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PREFACE

Trns BOOK comprises a general study of the techniques associated
with ultrahigh frequency systems and is intended for senior students
majoring in electrical engineering or physics. The text deals with
the theory and technique of the component parts that make up
complete systems, but not with the functioning of such systems as
a whole. The book provides a.firm, fundamental background in
the general subject of ultrahigh frequency engineering to qualify
the student for such new fields of electronic engineering as radar,
facsimile, television, blindlanding systems for aircraft, ionosphere
measurements, pulse-time modulation, telemetering, and electronic
computing. The book is not designed to prepare the student for
any one of these specialized fields, but to acquaint him with the
general principles that apply to all of them. The extensive applica~
tions of ultrahigh frequency engineering, and the constant enlarge-
ment of these applications, precludes a complete and exhaustive
treatment of the subject in one volume.

Six general classifications of subject material are discussed in
Ultrahigh Frequency Engineering:

Generation and synchronization of special waveforms.
Amplification for UHF systems.

UHF transmission systems.

UHF circuit elements.

UHF escillators.

Propagation of signals.

In general, the fundamental theory is developed within each
major classification, followed -hy selected generalized examples and
discussions. The theory is presented with the idea of developing
concept; the examples are used to illustrate fechnique of analysis. In
every case a conscientious effort is made to stress similarity.

Mathematics through calculus is assumed, as well as the usual
introductory courses in electron tubes and cireuits. Differential
equations, both partial and total, are used in the text, but all steps
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iv PREFACE

involving their use have been carried through completely and accom-
panied by considerable verbal explanation. Consequently, their use
should not occasion any serious difficulty for the student who is
inexperienced in this branch of mathematics.

The author is indebted to Professor H. D. Harris of the Electrical
Engineering Department,; Rensselaer Polytechnic Institute, under
whose guidance this text was initiated, to his wife, Héléne H. Martin,
whose encouragement and forbearance made this book possible, and
to the Bell System Technical Journal, April, 1949, for the inspiration
of Figure 10.20. The author is also indebted to Dean W. L.
Everitt, of the College of Engincering, University of Illinois, for
many helpful suggestions in the final preparation of the manuseript.

Thomas L. Martin, Jr.

Albuguerque, New Mexico
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CHAPTER 1
WAVE-SHAPING CIRCUITS

PROPER OPERATION of many ultrahigh frequency (UHF) systems
depends upon the development and control of special wave-
forms that are not ordinarily available from some simple circuit.
Generally, though not always, such systems are used in conjunction
with the tremendously versatile cathode ray tube, as in radar, tele-
vision, and blind landing systems, to name only a few. The require-
ments placed upon the motion of the electron beam in a cathode
ray tube employed in any of these systems are generally quite severe,
both in the complexity of the motion itself, and in the precise timing,
or synchronization, which must be provided to maintain proper
sequential operation within a single device, or between a group of
devices.

The circuits required to produce these complicated and unusual
waveforms, with the necessary precision of form and relative time
phase, are often exceedingly complex. It is common for wave-shaping
channels to contain a dozen or more tubes, and systems having fifty
or even a hundred tubes are not considered to be unduly remarkable.

On the surface, such networks appear to be terribly complicated,
but they have the intrinsic property of being derived from elementary
constituent circuits that are usually quite simple in operation and
design. The situation is analogous to a sculptor viewing his ¢om-
pleted statue. The lines, planes, and curves appear very complex,
but each was constructed by chipping a little off here and there so
that the final statue is constructed through a series of shaping
operations. The know-how required in making each individual chip
is, of course, essential. The same situation exists in electronic wave
shaping. The engineer is required to produce a given waveform from
some readily available one, such as a sine wave. He then performs
a sequence of shaping operations and “sculpts’” the desired signal.
Each individual operation is usually confined to a comparatively
simple circuit, in most cases consisting of a single tube and a few
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2 WAVE-SHAPING CIRCUITS [§1.1

allied parts. By representing each constituent cirecuit which per-
forms a single operation as a block, and then drawing the complete
functional block diagram, the original, apparent complexity di-
minishes considerably.

The numbers and types of circuits which perform shaping opera-
tions are legion. There are devices such as clippers, clampers,
integrators, peakers, ringing circuits, counting circuits, frequency
multipliers and dividers, delay circuits, and so on. Moreover, there
are a number of generators of nonsinusoidal waveforms, such as
square waves, pulses, sawtooths, trapezoids, hyperbolas, and para-
bolas, which are produced by various trigger circuits such as multi-
vibrators, relaxation oscillators, blocking oscillators, and pulse-
forming lines. The complete list is practically endless. Other
components such as rectifiers, filters, phase inverters (amplifiers), as
well as the common types of sine wave oscillators, are already familiar
to the student through the usual introductory courses.

To cover all of these circuits in detail is neither feasible nor
desirable. There are a few fundamental principles which can be
applied to the bulk of these circuits which show their essential
similarities rather than their incidental differences. Thus, the ma-
terial presented in this and the following chapter is an introduction
to a new and fascinating field of electrical engineering.

1.1 The Overdriven Amplifier and lts Equivalent Circuit

Up to this point, the usual electrical engineering curriculum
makes extensive use of the familiar and convenient fiction of the
equivalent plate circuit theorem, and the analysis of vacuum tube
circuits in which small sinusoidal signals are applied to the control
grid. A very considerable part of the course of study has been de-
voted to methods of obtaining faithful reproduction of the input
waveformh and, consequently, in minimizing and removing possible
sources of distortion. This elysium deteriorates rapidly upon the
introduction of wave-shaping circuits because every conceivable
type of distortion is deliberately introduced to obtain the desired
results. The equivalent plate circuit theorem is, in most cases, of
no further use in the analysis of circuits of this type.

It is characteristic of most circuits devoted to wave-shaping
operations that the function of the tube is restricted to that of a very
efficient and quick-acting switch, this method of operation being
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produced by the simple expedient of overdriving the tube so that it
operates over a very nonlinear portion of its static characteristic,
over practically the entire possible range. Proper understanding of
this action is absolutely essential to effective study of the more
advanced circuits, and will be reviewed in detail in the succeeding
paragraphs.

The circuit diagram of a typical triode amphﬁer is shown in
Fig. 1.1, where the signal source E, is a constant voltage generator.
Figure 1.2 shows the load line plotted on the static characteristics of
the tube. For any given condition of operation, the voltage across
the tube and the current through it are constants. The ratio of

Low R,
o
E
£
Ebb =
§ | HighRy/
R 3
L o
h @
k]
a
E e
g9 b
Eqc L -
il - ° £
I Plate Volts
Fig. 1.1. Triode amplifier. Fig. 1.2. Load line drawn on triode

static characteristics.

these two quantities is designated as 7,, and called the static plate
resistance. It should be understood that there is no actual resistance
in the tube itself, since, if it is properly evacuated, the electrons do
not encounter obstructions of any kind in traversing the space be-

tween the cathode and the plate. T Che gtatic plate resistance is
simpl h I accele lectrons

}hmh.nh.\a.mace, the energy finally appearing as heat on the. plate,
ue to the release of the eloctronieJeinetic energy during impag.
An examination of the typical triode characteristics given in Fig, 1.2
shows that the ratio of plate voltage ¢, to plate current 7, is far from
constant as a function of the grid voltage e., varying in a complex
manner with the tube electrode potentials and load resistance.
Figure 1.3 illustrates the manner in which the static plate resistance
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varies with different grid potentials, but with a fixed load R, and
supply voltage Ege.

Inspection of Fig. 1.3 shows that the static plate resistance can
vary over a tremendous range of values, but that at any particular
operating point, the tube could be replaced by a resistance 7,. Thus,
we can distinguish two limiting cases, regardless of the value of
E »p O R Le

(1) When the tube is cut off, 7, = 0, so 7, = open circuit..
(2) When the grid voltage is equal to or greater than zero,
iy = is large, so 7, = low (almost constant) resistance.

It should be observed that
the static plate resistance never
1500  reaches zero, but approaches that
value asymptotically. In most
cases, the lowest value of plate
resistance (which corresponds to
the highest value of plate cur-
rent) is determined by the avail-
able supply voltage rather than
the emission capabilities of the
cathode, since there must always
be some drop across the tube in
order to produce the tube cur-
. . rent, and the total drop produced
Negative Grid Volts through the tube and load resis-

Fig. 1.3. Variation in static plate re-
sistance as a function of grid voltage. ,zaél;::g:annot exceed the supply

Consequently, if we were to apply a signal to the grid of the

amphﬁer in Fig. 1.1, of such magnitude that it exceeded plate cur-

| e rent cutoff on the negative swing,

RL : p-Tube  and became greater than zero on

1° 1 the positive swing, from the func-

=E e 3! tional standpoint the tube could

"T" oP3 be replaced by the circuit of Fig.
i

:____ 1.4. When the tube is cut off the

|
Fig. 14, Equivsalent plate circuit of switch is in the open position;
the overdriven amplifier. when the grid is driven positive,

the switch closes through-a small resistance of the order of 10,000

High R

Kil-ohms

Low R’

'Fp in

e

m
8
o
[
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Fig. 1.5(a). Straight i Fig. 1.5(b). Plate current
amplification. ! cutoff clipping.

.‘ MR
3 o
1
]
] 1 |

Fig. 1.5(c). Plate current cutoff
and saturation clipping.

BN

ohms (for a receiving type of triode). The frequency of the switching
action is determined by the nature of the grid signal.. In most
wave-shaping circuits, Fig. 1.4 is the equivalent plate circuit of the
tube.

It is interesting to inquire about the nature of the output wave-
form in the overdriven operation of an amplifier as discussed in the
preceding paragraphs. The operation is best discussed and illus-
trated by use of the tube transfer characteristics as shown diagram-
matically in Fig. 1.5.

Figure 1.5(a) shows conventional amplifier operation where in-
cremental signals are applied over the linear portion of the character-
istic. Figure 1.5(b) illustrates the effect of overdriving the tube in
the negative region producing what is commonly called “plate
current cutoff clipping,” since a part of the lower half of the output
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current waveform is clipped off due to nonconduction of the tube.
Figure 1.5(c) shows plate current cutoff clipping as well as “plate
current saturation clipping,” the latter being caused by overdriving
the tube positively into the region where the static plate resistance
(and hence the plate current) is substantially constant. Due to

' Fig. 1.5(d). Oscilloscope photograph Fig. 1.5(e). Oscilloscope photograph

showing the effect of different degrees showing different degrees of cutoff

of saturation clipping. clipping.

inversion of the plate voltage relative to the grid voltage, the wave-

form of the plate voltage will be a mirror image of the plate current.
By way of summation then, we note that:

(1) Overdriven triode amplifiers may be represented by an
equivalent plate circuit of the form given in Fig. 1.4.

(2) When the triode is overdriven, clipping of the output wave-
form occurs as a result of two causes:
(a) Plate current cutoff.
(b) Plate current saturation.

1.2 Grid Circuit Clipping and the Equivalent Circuit

The flow of grid current re-
Epp sulting from overdriving the
> grid of the amplifier discussed
R in Art. 1.1 in the positive di-
1 rection may be employed to
produce another very effective
type of clipping known as ‘‘grid
circuit clipping.” Consider the
circuit diagram of Fig. 1.6,
which is the same as the triode

Fig. 18. Grid circuit clipping. .amplifier of Fig. 1.1 except

AAAAAA
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that a series resistance has been inserted in the grid circuit. When
the signal voltage swings positive, a relatively large amount of grid

i

AWAN
\V

)

f

1
RN 2
icRe

-~

e = - - - —
b - ——

T e

Fig. 1.7(s). Triode transfer character- Fig. 1.7(b). Separation of
istic and waveforms. the waveforms shown in
Fig. 1.7(a).

current flows, producing a voltage drop in the resistor labelled R..
This 7.R. drop nearly cancels the positive swing of the grid, producing
a slightly rounded, but otherwise almost square top on the output

Fig. 1.8(a). Grid circuit clipping when  Fig. 1.8(b). Grid circuit clipping,
a sawtooth voltage is applied. square wave applied. Note the effect
of the slight peak at-the leading edge

of the square wave,
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current waveform as shown in Figs. 1.7 and 1.8. Consequently, no
matter how positive the signal voltage e, becomes, the grid-cathode
voltage e. seldom becomes more than a few tenths of a volt positive.
In many cases, B. may be the internal impedance of the signal source
and may not appear physically in the circuit.

The mechanism by which the clipping occurs may be more
understandable from the development of the equivalent grid circuit.
During the time that the grid is positive, the cathode-grid circuit
effectively forms a diode, so that a static resistance is present in the
circuit, measuring the energy required to accelerate the electrons
from cathode to grid. This resistance is usually denoted by 7,, and
is generally about the order of 1000 ohms. On the other hand, R, is
generally made rather large in order to increase the effectiveness of
the clipping action. From the equivalent circuit shown in Fig. 1.9,
the grid-to-cathode voltage is seen to be

_ Fa)
% = \7, + R.

Dividing through by 7, yields
= =2t (1.1)

Since the static Igrid resistance is
much less than R., then the grid
voltage e. is very much less than
the signal voltage e,. Conse-
quently, as the static grid resis-
Fig. 1.9. Equivalent grid circuit for ~ tance becomes very small com-
grid circuit clipping. pared to the clipping resistor R.,

the grid voltage approaches very

low values, regardless of how positive the excursion of the signal vol-

tage becomes.

1.3 Clipping with Dicdes

I The grid circuit clipping described in Art. 1.2 is the same in
prineiple as clipping with diodes, since the grid-cathode circuit forms
an effective diode. Figure 1.10 shows the circuit diagram of a typical
diode clipper. The bias voltage E,; is polarized in such a way that
when the signal voltage e, is zero, the plate is negative with respect
to the cathode, and conduction is not possible. The tube remains
nonconducting as long as .
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However, as soon as the signal voltage e, exceeds E,s, the plate is
positive with respect to the cathode and conduction occurs over that
part of the cycle for which this condition exists. The various wave-

forms appear as shown in Fig. 1.11.
€3
Epplf- -\ Lev_e% -

0

I
Il
b
| | X
l !

| e

5 S A 4
L
Qe Epp = bl I
- ——02 ] I | :
R | l| h
L oo
3 | ll : |
Fig. 1.10. Diode clipper. 0 /C12 .)—;

Fig. 1.11. Diode clipper
waveforms.

Either half of the input waveform may be clipped depending
upon the voltage selected as the output voltage. Changing the
magnitude or polarity of E;;, merely changes the clip level. Again we
note that the tube acts as a switch, being open when nonconducting,
and connected through a low resistance 7, when passing current.

1.4 The Square-Wave Generator

At relatively low frequencies, a comparatively simple, but very
useful application of the elementary wave-shaping circuits discussed
thus far, is the clipper type of square-wave generator. Since the
square wave is extremely important in subsequent shaping circuits,
its method of generation is worth noting.

2o [Tpide L V[ Triode A

rome——

Sine Wave i 4
Oscillator Clipper Clipper

Fig. 1.f2. Clipper type of square-wave generator (block diagram).



10 WAVE-SHAPING CIRCUITS [§1.4

The functional block diagram of one type of square-wave genera-
tor is shown in Fig. 1.12. The circuit diagram is shown in Fig. 1.13.

Fig. 1.13. Circuit diagram of clipper type of square-
wave generator.

Since the diode conducts only on the negative half cycles of the in-
put signal e,, the positive half cycles are clipped off. As a result, the
grid of the triode is never driven into the positive region, so the
grid does not conduct current. Consequently, the grid-to-cathode
resistance is substantially an open circuit so that it has no appreci-
able shunting action on the resistor R.. As a result, the diode clipper
can be isolated for purposes of analysis, as shown in Fig. 1.14. This

. is the same as the diode clipper dis-
% cussed in Art. 1.3 except that the bias
. voltage E,, is zero, causing the clip
@ e \'D q level to be at 0 volts. Hence, the grid
l Re$ € voltage on the triode (T-2) is practi-

] | I cally zero at all times except when the

Fig. 1.14. Diode clipper section diode (T-1) conducts, that is, except

of square-wave generator. when the signal voltage e, goes nega~

tive, as indicated by the waveforms of

Fig. 1. 15., In other words the diode is operating in the same manner as

& half-wave rectifier. The direction of current flow when T-1 conducts

is as indicated in Fig. 1.14 so that the output voltage from the diode

is & negative half cycle of a sine wave, and the input to the grid of
thgytriode will be a succession of these negative pulses.

“The operation of the triode clipper may be seen from the typlcal
transfer characteristic shown in Fig. 1.16. Since the grid voltage
never goes positive, it is unnecessary to bias the triode and only
plate current cutoff clipping is used. Thus, the output voltage from
the triode will be squared off, relative to the input, and inverted
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with respect to it. To produce a really square wave, a succession of
clipping circuits is ordinarily required.

o
-< m"
m
[+]
o
<\ -

(]
ﬂ
- (o]
LY
}

NS o

Fig. 1.15. Diode clipper Fig. 1.16. Transfer characteristic
waveforms. for triode clipper and associated
waveforms.

1.5 Clipping with Cathode Followers

The cathode follower amplifier finds extensive use in pulse-
shaping applications as a matching device between a wave-shaping
channel and some low-impedance load, such as the deflecting coils
in a magnetically deflected cathode ray tube. It is seldom employed
as a wave shaper and clipping is normally undesirable. As a matter
of fact, the cathode follower is so difficult to overdrive that it finds
a very wide use as a buffer stage, in order to isolate other stages
whose operating characteristics would be unfavorably affected by the
loading introduced when the grid of a conventional amplifier goes
positive. Thus, its superiorities and limitations are worth separate
consideration.

The basic mechanism by
which clipping does occur in a
cathode follower is inherently
the same as that of the simple
overdriven amplifier, the only
real difference lying in the na-
ture of the so-called “‘input-
output characteristic.” In a
cathode follower of the form Fig.'1.17. Cathode follower.
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shown in Fig. 1.17, this is a relationship between the input voltage
e; and the output voltage e;. The corresponding characteristic of
the triode amplifier is the transfer characteristic, which gives the
relationship between the input (grid voltage) and the output (plate
current). The general form of the input-output characteristics for
both circuits is substantially the same, the difference being largely
in the extent of the linear range of operation.

To facilitate discussion, let us determine a typical input-output
characteristic of the cathode follower of Fig. 1.17. Figure 1.18

ec= 0

Plate Current in ma

Y Plate Volts Ebb

Fig. 1.18. Load line on triode static character-
istics for cathode follower, showing four possible
operating points.

shows the load line plotted on typical triode static characteristic
curves. Since the order of connection of tube and load is irrelevant
in graphical solutions of this type, the load line is drawn in the same
manner as for a conventional triode amplifier.

The grid voltage (e.) is the grid-to-ground voltage (¢z) minus the
cathode-to-ground voltage (e;). Hence,

€ = €& — 6 (1.2)
or, rearranging terms,
e =¢ + e (1.3)
But the drop across the cathode resistance is given by
e = 1R 14)

Now, assume several operating points, such as the points labeled
(1), (2), and (3) in Fig. 1.18. This gives us values of ¢, and 75, which
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allow us to calculate e, and then e,.. As long as the grid voltage e,
is negative, no grid current flows, there is no voltage drop in the

©)

b

S

- X

SV

Q .

5 Slight Downward

© Curvature
Cut-off ©O input Volts €, ——

Fig. 1.19. Cathode follower input-output
characteristic for linear range of operation.

clipping resistor R., and ¢; = e,. Thus the input-output character-
istic has the form shown in Fig. 1.19.

Now, when the grid gues positive, as at point (4) in Fig. 1.18,
grid current flows producing the typical equivalent grid circuit shown

€c

AAAA
VVVVVy

-—— |
AAAAA ey AA
v:.l

e
2
R e
AR
(|g+|b) l
Fig. 1.20. Equivalent grid circuit of

cathode follower when overdriven in the
positive direction.

VVVV

in Fig. 1.20. The amount of grid current is given by the expression
. e
1y = '7_': (1.5)
Since e, was assumed, and 7, is known, then 7, can be calculated.
This allows the drop across the clipping resistor to be calculated as

ER, = iaRc (1°6‘)
since the input voltage is given by
€1 = €R, + e (1-7)

But e = e + & = e, + Ri(iy + 1) ‘ (1.8).
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-
hence, the input voltage is determined according to the relation
e = TR, + e. + Ri(iy + 1) (1.9)

If several positive values for the grid voltage e. are assumed, the
complete input-output characteristic will appear as shown by Fig.
1.21. The value of e; corresponding to point (3) on the curve is

®

®

Output Volts

Q—

Cut-ott 0O Input Volts e,

Fig. 1.21. Complete input-output characteristic for the cathnde
follower of Fig. 1.17.

generally of the order of 250 volts. Thus, it is apparent that the
characteristic is very linear over an extremely wide range of values
of input voltage, whereas grid clipping in a conventional triode
amplifier starts virtually as soon as the grid goes positive. Conse-
quently, it is exceedingly difficult to overdrive a cathode follower and
the reason for its desirability as a coupling device or buffer is ap-
parent.

Typical waveforms are shown in Fig. 1.22. Note that e, follows
the input voltage e; except during grid current flow, but that e,
the output voltage, follows the input only over the linear region of

€
- Nl e e grid current flows £
! ]
! »~bb
o \/ t !
-+ ——4+— X — _/__plate current :E-
1 e 3P
: ' : : cut-off Re 7g 3
1€y | * ““f:?
of— 2y | N
N © e £
h | $
(e )
O} kl ! :L t fl l l -

Fig. 1.22. Waveforms when cathode  Fig. 1.23. Complete equivalent circuit of
- follower is overdriven. cathode follower, for overdriven operation.
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the input-output characteristic. The complete equivalent circuit
of the cathode follower is as indicated in Fig. 1.23.

1.6 Differentiators and Integrators {Ttansient Analysis)
The complexity of the waveforms required in most cathode ray

AAAAAA
VVWVW

L

tube applications is such that circuits composed of tubes and re-
sistors only cannot produce the necessary shaping operations. The
peculiar transient responses of the simple series R-C, R-L, and
R-L-C circuits are then employed and the tube merely fulfills the
function of a switch. In most

cases, the required waveforms l-— ec _.l

must be repeated periodically T4

in time so that the switch tube £ é + ](;'

must be operated at the desired —° -3 R
repetition rate. Generally, a I S

square-wave generator is used \

to establish this switching fre-

quency by applying it to the Fig. 1.24. Series R-C circuit.

grid of the switch tube.

It is left as an exercise for the student to show that the following
expressions are true and indicate the transient response of the
circuit shown in Fig. 1.24.

er = (Ey — r)e¥/EC (1.10)
e = Ey— (Eo - r)e“/Ra (1.11)
where E, is the applied voltage during the interval under considera-
tion and r, the initial condenser voltage. If the switch S is operated
periodically at a frequency f, the waveform of the voltage applied to
the circuit is as shown in Fig. 1.25. )

Eo
o T wT
L J

One period=-|'r
Fig. 1.25. Square-wave voltage applied to series R-C cirouit.
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"There are three distinguishable cases depending upon the re-
lationship between the half period of the square wave (T/2) and the
time constant (RC) of the circuit, as follows:

(1) T/2> RC (ie., T/2 is at least 5 time constants).
(2) T/2 = RC.
(3) T/2 K RC (i.e., T/2 is not more than 1/5 time constant).

The waveforms obtained for each of these conditions are shown in
Fig. 1.26 for the steady-state condition.

Voltage across resistance Voltage across condenser

1

|
]
0 — )
of 1

_{-I

]

!
!
i i
| |
1 |

% is at least S time constants

z

—_—tmm e e e e ]

[ |
TN
B °
g

!

[

I

|
|
|
!
|
T
|
'

-+

%approximately equal to time constant
| ]

1

]

]

|
| L |
T eR ! H
! i | ! !
o Lo
! % is not more than é of a time constant

Fig. 1.26. Steady-state waveform in series B-C circuit when a periodic
square wave of period T is applied.

At this point it is worthwhile to inquire about the nature of the
waveforms if the input voltage had been symmetric about the zero
voltage axis. The correct waveforms are shown in Fig. 1.27. This
point is raised because the impression frequently develops that the
voltage peaks of the voltage across the resistor (¢z) are only half the
height of those in Fig. 1.26, due to the symmetric nature of the input
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voltage. This erroneous conclusion arises from superficial considera-
tion of the problem, since the transient response is governed by the
magnitude of the change in voltage. In both cases the change in

Voltage across resistance Voltage across condenser
Tl
]
E°k i/
| . !
:\ ' |
! :
| ] |
T . !
% at least 5 time constants |
1
|
\ |
[} |
|
=
\:/ 'L
i
|

]
-;-approxlmately equals the time constant
1 |

[o]

(o]
_rn_.'
Vo
:oo
O
e

]

! 1 |
T Ee,\lz E :e=
R | \ 1 ¢ 1

1

i

1

e
\
T

% not more thoné of a time constant

Fig. 1.27. Steady-state waveforms in a series R-C circuit when a
balanced, symmetrical square wave is applied.

voltage is the same and the waveform of the transient current or
voltage across the resistance must be the same. The difference exists
in the condenser voltage waveform as one would expect.

" There are several important observations connected with these
waveforms. First, if an R-C circuit were to be used as a coupling
device between two other networks, and minimum distortion of the
input square wave were a requirement, then a long time constant
(RC), compared to the half period of the square wave, would be
necessary if the output voltage were taken across the resistor. On
the other hand, if the output were taken across the capacitance, a
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short time constant would be necessary for transmission with the
same degree of fidelity.

- Another point worth noting is that when the time constant is
small comgpared to the square-wave half period, the voltage across
the resistor'is peaked’compared to the input. ‘Considering the circuit
differential equat®n for the series R-C' circuit of Fig. 1:24,

E, = lez dt + Ri (1.12)
Muidtiplying through by C-¥ields
. ~t

CEy = l i dt + RCi (1.13)

. ; i
But, 'since the time éonstant (RC) is very small compared to the
half period (T/2) for the peaker circuit, then

t
f i dt > (BCY: (1.14)
0
Consequently, as an approximation,
t
*CEy = .[ i dt (1.15)

Take the derivative of both sides of this equation with respect to
time, obtaining

dE, _ .
C— =1 (1.16)
but i=%2 (1.17)
Rearranging terms yields
- rc %o (1.18)

This last equation indicates that the voltage across the resistance is
c proportional to the derivative of the

Tﬁ input under the assumed conditions.
£ $r . Thus, Fig. 1.28 is the circuit diagram
° s R of an R-C differentiator circuit. Fig-
l ure 1.29 shows photographs made of
128, B-C differentiator. the output from a circuit of this type,
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Now, consider the reverse situation, that is, the voltage across
the capacitance when the time constant is very large compared to

Fig. 1.29(a). Square wave applied Fig. 1.29(b). Output from R-C
to R-C differentiator, differentiator when a square wave
is applied. Note the double devi-

ation from the ideal.

Fig. 1.29(c). Same as Figure
1.29(b) except that the time constant
has been reduced. Note how much
closer it appoximates the ideal differ-
entiating action.

the square-wave half period. Then, by the same method as for the
differentiator, we obtain

CE, = [ ‘z' dt + (RC): (1.19)

But, since the time constant is very large compared to the half
period of the square wave, then

(RCY > J( ‘i dt (1.20)
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As a result, the term containing the integral can be neglected in com-
parison to the other terms, leaving

CEy, = (RC): (1.21)

Integrate both sides of this equation with respect to time, obtaining

¢ 13
c f Eodi = RC f ; dt (1.22)
0 0

but, the current ¢ is given by

. de.

t
[ [t = Ce, (1.24)

which, when sﬁbstituted into Eq. (1.22), yields

or, integrating this,

t
C [ E, dt = RC%, (1.25)
or, rearranging terms,
l t
e = RZ’,/; Eydt (1.26)

Consequently, it is apparent that the voltage across the capacitor is
the integral of the input, under the as-
1 sumed conditions, and Fig. 1.30 is the
=E, c e circuit diagram of an R-C integrator.
T T An exactly similar analysis, when
) . applied to the series R-L circuit, pro-

Fig. 1.30. B-C integrator. duces the results illustrated in Fig. 1.31.

The approximations used in obtaining these results should be
carefully noted. Although the approximations generally hold, con-

.

—TT—
L I
RZ e
< 1
R-L Integrator R-L Differentiator
Ly T Lol
X r&z%

\
Fig. 1.31. R-L-citcuits for integrating and differentiating.
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ditions arise where they are not fulfilled and this possibility cannot
be disregarded.

1.7 Differentiators and Integrators (Fourier Analysis)

The preceding method of analysis of simple networks is usually
the quickest way to a direct solution of the problem at hand. How-
ever, it may not always yield information in the form sought by the
engineer. In a great many cases the attenuation and phase shift of
the circuit as a function of frequency are bits of data very necessary
to the design of allied equipment, and the Fourier series method of

€

2 !
Eo
|

0
=

Fig. 1.32. Balanced symmetrical square wave ap-
plied to an R-C integrator.

analysis is more convenient. The procedure then entails three
distinct steps:
(1) Fourier series analysis of the input signal.

(2) Analysis of the circuit in terms of conventional a-c theory.
(3) Synthesis of the harmonics in the output into a Fourier series.

As an example, consider the case
of a square wave, of the form shown R
in Fig. 1.32, applied to the R-C integra- YEn ¢ T Eﬂ
ting circuit of Fig. 1.33. The Fourier

analysis of the square-wave input is Fig. 1.33. R-C integrating
given by Eq. (1.27) below. circuit.
4E,f . 1,. 1.
e;=—;—sxnwt+§SIn3wt+5s1n5wt+--- 1.27)

where E, is the peak-to-peak amplitude of the wave; w, the frequency
of the fundamental component; and n, the order of the harmonic
(1, 2, 3, ). Then for any given harmonic of erder n

B.=12 = 1(_13 - Ef@) T )
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The output voltage, which is the volshge across the eondenser, is
given by

=IX, = —1( -
E., = IX. I(an) (1.29)
Hence, the complex voltage ratio of output to mput is
Ecn — / nwC
= RS Gmel) = “meRc=; (30
Divide through by (—]) to obtain
E, _ 1
‘E., 1+ jnuRC (1:31)
This ratio may also be written in polar form as
%:= v A [ =By = it (1.32)

where a is the attenuation in nepers and 8, the phase lag in radians.
Hence

1 1

An =/ = 1-
1+ jnwRC /1 + (nwRC)? [Bn (1.33)
where B, = tan™! nwRC (1.34)
1
A, = [ ————————==)| tan~! nwRC 1.35
50 ( 1+ (anC)z)L——-" = (1.35)

Therefore, the absolute value of the complex voltage ratio is
1

1
Al = T Gerer T V1+ (zzcz)’ (1.36)

_fnw _ 1
and B, = tan ’(:’;) where  wp = RC 1.37)

The frequency characteristics of the network are as shown in Fig.
1.34. The significance of the quantity w, is that at this frequency,
the amplitude is down to 0.707 of its maximum value. In other
words, it is theSialfdpower ft'equency “Fhis type of relationship will
have particular dignificance in the ma.tenal to be presented sub-
sequently.on vidés-amplifiers.
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Hence, we can conclude that the:fundamental will.eome out of the
network with its amplitude multiplied by a fractional quantity 4,

L
2
Bn
|
1Al
o o —

Fig. 1.34. Network characteristics as a
function of frequency for the circuit of Fig.
1.33.

and its phase angle retarded by B, and so on for each of the har-
monics. The sum of all of these modified terms will be the output
voltage E..

In the case of an integrator, the time constant EC is very large
compared to the square-wave half period 7/2. Hence,

w > wo
80 4], = 2%
nw

and B, = tan~1 n(=) = 7/2

Therefore, the amplitude of each harmonic coming out of the net-
work is reduced by an amount proportional to the order of the har-
monic. Furthermore, each successive harmonic has its phase angle
retarded by /2, thus changing the original sine series to a nega-
tive cosine series so that

e = (4f°)(w)( cos wt + 3 cosS wt+ 5 cos5wt+ .. ) (1.38)
This is recognizable as the Fourier development of a symmetrical
(back to back) saw tooth, which is the same as.the Waveform of
Fig. 1.26.

This method of analysis, while ad:mttedly mewhat loager,
yields information in an exceptionally convenient form. This ad-
vantage is somewhat nullified in many cases, however, since the re-
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sulting waveform obtained by conventional transient analysis, as
given in Art. 1.6, could be broken up into its Fourier components
with comparatively little difficulty. It

! is important, nevertheless, to be fully
/] /I cognizant of both methods of attack

Ol
@ ! | | I and to understand their interrelation-
i b Yo ships.
: oot Lo 1.8 Response of Differentiators and In-
| ! : tegrators to Unusual Waveforms
® | ! ! So far, the discussion of differen-
1, [
i

tiators and integrators has been limited
to their responses to square-wave in-
! 1 puts. Recognizing their abilities to dif-
ferentiate or integrate, their behavior
in response to any waveform may be
determined. A typical example will
be discussed as an illustration.
Assume that a saw-tooth voltage
Fig. 1.35. (a) Saw-tooth volt- of the form shown in Fig. 1.35(a) is
age applied. (b) Integrated out- applied to the usual R-C integrator.
put. (¢) Differentiated output. ~ The expression for the input voltage
may be written as

©

e;. = Kt where K = constant = slope

Consequently, the output voltage is given by

1 1
e = R—-—-Cfe,- dt = RCf(Kt) dt (1.39)
1 (Ke | o,
oo & = o (——2 + K) (1.40)

This is the equation for a parabola and the waveform appears as
shown in Fig. 1.35(b). Similarly, for the differentiator,

e; = Kt (1.41)

g0 e = BC % = (RCK) (1.42)

which is a constant, and the waveform appears as shown in Fig.
1.35(c). ‘
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This same method may be applied to any input waveform. Of
course, the results are only approximations, subject to the limitations
imposed as discussed in Art. 1.6, but in most cases, sufficient accuracy
results to warrant the approximation.

1.9 Removal of the D-C Component

A characteristic of the simple R-C circuits discussed in Art. 1.6
which consistently causes difficulty in the design of pulsed circuitss
is the removal of the d-c component of the input signal. The effect
is of considerable importance in circuits where the bias required for
proper operation is critical. For example, consider a recurrent pulse
of the form shown in Fig. 1.36, applied to an R-C coupling circuit.

! T

Eo Eq

[ N

(o
Fig. 1.36. Recurrent pulse applied to Fig. 1.37. Output of coupling circuit
an R-C' coupling circuit. when the recurrent pulse of Fig. 1.36 is
applied.

The waveform at the output of the coupling circuit will appear as
shown in Fig. 1.37, where the waveform has averaged itself about
the zero axis in such a way that the areas above and below the zero
voltage axis are equal. Thus, the d-¢c component of the input has
been removed.

A Fourier analysis of the input and output waveforms will be
identical except that the input will contain a constant term which
will be absent in the output. The application of a voltage pulse to
the R-C circuit generates a transient so that the output waveform
appears as shown in Fig. 1.38 during the transient period. Ap-

e e .
o ——fm e o

Fig. 1.38. Output from coupling circuit during the transient period.
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parently then, the steady-state recurrent pulse is superimposed upon
the conventional exponential transient. Thus, the shifting of the
waveform so that its average value is zero is accomplished by the
transient current which flows to charge the coupling condenser.

If the pulse widths are changed, the average d-c value at the
input would be changed, and the output waveform would not be
oriented exactly as it was before. This is illustrated in Fig. 1.39.

Fig. 1.39. Effect on coupling circuit output due to changes in
pulse width.

In general, in pulse circuits, measurements are made with respect
to the base of the waveform, not with respect to the comparatively
inaccessible average value. However, all biases must be calculated
with respect to the average value and it is here that difficulty most

frequently arises.

Eo

Fig. 1.40, Saw-tooth voltage.

For example, consider the saw tooth of Fig. 1.40, and assume that
it is applied' through an R-C coupling circuit to a triode employing
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grid clipping. The waveform is to be clipped in sugh a way that the
voltage directly Qn the grid of the tube is to appear as shown in Fig.
1.41. The flat-topped part § is assumed to be a very critical time

£

Fig. 1.41. Voltage required directly on the
grid of a triode clipper.

from which a small deviation cannot be tolerated. The first tendency
is to consider applying sufficient bias (£..) to the clipper so that the
waveform on the grid appears on the transfer characteristic as shown
in Fig. 1.42. This would result in a large error in the length of & be-
cause the bias was not computed with respect to the average d-c
value. The proper way to apply the bias is shown by Fig. 1.43.

i ]
i .
b |b /_.—-——
0 e 0 -
Ece™ ¢~ €c
E .
1 BC
H Value ™
! ' !
i i
\
i H i
| ! !
|
Fig. 1.42. Incorrect method of Fig. 1.43. Proper method of cal-
biasing as it appears on triode transfer culating bias, as it appears on the triode
characteristic. transfer characteristic.

1.10 D-C Restoration and the'Clamper

The removal of the d-c component, as discussed in -Art. 1.9 is,
as previously pointed out, an important consideration in a great thany
design applieations where.the d-c component of the input waveform
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is necessary for proper operation of a succeeding component in the
wave-shaping channel. Thus, it frequently becomes necessary to re-
store the original d-c component, or some other d-¢ voltage. The
wave-shaping circuits which perform this function are called d-c
restorers or, quite commonly, clampers.
There may be some doubt as to the actual necessity of producing
a separate circuit to restore the d-c component when the insertion of
a constant biasing voltage would, in effect, provide whatever average
value was required. Such a scheme would perform effectively: only
s0 long as the incoming signal remained unchanged in shape and
magnitude, since variations in either would produce changes in the
average value necessitating a change in the requirements placed upon
the biasing system for each different input waveform. As a con-
sequence, even a very elaborate bias circuit would experience dif-
ficulty in properly compensating for waveform variations. It would
be much more desirable to add in the d-c component in a manner
which would be substantially unaffected by variations in the input
signal. This is the function of the clamper.
There are several types of d-¢

- F—'rL restorers, but simplest in opera-
C( tion and in concept is the diode
¢ clamper shown in Fig. 1.44. Since

the diode has a conducting path

around it, through R., that side

of the coupling condenser C. is

nominally held at —E.. volts.

Hence, the voltage across the
®  coupling condenser is

es‘(min) + Ecc

The circuit is to clamp the base of the output voltage of the clamping
circuit to the voltage —E... When the input voltage jumps to e;
(max), over a total change in voltage of En., the output voltage eo
does the same thing. Refer to Fig. 1.45. The diode does not con-
duct because the plate is still negative with respect to the cathode.
The time constant B.C. is made very long, by making R, large, so
that no appreciable change in voltage occurs across the condenser.
Thus, when the input voltage drops back to e; (min), the output
drops back to —E,.. No matter how the waveform varies, as long

[
»
@
AAAAAA
VVVVVv
o
[
o

Fig. 1.44. Diode clamper.
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as the input voltage does not drive the cathode voltage below the
plate voltage (—E.;), the output waveform is clamped at —E.,,
just as the input is clamped at e;(min) by the source.

1 |

l ei(min)

e,(max)

(¢]
! T
€ Em
T
-Ecc

Fig. 1.45. Diode clamper waveforms.

However, suppose the signal does drive the cathode negative
with respect to the plate, by dropping below e;(min). Then, the
diode conducts, becoming a very low resistance 7,, compared to R.,
and the condenser very quickly charges back to a value such that,
except during this charging period, the output is kept clamped at
—E,. Thus, in general, the output is clamped at the reference
voltage regardless of the changes in waveform or dimensions of the
input. However, when the duration of the signal being clamped is
of the order of magnitude of the charging time constant (7,C.),
some undesirable distortion in the waveform may occur.

Although triodes are often used as clampers, the fundamental
principle of operation is the same, so that the discussion of this article
is of sufficient generality to cover most of the circuits usually en-

countered.

1.11 Grid Leak Bias - ‘
The preceding two articles have dealt with.the removal and
restoration of d-c voltages after passing through R-C coupling cir-
cuits. When waveforms of the type discussed in the preceding articles
are applied directly to the grid of an amplifier. another effect, called
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grid leak bias, occurs. It consists of an actual average d-c voltage
across the resistance in the coupling circuit.

Assume that the input to a typical triode amplifier is a symmetri-
cal square wave as shown in Fig. 1.46. Note that there is no d-¢

Fig. 1.46. Square wave applied.

component. During the first positive half cycle, the grid goes positive
with respect to the cathode and the coupling condenser tends to charge
through the static grid resistance 7, The equivalent grid charging
circuit is shown in Fig. 1.47. Hence, the charging time constant is

— FnRa
Ten C,( 2 R,) (1.43)
which is quite small since 7, is small compared to B;. On the negative
C
I
Constant < P
Voltage 2R 3T
Source & EE 9 $9

Fig. 1.47. Equivalent grid circuit when grid
voltage is positive.

half cycle of the input, no grid current flows and the coupling con-
denser tends to discharge through the grid leak resistor R, with a
time constant

Taser = CcRa (1.44)

which is comparatively large. Due to this difference in time con-
stants during the transient period, more charge collects on the
condenser during charge than leaks off during discharge. As a
result, the voltage across the resistor B, developes a mean d-c bias
as shown in Fig. 1.48, such- that in the steady state, the positive
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excursion of the grid voltage is just sufficient to overcome the losses
in the grid circuit during discharge.

0 S P ——

_ | Grid leok bias
developed

Fig. 1.48. Grid icuk bias.

1.12 Analysis of a Typical Pulse Generator

At this stage it would be advisable to recapitulate and discuss a
wave-shaping system involving a consideration of most of the prin-
ciples outlined so far. Such a procedure, speaking figuratively, will
provide a glimpse of the forest as well as the trees, and will certainly
facilitate subsequent discussions which involve the same general
method of attack.

Let it be required to produce a serics of positive pulses with a
given spacing T, and clamped at a voltage —E,... The only readily
available signal source is a sine wave oscillator.

The first step in design is to break the system down into its
fundamental components in the form of a functional block diagram.

Sine Wave < Diode e Triode \‘/—\ N

Oscillator Clipper Clipper

Fig. 1.49. Block diagram of clipper type of square-wave generator.

In a great many applications it is highly desirable to produce a square
wave from the original sine wave, since this is an excellent starting
point for further shaping operations. As a matter of convenience,
let us use the square-wave generator discussed in Art. 1.4 and whose
block diagram is reproduced in Fig. 1.49. Since the output pulses
are to be spaced at intervals of T, the frequency of the sine wave
oscillator should be set to f, = 1/T,. The requirement that the
final output is to consist of pulses means that a narrowing or peaking
action must be introduced as shown in Fig. 1.50. In addition, the
output pulses are required to be of a single polarity so that clipping
is again necessitated in order to remove the pulses of the undesired
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polarity. The two final requirements are that the pulses be positive
and be clamped at —E... If grid circuit clipping is used in the last

Square Wave 1l o R-C f
Generator Peaker
L_.r-‘ R-C ' . Y
> —
T Peaker Clipper
Fig. 1.50.

clipping stage, the output pulses will be positive due to phase in-
version through the triode. Thus, the complete system block
diagram appears as shown in Fig. 1.51. This diagram does not, by

sine wave| ~ \ | Diode | ™\/ | Triode L/_\‘ R-E_I

-

Oscillator Clipper Clipper Peaker
Aee ——— p [ ——— = Y-
— Clamper| JL'!_ Phase Cli :
pe 1 |Inverter pper| |
[

— - —— —— e — ——

Single Triode Chpper
Fig. 1.51. Complete system block diagram of pulse generator.
any means, represent the ideal solution, since there are a great many

ways of obtaining this same result.
The analysis of the square-wave generator will be omitted, since

AAAAAA

Fig. 1.52. Circuit diagram of R-C peaker and clipper-phase inverter,
including the last tube in the square-wave generator.
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it was covered in detail in Art. 1.4. However, consider the next
three components, the E-C' peaker, and the clipper-phase inverter.
The circuit diagram including the last tube of the square-wave
gencrator is shown in Fig. 1.52. Referring to the waveform of Fig.
1.53, which is a rather idealized representation of the plate voltage

Ebb

Plate
Voits

Tube
Drop

0 —

t —

Fig. 1.53. Idealized output from square-wave generator.

from the squarc-wave generator, we see that the application of this
square wave to the differentiating circuit will result in the formation
of positive peaks of sufficient amplitude to drive the grid of the
second tube (T-2) positive, producing grid circuit clipping and
introducing a low shunting resistance 7, across R, and R. during
such intervals. Thus the equivalent plate circuit of T-1 and equiva-
lent grid circuit of T-2 appear as shown in Fig. 1.54. Since the two

Ebb,
___, (__

- eb'
P

Vv
o T

R, 792 Icz

AAAAAAA
VVVVV

Fig. 1.54. Equivalent plate circuit of tube 7-1.

switches operate in synchronism, there are two possible reduced
equivalent circuits, one giving the charging circuit for C;, and the
other for the discharging circuit. This circuit breakdown is shown in
Fig. 1.55. Applying Thevenin’s theorem to the discharging circuit
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Fig. 1.55. Equivalent plate circuits for the charging and dlschargmg
of condenser (.

and simplifying the charging circuit by considering the static grid
resistance to be negligible compared to the grid-clipping resistor,
yields the circuits of Fig. 1.56, where

- iPlRLl - = Fpy __)
Re (FPI + Rla) R‘ R‘ + Rl Eo Ebb‘(lz + RLl

ST

R, R,

VVVVv

% s Epy, = W
=-E SR €c bb, =
=" g 2 = —icé— wl T
1 er 02
L S R
Theuenized Equivalent Discharging Approximate Charging Circuit for
Circuit for C, Cy, Assuming Tq_ is Practically a
Short Circuit

Fig. 1.56. Reduced equivalent circuits.

Thus, when T-1 is made conducting by its grid voltage exceeding
cutoff, analysis is made using the equivalent discharging circuit.
Assuming the charging time constant to be small compared to the
square-wave half period, then we can consider the charging transient
to be substantially complete when T-1 is cut on. Consequently, the
initial condenser voltage for the discharging transient must be the
plate supply voltage Ess, The equation for the discharging transient
current is then

fdeon = (EL_}.TE_M)‘-UR,.CI (1.45)
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Hence, the grid voltage on T-2 is

€y = tascnR1 = (Ee — Ebbl)(g—;)e“mrcl (1.46)
and the voltage across the condenser in the peaking circuit is
e, = E, — (E. — Epup,)et/B101 (1.47)
Consequently, the plate voltage on T-1 is given by
ey, = €, t € (1.48)
and substituting for e., and e, yields
e = B, — (. — Ebbl)(l - %)e—t/m (1.49)
— 7p, - R,
where E, E'bb,(——r T RL;) and R.=R:+ (——_——M T RLI)
(1.50)

Hence, when ¢ = 0 at the beginning of the discharging transient,
the grid voltage on T-2 is

¢y = —AE = (B, — Eb.,,>§§—; (1.51)

Similarly, the plate voltage on T-1 is
€y = Ebb, — AE (1.52)

AE

l .L 'T&sch

Fig. 1.57. Pulse generator waveforms.
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When the transient is complete

€, =0 : (1.53)
and the plate voltage on T-11is
" ey = E. (1.54)
The time constant of the intervening exponential is
Tasen = R.C, (1.55)

The waveforms for this half cycle are plotted and labelled in Fig. 1.57.

When T-1 cuts off, the charging equivalent circuit applies. The
initial condenser voltage for the charging half cycle is E., the drop
across the tube. Following the same method used to calculate the
critical points on the preceding half cycle of the waveforms, the plate
and grid voltages may be shown to be given by the following ex-
pressions:

ey = Eu,, - (Ebb| - Eg)e""/RTcl (1.56)
R\R.
where Rir = Rr, + (El_ﬁ:) and €, =0
since Fpe K R,

The initial plate voltage is, of course,
en, = E, (1.57)

€,| AE Tdsch

Fig. 1.58. Pulse generator waveforms.
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Whereas, the final voltage is

€y = Ebb] (1.58)
The time constant of the intervening transient is
Ten = R1,C, (1.59)

The complete waveforms are given in Fig. 1.58.

The application of this signal voltage to the grid of T-2 will
produce the plate voltage waveform e;, shown in Fig. 1.58. This
waveform may be obtained directly from the tube characteristics,
but is most readily obtained by consideration of the tube transfer
characteristic as shown in Fig. 1.59. Ap- b
plication of this waveform to the diode
clamper of Art. 1.10 will produce the —
required signal. The slight deviation of
€, from the calculated waveform arises
from the assumption that 7, is substan- Eco
tially a short circuit compared to R..

1.13 The Saw-tooth Voltage Generator

Most of the material immediately pre-
ceding this article has dealt with differen-
tiators and coupling circuits, whereas,
for the next few articles, we shall be
concerned with the integrating action Fig. 1.59. Transfer char-
of the R-C circuit. From Art. 1.6 it acteristic for triode clipper in
will be recalled that when a square wave the pulse generator.
was applied to an R-C integrating circuit, the output voltage had
the waveform shown in Fig. 1.60. Due to the half-wave sym-
metry about a line such as ¢;, this is usually referred to as a ‘‘back-to-

- — — - =

|

Fig. 1.60. Symmetrical back-to-back saw-tooth voltage.
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back saw-tooth” voltage. The symmetry results from equal charging
and discharging time constants for the condenser.

A more widely used waveform is the simple saw tooth of Fig. 1.61
which finds extensive application as a sweep voltage in electrostati-
cally deflected cathode ray tubes. The production of such wave-
forms hinges upon having a very long charging time constant, and

&
Discharge
Discharge

t{—>»

Fig. 1.61. Simple, idealized saw-tooth voltage.

an extremely short discharging time constant. Such a circuit could
be obtained as shown in Fig. 1.62 where the switch shorts the con-
denser, providing a short time constant discharging path. When the
switch is open, the condenser charges through the resistor B, which
provides the long time constant charging path. The switch is
operated periodically to obtain the desired saw-tooth frequency.

AAAAAAA
VVWWWW
0
=

:gg: ec ::;;;> :J——c eo
Flg 1.62. Prototype saw-tooth Fig. 1.63. Circuit diagram of saw-tooth
voltage generator. generator.

This eiféuit could be closely approximated by replacing the switch
with a vacuum tube which is being overdriven in both directions.
The circuit diagram then appears as shown in Fig. 1.63. The equiva-
lent circuit is given in Fig. 1.64.
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Fig. 1.64. Equivalent plate cir- Fig. 1.65. Thevenized equivalent of

cuitof thesaw-tooth voltage gener- Fig. 1.64.

alor of Fig. 1.63.
The charging time constant is readily obtained as
Ten = RiC

but, the discharging time constant must be obtained from the
Thevenin’s theorem reduction of the circuit shown in Fig. 1.65 where

E, = E—" 1.60
bb( fp + RL) (1.60)
_ (PR,
and R, = (rp T RL) (1.61)
Consequently, the time constant is
Tustn = RC (1.62)
Hence, during discharge, the output voltage is
e =B, — (E, — r)e/BLC (1.63)
Whereas, during charging
. .
T
‘30 ch
Tdsch
E,
0] T —
Fig. 1.66(a). Calculated output from saw-  Fig.1.66(b). Actualoutputfroma
tooth generator of Fig. 1.63. saw-tooth generator when theswitch

tube is gated by a square wave.
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€ = Ebb b (Ebb bl Tz)e‘t/RLC (1.64)

Thus, the waveform appears as shown in Fig. 1.66 and approximates
the idealized waveform of Fig. 1.61 as long as

T.ww>»T
i,'du:l'l << T

1.14 Methods of Improving Linearity

Although the saw-tooth voltage waveform obtained in the pre-
ceding article is extremely useful in low-cost oscilloscopes, or in
other devices where extreme accuracy is not required, many cases
arise in high-precision sweep or delay circuits where the slight ex-
ponential curvature is highly undesirable and methods of compensa-
tion must be employed to produce the necessary degree of linearity.

The most direct method would be to increase the plate supply
voltage (E;;) and use a smaller portion of the resulting exponential
as illustrated in Fig. 1.67. However, a definite practical limit exists.

---E
—- bb,

€o

(0]

t —
Fig. 1.67. Improvement in linearity by increasing the
plate supply voltage.
A more satisfactory, although more complex, method would be to
charge the condenser from a constant current source. Since the
voltage across the sweep capacitor is given by

¢ = %, idt (1.65)

then, if the current is a constant with respect to time,

e = %,(It~+ Q.,) where Qo = initial charge  (1.66)
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This is the equation of a straight line. With a suitable switch
tube, a very linear saw tooth is obtained.

One of the most convenient constant current sources is a pentode
vacuum tube connected as a two-terminal circuit element as indicated
in Fig. 1.68. Over a restricted range, governed by the tube potentials,

MWW e

L “"""" T

E E : l e

cco s C

- + _ 59 + l
Fig. 1.68. Pentode con- Fig. 1.69. Saw-tooth voltage
nections for use as a two- generator using a pentode as a

terminal constant-current constant-current source.

device.

the current through the pentode is independent of the voltage across
it. Connecting the pentode in place of the switch tube load resistor
as shown in Fig. 1.69 provides the required constant-current source.

Another method of obtaining the desired constant-current source
is to use feedback as shown in Fig.

.~ 1.70. This circuit is commonly Epp Epp
called a “bootstrap sweep circuit.”
Prior to the instant that the switch I
tube cuts off, the voltage at point (A) I

(A) is practically the plate supply
voltage (E ;) since the drop in the
diode will be comparatively small.
The other side of the feedback

condenser (Cys), which has a very (8! l
large capacitance, is at a very PYYYYY

low voltage. When the switch ¢
tube cuts off, the saw-tooth volt- T
age starts developing and is fed to o

the grid of the cathode follower. g 170, Bootstrap saw-tooth volt-
The output of the cathode follower age generator.

AAAAAAA
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is then fed back to point (A). Since the feedback condenser is quite
large, little or no change in voltage occurs across it during the sweep
8o that the voltage at point (A) increases correspondingly with the
saw tooth. Since the voltage at point (B) 7s the saw-tooth, points
(A) and (B) are increasing together so that the voltage across R is
maintained substantially constant, effectively producing a con-
stant current source. Since the voltage applied by Cy, might cause
point (A) 1o rise above E,;, the diode is necessary, as an automatic
switch, to insure that this cannot occur. Since the gain of the cathode
follower is not unity, but slightly less, and since the voltage across
the feedback condenser will change slightly, a mild downward
curvature of the waveform will result. The circuit may be calculated
by conventional methods.

A great many variations in these two basic schemes are available
to the designer, and although the details vary somewhat, the prin-
ciples are basically those enunciated here.

1.15 The Trapezoidal Voltage Generator (Saw-tooth Current)

The saw-tooth voltage generator of Arts. 1.13 and 1.14 is widely
used as a sweep-voltage source in electrostatically deflected cathode
ray tubes. The inherently superior properties of the magnetically
deflected cathode ray tube in most radar and television applications
demand the development of a saw-tooth current generator since the
deflection in such cathode ray tubes is proportional to current rather
than voltage. To determine the voltage necessary to produce this
current waveform, consider the equivalent circuit of a deflecting
coil as shown in Fig. 1.71. Assume that the desired current waveform

R’ L
—_— |
© Eq ol-———— T — t—
Fig.1.71. Equivalent circuit of a Fig. 1.72. Saw-tooth current.

deflecting coilin a magnetically de-
flected cathode ray oscilloscope.
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is as indicated in Fig. 1.72. During the interval of time T, the equa-
tion for the current may be written as

1= Ki where K = slope and ¢ = time

Now, the Kirchhoff loop equation for the deflecting coil is

di .
=L +Ri (1.67)
di
but FTi slope = K
and i =Kt

hence, the expression for the applied voltage must be
¢ = (LK) + (RK):{ (1.68)

Now, since the slope (K) is a constant, the waveform of e must be
as indicated in Fig. 1.73, which is obviously a trapezoid. The

(RK)i
1 / /
e

~

(LK)
fo) Y
T —
Fig. 1.73(a). Trapezoidal volt- Fig. 1.73(b). Actual output from a
age required to produce the saw- trapezoidal voltage generator when the
tooth current of Fig. 1.72. switch tube is gated by a square wave.

quantity (LK) is referred to as the “initial jump” and the slope of
the voltage waveform is (RK). The jump-to-slope ratio is

jump "_ L _ time constant of the deflecting coil (1.69)

slope R
The development of this voltage in an R-C circuit is not difficult
since it consists essentially of a saw tooth superimposed on a d-¢
value. Such a result may be obtained by splitting the resistance
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in the R-C saw-tooth voltage generator as shown in Fig. 1.74. The
output voltage is given by the expression

€ = Ebb - iRl (1.70)
c— (Esv = T\ _iymrrye
but 1= (R1 7 Rz)e 1 (1.71)
where r is the initial condenser voltage,
R
S0 e = Epp — (Epp — T)(Rl +l Rz)e— /By +RpC (1'72)

At the initial instant (¢ = 0)

eo = initial jump = Epp — (Eas — ”(IT?—LR;) (1.73)

and the initial slope is

deo R,
@ |imo = B~ VEF RO
which yields the desired trapezoidal voltage.

In an actual circuit, the switch
| would be replaced by the custo-
R, mary switch tube and the details
3 on discharge of the sweep con-
° T —°  denser would be somewhat more

laborious due to the introduc-

L. tion of the static plate resist-

T L ance. However, the method of

Fig. 1.74. R-C trapezoidal voltage analysis is the same as for the
generator. other circuits.

(1.74)
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1.16 Review of R-L-C Circuits

The characteristic transient responses of the R-L-C circuits find
frequent application in wave-shaping circuits and a brief review of
their properties is in order before proceeding to the actual circuits.
Consider first the series B-L-C circuit. The equation for equilibrium,
with constant voltage applied, is

En=L%+Ri+% i dt (1.75)

where E, is the impressed voltage.
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The solution of this differential equation is standard and may fall
into any one of three forms depending upon the relative values of
R, L, and C. The three possible solutions are:

(1) Over-damped when R > 2V L/C.

(2) Critically damped when R = 2V L/C.

(3) Oscillatory when B < 2V L/C.

Typical current waveforms for each of these three cases are shown in
Fig. 1.75.

JAWAWA
0 o’ — X
t — t t
Over-domped Critically -damped
Oscillatory
Fig. 1.75. The three possible solutions to the R-L-C circuit equation.
In the lossless case, the resonant frequency is given by
1
= 1.76
wo \/ 0 ( )
The Q of the serizs R-L-C circuit is
_wlL _VI/C
Q= B =R 1.77)
Hence:

In the over-damped case @ < 14.
In the critically damped casc @ = 14.
In the oscillatory case @ > 14.

For a parallel R-L-C circuit supplied by a constant current source,
the equation for equilibrium is

de 1
I°=C—d-i+Ge+I—J edt (1.78)

which solves out as before, yielding voltages of the form obtained
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for the currents in the preceding case and under the following con-
ditions:

(1) Over-damped case B < Y4V L/C.

(2) Critically damped case i =g]_é\/L/ C.

(3) Oscillatory case R > %\/L/C.
The circuit @ is given by

R R
Q= ol = Vijc (1.79)
Then:
R For the overdamped case @ < 13.
c For the critically damped case @ = 14.
L For the oscillatory case @ > 4.

A similar situation exists for the R-L-C circuit
Fig. 1.76. Con- of Fig. 1.76 except that the @ is given by
ventional tuned woli

circuit. Q = i (1.80)

1.17 R-L-C Peaker

Examination of the waveforms of Fig. 1.75 in the preceding
article shows that under the condition of critical damping, or very
close to it, the output voltage in a parallel R-L-C circuit is peaked.
This type of peaking action is sometimes more desirable than that
obtained from the conventional B-C peaker. The complete circuit
of a typical practical peaker is shown in Fig. 1.77. An inductance is

’

i)
Ep= .I 1‘
- e

I % L.

Fig. 1.77. R-L-C peaker Fig. 1.78. Equivalent plate

cireuit. circuit of the R-L-C peaker.
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usually placed in the plate circuit of the switch tube and is then
paralleled by a resistance which is adjusted so that

R = Y%VL/C, (1.81)

where C is the distributed capacitance.

The usual equivalent circuit is shown in Fig. 1.78. While the
tube is conducting, a steady current flows through the inductance.
When the tube is cut off, this current is interrupted and the typical
critically damped voltage waveform appears in the output. A
similar pulse is generated when the switch tube is cut back on again
except that the additional series resistance due to the tbe lowers the
overall @, reducing the amount of peaking as illustrated in Fig. 1.79.

0
EoF--1-=--- -

Fig. 1.79. R-L-C peaker Fig. 1.80. Ringing circuit.
waveforms.

1.18 The Ringing Circuit

The ringing circuit is essentially the same as the R-L-C peaker,
except that the R-L-C circuit is tuned to resonance, rather than being
critically damped. Although the tuned circuit may be located in
either the cathode or the plate circuit, it is more generally placed in
the cathode circuit due to the very desirable damping introduced by
cathode follower action during tube conduction. The reason for this
may be more apparent subsequently.

For the purposes of discussion, assume a switch tube with a
tuned L-C circuit in its cathode as shown in Fig. 1.80. Assuming the
tube to be conducting, then in the steady state, a constant current
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flows through the inductance. When the tube cuts off, the circuit
oscillates, or ““rings.” The appropriate equivalent circuits are shown
in Fig. 1.81. Thus, when the tube is nonconducting, the circuit has

Equivalent Circuit of Ringing Equivalent Circuit of Ringing Circuit

Circuit when Tube s cut-off during Tube conduction
s wb ) R
R R= THT and Q - e

Fig. 1.81. Ringing circuit equivaiont circuits.

a high Q and rings with very little damping. However, during tube
conduction, the low output resistance of the tube which is then work-
ing as a cathode follower shunts the tuned circuit, producing a very
low @, damping out the oscillations with great rapidity. As a result,
the waveform is as indicated in Fig. 1.82.

(o]

ECO

I
I )
| slight | large

~ damping—v'l-— dampin
& | |
|

Fig. 1.82. Ringing circuit waveforms.

1.19 Effects of Distributed Capacitance

In the preceding treatment the effects of wiring capacitances and
tube interelectrode capacitances have been neglected. Inasmuch as
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most shaping circuits develop, or involve, waveforms with sharp
edges and discontinuities, it is apparent that the high-frequency
harmonic content must be large. The effect of these shunt capaci-
tances is to attenuate the high-frequency terms, resulting in:

(1) Broadening of narrow pulses.

(2) Reduction of narrow pulse amplitude.

(3) Delay of steep wavefronts slightly.

The theoretical analysis may be made more exact, albeit more
cumbersome, by including these shunt capacitances in the appropriate
equivalent circuits. Although they may frequently be neglected, if
time intervals as large as 10 to 50 u secs are important, then the distrib-
uted capacitances must be considered if the theoretical analysis is to
coincide with practical results.

As a consequence, construction of wave-shaping circuits should
be carefully done to avoid excessive wiring capacitances, while the
proper selection of tubes and the use of pentodes wherever it is
economically feasible will provide a further reduction. Nevertheless,
some stray capacitances will always be present in an undetermined
amount, and exact correlation of experimental and calculated wave-
forms cannot be expected.

In most cases, but not always, from the engineering viewpoint,
the increase in accuracy obtained by mathematical consideration
of the distributed capacitances does not warrant the expenditure
of time and effort necessary to reach a solution. Generally, the
circuits are designed and built by the methods outlined thus far,
and the calculated circuit values are then juggled experimentally
to obtain, as nearly as possible, the precise results desired. A few
special cases exist where consideration of the stray capacitances does
not introduce severe mathematical difficulties (e.g., the pulse ampli-
fier), but such circuits are definitely the exception rather than the rule.

1.20 Artificial Lines as Pulse Generators and Delay Circuits

The characteristics of transmission lines and their responses to
sinusoidal signals are generally covered in the usual introductory
courses, and are reviewed in Chap. 4 of the text. This article is
concerned, in a qualitative way, with the response of artificial lines

. to pulses and static charging.

The artificial line is a common laboratory tool used to provide a

convenient equivalent representation of an actual line in a limited
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amount of space. In general, such a line consists of a number of T,
w, or L filter sections connected in tandem, the number of sections
used being principally contingent upon the extent to which simulation
of the real line is required. The greater the number of sections per
wavelength, the more accurate the representation.
Assoctuted with such lines is a definite velocity of propagation,
characteristic impedance, attenuation, and phase shift constant for
any given frequency. By re-
CIOA:CEL';‘:'T ducing the losses in the react-
ance elements to the point
where they are negligible, and
— by making L/C > w?L*/4, the
—= t, attenuation becomes negligible
=8 and, within a fair degree of ap-
proximation, the dependence of
velocity and characteristic im-
pedance upon frequency is re-
moved. The phase shift becomes
a linear function of frequency.
On such a line, all frequencies
travel with about the same ve-
ls locity, have their phases re-
tarded proportionally, and en-
counter roughly the same char-
acteristic impedance. Thus, Z,
L4 is the characteristic impedance,
\/L/_ C, and V the velocity,
1/ VLC , in sections per second,
where L is the inductance per
s section in henries and C the ca-
pacitance per section in farads.
Let N be the number of sec-
tions. Then, the time required
<+—] for a wave to travel the length
b3 — ' of the line is T, where

1
Fig. 1.83. Life history of a rectangular T= (V)N (1.82)
voltage pulse on an open-circuited lossless

line. 80 T = NVLC (183)
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Consider the case of a pulse applied to an open-circuit lossless
artificial line on which the duration of the pulse is such that it does
not contain any significant frequency components outside the pass
band of the tandem filters. The life history of such a pulse could be
depicted as shown in Fig. 1.83. Since the pulse travels the length
of the line, is reflected, and returns to the sending end, its total time
of travel is 2T or

r = 2NVLC (1.84)

which is the length of time that the pulse has been delayed with
respect to the time that it was first placed on the line. Hence, in
such an application, it is usually called a “delay line.”

A somewhat different application results from static charging of
theline, producing pulses of certain duration. The line is then called
a “pulse-forming line.” Consider a statically charged line as shown
in Fig. 1.84. Such a linc actually has two voltage components on
it, as shown, in order to meet the terminal conditions of zero current
imposed by the open circuit. The condition corresponds to time
t, in Fig. 1.83 for that section of line which is charged. After the
line has been charged, as indicated, if the open end of the line were
closed through the characteristic impedance of the line, the line
would discharge itself in the length of time required for both waves to
traverse the line. Hence, the pulse length, generated across this
termination, would be twice the time required for the pulse to
traverse one length of the line, or

8 = 2NVILC (1.85)

In the ideal case the waveform would appear as shown in Fig. 1.85(a).

o] Ideal
_%‘ ° 8 pulse
= | .
~— Reflected 3 —J Actual
Incident_ ——» L pulse
Generator Open circuit

Fig. 1.84. Static charging of an open- ’ Fig. 1.85. 1deal and
circuited lossless transmission line. actual waveforms for a

pulse-forming line.



52 WAVE-SHAPING CIRCUITS [§1.20

Actually, due to reflections between sections, it is more like Fig.
1.85(b), the irregularities becoming smaller and more numerous as
N is increased. In certain applications, the generated pulse is not
used directly and the irregularities may be removed by applying it
to an ordinary overdriven amplifier. In such cases, 2 to 5 sections
are usually adequate. In applications where the pulse must be
used directly, large degrees of irregularity cannot be tolerated and
anywhere from 6 to 16 sections are commonly used.

PROBLEMS

1.1 A trapezoidal voltage wave of the form shown in Fig. 1.86 is applied
to the horizontal deflecting plates of a cathode ray tube through a con-
ventional coupling circuit.  Calculate the amount of d-c bias that must be’
added to the coupling circuit to center the waveform on the CRT if

() o—a=1000usec a—b= Opusec b —c = 1000 u sec.

(b)o—a= 500usec a—b=>500usec b —c = 1000 u sec.

(c)o—a= 200usec a—b=2800pusec b —c= 1000 p sec.

(d) Design a clamper circuit that will do the same job as the variable
bias source.

v

100

e ——————

/

b c

o
a

Fig. 1.86. Trapezoidal voltage waveform.

1.2 The two halves of a 6SN7 tube are connected as a two-stage amplifier,
but the grid biases are to be adjusted so that they operate as plate current
cutoff clippers. For both triode sections, Ey, = 200 volts and R, = 20K.
Assuming perfect interstage coupling, calculate the biases required to convert
a 1.0-volt (rms), 1000-cps sine wave into a flat-topped, symmetrical trapezoid
which reaches its maximum value in 100 u sec.

1.3 The output voltage from the second triode clipper of Problem 1.2 is
fed into an R-C peaker circuit. Assume that the rise and drop in voltage
from minimum to maximum, and conversely, are linear with respect to time,
a good practical approximation.

(a) Sketch the output voltage waveform from the peaker.
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(b) What time constant should be used to give a maximum signal ampli-
tude of 1 volt from the peaker?

1.4 A 100-cps, symmetrical square wave has an overall peak-to-peak
height of 30 volts. It is to be narrowed down to pulses 1 millisec long and
spaced at intervals of 10 millisec. The circuit consists of two biased triode
stages connected together by an ideal coupling circuit. The plate load
resistors for both tubes are 20 K and the power supply voltage is 200 volts.
The input coupling circuit to the first tube consists of a 0.01-uf coupling
condenser and a 200-K grid leak. This circuit functions as the peaker.
6J5 tubes are used.

(a) Calculate the biases which should be used on each tube if the output
pulses are to be positive and 50 volts high.

(b) How long would the crest of the pulse be if the base is the required
1 millisec.

1.5 Two triode amplifiers are couplea together by an R-C peaker circuit.
The input coupling to the first triode is assumed to be ideal and all of the tube
and wiring capacitances can be neglected. The input wave consists of 50-
volt negative pulses, 100 u sec long and 400 u sec apart. The circuit is to
produce an output waveform consisting of narrow positive pulses. The
following data applies:

Ri, = 45K R., = 45K
E:b, = 100 volts Ey, =1
=25 u2=12>5
f, = 2000 ohms 7, = 2000 ohms

1y = 1y = 2ma when grid voltage and condenser current are zero
The peaker constants are C = 100 puf and B = 100 K.
(a) Sketch the waveforms of es,, 21, and e.,. Indicate the time constants
of all exponential curves and the maximum and minimum values of each

waveform.
(b) What is the lowest value of Es, permissible if the waveform of e, is

to be sharp-pointed pulses instead of flat-topped ones?

1.6 A sinusoidal voltage 250 volts in amplitude is applied to a cathode

follower using a 6J5 tube with
R =30K f, = 1000 ohms for e D 0
E, = 300 volts R. = 0.75 megohm

where R, denotes the grid-clipping resistor.

(a) Calculate grid and cathode voltage waveforms, referred to ground.

(b) Calculate the circuit gain from the equiva.lent circuit.

(¢) Why is the ratio of the total change in e; to the total change in input
volta.ge, as determined from the waveforms of part (a), dlﬁerent from the
gain calculated in part (b)?

1.7 Design a saw-tooth voltage generator using a 6SN7 tube and a plate
supply of 300 volts, which will produce a saw tooth 1000 u sec long having
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a minimum value of 12.5 volts and a maximum value of 65 volts. A 50-volt,
500-cps square wave is available for control of the switch tube. Find B and C.

1.8 In the R-C trapezoidal voltage generator of Fig. 1.74, if
R, = 150K C = 0.005 uf = 10K
Rz =10 K Ebb == 120 VOltS

and if the switch tube is cut oif by a 200-u sec negative gate, draw the wave-
form of the output voltage and calculate all critical points.

1.9 An R-C trapezoidal voltage generator supplies the grid excitation for
a sweep amplifier tube which has a sweep coil in its plate circuit. The switch
tube in the trapezoidal voltage generator conducts for 200 u sec and is cut
off for 300 u sec. The current through the sweep coil is to change by 90 ma
during the sweep. If the sweep amplifier tube has a u = 10 and 7, = 4000
ohms, and if the trapezoidal voltage generator of Fig. 1.74 has
R, = 500K C = 0.001 uf 7, = 10K
Rz = 10K Ebb = 100 volts
(a) determine the required dimensions of the trapezoidal voltage applied
to the grid of the sweep amplifier.
(b) What must be the L and R of the sweep coil for proper operation?

1.10 One half of a 6SN7 is used in a ringing circuit having E;, = 120
volts. Assume that the tube is controlled by an external source which cuts
the tube off when “ringing”’ is desired.

(a) If L = 50 mhy, what value of C is required for the circuit to ring at a
frequency of 9310 cps?

(b) What is the magnitude of the first peak of cathode voltage? Is it
positive or negative? Why? (Assume the output current is zero and neglect
losses in the tuned circuit.)

(¢) What is the smallest magnitude of negative voltage applied from
grid to ground of the switch tube which will cut the tube off completely and
allow the circuit to ring properly?

(d) When the switch tube cuts on again, calculate the @ of the cathode
circuit.

1.11 A constant frequency, variable negative gate width square wave is
used in a particular timer. It is clamped at 0 volts by a diode clamper.
Draw the circuit diagram of the clamper and the clamped waveform.



CHAPTER 2
TRIGGER CIRCUITS

THE PRECEDING CHAPTER has dealt with circuits that are operated
like a doorbell push button, being held open or closed for intervals
of time dictated by some external agency, and then combining this
action with the forming or shaping properties of simpie R-C, R-L,
R-L-C circuits. A distinctly different grouping of circuits, widely
used in wave-forming and allied operations, will be discussed in this
chapter. The operation of these circuits is closely analogous to that
of a mousetrap, in that a small triggering impulse causes it to switch
from one stable condition to another in a length of time and in a
manner largely independent of the nature of the triggering impulse.
The circuits then reset themselves and await another similar impulse.
Although the tubes operate essentially as switches, the control of the
switching interval is internal, rather than external, and it is to be
expected that the principle of operation will be unlike that of the
circuits of Chapter 1. The ‘“‘triggering”’ depends upon the develop-
ment of a negative resistance characteristic.

Trigger circuits are extensively used in various forms in radar,
television, and electronic computing cireuits of all types where
counting, sorting, multiplication, division, and other such applica-
tions are required. Together with the wave-shaping circuits of
Chap. 1, they form a vast field of application which, even in the
light of present knowledge, is limited principally by the imagination
of the engineer. It is one of the most rapidly developing fields of
electronic circuit theory.

