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PREFACE

Engineering practice nowadays exacts deeper and more
subtle methods of approach than those which were cus-
tomary in the past and are still embodied in the usual
treatises on hydraulics, constituting the subject of the
traditional courses in schools of engineering. In fact,
structural mechanics has evolved into ‘‘applied elasticity.”
Machine design is permeated with the study of vibrations
and other features of higher dynamices. The notions of
turbulence, cavitation, and circulation are in the fore-
front of hydrodynamical research, which is being success-
fully applied to problems of aeronautics and hydraulic
machinery.

In the field of hydraulic engineering and, in particular,
in that most important realm where the civil engineer
deals with open flow, the trend has been away from the
rudimentary notions of uniform movement. Broader
viewpoints, embracing varied flow in open channels, the
hydraulic jump, surges in canals, etc., have become topics
of discussion in engineering literature and are gradually
wedging their way into advanced instruction. On the
other hand, most fruitful avenues of approach have been
opened by laboratory work on models of hydraulic struc-
tures. Here again, the elementary notions, as presented
in the old-time treatises with relation to flow of water
through orifices, over weirs, etc., have been replaced by a
deeper and more detailed study of the physical circum-
stances of the movement. Illustrative of the present
trend in this field is the capital summary, ‘“Hydraulic
Laboratory Practice,” the American version of which has
recently appeared under the enlightened leadership of
John Freeman. A crowning result finally is the crea-
tion of the National Hydraulic Laboratory in Washington,
D. C.

v



vi PREFACE

In regard to hydraulic design as envisaged by the civil
engineer, the fact is that uniform movement scarcely ever
occurs in actual practice. So a comprehensive under-
standing of the functioning of a hydraulic system would
seem possible only when the phenomena were to be con-
sidered and the design carried out in terms of varied flow.
Unfortunately, as Professor Daugherty expresses it in
his “Treatise on Hydraulics,” ‘‘a satisfactory and reliable
treatment of the problem of non-uniform flow is lacking.”
This means, of course, a treatment opening the way to
practical applications, as the theoretical basis of varied
flow is well advanced and stands out as a momentous
contribution to the art on the part of the great French
hydraulicians of the nineteenth century.

The present book is an attempt to supply the need, at
least in part, and to offer a manual presenting the subject
of varied flow in a manner which makes it useful for
engineering practice and design. The origin of this work
goes back to pre-war days. The author, then conrected
with vast hydraulic enterprises in Russia, was faced with
the task of finding means of throwing light on the many
puzzling and elusive phenomena connected with varied
flow, and of solving in a comprehensive manner the different
practical problems. The result was a book on ‘‘Varied
Flow in Open Channels,”’* published in Russian in 1912.

In dealing with the physical aspects of flow, considerable
use was made in that book of the notion of the ‘“specific
energy of flow,” which is the energy head referred to the
bottom of the canal cross-section. This simple notion
was found to give a lucid explanation of many complex
features heretofore interpreted solely from an abstract,
analytical point of view. Thus a physical basis was given
to what is known as the critical depth; a simple explanation
was made available for the hydraulic jump together with
a comprehensive interpretation of the different types of
surface curves. Since 1912, this ‘‘energetic criterion”

* 0O Neravnomernom Dwijenii Jidkosti v Otkritom Rusle,” St. Peters-
burg, 1912,
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has been unmasked and advantageously used by different
authors, seemingly independently of each other. In fact,
the energetic criterion is mentioned by Rehbock* and very
lucidly presented by Hinds.t The author, however, is not
aware of any disclosure previous to the Russian publication.

The Russian book also carried a suggestion of a novel
method of computing the different surface curves in varied
flow. Heretofore the differential equation had been applied
and integrated only for certain ‘‘idealized’ profiles, for
which numerical tables had been computed by Bresse,
Tolkmitt, Rithlmann, and others. Although these tables
presented a substantial advance, their usefulness was
nevertheless greatly limited by the simple fact that the
‘““idealized” cross-section underlying the tables had little
in common with the practical forms of canals that the
engineer deals with in everyday practice.

The method suggested by the author is applicable to
canals of any practical form. It is based on an exponential
relation which was found to govern (with sufficient approxi-
mation) flow in an open conduit under varying stages.
The practicability and usefulness of the method depended,
however, on computing tables of what is designated in this
book as the ‘‘varied-flow function.” The preparation
of such tables for different exponents involved a long and
tedious procedure. This work was undertaken and per-
formed for the first time under the author’s direction, during
1914-1915, by the Research Board of the then Russian
Reclamation Service. In the turmoil of the revolution the
data so computed became unavailable to the author, in
fact, for a while he considered them totally lost; so the
task of computing had to be done over again and was
carried out in the form offered here by Professor Kholo-
dovsky and partly by Dr. Pestrecov.}

* “Betrachtungen iiber Abfluss, Stau und Walzenbildung,” Berlin, 1917.

t Eng. News-Record, Vol. 85, p. 1034, 1920.

1 In the meanwhile the Russian book was reprinted in Leningrad in 1928,
This reprint, of which the author was unaware, is complemented by the
1914-1915 tables. The tables as computed and offered in this volume are
more precise and complete.
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The treatise as presented to the reader in this volume
has been completely rewritten. The major part of the
material is new and heretofore unpublished. Generally
speaking it aims at practical results, and therefore the
author has refrained from expositions of purely theoretical
character. The presentation is most elementary, having
in view, first of all, a clear interpretation of the physical
aspects of varied flow.

A large part of this book is taken up with practical
examples. Experience shows that in the study of varied
flow, as in many other branches of applied mechanics,
complete mastery of the subject cannot be attained without
familiarizing oneself thoroughly with numerical procedures.
In fact, there are many important features which escape
deduction from general formulas and which may be stipu-
lated only as rules and conclusions, reached through sum-
marized experience. For such reasons it is better not to
consider the numerical examples as mere illustrations, but
to regard at least some of them as an organic part of the
general presentation of the matter. Experience has also
taught the author that, no matter how simple in essence, the
notions related to varied flow and the methods of handling
the problems require, on the part of the novice, time and a
certain amount of persevering apprenticeship, before they
become natural and familiar tools. That will explain and
partly justify the detail in presenting the examples. Com-
putations by necessity have to be at times laborious, and
repetition cannot be entirely avoided.

The author does not claim to have given an exhaustive
treatment of the subject. Many problems are too com-
plicated to be dealt with on a practicable basis; in other
instances, the actual state of the art is inadequate. How-
ever, as learned from experience, the ways and means
presented permit the solution of many problems in a com-
paratively simple and comprehensive manner. It has
been said that progress in theoretical engineering is an
advance in the way of ‘‘thinking.”” The author is deeply
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convinced of the importance for the hydraulic engineer of
learning to ‘“think” in terms of varied flow and of practicing
such ‘“thinking’’ in the everyday approach toward practical
problems.

Boris A. BAKHMETEF¥.

GREENHILLS,
Brookrieup, CoNNECTICUT,
January, 1932.
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SYMBOLS

Throughout this book the foot, pound, second system
of measurement is used.

Cross-sectional elements and friction factor C values
have been largely taken from ‘“Hydraulic and Excavation
Tables” of the United States Reclamation Service.

All computations were performed by means of an ordi-

nary slide rule.

¥ d

CT Qg e

&

Yoy do

Depth or stage of flow.

Cross-sectional arca of a canal.

The top width.

The wetted perimeter.

The hydraulic radius.

The Chézy friction factor.

Average velocity.

Discharge.

Bottom slope.

Surface slope.

Normal depth of flow, being the depth of flow in uni-
form movement.

Work.

Work of resistances.

Power.

The critical depth.

The average depth.

Critical velocity.

Critical discharge.

Critical slope.

Critical slope at the normal depth.

Critical slope at the eritical depth.

The weight of a cubic unit of liquid.

Energy head, being the energy per unit weight of the
flowing liquid referred to a datum line.

Specific energy, being *he encrgy head referred to the
bottom line of a cross-section.

Conveyance of a cross-section.

The hydraulic exponent.

The M function.
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SYMBOLS

The kinetic flow factor.

Length of a reach, between the cross-sections m and n.

Distance of the cross-section m {from an initial zero
point.

The relation of the varying depth of flow y to the
normal depth y,.

The varied flow function.

The relation of the bottom slope to the critical slope.

The relation of the depth of flow y to the critical
depth ye,.

The relation of the eritical slope at the normal depth y,
to the varying critical slope at other stages of flow.

The varied flow function in a canal with horizontal
bottom.

The conjugated depths before and after the jump.

The height of the jump.

The specific energy before and after the jump.

The energy head lost in a jump.

Celerity of propagation of a translation wave.

Relative velocity of propagation with regard to the
embankment.

The height of a surge or of a translation wave.

The depth of the center of gravity of a section.

The M function.

The height of the body of a weir.

The head over the crest of a weir.

The difference between the levels above and below a
weir.

Tail-water depth.

Contraction coefficient.

Velocity coefficient.

Resistance coefficient.

Discharge coefficient.

Reference in the examples to “tables” means the Tables of the Varied
Flow Function, pp. 308 to 312.



HYDRAULICS OF OPEN
CHANNELS

CHAPTER I
DEFINITIONS

1. Uniform Flow.—The flow of a liquid in an open channel
(Fig. 1) is said to be uniform when the depth and the
other elements of flow, such as the cross-sectional area a, the
velocity », and the hydraulic slope s, remain constant from
section to section. The surface line in this case is parallel

T - = = A

A -
%
7
So=s7 2

F1g. 1.—Uniform flow in a canal.

to the bottom line, the surface slope s = sin a being equal
to the bottom slope s = sin a,.

Obviously, flow may be strictly uniform only in case the
channel itself is prismatical, that is, when and if the channel
is built so that the cross-sectional forms do not vary from
section to section and the bottom is laid wi with a permanent

slope Rivers and watercourses in natural state scarcely
1
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ever answer such qualifications and therefore practically
never feature strictly uniform flow.

In a canal between two reservoirs (Fig. 2a), flow will be
uniform if and when levels A and B are so positioned that
the depths ¥, and y, at the beginning and at the end of the
canal are equal. In this event, assuming the canal to be
prismatical, the depth of flow in any section between 1 and
2 will be the same, so that for any section ¥y = y1 = ¥a.

/)

IA ¢ @ @
B8
1\\\)“_}3 i __J___.
£ A
)
1 A (b i !3
Y 1
f% Y2
—-LA—\') © @;L
):,l @ s
) 2)

Fi1g. 2.—Uniform and varied flow in a canal connecting two reservoirs.

2. Non-uniform or Varied Flow.—Whenever the depth
and the other features of flow, such as the cross-sectional
area, the velocity, and the hydraulic slope, vary from
section to section, flow becomes non-uniform or varied.

The classical example presented is that of a backwater
curve (Fig. 3) produced by a dam. The natural surface
line ABC . .. is lifted to a position A’, B, ... E'.
The lift Z diminishes stream upward, the backwater curve
approaching asymptotically the free surface line. Back-
water in a natural watercourse is practically the only case
of varied flow dealt with in textbooks on hydraulics.
Yet, it is but one of the manifold problems of varied flow
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which the engineer has to face in designing or operating
hydraulic structures. As an example, take flow in the
canal (Fig. 2), in the event that the depths y, and y, are no
longer equal. Suppose i, > ¥, as in Fig. 2b; the depth will
be increasing stream downward, and flow will be varied and
said to be taking place with a rising surface curve. On the
other hand, in Fig. 2¢, with ¥, < yi, the depth will be

5) «) 3 2) [2/]

Fi1a. 3.—Backwater curve in a natural watercourse.

decreasing stream downward with a falling surface curve.
Another important case is that of Fig. 4, where flow in the
canal is regulated by means of a sluice. Depending on the
opening of the sluice and the volume of the discharge,
the depth y. will vary. Varied flow with a rising curve is

1) )
<

.

] &
y:, =i
Mﬂr Y-t ?"f

Fi1a. 4.—Varied flow in a canal regulated by a sluice,

featured by AB’, while AB” corresponds to a falling
surface curve. In between them is uniform flow with y,
= y;. Naturally, the lower the level B, that is the smaller
the depth y., the greater the discharge @ drawn from reser-
voir A.

The case outlined in Fig. 4, as well as that of Fig. 2,
typifies one of the most important problems related to
varied flow, namely, that of determining the wvarying
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discharge of a canal under varying conditions of levels at the
extremities of the structure.

From comparing Fig. 2 and Fig. 3, another distinction is
gained. In a natural watercourse (Fig. 3), the cross-
sections and practically all the other elements of flow vary
from section to section. Flow thus is non-uniform in the
broadest sense of the word. The same applies to Fig. 5
which features a canal with diverging (Fig. 5a) and con-

(o (b)

Drvergent flow Convergent Flow

Fia. 5.

verging cross-sectional forms (Fig. 5b), or, as in Fig. 5¢, a
canal with a varying bottom slope.

In contradistinction to Fig. 5, the canal in Figs 2 and
4 is assumed to be built with regular and unvarying cross-
sectional forms and also with a constant bottom slope sq,
thus featuring varied flow in a prismatic channel. In the
present state of the art, varied flow in prismatic channels
constitutes the most important case, a case which primarily
is dealt with in this book.

3. Variable Flow.—Varied and implicitly uniform flows
are further taken as being permanent; that is, as movements
which do not change in time. As a matter of fact, the
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depth, the velocity, and all other features, while varying
from section to section, remain constant and unchangeable
in time. As opposed to varied flow, movement in which the
elements of flow are subject to change in the course of time
is said to be non-permanent or variable. An outstanding
example of variable movement is waves; also surges
produced in canals by a sudden stoppage or a change of the
discharge. Again in Fig. 2, in the case when levels A and B
should not remain permanent and the depths ¥, and y.
would be changing in time, the permanent character of the
movement would no longer prevail and the flow would
become variable.

. A
Hydrauvlic n (Z)/ » Grad.. varred
Uniform f'/ow} VZ R ) 4 ! Flow

—-————

177

F16. 6.—Backwater in a watercourse with steep bottom slope featuring a
hydraulic jump.

In the present state of the art, practical problems of
variable flow are soluble only in a limited number of cases,
and then only in a simplified and approximate form.

4. The Hydraulic Jump.—As early as 1820 Bidone
showed that backwater does not always assume the forms
illustrated by Fig. 3, namely those of a continuous curve
tangent to the natural surface profile. In fact, whenever
the bottom slope of the watercourse is sufficiently steep,
the phenomena unfold as pictured in Fig. 6. After
flowing uninterruptedly until a certain section, marked in
Fig. 6 as section 1, the surface suddenly jumps from the
natural depth d; to the depth d. in section 2. This curious
and, for a long time, paradoxical phenomenon is known as
the hydraulic jump. The jump in most cases features a
disruption of the continuity of flow. Beyond section 2 in
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Fig. 6, the surface is once more continuous and the change
of depth is gradual and smooth.

Another example of the jump is given in Fig. 7, in which
case water is flowing with great velocity from under a

! A %/uke @

Tk
!y
(S/w'ce;’opem‘ng P

F1¢. 7.—Hydraulic jump in a canal below a regulating sluice.
sluice. The jump takes place between the depth d, near

the vena contracta and the depth d, which under these cir-
cumstances may be many times the multiple of d,.

()] (2)
Fia. 8.—Hydraulic jump at the foot of a weir (toe-roll).

Figure 8 pictures the case of a toe roll at the foot of a weir.
Tail-water is repelled by the stream falling over the dam;
the free vein connecting with the level of the tail-water by
means of a jump.
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6. The Hydraulic Drop.—In Fig. 9, the canal is laid
with a sudden enlargement in section 0, the depth of flow
in the respective portions above and below the enlargement
being y; and y,. The transition from the narrow to the
broad canal takes place by means of a rather steep and
abrupt lowering of the surface, a phenomenon which we
shall call the hydraulic drop. Characteristic of the drop
is the fact among others, that the surface of flow in the
narrow portion of the canal will not sink below a certain
depth y.; and that, no matter what the stage of flow isin the

I 1

Point of inversion
,of curvature

Za ,Hy@'mu//c
~ 70
| » 18

A B7

Y ~——
F )"‘z ;r—

l¢ - =< —— >y,
>

Y

PITTTTTTVTT7 7
Fi1a. 9.—The hydraulic drop, caused by an enlargement of the canal cross-section.

broad portion of the structure. Thus, in case the level of
flow at the lower stage was B’ instead of B, with the depth
y'2, such lowering of stage B would not affect the surface
curve above point C. In this light, point C with the depth
Y. appears as a natural limit to which the surface in the
canal may sink in unobstructed outflow by means of a
hydraulic drop. As indicated in Fig. 9, C is, moreover, the
point of inversion of curvature of the dropping surface.
Another example of a hydraulic drop is that of a canal of a
mild bottom slope, emptying into a chute with a steep slope
(Fig. 10). Here again the connecting curve between flow
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in the canal I at ¥, and flow in the chute II at y,, features a
hydraulic drop. Again, there is a depth y., over the break-
ing point of the bottom which is the lowest possible depth to
which the surface in the upper reach can sink, and again
point C'is a point of inversion of curvature of the surface line.

6. Local Phenomena and Gradually Varied Flow.—The
hydraulic drop and the hydraulic jump are both charac-
terized by a rapid change of circumstances of flow which
takes place over a comparatively short length. In this
aspect they are distinguishable from flow as shown in Figs.
2, 3 and 4, where an appreciable change of depth is evi-

l \
|
! Hydrau/ic drop
){, poirt of inversion
i P of curvature
Yer
S
%

Mild bottom s/cpe

Steep bottom
s/opa

Fi16. 10.—The hydraulic drop, caused by a change of the bottom slope from
mild to steep.

denced only over a considerable length. Accordingly flow,
as illustrated by Figs. 2, 3 and 4, may be qualified (Bous-
sinesq) as slowly or gradually varied flow, while cases
where the change is effected in abrupt manner may be
covered by the general term of local phenomena.

A watercourse with varying circumstances of flow may
usually be divided into successive reaches in which gradu-
ally varied flow alternates with the local phenomena. The
case is illustrated by the somewhat artificial but illuminat-
ing example of Fig. 11, where the reaches with gradually
varied flow are separated by comparatively short stretches
featuring phenomena of local character.
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May it be remarked at this point that throughout the
following it will be customary to designate depths relating
to local phenomena by the letter d, while depths in gradu-
ally varied flow will be designated by the letter y. Also,
regarding the nomenclature, the word depth may be sub-
stituted by the word stage. In fact, a surface curve may be
determined by the consecutive depths of the water over
the bottom line, as well as the consecutive stages, meaning
the consecutive elevations of the surface level in each and

m @B toc 1 yar Jump@ (5) Loc Ph Flow over o werr

L.Ph effl
_i : “ Grad var: Flow ;
Ul 6y Fow rising curve r ®
/_{ :S' z:, rising curve ,: AL Grad Var Flow Loc Ph
| —“1 ! 5 ! | falling curve " Hyar argp
[ h d - /
2P g 4 T
—
Grad Var Flow
falling curve
‘ij .
! (@)
1
' /
—ad

(b)

Fia. 11.—Gradually varied flow alternating with local phenomena.

every section. In the following the two terms will be
alternately used.

Figure 11 serves also to illustrate the character of the
problems which a ‘‘theory” of varied flow is expected to
solve. Assume, in fact, that the respective locations, the
dimensions, and other characteristic features of the dif-
ferent structures are known. Assume further that the
position of the initial level A is given as well as the aperture
of the sluice &. The problem first would be to determine
the general picture of flow; that is, the type and the
general outline of the different surface curves in the reaches,
and the specific form in which the different local phenomena
unfold. Just as an example one should determine whether,
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under the circumstances as given, the toe roll below the
weir is covered as in Fig. 11a, section 4-5, or free asin Fig. 8;
or whether the flow from under the sluice is free as in Fig.
11a (section 1-2) or is submerged asin Fig. 116. Obviously
the fact whether the outflow from under the sluice is
submerged or free will materially affect the volume of the
discharge, and thus the flow in the whole system.

After the general type of movement is established, the
next step will be to determine with sufficient precision the
numerical features, meaning the depths in the sections
which separate the local phenomena from the adjoining
stretches and then the precise outline of the surface curves
in the reaches where flow is of the gradually varied type.
Methods devised in this book permit, speaking generally,
solution of problems of this character with a degree of cer-
tainty and precision sufficient for practical purposes.



PART I
THEORY OF GRADUALLY VARIED FLOW






CHAPTER II
UNIFORM FLOW

The notions relating to uniform flow, familiar from
elementary hydraulics, are presented in this chapter from
a somewhat different aspect which makes them more
convenient for the subsequent study of varied flow.

7. The Conveyance of a Canal Cross-section.— Assuming
uniform flow taking place in a canal (Fig. 1) with the depth
¥, the average velocity of flow in accordance with the
Chézy formula is:

v = CVRV's, (1)
And the discharge Q:
Q = aCVR - Vs, (2)

In these formulas:

a = the cross-sectional area.

R = a/p = the hydraulic radius; p = the wetted per-
imeter.

sy = the bottom slope.

C = the Chézy resistance factor, to be determined by
means of the Ganguillet-Kutter, Bazin, Manning, or
other empirical formulas.

Designating
aCvVR = K 3)
we obtain, instead of Eq. (2)
Q = Hv/si} 50 = QY3 )

For a given canalj the value of ¥ is a function of the depth
y. It can be traced as a curve ¥ = f(y) (Fig. 12), which
curve features the capacity of the canal to convey water

depending on the stage of flow. The actual discharge Q,
13
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at a certain stage y is obtainable by multiplying the value

of ¥, corresponding to the respective depth, by V/s,.
As §p = sin ay is a dimensionless quantity, the physical

dimension of ¥ is that of a discharge (L*/T). In fact, ¥

4

<~ — K~

e =~ < - - = Depth of Flow

e K =acVR Convevance

Fi1o. 12.—The conveyance curve X = aC\/R = f@).
measures the quantity of liquid delivered by the canal per
unit of time in the hypothetical case of Vs, = 1. We

i
F16. 13.—Conveyance curves in case the Ganguillet-Kutter formula is used.

shall designate ¥ = f(y) = aCV'R by the term conveying
capacity, or briefly conveyance of a cross-section.

Speaking generally X is a general characteristic, inherent
in a canal cross-section as such. If the friction factor C
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is determined by means of a formula which does not
contain s, such as the Bazin or the Manning formula, then
in such case the conveyance curve features the conveying
capacity of a certain cross-section for the whole range of
practically usable slopes. If the Ganguillet-Kutter for-
mula is used, which makes C vary (even if only slightly)
with the bottom slope s,, then the conveyance diagram is
represented (Fig. 13) by the shaded area contained between
the conveyance curves, corresponding to certain limiting
values of Somin and Somez.* The following examples will

Fia. 14-—Canal cross-section type B.

help the reader to become familiar with the practical use of
the notion.

Example 1

Question 1. Trace the conveyance curves for a canal cross-
section (Fig. 14), assuming concrete lining, corresponding to a
G.K. coefficient n = 0.013, and a Bazin coefficient v = 0.16.
When applying the G.K. formula, consider the limits of bottem
slopes to be somaz = 0.001 and somi» = 0.0001.

The computations referring to the Bazin formula with

C=—"%1¢
0.55 + TR-

* We have no intention at this time to cnter into the much discussed
field of the relative value of the different empirical formulas. The great
advantage of the G.K. formula, in many other wavs untenable, is the
abundance of experimental data, whioh have been reduced to the form of
G.K. cotfficients. The G.K. experimental coefficients, however, may be
expediently used in an exponential formula of the Manning type (see Art.
42),
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are assembled in Table 1, which is self-explanatory; while the
respective ¥ curve is traced in an unbroken, drawn line in Fig. 15.

Tasre 1

v a P i R C X

0.5 2.75 6.41 0.429 109.0 196
1.0 6 00 7.82 0 768 118.0 623
1.5 975 9 20 1 053 123.0 1,228
2.0 14.00 10 64 1 312 126 0 2,019
2.5 18.75 12 05 1 558 128 5 3,000
3.0 24.00 13 46 1 783 130 0 4,165
3.5 29 75 14 87 2 010 132 0 5,560
4.0 36 00 16 28 2 215 132.7 7,100
4.5 42.75 17.69 2.410 133.5 &,870
5.0 50.00 19.10 2 620 134 3 10,880
6.0 66.00 21.95 3.005 135.6 15,500

The values of (’s in accordance with the G.K. formula and
the respective }{’s are given in Table II and traced in broken lines
in Fig. 15.

TasLe I1
so = 0.001 so = 0.0001

" — T

C X C X
0.5 97.0 174 86.0 154.5
1.0 110.0 578 103.0 541
1.5 117.0 1,170 110.0 1,106
2.0 121.0 1,940 116 0 1,875
2.5 124 5 2,910 120.0 2,840
3.0 127.0 4,070 124 .0 3,980
3.5 130.0 5,490 127.0 5,360
4.0 132.0 7,060 129.5 6,940
4.5 133.5 8,870 131.0 8,700
5.0 135.0 10,910 133.5 10,800
6.0 138.0 15,780 137.0 15,640

Question 2. In the canal as above, determine the discharge
under y, = 3.7 ft. and 8o = 999%,. " .

Remark: The sign, 950, used to indicate the slope, means
that the incline is given in units of 1/10,000.
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Thus,
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UNIFORM FLOW

o. In fact

8

The convenience of using such notation becomes apparent

f the slope is given as $,9%g¢

V8o = V5 1072

when figuring out v/
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If, on the other hand, the ¥ values, which are usually quite

large, are given in units of hundreds, so that ¥

then, for figuring discharges, we have
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In other words, the }’ values should be simply multiplied by
the square root of s'o. This practice is maintained throughout
the book.
From curve (Fig. 15), for y, = 3.7 ft.:
W (Bazin) = 61 - 102 cu. ft. per second.
K (G.K.) = 60 - 102 cu. ft. per second.
Hence with s, = 9 - 10-4;
Q (Bazin) = 61 - /9 = 183 cu. ft. per second.
Q@ (G.K.) = 60-3 = 180 cu. ft. per second.

Ezxercise:

Determine Q for yo = 2.5 ft. and yo = 4.8 ft. under s, = 2005,
and respectively s, = 690,

Question 3. In the canal, as given, determine the slope
required to convey a discharge of 200 cu. ft. per second at a
depth of 4 ft.

a. Using Bazin coeflicients, the conveyance at y, = 4 ft. is
¥ = 71.10%; hence the required slope

= Q/H: = 200 '71* X 10 = (200-,)2 - 10~ = 7.9004,

b. If G.K. coeflicients are used, start in first approximation

with an average value of ¥ = 70 X 102; for which
so = (20054)2 - 104 = 8.2004,

In further approximation with = 70.5 X 10? the slope
s = (200,/70.5)2 X 10~% = 8.05%0¢

Ezercise:

Determine the slope required to make the canal carry Q =
500 cu. ft. per second and 250 cu. ft. per second, respectively,
at the depths of y, = 5.4 ft. and 2.7 ft.

Question 4. a. Determine the depth, required to convey
300 cu. ft. per second at a slope of 10°9g,. Use G.K. coefficients.

Cod conv =9 30000

The required conveyance is: e \[10 95.1 X
102, From the curve, Fig, 15, we find the corresponding depth
Yo = 4.7 ft.

b. Assuming, in accordance with Question 2, that a discharge
Q = 183 cu. ft. per second is being conveyed by a canal with



UNIFORM FLOW 19

yo = 3.7 ft. and s, = 999,y; determine the depth required to
maintain the same discharge with s, = 599g,. Use Bazin
ceefficients.

The required conveyance is = Q/V'so = 183/4/5 - 102 =
81.9 X 102 The corresponding depth from curve, Fig. 15, is
Yo = 4.3 ft.

Exercise:

Determine the depth, required to convey 450 cu. ft. per second
under s, = 12004, and respectively 49%4,.
General Erercise:

It is suggested that the student select a certain canal cross-

gection which he shall subsequently use for different exercises.
At this point the student should compute and trace the con-
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veyance curve for the canal as selected and practice in solving
problems, similar to those covered by the above examples. In
selecting the cross-section, take a trapezoidal canal with a bottom
width w (Fig. 16) between 3 anc 25 ft. and side slopes m/n
between 0.5/1 to 2.5/1. In addition to the trapezoidal canal,
work on a rectangular cross-section of the same bottom width
w. In this case, assume the canal concrete lined.

8. Resistance Losses.—Referring the movement to a
horizontal datum line 0-0 (Fig. 17), with the X-axis
parallel to the line of the bottom and pointing in the direc-
tion of the flow, the energy heads (energy per unit of weight
of liquid) in sections 1 and 2 are, respectively,

2 2
e,=h1+%ande2=hz+% (5)

The loss of energy head over the stretch dx is equal to the
work spent per unit of weight of liquid on hydraulic
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resistances over the same stretch. Designating the energy
head lost by e,, we obtain:

ey — ey = —de = de,

b4

or

Il

—de/dx = de,/dx (6)
In the uniform movement, as the velocities remain
without change, we have
de = €y — €1 = hz -_ h1 = —"dh = —Sc,dx

" (2)

1

X

| —ah =z-Spax
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A =
Yo I —
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Dotum line },
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F16. 17 —Umform flow referred to a horizontal datum line.

which means, that the work of gravity is wholly spent on
overcoming resistances.

Substituting (Eq. [4]) so = Q?/%2% we obtain instead
of Eq. (6)

de/dx = —sy = —Q?*/K? )
/der/dx = Q*/}*?

The quotient Q2/¥? measures thus the rate of energy
lost in hydraulic resistances. In the foot, pound, second
system, Q%/¥? indicates the work in fool pounds spent on
hydraulic reststances by every pound of liqguid in its movement
over a stretch 1 ft. long.

If a volume V of liquid of specific gravity A moves over
a stretch x, the total work spent in overcoming resistances
over such stretch will be



UNIFORM FLOW 21
W,=A4-V QK -z ®)

The power N (work per unit of time) spent in the flow of
a discharge ) over the stretch z will be:

N = A-Q-Q2-x =A-Qj-xft.-lb.persecond (9)
IK‘.Z 3{2

or in differential form
dN/dx = A - Q*/}? (10)
which is the rate of power lost on resistances by the dis-

charge @ per unit of length. For water, with A = 62.41b.
per cubic foot and expressing N in horsepower, we have

dN /dx = 62.4/550 - Q*/%?* = 0.1135 Q*/K2hp. (10a)
or, in view of Eq. (4),

dN Q @ Q
% — _8_8_1 . jﬁ — 8—81 'Sohp- (106)

Example 2
With reference to the canal (Fig. 14) and the curves (Fig. 15).
Question 1. What is the power, spent in overcoming resist-
ances per mile length, with 120 cu. ft. per second, flowing at

the depth of yo = 3ft.,and yo = 5ft. and yo, = 4 ft. respectively?
Use, as an average, G.K. coefficients for s, = 10004,.

For y, = 4 ft., the value of B = 70.6 X 102,

Hence the power lost
1203

70.6* X 104
For the other given depths:
yo = 3ft; K = 40.7 X 10?; N = 20.6 (70.6/40.7)* = 62 hp.
yo = 5 ft.; K = 109.1 X 10%; N = 20.6 (70.6/109.1)% = 8.7 hp.

Question 2. Figure the energy spent in resistances per 1-ft.
length of canal per 24 hr., in case 200 cu. ft. per second are
flowing at y, = 5 ft. Use G.K. coefficients for s, = 10994,.

With = 109.1 X 102, we have, in accordance with Eq. (8),
W, = 624 X 200 X 3,600 X 24 X (200/109.1)21/10¢ X

1 = 36.1 X 10*Ib. . ft.

N hp. = 0.1135 - 5,280 = 20.6 hp.
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Question 3. Using Bazin coefficicnts, determine the rate of
loss of energy per pound of water over a foot length with 100
cu. ft. per second flowing under each of the following depths:
yo=11t.; yo =2 ft.; yo = 3 ft.

The respective conveyances are:

6.23 X 10%; 20.19 X 10% and 41.65 X 102
The rate of loss of energy is determined by Kq. (7):
Yo = 1;de./dr = Q2 H* = 100%,(6.23) X 10+ = 0.02560
Yo = 2; de,/dr = Q2K = 1002/(20.19)* X 10¢ = 0.00246
Yo = 3; de,/dr = QK2 = 1002/(41.65)® X 10* = 0.00057
9. The Normal Depth.—In treating problems of varied
flow, uniform movement will be frequently used as one of
reference.  Assume a discharge
Q flowing in a canal of given
dimensions with a bottom
— slope so. The different possi-
| :\ ble surface curves in Fig. 18,
Y \\j each determined by the respec-
*’-‘3’;\;\\ ¥% tive depths y, and y. in section
%\ 1 and section 2, illustrate the
X ’%‘; . . ) .
innumerable possible ways in
2 which the discharge Qmayflow
between the above sections.
"Among these movements the one indieated vy a heavy
line, parallel to the bottom, represents uniform movement.
The characteristics of such movement in contradistinction
to all other possible forms of flow are

y=const., dy/dx=0 (11)

The depth of uniform movement constitutes a parameter,
fully determined once the discharge @ and the fcatures of the
canal are given. We shall call the depth of uniform move-
ment the normal depth, and shall designate it by y,. Thein.
dex o will be used, in general, to designate elements pertaining
to uniform flow. So we shall have ao, Ry, Cy, and finally X,

= a,CoV'Ey, which are respectively the cross-sectional area,
the hydraulic radius, the friction factor, and, finally, the con-

I
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N

-

Fra. 18.
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veyance at the normal depth y,. For a given canal and a
given discharge @, the normal depth is determined by the
procedure indicated in Ixample 1, Question 4. In fact,
dividing the discharge by the square root of the bottom
slope, one finds the conveyance, corresponding to the normal
depth

= Q/V's (12)

after which the corresponding ¥, is taken from the respec-
tive K curve.
v The Normal Discharge Curve Q, = f(y,).—In handling
problems with varying dis-
charges in a given canal, it will
be found handy at times to use ¥% }
a chart, giving the relation
between Q, and %, This is Q54 0V50
accomplished by tracing what
we shall call the normal discharge
curve Qo = f(yo). — &
This curve, Flg 19, represents Fic. 19.—The normal discharge
for each stage y the value of the eurve:
discharge in uniform movement corresponding to the respec-
tive depth yo=vy. Asfor each depth y, the discharge is @, =
%oV sy, the normal discharge curve is the conveyance curve
= aC'V/R multiplied by Vs,.

Ezxercise:
1. Draw the Q, = f(y,) curve for canal (Fig. 14).
a. For s, = 4093, with Bazin coefficients.
b. For s, = 10005, with G.K. cocfficients.

2. Draw a normal discharge curve for the canal cross-section
selected for gencral exercise at the end of Example 1; in doing so,
select a slope at your discretion between s, = 19950 and s, =
15004,.




CHAPTER III
EQUATION OF VARIED FLOW

10. Geometric Relations between Surface and Bottom
Slopes.—In varied flow, the surface line is not parallel
to the bottom. The relation between the surface slope
s = sin @ and the bottom slope s, = sin a, follows from
Fig. 20:

¢ = sina = bd _ cd —cb _ sin oo — dy
) ba ba T dx
Hence
dy
s =8 — dE/ (13)
4 dxSina
b! TdxSinay
) !> \ ——
4 ’dy \ — - —F'.
T~ B L y
\ yu ya ,
. P _,’}_»}__L__x__v_
\ux
I'ta. 20. Fi1a. 21.

11. Resistance Losses in Varied Flow.—Assuming resist-
ances to be proportionate to the square of the velocity,
the rate of energy losses will vary from section to section,
depending in each section on the depth of flow. If in any
section (Fig. 21) the stage of flow y’ is greater than the
normal depth y, the velocity v will be less than v, and
the loss of energy will be proportionately reduced. On the
contrary, with ¥/ < y,, the velocity of flow will be greater
than that in uniform movement, and the loss of energy

will exceed that of uniform flow.
24
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The rate of loss in varied flow at a certain stage y may
be compared with the losses which would take place in
uniform movement, provided the same discharge were
flowing at the same depth and, therefore, at the same
average velocity. Ividently, one should expeet that the
losses in varied flow would be somewhat different from the
losses in uniform movement. The difference would prob-
ably be caused, in the first placeprby a somewhat different
distribution of the velocities over the cross-section as
compared with the case of uniform
flow. Then, and this is probably the
most important factor, there would

be the general effect which divergence  surface curve ?Q:\
[

of varied flow

a

or convergence of flow exercises on v o
the degree of turbulence in the flowing ””»»,,% A
. . “ .y . ]
liquid.* So far there is little, if any, ~ I

x

reliable experimental material avail- i
able on this 'subject. Neither do we g, 99 Resistance
know anything about the compara- losses in varied flow at the
. . . depth y, assumed to be
tive value of the friction factor, as equal to the losses in
ca.used. by thef roughness of‘ the c:tn.al ;g‘!‘lfgr(’i';p't‘}f’;’f“f’;t at the
walls in ordinary {ranquil and in
so-called rapid movement (Art. 24).+ On the other hand
in most practical cases, the change of depth takes place
rather gradually; so the picture of movement at a certain
depth cannot be very different from that which would be
taking place under similar conditions in uniform flow.
Therefore, the basic assumption is made that the rate of
resistance losses in varied flow in a certain section charac-
terized by the depth y (Fig. 22) is identical with the losses
which would take place were the same discharge to flow
with the same depth y = y, in uniform movement. The
rate of energy losses in uniform movement being Q2/3?
(%o line in Fig. 22) an identical expression is used to qualify

* ReynowLps, O., Phil. Trans. Roy. Soc., 1883.

t See, in part, Darcy Bazin, *‘ Recherches hydrauliques.” An attempt to
approach the subjec: theoretically was further made by Boussinesq,
“Théorie des eaux courantes,” 1877. and other works.
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losses in varied flow. Accordingly, the energy losses per
pound of liquid over the stretch dx will figure as

Q* , de. @
de, = 3{_, d.t, E.l? = 3‘(3 (14)

The rate de,/dr, depending on ¥* = f(y), will be itself a
function of the depth. With reference to s, = Q*/H,?
which measures the rate of loss of energy in uniform flow,
the rate of loss in varied flow will be Q*/%* > sy or Q*/K? <
so, depending on whether y < yyor y > yo.
v12. Equation of Varied Flow.—
The differential equation of varied

—la flow follows from the energy Eqs. (5)

1 \’mﬁ-dh and (6). Applying the latter to the

-’I" Y, \v \K‘y‘ /' two sections 1 and 2 (Fig. 23) at a
] .
«:i.l ' PO small distance dr, we have
{ 1
! Q\ : vl'.!
; W\,{: “de=£’1—(’2=<111+2“‘ -
1] 12 1 g
0 fpatum line o 0.2
’Lg + 2" = dC,-
Fi1g. 23. )

In differential terms the equation reads
de dh | d v’ de
dr = dr Tde2g T Tda
From Fig. 23, we have —dh/dr = sin @ = s. On the
other hand (Eq. [14]).

(15)

de,/dx = Q*/¥* = v*/C*R (16)
Substituting into Eq. (15), we obtain
Q@ d ey 123
=3 T ar (ﬁg) =R T ax\5y (17)

which is the classical form in which the varied flow equation
is usually given in textbooks on hydraulics.

13. Limitations of the Applicability of the Equation
of Varied Flow.—It is most important to make clear the
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specific conditions under which Eq. (17) is applicable.
2

In Eq. (5) the expression of energy head e = h + %(} was

2
applied to the flow as a whole; meaning that h + ;_g was

assumed to represent the energy which is contained, on the
average, in every pound of liquid flowing through the section.

Such will be the case. if and when the potential energy
head for each and every point of the cross-section will
be identical. Now, the potential energy head at a certain
point a (Fig. 24) is measured (in the so-called Bernoulli

a
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Firs. 24.--Cuase of nonhydrostatic Fra¢. 25.—Case of hydrostatic dis-
distribution of pressure. tribution of pressure in a moving
liquid.

equation) by the height z 4 g; where 2 is the elevation of

the point over the datum line, while p/A is the piezometric
head, meaning the height of the liquid column equivalent
to the pressure p at the respective point.

If the flow were to take place in such a manner that the
pressure p in any point of a certain cross-section (a’ or a’’
in Fig. 25) were to be equal to the hydrostatic pressure,
corresponding to the depth d of suck point below the free

surface, then, as follows from Fig. 25, the sum z + %would
be the same for all points of the cross-section and always

beequal toz + £ =z +d = h. In this case the condition
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above stated would prevail, and the energy head would
be expressed by Eq. (5). The condition that in a moving
liquid the pressure in each point of a cross-section is to be
equal to the pressure corresponding to the depth of the
respective point below the surface, is equivalent to saying
that the distribution of pressure over a section in a moving
liquid is affected solely by gravity, and that the pressures
are distributed in the same way and manner as if the liquid
were at rest; in other words that the distribution of pres-
sure over a cross-section of moving liquid follows the
hydrostatic law.

(o) b
Concave | flow Convex| flow

~—_ | __— a

’ { / \
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Fia. 26.—Effect of curvature on the distribution of pressure in a moving liquid

Elementary hydromechanics teaches that the distribution
of pressure in a cross-section of moving liquid will obey the
hydrostatic law and will be affected solely by gravity,
when, and only when, flow takes place in such a manner
that the fluid filaments have no acceleration componenis
in the plane of the cross-section. Movement of such kind,
t.e., flow, where there are no accelerations to disturb the
distribution of pressures in the plane perpendicular to
the axis of the flow, is known as parallel movement. The
specific requirements of parallel movement were clearly
defined by Bélanger in 1828 in his celebrated paper which
is justly considered as the foundation of the theory of
varied flow.*

*Bee bibliographical notice Appendix I.
v
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These conditions are:

1. That the stream lines have no substantial curvature.

2. That the stream lines be not substantially divergent.

In curvilinear movement (Fig. 26), depending on whether
the stream lines are concave or convex, the centrifugal
forees will act either in the direction of gravity or opposite
to it. As a result, instead of the hydrostatic pressure
triangle acd, the pressure will be represented by a
curve ab.

In the case of divergent flow (Fig. 27), when the stream
lines are substantially inclined towards the cross-sectional
plane, the acceleration oa may have a noticeable component
oa’ in the eross-secetional plane, the effect
of which again will be to modify the dis-
tribution of pressures as caused by
gravity alone. - a

It may be said that the effect of di- 5’-""‘32:!
vergenee  is usually  comparatively s
negligible.  On the other hand, the T
deviations from hydrostatie distribution
caused by curvature are usually quite
substantial, so that whenever curvi-
linear flow is on hand, Eq. (5), and thus
Eq. (17), cannot be strictly applied.

In Art. 6, the distinction is made between gradually
varied flow and local phenomena. We are in a position now
to specify the mechanical qualifications underlying such
distinction.

Gradually varied flow is a term, introduced by Boussinesq,
to describe more appropriately movements which conform
with the Bélanger qualifications of parallel flow. While,
strictly speaking, Bélanger’s conditions are met only by
rectilinear uniform moverment, in praccice, nevertheless, as
stated before, the change of circumstances of flow may take
place so gradually and so slowly that the stream lines may
be said to possess no apprectable curvature or divergence.
In other words, the curvature and divergencies are small

o
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encugh to make the effect of the acceleration components
in the cross-sectional plane negligible. In gradual varied
flow of such kind the distribution of pressures may, there-
fore, be assumed to take place as if caused by gravity alone.
The energy equation in the form of Iiq. (5) will prevail
and as a result the varied flow equation (Eq. [17]) may be
applied.

In contradistinetion, in most local phenomena, one meets
with substantial curvature or divergence of the stream
lines. The hydrostatic pressure law does not hold and
Eq. (17) cannot be applied.

It is most important to keep this distinetion, together
with the underlying preniises, clearly in mind.

14, Prismatic Channels. - Outside the limitations im-
posed in the preceding paragraph, Lig. (17)

Q- d (¢
g T (z;,)

is quite general and, therefore, eun be applied to describe
varied flow in the broadest sense, including the case where
the form of the canal itself would gradually change from
section to section (see Art. 2). However, analytical treat-
ment of these broader cases scarcely leads to generalized
solutions of practical character; so it will not be further
pursued.*

In the case of a prismatic channel (see Art. 2) with the
discharge @ given, the velocity and all the other elements of
flow in a certain cross-section depend on the stage of flow .
The problem, therefore, becomes one of two variables: the
depth y and the axial distancex. Thus, when the equation of
the surface line y = f(z) is established, a complete descrip-
tion of the movement is available, as the depth y determines
the value of a, which in turn defines v = Q/a and thus the
other elements of movement.

* For an approach to the treatment of the more general case, see Casler.
Trans., A. 8. C. E., 1930.
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R d (v? . '
For prismatic canals the member Iz (;g )' featuring the

variation of kinetic energy in Eq. (17), can be expressed as:

L6 T S TR

dz\2¢) ~ dr\2ga®) = T gaddydz

In da/dy, the numerator da measures the increase of the

cross-sectional area due to the increase of the depth by dy.
Neglecting members of higher degrees of smallness, this

increase of area (Fig. 28) is da =

bdy, where b is the width of the free

surface of the liquid in the profile. \ . /4y
We have, therefore, H
da/dy = b (19) T
and thus the rate of change of ki- Fia. 28.
netic energy
d v\ @ bdy
() = =5 v (20)

2
In Eq. (17) we substitute dix (zé) by Eq. (20); we express s

by Eq. (13). Finally in view of Eq. (12) we make Q*/¥? =
80¥o?/H?, where ¥, is the conveyance corresponding to the
normal depth. We have now

s,y _ Q@ de K Qb ody
8_6°—E§—§(7+E29—s°3£2 g a® dx
Wherefrom
dy 1 — (H,/¥)?
dx = % Qb
1 -
g a
which is the differential equation of gradually varied flow
in prismatic channels.

(21)



CHAPTER IV
GENERAL FEATURES OF FLOW

16. The Specific Energy of Flow.—When a discharge
Q is flowing in uniform movement under the normal depth
Yo, the work of gravity sedr is wholly spent on hydraulic

. Qv* \ .
resistances " Jr. Therefore,  the circumstances of flow
«

(Fig. 29) in section 2 remain the same as they were in sec-
tion 1.

(U 2)

If, on the other hand, liquid were to flow with a depth
y' > 1y, the energy loss x,_Q( ,)dz: spent on resistances
over the stretch dr would be less than the work of gravity
over the same stretch sodzxr = %dx. Therefore, in its

movement over the stretch from section 1 to section 2, the
liquid would gain a certain increment of energy, Whlch per
unit weight would be

e (e @
00z = 307y ¢ r = (56 ~ 305 ) e
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2
In the event of ¥y’ < yq, the energy loss %y,,)dx would

exceed the work of gravity. Therefore, in the movement
of liquid over the stretch dr, a certain amount of energy
would have to be withdrawn from the stock of energy,
contained in the moving liquid and available in section 1.
The decrease in the content of energy carried by the flow
would be measured by the same expression (Eq. [22]) only
that with ¥ (y"") < ¥, the sign of 1 — (¥,/¥(y""))® would
be negative. We see now that depending on whether

Pot energy //ne Q

Kinetic energy curve

oyt
|
L
\
‘|

Spec energ y curve

e
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Variable depth / Line o \ /
’ofl ;Iowp Crifical Depfh 14 C. sz/nf of ;mn/mum contents
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AN -~ of energy
\
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Y Yer S
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i -/ ¥ +° o=
€ : o ——> Energy &

[~ —~Emin. — 1

= f(y).

¥ > Yo Ory < y,encrgy is added to or w'lthdra.wn from the
flowing liquid, and thus the energy content from section to
section changes.

A very clear insight into the whole mechanism of the phe-
nomenon is gained by means of the notion of the specific
energy of flow.

Assume a discharge Q flowing in the canal (Fig. 30)
under varying stages y. Referring the flow to a datum line
passing through the bottom of the section, the average
energy head of the flowing liquid is:

e Q?
e=y+2—g=y+ 2ga’ (23)
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Obviously € is a function of the depth of flow and can
be drawn in the form of a curve as € = f(y). We shall call
e the specific energy of flow and the curve e = f(y) the
specific energy diagram. It is most important to gain a
clear understanding of the situation, and to bear in mind

the distinction of the specific energy € = y + —’ as defined

in Eq. (23) from the cnergy ¢ = h + 57 as defined in Eq. (5).

The energy in Eq. (5) is energy referred to a constant
datum line. It pictures the changes in energy over a
certain stretch in the flow as a whole. The specific
energy (Eq. [23]) is referred to a bottom line which changes
from section to section. The change of e pictures the
variation of energy in a cross-section as such depending on
the depth of flow. Uniform flow is characterized by e con-
stant. Inother wordsinuniformflowée/éx = 0. In varied
flow the excess of the work of gravity as against the
resistance losses over the stretch dx adds to, or subtracts
from the specific energy Accordingly, in view of Eq.
(22), we have

be/dz = so(l — [Ho/H]) @4)

Obviously, when
y > Yo; Ji > ¥,; defdx > 0; e grows in the direction
: of the flow

while when (25)
Yy < Yo; K < Ko; de/dx < 0; e diminishes in the
direction of the flow

For a given discharge and a given canal, the specific energy
2

curve € = y + §§~a~2 can be traced as € = f(y). The first

member, the potential energy is represented by a straight
line op (Fig. 30) at 45° to the z-axis. The second mem-
ber »%/2g, the kinetic energy head, is a curve K, asymp-
totically tangent to the y- and the z-axis. The ¢ = f(y)
curve is the sum of op and of the K curve, being assymptotic



GENERAL FEATURES OF FLOW 35

to op and to or. The curve has a minimum point c,
corresponding to a certain depth to be designated as v.,.

16. Critical Depth.—The particular depth which makes
the specific energy a minimum; in other words, the depth
under which a certain discharge @ flows in a given canal
with a2 minimum content of specific energy is called the
critical depth. 1t is designated as y,.,.

It is most important to gain a clear conception of the
whole matter. A certain discharge @ may flow in a given
canal in an innumerable number of ways, ecach charac-
terized by a certain depth y. To each depth there cor-
responds a definite value of the specific energy e. In
general, e varies with the depth; but, under no circum-
stances, can the content of energy per unit weight of
liquid fall below a certain value €m;,, which minimum is
attained at the critical depth. In other words, €, is the
least possible content of specific energy with which the
discharge @ is able to flow in the canal as given. Obviously,
the critical depth y.. and the minimum possible energy
€n:n cOnstitute definite parameters inherent in the flow.

To determine the value of y.,, we make

de _, _Q ba _
TR Tl
With
da/by = b (see Eq. [19])
b _ @b _
R (26)

which corresponds to a depth determined by the equation
Q/g-b/a’ =1 (27)
In other words, the critical depth for a given discharge @
is the depth y.,, for which the value of a3/b is equal to
(as/b)cr = Qz/g :
(a'\/m%r = Q/ \/é]

The ¢ Function.—For a given profile the value of a®/b
is a function of the depth only. We shall designate

(28)



36 HYDRAULICS OF OPEN CHANNELS
ava/b = W; a®/b = M2 (29)

and call M(y) = ava/b the M function. Traced as a
curve for a given cross-sectional form (Fig. 31), the M
function permits determination of critical depth for any

1

/]
!

\

-

F1a. 31.—Determining the critical depth by means of the M = avg curve.

discharge flowing in the canal. In fact, for a given
discharge Q, we determine (Liq. [28]) the critical value of

and, then, from the M curve the corresponding value of the

critical depth y.,.
f Rectangular  Profile.—In  the

i b --- ’4__ case of a rectangular profile (Fig.
32), the discharge per unit width

==F — of the canal being
M
1 qg=Q/b (31)
F1o. 32. the M (y) function is
& = Va'b = VB/b = bV (32)

while the critical depth follow?om the relation
Q/\/§ = bq/‘\/_g_ mcr = b Vv yacr

Hence

cr = W
ysﬁ = gygcr/ g} (33)
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Example 3

Question 1. Draw the M = av/a/b curve for the canal
cross-section (Fig. 14).

The elements of the figuring, partly taken from Table I, are
assembled in Table III.

TasLe 11T
Y a b a/b n = av/a/b
0.5 2.75 6 0 458 1.86
1.0 6.00 7 0.858 5.56
1.5 9.75 8 1.220 10.76
2.0 14.00 9 1.560 17 .45
2.5 18.75 10 1 875 25 65
3.0 24.00 11 2.180 35.50
3.5 29.75 12 2.480 46.85
4.0 36.00 13 2.770 59.90
4.5 42.75 14 3.050 74 .60
5.0 50.00 15 3.330 91.40
6.0 66.00 17 3.880 130.00

In Fig. 15 the curve is traced in the direction opposite to .
Question 2. Determine the critical depth for @ = 100 cu. ft.
per second and, respectively, for Q = 200 and @ = 300 cu. ft.
per second.
In accordance with Eq. (30), taking Vg = 5.67, we have
for:

Q = 100 cu. ft. per second; M., = 100/5.67 = 17.6;
hence from curve y., = 2.01 ft.

Q = 200 cu. ft. per second; M., = 200/5.67 = 35.2;
hence from curve y.,, = 2.99 ft.

Q = 300 cu. ft. per second; M., = 300,5.67 = 52.8;
hence from curve y., = 3.74 ft.

Question 3. In a rectangular canal, 10 ft. wide, determine
the critical depth corresponding to a discharge of 120, 180,
and 300 cu. ft. per second.
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The respective discharges per unit of width are ¢ = 12, 18,
and 30 cu. ft. per second. From Eq. (33), we have for:

g = 12 cu. ft. per second; y = v/122/32.2 = 1.65 ft.
g = 18 cu. ft. per second; y., = \/182/32.2 = 2.16 ft.

Ezercises:

) -
1. Draw the @ = av/a/b curve for the canal profile, selected
for the purpose of general exercise in Art. 7.
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F1g. 33.—The specific energy diagram for canal type B with @ = 300 cu. ft.
per second.

2. Determine the critical depth for a series of discharges,
and trace the curve of critical depths y.. = f(Q).
3. Trace the y., = f(q) curve for a rectangular canal.

Example 4

Draw the specific energy curve for the canal (Fig. 14) for the
discharge of @ = 300 cu. ft. per second.
02

The figuring of e = y + % is given in Table IV; the energy

curve is traced in Fig. 33.
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TaBLE IV
300 v? v?

v a V= 99 |TVTy| P
0.50 2.75 | 109.00 | 185.000 | 185.50 740000
0.75 4.31 69.60 75.200 75.95 200000
1.00 6.00 50.00 38.900 39.90 77.800
1.25 7.81 38.40 22.900 24.15 36.600
1.50 9.75 30 80 14.700 16.20 19.600
2.00 14.00 21.40 7.140 9.14 ? 7.140
2.50 18.75 16.00 3.980 6.43 3.090
3.00 24.00 12 50 2.430 5.43 1.620
3.25 26.81 11.12 1.940 5.19 1.195
3.50 29.75 10.11 1.5%0 508 0.903
3.60 30.96 9.69 1.460 5.06 0.810
3.70 32.19 9.32 1.350 5.05 0.730
3.74 32.69 9.08 1.310 5.05 0.700
3.80 33.44 .96 1.250 5.05 0.658
3.90 34.70 8.64 1.160 5.06 0.594
4.00 36.00 8.33 1.080 5.08 0.540
4.25 39.31 7.63 0.905 5.15 0.425
4.50 42.75 7.02 0.765 5.26 0.340
5.00 50.00 6.00 0.560 5.56 0.224
5.50 57.75 5.20 0.420 5.92 0.153
6.00 66.00 4.55 0.320 6.32 0.107
6.50 74.75 4.01 0.250 6.75 0.077
7.00 84.00 3.57 0.198 7.20 0.056
8.00 104.00 2.88 0.129 8.13 0.013
9.00 126.00 2.38 0.086 9.09 0.019

10.00 150.00 2.00 0.062 10.06 0.012

17. Physical Interpretation of Phenomena.—The notion
of specific energy gives a lucid and simple explanation of
many phenomena of varied flow.

