the heating were continuous. Thus referring to Fig. 5, it 

will be seen that for the first 10 minutes of heating the slopes of curves 
9 and 5 are practically the same as the slope of curve 1. As the heating 

TABLE I 

Material 

Thermal 

Capacity, 

joules per 

lb. per 

deg. Cent. 

Density, 

11). per 

cu.in. 

Material 

Thermal 

Capacity, 

joulea per 

lb. per 

deg. Cent. 

Density, 

lb. per 

cu.in. 

Aluminum 433 0 093 Paper and cotton 

insulation 

700 0 035 

Copper 180 0 32 
! 

Impregnating com¬ 

pound 

1000 ' 0 035 

Steel 225 0 28 Paraffin 1125 0.029 

Brass 200 0 307 Phenolic material 0.0491 

progresses, however, the thermal capacity of the iron becomes effective. 
This can be seen by noting that the curves of Figs. 56 and 5c become 
.straight at about t =* 20 minutes, the slopes of the straight part being 
much less than that of curves of Fig. 5a, Using curve 5 between the 
time of 20 and 70 minutes the effective thermal capacity will be found to 
be 1,470 joules per degree Centigrade rise. Actually the iron of this 
magnet weighs 7.5 lb., which corresponds to a thermal capacity of 7.5 X 
225 = 1,690 joules per degree Centigrade rise. Subtracting from 1,470 
the thermal capacity of the coil * 550, we will obtain 920 joules per degree 
Centigrade rise as the effective thermal capacity of the iron. Thus the 
iron is (920 -4- 1,690) X 100 « 55 per cent effective. The reason that the 
iron is not 100 per cent effective is that its average temperature is con¬ 
siderably less than that of the coil and the thermal capacities here 
computed are based on the coil temperature. This difference in tem¬ 
perature is necessary in order that the heat will flow from the coil 
through the space between the coil and the iron shell to the shell. As 

* The coil actually used in the magnet is slightly smaller than that of Fig. 5a. 
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the heat conductivity of the space between the coil wall and the shell is 
decreased the effective thermal capacity of the iron will decrease. Thus, 
if we use the data of curve 9, Fig. 5c, for the case where the coil is in poor 
thermal contact with the iron, the thermal capacity for the coil and iron 
will be found to be 1,320 between i = 20 and 70 minutes, making the 
effective thermal capacity of the iron 1,320 — 550 = 770, and the 
effectiveness of the iron 770 -j- 1,690 = 46 per cent. In Table II, 

columns (3), (4), and (5), are listed the effective thermal capacities of 
the entire magnet and the iron of the magnet computed as above for the 
various curves of Figs. 5b and c. It will be noted that, when the coil is 
in good thermal contact with the iron parts, these parts are about 55 
per cent effective, while if the coil is in poor thermal contact with the 
iron parts they are onl> about 45 per cent effective. These results are 
for the particular case" where the iron completely surrounds the coil. 
It appears, however, that even in the horseshoe magnet, where the coil 
is not completely surrounded by the iron, the iron has about the same 
effectiveness. 

The effective thermal capacity of the iron just discussed is not 
immediately effective, as was pointed out before. A study of Figs. 
56 and c shows that after a time equal to about one-third of the thermal 
time constant (20 minutes) it becomes effective. However, the degree 
of its effectiveness during the elapse of this interval is more difficult to 
determine. In Figs. 56 and c the iron is about 25 per cent effective (about 
one-half of its final effectiveness) during this time interval, while in 
Fig. 5d the iron is practically immediately effective at its final value. 
This difference in the effectiveness of the iron during the initial time 
interval is apparently dependent on the ratio of total iron thermal 
capacity to the total area of the coil dissipating surfaces. Thus for 
Figs. 56 and c there is 34 joules per degree Centigrade thermal capacity 
per square inch of coil surface, while for Fig. 5d there is only 8.75. 

Resume. When the thermal contact between the coil and iron is 

good the thermal capacity of iron may be taken as 55 per cent effective 
after a time of about one-third of the thermal time constant. If the 
thermal contact is poor it should be taken as 45 per cent effective. 
During the first part of the heating cycle for a duration of about one- 
third the thermal time constant the thermal capacity of iron may be 
taken at one-half its final effective value if the total thermal capacity 
of the iron per unit of coil he at-dissipating surface is about 30 joules 
pi‘r degree Centigrade per square inch; if it is as low as 8 joules per 
degree Centigrade per square inch, the iron thermal capacity may be 
taken equal to its final effective value. For other values of this constant, 

proportional values of iron effectiveness can be chosen. 
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TABLE II 

Thermal Capacity of Magnet of Fig. la, Chapter III 

(1) 
Power In¬ 

put, watts 

(■-’) 

Coil only 

(3) 
Coil and Sur¬ 

rounding Iron 

(4) 

Iron (Effective) 
Per cent 

nes.s 

(5) 
Effect ive- 

of Iron 

From 
From ( lata of I j From data of I'roin data of 

data of 1 1 
I4g. 5a Fig. 56 I'lg. 5c Fig. 56 j Fig. 5c !• ig. 56 ' Fig. 5c 

40 620 1 1,470 1,320 920 770 55 46 

30 623 1,500 1,315 950 1 765 56 j 45 

20 593 1,4^0 1,300 930 750 55 ! 44 

10 575 
! 

1,490 1,290 940 740 56 i 
Thermal Capa(Mty of IIor.-^eshoe Magnet of Frorlkm 4. Cuvi’Ier 

j From j 

I data of ! From data of 

Fig. od, Fig. 5^/, curve 14 

1 curve 16 1 

20 i 755 1,015 260 4S 

68. Calculation of Time-Temperature Rise Curve 
for an Ironclad Magnet 

As an example of the method of calculating the temperature rise as a 
function of time let it be desired to calculate for the ironclad magnet/ 
data for which are given below, the time required to reach a temperature 
rise (average for the coil) of 70° C. if the power input is maintained 
constant at 148 watts. 

Given: 

Magnet type, ironclad solenoid and plunger. 

Force, 3.5 lb. 

Stroke, 10 in. 
Weight of copper coil, 2.14 lb. 

Weight of iron, including plunger, 4.24 ib. 

Weight of brass bobbin tube, 0.33 lb. 

Total coil surface, 82 sq. in. 

Thermal contact between iron parts and shell may be considered good. 

* This magnet is illustrated in Fig. 9, Chapter IX. 
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Solution, Referring to Fig. 76, the heat-dissipation coefficient at a 
70° C. final temperature rise may be taken equal to 0.00755 from curve 1 
for good thermal contact. The heat-dissipation constant K will there¬ 
fore be 0.00755 X 82 = 0.618 watt dissipation per degree Centigrade 
temperature difference between the average coil temperature and the 
surrounding air. The thermal capacity of the copper coil will be 2.14 X 
180 = 385, while that of the iron and brass will be 0.55 X 4.25 X 225 

+ 0.55 X 0.33 X 200 = 525 + 36 = 561, assuming the iron and brass 
to be 55 per cent effective for the condition of good thermal contact with 

Elapsed Time Minutes 

Fig. 8. Computed and experimental temperature-rise-time curves for the magnet 
of Art. 68. 

the coil. The thermal time constant of the magnet will be equal to 
C/K = (385 + 5G1)/0.618 = 1,530 sec. or 25.5 minutes. The total iron 
thermal capacity per unit of coil dissipating surface will be (525/0.55)/ 
82 = 11.7. If the suggestion of the last article for the first 8.5 minutes 
of heating (about one-third of the thermal time constant) is followed, 
the iron thermal capacity can be taken as 100 — 50 X (12 — 8)/(30 — 8) 
= 91 per cent of its final effective value, or 0.91 X 561 = 511 joules per 
degree Centigrade rise. Substituting into equation 2, the heating equa¬ 
tion for the first 8.5 minutes will be 

or 

148 

0.618 

/ _ 
( 1 — ( 385+511 ) 

e = 240(1 - [0 < < < 510] 
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After the elapse of the 8.5-niinute interval the heating equation will be 

148 / --2:^ A 
s * -( 1 - € 385 + 5«1 ) 

0.618 ^ ^ 

or 
e = 240(1 - ^-0000653^)^ <t < oc] 

Substituting into these equations various values of t the temperature rise 
curve 1 of Fig. 8 will be obtained. Curve 2 of Fig. 8 was obtained by 
experiment on the actual magnet. The actual time required to produce 
an average coil temperature rise of 70® C. is 9.75 minutes; the computed 
time Ls 8.45 minutes. This difference, though it may appear consider¬ 
able, is not so bad considering that the solenoid and plunger magnet is of 
a very different shape from the magnets of Fig. 5. It is very long and 
narrow with an extremely thin coil wall. Because of the thin coil wall, 
the surface coil temperature is closer to the average coil temperature 
than was assumed in Fig. 7, with the result that the heat-dissipation 
coefficient is greater than that given in Fig. 7. A more accurate solution 
to a problem of this type can be obtained if a thermal equivalent circuit 
based on the suggestion of footnote 1, page 184, is used. 

PROBLEMS 

1. The suggested equivalent circuit of footnote 1, page 184, may be represented 
by the circuit of Fig. 9, where the condenser Ci represents the thermal capacity of 

the coil, the condenser C3 the thermal capacity 
of the iron, G2 the thermal conductivity be¬ 
tween the coil and the iron, and G4 the heat- 
dissipating capacity of the outer iron shell to 
the surrounding air. The constant power input 
to the coil is simulated by the constant current I 
flowing into the circuit. Derive an expression 
for the voltage across Ci as a function of time 
for the condition of a constant current of / 
amperes suddenly impressed on the circuit, and 
then rewrite your answer in terms of thermal 
quantities. Discuss what information, in addi¬ 

tion to that already contained in Chapter VII, is necessary to use this circuit for 
temperature-rise problems. 

Fig. 9. Electrical equivalent cir¬ 
cuit for computing the tempera- 
ture-rise-time curve for a magnet 

coil surrounded by iron parts. 

A2A4 

^ -f -f 

Ans. 
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+ ±^(ci + C3 + C.^^) -4^ 

2C1C3 

= - 

(ii - a2 

Kiiai - 02) ^ 

^32 = —-: P 
A4(«2 - «l) 

2. The coil of the lifting magnet of Fig. 13, Chapter IV, is wound on a brass 

bobbin which is tightly fitted over the iron pole core. The length of the brass bobbin 

is in. If a constant power input of 40 watts to the coil is maintained, compute 

the final temperature rise. Ans. By experiment, with a constant power input of 

40 watts, the final temperature rise is 83° C. 

3. If the field coil of the relay of Fig. 22, Chapter IV, is a paper-section coil 

wound for 120 volts, determine the final temperature rise, if the coil is excited 

continuously as described. Note: It will be necessary to estimate the space factor 

of the coil, which may be done by the proper reference to Chapter VI. 

4. For how' long may the magnet of Fig. 15, Chapter VIII, be excited with 100 

watts if the average temperature rise of the coil is not to exceed 70° C. The coil is 

of the paper-section t}pe, which is in poor thermal contact with the iron parts. 

6. Calculate, by using the answer to Problem 1, the temperature-rise-time curves 

for the coil and iron parts of the magnet of Fig. 10, assuming the coil terminal voltage 

to be held constant at 13.0 volts, and the room temperature constant at 20° C. 

Fig. 10. Magnet designed for short time of excitation. 

Data 

Coil resistance at 20° C. I fifi ohm 
Total weight of all iron parts. 1 02 lb. 
Total weight of coil and bobbin. 0.82 lb. 
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The bobbin is fabricated from a brass tube with Bakelite end flanges. The thermal 
contact between the coil and iron parts is poor. 

Disoission, In order to solve the problem it will be necessary to determine the 

values of Kt and of the thermal equivalent circuit. The value of Ki (heat-dissi¬ 

pation capacity of the outer iron surfaces to the surrounding air) cannot be deter¬ 

mined from the data of the chapter. Reference should be made to ^‘Fundamentals 

of Electrical Design/* by A. D. Moore, McGraw-Hill Book Co. 

The heat conductivity K2 between the coil surface and the surrounding iron 

surfaces can be estimated if it is possible to predetermine the final temperature rise 

of the coil and iron parts. This may be done on the basis of the work of Art. 64, 

namely, that the final temperature rise of a coil in poor thermal contact with the iron 

is the same as it would be in the open air. By this assumption it will be possible to 

estimate the final coil temperature rise. This being known, the final iron temperature 

rise may be estimated on the basis of the statement in Art. 67, that the thermal 

capacity of the iron in poor thermal contact with the coil is only 46 per cent effective. 

This is equivalent to saying that the final iron temperature rise is 46 per cent that of 

the coil. The constant K2 will then be P/l{Bc — 0,), where P/ is the final power 

transferred between the coil and iron surfaces, and 6c and Bi are the final temperature 

rises of the coil and iron, respectively. This equation can be solved by trial and 

error as follows: Assume Be to be 215® C.; then 

469.5 13^ 
R = 1.66 X- *= 3.06 ohms, and P/ = —— « 55.1 watts 

254.5 ^ 3.06 

The total surface of the coil is approximately 22 sq. in., therefore the final power dis¬ 

sipation per square inch of coil surface is 55.1 ^22 = 2.5 watts. Referring now 

to Fig. 7a, the data of curve 2 may be extrapolated by assuming the curve to follow 

Fia. 11. Experimental temperature-rise-time curves for the coil and shell of the 

magnet of Fig. 10. 

the last two points, or k = 0.007 -f (0.0005 ^ 0.2) X (2.5 - 0.6) = 0.01175. K will 

then be 22 X 0.01175 — 0.258, and the final temperature rise of the coil with refer¬ 

ence to the room temperature will be 55.1 -7- 0.258 == 214® C. As this checks with 

the original assumption it will be taken as correct. The final temperature rise of the 
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iron parts will be 214 X 0.46 = 99° C. The heat conductivity K2 between the coil 

and iron surfaces will therefore heP/fd/ = 55.1/(214 — 99) = 0.48 watt per degree 

Centigrade temperature difference. 

As the power input varies very considerably with time it will be necessary to 

perform the evaluation of the equations of Problem 1 in steps. For each step a 

constant power input should be assumed; the length of each step should be so chosen 

that the constant power assumed does not differ too much from the extreme values 

of the actual power. 

The actual experimental temperature-rise-time curves for the coil and iron parts 

of this magnet for a constant impressed voltage of 13.0 volts are shown in Fig. 11. 



CHAPTER VIII 

MAGNETIC FORCES 

69. General 

In Art. 34, Chapter III, it was shown that the mechanical energy 
made available by the motion of the armature or plunger of an electro¬ 
magnet can always be represented by an area on a suitably drawn flux 
linkage current loop, and that, if the displacement of the armature is 
made sufficiently small, the force at any particular position of the 
armature can be obtained as the quotient of the area by the displace¬ 
ment. This method of determining the force is not only theoretically 
correct, but also practically exact, as it takes into account all changes in 
stored energy, all leakage and fringing fluxes, and all losses due to hystere¬ 
sis. Unfortunately, the evaluation must generally be carried out 
graphically. With certain simplifying assumptions, however, it is 
possible to derive analytical expressions covering particular .special 
cases. It is the purpose of this chapter to derive the.se special formulas 
and to set forth, exactly, their limitations. 

70. Derivation of the General Magnetic Force Formula 

Consider a magnetic system, of a permeability greater than that of 
air, having two surfaces approaching each other as illustrated in Fig. la. 
Assume that all the flux 0 passing between the surfaces links with all 
the turns of the exciting winding, and that the only change in the 
magnetic circuit with motion is in the gap between the surfaces under 
consideration.* SupfX)8e the magnetomotive force * to be increased 
from — Frf to the value Fi, thereby causing the flux to increase from zero 
to the value 0i, as shown by the line 0-1 of Fig. 15. During this process 
energy will be abstracted from the electric circuit and partially stored as 
magnetic energy and the rest dissipated as heat due to magnetic hystere¬ 
sis. Now let the surfaces approach each other by an infinitesimal dis- 

' This restriction should be carefully noted: it removes from consideration for 

the time being magnets in which the motion causes the length of the iron part of the 

magnetic circuit to change, e.g., plunger magnets in general. 

•The magnetomotive force — Frf is that required to reduce the residual flux to 

xero. 

196 
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tance ds inches while the flux is held constant at as shown by the 
line 1-2. During this motion mechanical work will be done entirely at 

the expense of the stored energy in the gap, and the magnetomotive force 

across the gap will be decreased by dFa. The same final state 2 (same 

final stored energy and same hysteresis loss) would have been reached if 

the motion had taken place first at point 0 and then the flux had been 
allowed to build up to the value as shown by the line 0-2. This 
process, however, would have produced no mechanical work. There- 

Fig. Iti. General of two Fig. 16. Flux-magnetomo- 

hiKh-perrneahility surfaces tive force loop for deriving 

approaching each other. the force l>etween the sur¬ 
faces of Fig. la based on 
constant flux during motion. 

fore, the area 0 1-2-0, which represents the difference in the energy 
abstracted from the electric circuit by process 0-1-2 and 0-2, must be 
equal to the mechanical work dWm joules performed during the motion 
1-2. The difference in magnetomotive force for any value of flux in 
steps 0-1 and 0-2 is entirely the decrease in the magnetomotive force 
{ — (iFa) required by the gap in the second position due to its increased 
permeance, and hence will be proportional to 0. Therefore, dWm will 
be equal to — \<t>\dFa, and 

Force = —— = — - — joules per inch (1) 
ds 2 ds 

For the air gap, 0a = FaPai and, since 0i = 0a is constant, 

dFa ^ 4>a dPa 

lii ~'~pI~^ 

Substituting this into equation 1, we get 

V 1 0a ^Pa 1 jp2 ^Pa . I *1 /n \ 
Force = - = o joules per inch (2a) 

2 Pa ds 2 ds 
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As the joule per inch is equal to 8.86 lb., equation 2a can be written 

Force = 4.43 F\ 
dPa 

ds 
lb. (26) 

In this equation, according to the limitations under which it was derived, 
Fa is the magnetomotive force across the air gap* in ampere-turns, and 
dPa/ds is the rate of change of the total air-gap permeance (air gap 
includes all paths for fringing and other fluxes which link with all the 
turns of the exciting coils) in webers per ampere-turn per inch. The 
force will, of course, be in the direction taken for ds^ in the term dPa/ds. 

If the system is capable of rotation instead of translation, equation 
2a is more useful if expressed in terms of torque, thus 

Torque = 
2 ^ dd 

joules per radian (3a) 

where dPa/dS is the angular rate of change of the total air-gap permeance 
in webers per ampere-turn per radian; or, converting from joules per 
radian to pound-inches, we have 

Torque = 4.43 Fl ^ lb-in. (36) 

These equations can be easily rewritten in terms of the magneto¬ 
motive force and permeance of the entire magnet system, as follows: For 
the entire magnet <t>m, = (Fd + Fi)Pmy where Pm is equal to the per¬ 
meance of the entire magnetic circuit, that is, both iron and air gap; 
and <^tn, which is equal to </>a, is the flux of the magnetic circuit. As <l>m 
is constant ^ 

Pi ds 

dP^ 

ds 

And as the magnetomotive force across the iron must be constant, 

d{Fd + Pi) ^ ^ 

ds ds 

Substituting these into equation 1, we have * 

Force = ^ ^ (Pd + Pi)^ joules per inch (4) 
2 Pm ds 2 ds 

* The total magnetomotive force across the air gap regardless of source, that is, 

whether it is derived from the exciting current or from the coercive magnetomotive 

force of the iron. 
* In general this formula is more difficult to apply than formula 2 because the 

calculation of dPmlds is more difficult and uncertain than the evaluation of Fa and 

dPa/d$, 
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where dPm/ds is taken for constant </>. Likewise, formula 3a can be 
written 

1 dPm 
Torque = ~ (Fd + Fi)^ joules per radian (5) 

2i dd 

If the magnetic system consists of a permanent magnet, Fi will be zero 
and Fd will be the magnetomotive force necessary to demagnetize the 
permanent magnet. If the magnetic system consists of soft steel which 
requires negligible magnetomotive force to remove its residual flux, Fd 
will be zero and f i will equal the magnetomotive force of the exciting 
coils. 

If in the above derivation it had been assumed 
that the magnetomotive force of the exciting coils 
was constant during the infinitesimal motion, the 
flux-magnetomotive force loop would have been 
changed to that shown in Fig. 2. Here, during 
the motion from 1 to 2, energy equal to the area 
A-1-2-B-A is abstracted from the electric circuit. 
This energy equal to F\d<i> is converted into stored 
magnetic energy, hysteresis loss, and mechanical 
work. The same final magnetic state would have 
been reached, and the same hysteresis loss would 
have occurred, had the motion taken place first at 
point 0 and then the magnetomotive force had 
been allowed to build up from —Fd to Fi, line 
0-2; but no mechanical work would have been done. Therefore, the 
sectioned area 0-l-2-~0 must be equal to the mechanical work dWm 
performed during the infinitesimal motion. 

If we neglect the second-order area 3-1-2-3, dWm will equal ~ \<i>dFa 
and we will arrive at force formulas already derived on the basis of 
constant flux during motion. 

If we include the second-order area 3-1-2-3, and assume the iron 
unsaturated,® dWyn will equal \{Fd + Fi)d<t>y where Fd is the magneto- 

‘ When the iron is unsaturated, the vertical displacement d4> between curves 

0-1 and 0-2 will be proportional to F\ hence, dWm = Thus, under these 

conditions, the energy abstracted from the electric circuit due to motion (with the 

magnetomotive force held constant) will be divided into two equal parts, one half 

increasing the stored energy of the magnet, the other half going into mechanical 

work. If the magnet is highly saturated this division of energy will no longer hold, 

but the mechanical force developed will be given by the same formula. The deriva¬ 

tion for this case must be carried out by treating the second-order area 3-‘l-2-3 

separately and noting that on evaluation it disappears. 

Fig. 2. Flux-magneto¬ 

motive force loop for de¬ 

riving the force between 

the surfaces of Fig. la 

based on constant mag¬ 

netomotive force during 

motion. 
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motive force necessary to remove the residual flux and 

Force = ^ (Fd + Fi) ^ joules per inch (6) 
as 2 as 

For the entire magnetic system <t> = + Fi)Pmy and d4>/ds = (Fd + 
Fi){dPfn/d8)j it being remembered that {Fd + Fi) is constant during 
the motion. Substituting these relationships into equation 6, we get 

Force = - {Fd + Fi)^ joules per inch 

which formula is identical with (4). 
It follows, therefore, in the case of attraction between magnetized 

surfaces that the instantaneous magnetic force will always be the same, 
regardless of w'hether the motion is carried out with the flux constant 
or the magnetomotive force constant.* 

71. Loss of Force Occurring When the Magnetic Circuit Changes in 
Places Other Than in the Air Gap under Consideration 

Wherever motion in the air gap under consideration introduces iron 
into the magnetic circuit which was previously unmagnetized, a loss in 

force will occur. As an illustration, con¬ 
sider the cylindrical plunger magnet 
shown in section in Fig. 3. 

When the plunger is moved an infini¬ 
tesimal distance ds (flux constant), it has 
the effect of introducing into the magnetic 

Fig. 3. Diagram for deriving the circuit a volume of iron Sds, shown at 
loss m force that occurs when the .. . , , . , ^ , 
magnetic circuit changes in places ”^^st be magnetized 
other than the air gap under con- from zero to the maximum value of flux 

sideration. <t>fn‘ This will cause the decrement in 
magnetomotive force ( —dFa), Fig. la, to 

be less by the amount dFp = Hpds required to magnetize the length ds 
of the plunger. Hence the area of the loop dWm will be less by the 
amount 

• Whereas, for the same initial values, the instantaneous forces are equal, it docs 

not follow that the total work done during a finite displacement will be the same under 

the two conditions of motion. Motion carried out under the condition of constant 

magnetomotive force will always yield more work than when carried out under the 

condition of constant flux, for the reason that the instantaneous force increases with 
the finite motion. 
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dFpd,)> = / {Hj,ds)d<t> 
‘'0 

^ ^tn 

= Sds I HpdB joules 

where Bm is the maximum plunger flux density occurring at section A-A. 
The loss in force will be 

Loss in force = -~ S j HpdB joules per inch (7a) 

or converting from joules per inch to pounds, and from webers per 
square inch to kilomaxwells per square inch, we have 

Loss in force = 8.86 X 10 ^ S 
/•®m 

dB lb. (76) 

This loss is quite negligible in flat-faced plunger magnets in which 
the forces are large, but is appreciable in plunger magnets having low 
working forces, such as solenoid and plunger types. To evaluate for¬ 
mula 76 the area behind the rising magnetization curve for the particular 
steel of the plunger must be determined graphically, or from the data of 
Fig. 14, Chapter II. 

72. Formulas for Magnetic Force in Special Cases 

In many magnetic systems where the geometry of the air-gap field is 
relatively simple, or where certain simplifying assumptions can safely be 
made, it is possible to derive simple analytical expressions for rate of 
change of permeance of the magnetic system with motion, thus enabling 
the general magnetic force formula \F\{dPa/ds) 
to be put in a form which is convenient for 
analytical use. Where this is not possible the 
general formula will have to be evaluated graphi¬ 
cally. In the following sections special forms of 
this force formula, to cover the more usual simple 
field configurations, will be developed. 

1. Parallel Plane Surfaces; Attractive Force 
Due to Flux Passing Normally between Surfaces; 
Fringing Flux Neglected. Figure 4 shows the cross section of such a 
magnetic system comprising two plungers, the opposite faces of which 
are parallel and are free to move toward each other in a direction normal 

—+cfs 
Area of Face 

l± =S sq. in. 

Fig. 4. Special case of 

force between parallel 

plane surfaces approach¬ 

ing each other. 
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to the faces. Using the notation shown in the figure, the permeance 
of the air gap by equation 1, Chapter V, is 

Differentiating this expression with respect to the motion ds, we have 

dPa iJiS dl 

ds P ds 

A positive increment in I (increase in gap length) represents a nega¬ 
tive increment in displacement, in the sense that a positive displacement 
produces an outprut of mechanical work, hence dl — — ds. Substituting 
the above relations in the general magnetic force formula 2a, we have 

Force = ^ 
ds 2 “ f 

The flux density in the air gap will be 

B -- nH ^ 

Substituting this into the above force expression, we obtain 

r. B^S , , 
Force = —— joules per inch (8a) 

2/ii 

where B is the flux density in the air gap in webers per square inch, S is 
the area of the air gap in square inches, and n is the permeability of air in 
webers per ampere-turn in an inch cube. By changing B from webers 
per square inch to kilomaxwells per square inch, and making the proper 
numerical substitutions for the constants, we obtain the following more 

useful form: 
D2e 

Force = lb. (86) 
72.0 

If the approaching surfaces are circular, as in the flat-faced plunger 
magnet of Fig. lo, Chapter III, equation 86 can be changed to the more 

convenient form 

Force 
72.0 22.9 

lb. (8c) 

where ri is the radius of the circular surface in inches. 
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2. Coaxial Cylindrical Surfaces; Axial Force Due to Radial Flux 
between Cylinders; Fringing Flux Neglected. Figure 5 shows a cross 
section of such a magnetic system comprising a cylindrical plunger and a 
surrounding concentric cylindrical shell, the plunger being free to move 
along its axis. Using the notation shown in the figure, the permeance 
of the air gap (neglecting fringing’ and assuming g small compared to ri) 
by equation 15(2, Chapter F, is 

27r/i + 

Pa = 

g 

Differentiating this expression with respect to the 
motion ds, we have 

dPg 

ds 

( 27r/i I ri + 
dl 

ds 

Fig. 5. Special ca.se 

of axial force pro¬ 

duced by coaxial cy¬ 

lindrical surfaces. 

Noting that dl = ds, we will obtain on substituting in the general mag¬ 
netic force equation 2a 

_ 1 ri2 ^Pa 
Force = 

2 ds 

TTM 

joules per inch (9a) 

This formula can be expressed in terms of the air-gap flux density, but 
no particular advantage is obtained. Substituting for the constants in 
the above equation, the following more useful form is obtained: 

Force 
l,125.000g 

(96) 

where the lineal dimensions can be in any units as any conversion factors 
cancel, and Fa is the magnetomotive force across the air gap in ampere- 
turns. This formula will not apply before the plunger enters the sur¬ 
rounding cylinder or after it is relatively close to the open end, because 
under either of these conditions the rate of change of air-gap permeance 
is different from that calculated on the basis of the simple radial field 

assumed above. 

’ Ah long us the plunger has entered the surrounding shell and is relatively far 

from the open end of the shell the fringing permeances are constant and hence do not 

affect the force. 
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Fonnula 96 can be expressed in terms of the plunger flux density as 
follows: the flux in the plunger, neglecting frmgmg and leakage,* is 

<t> = FaPa = 

and the plunger flux density is 

IFa 

<t> 

irr. 

2m IF. 

Ag 

Substituting this into equation 96 we will have after substituting for 
the numerical value of the constants 

Force = —^ 
45.8(ri + g/2)l^ 

lb. (9c) 

where Bp is the flux density in the plunger in kilomaxwells per square 
inch, neglecting fringing and leakage fluxes. Because the force in this 
type of magnet is relatively small the correction given by equation 7 

should be applied when Bp is high. 
3. Coaxial Cylindrical Surfaces; Torque 

about Axis of Cylinders Due to Radial Flux 
between Cylinders; Fringing Flux Neglected. 
Figure 6 shows a cross section of such a mag¬ 
netic system having an axial length Z, the inner 
cylindrical member being free to rotate about 
its axis. Using the notation shown in the figure, 
the permeance of both air gaps, in series (neg¬ 

lecting fringing),^ will be given by equation 15a, Chapter V, if we replace 
the 27r radians for the entire circumference by B radians; thus, 

Fig. 6. Special case of 
torque produced by coaxial 

cylindrical surfaces. 

Pa = 
2(; 

IB 

’ See footnote on page 203. 

• Radial leakage flux between the plunger and outer shell in this type of magnet 

will create an additional force which can be conveniently calculated by equation 

20o. This force will usually be quite an appreciable part of the total force before 

the plunger enters the surrounding cylinder, that is, when the force due to the main 
cylindrical gap is small. 
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Differentiating this expression with respect to the rotation d6, we 
have 

dd 2g 

I 

If this expression is substituted in the general magnetic torque 
equation (3a), we will obtain 

^ 1 2 dPa 
F\ joules per radian (10a) 

Substituting for the constants in the above equation, the following 
more useful form for the total torque is obtained: 

Torque = (-1) 
14,150,000 j/ 

Fl lb-in. (10b) 

--- . __^ 
Force »»na 

±ds*- f“ 

where the lineal dimensions are in 
inches, and Fa is the magnetomotive 
force across both gaps together in 
ampere-turns. This formula is sub¬ 
ject to the same restrictions as 
formula 9o. 

4. Coaxial Truncated Conical Sur¬ 
faces; Axial Force Due to Radial 
Flux between Cones; Fringing Flux ^ ^ o, . , ^ 
Neglected. Figure 7 shows the cross truncated conical 

section of such a magnetic system surfaces, 

comprising a truncated conical plun¬ 
ger and a surrounding conical shell. Using the notation shown in 
the figure, the air-gap permeance (neglecting fringing)"^ will be, by 
equation 1, Chapter V, 

^TTfira 
(- V sin (11) 
\sm a ) I V cos a 

where To is the mean radius of the truncated section inserted in the shell. 
Differentiating this expression with respect to the motion ds, we have 

dPa _ 2Ttimra dV 

ds sin a cos a ds 

^ See footnote on page 203. 
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Noting that dV — — ds, and substituting into the general magnetic force 
formula 2a, we have 

^ 1 .,2 dPa 
Force = — 

2 ds 

TTfimraFl 

sin a cos ct 
joules per inch (11a) 

Substituting for the constants in the above equation, the following 

more useful form is obtained: 

Force 
_mrgFl_ 

1,125,000sin a cos a 
lb. (116) 

where all the lineal dimensions can be in any units, as any conversion 
factors cancel, and Fg is the magnetomptive force across the air gap in 
ampere-turns. This force can also be expressed in terms of the flux 
density of the plunger, as follows: the total flux of the plunger (neglect¬ 
ing the fringing and leakage® fluxes) will be 

<t> = FgPg = 

2Tr^rgFa 

V cos a 
(-7^ - V sin a) 
\sin a / 

and the flux density in the full part of the plunger will be 

<t> ±_ 

irri Vrf cos 
- - Fsina) 
a \sin a / 

Substituting into equation 115, we have 

Force = 
Bpritn cos a 

Ad.SrgV^ sin a { 77—?-sin a ) 
\F sin a / 

lb. (lie) 

where Bp is in kilomaxwells per square inch. 
When the plunger is at the end of its stroke (F = 0), this equation 

will evaluate to 

Force = 
BpVi sin a cos a 

45.8mra 
lb. (lid) 

When a is large (near 90^) the force in this type of magnet will be 
relatively small, and the correction given by equation 7 should be 
applied when Bp is large. 

5. Coaxial Full Conical Surfaces; Axial Force Due to Radial Flux 
between Cones. Figure 8 shows the cross section of such a system com- 

• See footnote on page 204. 
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prising a full conical plunger and a surrounding conical shell. This is, 
of course, a special case of the truncated conical plunger, and the force 
will be given by equation 11c. Using the notation of Fig. 8, the force 

will be 
B%r\ri tan a cos a 

Force  -z—^- 

45.8roF sm a i —-sm a 
\V sin a 

where Bp is the flux density in the plunger due to the normal flux 

Fig.' 8. Special case of axial force produced by coaxial full conical surfaces 

between cones only, that is, the flux in the working gap 1 of Fig. 8. 
Assuming that ra = ri/2, canceling, and simplifying, we have 

Force = 
BpTi cos^ a 

V , Y 
^1-sin a cos a j 

lb. 

22.9 

This formula may be simplified by substituting for Bp in terms of the 
total flux between the conical surfaces. This flux will include that in the 
fringing path 2 besides that in the main path 1, and will be proportional 
to the sum of the permeances of paths 1 and 2. 

and 

Pi = 

P2 = 

ir/xri 
( ^ Tr ^ ^^^1 ( rr • \ — I -K sin a 1 = —-I-V sm a] 

a \sm a / V cos a \cos a / V cos < 

— \V sin a cos a)\V sin a 

V cos a 

P1+P2 
TT/xri 

.rr^- 
V cos aL NCOS 

V COS 

- — Fsin a^+^1 ^ ^ a cos c^V sin a 

\ r, 1 FV , 1 
--— sm^ a cos a 
a L COS a 2 fi P1 + P2 (12) 
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Letting B be the flux density in the plunger due to both the normal flux 
between cones and the fringing flux, we have 

ri 

cos a 
— F sin a 

B Pi + P2 ri 1 
sm'® a cos OL 

cos a 2 J'l 

Performing the long division indicated we vrill obtain the quotient, 

, V . ^ 1 2 2 ^ 
— = 1-cos a sm a H-k sm a cos^ a + • • • 
B ri 2 r? 

All terms beyond the second are negligibly small; hence, substituting 

( V \ 
Bp = Byl-cos a sin aj 

in the force formula, we have 

_ cos^ a „ X 
Force =-— lb. (12a) 

It is interesting to note that when a is made equal to zero the magnet 
becomes a flat-faced cylindrical plunger magnet and formula 12a 
becomes the same as formula 8c. 

5a. Coaxial Full Conical Surfaces; Total Axial Force Due to Radial 
and Fringing Flux between Cones. The permeance of path 2 of the 
flux of Fig. 8 approaches infinity as F becomes zero, and hence produces 
a positive force. A force formula taking this into account may be 
derived by substituting directly into the general magnetic force 
formula 26, 

dP 
Force = 4.43 lb. 

as 

dPa/ds may be found from eq. (12) as follows: 

dPg d(Pl + Pa) 

ds ds 

djPi + P2) 

dV 
+ 1 • 2 1 - sin a 

2 J 

Substituting into equation 26, we have 

Force = 4.43 ^irFl | (- 1 sin^ «] lb. 
L\yoosa/ 2 J 

(126) 



Art. 72] SPECIAL MAGNETIC FORCE FORMULAS 209 

This formula is slightly more optimistic than formula 12o, because it 
takes into account the force produced by the fringing flux. This correc¬ 
tion is the second term | sm^ a. In general, unless a is large, formula 
12a is to be preferred as being more simple. 

6. Coaxial Cylindrical and Conical Surfaces; Axial Force Due to 

Radial Flux between Inner Cone and Outer Cylinder; Fringing Flux 
Neglected. Figure 9 shows a cross 
section of such a magnetic system com¬ 
prising a truncated conical or tapered 
plunger entering a surrounding cylin¬ 
drical shell. The permeance between 
the taper plunger and the surrounding 
cylindrical shell may be computed ap¬ 
proximately as foUows: Assume the g 
radl&l flux lines to follow circular paths produced by coaxial cylindrical and 

having their centers at the intersection conical surfaces, 

of the corresponding element of the 
cylinder and cone on the line A-A. Consider the annular flux path 
having an axial length of dx shown in cross section; the permeance of 
this path will be, by equation 1, Chapter V, 

dPa 

,dS 2™ (n+ »-“)* 
I ex 

assuming that the angle 6 is small. The permeance of the entire path 
will be (neglecting fringing) 

[ex 
(ri + g)- — 

^“ = 7 * 
tan 

p. - - *] -../[ 
2(ri + g) edx 

e ' ex 
— dxj 

Performing the integration and substituting in the limits, we have 

Xfl 
2(r, -I- g) 

log. 

\ tan 6/ 

tan 6 tan 6 
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If 6 is small, as it generally is, we can assume tan 6 = 8, and 

„ r2(n+ff), + , yr 1 /ION 

Differentiating this expression with respect to the motion ds^ we 
obtain 

dPa _ —dPa _ f ^ ll 

“■ dV ~ + ^ 2J 

which on substituting in the general magnetic force formula 2a, will give 

^ 1 ^2 r ^ 11 r.2 • 
Force - 5 f. ^ - jJ f- J< ; joules per inch (13a) 

Changing from joules per inch to pounds, and substituting for the 
constants, we obtain 

\ri +g r 

^ lev + g 2. 
Force =- 

/p2 
* a 

1,125,000 
lb. (136) 

Equation 136 can be expressed in terms of the plunger flux density 
(neglecting fringing and leakage ® fluxes) as follows: 

Bp 
_FgPg 

Trrf Trrf 

r2(ri + g) 

rll 6 
+ y ~ m Fa 

which on substituting into equation 136 will give 

Force = 

r\ + g 1 

Uv-^g 21 
Bl 

11.45 
'2(ri + O') , 1 iOM + g\ Y 

lb. (13c) 

where .Bp is in kilomaxwells per square inch. 
As the force in this type of magnet is generally small, the correction 

given by equation 7a or 76 should be applied when Bp is large. 
7. Wedge-Shaped Gap with Sin^darly Wedge-Shaped Plug or 

Armattu-e; Axial Force Due to Flux Crossing Series Gaps; Fringing 

• See footnote on page 204. 
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Flux Neglected. Figure 10a shows such a magnetic system. This 
S5^tem is almost identical with that of Fig. 7, except that it comprises 
two similar gaps which are magnetically in series while that of Fig. 7 
can be considered as made up of gaps in parallel only. By the notation 
of Fig. lOo, the permeance, neglecting fringing, of both gaps in series 
will be . 

( m \ 

Pa = ^ ^~ 
2 k cos a Force-e?n - ^_ 

Differentiating this expression with respect ~—' 
to the motion rfs, we have pV-H 

ds 2V'^ sin a cos a ds 
axial force produced by 

Noting that dV = — ds, and substituting into wedge-shaped gap and simi- 

the general magnetic force formula 2a, we wedge-shaped arma- 
have tureorplug. 

Force = = —-2 - joules per inch (14a) 
sin a cos a 

Substituting for the constants in the above equation, the following 
more useful form is obtained: 

Force =-- lb. (146) 
14,150,000sin a cos a 

where the lineal dimensions can be in any units, as they cancel, and Fa is 
the magnetomotive force across both air gaps in ampere-turns. 

Formula 14a may be expressed in terms of the flux density (neglect¬ 
ing fringing) in the magnet core, as follows: 

R = ^ 

& ml 

Y-t^- FsinaVa 
\sm a_/ 

2mF cos a 

which on substituting into equation 14a gives 

^ Im^ cos a 
Force = 

( m V • 
/Lt Sin a ( -F Sin a ) 

\sin a / 

joules per inch (14c) 
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Substituting for the constants and converting from joule per inch to 
pounds, we have 

„ cos a 
Force = 

36.0 sin a 
( rn T/ • 
( -y sm a ) 
Vsma / 

where B is flux density in the section mZ in kilomaxwells per square inch. 
When y = 0, equation 14d reduces to 

^ Im sin a cos a ^ ^ 
Force =-—- lb. (He) 

36 

When a is large and B high, the correction as given by equation 7a or 
76 should be applied. 

If the plug or armature in Fig. 10a is rectangular, that is, a equals 90°, 
equation 14a will reduce to the following: 

IF^ 
Force = - lb. (15) 

14,150,000g ^ 

where g — V cos a is the radial length of the air gap. This formula is a 
modification of formula 96 and is subject to 

-7^ same restrictions. 

-^V ^ III armature is of circular section as 
^ shown in Fig. 106, formula 15 will apply if I is 

^ ^ taken equal to the mean circumferential width 
Fig. 106. Special case of 

axial force produced by ^ 
cylindrical-shaped gap and Non-Coaxial Cylindrical Surfaces; 
cylindrical armature or plug. Radial Force Due Radial Flux between Cylin¬ 

ders; Fringing Fluxes Neglected. Such a 
system is produced in the fixed cylindrical gap 

of any sliding plunger magnet, because of the necessary tolerance in 
fit between the plunger and the tube it slides in. Figure 11a shows 

Fig. Ha. Fig. 116. 

Special case of radial force produced by non-coaxial cylindrical surfaces. 

a section through the axis of two eccentric plungers, and Fig. 116 a 
radial section. The radii of the inner and outer plunger are designated 
by ri and rj, respectively, and the eccentricity by d. 
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The permeance between the inner and outer surfaces will be, by 
equation 3c, of Art. 51, 

_ 2irnl 

log. 1 + 0^1-f-^/^ + l^ 

where a = {c^ — d^)/2rir2, and c = r2 — ri. 

The force = \F\{dPa/ds) will be, noting that d{d) = + ds: 

Radial force = 
2Tvyl 

2log. 1 + a^l + ^^+l^ a-y^ + 1 
<-) \rir2/ 

(16a) 

If the flux (t)a of the radial gap is known, the force equation can be sim¬ 
plified by substituting for Fa, thus: 

(A. Radial force = X 

2Tr fda ~ n + 1 
V “) ^1^2/ 

joules per inch (166) 

or 

= 4.43- 

' a 

4>l X 10-5 

27r/iia 
^ n 

=(--) \r\r2/ 
+ 1 

lb. (16c) 

where <f)a is in kilomaxwells, /x is in kilomaxwells per ampere-turn in an 
inch cube, and the other dimensions are in inches. 

73. Effect of Air-Gap Fringing Fluxes on Force 

If a fringing flux is to produce force, the permeance of its path must 
change with motion; that is, dPf/ds ^ 0. Thus in the cylindrical 
plunger magnet of Fig. 5, as long as the end of the plunger has entered 
the surrounding shell and is not too close to the open end, the fringing 
path will remain unaltered with motion and no force will be developed 
by the fringing flux. This, however, will not be the case when the 
plunger is just entering the shell, as the fringing flux is then being 
established. Likewise, at the end of the stroke the path of the fringing 
flux is changing. Where the fringing flux is shifting from one type of 
path to another its rate of change can often be best determined graphi¬ 
cally from a curve of fringing permeance. Where only the dimensions 
of the path are changing the rate of change can be determined by differ¬ 
entiating the fringing permeance formulas of Chapter V. 
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Consider the flat-faced plunger magnet illustrated in Fig. 17, Chap¬ 
ter V. The total permeance of all flux paths is given by the equation 
of page 141 as follows: 

F*0 = + P7 -f- Pg5 + Pl6a 

Of these separate permeances only Pi, P7, Pgb change with the length 
of the working gap. The total magnetic pull on the plunger will be 
given by equation 2a 

Force = ;^ F* 
dPg 

d$ 

Since ds = — dfif, we have 

-h 1.63 I ri + - ) + 2ri log*-[ 
g \ 4/ Trg ) 

4 g j 

But, Fa = Hg — Bg/^; hence 

Force = 
B\ri 

2m 
1 

TTFi TTVi ) 

The relative increase in force over that obtained when fringing fluxes 
are neglected is given by the terms 

_g_ 
Trri ri / 

As g/ri Ls small in well-proportioned designs, this correction is usually 
neglected to be on the safe side. 

In a similar manner the effect of fringing and leakage fluxes can be 
found for other types of magnet. In general, where the main gap flux is 
large compared to the fringing flux, it is safe to neglect the effect of the 
fringing flux. 

74. Magnetic Force Formulas in Terms of Inductance 

The general magnetic force formula 4 of Art. 70 was derived on the 
premise that all the flux of the magnet linked with all the turns of the 
exciting winding and took into account the variable permeance of the 
iron. This was possible because the flux was assumed to remain con¬ 
stant during the infinitesimal motion and consequently no change in 
magnetomotive force occurred in that portion of the system having vari- 
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able reluctance. If one considers a magnetic system in which the flux is 
proportional to the current it is possible to derive a force formula, in 
terms of the rate of change of inductance of the system, which will take 
into account all leakage fluxes. This would occur approximately, in a 
system like that of Fig. 1, if the iron parts were magnetically soft and 
unsaturated so that most of the reluctance 
of the magnetic circuit would be in the air 
gap and hence not dependent on flux. Then 
a cycle may be passed through by taking 
the following steps: (1) the current I is 
increased from zero to its actual value Im 

amperes; (2) one element is moved an 
infinitesimal distance da inches relative to 

the other element (e.g., the faces of the ,3 piux-linkage current 

magnetic cores of Fig. 1 would be moved for deriving the force in 

toward each other) with or without a change the general case where flux is 

in current; (3) the current is decreased to proportional to current, 

zero; and (4) the return motion is made. 
The flux-current loop will then have the form shown in Fig. 12, in 
which the sides 0-1 and 2-0 are separated by a vertical distance d{N<t>) 

weber-turns representing the increment in flux linkage due to motion 
and proportional to the current /. The mechanical energy derived 
from the motion 1-2, as represented by the inclosed area (including 
the second order infinitesimal 1-2-2'), will be 

dWm = \lmd{N<t>)m joules (17a) 

and the reacting force in the direction of motion ds will be 

t,'' dlk 1 d(^M<f>^jfi . . , 
lorce = —— = - Im- joules per inch (17o) 

ds 2 ds 

where d{N(t))m is the increment in flux linkage due to motion, correspond¬ 
ing to the fixed current Im- 

Equation 176 cannot be converted to the form of equation 1, for 
the reason that the leakage flux, which is now taken into account, does 
not link with all the turns of the exciting winding and hence N cannot 
be factored out of the expression {N<i>) which is now an entirety. How¬ 
ever, in any system where the flux linkage is directly proportional to the 
current, the linkage is 

N<t> — LI weber-turns 

where L henries is the self-inductance of the circuit and depends only on 
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the configuration of the system. Substituting into equation 176 and 
remembering that d{N<t>)m was taken with Im constant, we have 

Force = ^ joules per inch (17c) 
2 as 2 as 

or 

Force = 4.43/^^ Ib. (17d) 
as 

In a system where rotation is possible the corresponding formula for 
torque will be 

Torque = 4.43/^^ lb-in. (17e) 

These forms are particularly applicable to alternating-current sys¬ 
tems, in which case they give average force or torque if the current is 
expressed in r.m.s. amperes. 

76. Force on a Current-Canying Conductor in an Independent 
Magnetic Field 

Figure 13a shows such a system in which a wire of length I is free 
to move in the direction shown. In the initial position, with zero 
current, there will be flux linkage with the current-carrying circuit owing 
to the independent magnetic field, as shown by point 0 on Fig. 136. Now 

Fio. 13a. Fig. 136. 

Special case of the force produced on a currenh-carrying conductor by an independent 
magnetic field perpendicular to the conductor. 

allow the current through the current-carrying conductor to build up 
from zero to Im in such a direction as to increase the flux linkage as shown 
by the line 0-1. During this step energy equal to the area O-l-A-0 is 
abstracted from the battery circuit and stored in the magnetic field of 
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the conductor. If the conductor is now moved through a displacement 
dSy while the current is held constant, the flux linkage will increase from 
1 to 2, and energy equal to the area A-1-2-B-A will be abstracted from 
the electric circuit. If the current is now decreased to zero the flux 
linkage will fall along the line 2-3, and the stored energy of the circuit 
equal to the area 3-2-J5-3 will be returned to the battery circuit. The 
cycle is completed by returning the conductor to its original position, 
thereby causing the flux linkage to decrease to its original value along 
line 3-0. This step will involve no energy change because the current 
is zero. The net energy dWm abstracted from the battery circuit during 
the complete cycle is area 0-1-2-3-0. This energy, which is equal to 
that abstracted from the electric circuit during the motion, must be 
directly converted into mechanical work as no other energy changes are 
involved. 

Therefore the mechanical force developed durmg the infinitesimal 
motion ds will be 

Force = —-— =-;- joules per inch (18; 
ds ds 

If the flux linkage had remained constant during the motion, line 
1-4, zero energy would have been abstracted from the electric circuit 
by the motion, and the entire mechanical work dWm) equal to area 
0-1-4-3-0, would have been derived from energy previously stored by 
the electric circuit. Area 0-1-4-3-0 differs from area 0-1-2-3-0 by 
area of the second order infinitesimal 4-1-2-4, and hence, whether the 
current or the flux linkage is held constant during the infinitesimal mo¬ 
tion, dWm will be the same, and force will be always given by equation 18. 

If the current is reversed the flux-linkage current loop will lie on the 
other side of the axis ((>-l'-2'-3-0), and the mechanical work dWm 
done during the motion will be negative and hence the direction of the 
force reversed. 

Another possibility, which is of considerable interest, is the case 
where no flux is created by the current of the electric circuit.® When 
this condition obtains, the flux-linkage current loop is shown by the area 
0-l"-2"-3-0, which area will equal dWm) dWm being obtained by direct 
conversion of the energy of the electric circuit. 

Letting B equal the perpendicular component of the flux density of 
the independent magnetic field, 

diN<t>) ^ Bids 

•This condition is partially realized in some machines where compensating 
windings are employed to neutralize the magnetomotive force of the armature or of 
the moving conductor. 
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and the force on the conductor in the direction of motion will be 

^ dWm Idm) jr,j • , . . no ^ Force == —;— = IBl joules per mch (19a) 
ds ds 

where I is the length in inches of the conductor mutually perpendicular 
to the direction of motion and of the field. Converting from joules per 
inch to pounds, and from webers per square inch to kilomaxwells per 
square inch, we have 

Force = 8.86 X lb. (196) 

76. Force on the Plunger of an Ironclad Solenoid 

Figure 14 shows a section through the ordinary type of ironclad 
solenoid and plunger magnet. In the upper half of the figure the dis¬ 
tribution of flux from the plunger passing through the current-carrying 

Fig. 14. Force produced on the plunger of an ironclad solenoid. 

turns of a coil is shown. It is assumed in the upper half of the figure 
that the coil space is filled with a solid copper conductor of one turn 
carrying i amperes per square inch uniformly distributed. 

The axial force on an annulus of the copper conductor having a cross- 
sectional area drdx square inches Is due to the reaction between the 
current of this annulus and the radial component of flux density at the 
center of its cross section. Special notice should be taken of the fact 
that this particular flux density is produced only by emrents in the 
section x of the coil. Hence the current through this annulus is inde¬ 
pendent of the flux density with which it reacts, and the force formula 
19a 

F = IBl 

The general magnetic force equation derived in Art. 70 cannot be applied 

directly here because the flux does not link with all the turns of the winding. In 

cases such as this the more general coordinates of the energy loop must be used, 

namely, flux linkage and current. This change in coordinates being made, the mag¬ 

netic cycle used in connection with Fig. 16 will apply, and it will be found that the 

mechanical energy dWm derived by the motion with the flux linkage held constant 

<IW„ = - 
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applies. I is the current through the area drdz^ B is the flux density as 
defined above, and I is the length of the annulus. 

For the annulus in question: 

I = idxdr 

B = 
d4>r 

2Trrdx 
where d<pr is the radial component of leakage flux from 

the plunger in the axial length dx. 
I = 27rr 

Force on the annulus = idxdr X 
d<t>r 

2Trrdx 
X 27rr = idrd<t>r: 

Total force on the copper coil 

/»‘2 — 
dr I 

•>'*-0 

h 

d<t>r = i(r2 - ri) 

h 

d(t>r 

But the 

A 

d4>r is equal to the total leakage flux of the plunger, 

assuming the end of the plunger to be far enough away from the open 
end of the solenoid so that none of the plunger flux passes to the iron 
shell without passing across the coil. Also i{r2 — ri) is the amp)eres 
per inch of axial length of coil and is therefore the magnetic intensity H 
of the solenoid. Hence, 

Force = H<t>L joules p)er inch (20a) 

where <t>L is all the flux of the plunger that finally reaches the outer shell 
radially. 

Converting from webers to kilomaxwells and from joules per inch to 
pounds, this equation can be written 

Force = 8.86 X lb. (206) 

These equations are obtained in more useful form if they are expressed 
in terms of the flux of the plunger <t> instead of the leakage flux <t)L- 
This flux, which is equal to that passing through the plunger at section 
A-Aj will include besides the leakage flux 4>l the flux that would exist 
in the plunger space in the absence of the plunger, namely ixHS, Equa¬ 
tion 20a can therefore be written 

Force = //(</> — tJLHS) = HS{Bp — txH) joules per inch (20c) 

where Bp is the maximum plunger flux density occurring at section A-A, 
In this magnet, owing to the high plunger flux densities and relatively 

small forces involved, it is necessary to make a correction for the loss in 
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force due to the increase in length of the magnetized portion of the 
plunger and shell, which by equation 7a will be /Bp 

HpdB 

There will, however, be a corresponding gain in front of the plunger, 
due to the decrease in length of this space, which will be 

Gain of force — S f HdB = S f HfxdH = ^ SjjlH^ joules per inch 
c/q •Jo 2 

Combining these with 20c, the net force is 

1 
Force = HS{Bp - fiH) -h - SfiH^ -S Hj,dB 

2 ^0 

or 

Force = S ^HBp — ^ — J" joules per inch (20d) 

When the plunger is inserted far enough in the solenoid so that its 
flux and force have become constant due to saturation, the value of Bpy in 
the first term and in the limit of integration of the third term is prac¬ 
tically that corresponding to // = Nl/h on the magnetization curve 
for the plunger iron. In this case, all terms are a function of H and 
this magnetization curve. The last two terms together, for the ordinary 
soft-steel plunger and values of H suitable for fairly powerful magnets, 
are found to be about 15 per cent of the first term. Hence an approxi¬ 
mate value of force is 

Force = Q.^bllBpS joules per inch (20c) 
or 

Force = 7.54 X lb. (20/)ii 

where Bp is the maximum plunger flux density in kmax. per sq. in. 
In the case of a circular plunger 20/ can be conveniently written 

Force = 23.6 X lO-^HBpr\ lb. (20^^)'^ 

“ This formula automatically takes into account all leakage flux from the plunger 

provided that it finally reaches the outside shell by passing through the winding. 

Likewise equation 20a will take account of the entire flux if includes all the flux 

passing through the winding and finally reaching the shell radially. When the 

plunger nears the end of the solenoid the force will be reduced because part of the 

plunger flux will pass directly out of the hole without passing across the winding. 



Art. 771 GRAPHICAL EVALUATION OF MAGNETIC FORCE 221 

77. Graphical Evaluation of the General Magnetic Force Formula 

In many actual magnetic systems the general magnetic force formula 

or its corresponding forms cannot be evaluated analytically, because Faj 
the magnetomotive force across the air gap, is dependent on the satura¬ 
tion of the iron; and dPa/ds varies in such a complicated manner that it 
can be expressed only graphically. The stepped cylindrical plunger 
magnet of Fig. 15 is an example of such a system. In this magnet the 

force is derived not only from the cylindrical working gap but also from 
the radial leakage flux, and hence it will be necessary to evaluate the 
force formula H<t> in addition. As the sum of these forces will be relatively 

small the correction of formula 76, S / HpdB, must also be applied. 
•/o 

In order to illustrate the method of evaluating these formulas 
graphically, let it be required to calculate the force-distance curve for 
the magnet of Fig. 15 from = 1J in. to a: = 0 in. for an exciting cur¬ 
rent of 0.8 ampere. This magnet is identical with that illustrated in 
Fig. la, Chapter III, with the exception that the end piece and the 
plunger have been changed. The material for all the iron parts is S. A.E. 
10-20, ^ hard. The mean length and area for each part as determined 
from Fig. 15 are listed in Table I. 

In order to evaluate the force-distance curve it is necessary to obtain 

^a, dPaldXf <t>L) and Bp for several values of x in the interval from x = 1J in. 
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TABLE I 

Part No. Name Mean Area, sq. in. Effective Length, in. 

1 Plunger. 1.35 4i 

2 Shell. 1.95 3| 

3 End pieces. 2.50 2 

4 Fixed cylindrical gap „ 0.00319XtX 1H"X2" 
Permeance -- 

1/32 

= 0.862, say 0.9 to allow for leakage 

to X = 0 in. The permeance Pa of the air gap is made up of two parts: 
Pv)t the permeance of the working gap; and Pl, the permeance of the 
radial leakage path between the plunger and the shell. The value of is 
shown plotted in Fig. 166 and is obtained by plotting the solution of 
Problem 9, Chapter V. As the value of Pl is constant, dPaldx will 
equal dP^/dx and may be obtained by graphically differentiating the 
Ptp curve. Graphical differentiation at the best is not a very accurate 
process, but here it is even less satisfactory than usual owing to the 
difficulty of drawing accurate tangents and to the error in drawing the 
original curve for P^, through points fairly widely separated. For this 
reason it is wise to differentiate wherever possible by anal3d;ical means. 
Thus between the limits x = 0.5 to x = 0.2, and x = 0.92 to 1.08, 

practically the only change in permeance of the working gap is due to 
the change in axial length of the opposite cylindrical faces. In this 
range the rate of change of permeance may be determined by differenti¬ 
ating formula 15a of Chapter V. The computed values of P^ and 
dPyoldx are listed in columns 2 and 6, respectively, of Table II. 

The determination of P^,, the magnetomotive force across the working 
air gap, is complicated by reason of the fact that it is necessary to deal 
with the radial leakage flux <t>L distributed along the entire length of the 
plunger in addition to the flux of the working gap <#>«,. 4>l by equation 1, 

Chapter IV, is equal to \PL{PL)mi where (PL)m is the maximum mag¬ 
netomotive force across the path P^, and may be taken equal to 
[(3.5 ~ 0.68)/3.5]Pii, = 0,805Pw, where 0.805 is the part of the total 
winding length covered by the leakage path Pl- As for the magneto¬ 
motive force drop that it produces, 4>l can as a convenient approxima¬ 
tion (according to Art. 46) be replaced by ^<t>L throughout the entire 
length of the plunger and shell covered by the leakage path Pl- In the 
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fixed cylindrical gap and iron end piece at that end all of (Pl is effective, 
while in the part of the plunger and shell not covered by the leakage 
path Pl and in the iron end piece at that end <t>i is zero effective. As an 
average it will be assumed that effective in the entire iron circuit 
and fixed cylindrical gap. Therefore the value of P^ to be taken 
in parallel with P^ in computing is equal to f X ^ X O.SOSPl ==» 
O.268P1,, as listed in column 3, Table II. Pl is given by formula 156 

of Chapter V: 

Column 4 gives the sum of these permeances, or the permeance which 

may be assumed in series with the entire iron circuit and fixed cylindrical 
gap in determining F^. 

The next step in determining F^ is to draw the magnetization curve 
for the entire iron circuit and fixed cylindrical air gap as shown in Fig. 16a. 
This is computed from the dimensions given in Table I and the mag¬ 
netization curve for iron sample 4 of Fig. 11a, Chapter II. The value of 

Fy^ for any value of effective air-gap permeance {Pyj + 0.268Pl) is 
obtained by finding the intersection between the magnetization curve 
and a line drawn from the exciting magnetomotive force (2,550 X 0.8 = 

2,040 ampere-turns) as an origin with a negative slope of {Py, + 0.268Pl) 
as shown in Fig. 16a. The magnetomotive force between this intersec¬ 
tion point and the origin at 2,040 ampere-turns is Fy^. The values of Fy, 
so obtained are listed in column 5. In column 7 the force, due to the rate 
of change of permeance of the working gap computed as indicated from 
formula 26, is given. 

The force due to the radial leakage flux </>£, is computed directly from 
formula 206, the value of H being the magnetic intensity of the coil 
winding which is equal to the coil magnetomotive force divided by the 

coil length. <t)L is computed directly from formula 1, Chapter IV, as 
indicated. Values of (pL and the corresponding forces are listed in 
columns 8 and 9, respectively. 

The loss in force due to magnetizing the entering section of the 
plunger is computed from formula 76 and is listed in column 14. This is 

computed as shown by evaluating HpdBj where Bpj the maximum 

plunger flux density, is listed in column 12 and is computed from columns 

8, 10, and 11 as shown. The dB is evaluated from the data of 
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Fig. lid, Chapter II, by adding Curve A to Curve B and subtracting 
Curve C. For values of Bp above 100 kmax. per sq. in., curve A was 
extrapolated and Curve B was handled as suggested in Art. 28. The net 

Figs. 16a and b. Curves and graphical construction for graphically evaluating the 
force on the stepped-cylindrical plunger magnet of Fig. 15. 

pull on the plunger listed in column 16 is computed by adding the forces 
of colunms 7 and 9 and subtracting the force of column 14. This force 
is shown plotted in Fig. 166. As a final check on the accuracy and 
reliability of the calculations the experimental force-distance curve 
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TABLE II 

1 2 3 4 5 6 7 8 

i 

Permeance of 
Working 

Gap 

Permeance of 
Radial 

Leakage Path 
Which May 

Be Considered 
to Be in 

Parallel with 
the Mam 

Working Gap 
1 

Total Air- 
Path 

Permeance 
Effective in 
Determining 
the M.m.f. 
across the 
Working 

Gap 

M.m.f. of 
Working 

Gap i 

Rate of 
Change of 
Permeance 
of Working 

Air Gap 

Force 
Derived 

from 
W orking 

Gap 

Radial 
Leakage 

Flux 

4.43X10 « 
dPv 

iX 0.805 

X Pl, P w 
X 0 Py. -L 0 2687"/. Pw i dx 

in. max. per a-t. max. per a-t max per a-t a-t. 1 
max. \ per in 
a-t. 

lb. max. 

20 H 17 . 5 38.3 1,745 34 4.W1 45.700 

u 

1 

:VA. 9 
- ■ 

— 

51 4 1,650 66 7 96 43,100 

52.4 69 9 1,525 80 8.25 39,900 

76 5 94.0 1,345 I 103 8.26 35,200 

\ 

i 

103 9 121 4 1,140 160 9 20 29,800 

141 9 159.4 920 160 6.00 24,050 

0 185 2 N I 202 7 750 215 5.35 19,600 

1 9 10 

Flux 
through 
Working 

Gap 
4>u’ 

11 

Maximum 
Plunger 

Flux 
<f>p 

12 13 14 15 

For^'e 
Due to 

2040 

" “ a 
= 583 

1 .Maximum 
Plunger 

Flux 
Density 

Bp 

Loss in 
Work Due 
to Mag¬ 
netizing 

1 cu. in. of 
Plunger 

Wl 

Loss in 
Force 

Due to 

Net 
Magnetic 

Force 

X 
8.86 

XlO-8//^^ 
Pwf'wXW-^ 10 it>p/S 8.86Wl5 7 + 9-14 

in. lb. kmax. kmax. 
kmax. per 

sq.in. 
joules per 

cu in. lb. lb. 

U 2.36 36 .6 82.3 i 61 0.0105 0.125 6.80 

li 2.22 55 9 99.0 1 73 0 0154 0.184 10 00 

1 2.06 79 9 119.8 89 0.0254 0.304 10.01 

! 1.82 103 1.0 138.2 102 0.0370 0.443 9.64 

i 1.54 118.5 148.3 110 0.045 0.538 10.20 

1.24 130.5 154.5 114 0.058 0.694 6.55 

0 1.01 138.9 158.5 117 0.077 0.920 5.44 
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obtained by test on the actual magnet of Fig. 15 is shown plotted in Fig. 
165. It will be noticed that this curve checks reasonably well as regards 
shape and magnitude with the computed one. 

PROBLEMS 

1. Compute the greatest force per square inch of surface that can be obtained 
by the direct attraction between two magnetized surfaces of (a) soft iron, (b) ferro- 

cobalt, (c) ferronickel, (d) Permalloy. 
2. Considering the rotating magnetic system of Fig. 6, is the torque limited by 

the saturation of the armature and pole pieces as the force of the magnetic system of 

Fig. 4 is? 
Compute (neglect the effect of fringing and leakage fluxes) for a soft-iron system 

like that of Fig. 6 the maximum torque that can be produced per inch of axial length 

of a 12-in. diameter armature for the two following gap lengths: (a) g — i in.; (b) g = 
J in. 

3. (a) Derive force formula 20a, basing the derivation on the statements made in 

footnote 10, page 218. Hint: The flux linkage {N4>) produced by the entire radial 

component of leakage flux may be computed by the method of Art. 46 by considering 

only the permeance between the opposite cylindrical faces of the plunger and shell. 

(6) Derive force formula 20a directly from the general magnetic force formula 2. 

4. Calculate a force-distance curve for the magnet of Fig. 15 between the limits 
* = 1 in. and x = J in. if the stepped cylindrical plunger is replaced by a tapered 
plunger, the taper (length m of Fig. 9) being 1^ in. long, and the diameter at the end 

of the taper being in. Formula 135 may be used in calculating the force due to 

the taper section. When evaluating Fa of this formula all fringing permeances and 
the radial leakage permeance of the plunger must be taken into account. The 

magnetization curve of Fig. 16a will still be applicable, as the plunger change does not 

change the iron circuit materially. 
5. By what percentage would the force on the stepped 

cylindrical plunger magnet of Fig. 15 be increased at x = J 
in. if the magnet were made of annealed Swedish charcoal 

iron instead of S.A.E. 10-20 J hard steel? 

6. Figure 17 shows an iron pipe in a uniform magnetic 

field of B webers per square inch. The field inside the pipe, 

due to the external field, has a density of B' webers per square 

inch. CJompute the force on a conductor at the center of the 

pipe carrying I amperes. Does the presence of current in 
the conductor produce a force on the pipe? If so, how much 

is this force? 
7. Two coils carrying currents of I\ and 1% amperes are so 

placed that their mutual inductance L12 can be changed by 

rotating the one coil relative to the other. Derive a formula 

for the torque between the coils. If the two coils are connected in series so that 

both carry the same current will the formula you have derived reduce to formula 
17? Demonstrate. 

8. Demonstrate that formula 11a will reduce to formula 9a if a is made equal to 
t/2 radians. 

Fig. 17. Current-car¬ 
rying conductor en¬ 

cased in iron pipe in 
uniform magnetic field. 
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9. Compute the maximum possible radial force in the fixed cylindrical gap of the 
magnet of Fig. 15 if the plunger slides in if in. 0. D. No. 22 B. & S. gauge (nominal 
wall thickness = 0.0254 in.) seamless brass tube. 

10. Same as Problem 9, except that the maximum possible radial force in the 
working gap (neglect fringing fluxes) at x = 0 in. is to be computed. 



CHAPTER IX 

CHARACTERISTICS OF TRACTIVE MAGNETS: SELECTION 
OF BEST TYPE FOR A SPECIFIC DUTY 

78. General 

In general, disregarding any especially desirable mechanical features 
or requirements regarding speed of action, there is a particular type of 
magnet which will prove most economical (minimum weight per inch- 
pound of useful ^ work) for any definite ratio of force to stroke. Through¬ 

out this chapter it is assumed that the magnets under discussion are 
tractive magnets for fairly large values of work which are to be operated 

continuously or intermittently on direct-current circuits of a given 

voltage with a given limiting temperature rise. This excludes small 
magnets where mechanical adaptability and ease of fabrication may be 
prime requisites; fast-acting magnets, where the entire iron structure 

must be laminated, and where the power consumption must be increased 
far beyond the ordinary limitations of temperature rise for continuous 
duty in order to produce speed of action; sensitive relays, where the 

ability to operate with reasonable speed on a very small power consump¬ 
tion is the design limitation; and alternating-current magnets which 
not only must be laminated but also are prohibitively uneconomical in 
their volt-ampere consumption for the larger sizes. 

79. Characteristics of Different Types of Tractive Magnets 

1, The Flat-Faced Armature Type. In Fig. 1 is shown a cross 
section of an ordinary circular lifting magnet, or flat-faced armature 
type, along with its actual experimental force-distance curves.^ This 

^ The useful work of the magnet is defined as the product of the minimum force 

throughout an assigned stroke by that stroke. 

* This magnet is the same as that of Fig. 13, Chapter IV. The force-distance 

curve shown, and all the others shown in Figs. 1 to 9 inclusive, are the actual experi¬ 

mental curves, showing the electromagnetic forces developed exclusive of friction. 

Friction was eliminated from the spring-balance readings by averaging the reading of 

the pull taken with the plunger rising and falling. 

228 
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type of magnet is intended primarily to produce a large force through a 
relatively short stroke. As generally constructed in the larger sizes it 
is made of cast steel and is used for lifting scrap iron, sheet iron, iron 
castings, and also as a holding magnet for magnetic clutches for shaft 
drives. It is characterized by having a magnetic circuit of extremely 
short length and great sectional area with two working air gaps. These 
gaps, magnetically in series, are mechanically in parallel, and hence 

produce a holding surface of large effective area. 
Ideally,^ the force in this type of magnet varies inversely with the gap 

length; practically, the variation is slightly different, owing to the 
effects of magnetic leakage and iron saturation. The deviation between 

Fig. 1. Flat-faced lifting magnet and its force-stroke curves. 

the actual and the ideal force law may be checked as follows: using the 
curve for rated / = 10 amperes, and taking the force of 1,100 lb. at 0.04- 

in. stroke as a nominal reference point, the dotted curve has been drawn 
following the inverse square law. The wide discrepancy between this 
and the experimental curves for the shorter strokes is due primarily to 
iron saturation which prevents the flux from rising in proportion to the 
decrease in the gap length and so reduces the force. This effect of 
saturation to limit the force is somewhat overcome by the change in the 
leakage field as the gap shortens. Thus at 0.01-in. stroke the flux of 
this particular magnet is about 17.5 per cent more usefully employed than 
at 0.04-in. stroke. In other words, if there were no change in the 

See equation 86, Chapter VIII. 
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leakage field with motion ^ the force at 0.01-in. stroke would be only 

1,730 lb. instead of 2,550 lb. It will be noticed that at a lower current 

when the saturation is less marked (7 = 5 amperes) the force follows the 

inverse square law more closely. The other curve shows the useful work 

plotted as a function of the stroke for the rated current of 10 amperes. 

This curve ordinarily has no particular significance for a lifting magnet, 

because the magnet is primarily intended merely to produce a force. 
It is interesting to note, however, that the maximum useful work of 

the magnet, considering it as a tractive magnet, is 46 in-lb. at a stroke of 
in. with rated current. As the magnet and armature weigh 22^ lb., 

this corresponds to 0.49 lb. per in-lb. of work. The temperature rise will 
be 73® C. with this current if the magnet is excited only half the time. 

Fia. 2, Horseshoe magnet and its force-stroke curves. 

(See data of Table I.) The high weight economy is obtained because 
of the short time of excitation. 

2. The Horseshoe Type. In Fig. 2 is shown a cross section of a 
horseshoe or bipolar type of magnet, along with its actual experimental 
force-distance curves.^ This magnt;t is also of the flat-faced armature 
type, though it is not, in general, so economical, nor is it built in such 
large sizes, as the circular type of Fig. 1. It is often employed in small 
magnets because of its mechanical adaptability and the ease with which 
it can be constructed. By means of polar enlargements, so that the 

* See equation 27, Chapter V, for the leakage coefficient for this magnet. Thus 
at » 0.01 in., v » 1.08; at g « 0.04 in., v = 1.33. Therefore, other things 

remaining constant, the force would be (1.08 -f- 1.33)^ « 0.66 times as large if the 

leakage coefficient had not changed. 
* This magnet is the same as that described in Problem 4, Chapter V. 
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flux densities in the various points of the magnetic circuit can be adjusted 
to their optimum values, it can be used, with fair weight economy, 

over a large range of force-stroke values. It is, therefore, a rather 
versatile type, and can serve as an alternative for many of the plunger 
types, when mechanical details, such as a sliding plunger or a fixed 

cylindrical gap, are undesirable. 
Referring to the force-distance curve for the rated current of 0.4 

ampere, and using the force of 19 lb. at 0.125-in. stroke as a reference 
value, the dashed curve, showing how the force should vary if it followed 
the inverse square law, was constructed. As in Fig. 1, the lack of 
agreement between these two curves can be explained by the effects of 
iron saturation and magnetic leakage. The curve labeled ^‘work’’ 
shows how the useful work of the magnet varies with the stroke. Thus, a 
maximum work of 2.4 in-lb. at rated current will be performed at a 
stroke of 0.1 in. 

As this magnet and armature weigh 7.0 lb., the weight economy is 
2.9 lb. per in-lb. of useful work. The temperature rise for continuous 
excitation with rated current is only 28° C. (see Table I). This weight 
economy is low and can be accounted for by two facts: (1) The tem¬ 
perature rise is low, and if it were increased the coil and pole core length 
could be shortened resulting not only in a decrease in weight but also 
in a decrease in magnetic leakage which would increase the force and 
hence the useful work. (2) The magnet is small, and, in general the 
weight per unit of work decreases for all apparatus as the size increases. 
Very frequently, this type, because of its mechanical adaptability and 
ease of construction, is applied to jobs where the ratio of force to stroke 
is not large, without taking the precaution of using polar enlargements. 
In these cases, because it is uneconomically employed, it will have an 
apparently poor weight economy. 

3. The Flat-Faced Plunger T3rpe. In Fig. 3 are shown a cross- 
section view of a cylindrical flat-faced plunger magnet ® and its actual 
experimental force-distance curves. This type is adapted to produce, 
with economy, a relatively smaller force through a longer stroke than the 
flat-faced armature type. Its magnetic circuit is generally quite short 
and heavy and has only one working air gap. For the same cross section 
of iron as the flat-faced armature or horseshoe type, its air-gap permeance 
will increase only one-half as fast with decrease in gap length and hence 
will develop only one-half the force. However, as the magnetomotive 
force of the exciting coil is effective across one working gap, instead of 
two in series, it can develop this smaller force through twice the stroke. 

* This magnet is the same as that of Fig. la, Chapter III. 
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Ideally, the force should vary inversely as the square of the gap length; 
practically, as is shown by the dotted inverse square curve, based on a 
nominal force of 112 lb. at ][^-in. stroke at rated / = 0.8 ampere, there 
is a wide divergence from the inverse square law. As before, this may 
be explained as the effects of iron saturation and magnetic leakage. 
However, if the curve for the smaller current is checked in this manner, 
it will be found to follow the ideal much more closely because of the 

low'er saturation. 
The work curve shows that this particular magnet will perform at 

rated current a maximum work of 7 in-lb. at a ^^-in. stroke. As the 

Fig. 3. Flat-faced plunger magnet and its force-stroke curves. 

entire magnet weighs 10.5 lb., this corresponds to a weight economy of 

1.5 Ib. per in-lb. of useful work^ 
4. Conical-Faced Pltxnger Magnet. Figure 4 shows a 60° conical- 

faced plunger magnet* with its actual experimental force-distance 
curves. This type is identical with the flat-faced plunger magnet except 
that its economical range of usefulness extends over relatively smaller 
forces and longer strokes. This is due to the conical faces which cause 
the permeance of the working gap to increase less rapidly with motion, 
and hence decrease the force.* Its force-distance curves can be com¬ 
pared quantitatively to those for the flat-faced plunger magnet of Fig. 3 

’ This weight economy is low for this type of magnet. The reason is that the 

magnet is an experimental one and was designed to take all types of plungers. 

• This magnet is the same as that of Fig. 3 except that the flat-faced plungers have 

been replaced by coned ones. 

• See force-formula derivation of Sec. 6, Art. 72, Chapter VIII. 
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because they were taken experimentally on the same magnet by using a 
different set of plungers. Thus, reh^rring to the figures, the flat-faced 
plunger magnet shows a maximum work of 7 in-lb. at stroke while 
the same magnet with 60° conical-faced plungers has a maximum work 

of 9.5 in-lb. at a stroke of ^ in. This increase in maximum work availa¬ 
ble is mostly due to the increase in magnetic and mechanical efficacies. 
The weight economy of this magnet will therefore be higher; it is equal 
to 1.05 lb. per in-lb. of work. 

Ideally, these force-distance curves also should follow the inverse 
square law. However, for the reasons explained before, though they 
follow the ideal in general shape, they are widely divergent from a real 
inverse square law. 

5. Cylindrical-Faced Plunger Magnet. Figure 5 illustrates a 
cylindrical-faced plunger magnetwith its actual (experimental force- 
distance curves. This type is suitable for relatively longer strokes and 

Fig. 4. C’onical-faci'd plunfjjer niajj;n<‘t and its foiaro-stroke curves. 

smaller forces than the conical-faced plunger magnet, or where a force- 
distance characteristic which is high at the beginning of the stroke and 
tap(‘rs off toward tlie end of tlie stroke is desired. The shape of the 
for(H'-distance curve without the stop is ('xplaiiual as follows ffoni the 

beginning of the stroke shown at x = 2 in., up to x =11 in., the plunger 
is outsi(l(' the cylindrical shell and the permeance between the plunger 
end and the sh('ll increases rapidly as x decreases. This produces a 
rate of change^ of permeanc*e which increases as x decreases. When this 

'^Scc Arts. a5 and ‘M), Chapter III. 

“ This magnet also is the same as used for obtaining the data of Figs. 3 and 4. 

Actually it was built as ilhi.strated in Fig. 5 with protruding iron shells at each end 

so as to be universally adaptable to all (he types illustrated from Fig. 3 to 8 inclusive. 

In the illustration of Figs. 3 and 4 it is show'n as it would be normally built. 

** See force formulas 2a or On, Chapter VUI. 
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rate of change of permeance is multiplied by the square of the magneto¬ 
motive force between the plunger and shell a rising force-distance curve 
is produced.^* From the point where the plunger enters the shell until 
it commences to protrude from the other end, the distance rate of change 
of permeance is constant, and if the magnetomotive force between the 
plunger and shell were constant the force would be constant. This 
ideal condition is obtained for only a small part of this distance, from 
a: = in. to X = -§• in. Beyond this point the iron commences to 
saturate, and the magnetomotive force across the gap decreases, causing 
the force to fall off. When the stop is added the initial part of the curve 
up to X =’ f in. is not materially changed. However, toward the end 
of the stroke the rate of change of permeance is rapidly increased because 

Fig. 5.. Cylindrical-faced plunger magnet and its force-stroke curves. 

of the direct approach of the flat end surface of the plunger and the stop 
surface. This produces a force characteristic at the end of the stroke 
exactly the same as that of the flat-faced plunger magnet. The use of 
the stop is generally to be recommended in this type of magnet as it 
produces a large increase in magnetic efficacy and an increase in weight 
economy, and prevents the force-distance characteristic from falling off 
at the end of the stroke; sometimes, however, the stop Ls undesirable 
because of the residual force which will be produced. This, of course, 
can be partially eliminated by placing a non-magnetic washer between 

the plunger and the stop. 

This is not the complete story. A large portion (of the order of 25 per cent) 

of the force between x = 2 in. and x = 1J in. is derived from the flux of the plunger 

that leaks radially across the coil to the iron shell surrounding the coil. In this 

magnet this force is of the order of 2 lb. between x = 2 in. and x 1 i in. and gradu¬ 

ally decreases to about 1 lb. at x « 0. See column 9 of Table II of Art. 77, page 225, 

for actual values of this force in the stepped cylindrical plunger magnet of Fig. 6. 
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The useful work-stroke curves show maximum usefuh^ works of 
10.3 and 9.1 in-lb. occurring at strokes of 1-| and 1^ in., respectively, 
for the magnet with and without the stop, corresponding to weight 
economies of 1.01 and 1.13 lb. per in-lb. of work. 

6. Stepped Cylindrical Faced Plunger Magnet. The falling off of 
the force with the straight cylindrical plunger at about the middle of 
the stroke, due to the decrease in gap magnetomotive force as the iron 
saturates, as occurs in the force-distance curve of Fig. 5, can be mini¬ 
mized by increasing the rate of change of permeance betw^een the 
cylindrical plunger and the shell as the stroke progresses. One simple 
way to do this is by stepping the cylindrical plunger as is illustrated in 
Fig. 6. The force-distance curves of Fig. 6 show exactly the effect 

Fig. 6. Stepped-cylindrical-faced plunger magnet and its force-stroke cur\"es. 

that is obtained when the 1-in.-diameter cylindrical plunger of Fig. 5 is 
stepped up to 1^\ in. (decreasing the radial gap length to one-half) for 
the last half of its length. As can be seen at x = f in., where the force 
due to the 1-in.-diameter step is falling off, the curvature changes and 
the force commences to rise as x gets smaller owning to the 1^-in. step 
entering the .shell. Despite the larger-diameter plunger the force falls 
off again at x = -^ in., until at about x = 0 the force again commences 
rising because of the step produced by the main body of the plunger 
coming close to the shell. This last dip could be eliminated by inserting 

The useful work curve for this magnet and the succeeding ones with similarly 

shaped force-distance curves is taken as the product of the least force throughout the 

stroke by the stroke; however, the actual plunger positions for the assigned stroke 

are taken so as to give the maximum product. 
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another step at about x = J in. When the stop is used the last dip is 
eliminated and a large sealing-in pull is obtained at the end of the stroke. 

The useful work-stroke curves show a maximum work of 9.5 in-lb. at 
a stroke of 11 in. for both the magnet with and without the stop, giving a 
weight economy of 1.1 lb. per in-lb. of work. 

7. Taper Plunger Magnet. It is obvious that, as the number of 
steps of the cylindrical plunger magnet is increased, the force (no stop) 
may be kept more constant throughout the useful stroke. The logical 
consequence of increasing the number of steps is to make the plunger 
tapered, thus getting the effect of an infinite number of steps. If the 
angle of the taper is chosen correctly, it is possible to get almost constant 
force. In Fig. 7, the magnets of Figs. 5 and 6 are shown with a tapered 

Fig. 7. Taper plunger magnet and its force-stroke curves. 

plunger. The force-distance curve for this magnet at rated current 
without the stop shows practically constant force from x = 1J in. to 
X = 0. The addition of the stop as before merely increases the pull at 
the end of the stroke and produces a high sealing-in pull. 

The useful-work-stroke curves show maximum work of 12.4 and 
11.5 in-lb. at strokes of l|^ in. and 1-^ in., respectively, for the magnet 
with and without the stop. This corresponds to weight economies of 
0.77 and 0.88 lb. per in-lb. of work, respectively. 

It is sometimes possible to get an even more flat force-distance curve by com¬ 
bining the cylindrical and taper plungers. Thus if the cylindrical plunger of Fig. 6 
is allowed to remain a 1-in. cylinder from the end for a length of ^ in. and then is 

tapered from 1 in. to in. in the next in. a force-distance curve which lies 
between 12 lb. maximum and 10 lb. minimum will be obtained from x = in. to 

X 0. This will increase the useful work to 10 X 126 * 12.6 in-lb., which is an 

11 per cent increase. Usually, however, such special plunger shapes are not war¬ 

ranted. 
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8. Truncated Conical Plunger Magnet. If the cylindrical shell of 
the taper plunger magnet of Fig. 7 is made in the form of a conical shell 
having the same angle of taper as the plunger, the so-called truncated 
conical magnet of Fig. 8 is obtained. This particular shape of working 
gap is theoretically ideal for a long-stroke small force magnet as it makes 
the stored energy of the working gap zero at the end position of stroke 
and thereby makes the greatest possible energy available as mechanical 
work. This can be seen by noting that the experimental force-distance 
curve of Fig. 8 has more area under it than any of the curves of Figs. 
5, 6, and 7 for the same current, and that the magnetic efficacy has a 
high value of 0.52 (see Table I). Also, the force can be made substan¬ 
tially constant over the greater part of the stroke. Referring to the 
force-distance curve, the hump at x = 1 in. could be flattened out and the 

Fig. 8. Truncated conical plunger magnet and its force-stroke curves. 

force in the region of x = in. increased by making the angle of the 
taper greater. As the rate of change of permeance of the working 
gap varies inversely as the square of the distance x, the decrease in 
force due to saturation, varying as the square of the gap magnetomotive 
force, may easily be compensated for. In practice, however, it is 
extremely difficult to realize an actual available force-distance curve 
near that of Fig. 8. The reason for this is that if the two conical faces 
are slightly eccentric the friction toward the end of the stroke due to 
side pull of the plunger becomes excessively great. 