2.1 The Theory of Trigger Circuits

Trigger circuits are defined as circuits which have two stable con-
ditions of operation for fixed values of circuit constants and applied
voltage. The triggering action arises from the fact that the currents
and voltages in such circuits can be made to change from one con-
dition of stable equilibrium to the other by adjusting some circuit

55
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constant or operating potential, and can then be made to switch
back to the original stable condition by adjusting the circuit element
or voltage to some other value.

In order to produce the triggoring action it is necessary to fabri-
cate a device which has two points of stable equilibrium separated by
a region of unstable equilibrium. Considering voltages and currents,
such conditions of operation could be obtained by means of a device
which generates a current-voltage characteristic with two regions
where it is a normal positive resistance, separated by a region of nega-
tive resistance.

Negative resistance characteristics may be generated in a number
of ways, but they are usually classified into two broad general
categories, depending upon whether the current or voltage is the
source of control. Hence, the two classifications are

(1) Current-controlled.
(2) Voltage-controlled.

Consider the voltage-controlled case first. A schematic diagram
is shown in Fig. 2.1 which resembles a voltage-controlled feedback

= +
R AE

AAAA
VVVV

Fig. 2.1. Schematic diagram of a voltage-controlled nega-
tive-resistance device.

amplifier. To produce a negative resistance at the terminals of the
device, the slight changes in voltage fed back through the device
must arrive back at the output in phase with the original disturbance
in order to obtain reinforcement. Assume a small increment of
voltage of the polarity shown in Fig. 2.1. If connections-are such
that this voltage, afterpassing -through the device, produces an
increment of current AI in the direction shown, then this current
originates a voltage drop which adds to the original incremental
voltage AE. If this voltage drop, due to the increment in current,
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call it AE;, is greater than the original in- ’_—‘—‘
cremental voltage assumed, AE, which

produced Al, then a negative resistance P)
has been produced since the original
increment has been regenerated. For
instability to exist, the total resistance
across the output terminals must be nega- Fig. 2.2. Total output im-
tive. The device itself may be represented pedance of the circuit of Fig.

R
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VVYVVy

<R’
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by a negative resistance, and the equiva- 2.L
lent circuit appears as shown in Fig. 2.2,
Now, the total resistance R’ is
Rp
R =5 — 2.
E+op 1)
but p = —lp| (2:2)
—R|p|
R = 2.3
S0 E— 7 2.3)
R - |o|
L
or R - IPI — R (2'4)

Hence, in order for the total resistance across the output terminals
(R’) to be negative, the load resistance (R) must be greater than the
absolute value of the negative resistance.

SN

Negative Positive
Resistance | Resistance | Resistance <

Current 1

S5

Voltage E

Fig. 2.3. Typical voltage-controlled cur-
rent—voltage characteristic.

This same result could be deduced directly from the characteristic
current-voltage curves which, for the voltage-controlled case, have
the general form shown in Fig. 2.3. Assume a value of load resistance
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(R) which is less than the magnitude of the negative resistance. Draw
the load line on the current-voltage characteristic in the same manner
as for a vacuum tube. The result appears as shown in Fig. 24.

\ .

£ N
/ Alx R<lpl

|
Slope = Load Res.

ALIR

Current —e=

74N Applied Voltage

Voltage —

Fig. 2.4. Conditions for stable operation of a voltage-
controlled negative resistance device.

Assume a change in voltage across the load of AE, as shown. A
current change of AI; would have been required to produce AE
(that is, to regenerate it), but this change in voltage applied to the
device only produces an incremental change in current of Al,, which

R>pP|

-"J ..... o
+ Slope *T5ad Res

Current —=

Applied
Voltage

Voltage —=
Fig. 2.5. Conditions for unstable operation of a voltage-controlled
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is obviously less than the Al required for regeneration. Therefore,
this is a stable condition of operation. .

However, suppose we assume that the load resistance has a value
which is larger than the absolute value of the negative resistance,
then the load line appears on the current-voltage characteristic as

- shown in Fig. 2.5. Following the same method as before, assume an
incremental reduction in voltage of AE. From Fig. 2.5 we see that a
current change of Al is the minimum required to generate AE by
passing through R, the load. Now, since the device actually pro-
duces an increment of current Al,, which is greater than the Alp
required, it follows that regeneration of the original increment occurs,
resulting in instability. Thus, we arrive at the same conclusion that, in
a voltage-controlled negative resistance device, instability occurs when
the load resistance is greater than the absolute value of the negative
resistance generated by the device. A similar analysis applied at the
other two possible operating points indicated in Fig. 2.5 will indicate
that they are points of stable operation.

Load

Fig. 2.6(a). Schematic diagram of a device for generating
current-controlled negative resistance.

Current-controlled negative
resistance is developed as shown
in Fig. 2.6(a) where the feedback
voltage is proportional to the load
current. A typical current-con-
trolled current-voltage character-
istic is shown in Fig. 2.6(b). It
may be shown by exactly the
same method as that employc “Voltage —

for the voltage-controlled case g 56m). Typical currentcontrolled
that instability results when the current-voltage characteristic.

Current —=
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load is less than the absolute value of the negative resistance
generated.

Considering the voltage-controlled characteristic again, it is
apparent that if the load line were progressively shifted, parallel to
itself, by increasing the applied voltage E,, a point would be reached
where the load line is just tangent to the current-voltage charac-
teristic, and operation would be in the unstable region. Any slight
change in voltage across the load resistance R would cause the point

{A)

(B)

Current T—

Voltage E—— Ep

Current I—=—

Voltage E —= Ep

Fig. 2.7. Triggering a voltage-controlled device by
changing the supply voltage.

of operation to jump from point (A) to point (B) in a very short
period of time, and we say that the circuit has been “triggered.”
Conversely, if we reduced E; to a point E;, where the load line was
tangent to the bottom bend in the characteristic, triggering would
again occur from point (C) to point (D). This is illustrated in Fig.
2.7.
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Triggering may also be accomplished by changing the slope of the
load line instead of its position, by varying the size of the load resis-
tance. This is illustrated in Fig. 2.8. Still another possible method
of triggering would be to change the location or shape of the charac-
teristic curve by changing one of the electrode potentials in a vacuum
tube. Consequently, in summary, triggering may be accomplished
by:

(1) Variations in the supply voltage.

(2) Variations in the load resistance.

(8) Variations in electrode potentials.

Critical Load R

Current 1—e

Critical
Load R

Voltage E — E bb

Fig. 2.8. Triggering a voltage-controlled device by
changing the load resistance.

The classification according to the method of control of the
negative resistance is one method of separation of these deviees, but
another is based upon the manmer of generation of the negative
resistance characteristic, as follows:*

(1) Those devices in which the element exhibiting the negative
resistance also controls the internal phenomenom which
makes the negative slope possible. The negative resistance
is part of the d-c characteristics (e.g., the dynatron oscillator).

(2) Those devices in which the element controlling the internal
phenomenon must be directly connected to the circuit of
the controlled element before negative resistance is possible.
The negative resistance is part of the d-c¢ characteristic.
(e.g., the negative transconductance oscillator).

*See Herold, I. R. E., Oct. 1935.
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(3) The reverse-phase coupled devices which depend upon phase
shift in the feedback: circuit and in which the controlling
element is separate from the controlled. The negative
resistance is part of the a-c characteristics only. (e.g., most
conventional oscillators such as the Hartley, Colpitts, and
others).

2.2 Development of Negative Resistance in Tetrodes

Due to secondary emission, the plate characteristics of screen grid
tetrodes are similar, over a confined region, to the characteristic
curves of Fig. 2.3 for the voltage-controlled negative resistance device.
Hence, by inserting a suitable load resistance in the plate circuit, it
could be made to function as a trigger circuit. Unfortunately, the
slope of this portion of the tetrode characteristic is usually so low,
that is, the negative resistance so very large, that very high values of
load resistance must be used to produce instability, thus necessitating
high supply voltages. Furthermore, the shape of the characteristic
varies somewhat with age, making constant predictable operation
difficult. Consequently, the tetrode has found little application as a
trigger circuit.

2.3 The Pentode Trigger Circuit

When the suppressor is connected to the screen grid of a conven-
tional pentode in such a way that a change in screen voltage is accom-
panied by a proportional change in suppressor voltage, the screen
current-screen voltage characteristic appears as shown in Fig. 2.9.

Screen Current ic,

Screen Voltage ecz

Fig, 2.9. Typical tetrode characteristic showing
the negative resistance effect. ’



§2.4] TRIGGER CIRCUITS 63

The existence of this conformation in the characteristic is not difficult
to justify. The electrode potentials are adjusted so that a virtual
cathode is formed between the screen and suppressor grids. Under
these conditions, a fraction of the current drawn from the cath-
ode is returned to be collected by the screen. Since the screen
and suppressor are connected, a decrease in screen voltage, which
would ordinarily tend to reduce the screen current, also reduces the
suppressor voltage proportionately, making it more negative and
causing more electrons to be returned to the screen, thus increasing
the screen current. Conversely, an increase in screen voltage in-
creases the suppressor voltage, allowing more electrons to pass
through to the plate, reducing the number going to the screen, thus
reducing the screen current. The magnitude of the negative resistance
effect so generated is readily controlled by means of the control grid
voltage.

Since the shape of the characteristic is essentially the same as
that of the basic voltage-controlled negative-resistance device, the
insertion of a load resistance in the screen circuit, and providing

s
$R; IR,
< <

0——1( <
Trigger \ | 3r
in 2 $5
<+ 3R 2R )

:D

< L [
more  neg. = positive more
neg. positive

Fig. 2.10. Pentode trigger circuit.

proper coupling between screen and suppressor, will yield a trigger
circuit. The circuit diagram appears as shown in Fig. 2.10. The
circuit can be triggered by any of the methods previously listed.

2.4 The Eccles-Jordan Trigger Circuit

The Eccles-Jordan trigger circuit, originally devised in 1919, is
probably the most useful one yet contrived, and the one upon which
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most subsequent development has been based. The circuit diagram
of the basic Eccles-Jordan circuit is shown in Fig. 2.11. The triggering
action arises since there are two stable conditions of operation:

(1) Tube (1) conducting and tube (2) cut off,

(2) Tube (1) cut off and tube (2) conducting,
separated by an unstable condition which exists when both tubes are
conducting. To prove that such a condition is unstable, assume that
both tubes are conducting equal amounts simultaneously. If, due to

Ep

=
b ]
~
)

AAAAAAA ~AAAAAAAA,
A4

Iij—

Fig. 2.11. Basic Eccles-Jordan trigger circuit.

any transient circumstance, the current through either tube increases,
the drop across the associated coupling resistor increases. This
causes the grid of the other tube to go more negative, reducing its
plate current and causing the drop m its coupling resistor to be de-
creased. This raises the-voltage on the grid of the tube in which the
original change occurred, further increasing the plate current. The
action is cumulative and ends when the other tube is cut off.

Fig. 2.12. Eecles-Jordan current-voltage characteristio.
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The application of a battery and a resistance in series across
terminals (1) and (2) results in a current-voltage characteristic of
the form shown in Fig. 2.12. Consequently, the triggering action
could also be predicted from an analysis of this curve. It is apparent
that triggering can be produced by any of the usual methods pre-
viously outlined.

As far as the circuit operation is concerned, the tubes merely
function as switches, as discussed in Chap. 1, switching between two
separate conditions of stable equilibrium under the dictate of some

triggering signal.

2.5 Hard-Tube Trigger Circuit

The practical form of the Eccles-Jordan trigger circuit is shown
in Fig. 2.13 where “hard,” or vacuum, tubes are used. The term is

T
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Fig. 2.13. Practical Eccles-Jordan trigger circuit.

applied in order to differentiate between vacuum (hard) tubes and
gas (soft) tubes. The circuit is essentially the same-as the basic
Eccles-Jordan except that only one power supply is required. The
switching action is exactly the same.

*'Assuming the system to be in stable equilibrium when T-1 is con-
ducting and T-2 is off, the circuit can be triggered over to the reverse
situation by introducing additional negative voltages in the grid or
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plate circuit of T-1, or positive voltages on T-2, by decreasing Ry,, or
by varying R, or RB,,. Of course, the converse is true if T-1 is off and
T-2 is conducting. A common method of triggering is to apply
voltage pulses to both grids, or piates, at the same time. Under such
conditions, the circuit is seasitive to either positive or negative
impulses.

The mechanism by which triggering occurs when voltage impulses
are applied to the plates or grids is worth additional consideration.
The two cases are essentially the same due to the coupling between
grids and plates, so that discussion of either method will suffice for the
other. For the moment, neglect the tube interelectrode capacitances
as well as the coupling condensers C; and C.. Then, if a negative
impulse is applied to both grids, assuming T-1 is on and T-2 off,
nothing further happens directly to -2 since it 1s already cut off.
However, a positive pulse appears at the plate of the conducting tube,
T-1, and is coupled over to the grid of T-2 tending to nullify the effect
of the original negative pulse on the grid. As long as the ampli-
fication of T-1 exceeds the voltage divider ratio in the coupling
circuit, the positive pulse produced will obscure the negative pulse
applied, yielding a net positive impulse. If the original trigger was
large enough for this net pulse to bring the grid of T-2 above cutoff,
the usual cumulative switching action will occur.

The reliability of the triggering action is reduced due to the
inevitable presence of the tube interelectrode capacitances. Nor-
mally, these capacitances tend to stabilize the circuit since they act
to prevent sudden changes in electrode voltages. In other words
they tend to short out the triggering impulse, that is, to by-pass it.
This means, therefore, that instead of having the output pulse from
the conducting tube simply divided by the coupling circuit and
appearing in reduced amplitude on the grid, the pulse is effectively
shorted to ground, and the triggering impulse hardly appears at all on
the grid. This makes triggering unreliable and insensitive. As a
consequence, it becomes necessary to insert the coupling condensers
C, and C,, which then produce a capacitance voltage divider in
addition to the resistive one already present. Since the voltage
across a capacitive circuit divides in inverse proportion to the capaci-
tances, if we make the coupling condensers relatively large compared
to the tube interelectrode capacitances, then they are effectively
short circuits, compared to the tube capacitances, during the appli-
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cation of the trigger pulse. Hence, the bulk of the trigger appears
directly on the grid. This provides extremely close coupling between
tubes, considerably enhancing the reliability of triggering. For
proper operation, the duration of the triggering impulse must be
short compared to the discharge time constant of the coupling con-
denser. Hence, for high-frequency operation, the discharge time
constant, which is necessarily small, requires that extremely short
triggering impulses be used.

Since the action of the coupling condensers compensates for the
effect of the interelectrode capacitances, in the analysis of the equiva-
lent circuit, to a reasonable approximation, all capacitances can be
neglected. In any case, the net effect of these capucitances is to
cause a slight rounding of the edges of the steep wavefronts generated.
Following the method of Chap. 1, the circuit can be reduced to its
equivalent circuit by replacing the tubes with resistors and switches,
as shown in Fig. 2.14. The switches operate in synchronism.
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Fig. 2.14. Approximate equivalent circuit of Eccles-
Jordan trigger circuit.

2.6 Gas-Tube Trigger Circuit

The gas- or soft-tube trigger circuit, while depending in general
upon the same principle of operation as the hard-tube trigger circuit,
goes through its triggering cycle in a different manner. A gas-filled
triode, such as a thyratron, is equivalent to an electrical switch, in
some respects, like the vacuum tube. However,the difference exists .
due to the fact that the grid has practically no control over, con»
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duction once the tube starts passing current, and the voltage drop
across the tube is practically independent of the tube current.

Assuming the grid to be sufficiently negative when plate voltage
is applied, no plate current flows. As the grid voltage is reduced, a
certain critical point is reached where the tube conducts and breaks
down into a self-sustaining arc discharge over which the grid exerts
no control. The current will continue to flow until the drop across
the tube is made to fall below a certain critical value long enough for
the gas to de-ionize, thus extinguishing the arc and allowing the grld
to regain control.
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Fig. 2.15. Gas-tube trigger circuit.

To explain the triggering action, assume that in Fig. 2.15 that
tube T-1 is conducting, and T-2 is nonconducting. Furthermore,
assume that the grid of T-1 is positive and the grid of T-2 is negative.
Under this condition, both capacitors C and C, are charged to a vol-
ta.ge equal to the drop across R,. On the other hand, C, is uncharged
since T-2 is cut off and no current flows through R..

Now, if the grid voltage of T-2 is made less and less negative, the
critical ignition voltage is eventually reached and the tube arcs over
into heavy conduction, abruptly raising its cathode potential up
from ground to a value equal to the drop produced across R by the
plate current in T-2. The side of capacitor C that is connected to
T-1 is already at/a voltage equal to the drop across R;, and when T-2
conducts, both gides of the condenser jump up in potential by an
amount equal to the drop across R,. Consequently, at this instant,
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the cathode voltage on T-1 is (V&, + Vz,). For proper operation,
this voltage must be greater than the plate voltage on T-1 and must
remain greater long enough for the tube to de-ionize completely.
Hence, the time constant of the discharging circuit must be large
enough to meet this condition. Furthermore, in order for the grid of
T-1 to regain control, the grid
voltage must have been made
more negative as the grid of T-2 is
made more positive so that it will
not permit conduction after de- k
ionization.

Condenser C completely dis- k

[

charges and then recharges again Vg
in the opposite direction in a
short interval of time. When T-1

cuts off, its plate current becomes
zero and the voltage across R, A
drops to zero, but the latter is k

delayed by the discharging and
charging currents associated with

C and the discharge current of Ve
Cy,. The circuit is then in its sec-

ond stable condition and awaits
the application of another trigger- Fig. 2.16. Gas-tube trigger circuit-
ing impulse. The waveforms ap- waveforms.

pear as shown in Fig. 2.16.

|
\

9.7 Free-Wheeling Plate-Coupled Multivibrator

The trigger circuits considered so far have had the characteristics
of a mousetrap, i.e., they can be tripped off in one direction by some
externally applied source, then they must be reset by another trigger
impulse. However, they do not self-trigger. Some external agency is
required to fulfill this function.

If, in the hard tube trigger circuit of Fig. 2.13, the resistors B, and
R, are omitted, and the magnitude of the coupling condensers C;'and
C, increased, the resulting circuit appears as shown in Fig. 2.17. The
difference between this circuit and the Eccles-Jordan is that d-c
coupling is no longer used (R, and R, omitted), having been replaced
by a-c coupling. Under such conditions the circuit is capable of seli-
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triggering so that it oscillates, or “free wheels,” at some frequency
determined by the network itself, rather than some external source.
Such a circuit is called a multivibrator.
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Fig. 2.17. Free-wheeling plate-coupled
multivibrator.
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The characteristic curve for a voltage-controlled negative re-
sistance, as shown in Fig. 2.18, indicates, as discussed in Art. 2.1,
that triggering may be accomplished by changing any of the electrode
potentials, such as the grid voltage. In order for free wheeling or

Load Line

Current

Voltage Epb

Fig. 2.18. Voltage-controlled negative resistance char-
acteristic.

self-triggering to occur, some electrode potential, such as the grid
voltage, must vary over the range embracing the two points where
instability occurs, the variation being produced within the trxgget
circuit. Removal of the d-c couplmg from the Eceles-Jordan mrcuxt
makes this possible. .
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The method by which the self-triggering action accurs is probably
~best understood from an analysis of the circuit when the power supply
voltages are first applied. Assuming this situation, currents flow in
both plate circuits and charges build up on the coupling condensers
C, and C; as the plate voltages rise. If the two halves of the multi-
vibrator were absolutely identical, the currents and charges would
build up at exactly the same rate and in the same amount. 1f, how-
ever, due to some slight unbalance arising from thermal agitation, or
any other source, a slight increuse in current through either tube
occurs, instability results.

Assume both tubes to be conducting and that an increase in plate
current takes place in tube T-2. Then, the usual cumulative switch-
ing action of the trigger circuit takes piace, rendering T-2 highly
conducting and T-1 cut off. If the initial increase in current had
occurred in T-1, the reverse condition of stable equilibrium would
have been obtained.

The previously accumulated charge on C; now leaks off through
R,, so that the grid voltage increases exponentially toward zero.
Eventually the grid voltage reaches the tube cutoff voltage and T-1
conducts. When this occurs, the cumulative switching action again
occurs, cutting T-2 off and rendering T-1 highly conducting. Then
a similar process takes plaee with C, as it discharges until the circuit
triggers off again. Hence, the circuit is oscillating at its own natural
frequency.

In essence, then, the multivibrator consists of two tubes coupled
by an R-C circuit. Each tube represents a resistance-coupled
amplifier, and since the output of each tube is connected to the input
of the other tube, a large amount of positive feedback is used.
Generally speaking, two types of coupling are used:

(1) Plate coupling—the plate of each tube is connected through
the coupling circuit to the grid of the other tube.

(2) Cathode coupling—one of the plate-to-grid couplings is
changed to cathode-to-cathode coupling.

2.8 Calculation of Multivibrator Waveforms

The analysis of the multivibrator proceeds in the usual manner,
that is, by replacing the tubes by switches and equivalent resistances
and then reducing the overall equivalent circuit down to the equiva-
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lent charging and discharging circuits for each coupling condenser.
Proceeding according to this method yields the circuit diagrams of
Figs. 2.19 and 2.20.

_J 3:RLl RLZ:E —
= 3 cz" ¢ 3 = £
= ——] ! ‘ =Ew
bb = T i1 B | ) =
b 2R3, e E 2Re %y
Ty ] 1
Charging Circuit for Cp Charging Circuit for C,
Fig. 2.19.

Consider Fig. 2.19, which is the charging circuit for C;. During
the prev10us period when C; was discharging, the voltage on the grid
side of C31s (— E.,) since T-2 is cut off, but just getting ready to fire,
at the instant considered. The voltage on the plate side of C; is the
quiescent plate voltage e;, where

Bt ) 25

b Tpy + RLl ( )

€, could be obtained more exactly from the tube characteristics by

assuming that the grid voltage on T-1is 0. Consequently, the voltage
across C; just at the instant T-2 fires is

v2 = €y + By = Ebb(;—‘%R_L‘) + E. (2.6)

This is the initial condenser voltage for the circuit of Fig. 2.19,
Hence, the grid voltage e, is

= iR = (E» = 12 \p iR +R, ICH
tn = inB, = ( o=k, ¢ v @)
’ = fﬂ!ROQ
where R, (———7__“ T R,,) (2.8)
Hence, at ¢t = 0, the initial instant for the charging period of C,,
E bb
(m)zz = (AD):R. 2.9)

where (AD), = g%l-—_li:s.) (2.10)
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The plate voltage on T-1 is

nw=Ew —er, = Ep — 1Ry, (2.11)
E
o o = B = (m)R ~R R 1)l (2.12)
and at the initial charging instant
= By — (AR, (2.13)

So, es, rises exponentially from this value toward E,;, while e, de-
creases from its initial value toward zero.

I'I'f—l
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L

= $ : 2 e 3- =
'l' !P' EE le, qu:: ecz Qc‘ ::Rg' b2 ::l’pz J
> b <& ;»
, i i J i
Discharging Circuit for Cp Discharging Circuit for C,
Fig. 2.20.

Now consider the discharging circuit for Cs. Just prior to the
instant that T-1 conducts, C; had been charged up to a voltage Ey,
as a result of the preceding charging process so that

= Eu (214)
" where v,’ = initial con- + (-
denser voltage for dis- I Ry I - Cp T
charging., Figure 2.20 for =g, - ) Rq
T

the discharging of C; may
be further reduced to that

of Fig. 2.21 by application Fig. 2.21.
of Thevenin’s theorem, where
E. = E,,,,( - RL‘) -t 2.15)
) = TleLl
and R, (——_—Fr‘i""P" Rga) (2.16)

8o, the discharging time constant is
Tasen = CS(R. + Rn) (2°17)



74 TRIGGER CIRCUITS [§2.8

e, /T
1 Teh
°b,
-f_ Tdsch
]
ebo j 1 ebo
ol o

Plate Voltage on T-I
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Fig. 2.22(a). Theoretical calculated waveforms for free-wheeling plate-
coupled multivibrator.

Consequently, the plate voltage may be obtained as

e, =E.— tasanR: = E. — (B, — Ep) R—z—ﬁ-f—&; i-l/\é[(ﬂ,"'ﬂ,’)C',] (2.18)

or ey = €y — (€n — Eob)(IT:—I_i;f*m)i‘;‘/"m' T (219)

\
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e, — Evp) _ _
Now, let ( R T Rw) = —(Al), (2.20)
Hence, €5, = €y, + (AI)R, ¢!/ Tasen (2.21)
Also ecz = idachRgz (2.22)
R,,

s0 o = (on = Bw) (i) Vo 229
or ey = —(AI)sR,, e/ Tdsen (2.24)
And at the initial discharging instant

€p, = €y, + (AR, (2.25)

ey = —(AI):R,, (2-26)

Fig. 2.22(b). Free-wheeling
plate-coupled  multivibrator
plate—voltage waveform.

plate-coupled multivibrator

Fig. 2.22(c). Free-wheeling 1
. grid—voltage waveform.

Thereafter, the plate volt-
age on T-1 decreases ex-
ponentially toward e, the
tube drop, while the grid
voltage on T-2 increases
exponentially toward zero
and the waveforms appear
as shown in Fig. 2.22(a).
Similar waveforms and
relations could be obtain-
ed for the other half of the
multivibrator by the same
method of analysis.
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Two factors have been neglected in the calculations. The first
omission is that no account was taken of the grid pip, which is posi-

Plate Volts e

tive, generated by the other
tube when it cut off. The
positive pip applied to the
grid of the tube under consid-
eration drives the tube into
heavy conduction, lowering
the plate voltage as shown in
Fig. 2.23. The quantity

time t —

(AI)4R, is usually of the or-
der of 2 volts with a time

Fig. 2.23. Actual plate-voltage waveform in
& free-wheeling plate-coupled multivibrator. constant of the order of say

1000 . sec. On the other hand,
the positive pip in the grid cir-
cuit is of the order of 5 to 8
volts. Such a signal will pro-
duce a negative pip in the plate
circuit of sufficient magnitude
to obscure the exponential cur-
vature calculated. The result-
ant waveforms appear as shown
in Fig. 2.24,

The other error of omission
arose in the assumption that
the static plate resistance is a
constant. This ties in closely
with the discussion in the pre-
ceding paragraph because 7,
actually varies since the grid
voltage is initially positive and
then decays to zero. This would
cause 7, to be smaller initially
than at the end of the transient
and helps to account for the dip
in plate voltage discussed above.
An exact analysis would re-
quire that 7, be expressed as a

Plate Volts
on T-1

0b|

Grid Vo"so
of T-I

Plate Volts
on T-2

e
be

o~
Grid Voits

on T-2
o, /

Fig. 2.24. Complete set of waveforms
for the free-wheeling plate-coupled mul-
tivibrator, showing relative time phase.
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function of time as determined by the grid voltage, and then used
in the expressions already derived. The increase in accuracy hardly
justifies the expenditure of effort, however, as long as the effect can
be qualitatively discussed.

2.9 Uncontrolled Frequency of Oscillation of a Multivibrator

The uncontrolled frequency of oscillation of a multivibrator de-
pends primarily upon the time constants of the R-C circuits associated
with the grid of each tube, sincc they determine the length of time
between each triggering cycle by holding the appropriate tube cut-
off. When the grid of T-1 in Fig. 2.17 is overdriven in the negative
region, the grid voltage rises exponentially toward zero as C; dis-
charges, reaching cutoff in a length of time roughly proportional to
the time constant R,C;. For T-2, the time between maximum
negative grid voltage and cutoff is proportional to R,,C:. Thus, the
period of the multivibraior could be expressed implicitly as

T= (RnCl + RuzC2) U(Ebb)] (227)

where f(Es;) represents the dependence upon the supply voltage
through its effects on the tube constants.

The upper frequency limit is imposed by reduction in voltage
amplification at the high frequen-

eies. The lower frequency limit 3
arises from, and its value is set SRy,
by, the leakage resistance in the f,:' R gs
" coupling condensers. BB % bb
Consider the circuit diagram g, §§R°l e, ig?Pz
of a plate-coupled free-wheeling 1 L1 l 3

multivibrator as shown in Fig. —
2.17. Now, during the time that E9uivolent difchorge circuit for C,
T-1 is cut off and T-2 is conduct-

ing, coupling condenser C; dis- C

charges through the equivalent °-T———-|(——1-M~wm—l-
circuit shown in Fig. 2.25. The : Re L

time constant for discharge is €9

T = Ci(R,, + RB) (2.28) ° : 1 ]

Thevenin equivalent of the circuit
above for the discharge of C;

Fig. 2.25.

WWW
P ]
<

N _ fraRLs
where R, = (2285 )  (2.20
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However, in most application, the static plate resistance is very much
less than the grid leak resistance, that is

oy K Ry,
Consequently R. < R,
Hence, to a reasonable degree of accuracy,
Taaeh = Ry C (2.30)
The initial voltage across the condenser is
v = Ey
Hence, the expression for the grid voltage is
= (B, — Ep) €¥E0C1 (2.31)
where E,=Ey; (M2 _T:’ RL,) (2.32)
as obtained from the Thevenized equivalent circuit of Fig. 2.25. So
e = (Bc — Eyp) € E,,01 (2.33)

The discharge ceases when the grid voltage reaches tube cutoff
(—E.,). Designating this time as T,, then

—E.,, = (E, — Ey) e TVE, (2.34)
The time T, is found as follows:
E(‘O]

~T/R, C1 o= €01
€ 01 E, — Ebb . (2-35)
T = R,C:In ( E ";J— E. ) (2.36)

coy
Applying the same method to condenser C. ylelds‘

T—T =R,C:In (E—""—l—) (2.37)

, ca:

o1

where E ;5= Ey r—————'m + RL;) (2438)

and it was assumed that 7,, < R,,.
Hence, the complete multivibrator period is

T=T,+(T-T) (2.39)

or T =R,CiIn M) + R”C2 (M . (2.40)
: Eo Em
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Now, if the tubes are identical
Euu = Em = E,

E, =E, =E
and the expression for the multivibrator period is
T = (BCr + RoCo In (225~ E) (2.41)
or = (RyiCy + R,,C3) In (E "")(1 - % (2.42)

This expression is true as long as the grid leak resistarces are very
much greater than the static plate resistances, and as long as the
frequency is low enough so that the et{ects of the tube interelectrode
and wiring capacitances can be neglected. At low frequencies, and
under the assumed conditions, accuracies up to 2 per cent can be
obtained depending upon the precision of the parts used in construc-
tion. The equations may be put in a more simplified form as follows:

since E = E’z,b< T RL) (2.43)

then % = (r'p _:" RL) (2.44)

andhence T = (Ry,Ci + BpCy) In (E "")(1 - r—p—j}R—L) 2.45)

or T = (BaCs + BuCs) In (gf-")(g—%m ) (2.46)

Furthermore, within a reasonable engineering degree of dccuracy,
g: =pu where u is the amplification factor

80 T = (RoCi + RoCs) In u (f——_?_-’:R—) (2.47)

Now, when the load resistance is vary much greater than the static
plate resistance, this expressxon further simplifies to

= (ReC1 + R;C2) In g (2.48)

This is a fairly accurate rule for predicting the natural frequency and
refutes the claim frequently made, that the f(Ess) term in the original
implicit. equation has little effect on the natural frequency. It has,
~ a8 can be seen, a rather considerable effect. ‘
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2.10 Synchronization of Free-Wheeling Multivibrators

Suppose that a small sinusoidal voltage is injected in series in
the grid circuit of the free-whecung plate-coupled multivibrator of
Fig. 2.17. 1f the voltage is iuserted in the grid of tube T-1, the net
grid voltage on T-1 appears as shown in Fig. 2.26. In the example
sketched, cLe fiequency of the synchronizing signal is approximately
four times the frequency of the multivibrator since two complete
cycles of synch voltage oceur during one half cycle of the multivibra-
tor. It is seen that the application of his synch voltage causes the
grid to reach cutoff sooner than it would have done so in the absence
of the synchronizing signal. Hence, the synch, or control voltage,
controls the multivibrator frequency by causing the circuit to trigger
off a little sooner than it normally would have. The character of
the control voltage is not restricted to sinc waves, but can be any
periodic waveform conveniently

Synch only 3

g,vallable.
oL \J’ \Vl \V/ Assuming that the control volt-
age is applied to only one of the
tubes, every complete cycle of the

d Vol

Siid Voltage only L multivibrator will be terminated
“““““““““ due to the action of the synch

voltage. If, during one complete
Synch multivibrator cycle, there are n
o,{"g,,fsgﬁgg‘,”‘“ cycles of the synch voltage, then
the controlled frequency of the
multivibrator will be f/n where
J is the frequency of the synchro-
nizing signal and », the number
of control voltage cycles over one
multivibrator cycle.
Fig. 2.26. Method of synchronization. ewﬁzn?tﬁ?l:fmtgz Fig. 1’3;;::&
the control voltage were increased sufficiently, the multivibrator
could be made to trigger off at ¢, instead of ¢s, shortening the mylti-
vibrator period by one cycle of the control voltage (remember,
synch is being applied to only one grid). Consequently, the con-
trolled frequency of the mulfivibrator becomes §/(n — 1). Hente,
‘for a certain selection of circuit constants, the control voltage ean
make the multivibrator operate at any ome of several submudtiples

-




§2.10] TRIGGER CIRCUITS 81

of the synchronizing frequency, depending upon the relative magni-
tudes of the injected control voltage.

For a given magnitude of control voltage, there will be a limited
range of values of R,, C, and E,, (which determine the natural
frequency of the multivibrator) over which the multivibrator will
remain “locked in” with the synchronizing sigral. These different
values of circuit constants correspond to a range of multivibrator
natural frequencies which can be held in synchronism with the con-
trol voltage. Increasing the ampiitude of the synch voltage will,
over a limited range, tend to increase the range of multivibrator
natural frequencies which will remain locked in. An experimental
determination of this phenomenon characteristically yields curves of
the form shown in Fig. 2.27. The tv o curves indicate the latitude

highest frequency

1 that locks -in
> f/n
€S control

o
% 5 area
- 2
§ E lowest frequency
© 5 that locks—in
[

0 magnitude of synch voltage —u

Fig. 2.27. Experimental results using sine-wave
synchronization.

of control, and the area represents all possible combinations of R,,
C, and E;,, as well as synch voltage amplitude, which will permit
controlled operation. It is frequently referred to as the “f/n control
area.” Any adjustment which does not fall within this area will
result in free wheeling or locking-in at some other multiple of the
synch voltage frequency. V4

The exact form and extent of this control area is governed by a
great many factors, but principally

(1) By the degree of symmetry of the multivibrator cycle.

(3) By the method of injecting the synch signal.
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Although there are other methods, the two principal methods of
injecting synchronization are

(1) Injection to a single grid or its equivalent, injection to both
grids with out-of-phese signals.
(2) Injection to both grids with in-phase signals.

The methad of synch injection causes the circuit to favor operation
at different submultiples of the base frequency.

Before considering the reason for this favoring action it is de-
sirable to examine the mechanisin by which control is lost. An ex-
ample is shown by Fig. 2 28. Curve (1) represents the grid voltage

(2)
N\

()

Fig 2 28. Mechanism of loss of control.

of a multivibrator which is locked in at a frequency of one-fifth of the
synch voltage frequency. If the natural frequency of the multivibra-
tor is increased, the grid voltage appears as shown by curve (2),
indicating that the multivibrator triggers off sooner, near the peak
of the synch signal, which results in erratic operation. In other
words, operation has passed out of the f/n control area. If the
natural frequency were decreased, the same action would ocetur on
the other side of the reference curve.

Now, returning to the favoring action produced by the method
of injection of the synch voltage. Assume that a balsoved (qym-
metrical) multivibrator is being synchronized by contaol weliages
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0 t=0 tﬂ,{\/\ o t=t, t:O/\/\

-Ego

gnd voitage

rid voltage
on T-| 9 o

on T-2

Fig. 2.29. Out-of-phase grid injection at an even (n = 8) sub-multiple. Note
that T ~2 18 exerting maximum control, whereas that by T—1 18 qute weak
(near the peak of the synch voltage).

inserted in series with both grids, but out of time phase. As control
is lost by one tube due to an increase in multivibrator natural fre-
quency, it is regained by the other tube at the next submultiple of
the control voltage frequency. This means that the multivibrator
period is shortened by one cycle of the synch voltage, Hence, it
tends to favor operation at the odd submultiples of the base fre-
quency. The action is more apparent from a close examination of
Figs. 2.29 and 2.30.

t=0 t=tJ/\/\ 0 t=t, t=o{\/\

T T - oo~~~

grid voltage

on T-1 grid voitage

on T-2

Fig. 2.80. Out-of-phase grid injection at an odd sub-multiple (n = 7) Note
strong control by both tubes. =

The reason for the favoring action may be somewhat more
apparent now from the diagrams. Note that in Fig. 2.29, where
synchromization is occurring at an even multiple of the control
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voltage frequency, and w1th out-of-phase injection, that only one
tube; T-2 is exerting pnmary control since triggering is occurring
on the steep portion of the grid signal. The control by T-1 is rather
poor sirice triggering is occurriag fiear the peak of the synch voltage,
a region of unreliability. Thus, as the natural frequency is increased,
T-1 picks up stronger eontrol whereas T-2 loses control on the original
peak and picks it up on the next. As a result, one cycle of synch is
lost. However, now it will be observed (see Fig. 2.30) that both grids
are exerting equally strong synchronizing action. Consequently,
control is much stronger .at the odd submultiples, thus accounting
for the favoring action.

If the grids are fed in phase, when locked in, the grid voltage
wa.veformas appear as shown in Fig. 2. ‘31 (a) for an even multiple of the

s

t=0 t=t./\/ o It t=0/\/

grid voltage

on T-1" grid voltage

on T-2

Flg 2. 31 (a). In-phase injection at an even sub-multiple (n = 8). Note
strong control by both tubes.

base frequency. Note that both grids are exerting equal, strong,
primary centrol. An increase in natural frequeney would cause
both tubes to lose control, and control would tend to be picked up by
both tubes by each grid shortening its operating cycle by one cycle
of synclr voltage. Consequently, operation at the even submultiples
is favered.

Alfthough ‘the dmcusslon thus far has dealt excluswely with sine
wave syndhionization, ‘pulses are probably more generally used for
this purpose. The space was devoted to sine waves, however, be-
cause it is & more difficult idea to grasp, particularly the “favoring
Aaction,” and because it can frequently be used in lieu of pulses. - This
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Fig. 2.31(b). Grid-voltage waveforms from a free-wheeling plate-
coupled multivibrator, showing relative time phase. No synch voltage
applied.

Fig. 2.31(c). In-phase grid injection. Synch frequency is six times multi-
vibrator frequency. Note the strong control exerted by both tubes.
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Fig. 2.31(d). In-phase grid injection; n = 4. Note that con-
trol is about to be lost by both tubes since the point of synchro-
nization is occurring at the synch voltage peaks. An increase in
synch voltage amplitude would provide firmer control.

Fig. 2.31(e). In-phase grid injection; n = 7. Note that strong
control is exercised by only one tube (lower waveform). By com-
parison between this and: figure 2.31(b), it is seen that in-
phase injection favors even mu.tiples of the multivibrator fre-
quency.

[§2.10
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latter possibility may, in some cases, eliminate tubes.that would
ordinarily have been required for reshaping an original sine wave
into pulses suitable for synchronizing purposes. Generally, where
precision is a requirement, pulses are used. A typical wsveform
obtained with pulse synchronization is shown in Fig. 2.32, which is
judged to be self-explanatory.

~Eco

Fig. 2.32. Synchronizing with pulses.

2.11 Effect of Grid Return

The multivibrator circuit discussed so far has had the grid re-
turned to ground through the associated grid leak resistor. -Tliis is
not, by any means, the only grid return connection possible. Practi-
cally, for free—wheehng operation, the grids could be returned to any
voltage ranging in value between tube cutoff and the pla.te supply
voltage. By examination of the grid voltage waveforms it is evident
that the voltage to which the grid is returned merely determines the
rate of approach of the grid voltage toward the cutoff voltage. This
is illustrated in Fig. 2.33.

Returning the grid to a higher positive voltage produces two
principal effects:

(1) It increases the frequency stability of the multivibrator b;

increasing the angle at which the grid voltage intercepts &
tube cutoff potential.
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(2) It shortens the time that the tube remains cut off, assuming
the circuit constants to be unchanged.

i s
///’
//
//
I
/‘\
,/ agrid returned
// to Ebb
/
/
0 A —

-Eco

\ grid returned
to ground

Fig. 2.33.

This latter effect can be used for two purposes:

(1) To develop highly unbalanced outputs, where “unbalance”
means that the waveform has a longer positive gate than
negative gate, or vice versa. A typical connection is shown
in Fig. 2.34 where one grid is returned to ground while the
other is returned to the plate supply voltage.

(2) For frequency control by returning both grids to the same
variable voltage as indicated in Fig. 2.35.

Eb
: bb :, :,
;RL| EERQZ :ERLZ

Ty X My

:
2

AAAAA

AAAAA

Fig. 2.34. Free-wheeling plate-coupled multi-
vibrator with one grid returned to Es and the
‘other grid returned to ground.
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The first effect, increased frequency stability, can be used in many
cases to offset some of the effects of excessive distributed capacitance.

Epb

AAAAAA
VVVVY

AAAAAA
VVVVVVY

|

AAAAAAAAA
VVVVYVVVY

Fig. 2.35. Use of positive-grid return for frequency
control of a plate-coupled multivibrator.

2.12 Driven Plate-Coupled Multivibrators

The characteristics of the free-wheeling multivibrator discussed
so far are such that it produces self-triggering which arises from a
proper combination of electrode potentials. It is possible, however,
by adjustment of the polarizing voltages, by any of a variety of
schemes, to cause the multivibrator to have one stable point of
operation from which it cannot trigger itself, and one stable point of
operation from which it can trigger itself. Consequently, it is nor-
mally in the first stable condition and requires some sort of externally
applied trigger pulse to initiate each multivibrator cycle. After
triggering the action is conventional. Hence, such circuits are
usually called “driven multivibrators.” Two types will be discussed
in this and the next article. The important point to note is the man-
ner in which the polarizing voltages are adjusted to produce the
condition outlined above, which condition can exist only if one tube
has its grid returned to a voltage well below cutoff, or by develop-
ment of a suitable cathode voltage.

As a matter of passing interest it should be stated that multi-
vibrators functioning according to the principle above are designated
by any of a variety of names, such as one-shot, single-shot, single-
stroke, one-kick, flip-flop, and start-stop.

The circuit diagram of a typical driven plate-coupled multivibra-
tor is shown in Fig. 2.36. Single-shot operation is obtained by re-
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turning the grid of one tube (T-2 in this case) to a voltage —Z..
which is more negative than the cutoff voltage. Consequently, T-2
is mainteined normally off, whilé T-1 is normally on.

If a narrow negative pulse is applied to the grid of the normally
on tube (T-1), a positive pulse-appears at the plate and is coupled
over to the grid of the normally off tube (T-2). If this pulse is large
enough to bring the grid voltage of T-2 above cutoff, even by a very
slight amount, the condition of instability is produced (both tubes

g
géRLl > iER'-a
T Co C 9
T- J|( j ,\' Jl('ﬁ J-2
< S 5 7:
T R, Efnqz
o= J(
*~E¢c

Fig. 2.36. Single-shot plate-coupled multivibrator.

conducting) and the usual cumulative switching action occurs. This
renders T-2 conducting and T-1 cutoff.

The coupling condenser €; now starts to discharge and T-1 re-
mains nonconducting until enough charge has leaked off the con-
denser for the grid voltage to reach cutoff, causing current to start
in T-1 again. The switching action again occurs, making T-1 conduct
and cutting T-2 off.

The charge which accumulated on C; while T-2 was conducting
now begins to leak off. However, the grid voltage on T-2 never
rises as high as cutoff since E.. > E.,. Consequently, the multi-
vibrator does not self-trigger, but must await another trigger impulse
from the external source. Note that this is just another special case
illustrating the effect of grid return.

The circuit can be triggered by either of two superficially different
methods:

(1) A positive pulse on the grid of the normally off tube.

(2) A negative pulse on the grid of the normally on tube.

"However, in both cases; in the final apalysis, it is the positive pulse
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on the grid of the off tube that causes the triggering since instability
can occur only when both tubes conduct at the same time. It is not
necessary to cut off the conducting tube with the applied trigger
pulse; it simply has to be large enough so that when amplified by the
tube it produces a large enough positive pulse on the grid of the non-
conducting tube to bring the grid voltage up abcve cutoff.

The analysis of the cirecuit and the calculation of waveform
proceed exactly as for the free-wheeling case, merely taking cogni-
zance of the fact that the initiation of the multivibrator cycle is due
to an external source.

2.13 The Cathode-Coupled Multivibrator

The circuit diagram of a cathode-coupled multivibrator is shown in
Fig. 2.37. The coupling circuit from the plate of T-1 to the grid of
T-2 is conventional except that the grid is returned to the plate supply
voltage Epp. However, the usual plate coupling from T-2 to T-1 is
replaced by coupling through the mutual cathode resistance Rj.
Because of the voltage drop generated in this resistance, voltages
measured with respect to ground are not the same as those measured
with respect to the cathode.

3
< Ebb < s
! SR 3 3
Pt ] e
) ecl_ d2 ecz
Re3 I ! '
% 3 e $
l‘:ERk

Fig. 2.37. Cathode-coupled multivibrator.

T-2 is maintained normally conducting since its grid is returned
to the plate supply. This causes T-2 to conduct heavily, producing
a large voltage drop across the common cathode resistance :R;. This
makes the cathode positive with respect to ground. - Due to the
voltage divider action of R, and R., the grid.voltage on T-1 is held
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only slightly positive w:th respect to ground. As a result, the grid-
to-cathode voltage on” T-1.is ‘negative. The circuit constants are
adjusted so that this negative voltage is greater than cutoff, rendering
T-1 normally off. Consequently, the stable condition of operation,
from which the multivibrator cannot trigger itself, occurs when T-1
is off and T-2 is conducting.

If a positive trigger pulse is applied to the grid of T-1, with suf-
ficient amplitude to cause the tube to conduct, instability occurs and
the cumulative switching action results. When current starts to
flow in the normally off tube (T-1), a negative pulse appears at the
plate and is coupled over to the grid of the normally on tube (T-2).
This negative pulse reduces the plate current through T-2, thus re-
ducing the cathode voltage produced by the voltage drop in Rx.
This reduction in e causes the grid-to-cathode voltage on T-1 (e,) to
be more positive. This causes more current to flow through Ry,
increasing the amplitude of the negative pulse on the grid of T-2,
and so on until the multivibrator reaches its other condition of
stable equilibrium.

Since the plate current in T-1 and T-2 both flow through the
cathode resistor, the discussion above would appear to be open to
question since it does not account for the increase in plate current in
T-1 accompanying the decrease in T-2. Actually, the increase in
current through T-1 does not offset the decrease in current through
7'-2 because the grid-to-ground voltage on T-1 is a constant, whereas
that on T-2 is varying, decreasing exponentially. As a result, the
total current through R does decrease, causing the cathode voltage
to decrease

“T-2 remains cut off until the coupling condenser Cs can discharge
up. to the point.where conduction of T-2 reoccurs. The switching
action then reverses by making e increase, which causes e, to become
more negative, eventually cutting T-1 off.

The particular advantage of this circuit is that the duration of
the output pulse may be controlled by adjusting the bias on the grid
of T-1. A decrease in grid voltage decreases the width of the output
pulse. By proper selection of circuit constants, the output gate
width can be made almost a linear function of the voltage e;,.

For proper operation, ¢,, must remain within certain limits:

. (1) As ¢, is increased, a point.is reached where T-1 cannot be
held cut off between trigger pulses, and free-wheeling occurs.
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Fig. 2.38(a). Cathode-coupled’ Fig. 2.38(b). Cathode-coupled
multivibrator, cathode-voltage multivibrator, grid-to-ground volt-
waveform. age (Eg).

(2) As e, is decreased, the val-
ues of e, at the beginning
and end of the pulse ap-
proach each other. At the
value of e, for which zero
pulse width would nominally
occur, the two values of e,
coincide and the multivi-
brator cannot be triggered.

Although the calculation of
waveform and the analysis of the
circuit are somewhat more com- . i
plex, and certainly trickier in some mﬁ;ig‘;i&:&(:)I;]ft:ftl::rz:‘;’:{,’lf:
respects, the method is the same age (E,).
as previously used and does not
warrant separate coverage. Typical waveforms are shown in Figs.
(2.38) and (2.39).

Note: In drawing the load lines for the tubes, remember that
the total load mcludes the cathode reslstance
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Fig. 2.39. Cathode-coupled multivibrator, plate-to-ground voltage (E;.). Shows
the total range of gate width available by adjustment of the voltage E.

2.14 The Blocking Oscillator

\ Another extremely useful and widely applied trigger circuit is the
blocking oscillator. It bears a striking resemblance to the multi-
vibrator in theoretical principle, but the surface dissimilarities appear
very great indeed. It will be recalled that the multivibrator con-
sists essentially of two resistance-coupled amplifiers, the output of
each feeding the input of the other. The blocking oscillator is similar
in that there are two devices, connected in the same manner as in the
multivibrator, but one of the devices is a pulse transformer, while
the other is a vacuum tube. The pulse transformer is comparable to
the second tube of the multivibrator since it provides the phase re-
versal required for operation. This results in two stable points of
operation separated by a region of instability. The operation is
such that the tube is overdriven, which causes squaring of the output
signal. Consequently, the characteristics of the blocking oscillator
are such that it generates narrow pulses. It may be either free-
running or driven. It can be used to provide much of the same service
as that obtained from a multivibrator, but it has other characteristics
which render it more suitable to applications for which the multi-
vibrator is eminently unqualified. For example, blocking oscillators
can effectively produce pulses as nrarow as 0.1 u sec. Such per-
formance from a multivibrator would be little short of miraculous.
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The circuit diagram of a
typical blocking oscillator is
shown in Fig. 2.40. The block-
ing oscillator tube corresponds
to the normally off tube in
the driven multivibrator. The
pulse transformer acts like
the normally on tube.

The: blocking oscillator
tube is maintained normally Jo
off by the bias voltage —E.. €
on the grid. Before a trigger °
pulse is applied, no voltage
exists across the transformer
because the plate current is zero and unchanging. Hence

Fig. 2.40. Blocking oscillator.

ey = Eyy

The coupling condenser (C.) is charged to the bias voltage (—E..)
since one side is connected to the bias source whereas the other side
is grounded through the pulse transformer secondary. Hence,

e. = —E,. grid voltage

Now, if a trigger pulse is applied to the grid of the blocking
oscillator tube, of sufficient magnitude to drive the grid voltage above
cutoff, plate current commences to flow. Due to the change in
current through the transformer primary, a voltage drop is developed,
causing the plate voltage to decrease. Since the transformer is con-
nected to give phase reversal, the drop in plate voltage causes the
grid voltage to rise, thus causing the plate voltage to decrease even
more, and so on. The process is cumulative and in a very short time
the tube conducts a large current and the trigger pulse is no longer
required to keep the tube on.

The direct equivalent circuit during this period is shown in Fig.
2.41 in which all circuit elements are referred to the plate winding of
the pulse transformer. Furthermore, the leakage inductance and
distributed shunt capacitance have been neglected. Note the manner
of inclusion of the static grid resistance. .
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Fig. 2.41. Equivalent circuit at blocking oscil-
lator with all elements referred to the plate wind-
ing at the pulse transformer. Leakage inductance
and shunt capacitance neglected.

In general, 7, < R,, so that to a reasonable degree of accuracy,
the circuit of Fig. 2.41 could be replaced by that of Fig. 2.42. The

initial condenser voltage, designated by 1, is

I
L

Y= (%)Eu

AAAAAAA

(2.49)

N.‘

W_@

Fig. 2.42. Approximate equivalent cir-
cyit of blocking oscillator derived from
Figure 2.41 by assuming R, >> T,
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During the instant immediately after the grid voltage exceeds
cutoff, the current through the inductance L, must still be zero,
since the current through an inductance cannot change instantane-
ously. Consequently, the voltage across the coupling condenser, for
the moment, remains —E,... The load line can now be drawn on the
tube characteristics for a supply voltage of

N
Ewey = Evp — (TV{)E" (2.50)
and an equivalent load resistance of

- (N:2\?
R = ’"(’AT: ) (2.51)
Now, as the current through the mutual inductance L., starts to
build up, Eq. (2.50) above can be written as

Eu, = ey + (%—:)80 (2.52)

Since Es, is a known constant, by assuming a series of values for the
grid voltage e., the plate voltage can be calculated. A plot can then
be made of plate voltage (es) vs. grid voltage (e.) directly on the tube
characteristics. Where this graph intersects the load line is the point
where the switching-on process for the tube ceases. Read the value of
€, at this point and designate it as e;(min). Then calculate the grid
voltage from Eq. (2.52) as

e.(max) = %(Eu, — e min) (2.53)

As time passes, C. charges since current is being supplied through
the coupling condenser to the grid of the tube from the transformer.
This causes the grid voltage to decrease. Furthermore, the voltage
drop across L,, causes the magnetizing current to increase, which in
turn causes the plate voltage to drop and the plate current to increase.
These two effects cause the point of operation to shift, but at a rate
which is slow compared to the previous switching time.

Since both effects oceur simultaneously, the analysis is inhibited.
However, it can be assumed that the capacitance of the coupling
condenser is so large that the voltage across it is practically constant.
Thus, the effect of the changing magnetizing current can be isolated
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for the purposes of discussion. The approximation is not justified too
well in practical circuits, but it offers the only opening to a compara-
tively straightforward computation of waveform.

As the magnetizing current increases, the load line moves up from
the original load line, but remains parallel since the load resistance is
constant. This is illustrated in Fig. 2:48 for several assumed values

load line A

€y —=
Fig. 2.43. Blocking oscillator analysis.

of current. For any increment in current a new load line can be
drawn, the plate voltage found and the grid voltage calculated from
Eq. (2.52).

Eventually the increase in current moves the point of operation
up to a point where the load line just barely touches the peak of the
curve obtained from the equation .

Eys, = s + (%)ea (2.52)

At this point, a further increase in magnetizing current cannot be
offset by an increase in plate current. Consequently, this marks the
end of the pulse. So, as the plate voltage increases, the plate current
now begins to decrease, decreasing the transformer voltage, dropping
the grid voltage, which causes the plate voltage to increase even
more, and so on. ‘Thus, the regeneratwe ‘switching-off action occurs.
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During the pulse, the plate and grid voltages are almost constant
because of the shape of the curve obtained from equation (2.52).
Actually, e; increases slightly while e, decreases. This is due to the
fact that the assumption regarding the size of the coupling condenser
is not exactly met.

Designating the value of plate voltage at the last operating point
just before the switching-off action took place as es,, then the average
voltage across the mutual inductance during the pulse is approxi-
mately

eLm = Ebb — €y (2.54)
but €rm = L, %—" (2.55)

Designating the value of plate current corresponding to €s, as 7s,,
then the pulse duration is approximately

= Tby
d= @i/ dD) (2.56)
dib_@z_,._Ebb—Cb,
but @ oL Lo (2.57)
50 5 = (eln (2.58)

Ew — es,

This approximation holds accurately only so long as the voltage
across the coupling condenser is practically constant during the
pulse.

After the tube switches off, the shunt capacitance might form a
resonant circuit, with the leakage inductance causing low-amplitude
high-frequency oscillations. Oscillations with a large amplitude and
at a comparatively low frequency can result from the tuned circuit
formed by the shunt capacitance and the mutual inductance. Con-
sequently, the resulting waveforms appear as shown in Fig. 2.44.
The oscillation in the grid circuit is superimposed on the exponential
rise toward —E...

2.15 The Relaxation Oscillator

Any trigger circuit which is capable of self-triggering is a “re-
laxation oscillator.”” However, common usage has broken such cir-
cuits down into groups such as multivibrators, transitron.oscillators,
and so on. As a result, and speaking very broadly, the term, “re-
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ec(max)
éc
o 2
- ECC — B e ———
grid voltage on blocking oscillator tube
Ebb
le—— § —>]
e
ep,(min) \_/ b2
(¢}

plate voltage on blocking oscillator tube

Fig. 2.44. Blocking oscillator waveforms.

laxation oscillator,” when it is not preceded by any other descriptive
adjective, has come to signify in many minds the gas tube relaxation
oscillator. The term is so applied here.

The ‘“glow-tube relaxation oscillator” has the general circuit
diagram shown in Fig. 2.45. The output voltage is developed across
the condenser C which is charged by the battery E through the
resistor B. T is a gas-filled glow-tube which ignites when the voltage
across it exceeds a certain critical value called the ‘“ignition po-
tential” (V,), and extinguishes when the voltage across it drops to
another critical value called the “extinction potential” (V,). Hence,
it acts as a switch, being open when extinguished, and a low resistance
when conducting.
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Assume that E is applied to the circuit at the time ¢ = 0. As-
sume that the initial condenser voltage is zero. Hence, the output
voltage is

e. = E(1 — ¢ ¥EC) (2.59)

At time ¢ = t;, the output
voltage reaches the ignition
voltage V,; and the glow-
tube fires, throwing a low
shunting resistance across
the condenser. This causes
the condenser to discharge
rapidly, reducing the volt-
age across the tube until € —= —_—
the voltage reaches the ex- s
tinction potential. The tube
stops conducting, removing
the low shunting resistance,
and the condenser charges Ve [-- ——M
up again. The cycle repeats

indefinitely.

By the method of Art. © T
2.9, it can be shown that the t
frequency of oscillation is Relaxation oscillator output
given by the following ex- Fig. 2.45. Relaxation oscillator.

pression, assuming the dis-
charge time to be negligible compared to the charging time:

1
B E — Ve (2.60)
RC In ( = Vz')

Since the ignition and extinction potentials are normally compli-
cated functions of frequency, tube current, temperature, and electrode
illumination, the formula is of little value in predicting the frequency
of oscillation.

In most practical circuits the glow tube is replaced by a thyratron
(such as an 884) so that synchronization may be effected by injection
on the control grid. The fundamental considerations are then the
same as for the synchronization of the free-wheeling multivibrator.
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2.16 A Table of Practical Values for the Circuits of Chapters 1 and 2

Diode Clipper (Fig. 1.10)

E bb 80 VOItlS
Tube  146H6
Ry, 100 K
Cathode Follower (Fig. 1.17)
Ey 250 volts
Tube 146SN7
Ry 25 K
R, 500 K
R-C Peaker (Fig. 1.28)
R 2500 ochms
C 200 puf
Diode Clamper (Fig. 1.44)
Ecc —50 volts
Tube }46H6
R. 1 megohm
Saw-tooth Generator (Fig. 1.63)
Eu 250 volts
Tube  16SN7
Ry, 100 K
C 0.5 uf
Bootstrap Saw-tooth Generator (Fig. 1.70)
Ey 250 volts
Tubes 146H6 and 6SN7
Ry, 200 K
Ry 25 K
Cpy 0.5 uf
C 500 upuf
Trapezoidal Voltage Generator (Fig. 1.74)
Ey 250 volts
Tube 146SN7
R, 100 K
R, 25 K
C 0.05 uf
R-L-C Peaker (Fig.'1.77)
Ew 250 volts
Tube  146SN7
L 3 mhy
R 4700 ohms

Ca distributed C of coil
Ringing Circuit (Fig. 1.80)

Ey 250 volts
Tube 146S8N7
L 12.4 mhy

Eccles-Jordan Trigger Ckt. (Fig. 2.13)

Tube 6SN7

Ry, 1 megohm
Ry 4 megohm
R, 4 megohm
R, 4 megohm
Cy 50 uuf

C, 50 puf

Gas Tube Trigger Ckt. (Fig. 2.15)

Tubes 884’s

E hb 110 VO]tS

R, 100 K

R,R: 3K

R 3K

C 0.0015 uf

(o 0.0020 uf
Free-Wheeling MV (Fig. 2.17)

E bb 250 VOltS

Tube 6SN7

R 20 K

R, 500 K

C 800 puf
Single-Shot MV (Fig. 2.36)

Ebb 250 volts

Same circuit constants as the free-
wheeling multivibrator, but E_ is
—50 volts.

Cathode-Coupled MV (Fig. 2.37)

E(,b 250 VO]tS
Tube 6SN7
R, 20K

Ry, 10K

R, 10K

R,, 200 K plus 2 meg. pot.
R, 50 K

Ry 10 K
C, 2000 puf
Blocking Oscillator (Fig. 2.40)
E bb 250 volts
Tube 146SN7
C. 200 upf
R, 1 megohm
E., —90 volts
14 turns ratio for transformer
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PROBLEMS

2.1 Calculate the frequency of a symmetrical multivibrator with ~rids
returned to ground, if

E,, = 300 volts C. = 1000 puf
R, =20 K E., = - 18 volts
R; = 1 megohm #, = 1000 ohms for e, = 0

fp=10K fore. 2 0

2.2 Calculate and plot all significant and critical points on the plate
and grid voltage waveforms of the multivibrator of Problem 1.1.

2.3 A multivibrator is used in a timer to produce a positive rectangular
gate 107.3 u sec long. The multivibrator is synchronized by a 400 cps nega-
tive pulse applied to the grid of T-1. The positive gate is to begin at the
instant that the synch pulse is applied. The following data are given:

T-1 T-2
Ey 300 volts 300 volts
Grid leak resistor 500 K 1 megohm
Grid leak connection To Ews To cathode
Ry 20 K 30 K
u 20 20
Ty 500 ohms 500 ohms
Tp 10K 10 K
Tp 7K 7K

(a) Draw the complete circuit diagram. Indicate the terminals to which
the synch pulse is applied, and the terminals from which the positive gate
is removed.

(b) Calculate the value of the coupling condenser between the grid of
T-1 and the plate of T-2.

2.4 Repeat part (b) of Problem 2.3, but assume that both grid leaks are
returned to the cathode.

2.5 Why is it ‘more desirable to connect the circuit as done in Problem
2.3, compared to the connection in 2.4?

2.6 Would a 12-volt trigger pulse be sufficient to synchronize the multi-
vibrator of Problem 2.3?

2.7 What restriction is imposed upon the size of the coupling condenser
between the plate of T-1 and the grid of T-2 in the circuit of Problem 2.3?

2.8 Assuming the multivibrator has both grids returned to the cathode, -
calculate the minimum value of the capacitor of Problem 2.7 which permits
proper synchronization from the 400-pps synch signal.

2.9 Assuming the condenser of Problem 2.8 to be 1000 uuf instead of the
critical value caleulated, what is the minimum magnitude of negative synch
pulse that can be used to obtain synchronization at 400 cps?
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2.10 When both grid leaks of a symmetrical multivibrator are returned
to-the same negative bias source, it is found experimentally that the circuit
will oscillate for all values of negative bias up to 50 or 60 volts. Yet, the
cutoff voltage of the tubes may be only—18 volts. Explain the reason for
this action.
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CHAPTER 3
AMPLIFICATION FOR UHF SYSTEMS

THE amplification of signals incident to proper operation of a radar
or television receiver, or similar video device, imposes much more
stringent restrictions upon the designer than he is ordinarily subjected
to in audio-frequency amplifier construction and design. The dif-
ferences arise largely from the fact that the ear has very limited
discriminatory powers: its normal frequency response seldom exceeds
a bandwidth of about 30 cps to 15 keps. Satisfactory sound repro-
duction may actually be obtained over a considerably more restricted
range, as evidenced by the ordinary telephone receiver. Furthermore,
the ear does not distinguish small relative phase shifts. At least, as
long as the bandwidth requirements are met, the phase shift is seldom
objectionable and usually is not considered in the design. Thus, the
problem of aural amplification is largely one of passing the desired
band of frequencies.

In dealing with the eye, which is a vastly more demanding mecha-
nism, waveform must be preserved to a very high degree of accuracy,
thus necessitating the amplification of a wide band of frequencies at
constant time delay. As an example, consider a television picture
which, according to present practice, is divided up into 525 horizontal
strips and transmitted 30 times per second. Acdcording to RMA
standards, when the picture is composed of light elements whose
dimensions bear the following relationship to one another,

horizontal dimension _ 4

vertical dimension 3

then the picture detail is a maximum. Hence, there are 525 X 525
X 44, or 367,500, light and dark patches transmitted every 14,th of a
second. That is, 30 X 367,500, or 11,025,000, light and dark spots
sent each second. Assuming each light and dark spot to represent
one cycle of the fundamental, then the fundamentsal frequency of the
television signal is something in excess of 5 mcps. The lower fre-

105
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quency limit is about 30 cps, the number of pictures sent per second.
Thus, a wide-band amplifier is needed, and the transmission must
occur with constant time delay in order to eliminate phase distortion.

Under such restrictions, design becomes infinitely more complex.
The physical arrangement of components, seldom a major considera-
tion in audio amplifiers, becomes extremely important in video am-
plifiers, imposing severe limitations on the freedom of the designer.
The over-all problem involves amplification under two separate sets
of conditions:

(1) Amplification of the video signal alone.
(2) Amplification of the video signal that has modulated an RF
or IF carrier.

The straight video amplifier is usually resistance-coupled and fre-
quently employs compensating circuits of various types. Conven-
tionally, IF and RF amplifiers use single- or double-tuned circuits for
coupling purposes. In certain cases, the tuned circuits may be
resonant lengths of transmission line.

3.1 Fourier Analysis of a Periodic Rectangular Pulse

The input to a radar or television amplifier consists ideally of
short rectangular pulses. For a radar set, the pulse duration is
normally fixed, but the frequency of the received signal would be
somewhat erratic since it would depend upon the number and range
of the targets under consideration. In a television amplifier, the
signal may be considered to consist of pulses of varying width and
frequency. However, it is possible to specify some minimum pulse

NE
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Fig: 3.1. Recurrent palse input to a video amplifier—specified as a function E(f).
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width and frequency of recurrénce for both the television and radar
video amplifiers which will then set the minimum design require-
ments. Thus, assuming the minimum pulse width to be §, and the
lowest recurrence rate as f,, then the input to the amplifier could be
conveniently pictured as shown in Fig. 3.1.

For the sake of convenience, select the initial point of observation
of the wave (t = 0) as shown in the figure. Furthermore, assume
that the period between centers of the recurring pulses is much greater
than the pulse width; that is,

Tr>>6

This is a good approximation in actual practice since § is normally
of the order of a microsecond, whereas 7, is of the order of several
thousand microseconds.

The voltage e(t) may be written in the form of a Fourier cosine
series as

e(t) = ZA,. COS Qut 3.1

K=0

The series is a cosine series because the initial point of observation
was selected in such a way that the voltage function e(f) is symmetrical
about the ¢ = 0 line, that is, it is an even function. For an even
function, the unknown terms A, and a, can be calculated from the
following equations:*

“n 2nw

an = g7 = 7 = 2naf, (32)
2 [H

A, = o .[ e(t) cos (2xnf.t) dt (3.3)

Before substituting into the integral, note that the function e(f) has a
value of E, for a period of time 8/2 following the initial time of obser-
vation. Thereafter, e(f) is zero. This may be expressed mathema-
tically as follows:

o) = Bs for 0<i< g (3.4)
et) =0 for 8 <t< X (3.5)
3 2 °

*See Churchill, R.V., Fourier Series and Boundary Value Problems, p. 74,
MecGraw-Hill,
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Substituting these boundary conditions into the integral of Eq. (3.3)

yields
4 [ 4 [T
A, = —f Eq cos 2mnft)t + ~/ 0-dt (3.6)
T JO TrJ8/2

However, the second term is the integral of zero, which is itself zero,
so that Eq. (3.6) becomes

4, = ., " cos @rnfid) di 3.7)
Integrating yields
A, = (450>(21r1n f')(sin 2rnf,t)i/2 (3.8)
When the limits are substituted, the following equation results:
A, = 2Eo(—i )(S“:“:}"ﬁa) (3.9)

Substituting the values of a, and A4,, calculated in Egs. (3.2) and
(3.9), into Eq. (3.3) yields

e(t) = 28, 2 Z(S‘“ nmfd )cos (2rnf,t) (3.10)

nwf,é
n=0
Envelo
t of A:e 1
An | |
: :
2f, 4, 6f :W frequency —» "
] RN
3 [} 3' ] 3 ]
2 o
8 Al

Fig. 3.2. Spectrum amplitude coefficient for the pulse of
Fig. 3.1.

The frequency dependence of the amplitude coefficient A , may be
represented as shown in Fig. 3.2. The first component is located
at f., the second at 2f,, the third at 3f,, and so on, uniformly spaced
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at intervals of f,. Further examination of the spectrum amplitude
coefficient shows that:

(1) Increasing the pulse repetition frequency (PRF) decreases the
number of components under each loop without altering the
spacing of the loops.

(2) Increasing the pulse width decreases the space between loops,
and therefore decreases the number of components under the
loop without changing the spacing between components.

By integrating the equation for A ,, it is possible to show that the area
of the first loop relative to the second is a constant, independent of
the pulse dimensions. The same is true for succeeding loops. Con-
sequently, the frequencies at which the envelope passes through zero
determine the relative importance of the frequency components.
These frequencies depend only upon the pulse width 6, being 1/, 2/,
3/4, and so on. Hence, the high-frequency response necessary for a
given quality of reproduction is determined by the pulse width 8,
whereas the lowest frequency to be amplified is governed by the PRF.
Consequently, the quality of reproduction is not determined by the
number of harmonics that are passed, but by the number of loops in
the amplitude coefficient that are passed.

AN
\\\ st Loop contains
’ n harmonics Pulse width= 8
An: frequency =f,
1
v BNATIIN™N
0

= ([ eI

A
2 15! Loop contains Pulse width s%
frequency = fr
2n harmonics
An 1 2
3 8N

O b frequency ——W

Fig. 3.3. Effect of variation in pulse width on the spectrum amplitude
coefficient.

A change in the pulse duration & produces the effect on the ampli-
tude coefficient shown in Fig. 3.3. It is apparent that changing the
pulse duration does not affect the harmonic spacing, but causes more
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harmonics to be included under a single loop, with a decrease in the
initial magnitude. Hence, a smaller pulse width requires a greater
high-frequency response to obtain the same quality of reproduction.
In the case shown in Fig. 3.3, the pulses will be passed with equal
fidelity if the same number of loops (not harmonics) are transmitted.
Thus, halving the pulse width requires doubling the bandwidth. As
g result, it can be concluded that the rate of repetition of the pulse,
the pulse duration, and the degree of fidelity with which it must be
reproduced are the factors which determine the bandpass required
for pulse amplification. Furthermore, this amplification must be
obtained at constant time delay. Practical amplifiers do not always
possess these characteristics due to the inherent limitations associated
with them, but a study of the nature and extent of the limitations
suggests avenues through which improvements can be made. Con-
sequently, a brief review of ordinary resistance-coupled amplifiers
is indicated before proceeding to the more advanced material.

3.2 Review of Distortion

Any four-terminal network can be characterized by means of its
input-output characteristic, or the complex voltage ratio, which gives
the attenuation and phase shift characteristics of the network as a
function of frequency. A typical case was worked out in detail in
Art. 1.7 of Chap. 1. Assuming that a rectangular pulse of the form
discussed in the preceding article is applied to a four-terminal net-
work, from the Fourier analysis of the pulse it is possible to write
down the conditions which the network must fulfill if distortionless
transmission is to be obtained.

Consider one harmonic, of frequency f, of this pulse. In passing
through the four-terminal transducer it will be attenuated by « nepers
and will experience a phase lag of 8 radians. A phase lag of 2r radians
corresponds, in time, to one period T of the harmonic. So, letting #
designate the actual time delay, by proportion we can write

th _ B
T = 2 (3.11)
Now, solve for the actual time delay f,, obtaining
to T( 2*) but T 7 (3.12)
’ = .ﬁ = E '
80 - ty = 2 P \ (3.13)
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Now, if the attenuation o and time delay ¢, are both pure constants,
independent of frequency, all the harmonics in the input will be
attenuated to the same degree and delayed in time by the same
amount. As a result, the output waveform will have exactly the same
-shape as the input, but will be changed in amplitude and displaced
ty sec in time. Consequently, it is apparent that two conditions must
fulfilled for distortionless transmission:

(1) The attenuation o must be independent of frequency.
(2) The time delay f, must be independent of frequency, or, 8
must be a linear function of frequency.

These requirements are illustrated by Fig. 3.4.

— |

8

& —>

frequency —» frequency —» frequency —»-
attenuation vs frequency time delay vs frequency  phase shift vs frequency

Fig. 3.4. Requirements for no distortion.

Such idealized transmission is, of course, never obtained, so that
signals traversing transducers are always distorted from their original
shape. The type of distortion introduced depends upon which of the
above idealized characteristics is violated. Thus, two types of dis-
tortion are distinguished in linear circuits:

(1) Amplitude distortion—when o varies with frequency.
(2) Phase (or delay) distortion—when ¢, varies with frequency.

A knowledge of the origin of the deviations from the ideal in amplifiers
is necessary if an intelligent appraisal of the situation is to be made.

3.3 Review of Resistance-coupled Amplifiers

The circuit diagram of a typical resistance-coupled amplifier is
shown in Fig. 3.5. Distributed and interelectrode capacitances
bearing upon the problem are shown by dotted lines. Application of
the equivalent plate circuit theorem yields the equivalent plate circuit
of Fig. 3.6 where the tube has been replaced by its Thevenin’s theorem
equivalent.
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Fig. 3.6. Equivalent plate circuit of Fig. 3.5.

In the usual introductory material on amplifiers it is shown that
the voltage gain K is given by

Z
K=%-__ 9~z 3.14
o™ " TF @ (8.14)
where Z 1, is the complex transfer impedance in the plate circuit. Due
to the generally complicated nature of this impedance in Fig. 3.6, it
is found expedient to divide the over-all problem into three special
cases:

(1) High frequency.
(2) Mid-frequency.
(3) Low frequency.

This simplifies the problem considerably. The frequency range in
which the reactance of the coupling condenser C, is appreciable com-
pared to the grid leak resistance R, is called the low-frequency range.
The frequency range in which the shunting effect of the distributed
and interelectrode capacitances is appreciable is designated as the
high-frequency range. In this range the reactance of the coupling
condenser is practically zero and can be ‘neglected. In the inter-
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mediate range between these two extremes, the mid-frequency range,
the reactance of the coupling condenser is negligibly small compared
to the grid leak resistance whereas the susceptance of the shunt
capacitances is small compared to the parallel combination of the
plate load resistance and the grid leak. This leads directly to the
three equivalent circuits of Fig. 3.7.
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Fig. 3.7. Breakdown of the equivalent plate circuit of Fig. 3.6, as a
function of frequency.