The Hydraulic Jump.—As illustrated by Fig. 34, the
jump is an abrupt transition of flow from the lower to the
upper branch of the energy curve. ¢; and e. are the specific
energies of flow, corresponding to the depths d, and d» be-
fore and after the jump. €; = € — € is the loss of energy
inherent to the jump, a loss which under certain circum-
stances may be quite large.

Flow over a Fall. The Hydraulic Drop.—Figure 35
illustrates flow over a fall. To make the case particularly
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clear we shall assume the bottom of the canal horizontal,
so that the effect of the bottom slope on accelerating the
flow and on overcoming resistances is nil. The movement
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Fi1G. 34, -Physical interpretation of the hydraulie jump.
under such conditions must take place entirely at the
expense of the specific energy stored in the liquid. Accord-
ingly, the passage from section 1 to section 2 on the falling
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F1a. 35.—Flow over a fall.

curve corresponds to a shift down the upper branch of the
energy curve in which the loss in specific energy —Ae
is accompanied by an appropriate lowering of the depth
by —Ay. As a matter of course, the surface of the moving
liquid in its natural tendency to lower cannot drop below
the critical depth, which depth corresponds to the least
possible content of energy in the falling liquid. Any
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further lowering of the surface beyond y.. would mean the
passing of the movement into the lower branch of the
energy curve, which could be possible only if energy were
added from the outside. Thus, the eritical depth is the
lowest limit to which the surface may sink in the natural
process of dissipating energy. Thercfore the critical depth
is the lowest depth which by reason of natural circum-
stances establishes itself at the end of the canal over a fall.

In Fig. 9, illustrating the hydraulic drop, the depth
designated by y. is obviously the critical depth. The same
reasoning will apply to the case illustrated by Fig. 2,
where the canal empties into a reservoir B. Assume
that the level in reservoir A remains permanent, while

1A T
| z
—_—1 e
" —+
/J‘./‘ . d‘dcr
| 1
/ gw G %\

Fia. 30.

the level in reservoir B is lowered. Within a certain range,
the depth . will follow the sinking of level in the reservoir
B. But as soon as the natural limit of y» = ¥, is reached,
the depth 4. at the extremity of the canal will continue to
remain permanent and equal to the critical depth, no matter
how much further the level B is lowered.

The connection between the surface of the liquid out-
flowing from the canal and the level in reservoir B will
take place in such case by means of a hydraulic drop.

Broad-crested Weir.—Figure 36 schematically represents
a broad-crested weir. In case the outflow is free, the depth
d which will establish itself at the end of the weir will be
the critical depth, so that d* = ¢*/g, where ¢ is the discharge
per unit width. If H is the head over the weir, corrected for
the velocity of approach, the discharge is ¢ = m+/2g H*,
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where m is a weir discharge coefficient. Eliminating g,
we obtain d* = 2m2H?3, so that

d/H = d' = v/2m? m = \/14(d/H)? (34)

We see that for a given H, the depth d which establishes
itself over the weir depends on the value of m. The
smaller the discharge coefficient, meaning the higher the
resistances, the smaller the relative value of d’ = d/H.
This is in conformity with experiment, but in contradiction
to the maximum discharge theory, traditionally presented
in textbooks. According to the maximum discharge prin-
ciple, d’ = d/H should under all circumstances be two-
thirds. Such, however, will be the case only when the flow
is ideal with no resistance losses. In all practical cases,
d = d/H is less than two-thirds. To make this clear,
determine the velocity v at the extremity of the weir
in the section where the depth is d. By introducing a
velocity coefficient ¢, to take account of the resistance
losses, we have

v=@v2g(H — d) = ¢v/2gH 41 —%=
eV2gH - V1 — d’
Accordingly, the discharge
q == v-d = ‘P'\/2—-gH%‘d,‘\/i—-_—d’
and the discharge coefficient

m= odVI=d (34a)
By comparing with Eq. (34), we obtain
m = od VI =@ = VIZ@) (34)
from which there follows:
S -mrom
207 (34¢c)

=TT o
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Obviously, if ¢* = 1, d’ in Eq. (34c) becomes d’ = 24, and
the discharge coefficient in Eq. (34) will be m = 0.385. For
any values of the weir discharge coefficient, the correspond-
ing values of the reduced depth and of the velocity coeffi-
cients follow from Eq. (34a-34¢). The parameters of flow
are all organically interconnected. Following are some
numerical data:

m 4 d’
0.385 1.0 24
0.350 0.915 0.625
0.320 0.85 0.59

Curvilinear Flow.—Experiments show that in actual
movement over a broad-crested weir, the critical depth
d,» = V/¢*/g is attained by the surface at a certain distance
before the edge of the weir (section C, Fig. 37), and that
the depth d’., over the edge is somewhat smaller. The
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Fi1a. 37.—Flow over a broadcrested weir.
explanation lies in the fact that the critical depth d., =
V/¢?/g was determined in Art. 16 under the assumption of
parallel flow. In other words, d., = V/g?/g corresponds to
flow with a possible minimum content of energy in parallel
flow, and in parallel flow only.

For curvilinear flow the minimum possible content of
energy, corresponding to a discharge g differs from emin =
1.5v/¢%/g corresponding to parallel flow. It is greater for
concave flow (Fig. 26a) and smaller for convex movement
(Fig. 26b),
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Also the critical depth, determined as the depth at which
flow with a minimum content of energy takes place, is
smaller than v/¢%/g for convex streaming, and greater than
V¢%/g for concave flow. Between sections (' and F in
Fig. 37, the filaments gradually increase their convex
curvature; the critical depth accordingly diminishes from
d.. = V/¢*/g in section (' to a smaller value d’., over the
cdge.*

Critical-depth Water Meter.—Inasmuch as the critical
depth is a definite parameter of flow, independent of the
roughness of the walls and other uncontrollable circum-
stances, the idea naturally arose to use flow in critical state
as a meter to determine the discharge in an open channel.

In fact, assuming that a device was so laid out that
flow would be critical in a definite scetion, all that one would
have to do in order to determine the discharge would be to
measure the depth d in the seetion where the depth is
supposed to be the eritical depth.

If the cross-section of the canal in question were to be
rectangular, then the volume of flow corresponding to
the measured depth would be

Q = bvgd® = bdvgd

or in a more general case, the discharge would be

Q = ‘\/&'mcr = a‘\/g-g

where ., is the value of av/a/b corresponding to the
measured d.

Different attempts have been made to incorporate the
idea into a practical device.t

Critical flow is usually produced either by a retrenchment
of the cross-section with a subsequent enlargement or by

* For more detailed analysis of the case, see Bakhmeteff, Proc. A.S.C.E.,
No. 2, 1931,

1 See discussion by Hinds and others of a paper by Parshall, Trans.
A.8.C.E., Vol. 89, p. 840, 1926,
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a break in the bottom. In all cases the phenomenon
is related to an clongated hydraulic drop.

In designing critical-depth water meters it is particularly
important to bear in mind that the relations ¢ = bd+/gd
or @ = aVviya,d are strictly limited to parallel flow only.
In other words, the purpose of the meter would be achieved
only if flow in the scetion where the critical depth is to be
measured will be practically parallel.

Equation of Gradually Varied Flow.—The notion of
specific energy and the energy diagram (Fig. 30) may also
be directly used for establishing the general differential
equation of varied flow. In fact, with reference to Fig.
35, the change of energy between sections 1 and 2, assuming

. . . . o€
the distance dr between the sections is small, is — 5 dr =
x

—de, with _66; determined by Kq. (24). This gain or loss

of specific energy obviously is equal to a change of the
specific energy on the diagram corresponding to a change
of depth dy, namely:

_0€
oy

wherein de¢/6y is determined by Eq. (26). Combining, we
obtain

—de = “dy.

L3 o€
8 -d
axd 5y 4
which, through proper substitution, gives:
dy _ de/0x _ s 1 — (Ko/¥)°
dr ~ befoy T { _Q°b
g a

This is Eq. (21), with the physical meaning of the numerator
and denominator properly unveiled.

May it also be mentioned, that prior to the introduction
of the notion of specific energy of flow, which notion in
spite of its simplicity was not unmasked until recently
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(see ‘Preface), no direct and immediate insight into the
physical essence, underlying the phenomena of varied flow
was available. The presence of the jump, for example,
was explained by purely analytical considerations. In
fact, the denominator of Eq. (21), for the particular value

Qb
ga
so that dy/dr = ~. This indicates a disruption in the con-
tinuity of the surface curve, the latter becoming perpen-
dicular to the X-axis. This disruption was supposed to find
experimental confirmation in the formation of a jump.

18. Critical Flow.—Liquid, flowing in a given canal
under the critical depth (y = y.,), is described as being in
critical flow or in critical state. For agiven discharge, the crit-
ical depth, determined as in Art. 16, indicates the particular
depth which makes the discharge @ flow in critical state.

Critical Discharge @Q...—Reversing the reasoning, one
may say that for every depth y in a given canal there is a
certain discharge, to be designated as Q.., which makes
flow under the chosen depth critical. We shall call Q..
the critical discharge. Determined by Eq. (30) it is equal to

Qs = VgR(y) = Vgava/b (35)
For a given profile, Q., = f(y) may be traced as a curve.
The Q.. curve is obviously the Y(y) curve (Fig. 31) multi-
plied by V.
Critical Velocity v.,.—The velocity corresponding to
critical flow is called the critical velocity and will be
designated as v.,. From Eq. (35) we have:

Ver = ch/a' = \/é Vv a/b (36)

The quotient a/b has a simple physical meaning; it is

(Fig. 38) the depth of a rectangular canal AB’D’C, having

the same cross-section area a as the given canal ABCD and
the same top width, b. We shall designate:

a/b =8 (37)

and sixa.ll call & the average depth of a cross-section.

of = 1, that is, for the critical depth, becomes zero,
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The critical velocity is thus:

b= Vg8 = 20 (38)

or the velocity corresponding to a head equal to one-half of
the average depth 6. A comparison between the average
depth 6 and the hydraulic radius R = a/p is gained from

6/R =a/b-p/a=p/b (39)
Rectangular Profiles—For a rectangular profile (Fig. 32),
we have from Tq. (33)

Fi. 38.—The average depth of flow § = a/b.

qQer =~ \/g\/@‘/}

_ 40
Vey = \/6\/1/ ( )
In this case obviously
d=a/b=y (41)
19. Critical Slope. (Figure 39.)-—The value of the
bottom slope which makes uniform ~

flow at a chosen depth y critical, ?-a,

will be called the critical slope and \
in contradistinction to s and s, will ~= Y%,

be designated by the Greek lettero. 7

The critical slope ¢ is a function of 7

the depth. To determineo we have ¢ 3% The eritical slope o

by definition: Q? = ¢¥? and simultaneously Q* = g%
From which follows

aK? = g’
or
2
= (42)

In this equation W and ¥ are the particular values of the
M = a+/4/b function, and of the conveyance ¥ = aCVR
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for the chosen depth y. For a given cross-section the
critical slope ¢ = f(y) may be traced as a curve, an example
of which for canal cross-section (Fig. 14) is given in Fig. 15.
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F1a. 40.—Critical slope curve o’ = g/C%

Another expression for ¢ is obtainable by substituting
into Eq. (42) the values of M* = a3/b and K*? = a*C*R =
a*C?/p; which leads to

a p g P

TSI BT (43)
which may be presented also as
o=0d-p/b
where
o =g¢g/C? (43a)

To get an appreciation of concrete values, the curve of
¢’ = g/C? as function of C is traced in Fig. 40. In case of a
profile the width of which is large compared to its depth,
so that p/b in Eq. (43) does not differ much from unity
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(which, by the way, is the case of most natural water-
courses) the curve ¢’ = g/C? gives the values of the
critical slope directly. Otherwise the curve figure ¢’ must be
multiplied by p/b; the latter is obviously always > 1.

To appraise the effect of p/b in raising the value of ¢ over
o', there are given in Fig. 41 some examples of canal
cross-sections with the respective values of p/b.

Normal Critical Slope.—The critical slope curve as traced
in Fig. 15 is a characteristic inherent in a canal cross-section
as such. It depends on the form of the cross-section and

== e R
b =3 P2 Bh=167 y
Yy

-~ - b=3y——>]

Fiu. 41.

on the roughness of the walls, being a function of the
depth y.

For a given discharge, it is expedient to fix as charac-
teristic parameters certain particular values of the critical
slope, namely: (1) the critical slope o, at the normal depth
yo and (2) the critical slope o, at the critical depth y.,.
We shall designate o, as the normal critical slope.

Obviously o., is the slope, which would make the given
discharge flow in uniform movement in critical state.

Example b

Question 1. Draw the critical slope curve ¢ = f(y) for the
canal profile, Fig. 14. Use Bazin coefficients.
m: .p
Either Eq. (42) ¢ = G OF Eq. 43) o = 02 p may be used.
Using Eq. (43) and taking the C, p and b values from Table I
and Table II, and the g/C? values from Fig. 40, we obtain
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TasLe V
/C? I
Y P b ¢ in‘ll- 1o-¢| P |in1-107
0.5 6.41 6 109.0 27.2 1.070 29.1
1.0 7.82 7 118.0 23.2 1.126 25.9
1.5 9.23 8 123.0 21.2 1.152 24 .6
2.0 10.64 9 126.0 20.2 1.182 23.9
2.5 12 05 10 128.5 19.6 1.205 23.6
3.0 13.46 11 130 0 19.0 1.223 23.2
3.5 14.87 12 132.0 18 .4 1.239 22.8
4.0 16.28 13 132.7 18.1 1.252 22.7
45 17.69 14 133.5 18 0 1.261 22.7
5.0 19.10 15 134.3 17.9 1.272 22.8
6.0 21.95 17 135.7 17.6 1.202 22.8

The curve is traced in Fig. 15.
Question 2. Determine oy and o, for a flow of @ = 240 cu. ft.
per second with s, = 5-107*

— 1
5o it
Y
\..__!’_;;7()/‘:,.=2
DR,
Fra. 42

For the normal depth y, we have
Ky = Q//so = 240/+/5 - 1072 = 107.2 X 102

from the K curve (Fig. 15) the corresponding y, = 4.96 ft.

For the critical depth

M. = Q/v/g = 240/5.67 = 42.4
from the Y curve (Fig. 15)
Yor = 3.31 ft.

The values of oo and o, Which on the ¢ curve (Fig. 15) correspond
to yo = 4.96 and y.r =§k_‘are practically equal and close to
230940.

Question 3. Assume that in canal, Fig. 42, y, = 8 ft. and
Yor = 2 ft. Determine o, and o.,. Use G.K. coefficients for
8 = 10°9¢o, with n = 0.013 and n = 0.025, respectively.
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1. The geometric elements in the case are:
y=2ft;a= 26;b=16;p = 17.2;p/b = 1.073; R = 1.51
y=81t;a=176;b =34;p = 38.8; p/b = 1.14 ; R = 4.54

2. The C and ¢’ values.

i

} n = 0.013 n = 0.025
Fory = 2 C =124 C = 62
R=151}¢ =21 X107 | ¢’ = 8 X 10
Fory = 8.00 | ¢ = 145 =177
R =454 | ¢ =155 X 1074 ¢ = 54.5 X 10~*

3. The ¢ values (¢ = ¢’ - p/b):

g for yo. = 2 ft.
With n = 0.013; 0., = 21 - 10~¢- 1.073 = 22.4004,
With n = 0.025; 0. = 84 - 10 1.073 = 90.0°9¢,

T0 fOI' Yo = 8 ft
With n = 0.013; 6o = 15.5-10~*. 1.14
With n = 0.025; 0o = 54.5 - 10~ 1.14

17.799
62.200¢,

20. Other Forms of Varied Flow Equation.—Equation
(21)

on

]

gig =5 1 — (%,/%)*
dx 0 1 — Qb
g @
may be now presented in a somewhat different form:
1. In the denominator, in accordance with Egs. (28) and
(29), substitute:
Q*/g = M. b/a® = 1/*
obtaining
dy _ 1= (/30
dz. 1 — (m./m)?
To make things clear, bear in mind that ¥ and Y are the
respective variable values of the conveyance ¥ = aCvR

and of the @ = av/a/b function, varying with the depth
y; while ¥, and Y, are certain parametric values of the two

(44)
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functions for the normal depth y, and for the critical depth
Yer, Tespectively.
2. Another form is obtained by replacing in the denom-

3
inator M by K. From Eq. (42) we have M2 = % = ?K?g;
while, on the other hand, Q%2/¢g = ¥,%s0/g. Hence

@b _ g s¥’ gy _s°<3‘?9)2 (45)

ga®t a g o o\ X

With s¢/o = so/oq - 0o/a, where o4 is the normal ecritical
slope, we have instead of Eq. (21)
dy 1 — (3/%)° _ 1 — (Hy/H)?

dz = s() PENTRY (Y
K gy O K

It is in this latter form (Iq. [46]) that the varied flow
equation will be used for integration and, therefore, for deter-
mining the surface curves y = f(z). When the shape of the
canal, the roughness of the walls, the bottom slope s,, and the
discharge @ are given, Eq. (46) gives the rate of change of
the depth as depending on only’two varying factors, namely,
Wo/H andgo/o. Both these factors, in turn, are functions of
the depth y, or functions of y/y,, the ratio of the varying
depth y to the constant parametric value of the normal
depth y,.

For y = yo, both /K, and ¢¢/0 are = 1. Designating,
in particular,

(46)

So _ B and o o Bo, so that 8 = 300;9 (47)
o oo o

we obtain Eq. (46) as

dz B(HK,/R)?
In Eqgs. (47) and (48), B, again is a eonstant parametric

value, the relation of the given bottom slope s, to the critical
slope o, at the normal depth y,, while ¢¢/c and, therefore,
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B reflect the change of the critical slope within the range
of the varying depths. TUsually, this variation is not very
substantial, and within certain limits (see Question 2,
Example 5) the value of ¢/o and, therefore, the 8 value may
be accepted as practically constant. In the integration
procedure, the practice will be to divide the range of depths
into certain reaches, assuming for each of such reaches a
certain constant average value of 3.



CHAPTER V

RECAPITULATION: THE CHARACTERISTICS
OF FLOW

To avoid possible confusion in regard to the many
notions, introduced in the course of the preceding analysis,
it may be useful to assemble, by way of a summary, the
different characteristics of flow, as developed above:

21. Characteristics of a Canal Cross-section.—A canal
is said to be defined when there are given:

3

:‘; K;"cﬂ
5

8 w1t3
>, m=

., 2
\ / 99 F=tf

F1u. 43.—Characteristics of a canal cross-scction.

< = = < —>]

The shape and the dimensions of the cross-section.

The nature of the walls (roughness coefficient).

A canal cross-section, once given as above, possesses
the following characteristics, inherent in the cross-section
as such and being functions of the depth (Fig. 43; see also
Fig. 15):

1. The conveyance curve . . ... .. o ¥ = aCVR
2. The M curve........................ m=ava/b
.. g P m?
3. The critical slope curve........... C=p = Y%
Also
4. The critical velocity
CUIVE. . oo eoireeeannnn.ns ve = VgVveé = VgVa/b
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5. The critical discharge
CUTVE. .. ...\, Q.. = Vg = avgVa/b

The Y&, v, and Q. curves depend solely on the geometric
forms of the cross-section.

The ¥ and ¢ curves depend on the roughness of the walls.
If a C formula is used, like the G.K., where C is supposed to
vary with the bottom slope, the possible effect of such
variation will have to be taken into consideration.

Sets of characteristic curves for certain canal cross-
sections which are used for practical examples in this book
have been computed and presented in the special plates
assembled at the end of the book.

22. Parameters of Flow..—A case of flow is said to be
defined, when there are given:

The canal cross-section (defined asin the preceding article).

\ Zone I/ /
—X Zon,
N % Zoner / e/

*ri Zone 1

Zonell / T

\ygr‘ % )tr ZOfle w
So >

Fi1a. 44.—The zones of flow.

The bottom slope s, with which the canal is laid.
The discharge Q, flowing in the canal.
The parameters of flow then will be as follows:

1. The normal depth y,, being the depth of uniform flow
for the discharge @ under s,. ¥, is determined from the
¥ curve as a depth corresponding to ¥, = Q/V/so

2. The critical depth y.,, being the depth at which the
discharge Q would flow in the given canal with the minimum
possible ‘content of specific energy. y.. is determined by
means of the Y(y) curve, as the depth corresponding to
n. = Q/Vy .

3. The normal critical slopea, and o, which are the critical
slope values corresponding to ¥, and to y.,, respectively.
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Zones of Flow.—The normal and critical depths, when
drawn into the cross-sectional and into the longitudinal
profiles, divide the plane of the respective profiles into
zones (Fig. 44).

Awuxiliary Curves—In practical computation it will be
occasionally useful to have as auxiliary curves:

4. The normal discharge curve Q, = f(y,); the curve of

discharges in uniform movement Q@ = ¥oV/s,, in the given
canal under the bottom slope s.
5. The /0 and eventually the ¢.,/o curve, representing

the ratio of oy and o, to the varying critical slope.
2

. v?
6. The specific energy curve € =y + 55 = ¥+ ~2—g—a2~

Ezxercises:

It is earnestly recommended, that before proceeding further,
the student should become thoroughly familiar with the different
characteristics and parameters of flow. He should assemble into
a complete set the different curves as enumerated above. This
should be carried out for the cross-section selected for the purpose
of general exercise in Art. 7. The selection of @ and of s, is left to
the student’s discretion.



CHAPTER VI
CLASSIFICATION OF FLOW

23. “Mild” and “Steep” Slopes.-—It was Bélanger (1828)
who, in commenting on Bidone's experiments on the hydrau-
lic jump, distinguished natural watercourses in which
jumps would oceur (Fig. 6), from streams where the back-
water curve produced by a dam would connect with the
undisturbed surface line by means of a continuous curve

Steep slope (Torrent)

~Jumps occur

Mild s/ 7
e A

==—%Y¥er _ Backwater curve without Jump
Norma/ Aeors )
, Criticay devrp. Yo
7 50<a' Yer I
J/ape less ) 4

han cribica)

Il

Fra. 45.—Distinguishing between mild and steep bottom slopes.

(Fig. 3). Naturally (Fig. 34), a jump may take place only
if water would be flowing in natural condition with a depth
less than the critical (yo < ¥y.r, as in Fig. 45a). On the
other hand, in case the depth of flow in natural condition
is above the critical (yo > ¥.,, as in Fig. 45b), then the
backwater curve lies wholly within the upper branch of the
energy curve. There can be no jump and the curve will

be of the continuous type as shown in Fig. 3.
57
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As the relative values of y, and y., depend on the size
of the bottom slope, the suggestion naturally arose to
distinguish between steep and mild bottom slopes: the
slope s, to be designated as mild when it is smaller than the
critical (so < oo) and when it makes yo > y.,; whiie a slope
is steep when it is greater than the critical slope (s, > o0)
and when it makes y, < y.,.

In tabular form:

Mild slopes = so < a0; Yo > Yer
(49)
Steep slopes = s¢ > 00; Yo < Yer
Saint Vénant* called natural streams of mild slope,
exhibiting calm, steady flow, rivers. Streams of steep
slope, featured by jumps, cataracts, and other irregulari-
ties, he named torrents.
24. States of Flow.—While the above distinction is
useful in many instances, it does not wholly bear on the

_— pei—

Y

A

F1e. 46.—Continuous surface curve without a jump in a canal with steep
bottom slope.

essence of the case. In fact, Boussinesq rightfully pointed
out that it is essential in the situation to distinguish
between different possible states of flow.t A jump, as
shown in Figs. 7 and 8, may take place in a channel of mild
slope with sy < o, while there may be a continuous back-
water curve without any jumps (Fig. 46) in a flume the
bottom slope of which is steep.

* Ann. des mines, 1851.
t “Théorie des eaux courantes,” 1877.
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In fact all depends on whether the velocity of flow is
above or below the critical; or, in other words, on whether
the depth of flow is above or below the critical depth.

" A very clear picture of the states of flow is gained by
means of the specific energy curve. In fact, in Fig. 47,
the critical depth divides all possible conditions of flow into
two zones, corresponding to the two principal states of flow:

——
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¥1g. 47.—The states of flow in their relation to the specific energy diagram.

1. Zone T, embracing the upper branch of the e curve,
with ¥ > ¥ and v < v, a zone within which flow is said
to be in tranquil state.

2. Zone R, embracing the lower branch of the e curve,
with ¥y < ¥er and v > v, a zone within which flow is said
to be in torrential or rapid state.

3. In between the 7' and R zones lies the separating point
C, corresponding to critical flow, or flow in critical state.

The names applied to characterize the states are sugges-
tive of the nature and what one might call the different
behavior of low. Rehbock most fittingly applies the word
flowing (fliessend) to describe “tranquil” flow; while he
speaks of a stream as shooting (schiessend) when water rushes
down a chute or races from under a sluice in ‘‘rapid” state.

The basic physical distinction between the different
states of flow is determined by the outline of the specific

energy curve. Namely:
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In tranquil state: e increases with y; de/dy > 0
In rapid flow: ¢ decreases with y; ée/0y < 0 (50)
In critical state: e — minimum; de/dy = 0 |

These simple relations help to explain some interesting
features, inherent in flow in general.*

25. Submerged Obstacles.—One of them is the cffect,
produced on the surface of a flowing stream by a submerged
obstacle, such as a large boulder or a local elevation at the
bottom. In a river, such an obstacle either produces no
visible effect or results in additional surface eddies and, at
times, in a slight local depression of the surface; a kind of a
hollow which is rapidly smoothed.out by the pouring in of

Depression
/ e Q

Sp< o
-yo>.)’c,.

Fi1u. 48.—DBarrier in a stream of mild slope.

water from the adjacent streaming. In a forrent, a bottom
obstacle usually produces a foaming center, often marked
by a local jump in the nature of a surface swell. Speaking
generally, the surface of a torrent when streaming over a
shallow rocky bed is all covered by such foaming centers.
The presence of a swell in rapid flow in contradistinction
to a depression in {ranguil movement is explained by the
fact that the crossing of an obstacle is accompanied by loss
of energy. Now, loss of energy in tranquil state calls for
a lowering of the surface, while in rapid state dissipation of
energy is accompanied by an increase in depth.

The difference is particularly conspicuous in the case
of a submerged barrier. In a river (Fig. 48), if the barrier
is not too high, there usually develops what Bazin called an

* BoussINESQ, loc. cit.
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undulated nappe, namely a sequence of gradually diminish-
ing undulations which follow the initial depression. The
depth y; above the barrier is somewhat larger than the
depth y.; the difference & = y, — ., is the head, lost in

Standing swell

b o
Jé V'y
<r
Fig. 49.—Barrier in a torrent; the standing swell.

passing over the submerged weir.  In a torrent, the barrier
under certain conditions is crossed by what might be
termed a standing swell (Fig. 49), in the form of a single
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TF1a. 50.—Example of a standing swell.

undular surface rise, unaccompanied by further undula-
tions. In this case, at least in case of uniform flow, the
depths above and below the barrier are the same. Figure
50 gives the profile of a standing swell observed by the
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author.* The height of the swell was nearly twice the
original depth. The highly rapid flow was produced by
streaming from under a sluice (see Fig. 7).

As may be expected, a standing swell will take place only
if the barrier does not exceed a certain height. Beyond
that, the type of the phenomenon changes; the swell
becomes replaced by the usual backwater curve (Fig. 51),
preceded by a jump. The surface of a standing swell is
continuous, allowing unimpeded passage to a small flowing
object, such as a block of wood, a small ship model, ete.
On the contrary, the whirling roll at the foot of the jump

Fi1g. 51.—Flow over a barrier in a canal with steep slope featuring a jump.

(Fig. 51) disrupts the continuity of the surface. A flowing
body is usually caught by the whirls and tossed around in
continuous rotations.

26. The Establishing of Flow.—The absence of undula-
tions in Fig. 49, as compared to Fig. 48, manifests another
feature of general character, also revealed theoretically by
Boussinesq, and being in good consonance with observa-
tion. It refers to the forms of the surface within the
transitory secttons, where flow ‘‘establishes” itself. An
example is the entrance portion of a flume (Fig. 52).
Above section a there lies the undisturbed level of the
reservoir. Below section 1, flow is uniform. The stretch
between sections a and 1 is the transitory part in which uni-
form flow establishes itself and to which the Boussinesq
reasoning applies. In Fig. 52 thistransitorystretch presents
an undulatory surface. Such is always the case when the

* Hydr. Laboratory, Polytechnic Institute, St. Petersburg, 1911,
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slope of the flume is mild or, to he more specific, when flow,
which is in process of establishing itself, is tranquil.
Another example is that of a broad-crested weir (Fig. 37);
here the depth is near the critical. With reference to the
energy diagram, we see that in the neighborhood of the
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F1a. 52.—The establishing of tranquil flow.

critical depth the energy curve is very steep, so that prac-
tically an unnoticeable difference in energy corresponds to a
substantial variation of depth. This circumstance, together
with the effect of curvature on the size of the critical
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Fi1a. 53.—The establishing of rapid flow.

depth (Art. 17), explains the rather pronounced undula-
tions characteristic of the case.

Figure 53 pictures entrance conditions at the head of a
steep-sloped flume. Rapid uniform movement below sec-
tion 1 is preceded by a transitory section where there are no
undulations; this is always the case in a transitory stretch
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when the movement to be installed is of the ‘““rapid” kind.
Another instance is given in Fig. 54, where a stream in
rapid state from under a sluice emerges into a horizontal
flume, the flume being sufficiently short to allow the water
to leave before it reaches the critical depth. Here again the
surface features no undulations.
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F1a. 54.-—Rapid flow in a flume below a shuice
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27. The Kinetic Flow Factor.—In tranquil flow, it is
potential energy that prevails. In rapid state, as the veloe-
ity grows, the kinetic energy head becomes predominant.

To measure the degree of rapidity or that of tranquility of
flayw;to obtain, in general, a standard by means of which
the state of flow may be qualified numerically, the author
uses the notion of the kinetic flow factor, which will be desig-
nated by A and which is defined by means of the specific
energy equation, as follows:

oG 1D) i eR) @

The kinetic flow factor is thus equal to

)\=2.l)2/2g=2 Qz Qz

y 2ga%y ~ ga%y

or twice the ratio of the kinetic energy head to the potential
energy head. The kinetic flow factor thus is a measure
of the kineticity of flow. One may speak of flow being
in a state of ‘“high” or ‘““low” Kkineticity. In each case

(52)
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the degree of kineticity will be qualified by the respec-
tive value of A, just as the thermic state is qualified by
temperature.

Rectangular Profile—In the case of a rectangular profile,
applying Eq. (52) to a unit width of the canal and remem-
bering that ¢2/¢g = 3., the kinetic flow factor is

N = /gy = (Yer/y)? (83)

and the specific energy equation

A 3
€= y(l + 2-) = y<l + ‘1, [%]) (54)

In critical state, in particular,
A
xcr = l;elr = yrr(l + 72) = 1.5ycr

Tranquil state is characterized by (55)
A<1;e < Llby
Rapid state is featured by
A>1;e > 1.5y

The particular circumstance that, in the piactically
so important case of a rectangular canal, flow in critical
state is characterized by the simple symbol A = 1, explains
the reason for choosing the definition as given in Eq. (52).

Cross-sections of Any Form.—A general expression for the
kinetic flow factor applicable to a cross-section of any form
is obtained by substituting in Eq. (52) Q*/g by the equiva-
lent value of M2, (see Eq. [30]); and, on the other hand

(Egs. [29] and [37]), by putting M* = a2(—; = a%), so that

a? = :—’B— This leads to

o
A = Q*/gay = M../MM* X &/y (56)
and the specific energy
e = y(1 + Xg[M../M]*-6/y) (87)

Naturally, Eq. (54) is but a particular case of Eq. (57); in
fact, for a rectangular profile
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0/y = 1 and M../M)? = (yor/y)*

For critical flow 3 in the denominator of Eq. (56)
becomes M... Hence, for critical state

A=1. 6/:’/, €kin = '/?/'5/3/
e = vl 4 1418/4) (58)

As compared to conditions in a rectangular channel, the
kinetic energy content in critical flow differs by the factor
d/y, this being the relation of the ‘‘average depth” of a
cross-section (6 = a/b) to the actual depth of flow, y.

For an open canal of the usual type, which broadens
with the depth, 6 is always smaller than y, so 8§/y < 1
and ., < 1.

Some actual values of 6/y for a series of canal cross-
sections are given in Fig. 55. It is seldom, that 6/y falls
below 0.5; usually é/y is between 0.5 and 1.

For such limits, the specific energy at the critical depth
fluctuates between

1.25y < e, < 1.5y

Flow with A > 1 and € > 1.5y under all circumstances will
be in rapid state. On the other hand, flow with A < 0.5
and e < 1.25y will be practically always in tranquil state.
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For closed cross-sections, as in the case of a sewer
(Fig. 56) the top width of which decreases with the
depth, the average depth § may be larger than y. In
such case, the kinetic flow factor for the critical depth \..
may be greater than 1, and accordingly
€> 1.5y.r -b -+

From the general expression 1

A 1
€ = y(l + i)y €pot = Y, €kin = '2'>\y

there follow the relations:

|

!

|

]

)

€pot _ 2 !
e AN+2 !
€kin _ A (69) !
e AN+2 '

€xin/€por = N/2 Fia. 56.
Example 6

Question 1. Assuming a discharge of @ = 200 cu. ft. per
second, flowing in a rectangular canal 10 ft. wide, determine
the kinetic flow factor and the energy content for flow at
y = 1ft.; as well as at y = 0.5, 2, 5 and 10 ft.

¢ = 200{q = 20 cu. ft. per second; y.. = V/¢%/g =
\/400/32.2 = 2.32 ft.
The kinetic factor value for the depth y = 1 ft. is A = (y../y)3=
(2.32/1)% = 12.4.
For the other depths, respectively,

A = (2.32/0.5) = 99.2; (2.32/2)° = 1.56; (2.32/5) = 0.1;
(2.32/10)* = 0.0125

The energy content for
Y= YoriS & = 2.32 X 1.5 = 348 ft.

For
A 99.2 _
y=05;¢= y(l + §) = 0.5(1 + —5—) = 25.3 ft. exin = 24.81t.

A 12.4 o
Yy = 1.0;5 = y(l -+ §) = 10(1 + —2—) = 7.2 ft. €kin = 6.2 ft.
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y=20;¢ = y(l + ’—2‘> - 2.0( 1+ 1-'2§§> = 3.56 ft. epin= 1.56 ft.

y=1050;¢e= y(l + %) = 5.0(1 + 021—) = 5.25 ft. exin = 0.25 ft.

1006 ft €kin — 006 ft

Mg

cub. £

=70 5ot

s
a=2’
Y

VIS Zzza

Fra. 57.

Question 2. What is the state of rapidity in a stream flowing
from under a sluice (Fig. 57) into a rectangular channel at the
rate of ¢ = 70 cu. ft. per second with d, = 2 ft.?

— —

\ _78 /J/z:/
N % /

P——

Fia. 58.

The kinetic flow factor may be determined directly from Eg.
(53), as

2 2
r= = L = 19.05;e = 2(1 +-13'20—5> = 21.05

Question 3. A discharge of 520 cu. ft. is flowing in a canal
(Fig. 58) in critical flow at y.. = 3 ft. Determine the energy
content. Also the kinetic flow factor and the energy content
for the same discharge at y = 1 and y = 8 ft.
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For y = 3 ft., the average depth 6 = a/b = 58.5/24 = 2.44;
hence

Ner = 1 y = —3— = 0.813; ¢, = 3(1 + 0'8213) = 4.22 ft,.

Fory = 1;a = 16.5; hence
N = Q%*/ga*y = (520/16.5)2-1/32.2 X 1 = 30.8

€ =1<1+3—%§) = 16.4
For y = 8; a = 216, hence
N = (520/216)% - 1/32.2 X 8 = 0.0225
e = 8(1 4+ 0.01125) = 8.09 ft.
Question 4. Compute and trace the kinetic factor curve A =

f(y) for canal (Fig. 14) with Q = 300 cu. ft. per second. With

N = 2-02/2¢-1/y, we may use directly the figures of Table 1V.
Thus, for

y =05 \=2-185/0.5 = 740.

The respective values of A are given in the last column of Table
IV. The X curve is traced in addition to the € curve in Fig. 33.



CHAPTER VII
PROPERTIES AND TYPES OF SURFACE CURVES*

28. Nomenclature.—In Art. 2, the distinction was made
between ‘‘rising”’ and “falling” surface curves, depending
on whether the depth of flow increased or decreased in the

Class "M y,> ycr)

N D.
2L Zone /
C.0.L »
w
- J )
7, PR Zone 3
<6, il

Class .S"(Y,< Y
[} L

Noy. zo,,e,

@ | concave Zone 2
Z e 3
%

Class L (o= Yer)

N. D L.
; (7]
Convex L Yok Zone 1
/'

20/73

§7 2

Fia. 60.—Classification of surface
curves.

direction of the current. In the future we shall denote by
the superior “+" or ‘“ —" sign whether a certain factor

is increasing or decreasing downstream. We shall desig-
nate, accordingly:

er 59.

* A general and complete classification of surface curves in varied flow
was first given by Boudin. See bibliographical note, Appendix 1.
70



PROPERTIES AND TYPES OF SURFACE CURVES 71

A rising curve with dy/dx > 0, by the symbol y* !
A falling curve with dy/dx < 0, by the symbol y~ | (60)

Concave and Convexr Curves.—To designate the curvature
of a surface curve, it will be assumed that the observer is
located above the stream. Hence, curves with the radius
of curvature directed upwards (Fig. 59a) will appear as
concave, while curves, as shown in Fig. 59b, with the radius
of curvature pointing downwards, will be convez.

Classes of Curves.—With reference to the zones of flow,
as pictured in Fig. 44, all the possible surface curves can
be divided into certain classes, depending on the relative
position of the yo and y., lines. The three possible combina-
tions are given in Fig. 60, the respective classes being
designated by the capital letters M, S, and C. For cach
class, there will further be three zones which are marked
by numbers placed at the foot of the respective letter which
indicates the class.

The relative position of the y, and y., lines depends on
the value of the bottom slope. Flow belonging to Class
M, with y, greater than y.,, will take place when the bottom
slope will be mild with sy < op. The letters designating
the classes have been chosen accordingly.

Presenting the matter in tabular form, we have:

Class M : Bottom slope—mazld; yo > Yer; So < 00
uniform flow—tranquil
Class S: Bottom slope—steep; Yo < Yer; S0 > 00
. : (61)
uniform flow—rapid
Class C: Bottom slope—critical; Yo = Y.r; So = 0o
uniform flow—critical

The location of the zones is clear from Fig. 60. Zone 1
in each and every case lies above both the uniform and the
critical depth. Zone 3 in each and every case lies below
both y, and y.,.

Zone 2 lies between y, and y.,, with the relative position
of yo and y., depending on the value of s, 2 oo.
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In the C eclass, with s, = gy, Zone 2 vanishes. There
remain only Zones 1 and 3.

Types of Curves—To each zone there belongs one, and
only one, ‘“type” of surface curve. The type will be
designated by the sign of the respective zone. So, for
example an M. curve will mean, that the particular surface
curve is located in Zone 2, Class M. It will be a surface
curve in a channel characterized by yo > y.r; 80 <oo. The
curve itsclf, due to the sub. 2 mark position, will embrace
depths in the limits y.. < y < yo. Obviously, there can be
only eight possible types of surface curves, one to each zone;
namely, three of the M class, three of the S class, and two
of the C class. ‘

We shall proceed, now, to establish the properties and
features of such curves. We shall make use of the specific
energy diagram (Fig. 47) in its relation to the states of
flow; also of the rules governing the change of energy in a
flowing stream, summarized in 1q. (25).

29. Energy Balance in Y* and Y~ Curves.—With
reference to the change of specific energy from section to
section in the dircction of flow, one should distinguish

1. Flow with a gain of specific energy.

2. Flow with a loss of specific energy.

3. Flow with constant specific energy.

That or other contingeney depends on the position
of the varying depth y with regard to the normal depth y,.
With reference to the rules (Eq. [25]), we have in tabular
form:

Yy > Yo, 6e/6x > 0; € curve
Yy < Yo, 0€/0x < 0; € curve (62)
Y = Yo, 0€/8x = 0; € curve ‘

The question whether a particular curve will be a y*
or a y~ curve, or, in other words, whether ¢ and ¢~ will lead
to dy/dx > 0 or to dy/dx < 0, and vice versa, will depend on
whether the movement under consideration is on the upper
or on the lower portion of the e curve; i.e., whether the
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movement in question is in tranquil or in rapid state.
In tranquil movement, with y > y,,, the energy increases
with the depth, de/6y > 0, hence, when

which |dy/dx > 0

Y > Yo; 6e/dxis >0 63
leads to |dy/dx < 0 (63)

Yy < Yo; 0€/06xis <0

we have in the case of y > yoa y", and in the case of y < ¥,
a y~ curve; the signs of de/6x and dy/dx are thus identical.

In rapid state, the contrary is the case. With y < y.,,
a gain in energy translates itself into a decrease of depth,
de¢/6y < 0. Henee, when

which |dy/dx <0

Yy > yo; 6e/6ris > 0 64
leads to [dy/dx >0 (64)

Yy < Yo; 0€/0xis <0

Thus, in rapid movement, in case of ¥ > y,, we havea y~
curve, while in case of y < y, the curve is y*; the signs of
de/6x and dy/dx arc opposiic.

With this in mind, it will be easy to determine the sign
of dy/dx in each and every zone.

Zone 1. As this zone lies always above the normal
depth (y > o), there will always be de/6x > 0. Ilence,
curves in Zone 1 in all classes will be € curves.

As, on the other hand, with y > 7., the movement in
this zone is always tranquil, the gain of encrgy will lead to
an increase of depth. Therefore, in all cases dy/dx > 0.
So, the surface curves in Zone 1 in all the classes will be
of the y* type.

Zone 3. For Zone 3, which in all cases lies below the
normal depth with y < yo, we always have de/dx < 0.
All curves are of the ¢ type. The flow in Zone 3, on the
other hand, with y < y.,, will be always rapid. Loss of
energy leads to an increasc of depth. Hence, in all classes,
dy/dx > 0, the curves being always of the y* type.

Zone 2. In Zone 2, dy/dx is always negative. In fact
for curve M, with ¥y < yo, we have de/dx < 0, so that
M, is an € curve. On the other hand, with y > y.,, the
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movement is tranquil; hence loss of energy results in a
lowering surface curve, so that dy/dx < 0; a y~ curve.
In the case of curve S, ¥ > ¥y, so that 6e/6x > 0; the curve
is €. On the other hand, with ¥ < y.,, the movement is
rapid; gain of energy requires a decrease in depth, leading to
dy/dx < 0;ay curve. Tabulating, we obtain as Eq. (65):

Class M Class C Class S
Zone Yo > Yer Yo = Yer Yo < Yer
s < 09 Sg = 09 8o > 0y

Yy > Yo, be/8x > 0: €t curve
1 ¥y > ye— Tranquil state—aée/dy > 0
dy/dr > 0—Rising curve: y*

y < Yo, 0e/8x < 0: ¢ curve Y > Yo, 0e/0x > 0: € curve
Y > Yer, Tranquil state— No y < Yer, Rapid state: de/dy
2 5e/dy > 0 curve <0
Falling curve: Falling curve:
dy/dr < 0:y~ dy/dr < 0:y~

y < ¥y, 8¢/8x < 0: ¢ curve
3 y < y—Rapid state: de/sy < 0
dy/dz > 0—Rising curve: y+

Conditions at Boundaries.—The following general prop-
erties are common to all surface curves:

1. The curves are asymptotically tangent to the
uniform depth line y,.
2. The curves are perpendicular to the critical
) (66)
depth line y.,.
3. With the increase of depth, the curves tend to
become tangent to a horizontal pool line.

To demonstrate, we shall make use of the varied flow
equation (Eq. [44])
dy _ 1 — (Ho/¥)*
a; - 301 - (mc/ W
In the following it will be assumed, that the values of
both the ¥ = aCvR and the Y = aVva/b function
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continuously increase with the depth, so that for all
values of y, both % >0 and%:;;—z > 0. This practically is
no restriction, as all open profiles comply with the above
requirements. The exception would be only in case of
closed profiles, and then only for the very small range near
the top of a conduit, beyond a certain depth y,, (Fig. 61),
which is known to correspond to a maximum discharge
and therefore to a H,... Iixceptions of this kind, however,
are of no practical importance so far as varied flow is
concerned.

—>0

Z
< ~Q max,

7

Depth of  ~—_

maximum JSoA
a’/.fcﬁargeb//

1. The asymptoticity of the curves to the normal
depth line follows from the fact that with the approach of
y towards y,, the value of ¥ approaches ¥, which makes
the numerator in Eq. (44) have a limit

lim. (1 — [%0/K]*)y—, = 0

e ———

Oischarge
curve a.
d,fferent
fillings

S B o Rt =
- F

N

Fia. 61.

Hence
lim. (dy/dx)y—,, =0

2. The perpendicularity of the curves to the critical
depth line follows from the fact, that with y = y.,, W
approaches Yt.. The denominator becomes

lim. (1 — [M./M)y=y,, =0
which makes
lim. (dy/dx)y=y,, = ~
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3. Notice that with the increase of the depth, both & and
m grow, making (¥,/K)* and (M,./M)* small.

Hence
) 1 — [¥o/H] 3
fim. (T‘—‘[‘ﬁzc/mJZ),,=~ =1

and
lim. (dy/dx)y—~ = 8o

which corresponds to a horizontal line at an angle aq
(sin ay = so) with the bottom line.

M, Class M (Yo > Yer)

Horizontal pool
-~ line

[o]

Cg\c <

L azoarcSin S,
Yo Yer
So = 7
F1a. 62.—General outline of the different types of surface curves.
30. The Outline of Curves.—The properties of the curves

as established in Eq. (66), together with the sign of dy/dx
(tabulated in Eq. [65]), determine the outline of the curve of
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each particular type. A summary is given in Fig. 62.
May it be said for clarity that while the different param-
eters affect numerical features, the general outline of the
curves remains identical and is completely covered by the
schematic presentation given in Fig. 62. We now shall
review in brief the different curves, making particular
reference to the practical instances where each type may
take place.

1. Class M. Watercourses of Mild Slope; yo > Yer
Type M,. A concave rising curve, tangent from above
to the normal depth line y, and to the horizontal pool
level line 0. This curve is the most important type from
the practical point of view. It is featured in the case of a
backwater curve in a natural river with mild slope in
Fig. 3; in a canal in Fig. 2b; AB’ in Fig. 4; and stretch
34 in Fig. 11.

Type M.. A convex f{falling curve, tangent from
beneath to y, and ending in a hydraulic drop near ¢. The
curve is featured in Fig. 9, stretch Ac¢;in stretch 5-6 in Fig.
11; also in Fig. 2¢; and AB" in Fig. 4.

Type M;. A concave rising curve, leading to a jump near
the ecritical depth. This type occurs when flow in a
highly rapid state enters a flume of mild slope. It takes
place in a stream below a sluice in streteh 1-2, Fig. 11, at the
foot of a weir (Fig. 8); another instance is a flume (Fig. 63),
with a break in the bottom slope from steep (s¢1 > o) to
mild (s¢2 < ). The M; curve lics between the breaking
point a and the foot of the jump ji.

2. Class 8. Watercourses of Steep Slope; Yo < Yer
Type S;. A convex rising curve, beginning with a jump
and tangent from beneath to the horizontal pool level
0-0. The curve is featured in Fig. 6, stretch 2-A; also in
Fig. 46 and, finally, in Fig. 64, stretch a-b, which represents
a submerged flume with a steep slope.

Type S.. A concave falling curve, usually compara-
tively short and more in the nature of a transition scction
between a hydraulic drop and uniform flow. Such is the



78 HYDRAULICS OF OPEN CHANNELS

particular case in Fig. 9, stretch ¢B, and beyond section 7
(Fig. 11). Another case is Fig. 65, a flume with a break

Fi1a. 66.

Fias. 63-86.—Flow in a canal with a break in the bottom slope.

in the bottom slope, from steep to steep, with 84, in particular
being greater thas so,.
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Type S;. A convex rising curve, also of the transition
type, between a source of highly rapid movement and the
uniform depth line, to which the curve is tangent from
beneath. An example is given in Fig. 66, where the order of
succession of two steep-sloped flumes is reversed by
comparison with Fig. 65. Another instance is Fig. 67,
where flow from under a sluice with the depth in the
vena contracta d,, con-
tinues in a steep-sloped
channel, the normal
depth y, being > d;.

3. Class C. Water-
courses of Critical Slope;
Yo = Yer—With the bot- So>¢
tom Slope 8¢ = Oy, this Fic. 67.—Example of an S3 type surface curve.
case is intermediary between Class M and Class S. Nat-
urally, the C; curve would be an intermediary between the
concave M, and the convex S; curves; and the C; curve an
intermediary between the concave M; and the convex S;
type. Such an intermediary must be a straight line.

The varied flow equation (46), because of s, = ¢, becomes
in this case

dy 1= (K/K)?

Zi—i - 301 (2] Ko 2

)

For y =1y, oo/c =1. For y >y, o0o/c is usually

slightly greater than 1; the opposite is the case fory < y,.

The deviation of ¢,/o from unity, however, is usually not
substantial. Now, oy/c = 1 makes

dy/dz = s, (67)

which represents a horizontal line intersecting with the
Yo = Yor line at the angle « = arc sin s, An example of
the C curves is given in Fig. 68. A horizontal Cs surface
line connects the vena contracta with the foot of the jump ji;
while a horizontal surface C, line connects the end of the
jump j. with level B above the weir. Another instance is
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that of a flume with a critical bottom slope emptying into

a pool (Fig. 69b), or into a mild-slope channel (Fig. 69a).
In this last case the point of intersection of the hori-

zontal C line with the normal depth lines y, would seem to

| G curve

F1a. 68.---Surface curves of the C type.

feature a break of continuity in the junction points a and c.
Also, when viewed in the light of the general properties of
surface curves as specified in (66), there is an apparent
inconsistency between the fact that at the junction point,

I a I

\,C C, curve a

Fia. 69.—Examples of () surface curves.

where y is simultaneously equal to y, and to y.,, the surface
curve should be simultaneously perpendicular and tangent
to the yo = y.r line. This contradiction finds its analytical
expression in the undetermined value of dy/dx which in
accordance with Eq. (44) for y = y, = y. becomes
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dy/dx = 9;

The physical essence of the phenomenon, however,
becomes clear, if one were to follow the formation of a
junction point ¢ in Fig. 69 in its evolution out of a case of
flow, as presented in Fig. 68. In fact, suppose that level B
were to be gradually lowered by reducing the height of
©
C,}carve 48’

M

Fra. 70.

the weir. The lowering of the level from B’ to B", B'”, ete.,
in Fig. 70 would result in the jump receding stream down-
wards, from j'; to 7”1, 77’1 etc., the height of the jump
being each time reduced. The vertical distance between
the C; and the C; line would become smaller and smaller,
until, with B reaching B,, the lines would merge, the jump
at that becoming infinitely small. The intersection point
¢ in Fig. 69 corresponds, therefore, to the limiting case of a
jump infinitely small in height.



CHAPTER VIII
INTEGRATION OF THE VARIED FLOW EQUATION

31. Introductory. Historical.—By separating the varia-
bles in Eq. (48), one obtains
1 — B(¥,/¥)*
1 — (Ko/¥)*
The length of the reach I, , = x, — a, (Fig. 71) between the
two sections, the depths in which arc respectively y. and
Y1, 18

dy = dy + (1 — (68)

sodx =

1 v (1 — B)dy )
by=2, —x1 = S_o[(‘!/z — 1) + X (—;‘?/“:MO)B_)_UI] (69)

With the elements of flow
given, in the sense of Arts. 21
and 22, the expression under

\\t ! the integral —~(—1*—_—Q——’ isa
M \{\ (/%) — 1
— Y2 function of y only and may

o \ ! be designated as O(y). It
LRRC A . ~— may be computed point by
- point and drawn as a curve,
™ Fig. 72. The value of the

Fig. 71.—~The length of a reach Iz,

between integration limits y» and yi. integral f ”’e( y) dy is the
v,

shaded area in Fig. 72; its numerical value may be computed
by any of the usual processes of approximate integration,
analytical or graphical. With the value of the integral
known, the distance l;, = x, — z; is determined from Eq.
(69). The method as outlined is general and is applicable
without any limitations whatsoever.

Approximate integration, on the other hand, either

graphical or analytical, is always cumbersome and justly
82
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unpopular. It is natural, therefore, that from carly days
methods were sought by which the task of figuring out a
surface curve could be reduced to some simple analytical
procedure. Since Dupuit (1848) the preferred method has
been to substitute for the actual

canal cross-section some ‘“ideal- 0?;;2 ?f

ized” profile of simple form f T
which, with other simplifying { /i
assumptions, would reduce the %5 /
integration of the equation of [ | oL B
varied flow to a quadrature. -t 5 yﬁ,’?( )i
Dupuit and later Rithlmann and D Sl

Bresse chose as such idealized ¥ 72.—Graphical representation
profile that of a rectangular of the integral ]ﬁ?(wdy
canal of great width (¥ig. 73). v

On the other hand, Tolkmitt, who was particularly inter-
ested in natural watercourses, selected a parabolic profile
(Fig. 74). The above authors assumed, moreover, in their
cases a constant value of the Chézy friction factor ¢
throughout the whole range of depths. To facilitate

Fia. 73.

practical calculations special Tables were prepared giving
the numerical values of the quadrature in question.

The main defect of these methods lies obviously in
the fact that the idealized cross-sections have little in com-
mon with the cross-sectional forms which the engineer deals
with in actual practice. Moreover, there were no means to
judge of the degree of approximaticn and error inherent
in the procedure.

About 1912, the author, inspired in general by the work
of Bresse and Tolkmitt, devised a method which allows us
to approach the solution with much closer precision, and
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which moreover permits us to estimate the magnitude and
character of the possible errors.

