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Critical phenomena in gases
II. Vapour pressures and boiling points

By J. E. LENNARD-JONES, F.R S. AND A F. DgVONSHIRE
The Unwverssty Chemcal Laboratory, Cambridge

(Received 24 November 1937)

1. INTRODUCTION

The object of the first paper on ** Unitical Phenomena in Gases' (referred
to in this paper as Paper 1) was to develop a simple method of dealing with
dense gases and to calculate critical temperatures mn torms of atomio fields
of force. Each atom in a dense gas was pictured as caged for most of its time
by a cluster of neighbours, equal in number to those which surround it in the
solid (and presumably also in the hquid) phase Tho model was intended to

le a general ge of the I field in which any one atom muved
by replacing 1t8 varying envi by an ar t of nei
which could be regarded as typical. This arrangement was taken m be the
one in which the neighbours were mtuated at their mean positions as
determined by the density of thogzas "I'ho potential energy of any one atom
could thus be expressed as a function of the volume of the gas—a step which
is probably the crucial one n a theory of critical phenomena. This point of
view brings the process of condensation within the category of those
described by Fowler (1936) as co-operatsve phenomena In passing we may
observe that the derivation of van der Waals’ equation provides a particular
example of this method, for m1t the potential energy of each atom is assumed
to be nversely proportional to the volume. The present theory goes beyond
this simple model, for the potential energy of an atom is considered to be
not only a function of volume but also a function of the position of the atom
relative to its neighbours. The probability of finding an atom in any assigned

tion can be calculated by statistical means and its average potential
energy and 1ts uvailable free volume easily deduced. The equation of state
can then be deduced by th d i hods, as has been pointed out
elsewhere (Lennard-Jones 1937).
The success of this method in calculating entical P has

encouraged an attempt to push the theory a stage further so as to give the
boiling points of gases. At the boiling-point the conditions in the gas are
very different from those at the entical point. The density is much less and
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2 *  J. E. Lennard-Jones and A, F, Devonshire

the perfect gas laws can be assumed tohold - But in the liquid we may suppose
that the conditions are sinular to those of a derlse gas excopt for the closor
relation of neighbouning atoms In this paper therefore we use the samo
methods for the hiquid which wo adopted for the dense gas in the first paper
and then find & relation between the temperature and vapour pressure.
This enables us not only to calculate boiling-points m terms of atomio foreo
fields but also to determine the change of entropy on evaporization and thus
to give a theoretical justification of "I'routon’s rule

While we have approached the problom of & liquid and its vapour as a
natural extension of the theory of dense gases, we find that considerable
work has already boen dono on the theory of liquids, which bears some
resemblanco to that developed here T 8 Wheeler (1934-6) has used the
force fields previously given by Lennard-Jones as a basis for a theory of
hquids  He supposes each molecule to keop clear round 1t a spherical
volumo by its thermal motion and to vibrate within it like a hnear osallator.
He s thus able to obtain many properties of a hiquid by simple kinetic
theory arguments in terms of the speaific volume und the constants of the
forcoe fields The theory does not determine the specific volume, as & solf-
contamed theory should do, but by giving to this quantity 1ts oxperimental
value he 15 able to get satisfactory ag bet theory and expen-
ment for » number of physical propertics

Recently Eyning and s collaborators (1930-7) have developed a theory
of the hquid state which seeks not to obtain all the properties of a hquid in
terms of interatomie forcos but rather to corrolate tho different propertics
with one another Eyrng has introduced & new concopt which w extremely
valuable He has given reasons for supposing that 1n a hquid there are a
number of “‘holes ” of atomio s1ze, the number of which can be estimated by
simple thermodyname arguments. In terms of these the phenomena of
diffuson and viscosity can be dealt with quantitatively. In a further paper
(Newton and Kyring 1937) the vapour pressurc has been obtamed in terms
of the coeflicient of expansion and the specific heats and other properties
havo been successfully correlated (Eyring and others 1937).

An attempt to develop an exact theory of condensing systems has
recently been made by Mayor (1937). This work must be regarded as an
important advanco in the subject, but though the vapour pressure of a hquid
is oxpressod 1 terms of the interatomic fields, the equations are too com-
pheated to adwit of more than a very approximate calculation In order
to make applications to particular gases and liquids, it will probably be
necessary for some time to try to find methods, such as that given in this
paper, which permut of easy numerical computation.
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2 CALCULATION OF VAPOUR PRESSURES

In calculating the y fi and hence the free enorgy of a dense
gas in Paper 1, we uupposed that cach atom could be regarded as confined by
its immediate neighbours to a cell or cage and that its m:grat-mn from one
environment to another could be regarded as a rel ly infreq event
In conformity with this, we supposcd the | fi of the bly
to bo equal to the product of the partition functions of the individual
molecules, but the fact that migration may occur, though slowly, imphes
that the statistics should be like those of a dilute gas rather than that of a
solid  We discussed i Paper I the partition function for a perfect gas by
these two methods and showed the ability to change places results i a
factor of €M in the partition f for the bl hing to a
factor N¥/NN1), As we stated in that paper, nonoe of the rcaulr,sglvcu there
(for example, the eq of stat d critical ) are affected by this
factor, but m extending the results in this paper to vapour pressures this
factor must bo considered more closely. The contribution of mobility to
the encrgy of the assembly will be small and may safely bo neglected, but it
i probably more accurate to take mto nccount the permutation of the atoms
and to include the factor just referred to. This means that the whole of the
“free volume” of the assembly and not just that of ench cell 18 accessible
to every atom and the usual factor of N' must be mtroduced to allow for
permutations. This method has already been used by Eyring and Hirsch-
felder 1n & puper Just published (1937)

In Paper I we supposed the ficlds of tho atoms to be spherically sym-
metrical and the potential to be of the special form

@(r) = Ar-»— Br—m, (1)

Now atoms obeying a law of force of this type would crystallize in the form
of a fi tred cubic (Les 1-J and Ingham 1925) and the number
of nearost neighbours of each atom would be 12 We accordingly assume
that in the liquid and dense gas phases there 15 & wndency to thlu structure
and that theaverage field in w hich any one
mately by the eftect of the 12 nearest. neighbours mn thmr mean posltwm
Clearly 1t wall be necessary 1n taking the theory to further approximations
to consider the motion of the atoms about those mean positions and to
¥ this by probability | a8 18 done for electrons in atoms, in
fact, what is ultimately required 1s a method analogous to that of self-

consistent fields for finding electronic distributions.
In this paper we shall suppose tho methods used for a dense gas are

ra
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applicable also to & hqud. The partition function, obtained in Paper I,
cquation (48), can be written in the form

@
Iiv;hng F(P) = = gty + Hlog(Qmm KT8 +loglo XIN), @
where By = = NA{(1-2) (vafot = (0°5) o)) @

and is the mutual potential encrgy of N, atoms, when arranged in a face-
centred cubic lattico at their mean positions. This is easily obtained from (1)
by adopting thesummations given by Lennard-Jones and Ingham (1925) and
by altering the notation so as to express the energy in torms of volume,
thus,

A=cgo = Nri2, “
where @, 1s the absolute value of the of the y ial energy of
two atoms under the field (1), ¢ the number of nearest neighbours (= 12)
and ry their d apart in th ik fi N,is the number

of atoms 1n the assembly, cunsldn.re(l to be in the ]|quld phase, v, the volume
ocoupred by these atoms, while x 18 the fraction of the total volume which
may be regurded as available to an atom, in fact,

x = (1fv*)|expl - y(r)kT | dr, (8)

where the integral is taken over a unit cell of volumo v* (the specific volume)
and ¥(r) is the potential energy of the atom within 1ts coll reforred to that
at1ts centre as zero For the particular law of foree defined by (1) x is given
by
t 4
x = 2m o[ yhexe] (- i + 2t me J a0
(cf. equation (49), Paper I, using the relation y = 2 /2g)
We may convenicntly define a free volume v, by the relation
vy = v (7)
We note that it is a function of temperature and volume. "The free volume

per atom we shall denote by v}
As explamned above we now modify the partition function from (2) to

(1/N)log F(T) = —Py/ Nk T + 3 log(2mm kT [h%) + log v} + 1. (8)
The vapour ¥ can be calculated from the well-k thermo-

dynamical formula
2 -2=(5) . ®
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where U is the internal energy of the substance in question. Now p mmmns
constant and equal to the vapour | while the subst ¥

at p 80 that 1f we integrate (9) at

from v = v} (the specific volume of the liquid), to » = v} (the specific

volume of the gas), we obtain the cquation

{T(m) ~pjWf =) = Us-UP, o

where {7} 18 the internal cnergy per molocule of the gas, U} the internal
energy per molecule of the liquid, and p the vapour pressure. 1f the vapour
pressure js small (of the order of an atmosphero or less) we can neglect v in
comparison with v} and treat tho vapour as a perfect gas. Then we have

7'(51:) - p; (*Tfp) = 2T~ UF. an
ar),
k1% 2 @, kT2
Now ur ="y a,ﬁlug (D) =045, 0’7‘,+*k1' (12)
o _ _Dy_kT0x
w0 that (1(58) -2}y =--" T (3)

Tf wo divide by k7' and integrato we have
log p—log 1' = @y N kT ~log x +log f(v).

80 that p = Tx 1f(v)exp{P/NkT}, (14)
whero f(v) 18 an arbitrary function of v Since x 18 & pure number, it would
appear from dimensions that f(v)/A must be equal to tho invorse of a volume.

Anothor method of calculating the vapour y which has the
uivantage of gmng tlw cquation without any arbitrary function, is to use
the thermody for the condition that two phases should be

in equilibrium in the form

(= (), 6o

24, 04,

(), = (%), a0
where A is the Helmholtz freo energy or work function, which, for the liquid,
is given by the oquation (cf. equation (48), Paper I)

A, = —kT1og F(T) = By — Nk T{log(nx/N)+ 1}~ Mk T log(Zmm kT[h),
(17
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and for the vapour, assuming it to be & perfect gas, by

A, = — N,k T{log(v,/N,) + 1} — 3 N, kT log(2mm kT [%). (18)
Equation (15) is tho dition that the p on the hquid should be
the vapour pressure, and is
kT -NEToxy NkT_ 00,
—py= =V == LK 20

X ey w Ty
NET | NkToy oD,

or Pg= ~ -+ % 3;1 Dv, (19)
Equation (16) gives the relation*
kT log (0,/,) = o/~ ET'log x ~ KT log(ny/N) ??"—Nw;gff
(]

= D[N~ kT log x — k7' log(m/ ) ~ kT + (p, vy N)
on using (19) 'This 18 equivalent to
Py = (NAT[rx) exp{lPo/ N AT -1}, (20)

since the term (p,v,/N;) may be neglected m comparison with 7', We note
that this equation has the same form as (14). If we replace v,y by the “free
volume ” v, we may writo equation (20) i the form

of = o} exp{{do/ T~ 1}. (20A)

‘This simple formula gives the “free volume” of the liquid per atom in terms
of the specific volume of the gas

Equations (19) and (20) together determine tho specific volume of the
hquid as a function of temy, but for mod vapour | i
a good approximation to put p equal to zero in equation (19) as 1t is small
compared with the other quantit; lved, 8o that this alone
gives the specific volume of the hquid as a function of temperature,

We may also determine the chunge of entropy and the heat of vaporza-
tion without cifficulty. For the entropy of a substance is given by the
well-known equation

TS =1-4,

80 that from equations (12) and (17) the entropy per molecule of the liquid
is given by

SHk = 7'377‘,+ log x +log(n/N;) + 3 log(2nm kT /A%) +. &, (21)

* It is to be notod that @ and x depend on N, through (vy/v,) or (v8/v}).
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while the entropy of the vapour, supposed to be a perfect gas, is given by
' 82k = log(z,/N,) + 2 log(2nmkT/[h%) + &, (22)

T3 .
s0 that (88— 83k = log(ult/r? X)_W)T(" (23)

Now from equation (12) we see that (kT%/x)(@x/07') 18 the change in
potential energy of an atom due to its motion about 1ts equilibrium
position. We know that it will be equal to 347" 1f the atom 14 moving like a&
harmonic oscillator This will not be far from the truth at high hquid
densities and in any case the second term 1n equation (23) is always small
compared with the first so that wo may writo approximately

(83~ S#)/k = log(op o )~ 1

= log(vj /of) - 4, (24)
The heat of vaporization is then given by
kT?0x
x or

= kT{log(v}/v*x)—~ 2}. (25)

To the same approximation we can write equation (20A) in the alterna-
tive forms

AH® = 1,% = (82~ ) = kT log(t}jv* y) ~

.
=y oxp{~{;;l,i,, —::,

aAr*
= oxp{— o —-;l

3 DIScUSSION OF RESULTS
Equation (20) may be written in tho form

N,A kT vgexp{(@o/NAT) ~ l) (26)
v Ay X
and hence, since @,/NAT and x both dopend only on A/kT and v/v,, and
these quantities are given in terms of each other by equation (19) (with
P equal to 0), we have

P - Ndfo) AAKT), @)
where i a di , which is a function of A/ET only. It
should be the same for all gnscs to wluch our equations are applicable. A
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few tymical values of (vj/vy) and £2(A/kT) for a range of values of A/kT, are
givenn Table I As a guide to the sizo of the quantities involved it may be
mentioned that /7" is about 9 at the eritical point and about 16 at the
boiling-pomt for the simpler gases, and that for the inert gases (NA/vy)
varies between 2 x 10® and 5 x 10°dynes/em 2. It is found that the caleu-
lated values of logf are proportional to (A/kT) to within the errors of
calculation, so that we can put the equation for the vapour pressure in the
form

log, p = log,(NA/vg) + 1-916 — 0-878(A/kT), (28)
Tapue 1
(A/kT) (mfrg) QA/KT) log, 2
128 1118 000116 - 6762
158 1054 0 000159 — 8740
180 1026 0 0000352 —10 265
210 1000 000000448 —12317

for values ot A/k1' within the range 12-8-21-0 'T'his is in agreement with
the empirical fact that the vapour pressures of many gases can ho ox prossed
by an equation of this form. If we insert the values for A and v, calculated
from the interatomic forces we find that the calculated vapour pressures
expressed in dynes/cmn.? are expressed by an equation of the form

p = 10%exp[4 — BT, (29)

where the approprate values of A and B are given in Table 1. From theso
equations tho boiling-points can at once be calculated and the values
obtained are given in Table TI. The theory ean hardly be expected to apply
10 a light gas liko hydrogen for reasons explained in Paper I, but 1t may be
added that the boiling point comes out to be 26- + instead of the obsorved
value of 20-3.

Tanrg I1.* CALCULATED BOILING POINTS OF THE INERT GANES

Boiling-pomnt Entropy of

Builing-pomt, ! tomp. vaporization

1 B Cale  Obw Cule. Obs. Cale.  Obs.

Neon 9863 2018 296 272 062 061 196 152

Argon 10407 970 941 874 0569 058 207 172
Nitrogen 9950 7863 700 772 061 061 198 173

* Tho boilng-points gven here diffor slightly from thoso quoted at the end of &
provious paper (Lonnard-Jones 1937), being tho result of a rovised caleulation
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In this table we also give the entmpy of vaponntmn in cal /deg This is

given by using the well-k thermody
48 = (s} —v?) (dpldT)
= (1) dp/dT
= kTd(log, p)/aT, (30)

where p is the vapour pressure and then using the approximate equations
(28) or (20) In fact from (28) wo have

A8 = 0 6TSA(AIRT), (31)

and from the same equation we see that since log,(NA/v,) does not vary
greatly from hqud to liquid, A/kT 1s practically a constant at the boiling-
point  Hence the entropy of vaporization should be approximately con-
stant for all hquids to which this theory is applicable Thin is the famthar
Trouton rule (probably more accurately referred to as the Pictot-Trouton
rulo) (Pictet 1876, Trouton, 1884) and 1t 18 satwsfactory to find that the
value given by tho theory for the constant is practically tho same as that
used in the empirical rule Observation shows that the quantity has nearly
the same value for a large number of gasos.

The inner meaning of Trouton’s rule h clear from an
of equation (25). This equation shows that the latent heat of vaporization
divided by the boiling temperature is determined largely by the ratio of tho
specific volumo n the gas phase (v}) at atmospheric pressure to the
specific free volume in the liquid (v}) at the same temperature and pressure
The former of these at room temperature 1s of the order of 4-10-% c.c.,
while the latter may be taken to be of the order of 10-2 ¢ ¢. Wo see at once
that log,(v}/v}') 1 of the order of 10 and so L/T is of the order of 20, as
given by observation.

Trouton’s rule has boen modified by Hildebrand to the t that
the entropy of vaporization is the same for all hquids at temperatures at
which the concentration in the gas phase has a given value. The sigmificance
of this b cloar from eq; (28) This equation can be written in
the form

log,(v¥/v}) = 11:916 — (0 878) (A/kT) + log(A[kT). (32)

Now v} ia the specific volume of the liquid when the molecules are at the
same distance apart as in the diatomic molecule This will not vary by
moro than a factor of 3 or 4, s0 that when v} is given, that is the concentra-
tion in the vapour phase given, A/kT will be approximately the same for
all liquids, and hence the entropios of vaporization will bo the same.



10 J. E. Lennard-Ji and A. F. D hi

Hildebrand’s rule would according to this theory be correct, if all sub-
stances had the same number of molecules per unit volume at absolute
zero.

The actual values of A/kT at the boiling-point for the liquids in Table IT
lie between 16 and 17 so that remembering that A = 12¢,, we have

ETy = 0:084 = 0726,

where 7', 18 the temperature at the borhng-point and ¢, was defined to be
the absolute valuo of the mutual potential encrgy of two molecules of the
substance i their oqulibrium position.

In the table we also give the ratio of the calculated boiling-pomnts to the
critical temperatures calculated in Paper T, and the observed values of these
ratios.

Finally we may noto that if we had used the same partition function as
in Paper I, that is, without the correcting factor e¥, the calculated vapour
pressurcy would have been higher by a factor ¢, and the boiling-points
about 9%, lower They would then have been rather below the experi-
mental vatues mstead of above them.

We are indebted to the Department of Scientific and Industrial R
for a grant to onable this work to be carried out.

SUMMARY

This paper extonds to hquids the theory which was given recently by
the suthors for the equation of state of a gas at high densities. A diroct
ealculation 18 made of bothng points in terms of interatomic forces and tho
numerical results for the inert gases are in satisfactory agreement with
the observed values A theoretical interpretation is given of Trouton’s
empircal rule connecting the heat of vaporization with the boiling
temperature and also of Hildebrand’s modified form of 1t Calculations
are made of the vapour pressures and heats of vaporization of the inert gases.
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The nature of the penctrating component
of cosmic rays

By P. M. S Brackerr, FRS
(Recesved 18 December 1937)

1 INTRODUCTION AND SUMMARY OF CONCLUSIONS

The measurcments by Neddermeyer and Anderson (1937) of the absorp-
tion of cosme-ray particles of low energy by metal plates differ in cortain
respects from those by Blackett and Wilson (1937). The former rosults
showed that, in the energy range 1-2 x 10% to 5 x 10 e-volts, two types of
particles oxist, an absorbable group assumed to behave as theory prodiots
of electrons and a much more penetrating group, attributed provisionally
to heavier particles.

On the other hand, we found that all the rays with energy under
2 x 108 e-volts were absorbed like electrons, whilo for rays of greater energy
tho average energy loss was very much less. Though a very fow energetic
particles were found to have u high energy loss, insufficient evidence was
then available to justify classifying them as of a nature distinet from the
less absorbable rays Thus we obtained defimto oxperimental evidence that
the onergy loss of the great majority of the rays varies rapidly with their
energy. We concluded, thereforo, that the energy loss of a normal electron
varies with 1ts energy Wo now believe this to be probably false, since the
success of the cascade theory of show ers, 1n explaining the transition curve in
the atmosphere, and a large part, at any rate, of the phenomena of the
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transition curves of showers and bursts, has provided fairly strong evidence
that thero must be a very few cnergetic rays at sca-level, which have the full

di loss of el evon 1n heavy el It follows that the great
majority of the rays, for which the energy loss cortainly varies rapidly with
energy, are probably not normal clectrons. We therefore agree with the
view of Neddermeycr and Anderson that it iy likely that there are two
types of particles present, though the difference in behaviour only exists for
encrgles over 2 x 108 e-volts.

The experimental work describod 1 this paper was carried out mainly
to i igate the di tioned above bet the two sets of
oxpenimental results. It wall besh thatour former )| that nearly
all the rays with encrgy under 2 x 10° e-volts are absorbed like radiating
clectrons, has been fully confirmed. Further, the assumption of the previous
paper that the penctrating rays actually become absorbable like normal
electrons, when their onergy falls much below about 2 x 10® e-volts, is also
shown to bo correct

‘T'hese further results, together with the implications of the cascade theory,
lead therefore to the conclusion that tho cosmic-ray beam at sea-lovel
consists of a few fully radiating eloctrons, together with a large number of
particles, which are very ¢ g when onergetic, but which app 1
become mdst hablo from when their cnergy falls
much below 2 x 108 e-volts.

2 'THE VEAN ENERGY LOSS AS A FUNCTION OF ENERGY

Measuroments have been made of the encrgy loss of cosmic rays in the
following plates

t 1=1/A,
Load 033 cm. 082
Lead 10 em 250
Cold 20 cm. 85

The thicknesses (¢) are given also in terms of the fundamental units Ay of the
cascade theory, which arc 040 cm Pband 0-24 em Au (Bhabha and Heitler
1937). The magnetic field used was erther 3330 or 10,000 gauss.

In order to compare the results with the theory of the radiation loss, it is
convenient to subtract from the measured onergy loss (K, — Fy), the energy
E, esti d to be lost in 10nization and tion. Krom Table 11 of the
paper by Bethe and Heitler (1934), this can be estimated as approximately
15 x 10% e-volts per em. b, for energies from fifty to a few hundred million
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volts. Thus tho value of the relative energy loss 18 calculated from the
expression
= (K~ By~ B0 By, )

where ¢ cm. is the thickness of tho plate, and E = }(, + Ej) 18 the mesn of
the measured energy £, above, and the energy F, below the plate *

Tho results of the measurements for the two lead plates are given n
Table I. The results with the gold plate are given n § 3

TantE 1 ENERGY LOSS IN LEAD PLATES

R from oyustaon (1) R, from equation (2)

Range of & - . -

Absorbor 10 e-volts  No (B No [3) (£,) (&)
033cm lead,  0-100 20 200 +033 20 242 1037 284 1047 309 1048
3300 gauss 100200 13 100 02 0 105 031 113 {020 118 1034
200-300 10 VI8 1028 v 044 +018 1086 (028 053 4018
300400 13 00430075 11 016 LOON 00910075 021 1008
40500 8 010 (040 6 010 020 022 1040 014 1021
500700 12 014 (016 13 000 4014 016 (016 012 f0l4

10em lead

mnly 0-100 1D 09D 008 20 104 1009 201 +016 211 ;018
3300 gaus 100200 6121 102 (2) - 180 1035 —
Munly 200 500 10 012 50054 10 044 1014 018 +0072

030 1.016
lOMgMIM 500-700 13 025 (0075 10 00390046 026 1008 0007 £0 046

Of the tracks with the thin plate, twenty-eight are from the provious paper
by Blackett and Wilson (1937) and the remaiming fifty-five are new. Of those
with the thick plate, nearly all with energy under 2 x 10 o-volts are new,
and most of the others are from the previous paper. All the earher results
wore obtamed with counters above and below the chamber, thus giving
& bias against large losscs, For nearly all the new results, all the counters
wero above the chamber. This 18 tho better arrangement and is eswontia
for the low energy rays when using a thick plate. The actual results obtained
n both systems were essentislly the same, For most of the photographs

* "Tho error uf & muglo energy moasuroment 18 given by 8= KE,, (Blackett 1937a),
where K, 18 about 4 x 10* c-volts for the traeks mn & fivld of 3300 gnuss and about
12x 109 e-volts for 10,000 gaww, Tho error 81 of R 18 approxunately yOK/K 1
For mstanco, for K=6x 1% o-volts, wo have &R=04 for the thin luad plate, and
0 14 for tho thick load plate  For low cnorgies, howover, tho orrors aro rahor larger
than thoso givon by the above expression Tho corresponding value of &, i tho
mensurernents of Neddermeyer and Anderson (.937) appenrs to havo been about
8 x 10* o-volts, with a field of about 7000 gauss,

For B> 3 x 10° e-volts the error of & sngl !
with tho real mean cnergy loss, but for Id <2x ur m-olm, tho orror 18 mm«h less than
tho real incan loss, and the crror of B 1 then mawmly due to the statistical vanation
of the number of rays obsorved with given energy loss
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a lead screen about 1 5 em. thick was placed over the top counter to increase
the number of rocorded showers.

The two values of £ histed for each energy range nre obtained by grouping
the particles differently In the column headed (£,), the value of R is the
mean of the values of B for all tracks whose mitial vnergy F, hes within the
stated hmits, while the column headed (£) refers to ll tracks which have
therr mean energy X in the stated mts. The latter method was used in
the previous paper as it 18 more rehable, sinco the mean orror of E is 1/2
times that of Ky, But the classification by imtial energy E, shows up better
the sharp fall of B with energy.

3@

&
PRL
&
g
H
2
3 10

0 200 400 600x10%v
Energy (e-volts x 104)
® 033 cm. plute, wing £,
@ 033 cm. plato, using &,
@ 01 cm. plate, unng K,
W 0:dem plate, usng B
Fra 1. Relatvo energy loss of cosmie-ruy particles i lend.

Except with very thin plates, the value of R given by (1) cannot be
compared directly with theory. Wilson (1938) has shown that the correct
value to take is

(2)
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where E; 18 the energy lost in iomzation These corrected values are given
in the last two col and h hically in fig 1. The open circles,
ete., give the data obtained by the <-lumh<umun by E,, and the black circles,
ote., that by £ All the open circlos, ete , ropresent one way of analysing all
the tracks, and tho black circles, ctc., another way of analysing the same
data These results are i close agreement with those previously reported.
The sharp fall of B for £=2x 108 e-volts is fully confirmed. For lower
energios the observed values are comparable with the expected loss of an
electron (dotted curve), but for greater cnergies are much less than this.
For the lowest energies, the observed values are greater than the theorotical
loss, m agreement with the results of Turin and Crane (1937) for electrons
of about 107 e-volts These high values are possibly due to scattering The
true curve must be steeper than that observed owing to the effects ot errors,
but how much steeper 1t 18 difficult to say without further measurements.

3. THE DISTRIBUTION OF ENKRGY LOSSES KOR K <2 x 108 E-voLTS

Since for this energy region the mean encrgy loss is comparable with the
theorctical value for electrons, 1t 18 important to compare also the distribu-
tion of energy losses with the theory. Wilson (1938) has derived from the
exprossions given by Hartler (1937) the follow ing results If¢ be the thickness
of the absorber, and A, be the fundamental umt of length of the cascade
theory, and f @ = Rl/2, where R 1 the relative cnergy loss of a track as
defined by (1), then the chanco of an energy loss hetween o and a +da 18

wle)dace )} 1),[10,;‘1 +a}]A. - (3)

The curves in figs 2 and 3 show this expected distribution of energy loss for
the 0:33 and the 1-0 em, lead plates (I = t/A, = 0:82 and [ = 2-50)

The points on the figures represent the observed distribution of energy
loss of all the rays with energy less than 2 x 10% e-volts. The agreement ot
the observation with theory 1s quite as good as can bo expected, in view of
the approximation of the theory and the statistical and other errors of the
experiments With the thin plate, fig. 2 shows that the chance of & large
loss of encrgy 18 much less than the chance of a small loss, and the distribu-
tion curve 1s of such a shape as to make easy the detection of particlos with
energy loss greater than that of electrons, 1if such oxist Fig 2 shows no

id of such particles. The expl of the hgh value for R 4-5 iy
given later
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On the other hand, with tho thick plate, fig 3 shows that the chance ot
& small loss is much smaller than that of large loss, and so the conditions
are favourable for the detection of rays with an energy loss that is consider-
ably less than that of electrons. No sign of an appreciable number of such
particles 18 found.

L A 1 . 1 1.

-1 1 1 3 4 5 R

Fia 2 Distribution of energy low i 033 om lead plate
I = 3300 gowsa K <200 a-volts x 108,

When a 2 em, gold plate is used, it is not possiblo to measure the energy
loss of radiating eloctrons, since they are almost all totally absorbed. But
such a plate is useful to out radiating el from more pene-
trating particles A full analysis of the photographs taken with the gold
plate 18 not yet fimshed, but the following are somo preliminary results.
"T'able II gives a list of the energios and sign of all rays observed with energies
botween 6 x 107 and 6 x 10 e-volts and shows in a very striking way the
change of energy loss for F= 2 x 108 e-volts

Of the thirty-five tracks, nineteen stop 1n the plate, and all are under
2:5 x 108 e-volta. Of the mxteen which traverso the plate, all but one are
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N number of particle
@
T

L L N )
-0% 04 08 12 16 120
Relutive energy lows 2

Fie 3 Diwstnibution of energy loss n 10 em lead plate,
K <200 c-voltax 108

TABLE 1. ABSORPTION BY A 2 (M GOLD PLATE

Initial energzies in milhon eleetron volts
Rays which stop Rays which

m platy traverso plato
+ 53 + 165
+ 62 + 227
- oh —-232
- 14 + 268
- TH* +261%
- R3 +2756%
— 88 - 320
[ 1] —322
- 98 —330%
+ 121 + 330
—132% — 130*
+ 140 + 460
+ 166 + 480%
- 175 + 470%
-~ 186 + 480
— 188 + 490%
+209%

- 224%
- 242

Vol CLXV A, 2
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over 2 2 x 108 e-volts, and lose only a small fraction of their energy. The one
which has u lower energy (1-65 x 10 e-volts) actually loses about half its
energy, and can be interpreted in two different ways, according as whether
the curve of fig 118 idered to rey the actual variation of energy
loss of cach particlo, or as representing the result of a sudden change of
radiating power oceurring at different energies for different particles (sce §8)
In the first case the track represents a less than average energy loss of
& particle of mean energy loss considerably less than that of an electron,
mthesccond, a particle which makes th lden transition ab ily late.

The tracks marked with an asterisk were made with a 5 or a 15 em. lead
absorber between the counters, which were all above the chamber (sce §7)
For the rest, there was no heavy absorber over the chamber

Figs. 4 and 5 show graphically the moasured relative energy loss R of cach
individual track, plotted against 1ts initial energy K, for the two lead
plates * The data from the previous paper are used to extend fig. 5 up to
E =2 x10°e-volts Each point which corresponds to a ray which entered the
chamber accompamed by one or more other rays 1 considered to be part of
a shower and w marked by two vertical lines It is secn that for
E < 2x 10% e-volts, the distribution of shower particles is sensibly the same
as that of the single particles, and further, the number of positive particles
18 sensibly the same as the number of negatives Wo conclude from these
resulty, and from those of § 2, that rays with £ < 2 x 10¥e-volts are all positive
and negative electrons, with approximately the full radiation loss predicted
by theory. Tf any more (or less) penetrating particles are present m this
energy range, their number, 1n our experiments, cannot exceod a few
per cont

This conclusion 18 in conflict with that of Neddermeyer and Anderson
(1937), who find a strong penetrating group extending down to nearly
1:2x 10* e-volts. The possibility that the discrepancy could be due to
differont amounts and nature of material over tho chamber seoms excluded,
simce wo find no sign of the penetrating group of low energy, cither with no

* Tho fwt that, for the 033 and tho 10 ¢ plates, the maximum values of R
to l are loas ot Jow energies than 6 and 2 renpoc-

Lively, 1 due to the subtraction of the 1ourzation lows (£, 1) from the observed energy
loss (aquation (1)). For tracks that stop, and so do not traverso the full distanco t,
this subtracted enorgy 1 clonrly too great by somo amount that, for any ono track,
canniot be deternimed. The hugh value of one pomt m fig 2 w to be attrhutod partly
to thin enuse, and partly to tho xy arror fuced by the g m the
plate of the slow rays, and by therr deflaxion from tho vertieal by the magnetie field.
Both efteets mcronso the real path i the absorbor, and 8o give too many high values
of R, Owmy to tho subtraction of the jomzation loss, the lngh numbers oceur for
R2=45m fig. 4, nstead of for R=6
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heavy materisl, with 1-5 cm Pb, with 15 em P, or with 8 em. Cu over thoe
chamber Tt will therefore be taken as proved that there is no large pene-
trating group with £ < 2 x 10° e-volts.

50?5

4080

_1dE
TEdX

Relative energy loss B

=2 0i L s L L 1 @
0 10 20 30 40 50 60 70xi0%v

Imtial energy E,

Fia 4. Distribution of relatino energy lows n 033 em lead plate
© Single tracks
& Tracks woeratad with othor particlos
@ Negntivo partielos,
© Pomtivo particlos,

4. THE RAYS WITH ENERGY GREATER THAN 3 x 10* E-voLTS

From figs 1 and 5 it 18 seen that the mean energy loss of the rays with
E>3x108 e-volts, is much lcss than that of radiating electrons, and yet
they cannot be mainly protons.* However, a few particles do lose a large
fraction of their encrgy. Kor instance, in fig 5 six particles out of fifty, in
the range 3 x 107 to 2 x 10® e-volts, have values of R greater than 0-6, whilo
in fig. 4 one particle out of thirty-five in the range 3 x 10 to 7 x 10 o-volts

* Smular ovidenco agamnst this possibibity has been obtaned by (russard and
Luprinco Ringuet (1937) and by Streot and Stovenson (1937) The point marked P
i fig. § 13 tho only recognizablo proton among tho tracks deseribed here.,

22
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has a value of 12 greater than 2-0. Thus rather less than 10 %, of the particles
with energy between these Limits are heavily absorbed ns would be expected
of electrons

Betweenthe enorgy of 2 x 10%e-volts, below whichall theraysare absorbed
approximately hike eloctrons, and the energy of 3 x 108 e-volts, above which
only & small fraction are ahsorbed electronteally, hes o transition region
which needs further investigation, since the resulta for the two plates differ
somewhat,

20 B

lﬁf

o

Relative energy loss R

n L ) L L L L L L )

20 40 60 80 100 120 KO 160 180 200
Enorgy

Fia. 5. Distribution of relativ e energgy loss in a1 e, load plate.

® Nogative particles.
O Pouttive particles

Of the seven absorbablo, but enorgetic, particles shown in figs 4 and 5,
three are in showers starting in the lead over the counters, while all but one
of the penetrating group are single. Street and Stevenson (1936) were the
first to recogmze clearly the great duff bet the behaviour of single
particles and those in showers. As their photographs were taken with no
magnetic field, 1t was not possible to be sure that this difference in behaviour
might not be due to a difference of energy rather than of kind. As has been
mentioned, Neddermeyer and Anderson (1937) found evidence for the
oxistence of both an absorbable and a penetrating group in tho energy range
1:2x 10% to 5 x 10* e-volts and concluded that the two groups correspond
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to normal and to “heavy” electrons. Our results confirm the probable
existenco of tho two groups, but only n the energy region above about
2 5x 108 e-volts. The scanty data 1n fig. 5 scom to represent still the only
direct evidonco available at present that the two groups exist in the same
energy range, and even here the accuracy of tho measurements 18 not as
Iugh as would be desirable. The distribution of the six absorbable rays is
about what is expocted for electrons The fact that all are positive may be
duo to chance, or to a possible asymmetry between positives and negatives
among the shower particles  Such an asymmetry, 1f estabhshed, would
prove u grave difficulty for the cascado theory.

The strongest evidence for the real existence of the two groups in the same
energy rango is obtamed indirectly from the cascade theory of showers,
as doveloped by Bhabha and Heitler (1937) and by Carlson and Oppen-
heimer (1937) The expl of the atmospheric t curve given
by Heitler (1937) leaves little doubt that thero are some electrons that
radiate fully in light elements up to 10'9 volts or more, For heavy elements
the pomtion is less clear, but the evidence from the shower transition curves
suggests that some eleetrons raciate fully also m heavy elements up to high
energies Further evidence for thisis givenin §9 2 The assumption that the
1udintion formula does not brenk down clearly necessitates the assumption
of two groups in the same energy range, in order to account for the pene-
trating group, sinco this cettanly exists over a very wide range ot energy

6. 'I'ik BEHAVIOUR OF THE PENETRATING RAYS

Apart from the six rays showmg a large absorption, the rays n fig. 5 with
E>3x 108 e-volts are about equally distributed between postives and
negatives, and their mean energy loss 1 perhaps of the ordor of 1/16 that of
electrons,

Two q i liately present th lvos. What happons to the
rays of this pencteating group, when their energy falls below 2 x 108 e-volts,
and where do the electrons and postrons with £ < 2 x 108 e-volts come from ?
The most obvious assumption, which was made in the previous paper by
Blackett and Wilson (1937), 18 that the penctrating rays of high energy
become, as they lose energy, the absorbablo rays of low energy, that 18 that
their energy loss varies with their energy, and approaches that of electrons
at low energies.

"Though strong evidence that this view 1s correct will be givenin §§7 and 8
1t i8 Interesting to consider what is nvolved in the attempt to explain the
facts by means only of particles with a constant relative energy loss, for
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instance by “heavy” electrons of constant rest mass. One would then have
to assume that such particles stopped suddenly as their energy fell below
2 x 108 o-volts. No mgn of such a process has been observed. In fact, 1t is
shown in § 3 that there 1 no sign in this region of any process of absorption
of large fractions of the energy of a particle, other than that characteristic
of radiatng electrons 1f such a catastrophic process took place 1t could
hardly fail to have been observed. For instance, in fig 4, one would expect
to find some particles of energy about 2 x 10 ¢-volts, which stop complotely,
but there are none

6 THE EVIDENCE FROM THE LOW ENERGY END OF THE SPECTRUM

No satisfactory investigation of this end of the spectrum, or how it varies
below different absorbers, s available However, Tuble 1TI gives some rather
scanty evidence from photographs taken, (a) under no heavy absorber,
(b) under different, lead absorbers, varymy from 3 mm to 5 em in thick-
ness The numbers are not very relable, owing to the offect of the magnetic
field in deflecting away the slow rays The number of these 1 therefore
certainly underestimated For tho fraction of the spectrum over 10° e-volts,
the data given by Blackott (1937a) have been used

Tantr Il Low ENERGY END OF SPECTRUM

Number of tracks

D L S

(X 10" cvolts)  No absorber  Load absorber — Total Fraction
o1 18 30 48 005
12 27 18 % 005
2-3 28 1 a0 004
3.4 32 21 53 006
45 16 26 41 004
5-6 18 22 40 004
6.7 19 15 34 004
7-8 23 7 30 003
8- 9 21 15 36 003
9-10 21 15 36 004
10-0 — — (660) (0-68)
(960) (042)

For the case of no heavy absorber, the spectrum 18 fairly flat, but there
is & mign of a minimum for K=2x 10% e-volts under the lead absorber.
This mini which was d 1 the previous paper, 18 just what
would be expected, owing to the rather sudden increase of the energy loss
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with decreasing energy, as shown n fig. 1. The mmimum would not be
expocted with no heavy absorber, even 1f, as is possible (see Wilson 1938),
the radiation loss in air also increases suddenly at about the same encrgy,
because of the much greater value of the ionization loss relative to the
radiation loss in air in comparison with lead In air, therefore, one would
expect, either no mmimum at all, or only a small one The expected relation
between & minimum in the spectrum and & sudden increase of energy loss
has already been discussed by Blackett (1937a) in another connexion

This sudden reduction ot the intensity of the cnorgy spectrum under
a heavy absorber is also very woll shown by the rosults for the tracks
emerging from the gold plate For1f those trachs listed mn the right-hand
column of I'able L1 are considered, 1t is scen that tho number per unit energy
range under 2 x 10%e-volts 18 much less than the number with lgher energy
Since this change of intensity under a heavy absorber is just what would be
expected 1f the penetrating particles actually become absorbable, 1t must be
considered as providing strong evidence that the chango of property
actually does take place.

‘The observed fraction of the rays with energy greater than 3 x 10% e-volts,
which are radiating electrons, depends on the number of showers observed,
and this of course depends on the nature of the absorhr over the apparatus
(transition curve) From the data of figs 4 and 5 this fraction n our exper-
ments for the range 3 x 108 to 2 x 10° e-volts is about 109/, For the whole
range from 3 x 10* c-volts to infinity tho fraction must be less than this, say
5%, or less, owing to tho difference in the shape of the energy specira
(800 §9 1) These figures refer to the condition under & lead absorber of about
16 em, thickness In ar, that 18 with no absorber, the fraction must be less
than 1 59, (sco §9-1) On the basis of these results we can construct fig 6 to
represent, highly schematically, the low energy end of the spectrum. To
smplfy the discussion, the encrgy loss has been assumed to changosuddenly
at the critical energy.

‘The approximato numbers of rays in the threo main parts are as fullows:

Absorption

Particlos Enorgy range Fraction group

A Eletrons )
5 - 200
pm“_mm> E<25x 108 e-volt about 20 9, Soft
\ , ' {m wr15%

B Do} E>sxioevos  {moviB%,
¢ Unknown  E>25x10"cvolts  about 80 % Hard

Now if the hard group C does disappear at about 2 x 10° e-volts, the soft
groups A and B must, independently of C,form the spectrum of tho radiating
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clectrons. Butsuch a spectrum, shown by the thick line, 18 quite inconsistent
with the cascade theory (Hertler 1937). This theory shows that for & > By,
where Fy=1-3 x 10%¢-volts for air, the number of rays between K and £ +dE
falls off about as K 25, but for E < K, is nearly constant, that is more, as 18
shown by the honzontal dotted curve We conclude therefore that the
radation theory can only explain the part B of group A, but not the rest C’,
which must thorefore be recrmted from group (! Tt follows that the rays
of the penctrating group, whatever their nature when energetic, are
apparently absorbed like electrons when their enorgy falls much below
2x 10¥ e-volts

Number of rays between E, E+dE

200 600 r10%ev
Fnergy
F10. 8 Schomatic reprosentation of low energy end of spoctrum

7. DIRECT EVIDENCE FOR THE CHANGE OF RADTATION LOSK OF
PENETRATING PARTICLE

Inorder to test directly the conclusion of the previous section that a penc-
trating particle apparontly becomes an electron when 1t slows down, & series
of photographs was taken with three counters over the chamber, and betwoen
them a lead absorbor, either of 5 or 15 em  thickness, This absorber must
cut ot completely the absorbable rays (except for a few of high encrgy,
which will appoar as showors), letting only the penetrating rays reach tho
chamber. Thus if any ray enters the chamber singly with energy less than
about 2 x 10¥ e-volts and 1s absorbed by the 2 em. gold plate in the normal
manner for electrons, 1t is proved that a penetrating ray has become, or
has given rso to, an electron The single tracks taken with this arrangement
are included in Tablo LI, showing the results with tho gold plate, and are
thoso marked with an asterisk. It will be seen that thero aro four rays, which
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have traversed the lead plate, but which stop in the gold plate. One would
only expect a few of such rayw, since the chance that a penetrating particle
will emerge from the lead plate just in the right energy region is quite small.
These results, though fow 1n number and therefore only of a prelminary

haracter, give theref direet evidence that a penetrating ray actually
becomes absorbable like an clectron as 1t slows down.,

Sinco the number of normal radiating electrons observed in our experi-
ments 18 only asmall fraction of all the rays, 1t tollows that the experimental
curve (fig 1) giving the dependence on energy of the energy loss of all the
rays, actually represents fairly accuiately the energy loss curve of the
penetrating rays alone. Whether this change of their property of radiating
encrgy happens gradually or suddenly can only bo settled by furthor expen-
ments (On the whole, the existing evidence suggests a fairly rapad, but not
discontmuous, rse of radiation lows as £ falls below 3 x 108 e-volts It is
possible that the full radiation loss of an electron 1 not obtained till its
energy 18 less than 10° e-volts

Each penetrating ray, when it reaches an energy of less than 2 x 10° e-volts
will produce & small shower, since 1t then hehaves like a radiating clectron
This may bo the orgin of the smaller showers, observed by counter experi-
ments to be due to the hard component.

8  DISCUSSION OF TIE POSSIBLE NATURKE OF THE PENETRATING RAYS

Clearly the first demand, which any hypothesis as to the nature of the
penotrating component must sutisfy, 18 that it must explain the observed
rapid change in the behaviour of the particles when their energy 18 about
2:6 x 10% e-volts, Tt will be cssential to discover whether this change is
sudden or gradual, and whether the energy at which 1t occurs varies with
the absorber Recent results by Wilson (1938) appear to show s somewhat
less rapid variation with energy in copper than in lead, but the variation
with atomie number Z w not nearly as large as was suggested proviously *

* In a provious paper Bluckett and Wilson (1937) showed that the obsorved varin-
tion of tho mean onergy lows with energy was in rough ugreement with a tentative
theory of Nordheum (1936). to explun the then supposed broakdown of the radiation
loss of all electrons [ am indobtod to Dr K Wilhams for pointing out to me that
an alternatino theory put forward proviously by hum (1934) fits the rosults for load
equally well, and the new results for highter elements much bottor  For tho former
theory gives a largo chango of radiation property with Z (K, « Z-4%), and the latter
a much amallor variation (K, ¢ 7 ¥3) The carhier results with alummium, which wup-
ported the formor exprossion, had @ rather large probable error and wero probably
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It 18 clear that the penetrating rays cannot be heavy electrons of constant
rest mass, or of any mixture of such heavy electrons, smee the mean radiation
loss vares rapidly. They might, however, consist of heavy electrons with
a variable rest mass, for mstance “excited” electrons which go to their
normal state when their energy drops below the critical value. Alter-
natively, the hoavy particle may n some way give nso to, rather than
become, the yght particles. It 18 obvious from relativity considerations that
the change ot property cannot oceur in free space, but must ocour during
some type of collimion.

To explan the rather rapid change of pruperty wnh energy, one might
postulate some new kind of the particles
and the nuclear fields of the absorbing nwma This resonance would then
have to occur for & entical energy E,, which probably increases slowly as the
atomic number Z decrenses.

A rather strong argument for the assumption that 1t 18 & fference of
mays which distinguishes the two types of particles, lies in some results,
which will be described elsewhere, which show that though the radiation
from these particles 1s small, their scattering agrees with the theoretical
value for vory fast particles Much the simplest way of reconaling & sub-
normal radintion loss and a normal scattering 1s to assume a greater mass,
ninco other possible ways of reducing the radiation loss are likely also to
reduco the scattering.

This type of explanation will only be pl 1f the chango of property
of each particle proves to be sudden If the gradual change shown i fig 1
really reprosents the behaviour of the individual particles, such an explana-
tion would be untenable

From fig 1 it is seon that tho radiation loss of the penetrating rays falls to
about 1/18 of that for electrons, or perhaps less, for energies of about
4 x 10 e-volts. This gives about four times the electronic mass as the lower
Linut of the rest mass of the particles in this energy region. It scems 1m-
probable that they can be heavier than say, 100 tunes the elcctronic mass,

bl

given undue woight (we Wilson 1938) Tt 1w howover doubtful if Willams'’ theory 18
enpablo of explmning tho very rapid fall of B now observod

[Note added n provf In & rovent paper March (1937) has given an explanation
of tho obkerved drop in tho encrgy loss, s indicating that thore exiuts n nature &
lower lumt y for the wavelongth of & photon that can react with matter at rost.
From the obsrved eritical energy of about 2x 10 e-volts, 1t follows that y X 2r,
whoro 7, 1 tho clusucal rads of the eloctron, This theory 1 thereforo closely
rolatod to tho suggestion of Williams (1934) that the breakdown of the radiation
lowus 18 connected with tho classical cleotron radins  But snco tho theory must apply
to all clectrons, 1t 18 inconsstent, unless furthor asyumptions are mado, with the
facts oxplamod 8o well by the theory of cascado showors.]
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since momentum conmderations would then prevent them giving rise to
sufficiently fast electrons to explun the group C’ of fig. 6

Whatever the mechanism of the change of radiative property, it must
oceur without abnormal seattering, since the observed scattering is, at
any rate, apy normal at all gies  From id of
momentum and energy transfer, no simple colhsion mechanwm can easily
he imagined which will transform a heavy particle into & light: one without
appreciable scattering

If, as is possible, the energy loss will be found to be a continuous function
of the energy of the particle, one will be forced to some other type of explana-
tion, perhaps to one n which the penetrating rays are supposed to be of
clectrome rest mass, but are distinguwhable from ordmary electrons by
some new physical property having the effects of making the radiation loss
a function of energy Such a theory would then resemble closely the various
breakdown theones discussed in the former paper, in that these theories
were formulated to explain the then supposed vanation of energy loss of
clectrons with £ and Z 1t 1s now, however, clear that, 1f any rays obey such
a “‘breakdown’ theory, 1t 18 the penetrating rays alone (that is, on this view,
the abnormal and not the normal electrons) Of course the supposed
mechanism behind the variation of radition propertv with energy would
have to be altered, so as to depend on the unknown physical property
distingushing the penetiating rays from the normal clectrons But some
new mechanism, not contained n the present structure of quantum
mechanism, is certamnly necessary to explain all tho facts.

9-1. THE FRACTION OF (COSMIC RAYS AT SEA-LEVKL WHICH ARE
RADIATING ELECTRONS

The fraction of the rays n ar which are normal electrons 1s much
less than 18 indicated by the spectrum of absorbable particles with
3x 10%e-volts < £ <2 x 10°e-voltsm fig 5 For tho photographs wero taken
under lead, and further all counter systems aro strongly selective for
showers. An independent estimate of the upper limit of the fraction of rays
in air which aro electrons, can be obtained from the observed number of
bursts For, on the cascade theory, almost every energetic electron will
produce & burst

Forinstance, from the data given by Ehrenberg (1936), it can be calculated
that the ratio of the number of bursts, with morethan ten rays, tc the number
of singles, is Between 5x 10 ¢ and 10 3 Agam, from the data given by
Montgomery and Montgomery (1935a, fig 3) the ratio of bursts (N > 10)
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undor a 1 cm lead plate to singles, is found to be rather less than 10-3,
As & rough result we will therefore assume the ratio to be 102 for & lead
plate 1-2 em  thick

Now from the data given by Heitler (1937), a shower of ten particles is
produced 1 a lead plate of thickness 1-2 em (I = 3) by an electron of enorgy
parametery = 52 Since the critical onergy for lead is 107 e-volts, this value
of y = log(E/Ky) corresponds to an cnergy of 1:8 x 10° e-volts Ninco all
eloctrons of higher energies will produce larger showers (neglecting flustua-
tionw), the fraction of the cosmic-ray beam which consists of electrons with
energy greater than 1 8 x 10° e-volts, must be equal to the number of bursts
with N > 10, expressed asa fraction of the number of singles, this ratio 1s then
ahout 10-3 To obtain the total number of electrons with K> 3 x 108 e-volts,
wo can use the theoretical encrgy distribution given by Heitler (1937, p. 276).
T'his 18, that the number of clectrons with energy greater than & is roughly
proportional to E-15, Thus the number of electrons with B> 3 x 108 e-volts
18 10-3(18/3)15, that is about, 1-5 %, We conclude therefore that at sea-lovel
in air the fraction of the rays which are normal electrons (or positrons),
with energy greater than 3x 10 e-volts, 18 not more than 159, Thws
estimate is an upper limit, as some of the obsorved bursts are probably

duced by the i )

1t is nteresting to compare tho energy spectrum in air of the sbsorbable
and the penetrating rays As 18 mentioned in § 8, the spectrum (that s tho
numbered rays with energy between K, £+dE) of the former should bo
roughly constant for & <1-3 x 108 e-volts and should then fall off about as
E-25, or according to Carlson and Oppenheimer (1937) as -2

Now from Table I1T, and from the results given by Blackett (1937a),
the spectrum of the penotrating rays is seen to be nearly constant for
E < 10° e-volts and then falls off about as £-* or rather faster Thus the
apectrum of the penctrating rays is rather similar to that of the electrons,
but the value of tho energy at which the change of slope vecurs 1 about
seven timen lorger

Since the number of energetic clectrons at sea-level is very small, 1t
follows that the observed absorption at sea-level, excopt for small thick-
nessos of absorbers, is almost entirely due to tho penctrating component
Thus the results obtained by Blackett (1937b) for the energy loss of all the
rays at sea-level, by comparing the observed absorption and energy spectra
refer, effectively, only to the ponetrating component, and are very httle
affected, except for small thicknesses of absorber, by tho presence of the
few energotic el Since 1t is probable that the straggling of the
i 18 small, the calculated energy loss, which is based

); g
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on the assumption of a range-velocity relation, should be rehable. Thus the
mean features found, particularly the sudden drop 1n energy loss to nearly
the ionization value for £=2 5 x 10° e-volts, and the subsequent slow rise
again for £ > 10" e-volts are probably reliable ind of the beh
of the penetmtmg component 1t must be bered that the }
0 lox, a8 1t a farrly large fraction of
protons. The fact that the energy at which the sudden fall of energy loss
oceurs is about equal to 2M C*, where M 15 the mass of a proton, suggests
possible theories of the effect (Blackett 1936).

Jouhted]

9-2, EVIDENCE FOR THE VALIDITY OF THE RADIATION FORMULA
FOR HEAVY ELEMENTS

Somo support for the valdity of this formula for electrons in lead up to
very high ries can be ob 1 by comy tho theorotical energy
distribution giving tho number of rays with energy greater than K,
g(E)oc E-7, where, as above, y 18 of the order of 1-5, with that obtained
from the observed distribution of bursts

Montgomery and Montgomery (1935a) have shown that the number of
bursts with moro than N rays under a 1 em lead absorber, 1s proportional
to N *, where s 13 about 2:2 Now from T'able LV of the paper by Bhabha
and Heitler (1937), 1t 18 seen that for  — 3 (1-2 cm P’b), the number of rays
m ashower due to an electron of energy £, can be represented approximately
by Noc B4, where ¢=0-8 for y =5 (K =10° e-volts) and ¢=04, for

= 10 (K = 10" e-volts) The number of electrons with energy greater than
K must therefore be proportional to £~ Since according to the cascade
theory the number should be proportional to £ 15, we should havegs = 15
Actually, putting 8 = 2:2, and ¢ cqual to 0-6, that is to the mean of the two
values given above, we get s = 1 3, 1n good agreement with the theory.

For thin absorbers (I small) we should expect from fig 4 of the paper by
Bhabha and Heitler (1937) that g should be smaller than the figures given
above; thus 8 should be Jarger This explanation w 1 agreement with the
results of Montgomery and Montgomery (19355), who find for » magnesium
absorber a value of s conmderably larger than 2 2,

T wish to expross my gratitude to MrJ G. Wilson and Mr A, H Chapman
for their invaluable help 1 am indebted also to the Government Grants
Commttee for a grant for apparatus, The work was carried out at Rirkbeck
College, London
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SUMMARY

1 Farther measurements of the energy loss of cosmic rays 1n metal plates
have confirmed the former results of Blackett and Wilson (1937), that very
nearly all the rays with K <2x 10% ¢-volts are apparently electronic n
charactor.

2 A remnterpretation of the data for higher enorgies, whero the mean loss
18 quite small, 1n tho light of the cascade theory of showers, has confirmed
the concluston of Neddermeyer and Anderson (1937) that there are probably
pmscntntcwmcrgetn' but absorbable, rays which ean bo identified with fully

ting el The | ing rays, which at sea-level are in a large
majority, cannot tlwreﬁ»re be normal clectrons

3 Tt is shown by indirect argument from the spectrum, and by diroct
expeniment, that these penetrating rays become mdiwstingmshable from
eclectrons when theit energy falls much below 2 x 10 e-volts.

4 1t 18 ponted out that the main requirement of a theory of the penc-
trating component 18 to oxplam this striking property. Various possible
theories are discussed, and 1t 18 shown that thero are two main typos of
possible explanation The first 1s that the particles are heavy when energetic,
but change their mass suddenly, during collisions with nuclear fields, perhaps
through some type of resonance effect, when their energy falls below a
critical energy. The second is that in which the penctrating rays are supposed
to bave the electronic rest mass, but, are distinguishable from normal elec-
trons by some unknown property which has the effect of making their
radiative energy loss vary with their energy and the absorber, in a way
rather smlar to thut given by the various theories previously put forward
to explain the then supy of the radi loss of normal
electrons Kurther experiments wnll be required to ditinguish between these
possibilities.

REFERENCES

Hethe and Heitler 1934 Proc Roy Soc A, 146, 83
Bhabhe and Heitler 1937 Proe. Hoy Soc A, 159, 432
Blackett 1936 “Cosmic Rays ” Oxford

— 19376 Proc Roy. Soc A, 159, |

— 19374 L'roc Roy Soc. A, 159, 19

Blackett and Wilon 1937 Proc. Roy Soe. A, 160, 304,
Carlson and Oppenhenner 1937 Phya Rev 81, 220
Crissard and Leprince Runguet 1937 C.R. Acad Scr , Purin, 204, 240.
Fhrenborg 1936 Proe Roy Soc A, 1585, 532,

Heitler 1937 Proe Roy Soc A, 161, 26].

March 1937 Z. Phys. 108, 128,



The nature of the penetraling component of cosmic rays 31

Montgomery and Montgomery 19356 Phys. Rev 48, 786
— — 19350 Phys Rev 48, 989,
Neddermeyer and Anderson 1937 Phya. Rev 51, 884,
Nordhom 1936 Phys Rev 49, 189
Stroet and Stovenson 1936 Phys Rev 49, 425.
1937 Phys. Rev 52, 1003
Turn and Crane 1937 LPhys Rev 52, 610,
Willmms 1934 Ihyn. Rev 45, 720
Wilson 1938 Proc Roy Soc (in tho Press).

The continuous absorption speetra of alkyl jodides and
alkyl bromides and their quantal interpretation

By D. Porrer avn (¢ F. GoobEve

From the Sir William Ramsay and Ralph Forster Laboralwy
of Chemastry, Unaversity College, London, W (/.

(Communicated by F @ Donnan, ¥ R 8.— Receved 22 October 1931)

In recent years a number of continuous absorption spectra of diatomie
molecules have boen examined 1n order to deternine the potential energy-
dstance curves for the excited states. Gibson, Rice and Bayhss (1933) and
Bayhss (1937) applied the mothods of q; hanics to the chlori
and bromine spectra respectively and M\wkelberg (1932) treatod the oxygen
contmuum in a similar manner The spectra of hydrogen bromide and iodide
were analysed by Goodeve and Taylor (1935, 1936) The method of treat-
ment has recently been extended and apphed to the methyl bromide
spectrum by Fink and Goodeve (1937).

In the present paper, rocently published measurements for methyl
iodide (Porret and (ioodeve 1937) are analysed and compared with new data
for ethyl iodide. Thospeetra of cthyl and butyl bromides have been measured
and compared with that of methyl bromide,

1. THE QUANTAL INTERPRETATION OF THE METHYL 10DIDE CONTINUUM
(a) Outline of method

The extinction coeflicient, which is the probability of absorption of a
quantum of light by a molecule, 15 1 by the functions of the
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initial and final states and by the dipole momont associated with the
transition. From known potential energy curves, it i ls easy to calculate the
extinction coeffici for the duffe quencies, but direct

cah'ulauon in the roverse direction 1 impossble in practice. To determine
the potential energy curve for the upper state, one has first to calculate a,
the absolute extinction fhici as a function of », the i )l
distanco, by quantal methods, By comparison with the experi 1 curve
for a 1n terms of frequency one obtainy the required relation between the
potental energy (expressed as the frequency interval from the zero point
energy level of the ground state, plus the zero point energy) and r.

The method of calculation of the a-r curve 18 described in detuil by Fink
and Goodeve (1937). & 18 given by the equation

H

a:KuUwMyr'}, )

where v is the frequency, ¥’ and §” the eigenfunctions of the upper and
lower states, M the dipolo entand K a As the nucler

practically the whole mass of the atoms, the varation of the nuclear eigen-
functions 18 generally the deternmining factor i the value of the above
tegral All the other terms may, therefore, be assumed constant and one

may write
w 2
a= l\'lv[.“ ¥y y’/’(.:lr] (2)
"

It 18 found that for alkyl hahdes, and for the mngo of e‘(tmctlnn coeffi-
cients with which we are dealing, molecul ib | energy
up as high as the third quantum level, play a part in the absorption. The
eigenfunction curves of the levels of the ground state can be caleulated by
means of well-known equations "The one of the upper state can be obtamed
accordmg to the Wenzel-K: Brllouin app from the
solution of the wave equation

dyy S, ,
et Y =0, ®

whore &' 18 the slope of the upper potential energy curve, # the reduced mass
and 2z’ the internuclear distance, dofined here by &’ = r—r!. The slope, &',
can he calculated by means of the approximation used by Goodeve and
Taylor (1935) which gives accurato values of the slope for small values of
&' (sec Fink and Goodeve 1937, sechon 4).

The value of K, can be d 1 by caloulating a,, the probablity of
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transitions from the zero vibration level, multiplying this by the partition
fraction for this level, f, (i.e. the fraction of the molecules in this level), and
equating the maximum value of a,f, to the maximum of the experimental
extinction coefficient curve. For the region of the maximum the zero
vibration level 18 solely responaible for the absorption. K, has the same
value for all ions b the two el ic states, so far as the
assumptions in equation (2) are vahd

For methyl iodide the variation of the frequency throughout the band
is small and sufficiently accurate values for use in equation (1) can be
obtained by application of the method of analyms used by (icodeve and
Taylor (1935).

For any particular frequency, the observed oxtinction coefficient is the
sum of the probabilitics of transitions arising from the various vibrational
levels in the ground state, each probability being multiphed by the appro-
prate vibrational partition fraction. Before making the summation one
has to take account of the fact that the transitions do not involve the same
frequency for a particular value of &’ (sce equation (17), Fink and (Gloodeve
(1937)) Furthermore, the eigenfunctions ot the ground state have been
calculated for & harmonic oscillator. The formulae for an anharmonic one
are very compheated, but a partial correction can be made by shifting each
of the Y* curves so that 1ts centro corresponds to the mid-point of the
appropriate vibration level (see fig. 3) Details of the method of applying
these corrections are given by Fink and (loodeve (1937) The corrections
having been made, the total extinction curve can be calculated in terms of
2’ and, by comparwon with tho experimental one, the upper potential
energy curve can be drawn,

(b) Application to methyl iodide

As with methyl bromide, the spectrum of the 10dide can be considered
as ansing from a diatomic molecule (CH,) I The necessary data for methyl
iodide are given in the table, section (4). The value of the slope, &', to be
used 1 the solutions of equation (3) was found to be —3-8x 104 wave-
numbers per A or -~ 7-47 x 10-4 ergs per em. The eigenfunction curve for
the level corresponding to z' = 0 18 shown mn fig 3 The integration of

y (2) was ly replaced by a ion and the § d
as described above, carried out.
The partial flicients (as logarithms) for transit arising

from the first four vibration levels (at 20°C ), are shown 1 fig. 1, plotted
against the value of £’. The curve for tho total extinction coefficient is also

Vol CLXV. A 3
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shown (curve I). Comparison of this curve with the observed extinction
coefficient curve, shown by the full line n fig. 2, gives curve I in fig. 3 as the
upper potential energy curve. In fig. 3 are also shown the lower potential
energy curve and the fisst three vibration levels with their eigenfunction
curves in arhitrary units.

1t will be scen that this analysis leads to an upper potential energy curve
with a marked pomnt of inflexion, the repulsive force actually increasing

-17
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log,, a—caleulated
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¥io 1. Tho extinction coeflicient calculated as s
funotion of the carbon-iodino dstance
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with increase of nuclear A close of the approxi-
mations used in the analyses has revealed no likely sourco of error which
could account for this result. It may bo that the absorption band is in reality
& double one, 1 e. transitions to two separate upper states occur in the same
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F1a. 2, The observoed axtinction coofficient curvo of mothyl 1odido and tho
proposed resolution mto two bands.

region of the spectrum The point of mfloxion may in fact be removed by
resolving the extinction coeflicient curve into two parts, as shown by the
broken hines in fig. 2. By comparing curve Lin figg. 1 with the principal band,
A, shown in fig. 2, an upper potential energy curve shown by the broken

line, curvo A, fig. 3, is obtained. Tt may be seen that this has the normal
33
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F1a. 3. Tho potential enorgy curves of the C-1 link and the
eigenfunction curves of some of the energy levela,
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shape The approximate position of the upper potential energy curve
corresponding to the B band 18 indicated by curve B, fig. 3.

The argument that leads to the conclusion that the band 1s double 18
eaaly seen by inspection of the two curves, I, fig 1, and I, fig 2. The former,
the calculated curve, 1 curved throughout 1its whole length, whereas the
latter, the experimental curve, has a marked straight part with a shight
depression.

(¢) Influence of temperature

Some observations were made of the extinction coefficient at 100° C
‘The results were as follows.
Toggyy @, 100° C.

Froquoncy log,e a, 20° C. - ——
om -1 Observed Observed Caleulated
29,200 2213 Ry 22-00
29,800 22 51 2283 2131
30,200 2275 2103 2149
31,000 2123 2T 44 2183

The values given in the last column are calculated assuming that the band
is asingle one, i.c. that the potential energy curve I, fig. 3,18 tho correct one.
The observed extinction coefficients are about three tirnes smaller than the
calculated ones, from which 1t is to be concluded that the band 15 not single.
Calculations based upon the resolution of the curves as shown n fig 2
yield results in agreement with the observations, but, as tho observations
were made at two temp only, this cannot be idered
as o ivo confi of the lution as shown.

(d) Discussion

The presence of two bands for methyl 1dide brings 1ts spectrum into
conformity with those of the inorgame 1dides (see Porret and Goodeve
1937). It would appear, therefore, that tho 4 hand leads to dissociation
gving an exated 2Py 1odine atom and a normal unoxcited methyl freo
radical, whereas absorption of hight in the B band yields products both of
which are unexcited.

It 18 of interest to noto that Mulliken (1935) di which
suggest that the observed continuum of methyl 10dide 18 complex.

2. THE EXTINCTION COEFFICIENTS OF ETHYT, TODIDE

Tho continuous absorption spectrum of ethyl iodide has been studied by
a number of observers in order to obtain the position of the maximum or the



38 D. Porret and C. F. Goodeve

“long wave absorption limit"” (Scheibe 1925, Tredale and Wallace 1929,
Iredale and Mills 1930, 1931, Emschwiller 1930, Hukumoto 1932; Scheibe,
Povenz and Lindstrom 1933) According to Iredale and Mills (1930) and to
Hukumoto (1932) the limit corresponds to a dissociation into & —U;Hy
radieal and a 2P 10dime atom. It is now well known that such a conclusion
cannot be drawn, as the hmit of the absorption shifts towards the red when
the pressure or the length of the absorbing column 18 mnereasod

Pure ethyl 10dide supphed by the Bntish Drug Houses, Ltd , was used
after heing fractionated three times and dried with ;0,. The measurements
were earried out exactly as for methyl idide (Porret and (ioodove 1937)

The measurements of the molar and abrolute extinction coefficients,
defined by the equations

__ L1 _ L 1
e-lug,,,»,l.c:l and d_'og'f,’n).l' (4)

respectively (! being the length in em and ¢ and n being the concentration
expressed m g mol. per htre and m moleculos per ¢ ¢ respectively), are
plotted s thewr logarithms in fig. 4 The curve for methyl iodide is shown
for comparison.

3 THE EXTINCTION COEFFICTENTS OF ETHYL AND BUTYL BROMIDES

Iredale and Mills (1931) have measured qualitatively the absorption of
ethyl bromide, but no measurements of the absorption of the butyl com-
pound have been recordod

Pure bromides supplied by the British Drug Houses, Ltd., were used
and measurements made ag for methyl iodide

"The results for ethyl bromde are indicated in fig # by the open circles
and the broken line und those for butyl bromido by the black circles and the
dotted hne The curve obtwned by Fink and Goodeve (1937) for methyl
bromudo s shown tor comparison

4 THE INFLUENCE OF THE CARBON CHAIN

It will be seen from fig + that the extinction coefficient curves are prac-
tically unaltered by an inercase in the length of the carbon chain This, at
first saght, 18 surprising, as tho increased mags of the alkyl group might be
expected to influence the shape of the band The coincidence botwoen the
curves, however, can be explained by a idoration of the structure of
the molecules and of the fund | vibrational i i




loge €

Continuous absorption spectra of iodides and bromides 39

At room temperature tho methy! group can be treated as a unit of mass
15 because the vibrations nvolving movement of the hydrogen atoms with
respect to the carbon are relatively uncxeited. For ethyl and higher halides
the alkyl group does not, however, behave as a umt This is indicated by the

. 7N |t [
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K1, 4 Observod extmetion cocfficients & Ethyl odide, continiows curve T,
Mothyl 10dido; © Kthyl bromule, @ Butyl bromule, contmuous curve 1I,
Mothyl bromude.

p of low fund I fr corresponding to vibrations in
which the soparate carbon atoms move indwidually towards the halogen
atom (Kohlrausch 1931). Owing to the zigzag structure of the carbon chain
and the low angular forces th {und subseq carbon atoms
exert little restriction on the movoment of the first. This is scen by an
inspection of the carbon-halogen frequencios m a homologous series as sot

logyo @
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out in the table, column 2. This frequency changes only slightly on passing
from methyl to ethyl halides and remains practically constant for the higher
members of the series, If the alkyl group vibrated as a whole the variation
would be much larger. Assuming that the force constant, F, of the carbon-
hnlogen bond is the same for all the members of an humologou» sories, an

“cffective " reduced mass can be caleulated from the fund. | frequency
trom the equation

F 5

Mo = it (8)
The values given in the table, column 3, are obtained in this way and are
the better ones to uso in applying the above method of analysis to the ethyl
and higher compounds as they take account of the slight restriction in the
movement of the carbon atom of the carbon-halogen bond From the small
variation in the values of x, one would not expect much difference between
the absorption curves of the various members of each series.

© P z,w| D,Koal  f, n fr h
CH,I 533*  221x10-"§ 350 106+10 926 68 052 0044
CyH,l 800t 251 3:05 — N5 T8 067  0-068

CH,I 503f 248 - — - . - —
CHJI 505t 248 — — - - = —
CHBr  610* 2:08§ 3-60 72£10 9485 49 026 0015
CHBr 5680t 247 305 — 936 60 030 0025
GH,Br 670t 230 - - - = =
CHyBr  857F 250 R

* Barker and Plyler (1935)

+ Cross and Damels (1933).

1 Kohlrausch (1931)

§ Caleulntod diroctly, sssuming CHy— acts as a umt.

| Caleulated from D, (svo Jevons 1932),

On the assumption that the upper and lower potential energy cutves are
unaffected, tho influence of an ncrease of reduced mass on an absorption
spectrum may bo deduced. Such an increase or, in fact any restriction to
motion, causes a ‘“‘narrowing’ of the eigenfunction curves, leading to a
narrowing of the absorption band. At the same time, as a consequence of
normahzation, the height of the maximum is increased. For ethyl iodide
the iIncrease 1n &,y should be about 3 %. On the other hand the fundamental
frequency w 1s reduced, resulting in a lower value of the partition fraction,
Jor and a lower value of ay,,. For ethyl iodide this lowering is about 1 %,
These effects are smaller than the experimental error For the bromides
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the maxima occur in a region of high experimental error and the small
difference shown in fig. 4 may not be a real ono

The effect of an increaso of the reduced mass on the lower part of the curve
is more complex. The narrowmng of the eigenfunction curves produces a
narrowing of the absorption curve, but the merease in the partition fractions
of the first and higher levels prod a broad A small addi |
narrowing results from the correction given in equation (16) 1n the paper by
Fink and Goodeve (1937) All these corrections aro small. Tho small daffer-
onces shown may be due to any one of these causes or to impurities.

5 CoNCLUSIONS

The (T and C-Br absorption bands differ in that the former is much
narrower than the latter The upper potential energy curve associated with
the C-T band is much less steep than that with the C-Br band, tho values
at 2’ =0 bemg —43 and —7'1x 10¢ bers per A resy ly.
This is the major causo of the difference 1 the shapes of the curves—the
differences in the reduced masses and in the lower potential energy curves
being small

‘The slope of the upper potential energy curve is equal to the force of
repulsion The lower valuefor tho C-I link is to be expected from the greater
polarizability of the 10dine atom and from the fact that the 10dine atom is
further from the carbon than is the bromine atom, the distances, Fegr being
2:12and 1 88 A respectively (Sutherland 1937) Tho lower forco of repulsion
for the (*-I link in the upper stato 18 to be compared with the lower force
constant of tho hnk in the ground state

In the two | I serics of I Is di d above, it 18 seen
that the individuality of the chromophorie (light absorbing) grouping is
retained in each sories over a very wide range of extinction coefficients. It
tollows that the absorption process with these molecules 13 localizod in one
part. Thisis in contrast with what occurs in dyes or other mesomeric systems
where the absorption process 18 hound up with the molecule as a whole, Tn
the absence of mesomerism, localization of the absorption 1s to be expectod,
but the pomtion of a band may be affected by the presenco of groups which
disturb the electronic levels of the chromophoric grouping

One of us (ID. P.) wishes to express his thanks to the Swiss Ramsay Com-
mitteo and tho Ramsay Memorial Fellowshp Trustees for the award of a
Fellowship.
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SUMMARY

The extinction coefficient curve for methyl iodide has been analysed
according to the method used by Fink and Goodeve, and the oxistence of
two bands has boen deduced The upper potential cnorgy curves corre-
sponding to these bands have been deternuned.

The extinction cocfficients of ethyl iodide and of ethyl and butyl bronudes
have been determined over a wide range. Influenco of the carbon chain has
been found to be small The conditions under w hich chromophorie groupings
retam thewr individuahty have been d 1
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The infra-red absorption spectrum of
methylene chloride

By (' Coriv* and G. B B. M SUTHERLAND
(Communscated by R ;. W. Noriwsh, FRS  -Recewved 29 October 1937)

The absorption spectrum of methylene chloride has been studied over
limted regions m the infra-red by several workers (Els 1926, Lecomte
1933, Corin 1936, Emschwiller and Lecomto 1937) So far as we are aware
it has never been investigated between 2-5 and 7y, although this is & very
mmportant region The present paper describes a study of the absorption
of this substance in the quid stato between 2 and 12, which was under-
taken with the following objects in view  First, 1t was hoped that 1t might
be possible to resolve certan difliculties i the correlation of the infra-red
with the Raman spectrum of this molecule Thus Trumpy (1934) fiom a
very careful examination of the Raman speetrum had made an assignment
of the nime fundamental frequencies which did not adimit of a reasonable
explanation of a very strong absorption obwerved in the infra-red hy
Lecomte (1933) near 8y Before any remterpretation of existing data
could be attempted 1t wns obviously necessary to complete the map of the
speetrum between 2:5 and 7x and to contirm Lecomte’s work at 8. It
was also important to observe as many overtone and combimation bands
as possible to provide data for verifying and testing any new assignment
of the fundamental frequencies  Secondly, 1t was chosen as a switable
molecule for the further study of the assumption of independent groups
(Sutherland and Dennison 1935, Mecke 1932) in computing the frequencies
of a poly lecule from a simplified but still very general potential
function. Thus i1t is well known that certamn groups (such as CH, or CHy)
in & molecule give rso to certain characteristic frequencies m the infra-red
and Raman speetra of theso molocules, being apparently practically -
dependent of the rest of the molecule Such frequencies are casy to identify
in analysing the vibration spectrum of a polyatomic molecule but the
froquencies which anse from the vibrations of thoso indy dent
gmupe as wholes are not at all easy to assign and it 18 just th(me ‘inter-
group” frequencies as opposed to the “mtra-group” frequencies for which
we have found a new method of treatment in this case  Yet the method,

* Aspirant du Fonds National do la Rechercho Scientifique,
[43]
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which depends on an application of the isotope offect, is a very general one
and should be applicable to many classes of polyatomic molecules.

KXPERIMENTAL

The spectrometer used was the well-known Hilger instrument D83,
The source of radiation was a Nernst glower, while the currents from the
thermopile were measured directly on a very sensitive Paschen type

1 The s was carefully enclosed in a wooden box
zo minimize thermal disturbances The dispersing prism was of fluorite
between 2 and 9, and of rock salt between 8 and 12x. The wave-length
readings on the drums wero checked with reference to the well-known
atmospheric bands due to water vapour and carbon dioxide, the prisms
being set in position imtially by using the sodum D lnes No special
precautions were taken to prevent varations in the current through the
Nernst filament since the latter was operated from a battery supply which
wus very wm«tnnt For the majonty of mem!uroments the Paschen

d above was employ lly, however, the
thermo-elocmc current was taken to a Kipp and Zonen Zc moving coil
galvanometer the doflexions of which wero amplified by a photo-electric
relay of the type deseribed by Moss (1935) This made 1t possible to work
with very fine shits in the examination of the contours of certain bands.

The absorption cell employed is shown d lly in fig 1. Tt
enabled one to vary the thickness of the layer of CH,(l, from 0-007 to
I'mm The liquid is contained in the space 4 between the rock salt windows
Band C, which were 5 mm. thick and 20 mm. in diameter * These windows
are surrounded by two rings, I) and K, the latter being separated by a
third ring, ¥, the thickness of which determines that of the layer of liquid
to be examined. The ring D 18 provided with two tubes @ and H which
allow the hquid to flow mto the cell through the opemings I and J. The
ring F' (the internal diameter of which is a shade less than that of D) or £)
18 placed against the ring ) so that the openings I’ and J’ of the former
correspond to 7 and J of the latter The nng X is identical with D except
that 1t has no tubes. These threo rings are held together by screws through
Ki, Ky, Kyand K. The rock salt plates are next placed on either side of F
and the whole pressed together tightly by means of two larger metal rings
1 and M, lead washers being put between D and L on one side and E and
M on the other The thickness of D (and of &) was just a httle less than

* Wo aro much mdebted to Professor Errera of the Univeruty of Brussels for the
loan of thesn rock salt plates.
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that of the rock salt plate. The cell was filled through either & or II, one
being the entrance tube, the other the exit for the air. This method proved
very satisfactory even for the smallest thicknesses. The whole was made
of brass, except for the washer F which was made from brass, alummium
or copper according to the thickness required

F16, 1. Tho absorption coll,

In making the obscrvations & prehmmary run was done with the empty
cell to ensure that the windows were perfectly clean and to get an estimate
of the percentage loss due solely to them. This was of the order of 16 %,
Readings were then taken of the cnergy falling on the thermopile with,
and without, tho cell m the path of the beam to give the percentage absorp-
tion at any particular wave-length Boyond 4y a glass shutter was always
used for cutting oft the radiation from the thermopile to ensure that only
the long wave-length rad was being d. The thick of the
cell varied from place to place 1n the spect deponding on the i ity
of the absorption at the particular region It was chosen to yiold a maxi-
mum absorption at the contre of the hand of from 60 to 90 %, All the
important bands were plotted on at least two independent occasions and
indications of weak bands were confirmed or disproved by using thicker
layers of liquid. The width of the entrance and exit shts were always tho
same and were always as narrow a8 would still yield reasonable deflexions
"They are indicated to scale for each region on 1ts appropriate diagram.
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REsuLTs

Between 2 and 12x we have observed altogether twenty-six absorption
bands of which sixteen (occurring between 29 and 7u) are new, the re-
mamning ten having been already reported by earlier workers Tho appear-
nce of these bunds is illustrated i figs 2 and 3. For convenience of
reference the various bands have been numbered beginning from those of
highest frequency The thickness of the layer used is indicated on each
curve n mm together with the sht width. The percentage absorptions
plotted are actually those observed and have not been corrected tor
absorption and scattering due to the cell alone,

& % & W
SI?L’! wh]l;:ls
75 (2 o
' e
E

Percentage absorption
EJ

St width +—

Fm 3 hpoctrum of moth) leno chloride from 6 5 to 11-6p.

Tt will be observed that the most intense absorption bands occur at
33, 7, 79 and 11-1z, bands of medium intensity were found at 4-3, 63,
6:5 and 94, while seventeen very much weaker bands were observed at
tho posmtions given n Table I The band at 3-3x was found on using a
smaller thickness of hquid and very narrow shts to consists of two bands
having their maxima at 3043 and 2985 cm -, Theso observations are
compared with the exwting data on the mfra-red and Raman spectrum of
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this molecule in Table T. It will be noticed that in cases where the obser-
vations overlap the agreement hetween the positions of the centres of the
bands as reported by the different authors is quite satisfactory, with the
exception of the weak bands ncar 8:6 and 9-5¢ Even in these two cases it
probably does not exceed the cxperimental error, since the bands in
question are rather broad and do not have a well-defined maximum The
comcidence between the two strong Raman lines lying at 3043 and 2985
cm ! and the strong absorptions at 3049 and 2085 cm -? is especially
satwsfactory. The most remarkable fact is that the strongest absorption
band of all, viz that at 7-9z, has no counterpart in the Raman spectrum,
1t is this which makes necessary the detailed discussion of the fundamental
frequencies of the CH,(l; molecule m the soction which follows.

. TaBLE I. THE VIBRATION SPECTRUM OF METHYLENK CHLORIDE

Prosont mvestigation

Position Lecomto Elis  Corn Raman
_—— spoctrum
Inp Inem. ! Intonsity mp mp mg nemt
1 2:24 4464 Woak - 227 224 —_
2 236 4237 Woeak 242 233 -
3 264 3937 Weak 257 257 —_
4 270 3704 Weak -— 2176 —_
¥ 202 3426 Vory weak —_ 280 —
5 328 3049 Strong —_ - 3043
5 336 2085 Strong -- — 2980
[ 374 2674 Woak - —
7 306 2526 Waonk - - —_ .-
8 414 24156 Weak — -
L 432 2315 Modim - —
10 468 2137 Wenk - - —
1 4-80 2058 Weak — - - -
12 504 1084 \ory weak — —
13 568 1792 Very weak - - -
14 620 1613 Woak - —_ -
14’ 632 1582 Very wenk — —_
15 646 1648 Wonk - - -
16 700 1429 Strong 700 1419
17 780 1268 Very atrong 802 -
17 818 1222 Weak -
17 839 1192 Woak - -
18 R 66 1155 Weak R N3 1149
19 943 1060 Weak B 69 1080
20 10 14 985 Weak 1028 - -
21 1112 /99 Medium 11-20 - #08
22 _ 137 Very strong 13 60 - - 135
23 — 704 Very strong 14 20 . 700

24 Not observed n infra-red up to tho prosent 284
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Discussion

The molecule CH,Cly has nine fundamental frequencies. These may be
separated into three groups of three in a rough physical way by con-
sidering the molecule to be built up from & CH, group and a CCly group.
If we look at the molecule in this way then it is clear that the CH, group
and the CCly group will have each three fundamental frequencies, while
the vibrations of the CHg group as a whole with respect to the CCly group
as a wholo form the third group of three (Group 3) This method of splitting
the molecule mnto semi-independent vibrating groups has been shown to be
justified by Sutherland and Dennison (1935) and by other authors (Mecke
1932, Kohlrausch 1935) lts great value is that it enables some of the
fund 1 freq to be diately identified. Thus the CH,
group 18 well known to posscss three fundamental frequencies, two of
which fall near 3000 cm —! and the other near 1450 cm,™). We are therefore
fairly sure that the bands at 3049, 2085 and 1430 cm. ! are the first group
of three fundamentals In a similar way one may pick out the threo
frequencies at 700, 735 and 284 cm ~ ! ay the second group of three, con-
sisting essentially of the vibrations of the CCly group. The real difficulty
comes when we try to say which are the other three fundamentals When
the Raman spectrum of CH,Cl, was examined in great detail by Trumpy
(1934) he found, n addition to the above six fundamentals (which he
assigned in the same way as wo havo done), three other Raman hnes at
898, 1060 and 1149 ecm ' Since all of the nine fundamental frequencies
of this molecule are permitted i the Raman effect, Trumpy concluded
very naturally that these freq I d the other three funda-
mentals. The objection to this assignment is that it leaves quite unexplamned
the most intense infra-red absorption at 1268 em.~, This absorption is so
strong that 1t can scarcoly be considered to be other than a fundamental
frequency. Even if one attempts to interpret it as a combmation hand of
Trumpy’s fundamentals one meets with very serious dufficulties since the
only combination which 1t nught be 18 v, +28,.* That such a combination
band should have powerful absorption is extremely unlikely and we
propose to accept the strong infra-red froquency at 1266 cm - as one of
the three froquencies of Group 3. The problem is now to decide the other
two,

We first notice that of the three Raman frequencies of Trumpy at 898,
1060 and 1149 em.~? only one appears with any marked intensity i the
infra-red this 18 the one at 898 cm. 1. If we accept this as the second of

* Soo Table I1I for explanation of this notation,
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the mussing fundamentals then 1t remains to decide between 1060 and
1149 cm. ! as the last. One must not neglect the possibility that both of
thoso frequencies (being mlnhvdy weak m absorption and i scattering)
may be overtone or b due to a low fund tal m
the neighbourhood of 500 600 cm -t and Emschwiller and Locomte (1937)
have n fact made a suggestion of this kind, Smee this region of tho
spectrum has not boen investigated m the infra-red and was beyond the
range of our spectrometer we have tackled the problem from the theoretical
side and huve been able to show that the possibility of such a low funda-
mental is most unhkely (see next section). If we rulo out Lecomte’s sug-
gestion, we consider that the frequency at 1060 em ! is the correct one
to choose as the remaimng fundamental for the following reasons  First
of all, it is quite impossible to interpret it n terms of any mmple com-
bination of the other exght frequencies, secondly, 1t 18 possible to interpret
the frequency at 1149 cm ! m termw of the other eight frequencies in at
least two simple and reasonable ways, finnlly, we have been able to

the npj value of this frequency as somewhere between
910 and 1110 em ! by a caleulation which wo shall now describe.

‘THE 1SOTOPIC METHOD

The mathematical treatment, of the normal vibrations of a system of the
type Y XgZ, has not yet been gaven, and although it would be possible to
extend the treatments given of simpler molecules to this type, the process
would be extremely laborious and of no small difficulty smceo 1t would
mvolve the solving of a ninth order deternmantal equation The results
obtamed would also be dependent on the type of potential function as-
sumed 5o that at best one might only obtain a somewhat forced agroement
between calculated and observed frequencies It occurred to us that a
relatively simple approaimate treatment might be made to yield rough
values for the trequencies by regarding the Cl atoms as heavy “sotopes”
of hydrogen ot mass 35 and then employ the equations for the 1sotope
effect in CH, which have been derived by Rosenthal (1934) Of course
the values one obtains for the three frequencies will be too high since the
C-C1 force constant 1s appreciably smaller then the C-H force constant
which has been taken m s place To get over this difficulty we have also
calculated the samo three frequencies Jooking on the hydrogen atoms as
hght “isotopes” of the ('l stoms and using the potential constants of the
CC1, molecule given by Vogo and Rosenthal (1936) This will gave too low
& value for tho frequencies mince tho (-l force constant has been used

Vol CLXV A 4
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for two bonds in which the real forco constant is somewhat higher We
hoped that the difference between the upper and lower limits thus obtained
would not be too great so that a corrclation might be made with the
observational data Table IT shows that the experiment has been more
successful than one might have imagined Thus, using Rosenthal's nota-
tion, we find that the ghest of the three (w,,) should he between 1295
and 1081 cm. * This we identify wath the strong nfra-red band at 1266
em ', The lowest (w,,) 18 to be expected between 720 and 843 cm 1, this
we associate with the frequency at 898 em The middle one (wy,) should
appear between 910 and 1108 em ! and would therefore correspond more
closely to the frequency at 1060 cm ! than to that at 1160 cm. ! While
this evidence for the assignment of the three group frequencies could not
be regarded as conclusive m 1tself, when taken into consideration with the
remarks above concerning mtensities, it would appear to be the most con-
sistent; correlation of the spectrum yet offered.

TaBLe 1I THE METHYLENE CHLORIDE FREQUENCIES OF GROUP 3

Dosignation Caleulated values
- . ——
Rosenthal’s  Present Upper Lower Kxpernnontal
notation notation huuit it valuos
W, o, 1206 1081 1266
P ™ 1108 910 1080
Wy w 843 720 896

It remains to show that the other hands can be mterpreted in termw of
the nine fundamentals we have now chosen That this ean readily be done
1 shown m Table LIL "I'he mam difficulty w to account for the frequency
at 1150 em 1, This would appear to be cither the addition band m, + 8, or
the dfference band 8,4, em or possibly a superpostion of both of them,
since the band appears to have two maxima in the infra-red and m the
Raman spoctrum there seems to be more uncertainty about its exact
magmtude than is the case with the other frequencies Why this should be
the only combination band to appear i the Raman spectrum 1s not at all
clear. All that we can say here s that a sumlar phenomenon has been
obrerved for other polyatomic molecules (e.g cthylene), and that the
conditions determinmng the appearance of overtone and combmation
frequencies in Raman spectra are not yet understood As regards the other
assignments m Table 11T we might remark that all of the bands with the
exception of 4’ and 8 have been accounted for as simplo combinations of
not more than two fundamentals Since such simple addition bands are
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those which are most likely to appear, our assig t of the fund: tal

appears to gain additional evidence. Our attempts to account for all of
our observed bands in terms of Trumpy’s fundamentals had not an equal
measure of success Tn several cases we have given only one assignment
where alternative interpretations were possible For instance, band 11
might equally well be interpreted as 20, and we have no reason for pre-
ferring the assignment given in Table ITT unless that 1t gives a shghtly

TaBLE I1I. OVERTONE AND COMBINATION BANDS OF METHYLENE
CHLORIDE

3 »=1700 F [ve =208
arwing  from (v, =736 arnsing from 4
tho CCl, group (8, =284 the CH, group |

Fundamentals [ = %90
of Group 3

Observed Predicted
\
20 985 n+dy 084
81165 V=8, 1141
177 1192 o +8, 1180
171222 vy +28, 1268
15 1648 W+ 8, 1650
1 1582 Nty 1596
14 1613 TN 1632
131792 Yyt 1798
12 1084 Va0 2002
11 2058 20,48, 2076
10 2137 gty 2162
9 2315 Bt 2321
8 2416 g+ o+ 8 2421
7 2525 2w 2532
6 2074 34w, 2001
¥ 3425 Bty 8 3420
4 3704 vty 3721
3 3937 Vet o, 3042
2 1207 Yyt 0y 4251
1 4464 vt 8y 4471

All froquencios nro gvon i cm. -,

better numerical agreement with the observed frequency. This is not a

sufficiently good reason, however, for excluding one assignment, m favour

of another, since exact numerical agreement 1s not to be expocted becaune

of anh ity and interacti We have not given all the possible ways

of interpreting each band because we were only interested in showing that

all the observed bands could be accounted for very easily in terms of our
12
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fundamentals In actual fact there arc only another two simple alternative
assignments 1n addition to the one just quoted, they are.

Band 13 as 2w,,

Band 10 as vy +8;.
Tt will be noticed that the numerical agreement between an obrerved and
a predicted frequency w withm 1 or 2 %, excopt the band 17’ the exact
position of which 18 1mpossible to determine since 1t appeans as a shoulder
on the very mtense band 17,
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SuMMARY

The mfra-red absorption spectrum of methylene chloride has been
investigated in the hquid state between 2 and 12x with a prism spectro-
moter Twenty-six bands have been ohserved of which wixteen have not
been ded before, the positi and ies of the i ton
agree well with the works of other observers The most important fact
which emerges is that onc of the very intense absorption bands has no
counterpart in the Raman sy of this molecule. This has ted
4 new asmig) t of the fund tal treq which has been done
purtly by the method of independent groups and partly by applymg the
theory of the wotope effect 1n a molccule of the type YX, The latter v a
new and surprmingly successful method of formmg a rongh numerical
estimato of the magmtudoe of certan of the frequencies of the Y X.Z,
molecule from a knowledge of the potential constants of the Y X, and YZ,
molecules The twenty-six observed bands are accounted for very smply
m terms of the new set of fundumental frequencies.
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On the velocity and temperature distributions
in the turbulent wake behind a heated
body of revolution

By § Tomorika, D Sc

Professor of Mechanacs, Osaka Imperial Univermty, Osaka, Japan
(Communicated by (. 1. Taylor, F R 8 —Recetved 3 November 1937)

INTRODUOTION

1 The calculation of the diwtnbution of mean velocity in the turbulent
wake behind a body of revolution in a umform stream of an incomprossible
fluid was first carried out by Swain (1929) by using Prandtl’s momentum
transport theory of turbulent motion  The umform stream was consdered
to be parallel to the axis of rovolution of the body and the mean motion wag
assumed to be symmetrical about the same axis Swain further adopted
Prandtl’s ptions that for safticiently high Reynolds numbers and
at a sufficient distance downstream, there 1s geometrical and mechanical
simlarity in differont sections of the wake, and that the values of the mixing

length, I, at corresponding pornts in diffe sections are proportional to
the breadths of the secti Shealso d, ag done by Schhehting (1930)
in his discussion of tho two-d ional {-shadow problem, that the

mixing length I is constant over any one scction of the wake.

Now, taking the x-axis along the axis of revolution of the body and the
r-uxis perpendicular to 1t, Jet the undmsturbed velocity be denoted by U.
Then, the z-component of velocity, %, in the wako may ho written as

w=U—ut, )



54 8. Tomotika

Swain’s analysis shows that the distrib of u* for the first app
may bo expressed in the form
u*
= (1-§2, (2)

where ug is the value of w* at the centre of the wake in any given section and
£ = 1/rq, 7o beng the value of r at the edge of the wake.

The distribution of temperature in the wake behind a body of revolution
when the obstacle had been heated was not discussed by Swam, but
according to the momentum transport theory of turbulence the distribution
of temperature across the wake 18 identical with that of veloeity Thus, if
0 denotes the differenco 1n temperature between any pomt in the wake and
that in the main stream and also if , denotes the value of 0 at the centre of

the wake, wo have

0

Y a—gme, 3

5= (=&Y ®

2. In & recent papert, Goldstcin (1935) has made an application of

Taylor’s vorticity transport theory of turbul to the calcul of the
velocity and temperature distributions in the turbulent wake behind o
heated body of revolution which 18 placed, as in Swain’s easo, in a uniform
stream i such a way that the axis of the body is parallel to the undisturbed
veloaity.

Gold

in has obtained th of motion in eylindrical co-ordinates
according to the vorticity port theory on the P that not only
the mean motion, but also the turbulent motion, is symmetrical about the
axw of revolution of the body, so that the vortex lines are circles about the
axis

Then, it has been shown that if, as in Swain’s case, the states of affairs 1n
different sections at a sufficient distance downstream behind the body are
assumed to be geometrically and mechanically sumilar, and also if the values
of the muxing length [ at corresponding points i different sections are
supposed proportional to the radii of the sections, there is no real solution
at all when the value of ! is constant over any one section of the wake.

Further, 1t has been shown by UGoldstein that if {3ac r », there are real
solutions provided p is greater than unity. However, the assumption
ecr ? (pz 1) makes I mfinite at » = 0,10 on the axis of symmetry, so that
itis open to criticism, M ,th Its of Fage'sand Townend'sobserva-
tions (1932 a, b; 1936) on the turbulent motion in rectangular pipes as well

t “On the velocity and tomperature distributions in the turbulent wako behind a
heated body of revolution” (unpublshed).



Velocity and lemperature distribulions 55

as in circular pipes show that the type of turbulent motion assumod by
Uoldstein is unhkely to occur in reality. Thus, Goldstein’s results are of
rather small interest from the practical point of view

In the present paper an attempt 18 made to apply Taylor's modified
vorticity transport theory of turbulence to the calculation of both the
velocity distribution and tho temperature distribution in the turbulent
wako behind a heated body of revolution which is placed in & umtorm stream
such that 1ts axis of revolution i parallel to the direction of the undisturbed
veloaty. The ge cal and h 1 lanty 18 d, with
Prandt] and (loldstein, for the states of affairs in different sections at a
sufficient distance downstream behind the body and also the isotropy in
turbul is 1in d with the results of observations The
theoretical curve of velocity distribution is compared with the observations
of Schlichting and of Simmons,

The writer wishes to express his cordial thanks to Professor G. I Taylor,
F.R 8, for suggesting the prosent problem The caleulations were mostly
carried out in 1935 when the wnter was working in (‘ambridge, England.

MODI¥IED VORTICITY TRANSPORT THEORY

3. The modified vortieity port-thoory of turbulence put forward by
Taylor (1935, 1937) 18 based on the ption that the of
vorticity aro transferred unohanged by turbulence in the same way that
momentum 18 transferred according to Prandtl's momentum transport
thoory. A portion of the fluid 1s conceived to leave a certain position with
the vorticity components of the mean motion and to retain those components
till it mixes with 1ts surroundings after traversing the mixing length.

Taylor has shown that, according to this modified vorticity transport
theory, tho equations of motion m rectangular co-ordinates are

1op _ au Du ou

“pos=tat -+waz+”(q")+(wn~v§' (#)

where
Wy =o'l =~ (e~ a)Ta’ 371 - (y:b)w’ al— (Z——G)f_l;'ﬂ

4

e B v R B R, o)
togethor with the equations formed by cyche permutation,

In (4) (X, Y, Z) are the components of body force, p is the density
of the flmd concerned which is swsumed to be incompressible and p is
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the average value of the diffe of the p from the hy
pressure. (u,v,w) are the velocity components of the mean motion, while
(w', v', w') are those of turbulence and ¢'3 = w'2+ v + w'?. Also, (£, 7, {) are
vorticity components of the mean motion, 8o that
M ov u_ dw o du *
gsay_éz’ ST STy
and (€, 7', {') are the components of the turbulent vorticity.
Further, the equation of continuity is
2

0

4 When the mean motion 18 symmetrical about an axis, as in the case of
the mean motion in the turbulent wake behind a body of revolution which s
going to be discussed in the present paper, it will bo convement to transform
the equations of motion into cylindrical co-ordinates.

Let (x,r,0) be cylindrical co-ordinates Assuming the mean motion to bo
symmetrical about the r-uxis, the 2- and r-components of velocity of the
mean motion will now bo denoted by u and » respectively without causing
any confusion. Also we denote by (', v', w') respectively the z-, r- and
0-components of velocity of the turbulent motion which is not assumed to
be symmetrical about the £-axis, but 18 rather assumed to be isotropic at a
sufficient distance downstream so that u = v’ = w'?

‘Then, the equations of motion 1 eyhindrical dinates of the modified
vorticity transport theory for the mean motion symmetrical about the
Z-axis btained by dicect fi from (4), together with (), and
other similar equations  When the fluid is free from body forco, wo have

ou du_ d(p 7 —'(O’v 0% )
Yoty = —3z(p+iq )—l,u 221" dxor
P G AW L IR L
G o (-1 0
together with one similar equation for the y-direction, where L, [, I, are

the components of tho mixing length ! in the diroctions of the x-, - and 0-
axes respectively. Also, p has the same meaning as before and

P =ut+v i w?

Tho of ity in cylindrical 1 is

2+l m=o. ®
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CALCULATION OF VELOCITY DISTRIBUTION IN THE WAKE BEHIND
A BODY OF REVOLUTION

5 We consider a body of revolution in & stream whose undisturbed
uniform velocity 18 U/ parallel to the axis of revolution. If we assume that
the mean motion n the turbulent wake bebind the body is symmetrical
ahout the axis, the equations of motion according to the modified vorticity
transport theory are given by (7), together with ono similar equation. The
turbulent motion, however, 18 not assumed to be aymmen nml about the
axis, but1s rather assumed to be isotropic at asuffici

For a first apy at a large dist: 1 17 n the wake we
put

w=U-—u* (9)

Wo assume that u*/U is small, and we also mako the usual assumptions of
the boundary layer theory that v and 1ts derivatives are small in comparison
with » and its corresponding derivatives, and that denvatives with respect
to z are small pared with tho corresponding derivatives with respect to
r. Further, we assume that the derivatives of (p/p + 1¢'%) may be neglected
for a first approximation.

Then, under these simplifying assumptions the equation of motion (7) now
gives the following equation for u* for a first approximation.

ou* , 1 ou*
”D.::_lv ,+l,, rort (10)
If the mixing longth is small and the turbulence 18 1sotropic, as assumed 1n
the present paper, wo have

Lo =lw. (11)

Following Prandtl, we put

L' = g =12 (12)

| Su*
‘ or

whero {18 tho mixing length

Then, bering that u* dec Is from the axis, we get
ultimately
Qu* Qu* (%u* 1 Ju*
7 1, Y on
! & ! ert Tr or )

6 Now,f D denotes the total drag on the body under discussion, it can
be shown without dfficulty that

D= '.’fr/nUJ.u‘rdr‘ (14)
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If we assume that at corresponding points of different sections r vares as
a and u* varies as x—", it follows from (14) that n = 2m. If then we put

- ertz)

then in order that both sides of (13) should bo of the same order of magnitude,
{2 must vary a8 2% for a given valuo of r/z™. Further, if the value of l fora
given value of r/x™ varics as the breadth of the wake, we must have 5m —1
oqual to 2m, so that m = §.

Thus, 1f now wo put y= ;;, (16)
1
T=alm a
and P =g(n)at, (18)
equation (13) becomes
daf (d¥f  1d)
O AR N A Al (19)

On the axis, u* is positive and 0u*/dr is zero. Therefore

o>, (Gh) =0 @0

If wo make the assumption that tho value of the mixing length /1s constant
over any one soction, we may write ¢(7) = ¢, where ¢ is a certain constant,
and equation (19) then becomes

A N

To solve this equation we first change the independent variablo from
1 to z by the relation
2=, (22)
Then, equation (21) becomes

4f+3 i _ ('{ "/::{ (dz) : (23)
where U = 8lc/4.

Assuming the solution of this equation in the form of a power series of z, as

[=ata a2t +a+azt+..., (24)
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where the a’s are constants, and mnserting this in (23), the constants have
been determined, n the usual way, up to ag. Thus, writing y/(a,C) = a for
simplicity wo have

f —1-2? 7 z_)'_i z ’_ K z)‘_ 183 (z\®
a = " 2atela) T26la) ~asole) r0me0 s,
617 (:)‘ 3020911 (z)” 20547017 (z)'+

~77760\a) ~ 522547200\) T 3703024800\ (25)

Since, however, z = 1/', we have

i 7,01 7 1183
fo- _ T e o L83
ay = 1B T 2007 430" Toz0R0 ™Y
617, 3020011 L, 20547017 |
~ 77700 " 22ssT200 ™ " arompzgm0e T 0 (29
where (27)

With this oxpression for the function f, (17) gives the oxprossion for */U.
If the value of u* at tho contre of tho wake be denoted by ug, wo readily
have, sinco (f),.o = g,

ut 7 7o, 1183
b = VT2 g o6 320 M Toaso ™

617, 3020011 ., 20547017 ,
77760 1 " spesamIon T ~arozzasoo i T (8

With the aid of this formula, tho values of u*/uy have been calculated. The
results are shown in Table I. 'T'he values corresponding to larger values of

TaBLi I

n uwtfud 0/0,
0 1 1

ot 0938 0953
02 0830 0 868
03 0703 0761
04 0 568 0639
05 0437 0508
0 0318 0370
07 0219 0257
08 0146 onr
0 0009 0031

10 0075 0002
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7, however, have been determined by the method of numerical integration.
‘The curve for w*/uj plotted against 7, 18 shown in fig 1

%2
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Fia 1. Veloeity dumtribution (u%/

#) und temperaturo distribution (0/0,) according
10 the madified transport theory - - - veloeity distribution according to the momen-
tum transport theory (Swamn), + Schhehting's experimental points for the largor
plate, O Schhiehting's experimental pomnts for the smaller plate, @ Simmon's experi-
mental points

7. Tt will be of interest to show here that u*/ug does not vanish at any
fimto valuo of 7,.
We have, from (21)

d selg¥ ¥ (Y
a0 =l i ()} i
and on integration
e 1

Taking account of the boundary conditions (20),i e (f',‘o> 0, (df/dr/),, 2=0,
the partial integration gives

[omizgan= o) [ (o

and therefore inserting this in (30)

S
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The constant of integration can readily be determined by the conditions
just referred to, and we find that 1t is oqual to zero. Thus,

L

Since ¢ is evidently positive, the right-hand side of this equation is always
positave for any finite (positive) value of , and 1t follows therefore that f does
not vamsh at any finite value of 9. Thus, we find that «*/u} does not vamsh
at any fimto value of y,.

Further it can be shown without difficulty that tho
for w*[u§ 1 of the form

ymy P

u*

"y

b
pten (33)
where b is a constant,

CALCULATION OF TEMPERATURE DISTRIBUTION IN THE WAKE BEHIND
A HEATED BODY OF REVOLUTION

8 Let 6 be the difference of the temperature in the turbulent wake
behind a heated body of revolution from the temperature of the flud outside,
the body being assumed, as before, to be placed in a umform stream of
velocity U/ parallel to the axis of the body. Then, as has been shown by

Goldstein, at a large dist; 4 , 0 satisfies, for a first approxima-
tion, the equation
0 19 20
U P !rl,v ) (34)
With the assumption (12), this becomes
o L0t ar)}
2= { 1l (35)
If we put 0= 4 1"( DA (36)

and make the substitutions (18), (17) and (18), we find that the function F
satisfies the equmon

iyt = [ 4, @7)
0 that on integmtion
P = ) g G+ conat @8
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But, it must be that d#'/dy = 0 when % = 0, and therefore const = 0. Thus,
we have yaF
AR =
W = b g, 4 - (39)
If, as before, the mixing length is assumod to be constant over any one
section of the wake, so that ¢(5) = ¢, we have
LdF _ y (df
Fdy~ (dn) ’ i
and intograting this we get

Y (/R S

where 4 is a constant.
Further if we put f* = f/a, and introduce the variable 7, by (27), we have

= Aox| [Z7J“"(df_‘ lv],rh].], (42)

[* bemg oquivalent to u*/ug, so that 1ts series exprossion is given by (28).
Thus, denoting by 0, the value of 0 at the centre of the wake, wo have by

(30)
e T ['(L) rz.du.]. )

Remembering that f* = u‘/u‘, and using the series (28) we got

(") mitn = =Gy o+ Fanl+ dtoont+ ) m
() mn = =G B ) 69
This has been convemently used for finding the values of the integral on the
right-hand side of (43) for small values of p,

For larger values of 9, however, the values of the integral have been
obtained by numerical integration by using the values of df*/dy, which
have been caleulated by its series formula obtained from (28) by simple
differontiation

Then, the values of 6/0, have been obtamned by (43) Tho rosults are
shown 1 the preceding Table I and the curve for 6/, plotted against 9, is
also shown i Fig. 1.

COMPARISON WITH EXPERTMENTS

9 Tn his paper referred to, Gold: has d his 1 curves
for veloaity distribution with the results of H. Schhchtmg 's measuremonts
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madeat the Gottingen Laboratory, as well as with thosoof L F. G. Simmons’s
ts mado at the N | Physical Lab
We shall now compare the results of the present paper with those
oxperiments

Qohliehts

g d two veloaty distributions i the turbulent wake
behind & solid of revolution, one 100 cm. behind a circular plate of diameter
d equal to 8 cm., at & Reynolds number, Ud/v, of about 17-4 x 10¢; and the
other 150cm. behind a circulur plate of dumeter d equal to 4cm., with
Ud[v about 8 7 x 104, The plates were at nght angles to the stream

‘Tho results of Schlichting’s measurements are shown i fig. 1 for com-
parison with the theorctical curve obtained in the present paper, In this
figure the theoretical curve 1 made to fit Schlichting’s observations at
u*[u§ = 0 3. The experimental pomts for the larger plato are shown by +,
while those for the smaller plate by o, 'The measurements were taken along
a diameter and were not quito symmetrical, and therefore the experimental
ponts for a complete diameter have been shown, The maximum value of
u*/I] was 0-0797 for the larger plate and 0-030 for the smaller one

Simmons has measured, m the N.P L. Duplex wind tunnel, the velocity
distribution in the wake behind a model of the awrship R 101, without fins,
ote., the maximum diameter, d, of the model being 14 541n., 1ts overall length
80in, and 1ty volume 4-5cu {t. The measurements were made in air at a
wind speed of 60ft./sec neross o section of the wako 8ft 7 downstroam
of the tail of the model Simmons's measurements were along a radius, and
the maximum value ot #*/{7 was 0 126 The experimental points are shown
by @ 1n fig. 1 on the right-hand side, where, as before, the theoretical and
expetimental curves are made to coineide at w*juf = 05

In fig. 1 Swain’s theorotical curve for the veloaity distribution 18 also
shown for comparison by a dotted line, which is made comcide at u*/ud = 0-5
with the velocity distribution curve of the present paper.

It will bo neen that the t hotw een tho th I result ol
in this paper on the bass of the modified vorticity transport theory and the
rosults of observations 18 not quite satwsfactory, and further that there 1s also
no satisfactory agreement with observations for Swam's result which has
been obtamed on the hass of the momentum transport theory

No measurements of the dtribution of temporature in the turbulent
wake behind a heated body of revolution are known, so that the comparison
of the theoretical curve for the temperaturo distribution obtamed in tho
present paper with obsorvations must be postponed




64 8. Tomotika

SuMMARY

10 In the present paper, Taylor’s modified vorticity transport theory of
turbulence 1 applied to the calculation of the velocity and temperature
distributions 1 the turbulent wako behind & solid of revolution which is
placed in & uniform stream such that 1ts axis of revolution 1s parallel to the
direction of the undisturbed velocity

Tn order Lo carry out the caleulation, 1t 18 assumed, with Prandtl, that for

i ly high Reynold: bers and at a sufficient distance d
there 18 geometrical and ) I similanity m diffe tions of the
wake and that the values of the mxmg length at corresponding powts in
different sections are proportional to the breadths of the sections. Also, tho
isotropy n turbulence 13 assumed

Assuming the mixing length to be constant over any one section, the
dwstribution of mean velocty 1s first calculated and the result 18 compared
with the results of Schlichting’s and Simmons’s observations The agree-
ment between theory and observations is not quite satistactory.

Next, the distribution of temperature 1s calculated However, the com-
parson of the theoretical result with observations 18 not made, because no
measurements of the distribution of temperature in the wake behind a heatod
hody of revolution have yet been made
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Application of the modified vorticity transport theory
to the turbulent spreading of a jet of air
By 8. Tomotika, D.Sc.
Professor of Mechanics, Osaka Imperial University, Osaka, Japan
(Communcated by G. I. Taylor, ¥ R S.—Recewved 3 November 1937)
INTRODUCTION

1. The turbulent spreading of a jet of air cmerging from a small circular
aperture has been discussed by Tollmien (1926) on the basis of Prandtl’s

theory of turbul , by making some appropriate
L Ho has calculated the dwstribution of mean velocity m the
jet at d which are ly great. pared with the d of

the aperture and it has been found that the calculated distribution of mean
axial velocity 18 in satisfactonly good agreement with observations made
at Gottingen.

The same problem seems to have been discussed also by L. Howarth in
an unpublished paper on the basis of Taylor’s vortieity transport theory of
turbulence, by assuming that not only the mean motion, but also the
turbulent motion, 18 symmetrical about the axis of a jet. It appears, how-
ever, that the agreement between Howarth’s results of calculations and the
G mmngen measurements 18 not 5o good as in the case of Tollmien’s rosults of

on the port theory.

In the present paper an attempt 18 made to apply Taylor’s modified
vomvll Ly transport theory ot tutbulent motion (Taylor 1935, 1937) to the

ion of the turbul ding into the ding still air of a jet
of air emerging from a small ¢ m ular aperture. By ms.kl.ng some simphfying
assumptions, the distribution of mean velocity is calculated for any one
section of the jot whose distance from the aperture is very great in com-
parison with the diameter of the aperture 'The 1sotropy in turbulence is also
assumed It is found that the calculated distribution of menn axial veloaity
is 1n fairly good with the Gotting

EQUATIONS OF MOTION IN OYLINDRICAL CO-ORDINATES OF
THE MODIFTED VORTICITY TRANSPORT THEORY

2. Let (z, r, 0) bo cylindrical co-ordinates. Then, when the mean motion
is symmetrical about the z-axis 8o that 1t is independent of #, and the fluid

Vol CLXV A, [ o8] s
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1

18 free from hody force, the eq of motion m cylindrical
according to Taylor's modified vorticity transport theory are, as shown in a
previous paper (Tomotika 1937),

w du_ D (p (O Otu
"?x”'ar"ax(p“" )“"”(a;- 8:07)

! S0 o l—-,(larg 100
+ 'v(a;'*_:?)zi)r)*- o\, Dr—;‘h.r)'

(N

together with a sinnlar equation for the r-dircotion.

In these equations, p 18 the average value of the difference of the pressure
from the hydrostatic pressure aud p 18 the density of the fluid concerned
(u,v)arethe x-and r-components of velocity of the mean motion respectively,
whle (u',v', w') are the velocity components of the turbulent motion in the
Z-, r- and O-directions and ¢'2 = w0240’ Also, 1, 1,, I, are tho com-
ponents of the mixing length  n the directions of the z-, r- and (-axes
respoctively

‘The equation of contiuity in the present case is

el
%(ru)+ a;(rv) =0, (2)

TCRBULENT SPREADING OF A JET OF AIR INTO
THE SURROUNDING STILL AIR

3 Wenow proceed to the discussion of the turbulent spreading into the
stll air of & jet of air emerging from a small circular aperturo It 18 assumed
that the axis of the jet 18 perpendicular to the planc of the aperture and the
mean motion m the jet 18 symmetrical about 1ts axis. We consider the

t f the jet at dist; which are great pared with the d of
the uperturo and we assumo that the turbulence there is fully developed and
wotropre 8o thab u' = o' = 102,

Thon, taking the x- and r-axes along and perpondicular to the axis of the
jet respectively and the origin at a certan point, the equations of motion
accordmng to the modified vortiaity transport theory are given by (1),
together with one similar equation.

"T'hese equations of motion are however groatly simplified if we make the
usual assumptions of the boundary layer theory, namely that » and its
derivati Ilin comparison with v and its ponding derivatives;
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and that derivatives with respoct to x are small compared with the corre-
sponding derivatives with respect to r Further, in accordance with the

results of the Gotti tho| in the jot is assumed to
be constant, so that the derivatives of (p/p + 1¢"%) 1n the equations of motion
may be neglected
Then, for a first approximation, we have, from (1), the following equation:
Qu M ;0w — 1 "
uo A0 =Lyl \or 3)
1f the mixing length  is small and the turbulence 18 180tropic, we have
Lo =l 4
i3 , | O
With Prandtl, we put L' = ' = F| ar (6]
Then, remembering that » decreasos outwards from the axis, we get
u Tn Au(*u 12w
Hay Tl ;\r( Ty ﬂr)' ©
TFor the mixing length ! we assume, with Tollmien, that
l=cx, Y]
whero ¢ is a constant,
4+ Now, the { y of the g in the jet roquires that
the n the z-di should be Thus,
anJ.m u?rdr = const 8
r
We put 1=, )
and W= @) (10)
Inserting theso in (8), we readily find that
1
#0) = . ()
1
Therefore u =;f(r/). (12)
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Next, the equation of continuity

0 2
as(ru) 43 () =0 (13)
1 satisfied by ™ =—aa:{/, rv=aaf, (14)

whero i is Stokea’s current function,
The expression for § can easily bo obtained by combining (12) with the
first equation in (14). We have

¥ =~z|1f(n)dy. (18)
Thus, wnting f}yf(r/)dq = F(y), (16)
we havoe yr=—xF(y). (17)
Putting this m (14) and taking (9) into account, we readily have
u= 1dF ]
=
zpan (18)
L laF_F
Tzdy x|

The substitution of these in (6) gives immediately a differential equation
for the tunction F(5). With the assumption (7) for the mixing length we
have

AAF (dF\ 1 dF d*F 1dF\(d*F 1d*F | dF
y 1 pdF _1dF\(@*F 1d*F 1dF)
Fap (d'/) vy = iy d'l)(dﬂ’ vd4‘+v'df/) )

Now, 7 = 0 corresponds evidently with r =0, and the conditions for

uand v at 9 = 0 aro evidently

(W0 %0, ()y0=0. (20)
Hence, for small values of 7, the function ¥ must bo such that
Fopt, (21)

a8 can easily be secn from the formulae (18) for (z,v)
Thus, we may wnto F = p*F,, (22)

the condition at 4 = 0 for the function F, being now
(Fy)yo # 0. (23)
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We put (22) in (18). Then, the equation for F, becomes

P2
4F.+711F.';F‘ (?};‘) + ’I«&‘ff:'

(. dFy  dF,\(.dF, _ &F, dF,
'7(3'1'1“"1»1')(1 Th "l'z‘””u) @

A ittle calculation shows that the function Fy may be expanded in a power
sories of 91, Thus, putting
2=t (26)

and using this relation, we first change the independent variable from 5 to z
in the differential equation (24). We then have

Fi+43:F, dT’;‘ +5% :’(d::‘) + 'y 2 Fy 'ldl',"
dF, d*F,\ (, dF, d*F, d3F,
= 27 * 0 * * * »
,"c'(7 AL )(7 PSS L ) (26)

5 Next, assuming tho solution of this equation in the form of a power

series of z, ag
Fy =ag+a,2+a;5° F a2 a2zt a2t + . (27)

where the a’s are constants, and inserting this in (26), the constants have
been determined, in the usual manner, up to as.

Thus, we have
(o )
3z 105 \e) ~iwe017 3\

£

@
592111 z)‘ 10780921 2 (2\3 28
+ia2nazit0\e) T 5203400030003 o) o8
Since, however, z = 71, we get
F__ 8421 );l 22 (7)°_ 1363_J2(n)i
a,~  T21y3\a) "405\a) T 1990017 3\a
592111 )]}‘ 40780921 2 (7 ) 2
+ mszgzzao0la) ~15oi3d00nd000 3\a) T 0 (29

witha = ct.

Using this, together with (18) and (22), the velocity components % and v
can be calculated Since, however, we aro mainly interested in the distribu-
tion of the axial component of velocity, u, measuroments of which have
been made at Giottingen, only the ex for u will be obtained here.
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By (18) and (22), we have

u.z Il. 7 dF, 30)
ag dy ¢
and substituting (29) in this, we get
ur_ 22 “7,, 1363 JI
20, ' T3yt T T 13363
592111 o 40780921 JZ ey @1
*+ 3582300003 ~ 36on13704000,3 ™
where wo have put for simplieity
=17
=y = (32)

1f the value of u on the axis of the jet be denoted by u,, wo readily have,
since ugx = (U)o = 205,
, 2, 13032
D WL AN L
6021 40780921 42
*+ 368230600 ™1~ 30001370000 371

o (33)

Thin series hag been ly used for the caleulation of the values of
u/uq for vmall valnes of 9,, and the calculation has been continued, for larger
values of 7, by numerical solution of the differential equation. The curve
for u/ug plotted agamst 7 13 shown in fig 1.

iCA
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\

0 1 2 3 7, 4

Fia. 1. Voloeity distribution according to the modified
vortieity transport theory.
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6. It will be of interest to show here that u/u, does not vanish at any finite
value of ;.
Now, the equation (19) can be expressed in the form

A(ptry_ gt rr iy .
dy\n” dy _2'1'1'1l('1'F r/'h:)l
Integrating this once, wo readily get

LydF (L (@2F 1dF\* (11(d2F 1dF\

o= 17(4'7’ vdri) +f»v(dv'_vdi) 'h’,' @)

Evidently the nght-hand side of this equation does not vamsh at any finite
(positive) value of 7, and therefore d F'/d j does not vanish at any finite valuo
of , except at = 0. Thus, with the md of (18), we find that u/u, does not
vanish at any fimito value of 7,.

Further it can bo shown without difficulty that the asymptotic expansion
for u/u, is of the form

c= (36)

COMPARISON WITH OBSERVATION

7. The distribution of mean anial veloaty in a jet of wir emerging from a
small circular aporture has been measured at the Gottingen Laboratory, at
distances which are great compared with the dwmeter of the aperture. In
his paper already referred to, Tollmen has compared the result of his
calculation on the bagis of the momentum transport theory with the results
of the (i5ttingen measurements and it has been found that the agrooment
between theory and obsorvations i furly satisfactory

Fio 2 Comparon with the Gottingen mensurements - - modificd vortieity
thoory, -+ port. theory.

We now compare the theorctical curvo for the distribution of mean uxial
velocity, which has boen obtained in the present paper on tho baws of the
modified vorticity transport theory, with the same Gottingen measure-
ments. Fig. 2 shows the result of comparison. In this figuro the theoretical
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curve is made to coincide with the experimental curve at w/u, = 0-5. It will
be scen that the agreement between theory and observations is fairly satis-
factory, us in Tollmien's case.

In conclusion the writer wishos to express his thanks to Mr I Imai for his
assistanco in the calculations of the present paper.

SummMARY

8 The turbulent spreading of a jet of air emerging from a small circular
aperture is discussed on the basms of Taylor’s modified vorticity transport
theory of turbulont motion Assuming tho isotropy in turbulence, the
distribution of mean axial velocity 1 calculated for any one section of
the jet whose distance from the aperture is grest in comparison with
the diameter of the aperture. Tho calculated curve is compared w:th the
Gottingen measurcments and the fairly f
theory and observations is found, as in the case of ‘Tollmien’s calculation on
the basis of Prandtl’s momentum transport theory.
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An experimental determination of the spectrum
of turbulence

By L. F. G. StmmoNs, MLA. anp C. SALTER, M.A,

With an Appendix. Method of Deducing F(n) from the Measurements
By (G L Tavror, FR S

The oxp 1 gation of pic turbulent motion is most
conveniently conducted m the air stream of a wind tunnel m which the
turbulence 18 augmented by the addition of a grid of uniform mesh placed
acrosa it. At any point downstroam, beyond the wind shadow of the grid,
the velocity fl ions are small pared with the mean speed of the
stream, but vary irregularly with time. Records takon of u, the instan-
taneous value of the turbulent component m the direction of motion, show
that the time vanations follow the random law of errors (Simmons and
Salter 1934, Townend 1934), but no successful attempts appear to have
been made to analyse such & record ito its harmonic components.* On
the other hand, by utihzing a hot-wire anemometer to produce a current
proportional to u, and employing electrical filters to measure the contribu-
tions to u? which arise from frequencies within the range 0 to n whero n is
varied, data may be obtained from which a spectrum curve of the variation
in velocity u, at a fixed point can be plotted The ordinate of this curve at
frequency n represents F(n), the function denoting the probability of the
existonce of velocitien between » and n + dn, whose significance 18 discussed
by Professor (i I. Taylor in the paper which follows.

In some experiments undertaken at Professor ‘Taylor’s suggestion for the
purposo of dotermining the values of F(n) for turbulence created by a grid
of square mesh, tho hot-wire technique was employed to measure 2 from
the readings of a thermal miliammeter, placed n the output circuit of a
valve amplifier. Tn order to effect tho analysis different electrical filters
were ively put in the ing aircuit Two types of filter were
used. one, a low-pass, allowed the passage only of currents below a cortain
froquency, the other, a high-pass, only those above a certain critical
froquency, the limit in each case being settled by the electrical constants of

* While thus work was i progress an attempt i this diroction was made jomtly
by Dryden, Schaubauer, Mock und Skramuted, weo Nat Adv. Cttee, Aero , Report No.
581 (1937).
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the filter. The former type served to explore the range 0-325 c./sec.; the
latter was used for frequencies above this figure KFrom the ratios of read-
ings of the milliammeter taken, in each case with and without the filter, it
was possible to obtan, at any given wind speed, a close approximation to
the spectrum curve required.

. EXPERIMENTAL DETAILS

The Wind Tunnel
The 4ft. N P.L wind tunnel used for the present work has a bell-
mouthed mlet fitted with a honeycomb for the purpose of guiding tho air
and at the same time preventing any axial rotation of the stroam  Over the
greater part of the working section the velocity distribution 18 fairly
uniform to within 3 or 4 i from the walls, the gencral steadiness is good,
but fluenced by draughts in the room  Experience shows that the most
favourable conditions for studying turbulent motion are provided when a
grid of uniform mesh, opposing a high resistance to the flow, 18 placed across
the tunnel, for the turbulence downstream is then lews susceptible to the
nfluence of outside disturbances and at the same time is more umformly
distributed across a transverso section, An cxammnation of the flow
ly belund a sy h grid of thin slats reveals a regular
system of eddies rotating about honzontal and vertical axes. During the
course of their passage downstream the eddies mix with the high velocity
Jetswsuing through the mesh There in some ovidence to show that the mixing
prracess continues for a distance of about 16 tunes the space length between
the centres of the slats, after which the stream 1 statistically umform, the
dvidual wakes Imvm;, disappeared, and the mean velocity at all points
ina section becomes sensibly tant M , the turbul is
isotropice, and has a scalo, as Professor Taylor* has shown. detormined by
the mesh-length of the grid
In earlicr exporiments undertaken to verify somo of the predicted pro-
pertios of this particular typo of turbulence, measurements were made n
the wake of a gnd composed of thin, metal slats 1 in. wide nttached to the
upstream sido of a honeycomb of square cells of 3 . mesh, simlar in all
respects to that fixed in the inlot of the tunnel. With the samo grid used for
creating turbulence, the present cnquiry was confined to a study of the
velocity variations at a point on the axiws of the tunnel 6-83 ft. from the
grid, where the i ity of turbul 7 d as the ratio Ju3/U, was
0-0206

* J. Aero. Set. No. 8, 4 (1937).
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The Electrical Crrcutts

Since the principal features of the clectrical circuits have been proviously
described in a paper on tho measurements of u2 for air-flow through a pipe,*
1t will suffice here to gavo a short outhne of the general arrangement.

First, mention should bo made of the Wheatstone bridge in which the
wire i8 heated and mamtained on the average about 200° above the tem-
perature of the stream  After the current is adjusted to bring the bridge
mto balance, as indicated by a long-period galvanometer, turbulence
changes the temperature, and hence the reswtance, of the wire The ac-
companying potential variations across the wire produce fluctuating out-
of-balance potentials, which at any mstant would be proportional to the
turbulent velocity component m the direction of motion were 1t not for a
lag in the temperature response of the wire at high frequencies  For the
small wires of 00001 in diameter used in the experiments, the effect of the
lag is neghgible up to a frequency of 100 per sec Wathin this range there 18
therefore an almost exact correspondence hetween the potential varations
and the fluctuations of speeds  But with rise of frequency the lag produces
a loss of amphitude and change of phase, both of which merease progres-
svely in mugmtude. A close uppmn.('h to the 1deal condition of uniform

can, h L 1 over a fairly wide range of frequencies,
hy a method descnbul by Dryden and Kuethe (1g29), in which the out-of-
balance potential is apphed to a valve amphfier having a compensating
cremt 1 one of tho stages. The circwt conmsts of a resistance with an
inductance in sories, the potential across it 18 passed on to the next stage,
o that the chango of impedance gives increased amphfication and change in
phase with frequency which serve to neutralize the losses incurred through
thermal lag. Thus, provided all the ) t fi ies are within the
effective range of the compensation apphed, the output current, from the
amplifier will indicate in detail the time variation of the turbulent velocity

An indication of the effectiveness of the compensation applied to one of
the wires used at & mean wind speed of 20 ft./sec , is afforded by a com-
parwon of the curves of fig 1 These show the relative amplitude of response
at different frequencies due to a given sinuoidal variation of veloaity, the
lower curve refers to the uncompensated wire, the upper curve to the wire
with compensation introduced, and thus ncludes the lossos due to the
distortion of the amphfier.

The audio-frequency amphfier used for the present work was the one
described in the paper already referred to. Tt consists of three stages, with

* Rep. Memor. aero. Res. Comm., Lond , No. 1651 (1934).




Relative amplitude response

76 L. I. G. Simmons and (', Salter

resistanco-capacity coupling  Of theso the first and third are amplifying
stages, the second being reserved for the compensating circuit, connected
hotween tho plate of the second valve and the H.T supply. Tn its earlier
form, with coupling condensers of 0+14F and 1 MQ gnd leaks, the overall
amphfication -determined from measurements of tho mean-square output
current, produced by a known voltage applicd to the mpnt—was uniform
from about 20 to 1000 ¢ [see. The lack of response at the lower end acts ad-
vantageously in discrimmating between the slow variations of mean speed
arismg from the irregular running of the fan, and the faster variations
associated with turbulonce generated by the grid, and also present m the
dwsturbances entering the tunnel and passing freely through the mesh.

1o
Hat wire compensated
05 \ -
Hot wire uncompensated
— |
0 500 |J»o'6 1500 m)JTo 2500

Freguonoy (e.fsee.)

Sinco preliminary measurements made with different couphing condensers
showed that an appreciablo amount of turbulent energy existed in the low
frequency end of the spectrum, in order to increaso the amplification in this
region the amplifier had the same coupling condonsers as before, but larger
grid leaks of 2MQ By such means crrors arwing from tho non-uniform
response of the wire and smphfier combination, which lead to an under-
estimation of u3, wore, under tho conditions prevailing at the lowest wind
speed, reducod trom 5 to 159,

"l'o eliminato the rsk of back coupling which sometimes occurred when &
singlo battery was used as the common sourco of H T. supply, the plate
carcuits of the first three stages wore separated from the last and connected
to another H.T' battery Anadditional chunge involved the re-arrangement
of the output circuit, to allow of the iclusion of the electrical filters used
in the course of tho analysis.
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The Electrical Filters
These were of two kinds one a low-pass, capable of transmmtting currents
of all frequencies below a given maximum; the other a high-pass, which
allows the passage of frequencies only above a certain minimum value
Each filter was mado up of two sections of similar T-shaped networks
connected in cascade. Fig 2 1llustrates the arrangement of the sections,

c [ c c
Il It 1t 1
W L] r L
3 <
z3 L L 3
> <
< <

Two staga low -pass Fiter
Fra, 2

Two stage high - pass Filter
Fra. 3

and the constituent elements, comprsang two inductances, I, and a con-
denser, C, of a typical low-pass filter Such a filter when terminated at each
end by an i 2z, may be dered as part of an infimte chain of
T sections. Tf no energy were dissipated in any section, on an alternating
voltage being applied to the mput smde, curronts below the cut-off fre-

quency, l::', where «, = y2/LC, aro itted without, ion. In

practice, however, it is found that this ideal condition cannot be realized
owing to the losses ansing from the resi of the various

As a first stage in the design of  filter to cut off at a given frequency, L
and (' were chosen to satisfy the equation above. After the charactenstic

d 2z had been calculated from the formula z=J2L(1-_ 1 ) the
¢ 4wt
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ks were bled and t 1 at each end by a resistance
equal to = The response curve of the filter was then determined from
of the q output current corresponding to a

known voltage input, apphed at different frequencies * Although the
curve usually indicated an approximately constant responso over a reason-
able frequency range, for some of the filters (by means of a smaller resistance
across the output end) an increased range followed by o steeper fall of the
curve in the neighbourhood of the cut-off frequency could be obtained . the
most suitable resistance for every filter was found by tral,

10 —~ = i
?
; \ oo

[ 100 200 300 400
Frequeney (¢ fsec )
Fiu. 4 Charactenstio curves of low-pass filtors,

Characteristic curves for most of the low-pass filters are plotted in Fig. 4,
tho ordinate ¢ at any frequency a being proportional to the mean-square
values of the output currents for a given nput voltage In its application
to the present problem tho filter is assumed to have the same performance
a8 an ideal filter cutting oft at & frequency where ¢ = 05, it w therefore
assumed to transmit uniformly currents of lower frequency while stopping
all above  On interpreting the results obtained with such a filter, due
allowance can be made, 1f necessary, for the true shape of the characteristic

* The boat-tone osaillutor used to provido the small altornating voltage, conswted
of two oscillatory cwremts, one having a fixed frequoncy of 100,000 ¢ /sce. and a
socond whow frequency could be varied, at will, betwoon 100,000 and 110,000 ¢ /sce
By acdyusting the constants of tho second cirewit, 1t was passible to obtain any boat
frequency between 0 and 10,000 ¢ jwe. The voltago actually appled acroms tho
input impedanco z of the filter was obtuinod by amphfying the chango of potential
Renerated across a fixed rewistanco m the output circuit of the oseillator, and was
therefore proportional to the current passing through it.
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curve, but as will be shown later, the correetions mvolved are small, and
Lie well within the hmits of observational error.