Solution of these circuits produces the following expressions for
the absolute magnitude of the voltage gain and relative phase angle.

1
;grc = :;Z?:
|K'nI Y roRL + roRy + RLR,
Kol = T X/ rs + Bs @19
tan 6, = R"g-"- - (3.16)
eq p‘R R
- = Tplt Ll
IK"'I - gﬂvR'« ch rpRL+rpRy+RLRg (3'17)
tan 6, = 0 (3.18)
IK I X’c = :é"' (3.19)
1{ = m L]
K s V1 4+ (R../X')* C, = total shunt capacitance
tan 0y = — e | - . (3.20)

X’a
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The frequencies at which the power is one half its mid-frequency
value (3 db down), or where the voltage gain is down to 0.707 of its
maximum value, are obtained as follows:

(1) The lower half-power frequency (fi) occurs when

;o _ 1
R,=X.= o, (3.21)
80 w = L or fi= L (3.22)
R.C. V7 2rR . C. :
(2) The upper half-power frequency (f») occurs when
1
= X' =
R, =X, ol (3.23)
50 L fa= (3.24)
“2 B..C. *~ 2R.C, :
10 i =
-F 1
z :
b
§ T
2 : ;
W ’ £
g
g HEh : i
00 : i '
o RELATIVE FREQUENCY 0 (.5.),,(_” ) 100

Fig. 3.8. Resistance-coupled amplifier universal amplification chart: relative amp~
' lification vs. relative frequency.
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Substitution of these expressions into the gain and phase shift equa-
tions yields

1
K|l = ——% 3.25
Bl =75 F/N? 8.25)
tan 0y, = J}% (3.26)
| K m|
Kyl = ——=2u 3.27
Eul = 777 (J/f? ©.21)
tan 911 = —j{ (328)

These last four equations are in an excepticnally convenient form since
they are completely general, that is, they do not have terms peculiar
to any one amplifier. If the relative voltage amplification|K|/|Kn|
as well as the relative phase shifts are plotted as funetions of relative
frequency (fi/f) and (f/f.), the universal amplification curves of Figs.
3.8 and 3.9 are obtained. The data required for these figures are given
in Table 1.

-
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»
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o1 RELATIVE FREQUENCY ) (,n).(.k) 0o,

Fig.3.9. Resistance-coupled amplifier universal amplification chart. Relative phase
vs. relative frequency.
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The inherent usefulness of these curves is not to be underestimated,
but their use sometimes leads to misconceptions about the character-
istics of amplifiers. The confusion arises since frequency ratio, not
frequency, is being plotted. The actual frequency fis in the numerator
of the ratio in the high-frequency case, but in the denominator in the
low-frequency case. Thus, it is to be expected that the high-fre-
quency gain and phase shift characteristics will differ appreciably
from those at the low-frequency end when the operating frequency
itself is the variable. The essential dissimilarity is illustrated by

Fig. 3.10.

RELATIVE GAIN s

[ -4

FrE e

ACTUAL FREQUENGY mecsured i teribs of the wper hoil power fracuency
Fig. 3.10. Amplification characteristic of a resistance-coupled amplifier plotted
on a linear frequency scale.

3.4 Special Case of the Pentode

The pentode was used almost exclusively in video amplifiers
during the second World War since its input capacitance was con-
siderably less than for the then current triodes. This permitted wide
band amplification to be obtained with greater ease. Subsequent
developments and improvements in triodes were made to such a sub-
stantial degree that they are making a corneback into the field.
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TABLE 1
UNIVERSAL AMPLIFICATION CHART DaTA
Low Frequencies High Frequencies
Phase Shift (+) | , Relative Phase Shift (—)
Amplification
fi/f J/fa
deg min deg min
0.01 0 35 1.000 0 35 0.01
0.1 5 43 0.995 5 43 0.1
0.2 11 19 0.981 11 19 0.2
0.3 16 42 0.957 16 42 0.3
0.4 21 48 0.926 21 48 0.4
0.5 26 34 0.894 26 34 0.5
0.6 30 58 0.858 30 58 0.6
0.7 35 00 0.819 35 00 0.7
0.9 41 59 0.743 41 59 0.9
1.0 45 00 0.707 X 45 00 1.0
1.2 50 12 0.640 50 12 1.2
1.5 56 19 0.555 56 19 1.5
2.0 63 26 0.447 63 26 20
5.0 78 41 0.196 78 41 5.0
10.0 84 18 0.0995 84 18 10.0
100 89 26 0.0100 89 26 100

When pentodes are used, several valid approximations may be
invoked which will considerably simplify the equations of Art. 3.3.
In general, in a wide-band pentode amplifier,

7 = 1 megohm R, = 14 megohm
R: = 10 to 20 kilohms

Hence, the gain equation and the expressions for the half-power
frequencies reduce to

|[Km| = gnRL (3.29)
1 .

wg = 2.0, (3.30)

1 (3.31)

“1=R.C.,
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3.5 Sources of Distortion in Resistance-Coupled Amplifiers

Examination of the transmission characteristics of the resistance-
coupled amplifier, as shown in Figs. 3.8, 3.9, and 3.10, point up the
fact that the conditions for no distortion, previously listed, are not
met at either the high- or low-frequency ends of the amplifier pass
band. It is apparent that both amplitude and delay distortion are
introduced in both parts of the spectrum.

At the high-frequency end the distortion is introduced principally
as a result of the presence of the shunt capacitances, both distributed,
due to the capacitances to ground of the leads and circuit elements,
as well as the tube interelectrode capacitances. Due to the Miller
effect, the input capacitance to the second stage is altered by the gain
of that stage according to the relationship

Cio = Cu + Cop (K| + 1)

The amplitude distortion results from the increased shunting effect
of the total shunt capacitance as the frequency is made larger. At
the same time it causes the phase to shift nonlinearly. The trans-
mission characteristics are essentially the same as an R-C circuit of
the form shown in Fig. 3.11.

At the low-frequency end, the amplitude distortion results from
the nonlinear change in voltage-dividing action between the coupling

o |
e,
e |
Fig. 3.11. Prototype high-frequency
equivalent plate circuit.
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equivalent plate circuit.
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condenser and the grid leak resistance. The transfer characteristic is
essentially the same as would be obtained from the circuit of Fig.
3.12.

The essential dissimilarities between these two circuits further
support the comtention-advanced in the preceding artiele -that the
nature and extent of the distortion introduced at the extreme ends
of the pass band are different. The reason is apparent from the cir-
cuit configurations of Figs. 3.11 and 3.12. In Fig. 3.12 the output is
the voltage across a resistor in a series B-C circuit. Since the circuit
of Fig. 3.11 could be Thevenized to a simple series R-C circuit, it is
apparent that the output voltage is the voltage across the conden-
ser. Consequently, the transmission properties of the two circuits
are bound to differ appreciably.

3.6 Methods of Extending Bandwidth without Compensation

Since the upper half-power frequency for a pentode video ampli-
fier is given by
1

“* = R.C,

it is evident that distortion at the high-frequency end can be reduced
by decreasing either the plate load resistance or the total shumt
capacitance. The shunt capacitance may be minimized as follows:
The coupling condenser, plate load resistor, and grid leak should be
located away from the chassis; all signal leads should be as short as
possible; by-pass condensers should be mounted as close to the tube
socket as possible. A further reduction may be made by proper tube
selection so that low interelectrode capacitances are obtained. In
general, pentodes are used because their input capacitance is very
much less than for triodes.

Having done all the minimizing of shunt capacitance possible,
the other alternative remains, decreasing the plate load resistance.
However, since the gain is given by

Kl = gmBr
a practical limit is reached when the reduction in Ry, causes the volt-
age amplification to drop below that required for effective operation.
When this limit is reached, the only remaining alternative is the in-
sertion of a compensating circuit. Circuits performing this function
will be discussed subsequently.
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At the low-frequency end
1

@1 = R.C.

and it is apparent that the bandwidth may be extended by increasing
the size of either the coupling condenser or the grid leak resistance.
In both cases there are definite practical limitations upon the maxi-
mum values which these parameters may have. For example, there
is no point in making the grid leak resistance any larger than the
grid-to-cathode leakage resistange. However, the upper limit on the
value of R, that can be used with a specific tube is governed primarily
by the steady component of grid current that exists due to leakage,
ionization of the residual gas, and primarv and secondary emission
from the grid. Generally speaking, R, may be larger for small tubes
because the grid surface is smaller and the number of ions collected
is less. When R, is too large, the voltage drop produced m it by the
grid current changes the net grid bias and can move the point of
operation into a nonlinear region. Consequently, the manufacturer
usually specifies & maximum permissible value for the grid leak of any
tube.

As the coupling capacitance is increased, the leakage conductance
increases, producing d-c coupling to the grid of the succeeding tube,
thus changing the bias to an improper value. Furthermore, as the
capacitance is increased, the physical size of the condenser increases,
thus increasing the stray capacitance to ground and reducing the
upper half-power frequency.

If the maximum practical values of grid leak and coupling capaci-
tance do not extend the lower half-power frequency to the desired
point, some compensating circuit must be introduced.

3.7 High-Frequency Compensation—Shunt Peaking

When the bandwidth and gain requirements become so extreme
that they cannot be met satisfactorily by the methods outlined in
the preceding article, it becomes necessary to introduce circuits, or
circuit elements, which will compensate for the undesirable effects,
producing a net improvement in either or both of the gain and phase
shift characteristics. Furthermore, the use of compensating circuits
will, in general, allow a higher value of mid-frequency gain for the
same over-all bandwidth, an obvious advantage.
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A qualitative idea of the character of the circuit required for
compensation may be obtained from recognition of the fact that the
gain of the amplifier is proportional to the impedance in the plate
circuit. At the high-frequency end, the impedance, and thus the
gain, drops rapidly due to the shunting effect of C,. To compensate
for this effect, it would be necessary to add in another circuit element
with a rising frequency characteristic which will cause the total im-
pedance in the plate circuit to remain substantially constant over
an appreciably larger frequency range.

Compensation at the high-frequency end may be accomplished
by any one, or combination, of several available methods. However,
the simplest in operation and concept is produced by the insertion
of an inductance in series with the plate load resistance. The effect
of this inductance, when it has the proper value, is to ‘“peak” the
amplifier gair vs. frequency curve at the high frequency end. Con-
sequently, it is frequently called a “peaking inductance.” Further-
more, in the a-c equivalent circuit, it is in shunt with the distributed
wiring and tube interelectrode capacitances. Hence, this type of
compensation is commonly referred to as ‘“‘shunt peaking.”
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Fig. 3.13. Pentode video amplifier using shunt—peakmg
high-frequency compensation.

A typical shunt-peaked pentode amplifier is shown in Fig. 3.13.
L, is the compensating inductance. The equivalent plate circuit for
the amplifier is given in Fig. 3.14 in which the capacitance C, repre-
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‘-‘v‘v‘-‘vr‘v‘-‘-‘-‘-_ ° sents the sum of the input,
4 Ly output, and wiring shunt
L it; . That is
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-Uegl R C. = CO + Cv' + CW
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o Aspointed out in the article

on the special case of the

Fig. 3.14. Approximate high-frequenc
g pp ghofrequency 4o de,

equivalent plate circuit for a video amplifier
employing shunt peaking,.
R,>R; and r,> R

Let Z. designate the equivalent impedance of the two parallel
branches in the circuit of Fig. 3.14. Thus, according to Eq. (3.14)
_ gnlZil
1+ (|Z:l/rp)
But Z, < r,, and the expression for the gain becomes

|K| = gml|Z1] (3.32)

(Rs + joLd( - )
But Z = 2 (3.33)

Ro+i(ols - 7)

K| =

which reduces to

— Ry + jwL,
21 = T WLy F juCiEs (3.34)

This may be rationalized and the following equation obtained:
Ry — j(wC.R:* — wLy + &*C,LsY) (3.35)
(1 — «?C,Ly)* + (wC,RL)? ’

Let the letter'N designate the ratio between the reactance of the
compensating inductance at the upper half-power frequency of the
uncompensated stage and the plate load resigtance. That is

szb
N &, (3.36)

Z, =

Solving for the value of the compensating inductance yields
L, = NEs (3.37)

we
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It was previously shown that, for a pentode, the upper half-power
frequency is given by
oo 1
7 R.C,

or, solving for the total shunt capacitance,

1
C, = ok (3.38)

Substituting Eqs. (3.37) and (3.38) into Eq. (3.35) produces the fol-
lowing result:

woRy waRy, w2

o:NR, Wi
(1 B ;?RAL*—) + (wfR,,)

Cancelling out terms leaves
3
(]
- (3.40)

- =)o
-

ZL = 2
[1- (%)
When substituted in the gain equation this yields
f IAY
1—4(1-— + N?
A6-er()]
- () T+ (4]
The magnitude of the voltage amplification is then
oo mgerd]
IKI = ngL — f 212 f : =" (3'42)
=) T+ 4]

and the relative phase shift is given by

tan © = — :(1 - N)% + N«(J%)'] (3.;13)

Ry — J(wRL w3N3R, wNRL)

Z, = (3.39)

L '::-l\

K = —ngL
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The value of N for which the gain at the upper half-power fre-
quency of the uncompensated stage is equal to its mid-frequency
value g..R1 may be obtained by setting

J/fe=1 and  [K| = g.R1 = |Ka|
Thus, it is found that, for this condition,
N = 0.50 (3.44)

The compensation obtained when N = 0.50 is generally referred to
as the compensation for best frequency response, since the voltage
amplification does not deviate appreciably from the mid-frequency
value for frequencies up to and including the upper half-power
frequency of the uncompensated stage. This is illustrated by Table
2 and Fig. 3.15. However, it is evident that this calculation does
not insure uniform voltage amplification at frequencies below the
upper half-power frequency for the uncompensated stage.

It will be noted from Fig. 3.15 and from the data in Table 2 that
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Fig. 3.15. Shunt peaked resistance-coupled amplifier: relative phase vs. relative
: frequency. !
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the value of N = 0.50 does not result in the phase shift being pro-
portional to frequency within the amplifier pass band. It does, how-
ever, represent an improvement over the phase shift characteristic
for the uncompensated stage.

The value of N for minimum phase distortion has been found to
be 0.32. This results in the data of Table 3 and the curves of Figs.
3.15 and 3.16. By placing a straightedge along the phase characteri-
stic, it will be observed that it is very linear over the bulk of the
characteristic.

However, when N = 0.32, the gain at the half-power frequency
of the uncompensated stage is only 87.7 per cent of its mid-frequency
value. Since this decrease in gain is too large for most applications,
a compromise value of N = 0.44 should be used when it is desired to
improve the amplitude and phase characteristics simultaneously.
When N = 0.44 the voltage amplification at the uncompensated
upper half-power frequency is 95.3 per cent of its maximum value.
This variation is well within a 1 db limit.
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Fig. 3.16. Shunt peaked resistance-coupled amplifier: relative phase vs. relative
frequency.
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TABLE 2
Data ForR UNIVERSAL AMPLIFICATION CURVES
Shunt Peaking N = 0.50

Relative phase shift
Relative Frequency Relative ’_

/12 Amplification i

i deg min

I

|
0.01 1.000013 0 18
0.1 1.001 2 53
0.2 1.005 5 49
0.3 1.0112 8 | 55
0.4 1.0169 12 L1
0.5 1.0220 15 41
0.6 1.0275 1¢ 30
0.7 1.0281 23 33
0.8 1.025 27 37
0.9 1.016 32 17
1.0 1.000 36 53
1.10 0.976 41 21
1.20 0.947 45 54
1.50 0.829 57 54

TABLE 3

DaTa ForR UNIvERSAL AMPLIFICATION CURVES
Shunt Peaking N = 0.32

0.3 0.987 11.7
0.4 0.977 15.6
0.5 0.966 19.4
0.7 0.935 27.1
0.8 0.913 30.8
1.0 0.877 38.0
1.5 0.720 53.8
2.0 0.587 65.3

3.8 Figure of Merit

It has been shown that the mid-frequency voltage amplification
of a shunt-peaked, wide-band, pentode amplifier is given by

IK-II = gnRL

But since wy = R;,IC
8
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1
then R, = oC.
This reduces the equation for the voltage amplification to
= —-———gm
| K ) ool (3.45)

Now, there are generally two conflicting requirements on a wide-
band amplifier: both the upper half-power frequency and the gain
should be large. Consequently, the product of these two quantities
can be used as a performance factor in rating amplifiers. Designating
this factor as F,, then
= =In _____Om

Fo=wlKal = & = o Co (3.46)
F, is generally called the amplifier “figure of merit.” Since the dis-
tributed wiring capacitance C, is the only quantity that is not
determined by the tubes used in the amplifier, it is generally con-
venient to compare tubes in terms of a figure of merit F, where
= _ 9gnm
F, = i+ C. (347)
Table 4 lists the figures of merit of several typical tubes. Because
of its high figure of merit, the 6AC7 is extensively used for video
voltage amplifiers, whereas the 6AG7 is widely used as a power
amplifier.

TABLE 4
F1aures oF MERIT FOR TypicAL TUBES
F, = Im

¢ Co + C:’
Tube gm in umhos C, in ppf C,in pupf F, X 108
6AB7 5000 5 8 385
6AC7 9000 5 11 562
6AG7 7700 - 7.5 N 12.5 385
6C5 2000 25 11 55
6L6 5200 12 10 236
6SJ7 1650 7 6 127
6SK7 2000 7 6 154
6V6 4100 11 10 195
6Y6G 7100 8 15 309
6SG7 4700 7 8.5 303
7G7 4500 7 9 281
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Fig. 3.17. Video amplifier using series peaking.

3.9 High-Frequency Compensation—Series Peaking

Another form of high-frequency compensation is produced when
an inductance is inserted in series with the coupling condenser as
shown in Fig. 3.17. This is called series peaking. The equivalent
plate circuit is shown in Fig. 3.18. Compensation is produced due
to the voltage multiplication that takes place as the resonant fre-
quency of the tuned circuit produced by the inclusion of this in-
ductance is approached. Another factor contributing to' better
performance arises since the total shunt capacitance has been sepa-
rated, by the insertion of L,, into two components, C, and C,, so
that the load resistance is directly shunted only by C,. Conse-
quently, since

1
@2 = R.C (in shunt with Rz)

it is possible to produce higher gains for a given bandwidth because

........

Fig. 3.18. Equivalent plate circuit of a series-peaked video
: amplifier. !
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the load resistance can be larger than is possible in shunt peaking
where both €, and C, shunt the plate load.

Since the coupling condenser is effectively a short circuit at the
frequencies under consideration, it may be omitted from the high-
frequency equivalent plate circuit. Furthermore, by redrawing the
circuit, it appears as shown in Fig. 3.19. The circuit between the

< A LLLL LD ———~
Lz
< & S
-9me 6: ' 3 R 3 $ .= Co==
me¢g P2 Rz Roz T 9T
< b3 b3

—O- 3 -0

Fig. 3.19. High-frequency equivalent plate circuit of a series-peaked
video amplifier.

four terminals indicated appears to be a w-section, constant-k (low-
pass) filter where R is one termination and R, is the other. In
general, for such a filter, optimum performance is obtained when
C, = 2C,. This is a rather fortunate circumstance because in most
video tubes, such as the 6AC7 (see Table 4), this condition is ap-
proached rather closely since the input capacitance is generally
larger than the output capacitance. Furthermore, by placing the
coupling condenser on the plate side of the compensating inductance,
C, may be increased by the additional wiring capacitance. It is not
desirable to simply add another physical capacitor in order to attain
the two-to-one ratio. For one thing, the ratio does not affect opera-
tion to a large extent (that is, it is not critical), and secondly, the
addition of a second physical condenser will only make performance
worse.

Collecting the three parallel resistances into one single equivalent
yields the circuit of Fig. 3.20. Application of Kirchhoff’s node law
at the points indicated yields for node 4

1 ; 1 .1
gm€y = EI[R‘ + J(pr - m)] + Ez(] :)_I_J_g) (3.48)

for node B

-

owslid) v ol )] oo
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pRL*TrpRg+ RgR

Fig. 3.20. High-frequency equivalent plate circuit of a
series-peaked video amplifier.

Eliminating E; by solving these equations simuitaneously vields

) . 1 1, . 1\, . E:
gmey = Ez(Jsz)[J(wCa - ::E)][R + J(wC,, - ZI_;)J +ioi

(3.50)
Solving for the voltage amplification
K"'%: - Im ~ y (35D
9 _ 2 e . _ Sf 1

(1 = e[ + deen - )|+ o)

Obtaining the common denominator results in

~ (jwL2)guR
K = oLt (B = oRCoL, ¥ july =k &%2

The calculation of this equation is extremely difficult in com-
parison with that obtained for the case of shunt peaking. Further-

1.5 |Km|
K|

x|

)
32 . fp (linear scale) 2fp
Fig. 3.21. Gain vs. frequency for series-peakéd video amplifier.
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more, it is not possible to tabulate results in the generalized and
simple form obtained for shunt peaking.

When C, = 2C,, the gain characteristic appears as shown in
Fig. 3.21. The bandwidth produced is greater than that obtained
with shunt peaking, and an improvement in the phase characteristic
is noted. Due to the sharper cutoff at the high-frequency end, the
transient response will not be as good as for the shunt-peaked case
and could produce transient oscillations which would be very detri-
mental to performance.

The proper design relationships have been found to be

1.5
RL = m (353)
L, = 0.67 C,R;? (3.54)

3.10 Resumé of Other Methods of High-Frequency Compensation

An alternative method of compensation which immediately sug-
gests itself is a combination of shunt and series peaking. With
proper design it can produce a nearly constant amplification charac-
teristic up to four times the upper half-power frequency of the
uncompensated stage. The proper design values have been found
to be

1.8
RL = 27].——20. (355)
L(shunt) = 0.12 C,R.? (3.56)
L(series) = 0.52 C,R? (3.57)

Another possibility arises from consideration of the shunt peaking
characteristics. It was noted that the compensating inductance that
produced best compensation below the upper half-power frequency
for the uncompensated stage was quite small, whereas the inductance
required for best compensation beyond this half-power frequency
was quite large. Thus, an inductance which increases with fre-
quency would give better over-all compensation. Since a high Q,
parallel-tuned circuit, operating slightly below resonance, has such a
characteristic, it could be used in place of the peaking inductance
of the shunt-compensated circuit.

Alert experimenters observed that the transmission characteristics
desired for the interstage coupling networks of amplifiers were sub-
stantially the same as these produced by low-pass filters. . One such
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Fig. 3.22. Two-section constant-k filter.

possibility is series peaking, which has already been discussed. An
extension of this idea has been developed as follows: Consider a
two-section w-type low-pass constant-k filter terminated in its
characteristic impedance. The circuit for this filter is shown in
Fig. 3.22 and the variation of input impedance, which equals the
characteristic impedance, with frequency is given in Fig. 3.23. A
shunt m-derived section, when m = 0.6, has a characteristic im-
pedance which is practically constant, and equal to B = v/L/C,
over the entire pass band as shown in Fig. 3.25. Furthermore, the
input impedance of half a shunt m-derived filter, terminated in its
characteristic impedance, is equal to the characteristic impedance of
a constant-k w-section. Thus, if the original wx-section filters are
terminated in shunt m-derived half T sections, with m = 0.6, the
circuit appears as in Fig. 3.24 and the filters are matched through-
out. In practical use, the capacitive shunt arms of the constant-k
sections are the circuit and interelectrode capacitances.

o
) .
(2]

Fig. 3.23. Constant-k frequency characteristic.
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Fig. 3.24. Cascaded filter sections.
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The addition of the shunt m-derived half T sections does not
effectuate any change in the variation of input impedance of the
composite filter as the frequency changes. However, it does allow
termination with an ordinary resistance without producing a mis-
match between terminals of the filter sections. Now, since the
amplifier gain is given by

K = g,,,Z L

then, for effective operation. the load impedance Z;, which is also
the input impedance of the composite filter, should be constant over
the entire desired pass band of the amplifier. This could be ob-
tained by adding an additional capacitance C, directly in -shunt
with the first capacitance of the first constant-k section. The in-
put impedance of the filter is
R L
P . S— where = \/ =
e = T Gy F=ve
When the condenser C,, is added, then
1 R

Zy = - =
T W/Zw) ¥ 7uCa ~ N1 = (/1) + jaC.R

4y

Fig. 3.25. m-derived 'gé

frequency characteristic o8

of Z,, with (m = 0.6). g_g
=3
o

frequency ~— fe
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R
4 VT ¥ By
The magnitude of the input impedsnce (|Z.|) is mdependent of
frequency when

or

w 1 1
o wC.R or Cn = ok 21rfR
Let C, = total shunt capacitanee-of the w-section filter
Then let C, = nC,
n =1 gives best amplitude response.

n = 1.2 gives a very nearly linear phase shift with frequency.

n = 1.155 is the best compromise.
1

7
!
T L
LI 1™ -
cﬁl" c;]" ‘[E, cq" ]Ez
?bb

Fig. 3.26. Filter-coupled video amplifier.

The practical circuit connections are shown in Fig. 3.26. The
appropriate design relationships have been found to be

1 A

Co=0C, = m
1( 1 m( 1Y\ _Co
Cs 2(&7‘1?) ty (mR) =53 d+m
1 — m? 2 1 — m?
e = ("5 Norm) = (")
e m 3_0_0) L (3.58)
2
R
Li=Ly=
Ale
L=~
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Fig. 3.27(a). Low-frequency compensation of
a video amplifier.
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3.11 Low-Frequency Compensation

The drooping of the voltage amplification characteristic and the
nonlinearity of the phase shift at the low-frequency end of the
amplifier pass band can be offset by inserting a parallel combination
of resistance and capacitance in series with the plate load re-
sistance of the tube. Due to this circuit connection, the impedance in
series with the plate of the tube increases with decreasing frequency,
thus tending to offset the drop in amplifier gain caused by the grid
coupling circuit. Typical circuit connections are shown in Fig.
3.27(a) and the equivalent plate circuit is given in Fig. 3.27(b).

oo P 1(Se
WWWW T ¢ T
s 1 !
3R | > !
3 L ', EE !
-uEg ) Eo Rg3 Eo
Rfi: : >3 :
T % '

Fig. 3.27(b). Equivalent plate circuit of low-frequency
compensated video amplifier.
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Let Z’y designate the total impedance in series with the plate,
that is,

Z'y = Ry — j —2=F (3.59)

Neglecting the effect of the grid coupling circuit, the intermediate
voltage amplification may be written as
EIO gmz IL
= = — S .60
K L Ea 1 + (Z’L/TP) (3 )
Assuming that a pentode is used, and this is frequently the case for
video amplifiers, then r, > Z’z, and the expression for the inter-
mediate amplification reduces to
K'y = —gaZ's (3.61)

Now, this ideal amplification is cut down by the grid coupling net-
work C. — R, so that the actual amplification is

EO ( Rtl )
== =Kl s — .
K E, x R, — jXe. (3.62)
Substituting for K’;, from Eq. (3.61) yields
- _ ___z_{,,__)
KL - ngg (R,’ _ chc (3.63)
Substitute Eq. 3.59 for the impedance Z’;, obtaining
_ ;i BXe
Ki = —gaR, (RL IR - chf> (3.64)
R, — jXec.
Reduction to a common denominator yields

" (Ry — jXep)(By — jXco)
Divide numerator and denominator through by the product R,R.R,.

. R R
1-— JXCI(—"‘R;*I}L L)

Ky = —gn 3.66
L g RL 1 _ j & 1 _ j ch) ( )
Rf Ry
Then replace the bracketed quantity in the numerator by R’, that is
R = B (3.67)

" R+ R,
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so that the voltage amplification may be written as

(¢-i%)

K; = —g.R. Yo X (3.68)
(=)0 - %)
This may be rewritten directly as
(- i)
Ky = —g.Ry wR'Cy (3.69)

(- ot - i)
From experience it has been found that optimum compensation
occurs when the following time constants are equal.
R'C; = R,C. (3.70)
Using this equality, the expression for the voltage amplification of

the compensated amplifier becomes
gnl1 |01 K.

Ky = — — - = - S 3.71
r ‘\/1 + (l/waCj)z (1 - ]/"’R/C‘f) ( )
In polar form, this may be written as
| K m| -
K| = 3.72).
1Kl V1 + (1/wR/Cy)? 372
o1 -
6r = 180° + tan l(waC;) 3.73)

These expressions are fairly accurate as long as fixed bias is
used. When cathode bias is employed, there will be some cathode
circuit feedback which tends to reduce the low-frequency gain and
shift the phase in the same direction as that caused by the grid
coupling circuit. Additional compensation. is necessitated. This
is discussed in detail in Art. 3.13.

3.12 Effects of Multistaging

When a series of identical amplifier stages are connected in cas-
cade, the bandpass of each individual stage must be increased if the
over-all bandwidth of the amplifier is to remain constant. This
becomes an important consideration since multistaging is generally
required in television video amplifiers.
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In order to keep the nomenclature straight, let

f2 = upper half-power frequency for a single stage

fo' = overall upper half-power frequency for n identical stages
connected in cascade
|K,| = absolute #ain of a single stage

|K4| = absolute gain of n identical stages connected in tandem

It was previously shown that, for a single stage, the high-frequency
gain equation for the uncompensated amplifier may be written as

_Kdn
1+ (f/f)Pe
The total gain of the complete amplifier is simply the product of all

of the individual stage gains. Since the stages were assumed to
be identical, then

|K.| = (3.74)

K.l = |KJ* (3.75)
Now, substituting Eq. (3.74) into (3.75) produces

(Kl
KA = T3 G (3.76)

The relationship between the mid-frequency gains is, of course,

(!Kc]m)” = IKn|m

1K
So Kl = T G

At the over-all upper half-power frequency f’, for the complete cas-
caded amplifier of n stages,

(3.77)

K|
K, = L 3.78
"l =" ©.78)
When substituted in Eq. (3.77) it produces

[Kalm _ | K | m (3.79)

Ve [T+ (/)7

Since the numerators are equal, then- the denominators must like-
wise be equal, or

[T - ew
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Square both sides of Eq. (3.80) and then take the nth root.
’\ 2
1+ (&) = 9U/n (3.81)
fa
Solve for f’;, obtaining
5 =2/ =1 (3.82)

Following exactly the same procedure at the low-frcquency end
yields

i
’ L ).
= s (3.83)

The radical can be evaluated for different numbers of stages as given
in Table 5.

decreasing
T n

%l

Y frequency
Fig. 3.28. Effect of multistaging on overall bandwidth.

The effects on the bandwidth are shown in Fig. 3.28. Conse-
quently, from cost considerations and construction difficulties caused
by the higher bandwidths per stage required, it is desirable to keep
the number of stages to a minimum. Further, the results indicate

TABLE 5
VaLUES oF THE Facror V277 — 1

n V2i/n =1 n Vaiim 71
1 1.000 6 0.350
2 0.643 7 0.323
3 0.510 8 0.301
4 0.435 .9 0.283
5 0.387 10 0.268
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the desirability of employing compensation wherever possible, since
stage-by-stage compensation will allow the designer to have each
stage operating with the upper and lower half-power frequencies
intended for the cascaded amplifier. Then by compensating each
stage separately (using N = 0.50 with shunt peaking, for example),
the total bandpass can be brought up to that desired without ap-
preciable loss in gain. However, care must be exercised to insure
that the sharper cutoff caused by multistaging the compensated
amplifiers does not produce oscillations during the transmission of
pulses.

Multistaging has no appreciable effect upon the shape of the time
delay characteristic. The effect is simply to increase the total delay
since if

s = phase shift in a single stage
on = total phase shift in » stages
then @n = Negs

3.13a Effect of Cathode Degeneration—No Compensation
All of the material presented up to this point has been based
upon the assumption that the cathode resistor was perfectly by-
passed by the condenser Ci. This is not ordinarily true in video
amplifiers for two reasons:
(1) The very low frequencies which must be considered.
(2) The fact that high-transconductance tubes are customarily
used, thereby tending to increase the degenerative effect
of the cathode circuits.

The low-frequency compensating network, if one is used, must

—Epp

p

n

4+
_J,T “KEg
Tel.

\AAAA g

o d

(a) © (b)
Fig. 3.29(a). Circuit for deter- . Fig. 3.29(b). Equiva-
mining the effect of cathode de- : lent plate circuit of '

generation on gm. Fig. 3.29(a).
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compensate for the distortion introduced by the cathode circuit as
well as the grid coupling circuit if it is to perform effectively.

The condition that exists when the reactance of the cathode by-
pass condenser is not negligible is most conveniently treated as a
simple case of degenerative feedback. Figure 3.29(a) will be used
to show how the tube transconductance is affected by this degenera-
tion. The equivalent plate circuit is shown in Fig. 3.29(b). The
grid voltage, referred to the cathode, is

—E, =E — E;

Summing up voltage drops in the equivalent circuit yields
—pnE; = w(E — Ey) = I,

and, solving for I,,

I, =2 (B - E) = g.(E - E))
p
But, Elc = Ika
So I, = gk — (guZi)l,
Or I,(1 + guZy) = gnE
The effective transconductance, g,.’, is then

gn’ = g _ L

" 1 + g,,,Z;, E
Thus, it is apparent that the effective transconductance of the tube
is reduced from its normal value by the ratio of 1/(1 + gnZ:). For
many tubes, though there are a large number of exceptions, g.Z:
= 1. Consequently, the effective transconductance may be of the

order of one half its normal value.

A similar analysis of the plate circuit gives an effective plate

resistance r,’ of
' = 1p(1 + gnZi)

showing that it is increased in the same proportion that the trans-
conductance is decreased.

In audio amplifiers, the plate load and grid leak are generally
80 large compared to the normal plate resistance that the change
due to cathode degeneration does not produce an appreciable re-
duction in amplification. However, in video amplifiers, the plate
load is ordinarily smaller than the variational plate resistance and
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this is an important effect. Gain reductions of the order of 10 db
can result.

In Art. 34, for the special case of the pentode, it was shown that
the low-frequency gain equation cculd be written as

ng L . — 1 =
K. = T= 07D where  f) SE.C. gnRL = |Kal

when perfect cathode by-passing was assumed. Now, considering
the possibility of cathode degeneration, the modified value of the
transconductance, g.’, must be used, so that the new low-frequency
equation is
gm’RL ngL Km

K/ =
L 7

1 - (—’) 1+ gnZ (1— ‘) 1+ gnZ (1— '—)
7 (1 + gnZe) ]f (1 + gnZs) 75
Since the cathode circuit consists of resistance and capacitance in
parallel, then the cathode impedance is

Z = 1 __ R _ R
(7) +doce HIOE 1)
k k
] _ 1
where Je = ECh

Substituting into the gain equation yields
K,

-4

Ky =

1+ JG—;) Kn
1+ 980 + (1) [1 - j(f)]
Let fi=fil+gnR) or (14 gaRe) = fo/fi

Then, multiply numerator and denominator of the gain equation
through by —j(fi/f) to obtain
fk)
1 —
( ¥

B o) ()
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Or, in terms of the magnitude and phase angle
)
V6
= tan—! (?) + tan-! (j_j‘) — tan-! G)

Note that the cathode circuit, through the (f3/f) term, tends to
reduce the gain and increase the phase advancement just as the
coupling circuit does through the term (f+/f). The. effect of (fi/f)
is more than offset by (f3/f) because f; is always larger than f..

In audio-amplifier design, a rule of thumb frequently used in
calculating the proper size fcr the cathode by-pass condenser C;
is to let the reactance of Cy, at the frequency fy, be 1{oR:. That is

1 _ R _
wlck = 10 or fl = ].Ofk

The additional phase shift introduced by the cathode circuit, using
such values, is perfectly allowable for audio amplifiers, but is ex-
cessive for video amplifiers in applications such as television. The
increase in phase shift can be kept small only by keeping fi, and
hence f3, small. This requires very large values for Ci.

3.13b Effect of Cathode Degeneration—Low-Frequency Compensation

Inasmuch as the low-frequency compensating network discussed
in Art. 3.11 improves the phase as well as the amplification charac-
teristic, the information given there must be revised to include the
effect of cathode degeneration if proper compensation is to be ob-
tained.

In Eq. (3.69), the expression for the impedance in the plate
circuit of the low-frequency compensated amplifier was found to
be

.1
wRL(w -7 —,——)
ZL = R'C; where R = R————ff ,sz
(‘““’Rfo)( R,C) '
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As a matter of definition, let

1 1
wi=pe o h=gpe
1 1
w=go O ST s

1 1

“=RCG * PTmR
Substituting these relationships and dividing numerator and de- .
nominator by (2xf)? yields
L J f

)
f J
The voltage amplification, when cathode degeneration is considered,
is
o=
R = 02 = AR
o)

In the preceding article it was found, since

R, 1 (1"1 )
(-9)

VA k= that
1~

1+ jeRiCy 1+ guks

Substituting for Z, and letting K., = ¢g.R1, yields

ey K (197)(57)
(=) )

Then, in polar form, we can write
Kl \/1+( \/1+(f‘)
Vi O (Ve )
o = () (7)o () v () - (5)
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By way of summary:

_ 1 -1 -1
fe= e, T~ amrc, - 2rR,C;
1
fi = 3R,C, fa = fi(l + gmR)
Application of these equations is facilitated if the amplifier is de-
signed so that fi; = fi, and f; = f;. For this special case, the
equations for voltage amplification and phase shift reduce to

’ =___.&"_,.___ ’ = 1T
Bl = Gy O —hn (f)

Under these assumptions it is apparent that both the phase and
frequency characteristics have been improved.
The following design procedure should be followed:

1) R,, C., Ry, R1, and ¢, are either known or evaluated from
other design considerations.

(2) By assumption, fir = fi, or RCi = R,C., hence C, =
C.(R./R}).

(3) Then calculate fi. and f; from

1
fk = m fz = fk(l + ngk)

(4) R; should be determined from power supply considerations
as discussed in Art. 3.11. Now since

fo = fo = 1 _ 1 ___( 1 )(RL-i-Rf)
s 2TR'C; 27r(RLRj/RL -+ R/)C/ %R/C/ RL
Then, substituting for the first bracket yields

= a{t )

Solving for f;

=) = om
8T IN\RL + R 2xR,Cy
Js can now be calculated and C; found from

1

Cr = 2ufsRy.
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3.14 Experimental Techniques—Measurement of Shunt Capacitance

In the example given in the preceding article, a value for the
distributed wiring capacitance was assumed. Since this capacitance
is normally a high percentage of the total shunt capacitance, its
value cannot merely be assumed, but must be determined rather
accurately. Since its value depends upon the complex geometrical
configuration of the interstage coupling network, there is no practical
method of calculating the wiring capacitance analytically and it is
necessary to measure it experimentally.

One of the most convenient methods of measuring the total
shunt capacitance (which determines the wiring capacitance since
all other terms are known) is to assume a test value of plate load
resistance which is of the same order of magnitude as the value of
R which will be used. Designate this resistance as R (test).

When the basic amplifier has been constructed, this Rz(test) is
inserted in the circuit and a gain vs. frequency characteristic is
determined experimentally. The upper half-power frequency f. is
determined from this characteristic. Then, since

P
* ™ 2¢C,R (test)

it is possible to calculate C, directly as.

1

Co = 2Ry (test)

This value of C,, and the value of upper half-power frequency re-
quired by the design can then be used to calculate the correct value
of plate load resistance.

3.15 Experimental Techniques—Square-Wave Analysis

In Art. (3.5) the equivalent circuits for a single video-amplifier
stage were developed for the high- and low-frequency ranges. These
circuits are reproduced in Figs. 3.30. From the point of view of
conventional transient analysis, observe that the output waveform
in the low-frequency equivalent circuit is the same as the transient
voltage across the resistor in a series R-C circuit. However, the out-
put voltage from the high-frequency equivalent circuit is character-
istically the same as the voltage across the condenser in a series
R-C circuit. Thus, assuming that the voltage (gme,)R.: to be a step
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X" Yeg \ R +rp )= ImegRL e” “eq(Ry.,.,p)’“‘imeQRL
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Lo where Ry= R =R
R T ) Rg+R_~ 'L
Rx= R -‘QRL
=—02P LI R
Low frequency equivalent plate pRL+pRg+RgRL -
circuit High frequency equivalent plate

circuit
Fig. 3.30. Equivalent plate circuits.

function, such as would be obtained by suddenly applying a d-c
voltage to the terminals of the networks, then the equations for the

output voltage are:
~ For the low-frequency case,

e = gme,,RL<I'§‘%—I§:)e-f/(Rz+RﬁCc

For the high-frequency case,
€y = gme‘,RL(l o e—-t/ReCS)

In both cases the initial condenser voltages were assumed to be zero.
These equations may be written approximately as:
For the low-frequency case,

€ = gme, R e ¥/ECe since R,>R.

For the high-frequency case,
€ = gmeRL(1 — € /ELCs) since R, > R,

During the initial period following the application of the step
voltage (gme,Rz), the hlgh—frequency equivalent circuit contrbls the
response. This condition arises due to the capacitive voltage di-
vider formed by the coupling condenser C. and the shunt capacitance
C.. Since C, > C,, the coupling condenser appears as a short ¢ircuit,
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compared to C,, during the initial period. Consequently, the ex-
pression for the initial voltage rise is
€y = g,,,e,Rz,(l _— e—‘/RLCs)

Thus, the voltage rises to 63.2 per cent of its maximum value in one
time constant R.C,.

In a comparatively short time the shunt capacitance is charged
up and then appears as an open circuit with the result that the circuit
response is thereafter governed by the charging of the coupling con- .
denser through the low-frequency equivalent plate circuit. The
equation for the output voltage is then, in the approximate form,

€y = g,,.e,,RLe_t/RaCc

The waveform appears as shown. The output voltage will drop
63.2 per cent below its maximum value in one time constant R,C..

Thus, the initial rise in voltage is controlled by the charging of
the shunt capacitance through the high-frequency equivalent cir-
cuit. The remainder of the waveform is controlled by the charging
of the coupling condenser through the low-frequency equivalent
circuit.

By replacing the step voltage with a square wave, a steady-state,
or repeating transient may be obtained which can then be used with
an ordinary cathode ray oscilloscope. Since

1
fo= R, = upper half-power frequency

1
and v = mR.C.
then, by graphically determining the time constants from the oscillo-

scope waveform, as shown in Figs. 3.31 and 3.32, the upper and
lower half-power frequencies can be obtained. Furthermore, by

= lower half-power frequency

e o o - —— -

Y time —»

Fig. 3.31. High-frequency tran- Fig. 3.32. Low-frequency transient re-
- sient response. sponse.
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comparison of the waveforms obtained with the input square wave,
it is possible to deduce the character of the distortion being intro-
duced by the interstage coupling network.

Practically it is necessary to observe the waveform at two different,
square-wave frequencies, one low and one high. This procedure is
required because, when the frequency is low, the half period of the
square wave is very long compared to the time constant of the high-
frequency equivalent circuit so that the exponential rise in output
voltage occupies such a small fraction of the total waveform that it
would hardly be noticeable. However, the low-frequency timie con-
stant would be readily measurable. On the other hand, when a high-
frequency square wave is used, the time constant of the high-fre-
quency equivalent circuit 7s an appreciable fraction of the square-
wave half period. Thus, the exponential rise is readily visible and
the time constant easily measured. However, the square-wave half
period is so short compared to the low-frequency equivalent circuit
time constant that the low-frequency transient hardly has time to
get under way before the half period ends. Consequently, the
transient charging of the coupling condenser is not observed.

When shunt peaking is used, the high-frequency equivalent plate
circuit appears as shown in Fig. 3.33. The degree of compensa-
tion can be judged from the nature of the output voltage, that
is, whether it is over, under, or critically damped. A similar
analysis can be made of the low-frequency compensating circuit.

If any question should
arise concerning the character
of the distortion being intro-
duced, the amplifier should be
considered as a four-terminal
network and an analysis of
the type made in Art. 1.7 of
Chap. 1 should be performed.
This will produce the attenua-

Rg
tion (or gain) and time delay Ep=ueg (m)
characteristics as a function of Rar
frequency. Deductions as to Rp= (Rg+fp)

the nature and comparable ex-
tent of the distortion can then

be made directly from these Fig. 3.33. Equivalent plate circuit when
curves. shunt peaking is used.
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3.16 IF and RF Amplifiers

When an intermediate or radio frequency carrier is modulated
by the frequency spectrum of a video signal, the resulting spectrum
consists of the usual upper and lower sidebands centered about the
carrier frequency. As a consequence, the amplifier must possess
band-pass characteristics as opposed to the low-pass filter character-
istic of the video amplifier. Proper amplification of this modulated
signal requires the transmission of a comparatively wide band of
frequencies, so that circuits used in this capacity are commonly
called wide-band amplifiers. For the purposes of this text, wide-
band amplifiers are considered to be those having bandwidths from
2 or 3 meps to 20 or 30 meps. A high-gain amplifier is construed
to mean one which exhibits a gain in the neighborhood of 100 db.

Tubes currently in common use as intermediate frequency ampli-
fiers in UHF superheterodyne receivers are the 6AC7 and 6AKS.
Others are under development. The principal difference between
IF and RF amplifiers lies in the tubes used rather than in the cir-
cuits. At the present writing, current tubes are such that RF
amplification is feasible only at frequencies below about 1000 meps.
Type 954 and 955 (acorn) tubes are used as RF amplifiers up to
about 300 or 400 mcps. The GL 446 Lighthouse triode is used at
frequencies up to 1000 mceps.

Because RF amplifiers are seldom used, most of the amplification
desired must be developed in the IF channel. The theoretical
choice of the intermediate frequency is largely based upon the
necessity of reducing or removing all harmonic and image responses.
The RF preselector circuit in the receiver input will ordinarily ex-
hibit sufficient selectivity to remove the harmonics, but the image
- rejection problem is more acute. Conventional preselector circuits
increase their image rejection capabilities as the spacing between the
true frequency and its image increases. This indicates that the
image rejection is improved through the use of high intermediate
frequencies. Unfortunately, the amplifier noise figure increases
with increasing frequency. Moreover, at high frequencies, small
changes in capacitance shift the alignment of the interstage coupling
networks to a greater degree and the effects of cathode lead inductance
are more pronounced. Aside from these electrical problems, the
purely mechanical problém -of ganging the lecal oscillator and pre-
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selector is made more difficult when the two circuits operate at widely
different frequencies.

Neglecting “‘practical” considerations based upon the commercial
availability of components, it is evident that if the intermediate
frequency is selected on the basis of image rejection, then the choice
should proceed from an analysis of the ®F preselector.

The most widely used intermediate frequency is 30 meps and
there has been a striking tendency toward standardization at this
value. Although 60 meps, and even 200 meps, have been used, 30
meps is gaining widespread acceptance because of the decieased
signal-to-noise ratio at higher frequencies. Lower IF’s have been
used, as low as 10 mcps.

3.17 Wide-Band Amplifier Interstage Coupling Networks

The general expression for the voltage amplification of an amplifier
circuit has the form

Zy
14+ (Zo/rp)

where Z; = transfer impedance of the interstage coupling network
as a function of frequency. When the variational plate resistance
Tp i8 very much greater than the transfer impedance Z, then the
voltage amplification equation reduces to

K| = gm|Z1|

K| = gm

It is evident that the amplifier frequency selectivity characteristic
will be determined by the transfer impedance of the interstage
coupling circuit. The video amplifiers discussed in the preceding
articles were designed so that this impedance, and thus the amplifier
gain, exhibited low-pass filter properties. In an IF amplifier, band
pass filter action is required.

The two simplest circuits exhibiting the necessary band pass
frequency characteristic are

1) Pai-allei-funed circuit (single-tuned coupling).
(2) Double-tuned circuit (transformer, or T, or = section).

Because several stages of amplification are invariably required,
these two fundamental circuits, combined with the cascading of-



152 AMPLIFICATION FOR UHF SYSTEMS [§3.17

amplifier stages, offer at least three possibilities for over-all coupling
arrangements. They are

(1) N identical single-tuned stages (synchronous tuning).
(2) N single-tuned stages, some tuned to different frequencies

(stagger tuning).
(3) N identical double-tuned stages.

Coupling circuits for use in wide-band amplifier service are
usually compared according to '

(1) Bandwidth characteristics.
(2) Selectivity characteristics.

The bandwidth is almost universally defined as the frequencies in-
cluded between the two frequencies gt which the power is one half
of the maximum power, or between the points at which the gain is
down 3 db from maximum. There are a few instances in which
manufacturers have specified bandwidth in terms of half-voltage
points instead of half-power points, but such cases are the exception.
The only qualification to the general definition of bandwidth given
is that, if the gain characteristic is “lumpy’’ instead of smooth, then
no dip shall be more than 3 db below any peak. The principal re-
quirement placed upon the bandwidth characteristic of the circuit
used is that it be sufficiently wide to transmit the required intelligence
with the desired fidelity of reproduction.

Another factor influencing bandwidth selection is the possibility
of frequency drift in the local oscillator that would cause the actual
intermediate frequency developed to move out of the amplifier pass
band. Lastly, in some UHF systems the received signal is inter-
mittent, due to any one of a variety of reasons. In any event, it is
possible that the receiver can be tuned through the signal frequency
so fast that no response is produced. The probability of this occur-
rence is reduced by using increasingly larger IF amplifier bandwidths
at higher radio frequencies. The following figures are representative
of actual operation. '

Radio Frequency IF Amplifier Bandwidth
Up to 1000 mcps 4 mcps
1000-3000 mcps 10 mcps
3000-up meps ) 20 mcps

The selectivity characteristic necessé.ry; for proper operation in &
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given system is chosen from a consideration of three principal factors:

(1) Bandwidth.
(2) Rejection of frequencies outside the pass band.
(3) Transient response.

Bandwidth considerations were discussed in the preceding para-
graphs, principally being a problem in passing the desired frequencies.
The rejection of undesired frequency components presents a difficulty
in specification of terms that is not present in bandwidth definitions.
It has been inconvenient to define any one term that will be suitable for
general use, principally because of the vast RF band covered and the
variety of radio services present. The word used to indicate off-
band rejection is ordinarily skirt selectivity, a steep skirt on the
selectivity characteristic giving better rejection than a gradual
slope. In practice, the most convenient figure has been the 60 to 6
db bandwidth ratio, which is the ratio of the bandwidth between the
points at which the gain is down 60 db from maximum, to the band-
width between the points at which the gain is down 6 db from maxi-
mum. A figure of 4 is generally adequate.

In steady-state operation, transient response is not a fundamental
consideration. However, for services such as radar and television,
the transient response is a decidedly important circuit property.
Good transient response normally results from a rounded selectivity
curve, which may be undesirable from skirt selectivity requirements.
Flat-topped curves have a poor transient response.

The circuit elements comprising the interstage coupling network
may be ordinary lumped constants of more or less conventional
form. However, in some cases, particularly at the higher frequencies,
the inductances in the coupling circuit are replaced by short-circuited
transmission lines less than a quarter of a wavelength long. In
other cases, resonant cavities are used. This technique reduces the
losses, which are often greater than those needed from bandwidth
considerations. In a parallel-tuned circuit, the transmission band-
width is governed by the losses in the circuit. If the losses are very
low, the bandwidth is too narrow, and the tuned circuit must be
further loaded to obtain the required broad band. - Generally, at
ultrahigh frequencies, the losses in conventional circuits are so great
that the bandwidths are larger than required, a.nd the gam is cor-
respondingly too low.
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3.18 Synchronous Single Tuning

The essential elements of a single-tuned coupled IF amplifier are
shown in Fig. 3.34. The capacitance, indicated by the dotted lines,

Cc
\.‘LIT ::R
g ¥ 3
1

Fig. 3.34. Essential elements of a single-tuned
IF amplifier.

that tunes the circuit to resonance is due to the tube and interstage
wiring capacitances. That is,

Cr = Cont(T‘l) + Cwiring + Cin(T'z)
According to Eq. (3.85), the gain of the stage is

= gmZ1
and from Fig. 3.34 it is evident that
1 R
VA L = =
1 1 oCr . R
Al MR CLZ
But, at the resonant frequency f, = (1/2r)\/1/LC, the circuit Q is
R
Q = m = 2xf,CrR
Hence, the expression for the transfer impedance becomes
71 = R

f fr)
1 .
+i0(f -
The complex voltage amplification is then

- nl
Cowgn




§3.18] AMPLIFICATION FOR UHF SYSTEMS 155

At resonance, f = f, and K = K,

so K, = g.R

The equation for the voltage amplification is then
K, K,

veie(f=5) 1eie(tgE)

The absolute magnitude of this amplification is
K| (3.87)

\/1 + Q,( J,fr”)2

Now, since the circuit ¢ at resonance can be written as

fr
e-%

then the magnitude of the voltage amplification may be expressed
in the alternative form

K =

K| =

K|
\/1 +(5f Af)

The half-power points at f; and f. occur when

Consequently, at the frequency fi

Q,(f : f;rf ) = -1, but @Q = 2xf.C:R

80 that rearranging terms in powers of f; yields

(3.88)

fi _
fl +2‘I'RC _fr2 =0

Application of the standard formula for the solution of quadratic
equations gives

fi = :13(’- §f_11’—0_r +'\/(—2T-—113-5;)2 + ‘Vr’)
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By using the same method for the upper half-power frequency f, the
following result will be obtained:

1 1 (1T N, ..
Jr= §(+ awRCr T \/(z,r RCT) + 4f")

The bandwidth, Af =f; — f1, is then

1
2zRCr

It is interesting to note that the bandwidth is independent of the

center frequency.
The product of the voltage amplification at resonance and the
bandwidth is

Af =

= = 9Inm
F a = IKrIA = —2—;(—:,—1'

which is a constant that is indicative of the merit of the stage, the
symbol F, being used to indicate the amplifier figure of merit, or
gain-bandwidth product. The relationship for F, is significant be-
cause it shows that gain and bandwidth are inseparable. An increase
in amplification requires a proportional decrease in bandwidth. and
conversely. Maximum performance would occur with tubes having
a high mutual transconductance and low interelectrode capacitances.

When a number of identical stages are cascaded, the circuit is
said to be synchronous single-tuned. The magnitude of voltage
amplification is

K| »
|Kq| = [ : — 12 2] where n = number of stages
Vi+(f)

Now, let |K,|* = |K,|» = amplification of the cascaded n stages
at resonance
Then solve for (f* — f,?) obtaining

fr—fr==f Aj\/ (}—%‘)’/” -1 (3.89)

Define terms as follows:
fi’ is the lower half-power frequency of the cascaded amplifier,
fy' is the upper half-power frequency of the cascaded amplifier, Af, the
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bandwidth of a single stage = f, — f1, and Af’, the bandwidth of
the cascaded amplifier = f,’ — fy'.

Thus, at the over-all lower half-power frequency of the cascaded
amplifier, Eq. (3.89) reduces to

) = G0F = —f¢ AVET =1
because |[K,| = .707 |[K,|,  atf’ and fy

Similarly, at the upper half-power frequency of the cascaded ampli-
fier

() — ()2 = f afV2Un =1
Subtracting this equation from the preceding one yields
() = (W) = (4 f)arves — 1
The left-hand side of this equation may be factored as shown below.
(2 — (W) = + O = 1) = (fY + f)AfV2/» — 1

Cancelling similar terms on either side of this equation then gives the

i ﬁmhsxﬂﬁnh’fﬁddhﬁi

A

BANDWIOTH Af OF EACH STAGE IN MULTIPLES OF Af'

‘NUMBER OF CASCADED STAGES =a

Fig. 3.35. This graph shows how the bandwidth of the mdlwdual stages
must be increased, to keep the overall bandwidth consta:nt, as the number of
cascaded smgle-tuned stages is increased.
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Fig. 3.36. Available voltage gain, for a given overall bandwidth, as a function
of the number of cascaded single-tuned stages (for a typical pentode).

expression for the bandwidth of the cascaded amplifier in terms of
the bandwidth of a single stage and the number of stages. That is,

Af = f — i = AfV2/n 1

It is evident from this equation and from Fig. 3.35 that the
bandwidth of the individual stages, Af, must increase rapidly as the
number of stages is increased in order to maintain the same over-all
bandwidth, Af’. A similar relationship was developed in connection
with - video amplifiers and the values of the bandwidth reduction
Jactor, /2 V/» — 1, for values of n, may be found in Table 5. Fig-
ure 3.36 presents the picture in an even more striking manner. The
over-all amplifier gain has been plotted against the number of stages,
with the over-all bandwidth  Af’ as a parameter, for a typical tube
such as the 6AC7 or 6AK5. The curves will vary somewhat with the
tube type, but their nature remains the same. Note that, for the
case pictured, up to overall bandwidths of about 4 meps, the synchro-
nous single-tuned circuit will give high gain for a reasonable number
of stages. However, for larger over-all bandwidths from about 8 .
meps and beyond, it is evident that a maximum point is reached
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beyond which the addition of more stages actually causes a decrease
in the gain. Thus, it may or may not be possible to obtain the re-
quired amplification at the desired over-all bandwidth simply by
multistaging single-tuned circuits tuned to the same center fre-
quency.

By way of summation, the relative advantages and disadvantages
of the synchronous single-tuned IF amplifier may be listed as follows:

(1) Advantages:
(a) Good transient response.
(b) Ease of adjustment.
(¢) Simplicity of design and manufacture.
(d) Relative freedom from critical loading.
(2) Disadvantages:
(a) Requires too many stages for over-all bandwidths in
excess of about 4 meps.
(b) Low-skirt selectivity.

3.19 Double Tuning

When simplicity of construction and alignment and good tran-
sient response are essential design considerations, the synchronous
single-tuned coupling of the preceding article may provide a satis-
factory engineering solution. Additional advantages may be ob-
tained, however, if the designer is willing to sacrifice the simplicity
of the.circuit. The first such step toward improvement, accompanied
by complication, is the use of double-tuned circuits as the mterstage
coupling network in the amplifier.

The tuned transformer immediately springs to mind. Its equiva-
lent circuit and frequency characteristics are shown-in Fig. 3.37.
The capacitances C, and C; are made up of the input and output
capacitances of the circuits being coupled together. The circuit,
when adjusted near critical coupling, gives a flat-topped response,
good skirt selectivity, wider bandwidth, and higher gain. This is

Const. | —» M

ol o Bu Lo
T T

Fig. 3.3%(a). Equivalent circuit of-a-doubl¢-tunad transfermer.
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N
x5
~

Secondary voltage

Frequency —

Fig. 3.37(b). Frequency charactcristic of a double-tuned trans-
former, for different values of coupling

accompanied by an increase in the number of tuning elements, and
consequently more tuning adjustments that are not independent of
one another. The transient response is subject to large overshoots,
especially when the coupling exceeds the critical value.

The circuit would perform effectively, but it is difficult to adjust
at the frequencies normally used in UHF receivers, largely due to the
delicate adjustments of the coefficient of coupling that are required.
Fortunately the double-tuned transformer can be replaced by its
equivalent T or = section, as indicated in Fig. 3.38, and since all of
the arms of these equivalent networks are physically realizable in-
ductances, the T or = sections can be used directly instead of the
transformer. The conversion formulas, which can be obtained from
any standard communication engineering text, are

_LiL, — M? o
La = m—- LA = Lx M
- 2
L, = éﬁz_ﬂ__y_ Lg=L— M
Ll — M? _
Lo="p—r L=M
M\ Lb
-0 SI11111A5
Ly Leg Lo Le
Transformer . S TT-Section -

Fig. 3.38. Equivalent eircuits.
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If the T or = section is used, it must be recalled that the design
assumes zero mutual coupling between the individual inductances
and care must be exercised to minimize any tendencies toward mutual
coupling. Convenience of construction requires that all three coils
be wound on the same coil form, and mutual coupling is reduced by
interposing a short-circuited turn between each pair of coils.

Due to the interrelationships between the three double-tuned
circuits mentioned (transformer, T, 7), and indicated by the pre-
ceding conversion formulas, discussion of one circuit applies equally
well to the other two. Consequently, consider the tuned transformer
coupling of Fig. 3.39(a). The equivalent plate circuit is given in
Fig. 3.39(b). The primary capacitance C is the sum of the output
capacitance of tube 1, the distributed capacitance of the primary,
and any added capacitance. The secondary capacitance C, is the
sum of the input capacitance of tube 2, the distributed wiring capaci-
tance of the secondary, and any added tuning condenser. The
distributed capacitance between windings is indicated by C., but
its effect is sufficiently small so that it may be neglected in the
analysis that follows.

AMAMAY T peeed e ANAAA
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Fig. 3.39(a). Double-tuned transformer-coupled amplifier.
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Fig. 3.39(b). Equivalent circuit of Fig. 3.39(a).
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Fig. 3.39(c). Thevenized equivalent circuit of Fig. 3.39(b).
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Fig. 3.39(d). Practical equivalent circuit of the double-tuned,
transformer-coupled amplifier of Fig 3.39(a).

Application of Thevenin’s theorem to that part of the circuit to
the left of terminals (1)-(1) yields the circuit of Fig. 3.39(c). In most
cases the following inequality exists.

(020121',2 > 1
so that the series tuning capacitor
1 4 o?Ci?rp?
(02011',2

is approximately equal to C,, giving the circuit of Fig. 3.39(d),
which is the practical equivalent circuit.
The output voltage is

. [ —igmE, 1
Ep = —jl.X¢, = —J(-La;g(f—l—ﬂ>(2—',;>xc’
where Z'ys = transfer impedance = Z_né%_ﬁ_
—42

The voltage amplification is then

- Egs _ _(’- gm )__1__
K =5, = \oc0)7%
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Evaluate the transfer impedance by determining the mesh impedances
Zy, and Zj,, and the mutual impedance Z,,.
1 . 1
I = gz, + Bt (ol - )
. 1
Zy = Ry + J(sz - m)
Zy = —joM
However, at resonance, the inductive and capacitive reactances in
each tuned circuit are equal. That is
1 1
le = Z"C-'l and sz = ;(72-
so that the equations for mesh and mutual impedance reduce to
1

I = S, TR
Zy = R,
Z12 = _jwrM

Thus, at resonance, the transfer impedance is

R, 1 w,2M?
’ —
@'1)r = J'T,M(‘——w,chr, + By + )

Substituting into the gain equation then gives the voltage amplifi-
cation at resonance as

. mr M
K= i] w0 M?
wr20102R2(m + Rl + R, )
r ?

If primary and secondary are tuned to the same frequency, a
condition which is most common, then

o= 1 =1
" T L6 T LG
and the primary and secondary Q’s may be written directly from
Fig. 3.39(d) as

erl Q’

/ 3 - ——l_
o (1/w2C*rp + Ry w, CaRs
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The coefficient of coupling of the transformer is

k=M

Lyi

Substitution of these relationships into the equation for the voltage
amplification at resonance yields

&Kwr\/ L1,
(1/Q/Q2) + R?

By taking the derivative of this equation with respect to k and
equating the result to zero, the value of k for maximum amplification
at resonance may be obtained. Its value is

1
Kc =
VQ/Q:

When k is equal to the coeficient of critical coupling, maximum
power transfer from primary to secondary occurs.

In most cases the primary @, Q,’, is less than that of the secondary.
Of course, when the coupling is critical, maximum voltage amplifi-
cation is obtained regardless of the relative values of the circuit @’s.
However, when the @’s are unequal, the coupling may be extended
beyond the critical point without obtaining a double-peaked response
curve. If this inequality in circuit @’s exists, the coefficient of coupl-
ing for maximum amplification at resonance is called the coefficient
of optimum coupling, and has a value

%= Vilan * a3)

When optimum coupling is used, the bandwidth is larger than with
critical coupling.

Because there are at least the two possible values for coupling,
critical and optimum, which give maximum voltage amplification at
resonance, depending upon the relative values of the circuit @’s, it is
found expedient to define a more general term called transitional
coupling* which is that value of coupling for which the transition
from a single- to a double-peaked response occurs.

*Aiken, C. B., “Two Mesh Tuned Coupled Circuit Filters,” Proc. IRE, 25, 230;
672 (1937). \

lKr| =

= coefficient of c¢ritical coupling
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The development of the expression for the bandwidth between
3 db points is extremely long, and graphical methods are generally
used. It has a value

Af = /3 AT T
The gain-bandwidth product F, has a value

—( Om
\/2(21'07')
where Cr = C; + C; and C; = C;. When C; and C: are not

equal, the factor F, is increased in the ratio
_91_ + C 2
V2(C,Cy)

an obvious advantage of some importance, relative to the single-
tuned circuit, when large bandwidths at low amplification are re-
quired.

One disadvantage of double tuning that is of considerable practical
significance is the difficulty of alignment. Ordinarily, it is done stage
by stage and is a very tedious process. Triple tuning, while yielding
a flatter response curve, wider bandwidths, and improved skirt
selectivity, only increases the problems of alignment to the point
where the technical feasibility of the circuit is overridden by consid-
eration of the impracticability.

One of the obvious advantages of double tuning is the change in
value of the bandwidth reduction factor. Its value, V2 =,
is such that multistaging is accomplished more readily than in single
tuning where excessive increases in the stage bandwidth were re-
quired.

3.20 Stagger Tuning

The preceding article on double-tuned coupling methods discussed
the possibility of sacrificing the simplicity of single tuning in order to
get an improved amplifier figure of merit and higher skirt selectivity.
It would be very desirable to maintain the simplicity of the single-
tuned circuit, but obtain the advantages of double tuning. The
solution to this problem of circuit characteristics has been provided
through the use of stagger tuning.

In synchronous tuning, a series of eascaded amplifiers are coupled
together by single-tuned circuits resonant at the same frequency.
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In stagger tuning, the cascaded tubes are connected together by
single-tuned circuits having different resonant frequencies and @’s.
The simplest such circuit is the staggered pair in which the single tuned
circuits associated with two IF amplifier stages are tuned, by equal
amounts, above and below the desired intermediate frequency. If
the total separation between their resonant frequencies, which is the
amount by which they are staggered, equals their individual band-
widths, then the over-all response of the two stages will be the same
as that obtained from a transitionally coupled double-tuned circuit.
This would yield a bandwidth that would be 4/2(2'/* — 1) times
as large as that obtainable with synchronous tuning, but without the
alignment difficulties of the double-tuned circuit.

Because the staggered pair has the same response as the transi-
tionally coupled, double-tuned circuit, it is evident that the over-all
bandwidth will go down less rapidly than for synchronous tuning.
In a six-stage amplifier, the three staggered pairs would have twice
the over-all bandwidth for the same gain as would six synchronous
stages. The only advantage lost has been the ease of alignment,
because it is now necessary to use two frequencies instead of one.
This is not a severe limitation, however, because the adjustments are
independent of one another and the alignment requires only two
separate steps instead of one. The adjustment is slightly more
critical than synchronous coupling, though certainly less than for
double tuning. By all odds, stagger tuning offers the best solution to
the problem of obtaining wide-band high-gain amplifiers, and the
circuit is finding a wide commercial application due to its simplicity,
economy, and excellent electrical characteristics.

Further improvements in the gain-bandwidth product may be
made if the designer is willing to add additional frequencies for
alignment purposes. Thus, by using a staggered triple, the response
may be made the same as for a transitionally coupled triple-tuned
circuit. The staggering process can be continued indefinitely,
depending upon the extent to which loss in simplicity is justified by
improved characteristics. Because each tuning adjustment is inde-
pendent of all others, the sacrifice is not excessive.

3.21 Gain Limitations Imposed by Noise

‘Random noise in ordinary. amplitude-modulated radios, and in
public address systems, is common to everyone. In television and
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radar, the presence of such random electrical noise produces a very
undesirable interference with the visual signal. In types of data
presentation depending upon intensity modulation of the electron
beam, the noise appears characteristically as flashes of light
occurring at random intervals and degrees of intensity. In other
systems of presentation where displacement of the electron beam is
used to indicate a received signal, the noise appears as a random
displacement of the beam, having the appearance of a waving field
of grass. In any case, the noise is highly objectionable when it
becomes of the same order of magnitude as the received signal.

In general, the noise entering an amplifier (or receiver) remains
substantially constant when averaged over some specified period of
time. On the other hand, the received signal may, in the case of
television, become quite weak when reception from a comparatively
distant station takes place. In a radar set, as the target moves’
further and further away from the transmitter, the received echo
becomes weaker and weaker. Thus, the ratio of the signal to the
noise becomes smaller and smaller until the noise is an appreciable
and objectionable fraction of the total received signal. Increasing
the gain of the amplifier magnifies the noise as well as the desired
signal so that no improvement in circuit response can be thus effected.
As a result, it becomes necessary to specify the maximum sensitivity
of a high-gain amplifier in terms of the signal-to-noise ratio.

Rl

3.992 Character of Noise

Since the maximum practicable sensitivity is governed by the
noise component appearing in the total signal, designers of receivers
and amplifiers have made extensive statistical studies of the character
of noise in order to ascertain its nature and origin, and to establish
some quantitative method by which it can be compared to the desired
signal. The results of these studies indicate that noise may be
represented by a series of small sinusoidal voltages ranging in fre-
quency from zero to infinity and having purely random relative
phase angles.

In order to measure noise quantitatively, the instantaneous com-
ponents of noise current are squared, and then averaged over some
specified perxod of time. This results in & quantity which is propor-
tional to noise power. If noise is present due to several mdependent



168 AMPLIFICATION FOR UHF SYSTEMS §(3.22

sources, the total noise is obtained by adding the quantities obtamed
by the process above.
. Since amplifiers are essentially bandpass devices, they only
amplify those components of the noise which lie in the pass band of
the amplifiers. Consequently, noise power appearing in the amplifier
output will always be proportional to the bandwidth of the amplifier,
thus placing another restriction upon the design. Of course, noise
due to microphonics, hum in the power supply, and other disturb-
ances do not follow this rule.

The sources of noise may be broken down into three general
classes;

A (1) Thermal agitation noise.
(2) Tube noises.
(3) Antenna noises.

Thermal agitation noise results from the random motion of mole-
cules, atoms, and charges in a resistor. Were Maxwell’s equations
true for all microscopic phenomena, noise of this character could not
occur. The eventual corpuscular nature of electricity makes the
effect unavoidable. The RMS noise voltage in a frequency band Af
is given by ot

= \V/4kTR Af

where k equals (1.38)(10~%) joules per degree Kelvin, T is the
temperature in degrees Kelvin, R is the resistance in ohms, and Af is
the bandwidth in cycles per second. Since the noise energy is dis-
tributed equally throughout the frequency spectrum, the location of
the amplifier bandpass Af is of no importance.

In general, tube noises, like thermal agitation noises, are due to
the discreteness of electrical charge. Variations in plate current
which arise due to nonuniform emission from the cathode produce a
component of noise voltage called shot noise. It has a distribution
that is the same as thermal agitation noise.

In tetrodes and pentodes, where there is more than one positive
electrode, shot effect may oceur in both circuits plus a random irregu-
lar division of current between the electrodes. The latter effect
causes an apparent increase in the shot noise, but is usually distin-
guished by the term interception notse.

As the electrons progress through the cathode-anode space, they
induce charges on the grid. Thus, as an electron approaches the grid,
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it induces a positive charge, causing it to move up through the grid
leak resistor. Then as the electrons pass beyond the grid, the induced
charge falls back down through the grid leak. Thus, a current is
produced in the grid leak resistor, causing a voltage to be developed.
If the electron beam were uniform, that is, if all the electrons traveled
at the same velocity and at uniform intervals, no net voltage would
be developed because the same number of electrons would be ap-
proaching the grid as were leaving. However, due to random emis-
sion, the flow of electrons is not constant and irregularities will always
exist. The component of noise voltage so produced is called induced
grid notse.

Noise entering a receiver (which is merely an amplifier which
also performs frequency translation) from the antenna, is usually
classified according to whether it is man-made (due to ignition sys-
tems, jamming devices, diathermy machines, etc.), or atmospheric.
It is usually calculated by assuming that it is produced by thermal
agitation in the radiation resistance of the antenna.

PROBLEMS

3.1 A single-stage 6AC7-pentode video amplifier is to be designed having
a frequency response that is down 3 db from its mid-frequency value at 20 cps
and 5 meps. The following data apply:

Cuiring = 4puf rp = 1 megohm
Cop = 0.020 ppf R, = 500 K )
Cor = 10 ppf gm = 9000 micromhos
Crk =5 muf

Calcualte Ry, C,, and |Kn|.

3.2 A radar set operates at a pulse repetition frequency of 400 pps with
a pulse width of 1 u sec. It has been determined that satisfactory pulse
reproduction occurs if two loops of the Fourier series spectrum -coefficient
are passed by the amplifier. Design a one-stage video amplifier, uncompen-
sated, capable of passing the necessary frequencies. Use a 6AC7 tube and
assume the wiring capacitance in the plate circuit to be 5uxf. If the amplifier
works directly into the intensity grid of a CRT for which Cy, = 10uuf,
ﬁnd RL a«nd Co.

.3.3 Repeat Problem 3.2 if the pulse width is changed to a half of & micro-
second at a 20 pps repetition rate. ’

3.4 A single-stage video amplifier is connected between the second
detector and intensity grid of a CRT in a radar set. The CRT intensity grid
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input capacitance is 10uuf. The amplifier is to have a bandwidth (+3 db)
from 20 cps to 4 meps. A 6AG7-type tube is to be used for which
Cop = 0.06 puf r, = 100 K
Cout = 7.5 upf gm = 7700 micromhos
Cin = 12.5 uuf R, = 500 K
E, = 300 volts I, = 28 ma
E;, = 300 volts Iye = 7 ma
E, = — 2 volts

After the amplifier has been built, a load of 6000 ohms is placed in the plate

circuit and the upper half-power frequency is found experimentally to be
1 meps.

(a) Calculate Ebb, RL, Rd, Rk, Ck, IKml

(b) Calculate the value of shunt-peaking inductances required for
optimum phase and optimum frequency responses.

(c¢) Calculate the constants of a low-frequency correction circnit, assuming
E’y, = 550 volts. Use optimum compensation. Recalculate R,.

(d) Calculate the amplification and phase angle at 20 ¢ps and 4 meps,
with and without compensation, to determine the extent of the improve-
ment in each case.

3.5 A video amplifier to be used in a television receiver is to be designed
to meet the following minimum specifications:

(a) over-all bandwidth = 20 cps to 5 meps (+3 db).
(b) over-all minimum gain = 55 db.