32. The Hydraulic Exponent.—The method suggested
by the author is based on the empirically established fact,
that the conveyance function ¥ = aC+/R, within a
reasonable range of depths, follows sufficiently close the
exponential relations:

K (y) = «*C*R = const. y* } (70)
(K/¥Ko)® = a*C°R/a*Co’Ro = (y/yo)"
We call the exponent » in Eq. (70) the hydraulic exponent.
Obviously it is another char-
‘ acteristic of a cross-section, to

I

be added to those summarized

\f.__-b --1- ------ *1/ in Art. 21. Equation (70), as
E— mentioned, is approximate.
' J Some cross-sections comply

more, othersless. However, the
probing of cross-sections of the
most different forms and nature confirms one in the view
that IXq. (70) holds remarkably well. In fact, one be-
comes impressed by the absence and the unimportance of
the deviations from the law,
rather than by the departures
and exceptions to the rule.

To determine the value of
n, plot % = aC+V/R in logarith- (9%
mic scale. By drawing a
straight line (Fig. 75) to follow
the points, one obtains the value
of the exponent as twice the
value of tga. Examples for a

Frg. 74.

series of canal cross-sections Log y
are given in Plate II. Fio. 75.—Logarithmic plotting of
The lines, as drawn in Plate the conveyance curve.

II, give the average value of n for the cross-section as a
whole. In most practical cases one has to determine the
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surface curve only within a certain limited range of depths.
From Eq. (70), we have for any depth

_ o Log (K[yl/Kly.))
n=2 Log (y/v0) (71)

Applying Eq. (71) to the limiting depths y, and y, of the
range, one finds the limiting values of n, and n,. Usually
they will be sufficiently close to assume an average. If, by
chance, greater precision is advisable, the range of depths in
question can be subdivided; however, as practice shows this
is scarcely ever required.

It can be easily shown, further, that the cases treated
by Bresse and Tolkmitt constitute particular cases of Eq.
(70), corresponding respectively to a hydraulic exponent of
n =3and n = 4.

Rectangular Section of Great Width (Bresse).—The term
is applied to a cross-section (Fig. 73), the width of which
is sufficiently large compared to the depth to make the
hydraulic radius

_a_ by _ — 2 \_ o
R”rm%‘y(l b+2y> y

Assuming further a constant value for the friction factor
C, gne obtains

¥ = aCVR = const.- y%

Hence
(K/%o)?* = (y/y)®and n = 3 (72)
Parabolic Section (Tolkmitt).—Assuming in a parabolic
section (Fig. 74) the width sufficiently large compared to the
depth, so that p = ~b, one has
b = const. Vy;a = 24b -y = const.- y%;
R = a/p = ~2%4y; assuming a constant value for C,
¥ = const..y?

Hence
(H/HK)? = (y/yo)yn =4 (73)
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Correction for a Varying Friction Factor C.—For this
purpose an exponential expression of the friction factor is
best used

C = C\R? (74)
as recommended, for example, by Manning:
C = CoRY = 1:3—913% (75)

where 1/ is the reciprocal of the Ganguillet-Kutter friction
factor.

It appears, however, that better compliance with experi-
mental results may be obtained
by using instead of a constant
exponent, as used by Manning, a
varying exponent value, which
increases with the roughness of
the walls. Thus, for canals in
earth or of gravelly soil, the value

Fio, 76. of p has been found to lie between
0.20 and 0.25. If, instead of a constant C, one were to make
in the Bresse and Tolkmitt equations
C = (CoR"*»
the hydraulic exponent instead of n = 3 and n = 4 would
become n = 3.5 and n = 4.5, respectively. This would
correspond to the solution suggested by Schaffernack.*

Trapezoidal Canals. The Limiting Values of n.—With
regard to trapezoidal canals, in most practical cases the
hydraulic exponent will be found to be between 3 < n < 4.
The surface curve, therefore, will be intermediary between
the solutions obtained from the Bresse and the Tolkmitt
Tables, respectively.

The largest possible value of n is that for a triangular
canal (Fig. 76). The geometrical elements being similar,
the cross-section is proportionate to y2, and p and R are
proportionate to y, which makes ¥ = const. C - y* or,
with Eq. (74),

%2 = const. y5t?? (76)
*See Appendix I.
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With p varying between 0.15 and 0.25, the maximum value
of the hydraulic exponent for a triangular section becomes
n = 5.3-5.5 (77)

The smallest value of n corresponds to the case of a
very narrow rectangular section (Fig. 77), the

width of which is very small compared to the __~] b N
depth. Insuchcase we may putapproximately:
= b =214y )=~ i
_ by b y
R = 2 =~y = const. ;
R constant makes C constant, hence J_

¥ = const. y;n = 2 (78)  Fra. 7.

Obviously, » = 2 and n = 5.5 are extreme values. They
seldom occur in practice. However, a deep canal with
vertical walls oftentimes features a hydraulic exponent

Fia. 78.

below n = 3; while, on the other hand, a trapezoidal canal,
the bottom width of which is small in comparison with the
depth (Fig. 78), may give n = 4.5 and over.

33. The Varied-flow-function Tables.—With

(/¥o)* = (y/yo)"
Eq. (68) becomes

Designating
Y/yo = m; so that dy = ydn (80)

we obtain
— Yo - _dn
dzr = so[dn + (1 B)’?” 1] (81)
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As mentioned previously, the value of 8 = s,/0 does not
change substantially and, moreover, the change is usually
gradual and slow. So one may subdivide the integration
range into intervals going by the depths, and assume for
each depth interval a certain constant average value of
1 — B. Within each such interval, 1 — 8 becomes then
an integration constant.

Assuming now, with reference to Fig. 71, that the depths
¥ and y. lie within an interval for which an average con-
stant value for 1 — 8 has been assumed, and integrating
Eq. (81) between the limits y. and y,, the length of the
reach Il,; (being the distance between the two sections 2
and 1, the depths in which are respectively y. and y,) will be

b= an == e =)+ (=9 [ ] @)

So
In this equation, in accordance with Eq. (80), the
integration limits y, and y. are substituted by %, = y1/90;
N2 = Y2/Yo.
The problem has thus been reduced to a quadrature.
Designating the value of the integral

f " const. — B(y) (83)
on" —1

and assuming that the values of B(y) for the different » are
known, we obtain:

22— 21 = laa = (02 = 10) = (1 = B)(B(n) — B(n)] (84)

By designating
n — (1 — B)B(n) = II(n) (85)
Eq. (84) may be presented in the form
22— 1 = by = 2(n) — T(ny)] (86)

To make Eq. (84) or (86) usable in actual practice, the
values of B(n) have been computed for a series of expo-
nents, covering the whole practical range. The respective
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B(n) values are given in table form at the end of the book.
In figuring the B(n) values, the integration constant in
Eq. (83) was assumed const. = 0, so that the table figures
represent the numerical value of

n d'r)
Ba) = - [ 0 87)
We call the B(n) function (Eq. [87]) the warted flow
function, and the tables will be referred to accordingly.
For the range of n from 2.8 to 4.2, which is the most
important, the B(n) values have been computed for lines
of exponents at an interval of 0.2. Beyond n = 4.2, the
exponent intervals are larger. Wherever the exponent
value, inherent in a particular case, falls in between the
table lines, a simple interpolation allows us to obtain the
intermediary solutions with sufficient precision.*

Example 7

The particular purpose of this example is to familiarize the
reader with the use of the varied-flow-function tables as well

10"

F1a, 79.—Layout of a canal for Example 7. The end of the curve at point B
corresponding to 7 = 1,001 or 1,01 5o.

as with the general technique of varied flow computations.

Recourse, therefore, is taken to the simplest case of a rectangular

canal of great width (Fig. 73).

* The methods used for computing the B(y) tables and other particulars
are given in Appendix II.
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The canal (Fig. 79) is laid with s, = 499¢9; the roughness
of the walls is taken to correspond to G.K., n = 0.025. Uniform
flow in natural condition occurs with y, = 4 ft., corresponding
to a discharge per unit width of

q = Coyo™V sy = 76 X 4% X V4 - 102 = 12.2 cu. ft. per second.

It is assumed, further, that the level in A is raised by z = 6 ft.,
making y, = 10 ft.

Question 1. Determine and trace the varied flow surface
curve.

First, one should establish the type of flow. One of the
depth parameters, yo = 4 ft., is given; the other, the critical
depth, is

Yer = /q2/g = V/12.22/32.2 = 1.66 ft.
With y, = 4 ft. > y., flow is of the M class. With y, > ya,
the curve is of the M, type-—a backwater curve in a mild-sloped
channel.
To apply Eq. (84), one should determine:
a. The value of the hydraulic exponent n.
b. The 1-8 curve.
Erponent n.—For a unit width, with B = ~y, the conveyance
is = C-y?. Accordingly

TaBLE VI
Uoo o ! 1 ft. '1.5&. 2. | 3£t | 44t | 65t |10t
G 55.00] 61.00] 65.00 71.00| 76.00| 81.0 | 88.0
X 0.55 1.12| 1.84 3.70 6.08 11.9|27.9

* In units of 102

Logarithmic plotting (canal type E in Plates I and II) gives tan
a = 1.70 and n = 3.40.

The 1-8 Curve.—For a canal of large width, p/b = 1; hence,
the critical slope (Eq. [43]) is simply ¢’ = ¢g/C? the values of
which are given in Fig. 40. The normal critical slope (¢ for
Yo = 4 ft.) is

oo = 55.69%G0; Bo = 8o/o0 = 4/55.6 = 0.072; 1 — B, = 0.928

For other depths, 8 = 0.072%—°r which gives



INTEGRATION OF THE VARIED FLOW EQUATION 91

TasLE VII
Yoo 2 ft. 3 ft. 4 ft. 6 ft. 10 ft.
o in 99§, 76.2 63.9 55.6 49.0 41.5
oo 0.730 0.872 1.000 1.130 1.340
B = 0.()72‘10-0 0.052 0.063 0.072 0.082 0.096
1-8 0.948 0.937 0.928 0.918 0.904

The 1-3 curve is traced in I'ig. 80. For integration purposes,
the total depth range, from 4 to 10 ft., is divided into three

1.00

0915
o Ranges a;’ .se;/ecv;ea’ average
= 005 cons alfloflt_’%ues ~
z \&09}*—/—5:092—-»3——/~5=ag/~——>-
2
">E 0925 —~——

——]
0.90
2 4 (3 8 10—y

Depth of Flow y

Fra. 80.—Sclecting average constant values of 1 — 8 for depth intervals in
Example 7.

portions, each corresponding to an average constant value of
1-8 = 0.91, 0.92, and 0.93.

Integration Limits. The Length of a Curve—The lower
limit (in the direction of the flow) is given through y, = 10
ft. For this limit 7, = ya/yo = 194 = 2.5. The upper
limit is the ““end” of the backwater curve. Strictly speak-
ing, as the curve approaches the normal depth asymp-
totically, its length is infinite. In practice, however, one
assumes the curve as ‘‘ending” in a ocertain section (B
in Fig. 79), where the difference between the varied flow
depth y and the normal depth line y, dwindles down to a
certain assumed small value. Usually such difference is
fixed in relative terms, to be for example 1 per cent or
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0.1 per cent of y,. Accordingly the end of the curve is

determined by 7 = y,/y, = 1.01 or 7 = 1.001, respectively.
Assuming for our example, n = 1.001, we obtain the integration

limits:

10 ft; 7, = 104 = 2.5
1.001; y, = 4.004 ft,

I

Ya
)

Integration Procedure.—The expedient way is to divide
the integration range into a series of intervals, going by the
depths, and then to determine, by means of Eq. (84) or
Eq. (86), the length of the reach, corresponding to each
depth interval.

Fis. 81.—Dividing the depth range of Fig. 79 into intervals.

For example, in our particular case, the depth range may be
divided as in Fig. 81, making the successive depths y = 10 ft.,
8 ft., 7 ft., . . . ; 4.08, 4.04, and finally 4.004 ft.

Remark: 1t will be found expedient to designate a section by
the value of the depth in that particular section. So section 5
means a section in which y = 5 ft. The distance between two
successive sections will be designated by [, .; the first of these
marks will correspond to the section which is lowest. in the direc-
tion of the flow. So I will mean the distance zs—z; between
section 6 and section 5, with section 6 lying stream downward of
section 5.
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In applying Eqgs. (84) and (86) to an interval between two
sections with the depths y, and y, (Fig. 82), keep in mind
that Eq. (82) is established under the assumption of Fig.
71; namely, that the depth, noted as y,, was situated
downward of y; in the direction of the flow. Accordingly,
in Fig. 82, y, with 5, = y,/y, will be the upper limit and
Ym With 1, = ¥n/yo the lower limit of the integral in Eq.
82. Thus, in Egs. (84) and (86) y,
corresponds to y.; and y,, to y;. . ,nm__{

Remembering this simple rule, use —~

Im
out the computations strictly algcbrai- ™~ ¥,
cally. If the location of the depths as \;\\\L
in Fig. 82 was assumed correctly, the \K I:

R

distance [, ,, will result from Eq. (84) X’"X\*

/7\

Fic. 82.

the varied-flow-function tables and carry

-

_—
as positive.  If, by any chance, the dis-

tance were to come out negative, it would
mean that the relative position of the
depths y, and y, was not assumed correctly, and that the
reverse position was the case, meaning that y,, is to lie stream
downwards of y,.

By adding the successive partial distances [, beginning
from the initial section, one obtains for any section m the
total distance L, and, thus, the location of the particular
section with regard to the initial section. For example,
in Fig. 81, the initial section being naturally section a,
L will designate the distance of the section with the depth
y = 5 ft. from section a.

The distance from the initial section to the end of the
curve shall be the total length of the curve and will be
designated by L.

Returning to our example, compute the distance l1p,3 between
Y. = 10 ft. and y = 8 ft.

The exponent, n = 3.4 in our case, corresponds directly to a
table line; therefore, B(n) may be taken straight from the tables.

We have, with reference to Fig. 71,

y2 = 10 ft.; 9, = 194 = 2.5; B(2.5) = 0.047
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yi = 8 ft.;n = 84 = 2.0; B(2.0) = 0.082

For the interval 10-8, the value of 1-8, from Fig. 80, is 0.91.
Further, yo/so = 4/4.10~* = 10,000 ft. Applying Eq. (84)

li0,s = 10,000[(2.5 — 2) — 0.91(0.047 — 0.082)] =
10,000[0.5 4+ 0.032] = 5,320 ft.

Repeating the procedure for the other intervals, we obtain:

TasrLe VIII

. |
(1) (2) 3) C ) (5) (6) ; (7) (8) ©) (10)
: «Q
y n = y/yo f:("; ‘;"’;' . An | AB(p) | —(1-B)AB | Al ! L

10.000 | 2 500 0.047 T - I + 0
0 5000 0 035 0 032 0 532! 5,320

8.000| 2.000 0 082 3 ; 5,320
o 0 250, 0 034 0 031 0 281 2,810

7.000| 1 750 0.116 - 8,130
] 0 250/ 0 061 0.055 0.305. 3,050

6.000| 1 500 0 177 11,180
1 0 250; 0 130 0.125 0 375 3,750

5000 1 250 0 313 & 14,930
. @ 0 150/ 0 217 0.200 0.350 3,500

4.400 | 1.100 0.530 b 18,430
_ 0 050] 0.193 0.177 0.229| 2,290

4200 1.050 0.723 20,720
_ 0.030] 0.259 0.251 0.281| 2,810

4.080 | 1.020 0.982 . . 23,530
. & [ 0010 0.200 0.188 0.196| 1,960

4.040 | 1.010 1.182 ‘ 25,490
X I 0.009] 0 674 0 626 0.635| 6,350

4.004 | 1.001 1.856 . | 31,840

In the above table, An (Col. 5) is the difference between the
neighboring values of » (Col. 2), so that A = 52 — 5 in Eq. (84).
The same applies to AB(5) (Col. 6). Column 7 is the multiple
of Col. 6 by Col. 4, taken in accordance with Eq. (84) with a
minus sign. The result being positive, the figures of Col. 7 are
added to those of Col. 5, giving in Col. 8, AIl = I(5,)— II(n,), see
Eq. (86), which is identical with the value of the big parenthesis in
Eq. (84).

The lengths of the reach [ between the respective sections
l= %’AH are obtained by multiplying Col. (8) values by yo/s0 =
10, Column 10 gives the total distance L of the particular
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section from the initial section corresponding to y = 10 ft. For
any depth, L (Col. 10) is the sum total of all preceding reach
lengths I (Col. 9). The surface curve y = f(z) is traced in Fig,.
83.

P [ ==Lp=3/640"- -~ - -—~—q-==—= .
b-End of packwater
14007 curve (n =100/)
<42 708
420
%””»ﬁ 2w e m ® ()
e a
¥ Ic
] }
~ i
%-OJ»’ ™~ !
00,( 1 5
'hb’?}‘ ~ Yo =10
'
P75y !
Y 0
35,000 30000 25,000 20,000 15,000 10,000 5000 0
L Distances from Imitial Sec fa e

F1a. 83.—Tracing of the M type backwater curve in Example 7, Question 1.

Question 2. Determine the depth y at a distance L = 12,000
ft. from section a. -

This problem is the reverse to that treated in Question 1. There
being given L and y, (Fig. 84), which means knowing II; = 7,
— (1 — B)B(n2) (Eqg. [86]), the solu-
tion lies in determining the particular
value of »1 which in

M =mn— 1 -=BBMm)
will satisfy the equation

I, =11, — Lﬂ’ ' (88) Fia. 84.—Determining the
Yo depth in a given section.

In applying Eq. (88), one should be certain to operate within
an interval, where 1-3 is an integration constant.

So in our case, knowing that Ls = 11,180 ft., it will be expedient
to make y» = 6 ft., and to determine the depth in a section (Fig.
85) situated at a distance I = 12,000 — 11,180 = 820 ft. above
section 6.
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With y, = 6 ft.:
M, =11(1.5) = 1.5 — 0.92X0.177 =

2
- -5~ -/2000 1.337,
‘—320-)# ~—=1/180 gand
Lo | i H()_L‘v'_‘l_1337__§2_0_.4
W e =6 m v 10,000
= 1.255
J_A\ 2 59
The solution now lies in find-
Fia. 85.

ing the value of », which will make
II(n) = m — 0.92B(m) = 1.2556
By tentative probes, always using the tables with n = 3.4,
we find: ’

m B(n,) I, = n, — 0.92B(,)
1.46 0.191 1.284
1.44 0.199 1.257
1.42 0.208 1.229
1.40 0.217 1.200

The values of II(»:) are plotted in Fig. 86. TFrom the graph we
obtain the sought », which makes 11(n) = 1.255, asn = 1.438 and,
accordingly, y: = my, = 1.438 X 4 = 5.74 ft. The outline of
the 1I(y) curve (Fig. 86) indicales that simple arithmetical
interpolation could be expediently used.

34. Simplified Solution. The § = 0 Curve.—Already
Dupuit pointed out that in slow-flowing streams the value
of v*/2¢ (Eq. [17]) is small and that therefore, in figuring
out backwater curves, the possible effect derived from
restored kinetic energy may be reasonably omitted.

In fact, in the preceding example the original velocity of
uniform flow v, = 12.2/4 = 3.05 ft. per second is retarded
to v, = 12.2/10 = 1.22 ft. per second in section a, resulting

2 . 2
in a “‘release” of a velocity head of (3.05) 5 1.22)* _

0.122 ft., or a head of 114 in. over a distance of more than
6 miles and a total surface fall, from b to a, of nearly 7 ft.

Moreover, one should bear in mind certain physical
features characterizing retarded flow in general. As
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mentioned before, retarded, 7.e., divergent, flow is accom-
panied by increased turbulence, with the result that only
a portion, and often only a small portion, of the kinetic
energy head, which is theoretically released through
retardation, is actually regained. Under all circum-
stances, the actual gain in 1400
restored kinetic energy head
over a long stretch of a spa-
cious canal is most uncertain.
On the other hand, as will be
seen later, the Dupuit sug-
gestion substantially simpli-
fies the figuring.

With regard to Eqgs. (84)

1.300 /

n-0.92 B(n)—1(n)

. [}
and (86), to omit the effect !
of restored kinetic energy will ~ 0255
mean making 8 = 0;inother  550l/_ v
140 125 150 155

words, neglecting the term .

d [ v* . ) )
: o Tiu. &6.—Graphical solution of equa-
e —— 4
dax\2¢g n Eq. (17) translates tion n — 0.92B(y) = 1,255,

itself into dropping B in the parenthesis (1 — 8) of the
final equation, so that the simplified equation reads:

b= =2 = L = m) = B — Bl (89)

For proof, one should simply follow the evolution of
Eqgs. (82) and (86) in their development from Eq. (21)
through Eqs. (46) and (48) and take notice how the

2
original member %—-‘%’ which reflects the change of the

L

2
kinetic energy head %(20—9)’ finally evolves into B(%/H,)*.

Designating
71 — B(n) = ®(n) (90)
one obtains Eq. (89), as

byi=2— 1 = ?;_:[‘I’("??) - ®(n1)] (91)
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To facilitate computation, tables of ®(n) =9 — B(n)
have been prepared for the range of exponents fromn = 2.8
ton = 4.2. These tables are simply derived from the B(y)
tables and constitute a complement to the latter. We shall
designate curves obtained by this simplified method as
“B = 0 curves.”

Among all the possible types of surface curves, it is
curve M, which occurs most frequently and figures most
prominently in practical engineering design. In the great
majority of cases, when dealing with an M, curve, the
simplified method, omitting the effect of restored kinetic
energy and leading to a 8 = 0 curve, is justified and recom-
mended; particularly, as in most cases it adds to the margin
of safety by making the surface curve somewhat longer.

It should be clearly understood, on the other hand,
that this simplified method is applicable to the M, curve
only. On the falling M, or S; curve, the velocity head
increases in the direction of flow and thus potential energy is
absorbed for increasing the kineticity of low. With regard
to the other y* curves,* one should bear in mind, that the
restoration of potential energy plays a decisive réle in
causing the particular forms of such curves. Thus the
S: curve owes its convexr form and its general outline to the
very fact of kinetic energy being restored. As to the M;
and the S; curves, the very essence of their nature lies
in the fact of a rapid and energetic release of kinetic energy
from a state of originally highly kineticized flow.}

In fact, even in the case of M, curves, the simplified
method should be used only when the kineticity, expressed

* The importance of thorough experimental rescarch in the domain of
varied flow, with the particular purpose of unmasking the process of restora-
tion of kinetic energy in open divergent streaming is strongly emphasized.
Another most important object is the comparative value of friction losses in
mild and rapid flow.

t The ludicrous results at which one may arrive by neglecting to take
into consideration the effect of restored kinetic energy in cases where such
restoration is called upon by the very nature of things to play a decisive réle,
are demonstrated for example by the unfortunate treatment of falling
curves and subcritical flow, given in the at one time standard ‘‘Hydro-
mechanik”’ of Rthlmann.
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by the kinetic flow factor (Art. 27), is actually low. As a
matter of fact, kineticity is reflected in the value of fS.
Thus, when ¥, = ¥.., so that normal flow is critical, s, = o,
and Bo=1. A mild-sloped channel is thus featured by 8, < 1
and1 >1— 8 >0. On the contrary, a steep-sloped flume
makes 30> 1 and (1 — B) negative. For steep slopes, more-
over, 1 — # may become many times the multiple of unity.

It is left to the flair of the designing engineer to pass
judgment as to when and where the simplified method may
be judiciously applied.

Example 8

Assuming the circumstances of Example 7:

Question 1. Determine and trace a 8 = 0 surface curve.

The figuring in accordance with I£q. (91) is assembled in Table
IX.

TasLe IX
y 7 n"i”;A AP l L

10.000 2.500 2.453 | ... | ... 0
0.535 5,350

8.000 2.000 te18| ... | ... 5,350
0.284 2,840

7.000 1.750 1.634 | ..... | ..... 8,190
0.311 3,110

6.000 1.500 1.328 0  ..... | ..... 11,300
0.386 3,860

5.000 1.250 0.937 | ..... | ..... 15,160
0.373 3,730

4.400 1.100 0.564 | ..... | ..... 18,890
0.237 2,370

4.200 1.050 0.327 | ..... | ..... 21,260
0.289 2,890

4.080 1.020 0038 ..... |  ..... 24,150
- 0.210 2,100

4.040 1.010 o172 ..... | ..... 26,250
0.683 6,830

4.004 1.001 0.85 | ..... | ..... 33,080

Remark: For n = 1.01, and below, the value of &(») is negative.
Remember the rule that computations should be carried out
strictly algebraically.
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The curve is so close to that of Fig. 83 that it would be difficult
to trace them together without confusion. The total length of
the g = 0 curve is about 4 per cent in excess of the curve as
computed in Table VIII.

Question 2. On the 8 = 0 curve, as above, determine the
depth y at a distance of 12,000 ft. from the initial section.

It is in this case, analogous to Question 2 of Iixample 7, that the
particular advantages of the simplified method become apparent.
In the first place, with 8 = 0, one is no more bound by the limits
of an interval, for which 1-8 must be an integration constant.
Therefore, in applying £q. (91), we make

Yo = Yo = 10 ft., with . = 2.5 and #(2.5) = 2.453
while the solution lies in finding an #;, which would satisfy the
relation

®(n) = D(ns) — Li—z 92)
In our case, we have
&(n) = 2453 — %—(2)—%)3—8 = 1.253

The tables with n = 3.4 give as nearcst values
7 = 1.44 ¢ = 1.241
n = 1.46 P = 1.259
Interpolating arithmetically (proportionate parts) we have
mo= 144 + %%g:—_i—g% (146 — 1.44) = 1.453
The sought depth
y1 = 1.453 X 4 = 5.81 ft.
A comparison with 5.74 in Question 2, Example 7, shows
a difference of about !4 in
36. Intermediary Exponents.—In Examples 7 and 8
the value of the hydraulic exponent taken from Plate II
was that of a table line with n = 3.4. Naturally such is
mostly not the case. Even for the canal in question, if a
more precise value of n was sought, for example for the
particular range of depths between y, = 4 ft. and y, = 10
ft., Eq. (71) would give
Lo 2708
Log (¥./¥y) _ ,°% 60.8 _ 0.6601

n=27cg10/4 - *Tog2s ~ 2 = 3.32

0.3979
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If n = 3.32, which is intermediary between the table lines,
were to be used, recourse must be taken to interpolation.

To gain a practical appreciation of the degree of precision
gained, we shall first compare the solutions, obtained from
using the neighboring table lines n = 3.4 and n = 3.2, between
which the precise solution with n = 3.32 lies.

08 Y 220
)7:/30/
n:3.32
01 e 200
8m) "N
06 e W—-\ 180
: ™ |
: 2 \

/
/

—> Values of B(n) for n=10}and n=1.001

3 B8
204 *\'%Zf ’ \\ 140
3 "
b
&
] \
203 S 120
> \
=
o "
02— ] 100
for p=r3" \
B1p)
oi—rfeorp 5, E—
*\\\
0
300 310 3.60 380 4.00

3.4?
Value 0 Exponem‘ —n

Fia. 87.—Illustrating the effect of the hydraulic exponent on the values of
B().

Using a 8 = 0 curve, and limiting the comparison to a few

characteristic points, we obtain the result as shown in Table X,

page 102.
The last column shows the relative difference of the distances
L Evidently, if in first approximation, a solution with any of
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the two table lines (n = 3.4 or n = 3.2) were adopted, the
mistake would not exceed 2 to 3 per cent.

TasLE X
n = 3.4 n = 3.20
Differ-
v L ence,
t
) A® ! a(n) At ;| Peeem
10000 | 2.500 | 2453 | ..... | ...... 2 438
1130 11,300 |....... 1.149 | 11,490 1.8
6.000 | 1.500 | 1.323| ..... | ...... 1 289
0.759 7,500 [....... 0.789 | 7.880 3.9
4.400 | 1.100 | 0564 | ..... | ...... 0 499
- 0.736 7.360 |— . 0780 | 7,800 5.8
4040 | 1010 0.172| ..... | ...... 0.281
- 0.683 6,830 |— 0.726 | 7,260 6.1
4004 | 1.001| 0855 | ..... | ...... 1 007
2l = Ly = 33,080 Lo = 34,450 41
| |

Graphical Interpolation.—In Fig. 87, curves of B(n) for a series
of #’s have been drawn as functions of the exponent n. These
curves allow one to determine graphically the intermediate value
of B(n) for n = 3.32 resulting in:

TasLe XI
B(n) ®(n) =1 — B(n)
v " lforn = 332| n =332 AP :

10.000 | 2.500 0.052 2.448
1.138 | 11,380

6.000 | 1.500 | 0.190 1.310
0.772 7,720

4.400 | 1.100 0.562 0.538
- 0.753 7,530

4.040 | 1.010 1.225 0.215
- 0.697 6,970

4.004 | 1.001 1.913 0.912
33,600

Arithmetical Interpolation.—Proceeding by arithmetical inter-
polation and making ®(y) with n = 3.32, the proportionate
intermediary between the adjoining table lines, one obtains:
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TaBLE XII
®(n) Forn = 3.32
Yy L]
n=32|n=384|n=2332 A® I

10.000 | 2.500 2.438 2.453 2.447
1.138 11,380
6.000 | 1.500 1.289 1.323 1.309
0.771 7,710
4.400 1.100 0.499 0.564 0.538
- - - 0.754 7,540
4.040 1.010 0.281 0.172 0.216
- - - 0.701 7,010
4.004 1.001 1.007 0.855 0.917

33,640

The difference between the distances in Tables XI and XII is
negligible. The example proves the rule, well substantiated by
experience, that arithmetical interpolation (using proportionate
parts) is a procedure sufficiently precise for general engineering
practice



CHAPTER IX
COMPUTATION PROCEDURES

The solving of problems relating to varied flow will be
illustrated in this chapter by practical examples. The
cases as presented are distinctly elementary and are
conceived primarily with the idea of familiarizing the
reader with the computation procedures: In their entity,
nevertheless, the problems selected indicate the ways of
approach to many problems of actual practice and thus
serve as an introduction to the more complex cases treated
in Part II. Also each and every type of surface curve is
given separate treatment. As a preliminary remark it
may be useful to emphasize once more, as a feature which
repeatedly occurs in computations dealing with varied flow,
that in such computations the discharge may be substituted
by the equivalent normal depth.

In a given canal, meaning a canal of given cross-section
and of given bottom slope s, the discharge @ and the depth
Yo of uniform flow are connected by the relations

Q = Ky Vso; Ky = Q/Vs

where ¥(y,) is the conveyance of the canal cross-section
at the stage y,. For a series of discharges @i, Q. @,

. we have thus a series of uniform depths ye1, Yoo,
Yos, - « . connected with the respective discharges through

HK(yo) = Ql/\/;‘—o} K(yp) = Q‘z/\/s—o; ete.

Whenever a discharge Q,, is used to characterize flow
in a canal, the equivalent normal depth y,, may be used
as a substitute. It will be found from the following

examples that, generally, the value of the discharge as
104
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such does not enter into computations and is represented
by the equivalent normal depth.

36. The M, Curve.—Throughout this article the simpli-
fied method, using the “8 = 0" curve and Eqgs. (91) and
(92), is applied.

Example 9

A canal, Type A (Plate III), is laid between two reservoirs A
and B (Fig. 88/1) at a distance of L = 2 miles; s, = 499¢,;
G.K. n = 0.025; Ls, = 10,560 ft. X 4 - 10—4 = 4.224 ft.

Water is fed into the canal by means of a regulating sluice.
The outflow at B is unobstructed. The canal is designed to
carry Q = 2,140 cu. ft. per second in uniform flow, with y, = 8 ft.
The respective

K, = 2,140/4/4 - 10~ = ~1,068 - 102 cu. ft. per second
(see Table related to Plate 1II)

Obviously in uniform flow y, = y. = 8 ft.

It will be assumed now that the stages y, and y. may change.
Also, that the discharge may differ from @ = 2,140 cu. ft. per
second. The problem will be to determine in each case how
the change of y: and y,, or of @, respectively, will affect the
other elements of flow.

In the computations below, when using the varied-flow-
function tables, an average value of the hydraulic exponent
n = 3.6 will be applied.

Question 1. The discharge remaining @ = 2,140 cu. ft. per
second, stage B is changed, so that y, = 12 ft. Determine the
depth y; in section 1.

With reference to Fig. 88/2, flow now will be varied, the
surface curve being of the M, type. The discharge is represented
by the normal depth y, = 8 ft. The circumstances in section 2
are given, and are characterized by n, = 12§ = 1.5; ®(n.) = 1.351.

The stage y, at section 1 is connected with stage y, by Eq. (92)

B(n) = B(n2) — %*- — 1.351 — 4—?-‘-‘ — 0.823
0

From the &(4) tables we find the value of 7, corresponding to
®(n) = 0.823 to be n = 1.174, which gives y; = 1.174 X 8 ft. =
9.39 ft.



106

HYDRAULICS OF OPEN CHANNELS

Question 2. Assuming the discharge remaining constant and
equal to Q = 2,140 cu. ft. per second while level B changes

0 @
-~ ‘2 Miles = /10560° %
Uniform flow
Q=240 %
i
3' :
i
¥=8’
i
M,
e~ M cu
'?—\~\ s Ccurve AJ‘B
= - {
oo’ 1\ e —. ]
2 WP Ly 0
: )'o; y2=/2
IR ;
]
]
\’\__L_
—-? ~\‘\,\jwl Curye
LK1 )}:‘215 ! T~ I,
] 1
i ¥,:7' 1
- (4 2ol
! <
2
—T—\J, curve
[~
H \‘\‘. f
-——
" .>§=:8' y:-7’ T i
' 0{ .Y2=/a5
)
"
2

Fi1a. 88.—Relating to Example 9.

between y, = 8 ft. and y, = 12 ft., compute

and draw a curve

representing the relation between the changing stages y; and y,.
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The solution lies in applying the procedure of Question 1 to a
series of points. The computations are gathered in the following
table.

TasLe XIIT
(1) 2) (3) (4) (5) (6)
& =

Ve m = y/8|  @(n2) ®(na) (?-,)0.528 m Yi=m X8
12 1.500 1.3510 0.8230 1.1740 9.39
11 1.375 1.1785 0.6505 1.0950 8.76
10 1.25 0.9770 0.4490 1.0495 8.40

9 1.125 0.7275 0.1995 1.0210 8.17

8 TTniform flow. ]

The curve representing the relation between the stages ie
drawn in Fig. 89.

10.0

9.5

Lo —

85 //
8’°a 9 10 1l 12
Y2 —
F1a. 89.

Question 3. Assume that the discharge is reduced to Q =
1684 cu. ft. per second, while the stage in section 2 remains to
be y; = 8 ft. Determine the corresponding stage y: at section
1.

The discharge @ = 1,684 cu. ft. per second corresponds to a
conveyance ¥ = 1,684/1/4 X 102 = 842 X 102, which (Plate
III) corresponds to the normal depth y, = 7 ft. Accordingly,
in Fig. 88/3, the discharge is represented by the line of uniform
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flow yo = 7 ft. For section 2 we have as given y, = 8 ft.;
y: = 8¢ = 1.143. When determining #(1.143) take propor-
tionate parts between table values for #(1.14) and #(1.15). Thus

$(1.143) = 0.740 + 3{(0.766 — 0.740) = 0.7478
The stage in section 1 is determined by

‘ 0
®(m) = P(n2) — l;/l’ = () 7478 — é,Q;i! = (.748 — 0.603 = 0.145
o

To find #,, interpolate between the table values
$(1.02) = 0.120 and ©(1.03) = 0.240
Using proportionate parts, we find

(1.03 — 1.02)(0.145 — 0.120) _

(0.240 — 0.120) 1.022

m =102 +
Accordingly,

Question 4. Assume, now, that it is the stage in section 1
below the sluice which is maintained constant at y, = 8 ft.,
and find the stage y. corresponding to a flow of @ = 1,684 cu. ft.
per second (Fig. 88,4).

We have now for section 1

The stage at section 2 is determined through

B(n2) = ®(m1) + %10 = 0.748 4 0.603 = 1.351
[

m=150andy, = 1.50 X 7 = 10.5

Question 5. Assuming with a flow at 2,140 cu. ft. per second
that initially y: and y. were both 8 ft., determine the highest
stage in section 2, until which level B may be raised without
appreciably influencing the stage at section 1.

Recourse in this case has to be taken to the definition
of the “end” of a curve as given in Art. 33, Fig. 79.
The influence of the depth ¥, on the stage in section 1 will be
considered nil, whenever the backwater curve produced by a rise
of y, over y, ends below section 1, or is shorter than the length
of the canal L = 10,560 ft.

which gives
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Assuming the end of the curve to be at n; = 1,001 which makes
&(n) = —0.724, we find the corresponding stage 2 through

Lso _ o794 + 4—%25 = —0.724 + 0.528 =

Yo
—0196

The &(5) table shows that the corresponding value of 7, lies
between 7, = 1.005 and », = 1.010, which means that in our
case no appreciable change of level B may take place without
affecting the depth y,

P(n2) = ®(m) +

A
‘SO/ > 1501
b Section 1 Section I

Iig. 90.—Canal with a break in the bottom slope featuring an M, curve
(Exercise 2, Example 9).

However, if the canal were to be substantially longer, circum-
stances would be different. For example, with L = 5 miles,
and Lso/yo = 1.320, the value of ®(72) in the above would become

d(ny) = —0.724 + 1.320 = 0.596

which corresponds to 7, = 1.093 and y, = 1.093 X 8 = 8.75 ft.
The level in B could fluctuate 10 per cent without affecting
the stage at section 1.

Exercises:

1. Assume in the layout of Fig. 88 the canal to be of Type B
(Figs. 14 and 15); yo = 5 ft.; L = 10,000 ft.; s, = 2094, ; and
8o = 800g,, respectively. Use n = 3.70.

a. With reference to Question 5 of the preced'ng example,
determine the stage y, until which level B may be raited without
affecting the stage at y,. Take for end of curve #; = 1.001 and
m = 1.01, respectively.
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b. For both bottom slopes and y, = 5 ft., determine and draw
the curve as in Fig. 89, showing the relation between y: and y:.

2. Assume a canal, Type B, laid with a break in the bottom
slope (Fig. 90); so1 = 6%9G0; S0z = 39959. The discharge Q
corresponds to uniform flow in section 1, with yo = 3 ft. Use
¥ curve with Bazin coefficients (Fig. 15). Take n = 3.70.
Determine the surface profile.

Explanatory Remark: In this problem, as in others to come,
where the case is one of a canal with a break in the bottom
slope, it is incumbent first to establish the fype of movement.
With reference to Fig. 90, because of sy, being less than so;, the
surface must rise from the normal depth y,, = 3 ft. to the normal
depth yo; > 3 ft.

To determine the type and location of the transition curve,
a reasoning on the following lines will usually be found expedient.
First, by figuring out y.,, one finds that both .. and y. are
> y.; the movement is in the M class. The only possible y+
curve will be an M, curve, which must lie wholly within section 1
above the yg, line. The transition curve cannot lie in section 2,
as in such case the only possible curve with y < y2, would be
a y~ curve, Type M, The normal depth yo, reaches to the
dividing section A; it acts as a barrier with regard to section 1,
causing a backwater curve a-b of the M, type.

37. The M, Curve.
Example 10

A canal, Type B (Fig. 14), laid with s, = 10094, terminates
in a fall (Fig. 91); yo = 5 ft.

With G.K. n = 0.013, the discharge (Table II and Fig. 15)
is

Q = Koo = 109.14/10 = 346 cu. ft. per second; oy =
22.8094,

With sy < oo, the class of flow is M. The curve is a falling
M, curve, between the normal depth y, = 5 ft. and y.,, near the
erest of the fall.

Question 1. Determine the surface curve.

In figuring vut y.., we have (Eq. [28])

M., = Q/\/g = 346/5.67 = 61; y., = 4.01
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With ¢, = 22.8005,, B0 = 10/22.8 = 0.438, o, = 22.7004,,
B. = 0.441, a single average value of 8 = 0.44 with 1 — g8 =
0.56 may be used throughout the integration range.

With (1 — 8) = const., one may conveniently use the equation
in form (86)

l = ‘Zill](m) — TI(m)]

The integration limits will be:

Fi1a. 91.—The M, curve in a canal leading toward a fall (Example 10.)

For the section over the fall
N = Mo = Yer/Yo = 4.01/5 = 0.802
For the section corresponding to the end of the curve at a
7o = 0.999 and y. = 0.999y, = 4.995 ft.

Following the procedure of Example 7, we shall select a series
of depth intervals and determine the lengths of the reaches
between them. We shall assume that y.. lies over the crest of
the fall.* Section /' will be the zero section, from which the dis-
tances L will be measured.

For the range of depths 5 to 4 ft., the hydraulic exponent is

LXE) 1091
ne o K& _ 7706 o0
Lg5g Lg1.25 '

The middle values between table lines n = 3.8 and n = 4.0
will be accepted as B(y).
Yo/80 = 5/10 . 10~¢ = 5,000 ft.
With this, the figuring is given in the following table.
* In other words, the small distance between section C and section £ in
Fig. 37, is neglected. In the present state of the art, with what little is

known of the surface curve forms in curvilinear flow, this approximation is
unavoidable,
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TasLE XIV
(1) (2) 3) (4) (5) (6) (7) 8)
B B(x) . I(n) =
y n =1y/5 n =39 0.56B (1) 0 — 0.568 All l L
4.010 | 0.802 | 0.8950 | 0.501 | 0.301 0
0 0
4.050 | 0.810]0.9090 | 0.509 | 0.301 | .....|..... 0
0 0
4.100 | 0.820]0.9270 | 0.519| 0.30L| ..... | . ... 0
0.004 20
4.250 | 0.850 | 0.9865 | 0.553 | 0.207 | .....| ..... 20
0.022 110
4.500 | 0.900 | 1.1155 | 0.625 | 0.275 ..... | ..... 130
0.058 | 290
4.750 | 0.950 | 1.3090 | 0.733 | 0.217 | ..... | ..... 420
0.108 | 540
4.900 | 0.980 | 1.5550 | 0.871 0.100 | ..... | ..... 960
0.092 | 460
4.950 | 0.990 | 1.7375 | 0.973 | 0.017 | ..... | ..... 1,420
- 0.323 | 1,615
4.995 | 0.999 | 2.8315| 1.305 | 0.306 | ..... | ..... 3,035
f
P850 005 60
\”’0& @95 4,90 N
—~—1S» 4.75) “a
LM, 250] ll¢ o
] e y
9 ~ "R 1
S ' q N
'l? I T i \ 401-
~ § Pl S g
INALIN S ' T
~—~—_ 27 Lﬁé'ﬂ‘w %‘\; %‘?‘. s
£
= | ; N N 20%
O /pe —_
% »\LNLy\ B
3000 2000’ 1000’ 0

L = Distance from
the crest of the fall

F1a. 92.—Tracing of the M: curve in Example 10.
The curve is traced in Fig. 92. '
Remark: In Col. 7, the distance between the depths 4.01 and
4.10, respectively, are shown at zero, which mesns that the hori-
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zontal distance in which the respective increment of depth takes
place is too small to be noticeable within the degree of precision
with which the figuring is conducted.

Example 11

A canal, Type D (Plate V), is laid between two reservoirs at a
distance of 2 miles (Fig. 93); so = 109§¢; G.K. n = 0.025. The
canal is designed for uniform flow at Yo = 8ft., corresponding to a

discharge of Q = KoV so = 384.5 X v/1 = 384.5 cu. ft. per

a 74
------ 10,560 ~« ceee ]
Uniform o
Q =3845°¢ /V iB

53
Y

l “Sp=0 0001 ]

_‘_%‘* p——
);=7’08 -~
]

/\F
K

el -~
X Y -’{115 T'VC;Z‘W

Fra. 93.-- Relating to IKxample 11.

second. In the following, the discharge will be assumed to
remain permanent, while the stages y; and y» will be subject to
lowering below y, = 8 ft.  The result will be flow with a falling
surface curve of the M, type. Assuming that the lowering will
not extend much beyond y = 3 ft., we determine the hydraulie
exponent for the range between y = 3 ft. and y = 8 as
K(S) 384.5
Liys) D952 07024

= —— 0 — e
n=2yse = T ogeg ~ %0460 - 370
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In applying the varied-flow-function tables, the middle value
between table lines for n = 3.6 and n = 3.8 will be used. In
determining the value of 1-8, we have for the range of depths
between y = 3 ft. and y = 8 ft.

y = 8;0 = 56.50040; 8 = so/0 = 1/56.5 = 0.0177; 1-8 = 0.982
g =3;0=179.40060:8 = s)/c = 1/79.4 = 0.0126; 1-3 = 0.987
An average value of 1-3 = 0.985 will be used. We further
have:
Ls, = 10,660 X 1.10~* = 1.056; Lsy/yo = 1.056/8 = 0.132
Question 1 (Fig.93/2). Assume level B lowered to make y» = 6

ft. Determine the corresponding stage y..
We have for stage 2:

Yys = 6ft.;me = 8g = 0.75
B(n:) (middle value between B = 0.823 and B = 0.815)
=0.819; (n2) = 72 — (1 — B)B(ns) = 0.750 — 0.985 X 0.819 =
—0.056
For determining stage 1, we have

U(n) = (n2) — I;;S" = —~0.056 — 0.132 = —0.188
0

The corresponding value of 5,, which is to satisfy
H(?]l) =1 — 0985B('I71) = —(.188

is found as follows:
We have, with n = 3.70:

B(0.88) = 1.0725; 11 = —0.178
B(0.89) = 1.0105; 11 = —0.198

Interpolating we have n; = 0.885, which makes y; = 0.885 X
B = 7.08 ft.

Question 2. Assume that stage 1 has been lowered from y, = 8
ft. to y, = 7.6 ft. Determine to what level stage 2 should be
lowered in such case, in order to continue to draw water at the
rate of @ = 384.5 cu. ft. per second.

We have for section 1

m = =0 = 095; B(n) = 1.337; () = 0.95 — 0.985 X

8
1.337 = —0.367

I



COMPUTATION PROCEDURES 115

Stage y. is determined through
II(ny) = 5y — 0.985B(ns) = H(m) + I—Jﬂ) = —0.367 4+ 0.132 =

Yo
—0.235

To determine 7., we have from the tables, with sufficient
approximation,

72 = 0.91; B(0.91) = 1.1625; 11(0.91) = 0.91 — 0.985 X
1.1625 = —0.237
Thus
y2 = 0.91 X 8 = 7.28 ft.

Question 3 (Fig. 93/3). Determine the lowest position of the
drop curve M, at which a flow of @ = 384.5 cu. ft. per second
is still possible.

The lowest possihle stage y, at section 2 is the critical depth.
As explained in Art. 17, the depth y. cannot drop below y. = y..,
and having once reached that stage will remain there, irrespective
of any further lowering of level B.

To determine y., we have

M., = (@/b). = Q/\g = 384.5/5.67 = 67.8

From Plate V, we find accordingly y., = 2.51. For section 2
with ¥y, = y = 2.51, we have

12 = 2.51/8 = 0.314; B(ns) = 0.315; II(ns) = 0.314 — 0.985 X
0.315 = 0.004

The corresponding stage 1 is determined by
II(n) = m — 0.985B(n;) = 0.004 — 0.132 = —0.128
To find 7;, we have from the tables

7 B(n) ()
0.85 1.0000 —0.135
0.84 0.9785 —0.124

Interpolating we get n; = 0.844 and, accordingly the lowest
possible y; compatible with a discharge of 384.5 cu. ft. per
second = 0.844 X 8 = 6.74 ft.

Question 4. Assuming that stage y, varies between y, = 8 ft.
and y. = 2.51 ft., determine the effect produced on stage 1
by such variation of y,.
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This problem is similar to that of Question 2, Example 9.
The limits of the change of stage y, are: yo = 8 ft. and yimin =
6.74 ft. To find the intermediary points apply the procedure
used in Question 1 to a series of stages.

The computation is assembled in the following table

TasLe XV
v = ue/S Blw P9SSBGo| mGw | NORT e
8 - Uniform flow 8
7.20 | 0.900 | 1.1300 1.113 —0‘213 _0.345 0.945 | 7.56
6.00 0.750 { 0.8190 0.806 —0.056 vO. 188 0.8s5 | 7.08
4.00 0.500 | 0.5085 | 0.501 —0‘001 .—0.133 0.848 | 6.79
3.20 | 0.400 | 0.4030 | 0.397 +0.003 ~0. 129 | 0.845 | 6.75
2.51| 0.314 | 0.3150 | 0.310 +0.004 ~0.128 0.844 | 6.74

The curve is drawn in Fig. 94.

80 Um'formrf/o;y/
Yi=yz =8
75
) Q3845 /
>
w 10 /!
v
o /
2
& “Lowest position of
65 curve M,
Jr T 6H; Yoy 251
&00 2 4 6 8 10
Stages y, —>
F1a. 94.

Question 5. On a lowering curve, with y diminishing stream
downward, the velocity increases. In a canal with walls in
natural condition, this increasing velocity may result in danger-
ous erosion. In fact, in the above case the velocity at y., is
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v = Q/a, = 384.5/46.9 = 8.2 ft. per second.

Assume that, for gravelly soil in which the canal is supposed
to be laid, the dangerous limit of velocity is reached at v = 4 ft.
With @ = 384.5, this corresponds to a cross-sectional area of
a = 96.1 sq. ft. and a depth (Plate V) slightly below y = 4.5 ft.

Assume that, over all the length of the canal where the velocity
may exceed 4 ft., the canal walls are to be protected. Determine
on what length L, (Fig. 93/3) such protection has to be put into
effect.

The lowest position of the curve being given in Fig. 93/3,
assume that protection is to be given on the whole stretch where
the depth may be < 4.5 ft. The problem is thus to determine
the length L, between y.. = 2.51 and y., = 4.5 ft.

Fra. 95.—Canal with a break in the bottom slope featuring an M curve (Exercise
2, Example 11).

From Table XV, for y = 2.51; II(n;) = 0.004. For y, = 4.5
ft.; 71 = 4.5/8 = 0.562. With n = 3.70:

B(0.56) = 0.575 B(0.562) = 0.577;
B(0.58) = 0.5975 | II, = 0.562 — 0.985 X 0.577 = —0.006

Hence

Lp = %sig[n(m) — I(n)] = 8-10¢0.004 — (—0.006)] = 800 ft.

Ezercise:

1. Assume a layout as in Fig. 93 with canal Type 4; s, =
4 X 10~%. The constant discharge corresponds to y, = 6 ft.
Determine the lowest possible value of y, with the length of the
canal respectively: L = 5,000 ft.; L = 10,000 ft.; L = 15,000 ft.
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2. The canal (Fig. 90) is laid with the bottom slopes in reversed
order, namely, Fig. 95: s = 3005, and sy = 6993,. Deter-
mine the surface profile, assuming that the discharge corresponds
to Yoo = 3 ft

Indication.—A process of reasoning, similar to that of the exer-
cise in Example 9, will show that the transition section must
be a lowering M. curve, located wholly within the upper section,
below 5. The depth in section A will be yo = yo2.

38. The M; Curve.

Example 12

Assume in a layout (Fig. 96) water flowing from under a
sluice into a rectangular canal, Type C (Plate 1V). The canal

a Q=/080%

‘SO :/ooooo
Fig. 96.—M; rising curve in a mild-sloped canual below u regulating sluice
(Example 12).
is laid with s = 100950; G.IX. n = 0.013. The sluice is regu-
lated to discharge Q = 1,080 cu. ft. per second, with a depth in

the vena contracta, y, = 1.5 ft.
Question 1. Determine the surface curve.

The normal depth

o = Q/V/so = 1,080/4/10 - 10~2 = 329 X 102; from Plate IV,
Yo = 6 ft.

The critical depth
g = 1,080/20 = 54 cu. ft. per second; y., = Vg =
/542/32.2 = 4.49 ft.
With yo > y and y. = 1.5 ft. < y.,, the curve is of the M,

type.
The elements of flow in the vena contracta are:
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v, = 54/1.5 = 36 ft. per second; v,2/2g = 20.1 ft.; e, = 1.5 +

20.1 = 21.6 ft.; ) = 2 ’%3 ~ 267

The 1-B Curve (Plate IV).
For

Yo = 6ft., 0o = 25.80050; 8 = 10/25.8 = 0.388;1 — B, = 0.612

For other depths:
Voo 15 2.0 3.0 4.0 5.0
g0 in ©%g. . ... 25.3 24,4 23.5 24.0 24.9
B 0.395 0.410 0.425 0.416 0.401
1-8. . ......... 0.605 0.590 0.575 0.584 0.599

The 1-8 curve is traced in Fig. 97. 6

For integration the average constant y /
1-8 values are adopted as follows: for the ;'
depthrange2.1 — 4.2,1 — 8 =0.58;for 2
¥y<21,1—8=0.595;fory>4.2,1—8= < | 059} | el
0.59. ;g 4

The hydraulic exponent for the range 8 058
1.5 to 6 ft.: :

n=2 PS5 ALE _ g9 0595

L (i_(_) Lg4 Y5
95

We shall figure withn = 3. The limits ]
of the curve are 0 055 060 065

Yor = 4.49 with Nor = 4.49/6 = (.749 Fra. 97.— Selecting aver-

onst, lues of 1 —
Yo = 1.5 With 7o = 1.5/6 = 0.250  for dopth intervers, * Txam
Yo/80 = 6/10 X 10* = 6,000 ple 12.

The range of depths is divided into intervals; the partial
distances being

= %:mn — (1 — B)AB] = yo/soATl

The distances L are figured from the critical depth stream up.
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TasLE XVI

| @ (3) 4) (5) (6) ] 8 | @ |Qqo;
N B(n) ; _ lv

y pn=y/6 (1-§) | " Ap | AB | (L=@aB| am |0 L

4.49) 0.749 0.855) .....0 ...l ... | . C
0.009] 0.015] 0.00885 |0 00015 1

4.44| 0.740 0.840) .....0 ... ... oo o
0.59 | ..... 0.020/ 0 033] 0.0195 |0.0005 3

4.32] 0.720 1 0.807) ... ... o .. 4
0.020{ 0.031] 0.0183 [0.0017 | 10

4.20 0.700 | — 1 0.776 ... ... oo 14
0.050| 0.073] 0 0424 10.0076 | 46

3.90 0.650 T 0.703) oo | o .lo6C
0.58 | ..... 0.050] 0.066] 0.0383 |0.0117 | 70

3.60| 0.600 0.637 ....| ...l .o 13¢
0.100; 0.120, 0.0696 10.0304 | 182

3.00 0.500 0.517) ... oo .. 812
0.140 0.153] 0.0888 |0 0512 | 307

2.16) 0.360 | —— | 0.364] ... ... .0 ... ... ...l 619
0.595 | ..... 0.110{ 0.113| 0.0672 |0.0128 | 257

1.50 0.250 Lojoesy oo ...| 876

The curve is traced in Fig. 98.

In the above example the total length of the curve between
the vena contracta and y.. was found to be L = 876 ft. If the
canal is shorter than 876 ft. and the efflux is unobstructed, the
stream will low out freely as in Fig. 54. Usually, however, flow
from under a sluice with an A curve leads to a jump.