High-pass filters employed i tho analyms of the upper part of the
spectrum each consisted of two sections (soo fig. 3) closed by termmal
resistances. The cut-off frequency for non-dwsipative networks of this
type is given by the relation w, =v2/L!, whilst the theoretical value of the
2k - ((,,')n' Here again
¢\ \w/) %
the formulae were useful as a guide, although, as 1n the case of the low-pass
filters, the most suitable values for the output impedances had to be found
experimontally Fig 5 shows the measured response curves tor the high-
pass filtors each of which was assumed to be equivalent to an 1deal filter
having a cut-off frequency at ¢ =05,

B 1 i ©
I for of frequency P

W=

to
——
¢
Cut off
05
0 500 1000 1500 2000

Frequency (e fsec )

Fra. 6. Charactenstic curvos of high-pass filters

Measurements of the Spectrum of Turbulence

(@) Method 'The method of using & filter to determine the proportion of
ut buted by the band of frequencies dealt with must now be described,
Suppose the wirc hold in the stream and the heating current adjusted to
bring the Wheatstono bridge into balance at the mean speed of flow.
Speed variations due to turbulence produce out-of-balance potentials: on
boing amplified these give mise to the fluctuating currents in the anode
aircuit of the last valve The filter is connected across a resstance in the
anode circuit and the mean-square value of tho output current 33 w
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measured. Writing 2 for the mean of the square of the turbulent com-
ponents contained within the range from 0 to N,, the cut-off frequence of
the filter,* wo have
=K,

where K, is the product of the amplification factor and the calibration
constant of the wire  Next, suppose the filter replaced by a non-mductive
resistance Let 1} be the observed mea,n-sqlw.re value of the current,
then, since tho resi P no proy and passes all
frequencies uniformly,

'_§.= Ky,
where K 1 defined as above Provided the two sets of measurements are
taken within a short time of each other, that 18, while the amplification is
constant and before the calibration of the wire is changed by dust acc-
dentally adhering to 1t,t with tho resistance smtably chosen K; may bo
made equal to K,. Hence, from the cquations above

wi oW
w_n

It will be apparent therefore that, since the ratio of two current readings
provido a measure of the fractional part of turbulent cnergy distributed
within a given band of frequencies, namely from 0 to Ny, similar observa-
tions taken with a number of filters, cach having a ifferent cut-off
frequency, will furmsh the information needed for constructing a spectrum
curve,

The arrangement of the output circuit of the amphfior, including for
purposes of illustration & low-pass filter, 18 shown n fig, 6 Other details
represented include the mput remstance R,, equal to the calculated value
of z for the filter, the output terminal resistance Ry, and a resistance R,
provided as & substitute for the filter during the measurementa of u2. The
method of connecting, alternatively, the filter and the circuit R, R, across
R,, will be clear from an mspection of the diagram, as will also the method
of balancing the steady drop of potential across Ry by means of a circuit
comprisng a battery X and galvanometer ¢, Both 3 and # were

*In d with the 7 made, ¢ =1 from n=0 to Ny,
and zero from n = N, to w.

+ Profesisor Taylor has pomted out that tho conditions in tho return flow tunnol at
Cambridge nre more favourable mn thi respect and do not lead to a continuous
change m the calibration, such as we found to occur with every wiro used m the
prosent experunents,
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indicated by the deflection of the mirror galvanometer connected to tho
thermo-junction element, ' J , of an A C mlhammeter. Except when high-
pass filters were employed, the current generally vaned slowly but ir-
regularly within limits of + 4, m unison with the casual disturbances
present in the stream. Theretore, 1 order that the results should afford a
measure of the average turbulence, the mean deflection in each case was
estimated from observations extending over a period from 3 to 5 mmn. The
current through £, R, resulting from the application of a known sinusordal
voltage to the mput side, served to check the performance of the amphfier.

4186y +1SOV f
A

AR
Ed
£

Ty G,

The spectrum measurements were made at mean wind speeds of 15, 20,
25, 30 and 35 ft /sec, low-pass flters beng used to explore the range
below 826 ¢ /sec. Apart from cffects due to accidental changes in the
calibration of the wire, the 1esults obtuined were gencrally in error by
lens than 49, But at lugher freq , beenuse of imy i nceuracy,
high-pass filters were used to measure 1 —u3/u?, the errors thereby bemng
reduced to within the limuts of +19,

(b) Results. The values of ;},’u” measured in the experiments at the
various wind speeds together with smooth curves drawn to lio evenly
betweon the obscrvations are shown in figs. 7 and 8. In view of the
assumptions made in deducing the results, it will be necessary first to con-
sider the corrections required when account is taken of the true form of the
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characteristic funcuon for each filter, and for tho loss of response of the
lifi iall ble in the neight

n=1 A method of esti the tion € 18 described n the

Appendix where 1t 18 shown that

w_[%
w="1= [ hmponan

uw 0
The function Fy(n) 1 tho hn«t Pr to the sp fi
F(n) and is obt d by g 1 diffe ion of the slope of the smooth
curve, representing the ohaerwmonn at any given wind speed Although
Fy(n) can readily be found where the curve 18 well defined, owing to the
absence of observations below n = 26, 1ts value n this region is subject to
some uncertainty

In the application of the method to tho results at / = 20 ft /sec the

form of the correction was shghtly modified to allow tor the fact that all
measurements of u} and u? were virtually made with low-pass filters
cutting off at the lower end at n =08 Since such filters are unable to
detect turbulence for which n<0-8, the formula must only be applied
fromn = 0-8to o Inutead ot €, Professor Taylor proposed & new corroction

2

s [ R pnn.
ut Jos

This was calculated at a number of points from the values of Fy(n) taken

from the curve oxtended below n = 26 to cat the axis at 0-8 The results

are tabulated below together with the observed and smouthed values of

udfud,

Cut-off Values of ul/ut
froquency Typo of hltor ~ -
©.[soc. Obmerved Smoothed €
26 Low pass 040 040 00056
345 046 048 0007
43 055 061 0009
87 069 068 0002
122 0717 078 -0 008
161 080 082 =0002
275 093 093 0001
325 0964 095 =0003
365 High pass 0955 0954 0
630 0 987 0 986 0-001
760 0993 0993 0001
980 0997 0997 o
1180 0999 0999 0001

62
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Except at the lowest froquencies the corrections are scen to be neghgible
n magmtude and variable in sign. Mainly for these reasons and because of
the uncertanty ansing from the unavoidable lack of observations below
n = 26, the corrections are not mcluded 1 the results appended.

The curves 1n figs. 6 and 7 and the figures in Table 1 are therefore taken
to represent the statistical distribution of the mtenmity of 1sotropic
turbulence ereated by the grid  One feature dasclosed by the measurements
18 the high proportion of energy existing m the lower frequencies, for
example, the contribution due to components in the range 0-100 c./soc.
amounts to 0-8 at 7 = 15, and to 0 53 at IJ = 35 ft /sec. Another featuro
relates to the frequencies present, for, whereas at the lowest speed the
ghest recorded frequency was in the neighbourhood of 600, at the highest
spoed 1t exceeded 2500 ¢ /sec  (‘hef interest, however, centres n the stat-
wtical frequency function F(n) denved from the curves. This function 18
tabulated for the different speeds in Table 11, and also oxhibited graphic-
ally by the curves in fig. 9

In conclusion, the writers desire to express thetr indebtness to Professor
Taylor for his helpful suggestions and advice, and to acknowledge Mr
W. (. Raymer's assistance in making some of the observations

SUMMARY

The tuno variation of velocity at a fixed pont m a turbulont air stroam 18
analysed nto a spectrum The method adopted mvolves the use of tho
ordinary hot-wire techmque to produce changes of potential in a Wheat-
stone bridgo circust, which are magmfied by a valve umplhtfier The fluctuat-
mg voltage drop generated across a reswtance m the output ciremt of
the amplifier w then apphed, in turn, to electrical filters having different
cut-off frequencies  In each case the output current is measured, with and
without each filter m eircuit, by means of a thermal milbammeter which
mdicates the mean value of the square of the current supplied to it From
the ratios of tho readings taken with and without cach filter, the spectrum
curve 15 caleulated by a method described m the Appendix.

All measurements were made 1n & wind tunnel, at a point m the ar
stream where the turbulence created by a grd of regular mosh was known
to be wotropic the wind speeds used were 15, 20, 26, 30 and 35 ft./sec
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METHOD OF DEDUCING F(n) ¥ROM THE MEASUREMENTS

In the measurements desenibed by Mr Simmona a fluctuating current
which is proportional to the fluctuations of velocity at a fixed point in an
air stream is modified by the action of u filter which passes only certain
ranges of frequency

Ifanal

current of
passed through the filter the amphtude of the output will vary with the

but variable frequency 18
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frequency. If ¢(n) represents the ratio of the square of the amplitude of
the output curront to that of the nput when thoe frequency is = o./sec.,
then ¢(n) is a characteristic function for the filter. ¢(n) s dotermined by
mensuring the output when an alternating current of known amphtude and
froquency iy applied to 1t.

When fluctuating currents are applied the output can only ho calculated
if both ¢(n) and the spectrum function F(n) is known If u? is the mean
value of u? then u? can be regarded as bemng made up of the sum of the
squares of tho harmonic components. Thus if «? F(n)dn 1 the fraction of ul

o~
which is due to frequencios hetween n and n +dn, f F(n)dn =1
[}
Since each frequency 18 modified by the filter so that tho square of the
amplitude is reduced in the ratio ¢(n) 11t will bo seen that Mr Simmons’s
- o _fm
instrument will record u} instead of u?, where u} = n? j F(n)d(n)dn
0

Mr Simmons has devised a series of filters some of which (high pass) cut
out all frequencies below a certain valuo, and others (low pass) cut out all
above this value Considering first the low -pass filters, if ¢,(n), ¢y(n) are
their charactoristios and if #2, u, 1d are the values of «? measured with the
filters in circuit, then

"' J. Fn)dy(n)in, ]
1)

= J.:F(nj Ga(m)dn cte.

The problem is to determine #(n) as  function of n,

Mr Simmons’s low-pass filters wero so designed that they let nearly the
full current through when » was less than some value of N' but cut 1t off
cntirely when #> N, the charactenstic tunction ¢(n) fell rapidly from
nearly 10 to zero when n passed through a short range in the neighbour-
hood of N,

As a first approxumation therefore we may take N, as the value of N at
which ¢ = 4, and we may assume in the first place

Gym)=1forn=0ton=N,
and $(n) =0 for n = Ny to n = co.

Lot tinfiod

If this were true then the following would be

¥
u?
u}

M ut Ny
=[ronin, 3= [roin, @
Jo w 0

ut
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and evidently F(n) could be deternined by graphical differentiation
of the curve whose absciassne aro N, N,, N, and corresponding ordinates

u u* ut
W e
Using the measurod ¢(n), curves Ny, N, N, may be determined as
desmbed above and the approximate value of F(n) determned If these
values are rej 1 by Fy(n) then a further approximation
cun be obtained as follows. Taking the approximate value #,(n) determme
graphically the value of the integrals

[mmann, J R
0 0

i uf ud
1f it happens that theso are all equal to the measured values of ; :t.lmn
ut’

4(n) is 1dentical with F(n). In Mr Summons’s cuse the difference between
them was small. Representmg this difference by €,

_ J' ) dhow)dn - J' (F(n) = By} () dn @)

Tt 15 clear that the same process may be repeated, the equations (3)
being treated m tho same way as (2), so that

€

"Ny
J (F(n)~ Fy(w)} dn,
0

Ny
c =J. {F(n)— K,(n)}dn.
o

Thus an approximation to F(n)— F|() may be caleulated in the same way
as F(n), and since Fy(n) has already been determined, F(n) can bo found to
a second approximation.

This process can be repeated indefimtely but it w found that one
application 1s sufficient in the case of Mr Stimmons’s measurements
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17 INTRODUCTION

Before trustwonhy predictions can be made concerning the rehability
of various apj w funct 1n the case of complicated molecules,
it 18 necessary to study the ssmplest molecules in as great detail as possible.
Such & study enables one to assess the merits and naccuracies of the
different approximations in a way that is impossible with the more complex
systems The lest ot all molecular problems s Hy , and this 1on has been
studied thoroughly by several writers (e g Dickinson 1933, Sandemann
1935; Steensholt. |936 a,b) The simplest two-clection problem is that of H,,
and a very pl ledge of the functions for this moleeule has
been obtamed (c g Wembaum 1933, Coohidge and James 1933; Coulson
1937a) In order of increasing complexity the next molecule 18 the two-
electron 10on Hy, which has been discussed by Coulson (1935), by Eyrng,
Rosenand lesd\'elder(lggb) und Hlmrlllelder amond and Eyring (1937).
All these molecules arc h , 8o that the binding 18 pre-
dominantly covalent, but the m»]nrlty of molecules experimentally ob-
served are heteropolar, and then the binding is largely iomie The present
paper, thercfore, extends the calculati nlremly mmlc for Hf, Hyand Hy ,
and discusses in detail the two pl lecules, viz. the
ground states of the single-electron ion HeH++ and of the double-eloctron
ion HeH'. The object of the paper is primanly to compare tho different
types of wave-functions, and for this purposo as many diverse methods as
posaible have been employed, it 18 not important, from this point of view,
that the HeH*+ 10n is unstable and that the HeH* 10n is stable This work
may be regarded as the anal m the molecular sphere, of a recent paper
by Baber and Hassé (1937) on He, 1n the atomic sphere.

Some of the methods used for the single-elect bond have no im-
mediate counterpart in the di of the t lect; bond, and
accordingly the two problems are treated independently.

[ 90 ]
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2. Tik SINGLE-ELECTRON JoN HeH++

1In the case of the ion HeH* ! the problem is that of finding the energy and
wave-function of one electron n the presence of two fixed charges + 1 and
+2 atomic units (we shall use atomic units a u. throughout). There are
five distinet ways in which this may be done

A Generalized Morse-Stucckelberg method.

B. Generalized Stark-effect method.

C. wLcao approximation of atomic orbitals

D. Variation expansion 1n spheroidal co-ordinates.
Exact treatmont in spheroidal co-ordinates

=

A Generalized Morse-Stueckelberg method

This method 18 a development of the work of Morse and Stucckelberg
(1929) on the energies of H; , and the method apphes only when the nucler
aro closo togethor, so that we may assume that the ion approximates to the
“united-atom” Li'+ Tt should bo added that a first approximation to the
result of this section has quite recently been obtaned by Haasé and Baber
(1935) though these authors only used the perturbation method (sce below)
and did not proceed beyond the first-order correction torm.

0

‘.)-3.2‘
Fra. 1

If A and B (fig. 1) are the fixod charges of 2 and 1 units respectively, then
the effective potential acting on the clectron at P is

Vo= =2[r,=1/n,
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If r, is the distance O, whero O is the centroid of the positive charges, this
may be written
= =3[ty +Verts

where Voeri= = 2[r = 1ry+3r,

Frerr 18 small 1f 3z, the length of A B, is small, and 1n that case 1t may be
treated as a perturbation. 7,18 measured from the centroid of the positive
charges because in this caso Vyry 18 of order 1/ ab infimty The smngle-
cloctron orbital1s nearly equivalent to an atomic orbital with nuclear charge
+ 3 at O, perturbed by V,ori. Thus

F = B(Lil ')+fl';,m.y’/(Li“)‘du.

If we take Ylatt) = (e3m)e o, (1)
then E =c*2-3c~cP(), @)

where P(f) is o known function of the auxihary variable f, which it 18 con-
venient to introduce, and which is defined by

t=ce. 3)

We may now adopt either the perturbation method or the variation method,
as discussed by Coulson (1935, 1937a) In the perturbation treatment, we
put ¢ = 3 for all values of .. This 13 equivalont to assuming that the funda-
montal atomie orbital which is perturbed has exactly the wave-function of
a Littion The energy thus obtained is shown i figg 2 a8 a function of the
nuclear separation 3x In the vanation treatment, we allow for a stretching
of the wave-function duo to the perturbation by choosing that value of ¢
n the wave-function (1) which, for a given &, makes the encrgy a mmnumum.
The energy for such a wave-function, caleulated from the usual formula

E= fwnwu/'[wwn

has exactly the same form as that given in equation (2) Tfwe put (?g) =0,
-

we find that ¢ w given by the equation

aP
o= 3+ PO+, .
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From this equation a trial value of ¢ is used to calculate the corresponding ¢,
and hence the appropriate nuclear separation p which 1s 3¢/c. The results

2.4 T T T T

- Exact energy curve(E)
“Variational Morse Stueckelberg
= -Simple Morse-Stueckelberg(A)
“Simple Stark-effect (B)

" “Varmtional Stark cffect (B)

X LCAO perturbation((')
® ,CAO varation (C)

=40

-44|

0% R S 7
f

¥1a. 2. Electron cnorgy curves of HeH* b, Various approximations,

of this caleulation are shown i fig. 2, and, for comparison with other
approximations, in Table 1
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TABLE . ELECTRONIC ENERGY AND CONSTANTS o HoHt+;
VARIOUS APPROXIMATIONS

Soc-
tion Mothod
A Momo-Stusckelberg:
(«) Porturbution
Energy
(B) Varmtion
Enorgy
3
B Stark offect
(@) Porturbation
Energy
(b) Varation
increy
3
C Keao approximation
(a) Perturbation
Energy
(b) Varmtion
Energy
.
a
D Vanation m sphoroidals
Enorgies

Lot €66

K Exacl encrgy

30661

3 5080
2225

3 4087

35244
2326

36665

12035

2 6961
1-708

29451

20187
2081

2:7760
29686
30288
30317
30208
30300
30302
30827
30330
30331

0 6851

2 4204
1543

27811

27819
2038

27875

2 8209

2185
0 9085

2:4997
27318
28200
28371
28207
2 8200
2 8200

15

21067
1-409

2 6601

2 6602
2017

20062

2 6817

2073
08889

22712
25404
26786
26039
26780
20704
26930
20941
20941

26965

B. Generalized Stark-¢ffect method

20

18008
1211

24092

21992
2003

25023

2 5052

2020
0 8157

30 +0
23333 22600
23333 22500
2000 2000

- 12352
18740 1:6206
19627

21321

19672

- 18672
19731

In polar molecules the action of one atom on another to form a molecule
is prmmrlly  Stark effect. 'T'his 15 not true with homopolar binding, as the

shows. At large

in the case of HeH+,

tho solitary electron will be centred almost exclusively round the He nucleus,
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and the energy will be that of a He ion perturbed by an isolated proton.
If the wave-function round the He nucleus is taken to be

V= (fmie #)

then tho first-order perturbation energy, or, which 18 the same thing in
this case, the encrgy calculated from the formula

B= J'¢‘n¢du / J' oo,
s B E(Hc*)+fl Vv
T

= 22— 2c—cQ(u), (5)

where Q() 18 & known function of the auxihary vamable « = cp, Tn the
smmple Stark effect which corresponds to a perturbation treatment, we
assumo that ¥ 18 the wave-function of a He 10n, so that ¢ = 2 (cquation (4))
for all p, and then

E(p) = ~2-20Q(2p). (6)

The energy obtamned with this type of wave-function 18 shown in fig 2,
where 1t may bo compared with the results of other calculations. But there
18 1o reason why the gencralization used in the Morse-Stueckelberg method
above should not be applied here We use a trial wave-function of type (4),
m which ¢ 1 regarded as a function of p, and wo minimize the cnergy, for

given p, with respect to ¢ Ths iy equivalent to putting (aaf) = 0 in equa-
tion (), and we find !

c=2+0(u)+u'(ig (7

These functions, as in section A, can all be tabulated easily, and the rosulting
energy curve is shown in fig. 2. Some of the values are also given for com-
parison in Tuble 1

C 10A0 approxymation of atomsc orbatals

In this apy tion, which 18 applicable at all nuclear dist and

which has been called by Mulliken (1935) the LCAO approximation (lincar
combination of atomic orbitals) we write for the single-electron molecular

orbital:
¥ = Aot (8)
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whore ¥, and i, are atome orhitals round 4 and B. We shall expect A to
be consmderably greater than x, corresponding to the fact that the eloctron
18 mostly round the He nucleus The energy 18 obtained as a function of A

and g by the usual formula £ -=f'l"ll Wy /f‘["Y’dv. A gencral discussion

of the energy values with this type of wave-function has been given by
Coulson (1937h), there are two values of the ratio A/ which mako the onergy
o minmum. the upper of theso tw o encrgies corresponds to an excited state
and is to be neglected in favour of the lower one

In the case of IeH ' F we writo

= (e T, = (@me =, )

1t 18 convement to use ac instead of an entirely new parametor in the ex-
ponent u( ¥, since now ¢ may be regarded as a scale tactor, and the analysis
18 bly hfied. The energy 14 found by varation of
hoth ¢ and a The details of the calculation need not be written down, there
18 no ximple way of nmmizing with respect to the parameters, and 1t 18
necessary to calculate the energy for values of e and a near to the mmmum
Whenever i, and i, are used n the rest of this paper, 1t muy be assumed
that they have the form given in equation (9). The suflix a will refer to the
Ho nucleus and b to tho H nucleus, and the exponents ¢ and & will always
bo used n the same sense

Tt 1 interesting Lo compare the results ot these calculations first when the
best possible values of ¢ and a are used, and then when the atomie values
¢=2and a=1/2 are used The cnergies and other constants are shown i
Table I where thoy muy be dureetly compared, It appears, firstly, that the
value of @ is by no means cnitical, this is as we should have expected, since
a governs the naturo of the wave-function near the H nucleus and n this
region 1ts amphtude (shown by the ratio y/A) 18 small. Then, socondly, it
appenrs that the valuo of ¢y, 18 slightly groater than the atomic value 20,
this 18 an example of the nuclear screening discussed by Coulson (1937a)
The excess, however, 18 small, corresponding to the fact that this orbital is
only shghtly bonding Thirdly, ax p gets larger, 8o also tho ratio A/x increases,
corresponding to the fuct that as the two positive charges are scparated,
the wolitary electron tends more and more to settle on the He nucleus. The
clectronic energy curve 18 shown in fig. 2.

Caleulations simular to these have been made by Beach (1936), who,
in addition to the above, introduced polarization terms, but his choice of
exponents, which restricted @ to havo the value a = 1, 18 evidently not the
best possible, even though it simplifies the calculations. Beach does not
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give numerical results, and exact paril ¥ 18 impossible. It

will, however, be shown later that the vanation of & 18 much more important
in the two-electron problem than in the one-electron problem.

D Variation expansion in spherodal co-ordinates
It is well known that 1f we nse spherowdal co-ordinates £, 3, ¢, defined by
g="oth 7=""" and ¢ ~ wamuth, then the wave-equation retains a
smple and separable form  Following the method used by Coolidge and
Jawmes (1933) for Hy, we use o tnal wave-function
WSO, g e, (1)

whero ¢/, and & are constants chosen so as to nimmuze the energy. The
case of a highly polar orbital such as Hell ' 15 o very unfavourable one for
this type of expansion, smee 1t w nearly equivalent to expanding an ex-
ponential round one centre i terms of exponentials round another centre,
an expansion that converges very slowly

The first stage 15 1o find the best value for & Fig 3 shows how this depends
upon g in the case ot («) a xingle-term expansion e=%, and (0) a double-term
expansion e %(1+ay) It wunhkely that the addition of more terms would
materially alter the best value of 8, and i any case, with more terms, the
valuo of 8 is less eritiel  From these curves, the tollowing table of values
was sclected for further numerieal work

P 10 (2 50 20 30 40
& 1125 1:375 1625 20 2:75 326

That these chosen values of 8 were satisfactory w shown by the regular
convergenee of the variational solutions, according to the rules formulated
by Coolidge, James and Present (1936) Table T shows the energy values
obtained with particular combmations of terms, thus, for example, the
deseription 1.y, %, & opposite u wave-tunction implios that the wave-
function was ot type
¢ = el Fayy +agntt+uygl

The wave-functions marhed with an astersk * all contamned a term i 7°,
1t is evident that without this term only a poor accuracy s attainable,
despito the presence of more terms in £ An accuracy of 1 1000 requires
terms up to y%m g, but does not even need a term £, this w the result of the
concentration of charge round one nucleus, & concentration that is governed
by the distribution in  1f a further term m #* were taken the resulting

Vol CINV 4 7
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energy would barely differ from the true one, but, without terms 73 and 7%,
it 18 not possible to make adequate allowance for the polarity of the orbitals.
In the two-electron problem HeH+, the orbitals are shghtly less polar, and
we conclude that terms up to and including 4 are necessary m heteropolar
binding. Thus these caleuls for b polar orbitals are derably
more tedious than for | polar orbitals, 1t required, for ple, seven
terms (1,£, &2 £n,9, %% 5°) n the wave-function for HeH'* to give as good
scouracy a8 was given by the two-term function § = ¢ %(1+ap?) in the
caso of Hy The situation grows worse as p increases, and for values of p
groater than about 3 0 &.u , we should require a much more complex wave-
function, with perhaps as many as twelve terms per electron

T T T T T

301 1

0 20 40 6
P
Fie. 3. Best values of 8,
Curve A, ¢ = ¢ % Curve B, ¢ = e=3(1 +ap)

B Exacttreatment in spherowdal co-ordinates

When there i only one eloctron present, the juation is separabl

n £ and 7, the apheroidal co-ordinates of the last section, and it w possible,
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a8 & check of the accuracy of the various apy ions A-D, to eval
the energy to any desired degree of approximation, using the method of
Hassé and Baber (1935) This soparation of co-ordinates 1s no longer possible
when more than one electron 1s present, but the other methods A-D can
still bo employed. It 1 interesting to compare the exact, instead of the
relative, accuracies of the various approximations in that one case where 1t
is possible to do so

If wo use equation (18) of the paper by Hassé and Baber, modified by put-
ting m = 0, since wo are dealing w1th a o state, & very rapd approximation
is obtaned for the £ oquation This corresponds to the analysis of section D
above, where only a few powers of £ were required i the variational equa-
tion The 7 eq was more bl . and 1t was found best to re-
arrange their equation (32) to a simpler form involving only even powers
of B,, and write

ATty Uy
2 et vt vt

where , = n¥nipt— RY),

v, = '"+l(n'+n+/l)

Taking first the case of p = 15 & u, 1t was found neccssary to use eight
convergents to get an asccuracy of six figures This indicates that in section
D, powers of y up to #* are needed to ensure an energy value which 18 correct
to six decimal places No far as the writers know, thw is the only exact dis-
cussion of the number of terms needed m a Coolidge-Jumes function for
a given accuracy i a particular problem, the usual method w to consider

the gan in energy by J and then esti (sec
Coolidge, James and Prosent 1936) lhe probablo extrapolated hmit It may
be ioned that from Sand s di ion of Hy (1935) 1t 18 possible

to deduce how many terms were needed in that humonuclear case,

The calculation was also made with p = 0-5 a.u., since this provides some
exact com with the el i lculated by the apy
methods when the nuclei are close Logether Ths tune, however, the uumber
of terms required is less; tor the i 1 more nearly spl 1 and
the dependence upon 7 less important  Instead of eight convergents needod
when p = 1:5a.u to ensure an energy value correct to six figures, only four
are required when p =0-5 & u Again, as when p = 1:5 a u., only three or
four terms of the £ equation are required.
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‘The results of these calculnuons are shown in Table I, where they may be

d with the app -gies of other methods. An exact value

for the energy of HeH* 18 now known for p = 0, 0-5and 15 a u. By extra-

polating from the results of section D, the energy for p = 1-0 and 1:25 can

safely bo deduced correct at least to 0 002 a u. For p greater than 1:5a u.

the energy curve differs insigmficantly from B = —2~1/p It is therefore
possible to draw the curve of exact energies, as shown in fig. 2.

3. DrscesstoN oF RESULTS FOR HoH++

Several conclusions may be drawn from the numerical resulta in A-E.
Considering first the Morse-Stueckelberg treatment, we notice that in 1ts
simplest (perturbation) form, this 18 only valid over a small range of p,
oven 1n the more complicated (varational) form, the range of validity,
though d, 18 still very inadequate, and thws method may accordingly
be abandoned for more ph d molecules, except m its pictorial and
descriptive aspect Thus the general results quoted by Hassé and Baber
(1935) or by Bethe (1933) must only be used over a small rango of p  Espoci-
ally since they use the perturbation rather than the varation method, this
range will probably only be from p = 0 to p = 0-25 au Nevertheloss it is
probable that the order of the vanous levels 1 correctly given by their
formulae, molecular levels such as 2po which have their greatest density
around the nucler are hkely to be more correct than levels such as 2pm
where the charge cloud hes away from any nucleus, though this last con-
clusion might not be true if the variation method were used instead of the
perturbation method

Considering next the Stark-effect treatment, this is seen to give a very
good energy for values of p greater than 2, and this 1s the case whether or
not we use the variational method. At close distances the simple Stark effect
is sertously n error, hut the varational treatment 18 remarkably good,
considering the crudity of the allowed wave-functions It is probable that
this accuracy would be somewhat reduced with less polar orbitals, or where
more than one electron participates in tho binding, but the inclusion of a
term representing the polanzation of the larger nucleus would still give a
fairly good result. Since methods C and [) are much more cumbersome, we
conclude that the variational Stark-effect treatment, with allowance for

! is tho that gives fairly reliable results,
thungh it 18 Jeast effectave in the range 0-5<p < 1" 25 a.u. Fortunately this
rango of values 1s seldom required 1n practice.
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It seems quite possible, from this work, that the Stark-effect treatment
might profitably be used to investigato highly polar molecules, such as
HCL, for which, at the moment, no suitable type of approximation has been
developed. Tt may be that the best treatment for such problems would be
a combination of this method and that used by Buckingham (1937) in
caloulating Van der Waals’ forces between atoms, the method would, of
courso, be uselessin any problems where the binding was nearly, or exactly,
homopolar, becauso it makes no allowance for the resonance effect

The Lcao approximation (113 much more } dueto the
of quite complicated integrals Variation of the exponent representing the
wave-function around the smaller nucleus ), 18 not very critical, but it is
essential to vary the exponent m 7, This is unfortunate because it entails
considerable labour, capecially 1n the case of more complicated molecules,
on the other hand, tho result, when the varintions have been made, is quite
good. The add of a term rep lurization of the Hoion (as o g
Dickinsonin H{ (1933) or Beach (1936)) w oul(l probably give s very accurate
enorgy Therc is a sense, however, as Dr (i, W Wheland pomted out to the
authors privately, m which the mmple Lcao approxunation may be said to
allow for the polarization, not just of the molecule as a whole, but also of
the larger atom. For if ¥ = Ay, + ¢, 1w expanded in terms of atomic
orbitals round A, the major contribution is Ay, but there will be a first-
order term P,(cos 0) whose amphtude 18 proportional to g, arising from ¥,
and this term does correspond directly to polanzation of the He 10n by a
uniform field.

Finally, the expansion D 1 terms of & 5, ¢ 18 able to give any desired
accuracy if sufficient terms aro taken, but although this s & good approxi-
mation for homonuclear problems, 1t appears to be a bad one for hetero-
nuclear ones, since too many terms 1n 7 have to be taken, and the addition
ol' Ingher powers of y adds much more to the labour, especially whon elec-

tions have to bo dered. The exact solution E, on the other
hmd, is impossible except for the one-electron problem, but 1t does furnish,
n that case, a precise standard of accuracy

4 T TWO-ELECTRON PROBLEM HeH 't

The difficulties that hinder an easy solution of the one-electron problem
are much enhanced when we proceed to the two-electron problem HoH*,
even with the simplest of all molecules H, this problem is a serivus one. Ax
with the single-clectron problen, we shall use as many different methods
as possible (F L) and then compare the various results. The methods are:
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F. Coolidge-James variation in spheroidals.
Tonic wave-function. He atom + proton.

@

. 100 approximation of molecular prbitals
Electron-pair method. Homopolar bond
Electron par +10me

A=

. lomic + polar

L. Tome+ electron pair + polar.
Since we are only conmdering the ground state, the singlet level (lso)?,
the spin part of the wave-function will separate out and may be omitted,
the only restriction upon the space part of the wave-function 1s that it shall
be symmetrical in the co-ordinatos of the two electrons

¥. Coolidge-Jo tariation sn spherowdal:

This s & development of tho method used for Hg by Coolidge and James
(1933). Unfortunately, owing to the lack of symmetry m HeH*, torms which
do not occur n the wave-function of Hy do occur here, and thus both the
labour and the number of terms are increased. There is a stable minimum
of the molecule at about p = 1 5 u , and m view of the labour necessary in
this treatment, calculations were only made for p = 15 a u The details of
these calculations are so similar to those of Coolidge and James that it is
not necessary to reproduce them here A typical term n the wave-function 1s

Connnp €6 SHEN E iy €L ER windrte),

in which ry, 18 the distance between the electrons, and the (’,,,,, are con-
stants to bo determined by the vanation method The value of 8 was taken
to be 1:375, rather than 1-625, which was the value used in the one-electron
problem, so that the ratio 1:375/1 625 should be nearly the same as the
corresponding ratio for H, and H,. The results for the various approxima-
tions, as the functions grow ively more plex, are shown in
Table 11. 1t 1s clear from this table that higher powers of £ add very little
to the encrgy, whereas the addition of terms (7,’+7/‘) and (8 +73) would
almost certainly yield derable imp The imp t in-
cident upon the mnclusion of the r,, term, which Coolidge and James found
very considerable, is important here, though only about half as important
as with H,. Another four or five terms would be necessary to make the most
of this type of wave-function, but in this comparative study the labour for
such a calculation did not seem worth while.

If we subtract from the ) t energy value ob d by these calcul
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the energy of the ground state of the He atom + isolated proton, into which
the ion will dissociate at infinite separation, there remams a dissociation
cnergy of 0-012 a.u. = 0-32 volt This figure needs to be corrected for the
zero-point encrgy (about 0 00K & u ) but 1t will still be poutive, showing
that the 10n 1 stable, and thus confirming the results of Beach (1936). In
this approximation there is no difficulty in deciding what is tho appropriate
energy tosubtract when the nuclei arc infinitely separated, for when a wave-
function of th type and pl 18 used to d ine the encrgy of
the ground state of atomic He (Hyllerans 1929) the calculated energy agrees
with the obxerved energy of —2:904 au The effect of using more flexible
wave-functions for the molecule would be to increase the value 0:32 volt,
and the mcrease would probably be of the order of a volt The normalized
1 bl

tion for this app 1on, appl only whenp = I-5au.,18

Y= o-13786,+E)
X {1+744 4 3068(p, + 1) + 2-503(y2 + y3) + | 4823, 9, + 0-7040 7,5},

G. Tonwe ware-function. He atom+ proton

Since the molecule 1s very 10nic m ch ter, the simplest wave-fi
(one that will be the basis of the remaining wave-functions, being sucoes-
sively modified to allow for polarization and partial formation of & covalont
bond, ete ) would be

Vo= g () (), (1)
where, as usual, Y (1) = (m) e,
This fi is the molecutn I of the Stark-effect treatment

given in section B for the onc-electron problem The energy can be com-
puted from this wave-function by the usual formula and 1t appears that the
molecule, 1t guverned entirely by this funetion, should bhe unstabl
The cnergy curve, which has no mimimum, 18 shown 1n fig. 4, and may be
compared with the other curves there.

This wave-function 1s evidently too simple to describe the complicated
electron distribution in the molecule, and m the following sections various
modifications will be made, which correspond to difforent chemical assump-
tions about the nature of the bond,

H. wcao approxrimation of molecular orbitals

If the molecular orbital for one eloctron alone (equation (8)) is written
D = A, + i, then the wave-function for the two electrons is

Y =@(1)P(2). (12)
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The energy is now obtained by the usual formuls as a function of Aju, ¢
and a. Some of the integrals that occur in this formula are very troublesome,
with one exception, however, they may all he expressed in closed form by
the usual methods. The exception is

d,dv,
0= frmp e,
E
26} I\/ |
Electron-pur perturbetion
I \Elwtron pair variation
2.7 4
L . R
-2-8 Molecular orbital
per turbation|
2.9
-3-0 L " " " .
10 15 20 2-
p

Fia, 4 Encrgy curves of Hell*. Various approximations

the full calculation of which is given in the appendix It may be worth
noting that an attempt to replace this integral by a simpler one that should
have approximately the same value was made; by thia means an estimate
oould be obtained of the values of ¢ and a which gave a mmimum energy,
and it was possible to decide with cortainty for which values it was necessary
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to calculate @ exactly. The integral chosen to replace @ 1n these prelimmary
calculations was f V(D) ¥ (1) (2 ;l:,,(2)d-":£”. This latter integral can be

u

calculated in closed form and 1t appears that, aithough for large p1t is con-
siderably too great, yet over a fair range 1ts value lies within 15 %, of the
true value of Q. In the final variation, however, the values of ¢ calculated
from the formula 1n the appendix were the only ones used.

The variation with respect to the thrce parameters Afu, ¢ and a, is some-
what laborious and was performed forp = 1-25, I-5and 2-0a.u. Thenumerical
results, aftor allowing for the Coulomb repulsions of the nuclei, are shown
in Table IT. Two serics of results arc shown, first the perturbation method
where ¢, and ¥, are compelled to have the atonuc values (c=2,a=1/2),
and second, the variation method, n which all the parameters were vaned.

Tasre If- Exereies or HeH* cavcvraTen
BY VARIOUS APPRONIMATIONS

See-
tion Method p=110 125 -5 20
F Coolidge-Tames
1 2 3239 -
L(n+m) - - 27196 -
b O+ (7 +9) - 2 9029 -
L On+ ) (m+ 30 - - 29008 -
Lm0+ m) tomee Bi+6) - 29072 -
Lo+ 1) (10 e ria - - 29161 -
G Ho atom + proton 27705 28190 28423
H  weao approximation,
(a) Perturbation 28570 28834 28612
(%) Varwtion 20016 20128 28938
T Eloetron-pair approximation®
(a) Perturbation 20202 26358 25030
(b) Variation 20704 2 6796 2 G376 -
J  Wang-onie 26201 29277 2-9011
K Ilonic-polar 28582  2R788 28703
L. Tomic-polar-Wang - 2:9241 2:9327 29075
Two Morso curves, shown in fig 4, voene put through the calculated pomts
and the b of the molecule wore ined. Thesc are shown in Table
111, together with the ¢ btamod by other approximations (I-L).
The column headed cted di tion onergy” rep the

difference between the calculated cnergy & of the previous column and the
energy at infinito separation of the nuclei, using a wave-function “of the
same type’’ as that used in calculating E. 1t appears more reasonable to
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wubtract this value of Byy, than to subtract the observed energy of He+ H+;
for we desire that the errors in the calculated energy at the equilibrium dis-
tance and at infinity shall be as nearly equivalent as possible, & situation
to he expected only when { of the samie degree of complexity
are used 1n both calculations (and not always even then!) The final column
m Table ITI shows the dissociation energy corrected for the zero-point
vibrational energy.

TaBLE TI1-- CALCULATED EQUILIBRIl M CONNTANTS ¥OR HoH 't

Uncor-

reeted Corrected

diwocr-  Zero- dixrociation

ation  pomt cnergy
See- E nergy  energy — ~
tion Method pequt Bu)  (au) (au) Voltx au

H  Molecular-orbital
(a) Perturbation 1461 28838 00362 00102 070 00260
(b) Varation 1482 29128 00453 00071 157 00581
1 Electron-par:
(a) Perturbation 1440 26366 01306 00102 341 0-1204

(b) Varmtion 1107 206806 01806  00L4 457 01692
J Wang-tonie 1432 20285  OO0808  OO0BO 19T 00728
K Tome-polar 1006 28760 00203 00052 065 00241

L Tome-polar-Wang 1446 290332 00855 00077 210 00778

One result is meely venfied by these calculations, although 1t has been
known in gencral terms before A/u represents the degree of polarity of the
mdividual orbitals, when there are two eloctrons instead of one, the repul-
sion between them will have the effect of throwing more charge on to the
H nucleus and will thus make the bond more nearly homopolar, with s
value of A/ more nearly equal to unity The table below illustrates the
change in A/u between the molecular orbitals of HeH++ and HeH*.

» Al for HeH''  Ajp for HoH*
126 50673 3009
15 7410 13501
20 10801 4013

The best normalized wave-function of this type (12) at the equhbrium
distance p = 1-482 a.n. 18
¥ =0(1)P(2),

where B(1) = 0-858200,(1) + 0-24746y,(1),
and c=1873, a=0722,
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T— Electron-pair method. Homopolar bond

‘The wave-function suitable for use in the electron-pair treatment whore

we suppose the formation of a covalent bond. 18
V=g () ¥2)+ Y2 (). (13)

T'wo cases are conmdered, first, the perturbation method, which corresponds
to the Sugiura treatment of H, (1927), and m ths the exponents of 7, and
Y, are compelled to take the atomic values ¢ = 2 and & = 1/2. Second, the
variation method, corresponding to the Wang treatment of Hy (1928).
exeept that two exponents are vared to obtain the mimmum energy mstead
of only one, The calculations m both eases were performed for three values
of the internuclear distance and the encrgies are shown in Table I1. With
this type of wave-function the encrgy at infinite separation s that corre-
sponding to He' + H, mince the electrons are restricted to being on difforent.
nucler Morse curves were put through the calculated points and are shown
in fig. 4. l'able 11T shows the dissociation energy and equilibrium constants
thus deduced

It should be noted that this calculation (with ¢=2, @ =1/2) 18 the one
performed by Glockler and Fuller (1934) Theso authors, however, did not
evaluate the unsymmetrical Sugiura integral, which has been done n the
present case The result of mcluding 1t is to reduce their dissociation energy
from 8-1 to about 3:6 volts The perturbation method is clearly inadequate
and 1t w necessary to vary the exponents, in any case, however, 1t 13 & poor
approximation to consider the bond as heing homopolar,

The best normahzed wave-function of this type (13), at the equilibrium
distanco p = 111970 8 u , iy

W = 0-62308{y (1) ¢y(2) + Yu(2) (1)},
where c= 21604, o=0-59214

Sinular calculations have been made by Beach (1936, p. 355), but here,
although ¢ was varied, & was restricted to have the value umty. This lack
of flexibility 1n the wave-function appears to have quite & serious effect
upon the encrgy. Beach's value (estimated from his curve on p 355) at the
equilibrium position, is — 248 a.u , whereas the present writers’ 18 — 2-68 a.u.
The difference between the two values 18 nearly 6 volts. This is not entirely
unexpected, since in the electron-pair treatment one electron may be thought
of as centred round the one nucleus and the other round the other nucleus.
In this situation their wave-functions should be nearly the appropriate
wave-functions for the atoms, and it is unfair to both electrons to make the
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two exponents the same, with a value 1-72, which is intermediate bebwoen
the atomic values of 2:0and 10, The error introduced by this ap i

would become less if more terms were added to the wave-function (as in
Beach 1936) though it would still be appreciable. It is interesting to note
that the error is greater in this case than when postulating that the three
electrons of a “three-electron bond"" have equal cxponents in their wave-
tunctions, as in the case of Hej treated by Pauling (1933) and Weinbaum
(1935) or nthe case of Hy treated by Eyring, Hirschfelder and Taylor (1936)
A comparison of sections H and I shows that the straightforward molecular-
orbital treatment 18 considerably better than the straighttorward electron-
par treatment, a result which has been known 1n general terms for some time,
but not hitherto d trated, for a polar molecul

J  Electron pair +i0nic
The next approximation —-ono which, as Mulliken (1932) has shown,
effectively unites the electron pair and molecular-orbital to
add 10me terms to the cloctron puir function. Such a fi
would be

¥ = M (D) u(2) + 0o Yo (D 1 D) Pu2) +00(D Yu(2) - (14)

The ionic terms (1) ,(2) correspond to both electrons being on the He
nucleus, and (1) #,(2) to both bemng on the H nucleus, and the variation is
to be performed with respect to ¢, @ and A g v. No appreciable error is
mtruduced if, in the ionic terms, the mmo exponents are used for Y, and ¥,
asinthe polar terms Thisapy corresponds to the

of the Hy molecule by Weinbaum (1933) though, m the H, problom, equal
weight must be given to both jonic terms. In the case of HoHt we may
expect the coethcient v to be very small, and the variation was therefore
first performed with v = 0, so that the problem was that of a normal He
atom partly forming a covalent bond with a proton Later, the effect of
adding the term y,(1) ¥,(2) was considered.

In the case of v = 0, we have to minimize with respect to ¢, @ and A.p;
the caleulations were made for p = 1 25, 1:-5and 2:0 a.u , and the numerical
results, shown i Table 11, were used to obtain a Morse curve (fig 4) from
which the equilib d and dissociation energy could be computed.
These quantities aro shown 1n Table IIT. It appears, as we should have
expected, that the jonic terms are more important than the homopolar
terms. The lowering of the energy due to inclusion of the ionic terms is about
0-24a u. = 8} volts below the energy of the Wang treatment, and only
0-0158.u = 0-4 volt below the energy of the molecular-orbital treatment.
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This particular approximation has been worked through by Beach with
the hmiting condition that @ = 1-0. This lack of flexibility gives an energy
which is 0:023a.u. = 062 volt, too high. In both cases the value of the
energy at infinity, obtained by use of an atomic wave-function of the same
type, is —2:847 a.u., and this has to be sub d from the calculated
minimum energies to obtain the dissociation energy

It will be noted that the valuo of A/u becomes less aa p moreases, i.e. the

h of the \! bond d as the nucler are scparated, and
both electrons tend to settle on the He nucleus.

The best normahized wave-function of type (14), but with » = 0, obtained
at the equihbrium distance p = 1432 a u , 18

¥ = 0-65406,(1) Yo(2) + 0 20284y, (1) Yo (2) + Yu(2) Yl 1)}y

where c=10252, a=07567

The fi WHS oAt in which » is allowed to vary to
give the lowest energy Since the energy corrosponding to ¢,(1) ¥,(2) 18
very high relative to the other components of the wave-function (14), we
shall not expect a large contribution from this function Two particular
cases were worked out m full, mmmizing with respect to A v for fixed
values of ¢ and & The results were

P L] L4 f"v'»l) Ey‘ﬂl
125 075 192 —29158 20163
200 075 175 — 2 8080 —2 8997

Thus the gain 1n energy 18 only 0 0005 a u or 0-013 volt in the one case, and
0-0008 a.u., or 0 022 volt, in the other This additional stability is very small
and, 1n view of 1ts smallness, 1t was not considered worth while to carry the
calculations turther by varymg the exponents It appears that, at the
equilibrium distance, the lowering of the encrgy value due to the inclusion
of this term may be taken to be about 0-018 volt = 0-0007a u Evenif we
omit the term completely, the error will be less than that which 1s inherent
m any wave-function that lacks an r;g torm 1n 1ts expansion.

K Ionic+polar

In this treatment we suppose that the offect of the H nucleus on the He
atom is to polarize it; this polarization may be described by saying that there
is & finite probability that one of the electrons shall be in a polar orbital,
defined by

Go = (d¥fm)r,conl, e ¥a, (15)
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The appropriate wave-function to take for the moleoule is, therefore,
¥ = pfra(1) Ya2)4 Via(1) Yra(2) + $a(2) (1)} (18)

There is no need to consider the possibility that both electrons are in polar
orbitals ¢, since the energy cor ding to such a function is too
great, and the matrix comy; with the oth functions
would be negligibly small. The inclusion of this pnlnr term in molecular
problems s due to Rosen (1931a) who used wave-functions of type ( 15) in his
study of H,. The energy resulting from wave-fi (16) was mimmized
with respect to ¢, d and v/u and the results are shown in Table I1. A Morse
curve (fig 4) was put through the caleulated points, and the equbbrium
constants determined by this means are given m Table I11. It 18 seen that
stability for the molecule 1s achieved, and here there 18 no reference to a
homopolar bond At the equlibrium distance p = 16035 & u., and the best
normahzod wave-function of this type s

W= 098207 Y, (1) ¢o(2)4 0131070, (1) 8u(2) + Y2 bu(1)1s
with c= 17126 and d = 15586

L Tonsc+ electron pair + pola

The final approximation that we d.mcuss 1 one m which allowance is
mude both tor lency and for pol this corresponds to the

treatment of H, given by Wembaum (1933) Using the polar orbital (15),
the wave-function 18

¥ = MgV )+ Pul2) Go( D} + (1) fral2)

F{Pa(l) a(2)+¥a(2) Su(1)). (17)

"There was some difficulty in deciding whether it would be easier to give the
exponent d in ¢ the value ¢ or ca Tho value ra was chosen because that
simplified the calculations of some of the exchange integrals. These calcula-
tions were made forp = 1:25, 1 5and 2 0 a.u , and the energy was minimized
with respect to ¢, a and A v Table 11 shows the results, and in fig. 4 the
Morse curve 1y drawn through tho caleulated points The Iting equi-
librium constants are given i Table ILL. It 1s interesting to note that v/u,
which shows the 1mpertance of the polarization wrmu, has a maximum
value when the molecule is in the showing that
the polanzation forces are, n proportion, most important just when they
are most useful 1n stabilizing the molecule.

This wave-function has been used by Beach with the usual limtation
a = 1, the energy thus obtained lies 0-011 a.u = 0-30 volt above the energy
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without this imitation. The gain of energy due to inclusion of the polar
terms is only 0 127 volt mn the writers’ wave-function, but it 18 1-05 volts in
Beach's case. The large gam obtaned by Beach is due to & bad choice of

i m the homoyp function, and the fact that inclusion of
polar terms gives greater flexibihity and allows the wave-function to adapt
1tself botter to the limitation of bad exponents

The energy of dissociation given hy the wave-function of this section 1
2:10 volts, if the energy at infinite sepuration 1 taken to be that of a He atom
(—2:847) calculated from a simlar type of wave-tunction. Unfortunately
this atomic wave-function has not so much flexibility as the molecular wave-
function, and 1ts energy ‘will probably be more m error than the molecular
energy, so that it is probable that the true dissociation energy 1s rather loss
than 210 volts. A lower hmt can be obtamned if wo subtract from the
caleulated value (—2:9332 u u ) the observed energy of & normal He atom
(—2-9035 a u) The dissocition energy then becomes 0 0297 o u , or with
allowance for zero-point energy, 0 0220 a u , or 0 594 volt. To this we should
add about 0-018 volt, representing the contribution of the ionic term with
both electrons on the H nucleus (section J) and this gives a lower hmit for
the dissociation energy of 0:612 volt ‘The true value s probably betwcen
1 and 1-5 volts

The value of the fund: | vibration frequency obt: i from the
Morse curve, is 7 = 3380 em ! It may be compared with the value given by
Beach, which 1s 2800 em =! Beach's value was obtained by putting a para-
bola through three pomts near the mmimum, whereas the present writers
used a Morse curve. If the three points were not very close together and near
the the diffe m the two would easily be attribut-
able to this difference in technique and, in fact, the direction of the difference
supports this conclusion

The best normalized wave-function of this type, at the equihbrium dis-
tance p = 1-446 a.u ,

¥ = 071730, (1) §(2) + 0-24843{5 (1) §0(2) + ¥(2) Y1)}
+0-02079{0,(1) $o(2) + Yl 2) (L)}
where c¢= 18900 and a = 0-80560

5 DIScTssioN

The work recorded in seetions F-L provides an interesting comparison
of the various methods. Taking first the simple moleculor-orbital and
electron-pair treatments, it is obvious from Table 111 that from every point
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of view the molecular-orbital treatment is better than the electron-pair
t. The i lear di and point energy are sub-
stantially correct and the total energy appears to be only about 0-5-1-0 volt
toohigh Taken in conjunction with the work of Coulson (1937a) onthe homo-
polar molecule H,, where it was found that the orbital treatment waa only
slightly inferior to the pair treatment, this means that the molecular-orbital
approximation is established as, on the whole, & more accurate quantitative
approximation than the other The electron-pair wave-function rehes for
its binding mainly upon the exchange term, and this, even in homopolar
bonds, has a rapid decrease with increase of internuclear distance, 1n hetero-
polar bonds the decrease is st1ll more rapid. The molecular-orbital wave-
function, on the other hand, takes polarization and 10nicity mto account
(generally allowing them too large an emphasis) and these forces are
operative over greater distances Thus it comes about that in the case of
Hell* where the bond 1s polar, the pure electron-pair wave-function yielda
far too low an internuclear d and tho pure molecular orbital
function a value shghtly too high. 1t is mteresting to note that precisely
the opposite effect 1s noticed (see (fonlson 19374) in the homopolar bond Hy
Another conclusion from this work 18 that there is no hope of obtaining
a good valuo for the energy unless a great deal of flexibility is allowed in the
wave-function, and this 1s as important in the case of polar binding as in the

case of & lent link In | pol lecules there are considerablo

I dufticul inh 1 lecules the position is worse.
Tt i m, of course, essential to use a vurmtlunnl method, and if atomic orbitals
aro used as I ts 1n the final function (as in G-L), then all the

exponentsshould be varied The effect of not varying them all, as comparison
with the results of Beach shows, is to introduce errors that may vary from
1 to 6 volts It is interesting to exhibit the errors that accrue, in this case,
through making the hmtation that @ = 1, and Table IV reveals the fact
that as greater flexibility is allowed in the wave-function, the particular
values that are chosen for the various parameters become less and less
critical. This result had alroady been noticed by Coolidge and James (1933)
n their dsoussion of H,.

One other interesting deduction can be made from this work. It has
become customary to refer to the strength of a particular bond as being
partly | polar, and partly pol Thus Beach (1936, p. 357) refers
to the HeH* bond It is qualitatively correct to say that two-thirds of the
stability w due to the formation of a covalent bond, and one-third is due to
polarization of the He atom.” It is possible to make this a little clearer
from our results. Thus, ing all at the int, lear dist

1
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1-446 obtained in the last section L, we find that the energy of the purely
ionic wave-function G 18 —2:816 a.u. The energy of a wave-function J
which is jonic + homopolar bond, is ~ 2927 a.u., and that of & wave-function
K which is jonio + polarization, is —2:872 a.u. It follows that the gain in
energy beyond that of a normal He atom, due to inclusion of homopolar
binding, is 0111 a.u., and due to polarization of the He atom, is 0 056 a.u.
We may therefore say that the bond, at the equilibrium distance, is almost
exactly one-third pol and two-thirds h lar. It is

that our results agme 80 closely with Beach’s, in view ot the large d.\ﬂ’erenoe
1n the energy of the homopolar part of the wave-function.

TABLE 1V-—ERROR IN ENERGY DUE TO LACK OF VARIATION
OF EXPONENT &

Min. enorgy M. onergy Difforence
with hrita-  without lnita- —
Boetion Method tiona =1 tiona =1 au. Volts
1. Wang —2:480% —2 6806 0-20 54
J. Wang-ionie —2 9025 —-20285 0-0200 0-70
K. Tonie-polar —2:8750 —2 8769 00019 006
L. Totsc-polar-Wang —290220 -20332 oo1e 0-30

. * Estimated from Beach's curve.

In conclusion, the writers would like to thank Professor Andrade for put-
ung at theu' disposal, from time to tine, a caloulating machine which was
hased by a Gov grant from the Royal Society.

SUMMARY

As many different approximations as possible have been used in a com-
parative study of the wave-functlonn of HeH++ and HeH+. In the latter

ion, the molecul bital app ion is found to be much better than
the electron-pair approximation. Ionic terms and polar terms are included
in the final function, and an expansion is given in terms of sphervidal

co-ordinates The lowest value obtained for the energy ot HeH* is ~ 2:935
a.u., with an internuclear distance of 1-446 a.u. = 0-764 A°. The dissociation
energy ecrtamly lwl within 0-61 and 2:10 volts, probably about 1-5 volts.
The fund: 'l 18 3380 om. 2,

Val. CLXV. A. 8
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APPENDIX
The only integral uncd in t,lns work that onnnot be evaluated in olosed
form by jon to di £,9, ¢ or whose value has not
been given 1n the lmarature, is the integral

Q= J}l‘ €~Tar—CTay~catyy—carny dy, dy,.

Tlns mtegral must be evaluated in the form of an infinite series. Using the
1-k of 1/ryg in terms of £, 7, ¢ (see, e.g., Rosen

1931b), and writing
n=cp(l+a)i2, 1y =cp(l-a)2,
the integral becomes
Q= antpi2p 3 (2r+1)
x{[GUya)IE IT(2.2. 7)) ~ 20%(y;) GHya) H(2.0.71) + (G H(0 0.7))},
H and @ are the functions defined by Rosen (19315) and Coolidge and James
(1933), and they may be written:
@ Pf
may) = [ 0@ PR,
© rh
[ e neer ety
1J1
+1
@ = [ rRmena.
R lations are availabl (Coohdge and James 1933) for tho H
functions; the @ functions were d by moans of the two equations:
@r+1)Gh) = Y@ -G
(2r=1)(2r+1) 27+ 3) P = 7(r~1)G?_,
F(ATH 68— 1) Q0 (14 1) (1 +2) B,y

It should be noted that although @ is given as an infinite series, the sucoes-
sive terms rapidly become small. Thus, for the values used in the calculations
of this paper, it is sufficient to take terms up to 7 = 3 to get an accuracy of
atleast 1 in 105, whioh is equivalent to obtaining the energy rey d by
this integral with an error not greater than 0-0003 e-volt. This is quite
sufficient for our purposes, though the addition of one more term would
inarease the accuracy about twenty times.




Comparison of wave-functions 115

REFERENCES

Baber and Hassé 1937 Proc. Camb Phil. Soc. 33, 253.
Beach 1936 J Chem Phya. 4, 353.
Bethe 1933 *‘Handbuch dor Physk ™, 24, 527.
Buckingham 1937 Proc. ltoy. Soc. A, 160, 94.
Coohdge and James 1933 J Chem. Phys 1, 825.
Coolidge, James and Present 1936 J. Chem. Phys. 4, 187.
Coulson 1935 Proc. Camb. Phil Soc 31, 244,
— 19370 Trans. Faraday Soc 33, 1478.
— 1937b Proc. Camb. Phil Soc. 33, 111.
Dickinson 1933 J. Chem. Phys 1, 317
Eyring, Hirschfelder and Taylor 1936 J. Chem. Phys. 4, 479
Eyring, Rosen and Hirschfelder 1936 J. Chem. Phys 4, 121, 134.
Glocklor and Fuller 1934 J. Chem Phys. 1, 886
Hausé and Babor 1935 Proc Camb. Phil Soc. 31, 564.
Hirschfelder, Diasmond and Eyring 1937 J. Chem. Phys. 5, 695.
Hyllorass 1929 Z%. Phys. 54, 347
Morso and Stucckelborg 1929 Phyx Rev. 33, 032,
Mulhken 1932 Phys. Rev. 41, 49.
— 1935 J. Chem Phys. 3, 375,
Pauling 1933 J Chem. Phys 1, 54
Roson 19318 Phys Rev, 38, 2009,
~— 19315 Phyn Rev. 38, 255
Sandemann 1935 Proc Roy Sor. Edin, 55, 72.
Steonsholt 19364 Z. Phys. 100, 547.
~— 1936b Avh, Norske VidenskAkad. no. 1.
Sugura 1927 Z. Phys 45, 484.
Wang 1928 Phys Rev. 31, 579,
Waombnum 1933 J Chem Phys 1, 593
1935 J. Chem Phys. 3, 547.




The production of gamma-rays by neutrons

By E. H 8. Burnoe, B.A,, M.Sc., R. D. HiLL, M 8c. AND
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(Communscated by Professor T. H. lLaby, FRS )
INTRODUCTION

The production of y-radiation due to the passage of ncutrons through
matter was discovered by Lea (1935) and has been subsequently investi-
gated by a number of workers "The experiments of Lea with fast neutrons
appeared to indicate that the y-radiation arses from a process of inelastic
scattoring of neutrons. Evidence for the occurrence of inclastic scattering
of fast neutrons has been obtained by Danysz and others (1934) and Ehren-
berg (1935) and 1t has been pointed out by Bohr that on current theories of
the interaction between fast and atomie nuclei most of the scat-
tering would be expected to be inelastic. On the other hand, measurements
of the absorption of slow neutrons in elements which emt y-rays (e.g.
Cd, Hg) show that the absorption 18 a sharp resonance process, and it is
assumed that the y-radiation in these cases arises from neutron capture.
The present work was undertaken with a view to determining the energies
of the neutrons which give rise to the y-radiation, in an attempt to throw
some light on the mechanism of 1ts production,

METHOD OF ESTIMATING THE ENERGY OF THE NEUTRONS

The energy of h 8 groups can be esti d by i
their absorption coefficient in boron. This method has been applied to
eutimato the energy of the neutrons which give rise to artificial g-radio-
activity in the case of a number of nuclei, but has not been applied pre-
viously to the cstimation of the onergy of neutron groups responsible for the
production of y-radiation.

VALIDITY OF THE 1/v LAW FOR BOBON ABSORPTION
The boron absorption method of d ining neutron gies reats on
the assumption that the absorption coefficient of slow neutrons in boron is
[ 118 ]
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inversely proportional to the neutrun velocity, This law, which follows
from very general th | i has been i
verified in the region of thermal encrgies by Rasett: and co-workers (1936)
using & mechanical method to vary the relative velocity of the neutrons and
the absorbing material.

In energy regions higher than the thermal the evidence for the law is
mainly indirect. Thus Goldsmith and Rasett: (1936) have measured the
energies of those neutrons which excite f-ray activities in various elements
by carrying out absorption measurements i both lithium and boron.
Assuming the 1/v law to hold for both lithium and boron absorption, the
values of these energies come out to be the same n either case. It follows
from this that eithor the 1/v law is valid for both boron and hthium absorp-
tion or else both of these absorbers depart from the law in the same manner.

Further, Preiswerk and von Halban (1936) (and independently Amaldi
and Fermi (1936)) have described another mothod for the determination of
the energies of neutron resonance absorption groups quite independent of
the 1/v absorption law. The measurements of the energics of the groups
obtained by this method show approximate agreement with those made
assuming the validity of the 1/v law

The 1/» method of invostigating the energies of neutrons responsible for
the production of y-radiation involves

(1) The determination of the absorption coefficient in boron for thermal
neutrons. The mean energy of these neutrons can be calculated on the

p of thermal equilik hetween the of this group and
the paraffin molecules used to reduce their velocity.
(2) The determination of boron absorption curves for the neutrons which
excite y-radiation in tho diffe terials being investigated

From the former determination the boron n.bwrptmn coefficient for
neutrons of a certain energy can bo obtained; and assuming the 1/v law the
energy of the neutron groups responaible for the different activitics can be
obtained from the latter.

EXPERIMENTAL ARRANGEMENT

Fig. 1 shows the g t of app used. The y-radiation was
detected by means of a Geiger-Muller counter 8 cm. long, 3 cm. diameter,
enclosed in & cylinder of lead wath a wall sufficiently thick (2 mm.) to prevent
any p-particles arising in the specimen from reaching the counter. The
specimens in which the y-radiation was induced were in two forms, viz.

(1) Inthe case of Ag, Cd, I, Hg hollow cylinders surrounding the counter.
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(2) In the case of Sb and As rectangular boxes 9 x 7 em., of appropriate
thickness to produce a measurable effect and placed directly beneath the
counter.

In either case acreens of B,C wero placed above and around the sides of
the specimen to absorb slow d from neighbouring objects.
This precaution was found to be necessary since the effect with silver was
reduced by about 20 %, when the screens were employed.

(4

cm.ecale
Fis, 1 Experunental arrangement.

MAGNITUDE OF OBSERVED EFFECTS

With the counter used the normal cosmic ray count was approximately
60 per min, The introduction of a 350 millicurie R+ Be neutron source
increased the count to 220 per min. When a cylinder 7 cm. long, 4 mm. thick
of silver was placed round the lead cylinder containing the counter the
counting rate was increased further to 300 per min.
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'DETERMINATION OF THE ABSORPTION COEFFICIENT
OF THERMAL NEUTRONS IN BORON

In general the measured value of the absorption coefficient of thermal
neutrons will depend upon the particular type of neutron detector used.
Provious workers have used a detector for which the sensitivity is inversely
proportional to the neutron velocity. Under these oondmona Bethe and
Placzek (1937) have shown that the t in
boron corresponds to that for neutrons having a mean energy of 7kT/4,
T being the temperature of tho paraffin in which the neutrons have been
reduced to thermal energios.

In our experiments the arrangement of fig. 1 was used. A cylinder of
cadmium 0-5 mm. thick and 7 em. long fitting tightly round the lead
cylinder in which the counter was placed was used as & neutron detector.
The boron in the form of boron carbide was contained in thin soda-glass
containers 9 x 7 em. placed directly beneath the specimen in which the

diation was being produced. Each iner had the same thickness,
hhe boron content being varied by mixing tho B.C with powdered eubon
in different proportions in the various priate

were made for the absorption of y-radiation arising from the radon sourco
in the specimen and absorbers.

In this method of experiment the neutron detector registers all thermal
neutrons independently of their veloaity. In these circumstances it can be
shown that the measured boron absorption coefficient corresponds to that
for neutrom; of energy 4kT /. On account of this it is to be expected that
the ab btained from this t should be lower
than thnt obtained by other workers in the ratio 77/4 (assuming the 1/v law
to be valid).

Fig. 2 shows the boron absorption curve obtamed by this method. The
value of the mass absorption coefficient deduced from the early part of this
curve i8 #/p = 30 + 2 cm.? gm.~*, The curve is not a true exponential owing
to the gradual hardening of the neutron beam in passing through the boron.
The form of the curve agroes well with that to bo expocted assuming a 1/v
law for neutron absorption in boron

The absorption coefficient of thermal neutrons in boron has also been
determined using as detector the y-rays induced in & silver cylinder of the
same di as the cadmium and for the production of

in the i by of non-thermal cnergies. In the
oue of silver the ahsurptmn coefficient for thermal neutrons is much smaller
than in the case of cadmium and only a small fraction of incident thermal
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will be absorb ‘inu.ailvet. i of this thick s0 that the

ity of d ion is ly proportional to 1/v. The mean

energy of thermal neutrons absorbed by a thin layer of boron is then 7k T'/4.

Assuming the 1/v law for boron absorption one would then expect a value of

the mass absorption coefficient in this case of p/p = 4/r x 30 cm.3 gm.~1 =
38 em.3 gm.~*, The value actually obtained was 35 + 5 cm 3 gm.—!
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F16. 2 Absorption in boron of neutrons which excito y-rays m eadmmum.

‘Table T shows the values of x/p so far obtained by different methods of
detection.

TaBLE I, BORON ABSORPTION COEFFICIENTS FOR THERMAL NEUTRONS

B/p for noutrons

of encrgy mkT/4
Observer Mothod of dotection usod (T=200° K.)
Mitchell (1936) Boron ionization chamber 277 gm.~! em.?
Goldsmith and Rasottr (1936)  Rhodium f-redioactivity  28:0 "
Amaldi and Forim (1936) Rhodium f.radioactivity 380 ”»
Livingston and Hoffman (1937)  Boron ionization chamber 360 "
Authors Cadmium y-radiation 380120 .,
Authors Silvor y-radmtion *350£60
* Cal from d absorption for neutrons of energy 4&T'/m.

It is seen that there is considerable divergence between the values
obtained by different observers. Our measurements are 1n good agreement
with those of Amaldi and Fermi and of Livingston and Hoffman.

In this paper the value 4/p = 30 om.* gm.~? has been taken for the boron
absorption coefficient for neutrons of energy 0-033 V (= 4k 7 /nif T = 200°K.),



Production of ¢ ys by neuts 121

DETERMINATION OF THE BORON ABSORPTION CURVE FOR
NON-THERMAL NEUTRONS WHICH KXCITE Y-RADIATION

In a manner exactly similar to that described in the last section boron
absorption curves have been obtaied for the non-thermal neutrons which
excite y-radiation in the tabulated below.

TaBLE II. THICKNESS OF SPECIMENS USED

Specimen Manss/umit arca
Silver 42 gm cm -3
Silver 0526
Arsonio 361 "
Antimony 588
Iodine 55 ”
Morcury 1140 .

With the exception of one of the silver specimens the above are considerably
thicker than dotectors used 1n the case of f-ray measurements. Specimens
of this thickness were necessary m order to get effects of & convenient
magnitude with the sources available to us. Further, they yield information
about which are cay dintoa ble number of

levels in contrast with curves obtained with thin indicators which give
i about the level of lowest energy only.

Figs. 3 and 4 show the curves obtained for tho y-ray activity of the speci-
mens as a function of the thick of the boron absorber. All the curves
exhibit the same general features, iz a rapid imtial decrease of intensity
with boron thickness followed by a region in which the intensity decreases
very slowly.*

THEORETIOAL FORM OF THE ABSORPTION CURVES

Bethe and Placzek (1937) have shown how the boron absorption curves
can be analysed along the lines of the theory of neutron capture of Bohr
(1936) and of Breit and Wigner (1936) when thin specimens arc used as
neutron detectors. Tho theory is here extended to the case of detectors of
finite thickness. We calculate first the activity produced in a specimen of
thickness I due to the absorption of into a singlo level.

Bethe and Placzek deduce for the activity of a thin specimen due to

* The thick-ilver curve of fig 3 18 shghtly different from that previously reported
by the authors (1936) Proviously, msutticint corroction was mado for the absorption
of y-rays from the radon sourco in tho boron contamers,
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capture into a level g of the int diate state (produced by which
have reached thermal equilibrium with the paraffin used to slow them down)
4,= 8T, @

where E is the energy of the level g, & the thickness of the specimen, C &
constant depending on the rate of emission of neutrons from the source and
their mean free path in the paraffin used to slow them down.

I',, the so-called “reduced neutron width”, 1s given by I', = I', E; 1,
I, being the width of the rosonance level into which the capture occurs
arising from the possibility of the emission of a neutron from that level
We shall assume, with Bethe and Placzek, that thero is little varation in
I';, between the different levels for the same nuclous. We assume further
that the are absorbed exy Ily with absorption coefficient
aE; ¥ in tho material of the detector The assumption of exponential absorp-
tion is not strictly correct on account of the finite width of the level. From
aq\mtlon (lm) of Bethe and Placzok’s paper 1t 18 seen that the mnmptwn of
an pr 1 to E; ¥ 18 equvalont to r
the wtu.l width of the lovoln of the same nucleua to be almoxt constant.
Fortunately it is found that the particular value chosen for the neutron
absorption coefficient in the specimen does not greatly affect the conclusions
to be drawn, so that these nssumptions are not critical.

The activity produced in a detector of thickness ! is

i
4, = CIHE 'f ekl g2 dg

_cr, (e o _ p=alF,"H)
g el @

where « is the ab fficient of the y-radiation in the specimen itself.
If before reachmg the detector the neutrons are filtered through a layor
of boron of thickness ¢ the activity produced b
_ 01',.0‘/’”‘1 (e““— [l l)

4,0 = ATy, — [©]
where #E; 1 is the absorption cocfficient; of neutrons of kinetic energy E; in
boron

We suppose now that the levels are uniformly spaced, D volts being the
spacing between consecutive energy levels and K, the energy of the lowest
level.

Then E,=E+@-1)D. )
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®

The total activity A(t)is then given by th i ZIA,(l). Transfc
o=

the sum into an integral,

A(¢)=:43(’?+01" fl i-"f}gxgi;—;;;w‘ Dag
S )
—Et(ﬂ“) E.{ (ad+ﬂl)(E' )’+Eo‘(d+ﬁl) ]]

where Ei(z) =J‘_ ? (5)

Exprossion (5) gives the activity in a jont form for

with the experimental results, and shows particularly well the vs.natlon of
the form of A(t) with the ratio D/E,. For D/E; = co, the first term alone gives
the shape of the boron sbsorption curve, whilst for D/E; = 0 the second
torm gives the shape of the curve For finite values of D/E, the appropriate
curve lies between these two extremes.

APPLICATION OF THE THKORY TO THX KXPERIMENTAL CURVES

The above theory has been applied to the analysis of the experimental
boron absorption curves for neutrons which excite y-rays n silver. In order
to apply equation (5) it is nocessary to know the values of certain constants
concerning the absorption of neutrons in boron and mlver and of y-rays in
silver.

The absorption coefficient & of silver y-rays in silver is calculated as
0:035 cm.2 gm. !, assuming the quantum energy of these radiations to be
4 million clectron volts The constant determining the absorption of neu-

trons in boron is obtained from the of the absorption of ther-
mal neutrons described in an earlier section.
The ad ining the ak ion of in silver is not so

easy to obtain. Amaldi and Fermi (1936) have found the value x/p = 20
cm.? gm. ! for tho absorption of A group neutrons in silvor. The energy of
these neutrons (which excite the 22 sec. period radioactivity of silver) is
found by absorpti to be 28 V. M carried out
hy us seem to indicate a very much smaller absorption coefficient in silver
for these neutrons, but this work is probably not entirely comparable with
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that of Amaldi and Fermi, since in these experiments we used detectors
having a mass per unit area of 0525 gm. The specimen used by Amaldi and
Fermi had a mass per unit area of 0-057 gm.

We have made caleulations of (5) assuming values of 20 cm ? gm ~! and
also of 3 cm 2 gm.-1, The actual values of these constants do not modify the
general conclusions to be drawn from this analysis. In the calculated curves
shown in this paper the value st/p = 20 cm ® gm.~? given by Amald1 and
Fermi has been used.

10

y-ray activity
o o =Y
> o o

o
0

0 04 08 12 16 20 24 28
Boron shsorber—thicknens (gm. em.-?)

Fia. 6 C of 1 boron al curvo (usng thick wiver
detector) with theorotical curvew calculated for a largo number of valuos of B,
and D/E,.

Expression (5) for A(t) has beon calculated under these ptions for a
large variety of values of &, and D/E,; for the y-rays excited in the thick
silver detector, and the resulting curves are shown in comparison with the
experimental curve in fig. 5. 1t is evident that under no circumstances can
a curve represented by (5) fit the actual experimental curve.

A good fit could be obtained, h , if the itude of the slowly
varying portion of the curve were not so large in comparison with the
activity for zero boron thickness.

It is difficult to see how the assumptions underlying the theory could be
modified to provide a ble fit to the experi 1 curve. If, h )
the reduced neutron width of the levels I',, were to incroase sufficiently with
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E,a ble ag between the calculated and experimental curves
could no doubt be obtained.

1t may be, however, that some other process 18 occurring which gives rise
to y-radiation in the case of collision between fast neutrons and silver
atoms, Possibly the most reasonable hypothesis to make is that some of the
‘y-radiation arses from a type of inelastic scattering of fast neutrons which
i3 not represented 1n expression (5).* "o allow for this 1t would be necessary
to raise the base-lime of the experimental curve by an amount corresponding

10
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y-ray mtensity
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Boron abrorbor—thickness (gm. em.~%)
Fia. 6. C of and curves
for y-rays cxcitod m a thick silver spocimon
-~ -+ Theoretical curve (Ey=0 5 V, D/K,=11),
- = - Expsruncntal curve for y-rays produced by rosonance capture wsuming 36 %
of total observed ntensty due to somo pmemu‘othor than rosonance capture

to the i ity of tho y-radiation produced in this way. Applying this
hypothesis, a very good fit between the theoretical and. experimental curves
can be obtained by supposing Ey = 0+5 volt, D/K, = 11, and that 36 %, of
the total y-ray activity arises from the independent prooess. Further, this
fit is unique. Thus fig. 6 shows a companson between the experimental and
theoretical curves under these conditions Broadly speaking, the value of
E, determines the slope of the early part of the theoretical ocurves, the pro-

* Expression (6) takes into acoount one type of inelustio scattoring, viz. that

corresponding to capture of tho meident neutron followed shortly afterwards by
emussion of the same or another noutron with lower enorgy,
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portion of the fast neutron activity due to the postulated independent
process determines the slope of the curve for large values of the boron ab-
sorber thickness and D/E, determines the relative importance of the two
terms of equation (5).

In the case of the thin silver specimen the resonance activity arises almost
entirely from capture into the lowest energy level, i.c the boron ahsorption
curve due to resonance capture should be almost exponential with a value
of the absorption coefficient #/p = 7-5 cm.? gm.-? corresponding to a neutron
energy of 0:5 V. Superim on this exp ial, h ,w‘lllbeu.small
constant component due to y-rays produced in an inelasti
process if the provious hypothesis 18 valid Assuming the y-ray intensity
due to this process to be proportional to the thick of the speci and
that 36 %, of the activity produced in the thick specimen arises from this
process, the corresponding figuro for the thin specimen comes out at 15 %,
of the total activity, Xig. 7 shows a boron absorption curve calculated on
these assumptions for the thin silver detector compared with the experi-
mental points. The agreement is soon to be very reasonable.

10
08

b

g 06

g

5 04

£

0y

2 L 1
0 02 04 06 08
Boron absorber thickness (gm, cm,~*)

Fre. 7. C of 1 pomnts for thin.sl tion and ocurve

oa.lcuhwd assumung Fy = 06 V and 159, of total y- nduuon to ﬁmt neutrons,

No attempt is made in this analysis to distinguish between y-rays pro-,
duced in the two silver 1sotopes. If y-rays can be produced in both isotopes,
the resultant boron absorption curve on the Bethe-Placzek theory would
be a combination of two curves of the type of fig. 5. It does not seem that
any possible combination of two such curves could give a curve decreasing
80 slowly for lurge boron thicknesses as that obsorved, which indicates the

for p the production of y-radiation by some independ
Pprooess.
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The analysis was carried out for silver sinoe it was easiest to determine the
curves accurately in this case. Fig. 4, however, shows also curves for the
y-rays oxcited 1 arsenic and iodine—elements which consist of a single
ssotope. From an inspection of the shapes of these curves it is clear that the
same difficulties would ariso 1n attempting to obtain a fit to a theoretical
curve as arose in the caso of silver.

The curves which have been obtained for other elements are simular in
form to that for thick silver and can thus be explained in & gimilar manner.
The experimental points are in these cascs less accurately determined,
however, and o no attempts have been made to assign values for &, D/E,,
ete., for them.

It should be pointed out that a constant background of the type of that

bed to y-ray prod wn,h inolastic neutron scattering could be
duced by wholly i 1 means. Thus if neutrons are scatterod on

to the spccxmen from directions other than that of the source such a constant
kg d would be produced. On account of the precautions taken to
prevent these d from hing the speci it is bighly

unlikely that any y-ray activity could arise from this cause and certanly
nothing of the order of magmitude required to explain the observed effect.
Further, any error in estimating the absorption of y-radiation from the
source in the specimen would produce an uncertainty in the magnitude of
the background. 1t is inconceivable, however, that the uncertainty in this
could be sufficiently large to account for that portion of the
activity which we have attributed above to inelastic scattering.

ARE THE ENKRGY LEVELS WHICH GIVE BISE TO Y-RADIATION IDENTICAL
WITH THOSE GIVING ﬂ-BADlATION FROM THE SAME NUCLEUS?

Fig. 8 shows the boron absorption curve for neutrons which give rise to
y-radiation in silver togother with curves for the absorption of neutrons
which give rise to the two S-ray activities (half periods 22 sec. and 138 sec.
respeotivoly).

In each case the thickness of the silver detector was 0-6 mm. In the case
of the latter two curves precautions similar to those described above for the
y-ray determinations were taken to prevent neutrons scattered from other
parts of the room influencing the results. The geometry of the arrangement
was reagonably good, the mean obliquity of neutrons passing through the
absorber being about 15° to the normal, and only a small correction was
neoessary to allow for this.*

* The obliquity correction 1n tho y-ray case was also small.
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The ocurves indicate that the absorption in boron of the neutrons pro-
ducing 7-ndunon is greaut than that for the neutrons giving rise to the
artificial lthough the do not lie far outaide
the probable error whmh on ‘acoount of the smallness of the effect, is very
large in the case of the y-ray activity.
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Further light on the question of the identity of the resonance levels which
giverise to y-radiation and those which give nse to the S-radiation has been
obtained by measuring the relative activities produced by thermal and non-
thermal neutrons 1n the different cases. The same disposition of paraffin
and detector was usod in each case, so that the quality of the neutron beam
reaching the specimen was the same. The experimental arrangement was
simlar to that of fig. 1, except that a great deal more paraffin was used round
the source to increase the percentage of slow neutrons.

Table ITI shows the results obtained for this measurement.

Tasrk III

Ratio of activity
producod by thermal
noutrons to that produced

Activity by non-thermal neutrons
22 so. f-radicactivity 38407
y-ray emssion 51409

Vol CLXV. A 9
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The relative activity produced by thermal to that produced by non-
thermal neutrons appears to be greater in the case of the y-ray activity than
in the 22 sec. f-ray case, although the two measurements lie just within the
limits of probable error. The 138 sec f-activity has not been investigated
1n this way.

theab juestion s also ob i from the

d 1n the last ph by p the number of f-ray clectrons
and y-ray quanta produced. For a neutron source conssting of 350 milli-
curie of Rn+ Bo a sheet of silver of 0 5 mm thick, 9 x 7 em. placed close to
the counter (enclosed in 2 mm. of lead) produces about 50 impulses per min.
The 22 sec ﬂ ray activity 1 by bringing the silver speci after
noutron i in i ly the same itions relative to the
counter as 1¢ the silver durmg the y-ray and P

to zero time after removal from the neutron source is about 80 per min.
Allowing for absorption of the f-radiation in the silver and the Al wall of
the counter (0-3 mm. of Al), the corrected activity at the counter would
come out at about 200 impulses per min. for the particular arrangement of
lead and paraffin used.

For y-ray detection the efficiency of the systom (counter + cylindrical
lead shield) 18 estimated at approximately 1 %, based on the a.pproxlmnm
relative absorption coefficient of the Ag y-radiation and its d
Pb. This implies that the number of impulscs that would be produced nt
the counter if the y-radiation were totally absorbed is 5000 per min , i.e.
larger than the number of 22 sec. B-ray electrons by the factor 25,

‘When equilibrium has been reached the number of 138 sec. f-rays per
min. is gomewhat less than the number of 22 sec. g-rays. The number of
y-ray quanta produced on neutron capture therefore exceeds the total
number of A-rays of both periods by a factor of at least 15, i.e. either fifteen
y-ray quanta are produced per absorbed neutron in addition to a f-ray or
the ‘y-radiation arises from a process different from that which gives rise to
the f-radiation.

The first hypothesis does not appear very attractive. In view of this
evidenco 1t appears possible that the resonance y-radiation arises from &
process independent of that which produces erther of the g-radioactivities,
although a conclusive test of this pomt is scarcely possible until more intense
neutron sources are available. Since there are only two known stable iso-
topes of silver, it is difficult to understand where the two S-radioactivities
and the y-ray cffect could arise. 1t would appear necessary to postulate
that the same nucleus may have two sets of energy levels, the capture into
one of these giving rise to a y-radiation, whilst capture into the other
produces a f-radioactive nucleus.

d b
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A similar phenomenon has been observed by Warning and Chang (1936) in
a study of the positron radicactivity induced by the bombardment of
1Al by a-particles. There are two known methods of disintegration of Al
by a-particles, viz.
(1) 3A1+4He—~> 381+ 1H,
(2) BAL+4He > 2P +1n.

The resonance lovels in the case of the first reaction have been known for
some time. Waring and Chang investigated the resonances in the second
case and found them different from those for the firat. Since in each case the
intermediate nucleus 1s the same, they have interpreted this to imply that
nuclear resonance phenomena depend not only on the energy of the incident
particle but also on the nature of the final state of the system. Our work
points to the bility of & simlar lusion in the case of neutron
capture.

We wish to thank Professor T. H. Laby, F.R.S., for his interest and advice
during the progress of the work. We are also indebted to Dr H. C. Webster
and Mr F. G. Nicholls of the Radio Research Board for help 1n connexion
with the counting circuits.

The radon was supplied by the C. Ith Radium Lak
and our thanks are due to the officers of the laboratory (Messrs T. H. Od(he
and W. N. Christiansen) for preparing the sources for this work.

Two of us (R. D. H. and A A. T.) were holders of Dixson Research
Scholarships during the course of this investigation.

SuMMARY

Moasurements have been made of theabsorptionin boron of those neutrons
which excite y-rays in specimens of cadmium, silver (of two thicknesses),
arsenic, antimony, 10dine and mercury. The measurements were carried out
using thermal in the case of cadmium and silver (thin specimen)
and non-thermal neutrons m the case of silver, arsenic, antimony and
mereury.

The curves in the latter case wore always of the same general type, con-
ﬂm:lng of an mmal eomponenc rapidly decreasing with boron absorber

dona P varying very slowly with boron
thickness. It is shown that the mitial component is to be associated with a
nuclear resonance level corresponding to very small neutron energy, while
the other p t is due to P d into levels of
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greater energy. The ourves are interpreted mn terms of the Bethe-Placzek
formulation of Bohr’s theory of nuclei.

In the case of silver, absorption measurements in boron have in addition
been made of those neutrons which excite the S-radiations of 22 sec. and
138 sec. half-period.

The question of whether a nucleus which on neutron capture can emit
both g- and y-radiation will lnve the nme resonance levels corresponding
to both methods of d. For silver the evidence
points to the existence of separate sets of ‘energy lovels for y-ray emission and
p-ray decay, but it is not sufficiently conclusive to settle this point finally.
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The formation of mercury molecules. IT

By F. L. Arnot, Pu.D., Lecturer in Natural Philosophy AND
MarJgorir B. M’EwkN, B.Sc., The Univeraity, St Andrews

(Communicated by H. 8. Allen, F R.S.—Received 17 December 1937)

INTRODUCTION

In the first paper on this subject Arnot and Milligan (1936), using a mass
spectrograph, showed that diatomic mercury molecules wero formed by
attachment of excited atoms to normal atoms, the products of the collision
being an 10nized molecule and a free electron Tt was shown that for this
process to occur theexcited atom must be m an energy state about 9-5 V
above the normal

The primary object of the work described in this paper was to determine
this appearance potential more precisely by using the balanced space
charge method. The lowest exaited state of an atom which, on collision
with & normal atom, leads to the formation of & molecular ion is shown to
be the 6s8p 4 1P, state of 9-722 V cnergy. In addition we have detected
molecular ions formed by the attach tof t ited atoms, and evid
is put forward to show that only atoms in P atates form attachments with
normal atoms which lead to the formation of molecular ions.

ArparaTUs

A gcale drawing of two forms of the apparatus, which gave identical
results, together with a wiring diagram, is shown in fig. 1. All metal parts,
including gauzes, fil t leads and ting wires, were made of
nickel, spot-welded where necessary The cylinders C; and C, were of
identical construction except for the gauze window in Cy. The caps on the
ends of these cylinders were pressed out of one piece of nickel to give a
perfect fit, and then were spot-welded on. The cylinder C, was fitted into a
rectangular box folded from a single sheet of nickel so as to prevent any

1 from the fil F hing the outside of Cy. This box con-
tained the gauze window G, between F, and the field-free space S where the
ions were produced. The cylinder Uy was supported from C, by quartz
rods which insulatod it from the rest of the apparatus. 'The filament F,
was a straight tungsten wire 0-16 mm. in diameter and 12 mm, long. The
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filaments F, and F,, which were connected in parallel, were each of tungsten
0-1 mm. in diameter and 12 mm. in length They were co-axial with the
cylinders C, and Cy, and their leads were insulated from the oylinders by
short quartz tubes passing through tho end-caps.
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Fio. 1. Apparatus and wiring diagram.

The apparatus was contained in a large pyrex tube fitted with a 5 cm.
ground-glass joint, so that the whole apparatus could be withdrawn for
adjustment and filament renewal. The jont was water-cooled and a low
vapour pressure Apiezon grease was used. The tube was connected to a
mercury diffusion pump backed by a Hyvac pump, and to & McLeod gauge.

A pool of mercury was kept at the lower end of the tube which could be
heated by a non-inductively wound electric furnace. To prevent rapid
diffusion of mercury vapour at high pressures a nickel-plated copper disk,
just small enough to pass through the ground joint, was fitted between
the apparatus and the outlets to the pumps and MoLeod gauge. Thin
arrangement was found to be quite satisfactory for vapour y
about 0:03 mm of Hg at 0° C., but to obtain pressures of the o:der of
0-1 mm, the following modification was made. The apparatus shown in
fig. 1 @ was slightly reduced in size so that it could be enclosed in a nickel
oylinder 3 cm. in diameter and 6 cm. long. This cylinder was closed by a
tight-fitting cap at each end, the only opening being a small aperture for
the entry of the leads to the filament Fy. The other leads were taken out
through quartz tubes fitting tightly into the containing cylinder. When
mercury was placed inside this cylinder it was found that the heat radiated
from the filaments was sufficient to produce a high vapour pressure.
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The vapour pressure corresponding to different temperatures of the
furnace was found by using an ionization gauge substituted in place of the
apparatus in the pyrex tube. The gauge was of the external collector type
and was calibrated against the McLeod with nitrogen. Fig. 2 shows the
variation of mercury vapour pressure with furnace temperature. The
broken curve rep the ion vapour p ding to
the same furnace temperatures reduced by a factor of one-quarwr. these
values being taken from the “International Critical Tables” and reduced
to 0° C. The curves show thut for high vapour pressures the actual pressure
in the tube was approxi quarter of the d valuo at the
same furnace temperature. These curves and all values of the vapour
pressure given in the paper are reduced to 0° C.
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Fia. 2. Pressurc in apparatus as a function of furnaco temporaturo. Broken curve is
one-quarter of saturation vapour prossure,

To obtain a vapour pressure of the order of 01 mm. the apparatus was
enolosed in an outer cylinder as described above. The vapour pressure was
then d by an ionization gauge enclosed in the cylinder. For all
runs the pressure of residual gas, as shown on the McLeod gauge, was
below 2 x 108 mm. of Hg.
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EXPERIMENTAL PROCEDURE

After the usual flashing and running in of all filaments the current
through the filaments ¥, and F, was set to give a saturated emission from
each filament of about 0-1 mA. The potential between Fy and F, and their
respective cylinders was then reduced to 2 V, resulting in the emissions from
F, and F, being strongly space-charge limited to a value of about 0-01 mA.
The emissions from F; and F, were then balanced by the bridge arrange-
ment shown in fig. 1 which incorporated two 10,000 ohm resistance boxes
and the galvanometer M, having a sensitivity of 7-8 x 10~** amp./mm. In
this way any fluctuations in the potential of the cells supplying the heating
current to F, and F, were eliminated. The emission from F, alone was
read on the galvanometer M, having a sensitivity of 9-7 x 10-® amp /mm.
80 that its constancy during a run could be checked. Both galvanometers
were provided with umversal shunts so that their sensitivities could be
suitably altered.

Eleotrons from F, were accelerated up to the gauze ¢y by a potential
¥, applied to the contre of the filament as shown n fig. 1. ¥, was read on
a Woston standard voltmeter. Some of the jons produced in the field-free
space § diffused through the gauze G, and, by neutralizing the space charge
around F,, i d its emission which was indi d by the deflexion of
the galvanometer M,. This method is known to be a very sensitive detector
of positive ions, since it has been shown that a single positive ion neutralizes
the space charge of as many as 104 to 10% electrons, for the ions revolve in
spiral orbits around the filament, making many loops before finally hitting
the fine wire

When ¥, was below the 1onization potential the emission from F, was space-
charge limited and quently i d as ¥, was i d. When the
emission from F, was kept as aa possible by readjusting the fil
current after each change in ¥, it was found that the number of electrons
passing through the gauze @, into the field-free space S varied in an erratic
manner. This was determined by insulating the gauze @, from the rest of the

Pp and then ing the to @, and to the box behind G,.

When the emission from F, was allowed to increase as ¥, was increased
it was found that the number of electrons passing through the gauze
increased steadily with V. This steady increase was linear up to ¥,=104V,
the jonization potential, after which the rise became progressively less
stecp as the emission reached its saturation value of about 0:16 mA. It was
thus found to be more satisfactory not to attempt to keep the emission
from F, constant, but to allow it to increase steadily as ¥, was increased.
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ResuLts

(1) Measurements sn vacuum
Measurements in vacuum were mado by immersing the tube containing
the apparatus in a large Dewar flask containing a mixture of solid carbon
dioxide and aloohol. ¥, was increased from 0 to 12 V in steps of 0-56 V, and
the change in the emission from F, was d by the gal M,.

" N n " L " L 060
1 2 3 4 5 6 7 8 9 10 1 12
Eloctron energy mn volta

Fio. 3. Results i vacuum for varous valus of the saturated emwmion in milli-
amperes given by filament, ¥,

The results obtained are shown in fig. 3. The number on the right of each
curve is the saturated emission of F, in milhamperes, and thus represents
& measure of the temperature of the filament which must be increased in
order to increase the saturated emission. The curves have been slightly
displaced in a vertical direction so as to scparate the points at low values
of .

It is seen from fig. 3 that the emlmon from F, falls off steadily as ¥, is
increased, and that the rate of d with the temp of
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the filament F,. It was found that the rate of decrease in the emission from
F, increased also when the emission from ¥, was increased.

The reason for this behaviour is due to the fact that the emission from
F; is not space-charge limited over its entire length. The temperature of
the filament is highest in the centre, and the emssion drawn from this
portion 18 himited by space charge; but the emission from the ends of the
filament, which are cooled by the leads, is temperature limited. Electrona
from F, can have no effect on the space-charge llnnted emission from the
centre of Fy, but they d the temp ited emission from the
ends of Fy by virtue of their space charge Now as ¥, is incressed the
number of electrons penetrating the gauze ¢, and so affecting the emisaion
from the ends of F, is increased, thereby causing the emission from F to
decrease as V; is mcreased The same effect 18 caused by increasing the
emusion from F,

If the temperature gradient at the two points, on either side of the
central portion of the filament, at which the emission just ceases to be
space-charge imited 18 small, then the eloctrons from ¥, will produce more
effoct than if the temperature gradient is large, since the length of filament
giving a temperaturo-limited emission will bo larger tho smaller the

dient. The temperature gradient at these two pomnts will be
um&llel‘ the luwer the temperature of the mntre of the filament, that 18 the
smaller the d emission from the fi This 18 borne out by the

curves 1 fig 3 which show that the fall off in the emission from Fy is less
the smaller the saturated emission that could be drawn from the filament.
To minimizo this effect the filament current for F; and F, was kept low
in future runs, the saturated emission from each of these filaments being
008 mA and the space-charge limited value being 0:01 mA. It will be seen
from the uppormost vacuum curve in fig 3 that the fall off in the emission
of F; boyond ¥, = 3 V is not far from linear for this value of the saturated
emission. For many of the runs in mercury vapour this fall off in the
emission from F, as ¥, was increased was found to be strictly linear up to
the pomt. at wlm,h mns were formed. This enabled us to determine the
more ly than would otherwise have been

possible by extrapolation of the curve as in fig. 6.

(2) Measurements in mercury vapour
In fig. 4 are shown three curves obtained at different pressures of
mercury vapour. The curves represent the change in the emission from the
filament F,, d by the gal ter M,, caused by altering the
energy ¥; of the electrons in the primary beam from ¥,. Curve (a) is for a
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pressure of 0-001 mm., curve (b) for 0-031 mm., and curve (c) for 0:11 mm.
of Hg ¢t 0°C.

Considering the low-pressure curve (a) we see that as the energy of the
primary electrons V; is increased up to 10 V the emission from F, falls off
steadily as occurred in vacuum. At 10 5V the curve begins to rise sharply,
showing the presence of positive jons which decrease the space charge

Change m emussion of filament Fy

Eloctron enorgy in volts

F1a. 4. Mercury vapour pressure for curve (a) was 0 001 mm., for curve (b) 0 031 mm.,
for curve (c) 0 11 mm. of Hg at 0° C.

around F,. The behaviour of the medium-pressure curve (b) is similar
except that positive ions now appear when ¥, is approximately 9:5 V.
This movement of the point where the curve begins to rise through about
1V When the pressure was raised by a factor of ten from that prevailing
at room temperature occurred in all pairs of curves taken at the two
pressures. In addition, a distinct change of slope occurred in the higher-
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pressure curves at the value of ¥, where the lower-pressure curves begin to
rise. This change of slope in the higher-preasure curves at a point about

Change 1 emission of filament Fy

0
2290000°

[ 10 1
Electron enorgy in volts
F10. 5. Showing onset of atomic and molecular 1omzation. Curve (a) obtamed with
apparatus of fig. 1a, curvo (b) with that of fig. 1b.

1V above the bend in the curves is shown in two typical curves in fig. 5.
The change of slope in the rising portion of the ourve did not ocour in any
of the curves taken at room temperature.

It has been shown by Arnot and Milligan (1936) that meroury mole-
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cular ions are formed by a collision between a normal atom and an excited
atom. Since this collision must occur within the lifetime of the excited
atom, about 10-® sec., the probability of molecular ions being formed at
low p is small. We therefore identify the point at which
the low-pressure curves rise as the ionization potential of the mercury atom.
Since this point is replaced by a change of slope in the rising pomon of the
high-pressure curves we identify this infl a8 the ioni
of the atom. The point at which the high-pressure curves begin to rise is
then the app potential of the molecular ion, which Arnot and
Milligan showed by magnetic analysis to have a value of approximately
o5V,

We can now obtain the app P ial of the molecular ion from the
high-p curves by

bt; ng the differonce in energy between the
point at which the curves hegm to rise and the point above this where the
curves change slope from the known ionization potential of the atom,
10-39 V. The value obtained in ths way 1s independent of any contact
potentials existing in the apparatus. Seven values of the appearance
potential obtained in this way from different curves by means of the two
forms of the apparatus shown in fig 1 are given in Table I together with
the pressure in mm. of Hg at 0° C. at which the curves were taken

Tasre [
Apparatus of fig. 1 Apparatus of fig. 1 b
Prossuro Appoaranco Presauro Appoaranco
mm. of Hg potential mam. of Hg potential

at 0°C. volts at 0°C. volts

0-026 971* 0-030 9-70t

0020 962 0027 964

0-017 971 0020 965

0009 9-68
* From ourve (a) of fig. § t From ourve (b) of fig. 5.

Three other curves obtained with a slightly modified form of the
apparatus shown in fig. 14 gave values of 9-78, 9-82, 9-64. The mean
of these ten results is 9-70 + 0-01.

It has been shown by Arnot and Milligan (1936) that the molecular jon
i formed by the attachment of an excited atom to a normal atom. The
Process may be written symbolically as

Hg'+Hg —+>Hg{ +6, 1)



142 F. L. Amot and M. B. M’Ewen

in which Hg' denotes an excited atom. The appearance potential represents
the minimum energy that the excited atom must possess for the above
Pprocess to ocour.

1t was found by Rouse and Giddings (1926), whose results were checked
and developed by Houtermans (1927) and by Foote (1927), that i wns are
produced in mercury vapour when irradiated by its
2537 A, of which the photons have only 4:86 V energy. The 1onization was
found to be proportional to the square of the intensity of the light. To
explan these results Houtermans suggested that an excited atom in the
2 3P, state of 4-86 V energy may combine with a metastable atom in the
2 3P, state of 4-66 V energy to form an jomzed molecule and a froe electron.
He obtamed evidence to show that a collision between two atoms both of
which are in the metastable state 2 3P, does not lead to ionization. The
effective process may be written as

Hg' (23P,) + Hg' (2°P,) > Hg{ +e. @)

Since this process involves tho collision of fwo excited atoms we should
expect it to occur at & iderably higher p than that y for
the occurrence of process (1) which involves only one excited atom.

On raising the mercury vapour pressure in our apparatus to 0-11 mm.
we obtained curves showing that ions were produced by electrons of energy
between 4 and 6 V. A typical curve obtained at this igh pressure is shown
as curve (c) in fig. 4. By subtracting a vacuum run from this curve we
obtain the corrected form shown in fig. 6 as curve (a). Sinco the rise in the
curvo of fig. 4 between 4 and 5V cannot set in below the resonance
potential of 4-86 V a correction to the voltage scale of fig 6 of +0-65 V has
been made This correction, which can be accounted for by contact
potentials, makes tho steep rise between 9 and 10 V set in at 9-7 V, the
mean value obtamed from the results given in Table I. The broken curve

in fig. 6 rep the tk 1 ion function of the 2 3P, state
obtamed by Penney (1932)
The close ag between this excitation function and the hump in

the curve of fig. 6, together with the fact that this hump only appoars
when the pressure is raised bo about 0-1 mm., leaves little doubt that the

10n8 produced by elect of energy between 4:86 and 9:70 V aro
formed by collision between a 2 *P, atom and a metastable 2 5P, atom as
suggested by Houtermans to account for the lomutwn produced in
mercury vapour when irradiated by its
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Drscussion

During the progress of the present work a paper appeared by Snavely
(1937) on the same subject using an apparatus essentially similar to that
shown in fig. 1 b. His published curve taken at a pressure of 0-09 mm. is
nspmduced a8 curve (c) n fig. 6 Comparing this with our curve (a) taken
at app ly the same p 0-11 mm , we see that the two curves
are of approximately the same shape, but that Snavely’s curve is moved
bodily to the right relative to our curve

— - A
’

Corrected change n emission of filament Fy

3 4 5 6 7 8 9 0 u 12
Elcctron energy n volts

F1a. 6 (a) Curvo (¢) of fig. 4 corrooted by subtraction of a ourve taken m vacuum,

(b) Penney's theoretical excitation function for the 2 3P, stato. (c) Snavely's oryginal

curve. (d) Snavely's curve with suggested voltage scalo corroction.,

Snavely corrected the voltage scale for contact potentials by moving
his curve until the second minimum appeared at 10-39 V, for he inter-
preted the steep upward riso after this mmmum to indicate primary
ionization of the atom. He remarked that an inflexion occurred in this
steep upward rise at 11-2 V when his curve was so adjusted but offered no
explanation of this. Our results indicate that this inflexion, which we show
in fig. 5, represents the onset of direct atomio ionization, and therefore
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should be set to appear in Snavely’s curve at 10-39 V. When the voltage
scale of Snavely’s curve is readjusted to bring this inflexion down from
11-2 to 10-39 V the beginning of the steep upward rise after the second
minimum occurs at 9-7 V, which agrees with our value of 9-70 V for the
onset of molecular ionization by process (1), p. 141,

Snavely’s curve adjusted in the above way is shown as curve (d) in fig. 6.
The maximum of his peak now occurs at precisely the same value of the
electron energy, 7:65 V, as does the maximum of our peak in curve (a).
However, thig peak in Snavely's curve appears to set in at 6:1 V, whereas
we find 1t to begin at 4-9 V. Since Snavely reports no vacuum runs it
appears likely that the fall* in his curve (d) between 41 and 6-1 V would be
steeper in vacuum, so that the peak might really set in at the same value
aswe find Our results indicate that this peak 18 due to molecular ionization
by process (2), p 142.

For the molecular 10ns formed by process (1) Arnot and Milligan (1936)
obtained a curve showing the probability of formation of these ions as a
function of the electron energy This curve contained two maxima, a sharp
one at 11-5 V and a broad one at 47 V. Since the appearance potential of
the molecular ion formed by this process is 9:70 V the excited atom must
posscss 970 V energy before 1t can combine by process (1) to form an
jonized molecule. The excited state of the mercury atom having an energy
nearest to this amount is the 6s8p 4 'P; state which has 9-722 V energy.
Just above this singlet state there is the triplet state 6s9p 5 *P,,  of which
the energies are 9-792, 9:796, 9-817 V (Bacher and Goudsmit, 1932).

Schaffernicht (1930) gives an optical excitation function for the singlet
4 P state of 9-722 V energy which has & broad maximum at 45 V, which
would account for the broad maximum at 47V in Arnot and Milligan’s
curve No excitation functions are given for the triplet 5 P states, but, since
these states are excited by electron exch the excitation functions will
rise to a sharp maximum just above their critical potentials, and would
therefore account for the sharp maximum at 11-56V in the efficiency of
molecular iomzation curve of Arnot and Milligan, and also for the marked
falling off of our ionization curve (b) in fig. 4 at 11-5 V. Above 10-39 V this
curve rep the effici of molecular plus atomic jonization, and
consoquently only an inflexion, not a sharp maximum, is to be expected at
11:5 V. This inflexion does not appear in the curves taken at low pressure
where the molecular ionization is negligibl

We thus reach the conclusion that the molecular ions di d by Arnot

* Ths fall, which appears also in our curves, has been shown to be due to the
emission from the ends of the filament not being space-charge hinited.
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and Milligan when mercury vapour is bombarded by electrons of energy
between 970 and 200 V can be entirely accounted for by the two following
pmoesses:
Hg' (4'P))+ Hg > Hef +e¢, (a)
Hg' (5°P)+Hg - Hgy +e. (b)

Process (a) accounts for the maximum in Arnot and Milligan’s efficiency of
molecular tomzation curve at 47 V and process (b) for the sharp maximum
at 11-5 V. We cannot say for certain from our experimental results that
an excited atom in an 8, D or F state above the 5 3P state does not lead by
collision with a normal atom to an iomzed molecule, but we can say that
the two processes (@) and (h) mvolving only the 4 'P state and the 5 3P
states are sufficient to account fully for the results of Arnot and Malligan.
It will be shown below that there 18 some evidence that an oxcited atom in
an 8, D or F state does not form an 10nized molecule

We can now fix the value of the appearance potential, which we have
found in this paper to be 970 £ 0-01 V, accurately from process (a). The
appearance potential 18 tho energy of the 6s8p 4 I’ state, namely 9-722 V,
snce this is the state nearest in energy to the experimentally determined
value

The results given in fig 6 lead to the conclusion that iomzation is also
produced by the process

Hg' (2°P) + Hg' (2°Pg) > Heyf +e. ()

The results of Arnot and Milligan show that the ions produced by processes
(a) nnd (b) are definitely moleculur, since they were detected by a muass

graph, but the 10ns produced by process (c) have not been analysod
hy this means. It might themfom be suggested that tho colhision process
represented by the left-hand side of (c) leads to atomic ions. "Lhe process

Hg' (2°P)) + Hy (27Pg) > Hg* +Hg+e

is 1l ble since the binoed energy of excit: s only
(4 R0+4 66) = 9- 52 V, which is 0-87 V short of the jomzation potential of
the atom. However, the process

Hg' (2°P,) + Hy' (2°P;) - Hg* +Hg~

18 energetically possible, since the eloctron affimty of Hy is given by
Glockler (1934) as 179 V. The total energy of the right-hand side is now
(10-39—1-79) = 860 V, which is less than the energy of the left-hand side.

Vol. CLXV. A. 10
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The excess energy of excitation to be carried away as kinetio energy by the
products of the process is (9-52 —8-60) = 0-92 V

Theoretical investigations of electron transfer such as is involved in this
proocess, which have heen made by Massey and Smith,* show that electron
transfer does not become at all probable until the kinetic energy with which
the particles collide is greater than ten times the excess excitation energy
which must be carried away by the particles after the collision. Now in the
above process the kinetic energy with which the particles collide is only their
thermal energy which is about 0:1 V, and the excess excitation energy to
be carried away by the separating particles is 0-92 V, that is ten times as
great instead of one-tenth as great In view of this we consider that the
ions are formed in the molecular state by procoss (c).

From process (c) we sce that the ionization potential of the mercury
molecule must be equal to, or less than, (4-86+ 4:66 + D) = 9-52 + D volts,

where D) is the work of dissociation of the normal molecule. Since Houter-
mans has shuwn zhn the collision of two 23, atoms does not lead
to the i tial must be greater than 9-32+D
volts

A smingle atom excited to a state of 9-52 V has thus sufficient energy to
form an iomzed molocule when it collides with a normal atom. We have
shown, however, that no ions are formed by collision with normal atoms
until the excited atom has 9-70 V energy. Tho probable error in our value
is only 0-01 V. We seo from the values given in Table I that the mazsmum
error could not reduce this value to 9-52 V. Now the excited states of a
mercury atom lying within the energy range from 9:52 to 0-722 V are all
S, D or F states. The first P state with an energy greater than 9-52 V is the
6s8p 4 1P, state of energy 9:722 V. Therefore, although the excited atom in
one of the 8, D or F states between 9-52 and 9-722 V has sufficient energy
to form an ionized moleculo, no ion is formed until the atom reaches a I’
state Sinco the processes (a), (b) and (¢) which all involve I atoms are
sufficient to account for all the molecular ions observed in mercury vapour
the conclusion seems inevitable that the excited atom or atoms must be
in a P state for attachment to occur with the production of a molecular
ion,

In conclusion we should like to express our thanks to Professor H. §.
Allen who kindly made the necessary arrangements to enable one of us
(M. B. M’E.) to work in the Natural Philosophy Department.

* We are indebted to Dr R. A, Snuth for information on this subject.
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SUMMARY
An investigation of the formation of 10nized mercury moleculos has been
made by the balanced lpwe-charge mechod The results obtained n tlns
work, tog with those pi ined with a mass sp
by Arnot and Mulligan, show that molecular 10ns are formed by the three
Pprocesses

Hg' (2°1) +Hg' (2°By) > Hgyf +e, )

Hg' (#1P,)+ Hg - Hgg +¢, 2)

Hg' (6°P)+ Hg - Hgf +e. (3)
Tons formed by each of these p have been d d. The app

potentials for these three processes are respoctively 4-86 and 9-722 V for
(1) and (2) and 9-792, 9-796 and 9-817 V for the triplet prooess (3) lons
formed by process (1) which requires a collision between two excited atoms
were detected at a vapour pressure of 0-1 mm of Hg at 0°C  Ions formed
by processes (2) and (3) which involve a collision between one excited atom
and a normal atom were detected at pressures of the order of 0-01 mm.

The ionization potential of the mercury molecule lies botween 9:52 + D
and 9-32+ D, where D is the work of dissociation of the normal molecule.
Using Winans’ (1931) value for D the himts are 9-67 and 9-47 V.

Excited atoms in states other than P states do not apparently form
ionized molecules by attachment oven though they have more than
sufficient energy to do so,
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Oscillography of adsorption phenomena
III. Rates of deposition of oxygen upon tungsten

By M. C. JounsoN AxD A. F. HuNson
Physics Dep U y of Birmingh

(Communicated by M. L. E. Oliphant, F.R.S.—Received 18 December 1937)

1. INTRODUCTION

The anly fficient hitherto d for the atomic layer
of oxygen on tungsten 1s that which demonstrates the 150,000 cal./mol.
expended in its desorption. If, however, some energy 1s required before the
difference between this heat of adsorption and the heat of dissociation can
be liberated, a further tomperature coefliciont will exist, giving variability
to the “condensation coefficient” or fraction of impinging molecules which
become enabled to contrbuto to this layer. Any such variability extends
the notion of “‘activated adsorption”” from the slow processes with which it
has become associated to the almost mstantaneous reaction of ‘‘chemi-
sorption””. Since filing of the atomic layer is generally supposed to precede
oxidation, and oxidation itself has already been studied through the
subsequent volatilization of oxule (Langmulr 1915; Rideal and Wans-
brough-J 1929), an exp of whether the initial
depoaltmn also needs activating would be highly desirable. This would,

, be i ble to most technique because of the high npoed of
moordmg needed. The oscill hic study of tion velocity, d
by one of us in collaboration with Dr F. A. Vick, and hitherto applied only
to evaporation (Johnson and Vick 1935), oﬁers the opportunity by suitable
modifications. It fulfills the followi ()R ion time may
be kept below 1 sec., avoiding the usu&l slow contaminations due to gases
which strike the walls. (2) The surface may be proved to be clean, within
a second of gas being admitted, by obaervmon of its thermlnmc emission,
thus ing the of to imp . (3) The
gas-covered fraction may be kept small enough to avoid mtemnon between
surface particles. (4) No other substance beside oxygen and tungsten is
introduced as reagent or as indicator.

(148 ]
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2. EXPERIMENTAL

It will be recalled that thermionic indicators of surface reaction depend
upon the properties by which an adwrbed gas layer nlters the electron
emission of a metal. Our | exy i ially of
oxygenating a tungsten filament, rig 1 ing, and then switchi
from a temperature at which the layer 1s stable to tampemtureu at whlcll
evaporation is rapid. The saturated emission current from the surface
passed through high resi the chang tential across the latter
being rocorded by a cathode ray oscillograph. Tha oscillograms rocording
the recdvery of emssion were transformable into curves of isothermal
evapomtlon of oxygen at each tomperaturo selocted, yielding the heat of

P as temy fficient of the rate of change of gas-covered
fraction of the surface. The present oxpermments invert this procedure,
photographing depositions nstead, so that the high vacuum has to be re-
placed by controlled introductions of oxygen Preliminary experiments on
the magnetic lifting of a filament 1n and out of & steady molecular beam were
carried out with a spring-mounted electrodn system made by Dr F. A, Vick,
but the other al ve of p a repeatable sequence of pmmuro
variation at a fixed surface was finally adopted. The molecular ray
wag retamned only 8s means of producmg suitable fractions of a reservolr

by bet; two slits which admit the gas to the
rencnon chamber.

The reservorr 4 (fig. 1), of large capacity, 1s maintained at various oxygen
pressures between 10-! and 103 mm measured on a McLeod gauge. The
piston valve B was made and ground for us by Mr W. A. Holland, and when
very lightly lubricated with Apiezon “M” and held down by a 2 1b spring
it is accurate enough to keop for several days a pressure of 10-? mm isolated
from the highest vacuum on the inner side. When magnetically actuated
the piston opens the large reservoir very suddonly to the smaller reservoir
C behind the first sht. Slits M, N, 0-15 mm. wide, are separated by a large
central chamber directly evacuated by its own vapour pump. The filament
of Thoria-free tungsten with its anode and guard rings mn the reaction
chamber D, is ahigned on its flat joint E by observation through the colli-
mating window F when incandescent. Precautions for purity were taken,
including pre-treatment of all metals in hydrogen, baking of D and its trap,
high frequency degassing, freemng of K, et,o

By this app since is inevitable in an i 1 con-
densable gas we utilize it in the icted space bet slit and fil to
build up transient pressures for D. Each of these pressures reaches its
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maximum in little more than a tenth of a second after lift of the piston and
then remains nearly constant for a short time. This appears in fig. 2b when
the logarithm of the “clean” fraction of the surface begins to decrease
linearly with time. It is seen that linearity lasts less than a second. After
this time the fall in pressure, and posaibly failure of the law by which frac-
tions of a dilute layer are computed, make any extonsion to dense covering
impracticable. For a long series of observations it is important that the
transient nature of these | 18 able to minimize any thinning of the
filament; evacuation sets in before the layer reaches semi-saturation and
idation only b iable after some weeks. We gain the addi-
tional advantages (a) thu.t. senrch for laws of deposition is not complicated
by temp fficients of surface mig a8 when the front of the
target only is exposed to & uni-directional beam of rays, (b) that Magnetron
action and distortion of electric field, discovered in our early experiments
on movmg an ennmng filament into a beam, are avoided, so that the
tri tographed can be safely ascribed to adsorption if
temperature is known to be constant.
The transient pressures in D amount to small multlples of 10" mm "

converting the “i tion” into
with the oscillograph A large number of plates were measured for different
Te8ervoir p and fil )s These yielded curves of

emission current against time (such as fig. 2a), drawn out to a common scale,
a tuning-fork trace being recorded on each plate and checking any changes
in calibration. Any small initial value of 6, the fraction of surface gas-
covered, was found by ck over to a gal ter circuit and taking
the data for a ““ Richardson plot "’ just before each experiment; this was then

d with a dard plot obtained after the filament had undergone
it preliminary “ageing”.

The curves were found to depend sensitively upon reservoir pressure,
a8 was to be expected; but superposed upon this was found a slighter depend-
ence upon temperature, which was important as proving the existence of
activation energy Since changes in pressure affected the rate of adsorption
more than iderable changes in ¥ the final esti of
temperature coefficient was reached by finding the empirical law conneoting
reservoir pressure with deposition rate, and then repeating the whole in-
vostigation at a sensibly different temperature, finally checking the first set.

We proceed to show how the quantities ¢, measured as oscillogram or-
dinates proportional to emwssion, can be transformed into the quantities 6,
temperature dependence of whose rate of change is a measure of heat of
activation,
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3 METHOD OF CALOULATION

Let 6 be the fraction of the tungsten surface covered with a layer of
adsorbed gas Let N be the number of adsorbed particles per em.3 which
would fill & “complete’ layer, defined e.g. by contact packing or by one-to-
one or other relation to lattice points Then AN is the actual number per cm.*
and is equivalent to 0/, where o 18 the “occupied” area for one particle,
The status of thermionic approximations to 0 is reviewed in a recent paper
(Johnson and Vick 19376); subject to the limutations there discussed, we
adopt the “work-function” approximation as suitable for values betwoeen
0-1 and 0-3, a range which covers our experiments.

In the papor on evaporations it was shown that, if 18 not large, desorption
into a vacuum can be rep d empirically by expressions which may be
summarized here in the form

(a) at constant temperature,

log0 = ~¢/C;
(6) at different temperatures,
logC =¢'[T.

C is then the average duration of an adsorbed state.
These empirical relationships are in accord with equations obtained by

that no dary tions oceur, so that
N < on}, )
£ @
‘0&“ ==t~ ’u)*e'”’" @)

7, was obtained experimentally as 8 x 10~ soc. and £ as 147,000 + 3000
when k = 2,ie in cal./mol.
6 was obtained in the usual manner as
logy—log sy

0= logs, —log1y’ )
depending on its definition, @y~ @o/@, — @, and on assumptions as to 4 in
the Richardson equation ¢ = AT3e~#*7, These assumptions are discussed
in the papers referred to (1937). It happens that a knowledge of i, the
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emission from & fully covered surface, wasnot needed in the study of evapora-
tion, as the required data were seq of 0 at p and
different times, in any of which sequences ‘

o lngi,(,, —log1, )
0, logu,‘,,—logzo

The corresponding equations for deposition can be wntten by enumer-
ating the appropriate factors,

M— - e - NIkT ”
Ny = (1-0)vBe-#T. ()

v is the number of impacts per cm.}/sec from the gas phase. When the
system reaches equilibrium, the 1sotherm formed by adding terms of re-
combination or evaporation or oxidation may involve } instead of unity as
the power of v, according to the nature of such processes which for our small
values of § we noglect. Again, if certain mechanisms aro assumed for the
dissociation, the power of (1~ ) might becomo 2 instead of unity, with the
effect of multiplying the right-hand side of equation (3’) by a factor ranging
between 0-9 and 0-7. This might extend the range over which our graphs are
linear, but has no appreciable effect on our results; we prefer to leave the
equation of duposmon in its simpler form as we do not wish at this stage to
assume any parti b of d i

E’ and K express the possibihity that not all molocules striking the bare
metal may be able to contribute to growth of the layer; they represent the
temperature dependence and any other factor in a *condensation coeffi-
cient”” about which we soek information.

Using the equivalenco of N and /o, sinco the former does not disappear
from the depowition equations as it did m evaporation,

o _ (1-0)voKe-FKT, 2
dt
and since gf = _d(_ld;?),
-0, , ,
log‘l 5= —(t—ty) (voKeE'IT), (3")

Comparing (1'), (2'), (3'), with (1), (2), (3), it becomes apparent that the
oconvenient elimination of §, is no longor valid, since the ratio of values
of 0, using (4), (5), does not give a ratio of values of (1-6). Instead of
obtaining, as in evaporation, a value of 7 at each T by plotting log, /0,



154 M. C. Johnson and A, F. Henson

against time in terms solely of observed currents, our observed data now
have to be related to an origin only indirect] ible. The exp
corresponding to (5) becomes

- log 1 — log 3,

1;0 Iogcl — log s,
1-6, log To— 108 1
logi, —logiy

(5"

Thus for the experiments on deposition 6 = 6, at ¢ = 0, where 8, is zero or
& small known quantity, instead of  tending to zero at ¢ = co a8 in evapora-
tion; hence the present work requires to be plotted against ¢ the funotion

logypt —logye ¥
1 ( 1 - logy 10 o) 6
o8 Iogyy#; —logyote, ®

Such a plot will yield as slope the quantity vo Ke~E'*T, which formally corre-
sponds to (1/7o) e “¥/7 in the previous problem.

It is now known that ¢,, which we need 1n the present problem, cannot be
moasured directly. Since any apparent Richardson plot for the composite
surface is distorted by the continuous transition from one adsorptive
equilibrium to another, it fails to exhibit the true law of emission for the
completely coverod metal, which must be reformulated to accord with the
contact potential between OW and W. It has beenshown however (Johnson
and Vick 1937a) that ts of the d of
steady emussion from W in the presence of oxygen are mndeed consistent
with a work function deduced from Rei ’s contact p ls if &

bl ption as to the emissi ffici is made. On that
basis we have shown how the angular and vertical displacement of the
Richardson plot for OW relative to that for W may be estimated, even though
the emission currents which it representa cannot actually be observed.

From such a pair of lines for OW and W we read off the value of
logyg iy ~logyg sy at each temperature required for the present work. The
numerical range is from —3-8 to —4-2, and admussible variations in the
quantities from which it is derived, e.g. the constant 4, will exert only a
minor effect upon our results.

4. REsuLTS AND CONCLUSIONS

When the experimental data are plomd a8 described in section 2, the
passage from a rising to an approxi gas p is at onoe
suggested by the form of inflexion leading into exponential curvature
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(fig. 2a). When the logarithm of the decrease of bare surface is computed
from these curves by means of equation (8) the li ty of it tral portien
confirms this suggestion. On our theory a definite slope is controlled by vin
equation (3’) at any given temperature. Fig 26 1llustrates this feature and
also the subsequent divergence from lineanty terminating the exponential
portion. The divergence is ascribable to the fall of pressure after its maxi-
mum, but at 6> 0-3 1t may also include breakdown in the linear relation
between 6 and ¢, tho precise limits of which are unknown At large values
of 6 and mt between adsorbed atoms would also cease

P

to be negligible.

log(1-6)

Time
Fia, 8. Vanables controlling rate of deposition.

The primary dependonce of the rate of adsorption upon pressure rather
than upon temperature 18 shown in the examples of fig. 3, where only the
binear portions are duced, ponding each to some prea-
sure, to a first appmxlmnnon ea.eh set of sueh lines at & common pressure
has a common slope differing only from another set at any other pressure.
For the second approximation, even with the improved methods of section 2,
there has to be recognized a slight scattering about any such “common”
pressure, tending to mask any effect of temperature; but by selecting pairs
of lines whose gas conditions were known from their place in a sequence of
admissions to be closely identical, and plotting the logarithm of their rate
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of deposition on a large scale against //7 (fig. 4a), temperature differences
all of one sign became evident, two sots for instance yielding heats of
activation of 18,000 and 22,000 cal./mol. Sinoe the usual method of plotting
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T
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Fiu. 4. Temporature dependonce. In fig. 4 () xindicatos T'=2272°, +indicates
T=2122°

against reciprocal temperature suffers seriously in this case from small
fluctuations in the gas conditions, these rough estimates were not regarded
a8 more than establishing the exi of an
mented by the following. Two leoted, aft
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lations based on desorption rates, to be widely separated without

Tlowis or other dary effect to become appreciably
dumrbmg, and new sets of oscillograms were taken at a number of suitable
for each temperat The rates per second of log(1 —6), giving

VoKe-k' kT, were then plotted against feservoir pressure for each temper-
ature. The two curves (fig. 4b) obviously are empirical representations of
the fact that the more copious gas admissions are the more rapidly evacuated,
and are therefore non-linear, but the laws of pumping will not alter from one
filament temperature to the other, especially as the first curve was repeated
after the second. Honce each curve may be taken as smoothing the un-

idable fl ions in the domi varuble or gas pressure, allowing
the separation between the two curves to demonstrate the dependenoe upon
the secondary variable or temperat Ordinat

places along these graphs, yielding & mean heuat of ac nvatlun of 24,500 cal./
mol. Repetitions suggest a wide latitude + 3000 whlrh 18 not merely due to
the low of extracting the P 1 from the
pressure dependonce; in the earhier work on evnpormml wo had found that
the heat of desorption could rise from the 150,000 of an “aged” but not
eroded wire to nearly 200,000 in its lator life, and in the prosont case there
is some indication that probability of condensation alters with ageing. It is
not unlikely to vary so much with micro-crystalline structure that precision
in any particular d would bo and )t
distinguish intermediate steps of the rango could add little.
The considerable differences in imtial & for sensibly similar lines, e.g the
low pmesnrc sot, on the nght of fig 3, ndicate that up to 0-3 the progress of

+ 1o

in independent; of the y of already adsorbed material.
Rates of deposition so nearly alike when initial 0 for one experiment exceeds
final 6 for another, at pressures too low for to be the d

variable, lend some support to two of the most maccessible assumptions in
thermionic studies of sutfme reaction (a) that in the main a single process
is being traced, not a to interaction bet surface p ,
(b) that the thermionic approximation to 0, namely ¢ — @/, — ¢.,, i8 not
seriously vitiated in our rango by distortions such as are well known 1n the
case of alkalis at large valuos of 0.

It is useful to esti the order of magnitude of the number of gas
impacts at the filament |teelf a8 mdlcutmg tha relative importance of K
and E’ or of temp pendent and i dent terms in the prob-

ability of condensation. From our graphs, when voKe~%'*T iy nearly 2, the
fraction e-%7%7 ig § x 10-%, ¢ is of the order 10-15, Hence » 15 ahout 3 x 101"
per cm.%fsec., if K is unity. If K is loss, v is correspondingly greater. 1017
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implies & pressure of about 3 x 10~4 mm., which 18 a reasonable fraction of
our d reservoir p dering the size of slits, etc. in use
and the time of building up of pressure. The rate of thinning of filament,
compared with that resulting from higher pressures showing visible dis-
charges, indicates that actual pressures at the filament cannot much exceed
this estimated amount; hence K need not be much less than unity. The
temperature dependent term, which is between 10-* and 10~2 in the vicinity
of 2200° abs., may then be rogarded as the main reason why the conden-
sation coefficient as a whole is small.

1t has been d throughout that the temp of the surface is
completely controlled by the filament heating current, whose constancy
was maintained with precision at each selecbd value This assumption

would fail if any of the following ik bly to the thermal
state of the filament: (a) liberation of heat of n.dsorphon, (b) cooling by
thermal conduction in the gas, (c) of the cooling normally oausod
by electron emis when that emission 18 inhibited by the ox:

By considering the magmtudes of 6, the expenditure of enorgy which
maintaing the thermal equilibrium of the wire, and the proportion of con-
ductive to radiative losses at these temperatures, it can be shown that our
results are not affected by the maximum disturbance which could arise
from these sources.

It remans to add a brief note on the connexion of this energy of ““activa-
tion " with uses of the term n recent research and with implications outside
our range of temperature The theory of L rd-J. (1932), explaining
how energy might bo needed for transition from molecular to atomic binding
oven when the work of dissociation 18 supphod by heat of adsorption,
provided a picture of activation. Simultaneously the theory also suggested
other activations needed for the migrations which allow diffusion of adsorbed
guees mto a metal. This second nstance of activation was the one which

firmation in experiments on slow sorption, to which accordingly
the name of “‘activated adsorption” became commonly attached. Owing
to the high velocity of ‘‘chemi-sorption”, as the imtial dissociation has
often been called, the latter’s status as activated adsorption has been lost
in many pubhcncluns, a situation which seems to call for direct measure-
ments of temperat) d of the condensati fficient. For this
our oscill hic method the obstacle of the high velocity.

In claiming that s law for oxygen deposition in this range of temperature
and pressure has been thus brought within reach of experiment, we do not
imply that 1t is the only law for all temperatures. For mstanoe, if our
estimates of K and B’ are inserted n equation (1), and this exp were
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assumed to be a complete account of the phenomena down to room tem-
perature, there would be suggested a very slow rate of formation of the
atomic layer from O, simply impinging upon cold without acoumu-
lating; on the other hand there exist soveral items of evidenoce suggesting
that adsorptions indistinguishable from these in many of their consequences
are able to take place without incandescence (6 g Reimann 1935). It must,

however, be bered that the formation of an 0, layer requires some
source of Oy and that at high and low temperatures the sources are not
ble, at our temp the large fraction of impinging molecules

which fail to be activated will evaporate rapidly, so that no surface accumu-
lation of O, can be dered as ! ting the supply i ing from
ilable o molecul

the gas. But at low temy the al ives

striking bare metal are not merely a dissociation or a desorption but also a
finite duration of lifetime as surface layer within such lifetime will ocenr
a slow transition into atomic states which is not allowed for in the simple
treatment appropriate to our problem at high temperature.

5 SUMMARY

An experiment is devised for investigating the passage of small and
reproducible quantities of oxygen over a hot tungsten filament whose
surfaee purity can be ascortaned by observation of 1ta thermiome emission

diately before cach ad of gas The oxygen pressure at the
filament surface 18 made to rise within a fraction of a second from a high
vacuum to a transient value with a flat maximum of 10 3 to 104 mm This
enables the rato of pnmary adsorption to be wolated, and its dependence
on gxw and on temperature to be d ined, without tho resulti
| fheiently dense to allow oxidation and appreciable
thinning of the hlament The adsorption is traced by photographing the
accompanying fall of electron emission by means of the oscillographic
technique described 1n prevlous papors, Within a range of temperature and
pressure such that p m negligible and between
adsorbed particles is rare, the uncovered fraction of the surface decrcases
exponentmlly with time over a portion of cach experiment. Tlus enables &
to be obtained and 1ts I d
1 d. The fficient which 18 found imphes a, heat of
activation of 24 0001 3000 w,l /mol. in the kuuty of 2200° abs. The
bearing on theories of activated ad i8 briefly di d
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Significance tests when several degrees of freedom
arise simultaneously

By HaroLp JErrFREYS, F.R.S.
(Recerved 29 December 1937)

1. If a set of observations are analysed for a new parameter a, which is
mtially as ikely as not to be zero, and the possible rangoe of whoso values 18
#1f it is not zero, we can denote the proposition that 1t is 0 by ¢, and the
propoaition that it 18 not 0 by ~ ¢ * Then the prior probabilities of ¢ and ~¢
aro given by Pl = Pleg|h) = 4, )
and the posterior probabilities on data # are shown, by an approximate
argument (Jeffreys 19376, p. 250), to be given by

P(q|0h) | Pg|h) ¢ o

- picaton] v atn = e, 301 @
where a 18 the maximum likehihood solution for a and ¢, its standard error.
Since 4 is imtially fixed and o, decreases like n~ whon =, the number of
observations, increases, the outside factor is proportional to J/n. If K is loss
than 1, the observations support the i i of the new | 5 1f
K is more than 1 they do not. In the cases so far examined the critical value
of a/o, ranges from about 18 to 3 as the number of observations rses from
5 to 5000

1-1. Approximate rules can be given for cases whero several parameters
aro tested at once. In such a case ¢ is the proposition that none of them is
needed, but ~g breaks up into a set of alternatives g,, gs, .. , ¢, each
asserting the genuineness of one of the new parameters. These alternatives
are not oxclusive, since soveral of the new parameters may conceivably be
relevant. In many cases, h , they can be supposed independent in the
sense that the presence of one of them gives little or no reason to expect any
of the others. Suppose then that the prior probability of any of gy, ¢a, ..., @
is k, and that these aro independ Then the probability that all are false
is (1—k)™. But the proposition that all are false is ¢; hence if the presence
of any of the new parameters is as likely as not we have

1=k =, (1)
whenoe k=1-2""m=mlog2, @)
* My q 13 always what Fisher (1935) calla & *“‘null hypotheas™.