Use as many stages of amplification as required, but the preamplifiers are to
be 6AC7’s while the final amplifier is to use a 6AG7. Assume 8uuf distributed
capacitance in each interstage network.

(a) Determine the number of stages required, and their individual band-
widths, assuming no compensation.

(b) Determine the values of all circuit elements required.

(c) Calculate and plot the amplitude and phase characteristic of the
entire amplifier.

3.6 Redesign the amplifier of Problem 3.5 using high-frequency compen-
sation (N = 0.5) in each stage now required. Calculate the constants of a
low-frequency compensating circuit.

3.7 A six-stage synchronous single-tuned IF amplifier has an over-all
voltage gain of 120 db at the intermediate frequency of 30 meps. The tubes
used have

gm = 5000 micromhos Co = buuf C; = 11ppf
The interstage wiring capacitance is 14uuf in each case.
(a) Find the value of load resistance in the coupling circuits.

(b) Calculate the over-all bandwidth.
{c) What is the value of L in the tuned circuits?, : g
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(d) If economic considerations were such that only 4 stages were per-
missible, what load resistance would be required for an over-all gain of 120 db?
(e) What would be the over-all bandwidth of the 4-stage amplifier?

3.8 A typical triode for which
gm = 2000 micromhos rp = 10,000 ohms R: = 600 ohms

operates as an amplifier without a cathode by-pass condenser. Calculate the
effective transconductance, plate resistance, and amplification factor under
this condition.

3.9 If the resistor of Problem 3.8 is by-passed by a condenser Ci, what are
the effective values of gm, 75, and 4 at the frequency for which the reactance
of Cx equals R;?
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CHAPTER 4

INTRODUCTION TO TRANSMISSION
LINES

HE subject of transmission lines is ordinarily introduced in courses

preliminary to the one for which this text is intended. However,
an effective transition from this generalized theory to the specific
applications treated in Chap. 5 necessitates a concise recapitulation
of the basic phenomena. Consequently, Chap. 4 is of the nature of a
review and can, in some cases, be omitted if warranted by student
preparation.

4.1 Principles of Wave Propagation

Before analyzing electrical wave motion, consider a water analogy.
Assume that, by some means, a small volume of water in a pool is set
into vertical oscillatory motion. However, due to the elasticity and
density of the water, this small volume cannot oscillate indepen-
dently of the water immediately adjacent to it. As a result, the
excesses and deficiencies of pressure are transmitted to the surround-
ing water, which receives energy and is also put into motion. This
volume of water does the same thing to the water shell surrounding
it, and as the procedure repeats, a water wave is propagated across
the pool. The wave could have been directed if such a disturbance
had been established in a narrow canal, the canal walls serving to
guide the motion of the strain.

The propagation of this wave represents the transmission of
energy from the initial volume of water across the pool, or down the
canal, yet there is no net displacement of the water molecules in the
direction of energy transmission. They are displaced vertically
during the incidence of the wave, and they resume their quiescent
position after the wave has passed. The velocity of the wave repre-
sents the wvelocity of energy transmission, not the velocity of the
water molecules.

174
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Considering now the case of an indefinitely long transmission
line being supplied by an a-c generator, it is apparent that a similar
situation exists. At the terminals of the generator the dielectric is
being strained in an oscillatory manner. Such a strain represents an
oscillatory displacement of the dielectric and such a displacement
cannot occur independently of the medium surrounding that portion
under strain. Hence, the strain, or displacement, is transmitted to
the adjoining medium, and so on, continuously as guided by the con-
ductors. The wires guide the motion of the disturbance since they
alone have the ‘“free” charges necessary to terminate the lines of
electric field intensity.

Since the strain is oscillatory in time, in the steady state, there
is no net or progressive movement of any one line of electric field
intensity. As in the case of the water wave, only the strain pro-
gresses. However, due to the oscillatory characteristic of the electric
field, it does appear to move in the same way that the water in a
water wave apparently (but not actually) progresses.

Because of this mechanism of wave motion, it is evident that the
energy being transmitted is merely guided by the conductors,
actually being present in the dielectric medium between and around
the conductors. Broadly speaking then, a transmission line is really
a mechanism for guiding electrical energy through the dielectric.
Any analysis of transmission line phenomena must proceed from a.
recognition of this fact. The presence of the dielectric is acknowl-
edged by the character of the transmission line parameters of series
inductance and shunt capacitance and conductance. The presence
of imperfect metallic conductors adds a series resistance term.

4.2 Types of Transmission Lines

Radio frequency transmission lines are generally of three basic
types:

(1) Two-wire line.

(2) Four-wire line.

(8) Coaxial line. .
The physical conformations of these lines are shown in Fig. 4.1. The
two-wire line consists of two parallel conductors separated by a dis-
tance which is small compared to the wavelength of the signal on the
line. For this reason it is used principally in the lower RF regions,
being replaced by coaxial line or waveguide in the microwaves. If
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2-wire line
4-wire line Coaxial line

Fig. 4.1. Types of RF transmission lines.

the line is very far away from other objects or circuits, or symmetri-
cally located with respect to them, the currents in both conductors
are the same.

The four-wire line consists of four parallel wires, with diagonally
opposite wires connected in parallel. Because of this feature, the
four-wire line has less external field than the two-wire line and is less
affected by neighboring circuits.

The coaxial line consists of two conductors, arranged coaxially
with respect to one another as shown in Fig. 4.1. The center con-
ductor is held in place by several methods ranging from the use of
solid dielectric material inside the cable to the use of small insulating
beads, or in some cases, stub supports. It is used to the exclusion
of open-wire lines at elevated frequencies up to about 3000 meps,
and in some cases at 10,000 mcps.

4.3 Losses in Transmission Lines

The losses present in transmission lines usually arise from three
separable and distinct sources:

(1) Losses in the conductor material (copper loss).

(2) Losses in the insulating material (dielectric loss).

(3) Losses due to coupling into other circuits either by radiation
or by magnetic induction.

Generally speaking, all three types of losses increase with fre-
quency.

The increase in copper loss with frequency is primarily due to
skin effect. The effective depth of penetration & of the current into
the conductor is a function of frequency according to the relation

e

= \/-L.
s wuf

where p is the resistivity in meter-ohms, u, the permeability in henries
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per meter, and f = frequency in cycles per second. This effective
depth of current penetration determines the effective cross-sectional
area A of conductor through which conduction occurs. Then since
the resistance is given by

L
P4
and the area is evaluated according to p

A = a[rt — (r — §)

R =

where 7 is the radius of the conductor, then
R = constant /frequency

because & depends upon frequency. As the frequency increases, the
skin depth decreases, decreasing the area A, and therefore increasing
both the resistance B and the power loss.

The dielectric loss arises primarily from leakage currents in the
insulating material. In most cases this loss is quite small. For air,
it is negligible. Solid dielectrics, which are frequently used in
coaxial lines, seldom have such desirably low conductivities. As a
consequence, resort is made to support of the inner conductor by
small, solid, dielectric beads. The major part of the dielectric thus
remains air, and the losses are kept to a minimum. However, as
the frequency is increased, the bead spacing becomes an appreciable
fraction of a wavelength and the dielectric discontinuities caused by
the beads produce reflections which lower the overall efficiency.
Another possibility exploited at frequencies above 3000 mecps is to
support the inner conductor with stubs, a tactic which is extremely
effective unless the frequency of the signal on the line is somewhat
unstable, causing variations in the electrical-line length.

The induction losses arise from coupling, through the magnetic
field, to other nearby circuits. The coupling takes place in the same
manner as in transformers. The effect of the circuits thus coupled
into the line is to insert an effective resistance in serits with the
distributed resistance, effectively increasing the total loss. In any
case, since the energy is removed from the system and is not de-
livered to the load, it is a definite loss. Since the coaxial line is
almost complebely self-shielding, it is not as sub,)ect to this eﬂeet
a4 ig the open-wire line. - » . )



178 INTRODUCTION TO TRANSMISSION LINES [§4.4

Even though the magnetic field is not directly coupled into other
circuits, some coupling to free space is bound to occur, resulting in
radiation of energy. Again, the effect of the medium into which
radiation occurs is to present the radiating system with an effective
resistance, measuring the amount of energy lost from the system.
This resistance increases the over-all line losses, furthering the drop
in efficiency. This loss varies approximately as the square of the
frequency, and inversely as the spacing between conductors in the
open-wire line. Radiation losses in coaxial lines are extremely small
because of the shielding action of the outer conductor.

4.4 Derivation of the Telegraphers' Equation

The derivation of useful equations for transmission line calcula-
tions is somewhat complicated by the fact that the circuit constants
of resistance, inductance, and capacitance are not lumped in the
sense ordinarily associated with circuit elements. Instead, they
tend to be uniformly distributed throughout the length of the
transmission line. Consequently, ordinary circuit theory cannot be
applied directly to long line problems. A further difference exists
because wave motion takes place on transmission lines as opposed to
the ordinary stationary oscillation found in the usual lumped-
constant cirouit treated by a-c theory. Wave motion occurs because
the physical length of the line is large compared to the wavelength
of the signal. In any case, it is an appreciable fraction of the wave-
length of the disturbance.

In its most general form, any transmission line consists of two
conductors separated by a dielectric medium. Associated with each
of the conductors is a series resistance, most conveniently expressed
in ohms per unit length and designated by B. Due to the magnetic
fields associated with the currents on the line, the inductance per
unit length (L) is also uniformly distributed, and in series with the
resistance B. Assuming a practical dielectric, then in addition to the
capacitance per unit length (C) produced by the geometry of the
transmission line and the nature of the dielectric, there is also & leak-
age conductance (G). Considering any differential length of the
line, it could be represented by the four-terminal network shown in
Fig. 4.2. The complete transmission line could then be represented
by an infinite number of these sections connected in cascade, as the
differential section approaches an infinitesimally small length.
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The change in voltage with
respect to the distance [ meas- R L
ured along the line can then
be written directly from Fig.
4.2 as °
Fig. 4.2. Differential length of transmission

57 = Ri + L 4.1) line.
where v is the instantaneous voltage and 7, the instantaneous current.

In the same manner, the change in current with respect to distance
along the line may be written as

AAAA.
wwwwvy—

i

-
0

3= Gv + C 3 4.2)
Differentiate Eq. (4.1) with respect to 1, obtaining
o
3= R + L at(&l (4.3)

Now substitute Eq. (4.2) into Eq. (4.3).

‘;l';—R(G +c )+L (G +c )
Carry out the indicated multiplication and differentiation. Then,
collect terms to obtain

6’0

= (RG)v + (RC + LG) + o2y 4.5)

ot?
By following exactly the same procedure, but starting with the
differentiation of Eq. (4.2), an identically similar expression can be
obtained for the current. That is

& = @eyi + & + 1% + €O 4.6)

These_equations are the Telegraphers’ equations. They are the
fundamental differential equations which must be satisfied if wave
motion is to occur on the transmission line. Consequently, they are’
merely special forms of the wave equatwn, which is common to all
fields of physics.

- It is customary to assume that both the current and voltage are’
harmonie functions of time. The assumption is & valid one to make
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because this will ordinarily be the case in practical transmission
systems. However, even if the signal is not harmonic, as long as it
is periodic, it can be resolved into a series of related sine and cosine
terms by Fourier Series analysis. Hence, for the purposes at hand,
assume that the current and voltage are harmonic functions of time.
as given by the following relations:
v = Veiwt 4.7
1 = Jeiwt (4.8)
Substitute Eq. (4.7) into Eq. (4.5). Carry out the required deriva-
tives and cancel out the exponential term on both sides of the
equation. This yields
av
dar
Fortunately, the right hand side of this relation can be factored as
follows:

= (R®)V + jo(RC + LG)V — (x?LC)V

av

aE = (R + jwL)(G + juC)V 4.9)

This form is especially convenient since
Z = series impedance per unit length = R + jwL
Y = shunt admittance per unit length = G + jwC
Consequently, the following equation results:

axv _

G- @nv=o0 (4.10)

By the same process it can be shown that
d” — @I =0 (4.11)

Equations (4.10) and (4.11) are merely compact forms of the Tele-
graphers’ equations when the signal on the line is a harmonic function
of time.

4.5 Solution of the Telegraphers' Equations

The Telegraphers’ equations given in (4.10) and (4.11) are ordi-
.nary, second order, linear, differential equations with constant
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coefficients. The solutions of such equations are standard and have
the following form:

V = Ae + Be (4.12)
I = Ce' + De (4.13)
where v = VZY (4.14)

The four unknown constants A, B, C, and D must be evaluated to
obtain the complete solution in practical form. This can be done in
the following manner. According to Eq. (4.1)

v . i)
3Z—RZ+L52

However, v and ¢ were assumed to be harmonic functions of time as
specified by Egs. (4.7) and (4.8). Putting the expressions for the
harmonic time dependence intc Eq. (4.1) written above yields

av

a= (R + jwL)I = ZI (4.15)
Now differentiate Eq. (4.12) to obtain
Z—l‘-’ = Avye? — Bye™ (4.16)

Solving Eqs. (4.16) and (4.15) simultaneously for I, and replacing
the constant‘{by VZY, yields

A B
I= et — —
VZ/Y "VZ/Y
The quantity in the denominator of the coefficients has the dimen-
sions of impedance, so, for the sake of simplicity in writing the
equations, let

e (4.17)

VZ]Y = Z, (4.18)

Therefore, the solutions to the Telegraphers’ equations may be
written in the following form:

V = Ae? + Be™ ' (4.19)
A B
I = 7. et — —Z—,ﬂ (4.20)

Before completing the solutions for the unknown constants, it
is necessary to establish a convention for the measurement of 1, the
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distance along the line. Two possibilities suggest themselves: the
positive ! direction may be assurmed to be measured

(1) From the generator toward the load.
(2) From the load toward the generator.

The latter designation is most generally followed and will be used in

this text.
Assuming the load to be specified by an impedance Zpg, the
physical setup of the trans-

mission system appears as
generator Zgq shown in Fig. 4.3. The estab-

AAAAA
VVVVV

lishment of this convention
=0 permits the evaluation of the
two remaining unknown con-

Fig. 4.3, C sion for th . stants, A and B, which remain
1g. 2.0. Lonvenuon ior € measuremen in EqS, (4.19) a,nd (42.0)'

positive 2
direction

ot At the load end of the line,
1 =0

Er = receiving-end voltage = V

Ir = receiving-end current = I

Substitution of these terminal conditions into Eqgs. (4.19) and (4.20)
yields

Er=A+B
In = ;(4 - B)
Solving these two equations simultaneously for 4 and B produces
A =Y(Er+ I:Z) 4.21)
B = Y4(Er — I8Z,) 4.22)

Substituting these expressions for A and B back into Egs. (4.19) and
(4.20) yields the complete solution of the Telegraphers’ equations in
the following form:

V = 3(EBx + InZ)eh + §(Ex — InZ)er 42)
1= 3(1e 4 FE)er 4+ (12 - FE)e @2
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These are called the long-line equations. They may be put into an
alternative form, which is often more convenient for computations,
by collecting terms in the following manner:

V= ER(” + 6'1’) + Inzt(“————" = eﬂ')

2 2
_ et + e—_‘f_" Erfer — e
1 -n("52) 215 57)
These are the exponential forms of
V = Er cosh yl + IrZ, sinh 1 (4.25)
I = Iz coshyl+ 2 sinh ol (4.26)

This form is generally of considerable use in design work since values
of hyperbolic functions are ordinarily available in tabular form.

4.6 The Propagation Constant |-

The quantity v which appears in the foregoing equations indi-
cates the dependence of the voltage and current upon the distance
measured from the load end of the line. In other words, it establishes
the nature of the variations in voltage and current along the axis of
propagation and is accordingly, and appropriately, called the propa-
gation constant.

It was previously shown that

' vy = VZIY .27
where Z is the series impedance per unit length and Y, the series
admittance per unit length. Since both Z and Y are generally com-
plex numbers, then it follows that, in the most general case, the
propagation constant is likewise complex, having both real and
imaginary terms. Hence, let

vy =a+jB (4.28)

where a is the attenuation constant and 8, the phase (or wavelength)
constant.

The attenuation and phase constants are generally complicated
functions of the distributed parameters of the line and the frequency.
Since __

y=a+j8=+VIY
then a+jB = V(R + juL)(@ + juC)
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Square both sides and collect real and imaginary terms on either side
of the equation, obtaining

8 = RG — w’LC

208 = w(RC + GL)

If these two equations are solved simultaneously for either « or 8,
a quartic equation of the following form results:

ar* + b2 +c¢c =0

The standard solution of this equation has the form of the square
root of the solution of a quadratic equation, or

2—1(»1[—b + Vb — 4ad]

z Ju.s
In both cases where the + signs occur, they are replaced simply by
+ signs. This is necessary because both « and B are real positive
aumbers, and such a result can be obtained only by this choice of
signs. Omitting the details of the manipulation, the simultaneous
solution of the two preceding equations yields

a = V15(RG — o’LC) + Y/ (R* + L) (G + o®C?)  (4.29)
B = V15(:LC — BG) + 25/ (R? + ’L3)(@ + «'C?)  (4.30)
These expressions are far too cumbersome for convenient use
and certain simplifying approximations are usually invoked to
bring them down into more compact form. Consider the expression

for attenuation. Carry out the multiplication indicated under the
second radical. This yields

a = VI5(RG — ’LC) + Y44/ (RG)? + *(R’C* + G'L?) + (?LC)?

In most practical applications the series resistance and shunt con-
ductanee are very small in comparison to the series-reactance and
shunt-susceptance terms, respectively. In any case, their product
is nearly always negligible in comparison to other terms in the
equation. Under this assumption, the product RG may be omitted
and the expression for the attenuation becomes

a=\/ - L 4 Loy T oo + oD
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Factor this equation into the following form

wLC | «*LC 2 2
VI [ ()]
The second radical has the form of v/(1 + z) where
R 2 G 2
== (iz) + ()
When < 1, it can be showr that this ig approzimately equal to
i+ z/2

The approximation is valid for most communication transmission
lines because, as previously mentioned, ordinarily

R < wL
G KXol

Using this approximation, the attenuation reduces to

./ @FIC _ JIC  JICT(EY , (G}
“"\/ 3t T 4|_(ET,)+(wC)]

Cancelling like terms yields
= ﬂE\/ B. ? + 2)2
@= 2 wL wC
Complete the square of the expression under the radical, obtaining
LW 176\/'_15+g *  2RG
“= 72 (wL wC «?LC
But, as previously noted, RG = 0, so

@= 2 ol ' oC

which may be written in the alternative form

. R\/C’_ G\/_I_T
By following a similar process it can be shown that the original

equation for the phase constant reduces to the fullowing approxi-
mation:

B = wVLC ' (4.32)
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The attenuation a accounts for the decrease in amplitude as the
wave propagates down the line. The phase constant determines the
amount that the phase of the wave is retarded as it moves in the
direction of propagation. Consequently, in the direction of energy
transmission, the attenuation causes the wave amplitude to diminish,
and the phase constant causes the relative phase to be retarded.

4.7 Interpretation of the Solution
Each of the long-line equations is composed of two terms. Ac-
cording to Eq. (4.17)
V = 145(Er + IrZ:)e" + Vo(Er — IrZ.)e™
Considering each component separately, let
Et = V5(Eg + IrZ.)e" = Egptee®
E- = Y%(Egr — IgZ,)e" = Ep~ el

Hence, . V =Et+4+ E-
Similarly, for the currents
I =I*+4+1I-
1 ER :
where I = §<IR + Zj)e“" = [ gt e"leif

1 E
SR T S

The attenuation factors & and e, are pure numerics affecting
only the magnitudes of E+, E-, I+, and I=. On the other hand, the
phase terms e=7# may be written as

e_,'pz=cosﬁlij8inﬁl=1|.iﬁ_li

Consequently, these factors affect only the phase of the wave, having
no effect upon the magnitude.

The positive ! direction is measured away from the load end.
Therefore, as the point of observation of the wave is moved away
from the load, toward.the generator, l is positive and increasing.
This causes E+ and I+ to increase in magnitude, whereas. E— and I~
decrease in amplitude. Moreover, E* and I+ are advanced. in
(positive angle), while E~ and I- are retarded (negative angle).
Thus E+ and I+ have the characteristics of a wave traveling toward
the load from the generator, while E- and I- have the properties of
a wave traveling away from the load. These conclusions are based
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upon the observation previously made that the amplitude of a wave
decreases, and its phase is retarded, as it propagates. In the case of
the E+ and I+ waves, they diminish in amplitude and are retarded
in phase when [ is negative, measured foward the load. On the other
hand, E- and I~ diminish and have their phase retarded when [ is
positive, measured away from the load. Thus, in the general case,
we can conclude that there are four waves on a transmission line;
incident (upon the load) current and voltage waves (E+ and It), and
reflected (from the load) current and voltage waves (B~ and I-). The
reflected wave is produced whenever there is an impedaace dis-
continuity between the line and load. In this respect the line is
similar to a water canal which is partially blocked at one end. A
water wave traveling down the canal will strike this obstruction.
Part of the energy in the wave is reflected and travels back along the
canal in the opposite direction. The part which passes through the
partial obstacle represents energy removed from the system and is
comparable to the energy delivered to the load terminating the
transmission line.

4.8 Characteristic Impedance

The quantity Zc appearing in the foregoing equations is called
the characteristic (or surge) impedance. It is defined by the relation-
ship previously given

_JZ R + jwL
2. = \/_1_; G ¥ jaC (4.35)

The characteristic impedance is a unique quantity. For exaiople
assume that the transmission line is infinitely long. Under this
assumption, the long-line equations

V = 3Bz + IaZ)e# + 3(Bz — TaZ)e
I = %(I,, + f—:‘)eﬂ + %(Ig - gﬁ .
reduce to the following form:

V = 2(Er + IsZ)et

1 "‘-%(I, + %)e*‘ since ¢ = 0
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Note that there is only one exponential term, or wave, in each equ-
ation, indicating that the reflected wave has been eliminated. This
is not surprising since any possible discontinuity was eliminated by
the assumption. The input impedance of the infinite line is then

7 = Z___é(E_R"'IRZr)e_f:Zc

which is the characteristic lmpeda.nce. Thus, it should be noted
that the infinite line has

(1) An input impedance equal to the characteristic impedance,
(2) No reflected waves.

4.9 Line Terminated in Its Characteristic Impedance

Consider an infinitely long line. Its input impedance equals the
characteristic impedance. If any finite length of the line is cut off,
the input impedance of the remainder is still equal to the characteris-
tic impedance because its infinite length is unaffected by the removal
of any finite section. The system then appears as shown in Fig. 4.4.

0---0

A Zc — B l:m

O~==0

Fig. 4.4.

Section A is finite, section B is infinite. The input impedance of B
is the characteristic impedance Z,. Therefore, it could be replaced
simply by a lumped impedance equal to Z., and the generator would
be unable to distinguish the change. Hence, a line terminated in its
characteristic impedance is electrically equivalent to an infinite line.
This being the case, we can then deduce that there are no reflected
waves on such a line and that the input impedance equals the charac-
teristic impedance. This can be proved very quickly from the long-
line equations. For the general case it was shown that

V= "(ER + IRZ.)et + 2(EB - Ilzc)ﬁ

= Yret E)or s+ Y1a - E)
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When the line is terminated in its characteristic impedance, then

Zn=2, s If.=Es sd L2=Ip
[
Therefore, the second terms in both equations are zero, indicating
the absence of reflected waves. Furthermore, the input impedance is

Z_IK_IEE_i'_IEREE_Zc
R
IR+Z.,

which is the characteristic impedance.

4.10 Wavelength, Phase Velocity, Time Delay

The wavelength A of the wave on the line is the distance which it
must travel for its phase to be retarded by 2x radians. Hence,

BN = 2r
or A = 2%' (4.36)

The phase of the wave changes by 27 radians in a length of time 7 {
equal to the period of the wave. Since X is the distance which it |
travels in shifting its phase by 2r radians, then the ratio of wave-
length A to the period 7 is the phase velocity v,. That is,

A
vp=-;=ﬂ

2
vy = f(-E) = 73“3' (4.37)
The time delay is the time required for an equiphase point to travel
length ‘d’ of the line. That is

2= (£)- 4 (4.39)

Td = —
4 vp w

4.11 Dissipationless (Distortionless) Lines

For the larger part of the transmission lines used in the ultra-
high frequencies the line losses are negligible, although this condition
may not exist in the lower RF regions. For a lossless line, both the
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" series resistance and the shunt conductance are zero, and the ex-
pression for the propagation constant becomes

S ¥ =VZY = V(& + juL)(G 1 joC = V/(joL)(juC)
or v =0+ juVLC

Then, equating reals and imaginaries on either side of the equation,

a=0

8 = wV/IC
It will be recalled that this meets the requirements for no distortion
as previously outlined in Chap. 3 since the attenuation is indepen-
dent of frequency while the phase constant is a linear function of
frequency. Consequently, the lossless line is commonly referred to
as a distortionless line. For most UHF applications the approxi-

mations are quite good.
Under lossless conditions, the characteristic impedance Z. is

zo=y/Z-\JE
v Ze= Y VcC

which is a pure resistance independent of frequency. The expression
for the wavelength

reduces to the following form.
A = 21r__ - 1_
2efvVLC  fVLC
Replacing v by jB in the hyperbolic form of the long-line equa-
tions puts them in the following form:
V = Egcos Bl + jIrZ. sin Bl

I = Iy cos Bl + j 7% sin gl

because :
cosh (jBl) = cos Bl and  sinh (jBl) = jsin 8l
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The input impedance at any point on the line, looking toward the
load, is simply the ratio of the voltage to the current, or
7 = V _ Egcos Bl + jIrZ. sin Bl
“ I " IgcosBl+ j(Er/Z.) sin Bl

Factor out a Z, and divide numerator and denominator by cos Bl.
This yields

Eg + jIrZ, tan Bl
IRZ,,- + ]ER tan Bl

Divide numerator and denominator by I g, obtaining

Z =12

- 7 (%r + jZ.tan Bl _Ee
Z= Z.:(Zc + jZ g tan ﬂl) where  Zg Tn (4.39)
Other useful equations may be g —lr

s
flerlyed by replacing -the line by £ @ @ 23 g,
its input impedance given by the 9 3 __L
equation above so that the com-
plete system has the equivalent cir- Fig. 4.5. Equivalent circuit of

cuit shown in Fig. 4.5. Therefore, a transmission line at the sending
end.

Es ’= E"(ZTZTZ—) ' (4.40)

— Eﬂ
Is = m (441)

4.12 The Reflection Coefficient

The solution of the Telegraphers’ equations indicated the presence
of two current, and two voltage, waves, one of each traveling toward
the load, and one of each traveling away from the load. The ratio
of the reflected wave (E~ or I-) to the incident wave (E+ or I*) at
the load, is called the reflection coefficient T. So
_E- _Er—IsZ,

Etljao Er+ 1RZ.

Divide through numerator and denominator by Iz to obtain

Za - Ze = (ZR/Z_c) - 1
Z2 ¥ 2, @e/Z) F1 . (442)

T

r
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Taking the ratio of I~ to I+ yields

_poI| _Ie—(Ex/Z)_Z.—Zr_ _(Zn—zo)
T= Ilico I+ (Er/Z) Z.¥ Zz 7.5 Z. (4.43)

Hence, when the voltage is reflected without change of phase, the
current s reflected with change of sign, and conversely. This in-
dicates that the phase angle between E* and I* is 180° different
from that between E— and I-.

If the load impedance is set equal to the characteristic impedance
of the line, that is, if Zr = Z., then T is zero. No reflection occurs.
If the load impedance is made equal to a short circuit, then Zr = 0,
and I' = —1 = 1]|180°. Hence, E- = E*T' = —E* but I- = I'*.~
If the load impedance is an open circuit, Zg = « andT' = 1. Thus,
E- = EtI' = Et, while I~ = — [T = —[+,

In the short-circuited case the voliage is reflected with a 180°
phase reversal, but without change of magnitude, and is always in
phase opposition to the incident wave. Hence, at the load, the
voltage is zero. On the other hand, the current is reflected without
phase reversal and is in phase addition with the incident current
wave. The exact converse occurs in the open-circuited case.

In general, it is found expedient to express the reflection coefficient
in polar form, as follows, in order to indicate the magnitude and
phase of the reflected wave relative to the incident wave:

Zp — Z.
Zr + Z.

This is quite straightforward mathematically, but the physical
reasons for these results warrant additional comment. On the aver-
age, the total energy in the electromagnetic wave in the dielectric of
a dissipationless line is equally divided between the electric and
magnetic fields. .When the wave arrives at an open-circuit termi-
nation, the magnetic field must disappear since no current can flow
in an ideal open circuit. The energy stored in this field cannot
simply evaporate, it must reappear somewhere. Moreover, since
the presence of this open circuit requires the magnetic field to undergo
a change, then this changing magnetic field produces an electric
field in accordance with Maxwell’s equation

Curl E a"%gt—

T = lo (444)
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This is basically the principle upon which transformers operate and
is probably more familiar in the specialized form

dé
e= —N t_it—

Consequently, the energy stored in the magnetic field is converted
into energy in the electric field, and this field adds vectorially to the
incident electric field. This process increases the voltage at the open
circuit, and reduces the current to zero. The increase in voltage
starts another (reflected) wave traveling away from the load. There-
fore, the voltage is reflected without change of phase. However, the
reflected current wave must cancel the incident wave at the termi-
nation in order to reduce the current to zero. Thus, the reflected
current wave has its phase shifted by 180° relative to the incident
current wave. Since no energy is absorbed in the idealized termi-
nation, the reflected waves have the same amplitude as the incident
waves.

The same reasoning process can be applied to the short-circuited
case, or to any intermediate condition. Analysis from this stand-
point facilitates the understanding of transmission line phenomena
considerably.

4.13 Vector Representation of Traveling Waves

In the usual a-c theory courses one becomes accustomed to repre-
senting stationary oscillations in terms of rotating vectors. It is of
considerable advantage in numerous applications to employ the
same technique with traveling waves. Consider the incident voltage
wave Et,

E+ = Egt* et e®

“or E+ = Egte |8l

Assuming that the attenuation is zero, then
E+ = Eg* |BL

E+* could be represented as shown in Fig. 4.6 and has a locus which
is a circle as [ increases from zero. Note that rotation is counter-
clockwise in the usual manner for positive angles.
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Fig. 4.6. Vector representa-~
tion of the incident travel-
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Fig. 4.7. Effect of attenuation
on the locus of E+,
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Fig. 4.8. Locus of the
reflected voltage wave,
showing the effect of at~
tenuation.

If the attenuation were not zero, then the
magnitude of E+ would increase as I became
larger and larger, that is, as the point of ob-
servation approaches the generator. This
effect causes the locus to appear as a spiral
as shown in Fig. 4.7. The same sort of rep-
resentation may be made of E-, I+, and I,
but proper attention must be paid to the sign
of the phase angle since that determines
the direction of rotation. For example, the
corresponding locus for the reflected voltage
wave E~ would appear as shown in Fig. 4.8,

where the angle is measured clockwise, and the attenuation causes
the wave amplitude to diminish as the generator is approached.
To obtain the complete vector representation of the voltage

long-line equations, it would be necessary to consider the sum of
these two rotating vectors, taken point by point, as indicated in

Iocus of E+ locus of E+ locus of E+

locus of ET i locus of E=

> ()
\ ‘~--’ \ _—:;’/’

BI'O' Be=90°

B88135°
Fig. 4.9.,Vector positions at different points on a lossless line.
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Fig. 4.9. In this figure it has been assumed, for the sake of con-
venience of representation, that the attenuation is zero.

If this resultant voltage is plotted as a function of the distance [,
it appears substantially as shown in Fig. 4.10. Since this wave is
fixed in space, while varying with respect to time, it is called a
standing wave to distinguish it from the traveling wave that is de-
livering energy to the load. Therefore, it is a stationary oscillation
of voltage or current, as the case may be.

N/

=0

Fig. 4.10. Voltage standing wave.

4.14 Standing Waves
The reflection coefficient was shown to be

_Zp-—Z.

F—ZR+Z0

When the transmission line is short-circuited at the load end, the
reflection coefficient becomes

I = —1=1]180°

In other words, reflection occurs without loss in amplitude, but
the reflected voltage wave is 180° out of phase with the incident
wave.

Generally, the voltage across an ideal short circuit must be zero,
although the current is finite in cdses involving transmission lines.
Thus, in constructing the vector diagrams it is advantageous to use
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the current in the short circuit as the reference vector. The current
at any point on the line is related to this load current by the long-
line equation

I= %(IR + %)e‘f’ + %(IR - E—'—’)e‘”"

But, in the short-circuited case, Er is zero, and this reduces the
current equation to

I =3In(e" +en)

¢

DO| =

Since [ is zero at the load, then the incident and reflected current

1t 1 ;f’ r g
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Fig. 4.11. Formation of current standing wave on a short circuited line.

waves add up quite properly to I g, the load current. As ! increases
I* (incident wave) rotates counterclockwise, and I~ (reflected wave)
rotates clockwise. Each vector rotates 2r radians for each wave-
length of the line. Hence, the vector diagrams of Fig. 4.11 can be
drawn. The net sum of I+ and I- at various points along the line,
when plotted, produce the current standing wave. It is generally
more expedient to plot the magnitude and phase of the standing wave

current
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Fig. 4.12. Current standing wave on & short-cirouited dissipationless line.
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Fig. 4.13. Voltage standing wave on a short-circuited dissipationless line.

separately because practical standing-wave measuring equipment
indicates magnitude only. Following this procedure, the standing
wave of Fig. 4.11 appears as shown in Fig. 4.12.

The same technique may be followed to determine the voltage
standing wave. The results appear as shown in Fig. 4.13. Both
standing waves have been plotted in Fig. 4.14 and the scales have
been chosen so that [Imax| and |Enex| are the same. The long-line
equation for voltage is

V =1(Egr + IrZ.)e* + V4(Er — IrZ.)e™
For the short-circuited case, Ex = 0, so that
V = 14 IgZ (" — &™)

Consequently, the magnitudes of reflected and incident waves are
related according to

IE+, = 'E—I = % IRZc

\ , \ S
T R R

Crrcuit Ld
T I -Eh_gg-g-'lfor IE1 jetc.

Ph for 111
t__ﬂﬁ..ﬂl_g ‘?
— FALd
L
1 3

11
I_.__-_......?.
! 0

Fig. 4.14. Standing waves on a dhdpaﬁonlm, short~circuited line. Phase .
angles are measured relative to the current in the short circuit.
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In the same manner for the current, it can be shown that
I = |I7| = 251
Therefore,
|EY| = |I*|Z, and |E-| = |I|Z.

Hence, the current in Fig. 4.14 has been plotted to a scale Z, larger
than the voltage scale.

Note that whenever the voltage wave is a maximum, the current
wave is a minimum, and conversely, duplicating the conditions at
the load every half wavelength.

If the line is opened up at any point d distance from the short
circuit, the input impedance is simply the ratio of V to I evaluated
at that point. From Fig. 4.14 it will be noted that whenever d is
less than an odd multiple of a quarter wavelength, but greater than
apy even multiple, the current lags the voltage by 90°. This is
characteristic of an induetance. On the other hand, when d is
greater than any odd multiple of a quarter wavelength, but less than
any even multiple, then the current leads the voltage by 90°, as in a
capacitance. When d is exactly an odd quarter wavelength from
the short, the current is zero and the input impedance is infinite, as
in a parallel-tuned circuit, at resonance. When d is an even multiple
of a quarter wavelength the voltage is zero and the input impedance
is also zero. This corresponds to a series resonant circuit at the
resonant frequency. Because of these properties, transmission lines
which have standing waves are called resonant lines. Lines without
standing waves are called nonresonant or flat lines.

For the short-circuited case, assuming dissipationless lines, the
input impedance is

7 = V_ z Zr+jZ.tan Bl _ (jZ,tanﬁ 7
I °Z.+ jZ g tan Bl ¢
or Z = jZ, tan gl

This indicates mathematically the impedance properties discussed
qualitatively above. That is, depending upon the length of the
transmission line, relative to a quarter wavelength, the input im-
pedance may be a pure inductive or capacitive reactance. Or, it
may exhibit resonant or antiresonant properties. Consequently,
rosopant lines find a wide application at the higher radio frequencies

L]
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as circuit parameters. Although the open-circuited line has the
same general capabilities, the short-circuited line is most commonly
used in practical systems because it is easier to obtain an adjustable
shorted line than an adjustable open line. It also possesses a higher
degree of mechanical rigidity, an important consideration in many
applications.

4.15 Standing-Wave Ratio

The ratio of the maximum value of the standing wave to its
minimum value is defined as the standing-wave ratio (SWR). Hence,

lEman |Imax|
'Emm l IImmi

Or, rewriting in terms of incident and reflected waves,

|EY + |E-| _ |It] + |17

T B =BT T =
On a dissipationless line, the magnitude of the incident and reflected
waves is everywhere the same. Therefore,

|E+| = |Ex*| and  |E-| = |Ex]

Substituting into the equation for the standing wave ratio yields

ER_I
_Bet + Ex| _ 1T B
T |ER| — |ErT| | _ [Ex”
Ent

However, from the equation for the reflection coefficient

|Ex| _ |Zr — Z
Er*| ~ |Zr + Z.

Which, when substituted into the previous equation yields

Ir| =

|ZR - Zc|
1+ _ 1tz ¥zl
1 - Irl IZR - ch

1= Z: 72

Reduction to a common denominator produces the following form:

|Zn+Zl+|Zn'— i
= Zx+Z) - 12 — Z. (4.45)
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It is evident then, that the standing-wave ratio may be determined
experimentally by actual measurement of the standing-wave pattern,
or by calculation based upon knowledge of the values of load im-
pedance and characteristic impedance.

4.16 Impedance at a Voltage or a Current Maximum

At a current or a voltage maximum the voltage and the current
are in phase as an examination of Fig. 4.14 will reveal. Consequently,
if the line were opened up at such a point, the input impedance would
be a pure resistance. Now, at a voltage maximum,

_ YV _ Bl
B = 7 = Toul

However, in the preceding article, the standing-wave ratio was
defined as

p = lEman
IEminI

Consequently, the input impedance is

or 'Emu’ = PlEminl

R = p 'E’—"‘—{ - 0 2. (4.46)
{ 4min

Conversely, at a current maximum,

’ 'Eminl - IEminl
B = 1Tl = ol
R'in = % (447)

Since the characteristic impedance of a lossless line is a pure re-
sistance, and since the standing-wave ratio is a pure numeric, it is
evident in both cases that the input impedance is purely resistive.

4.17 Practical Importance of a Low Standing-Wave Ratio

Transmission lines employed in UHF communication systems
may fulfill either of two general functions:

(1) To convey energy from one point to another in the system, or
(2) To act as circuit elements.

Lines used for energy transmission are o;ierated with a low standing-
wave ratio, while resonant lines (large SWR) are used as circuit
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elements. A low standing-wave ratio is desired for energy trans-
mission because:

(1) The power-handling capacity increases with decreasing SWR.

(2) The line efficiency is higher.

(83) The input impedance of the line is not as sensitive to slight
changes in frequency, thus keeping the power input and out-
put less dependent upon frequency.

(4) The danger of oscillator “pulling’’ is reduced.

The maximum power that can be transmitted on a line is

2
Puux = EZM where E,qs = insulation breakdown voltage

When standing waves are present on the line, the voltage has higher
maximum values than a corresponding flat line supplied by the same
generator. Consequently, the insulation breakdown voltage is
reached at a lower generator voltage than when there are no stand-
ing waves. Hence, a low SWR allows a larger power-handling
capacity.

For lines a quarter of a wavelength long, or longer, the attenu-
ation causes a reduction in efficiency when the SWR is large because
the energy in the reflected wave is dissipated in heat, either directly,
or after being reflected at the generator, and so on, if a mismatch
exists at both ends of the line. For lines that are electrically short,
such as power transmission lines, efficiency may actually be greater
when the load impedance is unequal to the characteristic impedance,
depending upon the value of generator internal impedance. Of
course, for a lossless line the efficiency is 100 per cent regardless of the
standing-wave ratio. In any case, the loss in efficiency is not appreci-
able, even on practical lines, except for very large standing-wave
ratios.

The frequency of an oscillator is determined by the constants in
its resonant circuit. Due to coupling between the oscillator and the
transmission line which carries power to the antenna, an additional
impedance is placed in this tank circuit which tends to affect the
oscillator frequency. Transmission lines with large SWR have large
input impedance variations for slight changes in frequency. This
effect causes the impedance inserted in the resonant circuit to vary,
“pulling” the oscillater away from its desired natural frequency
Low standing-wave ratios minimize this.effect. -

3
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PROBLEMS

4.1 The characteristics of an open wire line are calculated by the fal-
lowing formulas:

= %—?\/ f','pohms/m f = frequency in cps

L = 0.921 logio D/a xhy/m a = wire radius in cm
_12.06 D = distance between wire
" logiD/a centers in ¢cm

If D = 2 cm and a = 0.04 cm, and if @ = 10° rad/sec, find the line con-
stants.

4.2 If Z. = 276 logio D/a ohms, calculate (a) the characteristic im-
pedance Z., (b) the attenuation constant a, (c) the phase constant 58 and
(d) the @ of the line given in Problem 4.1.

4.3 The line of Problem 4.2 is 5 m long and terminated in a load equal to
the characteristic impedance. A generator whose open circuit voltage is 50
volts and whose internal impedance is 31 + j0 ohms is connected at the
sending end. What is the magnitude and angle of the current in, and the
voltage across, the load?

4.4 The line of Problem 4.3 is short-circuited by a bar at the load end.
Considering the line to be dissipationless, and supplied by the same generator,
calculate the input.current and short-circuit current. Sketch the current
and voltage distribution along the total length of line. Show the value of
Hnax|-

4.5 What is the length, in inches, of a quarter wavelength section of a
transmission line operated at a frequency of 300 mcps?

4.6 A dissipationless transmission line whose characteristic impedance
is 200 ohms is connected to a load of 100 + jO ohms. The frequency is 300
meps. What is the input impedance of the line if the length is (a) 15 cm,
(b) 25 em, (¢) 50 em, and (d) 65 em? What conclusion can be drawn from
the similarity of some of the answers?

4.7 A 200-ohm dissipationless line is terminated in a 100-ohm resistor.
If the line is one wavelength long, and if the voltage across the load is 500
volts, sketch the voltage and current distribution along the line. Calculate
meaximum and minimum values of voltage and current.

4.8 What is the required length of 70-ohm coaxial line to provide an
ﬁieuctwe ren?ctanoe of 250 -ohms when the wavelength of the signal on the
is 80 cm'

4.9 A lossless line with a characteristic impedance of 469 + jO ohms is
80 em long and operated:at & frequency of w =, 10°.rad/sec.
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(a) What inductance should be connected at the load end of the line to
make the input impedance infinite?

(b) What capacitance should be connected at the load end to make the
input impedance zero?

(c¢) Sketch the current and voltage distributions on the line for each of
these two cases.

(d) What coneldsiébns can you draw from the problem as to the effect
of terminating reactances upon the apparent length of the line?

4.10 A transmission line is to be used to carry energy from the trans-
mitter of a system to the antenna. For most effective operation of the line,
should the antenna impedance be equal to the characteristic impedance of
the line, or should it be the complex conjugate of the characteristic impe-
dance? Explain your answer fully.

4.11 Find the load impedance of a lossless transmission line if Z, = 50
ohms, Z, = 15 — j45 ohms, and B8s = 70°.
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CHAPTER 5
UHF APPLICATIONS OF LINES

lF the only use for transmission lines in UHF communication circuits
arose in the conveyance of energy from one point to another, there
would be little justification for the emphasis given them in a text of
this character. Fortunately, the characteristics of resonant lengths
of a transmission line lend themselves to a comparatively wide field
of application, including functions such as impedance matching,
impedance transformation, and as circuit elements.

In the bulk of the applications at ultrahigh frequencies, the
attenuation introduced is practically negligible and can, in many
cases, be neglected. Certain conditions arise, particularly in the
lower RF part of the electromagnetic spectrum, under which this
approximation is not valid, necessitating the exercise of extreme
vigilance in order to avoid improper use of relationships and concepts
developed in connection with lossless lines.

Consideration of the dissipationless line leads to the development
of generalized impedance and admittance diagrams, commonly called
circle diagrams, which considerably enhance the solution of trans-
mission line problems. This is frequently offset by the disadvantage
arising from the fact that use of these charts can be made without
proper understanding of their origin or significance, resulting in the
learning of details of procedure rather than understanding of phenom-
ena. It is a natural tendency which must be diligently discouraged.

5.1 Functions of Lines

One normally thinks of conveyance of electrical energy when
considering the function of transmission lines, and certainly this is a
very important application which they must fulfill. In radio com-
munication systems of all types, some means of transferring the
energy from transmitter to antenna, and from antenna to receiver
is required. In radar, an added requirement is introduced since the
same antenna is used for transmission and reception in most cases.

204
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Consequently, a rather elaborate switching arrangement is neces-
sitated for proper system operation.

The RF lines necessary to guide the electrical energy to the proper
distribution points may be physically long or short, depending upon
the relative locations of the transmitter or receiver and the antenna.
However, due to the short wavelengths involved, these lines are
electrically long, that is, they are an appreciable fraction, or even
several multiples of a wavelength.

Fortunately, transmission lines have other very important
properties. It will be shown in Art. 5.11 that a quarter wavelength
of transmission line, short-circuited at one end, behaves like a parallel-
tuned circuit at resonance. Above resonance it appears capacitive,
below resonance it appears inductive. Thus, in a great many appli-
cations, short lengths of transmission line can be used as circuit ele-
ments, such as tuned circuits in oscillators. This property is highly
advantageous since, at ultrahigh frequencies, it becomes physically
impracticable to construct lumped inductances and capacitances
which can be made to resonate at the radio frequencies normally
encountered in UHF systems.

Associated with this tuned-circuit property of resonant lengths
of transmission line is its impedance transforming characteristic
which is extremely useful in impedance matching. Such lengths of
line, normally a quarter or an eighth wavelength long, are called
transformers.

Short lengths of low loss, short-circuited lines appear to have
an input impedance which is almost purely reactive. Consequently,

y

Nt

AN

oscillator antenna

iy

Fig. 5.1. Suppression of even harmonies.
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such lengths of line are used to neutralize reactances along trans-
mission line systems in order to match impedances and reduce the
standing-wave ratio. These short lengths of line are called stubs and
will be treated in detail in Arts. 5.13 and 5.14.

5.2 Supression of Even and Third Harmonics

The presence of harmonics of the oscillator frequency is undesir-
able (and illegal in many cases) and furnishes a situation to which the
properties of resonant transmission lines may be applied to effect a
remedy. For example, assume that even harmonics in the output of
an oscillator are to be suppressed. This is readily accomplished by
the arrangement shown in Fig. 5.1. A section of transmission line,
called a “‘stub,’”’ shorted at one end, essentially lossless, and a quarter
wavelength long at the fundamental frequency, is connected directly
across the main transmission line joining the oscillator with the an-
tenna. At the fundamental frequency, the input impedance of the
stub is ideally infinite (practically, it is of the order of several hun-
dred thousand ohms) so that it has no appreciable effect upon the
fundamental. However, the wavelength of the second harmonic is

4

oscillator antenng

o>

4

Fig. 5.2. Suppression of third harmbnics.
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half that of the fundamental, so that the stub is a half wavelength
long at the second harmonic frequency. Moreover, it is always a
multiple of a half wavelength at any even harmonic frequency. The
input impedance of the stub is then zero, at these frequencies, and the
unwanted second harmonics are shorted out before reaching the
antenna.

Odd harmonics may be removed in a similar manner, but the
connection is slightly different superficially. A typical connection
for suppression of the third harmonic is shown in Fig. 5.2. A piece
of transmission line, shorted at one end and open at the other, is
connected as shown. It is a quarter wavelength long at the funda-
mental frequency, and the main transmission line is connected to it
at a point a twelfth of a wavelength away from the open end. From
the equation for the input impedance of a lossless line

Zgr + jZ.tan Bl
*Zs+ jZ g tan Bl
The input impedance of the open-circuited A/12 section of the stub
may be found as follows. Rearrange terms in the preceding equation,
obtaining

Zin =12

1 + j(Z./Z r)tan Bl
*(Z./Zg) + j tan B

But, Zp = » = open circuit, so that
— Zc
"~ jtan 8l
Then letting I = \/12, so that 8l = 30°,

Zin = —jZ. cot 30° = —j(1.732)Z,
This is a capacitive reactance as indicated by the minus sign. The
input impedance of the /6 shorted section is

Zin = jZ.tan 60° = +j(1.732)Z,

which is an inductive reactance exactly equal to the capacitive re-
actance of the open-circuited section..Consequently, the input im-
pedance of the two sections in parallel is infinite at the fundamental
frequency and the stub has no effect upon the signal’ However, at

the third harmonic, the open line is a quarter wawvelength long and
throws a short circuit directly across the main line. In addition, the

Zn =12

Zin = —jZ. cot Bl
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short-circuited section is a half wavelength long and also has an input
impedance equal to zero. Thus, the third harmonic is effectively
removed before reaching the antenna.

5.3 Measurement of Power
In general, the power input to a resistance may be expressed as

o
P=z =IR

On 3 lossless line, it was previously shown that the input impedance
of the line at a voltage maximum is a pure resistance equal to pZ.,
where p is the standing-wave ratio and Z, is the characteristic im-
pedance of the line. Hence, the power transmitted by the line may
be written as

= | Emexl?

= = |I.]2

p 7, [ Imin|?0Z .

But, by definition, the standing-wave ratio is
J N N
lEminI IIminI

Then substituting into the equation for the power,

p = Buel Bonl _ 17 1,02,

Thus, the power transmitted can be determined from an experimental
determination of the voltage or current standing waves, if the charac-
teristic impedance of the line is known. When the line is flat, that is,
if there are no standing waves, then

2
P =2 \pg,

5.4 Measurement of Impedance

Assuming a section of lossless transmission line with a known
characteristic impedance, then the value of any unknown impedance
may be determined by connecting it as a load on the line and measur-
ing the standing-wave pattern. For example, if the maximum value
of the voltage standing wave appears across the load, then the
unknown impedance is equal to pZ,, since at a voltage maximum,
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R = pZ.. If the minimum value of the voltage standing wave
occurred at the load, then the unknown impedance would be Z./p.
For any intermediate condition, the calculation is made in the
following manner. Let d = distance between the load and the first
voltage maximum. At this point d, the input impedance is pZ,.
Hence,
Zr + j. Ztan pd
°Zc+ jZ i tan Bd

Solve this equation for Zg, the unknown impedance, obtaining
_ p — j tan Bd)
2z = Z‘(l — jp tan Bd
If the measurement had been made to the first voltage minimum,
then following the same procedure for the derivation yields

_ 1 — jp tan Bd’
Zz = Z”(p — j tan Bd’

Zin = PZc=Z

where d’ = distance from the load to the first voltage minimum.

5.5 Dissipationless Lines as Resonant Circuits

Resonant circuits to be used in the ultrahigh frequencies require
very small values of inductance and capacitance. Generally speaking,
it is impractical, if not impossible, to construct lumped-circus
parameters at these frequencies with such small values. In/some
cases it might be theoretically possible, but the elements w be sQ
small that their power-handling capacity would be insufficient for
most practical applications. Thus, a definite need exists for resonant
circuits of some other type which will be physically larger so that
they are easier to construct and tune as well as having larger power
capacity.

Fortunately, certain properties of low-loss transmission lines may
be utilized which have practically the same characteristics as resonant
circuits. The general expression for the input impedance of a dis-
sipationless transmission line is

Zr + jZ. tan Bl
Z= Z‘(Z, ¥ jZz tan 51)

If the load impedance is a short circuit, then
Z, =32, tan Bl
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Whereas, if it is an open circuit,
Z,. = —jZ.cot Bl

The input impedance of such lines varies with the electrical length
Bl as shown in Fig. 5.3. The electrical length may be made to vary

1 ] !
! A |
X i : !
t [ i i H
-—--‘- \m'zc .ll----t r
! 1 1 1
het — o 1z XAt
! 12 '
-+ -2, - :. _....;_
! | 1
o | |
] I ! ]
Input impedance of a finite, Input impedance of a finite,
dissipationless, short circuited dissipationless , open circuited
line. line.

Fig. 5.3. Impedance characteristics of dissipationless lines.

by -changing the frequency. Assuming the frequency to be the
variable, it is evident that the impedance variations correspond
rather closely to the series- and parallel-tuned circuits where

(1) Series resonant circuits correspond to:

(a) odd multiples of a quarter wavelength of open line,

(b) even multiples of a quarter wavelength of shorted line.
(2) Parallel resonant circuits correspond to:

(a) even multiples of a quarter wavelength of open line,

(b) odd multiples of a quarter wavelength of shorted line.

Resonant lengths of transmission line are sometimes used for
interstage coupling in RF amplifiers. Furthermore, they are widely
used as tuned circuits in high-frequency oscillators. However,
calculations involved in circuit design are ordinarily more con-
veniently carried through in terms of ordinary lumped-circuit theory.
Hence, it is highly desirable to establish an equivalence between the
transmission line and the constants of a hypothetical tuned lumped-
‘element circuit. The technique of determining the eqmvalent rela~
tionships is illustrated by the following example.
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The input impedance of an open-circuited dissipationless line
was shown to be
Zoc = onc = —jZ, cot ﬁl
or Xoe = —Z, cot Bl

For a series-resonant circuit, the resonant frequency is defined by the
relationship

Xo=w0L"'—];—=0

wo

Solving for the resonant frequency yields

w =\
0 LC
For the transmission line, if series resonance is to occur, then assuming
an open-circuited line
Xoe= —Z.cot Bl =0

This condition can be met only if

cot Bol = 0O
or, in terms of the angle, if

T
Bl =

or any odd multiple thereof. Hence, solving for the phase constant 8,

; L
Bo = 51
However, the phase constant was previously defined as
Bo = 2r _ 2nfo _ @
LW Joho w0

Thus, equating the two expressions for the phase constant yields
@ = X
Yo 2l

Or, solving for the resonant frequency wo,

oo = ™0
°T 2
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Equating the expressions for resonant frequency yields

1™

NI
This gives one equation involving the two unknown constants of the
hypothetical lumped-element circuit. A second equation is needed
if both constants are to be evaluated.

If the tuned circuit is to closely correspond to the resonant line
in the region of resonance, then the reactance curves should pass
through zero with the same slope. These slopes are the derivatives
of the reactances with respect to angular velocity, or dX/dw. For the
transmission line

dXoc
“dw

Then carrying through the required derivative yields

dXo. l Z, et < wl
dw v v

= du ( —Z,cot Bl) = d( —Z, cot wl)

However, at resonance, it was shown that
so that

Hence, the value of the slope of the reactance curve of the transmission
line at the resonant frequency is

e, = G)
w=w, - Vo ‘

dw
Following the same procedure for the equivalent tuned circuit yields
dX 1
o = (“’L 0) =Ll+5e
At resonance the slope is

x| g1 1 ol _
o ome, ~ LT aie=Ltg wC) L+ 2L
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Equating the values of the two slopes so obtained will produce

(D=2
Vo

Solve for L and replace vy by foho to obtain

L= 0)5)

But, at resonance for the line, I = A\/4 so that

L3 -3 o

This is the required value for L. The capacitance can be found from
the equation for the resonant angular velocity

1
s

Squaring both sides and substituting for L will give
1 1 8f 0

Then, solve for the capacitance to obtam

e~ ()64

The same procedure may be followed for the parallel equivalent, in
which case the r:zlts are, for the short-c rculted line,

\z7) ﬁ" (2)%) 63

One more circuit, mentxoned in the article on harmonic suppres-
sion, deserves separate consideration. That is the quarter-wave line
open at one end and shorted at the other. The total input impedance
at any point is to be determined. Observe that it is always the sum
of two impedances, in parallel; one capacitive, the open-circuited
part, and one inductive, the short-circuited part. Consider the line
shown in Fig. 5.4. If we break into the line at any point the input

impedance is

2.2..
2= 7T Zu:
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Zoce—eo o—Z .

1 A -l
~ K '

Fig. 5.4. Input impedance of a tapped quarter-
wave line, open at one end, shorted at the other.

Then substituting for the impedances of the open- and short-circuited
sections of the line yields

iZ. tan az[ —jZ. cot(} - l)ﬁ]
zZ = , -
JZ, tan Bl — jZ, cot 3(2 - l)

By definition, the phase constant g is 2r/A. Thus, the cotangent
term can be expanded by hyperbolic trigonometry, using the standard
expansion, as follows:

ZNi-) - - Fr - s

Consequently, the expression for the input impedance becomes

7 = (JZ. tan BI)(—jZ. tan Bl) _ Z? tan? Bl = ®
T jZ,tan Bl — jZ.tan Bl 0

Therefore, no matter where the break in the line is made, the input
impedance is always ideally infinite. This occurs because the resonant
frequency is determined by the product of L and C. Changing the
position of the tap varies both L and C, but their product remains
constant. The same effect is noted in the properties of lumped-
element tapped resonant circuits.

5.6 Effective Q of Transmission Lines

If resonant lines are to be used as circuit elements, their Q is a
factor which should be known. In general, the input impedance of a
transmission line is given by the following equation:

7 = 7|2z + Z: tonh(a +.7'B)l]
Ze + ZB tanh(a + )ﬁ)l
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Assuming that the line is short-circuited at the load end, then
Z,. = Z. tanh(a + jB)l

Further, assume that the line is approximately a quarter wavelength
long, being detuned from the )\/4 point by a small distance Al. Then
the total length is

l=l'+Al='2+Al so pl =

[V ]

Therefore, the input impedance in the short-circuited case becomes
Zue = Z¢ tanh(al + jg +3j Aﬂl)
The hyperbolic tangent in this equation may be expanded into the

form indicated in the following equation by use of a standard identity.

tanh (a + j AB)l + j tan x/2
°1 + [7 tanh (a + j AB)!][tan 7/2]

Divide numerator and denominator through by tan w/2 obtaining

tanh (a + 7 AB)1
tan r/2

1 . .
(m) + j tanh (a + j AB)!

Zee =12

i+

Zsc = Zc

However, tan /2 = «, and consequently
. _ Z.
tanh (a + 7 AB)I

Since the line was assumed to be physically short (about A/4), then
a, I, and Al are all very small. As an approximation for small angles,
the tangent and the angle are virtually equal so that

Z
& He
Zio = al + j ABl
The phase constant was previously defined as

B = ?f = 2—:—f where ¢ = velocity of light

A

Therefore, the input impedance reduces to

o v Ze .
2w = T j@afl8l
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Assuming that the transmission line is supplied by a constant-
current generator, then“the resonance curve will drop to the half-

power points when the input impedance of the line is equal to Z,/ V.
This will occur only when the real and imaginary parts in the denomi-
nator of the equation for the input impedance are equal to one
another. That is, when

ol = (2”f)Az (2—’4)Af
Solving this equation for Af yields
4o = 2‘n'

The @Q of the circuit may be defined from the frequency characteristic
showr in Fig. 5.5.

= I
Q‘zAf
|
!
|
—-f-l——f- %pOwer points
1 |
o
| | 1
: l |
1
o
| | :
1 1 1 f —o
i % f2

rig. 5.5. Resonance curve.

Substituting for the Af yields

@ = gz = (5)E)

In the article on low-loss transmission lines it was shown that the
expression for the attenuation constant had the approximate form

+ GZ@
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In general, however, the shunt conductance is so nearly zero that

R
2Z.

a

Then, substituting for the attenuation gives

o+ (2 (D)

Calculation of the Q of a transmission line from this formula yields
values ranging from 600 to as high as 30,000, assuming typical prac-
tical lines. The higher values of @ compare favorably with that found
in crystals so that tuned lines may be used to stabilize oscillators for
most UHF applications.

5.7 Derivation of the Rectangular Coordinate Circle Diagram

Through ordinary circuit analysis, electrical engineers are accus-
tomed to the representation of impedances in a complex plane where
resistance is plotted along the real, or X, axis, and the reactance is
plotted along the imaginary, or Y, axis. The input impedance of a
transmission line may be plotted in a similar manner, but with the
added advantage that certain characteristics of the equation for the
input impedance of a lossless line enable us to plot impedance (or
admittance) loci in this complex plane, that are completely general.
Such charts enormously facilitate the design of circuits using resonant
lengths of line. -

The input impedance of a transmission line is simply the ratio of
the input voltage to the input current, that is
V _Et+ E-

Z=r=TxTF

Factor this equation as shown in the following expression.
Z = ET)L:*:_(E@L)
It )1 + (I-/I%)

But, .the ratio of Jeflected to incident waves defines the reflection
coefficient I' where



218 UHF APPLICATIONS OF LINES [§5.7

This may be rewritten in polar form as
|E-| |[—¢ - |—¢
“‘H._."_gﬂ"wﬂbj- |I+||_’t?

Furthermore, the ratio of the incident-voltage wave to the incident~
current wave equals the characteristic impedance of the line. Hence,
the equation for the input impedance takes the following form:

1+ 1| !—2¢)
Z = Zc(______::
1 — [T [=2¢
Divide through by the characteristic impedance Z,, obtaining
_z _1+riz2e
T Z. 1-[r[[=2¢

This process is called normalizing, and all normalized impedances are

customarily denoted by lower-case letters. That is
VA R . X .
t=z. "z iz =TtE

Now solve the equation for the normalized input impedance for the
reflection coefficient.

JI,”_24,=z—1_r+j.1:--1_(r—l)+,7’:c

z+1 r+jz+1 (@E+1) +jz
Rewriting the right-hand side of the equation in polar form yields

VT () - (1)

Equating magnitudes and angles on either side of the equality gives
V=Dt
Ir| =
Vir+ 12+ 22

—2¢ = tan—! (1%]?) — tan—! (;%T) = 06; — 0,

This process separates the two variables |I'| and 24, so that each can
be analyzed separately. _

Consider the equation for the magnitude of the reflection coeffi-
cient.

[T |—2¢ =

= Ye-D+2
Vir+1)2+2



§5.7] UHF APPLICATIONS OF LINES 219

It was previously shown that the standing-wave ratio had the form

_Ir+1
PET 1

Then, solving for the reflection coefficient
-1

p
r=—.—
vl = 23

Therefore,

p—1 _J(r— 124 2?

p+1 VeFDita
Square both sides of this equation, rearrange in powers of r, and
complete the square. This process yields

_ p2 + 1 2 2 _ p2 — 1 2

(r 2p > + (@) = 2p

This is the standard form for the equation of a circle in the r — z
plane with a radius equal to (p* — 1)/2p and with its center at

=~—F— and 2=0

By inspection then, it is apparent that the center must lie completely
on the real axis. Thus, typical plots appear as shown in Fig. 5.6.
These circles were drawn by assuming some fixed value for the
standing-wave ratio p. Consequently, they are called constant-p
circles. These curves are especially interesting because the standing-

Fig. 5.6. Rectangular-coordinate circle
diagram: constant-p circles.
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wave ratio is a unique quantity, depending solely upon the compara-
tive values of load and characteristic impedance. Thus, the standing-
waveratio characterizes any line with a given characteristic impedance
and load.

These circles are plotted in what are called chart units, that is, all
resistances and reactances were normalized by dividing them by the
characteristic impedance of the line, which is a pure resistance on a
lossless line. Thus, the coordinates of Fig. 5.6 are

r = R and z = X
Z, Z.
It will be noted that the chart reactance is zeio at the two points
where the constant-p circles cross the chart resistance axis. At these
points, z = 0, and therefore, from the equation fur the circles

P+l _ -1
(r 2;))——=I= 2p

Solving this equation for the two values of chart resistance yields

Tmax = P
1
Tmin = —
p

This is in accordance with the equations for the input impedance of a
line at a voltage maximum or minimum. They were shown to be

Ruux = pZ. or, in chart units, 7. = p

Z, . ) 1
Rpin = > or, in chart units, rom = .

Hence, on the chart, the two points correspond to a voltage minimum
and maximum. Since the maximum value of the chart resistance, for
any given standing-wave ratio, equals p, then the value of p may
be found directly from the chart for any load and line combination.
If the input impedance of the line is given by

Z =R+ jX
then normalize it to obtain
z2=1r+4jz

and locate this point of the chart. It will fall on some constant-p
oircle. The value of p may be found immediately by following this
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circle to the point where it crosses the chart resistance axis at its
maximum value. The value of chart resistance read at that point is
the magnitude of the standing-wave ratio.

To complete the chart, it is necessary to ascertain the nature of the
lines of constant ¢ in the r — z plane. It was previously shown that

—_— = -1 d —_— - z = —_—
2¢ = tan (r — 1) tan 1(r+ 1) 6, — 9,

Now, take the tangent of both sides of this equation. That is,
tan (—2¢) = tan (6; — 6;)

Or, using the standard trigonometric expansion on the right-hand
side of the equation,

tan 6, — tan 6,

—tan 2¢ = 1 + tan 6, tan O,

Substituting for 6, and 0, yields

() - (7)
—tan 2¢ = r—1 r+1) 2z

z z T4 r—1
1+ r—l)(r+l)

14+ jo

Fig. 5.7. Rectangular-coordinate circle -
diagram: constant-¢ circles.
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Rearranging terms and completing the square produces

tan? 29 + 1

2 4+ [z + cot 2¢)2 = tan? 26

= csc? 2¢

This is the equation of a circle in the r — 2 plane specified in the
following manner:

Radius = csc 2¢ center at r = 0 and & = —cot 2¢

These circles appear as shown in Fig. 5.7. Since ¢ is constant along
any one of these lines, they are appropriately called constant-¢
circles. The complete chart then appears as shown in Fig. 5.10.

This is an impedance chart. However, precisely the same result
would have been obtained for the input admittance of a line. In
both cases, positive reactance and positive susceptance are in the top
half of the chart. According to established convention,

+jx = positive reactance = inductive reactance
+7b = positive susceptance = capacitive susceptance

and conversely. Recognizing this fact, the chart may be used with
equal facility, and in the same manner, for impedances or admittances.

5.8 Derivation of the Smith Chart \

Although the rectangular coordinate circle diagram is a ver)
valuable and easy-to-use tool, there is another chart which is generally
better for ordinary use once the individual becomes accustomed to
it. Because it is plotted in curvilinear coordinates, instead of rect-
angular coordinates, some difficulty may be experienced with it in
early attempts at use. These troubles soon clear, however, and this
Smith chart* is usually preferred.

Commencing with the same expression used at the beginning of the
derivation for the rectangular-coordinate circle diagram

V _Et+E-

I It+1I-

For the lossless line, and in exponential form, this becomes
E* /¥ 4 B~ ¢®

It @8 4 I- ¢8

Z =

Z =

*P. H. Bmith, Bell Telephone Laboratories, "A Transmigsion Line Calcu-
istor” page 28-31, Electronics, 12 (Jan. 1938).
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From the definition of the reflection coefficient on a lossless line
B
This may be substituted into the equation for the input impedance to
obtain
7 = (E*)eh” + Te#

I+ eJﬁl p— I‘ —Jﬁl

The ratio of incident voltage to incident current is the characteristic
impedance of the line. Consequently,

8l + T8
Z = Z elﬁl I‘e-lﬂ:)

Now multiply through numerator and denominator by [¢* — P 7]
to obtain

1 1 + Te %A — Te¥fl — I‘z)

— T — Tk F 17
_ [ =TH — T — enm)
T+ 9 — I (e¥# + %)

Z =7/

Using normalized impedances again, this may be written as
(1 — T?) — 24T sin 281

z= I+ T9) —2Feos2al ~ ' T%#
where 2 jsin 2 Bl = (eBt — 4P
and 2 cos 2 Bl = (e¥Bl 4 A

Then, equating real and imaginary terms on either side of the equation
results in the following:
1-1
= (1T F T®) — 2T cos 261
2T sin 281
(1 + I'*) — 2T cos 261

Consider the expression for the normalized resistance r. Assume
r to be fixed so that the reflection factor will have to vary as the
electrical length I is varied in order to maintain the equality. For
any given value of normalized resistance assumed, a circle will be
traced out, as shown in Fig. 5.8.
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q axis
p=1
locus of
centers p axis

Kig. 5.8. Smith chart: constant-r circles.

To prove that the path traced out is a circle when the normalized
resistance is held constant, rewrite the equation for r in rectangular
coordinates by assuming that

p = horizontal coordinate
g = vertical coordinate

Hence, p:+ ¢t =T

Substitute these relationships into the equation for the normalized
resistance. This process yields

1-p—¢
1+p°+¢*—2p
Cross multiplication reduces the equation to
r+mptrg —2p=1-p'—¢
Collect like powers of p and g, which will yield
A+ +¢l+r+p(—2r)=1-r
Divide through by (1 + ),

#+¢ - (o) = ()

Complete the square in p to obtain

[# - 2l(i5) + () ]+ o - (059 + ()

T cos 281
T sin 281

r=
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(o) + 0 = ()

This is the general form for the equation of a circle. The coordinates
of the centerarep = r/(1 + r) and ¢ = 0. The radiusis 1/(1 + 7).
Note that the maximum radius is 1 when r = 0. When ¢ = 0, the
equation reduces to

(- ) - ()

So that, taking plus signs throughout,

Hence,

r 1
P Ty T TE
Hence, all circles of constant normalized r pass through the point 1
on the p axis. Therefore, although circles of different » have different
radi, they all pass through the point (p = 1, ¢ = 0) due tothe change
in location of the center of the circle. Thus, the constant-r circles

appear as shown in Fig. 5.8.
A similar treatment of the normalized reactance component yields

-1+ (q ¥ ,—15)' - (ﬁ)’

Hence, the lines of constant z are circles with centers at p = 1 and
¢ = 1/z while the radius is 1/z. These constant-z circles are

B
5
focus of
cenfers o 58
constant =t
circles 5%
™
s s
consta 5 a
circles i
constanN\-x
circles

Fig. 5.9. Bmith chart: thoomﬂcﬂ:lﬁli.
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orthogonal to the constant-r circles at all points as shown in Fig. 5.9.
The useful part of the chart is confined to the region inside the
constant-r circle for which r = 0. Thus, in practical form, the charts
are circular in appearance.
If, in the equation for the normalized impedance, the reflection
coefficient is held constant, while the normalized reactance and

g
1124
1]

i
{HIE

o
1

8 5858 83888

n
O

3
11

15

-dx
-db -

Fig. 5.10, Rectangular-coordinate circle disgram.
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Fig. 5.11. Smith chart. (Courtesy P. H. Smith, Bell Telephone Laboratories.)

resistance are allowed to vary, a family of concentric circles with
center at the origin of coordinates is obtained, referring to the p and ¢
coordinate system. These are the constant-T' or constant-p circles.
Rotation through an electrical angle is made on these circles in the
same manner as for the chart in rectangular coordinates. In passing,
it should be noted that in many of the practical printed forms of the
Smith chart, the constant-p circles are not printed on the figure, but
must be drawn on for the case under consideration, using a compass.

This chart may be used with normalized admittances, too, just
as in the case of the rectangular coordinate chart.
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5.9 Comparison of the Two Diagrams

These charts, both the Smith chart and the circle diagram in
rectangular coordinates, are purely general because of the normalizing
process which removes the only term in the defining equations which
specializes the charts to any one particular line. According to
established convention, lower-case letters are used throughout to
indicate normalized quantities, and the diagrams are then plotted
in chart units, where 1 chart ohm = ohms/Z, and 1 chart mho =
mhos/Y.. ‘

The principal fact to remember in the application of these charts
is that they are generalized vector diagrams, or more properly,
generalized loci of impedance and admittance vector diagrams.
Thus, the distinctions which are made between the two charts arise
from the manner in which these loci are obtained, resulting in plots
of the same quantities, but using different coordinate systems.

A visual comparison of the two charts shows that the following
relationships may be established.

Locus of Circle Diagram in .
Constant Rectangular Coordinates Smith Chart

rorg Vertical straight lines Nonconcentric circles with cen-
ters on the horizontal diameter
of the chart
zorb | Horizontal straight lines Nonconcentric circles with cen-
ters on the vertical axis
p Nonconcentric circles with cen- | Concentric circles about the cen-
ters on the chart resistance axis | ter of the chart at the point
1+ j0)
¢ Nonconcentric circles with cen- | Straight lines from the chart cen-

ters on the chart reactance axis | ter (1 + jO) tothe chart periphery

Since both charts yield the same imformation, merely using
different methods of data presentation, discussion of one applies
equally well to the other. Hence, for both charts

r + jx denotes inductive impedance .
g + jb denotes capacitive admittance top half of chart

r — jz denotes capacitive impedance
g — jb denotes induetive admittance }bottom half of chart
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5.10 Input Impedance (or Admittance) of a Line

Despite frequent misconceptions to the contrary, these diagrams
are used exclusively to determine the input impedance or admittance
of a section of lossless line terminated in some load, Although they
are used in the solution of comparatively difficult problems, such as
double-stub matching, the actual function of the chart in every place
where it enters the computation is merely to supply the value of the
input impedance or admittance of a line. The charts are not oracles,
orfabulous machines in which a flick of the wrist grinds out an answer.
Their facility is restricted to the knowledge and common sense of the
user. They simply make it unnecessary to go through the calculation
of the input impedance equation

Zg +]Z tan Bl
Y+ jZ g tan Bl

Z =12,

at every step in a problem.

The only locus on these charts which is also a constant on any
line and load combination is the standing-wave ratio. p is the same
everywhere on the line. Likewise, p is the same everywhere on the
constant-p circles. It is obvious then, that some direct relationship
must exist between the point on the constant-p circle and the point,
in terms of electrical length, on the line. It has already been shown
that, on any cne of the constant-p circles, the places where the circle
crosses the normalized resistance axis correspond to the voltage
maximum and minimum of the standing wave on the actual line.
Since this electrical distance is a quarter of a wavelength, we conclude
that there are 90 electrical degrees between these two points on the
chart. Inspection of either chart shows this to be true. ' A half wave-
length is then one complete revolution around the chart on a constant-
p circle, Thus, any intermediate fraction of a wavelength can be
scaled off by moving that A¢, as measured between the intersections
of the appropriate constant-¢ lines with the constant-p circles.

Following estaplished convention, motion away from the load bn
the line corresponds to clockwise rotation (advancing phase) on the
p circle. Motion toward the load corresponds to counter-clockwise
rotation (retarding phase), on the chart p circle.