Question 2. Assuming under circumstances as above, that
the jump starts at a depth d; = 2.5, determine the distance Lqg
Fig. 99 from the vena contracia to the foot of the jump.

The problem is answered by finding the distanee between the
depths ¥, = 1.5 and d, = 2.5.

The depth 2.5 lies within the interval with 1 — 8 = 0.58.
Accordingly, following the procedure of Fig. 85, we shall deter-
mine the distance of section 2.5 from section 2.16, which (see
Table XVI) lies 257 ft. from a.

For the interval 2.16 ft. to 2.50 ft., we have:

yz = 2.50; 72 = 2.50/6 = 0.417; B(y) = 0.425
y1 = 2.16; n, = 2.16/6 = 0.360; B(1) = 0.364; 1 — 8 = 0.58
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An = 0.057; AB = 0.061; AB X 0.58 = 0.0354
All = An — (1 — B)AB = 0.057 — 0.0354 = 0.0216
l2,; = 0.0216 X 6,000 = 130 ft.
The full distance from vena contracta is
Ly = 257 4+ 130 = 387 ft.

576
6/9
/
130
2]
L1

/’L/

ﬁfm contracla Yerr4 51

1
Ya‘=/£'
'

% n%;.,

R

G itrarrraa S
=100 ‘ %
Sol02%; T —

1000 800 600 400 700 0
Distance from yep—~——

Fra. 98.—Tracing of the M3 curve for Fig. 96, Example 12.

ad
() Foat of the
e Ly — e e - >/ yump
<~ ~ 2577 — - ><~~17———>L
¥ T A
—1t5 276" ;1250
e — /30" ->
e ~——-387" —---—- >
(@

F1a. 99.-—Determining the location of the hydraulic jump, Example 12, Question 2.

~ A

—> Q=346 ¢4

Yer y?2=5 ’

Y2 1073,

Fia. 100.—Canal with a break in the bottom slope from steep to mild, featuring
an M; curve (exercise in Example 12).
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Ezercise:

Assume canal, Type B (Fig. 14), laid as in Fig. 100 with
801 = 0.01 and 802 = 100960

Assume Q = 346 cu. ft. per second, corresponding to yos = 5 ft.
(G.K. n = 0.013). For the  curve with s, = 0.01, use G.K.
curve for s, = 1000,.

a. Assuming the length of section 2 to be 500 ft., determine
the longitudinal surface profile.

b. Determine the maximum theoretical length of section 2,
which will allow free eflux without a jump.

Indication.—Determine y, and y.. As yo is less than y.
and ¥, is greater than y.., there will be an M, curve, commencing
in section a with y. = yo:.

39. The S, Curve.

Example 18

Assume a rectangular flume, wide enough to be considered as
of type, Fig. 72, laid with s, = 5090(, and emptying into a

Fi1e. 101.—8; rising curvein a st,eep-sltl)';;)ed flume emptying into a pool (Example
pool (Fig. 101). Use G.K. values for C corresponding to
80 = 109939 and n = 0.013. Assume y, = 3 ft., which gives, for
a unit width, 3 = C - y% = 138 X 3% = 7.18 X 10% and ¢ =
7.184/50 = 50.8 cu. ft. per second. ‘

Question 1. Assuming that the depth in section a is y. = 9 ft.,
determine and trace the surface curve,
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The critical depth

Yo = V¢*/g = v/50.8%/32.2 = 4.30 ft.
With yo = 3 ft. < y.., the flow is in the S class.

With y, = 9ft. > ¥, the curveis of the S; type. The integra-
tion limits are: y, = y.. = 4.30 ft. and y, = 9 ft.

Hydraulic Exponent.—Take as an average value n = 3.20°
Yo/S0 = 3/50 - 10 = 600 ft.

The 1-B Curve.—For a rectangular profile of great width the
critical slope is ¢’ = ¢/C? (Fig. 40).
For the different depths the values of ¢’ and 1-8 are:

v c /0% B = sofo’ 1-8
10.0 155 13.4 3.73 2.73
8.0 152 14.0 3.57 2.57
6.0 149 14.8 3.38 2.38
5.0 146 15.3 3.26 2.26
4.5 144 .5 15.6 3.21 2 21
4.0 142.5 15.9 3.14 2.14
3.5 140.5 16.3 3.06 2.06
3.0 138 16.9 2.96 1.96
2.6 134 17.9 2.79 1.79
2.0 130 19.0 2.63 1.63
1.5 124 21.0 2.38 1.38
1.0 116 24.0 2.08 1.08

The 1-8 curve is traced in Fig. 102.

With s, > g0, 1-8 is negative. Moreover, the values of 1-8
are quite substantial. Under such circumstances it will be
expedient to take a separate average value of 1-3 for each
interval.

The computations are assembled in Table XVII, page 125.

The values of 1-8 (Col. 6) are taken for each depth from curve
(Fig. 102). The value of 1-8 for an interval (Col. 7) is the arith-
metical average of the adjoining values in Col. 6. In column
9, AIl = An — (1 — B)AB. The partial distances [ (Col. 10) are
! = AIl X 600 ft. The distances L are measured from section a.

The curve is plotted in Fig. 103.
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(/-B) curve
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F1a. 103.—Ubpper curve, tracing of the S: curve for Fig. 101, Example 13.
Lower curve, tracing of the S: curve for Fig. 105a Example 14.
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Question 2. The surface curve, as traced above, over the
whole range of depths until y., is a theoretical profile. Usually
the S, curve is a stretch of gradually varied flow succeeding a
Assuming that the depth d, after the jump is

jump (Fig. 6).

known the location of the jump is found by determining the
distance L; from A to the section J with y = d, (I'ig. 101).

TasLe XVII

(D @) (&3] 4) %) (6) 7 (8) ) 10) | 1D
1-8
v n An B AB(n) 1-8 for (1-8)AB ATl i L
interval
_— *.

900 |300]| ....00041 |— 2 66| — S R A
040 | .... | o016 |..... 2 61 0 0418 [0.358 215

7.80 1260 | .. . 0057 | ....... 2 56 . 215
0.30 | ..... 0018 ..... 2 52 0 0451 10 255 (153

690|280 ] .. . 0075 |...... 2.47 378
0.30 |..... 0 029 A o2 0 0706 0 220 137 5

600|200 ..... 0104 |.. Joeas o . ‘ 515 5
0.20 |...... 0 029 . 0 0682 [0 132 | 79 3

5.40 | 1.80 | .... |0.133 |.... 2 32 e sss
0.10 |..... 0.020 | ..... 0 0460 [0 054 | 32

510 | 1.70 ofoas 208 L. AU B 617
010 {...... 0.026 |...... 2 27 0.0591 {0 041 | 24.6

4.80 | 160 01T | 225 ... s jea2
0.05 | ... 0.015 {.... 2 24 0.0336 [0.0164] 9 85

465|155 0.194 |........ 2220 ..., o . o .|652
005 ... 0.01% . 2 21 0.039% 10.0102] 6 1

450 | 150 ] . o2zl 2000 ..o . less
0 04 L 0016 ... 2.19 0 0351 10 0040! 3

4.38 | 146 ... 02281 ... .. 218 ... .. R 661
0027, .| 0.01150.. ... 2 175 0.0250 0 0020 1 2

4.30 | 1 433 0.23950........ 217 ... .|662

Assume, in our case, dz = 5.60 ft. To locate the jump in
accordance with Table XVII, we may find the distance of section

5.6 to section 6 for
5.60-6.00 an average

For y,
For y,

Il

which L = 515.5. Using for the interval
value of (1 — B) = —2.36, we have:

6; 72 = 2.00; B(n,) = 0.104
5.6; m = 1.866; B(n:) = 0.122

An = 0.134; AB = —0.018; (1 — B)AB = —2.36 X (—0.018) =

+0.0425
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]

All = Ay — (1 — B)AB = 0.134 — 0.0425 = 0.0915

It

’S’JAH = 600 X 0.0915 = 55 ft.
0

lﬂ-b,ﬁ
The total distance to the jump from section 9 is
L; = 515.5 + 55 = ~570 ft.

Ezercise:
1. In a layout (Fig. 101), assume a canal, Type B (Fig. 15),
laid with so; = 4000¢,; take yon = 2 ft.; y. = 8 ft.

—L %
&g, = %

Fi1a. 104,—Canal with a break in the bottom slope from steep to mild, featuring
an S; curve (Exercise 2 in Fxample 13).

Use Bazin coefficients and n = 3.70. Determine the S, surface
curve. ,

2. A canal (Fig. 104), Type B, is laid with a break in the
bottom slope, from s¢; = 40999 to So2 = 50%50; @ = 300
cu. ft. per second.

It is known that rapid flow in uniform condition with s;; =
4009¢, will result in a jump, the depth d, after which is 4.30ft.
Determine the surface curve. Use Bazin coefficients and n = 3.70.

Remark: This is a case, when s, is steep, while sg, is mild and
Yoz > da.  The surface curve ja is an S; curve with ¥, = yoq.

40, The S; Curve,

Example 14
Figure 105a represents the entrance to the flume, treated in
Example 13 (Fig. 101). There is a ‘“drop’’ over section 4, with

Ya = Yor.
Question 1. Assuming the elements of flow as in Example 13,

determine and trace the surface curve a-b.
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The curve in question begins at y. = 4.30 ft. and ends at a
depth y,, which we shall assume to be y, = 1.001y,. The 1-8
values are to be taken from Fig. 102. The figuring of the curve on
the whole is similar to that of Table XVII. The exponent value
n = 3.20 is used.

A
- ~ o
X”r'dm’h‘\* 8
]
yafy:r )
I ! = 4
o#
S0 0040
(@)
oy I A
\
\L\:\‘\ ]I
Yo U -==5curve 8
\\';\J?#\
\‘Sbl :030 ©o,

©o

&

®)
F1a. 105.—(a) An S; curve at the entrance of a steep-sloped flume (Example
14). (b) An 8: curve in a canal with a break in the bottom slope (exercise in
Example 14).

The distance L in this case is measured stream downwards, the
initial section being section A, with y. = y.. Accordingly,
Col. 11 in Table XVIII is obtained by adding the lengths of the
reaches [ (Col. 10) from below upwards. The curve is traced in
Fig. 103.

Ezercise:

A canal, Type B (Figs. 14 and 15), is laid (Fig. 105/b) with a
break in the bottom slope from s, = 3009G, to see = 60094,.
you = 4 ft. Use Bazin coefficients; n = 3.70. Determine the
surface profile.
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Remark: The example features the case of a canal, when both
so1 and sq2 are steep; the slope so1, in particular being < sg2. The
transition curve which lies wholly in the lower section, is an S,
curve, beginning in section A with y, = yo1 and asymptotically
tangent to the uniform flow line yo..

TasLe XVIII

1) (2) (3) “4) (5) 6) (7 (8) (9) 10) [ (D
B(n) 1-8 1-p
Y n An o | ABG) | for for (1-8)AB All 3 L
n = 3.2 .
depth | interval
| ‘ .
T
3 003 [1,001]~-- 2 008 . 196, — A P 1,848
0 009 L0717 . 196 1 4050 {1 3960 838.00
3.030 (1 010,.. .. S 201 ] . . . - { ...... 1,010
0 010, . . 0213 | 197 0 4200 |0 4100,246.00
3.060 11 020 {1078 [ 107 . . I 764
0 030, 0276 | .. 198 0 5460 0 5160,310.00
3150 |1.050.... 0802 | .. 199 . I U R 454
0 050, 0200 . 2 01 0 4040 |0.3540/213.00
3.300 1 100 . 10601 | . 2 04 . L. . [P 241
0 100, . 0185 j [ 05 0 3390 |0.2590/155.00
3.600 |1.200].. ... L 0.416 ) |2 o7, . R B 86
0.05) L0055 2 00 0 1150 [0 0650 39 00
3 750 (1 250 ot I 210 . N N I 47
0.050! L0043 | L. 212 0 0913 [0.0413| 24.80
3.900 1 300] ... . | 0318 213 TR IR 22
0 050 0 034 2 14 0 0727 0.0227] 13.60
4.050 [1.350]..... 0 254 o o2s AU PR IR 8
0 030 . jo.cis 2.15 0 0387 |0.0087| 5 20
4 140 |1.380 Clo2es | . b ozael oo 3
0.0200 .. .. loow0] ... 217 0.0217 |0.0017| 1.04
4.200 [1.400] ... . | 0256 |.. . 2070 o 2
002 ... .[ootw]| . . 218 0 0218 [0 0018] 1 08
4.260 |1 420 .. 0246 | . .| 219 ... | e 1
0013 .... . 100085 ..... 2 20 0 0143 |0.0013] 0.78
4.300 |1.433) ..... 0.2395 |...... 221 oo | e e ¢
41. The S; Curve.
Example 16

Assume, that the flume of Examples 13 and 14 is fed by means
of a sluice as in Fig. 106. Section A is the vena coniracta with
Y. = 1.5 ft. Section B, taken as the end of the S; curve, has
m = 0.999; y» = 2.997 ft.

Question 1. Assuming the hydraulic elements as in Example
13, determine and draw the surface curve a-b.
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The range of integration is from y, = 1.5 ft., to y, = 2.997 ft.
The figuring, similar to that of Tables XVII and XVIII, is
carried out, with n = 3.20.

F1a. 106 —An Ss curve in the case of outflow from under a sluice into a steep-
sloped flume (EKxample 15).

TasLe XIX

1) 2) (3) 4) (5) (6) (@] 8 () (10) | (11
1-8
v n Ay B(n) |AB(m| 1-8 for (1-8)AB All z L
interval

2.997 | 0.999| ..... 2.663) ..... 1.96| — - | e ... | 2,795
0009 ..... 0.723|...... 1.955 1.413 | 1.422] 8355

2.970 | 0.990| . .. | 1.940] ..... 195 oo e ) e ... | 1,940
00200 ... .| 0.380]...... 1.920 0.738 | 0.758] 455

2.910 ( 0.970] .. . | 1 560{ ..... 1.93) ... ool ... | 1,485
0.030{ ..... 0.197...... 1.920 0.378 | 0.408| 345

2.820 { 0 940] .... | 1.363] ..... DI e O ... {1,140
0.040{ .... | 0.174]...... 1.890 0.330 | 0 370{ 222

2.700 | 0.900] ..... 1.189) ..... b % 74 U N 918
0.050] .... | 0.146|...... 1.850 0.270 | 0.320] 192

2.550 | 0.850| ..... 1043 ..... DI - 5 R P N 726
0.050{ ..... 0 109...... 1.800 0.196 | 0.246] 148

2.400 [ 0.800| ..... 0.934) ..... 1.78] ...l oo el 578
0.100] ... 0 168|...... 1.730 0.281 | 0.381] 229

2.100 | 0.700| ..... 0.766 ..... 1.68 .......] oot oo, 349
0.100{ ..... 0.135{...... 1.610 0.212 | 0.312| 187

1.800 | 0.600; ..... 0.631 ..... 185 ..o eeaail e 162
0.100| ..... 0.117)...... 1.460 0.171 | 0.271] 162

1.500 | 0.500; ..... 0.514) ..... 1.38) ... ... I IR 0

Again, the distances L are measured stream downwards
with the zero section at the vena contracta, a.

The curve, traced in Fig. 107, is referred to a horizontal line,
as the drawing of the incline in the adopted scale would disfigure
the presentation.
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Ezercise:

Assume (Fig. 108) that the sequence of the bottom slopes
in Fig. 105b (exercise in KExample 14) is reversed. Assume
Yoz = 4 ft. Determine and trace the surface profile.

5!
s Incline
5 N\ drawn to scale 4
S IS N 2] ’
N \ | L-2795 s
B
] N\
/‘:—- '~ Sscurve M 2
- .-/ Uniform =3 = \
3 , fllow J °’ 3 \ |
lf I | \,
X ]
0 1000 2000 3000
So= 50%,  —w’

Fic. 107.—Tracing of the S; curve, Fig. 106, Example 15.

Remark: Both slopes are again steep, but in this case s, is
greater than s,.. The transition curve is an S; curve a-b, lying

wholly within the lower section. The depth y. = you.

60:
TR

Fig. 108.—Featuring an Ss curve in a canal with a break in the bottom slope
(exercise in Example 15).

42. General Remarks.—In the light of the preceding,
certain deductions of general character regarding the
influence of different factors and the precision of computa-
tions seem to be in place.

Equations (86), and (91), which determme the length
of a reach for a certain depth interval, give such length
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as the product of the factor yo/s, by the parenthesis value
of (‘I’z - t1’1) or (Hz - Hl)

Other things being equal, the length is thus proportional
to yo/so, the length of a horizontal line, drawn through y,
to intersect the bottom line.

Curves are longer or shorter, proportionately to the
normal depth and in inverse proportion to the bottom-
slope value s,.

Outside of y,/s¢, which is to be taken as a parameter of
flow, the length elements of a curve depend on the value
of A® or AII, which for a certain interval of An depend
on the value of the hydraulic exponent n. Generally
speaking shape, size, and roughness of the walls are united
in a combined effect, expressed in the particular value
of the hydraulic exponent.

In general, the higher the exponent, the shorter the
curve. That is proven from following the tables, and
comparing the values of the increments A® or AB, taken
for the same interval An with different n’s.

Plate VI shows the values of A® = ®(y.) — $(n;) and
of AB, respectively, for different intervals of . The values
A® and AB decrease with an increase of n.

Precision of Computations.—The AP and AB curves,
traced in Plate VI, are also useful in throwing light on the
magnitude of errors, incurred through an assumption as
to the approximate value of the hydraulic exponent.

The tncline of the curves being small, a deviation in
the exponent value of 0.1, which is one-half of the table
range has a maximum effect on the value of A® and AB
of not over 3 to 4 per cent, and that only in the region near
n = 1 and for exponents near n = 3. This justifies the
convenient procedure of adopting one average value of n
over a depth range without the detail of further subdivision.
The outline of the curves, the curvature of which is slight,
indicates further that arithmetical interpolation, 2.e., simply
taking proportionate parts for ® and B between table lines, is
a procedure wholly justified under usual circumstances.
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In other words, in most cases no recourse need be taken to
the more cumbersome methods of graphical or analytical
interpolation.

Influence of Resistances—A major influence in the
whole domain of varied flow is that of resistances. The
basic premise that losses in varied flow arc identical with
the resistances in uniform flow at the same depth is an
approximation, particularly incorrect in those special cases
of retarded movement, where the restoration of kinetic
energy plays a decisive part. Analytically a corrected

Fra. 109,

resistance factor C' would lead to a change in the conveyance
value X, as well as in ¢ = gg— and thus in 1-3. The

1-8 values are particularly influential in case of s, > 0.
Tor this reason the S,, S;, and M, curves which are also fig-
ured at present with no special regard for increased losses in
divergent flow must be considered as the least accurate.

Nevertheless, even with such limitations, results obtained
from the study of surface curves are most useful. For
example, in Fig. 109, assuming that a-b is an S; curve,
figured as in Art. 39, an eventual correction for increased
resistances would result in a longer curve, something like a-b’,

The curve, however, under all circumstances would be
convex and would always lie below the horizontal line a-h.
Thus the limits a-h and a-b determine the boundaries,
within which the actual curve will unfold.
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Again in Fig. 110, assuming that a-c and a-b are
the M; and the S; curves, respectively, determined as in
Arts. 38 and 41, then, if the resistances were higher, the
original store of energy contained in the flow at high
kineticity in a would be consumed more rapidly. The
curves, therefore, would be shorter, like a-¢’ and a-b’. In
other words, the curves a-¢ and a-b represent curves of
extreme possible length.

Suppose, for example, there were to be a jump in section
d,; (Fig. 110) and the portion preceding the jump was
to be protected against erosion. The length L, determined
in accordance with Question 2, Example 12, would give a
margin of safety, as the jump would occur probably some-
what nearer.

e w e Ly~

(a)
Fia. 110.

In the case of falling curves, where the potential head is
transformed into kinetic energy, the precision is more
satisfactory. However, here as everywhere else one should
always bear in mind the general degree of accuracy which
is inherent in engineering computations in the presence of
the uncertainty of friction coefficients and other complicat-
ing circumstances accompanying flow in actual structures.

Effect of Curvature near y.,.—In Art. 13 it was empha-
sized that the varied flow equations are applicable only
when streaming complies with the Bélanger requirements
of parallel movement.

These conditions obviously are not met in the neigh-
borhood of y.,, where the curvature of the surface is
pronounced. Therefore, the curves, as obtained in the pre-
ceding paragraphs, are inaccurate in the vicinity of y.
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Such being the fact, one should not fail to realize, however,
that the curves, as traced, for example in Fig. 103, are
drawn on a much exaggerated vertical scale, and that the
curvature becomes really pronounced only in the immediate
vicinity of y.,. Thus, the inaccuracy from this source is
limited only to a short stretch, usually representing only a
very small fraction of the total length of a surface curve.

With this in mind, we may continue to apply equations
over the whole range of depths, as this gives a valuable
general view of the movement and often furnishes, at the
point of the critical depth, a convenient zero section from
which distances are to be measured.



CHAPTER X
CHANNELS WITH HORIZONTAL BOTTOM

43. Equation of Flow.—In a canal with a horizontal
bottom, with s, = 0 (Fig. 111), the normal depth is infinite,
80 Y, cannot be used as a parameter. A simple solution,
however, is reached by referring the movement to the
critical depth. In fact, with s, = 0, Eq. (17) through
Eq. (20) becomes

W 2
— Q
1
i —~
! ]
Y %
] 1)
| o

Fia. 111.—Flow in a canal with a horizontal bottom.
- _ Q _ Qb dy
$= E ¥ g & dr (93)
Substitute
Q2 = 3‘20,-0'"
where o, is the critical slope at the critical depth, which by
definition (Art. 19) makes flow of Q at y.. uniform; also,
from Eq. 42, ,
a’/b = WM (y) = o - K'/g
We obtain, instead of Eq. (93),
2
(1 u AL CLCL) = —Ucr% (94}
135
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Multiplying by ¥?2/#?>.,, and separating the variables,

droe = dy(‘%-’ - %) (95)
Introducing the hydraulic exponent, so that
(/%) = (Y/Yer)® (96)
and designating
Ter = 5 o7
o
Equation (95) acquires the form
dr 0o = [0 — (y/yer)"]dy (98)
Introducing, further, similar to (Eq. [80]),
Y/Yer = 7; dy = y,dr (99)

we obtain, by separating the variables,
dr = g_ [0 - dr — 7*dr] (100)

Applied to an interval of depths between y, and y. (Fig.
111), which correspond to 7, = y:/y., and 72 = ¥2/Yer, and
assuming that &8,. is an average value of & within the

interval,sothaté, .(r. — 71) = j: "8 . dr, therespective length

of the reach is
T2u+1 —- .rl'n+l

lz'x =Xy — T = %[31.2(72 - 7’1) - —n_"_—l“‘"] (101)

cr

Designating
"Ny 102
(37 - 25) = T@) (102)
we have, instead of Eq. (101),
b= 20— 2= Z[T(y) - Tyl (103)

For a channel with a horizontal bottom, Eqs. (101) to
(103) play a réle analogous to that of Eqs. (84) to (86) in
the general case of varied flow; only that instead of using y,
as a parameter, the whole movement is referred to the critical
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depth. In particular, 8, as defined in Eq. (97), is the rela-
tion of the parametric value ¢, to the variable ¢, and
replaces 8; 7 has replaced 7; y../o., comes instead of /0.
The integration, on the other hand, is a simple quadration.
No tables are required and the computations may be per-
formed with the aid of usual logarithms.

Example 16

An equalizing canal, Type B (Fig. 14), 5,000 ft. long, is laid
with a horizontal bottom between two storage reservoirs 4
and B (Fig. 112).

RV 4 — Q=200¢% (2)

drop

bﬁ"ycr B
.

F16. 112.-—Canal layout for Example 16.

Question 1. Assuming that, when level B is at its lowest,
the efflux from the canal is unobstructed and that 200 cu. ft. per
second are flowing from A to B with a hydraulic drop in section
2, determine the surface curve. Use Bazin coefficients.

The Critical Depth. sa. = 200/5.67 = 35.3; to which there
corresponds (see Iig. 15) yo = y2~3 ft. TFrom Table V,
o = 23.2004,. The hydraulic exponent for the range of y from
3 to 6 ft.,

Log 15.500
4.165

The values of § = ¢.,/c for different depths (see Table V and

Fig. 15)

50

N v
x O
[ S
w o

3 3. 4.0
23.2 23. 22. 22.7 2!

1.01 1.02
Yor/ow = 3/23.2+107% = 1,203 ft.
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Following the usual procedure, the integration range is divided
into intervals, going by the depth. Equation (101), applied
to an interval, gives

4.8 .. 4.8 4.8
ley = 1,293[6(1'2 -7 — ?——4—8—71—-] =1 293[6 Ar — A %—EJ
= 1,203AT

The values of 748/4.8 are figured by means of four-place log-
arithms. The figuring is assembled in Table XX.

TasLe XX

MG @ ®) (6 M 8 ® | 0

748 748

¥ T [ Ar & Ar m A‘I—S AT l L

3.00/1.00{1.00{—~ |- 0.2083| - o 0
0.05| 0.0502] ... .| 0.0551] 0.0040| 6.3
3.15/1.05(1.01]......|........ 0.2634]. ..ol 6.3
3.451.15(1.02......[........ 04079 ...l e20
3.90(1.30/1.02)......|........ 07181 o 260.0
4.351.451.02......|........ 124100 oo e 743.0
4.80/1.60(1.02). ... ..|........ 19800 oo 1,514.0
6.10[1.70(1.02. ... .[........ 26840 ..o 2,281.0
5.40(1.80{1.02......[........ 350600, . es oo 3,212.0

6.0012.001.02/......|........ 581901 ... 5,937.0

The distances in the last column are measured from the
drop section 2. The surface curve is plotted in Fig. 113.
Question 2. Determine the depth in a section immediately
below the sluice in Fig. 112, at a distance 5,000 ft. from section 2.
The reach length between section 5.40 and (1) is 5,000 — 3,212
= 1,788 ft. Hence
1,788 = 1,293[7'(5.40) — T(y1)]
From Table XX '

T(5.40) = 5.7 — 4—§_1ozx1so—3506 —1.67
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The solution lies in finding the value of =, which would satisfy

1,788 _
1,293

The solution of the equation

T(y)) = T(5.40) — —1.67 — 1.38 = —3.05

Ty = 1.02r — = = —3.05
Y1) = 1. T—‘-i'—s = —a.
F‘ E— rg.
\- \\ ) %
i £
Y §
X [=)
: >
—He
Yer:3] t
1
: 0
3000 2000 1000 0

Distance from section wih y=y, <—

Fi1ag. 113.~~Tracing of the M. curve for the canal with horizontal bottom, Fig.
112, Example 16.

is found by tentative probes; we have:

T 1.02r 748/4.8 T
1.95 1.989 5.126 —3.137
1.94 1.978 4.998 -3.020

7 = 1.943 gives y1 = 3 X 1.943 = 5.83 ft.

Ezercise:

Assuming a canal, Type D, laid with a horizontal bottom at a
length of 10,000 ft., determine the surface curve corresponding
to a flow of 670 cu. ft. per second. Use G.K. coefficients for
8o = 0.0001 with » = 0.025. Assume hydr. exponent n = 3.8.






PART II
PRACTICAL APPLICATIONS

The methods and means developed in Part I are to be
applied to different practical cases of hydraulic engineering.
Foremost are problems relating to the design of canals. It
will be found that design based solely on notions of uniform
flow is inadequate and may lead to unexpected and, at
times, unremediable consequences. Only when the design-
ing is approached in terms of varied flow, may one feel
positive how a canal will stand up and funection in actual
practice, especially when the discharge or the levels
deviate from what was assumed in theoretical computa-
tions; or, again, when the friction coeflicients are not quite
what they were taken to be in the figuring.

Chapters X1 to XIV deal in particular with canals of mild
bottom slope (s < ). Canals of steep slope (sq > o)
are treated separately in Chap. XV. The last chapter is
devoted to backwater curves in natural watercourses.

It is assumed in the following that the reader has
familiarized himself sufficiently with the basic conceptions
and elementary methods developed in Part I.






CHAPTER XI
DELIVERY OF A CANAL

44. Definitions. Examples.—A canal of given cross-
sectional forms is laid at a length L between section 1 and
2 with a bottom slope s, (Fig. 114). The levels, and
accordingly the depths ¥, and y,, in the different sections

) (2)

e -l e e ———— -
— I
| } I
}? Discharge
1 ——-»0 ?

R/

(1)

Fi1c. 114.—The problem of delivery. Determining the discharge Q under given

stages of flow y: and y-.
vary. The problem is to determine the discharge which the
canal will deliver at each particular combination of stages
y1 and y.. Accordingly the delivery of a canal, as it is
called, is the yield in discharge of a canal under varying
conditions of level or, which is identical, under varying
depths in certain given sections, usually at the extremities
of the structure.

To illustrate, we have in Fig. 115 a canal connecting two
reservoirs A and B with varying levels, the problem being
to determine the discharge which will flow from reservoir
A to B under different conditions of levels. Another
instance (Fig. 116) is that of a storage reservoir S placed
between two canals, the first of which (a) draws water

from a source of supply A, while the other (b) feeds water
143
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to the locus of usage B. Depending on the position
of the various levels, the storage reservoir will either

a

(2
Fia. 115.—Varying delivery @ in a canal, connecting reservoirs with varying
levels A and B.

accumulate water or supply the difference between the

deliveries @, and Q..
These are but instances to illustrate the nature of the

problems. Actually any canal called on to carry varying

(1)

J_i :

4)

TS 777

F1a. 116.—Varying delivery in a system with a storage basin placed between
two canals.

quantities of water or subject to fluctuation of levels at

its extremities will be working under conditions of varied

flow; and practically in all such cases knowing the delivery

of the canal under the different possible combinations of
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levels is precedent to the answering of questions, relating to
the functioning of such canals. The problem of delivery is
therefore basic. It is analogous to discharge in the field of
uniform movement, and plays the same roéle in computations
concerned with varied flow.

4b. Case of y, Constant.—The simplest case is when the
level at one of the extremities of the canal does not change.
F¥or example, in Fig. 117/I, the depth y, is assumed to
remain constant, while y,, determined by level B, fluctuates.

I I

Fra. 117.—Delivery curve = f(y2) in the case of y1 = constant.

The delivery curve Q = f(y.) has the outline as in Fig.
117/II. The curve has the following characteristic points:

1. Point Z: The surface line ab, is level; y2. = y1 + Sol;
the delivery obviously is @ = o.

2. Point O: The surface line ab, is parallel to the bottom;
Y2 = y;; flow is uniform with Q, = KoV'so, where ¥, is
the conveyance of the cross-section at the depth y..

3. Point C: Corresponding to the maximum possible
discharge Qm... The depth y,. is the critical depth, con-
nected with the maximum delivery through Q%.../¢g =
(@®/b)y =y, The curve ab. is the lowest possible surface
curve of the M, type, compatible with the given depth y,.
A further lowering of level B in the reservoir below y; = y.
will not affect flow in the canal and will not increase the
discharge. The depth at the extremity of the canal will
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remain y.,; the outflow into the pool B will take place by
means of a hydraulic drop.

Intermediary points, relating to the portion z-o of the
delivery curve, will correspond to a rising curve of the

M, type, with a delivery Q Z 8 . To determine such curve

follow the procedure of Example 9, Art. 36. Briefly, for
a selected value ., determine the normal depth yo,.*
Then with ), = y1/Yo. in section 1, determine s, = y2/Yox
and thus y., by means of Eq. (91).

LSQ
Yo

The points between O and C wil: relate to a falling curve

M, with Qi g" . The procedure to be applied is that

of Example 11 Art. 37. It is similar in general to that
used for the z-o portion. Only instead of Eq. (104), one
should use Eq. (86),

+ P(n1) (104)

P(n2) =

I(rs) = 250 4 )

Yo (105)
() =n — (1 — B)B(n) |

which equations take into account the change of kinetic
znergy in accelerated flow.

It will be found in most practical cases, except when the
canal is very short or the bottom slope exceptionally small,
that the o-¢ portion of the delivery curve (Fig. 117/1II),
between the normal discharge Q, and Q..., is very steep, so
that Q... exceeds Q, only by a very small amount. This is
a point of paramount importance. It should be accepted
as a practical rule; a generalization which ripens from
accumulated experience in actual computation. The mean-

where

* The depth y.. may be either determined through ¥.. = Q:/+/3, by
means of the # = f(y) curve, or taken directly from a normal discharge
curve (Art. 9), which curve will always be found a useful auxiliary when
handling problems of this nature.
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ing is that in most practical cases the discharge Q,, corre-
sponding to uniform movement, is actually very close to the
maximum possible discharge. As a consequence, for
example, the lowering of level B at the lower extremity
of the canal and an increase in the surface slope do
not result in any measurable addition to the discharge,
and thus in most instances should be discarded as a
means to increase the delivery, to ‘“draw’” additional
water.

The reason lies in the fact, that the falling curve M, is
comparatively short. In connection therewith, Fig. 118

(1 (m)

a b, 2
| End section of My curve y
. , A
Y, P
el 7 |-
| ==& -~
. 1099
Ya= 109991 % bo 0
y Macarve o = 1
N - b : 0"[‘0/767'
~-_ A y
T L T~ ):(‘”'llo %
S .o <~ Yy 1
- SR —
Ty

F1a. 118.—Delivery curve in a canal, the length of which exceeds the length
of the falling M. curve.

pictures the rather extreme case when the total length !
of the curve db., between the critical depth and the depth

Ya = 83391/1 is less than the length of the canal L. In

such a case, which occurs rather frequently, the falling
curve under all circumstances ends below section a, which
means that the reduction of level in B below bo(y. = y1)
never extends beyond d and, therefore, has no effect on the
flow in the upper portion of the canal. The normal
discharge @, in this case is the maximum discharge. The
fluctuation of level B below b, does not affect the delivery
at all. The @ = f(y;) curve in this case has the outline

as given in Fig. 118/I1.
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Example 17

Assume a canal, Type A (Plate III), laid at a length of 2 miles
(10,560 ft.). Assume y, maintained constant and equal to
¥y = 6 ft. (Fig. 119); s = 4907, ; the drop of the canal bottom
Lsy = 10,560 ft. X 4 - 10~ = 4.224 ft.

Question 1. Assuming that the stage B varies from level
conditions (az) downwards, determine the delivery as @ =

J@2).

G.Kn=0025.

- =/0.224 =-"®

=
§

Fig. 119.—Canal layout, lxample 17,

Portion of the curve z-o (Fig. 117) corresponding to a rising

curve ab’ in Fig. 119 of the M, type:
1. Zero delivery. Q = 0; y2. = 6 + 4.224 = 10.224.
2. Uniform movement: y2 = y; = 6 ft.; Ko = 639 X 10% (see

Plate I1I);
Qo = 639.102 X v/4 - 102 = 1,278 cu. ft. per second.

' . . . > 6 ft.
3. Intermediate points between O and Z .with y, < 10.224

and 0 < Q < Qo = 1,278 cu. ft. per second; in selecting the inter-
mediate discharges, for which y, is to be determined, go by
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normal depths, selecting a series of y, values between 6 ft. and
zero.

As an example make y, = 5 ft.; the conveyance at y, = 5
(Plate III) is ¥, = 465 X 102; the discharge Q = 465-1/4 = 930
cu. ft. per second.

With the hydraulic exponent value at n = 3.6, we have for
section 1:

m = y1/yo = 85 = 1.20

' Z > Q-0 with 1, = 16224 Curvg /V;; (/ fe//;;ery curve
Y ) ity =
N ggl,/::’r;b curve L= 10.560"
S withconst Ya=&' L»10,560'
f =g G 1/ 7 0-74 I) Ty 6 k
Curve No = w! =
s ; [-2s00% \>\ oomﬁv
ng wilh y; = ,
) )
83 Curve No 4 Normal disch I /?
" urve No 4 Normal discharge
E curve @y = Ko V3% j/
04 - [/,
5 =X Curve 1.3 Opmay £ Omax * 1638 %
';_ / for canal L+ 350" ¢ e =309 ]
=" H
l 2 ,—1/!"// \om;{ ‘/32025%
3 WItA i 2.66 |
/ —| Nur, (f Mz‘fyfmm “er
00 200 400 600 800 1000 1200 1400 1600 1800

—Discharge Q
Fia. 120.— Delivery curves Q = f(y2) for canal layout, Fig. 119

and from the tables (1.20) = 0.880. With
sol/yo = 4.224/5 = 0.845
we have (Eq. 104)
d(n2) = 0.845 + 0.880 = 1.725

In determining the corresponding 7., take proportionate parts
between table values for 5, = 1.80 and 5, = 1.85, obtaining

1.725 — 1.712

= 1.80 4+ 0.0116 = 1.812
which gives
Y2 = meyo = 1.812 X 5 = 9.06 ft.

The computation elements for other points are assembled in
Table XXI.
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TasLe XXI1

Yo lin 10’§jmits Qo m | ®(m) [Lso/yo| ®(n2) n2 )

6.0 639.00 1,278 ———————Uniform movement————————6.00
5.8 600.00 1,200.0 1.034] 0.273] 0.728) 1.001] 1.262| 7.330
5.4 530.00 1,060.0f 1.110] 0.653| 0.783| 1.436] 1.568/ 8.470
5.0 465.00 030.0{ 1.200{ 0.880] 0.845] 1.725[ 1.812] 9.060
4.0 313.00 626.0] 1.500] 1.351] 1.056] 2.407| 2.440[ 9.790
3.0 190.00 380.0| 2.000] 1.934] 1.410! 3.344| 3.360[ 10.100
2.0 93.70 187.4| 3.000{ 2.978 2.112| 5.090/ 5.096] 10.190
1.0 27.35 54.7| 6.000] 5.996| 4.224] 10.220| 10.221| 10.221
0 Level conditions 10.224

The delivery curve Q = f(y.), figured in part as above, is
plotted in Fig. 120 as curve 1.

Portion of the curve o-c, correspondng to a falling curve ad”
in Fig. 119 of the M, type.

)
— Q=i V5, (2)
|
=6’ ]
1 Yo?
X | :
T
Y=Yen
Y
Fie. 121.

For this portion

\ < yo = 6ft. > Qo = 1,278 cu. ft. per second

> Yomin = yrr, S Qmax

Mazimum Discharge—Naturally one should first determine
the limiting value of Qm.. and the respective ysmin. The depth
Y2min is the critical depth, corresponding t0 Qm.z. In other
words, Qm.. is the discharge, which on an M, curve with y, = y.,
will make y, in section (1) equal to 6 ft. To find Q.. take a
series of @’s, beginning from Q, = 1,278 cu. ft. per second

y
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upwards; then, making in each case y, = y.,, determine the
corresponding ;.

The discharge, which will make y, = 6 ft., is the Q... sought
(Fig. 121). In computing follow in general the procedure as
given in Example 11. In sclecting the series of Q’s, proceed by
the normal depths.

The basic hydraulical elements, required for the computation
are assembled in Table XXII.

TasLe XXII

6] ) (3) (€Y (5)
Yo xu Q = K«A‘\/S’u— mrr = Q/‘\/Z] Yer
5.80 600 X 102 1,200 213.0 2.54
6.00 639 X 102 1,278 225.5 2.63
6.10 653 X 10 1,316 232.0 2.68
6.20 678 X 10* 1,356 239.0 2.73

The ¥, values in the above table are taken from Plate III.
The M (y) values (Col. 4) correspond to critical flow of the dis-
charge as given in Col. 3. The critical depths (Col. 5) are taken
from the M = av/a/b curve of Plate III.

The values of 1-8, within the range of depths yo — y~ are:
y = 6ft.;o =55 X 107%; 8 = s8y/c =4/55 = 0.073;1 — 3 = 0.927
y=26ft.:c =72 X 1074 B = so/oc = 445 = 0.056;

1 —8=0.944

An average value of 1 — 8 = 0.935 will be used. The pro-
cedure of computation will be made clear by figuring out a point
in detail. Take yo, = 6.10 ft., corresponding to @ = 1,316 cu.
ft. per second and y; = y.. = 2.68 ft.

For section 2 we have: 7. = 2.68/6.10 = 0.439; withn = 3.6,
B(ns) = 0.444;0.935 X 0.444 = 0.415;TI(y,) = 0.439 — 0.415 =
0.024.

Lso/yo = 4.224/6.10 = 0.695
Accordingly
M(m) = M(ne) — %’ = 0.024 — 0.695 = —0.671
Q

To facilitate the finding of 5, for the particular point in question
as well as for other points, we have drawn a curve (Fig. 122)
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1.00
frmmmm—
099 // -
I /
0.98
O'QBA 0.6 08 1.0 1.20 140

—— T=7n-0935B

F1a. 122.—Auxiliary curve, for solving equation Il = — 0.935B(»).

6.2 > 3.10
Yo% Yo d
l O, A
303 c./é. /
60 2.90
o7y

For

68

2.10
)’2=2. 66 ,./y-r

cr

\ N\

1200 1250 1300 1350 50

—Q
F1a. 123 - -Auxiliary curve for determining the maximum discharge in canal
layout Fig. 119. For a chosen discharge (abscissae) the y.r curve gives the depth

Y2 = Ycr in section 2 while the curve Q = f(y) gives the corresponding stage in
section 1.
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of M(m) = n ~ 0.935B(n) in accordance with the following
auxiliary table.

- wi thi(”i 36 0.935B(7)  |H(n) =n — 0.936B(n)
0.970 1.501 1.402 0.432
0.975 1.554 1.451 0.476
0.980 1.617 1.510 0.530
0.985 1.699 1.587 0.602
0.990 1.814 1.696 0.706
0.995 2.008 1.870 0.875
0.999 2.457 2.307 1.308

For yo, = 6.10, the value of 5, corresponding toII(y,) = —0.671,
is 7 = 0.9887.
The figuring for the other points is assembled in Table XXIII.

TasLe XXIII

1 ) 3) (4) (5) (6) (7 (8) 9) (100 | (D

La

vo m L] "

Yo Q Y2 = Yer | M2 B(n2) |0.935B(n2)| (n2)

5.80 1,200 2.54 0.438| 0.443| 0.414 | 0.024| 0.731| 0.707/0.9901 5.74
6.00 1,278 2.63 | 0.438| 0.443] 0.414 | 0.024| 0.707| 0.683|0.9893| 5.94
6.10 1,316 2 68 | 0.439] 0.444| 0.415 | 0.024| 0.6956] 0.671/0.9887| 6.03
6.20 1,356 2.73 0.440| 0.445 0.416 | 0.024/ 0.683| 0.659/0.9881| 6.13

The Q, y: and y.. = y, values (Cols. 2, 3, and 11) are plotted
in curve form @ = f(y,) in Fig. 123. The discharge, correspond-
ing to y; = 6 ft., is found to be Q... = 1,303 cu. ft. per second
with y2 = y.. = 2.66 ft.

Intermediary Points between Qo and Qma.-.—Inasmuch as Qma: =
1,303 is rather close to Q, = 1,278 (difference about 2 per cent),
there is little room for finding additional points. One point at
least should be established nevertheless, say that corresponding
to yo = 6.06 ft., with @ = 1,300 cu. ft. per second. For this
point, the elements in section 1 are:
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nm = 6/6.06 = 0.99; () = —0.706; Lso/yo = 4.224/6.06 =
0.696

Accordingly
M(ns) = 0.696 + (—0.706) = —0.010

This equation is satisfied with 5, = 0.725 and y, = 0.725 X
6.06 = 4.40 ft. In fact, the respective table values give:

7 B(n) 0.9358(n) 11 (n)
0.72 0.779 0.728 —0.008
0.73 0.793 0.742 —0.012

By plotting this point and the Q... point into Fig. 120, we obtain
the @ = f(y.) delivery curve (1) in complete form.

46. Long and Short Canals. Effect of Bottom Slope.-—
The delivery curve, as computed above, presented in Fig.

M
)
a b, |z
4
3, const b o
[l b X
: -~ ralis
.—LL =~/ - ﬁf: 1 o
-~ -
S~ T !3,’2 l
— .
S M
~—~ 2
T~ —Q
~—
N

Fi1a. 124.—Delivery curve in a very long canal.

120 (curve 1) is typical of canals of medium length. The
maximum discharge is, even if slightly, still greater than
Qo; on the other hand, within the whole range o-z of the
rising backwater curve, the fluctuations of y, have a marked
effect on the delivery.

As the length of the canal increases, Q.. and Q, become
closer and closer to each other; and finally, as in Fig. 118,
they coincide. As the canal becomeslonger, itslength L may
become greater (Fig. 124) than the length of the rising curve
I, corresponding to a depth y;’. Obviously flow in section
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1 will begin to become affected by the variations of level
B, only when, and after the depth y, will reach and exceed
a certain depth y’,, which makes the curve b’a equal to
the length of the canal. Naturally, for all ¥, < ¥’s, the
delivery remains constant and equal to @,. The respective
portion of the @ = f(y.) diagram (Fig. 124) is a vertical
line 0-0’. To determine y',, make 3, in section 1 equal to
1.01 or 1.001y,, and figure the corresponding stage in
section 2.

As to short canals, it is evident that the smaller the
length L, the greater the excess of Qmar Over Q. The
difference in the character of the delivery curve will be
made clear from the following example which refers to a
canal identical with that of Example 17 but of a shorter
length.

Example 18

Determine Q@ = f(y.) for the canal, Example 17, with a length
L = 2,500 ft. (Fig. 125).

(o)

Al i
a.
=+ I
Yi " :
const
=6'l’ Z’
_____ el Pl

Fia. 125.—Canal layout for Example 18.
L-s; =2500 X 4-10¢ = 1ft,

accordingly y.., corresponding to level conditions and Q = 0,
is

y2;=6+1=7ft.

The elements of the o-z portion of the curve are given in Table
XXIV which in its first three columns is identical with Table
XXI.
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TasLe XXIV
Yo Qo ®(n1) Lso/yo ®(n2) 72 Y2
1,278.0—————Uniform movement——— 6

1,060.0 | 0.653 0.185 0.838 1.180 6.380
930.0 0.880 0.200 1.080 1.310 6.550
626.0 1.351 0.250 1.601 1.705 6.820
370.0 1.934 0.333 2.267 2.312 6
187.4 2.978 0.500 3.478 3.493 6

54.7 5.996 1.000 6.996 6.998 6.998
0.0———Level conditions 7

SO OoOoORC

In figuring out the o-c portion of the curve, corresponding to
falling curves M., we assume once more the average value of
1-8 to be 0.935. The figuring, in accordance with formula

() = 250 4 11(y)
Yo

is carried out in Table XXV.

TasLe XXV
yo | Q M ‘B(ﬂ|)’0-935B(ﬂl) (i) | Lso/yo | 1(n2) N2 Y2
6.0(1,278 Uniform flow -6
6.211,356]0.968|1.485 1.389 |—0.421} 0.161 |—0.260| 0.937| 5.81
6.5(1,474/0.923|1.222 1.142 0.219 0.154 0.065| 0.821| 5.35
6.8{1,610/0.883{1.090 1.019 0.136| 0.147 {4+0.011] 0.650] 4.42
7.0]1,684/0.858(1.026 0.960 0.102| 0.143 0.041

The last row (yo = 7 ft.) carries no figures for n, and y.. The
reason is that, as the reader may easily ascertain, no table values
of 7, may be found which would satisfy the relation: II(y) =
7 — 0.935B(1) = +0.041.

The biggest positive value that I(y) may reach is +0.024.
The physical meaning of this is that the drop curve which would
correspond to y, = 7 ft. and @ = 1,684 cu. ft. per second is
shorter than the length of the canal. In other words, the delivery
Q = 1,684 is in excess of Qmaz.

To find the value of the maximum dehvery, which obviously
lies between 1,610 cu. ft. per second and 1,684 cu. ft. per second,
we may apply the procedure of the preceding paragraph:
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The y., values in Col. 4 are taken from the ¥(y) curve of Plate
ITII. Characteristic of the situation is the identity for all the
critical depths of the numerical value of 1I(ys) = II(.,), which
in Table XX VT as well as in Table XXIIT is equal to 0.024. As
mentioned before, this is the maximum numerical value that the
expression II(5) = 9 — 0.935B(y) may attain for the selected
hydraulical exponent and the assumed 1-8. This feature of

-1

086 087 088 089 090 09! 092 093 094

ol \\
Urpax = 1638 ¢ \
— 61— 520 i curve

5

=
=~ 0.5
© o | @Aty
3 i' Y6 / % |
o _ t
c‘; 60 ! v i~a‘f(yg.)3'0
" yfz.s.og \
£
E g0— 590 2.00 —
1600 1650 1700 \
Q
02

F1a. 126.—Auxiliary curves for Example 18.

the I1(5.,) value being constant over a vast range of depths may
be advantageously used at times for simplifying the figuring.

For determining #, (Col. 11) from the II(y,) values (Col. 10),
a curve II(n) = 9 — 0.935B(y), similar to Fig. 122, is drawn in
Fig. 126. Q, y., and y: (Col. 2, 4, and 12) determine a Q = f(y,)
curve,* from which we determine Q,... = 1,638 cu. ft. per second
as @ for y; = 6 ft. and the corresponding y, = ., as 3.09 ft.

The delivery curve itself is plotted in Fig. 120 as curve 2. The
two Q = f(ys) curves, one for a canal length of 10,224 ft., and

*Drawn in the quadrangle inside Fig. 126.
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the other for L = 2,500 ft., bear comparison. In the long
canal, Q... exceeds @, only by

1,303 — 1,278

1278 = ~2 per cent
while in the short canal, the increase in delivery is
1,638 — 1,278 _

YT S ~28 per cent

Effect of Bottom Slope—The outline of the delivery
curve depends obviously on the relation of the canal length
L to the longitudinal elements of the surface curves. As
elucidated in Art. 42, other factors being equal, the
longitudinal elements of the surface curves change inversely
to sp. The smaller the slope, the longer the curves and
vice versa.

For that reason, reducing the bottom slope will have an
effect similar to that of making the canal shorter.

47. The Q Maximum Curve.—The procedure, used in
the preceding examples in determining Qm.. for a given y,
may be extended to build a Q... curve, covering a wider
range of conditions and showing in a general way the
possible maximum discharge which may flow in a canal
under the varying stage y;. A curve of this kind will be
found to be helpful in many instances. The computation
procedure is that of Tables XXIII and XXVT applied to a
wider range of depths. For a series of i, and Q values respec-
tively, determine y;. in section 1, assuming in each case y.
to be the critical depth, corresponding to Q.

Example 19

For a canal, as in Example 18 (Fig. 125), determine the
Qmaz = f(y1) curve for a range of discharges between 0 and 2,000
cu. ft. per second.

In the table on p. 160, the value of the critical depth (Col. 4)
is taken from the Y¥(y) curve in Plate III. For the points yo =
5 ft., the average value of 1 — 8 = 0.935 was accepted, as in the
preceding examples, which results in an identical value of II(z..)
= 0.024 for all the respective points and permits using the II(n,)
curve of Fig. 126 for determining 7,.
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For the points below y, = 5 ft., the average 1-8 values
were determined by taking in each case the average critical slope
¢ from Plate III for the range between y, and y.,, and figuring
4 X 10

g
The table values of @ (Col. 2) and y; (C'ol. 13) determine the

maximum discharge curve Qu... = f(y:) which is plotted as
1)

1-8=1-

(2)
b
% ” a
f
\C a \‘\\\
P ~~
max w \\\
1 ap| ~
HE) >
Qo> :y N,
e = N\
2l 40y Y T T === Tas 548
Y YOz )
e f _y‘=ca/76f
~~_ % z‘
e -
~~

Fia. 127.—Delivery curve Q@ = f(y1) in the case of y: constant,

curve 3 in Fig. 120. The curve follows rather closely the normal
discharge curve 4, corresponding to uniform flow, once more
showing that even in a rather short canal the uniform-flow
delivery is not far from Quma..

Point €' on the Q... curve corresponding to y, = 6 ft. is
identical with point C'» on the @ = f(y2) delivery curve. To com-
plete the picture there is also plotted the curve of yor = Yomin =
f(Qma:). Obviously this curve, if viewed as yomin = f(¥1), indi-
cates the lowest possible position to which level in section 2 may
sink with the given initial depth ¥ in section 1. Obviously the
Yamin curve intersects the delivery curves @ = f(y.) at points
C1 and C 2

48. Case of y, Constant.—It is assumed now (Fig. 127)
that level B and thus the depth y, remain constant. The
fluctuating stage is stage y: in section 1. Accordingly,
the deliveries vary with the depth y,, the curve becoming

Q = f(yl)m = const.
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The characteristic points are:

1. Level condition b—a,; with @ =0 and (y.). =
Y2 — Sol. ’

2. Uniform flow b—a,; with Q = ¥.V's,, where ¥,
is the conveyance at ¥, = ya.

3. Maximum discharge curve b—a,, compatible with the
given y»; Qme. in this case is the critical discharge corre-
sponding to the given y.. Hence Q.. = M(y2)VYy,
where 2 (y,) is the value of av/a/b at y = ..

The depth y,, corresponding to Qma., is the particular
point on the maximum discharge curve Qum.. = f(y1) of
the preceding article. Obviously, ¥, is the highest possible
stage in scction 1 which is compatible with the given con-
stant depth y,. In case y, were to increase beyond y,,
the depth in section 2 would have to be greater than the
given y». If, under such conditions, level B in the reservoir
were to be maintained at the same stage, flow would
emerge from the canal by means of a drop (see dotted
curve a’’b").

The delivery curve @ = f(y.) has the outline, as given in
Fig. 127b. The portion z-0, with

>y1, >O
Y1 Ye, and Q < Qo

corresponds to rising-surface curves of the M, type. The
portion o-c, with

> >Q
yi g, rand Q 250

corresponds to drop curves of the M, type.

Example 20

Assume (Fig. 128) a layout similar to that of Example 17;
assume, further, that the stage in section 2 is maintained constant
at a depth y, = 6 ft. ‘

Compute and draw the delivery curve @ = f(y1).
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The characteristic points are:

1. Level conditions, with @ =0 at y., = 6 ft. — 4.224 =
1.776 ft.

2. Uniform flew, with @, = 1,278 cu. ft. per secondat 7, =
6 ft.

3. Maximum discharge.

7 @
] a

Ls,=d24
Yz 5

’

Yy 1716

Fra. 128.—Layout for Example 20.

From Plate IIT we have M(y = 6 ft.) = 834; accordingly

Quma: = 834N/g = 4,720 cu. ft. per second. To find the corre-
sponding normal depth:

Ho = Quas/V's0 = 4,720/1/4-107% = 2,360 - 10*
to which there corresponds in Plate III, yo = 12.43 ft.
Depth y1..—The average value of ¢ between y, = 6 ft. and
Yo = 12,43 ft. iso = ~50-10~%. Hence
B = 449 = 0.08 and 1-8 = 0.92
For section 2, we have:
ne = 6/12.43 = 0.483: B(n,) = 0.491; I(n,) = 0.483 — 0.92 X
0.491 = 0.031
With
Loso/yo = 4.224/12.43 = 0.34
I(n) = 0.031 — 0.340 = —0.309
which is satisfied by , = 0.954, making y,, = 0.954 X 12.43 =
11.87 ft.