K
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when m is large. If we arrange our work go as to test one new parameter at a
time we shall therefore have

Pegi|h) _1-k_ 1 m
Plgslh) - F "R logd ~ UMM ®)
The ratio X depends wholly on the data, and the ratio of the posterior
probabilities of ~ g, and g, will be got by multiplying the expressions 1 (2)
and 141 (3). The test wall therefore be the samo as for one degree of freedom
except that the outeide factor must be multiplied by the quantity given in
(3). 1t remains true that for constant m the outside factor is proportional
to i,

1-2, It may happen that the propositions g;, gy, ..., ¢, 8re not inde-
in some probl if one new is needed to express the
data hould fth b b ded too. Th\lﬂ ifa harmonic
variation is suggcstod in & series of measures and a coswne term is present we
may accept the corresponding sine term at once as giving only a deter-
mination of phase. In that case, if k is the probability that the cosine is
needed, the probability that thesineis needed, given the cosine, is practically
1, and the probability that neither is needed is still 1 -k, not (1-k)2. We

should therefore get our test by taking

P(q|h) = Pg, | k) = },

and the test for a single degree of freedom needs no alteration.

Thus the rule for a single new parameter can be adapted easily to cases
where several new parameters come into consideration together. The ratio
P(q| h)/P(g, | b) 18 the same whichever we choose to test first. In the latter
type of case, we should naturally test the one that gives the larger coefticient
in relation to its standard error, and the test would be the same as for one
degree of freedom. If this term isa cosine one, and passes the test, thesine term
will be accepted at once. In the former type, where the relevance of one new
parameter gives no particular reason to expect any of the others, the allow-
ance can be made by multiplying the outside factor by the expressions in
11 (3). The natural procedure would then be to compute x* on the hypo-
thesis that no new parameters are needed and inspect the distribution of the
contributions to it. They can be tested in turn, beginmng with the largest,
and those that pass the test, with this allowance for selection, can be
accepted as genuine,

1:3. There is an intermediate case, where the presence of one new para-
meter may increase the probablhty that another is needed without making
its to this case can be made by an
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extension of Laplace’s theory of sampling. Suppose that there are m
elements, such as a system of means, with known standard errors, to be
tested. Our problem is to say whether any of these show departures that
support systematio differences, and if so, which. There is some difficulty in
such a case about assessing the prior probability that the first one tested will
be abnormal. I have on two previous occasions used & = m~log 2, but this
rests on the hypothuu of mdependenoe and 18 wrta.mly too low. The
difference is not very img , for | hcation. Our
problem will be to draw the line between the abnormal and normal cases,
and the work will end at, say, the pth largest contribution to x2. Then at this
stage p — 1 abnormal contributions are known and m —p normal ones The
probability at this stage that the pth is abnormal is given by Laplace’s
theory as p/(m+ 1), and we shall allow for it by multiplying the value of X'
by (m —p+ 1)/p. This will be very te. A way of | i

is to accept as normal all contributions less than 1 and to take for the
extreme one an additional factor got by putting p = 1, that 18, sumply m.
This would be equivalent to saying that there is mtially an even chance
that one new parameter is needed, but that we do not know which of the m
it is. If the extreme departure turns out to be significant with this allowanoe
for selection, we can proceed inwards and outwards till the two sertes meet.
At any stage the extra factor needed will be taken as (r+1)/(s+ 1), where r
and sare the numbers already accepted as normal and abnormal respectively

It may happen that the number of small contributions to x* is small; in that
case a number of large ones will soon be accepted as systematic, and we may
be led to proceed inwards so far as to cast doubt even on those onginally
taken as being random. Then thaso also will have to be reassessed Such a
case may arise in some comp f of physical q ities where
the systematic errors are suspected of being several times the admissible
random ones.

1-4, We have therefore three different types of problem involving more
than ono degree of freedom, which can be treated by simple adaptations of
the method for one degree. It appears to be important in any application to
state clearly which type is the relevant one in the particular case studied.
A test for an empirical period selected merely because it gives the largest
amplitude of those found by harmonic analysis would be a case of 1'1 (3).
In many agricultural experiments, I believe that the main tests refer to

itions whose prior probabil could bly be taken as §, but
the work is arranged to test various interactions of different degrees of
complexity at the same time. The evidence for the relevance of the latter
degrees of freedom would rest on the extreme depertures from the predic-
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tions made by the hypothesis of ind d not on any p ground
for expecting them individually, even to the extent implied by a prior
probability of }. In such a case the previous knowledge with respect to these
higher degrees of freedom may be expressible by the rule 1-1 (3), which
allows for selection.*

In the question of the mutual influence of earthquakes in different regions
(1936, pp. 441—5) T used the rule of (1-1), but that of (1-3) would have been
more approg In the sy errors of 1
stations (19374, p. 39) I applied (1-1) to the extreme departure and then
proceeded according to (1-3), but it would have been better to use 1-3
throughout. The difference does not affect the inferences actually drawn.

2 Now even with such allowance for selection as may be necded it remaina
true that the outside factor in the snpport for gis of ordernt, this factor would
be the support provided if the esti y: d to agreo exactly with the
predictions made by ¢. In the case where the occurrence of one new function
in a representation would 1mply one or more others, as for a harmonic varia-
tion, the test for all together will approximate to that for the largest

ffici But this dition is not satisfied by the test that I have
previously given for such a case (1936): if the number of functions entering
together is m, I obtained a factor nim. It seems that this cannot be right.
The method used treated them symmetrically, which wag desirable, but
if & cosine term has coefficient 3 + 1 1t can hardly make much difference to
its accoptance whether the sine has coefficient 0+ 1 or 1 # 1, and this only
makes a difference of a factor 06 to K in my previous formula. Within such
limits the test for a cosine separately should be correct for & cosine and sine
together, and if the coefficient is significant hoth terms should be accepted.
The essential point is that the outside factor, for any value of m, must be of
order nd, If it was of order ni™ this approximation by testing the largest
coefficient would be utterly wrong, and the considerations given here show
that apart from a factor of order unity it should be right for all values of n.
Indeed the factor n for a pair of harmonic terms makes the test for the two
wgether a8 severe as separate tests for the two would be, disregarding the
fi tal condition of the problem that if one is accepted the other will
be.

The factor nt in the problem of one new parameter enters because if the
solution for a is under o, that is what might be expected 1f a was really 0,
but if a might have been anywhere in a range s the probability of the result
would have been only of order o,/s. Hence we accept the hypothesis that

* Fisher (1936, pp. 65-6) makes an analogous recommendation.
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requires the less remarkable coincidence, and our rules show that in these
conditions P(q |6h)/P(~ q|6h) must be of order s/a",, which is of order nt.
The appearance of ni» in the test of severn.l new parameters means that if
they all come out less than their dard errors it requires m d
of this kind on the hypothesis that they are genuine. It 18 clear, however,
that it only needs one. If the amplitude of a harmonic term is small both
ooefficients must be. Further, if the prior probability of an amplitude, on
hypothesis ~q, is taken as uniformly distributed from 0 to s, and the
amplitude found is of ordor o, the ratio K will be of order ni, which 18 what
we need for i with the approximate rule. Any other power of the
amplitude would lead to a different powor of n.

The rule given for the prior probability for the case of & pair of harmonic
terms y/2(a cos x + b sin x) was, for a?+b?<s?,

P(dadb|~q,8,h) = dadb[ms?, ()]

where * is the true expectation of the outstanding variation when we begin
to consider the terms. This says that if a and b are small compared with s
they give a negligible amount of information about each other. But this is
plainly wrong. In the conditions considered, which will regard the phase
a8 1itially unknown, we should normally expect b to be of the same order
of magnitude as @ until there was positive reason to believe the contrary.
If @ was small and the phase happened by a coincidence to be nearly 0 or
4 this would not be true, but this has a negligible prior probability if the
phase is initially unknown. The above form would say, in fact, that if the
coefficient of the cosine is small the probability of that of the sine is still
uniformly distributed from —(s2—a2) to +,/(s%—a?), and therefore that
we can be nearly sure that the phase1s nearly + §7. This1s not the inference
that anybody would draw, ho would infer that the amplitude was probably
small and that the phase might still be almost anywhere 1n a range 7.

The form (1) was adopted bocsuse it would make the posterior probability
density for a and b, given 8, come at the maximum likelthood solution, and
therefore was in accordance with present practice. This consideration, how-
ever, is irrelevant, becauso with any ordinary distribution of the prior
probability, umform or not, the estimates by inverse probability and
maximum likelthood would agree within much less than the standard error
of a determination by either method (Jeffreys 1938a); the only exception
would be if our previous information about a and b was comparable in com-
pleteness with what the new data could tell us Ths does not arise m the
present problem, in which their very existence is in doubt. It is clear that
the hypothesis of the prior irrel of a and b to each other must be
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bandoned. The objection to it is anal to the ion that I have

made already to my previ lutions for ling and

(19374). Inthis I showed that for two adjacent entriesin a 2 x 2 classification
to be both small wo require only one coincidence, whereas my previous
solution, assuming too great a degree of independence, would require two.
The same apples to a pair of Fourier coefficients.

To bring the analysis into accordance with the above considerations we
must take the prior probabulity of the amplitude ¢ = \/(@?+ b%) as uniformly
distributed from 0 to &. (If we combined the uniform distribution of the
prior probability of c2 wath uniform distribution for phase we should be led
back to (1) and to the previous inconsistencies.) Then

P(dc|~q,8,h) = defs. @)

The phase ¢ may be from 0 to 2, hence if the amplitude gives no information
about the phase

P(dg|~q,8,¢,h) = dp[2m @
and P(dc,d¢|~q,8,k) = M¢=:%ff = P(dadb|~q,8,h). @

This form will replace (1). The joint probability density of @ and & is no
longer uniform, since it increases when ¢ is small.
To generalizo to m degrees of freedom, we seek a representation in the
form
y = Saf=), (8)

where § denotes summation over all the functions f; and the functions are
orthogonal. We have no previous oplmon on the relative importance of the
m functions fj, and shall therefc 'y bet them. We
take them so that the expectation of f} whel\ z is equally likely to be any-
where 1n 1ts permitted range is 1, thus for a constant term we should take
Jo =1, for a linear term, valid botween 2 = + 1, we should take f, = z,/3,
for a pair of harmonic terms we should take f, = y/2cosz, f; = \/2sinz.
Then the expectation of tho contribution of the new terma to y*is Sa, by the
condition of orthogonality. We put

Saf =c3; (6)
¢18 then a generalized amplitude for the new terms. If it is small it implies
at once that all the new terms are small. The hypothesis ~ ¢ asserts that ¢

is not zero, and the case of two degrees of freedom suggests that we should
take

P(dc| ~q,8,h) = dofs, W]
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if ¢ is the greatest value that ¢ can have. The ooeﬂ‘imenu a mny be mgan‘led

as the components of a vector of length ¢ in m d is
unknown. Given that this vector is bet; dc+de, pressign
of its direction by taking

P(da,da,...da,,| ~q,dc, 8, b) = da,da, . da,[dV, (8)

where dV is the volume of the sphencal sholl between radii ¢ and ¢+ de.
The volume of an m-dimensional sphere of radius ¢ 18

rimm
= @7’ (9)
pimgm-1
whence av = (—!—;u:”—!dc. (10)
Hence, by the product formula,
Pdayioy ..don|~g0h) = Il do,dn,...da. ()

This is easily seen to reduce to the correct forms da/2s and dadb/2mcs when
m=1landm =2,

3. Lemma We need an approximation to the integral
1= [ fisatyin-voxpi- 18-y, .da, m

overall values of the «’s, § denoting summation with regard to [ from 1 to m.
First change the variables to an orthogonal set b, so that

Seya,

h= (s @

‘Then b, is the component of the vector ¢, 1n m dimensions in the direction of
@, while the other #'s are components at right angles to b, and to one
another. Then the integral is

I= J' J‘ f (Sb7)4m Dexp(— kb, - Sed)i— SO dby ... by, (3)
&’ denoting that b, is omitted from the summation. Now put
b+ .. +b3 = f1. (4)

These variables appear only through f; and through a volume between two
slightly different values of f,

2min-n fm-t
""'fdb' b = (m =i -4f. (®)
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Thus
1= [ttt vosp( - b, - St ) T . @)

Now transform the variables so that

B4fi=ob, flech 1)
by, f) c
Then 'a(_cl,T) = =g (8
rim 1
I= e Lt"""(l —t)-bexp(~ k% Sad)dk ®)

8o far this is exact.* It is necessary that m>2 for the previous trans-
formations to be possible. The integral is therefore always convergent.
For m = 2 the integrand is infinite at ¢ = 0, for m = 3 it is finite, and for
larger values of m it is zero thore.

Consider first the case Sa® = 0. The integral s then a Beta function, and

it
= gm=ye
1 decreases steadily as Sa® increases. For brevity we denote the latter
simply by 8. Suppose now that kS is large, so that most of the integral
comes from fairly small values of ¢. If we omit the factor i 1—¢, the
maximum of the integrand is at

(10)

m-3
t=5na an
for m > 3; for m = 2 or 3 the extreme value is at { = 0. For 2k*S = m the
maximum is at ¢ < } until m = 6. The important values in our applications
will be for 2438 somewhat greater than m, and the largest value of m that
appears worth considering is 10, so that the maximum will never be near 1.
Now fort = §

(L—t)exp({t) = 2-1e! = 0-908 (12)
and the difference from 1 for smaller values of ¢ is nearly proportional to ¢,
So long as the maximum is at & value of ¢ less than } we can therefore replace
(1—¢)~t by exp(4¢). For larger values of m, where the maximum may be

* The transformation has a branch pomnt at b, = 0 (¢ = 1) and the mtegral 18 the

sum of two corresponding to oppowito signa of by, If we restrct ourselves to casea
where the observed amplitude has the right sgn, anothor factor

H1+erfk (Sa?)(1-1)}
18 neoded, but this w unimportant in actual cases.
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near §, the maximum is sharp and we may replace 1—¢ by its value at the
maximum. With either approximation we can extend the range to infinity.
‘With the former approximation,

im ®
I= (TMWL',L tim-texp{(— k28 + §)t}dt

im

= g 13

This will be valid for m = 2 and 3, and for larger values 1f 243 is larger than

4m—3).
With the latter,
im i y m -3\~
= e, oo wesnan (1= 5)
m -3\
-ty 5ad) w

This will be valid for m = 4 and more if 2k2S iy larger than m and between
2(m~3) and 4m—3)

A different form of approximation would be needed if the maximum came
at ¢ = § or more, but this does not concern us If m = 10 and 2k*S = m,
¢ is still only 0-7, and 1t will be scen that the relevant values of 2k3S are
distinctly larger.

If m = 1, (1) integrates directly and gives

I=mk 15)

forall values of §. But (10)and (13)reduce to this form = | and are therefore
valid in this case also.
If we form I, and I,,, the values taken by 7 in (10) and (13) when 2k*8 is

0 and m, we have
Ly (m=1' o

1, " mi(pm e = CH o)

The approximation from (14) is more doubtful but suggests a ratio of order

(Im)ie-im.

We could have procoeded by integrating (1) directly with regard to all the
variables, giving to Sa® its valuo at the maximum of the exponential,
namely, Sa* This gives immediately

nrim

1= Ggaaon-n* a7
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(13) differs by the subtraction of § from k3Sa?, and (17) is therefore a litﬂe
too small. This method of course breaks d letely for small val

Sa?, since it is then impossible to neglect the variation of Sat on the various
paths of integration. This makes the integrand vary more rapidly than the
exponential for all directions except b,. For larger values of Sa? the effect is
still not quite negligible, but the effect of the variation wath b, is slightly
more important than the aggregate of the others It was on account of
the uncertainty of the correction for this effect that the present method of
exact integration for m — 1 of the components was devised.

4. Departure from a uniform distribution of chance. This is the easiest case
to discuss further. As for the case already treated (19384), where the
suggested departure was linear, we introduce a parameter ¢ linearly related
to the independent variable z, and equal to 0 and 1 at the upper and lower
limits of z Then on the hypothesis of a umform distribution, which we
denote by g, the chance of an observation lying in & particular range is dt.
On the hypothesis of a departure of the type suggested the corresponding
chance1s {1 + Sa, f,(¢)} d¢ (S denoting summation over the different functions

fi(t)). We take the two hypotheses as initially equally probable; and if

Sa} = c2, (1)
and the maximum possible value of ¢ is 8, we can write
Ply|h) =1, PO|qk) = MT(dr), 2)
1
Pleg|h) =4, Plny...day|~g.0) = In=Vl dnday ..da, 3
P(~qda,...da,| k) = P(~y|h) P(da, ..day|~g,h), )
P(@|~qda, .da,,h)=IT{L+Saft)}dt, (5)
whence
P(q|Oh)ec 1, (8)
P(~q|0h)oc ll;;'r‘—_:)' "‘ J' o[ us 10 + St} dayday . dow,  (7)
Now if we write ¢ = Zlog{l + 8a,f(t)} (8)
(& denoting ion over the observations), wo have
42 fult)
%0, £l+§af(t) = Zfult) - Zfuld) Saufi(t), (9)
Bo__p SO B o KOKO o

Gaf = O SO Bty U+ SafiOP
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Now it has been d that the functions are orth 1 and that the

integral of the square of each is 1. It is also supposed that the coefficients a;
are small in the actual case. Then the sum of f§(t) over the observations,
whose number is 5, will be nearly n, and that of fi(¢) f() will be much smaller
on account of the condition of orthogonality. Then the stationary value of ¢

will be nearly at

== 50, ay

and ¢ = Zlog{l + S fi(t)} - inS(a,— a))}. (12)
But ¢ = 0 when all the a; = 0, and can therefore be written

¢ = inSa}—{nS(a,— ) (8)

to order a®. Then
Pl~q|0h) e “;'1";‘1," J' f J' (Sadyim-D
x exp(inSaf) exp{ - inS(a,~ a,)*} da, ...da,,. (14)

The integral has the form treated in the lemma, with k* = }n, apart from tho
fact that the range isof order 1 instead of infinity; but both factorsdecrease so
rapidly that this difference can be neglected. Hence for Sa? = 0 we have

P(~q|Oh) o (m/2n)t (15)

for all values of m.
The standard error of any « being n-t, we have

nSa® = ¥, A3Sad = §x3, (16)
and form = 2or 3and y*>m, or m>3, y*>4(m—-3),

2im-1(4m —1)! etx?

Plglby e =0 ()

which is also right for m = 1.

Form>3,m<y?, 2(m—3)< x*<4(m-3),

m—3\#
Pleg|o e 2t xﬂ,,(l- 7—) . 18)
Since P(qg | Oh) cc 1, K is 1n each case the reciprocal of the expression (15), (17),
or (18)

K will evidently contain the factor y-1exp(— §x*), which is exactly the
function that occurs in the usual x* test. The other factors are either constant
or vary much more slowly with x*. They really arise because x*is not linearly
related to any of the unknowns. For one degree of freedom, the estimate is
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unbiased and the extra factor does not appear. But for any larger number of
degrees of freedom x/y/n is an estimate of the resultant amplitude system-
atically increased by the sampling error. What the test does, effectively, is
to allow for this increase by reducing x* slightly.

Another way of expressing the point 18 to assume from the start that the
function of the observations relevant to the test 18 x2. Then on hypothesis g,
x? is entirely due to random error and the probability that it would be in a
givenrangeis proportional to x™texp( — kx*)dx. On ~g,iftherealamplitude
is large compared with the random errors,  is nearly proportional to the
amplitude, and as we have taken the prior probabll:ty of the latter u.mform
the probability of dy is proportional tody. Comparison gives K prop
to x™1oxp(—§x%). But on ~g, if the real amplitude is small, the random
variation still adds something near m to x*, and this produces an outwurd
displ of the eati d cooffi and an additional
of x’ in the region just above m. Hence in this region the probability of dx,
given ~g, is distributed a little more densely than for larger values, and the
function of x* that appears in K will be a little less than y™-!exp(— }x%).

When x? = m, and m = 2 or 3, K 18 about (2¢)~# of its value for ¥* = 0, and
thereforo is still large if  is large. For larger values of m the value of K at
Xx* =m 18 smaller, at least if the approximation given is valid; but the
critical values are substantially lnrger than m Antl T have not thought it
worth while to ine the ion more closely.

It is satisfactory that n enters through the power nt If we had chosen a
different power of ¢ in (3) a different power of n would have appeared in the
result. The elementary argument based on testing the extreme coefficient by
1tself must give the right order of magmtude for the result, and leads to this
power of n. The advantage of a more detailod discussion such as this is that
it uses the whole of the relevant information contained in the observations,
whereas the simpler one does not. Thus 1f the coefficient of a cosine term
came out 0-3 + 0+1, this discussion would make & difference according as that
of the sine was 0+1 or 0-25, the elementary one would not. But itis reasonable
to expect that the elementary theory would give a result of the right order
of magnitude for all numbers of observations, and this condition is satisfiod.

‘I'he test will therefore say at what value of X3, greater than m, the data
begin to support the ntroduction of new functions into the chance.

Apart from the cases m = 1 and 2 I know of no practical applications
where the conditions required for this test are satisfied. The casem =1has
already been treatod. A harmonic variation is an mstance where m = 2. If

filt) = y2cos2mt;  [y(t) = |2sin 2,
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the extreme values of a, f; +a, f, are +./2(a+a})t. Since 1+ Sa,f; must be
everywhere positive the extreme value of ¢ is 1/4/2, which is therefore the
appropriate value of s.

It is possible, however, that the true extreme would be a case where the
entire chance is concentrated in one half-period, within which we can
treat it as uniformly distributed. This would require higher harmonics to
expreas it, but we may reasonably supposo that their coefficients are pro-
portional to higher powers of a, and a,, and would not affect the prior
probability distribution of the latter. Then if the true probability of an
observation in a range dt is 2d¢ from ¢ = 0 to §, 0 from } to 1, we find by
Founer analysis a,=0, ay= 22/m,
whence mn a case of this type we should take s = 22/

If the frequency distribution of stars with regard to direction from the
sun was less obviously non-umform, this test could be usoed to test the
presence of a departure expressible by the spherical harmonics of a given
order, so that higher values of m would arse There is nothing in the argu-
ment that depends on the restriction of f,(f) to be functions of only one
variable.

5. The rep of by assigned funct The funda-
mental difference between this problom and that of testing a law of chance 18
that the random variation imight turn out indefimtely small, in tho problem
of chances it is fixed by the numbers in the samples themselves. Thus three
different obsorvations lying exactly on a straight line would be strong
evidence against constancy ; but three like events in succession would not be
strong evidence against an even chance. The systematic vanation might
account for any fraction of the whole variation outstanding at the beginning
of the i igation, and tho g hized litude ¢ may reach s, the square
root of the expectation of the, square of rosidual outstanding at that stage.
But s 18 to be found from the scatter of the observations and 1s not, as in

bl of sampling or distributions of chance, determinable in advance.
It therefore enters as an unknown with the prior probability dutnbuuon
appropnate to an unk ially positive quantity. This consids

was taken into account previously, but the distribution of the prior prob-
abilities of the coefficients of the new functions that might arise, for given s,
waa wrong t'or tbe reasons indicated above.

d lication also needs i In my pi
discussion (1936, pp 43:-7) I took the new functions f; to be mnt\ully
orthogonal at the actual weights. This leads to a mathematical simplifica-
tion, but otherwise has little in its favour. It may well happen, in the case
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of a suggested harmonio variation, that the bulk of the observations are
concentrated near « = 0 and z = , so that they give a good determination
of the coefficient of & cosine but a very bad one of the sine. If we arein a
position to choose the values of 2 where we make our observations of the
quantity y that we are trying to represent, we should naturally place them
to give equally good determinations of both, and the condition of ortho-
gonality at the actual weights would be satisfied. Anybody concerned
mainly with natural ph rather than experi 1 ones will, how-
ever, have to deal with the observations as thoy occur, and this condition
may be far from being satsfied. It is therefore desirable to extend the

analysis to allow for this plication. The of the problem is
then as follows:
P(g,ds | b)cc dafs, m

(m—1)! ds

P(~q,ds,day . da,,|h)ac 2mim(GaR)ion D gidor - day, (2)

and if the observed values of y are denoted collectively by 6,

3
PO e 1) = goeoxe( - 21 ) 1, ®
1 S
PO\~ g.daday ..o ) = e oo oxp{ ~ 2 25 ray)
4
Hence @
2
P(q,dam)mw,exp( z%), ®)

P(~g,ds,da, ..da,|6K)

(m—1)'dsda, ... da,, Ly — Sa,
2,,.;.?(3“:)«),.‘-1)(,: = n,ne"l’( )'(;z,n Tg"{la))) ©)

Put in (5) Tyt = not; ¢t = 128, )

The exponential in (6) is the usual likehhood factor. Its maximum is at
@ = &, the solution of the normal equations, and we may write 1n (6)

o

@ = o+ §; 8- 86 = 1/2k%; Z(y - 8oy f;)} = o', (8)
Then Ly Sa,fyp = 2y = oo fif + ZSES)!
= no't+ Z(SfEM (9)

If the observations are so distributed that the products of the £ in (9) cancel
we have the condition of orthogonality. But consider first the opposite case,



Significance tests 176

where the discrimil of this expression is so small that most of the
variation of the integrand with regard to a,, comes from that of Sa® and not
from the terms in a,, in the exponential. In this case the maximum with
regard to a,, is at a,, = 0, and if we put

Sa* = §'a*+a}, (10)
we have I(Sa’)—“"-“da ":g"’" 2)!  (8'a3)-Hm-D), (11)

and we can put a,, = 0 in the other factors in (6). Then (8) becomes
P(~g,ds, da ... da,,_, |6k)

LAm=1)m-2!  dod, ..
C oD ({31 (srat)nnq‘)(‘,a S'a:)an,:“l’[ 2

But if we ignored a,, from the start, and considered only them — 1parameters
a, to a,,_4, (6) would be replaced by
P(~q,ds,da, ...da,,, | Oh)

(4m~3)'dsda, da,,.
© im0 (F'ad) ,.-m‘( a")‘" ’,exp[

and the ratio of these two oxpressions 18
{m=py 1
(e = 1) s

Thus the two expressions are equvalent for large m. For moderate values
we have.

n 2 3 4 5 L] 1 8 9 10
Ratio 0 064 078 0856 089 081 092 003 094

the expression in (13) being tho amnller In such cases we should therefore
proceed by ing the b d Itogether, test the
remainder by (13), and allow for the rejection by dividing P(~ ¢ | 0h) by the
appropriate number in the table; and therefore X will be multiplied by the
same number. For m = 2 the exponential factor is still necessary to save

g and the approximation (11) fails. In this case we cannot
reject an unknown.

The method suggested, if great dep from orth ity is d d

in the solution of the normal equations, will then be as follows. Transform

the a, to a new set of orthogonal parameters b, (not the b, of the Lemma) such
that the product terms of the exponent vanish. Then the variation with
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regard to b, due to Sh* will be represented by & factor §(m — 1) 63,/8°b%, and
that due to the exp tial will be rep: ted by - }bh/o%b,). The
former will be the more important if

a¥(b,,) > 8'b}(m ~ 1), (15)

and therefore if the standard error of b,, exceeds the root mean square of the
estimates of the other parameters. If this is found to be true 1t will be best
to 1ignore b, and test the other parameters similarly, applying the correcting
factor (14) in cach case. Tho reduction of X will be partly cancelled by
the digappearance of one term from yx?*

The tend of this rejection of badly d ined is to
mprove the orthogonahty of the set, especially m the cases where the
estimates are such that there may be any doubt about significance. Conse-
quently we may prooeed to consider the problem as if orthogonality held.
Then (6) reduces to

P(~gq,ds,da, .da,,|6h)oc

_(4m—1)!dsda, ...da,,
27Am(Sad)im-1 (g2 — Gai)in 53

x oxp[ ~nk¥o'?+ S(a— )]

(ym—1)\dsda, ... da,,
znl"'(Sa’)“"' g2

x exp| —nk*o'+ S(a;—)?}], (16)
(6) at the same timo, the same factor being dropped, becoming

»

P(q,ds |6h)c %‘k"exp—(uk‘tr‘). (17)
The integration with regard to the a, can then be done by the lemma. In
the first place, if all the o, are 0, we find

& Ln
P(~q,ds | OB)oc (2’; ) B e, (18)

and in this case 0’ = o. Comparing with (17) we have
= (nn}, (19)
as for one degree of freedom and as for the frequency problem.
Forn = 2 or 3, and 2nk38a®>m, or n’> 4 and 2nk¥Sat> 4(m ~3),

(dm~1)! k*ds oxp(—nkio’?)

Plog dalOM o = " (nlsai— g

(20)



Significance tests 177
For n> 3 and 2nk38a®>m, 2(m—3) < 2nk*Sad < 4(m—3),

P(~q,ds |6h)cc (Im—1)" knds exp(—nk‘a"’)(l m—3

4
Bign 5 (IS pr T
It remains to integrate with regard to s The rapidly varying factors in (17)
are k" exp( — nk3o?) and m (20) and (21) aro k»-mexp(—nk3o’?). It turnsout
that it is not i to neglect the variation of k=™ in com-
parison with the othor factors. The maxima are at k*=1/20* and
k* = (n—m)/2n0". Hence our estimate of s in (17) is &, but in (20) and (21)

0'? = g% — Sa?, (22)
¢

_Sar= " (23)
n-—=m

The usual estimate of the standard error of ; is o’/y(n~m). Then

= (,”:;_’,‘t)‘g"_’ . (24)

Integrating, we have, from the mam factors in (20) and (21),

e (1 2) (1)
K= n—m, n)_ (25)
(n_m)l(u-l) 2Im-:(£m_ 0l

To this (20) will apply a correcting factor

(I _Enk:;q;i}l(m—n= (l _%’}Nm-l)’ @)

and (21) a factor (1 _m- ?)'. @7

We can simplify (25) a little, on the hypothesis that m/n 18 small, by ex-
panding (» —m)i" - D in powers of m/n and neglecting the difference between
X*/n and x*/(n—m). Then wo have
b exp(l 1{&’__"‘ )
4 2 2\ —i(n—3)
e I @)
(dm—1) m

with the extra factors from (26) and (27) The change in the form of the last
factor from the simple exp( — §x*) of the problem of chance is due, of course,

Vol, CLXV. A, 12
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to the fact that the standard error here is initially unknown, and corresponds
to the difference between the normal law of error and “Student’s” distri-
bution. My test for series of measures (1937 a) needs an analogous change
when the numbers of observations are not very large.

1t has been supposed up to this point that the functions under considera-
tion arise at the begi of the g Usually, h , & number
of other parameters, the significance of which is not in doubt, must also be
found from the data. The effect of thus 18 to increase the uncertainties of
the new ones, and this should be taken into account. If there are 7 of them,
r new exponential factors appear 1n (5) and (8), and disappear when we
ntegrate with respect to them, factors A being removed from (18) and (17)
in the process. 'I'hus our result must be divided by (¢’/o)". The effect 1s that
theindex of the last factor in (28) must be reduced from }(n — 3) to }(n—r —3).
Thus if the analysis of & new set of data involves the determination of &
large number of parameters already known to be relevant, the last factor,
for a given set of residuals, may be sut lly i d, and with 1t the
difficulty of establishing any new ones In t,hls formula, as adapted, the
same definution of x® by (24) is supposed retained.

If x*is not much larger than m, even if it 18 sigmificant, it will bo impossible
for many of the estimates of the p to exceed their dard errors.
We may find that there is a significant departure from ¢ in a very vaguely
determined direction if m 1s large.

The foregoing analysis deals with the case where the functions introduced,
a8 far as we know originally, might account for almost the whole of the
outstanding vamation. In many cases, particularly in astronomy, the
pmvlous nformation 18 enough to indicate the approximate hmits of the

g and of the litudes of the terms to be tested, and
the latter are appreciably smaller. In observations of the variation of
latitude, for instance, I believe that the whole range of the effect is already
well known to be under a quarter of the standard error of one observation,
and is determinable only by combining numerous observations made under
such conditions that it is practically certain that the bulk of the systematioc

errors will cancel. Ch ‘s d inations of the lunar pheric tide
are a still more stnkmg cage. Insuch a problem 2 (7) does not represent
the previous i and must be replaced by

P(dc| ~q,4,h) = defp,
where p is the permitted range of ¢ indicated by previous id for

the particular problem. The result is that in the above analysis ds/s* must
be replaced by ds/ps wherever it occurs, and the range of integration for the
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ai8 through a sphere of radius p instead of 3. If the o'(a;) are larger than p,
the integration removes from P(~q|6h) all factors depending on the a;,
and finally leaves K nearly 1. Thus until n is of order o%/p* the test is quite
indecisive. This in what we should expect, but it is satisfactory that the
analysis should lead to it. For much larger values of » the previous approxi-
mations are valid, and the result will be that P(~g¢|h) is multiplied by
o/pand K by p/o As the latter 18 small it becomes possible to infer a small
systematic departure, when it is already expected to be small, more readily
than when it is not.

8. Test for independence from means of measures. It 18 often found that
summary values found by statistical treatment do not agree as well as the
usual theory of combination of observations would imply. Now one possible
source of error in this theory is that it assumes the errors of all observations

independent. This is the type of I that leads to appheations of
Bernoulli’s t} and when this I think that we should always
look out for danger and test the hypothesis in question as soon ns sufficient

terial is lable. The that the dard error of &

mean is the standard error of one observation divided by the square root of
the number of observations is not justified by the theory of probability, as is
often stated; it is the result of the theory combined with the hypothesis of
independence of the errors, and the latteris open to doubt. Thereis evidence,
for i that the | 1 equation of an observer varies from time to
time, so that there is & syuwmnme effect running through a series of observa-
tions and therefore violating the hypothesis. We noed a tost that will reveal
such an effect 1f it exists

Suppose that we have mr observations arranged in order, and divided into
m groups of r each. The wholo mr yield & mean ¥ and a standard deviation o
The Ith group alone gives mean %, and standard deviation o;. If we take the
mean of thegroupmeans we recover Z, and their standard deviation about it
is 7 The questionis whether 7 is consistent with the value /,/r inferred from
the usual theory, or whether it 13 sufficiently greater to indicate that besides
the random errors there is a systomatic effect that may affect the whole of &
range and possibly he reversed in the next.

We shall regard Z as an estimate of a true value a. The hypothesis of
complete independence is our g, and we shall suppose that the probablity
of one observation z, on this hypothesis, is givon by

—a)
P(dz|q,a,8,h) = ~/(zﬂnmtp{ @ a). do, (1))
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On the comparison hypothesis ~g the probability of an observation is
distributed normally about a value @, special to the group. Then

1 l_(z-“r_)‘}
:/i?n)a’exP[ %7 de. 2)
We shall suppose also that the probubilities of the e's are distributed
normally about @ with standard error ¢, so that

P(dz|~q,a,8',h) =

, 1 @,—a)?)
P(day|~g,0,8',t,h) = ﬁ;ﬁﬂp{—( "271} day. @)
Since in either case s* is the expectation of the square of the departure of an
observation from a, we shall have

CEY LEd (4)
We treat s as onginally unknown and capable of any positive value, so that
Plds|qh) = P(d| ~qh) cc dafs, ®)

and ¢ as unknown and capable of accounting for any fraction of s, so that
P(dt] ~q,8,}) = dts. ®

Combining these probabilities by the product rule we have

P(q,dsda | h)oc dads/s, 7)
P(~q,dedadtda, .. da,, | ) cc da;l.“l!(ﬂl‘,)‘_oxpt - s(f";l ,“”} Hda). (8)

The probabalities of the data, given the various parameters, are proportional
to

P(0|qdsdah)cc s "’exp[—;:{(a—i)‘+a7'}:|, )
P(0| ~qdsdadtda, ...da,h) o 8 ""exp[— ;,‘S{(a,—f,)'+aﬂ], (10)
Then by the principle of inverse probability
P(qdada |Oh) dad:r""exp[—;':: ((a—i)'+a")]. aan
P(~qdsdadtda, ..da,,|0h)
i 2;,)'"exp[- ] ‘“'2‘7,‘2'] Md,

xw-moxp] - L Sfa-pat]. 02
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We find

R e TN 0 B

Henoe by integration with regard to the a;,

dadsd &'-mrem rof
P(~qdsdadt |Ok) oc —— P (‘,,_'_",)wexp[ 8o 2(.:"+rl') Sla— :r,)]
(14)
We have the identities
8(a—7)? = m(a—Z)*+m7t, (15)
Srof = mr(o?-13), (16)
and integration with regard to a gives
]
P(gds |0h) r’"’exp-qg—:da. (344}
dadt  g'-mrem rmr? mr(o?—7%)
P(~qdadt|Oh)ec ” @it v "I" Ty l- (18)
which becomes, on putting ¢ = su,
(1 — yB)-itmr—m) g-mr mr(gd—1?) mrrt
I R e ST T
Lastly, integrating with regard to 8, we have
P(q|0h) oc g—m—D, (20)
(L—ut) wr-m (g2_g2 g2 ckow-d
Peqanlobeedn o R 6D
and, if rjo =7y,
U Pl=g|0h) _ (1 (1- a1 (r— DD -

™ Plom ~Jo " Tyt - utfier
This expression is exact.

Three checks are possible at this stage. If m = 1, the observations are all
lumped in one group and there is no information for testing a variation in
different groups. In this case 7% and y* are zero. On substitution in (22) we
find K =1, so that the test makes no decision—which is the correct
deoision.

Ifr=1, ull the oburvnhons are in different groups and there is no means
of sep \g & By iation between groups from the variation of
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individual observations. In this case 78 = 0%, 93 = 1, and on substitution
we find again K = 1.

If m = 2, the test should reduce to the test for comparing the means of
two series of observations for a systematio difference. This test was, for
large numbers of observations,

. (2 o+ i C@-E )
= (ﬂ atim+ 1’/n) e’m{ " 20t m+ 2190’ 3
where ¥ and ¥ are the means, m and n tho numbers of observations, and

o and 7 the standard deviations in the two series. Here we must replace m
and n by r, o and 7 by o, and j— ¥ by 27. Then K reduces to

. [2r\} r?) _ (2r\b 2 y
I\=(’».:) exp(—;;)—(") exp(—ry?). (24)
Putting y = 01n (22) we camly venfy the first factor. When v 18 not zero the
beh of the mtegrand iy pl 1, as we shall see in the general case.
In general, if ¥ = 0, we find approximately
K = {2(m—1)r/m}), (25)

s0 that the support for g, in the most favourable case, is of order nt, as usual,
This experimental result would however be very unhkely to occur in such a
problem,

The large indices make manipulation troublesome, but we may sub-
stitute

rud
wh= T+ (r=1yut’ 6
Then V(1 rl-whle Bdw @1)

K= Jo (1= yRuf)fmn . (r L 1) wijt”

For y*< 1/r, nearly, the integrand decreases steadily through the range,
and the integral 18, approximately,

1 4 i
& = lamtt-r) @)
This is valid so long as 1~ ry* is greater than a quantity of order m-+.

For y® = 1/r, the factors with high exponents behave like exp(— jmws*).
Neglecting higher powers we obtain the approximation

120} 128

K™ 7imt = rimi’ (29)
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There continues to be support for independence up to the value of y* that
corresponds to the expectation of 72 given g. This was to be expected, but
the change in the index of m is a new feature. It comes from the vanshing
of the terms in w? near this transition valuo of 3. Epistemologically, it
comes from the fact that 1f ¢ is & small quantity of the first order it makes
only a second-order change 1 the expectation of 7, and therefore of y. In
our other problems & first-order change in & quantity to be determined
implies & first-order change in the observational quantity to be used to
estimate it. The result is that a value of y? near to 1/r corresponds to a larger
range of possible values of £, 1f £ 18 not zero, than 1t would for the usual linear
relation, and the coincidence required on hypothesis ~ ¢ is less remarkable.
(It was, however, the fact that a small real amplitude makes a second-order
change in x? that produced the extra factors in the problem of chance,
though they were not important enough to alter the index )

For y*> 1/r the integrand increases from the origin to & maximum and
declines again to zero. The maximum is near

a- " (1~ L)
w _r-l(l ) (30)
and if we denote this value of w by w, the integrand is proportional to

_mry =D (r— 1

-y
and we can approximate to the intogral by the method of steepest desconts,
provided that

oxp ? (w— g, @1

ryt— 1> (1/m)b, (32)
hmr -
Wefind K= (F—'a')'lmr:":—l " (Fy2= 1) ym=3(1 = y2)imr—im-2 (33)
Thas can be simplified by putting
1
Y=+, 5"-‘ (34)

and expanding to order 4%. We find finally
imt
K=" Prexp(- 1. (8)

Comparing with (29) and (32) we see that this should be of the right order
of magnitude for # = 1 and a good approximation at higher values.

This problem 18 one of the first treated by Fisher's z-distribution (1924,
1928)and since the factor in X that dependson the observed values has so far
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ususally been found to agree clooely with those found by direct methods it is
of interest to make a P parison here. (An exception has,
however, been noticed above for measures when the normal equations are
highly non-orthogonal.) In this problem we could regard 0% - 7%and 7*as
giving two independent estitates of &% if ¢ was true. These estimates would

8= ,{Ei 72, based on m — 1 degrees of freedom; (36)

o= '(”’ —ﬂ—) based on m(r—1) degrees of freedom. (37)

Fisher defines % = log:—:, (38)
1

and gives a form, on the hypothesis that all deviations are completely inde-
pendent, for the probability density of z. This, in my notation, is
el Dz

PAzlah) & G Y e -0 9%+ @)

Substituting for z in terms of o? and 73, we have

mr—1)_y*

20 o
i m=1 T~y3

(40)

and P(dy | gh) oc ym-*(1—y¥jimr—in-Ldy (41)

This form resembles (33) very closely, even to the power of 1 -2, One of
the factoray in it, however, is roplaced in my solution by (y*~ 1/r)} onaccount
of the unusual nature of the effect of ¢ on the quantity used to estimate it.
It is this factor that gives the A in (35), the variation of which 1s of secondary
importance in comparison with that of the exponential factor. Considering
the duffe in the methods of h the ag; is very satisfactory.
1t is sometimes said that too sm;ll & value of x%, or in this case of 7%, gives
a8 good reason for rejecting the hypothesis to be tested as too large a value
does. In my solutions the support for the hypothesis ¢ always increases
right up to x* or 7% = 0. This appears to be because I have not considered,
among the alﬁem&hve hypotheses denowd by ~ 9 the typee thnt oo\uld
lead to For i a
oonuocutwe observations in a series would mnke the means by rangea vary
less than would be expected on the hypothesis of independence. This might
bappen if an observer tended to compensate an error in one direction by
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making the next one in the opposite direction. Special di ion would be
needed to test a hypothesis of this type I do not think that instances of it
are common; much commoner 18 & positive correlation that leads to an
underestimate of the uncertainty and hence to too large a x* when different
series are compared.

We notice from (14) and (15) that 1f ~g is established by the test the
posterior probability of a is distributed about ¥ with standard error given by

24t
o1="2" (42)
But, apart from sampling errors, the maximum of (18) gives
1 _ rm7?
8 +"l_m-l" (43)
80 that 0% =13(m—1) (44)

Hence if a test of this type shows that there are systematic errors affecting
ranges the precision of the mean should not be found from the oniginal scatter
of the observations, but by treating themeans for the rangesas m independent
measures, and using their scatter as the datum for estimating tha un-
certainty of a. This does not exclude the possibility that closer i i
may lead to the discovery of further ooneln,inns between even these; but
the range means will determine a mmimum uncertainty if the hypothesis of
independence has to be rojected. This method is often used in practice; but
unfortunately it is also often used when the means are more accordant than
their standard errors would suggest, snd then leads to an underestimate of
the uncertainty.

7. Numerical examples.

T-1. Periodicity in measures. the node of Venus. Dr H. 8. Jones (1929)
gives the following table of discrepancies between the observed and calcu-
l&ted uooulnr changes of the orhits of the inner planets, after allowing for

'8 ion to the perihelia and for ions to the masses made
from independent evnienoe The umt 18 1" per century:

de edw dy 8in idQ
Meroury —0:80+ 0-50 —0-89 +0:40 +0384080 +0-85 + 0-45
Venus +0-17£0-20 ~0-13+0-20 +0-40 £ 0-30 +0-76+£0-12
Earth +0:0110-09 —0:041012 —0:0610-10 _—
Mars +0-29 +0:20 +0-42+ 025 —0-31+016 +014£ 016



186 H. Jeffreys

‘The respective contributions to x* are:

de edw d an +dQ Total
Mercury 324 4905 0-23 356 11-08
Venus 072 0-42 178 401 43-02
Earth 0-01 011 036 0-48
Mar 211 2-82 374 017 944
Total 808 830 611 4443 6492

Such a x? on 15 degrees of freedom 18 overwhelming. The diagram given by
Yule and Kendall (1937) gives the 0-01 % limit at x® = 44. But 40-1 of it
comes from the node of Venus, which 1s viewed with astonishing equanimity
by those writers on relativity who describe the agreement as completely
ratisfactory. If it is omitted, x* for 14 degrees of freedom sinks to 248,
which would make the P integral equal to 0-03, and might just posaibly be
due to random error.

On the present theory, we must regard these residuals as parameters
arising in pairs, with tho exception of the change of the obliquity of the
ecliptic, the companion of which would be the constant of precession and is
taken as a datum. Thus de and edw can be regarded as coefficients of ¢ cos né
and ¢sinnt in the longitude, di and sinid( as coefficients in the latitude.

The reduction from nght jion and declination, with respect to the
earth, to celestial latitude and longitude with regard to a fixed set of axes
m the sky, may be regarded as a d pheation. In testing the

node of Venus for significance we must, therefore take it with its companion,
the change of inclination For these two we have, therefore,

n=12319; m=2; y=41-9

With this number of observations we can replace the last factor in 5 (28) by

exp(— 4x%); then
K = 111,/(42)e-39 = 54 x 1077,

This does not allow for the fact that we have selected this pair as an extreme
departure out of 8 To allow for this we must multiply by 8/log, 2 = 11'5,
giving 6:2 x 10-%, The odds are therefore about 160,000 to 1 that this is a
genuine departure, whatever its explanation may be.

In a previous discussion (1936, p. 445) I found that, with so large a
number of observations, the residuals would be just within the range
attributable to random error. The change arisos from three sources. In my
previous test the coefficient of exp(— $x*) was 6160, whioh has been divided
by about 9 by the correction of the test. This change is roughly balanced by
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the all for selection. The chief changes are due to Jones’s use of &
corrected mass of the emh in comparison with that of the sun, to agree
with more of the solar parallax than were availabl
to Newcomb, this has increased the Mldll&l of the node. Newcomb’s
standard errors included those of the masses, which was an undesirable
procedure since it implied that the uncertainties were not independent,
Jones has omitted these (they may now be considered negligible) and the

dard errors are dingly reduced. Thus this pair of contributions
to x* have risen from 139m41 9

It may be remarked that the observations covered about 140 years and
that the observable effect in this time would be about 1”. The diameter
of the disk of Venus at maximum elongation is 26”. It may, perhaps, be
doubted whether the bisection of an oddly shaped object like the visible
crescent of Venus could be trusted to thisaccuracy without systematic error,
or even whether the systematic error could be trusted to remain the same
for As'.ronomem over 140 years In makmg this suggestion, however, I am

the authority of N , who idered tho node kably
free from systematic error.

Apart from this pair, thelargest contribution to x* comes from de and edw
for Mercury, and is 8:2. The factors depending on x* would therefore be
2:9e~41 = 1/21 roughly, and would be overcome by the factor nt if there
were more than 441 observations. As there are several thousands there is
no reason to regard these contributions as sigmficant, though the general

gmitude of the k from Mercury and Mars suggests that the
standard errors may have been slightly underestimated.

7:2. Test for sndependence of errors Pearson’s data. Karl Pearson (1902)
has given the results of six series of observations designed to test the con-
stancy of the p 1 equation and the correlation of the errors of different
observers. The first test consisted of the busection by eye of a line, which was
afterwards measured The second was essentially a time observation of a
moving bright line. There were three observers for each type of experiment.
Each observer mado 500 bisection observations and 519 bright-line observa-
tions. Pearson tabulates the means of groups of successive ohservations for
each individual. For the bisection series there are 20 groups of 25 each; for
the bright-line series there are 18 groups of 27 to 37 each and an odd group of
17. To ‘preserve symmetry I have ignored the last group and neglected the
difference between 27 and 37. The data are then in a form suitable for the
application of the test for independ by the i of the group
means.
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For the bisection series the results are:

7= 26; m = 20; rim![Jm = 506,

Mean personal
Obsorvor  equation 10%* 1042 ¥
1 +001235 6026 0561 0-0931
2 - 000477 9397 3-404 0-3623
3 - 000469 6-892 3-794 0-5505

All the values of 3 are larger than the expectation on the hypothesis of
randomness, which would be 0-0400. To apply the test we first compute
A = (ry*—1)\/m; it is interesting to show the various factors of K separately:

Obsorver  rimt/yr ] r o K
1 598 5937 2430 6700 000216
2 590 36 036 6002 1014 4x10 1o
3 596 5707 7565 198 4 x 10-%

For the bright-line series we take mean values for the numbers in the
groups, namely r = 502/16 = 31-4,m = 16 Themean takenisan unweighted
one for the groups retained.

Mean personal
Observor equation at Tt y

1 +0-1828 1414 00039 00664

2 -11617 1376 01377 0-1001

3 -0-5373 3318 0-4628 01306

Obsorvor  rimd/ym B il e K

1 432 4464 2113 138 6 00963
2 632 8572 2928 9-42x 10" 2x 10—
3 6-32 13520 3677 7x 100 3x10-1

The results are very striking. Not one of the six series gives a value of K
that supports the hypothesis that the errors are independent, and four are
overwhelmingly againat it. The lation bet ighbouring observa-
tions is such that the mean of 25 consecutive observatlom, in the bisection
experiments, is no more te than that of 2 to 11 independent ones
should be; and in the bright line ones, the mean of 31 18 no more accurate
than that of 7 to 15 independent ones.

Pearson does not summarize his means by ranges except in the'form of
gmplus, on which the expected random variation o/yr is not marked, but his

these. Itisclear that the hyp i
of independence of the errors can give only & minimum uncertainty, and
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that when a large number of observations are combined additional cheoks
should be applied to test it and allow for its failure, otherwise an appearance
of accuracy may be obtained that is entirely spurious.

With these numbers of observations K would be 1 about £ = 3, so that
y*would differ from 1/ by 3/rmb. Then for the difference to be just significant

r=o fi {1+ i)

But thestandard error usually given for a standard error based on m observa-
tions is (2m)~# of the latter. We could regard 7 as such an estimate, and if it
differs from o by 3/,/2 = 2 12 times its estimated standard error we could
regard the difference as genwine Lt is curious how the rough rule that with
ordinary numbers of observations a departure of about twice the standard
error ia just significant persllts 1n these tests
This lack of indep is rel to tho ion of the value of
spocial studies as against tho use of reports from the obwerving stations in
the construction of seismological time tables The former are often recom-
mended on account of the reduced error of one observation. In some cases
this is genuine, though the difference 18 not great, but when the same
observer reads the whole of the records there is a serious danger that the
th is achieved by a correlation between consccutive
errors and not by any real increase of accuracy. I have a strong suspicion
that this is particularly true of what 18 called & “ careful observer ”, who may
read the same record again and again until he is “wure”, and thereby, quite
ly, allow his readings to be infl d by those of other records
The true accuracy, n such a case, 1 better determined by the first readings
than by the consistency of the final ones * When the readings for each earth-
quake are all made by different observers there is much more prospect of
achieving independence of the errors L am confirmed in this opmion by the
fact that, although the law of error deviates widely from the normal in these
conditions, when allowance is made for this deviation the comparison of
different series for the phases regularly observed roveals no unexplained
discrepancics, even though the standard errors have in most cases been
reduced by combining observations to about a sxth or less of that of one
observation It is true that many of the alleged discrepancios between the
results of special studies and those based on reports are spurious, since hardly
any of them are d with any osti of the dard error at all,
and some are due to graphical methods, errors in arthmeti lati

* Or indepondenco could be achieved by reading the records in n random order
@ven by card drawing or Tippett’s numbers,
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over long ranges where there are hardly any observations to serve as a check,
or to the inclusion of abservations affected by known types of systematic
error, such as, , late readings due to smallness of the

But this i m not the pruent point, which is that errors i the reports satisfy

the of i d and that quently the
apparently attained 18 gemxme. while those in specml studies are open to
suspicion until their apy is confirmed by ison with

other series The proper function of special studies still seems to me to be,
aa Bullen and I remarked in our original paper (1935), to test doubtful points
such as the separation of difficult phases, where reports lead to indecisive
results, with due regard to the risk of the observer finding what he expects
to find—which certainly varies very much from one observer to another.
The computation of x* in comparing sories serves two purposes, since x*
would be increased either by a genuine systematic difference or by an under-
estimate of the standard errors When & normal value is found, therefore, it
confirms both the absence of a systematic difference and the independence of
theerrors I have in fact made considerable use of special studies in treating
the more difficult phases, but this test has always been applied and has
usually, but not always, shown that the series are comparable I do not
wish, therefore, to disparage special studies, but merely to point out that
such a check is always necessary before their apparent accuracy is accepted.

8. Th bi of tests 1t t happens that a series of estimates
of a parameter consistently give values with the same sign and running up
to about twice their standard errors. None of them taken by 1tself would be
regarded as mgnificant, but when they all say the same thing one begins to
wonder whether there may not be something to be said for them after all.
A troatment is suggested by the problem of sampling to test an even chance.
The appropriate formula is

= (2n/m) exp(~ 7). Q)

Now suppose that we have a sample of 1000 and that the departure makes K
less than 1 If we divide the data into 9 groups we divide the outside factor
by 3; but at the same time we multlply all the standard errors by 8 and
divide th bution to x*from a g dep by 9. Thusadep

that would be shown by a sample of 1000 may not be shown by any one of
its sections. Since K 1s the factor to be applied to the ratio P(q | k)/P(~q|h)
to give the posterior probabilities and all the separate K,, K,, ..., Ky may
be more than 1, and yet the K given by taking the whole sample together is
less than 1, it appears that we have an inconsistency. This arises from an
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insufficient analysis of the alternative ~g. The hypothesis ¢ is a definitely
stated proposition, leading to definite inferences. ~g is not, because it
tains an unk * which we may denote by p, and would
be 4 on g, but may be mythmg from 0 to 1 on ~g¢. Anything that alters the
range permitted to p will alter the inferences given by ~g. Now the first
sub-sample does alter this range. We may start with probability § concen-
trated at p = } and the other 4 spread from 0 to 1 Ingeneral the data of the
first sample will alter the ratio of these amounts and may increase the
probability that p is 0; but it also greatly changes the distribution of the
probabilities of p given ~g, which are now nearly normally distributed
about the sampling ratio with an assigned standard error. It is from this
state of things that we start when we make our second subsample, not from a
uniform distribution of the probability of p, supposing that 1t is not }. The
permitted range has been cut down to something of the order of the standard
error of the sampling ratio given by the first sample. Consequently the
outeide factor in (1) is greatly reduced and the second sample may support
~ g at a much smaller value of p— § than would be the case if it started from
scratch. We cannot therefore combine tests by simply multiplying the
values of K.
A general argument shows what the result must be. If p, and p, are two
hypotheses, and we have two sets of data 0, and 0,, the original information
being &,

Plp,|0,h) Ply 0, o
P(Pll")P(ﬂllPl") Plp,| h) PG, pyh)’
.._ﬂPilalo‘M - m __._P(!"_lli‘_ait)_,, (3)
P(p, [0,4) PO, p101k) — P(py|6yh) POy ps01h)’
by two applications of the principle of inverse probability By multipli
tion,
P06k __PGyiogh
P(p, | k) PO, | p,h) P(ellplolb) P(i’:lh) P(olli’:")Pw:IPlo k)
But P(0,| pih) P(0y| 101 1) = P(6,6,| p,h), (8)
P(0,] k) POy 61 h) = P(6,0,| psh), (6)
and therefore
_PRIoON__ Peulogh o
Pp, | P(0,0,|p,h) P(py[h) P6,0, psh)’

which is the result of applying the principle of inverse probability to the
data 6, and 0, simultaneously, Thus it does not matter in what order we

* This distinotion appears also in Fisher’s theory (1935, p. 19).
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introduce our data; as long as we start with the same data and finish with
the same additional data, the final results will be the same. The principle of
inverse probability cannot lead to inconsistencies. To apply it in the wrong
way to the data available may, and often does, and 1n this case the wrong
way 18 to ignore 0, in (3), as 1f we started 1n both stages from previous
1gnorance, which may be true for the first but cannot posaibly be true for
the second.

Fortunately it is not necessary in this case to carry out the analysis in
detail, because the totality of the data, which would be denoted by 6,6;...
0, =0, is the complete sample, and we have the result for 1t already. It
follows that the method of combining samples 1n a test 18 to add the values
of » in the outsde factor and to uso a x? based on the ratio of the deviation
from } of the sampling ratio based on all the samples together to its standard
error.

Analogous consaiderations will apply to measures so long as the standard
errors of one observation are equal n the data combined. If they differ
considerably some modification may be needed, since we have seen that two
departures with the same standard error may give different results in a test
when the same standard errors of the estimates are based on different
numbers of observations of different accuracies. The outside factor in such
a case will not be obtained by simply adding the numbers of observations,
since what 1t really depends on s the ratio of the range of the permitted varia-
tion to the standard error of the result The former is fixed by the smallest
range indicated and therefore by the most acourate observations, and the
loss acourate ones have nothing to say about it. It is only when they are
numerous enough to give a standard error of the result less than the range
permitted by the more accurate ones that they have anything additional to
say. If they satisfy this condition the outside factor will be got by taking &
from the most accurate observations and « and 1ts standard error ¢ from
all the series together.

9. The use of wntegrals in symificance tests Though the functions of the
observed values that appear in these tests are usually 1dentical, or nearly so,
with those 1n the tests used by modern statisticians, there are some differ-
ences. Here they appear directly, in the usual forms only their integrals are
used. In the freq problem, for i the infc i pplied by
the observations is summed up, approximately, in y™~1exp(— %), but the
usual form of the test depends on the integral of this quantity, in the form

Py = [ tex- it [ Taeexp(- by
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Further differences are that in my form m 18 to be taken as I unlees there is
specific reason to take more than one degree of freedom together, and even
then is only the actual number of degrees so associated. In Pearson’s form
it is the whole number of groups. My x? again is only the contribution to x*
given by the degrees of freedom being considered; Pearson’s is the complete
X% including all the degrees of freedom, whether variation in them is random
or systematic In Fisher's usage, x? is given by the ratios of the amplitudes
found by likelthood to therr lard errors, and his x* and m are
identical with mine where there 1s reason to take several degrees of freedom
togother, but he uses the integral P as a test, so that his standpomt 18 mnter-
mediate between Pearson’s and mine In this way ho avoids the great
random variation of x?taken over all groups that wo often makes1t impossible
to detect a genuine systematic effect when the wst is apphed ln l'earuon 8
way, further, he 1n some cases an for ina
way qualitatively similar to mine (Fisher 1935, pp 65-6).

The uso of the integral goes back at least to Chauvenet's criterion for the
rejection of observations This eniterion, still sometimes used, considered
the probability, given the normal law, that n observations should include
at least one residual equal to or greater than the largest actually found If
this was less than § the obsorvation was rejected. The difficulty that has
struck many students 18, why should the limit be taken st the largest?
There was more to be said, apparently, for choosing the second largest.
‘The probability of a residual Just equal to the largest 18 nccessarily infinitesi-
mal until the observations are made, or at most of the order of magnitude of
uise ratio of the rounding-off error to the standard error. Consequently the
Integral giving the probability of a residual cqual to or greater than the
largest depends entirely on the contribution from larger deviations, which
have by hypothesis not occurred Tho use of the criterion, as recommended
by Chauvenet, means that an observation is rejected because observations
that have not occurred were unlikely. One might indeed say that the fact
that they have not occurred is confirmation of the hypothesis and that the
observation should be retained. If the lower lumt of the integral was taken
at the second largest residual instead of the largest there would be at any
rate one obsorvation relevant to the test, but as actually taken the test is
1llusory.

Pearson’s procedure (19oo) was as follows. The probabihity, given a
suggested distribution of chance, of the actual observations in the groups, is
evaluated, and it is found that the factor that depends on the observations
is oxp(— }x*), subject to certamn approximations. Tt is thus shown that the
likelihood is proportional to this fi and that i likehihood and

Vol CLXV A 13
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X2 are equivalent; the informati ined in the ok i

is entirely summed up in ®. Pearson, however, goes further, and proceeds
to find the probability distribution for x3, given the same trial hypothesis as
before, and gets the rulo ;\ﬂ'“ exp(— }x‘)dx One may ask, why, when the
value for the hypoth tual obser isalready known, should
there be any nterest in the probability of having got something else? But
there was reason to bo intorested in the effect of different hypotheses on x?,
keeping the observations the same. The addmve pmpeny of x‘, again,
makes it possible to use it to sop the
of the parameters that ariso in varying the hypothesls, 1t could be used to
estimate the ratios of all tho possible variations of these to their standard
errors and thus to test all separately. It is remarkable that Pearson, who
repeatedly declared his support of the principle of inverse probability,*
apparently did not notico this simple q ofit, and inued to use
the test in & way that lumped all degrees of freedom together. Finally he
formed the P 1ntegral and used 1t to form a test of the correctness of the
trial hypothesis, based on the probability, given that hypothesis, of a
larger x* than that observed, the actual x* of course makes a negligible
contribution, as in Chauvenet’s criterion. A hypothesis that might be trueis
therefore rejected because 1t does not agree with observations that have not
been made. The use of P in ths senso is thomfore & mistake.t

When the degrees of freedom are p 1 this 18 com-
paratively harmless Tests of mgmﬁcanoe are needed in any case, simply
because even 1f the trial hypothesis was true, random errors would lead to
determinations different from zero for a departure in every degree of
freedom. Ifthese were accepted as genuine we should expect to lose accuracy
m prediction The question is to decide where to draw the line beyond which
we should expect to gam nrcurmy by accepting the departures found. But
as Pisa fx3, the number of deg; of freedom,
to fix a value of P and to fix one of x are the same thing. It would have been
justifiable empirically to rely on the rough rule found by astronomers, that
differences under twice the standard error usually tend to dsappear with
fuller data, whilo those over three times the standard error usually persist.
‘Thus for one dogree of freedom a contribution of 4 to x* could have been
taken as possibly genuine, one of 9 almost certainly so, and this would be on

* Tho 1911 edition of The of Sowence the same llent
account of 1t as tho earhier editions

t Yates (1934) has shown that the probabihities of small groups are better eati-
mated if the limut for x3 18 taken, not from tho observed numbor in & group, but at
} more. In this way he made the observed valuo make a much larger contribution
to P This procedure w recommended by Fisher (1937, p 97).
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purely empirical grounds For any combination of associated degrees of
freedom the distribution of y is still roughly normal about a maximum, and
the ratio of the actual ordi to the i would have provided a test
as good as the P integral gives. In one respect, indeed, it is better, since it iy
often pointed out that a very large value of P 18 a ground for suspicion. It is
hard to justify this from P itself, but large values of P, like small ones,
imply that the ord is small compared with the The kinds of
inference drawn in such cases, however, would be different, usually too large
a x3 would suggest a new parameter or a positive correlation between errors,
too small a x? would suggest a negative correlation, or that the data had
been altered to suit a hypothesis
Any departure from the trial law, if found by least squares or maximum
likelihood, would diminish x?and therefore incrense P; so long as the number
of deg f freodom s th herefore,1f two precisely stated hypotheses
are compared the one with the wmaller I is the more probable, if there 18 no
other reason for preferring etther. But the ratio of the posterior probabilities
18 not that of the P’s, but that of the exp(— }x*), apart trom a negligiblo
difference 1n the outmde factor. The situation is altered 1f we are discussing
the i di of a new ad) bl ter, because this can always be
adjusted so as to increaso P or reduce x%. An attempt to allow for this is
sometimes made by reducing the degrees of froedom by one at the same time,
but 1t 18 easy to soo that if we do this and keep the reduction of P as the
criterion we get unacceptable results. From Fisher's table we find that the
5 and 1%, levels for x? for one degree of freedom are at 3-84 and 6 64, But
the changes from 20 to 21 degroes of treedom at these levels are only 1:26
and 1-37 Thusif 20 degrees of freedom would be taken as random variation,
an additional one oontnbumng only 1-27 or 1:38 to x? could lead to the
ion of a , wheroas three or five times theso
contributions would be needed if the random errors in the others wero
climinated and it was tested directly This seems utterly contrary to
common sense. It is interesting to notice that Fisher, by insisting on the
separation of genuine possible departures from random error, without
apparently being guided by the y le of inverse probability, arrved
ata dure closely bling what it indi though stated in terms
of P and not of the ordi I think, h , that the daffc m
Premises is more apparent than genuine. I regard the theory of probabihty
as a formal of the principles of which
aro quite general and can be stated at the start; but even if this is not done
an alert thinker may still notice the need for them i specific applications
and thereby arrive at the same or very similar results.

132



196 H. Jeffreys

It may be remarked that Fisher’s z-distribution, for the analysis of
variance, has been dehberately fe d 80 a8 to elimi scale effects,
and is nearly normal, and themfore the above relation between the ordinate
and P will hold for it. For problems of estimation, where an effect 18
assumed to be present but is undetermined 1n magnitude, the integral has &
definite place in the inverse theory, by the kind of argument that I used for
“Student’s” distribution (1937¢), it will give, for instance, the posterior
probability that an estimated difference has the right sign. But if this was
all that was meant by a sigmificance test 1t would |mply thab the rejection of
small differences implied & loss of mp ding to such
a view astronomers, for instance, instead of finding the orbital elements and
masses of the planets by least square solutions and predicting their places
according to the law of gravitation, would do better to chouse polynomials
to fit all the observations exactly and extrapolate accordingly. Certainly
no astronomer beheves that, and I very much doubt whether anybody does,
even of those who say that they roject the simpheity postulate.

10 The excluded middle. All inferenco from observation involves this
alleged logical fallacy, which s a fallacy only so long as 1t is claimed that
this inference is deductive I have shown 1ts unimportance in relation to
sigmificance tests (1935, p 222), n which a new parameter is tuken to be
zero 80 long as tho tests do not show that it is more probably something else.
I have only noticed recently, however, that this could have been inferred
from a theorem given by Dr Wrinch and me in 1921, and used then as the
bauis of the simplicity postulate It wasshown (1937, p. 41) that1f a general
law p has a fimte probability at any time, and gives a seres of inferences
¢1,92  »qy the effect of the verification of the infe is to
divide the probability of the law, in turn, by

Plgy | h), Plgs| q1h). . P(q, |Gy o Gu-sh)

Since none of these can exceed unity the probability of the law, given all the
verifications, would become greater than 1 if they did not tend to 1. Hence
80 long as inferences from a law continue to be verfied the probability of the
next verification approaches certanty. But P(g,|¢,qy ... ¢,-1 ) does not
involve p at all, in other words there is a high probability that p will con-
tinue to be verified whether it is true or not. This means that if the “true”
law (whatever that may mean) is something different from p, 1t must never-
theless be so like p as to have led to all the previous imferences from p, any
law that led to differont ones would have been discarded as in disagreement
with observation. But if the true law has led to all the same inferences as
p the presumption is that it will continue to do so, and therefore that p will
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continue to give the nght This disy of the “excluded
middle” ly. A were not wrong in basing
their predictions on Newton's law because the law turned out to be wrong,
nor were geodesists wrong in using Euclid's theory because that is wrong
too; their justification did not rest on the truth of the laws but on the fact
that they had led to right predictions hitherto and might reasonably be
expected to continue to do so The kind of caution that inssts on stating
every conclusion in tho vaguest possible terms (exeept possibly, the
author’s own) 18 not in d: with The function of
a general law is to make predictions that can be tested oven if at some un-
predicted data in the future some of them may turn out to be wrong The
more vaguely it is stated tho less 1t fulfils this function. Even if the law
should ever lead to wrong predictions its precise stat: will have been
the means of revealing the discrepancy and possibly leading to a better one,
which would have to account also for all the previous verifications. Tt is
usual to find some verbal concession to the ‘‘excluded middle” in scientific
work, and this is quite undesirable so long as we regard mathematics as
something to be used and not to be worshipped; it 18 incomparably better to
be occasionally wrong than always vague. Once granted that inference from
experience is ever possible, it is admitted that pure deduction is not the
whole of legitimate reasoning, and that the excluded middle is at most a
complication to be treated in terms of pmba.blllt.y and not a final oblectmn

Thep dure is then to state the adduti lates noeded as
ally a8 possible. It turns out that traditional math can be ded
in to be applicable to the problems of induction, just as1t has been

exhndod to take acoount of the dnm that led to the quantum theory. The
main result is not any great change from current statistical procedure, but
rather that many postulates, introduced in the latter procedure as common-
sense stat ts, but hol Ly ind dont, can in fact be
replaced by consequences of a very few primitive postulatos and are there-
fore closely related.

SuMMARY

Testa are provided for the significance of an estimated doparture from a
uniform distribution of chance, and of the coefficients of new functions
introduced into an empirical law designed to & series of
in each case where several degrees of fmedom may be oxpected to arise
together if one of them does. A test is also given for the independence of
errors of observation when the means of groups of consecutive observations
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are

are compared with the standard deviation of the entire set. A

made to the secular perturbations of the inner planets and to Pearson’s data

for errors of observation.
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A new basis for cosmology

By P. A M Dirac, F.RS.
St John’a College, Cambridge

(Recesied 29 December 1937)

1. INTRODUCTION

The modern study of cosmology 18 dominated by Hubble's observations
of & shift to the red in the spectra of the spiral nebulac—tho farthest parts
of the universe—indicating that they are receding from us with velocities
proportional to their distances from us. Those obsorvations show us, in the
first place, that all the matter in & particular part of space has the same
velocity (to & certain degree of accuracy) and suggest a model of the
universe in which there 18 a natural velocuty for the matter at any point,
varying continuously from one powmt to a neighbouring point  Referred to
a four-dimensional space-time picture, this natural velocity provides us
with a preferred tyme-axis at each point, namoly, the time-axis with respect
to which the matter in the ncighbourhood of the point 18 at rest. By
measuring along this preforred time-axis we get an absolute moasure of
time, called the epoch.

Such ideas of a preferred time-axis and absolute time depart very much
from the principles of both special and gencral relativity and lead ono to
expect that relativity will play only a subsidiary role in the subject of
cosmology. This first pomt of view, whioh diffors markedly from that of the
early workers in this field, has been much emphasized recently by Milne.

We now feel the noed for some now assumptions on which to build up
a theory of cosmology This need 14 partially satisfied by the assumptions,
which Milne calls the Cosmological Principle, that, apart from local
irregularitios, tho umverse is overywhere uniform and has spherical
symmetry (in three dimensions) about every point, for an observer moving
with the natural velocity at that point. The assumption of uniformity is
to be taken in 1ts most general form, in which it roquires that an observer
on another nebuls would see all general natural phenomena (for example,
the red-shift of other nebulae) the same as we do. The obsorvational
evidence in favour of these assumptions is rather moagre, since only & small

part of the uni is ble to p t-day telescopes, and this part
shows quite large fl ions from uniformity in the distribution of the
spiral nebulae (Reynolds 1937). Hi , these ptions are fairly

[199]
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plausible and have a great simplifying effect on the subject, and until
there is more defimte evidence of their inadequacy it does not seem worth
while to try more complicated schemes.

Further assumptions are needed if we are to obtain definite answers to
the main problems that suggest themselves in a study of cosmology
A posable further assumption is Milne’s Dimensional Hypothesis (Walker
1936, p 121), which requires that there shall be no constants with dimen-
sions appearing in cosmological theory. This assumption is open to criticism,
as there is no defimte reason why the constants of atomic theory should
not appear in cosmology---in fact, one would rather expect them to, since
one would expect a closer connexion between the atom and the cosmos to
show itself with a deeper undorstanding of Nature. An alternative
assumption, which is free from this criticism and is more fe hing, will
be given in tho next seotion and forms the main theme of the present paper.

2. THE FUNDAMENTAL PRINCIPLE

The recession of the spiral nebulae with velocities proportional to thewr
distances from us requires, if we assume those velocities to bo roughly
oconstant, that at a certain time 1n the distant past all the matter in the
universe was confined within a very small volume This time appears as
a natural origin of time and provides us with a zero from which to measuro
the epoch of any event. Referred to this zero the present epoch, according
to Hubble’s data, is about 2 x 10° yoars.

Let us express this in terms of a umt of time fixed by the constants of
atomic theory, say the unit e3/mc®. We then get the value 7 x 10 This
turns out to be of the same order of magnitude as the ratio, y say, of the
electric to the gi ional force bet an electron and a proton,
namely, 2:3 x 10%, If we had used another atomic unit of time in which
to express the present epoch, we should have obtained a value differing
from the above ono by at most a few powers of ten, which would not have
affected tho agroement with y as to order of magnitude, when such large
numbers as 10% are concerned. The unit we chose, namely, e3/mc?, lies
roughly in the geometric mean of all the units of time that we can construct
simply from the atomic namely (i ducing also the proton
mass M),

R . NN
med Mc3 me' M me Mot
which are in the ratio
1, 00005, 850, 0-46, 137, 0-074.
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We might have compared the epooh with the ratio of the electrio to the
ional force bet two el or bet; two protons, instead
of between one proton and one electron, which would have given us a
number 1800 times larger or smaller than y respectively In any case,
however, we see there is a close agrecment betweon the present epoch,
expressed in atomic units, and the ratio of the gravitational to the electric
force between two elementary particles. Such a coincidence we may
presume is due to some decp m Nature bet logy and
atomic theory. Thus we may expect 1t to hold not only at the present
epoch, but for all time, so that, for example, in the distant future when
the epoch is 10%, we may expect y will then bo of the order 10%. We are
thus led to the result that a ity ¥, usually lored as a uni 1
constant, must vary with the passage of great intervals of time.

A further utudy of cosmology leads to the appearance of other very
large d bers. These bers all turn out to be of the
order 10% or sometimes 107, ¥rom a natural extension of the foregoing
ideaa we should expect all those numbers of the order 10% to incrense
proportionally to the epoch, and all those of tho order 107 to increase
proportionally to the square of the cpoch We hu.vo here a new prmuple

appearing, that all the very large di ng 1
Nature are simple powers of tho epoch, with coefficients of the order
unity.

To get this principle n 1ts most general form we should not make the
assumption, which we made at the beginmng of this section, that the
velocity of recossion of each spiral nebula is roughly constant. Without
this sesumption we can atill talk ahout the opoch of an event, but we have
no natural zero from which to measure it, so that only the difference of
two epochs can enter into laws of nature. We must now use Hubble’s

namely, the cooffi of proportionality betweon the red-shift
and the distance, as one of the quantities from which very large dimension-
less bers are to be d (to replace our previous use of the
Ppresent epoch as one of these numbers) and express our principle in the
form* Any two of the very large dimensionless numbers occurring in Nature
are d by a symple math ! relation, in which the coefficients are
of the order of magnitude unsty 1f we can deduce from elementary con-
siderations that some of those very large numbers vary with the epoch
(a8 we shall find n the next uectlun is the case), then they must all do so
to preservo the math ioal ions b them.

This very general formulation of the principle does not enable one to
draw exact conclusions with certainty. If, for example, we have two
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numbers « and b both of the order 10%, we cannot with certainty conclude
that

a=kb, (1)
where £ is & constant of order unity. Owing to our numerical coincidences
beng inaceurate by a few powers of ten (on account mainly of the un-
certainty of which atomic units to use), we must allow k to differ from
umty by a few powers of ten, and thus we may have instead of (1), for
oxample,

a=kblogb,

with a somewhat different &. Tn the present paper, for the sake of getting
a defimto thoory, we shall ignore the possible occurrence of such logarithme
factors, or other similar factors that vary slowly with their arguments. We
must then remember that the resulting theory will be valid only as a first
approximation and may need amendment 1n the future by the insertion
mto the equations of functions that vary slowly with their arguments.

E \ly the same app w involved in the assumption,
which is imphed throughout this paper, that Ac/e? and M /m are constants.
Future developments may require theso quantities to vary slowly with
the epoch.

3. THE LAW OF RKCENSION OF THE SPIRAL NERULAE

Let us take two neighbouring spiral nebulae and express the distance
between them n terms of a umt of distance provided by the atomic
constants, say the unit of time that we used in the preceding section
multiplied by the velocity of light. The distance between the nebulae then
becomes & dimensionless number, which will vary with the epoch in an
unknown way, and which we call (). On account of our assumptions of
uniformity and spherical symmetry mn § 1, f() must be the samo for any
two noighbouring nebulae, except for an arbitrary constant factor. The
determination of the form of f(t), giving the law for the rato of recession
of the spiral nebulae, is one of the mawn problems of cosmology.

Let us obtain Hubble's constant, the red-shift per unit distance, in terms
of f(t) The time taken by light to travel from one of our neighbouring
spiral nebulae to the other is, since we are using units which make the
veloaty of hight unity, just f(¢). If we consider two waves of light starting
out from one of the nebulae at times 3¢ apart, thoy will arrive at the other
nebula at times 8 +f(t+6t)—f(¢) apart, owing to the different times of
transit for the two waves. Thus light which is emitted with the period 8¢
will arrive with the period 8¢+ f(¢+48t) - f(t), and the red-shift, namely, the
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!
change in period per unit period, is df (¢)/8¢=f"(¢), so that Hubble's constant
18 f'(1)/f(). From Hubble's data this has the value at the present epoch
1:4x10-%,

‘We now bring into the atgument the avenge density of matter p, which
hasa ing from our P of ity. We take as unit of mass
the mass of the proton or neutron, and we assume that matter is conserved
when expressed in this unit. From this assumption of conservation we can

infer that, owing to neighbouring nebulac sepurating from one another
according to the law f(l), the average density of matter will decrease
according to the law

pcft)® (2)

The observed value for the average density of luminous matter 18 about
5x 10 3 g, om. 3, which becomes, 1n our present umts, about 7x 10745,
This value must be increased by a factor, which is very hatd to estimate
but is probably a few powers of ton, to get the total average density of all
matter. Allowing for the inaccuracy caused by the uncertainty of which
atomic units we ought to use, wo see that the average density matter 18 of
the same order of smallness as Hubble's constant The reciprocals of these
two quantities are two very large numbers, to which our fundamental
principle 18 apphcable, and which must therefore be connected like the
a and b in equation (1), Thus

=k'Ole,
where & 18 a constant of the order of nagnitude umty. Combming this
with (2), we get
J@2ec f W@,
and hence SO (t+a),

a being a constant of integration. By suitably choosing the zero from which
we measure ¢, we may make this constant vanish and we then have

Jit)ecth, 3)
"This gives us the law for the rato of revession uf the spiral nebulue The
velocities of jon are not A we provisionall d at the

beginning of § 2, but vary proportionally to f(t) or t-+. Huwever, with this
law of recession we still have a natural origin of time, namely, the zero of
the ¢ in (3), when all the nebulae were oxtremely close together. From (3)

we have
=1/, (4)
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showing that the present epoch is still of the order 10%, and is, in fact, just
a third of the value we gave it at the begil of § 2 on the ption of
constant velocities of recession. The now value, equal to about 7 x 108 years,
18 rather small, being less than the age of the earth as usually calculated
from data of radioactive decay, but this does not cause an inconsistenoy,
since & thorough application of our presont 1deas would require us to have
the rate of radioactive decay varymg with the epoch and greater in the
distant past than it is now

Our deduction of (3) involves the ption of conservation of mass
when expressed in proton or neutron units, which means conservation of
the number of protons and (apart from p involving the

of the rest. gy of these particles to or from another

form). There is no experimental justification for this assumption, since a

creation or hil ot protons and neutrons sufficiently

lnrge to alter apprecmbly the Isw (3) would still be much too small to be

d in the | 'y , such a or

annihilation of matter 18 so difficult to fit in with our present theorehau.l

1deas in physics as not to be worth considering, unless & definite need for

it should appear, which has not happened so far, since we can build up a
quite consistent theory of cosmology without it.

4. THE CURVATURR OF SPACE

Take all the points in space-time for which the epoch has some given
value ¢. They will lie on a three-dimensional surface, which 14 everywhere
orthogonal, in the sense of special relativity, to the nntuml time-axis. We
call it the ¢-space Our ptions of uniformity and ical
in § 1 require that the t-space shall be everywhere umform and sphomslly
symmetrical. It follows that the t-space must be a space of constant
curvature, the metric bemg provided by the atomic umt of distance that
we had previously. (For a detailed study of this question, basod on group
theory, see Walker 1936.)

The curvature may be either positive, zero or negative. If it is postive,
the ¢-spaoe 18 finite and is like the three-dimensional surface of a sphere in
four dimensions. If 1t is zero or negative, the t-space is infinite and 18 flat
or hyperbolic respoctively. Which of these three cases holds cannot, from
considerations of continuity, depend on the value of ¢ and must therefore
be characteristic of space-time as a whole. To devide between these three
oases forms another main problem of cosmology.
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The case of positive curvature can easily be ruled out In this case the
total mass of the umverse is finite and, expressed 1n the proton or neutron
unit, is & very large number. From our assumption of conservation of
mass, this large number must be m(lependent of the epoch We thus get
a diction with our fund g to which all very
large numbers ocourring in Nature must vary with the epuch since some
of them, namely, the reciprocals of Hubble's constant and of the average
density, do.

The case of negative curvature can be ruled out in a similar but rather
more complicated way. Tho total mass of the universe is not fimte in this
case, but wo can work nstead with the muss contamned at time ¢ within
& sphere of radius equal to the radius of curvature of t-space If we take
a different epoch ¢, there will be a natural correspondence between points
on the ¢-space and points on the original t-space (corresponding points
boing on the same nebula) and any element of distance in the ¢-space will
oqual the iponding olement of dust m the L-space multiplied by
F(t,)/f(t). This factor being the same for all the elements of distance, it
follows that the radius of curvature of the 4,-space must equal that of the
t-space multiphed by this factor. The total mass contaned within a sphere
of radius equal to the radius of curvature must now be the same for the
t,-8pace as for the t-space. This mass, expressed in the proton or neutron
unit, will again give us a constant number, which must bo very large, n
order that tho curvature of t-space may be sufficiently small not to be in
disagreement with observation, and which therefore contradicts our
fundamental principle.

We are thus left with the case of zero curvature, or flat t-space, as the only
one consstent with our fundamental princsple and wih conservation of mass.
It should be remembered that the curvature we are here speaking about 18
the curvature of the three-dimensional space at one epoch and not the
curvature of space-timo us comes into gencral relativity.

5. THE MOTION OF A FREE PARTICLE

One other problem we shall concern ourselves with in this paper is the
determination of the world-line of a particle that is moving freely under
the action only of the g 1 field of the uni as a whole. We need
something to replace Newton's first law of motion. 1f the partiole is started
off with the natural velocity of the place where it is situated, then, from
our assumption of the spherical symmetry of the universe about any point,
the particle cannot have an acceleration in any direction and Newton’s law
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must hold for it. 1f, however, it is started off with a different velocity,
then we cannot assert more than that 1ts acceleration must lie in the plane
1n space-time containing its velocity vector and the natural velocicy vector

of the place. The magnitudo of the leration may bo any function of the
velocity of the particle relative to the natural ve[uclty and of the epoch.
Since genersl relativity cxplains so well local grav

we should expect 1t to have some applicability to the universe as & whole.
We cannot, however, expect 1t to apply with respect to the metric provided
by the atomic constants, since with this metric the “ gravitational constant ™
18 not constant but vanes with the epoch. We have, in fact, from the dis-
cussion at the beginning of § 2, the ratio of the gravitational force to the
electric force botwoen electron and proton varyng m inverse proportion to
the epoch, and since, with our atomic units of time, distance and mass, the
electric forco between cloctron and proton at a constant distance apart 18

the gravitational force bet them must be inversely pro-
portional to the epoch Thus the gravitational constant will bo inversely
proportional to the epoch.

Let us try to set up a new system of umts, whose ratios to the old umts
may vary with the epoch, so that with respect to the new units the
gravitational constant does not vary with the epoch and general relativity
may be expected to apply. We must not take a new unit of mass whose
ratio to the old one varios with the epoch, as we should then have the mass
of a proton or neutron varying with the epoch, and general relativity
roquires that the mass of an wolated particle shall remain constant. We
must therefore change our units of distance and time, and must change both
in the same ratio 1n order to keep the velocity of light unity Nince the
di ions of the gravi 1 are (di )® (time) 2 (mass)!,
we must take new units of distance and timo equal to the old ones divided
by the epoch, so that the new measure of a distance or time nterval is
equal to tho old one multiplied by the cpoch, to mako the gravitational
constant indepondent of the epoch.

‘We may now reasonably assume that, with the metric provided by the
new measures of distance and time, general relativity holds and free
particlos move along geodesics. We thus have two measures of distance and
time that are of importunce, one for atomic phenomena and the other for
ordmary mechanical ph included under general relativity. This
situation is the same a8 Milne has with his two measures of time ¢ and 7
(Milne 1936, 19374, 1937b), but the ratio of the two measures is just the
inverse i our theory from what it is in Milne’s.
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6. THE CURVATURE OF SPACE-TIME

It is of intorest to discuss the curvature of space-time, referred to the
metric to which general relativity applies, and to determine to what stress-
energy tensor it corresponds. This curvature 1 different, of course, from
the curvaturoe of ¢-space dealt with in § 4 Let us use stars to denote
quantitics measured 1n the new units, so that for an interval of time

S1*=tdt
and thus

=4t (5)
giving us the connexion between the new snd the original measure of the
epoch. The distance between neighbouring spiral nebulae, expressed in the
new units, will vary with the epoch according to the law

fro=tf)cti,
and hence FH(e*)ocem, (6)

We may now use Robertson's formulae (Robertson 1933, equations 3-2),
according to which the curvature of our spuce-time must correspond to &
uniform density p* and a umform hydrostatic pressure p* given by

Kp*=3f*3[*, ]
Kp*= =2 e |

where k18 the constant of gravitation and the primes indicate differentia-
tions with respect to ¢*. We are here taking Robertson's & equal to zero,
since our ¢-space 15 flat, and we are taking the cosmical constant A occurring
in Emstemn’s law of gravitation to be zero, sice if it were not zero it would
have to be very small not to be in disagreement with observation and its
reciprocal would then provide us with a very large constant number, in

e

(7

to our fund 1 principle.
Substituting (6) into (7), we get
g o) ®
Kkp*=0. (9)
From (2) and (3) we have
poct

which is in agreement with (8) when one remembers the different units of
distance used in the measurement of p and p*. This agreement should not
bo regarded as a support for our present theory, however, since it is due
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simply to the observed average density of matter being of the same order
of magnitude as that to be expected from the curvature of space-time
(assuming a radius of curvature of the order of the reciprocal of Hubble's
constant), which fact provides a satisfactory feature in every theory of
cosmology. On the other hand the result (9) may be regarded as a support
for our theory, since the average hydrostatic prossure in space, due mainly
to rad ] ly small pared with tho average
density of matwr, snd 80 should be counted as zero in a first approximation.

SUMMARY
Tt is proposed that all the very large dimensionless numbers whmh can
be constructed from the import natural of and

atomic theory are connected by simple mathematical relations lnvolvmg
coefficionts of the order of magnitude unity. The main consequences of this
assumption are investigated and it is found that a satisfactory theory of
cosmology can be built up from it
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The scattering of cosmic ray particles in metal plates
By P. M. 8. Brackerr, F.R.S. axD J. G. WiLsoN
(Received 27 January 1938)

1. THE EXPERIMENTAL RESULTS

Using an ordinary cloud chamber, And (1933) d the average
angle of scattering of cosmic-ray particles of energy up to 3 x 10° e-volts in
a lead plate of thickness I1-1 em Williams (1936) pointed out that, in such

the ing is multiple, and that the observed values agreed

wlth the tk 1 predicti g the particles to be electrons.
ly Nedd and And (1937) have made some new measure-
ments using a t lled cloud chamber and & 1c¢m. platinum

plate. No numerical results are given, but the observed scattering of
particles of energy up to 5 x 108 e-volts, whroh appears to be the limit of
the energy measurements, seems in rough agreement with the earlier
results.

Using the counter- cloud already described by
Blackett (1936) and by Blackett and Brode (1936), the multiple scattering
of cosmic-ray particles of energy up 9x 10°e-volts in lead and copper
platep has been measured. In order to make such measurements possible,
it is necessary to reduce as far as possible the distortion of the tracks in
the chamber. The techmque by which this can be achieved has been
described by Blackett and Wilson (1937) in connexion with the measure-
ment of the energy loss of rays in traversing metal plates. In fact, the
photographs taken for the measurement ot the energy loss were, amongst
others, found smtable for the of the ing. The angle
of scattering was measured by means of a goniometer oyepioce attached to
a travelling mi pe. The wero set ially to the track,
fizst on one side and then on the other side of the plate. 'l’he mean of the
two d angles of i btained from the two stereoscopic
photographs, was taken as giving the projection on the plane of the
chamber of the actual angle of scattering.

This measured deflexion 8,, of each track was corrected for three sources
of error. The first is the random error of the angle measurements, due to
random chamber distortions and setting errors An upper hmit of 0-16°
of aro for the probable error due to this cause was obtained by assuming

Hed bamh,

Vol. CLXV A [209] 3
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that the rays of high energy (Hp>3x 107 gauss om.) suffered no real
scattering, so that all the observed scattering was taken as due to errors,

The second is & small flexion due to chamber di
which amounted to about 0-04° of arc. Both these are small compared
with the measured mean angles of scattermg, except for the highest
energies.

The third error is the systematic one due to the curvature C of the track
in the field.* If the two angle settings be made at & distance d apart, the
change of direction of the track bstween the two points due to the field
i8 6, =Cd. This error 18 additive or ti ding as the sign of the
measured anglo 6,, of scattering is in the opposno orin tho same, direction
a8 the deflexion #, due to the curvature. For a 1cm plate, d is about
2 em., but its exaot value depend: hat on the particular observer’s
method of setting the cross-wires, For any group of tracks of neighbouring
energy, the value of 0, can be obtained directly from the measurements of
the mean apparent scattering angle. It 18 simply given by the algebraic
mean of the measured deflexions 0, of all the tracks, these being taken as,
say, positive, when 6,, and 6, are of the same sign, and negative when they
are of opposite sign Since the observed mean scattering is found to be
nearly proportional to the ourvature of the track (that 1s inversely pro-
portional to the energy), it follows that the above correction is nearly the
same fraction of the mean scattering angle at all energies, Though this
fraction is about 40 % for the tracks traversing 1 cm. Pb in 10,000 gauss,
the uncertainty mn the mean scattering angle due to tho uncertainty in the
magnitude of the correction 6, 18 quite small, certainly less than 5%, , since
n about half of any group of tracks the correction is additive and in the
other half must be subtracted.

The results are given in Table I. The first column gives the range of
energy of the group of tracks, caleulated from E =300 /lp e-volts, that is,
assuming their mass to be electronic. The value of Hp for each track 1
taken as the mean of the values above and below the chamber. The second
column gives the harmonio mean of the energies of the tracks i the group,
followed by the corresponding mean values of Hp, and then by the number
of tracks. The fifth column gives the arithmetic mean angle & of the
measured deflexions, corrected for the three sources of error. The last two
columns give the theoretical value @, and the ratio of the observed to the
theoretical value respectively.

* This source of error can bo avoidod, in principle, by the method of Simons and
Ziiber'(1937). However, this mothod 15 only easily applicable in practice to the tracks
of low energy.
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TABLE I. SCATTERING OF COSMIC RAYS IN METAL PLATES

L] a
of B B fp degrees  degrees
10° e-volta  10° -volts 107 gauss-cm No. of aro of are 6/
1 em. lead, 10,000 guuss:

016-045 029 0097 7 28610865 280 106+024
0-45-0-90 069 0197 15 1401022 138 102+0-16
090-135 109 0-36 13 096+ 015 075 1284020
1-35-2 1 171 054 19 05540 14 048 1164030
21 -33 254 08s 15 0564009 032 176+ 0-28
33 -90 465 156 15 031+£006 o018 172£035

>90 — - 21 016 - nd

0-33 om. load, 3300 gauss:
003-010 0-07 0023 8 T45+19 6565 1141029

0l 04 021 0070 9 1774060 212 0841020

04 08 0-56 018 9 062+010 082 0761012
2 om. copper, 10,000 gauss:

01 -10 032 o1 15 2181031 205 1081015

2 125 042 10 0566+0:13 063 1-05 1 0-25

2 -4 272 091 14 0-48+£009 024 2:00 £ 0-37

2. COMPARISON WITH THKEORY

Wilhams (1936, 1938) has shown that the theoretical value of the
arithmetic mean projocted anglo a of scattering of & particle of mass M,
and unit charge, and velocity v very nearly c, n & plate of thickness ¢,
which contains N atoms, of atomic number Z, per cm 3, is given approxi-
mately by

1 3aed 0]
o §‘M’C‘ Iog(lﬂNW A3), )
where £=(1—1%/c3)-t, and A, 18 the Compton wave-length. Since

Hp=Mc*Je, when £» 1,
we have a= Zz_g\;L)‘ log(2n NtZ4*A3), (2)

and Williams points out that this expression does not depend on the mass

of the particle. It is seen that the mean angle of scattering should be
| to the d Hp of the rays.

The vuluen of a calculated from (2) are given in Table I. In the last

ocolumn is given the ratio 6/« of the observed to the caloulated angle of

scattering. Sinoe these values are all of the order of unity, it can be
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luded that the th ical jon (2) is roughly verified for both
lead and copper. For lead, this mngh verification extends over a range of
Hp of 60 to 1. The ponding range of energ: g the mass of

the particles to be electronic, is from 7x107 to 46 10° e-volts
It can be seen from fig. 1, which shows the results graphically, that the
agreement between theory and experiment is good for values of Hp up to
about 6 x 10 gauss-cm., but that for higher energies the observed values
are greater than those calculated. At these higher energies the energy
are least and so the possibility of some unexpected
source of error 18 greatest. One might therefore reasonably look for the
discrepancy i the systematic errors in the measurod energies due to the
random errors of But the di jon of §6:2 of the paper
by Blackett and Wilson (1937) suggests this effect is too small, and
probably also of tho wrong sign.

5 10 15 » 10° gauss em

n s

0 i ) 3 i 5710 e-wilts
Energy of particles (assuming mass to be electronic)

F1o. 1. Scattering m motal platos expressod as a fraction of the theorotical value.
© measurements in 1 cm. load; © wn 0-33 cm. lead; @ 1 2 om. copper.

Some part of the d.lscrepanoy may be .ttnbutod to a possible inacouracy
of the th ) Various app i are made in ite
derivation, and & more exact treatment may alter the form of (1) appre-
ciably. More detailed calculations have been made by Williams (1938)
which show that, if the ian part of the ing is taken into
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aoccount, and if the shielding of the atomic electrons is allowed for by the
use of & Fermi-Thomas atomic field, the theoretical values are i

by about 20 % This correction seems too large at the lower energies and
not large enough at the higher encrgies, in order to bring agreement
between theory and experiment.

It is not thus possible to say with any certainty whether the apparent
excess of the observed scattering of the rays of high energy over that
predioted is real or not. Further experiments with a 2 cm. gold plate are
in progress to test this. If it proves to be real it is possible that it is
associated with the process of energy loss shown by Wilson (1938) to be of
particular importance for energies of the order of 10° e-volts.

Fig. 2 shows the distrik of the d angles of ing in a
1 em. lead plate of all rays with Hp < 3 x 10 gauss-cm. In view of (2), it is
the distribution of the product 0 x Hp, and not that of 0 alone, which is
plotted. The distribution is Gaussian as would be expected.

40

8

Number of tracks
5 8

ol-ox
B5 30 <15 0 15 30 43

0 1n 10° o-volts x degreos
Fio. 2. Distribution of corrected defloxions of all traoks with Hp <3 x 10 guuss-om.

The abecissae are not the corrected doflexions, but the products of the deflexion by
the energy of the partioles.

3. Discussion

Williams (1938) has pointed out that if the high penetration of the
majority of the cosmic rays is oxplained by the assumption made by
Neddermeyer and Anderson (1937) that the particles are heavier than
electrons, one would still expeot the normal soattering given by (2). Thus
the faot that nearly the theoretical scattering is observed gives support for
tho view that it is by then grenter rest mass that the penetrating rays are

tinguished from ti Williams further gives an argument
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based on the method of impact parameters, which leads to the view that
any other way of reducing the radiation loss will also reduce the scattering
and so bring disag with experiment. If this is valid it
becomes certain that the mass of the penetrating rays must be greater than
that of electrons.

Tt is interesting to note that the scattering of the rays shows no noticeable
change at an energy of about 2 x 108 ¢-volts, although it has been shown
by Blackett and Wilson (1937), snd by Blackett (1938), that the mean
energy loss of the rays changes very rapidly at about this energy. The
particlos whose scattering has heon measured in the present work are
almost all of the penetrating group, since the number of energetic eleotrons
at sea-lovel is very small (Blackett 1938)

Sinoe Blackett and Wilson (1937) and Blackott (1938) have shown that
the penetrating rays become electronio in character, when their energy
falls below about 2 x 10° e-volts, it follows that the explanation of the
remarkable change of property in this energy region must be sought, on
this view, in a change of rest mass. But since 1t does not seem likely that
the present quantum theory is adequate to describe this supposed change
of rest mass, 1t will probably prove necessary to introduce some new
physical principle to explain it, and this new principle may possibly
invalidate the argument, which 18 based on existing theory, that a normal

ttering and an ab 1 radiat luss can nnly be explained by means
of n.l\ea.vy particle. Until therefore an 1 ion of the chango
of radiative property has been found, it wonld he perhaps premature to

lude with inty that the diff the penetrating and
the absorbable rays can only bo explained by a dlﬁerenoe in rest mass,
though this explanation seems at present to be the most plausble.

We wish to express our appreciation of the work of Mr A. H. Chapman,
who took all the photographs. This work was carried out at Birkbeck
College, London.

SUMMARY

1. Measurements have been made of the multiple scattering of cosmic
rays 1n the following metal plates: 0-33 cm lead, 1:0 cm. lead, 2:0 cm.
copper. The range of values of Hp of the tracks extended from 10% to
3x 107 g . js g to elect: energies of 3x107 to
9x 10° e-volu.

2. The observed average angle & of the multiple scattering is found to
be nearly inversely proportional to the measured values of Hp, and to be
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in fairly close agreement with tho prediction of theory for rays of any mass,
but with veloaity nearly equal to c.

At high energies the observed values are somowhat higher than expected.
This discrepancy, which may be partly due to experimental error, will be
further investigated.

3. This result, that the ing of the ting is
normal, while the radiation loss is much less than that expected for
electrons, gives support for a heavier rest mass for the rays. But this
conclusion is not quite certam
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On the motion of a fluid heated from below

By R. J. ScHMIDT AND O. A. SAUNDERS

Imperial College of Science and Technology
(C icated by 8. Chay F R 8.—Received 11 November 1937)
[Pratzs 1, 2]
InTRODUCTION

In some previous experiments (Schmidt and Milverton 1935) a layer of
water between two horizontal plates was slowly heated from below The
critical temperature difference at which the water began to move was found
from a change 1n the slope of the curve relating the difference of temperature
betwoen the plates and the rate of supply of heat to the lower plate. An
optical refraction (Saunders and Fishenden 1935) method was also used for
finding the critical condition, and the results found by the two methods
agreed and conformed to a theoretical formula of Jeffreys (1928) within the
limits of experimental error.

The present experiments were undertaken to find whether any change
in the type of motion occurs at higher bempemture differences, and also
to study further the vertical and horizont, di in
the moving fluid using the optical method. It was n.lso thought of intereat
to perform experiments with air instead of water. An improved apparatus
was used, in which the downward heat loss from the lower plate could be
moasured, 8o that the actual heat transfer between the plates could be
found.

DXSCRIPTION OF APPARATUS

The apparatus consisted essentially of two square brass plates supported
horizontally one above the other. The plates were supported separately by
glass rods, glass being used as it has approximately the same thermal con~
ductivity as water. The bottom plate was heated electrically whilst the top
plate was cooled by water flow. The of the
of the plates were d by embedded th

The bottom plate 4 (see fig. 1) measured 8 x 9 x im and had a thermo-
couple (not shown in figure) embedded in a deep groove cut along its under
surface, the junction being situated just below its upper surface and approxi-
mately at the centre of the square face. The plate was held by five fibre
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screws to an ebonite slab B, §in. thick, with a heating coil of resistance tape
sandwiched between. Thin sheets of mica were used to insulate the heating
coil on either side, and these were allowed to project about { in. all round
the edge of the plate, By dipping the projecting edges in molten paraflin
wax and afterwards scraping away the excess wax flush with the upper
surface, the plate was thermally insulated at the edges and at the same time

HLw

Fre. 1. Apparatus

made watertight. Pairs of embedded th ples gave the temp
of the two surfaces of the ebonite at three positions (not shown in the
figure) from which the mean rate of conduction of heat through the ebonite
could be esti d with suffi . The whole was supported on
threo glass rods fixed to a wood base. All elevtrical leads passed through
plugs on the underside of the ebonite and through watertight rubber tubing.

The top plate C' measured 12 x 12 x } in. and had an embedded thermo-
couple similar to that in the bottom plate at its oentre, and a coppor cooling
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coil D soldered to its upper surfaco. Brass bars, K and F, of inverted U
section, were also attached by screws S to its upper surface, and projected a
short distance beyond the edges of the plate, at the positions @, H and 1.
The plate was supported by three vertical screws passing downwards
through threaded holes in the bars at @, H and 7, with their tips resting on
three brass caps fitted over glass rods fixed to the wood base. The height and
level of the plate could thus be adjusted by the screws.

Both plates had flat surfaces, finished by scraping and testing on a surface
plate, and their distance apart when in contact varied from point to point
by less than 0-01 cm.

The whole apparatus stoud in a tank with vertical glass sides. In the
experiments with water the tank was filled to a level just above the under
surface of the top plate.

EXPERIMENTAL PROCEDURE

In an experiment, after levelling the hottom plate by adjusting three
screw-jacks supporting the tank, three conical distance pieces of height
equal to the required distance hetween the plates were placed on the
bottom plate The top plate was then lowered, by means of its supporting
screws, until 1t just rested on the distance pieces. After noting the positions
of the adjusting screw heads, the top plate was raised by turning them
shghtly, so that the distance pieces could bo removed, and the plate was
returned to its previous position At the beginning of an exporiment the
water in the cooling coil attached to the top plate was at the same tempera-
ture ag the fluid in the tank. The heating current was switched on and,
after waiting 456 min., which was found to be long enough for the flow of
heat to become steady, temperature readings were taken. The current was
then given its next value and the proceedings repeated. The results of four
oxperiments are given mn Table I, in which d 18 the distance between the
plates, C is the measured current, 0; and 0, aro the temperatures of the
surfaces of the top and bottom plates respectively, and 6,, and f,, are the
mean temperatures of the upper and lower surfaces of the ebonite. The
resistance of the heating coil was 38-0 ohms, and was constant within § %
over the range of temperaturcs used; thus the total heat supphed 1n unit
time to the lower plate was proportional to C2.

D1scussIoN oF RESULTS

The results from Table I are plotted in fig. 2, the co-ordinates being the
square of the heating current and the temperature difference between the
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Fi1a, 2, Experimontal results for water, showing oritical temperature differencee.

Note. The zero of the C* scale has boon displaced upwards by respectively 05,
1:5, 2-0, 2:5 and 3-0 units for d = 0-5, 08, 0 9, 1-0 and 1-1 em.
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plates. It will be seen that each curve has a change in slope at a critical
temperature difference, which decroases when the distance apart is in-
oreased. No allowance has been made in fig. 2 for the heat which passcs
downwards through the ebonite, which amounted to about one-sixth of the
total heat supplied to the bottom plate, for the purpose of detecting
changes in the slope of the curve relating the heat transfer and the tempera-
ture difference between the plates, it was found unnecessary to correct for
the ebonite loss. Table IT shows the values of A =age(6, —6,;)d3/kv (Jeffreys
1928) corresponding to each of the critical temperature differences. In this
expression g is the acceleration due to gravity, «, ¢, v and k are respectively
the expansion coefficient, the specific heat per unit volume, the kinematic
visoosity and the thermal conductivity of the water, taken at the mean of
the temperatures of the two plates.

TasLe TL
d 11 10 09 08 05 04
4, 21-75 227 240 2415 1835 198
6 1935 196 200 19 95 171 1717
A 46,000 47,000 47,000 35,000 1800 1700

The results for d = 0-8, 09, 1-0 and 1-1 cm. appear to indicate a change
in the type of motion at a cnitical value of A equal to about 45,000. The use
of the optical method, which will be described later, confirms this, and
shows that the steady cellular motion, which occurs at lower values of A,
breaks down at about A = 45,000 and turbulent motion begins, in which
the water temperatures fluctuate with time

‘The first appearance of cellular motion, which was the subject of investi-
gation in a previous paper (Schmidt and Milverton 1935), occurs at tempera-
tures below the smallest experimental values in Table I. For ¢ = 0-4 and
0-50m., however, the change of slope is clearly shown in fig 2, the corre-
sponding entical values of A being 1800 and 1700 respectively (sec Table LI).
This agrees with the results in & previous paper It is to be noted that the
change of slope at 1700 is sharper than that at A = 46,000 It was thought
unnecessary to give detailed results for d = 0-4 and 0:5 em. in Table I, since
these experiments are repetitions of those already given in the paper
reforred to.

Results for heat-transfer with water
‘The mean rate of heat loss through the ebonite beneath the bottom plate
was caloulated for each i ing a value 0-00042 cal./om. °C.

8eo. for the conduotivity of the ebonite, and subtracted from the total energy
supplied. Thus H, the rate of heat transfer per unit time per unit surface
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area of the bottom plate was found, neglecting edge losses from it. The
results obtained are given in fig. 3, in which the dimensionless co-ordinate
AHd/[k(0, ~6,) 18 shown plotted against A. It was thought desirable to plot
the product of A and Hd/k(6,—0,) agamst A, rather than Hd/k(6,-0,)
against A, since the product does not mvolve (6, ~6,) and gives a better
grouping of the experimental results, because the accuracy in measurement
of 6, —0, is less than that of H and d.

The results for different values of d fall reasonably well on one curve,
although there is a slight spread at higher values. The change of slope at
A = 45,000 is, however, not so well shown up as when the points for each
value of d are plotted soparately.

OPTIOAL METHOD

Light from a carbon are, placed 13m. away from the centre of the fluid
layer, in a direction parallel to one of the sides of the plates and 1n the same
horizontal plane as the layer, passed thruugh the ﬂuld and was mwroepted
by a screen some di away on the op side. N
of the 1mage so formed were taken by placing speclnlly smmmve negative
cards over the screen and exposing for about 2sec

Since the refractive index of the fluid decreases with increase of tempera-
ture, the light is bent upwards in passing through the layer. Let z, y, 2,
denote distances measured parallel to the horizontal sides of the square
plates bounding the layer and perpendicular to them, resp ly. All rays
from the source, which pass through the layer, may be regarded as entering
in the direction of the z-axis. If the angular deviation is everywhere small,
the small angle made with the zy plane by a ray on leaving the layer is
approximately proportional to the mean z-gradient of refractive index
taken along 1ts path. This angle may be found from the vertical displace-
ment of the image from its position when the temperature of the layer is
unmiform, Similarly, the displacement of the image parallel to y is approxi-
mately proportional to the mean y-gradient of refractive index taken along
the path of theray Further, assuming the refractive index to vary linearly

with temp 88 was app true in the present experiments,
these displ t the ponding mean gradients of tem-
perature,

A number of negative photographs are shown in figs. 4 and 5, the appro-
prate values of d, 6, —0,, A, and I, the distance between the arc and the
apparatus, being given. The shaded lines at the edges of the photographs
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show the positions of the images formed by the light when the temperature
is uniform.
Results for water by the optical method

The negative photographs for water are shown in fig. 4, Plate 1.

Photograph (a). By means of a screen containing three horizontal slits
placed between the arc and the apparatus, light was admitted only within
small distances of the top surface, the mid-plane, and the bottom surface, of
the layer, reapectively. When the given temperature difference was applied,
the photognph showu that the light passing through the middle slit is

rtically, except near the edges while the light from
both the top and the bottom slits is deflected , the deflexion varying
periodically with distance across the width of the photogmph The maxima
of vertical deflexion of the light from the bottom slit occur immediately
above the minima of vertical doflexion of the light from the top slit; these
positions indicate where the cooled liquid is descending. The image formed
by the light from the top slit lacks some of the rays which entered the layer
close to the top surface, which are cither absorbed or reflected by the surface;
this accounts for the average deflexion of the light from the top slit being
apparently less than that of the light from the bottom sht.

The absence of vertical deflexion of all ra.ys pussing near the mid-plane
shows that the vertical temp are negligible everywhere on
this plane. The transfer of heat across this plane must therefore be practically
all by convection.

Photographs (b) and (c). When obtaining these photographs light was
admitted to the whole gap botween the plates. The image when the layer
was at & uniform temperature thus consisted of a wide band, whose position
is shown at the side. The characteristic features are the bright vertical
patches, which are more marked in (b) then in (c) owing to the greater distance
between the layer and the screen and the correspondingly sharper focussing.
They occur at the same positions as the maxima of the vertical deflexion of
the light passing close to the bottom surface, which forms the second wavy
line from the top. This is to be expected since the light is deflected hori-
zontally towards the positions where the cooler flud is descending, There
are no vertical patches in photograph (a) because the temperature gradients
are smaller than in (b) or (c), despite the larger value of A.

In (a) there are eleven cells, and in (b) and (c) twenty-two cells, within a
horizontal length of 22-9 cm.; hence the honzontal lengthu of the sidee of
theeellbqulmlecm. pecti , L.e. ly twice the
distance between the plates. It waa ganerally found that when the cellular
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motion was well ewhe the width of a cell was about 2d. According to
the theory, if the ‘are square their sides are of length 2-8d when the
motion first begins. Theomiully, lwweverr, it i u possible for muller cells to
form e the motion devel g to R h (1916) the
ulll first formed have the best chnnoe of predonnmtmg Almmsuvely the

would be lained if square cells formed with their sides
parallel to the diagonals of the plates.

I:\(b) and (c), unlike (a), the bottom parts of the images, which eormpond
to riys passing near the mid-plane, show iderabl vmloa i
proving that there are ble vertical ts across
the mid-plane. Since the value of A in (b) and (c) is lowar than that in (@), it
appears that as the motion develops with increasing A, the vertical tem-
perature gradients across the mid-pl d and therefore less con-
duction takes place across the mid-plane. This is well shown, although it
was not appreciated at the time, in fig. 4, photographs (c), (d), (e) of the
previous paper to which reference has already been made. These photo-
graphs were obtained with circular plates, and the vertical deflexion thus
varies from a maximum at the middle of the photographs to zero at the edges
on account of the varying length of path within the layer; but it will be seen
that the bottom of the image in (¢) 18 straighter than that in (d) which is in
turn straighter than that in (c); the corresponding values of A increased in
the order (c), (d), (e).

Photographs (d) and (e). These photographs were taken when the fluid
was in turbulent movement, with an exposure of 1 seo. In the left half of each
photograph the light entering the layer was limited to eleven vertical slits
0-2cm. wide and 1-0cm. apart. In the right half of each photograph no
vertical elits were used and the vertical lines in the image are due to
refraction in the fluid. Further, in (d) the light entering the layer was
restricted to the lower half of the gap between the plates, the light entering
the upper half being cut off by a screen. Ineach oue the image formed when
the fluid temperature was uniform thus isted of a broad hori
band, whose position is shown at the right of each photograph, the band
being interrupted by the vertical slits in the left half of each photograph
and appearing as & series of short vertical lines. Disregarding the turbulent
change between the two exposures, () thus consists of () together with the
image formed by the light entering the upper half of the gap, some of which is
refleoted from the top plate and can be seen faintly at the bottom of (e). As
before the bottom parts of the images are formed by light entering near the
mid-plane, and these show that the vertical temperature gradients are
practically negligible on this plane except near the edges. From the left

Vol. CLXV. A, 13
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halves of the photographs it is seen that the horizontal displacements, which
are p ional to the horizontal dients, are small at the
top and the bottom, which correspond to rays pusmg respectively near the
plates and near the mid-plane, but are larger at intermediate positions.
When the image was observed on a screen it was seen that the tops and
bottoms of the vertical lines in the left half of each photograph remained

tically stationary while the ints diate parts continually moved from
side to side, A typical bow-like shape of line 18 seen just to the left of the
middle of each photograph. The periodic time of the fluctuations oould not
be said to be at all definite, but was of the order of one second.

The appearance of vertical llnos m the right hnlvea of (d) snd (e) 18 due to
foousing of light by } of
cooled water. ‘These bnes continually shifted about. Their general bow-like
shape can be explained in a sirnlar manner to the lines in the left halves of
the photographs.

Resulls for air by optical method
The rate of change of refractive index with perature is smaller for
air than for water, but by i ing the dist 1 the apparat

and the screen, 1t was found that the optical method could be used satis-
factorily. The experiments were carried out with the same apparatus and
experimental arrangements as for water, but it was found necessary to
enclose the gap between the plates by vertical glass walls in order to get any
image at all, proesumably because air in cellular motion is more sensitive than
water to disturbances outaide the layer.

Fig. 5, Plate 2 shows the image obtained for four different conditions. In
every case the apparatus was 13 m. from the arc, and the image 17 m, from
the apparatus. The temperature of the top plate was about 21°C., and
the exposure times were all about 1:5sec.

In (s), (b) and (d) the light cntering the layer was restricted to within
0-3cm. of the bottom plate. In (c) the light was admitted over the whole gap
between the plates. The images formed when the air was at a uniform
temperature thus consisted of straight horizontal bands, at positions
indicated at the sides of the photographs.

Photograph (a). Cellular motion is clearly indicated, there being eleven
cells, the same number as for water with the same distance apart of the
plates.

Photograph (b). Cellular motion is again indicated, but the image was
observed to change slightly with time. The number of cells remained the
same, but whereas in the photograph the wavy line is better defined in the
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right-hand side of the picture, after half a minute or so the left-hand side
would probably show better defini It was not possible to observe a
definite time period in the movement of the 1mage.

Photograph (c). This was taken for conditions similar to those of (b), and
shows similar features to fig. 4 for water.

Photograph (d). When this was taken the motion had become turbulent
and the image was moving about all the time, 1t will be seen to have moved
during the 1'5 sec. exposure. The vertical deflexion showed a general
tend: to vary periodically across the h 1 width of the photograph
but the “wave-length” was rather greater than for the earlier stages of the
cellulur motion, in which there would bo five or six comploto cells for this
value of d.

A large number of photographs similar to figs. 4 and 5 were taken for

d and the following lusions were drawn.

For low values of A the appearance of tho image with air was similar to
that with water at the same value of A. With air, as with water, the image
first showed cellular motion when A was just under 2000.

With air the image showed first signs of unsteadiness at about A = 5000,
the movement becoming more marked as A increased; the number of cells
remained the same but they showed a tendency to shift in position. With
water, on the other hand, the image was fairly steady until A equalled about
45,000 when turbulence set in more or less suddenly. With air the turbulent

developed more duslly, and at A = 45,000 the amount of
turbulence waa very roughly the same as with water shortly after turbulence
first appeared.

The first appearance of cellular motion in air when A equals about 2000
is, of course, 1n agreement with the theory.

The experimental result that turbulence develops at about the same value
of A (45,000) for both air and water is of interest. Although this condition
has not been studied } lly, an ination of the oq of
motion of the fluid, which must involve the inertia terms, indicates that the
critical conditions should depend upon both A and L/cv

Since the values of k/ev approp to the were
mately 1:3 for air and 0-14 for water, the above result appears to lnd.leate
that the amount of turbulence depends mainly on A.

Attempts to detect changes of motion of the air by plotting the heat
supplied to the lower plate against the temperature difference between the
plates were less satisfactory than for water, the change of slope being more
difficult to locate.

152
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SUMMARY

If & horizontal layer of fluid, initially at rest, is heated from below,
instability and cellular motion set in when A (= age(6, —6;)d*/kv) is about
1700 Experiments for several layer depths show that on further heating
the layer becomes completely turbulent at about A = 45,000, Observations
by an optical method indicate that in the case of water the turbulence
develops suddenly, but that in air the transition is more gradual, the firat
s1gns of turbulence occurring at about A = 5000, The rate of heat transfer
is mensured at each stage, and the increase at the change from cellular to
turbulent motion 18 found to be less than that at the change from equilibrium
to cellular motion.

In the cellular motion the length of the horizontal mde of a cell is found to
be twice the layer depth. The vertical temp di at p
on the plane midway between the boundary surfaces decrease progressively
to negligible values as the motion dovelops with increasing A

In the turbulent motion the fi ing vertical d
are very small on the mid-plane. The hori: 1 gradi are very small
on the mid-plane, but have maxima at positions between the mid-plane
and either boundary surface.
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Identification and measurement of helium formed in
beryllium by y-rays*

By E. GLUCKAUF AND F. A. PANETH
(Communscated by J. C. Philip, F R S —-Received 17 December 1937)

For reasons explained elsewhere (Paneth 1937) helium is at present the

only product of artificial disintogration which can be separated in bulk by

hods. Some time ago helium artificially produced by hombard-

ment of boron with slow was ically identified and

measured by a manometric device (Panoth (‘luckauf and Lolait 1936).
This reaction

BB +n->ILi+4§He (1)

had been investigated before by physical hods (Chadwick and Goldhal
19354, b; Taylor and Goldhaber 1935; Amaldi and others 1935). The fact
of the production of helium was alroady known and chemistry could merely
contribute to its quantitative study. There are, however, other processes of
artificial dmm.egmhon where nb present only mmroehemlcal methods seem
capable of deaidi

Since the d.lscovery of the * nuclear photo-effect” by Chadwick and
Goldhaber, 1t 18 known that y-rays prod from d ium and
beryllium (Chadwick and Goldhaber 1934, 1935¢; Szilard and Chalmers
1934), in this case the formation either of ®Be or of 4He is to be expected
according to the equation

{Be+hv->§Be+in (2)

or $Be+hv—>2{He +}n 3)

Each reaction is equally possible, although Chadwick and Goldhaber give
reasons why reaction (2) is probably the main one. Now if reaction (3)
occurs to any considerable extent, then it should be possible to detect the
helium by gas-analytical methods, while in the case of formation of a stable,
or slowly disintegrating, ®Be, no helium should bo found.

Owing to the minute quantity of helium to be expected even after
irradiation with strong y-ray sources, it is essential to absorb as much as
possible of the y-radiation in beryllium atoms; on the other hand, the larger

* “Helum Researches XIV.” Roforonces to the previous numbers are given in
“Helium Researches XII{" (Panoth, Glackauf and Loleit 1936).
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the amount of irradiated material, the more difficult becomes the chemical
separation of the helium. For these reasons the ideal arrangement is &
radioactive source, as small as possible, and surrounded by a sphere of
metalliohoryllium. It istrue that the collection of the helium from the metal
is more difficult than from a soluble beryllium salt; but a simple calculation
shows that in order to disintegrate the same number of beryllium atoms in a
dissolved berylhum salt, one would have to deal with impracticable
quantities of solution. On the other hand, in the case of the irradiation of a
dry salt, with subsequent solution, the pl lusion of air would be
difficult. It was decided, therefore, to irradiate metallic beryllium, and to
develop a method for the quantitative recovery of the helium formed.

APPARATUS AND EXPERIMENTAL PROCKDURE

Analyses, to ho described later, showed that commercial beryllium does
not contain any detectable traces of helum; certainly less than 10~ c.c./g.
berylhum. It could, therefore, be usod for experiments without re-melting
in vacuo. As all metals aro perfectly helium-tight, it is unnecessary to
enclose the beryllium in an evacuated vessel during the irradiation; on the
other hand, the only possible way of collecting the helium after the irradia-
tion is to dissolve the metal. The considerable volume of hydrogen evolved
in this operation causes the only serious difficulty in the whole experiment.
The methods used hitherto for the separation of small quantities of helium
from a large amount of hydrogen were either the absorption of hydrogen by
caleium, or the diffusion of the gas through heated palladium (‘‘Helum
Researches, [”, fig. 1, p 358 and fig. 2, p. 360, Paneth and Peters 1928). 'To
be cfficient the latter method needs a very large palladium spiral, which was
not at ourdisposal, while the calerum method depends largely on the presence
of traces of other metals in the surface of the calcium and seldom works
satisfactorily after the absorption of a few litres of hydrogen. Therefore in
the present experiment the hydrogen was burned with oxygen, the mixture
being ignited by & heated wire. In this way it is possible to remove up to
201, of hydrogen in about an hour; the last traces of the gas are best burned
in the palladium furnace already described (‘‘Helium R hes, XII1”,
fig. 1, p. 416, Paneth, Gliickauf and Loleit 1936).

Since a reliable method for the separation of minute quantities of holmm
from many litres of hydrogen is not only 1 for our
but may be useful i m similar cases, it seems advisable to give m accurate
deacription of the procedure, with a few words about the preparation of the
air-free acid and the dissolution of the beryllium.
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The apparatus (fig. 1) consists mainly of a storage vessel for the acid 4,
from which the liquid can be siphoned into the flask B, containing the
beryllium metal. A lump of beryllium which has not been irradiated and is
to be used for the blank test, lies on the bottom of the flask, while the
irradiated piece, fixed with copper wire to a small iron rod, is held by means
of the magnet C' in the neck of the flask.

Fra. 1

Thestorage bulb 4 is filled with 20 %, sulphuric acid which, though forming
8 less soluble beryllium salt, 18 proferable to nitric acid because it avoids the
attack on the mercury of the manometers by nitrous fumes. It is also
superior to hydrochloricacid onaccount of its lower volatiity. The sulphurio
acid is electrolysed for 2 hr. under about 20 mm. Hg, 1t is then completely
free from air which would otherwise introduce contaminating helium and
neon. After this purification the cooled trap D, in which a few c.c. of water
havebeen condensed, is warmed up, and the water freed from occluded gases
by boiling under reduced pressure. The water is then froun out Agnin and

the oharcoal tubes F and [ freshly activated by heatms. ient oxygen
for the combustion of the hydrogen is el i pared and purified,
as described in the previous publications, and nwredin the charcoal tube I

connected with the manometer, '
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The stopcock a is now closed and the acid siphoned into the flask B under
the pmsm of the electrolytic gas. As the dissolution of the beryllium
iderable heat, it is y to d the flask B with
water occasionally cooled by the addition of ice. The hydrogen evolved is
dred in the trap D (cooled by liquid air), and stored in the charcoal tube F'
(likewise immersed in hquid air). A manometer £ allows the hydrogen
pressure to be read, and at the same time constitutes a safety valve through
which the hydrogen escapes if the pressure exceeds 1 atmosphere.

When the pressure of hydrogen reaches about 300 mm., the stopcock e
is slightly opened so as to admit it slowly into the combustion chamber @,
filled with oxygen at 160-200 mm pressure. (It is essential not to exceed
this pressure, as otherwise an explosion might occur at the moment of
ignition.) When the hydrogen, containing of course some oxygen, passes
the heated platinum spiral at the top of the combustion chamber @, ignition
oceurs, and, by regulating the stopcock e, it is possible to maintain the flame
burning in this chamber, which is cooled outside by water. Itisofimportance
to keep the flame in the upper half of the spherical chamber, as only there is
it stable; if the hydrogen p , the flame withd into the

space, which he rate of combustion to b ded

of the reduced surface available for the contact between hydrogen and
oxygen If, on the other hand, the hydrogen pressure increases, the flame
advances towards the middle of the bulb until it reaches an area wide enough
to cope with the hydrogen supplied through the stopcock e It is obvious
that the flow of hydrogen must be regulated in such a way that the flame
never reaches the equator of the spherical combustion chamber, otherwise
it at once becomes unstable and moves with great velocity through the
narrow tubes towards the oxygen-filled charcoal tube 1. (This would result
in an explosion, and as a precautionary measure a plug of glass-wool is
introduced into the tube leading to I.) The flame emits only a very dim
reddish Light, hence for its control it is necessary to carry out the combustion
in a darkened room.

After some hydrogen has been burned away, the liquid air vessels which
oool the charcoal tubes F and / are gradually lowered until practically all
the hydrogen is burned to water, which forms 1n bulb H. The water is boiled
in order to remove any helium which might possibly have been included
during the prooess of cond ion, and the ining gases, mainly oxygen,
are transferred through stopcock g into the analysing apparatus. This has
already been fully described (“Helium Researches, XIIT", fig. 2, p. 417,
Paneth, Gliickauf and Loleit 1936).

After the blank test with ordinary beryllium has been satisfactorily
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carried out, the magnet C is removed, so that the irradiated piece of
beryllium drops into the acid. The whole procedure is then repeated.

The experiment was carried out three times. For irradiation, pieces of
beryllium, more or less spherical and weighing 8:6, 3-756 and 4-5g., were
used, and a8 y-ray source radon (supplied by the Radium Centre of Middlesex
Hospital). The latter was contained in glass capillaries of an average length
of 6mm. and 1 mm. width, the quantity of the radon in each capillary
varying between 100 and 250 me. Generally the Middlesex Hospital supplied
a tube once & week, two or three of them could be simultaneously placed
inside the beryllium in holes drilled towards the centre of the metal. After
the decay of the main part of the radon, the tubes were removed and
replaced by fresh ones, As there is always some danger that the radon tubes
are contaminated outside with radioactive material or may leak slightly,
they were covered with other capillaries before insertion In addition to this
precaution the surface of the beryllium holes was removed by drilling, and
by washing with acid, before the chemical analysis was undertaken.

Resurrs*

The results of the experiments can be secn from Table I. It comprises two
blank tests, carried out with pieces of the same beryllium samples as were
used for the irradiation experiments. Innone of the blanks could as much as
10-¢.c of hehum/g. of beryllium be detected.

TABLE I HELIUM IN METALLIC BERYLLIUM AFTER BOMBARDMKNT

WITH y-RAYS
Quantity Tunoofw- Radon He/g. Be/ Hojom. Bo/
of Be, radiation, decayed, Hefound He/g. Be, mec. Rn,m me.Rnin
mng. n days n me. i 10-%¢.e. m10-%¢o. 10-Mee. 10-Mco.
81 0 0 <01 <001 —_ -—
66 26 800 2 03 5 37
375 22 1250 26 07 55 28
08 0 0 <001 <001 _ -
45 260 4700 18 40 85 48

Each of the three irradiated pieces of bery]lmm oonmned an amount of
helium which could easily bed dand d, namely,
2x10°8, 26x 10~*and 18x 10-¢c 0. Whllo in the first two cases, owing to
the small quantity of hellum, the manometric measurement was only about

* A prelimmary report was published in Nature (Paneth and Gliickauf 1937); only
two of the throe experiments were doscribed theremn.
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25 9%, accurate, in the last the measurement itself was reliable to +10%;
unfortunately, owing to a slight accident, a fraction of the hydrogen, mixed
with helium, had escaped during the dissolution of the beryllium. As this
fraction is known only approximately, the final figure in this experiment; is
only accurate within 20%,. The values “He/g. Be” are given for com-
parison with the helium content of non-irradiated beryllium, and of beryls
(see the following paper). Since the beryllium samples were approximately
spherical, it is possible from their weight to calculate roughly the helium
content per 1cm. radus of the beryllium spheres surrounding the radon
source These values—which should be independent of the quantities of
beryllium used gwen in the last col Th gein 3-8 £ 0-8x 101
c.c. helium/em, beryllium/me. radon decayed.

Mz T OF THE or EUTRONS BY THE QUANTITY
OF HELIUM PRODUCED IN BORON

The amount of helium m the three pieces of irradiated beryllium which
must thus be ascribed to the y-rays1s so considerable that it would appear to
be formed by the main reaction; for if one assumes the y-rays of radium C
of 1'8 and 2:2 milhon V to be equAlly efficient, and the cross-section of the
beryllium nucleus to be 5 x 10-*®cm.%, a ity of helium ding to
the oxder [onnd is to be expected.* Because of the uncertainties in these

, BN pt was made to decide by a more exact
method whether helium is the main product of the reaction. Should this be
80, the numbor of helium atoms produced in beryllium would be twice
that of the photoneutrons (see reaction (3)); this latter figure can be detor-
mined, as shown 1n our last paper, from the equal number of helium atoms

duced in boron ding to tion (1), With this aim in mind the
third experiment was arranged in the following way.

The sphere of metallic beryllium of 0-84 cm. radius (weight 4-5g.) was
placed during the whole irradiation in the pocket of the methyl borate vessel
of 7-5 om. radius, described in “Helium Researches, XTII”. In the experi-
ments on the formation of helium from boron, for the bombardment neutrons
produced by theimpact of the a-particles of Rn, Ra A, and Ra C on beryllium
were usod; of these neutrons, in spite of the slowing down effect of the
hydrogen of the methyl borate, a considerable fraction was not caught
inside the copper vessel. In the present experiment, however, the initial

* According to recent the tion 18 four timee as large (Frisch,
v. Halban and Kooh 1937), but this does not change the order of the helium quantaty
to be expocted.
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velocity of the neutrons was much smaller, owing to their character as photo-

herefore it could bly bo expected that most of them would
be absorbed by the boron inside a vessel of 7-5cm. radius. It was thought
advisable, however, to verify this and at the same time to determine the
number of neutrons originating from the glass of the radon tubes under the
impact of the a-rays; the amount of helium which these neutrons produce
in the boron, must, of course, be subtracted for the purpose of comparison.

For these experiments Dr P. B. Moon kindly lent us an ionization chamber,
filled with boron fluoride and connected with a counter constructed by
DrC.E Wynn-Williams. With this device it was observed that the number
of neutrons produced in a radon-filled glass capillary and slowed down by
paraffin amounted to 20 % of the neutrons obtaincd when the glass capillary
was inserted in the centre of our beryllium metal. If such a complex source
is placed inside the water-filled pocket of the boron vessel and surrounded
by a large water tank, the absorption of those neutrons which owe their
origin to the impact of a-particles on glass must amount to roughly 45 %;
for this is the absorption measured under the same conditions for neutrons
produced by the impact of a-rays on beryllium. Of the total number of
neutrons 82 Y, were caught in the boron vessel, since 20 %, ot these noutrons
aro 45 9, absorbable, the absorption of the photo-neutrons alone conse-
quently amounts to about 91 %,

As, therefore, 9%, of the photo-neutrons cscape, this number must be
addod to the helium atoms found in the boron; but as, on the other hand,
406 %, of the 20 Y, glass neutrons are also used for helium production in boron,
the same negative corroction has to he applied. It follows from this con-
sideration that the number of helium atoms found in the boron can (within tho
accuracy attainable in our experiments) be considered as equal fo the number
of neutrons produced by the y-rays in the beryllium.

The analysis of the hehum content of the boron vessel was carriod out in
the apparatus described in * Helium Researches, XIII"; the only improve-
ment was the attachment of a reflux cond to the boron vessel. With
an arrangement as shown in fig. 2 of “Helium Researches, XIII”, the
boiling of the boron ester results in the distillation of 5-10 % into the trap;
its passage through the metal stopcock attacks the grease. In the new
experiment, between the vessel and the stopcock & metal reflux condenser
(see fig. 2) was inserted. As cooling agent during the analysis trichloro-
ethylene was used, cooled by solid carbon dioxide contained in the funnel;
the trichloroethylene, heated by the boiling ester, rises in the condenser and
is, in constant flow, cooled down by the carbon dioxide.