The useful-work-stroke curve shows a maximum work of 12.6 in-lb. 
at a stroke of 1^ in. This corresponds to a weight economy of 0.83 lb. 

per in-lb. of work. 

See the force formula derivation of Art. 72, page 205. 

In testing the magnet of Fig. 8 the net available force as actually measured on a 

spring balance became zero at x » J in. 
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9. Ironclad Solenoid and Plunger or Leakage Flux T3rpe. As was 
mentioned in footnote 13, the cylindrical plunger magnet and all similar 
long-stroke plunger magnets derive a considerable portion of their force 
from flux leaking radially from the plunger to the surrounding iron shell. 
When it is desired to make a magnet with a relatively long stroke and 
small force, this type of force action must be resorted to for almost the 
entire length of the stroke. It is generally economical to retain a taper 
plunger force action for the last portion of the stroke and thereby avoid 
extending the coil length. In Fig. 9 is illustrated an ironclad solenoid 
and plunger magnet employing the taper end for the last inch of stroke. 
The experimental force-distance curve shows that from x = 3j in. to 
X = 10^ in. the force is practically constant. This is because the 
force is given by the equation FccH<t>j where AT, the magnetic intensity 
of the solenoid winding is constant; and <^, the flux of the plunger, has 

Fig. 9. Ironclad solenoid and plunger magnet and its force-stroke curves. 

become constant owing to saturation. In the region between x = 0 and 
X = 3^ in., the flux leaking from the plunger increases approximately 
as the square of x, for the reason that the radial leakage permeance 

between the plunger and the shell is proportional to x, and the effective 
magnetomotive force also is proportional to x; thus the force increases 
as the square of x. At the end of the stroke when the taper end becomes 
effective the variation in force is determined almost entirely by the 
length and angle of the taper. In this type of magnet there are no 
magnetic limitations to the length of stroke. If desired the iron shell 
around the coil may be eliminated and the magnet becomes the ordinary 
solenoid with a soft-iron plunger. Where the stroke is very short this 
will result in a large increase in weight and power consumption; where 
the stroke is very long the difference is less marked. Referring to 
Table I, it is interesting to note the high values of magnetic and mechani¬ 
cal eflSicacy obtainable with this type of magnet. The magnetic eflScacy 

See force formula 20o, Art. 76, page 219*. 
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of this type of magnet will increase toward unity (neglecting hysteresis) 
as the stroke is increased. 

80. Shaping of the Force-Distance Characteristic 

In order to make an effective comparison of the effects of changing 

the shape of the working gap, the data of Table I were prepared. All 
these data were obtained by actual measurement on the magnets listed 
and illustrated in Figs. 1 to 9 inclusive.^® The only columns requiring 
special explanation in this table are 8 and 9. Column 8, the ideal 
work available, was determined as outlined in Chapter III; it represents 
the product of the maximum flux leakage obtainable (leaving no gaps 
in the circuit) by the exciting current. Column 9 is the total area 
under the force-distance curve as plotted in Figs. 1 to 9. 

Examining the data of Table I, it is seen that the magnets have 
optimum forces and strokes that range from 1,400 lb. through 0.033 in., 
to 3.5 lb through 9 in. Looking at column 14, it is seen that this range 
of force and stroke can be obtained at a substantially uniformly high 
value of magnetic efficacy. If we further examine the limited range 
including magnets 4 to 12 which cover designs having the same tempera¬ 
ture rise conditions, and about the same value of useful work, it is seen 
that the weight economy is also substantially independent of the force 
and stroke. 

In general, it may be stated that the magnetic efficacy®® and the 
weight economy are independent of the force and stroke in well-designed 
magnets if the temperature-rise conditions and useful work are held 
constant. 

This is accomplished by shaping the force-distance characteristic 
of the magnet to suit the particular useful force and stroke desired, so 
that a high magnetic efficacy, with the desired mechanical efficacy, is 
obtained. The force-distance characteristic can, within limits, be 
shaped at will by properly combining the three elementary force-distance 
characteristics: (a) the inverse-square type obtained by the direct 
approach of the working gap surfaces; (6) the constant-force type, 
with the force falling off at the end of the stroke because of saturation, 
produced by increasing the area of the working gap surfaces only; 

Magnet 3 is not illustrated. This magnet and also msignet 1 were designed by 

Dr. L. A. Hazeltine at the time he was associated with the Department of Electrical 

Engineering at Stevens Institute. Magnet 3 is illustrated on page 228 of ‘‘ Magnets 

by Charles R. Underhill. 

This excludes the leakage-flux type, the magnetic efficacy of which (neglecting 

hysteresis) approaches unity as the stroke is increased. 
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(c) the truly constant-force type using the leakage-flux principle. Mag¬ 
nets 1, 2, and 4 are entirely of type (a); magnets 6 and 8 are entirely 
of type (5); magnet 13 is entirely of type (c), except at the very end of 
its stroke; magnets 3, 5, 7, 9, 10, 11, and 12 are combinations of types 
(a) and (6), and of these magnets 7, 9, 10, 11, and 12 have a small 
proportion of type (c). 

81. Index Number—Choice of Magnet Type for Any Particular Force 
and Stroke 

It is quite apparent from a study of Table I and the discussion of the 
last article that, if one is to design an efficient magnet (high weight 
economy), the type of working-gap surface must be correctly chosen for 
the particular force and stroke. 

In general, a long-stroke magnet will be long and a short-stroke 
magnet short; a large-force magnet will be large in diameter and a small- 
force magnet small in diameter, if they are to be of economical design. 
Thus, the square root of the force is proportional to the diameter and the 
stroke is proportional to the length. The ratio of these two quantities, 
namely will be an indication of the shape of the magnet; it is 
called the index number. Experience shows that the index number 
forms a logical basis for determining the proper type of magnet for 
maximum weight economy. Column 17, Table I, gives the index 
numbers for the various magnets discussed so far. 

In order quantitatively to correlate weight economy with magnet 
type and index number, the graph of Fig. 10 has been prepared.^^ 
This graph shows the weight economy for each of seven types of magnet 
as a function of the index number. The data were obtained by com¬ 
puting a series of designs for each type covering a range of index numbers. 
The actual designs were carried out in such a manner that each magnet, 
except those of the horseshoe type, performed approximately the same 
maximum useful work (10 in-lb.) at its rated stroke with the same final 
temperature rise (70° C.) for continuous excitation. The actual weight 
economies shown on the graph, for these types, apply only for magnets 
rated at about 10 in-lb. 

In choosing the magnet types, it was necessary to take only a suffi¬ 
cient number to cover the range of useful index numbers with a high 
weight economy. Also, some types which would appear from their 

This term and concept were introduced by Dr. L. A. Hazeltine, formerly head 

of the Department of Electrical Engineering at Stevens Institute. 

** The work of computing the various designs and correlating them was carried 

out by several graduate students under the supervision of the author. 
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force-stroke characteristics and their other characteristics as tabulated 
in Table I to be almost ideal have been omitted because of practical 
reasons. Thus, the truncated conical plunger magnet is the most effi¬ 
cient listed, but practically, if the plunger is not very carefully centered 
with reference to the conical end piece, the side pull toward the end of 
the stroke is prohibitive. The cylindrical and stepped cylindrical 
plunger types have been omitted because the taper plunger type, by 

altering the angle and diameter of the tapered part, can be made to give 
the performance of the other two with a greater degree of flexibility. 
The horseshoe type of magnet is more involved than the others because 

Fig. 10. Comparison of the weight economies of various types of tractive magnets. 

one more variable enters into its design. This additional variable is the 
polar enlargement. In the other types, in order to maintain a high 
weight economy as the index number is decreased, the shape of the pole 
faces is changed so as to keep the force as uniform as possible over the 
longer stroke. In the horseshoe magnet, this same effect is obtained by 
changing the polar enlargements. Thus a horseshoe magnet with a 
low index should have big polar enlargements, and one with a high index 
number should have no polar enlargements. In this manner a fair 
weight economy can be maintained over a wide range of index numbers. 
In Fig. 10 are shown the weight economies of horseshoe magnets with 
optimum polar enlargements, as a function of the index number. 
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Because this type of magnet is not generally built for as much work as 
the other types, the data have been computed for a constant useful work 
of 1 in-lb. instead of 10. The temperature rise for continuous excitation 
has been kept at 70° C. 

Although the seven types chosen for the graph of Fig. 10 will gener¬ 
ally be suitable for most designs, it will often be desirable when special 
force-distance characteristics are to be obtained to combine some of the 

types or to use a cylindrical type. 
Referring now to Fig. 10, the following tabulation of the range of 

index numbers economically covered by each type may be made: 

TABLE II 

Best Magnet Type 

Flat-faced armature 
Flat-faced plunger 
Conical-faced plunger 45° 
Tapered plunger 
I.eakage flux 

Index Number Range 

Above 350 
350 to 62 

62 to 14 
14 to 0.8 
Below 0.8 

As an Alternate Type 

The horseshoe may be 
used betw(;en iiuh'x 
numbers of 1,000 to 10 

The 60° conical plunger has been left out of the tabulation because its 
apparent range of maximum economy is limited. Actually it can be 
used with good results in the range of index numbers from about 5 to 20. 

It should be remembered that the data of Fig. 10 and Table II are 
to be used only as a guide in selecting the proper type and that practical 
considerations such as ease of building or the preference of the designer 
in regard to mechanical details may modify the choice. If speed of 
action is any consideration, care must be exercised when choosing either 
the taper plunger or leakage-flux type to see that the mechanical efficacy 
is not made too high. Magnets designed especially with regard to their 
speed of action will be considered in detail in Chapter XII. 

82. Effect of Temperature Rise and Rated Work on the 
Weight Economy 

Increased allowable temperature rise of a magnet, though it does 
not decrease the necessary cross section of the iron, will decrease the 
space necessary for the coil, which will generally allow a reduction in the 
length of the iron circuit to be made. This results in a reduction in 
weight and an increase in weight economy. Thus, referring to Table I, 
the low weight economy of magnet 2 is partly due to its low temperature 
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rise of 28® C., while the high weight economy of magnets 1, 3, and 13 is 
partly due to their high temperature rise (70® C. with a short period of 
excitation). In general, unless power consumption is a prime considera¬ 
tion, a magnet should be designed for a temperature rise as high as 
standard practice will permit for the materials used. Where a magnet 
is used intermittently, the peak cyclic temperature rise should be 

chosen as above. 
In magnets, as with all other machinery, the weight per unit of work 

performed decreases as the capacity of the machine increases. Thus, 
the fact that magnet 3 has four times the weight economy of magnet 5 is 
due primarily to its large rated work of 170 in-lb. as compared to 9.5 in-lb. 
for magnet 5. Likewise, the lower weight economy of the horseshoe type 
as compared to the others of Fig. 10 is partly due to their smaller size. 
This fact should be kept in mind when using the weight economies given 

in Fig. 10. 
PROBLEMS 

1. Figure 11 shows a desired force-stroke characteristic. Sketch a suitable type 

of magnet, showing in detail the type of pole faces necessary to produce the rise in 

force at the end. Give approximate dimensions for the pole faces based on mag¬ 

netic values which are reasonable. 

Fig. 13. Fig. 14. 

2. Figure 12 sIkjw.s a desired force-stroke characteristic. Sketch a suitable type 

of magnet, showing in detail the type of pole face necessary. Explain why the type 

of pole face you have selected should give the desired results. 

3. Same as Problem 2, referring to Fig. 13. 

4. Same as Problem 2, referring to Fig. 14. 



CHAPTER X 

DESIGN OF TRACTIVE MAGNETS: DESIGN PROCEDURE: 
ILLUSTRATIVE DESIGNS 

83. General 

It is essential for the designing engineer to have some general rules 
and fixed standards to guide him in his work. In the field of electrical- 
machine design this resolves itself into a compilation of physical laws 
governing the operation of the particular machine plus empirical rules 
derived from experience in designing and building many similar devices. 
The empirical rules will set economical design limits for flux and current 
densities and for the proportions of the magnet. These laws and 
rules plus the natural intuition and feeling of any experienced designer 
will generally result in a suitable design. The first design so obtained 
is usually referred to as a preliminary design. This preliminary design 
must first be modified in order to accommodate stock sizes, and must 
then be subjected to the inverse process; i.e., upon the basis of the 
dimensions, winding data, etc., the performance characteristics of the 
magnet must be computed. These characteristics will include, besides 
the force-stroke curve and temperature rise, a check to determine how 
closely to the optimum the materials of the magnet are being worked 
at the rated stroke and current, and under certain conditions the maxi¬ 
mum time of continuous excitation allowable, or the residual force that 
may occur. If the results of the calculations are satisfactory, the design 
may be considered finished. 

It is the purpose of this chapter to set forth the criterion for optimum 
economy, the fundamental physical relationships governing the design 
of tractive magnets, the method.whereby these relationships may be put 
together to obtain a suitable preliminary design, detailed empirical 
information suitable for choosing design values which would otherwise 

have to be obtained by laborious cut-and-try methods, and examples of 
actual design calculations for each magnet type. 

The design procedure and details will be worked out for only the six 
types of magnets covered in Table II of Chapter IX. It will be assumed 
that a suitable type of magnet has already been selected by the method 
outlined in Art. 81, and that there are no special requirements regarding 
speed of action. 

245 
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84. Fundamental Physical Relationships Governing the Design of 
Tractive Magnets—Generalized Scheme for Design 

1. Physical Relationships. For the purpose of illustrating the 
symbols used in this article and a practical mechanical form of con¬ 
struction, a typical flat-faced cylindrical-plunger magnet is shown in 

Fig. 1. The cylindrical shape is chosen for the purposes of discussion 
because it is simpler to formulate than a square or rectangular shape 
and is the type generally employed unless special considerations, such 

Fixed Plunger 
tight fit in 
brass tube— 

Fixed Cylindrical 
4 l^Gap 

rMovable-Plunger 
Free sliding fit in 
^^brass tube. 

Gross winding space = 

Coil Space Factor. 

Path of mean flux 
line through Iron. 
Length of iron path 

Coil Resistance=R= 
p._ pT(y‘2-f^i)w rdy^ w 

.4P(r2Vr0w 

Fig. 1. Cross section through a flat-faced cylindrical plunger magnet, illustrating 

the symbols of Art. 84. 

as quick action, require a laminated type. Mechanically it is very 
simple to build, as all the parts are turned. 

Force Equation. The magnet must exert an assigned minimum force 
throughout an assigned stroke, this force being expressed by the force 

equation for each type considered, as discussed in Chapter VIII. This 
equation is of the form: 

Force = ^ , (1) 

for the attractive type magnets, where Bg is the flux density in the 
working gap and Trr? is the area of the working gap. 

Magnetic Circuit Equation. The exciting magnetomotive force iV/, 
which must provide the flux required for the given force and stroke, is 

determined by the magnetic circuit equation for each type. This equa¬ 
tion is of the following form: 

NI + -LHiU (2) 
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where Bggl^L represents the magnetomotive force necessary to establish 
the flux at a density of Bg across an air gap of length and 
represents the magnetomotive force necessary to establish the flux in 
the iron parts of the circuit. 

Heating Equation. The coil must have such sectional area and heat 
conducting surface as to keep the temperature rise within an assigned 
limit, as given by the heating equation 9 derived in Art. 66. 

where Bf is the final temperature rise of the coil, q the fraction of the 
total time the coil is excited, p the volume resistivity of the copper wire, 
k the heat-dissipation coefficient, / the space factor, r2 — Vi the gross 
coil wall thickness, and h the gross coil length. 

Voltage Equation. The copper of the coil must be arranged in a 
suitable number of turns for the voltage assigned, as given by the 
voltage eejuation 16 derived in Art. 61. 

E = IR 
4p(r2 + y\)E!I 

(4) 

where E is the assigned coil voltage, r2 + the mean diameter of a 
turn on the coil winding, and d the bare wire diameter. 

2. Preliminary Design Procedure. In the four formulas listed the 
following iU'ins an; usually given in the design data: 

.y , the required force. 
the length of the working air gap or stroke of the magnet. 

0/, the required temperature rise. 
7, the fraction of the total time the magnet is excited. 

E, the supply voltage. 

Of the other design items, some vary between only very narrow limits 
and, hence, can be assumed for the purposes of the preliminary calcu¬ 
lation; the remaining ones must be evaluated from the equations. 

The procedure is as follows: The value of the working air-gap flux 
density Bg in equation 1 will vary between relatively narrow limits 
depending upon the index number. Bg must be so chosen that the iron 
in the yoke will be operating at an economical degree of saturation. The 
saturation in the yoke section relative to that in the working air gap is 
determined by the leakage coefficient, which is smallest for the large 
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index numbers of any one type of magnet. Thus, Bg can be assumed 
higher for the high end of the index number range for each type. In 
general, also, magnets designed for large amounts of work and excited 
for a small fraction of the time will have higher values of Bg. Data for 
representative values of Bg for magnets doing medium amounts of work 
will be given later for each magnet type. This flux density may there¬ 
fore logically be assumed, and equation 1 solved for rj. 

In equation 2, the first term, Bggf^, may now be evaluated. The 
second term, cannot be determined because nothing is known as 
yet about the dimensions of the iron circuit. However, experience 
show’s that, when the materials of the magnet are used economically, 
the magnetomotive force required for the iron will be a reasonably 
definite percentage of that consumed in the working air gap at the 
beginning of the stroke. This number will vary between 10 to 25 per 
cent, depending on the magnetic properties of the iron used. If there 
is a fixed cylindrical gap in the magnet, as illustrated in Fig. 1, another 
5 to 10 per cent of the working gap magnetomotive force should be 
allow^ed for it. Making these substitutions, equation 2 may be solved 
for NI as 

NI = (1.15 to 1.35) ^ 
M 

In the heating equation, p and k will be the resistivity of the copper 
wire and the heat-dissipation coefl5cient, respectively, both at the final 
temperature corresponding to 6/. f is the space factor of the coil and, 
as can be seen from the data of Table V, Chapter VI, does not vary 
much as the wire size varies between wide limits. With a little experi¬ 
ence one can guess the final wire size within a few numbers and hence 
can estimate the space factor very closely. This will leave two 
unknowns in the heating equation, r2 and h. In order to solve for these 
it will be necessary to introduce another relationship. This is most 
conveniently done by specifying the shape of the coil. As r2 — n is 
the radial thickne.ss of the coil and h its length, the shape will be specified 
by setting a value for h/{r2 — Ti). It has been found by actual experi¬ 
ence that for any type of magnet there is a limited range of this ratio 
that will produce a high weight economy. Values of this ratio will be 
given for each magnet type later. Using this, the heating equation 
may be solved and both r2 and h determined. 

The voltage equation may now be solved for the bare wire diameter d. 
3. Modification of Preliminary Design to Stock Dimensions. It is 

almost always necessary to change the bare wire diameter in order to 

suit the standard sizes of the American wire gauge. The standard 
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size just larger than the preliminary value should be chosen if it is felt 
desirable to increase the ampere-turns above the preliminary value or 
the next smaller size if fewer ampere-turns are desired. It should be 
remembered, however, that if the iron is relatively unsaturated the 
force will vary very rapidly with a change in wire diameter. Thus, an 
increase in one wire size will change the coil resistance by a factor of 
approximately 1.26^ or to 159 per cent of the original value; will decrease 
the coil current by a factor of 1/1.26^ or to 63 per cent of the original 
value; will change the coil magnetomotive force by a factor of 
1/1.26^ X 1.26 or to 79 per cent of the original value; and the force 
by a factor of 1/1.26^ or to 63 per cent of the original value; and vice 
versa for a decrease in wire size. It is sometimes necessary for this 
reavson to split a wire size by winding half the coil with one wire size and 
the rest of the coil with a wire one size larger or smaller. 

The only other dimension that it is generally necessary to modify 
is the plunger radius rj if the plunger is to slide in a brass tube. If 

because of the choice of wire size the coil magnetomotive force is con¬ 
siderably greater than the amount required ip the preliminary design, 
it is wise to choose ri slightly less than the preliminary value to prevent 
the force from being too much in excess of the desired value. 

Cold-drawn seamless brass tubes are made^ in integral fractions 
of an inch on the outside diameter, varying by from f up to if in. 
in diameter, by f’s up to about 2f in., and by f’s up to about 6f in. 
Wall thicknesses are made to correspond approximately to a limited 
range of the B. & S. gauge or A.w^g. for copper w^ire, and the Stubs iron 
gauge for steel w ire or sheets. Round steel bars are rolled from about 
^ to If in. in diameter varying byabove if in. in diameter 
varying by f’s up to 4f in., and above this by f’s. The plunger 
radius rj should be chosen, if possible, of such a stock size that it can 
slide with the proper clearance in a standard brass tube. If this is not 
practicable, the plunger should be chosen oversized and turned dowm to 
give the desired clearance in stock size of brass tube. This clearance 
should be kept as small as possible to eliminate slide pull at the fixed 
cylindrical gap. In very special jobs it is sometimes necessary to ream 
the brass tube, turn the plunger to a specified clearance, and then plate 
the plunger with a hard chromium finish to prevent the possibility of 
stickiness between the plunger and tube. 

4. Check of Preliminary Design Using Stock Sizes. At this point 
the magnet has been completely designed and the only work remaining 
is to check the design. There are several factors which will cause the 

^ It is best to refer to manufacturer’s catalogues for exact information on mate¬ 

rials available. 
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performance of the ^^preliminary design,” were it built, to deviate 
from that desired. They are as follows: 

1. The (15 to 35 per cent) air-gap magnetomotive force allowed for 
the iron (and the fixed cyliudrical gap, if there is one) may or may not 
be close, depending on whether the iron parts have been saturated to the 
degree anticipated. This in turn depends upon the leakage coefficient, 
which coefficient varies greatly with the ratio /i/(r2 — ri). In the 
preliminary design the value of the leakage coefficient used has been 
absorbed into the value for initially assumed. It is for this reason 
that preliminary values of working air-gap flux density are relatively 
low compared to the saturation density of iron. 

2. The changes produced by using stock sizes of wire and steel rods, 
etc., may be sufficient to throw the design off. 

In order to check the design it is necessary to make a sketch of the 
magnet. To do this it will be necessary to calculate the thicknesses 
^ hj hi hi Ui aiid (r3 — r2), of the various parts of the steel shell. This 
may be done by making the cross-sectional area of the iron path through 
these points equal to at least that of the plunger with the exception of <4, 
where the area may be made less as all the flux does not pass through 
this section. If the shell is made of a magnetically inferior steel as 
compared to the plunger, its area should be correspondingly increased 
to conform to the magnetomotive force allowed for these parts. The 

width of the fixed cylindrical gap, Wcgi may be determined by designing 
this gap to consume the magnetomotive force assumed for it in solving 
the magnetic circuit equation 2. 

After the sketch has been completed, the actual leakage coefficient 
and saturation curve of the magnet can be computed. In computing 
the saturation curve it will be necessary to evaluate for various 
values of plunger flux. The correct value of coil ampere-turns (hot), 
final temperature rise, force at the beginning of the stroke, may then 
be computed. The degree to which the optimum has been approached 
(explained in the next article) in working the magnetic materials may 
also be computed. Should these values be satisfactory the design, 
other than for the necessary mechanical details, may be considered 
finished. If not, changes must be made as indicated by the trial results. 

The fewness of the number of the changes necessary to effect a satis¬ 
factory design reflects more than anything else the experience and 
shrewdness of the designer in making the original choice for Bg, 
and / in the preliminary design. There is, however, one consolation, 
that regardless of how inexperienced the designer Is, he can with sufficient 
patience, by following the rules, ultimately turn out a design ju.st as 
efficient as the more experienced man. 
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86. Optimum Conditions for the Economical Use of Magnet Materials 

In a tractive magnet the useful work done is considered to be the 
product of the force at the beginning of the stroke by the stroke.^ 

For a given magnet having a given number of ampere-turns excita¬ 
tion, the useful work can be changed by either changing the stroke or 
by changing the effective area of the working air gap. An increase of 
stroke will decrease the initial force, and the product of the two, which 
is the useful work, may decrease or increase. The area of the working 
air gap may be changed by the use of polar enlargements, as in a horse¬ 
shoe magnet, or by changing the angle of the plunger face in the gener¬ 
alized conical plunger magnet. This change in area will change the 
flux density in the air gap, but because of the change in area of the 
working gap the resulting force may either increase or decrease. There¬ 
fore, there evidently is an optimum stroke for a magnet having a fixed 
pole face area, or an optimum gap area for a magnet having a fixed 
stroke, which will give the maximum useful work. 

The force of a tractive magnet at the beginning of the stroke can be 
expressed by equation 8a, Chapter VIII 

B^S 
Force = —- joules per inch (5) 

2/i 

where B is the flux density of the useful flux in the working gap at the 
beginning of the stroke. The useful work of the magnet will equal 

__ Force X g = joules 

where g Ls the gup Ituigth or stroke in inches. The expression B^Sg/2iiy 
however, is that for the magnetic energ^^ stored in the working gap. 
It may, therefore, be concluded that the useful work will be a maximum 
for the conditions of stroke or gap area that make the magnetic energy 
of the gap a maximum. Then, assuming the gap area to remain con¬ 
stant, the relation which determines the optimum gap length may be 
found as follows: The stored magnetic energy of the air gap is 
W = B^Sg/2^ = maximum, or B'^g = maximum; differentiating with 
respect to B and considering both B and g variable, we have 

•2B» + «=|.0 

2g + B 

* See Art. 36, page 80, and Arts. 78 and 79, pages 228 and 235. 
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The magnetic circuit equation of the magnet will be NI = S/f.-ij + 
(Bg/n) = a constant, where H, is the magnetic intensity in the iron, 
li is the length of the iron parts, and Bg/ix is the ampere-turns across 

the air gap. Differentiating as before, we have 

dHi do 

Substituting from 7, 

dB fili 

dB S 

dHi g 

d<t> fJiS 

^ 7 
This equation states that the optimum condition is reached when the 
differential permeance {d<t>/dFi) of the iron circuit equals the permeance 

of the working air gap. 
If the gap area Is allowed to vary while the gap length remains 

constant, the same optimum will be reached. 

cZ0 

$ “2. a,. d Ft _ 

'<1^ 
-£l>\ / [ 

In Fig. 2 is shown a graphical construc¬ 
tion for determining how closely a magnet 
is working to its optimum. Curve a rep¬ 
resents the magnetization curve (useful 
flux in working air gap against ampere- 
turns) for all the iron parts of the magnet 
and any fixed air gaps that might exist. 
Curve b is the magnetization curve for 
the w^orking air gap drawn with a negative 
slope. The slope of this curve is the use¬ 

ful permeance of the air gap. To satisfy equation 8 the magnet must be 
operated at such a point on saturation curve a that the slope at this 
point equals the useful permeance of the working gap. If NI equals 
the magnetomotive force of the exciting coil, the operating point may 
be determined by finding the intersection of a line drawn from NI having 
a slope of —fiS/g with the magnetization curve, as shown at c. Then, if 

the tangent to the saturation curve at c makes the same angle (ai) 

NI 

Fia. 2. Graphical construction 

for determining the optimum 

operating point. 
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with the vertical as does the air-gap permeance line (a2)> the magnet 
is working at its optimum. 

The degree to which the optimum is approached by an actual design 
can be determined by comparing the useful work of the design, area of 
the triangle cefy where c is the actual operating point, to the area of the 
same triangle where c is the optimum operating point determined by 
graphically finding the point on the saturation curve where ai = a2> 

86. Design of a Flat-Faced Armature Type of Magnet 

1. General. The flat-faced armature type of magnet is used prima¬ 
rily as a lifting magnet or holding magnet. Thus it is used for lifting 
loads of scrap iron, steel plate, steel castings, etc. The magnets used 
for this purpose are very large, lifting loads of the order of 10 tons and 
having a diameter of the order of 4 ft. Magnetically, the design of 
these large magnets is no different from or more difficult than that of 
the small ones. The problems involved with respect to heat radiation, 
insulation, and mechanical construction, however, are vastly different 
and require the application of empirical data gained from experience on 
actual magnets of this type. The heating data of Chapter VII cannot 
be considered applicable to such large magnets.® 

The flat-faced armature type of magnet is also used for magnetic 
clutches and brakes on both large and small machines. In general it is 
used for any application requiring a large force to be exerted through a 
small distance, as is indicated in Table II, Chapter IX, by large index 

numbers—above 350. 
2. Design Data. For the purpose of illustration let it be required 

to design a magnet having given the following data: 

Stroke = 0.025 in. = g. Excitation = continuous. 
Force = 4001b. = Material = Swedish charcoal iron (unannealed 
Voltage = 6 volts = E after machining) sample 2. 
Temperature rise, 70° C.; average temperature rise (by change of resistance) of 

coil above surrounding ambient temperature of 20° C. 

The index number of this required design is = \^400/0.025 = 800, 
which indicates a flat-faced armature magnet as the most economical 
type. Figure 3 is a sketch of the conventional type of small flat-faced 
armature magnet, showing all the dimensions indicated in the formulas. 

A ooini)rehen8ive discussion of the problems involved in the design of large 

lifting magnets may be found in Fundamentals of Electrical Design," by A. D. 

Moore, McGraw-Hill Book Co. 
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3. Design Equations. The four fundamental design equations of 
Art. 84, modified to suit the flat-faced armature magnet, are as follows: 

Force Equation. 

Force = 
B^r\ 

11.45 
lb. (9) 

from equation 8c, Chapter VIII; the denominator must be reduced to 
one-half as the flat-faced arma- 

Mean Magnetic Path 
Cross Section of length-i; ^etal outside of dashed 

lines may be removed winding bare wire 
dia.^ d 

j Coil 
:^Space 

Armature ’ 

T 

ture has two working faces. 
Mag n et ic Circu it Equ ation. I n 

the flat-faced armature type of 
magnet, the magnetomotive force 
used in the iron parts (whose 
length so far is unknown) may be 
provisionally estimated as 200ri. 
This is permissible as in proper 
designs the required magnetomo¬ 
tive force is found to be nearly 

_ ^ ^ xu 1 1 independent of the shape of the 
Fig. 3. Cross section through a circular • ' • i r 
flat-faced armature magnet, illustrating magnetic circuit but, of course, 

design symbols. is proportional to the linear di¬ 
mensions. Thus, making this 

substitution in equation 2 for and noting that there are two air 
gaps in series, we have 

2Bg 

Air Gap where B^^exists 

NI = 

Heating Equation. 

Of = 

+ 200r, 

qp 

2kf{r2 - Ti) m 
remains unchanged. 

Voltage Equation. 

E = 
4p(r2 + r{)NI 

(10) 

(:^) 

(4) 

remains unchanged. 
4. Preliminary Design, liquation 9 may now be solved for rj if 

the value of can b(* as.suiiKMl. Referring to Fig. 4, data are given 
for Bg :us a funr tioii of the ind(*.\ number, for m('dium-sized magnets.^ 

^ bulge magiifis of this type, fxciird for only u fruction of the time, will use higher 

value.'? of Hg, ranging up to about 100 kmax. per sq. in. as an upper limit. 
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Using these data, a preliminary value of 72 kmax. per sq. in. is obtained 
for Bg corresponding to an index number of 800. Substituting into (9), 

we have, for rj, 

.-4 400 X 11.45 

72^ 

0.94 in. 

Substituting this value for )\ into (10), we have for NI 

2 X 72 X 0 025 
NI =-^-h 200 X 0.94 = 1,317 ampere-turns 

0.00319 

Fig. 4. Design constants for the circular flat-faced armature magnet illustrated 

in Fig. 3. 

Equation 3 may now be solved by making the following substitutions: 

Of = 70° C. 

q ^ h 
p = 0.865 X 10 ® ohm-inch at 90° C. obtained for the value at 20° C. 

given in Sec. 1, Art. 57, page 155, and applying the correction factor 

of Table III, Chapter VI. 

k « 0.0076 watt per sq. in. per ° C. temperature difference from Fig. 76, 

Chapter VII, for a temperature rise of 70° C. and for the coil in 

good thermal contact with iron parts. In this type of magnet the 
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coil will generally be wound on a brass bobbin for the smaller sizes, 

which will fit snugly in the coil space and, hence, be in good thermal 

contact with the iron parts. 

/ = 0.50, assumed: The space factor of bobbin-wound coils varies from 

0.6 for large low-voltage coils, to 0.4 for small high-voltage coils. 

As this coil will be small and for low voltage a value of 0.50 has 

been assumed. 

— = 4, for this type of magnet. It will be noticed that this ratio may vary 

between 4 and 3 without producing an appreciable change in w'eight 

economy. Coil shape for large magnets is dictated by the problem 

of heat radiation, the flat tj^pe of coil being preferable where the 

heat-dissipation problem is severe. 

Thus substituting A/(/'2 — ^‘i) = 4 into (3), and solving for/z, we have 

And substituting for the quantities under the radical and solving we get 

3/2 X 1 X 0.865 X 10-^ X IM7'^ 

and 

0.0076 X 0.50 X 70 

h = 2,24 in. 

7*2 — ri = 7 = 0.56 in. 
4 

r2 = 0.56 + 0.94 = 1.50 in. 

The rest of the dimensions of the iron path may now be computed 
on the basis of maintaining the iron croas section at all points equal to 
that of the center core, and <2 are best computed after the final 
value of r2 has been obtained. To find ti: 

27rriti = 'Kr\ 

h — 

ti = 0.47 in. 

Equation 4 may now be solved for d: 

l^piX2 + ri)NI 

E 

4 4 X 0.865 X 10-** X 2 44 X 1,317 

0.043 in. 
6 
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5. Modification to Suit Stock Sizes. The preliminary design has 
now been finished, and the next step will be to modify such dimensions 
as can conveniently be replaced by stock sizes. 

Wire Size. From Table I, Chapter VI, the nearest wire diameter to 
43.0 mils is 45.3 mils, corresponding to No. 17 A.w.g. 

Iron Dimensions. The radius ri can be made in., h — 2\ in., and 
^ in., giving standard fractional dimensions to these parts where 

no particular precision is involved. The radii r2 and r^ are best left 
until the coil has been designed, because it is often desirable in such 
small coils as this one wdll be to modify r2 slightly in order to obtain a 
whole number of layers. 

The bobbin in this type of magnet, because it merely supports and 
protects the winding and does not perform any other mechanical function 
such as guiding a plunger, may be fabricated from sheet brass, about 

in. thick. A 2-in. O.D. seamless brass tube could be used but then 
it would have to have a rather thick wall—slightly less than ^ in. If 
it were desirable to use the brass tube it would be better to use a 2-in. 
tube with a wall thickness corresponding to No. 20 A.w.g. and make ri 
larger to fit inside of the tube. 

6. Check of Preliminary Design Using Stock Sizes. 
Coil Design—Space Factor.^ The gross winding depth (r2 — r^) will 

include besides the thickness of the winding itself: (a) the thickness of 
the bobbin tube; (6) the insulation between this and the coil, consisting 
of two or more layers of oiled linen or mica (5 to 10 mils each), according 
to the voltage; (c) the insulation outside of the coil, consisting of a like 
thickness of oiled linen or mica and a protecting layer of tape (about 
15 mils); (d) an allowance of about 10 mils between the insulated coil 
and the outside iron for irregularities in winding, etc. Subtracting this 
total thickness from (r2 — ri) and dividing by di (diameter of the insu¬ 
lated wire plus thickness of paper between layers if there is any), the 
number of layers is determined, assuming no embedding or compression 
of the insulation; it is found in practice, however, that, owing to these 
effects, from 5 to 10 per cent more layers may be wound in a given space, 
depending on the thickness of the insulation relative to the wire diame¬ 
ter. The number of layers should be a whole number and so, if small, 

may require a slight change in r2 in order to get whole number of layers. 
Also it is sometimes desirable to have the number of layers even so that 
the beginning and ending of the winding will be at the same end of the 
coil, as this often facilitates the mechanical problem of bringing the 
leads to the coil through the surrounding iron case. 

* See Art. 60, page 170. 
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Thus making the following allowances: 

(a) 0.03125. 

(b) 0.015. 

(c) 0.030. 

(d) 0.010. 

Total allowances = 0.08625; we will therefore have as the net 
winding depth, using the preliminary value of r2 — ri, 0.5625 in. — 
0.0863 in. = 0.4762 in., which divided by 0.0473, the diameter di of 
enameled-covered No. 17 wire, gives 10.07 layers. If a 5 per cent 
allowance is made for embedding, 10.6 layers may be wound; r2 may 
therefore conveniently be made 1-^^ in., allowing 11 full layers to be 
wound with a 2.5 per cent allowance for embedding. 

Besides the insulated wire, the axial length of the coil h includes: 
(a) the thickness of two flanges of the bobbin (if used), each being 
chosen as a stock size of sheet brass having approximately the same 
thickness as the tube; (b) three or more thicknesses of oiled linen or 
mica and (usually) a press-board washer at each end (about ^ in.) to 
take the wear in the winding; (c) an allowance of about 10 mils total 
for imperfect fit of the bobbin in the iron shell, or (in the armature type 
only) clearance between the outer surface of the bobbin and the arma- 
ture, in. or more; and (d) the thickness of an ins\ilated lead from the 
inside of the coil, in case it Is desired to bring this out to the outside of 
the coil (otherwise it may be brought out through a hole in the flange). 
Subtracting this total thickness from h and dividing by diameter di of 
the insulated wire, the number of turns per layer is determined, assuming 
the coil to be closely wound; it is found that from 5 to 10 per cent fewer 
turns may actually be wound in a given space, and an allowance of 1 

turn per layer must also be made for space lost at the ends. 
Thus, making the following allow^ances: 

(а) 0.0625. 

(б) 0.0925. 

(c) 0.0031. 

(d) 0.0000. 

Total allowances = 0.1581 in.; we will therefore have a net winding 
length of 2.25 in. — 0.158 in. = 2.092 in., which divided by di = 0.0473 
in. will give 44.2 turns per layer; deducting 5 per cent for the spread of 
the winding and then 1 turn for the loss at the ends, we will have 41.0 
turns. 

The total turns on the coil will therefore be 11 X 41 = 451 turns. 

The cross-sectional area of the bare copper wire of the coil will be 
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451 X 0.00161 = 0.727 sq. in., where 0.00161 sq. in. is the cross section 
of one No. 17 wire as determined from Table II, Chapter VI. 

The space factor will be 
0.727 

/ = - = 0.545 
2.25 X 0.59375 

which is slightly higher than the value assumed in the preliminary design 
of 0.50. This will tend to make the temperature rise lower, but will 
probably be balanced by the fact that d is larger than the preUminary 
value. 

The coil resistance may now be computed as follows: The mean 
radius of a turn will be ri + the winding thickness allowances (a) and (b) 
+ one-half the net coil winding thickness, = 0.9375 + 0.03125 + 

0.25373 = 1.24 in. The total length of the wire will therefore be 27r X 
1.24 X 451 = 3,515 in., and the resistance, applying the factor 0.0004221 
ohm per inch, at 20° C. for No. 17 wire from Table II, Chapter VI, 

and the temperature correction factor 1.2751 from Table III, will be 
3,515 X 0.0004331 X 1.2751 = 1.89 ohms at 90^" C. 

The coil current will be 6 1.89 = 3.17 amperes (hot), and the 

magnetomotive force developed by the coil will be 

NI = 3.17 X 451 = 1,430 ampere-turns 

Temperature Rise. Substituting the values so far obtained into 
equation 3 we have 

1 X 0.865 X 10^ /1,430Y 

“ 2 X 0.0076 X 0.545 X 0.59375 \ 2.25 / 

= 71.0° C. 

This value is close enough to 70° C. to be considered satisfactory, 

ra and <2 i^^y be computed: 

Hrl ~ rl) = Trr? 

ra = Vr? + ri 

rg = VO.9375^ + 1.53125^ = 1.798 = l|i in. 

2irr2t2 = Tfi 

0.9375* 

2X 1.63 ” 
0.288 in. 
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Magnetic Circuit Calculation. At this point a sketch of the magnet 
should be made so that the mean lengths of the magnetic circuit may be 
obtained. The sketch is shown in Fig. 5, drawn to scale. The mean 

lengths of the magnetic circuit as obtained from this sketch by measure- 
ment are: 

Length Area 

Armature. 1 20 2 76 

Pole core (inner). 2 25 2.76 

Pole core (outer). 2 25 
. 

2 76 

Yoke. 1.20 
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The mean areas of the yoke and armature are probably greater than 
those of the inner and outer pole cores, but it is a safe thing to make them 
the same. 

Before the saturation curve of the magnetic circuit can be calculated 
it is necessary to determine the leakage coefficient so that the distribution 
of flux in the various parts will be known Referring now to Sec. 3, 
Art. 54, page 144, and using the general derivation for the leakage co¬ 

efficient, we have 

V 
Pg + PL 

Pu TT/xr? 
(Pa + Pl) 

where the total effective permeance through the armature between 
the inner and outer pole core, is 

Pl + {P/)i Pi + (P/)o 

The iiin(‘r pole fringing permeance (P/), is 

(P/), = Pu + P.26 = 3.26Mr, + 4Mr, log. 

= 3.26 X 3.19 X 0.9375 + 4 X 3.19 X 0.9375 

= 9.75 + 24.2 = 34 max. per ampere-turn 

The outer pole fringing permeance (P/)o, is 

, 0.594 

TT X 0.025 

(P/)o = P7 + ^86 + P.l + Pl2h 

= I-OSm's + 2m'3 (14- — ) + 3.26/172 + 4/ir2 log. —-- 
\ g / Tg 

= 1.63 X 3.19 X 1.798 + (3.19)(2)1.798 log. 38.5 + 3.26 

X 3.19 X 1.53 + 4 X 3.19 X 1.53 X log. 7.57 

= 9.35 + 41.9 + 15.9 + 39.4 

= 107 max. per ampere-turn 

The useful gap permeance (P/) Is 

2 
/ \ / \ • 1 m 
(Pl) outer = (Pl) inner = = 352 max. per ampere-turn 

Q 



1 
= 210 max. per ampere-turn 

Pa will therefore be 

1 
+ 

1 
352 + 34 352 + 107 

Plj the leakage permeance between pole cores, is 

^2 + Ti / j _ '^Q \ 
2 \ 72 — Ti/ 

= 46.5 max. per ampere-turn, 

and the leakage coefficient will be 

Pg +Pl ^ 210 + 46.5 

Pu “■ 352/2 
1.46 

If the simplified equation 27 of Art. 54, which assumes certain pro¬ 
portions irp-the magnet (see text of Art. 54, Chapter V), had been used 
the leakage coefficient would have been 

1/ = 1 + 14 - = 1 + 0.373 = 1.373 
Tl 

This is lower than the value above mainly because it is based on a coil 
proportion of h/{r2 — ri) = 2.5, while in the actual magnet h/ii'2 — ri) 
= 4.0. In general where h/{r2 — Vi) is about 2.5 the simpler formula 27 
can be used. The larger ratio h/{r2 — ri) the higher will be the leakage 
coefficient. 

The saturation curve for the iron parts (for a constant gap length of 
g = 0.025 in.) may now' be computed. This computation will be carried 
out in the manner of Art. 47, Chapter IV, which should be referred to. 

Using the useful flux of the w'orking air gap, as a reference, the 
flux of the armature, assuming the permeance of the armature to be 
infinite,® will be 

0a = X — = <f>g = 1.192 <t)g 

• This assumption is generally valid when there is an air gap, and is made so that 

0X, may be estimated for any value of with reasonable accuracy. When there is 

no air gap, or when the armature is saturated so that its magnetomotive force is 

appreciable, <f>L must be determined by finding the magnetomotive force effective 

across this can be determined by assuming a flux through the armature, and 

thence determining the magnetomotive force required to force this flux through the 

armature and total working air-gap permeance P«. This magnetomotive force will 

then be that effective across Pl- 



The magnetomotive force across the pole faces will then be equal to 
that across the armature, namely 

n _<l>a _ <f>g 

“ P ~ P 

The effective flux of the pole cores will be"^ 

Eff. (</)p) = 0a + f0L 
where ® 

Ft 46 5 
<t>L = FaPL = 0, — = 0, ~ = 0.264 0, 

Hence 

Eff. (0p) = (1.192 + I 0.264)0, = 1.370, 

The flux of the yoke will be 

4>y - V4)g = 1.460, 

The actual calculation of the saturation curve will be carried out in 
tabular form; it is starte'd 
by assuming the value of 
flux density in the yoke.® 
This is a logical procedure 
as this is where the magnet 
will saturate first. 

Actual Work and Opti¬ 

mum Work of Design. In 
Fig. 6 is shown plotted the 
saturation curve of the iron 
parts as plotted from the 
results of Table I. From 
point / at 1;430 ampere- 
turns (actual coil NI) on 
the axis of abscissas there 
is drawn the working air- 
gap permeance line h with 
a negative slope of 176 max. per ampere-turn. The intersection of 

’ Sec Art. 46, Chapter V. 

* This is not the same as that of Art. 46, but is the same as that of Art. 54, and 

represents the leakage permeance between pole cores effective at the ends of the pole 
cores. 

® Unless the permeance of the armature cannot be assumed infinite in the first 

approximation, in which case the procedure of footnote 6 should be followed. 

Fia. 6. Determination and check of operating point 

for the final design of circular flat-faced armature 
magnet of Fig. 5. 
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TABLE I 

Calculation of Saturation Curve op Iron Parts of Flat-Faced Armature 

Magnet (Air Gap Excluded) for a Useful Air-Gap Length of 0.025 In. 

(See Saturation Curve of Fig. 11a, Chapter II, for Sample 2) 

Part 
Length, 

in. 
Area, 
sq. in. 

Flux 4> 
kmax. 

B 
kmax. per 

sq. in. 

H 
a-t. 
in. 

F 
a-t. 

1. Yoke. 1.20 2 76 1.4Q4>t 331 120 255 306 

2. Pole cores. . 4.50 2 76 C
O

 

311 112.7 135 607 

3. Useful air 

gap. 
r = -- max.per a-t. 4>t 227 82 2 

4. Armature . 1.20 2 76 1. 270 97 8 26 31 

Total 944 

4> B // F B // F 

Part 

1 317 115 165 198 304 no 100 120 

2 298 108.0 84 378 285 103.2 46 207 

3 217 78.8 208 75 4 _ 

4 259 93.8 19 23 248 89 6 14 17 

Total 599 Total 344 

Part 

1 276 UK) 33 40 248 90 14 17 

2 259 94 0 19 85 233 84.5 11 50 

3 189 (')8 5 170 61 6 

4 225 81 5 10 12 203 73 4 7 8 

Total 137 Total 75 
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line b with the saturation curve at c gives the operating point of the 
magnet with its rated air gap and current. The optimum operating 
point for this particular magnet with an excitation of 1,430 ampere- 
turns (as explained in Art. 85) is shown at Ci. 

The energy actually available in the air gap, corresponding to the 
useful work of the magnet, is equal to the area of triangle /ce, which is 

^ X 203 X 10“^ X 1,155 X 8.86 = 10.4 in-lb. 

The energy that would be available if the magnet were operating at 
its optimum point is 

i X 191 X 10“® X 1,275 X 8.86 = 10.8 in-lb. 

The degree to which the actual design approaches the optimum design 

is 
10.4 

X 100 = 96.3 per cent 
lu.o 

which is sufficiently close to be satisfactory. 
Force. The only factor left to be checked is the force, which accord¬ 

ing to the stored energy of the air gap should be 10.4 -- 0.025 = 416 lb. 
The flux density in the working gap, Bgy will be 

203 ^, 
—2 “ kmax. per sq. m. 
TTfi 2.76 

The force by equation 9 will be 

Force = 
73.5^ X 0.9375^ 

11.45 
4151b. 

This is satisfactory. Actually a magnet like this if it were required to 
develop 400 lb. would be designed for more than 400 lb.—say 10 per cent 
excess as a facte: of safety. 

Weight. The weight of the copper of the coil will be 

3515 1 

12 ^ 161.3 
1.81 lb., 

where 161.3 is the number of feet per pound of No. 17 copper wire from 
Table II, Chapter VI. 

The iron volume can be estimated quite closely by multiplying the 
mean length of the magnetic circuit by the cross section, which cross 
section is practically constant throughout. 

The volume will be 
2.76 X 6.70 = 18.5 cu. in. 
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and its weight will be 
18.5 X 0.28 = 5.181b. 

The volume of the brass bobbin wUl be 

^ X IH X A X 2^ + 27r(1.532 - 12) ^ = 0.68 cu. in. 

Weight of the brass bobbin will therefore be 

0.68 X .32 = 0.22 lb. 

Then allowing \ lb. for insulation, etc., the total weight will be 

Total weight (magnet and armature) = 7.5 lb. 

and the weight per unit of work will be 

7.5 
- = 0.72 lb. per in-lb. of work 

10.4 

Final Results. The design Is n< 
plete sketch of the magnet with a 
all the principal data: 

Force = 416 lb. 
Stroke = 0.025 in. 
Voltage = 6 volts. 
Current (hot) = 3.17 amperes. 

Weight economy = 0. 

I finished. Figure 5 shows a corn- 
dimensions. Below arc tabulated 

Power (hot) = 19 watts. 
Temperature rise = 71® C. 
Weight = 7.5 lb. 
Useful work = 10.4 in-lb. 

lb. per in-lb. of work. 

87. Design of a Flat-Faced Plunger Type of Magnet 

1. General. The flat-faced plunger type of magnet is used prima¬ 
rily as a part of a machine and as such is not built in the large sizes that 
the lifting magnets of the last section are. It is essentially a large-force, 
short-stroke magnet applicable to index numbers from 350 to 62. 

2. Design Data. For the purpose of illustration let it be required 
to design a magnet having given the following data: 

Stroke = 0.125 in. = g. Temperature rise = 70° C., average 
Force = 100 lb. = temperature rise (by change in 
Voltage = 120 volts = E. resistance) of coil above surround- 
Excitation^® = 0.1. ing ambient temperature of 20° C. 
Material = Plunger S.A.E. 10-10 sample 3. 
Other parts S.A.E. 10-20 sample 4. 

Because the period of excitation is so short the complete design must include 
a calculation of the longest continuous excitation the magnet may receive before the 
coil will exceed its allowable temperature rise. 
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The index number of the required design is V/s == 'n/ToO/0.125 
= 80, which indicates the flat-faced plunger type. In Fig. 7 is shown a 
sketch of the conventional type of flat-faced plunger magnet, showing 
all the dimensions indicated in the formulas. 

3. Design Equations. The four fundamental design equations of 
Art. 84, modified to suit the flat-faced plunger type of magnet, are as 
follows: ^2^2 

Force = ^ lb. (11) 

from equation 8c, Chapter VIII. 

Magnetic Circuit Equation. Referring to Fig. 7 it can be seen that 
the magnetic circuit of this type of magnet includes, besides the working 
gap and the iron, a fixed cylindrical gap having a length gc and an axial 
width of ffi. In the actual calculation this gap must be included in the 
iron part of the magnet circuit. 

Fig. 7. Cross section through a flat-faced cylindrical plunger magnet, illustrating 

the design symbols. 

The magnetomotive force allotted to this gap is entirely arbitrary 
and depends merely on what the designer feels can be economically 
justified. A large percentage will lower the magnetic efficacy of the 
design but will allow either a cylindrical gap of short axial width fs, or 
one of greater radial thickness to be used. The former will result in a 

reduction of the overall weight; the latter will tend to reduce the side 
pull on the plunger due to any eccentricity. If there is any likelihood 
of the plunger being slightly eccentric in the fixed gap, because of lack of 
precision in machining or the tolerances allowed, it is wise to increase 
the radial thickness of the gap. A small percentage of coil ampere-turns 
across this gap increases the magnetic efficacy, but also increases the 
weight by reason of the large axial width required unless special means 
are employed to make the radial length of the gap short. 

See the design of the fixed cylindrical gap of the full conical plunger magnet of 
Art. 88. 
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Where a magnet is excited for a short part of the time and where it is 
desirable to reduce the physical size of the magnet a larger percentage 
should be allotted to this gap. This magnetomotive force will range 
from 5 to 15 per cent of the coil ampere-turns. 

The ampere-turns consumed in the iron parts of the magnetic circuit 
will vary between 10 and 25 per cent, depending on the kind of iron used 
and the economy desired. If a relatively hard iron like sample 4 is 
used 25 per cent should be allotted for this purpose; for the softer irons a 
lower amount can be used. For large magnets excited for a small 
portion of the time it is generally economical to use more than on the 
smaller ones. 

Estimating the ampere-turns to be used in the iron, provi¬ 
sionally at about 20 per cent of that developed in the coil, and assuming 
10 per cent of the magnetomotive force across the fixed cylindrical gap, 
equation 2 will be 

NI = — + O.SOAT/ 
M 

A7 = — 
0.7()m 

(12) 

Healing Equation. 

remains unchanged. 
VoUage Equation. 

E 

qp (NIV 

2fc/(r2 -ri)\h / 

4p(r2 + ri)NI 

(3) 

(4) 

remains unchanged. 
4. Preliminary Design. Equation 11 may now be solved for ri if 

the value of B, the flux density in the working air gap, can be assumed. 
Referring to Fig. 8, data are given for B as a function of the index 
number, for medium-sized magnets.^* Using these data, a preliminary 
value of 64 kmax. per sq. in. is obtained for B corresponding to an index 
number of 80. Substituting into equation 11, we have for ri 

4 22.9 X 100 
0.747 in. 

Where a magnet is excited for only a small fraction of the time, and where a 

high magnetic efficacy is not important but weight economy is, slightly higher flux 

densities than those of Fig. 8 may be used. 
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Substituting into 12 for Nl, we have 

64 X 0.125 

0.70 X 0.00319 
3,580 ampere-turns 

Equation 3 may now be solved by making the following substitutions: 

Of = 70° C. 
q = 0.1. 
p = 0.865 X 10~* ohm-in. 
k = 0.0076 watt per sq. in. per °C. temperature difference from Fig. 7b, 

Chapter VII, for 6/ = 70° C. and for the coil in good thermal 
contact with the iron parts. In this t3q)e of magnet the coil bob¬ 
bin can be formed from the brass tube in which the plunger slides 
and the iron flanges at either end which form the shell. This con¬ 
struction will be assumed in this design. Good thermal contact 
may therefore be assumed between the coil and the surrounding 
iron parts. 

/ == 0.45 assumed. As the voltage is relatively high and the coil small, 
the wire size will be small. This will necessitate paper between 
layers, and hence the space factor will be low. 

= 5.4 from the data of Fig. 8. 

Index Number 

Fig. 8. Design constants for the flat-faced cylindrical plunger magnet. 

Thus, substituting h/(r2 — rj = 5.4 into equation (3), and solving for 
h, we have _ 
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and substituting for the quantities under the radical, and solving we get 

h 
'2.7 X 0.1 X 0.865 X 10-® X 3,580^ 

0.0076 X 0.45 X 70 
= V^ 14.07 

and 

rs - vx 

2.31 in. 

h 
— = 0.429 in. 
5.4 

7*2 = 0.429 + 0.747 = 1.176 in. 

Because the shell and end pieces are made of an inferior magnetic 
material compared to the plunger they should be operated at a lower 
maximum flux density, say 0.8 as much. Then, equating the plunger 
area to 0.8 that of the outer steel shell, may be found: 

Trrf = 0.87r(r3 ~ rl) 

Ta = \/ l”25ri + 

ra = 1.44 in. 

The rest of the iron dimensions and the axial length of the fixed cylin¬ 
drical gap can best be computed after the final stock sizes have been 
chosen for the plunger, shell, and brass tube. 

Equation 4 may now be solved for d, 

d = yj'- (4p(r2 + ri)NI 

E 

_ ^4 X 0.865 X 10"*^ X 1.923 X 3,580 

120 
= 0.0141 in. 

5. Modification to Suit Stock Sizes. The preliminary design has 
now been finished, and the next step will be to modify such dimensions 
as can be conveniently replaced by stock sizes. 

Wire Size. From Table I, Chapter VI, 14.2 mils corresponds exactly 
to No. 27 wire. 

Iron Dimensions. Plunger Radius (ri). This must be chosen in 
relation to the brass tube. The nearest suitable outside diameter for 
the brass tube would be 1.5 in. Using a wall thickness of No. 24 A.w.g. 
(0.020 in.), the inside diameter would be 1.460 in., and the plunger 
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radius (ri) could be made 0.728 in., leaving a clearance of 0.002-m. 
all around the plunger.'* The plunger area will then be 1.66 sq. in. 

Steel Shell (r2 and ra). The nearest standard size of cold-drawn 

seamless steel tube to the preliminary dimensions of ra and ra is an outside 
diameter of 2j in. with a wall thickness of j in., making the inside diam¬ 
eter 2f in. Using this,'* the cross-sectional area of the shell will be 

I [(2|)" - (2f )2] = 2.04 sq. in. 

The length of the winding space h can be taken as 2-^ in.; ti and <2 can 
be taken so that their cylindrical areas at the radii ri and r2, respectively, 
will equal the cross section of the shell: 

2.04 
ii = - = 0.446 in. 

27rri 

<2 = = 0.274 in. 
27rr2 

(4 and (5 can be computed later when the magnetomotive force of the 
coil has been determined. 

6. Check of Preliminary Design Using Stock Sizes. 

Final sizes: ri = 0.728 in. h = 2i^ in. 
^2 = in. ti = 0.446 in. 
rs = liV in. h = 0.274 in. 

r2 — ri = 0.459 in. 

Coil Design—Space Factor. Following the same procedure as in 
Art. 86, Sec. 6, the gross winding depth (r2 — 7'i) will include the 
following allowances: 

(a) 0.022 thickness of brass tube and clearance to plunger 
(b) 0.015 insulation between brass tube and coil 
(c) 0.025 insulation outside of coil 
(d) 0.015 allowance for coil irregularities 

0.077 total allowances 

If it is drsired to avoid machining the plunger a No. 22 A.w.g. tube could be 

used with a 1 diameter plunger. This would give a clearance of 0.005 in. all 

the way around the plunger, which is somewhat large. In large-force short-stroke 

magnets more friction due to plunger eccentricity can be tolerated than in those 
with relatively long strokes and smaller forces, such as occur in conical and taper 

plunger magnets. In these magnets it is often customary to ream the tube and turn 

the plunger to a specified tolerance. 
Although this size and thickness of tube is catalogued, it is not always stocked. 

In this event the next thicker tube should be obtained and machined to the thickness 

desired. 
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The net winding depth will be 0.459 — 0.077 = 0.382. Allowing 2.2 mils 
paper between layers and 15.4 mils for the diameter of enameled-covered 
No. 27 wire, the thickness of a layer will be 0.0154 + 0.0022 = 0.0176 in. 
The number of layers will equal 0.382 -5- 0.0176 = 21.7, which can be 
called 22 if a 1.5 per cent allowance for embedding is made. This being 
an even number of layers will allow both leads to be brought out at the 
same end through a single hole or slot. 

As the iron end pieces are to form the bobbin flange it will not be 
necessary to allow for brass bobbin flanges or for imperfect fit of the 
bobbin, in determining the net winding length of the coil. We shall 
assume a hole with a rubber bushing at the fixed plunger end to bring 
the leads out. Then, making an allowance of 20 mils for oiled linen and 

in. for fiber at each end of the coil, the net winding length will be 

2.313 — 0.102 == 2.211 in., and the turns per layer will be 

2.211 

0.0154 
X 0.95 - 1 = 135 

assuming that because of the spread of the winding only 95 per cent as 
many turns can be wound, and that one turn is lost at the end of each 
layer. 

The total turns will be 22 X 135 = 2,970. As the cross-sectional 
area of the bare copper wire is 0.000158 sq. in., the space factor will be 

, 2,970 X 0.000158 
/ = -= 0.442 
^ 0.459 X 2.312 

which is slightly lower than the assumed value of 0.45. 
The coil resistance may now be computed as follows; The mean 

radius of a turn will be ri -f- the winding thickness allowances (a) + (b) + 
one-half of the net coil winding thickness = 0.728 + 0.037 + 0.191 = 
0.956 in. The total length of wire will be 2t X 0.956 X 2,970 = 
17,850 in., and the resistance at 90® C., applying the factor 0.00429 ohm 
per inch for No. 27 wire from Table II, Chapter VI, and the temperature 
correction factor 1.2751 from Table III, Chapter VI, will be 

17.85 X 4.29 X 1.2751 = 97.8 ohms at 90® C. 

The coil current will be 120 -r- 97.8 = 1.227 amperes, and the 
magnetomotive force developed by the coil will be 

NI = 2,970 X 1.227 = 3,650 ampere-turns 
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Temperature Rise. Substituting the values so far obtained into 
equation 3, we have 

Bj = 
0.1 X 0.865 X 10~^ 

2 X 0.0076 X 0.442 X 0.459 V2.3125 (- \2.c 

,650 V 
' ) = 69.6^ C. 

This value is satisfactory. 

Fixed Cylindrical Gap. The length of this gap can now be computed 
so that it will consume 10 per cent of the coil magnetomotive force. 
The permeance of this gap Pc = <l>c/Fc cannot be computed until the 
flux (pc of the gap is known. This flux is equal to the useful flux of the 
working gap multiplied by the leakage coefficient. The leakage coef¬ 
ficient for this type of magnet is given by equation 23, Chapter V. 

V =1 + 

7-2 - r, 

2(r2 - ri) _ ^ 

TTh ) 
+ 1.465 logio 

which can be applied because 

g = O.R 

This gives on substitution 

g 

g = 0.125 in. < —-^ = 0.585 

= 1.42 

Applying this, the tentative value of flux through the fixed cylindrical 

gap is 
(pc = vBwr] = 1.42 X 64 X TT X 0.728^ = 151.5 kmax. 

where 64 is the tentative value of B in the preliminary design. Therefore 

Pc — --^- = 0.415 kmax. per ampere-turn 
3,650 X 0.1 

IxS /xTr(2ri -f gc)<6 

where gc will equal the thickness of the brass tube plus the clearance 
between the plunger and tube = 0.020 in. + 0.002 in. = 0.022 in. 

PcBe 

Mir(2ri -h gc) 

0.415 X 0.022 

M7r( 1.478) 
0.617 in., say I-in. 
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Magnetic Circuit Calculation. At this point a sketch of the magnet 

should be made so that the mean lengths of the magnetic circuit may be 

obtained. This sketch is shown in 

Fig. 9, drawn to scale. Because the 
end pieces have the same area as the 

shell and may be considered for 
practical purposes to carry the same 
flux, these parts can be treated as a 
unit. The mean lengths and areas 
are shown in Table II. 

The saturation curve for the iron 
parts and fixed air gap (useful flux 
<i>g plotted against magnetomotive 
force for a constant gap length of 

g = ^ in.) may now be computed. Using 4^^, the useful flux in the 
working gap as a reference, the flux^*^ in the iron parts and fixed cylindrical 
gap of the magnetic circuit will 
be equal to v(t>g- The actual 
calculation of the saturation 
curve will be carried out in tab¬ 
ular form and is started by 
assuming the value of flux den¬ 
sity in the iron plunger. 

Actual Work and Optimum 
Work of Design. In Fig. 10 is 
shown plotted the saturation 
curve of the iron parts and fixed 
air gap as plotted from the 
results of Table III. From point 
/ at 3,650 ampere-turns (actual 
coil NI) on the axis of abscissas 
there is drawn the working air- 
gap permeance line h with a 
negative slope of 42.4 max. per ampere-turn. The intersection of line h 
with the saturation curve at c gives the operating point of the magnet with 
its rated air gap and current. This also happens to be the optimum 
operating point. 

Actually, of course, the flux in the plunger is variable, being equal to v<f>g only 
at the ends. At the air gap it is less by the radial leakage flux. However, as the 
air gap is in the center, the radial leakage flux is much smaller than it would be in 
the flat-faced armature or horseshoe types, and hence if the saturation in the plunger 
is not too high the error, which will be on the safe side, will not be appreciable. 
Should a correction be desired the method of Art. 47, Chapter IV, may be employed. 
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Fig. 10. Magnetization curve and graphi¬ 
cal construction for determining the operat¬ 

ing point of the magnet of Fig. 9. 
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Fig. 9. Cross section through the final 
design of the flat-faced cylindrical 
plunger magnet, showing all dimensions. 
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TABLE II 

Length Area Material 

Plunger. 3.08 1.66 S.A.E. 10-10 

End pieces and shell. 3.48 2.04 S.A.E. 10-20 

TABLE III 

Calculation of Saturation Curve of Iron Parts and Fixed Air Gap of Flat- 

Faced Plunger Magnet (Working -^Vir Gap Excluded) for a Useful Air-Gap 

I.ength of 0.125 In. 

(See saturation curve of Fig. 11a, Chapter II, for samples 3 and 4) 

Part Length, in. Area, sq. in. 

Flux, 0 B 

kmax. 
per 

sq. in. 

H 

a-t. 
per 
in. 

F 

a-t. 

— kmax. 

1. Plunger. 3.08 1.66 1.42<^g 199 120 255 786 
2. Ends and shell 3.48 2 04 1.42<^>g 199 97.6 94 327 

3. Useful air gap . Pu = 0.0424 kmax. per a-t. <Pg 140.2 84.5 
4. Fixed cylindri¬ 

cal gap .... Pc = 0.415 kinax. per a-t. 1 420, 199 480 

Total 1,593 

Part 0 B H F 0 B H F 

1 191 115 Wm 524 182 5 no 102 314 

2 191 93.5 ■■ 278 182 5 89.5 71 247 
3 134 5 128.5 
4 191 460 182.5 440 

Total 1,262 Total 1,001 

1 166 31 96 149.5 90 16 49 

2 81.4 67 198 149.6 73.2 46 160 

3 117 105.3 

4 166 400 149 5 360 

Total 694 Total 569 
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The energy actually available in the air gap, corresponding to the 
useful work of the magnet, is equal to the area of triangle fee, which is 

^ X 121.5 X 10“® X 2,860 X 8.86 = 15.4 indb. 

Force. The only other factor left to be chocked is the force, which 
according to the stored energy of the air gap should be 

15.4 

0.1^5 
123 lb. 

The flux density in the working gap will be 

<t>. 121.5 
“2 = por scj. in. 
TTVi 1.66 

The force by equation 11 will be 

Force == 
73.2" X 0.728^ 

22.9 
124 lb. 

This is really larger than is required for a factor of safety, and the 
magnet should be redesigned using a slightly smaller value of ri. The 
excessive force is caused by the coil magnetomotive force being higher 
than the preliminary value, and by the iron and fixed cylindrical gap 
using only 22 per cent of the coil ampere-tums instead of the 30 per cent 
originally assumed. We shall consider it satisfactory for our purpose 
and proceed with the remainder of the design. 

Weight. The weight of the copper of the coil will be 

17,850 1 

12 ^ 1,639 
0.91 lb. 

where 1,639 is the number of feet of No. 27 wire per pound, from 
Table II, Chapter VI. 

The iron volume can be estimated quite closely by multiplying the 
mean length of the parts of the magnetic circuit by their areas; referring 
to Fig. 9: 

Plunger [0.446 + 2^ + f ] X 1.66 = 3.38 X 1.66 = 5.61 

Ends and shell [0.459 X 2 + 2^^^ + 0.274 X 2] X 2.04 
= 3.78 X 2.04 = 7.71 

Total iron volume (cu. in.) 
Weight of iron = 13.3 X 0.283 =■ 3.76 lb. 

13.32 
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The volume of the brass tube will be 

7r(2ri + gc)gc X (A + <5) == X 1.476 X 0.02 X 2.94 = 0.273 cu. in. 

and the weight of the tube will be 

0.273 X 0.32 = 0.0872 lb. 

Then, allowing \ lb. for coil paper, insulation, and varnish, we have for 
the total weight of the magnet: 

0.91 + 3.76 + 0.09 + 0.12 = 4.88 lb. 

The weight per unit of work will be 

4 88 
- = 0.317 lb. per in-lb. of work 
15.4 

This is much less than the value shown in Fig. 8. The reason is, of 
course, the short period of excitation. 

Maximum Time of Continuous Excitation. There remains only one 
thing to be determined, and that is how long it can be excited continu¬ 
ously before it reaches its maximum allow^able temperature rise of 70° C. 
This is equivalent to asking how long is the 0.1 time of excitation. 

Referring to Art. 67, Chapter \TI, it will be seen that, owing to the 
coil being in good thermal contact with the iron parts, the iron parts 
may be considered about 55 per cent effective in contributing to the final 
effective thermal capacity. This thermal capacity will then be: 

Copper 180 X 0.91 = 165 joules per °C. rise 

Pa])er insulation 700 X J = 88 

Iron 225 X 0,55 X 3.76 = 466 

Brass 200 X 0.55 X 0.09 = 10 

Total final effective thermal capacity = 729 

The surface area of the coil effective for dissipating heat will be, 
according to the first paragraph of Art. 65, Chapter \TI, the cylindrical 

coil surfaces plus the end surfaces: 
Cylindrical coil surface = 27r(r2 + fife + ^i)A 

= 2x(1.19 + 0.02 + 0.728) 2.31 = 28.1 sq.in. 

End surface = 27r[r2 — (ri + gc)^] = 5.34 

Total heat-dissipation surface = 33.5 sq. in. 

The total iron thermal capacity is (466 -f 10) X 1 *4“ 0.55 = 866. 
Therefore the ratio of the total iron thermal capacity to the coil heat- 
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dissipating surface is 866 4- 33.5 = 26 joules per degree Centigrade rise 
per square inch. Referring now to the last paragraph of Art. 67, 
Chapter VII, we may consider that the effective value of the thermal 
capacity of the iron for an elapsed time equal to no more than ^ of the 
final effective time constant is 100 — 50[(2fi-8)/(30-8)] = 59 per cent of 
its final effective value, or equal to 476 X 0.59 = 281 joules per degree 
Centigrade rise. Therefore the thermal capacity of the magnet for a 
short interval of heating will be 

Copper and insulation == 253 

Iron and brass parts =281 

Total = 534 joules per degree Centigrade rise 

The heat-dissipation capacity of the coil K will be equal to 0.0076 X 33.5 
= 0.255 watt per degree Centigrade temperature difference between the 
average coil temperature and the surrounding air. The value of the 
heat-dissipation coefficient fc, chosen in the preliminary design, is 0.0076. 

Substituting into equation 2, Chapter VII, the heating equation for 
the first elapsed time interval equal to ^ of the final thermal time 
constant is 

147 
€ 

0_2^ 
534 ■) 

where 147.5 = 120 X 1.227 Is the power input to the coil (hot). 

B = 578(1 - €-0.000478«) 

Substituting 6 = 70® C. into this equation and solving, we find t = 270 
seconds, or 4.5 minutes. If this time is less than ^ of the final thermal 
time constant, the solution may be considered correct. The final 
thermal time constant is 

C 729 
— = ---- - = 2,850 sec. = 47.6 min. 
K 0.255 

Therefore the maximum period of steady excitation of the magnet 
from a cold start should not exceed 4.5 minutes, and this period of 
steady excitation should be repeated not more often than in a 
4.5 X 10 = 45-minute cycle. 

Final Results. The design is now finished. Figure 9 shows a com¬ 
plete sketch of the magnet with all dimensions. Below are tabulated 
all the principal data: 
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Force = 123 lb. 
Stroke = 0.125 in. 
Voltage = 120 volts. 
Current (hot) = 1.227 amperes. 
Power (hot) = 147.5 watts. 
Temp)erature rise = 69.6° C., after a period of 4.5 minutes continuous 

excitation from a cold start. 
Time of excitation = 0.1. 
Weight = 4.88 lb. 
Useful work = 15.4 iri-Ih. 

Weight per unit of useful work = 0.317 lb. per in-lb. of work. 

88. Design of a Full-Conical Plunger T3rpe of Magnet 

1. General. The full-conical plunger magnet is used for the same 

type of work as the flat-faced plunger magnet of Art. 87 but gives, for 

the same plunger size, less force through a longer stroke. If a is the 

angle of the cone, as illustrated in Fig. 11, the surface area of the cone 

will be larger than the plunger cross section by 1/cos a. Likewise, the 

actual length of the flux lines measured noiTnal to the conical surfaces 

will be equal to the stroke s, multiplied by cos a. Hence, the permeance 

of the working air gap will be approximately larger by 1/cos^ a than it 

would be for a flat-faced plunger magnet of the same diameter and 

stroke, and likewise the rate of change of permeance of the working gap 

will be greater by 1/cos^ a. Thus, for the same plunger flux, the force 

would be in the ratio of cos^ a to 1, as compared to the flat-faced plunger. 

However, if the same magnetomotive force is available for both magnets, 

it will be possible to pull the coned plunger farther apart, in the ratio 

of 1/cos^a to 1, and still maintain the same flux, because of the increased 

permeance of its working gap. 

If the two magnets are compared on this basis, each will be capable 

of performing the same useful work, but with force and stroke of the 

conical magnet smaller and larger in the ratio of cos^ a, and 1/cos^ a, 

respectively, as compared to the flat-faced magnet. If the leakage 

coefficients, at the start of the stroke, are the same, both magnets will 

have identical flux linkage' and the same magnetic energy stored in the 

air gaps. Thus the magnets can be said to be truly equivalent, and 

the design of one can be carried out with the equations of the other, 

provided that the factor cos^ a is properly introduced to give the equiva¬ 

lent force and stroke. 

The only point left to be considered is whether the leakage coefficient 

of the conical-faced plunger is equal to that of the equivalent flat-faced 

one. Referring to Fig. 17, Chapter V, it can be seen that the only 
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alteration in the leakage path will be a slight diminution in the permeance 
of path 86, due to path 7 being longer in the conical-faced plunger than 
its equivalent flat-faced plunger. Path 7, however, does not change its 
permeance as its length changes. Therefore, the total net leakage 
permeance will be slightly less in the conical-faced plunger than in the 
equivalent flat-faced plunger. However, the permeance of the total 
working gap of the conical plunger magnet (paths 1 and 2) will be 
slightly less than that of the equivalent flat-faced plunger by the second 
term sin^ a cos a) of its permeance formula 12, of Chapter VIII. 
These two effects will tend to counterbalance each other with the result 
that the leakage coefficient of a conical-faced plunger magnet and its 
equivalent flaWaced plunger magnet may be considered to be the same. 

Cone-faced plunger magnets can be used with economy in the range 
of index numbers from 62 down to 7. From 62 to 15, a should equal 45°, 
and from 15 to 7, a should be equal to 60°. Should there be no prefer¬ 
ence, the range from 12 dowTi can be covered more economically by the 

tapered plunger magnet of the next article. 
2. Design Data. For the purpose of illustration let it be required 

to design a magnet having given the following data: 

Stroke = x in. = 
Force = 40 lb. = 

Voltage =12 volts. 

Excitation = continuous. 

Temperature rise = 70° C., average temperature ri.se (by change of resis¬ 
tance) of coil above surrounding ambient temperature of 20° C. 

Material = iron parts, equivalent of S.A.E. 10-10 sample 3, parts to be 

machined from hot-rolled stock. 

Weight economy. Assume that expense of construction is not fb be con¬ 

sidered, and that all possible refinements necessary to reduce the weight 

are to be made. 

The index number of the required design is \/= -s/40/0.25 = 
25.2, which indicates a full conical-faced plunger type of magnet with 
a = 45°. In Fig. 11, there is shown a sketch of a 45° full conical plunger 
magnet, with special coil arrangements to allow for a very short fixed 
cylindrical gap, and showing all the dimensions indicated in the formulas. 
The flaWaced magnet equivalent to the given conical one is shown by 
the dashed lines, where the plunger separation at the beginning of the 
stroke, g, is 0.25 X cos^ 45° * 0.25 X 0.5 = 0.125 = J in. Its force 
will equal 40/cos2 45° = 40/0.5 = 80 lb. 

3. Design Equations. The four fundamental design equations of 
Art. 84 will be taken directly from Art. 87, Sec. 3, for the equivalent 
flat-faced plunger magnet; they are as follows: 
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Force Equation. 

Force = 
.bM 
22.9 

lb. (11) 

Magnetic Circuit Equation. Because of the high magnetic quality 
of the iron to be used and the special construction of the fixed cylindrica 

Bobbin of 
phenolic material 

Air space 

Brass tube 
spun over toV^; 
hold flanges 

Cross Section 
uf winding' 

^Steel ring for 
centering brass 

tube 
1 Flux Path 

bare wire dia.~(i 

Fia. 11. Cross section through a full-conical cylindrical plunger magnet, illustrating 
the design symbols. 

gap, the ampere-turns to be used in the iron and in the fixed cylindrical 

air gap can be provisionally estimated at 15 per cent of that developed 
by the coil. Equation 12 will thus become 

NI = ^ + 0.15NI 
M 

Heating Equation. 

remains unchanged. 

NI 
Bg 

0.85/x 

df = 
qp (NIY 

'2kf{r2 — ri)\ h / 

(12) 

(3) 

Voltage Equation. 

E = 
4p(r2 + ri)NI 

(4) 

remains unchanged. 

4. Preliminary Design. Equation 11 may now be solved for r, if 
the value of B, the flux density in the plunger due to all the flux in the 
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Fig. 12. Design constants for the 45® full-conical cylindrical plunger magnet. 

working gap (see Art. 72, Sec. 5), can be assumed. Referring to Fig. 12, 
data are given for B for 45® full conical plungers, as a function of the 
index number, for medium-sized magnets. Using these data a pre- 

Fig. 13. Design constants for the 60° full-conical cylindrical plunger magnet. 

liminary value of 63.5 kmax. per sq. in. is obtained for /i, corresponding 
to an index number of 25.2. Substituting into (11) we have for ri 

ri 
'22.9 X 80 

63.5^ 
0.674 in. 
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Substituting into (12) for NI, we have 

63.5 X 0.125 

0.85 X 0.00319 
2,925 ampere-turns 

Equation 3 may now be solved by making the following substitutions: 

Of - 70® C. 

g = 1. 
p = 0.805 X 10“® ohm-in. 
k = 0.0076 watt per sq. in. per ® C. temperature difference, from Fig. 76, 

Chapter VII, for 6/ = 70® C. and for the coil in good thermal con¬ 
tact with the iron parts. In this particular magnet, as illustrated 
in Fig. 11, the coil bobbin will be formed by the phenolic flanges 
held at end as illustrated. This may be considered as good thermal 
contact. 

/ = 0.50, assumed. As the voltage is low, the wire size will be relatively 
large, and the space factor high. 

h 
- = 4.8, from the data of Fig. 12. 
fj — ri 

Thus substituting /i/(r2 — rO = 4.8 into (3), and solving for 6, we have 

, 3/2.4w(N/)* 

’'-'i—kjiT 
and substituting for the quantities under the radical, and solving, we get 

4 2.4 X 1 X 0.865 X X 2,925^ 

0.0076 X 0.5 X 70 
= 4.06 in. 

As the dimensions of the outer shell do not have to be fitted to stock 
sizes, these dimensions can be left until the final plunger size has been 
determined. Equation 4 may now be solved for d. 

'4p(r2 + ri)NI 

E 

(4 X 0.865 X 10~^ X 2.19 X 2,925 

12 

= 0.043 in. 

6. Modification to Suit Stock Sizes. The preliminary design has 
now been finished and the next step will be to modify such dimensions 
as can be conveniently replaced by stock sizes. 
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Wire Size. From Table I, Chapter VI, 43 mils corresponds to a size 
between No. 17 and No. 18 wire. Choose No. 17 wire, which is the nearest 
to the desired size. This will produce slightly more magnetomotive force 
than is desired and may make the temperature rise too high; No. 18 
how’ever, will produce too little magnetomotive force and cause the 
force to fall below the desired value. It may, finally, be necessary to 
split the w ire size. 

Iron Dimensions—Plunger Radius. In this particular design, the 
plunger wdll be turned to fit the brass tube, and hence the plunger size 
wdll be determined by the available sizes of brass tubes.The nearest 
size tube is if-in. outside diameter, and using a thickness of No. 22 
A.w\g., the inside diameter will be 1.324 in. If this is reamed out 
0.004 in. on the diameter, it will allow a clearance of 0.002 in. over a 
plunger of 1.324-in. diameter. This final reaming should be done after 
the brass tube has been spun over to hold the bobbin together. r\ will 
therefore be 0.662 in. 

Steel Shell (7*2 and 7*3). As this is to be turned from an oversize steel 
tube, there is no restriction on its size. As the material is to be the same 
as that of the plunger its cross-sectional area should be the same. Using 
h/(r2 — ri) = 4.8, and letting h = 4-^^ in., r2 can be made 1.5 in. and 
ra 1.64 in. Making the area of end pieces equal to that of the plunger, 
ti w'ill be 0.331 in., (2 will be 0.146 in. and will be computed later 
w^hen the magnetomotive force of the coil and the leakage coefficient 
are known. 

6. Check of Preliminary Design Usixig Stock Sizes. 
Final Sizes. ri = 0.662in.; ra = 1.50 in.; r^ = 1.64 in.; h = 4.063 

in.; ti = 0.331 in.; (2 = 0.146 in.; No. 17 wire. 
Coil Design—Space Factor. Follow'ing the same procedure as in 

Arts. 86 and 87, Sec. 6, the gross winding depth (/‘a — ri) will include 
the following allowances; 

(a) 0.021 = thickness of brass tube and clearance to plunger. 

(b) 0.062 = phenolic tube between brass tube and coil 

(c) 0.030 = insulation outside of coil 
(d) 0.010 == allowance for coil irregularities 

0.123 = total allowances 

The net winding depth will be 0.838’ — 0.123 = 0.715 in. Allowing 
5.0 mils paper between layers and 47.3 mils for the diameter of enameled- 
covered No. 17 wire, the thickness of a layer will be 0.0473 + 0.005 = 
0.0523 in. The number of layers will be 0.715 0.0523 = 13.8, which 
can be called 14 if a 2 per cent allowance for embedding is made. This 

See Art. 84, Sec. 3. 
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being an even number of layers, the coil leads may be brought out at 
the same end through separate holes or a slot. 

As the flanges of the bobbin are to be made of phenolic material it 
will only be necessary to allow for clearance between the flanges and the 
iron end pieces. Allowing in. for the thickness of each bobbin flange 
and total clearance, the net winding length will be 4.062 — 0.156 
= 3.900 in., and the turns per layer will be (3.906 -f- 0.0473) X 0.95 — 1 
= 78, assuming that owing to the spread of the winding only 95 per cent 
as many turns can be wound, and that one turn is lost at the end of each 
layer. 

The total turns will l>e 14 X 78 = 1,092. As the cross-sectional 
area of the bare copper wire is 0.00161 sq. in., the space factor will be 

1,092 X 0.00161 

0.838 X 4.0625 
0.516 

which is slightly higher than the assumed 0.5 but will tend to compensate 

for the oversized wire used. 
The coil resistance may now be computed as follows: The mean 

radius of a turn will be ri plus the total thickness of the bobbin tube 
(a) -j- (6) + 2 ^he net coil winding thickness = 0.662 + 0.083 + 0.358 
= 1.103 in. The total length of wire will be 27r X 1.103 X 1,092 = 
7,450 in., and its resistance at 90® C., applying the data of Tables II 
and III, Chapter VT, is 

0.4221 X 1.2751 X 7.45 - 4.01 ohms 

The coil current will be 

12 
= 2.99 amperes (hot) 

and the magnetomotive force w ill be 

NI — 2.99 X 1,092 = 3,270 ampere-turns 

Temperature Rise. Substituting the values so far obtained into 
equation 3, we have. 