Regarding intermediary points, we shall compute one point
in each of the o-z and o-c portions of the curve:
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Z0 Portion; M, Curve: Take y, = 4 ft.; Q = 626 cu. ft. per
second. Withy, = 6ft.; 9. = 64 = 1.5;®%(ny) = 1.351; Lso/yo =
1.056; hence

®(n) = $(n) — I;/i] = 1.351 — 1.056 = 0.295
0

which corresponds to n; = 1.0385; and y; = 4.15 ft.
OC Portion; My Curve: Take y, = 8 ft.; Q = 2,140 cu. ft. per
second.

12
LI -;'0~'f'(y,)ﬁ7/‘y2 =const=6" dio
/,57225: G-4720% '
y,= 1187’
3
L
0 I
Lh;form'?/ow\ ik e
y 76’ \ v
2-/278°14 S\ . f
A
_”z:/775
0
Q" 5000 4000 3000 2000 1000
Values of Discharge
Fi1g. 129.—The Q = f(yx),z..mm delivery curve for EKxample 20.
12 = 84 = 0.75; B(nz) = 0.823; I1(n;) = 0.75 — 0.92 X
0.823 = —0.008
With
LSo/yo = 4224/8 = 0.528
LSo
(p) = T(r) = <2 = —0.008 — 0.528 = —0.536
0

This corresponds to 1, = 0.983 and y, = 7.86 ft.

The curve is plotted in Fig. 129,

49. Q = f(y1, y2). The @ Constant Curve.—In the
general case, when both y, and y, vary, the problem in its
broadest sense is to determine the delivery which takes place
under any possible combination of depths y; and y,.
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Assuming that a certain pair of depths y, and y, is given,
the question is answered by computing and tracing for
that or the other of the given depths a portion of the
Q = f(y.) or of the Q = f(y,) delivery curves, suggested
in the preceding paragraphs. In fact, suppose y., as given,
were to be > y;; the case will be that of a rising curve

(a)
m 2)

a’

P—

—

1 S ——————
—— . er— - o

==

(Fig. 130a) ; the delivery @ is < @, which would correspond
to yo = y1; the value of the actual discharge is determined
either from a @ = f(y:) curve as in Art. 45, built with the
given y; as constant; or from a @ = f(y,) curve, as in Art.
48, built with the given y, as permanent.

When y, is < y; (Fig. 130b) the delivery will be between
the normal discharge @, corresponding to %; = y, and
Qmaz corresponding to y» = y.,. Start by trying out an
M, falling curve, assuming the given y, to be 0.999 or 0.99
of yo. Determine the corresponding y’s. If the ', so
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determined, is < . as given, @, is actually the maximum
discharge. If y’; is >y, as given, build the o-¢ portion
of the @ = f(y,) curve as in Fig. 129 for the given y,.

The @ Constant Curve—A very useful chart, picturing
the delivery under all possible circumstances, is obtained by
means of what we call the Q constant curve.

Assume a discharge Q, flowing in a canal (Fig. 131). The
same volume of flow may be delivered by the canal in an
infinite number of ways; each way of flowing being fea-
tured by a pair of depths ¥, and y; in the given sections 2
and 1, usually at the extremities of the structure. Obvi-
ously the depths y. and y; are mutually interdependent.

<
<
S
O~

2
[
a2

&
o
—_———— ':<\_

NP SR
N3

P T =

F1a. 131.—Reciprocal depths for a constant Q.

To each depth y,, there corresponds one and only one depth
y1 and vice versa; so that each possible pair of depths may
be said to constitute a pair of ‘““reciprocal’ depths.

One of the possible pairs of the reciprocal depths is
Y1 = Y2 = Yo, corresponding to uniform flow of the given
discharge Q. Above the line of uniform flow asby, we have
y'2 reciprocal to y'i; ¥’ to ¥y, ete., all on M, curves.
Below agb,, the reciprocal depths correspond to points on
an M, curve. Curve a.b, is the lowest possible position
of the M, curve, the depth i, being the critical depth
for the given discharge; y:. is the ordinate of the Q..
curve (see Art. 47) corresponding to the given Q. Together
and separately Yamin and y,. are the lowest possible stages
in their respective sections, at which the given delivery
Q may flow.
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As to the upper limit of the surface curve, it is evident
that, as the depths y, and y, grow, the curve a-b tends to
become a horizontal line with lim. (y2 — ¥1)y=~ = soL.

The functional relation between y; and y. may be repre-
sented by tracing a curve (Fig. 132), each point of which is
determined by a pair of reciprocal values of y; and y,. The
resulting curve is the Q constant curve.

¥
Q\,‘S@
\)Y

’ \Z
'yl Ccurve AW, 00
ke
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Yo%

[
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¥

o —_—
B _-..l %

F1a. 132.—The Q constant curve.

The characteristic points and features of the curve
are as follows:

1. Point O, with y, = y,, corresponding to uniform flow,
lies on a straight line drawn from the origin of the coordi-
nates, at an angle of 45 deg. This line is the locus of the
normal depths for all discharges.

2. Point C, determined for each given discharge by
Y2 = Yer and y1 = y1.. Point C is the lowest possible limit
of the curve for the discharge as given. By plotting the
C points for the different @’s, one obtains the C line which is
the locus of critical depths, so far as the abscissas y, are
zoncerned. The ordinates of the C curve are the y, in
the sense of Art. 47.
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3. Theupper limit, determined by y, — y1 = s,/. i8 a straight
line (L line) drawn at 45 deg. {rom a point at a distance
soL from zero. The limiting character of the L line is exem-
plified by the fact, that the  constant curve lies to the left
of such a line, to which it is asymptotically tangent.

By plotting a series of Q.. curves for different dis-
charges, a universal chart is obtained giving a summarized
picture of possible flow in the given canal under all possible
combinations of levels (Fig. 133). The curves drawn for
different @’s are congruent but do not intersect each other.
Each point of the Q = f(y,, ¥.) plane (Fig. 133) determines
one and only onc discharge, featured by the particular Q
curve which happens to pass through such point.

Example 21

Question 1. Assume a canal layout, as of Iixample 18 (canal,
Type 4; length 2,500 ft.); determine the Qs curve for Q =
1,278 cu. ft. per second, corresponding to yo = 6 ft.

For point O we have y, = y, = 6 ft. For point C (see Table
XXVID): y2 = yor = 2.63 ft.; y1 = y1. = 5.32 ft.

For the rising portion of the curve, use formula

L o
®(n) = d(n) — 7;—“ = ®(ns) — 0.167
For the falling part of the curve, use formula
(n1) = M(n2) — 0.167

The figuring, with n = 3.6 and 1 — 8 = 0.935, is given in

Table XX VIIIL.

TasLe XXVIII
(1) Rising Curve M. (y, > 6 ft.)

72 Y2 @(n2) @ (1) m #n
1.00 Uniform flow—m™———~- --—6.00
1.05 6.30 0.394 0.227 1.029 6.17
1.10 6.60 0.620 0.453 1.060 6.36
1.20 7.20 0.880 0.713 1.130 6.78
1.35 8.10 1.141 0.974 1.248 7.49
1.50 9.00 1.351 1.184 1.379 8.27
1.75 10.50 1.655 1.488 1.609 9.65
2.00 12.00 1.934 1.767 1.849 11.09
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TasLe XXVIII.—(Continued)
(2) DrorpiNg CURVE M, (y: < 6 ft.)

72 yz | B(n2) [0.935B(n2) | Ii(n2) O(m) m /)1

0.9] 5.4 1.140 1.066 —0.166 { —0.333 0.954 5.72
0.8 4.8 0.907 0.848 —0.048 | —0.215 0.922 5.53
0.6 3.6 0.623 0.582 +0.018 | —0.149 0.8905 5.34

The curve is plotted in Fig. 133 as curve 1.

120 l l
Q@ const curve
for cana/l 0 Line-
10.0 | ~
Type A;\So=4.10% L= 2500" /

rve No./ /
3 0 @ i)

) Yo xg'l H
Mo-2136 <5 /

b\\
1 s
Ky V = ’
60 ens
> c
40 }
~L Line
y2 = y, f’
20
0
P ,‘ 20 40 6.0 8.0 100 120
-'] So yz Cm—p

Fia. 133.—The @ constant curve in Example 21,

The L line, parallel to the O line, is drawn at a distance of
LSo 1 ft
Question 2. In addition to the above, ﬁgure and trace Qcons.
curves for the following:
yo = 8 ft., corresponding to @ = 2,136 cu. ft. per second
Yo = 4 ft., corresponding to @ = 626 cu. ft. per second
Yo = 2 ft., corresponding to @ = 137.4 cu. ft. per second
The points on the O line are y, = y2 = yo.
The points for the C curve may be taken from Table XX VII.
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Yo =8ft.; y2=yor =3.62; y1 =y, =6.86
Yo=41ft.; y2 =y, =1.64; y =y =3.69
Yo =21t; y2=9ye>r=0.77; y1 =y, =1.95
In figuring the rising portion of the curve with y, > y;, we
may use the same series of 7,’s and ®(5.)’s as in Table XXVIII,
determining the ®(»:)’s by subtracting in each case from ®(n,)
the value of Lso/yo, corresponding to the different yo's. The
figuring is clear from Table XXIX.

TasLe XXIX

Yo = 8 Laofyo = 0.125| V0 = 4 fbiLev/un =\ o = 2L Leo/ue =
L] @(n3) )

ys | ®m)| m n v [®(m)| m 7 y2 | ()| m I
1.10 |0.620| 8.80/0.495/1.069| 8.55/ 4.40,0.370({1.045| 4.18] 2.20/0.120{1.020; 2.04
1.20 )0.880| 9.6010.755/1.146| 9.17| 4.80{0.630{1.103| 4.41} 2 40|0.380|1.048| 2.09
1.35 |1.141{10.80{1.016,1.272(10.18| 5 40/0.891|1.205] 4.82| 2.70/0.641|1.106| 2.21
1.50 |1.351{12.00{1.226|1.408|11.26| 6.00(1.101|1.324| 5.29| 3.00(0.851|1.186| 2.07
2.00 [1.934).....0.....1.....0..... 8.00{1.684(1.775| 7.10{ 4.00{1.434(1.565| 3.13
3.00 [2.978).....|.....|....{..... 12.00(2.728(2.756{11.02| 6.00/2.478(2.513| 5.03
500 [4.994|.....0.....] o e ]eee oo 10.00({4.494|4.502| 9.00

The falling portion of the curve is figured in Table XXX,

The curves are plotted in Fig. 133, which thus gives an example
of the universal chart mentioned at the beginning of the article.

Q Constant Curves for Long and Short Canals.—The
difference in the outline of the curves is best exhibited by
means of a numerical example; namely by comparing
curves, computed for the same cross-section and the same
delivery, but for canals of different lengths.

Example 22

Determine the Q.on.: curve for y, = 6 ft. for the canal, as of
Example 21, but with a length L = 2 miles (10,560 ft.). The
curve, designated as curve 2, is plotted in Fig. 134, while the
respective curve for L = 2,500 ft. is traced in as curve 1. The O
points of the two curves coincide. The C point for curve 2 is
taken from Table XXIII, namely,

Y2c = Yer = 2.63 ft.; Y1 = Y1e = 5.94 ft.
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In view of the closeness of the y.. depth to y, no further points
are computed for the O-C' part of the curve.

1200 I X
@ const. curves /
or .
Yo<6' Q= 1278 ¢ 0line- /
00— Canar Tvee A -
| So <4107 f()’/)’z) /.[///pe
Curve No! for L= 2500 Curve 1.
Curve No 2 for L 10560" / /
400 i /
yi Curve No3 | Fly,p) / / e Dzl/ne
T e,y | Jeurve Mol /
Y N
6.00— Ycr 4 I
<~ 2635 [

¥ =5 )
53z / /
400 / //

200 y
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Fi1G. 134.—Q constant curve for similar canals of different lengths (Example 22).

The O-L portion, computed with

4.
an) = ®ns) — T2~ 9y — 0.704

is tabulated in Table XXXI.
TasLe XXXI

72 Y2 @(n2) ®(m1) m Y
1.10 6.6 0.620 —0.084 1.010 6.06
1.20 7.2 0.880 +0.176 1.025 6.15
1.35 8.1 1.141 0.437 1.059 6.36
1.50 9.0 1.351 0.647 1.108 6.64
1.70 10.2 1.597 0.893 1.205 7.24
2.00 12.0 1.934 1.230 1.410 8.47
2.50 15.0 2.464 | 1.760 1.843 11.06




CHAPTER XII
ENTRANCE CONDITIONS

60. Local Phenomena at the Extremities of the Canal.- -
In the preceding chapter, the relations between the delivery
Q@ and the depths y, and y. at the extremities of a canal were
established without taking into account the phenomena
which accompany the inflow or the outflow of water, as it
enters or leaves the canal.

Outflow.—When a canal, as in Fig. 135, empties into a
reservoir, one may anticipate a certain ‘“gain” of level
Ays = Yz — Y2, caused by the ‘‘restoration” of at least a
part of the velocity head »,2/2¢g carried by the water as it
leaves the structure. Observation, however, shows that
such restoration, if any, is inconsequential; in other words,
under usual circumstances the kinetic energy is actually
wholly dissipated in eddies and whirls. Therefore, in
practical computation the gain Ay, may be safely neglected
and the stage y. at the end of a canal simply taken as being
equal to y» (Fig. 136).*

Entrance Regulated by a Sluice.—Figure 138 exemplifies
a sluice or some other device, by means of which the depth
y1 may be established and regulated at will. In this case,
the depth yi, as considered in the preceding chapter, is
simply taken as being the depth below the regulator. The
length of the canal L, which figures in the computations,
should be figured from the sluice section downwards, dis-
regarding the short stretch, where the movement estab-
lishes itself. There will be a difference of level Ay, =

* This simple rule will apply in all cases, except where the outflow is
accompanied by a hydraulic drop (Fig. 137) with y; = yerand y3 < yer. In
this case as mentioned before, the depth y. = y.. will continue to remain as
the lowest possible depth of outflow, irrespective of the position of level B.

173
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Ya — Y1, dependent on the discharge and the opening of
the sluice, but this Ay, which may be maintained at will
has no organic connection with the varied flow in the canal
as such.

]

27224
%
Fi1g. 138.
) [t
leqr ___'I
P~ —— - —— 7 ———— —
4 |
} — e — — i_T_
T \___ } %
l { |
Lo 3? P
by 4 +-‘,’:
.

l Zone of
-- Em‘ra/n? zone “+" gredually varied flow

]
Fig. 139.—Free inflow into a cana).

Free Influx.—A most important case of entrance condi-
tions is illustrated in Fig. 139. In this instance, water is
supposed to flow into the canal freely. The resistances and
losses, determined by the shape of the entrance walls and
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eventually by intermediate pillars, are comparatively
small, so that one may designate the flow as “unobstructed.”
The greater part of the entrance head k. is used to produce
the velocity head »,2/2g.

In this case, flow in the canal and the entrance phenomena
are organically connected. To each discharge @, as deter-
mined by the reciprocal depths y, and y. (Fig. 140), there
corresponds a definite value of an entrance head h, and
thus a stage y, = y1 + h.. So the depths y., v:, and ¥,

Fia. 140.—The entrance head h,.

become functionally connected, representing features of
one single phenomenon.

In most practical cases, it is the depth y,, determined
by level A above the intake, which is given. For example,
with reference to the problem handled in Example 17,
it usually would be level A in the feeding reservoir and
thus the depth y, which would remain constant, the problem
being to determine the delivery in the system as a function
of the varying level B.

Whenever the velocity in the canal is substantial and the
length of the canal not too great, the entrance head may
constitute a substantial part of the total fall of level Z (Fig.
140) and should by no means be left out of consideration.
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Free inflow, functionally connected with varied flow
in the canal, constitutes specifically the content of the
following articles.

61. Evaluation of the Entrance Head. Entrance Zone.—
The inflow into a canal of mild slope features an entrance
zone (Fig. 139), marked by an undulated surface. Section 1
with the depth y, and a velocity v, is assumed schematically
as a demarcation between the entrance zone and the zone
of gradually varied (parallel) low. In the entrance zone,
flow may be summarily evaluated by the simple relation

v = \/Zg(h + v“)
Q =na, = a1<p\/2(](h + vo)

where v, is the velocity of approach and ¢ a velocity coeffi-
cient which takes into account the losses between A and
section 1; a; in Eq. (106) is the canal cross-section in section
1, corresponding to the depth y;.

Neglecting v9%/2g, which is usually small, the relation
may be presented as

poo Lot 1 @
T @20 9290’
or (107)

ho= LHO% = (4050

ga,’

(106)

1 . . .
where ¢ = i 1 is the ““resistance’’ coefficient.

The values of ¢ and { depend on the configuration and
the size of the entrance structure and are treated in hydrau-
lics under the captions relating to flow through orifices.*
The relation between the velocity coefficient ¢ and the
resistance factor 1 + ¢ = 1/¢? is as follows:

= 0.95 0.925 0.90 0.875 0.85 0.815
l+§‘= 1 1.11 1.17 1.23 1.31 39 1.50

* Most valuable data on the losses in entrance structures are given by
Hinds, Trans. A.8.C.E., Vol. 92, p. 1422, 1928,
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In the examples to follow, we shall assume an average
value corresponding to well-rounded entrance forms of
1 2 .
o 14+ §¢=125. Acurveofh, = 1.25% values is given
in Plate VII.

The Inflow Discharge Curve.—For a given canal (Fig.
141), assuming that y, remains constant and neglecting
the possible small drop of the canal bottom A,,. within
the entrance zone (Fig. 139), so that y, = y, — k., we have

Q = aw: = awpV2h, = a1pV29(y. — y1) (108)

By plotting Q@ = f(y:) in Eq. (108) as a curve, we obtain
the inflow discharge curve, a curve which is basic in the
handling of problems of varied flow, where entrance circum-
stances are to be taken into consideration.

Example 23

Compute and draw the inflow discharge curve for a canal,
Type A, with y, = 6 ft. using 1/¢* = 1.25,
TasLE XXXII

R he =6 — a, L4} Q
5.99 0.01 371.26 0.72 267
5.98 0.02 370.52 1.02 378
5.95 0.05 368.30 1.61 594
5.90 0.10 364.62 2.62 826
5.80 0.20 357.28 3.21 1,147
5.60 0.40 342.72 4.54 1,560
5.40 0.60 328.32 5.54 1,820
5.20 0.80 314.08 6.40 2,010
5.00 1.00 300.00 7.18 2,154

The velocities in Col. 4 are taken from Plate VII.

The Q... curve is plotted in Fig. 142 as No. 1.

62. Uniform Movement (Fig. 143).—Given y,, deter-
mine the depth y; and the discharge in uniform movement.
In uniform flow, obviously, y; = y,. The discharge Q.ns,
corresponding to y; (Eq. [108]) must be equal to the
discharge Q, = ¥,V's,, to take place in uniform flow under
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F1g. 142.—Q entrance curve for canal Type A, Example 23.
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the normal depth y;. The problem is solved by drawing
into one diagram (Fig. 144) as functions of y, the Q.., curve
and the normal discharge curve Q, = ¥oVso. The point
of intersection of the curves determines the discharge
sought.

X L)

5 ey, fQK VS
) ~ 0

) -~

Y Jent =PaV2g9 (yy,)

yf’ .V, .Yg .

! i

!

: Yo

' | ]

y I A

[T - ’l

F1a. 144.—Determining normal flow in a canal with free inflow.
Example 24

Determine the discharge @, and the normal depth in uniform
flow in a canal, Type A (Plate III), assuming that y, = 6 ft.,
and that the entrance conditions are as of Iixample 23.

To solve the problem, draw into Fig. 142 the portion of the
Qo = ¥o\/s0 curve (curve 2), beginning with y, = 6 ft. down.
Use, for this, data of Table XXI, namely,

Yoooeeeennn.. 6.0 5.8 5.4 5.0
Qoovvoernn. .. 1,278 1,206 1,060 930

The point of intersection gives y, = yo = 5.78 ft.; h. = 0.22
ft. The normal discharge Qo = 1,198 cu. ft. per second.

The Mazximum Discharge—The same procedure applies
in determining the maximum discharge:

Example 26

Assume once more a canal, Type A, with y, = const. = 6 ft.
and 1/¢* = 1.25.

Determine the maximum possible discharge for a canal length
L = 2 miles, and L = 2,500 ft., respectively. The problem
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is solved by plotting into Fig. 142 the respective portions of
the Qm.. curve. Take the required elements of the Qum.. =
f(y1) curve, with L = 2 miles, from Table XXIII. The curve
is designated in Fig. 142 as curve 3.

For curve, relating to L = 2,500 ft., use the figures of Table
XXVII; the curve is designated as curve 4.

The points of intersection give:

Length L = 2 miles,

Qumaz = 1,214 cu. ft. per second; y, = 5.77 ft.; h, = 0.23;
Y2 = Yer = 2.51.

Length L = 2,500 ft.

Qmaz = 1,457 cu. ft. per second; y; = 5.655 ft.; h, = 0.345;
Y2 = Yor = 2.84.

63. The Q = f(y.) Delivery Curve.—In the case of y,
constant, the characteristic points of the Q@ = f(y2)y, =const
curve (compare with Art. 45 and Fig. 117) are:

1. Point Z with @ = 0, and y;, = y. + Ls,.

2. Point O and point C, corresponding to uniform flow
and to Qm.., respectively, determined as in Fig. 142.
For figuring out the intermediate points on the o—c or the
0—z portion of the curve, the procedure in general is analo-
gous to that of Art. 45, except that instead of using a
constant value of y; in determining 7, = y,/y, in Col. 4,
Table XXI, the values of y; will vary. For each discharge
Q (corresponding to the selected y,) the respective y, is to
be taken from the inflow discharge curve (Art. 51); with
this, the corresponding 7. and y. = 7.y, are found in the
same manner as in Example 17.

Example 26
In the layout of Example 17, assume the constant depth to be
Yo = 6 ft. Determine the delivery curve Q = f(y.).
The characteristic points are: ,
1. Zero point: @ = 0; y, = 6 + 4.224 = 10.224.
2. O point (uniform movement) from Example 24.
Q = 1,198; y. = 5.78 ft.

3. C point (maximum discharge) from Example 25.

Q = 1,214; y» = y, = 2.51.
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As an example of determining an intermediary point take
yo = 5 ft. with @ = 930 cu. ft. per second (see Table XXI).

From the Q... curve (Fig. 142) for @ = 930, y, = 5.875.
Thus for section 1:

m = 5.875/5 = 1.175; ®(n,) = 0.8255

®(ns) = B(m) + Iﬂ’ = 0.8255 + 0.845 = 1.6705

hence
= 1.764 and y, = 1.764 X 5 = 3.82
Computatlons relating to the other pomts are gathered in
Table XXIII
TasLe XXXIIT

Yo Qo Y m @(n1) | Lso/yo | ®(n2) n2 Y2
5.78 [1,198 -——Uniform flow 5.780
5.40 {1,060 5.830 | 1.079 | 0.5410] 0.783 | 1.3240] 1.480 8.000
5.00 930 5.875 | 1.175 | 0.8255/ 0.845 | 1.6705 1.764 8.820
4.00 626 5.945 | 1.486 | 1.3320] 1.056 | 2.3880| 2.427 9.708
3.00 380 5.980 | 1.993 | 1.9265| 1.410 | 3.3365| 3.353 | 10.059
2.00 187.4] 5.990 | 2.995 | 2.9730| 2.112 | 5.0850] 5.091 | 10,180

The curve is plotted in Fig. 120 as curve 6.

Case of y, Constant.—This case is particularly simple.
Suppose a delivery curve Q = f(¥1)¥2,cons: has been computed
as in Fig. 127. To determine the value of y, for any
discharge, one simply has to add to the respective value
of y; the corresponding entrance head
1 Q?

* ot 2gar
where a, is the cross-sectional area, corresponding to y;.

Q Constant Curve.—The same applies to the case of a
Qconse curve. If C,-O-L (Fig. 145) is the Q.on.: curve,
similar to that of Fig. 132 and showing the relation between
y2 and y1, the f(y,, ys.) curve is obtained by adding to the
y1 ordinate of the f(y, y;) curve the value of the entrance

1 Q2
head s 29art
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Example 27

With reference to Example 22 and in addition to the Q..
curve f(yi, y2) for Q = 1,278 cu. ft. per second (yo = 6 ft.,
traced in Fig. 134 as curve 2) compute and trace the Q..... curve
as f(Ya, y2) assuming 1/p? = 1.25. In Table XXXIV the values
of y: and y, are taken from Table XXXI. The velocities v, =
1.278/a; (Col. 3) are obtained by dividing the constant dis-
charge by the value of a;, corresponding to y,. The h, values
are taken from Plate VII.

Qcons =F(y,, ya)yabcon:f
yﬂ y[ ! a ]
3 1]
K o !
. . 1
6 const -fég,y,) /4”3/. '
Y
[
t
1
3
)
Y
PP —
b — = - — - — = yz ______ ]

Fra. 145.

The curve is plotted in Fig. 134 (curve 3) above the f(yi, ¥2)
curve,

TapLe XXXIV
Y2 %1 v he Yo = Y1+ he
2.63 5.94 3.48 0.235 6.17
6.00 6.00 3.44 0.230 6.23
7.20 6.15 3.34 0.215 6.36
8.10 6.36 3.26 0.200 6.56
9.00 6.64 3.05 0.180 6.82
10.20 7.24 2.74 0.148 7.39
12.00 8.47 2.27 0.100 8.57
15.00 11.06 1.60 0.049 11.11




CHAPTER XIII

DELIVERY OF A CANAL WITH A HORIZONTAL
BOTTOM

64. Computation Procedure.—The reasoning, developed
in the preceding chapters is applicable towards estimating
the delivery of a canal with a horizontal bottom (s, = 0).
The equations, used in such case, should be the ones devel-
opedin Chap. X. Referring the movement for each @ to the
respective critical depth, and with reference to Fig. 146, the
equations in the case (see Egs. [99] to [103]) are:

a ?)

I ¥ 1
5 Y ,
cr !5
Fi1g. 146.
nt+1 __ n+1
loy = g—_:—:[az,l(h - 7)) — Q—ni—?——] (109)
where
T =Y/Yer and § = o, /0
Further with
Tn+l
Equation (109) becomes
by = 25T (ry) — T(ry)] (111)

Equation (111), of simpler form, may be advantageously

used when the canal cross-section happens to be such that
184
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the value of ¢ remains substantially constant throughout
the range of depths. In such case (see Example 16),
a single average value of § may be used throughout the
computations, which become comparatively simple.

Whenever, on the other hand, § varies substantially,
Eq. (109) will have to be used. It will be found, that the
member §,,:(t, — 7;) exercises a considerable effect, par-
ticularly in the vicinity of depths near to y.,. So appropriate
care will have to be exercised, to evaluate the value of
0.,1 with sufficient precision.

As pointed out in Art. 43 it will usually be sufficient to
accept as the d,,, value the arithmetical average

(600 = 25-2)

for the two limiting depths. But in solving Eq. (109),
one should bear in mind that &, and 8. change with 7,
and 7., and that such a change will usually have to be taken
into account.

Equation (109) is solved by successive probes. The
computations will be simpler if the figuring is so organized,
that the solving of the problem will consist in determining
the distance between the two assumed depths. The
matter will be best made clear by means of a practical
example.

Example 28

Assume (Fig. 147) an equalizing canal, laid with a horizontal
bottom between two storage reservoirs at a distance of L = 5,000
ft. The cross-section and the other elements of the canal are
of Type D (Plate V). As values for C, we shall take G.K.
coefficients with n = 0.025 and s; = 0.0001. Depending on
circumstances, flow will be from A to B or ir the opposite direc-
tion. Assume that the highest possible stage in either of the
reservoirs is y = 8 ft., and that the lowest level corresponds to
3 ft. The entrance arrangements are featured by a value of
1/0% = 1.25.

Question: Determine the delivery curve Q = f(y:), assuming
that y, is maintained constant and equal to 8 ft.
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The delivery curve (Fig. 148) has only two characteristic
points: (1) The zero point Z with y; = y,, and (2) The C point
of maximum discharge with y. = y.. The lowering of ys
below y,. will have no further effect on the flow in the canal.

Y (7)

Amax. : __./7e

3!

F1e. 147.—Layout for Example 28,

Curve a-c (Fig. 148a) corresponds thus to the lowest possible
position of the surface curve. All intermediary points between
Z and C correspond to flow with a dropping curve of the M,

type.

o e
o @ ; (b
== |__Surface curve Delivery curve
o ¢ % E O=F 0D Y= const
{
i ' T i
: | B/ 2, yﬂ
! |
Ya J;'m/‘n f - } I £
1 | [}
] | 1 | ]
{ |
| i V2 min ™ | Yoe
H : ! : — :
|
‘! ) i; * *
e ~——— [ =] e uhatadal bt ol oma—)'(——--——-—*'

F1g. 148.—Delivery curve for a canal with horizontal bottom.

Preliminary.—As auxiliaries we compute:

1. The inflow discharge curve for canal, Type D, Q... = f(y,),
with y, = const. = 8 ft. The elements of the curve drawn in
Fig. 149 as curve 1 are as follows:
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h. d; v a; Q = aQ\vy
0.01 7.99 0.72 215.6 155.0
0.02 7.98 1.02 215.3 219.5
0.04 7.96 1.45 214 .4 311.0
0.07 7.93 1.89 213.4 404.0
0.10 7.90 2.26 212.1 480.0
0.15 7.85 2.79 210.2 A86.0
0.20 7.80 3.21 208.3 371.0
0.25 7.75 3.59 206.3 741.0
0.30 7.70 3.94 204 .4 i 807.0
0.40 7.60 4.54 201.6 915.0
0.50 7.50 5.08 196.9 1002.0

2. The critical discharge curve Q.. = f(y.,) drawn in Fig. 149

as curve 2.
= g for No4 in 00001 o =—=Naj
00 80 v0 0 &0 in_00001
8 \‘l\ 1) 120 oQ 0 8 400
]
. i T~ Curve No 7
o1 19 - Qerit - puvg |7 350
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02 L8 R 1- —— {6 300
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e Q curvesNo. and No2-S'g

Fia. 149.—Auxiliary curves for Example 28.

for No 20nd No 3

—_y

8. The critical slope curve o = f(y); curves 3 and 4 (Fig. 149).
The elements of the curves are taken from Plate V with a few

additions.

For convenience sake, the o curve for the different regions of

depths has been drawn in two different scales.

exponent is taken at n = 3.80,

The hydraulic
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The Mazimum Discharge.—In determining point C, with
Q@ = Qnaz, and Y2 = Y., take a series of y» = y.. values, to each

of which there corresponds the critical discharge Q = Y., \/g.
From the inflow curve, determine for each such discharge the
depth y1 = y. — h.. Applying Eq. (109) or (111) between the
depths ¢, and y. determine the length 1,.. Draw a curve of
lengths, so determined, as a function of Q or of its equivalent
Y. The point of the ! = f(Q) curve so drawn, which corresponds
to the given canal length, solves the problem.

For clarity, we shall carry out in detail the computation of a
point, corresponding to ys = y.. = 4 ft.:

For this point from Fig. 149, curve 2, we have

Q.- = 842 cu. ft. per second; ., = 71.4004,
The entrance head for @ = 842 (curve 1) is k. = 0.33, so that
yi =8 — 0.33 = 7.67
We have thus for section 1:
o= 7.67/4 = 1.92; 1"t /n + 1 = (1.92)4%/4.8 = 4.774
Further, from curve 4, ¢, for y, = 7.67 is 57.2005, and thus
81 = 0o /oy = T1.4/57.2 = 1.245
Similarly, for section 2,

Yo =Yz =4Tt;72 = 1,00 = 0, = T1.4

hence
7.2114-1 _ 1 _ _
| —E—O.ZOS,andéz—l
The average value of
PR E 1 RS

The value of
Yor/er = 4/71.4-10% = 559 ft.
The distance {;,, (Eq. [109])
lo,, = 559[1.123(1 — 1.92) — (0.208 — 4.774)] =
559[—1.032 + 4.566] = 1,980 ft.
This length is substantially shorter than the canal length

L = 5,000 ft., which indicates that the discharge, @ = 842
cu. ft. per second, is in excess of the value of Qmgs.
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Similar computations, relating to other points are gathered
in Table XXXV. Obviously for all points

7,48
Ty = 1,—2—‘ = 0208, and 62 = 1
4.8
TaBLe XXXV
Y2 =1 Q [0a0% 0 | gerfoer| | 77 |1t5/48 ] 09% 0 |2 T | ba | 1
Yer yl/?/cr ’ 700 Unr/ﬂ'l ar L
4.00 842 71.4 559 17.67 | 1.920 4.774 57.2 11.245/1.1231,980
3.50 1670 75.0 466 [7.80 | 2.226] 9.700 57.0 {1.315{1.158,3,850
3.30 |608] 76.6 431 |7.837| 2.373] 13.190 56.9 |1.344[1.172/4,870
3.251592{ 77.0 422 17.846{ 2.410 14.200 56.9 {1.352/1.17615,220
3.00(519] 79.4 378 |7.881) 2.627| 21.120 56.8 |1.395/1.1987,170

560

AN

340
,yz=)f:r:‘3'28
1 - Qer= 6025

|
A= 1y,=y,)

320
N

Yz

N
4000 5000 6000 7000 8000
—|

3.00
0

F16. 150.—Auxiliary for Example 28.

The y.. = f(I) curve is traced in Fig. 150; the solution for
L =5,000 ft. is y; = y. = 3.28 ft.; and the corresponding
discharge and y, from curves 2 and 1 (Fig. 149) are Qma, =602
cu. ft. per second; y, = 7.84, and h, = 0.16.

The Z point and the C point determine the extreme points of
the delivery curve (Fig. 151).

We shall bring forth now in detail the computations relating
to an intermediary point:
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Take y.. = 2.5 ft., corresponding to
Q = 383 cu. ft. per second; 0., = 86-10~*; yer/or = 200.5
For section 1, we have:
Y1 =7.937; 7 = 7.937/2.5 = 3.177; 1,*8/4.8 = 53.5
ar = 56.709¢0; 8, = 86/56.7 = 1.532

Z |
Delivery curve &0
\ for ya=const=8’
2y | Cawa Tree 4 “Q=f () \
i —— >~ 60
& —0 Pl
Y Y =0 Yoy | Yo 3 t
------- 5000 - -~ - -~ S
Yamin 40 B
e
/ L— @ maxr.—
] 602 <%
0 100 200 300 400 500 600 0
— Q

F1c. 151.—Delivery curve for canal with a horizontal bottom, Example 28.

To determine y,, we have to find the value of 7, = y,/2.5 which
will satisfy the equation:

n+1 n+1
7:2-?—1 — S12(re — 1) = ll—_{—_-—l - lu;: (112)
which, in our case, becomes
Tyt 8 _ _ 5,000 _
In successive approximation, make first
(T 2)4 .8
48 = 36.3

which, by using ordinary logarithms, glves 7'y = 2.93, and
y's = 2.93 X 2.5 = 7.33 ft.

By figuring the more exact value of ¢(rz) = ——8 — b1a(r2 — 3.18)
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for y; = 7.33 and that for a neighboring value of y, = 7.25,
we obtain

4.8 ‘.

Y2 T2 ‘!’2‘ - 0'20960 62=§§' ]0-‘!51 2 = L + l—éﬂ 61.2("’2 - 318) ¢("‘2)
4.8 a2 | 2

7.33 2. 93!36.3() HK.2 1.4% 1.506 ‘ —0.376 [36.68

7.25 2.90i34‘54 5H8.4 1.47 1.501 ‘ —0.421 |34.96

Interpolating between these points, we obtain for o(r.) = 36.3,
the value of y, = 7.31.

In this particular instance, the approximate value of y;, = 7.33
obtained by neglecting the member 8;2(r; — 71) in Eq. (112),
proved to be very close to the final value of y, = 7.31.

Obvionsly the approximation will be still more satisfactory for
smaller deliveries.

In faet for point y., = 2, we have

Q = 267 cu. ft. per second; o.r = 94.3005¢; Yor/or = 212;
Loe/yer = 23.6

158.9

1.67

y1 = 7.972; 7, = 3.986; r,*8/4.8
= 56.69039; 5, = 94.3/56.6
The equa.tlon is:

I

g48
o(r2) = 4 g~ 81.2(r2 — 3.99) = 158.9 — 23.6 = 135.3

In first approximation, making (v';)48/4.8 = 135.3, we have
Ty = 3.846 and y, = 7.692. In computing a more precise value
of 7o, we have

Z]2 T2 ‘ 3/4 8 0'2 /00 i 52 6;,2 51,2(1'2 "399) ¢(Tz)
7.692 | 3.846 135.30’ i " —0.238 | 135.54
7.650 | 3.825 | 130.24 | }"7'4 1.64 1 1.6550 ) o 974 | 130.51

The final value of y, = 7.69 is practically identical with y'y =
7.692. '

In figuring the two following points, we simply omit the mem-
ber 81.2(r2 — 71), making simply



192 HYDRAULICS OF OPEN CHANNELS

and obtain:
Yer Q 1 0‘"0960 5,000'0"/11" T1 T14'8/4.8 724.8/4.8 T2 Y2
1.5 169.‘2!7.99 107 35.7 5.33 638. 1 602.4 [5.266(7.90
1.0 | 89.8/7.997| 138 69.0 7.997| 4506.0 | 4437.0 [7.9617.96
58
660
56 —
~
L3
f &
=

79/ /a
5 ,/
541630 R s NV J/-~N0/)£_r=5?0

V2 /
For { L oy, = 5345
Nol } 0=5775;_f

#1):3 45
52 //
600 /
Values for No2=—¢(1,)
1 8 9 10
0
5\'.’>00 320

340 360 3.80
Values for Nol—=¢(T,)

F1a. 152.—Auxiliary for Example 28.

This simplification, on the other hand, would be quite out of
order for larger Q's when the discharge approaches Q... For
example for point y., = 3.20, with

Q = 577 cu. ft. per second; o.r = 77.59960; Loer/yer = 12.1
we have in section 1:

Y1 = 7.854; 7, = 7.854/3.20 = 2.456; 2.45648/4.8 = 15.55
g = 56.90960: 51 = 775/569 = 136
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Hence, for section 2,
4.8
é(ry) = ’-42—8 — b1a(r — 2.46) = 15.55 — 12.10 = 3.45

Going by successive tests, we try

Ty Yz T-;“ 8/48 020960 by 01.2 61,2(7’2 - 246) ¢(1'2)
1.70 | 5.44 2.659 64.6 | 1.200 | 1.280 -0.974 3.633
1.65 | 5.28 2.305 65.2 | 1.188 | 1.286 1.041 3.346
1.60 H.12 1.088 65.9 | 1.176 | 1.292 1.112 3.100

¥rom the graph ¢(r2) = f(y.), curve 1 (Fig. 152), we obtain the
sought y. = 5.345.

Repeating the procedure for point y., = y, = 3 ft., we have
Q = 519 cu. ft. per second; o, = 79.499¢0; Lo /y. = 13.21
Tor section 1

¥y = 7.882; 7 = 2.63; 7,%%/4.8 = 21.12
o1 = 56.990¢0; 6; = 1.395

Hence
T2

4.8
o(r2) = 38 81.2(r2 — 2.63) = 21.12 — 13.21 = 7.91

The equation is solved by means of:

T2 y: 124 8/4.8) 0007, 8 812 | B812(re — 2.63)] o(r2)

2.00 | 6.00 | 5.819
2.10 | 6.30 | 7.318
2.20 | 6.60 | 8.960

1.27 1.333 —0.841 6.660
1.296 | 1.345 0.713 8.031
1.316 | 1.356 0.583 9.543

S SO
O =N
W o

Graph ¢(r2) = f(y.), curve 2 (Fig. 152), gives y, = 6.28.
Gathering all of the points, as figured above, we obtain
TaBLE XXXVI

Yer Q Yz Y

1.00 89.8 7.960 7.997
1.50 169.2 7.900 7.990
2.00 267.0 7.690 7.972
2.50 383.0 7.310 7.937
3.00 519.0 6.280 7.882
3.20 577.0 5.345 7.854
3.28 602.0 3.280 7.840

The Q = f(y2) curve is traced in Fig. 151.



CHAPTER XIV
DESIGNING CANALS

The delivery curves, as already developed, find useful
application in the designing of canals.

6b6. Increasing the Delivery.—A canal is usually designed
for a certain volume of flow @, which the canal is supposed
to deliver per unit of time in uniform movement. The
design consists in determining the cross-sectional dimen-
sions and the bottom slope s,, which will cause the dis-

charge Q = ¥,Vs, to flow under the depth y,.

In actual practice the friction factor often exceeds what
was assumed; or the canal may be called to deliver a larger
volume of water. In both cases the canal, as designed,
will be short of requirements and the delivery will have to
be increased.

The problem should be considered in the light of the
delivery curves as featured in Fig. 117 and illustrated by
practical examples in Fig. 120. 'While in a short canal, or in
a canal with an unusually flat-bottom slope, an increase of
delivery beyond that corresponding to uniform flow can be
brought about by lowering the stage y. at the end of the
canal below the normal depth y, (curve 2, Fig. 120), such
means, under ordinary circumstances, are totally ineffectual
(curves 1 and 6, Fig. 120). In other words, one should
firmly bear in mind, that outside of exceptional conditions,
uniform flow with y, = y, is for all practical purposes the
maximum discharge which a canal is able to deliver with
the initial stage of flow y,.

The designing engineer may, therefore, often do well to
keep away from the dangerous limit of a canal designed to be
of just sufficient capacity to carry the required @ in uniform

movement; money and trouble may eventually be saved in
194
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laying out the structure so that a reasonable margin of
possible increase in delivery is left to meet the uncertainties
and urgencies of a particular case.

Under normal conditions, with the delivery curve as
curve 1 (Fig. 120), the only effective way to increase the
delivery is to increase the depth y; at the beginning of the
canal. A possible requirement of this kind should be

% Qraq

Fia. 153.

anticipated at the time of the original design. Assuming
that uniform flow is close to maximum flow, the raise
Ay of the stage y, (Fig. 153) required to increase the delivery
by AQ, is determined as follows:
For normal flow we have
Q = ¥+V's, and K2 = const. y"
where 7 is the hydraulic exponent. Thus, for s, given,
Q = const. g2
The increase in delivery AQ caused by Ay,

AQ = const. g-yo(g—'l) <Ay,
Dividing by @, we obtain
— (113)

Thus the relative change in discharge is 7/2 times the rela-
tive change in depth.

As an example, for canal (Fig. 119), with n = 3.6, a margin
of 10 per cent in delivery over @ = 1,280 cu. ft. per second,
corresponding to y, = 6 ft. would require an increase in depth
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Ay =2/n-y-AQ/Q =1/1.8 X 6 X 0.1 = 14 ft.

By raising y; to y: + Ay, the delivery will change by
AQ, irrespective of what the stage y, is, provided only that
Y2 is< y1 + Ay.

b6. Variable Delivery.—In engineering practice, the
volume of water, called for, is oftentimes subject to con-
siderable variation. Moreover, the fluctuations in the
required discharge may be rapid and do not always follow
predetermined schedules. Changes in delivery may usually
be effected by means of regulating sluices. However,

0

A LIntake
f @
Distributing
h Chamber
¢ i
Yz ,‘Y ) —_—
! ! Q . =
B Cana/ disch, arga | Qs
7 i’ s Jo Service
o m —‘{—- disch.,

Fia. 154.—The service and the canal discharge.

operating such sluices is at times a clumsy procedure, so
there is yet a large field open to the ingenuity of the
designing engineer for meecting circumstances through
judicious application of the properties of varied flow.

With reference to Fig. 154, B designates a distributing
chamber, from which there is drawn the service discharge,
Q,- The service discharge @, may eventually differ from
the discharge in the canal Q., drawn through the intake
from the reservoir A. The difference between Q, and @, is
supplied or absorbed by pondage in B.

Two basic cases will be considered:

1. Q,—Variable; Q—Constant; Q, 2 Q..—This case fea-
tures conditions when the volume of the water to be drawn
from the intake is limited to a certain prescribed quantity.
The fluctuations of the service discharge are to be covered
entirely by the storage capacity of the distributing basin,
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the average of Q, over a period of time T being equal to
the canal delivery Q. (Fig. 155).

Assuming level A permanent and Fig. 156 to be a
delivery curve @ = f(¥2)y, ,on,y Similar to Fig. 120, the prob-
lem is conveniently solved by
arranging levels in basin B to
fluctuate within those stages
(between B’ per and B'yin), s max
where the delivery curve is o
steep and the change of the

depth y. does not affect ma- AN 0‘:' Qsar
terially the delivery of the — ey
canal. In certain cases, when porind | TE

soL is sufficiently great, the
canal may be made to work Fic. 155.—Periodical fluctuation of
without substantial fluctua- the service discharge Q..

tion of Q. not only in the portion of the falling curve o-¥’,
but also on a part of the rising curve 0-b’".  On the whole,
this is a very simple and fully automatic solution.

Zz

»}

n
Oc b” Bmdx

- - =

'\‘)< — e P

t@
g-
3

bt~ -

- =<

—dc

F1e. 156.—Using the properties of delivery curves for a layout, where the
canal deliveries remain practically unchanged irrespective of the fluctuations
of level in the distributing basin.

As an illustration, Fig. 157 shows a delivery curve
for a canal, Type B, laid with a bottom siope of 5%, at a
length L = 3 miles and y, = const. = 5 ft. A change
of level B by an amplitude of ¥ = 6 ft. from ¥ smin = 2 ft.
t0 ¥ smaz = 8 ft. would fluctuate the discharge Q. from 244
to 241 cu. ft. per second, or less than 114 per cent.
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F16. 157.—A layout with a variable service discharge and a practically constant Q..
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Fia. 158.
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2. Q. = Q.; Q.—Variable.—This case is the opposite to
the one considered above. Storage possibilities in B are
totally disregarded. The service discharge @,, when and
as required, is to be drawn directly from the reservoir A.

With reference to Figs. 155, 158 and 159, assuming that

R4
g "
; b
—"De//Vef'y 0/77//7, A ‘
curve { |
! e
2 73 = I v
)
[} I, c
! Y2
Y ¥
- Q
Fra. 159.

the intake is free and that level A does not change, the
limiting stages at the end of the canal will be the depths

"

y”’» and y’s, corresponding respectively to Qmin and Qmas.

. I 8 ¥
' y Y
“Deliver, n 'y
Yz curve” Y _c:z'
f Qmins — @
0 o
max. s
o
Y
-— a

Fia. 160.—Using the properties of delivery curves for securing considerable
fluctuations of discharge in a canal with comparatively slight variations of level
at the lower extremity.

The stage y: and, thus, the flow in the canal will adapt
itself automatically to the delivery, as called for. The
drawback of this layout is that the fluctuation of the stages
in the lower reaches may be quite substantial and present
structural inconveniences.

The level fluctuations may be reduced by avoiding the
steep portion of the delivery curve and having the canal
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work between points b’ and b” as in Fig. 160. This is
caused by increasing the bottom slope of the canal and
making @, (point O) larger than the Q,.., required. The
matter will be made more clear through a practical
example.

Example 29

Assume, with the outlay of Fig. 119 and y, = const. = 6 ft.,
that the required delivery is to fluctuate regularly between
Q"”, = 1,100 cu. ft. per second and ', = 700 cu. ft. per second,
with extreme cases ranging between 1200 and 600 cu. ft. per
second. .

From curve 6 (Fig. 120), we find the corresponding stages to be

Q@ = 1,200 1,100 700 600
Y2 = 5.5 76 9.56 9.75

It

For usual conditions, the variations of stage will be ¥ = 9.55 —
7.60 = 1.95 ft. The highest and lowest possible stages will
differ by 9.75 — 5.50 = 4.25 ft.

To reduce variation, we shall now increase the bottom slope.
Assume the same canal laid with s, = 699,,, making the fall
of the bottom soL = 6.37 ft. Assuming y, constant and equal
to 6 ft., find the depths ., corresponding to the discharges, as
above stated. To make the procedure clear, take @ = 1,200
cu. ft. per second. For such discharge

o = 1,200/4/6 - 102 = 490 - 102%; yo = 5.15 ft.
Accordingly
m = 6/5.15 = 1.165; ®(n1)n=s.s = 0.803; sL/yo =
6.37/5.15 = 1.237
and

B(n2) = P(m1) + I—;j—sf = 1.237 + 0.803 = 2.04

to which there corresponds
72 = 2.098, and y, = 2.098 X 5.15 = 10.80

Applying the procedures to other points, we obtain
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Tasre XXXVII

Q, cu. ft. per second

1,200 1,100 700 600
Ko 490 X 102 449 X 102 285 X 102 244 X 102
7o 5.150 4.900 3.800 3.480
m 1.165 1.223 1.580 1.720
®(n1) 0.803 0 927 1.451 1.621
woL /Y0 1.237 1.300 1.677 1.830
@(2) 2.040 2.227 3.128 3.451
79 2.008 2.273 3.138 3.467
Yz 10.800 11.120 11.910 12.000

As we see by comparison with case s = 490¢,, the amplitude
of variation of the level at B is reduced from 4.25 to 1.20 ft. The
result, however, is obtained at the expense of substantially
increasing the depths of flow.

b7. Pondage. Slowly Variable Flow.—Problems of vari-
able delivery bear direet relation to those of pondage. In
fact, chamber B (Fig. 154) was spoken of as taking care of
the fluctuations of the variable service discharge @,, while
a constant delivery Q. was being drawn from the intake A.
Also, with reference to Fig. 158, there might be a distribut-
ing chamber at the lower extremity of the canal to cover at
least some of the fluctuations of @,, in which case, as it
usually happens, both @, and @, would be variable.

Finally, in Fig. 116, we have a layout with two canals,
possibly of different cross-sectional dimensions and bottom
slopes with a storage reservoir S between them. In general,
all the three levels A, B, and S may vary, each of the three
basins contributing to pondage. The variation of level in
that or any other reservoir depends on the difference in
volume of the inflowing and outflowing water. Thus, for
example, the change of level in the intermediary basin S for
a lapse of time At would be

Ays ‘4, = (QA - Qn)At (] 14)

where A, is the respective surface area of the bagin at the
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depth y,, and Q, and @, are the respective discharges in
canals I and II. Similarly, for basin B, we would have

Ays . AB = (QB - Qs)At
As to the discharge values in that or any other canal, they

depend primarily on the value of the respective depths at
the extremities of the canal, so that

Qa = Sy, ¥2); Qu = f(ys, y4), ete. (115)

We have said primarily, for the reason that flow actuated
by stages which change in time, is no more permanent;
so we are dealing not with varied flow, but with variable
flow, i.e., with flow in which the different elements are no
more stationary. As a result, the equations of varied
flow which were developed for stationary movement do not
apply strictly and should be used only within certain
limitations.

The general equation of variable-varied flow, z.e.,
movement which is non-uniform from section to section
and simultaneously changes in time, is obtained from
Eq. (17) by adding a member which registers the rate of
change of the momentum of flow in time. The equation
reads ‘

2 d [v? 160
s=m+d‘x(éz;)+w (116)

In the present state of the art, there is no general
method by which problems of variable flow can be handled
in a manner adaptable to engineering practice. Only a few
particular cases lend themselves to comparatively simple
treatment. Such for example are the so-called translation
waves or surges produced by sudden changes in delivery.

Another case is when the variation of flow in time takes
place very slowly, as would be the case if the surface areas
of the reservoirs were to be large, so that the change of the
stages, and thus of the deliveries, would become noticeable
only over a considerable period. Such movements may be
properly designated as slowly variable. The value of the
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derivative per time 8v/6t in Eq. (116) in such case becomes
negligible and may be ignored.

That will mean (Fig. 161) that at a certain moment,
when the stages at the extremities of the canal happen to
be y, and y., flow in slowly variable movement will differ
only infinitesimally from flow in varied permanent move-
ment under the same depths. In other words, at the
given moment both the delivery @ and the surface curve
will be assumed to be identical with what would be the case
if the canal was operating under the depths y; and y, in
permanent non-uniform flow. This approximation is per-

(1) (2)

[ — 0,[2 |
\

Fia. 161.—Symbolizing slowly variable flow

missible in many engineering problems, where cases of
pondage are handled. In fact, the very purpose of pondage
often is to regulate fluctuations over periods of many hours
and eventually days.

On the other hand, there are many cases, for example in
hydroelectric installations with sudden bumps in the load,
when the forebay is in no position to prevent rapid changes.
In such cases, slowly variable flow does not prevail and it
will be found necessary to introduce treatment which
takes into account the phenomena of swells and surges.

At this time we shall deal only with problems of
slowly variable motion. As said above, flow will be
assumed to be identical with that which would be under the
depths y, and y. in permanent varied flow. This means
that for any combination of stages the delivery curves as
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developed in the preceding chapters and illustrated in
Figs. 117, 127, and 132 will be directly applicable.
Pondage problems will be solved by dividing the process
of filling or emptying of a rescrvoir into small periods,
going by the increments of the stage Ay. For each such
increment, an equation of the type 114 may be established
covering a certain lapse of time Af. Thus, step by step, a
complete picture of the process of flow will be built up.
The procedure will be illustrated by a practical example.
In general, each problem will require its own particular

9
Q=0
& y,=817 Q=Fly) curve
8 Ya = const =5"
7 [A (const) o Q-0 .
L
s = - t Q1145
6 _glg/;si —_— T~IT2 10, oy =482
8 =~ B
Q By '3‘1
o~
=317" K Y
A Ly — i
T V2482707
h !
Q¢ assumed
. const=/144%
o 50 100 150

Q —
F1:. 162.—Outlay and delivery curve for Example 30.
method of approach, the choice of means always being left
to the resourcefulness of the designing engineer.

Example 30

Assume (Fig. 162) a canal, Type B (Tig. 15), laid with a bottom
slope of 2094, at the length of L = 3 miles. The level in reser-
voir A is maintained constant with y, = 5 ft. The intake is
free (1 + ¢ = 1.25). The delivery curve @ = f(y2)y,—sn. i8
computed in accordance with Art. 53. The normal discharge
is Qo = 144 cu. ft. per second, with y, = y; = 4.82 ft. The
effect of the drop curve on the increase of delivery is neglected,
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so that for all depths y, < 4.82 ft., Q. is assumed to be constant
and equal to 144 cu. ft. per second.

The time diagram of the service discharge, to be drawn from
basin B, is given in Fig. 163a. The forebay B has a surface
area of 750 X 10° sq. ft.

1. Determine the limits of the fluctuation of level ys = y.
in the forebay and, with that, the limits of variation of the canal
discharge Q..