The analysis of the helium content of the methyl borate vessel, after the
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beryllium sphere in the pocket had been irradiated by y-rays for 8-5 months,
showed the presence of 111 3x10-8c.c. helium. In the beryllium (see
above) 18+ 4-10-8c.c. helium had been found. Now we know that the
number of helum atoms found in the boron is practically equal to thenumber
of photo-neutrons produced in the beryllium. The number of helium atoms
found in the beryllium is more than 1-6 times as high; if reaction (3) were the
only one induced by the y-rays in the beryllium, the ratio of the helium
atoms to the neutrons in the beryllium should be 2. The result of our

experiments therefore makes it clear that the amount of helium produced
in the beryllum by y-irradiation stands in such proportion to the number
of phots a8 18 to be expected if 4He, and not a stable ®Be, is the
main final product of the reaction.

A ropotition of the experiment with a greater quantity of radon, a larger
vessol containing methyl borate, and a few additional refinements would
make it possible to decide with an acouraocy of 5-10 % whether there is any
formation of & stable ®Be. Kven such an increased accuracy will not, how-
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ever, permit the exclusion of the possible intermediate formation of an
unstable 8Be, Since the irradiation of the beryllium, with the radon sources
at our disposal, has to be continued for several months before sufficient
helium is produced, a #Be with a half-value period of no more than 1 month
would have time practicall; pl to decay ding to the reacti
8Be - 24He. (4)
Such a diui.nﬁagration of the #Be mto two helium atoms may take place

ly without detectable rays, since within present-day accuracy
the mass of ®Be is twice the masa of ‘He For several reasons—Chadwick

and Goldhaber's indirect lusi and Bohr's general picture of the
mechanism of the nuclear disintegration—1t soems more likely that the
photo-di ion of *Be p d ding to reaction (2) and not to

reactmn (3); if one accepts thm view, it follows from our experiments that
#Be i not stable but splits up into 2*He. Dr Goldhaber has kindly informed
us that according to unpubhshed experiments of Mrs Fremhin and Dr Kemp-
ton-—in which ®Be recoil atoms from the reaction *Be + 'H —+*Be + *D were
collected inside a Geiger counter—the lifotime of #Be is shorter than 1 sec.
or longer than 3 years. Combined with the experiments here described we
may therefore conclude that tho lifetime of ®Be is shorter than 1sco.

We fully ack ledge our indebted! to the Imperial College of
Science and Technology for laboratory facilities, to Imperial Chomical
Industries, Ltd., for financial help, to Professor 8. Russ, director of the
Radon Department, Middlesex Hospital, London, for supplyng the radon
tubes; and to Dr M. Goldhaber, C 'y, Cambridge, for
suggesting the experiment and for helpful d:sc\mmons

SuMMARY

While it has been known for some time that the beryllium nucleus,
irradiated by y-rays, emits neutrons, 1t could not be decided whether the
nucleus is thereby transformed mto a stable 1sotope of berylhum of mass
8, or into two helium atoms.

By a micro-chemical method helum was detected in beryllium after
irradiation by the y-rays of radon In one of the experiments the number
of neutrons simultaneously emitted during the irradiation was determined
by ing the helium produced by these in methyl borate; a
comparison of the two helium quantities showed that the main final
product of the y-irradiation of beryllium is helium and not the beryllium
isotope.
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On the occurrence of helium in beryls*
By J. W. J. Fay, E. GLUCKAUF AND F' A. PANETH
(Communicated by J. C. Philip, F.R.S.~-Received 17 December 1937)

When Lord Rayleigh firat discovered the occurrence, in samples of beryl,
of helium greatly in excess of the amount attributable to the traces of
uranium and thorium contained therein, he suggested as the most plausible
hypothesis that an unknown element present in beryl may emut a-particles
with less than the critical velocity (Strutt 19o8). Later, on the suggestion of
B. B. Boltwood, he dwcussed another possibility, viz. that in crystallizing
from the rock magma the beryls had occluded one of the shorter lived
a-radioactive elements such as radium or ionium, which later decayed,
leaving nothing but the helium as evidence of its former presence (Strutt
1910).

In view of the subsequent discovery of isotopy both hypotheses were
reconsidered in the light of this new knowledge. It has, for example, been

suggested that the * unk element ', decaying without d ble rays,
might well be the isotope ®Be; and further, that this isotope might have
already pletely decayed (Atkil and H 1929; Rayleigh
1929).

* “Helum Resoarches, XV.” For previous papers of the serics see precoding
contrbution (Gliickauf and Paneth 1938) and * Holum Rescarchos, XIII" (Paneth,
Gluckauf and Loleit 1936; a footnote 1n the latter gives references to numbers I-X1I).
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Further, following the di y of artificial ion, it seemed
possible to attribute the origin of helium in the mineral to the influence of
external rays to which it had been exposed during geological times; this
latter idea has been supported in particular by O, Hahn, who thinks that
the discovery by Szilard and Chalmers (1934, Chadwick and Goldhaber
1935) of the nuclear photo-effect in berylhum provides a completely satis-
factory explanation for the occurrence of helium in beryls, because, after
the expulsion of a neutron from *Be, the remaining *Be might split up into
two ‘He (Hahn 1934, 1935, 1936, Born 1936).

A number of experiments have already been carried out in order to decide
whether disintegration of beryllium, spontaneous or induced, can be the
cause of bhe helium production. Langer and Raitt (1933) thought they had

i dap d of the element beryllium, but their
findings could not be sub iated by Evans and Hend (1933), Lord
Rayleigh (1933 a), Gans, Harkms and Newson (1933), Libby (1933), Friinz
and Steudel (1934), and Burkser ef al. (1937). Chadwick and Goldhaber
(1935), and Bernardini and Mando (1935) have shown that even under the
bombardment of y-rays beryllium does not emit an observable a-radiation.

All these oxperiments suffer from the disadvantage that they cannot
detect a-rays emitted with an energy under a valuo of about 100,000V.

Since it is known that, within the y of pi t-day
8Be has twice the mass of ‘He, a disintegrati ding to the t;
8Be -» 24He (1)

would be practically rayless. Therefore the absence of detectable a-rays
is in no way decisive. A direct test for helium, on the other hand, 18
ontirely indepondent of the energy of rou,uon (1). For this reason it
could be hoped, with the help of our it thod, definitely to
determine whether dimintegration of beryllium can explain the helium
content of beryls.

I

Let us first consider whether the y-rays from minerals and rocks in the
neighbourhood of beryls can be held responsible for the occurrence of
helium, as suggested by O. Hahn.

The experiments described in “Helium Researches, XIV" show that a
y-irradiation of beryllium aotually leads to the formation of helium and not
of stable “beryllium eight’’; so quahtatively the hypothesis is upheld.
But, at th time, they d that theeffect is not nearly sufficient
to account for the quantity of helium found, because Lord Rayleigh (1933 b)
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showed that in Archaean beryls the helium content may amount to 77-6 cu.
mm.[g. Since it is not impossible that helium has escaped in course of time
from the mineral, this figurs is & minimum, As 1g. of beryl contains at the
utmost 5 % of the element beryllum, it means that 1-55 c.c. of helium/g. Be
has been formed since the solidification of the mineral, which must certainly
have ocourred less than 2000 million years ago. The average annual pro-
duction of helium would, therefore, have to be at least 7-7 x 10-1%¢.c./g.
of Be.

1t has been found (see preceding paper) that 1 me. radon which decays in
the centre of a sphere of beryllium of a few grams weight produces therein
about 6-5 x 10~ c.c. of helium/g. of beryllum. The decay of 1 me. radon is

quivalent to the y-radiation of 1 mg. of radium during 5-52 days;
in 1 year 1 mg. of raium would, therefore, produce 4:3 x 10-*°c.c. For the
formation of 77 x 10-1%¢.c annually, about 1-8 mg. of radium would require
to be present (If the same calculation 18 made for the beryl from Latah Co.
which contains 2:27cu.mm. of helium/g., and belongs to the Mesozoic
(Rayleigh 1933 b)—age < 200 million years—we find that 0-53 mg. radium
would have to be present.) Furthermore, since radium cannot maintain its
activity for more than a few thousand years, we should need to assume the
presence of its parent sub jum in the prop of 3x10%g./g.
radium; that would mean 5+4 kg. of uranium element or 8-4 kg of U;04/g. of
beryllium. 1f, lastly, 1t is taken into account that radium, uniformly distri-
buted in an uranium mineral, is necessarly much farther distant from the
beryllium in a beryl than the radon capillary from the beryllium metal in
our experiments (average distance 4mm.), it follows that, owing to the
doublo effect of distance and abaorpﬁon of the rays, the necessary intensity
of y-rediation could only be prod n‘ fevery gram of beryl were surrounded
by many tons of & 1. These iderati
render Hahn's suggestion quite unuceeptable.

Further, the proof that no appreciable amount of helium can be formed
in berylllum by the diation of the ding; ding to present-
day K ledge, h ludes this radi a8 the source of helium
in beryls, for in no other elements than beryllium and deuterium with
“natural” y-rays has a nuclear photo-effect been observed (Chadwick and
Goldhaber 1935).

Tt is true that Hahn also iders a possible infl f cosmic radiati
in addition to the y-radiation from the rocks As this cosmio radiation is

ly present in lak ies, its infl on the helium pmdmwlon
would have made itself felt in the experi on the
of hehum in beryllium, to be described later. Furthermore, it is obvious that
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to assume & marked effect of cosmic radiation on the helium formation in
beryls would involve impossible suppositions about the crosa-section of the
beryllium atoms for the absorption of the radiation.

II
The first i i ded to detect a sp helium fi i

jn beryllium were begun elevon years ago (Paneth and Peters 1928); after
beryllium nitrate solutions had been standing for two years, it was found
that air had not been sufficiently rigidly excluded, and these experiments
were, for other reasons, never completed. Two years ago experiments were
initiated, in which a number of large glass bulbs containing beryllium
nitrate solution were set up, freed from arr, and allowed to stand for some
months, protectively immersed in water. Similar bulbs, some containing
ammonium mtrate and uthem sodium mitrate, were used as blanks. As
deducible from previ helium was found even in the blanks—
although this time air leakage was avoided—for glass, being permeable to
atmospheric helium, always contains absorbed helium. As the ratio of the
release of helum from the large glass bulbs was of the same order as the
effect to be investigated, theso experiments were abandoned. For such
researches either metal vessels must be employed (Paneth, Gluckauf and
Loleit 1936) for the solutions to be studied, or else the use of solutions must be
completely avoided. Tlm Iatter method of attack, with pieces of beryllium

metal, was employed in the i described in the ding paper.
As therein pointed out, the faet. that this metal 18 helium-tight, obvm.tos
the ity of encl it during the f the supposed helium forma-

tion. Any pieces of the metal can, after sufficient lapse of time, be inade use
of|, the older specimens being, of course, the more valuable for the purpose.
Unfortunately the metal has only been manufactured on a large scale during
the last few years, so that suitable samples of greator age are comparatively
rare. Thanks, however, to the courtesy of several industrial companies and
of colleagues, some fairly old samples were obtained. The resuits of the
analyses are given below (Table I).

As all the values are maxima, 1t is obvious that the lowest result is the
most important, but in order not to rely on one experiment we shall consider
only the average of the four; this shows that 1g. of beryllium yields less
than 1:3 x 10~ ¢.0. of helium per year. It may be emphasized that the
samples were of course subject to the influence of cosmic radiation through-
out their existence.

This figure is sufficiently low to permit of several inferenccs. It is at onoe
evident that nowadays at least there is no helium production in beryllium

Vol. CLXV. A, 16
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which could account for the quantities found in beryls; for these an average
annual production of 7-7 x 1019, i.e. 60 timee as muoh, is necessary (p.240).
Hence beryllium exhibits neither a-radiation, nor helium production.
To-day it seems to be a stable element.*

TabLk I. HELIUM IN METALLIC BERYLLIUM

Mni- Upper
mum Mim- Upper Lumt of
age, Quan- mum Lmit of He/g./
mn tity, ago He, m year, m
Ongmn of Bo years g xg Spectrum 10-Yo.c, 10-Yc.0.
Comp, de Produits Chi- (1month 85 —_ Ne+He 1 —
miques, Paria old)
Johnson-Matthey, London 15 81 122 Ne 2 17
Frinkel and Landau, 3 71 213 — 1 05
Berlin
Comp. de Produita Chi- 4 20 80 No+ He 3 4
miquee, Paris
Profeasor E. Wiberg, 5 57 288 Ne+He 3 1
Karlsruho _ _
70 9 Av.13
Just as the hypothesis has been ad d that the “unk " radio
element may have decayed in the meantime, one can argue that wlnla
the production of helium from ®Be was appreciable in former geol

times it has now ceased (Rayleigh 1929). The following calculation would
seem to dispel even this idea; it is based on the helium content of a com-
paratively young beryl, because then it can be shown that the maximum
half-value period is so short that impossibly great quantitics of the *Be
would have had to be present at the time of the origin of the earth,

If the helium in the beryl came from *Be, at the time of formation of the

where

mineral the amount of ®Be must have been at least equal to I _ae_ )
a i8 the weight of the helium still present in the mineral, A the disintegration
constant of *Be, and ¢ the time elapsed since formation of the beryl. On the
other hand, to-day 1 g. of beryllium yields per year less than a definite

* For tho sake of completeness it may be added that boryllum does not spon-
taneously emit any B-rays eithor (Friedlinder 193s), and that in an oxperiment with
@& boron fluoride chambor 1t was asoertainod that 1 g. of beryllum does not emit as
muoh as 1 neutron every 20 min.—a result to be oxpected from theoretical con-
siderations; for the reaction

*Bo+hv -»Be+n

an energy of 16 x 10 e-volts is (Chadwick snd. 1938)
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quantity of helium (b). From these two data can be caloulated themaximum
half-value period of #Be according to the formula

b=2

oM m
1—e¥ -1

In the beryl from Latah Co. (¢<2-10¢ years) Lord Rayleigh found 2:27 ou.
mm, of helium/g., i.e. 8:1 x 10-%g./g. *Be (=a). In our experiments it was
observed that 1 g. of beryllium yields less than 1-3 x 10~ ¢.c. of helium/year,
ie. 2:3x 10-18g /year (=b). From this follows a minimum A of 22 x 10-8,
or & maximum half-value period T of 3-2x 107 years. From a and A is
obtained for the onginal amount of ®Be, 2 x 10° years ago, 6 x 101 g. ®Be for
each g. of °Be, an absurdly high value for an unstable isotope of the com-
paratively rare element beryllium.*

CoNoLUSIONS

It is deduced that the external radiation to which the mineral beryl ie
subject is not adequate to account for the quantitics of helium occluded.
Further, the spontaneous decay of beryllium, including the effect of cosmic
rldmhon, produces so little helium, if indeed any, that at no time could this

have been sufficient to explain the facts.

It seems, therefore, probable that the helum does not come from the
beryllium at all but from some other source. A further argument in favour
of this is the fact that the amount of helium found in different beryllium-
bearing minorals shows no proportionality to the percentage of beryllium
present (Strutt 1908; Paneth and Peters 1928); a recent statement (Burkser,
Kapustin and Kondogury 1937) to the contrary is based on only one
selected sample of beryl. Further, Lord Rayleigh's tables show enormous
variations, with only a very rough lation to time; and although it is
possible that unequal amounts of helium have been lost according to the
differences in temperature to which the beryls have been exposed, it seems
more likely that the variations of the helium content depend upon their
original chemical composition. The role of the beryl is perhaps only that of
hindering the escape of the helium; it may be that other minerals containing
the same helium-producing element are not equally well able to retain the
ges.

From the fact that a large helium content is limited to specimens of great
geological age Lord Rayleigh has already concluded that it cannot have been

* Theso i are quite i of tho attempta to observe *Be by
means of positive rays. If *Be 1s prosont at all, 1ts quantity 18 certainly leas than
1x 104 g./g. beryllium (Nier 1937).

16-2
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generated by the decay of any relatively short-lived radioactive constituent,
which may have been initially present. We may add that his figures seem
to show that neither is the hellum due to the decay of a radio-active element
whose half-value period is long compared with the age of the minerals. In
this case the differences between the helium content of old and young beryls
oould not be so marked; to explain them it must be d that at the time
of formation of younger beryls much of this element had disintegrated.
(The only other explanation why the younger beryls contained so little
helium would be the assumption, for geological reasons, that less of this
hypotheti element wu' luded dunng their fi ion; but there does
not seem to be any indep 1 evid in favour of a different
ongmn of the younger and older beryls.)

By plotting the maximum, or the median, helium contents of beryls
against the p d time of fc ion of the minerals, a rather steop curve
results, the nearest theoretical approximation to 1t is gained on the assump-
tion of a half-value period of the hypothetical helium-producing element of
about 15 x 108 years. If this be of the right order, the helium production
in beryls to-day can only be about 4-8 x 10~ c.c./g. beryl/year. This is
hardly sufficient for a dircct 1 test.

The best methods of attacking this problem of the helium content of
beryls at present seem

(1) To analyse chemically, as completely a8 possible, beryls of the same
geological age and a different helum content; perhaps differences in the
content of rarer elements will be suggestive.

(2) To test the various chemical elements present in beryls in order to
find out whether they generate helum.

Attention should be directed in the first place to the lighter elements,
since it is to be presumed that in spite of the relatively short half-value
period no detectable rays are emitted.

The table of 18otopes may seem, on mass-energy considerations, to
exclude the possibility of a spontaneous disintegration, but in the case of
other elements the position is exactly the same as with beryllium: there
may be unknown isotopes in very small quantities which decayed, or are
still decaying, with helium f jon, but without emission of detectable
rays. Obviously, the same experimental method of attack as has been used
for beryllium 18 available for the problem, and as & preliminary step in this
direction the elements lithium, sodium and potassium-—which are all
present in beryls—have been investigated. The results are given below.

In the case of potassium the above figures confirm previous experiments
in which an upper limit of 0-4x 10-Mc.0. of helium/g./year was found
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(Paneth and Peters 1928). None of the elements investigated produce at
present sufficient helium to explain the helium content of the beryls. Con-
siderations similar to those described above can be applied to prove that

even a fc ly stronger helium producti seems hardly compatible mth
the facts; but further di jon is postponed until more experi!
material is available.
TABLE IT. HELIUM IN VARIOUS METALS
Upper
Uppor it
Mimimum hinit, of He/g./
age, m  Quantity, Minunum of Ho,in  year, in
Metal years mng. agexg. Spectrum 10-%cc. 10-Mee.
L 16 07 n Ne only 3 27
L 9 38 34 Bands 5 15
Bo 3 71 21 — 1 0.5
Na 2-3 21 53 — 10 19
K 8 21 168 No; bands 5 03
K 30 48 138 Ne+Ho 10 o7

To summarize, while we are unable at present to attribute the helium in
beryls to any partioular source it may fairly be claimed that it has been
shown that, at any rate, tho beryllium itself is not responsible

Besdes the institutions and persons d at the end of the pre-
coding paper our thanks are due to Messrs Hopkins and Williams, Ltd.,
London, for the loan of several kg. of beryllium nitrate, to Professor E.
Wiberg, Karlsruhe; to the National Physical Laboratory, Teddington; to
the C io de Produits Chimiquos et El étallurgi Paris; to
Degussa, Frankfurt/Main; and to Herdus Vacuumschmelze, Hanau/Main,
for the gift of specimens of beryllium metal of various ages, to Professors
A. Franke and H. Mark, Vienna, for old hthlum mmples, and f.o Professor
A. Holmes, Durham, for infc 1

8! g geolog] 1

SumMMARY

Various specimens of old beryllium metal have been analysed for heliumn.
Sinoe the very sensitive method used failed to dotect any traces of helium it
must be luded that the sp duction of hehum in beryllium
is less than 1:3 x 1011 ¢ c. of helium/g. beryl]mm/yoar

From thu figure it follows that the helium ooment of beryls cannot be

lained as a q of the spont tion of a beryllium

uobope of mass 8, Even the assumption that such a berylhum isotope was
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present in previous geological periods and has now mostly decayed is not
compatible with the very low limit found for present-day helium production.

In recent years the helium content of beryls has been attributed to the
influence of y-rays from radi inerals in the neighbourhood of the
beryls, and to cosmic radiation. From the figures, however, given in the
preceding paper about the amount of helium produced in beryllium by
y-rays it follows that the influence of the natural sources of y-radiation is
not nearly sufficient to explain the helium content of beryls.

Since, therefore, beryllium does not produee adequate amounts of
helium, either under the infl of exts )] tion or as &
of spontancous disintegration, it seems that the helium content of beryls is
not connected with its beryllium content at all, but is due to some other
chemical element.
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On the neutrino theory of light
By M. H. L. Prycg, Trinity College, Cambridge
(Communicated by P. A. M. Dirac, F.R.8.—Received 21 December 1937)

1 INTRODUCTION

The neutrino theory of light, developed by Jordan, Kronig and others, is
based on an idea of de Broglie's, who suggestod that one should legard a
photon, not as a simple system, but as composed of two el
bound together in some way (de Broghe 1932, 1933, 1934). Aeeonimg to
de Broglie these particles are to be mgntded a8 complementary in the same
sense as el and p are 'y. This idea gives a good
account of the creation and nnmhllnnon of photons and allows them to
obey the Bose Einstein stamhcu wlule retumng the ldea. that a].l elemenmy
particl y the Fermi-Di
.

Aadeveloped by de Broglie, however, the hypothesis led to the consequence
that the component particles each had exactly equal energy and momentum;
thus if the state of the photon is known the state of the components can be
inferred. The fact that, although the rep are sy trical with
respect to interchange of two photons, it is then nevertheless impossible for
two photons to be in the same state, owing to the underlying Kermi-Dirac
statistics of the components, and so the photons would to sll intents and
purposes themselves obey the Fermi-Dirac statistics, led Jordan to modify
the hypothesis (Jordan 1935) He suggested that it is not the interaction
botween the neutrinos and antineutrinos that binds them together into
photons, but rather the manner i which they snieract with charged particles
that leads to the simplified description of light in terms of photons. To account
for the process usually interpreted as the emission of a photon of circular
frequency w from an atom, he proposed that one of the following two
processes can occur

(a) A neutrino, or antineutrino, passing through the atom receives an
impulse, thereby gaining energy #iw and momentum Aw/c, the atom at the
same time losing that amount of energy and momentum.,

(b) The atom emits simultaneously a neutrino with energy &', momentum
p', and an antineutrino with energy fiw — £’, momentum fw/c—p’.

It must be stressed, however, that this formulation of (b) is unduly loose;
the neutrino and antineutrino are not really ejected in a state in which the

[247)
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energy and momentum of each is definite, but into a superposition of such
states with quite definite weights and phases.
Although in his original formulation Jordan did not distinguish between
trinos and antineutrinos, the distinction was in fact implicit in his
h ics. Born and Nagendra Nath clarified this point and uhowed elm
the mathematical analysis gains considerably in el ifan
is described as a hole in a state of negative energy of the neutrinos (Born md
Nagendra Nath 1936a). Such a description is purely a hemati
convenience and entails no physical assumption beyond the fact that
neutrinos md antineutrinos are created and annihilated together in pairs.
C , too, this description has advant for it reduces procesa (b)
to & special case of (@) in which the neutrino is originally in a state of negative
energy and jumps to one of positive energy. According to the new hypo-
thesis, then, a photon is to be associated, not with a bound pair of particles,
but with a transition of a neutrino from one state to another. This applies
both to the emission and the absorption of a photon.
In order to agree with observations we are led to ascribe the following
properties to the hypothetical neutrinos, which we write as postulates:

L. The rest-mass of the neutrino 18 zero.

1I. The direction of motion of a ino is unchanged by its “ radiative’
interaction with charged particles. (This does not mean that other types of
interaction, such as the one involved in A-decay, cannot deflect the
neutrino.)

III. Neutrinos obey the Fermi-Dirac statistics.

1V. The neutrino possesses spin angular momentum §A.

We are led to I and II by a consideration of the balance of energy and
momentum in a radiative procoss; for if the neutrino gains energy Aw it
must gain momentum Aw/e, this being the observed relation between recoil
momentumand energy of the atom. Writing p, p’ for themomentum before
and after, and p for the rest-mass, this implies

|p'—p| =hafe,
VBt + ) —(ue*+ ) = hwfe.
From this it is easy to derive
[(#hw))+[p*p"*~(P.P')] = 0.
Neither of the square brackets can be tive; they must therefore both

4
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vanish. Thisimplies that 4 = 0,and p and p’ are parallel. If the momentum
of the neutrino has the value p its energy can thus have the two values
t¢|p|. The unit vector cp/H defines Mw direction of motion of the neutrino;
if H is negative, p is opposite to the direction of motion. A closer analysis
shows that ep/H and cp’/H cannot be antiparallel.

Another argument for postulate I is to be derived from the fact that light
m vacuo is propagated with the velocity < mdependent of frequency or other

and therefore the giving rise to this effect must
travel with velocity c.

‘We might perhaps object that the two above laws are not really established
with uni 1 validity. ¥ori we might suppose that light does not
really travel with velocity ¢ but that our instruments are too gross to detect
the difference. In such a case we can at least establish an upper limit for x;
for if & star moves with a transverse velocity relative to the earth neutrinos
travelling from it with differing velocities will arrive into a telescope from
different directions, if 4 is not zero, red light will on the whole be associated
with slower moving neutrinos than blue light, and the star would appear a8
a spectral band instead of a point. Allowing a velocity of 100km., /sec. and a
resolving power of 1 sec. for visible hight, this sets a limit of x/m < 10~¢ for
the ratio of 4 to the mass of the electron. Another limit can be obtained by
considering the condition that the two particles emitted in process (b) from
& star should arrive on carth sufficiently simultaneously to appear as a
photon of frequency w; for were this not the case no sharp spectral lines
would be observed from the star. A train of waves associated with a
photon usually has a length of about a metre (i e. the life-time of atomic
states is of the order of 10-#sec.); for & spectral line to be observable the
neutrino and antineutrino must not have separated by more than a metre
in their journey through space, which can be of the order of 10¥” cm. This
sets a limit of #/m < 10-17, These arguments, of course, have no bearing on
the neutrino involved in f-decay.

Similar empirical arguments may be brought forward in support of postu-
lateII. For, as Scherzer has pointed out, if the two directions differ by a finite
angle, although tho general intensity falls off as the inverse square of the
distanoce, the intensity of a spectral line falls off as the inverse fourth power
if the angle of divergence is greater than the angle subtended by the spectro-
soope at the source; this could not well be reconciled with astronomical
observations (Scherzer 1935).

Postulates III and IV are not based on any observations of the properties
of light, but may rather be said to be the raison d'éire of the theory.

It must be borne in mind that the particles in process (b) are emitted
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exactly in the same dis and no interaction is required to keep them

gether, for no i tion (exoept a B-disintegration) can ever change this.
This exact equality gives to the theory a rather artificial look. It may not
seem go artificial, b , if one states postulate IT in the following way:
The interaction energy with the d jion of motion of the

neutrino; for it is quite simple to construct observables of this type (cf.
equation (2-6)).

On such a hypothesis the polarization properties of light must in some
way be connected with the spin of the neutrino Without going into the
question at all deeply we can deduce a few features of the connexion. It is
well known that the angular momentum of a photon about its direction of
motion can have the two eigenvalues +4%; this means that the angular
momentum of the atom about this direction changes by & or ~#. On the
neutrino theory of light this states that the neutrino always makes a transi-
tion in which the component of spin in the direction of motion is reversed,
i.e, changes from + 3% to T }#.* We shall later derive this fact rigorously
(equations (6-3) and (6-4)). If the ongmal state is one of negative energy,

ding to (), the q ino has spin in the opposite
direction from the pondi gative energy ino; the neutri
and antineutrino therefore have pamllel spina. If the transition is from an
eigenstate of spin in the forward direction to one in the backward direction,
the light will be circularly polarized in the right-hand direction, and con-
versely; if the transition is from a nuperpoult,lnn of two states of opposite
spin, with equal weights, to the P pposite state, the light will be
plane-polarized.

The central problem of the theory is to find a law of interaction between
neutrinos and charged particles which will reproduce the observed features
of radiation. Fortunately this is not so formidable a task as would at first
appear, for these features can be desoribed completely if certain observables,
satisfying known commutation rules, are known. These observables make
their both when radiation is described in terms of waves and
electromagnetic fields, and when it is described in terms of photons; in the
first case they appear as the Fourier amplitudes of the field ngths, and
in the second as the quantized amplitudes of the photon states when the
method of second quantization is applied to the photons. Both the Bose-
Einstein statistios of the photons and Maxwell’s equations follow as a

of their ion rules and the equations giving their rate

* That this 18 violated in Kronig's 1936 paper 18 closely connected with the lack
of invarance of his theory under rotation; as always in quantum theory, traus.
formation under rotation and angular momentum are closely connected.
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of change with time, and further, if they are known, the interaction energy
of matter and rediation can be written down immediately. The problem
therefore reduces to finding an expression for these amplitudes in terms of
the quantities describing the bly of neutri or, as we shall say, the
neutrino fleld. If we can do this, not only are we certain that the phenomena
of radiation will be described by the thaory, but by writing down the
interaction Hamiltonian how inos and charged p
interact.

The most suitable way of describing the neutrino field is by means of the
amplitudes which play a mmla,r role bo the mdlatlon amplitudes, but satisfy
a different set of of the Fermi-Dirac

tatistics. Jordan idered that the tial part of the problem was to
construct Bose-Einstein amphtudes from Fermi-Dirac amplitudes, and
that in this connexion the spin and polarization were inessential complica-
tions. He therefore studied a one-dimensional model in which neutrinos
were supposed to have no spin and photons no polarization. The neutrinos
all travel in the positive direction, and to each value of the momentum
(ranging from zero to infinity) there correspond two amplitudes. (In his
original papers it was not made clear whether the two amplitudes correspond
to spin (as Kronig (1935) assumed in his developments), or to two kinds of
particles,) The photons also travel in the positive direction and are desoribed
by one araplitude for each value of the momentum. Jordan found an expres-
sion for the photon amplitudes in terms of the neutrino amplitudes which
vaned correctly with time and satisfied the correct commutation rules, but
his proof of the latter depended on certain ions of converg
which, although justified, were not explicitly stated; a more nalve proof
would in fact have led to expressions of the form co—co. Later develop-
ments by Jordan (19364, b) and by Born and Nagendra Nath (1936 a)
led to simplification of the f lation and clearer understanding of the

oconvergence conditions. The best formulation is that of Born and
Nagendra Nath, who use the idea of holes, whereby only one amplitude
is necessary to desoribe the neutrino field and the momentum varies
from —oo to 0, and state the convergence conditions clearly; these con-
ditions amount to saying that there is only a finite number of neutrinos
in states of positive energy and only a finite number absent from states of
negative energy; i.e there is only a finite number of physically observable
particles. How necessary the convergence conditions are is shown by the
fact that Fock (19374, b), through disregarding them, was led to believe
the theory untenable. Recently, a very clear paper by Sokolow (1937) has
thrown considerable light on Jordan’s original formulation; S8okolow shows
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that the two amplitudes used there are closely connected with the use of
& matrix representation
0,1
a= (1, 0)’

where a is the quanti ing in the “ di jionsl Dirac wave
equation”
Hy = capy,

H being the energy and p the momentum. The analysis of Born and
Nagendra Nath corresponds to the more natural choice
(1, ©
“= (0. - 1)'

In the usual theory the energy of the radiation is given by a simple
expression in terms of the umphmdes The rate of chango of l“ quantities
describing the ficld is given by their with ¢ According
to the neutrino hypothesis, however, the rate of change of nny qunnmy is
its commutator with the total neutrino energy. Thus the commutator of all
the photon amplitudes with the difference of these two energies must be
zero; i.e. the difference commutes with all the photon amplitudes. Kronig,
in a sories of papers (Kronig 1935, b, c), studying the number of ways in
which the same state of the radiation field could be realized from the
neutrino field, found a very simple expression for this difference; neglecting
certain inessential terms which can be avoided by a trick (Jordan 19364), it
is proportional to the square of B, the number of neutrinos in excess over the
number of antineutrinos; or, 1n terms due to Jordan, the square of the total
neutrino charge.

1t ig easy to calculate the wave function which on the one-dimensional
model describes the pair of particles produced in process (b) when an atom
jumps to a lower state, emitting energy Aw. Writing z, y for the co-ordinates
of the neutrino and antmeutrino respectively it is

eluzio _ glwvie
¥="-n
This when we fi to new variables: X = }(z+y), the
oomdmnte of the *“ centre of gravity ", and r = }(z—y), the half-separation:
L onorfe x,
¥ el

Thus the centre moves with momentum #Aw/c, while the inner state is
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described by the wave function (sin wr/c)/r. Such & state of affairs is not too
dissimilar to the one conceived by de Broglie.

The passage from the one-di: ional model is di d in a joint paper
by Jordan and Kronig (1936), who show that no additional difficulties arise
with the statistics, but do not go into the question of polarization. They
show how Planck's law follows; the interesting point emerges from their
work that the neutrinos can never attain thermal equilibrium, ths is not
very mysterious, for they possess other integrals of motion besides the total
energy, such as the individual dlmuona of motion and the quantity B,
and thereforo an bly of interacting with matter does not
constitute an ergodic system.

An attempt at a noutrino theory of light giving the polarzation was made
by Schemr (193 5), but his nentnnos, instead of possossing spin {#, were

Ly d like p furth s theory did not give
the correct statistics for the photons,

The complete success of the neutrino hypothesis seomed to be established
1n & recent paper by Kronig (1936), in which he gives an expression for the
electromagnetic field stmngths in torms of the neutrino amplitudes, from
which th ti can b i, Unfortunately
owing to an oversight, the theory is not invariant under & rotation of the
co-ordinato system.

The present paper studies the conditions imposed by the
rules of the amplitudes and those imposed by the ion b spin
and pol»nutlon the result of the investigation s that these condit are
i ble Insofarasthefailureof the theory canbe traced toany

one cause it is fair to say that it lies in the fact that light waves are polarized
transversely while neutrino “waves’" are polarized longitudinally, and for
“‘group-theoretical” reasons it is impossible to construct the former from
the latter in an invariant manner. It is not the case that no law can be found
which oould reproduce correctly the pk of radiation, but that there
is an embarrassingly infinite number of such laws, violating the law of
conservation of angular momentum for the neutrinos, it is true, all of which

are equally entitled to selection, so that, ding to the principle of
relativity, none may be eulglsd out as being the eomect one *
Unless some fund dification is made, therefore, Jordan’s

hypothesis must be abandoned. It is to be hoped that the really beautiful
mathematical theory which has boen developod in the course of its three
years of life may tually find af here in physics.

* Kromg's theory 1 of course a particular case of one of these laws.



254 M. H. L. Pryce

2. QUANTUM MECHANICS OF THE NEUTRINO

We shall try to make as few assumptions as possible about the properties
of neutrinos. We shall assume that there is no direct coupling between the
neutrinos; that is to say, the energy, angular ofa
collection of neutrinos is the sum of the separate energies, momenta and
angular momenta; we shall also make use of the assumption in a rather
stronger form than this later (p. 265). Further, we assume that in a state
where the momentum has the value p, the poulble values of the energy are

+c|p| late I); this is embodied in the

HY = cpt, (21)

We shall replace postulate LV by a weaker one, namely, that the com-
ponent of angular of a ino in the direction of its motion
(this can be formulated precisely as we shall see in a moment) has the two
eingenvalues + }A. This means that we need not assume the position of the
neutrino to be observable nor that the angular momentum is the sum of an
orbital angular momentum ([q x p], where q is the position observable) and
the spin #a (0, 0y, o'y being observables capable of representation by Pauli
matrices).

From considerations of the invariance of physical laws under translations
in time and space, rotations in space, and Lorentz transformations, it
follows that there exist ten fundamental d.lsphcement observables, satisfying

the i lations of the ten infini of the hetero-
geneous Lorentz group (apart from a factor 1A). These are: the energy,
the thres p of linear the three )¢ of

angular momentum and the three components of a vector, which, owing to
the fact that it contains the time variable explicitly and usually plays a less
important role than the o'.hers, hu no special name. Regarded from the
tandy of a four-di these q ities are the four
components of a vector and the six p of an

tensor respectively. Let us denote them by H, p,M and N.* Uumg Groek
suffixes to denote the components of a veotor, and writing ¢y, for the
completely antisymmetrical array of third rank, whose components are

* N+cp does not contamn the time explicitly; ¢ times this may conveniently be
oallod the moment of energy; that this is a reasonable name may be seen by looking
at the form of N+ ctp for special systems, as for nstance the electromagnetic field,

where 1t 18 ({mc) | x(E*+ H?) dzdydz, x being the vector with conponents (z, y, £).
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+1, ~1or 0 according as «fy are an even, an odd or no permutation of 123,
we can write the commutation rules of these quantities as follows*
(M, pg) = 6pypy  [NoH]=cpsy
(M, My] = e,0 M, [N, pg]=8,H]c,
[y, Nj] = €4y Ny [Ny Njl = —€0g, M, (22)
The brackets of the other pairs, not mentioned here, vanish.t
‘We can define the direction of motion of a neutrino by the unit vector n,

formed as follows
n = cpH-1 = cH-p. (2-3)

The components of n are real} observables because p and H commute,
n is & unit vector because of equation (2:1). As we have already said, the
direction of motion is opposite to the momentum if the énergy is negative.

From (2:2) we see that M.p=p.M,
and therefore this is a real observable. Also
[M.p,H] =0,

M.p,p] =0.

We can therefore define the comp of angular in the direc-
tion of motion to be M . n =}(M . p) H-1, it 18 & real observable and commutes
with H,p, n, M. Let us call1t 4y Our modified postulate IV then becomes

M.n = jAy, (2:4)
Y=l @)

‘We shall need to use a representation in which H, n and y are diagonal.
The representative of a state may be written (H'; ¥'; n’|).§ The cigenvalues
n’ of n may be specified by polar angles #, ¢. In order to define the represen-
tation completely we must fix the relative phases of the basic states. It will

* The bracket of two quantities 1 defined by the relation 1[4, B] = AB-BA.

1 If we define the mx-voctor M,y by (Mg, My, My,)= (M, My, M,), (My, M,
My)=c(Ny, Ny Ny) and the veetor p¢ by (P Pw Pu Pa) = (Py Py Py H), theeo
commutation rules can be written much more compactly in the relativistic form

(M P) =g P~ Gus Py
My, My)=gaMp—gaMa+gnMa—9nMu

where gy, = gp = 0 = ~a/0' = = 1; gy =0, i J.
1 Le. thewr representatives are Hermitian,
§ Of. Dirac (1930, Chap. V).
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not be necessary to do this for states with different values of n’, however, for,
in accordance with postulate II, we shall be interested only in observables
which with n, and therefore whose rep ives are not affected
by a change of the relative phases of states with different n’. In order to
specify the relative phases of states with different H' we introduoe the real
observable p, defined by

p=HYN,p-}ihH)H'+t
= H-IN.n—JhH-1 4t (2+8)
It does not contain ¢ explicitly, for the term ¢ in ite definition just counteracts
the explicit dependence of N on t. Now N p is easily seen to commute with
nand with M. It follows that p commutes with n and M, and therefore with
7. 1t has the imp of being f 11, njugate to H:

o, H] = 1. (27)
The existence of such an observable is characteristic for systems whose
rest mass is zero.

We can therefore choose the representation in such a way that p is
represented by the operation i 8/0H".

(H Y50 | ) = gt (55 | ), @8)

it

The relative phases of all states with the same n’ will now be completely
fixed if we fix the relative phases of any one pair of states with the same H’
but different y'(y’ takes the two values 1 and —1). Let us for the moment
assume this to have been done. Then the matrix with components

(H'y's0' |6 H" y"i0") = 8gpopgn Sme €y (2'9)
where ¢« are the components of the matrix
01
10/
defines an observable, of which it is the representative. If we take another
choice of the relative phase, say one in which the states with ¥’ = 1 are
multiplied by a factor et and those with ¥’ = —1 are multiplied by e~%,

then we get a different observable corresponding to this matrix. In the first
representation this observable is represented by 8.5 8,y u» €y, Where &,

is given by
0 et
(&%)
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we have a family of observables, depending on
the parameter 6, and we can fix the phases by requiring that any one of them
should be represented by (2-8). Let the one chosen for this purpose be
called ¢,.

From (2:9) we see that ¢, commutes with n, H and p, and therefore also
with p, that 1t anticommutes with y and that

=1 (210)

In order to discover the physical nature of the observable ¢, we shall enquire
how it transforms when a chango is made in the frame of co-ordinates.
8ince it commutes with H and p 1t is unaffected by a 1 insp d
time. On the other hand, it has no very simple commutation laws with the
Cartesian components of M (in fact, we cannot write them down until we
fix the relative phases of states with different n’), which indicates that 1t does
not transform in any simple manner under rotation Nevertheless, 1f we
consider all states in which n has a definite value n’, and rotate the frame of
reference about this di the transfc ion will be ined by
the p of M in that d which for these particular states is
just M. n = }hy. Arotation of the frame of reference through an angle 8
will induce a change in ¢, as follows -

A inal

6> &, = ¢ Vire, ehity, (2:11)
From (2:9) 1t follows that the representative of &, 18 8.z« 8, v &y, Where
&, is given by
0 om0 ﬂ 0 l . A0 —c)
o g ) =08 +aind|, ).
This can be written &, = cosle, +sin ey,
where ¢, = —iye,.

It shows that t.,, and ¢, transform like the components of a vector in two
tuall; lar direoti both p dicular to n. Thus ¢, is

the eomponent in some direction given by n unit vector &, perpendioular to
n, of an observable vector e.

In order to fix the representation, therefore, we must decide on a definite
a. Having made this choice in some way for each n, we take (a.«) for the
observable €, in (2:0). Thss choice ia entirely arbitrary, for among all unit
vectors perpendicular to a given direction in space all are equivalent and none is
singled out in any way.

A rotation of & through an angle 6 about n’ changes the relative phase
by 6.

Vol CLXV. A, 1
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It 18 this arbitrari that is the bling block for the ino theory
of light, for we must impose the restriction that the results of the theory are
independent of the choice of &

3. DISCUSSION OF A SPECIAL CASE

In order to illustrate the results of the preceding section we shall apply
them to particles described by a Dirac equation with the rest term put
tozero We therefore assume that the neutrinos have an observable position
q and their Hamiltonian 18 given by

Hjc = iy (y,py +7aPat+¥sDs),
where y,, 73, Vs, 74 are real observables satisfying
VYot Ve¥r =28, (r8=1,234)
This 13 the case actually studied by Kronig (1936).
Let us introduce the notation
A=
O ==iNYaYsYe (@=1,238),
a = (0),04,0y).

Then it 18 well known that the other fundamental observables describing

such a system are
M = (q xp]+{fio,

1
N =E(Hq+qm—ap.

From (2+4) we find Y=0.0==77177

It commutes with N; for this case, thereforo, ¥ 18 a relativistic invariant.
The observable p is given by
1 o1 13
p=oma)ty=C@.n)-g.

If an observable which is a function of p, q and the y’s commutes with
H, nand p it can easily be proved that it is (1) independent of q, (2) homo-
geneous of degree zero in p. If, farther, it anticoommutes with v, a simple
caloulation shows that it must be & linear combination of the components of
the vector (1 x fa], the coefficients being homogeneous functions of p. Such
an observable can be taken for the ¢, if in addition its square is unity. Now
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let a be a unit vector perpendicular to n, chosen in some way for each n.
According to quantal ideas of functions of observables, a is a function of n,
and commutes with all observables that commute with n. Tet b be the unit
vector [0 xa]; it is perpendicular to & and n. The following results can be
verified without essential difficulty:

(i) [nx fo] = —[af x n), and therefore [n x fo] is a real observable.

(ii) [nx fla] commutes with H, n, p, and therefore with a, b, and anti-
commutes with y.

(iii) (a.fo) = (fs.a), (b.fe)=(fa.b), from which 1t follows that
(a.fa), (b. fo) are real observables.

(W) (8.40) = (b.[n x fa]) = ~ (b.+yfa).*

(b.fo) = —(a.[nx fa]) = (a.iyfe),
from which it follows that the components of 1yfo at right angles to n are
the same as those of fa, but rotated through a right angle about n, and that
(a.fa), (b.fs) commute with H, n and p, and anticommute with y
(v) (a.fo) = (b.fo)* = 1,
(a.B0)(b.fa)+(b.fa)(a.po) = 0.
‘We may therefore take (a fa) for our ¢,.

At this point we may compare our results with Kronig’s Tt will readily
be seon that his equation (17) (Kronig 1936) 18 the one which fixes the
relative phases of states with different y’, which he calls 4 and C'reapectively,
and that taken with (19) it is equivalent to choosing

Az ([nx1]xn]
= I
where 1 is the vector whose components are (1, 1, 1). Nothing in nature,
however, singles out this vector to play a fundamental role m the theory,
and if the theory is to be satisfactory we shall have to show that the results
are independent; of the choioe of 1. That this 1s not the case is most clearly
shown by an example that Kronig himself has suggested.} Lot us consider
waves in the z-direction (i.e. n' = (0, 0, 1)). Kronig's equations then give
C = (ra=7) /42
If we now pass to a co-ordinate system arising by rotating the old one about
the z-axis through an angle 0. the spinors 4 and C transform to
A'=84, C'=8C,

where 8 = 008 40 + 7,7, 5in §0.

* The components of iyfa are ¥,. ¥y. ¥s. } In a private communication.

172
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From this it easily follows that
O =t n-n)4
and therefore the ion bet A’ and €’ is not the same as the con-

nexion between 4 and C. If we were to follow through Kronig’s construction
of an electromagnetic fleld from the neutrino field with the new 4’ and ¢,
we should get a different field from the original.

4. SECOND QUANTIZATION OF THE NEUTRINO FIELD

The formalism of the second quantization* affords an llent mathe-
matical apparatus for the description of p taking place in the
neutnno field. In order to avoid a representation of the neutrino states
based on an observable with a continuum of eingenvalues, we shall resort
to the artifice of making space pertodic. This does not modify the essential
results of §2, nor is it really essentialin what follows We can look upon the
artifice of periodicity as a rostriction of the states of the system which lead
to the same physical results for the points (2, y, z)and (x + IL,y + mL, 2 +nL),
1, m, n being integers and L the side of the periodicity cube. From the stand-
point of displacement operators this means we are considering only the
simultaneous eigenstates of e!Lryh, eiLpyh, eiLiyh with the eigenvalue 1.3 Thus
the C: i of tum can only take values which are
integral multiples of h/L, and the direction of n is restricted to rays with
direction ratios (k;, Ky, K3,), Ky, Kg, k5 being relatively prime integers (in-
cluding zero and negative integers). For states with a given eigendirection
n’, the energy takes the values H' = rw,, where

W = cKy = (2mo/L) (kY + K} + K3).
Only those quantities which commute with e/“, etc., can be considered as

observables; this means that p 18 no longer an observable, but only certain
periodic functions of it such as e+#, From (2-8) it follows that

(H'; 7' [ o) = (H' Ko, 7', 0 | ).
Sinoe the fundamental states are now discrete we can use the integers r to

label the representatives instead of H’ = rhw,. They are now (r; y'; n'|)
and the above equation reads

(70 |ewey) = (r— 170’ [ ),
* Jordan and Wigner (1928).
$ More strictly one could allow them to have the eigenvalue &'4, where  is real,
For somo purposes &= 18 & convenient choice (Jordan 1936 a); the momentum then
takes on half-integral values,
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This can be looked on as fixing the relative phases of states with the same
n’ and 9’ but different 7, instead of (2:8), which 18 now meaningless. The
relative phases of states with different ¥’ are fixed as before.

Let us temporarily arrange the basio states ¥(r; ¥'; n’) in & sequence
Y1, ¥y, -.., in some order or other. Then we can form states of the neutrino
fleld in which there are 7, neutrinos in y;, nqin {7, and so on (ny, 2, ... = Oor
1), and these will form a complete orthogonal system for the neutrino field.
The phases of these states can be fixed from the phases of ¥y, ¥y, ... (cf.
Jordan and Wigner 1928). Let us call them ¥(ny,n,, . ). Wo define the
amplitudes a, and their adjoints* at,as follows

AW (ny, Mgy ooy My o) = £ (Mg, g, mp—1,.00),
af¥(ny,ng, o ) = 2 (1=0) Py, mg, oo+ 1, 00), (41)

where the + depends on the ny, n. . in some way which need not concern
us here (cf. Jordan and Wigner 1928) These amplitudes obey the com-
mutation rules

aa;+ay0=0, } @)

o] +afag = 8.

Also, denoting by n, the oy which multiplies the state ¥(n;, n,, ...) by
the corresponding n,, we have

afay; =mn (43)

To each basic state there corresponds an amphitude & and its adjoint at.

Let us denote the amplitudes corresponding to ¥ (r, +1,n’) by al(n’),

at(n’) and those corresponding to y(r; — 1; n’) by a¥(n’), aft(n’). The upper

index takes the values 1, 2accordingasy’ = + 1ory’ = — 1. The lowor index

refers to the value of the energy (I = rfiw,), and the appropriato direction
is written inside the parentheses. The commutation rules now read

af(n’)ay(n’) +aj(n")af(n’) = 0,
ap(n’)a}t(n’) + at(n’) af(n’) = 4,8, 8n’, n"). (#4)
The amplitudes transform under a change of basis of the ncutrino states
ke the representatives of a state. If we change the representation by

rotating the vector a through an angle about n’ (by which we fix the phases
in a different way), the representatives of a state change according to the law

(r + 10 )= (r; + 1,0 )" = e, + 15 0')),
(=10 |)>(r; -0’ )~ = el®(r, - 1;n’).

* We here follow the ternunology of the modern theory of Linear operators i using
the term ‘‘adjomnt” mstead of Dirac’s *conjugate imaginary .
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The amplitudes therefore transform under a rotation of @ through an angle
6 about n’ according to the law
a}(n’)>ap(n’) = e Wayn’),
a}(n’)>a}(n’) = ei?a}(n’),
If we denote the matrix (;’ -?l)
by y (components y,,), this can be written in the form
3
af(n’)->ap(n’) = »2:1‘ ay(n’),
2
art(n)>drt(n’) = 3 att(n’) 8],
vl

S = e-Hy, St = plity, (4:5)

In § 6 we shall need to consider the convergence of certain infinite series.
We must remember that we are dealing with states of the neutrino field in
which almost all the states of positive energy are empty and almost all those
of negative energy are full. Let us denote by ¥y a state of the neutrino field
in which all the neutrino states with a positive index r greater than N are
empty and all those with a negative index r less than — N are full. We shall
suppose that all actually occurring states of the neutrino field can be con-
sidered as limits of sequences of such states with N tending to infinity We
shall say that aseries 3 f, geato fif 3 f, Wy ges to f ¥y, forall N.
v i

We can temporarily drop the upper index from the amplitudes and also
the label (n’). Then we have

afa, ¥y =0
at,a_ Yy="¥y

by a,, at, respectively we find

} r>N. (4-6)

plying these
0 = a,ala,¥y = a,(l-a,a}) Py
=a, ¥y,
0=at(1-at,a_,) ¥y =al¥y,
ie. a¥y=0

w. 48
Ry o

Any series i K,ala,.,
e
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oconvorges provided k # 0; for 1f r is sufficiently large a}a,,, ¥y is zero and
if ~ris sufficiently large ala, Wy = —a,,,a} ¥y is 7zero. Thus only a finite
number of terms differ from zero in £K,a}a,,, Wy; it therefore converges
forall N.

‘We now calculate the sum of a very important series:

®

. z_w(“t“r-“tuﬂuk) =k (#7)
A casual analysis would lead one to sum this to zero by splitting 1t into the
two series Zala,, Zal,,a, ;. which, however, both diverge We therefore

proceed as follows
EXEN R A
> (ala,—al a.y) = lim 3 (“5“;"“$+z“r+k)
e Mo raTn
o TMEkeL Ak
= lim l 2)‘1 ata, - lz aﬁa,l
Hro| £ W
Mtk

=k— lim :‘Méhl(l ~ata,)— ; (n{a,),.
Mo -M M+1

A ding to (4-6) th d term vanishes, the sum of the series is theretore

' A simple generalization of this serics is
K, 3 @ra-ate),
this being summed over repeated (ireek indices. The terms with x + » vamsh,
leaving
Ky 3 @rte-ahen - Ku 3 G-t

®
+Ky 3 (afal-aftialyy)
.

=kK,,

=kT(K).* (48)

5. QUANTIZATION OF THE RADIATION FIELD

Let us expand the electromagnetic field strengths in terms of progressive
waves. To each value of the wave vector (n’) there correspond two inde-

* The trave T(K) of the matrix K is the sum of the diagonal elementa,
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pendent progressive waves, which we take to be the wavea polarized in the
directions & and b, defined as before (pp. 257, 259):

£ = 3(55)'E ) (Eoa + ) etin-a 1 gl gy e-tesnna,

H=35(50)' 3 VO (b ns) i (@1 — gl - i,
(51)

The £, 7, depend on n' as woll as on k; thoy satisfy the commutation
relations (for the same n’, for different n' they all commute)

EE-EE =0 mm—mm=0,

Gm-nk =0, Eal-nfE=0,
Gl -8 6 =du ment—nlm =84 (6-2)
If we describe the radiation field in the language of plmwnn the £, 9, are
to be identified with the quantized amplitudes p g to the states
of the photon with energy kliw,, tum khxon’, and plane-pol din

the directions a, b respectively * These photon ampllcudes are defined as
follows: Let ¢,, ¢,,... be a complete orthogonal system of states for a
photon, and form the states d(M,, M,, ...) of the radiation field in which
there are M, photons in the first state, M,in the second and so on (M, M, ...
=0, 1,2, 3,..). These form a complote orthogonal system of states for
the field. We defino the amplitude b, and its adjoint 4] by the relations

b DMy, My, .., My,...) = (M)OMy, M, ..., My~ 1,..0), } *3)
HOM, My, M. ) = (M4 DO, My, 41,00
They obey the commutation laws
beby—byb; =0,
by —bby =0, } 4
bbf — b} b, = 8.

Denoting by M, the operator which multiplies ®(M,, M,,...) by the
appropriate M, we havo the relation

bI b=
The commutation laws (5-2) are ldenhcnl with (5 4) when we choose
@1» Py, ... to be states of defimite tum and plane-pol and

write £y, 9, for the corresponding b.
* Cf. Dirac (1930, Chap. xm).
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If we take a different choice of the vector &, obtained by rotation from the
original through an angle 6 about n (cf. p. 262), tho vect.or £,8+7,b must
remain the same; £, 7, therefc dergo the

E,~+E, = cos 08, +sinOy,, } (&5)

N> = —sinOF + cos By,

8. THE CONNEXION BETWEEN RADIATION FIELD AND NKUTRINO FIELD

From equation (5-3) we see that £, operating on a state of the field, gives
a statein which the number of photons w1th momentum khiyn’, polarization
a, 18 less by one. According to Jordan’s hypothesis this means a state which
differs from the original by a neutrino travelling in the direction n’ having
made a transition to a state in which the momentum differs by — Ahk,n’.
To make this defimte, suppose the original state ¥’ to be one in which there
are n}(n’) noutrinos in each state ((r, A,n’) (}(n’) = 0 or 1). Then £, ¥ is &
linear combination of states ¥, ,, with the same occupation numbers
n}(n’) excopt for two, say nf(n’), %, ,(n’), which are changed to n(n’)+1
and n},,(n’)— 1 respectively Such a state can be written (wo drop the n’)

¥,

—arter, W
oy = a5ty W

Tho most general expression for £, is therefore
EV =3 A,s8+kasta, W
s

At this point we make the assumption that the “matmx element’”
A,,(8,8+ k) for the transition of a neutrino from the state s + k to the state &
is independent of the number of neutrinos present in other states This is a
stronger form of the assumption concerning the absence of direct coupling
between the neutrinos than we have heretofore used. The coefficients
A,,(s,8+k) are then the same for all states ¥; wo can therofore write the
expression for £, and similarly for y,, in the form

@
fe= 2 “4"‘4;-'(7"4"5)“;&'

y-:w ®1)
= 3 atBnr+bia,

Here, as in future, we sum over repeated Greek indices without indicating
it explicitly.

If we take tho variation with time into account, at is proportional to
eimatandal, , to e-ir+het, hence £, 7, are proportional to e~fk%?; this is the
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law of variation with time given by Maxwell’s equations. The relation (61)
will therefore lead to Maxwell's equations for the field. It will thus give a
correct account of radiation phenomena if 1t satisfies the commutation rules
(5-2) and is independent of the choice of a.

Equation (6:1) must still hold if we substitute in it the values of £, 9,
at, ar, . referred to a choice of a differing by a rotation through 6 about n’
(equations (4-5) and (55))°

®
cosfigy +einln, = 3 a7tShA,,8,07,
P

~ 80§+ cos Oy, = R E_ ma,"'si, B,8,.a,;
S =iy, St =gty

This must hold for sll values of 8, but since the rotations form a group it is
sufficient if it holds for infinitesimal Diffe iating with respect
to 0 and evaluating for 0 = 0, therefore, we find, after suitably renaming
the dummy indices,

==y 3 A4 R) Yo~ Yo Al + K)o

i ®
=y 3 At Bulrr R Y=Y, Bulrr+ ) aly
Comparing with (6-1) we obtain

2B, (ryr+k) = = i{A (1,7 + k) Yoo = Vsg A7+ k)),} ©2)
24,,(r,r + k) = i Bo(r, 1+ ) Yoo = ¥ po B + B)}

This is more simply expressed 1n matnx notation, as on p. 262,

2B(r,r+k) = A(r,r+k)7-~(A(r,r+k),} ©3)

~2A(r,r4+k) = B(r,r + k) y—YB(r,r + k).
It follows that A(r, 7 + k) and B(r,r + k) have the form

0,  du(r,r+k)
—io(r,r+k), 0)’

0, u(r,r+k)

A(r,r+k) = (”('lH_k)' o

), B(r,r+k)=(

the u(r, r+k), v(r, r+k) being ical coefficients. The neutrinos there-
fore make transitions only to states of opposite spin; this agrees with our
previous deductions from the balance of angular momentum.
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The cvefficients u(r, 8), v(r, 8) are only defined for 8 >r; we are therefore
at hiberty to extend the definition for & < by means of the relations
u(s, r) = v(r,8),
v(8,7) = u(r, 8).
The advantage of this 18 that we can express A and B in terms of the u's
alone
_ (% ulr8) (0, iu(r,8) )
A= (G O BE= (e D) @0
1t is also consistent with this notation to write
As,r) = At(r,8),
B(s,r) = B(r,s).

We have now to require that £, , should satisfy the commutation rules
(52). Fortunately it is sufficient to consider only the oquation

Eent —ntb =0
(this is one of the equations (6:2)) in order to show that these cannot be
satistied simultaneously with (6:4). For
&l -nlé = ;?(ﬂfm,»(’-'+k)a:>kaﬁkpn(-':‘+L')a'-'
=03t (8,8 + K agast 4, (r 1+ K)ah i}
=SS A4 k) Bl ko) (01l il wafaptar )

=33 A4,,(rr+k) B, (a+k 8)8,{artaZ8,, a1t a}, 18,0}
o

= 3 4+ BBtk aptar
==
= Byo{r + k1) Ag (1,7 + k) 0] 40}
When we substitute the values 64 for the components 4,,. B,, we see
that only those terms survive for which x = v and thus the afta} reduces to
n¢. In fact we have
Eurl —vkEy =~ T{ulrr+ Rl 1) (0] — i)
+ul(r+k,r)u(r +k,7) (0} —np)}.

This can only vanish if the coefficient of each n}, n} vanishes separately.
Le. if
| w(s,8+k)|*+ | u(s, 8- E) [* =0,

| w(e+k,8) |3+ | u(s—Fk,8) |* = 0.



268 M. H. L. Pryce
The quantities ing in these ions are iall ive;

q! neg

each must therefore vanish separately:

u(r,r+k) = u(r+k,r) = 0.

This gives B=m=0;
this, however, is inconsistent with (5-2). The conditions can therefore not be
satisfied

Because of its generality, it is a little difficult to see through the fore-
going argument, and it is of interest to start from a more special form for
£& M in order to 1llustrate the nature of the failure. In the one-dimensional
model, where £, 7, are replaced by one amplitude b and a}, a} by a,, the
relation betwoen b, and &, is (Born and Nagendra Nath 19364, equation (37))

b = l/x/"f z ata,,.

From this 1t is plausible to suppose that the A,,(r, r +£), B,(r,7+k) are in
fact independent of r and contain k only as 1/\/k.

©
b= l/JkAp'_Z_‘"f’at.A-

=1k B;:-' gn"f"‘:w

We shall sce that by suitably choosing the matrices A, B we can satisfy the
commutation rules (5:2), but that then it is impossible to satisfy (6-3).
As an example we calculate &, 7 — 9} £. Let us write Bt, = B,,; then

k) Gt — ) = (A,.,Za"'am)(B' )Za 1ia})
- (BLZ"ﬁxﬂ'.)(A,.;af'“Fu)
A, B3 S oyt as st 0l —alt alartal, )
=4,B8, g;(ﬂf'(hp"»k,m —azt,al,)a]
—agli ﬁv"n‘“f'a:)“:u}'

Those terms which are products of four amplitudes cancel out, and owing
to the &,,, 8,,4,,,; We can replace the double sum by a single sum:

=4,B, ; (@24 0] 18 — 073135 18

= ;(“f*ApB'w“:u-l—“nlBh A,,0044) (6:8)

[
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If & # 1 we can split this up into the difference of two series:
- ;“'Ap Blalypq— ; a7l B, A8k (6-6)
for these two series converge. This can be rewritten as
L) (Exnf =7 £) = ;‘#‘*(AB'),,":»-:- '204"(3'4),-»“&&44
A necessary and sufficient condition for this to vanish is
AB! = BtA, (67)

If k =1 we cannot split the series into two parts, for the series in (6-6)
diverge, but we oan use tho result (48).

&t - i€, = T(ABY).
Hence T)(AB') = 0.

A similar i igation for the ing products leads to the result that
A, At, B, B! must all commute, and

T(AAY) =T,(BB') = 1,
T(ABY) = 0. (68)

Two examples of matrices satisfying these conditions may be quoted
First, those studied by Nagendra Nath (1936, equation (16))*

1/1, 0 1/0, 1
A=T2(o, ) 8= o)

Second, those which occur in Kronig's theory (1936, equation (37))*

eeali ) o3t
A simple algebraic argument shows that matrices satisfying (6-8) cannot
satisfy the invariance condition (8-3):
2iB = Ay—yA,
—2iA = By-yB.
For eliminating B from these equations
4A = YA - 2yAy + Ay?
= 2A - 2yAy,
A+YAy=0.

* Their notation 18 dafferent ; when put into the present notation their results reduce
to thia.
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Multiplying on the left by y
YA+Ay=0.
Sinco y 18 Hermitian we also have, on taking the adjoint of this,
YAt+Aty =0,
From the first of the equations (6-3)
B =iyA.
But by (6:8), At and B commute with one another, hence
0=BA!'-A!B
=i(yAAt-AtyA)
= i(yAAt +yAtA),
Multiplying by —y AAt L AtA =0,
ie. T(AAY) =T,(AtA) = 0,
which contradiots (8:8).
I am indebted to Profi J. v. N P. Jordan and R. de L.

Kromg and to Mr N. S, Nagendra Nath for helpful discussion.

SuMMARY

This paper brings to light & grave difficulty for the neutrino theory of

hght. Starting from ptions about the i ly general
to include the models which have been studied by Jordan, Kromg and
others (with the ption of Sct " pt, which is not strictly a

neutrino theory), and working with tho amphtudas of the second quanti-
zation as the most suitabl b one sets up the most
general theory consistent with Jordan’s hypozhesls The conditions under
which this will lead to a satisfactory theory of light are (1) that certain
commutation rules be satisfied, (2) that the theory be invariant under a
change of co-ordinate system. In order to study the second of these it has
been necessary to analyse rather carefully the transformation of the am-
plitudes under certain types of rotation and this reveals an arbitrariness
in the choice of certain phases. A condition for the invariance of the theory
is that the results be independent of the way mn which these phases are
chosen.
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From this point onward a straightforward ane.lysu leads to the result
that the conditions cannot be satisfied si . The i
requires that the neutrino which interacts with the amm should reverse
its spin, & result which could also be derived from considerations of the
conservation of angular \i and an tinlly simple though
rather tedious caloulation shows this to be inconsistent with the com-
mutation rules.

The introduction gives an account of the aims ol the neutrino theory of
light, the problems which it meots und the attempts that have been made
to solve them.
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The absorption spectra of sulphur dioxide and
carbon disulphide in the vacuum ultra-violet

By W. C. PrICE AND (M1ss) D. M, SmupsoN
Physical Chemistry Laboratory, Cambridge

(Communscated by R. @. W. Norsish, F.R 8 —Recesved 23 December 1037,
Revised in proof 26 February 1938)

[Platos 3, 4]

In the near ultra-violet the absorption spectrum of sulphur dioxide has
been investigated to a greater extent than that of any other triatomic

lecule. The llent work of Cl ts (1935) on the temperature
dependence of the bands has enabled the v, of the upper state to be de-
finitely fixed. It has resulted in a satisfactory analyss of the so-called low-
frequency system (1.e. baunds appeanng at high pressures which are due to
transitions from various initial vibrating states), and has yielded a plausible
arrangement of part of the high-| fmquonuy system (ba.nds &ppo&rmg at low

and and | bly corresy

fmm vibrationless gruund states to the various vxbratmml levels of the
upper state). Asundi and Samuel (193§) have put forward an alternative
analysis of these bands, but we do not f&vour it on the grounds t.lmt. it
disregards the results of temp ins many viol
of Herzberg and Teller’s seleotion rules (1933), and nterpreta several strong
bands a8 transitions from imtial vibrational atates in spite of prohibitive
Bol factors A photograph of the sp isshown n fig. 15, Plate 3.
The bands are very strong and appear at pressures of about 1/2 mm. in &
path length of Im Another system several times stronger than the previous
one starts in the region of 2350 A. It has been investigated by several experi-
menters, but the only attempt at an analysis has been made by Chow
(1933@, b). One of the difficulties that has bled previous
is that the bands continue to shorter wave-lengths past the transmission
limit of quartz, and thus go outside the range of their instruments. We have
therefore photographed the bands with a vacuum grating spectrograph,
and in this way have obtained the nbsorphon apect.mm of sulphur dlonda

down to about 1000 A. The teck used in ng the absorp
'peotm has been desenbed pnvmunly (Collma md Price 1934) The Lyman

was employed as the i ground against whioh the
absorption was observed.

[272)
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A photograph of the 2850-1800 A system of bands is given in fig. la,
Plate 3. They are shaded towards the red, and many of them possess more
than & single head. As far down as 1950 A some degree of regularity is
appdrent in the spectrum.t Beyond this the bands depart from a regular
spaoing, and tend to split up into several components in a rather peculiar
way. Between 2300 and 1950 A we find about twenty bands forming a
progression with an average spacing of 380 cm.~! (see Table I). The separa-
tion between conseoutive members, which is taken between the centres of
gravity of the various bands, is found to remain constant within quite
narrow limits. After trying to fit the bands into many alternative schemes
it has been concluded that a simple progression with a 380 cm.~! difference
accounts most satisfactorily for all the strong bands which appcear in this
region. The separation 380 cm. ! most probably corresponds to the de-
formation frequency v,, which has a value of ~524 em - in the ground
state. It shows little tendency to fall off to a smaller value in going to
shorter wave-lengths, and as the work of Clements (1935). Lotmar (1933),
and Chow (19334, b) indi that the anh ic constant for the
524 cm.~! frequency is extremely small, the similar behaviour shown by
the 380 difference would seem to lend support to the suggestion that 1t also
oorresponds to the v, mode of vibration. On account of the irregularities
and the extremely small value of the anharmonic constant no attempt has
been made to express the bands by a formula Tompemture variation
experiments, which will be pubhshed indi that the
43,100 cm.-! band is the first member of the pmgressmn
There are two main difficultics which the above interpretation of the
bands encounters. The firat 18 that there is a periodic fluctuation in the
intensity of the bands. Starting with the band at 2208 A, and proceeding
to shorter wave-lengths, the intensity of the main members gradually m-
creases up to the fourth and then drops suddenly to the fifth. Sub
it rises again to the eighth, and drops at tho ninth, There is a further rise to
the twelfth, and drop at the thirteenth, and this ia repeated at the sixteenth
and h bands respectively Now all these strong bands almost
inly origi on the vibrationless ground state. If the bands form a
single pmgmulon. it might be expected from analogy with the diatomic
oase, using the anek-Condon pnnmple, that the intensity of the bands
would i to a and die away on either side of

t We do not find any very definite evidence for the sudden onsot of predissociation
ushhnnlwhunparudbyﬂenn(lqgn) Certainly uwnnnmegennnl
diffusenees, but the increase in are the
-mmmmmolmmnwmmm

Vol, CLXV. A, ®
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t-hu However, if the transition probabilities are worked out by wave
hods, it can be predicted that subsidiary ima may
accompany the main one (Hntcluuon 1930, 1931). This is found to occur
for uummoe in tho Dieke md Hopfield bands of hydrogen The peculiar
may therefore have some exp ion on such a basis.

Other more likely causes will be discussed later.

TasLg I. FREQUENCIES IN THE 380 CM.-! PROGRESSION OF THE
23001800 A sysTEM IN 8O,

1 vem,~! Av om. 1 vom~* 4v om.t
0 43,100 —_— 7 417,220 380
1 43,470 370 9 47,590M 370
1 43,840 370 9 47,080 M 380
1 44,220 380 7 48,366 376
2 44,600 380 9 48,730 375
3 44,080 380 2 49,120 380
5 45,350 M 370 10 49,600 M 380
7 45,740 390 10 49,880 390
8 46,110 370 10 50,280 390
8 46,470 360 10 50,670 390
b 46,840 M 370 10 51,030 360

The second difficulty is that the internal structure of the individual bands
varies considerably This gives rise to some apparent irregularities in the
measured spacing. Some of the bands are double, while others seem to
‘possess only a single head though the structure 1s not in general so simple as
this remark would imply. The sulphur dioxide molecule 18 an asymmetric
top rotator, and the bands belonging to it should therefore be exy d to
have a complicated rotational structure which will depend to some extent
on the vibrational state of the molecule. Wo have found it misleading to
compare the structures of two bands which appear on the same plate with
very different intonsities. In fact, if these bands are examined on two
plates, which are taken at such pressures that the weaker band on the
high-pressure plate appears at the same strength as the stronger band on
the low-pressure plate, then it is generally found that the difference in
structure is not nearly so marked.

Chow in his analysis has resorted to the devioe of splitting up the system
into three neighbouring electronic states in order to arrange the bands.
However, we consider it desirable, for reasons which will be apparent later
when the bands are compared to those at longer wave-lengths and to
similar systems in carbon disulphide, to interpret them as a single system.
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Minor irregularities in the separations and are explained as due
to the infl of neighb g states. Cl (1935) uses such an
l ion to t fot the deviati which occur in his v, (220 cem.-1)
ferring to the disturk in the neighbourhood of the

bmd “0”, he states that “perhaps this is due to an interaction of the
normal modes of vibration i the upper state, since v, and v, and even
multiples of v belong t.o the sume rep of the sy try group”.
Wlth g amy of the molecul ding to the higher
1 bers, the interaction may be supposed to i

80 that this explmt.mn may be called upon to account for the much greater
irregularities which occur around 2600 A. The breadth and diffuseness of
the bands in the region 2800-2500 A has been tentatively attributed by
Franck, Sponer and Teller (1932) to collision broadening, they pointed out
that energy considerations prevented it from being due to predissociation.
The chief difficulty with their explanation is that it requires the molecul
in the excited state to have a collision radius 15 times greater than in its
normal state.

The short wave-length bands of the 23001800 A system behave in a
rather similar way to the corresponding members of the 3300—2600A

systom. 1t would clearly be advant: to have a

for both, especially as the ) g bands in carbon dlsulphlde also
seem to exhibit the same kind of pecuhn.m.y It has been remarked by
Mulliken that there must be id bet the various
modes of vib of a poly lecule, and that the variables re-

ferring to the normal modes canuot in general be complotely separable.
Effects resulting from this will become increasmngly important with the
incroase in the number of vibrational quanta present. Any particular
vibrational band 4 of an el state m a poly lecule i liable
to be perturbed by a state B provided the symmetnes of the vibromo wave
functions of both states belong to the same species (Mulliken 1937).
B would, of course, be built up from a different combination of the proper
frequencies of the clectronic state and the magnitude of the perturbation
would depend on the proximity of the energy values of 4 and B. Such a
perturbation could be used to account for the variation in intensity ob-
served among the lower | For le, let us ider a poly-
atomic molecule which has a low vibrational frequency (e.g. 300 om.™?) the
others being high (1000 cm.~*) and for simplicity further assume that both
300 and 1000 cm."! frequencics are totally symmetrical. In a long pro-
gression of the 300 frequency, one might expect the tenth member to be
perturbed by the third member of the 1000 frequency, provided that the
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anharmonic constants were not too large. If the higher frequenoy hap-
pened to be roughly a multiple of the lower one, in this case for example
900 or 1200 cm.~, then a periodic perturbation would be apparent in the
progression of the smaller vibration. Thus the variation in intensity with
every fourth member in the 2300-1800 A system may be due to & perturbing
frequency in the upper state of about 1500 cm.~1, which belongs to the
same vibrational species as 1y, e.g. probably v;, Similarly, it seems posaible
that the 1320 cm.~? upper state frequency of Clements (1935) arises from
a regular perturbation frequency of this magnitude rather than from one
which is really present in the spectrum. If this is not so, 1t is necessary to
assume that the 1320 is an exact multiple of the 220 om.~! frequency, in the
same way that 1t would be necessary for one frequency to be four times the
other to account for the periodicity of the 2300-1800 A system. The much
more violent disturbances which occur below 1850 A in the latter system
may result from the fact that for such high vibrational states more

bi of the normal fr ies can have energy values laying close
to the unperturbed state, and are thus able to affect it. Such an explana-
tion might well account for the complexities of the short wave-length bands
of both the 3300-2600 A and the 2300- 1850 A systems.

The assignment of both the 220 cm.~! difference in the 3300-2600 A
system and the 380 cm -! difference in the 23001850 A system to the angle
vibration of sulphur dioxide, can be supported to some oxtent by the

id of a simphfied | ial energy d Possible U/ curves
for the ground, first excited and second excited states of sulphur dioxide
are shown schematically in fig. 2, 6 being the 080 angle. To obtam some
idea of the absorption spectrum arising from transitions between the
lowest level of the ground state vertical lines a, b, ¢, and a, B, v are drawn
from ax (the zero point energy }»y) cutting the upper potential curves in
bp and ey. The vertical distances between b and B, and ¢ and y give a
measure of the frequency range over which the absorption spectrum is
likely to extend. It can be seen from the figure that a much greater fre-
quency spread is to be expected for the stato in which the vibration fre-
quency is little diminished, than for that in which it is considerably
reduced.t The 3300~2600 A system in which , has fallen to the low value
of 220 om.1 has a frequency range of only 6000 cm.~%; on the other hand,
the 2300-1850 A system extends over the much greater spread of
18,000 om.~%. It therefore appears that the correlation of the 220 and

t The above argument 1s only valid when the potential curves of both the upper

states have changed conaiderably from that of the ground state. This seems oertainly
ubetruelnthemundudhmyubn.
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380 cm.~! frequencies is d in some by the frequency range
over which their mpeotxve ‘states extend,

The probable explanation of the origin of the bands seems to be that they
are due to the transitions of a relatively non-bonding electron localised on
an oxygen atom (i e. the ““lone pair” 2p,) into excited orbitals which are
anti-bonding in that they weaken the angular restoring forces.t Since the
excited orbital of the longer wave-length system is not so attenuated as that
of the shorter wave-length system, but is closer in and concentrated between

6
F1a. 2. Schematio U/8 curves for 80,.

the atoms, its anti-bonding power i likely to be the larger one, if all the
other factors are the same. A similar explanation seems to account for the
breadths of the analogous systems in carbon disulphide. Mulliken’s dis-
cussion of the electronio structure of sulphur dioxide (Mulliken 1935c)
shows that the most loosely bound electrons are slightly anti-bonding and
would, in fact, be strongly so wero it not for the triangular configuration of
the molecule. The preference is given to the non-bonding electrons as
originators of the absorption, because of the apparent absence of strongly
excited valence frequencies in the upper state. The alternative explanation
that the excitation is that of a bonding (valence) electron to an anti-
bonding orbital, after the manner of the Schumann-Runge bands of
oxygen, would probably have to be applied if the molecule happened to be
linear.
The OB0 angle as determined in the ground state from electron diffraction
is 124 + 15° (Brock 1936). Jonescu (1933) from a partial
1 This doee not necessarily mean that 6, incroases.
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rotational analysis reports the GSO angle in the first excited state to be
96°. This computation assumes that the SO distances are not greatly

altered by th itation. Such an ption could not in general be valid.
However, ding to the proposed analysis the so-called valence vibra-
tions do not appear |trongly in the spectrum This suggests that the va.lence
fields are not much ch d by the excitation, and Je '8

might be expeewd to hold roughly. Certainly the fact that he is uble to

deduce the 0SO angle in the ground state to be 120° supports them to some
extent. It can be further tested by the following rough calculation. If we
take the number of v, quanta contained in the range between the v, and the
intensity maximum of the system it is possible to calculate an approximate
value of the change in the angle. On the Franck-Condon pnnmple the

of the absorption bands cor ds to & i to
a vibrating upper state in which the greatest, or least angle attained is
equal to that in the non-vibrating ground state Assuming () a parabolic
U@ curve, (II) that the SO distances are not greatly changed by the
excitation, (III) that the angle vibration in the upper state has a frequency
of 220 em -3, (IV) that the distance between », (31,945) and the intensity
maximum is 3300 cm ! (ie about 154), the change in the angle works out
to be approximately 28°, a result which is in good agreement with that
suggested by Jonescu (24°). Using similar assumptions for the 2000 A
system the change in angle works out to be about 22°,

One of the most definite characteristics of both the 3000 and 2000 A
systems of sulphur dioxide is that they are shaded towards the red. For
molecules of the asymmetric top type, it is not in general possible to draw
any conclusion concerning thoe change of a particular moment of inertia
from this fact, without a more detailed analysis of the structure, such as has

presumably been carried out by J . H , since the ts of
mertia of sulphur dioxide in the normal smm are roughly 12, 73, and
85 104 g.cm 2, it can be regarded ly as a ical top

rotator, in whlch one moment of inerta is very considerably less than the
other two. The gross structure in this case would be expected to consist of
& number of subheads. The subheads tk lves would be shaded in the
direction suggested by the change of the large moments of inertia, while the
shading of the gross structure would refer to the change in the small
moment of mertia. Inspection of the sulphur dioxide bands (both of the
3000 and the 2000 A sy ) indi the p of subheads, which are
frequently very narrow and for which the direction of shading cannot
usually be specified with certainty. The gross structure is, however,
definitely shaded towards the red. Thus it would appear that the small
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moment of inertia is increased by the excitation. This is most probably
explained as & diminution in the 080 angle, in accordance with the
caloulations of Jonescu.

On the short wave-length side of the 2300-1850 A bands there is & region
of transparency. Below 1600 A we come to the next electronio system.
This consista of three rather weak diffuse bands, whose approximate wave-
lengths are 1573, 1558, and 1520 A. It is difficult to know whether to class
these bands with those at longer wave-lengths as having their upper states
ropresentoed by anti-bonding orbitals, or to group them with the bands at
still shorter wave-lengths, which aro of a Rydberg type. The former
interpretation is considered to be the most likely one. Tt should also be
mentioned that in the region 2700-2400 A, there seems to be evidence of a
separate electronic transition. If this is so, then it would appear that
sulphur dioxide has at least four electronic transitions above 1500 A.

The lmndn in su]phur dloxlde, which might be regarded as resonance

bands app g the ioni: ¥ ial, occur below 1350 A They have
a plicated and ¥ ively little can be done with the
component bnndu of the ndividual e} i n'.ates This plexity may

possibly result from strong resonance between 0S0* and 0*S0, which is
likely to disturb some of the higher excited states. In spite of this, it is
furly easy to plck out the regions of absorption corresponding to separate
For i the ha.nds 1350 and 1308 A
1| pond to a ! ition from those t

1280 s,nd 1240 A, both on account of their n.ppeamnee, and of the well-

defined break in the absorption The 3 ively narrow freq
spread of the electronic states indicates that an electron of not very ]nrge
bonding, or anti-bonding power is being removed Between 1215and 1140A
there is a wide region of transparency, after which there appears a set of
weaker bands. It is almost certamn that these bands arc the successive
Rydberg members of a series starting with the absorption in the 1350-
1215 A reguon, especially as still weaker bands corresponding to the higher
membors of such a set appear at shorter wave-lengths. A rough Rydberg
ind that the ionization of the molecule will occur at
12 05 +0-05 V. This is supported by the fact that the regions of absorption
of the bands of sulphur dioxide occur a little to the long wave-length side of
the corresponding ones in water.t (Absorption also assumed to arise from
transitions between orbitals, which are closely atomio (non-bonding) in
character.) The extrapolation of the Rydberg series in water leads to an

+ Similanties can bo traced botween the AB series in water, and the observed bands
n sulphur dioxide.
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ionization potential of 12:56 V (Price 1936a). A value of 12:05 V for the
ionization potential of sulphur dioxide is therefore in agreement with its
spectrum. The electron impact value of 13:1+0-3 V (Smyth and Mueller
1933) seems & little high. There is no doubt that this ionization potential

to the 1 of an electron which has little bonding power,
and whwh is roughly a 2p, electron The predicted value for such an
electron is 147 V (Mnlhken 1934). Part of the discrepancy is to be attri-

buted to the 080 polanty (dipole t 16 D), the jon of
negative charge in the oxygen atoms reducing the i ials of
the electrons localized on them. Part of it, however, is probnbly a result of
the electron retaining a certain amount of the anti-bonding power, which
it would possess in a very marked degree, if the molecule were linear
(Mulliken 1935¢). The elect; of molecules having sixteen
outer electrons (e g. CO,, CS, and N,O in their normal states) consists in &
set of firmly bound closed shells, glvmg a chemmally saturated structure
like that of N;. Additional duced into such a inan

pt to get the configuration of NO, (one more) or 80,, CLO, Oy (two
more), would have to go into anti-bonding orbitals, as in the somewhat
similar diatomic cases of NO and O, However, as Mulliken has pointed out,
the triatomic molecules given above avoid this by assuming a triangular
form, and in this way aoquire a different set of orbitals. In the trnangular
configuration, it seems that the additional elect; have relatively little
anti-bonding power, since, at least for SO,, the diminution in the ionization
potential is not very much greater than that which might be expected from
charge transfer effects alone.

THE ABSORPTION NPECTRUM OF CARBON DISULPHIDE

The absorption spectrum of carbon disulphide, though it differs in many
of its fundamental characteristics from that of sulphur dioxide, has never-
theless soveral important features n common with it. These are particu-
larly prominent for the bands lymng at wave-lengths greater than 1800 A,
The first moderately intense electronic absorption of carbon disulphide
oceurs at 3600-2000 A, see fig. 3¢, Plate 4. 1t appears strongly only when
pressures greater than several centimetres are used, the path length being
~1'm. This is much weaker than the corresponding system in sulphur
dioxide (probably by a factor of 50). Mulliken (1935¢) has tentatively
assigned this system to a certain forbidden transition, stating that it
becomes allowed because of the possibility of the molecule assuming a
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triangular form in the excited state. The selection rules for the symmetry
D44 are then replaced by those of Cy,, and the transition becomes possible
aa in the case of sulphur dioxide. The appearance of the spectrum 18 more
oomplicated than that of sulphur dioxide, and its analysis has not yet been
satisfactorily accomplished.

A much more intense system occurs at shorter wave-lengths, see fig. 3a,
Plate 4. In the region 2200-1800 A there is a considerable degree of
regularity apparent among the bands. Inspection of the small photograph
(Fig. 3d) indicates the presence of & many membered vibrational progres-
sion, which rapidly widens with increase in pressure. (These photographs
were taken on a small oxploratory spectrograph, and serve mainly to give
a bird's eye view of the spectrum, and to show its variation with pressure.)
It can be seen from the high dispersion picture that each band is really
bult up from many components, the band at 2080 A, for example, shows
several heads Their narrowness is in part accounted for by the very large
moment of inertia of carbon disulphide. Of all the possible explanations for
the multiplicity of these bands, we consider that the best is that they are
due to a rotational structure, which arises as a result of the molecule
bécoming very slightly bent in the upper state, and thus ucquiring one
relatively low moment of inertia It may be mentioned here that the
separation of the heads is about 40 cm -! and that the structure as a whole
appears to be shaded towards the red This is compatible with the hypo-
thesis that the molecule is bent through an angle of two or three degrees as
a result of the excitati A similar explanation will be given later to
acoount; for the structure of the band at 1600 A.

The advance of the 2200-1850 A progression towards longer wave-
lengths with increase in pressure is at first quite rapid, and it reaches
2150 A with pressures of 05 mm. and a 1 m. path length. To extend the
absorption further requires much higher pressures. At 40 cm the bands
can be followed as far as 2300 A, and the system shows signa of continuing
still further As in the case of sulphur dioxide, 1t was found that when the
oentres of gravity of the bands are taken, the gross structure forms a fairly
good progresaion with only slight variations in the freq parations of

i b Their fr ies are given in Table II, the
45,050 cm.~! band is indicated as the first member by temperature variation
experiments. It is even more certain in this case, than in that of sulphur
dioxide, that we are dealing with a single electronic upper state, and with
a vibrational progression involving only one type of vibration. The fre-
quenay difference is found to be about 410 cm.~! (varying between 390 and
430 om.~?), This is undoubtedly to be assigned to the sy rioal valenoe
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frequency v, which has a value of 856-5 cm.~ in the ground state. The
reasons for this assignment are as follows: the appearance of the spectrum
indicates that, as a result of the excitation, there has been a change in the
vibration frequency ; this is almost certainly a diminution. From the fact
that the bands appear at such low pressures, it is certain that the electronic
tmnsltmn m an ollowed ono. The selection rules then permit only the totally
Ci to appear in absorption from the
vnbunonlus ground state, As the only totally symmetrical frequency in
carbon disulphide i », both the diminution in the frequency, and the
selection rules point to this assignment for our 410 cm.-1 separation, The
absence of periodic fluctuations in the intensity of the bands is probably to
be connected with the fact that neither of the other two vibrations of the
molecule has the correct symmetry for causing such a perturbation. Some
sixteen bands are included in the progression, which extends over & range
of more than 10,000 cm.~*. This range is considerably greater than that of
the near ultra-violet system, which at pressures of several centimetres
covers only 6000-7000 em.~, Great increase in pressure will extend the
latter system by about 1000 em.~1, but this 18, of course, largely a result of
transitions from the vibrating ground states. The same arguments apply
here as were put forward for sulphur dioxide, to suggest that the “3000 A”
bands correspond to a greater anti-bonding effect and to lowor vibrating
frequencies than the “ 2000 A bands. Since all authors who have attempted
to analyse the near ultra-violet system have found evidence of a frequency
of about 250 cm.™}, it scems possible that this corresponds to », in the
exmted state (leson 1929, Wntaon and Parker 19314, b; Jenkins 1929).
from the PP of the spectrum, it is certamn
that more than one upper state frequency is strongly excited, and therefore
no definite statement can be made until a complete analysis of the spectrum
is forthcoming. It should be pointed out that if the molecule is bent in this
excited state, as appears likely from electronic selection rules (Mulliken
1935 ¢), and also from the probable appearance of more than one upper state
frequency, then tho angle through which it is bent is fairly large (~10°), as
the narrowness of the bands indicates a high moment of inertia. However,
this argument would not hold if the change in electric moment were along
the SCS axis. The wide rotational structure of the 2000 A, 1600 A and
possibly other systems indicates that the change in electric moment in-
volved in these transitions is perpendioular to the SCS axis.
Proceeding to shorter wave-lengths, it 18 most noticeable that the strong
band at 1815 A differs in type ﬁvm the preceding ones, Since it is obviously
panied by any vit it must be assigned to a
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transition between non-bonding atomic orbitals (possibly 3p->4s). Though
somewhat diffuse, it resolves itself at low pressures into two components
(A1818-1 and 1811:7 A). A similar band occurs at 1800 A where the non-
bonding type is even more striking.

TaBLE II. FREQUENCIES IN THE 410 M ~! PROGRESSION OF
THE 2300-1800 A sysTEM IN CSy

I vem,~t Avem, -t 1 vem,~? 4v o, 7!
00 45,950 — [] 49,290 410
0 46,370 420 7 49,710 430
0 46,790 420 7 50,110 400

385
1 47,200 410 8 50,480 370
1 47,610 410 9 50,800 420
2 48,020 M 410 10 51,280 380’

410
3 48,440 M 420 8 51,720 440
5 48,870 430 1 42,140 420

M =mean values.

TaBLE III, FREQUENCIES IN THE 830 CM.~! PROGRESSION OF
THE 1750~1650 A sysTkm IN CS,

I vom,~! Av em.?
3 56,4900 —_
10(2) 57,920 830
10D 58,170 850
8DD 5,000 830
2DD 59,820 820
1DD 60,640 820
0DD 61,420 780

To the short wave-length side of the bund at 1800 A appear three weak
bands, see fig. 34, Plate 4. These form a progresslon with a frequency
separation ~830 cm.~! With id in p more
members appear, and it was found posslhle to measure seven in all, on very
high pressure plates. As it scoms probable that the vibration freq; to
which this separati ds has been diminished by the
it might conceivably be the v, type, which has a value of 1524 om.~! in the
ground state. The objection to this intorp jon is that this partioular
vibration is not a totally symmetrical one. However, it is conceivable that
it might be allowed to appear because of dissymetry caused by the excita-
tion 8CS to SCS*. This will be explained later, when a similar vibration
associated with the band at 1600 A is discussed. The possibility that the
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bands may be due to CS formed by photodissociation, or even to small
traces of COS impurity, cannot be entirely ruled out.

The strong band which occurs at 1800 A is probably the most mtemhng
in the whole spectrum. Since only very weak bands oocur in the range
+ 2000 cm.~* on either side of this band, it must obviously be assigned to
the oxamtmn of a non-bonding eloct.ron. That this electron 18 extremely

bonding (i.e. the iti to one bet atomic
orbitals) is shown by the faint; of the panying vibration bands on
the short wave-length side. The band towards longer wa.ve-lengthu arises a8
a transition from a vibrating ground state, and its intensity is therefore
governed by the appropriate Boltzmann factor. The wave number separa-
tion of the contres of gravity of this band and the main one is 650 cm.~!,
which corresponds to a transition from the », (656:5 cm.-3) vibration from
the ground state. A transition from the lower frequency v, (396-8 cm.-1) is
not observed, as it is forbidden by selection rules. A band 2y, mlght be
d, but 1y the Boll factor p ita To
the short wave- length side of the main band, and sepantod fmm it by
660 cm.~?, there occurs another weak band. This separation must un-
douk “_, pond to a vibration of the v; in the upper states, an
which is in ag both with the vibrational selection rules,
and with the fact that the electronic excitation is that of a non-bonding
electron (v, changes only from 660 to 850 cm.~?, i.e. 10 om -1, as a result of
an electron jump of nearly 8 electron volts, or 63,000 em.-1), A still weaker
band appears at 1577 A, separated from the main band by about 1670 om.—2,
This probabl ds to the freq vy, 1623 em.-1 in the ground
atne While ordmnn.ly it would be a forbidden transition, it seems to
appear as a result of the dissymmetry induced in the molecule by the
excitation (SCS to SCS*). This makes the sy ies of v, and v, equi
ag for example in SCO, where the analogous vibrations appear both in
Raman spectra and the infra-red.

One of the puzzling features of the bands of this group is their well-
resolved structure. They are composed of a number of very narrow heads
(some of which are doublets 4v~21 om.~!) whose frequencies can be
determined accurately to two or three wave numbers. There are two
possible explanations for this firstly it might be caused by
transitions from initial vibrating states which retained their original type of
vibrational quanta in the excited state. The slight modification in the value
of the frequencies in the upper state will cause a displacement of the bands
relative to the corresponding ones arising from a vibrationless ground state.
Such itions should be relatively weak, and cannot account for the
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fact that both the band at 1595 and that at 1577 A have two equally intense
heads as their main components. Further, if the explanation is so simple,
the two strongest members of the 1612 and 15695 A bands should be
separated by exactly 8565 cm., whereas no two components have been
found with exactly this difference. Our frequency of 650 cm.~* was found
by avongmg over each band. The second, a.nd probably the correct,

P ion is that the is ional in origin. If the molecule
becomes very slightly bent in the upper state 1t can, in this way, acquire &
sufficiently low moment of mertia to give a wide rotational spacing. The
observed separations are ~70 om.”?, such as would occur if the carbon
disulphide molecule deviated from its linear configuration by & degree or
two, and so approximated to & symmetrical top rotator. The fact that the
structure appears shaded towards the red would also support this theory.
As others might desire to analyse further the bands in the 1600 A region, a
table of frequencies correot to 2 or 3 cm ! is given in Table IV.

TasLe IV, FREQUENCIES IN THE SYSTEM 1012-1550 A IN
CARBON DISULPHIDE

1612 A band 1595 A band 1877 A band 1553 A band
I vem- 1 vom.-t 7 vem.t 1 yem,-
00 61,865 0 62,250 0 63,204 0 64,324
1 61,960 3 02,626 0 63,284 2 04,308
1 62,017 8 62,702 2 68,360 2} 04,416
3 62,080 10) 62,754 2 63,430 0 64,452

10 62,174 00 63,448
3 62,814 0 63,512
0 63,350

Between 1535 and 1450 A there occurs a complicated set of bands erowded
together without any obvious regularities. It is felt certan that no
conceivable vibrational pattern will explamn the character of this set. If
the carbon disulphide molecule 18 very slightly bent in the excited state by
a fraction of a degree, then part of the structure observed may well be

rotational. On the other hand, b the equivalent states
8*CS and SCS* may be responsible for the ity. The dil ions of
the excited orbital seem to be of the nght order for producmg this effect.

Below 1450 A the bands are less and d to

& large number of different electronic transitions, with Imle or no .coom-
‘panying vibrational structure. Since, with the posaible exception of a fow
bands in the neighbourhood of 1250 A, the multiplicity of heads cha-
racteristio of the 1600 and 2000 A systems is not a feature of the shorter
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wave-length bands, it is most probable that the molecule is linear in these
highly excited states, as it is in the ion. The bands are fairly strong, and
well separated at long wave-lengths, but become weaker and crowd closer
wgether towards shorter wave-lengths, after the manner of bands going to
an tial. They ‘go to a limit around 1230 A, or ~10 V.
As the eloctron impact value of the ionization potential of carbon di-
sulphide is 10-4 + 0-2 V (Smyth and Blewett 1934), the above interpretation
of the bands is highly probable. Starting from the short wave-length limit
of the bands, it was found possible to pick out the members of the followirig
Rydberg series:

Vi =81,734— R|(n+0-65) (n=3, 4, b, etc.). (1)

Bands were found to fit in the formula from n =3 to n = 14. Their fre-
quencies are given in Table V. In spite of the complexity of the bands near
the limit it is felt that there can be little doubt as to the reality of this
series. The limit corresponds to 10-083 V, and the possible error in its
determination 18 considered to be less than 0005 V. It corresponds to the
removal of a 3pmg (or (7w, m,)) electron from the !X} state of carbon
disulphide (Mulliken 1935¢c). This leaves the molecular ion in a /1, state
The doublet separation in the analogous case of CO{ is 161 em.~1, By a
consideration of the relative values of the spin-orbit coupling coefficients
of O, O+ and 8, S+ and using the above value for carbon dioxide, it is
posgible to predict that the doublet separation for the /T, state of CS{
should be about 400 cm.~*. A search among the shorter wave-length bands
revealed many differences of ~440 cm -1, Thus 1t appears that the doublet
separation of the ion shows up in the highly excited states of the molecule,
in the same way ag it does for the alkyl halides (Price 19361). In fuct, each
member of series (1) was found to possess a companion situated ~ 440 cm.~!
on its long wave-length side These latter bands are fairly well represented
by the following formula:

W =81,208 — B/(n + 0-56)* (n=3, 4, 5, eto ). (2

1t is not possiblo to be quite as certain of all the terms of this series as it is
of those of series (1), because there is considerable overlapping at its limit.
The associated ionization potential is 10:027 V The difference between the
two limita (i.e. 436 cm.~?) is about the value which might be expected for
the doublet separation of the /1, state of CS{. The series (1) and (2) do not
account for all the bands in the region 1560-1230 A. Other series must be
present though they are difficult to establish It should be atraued that :l.l
the bands in this region appear to pond to vik
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tnnnhonn, in -greement wnth t,he non-bmdmg ohurwur of the slectron
d. The p 1 for a
3pgelectron is 10-8 V (Mulliken 193 5d) The dlscrepunmeﬂ with the observed

values are possibly to be attributed in part to b{)b polarity, though this
effect cannot be great as sulphur is actually below carbon on the electro-
negativity scale of the elements (Pauling 1932, Mulliken 1934). Most of the
d.mumpmcy mun therefore arise from the fact that (w—m, m,) is slightly

Santi-b 2. The shght f the v and v, vibrations associated
with the 1600 A band relatwe to their values in the ground state supports
this.

TABLE V. TABLE SHOWING THE OBSERVED AND CAL(ULATED FREQUENCIES
FOR THE SERIES (1) AND (2) IN CARBON DISULPHIDE, TOGETHER WITH
THE WAVE NUMBER SEPARATION OF THE CORRKSPONDING MEMBERS

Serics (1) Sories (2)

" vobs. v cale. »obs. veale. (1)~2)
3 73,060 73,026 72,670 72,690 480
4 76,400 76,433 75,974 75,997 420
8 78,170 78,171 1,732 717,336 438
L] 79,180 79,176 Obscured 78,740 —
1 79,810 79,809 79,370 79,383 440
8 80,236 80,230 (79,810) 79,797 420
9 80,516 80,5631 80,087 80,095 428

10 80,743 80,748 80,307 80,312 436

1 80,911 80,011 80,475 40,476 436

12 81,036 81,037 80,690 80,601 448

13 81,136 81,137 (80,710) 80,700 426

14 81,218 81,2156 80,778 80,780 438

@ — 81,734 _ 81,298 436

( ) means used 1n sorses (1), 1., probably two overlapping bands, The accuracy of
the measurements varies acoording to the nature of the band measurcd. For some of
the sharper bands 1t 18 as groat as 6 om.~!

Below 1200 A various sets of diffuse bands appear, each consisting of &
fairly wide vibrational pattern. Thoy are almost certainly due to the excita-
tion of a m, electron from the double bond. Judging from the wave-length
at which they first appear (1200 A), they probably go to an ionization
P | in the neighbourhood of 13-5 V (i.e. ~3-56 V more than for the
non-bonding electron). This is compatible with the values assigned to the
analogous electrons in carbon dioxide (Mulhken 1935¢), and suggests that
the C8; emission bands are to be expected m ﬁhe region SBOOA Tha
diffuseness of the bands below 1200 A is probably due to pn
The excited , electron communicates m energy (~10:5V) to the m,
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electron (e.g. by oolhnon) md 80 ejects it. Absorption bmda ntlumd jus
above the mini I of a moleoul show
thu phenomenon. Oxygsn is 8 stnlung example, here direot photo-
ion of & vrr electron is very improbable (Price and Collins 1935), but:
the Hopfield bands (w electron excited), which lie just above the ionization
potential of this electron (i.e. ~1000 A) show considerable diffuseness,
which is almost certainly due to pre-ionization.
Before concluding 1t is perhaps worth while making some remarks in
connexion with the electronic nature of the 3000 and 2000 A ahsorpmon

regions of sulphur dioxide and carbon disulphide. R it
may be said that near ultra-violet abwrphun spectra eormpond to ﬁra.nm
tions to anti-bonding orbitals iated with the el

of the ground state, or with configurations which differ but little from it.
Far ultra-violet absorption spectra, on the other hand, are of & Rydberg

type, and pond to el ic jumps lving change in the principal
qummm number, An the number of excited states associated with a given
with the complexity of the bonds, it is

natural that near ultra-violet absorption spectra should be most prolific for
those molecules in which there is the greatest degreo of unsaturation.
Eleotrons in single bonds (e.g. C—C, C—H) do not give rse to any absorp-
tion in the near ultra-violet. They seem only to absorb i their first strong
resonance (Rydberg) bands which lie in the vacuum region, Double bonds,
on the other hand, possess two types of absorption. In addition to the
absorption of the strong resonance bands, there is a much weakerabsorption
between 2000 and 2500 A (e.g. work by Carr and collaborators (1936) on
ethylene and ite derivatives) This has been attributed to the excited state
[#+2]7 [z -, by, |'By,. (Mulliken 1935a), i.e the transition of the outer
bonding electron to the lowest anti-bonding orbital of the double bond.
A similar explanation has been put forward by Sklar (1937) to account for
the various near ultra-violet absorption regions of benzene The far ultra-
violet absorption of benzene observed by Price and Wood (193 5) corresponds

to the photo-ionization of the , el of this molecule, the spectra
being in excellent agmement with what 18 expected of these electrons.t
The near ultra-violl > of benzene is shifted to the red
relative to that of ethylene, beoause it ponds to the excitation of a

) electron from the more weakly bonding group. If an electron starting
from a non-bonding orbital jumps into an anti-bonding orbital, then one

+ The electrons from the “four' group should be very littlo bonding, and corre-
spond to the lowest ionization potential, those of the “‘two" group should be more
bonding, and go to the higher 10nization potential.
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would expeot the absorption to appear still further to the red, since the
electron jumpe from a higher initial state. This is apparently what happens
in the first ketonic absorption which occurs around 3000 A (for formal-
dehyde the upper atate of this band is mose probably (2py)§ [z,;n,-zo]
(Mulliken 1935b)). Now there is id
the absorption spectra of ketones and that of carbon disulphide and sulphur
dioxide. This is no doubt to be related to the fact that in these molecules
we have lone pairs adjoining double bonds. Thus it might be expected that
the near ultra-violet bands of the latter molecules would correspond to the
excitation of a non-bonding electron from the S or O atom respectively, to
some anti-bonding orbital of the double bond. In addition to the similarity
of the 3000 A systems, it seems that the 2000 A band in ketones bears
considerable relation to the bands in carbon disulphide and sulphur dioxide,
oceurring in this particular region. There is much evidence to show that the
bands in acetone, ldehyde and fi ldehyde, which lic in the range
2000-1700 A, are different in nature from the Rydberg bands at shorter
wave-lengths. They do not fit into the Rydberg formulae which express the
latter bands and, further, in the case of acetone and acetaldehyde their
appearance is quite different It is possible that they may be ascribed to
a transition 2p—>(z;—x,) Thus, if the corresponding bands i carbon
disulphide and sulphur dioxide are similar in origin, it seems likely that this
fact will help in the final identification of their excitod states It must be
stressed, however, that although relations can be traced between >C o]
and 0=C:==0, or>C-—‘; and 8=C=8§, and in both cases it is justifiable to
speak of C=0 and C-=8 double bonds, the electronic structure of these
bonds is very different (Mulliken 1935¢). It is the difference in the electronic
nature of the bonding orbitals (i e. their closed shell configuration) which
ts for the lled energy of the CO bond in CO, relative
to that in ketones (Pauling and Sherman 1933). The non-bonding electrons
are apparently not much affected by the resonance. Also it should be
pointed out that similarities between near ultra-violet spectra can only be
drawn when the ionizati ials of the molecul d do not
differ greatly. For instance, t.he bands in CO, which are pmbubly analogous
to the 3000 A bands of C8;, occur below 1700 A (Leifson 1926; Mulliken
1935¢). This is due to the fact that the ionization potential of CO, is nearly
4V greater than that of CS,.

In conclusion we wish to thank the Goldsmiths’ Company (D. M. 8.),
and the Royal Society Grants Committee (W. C. P.), for financial aid in
oconnexion with this work.
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SoMMARY

The absorption spectra of sulphur dioxide and carbon disulphide have
been mvestigated by means of a vacuum spectrograph down to 1000 A.
For both molecules the systems of bands can be divided into two classes.
(1) those which exhibit wide vibrational structure, (2) those which exhibit
little or no vibrational structure. The former class probably correspond to

to anti-bonding molecular orbitals, while the latter are due to
the itions of comp ively non-bonding el to excited orbitals,
which are mainly atomic in character. In the case of sulphur dioxide, the
extrapolation of the bands of clags (2) to their limit gives a value of
12105+ 006 V for the ioni: P ial of the lecule. A similar
procedure for carbon disulphide yields the much more accurate values
10-083 and 10027 V for ioni; to the two )¢ of the doublet
state 81T, of CS§ (Av=436 cm. ). The experimental evidence indi that
while carbon disulphide is slightly bent in the earlier stages of the excita-
tion, it finally returns to a linear inC8§. Avibrational analysis
of the bands of class (1) is a,lm glvun und mme general features of the
1 io spectra of are
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A suggestion for unifying quantum theory and relativity
By M. Borx
(Commaunicated by E T. Whittaker, F R.S.— Received 5 January 1938)

INTRODUCTION

There seems to be a gencral conviction that the difficulties of our present
theory of ultimate particles and nuclear phenomena (the infinite values of
the self energy, the zero energy and other quantities) are connected with the
problem of merging quantum theory and relativity into a consistent unit.
Eddington’s book, “Relativity of the Proton and the Electron”, is an

pression of this tend , but s attempt to hnk the properties of the
smallost particles to those of the whole universe contradicts strongly my
hysical intuition. Therefore I have dered the ion whether there

may exist other p of umfying theory and the principle
of general invariance, which seems to me the essential thing, as gravitation
by ite order of magnitude is a molar effect and applies only to masses in bulk,
not to the ultimate particlos. I present here an idea which scems to be
attractive by its simplicity and may lead to a satisfactory theory.

1. Rxcreeoorry

The motion of a free particle in quantum theory is represet.lted by a plane
wave

A4 exp[,'%mz*],
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where 21, 23, 23, 24 are the co-ordinates of space-timez, y, 2, ¢f, and py, Py, Ps Ps

the p of TEY Do Py Py K. The expression is

letel ic in the two 4-vectors z and p. The transformation
theory of qumtum mechanics extends this “‘reciprocity” systematically.
Ina ion of the op z¥, p,, in the Hilbert space for which the

2* are diagonal (3-functions), the p, are given by" = ; and vioe versa, if

the p, are diagonal tho z* are given by -3 B% Any wave equation in the
e

z-8pace can be fi d into another ion in the p-space, by help of
the transformation

#(p) = J.'I'(Z) exr»[%p,,z*] dz.

This reciprocity® can be extended also to the case of particles subject to
external forces where the waves are not plane,

But there is a break in the reciprocal treatment when the principles of
general relativity are applied. This theory has its origin in astronomical
questions connected with the law of gravitation, and is founded on the

ption of classical hanics where the motion of & mass particle is
represented not by a wave function, but by an orbit. The fundamental
notion is the four-dimensional line element

de® = gyda*dd, (1)
the coefficients gy, of which form the metric tensor.

1t occurred to me that the principle of reciprocity would lead to the con-
sideration of a line element in the p-space

do® = y¥dp,dp, (2)

defining a metric in this space, but one which is not directly connected with
the metric tensor g, in the z-space. If classical mechanics were valid through-
out, this assumption would of course be impossible, for then p* would be
equal to u*, where u is the rest mass and the dot means differentiation with
respect to proper time; therefore the transformation laws of the vector p
would be eomp]etely determined by that of the vector z, and it would not
be admi: t0 assume an indep bsolute quadric for the d
tion of the metric in the p-space. But the real laws of nature are those of
q theory. The classical ptions refer only to a limiting case,
* The word “rociprooity” is chosen because 1t 18 already generally used in the
lattice theory of crystals where the motion of the particle is described in the
p-space with help of the “reciprocal lattice ",
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namely, that which is apt to describe the motion of molar bodies in space-
time. It is characterized by the condition that energy and momentum of the
quanta involved (kv and 4/A) are extremely small (as compared with Av, and
/A, Where A, = c/v, is the Compton wave length), whereas space and time
are unlimited. There is another posaibility of going over to a limit, namely,
the case where we have to do with very small regions of space and time (as
compared with Ay and 1/vy), but with unrestricted amounts of energy and
momentum. This is the domain of ultimate particles and nuclear phe-
nomena. It seems to me unjustified to assume that these two reciprocal
limiting cases should be subject to the same metrc, based on the line
element in the z-space. 1 suggest that the conception of & metric is in-

licable for those ph in which 2-space and p-space are involved
simultaneously with about equal weight, it is only valid for the two limiting
cascs, for molar processes in the z-space, and for nuclear processes i the

p-space. I have the impression that this ption does not contradict any
known fact. We have learned that the simultaneous measurement of a
dinate 2* and a Py BTC d by the inty lawe

(which, by the way, conform to the principle of reciprocity, as they contain
the z* and p, symmetrically). Thoy should provide for the froodom necessary
to have different and widely independent motrica for the two limiting cases,
which we shall call, for sake of brevity, the molar and the nuclear world.

2, THE DIFFERENTIAL EQUATIONS FOR THE MKTRIC TENSORS

In Einstein's theory of gravitation the metric tensor gy, has to satisfy
differential equations which connect the curvature tensor Ry, of space-time
with the tensor cnergy-density T), of matter (including electromagnetic
field). The most general form of these equations is

Ry~(R+2) gy = —«k Ty, (3)

where « is Einstein’s gravitational tand A th logical

It is well known that these equations have a static solution corresponding to
aclosed (hyperspherio) world filled with matter of uniform density. Therefore
there exists an upper hmit for the distance betwoen two points, given by the
radius @ of the universe.

Let us transfer this consideration to the p-space. For this purpose we have
to define its curvature tensor P¥ in exactly the same way as the Ry, in the
z-space. Further, we have to introd ities T4 depending on the
presence of matter, The ing of these by lear if we ber that
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1n the z-space the integrals J.T“ dzdydz are momentum and energy of the

system considered; analogously the integral J'Tuag,ap,ap, must be

interpreted as space co-ordinates and time value of the system. We have,
therefore, in accordance with our general considerations, to attribute to the
whole system one single point in space (which may move in time); spatial
speoifications of the parts of the system are meaningless, whereas we have
full freedom to study the energetio processes of the parts.
This seems to be & proper way of dealing with internuclear processes. As
far as I can soe the existing theores of the nuclei are of this type. For the
of the fund 1 properties of & nucleus it seems to be
'y to specify fully the law of ints ion bet its con-
stituent particles, any function of the distance will do, if only the total
range of action and the dissociation energy are properly chosen. The fully
developed theory should, of course, modify the extreme p-standpoint and
allow on apatial properties of nuclei in d with the
uncertainty rules
The differential equation for the metric tensor y* in the p-space will have
the same form as that in tho z-space, namely

PH— (4P +X')y¥ = —k'TH, 4)

where A’ and «’ are constants, Whether these nuclear constants are con-
nected with the corresponding molar constants A, x cannot be decided yet.

3. HYPERSPHERICAL MOMENTUM SPACE

‘The equations (4) will have a solution corresponding to » closed (hyper-
spheric) momentum space (p,, p,, P;), independent of £. Therefore we are
led to the conclusion that for systems of some kind there is an upper limst
for momenta,* determined by the radius b of the hypersphere. The systems
to which this idea is applicable must be energetically closed; it inly does
not apply to every system, as we know the existence of particles with any
amount of momentum and energy (cosmic rays)

This result is of great importance, as it diately the infi
which are the dark points of the present theories. The hypersphere can be

* This asswnption has already been made, but without any relativistio foundation,
by M Born and (. Rumer (1931). Boe also G. Wataghin (1934) and A. March (1937).
Qmw a different way of avoiding the nfimite self-encrgy has been suggosted

G. Wentzel (1933, 1934).
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written by help of a parameter u, having the cheracter of 8 momentum,
pRApj+pitut = bY (8)

from this we get
= (6*-p'), udu = —(p,dp,+p,dpy+P,dp,).
The line element of the p-space we get by eliminating » and du from
do* = AR — (dp} +dp}+dpt+dut)
in the form
" 7
do* = dE*— {dp,(l+ )*"ll'v(“"ba p,)+dp,(l+h, p,)

+ 2y e i P i ) (0)

We omit the well-known proof that the y* defined by (8) are solutions of the

differential equations (4) 1if b i8 suitably chosen as a function of A’, k',
The three-dimensional volume element is given by

dQ = \(~v)dpdp,dp,

Di PPy PaPe
where l+b‘~p’ b‘-—_;i b’ip'
PyP, Py Pyp » o
TS ptp VYRS g T el p T e
| PaPr PPy g, Pi
B-pt b pt Bopl

This shows that b is the upper limit of p. We get

_ dp.dp,dp;
b= 0=y o
This simple result admits of some important applications. For if we have to
do with a system of ind dent particles, the fund. 1law of
statistics gives the number of quantum siates of weight g in a spatial volume V
and @ momentum element dS2

4
dn = gh,dﬂ gb.\/( l'dpp’/:;‘) (8)
The appearance of the square root indi deviations from the classical

laws; it removes, as scaﬁed above, the disturbing lnﬁnlhec We shall show
this for a few P ted with q

4
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The total number of quanium stales in V is finite, namely,

dpydp, _ MVI:' 1gMdE n'Vb‘
=i = o[ e S04 - i Sl R
’J.'ha important question arises whether the constant b is universal, or
teristic for each getically closed system. I do not think this
question can be answered in the present preliminary state of the theory.
For the sake of argument I shall assume in the following examples of
application that the value of b is always the same.

4. APPLICATION TO QUANTUM ELKCTRODYNAMICS

We use the form of quantized eleotrodynamics given by Fermi (1932). He
writes the Hamiltonian for a system of electrons in an electromagnetic field
oontained in the volume V, as the operator

H= Bt Bt Bty S S oo T (10)
here = —g(c(akm +myetf} an
is the Dirac Hamiltonian for the electrons (k = 1,2, ...) with rest mass m,,

Hy = Z{0h + ph) + 2miah + b)) (12)

the energy of the oscillators representing the radiation field,
Bo=Sas [ S Guuta+ Augal)an T )
the ints ion energy bet 1 and radiation, where X,,, Z,. are

two unit vectors orthogonal to one another and to the divection of propaga-
tion of the wave s, which, at the place of the electron , has the phase

2
Ty= T”(P:zk+pnyh+1’uzk)+‘,n- (14)
This theory the facts of radiation marvellously, but it involves
some infinities. The simplest of these are:
(1) The zero energy of radiati ined in H,; for the stationary states

one has
H = ;Iw,(»,+ b, (16)
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(2) The Coulomb self-energy of the electrons contained in the term given
explicitly in (9), namely,

H =izm( ;008 Tyt (16)
o "V-E; i 008 Ly

All these formulae may possibly need modifications as a consequence of the
p-metrio. But I do not expect these alterations will be essential, and I shall
suppose here that the only effect of the p-metric is that on the counting of
quantum states.

With help of (8), where g = 2 ponding to the two directions of
polarization, the zero energy of radiation becomes

2 8V, (*  pd
By=H =3, =53p =52 J(T%’)

ATV Pl noly
Y S PV (e R
or with help of (9) Ey= ;;dm. an

which has, in fact, the dimension of energy. The Coulomb interaction (16)
can be written

I3
H,= WEGI:PIRH) (18)
. co8 I’y cos T dp,dp,dp,
with Ru=' ____"‘__ g, jfjcmPkmF,p,J(‘_‘;,/;,) (19)

where the weight ¢ has to be taken equal to 1 (longitudinal waves).
We average over all phases 4, and introduce the cosine y of the angle

-+ o
between the vectors p and 4y = r, —7;. Then

wj f h W")J(ld—;i'/w

ol )
Vf”‘“ B PH) 4
Pru

=R, J=p75% "
If we introduce the function
2 (tain(fx) dE
sy =3[ B - [y (20)
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where Jy(y) is the Bessel function, we get

V1

Ru= oo (22). @

. h
with o= 5 (22)

Substituting (21) in (18) we get the modified Coulomb law

e ( r,,) 23
ig bl T (28)

From the definition (20) one finds easily
Lf@=1 L if@=1 (24)

z—+w z>0%

Therefore we have the classical Coulomb law for 7, » 7,, and r, determines
evidently the “dimensions’’ of the electron. One finds its precise meaning
by calculating the self-energy terms in (23), taking k = 1, namely,

-- = me, (26)

where we have introduced the mass m of the electron. Therefore r, is the
classical radius of the electron, 7o = e3/mc? = 2-80 x 10~-**cm., and we get
from (22)
h

b="7u=7-43x 10-18g. cm. sec.™1, (26)
Asthe terms H, account for the inertia of the electrons one would be inclined
to omit the mass terms in the Dirac Hamiltonian H, (11); but these appear
there multiplied by the spin operator 8. This shows that a complete explana-
tion of mass as an electromagnetic phenomenon requires a deeper under-
standing of the relation of the spin and the electromagnetic field. We shall
not go into this question.

Introducing 7, from (22) instead of b in (9) and (17), one gets

n=nel, mp= "_:,) = 200X 10%om. %, (21

4ch 8 heet 8
By = eyn = g4V, e“'s_n'r_,"s;i?e"'rfﬂm""'

= 117me? = 9-49 x 10~%erg = 5:97 x 107 e-volts;

186 A8 1
s,nﬁa_",m(.é) - i1:47( ra) = 275x10%ergom. %, (28)
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This shows that the zero energy per quantum oscillator, €y, 18 8/37 x 187
times the rest energy of the electron, me?, and that the density of the zero
energy of radiation, E,/V = ey, is 128/3m x 137 times the electrostatic
energy density &3/8z, where & = e/r} is the electric field at the “‘surface” of
the electron.

'l'ho numencnl values shonld be considered as preliminary, since the
nergy which arises from the term H,, (13),
has to be added. Dirac’s single e]ootmn theory gives, according to Heitler
(1936), for this transverso self-energy an oxpression which would lead to a
value about 2 x 137 times as large as the clectrostatic one. But it has been
shown by Weisskopf (1934) and Kemmer (1935) that the hole theory of the
electron leads to another expression which gives & value of the same order
a8 the electrostatic one, differing only by a numerical factor }. In con-
nexion with this ion it should be idered whether the value of &
for the longitudinal waves (el ic terms) and the transversal waves

ic terms) is ly id

5. HKAT RADTATION

We can now apply formula (8) to the excited states of the radiation field.
As the partition function of an oscillator with the energy Avn is

2 eIkt = o T— eHvr? (29)
we find for the free energy of the radation field
F = kTS Q, = kT 3 In(1 - e-MT), (30)
and if we assume that p = hv/c, we have with the help of (8)
_ swkT g
F= VJ. In (1= ’./(1 ("),) (31)
with r= % = ’.lcﬁ' = 2:94 x 10-Bsec.; (32)

here we have assumed that b is the same as determined above; then 7 isthe
time which light needs to travel the distance zr,. The entropy is

= _OF _E Smho 1 (U Ady 33
=TtV T), sy



300 M. Born

sudthoonergy U= F+78= | o, v 4
»
c’ (Q"[*, - I)J(l —-(W)')

This is the modified Planck formula for the density of radiation. The
radiation pressure is given by

vith u(y, T) = (38)

oF F 8akT (1r Vidy
Pecgp=-y=-"a |, - e“”"’J(:—l»r>')
- = - - — e~ OlIT
n.kT”foln(l e )1/(1—5')' (36)

where
k6°=é_bc_—hf-=§fzo_223x 10~terg = 1-41 x 108e-volts,
arg (37)

Oy = 163 x 10'* degrees.
These numerical values should be considered with reserve, as mentioned
above.
The total energy density can be written

e B 4t BdE
) = [t Ty = mbur [ o E
4 ("8 sindgdg
= ngkOy | Ehﬁﬁn‘gﬁr (38)
The quantity —3P which vanishes in the classical theory differs here
from zero, namely
_ 41 EMdE [ Q)T
u(T)=3P(T) = ngk T~ oI
This vanishes for 7'-» 0, but has for T' » O, the value n,kT, corresponding
to a kind of saturation as if cach degree of freedom of the vacuum had
acquired the equipartition value kT of energy. As a matter of fact, the
formula (38) for the energy is formally similar to that of a (one-dimensional)
orystal lattice, as studied a long time ago by v. Kérmén and myself (1912,
1913). One has for 7' €O, the Stephan-Boltzmanu law

+3In(l—e-%ET),  (39)

Smingk _ 8mikt
wT)=aT4 a=ror o = ison (40)
whereas for 7' » 0, w(T) = nokT; (41)

in this region the vacuum follows the law of Dulong-Petit.
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Theee results show that the radiati cannot be idered as
the transfer of momentum p = hv/c. Thu holds only for temperatures low
compared with @p; for higher temperatures the pressure has more the
oharacter of the internal pressure of a vibrating crystal lattice. It follows
that Maxwell’s equations cannot hold for high-frequency waves, but have
to be modified in such a way that the relation of the pressure of light to the
density of energy is consistent with (39). But as Fermi's formulae from
which we started are nothing but the quantized Maxwell's equations there
may possibly be deeper al y affecting all the f lae of
this section.

6. KINKETIC THEORY OF GASES

There are also devmnons from the nceeptod laws of the kinetic theory of

gases. The |
R
or  Q=Vno J' :wwr ﬁ"% - ersnr{J,(;?,)\Lu,(;ig)], “2)

where © can be d by the characteristi of the vacuum:

b m he Rty 1:21 x 10®

O = 535%™ M om0 = Toggp Qo= — 5 degree.  (43)

4 is the molecular weight relative to the H-atom. One has for T' € © the
usual formula

Vi‘l/—”""(g)' = V(g”#z)l’ (44)
but for T3 0
3
o= ivm{1=37+1o(7) - walz) *ioma(7 2= @
oy ' ion has no infl on the equation of

state, but on the specific heat. It may play a role in the theory of the
oconstitution of stars, and on the oonstitution of nuclei as well, as these,
according to Bohr and Kalckar (1937), can be treated by thermodynamical
methods.

* This problem can also be treated rolativistically quite easily; however, the
result depends eesentially on what assumption one makes about the radius b.
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The molar heat for high temperatures, 7' » 9, is
ke
%= 1678

and goes to zero for 7' co.

. (46)

CoNcLUsION

A consequence of the assumption of a finite size of a system in the p-space
18 the existenoe of a sot of proper functions y,,(p), where the index » refers
to proper values of some functions of the space di This means
that our theory leads to a kind of granular or lattice structure of space
without introducing such a strange assumption a priori.

The suggestions made 1n this paper contain an ample programme for
further investigation, the most important question seens to me the generali-
zation of the 1dea of the metric tensor and of the equations determining it,
for that intermediate region where classical methods neither in the z-space
nor in the p-space are applicable.

SuMMARY
The fact that the fund: tal laws of q hanics are
symmetrical in space-time z* and 'Ry Py can be g lized
to a “principle of reciprocity”’ ding to which the z-space and the p-

space are subject to geometrical laws of the same structure, namely a
Riemannian metric. In analogy with Einstein’s closed z-world one has to
assume that energetically closed systems (as elementary particles, nuclei)
must be described by help of a hyp herical p-space. A of
this assumption is a modification of the formula for the number of quantum
states in an element of the p-space. The application of this formula to
quantum electrodynamics leads to a finite zero energy of the vacuum, a
finite self-encrgy of the electron, etc. Deviations from Planck’s law and the
Stephan-Boll law of radiation, and the calorie properties of gases are
predicted for very high temperatures.*
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Hyperfine structure, Zeeman effect and isotope shift
in the resonance lines of potassium

By D. A. JacksoN axp H. Kunn
Clarendon Laboratory, Ozford

(Ce icated by F. A. Linde FR.S.—R 1 24 January 1938)
(Plate 5]
INTRODUCTION

In an earher work (Jackson and Kuhn 1935, 1936) the hyperfine
in the lines of the abundant isotope 30 of potassium

was observed by the method of absorption in an atomic beam; but no
intensity measurements were made. Qualitatively, the short wave-length
eomponent appeared to be the stronger, whnch led to the assumption of

tic moment. M i exp (Millman
1935. Fox o,nd Rabi 1935), though in Act,umte agreement as regards tha
w‘ldth of splitting, ga,ve a positive The at

were th under conditions which excluded
overlnppmg of nelghbounng ordon ot the interferometer spectrum and
thus p ion of the i ities. This was
achioved by umng an etalon of 8 om. length only (instead of 10 cm. in the
old experiment) and by running the lght source at low pressure of
potassium. The measurements, the main results of which were published
in a prelimnary note (Jackson and Kuhn 1937a), gave an intensity ratio
1:45 of the hyperfine structure components, the long wave-length one
being the stronger.
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The nuclear spin of § which follows from the magnetic deflexion
experiments would require an intensity ratio of 1-66, which is definitely
outside the limits of error of the intensity measurements. It was also
observed that at high density of the atomic beam the component of
shorter wave-length -ppcmd w:der than the othar component. Both

these facts were explail ively by g that the lines of the
14 times rarer isotope K 41 avetlapped the wea.ker oomponent of K 30.
This ption is in ag with the comp ly small splitting of

the ground-level of K 41 found by the magnetic deﬂexmn mpthod (Manley
1936), and also explains why in the earlier photograms the component of
shorter wave-length appeared stronger.* -

In the following work it has been possible to prove the correctness of
this assumption. By using three atomic beams of very high collimation,
the lines of K 41 could be resolved from those of K 39

The hyperfine structure of the Zeeman effect of the resonance line
48,~4%P;, A7664 of the abundant isotope K 39 was observed by means of
a single atomic beam. Each of the two 77 components was found to consist
of four lines, proving conclusively that the value I=§ is correot.

EXPERIMENTAL

Light source. The pommu.m resonance lines 17684 nnd A7699 used as
back d for the ab were produced in an el ds
lesa d.molmrge tube, filled with helium at & preqsure of a few mm. A side
tube containing metallic potassium was fitted to the capillary. It was
heated in an electric furnace to a temperature of about 180° C. Under
these conditions the resonance lines were strong and sufficiently free from
self-reversal.

Atomsc beam. The condition for resolving two lines of equal intensity
at distance 4v from each other is

hs Ay,
h being their half-value width due to Doppler effect. The corresponding
condition for lving two lines of i ities ¢ and I (i< I) is that the

intensity of the strong line, at the distance /2 from the weak one, must
have fallen to at least the value §i. If J/i=27, this condition is fulfilled if
h(jz+1)s4v.

* In reality, 1t was oqually strong, due to nearly complete absorption, but wider.
‘With any shortago of resolving power, either of the etalon or the photometer,
the wider of two equally strong lincs appears shightly stronger.
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For the present problem of resolving the lines of the rare isotope the
factor in brackets is about 3, requiring A S §4v. As the splittings to be
resolved were expected to be about 4% of the normal Doppler width, the
condition required a collimation of the atomic beam of at least 3.

In the actual experiment the collimation was made g. In order to
obtain sufficiont absorption for the rare 1sotope with this high degree of
collimation, three atomic beams 1n series had to be used.

The atomic beams were formed in three vertical pyrex tubes of diameter
156 mm. with two linear constrictions of 5 mm width, at 17-5 cm. distance
from cach other. The absorption chamber to which these tubes were
connected had plane windows sealed on and was evacuated through a wide
tube leading to the pump. The potassium in the bottom ends of the atomic
beam tubes was heated by means of three clectric furnaces to tempara,tnres
between 150 and 220° C., hing to vapour |
5x10~* and 10-2 mm. The deposits on the top of the absorption chamber
had extremely sharp edges, proving the absence of any appreciable amount
of seattering.

For the investigation of the Zeeman effect of K 39 a single atomic beam
tube was used, of collimation . It was placed between the two cylindrical
pole pieces of an el t, of d 5cm and sep ion 3:6 cm.
A Nicol prism was introduced between the atomic beam tube and the
spectrograph so that only the 7 components were transmitted.

Specirograph and interferometer. A 1-5m. spectrograph described in
earlior work was used, with a very dense glass prism of 65°.

The interferometer was a Fabry-Pérot etalon with glass plates of 11 em.
diameter and separating piecos of silica. The plates were silvored by
evaporation, the transmission of each boing 49,. Separations of 5, 8
and 11 em, were used.

Tho etalon was enclosed 1n an airtight box with plane glass windows.
The box was fitted with an oil manometer and the air pressure inside could
be varied by + 10 em. of oil. This has the advantage that
slight variati or i during an exp:
do not alter the denmy of the awr in the box It is also possible, by
adjusting the air pressure, to alter the position of the fringes within a range
of one order. It was thus possiblo to bring the absorption lines near to
the oentre of the fringe system, where on account of the greater scale the
resolution is highest.

The etalon was adjusted with the red ray of a cadmium lamp, the air
pressure being set so that a small black spot appeared in the centre of the
fringe system ; the size of this spot is very sensitive to changes in thickness

Vol. CLXV. A. 20
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of the etalon. The whole silvered area of the plates (9 cm. in diameter)
was used for adjustment, while for making the exposures the etalon was
stopped down to 2 or 3 cm, diameter. Only in this manner was it possible
to adjust the etalon with 11 cm. plate separation by means of the light
of the cadmium red line, on account of the diffuseness of the fringes with
this length of path.

Resuwrs

I iy ratio of the comp of K 39
Fig. 1, Plate 5, shows an enl h ph and a p

tracing of the line 48,—47P, taken with & 5 om. etalon and & smgle atomic
heam of collimation }. The light source shows a small amount of self-
reversal. This condition is very suitable for intensity measurements, for
the i ity curve of the backg i at the position of the absorption is
very flat. The wide gaps hetween nelghbounng orders show the nbsenee
0{ overlapping, which is an dition for d i of

ities. The gave the following values for the intensity
ratio of the hyperfino structure components*

45,-4%P) 1-44, 1-44, 144, 1-38, 1-43, 1-48, 1-45* mean 1-44;
48,~4%P,; 1-52, 1-42, 140, 1-45: mean 1-45.

In both lines the component of longer wave-length is the stronger. The
method of ing these i ities was that described in earlier work
(Jackson and Kuhn 19375). The correction for the overlapping of the
Doppler wings of the two lines is negligible.

The value found agrees well with the intensity ratio which would be
oxpected for a spin § of K 39 if all the absorption of K 41 overlapped the
weaker component of K 39, the value in this case being

167/(1 +2:67/14) = 1-40,
‘The observed value 1-45 is somewhat greater; this is to be expected as the
lines of K 41 do not exactly overlup the weaker lme of K 39 but lie on
cither side of it. As the magneti and the result of
the investigation of the Zeeman effect (see p. 310) havo established the
value 7=} of K 39 beyond any doubt, this result is of interest as a test
of the method of measuring intensities.

Structures of the lines of K 39 and K 41

Structure of the line 8;~3P,, A7664. With an 8 cm. etalon, the triple
atomic beam photographs showed, at low densities, the hyperfine structure
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doublet discussed above. At very much higher densities, a new line
appeared on the long wave-length side of the weaker component of the
doublet, and also & wing on the short wave-length side.

With an 11 cm. etalon this wing became a clearly resolved line, the
8;-1P, line now showing a hyperfine structure pattern of four lines, as
shown in the diagram fig. 4. Two of them, a and b, are only visible at
densities of the atomic beam 10 or 20 times the density required to show
the lines A and B, so that the assignment of @ and b to the 14 times rarer
isotope 41 is certain.

a b
] s
t B
K41

Fio. 4. Hyporfine structure of 48,4 1P}

Fig. 2, Plate 5, shows an enlargement and a photometer curve of this
structure.* A great number of photographs was taken; the four best
plates were measured and gave the following results for tho relative
positions of the four componenta.