1 X 0.865 X 10""® /3,270Y 

2 X 0.0076 X 0.516 X 0.838 \4.062/ 
85.2® C. 

which is too high. This can be made lower by increasing h or by splitting 
the wire size. Because the coil magnetomotive force is higher than 
necessary, and because it is desired to keep the weight down, it seems 
advisable to split the wire size. Let us redesign the coil, using No. 18 
for the inner part of the winding and No. 17 for the outer. 
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Coil Redesign xvith Two Wire Sizes. By trial it is found that 6 layers 
of No. 18 having a thickness of 0.284 in. and 8 layers of No. 17 having a 
thickness of 0.418 may be wound in the space available with 5 mils of 
paper between layers, with no allowance for embedding. The turns per 
layer for No. 18 vnll be 95, and the turns for each section will be, for 
No. 18,95 X 6 = 570; for No. 17,78 X 8 = 624, making the total turns 
1,194. The mean radius of a turn of the No. 18 section will be 0.662 -b 
0.083 + 0.142 = 0.887 in., and that of the No. 17 section 0.887 + 0.142 
+ 0.209 = 1.238 in. Their mean lengths of turn will be 5.57 in. and 
7.76 in., and the lengths of wire 3,180 in. and 4,850 in., respectively. 
The resistances at 90° C. will be 

No. 18—0.532 X 1.2751 X 3.18 = 2.16 ohms 

No. 17—0.4221 X 1.2751 X 4.85 = 2.61 ohms 

The total resistance (hot) will be 4.77 ohms; the current at 12 volta 
impressed will be 2.51 amperes; and the magnetomotive force, 3,000 
ampere-turns. The space factor will be 

570 X 0.00128 + 624 X 0.00161 ^ q ,, 

0.838 X 4.0625 “ ‘ 

and the final temperature rise 

^ 0.865 X 10-" /3,000Y ^ .30 ^ 
^ 2 X 0,0076 X 0.507 X 0.838 X4.063/ 

This value is satisfactory. 
Fixed Cylindrical Gap, The length of this gap can now be computed 

so that it will consume 5 per cent of the coil magnetomotive force. The 
permeance of the gap Pc = <t>c/Fc cannot be computed until the flux </)c 
of the gap is known. This flux is equal to the useful flux of the working 
gap multiplied by the leakage coefficient. The leakage coefficient for 
the conical-faced plunger may be evaluated in the manner of Sec. 1, 
Art. 54, Chapter V, using the gap permeance formulas derived in 
Sec. 5, Art. 72, Chapter VIII, or by computing it for the equivalent 
flat-faced plunger magnet. Using the latter scheme, the leakage coeffi¬ 
cient for the flat-faced plunger magnet by equation 23, Chapter V, is 

j' = 1 + 
Tl L 

67 + 0.13 ^ -b C .- 
n xTj \8(r2 - ri) 

+ 
2(r2 - ri) 

irh 

+ 1.465 logic 
r2 - n 

Q ] 



Art. 88] FULL-CONICAL PLUNGER TYPE OF MAGNET 287 

which can be applied because the equivalent g = 0.125 in. < 4(r2 - ri)/T 
= 1.07. This gives on substitution 

V = 1.562 

Applying this, the tentative value of flux through the fixed cylindrical 

gap is 
<pc = vBttI = 1.56 X 63.5 X ^ X 0.662^ = 137 kmax. 

where 63.5 is the tentative value of B chosen in the preliminary design 
for the equivalent flat-faced plunger magnet. Therefore, 

Pc = 

Howevpr, 

137 

3,000 X 0.05 
= 0.913 kmax. per ampere-turn 

Pc = 
I 

M7r(2ri + gc)t5 

9c 

where Qc is the radial clearance between the plunger and surrounding 
steel end piece. Because of the method of securing the brass tube w’hich 
guides the plunger, gc may be chosen at will. The main consideration 
in choosing Qc is plunger side pull, which depends on the ratio of Qc to 
the clearance between the plunger and the brass tube. On this basis 
let Qc be 0.01-in., which will allow a maximum eccentricity of about 
20 per cent. Then 

PcQc ^ 0.913 X 0.01 

/i7r(2ri + Qc) X 1.334 
0.685 in. 

Call this f in. to allow for the permeance between the steel bobbin ring 
and the plunger, and the leakage permeances. 

Magnetic Circuit Calculation. At this point a sketch of the magnet 
should be made so that the mean lengths of the magnetic circuit may be 
obtained. This sketch is shown in Fig. 14, drawn to scale. Because 
the plunger, shell, and end pieces have the same area they can be treated 
as a unit. The leakage coefficient will be applied to the entire iron 
circuit, which is on the safe side as it neglects the distribution of the 
leakage flux l)etween the plunger and shell.The data on the magnetic 
circuit are as follows: 

Length Area Material 

Total iron parts. 10.0 in. 1.37 S.A.E. 10-10 
Fixed cylindrical air gap. . . Permeance = 0.913 kmax. per a-t. 

“ Refer to footnote 16 of Art. 87. 
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The saturation curve for the iron parts and fixed air gap (useful flux 
<l>g plotted against magnetomotive force for a constant equivalent flat¬ 
faced gap length of in.) may now be computed. Using <t>gy the useful 

Fia. 14. Cross section through the final design of the 45® full-conical cylindrical 

plunger magnet, showing all dimensions and method of assembly. 

flux in the working air gap, as a reference, the flux in the iron parts and 
fixed cylindrical gap of the magnetic circuit will be v<t>g. The actual calcu¬ 
lation of the saturation curve will be carried out in tabular form as 

0 e' e 1000 2000 3000 
Coll Magnetomotive Force-F-(a.-t.) 

Fio. 15. Magnetization curve and graphical construction for determining the oper¬ 
ating p>oint of the magnet of Fig. 14. 

shown on page 290 and is started by assuming the value of flux density 
in the iron. 

Actual Work and Optimum Work of Design. On Fig. 15 is shown 
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plotted the saturation curve of the iron parts and fixed air gap as obtained 

from the results of the tabular calculation. From point / at 3,000 

ampere-tums (actual coil NI) on the axis of abscissas there is drawn the 

equivalent flat-faced working air-gap permeance line 6, with a negative 

slope of 35.0 max. per ampere-tum. The intersection of line b with 

the saturation curve at c gives the operating point of the magnet with 

its rated air gap and current. Point c, though not quite the optimum 

operating point, is so close to it that it may be considered the optimum. 

The energy available in the air gap, corresponding to the useful work 

of the magnet, is equal to the area of the triangle/cc, which is 

^ X 88 X 10'" X 2,520 X 8.86 = 9.90 in-lb. 

Force. The only other factor left to be checked is the force, which 

according to the stored energy of the air gap should be 

9.90 

0.125 
79.2 lb. 

for the equivalent flat-faced plunger magnet or 39.6 lb. for the actual 45® 

full conical-faced plunger magnet. 

This force may be checked by the formulas of Art. 72, Sec. 5a, without 

resorting to the artifice of an equivalent flat-faced plunger. Thus the 

permeance between cone.s, excluding all fringing fluxes emanating 

from the outside cylindrical surfaces, will be, by equation 12, of the 

above reference, 

p _ TTM'-I Ti 1 

V cos a L COS a 2r\ 
Sin a cos a 

which on substituting ri = 0.662 in., t; = 0.25 in., and a. = 45®, gives 

P = 34.4 max. per ampere-turn. Drawing line b' with this permeance 

gives the operating point c', which is almo.st exactly at the optimum. 

The available air-gap magnetomotive force Fa will then be 2,550 ampere- 

turns. Substituting this into the force formula 125 of Art. 72, Sec. 5a, 

Force = A.A'SinrFl | {—-h—J -f ^ sin^ a 1 lb. 
L \v cos a/ 2 J 

,> 

gives a force of 41.0 lb. This calculation, as mentioned in the above 

reference, is more optimistic, as it takes into account the force produced 

by the fringing flux in the conical gap. The permeance calculation by 

formula 12, above, shows that the equivalent flat-faced plunger magnet 

almost exactly reproduces the entire permeance within the actual coned 

gap. We can with safety take the final force to be 40 lb. 
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TABLE IV 

Calculation of Saturation Curve of Iron Parts and Fixed Cylindrical Gap, 

FOR an Equivalent Useful Air-Gap Length of 0.126 In. 

(See saturation curve of Fig. 11a, Chapter II, for sample 3) 

Part Length, gq 
in. 

1. Iron parts. 10.0 1 37 
2. Fixed cylindrical 

air gap.P — 0.913 kmax. per a-t. 
3. Useful air gap. . P — 0.036 kmax. per a-t. 

Flux, 0 

kmax. 

1.66^^* 164 5 

1.56<^>, 164.6 
106 6 

B H 
kmax. a-t. F 
per per a-t. 

sq. in. in. 

120 270 2,700 

180 

Total F 

B H 

1 157.5 115 166 1,660 151 110 100 1,000 

2 157.5 . 172 151 . . .. 165 
3 100 9 . 96 5 . 

Total F = 1,832 Total F = 1,165 

1 

2 

3 

137 

137 

87 5 

100 31 310 

150 

123 

123 

78 5 

90 16 160 

135 

Total F =* 460 Total F = 295 

1 109.8 80 

1 

10 100 

2 109 8 120 

3 70.0 
1 

Total F 

Weight. The weight of the copper of the coil will be, for the No. 18 
section, (3,180/12)(T 203.4) = 1.30 lb., and for the No. 17 section, 
(4,850/12)(1/161.3) = 2.50 lb., where 203.4 and 161.3 are the number 
of feet per pound for No. 18 and No. 17 wires, respectively. The total 
copper weight will therefore be 3.80 lb. 
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The volume of the brass tube is ir X 1.351 X 0.0255 X = 0.46 
cu. in. The weight will be 0.46 X 0.32 = 0.15 lb. 

The volume of the phenolic bobbin will be 

Flanges, 27r(0.686 + 1.50)(0.814) ^ X 0.05 = 0.034 

Tube, 27r X 0.717 X iV X 3ff X 0.05 = 0.055 

= 0.089 lb., where 0.05 has been taken as the density of the phenolic 
material. 

The weight of the iron may be calculated by using the mean length 

and area as for the magnetic calculations. 

Weight = 10 X 1.37 X 0.283 = 3.88 lb. 

The total weight of the magnet will therefore be 3.80 + 0.15 + 0.09 
+ 3.88 = 7.92 lb., which may be called 8.0 lb. to allow for paper, etc. 
The weight per unit of work will be 8.00 10.0 = 0.8 lb. per in-lb. of 
work. This value is less than that shown in Fig. 12 because of the special 
construction. 

Final Results, The design is now finished. Figure 14 shows a 
complete sketch of the magnet with all dimensions. Below are tabulated 
all the principal data. 

Imrce = 40 lb. 
Stroke = J in. 

Voltage = 12 volts 

Excitation = continuous 
Current (hot) =2.51 amperes 

Power (hot) = 30.1 watts 

Temperature rise = 73® C. 

Weight = 8.0 lb. 

Maximum useful work = 10 in-lb. 

Weight per unit of maximum work = 0.8 lb. j>er in-lb. of work 

89. Design of a Tapered Plunger Magnet 

1. General. The tapered plunger magnet is the proper type of 
magnet to use when the stroke for a given force exceeds the economical 
range for the full-conical plunger type but still is not long enough to 
warrant a leakage-flux type. It is probably the most versatile of all 
types, as almost any type of force-stroke characteristic can be produced. 
Thus the force can be made to: 
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(а) Remain constant throughout the stroke. 
(б) Same as (a), except with a sharp rise at the end of the stroke. 
(c) Gradually decrease from the beginning to the end of the stroke. 
(d) Same as (c), except with a sharp rise at the end of the stroke. 
(e) Rise gradually from the beginning to the end of the stroke. 
(/) Same as (e), except with sharp rise at the end of the stroke. 

(a) and (6) are illustrated in Fig. 7, Chapter IX, by the curves force at 
0.8 ampere without and with the stop, respectively; (c) and (d), by the 
force cuives at 1.5 ampere without and with the stop, respectively. 

Effects (a), (c), and (e) are controlled entirely by the angle of the 
taper in relation to the saturation of the plunger. Effect (c) is produced 
by using a relatively small angle of taper and allowing the plunger to 
saturate early in the stroke; (c), by using a relatively larger angle of 
taper and not allowing the plunger to saturate in the beginning of the 
stroke; and (a), by conditions intermediate between (c) and (e). The 
sharp rise in force at the end of the stroke is produced by using a stop. 

Thus it is possible to produce all the effects obtainable with the 
cylindrical-faced, stepped cylindrical-faced, and truncated conical 
plunger magnets. The use of a stop is generally advisable as it assists 
in holding the force up at the end of the stroke and also produces a 
high sealing-in force at the end of the stroke. The stop can be flat, 
as illustrated by the dashed lines of Fig. 7, Chapter IX, or if it is desired 
to extend its range the stop may be made conical. 

The taper plunger type is quite different from those previously con¬ 
sidered, in that the optimum useful work conditions derived in Art. 85 
do not always apply. This is because the force may decrease toward 
the end of the stroke and be less than at the beginning; consequently 
the useful work may not equal the product of the force at the beginning 
of the stroke by the stroke. This is explained in detail with reference 
to the actual design in Sec. 6 of this article, ‘‘Actual Work and Optimum 
Work.^^ 

2. Design Data. As the constant force characteristic is the one 
usually desired, let it be required for the purpose of illustration to 
design a substantially constant force magnet having the following data: 

Stroke =* J in. 
Force = 12 lb. = ^ 
Voltage - 12 volte. 
Excitation = continuous. 
Temperature rise =* 70® C. =* ^/, average temperature rise (by change in 

resistance) of coil above surrounding ambient air temperature of 20® C. 
Material » mild cold-rolled steel, S.A.E. 10-10, sample 3. 
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The index number of this required design will be V= \/12/0.75 
= 4.62, which, by reference to Fig. 10, Chapter IX, indicates a tapered 
plunger magnet. Figure 16 is a sketch of this magnet, showing all the 
dimensions indicated 
in the formulas. 

3. Design Equa¬ 
tions. This type of 
magnet cannot be de¬ 
signed in the straight¬ 
forward manner that 
the previous ones were, 
as too many variables 
are involved. Hence Cross Section of winding bare wire dia. = ci 

it will be necessary to Fig. 16. Cross section through a tapered cylindrical 

resort to a cut-and-try plunger magnet, illustrating the design symbols, 

method. 
Foroe. Equations, The force due to the radial flux (fringing fluxes 

excluded) between the tapered plunger and the surrounding steel end 
piece is 

Force = lb. (13) 

from equation 13c, Art, 72, Sec. 6, where Bp is the flux density in the 
plunger due to this radial flux only. Besides this force, there will be a 
force due to the distributed leakage flux, which passes across the coil 
winding, from the plunger to the outer shell. This force is given by 
equation 206 of Art. 76, 

Force = 8.86 X 1O-“®/70l lb. (14) 

In this type of magnet, owing to the high plunger flux densities and 
relatively small forces involved, it is necessary to make a correction for 
the loss in force due to the increase in length of the magnetized portion 
of the plunger. This correction is given by equation 76 of Art. 71 /• 

HpdB lb. (15) 
0 

Magnetic Circuit Equation. The coil magnetomotive force for this 
type of magnet can beat be estimated by using the work equation 1 of 
Chapter III. 

Work = 8.86ii<^(Ar/) in-lb. (16) 
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where t?, the magnetic efficacy, will vary* between 0.35 to 0.45 for taper 
plunger magnets without a stop, and from 0.45 to 0.55 with a stop. The 
lower values apply to those magnets employing a magnetically inferior 
steel such as sample 4; the higher values, to the better magnetic steels. 
Likewise, if the fixed cylindrical gap is assumed to take a large percen¬ 
tage of the magnetomotive force, say 10 to 15 per cent, one should tend 
to the lower values, while a gap taking only 5 per cent would be in the 
higher range. 

Heating Equation. This remains unchanged. 

0 ^ 
^ 2kf(r2 — ri) \ h / 

Voltage Equation. This remains unchanged. 

„ 4p(r2 -V rx)NI 

(3) 

(4) 

4. Preliminary Design. Equation 13 cannot be solved for ry very 
readily, hence the best procedure is to assume proper values of Bp and By 
and determine by cut and try the proper value of ry which will give the 
required force. 

The value of Bp at the end of the stroke will depend upon Bm) the 
maximum flux density in the plunger, occurring at the beginning of the 
fixed cylindrical gap as shown in Fig. 16. The plunger should reach 
saturation at the end of the stroke (Hm about 300 to 400 ampere-turns 
per inch). 

6y the angle of taper of the plunger, determines how the force will vary 
throughout the stroke. A value of 0.15 radian is suitable if the force is 
to remain constant; a smaller value if the force is to decrease toward the 

end of the stroke, and larger if it is to increase. 
Let us substitute the following values into equation 1, to see what 

force will be produced at the end of the stroke. 

g = 0.025 in. 
$ = 0.15 radian. 

m = 0.75 in. 
V = 0.0 in. 

Bm = 120 kmax. per sq. in.” 

The subsequent work shows that this choice is somewhat low. A value of 126 
or possibly 130 would have resulted in slightly higher economy. 



Abt. 89] TAPERED PLUNGER TYPE OF MAGNET 295 

Bp * 84 kmax. per sq. in.^* This is obtained by assuming the radial 
leakage flux between the plunger and shell and the fringing fluxes 
around the taper gap to be 30 per cent of the total plunger flux, 
making Bp — 120 X 0.7 « 84. 

fi = 0.631 in. Let us assume a No. 22 A.w.g. brass tube of li^ in. out¬ 
side diameter to be used, then if the tube is reamed by 0.003 in. on 
the diameter, the plunger may be made 1.262 in., making ri = 0.631. 

Making these substitutions, we have 

Force 
(V- 0) 

12.5 lb. 

As 12.0 lb. is the desired force the tentative value of 0.631 for rj may 
he considered satisfactory. 

As.suniing: (1) a value of 0.40 for the magnetic efficacy without a 
stop, (2) 12 X 4 = 9 in-lb. for the work, and (3) irrlEm = ir X 0.631^ X 
120 X 10“^ = 150 X 10“^ weber for 0, equation 16 may be solved for 

the coil magnetomotive force. 

,,, Work 9.0X10^ 
NI = - = -- = 1,693 ampere-turns 

8.867/0 8.86 X 0.40 X 150 ^ ^ 

Kquation 3 may now be .solved by making the following assumptions: 

Of = 70^^ C. 
(7=1. 

p = 0.865 X 10 ® ohiii-in. 
k = 0.0076 watt .sip in. per ° (\ temperature differenee, from I'ig. 75, 

C’hapter \'I1, for dj = 70° C. and for tlie eoii in good thermal con¬ 

tact with tlie iron parts. In tiiis i)articular magnet the bobbin 
flange will be made U]) of the brass tube and the iron end j)ieccs. 

/ = 0.45, a.ssumed. As tlie voltage is relatively low, the wire size will be 

medium and will necessitate fairly heavy jiaper lietween layers. 

—~ —. A value between 4 and 6 is suitable in this tyiie of magnet, the higher 
ra — ri values jm'ducing more leakage flux force at the beginning of the 

stroke. 

The pro|K*r value to use for lip is very diflicult to estimate, as it depends on the 

ratio of the permeance of (he working gap at the end of the stroke to that of the radial 

leakage path between the plunger and shell. 
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Thus substituting h/(r2 rj) = 5 into equation 3, and solving for A, 
we have 

k.4 2.bqp{NIf 

kfOf 

and substituting for the quantities under the radical, and solving, we get 

2.5 X 1 X 0.865 X 10“*^ X 1,693 

0.0076 X 0.45 X 70 

= 2.96 in. 

As r2 - ri = A/5.0 = 0.592; rs = 0.592 + 0.631 = 1.223 in. 

Because of the necessity of maintaining a reasonable percentage of the 
magnetomotive force across the working air gap at the end of the stroke, 
it is wise not to saturate the shell and end pieces as highly as the plunger. 
Therefore let us make the area of these parts 25 per cent greater than 
that of the plunger. 

1.25irri = Tr(rl — rl) 

ra = Vl.25r? + rl 

rz = 1.41 in. 

The end pieces can be designed to maintain this area. 
Equation 4 may now be solved for d: 

_ ^Mr2 + ri)NI ^ ^ k X 0.865 X 10~^ X 1.854 X 1693 

12 
= 0.0301 in. 

5. Modification to Suit Stock Sizes. The preliminary design has 
now been finished and the next step will be to modify such dimensions 
as can be conveniently replaced by stock sizes. 

Wire Size. From Table I, Chapter VI, 30.1 mils corresponds to a 
size between No. 20 and No. 21 wire. Let us try No. 20, diameter = 
32.0 mils, which will produce slightly more magnetomotive force than is 
desired. 

Iron Dimensions. Because of the necessity of careful plunger align¬ 
ment in the working gap, in order to minimize side pull,'® the plunger 

As plunger friction can become an important item in a magnet of this type when 

the forces are relatively small and the plunger diameters large, it is wise to chromium- 

plate the plunger in order to reduce the friction and also prevent the stickiness which 

occurs when steel slides in unlubricated brass. Lubrication is undesirable, as the 

viscosity of the lubricant changes with temperature and also has a tendency to 

become gummy. 



Art. 89] TAPERED PLUNGER TYPE OF MAGNET 297 

must be turned to fit the brass tube. Therefore the dimensions already 
assumed for ri and the brass tube may be tried. 

The outer shell can be made of a 3-in. seamless tube of ^^^in. wall. 
This will give an inside diameter of 2.44 in., and the outside can be turned 
to 2.82 in., the required The end pieces are designed to maintain the 
shell area throughout. 

The length of the winding space h should be changed from the pre¬ 
liminary value of 2.96 to compensate for the larger wire size, if the 
tempc^rature rise is to be held down to 70° C. In order to do this h must 
be increased in proportion to NI] as the coil ampere-tums will vary as 
the square of the wire diameter, h should be made equal to ^ 

/32.0V 

6. Check of Preliminary Design Using Final Sizes. 
Final Sizes. ri = 0.631 in.; r2 = 1.22 in.; rs = 1.41 in.; h — 3.35 

in.; No. 20 wire; g = 0.0253 in. 
Coil Design—Space Factor. Following the exact same procedure as 

in Art. 86, Sec. 5, the gross winding depth (r2 — rO will include the 
following allowances: 

(а) 0.025 in. = thickness of brass tube and clearance to plunger 

(б) 0.022 in. = insulation between brass tube and coil 

(c) 0.025 in. == insulation outside of coil 

{(i) 0.010 in. = allowance for coil irregularities 

0.082 in. = total allowances 

The net winding depth will be 0.589 — 0.082 = 0.507 in. Allowing 
5.0 mils of Kraft paper between layers and 33.8 mils for the diameter 
of enameled-covered No. 20 wire, the thickness of a layer will be 0.0338 
+ 0.005 = 0.0388 in. The number of layers will be 0.507 0.0388 
= 13.05, which can be called 14 if a 7 per cent allow ance for embedding 
is made. An even number of layers is desirable as it brings the leads 
out at the same end. 

As the iron end pieces are to form the bobbin flange it will not be 
necessary to allows for brass bobbin flanges or for imperfect fit of the 
bobbin, in determining the net winding length of the coil. We shall 
assume a hole with a rubber bushing at the fixed plunger end to bring 
the leads out. Then making an allowance of 20 mils for oiled linen and 

This increase in length can he avoided if the wire size is split in order that an 

effective diameter of 30.1 mils is obtained. See Art. 88, Sec. 6, “Coil Redesign with 

Two Wire Sizes," for the method of computing this type of winding. 
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^ in, for fiber at each end of the coil the net winding length will be 
3.35 — 0.102 = 3.248 in., and the turns per layer will be 

3.35 

0.0338 
X 0.95 - 1 = 93 

assuming that because of the spread of the winding only 95 per cent as 

many turns can be wound, and that one turn is lost at the end of each 
layer. 

The total turns will be 14 X 93 = 1,302. As the cross-sectional 
area of the bare copper wire is 0.000802 sq. in., the space factor will be 

1,302 X 0.000802 

0.589 X 3.35 
0.529 

This is higher than the assumed value of 0.45, and before proceeding it 
will be wise to correct h in order to avoid too low a temperature rise. 
As temperature rise varies inversely as the space factor, and inversely 

as the new h should be 

roA5 , . 
3.35 X ^8 “• 

The new net winding length will be 3.125 — 0.102 = 3.023 in., and the 

turns per layer will be 
3.023 

0.0338 
X 0.95 - 1 = 84 

The total turns will be 14 X 84 = 1,176, and the space factor 

r^M76 X.0.000802 ^ 

•' 0.589 X 3.125 

The coil resistance may now be computed as follows: The mean 
radius of a turn will be plus the winding thickness allowances (a) -f- 

(5) + h winding thickness = 0.631 + 0.047 -f 0.254 = 
0.932 in. The total length of wire will be 27r X 0.932 X 1,176 = 6,880 
in., and the resistance at 90® C., applying the factor 0.8458 ohm per 
1,000 in., and the temperature correction factor 1.2751, from Tables II 
and III, respectively, of Chapter VI, will be 

6.88 X 0.8458 X 1.2751 = 7.42 ohms at 90® C. 

The coil current will be 
12.0 , 

= 1.62 amperes 
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and the coil magnetomotive force will be 

NI = 1,176 X 1.62 »= 1,904 ampere-turns 

Temperature Rise. 

- 1 X 0.865 X 10~* /1,904Y 

^ “ 2 X 0.0076 X 0.512 X 0.589 \3.125/ 
70.4“ C. 

This is satisfactory. 
Fixed Cylindrical Gap. Assume that the fixed cylindrical gap is to 

be designed to use 10 per cent of the available coil magnetomotive 
force = 1,904 X 0.1 = 190 ampere-tums. Then the permeance of this 
gap will be 

Pc 

150 

190 
0.79 kmax. per ampere-tum 

where 150 kmax. is the maximum plunger flux based on the assumption 
made in the preliminary design. The gap permeance in terms of its 
dimensions will be 

M'S fiir(2ri + 
•* c ~ , — I g 

Substituting the known values we have 

0.79 X 0.025 

0.00319 X IT X 1.287 
1.53 in. 

which may be called 1.5 in. as the fringing permeance around the edges 
of the gap will more than make up this difference. 

Other Iron Dimensions. The end pieces may now be designed to 
have a substantially constant area equal to that of the shell. The shell 
area is 7r(1.41^ — 1.22^) = 1.57 sq. in. 

<2 

1.57 _ 1.57 

2irri ~ 2jr X 1.22 
0.204 in. 

The area through <4, as it does not carry the entire flux, can be made 
approximately equal to that of the plunger. Try <4 = 0.25 in.; then 
area = ir(1.3125 + 0.25)0.25 = 1.23 sq. in. This is sufficient. Then 

1.57 

2ir(0.631 + 0.025 + 0.25) 
<3 0.275 in. 
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Magnetic Circuit Calculations. At this point a sketch of the magnet 
should be made so that the mean lengths of the magnetic circuit may be 
obtained. This sketch is shown in Fig 17. 

Fig. 17. Cross section through the final design of the tapered cylindrical plunger 

magnet, showing all dimensions. 

The mean lengths and areas are tabulated below: 

No. Part Length Area 
.... . , 

Material 

1 Plunger ... . 4 0 1 .25 S.A.K. 10-10 

2 Shell. 3 25 1 57 “ 

3 Front end piece. 1 25 1 57 a 

4 Back end piece . 1 00 1 57 <( 

5 Fixed cylindrical air gap . Permeance = 0.79 kmax. 

per a-t. 

The saturation curve of these parts may now be computed. In 
computing this curve all parts will be assumed to carry the same flux 
as was done in Art. 77. The tabular computation is shown in Table V, 
and the resulting saturation curve is plotted in Fig. 19. 

Force-Stroke Curve. In this type of magnet, owing to the possibility 

of the force decreasing with the stroke, it is necessary to check the force 
over the entire stroke to make sure that it does not fall below the desired 
value at any point. The most convenient and accurate way to do this 

is to follow the method of Art. 77, Chapter VIII. 
Following this scheme, we shall first calculate the permeance of the 

working gap and its rate of change at several points. We shall 

choose the points where V * fJ and 0 in. In order to show the 
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TABLE V 

Calculation of Saturation Curve of Iron Parts and Fixed Cylindrical 

Air Gap of a Tapered Plunger Magnet 

(See saturation curve of Fig. 11a, Chapter II, for sample 3) 

Part I.»ength, in. Area, sq. in. 
kmax. 

B 
kmax. 

per 

sq. in. 

H 
a-t. 

per in. 

F 
a-t. 

1 4 00 1 .26 156 126 410 1,640 

2+3-f4 5 50 1.67 156 99.5 31 171 

5 P - 0.79 kmax. per a-t. 156 197 

1 Total 2,008 

Part B H F B H F 

1 150 120 270 1,080 144 115 165 660 

2+3+4 150 95.6 24 
1 

132 144 91.5 17 94 

5 150 190 144 182 

'Fotal 1,402 Total 936 

1 137 5 no 

87 5 

100 400 131 105 60 240 

2'+3+4 137 5 14 77 131 83.6 115 63 

5 137 5 174 131 166 

Total 661 Total 469 

1 126 100 31 124 112.5 90 16 64 

2+3+4 126 79.6 10 66 112.5 71.6 8 44 

5 126 158 112.5 142 

ToUl 337 Total 250 
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method of evaluating these permeances and their derivatives, the 
calculations at V = ^ in. are given as an example. 

Referring to Fig. 18 

r. X r 2(^1 + ff). /^ + A . Tr 1 P«(taper gap) = iry. ^---log, J + K - mj 

1 
8 

Fio. 18. Enlarged view of the tapered end of the magnet of Fig. 17 for calculating 

the permeance of the working gap. 

from equation 13, Chapter VIII, 

[2 X 0.656 /0.137\ 1 31 

Kum)+2 - iJ= 

Pis. = 4m [ri + Vg{t+g)] log. ^ 
9 

where / + g = 0.376, ri = n + g — g = 0.556, and g - OV + g — 0.1. 

See equation 18a, Chapter V. 

Pi8« = 4 X 3.19(o.556 Vo.l X 0.376) log, 3.76 = 12.7 max. per 
ampere-turn 

where ri = 0.556, and g = 0.1. See equation 16a, Chapter V. 

Pita = 3.3 X 3.19 X 0.616 = 6.5 max. per ampere-turn 

where ri = 0.519, and g = 0.137 

Pi7a = 6.2 max. per ampere-turn 

_ V 
Pi9a - 4m [r, + p - vWl Jog* r 
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where g ^ 6m + g — 0.137, ri = rj — 0m = 0.519. See equation 19a, 
Chapter V, V being substituted in those places where ri + g does not 
apply. 

Pi»a = 4 X 3.19 [0.619 + 0.137 - V0.137 X 0.50] loge 
U. XU 4 

= 5.31 max. per ampere-turn 

Pw - Pt + Pisa + P\Qa + Pi7a + Pi9a = 65.7 Hiax. per ampere-tum 

The radial leakage permeance which must be added in parallel with Py, 
for determining the magnetomotive force across the working gap is, 
using formula 155 of Chapter A', and applying the corrections as used in 
Art, 77, 

^ 2.75 2 1 lirid 

logt- 
n 

„„ 2 1 2ir X 3.19 X 2.75 
= 0.88 X - X - X-—- = 0.294 X 83.5 

O Z . 1. 
log6 

0.631 

= 24.7 max. per ampere-turn 

The total permeance effective in determining the magnetomotive 

force across the working gap at 7 = ^ in. is Pw + Pl — 65.7 + 24.7 = 
80.4 max. per ampere-turn. In a similar manner the permeances at the 
other points can be calculated, and are given in columns 2, 3, and 4 of 
Table VI. With these values the four air-gap permeance lines of Fig. 19 
have been drawn to determine the point of operation on the saturation 
curve for each plunger position, and the corresponding air-gap magneto¬ 
motive force, Fy,, as tabulated in column 5. 

Because the fringing permeances Piga, Pi7a, Pi6a, and Piga, are vary¬ 
ing in a complicated manner with 7, the rate of change of permeance 
with stroke can best be found graphically. This has been done by 
plotting the data of column 2 in Fig. 20 and determining the slope at 
each point desired. The results are tabulated in column 6. 

The remainder of Table VI has been computed as indicated in the 
column headings, and follows Art. 77, Chapter VIII, exactly. The 
final net effective force of column 15 has been plotted in Fig. 21. 

Actual Work and Optimum Work. The least force throughout the 
stroke is 12.35 lb., which is satisfactory as regards the specifications. 
The useful work will therefore be 

12.35 X f = 9.26 in-lb. 
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The optimum cannot, as has been done in the previous designs, be 
determined from Fig. 19, by making the differential permeance of 

Fig. 19. Magnetization curve and graphical construction for deteimining the work¬ 

ing air-gap magnetomotive force of the magnet of Fig. 17 as a function of the plunger 

displacement. 

the iron circuit equal to that of the working gap. This is because the 
useful work, which is equal to the product of the least force by the stroke, 

Distance-V-in. 

Fio. 20. Variation of working air-gap permeance with plunger displacement for the 

magnet of Fig. 17. 

will not necessarily be the product of the force at the beginning of the 
stroke by the stroke. 
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The optimum can, however, be determined by reference to Fig. 21, 
by finding the largest rectangle which can be drawn under the force- 
stroke curve. This rectangle coincides so closely with the actual least 
force and required stroke as to be almost indistinguishable. 

The total available work under the force-stroke curve, by measure- 

merit of the area, is 11.06 in-lb. The mechanical efficacy of the design 

TotalAr 
=jFces = 

Under 
in06 ir^ 

Curve 

b- 
—' ■ ^ 

Leas t Force;- 12.35 lb. 

0 1 
> 1 

r T « X/ . ■ 
Plunger Position, V, in 

5 3 

ches 

P"iG. 21. Computed force-stroke curve for the 

magnet of Fig. 17 plotted from the data of col¬ 
umn 15, Table VI. 

will be 9.26 4- 11.06 = 83.8 
per cent, which, though high, 
is not so high as to cause too 
sluggish an action. 

The magnetic efficacy of 
the actual design is equal 
to the quotient of the total 
work under the force-stroke 
curve divided by the poten¬ 
tial work ability of the mag¬ 
net, NI{<f>m)i where (t>m is 
the maximum value of the 
flux which may be consid¬ 

ered to link with all the turns N. This flux will equal <t>to + 3<Pl as 
given by equation 3, Art. 46, Chapter IV, and may therefore be found 
from Fig, 19, point 4, as 148 kmax. Therefore 

_11.06_ 

8.86 X 1904 X 148 X 10“^ 
0.442 

which is higher than the value of 0.4 assumed in the preliminary design, 
but checks very w ell with the statements made regarding the choice of r}. 

Weight. The weight of the copper of the coil will l>e 

6,880 

323.4 
- = 1.77 lb. 

where 323.4 is the number of feet per pound of No. 20 bare wire from 
Table II, Chapter \T. The insulation around the brass tube, end 
flanges, etc., may be estimated to bring the coil weight to 1.87 lb. 

The volume of the brass tube will be 

ir X 1.287 X 0.025 X 5.375 = 0.542 cu. in. 

and its weight 
0..542 X 0.32 = 0.174 lb. 
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The volume of the iron pieces are computed as follows: 

Plunger = 1.25 X 4.625 + f [0.842 + (0.41/3)]= 6.51 cu. in. 
Shell = 1.57 X 3.533 = 5.54 
Front end piece 1.77 
Back end piece 1.20 

Total volume 15.02 

Weight of iron = 15.02 X 0.283 = 4.25 lb. 
The total weight will be 1.87 + 0.17 + 4.25 = 6.29 lb., and the 

weight economy will be 6.29 9.26 = 0.68 lb. per in-lb. of work. This 
checks very well with the weight economy of 0.78 given in Fig. 10, 
Chapter IX, for the same index number. 

Final Results. The design is now finished. Figure 17 shows a 
complete sketch of the magnet with all dimensions. Below are tabulated 
all the principal data. 

Least force = 12.35 lb. 
Stroke = 0.75 in. 
Voltage = 12 volts. 
Current (hot) = 1.62 amperes. 
Power (hot) = 19.44 w’atts. 
Temperature rise (continuous excitation) = 70.4® C. 
Weight = 6.29 lb. 
Maximum useful work = 9.26 iii-lb. 
Weight per unit of maximum useful work = 0.68 lb. per in-lb. 
Magnetic efficacy = 0.44. 

Design with Magnetic Stop at End of Stroke. The use of a magnetic 
stop will make the force rise very sharply at the end of the stroke. 
Referring to Fig. 21 it will be seen that w ithout a stop the force decreases 
with stroke as soon as the plunger saturates. This can be counteracted 

in the very last portion of the stroke by the use of a magnetic stop. 

The effective range of the stop will depend on the type of face employed. 
Thus, in the magnet designed, a flat stop would be effective for only a 
small portion of the stroke, say ^ in., while a conical stop could be made 

effective over a much greater range. 
When designing with a stop, the taper portion, using equation 13, 

can be designed for a shorter stroke by the effectiveness of the stop. 

The total force derived with the stop is computed exactly as without 
the stop, the effect of the stop in increasing the permeance of the working 
gap being taken into account when that permeance is computed. 
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90. Design of a Leakage-Flux Type of Magnet 

1. General. The leakage-flux magnet is of a solenoid and plunger 
type and is used in all applications requiring a long stroke. It is quite 
different from the types previously discussed in that the force does not 
depend primarily on the attraction between magnetized surfaces, but 
on the reaction between a current-carrying conductor and a magnetic 
field. The design procedure is thus different from that outlined in 
Art. 84. 

The strength of the magnetic field is limited by saturation, but the 
momentary current density of the conductor is limited only by vaporiza¬ 
tion of the copper, and hence from a practical point of view it is possible 
to obtain very high momentary forces. Because there is no limit to the 
stroke, the magnetic efficacy can be made very high. 

As the coil generally is very long it is economical to wind it directly 
in the bobbin formed by the brass tube and iron end pieces. The length 
of the coil must be made equal to the stroke plus the initial distance the 
plunger is inserted. This length can be shortened somewhat if the latter 
part of the stroke is carried out by the taper plunger action of Art. 89. 
Experience shows that the maximum length of the taper end should not 
exceed one-third the distance the plunger is in.serted into the coil at the 
start of the stroke. The angle of the taper should be about 0.15 radian, 
equal to 8,6°. 

2. Design Data. For the purpose of illustration let it be required 
to design a magnet having given the following data: 

Stroke = 4.0 in. 
Force = 3.0 lb. = 3^ 
Voltage = 120.0 volts. 
Excitation = continuous. 
Temperature rise = 70° C. = 0/, average temperature rise (by change in 

resistance) of coil above surrounding ambient air temperature of 20° C. 
Material = mild cold-rolled steel, S.A.E. 10-10, unannealed after machin¬ 

ing, sample 3. 
Coils = enameled wire with paper between layers wound in bobbin 

formed by brass tube and iron end pieces. Use phenolic insulation 
over brass tube and end pieces. 

Plunger. Finish stroke by use of taper plunger force action. 

The index number of the required design will be \/^A = V3T0/4 ■* 
0.432, which by reference to Fig. 10, Chapter IX, indicates the leakage- 
flux type. Figure 22 is a sketch of the conventional type of ironclad 
leakage-flux magnet, showing all the dimensions indicated in the 
formulas. 
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3. Design Equations.The four fundamental design equations of 
Art. 84, modified to suit the leakage-flux magnet, are as follows: 

Force Eqiuition. Equation 206 of Art. 76, Chapter VIII, applies 
directly to this type of magnet. 

Force == KH<I> joules per inch 

FIG. 22. Cross section through a cylindrical plunger leakage-flux magnet, illustrating 

the design symbols. 

where X is a factor decreasing the force because of the loss due to energy 
stored in the plunger. If a good quality of soft iron is used for the iron 
parts the value of 0.85 as suggested in Art. 76 may he usc'd. Where the 
material is quite different the factor should be evaluated as explained. 
Using 0.85 for this factor and expressing // and 4> in terms of the magnet 
dimensions, we have 

^ 8.86 X 0.85 A^/(10~^£?7rr?) 
Force = -;- 

NIBr\ 

4,220/1 
lb. (17) 

Magnetic Circuit Equation. This equation is necessary in order to 
determine the distance u that the plunger must be inserted at the begin¬ 
ning of the stroke in order to produce the value of B required in equation 
17. At insertions greater than ?/, the plunger will reach a saturation 
such that H of the plunger +// of the shell will equal Nl/h, the magnetic 
intensity of the coil. 

The flux density 5, with the plunger inserted a distance u (before the 
plunger saturates) can be approximated as follows: The total mag¬ 
netomotive force for that part of the flux crossing the winding at u is 
{NI/h)u ampere-turns. Of this a portion, say, 10 per cent is used 

The design equations and method of procedure in designing this magnet are 

similar to those developed by L. A. Hazeltine, for use in the Department of Electrical 

Engineering at Stevens Institute of Technology. 

** When the dimensions of the magnet are known it is possible to calculate the 

maximum plunger flux density B with fair precision. The method will be explained 

in Sec. 6 when the final design is checked. 

“Should the allowance for this gap be different, equation 18 should be changed 

accordingly. 
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up in the fixed cylindrical gap at the left, and a second portion is used up 
in the plunger and shell. As the flux density in the plunger decreases 
from its full value B at the cylindrical gap end to zero at u, we may 
estimate the average magnetic intensity in the plunger as 0.5//p, where 
Fp is the value corresponding to as obtained from the magnetization 
curve. The shell will not usually be so highly saturated as the plunger; 
estimating its average magnetic intensity as 0.3/fp, we have for the 
magnetomotive force across the winding at the distance u 

NI NI 
0.9 — w — 0.5 HpU — 0.3 HpU = 0.9 — u — O.SIIpU ampere-turns 

h h 

At the cylindrical gap end, however, the magnetomotive force across the 
radial leakage path is the reluctance drop across the fixed cylindrical gap 
equal to —0.l(NI/h)u. Therefore the average rnagne^tomotive force 
across the leakage path will be 

^ (»vg.) ampere-turns, neglecting the taper 

The permeance of the path from the plunger to the shell is by equation 
15a, Chapter V, 

p ^ M7r(ri + r2)u 

r2 - ri 

The total flux of the plunger (that at the cylindrical gap end) is then 

NI 
<P PB (avg.) 0.4u 

r2 - ri i! h - 

and the flux density is 

D_^ _ 0An{ri + r2)u^ 

' Trr? “ r?(r2 - r,) 
^ - II1 (18) 

Heating Equation. This remains unchanged. 

^ 2kf{r2 — ri) I A J 

Voltage Equation. remains unchanged. 

„ 4p(r2 + Tx)NI 

(3) 

(4) 
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4. Preliminary Design. Equations 17 and 3 may be solved for 

{Nl/hy, thus from equation 17 

and from equation 3 

NI 4,220 Force 

T “ Br‘i 

NI 2kfef(r2 - n) 
P7 

Equating tho.<e and solving for ri, we have 

^1 
4,220^ (Force)^ pq 

B^2kfe^ 

(19) 

Equation 19 may now be solved by making the following substitutions: 

By = 70° C. 

q = I, 
p = ().8C5 X 10“ ® ohm-inch at 90° 
k = 0.0076 watt per sq. in. per ° C. temperature difference from Fig. 76, 

Chapter VII, for a temperature rise of 70° C. and for the coil in good 

thermal contact with iron parts. In this type of magnet the coil will 

generally be wound on the brass tube with the iron end pieces forming 

the bobbin flanges. Hence, the coil will be in good thermal contact 

with the iron parts. 
/ = 0.45, assumed. 

T2 . 
— = 2.0, in this type of magnet, gives the most economical proportions. 

However, under special conditions it might be desirable to change the 

ratio. Thus a light plunger will be obtained with a large value of 

r2/ri, as this will allow the magnetic intensity of the winding to be 

higher, resulting in an increase in copper weight and power consump¬ 

tion. Where a magnet is used for only a very small portion of the time 
and where power consumption is no object, a small value of rj/fi will 

result in a design of small dimensions. 

B = 110 kmax. per sq. in. The ultimate saturation in the plunger will 

reach a value such that H of the plunger + H of the shell will equal 

Nl/h for the coil. As Nl/h in this type of magnet will be betw^een 

500 and 1,000 ampere-turns per inch, the value of B will be determined 

by the saturation density of the iron at a value of H between, ^Nl/h 
for the plunger area equal to the shell area, and higher as the shell 

area is increased. The maximum force during the stroke will be deter¬ 

mined by this saturation density. Hence, B at the beginning of the 

stroke should have a value of about 90 per cent of this saturation value. 

** See Art. 86, Sec. 4. 
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Making these substitutions, we have 

5 ^ 4,220^ X 3.0^ X 0.865 X 10~” X 1 _ 

~ 110^ X 2 X 0.0076 X 0.45 X 70 X 1 ^ 

and 

ri = 0.474 in. 

r2 = 2ri = 0.948 in. 

Equation 17 may now be solved for Nl/h. 

NI 4,220 X Force 4,220 X 3 
T-M“ 110x 0.4742 = ampere-turns per inch 

Referring now to Fig. 11a, Chapter II, H for Bp = 110 will be 104. 
Solving equation 18 for u we have 

Sr,(r2 - ri) 

0.4>»(ri + rz) h] 
L A ""J 

and substituting the known values, we have 

no X 0.4742 ^ Q 4g5 
.00319 X 1.422(514 - 104) 

= V 15.44 

3.93 in. 

Aortal Length of Coil h. In accordance with the statement made in 
Sec. 1 of this article, let the end of the stroke be carried through by a 
taper plunger action. Then the coil length can be made equal to 

A = s + f w = 4.0 + 2.62 = 6.62 in. 

Wire Size, The total coil ampere-turns will be equal to 

NI . 
— X A == 514 X 6.62 =* 3,410 ampere-turns 

The bare wire diameter from equation 4 will be 

4 X 0.865 X 10*~® X 1.422 X 3,410 
0.1398 

d — 11.83 mils 
120 
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Outside Steel Shell. Owing to the extremely high saturation at which 
the plunger will operate it is wise to make the flux density in the outer 
shell only about 80 per cent of that in the plunger; then 

0.87r(r3 — r^) = tTi 

= ^ + ri = 1.180 

ra = 1.087 inches 

5. Modification to Suit Stock Sizes. The preliminary design has 
now' been finished; the next step will be to modify such dimensions as 
can be conveniently replaced by stock sizes. 

Wire Size. From Table I, Chapter VI, 11.83 mils is between No. 29 
and No. 28 wire. As No. 29 w ill produce less than the desired number of 
ampere-turns and hence make the force too low% it is best to use No. 28. 
This may make the temperature rise slightly high. 

Iron Dimensions. Plunger Radius (ri). This must be chosen in 
relation to the brass tube. Try a No. 24 A.w'.g. brass tube, 1 in. in 
outside diameter. This will have an internal diameter of 1.000 — 0.0402 
= 0.9598 in. Allowing 0.0048 in. total clearance, the plunger diameter 
will be 0.955 in., and its area 0.716 sq. in. This is 1.5 per cent greater 
than the desired preliminary value, w'hieh should be sufficient. 

Outside Steel Shell, Try a steel tube 2\ in. in outside diameter, w ith 
a (0.134 in.) No. 10 B. W. gauge wall. The internal diameter w ill be 
1.982 in., and the area w'ill be 0.89 sq. in., w'hich is 24 per cent larger 
than that of the plunger. 

Radial Thickness of the Iron End Piece (4). This should be thick 
enough to make its annular area equal to the area of the shell, thus 

7r(2ri +2t + U)U = 0.89 

wtl + 27r(ri + t)U - 0.89 = 0 

U = 0.231 in. 

Axial Thickness of the Iron End Piece (^2)- This should be made 
thick enough to make its circumferential area at a radius equal to 
(^1 + f + ^4) equal to the area of the shell, thus 

27r(ri + t + t4)t2 = 0.89 

h 
0.89 

27r X 0.731 
0.194 in. 
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Coil Length (h). Let this be equal to 6f m. This will allow a 
slightly greater length for u and tend to compensate for the reduction in 

permeance due to the taper end. 

Length of taper section of plunger and length of corresponding iron 
end piece: say 1.25 in. 

Initial Distance Plunger Is Inserted (w): This will be A + length of 
taper — s = 6f + l^ — 4 = 4m. 

6. Check of Preliminary Design Using Stock Sizes. 
Final Sizes: vi — 0.4775 in.; r2 = 0.991 in.; r3 == 1.125 in.; 

i = 0.0225 in.; ^2 = 0.194 in.; = 0.231 in.; /i = 6f in.; = 4 in.; 
length of taper = 1^ in.; plunger area = 0.716 sq. in.; shell area *= 
0.89 sq. in. No. 28 enamel-covered wire. 

Coil Design—Space Factor. Following the exact same procedure as 
in Art. 87, Sec. 6, the gross winding depth (r2 — vi) = 0.514 in. will 
include the following allowances: 

(а) 0.022 = thickness of brass tube and clearance to plunger = t 
(б) 0.045 = thickness of phenolic tube between brass tube and coil 
(c) 0.025 = insulation outside of coil 
{d) 0.010 = allowance for coil irregularities 

0.102 = total allowances 

The net winding depth will be 0.514 — 0.102 = 0.412 in. Allowing 
1.5 mils of glassine paper between layers and 13.8 mils for the diameter 
of enameled-covercd No. 28 wure, the thickness of a layer will be 0.0153 
in. The number of layers will be 0.412 -f- 0.0153 = 26.9 layers. This 
may be increased to 28 layers to allow for embedding, which in a coil of 
this type may run as high as 10 per cent. This being an even number it 
will be possible to bring both leads out at one end through an insulated 
slot. 

As the iron end pieces are to form the bobbin flange it will not be 
necessary to allow for bobbin flanges or for imperfect fit of the bobbin, 
in determining the net winding length of the coil. Then making an 
allowance of 45 mils at each end for a phenolic end washer, the net 
winding length will be 6.75 — 0.09 = 6.66 in., and the turns per layer 
will be 

6.66 

0.0138 ^ 
0.95 - 1 = 458 

assuming that on account of the spread of the winding only 95 per cent 
as many turns can be wound, and that one turn is lost at the end of 
each layer. 
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The total turns will be 28 X 458 = 12,830. As the cross-sectional 
area of the bare copper wire is 0.000126 sq. in., the space factor will be 

12,830 X 0.000126 

0.514 X 6.75 
= 0.466 

The coil resistance may be computed as follows: The mean radius of a 

turn will be ri + winding thickness allowances (a) + (?>) + ^ the net 

coil winding thickness = 0.4775 + 0.067 + 0.206 = 0.7505 in. The 

total length of wii'c will be "Itt X 0.7505 X 12,830 = 60,500 in., and the 

resistance at 90° C., applying the factor 0.00541 ohm per inch for No. 28 

wire from Table III, Chapter VI, will be 

60.5 X 5.41 X 1.2751 = 417 ohms at 90° C. 

ITe coil current will be 120 417 = 0.287 amperes, and the mag¬ 

netomotive force developed by the coil will be 

NI = 12,830 X 0.287 = 3,680 ampere-turns 

Temperature Rise. Sub.stituting the values so far obtained into 

equation 3, we have 

0/ = 

1 X 0.865 X 10~^ 

2 X 0.0076 X 0.466 X 0.514 

.3,680 

_ 6.75 _ 
70.5° C. 

qdiis may be considered satisfactory. 

Fixed Cylindrical Gap. The length of this gap can now^ be computed 

so that it w ill take about 10 per cent of the initial available magnetomo¬ 

tive forc^e = (NI/h) u. Assuming, for this purpose, that the maximum 

plunger flux density is 110 kmax. yycr sq. in., the total plunger flux will be 

110 X 0.716 = 78.7 kmax. The permeance of the fixed cylindrical gap 

will be 

</> 78.7 
Pc = -v7~ ~ ~^M8 ~ kmax. per ampere-turn 

0.1 - a 
h 

IdS M7r(2ri + l)t^ 

0.361 X 0.0225 

0.00319 X TT(0.977) 
0.83 in. 

I^t this be ^ in.; then Pc will equal 0.361 X 875 4- 830 = 0.381 

kmax. per ampere-turn. 
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Force. In this type of magnet the force can be checked very easily, 

as follows: 
3,680 ^ , 

—- = = 545 ampere-turns per inch 
h 6.75 

The flux density necessary to produce the required force of 3.0 lb. will 
be, by solving equation 17, 

30X4,2^ 

545 X 0.4775^ ^ ^ 

Whether this flux density will be produced may be checked by sub¬ 
stituting a trial value of Hp in equation 18. Thus for a first trial let us 
assume that B = 102; then Hp will be 39; and substituting into equa¬ 

tion 18, we have 

B = 
0.4 X 0.00319 X 1.4685 X 4^ 

0.4775 X 0.514 
(545 - 39) 

B = 0.255 X (545 — 39) = 129 kmax. per sq. in. 

Therefore the assumed value of B Ls too low. Let us try B = 110.6; 
then Hp = 112 and 

B = 0.255 X (545 — 112) = 110.6 kmax. per sq. in. 

When the plunger saturation is very high it is sometimes desirable to 
check this by a more exact method.As the leakage flux path is entirely 
distributed, and the iron is highly saturated, it Ls very tedious to solve, 
accurately, for the exact flux. Therefore, in a manner like the approxi¬ 
mate check by means of equation 18, a flux density must be assumed and 
the calculation carried through, step by step, to see whether the assumed 
value checks. 

A sketch of the complete magnet is shown in Fig. 23. The diameter 

of the plunger at the end of the taper is equal to 0.955 — 2 X 1.25 X 
tan 8.6° = 0.955 - 0.378 = 0.577 in. 

The first step is to divide the leakage flux path into short sections 
and compute the permeance of these sections. We shall assume five 
sections, each 0.8 in. long, and an end section to take care of the fringing 
flux at the end of the plunger, as illustrated in Fig. 23. 

The permeance of the first three sections may be taken, using 
formula 156 of Chapter V, as 

^‘This method is applicable to any case where the flux is distributed along a 
plunger which is highly saturated and could be applied, for instance, if one desired 
accurately to predetermine the force as the taper section enters the steel end piece. 
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2i7riil 27r/i0.8 
Pi-2 = P2-3 = P3-4 ----= 0.0214 kmax. per ampere- 

log.^i log.^ 
ri 0.477 

For section 4-5, the average value of rj may be taken as 0.447 in., and 

= 0.0201 kmax. per ampere-turn 

Fig. 23. Cross section through the final design of the cylindrical plunger leakage- 
flux magnet, showing all dimensions and the distributed leakage path divided into 
sections for checking the actual plunger flux density by “step-by-step” calculations. 

Note: The vertical and horizontal scales are not the same. 

For section 5-6, the average value of ri may be taken as 0.349 in., and 

= 0.0154 kmax. per ampere-turn 

For section 6-7, we shall use permeance formulas 17 and 19a, of Chap¬ 

ter V; thus 

Pi7 = 3.3m [ri -b 0.575(r2 - rO] 

where ri = 0.289 in. 

= 3.3m [0.289 + 0.575 X 0.702] = 0.00728 

P\9a = 4m [^2 - Vr2(r2 ~ rO] log. 
^2 - ^'1 

= 4m [0.991 - V 0.991 X 0.702] log. = 0.00068 

= Pi7 -f Piga = 0.008 kmax. per ampere-turn 
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The calculation is carried forward by assuming a flux density at 1, 
and calculating through, section after section, to the end of the plunger. 
If the calculations show that all the assumed flux will leak to the shell 
by the time the last section (6-7) is accounted for, the assumed B is 
correct; if less than the assumed flux, B has been assumed high; if 
more, B has been assumed low\ 

Let us assume B equal to 110.6 kmax. per sq. in. Then = BiTrr\ 
= 110.6 X 0.716 = 79.3 kmax. The magnetomotive force across the 
leakage path at 1, designated by Fi, will, for all practical purposes, be 
equal to that across the fixed cylindrical gap, as the average flux density 
in the iron end piece will be relatively low% and its reluctance drop may 
therefore be neglected. 

Tc ” a381 
208 ampere-turns 

w'here the minus sign indicates a reluctance drop; i.e., the magnetic 
potential of the shell at section 1 is higher than that of the plunger. 

The magnetomotive force at 2 may be found by equating to zero the 
sum of the magnetomotive forces around the closed loop formed by 
following a flux line from the shell to the plunger at section 1, through 
the plunger to section 2, from the plunger to the shell at section 2, and 
thence back through the shell to section 1, plus the coil ampere-turns 
included in the loop. Considering, as a general case, the plunger at 
both ends of the section to be at a higher magnetic potential than the 
shell, we may write: 

+ ^ 1 — ^fph-2 ^^Ji-2 — F2 + ~ /l_2 = 0 
n 

or 

^2 = h-2 + — h-2{iip + //,) 

where the F’s w ill be p)ositive when the flux goes from the plunger to the 
shell; //p and //, are the average magnetic intensities in the plunger and 
shell, respectively, over the .section; and I Is the length of the section. 

For a first approximation assume the leakage flux in section 1~2 
equal to 0; then the average Bp = 110.6, and the average B, « 89.2, 
The corresponding magnetic intensities from curve 3, Fig. 11a, Chapter 
II, will be Hp = 108, H, = 15. Then 

F2 = 0.8 X 545 — [208 + 0.8(108 + 15)] = + 130 ampere-turns 
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The average magnetomotive force available in this section designated 
by Fi 2 is ( — 208 + 130)/2 = — 39 ampere-turns. The minus sign indi¬ 
cates that ov(‘r this section the shell is at a higher magnetic potential 
than the plunger and the leakage flux in this section will be in the back¬ 
wards sense, that is, the permeance of section 1--2 acts in parallel with 
the fixed cylindrical gap. The flux at section 2 — (p2 will be 

4>2 = <t>\~ (F1-2)(^1-2) = 79.3+39X0.0214 = 79.3 + 0.84 = 80.14 kmax. 

and 
^ 4.2 80.14 
B2 = ” 2 “ —_ - = 111.9 kmax. per s(i. in. 

Tvfi 0.710 

The average flux d('nsity in section 1-2 of the plunger, Bi-oy 'vill be 

110.6 + 111.9 

2 
111.25 

and that in the shell will be 89.8. The corresponding //’s will be 115 and 
16, respectively. Using these values a second approximation may be 
made; then 

F2 = 0.8 X 545 - [208 + 0.8(115 + 16)] = + 123 ampere-turns 

^ -208 + 123 
Fi.2 = -;- = — 42.5 ampere-turas 

2 

42 = 79.3 + 42.5 X 0.0214 = 79.3 + 0.91 = 80.21 

80.21 
7^2 = = 112.0 kmax. per sep in. 

Continuing the calculation in this manner we arrive at the results 
tabulated on page 320. 

The final value of = — 4.0 shows that the original estimate of /+ 
= 110.6 is slightly low, but that for all practical purposes the approxi¬ 
mate estimate is close enough. The distribution of the leakage flux is 
shown in the lower half of Fig. 23. 

The force,at the starting position of the plunger, letting Bp = 111, 
will be 

Br\ NI„ 
4,220 h 

111 X 0.4774‘ X 545 

4,220 
3.26 lb. 

Whereas the maximum flux density of the plunger occurs at position 2, the flux 

density at position 1 still determines the force. This is so because the force depends 
on the net leakage flux of the plunger that cuts across the coil, due regard being given 

to sign. 
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Position Bp <t>p <t>L F P 
Plunger 

Area 

1 110 6 79 3 - 208 0.716 

1-2 - 0 91 - 42.5 0 0214 0.716 

2 112 0 80 21 + 123 0 0.716 

2-3 + 6 40 + 299.5 0.0214 0.716 

1 
3 103.0 

j 
73 81 + 476 0.716 

3-4 + 14 61 + 684 0 0214 0 716 

4 82 5 59.2 + 891 0.716 

4-5 + 22.2 + 1104 0 0201 0 630 

5 70 5 37 0 . ! + 1317 0 525 

5-6 
1 

+23 6 1 + 1531 0 0154 0 383 

6 51 0 13 4 + 1753 0.262 

6-7 + 17.4 + 2180 0 0080 

7 - 4 0 

This is satisfactory. In this type of magnet there is no optimum flux 
density at the beginning of the stroke. 

Weight. The weight of the copper of the coil will be 

60,500 1 

12 ^ 2,067 
2.44 lb. 

where 2,067 is the number of feet of No. 28 wire per pound from Table 
II, Chapter VI. 

The iron weight can be estimated by calculating the volume of the 
parts: 

Outer shell « 0.89 X 7.14 * 6.35 
Plunger = 0.716 X 7.63 + 0.262 X 1.25 + J(0.716 - 0.262) X 1.25 « 5.99 
Ends = 0.89 X 2.125 + tt X 1.72 X 0.260 X 2 X 0,194 «= 2.44 

Total - 14.78 
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Weight iron = 14.78 X 0.283 = 4.18 lb. 

Brass tube = tt X 0.98 X 0.0201 X 0.32 = 0.02 lb. 

Total weight = 2.44 -h 4.18 -f 0.02 = 6.64 lb. 

Weight Economy. The weight per unit of work will be 

6.64 
—-7 — 0.51 lb. per in-lb. of work 
3.26 X 4 ^ 

This checks very w^ell with the data of Fig. 10, Chapter IX, which 

shows a weight economy of 0.53 for an index number 0.43. 

Final Results. The design is now fini.shed. Figure 23 shows a com¬ 

plete sketch of the magnet with all dimensions. Below are tabulated 

the principal data: 

Force = 3.26 lb. 

Stroke = 4.0 in. 

Voltage = 120 volts. 

Current (hot) == 0.287 amperes. 

Power (liot) =34.5 watts. 

Final temperature ri.se = 70.5° C. 

Excitation = continuous. 

Weight = 6.64 lb. 

U.seful work = 13.04 in-lb. 

Weight economy = 0.51 lb. |x^r in-lb. of work. 

91. Design of a Horseshoe Type of Magnet 

1. General. The horseshoe type of magnet is used primarily as a 

general-purpose magnet for relatively small amounts of work. Thus 

it is very often used in machines to perform light work where weight 

economy is not an object, but where ease and cheapness of construction 

and freedom from mechanical friction of sliding plungers are desired. 

For this reason it is used over a very wide range of index numbers. 

Where the de.signer is free to choose the shape of magnet (ratio of 

pole length to distance between pole centers) it is possible to standardize 

the horseshoe design as was done for the other types. However, if the 

shape has already been determined by factors outside of the control of 

the de.signer, the design data given in this article will not necessarily 

apply; the designer must then resort to cut-and-try methods, following 

the general procedure outlined in this article. 

In the design of a horseshoe magnet it is often necessary to consider 

the residual force in the closed-gap position. This is particularly so 

when the force is small and the stroke large. Where the residual force 

must be kept very low it will generally be necessary to insert a non¬ 

magnetic stop or spacer between the armature and pole faces. In 

designing the magnet this can be taken care of by adding a nominal 
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amount to the required stroke. Usually 0.010 in. is sufficient. As 

regards the inde.x number, calculation, etc., the additional amount 

should be con.sidered part of the required stroke. 

2. Design Data. For the purpose of illustration let it be required 

to design a magnet having given the following data: 

Stroke = 0.09 in. ^ 
Force = 10 lb. = y/ 
Voltage =120 volts. 

Excitation = continuous. 

Temperature rise. 70° C. = 0/, average temperature rise (by change of 

resistance) of coil above surrounding ambient air temperature of 20° C. 

Material = mild cold-rolled steel, S.A.E. 10-10, unannealed after 

machining, samjile 3. 

Residual force. Use a 0.010 in. non-magnetic spacer between armature 

and pole faces to prevent sticking. 

Shape. No restriction. 

Coils. Pa])er-section enameled coi)per. 

The irnh'x number of thi.s r(‘(iuir(‘d de.sign, allowing 0.010 in. for a 

non-magnetic .spacer, will be y/— VTO/O.IO = 31.6. Figure 24 is 

a sk(*tch of the conventional type 
Cross Section of Winding 

Fig. 24. Cross section through a horse¬ 

shoe magnet, illustrating the design sym¬ 

bols. 

Design Limitations 

D = 2r2 -f hut ^ / -f I"; 
f ^ 2ri; ti = i". 

Force = 

of horseshoe magnet, showing all 

the (limension.s indicated in the 

formulas. It is lu'arly always 

nece.s.sary to provide polar en- 

largeiiKuits in order that the pole 

cores and yok(* can be operated 

at an optimum flux den.sity. We 

shall a.ssume the polar enlarge¬ 

ments to be square. 

3. Design Equations. The 

four fundamental design equa¬ 

tions of Art. 84, modified to 

suit the horseshoe magnet, are as 

follows: 

Force Equation. The force 

equation is 

lb. (20) 

If a steel having a high coercive intensity, .such as .sainjde 4, is used particular 
attention must be paid to the residual force. For the method of calculating the 

residual force see Article 49, Chapter IV, or the relay example of Secs. 16 and 17, 
Art. 135, Chapter XIV. 
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from equation 86, Chapter VIII, remembering that the denominator 
mast be reduced to one-half as the horseshoe magnet has tw’o working 

face.s. 
Mag7ielic Circuit Equaliou. In the horse.shoe magnet the optimum 

magnetomotive force to use in the iron parts depends not only on the 

kind of steel used but also on the index number. The reason for this is 
that the total magnet ampere-turns generally drop at the high index 
numbers owing to the short air gap. Between index numbers of 3 and 

100, the quality of the iron is the main factor. In this range the 

Fig. 25. Design constants for tlie bipolar or horseshoe magnet having optimum polar 
enlargements. 

magnetomotive force used in the iron parts may be provisionally esti¬ 

mated as between 10 and 20 per cent of that developed by the coils. The 

low value is about right for the very soft magnet steels, such as Swedish 

charcoal iron; the high value is about right for the harder steels such as 

sample 4 machinery steel ^ hard. Figure 25 gives the variation in this 

quantity over the entire range of index numbers for dead soft steel. 

Referring to Fig. 25, for the index number of 31.6, we shall assume 

11 per cent. Making this substitution in equation 2 for and 

noting that there are two air gaps in series, we have 

NI = -f O.llAT/ 



324 DESIGN OF TRACTIVE MAGNETS (Chap. X 

or 

a, ^ ^ 

M 

Heating Equation. This remains unchanged, 

Bf = 

qp 
2kf{r2 - r,) L ^ . 

(21) 

(3) 

provided that (Nl/h) is interpreted as the magnetic intensity of the 

coils, i.e., the ampere-turns of one coil divided by its length. 

Voltage Equation. This remains unchanged, 

E = 
4p(r2 + ri)NI 

(4) 

provided that the coils are connected in series, NI is the total mag¬ 

netomotive force of both coils, and E is the supply voltage. 

4. Preliminary Design. Equation 20 can now be solved for / if a 

value of Eg can be assumed. Referring to Fig. 25, data are given for 

Eg as a function of the index number for medium-sized horseshoe magnets 

(1 in-lb. of work).-® Using these data, a preliminary value of 19 kmax. 

per sq. in. is obtained for Eg corresponding to an index number of 31.6. 

Substituting into 20, we have, for /, 

This is merely the size of the square polar enlargement. To get the 

radius ri of the pole core the leakage coefficients Va, equal to the ratio 

of the flux leaving the polar enlargements and passing through the 

armature to the useful flux in the working gap, and equal to ratio 

of the leakage flux between pole cores to the useful flux in the working 

gap, must be known. Using data of Fig. 25 these leakage coefficients 

can be provisionally estimated as 

= 1.31 

VL = 0.54 

The flux through the base of the pole cores and the yoke may now 

be computed as 

- Bffiva + vl) 

= 19 X 1.0* X 1.85 = 35.2 kmax. 

Smaller magnets wiJl have larger leakage coefficients, and therefore the value 

of Bg should be chosen somewhat smaller than that given in Fig. 25. 
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Letting By be the flux density at the base of pole cores or in the yoke, 

r\ will be 

By, the highest flux density in the magnet, may be assumed on the 

basis of the saturation of the iron. It should be between 90 and 110 

kmax. per sq. in., the low value being suitable for magnets having poor- 

quality iron and the higher values for large magnets which are excited 

only intermittently. For magnets having a rated work of about 1 in-lb., 

made of soft steel, a value of 100 is about optimum. Using this, we have 

r 35.2 

The total coil magnetomotive force will be, from equation 21, 

NI 
2.25 X 19 X 0.1 

0.00319 
1,342 ampere-turns 

Equation 3 may now be solved by making the following substitu¬ 

tions: 

df = 70° C. 
q = 1. 
p = 0.865 X 10"® ohm-inch at 90° 

k = 0.0067 watt per sq. in. per °C. temperature difference from Fig. 7b, 
Chapter VII, at 6/ = 70° C., for the coil in poor thermal contact 
with the iron parts. In the horseshoe magnet a paper-wound coil 
should always be considered in poor contact wdth the iron pole core. 
A snugly fitting brass bobbin coil may be considered to be in good 
thermal contact. 

/ = 0.4, assumed; estimated from Table V, Chapter VI, by assuming a 
wire size and making allowance for the paper margins and core tube. 

—-— = 7. Actual trial calculations made in computing the data of Fig. 25 
show that this ratio does not seem to depend on the index number, 
and may be taken anywhere between 6 and 8, with a relatively 
flat optimum at 7. 

Solving equation 3 for h and substituting the above values, w^e have 

3.5qp{NI)^ 
3/3.5 X 1 X 0.865 X 10 -6 X 

2 / 
kfdf 0.0067 X 0.4 X 70 

= 1.94 in. 

••See Art. 86, Sec. 4. 
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and r2 — ri = hjl = 0.277 in. 

r2 = 0.277 + 0.335 = 0.612 in. 

Equation 4 may now be solved for d: 

, /4p(r-2 + r,)iV/ U X 0.865 X 10“® X 0.947 X 1,342 
= 0.00605 

Assuming the width of the yoke to be equal to/, its thickness will be 

ttt? ttX 0.3352 
^2 = — =- = 0.352 in. 

f 1.0 

The thickness, /, of the armature, assuming its width equal to/, and its 

maximum flux density equal to that of the yoke, will be 

/ = _ ^a^gf _ 1.31 X 19 X 1.0 _ ^ 

Baf Baf Ba 100 

5. Modification to Suit Stock Sizes. The preliminary design has 

now been finished and the next step will be to modify such dimensions 

as can conveniently be replaced by stock sizes. 

Wire Size. From Table I, Chapter VI, the diameter of 6.05 mils 

corresponds very closely to No. 34. 

The distance between pole centers can be chosen as soon as the coil 

diameter is fixed. This may be taken as 1.25 in., which will make 

r2 = 0.625 in. instead of 0.612 in. as computed. This will make the 

mean length of turn slightly longer and hence dccrea.se the ampere- 

turns slightly. The distance between pole centers, Z>, can then be 

taken as if in., allowing f-in. clearance between coils, as specified in 

Fig. 24. 

Iran Dimensions. The pole core diameter 2/ i comes out almost 

exactly equal to in., and its length may be taken as If-f in. The 

armature width, /, can be made equal to 1.0 in. and its thickness t, \ in. 

The yoke width, /2, can l)e made 1 in. and its thickne.ss <2? f The 

thickness of the polar enlargement, ti, can be taken equal to | in. 

6. Check of Preliminary Design Using Stock Sizes. 

Final Sizes: vi = in.; A = if^ in.; ^2 = f in.; D = if in.; 

/ = 1 in.; « = I in.; /2 = 1 in.; <2 = 5 in.; h = \ in. 

Coil Design—Space Facto?'. The gross winding depth, (r2 — ri) = 

0.281 in., will include, besides the thickness of the winding itself: (a) the 

thickness of the core tul^e; (6) the cover over the coil. Referring to 

Art. 69, Chapter VI, the core tube should consist of 7 wraps of 0.005 in. 
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Kraft paper and the cover of 0.005 in. Kraft paper. The net winding 

depth will therefore be 0.281 — 0.040 = 0.241 in. Referring to Table IV, 

Chapter VI, the thickness of 1 layer will be 7.1 mils for the enameled 

wire plus 1.0 mil for the interlayer paper, making 8.1 mils. The number 

of layers will be 0.241 0.0081 = 29.8. As the layers will compress 

slightly this can safely be called 30. 

Besides the insulated wire the axial length of the coil includes two 

paper margins which from Table IV may be taken as ^ in. each. The 

net winding length of the coil will then be 1-j-f — 2 X in. = if in. 

As the maximum turns per inch are given as 130 for No. 34 enamel wire 

in Table IV the turns per layer will be 130 X if = 228. Total turns of 

one coil will be 30 X 228 = 6,840. The space factor of the coil will 

therefore be 

^ _ 6,840 X 0.0312 X 10“^ 

0.281 X 1.9375 
0.392 

where 0.0312 X 10“^ is the copper area of No. 3 4 wiie ficm Table II 

Chapter VI. 

The coil resistance may now be computed as follows: The mean 

radius of a turn will be ri + the thickness of the core tube + ^ the net 

coil winding thickness = 0.344 + 0.035 + 0.120 = 0.499 in. The total 

length of wire of one coil will be 27r X 0.409 X 6,840 = 21,400 in., and 

the resistance at 90° C. of one coil, applying the data of Tables II and 

III, Chapter VI, is 

21.4 X 21.74 X 1.2751 - 594 ohms 

The coil current will be 

120 
-= 0.101 ampere (hot) 
2 X 594 * ^ 

and the magn(*tomotive force developed by both coils is 

NI = 2 X 6,840 X 0.101 = 1,380 ampere-turns 

Temperature Rise. Substituting the values so far obtained into 

equation 3, we have 

e = 1 X 0.865 X 10-° / ^ 

^ 2 X 0.0067 X 0.392 X 0.281 Vl.937r)/ 

This is too high and should be lowered before proceeding to check 
the force. It can be lowered without changing the ampere-turns of 
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the coil by increasing h. The new value of h should be equal to 

1.9375 X V74.3 ^ 70.0 = 2.0. 

Coil Redesign with New h. The new h will change the turns per layer, 

which will now be 

130 (2 - 2 X ^] = 236 

The turns per coil will now be 30 X 236 = 7,080. As the mean length 

of turn remains unaltered the new resistance will be 

7 080 

and the coil current 0.0976 ampere. The total magnetomotive force of 

both coils will be 

NI = 2 X 7,080 X 0.0975 = 1,380 ampere-turns 

and their space factor 

^ 7,080 X 0.0312 X 10"=^ ^ 

^ 0.281 X 2.0 

The new temperature rise will be 

_0.865 X 10~° 

“ 2 X 0.0067 X 0.393 X 0.281 

/^Y 
\2.0/ 

69.6° C. 

This is satisfactory. 

Magnetic Circuit Calculation. At this point a sketch of the magnet 

.should be made .so that the mean lengths of the magnetic circuit may be 

obtained. The sketch is shown in Fig. 26, drawn to scale. The mean 

lengths of the magnetic circuit as obtained from this sketch are: 

Length, in. Area, sq. in. 

Armature. 1.63 0.250 

Pole cores. 2.0 0.371 
Yoke. 1.75 0.375 

Before the .saturation curve of the magnet can be calculated it is neces¬ 

sary to determine the leakage coefficients so that the distribution of flux 

in the various parts will be known. Referring now to Sec. 2, Art. 54, 

Chapter V, it will be .seen that the leakage coefficient derived there for 

the horseshoe magnet cannot be applied directly as the distance between 

polar enlargements equal to Z) — / = § in. is le.ss than T(g + t) = 0.9 in. 

The leakage coefficient Po, as given by formula 24, Chapter V, must 
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be modified by dropping out the term 1.47 logio (1 + llg) corresponding 
to path 126 of Fig. 18, Chapter V, giving 

ra = 1 + ^ [l.5< + 0.46(7 + 1.3/ + 2.2/logio (l + ^)] 

Fig. 26. Cross section through the final design of the bipolar or horseshoe magnet, 

showing all dimensions. 

Likewise formula 25 for vi^ must be modified by adding paths 1 and 

7 between the opj)Osite faces and adjacent edges of the polar enlarge¬ 

ments, giving: 

VL = 

1 Tch' 

\ s 
log« - 

ri 

+ /<! 

D-f 
+ 0.52<i 

g = 0.10 in. 

1 1 J 

avg t for Pa = = 0.1875 in. 

Ti = 0.344 in. 

D = 1.375 in. 

/ = 1.0 in. /i' = 2.0 + ^ = 2.094 in. 

Making these substitutions, we have 

i/a = 1.31 

VL = 0.51 

which checks very well with the provisional estimate. 
The useful air-gap permeance 

ju/® 3.19 X 1.0® 
2(7 “ 2 X 0.1 

15.96 max. per ampere-turn 
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The saturation curve of the iron parts for the useful flux, 0^, plotted 

against magnetomotive force for a constant total gap length of 0.10 in., 

may now be computed. Using 4>g as a reference, and assuming the 

permeance of the armature to be infinite,^ the flux of the armature 

t>e ^ ^ 1 
</'a = — 1.0 

and the flux in the yoke will be 

= ^gl^a + vl] = 1.820^ 

The flux in the pole cores will be equal to (pg at th(' armature (‘lul and </)y 

at the yoke end. The average flux density in the p<^le cores, as outlined 

in Art. 46, Chapter IV, may be taken as <t'a + §</)/.; then^fore 

== + \^l] = 1.65<^g 

The actual calculation of the saturation curve will be carri(‘d out in 

tabular form; it is started by as.suming the value of flux density in the 

yoke.^^ This is a logical procedure as this Ls where the magnet will 

saturate first. 

Actual Work and Ophmum Work of Design. In Fig. 27 is shown 

Fig. 27. Maj^netization curve and graphical construction for determining the oper¬ 

ating point of the magnet of Fig. 26. 

plotted the saturation curve of the iron parts from Table VII. From 

point / at 1,380 ampere-turns (actual coil NI) on the axis of abscissas 

^ See footnote pages 262 and 263. 
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TABLE VII 

Calculation of Saturation Curve of Iron Parts of Horseshoe Magnet (Air 

Gap Excluded) for a Useful Air-Gap Length of 0.10 In. 

(See saturation curve of Fig. 11a, Chapter II, for sample 3) 

Flux, 0 H H 

Pari I.i'Dgth, in. Area, .s(|. in. 
kmax. a-t. F 

p(‘r })er a-t. 

krnax.j sq.in. in. 

1. Yoke. 1 75 0 375 1 H24>g 41 3 no 102 179 
2. Poh^ cores . 2 0 X 2 0 371 1 ()5(t>g 37 4 101 35 140 

3. Useful iiir gap . /’„ = 15.95 max. j)cr a-t. <t>g 22 7 22 7 

4. Armatun^ . 1 <)3 0 250 1 310,, 29 7 119 245 400 

Total 719 

Part 0 li // 

i 
1 

F 
! 

0 li // F 

1 39 4 105 00 105 1 37 5 100 31 54 
2 35 7 9(1 2 23 92 1 34 0 91 0 10 64 

3 21 ti 21 0 1 20 0 20 0 

4 2S 4 113 5 14H 242 1 27 0 108 83 136 

'lotill 439 Total 254 

Part 
_1 

0 
1 

B // F 0 B // F 

1 35 0 ! 95 21 37 33 8 90 10 28 
•) 32 3 87 13 5 54 30 6 82 5 11 3 45 

3 19 0 19 0 18 5 18 5 

4 25 0 102 5 43 70 24 3 97 24 39 

Total 161 Total 112 

there is drawn the working air-gap permeance line 6, with a negative 
slope of 0.01595 kmax. per ampere-turn. The intersection of line b 
with the saturation curve at c gives the operating point of the magnet 
with its rated air gap and current, ^fhe optimum operating point for 
this particular magnet with an excitation of 1,380 ampere-turns (as 
explained in Art. 85) is also at this point. 

The energy actually available in the air gap at 0.1-in. gap correspond- 
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ing to the useful work of the magnet (full 0.1-in. stroke) is equal to area 

fc€j which is 

^ X 19.6 X 10-® X 1,220 X 8.86 = 1.06 in-lb. 

Force. The only factor left to be checked is the force, which accord¬ 

ing to the stored energy of the air gap should be 1.06 0.1 = 10.6 lb. 

The flux density in the working gap Bg will be 4>g/f~ — 19.6/1.0 = 

19.6 kmax. per .sq. in. I'he force by equation 20 will be 

Force = 
36 

19.6- X 1.0 

36 
10.6 11). 

This force is slightly higher than that designed for. Some exce.ss force 

is, of course, desirable as a factor of safety. Generally 5 to 10 per cent is 

sufficient. 

Weight. The weight of the copper of the coils will be 

2 X 
22,160 

12 

_1 

^ 8,310 
0.444 lb. 

where 8,310 is the number of feet per pound of No. 34 enam(‘led wire 

from Table II, Chapter VI. The paper and othvv insulation on the 

coils may be estimated to bring the total coil weight up to 0.5 lb. 

The volume of the iron parts are eomput(‘d as follows: 

Armature = 0.250 X 2^ = 0.50 
Pole cures = 0.371 X 4 = 1.48 
Polar enlargements == 2 X J X 1.0 = 0.25 
Yoke = 0.375 X 2l = 0.89 

and its weight will be 

Total 3.21 cu. in. 

3.21 X 0.283 = 0.91 lb. 

The total weight w ill be 0.91 + 0.50 =1.41 lb., and the weight economy 

will be 

1.41 
-= 1.33 lb. per in-lb. of work 
1 * 

considering that without the non-magnetic stop a stroke of O.l in. is 

possible. This check-s with the value of 1.34 given in Fig. 25 for an index 

number = 31.6. 

Final Results. The design is now finished. Figure 26 shows a com- 
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plete sketch of the magnet with all dimensions. Below are tabulated all 
the principal data. 

Force = 10.6. 

Stroke (useful) = 0.09 in.; (maximum possible) = 0.1 in. 

Voltage = 120 volts. 
Current (hot) = 0.0975 ampere. 

Power (hot) = 11.7 watts. 

Temperature rise = 69.6° C. 
Weight = 1.41 lb. 
Maximum useful work (no non-magnetic stop) = 1.06 in-lb. 

Weight per unit of maximum work = 1.33 lb. per in-lb. of work. 

PROBLEMS 

1. Make a preliminary design of a direet-cnrr(‘nt lifting magnet to hold a load of 

4,000 lb. Assume the following; 

a. 05 per cent of continuous excitation. 

b. 50" C. final temperature rise. 

c. The force of 4,000 lb. must he exerted over a stroke of in. 

d. Soft iron such as S.A.E. 10-10. 

e. Voltage = 110 volts. 

Make a sketch, to scale, of the design and tabulate all the principal data, using stock 

sizes wherever possible. 

2. It is j)roposed to build a demonstration lifting magnet having the following 

features: 

a. Smallest possible size. 

b. Capable of supporting a man (assume 200 lb.) with its armature in contact 

with the {K)le face. (See f<x)tnote 4, Chapter IV.) 

c. Operable from a large flashlight cell (Eveready No. 950 size D) for 15 

seconds at a time, in intervals of 5 minutes. 

There are no restrictions as to material or cost. A new No. 950 cell will deliver 

not less than 5 amperes on short circuit for the first few intervals as described above. 

Make a complete design, giving all data, and a sketch, to scale, with dimensions. 

3. Design a magnet suitable for a 50-lb. pull through a ^ in. for operation from a 

12-volt battery. Maximum allowable temperature rise with continuous operation, 

70" C. Make a sketch, to scale, of the final design and tabulate all the principal data. 

4. Design a magnet to meet the following specifications: 

1. Minimum force throughout stroke = 25 lb. 

2. ITseful stroke = in. 

3. Time of excitation = 

4. Maximum temperature rise *= 100° C. 

5. Supply voltage - 12 volts. » 

This magnet is to be designed with no restrictions as to cost, and everjdhing possible, 

including the use of minimum plunger eccentricity tolerances and a high permeance 

fixed cylindrical gap, should be done to reduce its size. Make a sketch, to scale, of the 

final design, and tabulate all the principal data, including the weight. 
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Average Length of 
Flux Line 

= V cos a 

—r 
d 

6. Compute, for the magnet of Problem 4, the time of continuous excitation nec¬ 

essary to raise the average coil temperature to the rated temperature rise from an 

ambient temperature of ‘iO"" C. To simplify the calculation assume the magnet 

constants and power input to stay constant at the final value. 

6. Calculate, from the allowed tolerance between the plunger and tube of your 
magnet of Problem 4, the maximum side pull that can occur in (a) the fixed cylindrical 
gaj), (6) the working gap. 

Note: The side pull in the working gap of a conical-type magnet can be estimated 

by dividing the gap into a number of sections and computing an equivalent cylin¬ 

drical-faced gap for each. Formula 16a of Sec. 8, Art. 72, may be applied to each 

equivalent gap section. Referring to the conical gap illustrated in Fig. 28, the conical 

gap has been divided into four sections. The 

cylindrical gap, equivalent to section 3, is 

shown at A, where r is the average radius 

of 3, and the other dimensions arc as 

indicated. 

7. Assuming a coefficient of friction be¬ 

tween brass and steel of 0.15, compute for 

the magnet of Problem 4 the percentage 

reduction in available force at the rated 

stroke due to friction. 

8. It is proposed, for commercial reasons, 
to redesign the magnet of Problem 4 so as 

to reduce its cost of manufacture. To obtain 

this result it is desired to use standard rods 
and tubes for the plunger, shell, and plunger tube, and to machine only the end 

jiieces. Because* of the tolerances necessary with this type of construction, 

the eccentricity of the plunger must be considere<l with respect to the side pull 
that will be pn^duced, and the consequent increase of .sliding friction. Redesign the 

magnet, as suggested, keeping its net force (exclusive of friction) at rated stroke the 

same. Draw a sketch of the final design and tabulate its principal data, including 

W'eight, in comparison with that of the magnet of Problem 4. 

9. Devise a mechanical arrangement that will eliminate any detrimental eccen¬ 

tricity in the working gap due to neces.sary tolerance between the jilunger and brass 

t ube when a magnet is built as suggested in Problem 8 for the following magnet types; 

r coscr— 
yd cosct 

2 ^ 

vcosa-t- 
y|-dcosa 

Fig. 28. Diagram for estimating the 

side pull in the working gap of a full- 

conical cylindrical plunger magnet. 

1, Conical faced as illustrated in Fig. 4, Chapter IX 

2. Cylindrical faced “ 

.3. Stejiped cylindrical faced “ 

4. Taper “ 
5. Stepjied cylindrical faced “ 

“ “ “ 5, 

“ “ 6, 
i< II II y II II 

“ “ " 29, below 

Fio. 29. Stepped cylindrical-faccd plunger magnet. 
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10. Design a magnet to meet the following specifications: 

Stroke = ^ in. 
Force at the beginning of stroke = 1 lb. 