Assume that the input impedance of the line shown in Fig. 5.12
is to be determined. The load is

Zr = Rp + jX»r
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ZC
Zg—> ié 43
bt
Fig. 5.12.

Normalize this impedance, obtaining
zr = rp + jIr

Enter the chart with this value of impedance; that is, locate the
point (rg, zg) on the chart. This point determines the standing-
wave ratio characteristic of the line and load, as evidenced by the
particular constant-p circle upon which the point falls. Furthermore,
the point also lies on some constant-¢ circle, ¢ z. To find the input
impedance Z,, rotate clockwise (away from the load) on this constant-
p circle, through an angle A¢ equal to the electrical length of the
line in degrees. This locates the point ¢, where

¢ = or + A

The coordinates of this point are the coordinates of the input imped-
ance in chart units. Read these values as

=7+ jxc

The actual value of the mput impedance is obtained by multlplymg
through by the characteristic impedance so that

=22 = R, + .737:
The lines drawn from the center of coordinates of the chart to these
points are the vectors zz and z,. Hence, the vector diagram obtained
from the chart appears as shown in Fig. 5.13.

Exactly the same process is followed if the load admittance had
been given and the input admittance was to be determined. Ad-
mittances are normalized in the same manner as impedances, that is,
by dividing through by the characteristic admittance, or

Y @& b .B
v=-}7:=7—°+17-;=0+jb

If the input impedance had been given, and the load impedance
was to be found, the procedure would be exactly reversed from that
‘just outlined,
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\{:onsfcnt—p
v circle

l
a¢ |/
~— Fd

Fig. 5.13. Vector diagram from rectangular-
coordinate circle diagram.

5.11 Impedance Transformation—Quarter-wave Section
The general expression for the input impedance of a lossless line is

o (Zr + jZ.tan B
2. = Z‘(zc T 1Z+ tan Bl

Divide numerator and denominator by tan gl

_ 5 @x/tan B) + iZ.
‘(Z./tan Bl) + jZ g

For a quarter-wave section, 8l = 90°, so tan Bl = s hence
Z 2
Z, = -Z--R
Because of this impedance-changing property indicated by the
equation above, this is commonly called a quarter-wave transformer,
A typical application of this principle is found in matching an
antenna to a transmission line. In this case, the antenna impedance
i8 Z g, and the input impedance to the quarter-wave section is desig-
nated by Z, and must equal the characteristic impedance of the
main transmission line. Since both Zg and Z, are known, the one
remaining unknown is the characteristic impedance Z, of the quarter-
wave transformer. Solving the equation for Z, yields

Z = VZRZ.

The characteristic impedance of the quarter-wave section is ad)ustad
to this calculated value by chooging the necessary wire apa.mm, :
diameter, and s0 on. A typical arrangement is shown in Fig. 5.14.

Z,
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Main _transmission line ':' Antenna

I transformer

-y Zp

Fig. 5.14. Application of A/4 transformer.

The equation showing the impedance transformation in a quarter-
wave transformer is very interesting from the point of view of the
circle diagrams. Since

: 23

Z. = Zz
the terms may be rearranged as follows:
Z. Zr Y,
Z, e
But 7 =n.= normalized input impedanog
I—;;E = yr = normalized load admittance

Thus, for a quarter-wave section, the normalized input impedance is
equal to the normalized load admittance, That is, z, = yg. This
gives us an extremely convenient method of converting impedances
to admittances and vice versa, through the use of the circle diagrams.
The procedure is simply to enter the chart at the given normalized
impedance or admittance and rotate 90°. The coordinates of the result-
ing point give the value of the normalized admittance or impedance,
respectively. For example, assume that the impedance Z = R + jX
is to be converted to admittance. The first step is to normalize Z to
the form z = r 4 jz. Enter the chart at the point (r}:g). From this
point on the appropriate constant-p circle, rotate through an ‘angle
of 90°. Read the coordinates of this point asy = g — jb. Reversing
the normalizing process yields

Y =Yy=G-—jB
This is the desired result.
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5.12 Impedance Transformation—Eighth-wave Section
The input impedance of a dissipationless line is

Zr + jZ. tan ﬁl)

20 =28 7 X 37 n tan Bl

If the line is an eighth of a wavelength long, 8l = 45° and tan gl =

- ZR '+' ch
So Z, = Z,Z-——————c ¥ Zs
Or, in polar form,
\/z2 Ztan! Z./Z —ide _ Zr
2. o = r* + Z tan /Z g -z Ita.n 7 tan— 7.

\/Zc2 + Zzltan—'Z z/Z.

It is possible to write these equations this way only if both Z. and Z r
are pure resistances. Z, is, of course, since the line was assumed to be
dissipationless. However, it must also be assumed that the load is
likewise resistive. Under these conditions, if we equate absolute
magnitudes on either side of the equation, |Z,| = Z,. Thus, the
magnitude of the input impedance of an eighth-wave section.ter-
minated in a pure resistance is always equal to the characteristic
impedance of the line. Conversely, an eighth-wave section terminated
in an impedance equal in magnitude to the characteristic impedance
has a pure resistance input impedance.

These facts may be verified quickly from the circle diagrams. For
example, consider an eighth-wave section terminated in any pure
resistance Rz. Normalize this to obtain rz and enter the chart at
the point (rg, 0). Rotate clockwise (away from the load) on the
appropriate constant-p circle through 45°, where

p=TR if rg>1

or p = 1 if re <-1
TR

The coordinates of the resulting point are always on the 45° or 135°
constant-¢ circles, depending upon rg. The length of the line,
drawn from the origin of coordinates to this point, is the magnitude
of the normalized input impedance. By inspection it is apparent
that its length is 1 chart unit, which is Z, ohms. The converse may
be demonstrated in the same manner.
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5.13 Impedance Matching—Single Stub

A problem of the greatest practical importance is the matching
of some load, such as an antenna, to a transmission line in order to
eliminate the standing waves as well as match impedances. It is
usually desirable to do this in such a way that the matching section is
readily adjustable and does not alter the general configuration of thg“
main transmission system. On open-wire lines the most common
method of accomplishing this is through the use of a stub, adjustable
in position on the main line, and variable in length.- A typical connec-
tion is shown in Fig. 5.15, These stubs are usually short-circuited,
though there are notable exceptions.

Stub

Main transmission line / E
<

Fig. 5.15. Single stub.

load

VW~

Assuming that a given dissipationless line is terminated in a load
impedance that is unequal to the characteristic impedance ,of the
transmission line, then standing waves are produced due to reﬁecthns
from the load. Jhe input impedance of the line varies in a complex
manner with the length, but at two points it is & pure resistance; a
minimum (Z./p) at a voltage minimum, and a maximum (pZ.) at a
voltage maximum. At some point on the line between these two
extreme condltlons, the resistive component of the input impedance
equals the characteristic impedance, which is a pure resistance for
the dissipationless line assumed. However, the input impedance has a
reactive component which must be neutralized if an impedance
match is to be made at this point. For such a match to oceur, it is
necessary to introduce this neutralizing reactance from some external,
source. The stub is that agency.

Because the stub is essentially lossless and terminated in an ideal-
ilad“pure” open or shert circuit, its input impedance must: be a pure
‘edotance. Since the stub cannot introduce any resistive component,
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it must be located at a point on the line where the input impedance of
the line has a resistance equal to the characteristic impedance of the
line. The length of the stub is then adjusted so that it introduces the
susceptance necessary to neutralize the susceptive component of the
line input admittance, Since the stub is in parallel with the main
line, computations are more conveniently carried through in terms of
admittances than in impedances.

Although the design can be made directly from proper application
of the equation for the input impedance or admittance of a line, the
circle diagrams are decidedly more convenient., Consider the physical

Moin line ' / load
>

84 |

Fig. 5.16. Impedance matching with a single, movable stub.

arrangement shown in Fig. 5.16. For an impedance match to occur
at the stub terminals,

Ye=Yi+7Ys
But, Y, the characteristic admittance, is a pure conductance G,
while Y, the stub admittance, is a pure susceptance jBs. Hence,

Ge = (Ga=jB4) + (*jBsg) YR
Thus, the sthb must be positioned
so that
Gc' = GA d Ye
and have a length such that "
Bs = —B. Ya $

Vectorially, the problem appears ig. 5.17. Vector diagram for the
as shown in Fig. 5.17. “‘wb matching setap.
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Normalize all admittances. Note that

g,=g,—c=l+j0=l
Ye

Hence, Ya =1 = jb,
Y

Draw the locus of all possible values of y4 which the stub can match
to the line. On the circle diagrams this would simply be the line for
which g is a constant and equal to 1 (g. in normalized units). The
susceptance can have any value. As long as y4 lies on this line, a
match can be obtained between load and line because:

(1) The conductive terms are already equal.
(2) The stub can introduce any required neutralizing susceptance
from 0 to «, depending upon its length.

Thus, the problem is to find out what value fd must have so that the
normalized input admittance y4 of that section of the line to the
right of the stub terminals in Fig. 5.16, terminated in yz, falls on this
locus.

Enter the chart at yg. Rotate clockwise on the appropriate p
circle until it intersects the previously drawn locus of ys. The
coordinates of this point give

ya=1=jby
and the angle turned off in the rotation around the constant-p circle

is obviously 8d, the electrical length between load and stub. Hence,
the stub susceptance, in chart units, is

Ys = *jba

Now it is necessary to determine the stub length that will produce
this required value of susceptance. - Consider the stub as a separate
transmission line terminated in a short circuit, so that its load ad-
mittance is infinity. Enter the chart with this value of admittance

Yoo = &
The constant-p circle for this admittance is

(1) The left hand vertical axis on the rectangular coordinate
chart.
(2) The periphery of the Smith chart.

Rotate clockwise on this constant-p circle to the point 0 F 7ba4.
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The angle turned out in this rotation is Bs, the electrical length of the
stub. Thus, the load is matched to the line and standing waves to
the left of the stub terminals are eliminated.

Note that there are two possible solutions to the problem, one
at each intersection of the constant-p circle for y g with the locus of
ya. Ordinarily, unless other mechanical features necessary to the
particular installation require it to be otherwise, the shortest stub
length is customarily used in order to keep the losses at a minimum.

The same procedure would be followed in matching a generator to
the characteristic admittance of a line, but caution should be exercised
in determining the proper directions of rotation on the constant-p
circles.

5.14 Impedance Matching—Double Stubs

Although the single movable stub is simple in application and
performs effectively, conditions arise which render its use impracti-
cable. A typical case is the coaxial line, because with such con-
struction, it would be very difficult to use movable stubs. This
difficulty is overcome by using two stubs, both fixed in position, but
variable in length. The physical configuration for a coaxial line
appears in Fig. 5.18. The problem is clarified somewhat by con-

Fig. 5.18. Double-stub tuner on a coaxial line.

sidering the corresponding open-wire line, with double stubs, shown
in Fig. 5.19. The distance between the two stubs is ordinarily fixed
at either of three distances, an eighth, a quarter, or three-eighths of
a wavelength. Inspection of Fig. 5.19 indicates that if a match is to
occur between the line and the stub and load system, at the terminals
of stub 2, then

YG = YB + Yﬂ:
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L Ad ]
[ |
X'R
s I
\ - \Stubl
Stub 2
8 8,

Fig. 5.19. Double-stub tuner on an open-wire line.

However, the characteristic admittance is a pure conductance, and
the stub admittance is a pure susceptance, under the idealized con-
ditions assumed. Therefore,

Gc = (Gp + jBp) + jBs,
or, rearranging terms somewhat,
= (Gs) + j(Bs + Bs,)

For an impedance match to be produced, corresponding real and
imaginary terms on either side of the equation must be equal. That
is,

GB = Gc’ and BB = —B&
Consequently, the admittance looking into the line at the terminals
of stub 2 is

Yp = G¢ = jBp
and the stub admittance is
Y,s, = *jBB

Thus, the function of the second stub is to neutralize the susceptance
of the line at that pomt; Therefore, Y5, the input admittance of the
line to the right of thé terminals of stub 2 can have any susceptance,
but its conductance must equal the chargeteristic admittance of the
‘line. Thus, a restriction is placed upon @ Moreover, Yp is deter-
mined by the admittance ¥, and the elécirical distance Sd between
_stubs. But, since this distance is fixed, then Y3 is determined. by
Y Conaequenﬂy, Y4 ig restricted in the sense that its value must
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cause the conductive component of Y5 to equal the characteristic
conductance. However.

Ya=Yr+Yg

Yz, the load, is ordinarily fixed, so that only the susceptance of ¥,
may be varied, by changing the length of stub 1. Thus, stub 1
functions in such a way that it causes Y 4 to have a value which makes
the conductance of Y5 equal to the characteristic admittance of the
line, Stub 2 causes the net susceptance of Y5 to be neutralized,
thus effecting the required impedance match. Thus, motion of a
single stub is replaced here by the adjustment of a fixed stub (stub
1); thereafter the problem is the same as for a single stub. The
argument may be more ap-
parent from the vector dia-
gram of Fig. 5.20.

The procedure for using
the chart is as follows., Nor-
malize all admittances, Draw
the locus of yp on the chart,
This locus represents all the
possible values of admittance
which can be made equal to
the characteristic admittance
by adjustment of the length
?f stub 2. Bince the stub cen Fig. 5.20. Vector diagram of double-
introduce susceptance only, stub tuner operations.
the locus is obviously the line
g = 1, just as in the case of the single stub.

Now' it is necessary to find out what values of y4 will produce a
ys which falls on the locus just drawn. In other words, it is required
to construct the locus of all values of y. which produce values of y»
which adjustment of stub 2 can match to the line. This locus is
constructed by arbitrarily assuming a series of points on the locus
of yg, already drawn, and rotating counterclockwise (toward the
load) on the appropriate constant-p circle through the electrical dis-
tance fd between stubs. The resulting curve connecting all of the
end points so obtained will be a circle, which is the locus of y4 de-
sired. For convenience, this will be referred to as the matching
circle. The matching circle simply gives us all the possible values:
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of y4 for which a match can be obtained. These values may or may
not actually be available by adjustment of stub 1,

Now draw the locus of the values of 44 which we have at our dis-
posal by adjustment of stub 1. Since stub 1 can change the sus-
ceptance of y4 from 0 to + o, this locus is obviously the line gg.

(1) Drow the locus of yg

+@
+b
g=ge=!
° Yo g —>
-b locus of yg
-o

(3) Drow the locus of availoble values

+b

A, locus of yg

locus of available
values of y,

"N

proper value for yg
g=l | 9%0R

values of y,
can be obtained

VAT andl e Mo
’<\m¢m:h|ng clrcle -

required volues of y,

for which o solution

(2) Select several orbitrary points on the
locus of yg and rotate counterclockwise
through B8d. Connect the end points to
obtain the matching circle.

P/ locus of yg

+b

-b
K matching circle,

locus of values of y, for

which a match con be
made.

o

(4) vector diagram illustrating the
stub operotions

+b

=b

Fig. 5.21. Procedure for using the circle diagram in rectangular coordinates to
. design a double-stub matching system.
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Where this locus of available values of y, intersects the matching
circle (the values of y4 for which a match can be obtained), is the
value of y4 required by the problem. Since

Ya = gr + jbr + jbs, = ga + jba
hence, Ys, = jbg; = j(ba — br)
This gives the required value of the stub susceptance. Its length is
found in the manner outlined in the preceding article for the single
stub.

From the point y4 so determined, rotate clockwise on the ap-
propriate constant-p circle through the angle 8d. This locates a
point on the previously drawn locus of ys, thus yielding the value of
ys. The susceptance of stub 2 is then determined, sinee

5. = Jbs, = —jbs
and the stub length is found in the usual manner. The steps in the
solution of the double-stub problem are indicated, for the rectangular
coordinate chart, in Fig. 5.21. It should be observed that, due to
the method of construction, the matching circles are perfectly
general for any given stub spacing, being entirely independent of
the magnitude of the load admittance Y .

5.15 T-R And Anti T-R Devices

In most modern radar sets, transmitter and receiver are located
at the same point and use the same antenna. The dual use of the
antenna creates several special problems. The system would appear
in its elemental form as shown in Fig. 5.22.

The transmitter generally places pulses of the order of 50 or 100
KW of peak power on the line. It is necessary to prevent this pulse
from appearing at the receiver mput terminals because it would cause
serious damage to the crystal détettar which is normally used. Even
if detector damage were not a consideration, the possibility of receiver
blocking is considerable. On the other hand, the echo pulse from the
target is extremely weak and it is necessary to get as much of the

X
" N
T

RCVR]  Fig. 5.22.
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echo energy as possible to the receiver. Thus, during reception,
there should be no absorption in the transmitter and the receiver
should be matched to the line. In substance then, some device must
be inserted in the RF system which

(1) disconnects the receiver from the line during transmission,
(2) disconnects the transmitter from the line during reception.

Such devices are called Transmit-Receive (T-R) bozxes.

X a b Main transmission line A
M A N
4 T
a 1 b .
ry
L .._---J ...... - 4 T-R
Anti T-R Spark gap

Spark gap lRCVRI

Fig. 5.23. Typical T-R, R-T system.

One method of accompiishing this is shown in Fig. 5.23. The
high-voltage pulse from the transmitter causes both spark gaps to
arc over. Ideally, these arcs are pure short circuits so that if it is
assumed that the lines are dissipationless, the input impedance of
both quarter-wave sections is infinite and both lines are disconnected
from the main transmission line. Consequently, the pulse travels
directly from transmitter to antenna.

During reception, the echo pulse is so weak that the spark gaps
do not fire. Thus, the anti T-R line produces an effective short
circuit at terminals a-a. At terminals b-b this appears as an open
circuit so that the transmitter is effectively diseonnected from the
line. The T-R spark gap does not arc over and the receiver terminates
the line in its characteristic impedance. Thus, all of the echo energy
goes to the receiver.
~ Although this is only one of many methods, it illustrates the gen-
eral technique required. The terminology T-R and Anti T-R is
specified as follows:
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(1) The T-R device disconnects and connects the receiver during
transmission and reception, respectively.

(2) The Anti T-R, or R-T, device removes the effect of the
transmitter impedance by disconnecting it during reception,
but otherwise having no effect upon operation.

REFERENCES

Same as for Chapter 4.

PROBLEMS

5.1 Using the circle diagrams, find the input impedance of a lossless
transmission line for which

Z, = 100 ohms Zp = 200 + j150 ohms  Bs = 140°

Convert your result to admittance.

5.2 Find the input admittance of a lossless line if

= 50 ohms Zr = 50 — j100 ohms  Bs = 70°

5.3 The following data was obtained experimentally on a lossless trans-

mission line:
p=25 Z. = 50 ohms Bs = 70°

The distance from the load to the first voltage maximum is 20°. Find the
load impedance. Find the input impedance.

5.4 Repeat Problem 5.3, assuming the distance from the load to the first
voltage minimum is 20°,

5.5 A certain transmission line having a characteristic impedance of
100 4 jO ohms is terminated in an admittance Yz = .04 — j.0195 mhos.
The line is 44 electrical degrees long. Find the length, in electrical degrees,
of the short-circuited stub that must be added at the generator terminals
to match the generator to the line if the internal admittance of the generator
is .005 + jO mhos.

5.6 A single, movable short-circuited stub is to be used to match a
load Zy to a transmission line. The following data apply:

Z. = 50 + jO ohms * Zp = 125 + j250 ohms A =3 cm

Find the position (relative to the load) and length of the stub. Obtain both
solutions.
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5.7 A load admittance Y, is to be matched to a transmission line by the
double-stub method. The spacing between stubs is 3\/8. The first stub is
located at the load terminals. If

Y. = .01 + j0 mhos for line and stub
Y. = .0105 + 7.0105 mhos
f = 100 mcps

Find the stub lengths. What range of conductances can the stub system
match to the line?

5.8 An experimental transmission line, complete with double-stub tuner,
is set up and terminated in an unknown impedance Z;. By experiment it is
found that the line is flat when the first stub is across the load terminals and
30 cm long. The second stub is 112.5 ecm from the first stub and 45 cm long.
If the characteristic impedance of line and stubs is 100 + jO ohms, and if
the frequency is 100 meps, find Zj, assuming the stubs are short-circuited.

5.9 Repeat Problem 5.6, using a quarter-wave transformer. Find its
two possible locations and the corresponding characteristic impedances.

5.10 An antenna is to be matched to a coaxial transmission line (Z. = 70
ohms) by the double-stub method. The antenna is a folded dipole having
an input impedance of 300 + j0 ohms at the operating frequency of 100
meps. The first stub is 37.5 cm back from the antenna and the stubs are
A/4 apart. Find the lengths of short-circuited stubs required. What range
of conductances can the stub system match to the line?

5.11 Repeat Problem 5.10 for stubs 3\/8 apart.

5.12 Repeat Problem 5.10 for stubs A/4 apart, but using open-circuited
stubs.

5.13 What must be the characteristic impedance of a quarter-wave
transformer to match a (5000 + j0)-ohm load to a generator having an inter-
nal resistance of 50 ohms? If the frequency is 300 meps, and if the wire is
No. 10 AWG (diameter = 0.1 inch), what should be the length and spacing
of the wires for a two-wire matching section?



CHAPTER 6
PARALLEL PLANE WAVEGUIDES

I'r is a truism that professions become more sophisticated as their
fields of application enlarge, and as the breadth and depth of the
subjects with which they deal become more basic and profound.
The physical sciences are certainly no exceptions. Every new de-
vice, formula, or technique passes through its period of novelty,
surrounded by a “Buck Rogerish” atmosphere until it becomes
integrated and accepted into the general field of knowledge to which
it applies. Where the naive look for newness and differences, the
sophisticate looks for similarities, and a profession becomes sophisti-
cated when this process of integrating new devices and processes into
the basic professional theory or philosophy is deliberately and actively
pursued.

The phenomenon of wave guiding is not new to electrical engineers
—a great many years have elapsed since electrical energy was con-
ceived to flow like water inside the wires. Maxwell’s field theory is
conscientiously taught. Most engineers appreciate its significance
and the fundamental physical and mathematical similarities of power
and communication transmission lines, realizing that the distinction
between the two arises from the practical applications which impose
somewhat different requirements upon the design characteristics of
the two systems. .

Consequently, the engineer, who is an everlasting pragmatist,
distinguishes only two fundamental classifications of electromagnetic
waves: (1) guided and (2) unguided. Guided implies guiding during
transmission, and such waves are characterized by those on any type
of transmission line. The unguided wave is typified by a wave in
free space, such as might have been radiated from an antenna.” The
directive properties of the antenna do not constitute guiding in the
generic sense of the word. Under certain atmospheric conditions,
and at certain frequencies, guiding of an otherwise free wave occurs
between the ground and the atmosphere, but this action may be un-
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avoidably produced. In any case, the guiding mechanism is not
man-made. The introduction of guiding to an electromagnetic
wave does not alter the fundamental nature of the phenomenon so
that guided and unguided waves are closely related, although the sur-
face distinctions appear very great indeed.

Waves may be guided in a great variety of ways, differing in
detail, but depending upon the same fundamental effect; that is, any
surface sharply separating two media of different dielectric constants
exerts a guiding action on electromagnetic waves. This phenomenon
in optics is a commonplace. Such discontinuities may be produced
by either of two general methods:

(1) A surface between a conductor and an insulator.
(2) A surface between two insulators of distinctly different
dielectric constants.

Thus, parallel-wire and coaxial transmission lines produce guiding
by the first method, while dielectric rods and wires have been pro-
duced which utilize the second method.

It will be recalled that the coaxial line supplanted the open-wire
line at high frequencies because of power loss considerations. In the
material on transmission lines it was shown that the resistance of a
single copper conductor is given by

R =42 V' frequency

— . microhms per meter
radius in centimeters

This shows that, at high frequencies, the resistance is inversely
proportional to radius of the wire. Thus, considering a parallel-wire
system and a coaxial line of the same over-all dimensions, the copper
loss in the coaxial line is much less since the inside radius of the outer
conductor is much greater than the radius of each of the parallel
wires. The loss in the outer conductor is very small, so that the loss
in the inner conductor is of the greatest importance. If it were pos-
sible to transmit electromagnetic waves without the necessity of the
inner conductor, the copper loss would be considerably reduced. The
hollow pipe left when the inner conductor is removed is referred to,
within the profession, as a waveguide.

That transmission in a hollow pipe is possible, under certain con-
ditions, should not come as a profound shock to anyone nominally
conversant with electromagpetic phenomena. The principle is the
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same as that encountered in the normal course of study in transmission
lines. Consider, for a moment, the rectangular hollow pipe shown
in Fig. 6.1, which is constructed of

some highly conducting material. ~—

Now assume that an electromagnet-
ic wave is set up in the opening to
the guide. Energy will tend to trav-

ever, energy traveling in the X and
Y directions will be reflected by
the short circuits formed by the et
walls of the pipe, so that, in the . . .
steady state, and if the X and Y Hie. 0.4 R“Jﬁi’;ﬁﬁ}ﬁ;}"ﬂhw pipe
dimensions are of the proper magni-

tude, standing waves of voltage or current will be set up across the
face of the guide along the X and Y co-ordinates, and the only net
transfer of energy will occur in the Z direction. The standing waves
are necessary in order to meet the boundary conditions at the metal
surfaces and it is necessary for the X and Y dimensions to be some
critical fraction of a wavelength, depending upon the excitation, for
this to occur. Thus, the dimensions of the waveguide are roughly
of the magnitude of the wavelength, a fact which renders it impracti-
cal at frequencies below about 10,000 mcps.

”,a_— ~\“\ VO'mQ
-~ S~._ Stonding
~
7 .. Wave
7’ \\
/, N
’ 3 N\,

nf>

Fig. 6.2.
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The relationship to transmission line study may be more ap-
parent if the concept of waveguiding is approached in the following
manner. Consider the setup shown in Fig. 6.2 where a generator is
supplying a transmission line, shorted at both ends and a half wave-
length long. Such a line appears as a parallel tuned circuit and a
voltage standing wave appears as shown. If, at the terminals z-z, a
length of transmission line terminated in its characteristic impedance
is connected to the circuit, then, in the steady state, the wave travel-
ling down this line is unaffected by the presence of any number of
the short-circuited lines. Then considering the limiting case where
an infinite number of lines of both types are used, we obtain the closed
rectangular waveguide.

At the higher frequencies, waveguides have characteristics, other
than low copper loss, which make them highly desirable. For ex-
ample, at very high frequencies the dielectric loss in the bead supports
of coaxial lines becomes objectionably large. Furthermore, the bead
separation becomes an appreciable fraction of a wavelength and the
resulting reflections, caused by these discontinuities, lower the
efficiency of the system.

Still another consideration is the power-handling capacity of
waveguides, which is much greater than for a coaxial line designed
for use at the same frequency. The extreme ruggedness, ease of
manufacture, and practical size at frequencies of 10,000 mcps and
above are further points favoring the use of waveguides over coaxial
lines.

By way of summary then, waveguides are generally used at
frequencies of 10,000 mcps and above, since their cost at lower
frequencies is prohibitive compared to coaxial lines. In the region
around 3000 mcps, although waveguides were used at one time,
coaxial line is almost always employed now.

6.1 Basic Considerations

The subject of waveguides may be approached in a wide variety
of ways, but the simplest, and generally the most illuminating, is to
effect a bridge between-conventional transmission lines and practical -
waveguides that will relate the new to the familiar. The parallel
plane waveguide, or parallel plane transmission line, affords an ex-
cellent. “discussional bridge,” to coin & phrase.
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Consider two parallel
plane conductors of infi-
nite extent, separated by
a dielectric, and oriented

with respect to an as- =

. H202€2 )
sumed set of coordinate ! -y=b
axes as shown in Fig. yA
6.3. Unless definitely poe z

specified otherwise, dis-

cussion in this chapter 7%
will be confined to die-
lectric mediums and me- Fig. 6.3. Nomenclature associated with the
tallic conductors which parallel plane waveguide.

are homogeneous and isotropic, so that the dielectric constant, per-
meability, and conductivity (e, u, o, respectively) are true constants.
Under these assumptions, it will be recalled from fundamental elec-
tromagnetic theory that

L3

B=uH (6.1)

D=¢&E (6.2)
where B = magnetic induction, D = electric induction, H = mag-
netic field intensity, and E = electric field intensity. Maxwell’s
equations,

Curl H = oE + eg—‘t'i 6.3)
oH
CurlE = — 5 (6.4)

may be written in expanded form in rectangular (Cartesian) co-
ordinates as shown in Eq. (6.5).

oH, 4H, 3E, OE, 9E, _ _ H,
By oz = k. + e oy ez Fat
8H. oH, 3E, OE, OE, _ _ 3H,
z "oz "Bt ey oz az - Par [ (69
8H, oH. 3E, 9E, OE. _ _ oH,

5z oy Bty m ey - Ma

Assume that under steady-state coﬁditions, propagation is along
the Z axis. Due to the boundary conditions imposed by the presence
of the plane conductors-normal to the Y axis, the magnetic and
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electric field intensities are not constant with respect to distance
measured along the Y coordinate. However, since the planes are
of infinite extent, no such boundary conditions need be imposed
along the X axis, so that no variation in either of the intensity vectors
will occur in this direction. In other words

aH'_a_I_I'_/._O aE‘-?E!_o
or 9z oz oz
Consequently, Maxwell’s equations, given by Eq. (6.5) reduce to
aH,__@_I_Il,_E_'_aE, dE, JE, _ _ 4H,
oy oz Tt Yt oy oz Ma
oH, oE, 0E. _  aH,
2z = 0Bt e bz . Ma (6.6)
oH, _ dE, dE . dH,
oy "Bt E R

Most electromagnetic signals with which one customarily deals
are periodic functions of time. Furthermore, by means of the
Fourier series method of analysis, any periodic function may be re-
solved into a series composed of sine and cosine terms, each such
term being made up of factors of the general form ¢*'. One particular
solution of the differential equation will be obtained for each such
term, and since the differential equations are linear and homo-
geneous, the principle of superposition can be used to obtain the
complete solution by summing up all of the individual particular
solutions. Hence, the assumption that the field intensities are
harmonic functions of time, as given by the term &, does not re-
duce the generality of the treatment materially. So, assume that
the instantaneous values of E and H are given by

E = Emgit where E* = complex magnitude of E} ©.7)

H = Hme*.  where H® = complex magnitude of H ’
and substitute these expressions into Maxwell’s equations for the
system under consideration, as given by Eq. (6.6). This process
yields ’

dH» oH/™ . 0E, OJE™ .
ay 5 = 0+ jwdE.n i a; = —juouH ™
oH . oE ]
5 = @+ jedEs 9z — —JesH,” (6.8)
aH . oE » '
- gy = (¢ + jwe B oy —jwuH ™
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6.2 Modes of Transmission

Equations (6.8) may be reduced into two fundamentally different
sets of equations, depending upon the manner in which the generator
orients the field in the waveguide. The two distinct cases arise
since it is possible to produce a field in the guide such that

(1) the electric field intensity vector has no Y or Z component’
| that is, it is along the X axis and has only an X component, or
| (2) the magnetic field intensity vector is along the X axis and

i" has no Y or Z components.
v

Two fundamentally different field configurations result.

Consider the first case. Assume that the electric field intensity
E is parallel to the X axis. Under this assumption E has only one
component E,; the others are zero. Hence, Egs. (6.8) reduce to

H,m™ H,™ .
o U = (@ +jedBr (@) 0 = — jauH.m ]
oF m .
W0 (@ i joull | (6.9)
BH, S m
3y ® _Ty— = — jouH,

According to Eq. (6.9-d)
—jouH,” =0

Except in the trivial case, the (jwu) cannot be zero so that we con-
clude that

Hr=0

But, the other two components of the magnetic field intensity, H ™
and H,» are not . Then the only components of the field in-
tensities involved in this mode of transmission appear as shown in
Fig. 6.4.

Since H,™ is zero, the magnetic field intensity vector lies entlrely
within the Y-Z plane, and tends to be tipped along Z in the direction
of propagation. On the other hand, the electric field intensity vecter
lies directly along the X axis and is accordingly entirely transverse
to the direction of propagation. Consequently, this field configura-.
tion is commonly referred to as the transverse eleciric (TE) mode of
transmission.
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Fig. 6.4. Field intensity components in the TE mode
of transmission.

.On the other hand, consider the second case in which the magnetic
field was assumed to be entirely parallel to the X axis. Then it
would have only one component H, and Egs. (6.8) would reduce to

dE™ OE,

(a) 0 = (¢ + jwe)E.™ (d) T oz = —jwuH "
® 258 = (o +jedBm @ =0 (6.10)
oH .» oK. _

I
=

(c) — 8; = (¢ + jwe)E,~ () — 3y

According to Eq. (6.10-a)
: (0 + jwe)E,» =0

“Bo E.» = 0 since (¢ + jwe) cannot be zero.
Hence, the electric field intensity vector has two components,
E, and E,/, which are not zero and the field configuration appears
a8 shown in Fig. 6.5. Since the H™ vector is entirely along the X
axis, it is trarsverse to the difection of propagation, Z, and the field
configuration is termed the transverse magnetic (TM) mode.
There is another way of designating these modes, common to
‘many texts, but apparently slowly going out of usage, which specifies
“the mode according to the field having a component in the direction
of propagation, that is, along the Z axis. For example, in the TE



§6.3] PARALLEL PLANE WAVEGUIDES 253

]
'y
[
'

m
~N
X
I
x
3

\

|

|

|

1

¥
*

4
¥ d
direction of
propagation

Fig. 6. 5. Field intensity components in the TM mode
of transmission.

mode, the H vector has a component in the Z direction, whereas the
E vector does not. Consequently, it is called an H mode. Con-
versely, and for the same reason, the TM mode is sometimes termed
an E mode. In each case the letter refers to an “‘electric” type or
“magnetic type’”’ mode. This designation, however, will not be used
in this book and is mentioned in passing only to acquaint the reader
with the terminology that may sometimes be encountered.

6.3 Derivation of the Wave Equation

The solutions of the differential equations obtained in the pre-
ceding articles are most directly found by means of the wave equations,
equations which appear in all branches of physics, in various forms
differing in detail only, where wave motion occurs. The wave
equations are obtained directly from Maxwell’s equations by sepa-
rating variables, and obtaining expressions containing E and H
separately instead of together in the same equation. Thus, the
wave equations are merely restatements of Maxwell’s equations in a
more mathematically convenient form. '

In vector notation, Maxwell’s equations may be written as

VXE=—u—r (6.11)

vxn=¢%§+¢n | (6.12)
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Now take the curl of Eq. (6.11), obtaining
VX (VXE) = -vx(u%*}) (6.13)

However, by a vector identity, the left-hand side of Eq. (6.13) may
be written as

VXVXE=vwWv:E)—-VvE (6.14)
The quantity V-E is the divergence of the electric field intensity.
In Art. 6.1 it was assumed that the dielectric was homogeneous.

Consequently, the divergence of either E or H must be zero. Hence,
Eq. (6.14) reduces to

VXVXE= —vE (6.15)
Substitution of Eq. (6.15) back into (6.13) yields
VE = v X ( "BI;I) (6.16)

Since the permeability u has been assumed to be a constant it can be
brought outside the brackets, giving

VE = "at (v X H) (6.17)

The quantity now remaining in the brackets is the curl H, which, by
Eq. (6.12) would make Eq. (6.17) become

VE = u (aE + e E) (6.18)
Carrying out the indicated differentiations yields
E  9E
VE — uo — 37 " Mo = 0 (6.19)
In operational form this may be written as
0 0?
2 — -_— _— =
(V HO o = pe t’)E 0 (6.20)
Following the same procedure for the curl H would produce
6 2
(V’ 75 T ke at’)H =0 (6.21)
In both cases, the quantity V2 is the Laplacian, which is defined as
2 2
val  F L2 (6.22)

= axz N
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Equations (6.20) and (6.21) are the wave equations. They must be
satisfied by each component of the electric or magnetic field in-
tensities.

It is interesting to note that when the conductivity of the dielectric
is zero, the wave equations reduce to the form

(vz — e f’i)E =0 (6.23)
are

which is the wave equation for free space. The uo(9/at) term appear-
ing in the complete wave equation functions as a damping factor
introducing attenuation.

In the particular case under consideration, it was assumed that
both of the field intensities were harmonic functions of time. A
simplification in the mathematics may be made by assuming that
this time dependence is specified as follows:

E = E™sin ot and H = H” sin wt (6.24)
Taking derivatives with respect to time yields

JdE

57 = —wErcosat = +jwE™ sin wi (6.25)
%—%— = —w’E™ sin wl (6.26)
oH " " L

5 = —wH™ cos wt = +jwH™ sin wf (6.27)
%ztg = —w’H" sin wl (6.28)

Substitution of these terms in the wave equation yields

(92 — jous + w'ue)E™ =0 (6.29)
(v2 — jouo + w’ue)H™ =0 (6.30)

Now, as a matter of definition, let
k? A wlue — jouo (6.31)

The wave equations may then be written as

(v + KYE™ =0 (6.32)
(v¢ + k)H" =0 (6.33)
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6.4 Characteristics of the Transverse Electric (TE) Mode

For the transverse electric (TE) mode of transmission, it will be
recalled that the electric field intensity vector E had only an X
component. Hence

Em = iE.» (6.33)

where i is the unit vector along the X axis. Since this field is parallel
to the metal plates, and since the parallel component of an electric
field must vanish at the surface of a perfect conductor, then it follows
that E, must vary as some function of the distance along the Y
axis, being zero at ¥y = 0 and y = b, but finite elsewhere. This
means that during the transient period following the initial produec-
tion of the field, a standing wave of electric field intensity E must be
produced across the Y dimension of the waveguide, resulting from
the propagation and reflection of traveling waves across the guide.
Substitute

Em = iE (6.34)
into the wave equation
(v* + K)E™ =0 (6.35)
Now, since the Laplacian is
92 92 a2
2 B e——— — —
V= + ay? + 82* (6:36)

and since the conducting planes are of infinite extent along the X
axis, then

s

and the wave equation reduces to
2K m 2 m
FE, | PB4 ppm =0 (6.38)

oy? + 922

Now, assume that the electric field intensity E,® depends upon the

. distance z in the direction of propagation according to the relation-
ship

E g" = E ."e"’” (6.39)

where y = propagation constant of the same form as that encountered



§6.4] PARALLEL PLANE WAVEGUIDES 257

in transmission line theory. Substituting Eq. (6.39) into the wave
equation as given by (6.38) yields

?E ;°

7 + &+ yHEL =0 (6.40)
This is a second-order, linear, differential equation which may be
solved by any conventional method, yielding

E» = AsnVi + ¥y+ BeosVEE+ 12y (6.41)

The arbitrary constants A and B will, in general, be determined by
the character of the generator voltage. However, the two known
boundary eonditions on the electric field intensity at the metal
surfaces make it possible to relate the value of E,° to the physical
dimensions of the waveguide. These boundary conditions are

(1) When y = 0 then E, =0 }
(2) Wheny = b then E, = 0 (6.42)

Apply boundary condition (1) to Eq. (6.41), obtaining

0=0+ 2B

) B=0
Consequently,

Et=AsnViEE+ 1y (6.43)
Now apply boundary condition (2), obtaining

0=AsinVk++b (6.44)
There are two possibilities: A can be zero, which would be trivial; or

sinVi? + 72 b = 0 (6.45)
Equation (6.45) will be satisfied whenever

Vk* + 4% b = an integral multiple of = (6.46)

That is, Vi +12b = nx (6.47)

where n = any integer, or

Vit y=% (6.48)
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Substituting Eq. (6.48) into Eq. (6.43) yields

Er=4A sin(?)y (6.49)
Hence, the electric field intensity varies sinusoidally along the Y
coordinate, as one would expect from a consideration of standing-
wave phenomena. The boundary conditions are satisfied and a
solution of the wave equation obtained whenever the distance b
between the plates is an integral number of half cycles of the sine
wave across the Y dimension of the waveguide. Note that this does
not imply a multiple of the half wavelength of the signal being propa-
gated, an occasional misconception which sometimes arises. A
separate field configuration exists for each integral value of n, and
n is usually referred to as the mode number. The complete desig-
nation of the TE mode is then TE,. Two possible configurations of

i
(115 T

"W——-
~N

y b TE|

Fig. 6.6. Electric field intensity as a function of the distance y between
the conducting plates for two different modes.

the electric field intensity are shown in Fig. 6.6. In general, the
higher modes (n > 1) are avoided because effective methods of im-
pedance matching at these higher modes have not been thoroughly
developed up to the present time. The mode correspondington = 1
is commonly referred to as the principal mode for this reason. It is
this mode, incidentally, which will propagate with the longest wave-
length in the guide.

The complete expression for the electric field intensity may be
obtained as follows:

Ee =4 sin(’-‘b’-’)y by Eq. (6.49)
but, B = Epen by Eq. (6.39)
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50 E.;» = Ae sin(%g)y (6.50)
But E. = E,msin wl by Eq. (6.24)
Hence, E, = Ae sin(%’r)y sin wt (6.51)

This is the complete expression for the electric field intensity in the
dielectric of the waveguide, and it is worth noting that it is indepen-
dent of the distance in the X direction, which was one of the original
assumptions.

The magnetic field intensities corresponding to this electric field
may be obtained from Egs. (6.9) which are reproduced below and
renumbered for convenience.

Hr=0 (6.52)
OB joutm (6.53)
- afy’"' = —jeuH, (6.54)
Rewriting Eqgs. (6.563) and (6.54)
Hr = — ﬁ%af;” (6.55)
Hr = — fi—#afy‘" (6.56)

Now, differentiate E.™, which is given by Eq. (6.50), partially with
respect to 2z, and then repeat with respect to y. This process yields
the following expressions:

aE,"' [ z Q) n_r

Pyt yAe sm( 5 )y_ (6.57)
QB _ (1 4 e cos( T

3w ( b)A ‘ cos( b)y (6.58)

Substitute Eqgs. (6.57) and (6.58) back into Egs. (6.55) and (6.56)
respectively, obtaining . ‘
m o— l z ai M = .._7_ m
H, (jw“)Ae-“f sm( 5 )y (jw”)E’, (6.59)

Hm = (ﬁ)AW’ cos(%—)y (6.60)
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But, according to Eq. (6.24),

H = H™ sin !
80 H, = -—]( )Ae‘”” sm( 3 )y sin wt (6.61)
and H, = "‘](w b)Ae“" cm(—b—>y sin wt (6.62)

It was shown in Eq. (6.51) that
E, = Ae sm( A )y sin wt (6.63)

The last three equations specify the field configurations for any of
the TE, modes.

The variation in the Y component of the magnetic field intensity
vector is sinusoidal, a necessary condition since the normal com-
ponent of the magnetic field intensity must vanish at a perfectly
conducting metal surface. On the other hand, the Z component
varies consinusoidally as a function of y, indicating a current standing
wave that is a maximum at the metal surfaces. Such a characteristic
is to be expected since the tangential component of the magnetic
field intensity is continuous at a metal surface. These points are
noted to make it apparent that both components of the magnetic
field could be obtained directly from the wave equation by proper
substitution of the boundary conditions.

6.5 The Propagation Constant

The constant v appearing in the equations of the preceding
articles specifies the dependence of the magnitudes of the field in-
tensities upon the distance traveled in the direction of propagation
according to the relationships

E = Emer
H=Hm"er
Consequently, it fulfills the same function and has the same nature
as the conventional propagation constant associated with transmis-
sion lines. In the most general case it will be composed of an at-

tenuation term and a phase shift term. So, define the propagation
constant for any mode n as

Yn = Qp + Jﬁa (6.65)

} (6.64)
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where a, is the attenuation constant for mode n and 8, is the phase
shift constant for mode n. In Eq. (6.48) it was shown that

’\/’Cn2 + vl = Eb{ (666)

Squaring both sides yields
2
bt + a2 = (”—I;’) (6.67)

Now solve this equation for vy,

Y =\/ ("{)2 ~ ka (6.68)

ka? = wue — jouos
which, when substituted in Eq. (6.68), yields

Yo = \/(n_l:r " e + juno (6.69)

In most waveguides the dielectric losses are usually negligible, so
that without much loss in accuracy, it could be assumed that there
were no dielectric losses and hence ¢ = 0. In any case, in general,
for good dielectrics, wus < w?ue. Under this assumption, the ex-
pression for the propagation constant reduces to

By Eq. (6.31)

2
ya = \/ (1“;—’) — wlue (6.70)
or, factoring out a (—1),
2
vo = it/ e = () (671)

Comparing Eq. (6.71) with the assumed form for the propagation
constant,

Yo = an + jﬁu
and equating reals and imaginaries, it can be deduced that
an =0 (6.72)

and Bn = \/ whue — (”T”)' (6.73)
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However, 8, is a real positive number, so that Eq. (6.73) is satisfied
only as long as

?
wiue > (ﬁg-‘) (6.74)

This is commonly called the condition for propagation since propaga-
tion can occur only as long as the propagation constant contains a
phase shift term. The frequency at which

wiue = (ZLb"—r)2 (6.75)

is the frequency which separates the region of transmission from the
region of attenuation only. It is customarily called the cutoff fre-
quency. Hence, letting f = fo,

2
wolpe = ("—; (6.76)

Taking the square root of both sides and dividing through by 2«

reduces the equation to
n, /1
Jo= 55\/;:—: (6.77)

The radical, however, is the equation for phase velocity, designated
by the term v;. So the expression for the cutoff frequency may be
written as

nYy _ l
Jo= 5p where v = \/‘: (6.78)
Should the frequency fall below cutoff, then

2
wihe < ('_‘bf)
2
so that Yn = \/( %I) — wiue

which is a real number. Since the propagation constant then con-
sists of a real, or attenuation, term only, it can be concluded that f,
divides the region of transmission from the region of attenuation,
causing the waveguide to act essentially like a high pass filter as
illustrated in Fig. 6.7.
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* It should be understood %
; that, although it is possible
! to excite the waveguide in the /A

desired mode at frequencies | Region of . -
‘Attenuation Region of Transmission

below cutoff, no real propa-
v
gation of energy takes place %

down the guide. The input /
impedance of the waveguide / %

’wﬂl be a pure reactance, and o

the ficlds that are excited in frequency —»
the g;ulde will d‘mu-nSh €Xpo- Fig. 6.7. High-pass filter action of a
nentially as a function of the waveguide.

distance mecasured from the
point of excitation. This effect has been used practically to obtain
microwave attenuators. They are called cutoff attenuators.

6.6 The TE, Transmission Modes

In Art. 6.4 it was shown that, within the broad general classifica-
tion of the TE mode, there are an infinite number of possible modes
depending upon the magnitude of the integer » in the field intensity
equations. These equations are rewritten below for convenience.

E,
H, = '—j('—y—@ de ™ sin(%')y sin wf

H, = —J(w#b)Ae—q" cos( 5 )y sin wt

The critical, or cutoff, frequency is given by

Ae ™ sm(nb )y sin wf

Jo = —'*
The cutoff wavelength may be found as follows:
=u_2 7
7= n (6.79)
Solving for b yields
b= % nie (680)

Equation (6.80) indicates that the dimension b of the waveguide is
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critical and depends upon the particular mode which is to be excited.

This supports the argument previously advanced based upon stand-

ing wave considerations. .
According to Eq. (6.73)

but Mle = v,* = (phase velocity)*

Hence, Ba = \/ (vﬁ:)z - ('—;)?)T (6.81)

Now, as a matter of definition, let

B = = (6.82)
A,
Hence, A = %’r (6.83)
Substituting for 8, yields
2r
(6.84)

Y = Vla/v) — (um /by

For the principal mode (TE,), » = 1, and the field equations
reduce to

E. = Aer sin(’-;;)y sin wt

—_7(11 A= sin(’—r)y sin wt
Wi b

H s = ‘—-j(;%))Ae—‘n‘ cos(%)y sin wt

H,

and the dimension b of the guide is
b =1%o : (6.85)
The wavelength in the guide is
© 2 2x
M = Voloy — @or B
The field distribution may be plotted as a function of the guide

(6.85)
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dimensions by selecting any arbitrary instant of time and writing
the field equations in the following form.

E, = Ay sin(%)y
H,= Ay sin(;—:)y

H, = Ayen* cos(’—br)y

where 71 =jh
Hg . 'Ylb E
and A= tan )Y
The results, when plotted, ‘appéar as shown in Fig. 6.8.
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6.7 Resolution of the TE; Mode into Elementary Waves
Understanding of the phenomena occurring in waveguides, and
the relation to transmission lines, is generally less difficult when
the traveling wave in the waveguide is broken up into its constituent
parts. This article will do this for the principal mode only since it is
of the greatest importance. A similar analysis may be applied to
the higher modes, but nothing of added significance would be re-
vealed so that this single computation will suffice for present pur-

poses.
For the TE; mode, the equation for the electric field intensity

was shown to be
B. = Aene sin(%)y sin wt (6.87)

The sin (x/b)y could be replaced by its exponential form as shown
in Eq. (6.88).

iy —- —izy
E. = Am-[e—"-—gf‘i—"—] sin w (6.88)

Regrouping terms and replacing v; by j8; yields
E,= %{e‘f("x"‘%”) - e-f(ﬁl=+’-;v)]sin wt (6.89)

Apparently the E, wave is composed of two component waves, as
evidenced by the presence of the two exponential terms, having
equal amplitudes (4/2j)sin wt, but traveling in different directions,
the directions being given by the terms

Bz — %y
and , Bty (6.90)

Writing each component separately, and letting the common
(A/2j)sin wt term be denoted by C gives

Bt = (o= ) (6.91)
and Ez = Ce(Pet+¥) (6.92)

Therefore,
E.=E})+E2 ' (6.93)
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Consequently, the E.! wave is traveling in the positive Z direction,
but at an angle

0, = ta,n"(— I%;) (6.94)

with the Z axis. Similarly, it can be deduced that the E.? wave is
traveling in the positive Z direction, but at an angle

0, = tan—l(+3’;,—l) (6.95)

with the Z axis. It can be shown that each of these elementary
waves is a plane wave and is therefore propagated with an energy
velocity v, numerically equal to the phase velocity. Figure 6.9

direction .
““““““““ * of propagation

\

Fig. 6.9. Resolution of the TE; mode into two elementary waves.

shows the directions that the elementary waves take in their pro-
gression down the waveguide.

Thus, it is apparent that the TE,; wave can be considered as a
superposition of the two elementary plane waves; that.is, the di-
rection of propagation of each component is chosen in such a way
that it is perpendicular to its component E and H fields. Hence, the
TE, wave is a superposition of two plane waves which are reflected
back and forth between the guiding metal plates.

The angles, 6; and 8,, with which the elementary waves strike
the guiding surface, depend upon the phase constant 8,, which in
turn depends upon frequency. Equation (6.81) states

=V -Z) 6w
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Then, for the principal mode, since n = 1, this reduces to

\/(») (5) - VEE) MY -(G) e

Factor out a =/b to obtain

- %\/ P f_f’)’ ~1 (6.98)

However, by Eq. (6.78), the cutoff frequency is

_m™m
Jo = b (6.99)

which, for the principal mode, is

=
o =5 (6.100)

B = %\/ (!—’;—1)2 -1 (6.101)

Consequently, the expressions for the angles of incidence of the two
elementary waves reduce to

. 1
Y/ A @100
1

e +\/ ) 1 (6.103)

Hence, as the operating frequency f approaches the critical or cutoff
frequency fo,, the radical approaches zero. This means that both
angles approach 90°, but with opposite signs. Hence, at the point
where the two frequencies are equal, there is no velocity component
of either of the elementary waves in the Z direction. No useful
transmission occurs and the wawes just bounce back and forth be-
tween the guiding plates. Since no energy is traveling down the guide,
the group (emergy) velocity is zero. If the operating frequency
slightly exceeds the cutoff frequency, the two angles are not quite
90° s0 that a small velocity component in the Z direction does exist

Hence,

91=
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and energy is delivered to the load at a comparatively slow velocity.
As the frequency is made larger and larger, the angles become smaller
and smaller, until, in the limiting case, the angles are both zero, the
wavefront is then completely transverse to the direction of propaga-
tion, and the group velocity equals the phase velocity.

Consider Fig. 6.10 for a moment. This figure shows the crests
and troughs of the elementary waves, that is, the locations of the

Fig. 6.10. Resolution of the TE; mode.

wavefronts. Propagation occurs in each case in a direction at right
angles to these lines. The energy, then, is traveling back and forth
between the conducting plates with a velocity equal to the velocity
of light in that particular dielectric medium. The velocity of the
energy in the Z direction is less than the velocity of light because of
the zig-zag motion of the elementary waves. Thus it follows that
the group (or energy) velocity is less than the velocity of light.

6.8 Phase and Group Velocity

Adequate understanding of the cutoff action of a waveguide
demands a slight digression in order to clear up the definitions of the
terms phase velocity and group velocity. Explanation by a simple
analogy is generally sufficient. ,
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oo I il s

direction of travel
of woter wave

Fig. 6.11. Water wave analogy to explain phase and group velocity.

Consider a water wave approaching a straight shore line as shown
in Fig. 6.11. Now, a water wave is a pure transverse wave so that
its veloeity perpendicular to the wavefront is the maximum energy
velocity which it can attain (as an electromagnetic wave has the
velocity of light as its maximum in any dielectric medium). The
velocity of the energy in the wave, parallel to the shore line, is the
component v sin §. This, then, is designated as the group, or energy,
velocity since energy transmission parallel to the shore line is com-
parable to the case of the waveguide previously discussed. Due to
the presence of the sin § term, the group velocity can never exceed
the wave velocity v.

Now consider the intersection of the wave front with the shore
line. As the wave rolls into the beach, this point, which is always at
equiphase from one moment to another, moves with tremendous
velocity. Its value is given by

=Y
1= Gne
which is always greater than the wave velocity ». Since it is the
velocity of the equiphase points on the wave, it is appropriately
called the phase velocity.

If the wave were approaching the shore line squarely, that is, if
the wavefront were parallel to the shore line, the group velocity
would be zero since no transmission of energy in the direction along
the shore line occurs. On the other hand, the phase velocity must be
infinite since all points on the wavefront intersect the shore line
- simultaneously.
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Now consider the other extreme case, that is, when the wave-
front is perpendicular to the shore line so that wave motion is en-
tirely parallel to the beach. Then, both the phase and group veloci-
ties equal the wave velocity v.

The comparative relationship between these velocities is readily
obtained since

Y, =1 gin © = group velocity
v
sin ©

v = = phase velocity

then »® = v,

Carrying the analogy over to the case of the elementary waves in
the waveguide may be done very easily, and the cause of the cutoff
characteristic is readily apparent as the case when the clementary
waves have their wavefronts parallel to the guide surfaces so that
the group velocity is zero and the phase velocity is infinite. In the
waveguide case, the wave velocity designated by v in the preceding
paragraphs is the velocity of light c. Hence,

¢ = yn

v, = phase velocity

T ¢ velocity of light

Vg = group velocity

0 fo frequency

Fig. 6.12. Phase and group velocity 4as a function of fre-
quency in a parallel plane waveguide.
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Plots showing the interrelationships of these quantities appear in
Fig. 6.12. The apparent paradox of a velocity greater than light is
resolved when one considers that it is only the velocity of the equi-
phase points. A pulse. in a waveguide, would travel with the group
velocity, not the phase velocity. In terms of the quantities shown
in Fig. 6.10.

v, = fA

v = [

Since v, > v, then A, > \. Conscquently, the apparent wavelength
of the wave in the guide, \,, which is the one obtained by physical
measurements, is always greater than the wavelength of the un-
guided wave.

In the extreme case where the phase and group velocities are
equal, which occurs when the angles 0, and ©; are 0°, the wave is
completely transverse and the two elementary waves merge into one
single ray. Such a wave is called a transverse electromagnetic
I(TEM) wave since both the electric and magnetic field intensities
are at right angles to the direction of propagation.

6.9 Wavelength in the Waveguide

In coaxial transmission lines the wavelength in the line always
equals the wavelength associated with the velocity of light in that
particular medium (assuming negligible attenuation) since the wave
is TEM. In a waveguide, the wavelength in the guide always ex-
ceeds the:Wavelength of the unconfined wave except in the case of a
TEM mode.

Define the following terms:

wavelength in the guide = 2x

A .

c

A\ = free-space wavelength = 7

.¢ = velocity of light = \/
Ho€o

v; = phase velocity = \/1—- \/K

" K, = relative daelectnc constant -
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Using Eq. (6.97) in the expression for A, above produces
A = L
* NV @rf/v)t = (nx/b)?

Rearrange terms as follows:

A, = v/f - (/1)
© VI = (/201 V1= (o/f)?
a1l (e
But, fo = Mo '\/:f{: kn)
c
I=x
n__1 e A
7 VKT <K
Substituting these expressions into Eq. (6.105) yields
A
A =

\/Ke - (‘)\/)\0)2

2713

(6.104)

(6.105)

(6.106)

Thus, the wavelength in the waveguide is always greater than the
unguided wavelength. When the dielectric medium is air, the relative

dielectric constant is 1, so
N S
L VI =

(6.107)

Thus, as the free-space wavelength approaches the cutoff wavelength,

&>

0 A 1
Ao

Fig. 6.13. Relationships between wave-
length in the guide, cutoff wavelength, and
free-space wavelength.
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the guide wavelength approaches infinity. The expression given in
Eq. (6.107) is plotted in Fig. 6.13. In this figure the ratio /), is
plotted against the ratio A/Aand the result is a quarter circle of unit
radius.

6.10 Attenuation in a Waveguide Below Cutoff

As previously pointed out, if a possible mode of propagation is
excited in a waveguide that is below cutoff, no real propagation of
energy takes place for that mode. The two clementary waves just
bounce back and forth between the walls of the guide, the wavefronts
being parallel to the guide surfaces. Neglecting all losses, the input
impedance will be a pure reactance and the magnitude of the fields
excited will diminish exponentially from the point of excitation as
given by the expression

E = Eje™*

where «, the attenuation, is given by the expression following Eq.

(6.78), that is
2
®n = \/ (_ni::) — wiue

Assume the dielectric to be air. Rearrange terms as follows:

=V - () -G -

Substituting for the bracketed quantities yields

o=
Ao A
where \ is the free-space wavelength and Aqis the cutoff wavelength.

When the free-space wavelength is very much larger than the
cutoff wavelength, the expression for the attenuation reduces to

ao==x;

In the perfectly ideal case of an infinitely long waveguide with
perfectly conducting plates, no real propagation of energy takes
place down the guide. However, it is possible to insert a probe or
other suitable coupling device into the waveguide at a point some
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distance away from the point of excitation and extract power.
Hence, energy is being transferred down the guide. Since the energy
removed by the pickup device is proportional to the square of the
field intensity, which is itself a diminishing exponential function of
the distance along the guide, a waveguide below cutoff can be used
as a variable attenuator. The attenuation can be made very nearly
a linear function of distance when A > X,.

6.11 Propagation of the Principal TE Mode (TE,)
The general condition for propagation as stated in Art. 6.6 is that

2
o (3
or, in terms of the b dimensicn of the waveguide

nw

b> —
w\/ue

This may also be written as

> )

Substituting for the bracket, and assuming that the dielectric in the
waveguide is air, then

N
b> 5
Hence, to excite the principal mode, n = 1 and

A
b>—2-

However, to prevent the second mode, n = 2, from being propa-
gated, the guide should be below cutoff for that mode, or

b< A

Hence, for propagation in the principal mode only,

A
§<b<)\

This is a very fortunate circumstance because it shows that the
dimension of the waveguide is not hypercritical—it can fall within a



276 “ PARALLEL PLANE WAVEGUIDES [§6.12

range of values, which, from the percentage viewpoint, is quite large.
If this were not the case, a slight change in signal frequency would
cause all sorts of undesirable effects ranging from cutting off trans-
mission to exciting the wrong mode. Also, from the point of view of
the manufacturer, the fact that b is not a specific size makes the
tolerances very liberal. Economically, it allows production of wave-
guides for use over a rather wide band of frequencies, thus reducing
manufacturing costs.

6.12 Skin Effect

The bulk of the discussion so far has proceeded upon the assump-
tion that the metallic walls which provide the guiding action were
perfect conductors. This allowed the boundary conditions to be
specified at the metal surfaces. That is, it was stated that the tan-
gential component of the electric field was zeroat y = 0O and y = b.
Actually, this ideal is never attained, but it can, by proper design, be
closely approximated. However, a brief discussion of wave propa-
gation in the metal walls is necessary at the outset.

If the walls of the waveguide are not perfect conductors, then a
tangential component of the electric field exists at the air-metal
interface. This field component couples the wave in the dielectric
into the metal. The existence of the electric field intensity in the
metal causes conduction currents to circulate that produce IR
losses. Energy must then travel directly into the walls to supply
these losses.

"The primary purpose of the analysis that follows is to determine
the-extent to which these circulating currents penetrate into the
metal walls. Using the coordinate system already specified in Art.
6.1, Fig. 6.3, the principal concern, then, is the variation in field
intensity with respect to the variable y. Thus, select any arbitrary
point (z,2) on one of the metal plates, and then investigate the effect
on the field intensity as the point is moved into the metal parallel
to the y-axis.

The wave. equation is, according to Eq. (6.32),

(v*+K)E =0
Assume transmission in the TE mode in the gielectﬁc, that is
E = iE; and Ey = E. = 0
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Only variations with respect to y are under observation, so
2 62
V= o

Hence, the wave equation may be written as
E,
oy

+¥E.=0 (6.108)

Solving this differential equation by any convenient method yields
the following two possible solutions:

1) E, = B~
2 E, = Eptivv

By ordinary logic it can be concluded that the first solution is the
proper one since, as ¥ approaches infinity, E, certainly cannot ap-
-proach infinity as given by the second solution. It would have to
approach zero as specified by the first. Hence,

E, = Ee* (6.109)
By the equation for the continuity of current
'y

where J’ is the total current density, J is the conduction current
density, and dD/at is the displacement current density. But, for a
metal, the conduction current is so large that the displacement
current is negligible in comparison. Hence,

=7
By Ohm’s law
J =0E
which may also be written as
J = o(Boe™*v) = Joe it (6.110)
where Jo = surface current density = ¢E,

The expression for the constant k was given in Eq. (6.31)as
k= Ve — juouc
This may be rewritten as
k =V —jou(+o + joe)
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But, for a metal, ¢>> we, s0

k= —jwpo
This may be put into a handier form by using the identity
(- = -2

When this is substituted in the equation for k, we get
b= 1+ /2

From a term-by-term comparison with the general form for the
propagation constant, it can be concluded that

a= -“’—;‘i’ =8 (6.111)

Considering only the magnitude of the current density, then it is
apparent that it diminishes exponentially as a function of y as shown
by Fig. 6.14 and as given in the following equation:

J = Joe Veur2y (6.112)

Jo

current
density

| Effective _|
skin depth

° 3
depth of penetration y
Fig. 6.14. Skin effect: depth of penetration of

—

current.

The current can be evaluated by integrating the area under the curve
for current density. That is,

I= f © Jog~ VioneD v gy (6.113)
0 . S



§6.13] PARALLEL PLANE WAVEGUIDES 279

Hence, I=Jy/-2 (6.114)

wuo

Let the radical in the above equation be designated as follows:

6= \/ 2 therefore I = Jy (6.115)
wuo
For many effects outside the metal, the same results can be obtained
in calculations by assuming that the current is uniformly distributed
over a strip of depth 6. Beyond this point, the current is assumed to
be zero. ¢ is usually called the skin depth and is used as an index of
the effective depth of penetration of the current, The effective skin
depth decreases with frequency so that at 3000 meps it is only about
0.00012 c¢m for copper. Consequently, from the practical standpoint,
it is concluded that the current is all at the surface of the metal.
This very slight penetration enhances waveguide manufacture
considerably. It allows the main body to be constructed of any
metal with the required degree of cheapness, machinability, strength,
and so on, without special regard to the electrical properties. Brass
is very commonly used. Then, a very thin layer of gold or silver,
both very nearly perfect conductors, can be plated on to the wave-
guide. Practically all of the current flows in this highly conducting
surface film e that a very close approximation to the ideal condition
is obtained.

6.13 Characteristics of the Transverse Magnetic (TM) Mode

By applying the same method to the TM mode as was used for
the TE mode in Art. 6.4, the following equation will be obtained as a
solution to the wave equation.

H. = (BsinVy® + kK y + C cosVy* + k* y)e sin wt (6.116)
According to Eq. (6.10-¢)
-— ag]' = (d’ “+ jwe)E, (6.117)

Rearranging terms and solving for E, yields

1 oH ,
E, = "(71‘32»'«) ’ (6.118)
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Carry out the indicated differentiation

T "i jwf : (BeosV/y? + Ky — CsinV/y* + k* y)e~ sin wt
(6.119)

This component of the electric field is tangential to the metal plates
so that, if the metal is assumed to be a perfect conductor, then the
following boundary conditions apply:

(1) Wheny =0 then E, = 0
(2) Wheny = b then E, = 0

Application of these boundary conditions by the method used in
Art. 6.4 for the TE mode reduces Eq. (6.119) to

E, =

_ _(nm/b) . ) .
E, = o + juwe Ce* sin ( 5 Y sin wt (6.120)

Consequently, working backward, the equation for H, is
H, = Ce* coa( b )y sin wt (6.121)

To solve for the ¥ component of the electric field, use Eq. (6.10-b)
for the TM mode, that is

1 06H,
¢+ jwe 0z

(6.122)

v
Carrying out the differentiation yields

E, = _(a _:J.M)Ce“" cos( 5 )y sin wt (6.123)

In a good dielectric medium the conductivity is negligible so that the
field equations reduce to

= Ce* cos( 5 )y sin wi

E, = 4j(£i)00"7‘ cos(n—;)y sin wt
E = — (—”’%b)cfv- sin(”—;)y sin wt

In every case, the n refers to the mode numher in the same manner as
in the case of the TE mode.
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The equations for the other significant quantities are derived by
exactly the same methods used in the preceding articles on the TE
mode and, to avoid repetitiousness, will not be carried through here.

6.14 The Transverse Electromagnetic (TEM) Mode

A special case of the equations derived in Art. 6.13 exists when the
mode number 7 is zero. This reduces the field equations to the
following forms:

H,. = Ce sin wi (6.124)
E, = j(g—e)Ce“" sin wt = 1(—3;>H z (6.125)
E, =0 (6.126)

Hence, both the electric and magnetic fields are at right angles to
the direction of propagation, making both E and H transverse.
Consequently, this is called the transverse electromagnetic (TEM)
mode of transmission. Note that no standing waves are set up
across the y co-ordinate of the waveguide, so that we would be led
to believe that there is no cutoff characteristic associated with this
mode. Such is the case since the cutoff frequency fo is

_ oy
fo_zb

and when the mode number is zero, the cutoff frequency is necessarily
zero. Consequently, in the lossless case, all frequencies are trans-
mitted without attenuation and the idealized high pass filter charac-
teristic discussed in a preceding article is not obtained.

The case is interesting because it closely resembles that of a dis-
sipationless transmission line in which the electric and magnetic
fields are everywhere perpendicular to each other and to the direction
of propagation. The characteristic impedance of such a line is a
pure resistance, independent of frequency, so that energy of any
frequency is transmitted with equal ease The parallel plane wave-
guide discussed here is merely the limiting case of the open wire
transmission line as more and more conductors are added.

It should be noted that the same result is not obtained if the mode
number in the TE mode equations is set equal to zero. Doing this
would yield
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The result is entirely consistent with the picture one would expect
from standing-wave considerations or from the boundary conditions.

6.15 Specific Wave Impedance

The characteristic impedance for a waveguide is not quite the
same thing as the characteristic impedance of a transmission line.
This is so because the transmission line is customariiy designed to
operate in the dominant mode only, which is a TEM wave. Wave-
guides are not operated in this mode, generally, but principally in the
TE or TM modes.

The most generally used definition, at the present time, is the
spectfic wave impedance, which is the ratio of the transverse electric
field to the transverse magnetic field for a given mode in the wave-
guide. Hence, for the TE modes,

i

Zw = (6.127)

T I,
71_1!'

where E, = Ae*sin ( 5

H, = — j(.:_Z)Ae—"/n' sin (%:—r)y sin wt

Substitution of these equations into Eq. (6.127) produces

¥ sin wi

SN—"

Z, =%
Tn

In the lossless case there is no attenuation and
Yn = ]ﬂn

and the expression for the specific wave impedance becomes

Z,=“F
B
However, by Eq. (6.82)

Substituting for 8,,
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Multiply and divide by the velouty of light ¢ for the dielectric
medium.

Z, = cu({))\, = c;z)ig

where N = wavelength of the unguided wave

velocity of light = A \/ 14/ 1
Me Ho€o K.K,

permeability = uKn,

)
]

u

Substituting these relationships into the expression for the specific
wave impedance gives
Kn

since %9 = 377 ohms
0

where K, is the relative permeability and K. is the relative dielectric
constant.
Following the same procedure for the TM modes yiclds

K.
Zw » . N
x 377 5

For the TEM mode the waveclength in the guide and the wave-
length of the unguided wave are the same. Hence, the specific wave
impedance is

Kn

If the dielectric is free space, then the impedance is
Z,, = 377 ohms

This is the ntrinsic impedance of free space.

PROBLEMS

6.1 Two parallel copper sheets are placed 10 cm apart in air and excited
in the TE; mode. Evaluate the propagation constant at frequencies of
(a) 100 mcps, (b) 1000 mcps, (c) 10,000 meps. Indicate whether or not
propagation occurs.
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6.2 Repeat Problem 6.1 for the TE; mode.

6.3 Calculate the skin depth in the copper walls of a waveguide operated
in the TE; mode at (a) 100 meps, (b) 1000 mcps, (¢) 10,000 meps.

6.4 The b dimension of a waveguide is 20 cm and an air dielectric is used.
The guide is operated at a frequency of 1000 meps. Calculate the cutoff
frequency, the wavelength in the waveguide, and the propagation constant,
assuming operation in the TE; mode.

6.5 What happens to the factors just calculated in Problem 6.4 if a
dielectric wax having a relative dielectric constant of 4 is substituted for the
air?

6.6 Calculate the specific wave impedance for the two waveguides of
Problems 6.4 and 6.5.

6.7 Calculate the angles 6, and 6, that the component waves of the TE;
mode of Problem 6.4 make with the Z axis. Explain how this is related to the
fact that A, >\,



CHAPTER 7

WAVEGUIDES AND CAVITY
RESONATORS

HIS CHAPTER is concerned with the extension of the ideas and

techniques developed in Chap. 6 for the hypothetical parallel
plane waveguide to the case of the practical waveguide and cavity
resonator. The discussion is by no means complete, but the essentials
are clearly set forth and the details of the different practical variations
on the fundamental structures that are covered may be picked up
from any of the standard handbooks detailing specific design appli-
cations.*

7.1 Modes of Transmission in Rectangular Pipes

Consider the rectangular pipe, oriented with respect to an assumed
set of co-ordinates, as shown in Fig. 7.1. Make the following as-
sumptions:

b yzb
E
y
y Ey f y
A A ot S 4
a X0 x=a x 0
Fig. 7.1. Orientation of the Fia. 7.2

waveguide with respect to an
assumed set of coordinate axes.

* For the qualitative material presented on cavities, the author drew rather
heavily from the work of W. W. Hansen, as presented in Microwave Transmission
Design Data, Sperry Gyroscope Co. publication 23-80, 1944. The author feels
that this presentation touches the pertinent phenomena, and the considerations
thereof, without bogging down into superfluous and repetitious mathematical
development.

285
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(1) The walls of the pipe are perfectly conducting.
(2) Propagation is along the Z axis.

(3) The wave is a harmonic function of time.

Under these conditions, it was shown in Art. 6.3 of the preceding
chapter that transmission will occur if the wave equation is satisfied.
The wave equation was derived and put into the forms shown by
Egs. (7.1) and (7.2).

(V2 4+ EHE™ =0 (7.1)

(v + kHH" = 0 (7.2)
The V? operator was previously defined as
a? 92 a?

V’=(.,—:LJ-l-a—~yz-l'(.’—z2 (7.3)

and the factor k was determined to be
= wie — jwuo, ,ja)/A r‘fgwé/ (74)
In these wave equations, the E™ and H™ terms are the maximum
values of the harmonic time variations according to the defining
relations
E = E™sin ot (7.5)
M = H" sin ot (7.6)
By assumption, and of necessity, steady-state propagation is in

the Z direction. Thus, the wave is related to the direction of pro-
pagation according to the expression

Em = Ete and H™ = Hoe (7.7)
where ¥ = a + jB8 (propagation constant), « being the attenuation

constant and B, the wavelength constant. Substitution of this
relationship into fhe wave equation for the electric field yields

xz + 2 + (k2 + 72)E0 (7'8)
and, for the magnetic field
o'H°
oo L L (& + YIEP = 0 (7.9)

~ Asin the case of the parallel plane waveguide, two distinct modal
configurations are possible depending upon which field, electric or
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magnetic, is made transverse to the direction of propagation. These
two cases are:

(1) When the electric field has X and ¥ components only sq
that the electric field intensity vector lies entirely within the
X-Y plane, perpendicular to the direction of propagation (TE
mode).

(2) When the magnetic field has X and Y components only so
that the magnetic-intensity vector is everywhere contained
in the X-Y plane (TM mode).

Under these assumed field orientations, the second derivatives of
both field intensity vector components must exist due to the boundary
conditions imposed by the presence of the metal walls along both
X and Y coordinates. As a consequence, the wave equation is &
partial differential equation in the two variables X and Y, a fact
which renders the solution just half as easy to obtain as it was in the
case of the parallel plane waveguide where the differential equation
contained only one variable. The most straightforward method of
obtaining a solution is by the method of separation of variables which
is briefly illustrated in the next article.

Actually, there are four variables, or dimensions, considered in
the complete solution; z, y, z, and time {. However, the time variable
was ecliminated by assuming harmonic time dependence. The vari-
able z was removed from the consideration by assuming that the
wave ‘was related to the dircction of propagation according to an
exponential term involving the propagation constant. This assump-
tion was based upon previous experience with transmission lines.
Thus, only the dependence upon the two variables z and y remains
unspecified.