TaBLE I, STRUCTURE OF 48,~43P, (IN cmM,~1)

4 (K 39) a (K 41) B (K 39) b (K 41)
0 0000 00090 00150 00189
00000 00104 00146 00184
0-0000 00104 00148 00180
00000 00101 00147 00182
Mean 00000 00102 00147 001868 om.~t

The line 8;~%P;, 17609, was found to have a very similar structure (see
disgram fig. 5). The ) b is not pletel lved, 4 is much

* In figs. 2 and 3 of Plate 5, a3 1n most photographs taken with the 11om.
etalon, the defimtion 18 better n ono half of the fringe aystem—the right half in
the figures—than n the other. This offect probably ariscs from amall distortions
of the etalon plates. The separation of 11 cm. of the etalon plates was obtained by
putting together throo separating pieces of length 5, 4 and 2 em  On account of thus
@ higher pressure than ususl of the adjustment springs was neoded, and this may
have causod small distortions in tho plates.
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broader than in the other line, and the beginning of a resoluti
into two lines can be seen on the original plates The results of measure-
ments of four plates are given in Table II.

001cm™
B
a b
=
— h(_il
K39~

F1a. 6. Hyperfino structure of 48,4 'P;.

TaBLE 11. STRUCTURE OF 48,-4°P, (IN cM.~?)

A (K 39) a(K41) B (K 39) b (K 41)
0-0000 00100 00156 00183
00000 00103 00159 0-0180
0-0000 00085 00160 00190
0-0000 00104 00160 00191
Mean 00000 00100 0.0159 0-0188 em.*
The llest splitting lved in these i is 0:0029 cm.~1

(B—b of 8;-3P;) which is ¢ of the normal Doppler half-value width at
200° C., the intensity ratio being 14/1. Applying the condition given
above (p 304) tho Doppler width which would just allow the resolution
of these lines is found to be 4 of the normal Doppler width at 200° C.
Without the uso of atomic beams, a temperature of less than 0-5° abs.
would be required to resolve the lines.

The hyperfine structure of the Zeeman effect of the line
48;-4°P; of K 39

The Zeeman effect of a line 8,-2P, | two 7 comp: d
by 4 of the total Lorentz splitting. A ficld strength was chosen a.ﬁ which
the distance between the two 7 components was nearly equal to § of an
order of the etalon (=0-0227 cm. ). The strength of this field was measured
and found to be 730 gauss,

Each of the two 7 components was found to consist of four lines
(fig. 3, Plate 5). On acvount of the rapid doecrease in scale with the
distance from the centre of the fringe system, the resolution is better in
the long wave-length component.
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In Table III are given the positions of the eight observed lines, zero
being the position of the centre of gravity of the two components of the
hyperfine structure without field, an intensity ratio of 5/3 being assumed.
The accuracy of the measurements 1s + 0-0005 cm. -2,

TasLE ITI. ZEEMAN EFFECT OF 48,-42P) (IN CM.~1) 7 COMPONENTS
- +
0-0174 00137 00100 00084 00061 00107 0-0151 00181
0-0170 (0136 0-0100 00062 00062 00105 00146 00179

Moan 0-0172 0-0136 0-0100 00063  0-0066 00106 00148 0-0180

DISCUSSION OF THE RESULTS

K 39. Hyperfine structure without magnetic field

The resolution of the lines of the two isotopes made 1t possible to
measuro the atructure of the lines of K 39 with highor accuracy than that
obtained in the earlier work. The hyperfine structure sphtting of the
resonance lines is mainly due to tho splitting of the ground level 48,.
The differonce bet: the sphttings of the two linos 18 caused
by the small, unresolved structures of the 42P terms Assuming that the
measurements give tho centres of gravity of the blends, from the separations
0-0147 and 0-0169 em “* of tho components of the lines 41,-4%P, and
48,~49P, it follows that

AS.= 00163 + 0-0002 em.~1, A%, =0-0018 £ 0-0006 cm .

The value of the sphtting of the 43; term 1 practically tho same as tho
value 0-0152 found in the first work (Jackson and Kuhn 1935, 1936) and
agreos well with the magneti of Millman (1935),
Fox and Rabi (1935), who found 0-0152 and 0-0164 cm.~2, It leaves the
value 0-39 of the magnetic moment unaltered.

The value 48P, =0 0018 cm. ! is in agroement with estimates of the
scarcely resolved splitting of the line 4 of 48,~43P,. Tt is also in agrecment
with recent experiments of Memsncr and Luft (1937), who observed the
hyperfine st in the p lines by means of an atomic
beam of potassium excited by electron impacts. Nevertheless, too much
importance must not be ascribed to the accuracy of Meissner’s and Luft's
measurements, as they did not resolve the lines of the weak isotope and
made no allowance for possible displacements by them.

The nuclear magnotic moment, caloulated from the 2P, splitting by
means of Goudsmit’s formula, is 0-37, in good agreement with the (more
acourate) value derived from the 48, splitting.
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K 30. Zeeman effect

Of the methods of determining nuclear spins, the most direct and reliable
is the observation of the Zeeman effect. If the magnetio splitting is large
compared with the hyperfine structure, each Zeeman component is split into
27 + 1 hyperfine structure lines (Goudsmit and Back 1927). For very great
fields the lines are equidistant and of equal intensity; for fields that are
smaller, but nevertheless high enough to give a Zeeman splitting con-
siderably wider than the hyperfine structure, the number of components
is still 27+ 1, but they are not quite uniformly spaced. For the line
48,~4%P, of K 39 the field h of 730 gauss ponds to this state,
the total Lorentz-splitting being about 5 times greater than the hyperfine
structure.

The position of the I can be calculated from the q

h ical fi lae (G and Bacher 1930). Assuming the value

I=} of the nuclear spin and the splitting of 0-0153 cm.~* of the 48; term,
the displacements (in cm.~!) of the m components from the centre of
gravity of the lines without field are given by
0- 0153 0-0153 0153

8

= —5— (L +mz+29) + §H x 47T x 1074,

e H g(J))
where = dme ™ 0-0163"
m is equal to m;+m; and has the values 2, 1, 0, —1 for the negative
values of the second term, and 1, 0, —1, — 2 for the positive values; and
9(J) is equal to 2.

The displacements calculated for a field of 730 gauss are given in the
diagram of fig. 8, together with the observed values. It can be seen that
they are in very good agreement, the observed closer spacing of the outer
components, and also the values of the total widths of both groups are in
very good agreement with theory. The effect of the unresolved structure
of the term 4P, on the Zeeman pattern is negligible.

=0 0169 -00136 -00101 ~00062 00054 00100 00139 00174 cm™
TT7 1 1
Obsd | I
-00172 -0-0136 -00100 - 0 0063 (] 00056 00106 00148 00180cni™*

v
Fia. 6. 7 components of Zeeman offoct of 48,4 'P).
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K41

The two lines a and b of the isotope 41 correspond to the lines 4 and B
of 39. It follows that the magnetic moment of K 41 is positive, as the
long wave-length component is the stronger one. The ratio of the splittings
of K39 to K4lis

:)l:%:—z = 175 for the line §;-2P, and
0-0169 .
Gooss = 1’80 for the line 8;-P;.

Average 1-77 + 0-06.

Th!s agmos well mth the vu.lua 1-80 found by Manley (1936) from
ex ing the spin /=1 for K 41 found
by Manley, the magnetic moment is found to be 0-22 nuclear magneton.

The ratio of the magnetic moments of the ‘two isotopes ;—t" = 1774005,
41
being independent of the of the theoretical formulae, is much

more acourate than their absolute values.
From the positions of the lines and from their intensities the isotope

shift is found

8v=0-0078 cm, ! for 8,-1P,,
8v=0-0074 cm."! for 8,-3P,;,
Average = 0-0076 + 0-0005 om.~1,

The theoretical value of the centre of gravity shift, considering potassium
a8 hydrogen-like, is 00087 cm.~%, in the same diroction as that observed.

The authors take this opportunity of thanking Professor Plaskett for
placing at their disposal his excellent photometer, and Professor Lindemann
for his continued interest in the research; and also Queen’s College and
8t John’s College for the stiponds granted to one of them.

SumMMARY

1. The intensity ratio of the hyperfine structure components of the
resonance lines of K 39 was measured by the method of absorption in an
atomio beam. The value 1-45 found agrees with the value required by the
spin § if allowance is made for the overlapping by the lines of the 14 times
rarer isotope 41. The component of longer wave-length was the stronger,
showing that the nuclear magnetio moment of K 39 is positive.
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2. By using three atomic beams in series, of collimation o, it was
possible to resolve the lines of K 41 as two satellites on either side of the
weak component of K 39. The ratio of the splittings of the lines of K.39
and K 41 is found to be 1 17 mgood.greementhththevdua 1-80 found
by Manley in i P The magneti ent of
K 41 is poaitive, like that of K 39.

The lines of K 41 have an isotope shift of + 0-0076 cm.™! relative to the
lines of K 39. The theoretical centre of gravity shift, considering potassium
a8 hydrogen-like, is +0-0087 cm.™t,

3. The Zeeman effect of the hyperfine structure of the line 48,~4'P; of
K 39 was investigated. Fach of the two 7 components was found to
consist of four lines, proving O.hnt the nuclear spin of K 39 has the value §,

in ag with i i and the
of the intensity ru.t.m of the hyperfine structure lines. The observud
positions of the hnes are in close with the i

by the quantum theoretical formulae.
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On the equations of electromagnetism
1. Identifications
By E. A, MiLxE, F RS,
(Received 26 July 1937—Abbremated and revised 20 December 1937)

1. The general object of the following papers is to ascertain what form
the equations of electromagnetism take when derived on l purely kmemnnc

basis. Maxwell’s theory 18 not d. The only phy made,

nAmely, that a system of moving charges conserves ita energy (defined
lly) when the lerati of the chargea vanish, is a very slight

one and is certainly fied in classi t: but the resulti;

equations and laws, whilst coinciding with the classical theory to a con-
siderable extent, differ in certain essential pnmeu]m Ths arises from the
id of the irical laws and hypoth ions from whioh
Maxwell's theory starts. In particular we avoid the formnl inconsistency in
the classical theory by which a magnetic intensity H is defined via the
mechanical force on an 18olated magnetic pole, yet isolated magnetic poles
do not ocour in the classical ““theory of electrons”. In the present treatment
& magnetic intensity 18 defined via the mechanical force on a moving
““charged " particle, as an el t ing into the caloulation of such force.
The general method is, adopting the dynamics constructed in previous
Ppapers on a purely kinematic basis (Milne 1936, 1937), to formulate equations
of motion containing the next most general type of ““external force arising
after “gravitational” forces have been dealt with. Such forces arise from
the double differentiation of scalar “‘superpotentials”, but we do not lay
dnwn whnt form these scalars are to take. Imtmd we allow them to

lves, by imposing the single phy ion above-
mentioned, after the equnhon of energy has been derived. Onoe the scalar
ials have been so d ined, their double differentiation yields

Iymbols E, H, which are then compared with the empirical laws governing
the interaction of “‘ charges”, this allows us to identify the adopted definition
of charge and the symbols E, H with the similar quantities ocourring in
the experimental formulation. Lastly, we derive the identities satisfied by
the resulting E, H; these partly coincide with, and partly differ from, the
“fleld equations” with which the classical theory starts, and thus we end

Vol CLXV. A (14 April 1938) [313] o
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with theorems which play the part of the “laws of nature” assumed at
the outset in the classical theory.

The scope of the work is that of the classical ““theory of electrons”, and
the results should hold good down to phenomena for which the concept
“‘particle” remains valid. The theory makes no attempt to desl with the
ultimate structure of charges, to the analysis of which it is preliminary.

The analysis will be conducted in the first i in ¢ partly
hecause the description of the uni is lest in ¢ (hyperbolio
space would be required if 7-dynamics were used), partly because relativistic
invarianoce is readily enaumd 1n this measure. We require our formulae to

be valid for i locities, and it involves no extra trouble to have
them valid for ioted di The 1 dure justifies itself in the
end, as the “field identities” replacing Maxwell’s eq are found to
hold good int. without imation. Purely mechanical relatit
such as Ooulomb’s law, are found to take a simple form in 7-measure, but
propag; are simplest in ¢.

PROPERTIES OF 6-VECTORS

2. The 4-vectors at our disposal are constructed from the epoch ¢,
position-vector P and velocity V of a particle relative to an arbitrary
observer O situated on a particle of the substratum or smoothed-out
universe. We prooceed to construct f tors out of the 6-vectors which
can be formed in conjunction with P, ¢, V. To recognize the scalar invariance

of certain expressions which emerge it is convenient first to tabulate certain

113 i 8-vect
prop of

Transfc ions from one fund 1 observer to another are mncluded
in the transformations for which
de? = g, derdz’ = Adit—dat—dyt—de? (2 = o, 2! = 2, eto.)

is invariant. With this ds?, take a covariant skew-symmetric tensor 7},,
and write

To=H, Ty= H,, Ty =H,

T =E, Ty=E, Ty=E,

Then H, E are 3-vectors, and we call 7, the 6-vector (H, E). We associate
with T,, the contravariant tensor T» = greg’/T,,, the reciprocal co-
variant tensor 7,, = }4,,,,T*, and the reciprocal contravariant tensor
Tw = gregel,, 4 bemg the usual “alternate’ tensor associated with ds®,
If @2, R* are contravariant 4-vectors, then their space-parts form

T, =-T,).
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3-vectors Q, R; we write @* = @, R* = R,. We can construct from @*and R*
the covariant skew-symmetric tensor §,, = 4,,,,@*R/ and its contra-
variant and reciprocal forms. E d 1n terms of 3-vect d iated
scalars, the complete system iy given by the scheme
= (H,E), 8, = (QR,—RQ, QR),

Tw=(H,-E), 8*=(QR—RQ,-(QR)),

T,=(-EH), 8,=(-(QaR),QR-RQ),

T# = (~E, —H), 8~ =(-(QaR), -(QR~RQ)).

FORMATION OF FORCE-VECTORS
3. Put Y=1-V3/e3, We fc tors F* from
(H,E) and the available 4-vectors (P,ct) or say P, and (V/Yt,¢/YH) or
say V”, by the relations

Fe =g+ P'T,,
or Fe = g7,
The first yields the 4-vector
(ctE+PaH, E.P), (1)

the second the 4-vector (c E VaH E.V)

vty Ty @
Either of thesc may be multiplied by any scalar. After they have been
multiplied by appropriate scalars, (2) must red\we to (1) when we put
V = P/t. Thus (2) includes (1). It is therefc ient to consider (2). We
multiply it by an arbitrary scalar kfe.

EQUATIONS OF MOTION

4. In the t-dynamics, the oquations of motion of a particle of mass m
at position P at epoch ¢ moving with velocity V under an external force

(F, F,) are .
Yh”[m{ Y,]=_"‘5 (P vy)w, ®
Yw[mg ]=-A (cl—c—y—)+l}, @)
where X =0-PYeh, ¥ =1-VYat, Z=t—P.V/d, @

£=23XY. (8)
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In (3) and (3) the first term on each right-hand side represents the pull of
the material of the uni , in & on the particle concerned; mgt
i8 the inertial mass under the circumstances of motion.

Combination of (3) and (3') yields the two energy-equations

Pr D) i) hde o

V_1d
Fgi=Foyy = g megh). m

If we take (2) multiplied by any scalar to represent a possible (F,F),
relations (8) and (7) become self-i Previous experi in

finding forms for F suitable for representing gravitational forces suggests
that (2) requires completing by the addition of a term anmng fmm ohAngﬂ

of mass with velocity. We theref ine the
a8 a form of external force the definitions
k Va v
=T,—,[E+v--a-l'!]+u7,. (8)
kEV ¢ )
F= yie teyi (8

where a is a scalar to be determined

ELECTROMAGNETIC FORCE-VECTOR AND ENERGY EQUATION

5. Introducing (8) and (8') into (7) we find at once

=i . ®
Introducing (8) and (8') into (8) we then find
Vi-P) PaV.
igmoey =1 2R :yiﬂ]' (19)

Here tho square bracket is an invariant, namely the double inner product
Sﬁ' where S, is formed as above from the 4-yeotors (P/c, t) and (V/ Y4,
c/ ON
It would be possible to retain the undetermined & until the time comes to
choose it. We ultimately choose it 8o that & scalar invariant shall exist identi-
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fiable as the electromagnetic energy of a system of charges. Anticipating
matters, without more ado we now choose

Ze

k= iy’ (11)
where e is & constant eventually ulenuﬁed as the “chmrge on the moving
partiole P, and ¢, is a i of the d jons of a time.
‘When {, is chosen to be the present value of ¢, the number e will be found
later to coincide with the measure of charge on the usual electrostatic

system.
We now have for the external force (F, £) on a particle of charge e and

mass m,
v LYid
| R ) az)
=L A2 ] ot ey e ()
and the energy equation (10) reduces to
14 1.V P
FiogmetEh = em—,[m V:'f]‘(v-}—)l (13)

‘When later identifications have been effected, (13) will represent the rate
of increase of energy d(mc?gl)/dt as the work performed by the Larmor-
Lorentz force E+(VaH)/c in pushing the particle with velocity V—P/t
relative to its i diate cosmic env (which of course has the
velocity P/t). The secular factor ¢/t, should be noted.

In the above we have neglected the contribution to the force arising
from the local gravitational field of the mass m. This is taken into account
in the more general equations of §§ 19, 20, Part IL.

Formation or Tk 6-vicror (H, E)

6. First-stage difforentiations of scalars result only in the construction
of 1 forces rep ing the local gravitational field of mass-
distributions over and above the general gravitational field of the sub-
stratum. To obtain the next most general type of external force, take an
undefined scalar @y;, & funotion of two 4-vectors (Py,¢t,), (Py,cty) and of
associated velocity vectors, and write

|, - pfn 2 (g, [T Tl) g
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where (H,,E,) is to be the value of (H, E) at the event (P,,¢,) “due to”
& “source” at the event (P,,t,); the scalar ¢,, may be called a ‘““super-
potential”. By its mode of construction (H,, E,) is & 6-veotor,* and we
examine the wnseqllenoes of taking it to mprosent, the next most general
type of 1 force after gravitational forces, Ii ing the suffixes
1 and 2 we obtain the ﬂ-vector (Hy, E,) at the event (Py,t;) “due to” a

““source”’ at the event (Py,¢,), in terms of the associated superpotential ¢,,.

MOTION OF A PAIR OF CHARGED PARTICLES

7. We now form the equations of motion of a charged partiole (m,, e,
Py, t;, V;) in the presence of a charged particle (ms, ey, Py, £, V,). Introducing
(12), (12') in (3), (3') with appropriate suffixes we find, on cancelling a term,

S

EHEI O R Lo PR

Of these, (15) reduces to (16') on scalar multiplication by V,/c. If we
multiply (15) scalarly by

(18") by —-—drz—‘

and subtract, we recover the energy-equation (13) with each symbol
suffixed 1.

8. Ifin (13) we now substitute expressions (14) for E, and H,, we obtain
d uyty — 2y Ny _ 0y
it~ 3 W47 (S 2 h)

oY T Y
oy, 6 : “ ”(ayla';' azla;lli)]' ()

where we have written (u,, v,,w,) for V.

* Any tonsor may be exprossod as tho sum of a symmetnc tensor and a skew-
symmetric tensor. I have not succeoded wn giving a phyaical interpretation to the
symmetric tensor that can be derived by differentiation of gy,
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For brevity we now introduce operators

2
L,,ztat-l-l’, ap'

Then (16) after some re-arrangement yields

(#v=12).

P L o A [E A

=2 Vigp ) Gut g (D
Writing down the corresponding relation for particle 2 by interchanging
the suffixes 1 and 2 and adding we get

o)+ g e (54 Voo ) (- 2 Luadr)
o vom) (-2 )
9

:,:'(a‘ +Vi5p. )(¢n+ Ly ¢y - (32 +V,. P )(¢,,+ Lygrs). (18)

By its mode of derivation this equation should be capable of expressing
the rate of change of mechanical energy, m,c3f+m,c3}, of the system
of two particles. To give a meaning to “rate of change” when more than
one particle are concerned, we must adopt some standard of simultaneity.
Choose then ¢, =t, ¢, = t. Let us endeavour to choose the superpotentials
¢ and ¢y, in such a way that

ok I = = 3 Lua = @, (19)
say. Then since

i, &ty
a1 aﬁ+v, o, +V, av‘]¢+ [a"-rv, 5, +V,. av’]¢

relation (18) may be rewritten as

%[m,c’ﬂ+m,c’£l+0] = [v,.%%w,.%

?

= (Voo G+ D)= 2+ Vo) B+ L), 20)
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If & oan be identified with electromagnetio energy, the left-hand side of
(20) measures the rate of change of total energy, and the right-hand side
consists of terms linear in the accblerations V, and V, together with terms

dependent of the accelerations. This suggesta that we endeavour to choose
¢y 8nd @,y in such a way that the rate of change of total energy vanishes
when the acoelerations vanish. This is our one physical assumption, which
is of course satisfied experimentally. We shall have succeeded in this if it
is possible to choose @y, and ¢@,4 so that, in addition to (19),

Sut Lygy =0, (21

brat Lnnia =0, (2r)
i e. 80 that ¢, is homogeneous and of degree — 1 in the variables t,, P,, and
@13 homogeneous and of degree — 1 in the variables ¢,, P,.

9. The ial ¢y, i8 to di ine the field at (P,,t,) due to e,
at (Py,ty). It will therefon be expected to possess a singularity at P, = P,,
4 =ty Our p of gravitational theory (Milne 1937e,
formula (22)) at once suggests the acalu' function

(Xh- X X5, (22)
where X, =#-Plc!, X,=0-P}jc’, X =ht-P.Pyct.  (23)

Sinoe (22) is homogeneous and of degree — 1in Py, ¢, it will be a possible ¢,
if multiplied by any scalar not ining P,, ¢,. Similarly we may construct
a possible @,y

Consider now (19). We find by direct differentiation that we have
identically

1
Lyy TXE) = 0, (24)

Henoe (X3, ~ X,X,) behaves as a constant under the linear operator L,s.
Hence if we put

b= g = T @)
where y,, 1, are scalars, (19) will be satisfied if we can satisfy
Ly = Ly (28)
10. To find a simple solution of this identity, put
Zy = ;=P .Vyf6t, 2y =t,— Py Vyfch, [t4)]

Zyy = =P Vy/0%, Ty =t~ Py Vyfe% 27)



Then Z,/ Y}, Zy/ Y}, Zyy/ Y1, Zy,/ Y} are scalars. We find at once that
LyZy=Zy, LyyZy =2,
L2, =Zy, LyZy=12,.
Hence Lyy(Zy Zy) = Zyy Zyy + 2y Zy = Ligy(21 Zyg). (28)
Accordingly we shall have a solution of (26) if we choose ¥y, proportional
to Z3 25,/ YY1, and ¢y, proportional to Z,Z,,/ Y1 Y}
11. We now choose definitely
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SV Y /R
ERTo O AT 78 )
e - ZyLyy g
CRRO RS s AT} it
_leey ZyyZy+ %1\ Zy
80 that by (19) = L RK T (30)
The energy-equation ( 18) now takes the form
(m.c‘me,c’ﬂ +9) =~ 'dtli’ (31)
where dR/dt is the rate of loss of energy, i.e. the rate of radiation, given by
dR
[ Vi (02
It is thus a physical f th ption that the rate of change

of total energy shall vanish when the accelerations vanish, that the actual
rate of change of total energy is linear in the accelerations. This result is
in marked contrast to the classical theory, in which the rate of radiation
is quadratio in the accelerations. It remains to sve if the symbols e,, ey, P,
and the E and H derived from ¢, and ¢,, can be identified with charge-
measures, energy and electric and magnetic intensities as used in ordinary
physics. We have had practically no freedom of choice in the selection of
the superpotentials ¢“ and ¢y, and we have not arranged for them to

duce the irical laws of el We shall find
llow remarkably they do in fact reproduce them

IDENTIFICATIONS

12. Energy. In virtue of the identity

(X1 - X, X)t = %[(thl_‘lPl)l" ('l%l’.—




322 E. A, Milne
we have for | P;| <ch, | Py| < chy,
(X=X, X ~c 1|4, Py, Py |,
and also Zyy~ty Dy~ty, Dyt Zy~ty
Hence under these conditions and for | V, | € ¢, | V4| < ¢, we have from (30)
¢, 1
Dy 28 o
4L [P -4P]]
L t
For t, =t, = t, this gives ¢~§ I??:C‘T’ﬁ . (33)

This should be the energy associated with a pair of charges e,, ¢, at separation
| Py—P, | in t-measure at time t. For ¢ = {, it gives

Py L 1 ) 34
P,-P;| @
which is the dard formula of el ics for the energy associated
with the two charged particles. This identifies our of charges e;, ¢5
a8 agreeing with the usual electrostatic units at the present epoch.
We now form to - If we regraduate all fund 1
observers’ clocks from ¢ to 7 according to the law
dt _d
T T toloB ()t (35)

and adjust all derived measures accordingly, we know (Milne 19374) that
the 7-measure | IT, - IT, | of the separation | P,— P, | is given locally by

t 9
IPn—Pnl:tolnrnnL (36')
But @, being an ener.gy, 18 & time-invariant. Hence by (33)
€16y
[/ o L. 36)
0,1, 0
for any epoch 7 Thus we derive the usual electrostatic formula as holding
at all epochs 7 in 7-measure.
Certain exact forms of the energy-formula are of interest. When the

particles are at rest relative to the observer, V, =0 and V, =0, and
Zyy = Zy = b, Ziyy = Zy = ty. Then (30) gives

e,6, 1,
0= Py RPI— PP 7
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If we ohoose the observer O to be at one of the particles, say P,, we have
Py = 0, and then

UL 38
4 [Pl o
independent of ¢,. For t,=t, we have
= ah 39)
AR (39)

which is here an exact form of the empirical electrostatic formula.

In this exact formula, O is at Py and V, = 0, consequently e, is at ““local
rest”. But V, = 0, not V, = P,/t;, and hence e, though at rest relative to O
is not at cosmical “local rest”. 1t follows that in electrostatics, “rest’”
has to be taken as meaning “rest relative to the observer'’, not “local
rest”. A distant charged particle at “local rest” is in motion relative to
the obsorver, and so originates a magnetic ficld, as we shall see. We see that

rest” does not mean the same thing in dynamics and in electrostatios.

13. Electric intenssty. It will be found as an unforeseen identity that

28 29 1
(ot ap) -t u
. 9 9 9 9
whilst B, 2a=0 gplu =0 5 la=0 5l =0,

Making use of these relations, we find from (14) and (29) that the intensity
E, at P, due to a charge e, at P, is given by

_n(aa aa) 1 g z,z.‘]

c\oPat, " aPan /L 2 VYR (XG - K50
o4 (PX-PXi)§(Zy+ Zy) - (hXs~ s X) (Vi 2, + vlzn)
SYiYy (XL X.X,) “

It will be noted that identity (40), which we did not arrange for beforehand,
avoids the threatened appearance of too high & power in the denominator
of (41), and eo leads to the inverse square law, as we shall now see.

Yor | P, | <ety, | Py|<€cty, we have ¢, X, — 1, X;3~0, and if also | V,|<e,
| Vy | €c the value of E, is given approximately by

4P, ~ 4P,
E, ~c,4]-—‘(‘;, L, 2)
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For ¢, = t,, this reduces to
(43)

independent of time. This is as inverse square intensity directed from e,
towards e,, i.e. a repulsion, and so identifies our symbol E as in accordance
with the empirical Coulomb law.

Formula (41) should give the exaot relativistic form of the law. To see
the meaning of the exact formula, choose O at Py, so that Py = 0; then
4t Xy—4X)3 =0, Zy = Zy, =tgand X; = 1. Acoordingly (41) becomes

e P,
B wvie, “
the inverse square law with a velocity factor depending on both source-
velocity V; and the velocity V, of the test-charge e,.

It is to be noted that the exact relativistic form of the inverse square law
for electrostatics is different from that for gravitation (Milne 1937e, p. 9).
It may be mentioned further that whilst inertial masses are essentially of
the same sign, and so (a8 shown 1n previous papers) gravitational forces are

tially attractive, there is no iction on the sign of charges ¢, and
80 both tion and lsion are issibll

14. Mechanscal force due to electric intensity. In the t-description, the
‘measure of intensity must be sharply distinguished from the measure of the
mechanical force to which it gives rise. By (12) this mechanical force has
a component contributed by E, of amount

a4k
Rl (578 o)

For | P, | <cty, | V, | €¢, this is approximately
F, ’ﬁ:—l E,. (48)
0

Hence by (44) the mochanical force on ¢, due to a charge e, at rest at the
origin is given by

t P,
F, ~z,e.i I.Pn'_l" (47)

in which the secular factor (t,/¢) should be noted.
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g

Let ®, be the 7-measure of F,. Then by the general dynamical theory
(Milne 19374, p. 338) for local phenomena

0,~i—:F,. (48)
Acoordingly, using (35'),
LA 1
o-ael) pip=eimy )

Thus in 7-measure the secular factor disappears, and we get the usual
inverse square exprossion for ®,. This shows that as far as electric intensities
are concerned, the empirical laws relating to mechanical effects employ
7-measure,

18. Magnetsc snlensity. It will be found that identically

o 2 0 0 1
-2 e =0,
(ay.az. ay.az.)(xa.—xy\.)- (50)

. a El 2, 2
whilst EZ, =0, & Zy=0, oy Zyy =0, PP Zy, = 0.
Hence by (14) and (29), after some straightforward differentiation it is
found that

1 {2y Va+ ZV1)a (X Py — XnPi)

H,=0
3] (X - X X!

(81)
This, the complementary formula to (41), should give in relativistic form
the magnetic intensity H, due to a charge e, at P, moving with velocity Vy,
a8 measured by a test-charge e, at P, moving with voloaity V. It will be
found to give new features in the description of a magnetio field.

Consider the form which (51) takes for local phenomena and small
velocities. For | Py | <cty, | Py|<€cty, | Vy|<e, | Va| <o, 1t gives

91 HVy+ Va)ath(ty P - 4,Py) 'IPI)
T [uPy=tsPy

(62)

or, for t; = t,, y~2 }(V, +Va)ar (53)

e
The exact form of (61) for P, = 0 is found to be

o L By
H, =2 7T HVi+V)a I P.ll" (54)
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Both (63) and (54) differ from the classical form of the law giving the
magnetio field due to a moving charge, usually called the “law of Biot and
Savart”. Biot and Savart’s law states that, apart from relativistio refine-
ments and corrections due to ““rotardation” effects, the magnetic intensity
due to a charge e, at P, moving with velocity V, relative to the observer,
as evaluated at position Py, is given by

) P,-P,

H=Vop el (85)
Our formulae (53) and (54) differ in having }(V,+V,) in place of V,. In
the classical empirical law, the magnetic field of 8 moving charge depends
on the velocity of that charge but not on the velocity of the test-charge
used to measure the field; in the present deducti the
field of a moving charge depends both on the veloocity of the source-charge
and on that of the test-charge.

16. Inthe classical theory, a magnetio field is i by the mechanical
force on an isolated magnetic pole at the point considered. But isolated
magnetic poles do not exist, and in a fundamental account of electro-
magnetism we must aim at proceeding without introducing them. This we
have done—our deductive procedure has thrown up no entity which could
be taken to represent an isolated magnetic pole In our work, a magnetio
field first appears as a constituent of the external force acting on a moving
test-charge, and (563) and (64) may be taken to be the consequences.

17. Consider some examples of (53) If we take the test-charge at rest
relative to the moving charge, wo have V, = V,, and then (53) gives just the
classical formula. But if V, % V,, writing

V1 +Vy) = Va+ §(V, - Vy), (58)
we 8o that (53) gives the classical ibuti gether with & it
proportional to the relative velocity of the two charges and 1 ioall,
to just one-half of what would be calculated by a crude apy of the

classical formula to the relative velocity.

The physical interpretation of these results is clear. A magnetio field is
originated by charges in motion. If & test-charge has a velocity unequal to
that of a given source-charge, the relative motion of the two will originate
a magnetic field at the test-charge, which will contribute a constituent to
the mechanical force acting on the test-charge. Thus the magnetio fleld
due to a given source in given motion, at some given point, as reckoned by
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& given observer, may be resolved into two parts, one due to the motion
of the source relative to the observer (this is the classical wntnbnhon). and
one due to the relative velocity of test-charge and source-charge.

This disoussion makes it doubtful whether the classical formula (55)
correctly takes into account the two relative motions concerned, namely,
the relative motion of observer and source and the relative motion of
observer and test-charge; (65) appears only to be correct for zero relative
motion of test-charge and source-charge. I suggest that (55) should be
replaced by (53). I have considered carefully whether there is any possible
modification of the analysis ining the ials which would
lead to & result in accordance with the usual Bwt and Savart law, but
I can find no escape from the present conclusion. It may be noted that
(61) and (41) display (Hy, E,) as of the form 8,,, (§ 2), with

Q = ~(ZyVy+2,V))/YiY} and R = X;P, - X,,P,.

The usual form of the Biot and Savart law is scarcely capable of being
brought into 6-vector parallelism with the inverse square form for ;.

18. If, now, the intensity of a magnetic field H, at F, depends on the
veloaity V, of the test-charge used to measure it, how comes it about that
physicists can in fact find definite measures for magnetic fields? To answer
this, consider (53) more closely. The magnetio mtennity H,at P, due to a
system of moving charges e,, ..., e, ' M, P, .., ,. <.y P, moving with

velocities Vy, ..., V,, ..., V, will be given, neg| g
by
H = 2 MV.+V.JA|P P T" (67)
whilst the electric intensity E, will be given, by (43), by
_ &, P-P, .
E, = .g’e, PoB (57)
-34Sy, PimP  1VE,
Hence H, = }E‘c V,A [P,= +y= (58)

In this, the first term is just one-half what would bo calculated for the
magnetic intensity from a direct application of the ompirical Biot and
Savart law. We may call it §(H;)eia.

Now the electromagnetic systems whose external magnetic fields are
measured by physicists naunlly hsve the property that they behave at
external points as if scally neutral, ples of such systems are
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fforded by p t and cond carrying For
such systems we have E, = 0 Relation (58) then becomes
P,
TP R AN LR TL A )
[P,-P,

‘We see that for such systems there is an objective value of H, independent
of the velocity V, of the test-charge e, used to measure the field. Hence the
field can be described, and its value utat.ed wnhout mentlon of V,: the
magnetio field in such eues a d

The apg jon is Rowl soluslcal 3¢
(1876, 1889) on the magnetic field produeed by rotating a charged disk. This
is usually taken to demonstrate the validity of Biot and Savart’s law as
applied to a charged system. But it must be remembered that Rowland
measured the field by means of & small magnet. By (50), such a small
magnet must on our treatment be credited with twice the number of
elementary circulating charges it would have on the classical theory. This
cuts out our factor } arising in our treatment of the field of the revolving
disk-charges, and so Rowland would get agreement with the Biot and
Savart law. (For a small magnet, the mean value of V, in (57) is zero,
hence (57) gives one-half the classically calculated value.)

It will be clear that as long as we use test-magnets to measure fields
(magnets whose have been d by their mechanical effects)
our formulation of the Biot and Savart law makes no difference in the
resulting values of H,, for electrostatically neutral systems. A difference
ocomes 1n only when we calculate backwards to the charges originating the
field (or to their velocities). It is clear that wo must look for experimental
disorepancies with the classical theory only in the interiors of systems of
moving charges, or when the field-measuring apparatus is an isolated
charge. Such systems are found producing the magnetic fields in the
interiors of atomic or molecular systems, where the difficulties met with in
applying classical el gnetism are

19. In the simple valenoe-electron model of an ator, the series-eleotron
is moving n the field of the core. The core may be considered to be a charge
at rest relative to the observer, and the series-electron may be considered
to be the test-charge. Applying formula (53) with V, = 0, V, 40, we get:

1 P,-P,
H,-_‘JV,A]ﬁT'r,. (80)
This again is just one-half what would be calculated ol Ily by regardi
the series-electron as at rest and the core as moving with relative velomy
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V, and so ing & magnetio field at the electron. In 1926 Uhlenbeck
and Goudschmidt in this way applied the classical formula for the magnetic
feld at the electron due to the motion relative to the core, and obtained
doublet ions for the sponding lines twice those observed. This
is in accordance with (60), and may be taken as experimental evidenoce in
favour of (83). The factor } was explained by L. H. Thomas (1926, 1927) in
a somewhat complicated paper on the kinematics of an electron with an
axis, as arising from Lorentz fc i to the ive frames
defined by the successive positions of the moving electron. Thomas’s
axp]nnlhon, like ours, arises from the fundamental embodiment of Lorentz

i in the lysis, but we have not found it necessary to
asgign an axis to the electron. Our explanation has arisen in an unforoed
and entirely unforeseen way, and does not turn on the particular properties
of the el d ic system idered; instead, 1t turns on a proper

of the relativity of tic fiolds bined with a proper
epistemological consideration of how such fields can be known to an
observer who has only charges and not magnets at his disposal.

Since 1027, the effoct has been supposed to be explained by the attribution
of spin to an el If electron spin is idered as an ad hoc assumption
introduced to explain certain experimental facts not otherwise explained
by olassical electromagnetism, then it has no place in our rational kinematio

which is d only with the consequences of a simple
energy-assumption, and we have seen that certain phenomena at least can
be understood without it, if other phenomena are found still requiring it,
1t must be formulated in such a way that its introduction does not disturb
explanations naturally arising in tho treatment which does not make use
of it. If on the other hand electron apin is considered as a rational deduction
from classical electrodynamics, it could equally well be deduced in some
appropriately modified form from our rational reformulation of electro-
dynamics. This is beyond the scope of the present paper. It may be remarked
that in the Zeeman effect, for which electron spin was largely invented,
each electron’s spin makes a contribution; in our form of the Biot and
Savart formula each electron, possessing its own velocity V,, contributes
to the magnetic field in which it finds itself. The manifest difficulties of the
conoept of electron spin, with its assignment of structure to an entity whose
detailed equilibrium is not further considered, need not here be enlarged on.

20. The factor § turns up in other tio ph For pl
(Stoner 1930) iments on the gy gnetic effect suggest that the
ization of fe gnetics is entirely due to the *intrinsic spin”

Vol, CLXV. A. 23
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of the electrons, and that their orbital moment is not effective. The present
investigation suggests that the contribution of the orbital motion to the
magnetio moment is one-half that caloulated olassically from the usual
formula, and that the hypothesis of electron spin is y; this may
be seen by noting that for an oscillatory path near a fixed point P, the
time-mean of V, will be zero, and so the mean value of §(V,+ V) will be
just }Vy, which is effectively the same as saying that the magnetic moment
will appear halved.

21. Formula (53) leads to a fundamental change in the conoept of a
magnetic field at & point. In general, not only does a magnetio field only
exist when there is a test-charge at the point to measure it, but the value
of the magnetio intensity depends on the velocity of the test-charge relative
to the observer, the exception being when the given system of moving
charges behaves as if electroatatically neutral, in which case the intensity is

one-half that calculated olagsically. It may be expected in q that
the field-equations of el ism may require modification. We shall
d ine the *field-identities” satisfied by our E, and H, in Part II; the

remarkable circumstanoe will emerge that though the value of H, depends
on V;, the forms of these field identities do not involve V, explicitly. An
account of tho relations satisfied by E, and H, is thus possible whatever
velocity V, is assigned to the test-charge. In the case of the fleld arising
from a single moving charge ¢, alone, we could always choose V, = V, and
80 get the classical value of H,; but when the system consists of a set of
charges ey, ..., €,, N0 such ohome is possible, and the general formula is
neoessary. The el i ity E, depend lly on V, just as
H, does, but the term in V, is numerically insignificant.

It may be remarked that the emergence of (43) and (53) from the definition
(14) of E, and H, affords a delicate test of the appropriateness of our choices
of ¢y, and @y, since the value of H;, for example, arises entirely from the
terms in 1/c* in the numerator of @y,

22. Mechanical force due to magnetic field. From (12), the component of
mechanical force due to & magnetic field H, for | P,|<ct and | V| <¢
reduces to

~%%V|AH, ©1)

8 secular factor 4 /¢ being ired in ¢ a4 in the t due

7! P
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to the electrio field. The mechanical force due to the magnetic effect of a
charge ¢, at P, moving with velocity V, is then approximately

eraly i(vx +Va)a(Py— Pl)
R X AL @)
The secular factor disappears in 7-measure.
This completes our identification of tho symbols e, as representing charge,
0 a8 representing energy, E, nnd H, as rep ing electric and magneti
ities, and the corresy ex giving the mechanical forces.
The factor § in our choice of ¢, and ¢,, was of course made to make the
unit of e come right in the energy formula @; the subsequent appropriateness
of the other formulae is then not under our control. The rovised formula
for a magnetio field may bo considercd as the result of a mathematical
experiment in the deductive method.

SUMMARY

The pcper offers & purely k ic fc lation of the pl of
It ds by first ining tho most general type of
external forces after gravitational forces which are encountored in the study
of the dynamics of a particle in the y of the suk or h
out umverse. Such external fnroos mvolve mention of 6-vectors, and the
form of the resulting force s obtamed 1 a form holding good for all
epochs and for all distances from the observer. Kor the present epoch and
at small distances it reduces to the Larmor-Lorentz formula for the
ponderomotive force on a moving charge. A scalar multiplier emerges in the
treatment which is afterwards identified as charge. A 6-vector is then
derived by appropriate jion of an und ined scalar with
regard to the co-ordinates of two events, one being the source of the field
and the other the event of the measurement of the field. With this it is
possible to obtain the relativistic equations of motion of two charged
pnmdes in one Another 's presence, and to deduce the associated energy
B; the radiation to vanish when the accelerations
vmmhltufoundpombletoﬁxall d ined scalars letel,
1t is then possible to evaluate the “field” due to a given charge i in gnven
motion, at a given external point, as measured by the force on a test-
charge in given motion, and by comparing the theoretically derived
formulae with the observed experimental laws to identify the various
symbols introduced. The inverse square law of Coulomb is obtained in
exact relativistic form. But the law expressing the magnetio field at &
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distanoce r from a given charge ¢; moving with a given velocity V, relative
to a fundamental observer O is found to contain mention of the velocity V;
of the test-charge measuring the field; in detail, the classical Biot and
Savart law H = (ey/c) Vaar/| r |* is found to be replaced by

H = (es/c) (V1 + Va) ar/| £ 2
The two agree for V; = V,, but the new formula gives half the elulwdly
calculated field for V, =0, as ired by Uhlenbeck and Goud
and as found by a different method by L. H. Thomas.
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On the equations of electromagnetism
II. Field Theory

By E. A. Ming, F.R.S.
(Recesved 26 July 1937—Abbreviated and revised 29 December 1937)

1. The object of the following paper 1s to enqmre th; general mlnnona
are satisfied by E,, H,, the electric and mag a8
a test-charge at £, at epoch f, moving with veloaity V,, all relative to a
given observer O, when 1t is in the presence of a system of moving charges
¢,(2<8<n) which at events (P,,,) have veloatios V,

~

2. We begin by generalizing formulae proviously obtamed for a system
of two charges moving in one anothor's prosence. The eloctric and magnetio
intensities E,, H, at £, are given by

[ e
(). = .21(‘ ax,dt,” ozt |’ o
Py _ PPy '
), = 3] e | Q)

1 e, 2,24

where 0= S PN XX @
and Xy = f-Plct, X,=0-P¥ct, X, =tt,~P,.PJ?, (3)
Y, =1-V¥e, Y, =L-Vie, 4)
By =1,=P Ve Ly =1, P,.Vyfch ®)

The fleld (H,, E,) at any other charge of the system is to be calculated
similarly from all the other charges of the system together with the test-charge
¢, 8t (Py, ¢,) moving with V,. Itisan ial feature of our that
the test-charge is considered as an mtrinsic part of the whole system. The
events (P,,?,) are formally indepondent. We shall later find the relations
between the ¢,’s required to evaluate the field in any actual case, but it is &
feature of the “field 1dentmes" about to be obtained that they do not
depend on imposing any p lar relations between the ¢,’s.

The mechanical forces on the charged particles are to be obtained by
equations of the type (12), (12') of P’art I, which contain the normalization
constant ¢, The equations of motion of each particle, of mass m,, are then

[333)]
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given by equations of the form (3), (8') of Part I. Forming the associated
energy equations and reducing them as in Part I, we may combine them
to yield the relation

ad—t[‘gm.c’ﬂ+¢] ='§lv,.52‘;', (6
where &= ZYLY, U]
?=30,, (r+s) ®
leey, ZpZy,+2,2,
end = 3y (B~ X XY TITY @

In equation (6) it is to be understood that dt,/d¢ is put equal to unity after
the differentiations have been performed. @ is to be interpreted as eleotro-
magnetio energy.

FIELD IDENTITIRS

3. We shall use the notations div, curl in the senses
i oH,), , o(Hy), o(H,),
divH, = =314 S0 A,
Ve T 0y 0n
My, _3(H,),
curlH; = —a:'h-— Y N
the differentiations being with respect to the space-co-ordinates 2;, y,, 2, of
the event at which E,, H, are evaluated. We use grad similarly.*
By (1) and (1') we have

R oa B9, 0%,
divH, uz.ggan 3.'/.3:. az,agl

=0, (10)
and
(curl By, = ca!,,[, (B - 2t 5, (G- )]

L2032

=L a

* Btriotly speaking we should wnite divy, ourly, grad;, but the suffix 1 may be
understood.
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4. Identities (10) and (11) contain no mention of the charges e, ...,¢,
giving rise to the field, or of their positions, epochs or velocities, or of the
velocity V; of the test-charge ¢,, although E,, H, depend on V, as well as
on the sources. We can if wo like now drop the suffix 1, and so we arrive
at identities which are identical with two of Maxwell's equations. The
satisfaction of (10) and (11) does not depend on the structure of the ¢,,’s
but only on the general tensor forms of E, and H,.

5. In our formulation, relations (10) and (11) are 1dentmes, whemu in
Maxwell’s lation they are empirical laws d d as i

from experience. The Maxwell equati ding to (10) exp

the non-existence of isolated magnetio poles, the Maxwell equation
corresponding to (11) expresses Faraday’s law of electromagnetio mduction.

6. We prooeed to oxamine whether Maxwell's other two equations are
satisfied in our formulation. We have by (1)

¢ 0, _ %
divE, = ¢ ,;; s ,Zg oz, [bz,_a: o, a'z',]
- ;.g’gt“ﬂf'i’n- éat: g’nl' U.¢.1]. (12)

10

Aol

1 #
B0, =YV G

where we have written 0= Vi~

Again,
(ot = o[ 3 (e o) | 3 e, )]
='.-,e?,””-**'az;[.:‘w,”r°'¢-*] w2k (o o)

or (ourlH,—-%?') = ,-.3: '¢"+az [‘Z 0. a¢.l:| (13)

7. The further reduction of identities (12) and (13) thus depends on the
structure of the ¢,)’s. From our gravitational work we are already familiar
with the identity

X‘l
R O % ATty
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We now find, as an entirely unforesoen identity, that*

o r ="
and acocordingly that
D¢, =0. (14)
On the other hand, O,. 0,¢,,7#0. We find in fact that
¢ 12X,2,7,~X(2,7,+ Z,,Z,,)

-Bigu = ZY[Y‘c‘ Oox.X)

That this does not vanish identically is most readily seen by taking the
origin st B,. But O,.0,d,, is a very small scalar, since the leading term in
the numerator (the term in £3t,) vamshes identically. We shall put

'21 0,. 0,90 =0a, (15)

where a, is a scalar symmetrical in the suffixes 2,...,n and depending
moreover on symbols suffixed 1

8. Identities (12) and (13) now reduce to

divE, = _:.g';‘, (16)
10E,\ _d,
(MIH‘_c o, ) o, an
Hence (curl H,-- aa—l;:‘ div El)

constitutes a contravariant 4-vector. Eliminating the scalar a, from (16)
and the three relations of type (17) by cross-differentiation, and dropping
the suffix 1 as no longer necessary, we have the two vector identities

. 2 10E
gmddavE+ca’[curlH—z-BT] o, (18)
ourl[ourl H——a—— =, (19)

F 3

* The number of apace-dimensions, 3, plays an essential part in the derivation
of this identity.
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Rewriting (10) and (11) with the suffix 1 dropped, we have

divH = 0, (20)
10H
oulE = - o (21)

Relations (18), (19), (20), (21) are tho field identities replacing Maxwell's
equations in the present treatment

9. Maxwell's equations themselves at any pomt in free space, i.e. at
any point where we can put a test-charge ¢, to measure the field, consist
of (20) and (21) together with

divE=0, (22)
12E
curl H—c o= 0, (23)

which correspond 1n & sense to (18) and (19).

It will be seen that whenever (22) and (23) arc satwfied, so are (18)
and (19). But if (18) and (19) are satisfied, (22) and (23) ar not necessarily
satisfied. The right-hand sides of (22) and (23) are 1n our treatment not in
general zero, being given by

. 10a
divE = “ew (24)
19E
curl H—E = grada. (25)

Thus our (18) and (19) impose less severe restrictions on £ and H than the
classical (22) and (23).

We may now recall that Maxwell’s two equations (22) and (23) stand on a
different footing from the other two (20) and (21), as pointed out by Lorentz
(1916). In Maxwell’s formulation (20) and (21) ropresent definite experi-
mental faots, whereas (23) is o pure hypothesis, the hypothesis of the
displacement current (in free space), and (22) encounters difficulties, since
it would appear to proolaim the non-existence of charges, as (20) does of
poles. It is therefore not surprising to find that the two equations of
Maxwell which were hypothetical in character, and to which Lorentz drew
attention, do not appear in the same form in our deductive treatment.
Owing to the smallness of the scalar @, the exact relations (24) and (25)
will appear to observation very nearly the same as the usually adopted
equations (22) and (23). But, from a strictly logical point of view, (24) and
(25), or their consequences (18) and (19), would appear to be preferable.
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It must be bered that in our H (and to a leaser extent E),
which measure the actual field experienced by the moving test-charge,
depend on the velocity of the test-charge, whereas in the classical theory
H and E are conceptual quantities existing at every point and independent
of the velocity of the test-charge. In our work H and E nowhere have a
moaning until the test-charge is introduced and its velocity specified: H and
E are functions of V,. But id (18) and (19), like the structurally
simpler ones (20) and (21), contain no explicit mention of V,, and hold good
for any value of V,, provided this is treated as a constant in carrying out
partial differentiations.

Another difference 18 that in the classical theory the properties of the field
are deduced from the ‘“field equations” (20),...,(23), whereas in our
treatment (18),...,(21) are end-prod In the classical t.heory to
determine the motions of charges an equation of mechanical foroe (ob
from the Larmor-Lorentz ponderomotive formula) is superposed on the set
of field i in our we begin with equations of mech
force, and so dcnm the forms of the super-potentials ¢, and ¢,,, Our
t seems op logi ferable, since to be both logically

and epistemologicall, tusfact 'y the lysis should begin with the
meolmmcal effects through which alone E and H can be known. 8ince no
entity exists corresponding to an isolated magnetio pole, it is isfact
to define H through the force on a unit pole, as the classical theory does,
instead, we have introduced H through the force on a moving charge.

Our field identities (18), ..., (21) hold good in ¢-time and ¢-measure, and
were derived from mechanical equations of motion employing t-measure

for the Larmor-Lorentz hanical force. Our analysis pays in fact due
regard to the ci that all phi )| io or other-
wise, take place in a uni which (in ¢ ) is expanding, and which

possesses everywhere a local standard of rest; and the analysis respeots
Mach’s principle, according to whioh all frames of reference employed must
be described with regard to the actual distribution of matter in the umveue.
d in idealized form by the sub The classical
m ing th jon of the uni , can only be supposed to hold good
at best locally, and similarly it can only be supposed to hold good for
epochs close to the present epoch, since it ignores the distinction between
t meunre, for which Lorentz invariance holds good, and 7-measure, which
iate to hanical equations of ol "bypeThmwouldin
fmt be grove difficulties in pting to lize the classical electro-
magnetic equations as they stand to obher epochs than the present one and
to distances not emall compared with the radius of the universe; for the
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field equations of the classical theory are stated in t-measure, whilst the
Larmor-Lorentz mechanical foroe formula is correot in 7-measure. Exoept
for ¢=7=1{,, the field identities (18),...,(21) would take a different form
in 7-measure. The present method, of beginni ioally in ¢

in flat-space, with the {-form of the mechanical force, appears to be the
only way of attacking the problem. It is only in this way that we ascertain
a posteriors that Maxwell’s equations, or rather the modified set to which
we have been led, employ {-measure.

10. The sub ial of our deductive set (18),...,(21) with
the empirical set (20),. ., (28) is further evidence for the identification of
our abstract symbols E, H with the electric and magnetic intensities of
experimental physics; identity (21), for example, guarantees that in spite
of our modification of the Biot and Savart law, all effects of electromagnetic

ion are properly d for. The actual experimental evidence in
favour of Muwe].l’s equations (22), (23) is however indirect, consisting as
it does in the fact that the set (20),...,(23) yield wave propagation of E
and H. We must now enquire whether our set (18),..,(21) yield wave
propagation.

WAVE PROPAGATION
11. Expanding the left-hand side of (19) we have

gnddivH -y - 12U _

Substituting from (20) and (21) we get

O*H = 0. (26)

Thus H obeys the wave-equation. Again, (18) may be written

10H\ 19E
ourlourl E+ VE + c\lrl(; -aT)—~ A - 0,
‘whenoe, using (21), we get DE=0 (26')
Thus E also obeys the wave-oquation. Further, a satisfies the wave-
quation. For, ing for the t to the use of suffixes, we have
» n

Oia, = D};,Un- 0,0, = E,UVU.(U‘I%) =0 (267)

in virtue of (14).
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RETARDATION EFFECTS

12. The fact that E, H satisfy wave-equations allows us now to connect
an event (Py,1,) with events (P,,¢,) at the relevant ohuges by the usual
retardation formulae. All our field identities are explicitly i of
any formulation of this but in practical caloulati of Eand H
the connexion is required to link up our abstract scheme with experience.
We shall not go into this in detail, but the effect on the fundamental
denominator (X3, - X, X,)} is worth considering.

The symbols P,, ¢, must refer to the retarded position and epoch of the
charge e,, and accordingly

4 —t+lp‘ LAY
Heneo 4P, P, = (P, -+ T IPL=Fl,
Then since X3_X.X, = ‘”’l 4R (PnP)‘
some vector algebra leads to .
(X3 -X, X))t = alPa- P‘|[|+z:l(:: l‘:‘f (27)

the radical disappearing. When we choose the origin at the test-particle, we
have P, = 0 and we get simply

(X} —-X, X))t =4, |P,|fc, (28)

where P, is the retarded poamon Whenever | P, | €cty, i.0. for all local
we have app

(X=X, X~ | P—Py|fe. ! (29)

VECTOR-POTENTIAL

13 Define a covariant 4-vector (A,, 4,) by

39 3%u
a=3 4= @0
By (1) and (1’) we then luwe
_04, oA, _ 0A,
Ei =35, ~om, = T4 4G5 @y

and H, = ourlA,. (32)
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104, &

Then dWA‘_T:WI -EF,.D, 1 = Gy (33)
Further, by (14),  OfA,= 3 -0 Otg, =0, (34)
2,57, it

L)
A=Y = =0, 4’
o4, =3, - Otgu=mo0 34)

We can now as before suppress the suffix 1, and employ a covariant
vector-potential (A, 4,) giving the covariant 6-vector (H, E) by the formulae

E = grad 4,~ a; H = curlA, (35), (35")
dva— W =a, (38)
OA =0, O%4,=0. (37)

These formulae bring out the difference between our treatment and the

lassical f lation. Inthe ol 1 theory thereis initially an arbitrariness

in the vector-potential, an arbitrariness which is conveniently removed by
imposing the condition*

divA- W =0.
In our treatment there is no such arbitrariness, and the right-hand side of
the last equation is not zero, but, by (36), just a, which is a definite function
of the charges present. It will be seen that whilst the formal possibility of
representing E and H by a vector-potential arises from our original de-
finitions of E, H in terms of the super-potentials ¢,;, the wave propagation
property of A depends on the detailed structure of the ¢,,’s. We nowhere
oconsider “‘fields” in the abstract, but only such fields as can arise from

definite distributions of charge. The vector-potential is au i diary
between the super-potentials ¢,, and the scnlnr a.
It is olear that A4, or 4, is the negati ic potential for a

‘“stationary” field. It should therefore stand in a simple ‘relation to the

interaction energy 2‘0,,, of e, with the other charges in the field. Fora set
o~

* See, o.g. Lorentz (1916, p. 239). Our sign convention for 4, differs from his,

but ours brings out the analogy between the space- and time-co-ordinates in the
expreasions for E and H.



342 E. A. Milne

of stationary charges we find by actually carrying out the differentiations
and choosing the origin at P, that

Eﬁu = —(—GnAn) = z’ 3‘6' (87

The existence of this relation is a general check on the correctness of our
formulae for ¢,, and @, ;.

PROPAGATION OF LIGHT

14. The fact that E,H,(A,4,) and a satisfy the wave-equation in
t-measure now shows that our treatment 18 compatible with the usual
electromagnetic theory of light, provided ¢- mem;ure is used. This suggests
that a photon is ted with a when the fi
is reckoned on the t-scale. This is in d with an i ion due
to Whitrow (1936), who discussed the photon by purely kinematic methods
without appeal to elect: g theory, and established the propor-
tionality of photon-energy to photon-frequency on the ¢-scale. We shall
show in an Appendix that a Bohr atom has a constant energy W on the
t-soale, and hence that 1t emite and absorbs a frequency which is constant
on the t-scale. Wo have to reconcile this with the r-measure employed in
ordinary physics. When ¢-measure is employed, the red-shift in the spectrum
of a distant, recoding fundamental particle appears u a Doppler shift. We
shall now examine how the same ph is din7

Let n be the measure of a photon-frequency on the ¢-scale, » the measure
of the frequency of the same photon af the same epock on the 7-scale. Then
since measures Af, Ar of the same small interval of time on the two scales
are connected by

4 _Ar
Tt
we have = A_lr = i%‘ = inv (38)

Now let a photon of frequency n, on the ¢-scale be emitted by a distant
fundamental particle (or extra-galactic nebula) at epoch #,=r,, and be
received by the observer at epoch ¢, or 7;, where

= ‘nlDZ:—:+‘o- (89)
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‘Wave-lengths | or A on the two scales are ted with the di

frequencies by Av=c=In. By (38) the emitted frequenoy satisfies v.=n..
and Ag=c/vo=c/ny,. On the r-scale, the fundamental particles appear as
nlnﬁvely mnnnary And there is 1o Doppler shift. Sinoe frequencies are
d, the ng observer, who has made no allowanoe
for Doppler shift, will reckon the reeewod wave-length as A,.
Now consider the similar atom at the recciver. This will be absorbing
the same frequency on the ¢-scale, and so the observer will call this frequency
#, or vy on the two scales, where n, =n,, and by (38)

‘l
h= "y (40)
1 to"l
Hence he will reckon the wave-length shift-ratio ns

wavo-longth d a8 received
= wave] length absorbed by a sunilar atom at epoch of

_h

v )

or by (39) § = ¢n-tolb, (42)

But if A is the (fixed) distance of the emitter on the 7-scale,
Ti=To+Afc=ty+Afc.

Henoe 8 = edlds, (43)

‘This is precisely the value found by a t-calculation directly from the standard
Doppler-effect formula in an earlier paper (Milne 1937, equation (22)). We
see that on the t-scale the observer calculates the red-shift as a pure Doppler
effect; on the 7-scale, by (40), he iders the freq: of the standard
atom at himself as steadily increasing, so that light emitted by a distant
atom at an earlier epoch has apparently a lower frequency and so a longer
wave-length at the moment of reception.

We know from earlier work that if | P, | is the measure of & distance on
the ¢-scale at epoch ¢,, | I, | the measure of the same distance on the r-acale
at the same epoch, then

1By 2 . )

I | P, is || d with epoch inversely as 4. Thus the
foregoing shows that & wave-length A, on the 7-scale behaves just like a
“distance”.
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If the standard metre-rod is defined as & fixed number of wave-lengths,
it should accordingly be decreasing on the 7-scale, constant on the t-gcale.
But if it is defined as & material rod, consisting of a fixed number of atoms
held together by electrostatic forces, we shall see in the Appendix that it
should be increasing on the ¢-scale, constant on the 7-scale. It follows that
the number of wave-lengths ined in the ial dard metre at
any instant should be increasing at the rate of about one part in 2 x 10° per
year.

COSMOLOGICAL CONSIDERATIONS

15. It is relevant to the above caloulation to point out here that the
concurrent use of the ¢- and 7-scales in this manner completely removes
the difficulties encountered by Hubble in his recent book (1937). Hubble
oonsidered that either the red-shift must be attributed to a motion of
recession, or else, if the nebulae are considered as stationary, it must be
attributed to some ent,irely unknown cause new to physics. We now see
that these are not two distinct possible ph but different d i
of the same phenomenon according to the scale of time adopted. In fnrther
oonﬂrma.tlon it may be pointed out that Hubble's observations disclosed
ad “_, ibuti ofnebu]m i ds if ion is adopted,
and a h distrik if jon is denied. This is )\mt what
is predicted on the present In ¢ ng to
mon, the nubetmtum g:ves an observable * world-pmtnm wnth a

; in 7 it was shown
(M.l].ne 1937, p- 181) that in the hyperbolic space iate to this
the density-di ion 18 striotly h

ENERGY AND ELECTROMAGKETIC RADIATION

16. In calculating the energy of a system of charges two points must
be attended to. First, there is now no such thing as a test-oharge, and ¢, is
an intrinsio part of the complete system, e, ..., ¢,. Secondly, to introduce
s measure of “the energy of a system at an instant’’, we must adopt some
standard of simultaneity for the different charged particles in the experience
of the given observer. Having fixed the observer O, we fix as his standard of
simultaneity #, = ty=...=¢, = ¢. This is not an invariant relation, as the set
of eventa selected varies from observer to observer.* Other observers will

* The same difficulty does not appear in 7-measure, since 7 is an invariant,
behaving as a Newtonian time.
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choose “simultaneous” events differently, although using the same ocon-
vention. Thus although expression (8) for the energy @ is invariant for all
observers for a given set of events (Py,t)...(P,,t,), it takes different
numerical values for different observers on inserting t, =ty = ... ={, =1, since
the particles will be in different places F, for the same value of ¢ for different
observers. This accounts for the fact that though (6) is derived from
invariant relations, and holds good identically even without making use of
“retardation ’’ formulae, it is not itself an invariant relation. The right-hand

side the negative rate of radiation of the system, but until
‘““energy at an instant” has been defined, the phrase “rate of radiation’
is meaningless.

It is to be noticed that we have nowhere assumed the conservation of
energy. Energy can only be defined in terms of mechanical work; the
terms m, %! were shown in earlier papers to represent the accumulation
of mechanical work perfc d on the icles of muases m,, positions P,
epochs ¢, and velocities V, by the total external forces acting together with
the pull of the substratum itself, the term @ was then added to make the
total v when the lerations V, vanish. But the right-hand
eide of (6) may a priori be negative or positive. It would be irrelevant to
ask “Where does the energy come from?” when the right-hand side is
positive; energy is a construct, not a concept with which we have direct
aoquaintanoce,

17. We now notice that our abandonment of the concept of an electro-
magnetic field as existing at a given epoch at a given pointindependently
of the velocity of the test-charge used to measure it, and its replacement by
an analysis making E and H functions of the velocity V of the test-charge,
render it impossible to an el ic field as a state of the
‘‘aether”, even for a fixed observer. And since E and H do not exist as
measurable quantities until the velocity V of the test-charge is stated,
(E*+ H?)/8n integrated through space has by itself no physical meaning.
Hence in our treatment we cannot expect electromagnetio energy to be
measurable by a volume integral. Instead, we measure it by (8). This
immediately avoids the old difficulty of the infinity of the self-energy of a
point-charge on the classical theory, since in (8) energy is attributed only
to pasrs of charges.

As a consequence we have no Poynting theorem; (8) replaces it. In the
classical derivation of Poynting’s th the rate of perf of work
on the charges present is caloulated and converted into volume and surface
integrals by replacing the charge-density p by (div E)/4wr. In our treatment
there is no p, but only point-charges, and we have no relation divE = 47p

Vol. CLXV. A a3
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at our disposal (of. (22)). Consequently the mathematical manipul
leading to Poynting’s theorem are not posaible.

But (6) fulfils all the duties of Poynting’s theorem. It would prima facie
resemble it more closely if we made the hypothesis of the purely eleotro-
magnetio origin of mass, which would be equivalent to putting each m, in
(6) equal to zero. But this, besides being an ad hoc hypothesis, is not
desirable on logical grounds, for inertial mass emu-ged in our kinematic
treatment at a muoh earlier stage than el which
indeed were only capable of discussion after gmvntshon had been de&lt
with. Since gravitational mass was proved equal to inertial mass m,, to
put t.l\e mertlnl masses m, equal to zero would exclude the possibility of

1 effects to wh ged in the subseq
treatment as oloctmmlgnetle mass.
Classical elect; tism results ultimately in a oonflict with ex-

perience: it predicts t.hat a set of charges moving with acoelerations v,
should radiate energy at a rate proportional to (Ze, ,) An atom in &

'y state i ! d charges but is not radiating, in contra-
diction, as is well d, with the prediction of the olassical theory.
Now the classical result is obtained by applying Poynting’s th which

easentially involves a belief in continuous distributions of charge of finite
space-density; in our treatment, which gives a rigorous acoount of point-
charges, instead of Poynting’s theorem we hAve (6), which makes the mte of
change of energy a linear, not a quadratic, ion of the accel

It would make the presont papor too long to attempt an exhaustive
discussion of the right-hand side of (6) and its comparison with the classical
theory. I shall however consider briefly a particular case

Take the case where only two charged particles are present. Then we have

lewy ZyZn+2,Zy

o= P .

R Tl s 8 A3 37

100 _ Vo (ZuPy+ 2P

Hence SN, " Y, " DudutBils
20 _O[Vije 4Py+HP;
]

gy 0P ot Vije _ P.+P.
Putting b, = t, = ¢, el ]

* Larmor 1900, Abraham 1914, Richardson 1916.
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The second term in the square bracket is negligible in ordinary experience.
Hence approximately

MAA V,.V

+V, | s Al

(45)

Y. A

By (6), this should be the negative rate of radiation of energy.
Now let one of the charges, ey, be the nucleus of an atom at rest, so that
V,=0, and let the other, 3 be an electron moving in a “circular” orbit*

round e,. Then the it 1 i8 perpendicular to the velocity Vy, and

V,.V,a-o Awordmgly by (6) and (45) the sum of the mechanical and
gies remains and the system is in a non-

mdmtmg, ie. stationary, state. This s in d with the hypoth

of the q theory, in contrast to classical el tic theory. It

will be noticed that we have calculated the energy exactly as in Bohr's
original calculation, treating the electron as a massive point-charge.
For an elliptic orbit,docl/|r |, V, = £, V, = #oc —r/| r|%, and the negative
rate of radiation for | ¥ | <c, is proportional to
_ 1
Ieilrp®

The mean value of this in an orbit is zero, and so an elliptic orbit is also &
stationary state. The actual “‘energy” fluctuates.

The difficulty encountered on the classical theory, of how radiationless
periodic systems ocontaining acoelerated charges can exist, is removed on

the present theory as far as these les go. Actual radiation must
therefore be assoeiated with mterruptions of striotly periodic motion. An
obvious example in which our gives diation is the

case of & cathode ray particle entering matter, when the high speed eleotron
has a linear deceleration. In this case V, is in the opposite direction to V,,
and the term V,.V, makes & non-zero contribution. Henoe such a particle
should radiate, as it does in the form of X-rays.

Sinoe the olassical theory appears to glvo the nght order of magnitude

for the radiation when radi is ing, it is desi to compare the
actual ratesof radiation on the two theories. Toillustrate ordersof magnitude,
ider the followi icular case. If an electron — e is in motion about

Dg P

* The secular change of radius with ¢ 1n f-measure 18 of course of no ligmﬁunne
in the present which 1 with short ti it

232



348 E. A. Milne

& nucleus + e with acceleration f, velocity v, at distance r, the classical ntg
of radiation is b, = §e*f*/c*. On our the rate of radiation d
on the scalar product of the vectors corresponding to f and v, and ﬂuot\utu
with zero as its mean value over the orbit; ite numerical value b, at any
instant, by (45), Iiu betvoen 0 and uf M[/c’ Smoe | @ | =edfr, the ratio
by/b, lies zero and hing less than cv/rf. Now f
is comparable with v®/r. Henoe by/b, lies numenoal.ly between zero and
somet.hing less than, but of the order of, ¢/v. For a nearly circular orbit it
remains small, but it increases with the elhptlclty For a highly elliptical
orbit, the classical radiation ocours princi near perihelion, and here v
approaches the order of itud of ¢. This is sufficient to show that
whilst the radiation is differently distributed over the orbit in the two cases,
the orders of magnitude of the absolute values are not widely different.
On the present t: t the total radiation over a lete orbit is zero,
8o that possibly actual radiation is to be associated mf.her with the in-
ocompleted portions of orbite d by & ition or with the
iteelf. More detailed calculations would be ired to i i this,
but space forbids. It is at least satisfactory that oompleted orblu give zero
net radiation. If discrepancies are found in the actual amount of the
radiation, it should be remembered that we are treating electrons as points,
whllst t.he clnmoa.l oaloulnuon, which uses Wiechert’s formula for the
inlly on treating an eleotron as a small
region of finite charge-dsnmy (Richardson 1916, p. 244), though xt is
incapable of dealing with the foroes (; 'y to hold the eleot;
which are implied by this view. Whatever view we take of the shruotm
of ultimate particles, either they are for purposes of analysis infinitely
divimble or else they reduce to a system of singularities. The present
treatment should give the theory of pure singularities, whethn the electron
is an ultimate singularity or not.

18. In the present treatment “‘energy "’ is not conserved from moment to
moment, and the field itself is not the seat of the energy, but & mechanism
for transferring energy from one particle to another. The theory thus

ts to an emb in analysis of the views put forward in 1924 by
Bohr Knmen and Slater, though in ungm it m qum different, beung 8
‘based an th l theais of zero for:

uymma and on a proper epuhmologxml treatment of E and H and their
mechanical effects.
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Gr. AND

19. I eonolnrle the poper by show‘mg how to handls in relativistio form
blems in which gr and el ic flelds ooour together,

The only technical dmlculty is the of an
of external foroe. We use the t-mle of time.

Iﬂtxbethetohl i ial due to cond fons in the

d in p: papers. (The field of the substratum

iteelf is of course taken into account through the form of the equations of
motion.) Let E, H be the electrio and magnetic intensities at a particle of
mass m and charge e when its position vector is P, epoch ¢ and velocity V.
Then we seek to determine a scalar « such that the external force (F, F,)
can be represented by

- ax Ze Va
= -5+ },‘%[E+ H]“M (46)

+54s [E V]Y’+a (48)

‘When these are inserted in the equations of motion (3), (3') of Part I, the
energy equation (7) (Part I) yields

1Ld
YT% +oact= -Y‘d—‘(ma'gl). (47)

The other energy equation (8) (Part I), when we uso the fact that x is
homogeneous in P and ¢ of degree zero, yields

NN s

When E=0, H=0 we get from (47) and (48)
a= 'ﬁ; ("‘Q )
the standard value for « for a purely gravitational fisld. When x =0, we get
a= —Y—.m("‘é )

a8 in (0), Part I. The contrast between the last two relations brings out
the difference bet gravitational and el gnetio fields,
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Equation (48) my be written in the form

St i[5 27 1)

and so exhibits the rate of change of kinetio energy plus gravitational
energy as the rate of performance of work by the Larmor-Lorents force
1n pushing the particle with velocity (V — P/t) relative to the local standard
of rest—the whole modified by the secular factor (/t,).

20. When the gravitational and el tic fields are due to a given
set of massive charged particl We 50 a sop epooh di t, [or
each particle m,, and a ,. The g ional
inx= 2 Xy, Forming the energy equations for each parhcle in the presence
ofthe inder, we find the anal of (47) to be

Y'[:‘ +V,. DPJ+1 c* = Y‘ (m,c 2gh), (49)
and the analogue of (48) to be

&[E,.(V,t,-P,) PV, H, 4 3 -

:;[E“' B (7! Yi a, Ve *T‘E"'“‘ &

(50)

Multiplying the last equation by Yidt,/dt and adding n similar equations
we get

- [‘Z m, c*{‘] +-% = Z[Rate of performance of electromagnetio work].

The right-hand side may be reduced as in Part I, and we get eventually as
the grand energy equation

ara ) op

a[ B mons x+¢] AR ®)
The right-hand side is the negati mw of radiation, which is obtained at
the joint expense of the hani avitational and elect; geti

energies. In the last equation it is aupposed that we have taken
tymty= .=t =t
The g this are invariant in form on fe ion from

any fandamental observer to any other, and the whole set oonamum [
unified istio t of gravitation and el
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ApPENDIX
The Bohr atom. Dirac’s cosmological relation
1. Asan exunple of the foregoing results, a almple Bohr atom will be

treated g to the ¢-dynamics and t-el
Consider an eleutron of charge —e moving in the neighbourhood of a
massive nucleus of charge + Ze. The el ic foroe of attraction in
t-measure, by (46) and (43) (Part 1), is — (t/t,) Ze?/r3. The vector equation
of motion is equivalent to an equation of radial leration and an integral
of angular momentum. The former is
- 2
Py y— ‘i" - Zr:- i (62)

neglecting relativistic refinements and assuming the nucleus at local rest.
The system is “semi-isolated” (Milne 19374, p. 326), and its angular
momentum is accordingly proportional to . We therefore equate its angular
momentum to (zky/27) (t/t,), Where z is the azimuthal quantum number
and A, is the value of Planck’s constant corresponding to the choioe #, of
our normalization constant, thus zhy/2m 18 the angular momentum at epoch
t=t,. In doing this we are of course appealing to quantum rules outside
our strictly kinematic synthesis, We then have
2hy t
mri = i (53)
As shown in an earlior paper (Milne 1937¢, p 17) in connexion with
spiral nebulae, the solution of (62) and (53) corresponding to circular
motion in the r-dynamics is

t 2he 114y
’=’ot;y 0= TmAl (54)
where ro= 2 (55)
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In t-measure the orbits are equiangular spirals, and roc ¢, This is consistent
with the description of the sub for the sub bad zero linear
dimensions at ¢=0, and necessarily always contains the atom. On the
7-acale the orbits are ciroular, of constant radius p given, by (35'), Part I, by

o= r‘—: -te. (66)

The atom thus behaves as a “rigid” body on the ‘r-annle, and a material
rod built up of such atoms held together by el hanical foroes
will also be “rigid” on the 7-scale. It will therefore be expanding uniformly
on the t-scale. It follows that if the nucleus of s distant *receding”” nebula
were imagined joined to lves by a ial “rigid” rod, the end of the
rod would maintain coincidence with the nebula.* This is in agreement
with the “stationariness” of the nebulae as reckoned on the 7-scale (Milne
19370, p. 178). M X3 ial “rigid”’ pendulum will keep 7-time.

In spite of the variation of -radius, the energy of the atom remains
constant. In t-measure, the kinetic energy 7' is given by

T = {m(#%+ %) = fmor}) ‘i‘,,+(t—‘.)'9'].

The first term in the square bracket, arising from the small outward com-

ponent of the spiral motion, is relatively negligible, and so app )}
2mim 2%t
="

By formula (33), Part I, the electrostatic energy is
Zedt 4mimZiet

o2t _ ¢

[N ahy
Henoce the total energy is given by

Wealsd= _2_"";;.{'4 = oonst., 7)
0

28 on the Bohr theory.

When the atom undergoes a transition, the energy lost is transferred by
the mechanism of the field-changes to some external system, and can be
reckoned in the meantime as the energy of the liberated photon. If AW is

* This question waa orginally n’lg;ubd to me by Dr F. 8imon.
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its energy, it was shown by Whitrow (1936) by kinematic arguments that
ita frequency » on the ¢-scale satisfies

4:! = universal constant. (58)

Assuming this constant to be Ay, we get the Bohr formula, with the frequency
reckoned on the ¢-scale.

2. A referee has drawn my attention to the circumstance that the above
calculations appear at ﬁmt mght to violate the correspondence principle.
For by (84), the rotati 6/2min ¢ is proportional to
1/t, whilst the frequency n of tho photon in t-measure is constant. The corre-
spondence principle asserts that for z large and 42= 1, the two frequencies
should be equal. The explanation arises from the fact that the correspond-
ence principle is an empirical relation between the dymmwal frequenuxes
of & mechanical system and the optical fre a8
usoed in physics is stated in terms of the 7- sca]e of time, and the calculated
mechanical frequencies are expressed on the 7-scale. On the other hand, we
have shown in Part II that the clectromagnetic elements sntmfy the wave-

equation on the ¢-scale, and the freq of an el
wnll be propaga.md as a constant on the ¢-scale; moreover the purely
d d by Whitrow show that the frequency

of a photon is constant on the t-scale. The two scales and all corresponding
measures agroo when the normahzation constant ¢, is chosen to be the
present value of ¢, but for other values of ¢ we shall expect the correspondence
principle to take the form that m specified circumstances the mechanical
Jrequency on the T-scale 15 equal lo the optwal/m;uemy on the t-scale.

In this form, the is satisfied by the simple
Bohr atom just considered For if w( {)/211) is the mechanical frequency
on the ¢-scale, w the same frequency on the r-scale, then

t 0t 4nmtmZet

w= w‘o - 2, = T = const., (59)

by (54) and (55) Hence for z largo, 4z = 1,
w ~%:—V ~n. (60)
This puts the pond: principle n a very kable light In

oonnecting mechanical with optical frequencles it is the one bndgs con-
necting the two scales of time. With'the interpretation we have given, it
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puts in evidenoe a fund 1 distinotion bet matter and radiation.
Natural mechanioal time-keepers keep 7-time; natural optical time-keepers
keep ¢-time. On the t-soale, radiation in the uni is to be considered
a8 reddoned by recession; on the 7-scale, atoms in a stationary universe
emit and absorb radiation of a frequency v = n(t/t,) which becomes faster
or bluer as the atom ages. It is not a fanciful speculation to see in the
interplay of radiation keeping ¢-time with matter obeying the classical laws
of mechanics on the 7-scale a phenomenon giving rise to the possibility of
change in the universe in time, and 8o an origin for the action of evolution
in both the inorganic and organic universes

3. We now consider Dirac’s cosmological relation (1937) in the light of
the treatment of electrodynamios given in Parts I and II. The measure ¢ of
a charge was introduced via a lizat: ty, such that on the
t-goale the number ¢ agrees with the ordinary electrostatic measure at the
epoch ¢ = #,. The number e is of course & constant, but we should write it
a8 ¢oto indicate its dependencp on ¢, If we change the value of the normahza-
tion constant, then the number e, 18 changoed. To caleulate this, we recall
that the mechanical force between two equal charges e, on the ¢-scale, when
at distance r at time ¢, is

te

fr?

by (47), Part I This must have the same value whatever value 18 chosen

for ty, and so if ¢, is changed to t,, €, is changed to e,, where
4.4

W (61)

Thus the ratio e}t, is independent of the value used for ,

Similar considerations apply to Planck's constant. We have dofined A,
a8 2 times the angular momentum in the first Bohr orbit at ¢ = #,. At time
¢ the angular momentum 18 then (ky/27) (¢/t,), and this must be independent
of the choice of normalization constant Hence 1f &, corresponds to t,,

by _ by
PO 62
Wk (62)
It must not be supposed that A or e change with the time.* They are
in any given calculation, for all ¢, but their values depend on ¢,.

* The possibility of A varymg with the time has been considered by Chalmers
::1&! Chalmers (1934), Nernst (1935) and others, but the prosent treatment 1 quite
ferent.
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1t now follows that the fine-structure constant*® Ac/2me? is independent

of the normalization constant ¢, a8 it should be, since it is a pure number.
We have in fact by (61) and (62)

b b (©3)

Similarly the energy W of the Bohr atom just considered is independent of
choioe of #,, sinoe it involves e§/A3. On the other hand, the 7-measure of the
radius, namely r,, involves b,,/e,,, a.nd lo is propomonal to the value chosen
for t,. This must be carefull d from the ci that the
t-measure of the radius inoreases proportionally to t. The same situation
arises with regard to the r-measure of the length of a “rigid” rod For
r= p(t/t,,), and 8o pnc ty. The number of wave-lengths contained n a given
Irod i dent of t,; for the lengthl, fromin=c,n=A4W/h,,
is also propomonnl to ¢,
‘We are now in & position to consider Dirac’s relation. The gravitational
attraction between a proton of mass m, and an electron of mass m, gives
rise to & mechamcal force F, given in ¢-measure by

= YT
=% (84)
where y =c|M,, (65)

and M, is the mass of the (fictitious) homogeneous universe. Its value
determined from Y, = 6:66x 10~® at the present epoch ¢ ={, = 2x10°
years = 0-6 x 1017 seconds is M, = 2-4 x 105 grams. (Thesame value isgiven
by M, = $n(cto)*p,, where p, = 10~% gram.om.=® is the present mean
density of the matter in the universe near ourselves.) The ratio « of M, tom,,
has the value

a=th_ 15 10m, (86)
mﬂ
The el i ion bet the proton and eleotron gives rise
to a mechanical foroe F, given in ¢-measure by
A= Eg, )

where ¢, is now the charge on the electron. Henoce the ratio f of the electro-
statio to the gravitational attraction is given by

F_ a4, _,
p=);_c%mpm 23x 109, (68)

* Profeasor Dirao kindly directed my attention to this point.



356 E. A, Milne

Dirac drew attention to the fact that « is approximately the square of £,
Assuming the relation to be exact we get

X ‘l-l":]’ 69

w7 9

From this Dirac concluded that Myec ¢, and inferred a continual creation
of matter in the But such an inf is not justified. Relation

(69), if true, gives M, as a certain multiple of (t,/e3)?, whioh is independent
of the choice of normalization constant 4, The value of ¢, for the ¢-unit of
charge to agree with the present electrostatic unit is the present value of ¢,
but £, is a conatant in all calculations. Observers at a later epoch would be
led to assign the same value for M,. It is clear in fact that no inference
implying the creation of matter could possibly ariso in our treatment, since
the dynamics is based on counting observations which satisfy Boltzmann's
equation.
If in (89) we put My = c¥,/y,, we get

Yo Ctymim,, = ef. (70)

This relation involves only and is independent of choice of ¢,
aince eoc 43, yyoc o, From this the value of ¢, may be derived We find

ty = 2:16 x 10'sec. = 0+7 x 10° years,

which i8 of the observed order of magnitude of the present value of ¢, as
it should be. A theoretical derivation of (70), if possible at all, might disclose
a factor like 7.

SUMMARY

Following the h ical treatment of the preceding paper, a
physical discussion is given in which it is shown that the concept of an
electromagnetio field (E, H) as existing in free space independent of the
circumstances of the test-charge used to measure it must be abandoned.
Instead it is replacod by the concept of a pair (E, H) which depend on the
velocity V of the test-charge at the point concerned used to measure it.
Nevertheless *“field 1dentities”” are found which are nmﬂed n.t. eaol\ evenl:
by the (E, H) as d there; these identities are explicit],
of the velocity V of the test-charge employed. Theee are stated a8
equations (18), (19), (20), (21). Two of them coincide with two of Maxwell’s
equations, namely those expressing the ists of isolated i
poles and Faraday's law of el tic induction. The ining two
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are modifications of Maxwell’s other two equations for free space. They
imply wave-propagation of E, H, and admit the existence of a veoctor-
potenti:

‘With the abandonment of the concept of a field as existing in free space
independent of the velocity of the test-charge used to measure it, the
expression of electromagnetio energy as & volume integral must be
abandoned also. Instead we have an ion for the
energy associated with the different pairs of charges present in the fleld,
caloulated mechanically. The sum of this and the mechanical energies of
the moving massive particles varies with the time according to a linear
funotion of the acoelerations of the charged partioles in one another's
presence. The latter vanishes in certain well-defined circumstances, or has
& mean value zero, and this gives rise to the phenomenon of non-radiating,
i.e. “stationary”, states. Radiation ocours in ocertain cases of accelerated
motion, but not for periodic systems. The role of the field is then the same
a8 that put forward by Bohr, Kramers and Slater, namely that energy is
not located in the field but that the field is the mechanism for conveying
energy from one set of chargod pﬂmelon to another

A unified of g and i is
briefly sketched, and the anergy formula obtained. A sunpla ‘Bohr M‘om m
treated on the present f lation of el d ics. Dirac’s )!

'y g

relation is considered.
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The crystalline structure of steel at fracture
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[Plates 6—9)

In a previous paper (Gough and Wood 1936) were described the results
of a research into the characteristics of deformation and fracture of a mild
steel (0-1% C) under statio and fatigue stresses, in which precise methods
of X-ray diffraction were used in a systematic study of the changes pro-
duced in the crystalline structure by five stressing systems. It was
established, for the firat time, that failure by static and cyclic strossing was
characterized by exactly the same kind of progressive deterioration of the
crystalline structure, fracture in all cases being associated with a break-
down—completo or partial—of the crystal grams to a mass of crystallites
having a limiting sizo of between 10~ and 10-% em. and a completely
rendom orientation. Under static stressing the sequence of changes in
structure were sucoessfnlly studied, while, using cyclic stresses, the

and bi fl of the range of stress and the superior
stmu of the cycle were investigated, also the essential differences on the
structure between the effects of safe and unsafe ranges of stress were
clearly established.

The present paper describes the results of an investigation undertaken
in the hope of obtaining a clearer insight into one of the features revealed
by the previous research. In addition to a complete fragmentation of the
structure into the hmmng size of oryatalllw, it was colmdered that a state
of marked lattioe d ion in the frag terial was also & y
condition of the fracture stage, but, as stated in the previous paper, the

ded radial broadening of the reflexion spots could not be asoribed

with inty to the p of distortion in the lattice of the crystallites.

It is very difficult to wooept the view that the fracture stage is reached as a
qt of fi a.lone, for the employment of severe

deft i to btais 1d ked

and i d nominal strength is pnctlee. These considerations

suggested that further light might be thrown on this very important
problem by the investigation of a material similar to that used previously
but commencing with a structure which had already been brought to a
fragmented ocondition by cold-rolling.

[ 388 ]
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A supply of mild steel, in the normalized condition, was obtained, some
of which was cold-worked by rolling so that a reduction in cross-sectional
area of 40 %, resulted. The structure of this cold-rolled material was found
to be entirely fragmented, thus being very suitable for the required purpose,
as the oharacteristios of deformation and fracture would not be confused
by further fragmentation and should thus afford direct information on the

conditions of the mltmtmn of fracture. Simul ly with the investig
tion of the 1in this defc d condition, further work has also been
carried out on the steel in 1its lized state: an imy d X-ray
technique was devised so that the bohaviour of the same identical graing
ocould be followed through stages of an ex

Throughout the present exp the fatigue method of testing has
been used, as y ing the unique ad go that a prog fracture

can be produced after a great number of applications of the same stress
conditions, thus enabling the onset of fracture to be examined at as many
stages as desired. Of the many types of cyclic stressing available, choice
fell upon that of reversed dircct stresses as one by which specimens of the
present material can be fractured without undergoing any appreciabl
change in external shape or dimensions.

With regard to the tests made on the normalized material, while the
eassential process of deterioration of structure is as ostablished in the
previous paper, the imy d X-ray technque has blished that
repeated cycles of a safe range of stress do not, as fatigue stresses, produce
any appreciable effect on the crystalline structure direotly the safe range
of stress 18 exceeded, however, a complete modification of structure results.
Another very informative feature established by these tests is that the rate
of deterioration of structure, due to an unsafe range of stress, decreases as
the test progresses until a stable state is approached but not quite reached :
the rate of deterioration accelorates during the last stage of the test and

fracture results. These structure ch istics, which ble other
fatigue characteristics, suggest that the process of fragmentation is
essentially of the nature of a hening effect, assisting the ial to

resist or retard further changes due to the applied stressing system. If a
state of equilibrium is actually attained, fracture would be indefinitely
postponed.

Although the above are matters of interest, major importance is attached
to the reaults of the examination of the cold-rolled ateel. Under safo stress
ranges, no change wl in the could be detected. But under
unsafe ranges of stress, a most interesting eﬂ‘eec was observed. The
material initially gives an X-ray sp g of & i ring.
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As the test procceds, a progressive drop ocours in the intensity of the ring
relative to the background, but there is no farther radial diffusion, which
would indicate further break-up of the crystallites, nor any evidence of &
state of preferred orientation. The effeot is only to be accounted for by the
incidence of heavy lattice distortion in the crystallites.

The experiments thus appear to have shown conclusively that the
fracture stage of the steel represents the incidence of a certain condition of
sovere internal strees in the previously fi d ial, thus carrying
to a further stage the work described in the previous paper.

The details of the experimental work will now be given.

MATERIAL

The material used for the investigation was a mild steel®* which, on
analysis, proved to have the following composition: C, 0-129%; 8i, 0-229%,;
Mn, 0-629%; 8, 0:008%; P, 0:018%,, Ni, 0:08%,; Cr (trace). It was thus
very similar to, although not of the same batch, as the steel used in the
previous research (Gough and Wood 1936). The steel was supplied by the
makers in the form of }in. diameter bar and was stated to have been
normalized at 900° C.: & metallurgical examination made at the N.P.L.
showed that the structure was typical of a low carbon steel in the hot-
rolled condition. Some of the tests to be described were made on the

1 in the lized condition as received. To provide cold-worked
terial, & bar of this lized steel was cold-rolled so that its diameter
was reduced from § to § in., giving a reduction in area of 49 %,: this reduc-
tion was effected in thirteen passes, two through each of five holes and a
further three passes through a sixth hole. No subsequent heat treatment
was applied to the oold-rolled material which was tested in that condition.
These two states of the steel will be referred to as the “normalized” and
“cold-rolled” conditions.

SraT10 TENSILE PROPERTIES
The principal statio tensile properﬂeu of the nteel in each eondmon were

determined by tests made in a Dalby Autographi der: the d
obtained are reproduced in fig. 1, while the deduced data are as follows:
(1) Steel in lized condition (specimen 2A 13, di 0-500 in.)

Upper yield stress, 18-0 tonsfin.?; lower yield stress, 17:2 tons/in.’;
* N.P.L. Reference Mark: JPH,
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ultiMate tensile strepgth, 28:2 tonsfin3; breaking strees (on final lnns.
88 tons/in.?; elongation at fracture (on 4 in. gauge length), 33} %, reduc-
tion of area at fracture, 72%; *‘cup and cone” type of fracture. Attention
is drawn to the drop of stress at the yield point (see fig. 1a), a usual
characteristio of mild steel.

30 — - -
3 T
Pl AN
1
ig 1of—- -+ l

e 5 I
g ; 10 15 20 2I5 30 as

Elongabion % on 4inch gouge length + 8 diams
Fi. la

(2) Steel sn cold-rolled cond! 1C1, di 03741 )

No yeld pont- ultimate tensile strength, 56-6 tons/in.%, breaking stress
(on final area), 73 tons/in *; elongation at fracture (on 3 in gauge length),
5%, reduction of area at fracture, 51 %,, *“oup and cone” type of fracture.
The absence of a yleld pomnt and the form of diagram obtained (see
fig. 1b) are characteristio of cold-rolled steel.

Incidentally, data such as are given above are usually interpreted as
indicating that the cold-rolling operation has conferred additional strength
or hardness above that exhibited during a tensile test made on the material
when in the normalized condition, but this has not been demonstrated in
the above case. For considering the cold-rolled condition merely as an

int diate stage in the def ion of the original material and making
oom:euon for the chnngo in dmmeter suffered in the cold-rolling, then the
tensile gth and of area at fracture of the oold-

rolled steel become 280 tons/in? and 76%, respectively, as against
28-2 tons/in * and 72 9%, for the normalized condition. These figures corre-
spond within the of the experi while the ded figures of
88 tons/in.* and 73 tons/in.* for breaki h—which need i
for change in area— again agree nuﬁmently closely as to afford no real
evidence of strengthening by cold-rolling.

Vol, CLXV. A. %
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FATIGUE TEST METHODS

1t was decided that, in the present tests, the progressive changes due to
fatigue should be compl d by superimposed plastic def as little
as possible; stress cycles of d direct loading (al ing tension and
i having a ical average value of zero, were therefore
se]ecuad for application. As a result, none of the specimens exhibited any
ble change in di ions after test. the diameter of each was
carofully measured, at every stage of test, using accurate optical projection
methods. The fatigne tests were carried out in a well-known form of
lect; io testing machine at a freq of 2200 stress cycles per
minute circular specimens (see fig. 2b, Gough and Wood, 1936) were
employed, the diameters being 0-217 and 0-172 in. for the normalized and
cold-rolled conditions, respectively

60—~ ~—

Nomnadl stress on original erga tons per sq inch

s 10

Elongotion % on 3inch
gauge langth * Baioms
Fre. 15

MEeTHOD OF X-RAY EXAMINATION

The X-ray technique used was that of the back-reflexion method as in
the previous work with, however, two important modifications. First, the



The crystalline structure of steel at fracture 363

X-ray sp was adapted so that a apeci ined at stages
during its history, could be photographed each time at exactly the same
point on the surface. It was possible, as a result, to follow the behaviour
in detail of the same set of grains. This represents a definite advance on
earlier X-ray techni ially in the case of lized ial from
which the incident beam is diffracted into a series of separate reflexion
spots. Any process causing dislocation or rotation, throwing a grain out of
the reflecting position, 18 thus directly emphasized when ph

taken at successive stages are compared. On the other hand, since the
number of reflexion spots involved 18 large, if photographs taken at
different stages of a test are 1dentical, spot for spot, the method shows,
with a very high degree of sensitivity, that no change has taken place.
The second feature utilized an effect first noted i other work on heavily
deformed motals. It has boon known for some time that the cold working
of & metal affocts the efficiency of diffraction for X-rays An approprate
wave-length for cold-worked mild steel is the Co-K radiation, which there-

fore was employed in these ex|

REsuLts

For each condition of the steel, the procedure adopted was, briefly, as
follows. A series of endurance tests was first carried out, each individual
test being made without interruption, in order to establish definitely the
limiting range of stross for an indefinitely lnrgn number of stress cycles.
In the maj of cases the speci was itted to X-ray i
before and after test only, thus giving information regarding the total
changes produced. The limiting ranges thus being cstablished, further
specimens of each type were tested at stress ranges slightly groater and,
also, slightly less than the limiting range, each test being interrupted at
regular (logarithmic) intervals for an X-ray examination in order to make a
careful study of the progressive changes in structure which ocourred. It
may be mentioned that previous experience —confirmed by the present
tests—had shown that during such interruptions, involving periods of rest,
some degroe of ‘““recovery "’ takes place so that the total endurance of such
a specimen subjected to such an intorrupted test usually exceeds that of a
specimen tested without interruption.

The results of the endurance tests which were not interrupted are as
stated in Table T, from which it is seen that the limiting fatigue ranges of
the metal in the normalized and cold-rolled conditions were clearly defined
at +11-6 tons/in.? and + 19-7 tons/in.3, respectively. [These are nominal

242




384 H. J. Gough and W. A, Wood

values reckoned on the cross-sectional areas of the specimens before test.
It has been pointed out that the 101 tensile ngth of the
cold-rolled 1, when ted for the reduction of area suffered in
the oold -rolling opemunn, agreod very closely with the ultimate tensile

h of the ial. Usmng the same correction, the
fatigue strength of the rolled material would be esti d at

— = 422 in 3,
+ 11 6x0‘51 +22-7 tonsfin.3.
"The experimental value obtained is + 19-7 tons/in.? only, suggesting that
the intrinsic fatigue strength of the metal has actually suffered deferioration
during the operation of cold-rolling.]

TaBLk I. RESULTS OF FATIGUE TENTS MADE WITHOUT INTERRUPTION
Nominal ap- Deduced

phed range Total number of  Limiting
Referonce  of direct  cycles endured®  rango of

Condition of mark of stresses (mullions of ntress
specimen  tons/m.? cyoles) tons/in.?
Normalizod 246 £13 1640 B
247 1124 217128
248 112 4148 B £116
249 1113 618 B
2410 114 31012U
Cold-rollod 1A1 +26 0330 B
1A2 1244 0396 8
1A3 +23 09121
14 122 1508 B
1A5 121 0898 B £107
148 £20 2230 B
149 +104 41068 U
1a7 1) 53.676 U

* B denotcs specimen crackod or fractured at end of test. U denotes spooimen
remamning unbroken at ond of test.

The results of the uninterrupted fatigue tests are shown, diagrammatic-
ally, in fig. 2.

Turning to the X-ray exammation, it is not necessary to describe the
results of the examinations made on the specimens whose histories are
reoorded in Table I, as the features disclosed are fully covered by the

now tobe described of those specil which
at progressive stages throughout each test. With the exception of fig.11
all the X-ray photographs reproduced with this paper were taken at posi-
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tions on the specimen through which the final fatigue fracture did not pass.
Photogmpha taken at the fracture show fragmented structure of which a

number of ph hs were reproduced with
the pmvioul papevt.
20
Cae
s“ led Condition
E“ | Lt t19 7
£ 31
==
< " 24
t [ Normalued Condition
€ 1211 | imiting Ronge t11 &
i Hn 1
0" 10 Q'
Number of strass cycles
Fio. 2
Normalized condstion
Considering, first, the results obtained on the steel in tho nomu.l.lzod
condition, the application of the improved X-ray tech
features of interest which were additional to thoso described m the p
paper on very similar material. These may be discussed in relauon to the
results obtained on the following typical g the
behaviour of the crystall under re} d cycles of d

direct atress (a) at a range (+ 11} tons/in ?) just leas than the fatigue range
(£ 11-7 tons/in.?), and (b) at ranges (£ 12 and 1 13 tons/in.?) just above
this critical value. The particulars of the specimens used and of the stages
at which an X-ray determination was made are summarized in Table II.
Specimen 2 A11. This specimen was unbroken after 107 cycles of
+ 11} tons/in %, after which the test was discontinued. In the initial
condution the specimen consists entirely of large perfect grains giving on the
X-ray photograph, a8 shown in fig. 3, a system of sharp separated reflexion
spots. The photographs obtained at each of the five stages of the subse-
quent history were exactly the same, spot for spot, despite the very large
number of reflexions involved. It is only necessary to reproduce the
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photograph obtained after 107 cycles, fig. 4, for comparison with the original
structure of fig. 3. This result therefore demonstrates, with & degree of
sensitivity not hitherto employed, that repeated cycles of a safo range of
stress do not, of themeelves, produce any effect whatever on the crystalline
structure. in connexion with this statement it will be recalled that, under

the present mode of ing, the speci hibits no blo overall
change in dimensions, so that this result is not complicated by the effects
of any superposed plastic def ion and this observation applies also to

the following specimens.

Tasrk II. INTERRUPTED TESTS MADE ON SPECTMENS OF STEEL IN THE
NORMALIZED CONDITION

Stresa range
Spocimen  tons/aq. m. Stages of X-ray examumnation (oycles)
2411 +114 After 0, 10%, 104, 105, 10% and 107 (unbroken)
2A12* +12 After 0, 103, 104, 105, 10%, 2x10%, 3x 104,
4x 10, 107, 3 03 x 107 (fractured)
2A15* +13 Aftor 0, 10%, 104, 105, 10%, 2x10%, 5x 10,
5 504 (fractured)

* The total cndurances of thoso specimens are greater than would be predioted
from the results given in Table 1 and fig. 2 which rolate to testa carred out without
In our this d 18 always &
of mterruptions and reet periods.

Specimen 2 A12. This specimen, tested at + 12 tonsfin 3, represents a
very interesting case. The initial photograph, fig. 5, is of the standard
type for the normalized material, showing sharply defined reflexion spots.
Fig. 8, obtained after 103 cycles, however, shows a complete change in the
identity of the spots recorded: the replacement of the original spots by
fresh ones indicatos a modification tn structure which could not be detected
by earlier technique. Further changes of this nature were also clearly
visible after 10* and after 10% cycles. A further examination made after
10¢ cycles revealed only a small further change and the rate of change in
the process of deterioration of structuro was obviously slowing up to such
an extent that changes in the features of the photographs taken after
108, 2 108, 3 x 108, 4 x 10% and 10? might casily escape attention. Figs. 7
(after 10 cycles), 8 (aftor 10° cycles) and 9 (after 107 oycles) will sufficiently
illustrate these characteristics. there is a distinct although slight difference
between figs. 7 and 9, although little between 7 and 8. This specimen,
which finally fractured after 3 x 107 cycles, was tested at a range of stress
(12 tonsfin.?) which only slightly exceeded the limiting safe range of



The crystalline structure of steel at fracture 367

streas (+11-7 tons/in.%): the mlum\l is clearly subjected to acnﬁ\oul stress
condition. The initial comparatively rapid rate of d

until a stable state is nearly, but not quite, reached. This rate accelerated
again during the very lust stages of the test as shown by fig. 10, which
represents the structure after failure of the specimen at 3-03 x 107 cycles.
the structure of fig. 10 is entirely different from that of fig. 9. The fracture
of the specimen took place at a position some distance away from the spot
to which all these photographs relate. This resumption of activity in the
last stages of test is reminiscent of the changes in hysteretic behaviour
under fatigue stressing as shown by strain and temperature measurements.
The fatigue range of strain or stress should be regarded as marking a
dividing line between those conditions under which the structure of the
material can or cannot attain a really stable condition: with a very
uniform material, the hmiting range is clearly marked, with less uniform
material, this is nbt the case and the S/N curve often exhibits some
considerable ““scatter” of results in this region.

Specimen 2 A15. The object of the test made on this specimen also was
to trace out the changes occurring under an unsafe range of stress of a
value (+13 tonsfin3) slightly greater than that used in the previous
experiment on specimen 2 A12, The structure at a selected spot was
examined before the experiment, after its conclusion (when fracture
occurred after 5504 x10° cycles) and at six intermediato stages, as
recorded in Table II. The X-ray photographs obtained after 103, 104, 10%,
10 and 2 x 10° cycles also showed clearly that a progressive change was m
progress, the changes, as before, occurring at a decreasing rate but not
slowing up to anything like the same extent aa in specimen 2A12 With
regard to the last stage of the test immediately leading to fracture and
marked by an increase in the rate of modification of the structure, this
stage must have been confined in the present instance to the last 0-504 x 10°
cycles of the test: although progressive changes were definitely visible
after 2 x 108 cycles, the next examination made after 5 x 10® cycles showed
very little further change, yet the specil fractured at a total end
of 5804 x 108 cycles. It does not appear to be necessary to reproduce
photographs taken from this specimon. The essential features observed
were exaotly those previously illustrated.

Thus, the present tests made on the normalized steel and using the

proved and more itive X-ray teck confirm the previous con-
olusion that the repeated applications of a range of stress less than the
limiting fatiguo range do not, in themselves, necessarily produce the
slightest change in crystalline of the material. In addition, these
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tests have disclosed that, under an unsafe range of stress, the deterioration
of the structure caused by repeated cycles is very marked at the commence-
ment of the test and then proceeds at a diminishing rate until just before
actual fracture occurs. The smaller the excess of the applied stress range
over the limiting range of stress, the nearer the approach to a state of
complete stabihty under the apphed loading.

The actual process of grain fr ion by the dual p of grain
dislocation and the formation of crystallites is, of course, exactly as
described 1 the previous paper. The new technique, whereby the
behaviours of individual gramns have been studicd, has enabled these

churacteristics to be identified with the disapp of some refl
and the app of new reflexi ponding to the dislocated
grains. it has also established definitely that, under some cases of fatigue
tressing, the fr is confined to | grains,

Cold-rolled condstron

Turning now to the fatigue characteristics exhibited by the steel in the
cold-rolled state before test, typical specimens of this material were also
examined at various stages of test under stress ranges in the neighbourhood
of the limiting fatigue range which, it will be recalled, had the value of
+19-7 tons/in.%, Detailed referenco may be made to the results of the
typical studies made on the two specimens whose cyclic histories are
summarized in Tablo 111.

TasLg I1I. INTERRUPTED TESTS MADE ON SPECIMENS OF STREL IN
THE COLD-ROLLED CONDITION

Strees range
Specimen  tons/in Stagos of X-ray examination (cyoles)
1A8 194 After 0, 10°, 104, 108, 10%, 107, 1107x 10"
(unbroken)
1A10 1204 After 0, 10%, 104 105, 10% 2x10%, 3x 104,

11 374 x 10* (fractured)

Specimen 1 A8 represents the behaviour of specimens which withstood
without fracture the appled cyclic stresses. The imtial state gave the
diffuso diffraction ring of fig. 12, The crystallites into which the grains
are broken down, and which are responsible for the continuous ring, must
occupy at least the greater part of the volume, for even if any reflexions
from oxisting largo grains are present, they are entirely submerged by the
continuous ring. From other work on cold-worked metals it has been
pointed out (Wood 1935) that there is a limiting lower size, for a given
metal, beyond which the size of the crystallites cannot be reduced by further
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working. This limit appears to have been reached in the present cold-
worked steel.

As with the lized steel, the i showed that the applica-
tion of oyclic stresses having this safe range produced no sign of change of
any kind. To establish this fact, it is sufficient to compare the initial state
of the material, as shown in fig. 12, wath figs. 13 and 14 taken after 10° and
107 cycles As far as can be seen, they are identical. The cold-worked
specimens, therefore, obey the samo criterion for safety as the normalized

Specimen 1 A10. This specimen shows the effect of repeated cycles of &
range of stress (+ 20} tons/in.%) which exceeds the fatigue range (+19-7
tons/in.?). The initial state, reproduced in fig. 15, was similar to that of the
previous specimen. But under cyclic stressing, progressive changes took
place leading to a final state which was very different from the original.
After 10° cycles, the X-ray photograph, as reproduced in fig 16, showed a
marked drop in intensity of the rimg relatave to the background. There was
& further large decrease after 10 cycles, to such an oxtent that, at the last
stage before fracture, it was only just possible to pu-k out the ring fmm the
background. The effoct iy illustrated in the photog d
figs. 17-20 inclusive, which show the condmun of O.he sf.ructure after
10% 2x 108, 3x 108 and 1-14x 107 cycles, rospectively. These re present
therefore, the progressive changes, leading to fracture, found in the crystal-
line structure of a matenal which, prior to the experiments, had been cold-
worked sufficiently to prevent any appreciable compensating effects due
to further fragmentation of the grains.

An estimation was made from microphot: of the
magnitude of the intensity change. The X-ray tube used had a double
window, one of which was used for p phing the test i and
the other for a dard i 80 that the efficiency of the tube could
be checked. Actually Q,here was no change during the tosts. The processing
of the negatives was dardized so that the were on the

same basis: the measurements obtained are as stated in Table IV, which
gives the difference in density* between the peak of the diffraction ring
and the background.

TaBLE IV. PROGRESSIVE CHANGES IN DENSITY BETWKKN PEAK OF
DIFFRACTION RING AND BACKGROUND

No. of cycles ... 0 10* 10¢ 10¢ 100 2x10° 3x10¢
Intenmty dff. ... 021 014 013 013 007 005 008

= log I/, where D = density, I, = intensity of light transmitted through cloar
film, I = intensity transmitted through point whero measurerent 18 taken.
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There is thus a final drop of 869, in the intensity. This is far beyond any
experimental error, which would be of the order of & fow per cent.

As in the fatigue specimens, the same weakening of the diffraction ring
is exhibited by the ial when fi d by static tensile foroes:
figs. 21 and 22 relate to specimen 1C1 and illustrate the effect. Fig. 21
shows the state of the material at the fracture position, where the specimen
underwent local reduction of area, whilo fig. 22 was taken at a position
where the specimen had suffered general elongation only.

Apart from the above intensity changes, there were no other changes
observed in the diffraction ring. In particular there was no further radial
diffusion, which would have accompanied further break-up of the crystal-
htes. Also, there was no departure from the original uniform dlatnbuuon

of i ity round the ci fe ; no state of preferred ion of
the crystallites had been created. The effect observed 1s only, therefore, to
be d for by the incid of heavy lattice distortion in the

crystallites. This distortion appears to be characterized by a ‘“staggering”
of the atoms about their normal positions in the crystal lattice, a process
which would lead to the observed fall in intensity in a manner analogous
to the infl of el d
The experiments thus appau to possess considerablo significance as
ffording a direct expl d by physical evidence, of the
oconditions at fracture of a metal. '['he stability of the atomic arrangement
in the metal is the result of equilibrium between the positive jons and the
surrounding electron distribution. Permanent deformation of the metal
produces, in the first place, a process of grain dislocation and fragmentation
leading to a structure consisting entirely of a mass of crystallites having a
limiting size and letely random ori ion. But the i of
this condition is not the criterion of fracture- in fact, although it is doubtful
if the metal is really *‘strongthened” by such cold-working, it can certainly
withstand, without plastic deformation, a greater atrain or range of strain
than in its initial state. There is also little doubt that this process of
fragmentation, even 1n its early stages, has an influence on tho stability of
the atomic structure as shown, for example, by the well-known effoct of
cold-work 1n lowering the recrystallization temperatures of metals: the
strain conditions at the boundaries of neighbouring crystallites of different
orientation are probably responsible. But the il igation shows that the
stage when fracture is imminent is approached only after the structure has
become completely fragmented. Further cold working does not result in a
further reduction in s1ze of the crystallite but probably leads to a progres-
sive distortion of the intrinsio structure of the crystallites themselves, the
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structure as & mass continuing to exhibit random orientation. Whether
that is the correct explanation or not of the setting up of severe internal
strains, the experiments have olearly demonstrated the progressive

i in the larity of the atomic structure and electron
distribution and, therefc a disturb of the equilbrium of the
structure producing localized regions of weakness at which fracture can
be initiated under the action of external forces whose mugmtnde would
appear to be quite madeq if the terial were and

d the full th ical
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1. INTRODUCTION

The tinl ibution of Heisenberg to the theory of ferromagnetism
was 1n showing that those effects which had been correlated by means of
the formal molecular field hypothesis of Weiss could be interpreted as
arising from interchange interaction between electrons in atoms, of the
same type as that involved in the f¢ jion of homopol lecules. The

berg method of 'h has, however, proved in many ways less
convemene 1n the dotailed treatment of ferromagnetism than the method
initiated by Bloch for the theory of metallic properties generally, in which
possible energy states are derived for electrons treated as waves travelling
through the whole crystal The first imation n this collecti
electron treatment is that of froo electrons, for which the energy is purely
kinetio, the number of states per umt energy range then being proportional
to the square root of the energy. The effect of the periodic ficld of the lattice
is to modify the distribution of states, giving rise to a seres of energy
bands, separate or overlapping. Elaborate calculation is necessary to
determine the form of these bands with any precision, though in general
near the bottom of a band the energy density of states depends on the
energy in the same way as for free electrons, but with o different pro-
portionality factor, this holds also near the top of a band, the energy being
measured downwards from that limit. The sahent characteristics of metals
dopend on the electrons in unfilled bands. In particular, in the ferro-
magnetio metals, iron, cobalt and nickel, the forromagnetism may be
attributed to the el in the partially filled band ponding to
the d electron states in the free atoms. The exchange interaction is such
that, at low temperatures, instead of tho electrons ocoupying the lowest
states in balanoed pairs, there is an exocess of electmnn with spins pomtmg
in one direction, giving rise to a sp ion. The d
of energy due to the exchange effect with increase in the number of excess
parallel spins is accompanied by an increase due to the electrons moving
to states of higher energy in the band. The equilibrium magnetization

[372]
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depends on the number of electrons, the form of the band, the magnitude
of the exchange interaction, and the temp and must be calculated
on the basis of Fermi-Dirac statistics. The primary purpose i this paper
is the determination of the form of the magnotization temperature curves

for bands of the standard type and for a range uf values of the exchange

interaction energy. Beforo d g the p blem more fully,
the relation between the present and some of the prcvmus work will be
briefly indicated.

The advantages of a coll leot for fe

were pointed out some years ago 1n a paper (Stoner 1933) in wl—uch it was
shown that such a treatment enabled an immediate interprotation to be
given to the non-integral values of the atomic moments of the ferromagnetic
metals, and of the variation of the t with small additi of non-
ferromagnetic metals in alloys Little was then known about the form of
the eleutmmo energy bands 1n transition metals, and the treatment wu
it Considerably greater precision m fi 1
became possible on the basis of a suggestion by Mott (1935), having a
general justification, on the form of the energy bands 1n the ferromagnetic
metals. In nickel, in particular, it was suggestod that a narrow d band was
overlapped by s much wider s band, and that the top of the Ferm distri-
bution came at & point ponding to 0:6 eleotron/atom 1n the & band,
with a deficit of the same number in the d band, this number corresponding
to the obsorved saturation moment of nickel at low temperatures. (It may
be noted that ‘ holes” in bands are to a large extent magnetically equi-
valent to the same number of electrons 1 otherwise empty bands, as 18
more fully discussed elsewhere (Stoner 1936a) ) This general 1dea of Mott
has been developed successfully in & number of directions (cf. Mott and
Jones 1936). A first step in the quantitative treatment of the effect of
temperature on tho magnum- propertica of metals was the determination
of the p ! of free elect; ibiity (Stoner
1935, 1936b), the results obtained are applicable not only to free electrons
but also to electrons in unfilled bands with the same type of energy distri-
bution of states. Series expressions were derived appropriate to high and
low temperatures, and values for the intermediate temperaturo range were

found by graphical interpolati In a sub ion on spin
paramagnetism in metals (Stonor 1936a) 8 almple method of taking into
account the effect of i g was bed, the method
being applicable to the d ination of the temp iation of the

ptibility of a fer tic above the Curie point. Shortly after-

wards the treatment was extended to deal with the spontaneous magnetiza-
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tion below the Curie point and the general character of the modifications
resulting from the use of Fermi-Dirac, in place of classical, statistics, was
determined. It was found, however, that the method previously used,
mvolvmg series calculations for high and low tempent\uu, and graphical
ion, was i quate to give ical results of satisfactory
pmomon, the lack of precision being most marked for the temperature
range which was often of greatest interest as including the Curie point
region. For precise numerical results, an accurate evaluation of & series of
the basic Fermi-Dirac functions was indi ble. An ive table of
Fermi-Dirac functions is now available (McDougall and Stoner 1938) and
this provides the necessary starting point for much of the computational
work 1nvolved in the present paper.
In the meantime two papers have appeared by Slater (19364, b) on
the ferromagnetism of nickel, the first of whuh deals with the theoretical
leulation of the low tem; t, the second with the
temperature variation of the magnetization. An estimate is made of the
form of the electronic energy bands, based on extrapolation of calculations
for copper by the Wigner-Beitz method, the results confirming the essentials
of Mott's suggestion, a theoretical calculation is also made of the magnitude
of the exchange nteraction. Numerical calculation then shows that the
exchange effect is large enough to produce ferromagnetism, and there is
fair between the caloulated exchange energy and that deduced
from tho observed Curie temperature. In the second paper numerical
caloulations are made of the free energy at a series of temperatures as a
function of the magnetization, the equilibrium magnetization at each
temperature being that for which the free energy is & minimum. The
minima are very flat, and in view of the computational difficulties, all that

can be said is that there is probabl with experi to within
the error of calculation. The method used does not seem adapted to a
precise d ination of the ization as a function of

but the computational difficulties are undoubtedly very formidable when
the energy distribution of states in the band is known only in the form of
numerical calculations

With the ption of a “‘standard” energy distnibution of states in &
band, precise calculati of the magnetization as a function of the
temperature may be made by the methods to be described. Owing to the
peculiarities in the forms of the electronio energy bands of particular
metals, it cannot be olaimed that the results will necessarily be strictly
apphoable to any actual ferromagnetic. For the results to be applicable
with fair approximation, however, it is merely necessary that the band
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form should approximate to the standard type over part of its range, up
to and somewhat beyond the top of the Fermi distribution. As far as can
bo judged from the graphical representation of the form of the d band in
nickel, computed by the Wigner-Seitz method, the approximation is here
reasonably close; the energy density of states near the top of the band
(the portion here relevant) being roughly proportional to the square root
of the energy measured downwards (see Slater 19364, fig. 1, p. 539). It
is difficult to say how far the general character of the result is likely to be
affocted by special poculianties in the form of bands, but this question
opens up such a wide range of possibilities that it is hardly profitable to
pursue it, except with reference to more detailed information about the
band form for a particular metal. The choice of the standard band form
has the formal advantages that precise calculations are possible covering
a wide range of variation of the relovant parameters, and that in the lmit
the results pass over into those obtaned on the basis of classical statistics.

In the it is to introduce the | €, 0,0
and {; €, being the maximum particle energy at absolute zero (or the
energy difference between this and the top of a band, when the “holes”
in a band, rather than the electrons, are relevant) in the absence of

interaction, k6’ a of the interaction energy, as explained
more precisely below, 0 the Curie temperature at which the spontaneous
magnetization bocomes zoro, and { the relative magnetization, i.e the ratio
of the number of excess parallel apins to the total number of potentially
effective spins (corresponding in nickel, for example, to the number of
holes 1n the d band). "The general problem is to determine { as a function of
T. The parameter ¢’ is so chosen that with olassical statistics, 0’ = 6; with
this statistics, as is well known, g/g,, 188 nmque funmon of T/8, anrl
fo=1 A umngle series of calcul 1B ient to d
the ¢, 7' relations for any value of k9'. (Suoh calculations have previously
been carried out, Stoner 1931 ) With Fermi-Dirac statistics an additional
parameter, €, is involved, and tho work necessary to cover an adequate
range of values of 6’ and ¢, is very much greater It is appropriate to
consider ¢ as a function of kT'/e,, and to aim at obtaining sets of values of
¢ corresponding to different values of k6'/6,. It seems not to be practicable,
in general, to obtain these values directly, and the procedure adopted as
most convenient has been to calculate k0'fe, corresponding to different
values of £(0, 0:1, 0-2, ...) at a senes of values of ¥7/e, (0, 0-05, 0-1, ...);
from these results, it 18 then possible, by inverse interpolation, to obtain
curves of the more usual form for particular values of k6, Further, for
comparison with the classical {/f,, T'/0 curve, a series of {/¢,, T/6 curves
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may be obtained for a series of values of k6'/e,. The classical curve
corresponds to k6’ /e, > 0.

The theory is doveloped so as to cover the paramagnetism above the
Curie point as well as the ferromagnetism below, since this must also be
considered mn any discussion of actual metals. The theoretical formulae
are given, when appropriate, in a form suitable for numerical computation.
Computational details are briefly described, and the results given in tabular
and graphical form The results ding to classical istios are

luded, as & dard for pari A iderably higher degree of
precision has been aimed at than might appear necessary for any direct
comparison with experiment for two reasons. One is that only a limited
number of results can be given within the ranges of two variables, and any
nterpolation which may be required is hazardous unless the initial values
are of adequate precision; the other 1s that the differences between numbers
to be compared are often small, rendering & rather high precision necessary
1 the bers th Ives if the compari m to be significant. Further,
owing to the character of the functional rel lved, 1n some parts
of tho range the attanable precision in the final valucs obtaned, which
are of experimental interest, may be less by soveral powers of ten than that
of the values of the basic functions used, so that for these ranges, at least, a
much higher precision 18 ial in the basic jons than that
desired in the final results.

2. GENERAL TREORY
The system to be considered is a set of N electrons in a partially filled

electrontc energy band. Tho i t may be calculated from
the general formula
M =~ (0F[oH)y,y, (E)]
where F is the free energy. With Fermi-Dirac statistics,
F = NkTn+Q, (2:2)
where Q= —kT 3log[1+exp{n - (¢, +€,)/kT}],
0

the summation being taken over all the energy states The energy ¢,
m taken to include the whole of the energy except that due to the exchange

which involves depend on the a8 & whole,
and that due to an external field. The corresponding terms make up
€, which may be written

€ =€ +6y.
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The effect of exch interaction is to introduce a term proportional to
the square of the magnetization (for a fuller theoretical discussion,
reference may be made to Slater 1936 a; see also Stoner 1936 a), 8o that the
corresponding energy per unit volume ¥,, may be expressed as

E, = jal’.
Sinoe OE,[o] = —al,

the energy of an clectron with spin antiparallel and parallel to I is given
by

& = +pal.

Let M be the I t of the N elect ¢ the relative

magnetization, and n, the number of cleotrons per unit volume. Then,
¢ = MINg, (23)

€ = +ptan,g.

This will be written & = + k0. (2-4)
Thus k6’, as used hore, is a of the h 1t tion energy,
and is such that 2k6'§ is the difference 1n energy for the spin parallel and
llel to the i while the diffe n energy per

electron 1n the completely magnetized state ({ = 1) and the demagnetized
state (§ = 0) is §k0’. (It will be shown below that 0’ >0, where 0 18 the
Curie temperature except 1 the classical limit, when 6’ = 0, k0’ will be
referred to as the interaction energy coefficient, that part only of the
mteraction energy which depends on number of exoess parallel spins being
understood.) Considering now the effect of the external ficld, the electron
may be treated as though the spin is ori d parallel or anti llel to
the resultant of the external field and the effective internal field due to
exchange interaction, so that

€ =€ +6 =+ (kO'L+pull),
Let v(¢) be the number of states per unit encrgy range for one direction of
spin; then
2=- IcT‘J’.° v(€) log[1 +exp{n— (6 — k0’ —~ uH) [k T} de
0
=4[ elogld +oxp(n— (¢ + KOC+ARIAT de. ()

Vol, CLXV. A. a5
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Itis ient to i duce the abt
z = c[kT; f=kOYhT = (0'|T)§, B = uH|kT. (2:6)
For bands of the standard form, :
v(6) = aet,

and with ¢, as the maximum electron energy when the electrons are in
balanced pairs 1n the lowest energy states,

N= 2{".;44; = tod),

0
giving ve) = §(N/el)eh. (27
Substituting (2+6) and (27) in (25),

@ =~ WRTETo) [ log(1 +exply =2+ £+ )
x{1+oxp(n -z f— p Y] da.
‘This formula 18 simplified by integrating by pam since
rﬂ log{1+exp(y—2)}dz = J. sy = M.

Thus, Q = — INET(kT [e) [ Fy(n+B+£)+ Fy(n— -] (2:8)
Making use of the relation

d 3(° ahdx N
Hho=inm =372 @9)

expreasions are obtained for M and N from the formulae
M= —(BF/aH)T_V = —(B!)/BH),‘“.,

and N = —(1/kT) (22/p),

in tho form
M = NpkT[eo)'[Ey(n + B+ F') - By — - B)], (2:10)
N = INGKT[eo)'Ey(n +B+5) + Ey(n —~ B~ ). (2:11)

These are the two fundamental equations of the present treatment, from
which more convenient forms appropriate to the various special cases
may be derived, as will be shown. The function F,(») is one of the Fermi-
Dirac functions which have been tabulated for a wide range of values of the
argument (McDougall and Stoner 1938), while outside the range covered
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by the tables it may be accurately computed by using a few terms of series,
which have also been given. Since the other functions are not further used
in this paper, the subscript will be omitted, and also, where there is no
ambiguity, the argument, i.e.

Fyn) = Fg) = F. (212)

Series expansions

The series oxj juired are lly based on the two scries
expansions for F(y), one appropriate for <0 (corresponding approxi-
mately to kT'/e, > 1) and the other (as asymptotic series) for 3 1 (approxi-

mately kT'/e; < 1).

For <0, Fip) = ’—{;’gb,m, (213)
whero b, =(=)-Yyri,

For g1, Fp) =1+ éla.,v it (214)
where g = 205, (3) (1) (~4) .. (3 2r),
and Cg = .21( — g
It may be noted that

¢y =712, g = Tm720,

a8 these forms often enable the appearance of formulao to be simplified.

The series (2:13) and (2-14) have p ly been fully idered, a dis-
cussion having been included of the number of terms to be taken in (2 14)
to obtam the best approximation (McDougall and Stoner 1938), and the
methods for proceeding from secries in 7 to series in (k7'/e,) have been
described (Stoner 1935, 19364, b), so that it will usually bo sufficient in the
sequel to give the final series expressions without details of their derivation,
As extensive use is made ot the inverse series derived from (2-13) and (2-14)
it may, however, be well to give these

2
s

For 7 <0, writing y = — F(y),

er= y{l +§lb;y", (2:16)
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where by = ‘/‘—2 = 0-353 5568 39,
b= -2 = 0057 549 91,
P LV LTV, S
By gt~ = 0:005 763 96

For 9% 1, writing y = {§F(n),

s
7= y{l —%a;.y "},

whero ay=c = = 0-822 467 03,

=l

= 1-217 613 64,

i

g= g+ =
2477
ag = Jei+ 3 oy + 108 cy = 5020 = 161 386 22.
3. PARAMAGNETISM

(i) Wathout snteraction

‘When the exchange intoraction cffect 1s zero (8 = 0) the relative magneti-
zation is given by

(M _Fotp)=Fa-p) o)
Nu~ Fo+p)+ Fa =)
where £ = pH|[kT.
In the limit (e,/kT)->0, F()-» jnter, and the classical result is obtained:
¢ =tanh g (8:2)
Provided that 4’ is small, so that only the first power m H need be con-
sidered,
§=F(F'|F), (33)
giving in the classical limit (for which F’/F 1), the well-known result
M|H = Np*[kT. (3-4)
It is usual in dealing with experimental res\lltc on pa.rnmagnemm to oon-
sider the inverse of the ptibility as s fi of In

presenting the theoretical results with Fermi-Dirac utamtlcs, it is con-
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venient to consider kT [e as the variable, rather than T', since F and F’ are
functions of k7'/e,, and to express the relation (3-3) in the form

1 /dl kT F
i 35,
Ca &' F @0
the quantity on the left being proportional to the inverse of the suscepti-
bility. The theoretical curves ponding to this relation have boen

approximately computed (Stoner 1935, 1936 b) using the methods indicated
in§l.
(n) With interaction

Provided that the magnetization is proportional to the external field,
P and ' may both be treated as small, leading, in place of (33), to

=(B+4) (F'[F), (3-8)
where £ = (6'/T')¢{, so that

_uH F o F’

~i w7 @

The relation for the inverse of the susceptibility, corresponding to (3-5), is
1 uH k’l‘ F ko

Ca 6 F e 8

This eq expreases I i form the conclusion which was
prewously drawn (Stoner 19364) that the effect of pouitive interchange
tion is to d by a amount the inverse of the suseeptl-

bility as calculated with noglect of i t From the 1 values
of the ptibility without interaction, those for the susceptibility above
the Curie point can therefore be i diately ob d for any value of
k6'ley It may be noted that in the classical hmit, (3-8) in oquivalent to

the Weiss law. The Curie temperature, 0, is the temperature at which, in
this approximation, the ratio of field to magnetization bocomes zero, so
that, from (3-8)

00 = F|F". (3-9)

It may be noted that the dependence of ¢’ on 0 18 the same (apart from
constant factors) as that of the inverse of the susceptibility, without inter-
action, on T'; the relation with (3:5) 18 brought out by writing (3:9) in the
form

ko' kT F

bl

" P (3-10)
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4, FERBOMAGNETISM. GENERAL EQUATIONS

The equations determining the spontaneous magnetization in the
absence of an external field (#' = 0) will now be considered. These are
(2:10) and (2:11), which may be written in the form

Fa+n+ o= =) (1)

Fo+h-Fu-p=3(5)e )

and the equation defimng £,
£=0T)¢ (4:3)
As a prelimmary to an account of the method of dealing with these
oquations, it will perhaps be useful to refer briefly to the methods applicable

in the much simpler classical problem. In the clasmcal hmt (6,/kT > 0)
the two equations (4 1) and (4-2) reduce to the single equation

¢ = tanh g, (4:4)

the simultancous equations (4-3) and (4-4) then determining the magneti-
zation. It is readily shown (sev below) that, in this hiit, #’ = 6, and it is
possible to determine { for a given value of 7'/0 by seeking the value of g
satisfying

tanh g/ = T/0. (45)

and from this finding § from (4-3). The numerical results may be given as a
table of values of { at equal intervals of 7'/6, generally the most useful
form, It is, however, more convenient to determine 0/ for a given value
of ¢ directly from the equation

0 tanh?¢ 1 1+¢

T='”'g*=2g' =
This method would ordinanly be applied to give values of T'/6 at equal
wtervals of {, a form which is less familiar and which has some dis-
advantages. The first method, however, is virtuslly impracticable in the
Fermu-Dirao problem, and it is the analogue of the second which has been
applied.

The ultimate aim with the equations (41), (4-2) and (4-3) is to obtain ¢
a8 a function of k7'/e, for a series of given values of k0”/e,. It is a simple
matter to calculate the values of ¢, k7'/e, and k8¢, corresponding to a given
pair of values of 7 and #; but to obtain in this way an adequate series of

(4:6)
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pairs of values of § and k7T'/e, corresponding to a given k' /e, would involve
an amount of labour in computation and interpolation which would be
prohibitive unless only rough values were required. The method finally
adopted was to make the primary evaluations those of k0'/e, for given
values of kT/e, and {. From (41) and (4-2),

Pt =5 c5) 0+0, @)

Fa-n-3(5) a-0 @8

From these equations (y + /) and (y— /) may be found by inverse inter-
polation from the F(5) tables or by the series (2:15) and (2:16) outside the
range of the tables, for given values of kT/e, and §{ Hence 5 and f may be
obtained, and from f, using (4-3), the corresponding value of 0'/T and so of
k' [e5. ¥rom a table of valucs of k0’ [e, at appropriate intervals of £T'/e, for
a given {, the value of £T /e, for that ¢ for any required value of k6’ /e, may
then be found by inverso interpolation. The above outlines the method
which 18 genorally applieable. For certain parts of the range, however,
the computational work may be greatly reduced by making use of relations
obtamnable in the form of seres expansions, which are of additional value
for checking purposes Apart from their use as aids to computation, these
relations aro of value in bringing out some of the cssential characterstics
of the numerical results; more pnrtloularly in showing the chnmcter of the
change in the d d of on ing from
the substitution of Fermi-Dirac for classical statistics. These rch\tmns aro
developed 1 tho noxt section.

5 FERROMAGNETISM SERIKN XXPANSIONS
(i) The Curie temperature

The Curie 0, 18 the I at which the spontaneous
magnetization becomes zero. For ¢ (and f) small, the left-hand sides of
equations (42) and (4-3) may be expanded in a Taylor series, and by

division
L= {BF'+(B)8) ™ . JJ(F + (B2 F"...).
In the limit {-»0 (involving #—0),
§= B [F) = (@|T)(F'|F)E,
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the temperature 7' for which this equation is satisfied being the Curie
temperature, 0; so that

6|6 =F|F. (51)
This derivation is an alternative to that given above (see equations (3~9)
and (3:10)) based on a ideration of the equation for
above the Curme point.