£Emptying period a Filting perrod
R A S 13— mmmm >
s = 200 <Y, Qs = 50<%;
t 100 B S SO ———
l
- 050;/ = /1875
4 )
Y .
0 3 6 9 12 15 18 21 24
Hours —s
800 3 o 1
;4792 . Stage hime curve -
~yg = (1)
f 600 e 200
Qmox =184 Canal discharge \
2 ! hme curve
000 Q= rfit <4
1 100
4 |
_y yii420 \T
Q63 O =63%
200
f<=-=-11 hours emptying -~ - -)‘1- - === 13 hours filling—— —~-~ >

F1a. 163.—(a) Service discharge diagram for Example 30. (b) Canal -rischarge
and stage time curve for Example 30.

2. Draw a time diagram which will picture the variation of
ye and Q. in time.

In Fig. 162, y'’; and y'. designate, respectively, the highest
and the lowest stage in reservoir B, when working on the time-
service diagram (Fig. 163). Kvidently 3> will be reached at
the end of the filling period, the duration of which is 13 hr. witk
Q, = 50 cu. ft. per second. The lowest level y'; will be at the
end of the emptying period, the duration of which is 11 hr.
with Q, = 200 cu. ft. per second. It is further evident that at
no time may the canal discharge fall below the minimum service
discharge, to which there corresponds on the delivery curve
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y2 = 8.01ft. Thus ys = 8.01 ft. is the highest conceivable stage
at B.

Emptying Period— The time-stage curve will answer the

relation
Ayp X 750 - 10° = (200 — Q.)At
or if, as convenient in such cases, time is measured in minutes:

750 -10% Ay ~ .
= %0 560 ‘iB 0. = 1.20206—'--‘_-_'6;' 104 min.

We may now compute the stage time curve downward, com-
mencing with y» = 8.01 ft. We start with a depth interval of
Ayp = 0.21 ft., between yp = 8.0 and ys = 7.80. From the
delivery curve, we take the discharges corresponding to the stages
at the beginning and the end of the depth interval to be: Q. = 50
cu. ft. per second and 72 cu. ft. per second, with an average value
of Q. = 61 cu. ft. per second for the interval. The time in which
the level will lower from 8.01 to 7.80 will be

— 195921 040 = '
Al = 1.25(200 =D 10* min. = 18.9 min.

Applying the procedure to successive depth intervals, we obtain
TasLe XXXVIIT

At

200 — Q.
Us Q. 200 — Q.| average Aygp Al min ~ bmn
for interval

8.01 50.0 150.0 | ...... R 0.0
139.00 0.21 18.9

7.80 72.0 12800 | ...... T 18.9
121.00 0.20 20.6

7.60 86.0 114.0 | ...... U 39.5
108.50 0.20 23.0

7.40 97.0 103.0 | ...... B 62.5
96.75 0.30 38.8

7.10 109.5 90.5 | ...... P 101.3
85.75 0.30 43.7

6.80 119.0 81.0 | ...... J T 145.0
76.50 0.40 65.3

6.40 128.0 72.0 | ... ] oo o 210.3
69.00 0.40 72.5

6.00 134.0 66.0 | ...... R 282.8
63.00 0.50 99.3

5.50 140.0 60.0 | ...... R 382.1
58.00 0.68 146.5

4.82 144.0 56.0 | ...... R 528.6
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The last column, which is the sum total of the preceding time
intervals, gives the time required to lower the level from the orig-
inal level stage y; = 8.01 ft. to the respective stage presented
in the first column.

The table extends to the depth of uniform flow y, = 4.82 ft.
Below, with Q. = const. = 144 cu. ft. per second, the emptying
will take place at a uniform rate of

Ay 200 — 144 - .
Z-t‘ = m = 0.447-10"2 ft. per minute
The curve f(¢, y») is plotted (curve 1) in Fig. 164.
Filling Curve.—The equation of the filling curve is
Ays

The elements of computation are assembled in Table XXXIX.

- 104 min.

TasLE XXXIX

Q. — 50
YB Q. Q. — 50 | average Ays At t
for interval

8.01 50.0 0.0 | ..... T 0.0
7.00 0.11 196.0

7.90 64.0 14.0 | ..... P 196.0
18.00 0.10 69.5

7.80 72.0 22.0 | ..... B 265.5
29.00 0.20 86.3

7.60 86.0 36.0 | ..... P 351.8
41.50 0.2¢ 60.3

7.40 97.0 47.0 |  ..... [P N 412.1
53.25 0.30 70.5

7.10 109.5 59.5 | ..... R 482.6
64.25 0.30 58.4

6.80 119.0 69.0 | ..... B 541.0
73.50 0.40 68.1

6.40 128.0 7.0 | ..... R S 609.1
81.00 0.40 61.7

6.00 134.0 84.0 ! ..... R 670.8
87.00 0.50 71.8

5.50 140.0 90.0 | ..... A 742.6
92.00 0.68 92.4

4.82 144.0 94.0 | ..... veee e 835.0
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One should notice that the table is built in a direction opposite
to the actual movement of the level, so that the ¢ values in the
last column indicate the time, which it will require to have the
level reach the final stage yz = 8.01 ft., from the respective
depth as given in the first column. Below the normal depth
4,82 ft., the filling will take place at the uniform rate of

Ays _ 144 = 50
Al 1.25

The curve is plotted as curve 2 in Fig. 164.
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Fia. 164.—The filling- and emptying-time curve for Example 30.

The Limits of Fluctuation of Level—Assume, in the first probe,
y''s to be 8.01 ft. In 11 hr. of emptying (see diagram 163a)
the level would drop in accordance with curve 1 (Fig. 164) from
8.01 to y's = 4.24 ft.

On the filling curve the time distance from stage 4.24 back to
8.01 is 914 min., which is in excess of the time of 13 X 60 = 780
min. allowed for the filling in diagram, Fig. 163a. That means
the initial 8.01-ft. stage was assumed too high.

Assume in second probe y''s = 7.80 ft. Eleven hours on the
emptying curve would bring the level from 7.80 down to 4.15
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ft. The time on the filling curve between 4.15 and 7.80 ft. is
660 min., which is less than the schedule time of 780 min. Notice
that a slight variation in the initial stage y''» has a pronounced
effect on the time of refilling, the reason being that in the neigh-
borhood of y, = 8.01 ft. the difference between (). and Q, is very
small and the curve excessively flat. Obviously, the actual
stage y''p lies between 8.01 and 7.80. The problem is solved by
finding such a pair of 3’5 and 3/, the time distance for which
on the emptying and filling curve will be, respectively, 660 and
780 min. In our particular instance, as shown in Fig. 164, the
condition is satisfied with sufficient approximation by y”p =
7.92 and ¥’z = 4.20 ft.

Thus, the total fluctuation of the level is 7.92 — 4.20 = 3.72
ft., with a variation of the service discharge between a maximum
of 144 cu. ft. per second and a minimum of 63 cu. ft. per second.
Once the initial and terminal points are determined, one may
draw, point by point, with the assistance of the curves of Fig.
164 the actual time diagrams for y and Q., which in conjunction
with the service diagram give a complete picture of the func-
tioning of the installation. This is done in Fig. 163b.

Obviously, the curves in Fig. 164 may be used for any other
time set up of the service diagram, provided the emptying and
filling period have the same service discharges.

For example, for a diagram in which the emptying period was
to last 13 hr. and the filling period would be limited to 11 hr.
the level would fluctuate between '3 = 7.60 and y'p = 3.52 ft.
(see Fig. 164, dotted lines).



CHAPTER XV
CANALS WITH STEEP BOTTOM SLOPE

Channels with a bottom slope above the critical (s, > ),
which by the very nature of things are mostly of short length,
are used in raft and log chutes, as discharge flumes for spill-
ways and in other similar structures.

1 b
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S, curve b
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Fig. 165.—Flume with a steep bottom slope.

68. Delivery and Entrance Conditions.—In Fig. 165,
Y. is the stage in reservoir A above the entrance.sill; y,
the depth of uniform flow in the channel. With s, > o,
Yo 1S <¥y.. The surface curve crosses the critical depth
near point C and approaches the normal depth by means of a
falling curve of the S; type. As previously indicated, the
transition zone shows no undulations. The surface curve
passes from convex to concave form with an inversion
point at the critical depth.

When the inflow is free, that is, when it is unaffected by
tail-water, the entrance phenomena feature unobstructed
flow over a weir. The flow in the flume itself with ¥ < y.,
does not affect the inflow. So the delivery of the canal
is fully conditioned by the entrance discharge, which is
simply the weir discharge '

Q = Quui = b.m-xfzé-(y.,+ g-‘;;)” (117)

210
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where b is the width of the weir, and ¢ the velocity of
approach.*

Another feature, characteristic of flow in steep channels,
is the comparatively short length of the drop curve c-o.
The latter may be considered as an extended transitory zone
through which the depth rapidly reaches the uniform depth
Yo- Yo is the lowest possible stage. Thus, when designing
flumes or chutes with steep bottom slopes, the engineer
without further complications may simply operate with
the normal depth as the depth, which will be the lowest for
passing floating craft; which will give the greatest scouring
effect, etc.

Tail-water Effect.—With tail-water rising (B’ in Fig. 165)
there will be a jump 7 between d, and d., with a connecting
reach of an S; curve between d, and b’. Flow above the
jump (to the left of d;) will not be affected by what takes
place below.

As the level rises, the jump will move upwards main-
taining its height and form, while in the zone of uniform
movement, that is, until its foot reaches point o (section 2).
From there on, the jump will be moving upward on the
curve o-¢, gradually diminishing in height. As explained
before, the height of the jump at the critical depth is
infinitely small (7 = 0). Stage b.”, which determines an
S: curve ending at ¢ is the theoreticalf limit, beyond which
the entrance flow becomes one over a submerged weir. In
submerged flow, tail-water has a direct effect on the
entrance discharge.

69. Transition to Tail-water.—An interesting problem in
hydraulical design is that of establishing proper transition
between water flowing down a chute and the surface in
the tail-water pool. In discharge flumes, leading from

* For values of m see, for example, Horton’s ‘““Weir Experiments and
Formula,” U. 8. Water Supply Paper 200,

1 In practical calculations, neglecting the convexity of the cby’ curve
and adding to the margin of safety, it may be assumed that the practical

limit of tail-water stage, which does not affect entrance conditions, is level
B, determined by a horizontal line passing through c.
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spillways, the object is usually to annihilate the scoring
effect. This case is similar to that of a toe roll at the foot
of a dam (see Chap. XXI). A particular feature is
present when the steep channel is part of a raft chute or
some other structure, intended to lower floating craft from
the upper down to the lower pool. When tail-water is
sufficiently low, B in Fig. 165, the situation takes care of
itself. There may be eventually more or less violent undu-
lations, but these can be attenuated by inserting a hinged
movable link.

LYo <Yer
5% " 48”8
— f
Steep section %
with ynobstruct- ’
ed flow B8
~~ Neutralizing zone with Sp=0’ — — 4 Te!/ water
poo!/
7/
Fra. 166.

Transition conditions, on the other hand, become quite
unsatisfactory when the rising level moves upwards and a
jump is formed. The whirling roll of water at the foot of
the jump may constitute at times a barrier totally impass-
able for floating craft and which under all circumstances
presents a dangerous obstacle.

The writer has found it practical in certain cases to insert,
between the steep slope section of the chute where flow
should remain unobstructed and the tail-water pool, a
neutralizing zone in the form of a reach (N in Fig. 166),
laid with sy = ¢o. The neutralizing effect is caused by water
flowing over N in critical flow with a possible minimum
content of energy, under which circumstances no jumps
can be formed. In accordance with Art. 30 (curves, Class
(), the theoretical surface curve a-n,, between y, and y.,,



CANALS WITH STEEP BOTTOM SLOPE 213

as well as n.b between y.. and the tail-water pool will be
horizontal lines. As the level B rises, the horizontal line
nyb will move up the reach, without any appreciable disturb-
ance being formed at the junction point n,, where theoret-
ically there will be a jump of zero height.

Example 31
A raft chute is to be built between level A and B (Fig. 167).

Level A is maintained constant, 430 ft. over the lowest stage of

Transition Zone
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Fia. 167.—Raft chute, Example 31.

B, taken as zero. The tail-water fluctuates by 8 ft. The chute
is to be of rectangular shape, 20 ft. wide with a minimum depth of
navigable water of 2.5 ft. The average velocity should not
exceed 10 m.p.h. = 14.7 ft. per second; and the volume of water
used in the chute should be kept below 750 cu. ft. per second.

To economize in length and reduce velocity, the roughness of
the channel is increased by lining the bottom and the walls with
rough rubble which is supposed to raise the G.K. friction factor
to n = 0.030. '

In uniform flow we have a = 20 X 2.5 = 50 s8q. ft.; »p = 25 ft.;
R = 2 ft.; C, with s, = 0.01 = ~55.

With v, given, we determine

8o = v2/C?R = (14.7)2/55% - 2 = 0.0356
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Take for safety so = 149 = 0.0333, which makes the actual
velocity
v = 55v/2 - 0.0333 = 14.2 ft. per second
Q = 14.2 X 2.5 X 20 = 710 cu. ft. per second; ¢ = 35.5

Entrance Conditions.—Assuming the weir coefficient m = 0.40,
and neglecting the velocity of approach we have

Yot = q/m\/2g = 35.5/0.4-8.02 = 11.08 and y, = 4.97 ft.

We make y. = 5 ft.
Length of Transition Curve (c-o in Fig. 167).—The critical

depth

Yer = V¢/g = vV (35.5)2/32.2 = 3.40 ft.
The hydraulic elements in critical flow
a, =20 X 3.4 = 678
p =20+ 2 X 3.40 = 26.8
R = 67.8/26.8 = 2.54; C = ~57
0w = g/C%- p/b = 32.2/(57)% X 26.8/20 = 0.013
The critical slope at yo = 2.5
oo = 32.2/55% X 25/20 = 0.0133
The average value of
B = so/c = 0.0333/0.0131 = 2.53
To determine the hydraulic exponent, we have
Yer/yo)™ = Ker/Ko)? = s0/0r = 2.53

with
ve 34 _
Ve 25 1.36
we obtain
_log2.53 _
™= og 136~ >0

Using the table values with n = 3, we have for the curve between
m = Yor/Yo = 1.36 and 5, = 1.01:

! = ?;_:[(1.01 — 1.36) — (1 — 2.53)(1.419 — 0.329)] =

3!2 _ 2.5 -
1.4780 = 1.470————.033 = 110 ft.
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Neutralizing Section.—The elements are y.. = yo = 3.4 ft.;
8o = g = 0.013; v, = %ﬁf = 10.4 ft. per second.

Theoretical minimum length of the neutralizing section
8 3.4 — 2.5)

l. = 0013 + 0.013 = 615 4 69 = 684 ft.
Length of the steep section
19.5
l, = =—— = 585 ft.
PEY)

The theoretical profile is given in Fig. 167,



CHAPTER XVI

BACKWATER CURVES IN NATURAL
WATERCOURSES

60. Generalities.—This is the traditional problem of
varied flow, formerly the only one dealt with in most
treatises on hydrauliecs. In Fig. 168, H-H being a datum
line, the water level in section D is lifted by a dam from
elevation d to d’. The surface profile in natural conditions

F1a. 168.—Backwater curve in a river: d’-o'’ upper limiting curve; d’-o’"
lower limiting curve.

with a discharge @ is d-o, and the problem is to determine
the backwater curve d’-o’ produced by the dam.

Speaking generally, in view of the irregularity of flow, any
solution arrived at should be considered as a rough approxi-
mation. In fact, figuring out backwater curves belongs
essentially to the class of what may be termed control com-
putations, the purpose of such computations usually being
to make certain that given limiting conditions are not
transgressed.

In problems of this character the specific object of
the computation should be always borne-in mind and the
figuring carried out under appropriate assumptions. The

course will be made clear by comparing the two extreme
216
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cases, leading to what we term the upper and the lower
limiting backwater curves.

Upper Limiting Curve.— Assume that the dam in Fig. 168
is intended for hydroelectric work. Naturally the lift
Z; should be given its maximum possible value. The
limiting condition usually is that the backwater curve
should not extend beyond a certain given location o'/, or
that in a certain determined section w, the rise of the level
should not exceed a certain given value Z,,.

In such a case, the premises underlying the figuring
should be assumed to be such as to provide for a reasonable
margin of safety, leading to a curve of the greatest possible
length and with the highest possible rise d'-o”’.

Lower Limiting Curve.——Suppose, on the contrary, that
the dam is a part of a scheme intended for improving
navigable conditions. In this case level d’ is often condi-
tioned by the requirement that in a certain section z the
navigable depth should not be lower than a certain minimum
value of d,. The backwater curve in this case should be
computed under premises and assumptions which will result
in the lowest possible curve d’-0’”. The actual curve d’-o’
will probably lie in between.*

Ravers and Torrents (see Art. 23).—It should be remem-
bered that backwater curves of the type shown in Fig. 168
will take place only in “‘rivers,” that is in watercourses
where the flow under natural conditions is tranquil and
where the slope is below the eritical (s < ¢). In a ‘“tor-
rent,” that is in a watercourse where natural flow is rapid
and the slope is above the critical (s > o), the backwater
curve d'-j (Fig. 169) will be a convex curve of the S, type,
ending with a jump j. In actual practice it will be seldom
necessary to determine the exact profile of such surface
curves. The important fact is that the whole curve and
the jump lie below the horizontal line d’-o. This level
line, therefore, should be simply assumed as the outward
limit of all possible backwater curves. In fact, it will be

* Regarding the length and the end of a backwater curve, see Art. 33.
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found that in practice the actual surface curve will differ
only slightly from this horizontal line, the reason being that
usually the slope of a torrential watercourse is not much

F1g. 169.—Backwatver curve in a torrent.

in excess of the critical slope, so that the convexity of the
S: curve is small.

Another feature, characteristic of natural watercourses,
is that the jump j is not as conspicuous as, for example, the
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Fie. 170.—Dividing a watercourse into reaches.

jump below a sluice or at the foot of a weir. As will be
made clear in the next chapters, natural watercourses,
because of low kineticity, produce mostly jumps presenting
a series of undulations.
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61. Practical Procedures.—The usual method used in
computing backwater curves is to divide the longitudinal
profile (Fig. 170) into reaches, making the division so that
each reach should be featured by a more or less homogene-
ous surface slope s, a more or less equal surface width b,
and, in general, by more or less similar hydraulic character-
istics. Assuming that, within the reach in question,
certain average conditions prevail, the surface drop of the
backwater curve between section n—+1 and section n is
taken to be

- v2n+]

v? v?,
e',.+1 - G’n = (S’ X l)n+l,n = (CERX l) n41,n +_ 2g

The first member in the above represents the friction
head lost over the reach, while the second member is the
head gained through restoration of kinetic energy. In a
rising curve the latter should be neglected, so that

(Ae’)n-{-l.n = e'n+l - e,n = (02/02R X l)n+1," (118)

Assuming that adequate survey material is available,
one may subdivide the watercourse into any number of
reaches and, by applying Eq. (118) to each consecutive
reach starting from section d, in which the elevation €y is
given as the lift caused by the dam, determine consecutively
the elevations of the water surface in each section and thus
trace the backwater curve. Naturally, in the handling of
the problem, a vast field is left to the choice and flair of the
designing engineer. Moreover, under all circumstances,
the procedure is tedious and clumsy.

Equivalent Profiles.—To simplify calculations, first Du-
puit and later other authors suggested replacing the
naturally varied and irregular watercourse bed by equiva-
lent cross-sections of a regular and simple form. Thus, Fig.
171b gives the equivalent parabolic profile recommended by
Tolkmitt; and Fig. 171a pictures a rectangular profile,
used by Dupuit, Riihlmann, Bresse, Schaffernack, and
others.
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In figuring out an equivalent profile, one usually retains
the natural surface width b, while the average depth y, for
the reach in question is determined by assuming that the
discharge will be carried by the equivalent profile in uniform
flow with a slope equal to the average surface slope of the
respective reach. In terms adopted in this book, the
equivalent profile for a reach will be one which will provide

for a conveyance ¥ = Q/(VS)ni1n. With reference
to Chap. VIII, it may be further remarked that it was
specifically the problem of computing backwater curves
by means of equivalent profiles, which in the past prompted
the working out of the tables for the specific cases referred
to in Art. 31.

Rectanguiar
cross secticn Farabol,
b ) Cross section
s Lo R
i ' /
" P
Yo __ =
(a) b

Fi1a. 171.—KEquivalent profiles.

The result of substituting equivalent cross-sections will
be that in Fig. 170 the irregular bottom is replaced in every
reach by an ideal straight bottom line, shown dotted and
drawn parallel to the surface at the respective equivalent
depth (¥o)nt1,» of uniform flow. One may now apply, in
calculating the backwater curve, Eq. (91) which for a
certain reach will read

(8 N l/yo)n+l,n = Q("))n - q’(ﬂ)ﬂ.(.l (119)

Starting with the reach adjoining the dam, and with the
initial rise zgand the depthy’4 given, Eq. (119) willdetermine
the depth y’; and thus the elevation €', in section 1. Pass-
ing now to reach 2-1, and, knowing the depth y’’;, we may
determine y’,, elevation ¢’,, and so on.

62. Generalized Method.—In the light of the method of
calculating surface curves, as developed in Art. 33, a closer
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and seemingly more comprehensive approach towards the
backwater problem is possible. In fact, in using Eq. (119)
there is no more necessity of holding on to some ideal
equivalent cross-section of a definite geometric form. All
that is necessary is to know the particular value of the
hydraulic exponent n, which features within that or other
reach the change of the conveyance ¥ = f(y) with the
depth of flow. In other words, instead of squeezing the
varying cross-sectional profiles of the natural watercourse

§‘ °
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F1g. 172.—Establishing the zero point.

into prescribed stiff geoinetric forms, one has simply to
determine, by means of hydrographic data available, the
closest average value of the hydraulic exponent, which
governs flow within the given reach.

If a gauge and a discharge curve Q = f(h), are available
for a certain section (Fig. 172a), the discharge curve may
be assumed directly proportional to the ¥ curve, the
deviation if any being due to the fact that the surface slope
changes somewhat at different stages. A logarithmic
plotting of the discharge curve in this case would directly give
the value of n/2 for the corresponding reach. To carry out
the logarithmic plotting it isimperative first to know the posi-
tion of the actual zero point o,, from which the stages in
equation Q? = const-y™ are to be measured. The zero
point may be determined by extrapolating the discharge
curve until the point o, of the intersection of the @ curve
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with the vertical @ = 0. A simple hint, which has proved
to be useful in many instances, is to draw a horizontal line
tt, starting from the highest bottom point ¢ below the
gauge. The intersection point of such a horizontal, with
the gauge vertical, gives the o, zero point at which @ = 0.
It is further obvious that the zero point directly determines
the respective equivalent uniform depth. In faect, for any
discharge @’ the corresponding normal depth to be taken
from the discharge curve will be y/,.

rves al
aischarges

Surface ¢
Saifferent

Fia. 173,

A thorough hydrographic survey usually gives surface
profiles (Fig. 173) for a series of discharges from low to
high. Those profiles, together with a discharge curve
referred to a gauge, are material enough toenablelogarithmic
plotting of the @* = const-y" relation for each and every
reach. In other words, with proper hydrographic material
on hand, the values of the hydraulic exponent, as well as
the positions of the zero points, may be determined for the
whole watercourse in question. With n known, Eq.
(119) with the ®(n) values corresponding to the hydraulic
exponent as determined, may be directly used.

Upper and Lower Limiting Curves.—Always remember the
rule: The smaller the value of n, the longer the curve.
Hence, whenever a certain average value of the hydraulic
exponent is to be selected out of a group of differing



BACKWATER CURVES IN NATURAL WATERCOURSES 223

figures, use the smaller optional value in case the computa-
tion demands knowing the upper limiting backwater curve;
while, on the contrary, the highest optional value of n should
be used, when the lower limiting backwater curve is
under consideration. Similar reasoning should govern
when the nearest table line of n is to be used instead of
the intermediary values of the exponent, as actually
determined.

Again, with regard to the bottom line, the greater
the y, value, the longer the curve for a given lift Z. Hence,
in determining the zero point, the process of extrapolat-
ing should be also guided by the specific purpose of the
design.

F1a. 174.—The inner and outer enveloping profiles.

When sufficient direct hydrographic data are not avail-
able, a series of successive cross-sectional profiles may be
traced as in Fig. 174, and an tnner and an outer enveloping
profile p’ and p”’ drawn. The inner profile will result in a
longer and higher surface curve; the outer profile, on the
contrary, will show shorter curves and a smaller rise of the
level. Finally, if a friction factor is to be selected, remem-
ber that a higher friction factor will result in longer and
higher curves.

Approximate Method for Brief Calculations.—A quick
approximate result may finally be obtained, when bearing
in mind that practically all actual values of the hydraulic
exponent will be found to be intermediary between n = 3.2
and 4.8, and that further only in very rare cases will
the exponent be found outside the limits of 3.4 and 4.4.
Under such circumstances, wherever a preliminary control
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curve is sought, the upper or the lower limit of the hydrau-
lic exponent, as above given, may be used, without any
further detailed investigation.

The reader will find that the curves, obtained by this
simple and brief procedure, will not differ substantially
from results obtained by more elaborate means.



PART III
THE HYDRAULIC JUMP






CHAPTER XVII

THEORY OF THE JUMP

63. Introductory.—The hydraulic jump, as previously
defined, is a local phenomenon by means of which flow
passes in an abrupt manner from a rapid to a tranquil
state. Accordingly, in Fig. 175, where the flow is referred

_’tc'nargy curveo .
=f(d)=
7)=d+ Tga?

Transition by
-means of

T swemp

- - - =
Length of jump
Fi1a. 175.—The hydraulic jump referred to the specific energy diagram.
to a specific energy diagram, the lower stage d; before the
jump and the upper stage d. after the jump correspond to
the points 1 and 2 which respectively lie on the lower and
the upper branches of the energy curve.

Sections 1 and 2 demarcate the jump from the adjacent
regions, where the movement is gradually varied and
the flow parallel. The energy in sections 1 and 2 is
respectively:

d @
€ = + O 2
2‘2;‘ (120)
€ = dy + 2gas?
The difference
€ = € — € (12n

227
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represents the energy head lost in the jump. The energy
losses inherent in the jump are mostly of the impact type,
meaning losses which usually accompany rapid and abrupt
change of movement. By analogy with other impact
phenomena, one may expect that these losses are large in
comparison with the usual friction losses in uniform or
gradually varied flow.

The depths d; and d,, before and after the jump, will be
called the conjugated depths. The vertical distance between
the stages j = dy — d, is the height of the jump.

The purpose of the theory is to determine the relation
between the conjugated depths. Given, the form of the
canal, the discharge @, and one of the two conjugated
depths, the problem is to determine the other unknown
depth. The energy principle offers a lucid explanation
of the physical essence of the phenomenon, but cannot
serve as a basis for a theory, for the reason that there
exists no direct way to evaluate the energy losses in the
jump. On the other hand, a most satisfactory solution is
obtained by applying the momentum principle. It was
first used to study the jump in the forties of the last century
by Bélanger. It yields results, fully congruent with
experimental observations. In this connection, it may
not be out of place to call attention to the fact that the
momentum principle is commonly used in rigid dynam-
iecs for studying impact between bodies. In hydraulics
it is also applied to determine losses caused by an abrupt
change of form of flow in closed conduits (the Borda
theorem).

Forms of the Jump.—There are two distinet forms in
which the jump may occur: The direct form (Fig. 176),
and the undular form (Fig. 177).

In the direct jump the upper stage is reached practically
by one continuous rise of the surface. Observed in a flume
with glass walls, the direct jump features an underlying
portion of expanding live stream covered by a surface roll
within which the particles are engaged in circuitous move-
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ment and do not participate in the translatory movement
of the liquid from section 1 to section 2.*

The direct form is typical of jumps of comparatively
large height. It is usually present in jumps accompanying
flow through hydraulic structures.
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F16. 176.—The direct jump.

The undular form is characteristic of jumps of com-
paratively low height. It is mostly observed in natural
watercourses with moderately steep bottom slopes. The
transition from the lower to the upper stage features a

L/ine of crifical ot

Fic. 177.—The undular jump.

series of undulations of gradually dimninishing size. In cases
where the jump is particularly small, the surface may be
continuous all the way through, as shown in Fig. 177.
In other cases (Fig. 178), local surface rolls may take
place on the first or on several consecutive waves.

*These physical aspects of the jump are masterfully elucidated by
Professor Rehbock: Handbuch der Ingenieur-Wissenschaften: ‘Stauwerke”,
¢ Versuche liber Abfluss, etc.”
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It should be generally remembered that a jump, by
its very nature, presents a disruption of what otherwise
would be smooth and continuous flow. Therefore, the
features of the jump are to be considered permanent only
in the sense of presenting a stable average over a certain

Surface rol/,

Fia. 178.

period of time. Round these averages, the phenomenon
is in a state of incessant pulsation. This refers in the first
place to the toe of the jump, so that the foot of the jump,
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marked by point a (Fig. 176), oscillates in the direction
of the axis of flow round a certain average location marked
by section 1. In the end section 2, point b, the oscillations
are both horizontal and vertical.

Under such circumstances it may not always be simple
to define with precision the beginning or the end of the jump.
In fact, the process of defining greatly depends on the type
of the jurap and on other circumstances which surround the
phenomenon.

For example, in the direct jump, it is easy to define the
begirning of the jump, for there is an unmistakably
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observable line of demarcation between the smooth
undisturbed surface before the jump and the surface roll.
Again, in the case as pictured in Fig. 179, flow after the
jump is in the form of a falling curve of the M, type,
the end of the jump and the demarcation section 2 being
thus determined by the point of maximum depth ds.

Yps | =S, Curve

Fia. 180.

With regard to the undular jump, in a case like Fig. 180,

where rapid flow before the jump is uniform flow, the depth

d; is yo and therefore is easily measurable. On the other

hand, with the upper stage in the form of a convex rising
W @
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Fia. 181.—Applying the momentum principle.
curve of the S; type, it is practically impossible to demar-
cate the end of the jump amidst the greatly extended surface
waves of small curvature.

All such circumstances affect substantially the precision
of observations and should be given serious consideration
in experimental work.

One more point must be made clear before closing these
introductory remarks. Generally speaking, up until now,
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theory and observation have dealt mostly with the vertical
elements of the jump, that is, with the depths d, and d.,.
On the other hand, little, if any, material is available which
would enable the engineer to foretell the longitudinal
elements, such as the length of the jump, the more or less
exact form of the surface, etc. Also, little is known
regarding the inner mechanism of the phenomenon, such
as the distribution of velocities and pressures; the nature
and character of the losses; ete. Thus a fruitful and
fascinating field still lies open to eventual research.

Fia. 182,

64. The Momentum Equation.—Consider a diseharge
Q, flowing in a prismatic channel of given form (Fig. 181),
laid with a horizontal bottom. We shall apply the momen-
tum principle towards the body of liquid aa’b’d, enclosed
between sections 1 and 2. Flow being permanent, the
change of momentum in the direction of the X-axis per
unit of time is the difference of the momentum, contained
in the liquid leaving the body under consideration through
section 2 and the momentum carried by the liquid as it
enters the body at section 1. The mass of the outflowing
and inflowing liquid is identical and equal to AQ/g. Thus
the change of the momentum per unit of time is

é;—z(vz — ) ' (122)

This change is equal to the time-impulse of the compo-
nents of all forces acting on the liquid body in the direction
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of the X-axis. As the movement is stationary, the time
impulse per unit of time is the sum total of all forces acting
on or within the liquid body in the direction of X. We
shall now evaluate such forces.

The effect of gravity, because s, = 0, is eliminated.

Remark: The advantage of considering the jump in a canal
with a horizontal bottom lies specifically in the fact that the
effect of gravity is eliminated. In case the bottom were not
horizontal, as in Fig. 182, one would have to add to the forces
contributing to the change of the momentum the gravity com-
ponent w sin & = ws,, where w is the weight of the liquid body
aa’bb’. That would require knowing the length and the form of
the jump, unless, as done by many authors in the past, the effect
of the weight component is simply neglected. Such an approxima-
tion, however, is scarcely permissible and, as observations have
shown, leads to serious incongruencies.

Further, and therein generally lies the particular advan-
tage of using the momentum principle, the effect of all and
every internal force, whether pressure or friction, is elimi-
nated, for the simple reason that for any force which acts
on a certain particle a from the adjoining particle b, there
is a force of equal size but opposite in direction, which
acts on particle b from particle a. In the summing up,
these pairs of mutually equal, but directly opposed, internal
forces nullify each other, so that the sum total of all forces
is reduced to the sum of the external forces only. Such
external forces in our case are:

1. The resultants P; and P, of the hydrodynamic pres-
sures acting over sections a; and a,.

2. The external forces of friction Xf, acting in the
direction opposed to the flow on the contour surface of the
liquid body, the seat of such forces being in the liquid
boundary layer adjacent to the solid walls of the canal.

As flow in sections 1 and 2 is taken to be parallel, the
distribution of hydrodynamic pressure across the sections
is taken to conform with the hydrostatic law. Thus
P, and P, are, respectively, equal to Aai2o and Aasz,
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where a, and a, are the cross-sectional areas, while z;
and zg, are the distances of the centers of gravity of the
respective sections below the surface of flow. The momen-
tum equation will thus read

Q(w — ) =P, — P, — 3,

The only undetermined element is the external friction
component ZXf,. The customary assumption is that,
because of the comparatively small length of the jump,
the external friction forces are small when compared to
the internal forces responsible for the major losses of
energy in the jump, and that thereiore these external forces
may be simply neglected. This assumption is substan-
tiated by experiments which, as will later be secn, show
that the height of the jump determined by the momentum
equation with Zf,, omitted is only slightly larger than the
height, actually observed in properly conducted experiments.

Omitting Zf, and substituting Q/a for v, we obtain

_A_Q(Q_ - 9-) = A(a12o1 — @s202)

g [ 2 ay

which can be presented as
Q2 ° Q2
70 + as2e: = 90 + a:i2n1 (123)
The equation carries on both sides an analogous expres-
sion which suggests that the two conjugated depths d, and
d, correspond to two equal values of a certain single func-
tion, to be designated as

Q2
M@) = ag + az, (124)
In other words Eq. (123) may be presented as
M(d,) = M(d,) (125)

Evidently the M curve has two branches. It is further
easily shown that, similar to the energy curve ¢ = f(d),
the M curve passes through a minimum at the crltlcal
depth. In fact
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2

= = 2t e v
The first member, by virtue of Eq. (19), is equal to
Q%/ga®. The second is the derivative of the statical
moment of the cross-section by the depth d. The value
of this derivative is gained by

considering Fig. 183. Let the

statical moment of the areaa, ,  |*--%1---- y 4
corresponding to the depth d, 4 e ,‘,‘;Lb
with relation to the surface line _zf_’ | e od
b-b, be az,. With a change of & @
stage by 8d, the moment with “
regard to the new surface line J

b is Fia. 183,
2
a(zo + od) + lr(—a—gl

Omitting the second member as one of a higher degree of
smallness, the change of the statical moment is

6(azy) = a(zo + 8d) — azo = add

so that
d(azo)/0d = a (127)
by inserting which into Eq. (126), we obtain
oM Q%
- Tt

The minimum value of M(d) corresponds to

2
B (19

The expression in the brackets is identical with de/dd
(Eq. [26]), which shows that the M(d) function passes
through a minimum at the same stage as'the energy curve,
namely that of the critical depth.

When the form of the channel and the discharge Q are
given, the M curve may be calculated and traced from point
to point resulting in & chart (Fig. 184). Any vertical V
which intersects the M curve at the two points 1, and 2.
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determines two conjugated depths d, and ds.

HYDRAULICS OF OPEN CHANNELS

Obviously,

there is an infinite number of possible conjugated depths,
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Fia. 184.—The M (d) curve in conjunction with the energy diagram.

a possible vertical.

However

for each vertical, that is for each and every point 1, on
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F1a. 185.—The M(d) and the e(d) curve for E;(ample 32.
the lower branch of the M curve there is one and only one

conjugated point 2,.

So to each value of d, there corre-
‘sponds one and only one conjugated depth d,, and vice versa.
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If, in addition to the M (d) curve, we were to trace the
energy curve computed for the same volume of flow @,
the combined diagram would allow us to determine in each
instance the respective loss of energy. In fact, by drawing
horizontal lines through points 1, and 2, to intersect
the energy curve at 1, and 2,, we determine the respective
values of the specific energies carried by the flow at the
depths d; and d,, and thus the energy loss in the jump
€; = € — €Eq.

Example 32

A discharge of @ = 300 cu. ft. per second is flowing in a canal,
Type B (Fig. 185).

Question 1. Compute and trace the M(d) ecurve.

With reference to Iixample 3, the crgtical depth for our case is

d, = 3.74 ft. For computing M = % + az,, we have
Q*/ag = 300%/a - 32.16 = 2,795/a

o5+9)
I s A

The computation is assembled in Table XL.

The curve is plotted as curve 1 (Fig. 185), together with the
energy curve (curve 2), the elements for which are taken from
Table IV.

Question 2. For the circumstances of flow given above, find
the depth d, conjugated to d, = 1.85. Find also the loss of
energy in the jump.

In Fig. 185, draw a vertical through point 1, of the M curve
corresponding to d, = 1.85 ft. The intersection with the upper
branch at 2, determines the conjugated depth d. = 6.52 ft.
The height of the jump is j = 6.52 — 1.85 = 4.67 ft.

By drawing horizontals through 1, and 24, we find

€1 = 10.63 and ¢, = 6.80 ft.

The energy lost in the jump is ¢; = 10.63 — 6.80 = 3.83 ft.
The quotient

62/61 = 680/10.63 = 0.64
features the part of the original energy remaining in the flowiny
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TasLe XL

d a v 2,795/a 2o | a2 M(d)
0.507 2.75 | 109.00 | 1,017.0 | 0.242 0.66 | 1,018.0
0.75 431 69.60| 648.0| 0.360 1.55 | 649.5
1.00 v 6.00 | 50.00| 466.0 | 0.471 2.83 | 469.0
1:95 7.81| 38.40| 358.0| 0.585 4.56 | 363.0
1.50 7 9.75 | 30.80| 287.0| 0.693 6.75 | 294.0
3.00v| 14.00 | 21.40| 200.0| 0.905 12.70~  213.0
2.50/| 18.75| 16.00| 149.0| 1.110 20.60 | 170.0
3.00/| 2400| 12.50| 116.0| 1.315 31.50 | 147.5
3.25.| 2681 | 11.17| 104.0| 1.410 37.80 | 142.0
3.50/| 29.75| 10.11 94.0 | 1.510 44.90 | 139.0
~42 60v | 30.96 9.69 90.4 | 1.550 48.00 | 138.4
3.70 /| 82.19 9.32 87.0 | 1.590 51.20 | 138.2
3.74/| 32.69 9.08 85.5 | 1.600 52.30 | 137.8
3.80v | 33.44 8.96 83.7 | 1.630 54.50 | 138.2
3.90/| 34.70 8.64 80.7 | 1.670 57.90 | 138.6
4.00” | 36.00 8.33 77.7 | 1.710 61.50 | 139.2
4.257| 39.31 7.63 7.1 1.800 70.80 | i4t™9
4.507| 42.75 7.02 65.4 | 1.900 81.30 | 146™
5.00¥ | 50.00 6.00 55.9 | 2.080 | 104.00| 160.0
5.507 | 57.75 5.20 48.4 | 2.260 | 130.50 | 179.0
6.00°| 66.00 4.55 42.3 | 2.460 | 162.30 | 205.0
6.507 | 74.75 4.01 37.4| 27640 | 197.00| 234.0
7.00° | 84.00 3.57 33.25 2.820 | 237.00| 270.0
8.00/ | 104.00 2.88 26.9| 3.180 | 331.00 | 358.0
9.00” | 126.00 2.38 22.2 | 3.540 | 446.00 | 468.0
10.00- | 150.00 2.00 18.6 | 3.890 | 584.00°| 603.0
11.007 | 176.00 1.71 15.9 | 4.220 | 743.00 | 759.0
12.00Y | 204.00 1.47 13.7 | 4.580 945.00 959.0

liquid after the jump. Obviously 1 — Eg = 0.36 shows the rate
1

of initial energy lost in the eddies and vortices accompanying
the rapid change of form,

Question 3. Assuming that the stage d; after the jump is
d; = 6 ft., determine the depth d; required to sustain such upper
stage by means of a jzinp.

This is the rev, problem. A vertical (Fig. 185) drawn
through the point correspondige to d; = 6, intersects the
lower branch at a point correspoling to d; = 2.11 ft.

66. The Q.. Characteristics of the Jump.—Applying
the procedure as outlined in the above example to a series of
verticals, one may summarize the features of all and every
jump which may occur in the canal as given, with the
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given discharge Q in a set of curvesNghich may be pyoperly
called the Q... characteristics.
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Fia. 186.—The Q constant characteristics of a jump for canal Type ¥ and
Q = 300 cu. ft. per second, Example 32.

With reference to Fig. 185, the elements of the characteristics
for Qconee = 300 cu. ft. per second are assembled in

TasLe XLI

€1 — €3
d: dg € €2 j=dz—d; ]/dl €1 — €3 ez/ﬂ €y

per cent
0.5 | 12.25/185.50| 12.26 11.75 23.50{173.20| 0.07 93
1.0 9.00] 39.90] 9.10 8.00 8.00{ 30.80| 0.23 77
1.5 7.28| 16.20[ 7.46 5.78 3.85, 8.74| 0.46 54
2.0 6.15 9.14] 6.43 4.15 2.07) 2.771 0.70 30
2.5 5.26| 6.48] 5.73 2.76 1.10{ 0.75| 0.88 12
3.0 4.54] 5.43| 5.27 1.64 0.50, 0.16/ 0.97 3

They are traced in chart form in Fig. 186



CHAPTER XVIII
THE JUMP IN A RECTANGULAR CHANNEL

66. Fundamental Relations.—The grapho-analytical
method, developed in the preceding chapter, is quite
general and can be applied to jumps in a prismatic channel
of any form. In certain particular cases, however, the
subject can be treated by purely analytical methods. Most
important is the case of a rectangular channel.

Consider a discharge @ flowing in a rectangular channel
of the width b. Once more assume the bottom to be
horizontal.

For a rectangular channel with reference to Eq. (124)
we have

a=bd;z=4d/2;Q = gb; &, = ¢*/g
Thus

Q* | bd? _ d?
M@ = 5+ b(gd + 2)
Eq. (125) becomes

wherefrom
2¢°/g = didy(d1 + d,) (128)
The solution of this symmetrical equation is

_d / 8¢
dz—§[ -1+ 1+gd3:’
d f e

Further, by substltutmg q?/g out of Eq. (128) into

1 1
Ej=€1—€z=(d1—'d2)+%6('d_‘lz—a‘z'i)
240

(129)
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and properly transforming, one obtains the loss of energy

in the jump
€; = (dg - d1)8/4d1d2 (130)

Finally, replacing in Eq. (129) ¢%/g by d?.,, we obtain the
equations in form

dl dcr 8
RN (3)
d dcr 8
4 =5 -1 +\/1+8(——;)]

67. Generalized Form of Equation.—In Art. 27, we
introduced the notion of kineticity of flow, as measured
by a kinetic flow factor

A=2

(131)

v?/2g
d

For a rectangular channel
A = d3,/d® = q*/gd?
Accordingly Eq. (129) may be presented as
dz/dl = lf["‘l + V1 + 8)\1]]
di/d: = 345[—1 + V1 + 8\
while in reversed form, the relations between the kineticity
before and after the jump are

_ldy(d,

_.].dl dl
)\z—§z2(—2+1)

The Conjugated Values of N1 and X\,.—Substituting
(dy/d;) from Eq. (132) into

)\2 = (dcr/d2>3 = (dcr/dl)s : (dl/dz)3 =M (3-2—}3;)3

(132)

(133)

1 \¢ .
and repeating the procedure for A; = A, - (m ) , we obtain
the symmetrical relations

Ao=8\/(—1+ VT + sxz)‘]

Az =8\ /(=14 V1 4 8\y)2 (134)
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in which the kinetic flow factors N\; and A, represent a pair
of conjugated values, corresponding to a pair of conjugated
stages d; and d..

Efficiency of the Jump.—The value of e/e; features
what may be termed the effictency of the jump. In terms
of kineticity of flow it may be expressed as follows. We
have

€€ = €/d - di/e = €/dy - dy/dy - di/€;

Substituting ds/d; from Eq. (132) and taking into account

that e, = d,(l + —)\2—’) so that @ = ! , and that, on
€ . A
1+5

the other hand,
Sz=1+l‘_2=1+1[ 8, ]

o 2 2L(~14 V1 + 8\
we obtain
€ _ [1 + 4\ ]
€ ("‘1 + '\/1'*‘—8)\1)3
[5-1+ vmx>][~—1--—
2 N
1+ 4
2
which after suitable transformations gives
1 ———r 2\
(=1 4+ VI F8\) + P
, 2 — 2
€& _ (=1 4+ V1 +8\y) (135)

€ 1
' 1+§)\1

The relative loss is 1 — ?, where 23 is to be taken from Eq.
1 1

(135).

Equations (132) to (135) are not limited to any particular
circumstances of flow. They are dimensionless equations
which apply to jumps in rectangular canals in general,
expressing the basic relation between the elements in terms
of a generalized dimensionless coordinate, the kinetic flow
factor N. Traced in chart form (Fig. 187) they feature
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characteristics covering jumps in rectangular canals under
all possible conditions.

In the following, the chart (Fig. 187) is used to solve
different practical problems.
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Fie. 187 —Generalized characteristics for a jump in rectangular canals in
terms of the kinetic flow factor A\i. Points marked by circles represent experi-
mental values of d:/d; obtained by the author.
Example 38

Assume a flow of 500 cu. ft. per second in a rectangular channel
20 ft. wide.
Question 1. Given d, = 0.8 ft., determine the conjugated

depth d; and the relative loss in the jump.
We have

g = 5995, = 25 cu. ft. per second; y., = V/25%/32.2 = 2.60 ft.
The kinetic flow factor at d; = 0.8 ft. is

A = (2.69/0.8)* = 38

From the d./d, curve (Fig. 187), we obtain for A\, = 38 the value
of d;/d, as 8.2 and e/e; = 0.425. Accordingly we get:

dys = 0.8 X 82 = 6.56 ft. The initial energy ¢, = dx(l + %3) =

0.8(1 + g';) = 16 ft. The energy after the jump e; = 0.425 X
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16 = 6.8 ft. The loss of energy ¢; = 16 — 6.8 = 9.2 ft. or
57.5 per cent of e;.

Question 2. Determine the depth d; which will sustain an
upper stage of d; = 5 ft. We have

A = (do/d2)® = (2.69/5)% = 0.156
The corresponding value of dy/d; = 4.07; so that
d, = 5/4.07 = 1.23 ft.

68. The ¢; Constant Characteristics.—Important fea-

tures are revealed by determining the characteristics of a

jump under conditions that the energy e, in the section
before the jump remains constant. A comprehensive

@)
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Fic. 188.

approach to this case is gained by considering a jump,

sustained by a vein flowing from under a sluice (Fig. 188)

under the assumption that level A above the sluice and

thus the head H remain constant. If further we were to

disregard the friction losses between pool A and section 1,

then the energy e; in section 1 will remain permanent and
1)12

equal to H = d, 39"
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By raising or lowering the sluice, we change d; and with
this the other features of flow. For example, as the sluice
is lifted, the velocity »; is diminished and the flow becomes
less rapid, while the discharge ¢ increases. When d;
becomes 24H the limiting condition is reached, corre-
sponding to free efflux over a broad-crested weir (Fig.
189). At such flow d, = d., and the discharge is maximum.
Obviously, for d; < 24H, flow will be in rapid state.
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Accordingly, for each value of d,, there is a conjugated depth
ds, to be determined by Eq. (129) or (132). This depth
gives the position of the upper stage level B which the
outflowing vein is able to sustain by means of a jump of
the height 7 = d; — d,.

All the features characterizing the low may be presented
as functions of d;. Namely

Ve =) - \/ng(1 -5 1

' A
q = v1d1 = d1J29H<1 - "H‘l_l> | (136)

b
)\1=0v1/2g H—d1=2 H,

4 d “a/H J

I

L4}
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d; = 92-‘[_1+\/1+8>\1]=d—‘[ —-1+\/16dg-15]
1

—d.,/H
c,—d\/——d\/z a7

With d, known, we determine v; = ¢/d, and thus the energy

(136)

2
after the jump e = d, + % The loss of energy ¢, =

€ —éz,iSGj =H — €9,

The above relations may be presented in a more general
and useful form by introducing what is to be designated as
the reduced values of the entering parameters. The reduced
value of d,, which is to be the principal coordinate, is the
quotient value of d'y = d,/H. The reduced values of
the other factors may be obtained either directly from Eq.
(136) or may be determined by reason of dimensional
homogeneity. Thus the reduced value of the velocity is
vy = v;/VH; that of the discharge ¢’ = ¢/HV'H. The
reduced value of the energy ¢/, = €,/H is unity. In terms
of d’; = di/H, the reduced values of the different factors,
obtained from Eq. (136) are

1),1 = 1)1/\/H = \/§g~(—1—: d’l)
¢ =q/HVH = d'\V2q(1 — d))
A 21 — d
- (137)
, —d,
byt e
' d. d’, _ 16
A=

On the other hand
U'z = v'l(dl/dz)’

AY)
e'=2=d'+(vz)'
*" H : 2g
’ €1 — €

€; = H

’
—"-‘-1"‘52
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Obviously, the reduced values represent the values of
the respective factor at H = 1. The following table
contains the respective numerical figures and may prove
to be useful.

TasLe XLII

d'l v’, q' (l’,' A (l'z (022/2g)’ 6‘“2 1 - G'z
0.010 ] 7.98 | 0.0798] 0.058 | 198.00/ 0 195 | 0 0025 0.197 | 0 803
0.025| 7.91 | 0.1980; 0.107 78 000 0.300 | 0.007 | 0.307 | 0.693
0.050 | 7.81 | 0.3900 0.168 38.00 0.411 | 0.014 | 0.425 | 0.575
0.075| 7.71 | 0.5790; 0.218 24 70; 0.491 | 0.022 | 0.513 | 0 487
0.100 | 7.61 | 0.7610; 0 262 18 00] 0.552 1 0 029 | 0.581 | 0.419
0.150 | 7.40 | 1.1100; 0.336 11.301 0.642 | 0.046 { 0.688 | 0 312
0.200 | 7.18 | 1 4400| 0.400 8.00] 0.706 [ 0 064 | 0.770 | 0.230
0.250 | 6.94 | 1.7300] 0.455 6.00; 0.750 | 0.083 | 0.833 | 0.167
0.300] 6.71 | 2.0200 0.501 4.66; 0.780 | 0.104 | 0.884 | 0.116
0.350 | 6.46 | 2.2600! 0.542 3.73, 0.797 | 0.125 | 0.922 | 0.078
0.400 | 6.22 | 2.4900) 0.577 3.00; 0.800 | 0.150 | 0.950 | 0.050
0.450 | 5.94 | 2.6800 0 607 2.44) 0.797
0.500 | 5.67 [ 2.8300] 0.630 2.000 0.780
0.550 | 5.38 | 2.9600] 0.648 1.64] 0.760
0.600 | 5.07 | 3.0400; 0.660 1.33) 0 726
0.650 | 4.74 | 3.0800] 0.665 1.08; 0.683
0666| 4.63 | 3.0950] 0 666 1.00] 0.666

Finally, in Fig. 190, the relations (Eq. [137]) are presented
in graphical form. The chart constitutes what we call the
constant €, characteristics of the jump. These characteristics
will be found useful in many practical applications. More-
over, they reveal certain general properties of the jump.
Obviously, Eq. (137) and the chart (Fig. 190) are not
limited to the specific way by which the jump was pro-
duced in Fig. 188. Once more, and similar to Fig. 187,
chart (Fig. 190) is a general characteristic of the jump,
presenting the fundamental features of the phenomenon as a
function of the rate

d. = potential energy
L=
total energy

of flow in the section before the jump. On the other hand,
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F1a. 190.—The e constant characteristics of a jump in a rectangular canal.
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the d’, curve, which represents the reduced value of the
depth d, conjugated to d,, pictures the rate of

potential energy
total energy

after the jump.

The outline of the d’; curve shows that the highest value
of d’; = 0.8 and thus the highest possible position of the
upper stage after the jump is reached at d’;, = 0.4. To this,
there corresponds A; = 3 and €» = 0.95. The loss of
cnergy is 5 per cent. For values of d’; above 0.4, d';
declines and the derivative dd,/dd; becomes negative.

The point of maximum d’;, corresponding to d’; = 0.4
is of great physical importance. Remembering that the
kineticity at such point is A; = 3, we shall consider the
point d’; = 0.4 as onc which divides all posgible conditions
under which the jump may take place, into two zones.

The region with d’; £ 0.4 and \; > 3, we shall call the
zone of high Kkineticities; and the region with 24 >
d, > 0.4 and with kineticities A\, < 3 will be that of low
kineticities.

The distinction introduced seems to have, for example, a
direct bearing on the form in which the jump takes place.
In fact, experiments carried out by the author show that
in the region of high kineticities (A; > 3) the jump occurs in
the direct form. Moreover, the phenomenon is stable
and the conjugated depths observed comply exceedingly
well with the theoretical values. On the contrary, in the
region of low kineticities (A: < 3) the jump acquires
undulated features. The waves increase as A decreases.
Moreover, as the kineticity is reduced, the phenomenon
seems to lose stability. The surface of the outflowing
vein becomes pendulating.

69. Experiments on the Jump.—We shall refrain from
any detailed description of experiments on the jump,
referring the reader to the original monographs.* Speaking

* See bibliographical notes in Appendix.
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generally, experiments made on ‘“direct’ jumps with high
kineticity give results in good agreement with the momen-
tum formula and thus fully justify the approach suggested
by Bélanger. In Fig. 187 there are plotted certain results
of experiments carried out by the author.* The experi-
mental points follow the thecoretical curve most closely.
The principal data obtained were as follows:

- l
q, liters Observed Calculated | Deviation,
per second dy mm. M T dy/d, per cent
dz llz/(]l

15.60 83.0 4.26 200.0 2.415 2 46 —1.83
12.60 62.5 6.50 189.0 3.03 3.13 -3.19
9.26 44.0 10.00 170.5 3.88 4.00 —-3.00
6.64 32.5 12.80 149.0 4.58 4.59 —0.22
5.42 26.0 16.60 135.0 | 5.20 5.31 —2.08
4.46 21.0+| 21.50 123.5 5.90 6.08 —2.96
3.32 16.0 26.80 109.0 6.81 6.82 -0.14
3.08 14.5 31 05 104.0 7.18 7.40 -3.14
2.62 12.5 35.10 97.0 7.77 7.89 —1.52
2.06 10.0 42.50 87.0 8.70 8.74 —0.46
1.70 8.0 56.10 80.5 | 10.05 10.12 —0.70

The kineticity observed was as high as 56.1 resulting in
d/d; of over 10.