7.2 Method of Separation of Variables
Before proceeding to the solution of the wave equation, it is

advisable to introduce the basic mathematical tool to be used, the
method of separation of variables. Consider a partial differential
equation in the two variables z and y of the form

g A

5:—’+8y’+02f-0 (7.10)
If the second derivatives of the function with respect to each vari-
able exist, the function f can be written implicitly as the product of
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two other functions X(z) and Y (y) where X(z) is the function of z
only and Y (y) is the function of y only. That is,

J(zy) = X(2)Y(y) (7.11)
or, omitting the arguments of each function,
f=XY (7.12)

Taking the second derivatives of f with respect to each variable then
gives

K d*X
o-rX (7.13)
92 dary

Substituting back into the given differential Eq. (7.10), results in the
following expression:

X | L&Y
Vg + Xgz + X¥C* = (7.15)

Now, divide through by the product of the two functions, XY,
obtaining
1 d?2X | 14Y .
Xaz tragg T =0 (7.16)
Examine this equation carefully. It is evident that it is composed of
three terms, :
hat is a function of I 14X
(1) One that is a function of z only = X dzt
. . 1d?Y
(2) One that is a function of y only = 7 Ey—”

(3) A constant, independent of z and y, = C2

Thus, in words, Eq. (7.16) states that a function of z only plus a
function of ¥ only equals a constant, regardless of the values of zand y.
This could be true only if the terms involving z and y are also
constants. Hence, let
1 d*X
X dz*
Y ¢
Y dy?

= K,; = constant (7.17)

= K3 = constant (7.18)
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Substituting Eqs. (7.17) and (7.18) back into Eq. (7.16) yields the
following two equations, each a function of a single variable.

1 a2
X:E{;{ + K, +C) =0 (7.19)
7o + K40 =0 (7.20)

The variables  and y have been separated. Rearranging terms
yields

Z% + XK, 4C) =0 (7.21)
Z% +YE +C) =0 (7.22)

These are ordinary, second-order, linear diffcrential equations with
constant coefficients and have solutions, obtainable from any standard
text on differential equations, of the following form:

X = A;sinVEK,+Cz + A; cos VK +Ct (7.23)
Y = B, sinVK,+C?y + Bs cosVK,+C? y (7.24)

Consequently, since

f=XY
the product of the two functions yields four possible solutions:
fi = A, sin VKi+ Ciz-Bisin VK +Cly (7.25)
f2 = Ay sin VK, +€?z-Bycos VK, +C?y (7.26)
Js = A cos VK;+Ctz-B;sin \/I—(—l:@y (7.27)
fi= A;cos VK4 C?z-Bycos VK, +Cy (7.28)

The correct solution for any given problem is determined by substi-
tution of specified boundary conditions.

7.3 Solution to the Wave Equation

Consider .the TE mode. In this case the electric field intensity
vector has only an z and a ¥ component. That is,

E® = iE, + JE, (7.29)
i and j are the unit vectors in the z and y directions, respectively.
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E. and E, are the magnitudes of the electric field intensity in these
directions. Each component is itself a function of z and y, that is

E; = E.(zy) (7.30)
E, = E,(z,y) (7.31)

and must satisfy the wave equation.
Consider the x component only. The wave cquation is then

?E, | K,

73—:1?_ + - 6y (k2 + '72)E (7‘32)

Using the method of separation of variables, assume that
E.(zy) = X(@)Y(y) (7.33)

so that the wave equation reduces to

’12 + X + (k2 + v)XY = 0 (7.34)

Divide the equation through by XY to obtain

1dX | 1dY
X_d—x’+Yd2+(’2+72)_0 (7.35)

and the variables are separated.
It was shown in the preceding article that

2

:}1—{%}‘?—5 = K, = constant (7.36)
2

% Z—y}; = K, = constant (7.37)

These are unspecified, purely arbitrary constants. Consequently,
the following two,equations are obtained when these identities are
substituted into the wave equation given by (7.35):

dz, X b (K + B+ X = (7.38)
3”,+<K1+m+v=>Y—o (7:39)

Letting
Ki+ 8 +9) =¢c? and (K, + Kk + ) = ¢
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then the equations have the following solutions:

X = A;sin cor + A; cos cox (7.40)
Y = B;sin ¢;y + B:cos c1y (7.41)
But since E, = XY (742)

there are four possible solutions,

E., = C/ sin ¢ sin ¢y where C,' = AB, (7.43)
E,, = Cy sin cyx cos ¢y where C,/ = AB, (7.44)
E,, = Cs coscaxsin ey  where (' = A.B; (7.45)
E. = C/ coscxcoscy whereCy = A,B; (7.46)

The proper solution and the unknown constants ¢, and ¢, are deter-
mined by the boundary conditions. The remaining constant, C’, is
determined by the generator.

Precisely the same procedure is followed to determine the possible
solutions of the y component of the electric field intensity, and, for
that matter, all of the components of the magnetic field intensity.
For E,, we obtain

E,, = Dy sin cyx sin ¢y (7.47a)
E,, = D, sin csx cos ¢y (7.47b)
E,, = Dy’ cos c2x sin ¢y (7.47¢)
E,, = D/ cos cox cos c1y (7.47d)

These are the same constants ¢; and ¢, that occur in the solutions for
E ., because, in the separation of variables, in every case it is necessary
to pick two arbitrary constants K; and K, so that

Ki+K;+ #4197 =0 (7.48)

Consequently, since they are purely arbitrary, the same constants are
used in all solutions of the component field intensities.

7.4 Substitution of the Boundary Conditions

For a complete and correct solution, the wave in the dielectric of
the waveguide must satisfy

(1) The wave equation.
(2). The boundary conditions.
(3) The relationship that V<E = 0.
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The work thus far has yielded four solutions of the wave equation
for each component of the electric field intensity that may or may
not satisfy the remaining two conditions listed above.

Assuming the guiding walls to be perfect conductors, then the tan-
gential components of the electric field intensity must vanish at the
surface. In effect, this states that the voltage across a perfect short
circuit must be zero. Thus, for the z and y components of the electric
field intensity, it is possible to state the following boundary conditions

E.=0 wheny = 0 (boundary condition 1)
E,=0 wheny = b (boundary condition 2)
E, =0 when z = 0 (boundary condition 3)
E, =0 when r = a (boundary condition 4)

By the method of separation of variables, four possible solutions
of the wave equation for E; and E, were found as given by Egs. (7.43)
through (7.47). Substitute boundary condition 1 into the solutions
for E, and boundary condition 3 into the solutions for E,. This
process yields

ForE aty =0 ForE,atz =0

Ezl = 0 Eyl = 0
E., = CY sin cxx E,=0
Ez, =0 Ey, = Dy’ sin a1y

E. = C/ cos cox E,, = D/ cos 1y

Thus, neglecting the trivial solutions obtainable when C,/, C¢, Dy,
and D,’ are zero, it is apparent that only the solutions corresponding
to E,,, E., E,, and E,, meet the specified boundary conditions.

Now apply boundary condition 2 to the remaining solutions for
E., and boundary condition 4 to those remaining for E,.

For E;aty = b ForE,atz = a
E;, = 0 = C/ sin cx sin ¢ E,, = D/ sin ca sin cy = 0
E,,=0=Cycoscarsincib E,, =Dysincacoscy =0
This condition on E, can be met for all values of z, neglecting trivial
considerations of Cy’ = Cy’ = 0, only if
gined =0

or, more specifically, only if
ob = nx  where n = any integer, 0, 1,2,3, . . .
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Solve for ¢; to obtain

Following the same procedure for E, yields

c; = m—: where m = any integer, 0,1, 2, 3, . .

The possible solutions for E, and E, can now be written as

E. =C/ sin (”; ):c sin ( b)y E,, = D/ sin ( )x sm( )y
E., = Cy cos (?)x sin ( b )y E,, = D, sin ( )x cos (—)

Condition (3), that V-E = 0 for the correct solution, was given
at the beginning of this article and states that the divergence of the
electric field intensity is zero. More simply, it states that the rate
of change of the vector E, in the direction of the vector, must be
zero. That is,

0E. | OE,

ox ay =0

since E, = 0 for the TE mode. It is evident that the divergence
will be unequal to zero only when there is a starting or stopping of
flux lines, that is, divergence can occur only in a region where flux
lines originate or terminate. Consequently, for the ideal dielectric
assumed for the waveguide, the divergence must be zero.

Take the derivative of each component as shown below:

Q(%—‘ = C," cos (”—;z)x sin (%I)y
a‘i’—’ = (" sin (7—?;—'-):): sin (7-;)3)3/
Of;;, =D/ sm( . )x cos (7:'.)1/
af;’ = D,"” sin (?)x sin (n—b-')y

Apply the condition that the divergence of E is-zero by adding
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dE.,/dz and 0E,,/dy and equating it to zero. This yields a sum that
can be zero for all values of z, y, m, and » only if
Clll - D1” - 0

However, summing the two derivatives dE.,/dz and 9E.,/dy gives
sin (”—Z-I)z sin (%;I)y (Cs" + D)) =0

This can be zero for all values of z, y, m, and =, if C3” = — D,".
Since this combination satisfies the condition that the divergence
of the electric field intensity be zero, then the only solutions that fit
all three specified requirements are

E,=E, = C,cos (7—7;1)2: sin (%E)y (7.49)
E,=E, = C, sin (%I)x cos (%:—r)y (7.50)

where C; and C; are new constants replacing those previously used.

The particular modal configuration in the waveguide is specified by
the values of the integers m and n. Thus, transmission is said to be
in the TE,.., modes.

The three components of the magnetic field intensity vector may
be determined in the same manner, using the wave equation, the
boundary conditions for the magnetic field intensity at the surface of
a perfect conductor, and the divergence equation V-H = 0. The
solutions obtained are

H, = D, sin (7—';1)::: cos (ZLbI)y (7.51)
H, = D, cos ("—g)x sin (%:—r)y (7.52)
H, = D cos (mT:)z cos (yg—’)y (7.53)
where D,, D,, and D are new constants different from those previously

used with E,.

The five constants Cy, Cs, Dy, D,, and D are all interrelated in
such a way that only one real unspecified constant exists. It is
determined by the generator. The interrelationships are best cal-
culated from Maxwell’s equations by the method outlined in the
next article. - '
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7.5 The TEmx Modes
It was shown in Art. 7.3 that

Ki+K:+k++*=0

Now add and subtract the quantity (k* 4+ +?), and collect terms
as follows:

Ei+EB+y)+ K +EB+y)—-E+y) =0
However, in Art. 7.4 it developed that

2
(BKri+ k49 =c? = ('n_g_r)
2
(Ko + K + 72) = € = (ng_r)
Hence, substituting and solving for 4* yields

s [ ()] e

Bug, according to Eq. (7.4)
. w? .
k? = w’ue — jops = - Jwuo

Assuming a lossless dielectric, ¢ = 0, then

and the expression for the propagation constantv,,,2 becomes

oo g [ (Y
= {5 [(a)*(b)]}
Taking the square root of both sides yields

Ymn = JBmn =] \/ %":-— w? (’"2 + 'b‘—:) (7.55)

r:

This equation defines the phase constant for any given TE modal
excitation.

Equations (7.49) to (7.53), derived in the preceding article for.
the components of the electric and magnetic field intensities, define
the TE. , modes. When the time dependence specified in.Eqs:
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(7.5) and (7.6) are inserted, and when the dependence upon 2 given
in Eq. (7.7) is included, the modal equations become

E, = Cycos (7%)"” sin (%’—r)y sin (wt — Bm n2) (7.56)

E, = C;sin (@af)x cos (%:—r)y sin (wt — Bm n2) (7.57)

E, =0 (7.58)

H, = D, sin (?)x cos (%:—r)y sin (wf — Bm, n2) (7.59)

H, = D, cos (%lr)x sin (Zg[)y sin (0t — B n2) (7.60)

H, = D cos (7-';—1r):v cos ("{)y sin (wt — Bum a2) (7.61)
where e sin wt = sin (wf — Pz)

Since the dielectric has been assumed to be lossless, Maxwell’s

equations are
oE dH
VXH'—QW and VXE——;I.—aT
Thus, in component form, and recalling that E, = 0 for the TE,, ,.

modes, the field equations become

oH, oH, _ OE. _ 9B, _ _ oH,
- B = 2 (o) e 2 (1.029)
0H, oH, _ 3E, 3B, __ oH,

9z dr " at (7.62b) 9z k5t (7.620)
oH, _ oH, _ OF, 0B, _ _ o,
R N R e

Substitute the correct expressions for the field intensity components
into Eqgs. (7.62). Carry out the required derivatives and cancel like
terms on either side of the equalities. This process yields

for (7.62a) —(’—‘b’-')p + jBDs = jweC, (7.638)
for (7.62b) —jDy + (%E)D = jweCs (7.63b)
for (7.62d) BCQ = '—wMD1 (7.630)
for (7.62e) BCy = wuD, (7.63d)

where 8 = B, « is understood.
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Solving these equations simultaneously for C,, Cs, D,, and D, in
terms of D yields
o = (58) (%)
wu\ [ mr
e-~(z) (2
= (2) (2o
- () (5o

where -Dd = jD and k? = wlue — B2
Hence, the complete equations for the TE,, , modes are

E. = Dy ":f> ( b) cos ("Zr)x sin (%I)y sin (0t — B2) (7.64a)
E, = Do(‘;,c';) ( ) sin (%I)x cos (%E)y sin (wt — Bz) (7.64b)
Ez = 0 (7.640)

= L) () s (Yo con (s i — g 0

= Dy ]‘:2) (u;) cos ( P )x sin ( 5 )y sin (0t — PBz) (7.61¢)
. = Dy cos (-";—T)x cos (%T)y cos (wt — B2) (7.641)

The specification of the TE,, , modes is now complete, excepting the
one constant D, determined by the generator.

The dominant mode of transmission is the TE;,o, where m =1
and n = 0. The field equations then reduce to

SR
|

E.=0
E, = —Do(%) (17:) sin (g)x sin (wt — B2)
E.=0

. = D“(Tczp_) (z) sin (E)x sin (wt — Be)

+v=0
H, = D cos (g)x cos (wt — f2)

This will be recognized as the TE; mode encountered in the parallel
plane waveguide.

T X
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7.6 The TMn.» Modes

If the procedure detailed in the preceding articles is followed for
the TM,,,» modes, the following equations result:

E, = Aﬂ(_}%)(_r%lr) cos (—";—") z sin (—n—l;'r)y sin (wt — B2) (7.65a)
E, = Ao("lgg)(!lbi) sin (%E) z cos (%’I)y sin (wt — B2) (7.65b)
E, = Aysin (?) z sin (ﬁb’f)y cos (wt — B2) (7.65¢)
H.= A()(g)(gg_r) si (%’—r) Z £os (p—gr)y sin (wt -- B2) (7.65d)

n
H, ——Ao(‘—l‘c’;)(?) ¢os (m_‘;r) x sin (n%r)y sin (wt — B2) (7.65¢)
H. =0 (7.65f)

where k? = w?ue — B2

- Note the mathematical symmetry between these equations for the
TM.,,., modes and the ones for the TE,, , modes in the preceding
article.

7.7 Field Distributions in the TE»» Modes

The equations derived in Art. 7.5 may be plotted and, at any
instant and for any given mode, the field distributions inside the
waveguide may be determined. Typical plots are shown in Fig. 7.3
for the TE;,, mode, and in Fig. 7.4 for the TE;, mode. A more
complete case is sketched in Fig. 7.5 for the TE; ; mode. Any of the
other higher modes may be plotted in the same manner. Generally
sveaking, however, only the dominant mode is currently used in
practical work, largely because of impedance-matching difficulties
with the higher modes.

7.8 Cutoff

The expression for the phase constant 8 was derived in Eq. (7.55)
in the form

=/ m? |, n?
B ?2-1'2(&—; +5),
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>l

But, w=2r and % =

I3

where c is the velocity of light. Hence,

n2
a= "\/ - ( b2)
At the cutoff wavelength, A\, no propagation occurs, so that g = 0.

Hence, inserting this condition into the equation for the phase
constant yields

4 m? | n? 2

e (Feg)-0 o - Vmjay + (n/b)

This formula is true for either TE,, , or TM,, , modes. X, is the
limiting wavelength that will propagate down the guide. _

A rather interesting and informative graph may be obtained by
plotting the size of the pipe necessary for propagation, using a/\ as
the abscissa and b/ as the ordinate. The result appears in Fig. 7.6.
The small arrows indicate the boundaries between sizes where modes
will propagate and where they will not. The arrows point toward the
sizes that do propagate that mode. For example, the TE; o mode will
propagate in all sizes of waveguide for which a/\ is greater than 1.
The TE,,, mode propagates in all pipes for which a/\ is greater
than 4. The TE,,; mode propagates when b/X is greater than 14,
and so on. Only the dominant, or TE, s, mode is propagated if

(7.66)

1_a b_1

It is also apparent from this chart that more than one mode can
propagate at the same time unless the pipe dimensions are chosen in
the proper way., The dimensions of the waveguide are selected so
that operation is below cutoff for all undesired modes.

7.9 Power Transmitted and Characteristic Impedance

The Poynting vector S is defined as the vector product of the
electric and magnetic field intensity vectors. That is,

S=EXH
For the cace of the dominant mode, since
E s = .E.‘ = Hy = 0
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and if only the Z component of the Poynting vector is considered
S, = E, By

This product gives the instantaneous power transmitted, per unit

20
1.5
Ll Ie
i e
e
20 =
>
In this region
Ohly the TEq[
Mode can exist
05
' In this region 2L S
only the TEjg e i
Mode can exist = R

a
1o

=%

Fig. 7.6. Pipe size necessary for propagation of some of the lower modes
in rectangular waveguide.



302 WAVEGUIDES AND CAVITY RESONATORS [§7.9

cross-sectional area, toward the load. A slight rearrangement of

terms produces
= (E\g.: = .
S, = (H,)H’ =Z,H,
where Z,, is the specific wave impedance. For the TE,,, mode, since
H,=H, sin(g) z sin (wf — B2)

where H, is the peak value of the magnetic field intensity, the Z
component of the Poynting vector is

S, =Z,H sinz(g) z sin*(wf — B2)
The time average over one period 7 is then

fS dt = 5 Z wH o sm2( ) z sin?(w! — Bz)d(wk)

Carrying out the integration and substituting limits yields

_ __Z_'g 2 g T
P- —’. D) Ho s (a)x

This gives the peak power flow in the direction of the load across any
unit cross section. To find the total power flow P, through the guide
toward the load, it is necessary to integrate p, over the cross section
of the waveguide. That is,

a b a b
P, = _ z.,,H02> . 2(mr)
[jp'dyd“’ .[[( g )i\ pdvde

Integrating and substituting limits yiclds a power

P, = (?—"e—f“’)ab @

Another relationship for the TE;,, mode, that is of considerable
practical use, may be derived from Eq. (7.67). The peak voltage
across the guide opening is _

V=Ed
where E, is the peak value of the electric field intensity and b is the y
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dimension of the waveguide. Moreover, by definition, the specific
wave impedance is
- &

H,

Hence, solving for the magnetic field,

Zy

Ho=2¢ =

Substitute this expression for H, into Eq (7.67) for the totai power

flow.
P =] v[d‘—f(g)] (7.68)

In terms of an assumed voltage and current, using peak values,
the power flow across a unit cross section would be

p = % |24
and the total power flow across the waveguide cross section would be

P= i VI (7.69)

Hence, from a term-by-term comparison of Eqs. (7.68) and (7.69)

V {a
I= z:,(z)

The input impedance of a waveguide operating in the TE; , mode is

then
Z, = % - zw(g) - 1201()’\‘—”)(3) (7.70)

This derivation has assumed that no higher modes were present, and
that there were no standing waves along the Z axis of the waveguide.
Consequently, the impedance Z, given in Eq. (7.70) must be the
characteristic impedance of the waveguide in the dominant mode.
This equation is applicable to cases such as the one shown in Fig. 7.7
where two waveguides of different dimensions are to be connected
together without introducing any reflection. Assuming that the
dimensions @ and b of the first«waveguide are gien, then b’ may be
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Fig. 7.7. Junction between waveguides of different sizes.

assumed for the second one. The cutoff wavelengths for both guides
are then known, since

Ae=2a and A = 2d’
The wavelengths in the two guides are
e e

)“’=\/—1—_—r:(§:)2 and \_/1—"—_(—%‘—5;

This allows the calculation of the wave impedance for each guide as

N =

A ’
= Ag ’ = Ag
Z, = 120x ™ and Zy 1207 ™
If no reflection is to occur at the junction, the input impedances of
both sections must be equal. That is,

’
z=22=2%
a a

and the unknown dimension a’ is thereby determined to be
o = (a_b')_z’
“\b/Z,

7.10 Waveguide Excitation (Terminal Devices)

The excitation or reception of the various modes in rectangular
pipes discussed so far may be accomplished by inserting probe
antennas at points in the guide corresponding to points of maximum
‘electric field intensity. Thus, the TE; o mode is excited by a single
probe located in' the center of the X coordinate of the waveguide.
The TE;,, mode would require two such probes spaced as indicated
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Fig. 7.8. Waveguide excitation (terminal devices) original with Chu and
Barrow.

in Fig. 7.8. This figure also shows several other arrangements of
terminal devices.

~ The probes are generally the extensions of the inner conductor
of a coaxial cable. When more than one probe antenna is used, it
is apparent from the field configurations of the various modes that
the phase angle between the probes is important. The relative
phases are indicated in Fig. 7.8 by arrows.

7.11 Impedance

In practical waveguide applications it is convenient to deal with
impedances because it is generally easier to explain and to understand
the operation of the varioys waveguide devices in such terms. More-
over, under certain conditions, the use of impedances makes it possible
to represent the waveguide assembly as a transmission line. In turn,
this permits the use of the circle diagrams discussed in Chap. 5.
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Unfortunately, because the waveguide is a single-conductor system,
it is not possible to define a unique current-voltage distribution
analogous to that which occurs on a transmission line.

Two waveguide impedances have already been defined mathemat-
ically. The specific wave impedance, Z., was defined as the ratio
of the transverse electric field to the transverse magnetic field. It
was shown to be

Zy, = l201r)\ for all TE modes

Zp = 120 for all TM modes
This impedance is the same as the input impedance of an infinitely
long line, or one terminated in its characteristic impedance, because
the wave on a transmission line is normally a TEM wave which has
only transverse electric and magnetic field components. Hence, if
the waveguide could be excited in the TEM mode, the specific wave
impedance would be the ‘“characteristic impedance.” However,
since the waveguide is a single-conductor system, such excitation is
physically impossible.

However, rectangular waveguides are ordinarily operated in the
dominant mode. Assuming this operation, and no standing waves or
higher modes, it was shown that the input impedance of the wave-

guide is given by
b.-5(2)
N a

This is analogous to the characteristic impedance for TE,; o mode
operation.

If the waveguide is not terminated in an impedance equal to this
“characteristic impedance,” reflections occur, setting up standing
waves along the axis of propagation of the waveguide. In this case,
theratio of transverse electric to transverse magnetic field isnolongera
constant equal to the specific wave impedance, but varies in a complex
manner with the length of the guide. It can be shown that at any
point 8l from the load that the input impedance of the waveguide is

Zy + jZ, tan Bl
“Z. ¥ 21 tan Bl @70

whereZ 1 is the ratio of the complex eleetric and magnetic fields at the

Z =12
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load and Z, = Z, (b/a). The form of this equation is the same as
that found for transmission lines and indicates that a transmission
line can be used as the equivalent circuit of a waveguide if the follow-
ing three facts are kept in mind:

(1) The impedances are ratios of field intensities, not of voltage to
current.

(2) The wavelength on the equivalent transmission line is A,
not A,

(3) The representation is valid for a single mode only; if higher
modes are present, each such mode must be represented by a diff-
erent equivalent line.

Consequently, if these conditions are recognized, the transmission
line circle diagrams previously dJiscussed may be used in the design
of waveguide sections.

7.7% Discontinuities in Waveguides (Impedance Matching)

The two most commonly used types of waveguide discontinuities
for impedance-matching purposes are (1) tuning screws and (2)
windows. The tuning screw is simply a highly conducting metal
screw inserted in the top or bottom wall of the waveguide as shown
in Fig. 7.9. The window may take any one of very many forms, but
the two most commonly used are the symmetrical windows shown in
Fig. 7.10. They generally consist of thin, highly conducting, metal
fins attached to the waveguide in a way that will reduce the cross-
sectional area. Assuming the obstacles to be lossless, then they

Y e =

1]
i

Fig. 7.9. Tuning screw.
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Fig. 7.10. Tuning windows.

introduce pure shunting susceptances (like stubs on transmission
lines) into the waveguide. The equivalent circuits of these devices
are shown in Fig. (7.11). Typical susceptance curves are shown in
Figs. (7.12), (7.13), and (7.14).

The mathematical verification of these curves is difficult and ex-
ceedingly laborious. However, a fair qualitative understanding may
be obtained from a consideration of the field configurations produced
by the obstacles. When the incident wave strikes the obstruction,
the higher modes are excited. They are necessary in order to satisfy
the boundary conditions imposed by the introduction of the obstacles.
However, even though they are generated they do not propagate—
waveguide dimensions are such that only the principal mode pro-
pagates—but remain localized around the obstruction. The higher
modes are the source of the effective shunting susceptances. If the
higher modes developed are predominantly TM, the equivalent shunt
susceptance is inductive; but, if TE modes predominate, it is capa-
citive. . '

The tuning screw behaves in much the same manner as an antenna
if due consideration is accorded its images caused by the conducting
plates which form the waveguide. The impedance of a dipole antenna
varies in much the same fashion as an open-circuited transmission
line, being capacitive when the half length of the antenna is less than
a quarter of a wavelength, and inductive when greater than a quarter
wavelength. Thus, we would be inclined to believe that when the
insertion of the tuning screw is less than A/4 that it introduces a
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Fig. 7.11. Equivalent circuits for the matching elements of Figs. 7.9

and 7.10.
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Fig. 7.14. Symmetrical capacitive window-reactance curve.
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capacitive susceptance; and an inductive susceptance when greater
than A/4. This is approximately true.

An example of the practical application of this information should
serve to clear up the many loose ends. Suppose that an inductive
window is to be used to eliminate the standing waves on a waveguide
connecting an oscillator to its antenna system, assuming operation
in the TE; » mode. The waveguide dimensions a and b are known,
as are the oscillator wavelength A\, and the input impedance of the
antenna Z, = R4 + jX4. It is necessary to determine the location
of the window and the susceptance required. The problem is recog-
nizable as analogous to the single stub on a transmission line. The
procedure for design is as follows.

Calculate the cutoff wavelength A, from

Ao = 2a
and then the wavelength in the waveguide, using the following
equation:
N, S
b= VTS oo
The characteristic impedance of the waveguide in the TE; , mode
may be found from the equation

2= 2(3) = 12()(0)

Now normalize the antenna impedance, using the same method as
that employed with transmission lines. That is,

_Za _ )
Zc + Z =T4 + JxA.

Enter the circle diagram with this value of chart impedance.Convert
it to admittance by rotating 90° on the appropriate constant-p circle
to the point

Ya = ga — jba

From this point, rotate clockwise on the same constant-p circle to
the point where it intersects the line

y=1+43b
The angle turned out in the rotation is fd where 8 is the phase constant
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of the waveguide, d is the distance from antenna to window, and
b, the window susceptance in chart units. Hence,

B = Y.b = total window susceptance

The actual dimensions of the window would be determined from
a graph of the form shown in Fig. 7.13 or 7.14.

7.13 Waveguide T's, Bends, Corners, and Twists

Frequeutly, junctions between waveguides are necessary. For
the rectangular section, typical T-junctions for the TE; , mode are
shown in Fig. (7.15). They are identified by either of two desig-
nations, as follows:

‘\ SERIES TEE

SHUNT TEE

l‘b\ Fig. 7.15. Wave-
guide tee-sections.
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Shunt Tee Series Tee

Fig. 7.16. Approximate equivalent circuits of waveguide tee-scctions.

(1) Series T or E type.
(2) Shunt T or H type.

The approximate equivalent circuits are shown in Fig. 7.16.

When the direction of the waveguide must be changed, circular
bends are ordinarily used. A circular bend is one in which the internal
dimensions of the waveguide are kept constant as its direetion is
changed by some angle . The two basic types of bends are shown
in Fig. 7.17. An E-bend is so called because the electric field vector

b E -Bend A \H-8
N i
Fig. 7.17. Waveguide bends.

is rotated through an angle ¢ in passing through the bend. In the
same manner, an H-bend is one in which the magnetic field intensity
vector is rotated through ¢ degrees.

Instead of using a circular bend to change the direction of a wave-
guide, an abrupt change could be made. Of course, such a sharp
change in direction would cause standing waves to be set up due to
reflection. However, by inserting a plane directly in the corner,

/{(

E-Corner \ - H=Corner
Fig. 7.18, Waveguide corners.
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these reflections are eliminated. As in the case of bends, there are
two types, E-corners and H-corners. They are shown in Fig. 7.18.
In some applications it becomes neces-
sary to change the polarization of the field
in the guide. This is readily accomplished
by twisting the guide as indicated in Fig.
7.19. Generally, the twist should be rather
gradual in order to minimize reflections.
Practical, specific design data on these
sections are usually available from manu-
facturers of waveguide components.

'Fig. 7.19. Wavezuide
twist.

7.14 Directional Couplers

A waveguide device of considerable practical significance is the
directional coupler. Its function is primarily to separate the incident
and reflected waves in a waveguide from one another. For this
reason it is sometimes characterized by the term wave selector.

A directional coupler is usually designated as a one-hole, or a two-
hole coupler. Such terms, in addition to the very generally used
“plumbing”’ to designate waveguide assemblies, lead one to suspect
the early training of some of the more imaginative engineers operating
in this field.

The one-hole coupler consists of a short closed section of rec-
tangular waveguide. This section is coupled to the main waveguide
through a single hole in the wide dimension of the guide. A probe
is placed at the end near the oscillator while the other end is covered
with a material which will absorb RF energy. This arrangement is

~

Output from Absorbing

coupler material
.’...f:” ‘d_-
e coupli

to - iy
— -nQle__ . |t
source™ ~ = N o/ to load
f

-« main waveguide —m
Fig. 7.20. One-hole directional coupler.
indicated in Fig. 7.20. The introduction of the hole in the main

waveguide disturbs the usual electric field configuration at this voint:
for two reasons:
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}

b power
{

Fig. 7.21. Fringing of the electric field through a hole in the wide
(a) dimension of the waveguide. The magnetic field is not shown.

(1) The electric field, which was originally normal to the hole,
fringes as shown in Fig. 7.21.

(2) The surface currents produced by the magnetic field are
interrupted by the hole so that they fiow along the inner
surface, through the hole, to the outer surface. This results
in a second component of electric field intensity directed as
shown in Fig. 7.22.

electric field intensity

» due to interruption of
surface current by the hole

{surface currents
induced by the
magnetic field

Fig. 7.22. Electric field produced by the surface currents.

These two electric field components on the outside of the hole
reinforce each other on the side of the hole away from the direction
of propagation. They tend to cancel one another on the side in the
direction of propagation. This is indicated in Fig. 7.23. However,

Fig. 7.23. Toﬁ.l electric field in the hole. Superpo-
sition of Figs. 7.21 and 7.22.

the magnetic field about._the hole is symmetrical. As a result, from .
Poynting's theorem, it is evidentti that, of the total power which flows.
out of the main waveguide through the hole into the closed section,
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more flows to the left (opposite to the direction of propagation in the
main waveguide) than flows to the right (same as the direction of
propagation). This argument is based upon the existence of the
incident wave only, since propagation in only one direction was
considered. Thus, by placing a pickup probe at the left end, and a
layer of absorbing material at the right, the power may be measured.

The power in the reflected wave does not enter directly into this
analysis because, from a consideration of the fields that it will es-
tablish in the hole, it is evident that most of the refle;ted wave energy
which passes through the hole goes to the right end of the coupler
and is absorbed by the coating at the end. By properly selecting the
size of the hole and by skewing the coupler, it is possible to establish
the magnitudes of the electric field intensity components previously
mentioned so that they practically cancel on one side of the hole. In
such a case, the probe receives practically nothing but energy from
the incident wave, while the reflected wave is absorbed by the ma-
terial at the other end. Thus, the directional coupler can be used to
measure the power in the incident wave, or, by reversing the coupler,
the power in the reflected wave.

Absorbing

material | Output from

Coupli
o Qg ol
N\

<

. Aa |
1o source «— - r ~ — to load

Fig. 7.24. Two-hole directional coupler.

A typical two-hole coupler is shown in Fig. 7.24. Like the one-
hole coupler, it consists of a closed section of waveguide with a
probe at one end, and RF energy-absorbing material at the other.
However, it is mounted on the narréw dimension of the main wave-
guide and coupled to it through two holes a quarter wavelength
apart. Because of the location of the probe, relative to the direction
of propagation, it is evident that the components of the incident
wave that pass through the two holes and travel toward the probe
arrive there in phase with one another since they travelled the same
distance. Hence, upon arrival at the probe they,add directly. On
the other hand, the portions of the reflected wave that pass through
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the holes cancel at the probe because one part had to travel a half
wavelength further and had its phase shifted by 180° in the process.
Hence, the reflected wave has no effect on the measuring device.
Parts of the waves which do not go to the probe are removed by the
absorbing material at the other end.

7.15 Cylindrical Waveguides

The discussion so far has been confined to rectangular wave- -
guides for two reasons:

(1) They are currently of the greatest practical importance.
(2) Their analysis is easier to accomplish mathematically, and
their operation is easier to visualize physically, than other
types of waveguides. The concepts and techniques that have
been developed are perfectly general and may be extended
directly to the more mathematically difficult cylindrical wave-
guide.
The chief obstacle to
mathematical convenience
; . in the analysis of the cylin-
y drical waveguide is the ne-
cessity of using cylindrical
coordinates. In order to
apply the boundary condi-
tions at a fixed value of one
coordinate, namely r, cy-
lindrical coordinates must
be used. The relationship
between rectangular and
cylindrical coordinates is
shown in Fig. 7.25. Hence,

Cylindrical waveguide

T = rcosf (7.72a)

X y = rsing (7.72b)

Fig. 7.25. Relationships between cylindrical 2 = 2 (7.72c)
and rectangular coordinate systems. r = _\/m (7.72d)

The wave equation in rectangular coordinates was shown to be

(Bt Z+r+rE=o
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Assuming that E, the electric field intensity, is some function of r
and 6, that is, of x and y, then let
E = E(r9)
where E is understood to mean Ex, Ey, or Ez, one of the components
of E. The derivative with respect to z is then
0E O0E dr , oF 39
o ~oroz a8 oz (7.73)

But, since
=12 + ¢ and 0 = tan“(g)
it then follows that

or _z %0 _ _y
oz r oz 1
or _y 6 _ =
ay r oy 7

is
— == - = (7.74)

Now, taking the second derivative yields
K OF z dE y
% = a—z(s; 7-) ax( 3 r’) (7.75)

Consiaering each term in this equation separately yields

#53) - (Da?) + ()
i %) = ()alh) + (53)

The indicated derivatives in the expressions above are evaluated
below.

g(:c) 9 z )__y2
oz\ r ‘&(m T s

O(0E\ _&Eor , 3E 30 _zdE _y OE
ax(ir‘ S ooz T ara6or r ort 1% ar b

i(y) -2 __y___) -2
dr\r? ar\z? + 32/ s
9 aE) 02E 36 E or Yy oOE  z OE

3\%8) ~ oz Taaoron - rae Trore
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Substituting these relations back into Eq. (7.75) for the second
derivative, and rearranging terms somewhat, yields

3E _ (22\OE \OE 3E _ (2zy\ &°E
9z = ) + (r’) + (F)Ee‘* + ( ) )31 o0
(7.76)

Now, the same process may be followed for the second derivative with
respect to y, obtaining

’E _ 62E' x’ aE T\O’E 2:cy aE + (2xy ’E
Y r2 ) 36* ar 00

If the two second derivatives are added together, it will be noted that
the last two terms cancel so that
OB | E _ (2*+ y”)azE 2 + u’)@ 224y )62E
or

azt ' 3y P Jor r r aae( |
7.78

But, since 22 + y? = r?, then

E | *E _9*E | 10FE |, 1 &°E
wtoyp~wmtra Trawm (7.79)

and the wave equation in cylindrical coordinates is

2
[Z+12+i+a+m]e- (7.80)
where E stands for any rectangular component of E.*

Since this is a differential equation in the two variables r and 6,
the best technique of solution is the method of separation of variables
already outlined in Art. 7.2. Assume that the electric field intensity
may be expressed implicitly as the product of two functions, one
R(r) of r only, and one 6(6) of 8 only. Hence,

E(r6) = R(r) 6(0) (7.81)
or, omitting the arguments of the functions,
E = Ro (7.82)

Substituting in the wave equation yields

G’R O R R 3%

~

. BeeAppendxx II.
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Divide through by RO and then multiply through by 2. The result
is
POR | TOR | Lo, e 107 _
[R or? Rar+r(7 + kY [+ o 30° =0 (7.83)
The equation now consists of two terms:

(1) A function of r only — the first bracket.
(2) A function of # only — the second bracket.

Consequently, the variables are separated.
Following the procedure outlined in Art. 7.2 yields

7?2 2R r R 1 4%0

o, I 2 — 2 200 _ g
Ror TRar TEM =P GH=K (7.84)
Therefore, the equation in r becomes
2R oR
2 7V on 2 2 _ ,? =
e +r - + (K, pH)R =0 (7.85)
where K2 =% 4 k?

This is a form of Bessel’s equation and has a solution of the form
R = CJ,0Ky) + C*Y,(Ky) (7.86)

where J,(rK;) and Y ,(rK,) are Bessel functions of order p, of the
first and second kind. C; and C; are arbitrary constants.

The solution for © is readily obtained since it is an ordinary
second-order linear differential equation with constant coefficients.
Hence,

O = (C;3sin K60 + Cq cos K8 (7.87)
Thus, the four possible solutions are
.Ey = AJ,(rK,) sin K48 (7.88a)
E; = AJ,(rK,) cos Ko (7.88b)
E; = A;Y,(rK,) sin K.0 (7.88¢)
E, = A4Y,,(TK1) cos K0 (788d)

The proper solution and the values of the constants K; and Kj, as.
well as p, are determined from the boundary conditions. The arbi-
trary constant A is established by the generator.

The author feels that, from this point on, the techniques and
results obtained are so closely analogous to the case of the rectangular
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waveguide that their inclusion here would be unduly repetitious.
The results may be found in any one of several handbooks, or in the
references listed at the end of the chapter. Really, the only distinc-
tion between the rectangular and cylindrical cases is the occurrence
of the Bessel function in the latter instance. The trepidation with
which most engineers approach Bessel functions is actually not
warranted, being due largely to lack of familiarity.*

7.16 Introduction to Cavity Resonators

Just as the waveguide is the microwave counterpart of the trans-
mission line, it is reasonable to expect the resonant line to have an
analogous waveguide device. The corresponding element is the
cavity resonator which, in its simplest form, consists of a short
section of waveguide, short-circuited at one or both ends.

At microwave frequencies, the constants of an ordinary tuned
circuit are so small that they are not physically realizable in lumped
form. Furthermore, the frequency is occasionally so high that the
resonant transmission line may also have impractically small dimen-
sions. Consequently, although resonant coaxial lines are in common
use at microwave frequencies, conditions arise which may require the
application of resonant sections of waveguide.

A tuned circuit is ordinarily characterized in terms of three
unique quantities:

(1) The Q.
(2) The resonant frequency.
(3) The shunt resistance at resonance R ..

Unfortunately, a resonant cavity cannot be uniquely specified in
terms of these quantities because

(1) It can oscillate in an infinite number of modes.
(2) There are no unique values of inductance and capacitance.

Nevertheless, certain restrictions may be made under which the Q,
resonant frequency, and shunt resistance at resonance for cavities
are significant quantities. These will be discussed separately in the
succeeding articles.

* Readers interested in Bessel functions are rt;femd to Bessel Functions for

Engineers, by McLachlan, Oxford Press, 1934, or Mathematical Methods in
.Engineering, by Karman and Biot, McGraw-Hill, 1940,
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7.17 Technique of Solution, Rectangular
Cavity
Consider the closed, rectangular cav- A
ity shown in Fig. 7.26 which is assumed
to be made of metal sheets having infi-

nite conductivity. Then, assuming the , c
usual set of coordinate axes, for an ’/ y
electromagnetic wave to exist in the cav- V4 z
ity, it must satisfy the wave equation, g X 0

which is Fig. 7.26. Coordinates of the

rectangular cavity.

92
ax2+ +0z’+k2) =0

The boundary conditions that must be met are

E =0 wheny =0 and when z =
=0 wheny = b and when z
y =0 when z = 0 and when z
y =0 whenz = a and when z
, =0 whenz = 0 and when y
=0 when z = a and when y =

0
¢
0
c
0
b

SIS MG

Using the method of separation of variables, let
E=X(z) Yy Z(2) (7.89)

where E stands for any component of E. Consequently, the wave
equation becomes

and therefore,

1 d?X 1dY ., 1427
Xae ~ K Fgp =K zag =K (190
The following solutions are possible: .
X = A;8in Kz + A;: cos Kiz (7.91a)
Y = B, sin Ksy. 4+ B cos Ky (7.91b)

Z = C;sin Kz + Cscos Kgz (7.91¢)
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From inspection of the boundary conditions it is evident that

E = XYZ = D, sin Kz sin Kpy sin K32 (7.92)
and that
K =T (7.93)
Ky = ’%’ (7.94)
K; = "?" (7.95)

Thus, any component of the electric field intensity is given by

E = D, sm(l )x sm(”;) )y sm( :)z (7.96)

By the same method, any component of the magnetic field intensity

is giyen by
Ir mir nw
H =D, cos(;)x cos(—l—)—)y cos(—c—)z (7.97)
Substituting Eqgs. (7.90) into the wave equation yields
K12+K22+K32+k2=0

or, rearranging terms and extracting the square root,
k =jVK?+ K + K¢t = jp

Then, substituting for the constants under the radical yields

o=V @)+ () + ()

But B-= Y

So A= -2--—1 = 2
B V(/a)* + (m/b): + (n/c)?

Thus, one resonant wavelength will be found when I, m, and » are
integers, and there will be an infinite number of such points of
resonance.

(7.98)
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7.18 Resonant Frequency of a Cavity

The resonant frequency of a cavity is obtained from the solution
of the wave equation (see Art. 7.17) and the application of the known
boundary conditions to that solution. An infinite number of solutions
will be obtained, as occurred in the case of the waveguide, one solution
corresponding to each particular configuration of electric and mag-
netic fields. For each such mode there is one resonant frequency.
This resonant frequency is dependent only upon the dimensions of
the cavity. According to Eq. (7.98) for a rectangular cavity,

2
A= -
V(l/a)* + (m/b)* + (n/c)?
H y = 21 = '—‘1—_:
owever I eV
Therefore, the resonant frequency is
_- /@) + (m/b)? + (n/c)*
f= \[ e (7.89)

This solution is applicable only to the rectangular cavity. As a
matter of fact, an analytical solution is possible only for a few special
cavity shapes, ordinarily those which can be easily defined in terms
of a standard system of coordinates. Unfortunately, these ‘‘regular”
cavities do not always give the desired operating characteristics, and
irregular forms are used. Since exact analytical solutions are next
to impossible, a number of approximate methods of calculation have
been developed that give reasonable engineering accuracy. Such
data may be found in standard handbooks on the subject.

7.19 Cavity Q

The Q of any resonant system depends upon the energy stored
in the system and the power losses. It can be uniquely defined as

Q= (reactive volt-amperes in L or C

power lost ) at resonance

For a parallel R-L-C circuit, substitution into this equation for @
yields
(B*/R)
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It may be rewritten in a s'ightly different form as
Q= (E?*/ L)
T CTER)

The numerator and denominator are now in a form such that

2
a"% =L = % L(V/2 I)? = maximum energy stored in L

E? .
| = bower loss in B
Hence, the equation for @ may be written as

Q=w

maximum energy stored
power loss

A definition of this character is essential in the study of resonant
cavities because there is no way of specifying particular values of
inductance or capacitance, and that precludes the possibility of de-
fining @ in terms of ‘‘circuit constants.”” Obviously, the definition
of @ just given is unique only for one mode at a time, indicating that
Q will vary with the modal configuration.

The power loss in a resonant cavity is due principally to conductor
losses because most practical dielectrics have a negligible leakage
conductance. The losses are I2R losses where I is the circulating
current in the cavity walls and R is the resistance of the current
path. The current is assumed to be confined to the skin depth 8,
calculated in Chap. 6, which had a value

2

wuo

where ¢ is the conductivity of the metal walls, u is the permeability
of the metal walls, and v is the frequency in radians per second. The
general expression for resistance is

where p = resistivity = 1/0. Then the resistance of a differential
kngth and cross section is

~pdl_1dl,
R 5 ds odds
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where dl is the length of the current path, ds is the width of current
path, 6 is the depth of current path, or skin depth, and & ds is the
area normal to current flow. The current flowing in the wall is equal
to the magnetomotive force about the surface element carrying
current. That is,

I =Hds

where H is the rms value of magnetic field intensity along the surface
formed by ds and di. Consequently, the power loss is

1dl
— 72 z,.__
P = PR = H*(ds) 5 ds

or P=—H’da
oo

where da = ds dl = differential surface area (not cross-section).
Therefore, the total power loss would be

- [

The maximum energy stored in a volume dV may be calculated
from the basic equation for energy in the magnetic field, that is,

dW = pH? dV

where H is the rins value of magnetic field intensity. Then, inte-
grating, the total energy stored within the cavity volume may be

obtained as
W = ﬁ vH? AV

Substituting these expressions for energy stored and power lost
into the equation for the @ yields

W _(w,w)afvmdv
9=eF T [ & da

If the magnetic field were constant throughout the cavity volume,
then H? can be factored out of each integral and cancelled, giving

Q= (2)(cav1ty volume) gince wuo = 2
surface area s &
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As the result of the approximations made, this equation will always
give a value for @ higher than that actually obtainable. It is a useful
formula, nevertheless, for making a few general deductions about
cavities.

Since the skin depth & varies inversely as the square root of fre-
quency, then the eavity Q will vary directly with the square root of the
resonant frequency. Another general deduction may be drawn from
the equation because of the presence of the factor (volume/area).
It is apparent that large cavities will tend to have higher @’s than
smaller ones.

It is evident that a cavity resonator differs in many respects from
the conventional tuned circuit. For the latter, a high @ ordinarily
implies a high shunt resistance at the resonant frequency. This may
or may not be true for the resonant cavity, because it can be shown
that the shunt impedance is inversely proportional to the square root
of the resonant frequency, whereas the @ is directly proportional to
the same quantity. Hence, it is possible to find cavities with almost
any combination of shunt resistance and Q.

Rectangular Cylinder ~ Sphere Dimpled Ellipsoid  Cooxial
Prism Sphere  Hyperboloid

28 o) o

Fig. 7.27. Types of cavity resonators (adapted from Table X-1,
Microwave Transmission Design Data, Sperry Gyroscope Co.).

7.20 Resonator Types
See Fig. 7.27 for a table of prototype resonator configurations.

PROBLEMS

7.1 A rectangular waveguide for which ¢ = 7 em, b = 3.5 cm,\, = 10
cm, the mode is TE,, and attenuation is negligible, is supplied by a
generator which sets up a magnetic field having a maximum value of 0.5
amp/cm in the center of the waveguide. Calculate (a) the average power
transmitted, (b) the peak voltage across the y dimension of the waveguide.

7.2 A rectangular waveguide for which

a=7cm b=1cm )‘,-IOcm (TE,;,, mode)
is to be joined to another waveguide for which @ = = 7.5 cm. What must be
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the b dimension of the second waveguide if there is to be no reflection from
the junction?

7.3 An oscillator supplies power to a rectangular waveguide for which
a=7T7cm b=1em A, =10cem (TE,,, mode)

The waveguide feeds an antenna whose input impedance is 50 + ;23 ohms.

An inductive window is to be placed near the antenna and adjusted to re-

move standing waves. What is the minimum distance from the antenna,

and what susceptance should the window introduce, to eliminate standing
waves?

7.4 An E-type of T-junction is located 4 wavelengths behind the window
in the waveguide assembly of Problem 7.3. Although both legs of the T-
junction are terminated in impedances equal to the characteristic impedance
of the waveguide, standing waves are found to exist between the oscillator
and the T-junction.

(a) Explain the existence of the standing waves.
(b) Find the location and susceptance of an inductive window which will
eliminate the standing wave.

REFERENCES

Books
Brainerd, J. G., Koehler, G., Reich, H. J., and Woodruff, 1., Ultra-High-
Frequency Techniques, Van Nostrand, 1942.

Referehce Data For Radio Engineers, Federal Telephone and Radio Corp.,
1946.

M.1.T. Staff, Principles of Radar, McGraw-Hill, 1946.

Sarbacher, R. I., and Edson, W. A., Hyper and Ultrahigh Engineering, Wiley,
1943.

Skilling, H. H., Fundamentals of Electric Waves, Wiley, 1942,

Slater, J. C., and Frank, N. H., Electromagnetism, McGraw-Hill, 1947.
Stratton, J. A., Electromagnetic Theory, McGraw-Hill, 1941.
Microwave Transmission Design Data, Sperry Gyroscope Co., (23-80).

PERIODICALS

Barrow, W. L., “Transmission of Electromagnetic Waves in Hollow Pipes of
Metal, Proc. IRE, 24, 1298 (1936).

Brillouin, L., “Hyperfrequency Waves and Theu' Pract:cal Use,” Elec. Comm.,
19, 18 (1941)



328 WAVEGUIDES AND CAVITY RESONATORS

Carson, J. R., Mead, S. P., and Schelkunoff, S. A., “Hyperfrequency Wave-
guides—Mathematical Theory,” Bell System Tech. J., 15, 2 (1936).

Chu, L. J., “Electromagnetic Waves in Hollow Elliptic Pipes of Metal,” J.
App. Phys., 9, 9 (1938).

Chuy, L. J., and Barrow, W. L., “Electromagnetic Waves in Hollow Metal
Pipes of Rectangular Cross Section,” Proc. IRE, 26, 1520 (1938).

Clavier, A. G., and Altovsky, V., “Experimental Researches on the Propaga-
tion of Electromagnetic Waves in Dielectric Guides,” Elec. Comm., 18,
81 (1939).

Hansen, W. W,, “A Type of Electrical Resonator,” J. Applied Phys., 9, 654
(1938).

Linder, E. G., “Attenuation of Electromagnetic Fields in Pipes Smaller Than
Critical Size,” Proc. IRE, 30, 554 (1942).

Southworth, G. C., “Hyper Frequency Waveguides—General Considerations
and Experimental Results,” Bell System Tech. J., 15, 284 (1936).

“Design Characteristics of Resonant Cavities,” Westinghouse Research
Report SR-127.



CHAPTER 8
UHF TRIODES AND OSCILLATORS

FOR many years the principal obstacle to the development of prac-
tical ultrahigh frequency systems of any type was the difficulty in
generating the required ultrahigh frequency signals. Many advances
have been made in recent years and all indications point toward
further progress. This chapter discusses the principal factors in
ordinary tubes that tend to prevent the production of ultrahigh
frequency oscillations. Methods of minimizing these effects and
refining the tube construction are then mentioned. This is followed
by an analysis of practical oscillators suitable for use in the ultra-
high frequencies. The discussion is generally limited to conventional
negative grid oscillator circuits, but since improvement in positive
grid oscillators may occur, a short introductory article is included on
that subject.

8.1 Triode High-frequency Equivalent Circuit -

In the ultrahigh frequencies, where the wavelengths are very
short, the electrode structure inside the glass envelope enclosing the
tube is complicated by the inevitable presence of distributed capa-
citance and inductance. The capacitances between electrodes and
the inductances of the leads from the pin connections to the electrodes
themselves can no longer be considered negligible. Any accurate
representation of the tube must include these parameters.

Fortunately, and to a reasonably high degree of accuracy, the
distributed constants can be represented by lumped elements because,
even at the highest frequencies, the lead lengths seldom exceed a
quarter wavelength, and the longest electrode dimension is rarely
more than a small fraction of a wavelength. Therefore, it is possible
to represent a triode at the ultrahigh frequencies by the circuit
shown in Fig. 8.1 where the triode is considered to have lumped
capacitance between each pair of tube electrodes and lumped indue-
tance in series with each electrode lead.

329
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It would be entirely possible to develop an equivalent plate
circuit theorem for a tube in which the distributed elements indicated
in Fig. 8.1 are considered. However, the resulting equations are
comparatively so complicated that such a development tends to
confuse rather than to elear up the situation. A brief review of the
physical nature of the problems posed is more to the point and ordi-
narily more instructive.

G
Cak
Lk
k
Fig. 8.1. Ultrahigh frequency equivalent triod:
. circuit. .

8.2 Frequency Limit of Ordinary Oscillators

The frequency of an oscillator is determined primarily by the
constants in the tuned circuit and has a value

1 1
F=%Vic
when the effects of losses in the oscillating circuit are neglected. A
typical oscillator circuit is shown in Fig. 8.2(a) in which only essential
RF components are indicated. In order to increase the frequency of
oscillation, the magnitudes of the inductances and capacitances in
the tank circuit must be reduced. This reduction can be carried to
the point indicated in Fig. 8.2(b) where the physical lumped capa-
citances have been replaced by apparently open circuits, and the
inductance by an ordinary metallic conductor. The diagram hardly
appears as a complete circuit, However, from Art. 8.1 it.is known
that interelectrode capacitances are present 'and the grid-to-plate



§8.2] UHF TRIODES AND OSCILLATORS 331

(a) (b) ©
Fig. 8.2. (a) Essential components of a typical oscillator. (b) Oscillatar
in which the tank circuit L and C have been reduced to the greatest extent.
(c) Actual oscillator circuit of (b) when distributed tube elements are added.

conductor has a lead inductance associated with it. Consequently,
the actual circuit appears as shown in Fig. 8.2(c).

In the limit, the minimum values of L and C in the oscillating
circuit are the inductance that is inherent in the plate, grid, and
cathode leads, and the capacitance that exists between tube leads
and electrodes. Thus, the extent to which the constants of the oscil-
lating circuit can be reduced imposes one restriction upon the upper
operating frequency limit and is ordinarily determined by the geome-
try of the tube and associated circuit.

The method of raising the frequency of operation by changing the
constants in the tuned circuit produced upper limits between 10 and
60 mcps for ordinary tubes, but reached as high as 700 meps with
special tubes such as the WE 316A. Other specially constructed
tubes, involving advanced manufacturing techniques, have pushed
this limit up to about 3000 mecps.

A second limitation upon the maximum frequency of oscillation
of conventional oscillator circuits is imposed by the reduction in tank
circuit @ at elevated frequencies. This lowering of the circuit Q as a
function of frequency is dué principally to increased

(1) Skin effect.
(2) Dielectric losses in the tube base and envelope.
(3) Radiation from the oscillating circuit.

A third restriction upon the upper frequency of oscillation arises
due to electron transit time. When the transit time of the electron
from cathode to plate is a certain fraction of the RF period, the grid
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develops an in-phase component of current requiring that the grid
supply power. This grid loading, which will be discussed at greater
length in Art. 8.5, reduces the oscillator power output to impractically
small values at frequencies in the neighborhood of 40 or 50 meps,
assuming operation with conventional tubes.

The reduction in tank circuit @ could be counterbalanced by in-
creasing the transconductance of the tube. This could be accom-
plished by raising the operating plate voltage, which, in addition,
would tend to reduce transit time. Unfortunately, the increased
plate dissipation could be accomodated only by increasing the area
of the plate. This tends to increase the interelectrode capacitance
and in turn would partially nullify the advantageous effects of the
increased plate voltage.

8.3 Effects of Interelectrode Capacitances

The most immediately obvious effect of excessive interelectrode
capacitances is the lowering of the maximum possible frequency at
which the tube can oscillate. “~Reduction of this capacitance will
naturally allow the generation of higher frequencies.

There are other undesirable effects resulting from the presence of
unduly large tube capacitances. “Generally, their reactances are so
low at the frequencies of desired operation that they cause excessive
circulating currents which increase the I*R losses in the tank circuit.
These currents form practically all of the circulating current in the
tuned circuit and are much larger than the power currents delivered
by the tube.

Because of the character of these capacitances, they are not
constant, but vary in a complex manner with the oscillator loading
and the electrode voltages. ~ Consequently, for frequency stability,
they should not have too much control over the operating frequency
of the oscillator.

Moreover, the grid-to-plate capacitance C,, may, through its
coupling of grid circuit to plate circuit, cause the input conductance
of the tube to be undesirably large. Furthermore, this conductance
may be either positive or negative, depending principally upon the
impedance in the plate circuit. Proof of this phenomenon is omitted
since it may be found in any one of many standard books on vacuum
tube fundamentals.
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8.4 Effects of Lead Inductance

Due to the presence of lead inductances, it is impossible to make
a direct connection to any of the tube electrodes. Consequently,
the lead inductance forms a part of the oscillator tank circuit which,
at the ultrahigh frequencies, is a large proportion of the total indue-
tance present. It is not particularly objectionable except that it
imposes an upper frequency limit on the tube as an oscillator.

It can be shown by a very tedious mathematical analysis of the
equivalent tube circuit that the lead inductance, particularly the
cathode.lead inductance, has the effect of increasing the input and
output conductances of the tube. The input conductance is generally
more important than the output conductance, the latter frequently
being negligible in comparison. A thorough study of the problem
indicates that the upper frequency limit for screen grid and other
multielectrode tubes is set by the lead inductance, whereas it is
determined by transit time in triodes.

As an approximation, it can be shown that the input conductance
is given by the following equation:

G = w’g,,,LxC.,K
This relationship is very nearly true for pentodes, but is quite
approximate for triodes. It is evident that since the input conduc-
tance varies as the square of the frequency, even slight extensions
in operating frequency cause a marked increase in the input con-
ductance.

8.5 Transit Time

7 The transit time of the electrons in their flight from cathode to
plate becomes objectionable when this time becomes so large, com-
pared to the period of the RF grid voltage, that irregularities in plate
current cause different numbers of electrons to be approaching and
receding from the grid at any given instant of time. This inequality
in electrons on either side of the grid generates an induced grid current
which causes the input admittance of the tube to have a real term.
According to W. R. Ferris (see References), this conductance com-
ponent of the input admittance varies as the square of the impressed
frequency. At extremely high frequencies, where the electron transit
time reaches a half or even a quarter of a period, this law no longer
applies. The mathematical development of the effects of transit
time would cover many pages of rather awesome: appearing work.
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For our purposes, a brief examination of the physical nature of the
problem is perhaps more instructive.

The simplest way of stating the nature of the phenomenon is as
follows. YAssuming an ultrahigh frequency grid signal, then when
the grid is more negative than normal, the number of electrons ap-
proaching the grid from the cathode is less than the number leaving
the grid and progressing toward the plate. “Such an unbalance of
forces causes the grid to do work. /On the other hand, during the
next half cycle when the grid is more positive than normal, the number
of electrons approaching the grid from the cathode is greater than
the number in the grid-to-plate volume. «Again, actual work is
required of the grid. vThe necessity of delivering energy, thus imposed
upon the grid, is met by the development of a component of grid
current in phase with the applied grid voltage. vAs a result, a fairly
large input conductance may exist due to the transit time effects.

vThe work done by the grid is largely in accelerating the electrons and
the power input to the grid will, therefore, appear as heat on the
plate of the tube.

/ The difference between the number of electrons in the cathode-
grid space and those in the grid-plate space can be kept small only
by reducing the transit time of the electrons to a point where it is
small compared to the period of the variations in plate current. This
can be accomplished either by reducing the distance the electrons
have to travel, or by increasing the velocity with which they make
their trip. Thus, either the electrode spacing can be reduced, or the
plate voltage can be increased, or both techniques may be used.
There are limits, however, beyond which such modifications cannot
be pushed. For example, the decrease in electrode spacing makes
tube manufacture more difficult and, in order to keep the inter-
electrode capacitance from becoming extraordinarily large, the
decrease in spacing must be accomplished by a decrease in electrode
surface area. This, of course, reduces the allowable plate dissipation.
The increase in plate voltage is limited by the reduction in trans-
conductance which necessarily accompanies a decrease in plate
current. The plate current has to be decreased, when the plate
voltage is increased, in order to keep within the allowable plate
dissipation.

In pulsed operation for use in radar, for example, transit time
is generally reduced by using very high plate voltages during the
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pulse. This is possible without plate current reduction because the
plate dissipation during the pulse can be thousands of times greater
than the average allowable dissipation due to the inherent thermal
inertia of the plate structure. Thus, tubes may be run at higher
frequencies when pulsed than when operated CW.

For pulsed operation, plate voltages of the order of ten thousand
volts are used in order to obtain high peak powers and to reduce
transit time. These voltages exert considerable influence upon the
mechanical features of the tubes designs. The glass seals between
electrodes are separated as much as possible in order to reduce the
voltage gradient in the glass and on its surface. Also, sharp corners
on high-voltage conductors are avoided to minimize the possibility
of corona.

8.6 Minimizing Tube Capacitances and Inductances

The lead inductance and capacitance can be reduced by using
shorter lengths of wire for the leads. This also reduces the circuit
resistance. The requirement for small interelectrode capacitances
in order to obtain high frequencies and low charging-current loss
can be met by using small electrodes. The capacitance could also
be decreased by increasing the spacing between the elements but,
unfortunately, this increases the transit time.

Losses due to skin effect can be reduced by using low-resistance,
large-surfaced conductors. Close spacing of the electrodes tends to
reduce the radiation losses, but unfortunately, very close spacing
increases the RF resistance. Dielectric losses are minimized by
bringing the electrode leads directly through the glass envelope, doing
away with the ordinary tube socket. This construction also reduces
the lead inductances and capacitances since the leads are shorter.

Doubled-ended construction is also used frequently in UHF tube
construction. In such tubes, each electrode has two separate ter-
minals brought out individually through the glass envelope. These
terminals are then connected symmetrically to the external circuit
so that the lead inductances are effectively paralleled. Another
technique is to arrange the leads inside the tube so that they are
extensions of external resonant transmission lines. The tube elements
are then maintained at the center of a resonant half-wave transmission
line system with shorted ends. The lumped capacitance between
-electrodes is then -assumed to be equally divided between the two
quarter-wave sections on either side of the tube #eridtits. Such tubes
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will oscillate at higher frequencies because the capacitance associated
with a single quarter-wave section has been materially reduced.
The double-ended construction also reduces the radiation losses and
the IR losses in the leads.

Grid lead inductance may be reduced by using parallel bars
instead of the more common helically wound wire in the construction
of the grid. In recent years, improved glass-working techniques
have permitted the construction of tubes in which the electrode
leads have been replaced by sealed metal disks. This makes the
whole perimeter of the electrode available and allows the electrodes
to be built into tuned circuits directly, thus yielding higher @’s and
frequencies of oscillation. The lighthouse tube is typical of this disk
seal construction.

There are other methods of reducing these various effects which
make slight dissimilarities between the various UHF tubes. Without
question, other techniques are being developed. The purpose of
this article has been to discuss a few of the outstanding constructional
features which make UHF tubes appear to be so different, externally,
from ordinary tubes.

8.7 Plate Cooling

High-power operation of UHF triodes is hindered by the reduction
in electrode area necessary for small interelectrode capacitances.
This, and the reduction of transit time through the use of large plate
voltages, makes the problem of heat dissipation from the plate quite
difficult. The heat may be removed more effectively by adding
cooling fins to the plate structure. This increases the thermal
radiating surface without changing the tube capacitances. An air
blast played over the plate will assist materially. For really high-
power operation, water cooling is frequently used. Other tubes use
plates made of ‘tantalum and operate normally at red heat. This
allows higher plate dissipations due to more rapid radiation of heat
through operation at a higher temperature.

Another technique which is quite effective and rather common in
current tubes is to use a solid block as the plate, bring it out externally
to the tube proper by disk seal construction, and then provide it
with thermal radiating fins. The small working surface area of the
plate near the grid and cathode reduces the tube capacitances, but
the large over-all area, plus the external exposure to air, increases the
heat-dissipating ability of the tube.
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8.8 Filament Emission

Very large filament emissions are generally required of UHF tubes
for two reasons. First, the large RF currents in the plate-to-cathode
and grid-to-cathode capacitances are, to a large extent, supplied by
the cathode. Secondly, in pulsed operation, extremely large currents
are required over short periods of time. Although this is a conduction
current, and the first is a displacement current, both require actual
cathode emission. Consequently, large filaments operating at high
temperature are required, generally adding to the difficulty of tube
cooling. Although oxide-coated cathodes are cccasionaliy used in
lower-power tubes, thoriated tungsten is most generally employed
since it is less susceptible to positive ion damage and can safely
provide the required degree of emission.

The use of thorium on the filaments does cause some difficulty,
however, due to grid contamination resulting from evaporated
thorium depositing on the grid. Since the grid is generally quite
hot, actual grid emission may occur causing a d-c current to exist in
the grid circuit.

8.9 Special UHF Tubes

Because of the various factors outlined in the preceding articles,
special tubes have been developed for various uses in the ultrahigh
frequencies. The list given below is by no means complete, but it
does give representative types.

Name Type Construction Typical Service
GL 446 Lighthouse | triode disk seal Local osc.
RF amplifier
GL 464 Lighthouse | triode digk seal UHF power osc.
WE 316A Doorknob | triode single-ended RF osc.
WE 368A Doorknob | triode double-ended RF osc.
708A Grounded grid | triode single-ended Mixer
811 Micropup triode single-ended RF ose.
grid, disk seal plate
832 and 829B push-pull single-ended RF osc.
beam tetrode
888 triode single-ended RF osc.
water-cooled
954 Acorn pentode single-ended RF amplifier
955 Acorn triode single-ended Mixer
956 Acorn pentode single-ended RF amplifier
GL 8012A triode double-ended RF ose. & ampl.
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Other commercially available lighthouse tubes are the GL 2C39,
2C40, 2C43, 3C22, and 5648.

Filoment

Single ended construction
Note parallel grid wire
construction.

Filaments

Double ended construction
Note cooling fins on the
plate.

Fig. 8.3. UHF triodes.

plate

plate disk seal
grid

“\grid disk seal

........

cathode

?4—— cathode disk seal

Fig. 8.4. Cross section (principal components
only) of lighthouse triode.

' Sketches of representative samples of these tubes appear in Figs.
8. 3 and 8.4. Particular points to observe are the ways in which the
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lead inductances and interelectrode capacitances have been reduced.
Of particular interest is the lighthouse tube which is designed to fit
into a coaxial transmission line tuner as shown schematically in
Fig. 8.5.

Hesvevencneverctneewueuuunune
[T Moo
R Tuning Rod

RF

K 9." Plate B+
F R = RF Out
2 2.2 2 2 2 2 L2 L L L L II\I i\ Tuniw Rod

SaS=S ~ — Plate line

Fig. 8.5. Lighthouse tube and coaxial tuner.

8.10 Basic Oscillator Theory

The fundamental theory of feedback in general, and oscillators
in particular, is ordinarily presented in considerable detail in the
introductory courses on vacuum tubes. A very brief review of the
subject will be introduced here to facilitate discussion of UHF
circuits performing oscillator service.

The basic requirement that any oscillator circuit must fulfill is
to completely regenerate a disturbance in its input, both in magnitude
and phase. This can be done in either of two general ways:

(1) By external feedback connections on an amplifier.
(2) By developing a negative resistance characteristic internal
to the device.

Circuits of the latter type were discussed in the introductory articles
of Chap. 2. The material in this chapter is concerned solely with the
first type, feedback oscillators.

The essential functional components of an oscillator may be listed
for the sake of convenience as

(1) A regenerating circuit - to regenerate the original input.

(2) Afrequency controller - to stabilize the frequency of oscillation
to a particular desired frequency.

(3) A limiter - to maintain the amplitude of oscillation constant.

In a feedback oscillator, the regenerating circuit consists of an
amplifier and an external feedback circuit. The frequency controller
may be a resonant electrical circuit (LC tank circuit), a piezoelectrie
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circuit, a magnetostriction device, or a frequency-selective R-C
circuit. UHF oscillators ordinarily use tuned electrical circuits.
Moreover, for feedback oscillators in general, the functions of fre-
quency control and feedback are customarily fulfilled by the same
circuit.

The limiter may be the vacuum tubes in the amplifier, or it can
be any other device or circuit having a nonlinear current-voltage
characteristic. In this chapter it is assumed that all of the oscillators
are limited by nonlinearities in the plate characteristics of the tubes
in the amplifier section of the circuit.

Typical and representative feedback oscillators are the Colpitts,
Hartley, Meissner, tuned plate, tuned grid, and Wien bridge. Most
UHF oscillators are Colpitts or Hartley, with the Colpitts pre-
dominating.

The principle analytical method associated with oscillator analysis
and design is called the Barkhausen criterion. It is derived very
easily by letting

E, = output voltage from the amplifier
E;, = voltage fed back into the input
E
B = feedback factor = Efi
0
Kr = total amplification of the system from input to output
terminals
From the definition of amplification we can write
E,
Ky = 37—
T Ein

But, for an oscillator, E;,, the input voltage, is equal to the voltage
fed back, E;,. Hence,

P Eo

T Ep
1
or KT = B
This last relation is the fundamental mathematical form of the
Barkhausen criterion. It is a relationship that is apparent even from
a casual consideration of an oscillator circuit, simply stating that the
voltage multiplication in the amplifier must, exactly counterbalance
the voltage-dividing ratio of the feedback circuit.

K
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The procedure for analytical circuit solution is then as follows:

(1) Determine B = %ﬁ in terms of the circuit constants.
0

(2) Determine Kr in terms of the circuit constants.

(3) Apply the Barkhausen criterion, that is, set Ky = 1/8.

(4) Equate reals and imaginaries on either side of this relation,
obtaining two equations.

(5) Thus, since there are only two equations in any oscillator, all
of the circuit parameters, except two, must be specified one
way or another before the Barkhausen criterion is applied.

It is recognized that analytical methods are restricted to linear
circuits for which the equivalent plate circuit theorem is applicable,
and that most oscillators are inherently nonlinear in operation.
However, there is much to be said for the Barkhausen criterion as
an aid to a physical understanding of oscillator circuits.

8.11 Tapped Resonant Circuits

Most feedback oscillators consist of a single vacuum tube for ampli-
fication purposes and a tapped resonant circuit for feedback and
frequency control. Typical tapped resonant circuits are shown
in Fig. 8.6.

o
__l 6_
Cg Cp

——fm"u'r\——J

Tapped Capacitance

Tapped Inductance

Fig. 8.6. Tapped resonant circuits.

Recognizing the fact that, under ideal conditions, there is an
inherent 180° phase shift in the voltage as amplification occurs, then
it is evident that for regeneration to occur, the feedback circuit must
provide an additional 180° phase shift.

The manner in which the tapped resonant circuit provides this
additional 180° phase shift may be explained by redrawing the circuits
as shown in Fig. 8.7 and then constructing the vector diagrams of
Fig. 8.8. For the sake of discussion, consider the circuit containing
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A I A B

Tapped Capacitance Tapped Inductance

Fig. 8.7. Tapped resonant circuits redrawn.

Ep Eo 1
E E
fb o

I I

Tapped Capacitance Tapped Inductance
Fig. 8.8. Vector diagrams for the tapped resonant circuits of Fig. 8.7.

the tapped capacitance. Use the output voltage E, as the reference
vector. The current through the leg containing the series combination
of L and C, will be lagging E, by 90° because, for resonance to occur,
this arm must exhibit a net inductive reactance, equal in magnitude
to the capacitive reactance of C,. Then, the voltage across C, lags
this current by 90° as is characteristic of condensers. Thus, this
voltage, Ey,, is 180° out of phase with E,, the output voltage. The
same analysis may be applied to the tapped inductance circuit to
obtain the corresponding vectar diagram.

Consequently, these circuits may be made effective feedback
circuits for single-tube oscillators by conneeting the cathode to the
tap, and the grid and plate to the other two terminals.

8.12 Colpitts and Hartley Oscillators

Connection of the tapped resonant circuits to vacuum tubes as
described in the preceding article yields the circuit diagrams of Fig. 8.9,
which are the prototype Colpitts and Hartley oscillators. Only
essential RF components are shown; all d-c paths have been omitted.
Assuming that limiting is provided by overloading the tubes, it is
apparent that these circuits contain all of the components listed in
Art. 8.10 as essential to oscillator ope%;ation.‘
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[} —
"'—Efb_""_—"' Eo— fe—E fpy —fe—— Eq —»
[Cq | ICD Lg ¥ Lp
\ N = 11 A 1111 A

SLILLN L
L :
Colpitts Hartley

Fig. 8.9. Prototype oscillator circuits.

The conditions for oscillation may be established rather quickly
for the ideal cases by application of the Barkhausen criterion. The
equivalent plate circuits are shown in Fig. 8.10. Designating the
tank circuit impedance across the terminals indicated as Z:, for
either circuit, then it is evident from elementary amplifier theory
that the amplification in either case is

Zy 1
K = - =

T M Z L + Tp 1 + (Tl

Zy
o ) L p c _T
—t’ I )L, E,
2uEg, Elo Cp :.D ¢ jb CE_.,% Elo %L,, c% Jfb

Colpitts Oscillator Hartley Oscillator

Fig. 8.10. Equivalent plate circuits of basic oscillator circuits.

Neglecting all losses, the input impedance of the tapped resonant
circuits will be infinite and the voltage amplification of the stage
approaches the amplification factor of the tube. That is,

Ky = —p
The feedback factors are obviously

w

B = — Ce for the Colpitts” B = — Z.I—'! for the Hartley
'] »
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The Barkhausen criterion for each circuit is then
u= G for the Colpitts B = IZ"-’ for the Hartley
V4 (/]
In practical cases the deviations from these relationships may be
appreciable because of tank circuit losses and oscillator loading.

8.13 Single-tube UHF Oscillators

The necessity of using very small values of L and C in the tuned
circuits of ultrahigh frequency oscillators yields two by-products.
Due to the inevitable presence of the interelectrode capacitances
from grid and plate to cathode, which are of about the size required
for the tuned circuit, Colpitts oscillators are more common than the
Hartley type. Secondly, the difficulty of obtaining lumped induct-
ances (and capacitances) with values as small as required, and with
the power-handling capacity desired, necessitates the use of resonant
transmission lines as discussed in Chap. 5. Because of these facts,
the physical appearance of a UHF oscillator may not seem toresemble
either the Hartley or the Colpitts, but when reduced to its func-
tional form, its true nature is revealed.