The series forms of the relation (5-1) for high and low temperatures are
readily obtained.
For kfjey> 1, using (2-13),

010 =1+ ilb:y’, (52)
=4 (&)
where v=55:li)

=‘/72, b= (?i'"'ﬂ} ,,.J3 EJ,% Jﬁ

This series expression shows that #'/0 1 for 6,/kf-> 0, and that the ratio
a8 k6, di (N ! values of related coefficients more
convenient for computation are given below, equation (5:6).)
For kl/e, <€ 1, using (2:14),

ko 2 l+ll’(10 +Jn‘ kO\¢

6 i) sole) I
ol ol

37N e T M)
where aj = 0-548311, ai = 2:436227. This expression is derived from the
asymptotio series (2- H), and the k0/e, range for which 1t may be usefully
applied is not appreci ded by the ncl of further terms. The
relation shows at onco thnt there is a lower limit to %'/, for the occurrence

of ap jon at any temp For fe gnetism to
ocour at all (i.e. for kf/e, > 0) a necessary condition is

kb'leg > § (5+4)

(6:3)

(ii) k0 /ey as a function of kT ey and {

The relation betwoen k6’ Je, and kf/e, (i.e kT/eyfor{ = 0)is a special case
of the more general relations between k0/e, and £7'fe, for any value of ¢.
The procedure in obtaining the more general series expansions is similar,
the starting point being equations (4:7) and (4'8). From these, inverse
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series are obtained for (7 + /) and (y - §) and by subtraction a series for £
and hence for 0'/T (snce f = (0'/T){). The seres appropriate for
kT/e,> 1 will first be considered. For 9+ £ <0, from (2:15),
et = 1/1{' + i b:ﬁ],
=1

where the coefficients are those already given, and

1
n= 5 (e) 0+ =90+0

Similarly erf = y,{l + 'Zlb; y;’.
E-
4 1
whers n=y i (6) 0-0-v0-0

Taking logarithms, and subtracting,
28 = ( ) lugl+§+l :I:ZZ;‘:‘
Expanding the second term, and dividing by 2,
. lng
T7ag % -
+ (b3 — 3bghy + b1 y* ...

lugl»-~<+h g+ LB+ 03) (55)

* bbbyt

Ty
where the coefficients b] are those already given in (5-2) for tho series for
6'[6. On expanding the first term,

I()p,l g |+ +£— "

it becomes clear that (5 5) reduces to (l"l) for {-»0. For computational
purposes it is convenient to express (5:5) as a series in ¢o/kT':

o 148 . eu) . (3)' .
_’l‘__i{hg §+b (M,) +b"(“, +05(1+&%/3) ) (6+6)
4
where o =(5V") o
giving b7 = +0-266 061 52,

b = —0-005 602 36,
= +0-000 189 50.
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The first term in (5+8) corresponds to the classical result (4:8). The most
interesting point about the expression (5-6) is that it shows that, although
0'/T may differ greatly from the classical value, unity, for T' =0, the
increase 1n 0'/T with ¢, for T constant, approximates closely to the classical
increase (for €,/kT -»0) provided that £ 18 not too large:

\l
1000 = OO prat W5 0. )

This result greatly facilitates computation for the larger values of 7/e,.
(The coefficient of {2 ranges from 0-000 063 1 for £T'/¢, = 1-0 to 0-000 002 8
for kT[e, = 20, the precision obtainable by this method for k7'/e, > 1-0 is
comparable, or higher, than that obtainable by the general computational
method, except possibly for §>09.)

A similar procedure may be followed for kT'/ey < 1, makmg uso of the
asymptotio series expansion (2 16). The foll is i

4
2= 2} = Gumn) =y ) -5
where 2y = (6/kT) (1+ &Y, 23 = (eo/kT)(1=OF.
For { < 1, neglecting terms beyond those in ¢ and (k7/e,)*,

K02 ? (kT 20 3 (k7" "

ol (L) () () e 0w
a formula agreeing, for { »0, with that derived for A0'[c, in terms of
kOfeq (6-3). It is of interest to consider the form of the expression appro-

priate for kT /e,->0 Provided that kT'/eq € (1- )Y, retaining terms up to
that (L‘T/s,,)‘

- puro-a-o[ B (Y a-o] e

Proceeding to the limit, this expression shows that at absolute zero { may
have & maximum value less than 1 unless k' /e, exceeds a oertain oritical
value. Denoting the value of ¢ at absolute zero by &,

W g lartr-a-gn, (510)

giving Co<1 for k8'[e,< 27t

Thus the value of §, ranges from 0 to 1 as k'/e, ranges from § to 2-4
(= 0-793 701).
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Binomial expansion of (5:10) gives

k2 2 7
% =§(1+§ia+m§,...). (511)
Comparison with (5-3) then yelds the approximate relation

(-5 0 -39)
or ‘o "lzg,,( T80 ,), (6:12)

showing that the Curie temperaturo 18 closely proportional to tho maximum
magnetization, for small values of §, (and so of k0/eg). The approximate
relation may be expressed numerically by

kBjeg = 0-300 1058, (513)

(i) Magnetization near the Curie point

Even in the classical problem it 18 not possible to obtain convenient
exprossions giving £ as an explicit function of 7'/0) for tho whole of the range,
but useful oxpressions may be given for 7'/6-»1 The analogues of these
appropriate for k0/e, > 1 and k0feq < 1 will now be derved. The classical
method is to express { first as a power series n f, t}ns method mny be ful—
lowed with Fermi-Dirac stat but as 1t invol
of 9,1t is sumpler to proceed directly from tho expressions a.lmauly obtained
for kO’ ey as & function of AT/eq and ¢ As the later terms in the series
expansions are unwieldy, and are not required for computation, the leading
terms only wall be considered.

For k6fey> 1, £ € 1, the use of equations (6-2) and (5-6), retaining terms
up to those 1n y or (e,/AT)! and &3, yields

o= -Snale) ) ()
or, for {1 - (T/0)} -0,

[ | S

ging (2 ) e = {57000 R0 ) (515)
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For computational purposes it may be noted that

3—‘70—”—) = 0-132981.
The classical result is obtained for the limit e,/kf-» 0; in general the slope of
the {%, (7/0) curve at the Curie point 1s less than that given by classical
statistics,
For kfjeq < 1, {0, the result obtained, using (5-3) and (5-8), is

LI e

- _[La ] emt ko)
gving [d(T/a} i1 4 (Gu)
= 22:208 610 (kfJe,)*.

For the low values of kf/e, for which this result applies the slope of the {2,
(T'/8) curve will be much less than that corresponding to (5:15). In this
region ¢, is small compared with unity and it is legitimate to substitute for
kbO/e from (5+12), leading to an alternative approximate exprossion,

£ = 01 -(T/0)%, (517)

_ i) -2
TLaTT0) Jrion, fa)

The numerical results given later show that (5:17) holds, as a formula for
T'(6, to an accuracy of within 1 % up to & = 0-6 for £/¢, < 0-6 (see Table ITT,
fig. 3). In the range for which (5+15) is applicable, {, = 1. The slope of the
(§/80)%, (T/6) curve for T/0 > 1 thus changes from 3 to 2 as kf/e, changes
from high to low values. The change, however, is not monotonie, the
numerical results showing that values somewhat lower than 2 ocour in the
termediate range

which gives

(iv) Approach to saturation
It is hutdly posaible to obtain convenient series expressions for the
h to ion at absolute zero having more than a very limited
nnge of applicability; for the values of the tomperature and magnetization
are ulleh that, in general, entirely different forms are appropriate for the
preasion of the basic functions F(y+ f) and F(n—f), and
the approximation given by simple expressions is not usually very close.
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¢

Provided that ¢, = 1, 1t is clear from (4-7) and (4-8) for { >,
(Fn—AY(F(+B)}>0.

Using (4'1) and (4-2) an app pression for the i is
—1-oF@=p) .
C—l—?l’("”’m, (6-18)

which, for {1, becomes

= 1-3(2) ra-n,
or, approximately, E=1~ 2(’?) ‘/"a -8, (5-19)
0

An expression for (7~ f) in terms of 7' and 0’ may be obtained by using tho
relation
1
Fa+h =) -

For (+f) < 0, this gives, approximately,

J o h) 4 € \!

y € ’(I—-M} Ic;' .

Substituting for (3 + f) m (5:19),

—1—2{142(2) (&) erir X

g_l—l{l+3(") (ET)}c 2 (5-20)

which reduces, in the limit, to the classical result

L= 1- 20T ] 20217,
This expression will be appropriate for ,/k0' >0 Yor (n+4) > 1,

U
3w+ﬂ)' ~ ( T) ,
and substitution in (5-19) gives
L= 1-2(":) ‘é"exp —5(~-2 l)} (5:21)

Theindex of the exponential remains negative provided that k0’ /¢, > 2-1, the
condition previously given, (5:10) for {, = 1. It would not be expected that
this expression would pass over into (5-20) for increasing values of k8’ [¢,, for
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the two expressions are derived from approximations to F(y+#) which
break down letely in the range bet (1I+ﬂ) » 1 and (1]+ﬂ)<0
The dommating factor in both exp , is the
Wniting (5-21) in the form,

el A2

1t is evident that the rate of decroase of the magnetization with increase of
temperature near absolute zoro 1s greater the smaller #0'/e, At the critical

value of k0 ¢ for compl (& = 1) at absolute zero, the app
mate oxpression is
o Bm(kT\V | 3(n '('I' U Y
¢= 1-—4_(— - 1-*-(5) W) . (5-22)
This oxpression, 1t should be emphasized, is of very speciahzed apphcability,

and even for the value of k6’ /e, for which it applies (k0'/c, = z-') the tem-
porature range of approximate vahdity will bo very restricted. It does,
however, mark the transition from the range of values of k@’ ¢, for which
the apy h to ion is 1 in ch ter to that in which it
may appropriately be mpmsented by a power series.

For kf'[e,< 274, {,< 1, under these conditions, for kT'/e,—>0, (7+8) > 1
and (-4 » 1, and formulne for the variation of magnetization near
absolute zero may be obtained from the relation (cf. (56 9) and (6+10))

A& -d-Gt (1+t-a -y
2, 2

12( ) (1+0)- 'z—{(l—g)'

Wniting §,— £ = , for 2/¢, > 0, the result obtained may be put in the form

L (kT\ ;
‘12'3‘( ;) Ji&) (6-23)

F - ),
3(i =g 2

The value of (&) vares little from unity for the range 0 < ¢, < 0-9. For
£0->0,f(&o)~> 1; the value decreases slowly to & minimum of about 0-981 for
o between 08 and 07, increases to 1-044 for {, = 0-9, and subsequently
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more rapidly (see Table IITA). Since z/{o->0, the above result may be
written, for £/t~ 1,

£\e 27 7t 1 [k '
(Zu) =TTy ( T)f((n)' (6-24)
For {,— 0, substitution from (5:12) then gives
(E6o)? = 1= (T}, (5:25)

88 an expression valid for £/{,~ 1 as well as for {/§, >0, as shown above.
For kf/ey-> 0, therefore, the variation of magnetization over the whole range
< kT/ey < kGeq 1 represented by the simple expression (6 25). 1t should
be noted that the k6/e, range for which the expression (5-24) 18 a valid repre-
of the approach to ion 18 much wider than that for which
the simple relation (5:12) between ¢ and ¢ holds. Since an expression in
terms of (7'/f) is more immediately 1lluminating than one involving ¢, and
kT [eq, 1t may finally be noted that for the whole range for which

Lo<1(k0'Jeg< 271)

the p depend of the ion for §/{—1 may be
represented by

(§/6)* = 1-a(T/0), (5-26)
where a= ’27 - ( )f(fo).

of approximate value 1. (Tho subsequent computational results show that
up to & = 08, < 1-1) For comparison with the computational results, the
following form is useful
(T]0) = ¥{1 = (/&) (5:27)
From the above treatment, for {y <1,
for ¢[G~0, y>1,

i ) i

=0-300 105
1”’/‘-’ W (Co)
Values of y obtaned from this formula are given in Table III o; the com-
puted values aro given in Table III and shown graphically in fig. 3 (see
. 403),
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6. Comru AL DETAILS AND
(i) Relation between § and (T[0) for (eo/kG) >0

In the Jimit 6,/k0 - O the present treatment gives tho results of the simple
quantum modification of the Weiss molecular field theory (or, equivalently,
of the first app ion 1n the Heisenk Table I gives the

ding values of { a8 a fi ofT/0 and of 7'/6 (and also 6/T) as &

function of {. An adequate table of this kind seems desirable in itself, and
it serves here the p lar purpose of providing a dard of i
for the results as a whole. A four-pl tahle ofgasn tion of T'/6 has been
given proviously (Stoner 1931); the values have been recomputed with
higher procision, by tho method indicated in § 4 (equation (4-5)), using the
tables of Hayashi (1926) for the hyperbolic functions, and the usual method:
of interpolation. The values of T'/6 as a function of { can be readily obtained
(see oquation (4-6)) as Hayashi has tabulated the function tanh-1z Either
method of tabulation, by itself, has drawbacks as & reprosentation of the
functional relation between ¢ and 7'/0, but the two methods togother enable
the whole range to be covered fairly adequately without extremely small
intervals. The awkward ranges, in cither form of the table, may be dealt
with more convemently by the use of series expansions, than by tabulation
at very small intervals,

TABLE I. MAGNETIZATION AS A FUNCTION OF TEMPKRATURE, AND TEM-
PERATURE AS A FUNCTION OF MAGNKTIZATION, IN THE LIMIT (6/k0) — 0
CORRESPONDING TO CLASSICAL STATISTICS

£, relativo mag . 0, Curio

/0 14 ¢ T/0 o/T

00 1:000 000 00 1:000 000 1 000 000
o1 1:000 000 01 0 996 658 1003 353
02 0999 009 02 0086 521 1013 663
03 0997 414 03 0 969 244 1031732
04 0085 624 04 0944178 1050 122
0-50 0957 504 080 0910 239 1088 612
0656 0936 529 065 0889 419 1124 330
060 0907 337 060 0805 617 1156 245
065 0872 065 006 0838 387 1192 767
070 0-828 635 070 0807 102 1239 001
078 0716 516 078 0770 848 1207278
080 01710 412 080 0728 191 1:373 265
086 0620 501 085 0676 669 1-477 827
000 0625 420 090 0611322 1635 789
095 0379 484 095 0518 621 1:028 190
100 0000 000 100 0000 000 ®
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(ii) k6'[e, as a function of kT/e, and {

In the method followed here the primary computations are those of the
reduced interaction energy coefficient, k0'/ey, as a function of the reduced
temperature, k7T'/¢,, and the relative ization, {. The d 1
procedure is that described in §4 It may be illustrated by details of the
computation of k0'/e, for kT /ey = 0-4, { = 0-0 (A) and 0-5 (B).

A. kTJey = 04, £ = 0-0.

kT,
By inverse interpolation in the F(y) table (McDougall and Stoner 1938),
7 = 2:10087.
By direct interpolation in the F'(7) table,
F(y) = 1-33483,
‘Whenoe &[T = F[F' = 197420,
' Jey = 0-78988.
It may be noted that this value of kf'/e, corresponds to a Curie tem-
perature 6, where kf/e, = 0-4.

Fin+8) = Fn—p) = F() = ;(i)' = 2:63623.

B. kT/ey= 04, { = 05
1
Fi+f) = -23(1%') (1+¢) = 395285,

Fo-m=3(5) a-0 = ranmen,
By inverse interpolation,
n+8 = 298628, 7—f = 0-91178.
Whenoe, £ =1-03675,
0T = BJ¢ = 207350,
k0 [ey = 0-82040,
The values of kf’/s, for { = 00 were obtained by the procedure A at

intervals of 01 over the range 0:1 < k7T'/e, < 2+0. The procedure B was used
for { = 0:1, 0:2, ..., 0-9, 0-95 for the range 0-1 < k¥7T'/s, & 1-0. The method

Vol CLXV. A. 26
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used for inverseinterpolation was the two-machine method of Comrie (1936).
In the course of this and subsequent stages of the work many hundreds of
inverse interpolations must be made. The method described in connexion
with the tables of Fermi-Dirac functions (McDougall and Stoner 1938),
involving the use of an inverse Taylor series, is appropriate for inmediate
application to the values tabulated (F(5) and derivatives up to F”(7)).
The method has advantages over those involving direct interpolation for
estimated interpolates, requires only one machine, and is not unduly time
consuming if only a few values are needed. 1f many inverse interpolations
are required, however, the Comrie method 18 very much quicker, even if it is
necessary to draw up difference tables for the tabulated function. The
method is particularly convenient if difforences beyond the third may be
neglected, or if the fourth difference is sufficiently small that it may be taken
mto account by modifying the second difference by the ‘‘throw-back”
method. In most of the present work the first and third and the modified
second differences were used, and usually the error in the inverse interpolate
was then within that due to uncertainty in the last digit of the tabulated
funotion. Under these tonditions the time required for inverse inter-
polation, using two machines, is little greater than thut fur d:.mct. mtet-
polation. Use is made of the values of the Besseli: t
tabulated by Comrie. For full details of the method referenon may be made
to Comne’s acoount.

For the range 1n which the required inverse interpolates were most con-

d, it was found advant to draw up an inverse table, giving
7 at equal intervals of F(7), and to use direct i lation for the particul
values required. This table covered the range 0 30 € F(y) € 6 0 (corre-
sponding to 1:03593 < 7 < 4:11739) with the following ranges and intervals:
0-30~1-00 (0-02); 1-00—2:50 (0-05); 2:5—6-0 (0-1). Outside this range,
inverse interpolation was carried out directly using the 7, F(y) table.

The values of k6"fc, for kT[e, = O for the different values of { (these
particular values are referred to as £,) were found by the use of equation (5:10)
and are given in the first line of Table II.

For kT'/e, > 11, the values of k' /e, are more readily calculated by the
method indi din ion with ions (5:6) and (5-7). The value for
{ = 05, for example, is obtained by adding to the computed value of
(6'/T) for { = 0-0 the “classical” difference between (6/T') for { = 0-0 and
§ = 0-5 (obtained from Table I), and the small correction term in (e,/kT)t {*
of equation (5:7). A comparison with the values obtained by the standard
method for k7/e, = 1-0 shows that the maximum error in &'/ T in the range
covered will not exceed 0-5 in the fifth decimal place (this being the error for
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kT/eg = 1:0, { = 0-85) and will ususlly be very much less. The values of
kb’ [6 for § = 0-0 for kT/e, > 1'0 were computed both by the standard
method and by the series (5:6). At k7', = 1-0, the two values differed by
0-6 in the fifth place. As k7', i the isi inable by the
standard method decroases (1t is imited by the accuracy to which F'(y) is
known) while that of the series method (using a fixed number of terms—those
of equation (5+6)) increases. The series values are slightly high, the error
will be approximately proportional to (6,/kT)%, and assuming that it is 05
in the fifth place at £7'/e, = 1-0, it will become less than 1 in the sixth place
for kT'[e, > 1-4. By the use of the two methods the values of k0’ /e, over the
range 10 < kT /e, < 2:0 were o d with & probabl of within
2 or 3 units in the sixth place, the rounded five-place values given should
be correot to one umt in the last place.

The interval of 0+ in £7'/e, can be reduced to 0-05 without difficulty for
kT [ey > 0-4. For smaller values of kT'/e,, however, the higher differonces are
large, and interpolation is inaccurate. Values of k¢'/e, were, therefore, also
computed for kT /e, = 0-05, 0-15, 0-25 and 0-35, the last agreeing throughout
to within 0-3 in the fifth place with the values found by interpolation. For
kT [eq = 0-05 the values of F(7+ f), except for { = 0-0, were outside the
range of the F(y) table, and tho values of ( + §) were obtained by the use of
the series relation (2-16). A check on the values for { = 0-0 is obtained by
the use of the series relation (5-3) for k#'/e,. (This formula (5-3), it may be
noted, though i 18 of limited licability It is satisfe 'y up
to kT /6y = 0-05, the error then being within 1 in the sixth place, but even
for kT'[e, = 0-10, the error is about 4 in the fifth place )

The rounded values given in Table I1I are believed to be correct to 1 unit
in the last (fifth) place. This is probably the limit which can be consistently
attained throughout the table, in so far as the values are derived from the
published F(y) values. Using the values on which these were based the
acouracy is greater—probably to within 2 umits in the sixth place; a check
by the method of differcnces indicates that this degree of accuracy is
attained in the values on which Table IT 18 based, but little useful purpose
would be served by encumbering Table IT with an additional doubtful
digit in each entry. It may be added that the computation of values of
kf'[6, for § > 0-95 would in goneral be somewhat laborious, as ¥(7+ f) and
F(q ﬁ) would usually Jie outside the range of the tables, and two rather

series caloulations would be required for each value of k6'[ey.

The general character of the relations shown ically in the table is
shown graphically in fig. 1, in which M‘/c. is plotmd agaum. kT, for
§ = 0-0, 0-5, 0:8 and 0-95. The s are also
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shown by the straight lines of alope 6/T (see Table I). This figure shows in
perhaps the most immediately slgmﬁomt way the character of the modifica-
tion resulting from the repl t of classical by Fermi-Dirac statistics.
The curve for{,’ = (-0 ia of particular interest aa it gives the relation between
thereduced Curie temperature (kf/e, = kT'/e, for{ = 0-0) and the magnitude
of the interaction energy coeffici (It sponds to the first column of
Table I1.) Moreover, the height of this curve (k6'/s,) is proportional to the
inverse of the susceptibility in the absence of interchange interaction; and
by lowering the curve by an amount k6'/e,, so that it intersects the kTIt.
axis at k6/e,, the curve to the right of the i ion gives a rep

of the variation with temperature of the inverse of the susceptibility above
the Curie point.

30T T T T 7T T T T T T T T T T

7
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F10. 1. k'/e; as & function of kT)/e, and { for { = 0-0, 0 5, 0-8 and 0 85. k¥, mter-
action onergy coefficient. ¢, maximum Ferm: zero pomnt energy, without interaction,
§, relative magnotization. Tha numbom o the ourves » give tho valucs of {. The
straight lines il 1 relationa botween
¢ snd T which hold for z./bd’—»o

For kf'/e,< 2/3, spontaneous magnetization does not occur, while for

2/8<kf’[6g <24, 0< <1 where {, is the maximum value of the relative
magnetization, that at absolute zero. This effect has no classical analogue.
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It is shown in fig. 1 by the different heights at which the different { curves
meet the k0’ /e, axis. The relation between k'[e, and {, is shown in fig. 2.
The curve corresponds to the first line of Table II, but is plotted so as to
bring out the character of the inverse relation.
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F1a, 2. § as a funotion of kf’feq. &, rolativo magnetization at absolute zero.
For £,=00, kf)'je,=2/3, for {o=10, k8’6, =2},

(iii) kT/e, as a function of k6’ e, and
The variation with of the ization of a
ial cf d by a p value of the mtomohon energy
coefficient k6’ and the Fermi zero point energy ¢, may be determined by
inverse interpolation of Table IT. It is necessary to determine, for each value
of §, the value of kT[e, oormcpondmg to the particular value of k6'/e,.
(This p hi , to a d ination of the values of ¥T'/e, at
the points of int: tion of horizontal ko’ [eg tine with the curves of
fig. 1.) The precision with which the inverse interpolation may be made is
limited, ultimately, by tho precision with which the k0’ e, values have been
computed. For the higher values of k7', for each value of { in Table IT
this attainable precision is roached by the method of inverse interpolation
deacribed above. For the lower values, however, the higher differences
become so large that the method is inacourate. This difficulty affecta mainly
the range of k6'/e, for which the relative magnetization at absolute zero,
{o» i8 lesa than unity, and it is convenient to consider this range separately,
partly for this reason, and partly because a method of presenting the results
slightly differont from that used for the higher values of kf'/¢, seems
appropriate.
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(a) 2/3 & k0'Je, < 2.

As has been shown, spontaneous magnetization does not ocour for
W'/s,<§, whxle for k0'[ey< 24, &, i is lals than unity. For this range it is
der the lations for suitably spaced
valnes of & ruther than of k0'[ey; the values of k7'/¢, have therefore been
determined for different values of { (the values in Table II) for & series of
values of £, (0-0, 0-1, 0-2, ...). The results are given in Table III. For the
value of k6’ [e, for which {, reaches the value unity (k0'[e, = 2-t = 0-793701)
the value of kT'/e, for which { = 0 is 0-4065. As this is the highest kT'/e,
value for the range, inverse interpolation is required entirely in the first
part of Table [L. In this region the firat differences are small (as will be
immediately apparent from the curves of fig. 1) which limits the attainable
precigion of the inverse interpolate, and the higher differences are large (or
not available for the first fow entries) which renders the simple method of
inverse interpolation inaccurate. The second difficulty could be overcome
by reducing the intervals in Table IT, but as this cannot be dono accurately
by interpolation in this part of the table, a very considerable number of
additional computations (of the type A and B of (ii)) would be required.
The procedure adopted was to make inverse intorpolations by the simple
method (extrapolating the differences where necessary on the assumption,
of approximate validity, that the functions are even in the argument
kT'|eq near kT [e, = 0) and to recalculate k6’ /e, from the approximate values
of kT/e, so obtamed. The values of d(k0’ je,)/d(kT'/e,) can be found with
sufficient accuracy from Table II (using Comrie’s tables for computing
derivatives from d:ﬂ'eranoes) to oomct the approximate values of (kT/6,).
Theapp o ionally differed by 1 in the fourth
decimal place for kT'/e, < 0-1, but nsually by much less.

The values of k0'/e, corresponding to given values of ¢, can be found
(by equation (5+10)) without difficulty (using Barlow’s tables) to seven
decimal places; but in general the values of k6'/¢, on which those given in
Table IT are based cannot claim an accuracy greater than 1 in the sixth place,
This applies in particular to the values for { = 0, the accuracy of which
depends on that of F'(y). (The accuracy of the values for {> 0 depends on
that of F(y+ f) - F(n— ), which is in most cases considerably greater than
F’(q), but has the same absolute uncertainty, so that the relative un-

is iderably smaller.) A ing an uncertainty of 1 in the sixth
place in the k6’ /e, values, there is an unavoidable uncertainty in the k7'/e,
values found by inverse interpolation, which would range, for { = 0, from
about 3 in the fifth place for the firat entry in the table (k7'/e, = 0-0800) to
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about 2 in the sixth place for the last (kT'/e, = 0-4065). With reference to
the first of these, it seems somewhat surprising, though the reason is
obvious on consideration, that & value can be given correctly to only 3
significant figures when it is derived from functions (the ¥(7)) which have
been evaluated correctly to 8 significant figures (using 9 or 10 in the com-
putations). The values for ¥7 /e, on which those in Table III are based for
£y > 0-3 are, however, probably correct to at least 1 in the fifth place, and
for the few entries for {, < 0-3, more accurate evaluations of the basic func-
tions have been made, using the series (2-13) and (2-15). Not only, therefore,
should the values of k7'/e, be correct to within 1in the fourth place (as given),
but also the other values tabulated (which are based on the six place values
of kT/e,) should not be in error by more than 1 in the last place. It should
bo stated that owing to the peculiar character of the variation of the
functions the application of the method of differences to the tabulated
values in this range can in general give only a very rough check.

The second entry in the columns 0 < § < ¢, for each value of &, gives 7'/6,
or (kT'[eg)/(kBey), kB/€, being the value of kT'/e, for § = 0. The third entry
gives y = (T'/6)/{1 —({/Lo)*}* (see equation 5:27), and so gives an 1mmediate
indication of the extent by which the form of tho magnetization-temperature
curve differs from that given by the simple formula,

(T)6)* = 1= (/o) (6-1)

It has been shown that for the range in which &, <1, y 1 for (/¢,) >0,
and further that y approaches 1 for the whole range of values of {/¢, as &,
approaches zero. This is borne out by the computed values in the table.
A theoretical formula for y for {-»{, has also been given (equation (5:27));
the corresponding values (using the computed values of k0/e,) are shown in
Table IIIA, these serving to supplement the computed values for {< ¢,
shown in Table ITI. The set of values is sufficient to indicate the cb ter of
the deviations from the simple magnetization-temperature relation (6:1)
over the whole range. Some of the results are shown graphically in fig. 3.
(Since y has been determined only for integral values of 10{ the form of the
curves is not d d with any precision in the {/{, range between
(£o~0-1)/%, and 1 for the higher values of ¢ The curves do not provide
information additional to that in the tables, but serve to bring out its
character.) Curvea are not shown for the smaller values of {, (0-1, 0-2 and
0-3) but it is evident from the values in the tables that these lie below that
for £ = 0-4. For all values of {/f,, v at first increases and then decreasee
with &, but the change ocours in such a way that for £, > 0-6 the variation
over the {/{, range is not monotonio, and a minimum appears in the curves.
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TaBLe ITT A. SoME M CHAR. THE
RELATIONS FOR THE RANGE 2/3 < kf'/e, € 2~

For oxplanation of the aymbols {, &, and 6, and for the values of k&/e, and kf/e,,
see Table III. Tho second oolumn shows the deviation from limearity in the relation
betwoen kf/ey and {. (2 y2/87 = 0-300105.) The values n the column (£/8)*/{1 - (T/6)}
are approximations to the negative slope of the ({/&)*, (T/0) curvo at the Cune point.
The coefficient ¥ 18 defined by

70 = (1 - (k).
In the caloulation of the values for {/f — 1, f({) 18 required, and also the values in
column 2. (Sco equations (5:23) to (5 27).)

(/"
3 (kfey) 1=(7/6) y for

b 227 g for £ty =01 Sk o1
00 (1-0000) (200) (1-0000) (1-0000)
3 09999 200 09993 10004
02 09995 202 09986 1-0012
03 0-9980 203 0-9969 10036
04 00945 204 00047 1-0082
05 00015 202 0-9928 10122
08 09036 195 09912 10100
07 10059 188 09925 09970
08 1:0353 1-81 1-0022 00648
09 1-0989 174 10442 08905
095 1-1617 174 1:1230 08123
10 1:3548 184 — —

TanLe III B. APPROXIMATE VALUES OF T'/6 A8 A FUNCTION oF {/fy
¥OR kf/ey — 0. IN Ta1s Lamir T/6 ~{1 - (§/8)%)

(49 (= (E/6rH
00 1:000 000
01 0994 987
02 0979 708
03 0-053 939
04 0-916 515
050 0-866 026
0-55 0-836 165
060 0-800 000
0-65 0-760 934
070 0-714 143
078 0-661 438
0-80 0-600 000
085 0-536 783
090 0435 890
095 0:312 250

1.00 0-000 000
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The indications are that this mini persists, becoming more pronounced,
and ocourring closer to /¢, = luC.lnmwinthemgeot‘W/eooom-
sponding to {o< 1. The } ion of the
curves bynfomu]sot‘thetype (8:1) by i ingly less app
The result to be mainly emphasized, however, ia that even up to § = 0-7,
¥ never differs from unity by as mnch 88 2 %, so that in this range, the very
pl ion (6-1), idered as a formula for (£/t,) gives & surprisingly
close approximation to the ization as a fi of (7'/0) over the
whole temperature range in which spontaneous magnetization occurs. In
view of this approximate validity of the formula (6-1) over a fairly extended
range, the values of {1 —({/¢,)*}! are given in Table IIL 4, this table being
complementary to Table I. It may be noticed that in the limit here con-
sidered, (7'/6) 18 the same function of ({/g,) as is ({/L,) of (T/6), so that one
set of pairs of values corresponds to the two sets in Table I.

g1

102 T T T T T
- 05
704
100 o ;‘ [
L § i\‘ /|
\ I~ 07
098] N J—
- s
09%
09 08
0 1 1 1 ] 1
00 02 04 /g, 06 08 10
Fiu. 3. Curves showing the de of the relation
from that given by the formula (§/5)* = L —(T/6)%. y (T/ﬂ)/(l (/%)% ¢, relative
ative at lbsoluw zero. The numbers on the

ourve givo the v.l\lel of &
The second column in Table III A shows that the relation between {, and

kO/e, is linear to within 1% up to {, = 0+7, there being ‘agreement to this
extent with the approximate formula (5:13). At first the ratio (k0/e,&,)
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decreases, as indicated by (5:12), though rather more rapidly (illustrating
the failings of formulae based on the asymptotic series expansions), and
subsequently increases. The values in the third column give an approxima-

tion to the slope of the curve at the Cu.ns point. (These were determined by

loul. uuubT/a,""“" WC/C« = 01, first PE

being obtained by interpolation ﬁom Table III. For reasons already dis-
cuseed, high precision cannot be claimed for these values.) The slope at first
increases slightly from the hmmng value 2, decreases to & minimum, and
finally i this with i of W /e,, beyond the
range under immediat derat lly app ng the value 3
in the classical limit (corresponding to 6,/kf’ -+ 0)

(b) k6 Jey>2-4 = 0-793701.

In the range of values of k6'[eg in wh\ch the interchange interaction is
to prod at absolute zero (§, = 1), it is
to idy the haracter of the ization curves for &
series of suitably spaced values of k&' /e,. In Table IV are given the values of
kT /ey for § = 0-0, 0-1, ..., 0-9 and 0-95 for values of k&' /¢, at intervals of 0-1
from 0-8 to 2-0. Thesem btained by inverse interpolation from Table II.
The differences are such that, except for the smaller values of k' /¢, and the
larger values of {, the values of kT'/e, obtained by the use of the Comrie two-
machine method as described above should be as accurate as the precision
of the tabulated values of Table II allows. This was tested by carrying out a
direct calculation (by the procedure B above) with the kT'/e, values found
for £ = 00 and 095 for the k0'/e, range 08 to 1+2. It was found that the
corrected and approximate values agreed to within 1 unit in the sixth place,
exoept for k0'/e, = 08, showing that in general in the range covered by
Table IV it is unnecessary to carry out the lengthy *recalculations’ which
are required in connexion with Table III. The values in Table IV for
kT ey should be correct to 1 unit in the fifth place (as given), and the other
values tabulated (based on six-place k7'/¢, values) should not be in error by
more than 1 or 2 units in the last place. The method of differences, however,
isapplhicable only as & rough check, particularly for the entri
to the higher { and lower k&' [¢, vnlues‘

The second entry in the columns ¢> 0-0 for each value of ¥0'[e, gives
T/0. The third entry gives the ratio of 7/6 to the value (7'/6)y corre-
sponding to the classical limit (T.ble I). The sequence of values of these
ratios for a gzven k' [6q gives an i diate indication of the character of
the magneti curve by ison with the dard

classical curve, while tha manner of approach to the classical type of curve
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is shown by the sequence for given values of {. The values of 7'/¢ for a given
¢ are smaller than the classical values, and the ratio (7/6)/(7'/6), is smaller
the larger the value of {. For a given {, the ratio decreases more and more
rapidly withd ing k6’ /eq, b ing zero at the values of k6’ /e, shown in
the first line of Table II. The variation for a given value of {/{, is the same
a8 that for a given { down to the limiting value for which & = 1 (k&' /e, =
0-793701), below this value of 9'/¢,, however, the ratio falls to a minimum
and subsequently increases, and, after passing through a slight maximum,
attains a limiting value corresponding to the T'/6 value shown in
stle IIIs. (The of the dary a8 well as the
isindicated by the numb which the curves of fig 3are based.)
In detail the variation in the character of the relation between 7'/0 and
L/t 88 kO'[e, decreases from high values to the limiting value of § (corre-
sponding to a decrease of ke, from high values to zero) is remarkably
complex The salient pointa are that the /¢, T/6 curves always fall below
the classical curve, the difference being most pronounced (if the ratio of the
T/0 values is considered) for the larger values of ¢, the change proceeds
monotonically until k6’ /e, reaches the oritical value which is just sufficient
to produce saturation at absolute zero; the curves for lower values of £0'/e,
may lie in part or wholly above the curve for this critical k6'/e,, finally
hing the form indicated by the numbers in Table I1I s,

(iv) Graphical representations

Theg 1 character of the relati d by the valuesin Tables ILT
and IV is most readily appreciated with the aid of graphical illustrations.
In fig. 4 a number of curves are given showing { as a function of k7'/e, for a
series of values of k6’ /e,. The falling curves give the spontaneous magnetiza-
tion below the Curie point, while the rising curves on the right give (xH/{e,),
a quantity proportional to the inverse of the susceptibility above the Curie
point. As these quantities are obtained simply by subtracting k6’ /e, from
the values given in the column ¢ = 0+0 in Table II (see equation (3:8)) it is

'y to tabulate them explicitly. These inverse susceptibility curves
approach asymptotically a series of parallel lines, of slope unity, passing
through the points kT'/e, = k0'je, on the kT'[e, axis.

Since with the simple form of the classical statistical treatment {/{, is &
umque funetlon of T/8, it has become usual to plot these quantities as found
oxp with f gnetics with a view to comparison with theory.
Wlth Fermi-Diracstatistics, the curves differ according to the value of k9’ /e,;
& series of such curves is shown in fig. 5. The values of k§'fe, correspond to
those in fig. 4, except that the classical curve (k§'/6, - c0) is drawn in place of
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408 E. C. Stoner

that for k9’ /e, = 1:4. For T'/6 <1, all the curves corresponding to values of
k6’ [¢, greater than that required to produce saturation lie between those
shown for k8’ /6, = 0-794 and co; and similarly for the curves corresponding to
the inverse of the susceptibility. The inverse susceptibility curves approach
parallel asymptotes, of slope unity, passing through the pointe /6 on the
T'/6 axis. An adequate representation of the differences in the £/¢, curves for
values of k8'[e, such that {,< 1 is hardly possible in this form; the curve
shown for {, = 0+5 differs inappreciably for T/6 < 1 from the limiting curve
for {,->0. Although the curves below the Curie point for this range of
k' [eq values are very similar, the inverse susceptibility curves are sharply
dist-inguished from those for the range for which {, = 1, and from each
other, in that the slope of the uympmm is equal to § mstood of to umty,
this is due to the absol to
alignment of the available electron spins) being gum than the ntlumhla
saturation moment at absolute zero.

1<z \ T
gl
10 12
03
0680
1 I ! T A 00
00 05 kT/& 10 15

Fia. 4. Spontansous magnetization below and inverse of susceptibility above the
Ry ions of KT e,. £, rel ization. Th th

gve the values of k§/e,. The two curves on the left correspond to kf/e, velues giving
£ = 0-5 (kf'/e, = 0-680410) and the ontical value for complete saturation at absolute
20610, ¢y = 10 (k#/ey = 0-793701), Tho falling curves (scale on left) give

magnetization below the Curie point, the ramng curves (scale on nght) & quantity
proportional t6 the inverse of the susceptibility (x o« {/H).

The curves of the type shown in fig. 5 (or the numbers on which t,hey are
based) are parti iate for purposes of comparison with experi-




“S0t48TIEI8 [BOIEER[O JO oen oy} 0] Puodsaiied X Pafjaqe] saA) Surirumy oyy, ( ¥ By Jo uonded ospe seg) “3/,gy Jo SN

043 aA1d seamo 6y: WO sIGqUIMU O], ‘010z eIn[oeqE 3B .3 eanepr 43 eanelal ‘3 'g/Z Jo uonouny
® 89 ymod eum)) oy} eaoqe Aiqrydaosns eRIdATI PIONpeI 9Y3 PUB MO[6q UOHIEZIJUSTW PeOnpal oY} Furmoys sBAM) °g OIJ
0 1 01 oL - S0 00
00] T T T T _\.\ T T T T T T T T
- 0890 .

a7

electron fer

Collects

salaX

01

Vol, CLXV. A



410 E. C. Stoner

ment, for the data required for the construction of the corresponding experi-
mental curves are obtainable directly from measurements of magnetio
characteristics (i.e. without a knowledge of the Fenm sero point energy,
&g, which would be required in | curves of the type
shown in fig. 4). The theoretical curves gwo an immediste indication of the
nature of the differences in observable magnetic characteristics which may
be associated with differences in the ratio of the mteraction energy coefficient,
k@', to the Fermi energy, €,.

7. GENERAL DISCUSSION

‘The results of the present of fe i bodied in
Tables I-IV of §86, and in the fm-mulao of §§ 3-5, are, formnlly, sets of rela-
tions i with the i lved 1n the initial equations (§2).
A comparison of the results with those found ex penmenmlly should provide
evidence as to whether the are approp a8 repre-
sentations of the physical conditions in fen-omagnetws The value of the

b isnot, h , t0 be d simply from the degree of agree-
ment obtainable 1n a ea.suAl comparison. The value lies rather in the com-
pleteness of the scheme ob d of possible magnetic ch teriutics con-
sistent with baic relations of a very simple type, these relations being of a
kind indicated by more general theory, the development of which is inde-
pendent, at least n principle, of the particular applications being made.

Any adequate di jon of experi 1 results 1n relation to the scheme
would involve the consideration of other factors, such as those concerned
in the various “domain" effects in ferromagnetics, which would rather
oonfuso the lmmedmte quesnona at issue besides extending the paper very

LA ward parison of the th ical results for
the variation of ization with temp below the Curie point can-
not be made, for the experiments do not yield directly, with any certainty,
the values of the spontaneous magnetization, with whioh the theory deals
(cf. Stoner 1936¢). Even 1if allowance could easily be made for domain
effects, however, it would be desirable to defer the fuller consideration of the
expenmenu\l results until a more rig of el io specific
heats in fe ics haa been doveloped. This would enable furfher
information to ba obtained about the Ferm: zero point energy, &, which, as
far as the magnetic results alone are concerned, has rather the character of &
parameter adjustable to obtain the best fit. Although use has been made of
provisional estimates of ¢, for nickel derived from the specific heat (of.
Stoner 1936d) a much more satisfactory t of this p can be
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developed without undue difficulty on the baais of the computational results

which have now been obtained. With this additional information it may be
anticipated that a much less arbitrary comparison with experiment will be

poulble.
luding detailed id a few generd comments on the
nhtlon bet the tk ical and ex 1 results are appropriate.

of the i ization curves below
the Curie point of nickel, iron and cobalt (Tyler 1930, 1931, Stoner 1931)
with the classical theoretical curve (the curve labelled co in fig. 5), it has been
found that there is general agreement in form. The experimental curve,
however, falls more rapidly at low temperatures and near the Curie point,
crossing over the theoretical curve in the region of 7'/6 values of 0-6-0-7.
The low temperature discrepancy is brought out by the fact thnt the
experimental results are better d by a law of h
T or T rather than exp( — 6/7'). Thisisin line with the present tmatment
It 18 only for very large values of the interchange interaction (or strictly of
the ratio k' /¢,) that the Fermi-Dirac curve approximates at low tempera-
tures to that given by claasical statistics, while for lower values of k6" /e, the

ion is better d by a law involving a power of 7',

ultummly T*, Near the Curie point the curves for different values of k6’ /e,
do not differ greatly from each other; but sinoce all the curves lie below the
classical curve for the whole range, while the experimental curve lies above
for the last part of the range, 1t is apparent that other factors must be
involved than those considered in this treatment. It is possible that the
disorepancy arises from neglect of domain effects, a neglect analogous in
some respects to neglect of local order effects in order-disorder phenomena
in alloys, the consideration of whioh leads to important medifications in the
Curie point region,

For temperatures above the Curie point the difficulties connected with
distinguishing between the “‘true” and ‘‘apparent” magnetization dis-
appear. The curvature of the 1/x, T' lines which is unmistakably shown by
the observations, and which is inexplicable on the basis of classical statistics,
is an immediate consequence of the present treatment; at the same time,
the npproxlmate linearity over long ranges, which is also cstablished

ges from the detailed ions (see figs. 4, 5).
Moreover, it fol.lows from the theory that the value of the saturation
moment deduced from the paramagnetism above the Curie point (by
applying the usual Weiss law relations) will in general differ from that
indicated by the magnetization at low temperat This will hold even
when there is compl ion at absolute zero (£, = 1), for the slopes of
72
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the approximately linear portions of the 1/x, T' curves are in general less
than those of the asymptotes (so that higher saturation moments would be
inferred), and the apparent discrepancy will be even greater if complete
saturation is not attained ({, < 1).

Attention has previously been drawn to the insufficiency of a positive

mhmotwn effect as & oondmon for ferromagnetism (Stoner 1936a); the

til rgy coeffi t "Aoenunontnoalvalue (K6’ feg> §).
The further point that ion at absolute zero is i unless &
seoond critical value is exceeded (k6'[e, > 2-%) is of pamcula.r mumat a8
showing that the number of “ holes” in the electron bands d may be
appreciably greater than that indicated by the ization. This posai-
bility has been noticed and brmefly discussed by Slater (193654). The
quantitative treatment of this particular effect given here, it may be noted,
follows entirely from an elementary application of Fermi-Dirac statistics,
though the precise forms of the magnetization temperature curves can be
determined only by the rather elaborate computations.

It is perhaps desirable to refer again explicitly to the fact that the
particularities in many of the relations obtained, such as that between
ko' (e, and &, (see fig. 2) are dependent on the form of energy band assumed,
in which the energy density of states is proportional to the square root of
the energy, measured from an appropriate zero. It seems unlikely, however,
that the general character of the results should be critically dependent on
this precise form. The treatment has the advantages that it enables the
changes to be followed over the plete range of ters which would
be relevant in almost any treatment, and that 1t links up with the familiar
and useful Weiss treatment of ferromagnetism (which is, in fact, a special
cage), with the theory of spin p tism of free elect and with
the general theory of metals as treated by the method of collective electron
energy bands.

1 have pleasure 1n acknowledging my indebted: to the Gov
Grants Commttee of the Royal Society for the loan of a Brunsviga calou-
lating machine.

SuMMARY

After a brief survey of the problem of ferromagnetism (§1), general
equations are obtained, using Fermi-Dirac statistics, for the magnetic
moment M of a number N of electrons in an unfilled energy band of standard
form, for which the interchange interaction effects give rise to a term in the
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energy expression proportional to the square of the magnetization (§2). The
relative magnetization, { (= M/Np), is expressible as an imp].icit function

of the reduced field, sH [y, }e kT/e, and i ion energy
ooeﬂimeub k&' [ey, where ¢, is the Ferrml uro energy wnthonﬁ mtorelunge
Particular limits i

for eleotron spin paramagnetism, and the Wem-Howenberg “clusloal"
equations for ferro- and paramagnetism.

The treatment of paramagnetism above the Curie point, 6, is straight-
forward (§3). The general method of dealing with the spontaneous mag-
netization below the Curie pont (§4) is to obtain first values of k6'[e,
corresponding to a series of values of k¥T/e, and ¢ (Table II, fig. 1).
From these, values of kT'/c, as & function of ¢ for a series of values of
k0'[eq are obtained by inverse interpolation (Tables I1I, IV, figs. 4, 5) (§6).
The computational work is based largely on the use of tabulated values
of Fermi-Dirac functions (McDougall and Stoner 1938).

The character of the dependence of £ on &7/, or on T'/¢) depends on the
ratio k6’ [eg, the classical results being obtained for €y/k0’ ->0. A necessary
condition for ferro-magnetism is 0" je, > §, while for k8’ e, < 2-} = 0-793701,
the relative magnetization at absolute zero, §, is less than unity (fig. 2). For
small values of {, the magnetization-temperature curve 18 closely repre-

sented by

(E/Eo)* = 1-(T/0),
but the curve does not change monotonically to the classical form (Table I)
a8 k0'[e, increases (fig. 5) It is not possible to describe briefly the rather
complox changes in detail of the curves (§§ 5, 6).

In addition to the numerical results, series expansions appropriate for
particular ranges are given for k0'[e, as a function of k6/e,, and of kT /e, and
¢; and expressions are derived for the variation of magnetization near the
Curie point, and at low temperatures (§ 5).

A full di jon of the experimental results is deferred, but it is shown
that a major difficulty is removed in that the lack of agreement in the
values deduced for the i t from the p guetism above

the Curie point and from the low temperature magnetization reccives an
immediate interpretation on the basis of the theoretical scheme (§7).
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Resonance in crystal beams of sodium-ammonium
seignette salt

By W. MAnDELL, Pu.D.
Chelsea Polytechnic, London

(© icated by O. W. Richardson, F.R.S.—Received 13 November
1937)

INTRODUCTION

. It has been noticed by several observers that, with longitudinal
oscillations in certain orystal beams, on keeping the length constant
and gradually decreasing either the breadth or thickness, a sudden
change of considerable magnitude may occur in the wave-length. This has
been attributed to some resonance effect. Lack (1929) describes interesting
results obtained with rectangular quartz beams of 30° cut. The X axis, as
with Voigt, coincided with an electric axis and constituted the length
direction of the beam. The breadth was parallel to the optic axis. With
such a beam there is a low vibration frequency depend.ing upon the length,

and a high vibration fr varying i ly as the thick the fleld
being apphod in the du'aouon of the thickness. A A square plate was used, and
on grad duoing the thick sovel inuities d on

plomng the wove-longth against the thickness. According to Lack these
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di inuiti d at frequenciee that could be identified with har-
monics of the frequency which the crystal would have if it were vibrating
in the direction of the length. That is, the longitudinal oscillation along
the length could affect the frequency which was supposed to depend only
on thethickness, 80 that the system acted as two coupled electrical cirouits,
although the two sets of oscillations were in planes at right angles.

Somewhat similar results have been obtained for quartz beams by
Hitchcock (1930). He used the Curie (or perpendiculsr) cut, where the
length is perpendicular to an eleotric axis and the thickness parallel to it,
whilst the breadth is parallel to the optic axis Hitchcock showed that the
frequency of oscillations along the length suddenly changed in value on
decreasing the breadth.

It will be shown that the beams used in this paper are suitable for the
study of this phenomenon, owing to their unique elastic and piezo-electric
properties.

THE PIEZO-KLECTRIC PROPERTIES OF THE CRYSTALS OF SEIGNETTE SALT
The crystals used were of sodium-ammonium seignette salt
(NaNH,C,H,0,4H,0).

The theory of piezo-electricity applicable to all crystals has been com-
pletely solved by Voigt (1910), and a short account of the modification of
this general theory applicable to these crystals has beeri mentioned by the
writer in a former paper (Mandell 1928a). There are three piezo-electrio
moduli only, namely

dyy=+566:0x 108, dyy = — 149-5x 1075, and dyy = +28:3x 10-5,

Fig. 1 shows the orientation of the beams cut from the crystal and used
in the present experiments. X, Y and Z represent the a, b and ¢ crystallo-
graphic axes and are all at right angles. Three planes are now drawn each
containing & pair of axes so that the planes also are mutually perpendicular.
Three rectangular beams may now be cut as shown. Consider any one of the
planes shown, say XOY L. The dotted line OL bisects the angle XOY. In
the case of the beam shown, (de) parallel to OL represents its length, (fe) the
breadth, and (fh) the thickness. This will be the convention used in the
present paper, namely, for all of the three planes the length of the beam
will always be along the direction of the bisector of the angle between the
two axes congidered. The breadth will always lie in the plane and will be at
right angles to the length, while the thickness will be measured in the
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direction at right angles to the plane, that is, it will always be perpendicular
to the plane and parallel to a crystallographic axis.

Sinoe there are only three piezo-electric moduli, the general equations
of Voigt (1910, p. 9oz) reduce to

Yo =dy B, z,=dyB, and z,=dykE,.

The third equation, for instanve, states that if an electric field £, be applied
along the direction of the Z axis, then in the perpendicular plane XY, &
shear strain is produced. If therefore the length (O L) of the beam bisects
the angle XOY, longitudinal displacements take place along the length and
along the breadth.
M

Fa. 1

On referring again to fig 1, if light metal plates be placed on the upper and
lower surfaces (gdef) and (kmnh) and a steady potential difference beapplied
to the plates, the crystal will either extend along (de) and contract along
(fe), or contract along (de) and extend along (fe), according to the sign of the
electrio field. If an alternating fleld be now substituted then the crystal
may oscillate longitudinally i one of two directions, either along the length,
or along the breadth, on condition that the frequency of the applied field is
exactly equal to either of these natural frequencies which are determined
only by the elastic constants and dimensions of the beam. All three beams
act in a similar manner and if electric fields of the required frequency be
applied in the direction of a crystallographic axis, that is, | dicular to &
plane, longitudinal oscillations will ocour either along the length or along
the breadth.
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THE LATERAL CONTRACTIONS ACCOMPANYING AN INCREASE IN LRNGTH
FOR BEAMS FROM CRYSTALS OF THE RHOMBIO SYSTEM

At a later stage reference will be made to the elastic proportiu of the

beams so that their values are d ined here. The g ical nature of
elastic moduli is clearly set out by Voxgt who shows that the elastic
properties of a crystal are compl terized by the combination of

a bitensor and a tensor surface. For crystals of the most complex type,
namely, those belonging to the triclinic system, there are twenty-one elastic
moduli. The bitensor system is built up by combining the components
of four vectors and supplies fifteen terms, each term being a usual component
of & bitensor surface while the tensor syshm uupplles a further six terms.
The ion for the h d; 1is then fi d into

an algebrai of twenty terms representing these two surfaces,
the coefficiont of each term being one of the elastic moduli or a combination
of two of them, and at the same time & component of the two surfaces. The
bitensor surface 15 therefore a fourth power expression in z, y and z and the
tensor surface, & second power oxpression. With the aid of these two
surfaces any clastic modulus for a beam cut in any direction can easily be
determined. Suppose that a new set of rectangular axes X', Y’, Z’, are
related to the original axes X, ¥, Z, by the scheme of direction cosines
shown:

x v z

X o A n

Y o A n

a B v

Then Voigt (1910, p. 590) shows that
8y = 81,08+ 85y 0f + 85,08 + (285 + 8 ) aod + (285, + 8gy) ad el + (28, + 8g) alr)
+ 2(8y,+ 85) A gty + 2(895+ 84) 2y @, + 2(85q + 85) KB, 0y

+ 20} (81505 + 81 %g) + 20} (8pg 2 + 83, t5) + 203 (830 0y + 85511 (1)

This ion gives the i dulus along the length when tensile
stresses are applied in this direction, which coincides with the new X' axia.
This ! ion simplifies considerably when it is bered that
due to the symmatry of the crystal considered, twelve of the elastio moduli
vanish, whilst the remaining nine have already been determined by &
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statical method (Mandell 19286, p. 122). Thus for beam C, the expression
reduces to
o}y = sy o+ apar+ (2010 + 84q) alad
= 1/4(8); + 84y + 28,4 + 834) = 47-8x 10-19, 2

since the angles measured in degrees are a, = 45, &, = 45, and a, = 90.

Suppose now, in beam C of fig. 1, the X’ axis now along (OL), be rotated
through a further 90 degrees in the plane (OX LY), so that it is parallel to
the breadth, then on substituting the appropriate values for the direction
cosines in this equation we obtain the same numerical value for the
extension for an equal tensile stress, one gram weight per square centimetre,
along the direction of the breadth.

In like manner for beam B,

8ly = 8g B+ 83308 + (28451 84y) f3 53 = 37-5x 10710, 3)
gives the extension modulus for stresses either along the length or the
breadth, and for beam A,

8 = s Yi+ay vi+ (2 +ay) Yivd = 942X 1070, (4)
for the two directions.

Again Voigt (1910, p. 592) shows that the general expression for the lateral
contraction for a orystal beam referred to the new set of rectangular axes is
given by the expression
& = 6 F1Y1+ 80171 + 8 A1Y3+ 8u(BlYE+ A17D) + on(BlvE+ Y3

+au(B1Y1+ BYD + 8By vaBy s+ 8 BsYaBrv1 + 8as By V1 aYa
+85a 1 V1(Bs Y3+ Ba¥a) + 20 BaVaBs Y1 + B1V2) + 80 BsYalBr Yo+ Bavy)
+a (817 Y2+ V1A Fa) + 8B Yo+ VIALA) + 8 Bi1a Y1 + VAL B)
+B171uBrYs + N1 Ba) + 8s(Brya+ 11 Bo))
+hVslos(Bari+ ab) + 8u(BaYs+ VaPa)l
+Ba Va8l By V2t Yaha) + 8By vy + 72 0] (6)
For crystals of the thombic system twelve of the elastic moduli again vanish,
Let us apply this equation to beam B, where the ¥’ axis is along the
direction of length (OM), the Z’ axis being at right angles to this and in the
same plane, and the X’ and X axes coinciding. Then the angles measured in
degrees have the values a, = 0, ay = 90, ay = 90, 8, = 90, B, = 45, §, = 45,
7y = 90, yg = 135, y, = 45, and
8 = 8 1Yi+ 8 B1YE + 80 BiY3+ IV +0uBavabas)
=—53x10-19, (8)
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This glve- the lateral contraction along the direction of breadth for beam B
d as a unit cube, for unit tensile stress along the direction of length.
In exactly the same way as before, by considering the rotation of the ¥”
axis through a further 80° so that it coincides with the direction of breadth
it can be shown that for unit tensile stress along the breadth the lateral
contraction along the length is 53 x 10~ for the unit cube.
For the ion in the direction of the thick the equation (5)
is again used except that the terms are changed in a cyclical manner. Thus
the equations reduce to

by = 8,303} + 85,21 B} = — 21-05 x 10710, U]
8, = 8y, Y3al+8,,73ad = ~ 21:05 x 10710, (8)

The first equation states that for beam B, unit tensile stress along the length
for a unit cube gives a contraction along the thickness direction of
2106 x 10-1°, The second equation states that for a unit tensile stress along
the breadth the contraction along the thickness is the same, namely
21-06 x 10-19,

In a similar way for beam 4,

o = suvial+ sy yiad + s (vial+ ylad) + s vaasviay
= —822x 1010 ®

is the contraction along the breadth for the extension in length,

8y = 88473+ 8,3 8471 = — 67 x 10710 (10)
the contraction in thick for ion 1 length and

8l = 83308 fh + 85503 B} = — 67 x 10°10 an
is the contraction in thickness for ion in broadth.

Corresponding equations for beam C are

8l = 81,011+ 80y 2} B} + 810(a} B + A} A1) + 844t Brta By = —10-2x 10710

(12)
8y = 8y viod+ayviad = — 1925 x 10-10, (13)
8y = 833 f1y3+ 85, A7} = - 19:25x 1010, (14)

These equations show, therefore, that all three beams have similar elastio
properties.
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THE ELECTRICAL CIRCUTT

The electrical circuit used in the experiments was an improved form of
that described by Pierce (1923). The crystal was placed across the plate and
grid, but an oscillatory circuit replaced the plate resistance. It was found
that the grid-leak was not essential and oscillations were much more
vigorous without it. On varying the capacity of the condenser in the
circuit the crystal started to oscillate strongly and continued to do so with
constant frequency through a wide range of the condenser setting. A point

of vital imp d with this ar was that the fre-
quency was solely determined by the crystal for there was no measurable
change in wave-length on the substitution of other induct; and
capacity in the tuned circuit.

The alternating field was applied to the crystal beam by means of two
light vertical condenser plates which were made to press lightly against the
faces of the beam by means of two fine metal springs. The dimensions of the
plates were somewhat larger than tho crystal faces to ensure a uniform field.
The nature of all oscillations was checked by means of dust-figures with
lycopodium powder.

Since the frequency of a crystal is dependent on the temperature, it was
necessary to enclose the beam in a th tat, which was regulated by an
electrical device, when measuring some of the small changes in wave-length
on changing the lateral di

THE THEORY OF ELECTRICALLY COUPLED CIRCUITS APPLICABLE TO THE
SPECIAL CRYSTAL BEAMS UNDER TEST

Suppose for simplicity that square beams are used, and that the equi-
valent electrically coupled circuits are as shown in the diagram. The

C i

;= ~Esinwt L ¢, =Esin wt

R R
Fro. 2

alternating potentials, assumed of sine form, impressed on the two circuits
will differ in phase by 7 radians, for if the applied field causes an extension in

one direction, an equal contraction occurs in the direction at right angles.
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On employing the two circuit equations of standard form it may be shown

L_,..Lmu) R
/[m‘(ﬂ' L)+ —~+R')—;,,0,] +4R'[ L—- i

gives the amplitude of the current in either circuit.

In order to find the opti lues of w, for maxi; rrent amplitud
it is jent to square the expression for the amplitude, differentiate 1t
with respect to w, and equate to zero. In crystal oscillations the effects of
resistance on the period can quite safely be neglected so that the expression
obtained then reduces to:

[W$CHL+ M) (L— M)+ ACH3M + L) (M~ L)+ *C(3M — L) +1)
[WACY M3~ Lt) + 260 LC ~ 1] [*CM — 3CL + 1] = 0.

On solving this equation, there are two different values for «?, namely,

=l and et= .
T C(L+M) T O(L-My

Henoe it is to be expected that before exact adjustment is made the crystal

will oscillate with ono frequency only, but when the length is exactly

equal to the breadth, two new fundamental frequencies will appear.

EXPERIMENTAL RESULTS FOR RESONANOE WITH THE ELECTRICALLY
COUPLED CIRCUITS

A perusal of the elastic properties will show that the beams are ideal for
testing the resonance theory. The piezo-electric theory requires that they
shall be cut with the orientations shown in fig. 1. Then on applying the
elastic theory it is seen, for this special orientation only, that the elastic
properties are exactly identical for the length and for the breadth, which
are the directions along which the crystal may oscillate. An experimental
test was made with a square beam of type C (fig. 1), of side 19-329 mm.
This beam was chosen because a fairly large specimen was available. The
difficulty of thetest will be realized when it is pointed out thatthe frequency
of the oscillation along the length or along the breadth, for a square beam of
this size is about 86,000c./sec. Before resonance can oocur, it is probable
that the frequency for the two directions must not differ by more than, say
ten cycles or even & much smaller number. The method of procedure was to
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start with a square beam and reduce the length in steps of about one-ten-
thousandth of an inch. After every adjustment the crystal was made to
oscillate and one frequency only was found. Then the breadth was reduced
in a similar numner for them was no method of determining whether one
g or g from the required condition. A few score of
ad)uatmenu were thus mode with the length and breadth. When resonance
occurred the crystal oscillated in a more vigorous manner causing the plates
which were pressing lightly on the crystal and supplying the alternating
field (k forth called the terminals), to emit a high pitched audible note.
Two new oscillations appeared of wave-lengths 3835 and 3190 m., together
with the fundamental of wave-length 3487m. The nature of the readings
on the wavemeter, showed without any doubt, that they were new fuhda-
mental frequencies, and not overtones supplied by the wavemeter. The two
new frequencies disappeared at the same time after a few minutes. It had
previously been found that the wave-length increases with rise of tem-
perature, both along the length and along the breadth, for beams of type ',
and from the symmetry of the crystal the coefficients of expansion with
temperature should be of equal amount in the two directions. The tem-
perature of the crystal when oscillating rises a small fraction of & degree
above the temp of the dings. The d of the oscil-
lations was attributed to aslight change duetounequal heating. On breaking
the circuit and allowing the crystal to cool for a short time the oscillations
mppoared The method was also tried of moving the crystal a short

b the terminals in order to change the frequencies by a
oycle or two, due to exceedingly small changes in the air-gap. This method
also proved successful.

In some of the earlier tests it was found that the wave-lengths of the new
frequencies drifted slightly. This may have been due to the damping caused
by the vibrating terminals, which would have the same effect as the addition
of & resi to the coupled electrical circuits. This can also be explained
by the fact that the natural frequencies of the two modes of vibration may
not have been absolutely equal. A difference of a few oycles would alter the
values of the new frequencies somewhat, but no means were available of
determining at what instant the two natural frequencies were identical.

The experiment was repeated some months later, with the same crystal
slightly reduced in size. For a square beam of side 19-218 mm. the funda-
mental wave-length was 3472m. When resonance occurred, the longer
wave-length wu 3818m 80 that both values decreased by about 16m.
Both di d before the shorter wave-length

could be d. This ill the ly critical nature of the
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ired for In this case the resonant condition was
proba.bly obtained by a slight temporary change of temperature due to the
handling of the oryshl specimen. It may perhu.p-, also be stated that more
than two hundred stments were required to obtain the above results,

From the numenu] results recorded, it may be calculated that the Co-
efficient of Coupling for the two equivalent electrically coupled circuits is
18Y%.

It would appear that this resonance effect, requiring such critical adjust-
ment, differs entirely from any previously shown.

Other interesting results were obtained with beams of type C. Broad
beams of small thickness were employed and the wave-length was measured,
while the length and thickness were kept constant and the breadth was
gradually decreased. Since the beams used were of different dimensions a
perusal of the table of results does not readily furnish much information
nor does a graphical representation showing the relation between the wave-
length and breadth It 1s much more instructive to plot the actual wave-
length in metres divided by the lengths of the beams in millimetres, as

di and the breadths as absoi the length and thicknoss being
kept constant for each beam.

The results obtained for two beams only, of type C, are shown in graph 1,
although the same effect was obtained with six different beams. On
decreasing the breadth, 1t is seen that the wave-length decreases and a
close examination shows that the curvature changes sign. When the
breadth was reduced to about 0-60 of the length the wave-length suddenly
moreased by about 160 1n 3000 m., and on further decreasing the breadth, a
new ourve was obtained Experiments with dust-figures seemed to prove
without doubt that the beam was oscillating in a longitudinal manner along
the length for all breadths, although, for the very broad beams, the dust
figures were not very sharply defined. In the table (C 3) readings are given
for one beam where both lengths were ob ly for the
critical breadth of the beam, the breadth being 10-965 mm. and the length
18:314mm., 8o that the ratio of breadth to length was 0-60. These dis-
continuities in the curves seem to be similar to those obtained by Lack and
Hitohcock, when using quartz. If the results shown in the present paper can
be attributed to resonance effects, then they seem to differ considerably
fmm the results obtained with the square beams. With the latter two new

ies appear at For the beams of decreasing breadth,
ungla fundamental frequencies ocour on both sides of the discontinuity.
8till, it will be seen in the later part of the paper, that it is poasible for
oscillations along the length of & beam of length (/) and breadth (0+60l), to
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have the same frequency as oscillations along the length of a beam of length
(0-601) and breadth (1).

KBzperiments with changes in the lateral dimensions of the beams

Experimental results were obtained with the three beams shown in
fig. 1. In the first part of the experiments the ]ength and brudth were kept
oonstant and the wave-lengths were d on graduall, g the
thickness of the beam. In the second part of the experiment chese thin
broad beams were used and, keeping the length and thickness constant,
the breadth was gradually cut down and the wave-length mmured Fora
long beam of very small lateral di ions, the fund: y of
the longitudinal oscillations by this dynamical method should be dom-
mined by the eimple equation:

I= g3 o 1 as)

where [ is the length of the beam, p the density of its material, ¥ the
Young’s modulus and £ the “ Dehnungsmodul”, a term used in crystal
physics It should be pointed out, however, that this formula does not apply
for beams of large lateral dimensions.

Rayleigh (1894) has estimated theomtwally the error involved |n

neglecting the inertia of the parts of a vibrating rod of i P
which arenot situated on the axis of the rod. Chree (1889) considers isotropic
beams of 1! tion and showa th ically that any increase

1n the moment of inertia due to the lateral dimensions of the beam causes
an increase of wave-length, whilst Davies (1933) has obtained a formula of
corrections for crystals of Rochelle salt. It was found by experiment that
Chree's formula subject to certain modifications, agreed best with the
obtained results, if modified to the general form:

#ob
w-a= bk, (16)

where A is the observed wave-length for a beam of length I, breadth b and
thickness ¢, A, is the wave-length when b and ¢ are very small, and k, and k,
are constants varying as the square of the appropriate Poisson ratio,
namely for the directions of length-thickness and of length-breadth
respectively. These latter values can be obtained from the caloulations
already made for the lateral contractions accompanying an increase in
length for the beams under test. It should be pointed out, however, that all
the above correction formulae are based on the fact, that for an extension in
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length there are accompanying contractions along the breadth and along
the thickness due solely to that extension. However, owing to the special
piezo-eleotric properties of the beams used hero, none of these formulae
would be expected to apply. Consider beam C for instance, although the
same reasoning applies to all ot them, and suppose that a stoady potential
be applied in the direction 0Z. Then the beam extends say, along the length
and ocontracts along the breadth. The extension along the length causes a
tion along the thick and the contraction along the breadth an

of equal itude along the thick 80 that for static fields

there should be no change in the thickness of the beam and the correction
term for the length-thickness directions is zero. For alternating fields
expenmenta showed that the change in wave-length due to change in
hick dingly small. The readings for the three types of beams
are Mbuhmd It will be soon that, where measurements are made on
reducing the thickness, there is a very small reduction of wave-length, in
fact it is almost of negligible amount. For instance, with one of the beams
(C 3) the thickness was reduced in steps from 16:403 to 5105 mm. and the
reduction in wave-length was from 3085 to 3055 m., a difference of about 1 %,
for a change in thickness of 11-3mm. Similar results were obtained for all
the beams so that the correction term (k, t*/[*) may be omitted for thin
beams. With regard to the second term (k, b%/12), the application of the static
field produces an extension along the length which causes a contraction
along the breadth as the correction formulae require, but there is now an
added complication due to the fact that a further contraction takes place
along the breadth due to the electric field. Hence it would be expected that
for thin beams, on keeping the length and lly reducing the

breadth, the formula
n
oA = A‘(k,bT.)

should apply, but k, for the different beams would not be expected to vary
a8 the square of the Poisson’s ratio.

Graph 2 shows the results obtained for beams A of fig. 1, with their
lengths and breadths in the ZOX plane. Comparatively broad thin beams
were used. While the length and thickness were kept constant the breadth
wu gradmlly decreased and the wave-length measured. From the

leulati for a i cube, for an extension along the
length of 94-2x 10-1 cm. the lateral contraction along the direction of
thickness is 6:7 x 10-%cm. and along the direction of breadth 82:2 x 10-10
om. Poisson's ratio for the length-breadth direction (0-87) 1s therefore

Vol. CLXV. A. 8
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dingly large. The readings for beams 4 are tabulated and the results
for three of them are shown in Graph 2. Since the three curves do not
coincide 1t follows that the wave-length per milhmetre length is a function
of both the length and the breadth. Furthermore, for the beams of lengths
16:573, 18 026 and 19-857 mm , on reducing the breadths to a very small
value the wave-lengths per millimetre length taken from the graph are
2450, 244-7 and 245:0m. respectively, while for beam (4 5), which 18 not
shown on the graph, the value is 244 7. It 15 of interest to compare these
values with those obtained on substituting the values found by the statical
experiment equation (4) in (15). This calculated value 18 234 | m./mm.
length, as compared with 245:0 m. by the present dynamical method, a
difference of rather less than & %,

Graph 4 18 drawn with (A*—A3)/A? a8 ordinates and b%/l* as abscissae.
For the three beams shown 1n graph 2 it is found that all the points lie closely
to a straight line of slope 0-430, which therefore gives the value of ;. It 18
of interest to note that the formula applies over a very wide range, for in
some of the broader beams the ratio of breadth to length is between 0-8 and
0-9  The results obtained with beam (4 5) are not plotted on the graph.
Instead, two more rows are added to Table (4 5), one giving the wave-
length as calculated by the formula

L2
A2 (4510) = ,\2{0430 li)’ 17)
where 4510 ix obtained by multiplymg the length of the beam n milli-
metres by 2447 The lower row gives the diffe bot the d
and calculated wave-length With thiy particular beam many readings
were made to dwcover any small d duo to e, and
} 1

q

great care was taken that the
the experiment. It will be seen that the calculated and experimental
values agree very closely The wave-length increases by nearly 22 %, for
the broadeat beam of (A4 3) as compared with the infinitely narrow beam,
and it may be noticed that this exceedingly large incroase is associnted with
the abnormally large value of the Poisson’s ratio for the length-breadth
direction of the beam

The exporimental results obtained with the heams Boftig 1are tabulated
and are shown in graph 3. A unit tensile stress, 1 g weight/saq. cm.. along
the length of a centimetre cube, gives an extension along the length of
37-5x 10 ©cm., & contraction along the breadth of 5-3x 10-%¢m., and a
oontraction along the thickness of 21-05 x 10~19¢m, It will be seen from the
tabulated results that the change of wave-length on decreasing the thickness

282
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is again small in spite of the large value of the lateral contraction in this
direction. The Poisson’s ratio for the length-breadth direction is small,
15—

149)

M4

o {=18:354

43 o] =23210
of ~XA7%
- |
0 5 lg 15 o)
Grarn 3

namely, 0-14, or about one-sixth of the corresponding value for the
4 beams. In graph 3 three thin beams are used of lengths 18-354, 23-210
and 26-976 mm. and the results show that the percentage increase in wave-
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length with increase of breadth is very much less than for the A4 beame.
Thus on reducing the breadth of the B beams the maximum percentage
change of wave-length is rather more than 3 %, while for the 4 beams of
similar dimensions the change is about six times as much, so that the
percentage changes of wave-length vary almost directly as the two Poisson’s
ratios for the length-breadth directiona for the two sets of beams. Graph 3
shows that on reducing the breadth to an infinitely small value, the wave-
length per millimetre length is 143-0 m. for all three beams. On substituting
values found by the statical mothod, equations (3) and (15), the wave-
length per millimetre length 18 147-8m. by calculation. Thus the wave-
lengths agree to within about 3 % by the two methods for these beams.
The lower part of graph 4 isobtained by plotting (A — A3)/A% as ordinates and
b2[18 a8 abscissae. The points lie fairly closely to a straight line, up to a point
where the ratio of breadth to length 18 about two-thirds, but for broader
beams the slope of the curve increases rapidly. The slope of the straight por-
tion of the graph ia 008 which therefore gives the value of k, for these beams.
The results obtained with the C' beams have already been referred to.
A unit tensile stress along the direction of length of a centimetre cube
#ves an extension of 478 x 10-'%cm., a contraction along the breadth of
10-2x 10-1%¢m. and a contraction along the thickness of 1925 x 10-1 em
Owing to the anomalous nature of the rosults a curve is not plotted on
graph 4 From graph 1 it 18 seen that long beams of small lateral dimensions
have a wave-length of 168:6m /um. length as compared with 166 8 m.
obtained from the statical experiment, equations (2) and (15), where
broad beams were employed. There 1s thus a difference of about 5 Y, by
the two methods, In ing the values obtained for the three sets of
beams by the dy ical and statioal hods which differ by 3-5 %, it
should be pointed out that broad beams were used in the suhcal oxpen-
menta and infinitely long ones in the d I exy
no corrections are applied to the d; ical g for the “
Diczo-olectric effect””. When a steady potenhal difference is applied to the
rrystal 1t extends along 1ts length with the result that electric charges are

loped due to this jion These produce stressos which prevent
the cryst.al from extending to its full amount. This is equivalent m a
decrease in the extension modulus so that the length

the dynamical method is slightly toosmall, For a static ﬁeltl the decreases
in the extension moduli vary as the square of the piezo-electric moduli
which are large for the crystal beams under test. If this correction were
applied then the values obtained by the statical and dynamical experi-
menta for two of the sets of beams would be in still closer agreement.
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The dynamical method is limited in its application for the d

of elastic constants since these aro the only three differently oriented beams
that can be employed for the production of longitudinal oscllations for
this particular crystal, pting the L-cut described by Cady (1937).
In the statical experiment many difficulties arose since the heams were
rather short, while corrections had to be applied for the depression of the
supports and the “bite” of the knife-edges into the crystal face on adding
the loads With one beam there was a depression of only ten interference
fringes per load, so that it was necessary to read to one-tenth of a fringe,
but the greatest difficulty arose owing to the fact that after applying the
load a slight dep dfora lerable time. Inspite of theso
difficulties the results by the two methods are in good agreement.

The writer is pleasod to acknowledge hix indebtodness to the Trustees
of the Dixon Fund for a grant for the purchase of apparatus.

His best thanks are due to Mr W. B. Medlam for advice on coupled
crrcurts and to Dr Lownds for hus kind interest in this work.

SummaRy

Experiments are made with longitudinal oscillations m crystal beams of
sodium ammonium soignetto salt  For a square beam a theory is deduced
for the interaction of two longitudinal oscillations at right angles, Theso
are considered as analogous to two coupled electrical circuits. If the natural

in the two directions agree to within a small number of cycles
per second, the theory requires that resonance shall occur with the pro-
duction of two new fundamental frequencies This result 18 demonstrated
experimentally.

Experiments are also made to determine the change 1n wave-length with
change in broadth and thick T ical calculations are made of the
lateral contractions along the breadth and along the thickness, accompany-
ing oxtensions along tho length. The eftect of thickness on the wave-length
is found to be very small, in spite of the fuct that the lateral contractions
are large 1n two types of beams used. A change of breadth may change the
wave-length by 20 9, The experimental rosults for two types of beams
agree closely with an empirical formula, while one type of beam behaves in
an anomalous manner.
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The alkaline permanganate oxidation of organic
substances sclected for their bearing upon
the chemical constitution of coal

By R. B. RanpaLr, P D,, M. BENGER, PH.D,
AND (. M. Groocock, Pu D.

Of the Bone Research Laboratories
(Communicated by Profeasor W. A. Bone, F.R.S.—Received 3 December 1937)

In Part VIII of the previous papers upon the Chemistry of Coal from
these laboratories (Bone, Parsons, Sapiro and Groooook 1935) it was shown
that on oxidation by means of boiling alkaline permanganate the main
organic substance of the lignin—> peat— coal >anthracite series yields
carbon dioxido, acetic, oxalic and benzene carboxylic acids, the propor-
tions of the last named to the oxalic acid produced increasing with the
maturity of the coal substance. Also, while every benzene carboxylic
acid, except benzoic acid itself, was isolated from the oxidation products
of some coal or other, 1n each and every case examined the penta- or

boxylio acid predominated. Another notable result was that
whereas no phthalic acids were detected among the benzenoid acids
produced from lignins, and paratively small proportions among those
yleldul by peats and brown oonla larger propomons thereof were yielded
by bitumi ooals and anth

The results as a whole, while strongly supporting the view of the essential
chemical continuity of the lignin -» peat -» coal - anthracite series, and of
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lignins rather than celluloses being its chief pmgsnieon. suggested the
possibility of the main coal substance having arisen through oondenaat:onl

of phenolic and amido-bodies with aldehydic bodi h as
resins are now produced—and more ment observations have pomted to
high p rather than temp having been the principal factor

in the natural maturing of the coal substance.

Although the essential benzenoid character of the main coal substance
was thus proved, it has not yet been possible to deduce from the experi-
mental evidence any constitutional formula for the “coal unit” in the
same way as has been deduced for “cellulose” and “lignin’ units. Such
shortcoming, however, is due largely to lacunae in our systematic know-
ledge of the course and products of the alkaline oxidations of organic
substanceu genemlly for although such oxidations have been extensively

d in pl of the molecul ions of
mdwldu&l organic subﬁtnnees careful search of the literature has failed to
disclose sufficient systematio knowledge for the detailed interpretation of
the results of the alkaline permanganate oxidation of the coal substance
in regard to its constitutional formula

This being so, Professor Bone directed us to undertake a systematic

litative and igation of tho alkaline permanganate

id of orgnnic bt of known itution selected for their
bearing upon the coal problem, and the present paper embodies the results
of the oxidations of some sixty such substances, each of which has been
studied also in regard to the velocity of its oxidation. The last-named part
of our task has led to the successful devising of a new axpnnmenhl tcoh
nique for the plete detailed d ination of the oxidi
ourve for any partioular organio substance, a matter whioh is reeorved
however, for a further communication.

Previous observations upon the alkaline permangmte oxldauons of
organio sub lly are so soatts ghout the vol
literature of org&mc chemistry that it is scarcely possible to summarize
them briefly. The following may be cited, however, as bearing upon Qhoso

of the particular classes of sut included in the present i g s
b I Acids obtained
Hexahydrofluorono Piotet and Phthalic, adipic and oxalio
. Ramsoyer (1911)
Acetophonone MoKonzio (1904) Benzoylformie
C¢H,C0.CH,
Acenaphthone quinone Charrior and Naphthalie, hemimellitic, 2 : 6~

Beretta (1924) dicarboxyphenylglyoxilic
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Substance Investigators Acids obtained
Phenanthrenc quinone Charrier and Diphenic
Berotta (1924)
Acetomesitylene Perkun and Trimethylbenzoio, dimethyltere-
Taploy (1924) phthalonic, 4 . 8-dimethyl.
phthalomio, methylcarboxy-
phthalomo
A-Naphthoie acul Ekstrand (1891) Phthahe and tnmelhtic
Phenylacetic acid P (1918) and benzoie
C,H,CH, COOH
Ph acd P (1918) Mandelic and benzoie

;
¢,H,CH, CH, COOH

1 acd (1918) Be bonzoe, oxalio
€ H,CH,CH,CH,CO0H

Prshevalski (1918) showed that the attack upon an aromatic molecule
begins on the carbon atom nearest the nucleus in a side chain with the
formation of benzoio or an hydroxy-phenyl-acetic acid derivative, the rest
of the side chain bemng simultaneously oxidized to carbomc anhydride or
& dibasic acid. In our experiments it has been found that substitution of
nuclear hydrogen by hydroxy! renders a benzenoid ring liable to disruption
at such position under alkaline permanganate attack; that ketonic acids
such as benzoylformic, phthalonio, and 2 . 6-dicarboxyphenylglyoxilic acids
are remarkably resistant to such attack, and that variations in such
conditions as alkali and the relative proportion
of p ployed may have a quahtative as well as quantitative
effect upon the products obtained We have also found, however, that by
standardizing the conditions, so that they corresponded with those under
which the previous coal oxidations were carried out, unvarying and casily
reproducible results, as set forth in the accompanying tables, were
obtamable in each case; and it should be understood that the results so
recorded refer to such standardized conditions,

EXPERIMENTAL
(1) Sel and classification of sub investigated
The selection of sub for our igations was based primaril,
upon their possible bearing upon the coal-constitutional problem, in view
either of their relationship to possible progenitors of the coal substance,
or of their chemical possibly ini bling, or having

yielded these In regard to the last named, it seemed important to
distinguish between those which are stable towards hot alkaline per-
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¢4

manganate and those which may be readily further oxidized by it; because
whereas, if formed at all during a ooal oxldntwn, presumably the former
would remain unchanged and ghout its course, the latter
might undergo such npld further oxidation as either to preclude or to
curtail theu- survival among the end-, products

The actually igated may be iontl; d 88
(1) carbohydrates and nllplmtlc carboxyhe acids, (2) a.rumatw hydm
carbons, (3) aromatic substances containing --CO groups, and (4) aromatic
carboxylic acid and ethers, and heterocyche compounds. They were either
purchased from reliable sources or synthesized in the laboratory, and in
each and every case purity was established by u.mslym, moltmg pumt nnrl
sometimes also by the preparation of some characteristic d
tabulating and dltu,ussmg the results each group will be cnnsulerod

separately.

(2) Apparatus and procedure

The experimental procedure has been based upon the “Carbon Balance
Method ” devised by Professor Bone and collaborators for determining the
distribution of the mrbon of the coal substance amnng 1ts various alkaline-
per id d and bined with similar methods to
that employed by them for the isolation and identification of those
products. Determinations were always made (i) of the time required to
reach the “end-pomnt” of the oxidation under the standard experimental
conditions, (ii) of the number of atoms of uxygen used per molecule of
substance oxidized under the particular experimental conditions including
rolative i of the t (eg. 3-56g. substance, 5:6g.
caustic potash, z g. potassium permanganate added in 3-29, solution, and
350 ¢ c. water), (m) of the individual oxidation products, nnd (iv) of the
quantitative distribution between them of the carbon of the original
substance. Finally, all cascs exeept that of the carbohydrates we were
able to deduce empiri g pit g the observed results of
each oxidation.

With regard to the relative speeds of oxidation, it will be seen from the
tabulated results that the times required for attainment of the end-point
under like conditions varied from 20 min. to 168 hr. according to the
substance investigated. No more than general significance should be
attached, however, to the times given in the tables, especially in the cases
of hqu.lds or shghtly solnble substances. Trimethylbenzoic acid, which was

ly to prehniti aoldm25hr.,mnybemgudodu
a jent “‘standard” for

P purp d
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Seeing that with the more highly resi bt it was y
to operate continuously over long periods of time, and that with liquid
substances considerable difficulty from “bumping” was encountered, the
apparatus described in Part VIII of previous papers from these laboratories
had to be modified so that the reaction flask 4 (fig. 1) could be submerged
in an oil bath which was electrically heated and lled by means of
the th ! B. The of the flask were kept well stirred
by means of the motor-driven ring stirrer C' operating through the mercury
seal D, and it was found neoessary to fix a small condenser ¥ on the stirrer

Hi
Va%hlm
To Backung
yWate)
Pymps Cooling
Fia. 2

shaft to prevent distillation from the flask to the mercury seal. The water

trap F' was made more efficient, the surrounding bath G being supplied

with ice-cold water from a large reservoir (not shown). For the more rapid
idations the electrical heating was replaced by gas heating.

The former esterifioation of the benzenoid acids resulting from these
oxidations by the interaction of their silver salts with methyl iodide has
been superseded by the use of di h and the technique for their
fractionation under reduced pressure has been improved, using the higher
vaoua, of the order 10~¢ mm. Hg, obtained by means of such oil-diffusion
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pumps as described by Hickman and Sandford (1930). Fig. 2 shows the
particular form of pump employed by us.

=

=\

Receiver

Fra. 8

Also, the use of the “vacuum sublimer” described in Part VIII of
previous papers from these laboratories has been supplemented by that
of & multiple receiver still (fig. 3) in such fractionations. This receiver had
a small turntable carrying four tubes and fitted with a soft iron segment
which allowed of its being rotated from outside by means of a magnet.



438  R. B. Randall, M, B. Benger and C. M. Groocock

Some of the substances studied and/or maybe their oxidation products
(e.g. fluorene and fluorenone) were 8o volatile in steam that part of them

distilled into, and ined in, the cond: during the oxidation of the
rest of the sub and were d unch d at the end of the
opentlona In all such cases due allowance was made in respect of suoh

b in calculating the “carbon balance” of the products.

Any benzoylformic and/or pht.halomo acids oceurring in the oxidation

pmducc oould be estimated gravimetrically by precipitating their 2 : 4-

from hot hydrochloric acid solution, the method

having been proved accurate on its bemg testod for dilute solutions of the

acids concerned In such connexion it should he noted that whereas the

of the I of benzoylformic is effocted almost im-

medmtoly. that of the hydmzone of phthalonic acid only begins after an

hour and requires four days for its completion The hydrazones were
identified by analysis and mixed melting-point determinations.

TARULATION OF RESULTS

The detailed experimental results are preaented in the series of four
comprehensive tables (Nos. I to IV incl ), each with its p
explanatory notes, incorporated herewith, All that need be added l.hercto
are a few goneral observations in regard to the behaviour of the substances
comprised 1n each table, and, at the end of the paper, & discussion of the
implications of the results as awhole, as bearing upon the coal-constitutional
problem. It is hoped that the results may also be useful in connexion with
other simlar constitutional problems.

Owidations of () carbohydrates and (b) alsphatic acsda

The substances investigated under (a) included cthylone glycol and
polyglyoxal as well as represontative carbohydrates, while those under (b)
comprised glycollic, tartaric, mnlonw nucoimc glutaric and adipic acids.

The polyglyoxal was & polymenwd wnh properties as described

H L 0
by Harries and Temme (19o7), while the cellulose I and II were from
Swedish filter-paper and purified cotton-linters respectively.

‘The oxidations of polyglyoxal, glucose, glycollic and tartaric acids were
all ended within about 20-25 min., and that of et,hylene glycol in 46 min.*
the ease of oxidation of the carbohyd inished in the
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Substanco

Ethyleno
glycol

Polyglyoxal

Gluocoso

a-Mothyl-d-
glucoside

Maltoso

Starch

Cellulose: I
1

Glyoollic
aad

‘Tartario acud -
I

o

Malonie
acd

Buocinie
acd

Clutaric
acid

Adipie neid

of organic

TABLE I. CARBOHYDRATES AND ALIPHATIC ACIDS

Atomns  Time
of  to“end-

KMnO, oxygen pomt” of

Formula
CH,0H
CH,0H
HC:0
H.C:0

-CHOH

O(CHOH),

"CH
CH,0H

CH,0H
CHOH
(CH
O(CHOH),
LCH OCH,
CiaHyO
(CoHigOg)a

CH,0H
COOH

CHOH COOH
CHOH COOH

COOH.
CH,

'<wou
CHCO0H
CH,CO0H

"H (00!

oy SCHCO0I
\CH,CO0H
CH,CH,CO0H
CH,CH,CO0H

773

318

558
608

454
619

ratio permol. oxidation
45 45min.
21 20mm.
95 20mm.
13 100
95 2)hr.
3br.
24 20mm.

270
260

388

537

T8

8:50

38(3) 26 min
38 10 mn,
33 14 hr
60 60 hr,
0 76 hr.
18 118 br.

4% C appearing as
————

co,

480

603

03-4

597
660

494
542

3590

586

o
(COOH), Acotic

478

271

27

201
241

463
436

657
0206

449

N

26

103

59

10-1
78
29
2:2

Nt

N

Nil

Total

C ao-

ounted
for

96-7

83

g

990

989
74

88-0
100 0

100-4
880

081

86

1004
»
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order glucose - maltose > starch -» methylglucoside -> cellulose. The dibasic
.hpha.m acids, except tartario with two hydmxyl groups, were all much
more to oxidation and in ng degree as the series was
ascended; and while all the malonic and the succinio acid was oxidized
during the tames (14 and 60 hr. respectively) stated in Table I, no less than
22:5% of the glutaric and 38 % of the adipic acid remained unoxidized
after 76 and 115 hr. respectively. Some darkening, due to slight resinifica-
tion, occurred when the glucose, maltose, a-methyl-d-glucoside, and starch
were first boiled with the aqueous caustic alkali prior to the addition of
the permanganate.

In all cases substantially the whole of the carbon in the substance
actually oxidized was accounted for as carbonic anhydride, oxalic and
acetio acids, the last named being yielded by the polyglyoxal and the
carbohydrates only—and in largest proportion by glucose and maltose—
but not at all by either ethylene glycol, glycollic acid, or by any of the
dibasio acids. Apparently its formation was due to the action of the boiling
alkali upon the polyglyoxal and the carbohydrates. As might be expected,
no benzenoid acid was ever formed among the oxidation products of any
of the substances comprised in Table I, a ciroumstance which disposes of
the suggestion that bly some t might have been
doveloped by tho prolonged action of the alkali upon them.

The oxidations of ethylenc glyool glyoxal glycollic acid and cellulose
closely approxi d to the emp

H.COH_ o goou+m‘+m0
H,:C.0H COOH v
g HO0 o SO pcon HO

H.C:0 COOH
3 SHOH ey 00 +2C0, +4H,0
COOH COOH .

COOH
2C,H,,0, 210=3 6CO,+ 7TH,0
HuOp  + C()OH+ 2+ TH

O of and cyclic hydrocarb
The following hydrocarbons were found to be so highly resistant to
boiling alkaline permanganate that they may be regarded as practically
unoxidizable by it, and acoordingly they have been excluded from
Table 11, namely:
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Benzene C/H, O
Hexahydrobenzene CgH,,
Diphonyl C,H,,

Chrysene CyyHy,

Rubicone CyeH,

Rotene C,,H,,

Decacyeleno CygH,y

Truxeno CyH,,

Tranethyltruxene CyHyy

Vol. CLXV. A. .
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All the hydrocarbons included in stle II ‘were oxldlmed slowly. yielding

some ic acids or product: to , oxalio
acid and water. Nearly 2:5%, of the carbon of the two d:mathyl naph-
thalenes oxidized appeared as acetic acid in the product; but in no other
case was acetic acid formed. Decahydronaphthalene yielded a large
proportion of phthalonic ucld In each caso pmt\edly the whole of the
carbon of the sub: was d among such products,
and the oxidation could be approximately expressed by an empirical
equation.

Ouidations of b ing a =C() group

The following substances were found to be practically unoxidizable by
the boiling alkaline permanganate

Benzophenons CyyH 0 Z
Benzl Cy H,00y <:/

a
1-Benzonaphthone CyH,40 é:
4-Mothoxybenzophenone UyH 404 cu.o<=>

2. 4 : 8-Tnmethylbonzophenone C,(H, 0 Hy

Tribenzoylonebonzone gy Hyy04

From which 1t would seem as though ==CO groups situated botween two
benzene or alkyl-benzene nuclei are usually immune from attack

From Table ILI it will be seen that while acetophenone was readily
oxidized, 1ts 4- methyl derivative was much less 8o, on the other hand,
4-methylb was more oxidizable than b h Such
differences were probably, however, due to differonces in the solubility of
these substances. It will also be seen that in each case substantially the
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whole of the carbon of the sub idized could be ted for as
carbonic anhydride, oxalic acid, and some aromatic acld or compound in
the prod and that its oxidation could be ly d by
an empmcol equation. The following other pomts should be noted namely
(i) the ext; ) of the oxidation of 4 hylb and
2-methoxy-1-benzonaphthone, both of which conwmn (‘()gmupbetwwn
two benzene nuclei; (1i) the marked acceleration of oxidation effected by
the replacement by hydroxyl either of the methyl group of 4-methyl-
benzophenone or of the methoxyl group of 2-methoxy-1-benzonaphthone,
and (iii) that about 2:39%, of the carbon of the 4-methylbenzophenone
oxidized appeared a8 acetic acid in the products.

1t may also be remarked that whereas (*harrier and Ghigi (1933) obtained
chiefly 2. 3-dicarboxy-2-diphenylglyoxilic acid, together with a small
quantity of anthraquinone-1-carboxylic acid, by oxidizing benzanthrone
with pormanganate st 80-90° m a very high concentration of alkali, our
products were 2 68-dicarboxyphenylglyoxilic acid and a small quantity of
phthalic acid, the difference being probably due to the lower temperature
and higher alkali concentration employed by them as compared with our
conditions

Ozxsdations of boxylw acids, h yele compounds, ele.
The following substances were found to be practically immune from
oxidation by the boiling alkaline permanganate, namely

I Jcoon
2: 2-Diphemo aeid €, Hy40,
Njcoou
N
Diphenylene oxido CyyH,0 \ |
9
Diphenyl ether CyyH,,0 OWO

0
N\
Xanthono C;;H,04 [ |

From Table IV it wnll be seen, (i) that 2: 4 . 6-trimethylbenzoio acid
was oxidized ively to the ding 1 2.3:5-b
tetracarboxylic (prehnitic) acid in about 25 hr., each of 1ts three methyls
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being oxidized to a carboxyl, COOH, group, the time required being
comparable with that for a typical Shafton bituminous coal (Bcrnnley),
(i1) that phthalonio acid was yielded by 2-naphthoic acid, 2 : 1-naph

1: 2'-futme, and 2 nnphthyl methyl ether and (iii) that coumarone,

Idehyde and 1 benzene diethyl acetal
were all oxidized igh to carboni n.nhydrlde, oxalio acid and water
without any appreciable fi ion of acids.

Attention is also directed to rolatively greater stability of phthalonic
as compared with the other carboxyle acids included in the table, although
it was more oxidizable than either phthahc or the other benzene carboxylio

aclds ined. It yielded cark dride, oxalic and phthalic acids
ially in d with the H
«C0.COOH "O0OH COOH
H, =0, 12€0,,
10CHS coon ¥ 2209 o2 Goon ™ 1200
although some 409, ined idized after the “‘end ,," t" of 40 hr.
Berberine hydrochlorid, idized slowly, yielding hydrid
mitrie, hydrochloric, oxalic, hemipinic and hydrastime acids, the two last
named being relatively about as to oxidation as phthalonic acid.
Discussion

From our results, in conjunction with those of other workers, it would
appear, in regard to oxidation hy bollmg alkaline permanganate, that.

(1) Unreduced and \; ioc hydrocarbons containing
more than three “fused ” rings are ticall ttacked, a ci
possibly due to their insolubilities in the reagent.

(2) Alkyl-substituted aromatic and reduced cyclic hydrocarbons are, in
general, more susoepuble to oxidation, reduced (five- or six-membered)

rings being pletely oxidized to the cor di wboxyho acids.
Thus, for ) hyd hthal hyd. and
mcyclommethylenobenune gave ln.\-ge ylelds of phthnllc and phtlu.lomo,
pyromellitic, and mellitic acids resp was fi

of the formation of a benzene carboxylic wld by the oxidation of a fully
reduced ring to a benzene ring, eg. in the oxidation of decahydro-
naphthalene.

(8) Unsaturated linkages in the side chsin of an aromatic hydrocarbon
provide a ready point of attack, e.g. in p ! lene and methyl:

Y

(4) A =CH, hnked to a benzene nng is oxndu.ed pnmnnly to ——00.
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e.g. dibenzyl to benzil, fluorene to fl and diphenylmeth to
benzophenone.

(5) Sub ion of hydrogen by hydroxyl in the nucleus of an aromatio
substance rom'krs it very ptible to oxidation. Thus, for pl
4hyd , 1 2-dihydroxyanthraqui and coniferald
hyde wem among the most rapidly oxidizable sub igated

their rings being primarily attacked and disrupted at the point of attwh-
ment of the hydroxyl group to the benzenoid nucleus.

(6) Bum!nly, the attachment of & methoxy group to the nucleus of an

its vulnerability to the oxygen attack. Thus,

! thoxyb htt was much more readily oxidized

for p y
than benzonaphthone.

(7) On the contrary, & —(0 group attached to an aromatic nucleus
stabilizes it aganst the oxygen attack. Thus, for example benzophenone,
benvil, anth i and fl were i idizable, and
although acetophenone was readily oxidized lt yielded benzuyl -formic aod,
in which the —CO group was retained, as its main product.

(8) Unsubstituted aromatic carboxylic acids were no more rapidly

idized than the corresponding hyd b and generally speaking
were stablo, og. all the benzene carboxylic, diphenyl carboxylic and
benzophenone carboxylic acids.

(9) The side chains of an alkyl-benzene carboxylic acid are, however,
readily oxidized, o g. 2.4 . 6-trimethyl benzoic acid was quantitatively
oxidized to prehmtic acid, which was stable.

(10) In no cnse investigated was the structure of any oxidation product
more complex than that of the original substance oxidized ; i other words
the oxid were all degrad In some cases evidence was forth-
coming of an oxid d imull ly in diff ways, e.g.
that of neennphthoy]bemuw acid which yielded simultaneously phthalic,
2. 6-dicarboxyphenylglyoxilic and mellophanic acids.

In regard to the beanng of our i igation upon the chemical con-
stitution of coal and allied substances, 1t would seem as though the various
formulae hitherto put forward for lignin and humic acids are inadequate
inasmuch as such formulae do not contain structures capable of yielding
the alkaline id prod which have, in fact, been
obtained from them. The structures possibly present in coals would seem
to be unreduced bonzene rings linked through side chains or oxygen
heterooyclic rings. Fused reduced rings are probably not present to any
great extent, seeing that ketonic acids have often been sought, but never
found, among the products of coal oxidations.
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In conclusion the authors desire to thank Professor Bone for luving
suggested and directed the i igation and the D of S
and Industrial Research for grants which have enabled it to be carried out.

SuMMARY

‘The paper describes the results of' i litative and i
investigations of some sixty organio substances, namely, (1) carbohydrates
and aliphatic carboxylic acids, (i) aromatic hydrocarbons, (iii) aromatic
substances containing —CO groups, (iv) aromatic carboxylic acids and
ethen-, and (v) heterooyolic compounds, selected for their bearing on the

| probl and di the principal lusions to be

drawn therefrom,
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Photo-electric measurements of the seasonal varmttons
in daylight around 041y, from 1930 to 1937

By W. R. G. Atkins, Sc.D., F.R.S.
Head of the Dep of General Physwlogy, Marine Biological
Laboratory, Plymouth

(Received 1 February 1938)

An account has already been given of the standardization of photo-
electric cells for the measurement of daylight (Poole and Atkins 1935) and
of the recording of daylight using a Burt vacuum sodium cell and Cam-
bridge thread recorder (Atkins and Poole 1936). Tt was shown that the

rolate to the ult: iolet, violet and blue, but are chiefly
an mdication of the changes n hght of wave-length about 0-414, a region
mn which the eye is of very low sensitivity.

CONSTANCY OF THE CELL USED

The results pubhshed were for the year 1030. Since the measurements
now given are a continuation of these it is obvious that their value depends
upon the constancy of the cell over this long period, eight years.

Evidence based on standardizations may be found n the 1936 paper,
proving constancy from 1930 till May 1934. During this period the opal-
flashed diffusing glass (opal) had been renewed once, when blown off and
smashed on the mght of 10 September 1930. The new disk was cut from
the same sheet of glass as the old, and such disks were usually uniform in
transmission to 1 or 2%, Furthermore, examination of the records before
and after the change showed no sign of any alteration occasioned thereby.
Though certain of the results for 1930 are so high as to lead one to suspect
a subsequent loss of sensitivity, yet there 18 much internal evidence of
constancy in the tables of results. Kor example, the mean illumination
integral, in kilo-lux hours, was 315 for March 1930 and 319 for March 1937.
The readings shown in Table I also negative the idea that there has been
any decrease in the sensitivity of the cell.

No error of any importance was introduced by variations in anode
potential or by the minor alterations in the levelling of the opal; this was
oleaned daily and the space below 1t was wiped dry.

Vol. CLXV, A, (a7 April 1938) [ 453 ] °
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Tasir I. DAILY MAXIMUM OURBENT IN MICEOAMPERES, ¥BOM BURT
SODIUM CELL NO. 209, ON FRONT PARAPET OF LABOBATORY BOOF.
BRIGHT DAYS IN 1933 WERE COMPARED WITH THE S8AME DATES IN

OTHER YEARS

1930 1033 1037
18 Mar. 2385 2390 2410
21 23-90 2275 1070
22 22 60 22-40 2300
28 960 23 50 2300
24 22-86 21-00 26:30
30 26 00 26-70 2670

THE RECORDING OF VERTICAL ILLUMINATION

Daily charts were obtained and were all measured by the author exactly
as previously described for 1930 Defects in the high-tension ignition
rubber-coated cable became more numerous in time, so the means for
1932 and 1933 are somewhat less acourate than for the other years A day
lost was always a wet (namely dark) one, so in order not to raise the
average unduly, a typical value for a wet day at the same season was
inserted. The possibility of error from electrical leaks was guarded against
by frequent determinations of the zero. The recorder was out of action for
over two months in the last quarter of 1933, while being restandardized
and having the new lead alloy sheathed cable placed in position, The
photometer case was not opened, but the cable was cut off near the case
and the new cable was. attached bo the old the remains of which were
heavily coated with a b i d. As trouble arose
later on at the junction, this was housed in & metnl box after adequate
coating,

VERTICAL ILLUMINATION THROUGHOUT THE YEARS 1930-7

In the tables which follow the monthly maxima in the vertical columns
are shown in heavy type and the minima in italics. Yearly maxima have
an asterisk, but in later tables are in heavy type. In view of the ocourrence
of values during 1930 (Atkins and Poole 1936, Tables IIT and IV), which
subsequent records showed to be remarkably high, the charts were
examined again to make sure that such high figures were not due to
electrical leaks which had escaped notice before. The local meteorological
returns were also consulted as to the ocourrence of rain. There remains no
doubt that these values for 1930 are correct, and in a certain number of
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them additional observations, noted at the time, give reason to believe
that the day was particularly bright. Thus on 22 April 1930, the ratio of
total (vertical) illumination to diffuse illumination, denoted as #, was as
high as 3-25 at 1-5 p.m. 7 July 1930 shows the maximum illumination
integral for the whole eight years, namely, 1323 kilolux hours, notea record
that the wind was north to north-west, with air exceptionally clear, sky
very blue, a few clouds at noon, none in the afternoon, at 12.5, 2.256 and
4.0 p.m. G.M.T. B was 425, 3-44 and 3-50 respectively. There 15 no doubt
about the i of a few ding records, but this does not
explain why certain months gave exceptionally high records irrespective
of the sunshine or rain.

The ‘were in the first place in connexion with
the study of the 1 changes in the plank in the English Channel.
Daily values of the maximum vertical illumination in kilolux and of the
total vertical illumination m kilolux hours have accordingly been filed for
use at Plymouth. But in the tables which follow only the mean, greatest
and least values are given for the daily maximum for each month, and the
corresponding results for the illummation integral. There are thus no
published tables corresponding to No IV of Atkins and Poole (1936).

Table II shows that the daily i vertical 1llumination was least
1 November 1934 with 32 kilolux (see Atkins and Poole 1936, Plate 27 D)
and greatest in July 1930 with 197-6 kL., a range of almost sixty-two fold.
During 1930, April, May, July and August, gave maxima over 190 kl.
outatandingly high values, with a mean maximum of 150-9 for July. High
means were also obtained for April, May and August. The June value too,
119-3 kL., was the highest for uny June though surpassed in May 1932
which gave 126:-2kl. Though the mean maxima were quite ordinary
values for January, February and March 1930, yet from April to November
they were ptionally high, De ber was only surp d sightly by
1935 and January and February 1931 were again high, with March quite
a normal value. Ococasional high maxima may be explained by exceptional
conditions, such as the reflexion from towering white clouds before a snow-
storm on 28 February 1031. Anything that tends to raise the average
altitude of the light naturally raises the vertical component. Thus on
21 December 1937, there was a diffuse misty grey sky, after extremely
heavy rain the previous night, and the sun broke through, giving for a
short time V = 21-4 k., as against maxima for the 21st on other years as
follows: 1929, 17-2 k1.; 1930, 199 kl.; 1931, 16:0 kl.; 1932, 17-4 kl.; 1934,
17-9 kl., but for 22nd; 1935, 17-6 kl. and 1936, 4-9 kl. Here again we have
no indication of any loss of sensitivity. But when we turn to the mean

302
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values during a month it becomes far harder to explain exceptionally high
readings. It is even more difficult when dealing with measurements of the
illumination integral, shown in kilolux-hours in Table III. The lowest
values, 145 kl. hr d in N ber and D ber 1934, with oloudy
skies darkened further by smoke. The greatest value, 1323 k. hr , ocourred
on 7 July 1930, as noted previously. Apart from the high values of 1930,
we find 1073 k. hr. in May 1931, with nothing nearer than 969 in May 1934.

But it 18 the mean monthly illummation integrals that sot 1030 apart as
& most remarkable year, as may be seen from Table IV. From April 1930
to January 1931, every month save May and November is a maximum for
the eight years, and as a rule is far ahead of the year ranking next. That
November 1937 should exceed 1930, and December 1930 be only slightly
greater than 1937 is further confirmation of the constancy of the cell.
From Table V it may bo seen that 1933 had far more sunshine than 1930.
The air may have beon rather cleaner in 1930 than in the other years since
the rainfall was greater, but 1932 and 1935 were not far behind. The
number of days with rain was also greatest in 1930, but one hesitates to
advance a greater number of days with rain as an explanation of increased
brightness

TaBLE IV THE MAXIMUM VALUES OF THE MONTHLY VERTICAL ILLUMINA-
TION INTKGRAL ARE SHOWN AS A PERCENTAGE OF THE CORRESPONDING
MINIMUM VALUES. THE VALUES NEXT THE MAXIMUM ARE SHOWN

SIMILARLY
Year of Excess  Yearnoxt  Exoves Year of
maxunum % maximumn % minimum
Jan 1931 k() 1933 63 1987
Feb. 1834 36 1931 24 1937
Mar. 1033 23 1932 19 1935
Apnil 1930 a7 1033 27 1987
May 1034 32 1930 30 1935
June 1930 38 1934 27 1933
July 1930 68 1034 27 1037
Aug. 1930 n 1934 24 1032
Sept. 1830 73 1934 39 1032
Oot, 1930 33 1932 15 1034
Nov. 1937 88 1930 61 1032
Dec. 1930 34 1937 32 1034
In the lation of the exh ion of the phosphate in sea water with

sunshine in the spring during 1923, 1024 and 1925 owing to the multiplica-
tion of the planktonic algae (Atkins 1926, Table V and fig, 5) an indication
was obtained of the need for more exact of the illuminati
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In Table VI the illumination integrals are shown for each month as a
percentage of the annual total. A correlation with changes in the plankton
will be attempted elsewhere, but it is of interest to note that whereas the
first three months of 1930 received 10-7%, of the annual illummnation, in
1933 15:9 %, was received, about 13-14:5 %, being a more usual value. The
summer half of the years receved from three-fourths to four-fifths of the
light. Contrary to what might be imagined, June is not always the
brightest month, but was so in 1932, 1935 and 1937, with July at the top
in 1930, and May in the other four years. The general absence of clouds
and rain, with as a result less reflexion from the sky and a less transparent
atmosphere, seems to be the cause of the low values for June.

Table VII shows the vertical l'wrlmtlon integrals for London. These
were obtained with the Callend ter, in which the radiation
Ppassos through glass, and are on the National Physical Laboratory scale
of radiation. Guild (1937) has shown that this is almost 1dentical with the
most recent scale of the Bureau of Standards, Washington, and agrees with
Abbot and Aldrich (1934) that the Smithsonian scale of 1913 gives values
2:3Y%, too agh. As far as the complete years go, 1930 18 at the top, though
the excess over the minimum 1 only 199, The maximum radiation is
usually in June, but in July for two years, Comparing the last hine with
Table 1V, 1t may be seen that the excess percentage of the maximum 18
never quite as high as for Plymouth short wave dayhght, and 18 markedly
less in the brighter months One would expect that atmospheric im-
puritics and particles serving as condensation nuclei would have a selective
effect upon the shorter wavo-lengths of sunlight, so that groater variations
are to bo expected 1n the region to which the sodium cell is sensitive. 1t 18
none the lesa difficult to see why mn 1930 four of the bmghtest months,
Apnil, July, August and September, also January 1931 should be 67-73%,
greater than the minimum, while June, October and December were
maxima for the eight yoars also. Reference may alsv be made to the
discussion in §§ IV and VI (Atkins and Poole 1936) and to Atkins, Ball and
Poole (1937). Tn the 1936 paper the European pressure system was oon-
sidered for April 1930, but no explanatjon was afforded for the
values. It is possible thut though the lower level winds were variable there
may, during 1930, have boen a predommunce of u'cuc air of great purity,
80 that higher i ities of illumi were incident upon the Iower
strata of the atmosphere,

An entirely different explanation should not, howover, remain un-
considered, namely, that the high values found relate only to the short-
wave region, around 0-41 z and that the sun’s emission is especially variable
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in this portion of the spectrum. Abbot has shown that there are periodical
variations in the solar tant of radiation; the ob ions have recently
been summarized and discussed by him (1935). Daily fluctuations are
usually around 2 %, but may even show a range of 8 %, (1920). Pettit (1932),
on Mt Wilson, found large percentage changes in the ultra-violet around
0-324, when compared with the green about 0-54. An automatic recorder
compared the effects of the two regions upon the same thermopile, the
comparison being completed in 4 min., and immediately repeated. When
computed for zero air mass the ratio of the intensities varied from 0-95
to 1-66. It is also claimed that these changes show positive correlation
with the variations in total solar radiation. Pettit’s work undoubtedly
shows that one cannot measure short wave-lengths and assume that they
always give a true measure of the variation near the middle of the spectrum,
though 1t was shown by Atkins and Poole (1936, fig. 2 and discussion)
that, for the regions covered by the cells used, this assumption was
reasonably correct But the existence of notable oxceptions lessens the
value of the present series of records as far as their application to problems
of photosynthesis is concerned. While the existence of such vanations in
the ultra-violet to green ratio has been established by Pottit, the validity
of his computation to zero air mass has been questioned by Bernheimer
(1933) on the basis of his own measurements of ultra-violet, extending
from 1926 to 1933, He claims t.hM, these show an annual maximum in

idwil and a correspondi in variations due
to the alterations in the turbidity of the atmosphere. Ho previously drew
attention to the agreement between the yearly variation in the transmission
of the atmosphere for A3200, as measured by Gotz at Arosa, similar
measurementa at Upsala, the changes in the ultra-violet at Arosa for air-
maés 29 and Pettit’s ts for the ultra-violet to green ratio
From the similarity of the curves Bernheimer concluded that Pettit’s
deductions were untenable (1928, 1929, 1933 b).

I am indebted to Dr H. H. Poole for suggesting that a loose contact at
the shunting resistance might lead to a fictitiously high current in the
recorder and 8o explain the high values for 1930. These however occurred
with each of the three separate shunt units, the connexions of which were
goldered by the makers, no plugs being used. The same shunts are still in
use.

I desire to express my indebtedness and tender my thanks to the
following: The Government Grant Committee of the Royal Society for
funds for the purchase of the Cambridge thread recorder and other



464 W. R. G. Atkins

instruments; to Dr H. H. Peole, with whom the first measurements were

published, and to the Royal Dublin Society, in whose laboratories certain

aundnrd.iumns were ca.rnod out with him, to my colleagues and

at Ply h who kindly helped in the daily changing

of the chuhu and otherwise, during the eight years, also to the Buper-

d of the M logical Office, South Kensington, and of Kew
Observatory, for the information they kindly supplied.

SumMMARY

A Burt vacuum sodium photoelectric cell was used with a Cambridge
“thread recorder” to obtain daily records of the vertical illumination,
around 0-41 4. The greatest, least and mean values of the daily maximum
are tabulated for each month, as are the corresponding measurements of
the 1llumi mtegral mn kilolux-hours. The of the cell was
established, and it was shown that the daily maxima varied from 3-2 to
197-6 kI on the carbon arc potassium cell scale, which for average daylight
is close to the mean noon sunhght selenium cell scale.

Tho monthly mean of daily maxima was 150-9 for July 1930 and 124
for Decomber 1931 From April 1930 to February 1931 the monthly
means were, all save December, maximal for the cight years. The daily
illumination integral vared from 14:5 to 1323 kilolux-hours, and the
monthly means from 456 in December 1934 to 781 1 July 1930, in this
year the means for April, June, July, August, September, October,
December, also January 1931 were maxima for the eight years Five years
averaged 309 kilolux-hours a day, but 1930 showed 414, whereas 1933 had
the highest sunshine average. No satisfactory explanation of the high
values of 1930 is forthcoming, but N ber 1937 ded the high
November 1930 The vertical radiation integral, as measured at London,
shou ed that 1930 was rather higher than other years Possibly the

lies n the | of ) lly clear upper air during
10-!0 or perhaps m an xu.t.unl increase in the ratio of ultra-violet to green
in the solar spectrum as found by Pettit, a result contested by Bernheimer.
The six summer months receive from three-quarters to four-fifths of the
annual daylight,, of this the brightest month (May, June or July) receives
16-18%, and December 1:5%,.
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Quantitative spectrographic analysis of biological
material

IIT. A method for the determination of sodium
and potassium in glandular secretions

By J. 8. Foster, F.R 8., G. 0. LANgsTROTH, P11.D,
and D R. McRAg, Pu.D

Department of Physics, Mc(hll Unsversity, Montreal, Canada
(Received 15 December 1937)

»

A study of certain dig; glands 1n experi 1 animals (L
McRae and Stavraky 1938) required the analysis of samples of secretion,
ranging from less than 1 to 15¢ o in volume, for several different substances.
The use of the quantitative spectrographic method of analysis for Na and K
described in this article aided considerably mn obtainng the data for each
sample, and so resulted in a description which was relatively complete as
uompnred with thn obtained under a purely chemical procedure. This more

knowledge of the composition of the ions was found to be
of the utmost importance in the interpretation of the results, and in
obtaining an understanding of the behaviour of the glands.

The method of analysis for Na and K, like that for Pb described in
paper I (Foster, Langstroth and McRae 1935), depends on the determination
of the intensity ratio of a chosen line of the investigated element to one of an
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internal standard element. In contraat to the method of paper I, however,
the sample is excited in a condensed A.C. spark disch and use is made
of a standard working curve, viz. the intensity ratio plotted against con-
centration. Some important features of the procedure are as follows.
(@) The load placed on the electrode contains a fixed *“large’ amount of
some suitable added salt (the buffer). This serves to obviate variations in
the operation of the source due to variations in the composition of the
samples It permits the use of one working curve in the analysis of samples
which vary considerably in composition. (b) The sample may be placed
directly on an electrode previously prepared by drying on it & solution
containing the buffer salt and internal standard. With this procedure only
0-01 c.c. of & sample is requlmd for an analysis of both alements (¢) The
spectrum of each sample is photographed with an
sup-weakener ([mngntroth and McRa.e 1937) before the spectrogmph slit.

The p! of i d lines then lie in the normal
exposure region in some steps, and can there be accurately measured. In
this way one exp is sufficient for the d ination of both el b
or of several elements if required.

The method has been applied in d ining Na ions het

1x10-¢ and 30x 104g./c.c, and K concentrations between 1 x 10-¢ and
12x 10~4g./0.c. The probable error of the mean of a pair of determinations,
which requires only 002 c.c. of a sample, is about 4% The method for K
gives essentially the same results as Kramer and Tisdall’s chemical method
(1921), but there is evidence to show that it 18 more reliable, at least under
our test conditions. The low risk of contamination or loss, and the lack of
d d of d i on the chemical form in which the element is
prasent or on the extraneous composition of the sample, are important
characteristics of the method. As pointed out in the introductory paragraph.,

the small size of the sample required for an analysis is a decided advantage
in certain probl A pair of d inations for Na and K may be made in
three-quarters of an hour,

1. PROCEDURE

"The sparking circuit used for exciting the samples is shown in fig. 1. The
inductance L is about 2000 4H, and the condenser C has a capacity of about
0-02uF. The transformer supplying the power has a 1: 200 ratio, and is
operated with 18V across the primary. Examination of the discharge by
means of a rotating mirror shows that with this arrangement sparks usually
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pase between the eleotrodes only on every other half-cycle of the 60 cycle
AC. supply.

The eleotrodes consist of a copper point and a copper plane (9 x 10mm.)
on which the load is placed. These are mounted in a holder which permits
the plane to be 8o moved during an exposure that the spark passes over the
entire surface, as described in paper I. The electrode separation employed

is 8-6mm. The image of the source fied five times in projected on the
alit of the sp ph by a condensing lens; dingly only light coming
from a definite region of the disch midway bet the el des is
examined.

L

lSvollté g -—JF Cc Sx:;k

Fre. 1 Sparking oirowt.

An absorption step-weak of anti (L h and McRae 1937)
is placed immediately before the slit of the large quartz spectrograph
(Foster 1936) used in this work. One step of the weakener reduces the
intensity of the chosen Na line A 3302-3 so that the photographic blackening

duced by it is parable to that produced by the K Tine A 4044:7 as
transmitted by another step, both lying in the normal exposure region.
The copper el des are dipped in d nitre acid and rinsed

with distilled water. Glassware is cleaned by immersing it in boiling nitric
acid, and washing in distilled water

In making & determination, 0 03 c.c. of the buffer solution is placed on the
plane electrode by means of & specially made pipette, and is dried in a
dessicator. The buffer solution contains the internal standard elements as
well as the buffer salt. The buffer salt used in our work is lithium tartrate
at a concentration of 0:033g./c ¢. Pb and Cd are used as internal standards

for K and Na respectively; their are such that Pb A4057:8
and K 140447, and CdA3261-0 and NaA3302:3 produce comparable
blackenings on the ph phic plate. A definite amount (0-01c.c.) of

the sample is placed in a uniform layer over the surface of the prepared
electrode by means of a pipette which will be referred to later, and this new
material is dried as before.
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The electrodes are sparked and the spectrum photographed. In making
an exposure the plane electrode is so moved that the spark passes four times
over its surface at & constant rate each time, in 60, 30, 15 and 15 sec.
respectively. Calibration marks are put on the plate in the A 3302 and
A 4044 regions with a step-slit and quartz band lamp.

The intensity ratios A 4044, K : 14057, Pb, and A 3302, Na * A 3261, Cd,
are determined from the plate by the standard microphotometric method.
The following t lure has, h , been adopted. A Moll
microphotometer, used u a direct reading mstrument has been so modified
that the light from the galvanometer falls directly on semi- Iognnthmm gra.ph
paper, and that the clear plate deflexions may be ly
read 100 on the linear scale With this arrangement, no numerical vnluos
for galvanometer deflexions are read, those for the calibration marks are
marked at the appropriate intensities on the logarithmic scale, to give the
calibration curve for the plate; those for the spectral lines may be read off
directly 1n terms of intensity from this curve The procedure results in a
considorable saving of time and labour.

The ions corresponding to the d ined i ity ratios are
read off from standard working curves. These curves are constructed by
plotting determined intensity ratios for known solutions agamst the known
concentrations.

2 Tuk PRECISION AND ACCURACY OF THE DETERMINATIONS

The precision of the method as used mn analyses of saliva and pancreatic

isll dn Table 1. Two di inations for each element were

made on each sample, and the average was taken as the representative

value The deviations of Table I refer to the deviation of either determina-
tion from this value

TanLe I
Mean deviation Standard Probable error
(%) deviation (%) (%)
Mothod of No of e, p— e, e,
mixing samplos  Na K Na X Ne K

(a) In tost-tube 116 40 o1 48 62 82 42
(b) On clectrode 19 38 54 48 69 32 47

When the sample is placed on a prepared electrode as described above, the
deviations include the errors in measurement of the volumes of sample and
buffer solution used. On the other hand, earlier analyses were made by
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mixing 0-25c.0. of the sample with an npproprute volume of tha buﬂ'er
solution in a test-tube, and using this mixture for both d
Under these circumstances, the deviations exclude the errors in measure-
ment of the volumes of sample and buffer solution.

It is apparent that the errors introduced by errors in the volume measure-
ments in procedure (b) are negligible in ison with the
errors ink in the sy pic method. P; dure (b) is more rapid
than (@), and requires a much smaller volume of the sample. In view of the
results of Table I the precision of the method is represented by a probable
arrorofas%forNa,md47%forK

Ta.ble II makes a p K ions in saliva as
ically, and as d ined by Kramer and Tisdall's
(1921) chemloal method.
TasLE II
K ooncontration (mg. %)
——— Deviation from
Spectroscopically  Chemucally mesn (%)

. 26 21 106

28 28 00

30 26 72

20 32 49

3¢ 38 56

44 43 11

40 42 24

45 42 34

47 50 31

Num 323 322

The fact that the sums of the two sets of determmations diffor by only
0-3 % indicates that no constant error is present in either method, or that
similar constant error is prosont 1n both. In view of the totally different
character of the two methods the latter alternative appears to be highly
improbable.

The deviation of individual ch and ie d
from their mean 18 in one case as high as 10+ 6 % b\lch large deviations
probably result from large errors in the chemical determinations, since, as
indicated by the following illustration, the spectroscopic method is the
more reliable under our test conditions. Each of several samples of saliva
was divided in half, and to one hnlf was added & known amount of a K salt.
All half-samples were analy ically and pically for K, and
the added amount, as d ined from the analyses, was d with the

Vol CLXV. A. "
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known added amount. It was found that the average deviation from the
known value was 17 % for the values determined chemically, while for those
determined spectroscopically it was only 5%. Similar tests were made
spectroscopically for Na, with similsr results.

3. Drsousston
The problems of q ive spectrographio analysis may be considered
to fall into three distinct classificati (a) probl d with the
preparation of the sample for excitation, (b) probl d with the
excitation of the sample, and (c) probl d with the

of relative intensities in the emitted spectrum.

The preparation of the sample. 1t is desirable that the preparation of the
sample should involve as little treatment as possible, in order to minimize
the chance of contamination or loss of ial. This condition appears to
be satisfactorily fulfilled by the present procodure, which involves only the
transfer of a small quantity of the ssmple from the container in which it is
collected to the electrode surface. .

It is necessary that the volume delivered by the pipotte to the electrode
be closely reproducible. Pipottes with long fine pomnts slightly curved at the
end are used for this purpose. The curve facilitates the removal of liquid
which tends to adhere to the outside of the pipetto after delivery of the
sample. As indicated by the figures of Table I, 0-01 ¢ c. of hquid may be
placed on an electrode with a high degree of reproducibility with these
pipettes.

The excitation of the sample. If reliable results are to be obtained, it 18
necessary that the intensity ratio of a line of the investigated element to
some 1nternal standard line be dependent only on the amounts of the two
elements present, and on no other factor which may vary from sample to
sample. The degree to which this condition 1s fulfilled determines the sucoess
of a spectroscopic method.

If a sample is placed al an el de, the i ity ratio obtained for
lines coming from different el will depend on th b of
matter present. For example, the intensity ratio of the Pb and K lines used
in this work increased by 50 %, when the deposit of lithium tartrate on the
clectrode was changed from 0-3 to 1:0mg./em.3 of surface; the change in the
Na: Cd ratio was somewhat less. In our expenmenu the samples of

{ ions to be analysed contained in some cases as much as
3 % and in others as little as 0-3 % solids. Because of this variation in total
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solids, accurate determinations could not be made for such samples by
placing them alone on the electrode. To overcome the difficulty, some
suitable sub is deposited on the el de in & fixed amount greatly in
excess of the amount of solids in the samples. The discharge then takes its
character from this added substanco (the buffer), and is little affected by
variations in the composition of the samples. Under these conditions one
may use the same working curve for different samples. It is obvious that
in determining the working curves, the deposit of buffer salt on the electrode
must be the same as that used in actual analyses. Lithium tartrate has been
found to be a satisfactory buffer salt for our work. Tt dries on the electrode
in & closely adhering layer, which is “burned” rather than flaked off as is
the case with many inorganic salts.

In view of the preceding statements, 1t 15 clear that the deposit on the
electrode must form a layer of nearly uniform thickness if reliable results
are to be obtamned By drying rapidly at low pressure some samples of
saliva may be made to form a thick deposit at the edges of the cloctrode,
leaving the centre nearly bare. The K dotermination obtained from such
a deposit may differ by as much as 40 %, from the determination made from
a umform deposit Thus far no difficulty has been encountered in obtaining
aufficiently uniform deposits when the sample 1s dried in a desiccator.

The condenser in the sparking circuit is large enough to produce a spark
which will burn through the deposit on the electrode. The voltage across
the primary of the transformer is reduced to a point slightly abovo that at
which a discharge just takes place hetween the eclectrodes. Under these
conditions the general heating of the el des is & p | mini and
the destruction of the character of the deposit in places not immediately
attacked by the spark appears to be neghgible. The adjustment of the
electrode spacing is not critical; a 26 %, chango in separation causes less than
7% change in the intensity ratios.

‘There is evidence to indicate that the excitation in the discharge column
of the source used in this work is thermal in character (Langstroth and
McRae 1938), i.e. the average populations of the imtial states are in a
Boltzman distribution. It is therefore desirable to choose internal standard
lines which originate in initial levels having nearly the same exclhtlon

ials as those of the i igated lines of the el to b i
Energy level data for the lines used in our oxperiments are given in Table [11.

Consideration shows that if the working curve was determined with a
discharge temperature of 8000° K., and an observation was made with the
discharge at 8000°K., the error in the determination of K due to this
variation would be 20%. The error in the Na determination would be
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considerably lees, sinoe the Na and Cd excitation potentials differ by only
0-07 e-volts whereas the corresponding difference for Pb and K is 1-32
e-volts. The fact that the average error is 1 9%, greater in the K, than in
the Na deummnhom (Table I), may be due in part to fluctuations in the

f th An average fl ion of 50° from the
lttndud tempentu.re would acoount for a 1%, greater deviation in the
K measurements. Another factor contributing to this greater deviation for
K is referred to below.

TasLx 111
State Exoitation
— potential
Elemont Line Imtial Final e-volts
Na 33023 (3p) *Py (18) %8, 3
K 40447 (8p) °Py (18) %8, 304
Cd 3261-0 (2p) 'Py (1s) 18, 378
Pb 40678 [op(-r,) ] 2 (6p%) *P, 436
M ¢ of ink In our apphoations of the method, the back-
ground i ity was idered to be sufficiently small to be neglected.

It appeared to be somewhat greater however in the region of the K line than
in that of the Na line. This circumstance, combined with the fact that the
blackening for the K Iine was small as compared with that of the other lines,
results in a greater error in the determination of the K : P’b ratio. Hence a
greater mean deviation in tho K d i is to be expected. This is
found, as shown in ‘l'able I. The fact that the K determinations of the second
row of Table 1 have a greater probable error than those of the first row
(47 % as compared to 4-2 %) is due to the fact that for these determinations
the (and so the back d) wero twioe as great, while the
blackenings of the K hno remained about the same. It may be noted that
the probable errors for Na, for which the background is & much smaller
consideration, are the samo in the two rows of Table L.

We are indebted to Dr G. W. Stavraky for making the chemical n.nalysee
referred to in this article. We are also indebted to the Rockefell
tion for financial assistance.

SUMMARY

An internal dard method of i phi anulysw,
a8 applied in the determmation of Na and K in glnndulu secretions, is
desoribed. The probable error in & d ination is about 4 %.
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By sdd.mg an appropriate foreign substance to the sample in such
ies that the character of the cond d A.C. spark discharge is
determined by this substance, it is possible bo use the same working curve

for samples of iderably different p
The sample and internal mmdnrd my be separstely plaeod on the
electrode by a pipette specially d d for delivery of small

volumes. The volume of a sample required for the determination of both
elements is thus reduced to 0-01c.c.

By photographing the spectrum of the sample with an antimony absorp-
tion step-weakener before the spoctrograph sht it is possible to obtain
determinations for two or more elements from a single exposure
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Thermal conduction in hydrogen-deuterium mixtures
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INTRODUCTION

The work to be described here was undertaken by the author in order to
provide accurate data on thermal conduction in gaseous mixtures of
d ium and hydrogen at ordinary temp to be applied to the
analysis of such mixtures by the thermal conductivity method developed
by A. Farkas and L. Farkas (1934) and others; and also to make an accurate
direct determination of the thermal conductivity of pure deuterium.

With regard to the latter quantity, the values obtained by other workers
to date vary widely, showing a maximum difference of the order of 11 %,

Van Cleave and Maass (1935), using a relative hot-wire method and
assuming the value of the thermal conductivity of pure hydrogen at 0°C.
(Ky) to be 0-000416 cal. cm.~! sec ' deg.~* C., gave as ther final result for
deuterium

K¢ = 0-000295  0-000003 cal. cm.*sec. deg ~1 C.

A later determination made by K luik (1936), using & modified
hot-wire method, gave the value

K, = 0-000329, cal cm. 1sec.~1deg.”1C.

Tirabivits

Again, an ive series of d inations of the thermal
of various gases, including deuterium, has been made by Nothdurft (1937),
also using & hot-wire method, and in this case the value obtained was

K, = 0-0003031 + 0-0000011 cal. cm.~soc -1 deg.~1 C.

A prelminary announcement of the value obtained by the author
(Archer 1936) has already been made, and it is pointed out that the two
former valuos quoted above were published during the course of the work
to bo dssmbed here, whllst the last quoted was announced aftor the thermal

ity d ions had been leted. Unfe 1
circumstances beyond the control of the author seriously lundered che
work on the d inations of the ions of d ium oxide and

[4714]
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water, used in the preparations of the gases, and in consequence a delay in
the final publication of the results has oocurred.

DESCRIPTION OF APPARATUS

The apparatus used is shown diagrammatically (fig. 1) and will be
described briefly.

Fia. 1

A 18 a small bulb of pyrex glass communicating with the pyrex glass
liquid-air traps, B and C. C is connected, by using joints of intermediate
glasses, to & quartz tube placed inside an electrically heated cylindrical
furnace, D, and ining pure i i This tube, again by
using joints of intermediate glasses, is connected to a third pyrex glase
liquid-air trap, ¥, and thence through the tap, P, to a discharge tube, F,
a compression apparatus, @, a mercury manometer, M, the thermal
conductivity tubes, T, and finally through the tap, @, to the vacuum
pumps used.

The compression apparatus consists of three pyrex glass cylindrical bulbs,
G, connected as shown, together with & mercury reservoir, R, and an air
trap, H, the latter to prevent air from being carried into the apparatus by
themercury when the reservoir, R, 18 operated. The function of the apparatus
was to overcome the difficulty of being able to prepare only a small volume,
about 150 0.0, of the various gases at a reduced pressure. The gas having
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been d at a fairly low p about 100 mm. of meroury, with the
reservoir, R, in its lowest position, could be compressed by gradually raising
the reservoir to fill the bulbs, @, with mercury and the pressure thereby
increased to about 700 mm. of mereury.

The magnesium turnings, after having been thoronghly washed in ether
to remove all traces of grease, were contained in a thin walled quartz tube,
open at both endg and lined with asbestos, placed inside the slightly larger
quartz furnace tube. This arrangement was found to be neocssary because
when a single furnace tube was used a thin layer of magnesium was deposited
on the inner walls of the furnace tube after heating and caused the tube
to be fractured.