Maximum length = l| in. 

Maximum diameter = f in. 

Minimum voltage = 10 volts. 

Current to be kept as low as possible, but not to exceed 5 amperes at 12 volts. 

Excitation sufficiently short that heating is not a limitation. 

Force must gradually rise toward end of stroke. 

Draw, to scale, a sketch of the final design, and tabulate all the principal data. 

11. Design a magnet to meet the following specifications: 

1. Minimum force throughout stroke = j lb. 

2. Stroke = 2 in. 

3. Temperature rise = 50° C. 

4. Time of excitation = 

5. Supply voltage = 120 volts. 

12. Compute for the magnet designed in Art. 90 the force-stroke characteristic 

for the tapered end section (the last 1^ in. of stroke). Use the method as developed 

in that article for handling the distributed leakage permeance. 

13. Design a horseshoe magnet to meet the following specifications: 

1. Minimiun force throughout stroke = 8 lb. 

2. Useful stroke = J in. 

3. Temperature rise ~ 50° C. 

4. Time of excitation = 

5. Supply voltage = 24 volts. 

6. Allow for -^^in. non-magnetic spacer between armature and pole faces at 

the end of the stroke. 

Draw, to scale, a sketch of the final design, and tabulate all the principal data. 

14. Design a horseshoe magnet to meet the following specifications: 

1. Minimum force throughout the stroke =* 2 lb. 

2. l^seful stroke = ^ in. 

3. Temperature rise = 70° C. 

4. Excitation = continuous. 

5. Supply voltage = 120 volts. 

Draw, to scale, a sketch of the final design, and tabulate all the principal data. 

16. Calculate for the magnet of Problem 14 the following: 

1. The force at the end of the stroke with full excitation (see footnote 2, page 

86). 
2. The residual force following full excitation. 

Assume that there is no non-magnetic spacer between the armature and pole faces. 



CHAPTER XI 

TIME-DELAYED MAGNETS 

92. General 

In many applications it is desirable to make the action of a magnet 

occur sometime after the closing or opening of the switch which initiates 

the action. Such a magnet system is called time-delayed. Its practi¬ 

cal application generally occurs in a sequence or selecting mechanism. 

Thus, in automatic telephone equipment there often is a bank of relays 

in parallel, which mu.<:t not operate simultaneously in r(‘sponse to the 

same voltage. This calls for time-delay(‘d action in some of the relays. 

Likewise in automatic elevator equipment, the pressing of the start 

button not only starts the elevator but also closes the doors. The 

starting of the elevator, obviously, must be delayed to occur later than 

the closing of the doors. In some circuits instability result s if th(' actuat¬ 

ing relay is not allowed to complete its stroke before the action it initiates 

commences. The.se and many other devices require a time-d(^lay 

action. 

93. Methods of Producing Time Delay 

Delayed action can be produced in two es.sentially different ways, 

or by a combination of them: 

1. In the magnet itself, by causing the change in flux to lag behind 

the change in current. Such a magnet can be properly termed a time- 

delay magnet. 

2. By using a non-time-delayed magnet in conjunction with (a) a 

time-delay circuit or (6) a time-delay mechanism. The time-delay 

circuit retards the change of current through the magnet, while the 

time-delay mechanism uses an auxiliary device in conjunction with the 

magnet. 

Method 1 is always accomplished by means of a secondary winding 

on the magnet which is short-circuited or closed on itself, as illustrated 

in Fig. 1. Such a winding, called a lag coil, may consist of a copper 

cylinder of one turn, or a regular winding with insulated turns closed on 

itself. This method of time delay is suitable for producing time delays 

of the order of the electrical time constant of the primary circuit of the 

magnet only. 

336 
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Method 2a consists of introducing a series-connected energy-storing 

device to delay the building up of the current through the magnet coil 

when the circuit is closed, as illustrated by the series inductance of 

Fig. 2a, or a parallel-connected energy-storing device to delay the fall of 

current through the magnet coil when the circuit is opened, as illustrated 

by the condenser of Fig. 2b in parallel with the magnet coil. The time 

Fig. 1. Fig. 2a. Fig. 2b. 

Methods of producing time delay. 

delay that can be produced by this method depends entirely on the ratio 

of the amount of energy stored in the auxiliary device to the normal rate 

of energy consumption of the magnet. When the condenser is used the 

circuit under some conditions may become oscillatory; the time delay 

then depends on the natural period of oscillation. This method can be 

conveniently combined with method 1, and will then give time delays, 

greater than can be obtained with 

method 1 alone. 

Method 2b, consisting of the inter¬ 

position of an auxiliary device between 

the magnet and the initiating switch, 

does not depend in any way on the 

characteristics of the magnet, but only 

on the nature of the auxiliary device. 

The auxiliary devices used for this 

purpose may be divided into two kinds: mechanical and electrical. 

Mechanical devices are usually a dashpot or clockwork mechanism 

which, at the end of a predetermined time interval, opens or closes the 

magnet circuit. 
An electrical device which is electronic is illustrated in Fig. 3. In 

this circuit when switch Si is closed the three-electrode tube will be 

biased to cut-off and no plate current will flow to actuate the relay 

magnet Mi. Hence, the relay switch S2 will remain open and the power 

magnet M2 will remain unenergized. When Si is opened the potential 

Fig. 3. An electronic method of 
producing time delay. 
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of the grid will rise exponentially from a high negative value to zero as 
the condenser C charges through the resistance R, As the grid becomes 
more positive, plate current will commence to flow through the relay 
magnet Mi, until it operates at some predetermined value. Relay Mi 

will then close the circuit to the power magnet. It is not necessary to 
use the intermediate relay Mi if the plate current of the tube is suf¬ 
ficient to operate M2 directly. The time elapsing between the opening 
of Si and the operation of Mi will depend on the time constant of the 
condenser and resistance in the grid circuit. This time constant is 
equal to CR seconds, where C is in farads and R in ohms. Thus a 
1-microfarad condenser and a 1-megohm resistance would be suitable 
for producing a time delay of the order of 1 second. 

The clockwork mechanism is suitable for producing relatively long 
time delays of the order of a fraction of a minute and up. The electronic 
device is useful in the range of several seconds and down. It will 
accurately produce and repeat not only long time delays but also short 

ones of the order of a fraction of a second. 

94, Method of Computing the Time-Delay for Various Types of Delay 

The generalized scheme of computing time delay is to compute the 
flux of the magnet, and hence its force, as a function of time. With this 

information the amount of time delay can be determined if the force 
against which the armature acts is known. 

The flux of the magnet as a function of time can be determined from 
an equation expressing the relationship between the instantaneous values 
of flux, time, and impressed voltage. This equation takes the form of 
Kirchhoff's second law, equating the algebraic sum of the voltages 
around the complete circuit to zero. Thus, in general. 

IR + diN(t>) 

dt 
= 

where E is the impressed voltage, d{N(t>)/dt is the voltage induced in the 
magnet coil, and IR is the resistance drop in the magnet coil. This 
equation is perfectly general and applies to any magnet regardless of 
saturation, motion of the armature, or any other change that may be 
taking place. It is not usually possible to solve the equation analytically 
when saturation occurs, because then 0 cannot be expressed as an 
analytical function of I. In such cases the solution must be obtained 
by an integration performed by a step-by-step method. When motion 
occurs another variable, the distance s, locating the position of the 
armature, is introduced. In this case ^ becomes a function of both 
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I and s, which relationship can be expressed only by a family of curves. 
This problem, also, must be solved by step-by-step integration.^ 

Fortunately in time-delayed magnets such methods are seldom 
necessary, as the calculations involve only incipient motion with an air 
gap in the magnetic circuit. The air gap will, in general, prevent satura¬ 
tion and so minimize any change in permeance of the over-all magnetic 
circuit due to change of flux density in the iron. Likewise the absence 
of motion prevents any change in the air-gap permeance. These two 
factors make valid the assumption of constant inductance, and hence the 
method of analytical solution employing linear differential equations. 

96. Simple Magnet—Build-Up of Current 

In the ordinary magnet the build-up of current lags behind the im¬ 
pressed voltage, owing to the self-inductance of the winding. Hence time 
delay is introduced into the operation of every magnet. The magnitude of 
this time delay depends on the relative magnitudes 
of the self-inductance and the resistance, and the 
percentage of the final current ^ necessary to initiate 
action. 

Figure 4 illustrates the simple magnet, where 
Li and R\ are the self-inductance and resistance, 
respectively. The relationship between current 
and impressed voltage is given by the following 
equation: ,. 

E = + Li (1) 

This equation expresses KirchhofFs law and states that the algebraic 
sum of the impressed voltage Ey the self-induced voltage of the magnet 
L(dii/dt)y and the resistance voltage of the magnet iiRi must add to 
zero. It is a differential equation of the first order, and if Ri and Li 

can be assumed to remain constant, it has constant coefficients. We 
shall solve ^ this equation by the classical method of breaking the solution 

^ This type of problem occurs when the time of action of a magnet is computed. 

This is taken up in Chapter XII in connection with high-speed magnets. 

* When the magnet is laminated, or the rise of flux is sufficiently slow% so that the 

effect of eddy Currents can be neglected, it may be assumed that the static mag¬ 

netization curve between flux and current will apply. Hence the time delay can be 

determined by the time required for the current to reach a predetermined value. 

• For a detailed discussion of the solution of differential equations for electrical 

circuits of the type discusst^d in this chapter the reader is referred to the following 

Books: Woodruff, “Electric Power Transmission and Distribution,’’ Chapter XV, 

1926; Guillemin, “Communication Networks,” Vol. I; Bush, “Operational Circuit 

Analysis.” All published by John Wiley & Sons. 

Fig. 4. The electrical 

circuit of a simple mag¬ 

net. 
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into two parts, one, called the steady state or particular integral, and 
the other, the transient or complementary function. Thus 

= is + it (2) 

The steady-state solution is the so-called ^'forced response’' of the 
circuit, and is the value of current produced by the steady impressed 
supply voltage E. Its value can be obtained in three ways: 

а. Ordinary steady state theory. 
б. Solution of the circuit differential equation 1, assuming for the 

form of the solution the same shape as the impressed voltage, 
c. By inspection. 

This problem is so simple that the steady-state solution can be deter¬ 
mined directly by inspection, as 

The transient part of the solution is the surge produced in the system 
by the sudden application or removal of the supply voltage, or by any 
sudden change in applied voltage. This is the so-called “ free response ” 
or “normal behavior” of the circuit in response to an impulse, or shock 
excitation. It is due to the fact that a change in current through an 

inductive element or change in voltage across a capacitive elemcMit is 
associated with a change in stored energy of the circuit. A change in 
stored energy can be brought about only by a finite power acting for a 
finite time. This transient power necessary to effect the readjustment 
in energy comprises the transient current and voltage of the circuit, 
which disappears when the energy adjustment has been effected. Conse¬ 
quently, the transient current is not associated with any impressed 
voltage, and its equation may be written directly from the circuit dif¬ 
ferential equation 1 by letting the impressed voltage equal zero, thus 

0 = iiRi + Li ~ (4) 

In linear electrical circuits, the transient currents and voltages are 
always of the exponential form, and hence the exponential function is 
called the normal function of the electric circuit. It is the only mathe¬ 
matical function which will express the normal behavior or relationship 
which exists between current and voltage in a freely responding or 
oscillating circuit. The solution of equation 4, therefore, is always 
obtained by assuming an exponential form for the transient current, 

it - /i*-' (5) 
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where Ii and ai are constants which must be determined to fit the par¬ 
ticular problem. 

Differentiating equation 5 and substituting into 4, we have 

0 = + aiLi) (6) 

Inasmuch as it = 
solution, we can equate 

cannot be zero, without producing a trivial 

Ri + aiLi = 0 (7) 

giving 

Oi — — 

Li 

Equation 7 is known as the determinantal equation of the circuit, 

and determines the values of a, or the normal modes of the circuit. 
The transient current will therefore be 

where the constant Ii must still be determined. 
The most systematic method of determining such constants is by 

substituting known values, or boundary conditions, into equation 2. 
In the circuit of Fig. 4, it is known that, when the switch is closed, 

the initial current through the magnet is zero. Thus when t = 0, 
ii =0; therefore 

E 
0 = + + (9) 

III 

which, on substituting 0 for gives 

This equation is show'u plotted in Fig. 5. 
The exponential current ?’i starts with an initial slope of E/Li 

amperes per second and approaches the steady-state value shown by 
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line b as an asymptote. The transient current it is the difference between 
the actual current ii and the steady-state current 2,, and gradually dis¬ 
appears as time goes on. The time required for the current to reach its 

Fig. 5. Build-up of current in a sim 
pie magnet. 

Fig. 6. The electrical circuit of a 
simple magnet with a series choke 

coil like that illustrated in Fig. 2a. 

final value, were it to continue to change at its initial rate, is known as 
the time constant of the circuit, and is equal to 

t seconds 

The actual time delay which can be produced on closing the switch 
is determined by the time required for the flux to reach a value sufficient 

to cause the magnet to develop just enough force to overcome its arma¬ 
ture load. 

The time delay of the circuit of Fig. 4 can be increased by adding a 
choke coil, having a time constant considerably longer than that of the 
magnet, in series. This is shown in Fig. 0. The eciuation for the 
current ii on closing the switch will be 

E 

R + Ri 

« + R 

(12) 

96. Simple Magnet with Resistance Shunt—Build-Down of Current 

The simplest circuit for producing time delay when the circuit to a 

magnet is broken consists in shunting the magnet with a resistance as 
illustrated in Fig. 7. This circuit will not only produce time-delay but 
will also limit the surge voltage across the coil when the circuit is opened. 
Remembering that time starts at the instant the switch is opened, the 
supply voltage w ill be zero and the voltage equation will be 

0 = 2*1 (/i + Ri) + Ly 
at 

(13) 
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The steady-state solution will be by inspection 

i. = 0 (14) 

therefore ii = it. Making the substitution as in equation 6, the deter- 
minantal equation will be 

R -j- R\ -f- = 0 
giving 

fli = - 

R -f- Ri 

The transient current will therefore be 

it = 

Fia. 7. The electrical cir¬ 

cuit of a simple magnet 

with a resistance shunt. 

The constant Ii may be determined from the condition that the 
current ii at the instant the switch is opened {t = 0) will be E/Ri. 
Therefore 

E 
— = = 0 + /i e (17) 

The final solution is 
E 

h = = 77 « ' 

R\ 

This equation is shown plotted in Fig. 8. 
In order to test this circuit experimentally, the magnet of Fig. 2, 

Chapter IX, was set up so as to support 
the weight of its armature, 9 oz., with 
an air-gap length in. The induc- 

6"’^* tance of the magnet had been measured 
previously and was found to be sub- 

I ^—— P stantially independent of current at 
* Time^ this gap length. The circuit arrange- 

Fia. 8. Build-down of current in a and constants, together with 
simple magnet with a resistance the computed and test results, are 

shunt. given in Fig. 9. Referring to the 
figure it will be noticed that the cur¬ 

rent by test drops more slowly than the computed results. This 
probably is due to an error in the value of inductance used. The 
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measured inductance represents a normal value determined by revers¬ 
ing the flux linkage through distributed exploring coils. The actual 
inductance effective is a transient inductance determined by the falling 
branch of the hysteresis loop. 

In a time-delay circuit of this type the actual delay produced is 
dependent on the air-gap length and the load, as these two items deter¬ 
mine the ampere-tums at which the armature will release. Referring to 
Fig. 8, a long air gap and a heavy load will cause the armature to release 

Fig. 9. Experimental and computed curves of the; build-down of current in a simple 

magnet with a resistance shunt. Horseshoe magnet of Fig. 2, Chapter IX, support¬ 

ing armature weighing 9 oz. through a ^-in. air gap. Actual armature release occurs 
at 300 ampere-turns or 0.0511 ampere. 

with a short time delay as at .4, while a short air gap and light load will 
cause a very long time delay before release, as at B. When the air gap 
is made too short, the time delay becomes uncertain and the action 
unreliable, with possibility of non-release due to the residual force. 
In such cases ^ it is common practice to use a second coil on the magnet 
which is separately and continually energized to produce a relatively 
small magnetomotive force opposing the main winding. This will 
cause the curve of effective magnetomotive force to cross the axis, 
instead of being asymptotic as shown in Fig. 8, and results in a definite 
release time. 

^ See Fig. 14c, of Art. 109, Chapter XII, and the associated text. 
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97. Magnet with Lag Coil—Build-Up of Effective Magnetomotive Force 

A lag coil is a short-circuited coil surrounding the magnetic circuit. 
A magnet so arranged is the same as a short-circuited transformer, and 
its solution can be handled in a similar manner. Figure 10a represents 
such a magnet with a lag coil. The lag coil winding is so arranged with 
respect to the main exciting winding that the same flux may be assumed 
to link with both windings.^ 

In Fig. 106, let Li and Ri represent the self-inductance and resistance 

Exciting Cuil 

Short Circuited Winding 

Fio. 10a. Fig. 106. 

Magnet with lag coil and its equivalent electric circuit. 

of the exciting circuit, and L2 and R2 the self-inductance of the lag coil, 
of the magnet of Fig. 10a. L12 represents the mutual inductance 
between the primary and the secondary. The current 22 of the lag coil 
will always flow in such a direction as to tend to prevent a change in flux. 
If, as shown in Fig. 106, tho positive directions of z’l and 12 are taken so 
that both produce flux in the same direction in the common core, then 
the effective magnetomotive force producing flux will be the algebraic 
sum of the coil magnetomotive forces. 

Fe = N,h + ^2/2 (20) 

The voltage equations for this circuit will bo 

Primary; E = iiH, + Li ^ + Li2 ^ (21) 
at at 

Secondary: 0 = ?2i?2 + L2^ + Li2~ (22) 
(it (it 

^ This is accomplished most jierfectly by winding the two coils simultaneously by 

means of a doubled feed wire. The next best scheme is to put the lag coil on the 

magnet next to the pole cores under the exciting coil, and covering the same length 
of pole core as the exciting coils. With this construction it is advantageous to use a 

lag coil made from a seamless copper tube. Although tight coupling is generally 

desired, the lag coil is sometimes made much shorter than the pole cores and placed 

next to the polar enlargements or yoke, to obtain special effects. 
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If equation 21 is solved for di^ldi and d^i2ldt^, and these substituted 
into the derivative of 22, we will obtain the following: 

L1L2 1/^2 d^ii 
R2 \ de R2^^. 

dii 

m 

R\i\ = E (23) 

The steady-state solution of this circuit will be, by inspection, 

iii). = f- (24) 
R\ 

(i2). = 0 (25) 

The equation of the transient is obtained by writing one like (23) 
with zero impressed voltage, thus: 

(L1L2 — L?2) , 2 ^ {E1R2 + R1L2) + RiE2{'ii)t = 0 (26) 
dr dt 

Making the substitution as in equation 6, the determinantal equation 
will be 

(L1L2 - L\2)a^ + {L,R2 + RiL2)a + R,R2 = 0 (27) 

Solving this by the quadratic formula, the normal modes will be 

R,L2 + R2U ^ 1 I(EiL2 + i?2Li)^ 4/^,j^2 ~ 

2(LiL2 - L'i2) 2 > (LiLa - L1L2 - ^ 

The transient current in the primary will therefore be 

(Vl). = (29) 

where In and 112 are the amplitudes of the modes ai and a2; respectively. 
The transient currents in the secondary will be of the same form as in 
the primary and will differ only in the magnitude of each mode 

(?2). = /2ie"''+/22‘'’^‘ (30) 

where I21 and 122 are the amplitudes of the modes a\ and 02, respec¬ 
tively. 

When i = 0, 1*1 = 0; therefore 

H = (^1)# + (h)i = “ + ~ 0 
K\ 

or 

Ri 
hi + ^12 = (31) 
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Also at < = 0,1*2 = 0; therefore 

12 = (l2)« + = 0 + /2ic“^* + /22 c®** 
or 

l2\ + I22 = ^ (32) 

121 and 122 can be expressed in terms of /n and 112] thus the voltage 
induced in the secondary due to mode ai will be, by equation 22, 

^21 = ■“ Li2 — + L2 -7 (/21€“**) 
at at 

or 

which gives 

hi =- 

Likewise 

I22 = “ 

—Li2ailii€'^^ = (R2 + L2ai)72i€®‘^ 

L\2(1\I\\ 

R2 4" L2U1 

L\20^2l\2 

R2 + 7/2^2 

Substituting equations 33 and 34 into 32, we have 

ai7ii ^ Q27i2 _ ^ 

R2 4“ L2Q1 R2 4” 7/2^2 

which on substituting into 31 gives 

j R2 4- L2O2 ^ E 
Ill-X 7^ — ill — ~ 

(^2 R2 4“ L2U1 Ri 
solving for /n, we have 

In = 

E 

Ri - X 
Loo 

In a similar manner 

/12 = 

R2 “f" L2Q2 

(I2 R2 “I" ■i'2®! 

E 

- 1 

^ R2 + I^2Qi _ . 1 

Hai ^2 + ^202 J 
The primary current will be 

— 7^ b ^ii**"’* + /i2*‘”* 
R\ 

and the secondary current 

H = /2I«“'‘ + /22«“’' 

(33) 

(34) 

(35) 

(36) 

(37) 

(38) 

(39) 
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where the coefficients /n, 7i2, I2U a-nd J22 are as defined above. The 
effective magnetomotive force acting on the magnet will be given by the 
sum of the primary and secondary magnetomotive force defined in 
equation 20. 

98. Magnet with Lag Coil—Build-Down 
Effective Magnetomotive Force 

of 

Fig. 11. The electrical 

equivalent circuit of a 

magnet with a lag coil 

and resistance shunt on 
the primary. 

The build-down of effective magnetomotive 
force with a lag coil is the same problem as that 
of Art. 97, except that the switch is opened at 
/ = 0 instead of being closed. In order to decrease 
the sparking w'hen the switch is opened, and also 
to increa^^e the time delay, the primary is shunted 
by a resistance R as illustrated in Fig. 11. If 
this resistance is made equal to Ri, there will 
be no rise in voltage across the primary at the 
instant of opening the switch. 

The voltage equations for the circuit of Fig. 11 are 

Primary: 0 = + Ri) + Li~ L12 ^ (40) 
at at 

Secondary: 0 = i2R2 + -^'2 ^ + /-'12 ^ (41) 
at at 

Solving these equations in the same manner as 21 and 22 of Art. 
97, we obtain for the modes 

Cl; 02 = 
R2R\ + {R “h R\)Li2 

2(L,L2 - L\2) 

((/?2Li + {R + Ri)L2y _ {R + Ri)R2\ 

i 4(LiL2 — LiR'z ~~ lAzj 

‘A 

and for the amplitudes of the modes, 

E 
hi 

Il2 = — 

X ^2 + 7/202 

L02 7^2 H” 7/2^1 

E 

- 1 

(43) 

Ri 
02 R 2 + L2O1 

R2 “h L2U2 

(45) 

/21 ~ 

^22 = 

Qi7/i27ii 

/l^2 4“ 1^2^! 

^27/12^12 

R2 “f" 7/2^2 

(42) 

(44) 

(46) 
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which are determined from the following initial conditions: at ^ = 0 

E 
= -^11 +-^12 = ^ 

12 — I21 + I22 = 9 

— = aj/ii + a2^i2 = “ 
at 

E{R + fli) 

("■ - t) 
The primary current will be 

k = 

and the secondary current 

The effective magnetomotive force acting on the magnet will be 

(47; 

(48) 

(49) 

(50) 

(51) 

F,n. = Nxi, + N2i2 (52) 

In order to test the time delay of this circuit experimentally, the 
magnet of Fig. 2, Chapter IX, was set up as in Art. 96, to support the 
weight of its armature (9 oz.), with an air-gap length of in. The 
magnet was fitted with solid copper lag coils of ^-in. radial thickness 
and 3-in. axial length, placed directly around each pole core. The turns 
and outside diameter of the exciting coil was kept the same as indicated 
in Fig. 2, Chapter IX. Owing to the greater mean length of turn, and 
the necessary decrease in wire size, the resistance of the primary winding 
increased from 55 to 126 ohms. The maximum excitation w^as held 
substantially the same as that of the tests shown in Fig. 9. For the 
purpose of computing the primary and secondary currents the primary 
inductance was measured and was found to remain substantially constant 
for the gap length used. The resistance of the lag coils was computed 
from their dimensions, and their inductance was computed by assuming 
that the permeance of their magnetic path was the same as that of the 
primary. The coefficient of coupling between the primary and second¬ 
ary was taken as 0.95. Test results show that for the manner in which 
the coils are arranged this coefficient is close to unity and slightly higher 
than 0.95. Test results for the primary current were obtained by means 
of an oscillograph. Because a solid lag coil was used it was impossible 
to record the current of the secondary. 

In Fig. 12, computed results for the build-up of the effective mag¬ 
netomotive force for the magnet described above are given. The circuit 
and its constants are shown directly on the figure. 
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Rated I - ^ 0.378 amp. 1^= -1688£''‘*’^ + 1688<S 

0.378 -0.08346 '*-’-Q.295<g 0.378- 0.370£ '**^^-0.0086' 

Fig. 12. Computed curves of the build-up of effective magnetomotive force and cur¬ 
rent in a magnet ^vith lag roils. Horseshoe magnet of Fig. 2, Chapter IX, with a 

■B^in. air gap between armature and pole faces. 

Figure 13 shows the computed results for the build-down of the 
effective magnetomotive force for the same magnet with a resistance of 

Fig. 13. Experimental and computed curves of the build-down of effective magneto¬ 
motive force in a magnet with lag coils and a resistance shunt on the primary. 

Horseshoe magnet of Fig. 2, Chapter IX, supporting armature weighing 9 oz. through 

a Actual armature release occurs at 300 ampere-turns or 0.0511 

ampere. 

126 oluns shunted across the primary. The primary current as recorded 
on an oscillograph and the time delay as measured on the oscillograph 



Art. 99] MAGNET WITH UNITY COUPLED LAG COIL 351 

are shown on the figure. The computed time delay was determined by 
finding, experimentally, the ampere-turns at which the armature was 
released. This number of effective ampere-turns determined the release 
point on the effective magnetomotive force curve. By referring to the 
curve it will be noticed that the computed and test values of primary 
current and release time compare quite well. It will also be observed 

that the contribution of the primary to the time delay, obtained by 
shunting the resistance R across the primary, though appreciable, is 
small compared to that of the lag coil. This is because the resistance of 
the primary, including its added resistance is relatively large com¬ 
pared to the equivalent primary resistance of the solid lag coils. 

If the resistance R is omitted the primary current would cease at the, 
instant of opening the switch, provided that an ideal break could be 
assumed. In this event a secondary current equal to ii X N1/N2 would 
immediately flow in order that the circuit magnetomotive force, and 
hence flux, could remain constant at the instant of opening the switch. 
Actually this could not be entirely realized in practice unless the coup¬ 
ling coefficient were unity or very close to unity. Assuming the coupling 
co(‘fficient as unity, the time delay produced on opening the switch 
w'ould be that produced by the constants of the secondary circuit only. 
The solution of this circuit will then be identical to that of Fig. 7, Art. 96, 
replacing {R + Ri) by R2, and Li by L2. The initial secondary current 
at the instant of opening the switch may be taken as ii X Ni/N2> 

99. Magnet with Unity Coupled Lag Coil—Build-Down and Build-Up 
of Effective Magnetomotive Force 

Although unity coupling between the primary and secondary of a 
transformer, or between the exciting winding and the lag coil of a 
magnet, is an ideal condition which cannot be realized in practice, it is 
possible to attain coupling coefficients close to unity. The solutions 
for unity coupling are much simpler than those presented in Arts. 97 
and 98, and may be used as a convenient approximation when the 
coupling is reasonably tight, say over 0.95. 

Referring to Fig. 13, the initial steep portion of ii and I2 are due to 
the mode 02, which is large in value. As the coupling is tightened 02 

will increase, and the initial slopes of the currents become steeper until, 
when jfc = 1, the initial slope is infinity, and the current ii will instan¬ 
taneously drop to a value approximately equal to A, and ^2 will instan¬ 
taneously rise to a value approximately equal to R, A and B are deter¬ 
mined by extending the gradually sloped portions of the currents ii and 
$2 to the axis. Thus, when A; = 1, mode 02 will become minus infinity 
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and the currents of this mode wDl disappear, while the currents of mode 
fli remain. The value of mode ai does not change much as k approaches 
unity. Evaluation of the indeterminate form of equation 42 for the 
normal modes at A; = 1 gives 

ai 
(R + R^)R2 

R2L1 + (/^ + Ri)L2 
and 02 = infinity (53) 

Thus, when the coefficient of coupling is tight, the two coils may be 
treated as a single winding having a time constant of l/oi seconds. 
For the circuit of Fig. 11, the primary and secondary currents will be 

and 1*2 = respectively (54) 

The effective magnetomotive force of the magnet will be 

Fe = iVi 
ait (55) 

where the coefficient Ni(E/Ri) can be written by inspection on the basis 
that, at the instant of opening the switch, the effective magnetomotive 
force of the combined primary and secondary currents must remain 

constant at the value before the switch 
was opened. 

The coefficients Ii 1 and 121 of equation 
54 can be evaluated on the basis of the 
following logic: Because there is no leakage 
flux between the primary and the second¬ 
ary, the induced voltage of both coils 
will be proportional to their turns, and 
the transient currents proportional to 
these voltages and inversely proportional 
to their respective resistances. Thus the 
secondary may be considered a resistance 

of R2t^ ohms, shunted across the primary, where r is the ratio of the pri¬ 
mary to the secondary turns Nx/N2- Figure 14 shows the equiva¬ 
lent circuit of Fig. 11 when A; = 1, at f = 0. On the basis of this 
circuit. III and 121 will be 

t,-o 

Rjr^J [r+r, 

iiH i.t ^ L| c 
r : 

f ] t 0 

_1 
0 

_1 
r=Ni 

Fig. 14. Equivalent circuit of 
Fig. 11, for A: = 1 at the time 

t = 0. 

I (gy 1 

\Ri/ LiZjT* + {R + Ri) J 

I 1 
V Ri/lRiT^ + {R + Rx)\ 

(66) 

(57) 
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In a similar manner, for the circuit of Fig. 105, the mode ai when 

A: = 1 will be 

R1R2 

R2L\ + R1L2 

and the primary and secondary currents will be 

ii = 7^“ + i2 = 
III 

The effective magnetomotive' force of the magnet will be 

Fe = Nr ~ (I - €“■') 

III 

(58) 

(59) 

(60) 

which can be written by inspection on the basis that the steady-state 
magnetomotive force is (E/Ri)N, and that its initial value is zero. 

The equivaU'iit circuit for Fig. 106 
at the instant of closing the switch is 
shown in Fig. 15, and the coefficients In 
and 12] will be 

Ri 

R,t' 

Li: I 

Fig. 15. Equivalent circuit of 

. 106, for fc = 1 at the time 

t = 0. 

100. Magnet with Shunt Condenser—Build-Down of Effective 
Magnetomotive Force 

This circuit arrangement is illustrated in Fig. 16, where the magnet 
having a self-inductance and resistance of Li and /?i, respectively, is 
shunted by a series group consisting of a condenser C and a resistance R. 
This method of time delay can be applied only to delay the release of a 
magnet after interruption of the exciting circuit. It can easily be 
applied to a magnet which has been built, and it can be made as effective 
as a lag coil when the supply voltage E is sufficiently high. Its effective¬ 
ness depends upon the ability of the condenser to store energy, which 
energy varies as the square of the voltage and directly with the capacity. 
When the voltage is very low electrolytic condensers can be profitably 
employed. The resistance added in series wdth the condenser serves two 
purposes: (1) to prevent a bad spark at the contacts when the switch is 
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closed, and (2) to prevent the system from becoming oscillatory when 
the switch is opened. A non-oscillatory circuit will give a longer time 
delay than the oscillatory one if the release current of the magnet is a 
small fraction of its normal current. 

The voltage equation for the circuit of 
Fig. 16, after the switch has been opened, is 

di 1 Z' * 
(63) 

Fio. 16. Equivalent elec- ~ r' I n>„n-s,>nts tlio voltaRO 

trical circuit of a magnet ,, , 
with a shunt, consisting of fond.-n.sor I)itf(-, (>nt.iating (-(iiia- 

a condenser and resistance 63, we have 

in series, across the excit- ^ dii ii ^ 
ing winding. + (Rl + R)+ Z; = 0 (64) 

dt^ dl C 

which is a second-order linear differential equation. Solving this 
equation in the manner indicated in Arts. 96 and 97, we will obtain for 
the normal modes 

aif 02 or a +jfi= — 
R + Ri 

2Li 

1 

LiC 
(65) 

If the radical is real, the circuit will be non-oscillatory and the 
current will be made up of two damped exponentials. The modes will 
then be designated by ai and 02 as in the previous cases. As the steady- 
state current of this circuit is zero, the final solution will be of the form 

+ (66) 

The constants Ii and 12 will be determined from the following 
boundary conditions: 

H = + /2 
Ri 

at f = 0 (67) 

dii ER 
at f = 0 

— - C£’ at t = 00 

O2 

(68) 

(69) 

Their numerical values can be found by solving any two of the 
above equations simultaneously after substituting for a, and Oz. 
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If the radical of equation 65 is imaginary, the chcuit will be oscilla¬ 
tory and the current will be a damped sinusoidal wave. The modes will 
then be-conjugate complex quantities and will be designated by a. 

ii — cos (fit + 0) (70) 

The constants I and 6 will be determined from the same boundary 

conditions as before, rewritten in a more suitable form. Thus equations 
67 and 68 will now be 

i\ = I cos ^ ~ at / = 0 
Hi 

(71) 

di\ ER 
— = + I(a cos d — fi sin 6) = - —— at ^ = 0 (72) 
(it EiRi 

In order lo test the time delay of this circuit experimentally, the 
nuignet of Fig. 2, Chapter IX, was again used. To decrease the amount 

of capacity necessary to make the time delay effective, the coils were 

L,- 380H^ 

E- 234V- = C-40 X 10 ^ F 1 

R,=-43000| 

Ni^20300 x 2f 

Circuit 38 
I Switch opened at t 0 
L_^-^-i-L-i_ 

Fia. 17. Computed and experimental curves for the build-down of current in a 

magnet with a shunt condenser. Horseshoe magnet of Fig. 2, Chapter IX, support¬ 

ing armature weigliing 9 oz. through an air-gap length of in. Armature released 

at 300 a-t., or 0.0073 amp.; switch opened at t = 0. 

rewound with 20,300 turns each, for operation at 248 volts. The over¬ 
all dimensions of the coils, and their maximum ampere-turns, were 
retained the same as in the previous examples. Computations were 
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made and data taken for two cases: (a) with sufficient resistance R in 
series with the condenser to prevent oscillation, and (6) with no resist¬ 
ance in series with the condenser. The circuit data and results are 
shown in Fig. 17 for both circuits. Although the experimental and 
computed results check well over a large portion of the characteristic, 
there are ranges where there is a considerable deviation. This error is 
most marked where the current is changing rapidly and is probably due 
to eddy currents in the solid iron magnetic circuit of the magnet. This 

would also account for the measured time 
delay being longer than the computed 
value. In the previous case with the lag 
coil, the effect of eddy currents would not 
be particularly noticeable, as they merely 
tend to supplement the action of the lag 
coils. It is interesting to note that the 
introduction of resistance, which consumes 
energy, actually makes the time delay 
longer. Whether or not this will occur 
depends on the portion of the curve at 
which release takes place. In a magnet 
where the excitation must be kept high to 

prevent release, the oscillatory condition is far superior as it causes the 
current to drop less rapidly in the beginning. 

Fig. 18a. Equivalent 

cal circuit of a magnet with 

lag coils and a shunt, consist¬ 

ing of a condenser and resis¬ 

tance in series, across the excit¬ 

ing winding. 

101, Magnet with Shunt Condenser and Lag Coils—Build-Down 
of Effective Magnetomotive Force 

This circuit arrangement, illustrated in Fig. 18a, represents a com¬ 
bination of the circuits of Arts. 98 and 100. The lag coils prevent the 
current from dropping so rapidly, with the result that the time delay 
can be made longer than with the circuits of either Art. 98 or 99. 

The voltage equations for the circuit of Fig. 18a are 

dii di2 1 
Primary: + Rj) + L, _ + L12 — + - J i^dl = E (73) 

Secondary: 12^2 + 1/2 ^ + I/12 ^ = 0 (74) 
at at 

Solving these equations in the manner of Art. 97, the determinantal 
equation will be 
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(L1L2 - L\2)a? + [{R + Ri)L2 + RiLila^ 

+ [iR + Ri)R2 + ~]a + ^ = 0 (75) 

This equation is most easily solved for the three modes by making 
numerical substitution into it, and solving the resulting cubic by some 
standard method. There are two possibilities: (a) three real negative 
roots, giving rise to three damped exponential terms; or (b) a real nega¬ 
tive root and one pair of conjugate complex roots, giving rise to one 
damped exponential and one damped sinusoid. 

As the steady-state current will be zero, the resulting current equa¬ 
tions will have the following forms: 

Non-oscillatory: ii = Ine"'" + (76) 

io = hit"'' + + hst"" (77) 

Oscillatory; ii = + /i«“'cos (pt + ^i) (78) 

h = hit"'' + ht"' cos (/3< + $2) (79) 

The coefficients can be evaluated from the following boundary con¬ 
ditions: 

— hi + 7i2 + /l3 
Ri 

at ^ = 0 

dii 

dt ^ihi + «27i2 + 

—- = CE at < = 00 

as 

h ~ 721 + I22 “f“ ^23 = 0 at ^ — 0 

(80) 

(81) 

(82) 

(83) 

This last equation may be rewritten in terms of the primary con¬ 
stants as was done in Art. 97, as follows: 

t2 = ~ 
Gi/ii ^2^12 <^37i3 

R2 "t" 7/2^1 4” 7/2^2 R2 4" 7-2^3 
= 0 at ^ = 0 (84) 
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If the circuit is oscillatory, the equations may be written in the other 
form, using 78 and 79. 

E 
H = Ai + /i COS 01 = — at < = 0 (85) 

Ki 

dti ER 
— = aJu + /i(acos0i - /3sin0i) --7--tt’ at < = 0 (86) 

^2 = I21 + I2 COS ^2 = 0 at ^ = 0, etc. (87) 

The effective magnetomotive force will be given by the algebraic 
sum of the magnetomotive forces of the primary and secondary, 

Fe — A'lq “h ^2^2 (88) 

Fia. 18, Computed and experimental curves for the build-down of current in a 

magnet with J-in. lag coils and a shunt condenser. Horseshoe magnet of Fig. 2, 

Chapter IX. supporting armature weighing 9 oz. through an air-gap length of in. 

Armature released at 300 a-t., or 0.0074 amp.; switch opened at < = 0. 

In order to test the time delay of this circuit experimentally the 
lag coils of Art. 98 and the condenser and coils of Art. 100 were used in 
conjunction with the magnet of Fig. 2, Chapter IX. The circuit data 
and the results of both computation and experiment are shown in Fig. 
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18. Computations based on the circuit constants indicated show the 
circuit to be slightly oscillatory. 

The experimental results check perfectly with the computation, 
except at the small values of current, where the difference is sufficient to 
make the actual circuit just noii-oscillatory. 

The method outlined for solving for the constants is particularly 
laborious when the circuit is oscillatory, owing to the simultaneous 
equations with complex numbers. In this case, operational methods 
afford an easier method of solution. When the coefficient of coupling 
is tight, the magnet and its lag coil can be replaced by a primary equiva¬ 
lent as was done in Art. 99, and then the solution for the effective mag¬ 
netomotive force of the magnet can be carried out by the method of 
Art. 100. 

PROBLEMS 

1. The magnet of Fig. 9 (with R omitted) is arranged so as to lift a total load of 

12 lb. through a stroke of ^ in. It^ force-current characteristic is given in Fig. 19. 

Assuming that the maximuni (at ( = go ) magnetomotive force is to be held constant 

at its rated value of 2,220 ampere-turns, 

calculate the necessary time constant of 

a choke coil which when connected in 

series with the magnet will cause the load 

to bo picked up 1 second after the circuit 

is closed. Assume that the supply voltage 

available is 120 volts. 

2. It is proiX)sed to speed up the 

operation of the magnet of Problem 1 by 

adding resistance in series with it, and 

raising the supply voltage so aa to keep 

the maximum magnetomotive force con¬ 

stant. Compute the necessary series re¬ 

sistance and the supply voltage so that 

the load of 12 lb. will be lifted 0.05 sec¬ 

ond after the switch is closed. 

3. Design a choke coil which will be 

suitable for Problem 1. Noie\ In a well designed choke coil, to be used as above, 

the flux density of the iron should be chosen so as to make the stored energy of the air 

gap a maximum at the current corresponding to operation of the magnet. 

4. The statement has been made that the time delay that can be produced in a 

magnet depends on its time constant. By comparing the time constants, and the 

computed results for the time lag of the circuits of Figs. 9 and 13, determine the 

accuracy of this statement. 

6. Compute the time delay for the circuit of Fig. 13 using the approximation of 

equation 55. What is the percentage error of your answer, assuming that the value 

as computed by the coupled-circuit theory and shown on Fig. 13 as 0.425 second is 

correct? 

Fig. 19. Force-stroke characteristic of 

the magnet of Fig. 2, Chapter IX, at 

a constant air-gap length of A in. 

N — 5880 turns. 
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6. The magnet of Fig. 12 has the force-current characteristic shown in Fig. 19. 

Compute from the data of Fig. 12 the time delays that will be produced by loads of 

4, 8, 12, and 15 lb. 

7. Recompute Problem 6 with the following changes: 

(a) The lag coils, whichVere J in. in inside diameter, ^ in. in radial thickness, and 

3 in. long, have been changed to { in. in inside diameter, i in. in radial thickness, and 

3 in. long. 

(5) The mean diameter of the exciting coils has been reduced by i in., from if to 

1§ in., the wire size and number of turns remaining constant. 

(c) The voltage is changed to compensate for the decreased winding resistance 

so that the maximum magnetomotive force will be the same as in Problem 6. 

Assume that the above changes will affect the resistance of the coils but not their 

inductan/;e. Use the approximate method of solution as indicated in Art. 99. 

8. Show that NBS/E seconds is an approximate expression for the time constant 

of a magnet with a single exciting winding, where <S is the core cross section, B the 

maximum core flux density, N the winding turns, and E the supply voltage. Explain 

why this formula takes into account the coil space factor, and whether it over or 

underestimates the time constant. 

9. Using the formula of Problem 8, estimate the time constant of the magnet of 

Fig. 9 (without the shunt resistance), using the dimensional data shown in Fig. 2, 

Chapter IX. Compare this estimate with the value computed from the winding 

resistance and inductance shown on Fig. 9. 

oi- V NiBSRi Ri -f“ t^Rz . • /- 
10. Show that-=— X -r-^ is an approximate expression for the effec- 

E ivi X r^Rz 
tive time constant of a magnet, like that of Fig. 105, with a lag coil, where Ni 
and Ri are the turns and resistance of the primary respectively, Rz is the resistance 

of the secondary, r is the ratio Ni/Nzy B the maximum core flux density, S the 

core cross section, and E the primary supply voltage. 

11. Derive a formula, like that of Problem 10, for the approximate value of the 

time constant, effective on opening the circuit, for a magnet arranged like that of 

Fig. 13. 

12. Using the formula of Problem 10, estimate the time constant of the magnet 

of Fig. 12, using the dimensional data of Fig. 2, Chapter IX. Compare the estimate 

with the value computed from equation 68, using the winding resistance and induc¬ 

tance shown in Fig. 12. 

13. Compute the time delay of the magnet designed in Art. 91, Chapter X, if the 

armature is to lift its rated load of 10.6 lb. through a distance of 0.1 in. Assume all 

the data the same as tabulated for the final design, except that winding is to be 

assumed to be at a temperature of 20® C. 

14. Repeat Problem 13, with the following changes in design: 

(o) A solid copper lag coil J in. thick and 2 in. long is slipped over each field pole. 

(6) The turns and wire size of each exciting coil are retained constant, but the 

mean diameter is increased sufficiently so that the coil can be slipped over the lag coil. 

(c) The poles are moved apart to permit the larger-diameter exciting coils to be 

used. 

(d) The voltage is increased sufficiently to compensate for the increased coil resist¬ 

ance so that the maximum magnetomotive force is kept the same as in Problem 13. 

Assume that the change of pole spacing does not affect the leakage coefficients or 

otherwise alter the magnetic circuit. 

16. Compute the size of a condenser which when used in conjunction with the 
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magnet designed in Art. 91, Chapter X, will allow the coil current to fall to zero 0.1. 
second after the switch is opened. Assume the circuit of Fig. 16, neglect the resist¬ 
ance of the exciting coil, and let = 0. 

16. Using the condenser as computed in Problem 15, and the magnet designed in 

Art. 91, Chapter X, connected as per circuit B of Fig. 17, compute the time delay 
which will be produced on opening the circuit when the magnet is supporting a load 

of 3.0 lb. through an air gap of 0.1 in. Assume the coils to be at 20° C., and use 

whatever data are necessary from Art. 91 to determine the winding inductance and 
required magnetomotive force. 

17. Figure 20 shows the magnet of Fig. 2, Chapter IX, arranged to operate in 

conjunction with a radio code receiver so 

as to select between desired long-duration 

signals and short interfering signals. The 

magnet is controlled by a fast relay (one 

which responds rapidly to current varia¬ 

tions) connected in the plate circuit. 
Part I. If the selector magnet will 

pick up its armature when the effective 

magnetomotive force is2,000ampere-turns, 
compute the duration of a radio signal 

which will just commence to move the 
selector armature. 

Part II. If the relay circuit has been 
open a long time, compute how long it 
must remain closed to destroy the force- 

producing flux. Assume that this flux will 

be inappreciable when the magnetomotive 

force has dropped to 100 ampere-turns. This time will be the minimum time between 
radio signals which will prevent the signals from acting cumulatively. 

Carry out your calculations in the following order: 

1. Assuming the circuit non-oscillatory, sketch, with proper regard to their 

magnetizing effect, approximate curves of the currents in the two branches as a 

function of time. 

2. Write the differential equations for the circuit, and solve them for the normal 

modes. 
3. Write the equations from which the constants of integration are to be deter¬ 

mined, and write a short explanation of each equation, explaining its physical sig¬ 

nificance. 
4. Find the constants of integration. 
6. Plot the curve of effective magnetomotive force and thence determine the 

answer to the question. 
Answer. Considering the magnetomotive force produced by the steady-state 

value of ij as positive: 
Part I: 

h » - 0.0325_ 0.0133 - 0.0637 

it «-f 0.1095 - 0.003e~2.'46r _ o.045e-^®'“* -f 0.048«““**^ 

F. - N{ii -f it) * iV(0.1095 - 0.0355«-2*^* - 0.0583«-“ «< - 0.0157e“^®®-^) 

c-Fast 
1 Relay Selector Magnet 

Fig. 20. Circuit of magnet which 

selects between desired long duration 
signals, and short duration interfering 

signals. 
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Part II; 

II = - 0.109fi + 0.0548«-“-“‘‘ -I- 0.0548«-" “ 

h •= + 0.1096 -f 0.0548- 0.0548c-** *' 

P. = A(ti -H it) = A(0.1095«-''-®*') 

These equations are shown plotted in Fig. 21. 

;                                    .IV/JJ —^.rgs-ug 

PART I PART II 

Fi(i. 21. Response curves for the selector circuit of Fig. 20, and answers 

to problem 17. 



CHAPTER XII 

HIGH-SPEED MAGNETS 

102. General 

High-speed or quick-acting magnets include, as a classification, all 
those applications where the time of action of the magnet must be 
accurately predetermined, or w^herc the operation must take place in 
less than a specified maximum time interval. This would automatically 

include many relay applications, w^here quick action is often a prime 
requisite. However, in this chapter we are mainly interested in quick¬ 

acting tractive magnets. Some noteworthy applications in this field 

have be(ui the electromagnetic camera shutter and clcctromagnctically 
operated control mechanisms for airplanes, such as bomb releases. 

The design of a tractive magnet when the speed of action is stipulated 

becomes rather involved, first, because of the difficult mathematical 
interrelationships between the dynamic and electromagiuitic laws con¬ 
trolling the operation, and second, merely because three independent 

variables are involved, namely, force, stroke, and time. The mathe¬ 
matical relationships involve linear differential equations with variable 
parameters. Some of the parameters are functions of two variables. 

Generally these equations can be solved only by a step-by-step method. 
These difficulties, combined wdth the range of designs required 

because of the three possible variables, make it impossible to design 
such a magnet in a rational manner. The usual approach is by the 
cut-and-try method aided by the experience of the designer. How^ever, 
the actual ‘'try’’ of a proposed design may take several days to execute 

because of the tedious and involved graphical work necessary to pre¬ 
determine its operating characteristics. In order to facilitate such 
design work the author wdth the assistance of a student w orkor ^ has 

developed a scheme which is of material assistance in making a rational 
approach to the “try” design. This will be presented in Art. 112 of 

this chapter. 

^See '‘A Rational Approach to the Design of Quick-Acting Electromagnets,'* 

a master's thesis by Joseph C. Boyle at the Stevens Institute of Technology in 1936. 

363 
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From the point of view of execution, the converse problem is much 

simpler, and therefore we shall solve the problem of computing the time 

of action of a magnet whose complete design data are known, before 
attempting to design a magnet to specific time of action requirements. 

103. Eddy Currents in Quick-Acting Magnets 

One factor which causes complication, from both a practical and a 
theoretical point of view, is the possibility of eddy currents in the solid 
steel parts of the magnet. Practically, unless precautions are taken to 
avoid eddy currents, it is impossible to produce a high-speed magnet. 
Theoretically, if eddy currents are assumed to exist, the accurate prede¬ 
termination of the stroke-time characteristic of the magnet is impossible. 
This is because the eddy-current density at any point in the iron is a 
complicated time function of the iron resistivity, the permeability, and 
the manner of variation of the exciting magnetomotive force. 

Consequently, extreme precautions must be taken to laminate the 
iron parts thoroughly, and to pay particular attention to rivets passing 
through or around the iron circuit so that no paths for eddy currents 
are produced. Solid iron can often be used if it is slotted sufficiently. 
It is wise, however, to use a high-silicon bar stock if obtainable, as its 
high resistivity will greatly assist in the reduction of eddy currents and 
minimize the amount of slotting necessary. 

Some idea of the effect of eddy currents, and what degree of slotting 
is necessary when using solid iron, may be obtained by considering the 
transient magnetization cycles to occur periodically in a continuous suc¬ 
cession. This concept immediately establishes an equivalent sine wave 
of flux variation and establishes an equivalent frequency. Steinmetz ^ 
states that in a piece of solid iron the depth of penetration of an alternat¬ 
ing flux is: 

Depth of penetration = 2,240 inches 

where p is the resistivity in ohm-inches, p the relative permeability, and 
/ the frequency in cycles per second. The depth of penetration is defined 
as the thickness of the surface layer of iron which at a uniform flux 
density, equal to that at the outside surface, will give the same total 
flux as exists in the entire piece of iron. 

*See Sec. II, Chapter VI, of “Theory and Calculation of Transient Electric 
Phenomena and Oscillations,“ Steinmetz, third edition, McGraw-Hill Book Co. 
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The following table gives the depth of penetration for various 

materials at various frequencies, and at a permeability which is the 
average value of the normal permeability between flux densities of 1 to 
100 kmax. per sq. in. for high-quality, carefully annealed, present-day 
commercial steels. 

Material 

Frequency, cycles per second 

25 60 120 240 

Soft iron ^L = 3,500, p = 4 X 10-‘, . 0.0152 0.0098 0.0069 0.0049 

1.0% silicon steel p = 3,500, p = 9.5 X 10-* , 0.0234 0.0151 0.0106 0.0076 

2.5% p = 3,500, p = 16 X 10^“ . . 0.0304 0.0196 0.0138 0.0098 
3.25% “ P = 3,500, p = 19 X 10-® . 0.0331 0.0214 0.0150 0.0107 

4.25% " p = 3,500, p = 24 X 10^« . . 0.0372 0.0240 0.0169 0.0120 

Thus, a soft iron rod J in. in diameter, whose average permeability is 
3,500, will carry just as much flux at 25 c.p.s. as a tube, ^ in. in outside 
diameter and of 0.0152-in. wall thickness, which has a uniform flux 
density equal to that at the surface of the rod. 

Actually, the permeability which is effective at any instant is the 
differential permeability obtained by drawing a tangent to the normal 
cyclic hysteresis loop at the instantaneous flux density. If a curve of 
this instantaneous effective permeability is plotted as a function of time 
a more representative value of the m determining the depth of penetration 
may be found. At the higher cyclic flux densities the flux wave wdll, for a 
considerable portion of the cycle, stay in the flat region of the hysteresis 
loop where the permeability is low, and thus give a low average per¬ 
meability resulting in a greater depth of penetration.* For this reason, 
the depths of penetration shown in the preceding tabulation may be 
considered low, because they are based on the average normal permea¬ 
bility. 

In a high-speed magnet it is desirable that the thickness of the 
laminations should not exceed about twice the depth of penetration. 
How^ever, where it is necessary for mechanical reasons to make the 
laminations thicker than this, a greater depth of penetration can be 
secured by decreasing the iron permeability by using very high iron 
saturations. 

When regular laminations are used they should be held together by 
clamping plates if possible. In many instances this is not possible, and 

• For a further discussion ana application of this point see Problem 1 at the end 
of this chapter. 
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then rivets must be used. It is common practice to rivet a stack of thin 
laminations together between two heavier steel plates in order to main¬ 
tain the shape of the stack better and to allow for finishing. In order 
not to nullify the benefit of using the laminations, particular attention 
must be paid, to the placement of the rivets. This is best done by 
considering the magnet to be the core of an alternating-current trans¬ 
former, and placing them so that as few lines of flux link with the metallic 
circuit formed by any two rivets as is possible. For instance, referring 
to the magnet illustrated in Fig. 5a, the plunger rivets can be placed only 
along the center line of the plunger, and those of the stationary section 
should be placed as near the outer edge of the lamination as is mechani¬ 
cally feasible. 

Throughout this chapter it will be assumed that all the magnets 
considered have been laminated, and that the effect of eddy currents is 
negligible. 

104. Flux-Time Characteristics—No Armature Motion 

The simplest case to consider is the build-up of flux, or the related 
quantities of current and force, of an iron-core magnet with the armature 
stationary. The limitation removing armature motion simplifies the 
problem greatly, because it eliminates the space variable and its atten¬ 
dant dynamic relationships. The practical application of this case 
occurs when it is desired to calculate the following: 

1. The time required for a lifting magnet or a brake magnet to 
develop a particular static force. 

2. The time required for the current to rise, or the stored energy to 
build up to a specified amount in a choke coil. 

3. The time required for the current of a high-speed tractive magnet 
to build up to the point where armature motion is incipient. 

In all these cases the current is related to the constant impressed 
voltage E by the following equation: 

dd) 
E = N-^+IR (1) 

ett 

where the relationship between the flux d> and the current I is non-linear 
and must be expressed graphically. 

Let Fig. la represent an iron-core choke coil, and Fig. 16 the magneti¬ 
zation curve for the iron parts only. Strictly speaking, the induced 
voltage of equation 1 should be written as d(Nd>)/dt, and the magnetiza- 
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tion curve should have N<t> plotted against I. However, it is more con¬ 
venient for our purpose to factor out N. This is accurate only if all the 
lines of flux 0 link with all the turns N. Consequently, when using the 
form of equation 1 and Fig. 16, care must be taken to see that the <f> 

Magnetization curve 

Fig. lb. Graphical construc¬ 
tion necessary to obtain the 
required coil magnetomotive 
force for any value of flux 
for the magnetic circuit of 

Fig. la. 

used is an effective value which may be considered to link with all the 
turns. See Art. 46, Chapter IV. 

The two variables, <t> and 7, of equation 1, arc functions of the time t, 
which is the independent variable. This equation, because of the non¬ 
linear relationship between and I which cannot be expressed analyti¬ 
cally, must be solved by the step-by-step 
method. It can be solved in terms of either 
4) or 7, but because it is more direct we shall 
develop the solution in terms of <(> first. Let 
the curve of Fig. 2 represent the form of 
solution, and the ordinates 0, 1, 2, 3, etc., 
the boundaries of the various intervals or 
steps of the independent variable t. The 
method of solution is to determine the value 
of the dependent variable at the end of the 
step in terms of its value, and that of its 
derivatives, at the beginning of the step. 
Having obtained its value at the end of the 
step, its derivatives may be determined at that point, and progress may 
then be made from that point to the end of a new step. 

In order to start the process and again to know^ when to stop it, the 
boundary conditions of the equation must be known. These boundary 
conditions are the physical limitations which the solution must satisfy 

Fig. 2. Curve illustrating the 
step-by-step solution for the 
flux-time characteristic of the 

choke of Fig. la. 
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and are determined by the governing laws and any initial conditions 

which may be arbitrarily imposed. In our illustrative problem the 

boundary conditions, at t = 0, which determine the start are: = 0 

and 7 = 0. The boundary conditions at < = oo are: d4>/dt = 0, and I = 

EIR. 
Commencing with the initial boundary conditions we can solve 

equation 1 at ^ = 0 for 

where the subscript 0 denotes the value at ^ = 0. The value of 0 at the 

end of the first step will be 

^1 = <^o + (^1 — ^o) (3) 

The construction of this equation is shown graphically in Fig. 2, and, as 

can be seen, the value of <t>i so obtained is too large. 

Referring this value of <pi to Fig. 16, it is seen that the coil magneto¬ 

motive force Fi is required to produce the flux <f>i. Point Fi is obtained 

by drawing from the value <t>i on the magnetization curve the line 

1 — Fi, having a negative slope of Pa, where Pa is the permeance of the 

air gap through which the flux <t>i passes. The current at 1 will there¬ 

fore be /i = Fi/N. This value of Ji will be high because is high. 

Equation 1 may now be solved for {d<t>/dt)iy giving 

which will be slightly low. The average rate of change of flux during the 

first interval will be 

Using this, a second approximation to </>i can be made, as: 

01 = <^o + ~ ^o) (fi) 

Using this value of 0i, a new value of /i may lx* obtained in the same 

manner as before. For most purposes the second approximation is 

suflficient, and the first step may be considered finished. 
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The values obtained from 5 may now be used as the initial ones for 
the second step, and the process repeated until finally the flux, or current, 
reaches the desired value. In general, when working graphically, higher 

accuracy may be obtained if the first approximation for the value of 0 at 
the end of an interval is obtained by extrapolating the curve of 0 already 
obtained, instead of using the method of equation 3. This virtually 

gives the effect of one additional approximation without any additional 
labor. The actual computations should be carried out in tabular form 
as illustrated in Table I. The final results can be plotted as either flux 

TABLE I 

Step-by-Step Tabulation for the Computation of the Flux-Time 

Characteristic of a Magnet—No Armature Motion 

Point 

or 

Interval 

Degree 

of 

Approx. 

Time or 

Interval 

Flux 

<t> 

Coil 

M.M.F. 

NI 

Current 

7 

d<t) 

'dt 

0 Correct to 0 0 
" 

0 
I 

Eq.2 
1 

0-1 First h-to 
J 
j 
1 

p:q.4a 

1 First 
from 

1 
Eq. 4 u . o — 

curve 
—> I\ 

1 Second h Eq. 5- 
f rom _ 

• m. curve 
> 11 

2 First h Kq. 3 - 
from 

I curve 
■j—> 12 - 

1 

• Eq. 4 

or current against time. If desired to plot force as a function of time 
the effective force may be determined for each value of flux. A com¬ 
pletely worked out numerical example of this method of solution will 
be found in Art. 108. 

106. Current-Time Characteristic—No Armature Motion 

If desired, the current-time characteristic can be worked out directly, 
using current for the dependent variable instead of flux as in the last 
article. To do this the rate of change of flux of equation 1 

d0 
E ^ N-r + IR dt (1) 
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must be expressed in terms of the rate of change of current. Referring 
to Fig. 3, let curve a represent the magnetization curve for the iron parts 
of a magnet plotted in terms of the magnetomotive force required in the 
entire magnetic circuit (exclusive of the main gap) to establish various 
values of flux in the main gap of permeance Po, where Pa includes 
fringing and the effective leakage permeance. 

Then for any value of NI developed in the coil we may write 

Cf> = f{NI - Fa) = FaPa (6) 

Differentiating this with respect to 7, we have 

= Pa 
dFa 

dl 

where f{NI — Fa) is the slope of the magnetization curve of Fig. 3. 

saturated iron circuit in 

terms of the rate of change of 

current. 

d4> 
'dl 

dl 

l\ + !\NI - Fa) “ dl 

Substituting this into equation 1, wc have 

(7) 

[IL + jji 
Pa + f'iNI - Fa) dl ^ 

(8) 

It is interesting to note that the coeflficient of dl/dt is the effective value 
of the inductance of the magnet winding. The evaluation of this equa¬ 
tion is carried out in the same manner as for equation 1. When ^ = 0, / 
will be 0, and therefore NI also will be 0. By drawing a tangent to the 
magnetization curve of Fig. 3, at Fi = 0, the slope equal to f'(NI — Fa) 
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may be found. Substituting these values into equation 8, {dI/di)o may 
be found. Then a first approximation for I will be 

+(f - w <’» 
Using the slope of the magnetization curve at corresponding to /i, 
{dl/dt)i may be determined from equation 8. Averaging (d//dOo and 
{dl/di) I j the average value of that derivative, (d//d/)o_i, of the interval 
from Iq to ti can be determined. Then a second approximation for 
will be 

This process can now be continued in the same manner as was done in 
Art. 104. Table II shows a convenient way of arranging the computa- 
tion.*^^. 

TABLE II 

Stlf-by-Step Tabulation for the Computation of the Current-Time 

Characteristic of a Magnet—No Armature Motion 

Point 

or 

Interval 

Degree 

of 

Approx. 

! Time 

or 

Interval 

Current 

/ 

Coil 

M.M.F. 

NI 

Slope 

of 

Mag. Curve 

dl 

dt 

0 Correct fo 0 0 at / == 0 1 Kq.S 

0-1 h ~ to 
^\dt Jo-i 

1 First h Kq. 9 — —> A7, - > at /i 1 Eq. 8 

1 Second U Kq. 10 — AVi - at h - 
£ /dl\ 

\dt)i 

1-2 to - tl 
^ \dt /1-2 

2 First h Kq. 9 — -> N/, — at h 1 Fx^.8 

Although the method of Art. 104 using </> as the dependent variable, 
and that above using I as the dependent variable, give the same result, 
there is one important difference: to find d(t>/dt of Art. 104 it is only 
necessary to read I from the magnetization curve, whereas to obtain 
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dljdi of this article it is necessary to draw a tangent to the magnetization 
curve. The latter process is less accurate than the former, and hence the 
method of Art. 104 is to be preferred. 

106. Determination of the Time Required for the Flux of a Magnet to 
Rise from 0 to Some Value <^o 

For a constant impressed voltage E, the current and voltage will be 
related as given in equation 1: 

d<t> 
E = N^ + IR (1) 

at 
Rearranging, we have 

\R ) R^dt 

If, at < = 0, both </) and I are zero, thLs equation may be solved for t in 
the form of the following definite integral: 

ThLs equation must be solved graphically by plotting (/> as a function of 
l/(E/R — 7) and evaluating the area back of the curve. This curve 
may be plotted as follows: Let Fig. 4a represent the magnetization 

Magnetization Curve of magnetic 

Fig. 4a Fig. 46. 

Graphical construction for directly determining the time 
required for the flux of a saturated iron circuit to rise from 

0 to some value 0a. 

curve of all the iron parts and air gaps exclusive of the main air gap 
which has a permeance Pa. Then the value of NIa required to produce 
0a may be determined by the graphical construction shown; 1^ will then 
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equal {NI)a/N. This value of <t>a may then be plotted ag^ 
1/{E/R — 7a), and is shown as point a on Fig. 46. Other points from 
the magnetization curve may be transferred in a similar manner, giving 
the curve a-h-c-d-e-f of Fig. 46. The shaded area behind this curve is 
evidently the desired integral, which when multiplied by N/R will give 
the time for the flux to rise from zero to the value </)a. An illustration 
of this method, and a comparison of its results with those of the method 
of Art. 104, will be given in the problem solved in Art. 108. 

If desired the flux-time curve can be plotted, using this method, by 
evaluating the total area in steps and calculating the time corresponding 
to the end of each step. 

107. Space-Time Characteristic of a Magnet 

1. General Explanation of Problem. By space-time characteristic 
is meant the manner of variation of the space covered by the armature 
as a function of time. There are two portions to this characteristic: 
(a) the portion prior to motion where the current, flux, and magnetic 
force rise to the point where the restraining forces are just overcome 
and motion is incipient; and (6) the portion covering the actual motion 
of the armature, starting 
with the end of part (a), 
and ending when the ar¬ 
mature completes its travel. 
The method of computing 
the flux-time or current¬ 
time characteristic for por¬ 
tion (a) has already been 
discussed in Arts. 104, 105, 
and 106. 

Let Fig. 5a illustrate a 
magnetic system which is 
designed to move an external load having mass against the action of a 
constant load force, friction, and a spring. The particular magnet shown 
is a long-stroke one, having a square laminated plunger, and a return 
magnetic circuit formed of laminations which provide a stop for the 
plunger at the end of its stroke. The plunger is guided in the fixed gap 
and the working gap by means of non-magnetic, and preferably non¬ 
conducting, guide pieces. The entire assembly is very similar to that of 
a shell-type transformer. 

Non-Magnetic Guide 
Pieces in Working Gap 

_ ̂ ‘1 
Li- 

Load having mass and friction 
Non-Magnetic Plunger 

Guide Pieces in Fixed Gap 

o o ksH 

Stationary Laminated 
Magnetic Circuit 

Fia. 5a. High-speed long-stroke magnet. 
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2. Dynamic and Electric Equations of Motion, Figure bb illustrates 
a free body of the dynamic system showing all the forces effective. Let 

X = displacement in inches of the plunger from its initial position. 
= the magnetic pull on the plunger in pounds. 

i — the time in seconds from the start of motion. 
M = the combined mass of the plunger and all other moving parts 

in pounds per inch per second^. 
ki = friction factor in pounds per inch per second. 
k2 = spring constant in pounds per inch. 

= the initial load, in pounds, to be overcome before motion 
can commence = /o, the initial spring tension, plus/i, the 
constant load force. 

0 = the total flux, in webers, of the magnet which may be con¬ 
sidered as effectively linking with all the turns of the coil 
iV (as discussed in the beginning of Art. 104). 

I = the coil current in amperes. 
K = the total resistance of the coil circuit in ohms. 
E = the constant impressed voltage in volts. 

We may then write the following equation, 
equating the alg(4)raic sum of the forces on 
the free body to zero. 

d^x (It ~~ 
■+-;y7 + ^'2-^ == (12) 

where d'^x/di^ is the a(’C(‘l('rat ion of the plunger 
in inches per second‘d, and dx/dt is the velocity 

of the plunger in inches per second. 4'his equation is valid when 

Equation 1 will still apply to the electric circuit. 

^ \ u Friction dt 

M > r 

Fixed Load = fi 
^-MiL_£. 

dt 

Fio. 56. Free body of the 

dynamic sy.stem of Fig. 5a. 

d(t> 
E ^ N ~ + IR 

dt (1) 

These equations have four variables, x, //, 0, and /, which arc functions 
of time. In order to solve them, two more relationsliips are necessary: 
one betw^een current and flux, and another between the magnetic force 
and flux. 

3. Coil Current for Any Plunger Position and Flux. The current, 
however, not only is dependent on flux, but also varies with the plunger 
position X, thus 

I = /(<#>, *) (13) 
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If the length of the magnetic circuit through the iron parts and fixed gaps 
can be assumed to remain substantially constant with x, the magneto¬ 
motive force for these iron parts and gaps, f,, will be a function of the 
effective flux only ^ and may be expressed by a magnetization curve 
exactly like that of Fig. la, or Fig. 4a, which is reproduced in Fig. 6. 
Then, for any value of flux at any position of the plunger Xm, the 
total coil magnetomotive force required can be found as 

{NI)m = F,+ 
4>m 

{Pw)m 
Pi + Pu, .(14) 

where {Pw)m is the permeance, at plunger position x^y of the working gap 
and associated leakage paths through which the flux (pm passes, and 
where is the magnetomotive force across the working gap. Referring 

Fia. 6. Graphical construction 

necessary to obtain the required 

coil magnetomotive force for a 

flux 4>mt in the generalized case of 

a magnetic circuit consisting of a 

non-linear part in series with a 

working air gap of permeance P«,. 

Fig. 7. Curves of working air-gap 

permeance and its space rate of 

change plotted as a function of the 

plunger position or air-gap length. 

to Fig. 6, if a line is drawn through the magnetization curve at point 1, 

<t> = <l>m> with a negative slope of {Pxv)my the intersection of this line with 
the abscissa at point 2 will give the required coil ampere-turns. Dividing 
this by the coil turns the required current may be found. Inasmuch as 
Pyy varies with x, a curve of P^ plotted against x will greatly assist the 
evaluation of coil ampere-turns from Fig. 6. Such a curve is shown in 
Fig. 7 along with its derivative dP^fdx. The magnetization curve of 

* In the leakage-flux magnet the effective length of the magnetic circuit changes 

greatly with motion, and this assvunption is not valid. Likewise the effective 

number of turns linking with the flux depends on x, and the assumption that N can 

be factored out of equation 1 is fallacious. This problem must be handled by making 

Nit> the variable instead of 
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Fig. 6 is exactly similar to that of Fig. 16a, Chapter VIII, and is com¬ 
puted in*the same manner, while the curves of Fig. 7 are similar to those 
of Fig. 166 except that x has been taken oppositely. 

4. Magnet Force for Any Plunger Position and Flux. The relation¬ 
ship between the magnetic force and current is also complicated because 
it depends on x] thus 

^ x) (15) 

This force is most easily evaluated graphically by the method of Art. 77, 

Chapter VIII, using the general magnetic force formula 

= 4.43 Fl ^ lb. (16) 
ax 

For any value of flux at any plunger displacement Xm^ the construc¬ 
tion of Fig. 6 will give the value of The space rate of change of the 
permeance of the working gap, dPu,/dXy may be found by taking the 
slope of curve Pw of Fig. 7 at the required plunger position Xm> As 
mentioned before, it is convenient to plot a curve of dPu,/dx against x 
as shown in Fig. 7. This curve may be derived from that of Py, by 
graphical differentiation, or by the method suggested in Art. 77. 

5. Step-by-Step Procedure. The four variables whose character¬ 

istics are to be plotted are: the effective magnet flux </>, the coil current 
7, the plunger velocity dx/dtj and the plunger displacement x. Let 
these characteristics be represented by the curves shown in Fig. 8, where 
to is the zero of time when motion is just about to commence, and the 
other subscripts denote succeeding points in time as shown. Suppose 
that the characteristics have been evaluated to t = /ni, and that it is 
desired to carry the process forward to t = U. The procedure is as 
follows: 

1. Project the curves ahead graphically from ty^ to <n> as shown by 
the dashed lines. This will give approximate values for the four varia¬ 
bles at <n- 

2. Substitute the estimated value of In in equation 1, and solve for 
the rate of change of flux at n, thus 

N 
(17) 

3. Average this value of {d<t>/dt)n with the final value at m, {d(f>/di)^y 
and designate this average value over the interval from m to n, by 

{d^/ dOm—-n* 
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4. The value of at n may then be obtained as 

5. Using the estimated value of x„ from step 1 find the values of 
{Pw)n and {dP^/dx)n by means of the data of Fig. 7. 

6. Using 4>n from step 4, and (P«,)n from step 5, enter the magnetiza¬ 
tion curve of Fig. 6, and by means of the construction shown find {NI)n 
and {F«>)»>. 

7. Using {FJ)n from step 6, and (dPy,/dx)„ from step 5, calculate the 
magnetic force at n, as 

J^„ = 4.43(F„)2(^) (16o) 

8. Using ^I from step 7, and {dx/dt)n and (x)n from step 1, substitute 
into equation 12 and solve for the plunger acceleration at n, as 

9. Average this value of (d^x/di^)n with that at m, {d^x/dt^)mi and, 
designating this average value over the interval from m to n by 
{d^x/di^)m-ni fii^d the plunger velocity at n, as 

(dri = + (!?)„.„ 
10. Average the value of {dx/di)n with that at m, {dx/dt)my and, 

designating this average value over the interval from m to n by 

(dx/dOm-ni the plunger displacement at n, as 

Xn = + {tn - <m) (21) 

11. This completes the computations for the step from m to n, but in 
order to carry out the next step, a corrected value of In should be com¬ 
puted using </>n from step 4 and Xn from step 10, in the manner explained 
in connection with Sec. 3. By means of equation 17 of step 2, and the 

corrected value of 7n, a corrected value for (d^/dOn may be obtained. 
Finally a corrected value of </>n should be obtained by repeating steps 3 
and 4 substituting the corrected values of (d<t>/dt)n* If this value of 4>n 

differs materially from the approximate value obtained in step 4, the 
computations should be repeated. The final computed values of In 
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and <t>ny and the values of (dx/dt)n and Xn obtained from steps 9 and 10, 
respectively, should now be plotted in Fig. 8 and the process repeated. 

6. Method of Starting Step-by-Step Procedure at < = 0, In the 
beginning, when t is small, the ordinary 
averaging described in Sec. 5 will not be 
very accurate. The reason for this is that 

these averages are based upon the premise 
of constant acceleration, while when t is 
small the acceleration is proportional to t. 
The following development will explain this 
point. 

When t is small the force producing 
acceleration is Fig. 8. Method of making the 

first approximation for the 

value of a function at a time 

in by graphically extrapolating 

the function from its last 

known value at /m- 

Accelerating force = 

:= i 43 “ - ^0 (22) 

This is derived from equation 12 by noting that ki{dx/dt) and k2X may 
be neglected when t is small. Expressing in terms of the magnetic 
force equation, 22 may be written as 

(23) 

where (dP^^/dx) is assumed to remain constant at the value for x = 0, 
because x during this interval will be very small. Now, 

Fl - = [F„ - + (F„)o] « IF„ - (F„)o]2(F„)o 

when [Fy, — (F«,)o] is small. Substituting this into 23, we have 

M~ = 8.86(F„)o[F„ - (F„)o] (24) 

The increment in air-gap magnetomotive force may be expressed in 
terms of the rate of change of flux at f = 0, as follows: 

Pv> - {Fw)q 
(Pt.)o (P„)o (it 

(25) 

Substituting equation 25 into 24 and solving for the acceleration, we get 

(FJo (£A (^\ 1 
M{PJo\dx Jo\dt/ol 

(26) 
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The velocity will be 

r f 1,2 
dt Jo \di;^J 2 [m{P^)o \ dx Jo\dtJo\ 

(27) 

and the space covered will be 

X r (^^)o (^]A (^\ 1.3 
3! LM(Pu,)o V dx /o \d^/oJ 

(28) 

In these ecpiations (Fw)o i'^ the air-gap magnetomotive force necessary to 
produce the initial force at a: = 0; it may be determined by solving 
equation 16. (d(t)/dt)o may be evaluated by equation 17, where Iq may 

be found by the construction of Sec. 3, and <^o will equal {Fy,)o{Pw)o- 
These equations make it very easy to get vStarted. The duration of the 
first interval, ti — Iq = (, over whi(‘h these equations should be applied 
must be such that dcp/dt is substantially constant and x is small. </)i'may 

be taken as <^o + and Ii found corresponding to <t>i and xi, 
(d<t)/dt)i vshould now be found from /i. If it is very different from 
(d<t>/dt)Q, the first interval lias been taken too long. 

7. Tabulation of Step-by-Step Solution of Dimamic Characteristics. 
This tabulation starts at the end of step 1, because it is assumed that the 
values of xi, (dx/dt)ij (d^x/dF)iy /i, {d<i)/dt)i, and (pi have been found by 

the method of Sec. 6. The complete tabulation is shown in Table III. 
For the purpose of conserving space the columns of the table have been 
split into two sections, which are arranged one above the other. When 
computing, these columns should be placed in numerical order as is done 
in Table IX. 

108. Sample Calculation of the Dynamic Characteristics of a 
High-Speed Magnet 

1. Statement of Problem. In order to illustrate the methods 
developed in the last four articles a complete calculation of the dynamic 
characteristics for a fully laminated high-speed magnet will be carried 
out. The actual magnet is similar to that illustrated in Fig. 5a. Com¬ 
plete magnetization data are given in Fig. 10; Fig. 9 shows the effective 
air-gap permeance (including leakage permeances) Pu,, and its derivative 
dP^/dXf both as functions of the plunger displacement x. These curves 
are determined in the same manner as the similar ones of Art. 77, 

Chapter VIII. 
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TABLE ni 

Step-by-Step Tabulation for the Computation of the Dynamic 

Characteristics of a High-Speed Magnet 

The data for the magnet and its load are as follows: 

E = supply voltage, constant at 12 volts. 
8 = required stroke, 1.0 in. 

R = coil resistance, 0.311 phm at 20° C. 
N = coil turns, 160. 
M = mass of plunger and load =* 1.54 lb. = 0.004 lb. per in. 

per sec.^ 
ki = friction coefficient, neglected, 
fca = spring constant, 6.0 lb. per in. 

initial load to be overcome before motion occurs, 10 lb. 
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Eio. 9. Working air-gap data for the high-.speed magnet of the problem of Art. 108. 

Fio. 10. Magnetization curve foi- the high-speed magnet of the problem of Art. 108, 

and the graphical construction necessary to determine the coil magnetomotive force 

for the various steps of the step-by-step solution. 
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The problem will be divided into three parts. 

(а) Determination of characteristics from the time the circuit is 
closed until motion is just about to commence, using the method of Art. 
104. 

(б) Check of the total time of part (a), following the method of Art. 
106. 

(c) Determination of the dynamic characteristics from the time 
motion starts until the stroke has been completed, by the method of 
Art. 107. 

2. Part (a). Calculation of Magnet Characteristics from Time 
of Closing Circuit until Motion Is just about to Commence. Motion 
will commence when the magnetic force = //q == 10 lb. Let us first 
calculate the current I and the flux 0 corresponding to this condition 
before beginning the step-by-step calculation of Art. 104. This will 
enable us to proportion the steps better. From Fig. 9 the working air- 
gap permeance and its derivative, at x — 0, are {Pw)o = 34 max. per 
ampere-turn, and (r/P„. ulx)o = 89 max. per ampcac'-tiirn per inch, respec¬ 
tively. Substituting {dP^/dx)o and = 10 lb. into equation 16, and 
solving for we have 

^_10 

^AA^dPu/clx ~ ^4.43 X 89 X lO”® 
1,610 amjK'rei-turns 

Then the effective flux of the plunger will be 

<t> = PwPu = 34 X 1,610 X 10~^ = 54.7 krnax. 

Graphical coastruction on the magnetization curve of Fig. 10, point 0, 
gives NI equal to 1,825 ampere-turns and a current of 1,825/160 = 11.4 
amperes. 

Starting at t = 0, <p will be zero, and d(t)/dt, i)y equation 2, will be 

E 12 
= —- = —- = 0.075 weher per second 

0 A 160 

If we break up the entire computation into four intervals, A0 for the first 
interval will be about 14 kmax. and 

14 X 10~^ 
= - = 0.001868 second 

(7,075 

Let <1 = 0.002 .second, and following the procedure of Art. 104, we have 

<^i = 7,500 X 0.(X)2 = 15 kmax. 

and 11 from Fig. 10 will be 510/160 = 3.190 amperes. Solving for 
id<t>/dt)i, we have 

First approx. 
E - IH 

N 
12 - 3.190 X 0.311 

160 

11.010 

160 
= 0.0690 
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Then (<4/d<Vi will be (0.075 + 0.0690)/2 = 0.0720. The second 
approximation for <t>i will be, by equation 5, 

Second approx. <^>1 = 0.0720 H10“® X 0.002 = 14.40 kmax. 

and /i will be 490/160 = 3.06 amperes, and 

Second approx. 
12 - 3.06 X 0.311 

160 

11.05 
—- = 0.0693 

This completes the first step. The second step is started by making the 
first approximation for <^2) as 

First approx, t/o = (^i + J (^2 - h) 

= 14.40 + 0.0693 X 10“^ X 0.002 = 14.40 + 13.90 

= 28.3 kmax. 

These and the remainder of the computations are listed in Table IV, and 

TABLE IV 

Point 
Degree of 

Approximation Time, sec. 
Flux, 

<t>r 
kmax. 

Coil, 
NJ 
a-t. 

Current, 
/, 

amperes 

d4> 

(it 
webers per sec. 

0 Correct 0 0 0 0 0.0750 

0-1 0.002 0.0720 

1 First 0.002 15 00 510 3.19 0.0690 

1 kS(;cond 0 002 14 40 490 3 OG 0 0693 

1-2 0 002 1 0 06655 

2 First 0 004 28 30 950 5 94 0.0635 

2 Second 0 004 27.77 925 5 78 0.0638 

2-3 0 002 0 0612 

3 First 0 OOG 40 53 1,355 8 47 0.0586 

3 Second 0 OOG 40.01 1,335 8 34 0 0588 

3-4 0 002 0.0564 

4 First 0.008 51 77 1,725 10.79 0 0541 

4 Second 0 008 51 29 1,710 10.69 0.0542 

5 Assume <t> = 54 70 1,825 11 40 0 0529 

4-6 0 000G4 0 0535 

6 0.00864 
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the graphical construction for the first approximations are shown in 
Fig. 10. The final computed results are plotted in Fig. 11. 

In this particular case the saturation curve, up until the time of 
motion, is practically a straight line, and the computation could have/ 
been carried out with greater ease by the method of Art. 95, using the 

effective inductance of the coil. 
3. Part (6). Calculation of Total Time Required for Flux to Rise 

from Time of Closing Circuit imtil Motion Is just about to Commence. 
As in the last computa¬ 
tion the first step is to 
find the values of </> and I 
when motion just starts. 
As this computation is 
the same as that of Sec. 
2 we shall copy the 
results: 

</> = 54.7 kmax. 

NI = 1,825 

I ~ 11.4 amperes 

In order to use the meth¬ 
od of Art. 106 we must 
plot a curve of </> against 
\I{EIR — 7), between 
the limits of </> = 54.7 
and 0. This computa¬ 

tion is carried out most easily in tabular form and is shown arranged in 
Table V. The values of <p are taken arbitrarily between the given limits 

Fig. 11. Characteristics of the high-speed magnet 

of the problem of Art. 108, from the time of closing 

the switch until motion is just about to commence, 
computed by the method of Art, 104, and plotted 

from the tabulated results of Table IV. 

TABLE V 

0, 
kmax. 

NI, 
a-t. 

/, 
amperes 

EjR, 
amperes 

E/R-I, 
amperes 

1 

E/R-I 

54 70 1,825 11 40 38 .6 27.2 0.0368 

51 29 1,710 10 69 27.9 0.0369 

40 01 1,335 8.34 30.3 0.0330 

27.77 925 5 78 
1 

32.8 0.0305 

14.40 490 3 06 35.5 0.0282 

0.00 0 0 00 38.6 0.0269 
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SO as to get a good distribution of points. For each value of NI is 

obtained directly from the magnetization curve of Fig. 10. The method 
of computation will be apparent from an inspection of the table. 

The tabular results of </> against 
I are shown plotted in Fig. 12. 
Evaluation of the area behind the 
curve by graphical integration 
gives 1.68 X 10“"^ ohm-second per 
turn. Then the time for the flux 
to rise from 0 to 54.7 kmax. will 
be, by equation 11, 

(u) (E/R - /) 

Which, on substituting, gives 

160 
/ = 

0.311 
X 1,680 X 10 -8 

0.00865 second 

Fig. 12. Graphical construction for eval¬ 

uating the time required for the> flux to 
build up from zero to the' value where 

motion is incipient, for the high-speed 
magnet of the problem of Art 108, follow¬ 

ing the method of Art. 100. 

This, as can be seen, checks 
perfectly with the result of Sec. 2. If just the total time Ls required, 
this method is much simpler than that of Sec. 2 because no approxima¬ 
tions or step-by-step calculations are required. 

4. Part (c). Calculation of Dynamic Characteristics from Time 
of Start of Motion until Stroke Is Completed. At the start of motion, t 
will equal 0.00865 second, reckoned from the time of closing the switch. 
Let this time = to, and designate all other quantities occurring at this 
instant with the subscript 0. We then have, from the computations of 

Sec. 2, the following: 

<t>o = 54.7 0.0529 

{NI)o = 1,825 

{FJo = 1,600 

lo = 11.4 

(PJo = 34 

89 

In starting the computations let us follow the method of Art. 107, Sec. 6, 
and substitute into equations 26, 27, and 28, using for the first interval 
< « - to) = (0.010 - 0.00865) = 0.00135 second. 
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Then 

8,86 

8.86 

(F^)o (^\ (^\ 1 ^ 
M{PJo V dx /o\dl A J 
1,600 X 89 X 10“» X 0.0529 

0.004 X 34 X 10-» 
0.00135 

a-i 

8.86 X 55,300 X 0.00135 = 662 in. per sec. per sec. 

4.43 X 55,300 X (0.00135)2 

0.447 in. per sec. 