For example, consider the lighthouse tube oscillator of Fig. 8.5
which has been used as a local oscillator in UHF superheterodyne
receivers. Only essential RF components are shown. The RF equiva-
lent circuit may be developed in the following manner. The short-
circuited coaxial transmission lines between cathode and grid, and

E \>
Cgk Cpk
- -
Lgk b ]
1Xop|
MCQP
m Xgk = net copacitive reactance
v Xgp = net inductive reactance
P9

(a) ' ®)
Fig. 8.11. (a) Direct equivalent RF circuit of lighthouse tube oscil-
lator and tuner of Fig. 8.5. (b) Reduced RF equivalent circuit of
lighthouse tube oscillator. '
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grid and plate, may be represented by inductances L, and L,,, since
they are assumed to be slightly less than three-fourths of a wave-
length long. The quarter-wave choke (or RF choke, whichever is
used) is an RF open circuit so that all elements connected to it may
be neglected. Replacing the lines by inductances, as mentioned,
and showing the tube interelectrode capacitances, the equivalent
circuit of the lighthouse tube appears as shown in Fig. 8.11(a). The
circuit may be rearranged somewhat by replacing the cathode cir-
cuit elements (Lg, Cpx) and grid-to-plate circuit elements (L,,, C,p)
by unknown reactances X, and X,,. From the article on tapped
resonant circuits it is known that the reactance on either side of the
tap must be of the same type if feedback in the proper phase is to
occur. Consequently, since the element between plate and cathode
is a capacitance, it follows that the grid-to-cathode reactance must
likewise be capacitive. Moreover, if this is true, and if a resonant
circuit is to be formed, then the grid-to-plate reactance must be
inductive. The final RF equivalent circuit appears as shown in
Fig. 8.11(b) and is obviously a Colpitts oscillator. This is the
general technique of analyzing UHF oscillators.

Tuning the grid-to-plate line determines the magnitude of the
inductance L,, which is the principal factor controlling the tuning of
the oscillator to the desired frequency. The grid-cathode line deter-
mines the amount of feedback by establishing the value of Xy It
has only a negligible effect upon frequency because the frequency of
oscillation is

1 1

fo= o L,.Co
where Co=C,,,+——C—"—"—C—'1’i—=C + Cp
Cgk + Cpk (74
since Cot > Cpe

Another typical single-tube UHF oscillator is the ultra-audion
shown in Fig. 8.12. Its RF equivalent circuit may be developed in
the same general way. The condenser C, is a d-¢c open circuit, but
an RF short. It provides the proper bias by grid leak action and can
be omitted from the RF equivalent circuit. The chokes in the
cathode leads are RF open circuits and may be neglected in the
analysis. R, is a parasitic. suppressor (see Art. 8.15) and R, is the
grid leak. Both may be omitted from the RF equivalent circuit.
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less than
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RFC? gRFc

.
- |

Filament
Supply —t—v-—d

Fig. 8.12. Ultra audion UHF oscillator.

The transmission line, which is shorted at RF by C,, is less than a
quarter wavelength long and, accordingly, can be replaced by an
inductance L. The screw, C, is simply a variable capacitance used
for tuning purposes. Lumping the lead inductances and including
the interelectrode capacitances yields the RF equivalent circuit of
Fig. 8.13(a). Collecting the circuit elements in the grid-to-plate
circuit into some unknown reactance X,, yields the circuit shown in
Fig. 8.13(b). This again is a Colpitts oscillator and it is apparent
that X,, must be inductive if feedback in proper phase is to be
obtained.

Cgk pk it

Cop Cgk | Cpk

HF-

Ly
Reduced RF Equivalent
RF Equivalent circuit of circuit of unrcq qudion
vitro oudion osclitator oscillator
O] C ' ®

- ‘ Fig. 8.18.
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8.14 Push-pull Oscillators

Any of the conventional UHF push-pull oscillator circuits such
as the tuned-plate tuned-grid (TPTG), tuned-grid tuned-cathode
(TGTK), or tuned-plate tuned-grid tuned-cathode (TPTGTK), may
be simplified into prototype Hartley or Colpitts oscillators. They
are similar in every respect to low-frequency oscillators except
that resonant transmission lines are used in place of ordinary tuned
circuits. Furthermore, lead inductances and interelectrode capaci~
tances must be included in the analysis.

han

Fig. 8.14. Tuned-plate tuned-grid oscillator..

For example, consider the tuned-plate tuned-grid push-pull
oscillator of Fig. 8.14. The by-pass condensers C;, Cy, Cs, and C,
appear as short circuits in the BF equivalent circuit, whereas the
chokes ‘appear as open circuits. The grid leak R, and parasitic
suppressor may both be considered as open circuits. . The plate and
grid lines are both less than a quarter wavelength and short-circuited
8o they may be represented by effective inductances L, and L,. The
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plate and grid lead inductances are lumped in with L, and L,. The
center points of these inductances are at RF ground potential because
of the push-pull, balanced-to-ground connection. The variable
capacitors C; tune the cathode lead inductances to resonance,
effectively grounding the cathodes. The RF equivalent circuit then
appears as shown in Fig. 8.15(a).

Since the circuits associated with each tube are identical, analysis
of a single tube will suffice for the whole circuit. Considering a
single tube, and including the interelectrode capacitances, the RF
equivalent circuit is shown in Fig. 8.15(b). Replacing the tuned
circuits (LyxCor and LyC i) by unknown reactances yields the circuit
of Fig. 8.15(c). For resonant transformer action to occur, it is
obvious that both of these reactances must be inductive, thus pro-
ducing a Hartley oscillator. This is the method of analysis best
used for UHF push-pull oscillators.

Cgk Cpk

-

L
Lgk Lpk

It

il

Cop
®

: 59 Fig. 8.15. (a) Equivalent circuit of the oscilla-

tor of Fig. 8.14. (b) Single-tube RF equivalent

circuit of Fig. 8.14. (c) Final RF equivalent circuit
@ of Fig. 8.14.
Cp

The small size characteristic of the electrodes in UHF triodes
makes it very difficult to obtain large amounts of power, even from
push-pull circuits. Consequently, more tubes are frequently re-
quired. The resulting circuit is called a ring oscillator because several
push-pull units are combined around a ring and made to operate as &
single circuit. Such networks always contain an even number of
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tubes because they are made up of sets of push-pull units. They are
arranged in such a way that adjacent tubes around the ring are
always in opposite phase. Therefore, any two adjacent tubes form
a push-pull circuit. Further discussion of the circuit is not warranted
because the ring oscillator has the same fundamental characteristics
as the push-pull unit already discussed. The same method of analysis
is used, regardless of the number of tubes employed in the ring.

8.15 Parasitics and Their Suppression
The essential components of an ultrahigh frequency, tuned-
plate tuned-grid push-pull oscillator are shown in Fig. 8.16. Since
the tubes operate in push-pull, at some instant of time the plates
and grids must have the relative polarities indicated. There are
standing waves on the grid and plate lines due to their resonant
. (<]

\ —

Epb \

Fig. 8.16. Oscillator circuit susceptible to generation of
parasitics. Resistors are parasitic-suppressors.

characteristics. A resonant line may be formed between the grid and
plate line of each tube due to the open-circuited termination, or, if
the lines are by-passed to ground, due to the resulting short-circuited
termination. This would tend to cause oscillation at another fre-
quency in a wrong mode. It could set up in-phase standing waves
and the tubes might no longer operate push-pull. Unwanted oscilla~
tions in improper modes are called parasitics.

Paragitics can occur in a great many ways. The method given
above is both typical and common, that is, by the formation of
resonant lines between two conductors that are individually parts of
other circuits. Metallic shields between conductors are seldom of
assistance because of the images formed, which may cause parasitics
to occur between the conductor and its image.
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Parasitics, which are genecrally at frequencies other than that
desired in the main mode, should be prevented because they lower
the efficiency of the system and are often illegal if they have sufficient
strength to radiate. Moreover, they do not necessarily respond to the
tuning adjustments of the desired mode. )

Wrong modes may be suppressed by keeping the parasitic lines
from being resonant. This can be accomplished by terminating these
lines in their characteristic impedance in such a way that operation
in the main mode is unaffected. One method of doing this for the
circuit of Fig. 8.16 is shown by the location of the parasitic-
suppressing resistors. Unfortunately, it is seldom possible to specify
exact values for these resistances, so that they are usually experi-
mentally determined. Their values ordinarily range from 10 to
100 ohms in transmitters, and perhaps several thousand ohms in
receiver local oscillators.

Careful physical arrangement of the oscillator components will
aid materially in the suppression of parasitics and should be used in
preference to resistors whenever possible.

8.16 Power Supply Connections

Many ultrahigh frequency oscillators require large RF voltages
at the filaments, measured with respect to ground. However, RF
voltages are extremely undesirable at the source of filament power.
A particularly good reason for not wanting RF across the filament
transformer arises from dielectric considerations. At the frequencies
normally encountered, the dielectric material used for insulating
the transformer windings is not very good. The presence of appreci-
able RF voltages would cause large currents to flow, heating the
dielectrie, and possibly breaking it down. In any case, the RF power
loss in the transformer is undesirable, making a real dent in the
efficiency of the system.

At ultrahigh frequencies, the lead inductance of the filament
circuit has a relatively high reactance so that the RF currents passing
through the leads produce large RF voltage drops. Unless special
measures are taken, this high RF voltage to ground appears across
the filament transformer producing the effect noted in the preceding
paragraph.

At comparatively low frequencies, the RF voltage at the filament
may be shorted to ground with by-pass condensers without disturbing
the d-c filament current path. This is not too satisfactory, however,
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because the condensers are required to pass large RF currents which
would tend to introduce the always undesirable dielectric losses. A
somewhat better arrangement would be to place RF chokes in series
with the filament leads. They have practically no effect upon the
d-c path, but they have a very high reactance at the oscillator fre-
quency so that most of the drop in RF voltage occurs across them,
leaving little to appear across the filament transformer. This could
be improved even further by inserting by-pass condensers to ground
near the filament transformer, effectively removing whatever remains
of the RF voltage.

A further refinement in the system would be to add a by-pass
condenser between filament leads at the filament end of the chokes.
This tends to equalize the RF voltages in the two leads, removing
the possibility of an RF field between them.

At higher frequencies, lumped-circuit constants are generally
impractical and are replaced by resonant transmission lines. A

- Wwir—

A
not 2

LI L L

s | AR

Filament
Supply

Flg 8.17. Typical filament supply connections
fos. UHF oscillators. .
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typical arrangement is shown in Fig. 8.17. The RF voltage to ground,
developed in the filament leads, is by-passed by the condensers at
points (1) and (2) over to the outside of the hollow conductors. The
RF field to ground may be considered as existing between the outer
conductor and its image in the ground. The end of this line is
shorted to ground. Since it is short-circuited and a quarter of a
wavelength long, it appears as an RF open circuit. Similarly, any
field between the two conductors encounters an open circuit. Con-
sequently, negligible RF voltages appear at the filament transformer, -
Similar techniques are employed in isolating the plate power

supply from the RF energy. RF chokes in series with the power
supply leads are common, as well as the use of by-pass condensers to
ground. At ultrahigh frequencies, quarter-wave sections of trans-
mission line are used which ideally have infinite input impedance to
RF. 1In such cases they simply replace the RF chokes and are
quite appropriately called quarter-wave chokes.

8.17 Output Coupling

After the oscillator has generated the required signal, some means
of removing the energy and putting it on a transmission line must be
provided so that it can fulfill its intended purpose. Coupling may
be obtained by any one of the three fundamental methods:

(1) Conductive coupling — direct coupling.
(2) Inductive coupling — through the magnetic field.
(3) Capacitive coupling — through the electric field.

Besides merely removing energy, the coupling device must match the
transmission line and oscillator in such a way that the proper resist-
ance is introduced into the oscillating circuit and the line is ter-
minated in its characteristic impedance.

Direct coupling can be used only when the transmission line
leading to the antenna is a parallel wire line, balanced to ground,
like the tuned lines in the oscillator. Furthermore, there cannot
be any d-c voltages on the tuned lines to which the transmission
line is connected. Therefore, conductive coupling is limited in its
application to circuits like the tuned-plate tuned-cathode push-pull
oscillator.

When the tuned lines carry high d-c¢ voltages, such as in the
tuned-plate tuned-grid oscillator discussed, in Art. 8.14, conductive
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coupling is not feasible. In such circuits, coupling is best accom-
plished through the medium of the magnetic field. In technique, it
takes the form of a coupling loop located at a point where the mag-
netic field is a maximum. In many cases the loop is tuned by a
variable capacitance, usually in the form of a screw. The trans-
mission line is connected to the loop by means of taps that are gen-
erally adjustable in position on the loop. The circuit behaves in
very nearly the same manner as an ordinary air core transformer
and hardly warrants additional discussion.

Capacitive coupling is frequently used in oscillators employing
coaxial lines. The coupling device usually takes the form of a probe
inserted into the line at a point of maximum electric field intensity.
This technique was mentioned in Chap. 7 in connection with wave-
guide excitation and is used in the same fashion with oscillators.
Although commonly used with lighthouse tube oscillators, it is not
as widely employed as inductive coupling.

8.18 Positive Grid Oscillators

The UHF oscillators discussed in this chapter up to the present
point differ from ordinary low-frequency oscillators only in thei1
general physical appearance. The internal characteristics and prin~
ciples of operation are the same. The positive grid oscillator, very
briefly discussed in this article, is an entirely different proposition
and analysis of its operation proceeds upon radically different
lines.

The phenomenon which permits oscillation in positive grid tubes
was correctly identified as early as 1919 by Barkhausen and Kurtz
who encountered it in the course of their investigations concerning
the effect of residual gas in triodes. The circuit was used for a while
in early experimental microwave systems, but because of the very low
efficiencies obtainable, it is currently of little more than academic
interest.

The positive grid oscillator is included in this book principally
to indicate a method of analysis, which will be used in the next two
chapters, that is based upon a consideration of the electronic trajec-
tories rather than the associated external circuit. The approach is
so fundamentally different from that ordinarily used in analyzmg
circuit behavior that it is best introduced by stages. -
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Consider the circuit diagram of Fig. 8.18.
Observe that the grid is operated at a rela-
tively high positive potential and the plate
is held negative. Theoretically, it would
appear that no current would flow in

the plate circuit, neglecting any positive
|NIII|‘:_‘TM - ion current due to residual gas. Yet, the
Eec Ebb experiment proves this false, because
Fig. 8.18. Circuit in SOme current does exist in the plate
whi%h cl;r:ent.ﬂovyt exlilsts circuit.
in the plate circuit when The answer to this apparent anomal
the plate is negative. is obtainable from a consideration of thi
electrons, rather than an overhasty examination of the circuit con-
nections. An electron at the cathode is accelerated by the positive
voltage E.. between grid and cathode. This electron may do
either of two things: it may

(1) Strike a grid wire and be removed from the tube.
(2) Pass through an opening in the grid and enter the grid-plate
space.

In the latter instance, the electron enters a retarding field, due to the
voltage (E.. + Eu») between plate and cathode, which tends to
return the electron toward the grid. Inasmuch as the kinetic
energy acquired by the electron during acceleration is insufficient
to overcome the effects of the decelerating field, the electron does
not reach the plate, but is repelled and falls back toward the grid.
As before, it either strikes a grid wire and is removed, or it passes
through an opening in the grid and returns to the space charge cloud
near the cathode. It is evident that some few electrons may make
several oscillations back and forth through the grid. Because of the
repelling action of the plate, the plate power supply is required to
deliver power and develops a current flow as a consequence.

For effective operation as an oscillator, an alternating field must
be introduced in such a way that the electrons deliver more energy
to this field by being decelerated than they receive by being accel-
erated. There are an indefinite number of ways of introducing tuned
circuits to accomplish this, but discussion of one should suffice for
the purpose of illustration.

Consider the circuit of Fig. 8.19. Assume that by some means, the
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tuned :rid circuit is excited into oscilla-
tion so that the voltage e, is sinusoidal. 71
The total voltage on the grid accel- \)
erating the electrons is then (E.. + 1
¢;). If an electron leaves the cathode
at a time when the alternating com-

penent of grid voltage is going t“""_—hll_'
through zero in the negative direction, Ebb
and if the frequency of the; alt.;ernation Fig. 8.19. Typm&] positive-
equals the electron transit time from grid oscillator circuit.
cathode to point of rest near the plate

before returning through the grid again, then the electron does work
against the a-c field in going from cathode to grid. Ideally,
this electron would pass through the grid when the voltage is going
through zero in the positive direction, and, on the outward trip
toward the plate, it would again be working against the a-c field,
delivering energy to it.

On the return trip, it is evident that this “favorable” electron
will continue to deliver energy to the a-c field and it is seen that the
individual electron functions as the converter of d-¢ accelerating
energy to a-c in the grid circuit. The electron may make several
such excursions, but because of gradually diminishing kinetic energy,
it will dance with less and less amplitude. Since the period of the
electronic oscillation depends upon the amplitude of its motion, the
electron will eventually get out of step with the a-c grid voltage and
start absorbing energy from the alternating field. This is a contrl-
buting factor to the low efficiency of the circuit.

On the other hand, an electron leaving the cathode, when the
grid voltage is going through zero in the positive direction, will
receive energy from the a-c field and be further accelerated. By
proper adjustment of the plate voltage, relative to the amplitude of
the alternating grid voltage, this increase in electronic kinetic
energy can be made sufficiently large to cause the electron to strike
the plate, thus removing these ‘“‘unfavorable’” electrons after a
single excursion through the grid.

Inasmuch as the favorable, or energy-delivering, electrons make
several excursions through the grid, while the unfavorable, or energy-
removing, electrons generally make only a single traverse, there is a
net transfer of energy to the grid circuit. This energy can be made

..._.eg
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-sufficiently large to regenerate the original disturbance postulated
and make the system oscillate.
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CHAPTER 9

KLYSTRONS

THE preceding chapter has dealt with the adaptation of conventional
vacuum tubes for use in the ultrahigh frequencies. The transit
time of the electron from cathode to anode was shown to be one of the
chief obstacles to effective use of these tubes for UHF applications.
It was evident that an upper frequency limit exists beyond which
further refinement of conventional tubes appears to be impraetical.
Rather than making a direct assault on the problem by trying to
overcome the disadvantages arising from transit time, new tubes
have been developed which put this apparent drawback to work by
making operation depend upon the time of flight of the electron from
cathode to anode. At the present time, these “transit time tubes”
fall into two general classes:

£) Velocity-modulated tubes (covered in this chapter).
Magnetrons (covered in the next chapter).

The most predominantly successful tube in current use which
employs the principle of velocity modulation of an electron beam is
the Klystron*. It was developed in 1939 by the Varian brothers and
found an extensive application very rapidly during the Second World
War in military radar. Due to certain operating characteristies, it
is currently finding a definite use in microwave relay stations in con-
junction with television network development. Due to its com-
parative ease of tuning, relative to other microwave oscillators, it is
widely used as a variable-frequency UHF signal generator and as a
local oscillator in microwave superheterodyne radio receivers.

The rather detailed discussion of the Klystron presented in this
chapter is justified by the fact that it is representative of velocity-
modulated tubes in general. Other tubes of the same character are

*Sperry Gyroscope Company trade-mark
357
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listed for the purpose of general information, but further discussion
of them does not appear to be warranted because of the basic similari-
ties of operation.

9.1 Velocity Modulation

7 In many vacuum tube applications, the primary function of the
vacuum tube as a circuit element is to convert d-c energy into a-c.
Thus, the fundamental requirement which must be met by transit .
time tubes is that the moving electrons must transfer some of their
kinetic energy, acquired from a d-c supply, to a source supplying an
alternating field. This energy transfer is accomplished by passing
electrons through a retarding electric field. More specifically, these
electrons must deliver more energy to this source by being decelerated
than they remove by being accelerated. In other words, for effective
operation, more electrons must pass through the alternating field
when it is exerting a retarding action than when it is producing an
accelerating force. Statistically, such an unequal division does not
occur, so that as long as the electron stream is undisturbed, no net
transfer of energy will occur. In effect then, the problem of using
transit time to advantage revolves around the necessity of increasing
the number of electrons doing work against the alternating field, or
increasing the amount of work that each of the favorable electrons
does against this field, or both.

A commonly used method of accomplishing the requirement listed
above is called velocity modulation, a technique whereby the velocity
of the eleetron in the beam is modulated by some specified electrode
voltage. In other words, the velocity variations of the electrons in the
beam are controlled by proportional variations in the modulating-
signal voltage. The purpose of velocity modulation is to make most
of the electrons pass through the alternating field at a time when they
can deliver the most energy.

1 The velocity of an electron beam can be modulated by the simple
electrode configuration shown in Fig. 9.1. In essence, the structure
consists of two adjacent grids through which the electrons must pass
after being accelerated by the steady electric field between the cathode
and hollow cylindrical anode. Assuming that the steady accelerating
field produces a large electron velocity, then if the grid spacing is
small, the electrons pass between the grids in a very short period of
time. Asa matter of fact, the grid spacing and d-c field are generally
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DC Accelerating Modulati
Cathode anode qrndsﬂq
/ '// Collector electrode
: " removes electrons
i +
4I'M'Il! O-Jv
Modulating
voltage

Accelerotmq
voltage

Fig. 9.1. Basic velocity-modulated tube.

adjusted to such values that the transit time of the electrons between
grids is a very small fraction of the period of the alternating grid
voltage. This grid voltage is the velocity-modulating field, not the
field used for energy removal. Electrons emerging from the grid,
structure have velocities that depend upon the instantaneous sum
of the d-c field and the field between the velocity-modulating grids.

There are three distinguishable cases depending upon the charac-
ter of the alternating field while the electron is between grids. The
first, and most obvious, case is when the voltage is zero. The electron
traverses the grid space and emerges with its velocity unchanged.
Electrons entering when the modulating field is decreasing are de-
celerated, whereas they are accelerated if the field between grids is
increasing. As a result, the velocity of the electron is a funetion of
the grid voltage and the electron beam has been velocity-modulated.

If it is assumed that the emission of electrons from the cathode
occurs at equal intervals and with equal velocities, then—since the
field in the space between the cathode and first grid is uniform—at
this grid the number of electrons, their velocities, and the spacing
between them are all unvarying with respect to time. Furthermore,
since the grid spacing is very small, and because the d-¢ field is
ordinarily much larger than the modulating field between the grids,
the number and spacing of electrons emerging from the second grid
are uniform. However, their velocities are different, havmg bm
modulated by the grid signal.
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Ideally then, the modulating field receives as much energy by
decelerating the electrons as it delivers by accelerating them. This
would appear to indicate that zero power is required for velocity
modulation. This condition is never quite met in practical use, but
the power is generally smaller than the losses in the tuned circuit
associated with the modulating grids and can be neglected without
substantial loss of accuracy.

For greater effectiveness, the simple cathode structure assumed
in Fig. 9.1 is quite generally replaced by an electron gun of the type -
customarily found in cathode ray tubes.

9.2 Conversion to Intensity Modulation

I After modulating the velocity of the electron beam as outlined in
the preceding article, it becomes necessary to establish some method
of deriving a useful output from the tube. This cannot be done by
the simple combination of electrodes shown in Fig. 9.1 because
velocity modulation by itself does not increase the number of elec-
trons working against the retarding field, nor does it increase the
net amount of energy deliverede The necessary prerequisite for
operation is to convert the velocity-modulated electrons into an
intensity-modulated beam. An electron beam constitutes a con-
vection current and when that current is made to vary as a functlon
'of time, the beam is said to be intensity-modulated.

" 'There are several methods of converting from Velocity to in-
tensity modulation, but the most widely used is the drift tube. The
drift space is merely an equipotential region in which the velocity-
modulated electrons, leaving the modulating grids, may coast freely
v ‘th the velocities imparted to them by the modulating voltage. Due
tu vhe variations in electron velocities produced by the modulating
voltage, the electrons tend to cluster together after drifting for some
distance in this equipotential space. Thus, the beam becomes
intensity-modulated as the electrons begin to form into clusters or
bunches. In other words, the electron ,density, or the charge in-
tensity, has been made to vary in a manner roughly proportional to
the modulating signal.

9.3 The Two-cavity Klystron

Even after conversion to intensity modulatxon, the elamentary
tube discussed in the preceding articles is still impractical because’
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there is no provision for energy extraction from the intensity-modu-
lated electron beam. The required energy removal is most readily
accomplished by inserting a second pair of grids in the drift tube at
point where the electrons are well bunched together. Then, by applyq
ing an electric field between these grids that exerts a maximum
retarding force when the electron bunches pass through, the cluste
of electrons are decelerated and their loss in kinetic energy is tran;j
ferred to the source producing the retarding field.

L

‘ Bung‘her Catc!;er

eavity caviy Collector
HH (R electrode
1 Drift Space ¥

Buncher Cotcher

cavity cavity Cot%het

grids
Cathode 99, I ﬂl
' Buncher
grids

Fig. 9.2. Two-cavity system.

A common tube working on this principle is the two-cavity Klys*
tron. The cavities are the tuned circuits associated with each pair
of grids. A schematic sketch of this tube is shown in Fig. 9.2. The
Klystron operates in the following manner. The electrons are formed
into a uniform bpeam by the electron gun. “The electrons are shot
‘through the bu cher grids, which velocity-modulate the beam. The
electrons emerge from the buncher grids with varying velocitits,
which, as they traverse the drift space, cause the electrons to clu*stér
into bunches forming an intensity-modulated beam. These‘bunches
pass through the catcher grids at a time when the catcher voltage
exerts maximum _ opposgtlpg, thus removing energy from the elec-
trons. After passing through the catcher the electrons are picked
up by the collector electrode and removed from the tube.

9.4 Applegate Diagram

A graphical representation that shows the electron posmon inside
the Klystron as a function of time is called an Applegate diagram. It
i8 a definite aid to an understanding of the operation of transit time
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tubes and assists in deducing certain characteristics that are not
immediately obvious from a discussion. A complete Applegate
diagram for a two-cavity Klystron appears in Fig. 9.3.
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Fig. 9.3. Applegate diagram.

~ The solid lines in Fig. 9.3 represent the positions of the individual
electrons at ‘any point inside the Klystron a8 a function of time.
Siwiatiny of the electron starts as it emerges fronr the electrom gun.
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It will be noted that it has been assumed that the electrons leave the
electron gun at equal intervals of time. Furthermore, since the slopes
of these lines are proportional to the electronic velocity, it is also
apparent that it has been assumed that the electrons have equal
velocities when they leave the gun structure.

In the region between the gun and the first of the buncher grids,
the electrons are continuously accelerated, so that the velocity in-
creases uniformly as shown by the curvature of the lines. Since all
electrons are acted upon by the same force, they all have the same
velocity, vo, when they enter the buncher grids. The voltage on the
buncher grids, E sin t, is indicated by the dotted-line sine wave.

If the alternating voltage on the buncher is zero when the electrons
pass through, their velocity remains v, and they fall through the drift
space with this velocity. They are called vo electrons. If the buncher
voltage is positive, the electrons are speeded up (steeper slope) and
tend to overtake the v electrons in the drift space. If the buncher
voltage is negative, the electrons are slowed down and the v, electrons
tend to catch up. Consequently, the buncher voltage causes the
electrons to cluster about the v, electrons. The place in the drift
space where the electrons are most closely clumped together is called
the point of maximum bunch (PMB).

The catcher grids are generally located close to the PMB as
shown on the Applegate diagram. The catcher grid voltage is shown
by the dotted sinusoidal wave in the figure. It is adjusted, as shown,
80 that the bunch passes through when the voltage is at a negative
maximum so that it i exerting maximum retarding force.

9.5 Bunching

The space charge represented by the concentration of electrons,
into bunches tends to destroy the bunch formation because of the
mutual forces of repulsion between electrons. The effect operates to
make the bunches less sharply defined and it is called de-bunching.
Both longitudinal and transverse de-bunching may occur and both
tend to decrease the tube efficiency. '

When the bunch is formed after the electrons pass through the
catcher, the beam is said to be under-bunched. The magnitude of the
buncher grid voltage should be increased to improve the bunching
process. Conversely, if the point of maximum bunch occurs before
the electrons reach the catcher, the beam is over-bunched and the
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velocity-modulating voltage should be decreased. Opt¢émum bunch-
ing occurs when the bunch forms at the center of the catcher grids.

9.6 Catcher Current
The current in the catcher may be written directly as follows:
t. = nev = catcher current

where 7 is the number of electrons in the catcher as a function of
time, ¢ is the charge on the electron, and v is the electron velocity, -
which is also a function of time. The electron velocity varies in
direct proportion to the buncher voltage, so the instantaneous elec-
tron velocity is composed of a constant term (v,) and a sinusoidal
term. Consequently, the catcher current is

y fe = ne(vy + v sin wt)

Generally speakinvg, the velocity imparted to the electrons by the
d-c accelerating field is very much larger than the velocity changes
produced by the buncher grid voltage. Hence,

2> v
go that \/z‘c = nev,

Moreover, since v, and the electronic charge are constants, the
catcher current is practically proportional to the number of electrons
in the catcher at any given instant. Therefore, the current at any
point in the Klystron as a function of time could be obtained from
the Applegate diagram by plotting the quantity of electrons crossing
any horizontal line drawn on the chart.

Instantaneous
Catcher Current

Time —
Fig, 9.4. Catcher current at the pont of maximum bunch.
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Following this procedure across a line which passes through the
point of maximum bunch yields the rather idealized catcher current
waveform, shown in Fig. 9.4, where the catcher was assumed to be
located at the PMB. It will be noted from a careful consideration
of the Applegate diagram that, slightly beyond the PMB, the electron
beam splits into two smaller bunches. Consequently, if the catcher
were located at such a point, the catcher current would be as in
Fig. 9.5. This double-peaked response is characteristic of the catcher
current in actual operation of a practical Klystron. The high har-
monic content of such a waveform suggests using the Klystron as a
frequency multiplier.

instantaneous
Catcher Current

Time —=

Fig. 9.5. Catcher current at a point beyond the point
of maximum bunch.

9.7 Phase Shift

Phase shift, or time delay, is essential to the operation of a
Klystron since its use depends upon the transit time in the drift
space. This is certainly a different viewpoint from that associated
with ordinary tubes.

There are three separate sources of time delay in a Klystron that
may be discussed separately:

(1) Transit time.

(2) The mechanism of bunching,.

(3) The feedback circuit.
The last named source is not present when the Klystron is used as
an amplifier, but it is very important when operated as an oscillator.
Let ‘

©: = phase shift due to transit time
©; = phase shift due to bunching
O3 = phase shift due to the feedback circuit
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Phase shift due to transit time. If the frequency of the buncher
voltage is f, and if the time of flight of the electron between buncher
and catcher is ¢, then the phase shift due to transit time is

6, = 2xft 9.1)
The transit time ¢ is the drift distance, s, divided by the electron
velocity, or

s
t= vo + v sin wt (9.2)

However, as was pointed out in the preceding article,
0> v

and consequently, the transit time is approximately

t=2 (9.3)

Vo

Therefore, the phase shift due to this transit time is
6 = 2rf 2 (9.4)
Vo

The velocity of the electron may be evaluated by equating the
electronic kinetic energy to the energy delivered by the electric field.
That is,

Lsm(vo + v sin wt)? = e(Eq + E sin ot) (9.5)
However, as a general rule, as previously indicated,
v > v and E, > E
Therefore, .
Lemu? = eE, (9.6)
Then, solving for the electron velocity, »o, yields

P = \/2(%)17]0 . (97)
where e is the electron charge, m is the electron mass, and E, is the
d-c accelerating field in the Klystron. Hence, the phase shift due to

transit time is
1/m\ 1 (9.8)
6, = MF\/ﬁ(e)E
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Substituting the proper values for the electronic charge and mass
yields

6, = (’-’) TS 10-% rad 9.9
©\3/VE, )
where s is the drift space in meters, f is the buncher voltage frequency
in cycles per second, and E, is the d-c accelerating field in volts.
The relative magnitude of the phase shift due to transit time may
be determined from the constants of a typical 10-cm Klystron, for
which

s = 0.0254 m
J =3 X 10° cps
Ey = 1000 volts

Substitution into Eq. (9.9) yields
6; = 8rrad = 4 cycles

Phase shift due to bunching. From an earlier discussion it will be
recalled that effective operation of the Klystron depends upon the
electron bunch passing through the catcher when the catcher field
is exerting a maximum retarding force. The electrons tend to bunch
about the v, electron that crosses the buncher when the buncher
voltage is going through zero in the positive direction. Since, for
proper operation, they arrive when the catcher voltage has its
maximum negative value, there is an inherent 90° phase advance-
ment associated with the mechanism of bunching. That is,

0, = grad (9.10)
This phase shift may be thought of as the difference that exists
between the buncher and catcher voltages when the », electron is
used as the basis for comparison. Another way of looking at it is to
observe that a current maximum in the catcher is associated with
zero field in the buncher.
Phase shift in the feedback circuit. Feedback between catcher
and buncher cavities is generally provided by means of a small
coaxial cable. The phase shift in such a cable may be written as

03 = 2xfls (9.11)
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where t; is the time of transit in the cable. But,

iy = ;l (9.12)

where [ is the effective length of the cable and v, is the velocity of
transmission in the cable. Therefore, the phase shift due to feed-
back is :
2xfl

2 (9.13)

ea=

Total phase shift. When the Klystron is operated as an amplifier,
the total phase shift is

Or = 0,4+ 6; = ( )(\/Eo)(m 5) + 5 (9.14)

When operated as an oscillator, the phase shift is

9T=91+92+93=()(\/E0)(10 H+3+

9.8 Klystron as an Oscillator

In the preceding article it was shown that the total phase shift
in a Klystron connected as an oscillator is given by

21rfl

(9.15)

=0;+ 0; + 63 (9.16)
or, substituting the expressions derived in Art. 9.7,
o7 21rfs + + 21rfl (9.17)
However, f = frequency = -

where ¢ = velocity of light and A = wavelength. Hence, the ex-
pression for the total phase shift becomes

or = ( ) +5+ (l" 0.18)

But, for oscillations to occur, the total phase shift must be some
multiple of 2r rad. Then, assuming this condition,

6r = 2N  where N = any integer 9.19)
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Equation (9.18) becomes
sc 1 lc
@mN = 2”(1)0_)\ +1+ ﬁ) (9.20)
Solve Eq. (9.20) for (sc/vo)), obtaining

sc le 1
v_ok_N—ﬁ_Z (9.21)

Using the equation for v; previously calculated yields

500s e 1 ©.22)

=N -2 _
M"WE, v 4

Therefore, in order for oscillations to occur, the value of the d-¢
accelerating field, E,, must be adjusted to a value that will satisfy
this equation. The process of meeting the condition for oscillation
is evidently one of adjusting the transit time to some particular
critical value.

‘3-. Mode 4
3 Mode 3 1
5 Mode 2
3 Mode |
Q

DC accelerating voltage E, —

Fig. 9.6 Effect of d-c accelerating voltage E, on the oscillation charac-
teristic of a two-cavity Klystron.

Consequently, it is apparent that only certain critical values of Eo
will reduce the total phase shift to some multiple of 2, so the Klys-
tron will oscillate only for particular values of this voltage. This is
illustrated in Fig. 9.6. Generally, the higher the voltage, the stronger
the oscillation. '

The formula derived for (sc/ved) may be plotted as shown in
Fig. 9.7. Theslope is (A\/s). The intercept on the H axis is the term
(le/ve\ + 14). Thus, if this curve is obtained experimentally, a
means is available for evaluating the phase shift in the feedback
cable that couples the two cavities.
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=%%%%_..

SC
Vo A

Fig. 9.7. Critical voltages Eo, for Klystron
oscillation.

9.9 Modes of Oscillation

The two resonators associated with the buncher and catcher
grids are very closely coupled together. It will be recalled that two
identical tuned circuits that have more than the critical amount
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Fig. 9.8. Frequency characteristics of two overcoupled
tuned cireuite resonant st the saine frequency. ..
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of coupling are resonant at two distinct frequencies. The frequency
characteristics for such a circuit appear as shown in Fig. 9.8. Ob-
serve that the phase shift is zero at three different frequencies.

Because of the two resonant frequencies f; and f,, it is usually
possible to identify two distinct modes of oscillation in the Klystron:
one set of voltages reduces the total phase shift of the system to some
multiple of 2xf,, while a second set reduces to multiples of 2xf,.

Thus, the effect of voltage appears as indicated in Fig. 9.6, show-
ing two peaks instead of one, as might have been anticipated. The
plot of (s¢/vod) then has two almost parallel lines instcad of one.
They are practically parallel because their slope is A/s, and although
A is slightly different in the two modes since f; and f» are different,
the variation is barely distinguishable. It is of the order of 1000
cps out of 3000 meps.

9.10 Frequency Modulation of the Klystron

Assume a Klystron that is operating at some voltage E, that
permits oscillation. In this article, the effect of small changes in the
accelerating voltage E, will be investigated.

The total phase shift for a Klystron oscillator was shown to be

2”“" C 65+ 5 = 2N (9.23)

This may be written in a more convenient form as

K T
Eo_”z + efb + § = 21I’N (9’24)
where K = (@)21 (9.25)
K 2rse
The differential of Eq. (9.24) is,
~ g dBo + 6y = 0 (0.27)

Rearranging terms somewhat yields
dEo (def o df (9.%)

'2( E ) E
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Substituting Eq. (9.26) for the bracketed quantity on the left-hand

side of Eq. (9.28) yields
mwseC dEo = de_n,
Mo) . ( )df . (9.29)

In a series resonant circuit, near resonance, the phase angle © is
defined by the relationship

(9.30.)

This is a justifiable analogy to make with the Klystron oscillator.
For small angles, the angle and tangent are approximately equal

so that O =tan O = —oij—tlgl—/f—g-)- (9.31)
or 6 = 2nfL —I(Bl/2wa) (9.32)
Take the derivative of Eq. (9.32) with respect to frequency, obtaining

gf@ - &R’: + ’2',71?(7 (9.33)

However, at resonance, the inductive and capacitive reactances are
equal, so that the equation for the derivative becomes

do _ 27rf,L) 1 + (271];,L)_1: : (930

"Moreover, the quantities in brackets equal the circuit @, that is

= 2L
Q=" (9.35)

Therefore, t‘he final form of Eq. (9.33) is

o _,Q
7 =27 (9.36)

Now substitute this relation into-Eq. (9.29) for the term dB;s/df,

which yields
w8C dEo 2Q
()m - e @30
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Rearranging terms to obtain the change of frequency resulting from
a change in accelerating voltage gives

af wsefy 1
dE, ~ 2nm0Q /. (9.38)

"The ease with which a Klystron may be frequency-modulated may be
determined for a typical 10-cm Klystron, for which

s = 0.0254 m E, = 1000 volts

fr = 3000 mecps A 10 ¢cm

Q = 3000

Substitution of these values into Eq. (9.38) yields

Edl{’_o ~ 6000 cps/volt

That is, the frequency changes 6000 cps for each volt change in
accelerating voltage. Thus, it is evident that the Klystron is emin-
ently suited for frequency modulation applications, or any place
where easily varied UHF signal frequency is required. For ordinary
FM transmission, a frequency deviation of 75,000 cps either side of
the center frequency is needed. A Klystron would require only about
a 12.5-volt signal for modulation to fully occupy the allotted band-
width.

9.11 Tuning

The two-cavity Klystron is usually operated at maximum effi-
ciency, over-bunching seldom occurs, and the electrical tuning range
is very restricted within any given mode. One method of electrical
tuning is based upon the fact (proved in Chap. 11) that a space filled
with electrons has a different dielectric constant from its free-space
value. This fact makes it possible to tune a Klystron by varying the
beam current, which is controlled by varying the number of electrons
in the beam. This method is especially applicable to tubes having
high beam currents, since the effect depends upon the magnitude of
the current, not the relative change in magnitude.

Cavity resonators with re-entrant shapes can be tuned mechani-
cally by varying the capacitance between the cavity grids, or by
changing the cavity volume. The latter method is generally used
by tubes of glass constructlon, but all metal tubes may use either
technique,



374 KLYSTRONS [§9.11

Klystrons generally include the resonator as an integral part of the
complete tube. Flexible diaphragms are used to vary the grid
spacing, thus changing the capacitive loading on the resonator, which
in turn tunes the Klystron. Although the cavity volume varies
somewhat as the diaphragms are moved, the change in capacitance
has a much greater effect, obscuring the effect of the volume change.
Thus, reducing the grid spacing reduces the resonant frequency. A
typical mechanical tuning arrangement is shown in Fig. 9.9.

Tension spring
Tuning strut

Resonator.

grids Tension spring

Fine tuning

Tuning strut control

Tension
spring

Fig. 9.9. Klystron tuner (adapted from Klystron Technical
Manual, Sperry Gyroscope Co.).

Tuning Ring |
Flexible diaphragm ‘
for tuning \—-rw
Catcher ,Resonator <Y
Coaxial Tamimlsg
Buncher Resonator

Grids

Focussing and
cathode heat shield

Contral grid
Filaments

Collector electrode
Catcher Resonator Grids

Drift space

/Tuning Ring

Buncher Resonator

Tuning Ring
Smoother grid
Cathode

Fig. 9.10. Schematie view of a two-cavity Klystron (adapted from
Klystron Technical Manual, Sperry Gyroscope Co.).
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9.12 Mechanical Features

By way of summarizing the material covered so far, the essential
constructional features of a two-cavity Klystron are shown in Fig.
9.10.

9.13 Reflex Klystron

A wvariation of the basic Cathode
two-cavity Klystron discussed —Jh-j
in the preceding pages is the
reflex Klystron. In this tube
one cavity is removed and a
repeller electrode (also called
a reflector) is added. The tube
appears schematically as e
shown in Fig. 9.11. The * 'Grid

Repeller
single remaining cavity func- Fig. 9.11. Reflex Klystron—schematic
tions as both buncher and view.

catcher, and although the sur-
face distinctions appear to be rather great, the operation is closely
analogous to that of the ordinary Klystron.

Electrons are emitted from the gun structure and accelerated by
the steady field between cathode and the cavity. They are velocity-
modulated by the voltage between the cavity grids and pass into the
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here for best here f'qrmbgs"m
operation in the operation in
first voltage mode second voltage
Buncher Grid mode

" Yoltage .
Fig. 9.12. Mechanism of bunching in a refiex Klystron,
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drift space with varying velocities. As they approach the repeller,
which is negatively polarized with respect to the cavity, the electrons
meet a force which opposes their forward motion and causes them
;0 stop, turn around, and return toward the cavity grids. The pro-
sess of forming a bunch is illustrated in Fig. 9.12.

In the bunching process, equal numbers of electrons are de-
selerated and accelerated so that the cavity does not expend energy
n the formation of bunches. However, the repeller is continually
lelivering energy to the electrons, and it is this energy, plus some
acquired from the d-c field, which the electrons give up upon their
return to the cavity and which is extracted as useful output.

In order for the cavity to remove energy from the bunches that
return to the cavity, the time of return must coincide with a maximum
retarding field between the cavity grids, as indicated in Fig. 9.12.
It is evident then, that there will be several values of repeller voltage
that will return the bunches at a proper time. These different
operating possibilities are called voltage modes.

After passing back through the cavity, very few of the electrons
have sufficient energy to return to the cathode. Consequently, they
may fall over to the sides of the cavity and return through the source
supplying the accelerating voltage, or they may return through the
control grid circuit. A grid current meter can be used to indicate
oscillation because, as oscillations build up, fewer electrons have
sufficient energy to reach the control grid, causing the grid current
to decrease.

9.14 Voltage Modes

As previously mentioned, effective operation of the reflex Klystron
may be obtained whenever the bunches return to the grids, when the
cavity voltage is a negative maximum. Because of the inherent
90° (1{ cycle) phase shift associated with the mechanism of bunch-
ing, the first mode occurs when the bunch returns at the end of 34 of
a cycle. The second mode occurs when the bunch returns in 184
cycles, and thereafter at one-cycle intervals. By varying the repeller
voltage, the time of flight of the electron can be varied and the dif-
ferent modes of operation obtained as shown in Fig. 9.13.

The frequency at the point of maximum power output is the same
for all of the modes, being the resonant frequency of the cavity.
Operation in a different voltage mode does not changs this frequency
of resanance.
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Fig. 9.13. Reflex Klystron characteristics.

Unlike the frequency, the maximum power output is different for
each mode. The maximum output available is limited by two
factors: losses in the cavity, and over-bunching. The latter limitation
exists because, as the oscillation builds up, the cavity grid voltage
(bunching voltage) likewise increases, causing the bunches to form
toosoon. Thus, less energy is delivered to the cavity and the growth
of the oscillation is limited. In the higher modes, less bunching vol-
tage is required because the bunches must be formed more slowly.
Consequently, the oscillation is limited sooner than it would be at a
lower mode. Hence, the output in the Tower modes is greater than
in the higher modes as was indicated in Fig. 9.13.

The humps shown in Fig. 9.13, representing oscillator power out~
put as a function of the repeller voltage, are not symmetrical. They

“tend to rise slowly on the low-frequency side and fall off rapidly on_
the high-frequency side. The reason for this may be explained as
follows. When the repeller V)Qltage is made more negative than its.
“value for maximum output, operation is no longer at the resonant
fmquency of the cavity so that the bunching voltage on the cavity
grids is necnssanly diminished, to an extent governed by the cavity Q.
The drop in’ bunching voltagé ¢auses the bunches to take longer
to form. However, the repeller voltage has also been decreased,
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making it more negative with respect to the cavity, which causes the
electrons to be returned sooner than when operating at maximum
output. These two effects combine to make the output drop off
very rapidly. On the other hand, reducing the voltage drop be-
tween repeller and cavity by making the repeller less negative causes
the electrons to be returned later than they would be for maximum
power output However, since operation is no longer at the resonant
frequency of the cavity, the bunching voltage is reduced and tends
to make the bunches form at a later time. These two effects serve
to partially counterbalance one another so that the point of maximum
bunching tends to remain between the cavity grids. Consequently,
the output drops off relatively gradually on this side of the mode.

9.15 Electrical Tuning of the Reflex Klystron

A limited amount of electrical tuning may be obtained within
each of the voltage modes by “pulling” the Klystron. That is, by
returning the bunches a little earlier or later than normal, the fre-
quency may be pulled slightly off the resonant frequency of the cavity.
The extent to which the Klystron may be pulled depends largely
upon the cavity @, since that governs the magnitude of the bunching
Ivoltage at frequencies off resonance. In any case, the shift is small
compared to the operating frequency.

The time required for bunch formation can be varied by either
of two voltages, the accelerating voltage (between cavity and cathode)
or the repeller voltage (between repeller and cavity). Variations in
the accelerating voltage produce two effects which tend to cancel one
another. An increase in accelerating voltage gives the electrons a
higher velocity, which would, ordinarily, make it mare difficult for
them to be reflected by the repeller, thus increasing ”their transit
time. Unfortunately, the increase in cavity voltage also increases
the repeller voltage negatively, causing it to exert more force on the
electrons and return them sooner. The two effects are subtractive,
each tending t6 nullify the other.

However, varying the repeller voltage produces only the second
effect, making this form of electrical tuning much easier than by
changing the d-c cavity voltage. The conveniently high-frequency
sensitivity resulting from variations in repeller voltage (of the order
of 34 meps per volt) moﬁsetsomewhatby the necessity for a very
well-regulated power supply.
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~ Assuming the tuning bandwidth to be the band of frequencwsq
between half-power points for that mode, it is apparent from in-
spection of Fig. 9.13 that tuning over a wider range is possible in the
higher modes than in the lower modes. This results from the mechan-
ism of bunching. In the higher modes, the bunches form and then,
de-bunch more slowly than in the lower modes. Consequently, theyi
can be returned at a slightly different time in the cycle and remain
comparatively well bunched, keeping the power output high. Rapid
de-bunching in the lower modes causes the output {0 drop off rapldl;
if the bunch is returned slightly before or after normal. I

Because the electrical tuning bandwidth is greatest for the weakest
(higher) modes, a compromise between power output and tuning
range is often necessary.

9.16 Summary of Klystron Applications

The discussion so far has been largely concerned with the Klystron
as an oscillator or power amplifier. However, it can be used very
effectively as a low-power amplifier. The difference in operation
lies principally in the degree of velocity modulation used. For oscil-
lators and power amplifiers the bunching voltage is fairly large so
that the electron beam is intensity-modulated to the fullest extent.
This produces pulses of catcher current.

I a very small signal is applied to the buncher grids, the mtenm_ty
modulation is slight and very nearly a replica of the input. Under
this condition, the Klystron can be used as a small signal amphﬁer
with a voltage amplification of about 20 at frequencles as high as
3000 meps.

“The greater the degree of velocity modulation, the more distorted
the catcher current becomes, and, as previously pointed eut, the
more suitable the Klystron becomes as a frequency multiplier. When
operated as an oscillator or amplifier, both cavities are tuned to the
same frequency, but when operated as a frequency multiplier, the
catcher is tuned to a higher harmonie.

By appropriate connections, the Klystron may also be operated
as a detector. Furthermore, while linear amplitude modulation ig
difficult, frequency modulation is readily produced.

Thus, the Klystron finds application 48 an oscillator, amplifier,
detector, and modulator.
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9.17 Other Velocity-modulated Tubes

McNally tube. Very similar to the reflex Klystron, but part of the
cavity is external and removable from the evacuated part of the
tube. Part glass, part metal construction.

Shepherd-Pierce tube. All metal construction, but otherwise
similar to the reflex Klystron and McNally tube. The tuning de-
vice is an integral part of the tube in the form of a bowed strut that
changes the grid spacing. Fits a standard octal socket.

Haeff UHF tube. Uses a cavity for energy removal from an
electron beam, but the electron beam is controlled by a single grid
instead of a second cavity. Thus, it requires a fair amount of driving
power. It resembles a Klystron with the buncher cavity replaced
by a control grid.

Hahn-Metcalf tube. Uses velocity modulation, but otherwise
quite dissimilar from the Klystron. For a brief discussion refer to
UHF Techniques by Brainerd, et al (Van Nostrand), or to the basic
reference listed at the end of this chapter.
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CHAPTER 10
MAGNETRON OSCILLATORS

A DISTINCT transmitter problem exists in the microwave region
due to the failure of ordinary triode oscillators to produce
sufficient power at the required frequencies. Since reduction in
tube size to increase the upper frequency limit inhibits the allowable
power dissipation, it becomes necessary to resort to transit time
oscillators of the Klystron or magnetron type.

The Klystron, or velocity-modulated tube, has found a wide
application as a local oscillator in UHF and microwave receivers.
In the few years following its development, it was not particularly
adapted to pulsed operation and it did not have a very large power
output. As a consequence, it was not suitable for general transmitter
use. Subsequent development has produced Klystrons having 18
megawatts of peak power in pulsed operation, and the earlier limita-
tions have been effectively removed. Furthermore, recent advances
in the design of microwave lens systems, which are being extensively
used in microwave relay stations, give tremendous power gains,
because of increased directivity, and allow low-power Klystrons (as
low as 1 watt) to be used effectively as transmitters.

The need for additional high-power microwave transmitting
tubes was met with the development of the magnetron. It is capable
of delivering exceptionally large peak powers, at comparatively
high efficiencies. As a result, it is used almost exclusively in high-
power microwave transmitters. The magnetron is not readily
tunable and is subject to considerable noise. Therefore, it does not
encroach upon the Klystron in local oscillator applications.

10.1 The Magnetron

In its most fundamental form, the magnetron is a diode of eylindri-
cal construction. The voltage between the anode and cathode
(which is coaxial with the anode) produces an electric field that is

381
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radial. A uniform magnetic field is applied within the anode-
cathode space, longitudinally, that is, parallel to the cathode. The
general configuration of the prototype magnetron appears as shown
in Fig. 10.1. The relative orientations of the electric and magnetic
field intensities are shown in Fig. 10.2. In general, for use as an
oscillator, the magnetic field is maintained constant while the electric
field has an alternating RF field superimposed on the d-c value.

Fig. 10.1. Prototype magnetron structure.

Anode

Magnetrons may operate with a single anode, as shown in Fig.
10.1, but more generally, the anode is split into segments. It is then
called a split-anode magnetron. At comparatively low frequencies,
the tuned circuit for the oscillator may be provided by resonant
lengths of transmission line (Lecher wires). In the microwave region
the tuned circuit is conventionally a resonant cavity.

Anode In some cases magnetrons

are of all metal construction,

Electric  but in others, notably for CW

) field  ragnetrons at the lower fre-

quencies, the magnetron may

V v Magnetic  he enclosed within a glass enve-
field  Jope. The magnetron is used

almost exclusively as a transit
Fig. 10.2. End view of magnetron time oscillator, although it may
showing the radial electric field and be made to oscillate in the
the axial maguetic field. : conventional negative resistance
manner. In any case, a study of the electronic trajectories in the
combined electric and magnetic field is necessary in order to under-
stand the basic mechanismof the energy transformation from d-c
to RF. A detailed mathematical analysis will be carried through in
the next few articles.



§10.2]. MAGNETRON OSCILLATORS 383

10.2 Equations of Motion in Combined Fields

Although the magnetron is almost universally constructed in the
form of a cylindrical diode, theoretical consideration of a magnetron
composed of two parallel, plane electrodes is just as instructive and a
great deal less involved from the mathematical stan.unt. Mathe
maties in cylindrical coordinates are, in this case, just too much bother
for the net worth obtained.

Several assumptions are necessary, their function principally
being to orient the coordinate system in such a way that the mathe-
matical processes are not too cumbersome. Assume a coordinate
system as shown in Fig. 10.3 so that the electric field is parallel to
the Z axis while the magnetic field and cathode are along the Y
axis. Both electrodes are assumed to be plane, parallel, and of in-
finite extent.

-
N

_ /
l//a/

—— -

/
/
/

<

Fig. 10.3. Coordinate system assumed for the
parallel-plane-electrode magnetron.

An electron which is emitted by the cathode enters the combined
field and is acted upon by two separate external forces, one due to
each field. The electron is assumed to have a mass m and a charge
e. The electric and magnetic field intensities are denoted by E and
H, respectively.

The electron moving in the electric field is acted upon by a force,
independent of the electron velocity, of strength ¢E and directed
opposite to the direction of the electric field mtensity vector. If



384 MAGNETRON OSCILLATORS [§10.2

the field is constant and uniform, the force has the same general
character as gravitational attraction.
The force exerted by the magnetic field is somewhat different.
It depends upon the magnetic ficld strength, charge, and the relative
velocity between the field and charge according to the general
equation
f =¢(vXB) (10.1)
For a homogeneous isotropic medium, the permeability may be
brought outside the bracketed quantity, giving
f = pe(v X H) (10.2)
Thus, the total force equation for the electron when it is emitted
into the combined field is

f = ¢E + uee(v X H) (10.3)
Carry out the indicated vector cross product and equate like com-
ponents, as follows:

Jz = eE. + we(w,H, — v.H) = m% (10.4)

Jy = eE, + poe(v.H, — v.H,) = m%’ (10.5)
dv,

fq= €B: + pe(w.H, — v,H.) = ma"? (10.6)

However, it will be recalled that the coordinate axes were picked
in such a way that the electric field had only a Z component while the
magnetic field had only a Y component. Consequently, the equations
of motion above reduce to

Jz = —poev.H, = m%"f (10.7)
Jy=0= m%’ (10.8)
Je = eE, + peeHpw, = m% (10.9)

They may be put into a more convenient form by dividing through
by the mass of the electron and letting

in.,ﬂ =« where H = H, (10.10)

”%E =a where E = E, (10.11)
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The equations of motion then become
dv,

= —on, (10.12)
dv, _

=0 (10.13)
Pt (10.14)
i Wa :

10.3 Solution of the Equations of Motion

Integrate the equation for the acceleration in the Y direction,
Eq. (10.13). According to (10.13),

dv
a, = d—t" =
which, when integrated, yields
v, = K = constant (10.15)
Differentiate Eq. (10.14) with respect to time, obtaining
2
_‘ZT% = w%vtf since & = constant (10.16)
However, according to Eq. (10.12)
dv,
—dT = —wl,
Consequently, Eq. (10.16) becomes
d%. .
@ = T
or, rearranging terms,
P 4wt = 0 (10.17)

This is a second order linear differential equation with constant co-
efficients with a solution that can be obtained by any standard
technique, of the form

v, = A sin wt.+ R cos wi (10.18)

Complete evaluation of the constants 4 and B depends upon the
specification of the initial conditions of the velocity components. It
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is customary, in order to simplify the mathematical procedure, to
assume that the electrons are emitted from the cathode with zero
velocity. Taking the moment of emission as the initial instant, then
the problem may be nailed down to the specific case where,

whent = 0, thenv, = v, =v, =0

Substituting this initial condition into Eq. (10.15) for the velocity
in the Y direction yields

K =0, or v, = 0 at all times (10.19)

Substituting the initial condition into the equation for the Z com-
ponent of the velocity gives

0=0+2B or B=0

Consequently, the expression for v, is

v, = A sin wt (10.20)
Differentiate this equation, obtaining
dv. _
vl Aw cos wl
But, according to Eq. (10.14)
dv, _
= + wv,

Hence, equating the two expressions for the acceleration in the Z
direction yields

a+ wv; = Aw cos wi

Substitution of the initial condition into this equation gives

Then, substituting for 4 in Eq. (10.20) yields
v, = g sinwt (10.21)
Differentiating with respect to time, as before,

%-acoawt-a-hwv.
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This equation may be solved for v, producing
v: = =(cos wt — 1) (10.22)
In summary, then, the velocity equations are
v, = g(cos ot — 1)
w
v, =0
v, = s sin wt
w

Integrate all three of these equations to obtain the expressions for
the electron displacement. Since the center of coordinates corre-
sponds to the point of emission of the electron from the cathode, then
it follows that at t =0,z =y =2 = 0. Hence,

y=0 (10.23)
T =— ’Z’z(“’t — sin of) (10.24)
z = -:l—,é(l — ¢os wt) (10.25)

Equations (10.24) and (10.25) are the parametric equations for a
cycloid in the X-Z plane, with the general progession along the X
axis. The radius of the cycloid is the coefficient

e e
but a=_ E  and w = (ﬁ)"“H

o ()

10.4 Deductions from the Solution

When the parametric equations for the cycloid are plotted, the
path of the electron, relative to the coordinate axes, is as shown in

Fig. 10.4, where :
a = (ﬁ)E
m

o (e
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Trajectory
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Fig. 10.4. Cycloidal path of electron in the parallel-plane-elec-
trode magnetron, with respect to the coordinate system.

From the cycloidal path it is seen that the radius of the cycloid, as
previously calculated, is

¢ /\B?

P, = (’”)(E ) where B = uol (10.26)
and the angular velocity of the electron is
e
W= (;ﬁ)#oH (10.27)

There are several important deductions to be made. From Egs.
(10.26) and (10.27) it is apparent that the relative dimensions of the
cycloid are determined wholly by the electric and magnetic field
intensities. Since a cycloid is generated by a point on a rolling wheel,
as indicated in Fig. 10.4, it can be deduced that, regardless of the
location of the point on the wheel, the total horizontal distance of
travel (that is, along the X axis) is the same for all points on the
wheel. It would simply be the total distance that the center of the
wheel moves in a given length of time. Figure 10.5 shows several
typical electron orbits. ‘
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‘@ Cathode ) 9

Fig. 10.5. Method of generating typical electron orbits.
The period of the rolling wheel (To) is

1 2r 2r
Ty = frequency ~ angular velocity > (10.28)
m\ [ 2=\ 1
hence To= (Z)(m)ﬁ (10.29)

Thus, the period is determined solely by the magnetic field; the
electric field has no effect. Actually, it is the period that would be
obtained if the electron were acted upon by the magnetic field alone.

The velocity of the center of the wheel, vy, is readily calculated

now since

wheel circumference  2rP.
Y = period =, (10.30)
. .
v = (%) (—g) where B = poH (10.31)

Using this as a reference velocity, Fig.
10.6 illustrates the effect of having

electronswith initial horizontalvelocities ~_—~"  ~~""

that are greater or less than this base

value. \/-\/
The electron orbit, with respect to

the electrodes and fields, is shown in
Fig. 10.7. In the case of cylindrical
construction, the electric field is radial

and.the magnetic field is axial. Neg- Fig. 10.6. Orbital configur-
lecting space charge effects, as was ations for different initial ve-
done in the parallel plane case, the locities of the electrons.
electron orbit approximates an epicy-

cloid generated by rolling a wheel around the cathode. The orbit is
not exactly epicycloidal because the radial motion is not simple
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Fig. 10.7. Orientation of the electron trajectory in a d-¢ magnetron
of parallel-plane-electrode construction.

harmonic motion. This is because the d-¢ electric field varies
with the radius. However, the approximation is pretty good when
the cathode-to-anode radius is large. A
typical electron orbit in a cylindrical
magnetron is shown in Fig. 10.8.

10.5 Cutoff

From the simplified treatment given
so far it is apparent that, for a given
electric field intensity E, the magnetic
field can be adjusted to such a value that
it causes the electrons to miss the anode

Fig. 108, Typical electron completely and return to the cathode.
orbigf. in 8 cylli)ndrical d-c When this happens, the plate current
magnetron. ceases and the magnetron is cut off. Con-

‘ sequently, the value of the magnetic field

intensity which separates conduction from nonconduction is called
the critical magnetic field and denoted by H., or B, in terms of the
flux density. Several different electron orbits for different values
of magnetic flux density above and below B, are shown in Fig. 10.9.
Hypothetieally, the curve of plate current as a function of mag-
netic field intensity appears as shown by the dotted line of Fig. 10.10.
Practically, the square cutoff characteristic is rounded off as shown
by the solid line curve in Fig. 10.10. The rounding results from the

Anode

Cat
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fact that the assumptions made in
the analysis are not exactly met. For
example, space charge has been neg-
lected and it is a comparatively im-
portant factor. Also, the mechanical
problem of manufacturing a perfectly
symmetrical tube with a perfectly
axial filament and magnetic field is
never completely met. Furthermore,
the electric field will fringe somewhat
at the ends of the anode structure,
causing nonuniformity of the electric
field.

The magnitude of the theoretical

Fig. 10.9. Variation in elec-
tron orbit with magnetic flux
density—illustrating the cutoff
characteristic.

Anode
current

‘—B<Bc B>B¢—™

(o)
density

Magnetic flux

Fig. 10.10. Magnetron cutoff characteristic.

critical value of magnetic flux density may be calculated by
equating the diameter of the rolling wheel to the distance between

S =2P, = 2(%)(%) ~

electrodes. That is,
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10.6 Principal Modes of Oscillation

The d-c magnetron, which has occupied our attention in the
preceding articles, may be converted into an RF oscillator by intro-
ducing RF fields into the cathode-anode space. This may be done
by applying an RF voltage between anode and cathode from a
resonant circuit. Another method of introducing this field is to split
the anode into segments and connect a resonant circuit between
these anode segments. In any case, the production of oscillations
depends upon the manrer in which the interaction of the electron
motion with the alternating field takes place.

There are three distinct possible modes of oscillation in a magne-
tron that have been identified. They are generally listed as follows:

(1) Dynatron (negative-resistance) magnetron.
(2) Cyclotron frequency magnetron.
(3) Traveling-wave magnetron.

Operation in the first and last modes can occur only in split-anode
magnetrons, whereas the second mode can be produced in either a
single- or a split-anode magnetron. The traveling-wave magnetron
is the type most generally, almost exclusively, used commercially due
to its much higher efficiency. Both the traveling-wave and cyclotron
modes are frequently lumped together in the classification of ‘“elec-
tron resonance.” Although the term is not exactly a misnomer,
since both modes are transit time phenomena, the expression fre-
quently leads to misconceptions that can be avoided by using the
classification given here, which is the terminology employed by the
Bell Telephone Laboratories and that which will probably receive
the most widespread acceptance.

10.7 Dynatron Operation of Magnetrons

The operation of a magnetron in the dynatron mode hinges upon
the development of a negative resistance characteristic between the
two segments of a split-anode magnetron. An ordinary tuned
circuit connected between these segments then produces an oscillator.
A typical connection is shown in Fig. 10.11. Because of the similarity
of the circuit configuration to the usual push-pull oscillator, it is
frequently called the push-pull connection.
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Filament —l-
Supply T
+

Eb-b Ebb

Fig. 10.11. Schematic connections for dynatron
operation of a magnetron.

The efficiency and power output in this mode are limited by the
same factors that apply to ordinary negative grid oscillators. As a
matter of fact, the requirements for the @ of the tuned circuit are
even more severe than for the usual triode oscillator. Oscillations
have been produced all the way from the audio region up to as high
as 1000 meps. However, at 600 meps, a power output of 100 watts
at 25 per cent efficiency is about the best that can be obtained
practically. Consequently, it offers no especial advantage over the
ordinary triode oscillator, and suffers from several disadvantages,
notably the necessity for a strong magnetic field, which do not apply
to triodes. Nevertheless, the possibility of future development
warrants its inclusion here.

+100:= +150=Eg
+90

+100=Ep +50=E,

Fig. 10.12. (a) Potential lines when both anodes are at the same

potential. Electron orbit is as shown. (b) Equipoténtial lines

when anode segments are at different potentials. Note that
the electrons go to the anode that is at the lowest potential.
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The reason for the negative resistance effect may be determined
from the diagrams in Fig. 10.12. This figure shows typical hypo-
thetical electron trajectories for the case where the magnetic field is
considerably larger than the critical value B,. When the anode
segments are at equal voltages with respect to the cathode, the
electrons travel in symmetrical paths as shown in Fig. 10.12(a)
and never reach the anode. Howecver, when the voltage of one
segment is increased, and the other is decreased, the field distribution
is altered as shown by Fig. 10.12(b). The electric field is such that-
the forces on the electron cause it to strike the anode segment that is
at the lowest potential. Consequently, reducing the voltage on one
segment increases its current, and conversely, over a restricted range
of voltages.

Increasing Ep

Anode
current
Is

0 Anode Voltage Eg —=

Fig. 10.13. Plate-current, plate-voltage characteristic for
two-anode magnetron.

A typical plot of anode current against anode voltage, for a two-
anode magnetron, is shown in Fig. 10.13. Plotting the sum and the
difference of the anode segment currents against the voltage between
segments yields the characteristic curves of Fig. 10.14. The difference
curve exhibits a region of negative resistance.

10.8 Cyclotron Frequency Oscillations

. The practical significance of the magnetron arises from the fact
that it effectively uses transit time to its advantage. Consequently,
since the dynatron mode is limited to a large extent by transit time,
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(2]

o

<«— Current —>

Fig. 10.14. Negative resistance in the static characteristics
of a two-anode magnetron.

just as in the ordinary triode oscillator, it is not the most important
mode of oscillation. '

The first of the transit time modes in the magnetron is the
cyclotron frequency mode. The analysis of the mechanism of energy
conversion from d-c to RF will be carried through for the case of
parallel plane electrodes. As previously pointed out, plane-electrode
magnetrons are never used practically, but the analysis is simpler
and serves as a logical introduction to cylindrical magnetrons.

Assume a parallel-plane-
electrode magnetron in
which the flux density is Electron
adjusted to a point that orbit
will insure plate current
cutoff. Therefore, the elec-
tron orbit will appear as Cothode
shown in Flg..10.15. .As- Fig. 10.15.
sume that the time required
for the electron to make one round trip from the cathode to the
anode and return to the cathode is {,. Then, finally, assume that
an RF sinusoidal voltage of period ¢, is supenmposed on the steady
field already present.

Anode
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ﬂ an electron leaves the cathode at the time that the RF voltage
is gomg through zero in the positive dtrectwn the’ total electnc ﬁeld
acting on the electron is greater than _the d-c field. 'This causes_ the
electron to go closer to the anode than it would have in the presence
of the steady field alape. This is because the radius is given by

P, = KI% where K = constant

and is directly proportional to the electric field intensity. As a result,
the electron may strike the anode, or it may miss it and return to the
ca,thode, doing so as the RF field is decreasing below the steady value
Thus, the RF electric field is continuously doing work on the elec-
tron, addmg energy above and beyond that imparted by The.d-c
field. " Hence, the electron extracts eriergy from the source of RF
power and gives it up by impact to the anode or the-cathode. Such
an electron is undesirable, naturally, and is called an energy-removing
or unfavorable electron.

However, if an electron leaves the cathode a half period later than
the most unfavorable electron just discussed, when the plate voltage
is going through zero in the negative direction, then the field acting
on the electron on the outgoing part of the trip is less than the steady
field. Consequently, it would not go as close to the anode as it
would have in the presence of the steady field alone. The field in-
creases in the positive direction as the electron starts its return trip.
Thus the electron continuously works against the RF field and de-
livers some of the energy that it received from the d-c field tg the
source of RF energy. Consequently, it is an energy-delivering or
most favorable electron. Because of this loss in kinetic energy, the
electron comes to rest at a point in the cathode-anode space before
reaching the cathode.

As a general conclusion it may be stated that

(1) Electrons leaving the cathode when the RF component of
the electric field is increasing in the positive direction take
energy away from the source of RF power.

(2) Electrons leaving the cathode when the RF component of
anode voltage is going through zero in the negative direction
deliver energy to the RF source.

There are other important observations. The energy-removing
electrons may do either of two things: |
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(1) They may strike the anode on their first outward trip.
(2) They may return to the cathode.

In any case, they cannot make more than one round trip. The
energy-delivering electrons, after initially coming to rest at some
point in the cathode-anode space, can continue to oscillate with
decreasing amplitude. In each successive cycle of the electronic
oscillation, the distance traveled and the transit time are diminished.
This causes the electron oscillation to advance in phase relative to
the RF voltage and it may eventually become so far advanced that
the electron removes energy rather than delivering it.

In substance then, the successful operation of the magnetron
oscillator in this mode depends upon the fact that the energy-de-
livering electrons make several excursions into the cathode-anode
area and thus give up more energy than the energy-removing elec-
trons extract in their single excursion. Statistically, the electrons
are equally divided in number between the two categories.

It is designated as the cyclotron mode because the RF period and
electronic period are equal. This makes adjustment of the magnetic
field and tuning of the cavity a very delicate and precise job.

10.9 Factors Affecting Efficiency

It was previously shown that the radius of the cycloidal hops
was given the equation.
e\ E
Pe = (E)ﬁ

Because the favorable electrons deliver energy to the RF field, they
come to rest at an earlier time than they would have in the absence
of the alternating field. Consequently, the electronic oscillation
advances in phase with respect to the RF voltage. Hence, during the
succeeding hop, the electron is subjected to less accelerating field
and more decelerating field so that the average value of the electric
field intensity with which the electron interacts is less than on the
preceding hop. This causes the radius of each successive hop to
decrease as shown in Fig. 10.16. Thus, the reduction in amplitude
of each hop follows as a natural consequence of the phase advance-
ment. )
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Cathode
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Cathode
Anode
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electron

Cathode

Fig. 10.16. Typical electron orbits in a parallel-plane-electrode
magnetron operated in the cyclotron frequency mode.

As a result of this action, two undesirable effects can be produced.
The electron can come to rest in the cathode-anode space when the
radius of the cycloid becomes vanishingly small. It would then
start oscillating in reverse phase, with increasing amplitude, as it
picks up energy from the RF source. Even if this did not occur, the
advance in phase would generally be so large that the originally
favorable electrons would become unfavorable ones, being removed
from the cathode-anode space at the expense of the oscillating field.

In order to extract a reasonable amount of power from the tube,
these electrons which are becoming unfavorable must be removed
from the interelectrode space before they start absorbing energy
because of their precession. Sideward motion of the electrons in the
parallel-plane-electrode magnetron would carry them out of the ca~
thode-anode space in sufficient time to prevent the phase shift from
becoming objectionably large. '
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However, the cylindrical magnetron poses a rather neat design
problem. One method of solving it is to tilt the magnetic field in
such a way that the electrons are given a velocity component parallel
to the filament. The angle of tilt is quite critical, since the designer
is faced with two mutually exclusive conditions:

(1) To remove the electron before it starts absorbing appreciable
energy.

(2) To leave the electron in the interelectrode space long enough
for it to give up the greatest amount of powcr.

Some sort of collecting plates, or end plates, are required at the
ends of the magnetron in order to remove the electrons safely. This
is necessary since the energy of the electrons striking the glass walls
of the tube could be sufficiently large to melt the glass. The potential
of the end plates must be below that of the anodes in order to function
properly. In some cases, end plates are used without tilting the
magnetic field. In such applications, it has been found that the
best end plate voltage is proportional to the anode voltage.

Another undesirable characteristic of the cyclotron mode of
operation arises from the necessity of employing large cycloidal
hops of the electrons in order to meet the frequency requirements.
The large hop produces a high kinetic energy at the moment that
the electron strikes the anode, producing large heat losses and con-
sequent lowering of efficiency.

All of these factors conspire to give a rather low operating ef-
ficiency so that this mode is not extensively used in current commer-
cial magnetrons. Efficiencies of 10 to 15 per cent have been obtained
at wavelengths as low as 0.64 cm.

10.10 Introduction to the Traveling-wave Magnetron

Both the cyclotron frequency mode and the traveling-wave mode
of oscillation in a magnetron depend upon eleciron transit time.
The similarity ceases at that point. The traveling-wave mode of
oscillation is fundamentally different from either of the preceding two.

This mode will function only with split-anede construction and the
conversion of energy from d-c into RF depends upon the interaction
of the electron with the field in the air gap between anode segments.
For the parallel-plane-electrode case, the field configurations appear
4s shown in Fig. 10.17. This interaction field may be resolved into
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Fig. 10.17. Field configurations in a split-anode magne-
tron interaction field are shown in the top figure. The re-
sultant electric field between anode segments is shown at the

bottom.

components, one set parallel to the original d-c electric field (vertical
field), and one set parallel to the axis of the tube (horizontal field).
The dimensions and characteristics of the cycloid traced out by the
electron in its trajectory are determined by the vertical electric field,
assuming a constant magnetic field. The vertical electric field con-
sists of a d-c value with a superimposed RF component. Over any
cycle of the RF voltage, the average value of the total vertical field
is simply the steady field. Consequently, on the average, the radius
of the cycloid is unchanged throughout the trajectory.