The furnace could be raised to a temperature of about 650° C., the
temperature bemng indicated by means of & copper-constantan thermo-
oouple placed between the quartz tube and the furnace wall, It was found
possible to maintam the temperature of the furnace constant to within
5° C. of the desirod temperature, usually 500° C., for several hours by
controlling the electric current with suitable rheostats

The thermal conductivity tubes, 7', were of the type employed by the
author in previous work of a similar nature, the tubes being made of
ordinary glass and connected, to the reat of the apparatus by a carefully
ground joint. The main tube and compensating tube were cut from the
same piece of selected and calibrated tubing, the internal radius (ry) being
0-6646 cm. and the external radius (ry) 07692 cm. The thin wires sealed in
the tubes were of pure platinum, the radius (r,) being 0-003977 cm. *

The gas pump systom consisted of & motor driven Hyvaoc oil pump as
backing pump and a gas heated meroury vapour pump.

PREPARATION OF GASES

Tn the greater part of the work, the apparatus desonbod above was used
to prepare the various mi; of d ium an gen, as well as
pure hydrogen and also deuterium as pure as it was poemble to obtain.
The first preparation was that of hydrogen as a check on the method,
specially prepared distilled water being uned for the purpose, and the
method of preparation will now be describ

Firat, the whole apparatus was evacuated, the pumps being kept in
oporation for several hours while the electric furnace was heated to about
600° C., the discharge tube, F', being used to indicate the vacuum condition.
This prolonged treatment and the heating of the wmagnesium to a tem-
perature higher than that maintained in the actual p ion of the gases
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were found to be necessary in order to degas completely the apparatus and
the magnesium. Moreover, it was found necessary to repeat the prolonged
degaasing prooeas after each preparation; traces of hydrogen were observed
to be present during the first fow hours of the heating, and the process was
d until the discharge tube indicated the complete absence of all
gases. Without this precaution it could not be ensured that the gas obtained
was of the same concentration as in the liquid used for the preparation.
After allowing the furnace to cool to atmospherio temperature, the tap,
P, was closed, the seal at L broken, and about 0-5 o.c. of the liquid was
introduced into the bulb, 4, and the seal at L was remade. The bulb, 4,
was surrounded with hquu] air in order to freeze the liquid, the hp, P
opened and th ted The trap, B, was
with liquid air, the ﬁ'omn specimen in 4 allowed to melt and evaporate
slowly, being again frozen in B. On the completion of this distillation the
bulb, 4, was d at the c icti 8. The i was then
dustilled to the trap, C, by a similar method, and the trap, B, removed at
the constriction, X. In this manner any gases dissolved in the liquid were
removed and any traces of solid impurity left behind in either 4 or B.
Keeping the specimen frozen in C, the furnace was next heated until &
steady temperature of about 500° C was attained, and at this stage the
specimen in C' was allowed to melt and evaporate very slowly, the pump
system now being cut off by closing the tap, Q. Thus the vapour passed
over the heated jum and was d posed, the required gas passing
over into the whole apparatus. Any shght traces of liquid not decomposed
were collected by freezing in the trap, E, which was immersed in liquid air
throughout the preparation. By careful control of the evaporation, however,
from C it was found possible to decompose the whole of the specimen, some
eight hours usually being occupied in the process. During this time the
mercury reservoir, R, was kept in its lowest position so that the bulbs, G,
and the tubes, 7', were filled with the gas at a final pressure of about 100 mm

of meroury, the p being indicated by the ter, M. At this
stage the tap, P, was closed.
Exaoctly th method ployed in preparing the various

of deuterium and hydrogen from mixtures of deutenum oxlde md d:mupd
water, using deuterium oxide of 9995 %, g
by Messrs Imperial Chemical Industries, Ltd. The liquid mlxtu.res wore
made of an approxi ion only of d ium oxide in water,
the exact ions being d ined at a later stage.

Lastly, deuterium was prepared by the same method from a sample of
the 9995 %, deuterium oxide.
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In every case the preparation was repeated, using fresh samples of the
various liquids, and the thermal conductivity observations on each gas
specimen were repeated until in the case of each gas specimen consistency
was attained. For this purpose the current measurements (see below) were
used, an agreement to within 0-0005 amp. in the values being considered
sufficiently oonsistent, the values ranging from 0-46 to 0-27 amp. in the
whole series of observations,

As a final check on the thermal conductivity observations for deuterium,
a suffici ly of the gas d by thed position of a speci
of the 99-05 % deutennm oxide by metallic sodium, using a similar r form of
apparatus and the method described by Mann and Newell (1937).

THERMAL CONDUCTIVITY OBSERVATIONS

The form of thermal conductivity apparatus used in the present instance
is the vertical compensated hot-wire system evolved as the result of an
extensive series of experiments on thermal conduction in gases, using the
hot-wire method, in which the author has takon part, the main object of
the system being to eliminate as far as possible the effect of losses of heat
by convection.

In the first series of experiments (Gregory and Archer 1926a), two com-
pensated hot-wire systems were used, the tubes being of different radi1 and
placed horizontally. In this case there were convective losses in both
systems, being much greater in the wider tubes than in the narrower. It
was found possible, however, to eliminate the effects of convection by
observing the pressures in both systems at which such losses vanished, the
temperature conditions in the two systems being identical.

It had beon shown previously (Weber 1917) that in & similar hot-wire
system with the tubes placed vertically the heat losses by convection were
very much smaller than in the same system placed horizontally. Hence
it was decided to work with vertical tubes, modified in such a way as to
reduce the convective losses still further, Such a modified hot-wire system
wu firat used (Gregory and Archer 19265) to show that the t,horlml con-

yy of air is independent of p the results indi g that
convection was almost enei.mly ehmmnmd over the range of preaaures and
used in that i The double system of the modified

vertlul type, however, was adopted for further experimonts, being used
to d ine the therral ductivity of carbon dioxide (Gregory and
Marshall 1927), of oxygen and nitrogen (Gregory and Marshall 1928), and
of carbon monoxide and nitrous oxide (Gregory and Archer 1928). Then,
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a single vertical system was first used for direct determination i in an
investigation of the thermal conductivities of the d hyd
in the gaseous state (Mann and Dickins 1931).

Up to this time no account had been taken of the effect of accommeodation,
and the di inuity of bet a gas and a solid
surface, on thermal conduction in gases in the work detailed. It was realized,
however, that the effect though small should be taken into account, and
consequently with this object in view a re-examination of the results of
the work first mentioned above was made (Gregory and Archer 1933). It
waa then established that by using a relation of the type adopted in the
present work (see below), the two effects of convection and temperature
drop could be successfully eliminated from the thermal conduction, a single
vertical hot-wire system being sufficient for the purpose. This was further
oonﬁrmed. in the case of a series of gases (Dmkms 1934) of which the thermal

and the relative to a platinum
surface were determined The method, with some modification 1n the
theoretical treatment, has since been applied n the case of hydrogen over
a range of temperature up to 300° C. (Gregory 1935), and also in tho case of
carbon dioxide over a similar range of temperature (Archer 1935)

The construction and method of use of the thermal conductivity apparatus
need little further description here, the calibration, etc, of the hot-wire
tube system following exactly the same lines as described in the papers on
the work mentioned above.

The tube system was maintained at a 0°C,
throughout the whole series of observations, by means of the usual form
of ice-bath fitted with a motor-driven stirrer, the platinum wircs bemng
connected to a Callendar-Griffiths bridge, used in conjunction with a
Tinsley thermoelectric potentiometer.

The gas specimen having been prepared, the reservorr, R (fig. 1), was
raised to obtain the maximum possible pressure 1n the tube system, usually
about 700 mm. of mercury. The Callendar-Griffiths bridge having been set
to balance for a resistance corresponding to a predetermined temperature
of the platinum wires in the tube system, the strength of current passing
through the wires was adjusted by means of sensitive rhoostats until the
bridge was balanced. The strength of the current was then measured by
means of the potentiometer, and at the same time the pressure of the gas
in the apparatus was observed by using the mercury manometer, M.

Next, the pressure of the gas was reduced by lowering the mercury
reservoir, R, the h of the current adjusted to restore balance of the
bridge and the observations repeated.
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This procedure was carried out at a series of pressures of the gas, the
meroury reservoir, R, being lowered in suitable stages until the minimum
Ppossible pressure, usually about 100 mm. of meroury, was attained, the
strength of current being d and the p b d at each stage.

Three other similar sets of observations were made, with the Callendar-
Griffiths bridge setting adjusted to pond to three other temp
of the platinum wires in the tube system, using tho same specimen of gas
over the same range of pressures in each set of observations.

This procedure was repeated in the case of each gas specimen prepared,
four sets of observations being made for each gas with the heated platinum
wires in the tube system at four different temperatures ranging from
21-644 to 10-370° C.

CALCULATIONS
In the present work, the relation
U logrefr, , A
Q™ 2nkJ T P m
was used to d the thermal ductivity, K, of the gas.

In this relation, Q represents the loss of heat per second by conduction,
in the absence of convection, from an electrically heated platinum wire of
radius r,, of effe length 1, tod iglly with a glass tube of radius
ry, and compensated for “‘end” effects, etc., 6 being the difference of tem-
perature between the platinum wire and the mner wall of the glass tube.
P s the pressure of the gas in the tube system, and 4 is a constant involving
the accommodation coefficient of the gas.

The values of @ were calculated from the observations of the effective

of the plati wire and the h of the ourrent required to
in the £ of the wire during the observations.

The values of § were also obtained from the observations of the effective
resistance of the platinum wire, the necessary corrections to the platinum
scale temperatures being applied to obtain the corresponding Centigrade
temperatures; allowance also was made for the flow of heat through the
walls of the glass tubes in each case, corrections being calculated from the
internal (ry) and external (r;) radii of the tubes and the thermal conductivity
of the material.

By plotting the values of 1/Q against those of 1/P, a straight line is
obtained. The intercept of this line on the 1/Q axis represents the quantity
log, ry/r,

KJIG"
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from which the value of the thermal conductivity, K, of the gas can be
oaloulated.

The observations obtained for each of the four settings of the Callendar-
Griffiths bridge were treated thus, the value of K found in each case being
that at the average temperature between that of the heated wire and that
of the internal wall of the glass tubes. The value of the thermal conductivity
at 0° C., K,, was then obtained by extrapolation from the four results.

At the same time, the ulope of each straight line glves the value of the
quantity, A/ﬁ D g to the particular exp cundmons,
and by using the appropriate exprossion for A th d
of the gas at the temperature of the heated platinum wire can be obtained.
It has been shown recently by Gregory (1936) that in the general equation (1)
above, 4 may be expressed in the form

| J(2nM) 2-a ,/Tl JT.)

% R 2af+d

in which /18 the effective length of the heated platinum Wu'e, M the moleml.lnr
weight of the gas, R the gas « the t and
£ the spearfic heat per molecule of the gas, T, and r, the abeolute tem-
perature and radius of the pl wire, 7' and 7, the absolut:
and radius of the inner wall of the glass tubes.

This expression was used to determine the accommodation coefficient in
the cases of di ium and hydrogen. Ex| | values of the specific
heat per molecule for hydrogen were lable, but 1n the case of deuterium
no such data are available, and the classical value, 2:6, was used in the
calculations.

In the present mstance, calculations of the heat lost by radiation from
the heated platinum wire in the prevailing experimental conditions showed
that such losses were negligible in comparison with the total heat losses,
and mn view of the estimated accuracy of the observations the corrections
were not applied.

OBSERVATIONS AND RESULTS

Space will not permit the reproduction of all the necessary observations
taken in the course of the work, nor is it considered desirable to quote in
detail all the experimental data. As an illustration, however, a typical set
of lines are reproduced graphically in fig. 2. These partioular lines were
obtained from the experimental observations made in the case of deuterium.
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These lines are typical of th 1 lly and show olearly th
of the observations to the straight line 1aw according to relation (1) above.
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The final value of the thermal conductivity of each of the various samplos
of gas, caloulated from the whole seriea of experimental obsorvations, 15
contained in the table below:

Percontago
R S— Temporature
1ydrogen Douterium K, coofficiont,

100 0 0:000418, 00028,

802 198 0 000382,

L] 3456 0-000364,

498 504 0 000350,

05 605 0000341,

187 813 0-000323,
006 99 95 0-000308, (a) 00030,
0-000307, (b) 0-0029,

In this table the figures in the first two columns show the percentage
concentrations of hydrogen and deuterium present in the differont gas
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specimens used. These concentrations were obtained from a series of deter-
minations of the densities of the liquid mixtures used in the preparation
of the gases. For this purpose a flotation method, devised by Dr R. H.
Purcell of the Chemistry Department of the Royal College of Science, was
used, a composite float of silica and glass of about 0-25 c.c. capacity bemg
filled with the liquid and the fl 1 a bath of pure deg
distilled water observed.

In the third column are shown the values of the thermal conductivity
of each gas specimen, 1n each case at the temperature of 0° C. and expressed
in the usual units, cal.cm ~!sec. “‘deg ~1C. In the case of deuterium, the
value marked (a) is that obtained from the gas d by the
method, while that marked (b) 18 that obtained from the gas prepared by
the sodium method.

The fourth column contains the values of the coefficient of increase of

thermal cond ity with tomy b 0° C. and an average mean
temperature of the gas of 10-9° C,, in zhe case of hydrogen nnd deuterium,
The values of the thermal ductivity are also hically

in fig. 3, the values of K, from the above table being plotted agaumt t.ho
percentage concentrations of the gases in cach case.

The accuracy of the thermal ductivity results is 1 to be of
the order of 0-25 %,

Finally, the value of the dati fficient also was calculated
in the case of pure hydrogen and of d ium, the results ob d being:
Hydrogen e 0-29,,

Deuterium e 037,

These values are relative to a platinum wire surface at a temperature of
0° C., and are in good agreement with similar results obtained previously
by other observers.

In conclusion, the author wishes to express his sincore thanks to Professor
Thomson for hs and the facilitios to carry out the work,
to Professor Rankine for his enthusiastic interest and helpful advice, and

to Dr R. H. Purcell for the valuable help afforded in the prey of the
gases and in the di i of the
SUMMARY
Thc paper describes an oxperi 1i igation of thermal cond
in hydrog i and hyd d i mixtures of varying

oonoentra.tlon The hot-wire msthod used by the author and others
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previously in similar work, was adopted to determine the thermal con-
ductivity at 0° C of hydrogen, deuterium, and of each mixturg, and also
the of hydrogen and d ium relative to &
platinum surface at 0° C.

The hydrogen was prepared from distilled water, the deuterium from
deuterium oxide of 99959, guaranteed concentration, and the gaseous
mixtures from mixtures of the water and deuterium oxide, by passing the
vapour over magnesium heated to about 500° C. in an electric furnace.
Deuterium was also prepared from the oxide by reaction with metallic
sodium in vacuo. The percentage conocentrations of the gaseous mixtures
were obtained from obsorvations of the densities of the liquid mixtures,
using a flotation method.

The values obtained of the thermal conductivity at 0° C. of hydrogen and
deuterium were 0-000418, and 0-000308, cal. cm."*sec.~?deg.~* C., and of
the accommodation coefficient 0-29, and 0-37, respectively. The values of
the thermal conductivities of all the gases together with the percentage
conoentrations are shown in a table, and also represented by means of
& graph.

REFERENCES

Archer 1935 Phu. Mag. 7, 19, 901,
— 1936 Nature, .. 138, 286
Dickins 1934 Proc Roy. Soc. A, 143, 517.
Farkas and Farkas 1934 Pror. Roy. Soc. A, 144, 467
Uregory 1935 Proc. Roy. Soc A, 149, 35.
— 1936 Plul. May. 7, 22, 257.
Grogory and Archer 19260 P'roc. Roy Soc A, 110, 91,
— —- 19260 Phil May. 1, 593.
-~ — 1028 Proc. Roy Soc. A, 121, 285,
- — 1933 Phil. Mag. 7, 15, 301.
Gregory and Marshall 1927 Proc. Roy. Soc. A, 114, 384
— — 1928 Proc. Roy. Soc. A, 118, 584
Kannulutk 1936 Nature, Lond., 137, 741
Mann and Dickins 1931 Proc. Roy. Soo. A, 134, 17.
Mann and Newell 1937 Proc. Roy. Soc. A, 158, 397.
Nothdurft 1937 Ann. Phys., Lpz., 38, 2, 131.
Van Cloavo and Maass 1935 Canad. J. Rea. 13, 372.
Weber 1917 Ann. Phys., Lpz., 54, 21, 3265,

Vol. CLXV. A. 32



The theory of pressure-ionization and its applications

By D. 8. Koragi, Pa.D. (Cambridge)
Physwes Department, University of Delhi

(Communicated by M. N. Saha, F.R.8.—Received 14 December 1937)

It marked a significant advance 1n astrophysics when M. N. Saha first
showed how the degree of ionization in stellar ial could be caloulated
in terms of its temperature and pressure (or density). In the usual theory of
thermal ionization the free electrons are treated as a classical perfect gas
and, therefore, the theory is applicable only so long as the tem perature and
density of the material are such that the free electrons are non-degenerate in
the sense of the Ferml Dirao statistics. In the outer atmosphere of & star
the condition of is always satisfied, but in the interior of
the white dwarf stars and the planets (and possibly in the interior of other
stars as well) the conditions of temperature and density are such that the
free electrons form a degenerate gas and their behaviour can no longer be
described in terms of classical perfect gas.

In the case of coldt matter Saha's theory loses its validity and the degree
of ionization in degenerate matter must be investigated on other lines. This

of the ionization in te matter is of imp in

i rticularly in hes dealing with the internal con-

shtutlun of the white dwarf stars and also, as has been recently shown

(Kothari and Majumdar 1936a, 1936b; Kothari 1936), in predioting the
maximum radius for a cold body.

In this paper we shall deal with the theory of ionization in degenerate
matter. In Sebtion 1, by an application of the virsal theorem, we derive a
relation which predicts the degree of jonization in degenerate matter in
terms of its density. This relation is obtained on certain simplifying assump-
tions and we cannot regard it as ontimly satisfactory.} (All the same, we
believe it to be better than any given prevaoualy ) In section 2 the results
of this paper are compared with those btained. Section 3 deals
briefly with some astrophysical apphca.t.lons 'l'he important results are
summarized at the end of that section.

t The word cold 18 usod here in a technical sonse, Matter will be referred to as cold
or degenerate, when any fres electrona present constitute a degonerate gas.

1 One can conmder the present theory to be in the same preliminary stage as tho
theory of metals tmmediately after its revival by Sommerfeld.

[ 486 ]
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1. The virial theorem states that for an assembly of particles inter-

aoting according to the inverse square law of force

2T+ W = 3pV, t
where 7 is the total kinetio energy for all the particles of the assembly, W
the total potential energy, V the volume and p the external pressure to
which the assembly is subject.

Consider material§ composed of atoms of atomic weight 4 and atomic
number Z compressed to such an extent that some at least of the outer
atomic orbits overlap, and therefore the eleot which ied these
levels are rendered (or squeezed) free—in other words we ountemplnm

ditions such that P ton occurs. We can divide the material
into similar spheri il h oell ining & nucleus and Z electrons.
In general, some of these electrons will be bound and some will be free. If a
denotes the radius of the cell, then a will be connected with the density by
the rolation

Ll @

where my, is the mass of the hydrogen atom and ¥, is a factor of the order
unity. The exact value of y, depends on several fact particularly the
lattice arrangement of the atoms.

In estimating the kinetic energy 7' we include all electrons, bound as

well as free. As is now well known from the investigations of Fermi, Thomas

1 In a previous papor (Kothar: 1936) tho virsal theorem has boen applied in the form
2T+ W + Wy = 0 to the stollar oonﬁgunmon As e whole, where T, W and W are the
total knetio, ol and energi ly; and & relation
between the radius R and the mass M of the oonﬁgul‘hon was directly obtamed.
The amn of the preaent paper 18 a different one. Here we are primarly concerned with
an investigation of the theory of i ho
of the theory will be taken up in the last section—the results obtamed theremn gomng
beyond those of the previous paper,

It may be mentioned that the calculation for the kinetic and electroatatic energies
1n the present paper follows the lines of the previous paper with necessary formal
ol

hanges.
} The genoral result for force varying as the nth power of the distance 18
2T~(n+1) W = 3pV.

‘The sign of the force or " and 1t may even vary from
particle to particle,

The zero level or state for reckoning the potential energy W 1s the state when the
particles are all dispersed to infinity.

§ Throughout this paper we shall consider material composed of atoms of nne
eletnent only, a8 it does not seern \ble at present o estimate W for a muxt;
element

322
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and others, the bound electrons in an atom can be treated as forming a
degenerate gas, and ae the material is cold the free electrons will also be
degenerate. It will lead to no serious error in estimating 7' if we assume the
Z electrons as uniformly distributed in the cell. The usual formula for the
kinetic energy of degenerate electron gas is
3 A3 (3n*\t
Eo= Tom (Ef) N, (8)
where n* is the electron concentration,t N the total number of electrons,
m the electron mass and 4 Planck’s constant. Substituting Z for N, and
Z[yya® for n*, where 7, 18 a factor of the order unity, we obtain for the
kinetic energy per cell
-am (E )' *
~ 10m \ 8myga®)
and, therefore, T the total kinetic energy of the assembly is obtained by
multiplying 7" by the number of cells into which the assembly is divided,

ie. T = T’(—%:—) , where p is the density and ¥ the volume of the assembly.
'H.

4
Substituting for a® from (2), we have
3m(3  Zp ', pV 5)
10m Bn'y,'y,AmH Zmu

We shall now obtain an expression for W. It is no simple matter to cal-
culate W acourately, but an approxunma value for it can easily be nbtamed
We shall assume that the total p ial energy is obtained by ing
the electrostatic energy of a smgln ocell with the number of cells. Assuming
a8 before that the Z eleotrons are uniformly distributed in the cell of radius
a, the cell having at its centre a nucleus of charge + Ze, the potential U(z)
at any point inside the cell and distant z from its centre will be, after the
cell has been built up to radius x,

Uz) = (Ze-—%’z‘n‘e)/z. (6)
Therefore the potential energy ¥’ of the oell will be given by
& 4m
~aans
W -j (Ze—"r‘."_e.)hma..-,gz - 22 4]
0 z 10 e’

+ n* denotos the total electron concentration, The fres electron concentration Will
be donoted by n.
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and henoe, eliminating a with the help of (2), we have

PV 9 P )' N4
~W=-W Amy " 107 \y, Amy) dmy’ @
In the case of d matter the | ffectively depends only on

the free-electron concentration (the heavy particles bomg non-degenerate
make negligible contribution), and is given by the usual expression

_ 8ah?(3n

“Bm (Bir) ! ©)
where n denotes the number of free electrons per unit volume It is not to
be confused with n*, which rep the total ion of bound and
free electrons.

Let us now define x, the mean molecular weight per free electron, by the
relationt
P
n=-"— 10
Hmy o
If the material is r times jonized, i.e. per nucleus there are r free electrons
and (Z —r) bound electrons, then

n=r , and ‘u=f‘;. (1)

P
Amg
The value of x4 gives a measure of the degree of ionization. In the case of
singly ionized material 4 = A and for fully ionized material z = A/Z.
Eliminating » between (9) and (10) we have

Kpt
p==F (12)
Swh3( 3 \b
where X K= ﬁﬁ(s»mn) (13)

K may be called the “degenerate-gas constant .,
Substituting for 7, W and p in (1) the expressions given by (5), (8) and
(12) respectively, and after a little reduction, we obtain

(412) (ny,)!

- ’ 14

* [_""'T}“f“'(yly.)( il i
n P

t It may be notod that 4 n our work denotes the mean molecular weight per free

electron and not the weight averaged over all the particles, 1.e. free electrons and 1ons.
‘We shall npeak of 4 defined by (10) as the electron moleoular weight,
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where 4 stands for

A= [2.3'.1'»"";':‘“5]'. (15)

In the above expression 7y, and y, are factors of the order unity. Their exact
values are uncertain, but as a rough approximation, we shall replace them

by unity.t Then we have
- e w
-7

1-

where p, = A/Z. This relation predicts the degree of ionization in cold
matter in terms of its density. If we eliminate p between equations (12)
and (16) we shall obtain a relation between x and the pressure p. Thus we
see that the ionization in cold matter depends only on the density or pressure,
and for this reason it is called pressure-ionization.

Let p* denote the density when the material is singly ionized (z=4),
then (16) gives

AZA

p‘=(l_%),.

and we oan write (18) itself in the form

"

n= ——-—";Ll—r (18)
B
P ¥4

In the application of the theory which we shall take up in the last section,
equation (18) in certain cases has some advantage over equation (18).
The assumptions that we have made to enable us to estimate 7'and W inan
elementary way, though they do not interfere with the underlying prin-
ciples of the theory, yet render equations (16) and (18) valid only as rough
approximations. In the case, therefore, where p* can be estimated from
other considerations (for example in the case of the alkali metals we might
take it to be thedensity of the normal metal), we can substitute this value of
p* in (18); then, presumably, this equation will give better results than a
direct application of (16). This point is also brought out in the next section,
where we compare the results obtained in this paper with those worked out
previously from a somewhat different point of view.

+ If we 1giiore the variation of y,, ¥, with density, then as 4 must equal 4/Z for
P, it follows from (14) that (y,7,) = 1.
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2. In previous papers (Kothari and Majumdar 1931, 19365) we have
discussed the theory of pressure-ionization on the crude picture that for
material which is on an average r times ionized, the (average) volume avail-
able per atomio nucleus is less than the volume of r times ionized atom and
more than the volume of (r+ 1) times ionized atom, that is

Number of Volume of Number of Volume of
nuolei per (r—1)times | >1> | nucler per r times

unit volume jonized ator unit vol\lmo ionized ato

Under such conditions the material will be on an average r times ionized,
for all atomic levels which the outer r electrons can ocoupy, because of the
closeness of packing, have been obliterated. Fnllowmg Mms Swu‘]ee (1933)
we can express condition (19) in terms of th
Let the outermost electron of the r times ionized atom descnbe & non-
penetrating orbit under an effective nuclear charge Z 4, then the ionization
potential which we shall denote by ,., is given by

" r'Z‘
=3 ,

+
and the radius of the orbit will be Appronmately Z (lgll‘) , where
1,

3
ay ig the radius of the first Bohr orbit for hydrogen (a“ =4 ”AWG’) The

volume of the r times ionized atom can be roughly taken to be that of &
sphere of radius ay/Z,y, and hence, after a little reduction, condition (19)
is transformed into the following form*

The material will be on an average r times ionized (1= 4/r), provided the
density p lies betwoen the hmits

( (
foroly)
+
where = gl,—l'(e.’:;) Amg. (21)

p? has a simple meaning. It follows from the above relation that for the
material to be singly ionized the density should not be less than pf. If the
density is leas than p} the material will be on an average less than singly
ionized, and if it exceeds pf(¥y/y;)! it will be more than singly ionized.
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We shall now proceed to rical work and consider the following two
casea:

(@) The material is assumed to be Iron (4 = 55-84, Z = 26).

(b) The material is assumed to be Hydrogen (4 =1, Z=1).

‘We first take the case of iron. The successive ionization potentials have
been calculated by Hartree from his method of self-consistent fleld. Fig. 1

| I l >

1
1 13 3 4 k4

Logyy : T for curves A and B, Logyo ‘% for curve C.

Fia 1 Tho figure rofers to Tron (4 =56 84; Z=26). The ordinatea represent g, the

eloctron molecular weight, und the absowsa represent log ;’% for curves A and B, and
i

log ;:i_ forcurvo (', p denotes the donsity, p* and p? denote the densities corrosponding

to single 1onization, as explained m the text.

exhibits the results of our caloulation. The inequality (20) shows that for
a given degree of ionization, that is for a given x, the density lies between
oertain (fairly narrow) limits which in the figure are indicated by the curves
A and B. The ordinates denote 4 and the abwm log,.p/p, Tho portion
of ourves to the ext right P of the
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material to bare nuclei and free electrons. As we move towards the left we
meet & bend in the curve A at K?, which corresponds to the beginning of the
formation of the K-shell. At K? the K-shell is complete, and at L1, the
formation of the L-shell begins and is completod at L2, The formation of the
M-shell commences at M!. The further run of the curves is indefinite, as the
ionization potentials from ¥, to Y5 are not known individually, but only
their average value (80 V); and for this average value the values of
log p/p? for the two curves are indicated by two aTTOWs in t.he ﬁgure

We now turn to the expression for p d in
Section 1. The curve C n the ﬁgure represents 4 plotted agunat logyop/p*,
a8 given by equation (18). The di cor g to the K, L,

M-shells present in the shaded curve AB (the shnded regmn between the
curves A and B will be referred to for brevity as the shaded curve AB) are
smoothed out, as is to be expected, in the curve C (which is based on a
statistical distribution of the electrons). It will be noticed that leaving
aside the region of low ionization the run of the two ourves is fairly alike.
For low ionization the divergence between them is large; for a given x the
shaded curve AB gives a larger density than curve C.

The density p* ding to single ionization in the case of the curve
C is found from (17) to be 89+ B g./om.3, whereas in the case of the shaded
curve p{ the (minimum) density for single ionization is found from (21) to
be 63-6 g./em 3 However, for single ionization the density should not be
much different from the density of the normal metal (7:88 g./om.? for 1ron),
and the fact that both p* and p} (though agreeing among themselves)t are
far removed from this value must serve as & reminder of the rather severe
nature of the npproxxmatnons that occur m the prosent form of the theory?.
It appears, therefore, that in phy lications of the theory of
Soction 1 we shall get results in better accord wnth observation if we take p*
1n equation (18) to be equal to the density of the normal metal rather than
1ts theoretical value as given by (17). This will be found to be the case in
the next section.

+ Comparing (17) and (21) we find that
o2z 1 w-)a
ot (1 (\h

where /° (=13-53 V) 15 the ionization potential for H atom,

1 Tt may be psrlm-nble to remark that this comparison between the denmty of the
normal motal and p* (or p') 18 rather unfair to the thoory, as the assumptions mado in
estimating W, ste. rendor 1t particularly maccurato i the region of low ionization
(see also Fenberg 1935).
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‘We now take up the case of pressure-ionization in hydrogen. In this case
equation (16) reduces to
-1 (22)
b= =ae
The following table rep the ical results obtained from the
above equation. The first column denotes the percentage ionization (100/4),
the second the value of 4, and the third and the fourth columns the corre-
sponding values of density and pressure respectively.

TasLe I
Percentage
10nzation Denmty Preasure
(100/8) “ g/om.? dyne/em.*
0 © 0-043 o
20 500 0053 514 x 10°
40 250 0-000 389 x 1010
80 1-67 023 363 x 101
80 133 144 1:26 x 104
100 100 © ©
The degree of ionization i with ing density or |
The relation (20), however, which as already mmnrked is basod ona very
crude picture of the p l'equu'as for d
above p? = 2:68 g, /om 2, and no ionizati for smaller densities, E

(22) shows that for densities greater than pf, the ionization will oxoeed
84 %, and thus the result following from the crude picture is in reasonably
good accord with this equation.

In this connexion it is interesting to note than in a recent paper Wigner
and Huntington (1935)—following the lines of the theory of metals gtven
by Wigner and Seitz—have shown the possibility of the existence of metallio
hydrogen under pressures of the order of 10® atmospheres. (According to
Table I, hydrogen under a p of 10® atmospheres will be about 60 %,
ionized.) These high pressures are beyond the present laboratory technique,
but are of the order that occur in the interior of planets.

In the following section we shall give a brief discussion of the astrophysical
applications of the theory.

3. The first hysical application of g istics was made by
Fowhr (1926) in & fundnmenhl paper on the white dwarf stars—stars
terized by a comparatively low luminosity, a high effecti

ture and abnormally large mean dennty of the m'der of 10°g./em ? ’ﬂm was
followed by the work of many investigators, and amongst them Milne's
contributions (1932) have been of far-reaching significance and wide appli-
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cation. It is now well established that the ial fe of the internal
oconstitution of the white dwarf stars can be accounted for by considering
their interiors to be composed of cold matter.

Let us consider & spherical aggregate of cold matter of mass M in equi-
Iibrium under its own gravitational foroes. Then, its radius R is given by
the usual relation (neglecting the effect of relativistic mechanics which is
justified so long as the mass M is not larger than that of the sun)t

1 i
Reg (%) 23)
1= ;L;’Ill%“ = 279x 10%cm., (24)
where wj is & (2:1219), characteristic of Emden’s solution of

Emden’s equation of index 3/2, @ is the gravitational constant and © is
the mass of the sun.

The relation (23) involves,x. The question arises: “ What value of x is
to be taken in the above formula. Does it depend on M or 18 it independent
nf lt‘l ” To answer thn.t quesmon we have to bring in the theory of pressure

di d in the y ling seotions.

I.nmldmlttut.hadegreeof ization is d ined ially by the
density or pressure, and if as a first approximation we replace the density
p in equation (16) by the mean density of the configuration, we have

QI EE i (%)
Eliminating 4 between (23) and (25) we obtain
Lo\
)
1o glag) e (&)
ey . (26)
- (i)

e

where for 4 we have substituted from (17) its \alue in terms of p*.

t The formula is quoted from Milne’s paper (1932), with the slight change m
notation 1n that his 4 is our ymy and his K is our K /s .



496 D, 8. Kothari

Equation (26) is fundamental for our purpose, and it leads to several
interesting consequences. It shows that as the mass M increases from zero
upwards, the radius R at first increases, attains a maximum value, and
then decreases approaching zero for M —c0. If Ry, denotes the maximum
value for the radius, and M, the corresponding mass, then differentiating
(26) with respect to M we immediately find

1330\ 1
Rous = gl iv2) iy = @n
¥ 0 (41:A) - (41,) “( 1 2
o ~ilag) (#4r= /7130"[21) @)
We shall now proceed to numerical work. Some assumption has to be
made ding the chemical position of the ial. We shall make

here the following alternative assumptions.

(1) The material is assumed to beiron Ths will be referred to as assump-
tion F.

(2) The material is assumed to be hydrogen. This will be referred to as
assumption H.

Under assumption ¥ two further alternatives are possible. As already
remarked in the foregoing section we can substitute in (26) for p*, the
density ponding to single ionization, either its th ical value as
given by (17), or identify it with the density of the ordinary (terrestrial)
metal (for iton = 7-86 g./em.3). The first alternative will be referred to as
assumption F (a), and the second as assumption F (b)

Fig. 2 exhibits the results of our calculations. The various curves represent
the theoretical mass-radius relation on the different assumptions. The
upper curve (HH) corresponds to the case of hydrogen (sssumption H).
The middle curve F,¥ and the lower curve F,F refer to the case of iron,
the former when p* ia identified with the density of the metal (assumption
F (b)) and the latter when p* is givenits theoretical value (assumption F (a)).
For a given value of M, the (M, R) ourve fixes R, and using this value of B
in equation (26) we obtain the value of x for the given M. In this way a
ladder of 4 valves has been put down on each (M, R) curve. An inspection
of the figure shows that the ionization i with i ing mass, and
for M comparable to the solar mass the ionization has become (almost)
complete.

There is a point with regard to these curves that must be mentioned at
the very outeet. The equation (23) and o aleo (26) which is based on it, as
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already ked, do not tak "-‘t.heeﬂ'eot f relativistic mech +

The effect of relativisti h ligible for small masses, but be-

oomes appreciable for M bl totheml&rmus,mdforlugermm
0 LogoR

i

Fl Hl
b 0 Mg M

Fia, 2. Tho curves show the thooretical relation botwoen mass’ M and radius B
(® =mass of the SBun). The ocurvo HH and 1te modification HH}, due to the effect of
relativity are for hydrogen. The curves K} and F,F, and therr modified forms
FyFy and F,F,, are for ron—the suffix A stands for the assumption ¥ (a) and B
for the assumption F (b).

Mn = Moon, J = Jupiter. Ey = 0y Endam B,
My = Mercury 8 = Baturn. Sy = Siius B,
= Vonus, U = Uranus, Ky .C. 70°8247.
E = Earth. N = Noptune. V‘ = Van Maanen's star,

M =Mams P = Pluto.
For K, (the amallest white dwarf observed) the mass 18 not known. Its radius as
ostimated by Kuiper (1935) lies betweon the two horizontal lines indicated in the figure.

the non-relativistic equation (26) breaks down altogether. It has been
mentioned above that for M 5 O the theory of pressure jonization predicts
the jonization to be complete and hence, as it happens, for a mass for which

tIn dornvmg (23), the “oqulhon of uhte" used iy (12). which holds only so long as
the offect of blo. It may be however, that
acoording to the 1deas of Eddmgwn (Relalwuy theory of prolons und electrona, 1936,
§13-2) this 18 not. . He holds that (12) is the correct equation in the non-relativistic
as woll aa the caso, and thu to him (23) and (26) will apply mn the
relativistio region also,
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the relativistic effect has to be taken into acoount 4 equals u,. Chandra-
sekhar (1935) has worked out in detail, taking account of the relativistio
effect, the properties (radius, central density, etc.) of the equilibrium
configuration of any mass M composed of cold matter, and Table III of his
paper gives the relation between M and R.

In the region M > © the non-relativistioc equation (28) does not apply
and we can use Chandrasekhar's table to plot a curve between M and R,
in his table being put equal to 4, in accordance with the theory of pressure-
ionization. These ourves are shown dotted in the figure. Each dotted curve
merges in the corresponding non-relativistic curve in the region of M com-
parable to and smaller than O, as the relativistic effect is then negligible.
The complete mass-radius relation based on the theory of pressure-ioniza-
tion and taking into account the effect of relativistic mechanics is shown
by the three curves HHy, F,F,, and F,Fy, on assumption H, assumption
F (b), and assumption F (a) respectively.

We are now in a poation to compare the theoretical results with the
observed (M, R) values for bodies composed of cold matter.

It has been usual to regard the white dwarf stars as composed of cold
matter.t We shall make here the assumption that the planets contain a
oore of cold matter, the size of the core being not much different from the
planetary radius. 4 priori there is nothing against our assumption, and at
any rate it is worth while to examine its consequences. If, as turns out to
be the case, the theoretical results are in reasonable agreement with the
obgerved (M, R) values for planets, then our assumption that the planetary
interior is composed of degenerate matter will be placed on almost the same
footing as the corresponding assumption for the white dwarf stars.}

The observed (M, R) values§ for the planets and the white dwarf stars
are all shown in fig. 2, and it is indeed interesting to find that the observed
values fall in bet the extreme theoretical curves HHy and ¥, Fy for

} By examining in detail the case of & model white dwarf (Kothar 1933) it has been
the thi f the outer lope is very small d
to the radius of the degenerate core,

1 And after all the planets form no uncongenial company with the white dwarfs.
In the case of the Earth at any rate the work of Oldham, Guttenberg and others
hes shown that the interior is & core of molten 1won (with poesbly & dash of nickel),
and therefore 18 degenerate matter which differs only in the of 1onzation
from degenerate matter in the interior of tho white dwarfs. The planets, in fine,
may be regarded as “black dwarfs"—a term orgmally due to Fowler for & white
dwarf star of zero luminomty.

# In the case of the Sun and the planeta tho (M, R) values are taken from H. N,
Russell, The Solar Syatem and ste Origin (1938), p. 10, and for the white dwarfs from
Kuiper (1934, 1935).
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hydrogen and iron respectively. It will be notioad thnt oompared to the
ourves HHy and F, Fy, the middle cur ption F (b)
for iron approximates more olosely in the repon of terlutrhl planets
to the run of the curve representing the observed (M, R) values, but the
significant fact is that the “observed ocurve” always lies between the
extreme theoretical curves.t The following table gives the values of the
maximum radius and the ocorresponding mass M, as estimated from the
“observed curve”. The theoretical valnes given by (28) are also given for

The is tisfaotory.
Ronax (em.) /0

From *“observed curve 8x10° 16x 10~

Theoretical: Assumption H 128 x 10° 141x10-%

Assumption F (a) 277 x 100 2:79x10 *

Assumption F (b) 196 x 10* 792 x 10-*

It will be observed that the (known) white dwarfs have all masses much
larger than M, (the mass corresponding to maximum radius), whereas the
planets are all smaller than M,. That the observed white dwarfs are all much
more massive than M, seems easy to understand, for any white dwarf much
smaller than the observed ones would cool too rapidly and would be too
faint to be observationall ible. But there appears to be no immediate
explanation of the significant fact that all (known) planets are smaller than
M,. In the case of the white dwarf stars, as they happen to be much larger
than M, the theory of pressure-ionization prediots (see fig. 2) that the
material composing them will be (almost) fully ionized.

Another point of interest may be noted.

It will be noticed in the figure that the observed (M, R) values for the
two heaviest planetas Jupiter and Saturn lie much oloser to the Hydrogen
ourve than to the Iron curves, whereas the terrestrial planets (Meroury,
Venus, Earth, Mars) Lie nearer to the Iron curves than to the Hydrogen
ourve. We are thus led to infer that the interior of the outer planets Jupiter
and Saturn are in all probability composed of metallic Aydrogen, whereas
the terrestrial planets possess much denser metallic cores.

The main mulu which have been obtained from the application of the
theory of pi ization may be ized a8 follows:

(i) The theory prediots that the stellar material in the interior of the
white dwarf stars should be fully ionized.

1 By “‘observed ourve” we mean a smooth curve passing through (or as near as
possible to) the observed (M, R) values. This ourve is not drawn in the figure, but
its general run is evident,
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(ii) It predicta the existence of & maximum radius for a cold body. The
value of this maximum radius is about the same as the radius of the planet
Jupiter. There cannot be a ““cold” body (planet or white dwarf) larger in size
than Jupiter,

(iii) The theory shows that the two heaviest planets (Jupiter and
Saturn) have cores composed of metallic hydrogen. The terrestrial planets
have cores of much heavier metal, possibly iron.

It is a pleasure to thank Professor M. N. Saha for his interest throughout
this work. Thanks are also due to Dr R. C. Majumdar and Mr B. N. Singh
for friendly discussions.
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The influence of wall oscillations, wall rotation, and
entry eddies, on the breakdown of laminar flow in
an annular pipe

By A. Facg, A.R.C.So0.
(Communicated by G. 1. Taylor, F.R 8 —Recesved 15 December 1937)

INTRODUCTION
. The problem of the brenkdown of lammAr flow has been mlloh
utlld.lod both h and experi lly. The math
method of app h is d with the prediction of the history of the

deviant motion arising from an assumed initial disturbance, superimposed
on a selected type of laminar motion and satisfying the equations of
visoous fluid flow and the appropriate boundary diti A motion is
considered to be stable if the deviant motion tends ultimately to vanish,
and neutral or unstable if 1t persists or increases. In general, the dis-
turbance assumed is small and of a form for which the deviant motion
can be expressed in terms of linear differential equations, and these
restrictions ourtail the choice of problem amenable to mathematical
treatment.*

A review of classical mathematical investigations on the stability of fluid
motion has recently been published by Southwell and Chitty (1930). Of
these investigations that made by Taylor (1923) for flow in the annular space
between two coaxial rotating cylinders, gives an ill ion of & ful
prediction of instability, experimentally verified. More recent mathe-
matical investigations are those on the stability of flow between parallel
planes made by Prandtl (1921, 1931), Tietjens (1925), Tollmien (1929) and
Schliohting (1932, 19334, b, 1935). These investigations define the mathe-
matical conditions under whioch the deviant motion grows, and give
characteristicnumbers, defining the wave-length and frequency detrimental
to the maintenance of the laminar state: but these numbers do not
neceasarily indicate the onset of turbulence. A view commonly held is
that breakdown of laminar flow is connected with adverse pressure
gnd:enu auoeuted with velocity fluctuations, the magnitude of these

pending on the amplitude and fr of the velocity

* The problem of large disturbances .ppeulwbe. in certan cwrcumstances, -
within the scope of mathematical treatment (Frazer 1937).

Vol. CLXV. A. [ 501 ] "
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fluctuations, and increasing with either (Dryden 1931, p. 559; Taylor
1936, p. 308). Further, it has been nuggesmd that it is the unphtnde
rather than the frequency, of velocity di b which is p
responsible for the breakdown of laminar flow and the onset of turbulence H
and this suggestion has received some support from experiments made
by Nikuradse (1933).

2. The present work deals with experiments* undertaken to obtain
information on the breakdown of laminar flow. They deal with the effects
of disturb of known character on a particular type of laminar flow,
namely, that for water flowing through a Jong pipe of annular cross-section.
The disturbances considered are those due to axial oscillations of the inner
wall of & pipe; those due to oacillations of the inner wall about its axis ; and
those from discrete eddies introduced into the pipe at ite mouth. The first
are laminar velocity disturt panied by p hanges; the
second are laminar velocity disturbances accompanied by centrifugal
pressure gradients; and the third oconsist of both velocity and pressure
disturbances. The work also includ iments on the breakdown of the
axial flow of water in the annular space between two coaxial cylinders,
when the outer cylinder is fixed and inner oylinder rotates at a constant
angular velocity: and the visual observation of the breakdown of flow near
& surface oscillating in a stationary fluid. Finally, theoretical relations for
visocous flow at a surface oscillating in a stationary fluid, and for visoous
axial flow in an annular pipe, when the inner wall has an axial oscillation
and the outer wall is fixed, are derived.

I. WATER SYSTEMS: MEASUREMENT OF PRESSURE DROP

1. The experiments were made for water flowing through vertical pipes
of annular cross-section. Each pipe was formed by a smooth brass rod
di 2b) ted ially with & smooth brass tube (diameter 2a).
A faired entry having a length 3 in. and a mouth diameter 4 in. was fitted
to the end of the outer tube. Particulars of the pipes used are given in

Table I.

2. The Reynolds number of transition from laminar to turbulent flow
in a smooth pipe depends, in the absence of imposed disturbances, on the
nature of the disturbanoes in the supply chamber and on those created at
the entry. An endeavour was made to obtain steady conditions of flow in

* The expanlnunh were made in the Aamdymmnos Department of the National

Physical L and to the resulta was kindly given
by the Aeronautical Research Committee.
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the entries of the pipes. Steadiness of entry flow cannot be easily and
precisely measured ; and to make sure that the conclusions drawn were not
influenced by the conditions of entry flow, results for different entry
systems were obtained.

Tasup I
m=}(a—b) =hydraulic mean depth
Viscous flow
P
a b m Qpx10*  mP (‘1"
Pipe . m, n @P = @ \v )

1 0-5008, 0-4057 0-0475 328 599
o 0 5006, 0-4379 00314 097 599
Im 0-5006, 0-4095 0-0456 2-88 509
v 0-5008, 04370 0-0318 1-01 599

3. Entry system A (fig. 1) This system has a circular inlet tank, divided
by three coaxial walls into four compartments—a, ¢, ¢, f. Water is supplied
from a large tank (4 x 2 x 2 ft.), connected to the mains, to compartment a,
and flows through a ring of holes b, into a steadymng compartment ¢, a
second ring of holes d, into the circular compartment e, and then through
a horizontal wire gauze partition (extending from the circular wall of the
ciroular compartment e, to the periphery of the mouth of the inlet) into
the pipe inlet. The water-level in the inlet chamber is fixed by the height
of the inner wall of the overflow chamber f.

Entry system B (fig. 2) Water from the 4 x 2 x 2 ft. tank is supplied to
an annular chamber, a, fitting on the lip of the faired entry (watertight
joint). The water flows continuously through an annular opening in the
bottom of this chamber, and then through two wire gauze partitions into
the pipe inlet An overflow in the supply tank maintains & constant head
in the system,

Eniry system C (fig. 3). The pipe inlet is enclosed in a short circular
ohamber (diameter 5§ in.) leading from an overhead supply tank 2 x 1x 1 ft.
The water in the tank was allowed to stand some time before opening the
exit stopoock of the system. The head controlling the flow is maintained
oonstant by a hand devioce, designed to allow the water-level at the exit
to fall with the water-level in the supply tank.

4, The tube forming the outer wall of & pipe was fixed at ite exit end to
the lid of a circular exhaust tank (fig. 1). The central rod forming the inner
wall extended through a watertight gland on the bottom of the tank. The

3
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flow of water through the system was controlled by a stopoock. The test
length of the pipe, N,N; (fig. 1), was 5:03 in., and ita upstream cross-
section N, was 33-53 in. from the mouth of the faired inlet. Four pressure
holes, spaced 90° apart, were drilled in each of the sections N, and Nj.
The measured pressures at the four holes of each section were in very close

Srrly Ppos 0% s

Lty Systen &
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- 1

|
1 e

Fi10. 2. Entry system B, Fi16. 3. Entry system C.

agreement, and the mean value obtained when they were conneoted
together was taken. The pressure drop — dp/dz, denoted by P, was measured,
at low speeds, on Chattock water-carbon tetrachloride gauges (cup centres
13 and 26 in.), and, at high speeds, on a Chattock water-meroury gauge
(oup centres 13 in.). The mean velocity of flow % was determined from the
volume discharge per second, denoted by @, obtained frdm the time taken
to fill a tank of known volume.
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8. Values of mP/jpti* measured at the test section N,N; of pipes II1
mdwueplotudngainatm/vinﬁg 4. Thelymbolapmdvdanmthe
density and kil ti ively of the water, and the symbol
m the hydraulioc mean depth, }(a b) Wuh entry systems A and B the
experimental results for both pipes lie closely on the theoretical curve up
to & value of ¥m/v=950 (approx.): and with entry system C the results
fall closely on the theoretical curve up to Um|v= 1470, the value reached
with the maximum p head avai

6. The distances of the upstream end of the test length N, from the
entries of the pipes I1I and IV were 736 and 1085 m. respeoctively, and the
fact that the results for these two pipes, with the same entry conditions,
are in agreement, show that statistically uniform of flow are
established at the test length. Further, of p dient
upstream of the test length were made for pipes I and II over the lengths
MN,, NyN,, and NN (see fig. 1). For each pipe, the values of the non-
dimensional coefficient 1000Qup/a‘P for the three lengths were in close
agreement over the entire range of im/v up to the critical value. Statistically
uniform oonditions of flow existed therefore beyond the section N, in each
of the four pipes.

II. EXPERIMENTS ON THE BBEAKDOWN OF LAMINAR FLOW IN AN
ANNULAR PIPE WHEN THE INNER WALL OSCILLATES AXIALLY
AND THE OUTER WALL I8 FIXED

1. To ensure that the disturbances imposed on the water flowing
through the pipe arcee entirely from the oscillations of the central rod
forming the inner wall, and not from extraneous vibrations of the water
system, the rod bearings were carried on a stiff framework, erected on a
heavy steel slab (fig. 1). The central rod projeoted at its upper end through
the water-level of the upper tank and at its lower end through the bottom
of the discharge tank. Two oscillatory systems, a, b were used. Each
oscillatory system was self- ined and d, lly balanced, the
connexion to the central rod being & self- nhgnmg ocoupling stiff in the
axial direction only. Each system gave a true simple harmonio motion
to the rod. The amplitudes of oscillation, 4, were 0-125, 0-25, 0-50 and
0-64 in.

2. The experiments were made for pipe I with entry system A. The
pressure gradient down the test length N, N, was measured at constant
values of #m/v, and constant values of the amplitude of the central rod, as
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the frequency f was changed over a wide range. The values of #m/v selected
were below the critical value (about 850) with the central rod fixed. Values
of ¢, the ratio of the value of the non-dimensional coefficient Qup/a*P
with the rod oscillating to the value (at the same value of #m/v) with the
rod fixed were calculated, and a departure of the value of ¢ from unity
was taken to be an indication that the flow had departed from the laminar
type Some of the experiments were made with the central rod surrounded
by a fixed circular tube (internal diameter 1 in.) which cut through the
water surface to & depth of about 0-5 in., to eliminate wave formation on
the free surface. The results obtained with the guard tube in place were
the same aa those obtained without the tube.

3. Results. The results obtained are given in figs. 5-7, where values of
& are plotted against f for constant values of 4 and @m/v. Each value of ¢
shown is the mean of several repeat values. The departure of ¢ from unity
a8 f increases is very gradual. For each amplitude, the departure or
critical value of f, denoted by f,, is independent, within the acouracy of
prediction, of the value of um/v. The results for a=0-5 and 0-64 in. have
been plotted together in fig. 7, because the method of prediction is not
sufficiently sensitive to allow a distinction to be made between the values
of f, for these two amplitudes.

4. Values of f, obtained from figs. 5-7 are given in Table II. A Reynolds
number of the velooity disturbance due to the oscillation of the inner wall
is given by 2nfAA[v, where 27fA is the velocity amplitude of the wall, and
A is the length 27 \J(v/nf) (see § VII) Values of A,/m, where A, is the value
of A when f=f,, and of 2nf, 4A,/v are included in Table II. It is seen that
the value of the oritical Reynolds number 2mf,4A./v does not change
appreciably over the range of 4 covered.

Tasrg 11

Pipe 1. m = 0-0475 in.
(Critical value of #m/v with central rod fixed = 850.)

4 vx 108 Range of am/v
m, A ft./se0, A/m 2mf ANy covered
0126 190 13:5 (April) 078 276 234 to 600
0-26 27 11 6 (June) 1:85 225 210 to 682
0-57 {0 50 09 12:8 (May) 337 281 386 to 568

0-64 310 to 550

8. The oharacter of a disturbance from an oscillatory wall of a pipe is
illustrated by the velocity ourves of fig. 8. These curves, calculated from
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the relation 6 of § VII, for the conditions &m/v =200, A=0-12 in,, f=18-1
and ve=11-9x 10~¢ ft.%/sec., give the velocity distributions at suocessive
intervals of one-eighth the periodic time, 7. The dota on the curves mark
the positions of points of inflexion The value of 27fAA/v for these curves,
282, is very close to the measured critical value. Curves for values of
2nfAA/v below the oritical also have pointa of mﬂex)on, 80 that the presence
of pointa of i ion does not i a of breakd of the
laminar flow.

III. EXPERIMENTS ON THE BREAKDOWN OF LAMINAR FLOW IN AN
ANNULAR PIPE WHEN THE INNER WALL OSCILLATES ABOUT
ITS AXIS AND THE OUTKER WALL I8 FIXED

1. A few experiments were made with pipe I to determino the influence
of oscillations of the inner wall about ita axis on the breakdown of laminar
flow. Two oscillatory systems, I and II, were used. System I oscillated
the central rod through a short radial arm coupled to an oscillatory lever.
The system was not dy ically bal d, but it ran hly, without
noticeable vibration of the water system, at frequencies below 25/sec.,
provided the angular amphtude of the rod, 6, did not exceed 15°. With
system II an oscillatory motion was given to the central rod by means of

an endless reciprocating wire driving a hori 1 pulley fitted to the top
Tasre 111
Pipe I (m=0-0475m.: h=0-4057 in )
Angular
amphtude v x 10*
” £t.3/s0c. ! amjy ¢ onfAMy  Romarks
89 152 114 5 0-998 101 No effect
98 412 0008 94
89" 152 218 158 0-997 139 No effect:
21-8 47 0906 140
14.7* 152 12:2 181 1:002 174 No effoot
124 568 1:002 175
580t 132 1-28 240 0-999 278 No effeot
2:08 240 1:001 363
800 240 1:000 427
68:0f 13:2 146 76 1-000 208 No effeot
260 186 1000 308
149-0¢ 132 108 240 0-909 858

178 200 1000 718
220 240 1012 804 Instability?
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of the rod. The system ran smoothly at amplitudes below 150°, and at
frequengies below 3/sec. Neither system gave & true simple harmonic
motion.

The experimental values of 6, f, and ¢, and the caloulated values of
2nfAA[v, where A =mnb§°[180 and A= 2n(v/nf)}, are given in Table IIL.

2. The value of { is unity over the ranges of @ and f covered. These
ranges were too limited to allow critical values of 27fAA/v to be reached,
but the results suffice to indicate that the flow remains laminar at values
of 2nfAA/v above the critical values measured with the rod oscillating
axially. It is likely that the criterion for breakd depends on the value
of um/v (see § 1V). .

1V. THE BREAKDOWN OF LAMINAR FLOW IN AN ANNULAR PIPE WHEN THE
INNER WALL ROTATES UNIFORMLY, AND THE OUTER WALL 18 FIXED

1. The problem of the stability of the flow of & viscous fluid in the
annular space between two infinitely long coaxial oylinders rotating
uniformly, with no axial flow, has been solved mathematically, and
experimentally verified, by Taylor (1923). When the outer cylinder is fixed
and (a—b)/b is small, the relation for the angular velocity of the inner
oylinder w, at which a oritical disturbance, which neither increases nor
decreases with time, ocours is

mia+b)
Zo¥a—bper =P

where = 0'0571[1 - o-em(’%b)] + woooso[l -0 aaz(T")]".

This relation* can be recast into the form
2w,bm(a+b\-t b
v (T..‘) A
2. The present experiments were made to determine the breakdown
cnbenon for water ﬂowmg through pipe I (entry system A) under the
fl ofa p parallel to the axis, when the outer wall
is fixed, and tha inner wnll rotates with & uniform speed. Values of ¢, the
ratio of the value of Qvp/a*P measured at the test length N, N; when the
rod rotates at a uniform speed (w rad./sec.) to the value when the rod is
fixed (same value of um/v) are plotted in fig. 9, against 2wbm/v. For each
* fis P in Taylor's paper.
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constant value of @m/v the value of ¢ (means of several repeat values) lie
smoothly on & curve; and the values of 2wbm/v at which the curves depart
from the line ¢=1 are taken to be the critical values at which depar-
-4

tures of flow from the laminar type ocour. Values of 2w, a:b) / v,
calculated from the critical values of 2wbm/v, are plotted against m/v in
fig. 10. The value of 2w, bm(“'b) / v increases, at first slowly and
then more rapidly, with an increase in @m/v.

For pipe I, #is 0:0491 and Taylor's theoretical value of 2, bm(a;b)
for um/v=0 is 22:3. This value is plotted in fig. 10 and lies on the curve
drawn through the experimental values.

3. Recently, Goldstein (1937) has i igated the stability of flow
under the infl of a p dient parallel to the axis, with
particular reference to the case in which the outer cylinder is stationary
and the inner oylinder rotates uniformly.

Goldstein’s numerical solutions are for the case when (a—b)/b is small
and they ocover a low range of um/v from 0 to 12-02. The values* of

%, bm(a+b)

/v increase from 20-8 at Wm/v=0 to 223 at um/v="7-75,
and then fall, at first slowly, to 21-7 at %m/v=10-34 and then rapidly to
138 at @m/v=12-92. The predicted increase of 2w, (u+ ) /v with

umfv is i with the i 1 indication, but not the rapid fall
near um/v=12-92.

Cornish (1933) has determined, from observations of pressure drop,
breakdown criteria for water, when the outer cylinder is fixed and the
inner oylinder rotates uniformly. It can be shown that the curve passing

-4
through values of M,bm(u#) / v caloulated from Cornish’s results

for the case m=0:00918in. and b/m=429 lies well above the ourve
obtained from the present experi and on lation gives a value

(a+b) y

of 2w, bm| / v for @im/v = 0 which is roughly twice the theoretical

value obtained by Taylor. Dr Goldstein has suggested that the pheno-
menon he considered was different from that observed by Cornish: and the
present experiments support this view. Further, the fact that the present

* Those values have been caloulated from values of K, given in Goldatein's paper.
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experimental values of 2w, bm(a+h) / v and Taylor’s theoretical value

for %m/v=0 e on a smooth curve indicates that the present method of
observation is relable.

V. VISUAL EXAMINATION OF THE FLOW NEAR A SURFACE OSCILLATING
IN A STATIONARY VISCOUS FLUID

1. The aim of these experiments 18 to obtain some information on the
nature of the breakdown of laminar flow near an oscillating surface. and
for simplicity, the case of a surface oscillating in a stationary viscous flmd
is taken.

At first, observation was made for a } . flat smooth rectangular brass
plate, 16 x 4 in. (chamfered edges) oscillating i the direction of its length
on the floor of a water tank, 24 x 5 in., the depth of immersion of the plate
below the glass lid being about 1 1n. The amplitude of the oscillation was
} in, and since at the frequencios of observation the disturbance was
largely confined to a thin surface layor, 1t was thought that a clue to the
changes of flow which occur as the frequency passes through the critical
value might be given by changes of the nurface pattern assumed when fine

particles, initially in susp Ives on the oscillating
plate Indeed, fine particles of plaswr of l'u.ns arranged themselves in
parallel bands normal to the di of ion at below

the critical value predicted from the pipe experiments of § Il and in the
neighbourhood of the critical frequency this pattern changed nto a
rectangular one, with bands in and normal to the direction of oscillation.
This sigmficant change was however not convincing for the cause of the
parallel-band formation below the critical frequency was not discovered.
It was suspected that this formation was a spurious manifestation
associated, in some way, with the particles themselves or with an inter-
ference flow arising from the free edges of the plate, and this suspicion
was proved to be woll founded, for heavy particles of silica sand gave the
porallel-band formation at frequencies well above the critical frequency

2. Observation of the flows of water and of water-glycerine mixtures in
the annular space between two coaxial cylinders when the inner wall had
an angular oscillation (outer wall fixed) was then made. The oscillating
surface was here continuous in the direction of oscillation, and by the use
of minute particles suspended in the fluid to reveal the motion, interference
flows of the kind suspected to be present in the flat-plate experimenta

Vol &LAV A £l
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were avoided, Fluotuating oentrifugal preesures were however introduced
by the oscillation.

Y HNRANY,

a

Fro. 11

A general arrangement of the apparatus is shown in fig. 11. Both the
inner and outer oylinders (a=3-218in., h=2-458in ) were turned from
sbout gunmetal castings, and the entire apparatus was rigidly construoted
to eliminate vibration.
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Observation was made normal to the oscillating wall, whose peripheral
amplitude was 2 in., and the flow was revealed by minute particles of photo-
graphio white ink, illuminated by a bright beam of light. The beam was
oblique to minimize convection currents, An image of the field, obtained
outside the chamber by an anastigmat lens (fooal length 2 in.) was viewed
through a mi pe, under a ification of 80 to 1. A fine platinum
wire mounted in the focal plane of the eyepiece, and rotatable about the
axis of the microscope, was used as a reference line.

3. It was hoped that the advent of the breakdown would be indicated
by a marked change in the inclination of the paths traced out by the
illuminated particles at the middle of a swing, but observation showed that
the inclinations of the paths to the direction of oscillation were, in general,
too emall for accurate measurement. Changes in flow pattern were
however clearly revealed at the ends of a swing, for then the illuminated
particles appenmd a8 6 clnater of slow-muvmg bnghc points of light, which
swung up or ic records of these
motions were takon over & wide field, for 2nfAA[/v=234, 122, 88 and 50.
The records for the first two cases are given m Tablo 1V. The motions are
specified by the scheme given at the head of tho table. Ocoasionally, a flow
changed whilst under observation, and for such flows the letters for the
views seen are given

4. The flows at 27fAA/v =234 and 122 (Table IV) were three-dimensional,
Fairly well-defined regions of up flow and of down flow, separated by nodal
regions, existed within the fluid, and their existenco suggests the presence
of ring vortices of the type observed by Taylor (1923) in the breakdown
flow between two coaxial rotating oylinders. At 27fAA/v=88 (f=0-045,
v="79x 107¢ ft.3/sec.) the fluid (water-glycerine mixture) appeared to be
circulating a8 a whole, with a down flow at the oscillating wall and an
up flow at the fixed wall. At the lowest Reynolds number of observation,
2nfAA[v=050 (f=0-045, v =246 x 10~ ft.3/sec.) the flow approximated very
closely to the two-di ional type, for although some up and down
motions were observed (end of swing) they were very weak, and the paths
of the pmwlea at the middle of a swing moved in the direction of oscillation.

The breakd is oh terized, then, by a three-di jional flow,
within which nodal regions separating up and down motions exist, and it
is not improbable that these motions arise from the presence of ring
vortioces. The observations are not sufficiently precise to allow a reliable
prediction of the value of 27fAA/v at which the breakdown ocours.

W
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TasLe IV

z denotes the normal dwstance of the observation pomnt from the oscillating surface.

y denotos the vertical distance from the median horizontal plane (+ve direction
upwards).

L denotos left-hand end of swing

R night-hand end.

U up flow: D down flow.

N no deviation from dirootion of swing (node).

Suffix 1 denotes rolatively woak motion,

A=2m J(v/nf)

2m=0-76 1n. = width of annular gap between the cylinders.

(1) Water v=11 16 x 10+ ft ¥soc,
f=0045, A=0867m.=176 m., 2nfAA/v=1234

2/A=0 075 0160 0226 0300
S . e e e ————
YA L R L R L R L R
0 U U u v U /] U 4
-02 N N N N N N D D
—042 D D D D UND UND, U U
—002 D, D, D D D D D D
083 N N N N U,ND UND, U v
(2) Wator-glyoormo mixturo »=41 3 x 10¢ ft Yaec.
f=0045;A=128mn =33m ; mfAA/v=122.
2/A=004 008 012 018 020 024
S e p— —— — e — — — pr————
wA L R L R L R L R L R L R
088 N N U, U U U U U U U U U
028 D D N N U U U U U U U U
o4 D D N N U U U U U U U U
4006 D, LN U N U U U U U U U
-008 D DN D DN N DN U D NU, D UN D
04 N N N N N N U N U N U D
-0 D O D D DN D N D U, D U N
-082 D N D D N N N N D N D U
-0¢¢ O N D D, D N N N N N U U
-05l D N D N D N N N U N U U
-0600 U N U N N N N N N N U D
-060 N N N N D, N D D D D D D
-0 N N N D D D D D D D D D
-0 N N N N D D D D D N D U

VI. THE EFFECT OF EDDY DISTURBANCES ON THE BREAKDOWN
OF LAMINAR FLOW IN AN ANNULAR PIPE

1. Observations by Schiller (1930, 1934), Naumann (1931, 1935),
Kurweg (1933) and Nikuradse (1933) show that the eddies responsible for
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the onset of turbulence in pipes and channels arise from the rolling up of
surfaces of discontinuity at the entry walls. At a low Reynolds number,
the flow at the entry of a pipe is undisturbed and rectilinear. With an
increase of Reynolds number undulations of flow appear. At first, these
undulations tend to die down withm the pipe, but eventually surfaces of
discontinuity are formed at the entry walls, followed by a final stage in
which these surfaces roll up periodically into discrete eddies, which persist
beyond the entry. Below a critical Reynolds number, the energy of the
entry eddies 18 dissipated in the pipe, but above this number, disturbances
ariging from these eddies persist, and the flow becomes turbulent every-
where

2. The rates at which vorticity were generated at the entries of the
pipes and channels used in the above oxperiments were roughly the same.
Systematic variations, over wide ranges, of the mto at which vorticity 18

d, and of the fr , saze and h of the entry eddies, can
bo obtained by grids of sharp-edged radial plates mounted in the entry
normal to the inflowing stream. Further, a grid form of obstruction allows
a stream of discrote eddies of known character to be fed nto a pipo ot
Reynolds numbers well below the critical number of the pipe without the
grid. The effect of both weak and intense disturbances of this character
on the breakdown of lammar flow, well beyond the entry, forms the subject
of these experiments.

3 When a grid prod mtense disturb the infl of a well-
designed entry system on these disturbances can be taken to be noglgible;
but when the grid disturb are th lves weak, the infl of the

entry system cannot be ignored. Anomalies associated with entry flow
can be detected by comparwon of results obtained for different entry
systems, and for this reason two entry systems, B and C (§ I), were used.
Pipe III was used, the cntical valuo of wm/v with entry system B being
about 920, whilst that for system (' was above 1470, the highest value
of tost.

4, Measurements of the pressure drop were made at the test length
NN of pipe IIT for ten grnids. Each grid was mounted n the junction
plane of the faired entry and the pipe, and presented an obstruction in the
form of & number of uniformly spaced teeth exmndmg across the w1dth of
the pipe. The teeth edges were sharpened by chamfering the und
Details of the grid shapes are given in Table V.

5. The total quantity of vorticity (+ve or — ve) shed in unit time from
the sharp edges of the teeth is mnuj, where u, is the velocity in the vortex




522 A. Fage

sheet shed from each edge, n is the number of teeth, and 2m is the length
of a tooth. If the flow in the test length is laminar, the quantity of laminar
vorticity (+ve or — ve) passing a cross-section 1n unit time can be taken
a8 m(a+b) (1-5u%)/2. The ratio of the quantity of vorticity shed at a grid
to this quantity of laminar vorticity is In 12:"’(“.”(“) This ratio
becomes 0-014n(u,/%)* for plpe III legh values of 0-014n (u,/%)* for the

ten grids, deduced from periments on grids, are given in
Table V.
TasLe V
Obstruction grids in pipe I11.
Length of teeth = 2m = 0-091 in.
Moun width, Value of
No.of  of teeth, w * ma/v whon
COnd tocth (mn.) Gap/w 0-014n (u,/a)* witfy =50
a* 20 0-00 0-57 38 26
134 10 018 0-57 19 13
* 3 0-26 123 05 9
d* 4 0-23 205 0-25 10
* 2 020 61 006 n
It 2 008 170 008 20
lad 2 0-08 17-0 006 29
ht 2 0-04 30 006 57
ot 2 002 700 008 114
It 2 001 1420 0-06 227
* Entry system B, t Entry system C.

The teeth of the grids used in the present experiments can be regarded
as small plates normal to the inflowing stream. Experimenta on flat plates
(Fage and Johanson 1927), circular cylinders (Strouhal 1878; Richard
1923 ; Relf and Simmons 1924, Fage 1934), and circular discs (Stanton and
Marshall 1930) suggest that eddies will begin to be shed from the teeth at
a Reynolds number #w/v about 50, and at a frequenoy f, given roughly by
the relation wf /@=0-15. The number, spacing, length, and width of the
teeth, influence these numbers, but they should have the right order of
magnitude. When %w/v =50, the pipe Reynolds number w@m/v is 50m/w.
Values of 50m/w for the ten grids, given in Table V, show that the grids
begin to shed eddies at values of um/v ranging from about 9 (grid ¢) to
about 227 (grid j).

6. Fig. 12 shows the values of mP/}put measured at the test length NN,
of the pipe with the four grids (g, ¢, f, and &) lie close together over the
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whole range of #m/v covered.® The same mtiatieolly uniform conditions
of flow exmt therefore in the test length, in spite of the fact that con-
of icity are shed into tho pipe from the
entry grids, the vorticity shed from grid & being about 60 times greater
than that shed from grid 4. The eddies also differ both in size and frequency ;
those from grid a having diameters about 2-3 times greater and frequencies
2-3 times smaller than those from grid 4, on the assumption that the eddy
diameter is proportional to the tooth width The values of mP/§pu* depart
early, at %m/v==000, from the theoretioal curve for laminar flow. Below
this value of #m/v the pipe walls damp out the entry disturbanoes; whilst
above this value the walls impose the same pattern on the flow at the test
length irrespective of the strength of the entry disturbances. The lower
eritical Reynolds number of the pipe can therefore be taken as 600.

The results for grids + and j (entry system C) depart later, and less
definitely, from the theoretical curve than those for grids a-h For grid j.
the departure occurs at about #m/v="1750. The value of “w/v is then 165,
and 1t is probable that at this small value eddies can just be generated,
and that they are shed spasmodically Also, the eddies are small m
diameter (about 0-01 in.). It would appear, therefore, that the early
breakdown of laminar flow associated with intense eddy disturbances
can be caused by very weak entry disturbances, provided they are in the
form of discrete eddies.

7. This conclusion was supported by experi made to the
effect of obstructions in the form of sharp-edge annular ridges, projecting
outwards from the central rod of the pipe. The widths of the ridges were
0-0255, 0-0155 and 0-0055 in. (0-56, 0-34 and 0-12 m.). The first two ridges
caused a departure from laminar flow (pipe ITI, test length N, N, entry
systems A and C) at um/v=000 (approx.). The values of the Roynolds
number uw/v were then 336 and 204, and 1t is not unlikely that streams
of discrete ring eddies were shed into the pipe. The results for the narrowest
ridge (width 0-12m.) Jay on the laminar curve up to wm/v=975, the
highest value of test The valuc of ww/v was then 117, and at this low
value 1t is probable that eddies were not shed.

8. Nchiller (1932) haa suggested that wall roughness has no effect on
Iaminar flow when hu,/v, where 4 is the height of the excrescences and u,
is the velocity in the undisturbed flow at a distance & from the wall, is less
than the critical number R, for the formation of an unsteady wake behind

* Gnds b, d, ¢ and g gave same results. Values of mP/§pa* for a sharp-edged entry
to the pipe (no grid) are included 1n fig. 12.
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an obstaole having the shape of the roughness oxcrescences. The present
experiments show that isolated excrescences for which Au,/v> R, cause,
when placed in the mouth of a pipe, a departure from Jaminar flow at a
value of the Reynolds number um/v lower than that for the departure
without the There is, | , & lower limit of #m/v below
which the flow remains laminar, no matter how large the entry excrescences.
Distribution of excrescences of the same kind over the entire surface of the
pipe would cause the critical Reynolds number (@m/v) to fall below the
lower limit for a smooth pipe, provided, as suggested by Schiller, hu,/v
were greater than R,.

VII. THEORETICAL RELATIONS FOR VISCOUS FLUID FLOW IN AN ANNULAR
PIPE, AND BETWEKN TWO INFINITE PARALLEL PLANE WALLS, WHEN ONE
WALL OSCILLATES AXTALLY AND THE OUTER WALL IS FIXED

1 Annular prpe. The equation for viscous fluid flow through a pipe of
annular cross-section is

au B 1Be) 13
o) .

where u is the velocity i the direction of the axis OX of the pipe, r is the
radial distance of & point in the cross-section of the pipe, and —2p/dx is
the pressure gradient down the pipe.

2. For fixed walls the solution (Lsmb) of equation (1) 1w

-4
R et @

where P represents ~ ap/ox

3. Outer wall, r=a, fired: inner wall, r=0b, osesllating in the axwal
direction. Lot the motion of the inner wall be given by u = Aw sinwt. The
solution of equation (1) can be wntten in the form

w=uy.q+ Boinwt+C coswt,

where 1., is the solution for A =0 and B and C are functions of 7 On
substitution 1n equation (1), we have

[Bw v—-- a("]oo:uul [C'm+u—+--— st

=[ 1op7_ _lop
Pyl i Rt
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This relation is satisfied when
e 19
w0 R
@a)
[31-'+__ B=—-C
1op] _[_1op
o [2-[%).. e

A solution of equations (3a) in terms of real and imaginary Bessel
functions is

B-—E,ber( )H—E.hel( )r Flker( )H-l" kel( )r
O=-F, bel( )r E.ber("’ r- r,m( )r F, ker( )r,

where the values of K, E,, Fy, ¥, are fixed by the boundary conditions
B=(C=0when r=a, and B= Aw, C'=0 when r=b.

Relation (3b) shows that the pressure gradient is not affected by the
oscillation of the inner wall.

b,
relation for the velooity distribution across a pipe, when the inner wall
oscillates axially and the outer wall is fixed, is given by the relation for
viscous flow between two parallel plane walls, when ono wall oscillates, and
the other wall is fixed.

5. Plane walls. The equation for viscous flow between two parallel
infinite plane walls is

4. When (-—+—h ) is small, a8 in the experiments of § 2, an approximate

ou_ O 1dp
W p “

where the origin is taken in one of the walls, and the axis OZ is perpen-
dicular to them. For fixed walls, the solution is
=Z(2m-z]P.
u= b m—z] P.

6. Wall at z=0 fized: wall at z=2m oscillating n the direction OX. Let
the motion of the wall z=2m be given by u=Aw sinwt. The solution of
equation (4) can be written in the form u=1u,_ o+ B, sinwi+C, coswt,
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where w,_, is the solution when 4 =0, and B, and C, are functions of z.
The substitution of this relation for u in equation (4) gives

19 19;
[B,w v ]msmt [C,a)w——] smot = ———”—(-I-J.a’;’)‘d.

This equation is satisfied when

a;ﬁw C;=0, (6a)
¢
B0, (s0)
lap
and [ ﬂaz] [ poxlid {8e)

The boundary conditions are B,=Aw and C, =0 at the wall z=2m, and
B,=(!;=0 at the wall z=0. The solution of equations (5a), (5b) gives

B,= Rme( )zsmh( )z Ssm( )‘msh( v)‘z,
¢, = Rum( )zoosh( )z+Sws(§—) zmh(;lv)‘z,

i
Aw cos m(%) sinh «m(-z:—))

B e e )
wnd - —Awninm(z—s:).wsh m(%ﬂ)' ©

—
(eosh’m(z—m ) —oon‘m(z-i') )
v v
7. When #/(v/nf) <m, the relationu = B, sinwt + C, 00wt for the velocity
disturbance can be recast with good acouracy (except near the fixed wall)
into the simple form w=2nf4 exp{—2mz/A) eon( - —2nﬂ) where A is

the wave length of the disturbanoe, given by 2r |/(v/nf), and z is now taken
to be the distance from the oscillating wall.
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8, In conclusion, the writer wishes to acknowledge his great indebted
to Mr W. 8. Walker, who aseisted in the carrying out of the experiments
described in the paper.

SUMMARY
1. Scope of work. Experiments have been made to determine the effecta
of disturb of known ch on the laminar flow of water in & long
pipe of annular tion. The t d are those due

to axial oscillations of the inner wall of the pipe, to oscillations of the
inner wall about its axis, and to both weak and intense entry eddies.
Experiments on the breakdown due to & uniform rotation of the inner wall
(outer wall fixed) have also been made.

The breakdown of flow near a plane surface oscillating in a stationary
fluid has been observed.

Theoretical relations for the flow of a viscous fluid through an annular
pipe, under the infl of & p dient parallel to the axis, with
the inner wall oscillating nxmlly and the outer wall fixed have been
obtained.

2. Conclusions. The frequency of the axial oscillation of the inner wall
when a departure from laminar flow ocours depends on the axial amplitude
of the wall and the viscosity of the fluid, and is independent, within the
accuraoy of measurement, of the velocity of axial flow. The Reynolds
number of disturbance, defined as the product of the velocity amplitude
at the wall and a length 27 \J(v/nf) (where f=frequency) divided by the
viscosity, at which a departure from laminar flow ocours does not change
appreciably over a wide range of amplitude.

The reaults with the mner wall of the pipe oscillating about its axm
suggest that the flow remains laminar up to the critical Reynolds number
of disturbance measured with the inner wall osaillating axially.

Visual observation suggests the presence of rotating bands of fluid with
their axes parallel to the d ion of oscillation at the breakd

When the inner wall rotates at a uniform speed (outer wall stationary),
the critical rotational speed increases with the axial speed of flow, and the
critical number for no axial flow, predicted by extrapolation of the curve
drawn through the numbers measured with axial flow, is in close agreement
with Taylor's theoretical number

It 18 shown that the early breakdown of laminar flow associated with
intense entry disturbances can be caused by very weak entry disturbances,
provided they are in the form of discrete eddies.
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Uranium Z and the problem of nuclear isomerism
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1. INTRODUOTION
It is well known that the idea of the possible isotopic complexity of the

elements arose first as the result of i igati into the ch 1
behaviour of sub produced one from another in the course of
i fc i Soon after this idea of isotopy had

been generally accopted, Soddy (1917, 1919) suggested a further basis of
classification which he believed might also be required in certain cases.
According to this suggestion, nucler which were indistinguishable in
respoct of charge and mass might still exhibit distinet radioactive pro-
perties, or might differ in ‘“‘any new property concerned with the nucleus
of the atom rather than its external shell”. He proposed in effect to
classify distinct isotopio species as isobaric or heterobaric, depending upon
whether the same or diffe mass bers had to be assigned to them
In particular he suggested that the disintegrations of the branch products
thorium C’ and thorium C”, which certainly result in isobaric species of
the same atomic number, might in fact give rise to isotopes which were
radioactively distinet. This suggestion was tested experimentally by
S. Meyer (1918), but was not substantiated. Nevertheless, three years
later, uranium Z was discovered by Hahn (1921)—and 1its chemical and
dioactive properties interpreted by him as evidence for nuclear isomerism,
in this case with uranium X,. Subsequent work by Hahn (1923), Guy and
Russell (1923) and Walling (1931) confirmed this interpretation. Uranium
7 and uranium X, were certainly isotopio, and as both were produced, as
it seemed directly, from uranium X, the most natural assumption to make
was that they were also isobaric. No further examples were found, however,
and no attempt at a th ical description of the ph was made
for some time. Then, in 1934, Gamow put forward an explanation based
upon the idea of an additional fund tal particle, the negative proton,
and, from the experimental side, the discovery of artificial radioactivity
opened up entirely new possibilities of isotopy. Now, if v. Weizsicker’s
(1936) explanation of nuclear i ism i8 g iy p d to Gamow's,
[ 630 ]




Uranium Z and the problem of nuclear isomerism 531

at least it appears certain that several instances of the phenomenon are
open to experimental study (Szilard and Chalmers 1g3s5; Bothe and
Gentner 1937; Meitner, Hahn and Strassmann 1937; Snell 1937). For that
reason we have thought it important to begin such a study by a more
detailed investigation than has hitherto been made of the radiations from
uranium Z and the relations between this body and 1ts neighbours in the
series, The present paper describes the reeults of this investigation. So far
as they have been taken they are disti ble to v. Weizsiicker’s
hypothesis; they suggest, therefore, that a precise statement of the
hypothesis should be made the basis of our discussion.

2. Vv WEIZSACKKR’S HYPOTHESIS | METASTABLE STATES OF NUCLEI

The hypothesis of v. Wemw.cker is an entirely natural extension of
current views regarding the of diations by nuclei,
applied specifically to the case of a nucle\m in its first excited state.
Clearly, from such a state of excitation, the only possiblo radiative transition
is to the ground state of the nucleus——and theory indicates that the
probability of this transition depends chiefly upon the amount of energy
nvolved and upon the change in nuclear spin quantum number as between
the two states of the system. v. Weizstioker ponted out that if this energy
difference is small, and if the spin change is considerable, very small
transition probabilities are to be expected.* He showed that, even when
other modes of di itation, such as the “‘mechanical” intervention of
an extranuclear electron, were taken into account, the same result held
good. Numerical values, given for Z (atomio number) = 27 and Z = 64,
suggest that the effect should not vary much with nuclear charge. For a
first excitation level at 5x 10 e-volts energy, for example, n each case
(Z = 27 or 64) a spin difference of 5 quantum unitst waa found necessary
to ensure a y-ray transition probability less than 10 ®sec.! (half-value
period greater than 20 hr.). It is interesting to remark that the same
suggestion of metastable states of nuclei has been developed, on the basis
of the liquid drop model, by Bethe (1937) with numerical conclusions very
similar in almost every respect to thoso quoted above. On this model,
however, the dependence of y-ray lifetime on nuclear charge number is,

* The question of relatively long y-ray lifetimes was raisod in a paper by one of
tho wnters 1n 1929 (Feather 1929).

+ This 18 an uppoer lmit, only. It was pointed out by Bohr that a high degree of
symmetry in the ground state of the nuclous would have the effeet of reducing
considerably the changes of spin which would be necessary.



532 N. Feather and E. Bretacher

if anything, even less p d then before, and the spin changes
necessary to ensure & specified long lifetime are slightly smaller. Bethe
also suggests, on a parison of the th ical ideas involved in each

case, that pairs of nuclear isomers should be about as frequent in nature
a8 pairs of stable isobars having consecutive charge numbers.*
The question of the first excited states of the heavy nuclei may be
idered from the il 1 point of view, also. Here Hulme, Mott,
Oppenheimer and Taylor (1936) have already noted certain regularities
In the level schemes proposed to account for the y-rays and the a-particle
fine-structure groups from the radioactive elements they have recognized
two types, one characterized by a first oxcited state of quite high energy
(E,> 6x 103 e-volts), the other by a first excited state not far removed
from the ground state of the nucleus. It is possible to extend their list
of nuclei having level systems of the latter type (Table 1).

TabLE I
Nucleus RaC ThC RaE RaC” ThC”
z 83 83 83 81 81
4 214 212 210 210 208
E,(okV) 529 238 472 62 400

It will be observed that in all the above cases the nuclear charge number
(Z) is odd and the nuclear mass number (A4) even  The remaining heavy
mdlonctiva nuclei of this type are horium 2 and the supposed isomeric
pair X, ium Z. id if, foll g v Weizsiicker, we
need to assume that the nucleus of this latter species (Z =91, 4 = 234) has
& first excited state very close to the ground state, we shall merely be
extending a regularity which is already clearly established. Indeed, there
is good reason to suppose that this particular regularity will in fact be
further exemplified when the rndls.t,mns from mesothurmm 1 have been

fully studied and i i 1 rog: g the posaible statos

* Seven such paws of wobams are at present believed to oocur amongst stable
nuclot (see Bainbrdge und Jordan 1936).

t Nuclor for which both Z and A are evon provide exumples both of low. and
high-onergy first oxcitex! atates (thus in the former category occur ,,Rn, 1840-kV;
WRATh®, 58e-kV, o ThX®™, 86e-kV), but when Z s odd and 4 evon the fimt
oxetted state of tho nucleus appoars always to be low-lying, (Tho statement of
Hulme, Mott, Opponhoimer and Taylor that radioactive nuclei of the lattor class
aro thoso of odd mass number 18 clearly & mistake.) Amongst existing stable nuolei,
1t wll bo bered, this class 18 k from another point of view—being
reprosented by four species, only (H3, LS, B and NW).
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of excitation of the product nucleus mesothorium 2 (Z = 89, 4 = 228). In
this case the sequence of disintegrations is as follows:

Th  MsTh, > MsTh, > RdTh 5 ThX .

Let us consider the changes in nudeu spm quantum number nquned by
existing data regarding these For the a-disi

there is no reason to postulate a change of spin (as between ground states)
in either case—in spite of the occurrence of “fine-structure” in the a-
radiation from radiothorium.* We assign, therefore, quantum numbers 0
to the ground states both of MsTh, and of RdTh. On this assumption the
spin of the ground state of MsTh, is given from considerations of the

p-radiation emitted in the disintegration MsThy —’» RdTh. It will be seen
by inspection of fig. 8 (to be discussed in greater detail in § 6) that to
explain the partial f-particle spectrum of highest energy in this radiation
we must postulate & spin difference of 2 units (or even more) between the
ground states of the initial and final nuclei (vide snfra). 1t is then necessary

to discuss the disintegration MsTh, '—,> MsTh, on the assumption of a spin
difference of 2 units between ground states, also. Now up to the present
no radiations have been ohserved in this case, the disintegration constant
(33 x 10-* sec ) being known only from the rate of growth of radio-
thorium in initially purified thorium We shall examine, in turn, the
assumptions, first that the transformation to which this disintegration

refers ing for simplicity that only one mode of disintegration
need be considered) is a ** once-forbidden” transition—and then that it is
“allowed”. On the former ption, that is i ition to the

ground state, we conclude (from fig. 6) that the disintegration energy is
about 2:9 x 10° e-volts on the latter (transition to some other state) the
corresponding energy is less in the ratio 1-10. The mere fact that the
particle radiation has not been detected (presumably on account of its
small energy) is thus strongly suggestive that the latter supposition is
correct. But this is seen to imply that the S-particle disintegration of

h 1 results g lly in an excited mesothorium 2 nucleus.
The additional fact that no strong y-radiation has been observed is then
evidence for the small excitation energy of this state, or for its long

* Calculation shows that the partial disintegration constants for tho low- and high-
energy components of this radiation differ by a greater amount thun corresponds
to the energy differenco between them. It 18 to be suppoeed, thorefore, that the
change of spin quantum number ocours between the ground state of radiothorium
and the first excited state of the subsequent product, thorium X.
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lifetime,* or both. Even if it were supposed that transitions to the ground
state and to the first excited state of mesothorium 2 were equally probable
we should still obtain an energy separation of the two states no greater
than 2-3 x 10% e-volts on the basis of fig. 6 (putnl dmnugutwn enu‘gm
2:5 x 10* e-volts and 2-0 x 104 e-volts, resp ly).

there appears to be the strongest evidence for low anargy exclted states
in all heavy radioactive nuclei for which Z is odd and 4 even, and,
consequently a good case for the assumption of such a state as & baais of
explanation of isomerism in the nucleus uranium X;-uranium Z. Certain
consequences of an explanation on this basis may now be discussed.

The important consequences of the hypothesis of metastable states were
indicated in the original papers of v. Weizsticker (1936) and Bethe (1937)"
they are concerned chiefly with the energy balance 1n the disintegrations.
Here we may consider them, formally, as follows. Let 4,, 4, be two
isomeric nuclei, 4, ing the higher ( ble) state, of small
positive energy ¢. Let it be supposed that the same type of disintegration
occurs with each isomert and let B be the common product nucleus. Let
B,, B,, ... denote the ground state and successive excited stutes of this
nucleus. Then, because of the difference in spin between 4, and 4,, it is
unlikely that the transitions 4, - B,, 4, - B, represent in each case the
most probable mode. Rather, it is much more probable that in one case
transition to one of the (lower) excited states of B 1s favoured by the
selection rules—or it may be that the radiative transition 4, - 4, is also
important. If this is so, then part, at least, of the radiation from 4, must
be of the same quality as that from 4, (and the particle radiation from
a fresh preparation of 4, is not likely to decay strictly according to the
simple exponential law); even if it is not, more than one possibility still
remains As most probable disintegration modes we may have

(a) Ay > B,, A, ~>B,
or ®) 4y—B, 4, ~B,
and in either case if r (ors) = 1, and if the first excited state of B is a very
low-lying state (excitation energy €'), again differences of disintegration

* That 18, & hfotune not anmller by many onioru of magmtude than 613 hr.,
the half-value period of 2 for B though oertain
oxporiments of Widdowson and Russell (1925) mlko 1t alrcady unllkoly that such
& y-ray hfotime could, in faot, be greater than 3 min,

1 Certan oxperimontal ovidenco (Pool, Cork and Thornton 1937) indicates that
this 18 not always tho caso- -but 1t does not appear that any fundamental difficulty
s mtroduced if different types of disintegration (e.g. electron and positron emission)
have to be taken into account.
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particle energy will not be large (| e~¢’ | or e+¢’). Moreover, if B, is very
low-lying, it is likely that it will also be metastable: as v. Weizsicker
pointed out we may expect wmmnes to ﬁnd two parsllel disintegration
series of which pairs. If B, (or,
alternatively, B,) is not- 8 luw -lying state (energy exocess given by 7, ,) then
acoording to either possibility, (a) or (b), there will be considerable
differences between the radiations from A, and 4,. If & represents the
disintefration energy for the transition 4, - B,, the alternative most
probable modes are as follows:

(a) from A,, particles of energy &, no y-rays;
from 4,, particles of energy E+6—7,, y-rays of total quantum
energy ¥,;
(b) from 4, partioles of energy E-—7,, y-rays of total quantum
energy ¥,.
from 4,, particles of energy £ +¢; no y-rays.
It will be noticed that, when y-rays are mentioned, the expression “total
quantum energy " is employed This is to draw attention to the fact that,
since the radiative transition B, , ~ B, will generally be *forbidden” on
account of the large difference of spin likely to exist between these two
states,* the emission of at least two quanta in succession is the most
probable de-excitation process.

We may sum up the conclusions of this section, then, by the statement
that the radiations from two i ic radioel may erther be similar
or quite dissimilar, according to the energies and angular momenta of the
possible excited states of the product nucleus. In this connexion some of
the simplert of the many possibilities have been treated in more detail.

3. EXPERIMENTAL 8TUDY OF THE RADIATIONS ¥ROM URANIUM 7

Up to the present the only important i igation into the radiati
from uranium Z has been that of Walling (rg;z} Two strong sources
(uranium Z corresponding to about lokg 1 t) were prepared
having very little radioacti i ionizati dne to the

p-particles of uranium X initiaily only 0-2 and 6:0% of the total) and

* The 1utial difference 1n nuclear spin, as between A, and A,, cannot bo expectod
to be greatly reduced by the two *most probable™ (mmular) particle disintegrations
which are being considered.

+ Thus we have supposed, throughout, that transition to the ground state, By,
was the moat probable modo of particle disintegration with one 1somer or the other
This need not necessanly be the case.

352



536 N. Feather and E. Bretacher

the absorption of the S-particles up to 0-65 g./om.} of aluminium and of
the y-rays up to 12:6 g jom.? of lead was studied by means of a gold-leaf

Tt was luded, in with the earliest observations
of Hahn (1921), that the §- rndmtmn was oomplex, thnt is that 10 oould not
be described in terms of a single exp i and
that the y-radiation could be so described (by means of & mass absorption
coeﬂiclent of 0-097 cm */g. 1n lead). It was suggested that resolution of the

di into two p for which (#/p),, = 64 and 19:6 ‘em.! '/g
mlght be a satisfe P ion of the results—if, with an
source, the soft componant, contributed about four umes 28 much ionization
a8 the harder Beyond 0+33 g./cm.? absorber th (of inium) no
appreciable #-particle effect was ded No esti of the i i

of the y-radiation (in quanta per disintegration) was made.

Our experiments were carried out with the uranium Z obtained from
about 2 kg. i element, ak with a tube
counter (see Feather 1938) being mmle with eleven sources prepared by
the method of Guy and Russell (1923).* In proparing ten of these sources
potumum tantalate cquivalent to 20 mg tantahe oxide was used for the

jon; for the el h the equivalent of 200 mg. of oxide was
empluycd In cach case the final precipitate was obtained on a filter paper
1-8cm. 1n diameter. Two fusions with potassium hydrogen sulphate
usually reduced the uranium X contamination to about 29, initially (i.e.
imtially about 29, of the -particles emitted by the source were #-particles
from uranium X;) particularly if a few milligrams of thorium sulphate was
added to the melt to assist in this reduction.t After preparation each
source was placed in a cavity in a small wooden block of a standard
design and covered with a thin foil of mica. Absorption measurements with
aluminium were carried out up to a limiting thickness of 1-23 g./em.* and
with lead to a thickness of 9-7 g./om.% The absorption of the y-rays in
a block of tungsten of 13-9 g Jem.* was also investigated For the purpose
of ion for i a complete absorption curve for a source of
uranium (X, + X,), with uranium Z in equilibrium, was separately deter-
mined}—and half-value periods of 6:7 hr. (for uranium Z) and 24-5d.
(for uranium X,) were assumed. In the case of each observation corrections
were first made for the finite resolving time of the recording system and

* Kxoopt that, in the ongm.l separation ol’ uranium X, iron was employed, instead
of thorium, as d a8

1 The amallest amount ol wnummntnon obeerved after two fusions with KHBO,
was 0-4 %, approximately.

$ This curve (given logarithmically in fig 2, curve B) is also required, for purposes
of 1n the final of the resulta (p. 546).
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the natural effect of the counter (see Feather 1938). Afterwards the

uranium Z activity through each thicl of absorber was obtained by
subtraction and, in the f-particle experiment, was then expreased in terms
of the activity through a standard absorber of total thickness* 0-255 g./om. 2.

Fig. 1 shows the relative activities obtained in this way for absorber
thicknesses greater than 0-16 g./em.?; the complete absorption curve for
all thicknesses being given (logarithmically) by curve 4, fig. 2 (#-particle
effect only). Fig. 3 gives the logarithmic curve for absorption of the y-rays
inlead. Vertical lines, both in this figure and also in fig. 1, represent limite

12
Lo
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08

07

02 030-40-50607080‘9[0 o2
Thickness uf nbsorbcr
Fra. 1

of probable error based upon the numbers of particles counted For
comparison with the results of Walling certain deductions from the curves
may be stated at once, leaving until later (§ 8) a more systematic discussion
of all the data. l"mat.ly, the ﬂ pa.mcle effeot is appmomble at least up to
0-5g./em.? of al h it is ly quite small beyond
0-3 g./em.®. Secondly, the crude mnu absorption coefficient for the y-rays

* Allowance having been mado for the mica over tho source and alosing tho
counter and for the air included between source and counter. In the y-ray experiment
activities were expressed in terms of the activity through 1:934 g./om.? of lead, as
standard.
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in lead is 0077 + 0-006 om %/g., which i is considerably lesa than Walling’s
value. The orude coefficient for absorption in tungst ns“ d from
the experiments with the eingle beorb il

absorption, is 0-073 £ 0-002 om.*/g. This is entirely consistent with the
other result—and, since it will later be shown that these crude coefficients
approximate fairly olosely to the true values, it appears that the y-radiation
from ‘uranium Z, as well as the f-radiation, is in fact hat more

ing than was p 1} d

Y SUpPE

4. THE BRANCHING RATIO

Previous estimates of the branching ratio—that 18, the ratio of the
probability that an atom of uranium X, will disintegrate giving rise to an
atom of uranium X, to the probability that the disintegration product
will instead be an an of ummum Z—have admittedly been very indirect.
Being based upon ioni ts with relatively weak sources
they have been greatly licated by the iderable difference in
penetrating power as between the radiations which were being compared.
Direct counting of particles is the only reliable method in such cu—mnm—
stances. For that reason a sep i was carried out to d
the branching ratio directly in this wuy Three problems were involved -
to mnka sure t,ha.t the chemical processes employed resulted in the

of Z, to correct for the ““self-absorption”
of the f-particles in the material of the source and, for the comparative
measurements, to proparo sources of uranium (X,+X,) representing
accurately known fractions of the total amount used.

In respect of the first problem, since the precipitation of uranium Z with
ten times the usual amount of tantalic acid (cf. p. 536) did not result in
the preparation of a rource which was any utmnget than usual (comparison

was made using the y-radiation, in order to minimize differences due to
if-ab ion) it was luded that the dard procedure (using
20 mg. 'l‘n,O.) wn.s qunnmuﬁwely effective.
The was, | , modified slightly in otder to

reduce and make definite the salf-ab ption of the f-particles of

Z in the material of the source. For the main expenmente described in the
last section the active material had always been prepared as a dried
precipitate on a small filter paper, now the final precipitate and filter paper
were ignited (with the addition of a few drops of strong nitrio acid) and
the residue finely powdered and spread uniformly on a cirole of smooth
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white paper inserted in the cavity of a wooden source holder in the usual
way. The superficial density of this deposit was very closely 10 mg./om.3.
Fig. 4 gives the results of absorption measurements upon two such sources
using thin aluminium foils. With suffici asingle mass ab

ooefficient of 24-7 om.3/g. may be used in describing the results.* If this
coefficient also applies to absorption in the material of the source, caloula-

0-2

0-1

0

T9 )

fulpn

T8

17

16

15

10 0 30 40 60
mg/cm'
Thickness "of absorber
Fio. 4

tlon ahowsT that a correction factor of 1-13 is required to take count of
Algo, inspection of the figure indicates that a factor of
l-SSmneoesurywcomcHur‘ ption in the dard thick of

12:8 mg./cm.* of mica and air through which the comparison measurements

* The mtial slope of curve 4, fig. 2, corresponds to (4/p)y; =350, the mean
slope over the fimt 0-050 g./om.? absorption to 30-2 om.*/g. Those values are both
greater thanthat doduced from fig. 4 because the latter mcludes the y-ray effect
‘which has been subtracted n fig. 3.

t For a uniform depost of active material of thickness d the oorrectwn faotor
in pd(1—eme)-t,
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were made.* Thus a factor of 1:13 x 1-38, or 1:56, was applied to the direct
determinations of activity through the standard absorber.

The preparation of sources of uranium (X, + X,) for comparison measure-
ments was carried out after division of the original uranium X,-iron
solution into two fractions, 4 and B, in the ratio 1: 19. The larger fraction
(B) was put aside for subseq of jum Z, the smaller
was made up to 250 c.c. and used 1 c.c. at a time. At any time such a
sample (1c.c) contained, therefore, 1/4750 of the uramum X, which
remained in the larger fraction. To any such sample about } mg. thorium
(a8 nitrate) and 5mg. iron (as chloride) were added and a precipitate

btained with ia. This precipi was dried and its activity
measured in the usual way. The uranium Z was separated from the larger
fraction, by the method already described, at a timo when it had grown
completely to its equilibrium amount. Corrected to this time of separation
(and also for absorption, using the data given above) relative activities
were found to be as follows: uranium X, (from 1ce. of 4). uranium Z
(from B) = 449 : 3200. Thus the branching ratio is 449 x 4750 : 3200, or
666 1. Taking count of statistical errors (not greater than 3%,), of the
possibility of chemical losses with such small amounts of material, nnd of
any differential effects due to f-particle reflexion (backward )
in the material of the source support, we may write for this ratio 665+ 65 1,
a8 a final figure An independent estimate based upon a comparison of the
y-ray effects (see § 8) of the uranium Z and j} of the uranium (X, + X,) with
which it was in equilibrium gave 580 + 100 1, in good sagreement with the
above. When these values are compared with the earler estimates (350 : 1)
based upon ionization measurcments, the difference is in the direction to
be expected ; the softer radiations are given greater weight when ionization
methods are employed.

5. THE EFFECTIVE QUANTUM ENERGY AND THE INTENSITY
OF THE Y-RAYS

A rough estimate of the intensity of the y-rays of uranium Z was obtained
by comparing the activities of the source, as measured by the counter,
first when just sufficient absorbing material was used so that the g-particle
effect was completely cut out and, secondly, when no absorber was
employed (and correction was made for the self-absorption of the #-particles

* Through this thickness of matenal the g-particles of uramum X, do not con-

tribute appreciably to the activity of a sourco of uranium (X, + X,); for the 4-particles
of uranium X, a 4 %, correction for absorption has to be sppled.
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in the material of the source)}—and then determining the ratio of the
correaponding activities, I,/Im, for mother udwwnve substance, con-
ocerning which some inf ng y-ray i ities was available.*
Since the sucoess of the oomponmn depends to a great extent upon the
use of & standard substance which emits y-rays of roughly the same
quantum energy as those of the element under investigation, mesothorium 2
was chosen as standard, in spite of the fwt that our lmowladge of the
intensities of the y-rays from 2 i8 less lete than that
concerning radium C or thorium C”.

First, in order to know more exactly the effective quantum energies of

the radiations to be d, the absorpti fficient for the y-rays
from a preparation of horium 2} was d ined under the same
ditions as obtained in the main experiment described in § 3. The activity

of the source was measured through 0-983 g./om.? of aluminjum, to cut out
the g-particle effect, and then after the nddmon of 1:934 g./om.3 of lead
and 139 g./em.? of tungst ial absorp-

ly g exp
tion, the following mass absorpti flicients were deduced :

(1/p)pp = 0:003 £ 0:000 cm.3/g.; (u/p)w = 0-061 £ 0-001 om.b/g.

The first of these values is necessarily only rough, however, the more
accurate result obtained with the thicker tungsten absorber may be taken
to indicate a mass absorption coefficient of 0-065 cm.?/g. in lead. Now the
accopted value for this coefficient for the strongly filtered radiation is
0057 om.‘/g (Bothe 1924) and the effective value, over the range of
here employed, about 0-073 cm.?/g. Thus crude mass
absorption coefficients of this order are, with our arrangement, some
0-008 cm 3/g. less} than the true coefficients, and we obtain a true co-
efficient of 0-087 + 0-005 cm.%/g in lead as best representing all the
measurements on the y-rays of ium Z described in § 8. Cc di
to this value the effective quantum energy is 0-70 + 0-05 x 10 e-volu This
must be compared with the known quantum energies 1-65, 1-81, 0-97,
0-015, 0-482 ...x 10%e-volts in the y-ray spectrum of mesothorium 2,
Fig. 5 shows roughly how the efficiency of our counter system depends

* This method has recently been used by Elis and Henderson (193s) for the
annthilation radiation of radiophosphorus (P*) und by Devons and Neary (1937)
for the y-rays of RaC”.

+ This source waa prepared from the material and by the method described by
Feather 11938).

 That is, the correction for scattering back into the counter 18 greater than the
ocorrection for obhquuy 1n pasang through the absorber, under the relatively poor
s ions of the
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upon the quantum energy of the radiation under investigation.* On the
arbitrary scale of this figure the activity to be expected, on the basis of
02 per disi ion of mean q energy 1:63 x 10 e-volts
and 0-3 quantum per dismtegration of 0-94 x 10° e-volts energy, is 0-277,
per millicurie of mesothorium 2. Similarly, for 1 quantum per disintegra-
tion of uranium Z, of mean quantum energy 0-70 + 0-05 x 10% e-volts, an

~

Relative efficiency of counter

0 -t ) K] [} 5 x10%
Ey
Fro. 6
* This curve, which refors only to the olectrons iberated in the Compton scattering
Pprocess, has been obtaed by ng the of Richardson und Kume

(1936) for the oaso of an “wfimtely thick" scattering foil. With these suthors we
have considored just those eleotrons projected withim 10° of the direotion of incidence
of tho acattered quantum-—and we have made the reasonable assumption that, with
our thin-windowod counter, 1t  chiofly tho electrons so projected from the upper
layoru of the absorbing foils which are counted whon the direct A-particle effect is
out off, That fig. 5 18 also fairly well ropresontative of a large number of experimonts
with thin-windowed counters of dufferent types 18 suggestod by the fact that, whoreas
Ells and Honderson (1935) obtained 10: 1 for the ratio of the y-ray effects (per
mulliourie) of thorum C* and radiophosphorus, our cuevo gives 9:1—on the
assumption that only tho anmihilation radiation 18 in question with P®,

t This suggestion regarding tho mpeotral distmbution of tho y-ray energy of
mosothorium 2 18 based on tho usaumption that about 80 % of the total energy given
by the heating effect (Rutherford, Chadwick and Ellis 1930, P. §00) 18 emitted as
quanta of the four highest quantum energios given above.
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activity of 0-21 +0-03 per millicurie is to be expected. The direct experi-
mental result with our counter, by the method described at the beginning
of this section, was

For mesothorium 2: I,/I gy = 1:32711:8.
For uranium Z: I[Ipy =1:288%20,

Thus the number of quanta per disintegration of uranium Z is given by
:; ; (:)227: , or 1-50 1 0-25, after estimation of the probable error.* Again
we may sum up, by saymg that the y-radiation from uranium Z has, with
our energy of about 0-70 x 10# e-volts
and an intensity qulm dsﬁmtely greater than one quantum per atom
disintegrating. This is an important result which will be referred to again
in tho disoussion.

6. Discussion

With the experimental facts established, two main topics for discussion
may be distinguished; they are d with the mode (or modes) of
formation and with the modes of disintegration of the nucleus ,,UZ%.
Woe shall begin, however, with a short atatement of the present position
regarding the “‘Sargent diagram ™, since the discussion of each topic will
involve this—and we have already required it (cf p. 533).

As is well known, the empirical relation between disintegration constant
and maximum g-particle energy, first pointed out by Sargent (1933), was
a relation between total dumwgratlon constant and enorgy. However, we
now know that alf ive ion modes freq 1} occur, and
partial disintegrati and the ponding disintegrati
energies should therefore be employed (cf. (amow 1937, p 152). Fig. 6is
an attempt to construct a Sargent diagram using such data in a more
systematic manner than has hitherto been done. The partial disintegration
constant (in sec.~!) and the disintegration energy (in electron volts) corre-
sponding to the most probable mode of disi ion for eacht of the
B-active bodies of the three series has been used, and an indication has
been given, by means of the closed curves} surrounding the points on the

* Theso Limita of error do not take count of inaccuracios 1n the assumed relative
mtonntm of the y-rays of mesothorium 2.

} Except AcC and MaTh,, for which no data aro available.

1 The open curves labelled (RaD) and (ThC”) refer to the unobsorved tranmtions
to the ground atates of tho product nuolet in the two cases indicated.
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figure, of the probable degree of i hing to these data.* It
will be seen that two smooth curves can be drawn reasonably well amongst
the points.t These, according to current O.ermmology, are the curves for
“allowed” and “once forbidden” nd we shall ib
nuolear spin changes of 0 or 1 and 2 quantum units, respectively, to these
transitions (Gamow and Teller 1936). Points corresponding to less probable
modes of disintegration are not included in fig. 8 because in general greater
uncertainty attaches to them, usually, however, they lie effectively on, or
sometimes between, the curves.]

45 50 ebogs 69 65

¢+ RaD)
Fie. 8

* The uncertainty curves assume different shapes i differont casos, and do not
lie symmetrically around the “accopted” points, beoause of the fact that in the

abeonce of further knowledge total di have been
uscd when alternative modes possibly occur, and bocauso all measuremonts with
weak sources --and mp hable to load to an

undercstimate of the maxunum f-partiolo mergy

t Exoept the pont for AcB. Howover, some doubt concerning tho f-particle
energy still remains (Leocoin 1936)

1 This—and somo of the more i of the d iea indi on the
figure—doea suggest that the assumption of two distinet curves may be an over.
simplification of the matter.
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R ing then to & ideration of the radiations from Z, we
hnva:lresdynoud(Qz)thntuthuco-bg/um'ofdumminminmqmred
to absorb the 8-parti . We lude (of. Feather 1930) that

the maximum energy of the puticlm i8 not less than 1-16 x 108 e-volte.
Coupling this value of the energy with the total disintegration constant
(2:0x 10~% sec.~1), & point is obtained which on fig. 6 falls almost exactly
midway between the curves. The suggestion is that if 1:16 x 10% e-volta is
in fact the particle energy corresponding to any mode of disintegration of
uranium Z, then certainly it is not the most probable mode. Stmng
confirmation ofthu general lusion is afforded by a further consid
of the I hmic g-particle absorption curve of fig. 2. It is quite different
in form from those referring to the 8-particles of jum X, (curve B) and
radium E (curve C), which were also determined. Moreover, since radium E
undergoes & ‘“once forbidden” transformation, whereas the disintegration
of uranium X, is “allowed”, the results indicate that these differences
cannot be due to differences in the type of disintegration involved. Clearly,
the A-radiation from uranium Z must be made up of at least two com-
ponents with widely different (maximum) energies. An attempt was
herefore made to curve 4 onthe ptionof t
each absorbed according to the simple absorption law represonwd by
curve (. The first result to be deduced as the attempt proceeded was thas
no reconstruction on the hma of any number of components was posslble,
80 long as the most waa assigned the
energy of 1-16 x 10° - volt.s obta.med directly from the absorption curve.
The best two-component representation finally dovised was that of curve a,
fig. 2. The components assumed in this case were as follows:

Soft component. absorption limit, 0-20 g./cm.3; intensity, 0-944.
Hard component: absorption limit, 0-70 g./em 2, intensity, 0-058.

The corresponding maximum S-particle energies are 0-58 and 1-55 x 108
e-volts, mspoctively. Although the indications are that a better fit still

would be ok d on a th ion (two soft com-
ponents and one hard), we ahA!l mume the lbove amlysu as a working
hypothesis 1 the ini i One result is that the repre-

sentative points on the Surgent diagram (marked 1 and 2 on fig. 6) now
fall much more nearly on the “allowed” and “once forbidden" ocurves,

pectively. We have, therefore, some indi of the spin changes in
the d al ive modes of disi ion —but we should also notice
an apparent difficulty. Whilst the difference between the maximum
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p-particle energies (0-99 x 10° e-volts) is considerably greater than the
effective quantum energy of the y-radiation (0-70 x 10% e-volts) deduced in
§ 5, it is not great enough to allow of two successive transitions (and thus
nearly two quanta of y-radiation per disintegration) having this mean
energy. However, we shall leave this immediate problem unsolved for the
present and turn to a disoussion of the modes of formation of uranium %
from uranium X,. Basing our discussion on v. Weizséoker’s hypothesis of
metastable states of low energy, we shall regard that scheme as intrinsically
the most hkely which, in order to explain the facts, requires us to postulate
the metastable state of shortest (y-ray) life.t

1In this connexion there are, broadly speaking, three possibilities: UZ may
be the metastable state of the nucleus (UX,-UZ), in which case it must be
formed from UX, directly in a mro mode of g-disintegration, or UX, may
be the table state produced in a direct ition from UX,—and
UZ be produced exther d.lrectly from UX,, also, or from UX, by a (strongly
forbidden) y-transition competing with the much more probable A-dis-
integration.t An asterisk denoting a metastable nucleus (of pouitive

energy ), these three possibilities are rey d fe lly by the sch
(a), (b) and (c), which follow:

£LUX|
@ UX, By = By +e.

avzZ*

;;UX:
®) X Ey = By —e.

2z
© vxAuxet B e

Uz

According to (a) the lifetime of the metastable state for y-emission is
determined by the amount of f-radi with the ch istics of the

p-radiation from uranium X, found in the general particle radiation from
uranium Z. If a fraction f of this radiation is observed to be of the same
quality as that from ium X,, then, approxi ly, fr, =14 where 7,
and 7, are the f- and y-ray lifetimes of the metastable nucleus UZ.
Experimentally (from that part of the absorption curve of fig. 1 beyond
0-5 g./om.* absorber thickness), f y; and 7, « 50 x 6:7 hr. or 7, « 336 br.

t In this way we are choowing the schome which involves tho smallest changes
of nuclear spin.
3 Or both thesc modes of formation of uranium Z may contribute togethor.
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(A, % 59 10-" sec.”?). As regards (b) and (c), clearly (b) requiree a longer
y-ray lifetime for UX,* than does (c); according to what has already
been said, therefore, we shall discuss only (c). Here the y-ray lifetime is
665 x 7 (UX,), i.e. 685 x 1-14 min., or 12:6 hr. (A, =1-6 x 10-* sec.”!). From
these numerical considerations it appears, then, that (c) is intrinsically
the scheme most likely to be valid in actual fact-—and this conclusion is
strengthened by evidence from another direction also. For we observe
that on the basis of either alternative, (a) or (b), when the branching ratio
is merely the ratio of two S-particle transition probabilities, an “allows
and a ‘“‘once forbidden” transition would suffice to explain the branching
ratio as d ined (666 : 1), wh ble value were assigned to ¢.
What would not be explained, however, would be the very fundamental
fact of metastability, since on this basis a difference of spin of 2 unita
between the two nuclei, UX, and UZ, would be the most that could be
allowed,

By arguments similar to those already used, we might next treat the

d with the disi ion of jum Z and ium X,,

which have been left over, on the basis of v. Weizsiicker's hypothesis But
the details are tedious and in some respects the possibilities are many. We
shall omit them, therefore, in favour of a final scheme—and we shall
contont Ives with pointing out the difficulties which 1t resolves rather
than explaming at length why it appears to us to resolve these difficulties
in & more satisfactory manner than is otherwise possible. Our final scheme
is as given in fig. 7. Spin quantum numbers are shown on the left and
energies (in millions of electron volts, with respect to the ground state
of Up,) on the right of the energy levels in this diagram, and each transition
is also labelled s0 a8 to show its type (whether f or y), its relative probability
when it competes with any other transition (upper figure) and its energy
(lower figure). Morcover, the vertical energy scale of the diagram is, for
sake of convenience, different above and below the horizontal line A4’.

As regards the difficulties resolved, first there in the question of the
effective quantum energy and the mtAnmty of bhe y-ruys of uranium Z.
Fig. 7 prediots 1 q per of energy
(079 —¢€) x 10* e-volts* and 0-944 quantum per disintegration of energy
0-99 x 108 e-volts. This is not, as it stands, completely consistent with the
direct results of § 5, but it is evident that to accept a three-component
analysis of the #-radiation of uranium Z (p. 646) and a consequent doubling
of the level at (1.78—¢)x 10 e-volts would improve the agreement. An

* In fig. 7, and in what follows, the postive energy of the metastable nuclear
stato ia taken as 6 x 10% e-volta,
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investigation of the y-rays of uranium Z by the method of coincidences is
being undertaken in the hope of obtaining & critical test of this feature of
our scheme. Meanwhile it may be pointed out that if the spin quantum
number of the highest excited state of Uy, is in fact 3 or 4, as shown in
fig. 7, then the non-occurrence of the direct radiative transition to the

[ 2 Ux,
po pou
@ 243
e UX,
o Wm 2%
4 il 234-¢ UZ
R
A ! . A
3ord l 178
ory
2 79 Un
e
[ o

Fia. 7

ground state is just what would be expected. Our second important
question concerns the absence of y-radiation from uranium X,, in spite of
the fact that the disintegration energy (2:34 x 10 e-volts) is sufficient for
excitation of the product nucleus Uy, in either of the levels shown in
fig. 7. This point may be settled at once: the assignment of spin quantum
numbers, which has been made in such a way that each of the -transitions
shown is of the type which in fact it is known to be, makes the transitions
from UX, to the two excited levels of Uy, once and twice forbidden,

Val. CLXV, A, 36
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respectively. Even the more probable of these transitions, therefore,
cannot possess more than one-thousandth of the probability of the
transition to the ground state, which is known to occur. Finally, we my
mention the difficulty (of long ding) ing the q1

of 0-092 x 108 e-volts energy, usually assigned to uranium X, (Meitner 1923 ;
Hahn and Meitner 1923). We have made a very rough estimate of an upper
limit to the intensity of this radiation from various published absorption
measurements (and in particular from the data of Richardson (1914)),
together with our own value for the total y-ray activity per millicurie of
a source of uranium (X, +X,). Our estimate is 0-01 quantum per dis-
integration. Now a radiation of this small intensity might quite possibly
follow a once forbidden transition of UX,, and this we have shown tenta-
tively mn the figure without attaching great weight to our suggestion.
In any case, unless this raro mode of disintegration is in any way involved
in the formation of uranium Z (a possibility which we havo so far completely
disregarded) it is not of any real importance to our main theme.

[Note added in proof, 8 March 1838, Coincidence experiments on the
y-radiation of uranium Z, carned out in collaboration with Mr J. V. Dun-
worth, have shown that two y-ray quanta are emitted *simultaneously”
in a large fraction of the disintegrations, as postulated by the level scheme
of fig 7. A full account of these experiments will be published shortly.]

7, SUMMARY

The radiations from uranium Z have been examined by the absorption
method using a tube counter. The effective quantum energy of the y-
radiation is 0-70 + 0-05 x 10® e-volts and the intensity 1:50 + 0-26 quanta
per disintegration. An analysis of the f-radiation into continuous spectra
with limiting energies 0-56 and 1-55 x 10® e-volts, and intensities in the
ratio 17. 1, is suggested, though it is pointed out thut the component of
lower energy is probably itself lex. The X, Z
branching ratio has been determined ns 665+65:1.

On the basis of these results the isomerism of the nuclei UX; and UZ
is discussed in the light of v. Weizséicker’s hypothesis and a level scheme
is put forward which appears to acoount for all the facts. Reasons are
given 1n support of the conclusion that uranium Z is formed from uranium
X, in & f-y branching, rather than from uranium X, directly, in a g-8
transformation.
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The adsorption of vapours at plane surfaces
of mica. PartI

By D. H. BANGHAM AND 8. MosALLAM

(C icated by D. L. Ch F.R.8.—Received 20 January 1938)
1. INTRODUCTION

The measurement of the adsorption of vapours at plane crystalline
surfaces is ded by the inh difficulty of packing into a reasonably
small dead-space & sufficient quantity of the solid to give an appreciable
effect. The use of powders is open to the objection that the superficial area
of the particles cannot be directly d with 3 , their
surfaces may contain a network of fine cracks, the effect of which is to
multiply the area by an unknown factor (Smekal 1925, Joffé 1928,
McBain 1932).

Plates of mica, used first by Langmuir (1918) and later by Bawn (1932),
are free from these objections. The peculiar laminar structure of this
substance renders it highly unlikely that the sheets of atoms in its exposed
cleavage planes are subject to a strong distortional influence such as affects
the surface lattices of sodium chloride and similar crystals (Lennard-Jones
and Dent 1928). When cleaved, a plate of mica parts along the plane of the
potassium atoms; and though the exposed face may comprise a number of
“steps”’, over each of these the surface is * true”’ to a molecular thickness
(W. L. Bragg 1937).

Both L and Bawn confined their to the region of
very low pressures, and in no case was the adsorption found to exceed (or
even closely to Appmwh) the vnlub for & unimolecular layer. In this paper
an is ibed whereby the course of the adsorption could be
followed with from p of 0-02 mm. right up to within a
few per cent of saturation. The investigation brought to light phenomena of
considerable complexity, and showed beyond doubt that multimolecular
films are formed at pressures well below saturation.

2. PRELIMINARY EXPERIMENTS

Preliminary experiments with benzene vapour showed the isotherms of
this substance to be of the sigmoid form illustrated in fig. 1; they are rather
similar to those of water vapour on cellulose and wool, where capillary

[ 662 ]
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d ion is usually supposed to play an imp part near i
In these experiments no attempt had been made to separate the mica strips,
a8 Langmuir had done: tightly wired-up bundles of mica were packed into

the adsorption tube so as to ize dead-space. Prima facie, therefore,
the rapid i of the adsorption near ion appeared to be due to
capillary cond jon b surfaces of mica. This explana-

tion proved untenable, however, when exactly similar isotherms were found
with the mica plates separated from each other by fine wires.

1500 l | | | A
:'E 1000 — ]
4
: °
g .
g 500 — ° ]

20 ‘40 60 80
Prossure (mm.)

Fia. 1. Isothormals of benzone at 25° C. The continuous ocurve shows the general
course of the isothermal with tightly packed mioa strips. The point ciroles refer to
obeervations where the strips were separated by fine wires.

A ison of the isoth btained with benzene vapour at 25° C. in
the two cases will serve to establish this point (fig. 1). The circles refer to
with the sey d plates, whilst the full curve shows the

general trend of the isoth 1 (ignoring di when the plates
are packed olosely together. Although it is true that the ares of the mica
was & few per cent greater in the former case, 8o that the results as they
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stand are not quite parable, these show ly
that the mode of packing the mica is largely immaterial.

Tests for capillary condensation at broken aiqe: An sttempﬁ wu next
made to discover whether ocapillary cond
at the more or less ragged edges of the plates could be oonmdend the oauae
of the rapid increase of adsorption near saturation ; for although every care
had been taken in outting the strips, and any showing interference colours
had been rejected, the edges must undoubtedly have presented a much
rougher surface f.han the cleavage faces.

A mica strip showing well-defined interfe due to internal
cleavage at an edge was ﬁnt heated in an evw\mted tube, and then exposed
to the saturated vapour of benzene, excess of the liquid being present. Even
after long standing there was no change in the appearance of the patterns,
80 that it i certain that capillary condensation in these cleavage spaces did
not take place. To speak more generally, we found no evidence that any
portion of a clean mica strip is capable of forming a nucleus for the con-
densation of liquid benzene. The liquid condensed readily on the wire used
for suspending the strip, but not at its point of contact with the mioa.

To offset against this negative evidence are the facts, brought to light by
experiments to be described ina later paper. (1) thatafterthe formationofthe
first unimolecular layer the heat of adsorption falls abruptly to a value very
close to the normal heat of liquefaction ; and (2) that towards saturation the
quantities of different vapours adsorbed at equal fractions of the saturation
pressures represent roughly equal volumes of the normal liquids. Though
(aa Huickel (1932) has emphasized in the one case, and Polanyi (1933)* in
the other) neither of these relations 18 in actual agreement with the theory

of capillary cond ion, their approxi validity is so suggestive of the
ﬁllmg up of cavities with hquld phase that the possibility cannot lightly be
ded. Wurther were therefore undertaken,

Spreading experiments in the presence of saturated and supersaturated
vapours. A plate of mica was supported horizontally in an all-glass system,
and, after being given the same vacuum heating as the mica used in the

* Even 1f the contact angle« wore zero for a number of hiquids, the relative pres.
suren at which equal volumes of those would be condensed by capillarty are not equal,
but would be smaller m the case of liquids of high surface tenmon and large molecular
volume, On account of the broken form of tho 1sotherms obtamed with mioa, and the
rapid inoreaso of y: near & detailed of the data with
the requirements of the capillary condensation theory would be difficult, and of
doubtful value; 1t 18 sufficient to state that the deviations from the ‘'equal volume®
rule are often mn the senso opposite to that predicted on the basis of this theory, zero
contact angles being assumed.
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adsorption experiments, was exposed to the saturated vapour of benzene.
Drops of liquid benzene were then caused to fall on its surface from the end
of a fine capillary. These drope did not spread in the way they should if the
surface had been covered with a film of hquid benzene. They flattened, 1t is
true, under the influence of the kinetic energy of their fall, and their
oontours were often irregular. But it often happened that a second drop,
following the first, would roll the latter back from the centre leaving, for
the time, & clear space at the point of impact. The behaviour of the drops
was rather similar to that of water drops on & slightly greasy surface. The
angle of contact could not be estimated on account of the irregular contours
of the drop; all that can be stated with certainty is that it was less than 80°
and much greater than 0°. Other pure liquids (methyl alcohol, carbon
tetrachloride, acetio acid) behaved very ilarly to benzene, as also did
such liquid mixtures as were tried.

In a further set of experiments, freshly split surfaces of mica were exposed
to dry, drop-free air supersaturated with the vapour of benzeno and other
organic liquids as it issued from a jet into the open. Provided the degree of
supersaturation was not too great (it was still great enough to cause
immediate bulk condensation on a slightly smoked glass slide), there was
no condensation of liquid observed, Instead there appeared on the mica a
film rendered visible by colours which we believe to be due to interference
On placing small drops of liquid benzene on these coloured films, the drops
flattened to an extent depending on the degree of supersaturation of the
vapour, but they did not merge their identity with that of the films. We
regard these experiments as proving. (1) that the polymolecular films
known to exist from the adsorption measurements are situated at the
ordinary cleavage surfaces of the plates, and are not concentrated only at
the edges; and (2) that these films have properties which differentiate them
from the normal bulk liquids,

Obreimoff's experiments, It may be objectod, in regard to the experiments
last described, that since the mica was for a short time exposed to air after
cleavage, the adsorbing surface would probably be not that of mica itself,
but a film of adsorbed moi Thus Obreimoff (1930), who d the
surface tension of mica by splitting it with a wedge and noting the curvature
near the edge of the split, concluded that whilst a freshly cleaved surface in
air has a surface tension of 1500 dynes/om., that of & surface cleaved in &
good vacuum is as high as 20,000 dynes/em.

A rough caloulation based on Gibbs's adsorption equation shows that if
10 A%/molecule be allowed for the water in the monolayer, in order to cause
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a surface tension lowering of 18,500 dynes/om., the layer would need to be

stable to a 10'%-fold reduction of p at ordinary The
ﬁlm would withstand the most drastic vacuum heotmg and m can nfely be
1thatif the peculiarities of behavi dvapours

shown by mica freshly split in air are due to a film of adsorbed water. this
water film was also present on the degassed mica used for the adsorption
measurements with benzene and other vapours. It is of interest to note, in
oconnexion with the possible réle of a water film, that a jet of air, if even very
slightly supersaturated with benzene vapour, gave immediate condensation
when played on the surface of ordinary water; also that supersaturated
water vapour behaved towards freehly split mica in much the same way as
has been described for benzene and other organic liquids.

3. APPARATUS AND MATERIALS

The apparatus comprised . (1) & supply bulb containing the experimental
liquid, (2) a train for ite fractionation under vacuum oonditions, (3) the
pumping system which inoluded pentoxide tubes and & McLeod gauge
reading to 2 x 10~* mm., (4) the adsorption vessel containing the mica, and
(5) a combined burette and pressure gauge. Only the two last require special
description.

The measuring system and connecting tubes are sketched in fig. 2. It
will be noted that the former has neither taps nor ground-glass junctions,
and is designed for it ion in & water thermostat. 4444 18
the thermostat tank, and the frame BBBB serves to support the adsorption
veesel C and the gauge burette DEFGH. These two vessels are connected
at the inserted join F.

The gauge burette comprises: (1) the four bulbs on the limb DE; each was
of about 15 c.c. capacity, and they were separated by short lengths of
tubing provided with etched marks at the positions shown; (2) the bent
capillary at &, of 1:5 mm. bore; (3) the uniform gauge tube EFGH of 8 mm.
bore; this had seven finely etched scale marks at positions 0, 1, 2, ..., 6, and
led directly to the MoLeod gauge and pumping system.

In measuring a quantity of vapour prior to 1ts introduction to the
adsorption vessel, the mercury in the gauge tube was first raised above the
inserted join at F, oontrol being effected through the tap K. The mercury
was prevented from entering the mioa tube by the operation of the float
valve L. The vapour was then introduced through the cut-out M, imprisoned
between meroury surfaces set to the etohed marks in DK and EF, and its
Ppreasure recorded with the aid of a cathetometer reading to 0-01 mm.
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After the distribution of the vapour to the adsorption vessel via the

inserted join ¥, its pressure was recorded at intervals until no further change
could be observed. The whole procedure was then repeated.
K

H (/=$
A ——
A
B
N
A B A

Fio, 2.

The gauge burette is 80 constructed that the pressure can either be read
directly, as was neceesarily the case when approaching saturation, or
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indirectly, making use of the principle of the McLeod gauge. For the
measurement of low pressures, the mercury was raised in limb D to fill
some or all of the bulbe, and in limb EF to one of the etched marks above
the inserted join F, the compression ratio being chosen so as to give the
greatest reading . In the ext case, quantities of vapour of the
order of cubio millimetres at N.T.P. could be measured with an error much
below 19%, by imprisoning them between the etched marks immediately
on either gide of the bent capillary at &.
Settings of the mercury to the etched marks on the gauge tube were in-
vmnbly mnde with & rising menisous, and readings were rejected if the
t the i heights ded 0:05 mm Capillarity
corrections were applied throughout. It is probable that errors exoeeding
0-03 mm. in the direct pressure readings were thus avoided.

Calibration, and control of errors. The volumes enolosed between the
various etched marks (mark 6 excepted) were calibrated with meroury, due
regard being paid to the direction of curvature, under working conditions,
of the mercury meniscus sot to each The adsorption vessels were calibrated
by g out ies of hydrogen in the burette, and then deter-
mining its presmlre sfter distri b\mon via the inserted join F. To control the
errors involved in this indirect calibration, a blind tube of about the same
capacity as the adsorption vessels was calibrated with mercury, sealed to
the apparatus, and recalibrated by a hydrogen distribution experiment. The
mean of six concordant determinations gave a result differing from the
mercury calibration by no more than 0-080 ¢ c. Though the poesible ad-
sorption of a little hydrogen would lead to larger errors than this in the case
of the mica tubes, their effect in terms of quantities of vapour measured at
relatively low pressures would again be very small.

Several experiments were made, more particularly with benzene vapour,
to eshmam the errors mvolvod in the use of the MoLeod principle in

the directly, and in calculati i of vapour
on the bass of the gas laws. With benzene these eestn showed Boyle (] law to
be valid wnehm tbout 0-5% up to 95 %, of th

P

oceur, p arising from A wall eﬂoot. With

met,hyl alcohol the errors involved are rather greater,* but they are quite

8 to invalidate the lugions to be drawn from the adsorption
with this sub

In accordance with the findings of Coolidge (1924), who used & quartz

* Cf. Bangham, Fakhoury and Mohamed (1934), where data are given for a rather
similar apparatus,
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foad i .

suspension gauge to oontrol the errors i in g low p

of vapours by the MoLeod principle, observations relating to pressures
< 0-02 mm. are omitted from this paper, even though they are supported by
the data for slightly higher pressures. In the range of moderate pressures
the direct readings provided the necessary check on the indirect measure-
ments, and showed these to be free from systematio error, provided a suit-
able compression ratio was chosen.

The mica. A supply of clear muscovite mica of about 0-05 mm. thickness
was obtained from a firm which had undertaken that the sheets should not
be fingered either during splitting or packing. The sheets were cut with
cleaned soissors and forceps into strips about 1-5 x 18 cm , and tied with
wire into bundles, care being taken to avoid contact with the fingers.
Strips showing jagged edges or interference colours were rejected. Three
adsorption vessels, 4, B and C, were used at different stages of the work.

Vessel A, area of mica 1 8 x 104 em.?; dead-space volume 68-1 c.c.
» B, " 1-0x 104 om *; " 89-7¢c.
w G, " 24x 108 cm 2.