4 43 
X 55,300 X (0.00135)2 

O 

= 0.000201 in 

<^i = <#>o + ( ^ ) < = 54.7 -f 0.0529 X 10* X 0.00135 
\dt / Q 

= 54.7 + 7.14 = 61.84 kmax. 

(26) 

(27) 

(28) 

Sit <t> = 61.84, {Pw)i = 34, X = 0.0002, is 2,060. Ilcncc 

Ii — = 12.88 amperes 

Then 

/^\ _ E - IR _ 

\dt A ~ N 
I 

^ 0_ 

\dt / o_i 

12- 12.88X0.311 

0529 + 0.050 

160 

= 0.05145 

= 0.050 wober per second 

and a second approximation for (t>i will bo 

01 = 54.7 + 0.05145 X 10* X 0.00135 

= 54.7 + 6.95 = 01.65 kmax. 

This completes the first .step, and we ar(! now ready to start the tabular 
computation following the form of 4'able III. The results of each step 
are plotted dirca'tly in Fig. 13 .so that the data for each step and for each 

succeeding point niay be extrapolated from those preceding. The tabu¬ 
lar computations are shown in Table VI. 

For the purpose of illustration we shall go through one complete stop, 

from <1 = 0.01 to <2 = 0.015, following exactly the procedure of Art. 
107, Sec. 5. 
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1. Extrapolating the curves of I and x of Fig. 13 from ti to ^2 we 
obtain the estimated values of 17.3 amperes and 0.01 inch, respectively, 
at point 2. These values are now entered into Table VI. 

Fig. 13. Computed and experimental curves of the dynamic characteristics of the 

high-speed magnet of the problem of Art. 108. Computed results are plotted from 
the tabulation of Table VI. 

2. The first approximation for d<t>/dt at 2, will then be, by equation 17, 

/*\ _ _ 12- 17.3 X 0.311 _ 

\dl A N 160 

3. Average values of {d<t)/dt) during the interval from 1 to 2 will be 

fdA 0.050 + 0.0413 , 

\dt /i.2 2 

4. The value of </> at 2 will be 

<P2 = 61.65 + 0.0456 X 10^ X 0.005 

= 61.65 + 22.8 = 84.45 kmax. 

5. At the estimated value of X2 = 0.01 in., {Pw)2 will be 35 max. per 
ampere-turn and {dP^/dx)2 — 90 max. per ampere-turn per in., from 

Fig. 9. 
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6. From Fig. 10, at <^2 = 84.45 and {Px)2 = 35, (iV/)2 will be 2,750, 
and {F^)2 will be 2,410 ampere-turns. 

7. The magnetic force at 2 will be, by equation 16a, 

^2 = 4.43 X 2,410^ X 90 X 10“® = 22.7 lb. 

8. The acceleration at point 2, by equation 19, will be 

(d^\ ^ _1 

\dF A 0.0( 004 

12.64 

0.004 

[22.7 - 10 - 0 - 6.0 X 0.01] 

= 3,160 in. per sec. per sec. 

9. The average acceleration during the interval 1 to 2 will be 

662 + 3,160 

Vrf<Vl-2 = 1,911 

and the plunger velocity at 2 will be 

(^) = 0.447 + 1,911 X 0.005 
\dt / 2 

= 0.447 + 9.555 = 10.002 in. per sec. 

10. The average value of the plunger velocity over the interval from 
1 to 2 will be 

\dt A_2 L \d< A \dt A J 
= 0.447 + 3.18 = 3.63 in. per sec. 

This is taken as a parabolic average in line with equation 28, because 
(dx/dt)i is so small compared to (dx/dt)2 that an ordinary average would 
be inaccurate. The plunger displacement at X2 will be, from equation 

21, 
2:2 = 0.0002 + 3.63 X 0.005 

= 0.0002 + 0.0162 = 0.0167 in. 

11. The final value of I2 may be computed directly from {NI)2 found 
in step 6, because the difference in NI between X2 = 0.01, the estimated 
value, and the final value of 0.0167 is negligible.® Then 

^ 2,750 
^2 = 7-7: = 17.2 amperes 

160 

* This will not in general be true unless the actual value of the difference between 
the x’s is negligible. 
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In this manner we may proceed, step by step, until the stroke is 
completed. The tabular computations for each point are shown in 
Table VI, and the graphical construction required for the first approxi¬ 
mation of NI and Fyj are shown in Fig. 10. In computing the last step 
to point 8 at the completion of the stroke, the force cannot be determined 
as in step 7, because at this point the plunger touches its stop and the 
air-gap permeance becomes infinite. It can, however, be readily esti¬ 
mated on the basis of the areas of contact and the saturation area of the 
flux. The value of 50 lb. was obtained in this way and accounts for the 
sudden acceleration at the end. 

The magnet described has actually been built and subjected to test. 
The oscillographic test curves of plunger displacement and coil current 
are shown plotted in Fig. 13, by means of the dashed lines. The close 
check between the computed and actual plunger displacement curves is 
remarkable. The computed time of motion is practically identical 
with the measured value. The computed current curve checks very 
closely up until about 0.026 sec. and then shows a deviation to the high 
side. This probably is caused by an error in the computed magnetiza¬ 
tion curve at high densities. A small error in saturation, though it will 
affect the force only slightly, will produce a large change in necessary 
magnetomotive force and hence a large error in current. It should also 
be noted that the computed curve is subject to a sudden change at about 
0.026 sec. This is because the iron is saturating at this point, and the 
current which is derived from the first approximation of the flux is sub¬ 
ject to a large error as explained before. If the current values are 
recomputed using the final flux and displacement values, a much 
smoother curve, more closely approaching the experimental curve, will 
be obtained. 

If when the plunger approaches its stop, the saturation is low, most 
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of the coil magnetomotive force will be across the air gap, and then as 
the air gap closes the necessary magnetomotive force will rapidly drop, 
resulting in a drop in coil current. Magnets of the flat-faced lifting type 
and flat-faced or coned plunger types have, generally, a very pronounced 
dip in current just before striking the stop. Computed characteristics 
for such a magnet are given in Art. 112. 

109. Quick-Release Magnets 

In certain types of holding magnets it is necessary that the magnet 
be capable of releasing its load in a very short- time, of the order of a few 
thousandths of a second. When this is the case special attention must 
be paid to laminating or slotting the magnet; as the effect of eddy cur¬ 
rents becomes increasingly important. Another feature which greatly 
influences the release is the manner in which the circuit is broken. When 
the release time is to be very short, it is not feasible to break the circuit 
in the ordinary manner because the arc formed at the switch contacts 

Quick-release circuits. 

will allow the current to persist far beyond the desired limit. In these 
cases some method must be used which will quickly dissipate the stored 
energy of the magnet. In Fig. 14 are illustrated two circuit arrange¬ 
ments which will accomplish this purpose. 

In Fig. 14a, the magnet is shunted by a condenser, C. This con¬ 
denser serves many purposes: (a) at the instant of opening the switch it 
provides a zero impedance path for the magnet current and thus prevents 
an arc at the switch; (6) by adjusting its capacitance in relation to the 
average inductance of the magnet the natural oscillation frequency can 
be adjusted to make the flux, and hence the force, fall to zero in the 
desired release time; (c) the reverse magnetizing effect produced by the 
negative lobe of the current oscillation can be made to remove any 
residual effect in the iron and also tend to counteract the effect of any 
eddy currents which may be present in the iron as the result of imperfect 
laminating. When using this system for very short release times, the 
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mechanical design of the armature mechanism must be such that the 

armature will move away from the magnet pole faces sufficiently fast to 

prevent reattachment during the negative lobe. 
In Fig. 146, the excitation current is supplied from the plate circuit 

of a high-vacuum tube. When the magnet is to be excited switch ;S is 
thrown to left, placing zero bias on the grid, and allowing a large plate 
current to flow. When it is desired to release the load the switch is 
thrown to right, placing a large negative bias on the grid. This increases 
the resistance of the plate circuit to a very high value and very quickly 
dissipates the stored energy of the magnet. This system can be used 
only when the available voltage is sufficiently high for vacuum tube use. 

In Fig. 14c is shown a circuit arrangement for producing a constant 
demagnetizing effect to offset the effects of residual magnetism and 

eddy currents. The full line 
winding is the main exciting 
winding; it produces enough ex¬ 
cess excitation to balance out 
the magnetomotive force of the 
coil shown in dashed lines. The 
dashed winding is an auxiliary 
winding of relatively light wire; 
it produces a small magneto¬ 
motive force acting opposite to 

that of the main winding. When the circuit through the main winding 
is interrupted the negative magnetomotive force of the auxiliary coil 
will not only prevent sticking of the armature due to residual magnetism 
but will also make the effective magnetomotive force due to eddy cur¬ 
rents come to zero quickly. Some arrangement, like that of Fig. 146, 
must be employed to interrupt the main circuit quickly. 

In any magnet designed for quick release it is obvious that the stored 
energy of the magnet should be made as small as possible, as it is this 
energy which must be dissipated before release can be effected. Conse¬ 
quently, fixed air gaps should be ehminated, and the working air gap in 
the holding position should be made as small as possible. To mitigate 
any detrimental effects due to residual magnetism produced by a short 
air gap, the iron parts should be made of a low coercive intensity iron 
carefully annealed after forming. An arrangement like that of Fig. 14a 
or c for producing a demagnetizing effect will also be useful. 

-^- 
Load 

Fig. 14c. Circuit for minimizing the effects 

of residual magnetism and eddy currents. 
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110. Method of Computing the Release Time for a Magnet Shunted 
by a Condenser 

The voltage equation for the magnet circuit is 

d<f> 1 f‘ 

where E is the voltage existing across the condenser at the instant of 

opening the switch. If the magnet has a large air gap and is under- 

saturated, the saturation curve will be a straight line, and this equation 

may be solved by the method of Art. 100. However, in the case under 

consideration, where a short time of release is desired, the air gaps must 

necessarily be short, with the result that the iron is generally highly 

saturated. Under thcvse conditions equation 29 cannot be solved 

analytically, and recourse to a step-by-step solution must be made. 

Designating the instant of opening the switch as the zero of time, 

then, at this instant: 

i = 0 = /o) / = /o = E/R, and the flux <j> = (t>o 

may 1x3 read directly from the magnetization curve of the magnet corre¬ 

sponding to the value /q, and the 

Hi = 0 /“=/■ %/o - 0 

The current direction and relative polarity 

will be as shown in Fig. 15. The rate of 

change of flux at to ’^vill be zero, because the 

IR drop of the coil will be exactly counter 

balanced by the condenser voltage, and hence 

cannot be used to estimate 0i. Its deriva¬ 

tive, however, will not be zero at Iq and may 

iLT- 
Fig. 15. Magnet with shunt 

condenser—switch opened at 

t = 0—build-down of current. 

(30) 

be found by differentiating equation 29 and solving: 

(— __ 
\dt^/o~ CN 

Using this, a first approximation of the flux at may be computed as 

= Hi - to? (31) 

With this value of <#>1, the corresponding value of /i may be obtained by 
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means of the magnetization curve. The value of {d<ti/dt)i may now be 

obtained by substituting into equation 29 

(~~~ 
\di A N 

where (-Bc)ii the voltage of the condenser at will be 

(^e)i = (^c)o - (A^c)o-i (33) 

The change in condenser voltage over the interval may be estimated as 

I Ao ^ ^ [(/)o-i(<i - <o)] (34) 

where (/)o-i is the average current over the interval equal to §(/o +'/i)* 

The average value of the rate of change of flux over the interval will 

then be 

/ 1 / / d4>\ 

\dt / 0-1 2 _ \ /Q \dt / 

and the second approximation for will be 

01 — 00 it) <'•- \ at /o-i 

With this value of 0i, a new value of /i, (/)o-i, {Ec)i, and {d<t>/dt)i may 

be obtained. The final value of 0i can now be computed by repeating 

the evaluation of equation 35, and should be plotted. It should be 

noted that this value of 0 is a third approximation. 

This completes the first step. In the subsequent steps the first 

approximation of 0 is preferably found by extrapolating the curve of flux 

plotted from the preceding steps. In Table VII the complete tabulation 

of the method of computation is set forth. The subscripts of equations 

32 to 36 must be changed to correspond to the steps. Care must be 

taken to watch the signs of Ec and IR if the computation is carried 

beyond the first positive lobe. If, in following the above procedure, it is 

found that the third approximation of 0 is practically identical with the 

second approximation, the calculations following the second approxima¬ 

tion of equation 36 should be omitted. 

The above method is accurate except in so far as it neglects iron loss. 

This could be taken into account by adding, in series with the coil 

resistance, a fictitious equivalent iron loss resistance equal to Pellet 
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where Pc will be a function of </>, and the natural oscillation frequency. 

This resistance will therefore be different at each step. 

TABLE VII 

Step-by-Step Tabulation for the Computation of the Flux-Time Release 

Characteristics of a Magnet Shunted by a Condenser—No Armature Motion 

Point 

or 
Interval 

Degree 

of 
Approx. 

Time or 

Interval 
Flux, 

Current, 

/ 

Condenser 

Voltage, 

Ec 
\di) 

Final 

0 Correct to 
</>o from 

mag. curve 
E/R 

1- 

\ 

+E 0 00 

0-1 First ll — Iq 
4' 

(/)o-l - 
t 

—> Eq. 34 
1 - 

Eq. 35 
1' 

1 First Eq. 31 — 
1 

-> /l 
i 

Kq. 33- 
I 
Eq. 32 

I 

0-1 Second h — k . (/)o-l - -> (AFc)o-I 

1 _ 

0
 

/i
-

 

1 Second h Eq. 36 — h 

1 

i 
(Ec)^ - Cf), 

d 

3X. 

1-2 First h - h —> Eq.34 
1 

Eq. 35 
t 

2 First h from Curve - 

I 
1 

I2 

1 
Eq. 33- 

I 

Eq. 32 
thir 

appn 

1-2 Second h- h 

t 

-> (AEc)l-t 

( 

2 Second h Eq. 36 — 

i 

j-> /2 

i 

(Sr)2 — 
I \di ii 

111. Sample Calculation of the Release Characteristics of a 

Quick-Release Magnet 

1. Problem Data. For the purpose of illustrating the method of 

computing developed in Art. 110, let it be required to compute the 

release characteristics, flux, current, condenser voltage, and holding 

force, against time, for the magnet and its circuit illustrated in Figs. 16a 

and 166, respectively. 

Figure 16a represents a conventional type of flat-faced holding or 

lifting magnet, designed in accordance with the methods of Art. 86. 
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^N=432 

^R = 6.15a 

It will be assumed that the magnet has been sufficiently slotted to make 

the eddy currents negligible.® The magnetization data are given in 

Fig. 17, These data are plotted in terms of the effective flux of the 

center pole core, which may be considered the effective flux linking with 

all the turns. For the purpose of this problem the falling magnetization 

curve, taking into 

account the hyster¬ 

esis of the iron, is 

necessary. This may 

be computed in ac¬ 

cordance with the 

methods of Art. 49, 

Chapter IV. 

In calculating the 

force, not all the ef¬ 

fective flux of the 

For this particular de- 

_ ^=r-Er-12 
1.5m/ 

Fig. 16a. Quick-re- 
lease holding magnet. 

Fig. 166. Electrical circuit 
for the quick-release magnet 

of Fig. 16a. 

center pole core is effective owing to leakage, 

sign, at the 0.005-m. air gap illustrated, the total pull between arma 

ture and pole face, properly taking into account the leakage factors, 

works out to be 

Force = 0.0298(^^ lb. (37) 

where ^ is in kilomaxwells and defined as above. 

Fig. 17. Magnetization curves for the magnet of Fig. 16a, for an air-gap length 

of 0.005 in. 

® This tjqie has merely been taken as convenient for the purposes of illustration; 
a more practical shape would be a stack of E-type laminations for the magnet proper 

with a flat armature made of I strips. 

^ See the discussion on pages 366 and 367. 
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Figure 166 gives all the necessary electric circuit data. The con¬ 

denser of 1.5 microfarads has been designed in relation to the effective 

inductance of the magnet, determined from the magnetization data of 

Fig. 17, so as to produce an approximate free oscillation frequency of 250 

cycles per second. The intention is to have the magnet release its arma¬ 

ture at about 0.001 second. 

2. Calculation of the Release Characteristics from the Time of 
Opening the Switch. At the instant of opening the switch the current 

will be /o = EjR = 1.95 amperes, and N1 will be 432 X 1.95 = 843 

ampere-turns. Referring to the magnetization curve of Fig. 17 at this 

point, 00 will be 84.8 kmax. By equation 30, 

TABLE VIII 

Point 
or 

Interval 

Degree 
of 

Approx. 

Time or 
Interval, 

S('C, 

Flux, 
1 </), kmax. 

Current, 
/, 

amp. 

Condenser 
Voltage, 

volt.s 

d<t) 

It' 

webers 
per sec. 

Final 
Second 

Approx., 
0, kmax. 

0 Correct 0 84 8 1.95 -h 12 0 84 8 

0-1 First 0.0001 - 1 5 1.80 -120 -0 142 - 1.4 

1 First 
— 

83.3 1.66 -108 -0.283 83 4 

0-1 Secoiul - 1.4 1.82 -121 -0 138 - 1.4 

1 Second 
1 

f 

83.4 1.68 -109 -0.276 

I 

Third 
Approx. 

83.4 

12 First O.OOOl 1.48 - 99 -0.388 - 3.9 

2 First 0 0002 80.0 1.28 -208 -0.500 79.5 

2-3 First 0.0001 1.05 - 70 -0.537 - 5.4 

3 First 0 0003 1 73 0 0 83 -278 -0.575 74.1 

3-4 First 0.0001 0.76 - 51 -0 642 - 6.4 

4 First 0.0004 68.0 0.69 -329 -0.709 67.7 

4-6 First 0.0002 0.57 - 76 -0.780 -15.6 

6 First 0 0006 50.0 0.44 1 -405 -0.852 52.1 

6-8 First 0.0002 0.37 - 49 -0.923 -18.5 

8 First 0.0008 34 0 0.29 -454 -0.995 33.6 

8-10 First 0.0002 0.19 - 25 -1.038 -20.8 

10 First 0 0010 13.0 0.09 -479 -1.080 12.8 
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^ _ io __1.95 
CN "" 1.5 X 10“® X 432 

3,010 webers per second per 

second 

Letting the first interval = 0.0001 second, the first approximation for 

<t>i will be, by equation 31, 

(t>i = 84.8 - ^ X 3,010 X 10^ X 10~® 

= 84.8 — 1.5 = 83.3 kmax. 

Fig. 18. Release characteristics for the magnet of Fig. 16, plotted from 

the tabulation of Table VIII. 

Referring to the falling branch of the magnetization curve we obtain 

(iV7)i = 720, giving Ii = 1.66. The change in condenser voltage over 

the interval will be, by equation 34, 

(AEc)o-i 
1.80 X 0.0001 

1.5 X 10“^ 
= 120 volts 

and the condenser voltage at fi, by equation 33, will be 

iEc)i = + 12 - 120 = - 108 volts 
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Then, by equation 32, 

_ - 108 - 1.66 X 6.15 

\dt/i ~ 432 
0.274 weber per second 

and by equations 35 and 36, the second approximation for 4)1 will be 

01 = 84.8 - 0.137 X 10^ X 0.0001 = 83.4 kmax. 

Repeating this procedure a second approximation for 4>i may be made. 

These computations are carried out in tabular form in Table VIII, 

following the form of Table VII. It will be noticed that the third 

approximation for 0i gives the same result as the second, and hence the 

second set of calculations may be eliminated. 

The final value of 0i is now plotted and is shown on curve sheet of 

Fig. 18. Extrapolating this curve to to = 0.0002, a first approximation 

for 02 (^an be found. These and all the subsequent calculations are 

tabulated in Table VIII. 

The final results are shown plotted in Fig. 18 up to slightly beyond 

0.001 second, where the current becomes zero. This is merely a con¬ 

venient stopping place. The calculations could be carried into the 

negative lobe if desired. The force curve has been calculated by equa¬ 

tion 37. The actual time of release can be determined from these curves 

if the releasing force Is known. 

112. Method of Rational Design of a High-Speed Magnet 

1. General. Definitions. In Art. 107 and the illustration of 

Art. 107, Sec. 4, it was demonstrated how to predetermine the time 

characteristics of a magnet which has been designed. It is now pro¬ 

posed to outline a method whereby a design for a high-speed magnet 

having specified time characteristics can be obtained. This method as 

herein presented depends on the correlation of design constants obtained 

by making many sample designs. The specific data given apply only 

to magn('ts where the force increases rapidly with the stroke, that is, 

magnets in the range of index numbers from 800 to 30. These magnets 

can be either of the fully laminated type employing a square plunger, 

or of the slotted cylindrical plunger type. 

In this discussion of high-speed magnets the following definitions 

and symbols will be used: 

Time of Actioriy Ta. 'I'otul time iT‘(iuired, from the instant of closing the 

switch, for the plunger to complete its stroke. 

Time of Motion, Tm^ Actual time the plunger is in motion in order to 

complete its stroke. This time will often be expressed as a percentage 
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of the time of action, thus Tm = where Km is the fraction of Ta 

spent in actual motion. 

Time Constant. The time constant of the magnet at the instant motion 

commences = L/R^ where L is N<t)/Iy N(t> being the total flux linkage 

at the time when the action commences and I the current. R is the 

coil circuit resistance. 

Stalled JVattSy E^IRy where E is the impressed voltage. 

Mechanical Worky Wm- This is the actual mechanical work done during 

the stroke and is the sum of the useful work, the stored kinetic energy 

of motion, and the work done against friction. The unit is inch- 

pounds. 

Mechanical PoweVy Pm- This is the average rate of doing mechanical 

work and is based on the actual mechanical work and the time of 

motion, 

W 1 
■ sf horsepower (38) 

Useful Worky Wu^ This is the product of the average force applied to 

the load (excepting the acceleration force to the system and the 

frictional force of the plunger) by the stroke. The unit is inch- 

pounds. 

Mechanical Efficacyy This is the ratio of the useful work, Wu^ which 

the magnet does perform, to the work it could perform if the stroke 

were carried out very slowly with the current at its stall value. This 

is the same definition as that of Art. 36. 

2. Empirical Design Data. Consideration of the operation of high¬ 

speed magnets will show that the characteristic factors just defined can 

be correlated in the following manner. 

(1) The time constant of the magnet is related to time allowed for 

the current to build up to its starting value. Thus 

I = KTa - Tm) 

That such a relation should exist is fairly obvious. The less time 

available for the current to rise to the value where motion is incipient, 

the shorter the time constant must be. 

In the type of magnet under discussion® (index number 800 to 30), 

® Magnets with low index numbers like that computed in Art. 108 (index number 

3.6), on the other hand, have a constant or drooping force-stroke characteristic, and 

the plunger will be highly saturated at the end of the stroke. In these magnets it is 

necessary that the starting flux be a much smaller percentage of stall flux. Other¬ 

wise the magnet may stall in the middle of its stroke. Owing to the substantially 

constant force of these magnets, the average acceleration will be low, and hence the 
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where the force rises rapidly as the stroke is completed, the flux at the 
start of motion should be about 90 per cent of the value it would have at 
that gap position if the current were equal to E/R, The reason for this 
is that the flux will have a tendency to stay constant or rise very slowly 
during motion, hence in order that the flux density in the iron during 
operation be at a reasonable value the flux should start high. A 
value higher than about 90 per cent is not feasible as then a slight 
decrease in supply voltage, or increase in coil temperature, might prevent 
operation. 

The value of L/R in relation to Ta — depends upon the satura¬ 
tion of the iron at the start of the stroke with full excitation. If under 
these conditions the iron were completely unsaturated the time constant 
would have to be 43.5 per cent of the starting time in order that the flux 
reach 90 per cent of the final value in a time of {T^ ~ Tm). Data giving 
the value of L/R in terms of the starting time for various saturations are 
shown in Fig. 19a. Roughly, if the working air-gap permeance curve 
intersects the saturation curve for the iron parts in the region of the knee, 
the saturation may be considered low; if it intersects at a point where 
the ampere-turns are about 2 to 4 times the value at the knee it may be 
considered medium. Intersections above this point would be considered 
high. 

(2) The stalled power consumption will be dependent upon the 
average mechanical power output of the magnet. A high-speed magnet 
is essentially a motor. While the armature moves, a self-induced voltage 
of motion is acting against the current flow. The mechanical power 
developed is proportional to this electric power plus the rate of decrease 
of the stored magnetic energy of the air gap. Consequently as the 
action of a magnet is speeded up, its mechanical power output is 
increased, and the electrical input power must be increased in proportion. 
At constant voltage this requires an increase in current. This is obtained 
by using fewer turns of heavy wire. Thus the coil resistance is lowered 
and the stalled power input is increased. Figure 196 shows the relation¬ 
ship between the electric power input at stall, and the average mechani¬ 

cal output of the magnet. 
(3) In a high-speed magnet the useful work as previously defined 

will always be less than the actual mechanical work. The faster the 
action of a given magnet the greater will the kinetic energy of the moving 
parts be, and the larger will the mechanical work be for a given useful 
work. Thus very fast magnets have a low ratio of Wu to Wm* It 

percentage of motion will be high compared to that of magnets having a steeply 

rising characteristic. It is for this reason that the given data cannot be applied to 
these magnets. 
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would seem natural that such magnets would have a low mechanical 
efficacy, and that in general the mechanical efficacy should be related 

Legend: A-High Saturation 
B~ Medium Saturation 
C-Low Saturation 
D-Air only — No Saturation 

Fig. 19a. 

Mechanical Power —Horsepower 

Fig. 196. 

Mechanical Work Wn 

Fig. 19c. 

Useful Work _ 
Mechanical Work W,^ Time of Action ta 

P'lG. 19rf. Fig. 19c. 

Empirical design data for high-speed tractive magnets. 

Index number = ^,00 to 30. 

Nominal useful work = 4 to 25 in-lb. 

to the ratio Wu/Wm- Such is actually the case, and the graph of Fig. 
19c shows the empirically derived relationship. 
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(4) As the ratio increases, indicating lower-speed magnets, 
the percentage of motion, will decrease. In other words, the less 
the speed of a magnet, the greater will be the percentage of the time 
allotted to the build-up of current prior to motion. Figure 19d shows 
the manner of variation of these two quantities. 

(5) As the ratio of the stroke ^o the time of action increases, more 
energy is diverted to the kinetic form, and the ratio WufWm decreases. 
The manner of this variation as derived empirically is shown in Fig. 19^. 

3. Design Procedure for High-Speed Magnets. Assume that it is 
required to design a magnet to move a given load over a given stroke s, 

in a specified time Tay and that the static characteristic of load force 
against stroke has been given; further that the index number of the 
static load characteristic is between 800 and 30. Then we may proceed 
in the following manner: 

(1) Estimate from curve 19e the ratio 

(2) With WyJWmy enter curve 19d and obtain the percentage of 
motion Kmy and thence the estimated time of motion as KmTa- 

(3) With Wu/^ my enter curve 19c and obtain the estimated value of 
mechanical efficacy 

(4) Using the given static load force-stroke characteristic and the 
estimated mechanical efficacy construct a probable stalled force-stroke 
curve for the desired design. This curve should have the general slope 
corresponding to the index number of static characteristic, and a work 
area which will be greater than that of the static characteristic by l/rjm- 

(5) W^ith the curve of (4) as a starting basis, make a preliminary de¬ 
sign of a proper tractive magnet, following the directions of Chapters IX 
and X. This is not intended to be a complete design; it merely con¬ 
sists in determining the proper size of plunger or pole face, the coil 
ampere-turns, and the permeance of the working gap including the 
probable value of fringing permeance. The winding space, wire size, 

and coil turns cannot be determined yet. 
(6) Subtract the time of motion Tm, found (2), from the time of 

action Ta and thence determine the time constant from Fig. 19a. 
(7) From the ratio Wu/Wmt and the value of the useful work Wu, 

calculate Wm- 
(8) From Wm calculate the average horsepower over the stroke from 

equation 38. 
(9) Enter Fig. 196 with the average horsepower and determine the 

stalled power input E^fR. Knowing E, solve- for ff, the coil circuit 

resistance. 
(10) Knowing the time constant L/Ry solve for L. 

(11) Neglecting the reluctance of the iron, and estimating the air 
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path permeance P of the magnetic circuit as 0.9P,4, to allow for the fixed 

gap if present, compute iV, the turns of the exciting coil, as, iV = y/L/P* 
(12) Using N1 from (5), and estimating the mean length of turn of 

the coil, substitute into equation 17a, of Chapter VI, and solve for 
resistance per inch of wire: 

^ E ^ 
Pi = ohms per inch 

PmNI 

Referring this to Table II, Chapter VI, select the nearest size of wire. 
(13) Using the turns from (11), and the wire size from (12), design 

the coil and coil winding space. The proportions given in Chapter X 
may be followed. 

(14) A sketch of the magnet should be made at this point. The fixed 
gap should be designed to utilize 10 per cent of the coil ampere-turns. 
Compute the effective permeance (as regards total flux linkage) of the 
working gap, and if materially different than that of (5) recompute the 
items from (11) on. Also compute the permeance of the fixed gap. 

This finishes the design of the magnet, but it is generally necessary 
to check its performance. This can be done by computing its dynamic 
characteristics by the method of Art. 107 and the illustration of Art. 
108, Sec. 4, or the sample design of Art. 113. 

113. Sample Design of a High-Speed Magnet 

1. General. In order to illustrate the method just developed and 
also to prove its usefulness it will be necessary to design a magnet for 
a specified speed of action and then check its performance. Only in 
this way can the validity of the data be ascertained. 

2. Statement of Problem. Design a magnet of as light a weight as 
is consistent with good economy, to satisfy the following data: 

Stroke = A iu. 

Load = 50 lb. including spring; neglect friction. 

Time of action = 0.040 sec. 

Weight of moving parts of load = 1 lb. 

Material = medium-silicon steel laminations. 

Plunger. If used, make of square cross section. 

Supply voltage =12 volts. 

Operating temperature = 20° C. 

Show a suitable mechanical arrangement of the parts, and the location 
of the rivets holding the laminations. 
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3. Tentative Design. The nominal index number and useful work 
of the required design are 

Q = 75.4, and 4.7 in-lb., respectively 

which come within the data of Fig. 19. The following design procedure 
follows that of Art. 112, Sec. 3. 

(1) The ratio of stroke to time of action is 0.0937 -f- 0.04 = 2.35, 
which by reference to curve I9e gives Wu/Wm = 0.61. 

(2) From curve 19d, the percentage of motion will be 21 per cent. 
(3) From curve 19c, the mechanical efficacy will be 0.38. 
(4) Referring to Fig. 10, Chapter IX, the proper magnet type will 

be the flat-faced plunger type. The proper shape of the stalled force- 
stroke characteristic for this type of magnet can be seen by referring to 
Fig. 3, Chapter IX. As the load to be overcome is 50 lb., the stalled 
force at -^-in. gap should be somewhat in excess of this to allow for 
starting friction, small variations in voltage, and the fact that the actual 
flux at the start of motion is to be about 90 per cent of the stalled value 
(see Art. 112, Sec. 2, Item 1). With these allowances the stalled force 
at -^pin. gap should be about 75 lb. The force at the end of the stroke 
can be estimated by taking a suitable sat¬ 
uration density for medium-silicon steel, 
say 120 kmax. per sq. in. (see Fig. 15, 
Chapter II), and noting from Fig. 8, Chap¬ 
ter X, that for an index number of 92, 
corresponding to the starting force of 75 lb., 
the air-gap flux density at the beginning 
of the stroke should be about 65 kmax. 
per sq. in. Then the force at the end of 
the stroke will be 75 X (120/65)2 = 255 lb. 
With these values a tentative force-stroke 
curve, following the shape of Fig. 3, Chapter 
IX, can be constructed, as shown in Fig. 20. 
The area under this curve is 12.2 in-lb., 
which gives a mechanical efficacy of 
4.7/12.2 = 0.385. Thus this is very sati¬ 
sfactory. If the mechanical efficacy does not check, the force-stroke 
curve must be re-estimated until a check is obtained. 

(5) Preliminary Design of Magnet. Using Bg equal to 65 from Fig. 
8, Chapter X, and a force of 75 lb., the net plunger area will be, by equa¬ 

tion 85, Art. 72, 7^ X 72 
S = —= 1.28 sq. in. 

Fig. 20. Assumed static force- 

stroke characteristic for item 4 

of the solution of the problem 

of Art. 113. 
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The gross area will be 1.42, allowing a stacking factor of 0.9 for the 
plunger laminations. The dimensions of the square plunger will there¬ 

fore be _ 

"v/1.42 = 1.19, call it l"^^ in. 

As this magnet will only be excited a small part of the time it will be 
economical to have a relatively large percentage of the coil ampere-turns 
across the iron. Taking this as 20 per cent and allowing 10 per cent for 
the fixed gap, the coil ampere-tums will be, by equation 12, Chapter X, 

,,, 65 X 0.0937 
NI =- = 2,730 ampere-turns 

0.70 X 0.00319 ’ ^ 

If we assume the fringing flux to extend \ in. back of the center of the 
air gap the permeance of the working gap may be estimated as 

Pi 

Pj 

Psb 

Pi 

P10 

^ ^ 3.19 X 1.41 

I ~ 0.09375 
48.0 

0.26^1 = 0.26 X 3.19 X.4 X h^in. = 4.0 

, 2A 3.19 X 4.75, 0.50 

IT \ g / 3.14 0.0937 

0.77ng = 4 X 0.77n X 0.0937 = 0.9 

^ = fiX 0.22 = 0.7 
4 _ 

Pw = 61.7 max. per 
ampere-turn 

where the subscripts refer to the permeance equations of Chapter V. 
(6) The starting time of the magnet will be 

0.04(1 - Km) = 0,04 X 0.79 = 0.0316 second 

and, by reference to the curve for low saturation® of Fig. 19a, the time 
constant of the magnet will be 0.030 second. 

(7) The mechanical work will be 

Tx. 50 X 0.0937 

^ W-oeT- 7.7 in-lb. 

• Referring back to item 4, at the start of motion the actual flux is only 90 per 

cent of the stalled value. As the flux does not rise rapidly with motion in this type 

of magnet, the motion will be carried out at low saturation. 
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(8) The average horsepower over the stroke will be, by equation 38, 

Pm = 
7.7 

X 
0.21 X 0.04 550 X 12 

0.139 hp. 

(9) From curve 196, the stalled watts corresponding to 0.139 hp. is 
120 watts. Then, 

144 

120 
= 1.20 ohms 

(10) The inductance at the beginning of the stroke will be 

L = XR = 0.030 X 1.20 = 0.036 henry 

(11) Estimating the total air-path permeance (working gap -}- 
distributed leakage -f series fixed gap) of the magnetic circuit as 0.95P„ 
= 58.6, the coil turns will be 

N .Jk. 
\ P V A 

.0360 

58.6 X 10 -8 
= 248 turns 

(12) The mean length of turn, allowing -^jj-in. clearance around the 
plunger, bobbin wall, and net winding depth will be 

+ iV + 'S' “b !%■) “ b.75 in. The resistance per inch of wire 
will be, by equation 17a, Chapter VI, 

*• - ■ 6,75 X 2,730 " " ^ 

which by reference to Table II, Chapter VI, corresponds most closely to 

No. 19 wire. 
(13) Assume the coil to be made of enameled-covered No. 19 wire 

(0.0379-in. diameter) wound in a phenolic bobbin in. thick. Allow 
^ in. between the coil and the moving plunger for clearance. Assume 8 
layers. Then the turns per layer wdll be 248/8 = 31, and the length of 

the coil w ill be 

0.0379 X 
(31 + 1) 

0.95 +1 - 

say 1.50 in. to allow some clearance for the bobbin. The height of the 

coil winding space w^ill be 

8 X 0.0379 + iV + A + = ^-425 

say in. The mean length of turn will be 

4(8 X 0.0379 + i + * + lA) = 6.70 in. 
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The resistance at 20° C. will be 

6.70 X 248 X 0.6708 X lO'^ = 1.115 ohms 

The current at 12 volts supplied will be 

/(stall) = 12/1.115 = 10.76 amperes 

and the ampere-turns developed are 

248 X 10.76 = 2,670 ampere-turns 

(14) A sketch of the magnet, showing all the essential mechanical 
features, is shown in Fig. 21. The permeance of the main gap, whose 

[Brass plate for Clamp-1, y 
ing Magnet Laminations^ir 

and Guiding Plunger 
O K -iV- 

-44- 

o o—©f-e 
248 turns ^ 

1.115 nat^^C. 

19 

‘ 32 ■ 

o - O- Q 

Non-Magnetic Gui^ 
Pieces in Fixed 

Gap 

Steel Plate for_ 
■piveting Plunger 

Laminations'- 

' Rivets 

.-Coil Bobbin 

Section A-A 

Fig. 21. Final design for the high-speed magnet of the problem of Art. 113. 

flux may be considered to link with all the turns, is almost the same as 
that calculated in 5, and will be 62.2. The distributed permeance will be 

Pi = ^ = 
fxS 3.19X1.19X0.57 

I 0.4375 

Pt = 0.26m/ = 0.26 X 3.19 X 2 X 0.57 

3.19 X 2.37 

g/ 3.14 

= 4.2 

= 0.8 

054 = 2.7 

7.7 

This distributed permeance must be multiplied by (0,96/1.50) 
because its flux does not link with all the turns of the coil, and then by ^ 
and f to get the effective permeance which may be considered in 
parallel with the main gap. The effective distributed permeance will 
be 1.64, and the total effective working gap permeance will be 62.2 + 
1.6 * 63.8 max. per ampere-tum. 
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The flux of the working gap may now be estimated at 0.0638 X 
2,670 X 0.7 = 119 kmax., allowing 30 per cent of NI for the iron and 
fixed gap. The permeance of the fixed gap, in order to use 10 per cent of 
the coil ampere-turns, will be 

= Mr = 0.446 kmax. per ampere-turn 

Letting the width of the fixed gap be 1^ in. and the length along the 
flux lines 0.020 in., its permeance will be 

0.00319 X 1.19 X 1.19 X 2 

which with its fringing permeance of about 0.025 will make Pc = 0.475 
kmax. per ampere-turn, which will be satisfactory. 

The joint permeance of the.se two gaps in series is 0.0568, which is 
sufficiently close to the value used in item 11 so that N will not have to 
be recomputed. The weight of the plunger is 1.19 X 1.19 X 0.9 X 2 X 
0.283 = 0.72 lb. The total mass of the moving system will then be 

1.0 + 0.72 

386 
0.00445 in. mass units 

3. Determination of the Dynamic Characteristics of the Magnet of 
Fig. 21. In Fig. 22 is drawn the magnetization curve of the iron parts 
and the fixed air gap of the magnet. The flux plotted in this curve is 
that effective in producing the coil flux linkage. The net iron length 
and area have been taken as 6f in. and 1.27 sq. in., respectively. 

The leakage coefficient of the magnet may be found from items 5 and 
14, and is (63.8/48.0 = 1.33). In order to find the instant at which 
motion commences, we must determine when the magnetic pull will 
overcome the load force of 50 lb. The flux density in the working gap 
necessary to produce this force will be, by equation 85, Chapter VIII. 

^ /Force X 72 /50 X 72 
B. = v- = \/-= 50.3 kmax. per sq. in. 

^ S ^ 1.41 

The area S is the gross plunger area, as it is this area which makes 
up the working gap. The effective flux of the magnet will then be 
50.3 X 1.41 X 1.33 = 94.3 kmax., and is indicated by 0 in Fig. 22. 

As the magnetization curve up to this point is practically a straight 
line, the time required for the field to reach this value may be calculated 

by the method of equation 11, Art. 95, Chapter XL 
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where/e = 1.115 and L = N<t>/I = (248 X 94.3 X 10“V6.93) = 0.0337. 
1 = 6.93 amperes is obtained from the Fig. 22 for the flux of 94.3, and 
corresponds to NI of 1,720, shown at point Fq, Substituting into the 
equation 11 gives 

6.93 = 10.76(1 - (-33.1^) 

and solving we get t = 0.0312 second. This value is satisfactory. 

Fig. 22. Magnetization curve of the iron parts and fixed air gap of the magnet 

of Fig. 21. 

Should this time come out very far from the desired value a new choice 
of turns should be made. 

Letting this time be fo, 

12 - 6.93 X 1.115 

248 
0.0172 weber per second 

In Fig. 23 are shown curves of P*, {dPx/dx), and the leakage coefficient 
Vj all of which have been' calculated in the usual manner. From these 

data (JPw)o and (dPyj/dx)^ = 63.8 and 564, respectively. Then, follow¬ 
ing the method of Art. 107, Sec. 6, and the illustration of Art. 108, Sec. 4, 
we have 

8.86 
"1,485 X 564 X lO""^ X 0.0172] 

. 0.00445 X 63.8 X 10~® J X 0.0018 

= 805 in. per sec. per sec. 
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where the interval is 0.0018 second, making tx — 0.033 second. 

(^) = ^ X 805 X 0.0018 = 0.722 in. per see. 

X = ^ X 0.722 X 0.0018 = 0.000432 in. 

<i>i = <Po -\- 
\cU Jo 

(/i - to) = 94.3 + 1,720 X 0.0018 = 97.4 kmax. 

Referring this value to the mag¬ 
netization curve, (A^/)i will be 1,740, 
and 11 will be 7.02. 

/dA 12 - 7.02 X 1.115 

\dt )x “ 248 

0.01685 w^eber per second 

then {d4)/dt)o-x = 0.01702, and 

= 94.3 + 1,702 X 0.0018 = 
97.37 kmax. 

A J_ X i- ± 
64 18 64 32 64 

Air Gap Length —In, 

Fig. 23. Leakage coefficient, working 

air-gap permeance, and space rate of 

change of working air-gap permeance 
plotted as a function of air-gap length 

for the magnet of Fig. 21. 

This completes the first step. 
The remainder of the computations 
are carried out in the same manner 
as the reference illustration, w ith the 
exception of the force calculation, 
which for this type of magnet is best done by means of equation 86, of 
Art. 72, Chapter VIII, and theTeakage coefficient, in the manner of 
Sec. 5, as follow^s: 

vS 
kmax. per sq. in. 

where is the flux determined from Fig. 22 and S = 1.41 sq. in. 

Force = 
B\S 

72 
lb. 

All the calculations are set forth in Table IX, which follows the same form 
as Tables III and IV, with exception of dP^ldx^ which have been 
replaced by v and Bg. Because of the different method of force 
computation the order of some columns has been changed. The operat¬ 
ing point on the magnetization curve for each time point in the table is 
shown in Fig. 22 by the corresponding number. It is interesting to note 
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that during the actual operation the operating point stays very close to 
the knee and that the magnet operates reasonably close to optimum 
conditions. 

The final computed dynamic characteristics are shown plotted in 
Fig. 24. The total time of action as read from the plunger displacement 

curve is 0.0408 .second, which is very close to the desired value of 0.040 
second. 

With reference to what has been said of the effect of the static force- 
stroke characteristic on the dynamic characteristics it is interesting to 
compare Figs. 13 and 24. Figure 13 is typical of a constant or decreasing 

I'Kj. 24. Dynamic characteristics of the high-speed magnet of Fig. 21 plotted from 

the tabulation of Table IX. 

force magnet (low index number); Fig. 24 is typical of all magnets 
where the static force rises rapidly with a decrease of gap length. 

114. Speed Limitations of High-Speed Magnets 

1. General. There are definite limitations to the speed that can 
be attained by a magnet plunger or armature. For the purpose of dis¬ 
cussing these speed limitations it is best to classify the magnets with 
respect to the two fundamental actions, either direct attraction between 
magnetized surfaces, or the force reaction between a current-carrying 
conductor and an independent magnetic field (leakage flux type). 
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2. Direct Attraction Type. When the force is produced by the direct 

attraction between magnetized surfaces it is limited in value by the 
saturation of the iron. Hence, regardless of the excitation used, the 
maximum force that can be obtained with a solid iron plunger is about 
260 lb. per sq. in., while if the plunger is of laminated medium-silicon 
steel this force may drop to 200 lb. These maximum forces are obtain¬ 
able only near the end of the stroke when there is no leakage. Therefore, 
the maximum acceleration obtainable will depend only on the mass of 
the moving system per unit of plunger cross section. 

When it is absolutely essential to develop the maximum possible 
accelerating force the plunger must be kept saturated. This can be done 
only by keeping the current near its limiting value EjR during the entire 
motion, and preventing a large decrease in current as shown in Fig. 24. 
The current may be prevented from dropping sharply by making the 
induced voltage small compared to the resistance drop. This voltage 
can be reduced only by making the coil turns less, which results in a coil 
of low resistance and large power consumption. Such a magnet will be 
ineflScient and uneconomical, and may be compared to a motor whose 
generated voltage is low compared to the resistance drop. In general, 
for good economy, the direct attraction type (index number 800 to 30) 
should be designed to operate over the region of the saturation curve 
shown in Fig. 22. 

An interesting consequence of the above is that for any given time of 
action and any given weight of plunger there will be a maximum possible 
stroke. This follows directly because of the limitation placed on plunger 
acceleration by its mass and the available accelerating force. 

3. Leakage Flux or Solenoid and Plunger Type. In this type the 
force is given by equation 20c of Chapter VIII, 

Force = //*SXBp - = USEs (39) 

where Bj is the ferric flux density as defined in Art. 23, Chapter II. As 
soon as the ferric flux den.sity Bf of the plunger is close to the saturation 
density of the plunger iron the plunger force will be directly propor¬ 
tional to the coil current and //. As there is no theoretical limit to the 
value of coil current, there is no limit to the plunger force that can be 
produced in this type of magnet. Practically, the instantaneous force is 
limited by vaporization of the copper, and the steady force by coil tem¬ 
perature rise. In the usual design, limited by temperature rise, the 
accelerations that can be obtained are considerably less than in the 
attraction type because the force obtainable per unit plunger cross 
section is less, and the plungers arc relatively longer and hence heavier. 
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In these magnets, the induced voltage will be proportional to the 
product of the plunger flux and velocity,^® thus 

d{N(t>) 
di 

dx 

dt 
= E - IR 

where N and h are the total turns and length of the coil, respectively. 

Solving this equation for the plunger velocity, we have 

dx 

di 

(E - IR)h 

M <f)p 
inches per second (40) 

As the stroke is generally long, and the force small, the motion is 

carried out relatively slowly. Consequently, the time for the current 

to build up to the starting value and the time to accelerate the plunger 

up to speed are generally a small part of the total time of motion. The 

time of action may then be quickly estimated as equal to the quotient of 

the stroke and the average plunger velocity. 

If the magnet starts its stroke with the plunger reasonably well 

saturated, which is usual, will be fairly well determined by the 

saturation properties of the plunger material, and will be approximately 

equal to BpSj where Bp is the plunge'r flux density produced by a mag¬ 

netic intensity of Nl/h ampere-turns per inch. The current I will 

then be directly proportional to the load force. When the stroke is 

reasonably long, and the total load force including friction is constant, 

the plunger will quickly accelerate to constant velocity. The current 

will then stay con.^tant at a value just sufficient to overcome the load, 

and may be calculated by equation 39. Denoting this current i)y I 
the time of action will be 

Ta 
Stroke X N4>p 

{E - lLR)h 
seconds (41) 

PROBLEMS 

1. Compute the effective depth of peiietiatioii in medium-silicon steel of a 60- 

c.p.s. sinusoidal wave of flux for peak flux deiusities of 64.5, 100, and 115 kmax. per 

sq. in. Assume p = 16 microhm-inch. Is the statement of page 365, that greater 

depths of penetration can be secured by increasing the iron saturation, tnie? iVo/c: 

The average effective iiermeability of a piece of steel, as regards dejith of penetration, 

can be determined by plotting the instantaneous permeability as a function of time 

and then finding the average value over the cycle. This permeability-time curve will 

depend on the wave form of the flux. 

‘0 Except when the plunger is close to the open end of the coil. 
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To illustrate the solution, the permeability-tiine curves of Fig. 26 have been 
drawn. Figure 25a represents the hysteresis loop for medium-silicon steel for Bm = 
64.5; Fig. 256 shows the manner in which the differential permeability, or the slope 

Differential permeability of iron plotted as a function of time for various maximum 
values of sinusoidal flux density waves. 

of the hysteresis loop, varies as a function of time for a sinusoidal flux wave. Figures 
25c and d show the differential permeability derived in similar manner for maximum 
loop densities of 100 and 115, respectively. 

The final results are tabulated below: 

Bn. Avg. Diff. 
Dejith of Pene¬ 

tration, in. 

64.5 320 0.()f>5 
100 220 0.078 
115 190 0.084 

2. Figure 26 represents the field structure of a small magn(‘tie motor and Fig. 27 

the core stnicturc of a small i^ower transformer. Comment on the position of the 
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rivets, as regards their effect on the production of circulating currents in the core 
structure, for each case. Sketch a better arrangement. 

3. Compute for the fiat-faced plunger magnet designed in Art. 87, Chapter X, 
the time required for the flux to build up to the value required to lift the rated load of 
123 lb. Use the method of Art. 104 with <ti as the variable. Assume all the data the 
same as tabulated for the final design, except that the winding is to be assumed at 
20° C. Use the magnetization curve of Fig. 10 of the article, and add to it any points 
required. Note: This magnetization curve is plotted in terms of the useful flux of 
the working gap, whereas, for the purpose of the flux-time characteristic curve com- 

Laminations clamped between cast 
iron frames by bolts shown 

/ 

Fig. 26. Magnetic Fig. 27. Magnetic circuit 
circuit of a magnetic of a shell-type trans¬ 

motor. former. 

putation of this problem, the effective flux linking with all the turns is required. This 
effective flux will be, for all practical purposes, that of the plunger as listed in Table III 
of Sec. 6, Art. 87, Chapter X. 

4. Repeat Problem 3, using the method of Art. 105 with I as the variable. In this 
case, in order to get the rated force of 123 lb., the current must rise to 1.227 amperes. 

6. Check the answers of Problems 3 and 4 by the method of Art. 106. 
6. Compute for the magnet of Problem 3 the time required for the annature to 

complete its full stroke of 0.125 in. Assume that the load on the armature consists 
of the following: 

Weight to be accelerated (entire mechanical system including armature) = 5.01b. 
Friction force to be overcome (assume constant). = 23.01b. 
Initial spring force. = 100.01b. 

The spring constant is 400 lb. per in. Note: The time required for incipient motion 
to occur will be the same as that of Problems 3, 4, and 5, and hence need not be 
recomputed. For computing the dynamic characteristic following this interval, it 
will be necessary to compute curves of the working air-gap permeance (including 
associated leakage paths) and its tlerivative as a function of gap length, besides the 
complete magnetization curve. These curvTs will be similar to those of Figs. 6 and 7. 

7. Compute the release characteristics for the magnet of Fig. 16, a.ssuming all 
the data to remain the same as stated, except that the air gap is to be taken as of a 
nominal zero length (see footnote 2, Chapter IV) instead of 5 mils. A^ote: Magneti¬ 
zation curve of Fig. 17 must be recomputed as the air gap has been reduced. 

8. Redesign the coil (wire size and turns) of the sample design of Art. 113, so that 
the time of action will be approximately 0.030 sec. Do not make any changes in 
mechanical design or dimensions. 
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9. Make a complete preliminary design for a high-speed magnet that will meet the 

following specifications: 

Stroke = i in. 
Load = 60 lb., including spring; neglect friction. 

Time of action = 0.02 sec. 
Weight of moving parts of load - 5 lb. 
Material = medium-silicon steel, laminations. 
Plunger. If used, make of square cross section (pole face does not necessarily 

have to be flat). 
Supply voltage = 120 volts. 

0[>erating temperature == 20° C. 



CHAPTER XIII 

ALTERNATING-CURRENT MAGNETS 

116. General 

The alternating-curn'iit magnet/ in its instantaneous magnetic rela¬ 
tionships, behaves exactly the same as the direct-current magnets dis¬ 
cussed in the previous chapters; thus the instantaneous force and excit¬ 
ing ampere-tums are related to the flux by the same equations and 
graphical constructions as have been used for direct current. However, 
the electric-circuit relationships will be different, as the impressed 
voltage will now be etjual to the sum of the voltage induced in the 
exciting coil by the continuous alternation of the flux and the resistance 
voltage.^ Two cases may arise: (1) operation from a constant-voltage, 
constant-frequency supply; and (2) operation from a constant-current, 
constant-frequency supply. Considering the former, which is the more 
common, the voltage eciuation will be 

e 
dt 

-f- iR (1) 

where the lower-case letters are used to indicate the instantaneous values 
of the alternating (iuantiti(‘s. This equation is identical with equation 1 
of Chapters XI and XII. In Chapter XI we were interested in the 
transient response due to a suddenly applied voltage of constant magni¬ 
tude; in Chapter XII the restrictions regarding saturation and arma¬ 
ture motion of Chapter XI were removed. Now it is proposed to inves¬ 
tigate the steady-state response due to a steadily applied alternating 
voltage. To simplify the discussion we shall, at present, make two 
assumptions or stipulations: 

^ It will be assumed throughout this chapter that the alternating-current electro¬ 

magnets under discussion are thoroughly laminated, and that eddy currents in the 

iron parts have been eliminated. See Art. 103 for a discussion of eddy currents and 

methods of laminating. 

* This statement assumes that the plunger is stationary, or that the plunger 

motion is carried out slowly enough so that the induced voltage due to motion is 

negligible. In general, the alternating-current magnet is a relatively fast-acting 

magnet, because the voltage induced by reason of plunger motion is always small 

compared to the impressed voltage. 

419 
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1. That the iron and air gaps of the magnetic circuit are so designed 
in relation to the maximum cyclic flux density that the flux is substanti¬ 
ally proportional to the exciting current. 

2. That operation is from a constant-voltage, constant-frequency 
supply of sinusoidal wave form. 

In accordance with these assumptions tlie exciting current and flux 
will be sinusoidal, and we may write for the instantaneous value of flux 

<t> = 4>m sin o)t (2) 

where 0^ is the maximum value of cyclic flux density, and w is the 
angular frequency of the supply in radians per second. As current and 

flux are a simultaneous cause and 
effect, they will be in phase, and 

i = Im sin oot (3) 

These instantaneous relationships 
between flux and current, and their 
method of derivation from the mag¬ 
netization curve, are shown in Fig. 1. 

Differentiating (2), we have 

d(f) 
— = COS U (4) 
at 

In accordance with assumption 1, 

0,, = FmP = NImP (5) 

which, when substituted into (4), 
will give 

deb 
— = OoNPIm cos c»}t (6) 
dt 

Substituting equations 6 and 3 into 1, we have 

e = w{N^P)Im cos 0)1 + lyrJi sin 0)1 (7) 

where N'^P will be recognized as the inductance of the circuit, L. Equa¬ 
tion 7 may then be written as 

e = o)LIm cos o)t + ImR sin (8) 

In Fig. 2a the reactance voltage i»)LIm cos and the resistance 
voltage ImR sin co<, together with their sum, the supply voltage c, are 
shown drawn in their correct relative phase positions. An easy way of 
combining the two component voltages is shown in Fig. 26. Here the 
vectors oa and o6, with a magnitude equal to the maximum amplitude 

Magnetization curve of 
Magnetic Circuit Assumed 
Linear in Accordance with 

Fio. 1. IiLstaiitaneous relationship be¬ 

tween an impressed sinusoidal flux 

wave and the resultant wave of excit¬ 

ing current for the special case where 

the magnetization curve is linear. 
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of their respective sinusoids, are drawn in their proper phase positions 

for t = 0. Projecting them on the vertical axis OA of Fig. 2a, by the 

dashed lines shown, will give the initial values of the sinusoids. If these 

vectors are allowed to rotate counterclockwise at an angular frequency 

of the supply, w radians per second, as shown by the arrow, their pro¬ 

jections on line OA will give the instantaneous magnitude of the sinus¬ 

oids. These vectors, as they rotate, will keep their 90® relationship. 

The resultant of the vectors is oc, which is drawn by completing the 

Instantanrous sinusoidal relationships between current and voltage for a simple 

Ry L, circuit, and the corresponding vector relations. 

parallelogram. Vector oc is the maximum cyclic value of the impressed 

voltage, and its magnitude, by the geometry of the figure, is 

E„ = (9) 

Its projection on line OA^ as it rotates, will give the instantaneous 

amplitude of the impressed voltage, which when plotted on the time 

scale gives the sinusoid shown. This resultant sinusoid e may also be 

obtained by addmg the component ones together graphically. Dividing 

equation 9 through by Ihe relation will be obtained in terms of the 

root-mean-square voltage and current, designated by E and /, respec¬ 

tively, ^_ 
E = / (10) 

The quotient of the voltage by the current will be the magnitude of the 

impedance of the circuit; it equals 

\Z\ = J= + (11) 

As impedance is a vector quantity, its complete expression must include 

the phase shift between the current and voltage; it is 

Z = Vco^L^ + R^ 11 

where dj the phase angle, is o)LIR of Fig. 2. 

(12) 
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Equation 1, as regards its steady state alternating-current solution, 

can now be written as 

E = IZ (13) 

or Z may be broken into its vector components, 

Z =jX + R 

where X = oiL is called the reactance of the circuit, and j is the usual 

symbol of complex algebra to denote that the component X has a phase 

advance of 90° over component R. Then (13) may be written 

E = jlX + IR (13a) 

In Fig. 3 the vector diagram for equation 13a is shown. 

The reactance voltage may be expressed in t('rms of the maximum 

cyclic flux (pyn, as follows: 

/X = loLI 
(^X4)jn Jm _ 

' i,r ~ ’ \^2 ‘ 

Substituting 27r/ for a, we have 

Reactance voltage = AV = = 4.44/A>„* r.ni.s. volts (14) 
V ^ 

By equation 13a, the magnitude of the reactance voltage may also hr 

expressed in terms of E, 

' ^ (iro Er = 1 IX 1 = - PR- 

In a well-designed alternating-current magnet the reactance voltage will 

be large compared to the r(‘sistance voltage. Consequently, if the supply 

voltage E is constant, the reactance voltage will also 

be substantially constant, regardless of the current 

magnitude. Thus, if IR is 10 per cent of /s’, IX = 

E \/\ — 0.1“ = 0.995A’; if it is 20 per cent of E, 

IX = 0.9SE. It therefore follows, by reference to 

equation 14, that when a magnet operates on a con¬ 

stant voltage supply, the flux linkage will be 

constant regardless of the plunger position. If the 

flux may be considered to link with all the coil turns 

Nj the flux 4>rn will be constant. This fact is the basis 

of the peculiar characteristics of the constant-voltage 

alternating-current magnet which stand out in comparison to those of 

the constant-voltage direct-current magnet. In particular, these char¬ 

acteristics are the following: 

1. The exciting current starts at a high value in the open-gap position 

and drops to a relatively low value in the closed-gap position. 

Voltage 

Fio. 3. V'ector dia¬ 
gram for equation 

13a. 
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2. The force-stroke curve, for long-stroke magnets, starts high in 

the open-gap position, drops rapidly to a minimum, and then rises to a 

high value at the closed-gap position; for short-stroke magnets it is 

similar to that of the direct-current magnet, but does not rise to such 

high closed-gap values. 

3. There is a definite minimum relationship between the volt-ampere 

input to the magnet in the open-gap position and the work the magnet 

can do. This is known as the volt-ampere limitation. 

These characteristics will be discussed in detail in later articles of this 

chapter. 

When the magnet operates on a constant-current, constant-frequency 

supply of sinusoidal wave form, the mathematical relationships derived 

still apply, provided that the linear relationship between flux and current 

is maintained valid. The volt-ampere limitation noted for constant- 

voltage operation will still apply, but the force-stroke characteristic will 

be exactly similar to constant-voltage, direct-current operation. The 

exciting voltage will start at a low value in the open-gap position and 

rise to a relatively high value at the closed-gap position. 

116. Nature of the Force of an Alternating-Current Magnet 

1. Single-Phase Operation—Direct-Attraction Type. In Fig. 4 
is shown a diagrammatic sketch of a single-phase, direct-attraction type 

magnet. Assuming a sinusoidal supply voltage and the reactance 

voltage large compared to the resistance voltage, the flux wave will be 

direct-attraction-type Fig. 5. Instantaneous and average force relationships 

magnet. for the single-phase magnet of Fig. 4. 

sinusoidal. The flux density in the working gap will then be sinusoidal, 

and its instantaneous value will be Bm sin oit. The instantaneous force 

between the armature and pole faces per square inch of surface will then 

be, by equation 86, of Chapter VUI, 

^ . {Bm sin 
Instantaneous force =-z-- 

/2 
lb. per sq. in. 

In Fig. 5 the wave of sinusoidal flux density is shown along with the 
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instantaneous-force curve, which is the square of the flux wave. The 

force pulsates from zero to a maximum twice each cycle. Mathemati¬ 

cally, it can be resolved into a constant force plus a sinusoidally alternat¬ 

ing force having twice the frequency of the supply. 

Bn sin* o>t f 1 - cos 2 
Instantaneous force =---= — - 

72 72 L 2 J 

= I (If) ~l{n) 
The first term is the average force over the cycle, and represents 

what is usually the useful force: 

Useful force = Average force = 
144 

lb. per sq. in. (17) 

This force may also be expressed in terms of the r.m.s. flux density, B = 

B„ly/2-, then 

Average force = — lb. per sq. in. (18) 

which is exactly the same force formula as for direct-current operation. 

This average value is shown by the dashed line A~A of Fig. 5, and is 

exactly midway between the zero and peak value of the instantaneous- 

force curve. 

The second term of equation 16 is the alternating component of the 

force. It has a frequency double that of the supply, and accounts for the 

characteristic hum or chatter heard from alternating-current magnets 

and transformers. This component of the force is generally not useful, 

and various methods, the most common of which is th(‘ shading coil, are 

used to suppress it. 

When designing an alternating-current magnet, all calculations and 

comparisons should be made in terms of the maximum flux density, Em¬ 
it is this value which is definitely limited by the saturation of the iron. 

Thus, if a comparison is to be made between the holding power of an 

alternating-current and direct-current magnet, both will have the same 

limiting flux density and hence the same peak force, but the average or 

useful force of the alternating-current one will be only one-half that of 

the direct-current one. Consequently, it follows that, as regards average 

force produced, the alternating-current magnet utilizes the iron only one- 

half as effectively as does the direct-current magnet. 

2. Single-Phase Operation—Leakage-Flux Type. For this magnet 

the force is given by equation 20a of Chapter VIII, 

Force = U<t> 
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As both H and <t> are sinusoidal and in phase, the average force produced 

will be one-half the maximum; all the other comments made in connec¬ 
tion with the direct-attraction type will apply. 

3. Polyphase Operation—Two-Phase. Suppose that the pole faces 

of a magnet are split into two equal sections, as shown in Fig. 6a, and 
that (‘ach section carries a sinusoidally vary¬ 

ing flux of the same magnitude, but in quad¬ 

rature phase relation as shown in Fig. 66. 

The instantaneous-force curve for each sec¬ 

tion will be a pulsating double-frequency 

sinusoid, but owing to their phase displace¬ 

ment, the total instantaneous force of the 

pole face will be constant. The two com¬ 

ponent force curves in their proper phase 

relation, together with their constant resultant, are shown in Fig. 7. 

Force due to </>! = ^ X [I + cos 2w/] 
2 72oi 

Foico due to 02 = ^ X [1 — cos 2wl\ 
2 72S2 

I'le. 7. Instantanpous and average force relationships for the two-phase magnet 

of Fig. (). 

Fig. 6a. Fig. 66. 

Two-j)hasc magnet system 

and vector diagram of fluxes. 

Adding these equations, the resultant force effective over the entire pole 

fac(‘ is 

Total force 1 1. 1 
2 72Ni 2 72^S2 

As (0i),n = {<i>2)v,y and as *.Si = S2y 

Total force 
(01 )m ^ (<^2)^ 

725i 72^2 

which shows that the total force is constant and equal to that produced 
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by half the pole face carrying a constant flux equal to the peak sinusoidal 

value. While the total force is constant with this arrangeriK'nt, the iron 

is still used at one-half its maximum effectiveness. 

The arrangement of hTg. 6a, even though it will produce a constant 

force over the entire pole face, is not ideal, because it will not keep the 

point of application of the force at the same place. This will shift from 

the center of section 1 to the center of section 2, at a frequency double 

that of the supply. This often causes chattering if the pole or armature 

are not absolutely flat. It may be avoided by splitting section 2 into 

two equal parts and placing half on each side of section 1, as shown in 

Fig, 8. This will keep the center of action of the force stationary. 

Practically, to actually attain the quadrature 

polyphase arrangement of Fig. Ga, one would 

have to build a magnet like that shown in Fig. 9, 

where coil circuits 1 and 2 receive their excitation 

from different phases of a two- 

phase supply. The arrangement 

shown is obviously nothing more 

than two independent single-phase 

magnets whose cores an* fastened 

together. Though the total pull 

on the armature is constant, its 

center of application will shift 

from a to 6 at double the supply 

frequency. A better arrangement, 

which would eliminate the space 

shift of the point of application 

of the. force, would be to wind phase 1 on poles 1 and 4, and phase 2 

on poles 2 and 8. This would 

mmm 
Fig. 8. Two- 

, phase magnet 

pole face ar¬ 
rangement giv¬ 

ing a constant 

force at a fixed 

point of appli¬ 

cation. 

Fio. 9. A two-phase 

magnet which gives a 
constant force hut a 

varying point of appli¬ 

cation. If phase 1 is 

wound on pole cores 1 
and 4, and phase 2 on 

pole cores 2 and 3, an 

ideal arrangement can 

be obtained. 

=tz. 1 

r— 

- ""h" 

5 t 

necessitate a yoke of larger cross 

section betw^een poles 2 and 3. 

A more practical arrange- 

mtuit of the two-phase magnet 

of Fig. 9 is shown in Fig. 10a. 

Here the two center cores are 

combined to form one core, com¬ 

mon to both rnagoetic circuits, 

as is frequently done when build¬ 

ing two-phase transformers. The 

center core cannot be wound with 

coils of either phase, as its flux is the vector resultant of the phase fluxes 

as shown in Fig. 106; its area need only be y/2 times greater than that 

Fig. 10a. Fig. 106. 

A two-phase magnet arrangement similar to 

a two-phase transformer, and the vector 

diagram of the fluxes. 
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of an outer core. The force produced by the center core will be that due 
to the resultant flux, and will pulsate between zero and its maximum, just 
like that of the outer cores. Its phase position will be midway between 
that of the outer poles, and when combined with them will produce a 
total force on the armature which is constant, but the point of applica¬ 
tion of this force will alternate between a and h at twice the supply 
frequency. 

In order to produce the ideal arrangement of Fig. 8, a two-phase 
magnet must be arranged as shown in Fig. 11, or in an equivalent man- 

II in !■ II iri IIM'II iJl 

Shading coils surrounding the 
/center portion of each pole 

■ ■1511111 ■ IliSKlI ■ 
Main exciting coir 

Fig, 11. A two-phase magnet equiv- Fig. 12. A shaded pole single-phase 

alent to that of Fig. 8. magnet arrangement which can be 
made to give almost constant force 

for a particular gap length. 

ner. This will give not only a constant resultant force but also a con¬ 
stant point of application of the resultant force. A properly designed, 
shaded-pole, single-phase magnet can be made to approach the ideal of 
Fig. 8 very closely for a 
particular gap length. 
Such a magnet is illus¬ 
trated in F'ig. 12. The 
shading coil causes the 
flux passing through it to 
be out of phase w ith that 
passing through the un¬ 
shaded portion of the Fig. 13a. Fig. 136. 

pole. The theory and de- Three-phase magnet system and vector diagram of 

sign of shading coils will fluxes, 

be taken up in Art. 123. 
4. Poljrphase Operation—Three-Phase. In Fig. 13a is illustrated 

a three-phase magnet, having an exciting coil on each leg connected to 
a different phase. The flux waves of the three legs will be 120° of out 
phase, as shown in Fig. 136; their respective instantaneous forces are 

shown in Fig. 14. 
As can seen from this figure, the resultant force of all jwles, which 

is the sum of the instantaneous forces of the individual poles, is constant. 
The point of application of the resultant wUl shift from (a) midway 
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Fig. 14. Instantaneous and average force relationships 

for the magnet of Fig. 13. 

between poles 1 and 2 to (h) midway between poles 2 and 3 at twice 

the supply frequency. Therefore, as regards constancy of force and the 

shifting of the point of application of the force, it is identical with the 

two-phase magnet. Likewise, the total force developed by all poles is 

1.5 times the pi^ak force of one pole, and as there are 3 poles, the effective 

_^_use of the iron as com- 
^ Resultant force due to all poles nnred to direet-enrrent 
« Force due to 0,on pole 1 Force due to 0 on pole 3^ parCQ lO Oirecr-CUrrenL 

£ / /Force due to on pole 2 use is Only onc-half. 

I Another arrange- 

I \ / y /\ / ment of a three-phase 

I \/ Y \/ X \/ X magnet is shown in Fig. 

yy yv yy 15. Here, three single- 
z-ir—^cxi U-shaped mag- 

Fig. 14. Instantaneous and average force relationships with an exciting coil 
for the magnet of Fig. 13. on one leg of each U, are 

placed with the spare 

legs toward the center, forming a Y. Each coil is connected to a separate 

phase. The force due to each magnet is the same as illustrated in Fig. 14. 

If the phase rotation is 1-2-3 as shown in Fig. 14, when magnet 1 pulls with 

maximum strength, 2 and 3 pull with one-quarter of maximum strength ; 

one-sixth of a cycle later 3 will pull with 

maximum strength and 1 and 2 wdth one- 

quarter strength, etc. Thus the point of / K \ 

application of the force will shift around / i / / \\\\ 

a circle at twice the frequency of the sup- / /\ \ 

ply, but in a direction opposite to the ^ 

phase rotation of the supply. 

5. Summary of Polyphase Character- 1_J. 

istics. Summarizing, we may state that: 

1. Balanced polyphase magnets i 

produce a total force which is con- 
Fig. 15. A threo-phase magnet 

^ ■ , . - , consisting of three single-phase 
2. The point of application of the arranged in the form of 

resultant force will shift at a frequency a Y. 

twice that of the supply. 

3. The effective use of the iron on a polyphase magnet is only 

one-half that which would be obtained with the same amount of iron 

on direct current. 

4. The use of shading coils on polyphase magnets is desirable if 
chattering is to be reduced to a minimum. 

'A 

Fig. 15. A three-phase magnet 

consisting of three single-phase 

magnets arranged in the form of 

a Y. 
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117. Volt-Ampere Limitation of Alternating-Current Magnets 

Consider the case of the constant-voltage magnet in which the flux 

and hence the flux linkage is assumed to be proportional to current, as 

represented by the line 01 of Fig. 16. Let Ii be the current required to 

produce the flux linkage (N<t>) at the beginning of the 

stroke. Then as the plunger completes its stroke, (N^>) 

moving from 1 to 2, the exciting current will fall from 

11 to I2 owing to the increase of self-inductance as the 

gap closes. If the resistance of the coil is small, the ^ 

reactance voltage will be substantially equal to the sup¬ 

ply voltage, and the flux linkage wdll remain constant Fig. 16. Flux-link- 

during the motion as explained in Art. 115. The work current loop for 

done during this motion is equal to the change in stored ^ 
energy of the magnet, which is equal to the area 0-1-2-0 

of the flux linkage-current loop. Expressing this area in terms of the 

dimensions of the figure, we have 

Average AW = ^N4>{Ii — I2) joules (19) 

where and I are r.m.s. values. The reactance voltage of the coil will 

be, by equation 14, 

Reactance voltage = Er 
27rfN(f)m 

V2 
27rfN(t> (14) 

Substituting this into (19), we have 

Average AW = Er{Ii — lo) joules (20) 
47r/ 

Changing from joules to inch-pounds. 

Average A IF = —j— Er{Ii — 12) in-lb. (21) 

The product Er{Ii — I2) is the change in reactive or quadrature volt- 

amperes taken by the magnet due to plunger motion. Calling this 

AQ, we have 

Average AW = in-lb. (22) 

Thus, at a given frequency a definite change in the quadrature volt- 

ampere excitation of the magnet must occur to produce a specified 

mechanical work. For instance, to produce 1 in-lb. of mechanical work 



430 ALTERNATING-CURRENT MAGNETS [Chap. XIII 

from a magnet operating on a 60-c.p.s. power supply will require 

{AW)f 1.0X60 _ 
= • :: -— = 85 volt-amperes change 

0.706 0.706 ^ 

and on a 25-c.p.s. supply, 

1.0 X 25 
AQ = Q 700 ~ volt-amperes change 

This is only the change in reactive power supplied to the magnet and 

does not represent the reactive power input necessary to operate the 

magnet. The total reactive power input to the magnet at the beginning 

of the stroke Qi is equal to 

Qi = AQ + Q2 

where Q2 is the reactive power necessary to excite the magnet at the end 

of the stroke in the closed-gap position. Q2 cannot be reduced to zero 

because of volt-amperes required to produce the constant flux </> through 

the reluctance of the iron and any air gaps which may be left in the 

magnetic circuit. The ratio AQ/Qi is a measure of the volt-amp(*re 

efliciency of the magnet. If the iron is not highly saturated, and if 

there are no air gaps at the end of the stroke, it can be made to approach 

quite clo.sely to unity. When there is an air gap 

at the end of the stroke, as is usually necessary in 

plunger magnets, or relays, it will vary between 

about 0.75 and 0.25. 

If the magnet operates on a constant-current 

supply, the flux linkage-current loop will be changed 

from that of Fig. 16 to that shown in Fig. 17. In 

this ca.se the flux linkage of the coil will be {N4>)\ at 

the beginning of the stroke and will rise to (iV</>)2 
at the end of the stroke. The work done during 

this motion will again be ecjual to the change in 

stored energy of the magnet, which is equal to the area 0 12 0 of the 

flux linkage-current loop. 

Average AW = ^/[(A’<^)2 ~ (^<t>)\] joules (23) 

Substituting for {N<t)) in terms of the reactance voltage from equation 14, 

we have 

Average AW = — /[(/^r)2 - (^r)i] joules 
4ir/ 

Fio. 17. Flux-linkage 

current loop for a 
constan t-c urren t 

magnet. 

(24) 



Aht. 118) ALTERNATING CURRENT VS. DIRECT-CURRENT 431 

Changing from joules to inch-pounds, 

0 706 
Average AW = I[(Er)2 - (Er)i] in-lb. (25) 

The product /[(^r)2 (i^r)i] is the change in reactive volt-amperes 

taken by the magnet due to plunger motion. 

This result is seen to be exactly the same as for the constant voltage 

case, and hence we can conclude that the volt-ampere limitation of 

equation 22 applies to any alternating-current magnet. 

118. The Alternating-Current Magnet vs. the Direct-Current Magnet 

In the last three articles we have derived the fundamental relation¬ 

ships applying to alternating-current magnets. It appears wise to 

pause at this point and summarize their limitations in comparison with 

those of direct-current magnets, so that an intelligent decision can be 

made as to whether to use an alternating-current magnet or a direct- 

current magnet in combination with a rectifier. Modern dry disk 

rectifiers, of the copper oxide and selenium types, and electronic recti¬ 

fiers offer such a convenient and efficient way of converting from alter¬ 

nating to direct current that, unless there are special circumstances, it 

is hard to justify the use of an alternating-current magnet. 

The limitations of alternating-current magnets as compared with 

direct-current magnets, operating with the same maximum flux density, 

are summarized as'follows: ^ 

1. Force Limitation. For a given pole face area, the average force 

on alternating current is only one-half that obtained with direct current. 

This applies to both single and polyphase operation. 

2. Weight Limitation. For a given force and stroke the alternating- 

current magnet will be much heavier than the direct-current one because 

(a) at least twice as much iron must be used to develop the same force 

and (b) generally more copper is required to carry the large reactive 

power for alternating-current operation. 

3. Volt-Ampere Limitation. For alternating-current operation from 

60- and 25-c.p.s. power supplies, a minimum of 85 and 35.4 volt-amperes, 

respt'ctively, per inch-pound of work is required under ideal conditions. 

In actual operation this minimum will usually be considerably higher. 

® This comparison is based on operation within the range of substantially linear 

proportionality betw(‘en flux and current. While it is economical to saturate direct- 

current magnets, it is decidedly poor practice to saturate an alternating-current one, 

as then the exciting volt-iunperes become disproportionately high, causing the volt- 

ampere efficiency aQ/Q\ to be very low. Bearing this in mind, the comparison made 

is somewhat optimistic about alternating-current operation. 
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Direct-current magnets have no volt-ampere limitation unless speed of 
action is a consideration. 

4. Speed of Action. Alternating-current magnets are inherently fast 
acting, because (1) the time-constant is of the same order as the period 
of one cycle, and (2) the self-induced voltage due to motion is generally 
small compared to the impressed voltage. In a direct-current magnet 
the speed of action can be altered at will by changing the ratio of the 
self-induced voltage due to motion and the impressed voltage. In 
general, a direct-current magnet can be designed to accomplish the same 
work in the same time with a smaller peak volt-ampere input than on 
alternating current. Thus the high-speed magnet designed in Art. 118 
requires a peak of 14 amperes X 12 volts = 168 volt-amperes, to do 
4.7 in-lb. of w'ork in 0.04 second. On a supply frequency of 25 c.p.s., 
with a volt-ampere efficiency of 50 per cent, an nIternating-current 
magnet W’ould require 

4.7 X 35.4 X 2 = 333 volt-amperes 

while on a 60-c.p,s. supply it w'ould require 800 volt-ainpeies. It is 
quite likely, how’ever, that when operating on the 6()-eycle supply the 
time of action would be shorter than the 0.04 second required on direct 

current. 
5. Eddy-Current Limitation. All alternating-current maginis must 

be laminated or slotted, while only high-speed direct-current magnets 
must be so treated. A poorly laminated alternating-current magnet 
will have excessive eddy currents. This not only will (lecr(‘ase the 
effectiveness of the iron below the limitations noted in 1 and 2, but also 
will result in greatly increased heating in the iron parts and an e\c('ssively 
high volt-ampere consumption. 

6. Nature of Service. Where the magnet is to be op(‘rat(‘d from a 
large power supply system on intermittent duty, many of the foregoing 
limitations noted do not necessarily offer serious objection to the use of 
an alternating-current magnet. The large volt-ampere in])ut at the 
beginning of the stroke will not materially affect the regulation of an 
adequate power supply. If the magnet is designed to have no air gaps 
at the end of the stroke, the volt-ampere input will drop to a very low 
value at the completion of the stroke, and opcTation of the magnet will 
merely act like a momentary surge on the system. Heating in the 
closed-gap position will be comparable to that of an unload(‘d trans¬ 
former of the same size, if the iron parts are well laminated. The 
contactors which handle the magnet, however, will be called upon to 
handle the initial volt-ampere input. 
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119. Characteristics of the Alternating-Current Solenoid and 
Plunger or Leakage-Flux Type of Magnet 

1. Description of Modes of Construction. In Figs. 18, 19, and 20 
are shown various ways of building alternating-current solenoid and 
plunger-type magnets. 

The magnet ol E ig. 18 is of the fully laminated type having a square 
plungei. The laminations of the outer return magnetic circuit are 
clamped between ribbed cast-iron frames which also serve to guide the 
plung(‘r. Ihe bolts which clamp these frames should avoid passing 
through the laminations, if possible. The .plunger is also made of 
laminated iron and is 

A —( 
riveted Ix'tween heavy C/-[]^ 
side plates as shown. {—f^ I  
I'or best results tlu'se 

sido platc-s should be o o*^o o o ] [a IFftl 
silicon st('el. The coil - 
is self-supporting, and 
it is so held as to stay 1 ---—^^ J— 
out of contact with the ^ ^ [Jipyij 

Section A-A A*^* 
plunger. The stationary 
stop A is arranged to ,7 
plOtrude slightly Iroill Section through plunger 

the main body of 

the laminations, .so that ^ shell-type 

its face, which comes transformer, 

in contact with the 

Section through plunger 

I'le.. 18. Alternating-current solenoid and plunger- 

type magnet built in the form of a shell-type 
transformer. 

plunger, may be accurately macliined after the laminations have been 
assembled and clamped. This prevents undue humming and vibration 
at the end of the stroke and also gives maximum possible permeance, 
thereby reducing the retjuired volt-ampere excitation at the end of the 
stroke to a minimum. Sonudimes this stop is made in the form of a 
plunger arranged to be clamped between the frames. This allows the 
stroke to be adjustable and the working gap to be placed in the most 
advantageous position with respect to the coil. 

A section through the axis of a slotted cylindrical type of magnet is 
shown in Fig. 19a, and in Fig. 19b are shown sections of the plunger and 
shell to illustrate the method of slotting. The method of providing the 
return magnetic circuit through the laminated end washers independent 
of the bearings allows the clearance between these washers and the 
plunger to be reduced to a few thousandths of an inch necessary for 
mechanical clearance. This increases the permeance of the fixed 
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cylindrical gap and so reduces the volt-amperes consumed in this gap 
by the plunger flux. The clearance between the other washer and the 
plunger should be designed to give the desired force characteristic. The 
concentricity of the plunger and washers is maintained by fitting the 
bearings and washers tightly in the cast-iron end plates. The rim of 
this plate, in contact with the washers, should be slotted like the shell. 
The washers should have one radial slot as shown in Fig. 19c to eliminate 
the concentric flow of eddy currents due to that portion of the plunger 

High silicon sheet steel washers to complete magnetic circuit 

/ Fixed cylindrical gap-mechanical clearance only 
/ /_Slotted steel shell 

11: .Hi 111 
JCoil centered by and supported! 11 end plate 

/ I /I 
Oilless bearing _^ 

Slotted high silicon steel plunger I 

t 11^ 
- Non magnetic t lun R(r guide 

i i 
l-VlV p . length designed 
/ ' / lllllllll Jr};tu nIm: 1 llltHlIX to suit force 
/ -- • > ■ y ■ i ■ > ■ - > ‘ ^ requirements 

Cast iron end plate for holding and I Section A-A 
centering bearings andend laminationsl_„>.Q 

Fia. 19a. Cylindrical type of alternating-current solenoid and plunger magnet. 

Fig. 196. Section through shell and Fig. 19c. Section through stack 

plunger of magnet of Fig. 19a. of high-silicon steel washers. 

flux which pa.sses axially through the washers. The coil is wound on a 
phenolic bobbin the flanges of which fit tightly in the shell and so keep 

the bobbin tube out of contact with the plunger. This construction is 
unique, in that it eliminates the conventional brass tube used to guide 
the plunger. A brass tube is undesirable because of the difficulty of 
slotting it to minimize eddy currents, and at the .same time keeping it 
mechanically rigid. The brass tube, because of its thickness, also 
causes the reluctance of the fixed cylindrical gap to be high, and so 

greatly increases the volt-ampere consumption. A phenolic tube is 
impractical because of this consideration alone; its thickness would be 
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greater than that of the brass tube and would therefore further decrease 
the volt-ampere efficiency. 

Where volt-ampere efficiency is of no great consequence the method 
of construction illustrated in Fig. 20 is cheap. The plunger is of square 
cross section and consists of high-«ilicon steel strips riveted between 
thicker steel plates as shown. These outer plates should also be made 
of silicon steel, if obtainable. The plunger is guided by a square brass 
tube which is slotted on each of its four sides to the extent shown in 
Fig. 206. The flux is returned from the plunger to the shell by means 
of th(} silicon-steel washers shown. These washers should have one 
radial slot and should be held together by only one rivet as shown in 

A 

I Section A-A 
A Brass Tube 

Section of 
square plunger 

Fio. 206. Fig. 20a. Fig. 20c. 

A cylindrical type of alternating-current solenoid and plunger magnet having a square 

section laminated plunger, and a slotted square brass guide tube for the plunger. 

Fig. 19c. The outer shell should have at least one slot which need 
extend only between the outside brass end plates. 

2. Constant-Voltage Characteristics. In Fig. 21a is shown a dia¬ 
grammatic sketch of a square plunger constant-voltage alternating- 
current solenoid and plunger magnet built like that illustrated in Fig. 18. 

In Fig. 216 the force-stroke and current-stroke characteristics are shown. 
The plunger displacements of Fig. 216 have been made to register with 
the position of the plunger in the coil of Fig. 21a. These curves repre¬ 
sent actual data taken on a magnet having the dimensions shown. 

Starting with plunger fully withdrawn beyond the edge of the coil, 
p)Osition a, it is seen that the current is very high. This high value of 
current is necessary to produce the required flux linkage through the 
low-permeance magnetic path. Movement of the plunger from a to 6 
produces only a very slight improvement in the permeance and hence 

the exciting current is reduced very little. As the plunger moves from 
6 to the stop at /, the permeance increases linearly and the current falls 

to a low value at /. 
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In this particular magnet the low current at the end of the stroke is 
made possible by the high permeance of the fixed cylindrical gap pro- 

Fig. 21a. Section through an actual solenoid and plunger type of alternating-current 

magnet built in the forni of a shell-type transformer. 