Conversion of d-c energy into RF by the electron is effected by
the electron’s doing work against the horizontal component of the
interaction field. Thus, it is seen that the.functions of producing
the cycloidal trajectory and of interchanging energy have been
separated in this mode. In the cyclotron mode of oscillation, both
operations occurred simultaneously with the same electric field
component.

Because of the manner of energy removal from the electron, the
requirement for the most favorable electron is simply that it pass
through the interaction field with maximum horizontal velocity at a
time when the horizontal component of the field is exerting maximum
opposition. In other words, for maximum efficiency, the electron
ghould be &t the top of its hop and in theé center of the air gap at the
time that the interaction field hias its maximum value. Consequently;
there is nospecification of the humber of cycloidal hops between air
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gap crossings, only that each crossing take place at a time when the
interaction field has a horizontal component producing maximum
opposition. Any number of cycloidal hops may intervene. Contrast
this with the rigidity of the requirements placed upon the electron
in the cyclotron mode of oscillation.

Small cycloidal hops are conducive to high efficiency since they
reduce the kinetic energy of impact on the anode segments. Con-
sequently, since the number and size of the hops is immaterial as far
as the requirement for oscillation is concerned, small hops are gen-
erally used and an electron will make a great many small jumps in
traversing one interaction field. If the horizontal component of the
field is a retarding field, the electron delivers energy to the RF source
and gradually progresses up from the cathode to the anode as shown
in Fig. 10.18. Flectrons in regions (a) and (¢) of Fig. 10.17 would

*
Anode |
o

{a)

Anode 2

Cathode

Fig. 10.18. Path of a favorable electron, in a region such
as (a) or (c¢) of Fig. 10.17, for operation in the traveling-
wave mode.

have this sort of trajectory. The drift of the electron from cathode
to anode indicates the conversion of :eergy frorh'd-¢ to RF. On the
other hand, electrons in regions (b) and (d) are acted upon by accel-
erating forces due to the horizontal component of the field, extract
energy from the RF source, and progress as shown in Fig. 10.19.

/\? i cathode

N
’ )‘.
Fig. 10.19. Path of an unfavorable electron, in
a region such as (b) or (d) of Fig. 10.17, for a
traveling-wave magnetron. Dotted line shows the
path if the cathode were not there.
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For sustained oscillations to occur, as the favorable electrons
start to enter a region such as (b) or (d) in Fig. 10.17, the polarity of
the voltage between segments must reverse. Otherwise, they would
become energy-removing electrons. Hence, the condition for oscilla-
tion is that the left-to-right velocity of the electrons must be such
that they travel the distance between anode gaps in one half period of
the RF voltage, in any number of cycloidal hops desired. That is, if

d = distance between centers of the air gaps
vo = left-to-right velocity of the rolling wheel
T = period of the oscillating field

then for oscillations to be sustained,

_ T _ Vo
a=uz) =5
or, solving for the frequency,
=2
F=2

However, it was previously shown that the velocity of the rolling

wheel was
vo = (EYE
*~ \m/) B
Therefore, the equation for the frequency is

1\/e\’E

7= (a)(2) 5
Since the frequency depends upon the distance of electron travel, it
is definitely a transit time oscillator. Make no mistake, however,

there is no especial relationship between electron cycloid frequency
and tank circuit frequency.

10.11 Electron Bunching (Phase Selection)

Because of the characteristics of this mode of oscillation, a form of
electronic bunching occurs similar to that in a Klystron. The bunch-
ing tends to occur about the most favorable electron and therefore
increases efficiency considerably.

The most favorable electron passes through the air gap and inter-
action field at a time when the field is 8 maximum. Then, assuming
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the period of the cycloidal hop to be small compared to the RF period,
the vertical components of the RF field are equal and opposite on
either side of the cycloid. In other words, since the cycloid of the
most favorable electron is right in the center of the anode slot, the
total vertical electric field producing the cycloid averages out to be
the DC field.

However, consider an electron which reaches the peak of its hop
in region (c) of Fig. 10.17, but to the left of the most favorable
electron. The average value of the electric feld working on the
electron over one of its hops is greater than the steady field and it
tends to accelerate the electron, giving it a larger v velocity. Hence,
it tends to overtake the most favorable electron. On the other hand,
an electron to the right of the center of the air gap tends to be decel-
erated so that the most favorable electron catches up with it. Thus,
conditions are such as to bring relatively unfavorable electrons into
favorable phase, greatly increasing efficiency. In effect, the action
increases the number of favorable electrons.

This bunching action, and the use of small cycloidal hops, give the
traveling-wave magnetron much higher efficiencies and power outputs
than can be obtained with cyclotron modes of oscillation. No phase
advancement of the bunches of favorable electrons occur so that no
trick schemes of removing electrons are required. The operation is
simpler because there is no critical relationship between electron
period and RF period. All of these factors combine to allow power
outputs up to 2 and 3 KW of CW power at 50 per cent efficiency in
the frequency range around 1800 mcps. Pulse magnetrons (725A)
producing an average 80 watts of power (80 KW peak pulse power)
at 35 per cent efficiency in the 10,000-meps (3 cm) band are in general
use in service radar transmitters. A 3000-mcps (10-cm) pulse magne-
tron (720AY) in general use can give peak pulse powers up to 1
megawatt (500 watts average power) at efficiencies up to 60 per cent.

10.12 Space-charge Configuration

Because of this bunching action, the electrons tend to form into
clouds, or space charges. In the cylindrical magnetron, the overall
electronic mechanism presents a spoke-shaped space charge wheeling
around the cathode in synchronism with the anode potential wave.
Each spoke of this “‘electronic wheel” follows the point of maximum
retarding field. A typical configuration, which has been confirmed
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by calculations, is shown in Fig. (10.20). Within each spoke of the
wheel the individual electrons follow the usual epicycloidal paths.

~a

maximum
retarding
field

Fig. 10.20. Space charge configuration in a split-anode, res- -
onant-cavity magnetron operating in the traveling-wave mode.
10.13 Modes of Oscillation in the Traveling-wave Magnetron

Because of the high efficiency and large power capacity, magne-
trons are almost exclusively operated in the traveling-wave mode.
Consequently, split-anode construction is necessarily used. Asso-
ciated with each pair of anode segments is a tuned circuit which is
coupled, largely through mutual inductance, to the other tuned
circuits associated with the remaining gaps. This coupling is gener-
ally quite close.

It will be recalled that a single resonant circuit has:one-resonant
frequency. When two identical tuned circuits are closely coupled,
they oscillate at two distinct frequencies. This was exemplified by
the Klystron. Consequently, in general, the number of resonant
frequencies, or modes of oscillation, is a function of the number of
tuned circuits. For example, a cylindrical magnetron having six
anode segments has six closely coupled tuned circuits associated with
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it. Assuming they are all tuned to the same frequency, there are
three possible modes of oscillation as shown by the field configurations
in Fig. 10.21.

1080° 720° 360°
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540’ 360 I80°
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180°phase difference  120° phase difference 60° phase difference
between adjacent between adjacent between adjacent
onode segments anode segments anode segments

Fig. 10.21, Possible modes of oscillation in a six-anode traveling-wave
magnetron.

The excitation of mode (1), the r-mode, depends upon adjusting
the value of the wheel velocity vo so that an electron passes two anode
segments in one RF cycle. This is the mode discussed in the pre-
ceding articles. However, in mode (2), the electron must be made to
pass three segments per cycle, while mode (3) requires passing six
segments per cycle. This means that modes (2) and (3) require
higher velocities of the rolling wheel, vo. Since v, depends upon the
ratio E/H, it follows that higher voltages are required to excite the
higher modes. Consequently, operation in the 7~-mode is generally the
most desirable and the easiest to produce. A

The designation of this magnetron as a traveling-wave magnetron
arises from a mathematical analysis which can be performed and
which represents the complete field in the magnetron as a rotating
field superimposed on a standing wave. Such an analysis enhances
computation of electron orbits, but it does not have the physical
significance attributable to the discussion as presented here.

10.14 Mode Separation

The frequencies of oscillation in each of the various modes asso-
ciated with a split-anode magnetron are different. For highest
efficiency of transmission, the magnetron should-oscillate in only one
mode at a time. This condition can be obtained by separating. the
frequencies of these modes as much as possﬂ)le so that only one: mode
at a time is excited. -
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The original cause of the higher modes was tight coupling between
resonant circuits. The tighter the coupling; the greater the separa-
tion between resonant frequencies. - Hence, one of the general tech-
niquesof modeseparationis to
greatly increase the coupling
between resonant circuits.
One method of doing this is to
connect alternate anode seg-
ments (assumingr-mode oper-
ation) with metal straps (con-
ductive coupling). This holds
the polarities of the anode
blocks in groups so that,
ideally, all anodes in a
strapped group follow the
same polarity variations.
This scheme works effec-

Strap | connects Anodes AandC tively until the strap lengths
Strap 2 connects Anodes B andD become of the same order of

Fig. 10.22. .“S_tra.;zping" a magnetron for magnitude as the wavelength
operation in the f-mode. of the oscillation. At this

point, multiple moding again occurs. The method of strapping is
indicated in Fig. 10.22. Such a tube is called a strapped magnetron.
. There is an alternative

method of mode separa-
tion that depends upon
detuning the individual
resonant circuits with
respect to one another.
This method is generally
used at the higher fre-
quencies where the strap
length would be objection-
'ably large compared to a
wavelength. It is pro-
duced by using cavities of
two different sizes or
shapes, . ag indicated in

h 10.23. > “Riting sun” condtruetion for A\ Flg 10.23. Becaum of
mode geparation. , * . . the physical configuration
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this is customarily called a rising sun anodestructure. It hasseveral
advantages over strapping, because it is easier to manufacture, does
not introduce additional losses, and allows a larger anode structure
(better heat dissipation) to be used without penalty in mode
separation.

10.15 Typical Cavity Structures

The anode blocks used in magnetrons are usually associated with
any one, or any combination, of the following three types of cavities.

(1) Slot type.
(2) Vane type.
(3) Hole-and-slot type.

The last two are less than a quarter wavelength because of the in-
creased capacitive loading at the open ends. The general forms of
these cavities are shown in Fig. 10.24. Typical multicavity con-
struction is shown in Fig. 10.23, or 10.20.

A
y -
Hole and siot type
Slot fype largest
admittance
intermediate
admittonce
. smallest
*_jssihtﬂ_._ B admittance
4 Vane type)
less than

Fig. 10.24. Typical cavity structures used in magnetrons.

10.16 Methods of Tuning

Tuning of a traveling-wave magnetron must be accomplished by
a variation in the dimensions of the cavities, or whatever resonant
circuits are used, in order to produce a change in susceptance.
Tuning magnetrons that use resonant cavities is the most difficult
and will be discussed here. It would be possible to change either
the capacitance or the inductance, or both, in order to effectuate
tuning. As a general rule, the capacitance is varied at the longer
wavelengths, while induetive tuning is used at the short wavelengths.

The inductance can be varied by inserting a conducting pin into
a hole in each resonator where the lines of magnetic field are con-
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centrated. As the pins are pushed in they reduce the volume avail-
able for flux, thus reducing the inductance and increasing the fre-
quency. A tuning range of =7 per cent may be obtained in this
manner.

At the longer wavelengths, where strapping is used, another
piece of metal shaped like a cookie cutter is placed at the end of the
anode block opposite to the straps. It is moved in and out of annular
grooves in the block, thus varying the capacitance. Another method,
which gives a wider tuning range, is to vary the capacitance of the
straps. This is accomplished by adding a metal disk, supported
on a tripod, more or less parallel to the strap ring. One leg of the
tripod is adjustable so that the separation between strap and tuning
ring may be changed at will, thus producing a variation in strap
capacitance. This produces a very steep and nonlinear frequency
characteristic.

10.17 Mechanical Features
Most pulse magnetrons, and most of the higher-frequency mag-
netrons, are generally of all metal construction using resonant cavities

==l for tuned circuits. This is the

I/ \\ type customarily found in radar
/ \\ transmitters. The CW magne-
/ \‘ tron, for use at lower frequencies,
' differs considerably in mechan-

19lass ical detail. It generally uses re-

1envelope D . .
| sonant transmission lines for
' tuned circuits instead of cavities;
! it generally has only two anode:
’ segments instead of several; it is
generally glass enclosed. Further-
more, its mechanical evolution is,
to the average reader, more illus-
trative of engineering technique

at work.

The general form of the CW
. low-frequency magnetron is
Fig. 10.2&(}&3 ﬁ’:;n‘;irsz low-  shown in Fig. 10.25. The one
) shown is for use at about 70 to 200
meps. Inordertoincrease the plate dissipation, water coolingis ne-
cessary. Thisisaccomplished by circulating water up through the in-

————————
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Fig. 10.26. Improved version of the CW
magnetron in Fig. 10.25.

side of the tuned lines to the anode block and
out again through the sameline. Since there
is no mechanical connection between anode
segments, two separate water systems are
required. In the early models of this tube,
some electrons escaped through the air gap
and proceeded in cycloidal loops, and in a
very intense beam, to the glass envelope.
Their energy was sufficient to melt the glass.
To prevent this, the baffle plates shown were
added, with due recognition of the additional
capacitance introduced.

The upper frequency limit of this tube
is set by the closest point that the shorting
bar can be brought up to the tube struc- g :
ture. The extreme limit is generally about .
3M/4. The first major modification intro- mgn:gt?al elm:I ?f

.~,.
R BB
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duced, aimed at increasing the upper frequency limit, was the ad-
dition of the shorted length of transmission line inside the tube
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Anode voltage (usually in KV)
Fig. 10.28. Magnetron characteristics.

envelope, as shown in Fig. 10.26. The anode structure splits the
capacitance between the internal and external lines, thus increasing
the upper frequency limit. Furthermore, it simplifies the cooling
system since one continuous water supply can be used.

A second modification was the addition of a neutral electrode,
connected at the neutral point in the short-circuited line as shown
in Fig. 10.27. Although there are still only two active anodes, the
electron is misled into thinking that there are four.

The original CW magnetron discussed could produce about 150
watts at about 35 per cent efficiency. The addition of the neutral
electrode brings these figures up to about 300 watts at 50 per cent
efficiency. The most modern tubes of the same general design can
deliver 2 or 3 KW at 50 per cent efficiency.

10.18 Magnetron Characteristics

A typical plate current-plate voltage magnetron characteristic
is shown in Fig. 10.28. Each of the three regions indicated have
different operating characteristics. In the region (0-1), the power
output and efficiency are, for all practical purposes, zero. In region
(1-2), the power output and efficiency are small. Oscillation tends
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to occur in two modes simultaneously. On the straight line part of
the curve, region (2-3), the magnetron operates in the w-mode only
(if strapped) with a comparatively high efficiency and power output.

REFERENCES

Books

Brainerd, J. G., Kochler, G., Reich, H. J., and Woodruff, 1., Ultra-Hgh-
Frequency Technigues, Van Nostrand, 1942,

M.LT. Staff, Principles of Radar, McGraw-Hill, 1946.

Sarbacher, R. L., aud Edson, W. A., Hyper and Ultrahigh Engineering, Wiley,
1943.

PERIODICALS

“Magnetron as a Generator of Centimeter Waves,” Bell System Tech. J.,
Vol. XXV, No. 2, Apr. 1946.

Brillouin, L., “The Theory of the Magnetron,” Phys. Rev., 60, 385 (1941).

Chang, H., and Chaffee, E. L., “Characteristics of the Negative Resistance
Magnetron Oscillator,” Proc. IRE 28, 519 (1940).

Gill, E. W. B., and Britton, K. G., “The Action of the Split Anode Mag-
netron,” J, IEE, 78, 461 (1936).

Kilgore, G. R,, “Magnetostatic Oscillators for Generation of Ultra Short
Waves,” Proc. IRE, 20, 1741 (1932).
“Magnetron Oscillators for Generation of Frequencies from 300-600
meps,” Proc. IRE, 24, 1140 (1936).
“The Magnetron as a High Frequency Generator,” J Applied Phys.,
8, 666 (1937).

Linder, E. G., “Description of the End Plate Magnetron,” Proc. IRE, 24,
633 (1936).

Okabe, K., “Magnetron Oscillations of a New Type,”



CHAPTER 11
PROPAGATION OF RADIO WAVES

THE sTUDY of communication engineering is facilitated considerably
by the manner in which communication systems can be resolved
into basic components. In the broadest possible sense, the clements
comprising a complete communication system may be grouped into
two fundamental classes: terminal devices such as transmitters and
receivers, and the medium through which the signal is transmitted
in effecting coupling between the two terminations of the system.

In wire communication systems, from the date of their inception,
considerable attention was focussed upon the link between the ter-
minal devices, resulting in substantial progress and improvement
over the years. Wireless transmission posed a decidedly different
problem since the character of the medium of propagation was almost
entirely unknown for a long period of time. As a result of Marconi’s
transatlantic tests about 1900, and of experiments conducted by
Westinghouse and a group of radio amateurs who were unimpressed
by contemporary scientific doggerel, about 1912, a great deal of
interest was directed upon the earth’s atmosphere. A considerable
amount of study and experiment have occurred in recent years.
Progress has been remarkable and the investigation continues.

It is the purpose of this chapter to summarize current knowledge
concerning the atmosphere as a medium of radio propagation, and in
a generally qualitative, but occasionally quantitative, manner, intro-
duce the student to a new and rapidly growing field of science and
engineering.

11.1 Strata Surrounding the Earth

For purposes of analysis in radio propagation problems, the
earth’s atmosphere, which is the region about the planet containing
the air, is usually divided into three principal layers, each of which
possesses definite electrical properties, although the layers themselves
may not be physically separable in a purely definitive sense. The
three layers are the troposphere, stratosphere, and ionosphere.

412
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The troposphere is the part of the earth’s atmosphere below about
six or seven miles where the temperature is a function of the altitude.
The troposphere is the weather belt of the earth. The temperature
variation, along with changes in the moisture content and density,
results in an electrical medium with many nonuniformities that may,
under certain conditions, affect electromagnetic transmission con-
siderably.

The Zonosphere, or Kennelly-Heaviside layer, is that portion of the
earth’s atmosphere above the lowest level at which the ionization is
large compared to that at the ground.
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Fig. 11.1. Strata of the earth’s atmosphere.

The stratosphere is that part of the atmosphere above the tropo-
sphere, but below the ionosphere, where the temperature is relatively
independent of the altitude. Hence, it is a very nearly homogeneous
and isotropic medium of electrical transmission.

The uppermost region of the stratosphere is generally broken up
into two other layers called the ozonosphere and the alto-troposphere.
The ozonosphere contains free oxygen, which serves to absorb thp
actinic rays of the sun. It undergoes a tremendous change in tem-
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perature over the 24-hour day. The alto-troposphere also absorbs
sunlight and passes through a similarly wide range in temperatures
over a 24-hour period. Electrically, the stratosphere, ozonosphere,
and alto-troposphere are sufficiently similar to be classified simply as
the stratosphere, or isothermal layer. The relative heights and
thicknesses of these layers are illustrated by Fig. 11.1.

The presence of the ground (earth, seawater, or whatever it may
be) has a marked effect upon propagation. At low frequencies it
generally appears as a fairly good conductor, but becomes more
dielectric in nature as the frequency is increased.

Since the entire medium of propagation consists of all of these
somewhat stratified layers, it is reasonable to expect that the dis-
continuities in dielectric constant existing at the boundaries between
these zones will alter the radiated wave considerably.

11.2 The Character of the lonosphere

The ionosphere generally begins at a height of about 60 miles
above the surface of the earth and is about 200 miles thick. At such
high altitudes the pressure is extremely low, being of the same order
of magnitude as that in the ordinary commercial vacuum tube. The
ionosphere is so termed because it contains large numbers of free
ions, principally electrons. The fact that such a layer exists is due
to the ionizing action of radiation from the sun on the gas particles
composing the air about the earth. At low altitudes the pressure is
high, the mean free path of the particles which are ionized by the
sun’s radiation is so short that recombination occurs in a very short
interval of time. At higher altitudes, the pressure goes down and
the mean free path undergoes a consequent increase until a point is
reached where a liberated electron travels about for a long time
before recombining with an ion. Thus, comparatively large numbers
of electrons exist at these high altitudes.

The density of the ions and electrons depends upon a multitude
of factors such as sunspot activity, altitude, time of day or night and
year, and so on. Generally speaking, though, the ionic concentration
will depend upon

(1) The nature and degree of radiation from the sun.
(2) The nature of the atmosphere.

The first factor causes the electron density to vary in a very complex
manner with time and sunspot activity., The second factor accounts
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Fig. 11.2.  Tonosphere layers during typical
daylight hours.

for the dependence of electron density upon altitude, since gas
density varies with altitude. Also, the atmosphere is composed of several

different gases which do not absorb ra-
diation to the same degree. The relative
proportion of these different gases
varies with altitude and this is the sup-
posed cause of the stratification of the
electrons within the ionosphere.

The tendency toward stratification
is shown in Fig. 11.2 which shows the
ionic concentration as a function of al-
titude during a typical daylight period.
Figure 11.3 shows typical nighttime
conditions.

The D-layer is occasionally pres-
ent in sufficient strength during day-

F-layer

E-Layer

. Altitude —»

ion density—e-
Fig. 11.3. Ionosphere layers dur-
ing night hours. ’
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light to produce reflections, but it practically disappears at night.
The E-layer is consistently strongly ionized, but is subject to strong
transient ionic density variations. The F;-layer is the one princi-
pally affected by sunspots and its density may vary by as much as
100 per cent over the 11-year sunspot cycle. At night the D-layer
practically disappears and the Fi- and Fe-layers tend to merge into
a single stratum producing a curve that characteristically appears
as shown in Fig. 11.3. The merging of the F;- and Fe-layers is largely
produced by lowering of the F-layer.

The variations in layer height with respect to time are shown by
the typical plot in Fig 11.4.
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Fig. 11.4. Typical variations in layer height as a function
of time.

11.3 Character of the Radiated Wave

In the most general case, the transmitted wave may be analyzed
into three major components, the ground wave, a sky wave, and a
tropospheric wave. The ground wave is that portion of the radio
wave which is propagated through space and is affected by the pres-
ence of the ground. It is usually subdivided into three components:

(1) Direct wave—that part of the ground wave traveling directly
from transmitter to receiver.

(2) Ground-reflected wave—that part of the ground wave re-
flected by the earth as a result of the dielectric discontinuity
existing at the air-to-ground boundary.
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3 f}r(.)und-guided wave—that part of the ground wave that is
incident upon the ecarth, and guided and refracted by the air-
to-ground interface so that it travels along the surface of the
earth.

The sky, or ionospheric, wave is the second major component of
the total signal radiated from the transmitting antenna. It is that
part of the total field which is directed toward, or reflected from the
ionosphere. Any part of the signal that is reflected because of a

Receiver

round reflected wave
Ground quided wave

Ground

Fig. 11.5. Components of the radiated wave.

dielectric discontinuity in the troposphere is called the tropospheric
wave and is the last of the major subdivisions of the total signal.
Unless definitely specified otherwise in the material that follows, it
will be assumed that the tropospheric wave is negligible in comparison
to the other components. In other words, it is assumed that the
troposphere is homogeneous.

Thus, the components of the radiated wave may be identified as
shown by Fig. 11.5. This figure presents a specialized picture, since
it shows only those parts of the radiated wave components that appear
at the receiver. Actually; there are a large number of such rays, as
shown in Fig. 11.6, some of which strike the receiver, and some of
which do not. :
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Fig. 11.6. Components of the radiated wave.

11.4 Effect of Frequency on the Components of the Radiated Wave

Certain general propagation phenomena may be ascribed to
various frequency bands, so that for the purpose of analysis and
discussion, the radio frequency spectrum is usually subdivided as
follows:

Band Wavelength Frequency in
an in Meters Kilocycles per Second

Long wave 30,000 - 600 10 - 500
Broadcast 600 - 200 500 — 1500
Short waves—Band A 200 - 100 1500 - 3000
Short waves—Band B 100 - 50 3000 - 6000
Short waves—Band C 50 - 10 6000 - 30,000
Quasi-optical waves 10-1 30,000 — 300,000
Microwaves 1 -0.01 300,000 - 100,000,000

Long waves. Long waves obey the Austin-Cohen formula, derived a
great many years ago, which assumes that the wave is propagated
through a waveguidelike structure formed by the ionosphere (par-
ticularly the D-layer, and sometimes the E-layer), and the conducting
earth. There is no separation of the wave into ground and sky wave
components; it travels as a single ray. This characteristic renders it
eminently well-suited to radio compass applications. Reliable long
distanece communication may be obtained at these frequencies, but
the excessively cumbersome and expensive size of the antenna instal-
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lation renders it impractical according to current engineering tech-
niques.

Broadcast waves. During the day, nearly all of the energy that
appears at the receiving antenna is due to the ground wave. Hence,
practically all broadcast antennas are designed to concentrate the
transmitted energy at a low angle of radiation. Nearly all of the
high-angle radiation is absorbed by the ionosphere, probably in the
D-layer.

At night, the ionization of the D-laver decreases to the point
where it is negligible, and the strongly ionized E-layer becomes
important by producing strong reflections so that the sky wave
becomes a definite consideration.

The intensity of the ground wave diminishes much more rapidly
than does the intensity of the sky wave. At distances up to about
50 or 100 miles, the ground wave is stronger than the sky wave.
Thereafter, however, the sky wave is comparatively more important.
As a result, a zone is reached where the two waves are of about the
same intensity. A slight change in atmospheric conditions will pro-
duce appreciable changes in the phase relations of the sky wave with
respect to the ground wave, resulting in violent fading.

At extreme distances from the antenna the ground wave is
negligible, although, under favorable conditions, excellent sky wave
transmission may be obtained.

Short waves—Band A. This is a transitional frequency in which
‘the ground wave is so severely attenuated that it is inefficient for
broadcast use, and the frequency is too low for effective sky wave
communication. Erratic sky waves are produced due to simultaneous
reflections from both the E- and F;-layers, or due to reflections from
either one separately. The inconsistency of the reflections £nd the
attenuation of the ground wave render either sky or ground wave
transmission inefficient and unreliable, relative to other bands.

Short waves—Band B. This band is widely used by the Armed
Forces and the airlines. The rate of attenuation of the ground wave
is such that it may be used for reliable transmission over distances
up to about 30 miles for soil with high conductivity. Thereafter,
however, it is too weak for reception. Except in the region specified,
reliance is chiefly placed upon dependable F-layer reflections, although
transient E-layer reflections are quite common. These transient
reflections, because of sudden and decisive changes in ionic concen-
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tration of the E-layer, usually occur so rapidly that the shift from
E to F, or from F to E reflections is accomplished with little fading
and seldom interrupts service.

Short waves—Band C. The ground wave is rapidly attenuated
and within such a short distance that it is not of any practical im-
portance. F-layer reflections occur with a high degree of efficiency
so that this band is largely used for long distance communication.
It is in this band that the skip distance is of such importance. The
distance between the end of the importance of the ground wave and
the point of reception of the first reflected sky wave is called the
silent zone. The skip distance is the distance between the point of
transmission and the point of reception of the first downcoming sky
wave. The area between the first and last downcoming sky waves,
at the ground, is the region served by secondary coverage. The ground
wave supplies the primary coverage. These terms are illustrated
by Fig. 11.7.

last downcoming
Sky wave

Sky wave

XMTR

‘——'L—- Silent Zone —<—— Reception ——l
Primary
Coverage Secondary
Coverage
Skip distance ——»

Fig. 11.7. Skip distance phenomenon.

The skip distance phenomenon also occurs in Band B, but its effect
is largely obscured by the ground wave since the region of primary
coverage extends practically to the point of reception of the first
downcoming sky wave. .

. Increasing the frequency increases the skip distance until, at a
critieal frequency, around 10 m, and under average conditions, the sky
wave penetrates the ionosphere, is not returned to the earth, and the
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s:lent zone embraces the earth. This makes sky wave transmission
impossible. Slightly below this critical frequency, extremely long-
distance communication may be obtained. Slightly above it, no
effective transmission occurs. The critical frequency may vary over
a considerable range owing to changes in the ionosphere so that a
very long-range transmission is usually produced at frequencies
close to this critical frequency, but far enough removed from it to
make transmission reliable.

Quasi-optical and microwaves. The frequency is too high for use
of the sky wave, and the ground wave is promptly atteruated. Thus,
transmission occurs largely over optical distances by means of the
direct wave. In this frequency bnnd, variations in the index of
refraction of the troposphere produce a certain amount of refraction
of the direct wave, causing it to be propagated over longer distances
than would be expected from ordinary line-of-sight calculations.

Line of sight

Fig. 11.8. Effect of refraction in the troposphere.

Tropospheric discontinuities caused by extreme weather conditions
produce appreciable reflections at certain frequencies. This phe-
nomenon was exploited during the past war by meteorologists who
effectively used 3-cm radar sets as “‘storm hunters,” depending upon
sufficiently strong reflections from clouds to locate storm centers.

11.5 Effect of Ground on Transmission

In the frequency band in which amplitude-modulated broad-
casting is used, it was pointed out in the preceding article that sky
wave transmission during the daylight hours is not feasible. Con-
sequently, the service area for a broadcasting station is limited to
the distance that it can transmit the ground wave with sufficient
signal strength to drive a $14.95 superheterodyne receiver. The
usual area of adequate signal strength is generally assumed te be
within the 500-uvolt contour.
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Good engineering will produce maximum signal strength in the
immediate vicinity of the transmitter, but thereafter, nature runs
its course. The ground introduces a power loss to the radiated wave
that is a function of the soil conductivity and the operating frequency
of the station. For a given location, the conductivity is relatively
fixed; at least, there is not much that the station engineers can do

" S25iaiiSSEsE Eiﬁ S5 ﬂ'os
o HHHH T s .
" i R aRRa st R HE
L
.
J
9
== H
i
1 ‘04
% = H ﬂ .
%! it 3
[] Q) g
. 7
>, 5
. 2 > D g
° 2\ &
. G NG 2
2 3
sz A _oi QO =2 S
X ) i g
T b
<
< N 0%
3 S\
¢ volt
8
our
o
1]
' 5 .
:"t" T
e .
K Y ¢ eTeNie 0 ) V10 O § TN
1.0 10 0

Miles from the ontenna
Fig. 11.9. Effect of ground on broadcast station service area.

about it. But, it is interesting to ascertain the effects of frequency
on the service area, assuming two extremes of soil conductivity. The
results appear generally as shown by Fig. 11.9. Assuming perfect
conductivity for the earth, the field strength as a function of distance
appears as shown by the straight line in the figure. This relationship
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would hold for any frequency, but it would be affected by the power
of the station. At a low frequency (around 550 keps) and with a
good conducting earth, the 500-uvolt contour extends to over 100
miles. A marked drop in soil conductivity contracts the service radius
to about 35 miles. But, for this lower conductivity the service radius
drops to about 10 miles if the frequency is increased to the high end
of the broadcast band (about 1500 keps). It should be obvious
then that ground wave transmission, at frequencies above the broad-
cast band, is economically impractical.

11.6 The Dielectric Constant of the lonosphere

The presence of free charges in ~onsiderable quantity in the iono-
sphere give it distinet and unique properties as a medium of electro-
magnetic wave propagation. The effect of the presence of these
charges is most conveuiently accounted for by calculating a new
dielectric constant for the ionosphere that can be expressed in terms
of the dielectric constant for free space and properties and densities
of the free charges. For the present, the effect of the earth’s magnetic
field will be omitted from the calculation.

Assume a dielectric medium of dielectric constant ¢, which con-
tains a gas of free charges, each of charge ¢. If an electric field E is
applied across a volume of this medium, the force on the charges
due to this field may be written as

f=¢E =ma (11.1)
where m is the mass of the charge. Replace the acceleration a by
dv/dt, obtaining
dv
dt
Assume that the electric field intensity is a harmonic function of
time according to the relationship below:

E = E, sin ot (11.3)

Substituting back into Eq. (11.2) yields

gE =m (11.2)

gEn sin wt = m%;l (114)
or, solving for the differential velocity,
dv = LB, sin ot di’ *(11.5)
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Integrate both sides of the equation, obtaining
— _ 9En
v = om0 wt + K (11.6)

The constant of integration, K, can be neglected because interest
is centered on the variation in veloeity, not in its absolute value.
The general expression for the current in any medium contains

two separate terms,
i = conduction current + displacement current

= il + iz
The displacement current, i, is
. oD _ 9E _
p= =y = weE,, cos wt (11.7)

The conduction current, i,, is
= Qv = Ngv (11.8)

where N is the number of charges per unit volume, ¢ is the charge,
and v is the charge velocity. From Eq. 11.6, the velocity is given as

v = —ql‘:—"‘cOSwt
Mw

which, when substituted in the equation for the conduction current,
gives

. _ N¢
ir = avon E,, cos wt (11.9)
Consequently, the expression for the total current is
2
i= (we - -]Yi)E,, cos ol (11.10)
wm
Rearranging terms,
2
i= (e - gz,,%)“’Em cos wi (11.11)

However, the last factor, wE,, cos w, is actually the derivative of the
electric field intensity. That is,

dE
ot

i= ( )"E (11.13)

wE,, cos wf = (11.12)

Hence,
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The ordinary expression for displacement current is

. _ ,9E

i=¢ (11.14)
Consequently, from a term-by-term comparison of Eqs. (11.13) and
(11.14), it can be deduced that the medium under consideration can

be thought of as a dielectric medium with a dielectric constant ¢,

where
Ng? No?
6, = (6 - w2€n~> = é( e "";f‘i-e‘) (11.15)

The medium on which the analysis was made is analogous to the
ionosphere. Hence, the ionosphere acts like a medium with a dielec-
tric constant ¢’ such that

¢ = e(l - "ez) (11.16)

mw?e

where ¢ is the dielectric constant of the ionosphere, € is the dielec-
tric constant of free space, n is the number of free electrons in space
per unit volume, m is the mass of the electron, e is the charge on the
electron, and w or 2xf is the angular velocity of the electric field.
Because of the dependence of ¢ on the frequency f, there is some
value of f (or w), at which the dielectric constant of the ionosphere is
zero. This is usually called the critical frequency and denoted by f..
. Letting f = f. in Eq. (11.16) yields

ne?
f&= o (11.17)
Substituting Eq. (11.17) back into Eq. (11.16) yields
2
¢ = e(l —%) (11.18)

Apparently then, as a function of frequency, the dielectric constant
of the ionosphere can vary over a range from the dielectric constant
of free space, through zero, to minus infinity.

11.7 Index of Refraction of the lonosphere

The equation for the dielectric constant of the ionosphere, Eq.
(11.18), may be used to obtain the index of refraction of the iono-
sphere. To a first approximation, the problem at the boundary
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between the sttatosphere and ionosphere may be represented-as
shown in Fig. 11.10 in which it has been assumed that a sharp
boundary exists between the two strata. ¢, is the angle of incidence
of the radiated sky wave on the boundary; ¢r is the angle of the trans-
mitted wave, that is, the refracted wave; ¢z is the angle of reflection,
which'ig the same as the angle of incidence.

Surface
Normal

Transmitted

| (retracted) wave
Ion%s'phere bounding
€ surface
Stratosphere
Incident
Yove Reflected

Fig. 11.10. Hypothetical reflection at boundary between
ionosphere and stratosphere.

The phase velocity » of a wave in a homogeneous isotropic medium
is given by the following expression:

Vi
v=\/—
WE

where u is the permeability and ¢, the dielectric constant. The
index of refraction at the boundary between two different, but homo-
geneous, mediums, is given by

where 7 is the index of refraction, v, is the phase velocity in one
medium (stratosphere), and v; is the phase velocity in the other
medium (ionosphere). In the case under consideration the perme-
ability is the same in both mediums, so that substitution of the
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expresaions for v, and v; into the equatien for the index of refraction

yields
y = \/g - \/ 1 - (%) (11.19)

Thus, it is apparent that the index of refsaction, like the dielestric
constant, is a function of frequency. When this equation was first
derived, several years ago, considerable controversy resulted, since
the index of refraction n becomes imaginary when (f./f)>1. The
meaning of an imaginary index of refraction was the subject of wide-
spread discussion. Subsequently, a more exact analysis by Pederson
showed that, actually, n was always real and given by the relation

1=+ VY ()] (11.20)

where ¢ = ( —-";.—.-2-)

Consequently, when the dielectric constant of the ionosphere is
positive, the index of refraction is

_ \/ ¢
= €
as given by Eq. (11.19). But, when ¢ is negative, the index of refrac-
tion is zero. Hence, Eq. (11.19) is true for positive values of ¢ only.

11.8 The Maximum Usable Frequency (MUF)

For maximum efficiency of transmission, that is, for maximum
signal at the receiving antenna, it would be highly desirable to pro-
duce total reflection from the ionosphere. For total reflection, the
angle of the refracted wave must be 90° as measured from the normal
to the boundary. In general, from optics it is known that the index
of refraction can be specxﬁed in terms of the angles of the mcldeﬂt
and refracted waves, as given in the following equation.

= Siner (11.21)
sm @r

Thigrefore, if the conditon for total reflection is assumed,
‘ or =.90°
and henge,: . . . Sil.or mab .
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Therefore, the equation for the index of refraction is

7 = 8in ¢ (11.22)
But, from Eq. (11.19)

n = V/ AN (;) a2

Equating (11.22) and (11.23) gives

sin ¢r = \/1 - (‘L")z (11.23a)

Square both sides, collect terms, and solve for the frequency f Thls
process yields

fe I 2 can?
f2 = 1—= sin’w = E-O—élep[ = fc secCor (11.24)
or J = Jesecor (11.25)

Hence, for all values of the angle of incidence of the radio wave greater
than that given by Eq (11.23a), total reflection occurs, and Eq.
(11.25) gives the maximum usable frequency (MUPF) for which total
reflection can be produced Thus, for most effective use of the iono-
sphere in transmission, the radio frequency must not exceed the MUF.

11.9 Virtual Height of the lonosphere

The discussion thus far has proceeded upon the inference that the
boundary separating the ionosphere from the rest of the atmosphere

i
Y4 y222e
Fig. 11.11. Virtufl height of the ionosphere.
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is a sharp discontinuity in dielectric constant, so that reflection
occurs at the boundary surface. Actually, the line of demarcation
is not sharp, but changes rather gradually as is indicated by Fig. 11.2,
which shows the electron density as a function of altitude. In such
a case, true reflection does not occur;.the incident wave is gradually
refracted away from the normal to the boundary at a rate depending
upon the gradational increase of electron density. If this rate of
increase is sufficient, the total refraction will eventually reverse
the ray direction and send it downward, as indicated by Fig. 11.11.

The refraction results from an increase in phase velocity, not
energy velocity, owing to the change in dielectric constant with
increasing electron density. The problem in geometry is consider-
ably simplified if it is assumed that the ionosphere actually does
present a sharp houndary at the height k. shown in Fig. 11.11. The
approximation yields equivalent, or virtual, heights h, consistent with
experimental results.

The virtual height may be measured by a method similar to radar
and originally conceived by Breit and Tuve about 1926. A pulse is
transmitted vertically up, and the time of travel of the returned echo
is measured. When converted to distance, assuming the RF pulse
velocity is the same as the velocity of light, a graph of the form shown
in Fig. 11.12 is obtained. In such a case, the angle of incidence is
0°, so that, from Eq. 11.25

f=1fsecer =f. Sincesec0° =1

|
I
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frequency f —e

Fig. 11.12. Experimentally determined layer curves.
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Hence, the critical frequency f. can be defined as the maximum
frequency which will produce total reflection from a vertically inci-
dent wave. The virtual height A, is the height at which reflection
would occur in a purely geometrical manner from a sharp surface
discontinuity as shown by the dotted line in Fig. 11.11.

11.10 Practical Application of lonospheric Reflection

The application of this material to a practical problem in radio
transmission presents a rather neat geometrical analysis, which is
accomplished by the engineer’s stand-by, cut and try. The problem
posed is essentially this:

A transmitter operating at a particular location is required
to lay down a signal at some designated receiving point, so
far distant that sky wave transmission is necessitated. The
values of operating frequency and angle of incidence of the
transmitted wave with the ionosphere that must be used to
accomplish the transmission, are the factors to be determined.

It was previously shown that the maximum usable frequency is
given by
J = Jesecer
Assuming a plane earth and disregarding the polarizing effects of the
earth’s magnetic field, the problem in geometry is as shown in Fig.
11.13. Assume an operating frequency f;, and then assume a series

XMTR RCVR
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PLANE EARTH

[ - d
Fig. 11.13. Geometry of sky-whve transmission.
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of values for the virtual height which, from experience, are heights
at whigh reflection may reasonably be expected to occur. Since the
distance of transmission d and virtual height h, are then known,
values of the angle of incidence ¢; may be obtained by geometry for
each value of equivalent height assumed. Substituting the values
of the angle of incidence so calculated into the equation for the fre-
quency, given above, yields

Sz = fesec or

This vields a series of values for critical irequency f. which correspond
to the various values of virtual height assumed. Rcpeat this process
for several other assumed operating frequencies, f, and f..
If the values of critical frequency obtained by this procedure are
plotted against the assumed values for the virtual height, the results
appear as shown by the dotted curves in Fig. 11.14. The solid

Virtual height he —=

Frequency —»

Fig. 11.14. Method of solution of sky-wave transmission
problem.

curves are actual experimentally determined plots of the equivalent
height as a function of frequency.

The curve for critical frequency corresponding to the assumed
operating frequency f; is f. , and, as drawn in Fig. 11.14, shows that
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it is a possible frequency for E-layer transmission, just as the inter-
section of f. with the F-layer shows that f, is a possible operating
frequency for F-layer transmission. e, is obtained from the as-
sumed frequency f,, and since it does not intersect either layer, f, is
an operating frequency for which no sky wave transmission would be
feasible. The selection of the operating frequency f. produces a
curve of critical frequency f. = that is just tangent to the F-layer and
thus represents the F-layer MUF.

In general, it is highly desirable to obtain the value of the MUF
for each layer since the selection of the operating frequency is based
upon the value of the MUF. 1If the operating frequency is much
less than the MUF, the losses in the ionosphere become large and
efficiency is reduced. On the other hand, if the operating frequency
is very close to the MUF, slight changes in the ionosphere (which
always occur) will make transmission very erratic. Consequently,
it is common practice to strike a compromise and operate at 85 per
cent of the MUF. The resulting frequency is usually called the
optimum working frequency (OWF).

Now, return to the problem. Since f, is the MUF for the F-
layer, the station operating frequency should be picked as 85 per
cent of f, so as to use the OWF for that layer. Using the OWF as
the operating frequency, follow the same procedure as before, ob-
taining a plot of critical frequency corresponding to the OWF. The
intersection of this curve with the experimental-layer curve gives
the value of virtual height h, from which the required angle of in-
cidence can be calculated.

It is possible that the plotted curve for Critical frequency’ hiay
intersect the experimental-layer curves at more than one point.
This produces dual reflections, which arrive at the receiver with
different amplitude and phase conditions, resulting in frequent and
appreciable fading. Consequently, it would not be a desirable
operating frequency.

At the present time the data from which such calculations as
these are made are compiled and prepared into nomographs by the
Bureau of Standards. This enhances computatien, but it obscures
the fundamental nature of the analysis. When the student is familiar
with the underlying mechanics of the problem, he is equipped to
‘undertake the use of the prepared nomographs.
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11.11 Effect of the Earth's Magnetic Field

The problem of electromagnetic propagation in the ionosphere has
been somewhat oversimplified by neglecting the effect of the earth’s
magnetic field. The presence of this field complicates transmission
and causes deviations from the simple theory enunciated so far.

Consider a plane electromagnetic wave being propagated through
the ionosphere. Assume the coordinate system in such a way that
the direction of propagation of the wave is along the Z axis. Since
propagation is in the Z direction, and since the wave is a plane wave,
then the electric and magnetic fields are entirely within the X-¥
plane and neither field has a Z component.

Assume that there are n particles of charge ¢ and mass m per unit
volume. To account for the earth’s magnetic field, assume that a
static magnetic field is present that may be resolved into two com-
ponents, one transverse to the direction of propagation and one paral-
lel (longitudinal) to the Z axis. Only the longitudinal component
H, will be considered since it is the only one that produces a primary
effect on the traveling wave.

The force on any one of the charges may be written as

= O
T de

In terms of the field quantities, both the magnetic and electric fields
exert forces. That is

f=ma (11.26)

=¢E + ¢(B X V) (11.27)

where E is the, electric field intensity and H is the magnetic field
intensity = B/uo. Assuming the section of the ionosphere under
consideration to be homogeneous and isotropic, then

= ¢E + poe(H X V) (11.28)
Equating the two expressions for the force on the charge,
‘5; [E + wo(H X V)] (11.29)

Carry out the indicated vector cross product and equate like com-
ponents of the vectors on either side of the equal sign. This process
¥ields the fallowing equations:

B = 21 + wolo,Ho — vH,) (11,30)



434 PROPAGATION OF RADIO WAVES [§11.11

%273 = %[Ey + po(v.H, — Hw.)] (11.31)
2,
%t—f = %leo(vzﬂy - v,H.)] (11.32)

Note that the longitudinal component of the earth’s magnetic field
H, is the Z component of the total magnetic field. The electric field

has no Z component at all, of course.
The force exerted by the electric field of the incident wave is, for

the X component,
fe = ek,
and the force for the magnetic field is
Jm = povHy

The ratio of these two forces is

L () - dAWVE - 42)

where E,/H, = \/ #_;/?0 for a plane wave in free space (see Art. 6.14),
cis the velocity of light(=+/1/ue), and v;, the charge velocity. Now,
the velocity of light is very much greater than the charge velocity,
so the ratio is practically infinite. Hence, the force due to the mag-
netic field of the traveling wave is negligible compared to the force
exerted by the electric field. The equations of motion consequently
reduce to

dr’

T = (B + wHw,) (11.33)
T = 2B, — uoHw.) (11.34)
d%

v i 0

Therefore, the charge motion is purely transverse to the direction of

wave propagation, that is, motion is entirely within the X-Y plane.

A considerable simplification can then be made by using the complex
notation of ordinary circuit analysis. In other words, let

E =E. + jE, (11.35)

H=H.+jH, (11.36)

‘s =x4jy (11.37)
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Thercfore Eqs. (11.33) and (11.34) can be written as

d’s e ds
d_tz = ;'L(E -_— ﬂOHO a—t-) (11.38)
Or, in the customary form for a differential equation,
d?s enoH o\ ds e\ _
7+ ()i - () =0 (11:39)

The expressions for E and H may be obtained in a general form from
the wave equations. In Art. 6.14 it was shown that the electric and
magnetic fields in a TEM (plane) wave have the following general
character, assuming harmonic time dependence:

E = Ae*itrve—ot H = Be*itrz—wt) (11.40)
Assume a similar form for the charge displacement, that is, let
§ = Ce*itve—wt) (11.41)

It is a valid assumption because the form of the differential equation
for the displacement is substantially the same as the wave equation
for a plane wave. These three assumed solutions must satisfy Eq.
(11.39) and Maxwell’s equations, which are given below.

vXE=CulE = -MO%I
va=cur1H=eo"ai;3+J

For the plane wave under consideration, and in the complex notation
specified, these equations reduce to

or _ . oH _

oz M1

oH , . 8E _ . ds
E"‘J‘“’a_t_”w&? (11.42)

To verify the validity of the assumed solutions, substitute Egs.
(11.40) and (11.41) into Egs. (11.39) and (11.42). This process

yields
(_ _e_)A + ('—w’ = M)C =0
m m

(n)A + (juow)B = 0
(eow)4d + (jn)B + (new)C = 0
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A trivial solution would result if the constants A, B, and C were
zero. So, if the assumed solutions are to be valid, then the value of
the third-order determinant formed by the coefficients of the con-
stants must be zero. Setting up this determinant and evaluating it
leads to the following equation:

7 _ ___ne/me

Ho€ow? w? = euHow/m

But c is the velocity of light 4/1/use; v1, the phase velocity v/w; and
7, the index of refraction ¢/v. Hence, substituting for these quantities
yields

(1143)

__ me/me
w? = (epoH ow/m)

1'his produces two possible values for the index of refraction, 7+ and
71—, depending upon the choice of sign in the denominator. Hence,
the ionosphere has two modes of propagation with distinctly different
phase velocities corresponding to the dissimilar indices of refraction.

The effect of the earth’s magnetic field on a radio wave is rather
remarkable. A linearly polarized wave entering the ionosphere is
split up into two components, a right-handed and a left-handed
circularly polarized wave. The first is called the extraordinary wave
and is propagated with a phase velocity v+, while the latter is called
the ordinary wave and has a velocity »-.

Reflection of the sky wave at the hypothetical boundary of the
ionosphere is determined by the index of refraction. As a result, the
wave returning to earth may have a strong circularly polarized com-
ponent present that contributes to fading.

11.12 Standard Atmospheric Refraction

In the FM and television parts of the frequency spectrum, trans-
mission is accomplished largely over optical distances by the direct
and ground-reflected waves. Transmission occurs almost exclusively
within the troposphere. Up to this point the troposphere has been
assumed to be homogeneous, so that the dielectric constant, and
consequently the index of refraction, is constant. Actually, this is
not quite true. As the altitude increases, the temperature, pressure,
and water vapor content all generally decrease. This causes a gradual
reduction in the index of refraction with increasing altitude. Con-
sequently, the phase velocity increases somewhat at the higher

7=1- (11.44)
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altitudes, causing a very gentle refraction of the direct wave. To a
small extent, the wave follows the curvature of the earth and causes
transmission to occur over larger distances than would be predicted
by ordinary line-of-sight calculations.

/Actuol Station
Horizon
\\

=~

Fig. 11.15. Curved wave over actual earth.
Calculations of station coverage are usually, and more easily,
made by assuming straight-line transmission. The effect of atmos-

pheric refraction is then accounted for by assuming the earth to have
a larger radius than it actually does. The specification of this effec-

-~ &
~
S \
S Actual Station

Horizon

Fig. 11.16. Assumed straight ray over fictitious earth.
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tive radius depends upon the character of the troposphere. A
standard has been established that is the average atmospheric con-
ditions for the middle latitudes of North America. This is referred
to as a Standard Atmosphere and the refraction it produces is called
Standard Atmospheric Refraction.

Assuming a standard atmosphere, the fictitious radius of the
earth is selected in such a way that the straight line drawn from the
transmitter is tangent to this hypothetical earth at the same distance
from the transmitter as the actual refracted signal is tangent to the
actual earth. Figure 11.8 shows the extension of the station service
area to a new horizon as a result of atmospheric refraction. Figures
11.15 and 11.16 show the relationship between the actual curved
ray over the true earth and the assumed straight line over the
fictitious earth.

As a matter of terminology, let . be the actual radius of the
earth; r,, the radius of the curved path of the actual wave; h, the
height of the wave above the earth; s the distance of travel of the
wave to the point of tangency with the earth; and k, the constant
specifying the proportion between r, and r,. From the right triangle
in Fig. 11.16,

(8® + (kr)? = (h + kr.)?
or 8 + (kr.)® = h* + 2hkr, + (kr.)?

By inspection of the figure it is apparent that
h < h(kr.) since kr.> 1

Hence, the equation reduces to

& = 2hkr,
Solving for k yields
s!
h = -27(-3-7‘_,
Following the same procedure for the right triangles of Fig. 11.15,
s g
h| = *27; and hg = '27‘,

But, from Fig. 11.15, by -definition,
h=nh —h
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Therefore,
1 1 1

k.~ r T 1y
Solving for the constant k yields
k= —1v
B Tw — Te

For a standard atmosphere it has been found that

Tw = 47,
Consequently,
% =4/3
and the effective radius of the earth is
re = kr,

= 4/3r, = 1.333r,
Actually, % varies over a range from 1.1 to about 1.6, the value
varying directly as a function of the temperature and inversely with
humidity.
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APPENDIX 1

FUNDAMENTAL CONSTANTS

Electronic charge:
¢ = (1.600 = 0.002) 10~* coulomb

Eleetronic mass:
m = (9.156 = 0.018) 10~ kg
Ratio of electronic charge to mass:
e/m = (1.7571 = 0.0015) 10" coulomb/kg

Dielectric constant of free space:
€ = 8.854 X 10712 3%—“ X 102 farad/m

Permeability of free space:
po = 4w X 1077 ~ 1.257 X 10~¢ henry/m
Velocity of light:

¢ = \/—L = 2.998 X 10° m/sec
Ho€o
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APPENDIX II

SOLUTION OF THE CYLINDRICAL
WAVEGUIDE

A’r ANY ordinary point in space, Maxwell’s equations in differential

form are H
) :

v XE i 1

VXHE =] + aD = (" + ‘?%)E @)

In the usual case, both vectors may be assumed to be related to the
direction of propagation z and to depend upon time in the manner
specified below.

E’ = Ef%#!~" = Ee’!  where E = E%
H’' = Ho%iwt—7: = He»*  where H = Ho% "+
Substituting these relationships into equations (1) and (2) yields
VX E = —juuH )]
VXH = (¢ + jwe)E 4)

It can be shown that the curl of a vector F in cylindi‘iéal coordi-
nates is given by

_ 1 0F, oF, oF, BF)
VXF-(;BG az) +(6z ar )
1 oF,
l:r ar(’F’) r 60}

Readers interested in the development of this relationship are
referred to pages 50-52 of Electromagnetzc Theory, by J. A. Stratton,

McGra.w-Hlll 1941.
Application of this relationship to Maxwell’s equations will yield

the following terms when components are equated.
441
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%%1% _ % = —jouH, (@)

8 0B juuH, (b) ©)
%%(TE,) - %% = —jwuH, (c)
%%_‘_’gh (0 + jwe) B, @ |

a;:' - ag’ = (0 + jwe)Eo (b) )
Yomy 2o ot jooE. @

In Article 7.15, pages 316-319, the derivation of the field equa-
tions for the cylindrical waveguide was carried through in terms of the
rectangular components of the E and H vectors. However, the
Laplacian operator in cylindrical coordinates was used. As long as
the rectangular components of the field vectors are used, the original
vector wave equation may be reduced to a scalar equation that must
be satisfied by each of the rectangular components. This is true
regardless of the coordinate system used for the Laplacian. How-
ever, it is not true when the field vectors are expressed in any other
coordinate system, such as cylindrical coordinates.

It is evident that a difficulty has been introduced because our
solution is carried through in terms of the rectangular field com-
ponents, whereas we want the cylindrical components. Conse-
quently, it becomes necessary to develop a method of converting the
rectangular components obtained from a solution of the scalar wave
equation in cylindrical coordinates to the desired cylindrical com-
ponents.

It should be noted that it is not necessary to follow this par-
ticular method. It is possible to derive the vector wave equation
in cylindrical coordinates from the VX VX E and VXV X H
relationships. However, the procedure outlined in the preceding
paragraphs is used in an effort to preserve a generalized viewpoint
consistent with the method followed for the rectangular waveguide.

The equivalence between the various field components in the two
coordinate systems may be established in the following manner.
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Refer to the definitions of the coordinate systems given on page 316.
We can write

E.=FE,cos 0 — Eysin 0 H,=H,cos 0 — H,sin 6
E,=E,sin 0+ E;cos 6 H,=H,sin0 — I,cos 8
E z = E z H : = H z
Note that the z component is common to both coordinate systems.
Consequently, it would be advantageous to express the other cy-

lindrical components in terms of the z components. This is readily
done as follows. Solve equation (5b) for H,.

1 (dE, O9E)\ _ 1 oF.
Ho= =5 (E - aT) = e (7”f ar)

vE, | 1 OE,
Jou  Jop or
The derivative with respect to z is then

aHo ')'2E Y BE’,

9z Jo T jwu or
Now substitute this into equation (6a).
19H,  v'E, v OH,

r 06 Jou  Jwu dr

. Then, solving for E, yields
1 dE, , 10H,
E. = Jou(e + jwe) — 72 (' ar T7 o6 ) ™
Application of this same method to the remaining components

Hence,

9=

= (¢ + jwe)E,

will give
_ 1 voE, _ . oH,
Bo= e T iod =7 (r 39~ T e ) ®
1 ( 3H, _ jwe OE, )
"7 Joule + jwe) —v2\'or ~ r a0
1 yoH, . 9E,
Ho = Juou(o + jwe) — v (r a9 +Jwe—67) (10)

Equations (7) through (10) express the remaining cylindrical com-
ponents in terms of the z components common to both coordinate

systems.
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It is evident then that the field equations defining operation in a
cylindrical waveguide may be obtained by applying the scalar wave
equation, as in Article 7.15, to the z component of both the E and H
vectors. The remaining components are then evaluated from equa-
tions (7) through (10) in this Appendix.
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choice of 150-151"
Interstage networks 151-153
Intrinsic impedance of free space 283
Ionosphere 413

Ionosphere (Continued)
critical frequency 425
dielectric constant 423-425
equivalent height 427-429
index of refraction 425-427
layer curves 429
layers 414-416

D layer 415-416, 418, 419
E layer 415, 418, 419
F, layer 415, 416, 419
F, layer 415, 416
maximum usable frequency
(MUF) 427-428
modes of propagaticn 436
optimum working frequency
(OWF) 432
reflection from 425-427
application 430-432
variations in height 416
virtual height 428-430
Ionospheric wave 417

Janskr 172

JoreH, M. L. 104

JoHNAN 172

Jorpan, F. W. 104

Jp(rK;) 319

Junction between waveguides 304

KgaL, O. E. 172
Kennelly-Heaviside layer 413
KiLcorg, G. R. 411
King, R. 356
Klystron (see Chap. 9):
amplifier 368, 379
Applegate dxa,gmm 361-363
applicatigins 379
frequency modulation 371-373
frequency multiplying 365
reflex:
bunching 375
characteristics 377
tuning 378-379
voltage modes 376-378
two-cavity 360-361
Applegate diagram 361-363
bunching 363-364
catcher current 364-365
de-buiiching 363 °
modes of oscillation 370-371
oscillator 368-370
over-bunching 363
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Klystron (Continued)
phase shift 365-368
point of maximum bunch
(PMB) 363
tuning 373-374
under-bunching 363

Lang, H. 172
Laplacian operator 286
operation on a scalar, cylindrical
coordinates 318
rectangular coordinates 254
Lz ComrBEILLER, P. 104
Lead inductance 333, 335-336
Lewiz, W. B. 104
Lighthouse tube 150, 336-339
Limiter action in oscillators 339, 340
LinpENnBLAD, N. E. 356
LinpEr, E. G. 328-411
LreweLLYN, F. B. 172, 356
Long waves 418
Low-frequency compensation in
amplifiers 135-137, 143-145
Low-frequency response, resistance-
coupled amplifier 113, 114
Lyncu 172

Magnetic field, tilt 399
Magnetrons (see Chap. 10):
cavities in 404, 406, 407
characteristics 394, 410-411
continuous-wave (CW) 408-410
cutoff 390-391
cyclotron mode 394-397
efficiency 397-399
electronic trajectories 395, 398
dynatron 392-394 :
characteristics 395
electronic trajectories 393
electron motion: -
deductions from solution 387-390
derivation of equations 383-385
solution of equations 385-387
steady fields 387-390
end plates 397 -
modes of oscillation 392
pi (7) mode 405411
prototype 382
push-pull 392-394
rising sun 406-407 -
split anode, 382, 302, 393, 399, 404
406

td

INDEX

Magnetrons (Continued)
strapped 406-407
tilting magnetic field 399
traveling-wave mode:
efficiency 403
electron bunching 402-403
electronic trajectories 401, 404
frequency 402
interaction field 399-401
mode separation 405-407
modes of oscillation 404-405
phase selection 402-403
space charge 403-404
Maximum usable frequency 427-428
Maxwell’s equations:
rectangular coordinates 249, 296
vector form 249, 253, 296
MecNally tube 380
Mgap, S. P. 328
Measurements on transmission line, of: -
impedance 208-209
power 208
Mercavrg, G. F. 380
Method of separation of variables 287-
289 )
solution of the wave equation:
cylindrical waveguide 317-319
rectangular waveguide 289-291
Midband performance of amplifiers
112-113
Miller effect 118
Mimno, H. R. 439
Mode number 258
Modulation: i
frequency, of a klystron 371-373
intensity 360
velocity 358-360
Multistaging (see Amplifiers)
Multivibrators:
cathode-coupled 91-94
circuit diagram 91
gate widths 94
practical circuit values 102
waveforms 94
driven 89-91, 102
free-wheeling 69-89
frequency control 88, 89
plate-coupled: :
calculation of waveforms 71-77
circuit diagram 70
driven 89-91
effect of grid return 87-89
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Multivibrators(Continued)
equivalent circuits 72, 73, 77
explanation of operation 69-71
frec-wheeling 69 .
frequency, uncontrolled 77-79
practical circuit values 102
single-shot 89-91
start-stop 89-91
waveforms 74-76

synchronization 80-87
favoring 82-84
f/n control area 81
in-phase injection 84-86
loss of control 82
methods of injection 82
pulse 87
sine-wave 80-86
unbalanced 88

Nagy 172
Natural frequency, multivibrator 79
Negative grid oscillator (see Oscillators)
Negative resistance:
classification of devices 61-62
in magnetrons 395
in. pentodes 62
in tetrodes 62
trigger circuits 56, 59
No distortion, requirements 111
Noise:
antenna 168
character of 167-169
gain limitations due to 166-167
thermal agitation 168
tube 168
induced grid noise 168-169
interception noise 168
shot noise 168
Normalizing 218
NorTH, D. 0. 172
NyquisT, H. 172

OAKEY 172
OxABE, K. 411
Optimum coupling 164
Optimum working frequency 432
Ordinary wave 436
Oscillators:
basic theory 339-341
blocking 94-99
Colpitts 340, 342-344, 345, 346
filament connections 350-352
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Oscillators (Continued)
frequency limit 330-332
Hartley 340, 3142-844, 348
interelectrode capacitance,

effects of 332, 335-336

klystron:

reflex 375-379

two-cavity 368-371
lead inductances, effects of 333
lighthouse tube 339, 344-345
magnetron (see Chap. 10)
negative-grid 339-349
output-coupling 352-353
positive-grid 353-356
power supply connections 350-352
pulling 201
push-pull 347-349
relaxation 99-101
ring 348-349
tapped resonant circuits 341-342
types 339-340
ultra-audion 345-346

Output coupling 352-353
Ozonosphere 413

Parabolic waveform 24
Parasitics 349-350
suppression of 349-350
Peaker: :
R-C 32, 52, 53, 102
R-L 20, 102
R-L-C 46-47, 102
Peaking inductance 121-122
Penetration, effective depth of
current. 276-279, 324, 331
Pentode constant-current circuit 41
Pentode, special case of, in
amplifiers 117-118
Pentode trigger circuit 62-63
PETRICH 172
Phase constant
four-terminal network 110-111
parallel-plane waveguide 261
rectangular waveguide, 295, 298, 300
transmission line 183-186
Phase distortion 111
Phase shift, in:
amplifiers 115, 125
klystron 365-368
Phase velocity 269-272
transmission line 189 .
Plate resistance, static 3-4
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PoLrack, D. 173
Power: .
dissipated in a cayity 325
measurement of 208
Poynting vector 300-302
PRrEISSMANN, A. 172
Preselector 150-151
Primary coverage 420
Propagation:
condition for in waveguides 262
of radio waves 412-439
Propagation constant:
parallel-plane waveguide 260-263
rectangular waveguide 295
transmission line 183-186
PuckLg, O. 8. 104, 173
Pulse:
Fourier analysis of 106-110
generator 31-37
repetition frequency, effect on am-
plifier bandwidth 109
synchronization with 87
width, effect on amplifier bandwidth
109-110
Pulse amplification 105-169

Q:

definition 320

of cavity resonators 320, 323-326

transmission line 214-217
Quarter-wave transformer 231-232
Quasi-optical waves 421

Radiated wave:
character of 416-417
effect of earth’s magnetic field 433-
436
effect of frequency 418-421
effect of ground 421-423
R-C peaker 15-19, 24, 102
Rectangular cavity 321-323
Rectangular coordinates 247, 285
Rectangular waveguides (see Wave-
. guides)
Reflection coefficient 191-193
Reflection from.ionosphere 425-432
Reflector electrode 375
Reflex klystron 375-379
Refraction:
index of, in ionosphere 425-427
of troposphieric wave 436-439.
Btandard Atmospheric 436-430

INDEX
. Reicy, H. J. 104

Reclaxation oscillator 99-101°
Repeller 375
Resistance-coupled amplifier (see
Amplifiers)
Resistance of a single conductor 246
Resolution of TE, mode into
elementary waves 266-269
Resonant cavities:
in magnetrons 404, 406-407
rectangular 321-323
Resonant frequency 45, 213, 323
Resonant transmission line 198, Chap. 5
R-F Amplifier (see Amplifiers) 150
Ringing circuit:
diagram 47
equivalent circuit 48
waveform 48
Ring oscillator 348-349
R-L integrator 20
R-L peaker 20
R-L-C circuits:
critically damped 45
oscillatory 45
overdamped 45
review 44-46
R-L-C peaker 46, 47
R-T device 243

SamuEL, A. L. 356
SarBacHER, R. 1. 171, 327, 411
Saw-tooth current generator 42-44
Saw-tooth voltdge generator 37-39, 102
bootstrap 41, 102
circuit diagram 38
equivalent circuit 39
linearity improvement 39-42
pentode charging circuit 41
practical circuit values 102
waveforms 40
Saw-tooth wave, Fourier development
23

" Scalar wave equation (se¢ Wave ‘

equation)
Scuants, D. D. 172
SCHELKUNOFT, S. A. 328 .
Secondary coverage 420
Secondary emission 62
SeeLEY, S. W. 178, 358
Separation of variables 287-289
Series peaking (see Amplifiers)
Shepherd-Pierce tube 380
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Short waves 419-421 TE,,, mode 299
Shunt peaking (see Amplifiers) TE,,, mode 299

Signal-to-noise ratio 167
Silent zone 420 )
Sine-wave synchronization 80-86
SkiuLiNng, H. H. 327
Skin depth 279
Skin effect 276-279, 324, 331
Skip distance 420
Skirt selectivity 153
Sky wave 417
transmission 430-432
SvaTER, J. C. 327
Smith chart 224-227
Smoother grid 374
SouraworTH, G. C. 328
Space charge, in magnetrons 403-404
Spectrum amplitude coefficient 108-109
Splitting capacitances, in;
oscillator 335
series-peaked amplifier 128
Square-wave, balanced 17
Square-wave analysis 146-149
Square-wave generator 9-11, 33
Stagger tuning 165-166
Staggered pair 166
Staggered triple 166
Standard Atmosphere 438
Standard Atmospheric refraction 436-
439
Standing waves 195-199
Standing-wave ratio 199-200
determination of 220
Static grid resistance 8
Static plate resistance 3,4
Strapping, of magnetrons 206, 407
Stratosphere 413
StraTTON, J. A. 327, 439
Strurr, M. J. O. 171
Stubs, for impedance matching:
double 237-240
single 234-237
Sun spots 416
Surge impedance 187-188
Swirr 173
Synchrg;lization of multivibrators 80-

TE mode 251, 25&260

TE; mode 264-265 275-276
TE: modé 258

TEX:O mode 297-299

TEm,» mode 204-297, 298
Telegraphers’ Equation:
derivation 178-180
solution 180-183
TEM mode 281-282
TerMaN, F. E. 104
Terminal devices in waveguides 304-305
Thermal agitation noise 168
Time constant:
differentiator 16-19
grid leak bias 30
integrator 19-21
plate-coupled multivibrator 73, 77-79
pulse generator 35, 37
relationship to amplifier half-power
frequencies 148
sawtooth voltage generator 39
trapezoidal voltage generator 43
Time delay:
amplifiers 110-111
transmission line 189
TM mode 252
TM m,n mode 298
Transformer:
blocking oscillator 95, 96
double-tuned 159-162
eighth-wave 233
quarter-wave 205, 231-232
Transient analysis:
differentiator 15-19
integrators 15-19
Transient response:
resistance-coupled amplifier 148
video amplifier 148
wide-band amplifiers 153
Transit time, effects in:
klystron 366
magnetron 389 ’
oscillators 331-332, 333-335
UHF tubes 333-335
Transitional coupling 164
Transmission line:
attenuation constant 183-186, 190
characteristic impedance 187-188
circle diagram 217-228
rectangular-coordinate 226
constant-p circles 219
constant-¢ circles 222
derivation 217-222 .
Smith chart 227
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Transmission line .(Continaed)
derivation 222-227
coaxial 175-176 .
couvention for measurement of-
distance 182
dissipationless:
attenuation 190 .
characteristic impedance 190
equivalent eircuits 209-214
input impedance 191
phase constant 190
standing waves 195-199
use &s & resonant circuit 209-214
distortionless 189-191
flat 198
four-wire 175-176
harmonic suppression, use for 205-208
impedance matching:
double-stub 237-240
single-stub 234-237
impedance transformation 231-233
incident waves 187
infinite 188
input admittance 229-231
input impedance 229-231
at a voltage maximum 200, 220
at a voltage minimum 200, 220
interpretation of equations 186-187
long-line equations 182, 183
Josses in 176-178
lossless (see Dissipationless)
non-resonant 198
phase constant 183-186, 190
phase velocity 189
propagation constant 183-186, 190
Q 214-217
reflected waves 187
reflection coefficient 191-193
resonant 198
standing-wave ratio 199-200
importance 200-20%
Telegraphers” eéquation 178-183
terminated in characteristic imped-
ance 188-189
time delay 189
two-wire 175-176
types of 175-176
vector representation of traveling
waves 193-195
wavelength on 189
Transmitereceiye (T-E) device 240-243

INDEX

Trapezoidal voltage generator:
equivalent eircuit 42
jump-to-slope ratio 43
practical circuit values 102
R-C circuit 44
waveform 42, 43

Traveling-wave mode (see Magnetrons)

Traveling waves on transmission lines

193-195

Trigger circuits:
blocking oscillator 94-99
current-controlled 59
Eccles-Joraan 63-65, 102
gas-tube 67-69, 102
hard-tube 65-67, 102
methods of control 56
multivibrators 69-94
pentode 62-63
relaxation -oscillator 99-101
soft-tube 67-69
theory 55-62
voltage-controlled 56-59

methods of triggering 60, 61
stable operation 58
unstable operation 58

Triple tuning 165

Troposphere 413

Tropospheric wave 417
refraction of 436-439

Tuned-plate tuned-grid oscillator 347-

349

Tuned transformer 159-162
Tuning screw 307-309

UHF applications of transmission lines
(see Chap. 5)

circuit elements 209-217
harmonic suppression 206-208
impedance matching 234-240
impedance transformaton 231-233
measurement of impedance 208-209
measurement of power 208

UHF oscillators 344-349

UHF tubes 380 .
acorn 150, 337
disk seal 336
doorknob 337
double-ended 335, 338
filament emission:337 -
klystron (see Chap. 9) .
lighthouse tube 150, 336-338&
magnetron (see Chap::10)
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UHF tubes (Continued) Waveguide«(Continued) -
plate cooling 339 cylindrical App. 11, 316-320°
‘Unfavorable electron 296, 401 coordinate system 316
method of soluuon, App. II 318-
Vacuum tubes at UHF 329-356 320
input conductance 333 wave equation 318
interelectrode capacitance 332 definition 246
lead inductance 333 directional couplers 313-316
noise in 168-169 parallel-plane (see Chap. 6):
transit time 333-334 attenuation below cutoff 274-275

Van pEr Por 104
Varian, R. H. 380
Varian, 8. K. 380
Veccniaccal, F. 104
Velocity:

group 268-272

phase 269-272
Velocity modulation 358-360
Viden amplifier (see Amplifiers)
v, electrons, klystron 363, 375
Vollage in a waveguide 302
Voltage niodes, reflex klystron 376-378

WaTANAEE, Y. 104
Wave:
broadcast 419
direct 416
extraordinary 436
ground 416-417
guided 417
reflected 416
guided, definition 245
ionospheric 417
long 418
-ordinary 418
quasi-optical 421
short 419-421
sky 417
tropospheric 417
Wave equation:
cylindrical coordinates 318
free-space 255
general form 254
parallel-plane waveguide 253-255
special form 179
when fields are harmonic functions
of time 255
Waveform: )
klystron catcher current 364, 365
parabolic 24
Waveguide:
advantages 248

attenuation constant 261
boundary conditions 249-250
condition for propagation 262,
275-276
coordinate system 249
cutoff frequency 263, 262, 268
E mode 253
H mode 253
high-pass filter action 263
mode number 258
modes of transmission 251-253
nomenclature 249
phase constant 261
propagation constant 260-263
rectangular:
bends 312
boundary conditions 291-294
coordinate system 285
corners 312
cutoff wavelength 300-301
discontinuities 307-311
dominant mode 297
characteristic impedance 303
input impedance 306-307
matching at a junction 304
peak voltage 302
excitation 304-305
field distributions:
TEl,o mode 298-299
TE],: mode 299
TEz,o mode 299
impedance matching 307-311
example 310-311
tuning screw 307-309
windows 307-311 ‘
modes of transmission.285-287
propagation constant 295
power transmitted 300-302
dominant mode 302, 303
size reqmred for propmtwn 300-

lpeaﬁc wave impedance 363 -
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Waveguide (Continued)
solution by separation of variables
289-291
tees 311-312
TE mode 287
TE,,, mode 297
TEm,n modes 294‘297
TM mode 287
TM m,» modes 298
twists 313
use of circle diagram 307, 310-311
specific wave impedance 282-283
TE, modes 256-265
characteristics 256-260
definition of 251-252
dominant mode 258
principal mode 258
TE, mode 258
TE; mode 258
wave equation 257
TE, mode:
condition for propagation 275-276
cutoff frequency 268
field configuration 265
field equations 264-265

INDEX

phase constant 268
resolution into elementary waves
266-269
wavelength in the guide 264
TEM mode 281-282
TM Mode 252
characteristics 279-281
wavelength, in:
air dielectric 273
any dielectric 273
Wavegnide attenuator 275
Wavelength:
in parallel-plane waveguide 272-273
in rectangular waveguide 304
transmission-line 189
Wavelength constant, transmission
line 183-186
Wave penetration in a metal 276-279
Wave propagation, principles 174-175
Wave selector (see Directional coupler)
Wave-shaping circuits (see Chap. 1)
WEBSTER, D. L. 380
WHEELER, H. A. 173
WiLson, J. C. 171
Window 307, 309-311