In vessel 4 the strips were packed tightly together in bundles with fine
copper wire; 1:8 g. of copper was used, its superficial area being 26 om .5,
The vessel itself had a wall area of 220 om.3,

In tubes B and C the mica strips were separated by fine wires. From wire
of ca. 0-1 mm. diameter three spirals were first prepared, each containing as
many turns as there were strips of mica to be packed in the bundle, With
the aid of pins and a wooden frame, these spirals were held in alight tension
(their axes being parallel), and the strips were inserted between the turns,
On releasing the pins the strips became firmly gripped between the cotls,
and it was then a comparatively easy matter tosecure the bundle with wires
passed round it opposite the two end spirals. On viewing the bundles from
the sides, no contacts between the strips could be observed For tube
B 67 g, of copper wire sufficed, its superficial area being ca. 300 om.?

To degas the mica, the tubes, after being sealed to the apparatus, were
heated to 280° C. and pumped for several days; in between whiles they were
flushed out with the experi 1 vapour. The p a8 shown by the
McLeod gauge, became unreadably small at the end of this period.

The experimental vapours. The choice of working substances was dictated
+ by the desirability of knowing hing of the molecul otions in
different possible orientations. Benzene, methyl alcohol, and carhon
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tetrachloride were chosen, All were rigorously purified and dried before
use, and repeatedly fractionated after sealing in the apparatus until quite
free from dissolved gases.

4. EXPERIMENTAL RESULTS' STRUCTURE OF THE MONOLAYERS

The observed ad: ion is jentl, d in oubic millimetres
of vapour at N.T.P., nnd the symbol ¢ w1ll be used to denote its value in
terms of this unit. It will be noted that g depends, ceteris paribus on whioh
of the three ption vessels the refers to, for the area of the
mica was different in each. The quotient of the adsorbing area by the
number of molecules adsorbed, that is, the area per molecule, is measured
in Angstrom units and denoted by A. Preesures of vapour are in millimetres

of mereury and denoted by p.
The analysis of the results is plicated by the app of break-
points in the isoth and the fi ion of multimolecular films, pheno-

mena which are disoussed in a later paper. Nevertheless the experiments
yielded two sets of data, the portions of the isotherms of benzene and
methyl aloohol in the pressure range <0-04 of saturation, which repay
ocomparison with theory; carbon tetrachloride, even in this low pressure
range, gave quite anomalous results.

Comparison with th veal 1s0th . The th ical isoth to which
we shall rofer the data are: (1) the Langmuir equation
9
= oonstant x -—- -, 1
P = ool i )
where ¢, the limiting adsorption at very high p is identified by

Langmuir as the number of adsorbing centres or “elementary spaces"
measured in the same units as ¢; and (2) the equation

log,p = log,q—_—q+;—q—i+oonstmt

=
or = constant x — —exp| I 2)
P 9=—9 p[qn—ﬂ @

which applies to & film of mobile adsorbed molecules between which only
short-ranged “ collision” forces are acting (Bangham and Fakhoury 1931).*
* The isotherm applies to & surface phase obeying the equation of state
FA-B)=
'Ml'l:: is the two-dimenaional pressure; a constant dufferential heat of adsorption is
implied,
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Here ¢, the limiting adsorption at high p is lated to the
lattice of the adsorbent, but the ponding value of A, which
we shall call 4, is the “i ible" tional area of the
adsorbed molecules, and should be slightly less than the value caloulated,
for le, from X-ray

For the purp of comparison it is ient to plot the data on &

double logarithmic scale, and then to superpose the theoretical curves,
similarly plotted on transparent paper, so as to obtam the best fit. The
graphs of fig. 3 (benzene) and fig. 4 (methy alcohol) have been obtained in
this way, log,, p being the absoissa and log, ¢ the ordinate.

It will bear emphasis that the graphs of equations (1) and (2) are so very
similar that if both the constants in each are treated as adjustable para-
meters, any set of data, unless of very wide range, must necessarily agree
tolerably well with the one if it does so with the other.* The values of g,
obtained with the aid of the equations, however, are markedly different.
only by finding out whether these G values are related to the ]n.thoe
constants of the solid or to the d of the adsorbed mol can
one decide whether the latter are fixed or mobile.

Structure of the mica surface. The crystal structure of muscovite has been
examined by Jackson and West (1930). In the uncleaved crystal each
potassium is surrounded by twelve oxygens arranged in two hexagonal
rings, one on each side of the plane where cleavage is to take place, these
oxygens form part of the bases of the silicate tetrahedra, to the hexagonal
network of which the mica owes its characteristio structure,

In the sheets of potassium atoms the distance between each K and the
next is 5:18 A, so that, the ar beng & h 1 one, the area
per K becomes 5:18? /3/2=423 A%, 1t is to be expected that when cleavage
takes plave these K atoms distribute themselves fairly evenly between the
opposite surfaces, 5o that the area to be assigned to each is then 46 A, The
radius of this atom being 2-31 A, and that of the K+ ion only 1:33 A, it
follows that the potassiums will be far from covering the surface completely :
the remainder will be ocoupied partly by close-packed oxygens forming the
bases of the silicate tetrahedra, and partly by “holes” from which potas-
siurns have been removed; at the foot of each “hole” is a hydroxyl.

Since the potassiums are at least partly ionized,t it is to be expected that

* The effoct of the exponontial term of equation (3) on the shaps of the double
logarithmio graph 1 only to render 1t rather less concave to the log p axis near the
point of maximum ourvature,

t Jackson and West (1930) (who, however, roport the measurement as open to some
doubt) found 177 electrons per K i the uncleaved crystal.
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strong electrostatio forces will subsist at the cleavages, and thnt their
polarizing effect will reinforce the “di ** forces in producing the
adsorptive field. With methyl alcohol there is also some pocubxllty of
hydroxyl bond formation, either with the partly exposed hydroxyls of the
lattice or with chemisorbed water molecules. The part played by the latter
remains an unknown factor.

Low-pressure isotherms of benzeme. In fig. 3 there are graphed the
experimental data for benzene at 25 and 35° C, together with the following
theoretically derived curves:

i

0

¥ia. 3. Iothermals of benzeno on mica. The broken lnes C'C” are graphs of Langmuir's
1sotherm, allowing 48 A* per olementary apacc Curves A4’ are for a film of mobilo
molocules lyng flat (4, = 36 A%); ourves BB’ for mobile molocules on edge
(Ao =216 AY).

(1) The broken curves CC’ which are graphs of Langmuir's equation if
48 A* is allowed for each el 'y space. The agr b d here is

poor; it would be even worse if only 23 A* were allowed per elementary
8

(2) The full lines A4’ derived from equation (2) for a film of mobile
molecules of incompressible area 36 A%, which 18 approximately the area to
be aasigned to the benzene molecule if lying flat.

(3) The full lines BB’ which are graphs of the same equation, but for
molecules of incompressible area 21:5 A3, which is the cross-section of the
benzene molecule perpendicular to the plane of the ring (Cox 1932; see
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Adam 1930). Here the with i is tolerably good. It is
even better with 4 = 20 A%, which is qum a reasonable estimate since the
limiting adsorption values give the molecular areas under high compression.

We lude that the molecules forming the )! of benzene are
freely mobile (as indeed one would expect them to be on chemical grounds,
oompound formation bemg highly lmprohable), and that over the range of

ined they are ori d on edge; it 18 not unlikely that
at still lower concentrations they tend to lie flat.*

Objection may be raised to the above conclusions on the grounds that the
effects of intermolecular forces have been ignored, and that the deviation
from the Langmuir graph may be due to the formation of a second mole-
cular layer. Neither objection is as serious as appears at first sight. Evi-
dence will be given in a later paper that the formation of polymolecular
films sets in with something of the abruptness of a phase transition; the
differential heat of adsorption, which is very nearly constant over most, if
not all, of the range here considered, then falls sharply to a value very near
the normal heat of condensation.

Low-pressure isotherms of methyl alcokol. The oxperimental isotherms for

methyl alcohol graphed in fig. 4 lead to very similar conclusions. To obtain
with the Langmui ion, which when plotted on the double

logan'.hnuc scale gives the brokcn curves in the figure, it is necessary to
suppose that each elementary space occupies 17-7 A%, a figure which bears
no obvious relation to the constants of the lattice. The equation for a mobile
film (full line) requires 4 = 11-4 A%, Bearing in mind that the use of olm;
equation necessarily leads to a low esti of the molecul:
this is & not unreasonable figure for the end-on orientation of the moleeules,
the closeness of paoking of which would then be determined by the ecross-
sectional area of the CH, groups.t Using the data of Langmuir (1918),
Bangham and Fakhoury (1931) found 14 A? for the cross-sectional area of
the CH, molecule by applying the same method.

* The graph of equation (2) for go = 35656 mm.?, A, = 20 A%, which has been
onutted from fig. 3 for the sake of clarity, gives alnost perfoot agreement with
obsorvation excopt for the throo lowewt pownts on tho 36° wotherm, which fall rather
Tugh. The measuremonts of the adsorption cnergy referred to m the toxt did not
extond to quito such small concentrations, wo that a different oriontation in tho region
of very small covering 1 not preoluded

t Hendricks (1930) has shown that in a whole scries of eolid compounds the
dstance of closost uppmh of two carbon atoms belonging to different molmlu hm
between 3:6and 3-90 A, Ina pl leculcs in h
close:, pu:lxsd array the area w be assignod to oach would therefore be between 11-3
and 182 A,
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Though possibly not quite lusive, these strongly
suggest that the methyl aloohol moleou.lu m Also ﬁ-ooly mobile in the
monolayer, and that the statisti ion is that in which

the CH, groups are pointing outwards, and the hydroxyls turned in towards
the surface, This orientation was not found with methyl alcohol adsorbed
on charcoal, where, both in the “primary”’ films formed at low concentra-
tion, and in the denser ones at higher preesures, the evidence showed the

i 1 T I U
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Fia. 4. Isothermals of methyl alcohol. The broken lines are graphs of Langmuir’s

isotherm, allowing 17-7 A? per olementary space; the full hnes are for film of mobile '
molooulos orientod end-on (A o = L1 4 AY).

axes of the molecules (not the d:pole axes) to lie parallel with the surface
(Bangham 1934). The di ion at the surface of mica probably
accounts for the surprising abeence of any evidenoe of association in the
adsorbed phase, at all events below the first breakpont. Both on charcoal
and on mercury the molecules of all the lower alcohols appear to be
associated to a considerable extent, even at low concentrations, With
mica this is certainly not the case,* and the tendency of the molecules to

* To obtain further evidence on this point, some adsorption measurements were
made at proasures well below the range to whioh fig. 4 refers, According to Coolidge's
already quoted statement as to the hmuts of accuracy of the McLeod gauge, these
should be heble to a conaiderable systomatic arror, and they are not reproduced hero.
Use was made theroof, howevor, to obtain values of the surface energy lowering £
with the aid of the integrated form of the Gibbe adsorption equation discussed
recoutly by one of us (Bangham 1937); here even a considerable systematic error at
small adeorptions would lead to no very serious consoquences 1 the range of denser
covering. The graphs of FA against F' wero thon plotted. Those were found to be nearly
linear, and to show no traco of the iitial downward bend so characteristic of similar
graphs for the aloohols adsorbed on charcoal. Buch as it is, the evidence would
suggest that Honry's law 18 obeyed by methyl aloohol on mica at pressures ~ 10~* mm,
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oluster together, which probabl for the peculiarities of the
carbon tetrachloride isoth now to be desaribed, is entirely absent with
benzene and methyl alcohol in the range of concentrations we have been
Ezxperiments with carbon hloride. The adsorption vessel B, ini
separated mica strips, was used. The adsorption isotherm at 35°C. is
graphed in fig. 5, the absoissa variable being the pressure p. The graph
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Fia. 8. Isothermal of carbon totrachloride at 85° C.

shows marked discontinuities, recalling, on an enlarged scale, those found
by Allmand and his co-workers (Allmand and Chaplin 1930, Allmand,
Burrage and Chaplin 1932). The steeply rising sections of the graph, which
are not improbably all to the adsorption axis,* point to a strong

* The broken line joining the pomta in the figure is, of course, partly hypothetical,
the points being too widely spaced to permit mterpolation; the form given to the
isotherm was suggested by the course of the curves immediately pmoedmgﬂmﬂm
and l‘u\m.h ‘breakpoints, which are both oconcave to the
The with carbon i mumedoutuupldlyupu-lblen
as to avoid intersction between t,lu vapour nnd the oopper wire und for wpnrmns
the plates; for i
shown that ocarbon mruhlondeuhnbkwdwdmnmpmﬁon»mnml

Vol. CLXV., A. 7
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tendenoy for the molecules to cluster together under the influence of
intermolecular attractive forces. The breaks ocour when the areas per
molecule lie between the following limite:

First, 4 =72-101 AS, Third, A = 17:8-20-4 A%,
Second, 27-39, Fourth, 12:2-10-4.

In normal liquid carbon tetrachloride at 35° C'. each molecule ocoupies
sbout 163 A? (molecular volume divided by Avogadro constant), and they
probably group themselves into a more or less close-packed arrangement
(Menke 1932). It will be seen that the first break ocours when the first
molecular layer is by no means complete If we suppose, following Lang-
muir, that the mica presents more than one kind of *“elementary space”,
80 that its surface is heterogeneous when viewed according to the scale

d by the molecule of carbon t hloride, it b an easy
matter to account for the breaks, but the marked grouping tendency of the
molecules presents a difficulty. Moreover, the areas per molecule at the
breakpoints bear no obvious relation to the lattice constants of the mica.

If the moleoulns formng the first layer have no deﬂmte pointa of

ttachment, it is probable that the statistioally f i ion is one
in which each CCI‘ has three Cl atoms in contact with the surface and with
the Cl atoms of 1t neighbours. Given that as the concentration rises the
molecules tend to group themselves into a close-packed arrangement of
hedra, it is quite prehensible that di inuities should arise,
though the occurrence of the first of these at such a low concentration again
presents a difficulty.

If we assign to the adsorbed phase a density equal to that of the bulk
liquud, the thickness of the film would lie between 4-2 and 6-0 A at the
second break, between 80 and 9-2 A at the third, and between 13-4 and
167 A at the fourth. These are not widely different from the thicknesses to
be expeoted if each breakpoi incided with the completion of a molecul.
layer; but it will again bear emphasis that any attempt to build up a model
of the adsorbed phases on the same lines as a liquid is necessarily incomplete
unless the theory takes into account the fact that the film is incapable of
aoting as a nucleus of condensation of bulk liquid phase.

surfaces at comparatively low temperatures. In spite of the greater rapidity of
‘working, we have no reason to question the accuracy of the data, which were obtained
vhan'.he of was well ished, and 18 well supp by

of cortai itios, to be discuseed the latter also
mdwne that no uppmuble interaction with the copper can have taken place.
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One of the authors is grateful to the Ieverhulme Trust Committee for

the award of a Fellowship, which has expedited the long-delayed publica-

tion of these results of experimenta which were carried out in the laboratories
of the Egyptian University during the years 1931-7.

5. SummARY

Measurements have been made of the quantities of benzene, carbon
tetrachloride, and methyl aloohol adsorbed at a known surface area of mica
at pressures ranging from 0-02 mm. to near saturation. The general shape
of the benzene isotherm is sigmoid, convex to the adsorption axis at lower

B . ) kedly

pressures, where the is but t ng
convex to this axis near saturation, where the film is polymolecular. 'l‘he
same isothermal is obtained when the mica plates are separated hy ﬁne
wires as when they are tightly packed together. Capillary cond

incipient cleavages at the mica edges does not take place, and the poly-
molecular films have properties which differentiate them from the bulk
liguids. The isothermals of benzene and methy] alcohol at lower pressures
agree well with the theoretical equation for films of mobile molecules
oriented end-on to the surface, but Langmuir’s equation leads to limiting
adsorption values which bear no relation to the lattice constants of the
mica (muscovite). The isoth Is of carbon t: hloride shows marked
discontinuities, as also do those of benzene and methyl aloohol over the
range of transition to polymolecular films,
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The influence of rate of deformation on the tensile
test with special reference to the yield point
in iron and steel

By C. F. Erax

(Communicated by Sir Harold Carpenter, F.R.S.—
Recesved 26 January 1938)

Panr I

The following experiments were carried out with two principal objects
in view: (1) to investigate the deformation of those metals, partioularly
iron and steel, in which the stress-strain curve does not immediately rise
at the onset of plastic distortion; (2) to determine the effeot of rate of
deformation on the yield and subsequent stress-strain ourve,

It is impossible to give an adi ry of the li which
deals with this subjeot, but a bibliography is included in an dix and
some of the moet important results are re('ermd to briefly below.

The first description of a fall in the load at the yield point in iron and
steel was made by Bach (190s). Since that time a similar effeot has been
observed in zino and cadmium crystals (Becker and Orowan 1932; Orowan
1934; Schmid and Valouch 1932), copper and eopper llloy (Elam 1927)
orystals, sodium chloride (C Neklud 1929; D 1930;
Joffé 1928), a brass (Elam 1927 Sachs md Shoji 1921), both single
orystals and polyorystalline material, and d in (Dawidenkow 1930).
The conditiona affecting the oocurrence of an upper yield point have
been most fully investigated in the case of iron and steel, and of these
the most important are: rate of application of load (Kérber and Pomp
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1934; Kuhnel 1928; Moser 1928; Quinney 1934, 1936; Siebel and Pomp
1928); shape of test-piece (Bach 1904; Docherty and Thorne 1931; Kuhnel
1928; Quinney 1934, 1936); axial loading (Docherty and Thorne 1931;
Quinney 1934, 1936); and heat treatment of the metal (Edwards and
Pfeil 1925; Emsslin 1928; Kuhnel 1928). The value of the upper yield
point may, under favourable conditions, be raised momentarily above
that of the breaking stress under a statio test (Ginns 1937; Hopkinson 1905;
Quinney 1934, 1936). The value of the lower yield is less affected by
the conditions enumerated above and remains approximately constant
for the material (Emsalin 1928; Kuhnel 1928; Moser 1928). It is not always
possible to distinguish an upper and lower yield on certain testing machines,
and this fact has recently led to much discussion, particularly in Germany,
on the relation between testing machine and results obtained (Bernhardt
1936; Pomp and Krisch 1937; Siebel and Schwaigerer 1937; Spiith 1937a,b;
Welter 1935). Welter (1935) started the oontrovnmy by stating that the
type of curve obtai pended on the elasticity of the hine. He and
other workers compared the results of tests by direct loading, in beam type
machines and in those of the type originally devised by Polanyi (1925)
and elaborated by Quinney (1934, 1936), in which the load is applied by
pulling against a spring. Tests were also carried out with a spring placed
between the shackles of a lever testing machine together with the test-
piece (Siebel and Schwaigerer 1937; Sphth 19374, b; Welter 1935). This
method may be compared with that of Robertson and Cook (1913; Cook

1931) who made use of a weigh-bar in their Different
results were obtained with the dlﬂerent methods employed. These axpon
ments also d d theimp frate of defc tionin

with the yield point where a large increase 1n rate of flow takes place
(Bernhardt 1936; Korber and Pomp 1934 ; Kuhnel 1928; Pomp and Krisch
1937; Siebel and Schwaigerer 1937).

The effect of duration of test has been studied chiefly in connexion with
creep phenomena and the rate of flow at temperatures higher than normal
or on metals with low melting-points. Experiments at constant stress
led Andrade (1910, 1914) to put forward an empirical formula connecting
change of length of a test-piece with time. The effect of velocity of defor-
mation on the stress has shown that the stress is greater at higher speeds
(Deutler 1932; Ludwik 190g). A change from a fast to a slow rate of
extension has been compared with the afterworking of metals (Ludwik
1909), and of amorphous substances (Braunbek 1929), which are very
susoeptible to velooity of deformation,

In the Becker-Orowan (Orowan 1934, 19354, b, 1936) theory of hardening
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the rate of deformation is considered to vary with the externally applied
strees and this in turn determines the shape of the stress-strain ourve.

A meu -strajn ourve in which the load temporarily falls, or does not

ly rise with defc ion, is very similar to the deformation by
jumps (Becker and Orowan 1932; Cl Neklud: 1929; Dawidenk
1930, Joffé 1928; Orowan 1934, 19354, b; Schmid and Valouch 1932)
which is characteristic of certain crystals and polycrystalline materials.
The magnitude and frequency of the jumps are remarkably uniform and
they may be preceded by a building up of the stress caused by some
hmdranoo to deformation, just as the yield point in iron is exceeded in
oertain The iated with each jump varies
from 5 to 2004.

Another feature in common is the localized nature of the deformation
which is associated with the formation of Liider’s Lines in iron and steel
(Docherty and Thorne 1931; Fell 1935; Kuntze and Sachs 1928; Nadai
1931).

Parr II. INTRODUCTION

Tenaile testing machines
Two typee of mung machine were used; a 50 ton Buckton and two
hines, referred to as 5 and 8 ton machines, made
in the Engmeermg Departmeut to the design of Mr Quinney. The latter
have been fully described elsewhere (Quinney 1934, 1936), and it is only
necessary to refer to the mechanism in so far as it affects the results of the

tests carried out on them.

The results of calibration of load, extension, etc., will be found in Tables
II-1v.

The rates of extension in the dlﬂemnt gears were determined by means
of & stop watoh and pe and an ic counter
attached to the worm gear was also calibrated, and the time of each test
and readings of the counter were made throughout the experiments. The
rates of extension at the higher speeds, i.o. gears No. 2, 3 and 4 on the 5 ton
machine, varied shghtly with load owing to the slowing up of the motor.
The arrangements on the 6 ton machine made it unsuitable for tests where
rates of ion were required to be d

The record which is obtained on the smoked glass has one ordinate
curved, as the pointer measuring the loud moves along an aro of a ulrole
of 38 in, radius. It must be d in a si
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which has also been calibrated with the testing machine. One of the diagrams
haa been sup posed on a chart showing the relation between the record
and the load and extension (fig. 2).

The chief error waa found to arise in the strain measurements due to
stioking of the box holding the plate, tapes, eto., and to the fact that the
bedding down of the heads of the test-piece and the differential extension
of the shoulders are included in the total extension measured. Some of
these difficulties cannot be overcome with the present design of the machine
but the magnitude of the error can be ascertained.

In order to calibrate the ion, a travelling mi was adjusted
to read between razor blades attached to each shackle, md & direct reading
of the movement of both shackles was made and compared with the move-
ment of the plate. One set of readings was taken with no test-piece in
position, in which case only one shackle moved. When a test-piece was
being pulled both shackles moved ; that attached to the spring giving the
movement due to the deflexion of the spring, whereas the difference
between readings on both razor blades gave the total extension of the
test-piece. By oarrying out & number of measurements of the extension
both loaded and unloaded, it was found that there was always & difference
in the zero when readings on loading and unloading were compared. On
the other hand, extension measurements from stage to stage of a test are
reasonably acourate and agree with independent measurements by means
of scratohes on the surface of the test-piece. In the course of a normal test,

lings are required in both directi partioularly where an
axmmmn of tha test-piece causes & return of the spring, such as occurs at
the yield point of iron and steel. The total elastic extension was also found
to be inacourate and the figures given in the tables are only approximate.

As all the tests and measurements were made in the same way, the results
may be compared, even if errors are included in the absolute values given
in the tables.

Shape and dimensions of test-pieces
The * lined " d d by Docherty and Thorne (1931)
and by Qlumwy (1934, 1936) has serious disadvantages when extension
quired and any b lation of load and

extension dunng the tes& The only advantage seems to be that it is possible
to obtain a high value for the upper yleld but a8 zhm is liable to fluctuation
from a number of causes and the btained even wn,h lined
test-pieces are so great, the disadvantages appear to igh the advan-
tages.
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A normal shaped test-piece was therefore used throughout, having a
parallel length of 6 in., 0-30 or 0-4 in. diameter, and heads 075 in. diameter
snd 05 in, long, which fitted into the ball shackles in the manner described
by Quinney. In addition, some measurements were made on large bars
18 in. long, 0-75 in. diameter, and 8 in. parallel with screw threaded ends,
which also fitted into ball shackles for use in the 50 ton Buckton testing
machine. It was therefore poesible to ensure axial loading in both machines.

The test-pieces were ground to their final dimensions so that the finish
was good. For the purposes of ing change in di ions, they were
marked usually by fourﬁnsscntohu at so° along the axis of the bar, and
by a series of scratches 1 or 2 om. apart at right angles to these. All
test-pieces were heat-treated after machining by annealing #n vacuo or,
in the case of the large bars, in hydrogen. M of the di
were made by means of a mi ter, bet; tches by means of
a travelling microscope reading to 0-001 mm,

Material
Tests were made on armoo iron (not analysed) and two steels of the
following composition:

o T
[ 0-68 0-248
8i 010 0101
Mn 030 0-016
8 037 0018
P 0-02 0-887

The copper was Post Office specification, high conductivity metal but,
has not been analysed aa the tests were only comparative.

The duralumin was kindly given by Dr Leslie Aitcheson of James Booth
and Co.

A representative series of High Duty alloys was specially prepared and
supplied through the kindness of Mr W. C. Devereux,

The exact composition and treatment of these alloys are of secondary
importanoe in the present investigation, as here also the tests are of 8 com-
parative character.

Description of experiments
(1) Comparison of tensile tests in Buckion and Aulographic machines, with
special reference lo the nature of deformation at the yield
The first experiments were intended to test the conditions under which
a drop in load associated with the yield point could be demonstrated in
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the Buckton testing machine and at the same time to measure the change
in dimensions, Fmthhyurpmelugsbmmohmnwglvembest
possible acouracy of
tion of preparation see p. 572. Thesteeluaedwu’l‘ 0-248 %, C (see p. 672)

The load was applied in the usual way with the beam floating just above
the stop. This was found to be necessary in order to interrupt the test

within the yield.
After the load at which the first yield ocourred was noted the specimen
was d and d, reloaded, and the load at which it began to

yield again measured. This was repeated until the load began to rise. The
effect of reet during the yield for this steel was found to be negligible.
The measurements showed that during the yield the deformation wae
not uniform and the diameters in two directions at right angles sometimes
differed as much as 0-39%. Luder’s Lines became vigible on the surface,
generally starting from one end, and spreading along the parallel portion.
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The true stress Joulated at each stage of the extension from
ments of the diameters in the regions which showed maximum changes in
dimension. In fig. 1, No. 1 was heated at 780° C. for half an hour, No. 2
at 950° C. This treatment was given to obtain different grain sizes. Tests
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on two other bars, both heated at 800°C., fig. 1, Nos. 8, 4, gave very
consistent results both as regards value of stress at whioh plastio yielding
continued at different stages of the yield and for length of yield which was
approximately 125 %, in the case of the bars heated at 900° C. and 19%
for those at 780° C.
Table Ishows the spread of th ion during the yield. Th

ments were made in Quinney’s machine on a emaller bar (0-4 in. diameter,
6 in. parallel) and the travelling microscope was mounted 8o a8 to take
readings while the specimen was still in the machine.

TasLe I. No. 7T, #rATED 750° C. INCREASE IN LENGTH
OF SECTIONS OF 2 CM,

18t oxt. 2nd ext. 3rd ext. 4th ext. 8th ext.
1 0 0 0 0002 0-040
2 [ 0 0 0-036 0042
3 0 0 0 0-032 0-044
4 0 0 0-023 0-03¢ 0-042
5 0 0017 0032 0-036 0-046
8 0003 0032 0:035 0-035 0-048

The end of the yield, indicated by the di came bet the

fourth and fifth extensions, by which time the distortion had become uni-
form, gaps between the Luder’s Lines gradually having been “filled in”.
There is every reason for assuming that the extension in each band is
equal to the total yield.

These experimenta confirm the work of Kuntze and Sachs (1928) on the
change in dimensions which takes place through the yield. The tendency
of the load to fall after the initial yield, can be shown if proper precautions
are taken, and it cannot be attributed to change in cross-sectional area.
Those bars in which the load did not fall, inued to deform through
the yield at an almost conatant streas, and this is not surprising sinoe the
metal in the unchanged part of the bar is still un-work-hardened. The
observations of Edwards and Pfeil (1925) on the connexion between grain
size and length of yield are also confirmed.

Some tests were also made with a § in. square bar of armoo iron and a mild
ateel in order to watch more closely the formation of Luder’s Lines. These
were polished on all four sides and marked in order to obtain extension
figures. The angles which the lines made on the faces were also measured,
and were found to vary from 40 to 88°. They were not the same on opposite
faces but in some cases could be traced round the intersection of two
neighbouring faces. Assuming that in such s case the marks represented
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the tracee of a plane on the two faces, the inclination of the plane to the
axis could be ascertained. The planes varied from 40 to 50° to the axis. The
fact that, even in a polycrystalline metal, there is a tendency to slip along
planes of maximum sheer strees, is in agreement with the observation of
the formation of an ellipse in the round bars noted above. In moet cases
two sets of bands were formed, but this would also cause & thinning of the
bar in one di ion if the deft ion were confined to two planes at
180° to each other, i.e. on opposite sides of the bar. The amount of deforma-
tion that oocurs in this manner must be very small.

id hardness tests were carried out on these bars in the region
showing Liider's Lines. In the case of armco iron the extension at the
yield which was approximately 2%, gave an increase of 119, (Fell 1927,
1935). In & mild steel an increase of 7-5%, was obtained with a yield of
2:4%. In both cases the measurements were made about 2 weeks after
straining.

(2) The effect of rate of deformation on the siress-srain curve (irom, ateel,
copper)

Teste at different speeds were carried out on armco iron, two steels
(O and T) and copper. The results are given in Tables II-IV and selected
diagrams in figs. 2-6. These are obtained by printing through two films
ab once.

0 01 01 03 04 0%
Extension,inches

Fia. 2. Btoel O, T=gear R.R.

Great care was taken to compare mt-pleoes wlnuh lmd baen out fmm
the same bar and heat-treated simul

M



576 C. F. Elam

ooourred in spite of all precautions, showing how sensitive the deformation
must be to slight differences in individual tests.

Full details of the measurements made in the case of iron and steel are
given in explanation of the tables, but it may be deeirable to state briefly

[~ |5~
20

F1a. 8. Armoo iron. Fio. 4. Steel T.
20=gear R.R.; 34=gear 8. 14=gear 4; 15=very slow.

L —

Fro. 5. Armoo iron. 23=gear 4; 25=very alow.

why these values were chosen for comparison. Previous work has shown
that an increased rate of loading raises the upper yield point but the relation
between this point and the subsequent extension is not so well known,
The first measurement required was the highest point reached at the yield
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(1). Becondly, the lowest load shown on the diagram after yielding had
started (2), and the point at whioh this occurred in the yield, which is
indioated by the extension (1-2). It has been pointed out already on p. 571
that an extension of the teat-piece results immediately in & return of the
spring and a drop in Joad on the record but that exact numerical agreement
between the two values was never obtained owing to errors in the machine.
Moreover, while a test is in progress the end of the test-piece attached to
the spring is being moved in the opposlu direction and the record men]y
indicates the result of these bi It is not i

therefore to find that the average value for the lower yield also varies

Rest, load Mformhn
Tand re-apphed” [

k———

Fio. 6. Steel 0. 8=gear 4; 10=very slow.

with the rate of testing and also that the lowest point may occur anywhere
within the yield although in most instanoes it is nearer the upper yield.
That is to say, maximum extension usually follows immediately the onset
of plastio distortion, and is greater the higher the initial yield point. The
ups and downs within the yield are iated with the propagation of the
distortion by the formation of Liider's Lines. The value of the load at
the end of the yield shows if the metal has hardened during this stage of
the deformation, and the figures in the column headed 1-3 give the length
of the yield. These stages cannot be separated in armoo iron and are
entirely absent in the tests at very slow speeds in both armco iron and
the steel O. They persist, however, in steel T even at the slow speed of
testing.
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The results contained in Tables II-IV and illustrated in figa. 3-6 may
be summarized as follows:

(1) The value of the upper yield point is raised by increased rates of
deformation.

(2) The valueof thelower yield is raised by increased rates of deformation.

(8) The length of the yield is i d by i d rates of defc i

(4) The horizontal portion of the stress-strain curve may disappear in
armeo iron and a very low oarbon steel if the rate of deformation is
sufficiently slow.

20
p—
fort
. N ’_.:.»————""
Ls "
L X %
A x X 3 'y
410 ?
05
Armco iron
0 05 10 [E] 20 13
Rate of extension in./min.
Fra. 7

In fig. 7 the values of upper and lower yields are plotted against rates
of deformation for armoo iron. The maximum difference ocours between
the slowest rate (which is very nearly zero on the scale of the diagrams)
and the slowest rate obtainable on the Wilson automatio gear-box (R.R.).
Rates of deformation between these have not yet been investigated.

Apart from the presence or absence of s well-marked yield, other
differences are manifest between the very slow and more normal rates
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of teating. The curves obtained at the slowest speed rise steeply from the
elastio limit in a series of irregular jerks, each one of which consists of an
exoessive rise and fall in load like miniature yields, but the curve oontinues
to rise in between. The increase in resistance to deformation is also greater
for the slow rate of extension. Fig. 9 shows the results obtained from two
examples of armeo iron. A quick method of comparing the curves direct
from the records was to print on to films and superimpose these, making
a small allowanoe for differences in diameter where necessary. This obviated
the laborious task of measuring up all the ourves and plotting in the form
of load-extension diagrams similar to fig. 9.
A oumpnnmn of all the dmgrnms by this mathod showed that relatively
in rate of hard: d in armoo iron and the steel O
(not steel T) between the R.R. gea.r and very slow rates of extension, but
that at greater speeds all the steels showed a change in the opposite direc-
tion as the speed waa increased. Moreover, & change in the middle of the
test from gear No. 4 to gear R.R. caused & definite drop in stress.

(Continued)

.

Fig. 8, Copper pulled i alternate goars R.R. and 3. Rests 0-6 mun,

Similar teets were then carried out with copper and here also a change of
speed altered the stress. Fig. 8 was the ourve obtained when copper was
extended in stages of alternate speeds, R.R. and gear No. 3, with intervals
of rest of half 8 minute. A sudden drop in load was always observed when
any test (both iron and copper) was interrupted, the magnitude of the
fall depending on the rate of deft ion and the stress. There was no such
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drop at the end of very slow tests although creep would take place in
time. A very slow test on copper showed that, unlike iron, the rate of
hardening was less than at high speeds (gear No. 4). The two curves are
given and compared with iron in fig, 9.
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The effect, of rate of deformation on the stress-strain curve just described
is similar to that already investigated by Ludwik (19og) and Deutler (1932),
and can be applied to explain also the effect of speed on the lower yield.
But the increase in resistance to deformation which ocours in armoo iron
and mild steel when extension is very slow presents a different problem
and a solution may be sought in another well-known charaoteristic of iron
and steel, namely, the property of hardening on resting after straining,
originally investigated by Muir (1gooa, b).

The effect of rest. The following experiments were carried out to test the
influenoe of resta of varying periods at different stages of extension. Full
details are given in Tables V, VI and a representative record is shown in
figs. 10, 11,

0
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Tt will be seen that a rest, even under load,* is followed by & new high
yield which may exceed in magnitude the primary yield. This may be due
partly to the better alignment of the test-piece and the smoothing out of
inequalities during plastic distortion. The peak of the yield is followed by

Fia. 10. Steel No 11 O Gear R.R. with rests Figures refer
to duration of rests mn hours.

Fa. 11, Armco iron No. 12,. Gear R.R. Figures refor to duration of rests i hours.
(The bottom part of diagram haa been cut off to reduce aize.)

a drop back on to & ourve which may be a continuation of the previous

portion, or there may be & definite step up, according to the material and

the length of rest. There was always a ‘“‘step up” with armoco won, but

* Exporiment showed that the same result was obtained if the load was removed
during the test.

Vol CLXV. A, 38
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only after long rests with the steels. In fact, the curve with short rests
was identical with a normal curve if the rates of extension were similar.
There seems to be a tendency for the increase of hardness to become less
for the same period of rest at the end of the test, but it is impossible to
estimate the effect of previous rests on the subsequent behaviour of the
i The rate of hardening falls off with time, but it is quite possible
that if & sufficiently long rest were given at each pause to enable the
maximum hardness to develop the increase in hardness would be closely
related to the amount of extension. This point cannot be decided from
the present experiments as extensions between rests were not always
the same.* A large number of separate tests on & series of specimens is
required before the factors contributing to the increase in hardness are
18olated and this involves introducing yet another variable in the use of
different test-pieces. For the present, it may be said to be sufficient to
have established the fact that the iron and steel used in these experiments,
hardens on resting, to an amount closely related to the length of pause,
and that these results are in ngreement with the effect of & very slow rate
of defe . duci d rate of hardent
Similar tests wmh copper nhowed that this metal did not harden on resting
and confirmed the observation that the rate of hardening at slow was less
than at fast spoeds.

Tables IT-VI
Tensile tests oarried out on autographio machine (5 tons).
Calibration of Machine.
Extension :
1in, plate = 0-216 in. extension botween shackles.
Load*
1in. plate = 0-4675 ton.
Deflexion of spring = 0-0675 n./ton.
Rates of extension:t
Very slow = 0-000204 in./min.
Gear R.R. = 0-0400 in./min,
Gear 1 = 0-0661 in./min.
2 =0-110 in./min. Wilson automatio gear-box.
3 =0°170 in./min.
4 = 0-242 in./min.
* There waa no means of ensuring equal extensions except by timing and this was
diffioult over short periods. It was successful in No. 12 O, when the periods of
extenaion wore 40 sec.

+ At rates of extension highor than gear No. 1 the load affected the values obtained.
Those given are average for the testa made,
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The numbers in headings refer to points measured on the curves as
follows (see fig. 2):

0 = beginning of record.

1 = top of peak and beginning of plastio extension.

2 = lowest: value of load given by pointer after plastic extension has
begun. This is usually olose to 1, but may ocour at any point in the
yield

3 = end of yield, i.e. point at which curve begins to rise finally.

Size of test-pieces, 0:30 or 0-40 in. diameter, 6 in. between shoulders.

TaBLE II. ABMCO IRON, HEATED IN ¥4cUO AT 760° C. ¥OR 1 HR, 3-7 AND 8-11
HEATED TOGETHER. NO DEFINITE END OF YIELD OR HORIZONTAL PART

OF CURVE
Load (tons) Extension (1n.)
Diam. p——ae, P e
No. m. Gear 1 2 0-1 1-2
7 0400 Voery slow 0977 -- .
8 0-401 ” 0-968 -
9 0-401 " 104 1005 0-0094 -
11 0 400 ” 101 00120 -
5 0309 RR. 126 18 0-0165 0-0426
4 0401 2 1-38 124 00141 00374
10 0-400 2 1-385 1:315 00155 00522
6 0-399 3 146 126 00174 00315

TavLk II. ARMOO IRON, HEATED IN ¥ 4cU0 AT 750° C. ¥OR 1 HR.

Load (tons) Extension (in.)
Diam. e —— e e,
No. m, Gear 1 2 3 01 1-2 1-3%
14 0-397 RR. 1:38 116 131 00145 0-0363 0-0940
15 0-398 R.R. 1-44 1186 1-206 0-0164 00204 0-0048
16 0-399 1 1:476 126 136 00162 0-0320 0-1053
18 0-308 2 1576 131 143 0-0158 0-0400 0114
19 0-307 3 161 1285 1:41 0-0162 00354 0-109
17 0-399 4 1:636 132 1425 0-0179 00363 0-1185
25 0398 Veryalow 1099 1075 1183 00138 0-0048 00320
20 0-397 R.R. 1-37 1-20 124 0-0166 0:0439 0-0863
21 0-308 1 1-81 128 1-29 00138 00335 0-0011

22 0399 2 1:59 1-28 1:3¢ 00175 00400  0-0816
24 0308 3 1-58 1-38 1-38 00196 00480  0-1068
23 0-391 4 1-64 1-32 138 00160 00343 0-0070

* No horizontal part of ourve in armoco iron, but all these test-pieces gave a slight
break and change of direction of curvo and this was taken as end of yield.
382
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TasLe II1. Stess O
Load (tons) Extension (in.)
Diam.
m. Gear 1 2 3 0-1 1-2 1-3

Heated at 760° C. in vacwo for 0-5 hr.
0-401 R.R. 1-6856 163 1556 00207 00363 0118
0-399 1 164 150 150 00192 0116 o118
0309 2 1:565 153 158 00177 0108 0-180
0-308 3 113 1565 1-63 00168  0-039 0-135
0-399 4 166 1565 157 00181 01206 01315

Heated at 800° C. 1 vacuo for 0 5 hr,

1st  2nd
0400 Veryslow 126 133 1.206 1-205 00189 00086  0-0656
0-400 R.R. 1699 1-46 166 00236 00469  0-119
0309 R.R. 1685 1:47 158 00188 00860  0-1315
0-309 2 1-605 1426 163 00201 00274 0115
0 400 3 162 148 166 00173 00149 0-143
0401 4 15626 1615 1-62 0-0186 00041 0-136
Tasry IV, Stexr T
Diam. Load (tons) Extension (in.)
m. Gear 1 2 3 0-1 1-2 1-3

Heatod tn vacuo at 800° C. for 0 5 hr.
0:209 Veryslow 1:52 1-4256 146 00190 00145 00935
0-300 R.R. 1-625 1:58 166 00214 00168 0-1218
0-200 R.R. 168 160 161 00186 0-0128 0-1100
0-209 4 173 1-665 168 0-0208 0-0149 0-1440

Heatod n vaouo at 800° C. for 0-8 br.
0-208 Very slow 1200 1-288 131 0-0187 0-0015 0-0841

TanLe V. Sreer No. 11 O. PULLED IN STAGES WiTH RESTS. GEAR R.R.
ORIGINAL DIAMETER, 0-399 IN. DIAMETERS NOT MEASURED AT RESTS

Ext.
no.

R

Load (tons) Extension
Timo of (mn.)
Top of Endof  After Increase rest Total from
peak  Bottom  oxt. rost  aftorrest  hr. zero
1-69 147 1-00 181 — —-_ 0-2446
2:085 108 216 2:05 027 (33 0-362
232 221 231 221 027 05 0-473
2:47 2:87 2-44 232 028 05 0598
258 2:48 2:52 2:36 0-26 05 0711
2:845 2:62 2:62 2:51 0-49 25 0-820
279 2:66 265 2585 0-28 1 0-835
808 290 Curve fuling 0-50 17
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Tasre V. Srern No. 13 T. HeATED IN vacuo AT 800° C. PULLED IN
STAGES WITH RESTS. GEAR R.R. ORIGINAL DIAMETER, 0-300 IN.

Load (tons) Extenaion
- Time of (m.)
Ext. Top of End of After  Incronse rest  Total from
no 3 Bottom ext. Test. aftor rest, hr.
1 1625 1-58 1866 176 — 0-1830
2 204 1-82 210 198 020 1 0-2870
3 214  Nodrop 221 206 016 1 03604
4 2208 2-02 2-33 222 023 23 0 5039

TaBLE VI ARMcO I1RON No. 11, HEATED 1§ racuo AT 950° C. ¥oR 0-5 HR
PULLED IN STAGES WITH RESTS, Grak R.R

Load (tons)
r——————— Extension
Increaso Incronse Time  (in.)
Ext. Arca Top of End  Aftor after i stross of reat Total from
no 8q.in. peak Bottom oxt. rost rest  tons/uq m hr. zero
1 0122 120 110 148 1-385 _— -— -_— 0-1486
2 0117 1765 1696 183 175 0-38 311 03 0-2932
3 0112 2166 20656 218 209 011 350 05 0:51565
4 0109 250 231 191 228 041 366 05 0 7480
5 0105 208 279 284 276 070 66868 225 09601

TABLE VI. StgeL No. 12 O. PULLED IN STAGES WITH RESTS. GEAR No.

Load (tons)

Extonsion
Increase Tneroase Time (n.)

Ext. Arca Top of End of Aﬂnr after  n stress of rest Total from

no s8q.in. peak Bottom oxt. rost tonsfsq.in. hr. zoro

1 01265 162 148 1985 I 875 . — — 02158
2 01208 227 206 238 2255 040 331 1 05027
3 0110 2586 244 2058 244 030 258 06 07354
4 0111 271 281 207 263 027 243 05 09728

5 01075 280 270 272 2586 027 251 o5 0 1061
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TasLi VI. Arxco 1RON No. 12,. HEATED 1~ v4cvo ar 950° C. PULLED
IN STAGES WITH RESTS, GEAR R.R.

Load (tons)
Extension
Incroase Increase Time (in.)
Ext. Arca Top of Endof After aftor instross of rest Total from
no 8q.wm. peak Bottom eoxt rest  rest tonsfaq.in. hr. zoro

1 01245 0205 113 146 1306 -_— — — 01385
2 0192 177 1805 175 1665 038 311 05 02184
3 0120 273 212 232 213 108 000 175 0349
4 01176 264 190 2446 2345 04l 349 05 0516
5 0115 272 256 256 247 038 330 05 0689
6 0113 280 261 2655 258 033 202 05 0838
7 01106 287 272 274 260 031 281 05 0966
8 0108 817 300 201 275 0657 490 22 —
(Load falling)

ParT T11. TENSILE TESTS ON ALUMINIUM ALLOYS

In view of the fact that duralumin was reputed to have a yield point
similar toiron and steel and to show Luder’s Lines on straining (Dawidenkow
1930), some tests were made on both duralumin and some High Duty alloys
of different heat treatment.

A quenched and aged duralumin gave a uniform, smooth ocurve. One
that was tested immediately after quenching gave a curve similar to that
illustrated in fig. 13. At a oertain point in the extension, it seemed to
beoome unstable and slipped in large jumps whioh increased as the test
progressed. At the same time the bar became uneven. If the test-piece
were kept in hquid air after quenching until it could be tested, the jerky
dbformntlon began sooner. It was thought pomble tlmt the proocess of
age hardening might be responsible for the juraping jon so tests
were made on oertun High Duty aluminium alloys of different heat treat-
ment. Some of these are stable at ordinary temperatures even in the
quenched state, but the quenched alloys did not show this type of defor-
mation. Both of those which developed jumpe in the course of the test
were annealed and slowly cooled (Nos. 1, 5, Table VII, figs. 12, 13).

Bome of the alloys were also tested at two rates of straining. Partioulars
of results are given in ‘U'ablo VII.

The yield points were indefinite except in No. 5 so that these figures
are only approximate. In every case, the curve at the slow speed slightly
exoeeded the fast, in this way resembling armoo iron, It is known (Gmllet
1926, Teed 1936) that defc ion assists age hardening by p




Influence of rate of deformation on the tensile test 587

in quenched duralumin but there is no reason to expect precipitation
in annealed alloys. On the other hand, tests on aluminium at two speeds
at different temperatures carried out by Martin (1924) always gave a lower
result for the slow speed, in this way resembling copper.

()

¥

Fia. 12. No. 6, gear 3. High Duty F1a. 13. No. 6,, very slow. High
alloy R.R. 73. Duty alloy R.R. 72
TanLe VI, TENsILE TEsTs ON Hiom Dury Aurovs

Original Diam. 0-35 m. Length 5 1n.
Fast = goar No. 3 } same a8 in previous tests, Table II.

Slow = very slow speed,
No. 1 No. 2 No. 3 No. 5
—— PR . e A, ——r——
Pagt Blow Fast Slow Fast Slow Fast Slow
Stress, 532 876 909 10-00 778 761 1128 1178
tons/aq. n.
at yield
Maximumetress 17:10 1770 3270 234 2340 2420 1815 1960
Extenaion* 886 1025 1610 1585 1780 1765 965 10115
% on 8 in.
1. annealed, fumwe cooled,
soaked, 330° C.
* The extension does not molude fracture. R.R. 56 { 2. annealed, air cooled,
soaked, 330° C.
3, sodwd, 526° C., quenched,
R.R.72 5. anneal
It is oh istio of the defe ion by jumps that their magnitude

increases with the stress. The process is, in faot, similar to the inorease of
the drop in load illustrated in fig. 8 in the case of the copper test-picce which
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was stopped for half a minute when the rate of extension was changed.
The faster gear, which was responsible for the increased stress, gave
a greater drop. The release of the spring caused by the sudden extension
associated with each jump in the aluminium alloys causes the pointer to
swing back and to vibrate and mask the ourve, but the peaks represent
the loads held by the test-piece just before each jump ocours and the
distance between them the amount of strain associated with each.

The lower series of pointa is unreliable for the purp of
owing to the merl;m of both spnng and pointer.

In the dural the jon of each jump near fracture
amounted to 0-01656 mm.; in the High Duty alloy No. 5 to 0-0384 mm.
Eaoh step in the extenson left the metal harder than it was before the load
immediately began to rise again and a line drawn through the tops of the
peaks also gave a gradually rising curve.

The mfl of rate of jon on the develop of the jumps can
be compared in figs. 12, 13. They reach their maximum at the slow speed.
In this respect they may be compared with the rise and fall in the curves
following a rest in iron and steel. In fact, the only differonce appears
to be that the jumps are not repeated in iron and steel except at very slow
rates of straining (seo figs. 5, 6).

The observations recorded above agree with the results of previous
investigators on the occurrence of this type of deformation and it may well
be that all plastic distortion takes placo by steps and is not a continuous
process. The uniformity of both dimensions and frequency of
which has beon noted in zino and cadmium (Becker and Orowan 1932;
Sohmid and Valouch 1932) and also rock-salt crystals (Classen-Nekludowa
1929, Dawidonkow 1930; Joffé 1928) suggests that they are related to
the crystal structure On the other hand, it has also been shown that they
follow damage to & crystal (Becker and Orowan 193z, Orowan 1934);
for example, if & zinc crystal is bent or, if in course of proparation, it is
drawn out of the molten bath too quckly.

The ovidenoe is in favour of regarding a jump as a result of slip inter-
ferenco, by which the stress increases abnormnlly When slip finally re-

the rate of deformation is relatively so great that a large slip
ocours before the metal hardens. The effect of mw of strain on the magmtude
of the jumps is twofold (1) the hardening at slow speeds is greater in
these alloys than at fast speeds, therefore the peaks tend to be higher;
(2) the slow epeed ensures that the full extension of the test-piece is
recorded in the movement of the spring.
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Part IV. DISCUSSION OF RESULTS

Previous work has been confirmed in all the exp
With a uniform method of testing, the rate of deformation stands out as
one of the most important factors influencing the stress-strain curve in
both ferrous and non-ferrous metals. [t determines the stress at which
plastio yielding commences. This in turn, her with the rate of
and flexibility of the spring, determines the value of the lower yield i
iron and steel. At sufficiently slow rates of extension there may be
only one yield point and no horizontal part of the stress-strain diagram.
A high yield stress gives a longer yield. Hence the influence of grain
size on length of yield is also explained, as a fine-gramed metal has a
higher yield stress than a coarse. The mechanism of the drop nﬁ the yleld
appears to be similar to that iated with the jumping
described in Part III. The difference lics in the fact that in iron and steel
the Joad does not rise again to the ssme value as the primary yield until
& considerable further extension has taken place, whereas in the aluminium
alloys the rise follows immediately. This particular type of alip is associated
with a rise in stress above normal due to two principal causes* (1) high
specd of loading, which suggests that the load must be applied for a certain
minimum time before the metal begins to flow , (2) an intornal slip hindranve
which seems to be d with di ion of the crystal

The extension at the yield point in iron and steel has been shown to be
very localized, so that large deformations take place 1n a relatively small
number of crystals instead of being umformly distributed over the whole
length of the test-piece. This must cause instability in stress distribution
and a tendenoy towards further deformation at a lower load, which is
sometimes observed through the yield, although there is more often a
slight rise. 1t is g 1 pted that any di of the crystal struc-
ture i the resist to further def ion and the material within
a Luder's Line has been shown to be harder than the unstrained metal.
Therefore, immediately one part is deformed it will cease to yield farther
while the rest is undistorted, after which the stress must be increased to
deform it further. If the smpe hy whmln this ehmge pmeseds are sufficiently

amall and are unifc Ily rising st train curve
is the result. In the case of the initial yleld of iron and steel, the deforma-
tion, having once begun, p d ily during the horizontal part of

the curve. But it is more difficult to explain how a large local extension
can take place in the first place without affecting neighbouring crystals
by causing an immediate hardening and spread of the distortion.
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A comparison between the fast and slow rates of extension and’the
effect of rests on the different metals suggest a possible explanation. For
the same extension, a very slow rate of deformation produces a greater
degree of hardening in iron and low carbon steels and certain aluminium
alloys and a lesser degree of hardening in copper, a higher carbon steel and
aluminium. At normal and higher rates of deformation there is an increase
of stress with velocity of deformation for all these metals, which has already
been investigated by Ludwik (1gog) and Deutler (1932), and the latter
has sucoeeded in confirming Prandtl’s (1928) theory relating thereto.
Prandtl assumes that certain atoms of a slip-plane in course of gliding
are in an unstable position and require time to reach new positions of
equilibrium. This may account for elastic after-working and a diminution
of stress when deformation ceases (see p. 580). If sufficient time elapses,
the metal may undergo a further process of recovery and may even
soften considerably and creep under load. The process is acoelerated by
heat and if the temperature is high enough may counterbalance the effects
of work-hardening. On the other hand it is reasonable to assume that if
equilibrium is not reached diately during deft ion, the after
effects may result equally well in an increase in hardness. On this hypo-
thesis, & meta] deformed at & slow rate may harden more for a given defor-
mation than if it is deformed rapidly and a rest following a rapid distortion
will enable the metal to reach ite equilibrium state. This is a possible

lanation of the i 1 results obtained and is further confirmed
by the faot that the increase in hardness is facilitated in iron and steel
by low temperature annealing and that the first effects of heat on cold
worked metals is often to harden them (Mathewson and Phillips 1916).

As increase in hard implies an increase of p ial energy, it is to
be expected that other physical properties will show a ohange in the same
direction. There is no evidenoe to confirm this at present.

Assuming that certain metals do not immediately reach their maximum
hardness on straining, a high rate of deformation may result in a pro-
portionately large distortion before the resistance to further distortion
becomes effective, While velocity of deformation determines the stress,
the stress in turn determines the rate of defc ion under the infl
of the spring in Polanyi’s and Quinney’s machines.

The views expressod above are in close agreement with those of Orowan*
(Orowan 1934, 19354, b, 1936) on the influence of time in testing. He also,
arrives at the conclusion that rest can equally well cause recovery or an

* A oritical discussion of some of Orowan's work is to be found in the ““Report on
Viscoaity and Plasticity" by W. G. and J. M. Burgers (1936).
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i in resi to def tion. There may be a critical rate of
straining for each metal at a given temperature at whioh rate of increase
of resistance to shear is balanoced by rate of recovery.

If the rate of deformation is 8o high that the metal does not harden, the
flow is proportional to the stress and, in the case of the horizontal part of
the curve of iron and steel, it closely approaches true plastio distorti

One point remains to be discussed. These experiments do not throw any
more light on the problem of the high initial stress required to cause the
first plastic yield in iron and steel or the rise whioh follows a rest. There
seems to be greater difficulty in starting than in continuing plastic deforma-
tion. Orowan refers to “slip-hindrance” in general terms and connects
it with dislocations in the crystal lattice. There is, however, a close relation
between rate of loading and stress and it appears that a load must be
applied for a certain minimum time before flow commences,

It is clear from the foregoing experiments that the rate of application of
load should be stated in all tests, particularly when an autographio
recording machine of the spring type is used. In fact, it may be said that
no test is complete unless stress, strain, time and temperature are all
recorded.

This work was carried out in the E ing Department, Cambrid,
University. I wish to express my thanks to measeor C. E. Inglis, F.R. S
for the facilities which have been given me in his laboratory. I am
partioularly indebted to Mr G. 8. Gough, M.A., for suggestions and advice
‘which have proved invaluable.
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I igations of the of the of plant viruses by
insect vectors. II. By H. H. Storky. (Communicated by F. T'. Brooks,
F.R.S.—Recesved 28 January 1938.)

An attempt hss boen made to determmo tho conditions that decide whether
Cieadulina mbila succeods or feils in transmutting the virus of stronk disaso of maizo.
Evidence shows that individual msocts, although bolonging to un active raco and
thorefore all capable of acting as vectors, vary greatly i thow ability to causs -
feotion during a short period of contact with tho plant. The results obtamed by com-
paring the infections following contacts of singlo msvcts and groups of inseots are

a8 conf with an hypothesis of inds de that tho effoct of one
1nsect 18 indopendont of the effects of any other insects that may puncture the plaat.
If this interpretation be correot, a small but definito vanation in susoeptibility of the
maize plants used can be

By removing at the end of the nonmt. the portion of leaf-tissue exposed to the
nsect, the probabilty of infection was somewhat roduced. Tho effoct, though
probably sigmificant, was small; and 1t was concluded that the virus had normally
become established 1n the plant and had moved down at least & fow millunetres
duning the period that the msoct mamtamed contact.

Cicaduling minla, while rosting on a muizo leaf, always haa 1t« mouthparts inserted,
although 1t may change the position of puncture and may suck materil from the leaf
only i ‘The stylots § all tmsucs of the leaf, but appear to bo
moved frequontly until tho phloem 1s onterod.

The mseoct can take up virus from a ohlorotio arca of a dweased Jeal during u
puncture lasting only 16 seconds, which never ponettates beyond the mesophyll, If
confined to the green part of the leaf lying between the chlorotic areas, puncturee
whether to the mesophyll or to the phloom, fail to take up any virus
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No foature i the behaviour of the msects while m contact with & leaf could be
ocertanly rolated to their suocess in causing infoction, except that the observations

that & high def ion rate is ‘Ewvidence was obtained that &
minglo puncture can result in infootion The tracce of all auch single nfective punctures
oxammed entored the phloem; thoss of entered the

phloom and sometimes ended clsewhere.

The wscot can inooulato the virus sucoesfully by inserting ite stylets through &
wax mombrane into & losf held below, but only 1f the mombrane 1 not too thick to
prevent tho stylets reachng tho phloem. Socdlings wero not mfected by insects
feeding on the coleoy n this organ tho phlocm s deop-scated, boyond the reach of
the stylets.

Plants woro nover infoeted by punctures, howover numerous, if thoy wero all of less
than a cortain duration This threshold-poriod 18 nbout 5min, ut temperatures
botween 23 and 26° C. A study of thu puncture traces showed that many sub-
threwhold punctures ponetrated to the phioem

A consideration of all the evidence causes me to advanco the hypothess that the
nsect inoculates tho virus in distinet doses, oach independont 1n 1ts offect of any othor
doscs that may be moculated by tho samo or other msects, Tho delivery of a dose
dotermined by somo meident: that oceuns only after puncture has beon mamntained for
HOmO timo,

The infl f f def the tensile test with special reference
to the yield point in iron and steel. By (. F. ELam. (Communicated by
Ssr Harold Carpenter, F R.S. Received 26 January 1938.)

Tonsile tewts on armeo iron and two steels haye been carried out in o 50 ton Buckton
tosting machine and 1m & spring testing machine designed by Quinnoy The dstortion
at the yield pomt and the formation of Luder's Lines were invostigated 1 both
muchines Tosts with thewe motals and with coppor and certan alumimium alloys at
dufferent, wpoods contirmed previous observations thut tho faster the rate of loading
the higher the stross. On the other hand, nt vory low speeds, thero was a groater
incroase of hardness in the cass of iron and mild steol and the alummium alloys than
at fastor rates of testing  In copper the reverso waa the caso The deformation at the
yield pomt 1 compared with the **jumping” deformation characterwtio of many

substances. It 18 suggested that under certain the rato of def

may bo groater than the rato of mereaso in handness and that rosta or vory slow rates
of extension may ogually woll mereaso the offeet of work: g a8 allow rel.

to take place

The of d linders in a tr |

fleld. By A. D. MisenNkr  (Communicated by J. D. Cockroft, F. HS—-
Recevved 31 January 1938.)

Dotailod oxperiments on the transition of polycrystalline eylindrical wirre from the
superconducting to the normal state n & umform transverss magnetic fleld are
desoribod - Several spooimens cach of tin, indum and lead of high punty were n-
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vamg‘ud The applied ﬂel(l strength (H +) whioh restored the first traces of electrical

was ined at vamous below the normal
transmtion point. Tt 18 found that the ratio of this ﬁx;ld to tho critical field (H,)
to the of the 1 not constant but varis with

the temperature. The varation i lincar, the ratio 1,/H, incroasing as the tomperature
in docreascd. For all speoimens the ratio H,/H, would have tho valuoe 0 50 at tho
normal transition point.

It is considered that this cffect 18 incompatible with the 1dea of an *intermediato
state" oxsting in & long oylinder, and an explanation is offered based on tho assump-

tion that after of the extornal ficld (ahove 0 60 H,) the cylindor
breaks up mw macroscopic regions of normal and mlwmnduutma mnwmbl. The
of this byp with ly observed ph

A preliminary experiment reportod m which, by monting um resstance of
sucoessive millimetor sections of o Apocimen, the coexistonce of these normal and
superconducting regions s shown direetly

B-transitions in a coulomb field. By F. Hovik. (Communicated by
R. . Fowler, F.R.8.-~Recesved 31 January 1938.)

‘This paper attempts to givo the selection rules, and tho possible forms of the
electron enorgy spectra, which correspond to elemonts on the first, second, and third
Sargent curves, in the case of cach of the pomablo forms of A-intoraction belonging to
Hamultonsns that contam s dorvativo of only the noutrino wave function, Thu
allows a choice of several possibilitios for the ternction, among which 18 the form
proposed by Konopnak: and Uhlenbock. The aceurato solution of the problom would
requiro & knowledge of the wave cquation of & nucleus contanng meny particlos
T assumo that a non-rolativistic Schrodinger equation can bo formulated for tho
nuclous, 1n which tho spin co-ordinnte of cach partiolo has two poraible values (3, 4).
The solutions of such equutions for the imtial and final nucler will gwve a firat typo of
forbiddon transition Tt 1 furthor assumed that a relativistic equation can bo
constructed for the nuocley, in which the spin co-ordinate of each particle will now
have four values (1, 2, 3, 4). From this pont of view [ regml tho Sohrodinger

a8 given by nogl n tho rels of the
wave function 1 which any spim co-ordinate 18 1, 2 Uenemllzmg from tho Pauh
reduction of the Dirac equation m the angle-body problem, to the assumption that a
component of the wave function in which ono spin co-ordinato 18 differont from 8, 4
oan bo to s -uutablo m terms of thoso components which
ooour 1 tho d the betwoen theso components soems to
be analogous to that ngen by Pauli m tho one-body problem, 'l'hn- mtmduuaa small
of the wave mto the for tho
Tha-e amall compononta will have soloction rules which are difforent fmm thoso for
the large and which wure may npw bocomo
*‘allowed " for the small components (that is, the light partiolo wave functions may be
treated as constants over the nucleus). It 18 conveniont to distinguish those compo-
nents which are small i the spin variable of the transition particle, and thoso which
are small 1n other variablos, Theso two groups of small compononts will, in genoral,
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dnh.vedﬂounhdmmnﬂm.ﬂwmﬂtolmmtheﬂmwnmbhm
threo groups of of the wave (the and the two
groups of small and of d the forms of the
electron spectra, show that there may be elements on the second Sargent curve with
oither

(1) The “allowed distribution form" given by Fermi,
or posibly for light elementa (nuclear charge <€ 20).

(2) Eleotron distnbutions which differ from (1), and of types previously discussed
(Hoyle 1937; P 290, fig. 4, I, I),
and that for elements on the third S8argent ourve we have the possibilities

(1) The “allowed distribution form" given by Fermi.

(2) Effectively the dwtribution (1), but with a alight humping at the upper and
lower energy limita.

(3) Distril of the typos 1 di d (Hoyle 1937; fig. 4, I, II).

(4) And for hight elements (nuclear charge < 20) distributions which differ more
widely from the “‘allowed form” than (3), the shapes of these dwtributions being
mmilar to (3), but of a morv exaggoratod form.

On the nuclear forces and the magnetic moments of the neutron and the
proton. By H. Frourrcs, W. HErrrkr and N, KeMMER. (Communicaled
by N. F. Moti, F.R S.—Received 1 February 1938.)

An attompt 18 made to explam tho proporties of the nuclear particles proton and
neutron by the hypothesis that theso particles are capable of crutting a positive or
nogative “‘heavy eloctron’ reapectively with o rest mass m, between that of the
proton and the electron. The exwtonco of those particles has been made probable by
cosmic ray observations.

The heavy clectrons are assumed to have no (or integral) spin and satisfy Bose-
statutics. The wavo funotions of theso particlos are assumod to be of veotorial
character, tho components of which satisfy the Klem-Gordon equation. They are
quantised according to tho scheme given by Paul and Weisskopf. Thus, 8 free heavy
eloctron onn oxist 1n three different statos of there are two
and one longitudinal wavo with givon momentum. The intoraoction with tho nuclear
particlos 18 found by rolativistic arguments and contains—apart from the mass my—
two arbitrary constants g and f, both with dimensions of an electric charge.

With this acheme wo have caloulnted:

1. The neutron-proton fores It 18 an forco and has a range 1/A=#/myc.
In the 'S-state the foroo 1n always attractivo. (This would not be the oase for a scalar
wave funotion ) g and f can bo chosen 8o that tho *8- and 'S-statos have the nght
position, The oxperiments suggest g% f = 6 clectron chargos,

2. The magnotic moments 4, and y of the proton and neutron. They are found to
be of nuclear dimensions and have the mght sign.

8. The mass my can be detormined indepondently from the range of the neutron.
protan foroe and from the magnetio moments, In both ways we find my'= 100 electron
massos,
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4. The proton-proton forco in obtained only in the fourth order of approxnnation
and leads to & strong repulsion for distances less than 1/2A. Attraction and equality
with the neutron-proton force could be attained by introducing also neutral particles
with mass m,,

5. The theory leads to a diverging self energy of the proton and neutron

5 of the in ght around
0-41p from 1930 to 1937. By W. R. G. Arkins, F.R.S. (Received 1
February 1938.)

1In collaboration with H. H. Poole ic cells were and rocorda
obtained with a vacuum sodinm cell and Cambridge *thread recorder” for 1930
(Philos. Trans. 1935, 235, 1-27; 1936, 335, 245—72). Further moasuromenta are now
summarized and compared with those for 1930, after cstablishing the constaney of the
cell used. The greatest, least and mean values of the daily maximum, i kilolux, are
given for oach month, also corresponding values for tho total vortical illumination m
kilolux hours. For the sake of uniformity all the daily curves were measured by the
author.

Five yoars wore very sumular and avoraged 309 kilolux hours a day, but 1934 gave
3580 and 1930 gave 414. Tho greateat sunshine average was 5 17 hr. in 1933, A com.
parison with the meteorologioal returns failed to explain satisfactorily tho high values
for 1930, though radiation at South Kensington was rather high that yoar. It 8
poasiblo that spocally clear upper air was provalent w 1930, or 1t may be that the
explanation hes 1 & varation n the ratio of ultra-violot to greon in tho solar
speotrum, s suggested by Pottit but since contested by Bernheuner.

The coagulation of plasma by trypsin. By J. MELLANBY, FR.8 and
C. L. G. PrATT. (Received 2 February 1938.)

Trypen digests the fibrinogen contained in oxalatod plasma when tho amount
added 18 greater than tho quantity of antitrypsin in the plasna. Stablo, non-oxa-
lated, fow! plasma ia subjeot to the same effect, but certain concentrations of trypein
bring about coagulation. This coagulant action is due to the hiberation by trypemn of
thrombokinaso previously masked in the plasma. Contrary to cortamn recent claims,
trypsin does not activate prothrombase. 1t 18 possible to prepare fowl plasma, free
from thrombolunase, such that the addition of thrombokinase brings about coagula-
tion whereas the addition of trypsin does not The results indicato that thrombase 18
not identioal with trypein and that thrombokinase and caloiam cannot be replaced by
trypsin 1n the activation of prothrombase.
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Studies on the hypophysectomized ferret. X. Growth and skeletal de-
velopment. By A, 8. Parkes, F.R.S. and I. W. RowrANDs. (Received
4 February 1938.)

8ix immature male and two unmature fomale ferrots were hypophysectomizod at
@ body weight of 800600 g. (7-10 wooks of age). Bubsequent body growth in ferreta
of both sexes was retardod ; in tho femalo the stams wes almost completo but the males
continued to grow until the age when tho growth n the normal ferret 1s complete.

Skeletal dovelopment wua studiod by means of X-ray photographs and prepared
skeletons. It was found that skelotal growth hud boen arrcsted ; the bones had a low
calciun content and open h Stasn in the develop of the skull was most
marked, this being shown by the absence of sagittal und nuchal crosts, open suturea
and tho retention of all tho characteristics of the skull of an ummaturo anumal,

The reaction between oxygen and nitric oxide. By E. M. StoppART.
(Communicated by F. Q. Donnan, F R S.—Received 4 February 1938.)

It has boen shown that the obaurvations of Baker on the non-nteraction between
intenaively dried oxygen and nitrio oxido can bo repeatod, provided that care 18 taken
to ensure that mixing takes place entirely m tho oxygen-contaming bulb, The only
explanation of this phenomonon ir that tho roaction between tho gases 18 8 hetero-
genvous ono, an explanation which fits the obsorvations of Hasche, who showed that
tho rato of this reaction was lowered by as much us 209 1n parafiin coated vossols.
The present author suggests that the drying has no effoct oxcept porhapa that of
removing the adsorbed water filin from the glass vewsols, thus allowing the surfaces
to adsorh & complote gas filin m ata place, When this gas film s oxygon, no reaction
ocours 1n tho muxed gases, but when tho gus film 1 nitric oxide, reaction 18 possible.
At least thw oxplanation myreos with the known facts regarding heterogeneous
Toactions,

‘With reforence to Bodenstom'™ observation that the reaction has a negative
tomperature cocflicient, 1t was soen that he acoounted for thus fuot by assuning &
tomporary assoomtion of mtric oxide moleculi i the form of a complox, the e of
which ds hes with rime of ) Tho present work mdicates that this
complex 18 best: formed when the mtrie oxide molocules am hold eloso togethor by
adsorption on glass surfaces  If theso complex molueulos are froo to evaporate from
the surface and pousess a short ife 1n tho gas phase, then 1t 18 clear that the roaction
may appear to be when sl to of 1ts kwetics and
that it will have & negatne P owing o the g of the
Iifo of the complox with rsng temperature. 1t w soen from the prosont expenments
that theso complox moloeules are not formed 1 tho gas phese (as was believed by
Bodenstom).

The d 08 “eleaning” showed that thesuthor's
obscrvations wore obtamable without any recourso to intenstve drying. It was also
shown that the admission of water Lo tho non-reactivo gasos had no effeot and there-
fore nhibition of reaction 13 wholly due to surface conditions of the conteining vessols,
““drying" 1n itsolf having no offect.
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‘The experimental observations of J. W. Smuith were shown to be quite correet but
his explanation of his observations needs much modification, A new compound hus
been discovered which, as far as the author can demrmmo, nppears to be 2NO.P,0,.
The existence of the nitrogen 1 dl
by Sruth is unconfirmed. It has been shown that Hm:th‘n work does not prove that
1ntensely dried mtrio oxido and oxygen are incapable of reaction.

The electrical conductivity of thin metallic fitms. 3. Alkall films with the
properties of a normal metal. By A. C. B. LoveLL. (Communicated by
A. M. Tyndall, F.R.8.—Received 4 February 1938.)

The techmque previously deseribed for measuring the clectrical conductivity of
thin films deposited by evaporation, i vory high vacua, on clean substratos, has been
modified to molude the dopostion of thick filims of tho alkali metals,

Caesum films 10,000 A thick havo resmtivitios only 4 % groater than the bulk
motal, and identical P . Thick rub and films
have rather highor resistivitios, but. possess um same temporature coeflicients as the
bulk metal.

Evidenco u produced that tho filina aro poly( ry..u-umn. and that tho higher
resistivities are due to s stmplo residual n propx of the
thick films 18 shown to follow consistently from lllo ,.m,»rn,.m of the very thm films
mvestigatod previously.

From theso rosults and othor d it luded that th d
for the behef that thin filns differ essontinlly in structure from the normal metal.

‘The Zeeman and Paschen-Back effects in strong magnetic fields. By
P. L. Kartrza, FR.S, P. G Streckov and E I, Lavrman. (Received
7 February 1938 )

1. A method 18 desenibed for studymg the Zesman and Paschen-Back offects in
magnetio flelds up to 320,000 ganss.

2. 1t 18 shown that tho Zeeman splitting 1s within the limuts of oxperunental orror
proportional to tho magnetic field and obeys the theoretical predictions previously
verified only in weakor flelds

3. In strong magnetic ficlds we were unablo to discover any displacemont of tho
centre of gravity of the sphtting pattorn, which again w m sgresment with the
theoretical prediction

4. Tho Paschen-Back offoct was studiod mn flolds up to 300,000 gauss on tho boryl-
fum doublet, and 1t wia shown that tho sphtting accurately followed the theorstical

and that tho of the various components agreod qualitatively
vmh the theory

8 Tho itial stagen of the Paschen-Back offect wore also obeervod for the zinc
triplet P-*8,
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The lift and moment on a flat plate in a stream of finite width. By T. H.
HaveLock, F.R.8. (Recesved 8 February 1938.)

The paper gives & new treatmont of the problom of a flat plate in a stream bounded
by plane parallel walls, inoluding circulation round the plate. The plate 18 considered
a8 the imiting caso of the olliptw oylinder, an integral equation is obtamed whose
solution by leads to for the lift and moment on
the plate. The solution m modnﬂod to give atmilar rexults when tho -ﬁmm 18 bounded
by parallel free surfaces, taking the boundary cond atafi rfe
mate form; and a further modification gives tho caso when one boundary of tho
stroam 18 & plane wall and the other 18 a froe surface. The problem of the elliptio
coylinder in general is also considered with roference to the moment of the foroes when
the stream 13 bounded by plane walls and whon thero 18 no circulation,

Quantum theory of Einstein-Bose particles and nuclear interaction,
By N. Kemmer. (C icated by 8. Ch F.R.8.—Received 9
February 1938.)

It 18 shown that there aro four mequivalent but oqually simple possibilities of
formulating & fleld theory of Einstom-Bose particles, in which & positive expression
for the energy denmty oxista. Any of thewo formalisma mught tentativoly bo acoopted
as & description of the “humy clectron™ e of
#how that two inds for tho of those partioles with
protona and neutrons can bo chosen in each of tho four cases. Taking account of the
mteraction terms, the goneral Hamiltoniun form of the thoories w stated and the

18 p | The rewulting prot tron potential 18 determined and
1t 1 found that 1ta sign and spin-dependenco agroes with reality n only one of the
four cascs, namely in tho case based on tho equations of Proca (1936). The (divergent)
self energies of tho proton or noutron resulting from the nteraction studied are
ovaluated

The y of diph 1l
by the method of photometric curves. By C. F. GoopEvE and L. J. Woob.
(Commaunicated by C. K. Ingold, F. Il 8. —Ramved 12 Fabmary 1938, )

The method of p i
of visual purple uollmona. has been lpplled to the blanhmg el‘ d:phonyhmma p-
diazonium sulphate.

The diazonium salt waas bleached with light of wave-length 365 mu. and 1t was
found to have a quantum effloiency of 0-34 + 0-02, indopondent of concentration and
temporature. The photosensit:vity was also found to be unaffected by the removal of
dissolved oxygen and by the addition of an internal filter.

Theee results have been compared with those obtained with visual purple, and their
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‘The controf of beating and of micro-fibrillation by means of potassium,
calclum and sodium in the chick embryo heart. Potassium fibrillation.
By P.D. F. MurraY (Communscaled by Ssr Henry Dale, F.R.8.—Received
7 February 1938.)

A previous paper showed that fibrllation nduced by caleum in the medium
depends upon & rsc' in tho ratio calerum at the cell wurfaces/potassium in the cell
mteriors, In the present paper similar n to thoso
n the fimt papor show that fibrillation by potassium m the modium 18 (1) moro
readily produced m hoarts previously rendered potassium-poor thau m hearts which
are not potassium-poor, (2) probably more readily produced in hearts previously
rendered sodium-poor than in hoarts which are not sodium-poor. 1t 18 concluded
that fibrillation by potassium m the modium ocours (1) whon the ratio potassium at
tho cell surfaces/potassium n the cell interiors 1 abnormally high, (2) probubly also
when the ratio at tho cell n the coll interiors 1 abnormally
high.

The energy loss of penetrating cosmic ray particles in copper. By
J. G. WiLson, (Communicated by P. M. S. Blackelt, F.R.S.—Received
10 February 1938.)

A di 1 given of of the energy loes of coamio ray particles in
& copper plate, mado by means of the cloud chambor method, and the measuremonts
are compared with those proviously made in load.

The results show that the initial reduction of relative energy lows, (1/E) (dE/dz),
with wmoreasng energy is probably rather less rapid in copper than in lead, but there

Abstracts (8 33) s
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o indication that the Bethe-Heitler value for the radiation loss applics to dl
‘higher energies in the highter element. For both lead and copper there is & maximum
of relative energy loss at K ~1:5x 10°e-volts. It is shown that this loss is not
acoompanied by the secondary particles to be expeoted if it were due to the emission
of collision raciation. Further, the value of the relative cross-section in this region
varies with the absorber lees rapidly than 2% and the position of the maximum is
almost independent of Z.

Abnrpmnol‘thutypewdlheoome ofpuucﬂnlmpomlwdamuot'
low atomic number, and it 1 d that the ion with & s
E~ lsxlo'avolh-mpowblaforthm\nmmﬂymthomIwo!energy-peou-umof
cosmio rays at E ~ 2:5 x 10° o-volta.

The structure of the walls of parenchyma in Avena coleoptiles. By R.D.
PrestoN. (Communicated by W. Stiles, F.R.8.—Received 14 February
1938.)

Consderation of both intact cells and of single walla 1n oat colcoptiles shows
clearly that tho celluloso chawns of the wall are mclined to the transverse plane, i
contradutinotion to previously accepted 1deas The chama may, therefore, bo ropro-
wented as forming a serien of wpirals round the coll; and the spiral may be right- or
left-handed in difforent cells, though 1t retamns the same sign throughout in any

Growth of tho under constant ight conditions, at
& temperature of 25° C., appeam to involvo a chango m the mchnation of this spiral,
1n acoordance with changes in cell dimension, which may be interpreted in terma of
the geometry of the wpiral. Tho ratio of the length of the parenchyma to ita girth 18
shown to bo of importance 1n this respect. 1f this ratio meroases, the spiral becomes
stoepor; 1f 1t decreascs, the spiral may bo oxpected to become flatter. It 1 probablo
that both turgor forcea and active growth of the wall, ds well as external conditions,
play a part in this change 1n micellar Further of
grown under widely different cunditions, 18 clearly nocessary before the precise value
of such factors can bo approciated

Some experimental observations for longitude, made by th )|
fitted with a shutter eyepiece. By J. DE Graavy Huxter, F.R.S
(Received 14 February 1938.)

Precise astronomical position determination 18 required in geodesy and geophysica.
Longitude observations depond on tuming star trunaits, and the observation errors,
both and are ively large. At fixed observatories this 18
mostly by the ; but tho heavy outfit precludes it
wide use in fleld work, whou Ion@wda Pprecision 18 ordinanly much lower than
latitude preoision.

The present paper doscribes & new method, applicable to a theodolite, to enable the
tnangulator to fix both latitude and longitude with equally high precwsion; with
littlo additional cquipment. The basic principle 18 to observe the pomtion of & star




Abstracts of Papers 835

aé inslants controlled by the chronomeler; inatead of observing the time at which it
reaches definite positions.

A special eyepiece contains a shutter, operated eleotro-magnetically every third
mondbyoheohmnnmm opultlmpenadbemguy007m Operation may also
be every second, of time with rhyth radio signals. Further, a scale
with honzontal Hnu is provided n the oyaplsoe and rendered luminous; while tho
ashutter is not visible. The scale readings of star position at some twenty successive
appearances are recorded. Their mean, converted to arc seconds and apphed to the
corrected vertical reading, givea the renith distance at & known preciso chronometer
instant. With swtably chosen stars, both latitude and longitude are determmate.

Observations over soveral years, mede on the shutter principlo with & meridian
transit, have shown no personality. Recently, with a Tavistock theodolte of 10 in.
foous, the .8.8. of longitude from a pair of stars = +0 078 seo.= + -7 equatorial
800, of arc; the over-all time of observation of the pair being 8 mn. This result 18
fully as precise and rapid as that of a Taloott latitude pair with a zenith telescope of
greater power.

The maternal effects on growth and conformation in Shire horse-
Shetland pony crosses. By A. Warron and J. Hammonp, F.R.S.
(Recesved 15 February 1938.)

1. Reciprocal orosses between the largo Shire horso and tho small Shetland pony
have been made by means of artificial insemination.

2. At birth the foals wore approximately proportional m weight to the woighta of
their mothers and about oqual to foals of the pure broeds to which the mothers
bolonged. The orows-foals from the Shire mare were three tunos the size of the cross-
foals from the Shotland mares, Maternal regulation of footal growth was very
marked and obeoured any genetic differencos.

8. After weaning, whon the foals were under the same nutntive conditions,
genetio differences appeared. The foals from the Shire mares grew much loes rapidly
than pure Shire foals, and the foals from tho Shetland mares grew much more
rapidly than pure 8hetlands. At about 18 months an equilibrium point was reached
at which the relative growth rates of the cross-foals and the pure SBhotland remained
constant. At 3 years the difference between the remproel.l crosacs 18 stull marked and
is apparently permanent.

4. Differencos in the proportions of the smmds, when size differences are
ohiminated, were not so marked as differences 1n weight and the influence of nutrition
not so obvious,

8. Tho meohanims, by which mmu rogulation may be brought about, sro
di d and three ibil lation of foetal nutntion,
(b) maternal control, {¢) cy

8. The bearing of these results on tho theoretial conoept of growth is disoussed.

7. The experuments illustrate tho mtorplay of nutritional and genetical fastors
which are involved in development.




836 Abstracts of Papers

The blological ch of of the mouse, with
special reference to rate of ‘rvwch By A. Havoox. (Communicated by
E. L. Kennaway, F.R.S.—Received 15 February 1938.)

‘The following findings wero obtained in a study based on 336 spontaneous tumours
mn the mouse. The ocourrence of multiple ymnary naopluwm approached a chance
distribution, although the approxi waa to justify the
assumption of actual random incidence. In the great majonty of cases the linear
‘measurement of tumour size incroasod Linearly with tune, although a small proportion
showed exponentiel inoreaso. No oo\lld be eatab betwoen
rate of growth and the incidenco of A s ) was found
between tumour size attained and the incidence of metastasis, Tuno of duration of
',ha Pprimary tumour was found to bu & highly important smgle factor in dotermining

of No could be to &

mmeuod proportion of motastass in mico with multiple pnmary tumours. Tumours
aituated in tho caudal half of the body were obsorved (o possoss a mean growth rate
significantly higher than the moan for similar tumours cophalic n position. No
relation was found to exist botween location of tumour and production of metastases,
‘When tumours of extreme typee were studied, 1t appeared justifiable to conolude that
thoso of moro often. pomessod low rates of
growth as compared with tho higher rates fi 4, fested by dedit
and'anaplastic histological types. In the case of pregnant animals no evidence was
found to suggest that gestation influenced the rate of tumour growth, but parturition
and the onset of lactation were not uncornmonly followed by a tomporary retardation.
Blow growth was froquontly obeerved in tho earbest stages of tumour development,
such examples attaining their maximal growth rate only after a varinblo and often
considerablo mnterval. Mention 18 made of tho poounble etiological sigmificance of this
phonomenon. Apart from the effect doscribed on and
lactation, rotardation during tho lator stages of growth was mmnly due to meidental
factors such ax bacterial nfootion of tho tumour substance.

The of i ds and related substances on the
rate of growth of spontaneous tumours of the mouse. By A Hapnow.
(C icated by E. L. K FR.8.—Received 15 February 1938.)

of 1.2:5. 6-dib m mice bearing spon-

unaonu neoplasms (mainly carcinomata of the mammary gland) resultod n most
casea 1n & prolonged mhibition of the rate of tumour growth, The dogree of individual

reaponse variod from shight to marked ion, and a few cascs fontod active
regrossion, either partial or complete. The same re-ult. with a corresponding dnglee
of varation, waa p d by the caroi 1:2:5:86

methyl chohuthmw and styryl 430. The non-carcinogenic compounds pyrene and

1.2:8: 4.dibenzanthracene provoked either no response or a transient interferenco

with gromh rue followed by complete rocovery. Instances are given in whwh tho
and 1:2:5: 6-dib

led to 8 retardation of growth not different from that produced by ocarcinogenioc
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©cases no mk and in others a with a tendoney to recovery.
The hibitory responso brought .bauc by carcinogento compounds and by certamn
related totho by such suk

of toxicity of a special kind,

The scattering of fast B-particles by mercury nuclel. By F.C. CaAmpION
and A. Barsrr. (Communicated by C. D. Ellis, F.R.S —Received 17
February 1938.)

The soattering of f-particles of about 1 mV encrgy by mercury nuclor s examined
with an expansion chambor for auglos of scattering greater than 20°. Tho absolute
number scattorod s much lews than would bo expected from Mott's formula. There 18
also dication of moro melastio collmons than are predicted by the theory of Bethe
and Hertler. Photographs are reproduced which show tho sudden stoppage of a fast.
B-particle with the simultaneous production of what appoar to be low energy pairs
of poaitrons and electrons 1t 1s suggested that tho rewults may be qualitatively

lamed on tho ion of a ropul field botween clevtrons and nucler for
olose dwstancos of approach.

high Deb:
A hig

Y camera and its application to the
study of the lattices pacing of sllver. By W. HuMe-Rotnery, F R.S., and
P. W. ReyNoLDS. (Recesved 17 February 1938.)

A high-temperature Debye-Scherrer cumera 18 describex for use at temperatures
up to 1000° C. ‘The camera 18 designed primanly for tho accurate determmnation of
lattice spacings of motals and alloys. The specimen 18 contiined m & vory thin.walled
sealed mlica tubo n order to prevent change of composition of tho specimen owing to

ete The i) d by moans of a thermo-
couple, and can be controlled to withn # 1° C. of the dosired value.

The lattice spacing of eilver 18 dotormined acourately botwoon 20 and 943° C. The
valuea agreo to within 0-0001 A with the data of Scheel for the expansion of massive
bars of silver up to 500° C. Tho values of Keesom and Jansen for the coeffloient of
expansion of silver mn the range — 253° C. enable tho luttico spaowgs at low ternpora.
tures to be calculatod, 8o that the lattico spacing of alver m now known from 20°
above the absolute zero to 18° below the melting-pomnt. It has been found possible
to exprees the results in the form of an equation such that only four constants are
required to expross the coeffioient of expansion over the wholo range. This equation
1 of such & nature that tlle coefficiont of expansion vamshes at the absolute zero m

with th Ons torm n the equation becomes
vamshingly small above 0° C., and the from room
to the melting-point can bo expreased in terms of two constants only. The greatest
difference between tho caloulated and obeervod values 18 equivalent to 1 part n
10,000 1n the lattice spacing. An equation of tho same type has been found to hold
for other substances.
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The for nuclear i By P. L. Karue and
R.PrIRRLS. (Communicated by R. H. Fowler, F.R.8.—Received 17 February
1038.)

The dispersion formula of Bethe and Placzek, which expreeses the croes-ssction for
nuolear reactions in terms of the virtual levels of the compound nucleus and their
widths, 18 derived without using the assumption that the motion of the moident
particle within the nuclous can n any -ppmnmnuon be regarded as & one-body
problem.

1t 18 posstble to derivo a formula of the type of the dispersion formula without any
assumption at all about the meohanism of the reaction. However, in the general case
this formula contains more than the usual formula and 18
therefore of lees practical value.

The disporsion formula of Bothe and Placzek 18 shown to bold ngorm-ly if anly
the widths of all virtual levels which
much smaller than the distances between tho lovels.

An X-ray study of the iron-nickel-aluminium ternary equilibrium
compound. By A. J. BrapLey and A, TAvLoR. (Communicated by W. L.
Bragg, F.R.S.—Recesved 18 February 1938.)

X-ray powder photographs of alowly cooled alloys of iron, mokel and aluminium
have boen used to construct a phase diagram for all compositions. The system falls
mto two distinet portions. Up to 50 stomio per cent of alummum there are only
body-centred eubio and facu-controd cubic structurcs. Boyond 50 per cent of alu-
1nmium, the diagrom 1 extremely complex and will be described in & later paper.

The face-centred cubic phase fleld ncludes superlattico structures related to
Ni,Al or NiyFe (,), as well as disordered structures (). Tt encloses & mscibility gap
whoro two face-controd cubic superlattice phases (2, and af) are in equilibrium. As
the 1ron content increases, the gap closes.

Tho body-controd cubic phase field includes superlattice structures related to
FeyAl (£;) and FeAl or NiAl (f,). Thero 18 a two-phaso field where the iron-rich
# phase (without a superlattice) 18 1n eq\nllbnum ‘with the f#, phase. In consequence,
the system is auch more Li d than had previously been d. Instead
of & two-phase field separating the face-contred cubio and body -oentred cubio areas,
thero are four separato arcas, comprising three two-phase fields and a three-phase
fleld. In the latter a face-centred cubic structuro (@) 18 in equilibrium with two body-
centred oubio structures (4 and f,). The two-phase flelds are a+ 8, a+ f§, and £+ 6,
respeotively. The corners of the three-phase triangle are placed at the following
compositions, «, 62, 31, 7; §, 90, 7, 3; f,, 28, 41, 31. (The numbers represent atomic
per cent iron, niokel and alurmimum respectively.)
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A note on Guggenheim’s theory of strictly-regular binary liquid mixtures.
By G. 8. RusHBROOKE. (Communicated by R. H. Fowler, F.R.8 —Received
18 February 1938.)

An attempt is made to improve and oxtend Guggonheun's tentatave theory of
striotly regular binary hquid mixtures by using Bethe's indirect method to avoid the
unknown combinatory factor i the partition function for the hiquid phase. The

found in this way for the configurational energy of the mixturo differs
somewhat from that proposed by Guggenheim, and consequently formulao for the
thermodynamio functions are also modified.

The oonditions under which such solutions will exhibit onitical mixing phenomena
are also disoussed and the vanation with temperature of the concentration at which
the liquid mixture begins to veparato into two phases 18 investigated.

‘Though fi i the theory ped on the that the mol
of the liqud are not olose-packed, numorical caleulations for face-centred cubic
packing, mncluded in the last section, suggest that this does not sigmficantly affect
the reeults.

on Med| Kal . XI. A study of leishmaniasis
in Canea (Crete). By S. ApLkg, O. THEODOR and (i. WiTENBERG. (Com-
municated by Sir Henry Dale, F R.S.—Received 22 February 1938.)

Tho cpid logy of I m Canea 1 di d. Human viscoral loishmani-
ams, canine visceral lewshmaniagis, and Phlebotomus major have an idontical distribu-
tion i Canea. F. magor 18 the only sundfly in Canea of importanco for the transmission
of viscoral leshmaniasis, P. perniciosus var. tobby and P, perfiliews aro absent, and
P, chinensss var. simict 18 not common.

The bionomics of P. major in Canea aro dmscussed.

The hitherto unknown male of P. larousses 18 dosorlb«l and the relation uf this
species to P, it and P. 18 di P, "

a synonym and P. canaanitious & vanety of P, larousser.

‘The olnical condition of naturally infected dogs 18 improved and the imfoction rate
n P. magor fed on theso anunals reducod by placing them on & diet of fresh moat
without any further treatment.

A number of naturally infected dogs have difficulty in barking owing to infiltration
of the vocal chords with macrophages and plasma oells.

P, magor, P. chinenaiz var, ssmior P, sergents and P. papatasis were infooted with
Letshmania mfantum by feeding on naturally wfected dogs, on Syrian hamsters and
a spermophil. The infection rates in P. sergenis and P. papatass were very low as
compared with P. magor,

P, sergenti, P. papatasis and P. major were infected with L. iropwoa by feeding on
leaions in human beings i Canea. The infeotion rate in P. papatasis 18 vory low as
compared with that in P. sergents. P. papaiasss plays no significant role in the
transmission of L. tropica in Canea, and P. sergents appeats to be the main voetor of
L. tropica 1 Canea.
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The Canea stramn of L. éropica 1 biologically different from tho Palestinian one.
In contrast to the latter 1t produces a very low infoction rate in P. papatasii both in
Groece and Palestine.

A human being was infected with L. tropioa by the inoculation of flagellates from
an artificially infeoted P. sergenii.

The general dstribution of aandflies of the major group with relation to viscoral
leishmaniasis i the Old World 18 disoussed.

The alysis of gas By B. LamserT and D. J.
Borears. (Cl d by C N. Hinshelwood, F.R.S.—Received 22
February 1038 )
An desoribed for th te analyss of small volt
Iehubesnfoundpomblamnhmnmulmmummmooﬁparomhfarmdem
mination of the content of one of & gaseous mixture using

about, 10 0.0. of gus. The apparntus m also sutable for *mnicroanalyses” of gaseous
mixtures using 1 to 2 ¢.o. of gas mixture nml results accurate to 01 per cent are
obtamablo.

Difficulties associatod with the acourate determmation of carbon monoxide in a
gaseous mixturo are disoussed and methods of overcoming them are described.

Atomic rearrangement process in the copper-gold alloy CusAu. II. By
F. W. Jorxs and C. Sykes, (Communicated by W. L. Bragg, F.R.S.—
Received 24 February 1938.)

The relation betwoon the size of nucloi and electrical resistance has been deter-
mined for the copper-gold alloy CuyAu in both the annealod and cold worked states.
Tho results are usmg the hypothesis that nucler are anti-
phase with narrow boundanee. For large nuolei a linear relation, between resistance
and the number of boundarics per umt length, is found from which the refloxion
ocoofficient of a single boundary has been deduced. This reflexion coefficient is the
samo for both cold worked and anncaled materal although the rates of growth of
the nuolei in the two casee differ conmderably.
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On the theory of heavy electrons and nuclear forces. By H. J. BHABHA.
(Communscated by R. H. Fowler, F.R.S —Recewved 28 February 1938.)

A theory is developed basod on the 1doa that the proton and noutron are two
states of the same particle, which can go over from one state to the other by the
emission of a charged partiole of mass ntermediate between those of the proton and
electron, as originally suggested by Yukawa. These * U-particles” are deacribed by
four wave functions. Quantization of the theory loads as usual to positive and
negative U-particles with a spin of one unit. The U-partioles are 1dentified with the
heavy eleotrons of cosmic radiation. The theory leads uniquely to short range forces
of the Heisenberg and Majorana type of such & sort as to allow one to make the
ground state of the deuteron the triplet state, the sign of the Majorana foros being
not aé our choioe. The range of the foroea 18 connected with the mass of the U-particles
- balom, and demands & maes of somo two hundrod tumes tho electron mass. The

of a pure He and pure Maj force are given,
The rolativistio scattering of U-particles by protons and neutrons is caloulated.
Tho theory also leads to showers of Heisenberg's type, but consisting of heavy
electrons and heavy particles only.

The 1 hy of d By M. Borx and K.
Fuoms, (Communicated by E. T. Whittaker, F.R.S.—Recesved 1 March
1038.)

J. E. Mayer's general theory of gasos waa the subject of a discusiion at the Van
der Waals Ce in (1937) where objections were raised
against his explanation of condensation. We present & new form of Mayer's theory
using the method of complex integration by which it is poesible to show rigorously
that Mayer's statementa are eseentially correot.

Abstracts 8 41) 6
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The starch-iodine coloration as an index of differential degradation by
the amylases. By C. 8. Haxgs and M. Carrie. (Communicated by F. F.
Blackman, F.R.8.—Recesved 7 March 1988.)

The alterations in 10dine coloration have been followed by & spectrophotometrio
method during the action of five representative amylases on starch. It is found that
the so-called saccharogenie and dextrinogenic types of amylaso are distingwshable
from the early stages of their aotion by the manner in which the absorption char-

of the iodil hanged The rolation between the alterations

m the iodme oolouring property and the hbcnuan of red.\mmg groups thronghout
the different has been i power
hips are shown to ad i cnm—lonfm- ing the action

of different amylases,

‘The problem of tho constitutional basis of the 10dine colouring property of starch
and starch dextrins 18 considored 1n the light of these quantitative data. It would
appear that the hue of 10dine colour exhibited by & particular product is to & large
extent indopendent of the length of 1t chain molecule but is governed mainly by
some factor such as the mode or degree of association of the chemical unita as they
exist in This hyy is is in harmony with the available
evidenoe from purely chemioal studies, on the one hand, and with conoeptions of the
‘mode of attack of the starch molecule by the different enzymes, on the other.

The dielectric polarization of a s-long chain ketone at constant volume
and variable temperature. By A. MULLER. (Communicated by Sir William
Bragg, P.R.S.—Received 7 March 1938.)

Tho present work 18 a jon of & previous ion on the diel
polarization of a long chain kotone. The substance, instead of being allowed to expand
at atmospheric pressuro, 18 now kept at constant volume. This constraint produces a
very marked change in the of the sub when with previous
resulta. It 18 shown that the rie in polarization ut constant pressure goee parallel
with the large expansion whioh procedos the melting.

With regard to the thoory of the present
show the effect of a variation of the boundury conditions upon the behaviour of the
subatance,

‘Transference of induced food habit from parent to offepring, IIl. By
D. E. Stappex and H. R. Hewer. (Communicated by E W. MacBride,
F.R.8.—Received 10 March 1938.)

A modifieation of food habit has been mduoed in stick insects and has been
tranamitted through a number of p The ios of
the earlier i have beon il
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Formation of negative ions at metal surfaces. By R. A. Surrr. (Com-
municated by N. F. Moit, F.R.8.—Received 10 March 1938.)

‘Various prooemses of formation of negative ions at metal surfaces, and the con-
ditions under which they may take place are duscussed. Detailod calculations are
given for the conversion of Hg* 10ns into Hg 10ns at & mokel surface. The positive
ions are assumed to be neutralized by capturing an electron from the metal, and to
form excited atoms which subsequently capture another eloctron n falling into thewr
ground state. Thia process is shown to account for the experimental reeults of Arnot
and Milligan. The caleulated probabulity of formation by this process 1s 1:4 x 103 for
200 V Hg* jons striking a mickel surfaco normally. The process of aimultancous
eapturo of two electrona from tho metal 18 shown to be improbable.

A negative 1on formed near a metal surface for which tho work function is greater
than the electron affimity of the corresponding atom or molecule will have a con-
eiderable chance of being neutralived through one of 1ts electrons passing into an
unocoupied level in the metal. 1t follows that slow positive 10ns or metastable atoma
will be ineffective as & souroe of negative 1ons.

The formation of atoric negative 10ns from molecular poaitive 1ons 18 discussed.
Caloulationa for the formation of H~ 1ons from Hy iona and from protons are given,
The value obtained for the probabulity of formation of H 10ns from 140 V protons
striking a surface with work function lesa than 3:37 e-volts is about 4x 10-°, It is
shown that H~ 10ns will not be formed from protons at & surface with work function
groater than 3-37 e-volta unless simultaneous capture of two olectrons takes place,
For formation of H- 10ns from Hi the observed probability 1s only 1-04 x 10-* for
200 V HY ions striking & mckel surface. This low value 1s shown to be due to the
amall probability of of tho diate excited H atoms by dissociation
of the moldmt 10n8, Clearly, further experiments, using separated beams of protons
and H{ ions, are required 1n order to olarify the proceases taking place when atomio
negntive 10us are formed from molocular positive 10ns

Showers prod by the, cosmic radiation. By W, HETTLER.
(Communicated by N. F. Mot, F.R.8.—Received 7 March 1938.)

The theory of the heavy olectron developed by Fréhlich, Heitler and Kemmer,
has been applied to the passage of fast hoavy electrons through matter. It 1
shown that various types of showers are produced (Y =heavy electron, P =proton,
N =neutron).

(1) Y++N = P+#p. The light quantum produces an ordinary cascatle shower.

(2) Multiple processes of the type Y++ N =P+ Y*+ Y~ and of higher order are
possible. They lead to p ing showers produced by particles.

(3) In a heavy nucleus: Y++ N = P, The cnergy of ¥+ 1a restored in the nuclous
which subsequently evaporates emitting a fow protons and neutrons (proton shower)
accompanied by electrons and possibly also heavy electrons.

The inverse process to (1) leads to the creation of heavy electrons by light quanta.
It is shown that tho order of magnitude of the croes-section is sufficiont w oxplain
all heavy elootrons at sea-levol as m the high
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omwmmkmnormmmm>w(>wﬁwdu).nm
[processes can only be dis and their can only be
o.lmxhudsppwmlmlyfotmn‘iuofﬁheoﬂnlo‘evolhorhm For this energy
the cross-sections have a reasonable order of magnitude.

The of helium molecules. By F. L. ArNor, Ph.D. and MARJORIE
B, M’Ewex, B.Sc. (Communicated by H. S. Allen, F.R.S.—Received
11 March 1938.)

An ion of the ion of 1omzed les 1n argon, neon and helium
has been made by the balanced space-charge method which had previously been used
by the authors to study the formation of mercury molecules. No evidence of mole-
oular ionization was found in argon and neon. In holum molecular jonization sets
n at the resonance potential. The results show that these molecular ions are formed
by tho attachment of motastablo atoms to normal atoma according to the process

Ho(18%, ;) + He'(1828, ?8) -» Heg(ls0*2po, 2E,) +6.
The potential of tho molecular 10ns 18 the enorgy of the 28 state, 1977V,
which is 119 V greater than the ionization potential of the helium molecule.

Attention 18 drawn to the fact that those moleoular 10ns are formed from exeited
atoms 1n 8-states, whoreas wo huve shown that mercury molecular ions are appar-
ently formed only by excited atoms in P-atates.

An of the rang curve of the radio-
active alpha particles from *Li. By C. L. Smrru and W. Y. CHave.
(Communicated by J. D. Cockeroft, F.R.8.—Recsived 12 March 1988.)
The paper dosoribos & method for the number.rang

ourve for tho a partioles from radioactive Iithium. These a particles are shown to
oonsist of & ing up to & of 6-95+0-1 cm.
(7764 0:06 mV). The shortest range observed was 0-65 om. (1:3 mV) and in the
region from 0-65 cm. up to 6:6 cm. there is & hinear relation between the logarithm
of the number of « particlea and their range Companson is made with the dia-
tribution curves obtamed by other workers and it is also shown that the upper
limit of the energy of the a particled explams the failure to observe the protons
emitted in the reaction:

"Li+*D =*Li+'H,

Upper and lower limits for the mass of *Li are caloulated from the date and
shown to be respoctively 8:0253 and 80248,
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‘The structure and relations of the human premaxilla. By E. H. Jounson.
(Commumcated by F Wood Jones, F.R S —Recewved 10 March 1938 )

The structure and relations of the human premaxilla have been described, It has
boen shown to bo vestigial jn with the bones in
lower amimals.

The premaxillae are completely covered on the facial aspect by the incisor processes
of the maxillue. **Suture lincs" on the facial surface havo been shown to be due to
wuperfiow] flasures betwoen the ridges of developing bone on tho frontal procees of the
maxlla. From the conditions observed n the l‘eglon of the floor of the nasal cavity, it
soems that the doubl al
to an mcomplete passage of the mcwor processes or the maxillus towarda the anterior
nasal spine.

The anterior alveolar walls of the incwor tooth are maxillary.

The ascending process of the premaxilla becomes ontirely restriotod to tho mternal
nasal surface of the maxilla, because of relative differences 1n the rate of bone growth
n this region. In cleft palate, the vanation in poaition of the cleft 13 not due to a
division through the premaxlla, but to the lateral incuor and its alveolus bocoring

displaced to the lateral aide of the oleft. P i of the
18 not indicative of 1te structural form. .
The in roan has been d with that in other Primates and has been

shown to differ in form, relations, and the time of closure of the sutures. The
shutting off of the premaxilla on thoe face by the mcisor processes of the maxillae 15
t0 be regarded as a speoific charéotor of man.

Abstracts (8 48] 7
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The distribution of carbon dioxide in the hen's egg. By J. Brooks and
J. PAcE. (Communicated by Sir Joseph Barcroft, F.R.S.—Received 14 March
1938.)

‘The combined CO, of egg-white in equilibrium with different partial pressures of
CO, was measured over the range p = 0-06-1'0 atm, CO, at 26° C. An increase in CO,
preesure inoreased the conoentration of combmed CO,. It was assumed that the
ocombined CO, was present 1n the form of bicarbonate. On this basis the buffer value
per g. protein was 4-8 x 10-4 for the pH range 6-6-7-8. The reasonable values caloulated
for the pH of the white and the buffer value of the protons supports the assumption
that the amount of carbamino—COj, present is small.

The valus of the Bunsen solubility coefficient for CO, and white at 25° 0. was 0-71.
This value is about 8 %, greater than the value caloulated from the salt and water
ocontent of the white. It in suggested that, as in blood serum, the excees solubility
18 caused by the presence of traces of lipoids.

The uptake of CO, by shell and yolk was measured. The retention of CO, and buffer
values of egg-white and the relation between tho salts of shell and white have been
disoussed.

Radioactive nodules from Devonshire. By M. Perutz. (Communicaled by
J. D. Bernal, F.R.S.—Received 15 March 1938.)

Globular conoretions surrounded by bleachod haloes are found in Permian Beds
west of Budleigh Salterton, Dovonshiro. Sections show that their internal structure
is complex, & sandy matrix being impregnated by a black hard material in radial and
conoentrio shoots, Contact photographs of a plane secfion show & distribution of
radioactave material closely connected with the struoturs of the black unpregnation.
From measurements of the intensity of the radioactivity on an 1onization counter a
content of 0+4 % uranium was caloulated and later confirmed by chemioal analysis.

The physical properties of the black part are caused by an apparently amorphous
impregnation of vanadium oxides, various other ores also being prosent in smaller
concentrations. Throo olasses of nodules are described and the possibilitios of their *
origin are disouseed.

The last part her land i f the bleached haloes,
and after of of their by earher authors
the 10nizing effect of radon 1s proposed as an agent which might be partly responsible
for the bleaching.

Application of reciprocity to nuclei. By M. BorN. (Communicated by E. T'.
Whittaker, F.R.8.—Received 16 March 1938.)

The formula for tho distribution of quantum states, whioh follows from the prinaiple
of reciprooity and the assumption of a closod p-space, is applied to somo properties
of nucler. The results can be a8 ions of the hyp The mass
of a particle moving with velocity of light and maximum momentum is of the same
order s that of the particles which Yukawa has ntroduoed.
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Classical theory of radiating electrons. By P. A. M. Drrac, F.R.8. (Received
15 March 1938.)

The object of the paper is to set up i the classical theory a self-consistent scheme
of equations which can be used to caloulate all the requlta that can be obtained from
experiment about the interaction of electrons and radiation. The electron ia treated
aa a point charge and the difficultiea of the mﬁmte Coulomb energy are avoided by a
procedure of direot omiseion or terms, sumilar to
vhuh-bemuudmt}wdmrynfoheponmn The equations obtamned are of the
the same form as those already 1n current use, but in their physical interpretation the
finite size of the electron reappears in a new sonse, the interior of the electron being &
region of space through which signals can be transmitted faater than light.

Self. ! fleld with Iclum and argon. By D. R.
HarTreE, F.R.8. and W. HARTRRE. (Reuwed 16 March 1938.)

The differences between the atomio wave functions calculated by tho method of
the self-consistent fleld with and without exchange can in certain cases be plotted 1n
such & way that the resulta for different atoms fall on approximately the same curve,
‘which then can bo used for interpolating between different atoms.

Wave functions so estimated using the results already caloulated for Cl- and Ca++
have been used aa the basis of caloulations of the self-conmatent field for K+ and Ar,
For K+ all the (nl) wave functions have been caloulated; the rosults showed u.u for
Ar all but tho outer [(3s) and (3p)] wave could be i
socuracy by the method mentionod.

Resulte are given, and values of the d i and
compared with observed values.

Studies of the post-glacial history of British vegetation. By H. GopwiN
and M. H. CLivsorp. (Communscated by Sir Albert Seward, For.Sec.R.S.—
Received 16 March 1938.)

The plant remains of the fon deposits have boen analysed, and stratigraphy has
been determned from profiles and from oxtensive borngs: the methods of pollen
analyais have been employed to mdicate the drift of local vogetation phases on the
fens themselves.

Part I deals with the Woodwalton Fen ares, & part of the fenland margin south of
Peterborough, where the fen peats have been little damaged by drainage and peat
outting. It 18 shown that on the landward side there is a single peat bed, which is
separated into two not far from the fen margin, by the tapering edge of a bed of fon
clay shown by foraminiferal and diatom analysis to have boon laid dmm in bnnkuh
‘water. This olay, which must have & marine
phase of extensive development of fen woods, at first mainly alder-oak, lndlll&
pins-birch, Tree remains are very abundant. The peat above the fen clay showed clear

e
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evidenoe of th of acidi peat of the kind found only in raised
bogs (“ Hochmoore™). This type of peat was previously unrecognized 1u the fens, sad
it refleota conditions of freedom from flooding by alkaline water. It is probable that
this phase corresponds with the Bronze Age, and that in the succeeding Iron Age
conditions changed sharply. The acid sphagnum peat is overlaid by the calcareous
1ake marl of Ugg Mere and Trundle Mere, Nuwlunhmunlyreoentlydmnnd.

Part 11 of the paper extende the ions in the lton area towards the

soa and towards the southern half of the fens. A series of long sections has been
constructed which converge towards Wisbech (upon the main estuary of the last
phase of fen history). These sections show that the upper and lower peats, npu-nhd
by the fen olay, oocur regularly and ly over the ent, On
side they are overlaid by an upper layer of It ited in the R,
British period. By & long series of shallow bores the above serioa of sections was bied
to the known profiles at Wood Fen, Ely. Thence 1t was cloar that the phases of lower
peat, fen olay, upper peat and upper silt could be accepted us broad major divisions
across the whole of the southern part of the Fenland.

Peat formation in the Boreal period was restrncted to places of local wetneas, such
as deep rivor valleys. A dry phase at the Boreal-Atl with
a late Tardenowsian culture horizon. Poat formation became goneral 1n the fens in the
Atlantio period, and the fons became wooded in the Neohthio period, during the end
of which time, or just after which, there was an extensive but shallow marne trans-
gression which caused the fen clay to bo formed, The succooding period in the fens
began with ““A” Boaker culture and during the Bronzo Age they were dry: the fens
wore either wooded or formed rasod-bogs, and were fairly habitable. The enmung
Iron Age lnua'. hnvo beon wot. The Roman period was marked by the depoaition of

of st n a wido belt on the seaward side of the
fens, and in tonguee along the coursce of the estuaries. There were human settlements
upon the st whilst it was formning, and 1ts present surface shows the remains of dense
oooupation, The great meres of tho Fenland probably formed either in tho Iron Age
or the Romano-British period.

On the theory of scattering of light. By Hans MukLLER. (Communicated
by R. H. Fowler, F.R.8.—Recesved 18 March 1938.)
The Krishnan effect can be explmned of the fluctuations of tho optical anisotropy

n the medium aro not. volume el ta. By Qpplymg
Brilloun's method to | md | waves the Krsh effoot is
for arbitrary di of obx . It 18 found that the reciproaity

relation 18 always valid. Every substanco which has a Krishnan effect should show
& Mie effect. Both effects are nand to the photoelastio propertios in the oase of
solids, and to the of 1 the case of liquids,

The Kruhnan and Mis effects must oocur for temperature scattering in solids. In
1sotropio solids the scattered light must conaist of two pairs of Doppler components,
for crystals three different Doppler shifts can be expected. The Krishnan effect can
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ooour in ordinary liquuia if Lucas' transversal wlvn- give a noticeabls contribution
to the i For Pr=Vo/H) 8 always
larger than 1.

Amthnryofthnmtwmgof"ghomgla-uumpond— It 1a based on the
of “frozen in " strams. Shightly
below the solidification tomperature theee strawns are normal ones, but at lower
temperatures shearing strains aro oreated due to tomperature contraction. p, 18
smaller than 1 because the sheanng strains are always smallor than the normal
strams. It is found that Krishnan's data aro in excellent agreement with those
caloulated for glasses for which the photoelastic constants are known.

Liquids with molecular clusters can be treated aa if they were umform hquids with
& dustribution of internal strains. They show p,<1 bocause the strains are pre-
dommantly normal ones. A relation between tho Mte offeat for critical opalescence
and the deviation from the A—¢ law 18 found to agroo with Rousset's observation.

It in pointed out that scattering data furnish a Fourer analyss of the optical
variations within the medium and con be used to determme the mze of molocular
cluaters and of colloidal partioles.

Gans' theory of ing by lar clusters 18 d d and 1t 18 shown that
it agrees with Krishnan's reciprooity relation.

The two-stage auto-ignition by hyd. b By G. P. Kaxu, (Com-
municated by A. C. Q. Egerton, F.R.S.—Recesved 1T March 1938.)

Previous investigations into the spontaneous ignition under preasure of the higher
paraffins and olefins containing more than three carbon atoms have shown that in the
temperaturo range betweon ca. 270-400° C, ignition occurs by a two-stage prooess
preceded by an induction lag ¢, before the formation of a cool flame and & second
lag t, before the subsequent ignition of the cool flame products; increasing pressure
shortons both theee lags, and although kinotio rolationships have been developed it
has not been possible adequately to test them owing to the vxtreme violenoe of the
lgnmm a& prea\uu much above the muumum ignition pressure.
whereby 1t has been poasible to measure
+, and 4 at preesures up to 15 atm. with an acouracy of 1/100th of a second.

With propane, ¢, deoreascs moro rapidly than ¢ with increasing initial pressure and
at a ontioal preasure (about 8 atm.) the two-stage 18 roplaced by a single-stage proosas ;
the induction lag then decreasos very rapidly wmh pressure with propylene, where the
induction lags are much greater, no such had ocourred at pi up to
13 atm.

The bearing of these resulta both on the nature of the kinetic processes operstive
and on the problem of “Imock™, is briefly discussed.
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‘The morphology of the brachial plexus, with a note on the pectoral muscle,
and the twist of its tendon. By W. Harris, (Communscated by W. Trotter,
F.R.8.—Received 17 March 1938.)

The primary or ventral divisions of the spial nerves subdivide again into dorsal
and ventral nerves to supply the dorsal and ventral musoles and akin of the limb,
dorsal joining dorsal and ventral joining ventral divisions.

The simplest type of plexus conssts of two cords, dorsal and ventral, formed by
the union of the dorsal and ventral subdivisions of all the primary nerves entering
the plexus, as in frogs and toads, and n birds. In mammals the orngnal veatral cord,
and to & less extent the dorsal cord becomes sphit up into difforent nerve trunks,
though dorsal and ventral nerves remain apparently striotly apart.

Examination of the reptilian type of plexus in salamanders, turtles, lisards,

diles and the the passage of dorsal fibres into the
median and ulnar branches of the ventral cord, probably for convenence of carnage,
facts which suggest that essentially dorsal fibres 1n Man must enter the ventral trunks
early, and thus explan the dorsal cutaneous and muscular supply in the hand by the
median and ulnar nerves in Man.

The ipial plexus 18 & p: i type, and vares little with the
structure of the amumal.

Short-necked mammals like the manatee and the Cetaces havo fivo to seven nerves
m the plexus, and long-necked forms hke the llama and horse have & compressed
plexus,

The Carnivora and quadrupedal Ungulata have lost the fifth cervical nerve from
the plexus,

‘The second dorsal nerve may be considered to be & disappearing feature in the
mammalian plexus.

In tho Primates with arboreal life and increasing use of the deltoid, the fifth cervical
nerve reappears and the plexus becomes inoreasingly prefixed up to the anthropoids,
and the peotoral muscle develops a twist of 180° in the tondon of ita lower half, aiding
the power of alimbing.

The nuclear magnetic moment of copper. By 8. Toransky and G. O.
Forpster, (Communicated by P. M. 8. Blackett, F.R.S.—Recesved 18 March
1938.)

The doublet of the lines of the copper speotrum,
A 3247 and A8274, have been measured with & quartz Lummer plate. The Lines are
produced free from reversal effects, the doublet separations being respectavely 370
and 405 x 10~ om.~, The ing interval factors
3d' 4818, = 197 5, 34" 4p 2°P; = 14 and 3d'* 4p 3*Py = 4-8 (all in om.~! x 10-%). The
mean nuolear magnetio moment for the two copper isotopes, 63 and 60, is derived
from the ground state, 3" 4s 18;. The value found is 4 = 2-47 nuclear magnetons,
this being probably & better estimate than that given by other terms, aince the
ground state 18 spherically symmetrical and thus not affected by quadrupole moment
of the nucleus. By adopting Schiiler and Sohmidt's value for the ratio of the magnetio
moments of tho two isotopes, it is found that s Cug = 3:48 and 4 Cugy = 3-54 nuclear
Tnagoetona,
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‘The disintegration of boron by slow neutrons. By C. O’CraLLATGH and
W. T. Davizs. (Cc foated by K. V. Apple F.R.8—Received 18
March 1938.)

The disintegration of boron by slow neutrons— B+ ¢n'=,Li" +,He' + Q,—has
been studied in an expansion chamber. Evidence has been found for the ermusion of
threo groupa of heavy pasticlea of renges 4:25+0-2 mm., 7-15+0-26 mm. end
89+ 0-¢ mm. in air at 15° C. and 760 mm. The 4-25 mm. group 18 clearly due to tho
lithium nuoleus. On the baais of the recent rango-energy detorminations of Blewett
and Blewett, the 7-15 and 8-0 mm. groups, which must consat of a-particles, would
lead respectively to energy releases of 2-45 and about 3 x 108 e-volta, Bubstitution m
the equation of reaction of the masses at prosent accepted leads to a value for Q,
of 2:89 x 10° e-volts. The 8:9 mm. a-particles would correspond, therefors, to the
production of the Li® nucleus in the ground state, and the 7-15 mm. particles to an
exoited nucleus having an energy of 0-55 + 0 15 x 104 e-volts above the ground state

Evidenoe based on the emismon of two groups of protons i the reaction

oLt 4,8 = L+, H?

leads to the prediotion of one low-lying excitation level of Li of 0 44 x 10 e-volts.
Ths is by on the y-radsti ing this
disintegration. Our valuo 0-55 + 015 x 10% e-volta 18 in satisfactory agreement with
the above figure. A study of the y-radistion arisng from the non-capture excitation
of Li? by a-particles would seem to md.uum ﬁho Ppreeence of two low-lying excitation
levelsof 0-6and 0+4 x 10¢ lts, b the 0-6 x 10%e-volts
state are not allowed in the above reactions.

The h of sex and its inter in terms of
spiral structure. By M. J. D. Wurtg. (Communicated by J. B. 8. Haldane ,
F.R.8.—Received 22 March 1938.)

There appear to be two kinds of h met with in th f the
saltatoria, which may be c.llul the reversible and non-reversible typos,
In the ible type the same may show both positive and negative

heteropyonosia at different stages. In the non-revermble type only positive hetero-
pyanoss is seen. During negative heteropyonosia the chromosome doea not undergo
aa much thickening a8 m the *‘control” In positive is the
h more thickeni

Both positively and heterop: h piral
at metaphase. The number of gyres 1n tho spiral per umt length 1 believed to be
mveuoly proportional to thn diamoter of the chromosome, 80 that 1t will be greater

than in posi ones.
m direotion of coiling of the spiral is not constant in the X-chromosomes of the
i.e. the same may show oither right-handed or left-handed

coiling. mtholpermlmonuldwumﬁmmmuonofooMmaybemundn
the spindle hy of the




852 Abatracts of Papers

A new and anomalous type of melosis in a mantid. By M. J. D. Wrrre.

(C ioated by J. B. 8. Haldane, F.R.8.—Received 22 March 1938.)
The moiosis of Callimansss takes place in & maaner which is entirely unique. No

Mmfmﬂmﬂntmm»mmnumqmuwaw

all parts of the ch The usual dipl

absent. Unlike other mantids hitherto atudied thulpwm(c.wm&\l-.)

X0 in the male,

The problem of n bodies in general relativity theory. By Sir ArTHUR
Eppineron, F.R.8. and G. L. CLARK. (Received 22 March 1938.)

The motion of a system of two bodies (e.g. a doublo star) 1s investigated as far as
terms of the socond order in the potentials. Contrary to a result obtained by Levi-
Cuvita in 1886, we find no sucular acesleration of the centre of mass of the system.

The work revealed an error m tho standard formulse for the lno-eloment of &
system of n bodics, given by de Sitter n 1936. As & result of correoting the error,
the equivalent mass M of the systom 1a found to be

M=E+3d*0/ds,

where K is the energy (inoluding potential energy) and O the moment of inertia about
the oentre of masa,

The secretion of crystalloids and protein material by the pancreas. By
8. A. Kumarov, G. O. Lanastrorr and D. R. MoRAR. (Communicated by
J. 8. Foster, F.R.8.—Received 25 March 1938.)

The conoontrations of Na, K, Ca, Cl, HCO,, and protein and non-protein mtrogen,
were determimed 1 serics of samples of pancreatio Juioe secreted by dogs in response
to (a) constant rate of adminwstration of secretin, (b) varied rate of administration of
necretin, and (c) interrupted adminitration of sooretin (reat period, £ hr ). The use of
quantitative spectroscopic mothods of analyss in the detormmnation of the metals,
and of absorption spectrum methods i tho study of the protein composition of the
seoretion, were features of the tochni

The fact that the observed f metala in the d d
of the degree of sotvity of the gland, is considerod to indicate that the glandular
membranes offer little resistance to the passage of sunple iorganio 1ons, The
marked differences in permeabiity to different 10ns, s indicatod by Ball's (1080)
injection oxpenmonts, ate probably due to & transformation of part of the injected
subatances to ‘non-diffusble” forms in the blood stream.

The obgerved increase in the bicark fon with i Tate of
secretin ini and the 'y relation wath the chloride concentra-
tion, is interpreted on the basis of (a) the ion of at least & part of the

aa & produot of metabolism within the glandular cells, and (5) the action of membrane
foroes, probably of an electrical nature,
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A of ‘with protein nitrogen data
dmihdmdmm"inhtpmﬁm (a) only one type of absorbing protein is
pluanbinmmnﬁm.md-p«to{dlﬁthhmuuonﬂwformymuﬂy

b) 1 types of protein are present, and these, whether
uuymmmllywtivoorm,mdwoy-mmudmmumpmpomm-.

The interpretation of protein nitrogen and certan other data is given in the
accompanying paper.

Th d {on of protein inth
By 8. A. Kumarov, G. 0. LaNesrrotE and D. R. MoRAE. (Communicated
by J. 8.' Foster, F.R.8.—Received 25 March 1938.)
+ A theory of the procees of synthesia of protein matenal by the pancreas, and its
secretion in response to secretin admimstration, is developod The thoory leads to
expressions which desoribe quantitatively tho behaviour of the protem output in
umple- of secretion obtamed under wnlely varied experimental conditions. Tt
insight into the de 1 nature of certain of the glandular processea,
aa well as the c-leulnuon of varous factors not directly obeervable in ontical exper:-
menta, It 18 rioch n suggestions for now problems in connexion with the socretory
Proceances,

‘The applicability of the Gibbs’ adsorption theorem to solutions whose
surface tension curves exhibit minima or horizontal portions. By J. W.
MoBaIx, F.R.S. and G. F. MiLLs. (Received 25 March 1938 )

The olassical Glibbe' adsorption theorem appears to bo a limiting law applying to
ocases where mutual repulsion or oriented dlpnlm upon the -urfme and the effecta of

submerged double layer and of eleotrifl do not all he surface tension.
All aqueous and 10mizing systems mvolve the important factor of & submerged
double layer of greater or leaser affeoting tho surface tension,

appreciable even for msoluble ol films on wa.u)r or for pure water iteelf.

Abundant examples of “Type 3" surface tension curves have beon obtained by
many authors by every experimental method. In these, the atatic or true equilibrium
surface tension is very greatly lowered mn extremo chlution, thereaftor remaining
conatant or puamg through one or more maxima or mnimma, although the dynamio

d ' 18 80veral , nearly that of water. Application
of the olassical Gibbs' theorem in 1ta exaot form to these cases yiolds a series of
obviously impossible results, no matter in what form they aro caleulated. The different
roasons addtuced by many authors for avoiding such applioations e wen to be gravely
&b vanance with the ionn of chemical th

The factors of orientation and submerged double layer omitted in tho Gibbe’
formulation are indicated.

It follown from the Cibbs’ equation that the surfe lubl
is very doop as with molecular d i n contrast to the familiar
conoeption of insoluble films on wator.
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The first spark of By A. G. (Oc i
cated by R. H. Fowler, F.R.S.—Received 256 March 1988.)

mpwmowmmmsmmnmm.mmb-
of lovels. A list of linee is also given including (i) all ldmuﬂadlinubetwun/\l'lo
and A1243, (n) all certamn low i Iines and all high lines
‘between A1242 and A4514.

mwwrpﬂouolnpouuatphmmolmlu. Part II. Heats of

and the str films. By D. H. BANGHAM
and 8, MosaLLaM, (Cc veated by D. L. Chap F.R.8.—Received 25
March 1938.)

‘The resulta are given of measurements of the quantities of benzene, methyl aleohol,
and carbon tetrachloride adsorbed at a known surface area of mica at pressures
The ad: energy 18 constant whilst the first moleoular
1ayer 18 being formed, but 1ta completion 1 marked by an abrupt decrease to a value
near the normal hoat of iquefaction. Tho graphs of apparent film thiokness against
relative pressure for the three sub are not widely gent over much of the
range igated, but the show ies or sharp changes of
ourvature at adsorption values whioh are thought to be related to molecular spacings
in the bulk condensed phases. Approxunate values are given for the surface tension
lowenng of the mica, caused by tho saturated vapours.

‘The swelling of PartV.Th di; i
and the heat of wetting. By D. H. BaneuaM and R. I. Razoux, (Com-
d by D. L. Chap F.R.8.—Reocesved 25 March 1938.)

The percentage linear expansion z, of a rod of mnactive wood charcoal when exposed
to the exactly saturated vapour of methyl aloohol 18 found to be less than the expansion
@, produced by immersion 1n the hiqud. The expansion is proportional to the surface
energy lowering of the oharcoal, and this relation 18 confirmed by comparing

da;
(z,,—T#‘) with the measured heat of wetting. On immersion of the air-free

charcoal the liquid wets all, or nearly all, of the adsorbing surface. From well-
supportod cetunates, previously given, of the specific surface of the charcosl, it
becomes possible to assign values to the free and total energy changes per om.* which
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The crystal structure of certain bridged palladium compounds. By A. F.
WeLLs. (Communicated by J. D. Bernal, F.R.S.—Recesved 28 March 1938.)

The crystal structures of the bridged compounds [(CH,)As],Pd,Cl, and 1ts bromine
analogue have been determined. The crystals of the tetrachloride from alcohol and
from choxane and those of the totrabmmids from dioxane aro all isomorphous. A

babl deduced from the aptioal properties, coll 1 y
waa d by Fourer Proj using visually d Tho
of the was i ig mn detail, the configuration of tho

‘molecule being finally obtamned from a section of the three-dimensional cleotron
density distribution. The bridged moleculo 18 found to be planar with the configuration

(CHy)
. .A>H<’:> ot

‘The nteratomic distancos are: Pd-Br 2-45 and Pd~As 2 50 + 0-05A. The molecules
are atacked in columns along 4, axes 1n tho space group I 4/m, and the columns of
molecules are held together by very woak van der Waals forcos, The packing of the
molecules i this way loaves tunnols through the struoture. These romamn empty mn
ocertain oroumastances, as, for cxample, when the totrachloride crystallizos from
aloohol, On crystallizing from dioxane, however, this compound takes up dioxane
of orystallization presumably owing to the fact that the diameter of the dioxane
molecules 18 approximately the same us that of the holes in the structuro, The
troduction of the solvent is accompanied by a small increaso 1 the cell mzs and a
slight of the of the

The paramagnetic magneton numbers of the ferromagnetic elements. By
W.8uvoksurta and R R PEARcE. (Communicatedby A. M Tyndall, F.R.S
—Recesved 28 March 1938.)

A method 18 d bed for il ma I
atmosphere or in vacuo at I.umpnutumu up to 1600°C' The mpovial precautions
requirod to prevent solid diffusion and m on
metaly are di d. Accurute on tho bl of the ferro-

magrntic vlementas, hitherto confined to mokol, are extended to cobalt and iron. The
magueton numbers for both these elements are deduced to an estimated acouracy of
1-2% from the expeniraontal data. It 1 ahown that the existing thoory 13 inadequate
to explan the new results obtamed.

El tic induction in if and th
tion of the electrical conductivity of the earth from terrestrial magnetic
variations. By A. T. Paice and B. N. Lauinr. (Communicated by S.
Chapman, F.R.8.—Recewed 28 March 1938.)

The results of previous investigations by Chapman and Price of the induced flelds
and ourrent distributions, associated with the magnetio daily and storm-time vana-
tions, suggest that more precwse nformation as to the dwtribution of eleotrical
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oconductavity (k) withn the earth, might be obtamed by conmdering elestrotsagnetic
nduction in & non uniform sphere The general theory for any non umiform conductor
18 here conmidered, and the formal solution for any conductor with spherical symmetry
18 obtamed Detailed formulae for the induced fiold and current distribution, n the
.pm.lmwhenx—kp ".wlmnbu\dmnewmhnh mnhumednndqvplad
1ta obt:
bych.pmm and Prico, that there 18 £ x with depth
beyond 150 km It seems however, that tho really important mncrcase in & hhc
place at about 700 km depth beyond which x 18 at least as great as 10-1'em u
while above this depth the mean conductivity may bo of the same order as for rocks
on the earth s aurface (10 " or 10 Yem u) This suggosts that there 18 some chango
1n the composition of the earth (e g t> & more metallic content) at a depth of about
700 km  sewmological cvidence appears to ndicate that such a transition ocours at
& somewhat greater depth Lhe resulta alvo show that thete 18 an effective distribution
of x 8t or noar the surface of the oarth and it seems most probable that this represents
the mfluenco of the relatively highly conducting ocoans Tho mduced ourrents do not
penetrato approciably boyond 8 d pth of about one fifth of the carth s radius, so that
tho knowlsdgo of « afforded by the daily vatmtions and the storm time variations
will bo restrioted to an outer shell of this thickness

‘The photochemical polymerization of methyl acrylate vapour By H W
MEerviLie (Communscated by & K Ruleal FRS  Recesved 28 March
1038 )

The photopolymerization of methyl acrylate vapour has been studied at pressures
up to 60 mm and at temperatures botween 20 and 150° C Polymenzation ooonvg
ulmost quantitatively giving a dense cloud of polymer in the gas phase when about
10 gquanta are absorbed/o ¢ /sco at 2637 A tho quantum yiold ranging from umty
to 5000 depcnding on the tompciature and mtenuty At shorter wave lengths the
moleocule 13 dissociated to hydrogen and propiolic ester  Growth of the polymer ceases
when two growing polymors int« ract with cach othor The tomperature of this latter
process 1 80 laxge that the polymerization has a negative teraperature coefficient

The reaction 18 very sonsittve to and toal tent,
butadienc By controllod us of il ibitors s diroct inc asure of tho encrgy of activation
of the propagution reaction has boon mado 1t amounts to ¢ k cal At high oxygen
pressurce oxygen exerts a poaitive catalytio effect behieved to be due to the mercury
sensitized production of O atoms

The molecular weight of the polymer has boen estimated by measuring the ratio
of acrylate to butadi no moleculos used up 1 the mhibited reaction under & given
mtenuty of 1l Hence by the weight of the product
n the normal reaction 18 eamly found

This behaviour of acrylate 18 i marked contrast with that exhibited by methyl
methaorylate, the long life timo of tho latter polymer being absent wn the acrylate
Lake the methacrylate the acrylate grows by the double bond mechansm and the

of these two mol » d for by the theores
advanced in this and previous papers
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