Fig. 216. Experimental force-stroke, and current-stroke curves for the magnet of 

Fig. 21a, when operating from a GO c.p.s. constant-voltage circuit of 57 volts. 

duced by the long cast-iron extension. The volt-ampere eflSciency is 
therefore very high, equaling 

^"olt-aTnpere eflSciency 
Qi 

I\ I2 

h 
32.5 - 3.0 

32.5 
0.908 
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The force-stroke data given show the actual electrornagnetic pull, the 
plunger friction having been eliminated by taking the av(‘rag(‘ of read¬ 
ings with the gap opening and closing. The force on the pliingc'r is due 
to two effects: leakage flux force from a to d, and direct attraction 
between e and/. The transition between these two types of force action 
occurs between d and e. The leakage flux force is equal to 

Force = <I)lH 

where //, the magnetic intensity of the coil, will vary dir(‘ctly with the 
exciting current. In the region from a to r the leakage j)('iineance 
between the plunger and shell increases proportionally to the distance of 
the plunger insertion, and the leakage flux (/)l would increase almost as 
the square, if the exciting current remained constant. However, the 
exciting current drops, and hence the force doc's not increase as rapidly 
as the square. At c the leakage flux has reached its limiting value' deter¬ 
mined by the supply voltage, and so the force, from this point on, drops 
almost proportionally to the decrease in exciting current. If the stop 
were moved out of influence of the plunger flux, the force would continue 
dropping as shown by the dashed-line extension to g. At point d an 
appreciable amount of the plunger flux passes directly to the stop and so 
produces a direct attraction force. This force will increase about 
inversely as the square of the separation between the plunger and stop 
and produces the dashed force curve //. The diversion of flux from the 
leakage path to^the stop further augments the decrease of the leakage 
force toward the end of the stroke. Adding the two dashed curves, 
between d and/, we obtain the balance of the force-stroke characteristic. 

The data of Fig, 216 can be used to check the theoretical deduction 
made in Art. 117, that at 60 c.p.s a change in excitation of 85 volt- 
amperes is required for each inch-pound of mechanical work. The area 
under the force-stroke curve as determined by a planimeter measurement 

is 19.9 in-lb., which theoretically corresponds to a AQ of 19.9 X 85 = 
1,690 volt-amperes. The actual change in volt-amperes input, accord¬ 
ing to the current curve, is (32.5 — 3.0)57 = 1,680 volt-amperes, which 

checks reasonably close with the theoretical value. 
3. Constant-Current Characteristics. When the current is constant 

the force-stroke characteristic will be identical in shape with the constant- 
voltage direct-current characteristic. If the r.m.s. value of the alter¬ 
nating exciting current equals the direct exciting current, the average 
force on altemating current will equal the constant force on direct 
current, provided that the iron is not saturated. Constant-current 
operation is seldom obtained except on series lighting circuits or the 

scries magnet of an arc light. 
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120. Design of the Constant-Voltage Alternating-Current Solenoid 
and Plimger, or Leakage-Flux Type of Magnet 

1. General. The design of a constant-voltage alternating-current 
solenoid and plunger magnet is somewhat complicated by the nature of 

Cyl. gap effective 
at enil^of stroke 

its force-stroke characteristic. 
Consider a cylindrical mag¬ 
net constructed as shown in 
Fig. 19 and shown schemat¬ 
ically in Fig. 22a. In Fig. 226, 
and registering with the 
plunger positions of Fig. 22a, 
is shown the general shape of 
the force-stroke characteristic 
in the operating range of the 
plunger. This curve is of 
the same nature as that of 
Fig. 216. For design purposes 
this curve may be analyzed 
on two bases: 

Fia. 22a. Schematic .sketch of a cylindrical- 

type solenoid and plunger magnet showing 
design syml3ols. 

Fia. 22b. Typical force-stroke curve for the 

magnet of Fig. 226. 

assist when the magnetic force is low, 

1. That the plunger 
will pull its load slowly 
through the stroke. In 
this case the inertia of the 
plunger system will not 

and hence the minimum mag¬ 
netic force must be slightly larger than the load force plus friction. 

2. That the plunger will act very rapidly. In this case the 
inertia of the plunger system will a.s.sist when the magnetic force is 
low, and the area under the force-stroke curve must equal the sum of 
the u.seful work, the work done against friction, and the work to 
accelerate the mass of the plunger and load to its final velocity. 

On basis 1, the plunger and coil system should be designed to produce 
a specified minimum force at a plunger insertion slightly le.ss than 6, and 
should be checked against excessive saturation at the beginning of the 
stroke when the plunger insertion is u. 

On basis 2, the plunger and coil system should be designed to produce 
a minimum specified area under the force-stroke curve, or what is 
equivalent to the same thing, a minimum specified change in reactive 
power when the plunger is moved over its useful stroke. 

Considering these two design bases, then, the designer should be 
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able to compute the following items in order to design an alternating- 
current solenoid and plunger magnet. 

(a) The minimum force throughout the stroke. 
(b) The saturation of the iron, force, and volt^ampere consump>- 

tion at the beginning of the stroke. 

(c) The volt-ampere consumption at the end of the stroke. 

The method of computing these items will be developed in the following 
sections.^ 

2. Minimum Force throughout the Stroke. This will occur when 
the plunger is separated from the stop or cylindrical gap a distance equal 
to about r2 — ri, as illustrated in 
Fig. 23. At this plunger position 
the flux will leak away radially to — 
the outside shell from the cylindrical 31 
surface of the plunger through the 
path Pi5b, and from the ends of the 

plunger through the paths Pn and Fig. 23. Magnet of Fig. 22a with 

P 19a. Convenient analytical rela- plunger at position of minimum force, 

tions, suitable for design purposes, 
can be derived if the permeances Pi? and Pigo can be added in with 
Pi5b. This can be done with suflScient accuracy, at least for preliminary 
designs, by considering the plunger to be inserted the full coil length h, 
and neglecting all permeances other than that of path Pi55- Then, 
the total distributed leakage permeance between the hypothetical 
plunger of length h and the shell will be, by equation 156, Chapter V, 

^2-Sirl 

illllltm CoilcNtuJs^ 

2TTllh 

log* rg/ri 
(26) 

Following the reasoning of Sec. 3, Art. 90, Chapter X, for the magnetic 
circuit equation, and letting K equal the part of the coil magnetomotive 
force which is used in the fixed cylindrical gap, and neglecting the mag¬ 
netomotive force used in the iron,*^ the average magnetomotive force 
effective across the leakage path will be 

(1 - 2K)NI 
f'avg. — 

* Although the method is developed for the cylindrical type of Fig. 19, it will 

apply equally as well to the shell type of Fig. 18, provided that the proper permeance 

formulas are used. 
* This is permissible because for efficient alternating-current operation the iron 

cannot be allowed to saturate and hence the percentage of the coil magnetomotive 

force consumed in the iron will be small. 
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The total leakage flux will then be ® 

4>l = -~ ~r (27) 
log* r2/rx 

All this flux passes through section A A of the plunger, producing the 

maximum plungcT flux density at A A, and gradually leaks away radi¬ 

ally to the shell. The flux linkage produced by this flux can be esti¬ 

mated by equation ’ 3, of Art. 46, (Aiapter IV, 

^ - (1 - 2K)X^I (28) 
3 log, /*2 /*1 

If the reshtance drop of the coil is small,® the reactance voltage may 

be taken efjual to the supply voltage. Then the actual r.m.s. value of 

the flux linkage' can be found by solving ecpiation 14 for (A'^) 

(A» 

Eejuating 29 and 28, we have 

mm) ^ 

vr 27r/ 

E 8 l«>K,r2/ri 

2irf^ 2 iriJLhN-{\ - 2K) 

(29) 

(30) 

Substituting this value of I into equation 27, the total leakage flux 4)l 
may be found.’ 

<i’L 
3 E 

2 ^ 2vJN 
(27a) 

'I'lic average force on the plunger will then be, by equation 206, 

Chapter VIII 

Force = 8.86 X lO"* 
NI 

lb. (31) 

This, on the leasts of the* assumption made, is a fairly close approximation 

to the minimum force during the stroke. 

•All values of flux, current, voltage, etc., used in thi.s article are r.m.s., unless 

otherw ise designated. 

^ Thi.s neglects the slight change in distribution produced by the fixed cylindrical 

air gap. 

• This is the usual case, especially when the plunger is near the end of the stroke. 

•Obviou.sly, to solve equation 30, K mu.st be known. The method used is to 
solve 27a for and 30 for 7, neglecting K. With this value of <!>/, and the approxi¬ 

mate value of 7, and the known permeance of the fixed cylindrical gap, K may be 

determined and equation 30 resolved using this value of K. As K will be small, one 

approximation should give sufficient accuracy. 
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3. The Saturation of the Iron, Force, and Volt-Ampere Consumption 
at the Beginning of the Stroke. Referring to Fig. 22«, the plunger is 

shown with its init ial insertion u at the beginning of the stroke. The flux 

of the plunger will l(‘ak to the shell through the leakage paths P17, 

and Pi9a. Th(‘ total flux linkage produced by this flux will he given by 

equation 29. The manner of computing the actual flux passing 

through section A A of iho plunger and hence the maximum plunger 

flux density which will occur at this section, the force, and the volt- 

ampere consumption can he carried out as follows: 

The flux passing tliroiigh path P^^b is distributed, and will be, in 

the manner of equation 27, 

P 
(1 - 2/v) 

2 
(32) 

where K represents the portion of the total ampere-turns developed in 

the length u of tlu' coil, which is used up a('ross the fixed cylindrical gap, 

and I is the exciting current when the plunger is at the beginning of its 

stroke.“ 

Kstimating \\w av(‘rage amp(‘re turns effective across paths 7^17 and 

PiQa as (1 — K)(u -f I'o — the flux through these paths 

will be 

4^17 + = {P\7 + ^^0a)(l ~ A")(a + Vo — /'l) “ / (33) 
h 

The total flux passing tlirougli the fixed cylindrical gap will tlum be the 

sum of (32) and (33), 

4l \( 
l - 2/v\ 

LV 2 7 
Ibb 

(ii + Vo — r,\ 

u / k' 

The expression in the brackets is an eciuivalent perriK'ance, concentrated 

at a distance u from the beginning of the coil, which, wh('ii multij)lied 

by the total ampere-turns developed in the coil length ?q gives the total 

plunger flux The equivalent magnetic circuit is sketched in Fig. 24. 

Designating this permeance as A, we liave 

(pi, = A 11 (35) 
h 

^®This method a.^^sunies that the wave form of current remains substantially 

sinusoidal; i.e., tlie j)eak flux (h'nsity occurring in the iron must not be so high that 

the peak magnetomotive force usc'd in the iron as coin])ared to that in the air paths 

will determine the current wave form. 
When designing a magnet, K can be cliosen arbitrarily, the fixed cylindrical 

, Nu 
gap being designed later to require the assumed ampere-turns eq\ial to K 7. 
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The peak flux density occurring at section A-A of the plunger will be 

(36) 

The flux linkage produced by 4>l is obtained by multiplying the flux of 
each path by the average turns with which it links, and adding the 
component linkages, thus: 

m) - + <'’■» + 

(1 _ 
\ u 

(37) 

No Reluctance Drop Concentrated 

-1 u 1 
I i 

_1 1 
1 

Fio. 24. Equivalent magnetic circuit for the magnet of Fig. 22a at the beginning 
of the stroke. 

Designating the expression in the brackets by Z>, 

(V0) = Z)(^y/, (38) 

Equating 38 and 29, and solving for the exciting current, we have 

where Er is the reactance voltage of the coil.'* 
The average force due to the leakage flux will then be given by 

equation 31, 
NT 

Force = 8.86 X lO""® 4>l lb. (31) 

** If the resistance drop is small, Er may be taken equal to E, the supply voltage; 
if not, (39) must be solved by successive approximation; first use the supply voltage 
for Br and solve for /, then resolve, letting Er * y/E^ — (/jR)*. 
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The exciting volt-amperes will equal the product of the r.m.s. exciting 
current I\ of equation 39 and the r.m.s. supply voltage E. 

Qx == Eh (40) 

4. The Volt-Ampere Consumption at the End of the Stroke. In a 
well-designed alternating-current magnet the air gaps left in the mag¬ 
netic circuit at the end of the stroke should be small, and hence the 

niapiotoinotivo force used in the iron cylindrical Cylindrical Gap 

j)arts will be a large part of the total ' endofSfroke\ 

excitation. Hence, in computing the 
volt-amp(‘r(‘ excitation at the end of the 
stroke, that used by the iron must be 
taken into account. 

Consider a magnet constructed like 

that of Fig. 19 and shown schematically 25. Magnet of Fig, 22a with 
at the end of the stroke in Fig. 25.^* plunger at end of stroke. 

Because' of the relatively high perme¬ 
ance of the cylindrical gaps at the plunger ends, the plunger flux may 
be considered to pass through the entire length of the plunger without 
leaking across to the shell or return path.^^ The maximum flux of the 

plunger will Ix', by equation 14, 

0m = 

E 

4.44/Ar 
(41)» 

As the supply voltage has been assumed sinusoidal, the flux wave will be 
sinusoidal. In order to determine the w ave of exciting current, the rising 
and falling magnetization curves for the entire magnetic circuit, betw^n 
the cyclic limits of 4-0m and —0m, must be plotted. When computing 
these curves, the magnetic intensity in the iron for the various values of 
flux density must be determined from a normal hysteresis loop for the 
particular iron. The extremities of the loop must pass through +Bm 
and -Hm, where Bm = and S is the area of the particular iron 
part in question. Figure 26 show^s an assumed rising and falling mag 
netization curve for the entire magnetic circuit, and the method of pr^ 
jecting the flux wave on the magnetization loop in order to obtain the 
wave of exciting magnetomotive force. Points on the flux wave are 
projected on the magnetization loop in the order a-b-c-d-e-j g hy ana 

‘»Thi8 discussion applies equally well to a magnet built like that of Fig. 18 or 

luR- 27. r 1 1 
This makes the magnetic circuit similar to that of a transformer at no loac. 

“At the end of the stroke the exciting current will be at its lowest value and hence 

the IR drop may be neglected. 
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produce progressively the wave of coil magnetomotive force shown. 

The portion of the wave between tt and 2t radians is not shown, as it is 

merely a repetition of that from 0 to tt with the ordinates reversed. 

The r.m.s. value of the wave can be determined by squaring each 

ordinate, and taking the scpiare root of the nu'an height of the square 

curv(' obtained, or by any other equivalent method. Designating this 

r.m.s. value by F2, fbe exciting current at the end of the stroke I2 is 

and the exciting volt-amperes at the end of the stroke will tx* 

Q2 = (43) 

fio. 26. Graphical construction for determining the wave of exciting current 

of a magnetic circuit. 

5. Design Procedure. Owing to the restriction of constant flux 

linkage which is imposed by reason of the constant supply voltage, the 

** If the eddy-current loss is appreciable and known, the magnetomotive force can 

be corrected to include this component, as follows. The maximum value of the 

eddy-current component of exciting magnetomotive force will be \/21\N/Et where 

Pe is the eddy-current loss in watts. This component will be sinusoidal, and should 

be added to magnetomotive force wave of Fig. 26 by plotting it as a -f cosine 
function, and adding the ordinates. 
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design of the alternating-current solenoid and plunger magnet is best 
carried out by trial. In the following paragraphs, suggestions as to 
possible procedure are outlined. 

Design Limited by Minimum Force. With this limitation the design 
should be so chosen that the calculations, as outlined in Sec. 2, will give 
the proper minimum force. However, to avoid making too many trials, 

care must be exercised in selecting the values of Nl/h and <t>L to be 
substituted into equation 31 to obtain the required minimum force. As 
the plunger is moved from its minimum-force position to its position at 
the beginning of the stroke, the permeance of the leakage path for the 
plunger flux will decrease. This will cause the exciting current to rise 
in order to maintain the flux. The average turns with which the flux 
links will also decrease, and hence the flux must be increased in order to 
maintain constant flux linkage. This calls for a further increase in 
exciting current. 

These effects should be roughly estimated on the basis of the values 
of u and h assumed for the tentative design. Then the values of Nl/h 

and <t>L chosen for the minimum force position can be selected so as to 
avoid excessive coil currents and plunger flux densities at the start of the 
stroke. Just what is to be considered as an excessive coil current will 
vary greatly with the application. If the magnet operates only infre¬ 

quently, and if the current at the end of the stroke is low^ enough to cause 
no heating problem, high starting currents are economical. Peak 
plunger flux densities at the beginning of the stroke should generally 
be high compared to those used in transformer design, provided the iron 

is well laminated. 
Design Limited by Area under Force-Stroke Curve. This is easier to 

handle than the last case. Here, the total work developed by the 
plunger is known, and hence the change in volt-ampere consumption AQ 

can be calculated by equation 22. Depending on the size and number of 
air gaps which will be present at the end of the stroke, a value for the 
volt-ampere efficiency should be assumed. Then Qi, the required volt- 
ampere excitation at the beginning of the stroke, can be computed by 
dividing AQ by the volt-ampere efficiency. A magnet can then be 

designed to consume this number of volt-amperes at the beginning of the 
stroke. The maximum current density and plunger flux density which 
are permissible will depend as before on the duty cycle of the application 
and how well the iron is laminated. The volt-ampere consumption at 
the end of the stroke should be computed for the proposed design so 

that AQ can be checked. 
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121. Characteristics of the Direct-Attraction T3rpe 
of Alternating-Current Magnet 

1. Description of Construction. Figure 27a shows a direct- 
attraction-type, short-stroke magnet. The stationary iron circuit is 
constructed of laminations which are clamped between ribbed cast-iron 
frames. The plunger is of s(|uare cro.ss section, made of a stack of 
laminations riveted between heavier steel plates and ground to size, as 

Laminations clamped 
between cast iron frames 

Bolts wholly outside \ 

Fio. '27a. Al.frnating-current diivct-attraction type of magnet built iii the form of a 

shell-type transformer. 

shown in Fig. 276. The stack of lamination.^ torining th<‘ stationary 
plunger should be faced, in order that surface contact can be obtained 
between the plungers at the end of the strok(‘. The placement of 

rivets and clamping bolts should be givt'ii carc'ful considtaation to avoid 

Fig. 276. Heetion through the iilunger of 

the magnet of Fig. 27a. 

Fig. 27c. Alternate tyt)e f)f plungei j)ole 

face for the magnet of Fig. 27a when the 

index nuinlxT i.s low. 

spurious eddy-current paths. 

The arrangement shown, with 
the clamping bolts outside of the 
laminations and the plunger rivets 
in a row along the center, is the 
be.st possible. The laminations 

of the stationary plunger can be 
h(‘ld together by driving wedges 
between the plunger and the coil. 

When the index number is too 

low for the economical use of the 
flat faced plungers of Fig. 27a, the conod plungers of Fig. 27c may be used. 

An alternative construction for a short-stroke magnet can be arranged 
like that of Fig. 19, using round solid silicon-steel plungers with slots. 
These can have either flat or coned faces. 
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Figure 28 shows a short-stroke magnet of the clapper type. The 

stationary part of the magn(‘tic circuit is made up of U-shap(‘d lamina¬ 

tions which can be rivet(hI together between heavier steel platc's. These 

rivets should be placed along a line of flux, so that no flux passes b('<Aveen 

any two rivets. This will prevent the formation of an eddy-current, path 

by the two rivets and the connecting outer steel plates. Likenvise the 

clapper armature should have one riv(‘t at each end, as shown, or some 

in the center, as shown by the 

dotted circles. If both center and 

end rivets are used, they must be 

moved to the extreme left edge 

to avoid producing paths for eddy 

currents. The clapper should be 

hinged to the stationary member 

in such a way that it comes in 

good surface contact with both 

poles at the end of its stroke. 

The face of the clapper and the abutting pole face can be coned or otlnu- 

wise shaped to increase the useful stroke for low index numbers. 

For very short strokes or magnets having high index numbeis, an 

arrangement like that of Fig. 4, or a single-phase adaptation of Fig. lOu 

with the exciting coil on the center leg, can be used. The latter is 

equivalent to flat-faced armature type of Chapters IX and X. 

All these types of short-stroke 

magnets may have shading coils 

embedded in their pole faces to 

reduce the pulsation of pull and 

hence reduce chattering. The 

theory and design of shading coils 

for this application are taken up 

in Art. 123. 
2. Constant-Voltage Charac¬ 

teristics. Consider a magnet built 

like that of Fig. 27a and shown 

schematically in Fig. 29 to illus¬ 

trate the various leakage paths. 

Referring to Fig. 29a, almost all the plunger flux wdll pass through the 

main gap permeance Pi and its fringing permeances P7 and Psb. The 

balance of the flux, which is the distributed leakage flux, will pass 

through the tw^o ends of the coil over the length L, and can be assumed 

to follow the paths Pi, P7, and Pga, shown in Fig. 29b. The total flux 

linkage produced in all these paths can be expressed in terms of an 

I F7 
cii—r 1 iv N-1 - — * * ‘i 

p 1 i . 
' 1 1 ; 

1 
1 
1 
1 

n—.—« 

^7 Psb 

Section A-A 

Fig. 29a. 

Section B-B 

Fig. 296, 

Leakage and fringing flux paths occurring 

in a direct-attraction type of magnet like 
that of Fig. 27a. 

Fig. 28. Short-stroke clapper-type 

magriet. 
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equivalent permeance all of whose flux links with all the turns. 

The flux of this equivalent permeance will be constant as the plunger 

moves, and can be found by solving equation 14, 

^ 2ir/A^ 
(44) 

where <t) is the r.m.s. flux, N the total turns of the coil, and Er the 

reactance voltage which can be taken equal to the supply voltage if the 

IR drop is small. 

The flux which passes through the working gap of permeance Pi will 

be <p/p, where v = Pg/Pi is the leakage coefficient based on flux linkage. 

The force developed in the working gap will be, by equation 18, 

Average force = (~) lb. (45) 
\v / 12b 

As <t> is constant, the force will 

Fia. 30. Curves showing the relative 

force-stroke characteristics that will be 

obtained from the same magnet (magnet 

of Fig. 21, Chapter XII) when operating 

from a diect-current supply and a con¬ 

stant-voltage, alternating-current supply. 

50 lb. Then the flux which may 

turns is, by equation 45, 

<t> = VForce X v* X 725 = VsT 

y inversely with the square of the 

leakage coefficient. This force will 

not rise as rapidly as on the corre¬ 

sponding direct-current magnet, 

because the flux of the direct-cur¬ 

rent one is limited only by the 

saturation of the magnetic circuit 

and the available magnetomotive 

force, while on constant-voltage 

alternating-current magnets the 

flux remains constant. 

For an example, consider the 

magnet of Art. 113, Sec. 3, illu¬ 

strated in Pig. 21, Chapter XII, 

which is of the type we are discus¬ 

sing. The leakage coefficient,^^ as 

a function of air-gap length, is 

shown in Pig. 30, reproduced from 

that of Pig. 23, Chapter XII. 

Suppose that the average force at 

the beginning of the stroke is to be 

j considered as linking with all the 

1.33^ X 72 X 1.41 =94.7 

r.m.s. kmax. 

This leakage coefficient, though not based on flux linkage, is suflieiently close 

to it for comparative purposes. 
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where S is the gross area of the stack of laminations = 1.41 sq. in. The 

maximum flux density in the plunger at the end of the stroke will be 

^/2 X 94.7 

” K,S ~ 1.27 
105.3 kmax. per sq. in. 

where A% is the stacking factor of the laminations taken as 0.9. The 

average force at the end of the stroke will be 50 X 1.33^ = 88.5 lb. On 

direct current, with the magnetomotive force constant at the value 

required to give the same starting force, it can be determined from Fig. 

22, Chapter XII, that the force at the end of the stroke will be 185 lb. 

In Fig. 30 these comparative force-stroke characteristics for alternating- 

and direct-current operation are shown plotted. The relative values of 

force shown in these curves are typical for short-stroke magnets. 

3. Constant-Current Characteristic. The constant-current char¬ 

acteristic will be of a shape similar to that obtained on direct current. 

For the same peak magnetomotive force, the force on direct current 

will be twice that obtained with sinu.^oidal alternating current, provided 

that the iron is unsaturated. As the iron saturates, the alternating- 

current force t(‘nds to approach that obtained on direct current. 

122. Design of the Constant-Voltage Direct-Attraction Type 
of Alternating-Current Magnet. 

1. General. With a constant-voltage supply the wave form of flux 

and flux density will be .sinusoidal. The peak flux density allowed in 

the i)liinger at the end of the stroke is the limiting factor of the design. 

This may be selected on the basis of an economical design, and the force 

at the end of the stroke per unit plunger area calculated. If the leakage 

coefficient at the beginning of the stroke can be estimated, it is then 

possible to compute the unit force at the beginning of the stroke. This 

will allow the plunger area to be determined from the required force. 

Thence the plunger flux at the end of the stroke can be found and the 

required turns on the coil computed. 

At this point a tentative estimate of the closed-gap volt-ampere 

consumption can be made by selecting dimensions for the fixed air gap 

and computing its volt-ampere consumption. To this should be added 

an estimated volt-ampere consumption for the iron. This may be deter- 

A peak flux density of 105.3 kmax. per sq. in. is hij<h, because for high-silicon 

steel tins will require a peak // of 175 ampere-turns per inch, and as the length of the 

iron is 6| in., the iron alone will consume a peak magnetomotive force at the end of 

the stroke of 1,160 ampere-turns. This will result in a low volt-ampere eflicienc> 

and a high core loss. 
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mined by estimating the volume of iron required and the volt-ampere 

excitation required per unit volume of iron. 

The total volt-ampere consumption divided by the supply voltage 

will give the exciting current. The coil space and wire size may now be 

designed to carry this current. A complete sketch of the preliminary 

design may be now made, and final calculations to check its performance 

should be made. 

As the design of the short-stroke magnet is fairly definite, it appears 

best to derive the specific design equations and to illustrate their use by 

carrying through a specific design as was done in Chapter X. 

2. Design Data. For the purpose of illustration, let it be required 

to design a constant-voltage alternating magnet of the type of Fig. 27, 

having given the following data: 

Stroke — 0.125 in. = g. 

b'orce = 50 lb. 

Voltage = 115 volts. 
Frequency = 60 c.p.s. 

Excitation = continuous with plunger at 

end of stroke. 

Material = No. 26 U.S.S. gauge medium- 
silicon steel. 

Temperature ri.se.^® The average tenq)erature rise of coil (by change of 

resistance), alxjve surrounding ambient temperature of 20° C., shall 

not exceed 70° C. from a cold start, if the excitation is applied con¬ 
tinuously for 2 minutes with the plunger in the o{xjn-gap position; 

nor shall a 55° C. ri.se be exceeded if the excitation is maintained 
continuously in the closed-gap position. 

3. Choice of Pole Face Type and Estimation of Leakage Coefficient. 
Some of the data of Chapters IX and X for the design of direct-current 

magnets can b(‘ made applicable to the short-stroke magnet if the latter 

is converted over to an etpiivalently designed (lirect-current magnet. 

For the same area of plung(‘r, and the same peak flu.x density, the direct- 

current magiH*t will develop twice the force. Now the l(‘akage coeffi¬ 

cient of a magnf‘t, and hence the magnet tvfX', depend on the ratio of 

the plunger area to stroke. Therefore the index-number data of 

Chapter IX can be af)plied to the alternating-current magnet, if the 

equivalent index number of the latter is determined by doubling the 

required alternating-current force. 

For the r(‘quired de.sign the equivalent index number will be 

y/bO X 2 0.125 = 80, which by reference to Fig. 10, Chapter IX, 

Thi.s is often iivailable in manufacturers' data, or it may be estimated from the 

data of Chapter II. 

Temperature limitations on a magnet of this type are diffntult owing to great 

disparity betwe(*n heating in the open- and closed-gaf) positions. It is probably 

best to design the coil to withstand the maximum excitation for a limited period, and 

then check the final U*mperature rise in the closed-gap position. 
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indicates the flat-faced plunger type. Referring to Fig. 8, Chapter X, 

it is found that for direct-current flat-faced plunger magnets a suitable 

working gap flux density, for an index number of 80, would be 63 kmax. 

per sq. in.; while at a very high index number, say 2,000, a suitable flux 

density would be 89 kmax. per .sq. in. Inasmuch as the leakage coeffi¬ 

cient at the very high index number is practically unity, the ratio of 

these two flux densities may be taken as an approximate value of the 

leakage coefficient for the required design. Thus, 

r = = 1.41 

4. Design Equations. The fundamental design equations applying 

to the short-stroke alternating-current magnet are as follows: 

Force Eqvatum. Equation 45 may be used directly. 

Average force = lb. (46) 

where aS is tlu‘ gross plunger area, and v is the leakage coefficient, as 

d(‘fin('d in Art. 121, Sec. 2. 

Flux Equation, (p of ('quation 46 is the r.m.s. plunger flux in the 

cl()S('d-gap position, as defined in Art. 121, Sec. 2, and is, by equation 44, 

Er X 10^ ^ 
0 =- kmax. 
^ 2TrfN 

where N is the total turns of the coil. 

Maximum Plunger Flux Density. 

20 
= - kmax. per sq. m. 

hsS 

(47) 

(48) 

where A"* is the stacking factor of the laminations. should lie 

between limits of 80 and 100 kmax. per sq. in. Judgment must be used 

in selecting this p(‘ak flux density. If the time of excitation is short 

(‘oinpiircd to the tlu'rmal time constant, heating is not a limitation and 

th(‘ choice should depend on the desired volt-ampere efficiency or on 

considerations of size. A low value of Bm will reduce the volt-ampere 

consumption and heating at the end of the stroke, while a high value of 

Bj,i will giv(' minimum size. When the time of e.\(‘itation is long or 

continuous, heating becomes the design limitation. 

Heating Equation. This may be taken directly from Art. 66, Chap¬ 

ter Vn, as 

“ 2khPin 
(49) 
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where all the symbols are as defined in the reference, and P is the total 

power loss of the magnet, equal to coil copper loss plus the iron loss, 

P ^ PR Core loss. 

Voltage Equation. The supply voltage will equal the vector sum of 

the reactance voltage and the resistance drop, as derived in equation 15, 

E = VE^ + {IRf (50) 

VoU-Amperes Excitation Consumed by an Air Gap. The easiest way 

to develop an expression for this is in terms of a fictitious inductance 

made up of the air-gap permeance Pc and all the turns of the exciting 

coil, thus 

Volt-amperes = EJ = oiLI X I 

But L = N^Pc) therefore 

Volt-amperes = o^N^PcP = 
c 

2Trf<p 
Volt-amperes = —— 

If is in (r.m.s.) kilomaxwells and Pc in kilomaxwells per ampere-turn, 

then 

Excitation for air gap 
2Tf<t>^ X 10'^ 

Pc 
volt-amperes (51) 

Another convenient form of this equation is 

Excitation for air gap = 2Trf<t>NI X (51a) 

where NI Ls the r.m.s. magnetomotive force. 

6. Prelixninary Design. 

Plunger Area. Letting Bm = 90, K, = 0.9, and v = 1.41, equation 

46 may be solved for >S, the gross plunger area as follows: 

^ BmK.S 

Substituting this into equation 46, we have 

Average force 
1 (B.„K,S 

72S \ V2y 1 
which when solved for S gives 

Avg. force X 144i'^ 
S = 

BlKl 
(52) 
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Substituting the known and assumed values into 52, 

^ 50 X 144 X 1.412 

= 90^ X 0.9^- 

Equivalent Plunger Flux. The flux of the plunger 0 will be 

90 
^ X 0.9 X 2.18 = 125 kmax. 

Coil Turns. The necessary turns on the exciting coil can then be 

found by solving equation 47 for N, and substituting, 

Er X 10^ 

2Trf<t> 

115 X 10^ 

27r X 60 X 125 
= 244 turns 

Tentative Dimensions. At this point a sketch of the tentative design 

should be drawn. 

Assume the cross section of the plunger to be a square of G inches per 

side. Then fr = -\/iS = \/2.18 = 1.475 in. Let the length of the fixed 

air gap between the plunger and the 

stationary laminations be 0.02 in. and 

the width of the gap measured along the 

plunger be 1.5 in. The return iron cir¬ 

cuit should have at least the same area 

as the plunger, hence its width can be 

made G/2. For a first trial the width 

of the coil space may be made (j/3 and 

its length l^G. A sketch of this tenta¬ 

tive design is shown in Fig. 31. 

Exciting Current^ Closed Gap. The 
volt-ampere consumption is most conveniently estimated by breaking 

the magnetic circuit into its component parts and computing their ex¬ 

citation requirements separately. These parts will be: the fixed air gap 

between the plunger and the stationary laminations, the residual gap 

between the plunger ends in the closed-gap position, and the iron circuit. 

The fixed gap wdll consist of two parts in parallel, each 0.02 in. in 

length and having an area of 1.5 X 1.475 sq. in. Their joint permeance 

will be 

vMean Magnetic path~i= 

G-~1.475'7 Xa FH 
i4g 

Fixed Gop — 0.02" 

Fig. 31. Sketch showing propor¬ 

tions assumed for the tentative 
design of the magnet of the prob¬ 

lem of Art. 122. 

Pc = 
i 

3.19 X 10~® X 2.0 X 1.475 X 1.5 0.706 kmax. per ampere- 

turn 0.02 
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The volt-amperes consumed in the fixed gap will then be, by equation 

51, 

Excitation, fixed gap = 
27r/0- X 10“® 

2x X fiO X 125^ X 10“® 

0.706 
= volt-amperes 

Assume that at the end ot the stroke there is an effective residual ^ap of 

0.002 in.; then the permeance of the gap will be 

„ 3.19 X 10-® X 2.18 , 
Pc = - = 3.48 km ax. per ampere-turn 

0.002 

and the volt-ampere excitation will be 

27r/02 X 10-" 
Excitation, residual gap = 

Pc 

27r X 60 X 125- X 10' 

3.48 
= 17.0 volt-amperes 

For Brrx — 90 kmax. per sq. in. the i^eak magnetic intensity in the iron 

will be, by reference to Fig. 15, Chapter II, for medium-silicon .steel, 27 

ampere-turns per inch. Assuming for the purpo.st's of e.^timation that 

the magnetomotive force wave form i.^ sinu.^oidal,-' th(‘ r.m.s. magnetic 

intensity will be 27/\/2 = 19.1. The net cross siaUion of th(‘ iron cir¬ 

cuit is KgS = 0.9 X 2.18 = 1,96 .sq. in., and from Fig. 31 its average 

length is 17/36' = 8.35 in. The r.m.s. magiu'tomotive forc(‘ for th(' iron 

may then be taken a.s 8.35 X 19.1 = 160. U.sing ecjuation 51a, the 

volt-amperes coasumed in iron excitation wall be 

Excitation, iron = 27r/0A7 X 10~^ 

= 27r X 60 X 125 X 160 X 10~^ = 75 volt-amperes 

The total volt-ampere consumption in the closed-gap iK)sition will then 

be 83 + 17 + 75 = 175 volt-amperes. The exciting current in the 

closed-gap po.sition wall therefore be 

, v-a. 175 , 
h = “TT “ amperes 

E 115 

This assumption will make the volt-ampere consumption higher than it actually 

is, and hence is on the safe side. It is useful when the iron saturation docs not exceed 

the knee of the saturation curve; for saturations above this it gives values which are 

much too high, owing to wave-shape distortion. 
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Exciting Currenty Open Gap. In the open-gap position, the equiva¬ 

lent permeance of the working gap will be 

P c 

1.41 X 0.00819 X 2.18 

0^125 
0.0785 kmax. per ampere-turn 

and the required volt-arnpcuc excitation of the gap will be 

Excitation, main gap 
27r X 60 X 125- X 10~‘^ 

0.0785 
751 volt-amper(‘s 

4 he total volt-amj)(‘r(‘ excitation in the open-gap position will be 83 + 

751 + 75 = 909 volt-amperes, and the current will be 

909 
/i = = 7.91 ampc'res 

115 * 

('dll Design. Th(' gross winding d(‘pth of the coil is 0.5 in. 

Allowing in. ck'arance betw(‘en the coil and the plunger, 30 mils for 

tai)<‘ on each sid(* of the coil, and in. for insulation between the coil 

and th(‘ outside* laminations, the net winding depth will be 0.5 — 0.155 = 

0.345 in. The' gross winding length of the coil is 1.5(7, say 2.25 in. 

Allowing j\. in. for clearance and insulation and 30 mils for tape at each 

(*nd, th(‘ lu't winding length will be 2.25 — 0.185 = 2.065 in. The net 

winding area will be 0.345 X 2.065 = 0.712 sq. in. The mean length of 

a turn will be 4(f; + 2 X qV + 2 X 0.03 + 0.345) = 8.02 in. 

A coil for this type of magnet can be easily form wound, using 

double-cot ton-covered wire, and varnishing each layer as wound. It 

should then be baked and taped. The space available for each wire 

will be 0.712/244 = 0.00292 sq. in. This allows an over-all diameter of 

the win* of 0.054 in., corresponding to No. 17 with double cotton cover¬ 

ing. L(*( us therefore assume a coil of 244 turns of No. 17 d.c.c. wire. 

The coil resistance will be 8.02 X 244 X 0.422 X 10“^ = 0.825 ohm 

at 20° C\, and 90° C. it will be 0.825 X 1.275 = 1.05 ohms, where 

0.422 X 10~^ and 1.275 are the specific wire resistance and temperature 

factors from Tabl(*s II and III, respectively, of Chapter VI. 

Temperature Pise During the ^-Minute Interval of Open-Gap Exc'ltxiUon. 

The weight of the wire of the coil will be (8.02 X 244)/(12 X 161.3) 

= 1.01 lb. The thermal capacity of the copper will be 180 X 101 = 

182 joules per degree Centigrade, where 180 is the specific thermal 

capacity of copper from Table I, Chapter VH. Assuming an average 

coil resistance of 0.94 ohm during the 2-minute period of excitation on 

open gap, the heat energy released in the coil will be pRAt = 7.91 X 
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0.94 X 120 = 7,040 joules. The temperature rise during the interval ^ 

will be 7,040 182 = 38.7° C. This is satisfactory. 

Temperature Rise with Cmtinuous Excitation in the Closed-Gap Posi¬ 

tion. The total inside and outside surface area of the coil of Fig. 31 is 

(4G + 6|G)1.5G' = IGG*^ = 34.8 sq. in. The heat-dissipation coefficient 

for this coil, as it is self-supporting and out of contact with the metal 

parts, may be found from curve 2, Fig. 76, Chapter VII; it is 0.00635 watt 

per sq. in. per ° C. temperature difference, at a temperature rise of 55° C. 
The total heat-dissipating ability of the coil is 0.00635 X 34.8 = 0.221 

watt per °C. temperature difference. 

The heat to be radiated by the coil is the copper loss plus the core 

loss.^ The copper loss will be llR = 1.52^ X 1.002 = 2.3 watts. The 

volume of iron is 1.96 X 8.35 = 16.3 cu. in., and its w^eight will be 16.3 

X 0.274 = 4.48 lb. From manufacturers' data the core loss for No. 26 

gauge medium-silicon steel at Bm = 90 will be 2.2 w’atts per lb., at 60 

c.p.s. Therefore the core loss will be 4.48 X 2.2 = 9.85 watts. The 

total heat to be dissipated by the coil will be 2.3 + 9.85 = 12.15 watts. 

The temperature rise of the coil wdll therefore be 12.15 0.221 = 

55.0° C. This is satisfactory. 

6. Check of Preliminary Design Using Stock Sizes. 

Final Sizes. The dimensions calculated for the preliminary design 

may be rounded off, by making G = 1.5 in. 

Coil Design. For the coil let us assume 8 layers; then the turns per 

layer will be 244 8 = 30.5 (say 31), and the net winding length will 

be [(31 + l)/0.95]0.0548 = 1.85 in. Making the allowances required at 

each end, which we may take at about | in., the gross length of the 

winding space can be made 2-^ in. The net winding depth will be 

8 X 0.0548 X 0.95 = 0.416 in., and adding to this the allowances sug¬ 

gested in the preliminary design, the gross depth of the winding space 

may be taken as ^ in. The mean length of turn will now' be 4(1.5 + 

2 X 0.092 + 0.416) = 8.4 in. The resistance at 75° C. will be 

22 = 8.4 X 248 X 0.422 X 10“^ X 1.2162 « 1.07 ohms 

Reactance Voltage. Taking the preliminary value of exciting current 

of 7.91 amperes, the reactance voltage in the open gap position will be 

Er = Vll5* - (7.91 X 1.07)* = 114.7 volts 

” Thia method assumes that the interval is sufficiently short that no appreciable 

heat flows from the copper. 

••Because the heat-dissipation coefficients of Chapter VII have been derived on 

the basis that the coil is in free air, or surrounded by iron which has no heat generated 

in it, the iron loss should be added to that which the coil must dissipate. This is a 

convenient approximation and is on the safe side. 
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Equivalent Flux. The equivalent flux of the plunger will be, by 

equation 47, 

Er X 10^ 

2irfN 

114.7 X 10^ 

27r X 60 X 248 
122.3 kmax. 

Leakage Coefficient. A section along the axis of the plunger showing 

the iron parts and coil of the magnet drawn to scale with complete 

dimensions is shown in Fig. 32. In the lower half of the sketch the 

various bands of leakage and fringing fluxes are shown. The dimensions 

indicate the extent of>the bands. These paths are the same as shown 

in Fig. 29. This figure should be referred to in order to see the shape of 

the leakage-flux path and the formulas for its computation in the plane 

normal to the axis. Designating the various leakage paths by their 

formulas, as derived in Chapter V, the leakage coeflBcient based on flux 

linkage, as described in Art. 121, Sec. 2, Ls computed as follows: 

The main gap permeance is 

^ _ 3.19 X 1.5^ 

I 0.125 
57.5 

The fringing permeances are 

Pi = 0.26mZ = 0.26 X 3.19 X 1.5 X 4 4.9 

,, M, r2 3.19X1.5X4, 0.716 
P». = - log. - =-—--log.= 10.62 

TT ri 3.14 0.12o 

Ps = 0.077m{7 = 4 X 0.077 X 3.19 X 0.125 = 0.12 

p _ 
/in — — 

4 X 3.19 X 0.295 
0.94 

Total = 16.65 

4'he leakage 

Pi 

Pi 

Psb 

permeances on one .side of the main gap are 

= 6.49 
^ _ 2 X 3.19 X 0.57 

0.5()25 

= 0.26m/ = 4 X 0.26 X 3.19 X 0.57 = 1.88 

m/, r2 4 X 3.19 X 0.57 33 
= — loge -- = --TTT log, ~ = 3.02 

T ri 3.14 9 

Total = 11.39 

As regards flux linkage; the flux which passes through the main gap 

links with all the turns; the fringing flux may be considered to link with 

all the turns because, if the path of its mean flux line is examined, it will 
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be found to include all but about 2 per cent of the turns; the leakage 

flux, considering all the turns of the coil, is only half effective as there 

are two paths in series, and it is (57 -f- 92.6)* effective because the path 

Assumed Mean Magnetic Path 

Fig. 32. Final design of the magnet of the problem of Art. 122. Lower half of the 

figure shows the assumed distribution of fringing and leakage fluxes. 

covers only 0,57 in. out of a possible 0.925, and is ^ X § effective, 

owing to it.s di.stribulion. 

Therefore, the equivalent permeance as regards flux linkage will be 

/ 57 V 1 2 
P.. 57.5 + 16 65 + 1139-x(-gjx-X- 

= 57.5 + 16.65 + 0.72 = 74.9 

The leakage coeflficient, as regards flux linkage, is 

_ 74.9 

57.5 
1.305 

I'his is less than estimated in the preliminary design, which is partly 

due to the relatively short length of the coil. 

Plunger Force, The plunger force in the open-gap position will l)e, 

by equation 46, 

1 /1223V 
Average loree - j - 54,2 lb, 

and in the clos(?d-gap position will be 

Average force =» ^ (122.3)^ == 92.5 lb. 
72 X 1.5 

These forces are satisfactory. 



Aw. 122) DESIGN OF THE DIRECT-ATTRACTION TYPE 459 

Maximum Plunger Flux Density. The maximum value of the 
plunger flux density occurring at the end of the stroke will be, by equa¬ 
tion 48, 

V24> V2X 122.3 
Bm = = TTo^rUTTF = 85.5 kmax. per sq. m. 

Core Loss. The net area of the magnetic circuit is 1.5^ X 0.9 = 

2.03 sq. in., and its mean length is 8.25 in., as shown on Fig. 32. For the 

purpose of computing the core loss and the excitation for the iron, the 

small extension used to produce the fixed gap will be neglected. The 

volume of the iron path is 2.03 X 8.25 = 16.7 cu. in., and its weight 

will be 16.7 X 0.274 = 4.57 lb. Manufacturers’ data give the core loss as 

2.0 watts per lb. at Bm = 84.5, / = 60 c.p.s., for No. 26 U. S. gauge 

MiiRnetic data and graphical construction necessary to obtain the r.m.s. value of the 

exciting current of the magnet of Fig. 32. 

medium-silicon steel. The core loss will therefore be 4.57 X 2.0 = 

9.2 watts. 

Calculation of Closed’-Gap Exciting Current. This is done by follow¬ 

ing the procedure outlined in Art. 120, Sec. 4. In Fig. 33a are shown 

the magnetization curves, for both rising and falling fields, for the iron 

and the residual air gaps of the magnetic circuit. The magnetization 

curve for the iron has been computed from a normal hysteresis loop of 

iron for Bm = 85.5, using an area of 2.03 sq. in. and a mean length of 

8,25 in. for the iron. The air-gap curve has been constructed by drawing 

a straight line through the origin, having a slope equal to the joint per¬ 

meance of the fixed air gap and the residual gap between the plungers. 

By adding the magnetomotive-force components of these curves for the 
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same value of flux, the heavy loop which is the magnetization curve for 

the entire circuit is obtained. 

By projecting the sinusoidal flux wave of Fig. 336 on the heavy loop in 

the manner illustrated in Fig. 26, the ordinates of the dashed curve, 

entitled “magnetizing component,'' arc obtained as the abscissas of the 

loop. This is the true wave of magnetomotive force required to establish 

the sinusoidal flux in the complete magnetic circuit. However, this 

does not exactly correspond to the exciting current, becau.se the latter 

must have in addition a component to neutralize the eddy currents 

produced in the iron parts. This is a power component whose pha.se 

position will lead the flux curve by 90®. If the flux is sinusoidal it will 

be sinusoidal. Its maximum value will be 

iV ampere-turns 

where i.^^ the total power lo.ss due to eddy currents in tlu' laminations or 

solid iron structure of the magnet. Inasmuch as we liave ass\nii(*<i the 

laminations to be perfectly insulated, and the bolts and rivets carefully 

placed so as to avoid eddy currents, we nv( d consider only the eddy- 

current loss in the laminations. Estimating this as 25 per cent of the 

total core loss, = 9.2 X 0.25 = 2.3 watts, and 

\/2 X 2 3 
{NIt)m =-777—^ X 248 = 7.0 ampere-turns 

Adding together the two dashed-line components, tin* heavy full-line 

wave of exciting magnetomotive force of Fig. 336 is ()!)taincd. The 

r.m.8. value of this wave is obtained by scpiaring each ordinate and 

plotting them as indicated. The mean height of the curve can be 

obtained by a planimeter and is shown as the line A A at 63,800 (ampere- 

turns)^. The exciting current will then be 

V63,8(KJ 

^ “ 248 
1.02 amper(*s 

This does not appear to check too well with the preliminary value of 

1.52 amperes. However, owing to the change of dimcuisions and turns, 

the preliminaiy value should be r(‘computed if a comparison is to be 

made. Repeating the preliminary (‘stimate: 

Excitation, all residual air gap.s 
27r X 60 X 122.3^ X 10““® 

0.600 
91 volt- 

amperes 
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Excitation, iron = 27r X 60 X 122.3 X X = 42 volt-ampcros 

This jrivcs a total excitation of 136 volt-amperes corresponding to an 

(‘xciting current of 136/115 = 1.18 amperes. This checks better, but 

as exj)lained before,'^ is liigli because it is based on sinusoidal excituig 

wave foi- the iron of the same peak value a.s the iron actually takes. 

Examination of Figs. 33a and 335 shows that the magnetomotive force 

r(‘(iuir(‘d to excite the iron does not become appreciable until 0 = 125 

kinax. and, from that point on, causes the wave form to shift from 

sinusoidal to triangular. \Vh(‘r(‘ the transition will occur and how much 

the wave will peak d(‘pend entirely on the relative values of the iron and 

air-gap magnetization curves. 

Calculation of Open-Gap Exciting Current. The iron excitation will 

be practically the same as in the closed-gap position and may be obtained 

by subtracting the air-gap excitation from the total computed excitation 

of the last paragraph, thus: 

Excitation, iron only = 115 X 1.02 — 94 = 23 volt-amperes 

The eciuivalent permeance of the main gap including all leakage and 

fringing permeance will be vyiS/l = 1.305 X 0.00319 X 1.5^/0.125 = 
0.075 kmax. p)er ampere-turn. Adding this in series with the corrected 

perm(‘anc(' of the fixed gap, which is 0.72 kmax. per ampere-turn, we 

have for their joint permeance 0.0679 kmax. per ampere-turn. Then 

the excitation for the air gaps will be: 

. . 27r X 60 X 122.3- X 10“® . 
Excitation, air gaps = -—-= 831 volt-amperes 

0.06/9 

The open-gap exciting current will then'fore be 

Ix 
831 + 23 

115 
7.42 amperes 

Volt-Ampere Efficiency. This will be 

Volt-ampere efficiency = 
7.42 - 1.02 

7^2 
0.863 

Mechanical Work Check. The work as calculated from the area under 

the force-stroke curve should equal that calculated from the change in 

reactive power. 
Mechanical work, computed by the change in reactive power at 

/ = 60 c.p.s., equals 

^ _ (7.42 - 1.02) ^ j 

85 85 
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while computing by the area under force-stroke curve, it may be esti¬ 

mated from the starting force of 54.2 lb., and tlie closed-gap force of 

92.5 lb., as 

I [54.2 + ^ (92.5 - 54.2)] = 8.39 in-lb. 

I'his estimate is on the low side because the curve is slightly straighter 

than parabolic, as assumed in averaging. It is therefore seen that the 

two methods check very clovsely. 

Temperature Rt.se—Closed Gap. The temperature rise in the closed- 

gap position is due to the iron loss plus the copper lo.ss. The iron loss has 

been computed as 9.2 watts, and the copper loss will be 1.02*^ X 1.07 = 

1.1 watts, making a total loss of 10.3 watts. The total inside and out¬ 

side surface area of the coil will be (6.74 + 10.3)1.91 = 32.6 sq. in. The 

final temperature ri.se will be 

10.3 

32.6 X 0.00635 
49.7° C. 

This Ls satisfactory. 

Maxiynurn Allowable Time of Excitation Open Gap. The weight of 

copper in the final coil is 1.04 lb., and its tlaamal capacity is 187 joules 

per degree Centigrade rise. The resistance of the (‘oil at its average 

temperature of (20 + 90) -E 2 = 55° (\ will be 1.07 X 289 ~ 309 = 

1.0 ohm. The average rate of heat dLs.sipation in the coil will be T^R = 

7.42^ X 1.0 = 55 watts. Then the time of continuous excitation for a 

maximum temperature rise of 70° (\ will be 

Time = 
187 X 70 

55 
238 sec., say 4 min. 

Power Factor. The power factor will equal the los.ses divided by 

the exciting volt-amperes: The los.ses will equal the iron loss of 9.2 watts 

plus the copper lo.ss which Ls 55 watts in the open-gap position and 1.1 

watts in the closed-gap position. 

9.2 +11 
Power factor, closed gap = —- y “ 0.088 

Power factor, open gap 
9.2 + 55 

834 
0.075 

Magnet Weight. The weight of the iron of the magnetic circuit and 
the copper Ls 4.77 and 1.04 lb., respectively, making the total weight of 

these parts 5.81 lb. ThLs does not include the weight of the cast-iron 
clamping frame and insulation or bearing guides. 
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Final Results, 

Supply voltage =115 volts, 60 c.p.s. 
Stroke = I in. 

Final temperature rise, continuous excitation, closed gap = 50® C. 

Maximum allowable time of excitation on open gap without exceeding a 
coil temperature of 70° C. = 4.0 min. 

Coil turns = 248. 

Wire = No. 17 double cotton covered. 
Coil resistance at 75° C. = 1.07 ohm. 

Volt-ampere efficiency = 0.863. 

Average 

Force, 

lb. 

Exciting 

Power 

Input, 

watts 

Supply 

Power 

Factor 

1 
Current 

r.m.s., 

amp. 

Vo It-Amp. 

OT)en (rai). 54 2 7.42 854 64 2 0.075 

Closed gap. 92 5 1 02 117 10 3 0.088 

123. Theory of Shading Coils for Single-Phase Magnets 

1. General. The fundamental purpose of a shading coil on a single¬ 

phase magnet is to mitigate the pulsations in force between the arma¬ 
ture and pole face. 
Tliis is of importance 
only when the arma¬ 
ture is in contact with 
the pole face, because 
only then do the force 
pulsations allow the 
armature to hammer 
on the pole face and 
produce the undesira¬ 
ble ('ffect known as 

chattering.'' In a 
well-designed shaded 
pole magnet the least force should never drop below the load force 

when the armature is against its stop. 
Figure 34 shows a section through a clapper type of alternating- 

current magnet having a shading coil embedded in the pole face. The 
shading coil itself may consist of a heavy slug of copper or brass, or of a 
coil of several turns of copper wire either short-circuited on itself oi 
connected to an external resistor. One convenient way of making these 

Fio. 34. Section through a clapper-type single-phase 

alternating-current magnet with a shading coil. 
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coils, which gives the highest space factor and lowest resistance', is to cut 

off pieces of a square copper tube of the correct size and thickness. 

Whether the coil is of one heavy turn or of several lighter turns is of no 

importance, blither will have the same shading effect if the quotient of 
its resistance by the square of the turns remains constant. 

As was explained in Art. 116, Sec. 3, the instantaneous force of a 

split-pole magnet will bo constant, provided that the maximum force of 

each part is the same, and their fluxes 90° out of phase. The shading coil 

splits the pole into two parts, and causes the fluxes of these parts to be 

out of phase. However, it is impossible to attain a 90° phase relation¬ 

ship between these fluxes, and hence ideal shading cannot lx* attained. 

Refernng to Fig. 34, let 4>i and </>2 be the actual fluxes c'xisting in 

the unshaded and shadc'd poles, respectively. As will b(' shown lat(‘r, 

the phase angle a l)etween and deprmds on the ratio of tin* n'aetance 

of the shading coil to its resi.stance. For a to he 90° this ratio must b(‘ 

infinite, which means that the shading coil resistance must b<‘ made zero. 

Assuming that it is pos.^ible to have a shading coil with zero resistanc(', it 

will still be impossible to attain ideal shading, because the flux of th(‘ 

shaded pole approaeh(\s zero as the shading-coil resistane(‘ approaelu's 

zero. This is necessarily .so because the ampf‘re-turns of th(' shading coil 

must remain finite, and hence in the limit the indueiai voltage of tlu' coil 

must be zero in order that the current be finite. 

However, for any given .set of conditions, tlnac* is an optimum d<‘sign 

of shading coil which will produce the least pul.sation in force. It is 

the purpose of this article to develop a sound th(‘ory of sliading coils and 

to set forth the requirements of an optimum design. 

2. Fundamental Theory of the Shaded-Pole Single-Phase Magnet. 
For the purpose of analyzing the of^eration of shading coils it is only 

necessary to determine the flux relation.s in the region of the pole faces. 

Figure 35 show.s the magnetic circuit in the n'gion of the* pole face of 

a shaded-pole magnet. I^t <pi and <t>2 be the actual*^ fluxes pa.s.sing 

through the unshaded and shaded portions of the pole, respectiv(*ly, 

including all the effective fringing flux.^® Then </)2, the actual flux 

*^This mean.s the actual fluxes existing in the pre.sene<* of the shading roil, inelud- 

ing the effect of the shading-coil ampere-tums. Tliesf* flux<‘.s would be measured by 

winding an exploring coil directly over the iron of each of the pole sections. 

By “actual" is meant the real flux issuing forth from the respective jxdes, in 

the presence of the shading coil and including the effect of (he shading-coil ampere- 

turns. This is the flux that would be measured by an exploring coil wrapped around 
the base of each pole. 

*• Fringing flux in the immediate vicinity of the poh* face merely alters the 

reluctance from that of the simple path shown in Fig. 35. It dws not in any way 

invalidate the theory to V>e developed so long as it is considered in determining the 

effective reluctance of the path. 
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through the shading coil, will lag 4>u as shown in Fig. 36. The voltage e, 

induced in the shading coil by 02, will lag 02 by 90°, but the current 7 
of the shading coil will be in phase with e, becau.se 02 is the actual flux 
linking with th(! shading coil while I is flowing. Hence I flows against the 
resistance of the shading coil only, a is the angle by which 02 lags 0,. 

Consider now the local magnetic circuit of Fig. 35. It is po.ssible to 

go from point A to li by two paths, as shown. The magnetic potential 

between these points will lx; the same, no matter what path is taken. 

Path 1 goes direct from A to B through the reluctance” Ri/ui of the 

I'lcj, 35. Magnetir circuit of a J'ig. 30. Vt'ctor diagram of the fluxes and the 

sha{led-]ioIe magnet in the .^liading cod induct ti voltage and current, for a 

region of the shadtnl pole face. shaded pole face. 

air gap uiulor unsliad(‘d polo, wiiilo path 2 goos through y^2/^2> the 

roluctanco of the air gap undor tho shaded pole, and thence through 

the shading coil. Tho flow of current in the shading coil will always be 

in such a dirt'ction as to tend to prevt'iit any change in flux through it, 

with th(* result that tlu' effi'ctive reluctance of the path is increased. 

Kcpiating the niagiKdoinotive force Ix'tween A and B via the two 

p)aths, we have tlu' giuieral vector etiuation 

~A ~ ^2 —— NI (53) 
Pi P2 

where the minus sign in front of NI indicates that the magnetomotive 

R is the rcductancc of tho rectangular or working gap only, and R/v is the 

total reluctance of the flux path, including the fringing and leakage paths, and is 

eipial to the joint reluctance of the working gap and the fringing and leakage paths. 

V is therefore the leakage cocflicient defined in the usual way, and will be the ratio 

of the total flux entering the pole at section C-C, hig. 35, to that passing through 

the working gap of area N. 
** This equation neglects the reluctance drop of the iron as it is assumed that the 

iron is unsaturated, and hence its reluctance drop will be small compared to that of 

the air gap. 
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force of the shading coil is inherently negative. The vector diagram of 

Fig. 37 will make this clearer. Here the magnetomotive-force vector 

0i(^2iAi) is taken as a datum vector in the positive direction. Rela¬ 

tive to this vector it can be seen that NI will always be in the third 

quadrant and hence the resultant of </>2(/?2A2) must be 

obtained as a vector difference, in order that the algebraic sum of the 

magnetomotive forces around the closed loop AB add to zero. 

-FJ >yof 

-NI 

y 
NI 

% ^ 

“J 

Fig. 37. Vector diagram of the 

reluctance magnetomotive force drops 

and the mangnetomotive force of the 

shading coil for a shaded pole face. 

-NI' 

Fig. 38. Resolution of the vectors 

of Fig. 37 into their real and imagi¬ 

nary components. 

Resolving the vectors of Fig. 37 into their real and imaginary parts, 

we have the components as shown in Fig. 38. Equating the real compo¬ 

nents of this figure, we have 

^ ^ - NI' (54) 
Vi V2 

The in-phase component of shading-coil current can be determined from 

the quadrature component of shading-coil flux, as shown in Fig. 36. 

r/ _ /rr\ 

Substituting equation 55 into 54, we have 

+ (56) 
Pi P2 r 

This and subsequent equations can be greatly simplified if the symbol 

K is introduced for the ratio of reactance to resistance of the shading 

coil, thus 

K « —— » -j- (57) 
R2r l2r 
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This is a logical substitution, as X is a tangible design factor of the 
shading coil which is independent of the size of the magnet. In con¬ 
sidering the reactance of the shading coil equal to i>2i»N^/R2, the re¬ 
luctance of iron path through the main exciting coil has been neglected, 
as it is small compared to that of the air gap. The working aii^gap 

reluctance, R2 = h/nS2, automatically takes into account all possible 
variations in area or length of the air gap under the shaded pole. 

Substituting equation 57 into 56, we have 

RiVo t n 

4>i = <t>2 -h K<t>2 (58) 

Equating the imaginary components of Fig. 38, we have 

(59) 

The quadrature component of the shading coil current, /", may be 
found from the in-phase component of the shading coil flux, 

Substituting equations 60 and 57 into 59, we have 

K<t>2 = <^2 (61) 

By substituting 61 into 58, we can solve for the components 02 and 02 
of the shaded-pole flux in terms of that of the unshaded pole. Thus 

f 1 
(62) 

i-F 

,, K R\^2 

1 -h R2n 
(63) 

As 

<P2 = 'N/ (02)" + (</>2)^ (64) 

we may combine 62 and 63 and obtain 

02 R\^2 ^ 

01 R2n + 1 
(65) 

The tangent of the phase angle a is, from 61, 

tan a = K 
02 

(66) 
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The total flux of the magnetic circuit may be found from Fig. 36 by 
applying the law of cosines; it is 

(p = x/01 -j- <^2 “b 20102 ot (67) 

It may also be expressed in terms of the flux of the unshaded pole as 

follows: _ 

0 = ^ (02)^ + (<^1 + 4>2y 

which, when simplified, yields 

^^1^2_1 I r^2 
0 *— 01 ^ 1 _L A’- ' ^ /fori 1 + A I 

+ 
1 + A^ 

A 1 ^2 

1^2 

+ 1 (68) 

3. Instantaneous Force Relations in a Shaded-Pole, Single-Phase 
Magnet. The instantan(‘0us force produced under a pole is, by r(‘fer- 

ence to Art. 116. 

Instantaneous force 
(Brn •'^iu a;0^’*8 

n 
lb. per >i\. in. 

where Bm is the peak flux density in the working gap. The force pro¬ 
duced und(‘r the unshaded pole will be 

(01);;, sirr U 

pl72Ai 
11). (69) 

and that under the .'>haded pole will be 

(02)m — g) 

Po72No 
lb. (70) 

7'he total instantaneous force of both poles will ho 

Instantaneous force = J^in" o:t + y ;-f sin^ {ost — a) (71) 
3i)S ipt 36,S 2^2 

These actual force components, together with the flux waves that 
produce them, are shown in Fig. 40a. 

Expanding sin^ a?/, and collecting terms, we liave 

Instantaneous force = 

o 
«^2 

7252*'? 72.S,vf 
COS 2(a}1 

cos (2u)/ — 2a) 

The first two t(*j’ms are the average force of the magnet, and the last 
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two terms are the double-frequency alternating components. The 

alteinating components may be represented vectorially as shown in 

Fig. 39. Combining these components graphically, as illustrated, the 

total alternating component of the force is obtained. This vector will 

b(‘eome smaller as a approachc^s 90'', and its magnitude, by the law of 

cosines, will be 

+ (4s) " (74^) 
Th(‘ instantaneous force of the shaded-pole magnet may therefore be 

written in terms of its averages and alternating components, as follows: 

Average force component 

Alternating force component 

1(A. . 
72\AShri 821*1^ 

lb. (72) 

\/2iS\Vi/ \^2aS2' ^72aSir 1 / \^2S2^2^ 

cos {2u)t — d) (73) 

The total instantaneous force and its components are shown in Fig. 406, 

and are drawn to correspond correctly with actual forces of Fig. 40a. 

By ('xamining e(iuation 73 in conjunction with Fig. 39 it can be seen 

that, if the average force of the 

shaded pole equals that of the un¬ 

shaded pole, the alternating force 

of the magnet will become zvvo 

when a i.s 90'’. The criterion for 

ideal shading i.s, therefore, that the 

average force of the shaded pole 

equal that of the unshaded pole 

and that the flux through the 

shading coil lag that of the un¬ 

shaded pole by 90°. 

4. Optimum Conditions for 
Minimum Force Variation. As 

mentioned before, the conditions . tt t ic 
necessary for ideal shading are impossible to attain. o^ever, 1 

possible'to attain optimum conditions which will give the least pulsa¬ 

tion in force. When deriving an optimum a normal set of conditions 

Alternating Force 
Component of Shaded Pole 

Alternating Force 
.^omponent of Magnet 

/zost 

I Alternating Force 
[Component of Unshaded Pole 

72S,V^ 

Fig. 39. Vector diagram of the double- 

frequency alternating components of 

force in a shaded pole face. 
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must be imposed. For our purpose it is a reasonable design condition to 

specify that the average force of the magnet must remain constant, or 

where 

+ P2</>2 = w = constant 

Pi = 2 and P2 

(74) 

Fig. 40a . Waves of flux through the poles of a shaded pole face and the fore 
waves produced by these fluxes shown in their proper relative phase positions 

P'lO. 406. Total instantaneous force wave prodip’(‘d by b(;th pole faces <»f Fig. 40a 
and its resolution into an average and alternating force component. 

Solving equation 74 for </>? and substituting into the magnitude of 73, 

we have 

Alternating force component 

— P2<t^2)^ + V24>2 + 2p2im — P2(t>2)^2 oos 2a (75) 

If this expression is differentiated with respect to 02; letting a be con¬ 

stant, the value of 02 producing the least alternating force component 

can be found. 
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d{^? 

d42 
2{m - P2<t>l){-2p2<t2) + ^phl 

+ 4p2Wi/2 cos 2a - %pl4>2 cos 2a = 0 

— 4mp2<^2 + 4p2<;2 + ^P2<t-2 + 4p2m<t2 cos 2a — 8pi02 cos 2a = 0 

4mp2<^2(cos 2a - 1) - 8p^<^i(cos 2a - 1) = 0 

(4mp2'^2 - 8p2(^>2)(cos2a - 1) = 0 

As a has been assumed constant, and not necessarily equal to 90°, the 

second term cannot equal zero. Therefore, 

or 
Amp2<^2 — 8p2</>2 = 0 

m = 2p2<t>l 

Substituting this value into 74 we find that 

pi<t>l = P2<pI 

or 

^ <p I 

72SiA 72S2pI 
(76) 

as the optimum condition. Thus for any given value of a the average 

force of the shaded pole should be equal to that of the unshaded pole. 

It has already been shown that under any conditions a should be as 

near 90® as is possible. Therefore it may be stated that an optimum 

design, giving the least pulsation in force, is obtained when the average 

force under each pole is made equal and a is made as near 90° as possi¬ 

ble.^ 

5. Design Factors for Optimum Shading. I^etting 

«> •> 
0\ _ <^2 

72*SVi 7282^2 

(76) 

as the optimum condition, we have 

/ <f>2Y ^2^ 

From (‘(juation 65 we have 

(77) 

io 7{\V2 I /l*S2l'2 1 
(65) 

<i ~ />Vi v'a:-' + T Vk '^ 4-1 

** This is for the condition that tlie total average force of both poles remain 

constant. Other conditions, however, which might be equally logical might be 

imposed. Thus the total flux of both pole.8 <t> might be held constant. 
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Squaring 65 and equating to 77, we have 

^2 _ ( 1 \ 

.Sipf 
which, w^hen solved for gives _ 

A . - 1 (78) 

Now, as tan a = Ky K should be made as large as possible in order that 

a be made to approach 90°. Therefore aSi and I2 should bo made as 

small as possible, and li and ^2 as large as possible. 

The practical limitations in the choice of these four factors are dis¬ 

cussed below: 

aSi is limited by the maximum saturation density in the iron and the 

requirement that the average force of the unshaded pole must be one-^ 

half the required average force of the magnet. 

I2 for a holding magnet may be reduced to the point where the pole 

faces touch. If the pole faces are carefully finished so as to make good 

contact, I2 may be considered to be as small as 0.001 in. In general, 

however, I2 is determined arbitrarily by the conditions of the problem. 

It should be remembered that optimum shading can be produced at 

only one gap length, 

S2 is limited by the maximum size allowed for the entire pole face. 

A reasonable value is between Si and 2aSi. 

li is limited by the allowable volt-ampere input to the main exciting 

coil, or the pow’er to be dissipated in the shading coil, and the leakage. 

The longer /j is made, the more magnetomotive force wdll be required 

for the un.shaded gap, and the higher the leakage of this pole face will be. 

As li is increased and the magnetomotive force across the unshaded gap 

increases, the magnetomotive force of the shaded coil must increase in 

proportion. This will correspondingly increase the current of the shad¬ 

ing coil and the power loss. As a practical consideration, the power 

loss of the shading coil is the most logical limitation. In general, the 

force variation will be decreased as this power loss is increased. 

124. Sample Shading Coil Computation 

1. General. For the purpose of illustrating the actual procedure 

necessary to make an optimum design for a shaded pole face, and also 

to give some idea of the order of magnitudes involved, a complete 

design has been worked out in the following sections. 

As the design of the main iron circuit and exciting coil do not depend 
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particularly on the shading coil, we shall concern ourselves only with the 
design of the shading coil and the pole faces. The change in excitation 
of the main coil due to shading will also be investigated. Likewise the 
copper loss in the shading coil will be computed. 

2. Design Data. A 115-volt, single-phase, 60-c.p.s. magnet is to 

develop an average pull of about 50 lb. in the closed-gap position with 
a minimum of chattering. Design a clapper type of magnet suitable 
for the purpose, using the following data: 

Lamination material = No. 26 gauge medium-silicon steel. 
Stacking factor, A, = 0.9. 
Minimum air gap under shaded pole = 0.002 in. 
Maximum air gap under unshaded pole = such that the power loss in the 

shading coil circuit will not exceed 30 watts. 

3. Preliminary Design. We shall first make a preliminary design 
for optimum conditions, following the suggestions of Art. 123, Sec. 5. 

Maximum Flux Density of Unshaded Pole (Bni)i- Choose a value of 
110 kmax. per sq. in. This seems high, but it must be remembered that 
the leakage coefficient of the unshaded pole will be high and hence the 
averag(‘ peak density throughout the unshaded pole will be much lower. 

Leakage Coefficient for Unshaded Pole vi. Assume 1.15 ^or a 

preliminary value. 
Area of Unshaded Pole Face Si. By equation 76 the average force 

of the unshaded pole should equal one-half of the force to be developed 
by the magnet for optimum shading. By equation 17 

Average force (unshaded pole) 
{Pm)lFs 

144 

or 
144 X A.F. 144 X 25 

/no xo.oV 
\ 1.15 / 

0.487 sq. in. 

Minimum Gap Length under Shaded Pole l2- The minimum value of 
this gap has been already set at 0.002 in. in the problem data. 

Maximum Area under Shaded Pole 82- The value taken for this 
depends merely on how large the magnet is to be made. Let us, for the 
purpose of this design, assume a main pole core section 1 in. by 1^ in., 
with a slot for the shading coil 0.104 in. wide. The pole-face dimensions 
will then be as shown in Fi^. 41, with the shaded pole face having 1.87 
times the area of the unshaded face. This allows the shading coil to be 
almost square in cross section, wffiich is the optimum shape for maxi¬ 

mum K. 
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Flux of the Shaded Pole <#>2- The average force of this gap is to be 
made the same as that of the unshaded pole. Solving the shaded pole 
portion of equation 72, we have, 

4^ = V'72 A.F. X 

= 41.5 kmax. (r.m.s.) 

where V2 is assumed as 1.03. 

VoUage Induced in Shading Coil Eg. 

Eg = 2TfN<t:2 X 10“® 

= 27r X 60 X 1 X 41.5 X 10-® = 0.156 volt 

Resistance of Shading Coil r. As the power loss in the shading coil 
circuit is to be limited to 30 watts, the resistance of the shading ^coil 
circuit will be 

,.^.<^. 0,000815 ohm 

Current of Shading Coil /,. 

0.000815 
191 amperes 

Dimensions of the Shading Coil, The dimensions of the shading coil 
must be such that the proper resistance is obtained and also such that the 

temperature rise will be satisfactory. The 
above computations have been carried out on 
the basis of a one-turn coil. For continuous 
operation it is obvious that the temperature 
rise for 30 watts dissipation will be excessive. 

If the time of excitation is sufficiently short, 
so that heating is not a prime consideration, 
the coil could be made of a slug of copper, 

Fig. 41. Tentative propor- or if more thermal capacity is desired, it could 
tions for shaded pole face 
for preliminary design of 

magnet of problem of Art. 
124. 

be made of a slug of high-resistivity metal such 
as brass or german silver. The higher the 
resistivity of the metal the larger the cross 
section must be, and hence, the larger the 

thermal capacity and heat-dissipating surfaces will be. For this particu¬ 
lar design it is best to make the coil of several turns of copper so designed 
that resistance of the coil itself will be only a fraction of the desired 
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resistance. The required resistance can then be obtained by means of 
an external resistor. This will allow a portion of the 30 watts generated, 
in proportion to the external resistance, to be dissipated away from the 
coil proper and so make possible a lower temperature rise. 

Let us assume the coil to be made of 5 turns of No. 12 chromoxide- 

covered wire (84 mils diameter), insulated from the laminations'by mica. 
Allowing 10 mils for mica, the mean length of a turn will be 2(0.084 + 
0.909 + 0.020) + 2(0.084 + 1.0 + 0.020) = 4.24 in. Assuming the coil 
temperature to be 90° C., the resistance of the shading coil proper will be 

r = 5 X 4.24 X 0.1323 X 10"^ X 1.275 = 0.00358 ohm 

Because the coil is to have 5 turns, its current will be only J of that of a 
one-turn coil; it is — 38.2 amperes. The power dissipated in the 
coil proper will be ^ 

p = == 38.22 ^ 0.00358 = 5.2 watts 

As the resistance of the shading coil circuit varies as its resistance 
will be 0.000815 X 25 = 0.0204 ohm, and the value of the external 
resistor will be 0.0204 — 0.00358 = 0.01682 ohm. As a chock, the total 
power dissipation will be 

p pr ^ 38.22 X 0.0204 = 29.8 watts 

The depth of the shading coil slot can be made 5 X 0.084 + 0.02 + 0.06 

= 0.5 in., where the last two terms are for mica and clearance, respec¬ 
tively, as shown in Fig. 42. 

Factor K for the Shading Coil. 

V20^N^ V20:N^^S2 
A = - = -;;- 

_ 1.03 X 2ir X 60 X 5^ X 3.19 X 10~^ X 0.909 ^ 

~ 0.002 X 0.0204 

Length of the Unshaded Gap li. For the force variation to be a 

minimum, we have, from equation 78, 

No attempt has been made to compute the temperature rise of the coil. Ihe 
assumed 90° C. rise has been tsiken as a convenient value. In use the shading-coil 
circuit when hot would have to be adjusted to a resistance of 0.0204 ohm. 
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solving this for li, we get 

h — h V (A’" + 1) 
^2 

h 0.002 (6.9^ + 1) 
0.487 

0.909 

Zi = 0.0104 in. 

This completes the preliminary design. 

4. Final Design—Check. In Fig. 42 is shown a sketch of the pro¬ 

posed shaded-pole magnet of the preliminary design. 

10 mils of mica 

-.-487 

Height of lamination 
stack = r 

band of distributed 
» leakage flux of 
) shad^g coil 

16 * 

0.0104" '^^2-0*002" 

Shading Coil 
/Circuit resistance 

“ adjusted to 0.0204 
ohm under normal 
working conditions 

5 turns No. 12 A.w.g. 
Chromoxide 

Fig. 42. Proliminary and final design of the shaded pole face for the magnet of 
the problem of Art. 124. 

Leakage Coefficients. The first step in making the final design will be 

to compute the leakage coefficients. Consider first the shaded pole. 

It will have two bands of leakage flux, that from the pole edge to the 

beginning of the shading coil which links with all the turns of the shading 

coil, and that in the region of the shading coil which is only partially 

linked. We then have; 

Complete linkage. 

„ , . , nS 3.19 X 0.909 
Pi (mam gap) = — -- 

^ / 0.002 
1,450 

P^ = 0.26m/ = 0.26 X 3.19 X 2.818 = 2.3 

„ fil, r2 3.19 X 2.818, 0.0635 ^ 
Psb = - log, - =-log, - = 11.9 

T ri TT 0.001 

Pii = 0.52m/ = 0.52 X 3.19 X 1 = 1.7 

„ 2m/ , r2 2 X 3.19 X 1 , 0.033 
Pi2b = — log, - =-log, = 5.7 

TT ri TT 0.002 

21.6 
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The distributed linkages are: 

^ r2 3.19 X 2.818, 0.5104 
Fsb = — log* - --log*- = 5.9 

TT n TT ^ 0.0635 

„ , ,fiS 3.19 X 0.477 
Pi (coil space) — =-— -= 14.b 

/ 0.104 

Py (edges of coil space) = 0.26/x/ = 0.26 X 3.19 X 2 X 0.44 = 0.8 

21.3 

For the purpose of determining the effective flux linkage and hence the 

reactance of the shading coil, tliese permeances must bo multiplied by 

because of the distribution. The leakage coefficient to be used in 

determining K of the coil will then be 

1,450 + 21.6 +^X21.3 , ^ 
.2 (for K) = -——-5-= 1.0198 

l,4oU 

For determining the force the leakage coefficient will be 

1,450 + 21.6 + I X 21.3 
uo (force) = 

For the unshaded pole we have: 

1,450 
= 1.022 

I 0.104 

P^ = 0.26m/ = 0.26 X 3.19 X 1.974 = 

^ m/. r2 3.19 X 1.974, 0.505 
Psb = ~ loge - = -log* = 

T ri w 0.0052 

Pii = 0.52^; = 0.52 X 3.19 X 1 = 

„ 2/1/, 7-2 2 X 3.19 X 1, 0.033 

TT ri TT 0.0104 

and the leakage coefficient for this pole will be 

149 + 14.9 

1.6 

9.2 

1.7 

2.4 

14.9 

1/1 = 

149 
= 1.100 

Total Flux of Unshaded^ Shaded^ atid Main Pole. The flux of the 

unshaded pole will remain the same as in the preliminary design, </>!. 

^ ^nQxo.4^x oj ^ j 
V2 V2 
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The ratio of the fluxes of the shaded and unshaded poles will be, by 

equation 77, 

(4>2\ _ S24 _ 0.909 /1.022Y_ . 

\<t>J “ S^vl " 0.487 ^ Vl.lOO/ " 

02 

and 
01 

= 1.27 

02 = 34.1 X 1.27 = 43.3 kmax. 

From equation 57, we have 

V2<^N^I^2 1.0198 X 2t X 60 X 5* X 3.19 X 10“® X 0.909 

hr ~ 0.002 X 0.0204 

The phase angle between 02 and 0i will be 

tan a = K = 6.81 

= 6.81 

a = 81.65^^ 

By reference to equation 67 the flux of the main pole 0 will be 

<^. = V34.12 + 43.3=* + 2 X 34.1 X 43.3 X cos 81.65° 

= \/l,170 + 1,850 + 427 

= 58.9 kmax. 

Current and Power Loss of Shading Coil. The induced voltage of the 

shading coil will be 

E. = 2'KfN4>2 = 27r X 60 X 5 X 43.3 X 10“® = 0.818 volt 

The current of the shading coil will be 

, E 0.818 

r 0.0204 ^ 

The total power dissipated in the shading coil circuit will be 

p ^ 40.0^ X 0.0204 = 32.6 watts 

oi’ which 40.0^ X 0.00358 * 5.73 watts will be dissipated in the coil 

directly, and the balance in the external resistor. 

Average Force. By equation 72, the average force of the magnet 

will be; 
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Average force , ^ 

/34.IY 1 / 43.3 Y 1 

“ VlTlOO/ 72 X 0.487 \1.022/ 72 X 0.909 

= 27.4 + 27.5 

= 54.9 lb. 

Force Pulsation. By equation 73 the magnitude of the force pulsa¬ 

tion will be 

Alternating force component 

= V27.4^ + 27.5^ + 2 X 27.4 X 27.5 cos (2 X 81.65) 

= V75I + 757 - 1,440 

= 8.25 lb. 

On a percentage basis the force pulsation will be 

8.25 
Percentage force pulsation = = 15 per cent 

54.9 

Maximum and Minimum Forces. The maximum force will be 

Maximum force = 54.9 + 8.25 = 63.2 lb. 

and the minimum force will be 

Minimum force = 54.9 — 8.25 = 46.6 lb. 

Design of the Main Exciting Coil of Magnet. The design of the 

magnet, exclusive of the pole face, and the main exciting coil can be 

carried out in the same manner as in Art. 122. 

Neglecting the leakage flux shunting the shaded section of the pole 

face directly from pole arm to pole arm, the required turns on the main 

coil will be, by equation 14, 

Er 

2Trf<t> 

_n5_ 
27r X 60 X 58.9 X lO"^ 

518 

The magnetomotive force across the main gap can be most easily 

determined from the unshaded pole: 

. = 
•\/24>i 
nSi 

V2 X 34.1 

1.100 X 0.487 
= 90.0 kmax. per sq. in. 

Owing to the high magnetomotive force across the main gap due to the shadiug- 

coil ampere-turns, this may be appreciable. 
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The peak magnetomotive force across this gap 

iFm)i = h = X 0.0104 = 293 ampere-turns 
fjL u.uOoiy 

The required excitation for the main coil can be determined by prop¬ 
erly combining this with the magnetomotive forces required to excite 
the iron and overcome the reluctance of the ^'I'ed gap, as illustrated in 
Art. 122. 

The total power input to the main coil will be the sum of the iron 
losses and the copper losses of the shading coil and of the main exciting 
coil. 

Final Results. 

Length of gap under shaded pole 

Length of gap under unshaded pole 

Average pull of shaded pole 

Average pull of unshaded pole 

Total average pull 

Maximum total pull 

Minimum total pull 

Percentage force pulsation 

Shading coil power loss 

Phase angle lag of flux of shaded pole 

= 0.002 in. 

= 0.0104 in. 

= 27.4 lb. 

= 27.5 lb. 

= 54.9 lb. 

= 63.2 lb. 

= 46.6 lb. 

= 15 per cent 

.= 32.6 watts, of which 5.73 watts 

are dissipated in the coil itself 

and the balance in an exter¬ 

nal resistor. 

= 81.6^ 

PROBLEMS 

1. An alternating-current magnet has a winding of 450 turns. The effective 

permeance which may be considered to produce flux linking with all the turns is 14.1 

and 100 max. per ampere-turn at the start and finish of the stroke, respectively. 

Assuming this permeance to be independent of the flux, calculate the r.m.s. exciting 

current at the start and finish of the stroke if it is operated from a 120-volt, 60-c.p.s., 

constant-voltage supply. 

2. Calculate the reactance voltages of the magnet of Problem 1 if it is operated 

from a 2.0-ampere, 60-c.p.s., constant-current supply. 

3. Calculate for the magnets of Problems 1 and 2 their mechanical work and 

volt-ampere efficiency. 

4. If the resistance of the coil of the magnet of Problem 1 is 1 ohm, calculate the 

reactance voltage of the coil at the start of the stroke for Problem 1 and the coil 

terminal voltage for Problem 2. 

The magnetomotive force across the main gap will be in phase with 0i, while 

the magnetomotive forces of the other parts of the circuit will be substantially in 

phase with 4>. 
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6. Calculate the average and maximum force of a flat-face direct-attraction type 

of magnet which has a 25-c.p.s. sinusoidal flux of 200 kmax. maximum value issuing 

forth from a pole face 1.5 in. by 1.5 in. 

6. A 60-c.p.s. solenoid and plunger magnet has a square plunger | in. on a side 

and is surrounded by a coil of 200 turns per inch of winding length. The plunger is 

far removed from the open end of the solenoid. Assuming the coil current to be 

5 amperes r.m.s., and the flux density at the entering end of the plunger to be 60 kmax. 

per sq. in. r.m.s., compute the average force on the i)lunger. 

7. If the magnet of Fig. 10a has 500 turns per coil and is to be operated from a 

220-volt, two-phase, three-wire, 60-c.p.s. power supply, compute the dimensions of 

the parts so that the maximum flux density will be 100 kmax. per sq. in. Draw a 

sketch to illustrate. 

8. Same as Problem 7 except for the magnet of Fig. 13a operated from a 220-volt, 

three-phase, three-wire, 60-c.p.s. \ ower supply. 

9. Assuming that a magnet can be b\iilt having a volt-ampere efficiency of 80 per 

cent compute the highest fnapiency at which it will be possible to design a magnet 

having a rating of 20 in-lb. and 1.0 kv-a. 

10. A magnet built as illustrated in Fig. 22a has the following data: 

Plunger diameter (2ri) = in. 

Inside diameter of shell (2r2) = F2 hi. 

Length of coil space (h) — 2 in. 

Axial length of washers at each end = in. 