The conjugated depths d,, observed, are somewhat
smaller than those derived from the momentum formula;
which should be the case, as the reasoning leading to the
formula omitted to take into account the outward friction
resistance. Results in agreement with the theory were
also obtained by Koch, Rehbock, Gibson, and others.
One may state that the congruency of experiments and
theory for jumps at high kineticity is well established.
The author’s experiments (as well as most of the more
recent work) were made with a jump produced by a vein
flowing from under a sluice (Fig. 188) in a canal with
horizontal bottom. The author feels confident in stating

* For detailed description see Ann., Polytéch. Inst., 8t. Petersburg, 1912.
The flume measured 300 X 100 ram.; ¢ per decimeter width varied from
1.7 to 15.6 liters per second.
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that this is by far the best layout for experimenting with
the jump. In fact, with the gravity effect eliminated the
indeterminate factors are reduced to outward friction only.
On the other hand, it is possible to produce flow of any
desired rapidity.

As to jumps of small height, obtained under conditions
of low kineticities (A, < 3), the experimental results, so far
available, are less satisfactory. In a number of cases, for
example, the conjugated depths, reported as observed,
proved to be in excess of the theorctical values. The
author believes that this was mostly due to defeets, inherent
in the very method of experimentation. As a matter of
fact, in carlier experiments, jumps were usually produced
by inserting a barrier into a channel of steep slope, rapid
uniform flow being produced by the ineline of the flume.
Under such circumstances, the kineticity is usually low
(M < 3) and the jump is of undulated form. The difficulties
of measurement under such conditions have already been
mentioned. The principal source of error, however, in the
author’s opinion lies in neglecting the effect of the gravity
component (see Fig. 182). The length of the jump at
low kineticities is comparatively great. On the other hand,
the losses €, — €, as shown in Fig. 190 are relatively small;
less than 5 per cent. No wonder that the neglected gravity
component may outweigh the losses, and lead to observed
values of d,, in excess of theoretical values obtained from
the momentum formula.

The small losses inherent in jumps of low kineticity,
as evidenced by the chart (Fig. 190), explain also why
Bidone (1820) and also Bélanger in his earlier work (1828)
felt justified in determining the relation between the con-
jugated depths simply by using the Bernoulli equation.
That meant that the losses in the jump were neglected
and e, taken to be equal to €;. Only later, when observa-
tions on jumps of greater height evidenced discrepancies
of a more substantial character, was Bélanger led to
suggest the use of the momentum equation.
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To elucidate the effect of the bottom slope the author
carried out a special series of experiments, the main results
of which were as follows:

(Bott-o;: slope) d, mm. ds mm. hj mm.
0.000 48.5 175.5 127.0
0.002 48.5 177.0 126.8
0.004 48.5 178.5 126.6
0 007 48.5 180.5 126.0
0.010 48.5 183.5 126.7
0.020 48.5 190.5 125.0

In these experiments, the depth d; and thus the initial
kineticity were kept constant. As the flume was tilted

— (7) (2)
e — —]J' - —

/7/.
|

r<—— — R — — >

a
% E:

2

Fig. 191.

an{ the slope increased, the observed depth d, became
greater and greater. The interesting part was, on the other
hand, that the height of the jump h; Fig. 191, measured
as the vertical distance between the upper and lower level,
remained practically without change.



CHAPTER XIX

LOCATION OF THE JUMP

70. The Jump as a Standing Wave.—In Chaps. XV1I and
XVIII there was determined the rclation between the upper
and lower stage d; and d, of the jump. Itisincumbent now
to establish the location within a stream where the jump

v 0
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Fia. 192.

actually takes place. For example, in a watercourse with
a steep bottom slope (Fig. 192) with a barrier at D, the
aim is to determine the distance L, from the dam to the
end of the jump.

Remark: The length of the jump I; (see Fig. 175) is usually
small compared to the length of the adjacent surface curves
in gradually varied flow. In fact, the length of the jump will
scarcely be noticeable when the longitudinal surface profile will
be drawn in the customary reduced scale. Therefore, in Fig. 192
and in the following figures the jump will be schematically
indicated by a heavy vertical line, the length of the jump thus
being simply neglected.

Another illustrative case is that of a flume (Fig. 193)

with a break in the bottom slope; the bottom slope changing
253
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in section o from steep (so; > o) to mild (so2 < o). With
Vo1 < Yer and Yoz > Yer as the respective depths of uni-
form flow, the transition from rapid flow to tranquil
movement must inelude a jump. It remains to be deter-
mined, however, what will actually be the height of the
jump and, furthermore, in which part of the flume and in
what exact location the jump will take place. In fact the

I

Yo,

dolz > \j\§_~
&

Conjugated

My curve J, Yo, 4
> i 2 2h
I N=@)Z !
4,2«)‘
F16. 193.—Jump in a canal with a break in the bottom slope from steep to mild:
(a, above) jump in the steep region; (b, below) jump in the mild region.

transition may unfold either as shown in Fig. 193a, with
the jump occurring within the steep section, and with
tranquil flow in the form of an S, curve extending into the
steep section over a distance L;,; or, the alternative is
for the jump to take place in the mild section (Fig. 193b),
in which case rapid flow in the form of an M; curve will
extend for a distance L, ; into the mild portion.

In both cases, locating the jump will mean determining
the length L from section 0 to the respective extremity
of the jump.

Problems of this nature are greatly facxhtated by con-
sidering the jump as a stopped translation wave. This
manner of approach was used by Bazin, although it actually
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goes back to the earliest experiments of Bidone (1820) who,
as mentioned before, produced a jump by inserting a barrier
D into a channel with previously unrestricted uniform flow
in rapid state (Fig. 194). The impediment, lowered into
the stream, produces a surge in the form of a wave with a
steep front, moving upstream. In measure, as the basin
back of the barrier fills, the surge moves away from D.
In such movement upstream, the height of the surge and
the velocity w* with which the surge moves relative to the

P 0

S~ Ww:z=-[¢-v]z0

=
\

F1a. 194.—The jump as a stopped translation wave.

embankment gradually diminish. In Fig. 194 this is
illustrated by the successive positions of the surge. A
position of equilibrium is finally reached, at which the
volume of water flowing over the barrier is equal to the
water flowing into the pool P through the face of the surge.
Also, the surge in its movement upward has been stopped.
The velocity v of the water, flowing down the flume in
unrestricted state, counteracts the natural tendency of
the surge to move upstream. The surge has been trans-
formed into a standing wave. A hydraulic jump has been
formed. .

T1. Celerity of Propagation of a Translatory Surface
Wave.—It is essential first to determine the celerity with
which a surge (Fig. 195a) or a solitary wave (Fig. 195b)
will move along the surface of a resting liquid. May it

* w is negative as the movement is upstream against the positive direction
of the X-axis.
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be noted that the word ‘“ celerity "’ is purposely used in order
to differentiate the speed with which the wave travels in
relation to the surface, from the actual velocity with which
the liquid particles are animated in their flow through a
cross-section.

(a) (b
~—C
TN it
y«z 5 I
i ; b

Fia. 195.—(a) A surge. (0) .\ solitary translation wave.

A most simple and yet elegant method for treating the
subject was suggested by St. Vénant (1870), which reasoning
we shall apply to a prismatic channel of arbitrary cross-
sectional form. With reference to Fig. 196, assume that
liquid is at rest in the canal as given, at a depth y,. Imagine

Ss ‘SZ
B/ Bz
lrm— C.F — —>
A A ! S/ 54
B8 -- A * h A—"'C' \S’
T 7 .
| 4 1
—t yz :
] .y'/
: '
” TrrTrTAT z/nj TIT T TSI T Y7777 B’i?
Z’/ by '51 4 SZ
Fia. 196.

further that a water-tight barrier B may be moved canal-
lengthwise. The barrier evidently will act as a piston, dis-
placing the liquid in front of it. The displacement of the
liquid, actuated by the movement of the barrier, will be
accompanied by a formation of a surge of the height h which
will be propagated over the surface of the water with a
celerity c, different and generally much larger than the veloc-
ity of the barrier v, assumed in this analysis to be uniform.
Assume, now, that at a certain moment the position of the
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barrier is B;, while the toe of the surge is in section S;.
To the right of 8,, the liquid is still undisturbed, while
back of the surge the water has been set into motion and is
moving together with the piston at a velocity v at a
depth y, = y: + h. In fact, the function of the surge, as
it is propagated over the resting liquid, is to set such liquid
into motion. In a lapse of time ¢, the barrier will have
moved from B, to B,, by a distance v - 7. At the same time
the surge has rolled from S; to S; over a distance c- .
In so doing, it has set into motion with the velocity v,
the volume of liquid s? s/ s/ s?. The relation between the
elements of the movement is gained from the following
reasoning:

In the first place, the volume of water d’; b’y b/, b’,, dis-
placed by the barrier, is obviously equal to s} s sy sj,
which is the increase of volume between sections S, and S,
caused by the raising of the level by h. By designating the
cross-sectional areas corresponding to the depths y, and
Y2 by a; and by a., respectively, we get

az‘v't = (ag - a1)0°t
wherefrom

c=1v —2 (138)

Ay — Ay

Another relation is obtained from the momentum equation.
The setting into motion of the volume of liquid s s} s} s,
equal to a;-c-¢ from a condition of rest into uniform
movement with v, corresponds to an increase of momentum

equal to %al -¢-t+v. This momentum is produced

by the time impulse over a period ¢ of the difference of
the hydrodynamic pressures acting across the cross-
sections a; and a, respectively, before and after the surge.

Designating similarly, to Fig. 181, the distances of the
respective centers of gravity below the surface of the
liquid by 21 and 2y, and omitting the forces of external
friction acting between the walls and the liquid boundary
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layer, we obtain the difference of the hydrodynamic pres-

sures a8 A(@s220 — @1210). The momentum equation reads
now:

A
A(aszos — 01201)t = “&al .c.v.t

from which we obtain

v.c = goer — G (139)
a,
Eliminating v between Eqs. (139) and (138) we get
c? a2(AsZo2 — Q1201)
— = 14
g a(a; — @) (140)

Equation (140) determines the celerity of propagation
of the surge in a prismatic channel in terms of the initial
depth y; and the height of the surge h = y» — .

Celerity ¢ for a Channel of Rectangular Form.—In this
instance a = by and z, = y,/2; Eq. (140) becomes

c? yz(y2 2 - )

=Y
7" =gy 2wt
which after substituting y, = y; + h becomes

2 h
S =By 4 )
from which we get
3 h 1/ h\?
¢ = ngl\/l + 2% + 5(?‘/‘1) (141)

In most cases, where the height of the surge is not too
large, one may simply put

h
C=n~v 9.7/1\/1 + —g~ (142)
I

or with further approximation what we shall call the St.
Vénant formula

¢ = vai+33) (1420)

When the waves are of very small height, so that h/y,
is small and can be neglected, the St. Vénant expression
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becomes identical with the well-known Lagrange formula
c = Vg (143)

which gives the celerity of propagation of disturbances of
small height (ripples) over a deep fluid at rest.

Simplified Formula for Prismatic Channels of Any Form.—
In channels other than rectangular, approximate formulas
of the type, Eq. (142), may be obtained, applicable in cases
when the relative height of the surge
h/y is not too large. In fact, with ‘_ """" = b2 —mmos
reference to Fig. 197, we may put in \ .
such case with sufficient approxima- /17
tion

h2
G220 = Q1210 + arh + b—2*
Substituting into Eq. (140) and de- Fie. 197.
veloping, we obtain
¢ a 3 b h?

7= bttt = <1+2a/b+2(a/b)2)

The value of a/b is the average depth of a canal (see
Eq. [41]). Substituting, we obtain

1
| 9
| |
| |
A, = QA + blh Yz Y
|
| |
| ]
|

h 2
c=Vgd- \/1+26+ (6) (144)
= ~Vygb- (1 + i 3) (145)
which for small values of 2/d gives
c= Vb (146)

These expressions are analogous to Eqs. (141) to (143).
In fact, for a rectangular canal, the celerity is simply
obtained from Eqgs. (144) to (146) by making § = a/b = y.
Inasmuch as in a trapezoidal or any other open canal
other than rectangular, 8 = a/b is always less than y, the
disturbances will be propagated with a celerity smaller than
in a rectangular canal of equal depth.
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Example 34

Question 1. In a rectangular canal, assume the depth y; = 5
ft., and the height of the surge to be A = 0.5; » = 1.0; and
h = 2.5, respectively.

Compute the celerity by Eq. (141) and compare the results
obtained by using the approximate relations Eq. (142).

The basic celerity in accordance with the Lagrange formula is
¢ =4/322 X 5 = 12.7 ft. The value of the multiplier in the
different formulas is as follows:

h \/”—';h 1/h\? 3h 3h

of . o 1 -

h l y 1+2y+2(y) \/1+2y +4ll
0.5 0.1 1.073 1.072 1.075
1.0 0.2 1.149 1.140 1.150
2.5 0.5 1.370 1.322 1.375

We see that the St. Vénant formula (Eq. [142]) gives results in
best accordance with the more exact Iq. (141).

Question 2. In a trapezoidal canal, Type B, with y, = 5 ft.,
determine the celerities for a surge height of A = 0.5; h = 1;
and A = 2.5. Use Eq. (145). The average depth at y, = 5 is
6 =a/b =5%5 = 3.33. The basic celerity ¢ = v/g.X 3.33 =
10.37 ft.

The value of the multiplier is

h 3h
h ) T+43
0.5 0.15 1.125
1.0 0.30 1.225
2.5 0.75 1.560

Question 3. Assume that a canal (Fig. 198) of the cross-
section as given connects two reservoirs at a distance of 3 miles.
The bottom is horizontal and the water is at rest with y = 8 ft.
Suppose, ut a certain moment, water is begun to be drawn from
reservoir A, resulting in the lowering of the level. Determine
the time it will take for a depression of level A to reach the
mouth of the canal at B, and thus cause water to begin to
flow from reservoir B into the canal.
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A small depression of level in 4 will be propagated over the canal

with the Lagrange velocity of ¢ = 4/gs.
We have a = 8(30 + 16) = 368; b = 62 ft.; 6 = 3684, =
5.94 ft., so that
¢ =g X 594 = 13.8 feet per second

e ———-30-— - -—]
Fi1g. 198.—Relating to Example 34.

The time in minutes for a disturbance to travel the length of 3
miles
T =3 X 5,280/13.8 - 60 = 19.1 min.

72. Stopping a Translation Wave.—Assume now, that
a surge is moving upstream against the current which flows

C<—‘
W="Lc-v)

e Y>

\_ylﬁ_ ;

F1a. 199.—8topping a surge.

in its turn with a velocity v, (Fig. 199). The rate w at
which the surge will move relatively to the embankment
is taken to be the difference between the celerity ¢ and
the translatory velocity v, of the current. In other words,

w= —[c — v] (147)
As long as the celerity is greater than the velocity of

the current, the surge will be moving upward, so that with
regard to the X-axis, w will be negative. Should, on the
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contrary, v; be greater than ¢, w will become positive and
the surge will be carried down by the stream. In the
event that ¢ and v, are equal, the resultant velocity w will
be zero. The surge will stop and will form a jump. Using
for ¢ Eq. (140), we find that a wave will be stopped when

0_12 _ 0_2 — (12(02220 - (11210) (148)

g9 g a(a; — ai)

C=Vgl< .

v’ — B
\
-_— V=5Q
\

. S <o \

Rapid Tranauil

Fic. 200.—Distinction between tranquil and rapid flow in terms of cclerity of
propagation of surface disturbances.

Multiplying both sides by «;* and remembering that
v12a;2 = Q?* we obtain
v%a,’ Q? Q2229 — (1210
== =@l
g g ) Ae — Ay
which through proper rearrangement gives

Q- + a1210 = ‘Q; + as229 (149)

ga: g
a relation which is identical with the momentum equation
(Eq. [123]) determining the conjugated depths before
and after the jump. Thus the relations between the
hydraulic elements in a stopped translation wave are
identical with those which prevail in a jump. The two
phenomena are hydraulically equivalent.

Distinction between Rapid and Tranquil Flow vn Terms
of Celerity (Fig. 200).—We may now introduce, in addition
to what was developed in Art. 24, another physical dis-
tinction between rapid and tranquil flow. In fact, a
surge or a translation wave will be moving upstream, as
long as the celerity is greater than the velocity of the
current. The celerity, on the other hand, depends on
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the height of the wave. The smallest possible celerity
in a canal of given form, the basic celerity, is the Lagrange
celerity ¢ = V/gé.

Let the velocity of the current v be less than ¢ = V/gé.
In this case every disturbance, no matter how small, will
travel upstream, until in actual movement it will be
absorbed by frictional losses. If the velocity of the stream

v were, on the contrary, to be larger than ¢ = V/gé, the
phenomenon could unfold in two ways. Either, if the
surge is of small height, the disturbance will be carried
down by the stream; or, if the wave is high enough to

make ¢ = \/g_ﬁ(l + % %) > v, the surge will travel upstream

with diminishing height, until a point is reached where
the celerity will become equal to v and where for this
reason the wave will be stopped and a jump formed. In
the light of the above, a velocity [v] equal to the Lagrange
celerity

[v] = ¢ = Vg (150)

divides the possible phenomena into two classes. By
comparing Eq. (150) with Eq. (38), we see that the dividing
velocity [v] is the critical velocity, corresponding to critical
flow.

Accordingly, the following distinction between rapid and
tranquil flow may be made (Boussinesq):

In ¢ranquil movement, with v < [v] = V/g8, the celerity
is always greater than the velocity of the current, so
an intumescence, no matter how small, will travel upstream
indefinitely.

In repid movement, with » > [1] = V/¢8, an intumes-
cence, if of sufficient height, will be stopped and will form
a jump. Otherwise, if the intumescence is not sufficiently
high, it will be carried down by the stream.

The process underlying the formation of backwater
curves in watercourses becomes explainable. In a canal
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of mild slope, with normal flow in tranquil state, the surge
created by a dam through the piling up of the water
back of the barrier will travel upward indefinitely, progres-
sively diminishing in height and connecting asymptotically
with the level of the unimpaired watercourse. In the case
of a channel with steep slope, with uniform flow in rapid
state, the surge produced by a barrier of sufficient height
will proceced upward until a point where, by reason of
diminished height, it will be stopped forming a jump.

Relation between the Celerity of Propagation and the
Kineticity of Flow.—An interesting relation prevails between
the celerity of propagation and the kinetic flow factor. We
shall limit ourselves to the case of a rectangular canal.

In this case the celerity for a small intumescence is

¢ = V gy, while the kinetic flow factor is
v?2/2¢
Y

A=2

Eliminating y between the ahove, we obtain:
N = %¢? (151)

Thus the kineticity is the square of the quotient of the
average velocity of flow by the celerity of propagation of a
small intumescence. In critical state, with [v] = ¢, Eq.
(150) gives A = 1; in tranquil movement, with [2] < ¢, the
kineticity is N < 1. The speed with which a small intumes-
cence will travel, relative to the embankment, is

1
w=—c—1]=—cl —VA] = v[\/); 1] (152)

73. Locating the Jump.—With these conceptionsin mind,
it will be easy to locate the jump. The process of reasoning
will be best shown in connection with concrete cases.

A. Weir in a Torrential Watercourse (Fig. 192).—Assume
that the discharge is @, and that the depth of uniform
movement in rapid flow is y,. A weir is located in D, rais-
ing the level to a stage represented by y».
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The problem is to establish the type of the phenomenon
and. in the event that a jump is to take place, to determine
its location and its height.

Proceed, first, by computing the conjugated depth ds,
corresponding to d; = .

1. d» < yo.—Suppose that d, as determined is less thap
yp, which is the usual case. This means that the discharge
as given, when flowing at a normal depth y,, may stop a
surge of the depth d., which depth is smaller than the depth
corresponding to the level y» caused by the dam. Conse-
quently, the level caused by the dam will move upstream
with depth diminishing until section J is reached, in
which the depth y; on the surface curve of the S; type
will be equal to d., as above determined. y; being equal to
d, means that the celerity at the upper stage, corresponding
to y;, is equal to the velocity of the current and that the
translation wave will be stopped.

The location of the jump will be determined by finding
the position of section J with y; = d». This is done by
computing the length of the curve L;, between the stages
yp and y;. The procedure is given in Example 13, Question
2.

2. d; > yo.—Suppose now that d, as determined proves
to be greater than y». This will mean that the current
in uniform flow is able to sustain a wave of greater height
than the one caused by the barrier. In other words, the
celerity of the surge is smaller than the velocity of the
current. The rise produced by the dam cannot proceed
upstream. The intumescence caused by the barrier
will be swept downstream, with the current crossing the
weir by means of a standing swell, as described in Art. 25.

B. Channel with a Break in the Bettom Slope.—With
reference to Fig. 193, the question, as stated before, is to
determine in the first place, as to whether the jump will
take place within the steep or within the mild section. In
the following, it is assumed that the lengths of the steep as
well as of the mild section are sufficiently long for uniform
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movement to install themselves. The normal depths
are respectively yo: and yoo.

To solve the problem, start by determining the depth d,
conjugated to yo,. In other words find the upper stage of
the standing wave which the rapid current flowing in the
steep section with a depth y,: = d; is able to sustain.
Compare, then, the conjugated depth d, as found, with
the depth of uniform flow 7y, in the mild section. Two
cases are possible.

1. ds > yo. (Fig. 193b).—When d, proves to be greater
than o4, it means that the velocity of the rapid movement
in the steep section exceeds the celerity of the surge,
corresponding to the uniform depth yo.. So, in the dividing
section 0, the level y,. will not be able to counteract the
current and will be repelled. The rapid flow will extend
into the mild section, by means of an M; type curve,
until in section J, the depth y’; is reached, equal to
the depth (d:). conjugated to the uniform depth yo. = (ds)s.
To locate the jump, determine the depth (d,); conjugated
to the given yo2, and then compute the length Lo; of an
M, curve between the stages yo; and y'; = (di)..

2. d2 < Yoo (Fig. 193a).—This means that the depth
Yoz, which confronts the rapid current in section 0 is
greater than the stage d., which the current flowing in
rapid state at yo: is able to sustain. The level of tranquil
flow in reach II will move in such ecase upstream,
extending into the steep section until in section J the
depth y; is reached, equal to d,, conjugated to d; = yo;.

To locate the jump determine (d;); conjugated to
(d1)1 = Yo1. Then compute the length L;, of the S; curve
between the stages y; and yo..

Example 36

A canal, Type B, is laid with a break in the bottom slope
(Fig. 201). The bottom slope in the mild section is sos = 899%3,.
The slope of the steep section is 801 = 50090 and so; = 200°%,
respectively. The discharge is @ = 300 cu. ft. per second. Use
Bazin coeflicients,



LOCATION OF THE JUMP 267

Question 1. Determine in both cases the type of movement
and the locus of the jump.

With @ = 300 cu. ft. per second, we have for uniform flow
(see Fig. 15),

so = 89%,: K = Q/A/s = 106 X 102 cu. ft. per second;
and yoe = 4.95 -

so = 500950; K = Q/A/s = 42.4 X 102 cu. ft. per second;

and yo1 = 3.05
so = 2009%0: H = Q/\/s = 21.2 X 102 cu. ft. per second;

and Yo = 2.05 s

The critical depth is y., = 3.74 ft.
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Fia. 201.—Relating to Iixample 35.
From the M(d) curve (Fig. 185 or 186), we find the conjugated
depths d, corresponding to the respective uniform depths in
the steep section:
Case I (Fig. 201a): so1 = 500%39; yo1 = di = 3.05 ft.; conju-
gated depth d; = 4.50 ft.
Case II (Fig. 201b): so1 = 2009930; yo1 = di = 2.05; conju-
gated depth dy = 6.15 ft.
The depth (d,). conjugated to yo2 = (do)2 = 4.95 is d, = 2.65.
In Case I, the conjugated depth d» = 4.50 is less than yo2 =
4.95 ft. Hence, the jump will be within the steep section as in
Fig. 193a.
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In Case II, d; = 6.15 is greater than y,. = 4.95 ft. Hence,
the jump will be in the mild section as in Fig. 193b.

To locate the jump in the case when sy = 50990, Ljo
(Fig. 193a) is the length of an S, curve between d» = 4.50 and
Yoo = 4.95 ft.

For the hydraulic exponent for the region y = 4.5 to 5 ft. with
Yo = 3.05 we have from Table I

¥(5)/H(3) = 108.8/41.65 = (5/3)/2
from which

Lg2.61
Lgl1.666

An identical value corresponds to
H(4.5)/K(3.0) = (4.5/3)n/2
1 — 8 Value.—The average value of o for the range of depths
ise = 22.70%,4. Thus,
B = sy/o = 50/22.7=22;1—-8= —1.2

Interpolating the values of B(n) bc-tween the table lines for
nt= 3.6 and n = 3.8, respectively, we have with n = 3.74:

ne = 4.95/3.05 = 1.623; B(y:) = 0.1047; 11, = 1.623 —
(—1.2) X 0.1047 = 1.7488

m = 4.50/3.05 = 1.470; B(nz) = 0.146; I, = 1.470 —
(—1.2)0.146 = 1.645

The distance L, from section 0 to the end of the jump at y; =
ds = 4.50 is
L;o = 3.05/50-104{1.7488 — 1.6450] = 610 X 0.1038 = 67 ft.
To locate the jump in the case of so» = 200996 we have: Ly ;
(Fig. 193b) is the length of an M; curve between y,; = 2.05 and
= (d1)2 = 265 ft.
Hydraulic Exponent.—For the range of depth between y = 2.05
and 2.65 with y, = 4.95, as anaverage value,
PO}
—o_ K(25) 3((2 5 _
Lg — Lyl
2.5
1 — B Value. ¢ for the range = 23.50%q,;8 = 8/23.5 = 0.34;
1 — 8 = 0.66. Interpolating table values of B(y) we have with
n = 3.70

=2 = 3.74

3.70
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12 = 2.65/4.95 = 0.535; B(n) = 0.547; 11, = 0.535 — 0.66 X

0.547 = 0.174
n = 2.05/4.95 = 0.415; B(y) = 0.418; 11, = 0.415 — 0.66 X
0.418 = 0.139
The distance Lo; from section 0 to the toe of the jump

4.95

Loi =510

=7=10.174 — 0.139] = 6,190 X 0.035 = 216 ft.



CHAPTER XX
THE JUMP BELOW A REGULATING SLUICE

There are a number of important cases in engineering
practice where chart (Fig. 190) and the Eq. (137) may be
usefully applied.

T4. The Effective Head.—When using the chart and
computing the reduced values it will be necessary to refer
the depth d; and the other elements of flow to the effective

A
o

R —

1)
F16. 202.—The effective head.
head which is the total energy head H, in section 1 of the
outflowing vein (Fig. 202). This effective head is less than
the head H by the loss h,.
With ¢, the velocity coefficient, determining v, =

eV2g(H — d,), the effective head is

2 d
Hi=dit g = di+ oH — d) = H|o* + 51 — 0]
— 0H (153)

and the loss

hy=H—Hy=(1—¢)H—d) = (1 —HH
270
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For convenience sake, the value of
9= ot + B0 - o (154)

is given in chart form (Fig. 203).

76. Free or Submerged Eflux.—In Fig. 202 assume as
given: the position of level A above, and that of level B
below the sluice; the opening of the gate h and a contraction
coefficient o which determines the depth of the outflowing
vein, d, = ah.
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Fia. 203.

Depending on circumstances, the efflux may either be
‘“submerged,” with the tail-water level extending back to
the sluice and drowning the outflowing vein (B — a in
Fig. 202). Or, if level B is sufficiently low, the outflowing
stream may repel the tail-water, making the efflux free.
The freely outflowing vein in this case will connect with
level B by means of a jump j-B.

In submerged flow, the discharge will be actuated by the
step Z, which is the vertical distance between levels A and B.
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In case of free outflow, the discharge will be actuated by the
head H — d,; it will be considerably greater. Also the
velocities and the erosive action of the vein will substan-
tially increase.

To establish the type of flow, first determine the depth
d, conjugated to the depth d;, assuming that the outflow
is free.

1. d; < ys.—1f the conjugated depth d., as determined,
is smaller than the depth y,, corresponding to the position
of level B, the flow will be submerged.

2. d» > yp.—1If the conjugated depth d,, as determined,
is greater than y,, a jump will be formed and the flow will
be free. Usually the jump will be of maximum possible
height when y; = d,, that is, when the toe of the jump is
located at the wvena contracta. In case d; > y; the jump
will be repelled stream downwards.

Example 36

Assume a rectangular sluice opening with H = 10 ft. and h = 4
ft. (Fig. 204). Let the contraction coefficient be a« = 0.62 and
o = 0.92.

Question 1. Assume stage B to be yp = 7.5 ft. and y5 = 6.5
ft., respectively. Determine in each case the type of efflux and
the discharge.

The depth d; = ah = 0.62 X 4 = 2.48 ft.; d;/H = 2.48/10 =
~0.25. Accordingly, from Fig. 203, with ¢ = 0.92, ¢ = 0.94,
and the effective head I7, = 9.4 ft. The reduced value of d,,
referred to H, is d'y = 2.48/9.4 = 0.264. From chart (Fig.
190), the conjugated depth d’; = 0.755. Accordingly dy = 0.755
X 9.4 = 7.1 ft.

With y = 7.5ft., we thushaveys > d>. The flow is submerged.
The step

Z=10—-75=25;q=h-a'¢-\29Z =06 X
4 X 4/2g-2.5 = 30.4 cu. ft. per second.

In case yp = 6.5 ft., ys < d.. The flow is free. The head
actuating the discharge is H — d; = 10 — 2.48 = 7.52.

g=¢di-V2H — dy) =096 X 248 X /29 X 7.52 = 52.8

cu. ft. per second
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Question 2. Determine the highest possible stage, consistent
with free efflux.

The maximum stage is y» = d. = 7.1 ft. as above determined.
For ys < 7.1 ft., the discharge will remain constant and equal
to 52.8 cu. ft. per second.
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Fi1G. 204.—Relating to Example 36.
As soon as level B overreaches ys = 7.1, the tail-water will

drown the outflowing vein. The discharge will drop abruptly
to below the limiting figure of

g = 0.6 X 44/2g(10 — 7.1) = 32.8 cu. ft. per second.

76. Flow in a Canal below a Regulating Sluice.—In
the preceding, the tail-water stage B was assumed as
given. Such, for example, would be the case if the sluice
were to be located between two reservoirs (Fig. 205) with
only a short connecting flume between the two bodies of
water. In this case the natural stage below the sluice would
be the depth, corresponding to the level in reservoir B.
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Whenever the canal below the sluice is of appreciable
length, the stage below the sluice is influenced by the
circumstances of the flow in the canal. Evidently,
in such case the eflux from under the sluice and the
gradually varied movement in the canal become organi-
cally interconnected.

The reasoning to be applied in problems of this kind is
here to be illustrated by considering the case of a canal of
mild bottom slope ending with a fall (Fig. 206). In the
following, it is assumed that the streaming over the fall is
unhampered. Generally speaking, the type of movement
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Fia. 205.

will depend on the length of the canal and on its slope.
For example, in a short canal (Fig. 206/1) the stream-
ing may continue to be rapid over the entire course of
the flume, the surface 1-f being a rising curve of the
M type, which reaches the crest of the fall and leaps over
it before having attained the critical depth. In Fig.
206/11, on the other hand, the canal is long enough for
uniform movement to establish itself. The picture as
drawn corresponds to free eflux. The stream is rapid
until section J connects by means of a jump with the
uniform movement stage yo = d,.

Figure 206/III represents an intermediary case. The
flow between A and J is rapid. Beyond the jump the
surface is a falling curve j''~c of the M, type.



THE JUMP BELOW A REQULATING SLUICE 275

In all the above cases the efflux was pictured to be free.
Now, in Figs. 206/11 and 206/I1I, the flow could be sub-
merged, the level of tranquil flow reaching back to the
sluice and drowning the vein (shown in dotted lines). To
establish the type of efflux, assume the outflow free with a
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F1a. 206.—Flow in a canal below a regulating sluice.

discharge @, and determine the depth d. conjugated to the
depth y; of the outflowing vein. Next, compute the
depth g, in the section immediately below the sluice, for
the free discharge Q;, assuming that the depth over the
fall is y.r (Fig. 206/III). If y,, thus determined, is less
than dy, the efflux will be free. If, on the contrary, y. is
greater than d,, the outflow will be submerged.
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Example 87
A sluice opens into a cement-lined canal of rectangular shape
(Fig. 207) Type C (see Plate IV). H = 10 ft.; the opening of
the sluice ish = 5ft.; a = 0.62; ¢ = 0.90 (¢ = 0.95);d, = 5 X
0.62 = 3.10; ¢ = 0.95 X 3.10 X v/29(10 — 3.1) = 62 cu. ft.
per second; @ = 62 X 20 = 1,240 cu. ft. per second.

n
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| H=97
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¥
trg=ar
vy ¥
h\
N So=10%
F1a. 207.

Question 1. Given the length of the canal L = 300 ft and
so = 10004, determine the type of flow.

The canal being short, the movement may be as shown in
Fig. 206/I. To establish the type of flow, determine:

The normal depth yo.

¥o = Q/V/s0 = 1,240/+/10 - 10~% = 392 X 102 cu. ft. per second
and yo = 6.8 ft.

The critical depth

= /75 = /6T = 498
To find, whether flow is rapid over the whole course of the canal,
determine (Fig. 208) the length of an M ; curve between the depths
y1 = 3.1 ft, and y.., = 4.93 ft.
We shall use the varied-flow-function tables with n = 2.8.

The critical slope, for y = 5 ft. and y = 3 ft., is respectively
(see Plate IV) ¢ = 24.9005, and 23.5004,. The values of 8 =
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10/24.9 = 0.401 and 10/23.5 = 0.425; 1 — 8 = 0.599 and
0.575, with an assumed average 1 — 8 = 0.59. We have now:

n = 3.10/6.8 = 0.456; B(y,) = 0.4700;I1; = 0.456 — 0.59 X

0.470 = 0.178
ny = 4.93/6.8 = 0.725; B(ny) = 0.8285; I, = 0.725 — 0.59 X
0.8285 = 0.237
The length of the curve
L= 6%%% [0.237 — 0.178] = 6,800 X 0.059 = 401 ft.

This is substantially longer than the given length of the canal,
300 ft. So, the streaming is of the type, Fig. 206/1 as assumed.

m ND, @
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Fia. 208.- -Curve for Example 37, question 1.

Question 2. Determine the type of flow and the locus of the
jump if any, in case the canal were 5,000 ft. long.

The canal appears to be long enough to make the tail-water
stage below the sluice close to the normal depth, so that in Fig.
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Fia. 209.

206 y, is yo. To prove whether the assumption is correct
find the length of an M drop curve (Fig. 209) between the critical
depth y2 = y., = 4.93, and the end of the curve assumed to be at
Yo = 0.99 X yo = 6.73 ft.
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For the 1 — B values in the depth interval we have:

y=5ft;ec =249;8 = 0.401;1 — 8 = 0.599
y=Tft;o=266;8=0376;1— 8 = 0.624

An average value of 1 — 8 = 0.615 will be assumed.
To figure the length of the curve with n = 2.8:

ne = 4.93/6.80 = 0.725; B(n) = 0.8285; I, = 0.725 —
0.615 X 0.8285 = 0.216

7 = 0.99; B(n;) = 2.106; 11, = 0.99 — 0.615 X 2.106 = — 0.307
L = 6,800 [0.216 — (—0.307)] = 6,800 X 0.523 = 3,560 ft.
This length is less than L., = 5,000 ft.; thus y, ~ ¥y, = 6.8 ft.

To determine the type of flow, compute the depth dz, couju-
gated to d; = 3.1 in the vena contracta.
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Fia. 210.—M, curve in Example 37, question 2.

With ¢* = 0.9 and d; /H = 0.31, we have (Fig. 203) ¢ = 0.93,
and thus H, = 9.3 ft.

The reduced value of d’; = 3.1/9.3 = 0.333. The reduced
conjugated depth (Fig. 190) d’; = 0.785, so that d; = 0.785 X
93 =73 ft. With d; > y, = 6.8 ft., the flow is free with a re-
pelled jump.

To locate the jump (Fig. 210), determine first the depth
y;j = dij, conjugated through the jump to d:; = yo = 6.8.
Applying Eq. (131) we have

_df EAC B 493
d,-—2[ 1+‘/1+8(d2)]-3.4[ 1+ 1+8(680)]
-3.

The locus of the jump is determined by the length of the
M; curve (Fig. 206/II) between y; = 3.1 and y,; = 3.43.
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Taking 1 — 8 = 0.58, we have, with n = 2.8:
7 = 3.10/6.80 = 0.456; B(n;) = 0.470; II; = 0.456 — 0.58 X

0.470 = 0.184
72 = 3.43/6.80 = 0.505; B(y2) = 0.527; I, = 0.505 — 0.58 X
0.527 = 0.199

L,; = 6,800(0.199 — 0.184) = 102 ft. (Fig. 210).,

Question 3. Determine the type of flow and the locus of the
jump in case the canal length were L = 1,000 ft. With the canal
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Fia. 211.—Locating the jump in the case of Fig. 206, III.

length intermediary between 401 ft. (Question 1) and 3,560 ft.
(Question 2), the flow will be of the type as shown in Fig. 206/I11.
To locate the jump proceed in general as follows (Fig. 211).

Draw the M; curve (shown as 1-¢;) corresponding to free
rapid flow from d, to y. in section C;. Draw the M. drop curve
(shown as ce-a) from ., in section C; over the fall back to y, below
the sluice.

Using Eq. (129) or (131), compute and draw the curve c,-d
of the conjugated depths, corresponding to the ordinates of the
M; curve (1-c;). Obviously, in the vena contracta the ordi-
nate of this curve is d;, conjugated to d,, while in Cy,d; = d, =
Yer. '

The point of intersection j of the ¢;-d curve with the M,
curve determines the position of the jump, as well as the respec-
tive stages d»; and d;;. The uncertainty of the solution lies in
neglecting the length of the jump. However, if and when section-
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J happens to be in the flat portion of the drop curve, the error
will not be substantial.

It will also be usually expedient to omit from consideration
the distance between the sluice and the vena contracta, assuming
simply that the length between section 1 and the fall is equal
to the total length of the canal.

With reference to the numerical example:

The M3 Curve.—The total length, as determined in Question 1,

is 401 ft. For the vena contracta we have y, = d, = 3.10 ft.
C G.
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and H(»;) = 0.178. The coordinate z'’ (Fig. 212) for any
depth " is 2’ = 6,800 [II(.) — 0.178] where I1(n2) = 52 —
0.59B(n,), with 9, = y’"’/6.8 for the chosen y'’’.

Accordingly we have, with » = 2.8:

TasLe XLIII

oY @ @ (4) (5) (6) )

y'" N2 B(na) (n:) [Un2) — 0178 ' ds

3.10 | ... .o oo ) 0 7.30
3.40 0.500 0.521 0.192 0.014 95 6.87
3.67 0.540 0.568 0.204 0.026 177 6.47
4.08 0.600 0.644 0.220 0.042 286 5.91
4.76 0.700 | 0.787 0.236 0.058 394 5.12
493 | ..... | ..... 0.237 | ..... 401 4.93
The curve 1-c, is traced in appropriate scale in Fig. 213.

The Conjugated Depth da Curve.

For d, = 3.10 we have, as above determined in Question 2,

dz = 7.3 ft.

ds

For intermediary points

v (4.93) 3]
—2—[ 1+ 41 +8(——-—y,,, )
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The computed values are given in the last column of the above
table, as corresponding to the preceding abscissae value of z.
The curve a-c, is traced in Fig. 213 (upper curve).

The Drop Curve M,—We have (Question 2) for section C,
over the fall: y, = y.. = 4.93; and with 1 — 8 = 0.615, I (n.,) =
0.216. The coordinate z'' (Fig. 212) for a depth y”’ will be 2" =
1,000 — "' = 1,000 — 6,800 [0.216 — II(n)].

Accordingly, we obtain

¥’ 1 B(n) () [0.216 —1(m)| 17 z
6.324 | 0.93 | 1.391| 0.074 0.142 966 34
6.256 | 0.92 | 1.340 | 0.096 0.120 816 184
6.188 | 0.91 | 1.294 | 0.113 0.103 700 300
6.120 | 0.90 | 1.253 | 0.128 0.088 598 402

The curve is drawn into Fig. 213; it intersects the d; curve
at r; = 226 ft. This locates the jump. The depths before and
after the jump are, respectively, d.; = 6.23; d,; = 3.82 ft.

The control by the formula

3
dlj=6—§2§[_1+ 1+8(%;gg)]

confirms the result obtained.

T77. The Saugey Fall Increaser.—An interesting example,
where chart (Fig. 190) is directly applicable, is the fall
increaser suggested by Saugey.* The device is intended
to increase the effective head in a water-power plant during
periods of flood. Figure 214 represents schematically a
power house, the draft tubes of which discharge into a tail
race located below the sluice S. At periods of high water
the head is reduced to Z. An appropriate stream from
under the sluice may repel the tail-water and increase the
head available immediately below the sluice to Z,,;. This
increased head may be used to advantage to maintain the
output of the turbines T, reduced through flood water.
The operation of the device is obviously conditioned on the
discharge through the wheels being small, compared to the
water flowing under the sluiceway.

* Zeits. d. Ver. Deutsch. Ing., 1908.
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The hydraulic features are easily handled by means of
chart (Fig. 190) which is best illustrated by a practical

example.
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F1a. 213.—Locating the jump in question 3, Example 37,

Example 38

Assume in Fig. 215¢ H = 10 ft., d» = 6.5 ft.; Z = 3.5 ft.
Take o = 0.62; ¢? = 0.9. Determine the possible increase

of head.

To apply chart (Fig. 190), we must know the effective head,
which because of Eq. (154) depends on the opening of the sluice,
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etc. Assume, subject to later correction, ¢ in Eq. (154) = 0.92,
making I’ = 9.20 ft. Assuming the jump to be near the vena
contracta, we take the conjugated depth ds; to be dy = dy, = 6.5
and thus d: = 6.5/9.2 = 0.707. Accordingly for the depth
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Fia. 214.—The Saugey fall increaser.

before the jump we obtain d’; = 0.21 which gives d; = 0.21 X
9.2 = ~1.95 ft., and the opening of the sluice » = 1.95/0.62 =
3 ft.

@ (b)
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Fia. 215.

The head is increased (Fig. 215b) by

Jj = 6.5 — 195 = 455 ft.
Zare = 3.5 4 4.55 = B.05 ft.

The relative increase of head is
Zen/Z = 8.05/3.50 = 2.3
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As seen from the j/ = d’; — d’; curve in chart (Fig. 190), with
d’y = 0.21, the structure is working near the point where the
reduced height of the jump is maximum. If circumstances
were different, one would be able to have the layout approach
conditions of optimum work by changing H, that is, by lowering
or lifting the sill. In other words, with Z given, one may always
bring the flow to any desired point of the diagram by appropri-
ately designating the position of the sluice sill.

78. The Jump as an Annihilator of Energy.—In problems
of flood control, when designing spillways and similar
structures, it becomes necessary to pass a given quantity of
water from a certain given upper stage A to a lower stage
B, with a vertical difference of level Z. In lowering the
water, the particular object in many cases is to annihilate
as great a part as possible of the energy stored at the
upper stage and thus to reduce erosion and other destructive
effects in the tail race of the lower stage. The jump
constitutes a most efficient annihilator of energy and has
often been used for this purpose.* In Fig. 190, the reduced
loss of energy ¢’; = 1 — €', is the distance from the upper
border of the chart to the €', curve. The smaller the value
of d’y, the larger the loss. For example, one may dispose
of 60 per cent and even more of the initial energy by
causing a jump to take place with d’; = 0.04 and less.
However, under these circumstances the sluice opening h
will be very small and the passing of a given discharge may
require a structure of excessive length.

The optimum conditions will be those at which the
maximum quantity of energy will be annihilated per unit
length of the structure.

For a certain d’;, the reduced value of the quantity of
energy dispersed in the jump will be

w = ¢'(1 — ¢y) (155)

By using the data of Table XLII, one may compute

the w’ curve. The curve drawn into chart (Fig. 190) has a

* Tech. Repts. Miami Conservancy District, Pt. 111, 1917; Rehbock, Internat.
Cong. Appl. Mech., Delft, 1925; Bauingenieur, 1923; etc.
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maximum of w’ = 0.345, reached at d’; = 0.15 and d’, =
0.63. The maximum possible dissipation of energy per
unit width attainable under these conditions is
Wmaz = 0.345 X A X H* X H (156)
For water, with A = 62.4 1b. per cubic foot, we have
Wmas = 21.5 X H?% lb. X ft. per second (157)

Example 39

Assume in Fig. 216a, Q@ = 1,000 cu. ft. per second, correspond-
ing to an cnergy output per second of 6 X 1,000 X 62.4 =
374 - 10% Ib. X ft. per second.
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Fig. 216.—Relating to Example 39.

Neglecting losses in the eflux, we have (Fig. 216 b) for optimum
conditions: Z/H =1 —d'; = 0.37; H =6/0.37 =16.2; d; =
0.15 X 16.2 = 2.43. Accordingly d, = 0.63 X 16.2 = 10.2 with
J =102 — 243 = 7.77 ft.

The quantity of energy destroyed per foot of sluice length is
w = 21.5 X 16.2%% = 22.2 X 10%. The required net width of
the jump b; = 374/22.2 = 17 ft. The resulting layout is pre-
sented in Fig. 216b.



CHAPTER XXI
THE JUMP AT THE FOOT OF A WEIR

Figure 217 refers to the important case of a jump at the
foot of a weir. Depending on the stage of the tail-water,
the vein falling over the dam may either be covered by
level B(B'V'); or, if level B” is not high enough, the tail-
water may be repelled; in this case the vein at the foot of

Al
T
\ f .
7 i
2, Srep

|
}
| Covered
|
|
|
|

nappe 9

p (2)

p /ree
nappe

t
|
[
o | 2
N 2
P K
I (2)
Fia. 217.—The jump at the foot of a weir (toe roll).

the dam will be free and will connect with the tail-water
stage B by means of a jump. Obviously, the erosive
action in such case may become very dangerous. The
physical aspects of the toe roll have been investigated
experimentally by Rehbock.* In this treatment we shall
limit ourselves to determining the circumstances which
cause flow to be covered or leave it to be free.

79. Bazin’s Experiments.—The problem is practically
identical with that investigated by Bazin, who in his
classical work on the flow of water over weirs made the

* “Versuche tiber Abfluss, ete.,” and other works.
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distinction between nappes covered by tatl-water, and
free nappes with a repclled jump.

Guided merely by experimental observations, the emi-
nent hydraulician suggested that the presence of that
or the other form depends on the value of the relalive step
Z /P, which is the quotient of the vertical difference of the
levels above and below the weir to the height of the strue-
ture. Bazin summarized his observations by stating that
the value of the relative step, which demarcates between
the two possible forms, is a constant average value of
(Z/P)y = 0.75. Steps with Z/P > 0.75 produce free nap-
pes, independent of whether the weir is submerged or not in
the customary sense of the word. On the contrary, when-
ever Z < 0.75P, the nappe will be covered.

80. Theory of the Phenomenon.—The problem lends itself
easily to theoretical treatment. We shall consider the
weir crest and the tail race below the dam being of equal
length, so that the discharge per unit width ¢ over the weir
and at the toe of the structure is identical. Assume in
(Fig. 217) the head over the weir, corrected for the velocity
of the approach, to be H, the depth at the toe in free flow
being d;. The height of the structure, to be measured
on the lower side from the floor of the adjacent tail race
section, to be P.

We have for section 1

n=eV29P +H —d)
¢ = edV29P + H — dy)

where ¢ is a velocity coeflicient, accounting for all losses
between the pool A and the toe section 1.

On the other hand, the discharge over the weir with a
weir coefficient m is ¢ = mV/~ 2gH92 Eliminating g,
between the above we obtain

miH? = ¢%d,*(P + H — d,) (158)

Designating
z=H/P;y =d,/P (159)
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we make Eq. (158)

m*x® = ¥z —y + 1) (160)
which, for a given P, H, and m, determines the depth at the
toe d;.

Now, flow will be submerged or it will be free, depending
on whether the depth ¢, caused by level B, is greater or
smaller than the depth d; conjugated to d;. The lower the
tail-water (B’ in Fig. 217) the farther away the repelled
jump. As the depth ¢ increases, the jump moves towards
the dam until with ¢, = ds, the limiting condition distinguish-
ing between the two forms of the phenomenon is reached.

To determine d, = to, we have the kineticity in section 1

2 —
WU ES £
and thus

d2=to=d§1[—1+v1+8)n]=
1' 2
%[—1 + 41 +%(x —y+ 1)] (162)
The value of ¢, = d; corresponds to the demarcating value
of

-2 —y+1) a6

Zo=H4+P — C(163)

which after division by P and in view of Egs. (162) and
(159) becomes,

AR _y[_ ?_:_y_+_1]
(P)o—x+1 5 1+\/1+16¢ ” (164)

Equation (164) together with Eq. (160) solves the
problem. For any given P and H, one first determines d,
from Eq. (160), and then the demarcating value of (Z/P),
from Eq. (164).

In order to facilitate calculations, appropriate curves
have been computed and traced (Figs. 218 to 220). Fig-
ures 218 and 219 give the (Z/P), and the y = d,/P values
in terms of z = H/P, for values of the weir coefficient m =
0.42, m = 0.45, and m = 0.48. These coeflicients embrace
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the range from thin-crested weirs to dams with well-rounded
ogee forms. There is a set of curves for the ideal case of ¢*
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Fia. 218.—Curves for determining the value of the relative step (Z/P), demar-
cating between free and covered toe rolls.

= 1; and a set for an average value of ¢? = 0.9. It may be

mentioned that scarcely any experimental material is
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Fra. 219.—8ame as for Fig. 218 but with ¢* = 0.9.
available regarding the coefficient of velocity, so experi-
mental work in this line is badly needed.* Finally, Fig.
* In computing the curves, an expedient procedure, obviating the neces-

gity of solving cubic equations, is to put ¢ = z/y; v = 1/y. This makes
Eq. (158)
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220 contains a set of curves for weirs of the broad-crested
type. The resistance coefficients, corresponding to the
discharge coefficients, are taken somewhat in excess of those
determined in Art. 17.

150 10
o5 /
’Z?o
'LZ
125 ~02 25
M 08
(%o curves-.. 5 45 /
1
10 e 201
//

I 2;1-0
= — | s L &£
o
5075 —~— : 152>
S s
2 n
2 E
T m=0.365; g 2=I 2

050 FTE035, 92=087 % 10>

curves -, N 2032 (220
075 Y = m=032; f2=065 05
0 0
0 05 10 15 20 25 30

—Values of x=H/p .

Fi6. 220.—Same as Iig. 218 for broad-crested weirs.
Comparison with Bazin's Experiments.—It is interesting
to compare the theoretical results with the observations of
Bazin. The latter experimented on thin-crested weirs
of P = 1.24 and 0.75 meters respectively. The range of
relative heads H/P was between 0.37 and 1.74. The
discharge coefficient in this case was on the average close
to 0.42. With ¢? = 0.9 (Fig. 219) the theoretical curve for

= Toe et (@
and Eq. (164)
(Z/P)o=ylt + 0+ 3 — ¥/1 + 18¢%(¢ + 7 ~ 1) ®

For a chosen value of ¢, Eq. (a), determines . Hence y = 1/n and z =
£/n. With this the figuring of (Z/P), from Eq. (b) proves to be a rapid
and simple procedure.
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m = 0.42 gives the (Z/P), values betwecen the limits of
0.73 and 0.78. The comparison with Bazin’s average
value of 0.75 is very gratifying. One should further
notice that the (Z/P), curve within the Bazin range of
H/P is rather flat, which explains why Bazin should have
been prompted to accept one constant value of (Z/P), as
demarcating the type of the phenomenon. From the
outline of the curves, however, it is seen that for small
values of H/P, meaning very high dams; or in the oppo-
site case of a relatively large H/p (that is for very low
dams) the demarcating value of (Z/P), is considerably
larger.
Example 40

A watercourse is crossed (Fig. 221) by a dam 20 ft. high,
with a rounded top, corresponding to a discharge coefficient
m = 0.45. The head over the weir is H = 5 ft.; the tail-water
depth { = 8 ft. Take ¢* = 0.9. Determine the type of flow at
the foot of the dam.

We have z = H/P =5/20 = 0.25. The relative step Z/P =
17/20 = 0.85. From curve (Fig. 219) with m = 0.45 and
H/P = 0.25, the demarcating value of (Z/P),, which will repel
the tail-water will be (Z/P), = 0.8.

As Z/P = 0.85in our case is larger than (Z/P), = 0.8, the flow
at the toe will be free with a repelled jump.

To make the nappe covered, the value of (Z/P) will have
to be reduced. There are two methods by which this can
be achieved.

1. A Toe Basin (Fig. 221b).—The floor below the dam is
excavated to form a basin. The height P below the dam
is thus increased to P’ = P 4+ AP, and the relative step

P-}——ZAF proportionately reduced.

With Z = 17 ft. given, in order to make Z/P’ = 0.8, we must
have P’ = 17/0.8 = 21.3. The basin must be at least 1.3 ft.
deep. To add a margin of safety, we make AP = 3 ft.and P’ =
23 ft. Wehavenow: H/P' = 5/23 = 0.22;Z/P’ = 17/23 = 0.74,
while from the curve (Z/P), (Fig. 219), with ¢ = 0.22; (Z/P), =
0.82.
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2. A Barrier (Fig. 221¢).—An additional barrier to be
located at an appropriate distance below the dam providing
for a pool with a raised tail-water level over the toe of the
structure. The step becomes Z’ = Z — AZ, and proportion-
ately lowers the value of Z’/P.

In our case to make Z’/P equal to (Z/P), = 0.8, we must reduce

the step to Z’ = 0.8 X 20 = 16 ft. For margin’s sake, make
AZ' = 2ft. and Z' = 15 ft. We have now

Z'/P = 15/20 = 0.75

ATERTRRHRRITTT

¥, Roll
Fra. 222.—Flow in case the toe basin is not sufficiently deep.

Attention is called to the fact that under certain circum-
stances the flow below the second barrier may prove to be
not covered.

In our case, assuming that the barrier is 5 ft. high and that
the head required to pass the water over the barrier is also
H, = 5 ft., we have, using the same (Z /P)o curve

Hyp/Py = 5/5 = 1; Z,/Py = 2/b = 0.4.
while from the curve (Z/P), = 0.70. The margin providing for a
covered nappe is ample.

Attention is drawn further to what happens if the barrier
in the layout (Fig. 221¢) is not high enough, or when the
basin (Fig. 221b) is not sufficiently deep. Figures 222 and
223 give an idea of the form which flow may assume in such
case, with the live vein, undular in form, springing over the
barrier or out of the basin, with local rolls of eddying
water under the wave tops and in the pockets. Obviously,
the danger of erosion in this case is only increased.
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Another feature to be remembered is that the formula
developed above permits us to determine the vertical
elements of the layout only.

“Rolil
Fia. 223.—Flow in case the barrier is not sufficiently high,

Nothing positive at this time may be said about the
required length of the toe basin, the required minimum
distance of the barrier from the toe of the dam, ete.
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F1:. 224.—The jump below a fall.

As remarked in Chap. XVIII, these problems remain
open to further research.

81. Jump below a Fall.—VWigure 224 refers to a fall in
a canal, a device which is often used, particularly in
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irrigation practice for lowering water from one level to
another. Here again, depending on the relative position
of level B, the falling vein may either be free as shown
in the drawing, or be covered.

Usually the slope of the canal bottom is mild, so the depth
of flow near the edge of the fall passes through the critical
depth. Assume the flume to be rectangular. The specific
energy in such case will be e, = 1.5d,,. The discharge
g, flowing over the fall, may be visualized as the discharge
over a broad-crested weir in the ideal case of ¢ =1,

—_—2¥
4 —_—
S + T*
H=348 3, =732 2548 Jr232
TTATTTTHT) r \B 777X \‘
A7 t25" P85 t565 tes'
Y /] 3 y } [
L . Y 5

() b
F1c. 225.— Referring to Example 41.
with a theoretical discharge coefficient m = 0.385 and
H = e,. In other words, we may put

g = 0.385V2gH% (165)
with the head
H = 1.5d., = 1.5V ¢*/g (166)

This analogy permitsus to apply the method developed above
without further change. In fact, the elements of flow at
the foot of the fall will be determined by Eqs. (158) and
(164), provided one makes m = 0.385 and ¢? = 1. With
the discharge @ = ¢b given, H is to be taken as 1.5v/¢?/g.
The respective (Z/P), and d,/P curves are given in Fig. 220.

Example 41

Assume (Fig. 225a) the fall to be of rectangular form with
P =7 ft. The discharge per unit width is ¢ = 20 cu. ft. per
second. The depth of the tail-water ¢ = 5 ft.

To determine the type of flow, we have

Yer = V/202/g = 2.32
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Accordingly H = 1.5y., = 3.48 ft., which makes Z = P + H —
t = 5.48 ft,

We have now, in using the (Z/P), curve (Fig. 220) with m =
0.385 and ¢* = 1,

H/P = 3.48/7 = ~0.5; Z/P = 5.48/7 = 0.79.

On the other hand, according to the curve, the demarcation
step is (Z/P), = 0.755. The flow with Z/P = 0.79 > (Z/P).
is free with a repelled jump.

The nappe may be covered by providing a toe basin 1.5 ft.
deep. In fact we have in such case: P’ = 7 + 1.5 = 8.5 ft.
H/P' = 3.5/8.5 = ~0.41; (Z/P), = 0.725, while Z/P’ in the
structure is now reduced to 5.5/8.5 = 0.65.

The layout is schematically presented in Fig. 225b.
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APPENDIX I
HISTORICAL AND BIBLIOGRAPHICAL NOTES

The beginning of the theory of varied flow is usually associated
with the name of J. M. Bélanger.* In fact his ““Essai sur la
solution numérique de quelques problémes, relatives au mouve-
ment permanent des eaux courantes,” Paris, 1828, contains the
general differential equation for parallel non-uniform flow, deals
with methods of approximate integration, discusses the nature
of the jump, and, in general, covers the whole subject of varied
flow in a remarkably complete and comprehensive manner.

The next important step is Coriolis’ paper, ‘“Sur 1’établisse-
ment de la formule qui donne la figure du remous,” Ann. Ponts
et Chaussées, 1836. While Bélanger and his followers deduced
the varied flow equation from the general Newtonian equation
of motion, Coriolis made use of the principle of conservation of
energy, and thus was first to suggest the reasoning which since
has been followed in textbooks on hydraulics in establishing the
so-called Bernoulli equation.

A very interesting account of these earlier stages is given by
St. Vénant in a manuscript dating from 1876, and published
posthumously in the Ann. Ponts et Chaussées, 1886.

With regard to the integration of the equation, the case of a
rectangular canal of great width was handled by Dupuit in 1848:
“Etudes théoriques et pratiques sur le mouvement des eaux,”
2d ed., Paris, 1863. In a somewhat different manner the same
problem was treated by Rithimann, “Hydromechanik,” 2d ed.,
Hannover, 1880. Both writers ignored the effect of the change
of kinetic energy. The case was presented in complete form
by Bresse, ‘“Hydraulique,” Paris, 1860, and subsequently by
Grashof, “Theoretische Maschinenlehre,” Vol. I. The case of a

* Earlier partial references date back to Dubuat, ‘‘Principes d’hydrau-
lique,” 1779; Venturoli, 1818, and, particularly, to Masetti 1827. Also
Poncelet is believed to have established the varied flow equation about the
same time as Bélanger. The foundations of hydrodynamics were laid by
Euler (1755).

299
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parabolic channel was dealt with by Tolkmitt, “Grundlagen der
Wasserbaukunst,” Berlin, 1898. For more recent solutions by
Schaffernack, FEhrenberger, and Kozény, see Forcheimer,
“Hydraulik,”” 2d ed., Leipzig, 1930. Other methods of
approach: Baticle, Génie Civil, 1921; Husted, Eng. News-Record,
1924,

A comprehensive description and classification of the different
surface curves were first given by M. Boudin, “Sur ’axe hydrau-
lique, ete.,”” Ann. des travaur publiques de la Belgique, Vol. 20,
1861-1862. The classification of watercourses depending on
the bottom slope was suggested by St. Vénant, Ann. mines,
1851. The distinction between states of flow was made clear
by Boussinesq, ‘‘Issai sur la théorie des eaux courantes,” Paris,
1877. This opus magnum presents a cornerstone in the develop-
ment of mechanics of fluids, and remains a treasure of inspiring
suggestions. In part it made use of the experimental material,
assembled by Darcy and Bazin, “Recherches hydrauliques,”’
Paris, 1865. Among other features, we owe to Boussinesq the term
turbulent motion, and probably the first attempt of a ‘““statistical”’
approach towards the mechanism of turbulent flow. Other works
by Boussinesq, ‘“ Théorie de I’écoulement tourbillonnant et tumul-
tueux,” Paris 1897; ‘“L’écoulement en déversoir,” Mém. de
I’Acad., 1907.

Excellent summaries of Boussinesq’s work are given by:
FramanTt, ““ Hydraulique,” last edition, Paris, 1923.
ForcHEIMER, ‘‘Hydraulik,” 2d ed., Leipzig, 1930.
Masont's, “Hydraulica,” 2d ed., 1900; in Italian.

Regarding manuals in English, varied flow is discussed at some
length in the well-known textbooks on hydraulics by Merriman,
King, and Gibson. The subject is dealt with in detail in the
Technical Reports Miami Conservancy District.

The most important special papers are:

KennisoN, The Hydraulic Jump in Open Channel Flow,
Trans. A.8.C.E., 1916.

JonnsoN, Surges in an Open Canal, Trans. A.8.C.E.,
1917,

Hinps, Eng. News-Record, Vol. 85, pages 1034--1040, 1920,

For an account of the experimental study of the physical
aspects of flow, as carried out by Professor Rehbock (Karlsruhe)
and his followers, see:
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REenBock, ‘“Stauwerke,” Vol. II, Handbuch der Ingenieur-
Wissenschaften, I11, Leipzig, 1912; ‘ Betrachtungen iiber
Abfluss, Stau- und Walzenbildung,” Berlin, 1917; articles
in Hydraulical Laboratory Practice, 4.S.M.E., 1929,
Boss, Mitt. fiir Forschungsarbeiten, V.D.I., No. 284.
Also numerous articles in the Bauingenieur and other publi-
cations, a detailed list of which is given in ‘‘Hydraulisches
Rechnen” by Weyrauch-Strobel, 6th ed., Stuttgart, 1930.
The lifetime contribution of Professor Koch (Darmstadt) is
assembled in the posthumous ‘‘Bewegung des Wassers” by
Koch-Carstanjen, Berlin, 1926. Other larger contemporaneous
works in German are:
ForcHEIMER, ‘‘Wasserschwall und Wassersunk,”” Leipzig,
1924.
ScrokLITsH, “Der Wasserbau,” Berlin, 1930.
KoztNy, ‘‘Wasserfithrung der Flisse,” Leipzig-Vienna,
1920.
A detailed list of smaller contributions is to be found in Wey-
rauch-Strobel (loc. cit., page 355).
For an account of the recent development of the more theoret-
ical aspects of applied hydromechanics, see:
PranpTL-TiETIENS, ‘‘Hydro- und Aeromechanik,” Berlin,
1929-1931 (a version in English to appear shortly).
Kavurman, ‘“Hydromechanik,” Berlin, 1931.
Handbuch der Experimentalphysik, Vol. 4.
Handbuch der Physik, Vol. 7.
Handbuch der physikalischen und technischen Mechanik,
Vol. 5.
“Hydraulische Probleme,” collective work, V.D.I., 1926.
KarMAN AND LEvi-CrviTa, “Vortrige aus dem Gebiete der
Hydro- und Aerodynamik,” Berlin, 1924,






APPENDIX I1

METHODS OF COMPUTATION OF THE VARIED-
FLOW-FUNCTION TABLES

The numerical values of the varied flow function

n d‘r) fﬂ dn
B(n) = — B
m==) =i~ )JT=7

were computed by means of the following methods, one or the
other method being used depending on the values of the argument 7.
Method 1. For values of n < 1, one may use the infinite series
1
i—_7=1+7l"+?12”+"'+YI(”—1)"+7'p (a)
where n is the hydraulic exponent, p the number of members in
the series, and

Ty, = .”pn + n(P+l)n + .
By integrating, one obtains

dn = 7 n « . .
ff__—n;.—"l-i-n_l_ +l+2n+1’72+1+ +
1

mn(r*l)w{—l + Rp (b)
where
R, = | r,dy = 1 patl 4 ... = LE—
P 4 n pn + 1’7 pn + 177
——-———-———-—pn + 1 ” . . .
(‘ tamrari T )
Obviously,
" _ npn+l . 1 \

Equation (c¢) allows us to determine the number p of the
members of the series, which are necessary to guarantee the
required precision of the computation. The value of B(n) is then
computed by means of Eq. (b). For reasonably small values of 7,
the series (a) is rapidly convergent. The method was found tc

be practicable for values of n < 0.70. For larger values of 7,
303
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and particularly for 7 close to unity, the number p of series
members required becomes impracticably large.

Method 2.—For values of > 1, a eonvergent series is obtained
by making n = 1/2% and n = k/2; so that " = 1/7*, while

dn = —2dz/2* (a)
We have
1 dn 2k—3 2 222
§fﬁ:ryﬁt?“‘ﬁﬁ+ﬂ:3+'“+
z(p—l)k—Z ,
p-tE-at k> ©
with
, 2pem2 ]
By < T—# (c}

Substituting z* = 1/n* from Eq. (a) into Kgs. (b) and (c), we
obtain

k—3 d 1
2| 2" 4= L
f 1= 2% f =7 = = Dyt T

1
(2n — 1)p2-1

+ o +R @

where

1 7
B <gn=mrp-1 €)
Series (d) is convergent, the rapidity of convergence increasing
with the value of n. The method was found practicable for values
of n 2 1.50.
Method 3. For the region 0.7 < 9 < 1.50, it was found more
expedient to use the well-known Poncelet formula for approxi-
mate integration, namely

b
b—a
j; ydz = —5-—(2 + 9) (@)
whef‘e 2m is the number of equal intervals, into which the range
a-b is divided; y1, ¥2, ¥s, . . . Y2m and yamy; are the respective

values of the function y = f(z), corresponding to the above
intervals, while

9=y2+?/4+°"y2m } (b)
8 =241 + Yami1 = Y2 = Y2m)
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The error ¢ in this case is
b—a s (0)
2m
The Poucelet procedure determines the value

b
d
—AB(n) = J; T“—--Ln“
which is to be added to

- [

ol —1

€ <

to determine

Starting with a certain {able value B(a), previously deter-
mined by some other method, the Poncelet formula allows us to
build up the consecutive table values. For each range a-b,
Eq. (c) determines the number of intervals 2m, into which the
respective range a-b has to be divided to obtain the required
precision.

Method 4. For values of 2 1, in the immediate vicinity of
unity, the number of intervals to be used in the Poncelet formula,
proves to be very large. In this case, advantage can be taken
of an infinite series, obtained by making

1l -9 = +2 (a)

where the sign + corresponds to values of n < 1, and the sign —
to values of > 1.
This leads to

logz  n— (n—-1)@2n—-1)
J1 n t n? z+ 2n3 X 2! 2+
(n—-12n —-1)3Bn -1
3t ><3)!( bt R,

The rapidity of convergence of this series increases in measure
with the decrease of 2, that is as u approaches unity. The
number p of series members, required to guarantee a desired

precision, is determined by
2P 1
B, < n 11—z
The precision of computation of all tables was to make the error.
¢ £ 0.0005
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n
Table I B(n) = —f ””d” lfor{: 1
=

Table II. &®(n) = 9 — B(y) forn > 1
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TaBLE IA.—TuE Variep Frow FuncrioNn B(n) FOrR 5 > 1
Function values for exponent values
7, n = n = n = n = n = n = n = n = n = n = n =
2.8 3.0 3.2 3.4 3.6 3.8 4.0 4.2 4.6 5.0 5.4

1.001 | 2.309| 2.184| 2.008| 1.856| 1.725| 1.610] 1.508| 1.417| 1.264] 1.138] 1.033
1.005 | 1.818] 1.649| 1.506] 1.384| 1.279| 1.188| 1.107] 1.036| 0.915| 0.817| 0.737
1.010 | 1.572| 1.419] 1.201] 1.182] 1.089| 1.007| 0.936| 0.873| 0.766| 0.681| 0.610
1.015 | 1.428| 1.286| 1.166] 1.065] 0.978| 0.902| 0.836| 0.778 0.680| 0.602( 0.537
1.02 | 1.327] 1.191| 1.078| 0.982| 0.900| 0.828| 0.766| 0.711] 0.620| 0.546| 0.486
1.03 1.186] 1.060[ 0.955| 0.866] 0.790| 0.725 0.668| 0.618| 0.535 0.469 0.415
1.04 | 1.086| 0.967| 0.868] 0.785] 0.714| 0.653| 0.600| 0.554| 0.477| 0.415| 0.365
1.05 | 1.010{ 0.896| 0.802| 0.723| 0.656| 0.598| 0.548| 0.504] 0.432| 0.374| 0.328
1.08 | 0.948| 0.838| 0.748| 0.672| 0.608| 0.553| 0.506| 0.464| 0.396| 0.342| 0.298
1.07 0.896/ 0.790 0.703] 0.630{ 0.569| 0.516] 0.471] 0.431| 0.366( 0.315| 0.273
1.08 | 0.851] 0.749] 0.665| 0.595] 0.535| 0.485| 0.441| 0.403| 0.341} 0.292| 0 252
1.09 | 0.812) 0.713| 0.631] 0.563| 0.506| 0.457| 0.415| 0.379| 0.319| 0.272| 0.234
1.10 | 0.777) 0.681] 0.601] 0.536| 0.480| 0.433 0.392| 0.357| 0.299| 0 254/ 0 218
1.11 | 0.746] 0.652| 0.575| 0.511] 0.457| 0.411{ 0.372| 0.338| 0.282| 0.230| 0 204
1.12 | 0.718] 0.626] 0.551] 0.488| 0.436] 0.392] 0.354| 0.321| 0.267| 0.225] 0.192
1.13 | 0.692] 0.602] 0.529| 0.468| 0.417| 0.374| 0.337| 0.305| 0.253] 0.212| 0.181
1.14 | 0.889] 0.581| 0.509] 0.450 0 400 0.358 0.322| 0.201| 0.240| 0.201] 0.170
1.15 | 0.647 0.561| 0.490] 0.432] 0.384] 0.343| 0.308/ 0.278| 0.229| 0.191] 0.161
1.16 | 0.627| 0.542| 0.473| 0.417| 0.369| 0.329] 0.295| 0.266| 0.218| 0.181| 0.153
1.17 0.608] 0.525/ 0.458 0.402] 0.356] 0.317| 0.283] 0.255 0.208] 0.173| 0 145
1.18 | 0.591] 0.509| 0.443] 0.388| 0.343] 0.305 0.272) 0.244| 0.199| 0.165 0.138
1.19 | 0.574] 0.494] 0.429| 0.375| 0.331] 0.294| 0.262| 0.235| 0.191] 0.157| 0.131
1.20 | 0.559] 0.480| 0.416/ 0.363| 0.320| 0.283| 0.252| 0.226| 0.183| 0.150] 0.125
1.22 | 0.531] 0.454] 0.392] 0.341] 0.200| 0.264] 0.235 0.209| 0.168| 0.138| 0.114
1.24 | 0.505| 0.431] 0.371] 0.322] 0.281| 0.248] 0.219| 0.195| 0.156] 0.127] 0.104
1.26 0.482] 0.410[ 0.351] 0.304] 0.285] 0.233| 0.205| 0.182] 0.145[ 0.117| 0.095
1.28 0.461] 0.391| 0.334] 0.288] 0.250( 0.219| 0.193| 0.170[ 0.135/ 0.108| 0.088
1.30 0.442] 0.373] 0.318| 0.274] 0.237) 0.207 0.181] 0.160| 0.126] 0.100| 0.081
1.32 0.424] 0.357 0.304| 0.260] 0.225| 0.196] 0.171] 0.150| 0.118] 0.093| 0.075
1.34 0.408] 0.342| 0.290] 0.248| 0.214/ 0.185; 0.162] 0.142( 0.110| 0.087| 0.069
1.36 0.393| 0.329] 0.278| 0.237| 0.204] 0.176] 0.153| 0.134] 0.103| 0.081| 0.064
1.38 0.378] 0.316| 0.266| 0.226] 0.194] 0.167( 0.145( 0.127| 0.097| 0.076{ 0.060
1.40 0 365| 0.304| 0.256] 0.217] 0.185 0.159| 0.138] 0.120, 0.092| 0.071| 0.056
1.42 0.353] 0.293| 0.246] 0.208] 0.177{ 0.152] 0.131] 0.114] 0.087| 0.067| 0.052
1.44 0.341] 0.282] 0.236] 0.199] 0.169| 0.145| 0.125| 0.108| 0.082| 0.063] 0.049
1.46 0.330] 0.273] 0.227] 0.191} 0.162| 0.139 0.119] 0.103| 0.077| 0.059| 0.046
1.48 0.320] 0.263] 0.219] 0.184] 0.156| 0.133| 0.113] 0.098| 0.073| 0.056] 0.043
1.50 0.310] 0.255| 0.211] 0.177| 0.149| 0.127, 0.108| 0.093]| 0.069| 0.053( 0.040
1.55 0.288] 0.235| 0.194( 0.161] 0.135| 0.114| 0.097| 0.083| 0.061{ 0.046| 0.035
1.80 0.269] 0.218] 0.179] 0.148] 0.123| 0.103/ 0.087 0.074| 0.054( 0.040| 0.030
1.65 0.251} 0.203] 0.185( 0.136| 0.113] 0.094! 0.079| 0.087| 0.048| 0.035 0.026
1.70 0.236/ 0.189| 0.153] 0.125/ 0.103| 0.086| 0.072| 0.060| 0.043| 0.031| 0.023
1.75 0.212] 0.177| 0.143| 0.116] 0.095| 0.079| 0.065/ 0.054| 0.038 0.027| 0.020
1.80 0.209| 0.166] 0.133| 0.108| 0.088| 0.072| 0.060| 0.049| 0.034| 0.024| 0.017
1.88 0.198| 0.156| 0.125] 0.100| 0.082| 0.067| 0.055/ 0.045/ 0.031| 0.022| 0.015
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TaBLE TA.—TuE Variep Frow Funcrion B(n) ¥or g > 1.—(Conlinued)

7 n = n=|n=|n=|n= | n= | n= | n=|n= n=m |p=
2.8 30 32 34 36 3.8 4.0 4.2 4.6 5.0 5.4

1.85 0.198| 0 156 0.125| 0.100] 0.082| 0.0687, 0.055| 0.045 0.031| 0.022 0.015
1.90 0.188] 0.147| 0 117| 0.094] 0.076| 0.062| 0.050( 0.041| 0.028 0.020| 0.014
1.95 0.178 0.139 0 110] 0.088] 0.070{ 0.057| 0.046/ 0.038 0.026/ 0.018| 0.012
2.00 0.169] 0.132| 0.104] 0 082 0.086/ 0.053 0.043| 0.035| 0.023| 0.016] 0.011
2.1 0.154| 0.119] 0.092| 6.073| 0.058/ 0.046| 0.037| 0.030| 0.019| 0.013| 0.009
2.2 0.141] 0 107/ 0.083| 0 065; 0.051] 0 040/ 0.032| 0.025] 0.016/ 0.011] 0.007
2.3 0 129/ 0.098] 0.075| 0,058 0.045| 0 035 0.028] 0.022} 0.014| 0.009| 0.008
2.4 0 119] 0 089 0.068/ 0.052| 0.040| 0 031| 0.024| 0.019/ 0.012| 0.008| 0.005
2.5 0.110] 0.082| 0.062| 0.047} 0.036) 0 028 0.022/ 0.017{ 0.010] 0.006| 0.004
2.6 0.102| 0.076| 0.057| 0.043| 0.033| 0.025 0.019] 0.015/ 0.009| 0.005| 0.003
2.7 0.095| 0.070/ 0.052 0.039 0.029| 0 022| 0.017| 0.013| 0.008 0 005/ 0.003
2.8 0 089 0.085| 0 048] 0.038| 0.027| 0.020{ 0.015{ 0.012] 0.007/ 0.004; 0.002
2.9 0.083] 0.060| 0.044| 0.033] 0.024| 0.018) 0.014| 0.010; O 006/ 0.004| 0.002
30 0.078{ 0.056/ 0.041] 0.030] 0.022| 0.017| 0.012| 0.009] 0.005| 0.003| 0.002
3.5 0.059| 0.041] 0.029{ 0.021] 0.015/ 0.011| 0.008/ 0.006{ 0.003| 0.002| 0.001
40 0 046{ 0.031| 0 022| 0 015; 0.010] 0.007| 0.005| 0.004] 0.002| 0.001| 0.000
4.5 0.037| 0.025) 0.017| 0 011] 0.008| 0.005 0.004| 0.003| O 001] 0.001| 0.000
5.0 0.031] 0.020/ 0.013] 0.009| 0.006| 0.004| 0.003| 0.002| 0.001| 0.000{ 0.000
60 0.022| 0 014/ 0.009| 0.0068/ 0 004| 0.002 0.002| 0.001| 0.000| 0.000| 0.000
7.0 0.017| 0.010{ 0.006] 0.004] 0.002{ 0.002| 0.001| 0.001

80 0 013 0.008 0.005 0.003| 0.002] 0.001] 0.001} 0.000

9.0 0.011{ 0.006| 0 004| 0.002( 0.001 0.001{ 0.000; 0 000

10.0 0.009| 0.005] 0.003| 0.002| 0.001{ 0.001] 0.000| 0.000

20.0 0.003| 0.002| 0.001| 0.001{ 0.000/ 0.000{ 0.000{ 0.000|
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TasLE IB.—Tur Variep Frow FunctioN B(n) FOR 9 < 1
Function values for exponent values
n = n = n = n = n = n = n = n = n = n = n =
7 28 | 30 | 32 | 34 | 36 | 38 | 40 | 42 | 46 | 50 | 54

0.00 | 0.000[ 0.000| 0.000{ 0.000| 0.000| 0.000| 0.000| 0.000/ 0.000{ 0.000{ 0.000
0.02 | 0.020] 0.020{ 0.020{ 0.020] 0.020 0.020| 0.020| 0.020| 0.020| 0.020 0 020
0.04 | 0.040| 0.040| 0.040! 0.040/ 0.040{ 0.040| 0.040] 0.040] 0.040/ 0.040| 0.040
0.08 | 0.060] 0.080] 0.060; 0.060| 0.060| 0.060| 0.060| 0.080| 0.060 0.060| 0.060
0.08 | 0.080| 0.080| 0.080| 0.080] 0.080| 0.080| 0.080| 0.080 0.080/ 0.080| 0.080
0.10 | 0.100} 0.100| 0.100! 0.100| 0.100| 0.100; 0.100| 0.100| 0.100| 0.100| O 100
0.12 | 0.120] 0.120{ 0.120] 0.120] 0.120| 0.120] 0.120| 0.120| 0.120{ 0.120| 0.120
0.14 | 0.140] 0.140; 0 140; 0.140] 0.140| 0.140/ 0.140{ 0.140| 0.140| 0.140] 0.140
0.186 | 0.160| 0.160, 0.160/ 0.160] 0.160| 0.160] 0.160| 0.160 0.160| 0.160 0.160
0.18 | 0.180| 0.180 0.180 0.180] 0.180] 0.180| 0.180| 0.180| 0.180| 0.180| 0.180
0.20 | 0.201] 0 200 0.200| O 200] 0.200| 0.200| 0.200 0.200| 0.200| 0.200| 0.200
0.22 | 0.221] 0.221 0.220] 0.220{ 0.220| 0.220 0.220! 0.220{ 0.220{ 0.220| 0.220
0.24 | 0.241] 0.241) 0 241/ 0.240| 0.240| 0.240, 0.240, 0.240] 0.240| 0.240| 0.240
0.26 | 0.262| 0.261] 0.261; 0.261] 0.260] 0.260, 0.260| 0.260| 0.260] 0.260| 0.260
0.28 | 0.282; 0.282) 0.281| 0.281 0.281| 0.280| 0.280| 0.280| 0.280| 0.280| 0.280
0.30 0.303| 0.302| 0.302| 0.301 0.301| 0.301{ 0.300| 0.300{ 0.300| 0.300{ 0.300
0.32 0.324] 0.323 0.322| 0.322| 0.321| 0.321| 0.321] 0.321] 0.320{ 0.320{ 0.320
0.34 | 0.344] 0.343| 0.343] 0.342| 0.342( 0.341| 0.341| 0.341| 0.340| 0.340{ 0.340
0.36 | 0.366/ 0.364/ 0.363 0.383| 0.362] 0.362| 0.361] 0.361] 0.361| 0.380| 0.360
0.38 | 0.387) 0.385] 0.384| 0.383| 0.383| 0.382] 0.382| 0.381| 0.381] 0.381] 0.380
0.40 | 0.408| 0.407| 0.405! 0.404| 0.403| 0.403| 0.402| 0.402| 0.401| 0.401| 0.400
0.42 0.430| 0.428| 0.428| 0.425] 0.424| 0.423] 0.423| 0.422| 0.421| 0.421] 0.421
0.44 0.452| 0.450] 0.448( 0.446| 0.445( 0.444| 0.443| 0.443| 0.442| 0.441] 0.441
0.46 | 0.475 0.472| 0,470/ 0.468| 0.466| 0.465| 0.464| 0.463| 0.462| 0.462| 0.461
0.48 | 0.497| 0.404/ 0.492/ 0.489| 0.488| 0.486| 0.485 0.484| 0.483| 0.482| 0.481
0.50 | 0.521| 0.517| 0,514 0.511 0.509| 0.508| 0.508| 0.505| 0.504| 0.503| 0.502
0.52 | 0.524| 0.540| 0.536| 0.534| 0.531] 0.529| 0.528| 0.527| 0.525| 0.523| 0.522
0.54 | 0.568| 0.563| 0. 559\ 0.556| 0.554| 0.551| 0.550{ 0.548| 0.546| 0.544| 0.543
0.56 | 0.593| 0.587 0,583 0.579| 0.576] 0.574] 0.572| 0.570| 0.567| 0.565| 0.564
0.58 | 0.618| 0.612) 0.607| 0.603| 0.599( 0.596| 0.594| 0.592( 0.589 0.587| 0.585
0.60 | 0.644| 0.637| 0.631| 0.627| 0.623] 0.620| 0.617| 0.614| 0.611] 0.608| 0.606
0.61 | 0.657| 0.650] 0.644| 0.639| 0.635 0.631| 0.628| 0.626| 0.622| 0.619| 0.617
0.62 | 0.671] 0.663/ 0.657| 0.651| 0.647| 0.643| 0.640| 0.637| 0.633| 0.630( 0.628
0.63 | 0.684| 0.676| 0.669 0.6684| 0.659| 0.855| 0.652 0.649| 0.644| 0.641 0.638
0.64 | 0.698 0.600| 0.683| 0.677| 0.672| 0.667| 0.664(°0.661| 0.656] 0.652| 0.649
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TasLE IB.—THE VariEp FLow FuncrioN B(n) FOrR 7 < 1.—(Continued)

ne=m | nm | nm [ nw [ n= [(nem [n=m |[n= |ne | n= | ne
n 2.8 3.0 3.2 3.4 3.6 3.8 4.0 4.2 4.6 5.0 54

0.64 0.698| 0.690| 0.683| 0.677| 0.672| 0.667, 0.664| 0.661] 0.656| 0.652| 0.649
0.65 0.712| 0.703| 0.696| 0.689 0.684| 0.680| 0.676] 0.673| 0.667| 0.663| 0.660
0.60 0.727) 0.717) 0.709) 0.703] 0.697} 0.692) 0.688| 0.685 0.679| 0.675, 0.872
0.87 0.742) 0.731} 0.723, 0.716) 0.710]| 0.705] 0.701} 0.697| 0.691| 0.686, 0.683
0.68 0.757| 0.746| 0.737| 0.729| 0.723| 0.718| 0.713] 0.709| 0.703] 0.698| 0.894
0.69 0.772| 0.761| 0.751| 0.743| 0.737| 0.731| 0.726| 0.722]| 0.715| 0.710] 0.706
0.70 0.787] 0.776| 0.766] 0.757| 0.750| 0.744] 0.739| 0.735| 0.727| 0.722| 0.717
0.71 0.804| 0.791| 0.781] 0.772| 0.764| 0.758| 0.752| 0.748| 0.740| 0.734| 0.729
0.72 0.820] 0.807| 0.796| 0.786| 0.779| 0.772| 0.766| 0.761| 0.752| 0.746| 0.741
0.73 0.837| 0.823| 0.811| 0.802| 0.793| 0.786| 0.780| 0.774; 0.765 0.759] 0.753
0.74 0.854| 0.840; 0.827| 0.817 0.808| 0.800( 0.794| 0.788| 0.779| 0.771| 0.766
0.75 0.872] 0.857| 0.844| 0.833, 0.823| 0.815| 0.808| 0.802| 0.792| 0.784| 0.778
0.76 0.890 0.874| 0.861| 0.849| 0.839| 0.830 0.823| 0.817| 0.806| 0.798| 0.791
0.77 0.909) 0.892] 0.878, 0.866| 0.855| 0.846] 0.838/ 0.831| 0.820| 0.811 0.804
0.78 0.929| 0.911| 0.896| 0.883 0.872| 0.862| 0.854| 0.847| 0.834| 0.825| 0.817
0.79 0.949( 0.930| 0.914| 0.901} 0.889( 0.879| 0.870| 0.862| 0.849| 0.839| 0.831
0.80 0.970 0.950| 0.934| 0.919] 0.907| 0.8968| 0.887| 0.878| 0.865| 0.854| 0.845
0.81 0.992 0.971| 0.954| 0.938| 0.925| 0.914| 0.904| 0.895 0.881| 0.869| 0.860
0.82 1.015 0.993| 0.974| 0.958 0.945/ 0.932| 0.922| 0.913| 0.897| 0.885| 0.875
0.83 1.039( 1.016] 0.996| 0.979| 0.965/ 0.952| 0.940| 0.931] 0.914; 0.901| 0.890
0.84 1.064| 1.040{ 1.019{ 1.001| 0.985| 0.972| 0.960( 0.949| 0.932| 0.918| 0.808
0.85 1.091 1.065 1.043] 1.024' 1.007| 0.993} 0.980| 0.969| 0.950| 0.935| 0.922
0.86 1.119{ 1.092{ 1.068] 1.048| 1.031{ 1.015/ 1.002| 0.990| 0.970{ 0.954| 0.940
0.87 1.149| 1.120{ 1.095( 1.074] 1.055 1.039| 1.025| 1.012| 0.990| 0.973| 0.959
0.88 1.181f 1.151| 1.124| 1.101| 1.081| 1.064| 1.049| 1.035/ 1.012| 0.994| 0.978
0.89 1.216| 1.183) 1.155] 1.131} 1.110] 1.091} 1.075 1.060| 1.035] 1.015{ 0.999
0.80 1.253] 1.218) 1.189| 1.163) 1.140 1.120] 1.103] 1.087] 1.060| 1.039| 1.021
0.91 1.294| 1.257) 1.225] 1.197] 1.173| 1.152] 1.133] 1.116| 1.088 1.064| 1.045
0.92 1.340{ 1.300] 1.266] 1.236) 1.210, 1.187] 1.166| 1.148| 1.117| 1.092| 1.072
0.93 1.391) 1.348| 1,311} 1.279] 1.251] 1.226] 1.204| 1,184/ 1.151} 1.123] 1.101
0.94 1.449| 1.403| 1.363| 1.328| 1.297| 1.270| 1.246/ 1.225/ 1.188| 1.158| 1.134
0.956 1.518| 1.467| 1.423| 1.385/ 1.352| 1.322| 1.206| 1.272| 1.232| 1.199| 1.172
0.96 1.601| 1.545) 1.497) 1.454| 1.417| 1.385| 1.355| 1.329] 1.285 1.248| 1.217
0.97 1.707| 1.644| 1.500| 1.543] 1.501) 1.464| 1.431| 1.402| 1.351] 1.310| 1.275
0.9756 | 1.773]| 1.707| 1.649| 1.508| 1.554| 1.514] 1.479] 1.447| 1.393| 1.348] 1.311
0.980 | 1.8556| 1.783| 1.720| 1.666| 1.617| 1.575 1.53¢! 1.502| 1.443| 1.395| 1.354
0.985 | 1.959| 1.880| 1.812| 1.752; 1.699| 1.652| 1.610| 1.573| 1.508| 1.454| 1.409
0.990 | 2.108] 2.017| 1.840 1.873| 1.814| 1.761| 1.714| 1.671] 1.598| 1.537| 1.487
0.995 | 2.3556| 2.250| 2.159| 2.079| 2.008| 1.945/ 1.889| 1.838| 1.751] 1.678| 1.817
0.999 | 2.931| 2.788| 2.663| 2.554| 2.457| 2.370| 2.203| 2.223| 2.102| 2.002| 1.917
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TaBLE 1I.—®(n) = n — B(n) For EXPONENT VALUES

n n=28|n=30|n=232{n=234 n = 3.6 n=38|n=40{n =42
1.001 | 1.38| 1.183| 1.007 | o0 855 0.724 | 0.600 | 0.507 | 0.416
1.005 | 0.813| 0.644 | 0 501 | 0.379 0.274 | 0.183 | 0.102 | 0.031

+ + +
L(‘)IO 0.562 | 0.409 | 0.281 | 0.172 0.079] 0.003 | 0.074 | 0.137
+
1.015 | 0.413 | 0.271 | 0.151 | 0.050 0.037 | 0.113 | 0.179 | 0.237
+
1.02 0.307 | 0.171 | 0.058 | 0.038 0.120 | 0.192 | 0.254 | 0.309
+
1.03 0.156 | 0.030 ] 0.075 | 0.164 0.240 | 0.305| 0.382 | 0.412
+
1.04 0.046 ) 0.073 | 0.172 | 0.°55 0.326 | 0387 | 0.440 | 0.488
+
1.05 0.040 | 6.154 | 0.248 | 0.327 0.394 | 0.452 | 0.502 | 0.546
1.06 0112 0.222( 0.312| 0.388 0.452 | 0.507 | 0.554 | 0.596
1.07 0.174 | 0.280 | 0.367 | 0.440 0.501 | 0.554 | 0.590 | 0.639
1.08 0.229 | 0.331| 0.415| 0.485 0.545 | 0.595 | 0.639 | 0.677
1.09 0.278 | 0.377 | 0.459 | 0.527 0.584¢ | 0.633 | 0.675 | 0.711
1.10 0.323 | 0.419 | 0.499 | 0.564 0.620 | 0.667 | 0.708 | 0.743
1.11 0.364 | 0.458 | 0.535 | 0.599 0.653 | 0.609 | 0.738 | 0.772
1.12 0.402 | 0.494 | 0.569 | 0 632 0.684 | 0.728 | 0.766 | 0.799
1.13 0438 | 0.528 | 0.601 | 0.6862 0.713 | 0.756 | 0.793 | 0.825
1.14 0.471 [ 0.559 | 0.631 | 0.690 0.740 [ 0.782 | 0.818 | 0.849
1.15 0.503 | 0.580 | 0.660 | 0.718 0.766 | 0.807 | 0 842 | 0.872
1.18 0533 | 0618 | 0.687 | 0.743 0.791 | 0.831 | 0.865 | 0.804
1.17 0.562 | 0.645| 0.712 | 0.768 0.814 | 0.853 | 0.887 | 0.915
1.18 0.589 | 0.671 | 0.737 | 0.792 0.837 | 0.875 | 0.908 | 0.936
1.19 0.616 | 0.696 | 0 761 | 0.815 0.859 | 0.896 | 0.928 | 0.955
1.20 0.641 | 0.720 | 0.784 | 0.837 0.880 | 0.917 | 0.948 | 0.974
1.22 0.689 | 0.766 | 0.828 | 0.879 0.921 | 0.956 | 0.985 | 1.011
1.24 0.735| 0.809 | 0.869 | 0.918 0.959 | 0.002 | 1021 | 1.04F
1.26 0.778 | 0.850 | 0.909 | 0.956 0.995| 1.027 | 1.055( 1.078
1.28 0.819 | 0.889 | 0.946 | 0.992 1.030 ! 1.061| 1.087 | 1.110
1.30 0.858 | 0.927 | 0.982 | 1.026 1.063 | 1.003| 1.119| 1.140
1.32 0.896 | 0.963 | 1.016 | 1.060 1.095 | 1.124¢ | 1.149 | 1.170
1.34 0.932 | 0.998 | 1.050 | 1.092 1.126 | 1.155 | 1.178 | 1.108
1.36 0.967 | 1.031 | 1.082 | 1.123 1.156 | 1.184 | 1.207 | 1.226
1.38 1.002 | 1.064 | 1.114 | 1.154 1.186 | 1.213 | 1.235| 1.253
1.40 1.035| 1.096 | 1.144 | 1.183 1.2156 ] 1.241 ] 1.282 | 1.280
1.42 1.087 | 1.127 | 1.174 | 1.212 1.243 | 1.268 [ 1.289 | 1.308
1.44 1.099 | 1.158 | 1.204 | 1.241 1.271 | 1.295| 1.315| 1.332
1.46 1.130 | 1.187 | 1.233 | 1.259 1.208 | 1.321 | 1.341 ] 1.357
1.48 1.180 | 1.217 | 1.261 | 1.298 1.324 | 1.347 | 1.367 | 1.382
1.50 1.190 | 1.245 | 1.280 | 1.323 1.351 | 1.373 | 1.392 | 1.407
1.55 1.262 | 1.315( 1.356°] 1.389 1.415] 1.436 | 1.453 | 1.467
1.60 1.331 | 1.382 | 1.421 | 1.452 1.477 | 1.497 | 1.513| 1.526
1.65 1.399 | 1.447 | 1.485 | 1.514 1.537 | 1.556 | 1.571 | 1.583
1.70 1.464 | 1.511 | 1.547 | 1.575 1.597 | 1.814 | 1.628 | 1.640
1.75 1.538 | 1.573 | 1.607 | 1.634 1.655| 1.671| 1.685 | 1.896
1.80 1.591 | 1.834 | 1.667 | 1.692 1.712 | 1.728 | 1.740 | 1.751
1.85 1.652 | 1.604 | 1.725 | 1.750 1.768 | 1.783 | 1.795 | 1.805
1.00 1.712| 1.753| 1.783 | 1.806 1.824 | 1.838| 1.850 | 1.859
1.95 1.772 | 1.811 | 1.840 | 1.862 1.880 | 1.803 ) 1.904 | 1.912
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TasLE II.—3(y) = n — (B)n For EXPONE NT VALUES.—(Continued)

n w28 nw30|n=32\nm34| n=36 |n=38|n=40|n =42
1.95 1.772 | 1.811 1.840 | 1.862 1.880 1.803 1.904 1.912
2.00 1.831 1.868 1.896 1.918 1.934 1.047 1.957 1.965
2.1 1.946 1 981 2.008 | 2.027 2.042 | 2.054 | 2.083 | 2.070
2.2 2.059 2.093 2.117 2.135 2.149 2.160 2.168 2.175
2.3 2.171 2 202 2.225 2.242 2.255 2.265 2.272 2.278
2.4 2.281 2.311 2.332 2.348 2.360 2.369 2.376 2.381
2.5 2.390 2.418 2.438 2_4'63' 2.464 2.472 2.478 2.483
2.6 2.498 2.524 2.543 2.557 2.567 2.575 2.581 2.585
2.7 2.605 2.630 2.648 2.661 2.671 2.878 2.683 2.687
2.8 2.711 2.735 2.752 2.764 2.773 2.780 2.785 2.788
2.9 2,817 2.840 2.856 2.865 2.876 2.882 2.886 2.890
3.0 2.922 2.944 2.959 2.970 2.978 2.983 2.988 2.991
3.8 3.441 3.459 3.471 3.479 3.485 3.489 3.492 3.494
4.0 3.954 3.969 3.978 3.985 3.990 3.993 3.995 3.996
4.5 4.463 4.475 4.483 4.489 4.492 4.495 4.496 4.497
5.0 4.969 4.980 4.987 4.991 4.994 4.996 4.997 4.998
6.0 5.978 | 5 986 5.991 5.994 5.996 5.998 | 5.998 | 5.999
7.0 6.983 | 6.990 | 6.994 | 6.996 6.998 | 6.998 | 6.999 | 6.009
8.0 7.987 7.992 7.995 7.997 7.998 7.999 7.999
9.0 8.989 8.994 8.996 8.998 8.999 8.999
10.0 9.991 9.995 9.997 9.908 9.999 9.999
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Prate I.—Types of canal cross-sections used for practical examples.
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Prate I11.—Characteristics for canal cross-section Type A.
K = aC\/R » g/C? 7
v a b p R | C in units — | p/b | in units | in units
of10e |2V of 1+ 10-4of 1-10-¢
1.0 52.00] 54.0| 54.48/0.95|54.0| 27.35 51.0{1.011] 112.0 113.0
1.6 85.12| 56.4| 57.17(1.4961.0 63.40 104.7(1.013, 87.0 88.8
2.0 |108.00| 58.0| 58.96{1.8364.0 93.70 147.8(1.015| 80.0 81.3
3.0 {168.00| 62.0| 63.44|2.65/69.5 190.00 277.0)1.020, 67.0 68.3
4.0 [232.00| 66.0| 67.92/3.42/73.0 313.00 436.0(1.025| 61.0 62.5
5.0 [300.00{ 70.0| 72.40(4.15(76.0| 465,00 621.0
6.0 (372.00{ 74.0| 76.88(4.85(|78.0| 639.00 834.0(1.039| 53.0 55.1
7.0 |448.00| 78.0| 81.36(5.51{80.0 842.00 11,073.0
8.0 [528.00| 82.0] 85.34/6.20{81.5] 1,088.00 |1,340.0]1.041| 49.4 51.3
9.0 (612,00 86.0/ 90.32/6.78/83.0| 1,322.00 |1,837.0
10.0 [700.00| 90.0| 94.80(7.40(84.0[ 1,600.00 |1,952.0(1.053] 45.5 48.0
11.0 {792.00{ 94.0| 99.30{7.98/85.0! 1,903.00 {2,300.0
12.0 [888.00] ©8.0/103.70{8.56/86.0/ 2,230.00 |2,665.0/1.060, 43.5 46.1
13.0 |988.00{102.0/108.20/0.14/87.0| 2,600.00 | 3,070.0
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PraTe IV.—Characteristics for canal cross-section Type C.
= g/C? 4
K. :‘LC,\/ E in units | in units
Yy a y4 R c in units P/ b of of
of 10° 1-104 | 110~
1 20 22 0.910{ 114.0 21.6 1.10 24.9 ~27 40
1.5 30 23 1.305( 121.0 41.5 1.15 22.0 25.30
2 40 24 1.660| 126.0 65.0 1 20 20.4 24 .45
3 60 26 2.300] 133.0 121.¢ 1.30 18 1 23.50
4 80 28 2 860| 137.0 185.5 1.40 17.0 24.00
5 100 30 3.330} 139.5 254.5 1 50 16.6 24.90
6 120 32 3.750{ 141.5 329.0 1.60 16.0 25.80
8 160 36 4.450] 144.0 486.0 1.80 15.7 28.10
10 200 40 5 000] 146.0| 653.0 2.00 15.2 30.40
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PraTe V.—Characteristics for canal cross-section Type D.
Xin 4
Y a b P R C |unitsof | M |in units
1-102 of 1-10™4
1.0 16.50| 18.0 | 18.6 | 0.888! 50.0 7.78 | 15.82{ 138.0
1.5 25.87| 19.5 | 20.4 | 1.268 56.0 | 16.30 | 29.85 107.2
2.0 36.00| 21.0 | 22.2 | 1.620{ 60.0 | 27.50 | 47.10] 94.3
3.0 58.50(24.0 | 25.8 | 2.260| 66.0 | 58.20 | 91.50] 79.4
4.0 84.00| 27.0 | 29.4 | 2.860| 70.0 | 99.40 (148.20| 71.4
5.0 112.50| 30.0 | 33.0 | 3.410| 73.0 | 152.00 [218.00{ 66.5
6.0 144.00| 33.0 | 36.6 | 3.940| 75.5 | 215.50 [{300.00| 62.5
7.0 178.50 | 36.0 | 40.2 | 4.440] 78.0 | 294.00 [398.00| 59.0
8.0 216.00| 39.0 | 43.8 | 4.930| 80.0 | 384.50 |509.00| 56.5
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INDEX

(Names of authors are set in dtalics.

For further references see ‘‘His-

torical and Bibliographical Notes,” page 299.)

A

Acceleration, effect on distribution
of pressures, 28

B

B = so/s,—descripticn of symbol, 52
B8 = 0 curve, 96
(1 — B) curve, 91, 119
B(n) function, description of sym-
bol, 89
methods of computing values of,
303
tables of values of, 308-311
Backwater, 3, 5, 216
Barrier, 60, 293
Bazin, 15, 60, 254, 286
Bélanger, 28, 57, 228, 250
Bidone, 5, 251
Boudin, 70
Boundaries, conditions at, in surface
curves, 74
Boussinesq, 25, 29, 58, 60, 62, 263
Bresse, 83, 85, 219
Broad-crested weir, 41

C

“C” class surface curves, 74-79
examples and computation pro-
cedure relating to, 79, 212
Canal, with break in bottom slope,
109, 117, 126, 127, 130, 254, 265
with critical bottom slope, 57, 79,
212

Canal, cross-scctions, characteristics
of, 54, 17, 319-321
types of, 15, 317
with horizontal bottom, delivery
in, 184
determining surface curves -in,
137
equation of flow in, 135
with mild bottom slope, definition,
57
delivery in, 143-183
entrance and outflow, 173
surface curves in, 71, 77, 105-

122
with stcep bottom slope, defini-
tion, 57
delivery and entrance condi-
tions, 210
surface curves in, 71, 77, 122-
130

transition to tailwater, 211
Celerity of propagation of transla-
tion wave, 255
Chézy, 13
Concave and convex curves, 28, 71
Conjugated depths, 228, 236
Conveyance of cross-section, defini-
tion of, 13
example of, 15
Critical depth, 35, 41, 43, 135, 1485,
151
Critical-depth water meter, 44
Critical discharge, 46, 162
Critical flow, 46, 212
Critical slope, 47, 71, 79
Critical state, 59, 656
Critical velocity, 46, 263

325
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Curves (see Surface curves).
Curvilinear flow, 28, 43, 133

D

Darcy, 26
Daugherty, V1
Delivery, of canal, with horizontal
bottom, 184
increasing, 194
with mild bottom slope, 143-
181
with steep bottom slope, 210
variable, 196
(See also Discharge.)
Delivery curve in canal with hori-
zontal bottom, 186, 190
Delivery curves, @ constant curve,
167, 169, 183
Q = f(y2)y1 const. curve, 145,
149
Q = f(y)y2 const. curve, 161,
164
Q maximum curve, 159
Depth, average of cross-section, 46,
65, 259
normal, 22, 104
or stage in varied flow, 2, 30, 70-81
determining distance on surface
curve betwecn given depths,
92, 99
determining value of, in given
section of surface curve, 95,
100
effect of change of, on discharge,
106, 114, 143
minimum depth at end of canal,
145
Designing canals, 194-209, 213
Discharge in varied flow, determin-
ing discharge corresponding
to given stages at extremities
of canal, 164
effect of canal length and of
bottom slope, 154
maximum possible at given
initial stage, 146, 194
(See also Delivery.)

HYDRAULICS OF OPEN CHANNELS

Discharge curve, in backwater com-

putations, 221
outflow or entrance, 178

Distribution of pressures, in accord-
ance with hydrostatic law, 28
in a flowing liquid, 27

Divergent flow, 4, 25, 29, 96, 132

Dupuit, 83, 96, 219

E

n = y/yo definition of symbol, 87
Effective head, 270
Energy of flow, balance of, in sur-
face curves, 72
change with depth in tranquil
and rapid flow, 34, 60
minimum possible contents, 35,
41, 43
referred to datum line, 19
relation to resistance losses, 32
specific energy diagram, 33
Entrance head, 177, 323
Entrance or inflow discharge curve,
178
Entrance zone, 177
Equation of varied flow, 26, 29, 31,
45, 51
for channels with horizontal
bottom, 135
integration of, 82
Equivalent normal depth, 104
Equivalent profiles, 220
Establishing of flow, 62

F

&(n) function, description of sym-
bol, 97
example of using for determin-
ing surface curves, 99
table of values of, 312
Fall, flow over, 40
jump below, 294
Falling surface curve, 3, 70, 74
Flow, free or submerged, at foot of
weir, 286, 288
below regulating sluice, 9, 271



INDEX

Flow, non-uniform or varied (see

Varied flow).
parallel, 28
below regulating sluice, 273
states of, 68
variable (see Variable flow).
zones of, 56
Freeman, V

G

Ganguillet-K uiter, 15, 656
Gibson, 250

H

Hinds, VII, 44, 177
Horizontal bottom (see Canal with
horizontal bottom).
Horton, 211
Hydraulic drop, 7, 39, 146
Hydraulic exponent, 84-87
in determining backwater curves,

221

effect on precision of computa-
tions, 131

logarithmic plotting for deter-
mining, 318

operating with values intermedi-

ary to table values, 100
Hydraulic jump, 5, 39, 227

characteristics curves of, 238, 244

direct and undular form of, 228,
249

experiments on, 249

below fall, 294

at foot of weir, 286

locating jump, 253-269

loss of energy in, 236

below regulating sluice, 270

a8 stopped translation wave, 261

1

Inflow into canal, 173
Integration of varied flow equation,
82
by means of varied-flow-func-
tion tables, 89, 92, 96
Interpolation. 102

327
J
Jump (see Hydraulic jump).
K

¥ = aC+/R (see Conveyance).
Kinetic energy, effect of restoration
of, 98
measured by kinetic flow factor, 64
neglecting effect of restoration, 96
in specific energy diagram, 34
Kinetic flow factor, 64
determining forms of jump, 249
in hydraulic jump equations, 241
relation to celerity of propagation
of translation wave, 264
Kineticity of flow (see Kinetic flow
factor).
Koch, 250

L

Lagrange, 259, 263

Local phenomena, 8

Location of hydraulic jump, 121,
126, 253, 264

M

M(d) function, definition of symbol,
234
example of, 236
for rectangular canal, 240
M (y) function, definition of symbol,
35
example of, 17, 37
used to determine critical depth,
36
‘““M,” surface curve, 74, 77
examples and computation pro-
cedures relating to, 89, 98.
105, 146, 219
“M,” surface curve, 74, 77
examples and computation pro-
cedures relating to, 110, 146,
150, 184



328

“M3” surface curve, 74, 77
cxamples and computation pro-

cedures relating to, 118, 274—
280

Manning, 15, 86

Miami Conservancy Commission, 284

Mild bottom slope, 57

Momentum principle, 232, 257

N

Nappes, 60, 287

Neutralizing zone, 212
Non-uniform (se¢ Varied flow).
Normal eritical slope, 49, 55
Normal depth, 22

Normal discharge curve, 23

0]
Outflow from canal, 173
P
I1(n) function, definition of symbol,

Parallel movement, 29
Parameters of flow, 55
Parshall, 44

Pondage, 201

Prismatic channels, 4, 30

Q
@ constant curve, 164, 181
R

Raft chute, 213

Rapid flow, 59, 63, 71, 262

Reciprocal depths, 166

Reduced parameters, 246-248, 270,

287

Rehbock, VII, 59, 229, 250, 284, 286

Resistance losses, in uniform flow, 19
in varied flow, 24

Reynolds, 256

Rising surface curve, 3, 70, 74

HYDRAULICS OF OPEN CHANNELS

Rivers, 58
backwater curve in, 217
Riihlmann, 83, 98, 219

S

““8,” surface curve, 74, 77
examples and computation pro-
cedures relating to, 122, 265
“8," surface curve, 74, 77
examples and computation pro-
cedures relating to, 126, 210
‘83’ surface curve, 74, 79
examples and computation pro-
cedures relating to, 128
St. Vénant (also Saint Vénant), 58,
256, 258
Saugey fall increaser, 281
Schaffernack, 86, 219
Service discharge, 196
Slope, classes of, 57
Specific energy (also specific energy
diagram), 33, 227
change of, with depth, in tranquil
and rapid flow, 60
flow with minimum contents of,
35
loss of, in jump, 236, 239
Stage (see Depth of flow).
Stage-time curve, 205
Standing swell, 61
States of flow, 58-62, 263"
Static moment of cross-section, 235
Steep slopes, 57, 210
Step, 281, 287
Stopped translation wave
standing wave), 253, 262
Surface curves, classes and types of,
71-74
description and outline of, 76-81
equations determining longitudi-
nal profile of, 82, 88, 97, 135
length of, 91
methods of computing, 90, 99
Surge, 203, 255

(also

T

7 = y/yo description of symbol, 136
T (y) description of symbol, 136



INDEX 329

Toe basin, 291, 295 A
Toe roll, 6, 286 Variable flow, 4, 201

Tolkmitt, 83, 85, 219 Varied ﬂOW, 2
Torrent, 58, 61, 218 equation of, 24, 45, 51
Tranquil flow, 59, 63, 71, 262 gradually varied, 8, 29
Translation waves, 254, 256 Varied flow function, 89

celerity of propagation of, 255 methods of computation of tables,

stopping, 261 303

tables of values of, 308-311
U

Z
Uniform flow, 1, 13, 18, 178 Zones of flow, 56, 59
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