Diameter of hole for plunger in both end washers = in. 

Plunger insertion = 1 in. 

Supply power 120 volts, 60 c.p.s. sinusoidal wave form. 

Assuming a maximum plunger flux den.sity of 100 kmax. ])er sq. in. calculate: 

(a) the required coil turns; (b) the coil current; (c) the force; (d) the exciting volt- 

anifieres. 

11. A magnet like that of Art. 122 is to be designed for a force of 10 lb. through a 

stroke of \ in. Assume a 60 c.p.s., single-phase, 120 volt supply voltage. Excitation 

to be continuous with the plunger at the end of its stroke. Compute the ])reliminary 

value of: (a) the equivalent index number; (5) the best type of pole face; (c) dimen¬ 

sions of plunger section; (d) coil turns; (e) exciting current open gap. 

12. Lay out a suitable final design for the magnet of Problem 11 and compute 

the exciting current in the closed gap position. 

13. Plot a curve of the relative average force and percentage force variation as a 

function of a for a shaded pole magnet having = S2 and h — h- Assume the total 

flux </) of both poles to be constant. 

14. Repeat Problem 13 for the conditions 2aSi = S2, and h = 12- 
lb. Design a one turn brass shading coil to take the place of the copper shading 

coil shown in Fig. 42. The relative conductivity of the usual yellow brass may be 

taken as 14 per cent, and its temperature coefficient the same as that of copper. Let 

the length of the new shading coil remain the same as that of the old one. 

16. Assuming the magnet of Art. 124 to have the brass shading coil designed in 

Problem 15 how will the phase angle a vary with the temperature of the shading coil? 

Calculate a for the shading coil at 20, 90, and 150° C. 

17. Determine for the same conditions as in Problem 16 the manner in which the 

percentage force variation will change with the temperature of the shading coil. 

Assume the flux of the main coil to remain constant at 58.9 kmax. 
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18. What would a have to be for the magnet designed in Art. 124 if the percentage 

force pulsation is to be increased to 30 per cent? The total flux ^ is to remain at 58.9 

kmax. 

19. If the new value of a for Problem 18 is to be obtained by making h larger, 

leaving other things the same, what will the new value of 1% be and what will be the 

power loss in the shading coil? Assume to remain constant. 

20. If the new value of a for Problem 18 is to be obtained by increasing the 

resistance of the shading coil, leaving other things the same, what will the new value 

of this resistance be and what will be the powder loss in the shading coil? 



CHAPTER XIV 

RELAYS 

126. General 

It is not the purpose of this chapter to describe in any detail the 

multifarious types of relays available, or the various purposes for which 

they arc used, but rather simply to classify them briefly, and to discuss 

in detail their electromagnetic characteristics and the method of pre¬ 

determining those characteristics which are common to all types. 

Fundamentally, a relay is an electromagnetic switch, designed to 

open or close a circuit when the current through its exciting coils is either 

caused to flow or interrupted, and in some applications merely varied 

in magnitude. From the point of view of the definition, relays can be 

further subdivided into two distinctly different types: (1) electromag¬ 

netic contactors, capable of handling heavy currents at power voltages, 

used for the control of large motors, etc.; and (2) electromagnetic relays, 

designed to handle only small currents at moderate voltages, intended 

for light circuit switching operations in communication, signaling, auto¬ 

matic regulators, and remote-control systems in general. 

Type 1, used for heavy industrial control, generally require magnets 

having large strokes and forces. Because they are operated from com¬ 

mercial power supply systems, power economy is of no great advantage, 

but size and cost are. They are therefore designed with temperature 

rise as a limitation. They properly fit into the class of magnets con¬ 

sidered in Chapters X, XI, XII, and XIII, and will not be considered 

in this chapter. 

Type 2, used for light circuit switching operations, generally require 

magnets having very short strokes with relatively small forces. Their 

mode of operation generally dictates power economy or sensitivity as a 

limitation rather than heating. Thus they are often required to operate 

from long lines where the available power is small, from expensive 

sources of energy such as dry-cell batteries or the plate circuits of vacuum 

tubes, and in differential applications where a small change or reversal 

in current must produce reliable operation. The magnetic characteris¬ 

tics of this type of relay, their optimum design, and the predetermination 

of their cycle of operation are discussed in detail in this chapter. 

483 
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126. Classification of Relays 

The light-duty circuit-switching relays discussed in the last article 

may be classified as follows: 

Liglit-cluty circuit-switching operations in 

1. Signaling systems. 

а. Railroad. 

б. Traffic. 

c. Miscellaneous—annunciator, call, stock-market (juotation, fire 

alarm, burglar alarm, etc. 

2. Communication systems. 

a. Telephone. 

b. Telegraph. 

c. Radio. 

d. Teletype. 

e. Tickers. 

/. News printers. 

3. Regulators and control systems. 

a. Voltage regulators. 

h. Current regulators. 

c. Frequency regulators. 

d. Speed regulators. 

e. Temperature regulators. 

/. Humidity regulators. 

g. Illumination regulators. 

h. Pressure, etc., regulators. 

Relay operation is secured in response to changes in voltage, current, 

frequency, speed, phase, temperature, humidity, sound, light, color, pres¬ 

sure, length, or practically any physical condition or property. 

127. Contacting Problem in Relays ^ 

General. The fundamental purpose of a relay is to make contacts, 

and unless this is done reliably the relay as a whole is a failure. The 

reliability of a contact depends upon many factors, the more important 

of which are contact material, contact pressure, contact deflection and 

follow-through, contact size in relation to current, and arrangements 

for arc suppression. 

^ Many of the data presented in this section and in particular the data of Table I 
and Fig. 1 have been taken from a booklet published by P. R. Mallory <fe Co., 

Indianapolis, Indiana, entitled Electrical Contacts, Engineering Data.'' 
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1. Contact Materials. The principal contact materials used are 

tungsten, silver, and platinum. In addition to these, gold, molybdenum, 
and special alloys such as iridium platinum, copper tungsten, silver 
tungsten, silver tungsten-carbide, silver molybdenum, silver molyb¬ 
denum-carbide, and other alloys having silver, gold, palladium, or 
platinum as a base. 

In choosing a contact material the following factors are important: 

а. Type of load, resistance or inductive. 

б. Type of break, slow or quick. 

c. Frequency of use, number of contacts per minute. 

The circuit supplying an inductive load is more difficult to interrupt than 

that supplying a resistive load, for the reason that the stored energy of 

the inductance is generally dissipated in the arc at the breaking contact. 

If an alloy with a low melting point is used, the contacts will often fuse 

together. A slow break is also hard on the contacts, as it will permit the 

normal circuit voltage to build up a sustained nre across the contacts. 

The use of a condenser of proper size across the contacts will help greatly 

to prevent this. Contacts which are used with great frequency must be 

capable of dissipating heat rapidly and hence should have a high heat 

Conductivity, or they should be capable of withstanding high tempera¬ 

tures. The more important physical data of the various contact mate¬ 

rials are given in Table I. 

TABLE I 

Some Physical Properties of Contact Materials 

Tungsten 
Molyl)- 
deiium 

Hard 

Platinum 
Silver 

Density. 19 3 1 10 2 21 4 10.5 

Tensile strength, lb. per sq. in. 490,000 260,000 54,000 40,000 

Brinell hiiidness. 290 147 90 59 

Melting point, ° C. 3,400 2,620 1,755 960 

Boiling point, "" C. 5,830 3,620 3,910 1,955 

Thermal eonductivitv, eal. per ein. cube 
per "" C. at 18° C. 0.471) 0,346 0.166 1.01 

Electrical resistivity, microhm cm. 20“ C. 5 51 5 7 10 0 1.64 
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Silver, Pure silver and its alloys are extensively used as contact 

materials where the service is not severe. Silver has many desirable 

properties—high electrical conductivity, high thermal conductivity, and 

low contact resistance. The oxide and sulphide of silver are also rela¬ 

tively good conductors. Likewise, silver is relatively inexpensive. Its 

chief disadvantages are that its melting and boiling points are low and 

it is soft. A low melting point produces a tendency for the contacts to 

weld or fuse together under severe overload conditions, while the low 

boiling point makes it easy to sustain an arc when the contacts separate. 

Softness causes the material to wear away rapidly. Silver is extensively 

used for relays and other applications where the load is light, or where 

cost is a paramount consideration. 

Tungsten. Tungsten contacts were developed primarily for automo¬ 

bile battery ignition to replace the more costly platinum contacts, which 

required frequent adjustment and replacement on account of the rapid 

transfer of contact material by the current, and rapid wear caused by the 

hydrocarbon atmosphere. The high melting and boiling points of 

tungsten make it particularly useful in applications where arcing condi¬ 

tions are severe. Its chief disadvantages are that it has a relatively high 

contact resistance and requires a high contact pressure. The more 

important characteristics of properly made tungsten contacts are: 

1. High density. 

2. High melting point. 

3. High electrical conductivity. 

4. High heat conductivity. 
5. Low vapor pressure. 

6. Suitable degree of hardness. 

7. Toughness to withstand hammering action. 
8. Slightly oxidizable so as to cause the arc formed to spread over the 

entire area, resulting in even wear. 

9. Uniformity as to grain size, and structure. 

Besides their application in the ignition field, tungsten contacts are used 

in all the more common commercial applications where high contact 

pressures are available and low contact drops are not essential. Some 

of these applications are: adding, vending, business, teletype, violet-ray, 

and miscellaneous other types of machines; vibrators for supplying 

high-voltage direct current from low-voltage batteries; etc. 

Tungsten contacts are always welded to a base-metal backing or 

support, usually in the form of a rivet or screw. 

Molybdenum. Molybdenum, which is somewhat similar to tungsten 

in its inherent characteristics, has been found very satisfactory for a few 

special applications where the contacts must resist mechanical wear, be 
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substantially free from fusing characteristics, and operate under light 
pressure, comparatively high voltage, low current, and at a medium 
frequency. 

Molybdenum is more ductile than tungsten and can be cold worked 
within certain limits. Since molybdenum is used chiefly for low currents, 

the contact is often made by force-fitting a small piece of molybdenum 
wire into a base-metal backing. 

Platinum. Platinum, for electrical contacts, is usually alloyed with 

iridium, or other members of the platinum family. This increases its 
hardness and wear-resistant qualities. These alloys have a very high 
melting point, are not attacked by acids, and do not oxidize. They are 
generally used on sensitive relays and other devices which operate at low 
contact pressures and where a low contact resistance and freedom irom 
the possibility of fusion are imperative. Fusion becomes a difficult 
problem where a low-pressure, slow-breaking contact supplies an induc¬ 

tive load. 
2. Contact Pressure. Contact pressure is a very important factor 

in determining contact reliability. In ordinary service it is inevitable 
that a layer of dust or dirt will be formed on the contact. Unless the 
contact pressure is sufficient, this layer may prevent the contacts from 
coming together. K, W. Graybill reports in the Telephone Engineer ^ 

the results of tests conducted on horizontal-type relays to determine the 
effect of dust and dirt. The test consisted in operating a hundred pairs 
of contacts for each condition of pressure, follow, etc., for many thou¬ 
sands of times, the total number of contact failures in each group being 
recorded. The relays under test were mounted on the roof of a factory 
building and covered in such a manner as to shut out rain, but permit 
smoke and atmospheric dust to circulate freely around them. He states 
that with regard to contact pressure only Three groups, each consisting 
of one hundred pairs of make contacts, were operated with contact 
pr(\ssures of 5, 15, and 30 grams, respectively. During the first half¬ 
million operations the first group had 4,500 failures per pair of contacts; 
the second group had 213 failures per pair; and the third group had 
only 2 failures per pair. The test conditions in this case were, of course, 
much more severe than any operating conditions ever encountered. 
However, the advantage of contact pressure is strikingly proved.” 

2 See “Characteristics of Strowgor Relays,” “a series of five articles which discuss 

the important points in the design of relays, with an analysis of their action and 

various reference tables, governing their adjustment,” by K. W. Graybill, Engineer¬ 

ing Department, Automatic Electric Company. This is a series of five articles 

reprinted from the Telephone Engineer into Sales Circular 1545 by the Automatic 

Electric Company. 
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Another factor which determines contact reliability is the frequency 
of use. Quite obviously a contact which is used frequently is less 
affected by the small accumulations of dirt which may prevent the con¬ 
tacts from coming into actual physical contact. 

In general, for the ordinary non-power switching application of a 

relay with low contact resistance contacts, a contact pressure of about 
1 oz. is adequate. Where relays are exposed to dirt and grease, and 
cannot be adequately protected by covers, the contacts should be 
cleaned periodically with carbon tetrachloride. 

When the relay is used to control light power circuits of moderate 
voltage, where high contact resistance is not objectionable, tungsten 
contacts with higher contact pressures are used. A moderate contact 
pressure for tungsten is about 4 oz., a fairly high pressure is about 8 oz., 
and a high contact pressure is about 12 oz. 

3. Contact Deflection and Follow-Through. The contact deflec¬ 
tion required to operate a contact is made up of two parts: (b) the 
actual physical separation of the contacts, and (2) the follow-through. 

The required physical separation of the contacts is determined primarily 
by the circuit voltage, or the surge voltage produced on opening the 
contacts. The surge voltage in turn depends on the characteristics of 
the circuit and on the methods taken to suppress arc formation. In 
general, for the same supply voltage, an inductive circuit will require a 
greater contact separation than a resistive circuit. 

Arc suppression is obtained in a combination of ways: by means of 
condensers or resistances across the contacts, high speed of contact 
separation, the use of a contact material having a low arcing charac¬ 
teristic, and in cases of severe load, use of blow-out coils. The proper 
size of condenser can be best determined experimentally. It should be 
large enough to prevent arc hangover and transfer of contact metal due 
to the momentarily high voltage that occurs during point separation. 
Too large a condenser is detrimental, as it produces a bad spark on 
closing the contact and also makes the circuit respond more slowly. 
A resistance across the contact is also beneficial but does not allow 
the circuit to be completely opened. 

Speed of contact separation is very important. If the contacts are 
allowed to open slowly, an arc is drawn during the time of separation. 
If the circuit is inductive this arc may be sustained for a long time. 
Where a clean break is very important special methods should be used 
to insure fast contact separation. 

Contact materials vary in their arcing characteristics. This is 
determined to a great extent by the vaporization temperature of the 
metal. In this respect tungsten is superior to other metals, its vaporiza- 
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tion temperature being 5830° C. as compared to 3910° C. for platinum, 
which is next highest. 

In many light-duty relays the necessary contact separation need be 
only a few thousandths of an inch, w'hile for heavy duties separations as 
large as ^ in. may be necessary. No general rules can be given because 
of the large number of variables involved. 

Solid Rivet Type - Flat Face 

Solid Rivet Type-Radius Face 

Base Metal Backed-Rivet Type 
Flat Face 

id) Base Metal Backed-Rivet Type- 
Cylindrical Face 

Base Metal Backed-Rivet Type 
with Shoulder-Flat Face 

-Flat Face-Contact at Head 
End 

Base Metal Backed-Headless 
Screw Type-Flat Face 

Fig. 1. Various standard contact shapes. (Courtesy of P. R. Mallory & Co,, Inc., 

Indianapolis, Indiana.) 

Follow-through is the term applied to that part of the contact motion 
which occurs after the contact has been made. In contacts mounted 
on leaf springs, it is necessary so that contact pressure can be built up 
by deflecting the springs. The follow-through of the contacts after the 
contact has been made generally results in one contact sliding over the 
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other and hence produces a wiping action which tends to keep the contact 

clean. 
4. Contact Size and Shape. The size of a contact is determined by 

the current to be carried, the frequency of operation, the permissible 
temperature rise, and the desired contact life. Standard contacts can 
be had in a variety of sizes and shapes. Rivet-type contacts are avail¬ 
able in face diameters varying from ^ to f in. In Fig. 1 are shown 
various standard contact shapes. The ideal sliape of the contact is a 
flat face producing the largest possible contact area. However, it is 
generally very difficult to keep two flat-faced contacts in perfect align¬ 
ment, and therefore it is quite common to use a flat-faced contact working 
against a radius-faced contact as shown in Fig. Ij. This makes a 
practically self-aligning combination. 

The current-carrying capacities for various sized contacts for both 
direct and alternating current and for the common contact materials 

are about as follows: 

Current Range 

1 amp. max. 
1 to 5 amp. 
5 to 15 amp. 
15 to 30 amp. 

Contact Diameter 

tV to g in. 
i to A in. 
A to I in. 
f to I in. 

128. Relay Sensitivity as Affected by Design Limitations 

General. The smallness of the power input to the relay necessar}” 
to make it perform its assigned task is a measure of its sensitivity. The 
sensitivity which can be attained in a relay design will depend on the 

values assigned to the factors tabulated below: 

1. Contact pressure. 
2. Contact deflection and tolerance. 
3. Differential current sensitivity. 
4. Minimum air gap. 
5. Size or weight. 
6. Speed of action. 
7. Delayed action. 
8. Single- or double-coil design. 

In the following sections the manner in which these factors affect sen¬ 
sitivity is discussed. 

1. Contact Pressure. The required contact pressure of the relay 
determines the operating force for which the. magnet must be designed. 
As stated before, for the ordinary light-duty circuit control relay, the 
contact pressure should not be less than about 1 oz. Multiple contact 
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relays will require larger forces as determined by the arrangements of 
the contacts. When computing the required magnetic force, the 

required contact force must be multiplied by the ratio of the length of 
the lever arm from the contacts to the armature hinge to that between 
the point of application of the magnetic force and the hinge. To this 
must be added the force required to deflect any springs which are used 
to return the contacts. Quite obviously the magnitude of this force will 
determine, to a great extent, the necessary size of the pole core and the 
number of am])ere-turns. 

2. Contact Deflection and Tolerance. The necessary contact 
deflection, multiplied by the proper lever arm ratio, will determine the 
minimum stroke of the magnet at its working air gap. To this must be 
added the maximum variation in stroke required for manufacturing 
tolerance, in order to obtain the maximum required stroke. Tolerance 
in the stroke adjustment of the relay is a vital necessity if reliability is 

to be insured. This tolerance should be based upon the manufacturing 
requirements and the type of service expected from the relay. To the 
maximum stroke must be added the minimum allowable air gap under 
the pole core face to obtain the maximum air-gap length under the pole 
core. This will be the initial length of the air gap at the beginning of 
the stroke and together with the required force, as discussed in Sec. 1, 
will determine the maximum work the relay is to perform. As the total 
air-gap length at the beginning of the stroke is increased the relay sen¬ 
sitivity will decrease, 

3. Differential Current Sensitivity. In many applications the relay 
must release on a current other than zero. If the ratios of the release 
to actuation force, and the release to actuation current, are close to 
unity the minimum air-gap length will be a large percentage of the initial 
gap length, and the relay will be relatively insensitive. Neglecting the 
effect of hysteresis, this may be analyzed as follows: 

Let the subscript 1 designate quantities at the beginning of the 
stroke, and subscript 2, quantities at the end of the stroke. Then, 
referring to Art. 72, Sec. 1, we may write for the actuation and release 

forces 
M'S r(Fa)ll 

(Force)i = y 
h J 

'(^a)2l ... X 
(l<orce)2 = — 

. h J 
where S is the area of the w^orking gap assumed to remain constant, and 
Fa and I are the ampere-turns and length of the working gap, respec- 
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lively. Letting K equal the ratio of the release force to the actuating 

force, we may write 

Vk ^1 = 
hi L h - 

and 
h _ f (F0)2 

h~ Vk {Fa)i 

If we assume that the iron has no residual effect and is very permeable, 
its magnetomotive force may be neglected; then (Fa)i oc and 
(Fa)2 oc 72- Substituting these we have 

I2 ^ 1 //2\ 
h Vk\iJ 

(1) 

If we designate the required stroke of the relay armature by s, the initial 
and minimum values of the gap length may be found as follows: 

or 

and 

*” ^2 ~ s 

(1 - h/h) 
(2) 

(3) 

To illustrate the effect of these ratios let us calculate the required 
air gaps for a relay having a required stroke of 0.030 in. for two cases: 
(1) K = 1.25, and h/Ii = 0.9; (2) K = 2.0, and h/h = 0.5. Sub¬ 
stituting into equations 1, 2, and 3, the results tabulated below have 
been calculated. Assuming the required force to be the same in each 

s K hih h/h h h 

Case 1. 0 03 1 25 0 9 0.805 0.124 0.154 

Case 2... . 0 03 2 00 0 5 0 355 0.017 0.047 

case, it is obvious that the relay of case 2 will be much noore sensitive 
than that of case 1. If we neglect magnetic leakage and hysteresis, 
and assume the exciting coils of the same size, the power required to 
operate the relay of case 2 will be approximately (47 -7- 154)^ = 0.0909 
times as great as that required for the relay of case 1. 
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The above type of analysis can be made to include the effect of 

hysteresis, in an approximate way, by adding to the required release 

current hj a current component which will simulate the effective coercive 

magnetomotive force. This current component may be computed as 

Hck/N amperes, where He is the average coercive magnetic intensity of 
the iron, U the length of the iron circuit, and N the turns on the exciting 
coil. This will have the effect of increasing the ratio of I2/I1, and hence 
will cause an increase in I2. 

4. Minimum Air Gap. The allowable least length of the air gap 
between the armature and pole face at the end of the stroke is deter¬ 
mined, fundamentally, by the residual magnetism of the relay. If this 
residual effect were zero no air gap would be necessary at the end of the 
stroke. However, as there always is some coercive magnetomotive 
force available from the iron circuit of the relay, an air gap must be 
provided to prevent the residual flux from being large enough to hold 
the armature when the coil is de-energized. Inasmuch as this air gap 
causes the total gap at the beginning of the stroke to be larger, it is unde¬ 
sirable from the standpoint of relay sensitivity. The use of magnetic 
materials having low coercive magnetic intensities is of great importance, 
if this effect is to be minimized. To this end the softest and purest 
grades of iron, or special materials such as Hipernik or Permalloy^ 
should be used, depending upon the application. If the full potentiali¬ 
ties of any of these materials is to be realized they must be carefully 
annealed after fabrication. 

The effect of residual magnetism can be reduced or eliminated by 
using strong return springs. This will allow the minimum air gap to be 
made small, but will not necessarily enhance the sensitivity of the relay 
as the initial required force will be increased. If relay sensitivity is to 
be made high, it is absolutely essential that a magnetic circuit material 
having a low coercive intensity be used. 

The required minimum length of gap necessary to effect release of the 
armature on breaking the exciting circuit can be determined in the 
manner of the last section. The effective current due to hysteresis, 
when the exciting circuit is broken, will be 

(4) 

where the symbols are the same as defined in the last section. Using 
this value of /2, the ratio I2/I1 niay be computed, which, together with 
the value of K and the required stroke, will allow Z2, the minimum air gap, 
to be computed by means of equations 1, 2, and 3. 
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5, Size or Weight. If there is no limitation to the size or weight of 
the relay there will be no limitation to the sensitivity that can be 
obtained. Thus the cross section of the magnetic circuit could be 
increased indefinitely, and the ampere-turns for a given power input 
could be kept constant by making the cross section of the copper larger 
in the ratio of the increased mean length of turn. However, as this 
process goes on, the flux of the relay would increase proportionally to the 
magnetic circuit section, but the coil turns and resistance would remain 
constant. The inductance of the relay would then be proportional to 
the magnetic circuit section, and as the coil resistance remains constant, 
the time constant of the relay would also vary in proportion to the iron 
section. The net result is that, even if the size could be made unreason¬ 
ably large, the relay would become impractical owing to its high time 
constant and consequent slow speed of action. The heavy weight of the 
moving parts would also contribute to producing a sluggish action. 

Practically it is desirable to keep a relay small. Where the power 
available for operation is too small to permit this, it is often advisable 
to use a vacuum-tube amplifier or other power-amplifying device pre¬ 
ceding the relay. 

6. Speed of Action. High speed of action is generally obtained at a 
sacrifice of sensitivity. As pointed out in Chapter XH, high-speed 
magnets are essentially motors, and the speed of action determines the 
mechanical power developed. For a given relay, the greater the power 
input, the faster it will operate. 

The above statements are generalizations and should be qualified. 
In the first place, relays are generally small pieces of apparatus with 
small moving parts and so are inherently fast. The average quick-acting 
relay of the telephone type operates in a time of about 10 to 20 millisec¬ 
onds, and much shorter times are possible with the proper design. 
Relays of the polar type, which are inherently sensitive, have been made 
to follow 400-c.p,s. pulses. When the relay operation is carried out in a 
time of about 5 milliseconds or less, it may be considered high speed. 

Two essential prerequisites for high-speed relays are light moving 
parts, and lamination of the magnetic circuit. The method of con¬ 
structing the magnetic circuit of flat strip stock automatically increases 
the resistance of the eddy-current paths so that further laminating is 
generally not necessary. The use of high-silicon relay steels, in the form 
of strip stock or bars, further assists in decreasing time delay due to eddy 
currents. Where a round pole core of any appreciable * size, or a polar 

• When used in this sense the word appreciable must be qualified; it depends not 

only on dimensions but also upon the speed of action required. In other words, the 

size is appreciable when it becomes difficult to obtain a satisfactory depth of pene¬ 

tration of the flux. 
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enlargement, is used, satisfactory laminating can be effected by means 

of radial slots. 

7. Delayed Action. Delayed action in relays is obtained by placing 

copper lag coils, in the form of sleeves or slugs, on the main pole core. 

Their use and function do not particularly affect the sensitivity of the 

relay other than by reason of the loss of winding space occupied by the 

lag coil copper. 

8. Single- or Double-Coil Design. The double-coil design offers 

two very important advantages over single-coil design when relay sensi¬ 

tivity is considered: (1) Two coils will permit about twice the coil copper 

to be used with the same ov(‘r-all coil length, and with a reduction in 

interpolar leakage; (2) two working pole faces eliminate the necessity 

Fig. 2. Singlo-coil relay with hinged Fig. 3. Single-coil relay of U type with 
tyfie of armature. special hi gh-permea})ility pin hinge joint. 

for the fixed air gap between the armature and yoke and so allows all 

the ampere-turns, other than thovse in the iron, to be made available in 

the working gap. 
Figures 2, 3, and 4 show various magnetic circuit structures used 

commercially for single-coil relays. Figure 2 shows a hinged type of 

Fig. 4. Common commercial form of 

general-puriiosc single-coil relay. 

Fkj. 5. Modified form of the relay 
of Fig. 4 designed to give a high-per- 
meability joint at the armature hinge. 

armature so arranged as to give a high permeance to the fixed gap 

between the armature and heel piece or yoke. Figure 3 shows a U-type 

relay with a special pin hinge joint giving a fixed gap of high permeability. 

Figure 4 shows a common conmiercial form of general-purpose relay, and 

Fig. 5 is a modification of Fig. 4 designed to increase the permeance of the 

fixed gap. 
In all these relays the magnetomotive force for sending the flux 

across the fixed gap represents a waste in the sense that it produces no 
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useful force. In the relay of the. type of Fig. 4, the magnetomotive 
force across the fixed gap is often of the same magnitude as that across 
the working gap. In the two-coil design, illustrated in Fig. 6, all the 

magnetomotive force in the air gaps is useful in 
producing force. Thus, for the same developed 
coil ampere-turns, a two-coil design can be made 
to produce more force or mechanical work than 
a single-coil design. For the same total winding 
length of pole core, the two-coil relay will be only 
one-half as long as the single-coil design. This not 
only results in a shorter magnetic circuit, but also 
gives a more efficient magnetic circuit from the 

Fig. 6. Two-coil relay, standpoint of leakage. For the same length of 
pole core, the two-coil design will permit the use 

of twice as much coil copper and hence give the same ampere-turns with 
only one-half the power input. 

129. Relay Coils 

The usual coil, on the better-made relay, is of the paper-section or 
cotton-interwoven type. For data on the design of these coils see 
Chapter VI. Owing to the fine sizes of wire which are often necessary, 
special problems are encountered which need not be considered when 
dealing with heavy wire coils. In particular, moisture condensation, 
arising from sudden changes in temperature or high-humidity climatic 
conditions, causes considerable trouble with electrolysis and corrosion. 

Where climatic conditions are severe it is wise to use a coil which is 
completely impregnated so as to exclude moisture from the windings. 
The best coil for this purpose is the cotton-interwoven coil. The wick 
action of the cotton fiber allow^s the impregnating compound or varnish 
to permeate the whole coil. If a paper-section coil is used the ends 
should be carefully sealed with an impregnating compound. 

Where electrolysis conditions are severe it is always desirable to 
connect the negative terminal of the power supply directly to the coil. 
If any leakage of current then occurs, the coil will be less affected, as 
destructive corrosion always takes place at the positive pole of the 
battery. 

130. High-Speed Relays 

The time of action of a relay is determined in exactly the same 
manner as that of a tractive magnet. For exact details, reference should 
be made to Chapter XII. The usual relay is of the direct attraction 
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type and its dynamic characteristics will be’ of the same general form as 
illustrated in Fig. 24, Chapter XII. In general the average relay is 

relatively fast acting compared to a tractive magnet. This is so for 
two reasons: (1) the armature is of relatively light weight and the 
required stroke is small, thus making the kinetic energy of the moving 
parts a small portion of the total work done; and (2) its physical size is 
small, its time constant is small, and hence the time required for the 
current to build up to its operate value will be short. 

As with any other type of magnet, the more sensitive the relay is on a 
power basis, the slower acting it will be. As an example the high-silicon 
steel relay designed in Art. 135 and illustrated in Fig. 16 is a sensitive 
relay. An approximate idea of its time of action can be found by deter¬ 
mining its time constant. Referring to the rising magnetization curve 
of I'ig. 20, Art. 135, Sec. 10, the permeance of the entire magnetic circuit 
in the open-gap position will be 

p Vy4>u X 10-^ 

F 

1.113 X 2.86 X 10“^ 

41.7 
= 0.0746 X 10 ^ weber per 

ampere-turn 

From Sec. 17 the coil turns and resistance are 2,250 and 65 ohms, respec¬ 
tively. The coil inductance will therefore be 

L = N^P = 2,250^ X 0.0746 X 10"^ = 3.77 henries 

and its time constant will be 

L 3 77 
— = — = 0.058 second 
R 65 

The ratio of the operate ampere-turns to the normal ampere-turns is 
41.7 4- 52 = 0.8. The time required for the current to rise to the 
operate value may be determined by substituting into equation 11, 

Chapter XI. This gives, on simplification, 

t = 0.0933 second 

Thus this relay will take 0.0933 second after the switch is closed before 
the armature commences to move.^ This is relatively slow. The aver¬ 
age quick-acting relay of the telephone type will operate in the order of 

0.015 second or less. 

^ As the magnetization curve is practically a straight line from zero to the operate 
flux 4>ut the permeance as computed will be constant, and hence this time calculation 
is quite precise. 
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High-speed operation in a relay is obtained in exactly the same 
manber as in a tractive magnet. Care must be taken to reduce eddy 
currents in the magnetic core material to a minimum. Eddy currents 
can be greatly mitigated by: (1) the use of flat strip when practical; 
(2) slotting of round pole cores as illustrated in Fig. 196, Chapter XIII; 
and (3) the use of a special relay steel, such as high-silicon steel or ferro- 
nickel, which has a high resistivity. In addition to these precautions 
regarding eddy currents, the moving parts should be made as light as 
possible, and the stroke reduced to a minimum. After these factors have 
been made as favorable as convenient, the only thing which can be done 
to improve the speed of operation is to decrease the time required for 
the current to reach its operate value. This can be done in two ways: 
(1) decrease the time constant of the coil circuit; (2) increase the oper¬ 
ating power input leaving the coil circuit time constant unchanged. 

The time constant can be reduced in two ways: (a) improve ,the 
magnetic design of the relay by decreasing leakage flux, etc., so that the 
flux linkage, and hence the coil inductance, will be reduced; (6) increase 
the coil circuit resistance by using either a series resistance or a finer wire 
size. Method 6 will necessitate the use of a higher operating voltage. 
Method 2, calling for an increase in power input, requires either an 
increase in operating voltage or a decrease in turns. The limitation of 

this method is heating due to the 
excessively large value of stall or 
steady-state current equal ioE/R, 

Where extremely high relay 
speeds are required, a polarized 
form of relay illustrated in Fig. 7 
is very successful. In this form 
of relay the armature is pivoted 
at point P between the laminated 
pole faces of a permanent magnet 
arranged as shown. The control 
spring torque acting on the arma¬ 

ture can be arranged to give two effects: (1) sufficiently weak to give 
instability, resulting in the armature contact resting on one or the other 
of the outer contacts, depending on the direction of the last current 
pulse through the armature coil; (2) sufficiently strong to (a) hold the 
armature centered, giving an armature motion proportional to the arma¬ 
ture current for small deflections, or (6) bias the armature against one 
set of pole faces, making it responsive to only one polarity of current. 
Type (1) is usually employed for relay work. Type (2), because of the 
stiff control spring, is less sensitive than type (1), but also has a higher 

Fig. 7. High-speed polarized type of 
relay. 
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natural frequency. With the armature centered, it has been widely 
employed as a loud speaker driver. 

The operation of type (2a) is explained as follows: With no current 
through the armature coil the armature flux (pa will be zero, and the flux 
of the permanent magnet (pp will divide equally between the pole faces 
as illustrated. As the flux of each gap is ^<pp, the force between the 
armature and pole face of each gap will be the same, and the net torque 
available to rotate the aiTnature will be zero. If armature current is 
now allow’ed to flow% an armature flux <pa will be produced. This flux 
will divide equally betw^een the two poles faces as shown, when the 
armature is in its center position and also for small deflections off the 
center position. Thus, the total flux in gaps 1 and 4 will be + ^<pa), 
and that in gaps 2 and 3 w ill be (^(pp — 2^a)- The corresponding forces 
will be proportional to these fluxes squared, and the net torque available 
to rotate the armature will be proportional to the difference of the squares 

of the fluxes or {^<pp + {^(pp — i<Pa)^ = </>p</>a. As </)p is constant, 
the torque wall be directly proportional to </>«. If (pa is reversed, by 
reversing the armature current, the direction of the torque will be 
reversed.® 

131. Time Delayed Relays 

Short time delays, of the order of 0.1 or 0.2 second, can be readily 
produced by incains of a lag coil. The theoiy of operation of the lag 
coil and the method of comimting its characteristics are fully explained 
in Arts. 97, 98, and 99 of Chapter XI. In applying the lag coil to a 

® Theoretically, as soon as the armature moves from its cLuitial j)osition, the 

balanced bridge arrangement effective for the armature fl\ix is distiii!)e<i, and a i)or- 

tion of the armature flux will be shunted through the y<Jke of the })(‘rmanent magnet. 

The reluctance of tiie path for arinalure flux (magnetic circuit assumed unsaturated) 

will decrease as the armature is moved off center owing to the shunt path through 

the yoke, and an additional force term will be introduced that vai ies as the square of 

the current. For a relay this additional term is d(j*rabh‘ as it makes the action of 

the armature rapid and positive. In a <leviee like a lond-spi'aker unit, where an 

armature motion jirojxirtional to curn'ut is desireii, this additional force term causes 

distortion. For such applications the armature flux must l)(‘ prevent (id from going 

through the yoke of the permanent magnet, so that the linear force relation derived in 

the text will be valid. The armature flux that passes through the permanent magnet 

may be minimized by using a permaneiit-niagnet material of low incremental perme¬ 

ability or by the use of a saturated core in series with the yoke. 

A further consequence of armature motion is that the distribution of the flux of 

the permanent magnet will be altered and a portion will be shunted through the 

armature. If the armature is unsaturated, an additional torque proportional to the 

angular deflection will result from this cause. This torque is of the same nature as the 

torque produced by the control spring and hence can be balanced out by a stronger 

spring. 
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relay two forms are commonly used, as illustrated in Figs. 8 and 9. 
Figure 8 shows the lag coil in the form of a copper sleeve extending for 
the full length of the pole core, while Fig. 9 shows the copper concen¬ 
trated into the form of a slug at the armature end of the pole core. 

The lag coil in the form of the sleeve will produce more time delay in 
operation and release than an equal amount of copper in the form of a 
slug. The reason for this is that the sleeve will link with more flux, 
and has a lower resistance due to its shorter mean length of turn. 

When the copper slug is placed on the yoke or heel end of the relay, 
as illustrated in Fig. 10, the relay will be fast on operation and slow on 
release. On energizing the coil, the flux can build up rapidly through 
the leakage path between the pole core under the coil and the side 

Fig. 8. Time-delay relay 
having the lag coil in the 
form of a copper sleeve. 

Fig. 9. Time-delay relay 
having the lag coil in the 
form of a slug around the 

pole-face end of the pole 

core. 

Fig. 10. Relay with cop¬ 
per slug on yoke or heel end 
of pole core, giving fast op¬ 

eration and slow release. 

bracket, giving fast operation. After operation the flux will be slowly 
diverted from the leakage path to the copper slug. On de-energizing 
the relay the self-induced currents in the slug will help sustain the field 
and produce slow release. 

The use of a lag coil is only suitable for producing short time delays, 
up to about 0.15 second f^ operation and 0.25 second on release. For 
time delays longer than this, special methods are required. 

A method of producing a long time delay is by means of two relays, 
one of which has a weighted spring armature, and the other of which is 
of a quick-actuation, slow-release type, as illustrated in Fig. 10. The 
circuit through the coils of the slow-release relay is controlled by a 
contact on the weighted spring armature relay, while the circuit to be' 
controlled is actuated by the contacts on the slow-release relay. Wlien 
it is desired to break the controlled circuit, the circuit to the weighted 
armature relay is broken. This releases the weighted spring armature, 
which oscillates back and forth, making and breaking the circuit to 
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the slow-release relay. As this relay is slow to release but quick to 
actuate, it will hold on during the periods of open circuit and quickly 
replenish its field strength during the periods of closed circuit. When 
the weighted spring armature finally stops oscillating it will leave the 
coil circuit to the slow release relay open, allowing it to break its circuit. 
Time delays of the order of 15 seconds can be obtained in this way. 

A long time delay on actuation can be produced by the reverse of the 
above scheme, having one relay whose armature strikes a weighted 
spring and another which is slow to operate. When the former is 
actuated, the armature closes, striking the weighted spring and causing 
it to oscillate. This spring carries contacts which actuate the coil of the 
slow-to-operate relay. The slow-to-operate relay will not be completely 
energized until the amplitude of the oscillation of the weighted spring is 
very small. Final operation of this relay closes the circuit to bo con¬ 
trolled. Inasmuch as the slow-to-operate relay is also slow to rehvase, 
the successive contacts of the oscillating spring will tend to accumulate. 
Hence the operate time delay that can be produced is much shorter than 
with the weighted armature scheme described for slow release. 

Another method, wdiich is equally applicable for either delayed 
operation or release, is described in connection with Fig. 3, Chapter XL 
This method, which is electronic, can be accurately controlled and is 
capable of producing time delays as high as 30 seconds with reliability. 

132. Alternating-Current Relays 

Relays for direct operation on alternating current can be successfully 
built provided that a shading coil is used to prevent undue chattering. 
In relays for relatively small forces the iron parts can be made solid. 
Figure 11 shows a construction identical to that of Fig. 4 wuth the 
armature slotted to receive the shading coil, while Fig. 12 shows a 
similar construction with a slot to provide room for a shading coil in 
the pole face. In this type of construction, high-silicon steel is very 
advantageous. Its high resistivity permits the use of larger pole cores 
before slotting, to minimize the effect of eddy currents, becomes impera¬ 

tive. 
Where the best type of construction is desired, the core should be 

laminated as illustrated in Fig. 13. 
The design of an alternating-current magnet for a relay follows the 

same principle as those designed for tractive magnets. Chapter XIII 
gives all the necessary information for the design of short-stroke alternat¬ 
ing-current magnets and the design of shading coils to prevent chattering. 
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In general it is best to arrange the contacts of an alternating-current 

relay on springs, so that a slight chattering of the armature will not open 

the contact. 
Regarding sensitivity, the same comparison can be made between the 

alternating-current relay and the direct-current relay as between the 

Fig. 11. Alternating-current relay Fig. 12. Alternating current relay 

with a shading coil on the arma- with a shading coil in the face of the 
turc. pole core. 

respective tractive magnets. The alternating-current relay has the same 
volt-ampere limitation as the tractive magnet and hence its sensitivity, 

Fig. 13. Alternating-current relay with a laminated pole core. 

on a volt-ampere basis, is of necessity much lower than for the same 
relay excited with direct current. 

133. The Cycle of a Simple Relay 

In Fig. 14 is shown a simple type of relay with a hinged armature 
provid(‘d with a spring to hold it open. The open and closed positions 
of the armature arc designated by subscripts 1 and 2, respectively, as 
shown. In Fig. 15 are shown the magnetization loops of the relay. 
Loop a h~e~a represents the magnetic cycle obtained, if the magneto¬ 
motive force is varied from zero to its maximum value and then back to 
zero continuously, with the armature open or in the non-operated posi- 
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tion. Loop f-c-d-f represents the same magnetic cycle with the arma¬ 

ture in its closed or operated position. Points e and e are determined by 
the maximum coil magnetomotive force = iV/„ = NE/R. 

In actual operation we start with the armature open, and the current 
at zero, as shown by point a. As the cur¬ 
rent is gradually increased the flux will 
rise along curve a-e, the rising branch of 
the open-gap hysteresis loop, until some 
point h is reached, where the flux is just 
sufficient to operate the armature. This 
point must be below e; otherwise the re¬ 
lay would be inoperative on the normal 

supply voltage i;. From 6 the armature Simple hinged relay 

moves to its closed-gap position and the showing open and closed posi- 

flux rises to point c. The exact path that tions of armature, 

the flux follows from h to c depends on 
the speed with which the armature moves. With the armature in the 
closed-gap position the current is gradually lowered and the flux falls 
along c-f, the falling branch of the closed-gap hysteresis loop, to point d, 
where the flux has fallen to a value just sufiicient to release the armature. 
From d the armature moves to its open-gap position and the flux falls 

to a, completing the cycle. 
As long as the armature is 
allowed to move in this se¬ 
quence while the current is 
varied between zero and Imj 
the flux will follow the cycle. 

The important points of 
the cycle are points h and d^ 
wdiich determine the operate 
and release currents, respec¬ 
tively. The operate magneto¬ 
motive force A/o is deter¬ 
mined by the length of the 
open air gap, the spring force, 
and the rising magnetization 
curve of the iron. The release 
magnetomotive force, A/r, is 

determined by the length of tlie closed air gap, the spring force, and 
the falling magnetization curv(‘ of the iron. 

When it is desired to make the release current very close to the 
operate current, then, as already explained in Art. 128, Sec. 3, the closed- 

Fig. 15. Magnetization loops of the simple 
relay of Fig. 14 showing the magnetic cycle 
obtained when the relay is put through a nor¬ 

mal sequence of operations. 
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gap length must be a large percentage of the open-gap length, and the 
coercive magnetomotive force of the iron must be reduced to a minimum. 

134. Optimum Design Considerations of Relays 

The actual design of the magnetic circuit of a relay must be treated 
on the same basis as for tractive magnets. Thus, for maximum work 
from a given available coil magnetomotive force, the optimum conditions 
as derived in Art. 85 must be adhered to. Those conditions state that 
the differential permeance of the iron circuit including the fixed air gaps 
must be made equal to the permeance of the working gap. This is true 
regardless of the shape of the pole faces used or the effects of hysteresis. 

The usual relay is of one of the types illustrated in Figs. 2, 3, 4, and 
5, which represent modifications of the fundamental horseshoe-type mag¬ 
net discussed in Art. 91. The optimum conditions as set forth in Fig. 25, 
Art. 91, however, do not necessarily apply to relays, even if they are of 
the exact horseshoe type. The reason for this is that the data of Art. 91 
have been computed to give optimum designs with temperature rise as a 
limitation, and also because these data have been evolved for magnets 
doing considerably more work than the usual relay. 

In general, because of the low values of magnetomotive force availa¬ 
ble for relay operation, the iron and air-gap flux densities which are 
economical will be much lower than for tractive magnets. Likewise, the 
polar enlargements that should be used to obtain optimum conditions 
are generally larger. 

Another condition which will affect optimum proportions in a relay 
as compared to a tractive magnet is the possibility of advantageously 
employing special alloys such as Permalloy, 50 per cent ferronickel, or 

high-silicon steel. 
The coils of a relay should be so proportioned as to give the greatest 

number of ampere-turns for a given power input. 

136. Sample Design of a Simple Relay: Comparison of Results Using 
Three Types of Magnetic Material 

For the purpose of illustrating the method of computing the actual 
operate and release currents of a relay, it is proposed to design and cal¬ 
culate the performance of a relay meeting the following specifications: 

Type. Single-coil type with inexpensive and simple magnetic circuit like 
that of Fig. 5. Double-throw switch with upper contact closed when coil is 
de-energized. 

Size. Overall coil length 1 in.; diameter H in. 
Weight. Minimum possible, consistent with other requirements. 
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Voltage. Relay is to operate on 1.5 volts. 

Coil resistance. Maximum possible and still meet force requirements. 
Stroke. 0.030 in. at contacts. 

Contact force. On either up or down contact the force is not to be less 
than 1 oz. 

Operate current. A current equal to 0.8 the normal current must be just 
sufheient to operate the rela%'. 

Release current. Release is to be at zero coil current, but for the purpose 
of obtaining a factor of safety, the release must occur at not less than 25 per 
cent of the maximum current. 

Material. Make designs using three types of materials; 
1. Swedish charcoal iron. 
2. Relay steel, high-silicon steel, sample 9 
3. 47 per cent ferronickel, sample 11. 

Assume that all parts have been properly annealed after manufacture. 

Preliminary Design 

1. Tentative Proportions. In Fig. 16 is shown a suitable relay con¬ 
struction similar in magnetic-circuit design to that of Fig. 5. The coil 
and contact separation given 
satisfy those of the specifica¬ 
tions; the other proportions 
necessary to start the prelimi¬ 
nary design have been chosen 
to keep the over-all size as 
small as possible and prevent 

undue leakage. In Fig. 16, Tentative design for the relay of the 

part 1 IS the armature; 2 the problem of Art. 135. 

armature fins used to produce 
a low-reluctance fixed gap; 3 the bracket or yoke supporting the 
armature, pole core, and contacts; 4 the pole core; 5 the polar 
enlargement; 6 a piece of phenolic insulation supporting the contact 
and terminal pieces 9 and 11; 7 the contacts on the armature tongue; 
8 and 10 screw-type contacts; 12 the spring holding the armature 
against the upper contact; and 13 the coil. The armature is shown 
with the upper contact closed under the influence of the spring. The 
coil leads can be brought out to eyelets on the phenolic piece, and the 
moving contact can be brought out from the armature by means of a 

pigtail. 
2. Force-Current Requirements. As the force on the upper contact 

produced by the spring is to be 1 oz., the magnetic pull required at the 
center of the pole core to just break this contact will be 1 X 1.5 0.75 = 
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2 oz., where 1.5 in. and 0.75 in. are the lever arms from the contact and 
pole center to the hinge, respectively. In order to close the lower con¬ 
tact against the spring and develop a contact force of 1 oz., a total 
magnetic pull of 4 oz. w ill be necessary. However, to release the arma¬ 
ture, the magnetic pull need drop to only 2 oz., which is the normal 
spring pull at the center of the ai*mature. It has been assumed that 
the change of spring force due to the armat#ire motion is negligible. 
The required armature motion at the center of the pole face will be 
0.03 X 0.75 -L 1.5 = 0.015 in. In the table below are shown the force- 
current requirements at the tw'o extreme armature positions. I is the 
normal coil current equal to E/R. 

Armature 
Position 

Electromagnetic 

Force, oz. 

Coil 

Current 

Open gap 2 0 8/ Actuation 

Closed gap 4 0 8/ Actuation 

Closed gap 1 2 0 25/ Release 

3. Open- and Closed-Gap Length. Referring to Art. 128, Sec. 3,® 
the open- and closed-gap lengths, designated as li and I2, respectively, 
may be found as follows. Substituting into equation 1, we have 

[2 _ I / 
h ” y/K\lJ 

0.25/ 

0.8/ 
= 0.313 

where iv, the ratio of the release to actuating force, equals 1. Substitut¬ 
ing into equation 2, we have 

and 

h 
s 

(1 ~ h/h) 
0.015 

(1 - 0.313) 
0.022 in. 

^2 = Zi — s = 0.007 in. 

4. Size of Polar Enlargement. This depends on the required force, 
the available magnetomotive force, and the open-gap length. If it is 
desired to keep the required exciting ampere-tums as small as possible, 

® This leaves out of consideration the residual effect of the iron. The magnitude 
of this could be estimated at this time, but because three different materials are being 
used, it is not convenient. The exact effect of the residual flux density will be appar¬ 
ent when the finished designs are compared. 
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the polar enlargement should be made as large as is convenient, and the 

iron circuit should be so proportioned that its differential permeance 

equals that of the working air gap produced by the selected polar enlarge¬ 

ment. This is the same criterion for optimum economy as derived in 

Art. 85, Chapter X. If, on the other hand, the relay power input has 

been specified, it will be possible to estimate, from the size of the space 

allotted to the coil, an approximate value of the coil ampere-turns. 

Assuming a suitable proportion of these ampere-turns across the open- 

gap length, the flux density of the working gap, and hence the area neces¬ 

sary to produce the required force, can be estimated. The area of the 

iron circuit and the permeance of the fixed gap must then be proportioned 

to use their allotted ampere-turns. The final result, to be optimum, 

must satisfy the criterion of Art. 85. 

The former method of procedure gives the most sensitive design for a 

given space limitation; the latter method gives the smallest design for a 

given ampere-turn input. 

This design is of the first kind, as the specifications call for the highest 

possible coil resistance with 1.5 volts applied. If the bracket and arma¬ 

ture are made as wide as the coil, or slightly wider, they serve as a 

protection to the coil and give a design of reasonable proportions. Let 

us then assume a circular polar enlargement 1 in. in diameter as the 

largest convenient size. When the design has been finally completed, it 

will be possible to check how close to the optimum this choice is (sc'c 

Sec. 18). 

5. Flux Density of Working Gap. The actual required force of 2 oz. 

at open gap is to be developed at 0.8 normal excitation. As a sensitive 

relay is seldom saturated, we may assume that the force will be 2 -t- 16 

X (1 4- 0.8)^ = 0.195 lb. with normal excitation. The average work¬ 

ing gap flux density will then be 

B 
^72 Force _ ^ 72 X 0.195 

TT X 0.5- 
4.23 kinax. per sq. in. 

6. Size of Pole Core. If we tentatively estimate the leakage coeffi¬ 

cient as 1.25, the flux at the ba.se of the pole core and in the yoke will be 

= PyBS = 1.25 X 4.23 X 0.785 = 4.15 kmax. 

The proper flux density for the pole core is hard to predetermine. If 

the relay is to be made as sensitive as possible, the iron should be 

operated in the region of its maximum permeability. A flux density a 

little higher than that corresponding to maximum permeability is prefer¬ 

able, as the slight reduction in permeability is more than compensated 
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for by the decrease in pole core section. A small pole core section is 

desirable as it permits a shorter mean length of turn on the exciting coil 

and hence will allow more ampere-turns for a given power input, and 

coil size. However, in the final analysis, the criterion of Art. 85 must be 

applied to determine the optimum flux density. 
In Fig. 17 are shown relative permeability curves for the three most 

important relay steels, Swedish charcoal or American ingot iron, high- 

Fig. 17. Relative permeability curves for three important relay steels. 

silicon steel (sample 9), and 47 per cent ferronickel (sample 11). In 

special cases where extreme sensitivity is desired Permalloy may be found 
useful. 

For the purpose of this design let us try a value of pole core flux 

density equal to 70 kmax. per sq. in. for all three materials. Then the 

pole core area will be 

S pole core = ^ = 0.0593 sq. in. 
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corresponding to a pole core diameter of 0.275 in., which can be rounded 

off to ^ in. 
7. Yoke or Bracket. This should be made of strip stock 1 in. wide, 

so as to protect the coil and cover the polar enlargement. Its area 

should be the same as the pole core, and hence a thickness of in. will 
be suitable. 

8. Leakage Coefficient. Owing to use of only one coil the leakage 

field in this type of magnet is inclined to be dissymmetrical in comparison 

with that of a bipolar magnet. However, if the permeance of the fixed 

hinge joint is large compared to that of the working gap, the fringing 

and leakage field may be considered to follow the conventional paths as 

designated by the permeance formu¬ 

las. If the permeance of this joint 

is low, there will be a relatively 

large magnetic potential between the 

armature and the yoke, with the 

result that an appreciable amount 

of flux will leak directly from the 

polar enlargement to the yoke. 

Because of these considerations the 

point of maximum flux in this type jg 

of magnetic circuit will not be in the Pjg 16 showing the leakage paths of the 

yoke but in the pole core near the flux of the main pole, 

yoke. 

For our purpose let us use the leakage paths as sketched in Fig. 18. 

Then: 

„ mS 3.19 X 0.785 
Pi = — = - =114 max. per ampere-turn 

^ I 0.022 ^ ^ 

where 0.022 = ?i is the average length of the air gap in the open arma¬ 

ture position. 

Pii = 0.26mZ = 0.26 X 3.19 X tt X 1 = 2.6 max. per ampere-turn 

. t\ 2 X 3.19 X IT XI. 84 
Pm = —^og. (l + ^) = 

IT \ g/ 
log. ^ = 7.2 max. per 

ampere-turn. 

In the last two fringing permeance calculations, the armature has been 

assumed to be wider than the polar enlargements to simplify the leakage 

paths. This is permissible, as the portion so affected is small and the 
result obtained is slightly on the high side. The leakage coefficient 

referred to the armature flux will then be, 

<Pu " 114 
1.086 
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In calculating the distributed permeance behTOen the bracket and the 

pole core, the A ertical part of the bracket supporting the armature has 

been taken as a plane of infinite extent. This is on the safe side and will 

tend to compensate for some of the extraneous leakage paths present 
due to the dissymmetry. Then 

P4 = 
2 /iW 2 X 3.19 X TT X 1 

log* 
^1 

log, - 
'"0.141 

= 8.5 max. per ampere-turn 

If we consider the dux through the entire pole core and yoke to he 

equal to the arnuiture flux plus two-thirds of the pole core to bracket 

leakage flux/ the leakage coefficient as referred to the pole core and 

yoke v\all be 

+ hL i2;t.8 + 8.5 X X i 

^ H 114 
1.113 

9. Permeance of Fixed Hinged Joint. In order that the design be 

efficient, tlie permeance of the hinged joint and its associated leakage 

paths should be high 

—rfS 1 
1 

1 1) <1 1 

I <1 'j 
'1 1 

1 
1 

1' li 
li II 
'1 :i 

-iM 

1 
1 
1 
1 

U_ 

Bracket 

-*-.002'Clearance f 

.025 Steel 

.01" Gap 

TT 

compared to that of 

the working gap. As 

this relay is intended 

to be as sensitive as 

possible, special care 

has been taken to in¬ 

crease the permeance 

of t his gap by means of 

armature fins. Figure 

19 shows the contem- 

f)lated construction of 

the gap. In order to 

get a high permeance, 

the armature fins must 

be brought close to the 

yoke bracket. This 

clearance is shown as 

0.01 in. in Fig. 19 and 
is just enough to give a contact motion in the worst possible 

armatuie position, taking into account the 0.002-in. clearance of arma¬ 

ture around the bracket pins. 

^ See .Art. 40. This is a good approximation in this case, because the iron is to be 
operated near its range of constant permeability. 

Pn 
1" 

Fiq. 19. Details of the hinged joint of the relay of 

Fig. 16, showing the paths of fringing flux. 
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Where the armature rests in contact with the bracket on surface A, 
the air gap cannot be taken as zero because, unless the relay is a hand¬ 

made job, this will be a punched surface and slightly uneven. It is 

therefore on the safe side to consider a small air gap to exist. Taking 
this at 0.002 in., the permeance of the gap will be 

3.19 X 
Pi armature to bracket “ ^ “ 

If 
0.002 

137 max. per 

ampere-turn 

The direct permeance from the armaturt' fins to the bracket will be 

Pi fins to bracket ~ ~y ~ “ 
M-S 3.19X1X2X2 

0.01 
239 max. per ampere-turn 

Armature to bracket fringing permeances: 

Pii = 0.52m/ = 0.52 X 3.19 X tw X 2 

Pn> - log. (l + A - log. 
rr \ g/ rr 

P^ = ().26m^ = 0.2fi X 3.19 X 

„ m/, 3.10X1, 0.062 
^86 = - log. ( 1 + - )-log.,— 

Fin to bracket fringing permeances: 

Pn = 0.52m/ = 0.52 X 3.19 X 2 

„ 2m/, 2X3.19X2, 0.025 
Pm = log. ( 1 + - ) =-log. 

X \ 9 ' IT 0.002 

P^ = 0.26m/ = 0.26 X 3.19 X 1.5 

„ m/, :1.19X1.5, 0.0,57 
P86 = - log. (1 + - j = --I„g, — 

TT \ 9 / ^ 0.002 

0.002 

1.04 

4.30 

0.21 

0.86 

().4 max. ]H'r a-t. 

3.32 

10.1 

1.24 

5.03 

19.7 max. per a-t. 

The total permeance of the hinge joint will bo 137 + 6.4 -f 239 + 19.7 = 
402 max. per ampere-turn. 

10. Rising Magnetization Curve, Open Gap. Before this can bo 

calculated, the armature thickness must be decided on. Inasmuch as 

the armature and yoke leakage coefficients are so nearly equal, their 

fluxes will be about the same. Therefore it is convenient, and on the 

safe side, to make the armature in. thick. 
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All the iron calculations should be carried out using an unsymmetrical 
hysteresis loop for the iron, drawn between the proper flux density limits, 
as discussed in Art. 28. As pointed out in Art. 20, the rising branch of 
such a loop for the higher and more important densities is well simulated 
by the normal magnetization curve. We shall therefore use the normal 
magnetization curve in this computation. The computations for the 
three materials, for one sample point on each, are shown below in tabular 
form. 

Part 

Effective 

Flux 
Flux, 
km ax. 

i 

R, 
krnax. 
per 

sq.in. 

a-t. 

per in. 

F, 
.vt. Length, 

in. 

Area, 

sq. in. 

Armature. 0.75 0 0625 t'a 4>u 4 26 67 4 4 3 3 

Pole core and yoke. . 2.88 0 0625 yy <t>u 4.87 70 4 9 14 1 

Fixed air gap. P = 402 max. per a-t. *'a <Pu 4.26 10 6 

Useful gap. P ~ 114 max. per a-t. 4>u 3.92 . . 34 4 

Total = 62 4 

Swedish Charcoal or Ameri¬ 

can Ingot Iron Annealed 

ya = 1.086 
Sample 1 

y^ = l.lld 

High-Silicon Steel 
Sample 9 

47% Ferronickel 
Sample 11 

Part 4> 
kmax. 

per 

sq. in. 

H, 
a-t. 

per in. 

F, 
a-t. 

H, 
a-t. 

F, 
a-t. 

Armature. 4 26 67 4 6 3 5 1.85 1.4 
Pole core and yoke. 4.37 70 5 2 15 0 2 5 7.2 
Fixed air gap. 4.26 10 6 10.6 
Useful gap. 3.92 34 4 34.4 

Total = = 63.5 Total = - 53.6 

The final results are shown plotted in Fig. 20. 
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11. Operate Ampere-Turns. The magnetic force required to operate 

the armature in the open-gap position is 2 oz. The flux density in the 

working gap necessary to produce this force is 

B 
^72 Force ^ 72 X 0.125 

TT X 0.5^ 
3.65 kmax. per sq. in. 

The useful flux will then be 

(pu — BS = 3.65 X 0.785 = 2.86 kmax. 

Referring this to Fig. 20 on the rising magnetization curves, the operate 

ampere-turns for the various steels w^ill be: 

Point C Swedish or American ingot ircn = 43.4 a-t. 
Point B high-silicon steel = 41.8 a-t. 
Point A 47% ferronickel = 34.2 a-t. 

The normal ampere-turns of the coil, according to the specification, will 

be 1.25 times the operate value. 
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12. Leakage Coefficient, Closed Gap. 

^ ^iS 3.19 X 0.785 
Pi = — =-- 368 max. per ampere-turn 

I 0.007 

Pn = same as for open gap = 2.6 

2/i^ . A 2 X 3.19 X TT X 1, 84 
Pi2b = — log« ( 1 + - ) --loge — 

TT \ 9/ tt 7 

368 4- 18.2 _ m 

368 ~ 368 
1.050 

The interpolar leakage permeance will be the same as for the open gap, 

8.5 and 

368 + 18.2 + 2 X I X 8.5 ^ 3^ ^ ^ 

368 368 

These leakage coefficients are so nearly equal that the armature, pole 

core, and yoke may be considered as one piece when the rising and falling 

magnetization curves at closed gap are computed. 

13. Rising Magnetization Curve, Closed Gap. A portion of this 

curve must be computed in order to find out the flux and force in this 

position. A sample point is computed below in tabular form. The 

three curves are shown plotted in Fig. 20. 

14. Flux and Force in the Closed-Gap Position, Operate Ampere- 
Turns. With the ampere-turns held at the operate value, the relay 

magnet must develop a force of 4 oz. in the closed-gap position. The 

useful flux in this po.sition is determined by the intersection of the 

vertical lines drawn from points C, J5, and A, with the rising magnetiza¬ 

tion curves in the closed-gap position, for the ingot iron, silicon steel, 

and ferronickel, respectively. The force will then be {(pu)^/72S lb. 
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Yhose forces are given in the tabulation below. They are all above 

the minimum requirement of 4.0 oz. 

Closcd-(l;ip Foic(* with Operato Amj)prc-Tiirns 

Material 
Useful 

Flux 
Force, oz. 

Ingot iron. 4.31 5.3 

Silicon steel. 4.15 4.9 

Ferronickel. 4 24 5.1 

15. Flux and Force in the Closed-Gap Position, Normal Ampere- 
Turns. If the operate ampere-turns are multiplied by 1.25, the normal 

coil ampere-turns will be obtained. The values of these, together with 

the useful flux and force produced, are given in the tabulation below. 

( Cia]) Force* with Normal Amp('rc-T\inis 

Material 
Normal 

Ampere-Turns 

Point 

on Curves 

Useful 
Flux 

Force, 
oz. 

Ingot, iron. 54.2 D 4.77 6 4 

Silicon ste(‘l. 52.3 E 4.45 5 6 

Ferionickel. 42.7 F 4.53 5.8 

16. Falling Magnetization Curve, Closed Gap. It is this demagneti¬ 

zation curve which will determine the release current of the relay. As 

there is a family of demagnetization curves, one for each value of mag¬ 

netic intensity to which the iron has been magnetized before breaking 

the current, it is nece.ssary to compute 11 ja for the iron in the closed-gap 

position The useful flux may be determined from points D, E, an/l F 

of the closed-gap rising magnetization curve. Multiplying this by the 

leakage coefficient, the iron flux will be obtained, and dividing this flux 

by the iron area, the maximum loop flux density, will be obtained. 

Reference to the normal magnetization curves for these materials at B„i 

will give Hm- These data are tabulated below. 

Material 
Point on 

Curve 

Useful 
Flux 

Flux of 

Iron Iron 
Hm 
Iron 

Ingot iron. D 4 77 5.05 80.7 7.8 

Silicon steel. E 4 45 4.70 7o.O 7.0 

Ferronickel. F 4.53 4.80 I 76.7 5.0 
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The demagnetization curves, corresponding to the values of Hm 

listed above, are most easily constructed from the falling branches of the 

hysteresis loops for the different materials. These demagnetization 

curves may be constructed from the loop data of Figs. 12a, 12/, and 12^^, 

and the residual flux and coercive intensity data of Figs. 13a and 13b of 

Chapter II. In order to change the loop coordinates from kilomax- 

wells per square inch and ampere-turns per inch to total flux and mag¬ 

netomotive force for the entire iron circuit of the relay, the ordinates 

must be multiplied by the area of the iron circuit ® 0.0625 sq. in., and 

the abscissas by 3.63 in., which is the length of the total iron circuit. 

The resulting demagnetization curves for the iron only are shown in 

Fig. 21. 

The demagnetization curves of the entire magnetic circuit of the relay 

in the closed-gap position may now be computed by adding to the iron 

magnetomotive force of Fig. 21, for each value of useful flux, the 

magnetomotive force for the effective permeance of the working air gap 

(closed position) and the fixed-hinge air gap. This permeance will be 

from Secs. 9 and 12, Pq = \ ^ (1/389 + 1/402) = 197.5 max. per 

ampere-turn. The computations, shown below in tabular form, are 

self-explanatory. 

M.-ignctomot iv(* 

.lugot Iron High-Silicon St(‘(‘l Ferronickcl 

Iron 

Flux 

i 

Useful 

Flux 

Air 

Gaps 
Iron 

Total 

Coil 
Iron 

Total 

Coil 
Iron 

Total 

Coil 

4.23 4.00 21.2 -fO 6 21.8 + 11 8 33.0 +6,0 27.2 

3.70 3 50 18.6 -2 7 15 9 + 65 25.1 + 1.5 20.1 

3.f7 3 00 15.9 -4.3 11 6 + 3,1 19.0 +0.2 16.1 
2.64 2.50 13 3 -5 3 8.0 + 06 13 9 -0.15 13.15 
2.12 2 00 10 6 -6 0 4.6 - 0.9 9 5 -0.3 10.3 

1.59 1.50 8 0 -6.5 1.5 - 1.9 6.1 -0.35 7.65 

1.06 1.00 5 3 -6.8 -1.3 - 2.5 2.8 -0.4 4.9 

0.53 0 50 2.7 -7 1 -4 4 - 2 9 -0.2 -0.4 2.3 

0.0 0.0 0.0 -7.3 -7.3 - 3.3 -3.3 -0.4 -0.4 

The results of the tabular computation, columns 1 and 5, 1 and 7, 

• This simple treatment which considers all the iron parts aa one is possible only 
because their various areas and leakage coefficients are such that the flux density is 
substantially the same in all parts. When this is not the case the method of Prob¬ 
lem 11, Art. 49 must be followed. 
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and 1 and 9, are shown plotted in Fig. 20 as curves D-G, E-H, and F-/, 

for the ingot iron, high-silicon steel, and ferronickel, respectively. 

Fig. 21. Demagnetization curves for the iron only of the relay of Fig. 16. 

17. Release Ampere-Tums. The release in the closed-gap position 

occurs with a magnetic force of 2 oz. as set forth in Sec. 2. The useful 

flux required to give this force in the closed-gap position is 

<i>u = ^72S Force = v'72 X 0.785 X 0.125 = 2.66 kmax. 

18. Operate and Release Ampere-Turns. These may be read 

directly from Fig. 20 and are tabulated below. 

Operate Release 
Normal 

r^xcitation 

Point a-t. Point a-t. Point a-t. 

Ingot iron. C 43.4 J 9.1 D 54 2 
High-silicon steel. B 41 -8 K 15.7 E 52.3 
Ferronickel. A 34.2 L 14 1 F 42.8 

19. Coil Design. Let us use a paper-section coil designed in accord¬ 

ance with the data of Art. 59. Allowing 0.04 in. for the core tube thick¬ 

ness and 0.005 in. for the cover, the net winding depth of coil will be: 

0.938 specified outside coil diameter 
—0.282 pole core 
—0.040 core tube 
—0.003 clearance over pole core 
—0.005 coil cover 

2)0.608 

0.304 net winding depth 
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The mean length of a turn will then be 

ir(0.282 + 2 X 0.04 + 2 X 0.003 + 0.304) = ir X 0.672 = 2.11 in. 

Coil for Ingot Iron. The required wire resistance at 20° C., ohms 

per inch, will be 

2.11 x“ 54,2 ■ " 

Referring to Table II, ('hapter VI, the nearest size of wire is No. 32 
(diameter = 0.009 in. over enamel), which has 0.01368 ohm per inch. 
From Table IV of Chapter VI, the minimum paper margin, interlayer 
paper thickness, and turns per inch are 3/32 in., 0.0013 in., and 103, 
respectively. Then 

Coil layers 
0.304 

0.009 + 0.0013 
29.5, say 30 

Turns per layer = (0.938 - 2 X 3/32 - 0.02)103 - 75 

where 0.01 in. has been allowed at each end of the coil for a washer of 
insulating material to protect the coil leads. 

Coil turns = 30 X 75 = 2,250 
Length of wire = 2,250 X 2.11 = 4,750 in. 
Resistance at 20° C. = 4,750 X 0.01368 = 65 ohms 
Current at 20° C. = 1.5/65 = 0.0231 ampere 
Ampere-turns at 20° C. = 2,250 X 0.0231 = 52 

This will be satisfactory. 
Coil for High-Silicon Steel. The required ampere-turns for this 

design are 52.3. Therefore the coil design for the ingot iron core will be 
satisfactoiy. 

Coil for Ferronickel. Designing this coil in the same manner as 
that for the ingot iron, the following results are obtained: Wire size 
No. 33; layers ~ 33; turns per layer = 83; turns = 2,740; length of 
wire = 5,780 in., resistance at 20° C. = 99.5 ohms; current at 20° C. = 
0.0151 ampere; and the ampere-turns = 41.4. 

20. Check of Optimum Size of Polar Enlargement. In order to 
check how close the final design approaches optimum conditions, it is 
necessary to plot the magnetization curve of the iron parts and fixed 
air gap in the open-gap position. The data for this may be obtained 
directly from Sec. 10 by omitting the ampere-turns across the useful 
gap. These curves are shown plotted in Fig. 22. 

Following the method of Art. 85, the line a-b is the air-gap permeance 
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line for the high-silicon steel and ingot-iron relays.. Its intersections at 

points c and d with the magnetization curves of the two relays, respec- 
tiv(‘ly, give the operating points in the open-gap position with normal 
ampere-turns. At operating point d, the magnitude of the slope of the 
magnetization curve is exactly equal to that of the line a-6, and hence 

the ingot iron relay is at its optimum operating point with the 1 in.- 

diarneter polar enlargement. For the high-silicon steel relay, however, 

Fir.. 22. Graphical construction for determining how close to the optimum size the 

polar enlargements of the relay of Fig. 16 are. 

the optimum operating point is at e instead of c. In order to operate at 

this point, the permeance of the useful gap must be that of line a-e, 

equal to 100 max. per ampere-turn. This corresponds to a polar enlarge¬ 

ment of 0.936-in. diameter. 

For the ferronickel relay the air-gap permeance line is f-Qy which 

gives the actual operating point at h. The optimum operating point, 

however, is at wlu're the tangent to the magnetization curve i-k makes 

the same angle with the vertical i~l as does the air-gap permeance line 

f j. The slope of f -j corresponds to a useful air-gap permeance of 119 

max. per ampere-turn, which will be obtained by a polar enlargement of 

1.02 in. in diameter. 

In all cases the actual operating point is so close to the optimum that 

no great gain can be made by changing the size of the polar enlargement. 
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In the table below a comparison is made of the actual polar enlargement 

and the optimum in regard to the available work. 

Actual Optimum 

Diam¬ 
eter of 
Polar 

Enlarge¬ 
ment, 

in. 

Oper¬ 
ating 

Point 

Useful 
Work, 
in-lb. 

Diam¬ 

eter of 
Polar 

Enlarge¬ 
ment, 

in. 

Oper- 

ating 

Point 

Useful 

Work, 
in-lb. 

Ingot iron. 1.00 d 0.00446 1.00 d 0 00446 
High-silicon steel. 1 00 c 0.00457 0 936 e 0 00461 

Ferronickel. 1.00 h 0.00439 1.020 1 i 0 00439 

21. Comparison of Design Results for the Three Materials. In the 

tabulation below is a summary of the final design results. 

Ingot Iron High-Silicon Steel Ferronickel 

1.6 Volts Applied 

at 20° C. 
i 

Per¬ 

centage 

of 
Normal 

Per¬ 

centage 

of 
Normal 

Per¬ 

centage 
of 

Normal 

Normal current, ma. 23.1 100 23.1 100 15.1 100 

Operate current, ma. 
Force 2 oz. at open gap 19 3 83.5 18.6 80.6 12.5 82.5 

Force at open gap with 
normal current, oz. 3 .25 j 162* 3.36 167 3.23 161 

Force at closed gap with 

operate current, oz. 6 3 132t 4.9 122 6.1 127 

Force at closed gap with 
normal current, oz. 6.25 166t 6.61 140 6.72 143 

Release current, ma. 
Force 2 oz. at closed gap 4.06 17.6 6.98 30.2 5.15 34.1 

* The normal or specified force at open gap is 2 os. 
t The normal or specified force at closed gap is 4 os. 
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22. Discussion of Results. The table of the last section shows that 
none of the designs meet the specifications exactly. 

The high-silicon steel and the ferronickel designs almost meet the 
specifications exactly, except that their minimum operate currents are 
80.5 and 82.5 per cent of normal, respectively, instead of 80 per cent. 

The ferronickel design is much more sensitive than the high-silicon steel 
design, using only 65.5 per cent as much current. Both these designs 
release at a current higher than required, and hence it would be possible 
to redesign them wdth a shorter closed-gap length. This would improve 
the sensitivity of both. 

The ingot-iron design falls down particularly because its release 

current is too low. This is because the length of the air gap in the 
closed position is too short. When calculating the length of this gap in 
Sec. 3, the coercive magnetomotive force of the iron was neglected, 
resulting in the error. This eflfect could have been taken into account by 
estimating this magnetomotive force as a percentage of the normal 
excitation and applying a correction to the release current percentage 
in the manner suggested in Art. 128, Sec. 3. Thus, in the ingot-iron 
design, the release current should have been estimated as 32.5 per cent 
instead of the specified 25 per cent, when the length of the air gap was 
computed. Had this been done, the ingot-iron design would have 

shovvn even less current sensitivity. 
Generally speaking, the use of high-silicon steel or ferronickel instead 

of ingot iron in a relay design is justified only when the requirements are 
so exacting that the increa.sed current sensitivity or the reduction of 
weight that may be obtained makes the difference between success and 
failure. It should be particularly pointed out that the materials con¬ 
sidered in the above designs were assumed to be carefully annealed after 
fabrication. In most relay work the decrease of residual force that can 
be made by annealing more than justifies the expense. Materials such 
as sample 4, S.A.E. 10-20, ^ hard strip stock are very inferior for relay 
work on account of their high coercive intensities. 

Another advantage of the ferronickel and the high-silicon steel that 
should not be overlooked is their high resistivity. This is of material 
benefit when the relay is to be extremely fast acting. 

136. Design of a Bipolar Sensitive Relay for Operation from a 
Vacuum Tube 

In order to illustrate the method of designing a sensitive relay for 

operation from a vacuum tube, the following example is presented. The 
particular relay chosen is not the ordinary contacting relay, but rather 
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an electromechanical device for controlling the operation of a machine. 
It has been assumed that it is desired to operate this relay device in 
response to a train of fast impulses received by either radio or telegraph. 
In order to be effective, the relay must develop a relatively large holding 
force and be capable of releasing its load practically instantaneously. 
The method followed in this example would be equally applicable to any 
relay. 

The particular requirements of the design are set forth below: 

1. Normal Load: The relay is normally actuated and must hold an actual 

load on its armature of 5 lb. 

2. Factor of Safety: To provide a factor of safety^ it must develop a holding 

force of not less than 10 lb. with normal excitation. 

5. Release Current: While holding the load of 5 lb. it must be capable of 

releasing on not less than 0.1 normal excitation, following the applica¬ 

tion of normal excitation. 

4- Time of Release: Its time of release, following normal excitation, must 

not be greater than 0.0002 second 

6. Open~Gap Force: It should be capable of producing a minimum force of 

1 lb. through a working stroke of 0.01 in., with normal excitation. 

6. Signal Voltage: There is no restriction on the magnitude of the signal 

voltage required to operate the relay, other than that it must iiot be 

necessary for the grid of the relay tube to go positive to produce 

operation. 

7. Other Restrictions: It is desired to keep the weight of the over-all unit, 

including the power supply for the relay tube, at a minimum. 

8. Circuit Arrangement: The type of circuit arrangement desired is shown 

in Fig. 23 below. 

1. Analysis of Problem, a. As the over-all weight is to be kept at a 
minimum, there must be a compromise between relay weight and sensi¬ 

tivity. High sensitivity 
requires a heavy relay but 
only a Si.iall power input. 
A small input will allow a 
lighter weight power sup¬ 
ply. On the other hand, 
a lower relay sensitivity 
will make the relay lighter 
and require a larger power 

input. A reasonable way to handle this situation is to design the relay 
entirely on a magnetic basis to meet the force requirements. The coil 
can then be designed to give the required ampere-tums and maximum 
over-all weight economy in conjunction with a selected tube and the 
necessary power supply. 

Fig. 23. Diagrammatic circuit arrangement of a 
bipolar relay operating from the plate circuit of a 

high-vacuum tube. 
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h. Thv rolraso time stipulation of 0.(KX)2 second rociuires careful 
lamination of the core and a very short time constant on release. The 
short tim(‘ constant can be achieved in two ways: (1) by making tlu' 
clos(‘d length of the air gap as short «a.s possible and thereby avoiding a 
large stor(‘(l eiuTgy in the relay, and (2) the use of a vacuum tube having 
a high efT(‘ctive plate resistance. A short air gap will lu'cessitate th(‘ 
use of a material, such as haronickel, having a very low coercive inten¬ 
sity. 

2. Preliminary Design. In accordance with the above analysis, let 
us design the pole-face structure of a relay magnet meeting the following 
specifications. 

а. 1-lb. force at 0.01-in. stroke. 
б. 10-lb. force at closed gap. 
c. Release current not less than 10 per cent rated. 
d. Material =■ laminated ferronickcl, No. 29, IJ.S.S. gauge. 

(a) O'Pen- and Closed-Gap Lemjihs. Referring to equation 1 of 
Art. 128, Sec. 3, we can calculate the ratio of the closed-gap length to the 
open-gap length as 

h 

h 

h 
h 

=4 1- 

Kh 

1 
/I = 0. 
10 

0317 

then the closed-gap length will be, by equations 2 and 3, ^ 

h 
^ _ * r, _ 0.01 X 0.0317 

“ ^1 _ “ 1 - 0.0317 
0.00033 in. 

This is so small that for practical purposes we shall make the gap 0.001 in. 
Such a gap can be obtained by plating the carefully finished surfaces 
with 0.0005 in. of chromium. 

The open gap length will then be 

= s + ^2 = 0.01 + 0.001 = 0.011 in. 

(5) Necessary Flux Ratioy Closed to Open Gap. As the force on the 

® This computation neglects the effect of the coercive magnetic intensity of the 
iron, but, as explained in Art. 128, Sec. 3, this effect will be very small with ferro- 

nickel. 
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armature equals <t>^/72Sv^ the ratio of the forces in the closed- and 
open-gap positions will be 

Force 2 _ / 

Force 1 \</)iP2/ 
and 

^2 ^ /Force 2 

01 ^ Force 1 

Assuming that vi = 1.25 and V2 = 1.05, we have 

02 

01 

1.05 

1.25 
Vio = 2.66 

Because the ratio of the open- to closed-gap lengths is 11 to 1, the only 

way that the flux ratio can be held to 2.66 is by saturation of the magnetic 
circuit at closed gap. 

(c) Design Procedure for Determining the Approximate Size of Pole 
Core^ Ampere-Turns, and Exciting Current. No set procedure can be 
outlined at this point owing to many possible ways of handling the 
problem. Because of the saturation requirement noted in (6), it seems 
logical to start with the pole core. 

If there were no polar enlargement,the required size of pole core, 
assuming a saturation density of 80 kmax. per sq. in. in the air gap, 
w’ould be 

^ 72F 72 X 5.0 

£2 “ 802 
0.056 sq. in. 

where 5.0 lb. is taken as the force of one pole of the bipolar magnet. 
This would represent a size of about 0.236 in. square. Therefore let us 
try a stack of laminations j in. by ^ in. in the form of a U. Allowing a 
stacking factor, Kg, equal to 0.9, the net area will be 0.0562 sq. in. 

The required ampere-turns can be determined from the open-gap 
requirements. The flux density in the working gap necessary to produce 
a force of 0.5 lb. per pole is 

72 X 0.5 , 
——-—- = 24 kmax. per sq. in. 
0.25 X 0.25 ^ ^ 

A polar enlargement is not desirable in this design because laminating is neces¬ 

sary. If used it will necessitate two joints in the magnetic circuit which would 

probably more than offset the possible gain. Because of the relatively large force 

and short gap length the optimum can be approached quite closely without a polar 

enlargement. 
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The required ampere-turns per coil will then be 

Bh 24X0.011 _ 
(r) one coil == — = — - -— = 83 ampere-turns 

u 0.00319 

In order to determine the current required to excite the coil, it will be 
necessary to make a tentative coil design. Let us assume a paper- 
section,^^ enameled-wire, square-section coil using No. 40 wire. A rea¬ 
sonable proportion for the coil will be about f in. square, and 1^ in. long. 

If we allow 0.04 in. for the core tube and 0.005 in. for a cover, the net 
winding depth of the coil will be (0.375 — 0.045 — 0.125) = 0.205 in. 
Referring to Table IV, Chapter VI, the thickness of a layer of wire and 
paper will be 0.0043 in., the paper margin will be in., and the turns 
per inch 251. Then the number of layers will be 0.205 -f- 0.0043 = 48, 
and the turns per layer (1.5 — 0.125)251 = 345. The turns per coil will 

be 345 X 48 = 16,580. The mean length of turn will be 4(j + 2 X .04 
+ 0.205) = 2.14 in. The resistance of each coil at 20° C. will be 

R = 16,580 X 2.14 X 0.08742 = 3,090 ohms 

For 83 ampere-turns, the current will be 83 4- 16,580 = 0.005 ampere. 
Thus with the size of coil tentatively chosen, and a minimum wire size 
of No. 40, the smallest operating current is 5 milliamperes. This merely 
represents a low’er current limit of design. 

The approximate value of inductance of the magnet will be 

V0 NBSK. 16,580 X 2 X 100 X 10~^ X 0.25 X 0.25 X 0.9 

I “ 0.005 

L = 373 henries, and its time constant will be 

L 

R 

373 

3,090 X 2 
0.0604 second 

(d) Choice of Tube—Modification of Coil to Suit Tube, In choosing a 
tube the following should be kept in mind: In order to attain the release 
time desired, the time constant must be made approximately 0.0002 sec. 
This is of the normal time constant of the relay. Therefore a tube 

A paper-section coil is used in order to have sufficient insulation for the high 

voltage found in plate circuits. The choice of No. 40 wire will give the highest coil 

resistance that is practical. When working out of a vacuum tube it is generally 

desirable to make the coil impedance equal to the tube impedance in order to get 

optimum power conditions. As this design is to use a pentode tube, which has a 

very high internal resistance, the highest resistance coil will be best. The use of a 

wire finer than No. 40 is not recommended unless very special precautions are taken 

to avoid corrosion and breakage. 
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having an effective internal resistance of about 1,800,000 ohms should be 
used. As the resistance of the relay will then be small compared to that 
of the tube, maximum power output will be obtained with the highest 

possible relay resistance. For any selected 
tube the lowest possible plate voltage 
should be used. 

The 6J7 pentode, operating with the 
screen at 100 volts, is about the best 
suited. It will have a plate current of 
about 7 milliamperes with a plate voltage 
of 100 volts, and zero grid bias. Using 7 
milliamperes plate current instead of 5, 
the w^ound length of the coil can be re¬ 
duced from if in., as in the tentative 
design, to if X ^ = 0.98. Letting this 
be 1 in., the resistance of both coils will 

Fig. 24. Family of plate cur¬ 
rent-plate voltage characteristics 

for a 6J7 pentode with the screen 

at 100 volts, showing the operat¬ 
ing line for a load of 4500 ohms 

and a battery supply voltage of 

125 volts. 

be 3,090 X 2 X 1/1.375 = 4,500 ohms. 
In Fig. 24 are shown the average plate 

characteristic curves for a 6J7 tube. The 
load line for 4,500 ohms is drawn from a 
battery supply voltage of 125 volts. This 
voltage is chosen because it is the lowest 
value which will put the operating point 
at zero grid bias, point (a) well beyond 
the knee of the curve. In order to reduce 

the current to 0.1 normal for relea.se, the grid bias must be raised to 
— 4.2 volts. During the grid swing, while the plate current is changing 
from 7 to 0.7 rnilliampere, the effective plate resistance will be over 
1,500,000 ohms. The time constant will therefore be of the magnitude 
of about 

(1.00 V 

- T;500,000 - ^30 X10-« second 

This is so short that the release time will probably be limited by eddy 
currents in the laminations. 

The number of turns on each coil will be 16,580 X- = 12,020 
1.375 

(e) Final Design. In Fig. 25 is shown the final circuit arrangement, 
and in Fig. 26, the final relay design. 

A 14-mil iron has been selected because it is the thinnest commercial sheet 

stock available. A 6-mil iron is to be preferred. 
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3. Check of Prelimmary Design. 
(a) Check of Open-Gap Force, By reference co Fig. 24, it will be 

seen that the normal relay current at operating point (a) is 7.2 milli- 
amperes. The total ampere-turns of both coils will then be 

12,020 X 2 X 0.0072 = 173 ampere-turns 

Fig. 25. Final circuit ar¬ 
rangement for the relay of 

the problem of Art. 136 

operating from a 6J7 pen¬ 
tode 

Grind and Chrome Plate 

Fig. 26. Final design of the relay for the 
problem of Art. 136. 

The air-gap flux density in the open-gap (0.011 in.) position, if all the 
magnetomotive force is across the gaps, will be 

5 = = 0.00319 X 
173 

2 X 0.011 
25.1 kmax. per sq. in. 

At flux densities in this region the magnetic intensity in the ferronickel 
will be so low that the reluctance drop in the iron and the effect of leak¬ 
age flux on the force may be neglected. The total pull will therefore be 

72 

25.1^ X 0.0625 X 2 

72 
1.09 lb. 

(5) Check of Closed-Gap Force, In order to find the closed-gap force, 
it will be necessary to plot the magnetization curve for the iron parts 
and also to calculate the leakage permeances. 

The, permeance of the main gap will be 

p _ 1^ _ 3.19 X 0.0625 

’ “ Z “ 0.002 
= 99.6 max. per ampere-turn 
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The fringing permeances from the pole cores to the armature will be 

Pi = 0.26Mi 
0.26 X 3.19 X 0.75 

” 2 ” 
0.31 

til . 1 f 2t\ 3.19X0.75, /, 0.5 \ 
2.37 Pti, = — log, 

IT \ gj 2-ir \ 0.001 / "" 

Pn = 0. 52m/ 
0.52 X 3.19 X 0.25 

“ 2 “ 
0.21 

2m/, /, t\ 2X3.19X0.25, / , . 0.18 \ 
= 1.32 Pl2h ~ - l0g« ( 1 + - ) =---log, ( 1H-I 

TT \ g/ 2ir \ 0.001) 

The distributed permeances are; 

Total = 4.21 

tiS 3.19 X 1.16 X 0.25 
Pi = — = - = 1.64 

/ 

P^ = 0.26m/ = 

0.5625 

= 0.26 X 3.19 X 1.16 X 2 = 1.96 

m/ i f 2t\ 3.19 X 1.16 X 2 / ' 0.5 \ 
Psb = - log, 

T 0.56/ 
= 1.48 

Total = 5.08 

As the dLstributed permeance is only one-half effective as regards the 
leakage flux produced, the effective distributed permeance is 2.54. 

The leakage coefficients will then be: 

99.6 + 4.21 
= 1.042 

99.6 

99.6 + 4.21 + 2.54 

99.6 
= 1.068 

ppc = 1.042 + 1(1.068 - 1.042) = 1.059 

The length, areas, and relative flux densities of the various parts of the 
iron circuit are tabulated below. A stacking factor, iV, = 0.9, has been 
used in computing the area of the laminated iron parts. 

Part 
Length, 

in. 
Area, 

sq. in. 
Relative 

Flux 

Relative 
Flux 

Densities 

Armature. 1.06 0.0562 Va4>u 0.985 Bpe 
Pole cores. 2.68 0.0562 ^pc<t>u Bpe 
Yoke. 1.06 0.0562 Vy4>U 1.008 Bpe 
Air gap. <f>U 
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Because the flux densities in the various iron parts are so nearly alike, 

they have been assumed equal in plotting the magnetizatidn curve. 

Magnetic data for ferronickel were taken from curve 11 of Fig. 115. 

Chapter II. The magnetization curve is shown in Fig. 27. The 

operating point is shown at (a), where the flux of the pole cores is 5.2 

kmax. The force will be 

- 

72 X 0.0625 

(c‘) Check of Release Cun eat. llie actual load which the armature 

must hold in the closed-gap position is 5 lb. This load is to be released at 

0.1 normal current which corresponds to 17.3 ampere-turns. 

^ 5.2 V 
—— = 10.8 lb. 
a.059/ 

Fig. 27. Graphical construction for determining the force of the relay of Fig. 26 at 

its operating and release ampere-tums. 

In order to calculate the flux in the closcd-gap position, for small 

currents, the demagnetization curve of the iron parts must be drawn. 

This is shown as a dashed line, and has been computed from data of 

Figs. 13a and 136, and Fig. \2g of Chapter II. The coercive intensity 

of the ferronickel is so small that the descending branch of the loop as 

drawn almost coincides with the axis of ordinates. 

To locate the operating point with 17.3 ampere-turns applied, the air- 

gap permeance line having a slope of —105.5 max. per ampere-turn is 

drawn as shown. The intersection of this line with the demagnetization 

curve at (6) is the desired operating point. The pole core flux at this 
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point is 2.01 kmax. Tho force, with 17.3 ampere-turns applied, will 

then be: 

—(.y 
72.S \ Ppe/ 72 X 0.0625 \1.059/ 

As this is well below the load forc(‘ of 5.0 lb., there will be no difficulty 

in releasing with 0.1 normal current. 

Final Results 

Tube = 6J7. 

Plate supply voltage = 125 volt^. 

Screen voltage = 100 volts. 

Relay coils = 12,020 turns Xo. 40 enameled wire, per coil. 

Relay resistance = 4,500 ohms at 20° C. 

Oi)eration data = 7.2 milliami>eres at zero grid bias; 10.8 lb. closed 

and 1.09 lb. open gap. 

Release data = 0.72 milliainpere at —4.1 volts grid bias; 1.75 lb. at 

closed gap. 



APPENDIX 

UNITS —DEFINITIONS —FUNDAMENTAL PHYSICAL CONCEPTS 

The Joule-Inch System. The system of units employed for physical quanti¬ 
ties in this book is based upon ihot joule * as a unit of energy, the inch as the unit of 
length, and the second as the unit of time. It is primarily an electrical system and 
need not have any particular length unit associated with it. The inch as the length 

unit is chosen merely for convenience. The above three dimensions are sufficient 
for dealing with concepts of mechanics; however, when dealing with other physical 
sciences it is necessary to introduce other dimensions such as temperature in heat, 

and current or electric quantity in electricity. The most important units of the 
system are defined below: 

The joule is the unit of energy and is equal to 10^ ergs. 
The coulomb is the unit of electric quantity and is equal to the quantity of elec¬ 

tricity which will deposit 0.001118 gram of silver from a silver solution. 

The second is the unit of time and is equal to 1/86,400 part of the mean solar day. 
The inch (in.) is the unit of length and is equal to 1/39.37 of the length of the 

international meter. 

The degree Centigrade (deg. cent, or ® C.) is the unit of temperature and is one- 
hundredth part of the temperature difference between the freezing and boiling 
points of water at normal atmospheric pressure. 

The remaining mechanical, electrical, and thermal units are defined by and 

derived from the above five fundamental units in the usual manner. 
Table I gives a comparison of the units of the commonly used systems and the 

factors necessary to convert f^om these systems to the joule-inch-second system. 

In particular, it should be noticed that the only difference between the joule-inch- 

second system of this book and the mcter-kilogram-second system which has now 
become standard^ is the unit of length. The inch is to be preferred for a design 
book for use in this country as the inch is used almost exclusively for dimensioning 
working drawings of machine parts. 

^ Energy, or the change in energy, though not the easiest physical concept, is the 
basis or cause of most of the familiar physical phenomena and hence shoidd be con¬ 

sidered fundamental. An electric current, mechanical motion, or the flow of a fluid 

are a means of transmitting energy from one place to another, and phenomena which 
occur in an electric, mechanical, or hydraidic system are thus due to changes of 
energy in such a system. 

The storage of energj^ gives rise to certain very common physical concepts; thus, 
a magnetic field or magnetic flux is considered a manifestation of energy stored in a 
particular way by particular agents, while an electrostatic field, a gravitational field, 

the velocity of a body, or the temperature of a body are manifestations of energy 

stored in other ways and by other agents. 
A change of energy, stored by any one of the above agents, gives rise to transient 

phenomena, which as a group constitute by far the largest number of ordinary occur¬ 
rences and certainly the most difficult from the standpoint of physical analysis. 

^ The International Committee of Weights and Measures at a meeting in October, 
1935, decided that the actual substitution of the meter-kilogram-second absolute 

system of electrical units for the international system was to take place on January 1, 
1940. 
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constant-current characteristic, 449 

construction, 446-447 

Alternating-current magnets, direct at¬ 

traction type—Continued 

effect of leakage coefficient on force, 

448 
force-stroke characteristic, 448 

direct-attraction-type design, 449-463 
calculation of 

exciting current closed gap, 450- 

460 

leakage coefficient, 457-458 

check of 
mechanical work, 461 

volt-ampere limitation, 461-462 

choice of pole-face type, 450 

coil design, 455 

core loss, 456, 459 

estimation of leakage coefficient, 451 

exciting current 

closed gap, 453-454 

open gap, 455, 461 

fundamental design equations, 451- 

452 

general procedure, 449-450 
power factor, 462 

preliminary design, 452-456 

temperature rise, 462 

of coil, 455-456 
volt-ampere efficiency, 461 

volt-ampere excitation for air gap, 

452 
wave form of exciting current, 450- 

461 

effect of resistance drop, 422 
exciting current, 443-444, 453-455, 450- 

460 

force, nature of, 423-428 

force limitation, 431 

fundamental circuit theory, 419-423 

general, 5-6, 410 

in.stantaneous force, 423-428 
leakage flux type, see solenoid and 

plunger type 

533 
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Alteraating-current niagnots — Con¬ 

tinued 

phase relation between flux and cur¬ 

rent, 420 

polyphase magnet arrangement, 425- 

428 

pulsation of force, 423-428 

single-phase, 423-424 

three-phase, 427-428 

two-phase, 425-427 

with shading coils, 427, 469, 479 

reactance voltage, 420-422 

reactive power, total, 430 

shading coils, see Shading coils; 

Shaded-pole magnets 

single-phase operation, 423-425 

solenoid and plunger type, 433-445 

current at minimum force position. 

440 

current-stroke characteristics, 435- 

437 

design, 438-445 

design procedure, 444-445 

force at the beginning of the stroke, 

442 

force-stroke characteristic, 435-437 

general design basis, 438-439 

laminated construction, 433, 435 

minimum force throughout strok(\ 

439-440 

minimum iron flux density at h('- 

ginning of stroke, 441-442 

slotted construction, 433-434 

volt-ampere.s 

at beginning of stroke, 442-443 

at end of stroke, 443-444 

speed of action, 432 

steel for, 41 

stipulations regarding mathematical 

derivations, 420 

three-phase operation, 427-428 

two-phase operation, 425-427 

use of rectifiers, 431 

volt-ampere efficiency, 430, 436, 461 

volt-ampere limitation, 

check, 437, 461-462 

constant-current ojienition, 430-431 

constant-voltage operation, 429-430 

experimental, 437 

general, 423, 431 

Alternating-current magnets — Con¬ 

tinued 

wave form of exciting current, 443- 

444, 459-460 

weight limitation, 431 

Alternating-current relays, 6, 501-502 

Alternating-current vs. direct-current 

magnets 

effective use of iron, 424-428 

single-phase, 424 

three-phase, 428 

two-phase, 425-426 

Aluminum 

density, 188 

resistivity, 155 
temperature coefficient of resistanf*e, 

156 

thermal capacity, 188 

wire resistance, 158 

American ingot iron 

general, 39 

general data, 69 

magnetization cin\('s, 48 

American wire gauge, 156, 157 

Anhysteretic magnetization curve's, 22, 

62. 63 

use of, in polarized appaiatus, 101 

Angle, unit, 532 

Angular vf'locity, unit. 532 

Annealing 

importance in relays, 521 

to remove machining strains, 38, 40, 42 

Arc suppression, relays, 488 

Area, unit, 532 

Asbestos insulation, 160-161, 162 

Atkin.son, F. W., 161 

Attraction between magnetized faces, 

196-200 

Audio-frequency transformers. 102 

hysterc'sis cycle, 35 

Average force, 423-424 

single-phase, 423-424 

three-])ha.se, 427-428 

two-phase, 425 

H 
Ikikeht('. 162 

liensin. Igor, 21 

llipolar magnet 

characteristics, 230-231 
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Bipolar magnet—Continued 

check of preliminary design, 326-333 

coil design, 326-328 
design, 321-333 
design equation, 322-324 

deviation from inverse square law, 

230-231 
effect of magnetic leakage, 230-231 

effect of saturation, 230-231 

empirical design data, 323 

flux density in pole cores, 325 

force 
from energy stored in working air 

gap, 332 
from saturation curve, 332 

force formula, derivation, 201-202 

force-stroke characteristic, 230 

general, 321-322 
leakage coefficient, 142-144 

experimental check, 147-149 

modification of formula when polar 

enlargements are close, 328-329 

leakage field, 122-125 

magnetic circuit calculaiion, 328- 

331 

magnetization curve of iron parts, 

330-331 

magnetomotive force used in iron, 

323 
method of determining optimum. 

330-331 

polar enlargements, design, 324 

preliminary design, 324-326 

ratio of coil length to build, 325 

temperature rise, 327-328 

use of polar enlargements, 230-231, 

242 
useful work-stroke characteristic, 230 

\ ariation in flux density between pole 

cores, 124, 126 

weight, 332 
weight economy, 231, 332 

vs. index number, 242 

Bobbin-wound coils, see Coils 

Boiling point of contacting materials, 

485 

Boyle, .lost'ph (k, 363 
Br:i^»; 

di'iisity. 1S8 

thermal capacity, 188 

Brass tubing, sizes commercially avail¬ 

able, 249 

Brinell hardness, contacting materials, 

485 
Bush, V., 339 

C 

Capacitance, unit, 532 
Carbon steel, 45 

coercive intensity data, 55 

demagnetization curve. 67 

external energy curve, 67 

general data, 70 

residual flux density data, 5^ 

Cast iron 

general, 40, 45 

general data, 69 

magnetization curves, 48 

Casting permanent magnet stei'ls, 17 

e.G.S. system, conversion factors to 

joule-inch-second systcan. 532 

Choke coil 

saturated 
current-time characteristic 

general derivation. 369-372 

illustratis e exam])le, 382-381 
flux-time characteristic 

general derivation, 366-369 

illustrative ('xample, 382-381 

time for flux to rise to given value 
gencTal deri\ation, 372-373 

illustrative problem, 384-385 

ste(‘l for, 41 

Chokes, optimum air gap lengtli, 102- 

105 

Chromium stc'cl 

demagnetization curve. 67 
external energy curve. 67 

general, 45 

general data, 70 
magnetization curve, 68 

normal pernu'al)ility curve, 68 
Chromoxidc insulation, 160-161 

Circuits 

for time delay, sec Tinu'-delay circ-uits 

magnetic, .vce Magnetic circuit cal¬ 

culations 

('obalt 
alloys, 42-13 

general data, 69, 70 
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Cobalt—Confirmed 

critical teirperatiire, 43 

general data, 69 

Cohaltchromf^ steel 

demagnetization curve, 67 

external energy curve, 67 

general, 45 
general data, 70 

Cobalt-iron alloys, see Ferrocobalt 

Cobalt steel 

coercive intensity data, 26, 55 

demagnetization curve, 67 

external energy curve, 67 

general, 45-46 

general data, 70 

magnetization curve, 68 

normal permeability curve, 68 

residual flux density-data, 26, 55 

Coercive intensity data, see aha hys¬ 

teresis loops for particular ma¬ 

terial 

definition, 15 

hard magnetic materials, 55, 70 

method of extrapolating for satura¬ 

tion value of, 25-26 

soft magnetic materials, 55, 69 

variation with maximum magnetizing 

intensity, data, 26, 55 

Coil calculations 

ampere-tums 

method, 171, 173 

sample problems, 175 

resistance 

method, 171 

sample problem, 175-177 

space factor, sec Space factor of 

coils 

method, 167 

sample problem, 175 

turns 

method, 171 

sample problems, 174 

voltage required, 173 

wire diameter 

method, 173, 174 

sample problem, 175-177 

Coil design 

a-c. magnet, 455 

high-speed magnet, 407 

illustrative problems, 

bipolar magnet, 326-328 

Coil design—Continued 

illustrative problems—Continued 

flat-faced armature magnet, 257-259 

flat-faced plunger magnet, 271-273 

full conical plunger magnet, 284-286 

leakage flux magnet, 314-315 

tapered plunger magnet, 297-299 

splitting the wire size, 297 

two wire sizes, 286 

Coil insulating materials, 162 

Coil redesign to give required tem¬ 

perature rise, 298, 327-328 

Coil shape for tractive magnets, 248, 

255, 269, 282, 311, 323 

Coils, 151-177 

bobbin wound 

bobbin of brass tube with iron end 

flanges, 271-273, 297-299, 314- 

315 

coil insulation, 168, 169 

fabricated brass bobbin, illustrative 

design. 257-259 

general, 153, 155 

molded spool type, 154 

resistance density, 170-172 

space factor, 170, 172 

turn density, 170, 172 

wire insulation, 168 

changing dimensions to secure re¬ 

quired temperature rise, 298 

classifications, 151 

cottorL-interwoven, 153 

effect of change of one wire size, 249 

form wound 

coil insulation, 168-170 

electrolysis, 496 

general, 155 

resistance density, 170, 172 

space factor, 170, 172 

turn density, 170, 172 

wire insulation, 168 

general, 3, 151 

heat-dissipation capacity 

definition, 178 

dependence on final temperature, 

182 

heat-dissipation coefficient 

data, 185 

dependence on final temperature, 

184-186 

I moisture resisting, 153 



INDEX 637 

Coils—ContiniLed 

molded spool, 154 

paper section 

advantages, 152 

allowance in coil wall thickness, 

164, 166 

coil covers, 164 

cover, 152 
crushing the paper margin, 164 
data for economical manufacture, 

163-169 

excessive paper overlap, 153 

general, 151-153 

illustrative problems 

bipolar magnet, 326, 328 

relay, 617-518 
impregnating materials, 164 

impregnation, 152 

interlayer material, 163 

leads, 152 

paper margin, 164, 165 

resistance density, 168, 169 

space factor, 153, 167, 169 

specifications, 166 

turn density, 168, 169 

turns per inch, 163, 165 

random wound, 154 

resistance density, definition, 162 

ribbon wound, 155 

space factor, definition, 162 
strap-wound, 155 

temperature rise 

experimental method of measure¬ 

ment, 181, 182 
exponential heating law, 181 

final vs. power input, 185 

formula for final values, 186-187 

ideal cooling curve, 180, 181 

ideal heating curve, 178, 180 

test data, 183 

time curves, 190-192 
use of semi-log paper, 181-183 

verification of ideal law, 181-184 

thermal capacity, 187-190 

definition, 178 

dependence on surrounding iron. 

182, 184 

thermal time constant, 180 

turn density, definition, 162 

use of two wire sizes, 176 

illustrative example, 286 

Cold-rolled steel 

coercive intensity data, 55 

energy returned to electric circuit, 

data, 57 

general, 39-40 

general data, 69 

hysteresis energy loss, 57 

hysteresis loops data, 51 
magnetization curves, 48 

residual flux density data, 55 

Comparison of a-c. and d-c. magnets, 

431-432 

Compensating windings, effect of, 

217 

Condenser and resistance for time de¬ 

lay. 337-338, 353-359 

Condensers 

arc suppression in relays, 488 

for quick release, 391 

Cones 

coaxial full, axial force, 206-209 

coaxial truncated, axial force, 205- 

206 

Conical plunger magnet, see Full coni¬ 

cal plunger magnet 

Constant-current, a-c. magnets, sec 

Alternating-current magnets 

Constant-permeability alloys, 7, 43 

Constant-voltage, a-c. magnets, see 

Alternating-current magnets 

Contacts for relays, see Relays 
Conversion from conical to equivalent 

flat-faced plunger, 279 

illustrative problem, 280 

Cooling curve of ideal coil, 180-181 

Copper 

density, 188 

inferred absolute zero, 156, 159 
resistivity, 155 

temperature coefficient of resistance, 

156 
temperature resistance table, 160 

thermal capacity, 188 

wire resistance, 158 

Copper loss in d-c. electromagnet, 81, 

82 

Copper wire, splaying, 159 

Core loss 

in a-c. field, 30-32 

of a-c. magnet, 456, 459 

of silicon steels, 59, 60 
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Cotton insulation, 159-160 

breakdown temperature, 162 

density, 188 

thermal capacity, 188 

Cotton-interwoven coils, see Coils 

Coupled circuits, 345-353; 356-359, 361- 

362 
Critical temperature, definition, 43 

Curie point, definition, 43 

Current, unit, 532 

Current-carrying conductor, force due 

to independent field, 216-218 

Current density, unit, 532 

Current-stroke characteristics, a-c. sole¬ 

noid and plunger, 435-437 
Current-time characteristic 

iron core with saturation 

general derivation, 369-372 

illustrative example, 382-384 

iron core without saturation, see 

Time-delay circuits 

magnet with motion, see High-speed 
magnets 

Curvilinear squares, 127-128 

“Cut and try” method, magnetic circuit 

calculation, 96 

“Cut and try” solutions 

flux distribution in long plunger, 316- 

320 

tapered plunger magnet, 293-295 
Cycle of d-c. electromagnet, 73-77 

Cyclic state, definition, 16 

Cylinder and cone, coaxial, axial force, 

209-210 

Cylinders, coaxial axial force, 203 

Cylindrical-faced plunger magnet 

characteristics, 233-234 

effect of 

fringing flux, 203 

magnetic stop, 234 

radial leakage flux from plunger, 
204 

saturation, 234 

force formula, derivation, 203-204 

force-stroke characteristics, 233-234 

plunger leakage flux pull, 234 

replacing by tapered plunger, 242 

useful work-stroke characteristic, 

234 

weight economy, 235 

Cylindrical-rotary armature magnet, 

torque formula, derivation, 204- 

205 

Cylindrical-shaped gap and plug, axial 

force, 212 

D 

Demagnetization curves, see also Hys¬ 

teresis loops 

discussion of properties, 44 

graphical calculations, 107-111 

hard magnetic materials, 67 

of relay, 517 
soft magnetic alloys, 9 

soft steel magnet 107, 108 

Demagnetizing iron, process, 14 

Density 

coil materials, 188 

contacting materials, 485 

hard magnetic materials, 70 

metals, 188 

soft magnetic materials, 69 

Depth of penetration, 364-365 

effect of 

iron saturation, 415-416 
wave form, 415 

Design data, empirical 

bipolar magnet, 323 

flat-faced armature magnet, 255 
flat-faced plunger magnet, 269 

full conical plunger magnet, 282 

Design factors 
d-c. magnets, 82 

relays, 83 

Design of 

a-c. magnets, see Alternating-current 

magnets 

d-c. magnets, see particular type 

high-si)eed magnets, see High-speed 

rnagnet^s 

relays, see Relays 

time-delay magnets, see Time-delay 

magnets 

tractive magnets, see Tractive mag¬ 
nets 

Dielectric strength 

chromoxide insulation, 161 

enamel insulation, 159 

glass insulation, 161 
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Di(?le(*tric strength—Continued 

glussine paper, 163 

Kraft paper, 163 

Differential permeability, definition, 23 

Direct coinersion of electric energy 

into mechanical work, 217 

Direct-current magnets 

available mechanical work, 77 
build-up curnuit, not saturated. 339- 

342 

comparison with a-c. magnc't, 431-432 

copper loss, 81 

current-time characteristic 

general derivation. 369-372 

illustrative example. 382-384 

design, 4. 245; also partiadar 

magnet type 

design factors, 82 

eth'ctive inductance, saturation pres¬ 

ent, 370 

effect of 

coercive magnetomotive force, 75 

eddy currents, 80, 364 

grain direction, 38 

index number on dynamic charac¬ 

teristics, 413 
energy 

changes during cycle of operation, 

73-77 

returned to electric circuit, 75 

equivalent circuit for temperature- 

rise time calculations, 192-194 

factors entering into efficient design, 2 

flux current loop, 73-75 

flux-time characteristic, saturated 

general derivation, 366-369 

illustrative example, 382-384 

general, 4, 245 

heating, 81 

high-speed, .see High-speed magnets 

hysteresi.s loss during cycle, 33. 76 

importance of iron used. 78 

loss due to 

fixed air gaps, 78 

initial plunger position, 78, 79 

stored energy of iron, 77 

loss in work ability due to initial 

armature position, 150 

magnetic efficacy, 77, 79 

mechanical efficacy, 80 

Direct-current magnets—Continued 

mechanical work to overcome residual 

effect, 75 

potential work ability, 77 

quick-release characteristics 

general, 391-393 

general derivation, 393-395 

illustrative problem, 395-399 

residual flux, definition, 74 
re.sidual flux linkage, definition, 74 

residual force, definition, 74 

shaping of pole faeces, 79 

space-time characteristic 

evaluation of initial force, 378-379 

illu.strative problems, 385-386, 
410-411 

experimental check, 390 

force at end of stroke, estimation 

of, 390, 405 

general derivation, 373-380 

illustrative problem, 385-391 

speed limitations, 413-415 

temperature rise as design limitation. 

82 

temperature-rise time calculation, 190- 

192 
temperature-rise time curves, experi¬ 

mental results, 191, 194 

theory of operation, 73-83 

thermal capacity, 187-190 

time delay, see also Time-dola}" 

magnets 

general. 81 

normally present, 339 

time for flux to rise to a given value 

not saturated 

illustrativ^e problem, 409-410 

saturated 
general derivation, 372-373 

illustrative problem, 384-385 

time for incipient motion 

not saturated, 409-410 

saturated, 382-385 

weight economy vs. index number, 

242 
Displacement factor, definition, 35 

Displacing electromagnets by hard mag¬ 

netic materials, 13 

Distributed leakage flux 

around a bipolar magnet, 123-126 
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Distributed leakage flux—Continued 

effective magnetomotive force, 222 

general deviation, 97-99 

illustrative problems 

for bipolar magnet, 144 

for flat-faced armature magnets. 

101, 146 
for flat-faced plunger magnets. 141 

for plunger magnets, 222-224, 303 

method of accurate solution for leak¬ 

age flux magnet, 316-320 

method of approximate solution for 

leakage flux magnet, 309-310 

Dust in relay contacts, 487-488 

E 

Eccentric cylindrical surfaces, radial 

side pull, 212-213 

Eddy-current loss, 30-32 

effect of grain size, 31 

Eddy currents 

effect on 

d-c. magnets, 80 

exciting current of a-c. magnets or 

transformers, 444 

high-speed magnets, 364-366 

relay operation, 494, 498 

limitation in a-c. magnets, 432 

method of minimizing 
a-c. magnets, 433-435 

high-speed magnets, 364-366 

quick-release magnets, 391-392 
mitigation of, 41 

Edgar, R. F., 36-37 

Electric intensity, unit, 532 

Electric quantity, unit, 532 

Electrical bar steel, 41 

Electrical sheet steel, 41 

Electrodynamic problems, see Space- 

time characteristics or High¬ 

speed magnets 

Electrolysis, effect on coils, 496 

Electromagnetic hammers, 6 

Electromagnets, see Alternating-current 

magnets or Direct-current mag¬ 

nets 

Electonic means of time delay, 337-338 
Elmen, G. W., 43 

Empire cloth, 162 

Enamel insulation, 159 

Energy 

basis for system of units, 531 

changes during a normal magnetic 

cycle, 27-29 

changes during unsymmetrical hys- 

steresis cycles, 32-35 
conversions in an electromagnet, 73- 

77 

density, unit, 532 

in air gap, 33, 78, 251 

optimum condition, 252 

losses during normal hysteresis cycles, 

28 
losses during unsymmetrical hys¬ 

teresis cycles. 35 

required to demagnetize iron, 28, 33- 

34, 56-57 

returned to electric circuit from iron, 

33, 56, 57 

stored by iron, 33 

stored in air gap 

by hard magnetic material, 70 

of electromagnet, 251 

unit, 532 
Equation for normal hysteresis energy 

loss, 29 

Equipotential lines, 118, 121, 124, 125, 

127 
Evaluation of areas of unsymmetrical 

hysteresis loops for d-c. ap¬ 

paratus, 34 

Evershed, S., 47 

Exciting current of a-c. magnet or trans¬ 

former, 443-444, 453-455, 459- 

460 

External energy curves, data, 67 

Ewing, J. A., 86 

F 

Ferric flux density, 23 

Ferric permeability, 24 

Ferric reluctivity, 24 

Ferrocobalt 

demagnetization curve, 9 

general, 7, 42-43 

general data, 69 

hysteresis loops, 53 

magnetization curves, 49 
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Ferrocobalt—Continued 

residual force effects, 9, 10 

tractive effort, 8 

Ferromagnetic materials, recent ad¬ 

vances, 6-13 

Ferronickel 

coercive intensity data, 55 
demagnetization cur\ cs, 9 

general, 7, 42 

general data, 69 

hysteresis loops, 53 
magnetization curves, 49 

permeability-flux density, curve for, 

508 
relay, sample design, 504-521 

residual flux density data, 55 
residual force effects, 9, 10 

tractive effort, 8 

use in relays, 7 

Fiber board, 162 

Fibering, 11 

Field mapping, 116, 127 

Filter choke, 102-105 
Fixed cylindrical gap design 

flat-faced plunger magnet, 273 

full conical plunger magnet, 280, 286- 

287 

general, 248, 267, 268 

high-permeance, 280-281 

leakage flux magnet, illustrative 

problem, 315 

tapered plunger magnet, 299 

Flat-faced armature magnet (flat-faced 
lifting magnet) 

ampere-turns in iron, 254 

characteristics, 228-230 

check of preliminary design, 257-266 

coil shape optimum, 255 

coils, 257-259 

design, 253-266 

design data, empirical, 255 

design equations, 254 

deviation from inverse square law, 229 

force formula, derivation, 201-202 

force from energy stored in work¬ 

ing gap, 265 

force from saturation curve, 265 

force-stroke characteristic, 228-230 

flux density in air gap, 255 

general, 253 

Flat-faced armature magnet—Continued 
leakage coefficient 

derivation, 144-147 

simplified formula, 147 

special proportions, 146 
experimental check, 148-149 

illustrative problem, 101, 261-263 

magnetic circuit calculation, 99-102, 

260-264 

magnetic leakage, effect of, 229-230 

method of determining optimum, 

263-265 
operated from dry cell, 102, 112 

preliminary design procedure. 254- 

256 

saturation, effect of, 229-230 
temperature rise, 259 

useful work-stroke characteristic, 229 

weight, computation, 266 

weight economy, 230, 266 

weight economy vs. index number, 

242, 255 

Flat-faced lifting magnet, see Flat¬ 

faced armature magnet 

Flat-faced plunger magnet 

characteristics, 231-232 

check of preliminary design, 271-279 

coil design, 271-273 

design, 266-279 

design equations, 267-268 

deviation from inverse square law, 232 

effect 

of magnetic leakage, 232 

of saturation, 232 
empirical design data, 269 

fixed cylindrical gap design, 273 

force 
due to fringing flux, 214 

formula, derivation, 201-202 

from energy stored in working gap, 

276 
from saturation curve, 276 

force-stroke characteristics, 232 

general, 266 

leakage coefficient 
derivation, 139-142 

example, 273 

experimental verification, 147 

magnetic circuit calculations, 274-275 

method of determining optimum, 274 
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Flat-faced plunger magnet—Continued 
preliminary design procedure, 268-270 
temperature rise, 273 
time-temperature rise calculations, 

277-278 
useful work-stroke characteristic, 232 
weight, computation, 276-277 
weight economy, 232, 277 
weight economy vs,, index number, 

242, 269 
Flux as function of time, saturation 

present, 366-369 
general equation and discussion, 

338-339 
Flux-current loop of d-c. magnet, 73-77 
Flux density, effect on depth of penetra¬ 

tion, 365, 416 
Flux distribution in plunger of leakage 

flux magnet, 317, 320 
Flux produced by a given magnetomo¬ 

tive force, see Magnetic circuit 
calculations 

Flux-time characteristic 
iron core saturated 

general derivation, 366-369 
illustrative example, 382-384 
time for definite flux change, 372- 

373 
illustrative example, 384-385 

magnet shunted by condenser, satu¬ 
rated 

general derivation, 393-395 
illustrative example, 395-399 

Force 
a-c. magnets, 423-428 
at end of stroke, estimation of, 390, 

405 
effect of air gap on residual, 106-109 
error produced by neglecting fringing 

and leakage, 102 
from energy stored in air gap 

bipolar magnet, 332 
flat-faced armature magnet, 265 
flat-faced plunger magnet, 276 
full conical plunger magnet, 289 

graphical calculation 
bipolar magnet, 330, 332 
flat-faced armature magnet, 266 
flat-faced plunger magnet, 276 
full conical plunger magnet, 288-289 

Force—Continued 
graphical calculation—Continued 

general, illustrative problem, 221- 
226 

tapered plunger magnet, 300-306 
graphical determination from flux- 

current loop, 79 
high momentary values, 308, 414 
leakage flux magnet, 316, 319 
magnetic 

circular parallel i)lane surfaces, 202 
coaxial cylindrical and conical sur¬ 

faces, 209-210 
coaxial cylindrical surfaces, 203 
coaxial full conical s\irfaces, 206-209 
coaxial truncated conical surfaces, 

205-206 
current-carrying conductor in inde¬ 

pendent magnetic field, 216-218 
cylindrical-shaped gap and plug, 212 
eccentric cylindrical surfaces, 212- 

213 
effect 

of fringing flux, 213-214 
of residiial flux, 196, 199 

flux constant during motion, 196-199 
general, 196 
general case, flux proportional to 

current, 214-215 
general magnetic force formula, 

196-200 
graphical evaluation of, 221-226 
in terms of 

air-gap quantities, 196-198 
inductance, 214-215 
total magnet quantities, 198, 200 

leakage flux from plunger, 218-225 
loss due to magnetizing plunger, 

200-201, 219-220 
magnetomotive force constant dur¬ 

ing motion, 199-200 
non-coaxial cylindrical surfaces, 

212-213 
parallel plane circular faces, 202 
parallel plane surfaces, 201 
rectangular-shaped gap and plug, 

212 
solenoid and plunger, 218-220 
wedge-shaped gap and plug, 210-212 
wire in magnetic field, 216-218 
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F orce—Con tinucd 

of relay at release a-t., 529-530 

residual of soft steel mafriiet, 106-109 

unit, 632 

value for optimum magnetic condi¬ 

tions, 251-252 

Force characteristics of a-c. magnets, 

423-428 

Force-distance cur\ c, exp('rimrntal \ eri- 

fication, 224 

Force formulas, general, 4, 196 

Force limitation in a-c. magnets. 431 

Force relation in shaded jiolo maam-ts, 

468-469 

Force-stroke characteristic 

a-c. magnet, 448 

a-c. solenoid and plunger, 135-437 

method of computation, 221-226, 300- 

306 
shaping to suit requirement''. 240-211 

Form-wound cc)ils, .sc c Coils 

Friction in ])lung('r magneds, 228, 237, 

242, 334 

Fringing tiux, force produced hy. 213- 

211 

Fringing flux paths 
hijiolar magnet with jxilar enlarge- 

numts, 142-143 

flat-faced cylindrical ])lunger magnet, 

139-140 
flat-fac('d lifting magnet, 144-145 

st(’p])ed-cylin(lrical-fac('d plungc'r. 221 

tapered-i^lunger inagmd, 302 
Fringing ])ej nu'ances, .s-cc sp< dal jor- 

r?iidas and Permeance calcula¬ 

tions 

Frdlich, 23 
Full conical plunger magnet 

calculation of leakage coefficient, 286- 

287 
characterist ics, 232-233 

check of preliminary design, 284-291 

coil design, 284-286 

design, 279-291 
design ('(plat ions, 280-281 

(h'viation from invc'rse s({uar(' law, 

233 

effect of fringing flux in ctmical gap, 

208-209 

empirical design data, 282 

Fidl conical plunger magnet—Continued 

equivalent flat-faced plunger, 279-280 

estimation of side pull in conical gaj), 
334 

fixed cylindrical gap design, 280, 286- 
287 

force formula 

derivation, 206-209 

including fringing effect, 289 

force from energy stored in working 

gap, 289 

force from saturation curve. 288-289 
force-stroke characteristics, 232-233 

general, 279-280 

magnetic circ'uit calculation, 287-288. 
290 

method of determining optimum. 289 

preliminary design procedure. 281-283 

temperature rise, 285-286 

temperature rise calculation, 285-286 

useful work-stroke characti'ii'^tic. 233 

weight, computation, 290-291 

weight economy, 233, 291 
weight economy ?'.s. ind('X numhc'r, 

242, 282 

: G 

GeiK'ral Cable Co., 164 

Glass insulation, 161 

I Glassine paper, 163 

Goss, Norman P., 38 

Grain orientation of magnetic ma¬ 

terials, 11-12 

Grajffiical difTerentiation, 222 

CJraphical integration 

general derivation, 372-373 

illustrative example, 384-385 
Graphical magnetic circuit calculations 

ainja'ie-turns for a series of flux 

values, 367 

and plunger positions, 375, 409-410 

ampere-turns for air gaj) of actual 

magnet, 222-225 

ampere-turns given, 96-97 

I check of 0))timum polar enlargement 

size for relay, 519-520 

demagnetization curves, 107-111 

evaluation of magnetic fone, 221-226 

flux for series of air-gap lengths, 223- 

224 
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Graphical magnetic circuit calculations j 
—Continued ‘ 

flux given, 96 

force at end of stroke, 390 
force for any plunger position and 

flux, 376 

force of relay 
at operate a-t., 529 

at release a-t., 629-530 

force-stroke characteristic, 221-226 

force-stroke curve of tapered plungor 

magnet, 300-306 

incremental inductance, 103 

method of determining optimum mag¬ 

net design 

bipolar magnet, 330-331 

flat-faced armature magnet, 263, 

265 
flat-faced plunger magnet, 274 

full conical plunger magnet, 288- 

289 

generalized scheme, 252-253 
tapered plunger magnet, 306 

operate current of a relay, 513 

optimum gap length for polarized ap¬ 

paratus, 105 
parallel unsymmetrical circuit, 90-94 

release current of a relay, 517 

residual flux of soft steel magnet, 

107-109 

series circuit 

iron only, 88-89 

iron plus air, 96-97 
variable air gap, 104 

Graybill, K. W„ 487 

Guillemin, E., 339 

Gumlich, E., 45 

H 

Hard magnetic materials 

Alnico, 46 

carbon steel, 45 

cast iron, 45 

chrome steel, 45 

cobalt-chrome steel, 45 

cobalt steel, 45 

demagnetization curves, 67 

dispersion-hardened alloys, 46 

displacing electromagnets, 13 

Hard magnetic Continued 

effect of temperature. 12 

effect of vibration, 12 

external energy curves, 67 

general, 12 

general data, 70 

hysteresis loops, 54 

magnetization curves, 68 

normal permeability curves. 68 

Nipermag, 46-47 

tungsten steel, 45 
Hard rubber, 162 

Hazeltine, L. A., 102, 240, 241, 309 

Heat-dissipation 
capacity, definition, 178 

coefficient, 184-186 

II(‘ating 

equation applied to tracti\e magnets, 

247-248 

equation for coils, 186-187 

general, 82 

large magnets, 253 
magnet coils, see also I'emperature 

ri.se 

exact, 192-194 

experimental, 181-184 

final value, 186 

ideal, 178-181 

High-speed magnets 

alternating current, 6, 432 

current-time characteristic, no mo¬ 

tion, derivation, 369-372 

eddy currents, 364-366 

effect of index number on dynamic 

characteristic, 413 

flux-time characteristic—no motion 

general derivation, 366-369 

illustrative example, 382-384 

general, 5, 363-364 

placement of rivets, 364, 366 

quick release, see Quick-release mag¬ 

nets 

rational design—short stroke 

check of illustrative design, 409-413 
design procedure, 403-404 

effect of 

change of speed,* 401-403 

change of stroke, 403 

power output, 401 

saturation, 401-402 
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High-speed magnets—Continued 

rational design—short stroke—Con¬ 

tinued 

empirical design data, 400-403 

general, 399 

illustrative design, 404-409 

stalled power consumption, 401 
time constant, 400-401 

space-time characteristics 

current required to produce in¬ 

cipient motion, 382 

evaluation of initial motion, 378- 
379 

illustrative problem, 385-386, 410- 
411 

experimental check, 390 

general derivation, 373-380 

illustrative problem 

long stroke, 385-391 
short stroke, 409-413 

time to produce incipient motion, 

372-373 

illustrative problem, 384-385 

speed limitations, 413-415 

time for flux to rise to given valiu'— 

no motion 

general derivation, 372-373 

illustrative problem, 384-385 

time for incipient motion 

no saturation, 409-410 
saturation present, 382-385 

High-speed relays, 496-499 

Hipernik, 11, 42, 493 

Horseshoe magnet, see Bipolar magnet 

Hydrogen annealed iron, 39 

Hydrogen annealing 

ferrocobalt, 11 

ferronickel, 11 

pure iron, 11 

Hydrogenized iron, 69 

Hysteresis 

displacement factor, definition, 35 

effect in relays, 14, 493 

energy changes 

during symmetrical cycle, 27-29 
during unsymmetrical cycle, 32-35 

energy loss 

in d-c. magnets, 32-35, 56, 57, 76, 78 

of normal loop, 27 
general, 14 

1 Hysteresis—Continued 

. normal cycle in soft iron, 14 
1 normal loss, 29-30 

Steinmetz, equation and coefficient, 
29- 30 

unsymmetrical cycles in a-c. ap¬ 
paratus, 35-38 

Hysteresis loops 
Alnico, 54 

cold-rolled steel 

S.A.E. 10-10, 15, 51 

S.A.E. 10-20, 51 
effect of air gap, 33 

evaluation of energy of, 27-29 

ferrocobalt, 53 
ferronickel, 53 

minor, 18, 36, 37, 111 

normal, definition, 16 
silicon steel 

high, 52 

medium, 52 

Swedish charcoal iron 

annealed, 50 

unannealed, 50 

unsymmetrical loops 

for a-c. polarized apparatus, 36 
for d-c. magnets, 32-35 

Hysteresis loss 

displacement factors for unsymmetri¬ 

cal loops, 61 
evaluation in polarized apparatus, 35- 

38 

in d-c. magnets, 32-35 
normal 

for silicon steels, 61 

for soft steels, 56-57, 69 

separation from eddy-current lo.ss, 
30- 32 

I 

Ideal work, computed for different ex¬ 

perimental magnets, 239 
Impedance, 421-422 

Importance of impurities in soft mag¬ 

netic materials, 9, 12 
Impregnated cloth, 162 

Impregnating compound 

density, 188 

thermal capacity, 188 

Incremental inductance, 103 
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Incremental permeability 

data, 64, 65, 66 

definition, 17, 20 

discussion, 17-22 
importance of wave shape, 19 

iron-cobalt alloys, 42 

permanent magnets. Ill 

Index number 
computed for different experimental 

magnets, 239 

definition, 241 
dependence of air gap flux density on, 

247-248 

pole-face shape as function of, 243 

various types of tractive magnets, 243 

weight economy as function of, 242 

Inductance 

effective, saturation presemt, 370 

of coil, 103 

unit, 532 

Inductive circuit 

build-do\^Ti of current, 342-344 

build-up of current, 339-342 

time constant, 342 

Initial permeability, 16 

of soft magnetic materials, 69 

Instantaneous force of a-c. magnets 

single-phase, 423-424 

three-phase, 427-428 

two-phase, 425 

Insulation, coils, 162 

Insulation, wires, f<cr Wire insulation 

Intermittent duty magnets 

choice of temperature rise, 244 

illustrative examples, 193, 266 

Intermittent excitation, maximum per¬ 

missible duration, 277-278 

Interpolar leakage, 97-99, 141, 144, 146 

Iron 

American ingot, 39 

cast, 40, 45 

critical temperature, 43 

density, 188 

grain size, 11 

magnetization curves, 48 
malleable cast, 40 

Swedish charcoal, 40 

thermal capacity, 188 

effective in a magnet, 187-190 

Iron-cobalt alloys, 42 

Iron loss 

effect of, on performance of electro¬ 

magnet, 78 

total, 30-32 
Iron magnetomotive force in tiactivo 

magnets, 248 

Iron-nickel alloys. 42 

Iron-nick(’l-chromium-silicon alloys, 43 

Iron-nickel-cobalt alloys, 43 

IroiU‘lad soliuioid, f^re Leakage flux 

magnet 

J 

Jackson, L. R., 43 
Joule-inch system of units, 531 

K 

Kennelly, mc'thod of extrapolating for 

saturation density, 23. 25 

Kirchhoff’s second law, 338 

Kraft pa])er, 163, 164 

Lag coils 

for relays, 500 

for time delay, 337 

approximate' solution, 351-353 

build-down of m.m.f., 348-351 

build-ui) of m.m f., 345-348 

Lamellar field, 127 

Laminated mica, 162 

Laminating in a-c. magnet.s, 433-435 

Leakage, plunger 

effect in stepped cylindrical plunger 

magnet, 223-225, 234 

force effect in all plunger magnets, 

234-237 

tapered plunger magnet, 205, 293 

.Leakage coefficients 

definition, 100 

derivation 

bipolar magnet with polar enlarge¬ 

ments, 142-144 

flat-faced armature mAgnet, 144-147 
flat-faced cylindrical plunger mag¬ 

net, 139-142 

full conical plunger magnet, 207- 

208, 279-280 

tapered plunger magnet, 302-303 
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Leakage coefficiente—Conh>iw<?d 

illustrative problems 

bipolar magnet, 228-230 

flat-faced arma*ture magnet, 261-263 

flat-faced cylindrical plunger mag¬ 

net, 273 

flat-faced square plunger magnet, 

457-458 
full conical plunger magnet, 286- 

287 

relay, 509-510 
shaded-pole magnet, 476-477 

Leakage flux 

derivation of formulas for special 

magnets, 139-147 
distributed between pole cores, 97-99 

effect in 

bipolar magnet, 230-231 

cylindrical-faced plunger magnet, 

234 

flat-faced armature magnet, 229-230 

flat-faced plunger magnet, 232 
equivalent of distributed path, 140- 

141 

extent of appreciable field, 123-126 

flux linkage of distributed flux, 99 

force due to, 218-225 

formulas 

derivation for special magnets, 139- 

147 

experimental verification 

bipolar magnet with square polar 

enlargements, 147-149 

flat-faced cylindrical plunger, 147 

flat-faced lifting magnet, 148-149 

reluctance drop due to distributed 

flux, 98-99 

ring, uniformly wound, 85 

transition from fringing to leakage 

flux in cylindrical plunger 

magnet, 140 

Leakage flux magnet 

a-c. operation, see Alternating-current 

magnets 

characteristics, 238 
check of force, 316, 319 

check of preliminary design, 314, 321 

coil design, 314-315 

design, 308-321 

design equations, 309-310 

Leakage flux magnet—Continued 

distribution of flux in plunger, 316-319 

effect of saturation, 238 

empirical design data, 311 
fixed cylindrical gap, 315 

force formula derivation, 218-220 

force on alternating current, 424-425 

force-stroke characteristics, 238 
general, 308 

loss in force due to magnetizing 

plunger, 200-201, 219-220, 309 

loss of force due to flux passing out 
of open end, 220 

magnetic circuit derivations and cal¬ 

culations 

accurate solution, 316-320 

approximate solution, 309-310 

plunger flux density, approximate 

solution, 309-310 

position of maximum plunger flux 

density, 319 

preliminary design procedure, 311-313 

required coil length, 308, 312 
speed limitation, 414-415 

temperature rise, 315 

time of action, 415 

use of tapered end. 238 
velocity of plunger. 415 

weight, 320-321 

weight economy, 321 

weight economy vs. index number, 

242 

Leakage flux paths 
bipolar magnet with polar enlarge¬ 

ments, 122-125, 143 

flat-faced armature magnet, 99, 144, 

146, 261-262 
flat-faced cylindrical plunger magnet, 

140 

leakage flux magnet, 317 

stepped-cylindrical plunger magnet, 

221-223 
tapered plunger magnet, 302-303 

Legg, V. E., 6, 51, 69 

Length, unit, 532 
Lifting magnet, see Flat-faced armature 

magnet 

Linearity in time-delay circuits, 339 

Loss of work due to initial plunger posi¬ 

tion. 79 



548 INDEX 

M 

Machining strains 

annealing to remove, 38, 40 
importance of removing, 39, 42 

Magnet for short-time excitation, 193. 

266 
Magnet types, see particular type 

a-c. magnets 

bipolar 

cylindrical-faced plunger 

cylindrical rotary armature 

flat-faced armature 

flat-faced plunger 
full conical plunger 

horseshoe 

ironclad solenoid 

leakage flux 
lifting 

shaded pole 

solenoid and plunger 

stepped-cylindrical-facod plunger 
tapered plunger 

truncated conical plunger 

Magnet with shunt condenser—satu¬ 

rated 

flux-time characteristic, 393-399 

release characteristic, 393-399 

Magnetic circuit calculations 

bipolar magnet, 328-331 

current given, 86, 88, 96, 221-224, 300- 

305 

cyclic variation in permanent mag¬ 

nets, 111 

equivalent length of butt joint, 86 

exciting current of air gap 

derivation, 452 

illustrative examples, 454, 455, 459- 
460 

exciting current of a-c. magnet or 
transformer 

illustrative example, 453-455, 459- 
460 

method, 443-444 

falling magnetization curve of 

magnet, 106-109 

relay, 515-517 

flat-faced armature magnet, 90-102, 

260-264 

flat-faced plunger magnet, 274-275 

Magnetic circuit calculations—Con¬ 

tinued 

flux distribution in a long plunger, 

step-by-step method. 316-320 

flux given, 85, 87, 96. 99-102 

flux limited by saturation, 90-94 

flux-linkage of an a-c. solenoid and 
plunger, 441-442 

full conical plunger magnet, 287-288. 

290 
general, 2, 84 

graphical, see Graphical magnetic cir¬ 
cuit calculations 

importance of computing sufficient 

points on magnetization curve, 

88-89 

incremental permeability, 102-105 

interpolation of magnetization curve, 

89 

iron of 

different cross sections, 86 

uniform cross sections, 85 

leakage flux magnet, 309-310, 316-320 

leakage flux of a-c. solenoid and 

plunger magnet, 439-440 

magnetization loop for magnet, 459 

magneto, 109-111 

parallel circuit 

symmetrical, 59 

unsymmetrical. 90-94 

permanent magnets. 106-111 

polarized filter choke, 102-105 

residual flux of .^oft steel magnet, 107- 

109 
rising magnetization curve of relay, 

511-514 

serie.s circuit 
no leakage, 94-97 

with distributed leakage, 99-102 

stepped-cylindrical plunger magnet, 

221-224 

tabular methods, see Tabular mag¬ 

netic circuit calculations 

tapered plunger magnet, 300-306 

variable cross section, 89 

Magnetic cycle of relay, 502-504 

Magnetic data 
coercive intensity vs. magnetizing in¬ 

tensity, 55 

demagnetization curves, 67 
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Magnetic data—Continued 

dependence of total core loss 

on frequency, 60 

on maximum flux density, 59 

displacement factors, 61 

external energy curves, 54, 67 

for iron and iron alloys, 47-70 

general 
hard magnetic materials, 70 

soft magnetic materials, 69 

incremental permeability, 64, 65, 66 

magnetization curves, 48, 49, 58, 68 

normal hysteresis 

loops, 14, 15, 50-54 

loss, 56, 57, 61 
normal permeability curves, 15, 58, 

68, 508 

polarized magnetization curves, 62, 63 

residual flux density vs. magnetizing 

intensity, 55 

unsymmetrical hysteresis loss in d-c. 

magnets, 56, 57 

Magnetic efiicacy, 77, 79 

tapered plunger magnet, 306 

use in estimating required coil ampere 

turns, 293, 295 

various types of tractive magnets, 

239, 240 

Magnetic energy stored by iron, 28 

Magnetic flux, unit, 532 

Magnetic flux density, unit, 532 

Magnetic force, see Force, magnetic 

Magnetic hardness of magnetic ma¬ 

terials, 25 
Magnetic intensity, unit, 532 

Magnetic materials 

for electromagnets, 39-44; see also 

Soft magnetic materials 

for permanent magnets, 44-47; see 

also Hard magnetic materials 

grain orientation, 11-12 

Magnetic properties of iron, 2, 14-70 

Magnetic type loud-speaker unit, 498- 

499 

Magnetization curves 

Allegheny Electric Metal, 49 

Alnico, 68 

American ingot iron, 48 

cast iron, 48 

cast steel, 48 

Magnetization curves—Continued 

chromium steel, 68 

cobalt steel, 68 

definition, 14 
ferrocobalt, 49 
ferronickel, 49 

for magnets, see Magnetic circuit cal¬ 

culations 
Magtiz, 48 

malleable cast iron, 48 

method of extrapolating, 23-24 

mild cold-rolled steel, 15, 48 

normal, definition, 16 

Permalloy, 49 
Permendur, 49 

silicon steel, 23, 58 

Swedish charcoal iron, 48 

tungsten steel, 68 

use of, illustration, 85-86 

Magnetomotive force 

required for a given flux, see Mag¬ 

netic circuit calculations 

unit, 532 

Magnets for high momentary force, 308, 

414 

Magtiz 

coercive intensity data, 55 

general, 40, 69 

magnetization curve, 48 

residual flux density, 55 

Malleable cast iron, 40 

general data, 69 

Mass, unit, 532 
Mathematical flux fields 

non-parallel plane surfaces, 117 

parallel concentric cylinders, 117, 120 

parallel cylinder and plane, 120 
parallel non-concentric cylinders, 118, 

119 

parallel plane surfaces, 116 

sphere and plane, 121 

spheres of same radii, 120 
Maximum permeability 

definition, 16 

of soft magnetic materials, 69 

Mechanical efficacy, 80, 400, 405 
tapered-plunger magnet, 306 

various types of tractive magnets, 

239-240 
Mechanical methods of time delay, 337 



550 INDEX 

Mechanical power output of a magnet, 

400, 401, 407 

Mechanical work, 400, 406 
available, computed for different ex¬ 

perimental magnets, 239 

of a-c. magnet by change of reactive 

power, 461 
of electromagnet, 76-77 

Melting point of contacting materials, 

485 

Micarta, 162 
MJC5. system, conversion factors to 

joule-inch-second system, 532 

Moisture, effect on coils, 496 

Moisture-resisting coils, 153, 496 
Moisture-resisting wire insulation, 161 

Molybdenum, physical properties, 485 

Moore, A. D., 127, 194, 253 

N 

Nicaloi, 42 

Nickel 
critical temperature, 43 

general data, 69 

Nickel alloys, general data, 69 
Nickel-cobalt alloys, general data, 69 

Nickel-iron alloys, magnetization 

curves, 49 

Nipennag, 13, 47 

demagnetization curve, 67 

external energy curve, 67 

general data, 70 

Niwa and Asami, 37 

Non-magnetic steels, 44 

0 

Optimum magnetic conditions 

in tractive magnets, 251-252 

in tapered plunger magnet, 292, 304, 

306 

Orthogonal fields, 127 

P 

Paper 

density, 188 

thermal capacity, 188 

Paper-margin, coils, 152, 164, 165 

Paper-section coils, see Coils 

Paraffin 

density, 188 
thermal capacity, 188 

Permalloy, 7, 42 

general data, 69 

magnetization curves, 49 
Permanent magnet materials, see Hard 

magnetic materials 

Permanent magpiets 

demagnetization curve calculations, 

106-111 

effect of periodic cycle, 110-111 

energy available in air gap, 44, 67, 70 

general, 106 
incremental permeability calculations, 

110-111 

materials for, 44-47 

optimum proportions, 110 

steels for 

criterion of usefulness, 44 

demagnetization curves, 67 

general data, 70 

Permeability 

differential, definition, 23 

effective in polarized cores, 105 
ferric, 24 

incremental 

definition, 17 

general, 17-23 
initial, definition, 16 

maximum, definition, 16 

normal 

definition, 16 

effect of superposed a-c. fields, 22 

of vacuum, 532 

reversible, definition, 18 
unit, 532 

Permeance, unit, 532 

Permeance calculations, 116-149 
bipolar relay, 527-528 

estimation of permeance, 126-130 

field mapping, 127 

fixed-cylindrical gap, 222, 273, 286, 
299, 315 

fixed-hinged joint of relay, 510-511 

general, 3, 116 

methods employing functions of a 

complex variable, 129, 130 

methods of estimating, 121-130 
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Permeance calculations—ContinTied 
special formulas for mathematical 

fields 
non-parallel plane surfaces, 117 
parallel concentric cylinders, 1 IT¬ 

US, 120 
parallel cylinder and plane, 120 

parallel non-concentric cylindei-s, 

118-119 

parallel plane surfaces, 116 

sphere and plane, 121 
spheres of same radii, 120 

special formulas for method of esti¬ 

mation of permeance of prob¬ 

able flux paths, 130-139 

coaxial cylindrical and conical sur¬ 

faces, 139, 209-210 

coaxial cylindrical surfaces, 134-139 

coaxial full conical surfaces, 139, 

207 

coaxial truncated conical surfaces, 

139, 205 
corner to corner in same line, 132 

corner to perpendicular plane, 133- 

134 
cylinder to surrounding cylinder, 

134-135 
cylinder to surrounding edge, 134- 

135 
cylinder to surrounding perpendic¬ 

ular face, 134-137 

cylindrical edge to surrounding 

cylindrical edge 

in different planes, 137-138 

in same plane, 138 

cylindrical face to surrounding 

annulus in same plane, 138-139 

edge to 
edge in same line, 133 

parallel edge, 131 
parallel plane, 133-134 

perpendicular plane, 133-134 

surrounding cylinder, 134-136 

face to face in same plane, 131-132 

face to perpendicular plane, 133- 

134 

perpendicular face to surrounding 

cylinder, 134-137 

working gap of full conical plunger 

magnet, 289 

Permendur, 7, 43 

general data, 69 

magnetization curves, 49 

Perminvar, 7, 43 

general data, 69 

Phenolic material, density, 188 

Platinum, physical properties, 485 

Platinum-cobalt alloy, 70 

Plunger magnets 

clearance around plunger, 249, 271 

cylindrical-faced plunger magnet, see 
type 

design of fixed cylindrical gap, set 

Fixed cylindrical gap design 

flat-faced, see type 

flux distribution in a long plunger, 

316-320 

force due to plunger leakage flux. 225, 

305 

friction, 228, 242, 296 

full conical, see type 

index number, 241-242 

leakage flux, see type and I«eakagc 
flux 

loss due to magnetizing plunger, 200- 

201, 219-220, 223-225, 305 
method of 

force-stroke computations, 221-226 

handling distributed leakage flux 

222-224 

solenoid and plunger, see Leakage 

flux 

stopped-cylindrical-faced plunger 

magnet, see type 

tapered plunger magnet, see type 

truncated conical plunger magnet, 

237, 242 
Polar enlargements 

check for optimum in relay, 518-520 

method of design, 324, 506-507 

Polarized alternating-current apparatus 

hysteresis loops, 35-38 

magnetic circuit calculations, 102-105 

optimum length air gap in choke, 

102-105 

Polarized magnetic cores, 19 

Polarized magnetization curves, 62, 63 

Polarized relays, 82, 498-499 

Polarized transformers, 102 

steel for, 41 
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Polarizing flux density, 19-20 

in a-c. apparatus, 37 

method of determination, 22 

Pole-face shape 
effect on force-stroke characteristic, 

4, 231-243 

optimum, 242-243 

Polyphase magnet arrangements, 425- 

428 

Potential work ability of an electro¬ 

magnet, 77 

Power, unit, 532 

Power density, unit, 532 

Power factor of a-c. magnet, 462 

Pure iron, 10 

Q 

Quick-acting magnets, see High-speed 

magnets 

Quick-release magnets 

calculations of release time for magnet 
shunted by condenser, 393-399 

general derivation, 393-395 

illustrative problem, 395-399 

effect of stored energy, 392 

elimination of eddy-current effects, 

391-392 

general, 391-392 

method of demagnetizing, 391-392 

methods of breaking circuit, 391-392 

Quick-release relay, 521-530 

R 

Rapid-acting magnets, 80; see also 

High-speed magnets 

Rate of change of permeance, method 

of determination, 222, 224 

Reactance voltage, 420-422 
Reactive power 

change of, in a-c. magnets, 429-431 

total, in a-c. magnets, 430 

Reactor, variable, 102, 113, 114 

Rectangularnshaped gap and plug, axial 

force, 212 

Rectifiers 

for a-c. magnets, 6, 431 

half-wave, 102 

Relay steels, 41 

comparison of three types, 620 

permeability-flux density curves for, 

508 

use of, 498, 605 

Relays, 483-530 

a-c., 501-502 

annealing relay steel, 521 

arc suppression, 488 

classification of, 484 

coils, 496 
condenser for arc suppression. 488 

contact deflection, 488-489, 491 

contact follow-through, 488-490 

contact materials, 485-487 

molybdenum, 485, 486 

platinum, 485, 487 

silver, 485, 486 

tungsten, 485, 486 

contact pressure, 487, 490-491 

contact size and shape, 489-490 

delayed action, 495, 499-501 

design 

air-gap length, 491-493, 506, 523 

coil design, 517-518 

comparison of results for three re¬ 

lay steels. 520-521 

flux density of working gap, 507 

force, closed gap, 514-515 

leakage coefficient calculation, 609- 

510, 514 

magnetization curve 

falling, closed gap, 515-517 

rising 

closed gap, 514 

open gap, 611-513 

operate ampere-turns, 513, 517 

optimum air-gap considerations, 

507, 518-520 

permeance of fixed-hinged joint, 

510-611 

polar enlargements, 606-607 

check for optimum, 618-520 

pole core size, 607-509, 524 

release ampere-tums, 617 
design factors, 83 

design for operation from vacuum 

tubes, 621-630 

choice of tube, 525-526 

coil design, 525 
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Relays—Continued 

design for operation from vacuum 

tube—Continued 

force 

closed gap, 529 

open gap, 527 

preliminary design, 523-526 

design for quick release, 521-530 

design of simple relay, 504-521 

differential current sensitivity, 491- 

493 

double coil design, 495-496 

eddy current, mitigation of, 494, 

498 

effect of 

dust on contacts, 487-488 

hysteresis, 493, 503 

moisture, 496 

electrolysis, 496 

general, 6, 483 

high-speed, 494, 496-499 

inductive circuits, 485, 488 

magnetic cycle of, 502-504 

minimum length gap 

as determined by hysteresis, 493 

as determined by release current, 

491-493 

polar enlargements 

check for optimum size, 518-520 

size of, 506-507 

polarized, 82, 498-499 

power consumption as a design limi¬ 

tation, 82 

required stroke, 491 

sensitive moving coil, 112 

sensitivity as affected by design limi¬ 

tations, 490-496 

contact deflection, 491 

contact pressure, 490-491 

delayed action, 495 

release current, 491-493 

residual magnetism, 493-494 

single or double coil design, 495 

size or weight, 494 

speed of action, 494 

single coil design, 495 

size as affecting sensitivity, 494 

speed of contact separation, 488 

time for current to reach operate 

value, 497 

Release time, magnet with shunt con¬ 

denser 

general derivation, 393-395 

illustrative problem, 395-399 

Reluctance, see Permeance 

Reluctance calculations, see Permeance 

calculations 

Reluctivity, see Permeability 

Residual effects in commercial soft 

magnetic materials, 8 

Residual flux, method of removal, 392 

Residual flux density 

definition, 15 

hard magnetic materials, 70 

method of extrapolating, for satura¬ 

tion value of, 25 

soft magnetic materials, 69 

variation with maximum magnetizing 

intensity, 26 

data, 55, 69, 70 

Residual force 

effect of air gap, 9-10, 107-109 

in soft steel magnets, 106-109 

of relays, 6 

Residual magnetism in relays, 493 

Resistance 

aluminum wire, 158 

change with temperature, 156, 160 

coil, method of computing, 171, 173 

illustrative problem. 175-177 

bipolar magnet, 327 

flat-faced armature magnet, 259 

flat-faced plunger magnet, 272 

full conical plunger magnet, 285 

leakage flux magnet, 315 

tapered plunger magnet, 298 

copper wire, 158 

density of coils, 162, 168, 169, 170, 172 

temperature correction table, 160 

temperature equation, 156, 159 

unit, 532 

voltage, 420-422 

Resistivity 

aluminum, 155 

copper, 155 

effect on depth of penetration, 364-365 

effect of vanadium, 8 

hard magnetic materials, 70 

molybdenum, 485 

platinum, 485 
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Resistivity—Continued 
silver, 485 
soft magnetic materials. 69 

tungsten, 485 
unit, 532 

Reversible permeability 

definition, 18 

hard magnetic materials, 70 

Ribbon-wound coils, see Coils 

Ring sample, 85 

Rising magnetization curve, 15 

Rivets 

in high-speed magnets, 364-366 

placement of, 433, 446, 447 

Root-mean-square exciting current, 

method of determination, 444, 

459-460 

Rouault, Charles, 20 

Rules for wire gauge use, 156 

Russell, H. W., 43 

S 

Sandford and Cheney, 25 
Saturation, 23 

effect in 

bipolar magnet, 230-231 

cylindrical-faced-plunger magnet, 

234 

flat-faced armature magnet, 229-230 

flat-faced plunger magnet, 232 

leakage flux magnet, 238 

stepped-cylindrical-faced plunger 

magnet, 235 

tapered plunger magnet, 236 

truncated conical plunger magnet, 

237 

effect on 

depth of penetration, 415-416 

speed in plunger type magnets, 414 

Saturation curve for magnets, see Mag¬ 

netic circuit calculations 

Saturation density 

iron-cobalt alloys, 42 

soft magnetic materials, 69 

Saturation flux density, 23 

Sensitive relays 

annealing, 521 

effect of grain direction, 38 

50% nickel iron, use of, 42 

Permalloy, use of, 42 

sample design, 504-521 

Separation of eddy-current and hys¬ 

teresis loss, 31 
Series magnetic circuit, 87 

Shaded-pole magnets, 463-480 
analysis of magnetic circuit, 464-468 
average force, 469, 479 

criterion for ideal shading, 464, 469 

criterion for optimum shading, 471 

flux of shaded pole, 467, 478 

flux of unshaded pole, 477 

general, 6, 427, 463 
instantaneous force relation, 468-469 

leakage coefficient calculations, 476- 

477 
length of gap under unshaded pole, 

472, 475-476 

magnetomotive force across main gap. 

479-480 

mathematical analysis of flux n'la- 

tion, 464-468 

optimum conditions for minimum 

force variation, 469-471 

optimum design, 464, 471-472 

optimum design conditions, 471-472 

phase-angle lag of shaded-polo flux, 

466, 467, 478 

power loss in shading coil, 472, 478 

preliminary design procedure, 473-476 

pulsation of force, 469, 479 

total flux, 468, 478 

Shading coils 

for a-c. magnets, 6, 427, 463 

for a-c. relays, 501-502 

for polyphase magnets, 428 

for single-phase magnets 

design, 472-480 

theory, 463-472 

Shaping of force-stroke characteristic, 

240-241 

Shaping of pole faces, 79; see also Pole- 

face shape 

Short-time excitation 

design of magnet for, 266 

determination of temperature rise, 

277-278 

general, 187 

Side pull in conical plunger magnet, 

334 

Side pull in plunger magnets, 212-213 

Silicon, addition to iron, 10, 11 
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Silicon steel 
anhysteretic magnetization curves, 62, 

63 

bar stock, 41 
core loss as a function of 

flux density, 59 

frequency, 60 

demagnetization curves, 9 

depth of penetration of flux, 365, 416 

determination of eddy current loss, 31 

differential permeability, 416 

displacement factor data, 61 

general data, 69 

high permeability and low loss by 

special rolling methods, 38 

hysteresis energy loss 

data, 61 

constants, 30 

hysteresis loops, 52 

incremental permeability, 64, 65, 66 

magnetization curves, 58 

normal permeability cun'es, 58, 62 

flux density curve for, 58, 508 

polarized magnetization curves, 62, 63 

residual force effects, 9-10 

sheet steel, 41 

tractive effort curves, 8 

Silk insulation, 159-160 

Silver, physical properties, 485 

Simm, L. G. A., 20 

Simple inductive circuit 

build-down of current, 342-344 

build-up of current, 339-342 

time constant, 342 

Sintering of hard magnetic materials, 13 

Slotting in a-c. magnets, 433-434 

Slow-acting magnets, 80; see also Time- 

delay magnets 

Soft magnetic materials, see also par¬ 

ticular material 

Allegheny Electric Metal, 42 

American ingot iron, 39 

cast iron, 40 

cold-rolled steel, 39 

constant permeability alloys, 43 

electrical bar steel, 41 

electrical sheet steel, 41 

general, 7 

general data, 69 

hydrogen annealed iron, 39 

Soft magnetic materials—Continued 

iron, malleable cast, 40 

iron-cobalt alloys, 42 

iron-nickel alloys, 42 

iron-nickel-chromium-silicon alloys, 

43 

iron-nickel-cobalt alloys, 43 

Nicaloi, 42 

Permalloy, 7, 42 

Permendur, 7, 43 

Perminvar, 7, 43 

silicon steel, 41 

steel 

cast, 40 

S.A.E. 11-12, 40 

S.A.E. 10-10, 40 

S.A.E. 10-20, 40 

Swedish charcoal iron, 40 

Solenoid and plunger axial force, 218- 

220 
Solenoid and plunger magnet, see Leak¬ 

age flux magnet 

Solenoid magnet, sec particular type 

Solenoidal field, 127 

Space factor of coils, 162, 167, 169, 170. 

172 
flat-faced armature magnet, 257-259 

flat-faced plunger magnet, 272 

full conical plunger magnet, 285. 286 

illustrative problems, 175 

leakage flux magnet, 315 

paper-section coil, 169, 327 

tapered ])lunger m.agnet. 298 

Space-time characteristics of magnet 

experimental check, 390 

general derivation, 373-380 

method of evaluating initial motion 

general derivation, 378-379 

illustrative problem, 385-386 

Spark energy of electromagnet, 75 

Specific gravity 

hard magnetic materials, 70 

soft magnetic materials, 69 

Speed limitations of d-c. magnets, 413- 

414 

Speed of action, a-c. magnets, 432 

Splaying, copper wire, 159 

Splitting wire size on coils, 285-286 

Spooner, Thomas, 21, 22, 31, 35, 36, 37, 

38, 111 
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Spooner’s formula of incremental per¬ 

meability, 21 

Square plunger magnet, calculation of 

fringing and leakage perme¬ 

ances, 406-408 

Steel 

carbon, 45 

cast, 40 

chrome, 45 

cobalt, 45 

cobaltchrome, 45 

cold-rolled, 39 

density, 188 

electrical sheet, 41 

ground bars, sizes commercially avail¬ 

able, 249 

S.A.E. 10-10, 39 

S.A.E. 10-20, 40 

S.A.E. 11-12, 40 

S.A E. 18-8. 44 

silicon, 41 

thermal capneity, 188 

tungsten, 45 

Steinmetz, C. P., 23, 364 

Steinmetz’s equation for normal hys¬ 

teresis loss, 29 

S t e ]) -by-s te p calculations 

current-time characteri.stic.s—no mo¬ 

tion 

general derivation. 369-372 

illustrative example. 382-384 

flux distribution in long plunger, 316- 

320 

flux-time characteristic—no motion 

general derivation, 366-369 

illustrative example, 382-384 

quick-relea.<?e magnet with condenser 

general derivation, 393-395 

illustrative example, 395-399 

space-time characteristics 

experimental check, 390 

general derivation, 373-380 

illustrative example, 385-391 

short-stroke tractive magnet, 409- 

413 

Stepped-cylindrical-faced plunger mag¬ 
net 

characteristics, 235-236 
effect of magnetic stop, 235-236 
effect of saturation, 235 

Stcpped-cylindrical-faced plunger mag¬ 

net—Continued 

force-stroke characteristic, 224, 235, 

334 

graphical evaluation of force, 221-226 

loss due to magnetizing plunger, 223- 

225 

method of force-stroke calculation, 

221-226 

plimg(^r leakage flux i)ull, 223-225. 234 

rei)lacing by tapered ]»lunger. 242 

useful work-stroke characteri.sties, 235 

weight economy, 236 

Stock dimensions in tracti\e magnet 

design, 248-219 

Stop, magnetic 

u.<e in cylindrical-faced plunger 

magnet, 234 

use in stei)p(Ml-cylindri(’al-faced 

plunger magnet, 235 

use in tapered plunger magnet, 236, 

307 

Stored energy of magnet, eff('ct on 

quick release, 392 

Strap-wound coils, sec Coils 

Stroke, value for optimum magnetic 

conditions, 251-252 

Structure of magnetic' materials, 11 

Swedish charcoal iron 

coercive intensity, 55 

demagnetization curve, 9 

energy returned to electric circuit, 56 

energy to demagnetize, 56 
general, 40 

general data, 69 

hystcre.sis energy loss, 56 

hysteresis loops data, 50 

magnetization curve, 48 

permeability-flux density curve, 508 

' residual flux density data, 55 

residual force effects, 9 

tractive effort curve, 8 

T 

Tabular computation, see also Step-by- 

step calculations 

force-stroke curve of tapered plunger 

magnet, 305 

force-stroke curve of stepped-cylindri¬ 
cal-faced plunger magnet, 225 
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Tabular magnetic circuit calculations 

bipolar magnet, 330-331 

falling magnetization curve for relay, 

516 
flat-fa(*ecl armature magnet, 264 

flat-faced plunger magnet, 275 

flux distribution in plunger of leakage 

flux magnet, 316-320 

full conical plunger magnet, 290 

})arallel unsymrnetrical circuit, 92-94 

residua! flux of soft steel magnet, 

107-109 

rising magnetization curve for relay, 

511-514 

series circuit, iron only, 87, 88 

series with fringing and distributed 

leakage, 102 

tapered plunger magnet, 300-301 

Tapered plunger magnet 

characteristics, 236 

check of preliminary design, 297-307 

coil design, 297-299 

constant force possible, 236 

“cut-and-try” design solution, 294- 

296 

design, 291-307 

design equation, 293-294 

fixed cylindrical gap design, 299 

force due to plunger leakage, 234, 305 

force formula, derivation, 209-210 

force-stroke characteristics, 236, 291- 

292 

general, 236, 291-292 

graphical evaluation of force-stroke 

characteristic, 300-306 

loss in force due to magnetizing 

plunger, 305 

magnetic circuit calculations, 300-306 

magnetic efficacy, 306 

magnetic stop 

effect of, 239 

use of, 307 

mechanical efficacy, 306 

method of determining optimum, 306 

plunger, friction, 296 

preliminary design procedure, 294- 

296 

saturation, effect of, 236, 292 

temperature rise, 299 

useful work-stroke characteristic, 236 

Tapered plunger magnet—Continued 

weight, 306-307 

weight economy, 236, 307 

weight economy va. index number, 

242 
working-gap permeance, 302-303 

Temperature-resistance 

correction table, 160 

equation, 156, 157 

Temperature rise 

as design limitation of d-c. magnets, 

82 

as affected by intermittent duty, 244 

during short period of excitation, 277- 

278, 455-456 
effect of surrounding iron, 182-184 

effect on 

sj)ecd of leakage flux magnet, 414 

weight economy. 243-244 

exact solution, 192-194 

experimental heating law for coils, 

181-184 

experimental method of measure¬ 

ment, 181-182 

general, 3-4 

ideal coil, 178-180 
illustrative problems 

bipolar magnet, 327-328 

direct attraction type a-c. magnet, 

456 

flat-faced armature magnet, 259 

flat-faced plunger magnet, 273 

full conical plunger magnet, 285- 

286 
leakage flux magnet, 315 

method of changing dimensions to 

give required rise, 298, 327-328 

tapered plunger magnet, 299 

intermittent excitation, 187, 277-278, 

462 

magnets and coils, 178-195 

time 

calculation, 190-192 

curves, experimental results, 191-194 

variable power input, 195 

Temperature-sensitive magnetic alloys, 

43 

Temperature unit, 632 

Tensile strength, contacting materials, 

485 
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Thermal capacity, 178 

data for various magnetic materials, 

188 
of coils and iron parts, 187-190 

Thermal conductivity of contacting ma¬ 

terials, 485 

Thermal time constant, 180 
illustrative problem, method of com¬ 

putation, 277-278 

Time 
for flux to rise to a given value, 372- 

373 

illustrative example, 384-385 

unit, 532 

Time constant 

magnet with lag coils, approximate, 

352-353 

simple inductive circuit, 342 

simple magnet, approximate, 360 

Time-delay action, 81 

Time-delay magnets, 336-362 

condenser and resistance, 337-338, 353- 

356 

electronic, 337-338 

experimental check 

magnet with lag coil, build-down, 

349-350 

magnet with shunt condenser, build- 

down, 355-356 

magnet with shunt condenser and 

lag coils, build-down, 350-359 

simple magnet, build-down, 343-344 

general, 5, 336 

lag coil, general, 336 

linearity, 339 

mechanical devices, 337-338* 

method of computing solution, gen¬ 

eral scheme, 338-339 

selector magnet, 361-362 

series inductance, general, 337 
solution of differential equations 

magnet with lag coil 

approximate solution, 351-353 

build-down, 348-351 

build-up, 345-348 

magnet with series indui tance, 342 

magnet with shunt condenser, build- 

down, 353-356 

magnet with shunt condenser and 

lag coils, build-down, 356-359 

Time-delay magnets—Continued 

solution of differential equations— 

Continued 

simple magnet 

build-down, 342-344 

build-up, 339-342 

Time of action and motion 

computation of, see Space-time char¬ 

acteristics of magnet 

defined, 399 

leakage flux magnet, 415 

Time of excitation, method of deter¬ 

mining actual time for inter¬ 

mittent excitation, 277-278 

Time-temperature rise computation, 

illustrative problem, 190-192, 

277-278 

Torque 

magnetic 

coaxial cylindrical surfaces, 204 

general case, flux proportional to 

current, 216 

general magnetic torque formula, 

198, 199 

, in terms of 
air-gap quantities, 198 

inductance, 216 

total magnet quantities, 199 

unit, 532 

Tractive effects in commercial soft mag¬ 

netic materials, 8 

Tractive magnets, see also Direct-cur¬ 

rent magnets 

a-c., see Alternating-current magnets 

air-gap magnetomotive force as func¬ 

tion of stroke, 221-225, 300-305 

bipolar, see Bipolar magnets 

coil magnetomotive force in terms 

of magnetic efficacy and work, 

293-295 

comparison of different types, 239, 242 

cylindrical plunger magnet, see Cy¬ 

lindrical-faced plunger magnet 

design, see particular magnet type 

for details 

brass tubes, sizes commercially 

available, 239 

check of 

final design, 249-250 

optimum, 251-253 
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Tractive magnets—Continued 
design—Continued 

clearance between plunger and 

tube, 249 

coil shape, 248 

coil space factor, 246 

design symbols, 246 

effect of 

change of one wire size, 249 

index number on working-gap 

flux density, 247-248 
size on working-gap flux density. 

248 

ferrocobalt, 7 

force, optimum, 251-253 

fundamental design equations, 246- 

247 

general considerations, 245 

generalized scheme for design, 247- 

250 

heating equation, solution of, 248 

magnetic circuit equation, solution 

of, 248 

magnetomotive force used in fixed 

air gap, 248 

maximum useful work, 251 

optimum conditions for fixed ex¬ 

citation, 251-253 

plunger clearance, 249 

steel, round bars, sizes commercially 

available, 249 

stroke, optimum, 251-252 

use of stock dimensions, 248-249 

wire size, 247-248 

d-c. magnets, see Direct-current mag¬ 

nets 

effect of different pole-face types, 239- 

242 

flat-faced armature magnet, see Flat- 

faced armature magnets 

flat-faced plunger magnet, see Flat¬ 

faced plunger magnets 

flux current loop, 73-77 

force from flux current loop, 78-79 

force-strok(' calculations, method, 221- 

226 

full conical plungcM*, see Full conical 

plunger magnets 

general, 228 

heating, 81-82 

Tractive magnets—Continued 

high-speed magnets, see High-speed 

magnets 

horseshoe magnets, see Bipolar mag¬ 

nets 

index number, 241-243 

leakage flux, see Leakage flux mag¬ 

nets 

loss of work due to 

hysteresis, 78 

initial plunger position, 78-79 

stored energy, 77-78 

magnetic efficacy, 77-79 

mechanical efficacy, 80 

l)ot(uitial work ability of, 77 

selecting best pole-face type, 241- 
243 

shajiing of force-stroke characteristics, 

240-241 

solenoid and plunger, see Leakage 

flux magnets 

sU‘pped-cylindrical-faced plunger 
magnet, see Stepped-cylindri- 

cal-faced plunger magnets 

tap('r('d plung('r magnet, see T:i]>cred 

plungt'r magnets 

time (h.'lay, sec Time-delay magmd 

time-delay action, 81 

truncated coni(*al plung('r magnet, sec 

Truncated conical plunger mag¬ 

nets 

useful work. 80, 228 

Tran^former.'^ 

audio-frequency, 102 

constant-current, 113 

exciting current 

method of comi)uling. 413-414 

illustrat i\ o ('\ample 

approximate, 153-455 

exact, 459-461 

half-wave rectifier, 72, 102 

polarized, 102 

use of air gap, 112 

Transients 

iron unsaturated 

free r('>ponM\ 340 

I magiH't with lag coil 

! appioximale solution. 351-353 

I buihl-down, 318-351 

i build-up. 315-348 
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Transients—Continued 
iron unsaturated—Continued 

magnet with shunt condenser, 353- 

356 

magnet with shunt condenser and 

lag coils, build-down, 356-359 

normal function, 340 

simple magnet 

build-down, 342-344 

build-up, 339-342 

saturation present 

current-time characteristics, 369- 

372, 382-384 

flux-time characteristic, 366-369, 
382-384 

general, 338-339 

magnet with shunt condenser, 393- 

399 

space-time characteristic, 373-390 
Truncated conical plunger magnet 

characteristics, 237 

effect of gap eccentricity, 237, 242 

effect of saturation, 237 

force formula, derivation, 205-206 

force-stroke characteristic, 237 

useful work-stroke characteristic, 
237 

weight economy, 237 

Tungsten, physical properties, 485 
Tungsten steel, 45 

demagnetization curve, 67 

external energy curve, 67 
general data, 70 

magnetization curve, 68 

normal permeability curve, 68 

Turn density of coils, 162, 168, 169, 170, 

172 

U 

Underhill, Charles R., 151, 170, 240 
Units, system of, 531 

Useful work 

computed for different experimental 

magnets, 239 
general, 80, 228, 400 

long-stroke magnet, 235 

Unsymmetrical hysteresis cycles for 

d-c. magnets, 32-35 

Unsymmetrical hysteresis loops in a-c. 

apparatus, 35 

V 

Vacuum tubes 

for quick release, 391-392 

operated relay, 521-530 

Vanadium, addition to ferrocobalt, 8 

Velocity, unit, 532 

Voltage, unit, 532 

Voltage regulator, 114 

Volt-ampere 

consumed in iron core 

approximate method, 454 
exact method, 459-461 

efficiency in a-c. magnets, 430, 431, 
461 

example, 436 

excitation of an air gap, 452 

limitation, a-c. magnets, check, 429- 

431, 437j 461-462 
Volume, unit, 532 

W 

Watson, E. A., 61 

Wave form 

effect on depth of penetration, 415- 
416 

importance in designating incremental 

permeability, 19-20 

of exciting current of a-c. magnet 
derivation, 443-444 

illustrative example, 459-460 

Wave-shape distortion in polarized ap¬ 
paratus, 19-20 

Webb, C. E., 7 

Wedge-shaped gap and plug, axial force, 
210-211 

Weight economy, see particular magnet 
type 

as affected by 

index number, !242 
size, 244 

temperature, 243-244 

comparison of various pole-face types, 
239-241 

Weight limitation in a-c. magnets, 431 
Wire 

aluminium, wire table, 157, 158 
areas, 157, 158 

copper, wire table, 157, 158 
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Wire—Continued 
diameters, bare and insulated, 157 

gauge, 156 

square, 162 

sizes, 156 

Wire insulation 

asbestos, 160-161 

chromoxide, 160-161 

cotton, 157, 159-160 

double cotton covered, 157 

double enamel covered, 159 

enamel, 157, 159 

glass, 161 

single silk covered, 157 

silk, 157, 159-160 

single cotton covered, 157 

single cotton enamel covered, 157 

single silk enamel covered, 157 

Woodruff, L. F, 339 

Work 

graphical determination from flux- 

current loop, 79 

Work—Continued 
ideal, computed for different ex¬ 

perimental magnets, 239 

mechanical, computed for different 

experimental magnets, 239 

useful 

computed for different experimental 

magnets, 239 

long-stroke magnet. 235 

optimum from magnet, 251-253 

Work available 

analysis from flux-current loop, 73-77 

from electromagnet, 77 

from ideal magnetic cycle, 33-34 

Work equation 

for tractive magnet, 77 

use in determining required a-t., 293- 

295 

Work losses in electromagnet, 77-79 

Y 

Yensen, T. D., 7 
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